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ABSTRACT

We study differential equations for Feynman amplitudes and show that the corre-
sponding D-module is isomorphic to a GKZ D-modules. We show that the sheaf of
solutions to the D-module is isomorphic to a certain relative homology and that the
amplitudes are periods of a relative motive. Using these ideas, we develop a method
of regularization which specializes to dimensional regularization and analytic reg-
ularization.



TABLE OF CONTENTS
Acknowledgements . . . . . . ... Lo iii
Abstract . . . . . . iv
Tableof Contents . . . . . .. .. ... ... ... . ... . v
Chapter I: Introduction . . . . . ... ... .. .. ... .. ... 1
1.1 Structure of the Thesis . . . . . . . .. .. ... ... .. ...... 6
Chapter II: Feynman Diagrams . . . . . .. .. ... ... ... .. ..... 8
2.1 Parametric Representation of Feynman Amplitudes . . . . . . . . .. 8
2.2 Amplituded As a Function of Momenta . . . . . . ... ... .... 15
Chapter III: GKZ A-Hypergeometric Differential Equations . . . . . . . . .. 26
3.1 Geometric Origin of GKZ D-modules . . . . . ... ... ...... 26
3.2 Regularization . . . . .. ... ... ... o 41
Chapter IV: Amplitudes and Regularization . . . . ... ... ... .. ... 46

Bibliography . . . . . . .. 57



Chapter 1

INTRODUCTION

In perturbative quantum field theory the scattering amplitudes, which are the proba-
bilities of physical processes, can be approximated by sums over Feynman diagrams.
Feynman diagrams are graphs corresponding to certain integrals. The integral cor-
responding to each Feynman diagram is a function of parameters called external
momenta. The resulting functions are called amplitudes of Feynman diagrams. To
compute the actual scattering amplitudes one needs to add these functions, and thus
understanding the properties of these functions is necessary for both experimental
and theoretical physics. In this thesis, we restrict our attention to the case of a scalar
field theory. This means that the external momenta are just vectors in R, with D
the dimension of the theory. Suitable generalizations exist for arbitrary quantum
field theories.

A Feynman diagram in D-dimensional scalar field theory is a graph (possibly with
multiple edges and self edges) together with an assignment of vectors (momenta) in
RP to the vertices of the graph such that they add up to zero, and an assignment of
positive real numbers (masses) to the edges. To compute the corresponding integral,
we first choose an orientation for the edges of the graph and integrate a product of
propagators on the space of flows to the graph. By a flow we mean an assignment of
vectors in R? to edges such that at each vertex sum of incoming vectors minus sum of
outgoing vectors is equal to the vector at that vertex. The propagator corresponding
to an edge with assigned vector p and positive real number m is defined by the

following formula:
1

pr+m?
See chapter 2.1 for a detailed explanation. We compute this integral for an example.
Consider the following graph on vertices 1, 2, 3 with momenta P;, P>, P3 and masses

my, my, m3 for edges 12,23, 31, respectively.



The space of flows through this diagram is D dimensional and can be parametrized
by vector corresponding to the edge 12 which we denote by Q. Propagators cor-
responding to edges are shown in the figure above. The corresponding integral

is

L
2D (Q2 + mf) ((Q + P3)? + m%) ((Q - P))?+ mg) .

Note that we have the condition P; + P> + p3 = 0 otherwise the space of flows is
empty. This integral does not necessary converge (depending on D). Since the early
years of quantum field theory physicists have used a different form of this integral
which is called the parametric form. The parametric form that we use here was first
introduced by Symanzik in [Sym58]. For graph I', we denote the set of edges by E,
and for each e € E we define a new variable ¢,. The form is defined in section 2.1 as

_ 2_fr ]
Rl w22 L,

where Wr and #Pr are polynomials in #,’s, which are called first and second Symanzik
polynomials and are defined in definitions 2.5 and 2.4. ¢ is equal to the number of

independent cycles in the graph. For the diagram above we have

Pr = Plz it + P% ity + P32 131
Yr=ti+H+t3

¢ =1.

The integral above does not always converge. To extract a meaningful function from
the integral, physicists think of D as a complex number and consider the Laurent
expansion of the integral in D. As we show in this thesis for values of D in an open
subset of the complex plane, the integral is well defined and can be extended to the
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complex plane as a meromorphic function of D. For the diagram above this can be
seen by first integrating radially.

/ P12t1t2 + Pzztzlg + P§Z‘3Z1 + ([1 + 1 + t3)(m1t1 + mpty + M3t3) dtidtdt;
€X -
R3 p H+iHh+13 (l‘1+l‘2+t3)D/2
-3+D/2
(P12t1t2 + Pgl‘zt3 + P§t3t1 + (11 + th + 3)(m 1 + mpty + m3t3)) D/
=T(3-D/2) R Q
Ay (l‘] +1H+ l3)

where Q = Y;(=1)t; dt; A ---dt;--+ A dt, and A, is the standard embedding of
2-simplex in R3. We see that in dimension 6 the integral has a simple pole in D. An

example of a convergent integral is when D = 4 and we get

1
I'(1 / 5 5 5 Q.
r, Pitity + Piots + Pitaty + (t1 + to + 3)(m 1) + moty + mat3)

The integral converges and is a function of momenta and masses. Note that masses
and momenta appear as coeflicients of the polynomial in the integrand. This partic-
ular example is considered in [DD98]. Authors compute the integral in dimension

four as a linear combination of Di-logs.

An interesting type of integral corresponds to primitive log divergent graphs with
D = 4. A Feynman diagram is called a primitive log divergent in D = 4, if for
all subgraphs (subset of edges), the number of edges is strictly greater than twice
the number of loops in the subgraph. In this case the integral has a simple gamma
function pole in D and the interesting function is the coefficient of the pole, which is
constant and depends on masses and momenta. In [BK95] authors considered this
type of integrals with the degree of the nodes restricted to be less than 4 (¢* theory).
They showed that for all graphs of up to 6 loops one gets a linear combination of

multiple zeta values.

Multiple zeta values are a generalization of values of Riemann zeta function at
integers and their relation to mixed Tate motives has been studied extensively. In
[GMO04] authors show that all multiple zeta values appear as a period of mixed Tate
motives. In [Brol12] the author shows that any period of a mixed Tate motive over Z
is a linear combination of multiple zeta values. Mixed Tate motives are a quotient
of a certain type of varieties with an equivalence relation. Two varieties with the
same image in the category of mixed Tate motives have same counting function.
All varieties which map to the category of mixed Tate motives have polynomial

counting functions, i.e. the number of their points in F, are polynomials in ¢.



In the case of primitive log divergent graphs one gets the integral

1
J——
A, Prt, ... ty)

One can think of the integrand as a differential form defined on the complement
of zeros of Wr and A, as a relative cycle in the pair (P" \ V(¥r), X), where X is
union of coordinate hyperplanes (see the next paragraph). The work of [BK95]
and the relation between mixed Tate motives and counting function led Kontsevich
to informally conjecture that zeros of the first Symanzik polynomial (for a general
graph) in P" have polynomial counting functions. The conjecture was verified for
all graphs of up to 12 edges in [Ste98]. But the conjecture was later shown wrong in
[BBO3]. Authors showed that the counting functions of zeros of second Symanzik
polynomial are very general. But the question remained to identify the graphs for
which one gets a mixed Tate motive. This direction has been studied in [Sta98],
[AMO9], [Blo10], and [BS12].

The picture above is not completely accurate since zeros of Wr might intersect X.
Later it was shown in [BEKO06] that the integral for a primitive log divergent case is
in fact a period in the sense of algebraic geometry, i.e. a pairing between a relative
homology class and algebraic differential form both defined over Q in a pair of
varieties defined over Q. To construct this pair, authors use a sequence of blowups
along the intersection of coordinate hyperplanes to separate the integration cycle
from the the poles of the integrand. They also use techniques from homotopy theory
to show that for an infinite class of graphs, the pair is of the mixed Tate type. Later
it was shown in [BK10] that for the triangle graph the pair of varieties is of mixed

Tate type. Note that the triangle graph is not primitive log divergent.

As we saw in the examples above, one gets interesting functions or numbers out of
these integrals either as the coefficients of the poles or when the integral converges.
Two important questions that arise here are the following: what is the analytic
structure of the integral in D, and what type of functions do we get after removing
the poles? We show that the answers to these questions are related. We construct
a toric variety and interpret the integral as a pairing between cohomology and
homology classes on it. It turns out that for each codimension one component of
the boundary of the toric variety, one gets an arithmetic progression of poles in D.
These toric varieties appear when we study the differential equations corresponding

to the integral as masses and momenta change.
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As we have seen in the example, amplitudes of Feynman diagrams are functions of
external momenta and masses. We map this space to the vector space constructed
by coeflicients of the first and second Symanzik polynomial, denoted by Br so that
the amplitude is the pull back of a (multi-valued)function on Br. On this new vector
space, we construct a holonomic regular D-module, of which the function we are
considering is a solution. As a result, we show that the Feynman amplitude satisfies
a holonomic regular system of differential equations.

The differential equations on B are a special case of GKZ or A-Hypergeometric
system of differential equations introduced in [GZKS89] and [GKZ90]. It follows
from the results in these references that the corresponding D-module is holonomic
and regular. It is well known that these D-modules come from twisted Gauss-Manin
connections on toric varieties. Recently it is shown in [Hua+15] that, in the Calabi-
Yau case, the relative homology computes the sheaf of solutions. Using results of
[ABO1] we show that their construction can be generalized to a non-Calabi-Yau case

which includes Feynman diagrams.

We construct a toric variety and a family of hypersurfaces in it parametrized by Br.
The integral becomes a pairing between a diftferential form defined on the comple-
ment of the hypersurface paired with the positive real points of the toric variety
considered as a cycles. We show that the variation of the hypersurface corresponds
to the differential equations. Since the construction is explicit we can compute the

cohomology using generators and relations.

Using the description of cohomology with generators and relations, we show how
one can define the integral for the divergent case as a Laurent expansion. In
particular, we prove the following theorem.

Theorem 1.1. Given a graph I" with n edges and first Symanzik polynomial ¥ and
second Symanzik polynomial Q (including mass terms), the amplitude in dimensional

regularization, up to a constant, can be computed by the following integral:

1
— QMY ___ -
coA(D/2 +€) = /R2 < e

= Z € A;(D/2).

i>-n

The left hand side is meromorphic and poles can be described in the following way.

For a 2-connected subgraph vy C 1, let {,, be the dimension of the first homology of



v. |E(y)| is the number of edges of y. A(D/2) has a pole at D/2 € C iff
D/2 ¢, —|E(y)| € Zxo

for a 2-connected subgraph y. A;’s are coefficients of the Laurent expansion of
the left hand side. Furthermore, the lowest coefficient, A_,(D/2), at integers comes
from a pairing between an algebraic relative cohomology class and a Betti homology

class explicitly constructed in section 3.1.

1.1 Structure of the Thesis

In section 2.1 we define the Feynman amplitude for a Feynman diagram and show
how one can present it in the parametric form. The new result is that a product
of a power of the first Symanzik polynomial and the second Symanzik polynomial
is the determinant of a matrix. We also show that the coefficients of the first and
second Symanzik polynomials are norms of Pliicker coordinates for a Grassmannian

naturally defined by the graph.

In section 2.2 we study how the integral changes as we vary the coeflicients of the
first and second Symanzik polynomials. In the convergent case, we find a set of
linear PDEs satisfied by the integral. Using analytic continuation we define the in-
tegral for the divergent case but the proof is not constructive. We first show that the
analytic continuation exists and, using that, we find the PDEs satisfied by coeflicients
in the Laurent expansion. This method is based on [BW09]. It turns out that the set
of differential equations is a special case of the GKZ differential equations for the
convergent case. For the divergent case, the coeflicients of the Laurent expansion

are solutions to iterated extension of the GKZ differential equations.

In section 3.1 we study the GKZ differential equations as a D-module on a vector
space V. Given a polynomial f in n variables with Newton polytope A such that the
dimension of V is the number of points in A, and a vector 8 € k"1, we consider
the corresponding GKZ D-module H;x4(8). We construct a projective toric variety
Py together with a line bundle on it. The vector space of global sections of the line
bundle is isomorphic to V. Let D be the complement of the torus T in Pyx. Let U be
the complement of the zeros of f in V X Py, where V parametrizes the coeflicients
of the polynomial f. Given v € V we show that the algebraic relative cohomology
of the pair (U,, D N U,) with the Gauss-Manin connection is isomorphic to H4(3)

as a D-module, where U, is the fiber of U over v. Using the Riemann-Hilbert
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correspondence, we deduce that the cycle to period map gives us a complete set of

solutions.

In section 3.2 we study integrals over positive real points of the toric variety,
considered as a chain in relative homology. We show that a condition necessary and

sufficient in order for an integral of the type

fﬁo
——dt ...dt
/Rz A !

to converge is that S is semi non-resonant, as defined in Definition 3.15. Using
relations in the cohomology ring, we develop a method to define this integral for any
value of S by meromorphic continuation. We show that the poles of this function
appear in translates of the faces of a cone in R"*!. This cone is the cone over the
Newton polytope of f.

In chapter 4 we apply the methods developed in the section 3.2 to amplitudes
and we explicitly construct a motive such that its periods give us the amplitude.
We completely describe the Newton polytope in this case and show that its facets
correspond to the product of subgraphs and quotient graphs. Using regularization

methods, we define the € expansion of the amplitude for divergent graphs.



Chapter 2

FEYNMAN DIAGRAMS

2.1 Parametric Representation of Feynman Amplitudes

Feynman diagrams (or Feynman graphs) are one-dimensional simplicial complexes
with half edges attached to some of the vertices. These half edges are called external
edges, while all other one-dimensional simplices are called internal edges. In the
physics literature, for each external edge, it is common to fix a vector in R. These
vectors are called external momenta. They are subject to a momentum conservation
law, given by the requirement that the sum of all external momenta of the graph
is zero. Since the amplitude only depends on the sum of the external momenta at
each vertex, we can equivalently assign a momentum vector to each vertex of the
graph and forget about external edges. Namely, we assign to a vertex the sum of the
external momenta of all the external edges attached to that vertex, or zero if there are
no external edges at that vertex. So in the following external momenta will always

be assigned to vertices.

Let E be the set of edges of the graph and let V be the set of vertices. We have an

exact sequence of free Z modules

0 — Hy(T,Z) —— 7JE| zZVI-1 0, 2.1)

where H (I, Z) is the first homology of the graph I' with coefficients in Z, that is,
the free Z module generated by loops. The morphism on the right is the boundary
map. Note that, to define this map, we need to fix an orientation on the edges of the
graph, but the final result is independent of this choice. Taking the tensor product

of the sequence above with R? gives the exact sequence

0 — H(T,RP) — 1 RPIEI £, gDaVI-h _, ¢, 2.2)

Note that the choice of external momenta {p, € RP|v € V, Y o, p, = 0} is just a

choice of a vector a in RPIVI=D,

Define Q, = P2 + m2 : RIFI® — R, where P2 is given by first projecting onto the

D coordinates corresponding to e and then taking the sum of the squares of these D



coordinates.

Let & € RPEl be a lift of a, under the map S of 2.2.

Definition 2.1. The amplitude of a Feynman graph I" with external momenta a €

RPUVI=D) 4 given by the integral

AT, a,m,) : = /,3_1( ) | Qi(n +a).(dp)

e

Jp
- /H R PR

where 17 is as in 2.2 and du is the tensor product of the standard measure on RP
with the measure on H\(I', R) induced by the morphism H|(I',Z) — H{(I', R). This

is the unique positive translation invariant measure on H(I', R), with the property

(2.3)

that a basis of H|(I', Z) generates a parallelogram of measure 1.

Note that, with this definition, the amplitude is a function on RPIVI-D),

. . . . . . . © _ix 1.
The Schwinger trick simply consists of using the identity fo e “*dx = - in order
to rewrite the amplitude in “parametric form". For each edge e we introduce a new

variable ..

Definition 2.2. A subset of edges S C E is called a spanning tree if the subgraph
with edges in S is a tree and is maximal in the sense that, if we add any of the
remaining edges to it, it will contain a loop. Denote the set of spanning trees by

Span.

Definition 2.3. A subset of edges C C E is called a cut if it has the following

properties.

1. When we remove these edges, the graph becomes a disconnected union of

trees.

2. The set C is minimal in the sense that, if we add back any edges to the

remaining graph, it will either have a loop or become connected.

Since cuts are minimal, they divide vertices into disjoint sets V¢ and V. For a cut
C we denote by Pc the norm of the sum of momenta in either component,

PC:(Z pV)Z:(Z pv)z-

veVe VEVE
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Denote the set of cuts by Cut.

Definition 2.4. The first Symanzik (or Kirchhoff) polynomial of a Feynman graph is

\Pr(l‘l,...,t|E|) = Z l—[l‘e.

SeSpan e¢S

given by

Definition 2.5. The second Symanzik polynomial of a Feynman graph is given by

Pr(ll,...,l‘|E|,Pc) = Z PCl—[te-

CeCut eeC

Given a Feynman graph I', we enumerate edges by 1, ..., |E|. We define

T := diag(Nt1, Vo, ... \Jtig) ® Idpxp,  and Treq := diag(N1, ... \[g).  (2.4)

Let P be a vector in RP XIEl where the coordinates are ordered in the same way as
the variables #;. Note that, for each edge, we have D coeflicients. Let H denote the
image of H;(T',R) in RIEI.

Lemma 2.6. The measure dv on T~ (a) induced by the standard measure on RP'E|
satisfies
dv = Pr(t1, ... t1g)) P (T + Ta).(du), (2.5)

with Pr the Kirchhoff polynomial, T defined as in 2.4, and n as in 2.2.

Proof. Since Tn+Ta is linear, (Tn + Ta).(du) is a constant multiple of the measure
on T8~ !(a) induced from RP!E!. In order to compute this constant, we can compare
the volume of the image of the standard cube in these two measures. We have
(Tn + Ta).(du) (Tn(Cube) + Td) = du(Cube) = 1, by definition. On the other
hand, we have

dv (Tn(Cube) + Ta) = dv (Tn(Cube)),

since the standard measure on RPIE! is translation invariant.

We choose bases {vi, ...v¢} for H|(I',Z) and {Ay, ..., Ap} for RP. With 5 as in 2.2,
n’ asin 2.1, and T;.4 as in 2.4, the volume of the image of the standard cube is then
given by

’ ’ D/2
Vet (Tn(vi ® a;) - Tn(vic ® ) = (det(Trean'vi - Trean'vi) ",

since the volume form corresponding to a metric g is det(g)'/?. Consider Tyoqn’
Hi(T,R) — RIEl. We have

ANTpan’ - ACH (T, R) — ATRIEL
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where ¢ is the dimension of H;(I',R). The determinant above is the norm square
of AlTyeqn’(vi A vy A ... A vg) in the induced metric; thus it can be computed as the
sum of the squares of the coefficients in an orthonormal basis. Let {w1, ..., w|g|} be
the standard basis for RI€l. Then {Nietwitr=¢.1cq1,.. ||y is an orthonormal basis for
A'RIEI. We have

NTreay’ 01 Ava A oo Ave) = (Trea]’ (1) A Treat] (V2) A oo A Treary (ve))
|E] |E| |E]

= O Wi A D Wi A A W),
j=1 j=1 j=1

Note that, since 771{,]' = +1, the coefficient of the term w;, Aw;, A... Aw;, is either zero
or equal to £ [ ], 4/, . On the other hand, the coefficient of w;; A w;, A ... A w;, is
nonzero iff the orthogonal projection onto the subspace W = span(w;,, wi,, ..., w;,) is
an isomorphism when we restrict it to the image 7,.47". Since 7" fixes the coordinate
subspaces, this map is an isomorphim iff Im(r’) " W = 0, and that happens iff the
subgraph with edges i1, ..., iy does not have a loop, which means it is the complement

of a spanning tree. To summarize, we have

(det(Tredn/Vi ’ Trednlvk))D/z = ( Z rl te)D/z-

SeSpan e¢S

Proposition 2.7. When the integral 2.3 converges, it is equal to

e tem? / e PPay
/IEI n ‘Pr(ll,-- l|E|)D/2 78 Ya)

ecE

where dv is the measure on TS~ (a) induced by the standard measure on RP'E,

Proof. Using the Schwinger trick fooo e “Ydx = é we write

1 Z ~SeteQe
/ﬁ-lw l_[ o.M M= /ﬁ—w (/ o dte) (n+a).(dp).

ecE

By the definition of Q., this is equal to

_ 2_ 5 i
Ll(a) ((‘/REl e Deteme=XteP n dte) ()7 + a)*(dﬂ)

ecE

In vector form, with T as in 2.4, this can be written equivalently as

_ 2 rBTR .
/ﬁ“( ) (/le ezt | dte) (1 + @).(dp).

ecE
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Since all functions are positive, convergence is the same as absolute convergence

and we can switch integrals. This gives

S tem? ( / rBTB, . -
e dt, e (n + a)*(dﬂ)) :
/Rf' l_l B~ (a)

ecE

Using the fact that (7 + @)* (e TPTP) = (T + Ta)y*(ePP), we rewrite the above as

/ ¢~ Zetem 1—[ dt, (/ e_ﬁ'ﬁ(Tn + Tc”z)*(d,u)) )
R} eck 7B (a)
Then applying the result of Lemma 2.6 we obtain

_ze temg (/ —}_51_5 dV )
e dt e .
‘/R:LE l—[ ¢ Tﬁ_l(a) \Pr(tl,..., t|E|)D/2

ecE

A standard computation shows the following simple facts.

Lemma 2.8. Let H be a d-dimensional affine linear subspace in R" and let L be the
distance of the affine subspace H from the origin. Then the integral of a Gaussian

/2 —L?

function on H with the induced measure is equal to n¢/%e

Lemma 2.9. Let vy, v, ..., v be vectors in R". One can compute the volume squared
of the parallelogram generated by these vectors in the induced metric on the subspace

they generate, in the form

Vi Ava AL Avg]? = det(; - vj).

The next statement then follows easily.

Lemma 2.10. Suppose given a vector subspace V of R" with a basis v, ..., v, and a
vector a € R". Let P(wy, ..., wy,) denote the parallelogram generated by wy, ..., Wy,.

The distance of an affine subspace a + 'V from the origin is equal to

Vol(P(a,v1,....,vk)) la Avi A ... Avl
Vol(P(vi, ..., Vk)) T I A AV

Proof. Volume is defined by the metric, and thus the distance times Vol(P(vy, ..., vk))

is the volume of P(a, v1, ..., V). O
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Proposition 2.11. The Gaussian integral of e *'F, with respect to the measure dv

on TB~'(a) defined as above, is given by
/ e PPy = 7Dl/2 ¢~ Pro/¥risa)
T (a)
where Yr and Pr are the two Symanzik polynomials.

Proof. By lemma 2.8, it is enough to show that the distance squared of T8 '(a)

from the origin is
Pr(t)/Yr(t,a).

Let vy, v, ..., ve be a basis of Hi(I',Z). We denote the image of these vectors in
H(T',Z) ® R by the same notation. Note that the affine subspace over which we
are integrating the Gaussian is parallel to the space generated by Tn(vi ® ej,v; ®
€,..,v1®ep,®eq,..,v20¢ep,..., V¢ ®eD), where {ey, ..., ep} is the standard basis

for RP. As we have shown before we then have

Tn(vi®e))A...ANTn(ve®ep) =

( Z (iﬂ\/ﬁ)/\egsw.g@)el)/\( Z (il—[\/lz)/\egswe@ez)/\

SeSpan  e¢S SeSpan e¢sS
[ T e o)
SeSpan  e¢S

where {w, }.cE is a basis for RIEl. We can write d = i Peiwe ®e;. Then, fori # j,

we see that the vector

Twe®e)ANTn(vi®e) A... ATn(ve ® ep)
is orthogonal to

Twe ®ej) NTn(vi ® e1) A ... ATn(ve ® ep).

One can see this from the expansion in the standard basis: all terms in the first
expression have ¢ + 1 terms with e;, while the second one has £ terms with e;. Thus,

one can compute the norm squared of
T(Z P.iw, ®ei) NTn(vi ® e1) A ... ATn(ve ® ep)
e

for different i’s and add them up to get the squared norm of

T@) ATn(vi®ei) A ... ANTn(ve ® ep).
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The vector above is in APIRIEl @ RP. We can identify RI¥! @ RP with D copies
of RIEl. The norm squared of this vector is equal to the volume squared of the
parallelogram generated by the vectors. Since we have ¢ + 1 vectors in one of the
copies and ¢ vectors in the other copies, we can compute the volume of each of them
and multiply them together. For j # i we have v| ® ¢}, ..., v¢ ® ¢}, all of which have
the same volume squared, equal to ¥. To compute the volume of the copy with ¢ + 1

vectors, it is enough to compute

Tred(z Pe,iWe) A Trednl(vl) AL A Tredn,(vf)
e

= (Z Pe,i‘/gwe) A ( Z (x n \/E) Nees We

SeSpan  e€s

The terms that appear in the coefficients in the standard basis

{We‘[l AL A Weié’+1 }i]<...<i(+1

are sums of P,;. Nonzero terms correspond to £ + 1 edges that are a complement
of a spanning tree plus one extra edge. Note that, if we remove these edges from
the graph, it becomes disconnected and, if we add any of these edges to the graph,
it becomes a spanning tree. So the term we, A ... Aw,, appears{+ 1 times, once
of each of its edges. Thus, the coefficient is [] j \/E > j Pe,i- Since P, ; is a lift of
a, this sum is equal to the sum of momenta in one of the connected components of

the graph. We get the norm as

Pr(t, Pc) = Z Pcl_lte.

CeCut ecC

The original norm squared we wanted to compute is then
7)1"‘{’19 -1

and, by Lemma 2.10, the distance squared is

yp TS

The following result then follows from Proposition 2.11 and Proposition 2.7.
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Proposition 2.12. When the integral 2.3 converges, it is equal to

_ D)2 ~Srem2-gt 1
AT,a)=n /RlEl e T —\PD/2 l_[ dt,
+ r‘ e

Remark 2.13. The coefficients of the second Symanzik polynomials are always

positive. According to the computation in Proposition 2.11, they correspond to

squared norms of certain differential forms. We will use this property in chapter 4.

2.2 Amplituded As a Function of Momenta

The amplitude is defined as an integral which depends on the external momenta.
This integral does not always converge. For some graphs that are called ultraviolet
divergent, the integral diverges for any value of external momenta, while for some
graphs the divergences happen only for special values of the external momenta. The
most widely used method in physics for treating these divergences is called dimen-
sional regularization. Within this method, a regularization of divergent integrals is
achieved by formally computing the integral for D a complex variable in a neigh-
borhood of the integer spacetime dimension in the complex plane. For a detailed
explanation of this method see [CMOS]. In this chapter, we define the integral for
any D and find differential equations satisfied by it.

The integral depends on a parameter in CPUVI=1) and masses of edges. We map
this vector space into the vector space ¥r, which parametrizes the coefficients of
the first and second Symanzik polynomials so that it agrees with the amplitude on
the image. We generalize the integral to an integral which has Ur as its parameter
space. Note that all coefficients in the second Symanzik polynomial are equal to 1.
We consider general coefficients for these terms and look at the integral as we vary
them. Over Vr the differential equation satisfied by the new integral is geometric in
nature and can be solved using series. One can identify ¥ with the parameter space
of a family of hypersurfaces in toric varieties. The value of the integral for integer
D is a period of a relative motive defined by the complement of this hypersurface.

From now on we consider the following polynomials:

Wr(t.Ps):= ), Ps| |

SeSpan e¢S

Pr(t,Pc) = Z Pcrll‘e

CeCut eeC
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Or(t, Pe,m,) = Pr(t, Pe) + () temd) D | |te = ZQTt (2.6)

SeSpan e¢S

Here T ranges over all monomials appearing in Qr and by #/ we mean the monomial

corresponding to 7. The amplitude is

1
_ D)2 —-Or/¥r
AT, a,m,) =n /RIE e —o7 | | dt,,
+ Il" e

where coefficients of Wr are 1 and coeflicients of Qr come from equation (2.6) and

are sums of masses and momentum variables Pc.

Definition 2.14. (Parameter Space) Let Br denote the parameter space for Qr and

Ps. It is a complex vector space of dimension equal to the number of monomials in

Or plus |Spanl.

Definition 2.15. (Generalized Amplitude I) Given (c1, ¢2,V) € C"*2 et
=y e Cr/¥r
I(e1,e2 Or, Ps. ) : /]R . qu [ @)

where t” means t|'t)*...t;" and n = |E|.

Remark 2.16. Note that this integral is not well defined for all values of the param-
eters and is a (multi-valued) function on a dense domain in C"*?> x Br. To define
this (multi-valued) function first we define it for some open subset and then we take

the analytic continuation.
Lemma 2.17. When the generalized amplitude I converges we have:
—n [V]+(c2—c1)t

V
e Qn Pod) = Tt il ac s D=0 [ =2 o

where |V| = Y; v,

Q= Z(—l)"”t,- diy A ... Adt A ... Adty,
i=1

and A, is the standard n — 1 simplex embedded in R".

Proof. To show this we parametrize RE' with A,—1 X R;. Consider the map ¢ :
A1 XRy — R'f' given by
o(x,s) = sx.
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Note that
¢*(dt1dty...dt,) = Q|a,  s"ds,

Or(sx) = s"1Qr(x),
Wr(sx) = s"¥r(x)

and (sx)v = slly7, Pulling back the integrand to A,—; X R, we have:

orw S VON ) gy
I(c1, ¢2, Or, Ps, V) = e ST /AT sVIx'Qs" ds 2.8
(c1,¢2, Qr, Ps, V) /AMXR+ S () (2.8)
Fx) R
— / Q L xv/ Sc1(€+1)—czf+|v|+n—1e—sQr(x)/‘{’r(x)ds.
An—l \Prz('x) +
2.9
The fact that fR e s¥ds = 27T (x + 1) then implies the lemma. O

Definition 2.18. (Generalized Amplitude II) Given (c, d, V) € C"2, let
S Or 3
J(c,d,Qr, Ps,v) := —1"Q. (2.10)
An—l LPI‘

Remark 2.19. By Lemma 2.17, the generalized amplitudes I and Il of Definitions
2.15 and 2.18 are related by

I(c1,¢2, 01, Ps, V) = T(n + [V] + c1(£ + 1) = cal)X
J(—l’l - |‘7| + (02 - 01)57 —-n— |‘_}| + (CZ - Cl)(f + 1)’ QT9 PS9 1_’:)
@2.11)

Note that this is a function of Pg and Q7. For § € Span, let S be the vector in Z"
with 1 for edges that are not in S and zero in the other coefficients. For a monomial

T=t"--1,", let T be the vector (a1, - - - , @,). We have

a - - =d
——1I(c1,¢2,0r, Ps, V) = c1l(c1 = 1,¢2, 01, Ps,v + T)
00r (2.12)

~I(c1,¢2+ 1,07, Ps, v+ T)

a - - p=a
——1(c1,¢2, 071, Ps, V) = I(c1 + 1,¢2 + 2,01, Ps,V + 5)
0P (2.13)

—cyl(ct, o + 1,07, Ps, ¥ + S).
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Let A c Z""! be the set containing the following points. For each monomial T in
Or, consider the lattice point (0, T) and, for any Spanning tree S, consider the lattice
point (1, S ).

Denote the subset of A of lattice points corresponding to spanning trees by Ag and
the subset of lattice points that correspond to monomials by Ac = A \ As. For
a=(1, §) € Ag, P, refers to Ps and for a = (0, f‘) € Ac, P, refers to Q7.

Since Qr is of degree £ + 1 and Yr is of degree ¢, all the lattice points lie on the
affine hyperplane where the sum of the coordinates is £ + 1. Let ¢ : Z*"*! — Z be
the function that computes the sum of the coordinates and let pg : Z"*! — Z be the
projection onto the first coordinate and p; : Z"*! — Z" the projection onto the last
n coordinates. For any integer relation ), 4 n,a@ = 0 among lattice points in the set

A, we have

0=0(0)=¢ (Znaa) = D nad(@ = (C+1) ) na

acA acA acA
0 = po(0) = po (Z naa) = > napo@ = ) na.
acA acA acAg

Combining these two we have

ZaeAS,na>0 ng = ZaeAS,na<0 —Ng (2.14)

ZaeAc,na>0 ng = ZaeAc,na<O —Hg.
For the relation (n,),c4, we consider the following differential operator:

[ (aia)na_ [ (aia)_na'

a:ng>0 a:ng<0

Proposition 2.20. Let A and P, be as above. For any Z-linear relation Y, jc s nqd = 0

we have

9 \n 9 i
(ﬂ (55" = 1 G5) “)J(c,d,Pa,v):o

a:ng>0 a:ng<0

9 \n 0 \-n R
(1_[ Gr) [ ap,) a)l(cl’CZ’Pa,VFO.

a:ng>0 a:ng<0
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Proof. Consider the set Z = {(cy, ¢2) + Z*} < C2. Each time we apply a derivation
2.12 or 2.13 to I(c1, c2, Qr, Ps, V), we get a weighted sum of two I(c}, ¢}, Or, Ps, vV +
pi(a)) where (¢}, ¢;) € Z. If we apply the positive part of the differential operator
above, we get a weighted sum of I(c/, ¢}, Or, Ps,V + p1(Zaeaas0 Ma)). If we
apply the negative part of differential operator above, we get a weighted sum of
I(c}, 5, Or, Ps,V + p1(Xueaa<o —1aa)). To show that the generalized amplitude
goes to zero under this differential operator, it is enough to show that the weights are
the same for positive and negative parts. Note that 2.14 implies that we apply each
type (derivation with respect to Q7 or Pg) of derivation the same number of times
on both sides. Therefore it is enough to show that 6(¢, ¢,) F> C10(c;~1,c) = O(cy,er+1)
commutes with 6, ¢,) F> (¢, +1,c,42) = €20(cy,e2+1)» Which can be verified by direct
inspection. A similar argument works for J(c, d, P,, V).

O

Proposition 2.21. Foreachi =0, ...,n and for a € A, let a; be the i-th coefficient of

a. Assume that the generalized amplitude I converges. We have

0 R i#0 (=1-v)I(cy, o Py v
(Z aiPaaT)I(Cl,CZ, Py, V) = ( e )
acA a i=0 ((cr =)+ 1)+ Vi +n)l(cy,co, Py, V).

Proof. Fori # 0 consider the action (a, P,) — a“ P, of G,, on the P,’s. We want

to see how the integral changes under this action. We have

_areliopnentn 0O (o7 Qp, 1y, .o ty)
/ t'dty...dt, =
RIF!

e lPI-(aSi Pg,t1,.-tn)
C .
\PF2(a’Sl Pg, 14, ..., l‘n)
/ _ QrlOp et QL (01,11, .l ...y 1)
P
RIF!

¢ IrPs.iy.ay S t‘jdtl Ldt, =
W (Ps, b1, oor @iy ooy 1)

C1

_or Q 1 - I
r Vi Vi Vi
e v ———¢  (a)".. .t dt .. d(at).. . dt,.
/]R+E| lPlc"z avitl'] (at;) ntdt...d(aty)...dty

The last line is valid for multiplication by « real and positive which does not change

the integration cycle hence it is also valid for all @. As a result we have
I(c1, c2,@% P, %) = & "V 1(cy, c2, Pa, V).

Taking the derivative with respect to @, evaluated at @ = 1, we have

Z 0 . 0 RN
aiPa I(CI,CZ’ Pa’ V) = I(Cl’ CZa a’alPa7 V)|a/=1
— 0P, oa

= (—1 - \_/)i)l(Cl, €2, Py, ‘_;)
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The other case we consider is when i = 0. Note that a¢ is nonzero iff a corresponds

to a spanning tree. We scale all terms by («, Ps) — a“’Pg and we obtain

Pr(@Pg.ty,-.atn) l‘gdl‘l...dl =
V(@ Py, 1, 1) '

_ Q]“(QT,tl,...,tn) Q?l (QT’ tl’ ey l’n)
e
RIF!
_or@rtetn) - QUNQT 1, ...y 1)
RIE|

e a¥r(Pg,t,--tn) - t‘_}'.dtl...dt =.
PPy 11y 1) '

After setting s; = t;/a we obtain

_0r(@puspasn) 1D CZ{QCI(QT STy eeer Sn) Lo
/ e Yr(Ps:sp.-»sn) & M Q’Zi visvandsl..-dsn =
E| a'CZ‘P (Ps, S1, +.vs Sp)

R _ Or(Q71.515---5n) S1y -en
a(cl—cz)(€+1)+2ivi+n/ e Y (Pg,s1,- yn Q 2(QTa 1s > ) vdS] dsn
IE| W (Ps, 81+ Sn)

As a result we have
I(C], co, aa"Pa, \7) = a’(cl_CZ)(€+l)+Zi §i+nl(cla 2, Pa, ‘_;)

Taking the derivative with respect to «, evaluated at @ = 1, we then have

(Z a()Pa aia

acA

- a -
I(c1,¢2, Py, v) = £1(61, €2, @ Py, V)|a=1

= ((c1 = )€+ 1)+ ) ¥+ m(cy, 2, Pay V).

i

O

Proposition 2.22. Foreachi =0, ...,n and for a € A, let a; be the i-th coefficient of

a. Assume that c is positive, d is negative and that all coefficients of V are positive.
We have

8 -
(Z a; P, P, ) J(c,d, P,,v)

acA

i£20 (—vi—=DJ(c,d, Py, v)+(c(+1)=dt +|v|+n)J(c,d, Py,V + ¢;)
i=0 —dJ(c,d, Py

Proof. The case i = 0 can be dealt with easily by applying the scaling argument
of the previous lemma. For other values of i, the scaling argument does not work,
since scaling changes the integration cycle. Let 6§ = dt; Adt,... Adt, and let v be the
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vector field )] ti%. Then it is not hard to see that Q = ¢,08. Since v — 6‘2 is tangent
to Ap—1, we have 1,0[p, | =t o 0|a,_,- We then obtain
3 0 Or(aP, )
£IQ:1J(c,d,aPa,v)— Ja |a 1 ‘Pd(aP )
d Or(Pa ) "
|01 1/ a” 2 iQ
a Anfl \Ij (P )
= i| / a® ( a) a’_vi_l
da ot Ap-y lPd(P )
- d Or(Pa )
= _l_lJ 7d7Pa> a_ la=
(vi= e o)+ [ oo v )
d Or(Pa) Or(P a)
—|a= ol = 5
9 =1 @ (‘Pd(P) Lk LP"(P)
Or(Pa)
:(Lti%0d+do ) TE(P) Q)
a (Pa
PO (L CARA I B (LA
"o d( ) lat ‘Pd(Pa)
e [ZP 5, G g
an\wd(p,) 3 Yd(P, )
Or(Pa) ; Ot (Pa) 7 Or(Pa) ;
= deg 2 1’6 L, 0 2 0 b, 2 al.
WE(P a) o \ WE(P a) ¥ Yr (Pa)

Let X be the union of the coordinate hyperplanes. We have

Or (P, )
PP, )

|E_ 4]

and hence

L& r(Pa)
ey

'Q)x =

Here we are using the fact that the vector field ti% is tangent to X, so that we can
first restrict to £ and then perform the contraction. Since the boundary of A,,_; lies

on X, the integral of the second term vanishes.
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Using 1,0|p, , =t 2 6|a,_,» we can compute the integral of the first term as
0 P,
[ d<a>g_/ » d(“)em Oi(Po) ;
An—l aa’ \P (P ) An—l \P ( a) lP (P )
_ deg O1( a) / Or(Pa) 5 ey
‘Pd(P ) Yd(P,)

=(c(t+1)=dt+|v|+n)J(c,d, P,V +e).
Summing up, we obtain
0 - - -
%lazﬂ(c, d,aPyv) = (—vi—1)J(c,d, Py, v)+(c({+1)—=dl+|v|+n)J(c,d, P, v+e;).
O

Lemma 2.23. The generalized amplitude J(c,d, P,, V), which is holomorphic for
R(c) > 0, R(d) < 0 and R(v) > 0, has an analytic continuation which is mero-

morphic on C"*2,

Proof. This basically follows from resolution of singularity and the following fact.
Let P;(x) be polynomials in n variables which are bounded away from zero on the

hypercube [0, 1]". One needs to show that the integral
/ P, (t)“Pz(t)dtf”t;’2 e tpdty -+ - dty,
[0.1]"

which is defined and holomorphic in {®R(a;) > 0}, has an analytic continuation to
C"*2. We prove this by induction on n. The base case is the observation that C¢D?
has analytic continuation for C and D nonzero, which is clearly true. Note that we

have

/ (_1)t1+1 (Pl(t)CPQ(t)dtflﬂt;z . ..tzn) dl‘z . 'dtn
[0,1]"Nt;={0,1}
= a c d a1+1 a2 an
_./ . O (PI(I)P(I) "l )dtl"‘dln
0

= =Py P () ) 1t 2 ey - dt

./[;),1]n(9l1( 1() 2())1 2 n 1 n
+/ Pi()°Pa(t)(ay + Dt 85 -+ -ty dty - - - dty

[o.1]

_10P;

:/ (cpl(t)c 16 Pz(’)d“”’l(f)c P 2(0) 1) (S gy -y

(0.1]"

+/ Pi(t)°Po(1)(a) + Def'e5? - - -1y dty - - - dt,.
[0.1]*
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Assume we have the analytic continuation for the region R(a;) > m;. Note that
we also have it for m; = 0, since the P;’s are nonzero on the hypercube. From the

computation above we have

‘/[ ] P] (t)CPZ(t)dtilllgz “ e t’fllrldtl .. dl_n
0,1]"

1 o
= o ‘/[01]nm, {01}(—1)t1+1 (Pl(t)cPZ(t)dtletgz"'tf;")dl‘z---dtn
'y 1=10,

/ CPl(t)c_lpz(t)d@taﬁ-llaz"'tgndtl dtn

ap+1 [0,1]" 6n 1 2

APy

dP\(t) Py(t) =1 e aindty - - - dty.
alﬂfw (O P R gy iy

By induction, the first term is meromorphic. The second and third terms have an-
alytic continuation to the region R(a;) + 1 > m; and R(a;) > m;. Thus, we have
analytic continuation to the region R(a;) > m; — 1. We can continue this for all m;

and prove it for any value of a;.

Now, using a special case of resolution of singularities, we can rewrite any integral
over A,_; as a sum of integrals of the form above. This is the same argument that is
used in [BW09] Theorem 2, so we do not repeat it explicitly here. O

By Remark 2.11, we can define /(P,) using the corresponding value of J(P,), i.e.
I(Cl, 2, QT’ PS’ ‘_})) = CJ(_n - |‘_;| + (CZ - Cl)f, —-n- |‘_;| + (CZ - Cl)(f + 1), QTa PSa ‘7)’

where C is constant. Therefore we see that the second term in the case i # O of

proposition 2.22 vanishes.

c=-n—1P|+(ca—c1)f
d=-n-P|+(ca—c1)(l+1)
ct+1)—dt+1y|+n=0

Theorem 2.24. Let wy = (¢, 2, V) and w = (x, y, i) be any vectors in C'*?. One

can pull back I1(P,,wy + ew) to a neighborhood of € = 0 and take the Laurent

expansion. Assume that the Laurent expansion has the following form:

I(Pg,wo + ew) = Z eili(Pa).

i>-n
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Then we have

[T G = T ™o -o

a:ng>0 a:ng<0

and
0
(Z aoPa—) L(P)=((t+1,-¢-1,1,---,1)- wo + n)[;(P,)
oP,
acA
+({l+1,-C-1,1,---,1)-wL_1(P,)

and for k # 0

(Z akPaaiPa) Ii(Py) = (=1 = ex - V)[[(P,) — ey - 1 [i_1(Py).

acA

Proof. Our definition of the integral is by analytic continuation of J(c, d, P, V).
Note that for any differential operator L, L(J) is meromorphic. Since the differential
equation is satisfied for an open subset of C"*2 (R(c) > 0,R(d) < 0 and R(¥) > 0),
it is valid for all values of ¢, d and v. Note that I(P,, wy + ew) for all values of €
satisfies the first equation since J has the same property. By the calculation above

we see that the second term in the case k # 0 vanishes and we have

(Z akPaaiPa

acA

I(Py,wo + ew) = (=1 — er.(V + €ii)) I(P,, wo + €w)

= (=1 — e V)I(Py, wo + €w) — € ey.ii I(Py, wo + €w).

In the case k = 0 we have

(Z aoPaaiP) I(P,, wy + ew)

acA

=(n+|v+eul —(c;+e€y—cy—ex)l+ 1)) I[(Pg,wp+ ew)
=((l+1,-C-1,1,---,1).wg + n)I(Pg, wy + ew)
+e(l+1,—C—-11,---,1).w I(Pg, wo + ew).

The theorem follows from expanding (P, wo + ew) and comparing terms with

different powers of €.
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Remark 2.25. In standard dimensional regularization for the amplitude, assuming

that we take the expansion with respect to € in D/2 + €, i.e.

; 1
§ i _ -Or/¥r__~
€ Il(Pa) - /E| € ' rlIJD/2+E’

i>-n R r

we have wy = (0,D/2, 6) and w = (0,1, 6), and thus the amplitude satisfies the

differential equations

(1—[ (aia)"“_ n (a?)a)_na)li(Pa):()

(Z aOPai) Ii(Pa) = (I’l - (5 + 1)D/2)Ii(Pa) - (5 + I)Ii—l(Pa)
acA aPa

and for k # 0

0
(; akPaa_Pa) Ii(Py) = —1;(Py) .

In particular the lowest coefficient satisfies the so called GKZ hypergeometric dif-

ferential equation, which we consider in the next chapter.
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Chapter 3

GKZ A-HYPERGEOMETRIC DIFFERENTIAL EQUATIONS

3.1 Geometric Origin of GKZ D-modules
Definition 3.1. Given Z", the n-dimensional lattice, we fix a basis and denote an
element as n-tuple of integers. We define ¢; as the map from Z" to Z, which gives us

the i-th coordinate in the fixed basis.

Let A = {ay,---,ay} C Z" be a set of lattice points such that they all lie in the
hyperplane ¢; = 1 and generate the lattice as a Z module. For a tuple of integers

r = (ng : a € A) consider the relation among the points of A of the form
Z nqa = 0.
acA

Denote the set of relations by R. For each r € R, we consider a corresponding

differential operator

g \" g\
O, = ]_[ (apa) - ]_[ (apa) (3.1)

acA acA
nq>0 nqa<0
andfori =1, --,n we define
Zi= Y d@pare (3.2)
;= i(@)pa P .

acA
On V = CV, with coordinates P1, --- PN, consider the differential equations

O,¢=0.

For B8 = (B4, ..., Bn) € k" C C", consider the differential equations
(Zi - Bi)¢ =0.

We want to find solutions to these differential equations. We denote by W the Weyl
algebra

g 0
> =0 >
app apa] )

0 0
W = k[pa, w— :a € Al/([z—, pbl = 6, [Pas Pp] = O, [
Opa Opa
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where k is a sub-field of C. Then the GKZ left W-module is defined by

HAB) =W/ ) W(Zi~ i)+ ) WO,

Remark 3.2. One can consider Hs(B) as a Dy-module, i.e. as a sheaf of modules
over the sheaf of differential operators on V. W is the ring of global sections of Dy
and H(B) is the space of global section of the corresponding sheaf.

This set of differential equations and the corresponding W-module was considered
by Gelfand, Kapranov and Zelevinsky in [GKZ90], [GZK89]. For a complete
discussion of results in this direction see [GKZ08], [SST00] and the references
there. We prove the relevant results and state the theorems that we need. Their main

results can be summarized in the following theorem from [Cat06].

Theorem 3.3. (GKZ) Let Ho(B) be a GKZ hypergeometric system.
(1) Ha(B) is always holonomic.

(2) The singular locus of H4(B) is independent of B € C" and agrees with the zero
locus of the principal A-determinant E(x) defined in chapter 10 of [GKZ0S8].

(3) For arbitrary A and generic 3, the holonomic rank of Ha(B) equals the normal-
ized volume of the convex hull of A, vol(conv(A)).

(4) For arbitrary A and B, rank(H(B)) = vol(conv(A)).

(5) Given A, rank(Ha(B)) = vol(conv(A)) for all B € C" if and only if the toric
ideal 14 is Cohen-Macaulay.

$1(a) $2(a) bn
tl t2 ceety

Proposition 3.4. Let t* = @ Consider the ring

R = k[pa,t? :a e A
with an action of W given by
(pa, P) = paP
0

0
—, P P+1tP.
(apa ) Opa
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Moreover, consider the map

Y:W-%R
a \"
\P(pl (_) ) — plthaa )
g Ipa
Let
f= ZPat“
acA
of 0
Yi=ti—+ti— =i
0t - ot; P

Then we have:

(1) is surjective

(2) ker(¥) =W },, 04 withO, as in (3.1)

(3) image(W(Z; — ;) = ;R , with Z; as in (3.2)

(4) Y gives an isomorphism between H(B) and R/Y; Y;R.

Proof. The first two statements follow from the definition. Note that ¥ is k[p, :
a € A] linear and Y; acts k[p, : a € A] linearly. Thus, to check (3) it is enough to

l—[ (c?f?a )m“ (Zi = Bi).

acA

With ¢; as Definition 3.1, we have

w([ ]| 8‘;)m @-po = || ai)m ) siomg-a] ]| aj’?a)m“>

compute the image of

acA acA acA
0 a \"™
= {(D)ppP(——
b;ww (apbg(apa) )

o\ a \"
iGm¥(| [[7—| )-BY( | |z—
+;‘¢(>mb ﬂ(apa) )-8 (g(apa) )
= D i)t 2"+ Y Gi(bymyrE — iR

beA beA
= () di@pat” + ¢i( ) ama) = ="
acA acA

= Y2 Ma,



29
To check (4) we need to show that, for P € GKZ, we have

\P(ip) = il{f(P) +P¥(P).
pp dpp

mq

If P has the form p’ [],c4 (%) , we have

0 0 o \"™ o \™ o
v n =¥ | (5] +' T m) a0

acA acA

= ilP(P) +1PP(P).
Opp

This construction makes GKZ a quotient of R. Note that it is not a R-module
since the action of ¥; does not commute with multiplication by 7. However, it is
a k[p, : a € A] module. We want to understand the structure as a k[p, : a € A]-

module.
Proposition 3.5. Assume —f1 + n is nonzero in k for all n € Zsy. We have an
isomorphism of k|p, : a € A] modules

R/VIR = k[p,:acAlt’)fl=klp,:ac€ A][t“]/(Zpata =1|=%R. (3.3)

acA

Let ¢ be the first coordinate as Definition 3.1. The isomorphism is given by
FT:R-N

F(t') = (=DM Dy () 1,
where y(n) = —Bi(=p1 + 1)+ (=1 +n — 1) and y(0) = y(1) = —Bi.

Proof. Note that we have y(n + 1)/y(n) = —f; + n and since all points of A have
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¢1 = 1, we have tlg =f

N Oy 0 5
gt )—%(tlatlt +t16t1t Bit’)
= 3(Zpafj+a + g1 (Nt = pit?)

acA

= > pat“ )PPy (g (1) + 1)

acA

+ o (DD Dy(p1 (D) 7 = Bi(=D"Dy($1())) ¢!

- (—f%  61) = B ) (P Dy gy (!

= (=1 + g1 = A=D1 Dy(p1 ()’
= (1= f)(=B1 + p1(F ).

By definition § is surjective. The equations above shows that the image of YR is

the ideal generated by 1 — f and we have the isomorphism. O

Proposition 3.6. Assume —8; + n is nonzero in k, for all n € Zsq. Define Y; by

K:ﬂ%—)ﬁ

_ P of 3
Yi=\tig-—-Bi—ti (= n-—)J| -
(f a0 B mi( B1 + 18“))
We have .
Ha() =R/ ) TR
i=2

Proof. We need to find the image of ¥;R under §. We have F(Y;t’) =

Of v, 9 g g
i‘y(tlatit ”laz-t Bit")
of

= (P (1) + i " o COP Dy = D Dy
—(—(—ﬂ1+¢1<1))r, il a —&)( DDy
(-G g g - B Do

Thus, we have that the image is

P af 9
A B THn
(tl 6t,- ﬁl L (91,'( ﬁl +1 8t1 ))
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To show that the equations come from geometry we observe that the ring R is the
coordinate ring of an affine toric variety. Let NA be the semigroup generated by
the set A as a sub-semigroup of Z". By definition, R is the semigroup algebra
klps : a € A][NA]. It is well known that Abelian semigroup algebras are local

models for toric varieties.

Definition 3.7. We denote the semigroup above by X. It is an Abelian semigroup,
which is generated by the set A and 0. We denote the semigroup algebra by
Sy = k[t* : a € A] and the corresponding toric variety by Xz = spec[Sz]. ¢
induces a grading on X. We denote the projective toric variety Proj(Ss, ¢1) by Py
and the corresponding line bundle by O(1).

Remark 3.8. Toric varieties defined by semigroup algebras are not necessarily
normal, while all toric varieties defined by a rational polyhedral fan are normal. It
turns out that a spectrum of an Abelian semigroup ring is normal iff the semigroup
is saturated, i.e. iff all Z"" points in the real cone generated by the semigroup are in

the semigroup. (see [Hoc72])

Note that the k-vector space of global sections of O(1) is canonically isomorphic to
V, since degree one elements in the semigroup are a basis for V. We consider f as
the universal section of O(1). Let Y = V(f) be the codimension one subvariety of
the zeros of f in V X Py and let U be the complement.

Lemma 3.9. We have isomorphisms

spec(R) =V X X5
spec(R) =U =V xPs \ Y

Proof. The first part follows from the definition of X5 as the spectrum of k[t? : a €
A]. For the second part, note that, since V X Ps \ Y is an affine chart in V X Py, its
coordinate ring can be described by degree zero elements in R[1/ f]. This agrees
with the definition of the R as in (3.3). O

We state some well known facts from the theory of toric varieties.

Definition 3.10. Let P4 (respectively, P4) be the convex hull of the points in A
(respectively, AU{0}), as a subset of R". P has the structure of n — 1 dimensional
polytope and P4 has the structure of n dimensional polytope.
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By a k-dimensional face of a m-dimensional polytope P we mean points in P that lie
on a hyperplane, with k dimensional span (as an affine subspace) such that all points
of P are on the same side of the hyperplane. There is exactly one m-dimensional

face. Codimension one faces are called facets.

Lemma 3.11. Faces of the P, (respectively, P4) are in one to one correspondence

with torus orbits in Py (respectively, Xs).

P4 isasubset of R, where the the first coordinate is 1. Thus, we can find hyperplanes
defining faces that pass through the origin. Such a hyperplane can be defined as the
set of x € R" with (w, x) = 0, for a vector w in R”. In the case where points are all
integer points, we can choose w to have integer coeflicients as well. The following

definition gives an algebraic description of the torus orbits.

Definition 3.12. Let w € Z" be a lattice point with the property (w,a) > 0 for all
a € X and denote by X, the set of elements of X that have nonzero inner product
with w, i.e. (w,a) > 0, for a € Z{. Moreover, denote by X, the set of elements
with zero inner product , i.e. {w,a) = 0 for a € X,,. Note that the sub k-vector
space of Sy generated by X, is a graded ideal in Ss. We denote this ideal by I,,.
The quotient ring, which we denote by S,,, is isomorphic to k[Z,]. We denote by

P,, = Proj(S,,, @) the corresponding projective toric variety.

The projective toric varieties defined above are not necessarily smooth. Assuming
that the toric variety X is smooth, we have the following exact sequence of coherent

sheaves:

0— Qf - Q'(logD) > ] 05, -0,
{Facet}

where D is the union of codimension one orbits and the second map is the residue

map.

For a non-smooth toric variety Q!(logD) is well defined. See [Ish87]. Note that
the complement of D is a n — 1 torus. By definition its coordinate ring is the ring
of degree zero elements in the graded ring k[X — X] ~ k[Z"]. Here by £ — X ,we
mean differences of the elements of X. It is equal to Z" since X generates Z" as a
Z-module. Thus, it is isomorphic to k[Z"/Z]. We denote Z"*/Z by M. An element

i € M gives us a rational function on Ps, then dlog(sit) is an element of Q;(logD),
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which we denote by same notation 7. It turns out that Q'(logD) is always free and

we have an isomorphism of coherent sheaves

Q'(logD) ~ M ®7 Op,.
We define the free sheaf of algebraic differential forms with logarithmic poles along

D to be | |
n— n— X
@Qi(logD) ~ @ /\l M ®z Os, .
i=0 i=0

We have a diagram of varieties

J

VxT \ Y > U < > VX Ps
P
v Ay _id oy

where Yy =Y NV xTand T = Py \ D. We consider the sheaf of relative differential
forms with logarithmic poles along D on V X Ps. Since p is the projection on the

first factor, we have

Q;/XJP’E/V(logD) = /\ M ®z Oyxp, -

Sections of this sheaf on U are

Q. (logD)(U) = A MezR.
This graded sheaf comes with a differential

. o o+1
d:Q} 5 y(logD) — QVJ;PZ/V(logD),

which makes it a complex of sheaves. For each element a € ¥ C M, there is a

corresponding @ € M. Note that the restriction of d to U acts as

d(m<g)(t1/f¢1(1))) = (fA m)®(t1/f¢1(1))_¢;1(1) Z ((d Am)® (pat1+a/f¢1(1)+l)) .

acA
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Note that this is well defined since we have d(m ® (ft!/ f&1(D+1)) =

dm® (Y pat™! /910

acA

= > @+ D) Am)® (pat™ [ f 1)

acA

= D pall+ 11 Y (B Am) @ (ot 0 41072

acA beA

= ([~/\ m) ® (Z patatl/f¢l(1)+l) + Z(d Am)® (pata+l/f¢|(1)+1)

acA acA

~( ) Y ((15 rme (. par“pbr’+”/f¢l<’>+2>)

beA acA

= (f/\ m) @ (t]/f¢1(1)) _ ¢1(1)Z ((E Am) ® (pbtl+b/f¢>1(1)+l))

beA
=dme (t'/f"1D)).

Moreover, it is not hard to check that d? is zero. Note that this differential is the

standard definition of d coming from derivation below on rational functions

0
. g ! ~ l‘ia%tj ¢1(J)t,-a—£tj
"ot fo) B for) for+

We can change the differential to

Vﬁ:d+ﬁldf/f/\—2ﬁiﬁ/\ =d+ B (Zd@pat“/f) A_Zﬁi@/\’
i=2 )

li acA

and we still have a complex, since we have

o (3.5)
B2 _tfn fh

Proposition 3.13. Consider the complex (Q{,X]P>2 /V(l 0gD)(U), V), whose terms are
free R-modules and with Oy linear differential V. The n — 1 hyper-cohomology of

this complex is isomorphic to Hx(B), i.e.

R p(Qy 5, y(10gD)y, V) = Ha(B) -

By R"!'p, we mean the (n — 1)-th derived functor of p.. Everything is in Zariski
topology.
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Proof. Since p is affine, hyper-cohomology agrees with cohomology of the complex.

Choose the standard basis e, e3, - - - , e, for M, which gives us coordinates f, - - - ,
on T. We have
n-2 . ~ dry dAl“ dt o
M®Z§J{:@?_2__l_n m’
15} l Iy

and with ¢; as Definition 3.1, we have

“odt \db dni dn
d+prdf[f A=Y f—n| 2o S D g 411 por(D)
= 1) t ty
:(f/\@...@...%)@,(tl/fm(l))
15} t t,
dt, d dt
— ¢1(1)Z ((d A _2 LI _n) ® (patl+a/f¢1(1)+l))
5] t; Iy
acA
dt, d dt
+ Bi (Zfl@pata/f)/\—z ....... —n®t1/f¢1(1)
acA n li n
_ @...%ﬁi@)ﬂ/ﬂﬁl(’)
t ty
dt dt, .
= t_; e (—ﬁ,- + ¢i(1) — (¢1(1) _:81)2¢i(a)pat /f) Ay
" acA
dt, dt, 0 of Pl Ly poilD
ho ot ®(’at,- b ’at,-(ﬁ”‘a;l)) /f

Identifying top forms with R, we see that the top cohomology is exactly Hy(8) by
Proposition 3.6. O

Definition 3.14. Given an element w of the dual of M we have the contraction map
o o—1
Ly : /\ M — /\ M
k

twlay N+ Nag) = Z(—l)i(w,ai)al Ao Ndip N Nag .
i=1

We extend it R-linearly to R @ \° M.

Definition 3.15. Let wy,...,w,, be elements of Z" defining the facets of P4. An
element 8 € C" is called non-resonant (respectively, semi non-resonant) if {(w;, — 3+
Z"y # 0 (respectively, if {(w;, =B+ X) # 0), for all i.
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Proposition 3.16. Let w correspond to a face of Py, the polytope defined in Defini-
tion 3.10, and let 1,,, P\,, and S,, be as in Definition 3.12. Let i,, : U,, — U be the
fiber product
Uw # U
I l
VxP, —— V XPs,

which is the inclusion into U of the intersection of the boundary components corre-
sponding to w and U. This inclusion is given by the ideal sheaf I,,. Furthermore,

assume B is semi non-resonant. Then the inclusion

. q.i.s N
(IZQVX]pZ/V(ZOgD)an V,B) B (QVXPZ/V(ZOgD)lU, Vﬁ)

is a quasi-isomorphism.

Proof. First note that U,, is affine. By induction it is enough to show that

(115 (108 D). V) = (1271 (10g D). Vi)
is a quasi-isomorphism, or equivalently that the cokernel

5oy . (logD)ly

° ’V )
139 o y(ogD)ly " "

is quasi-isomorphic to zero.

Let t/ ® a be a section on Iv’;‘IQ;/XpZ /V(l 0gD)|y. We show that a multiple of 131/ @«
is Vg-primitive of #/ ® a, where W = (wa, - - - , w,,). We have Vgipt/ ® @ =

I Apa+ (—d1(J) + Br) Z Pat®™ @ a A pa - Z,Bitj ®e; A lypa =

acA

' @I Aa—(-¢1(J)+ B1) Z Pat®™ @ 1ya A a + Z,B,-tj ® Lye; N a+
acA

P o) Aa+ (g1 + B1) Y. pat @ (wa) Aa = Y Bit! @ (uper) Aar =

acA

— 5 Vgt @ @+ | (0.0), 1) + (~g1()) + B1) ), Pat“ (0, ), a) =) Y Biori(w) | @ .

acA

Note that

(O, w), J) =(w, J) = wi¢1(J)
<(0’ W), Cl> :<W, Cl> - Wi

Z Pat“” -

acA
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Using these equalities we can rewrite the equation as

Vlgtwtl®a/ = —LWVIBtJ®a/+ T w, JY + (=1 (J) + B1) Z Pt (w, a) —t'(w, B) |®a .

acA

Note that (w, J) € Zs, and terms that appear in the first sum are all zero, since if
a € S,, we have (w,a) = 0 and if a € S¢ we have 1**/ € I{;Q;/XPE/V(logDNU. If
' ® a is closed, we see that

(w,J)tj®a—th,8,-<w,e,~)®a =(w,JY-w,p) @a=ct/ ®a

is exact, where c is a nonzero constant, by the semi non-resonance assumption. 0O

In [ABO1], authors construct a category of complexes of sheaves. De Rham com-
plexes live in this category. Given an open embedding j : X — Y with X smooth
and a D-module M on X, they define a Rj, functor on this category. If Y is smooth
they show

DR(jiM) = RjiDR(M),

where j is the left adjoint of j! operator on holonomic D-modules as in [Bor+87].
See appendix D of [ABO1].

Corollary 3.17. Let j : V X T \ Yo — U be the inclusion of the complement of the

torus boundary as in (3.4). Assuming that 8 is semi non-resonant, we have

ke q.i.s .
R]!] (QVXPZ/V(logD)lU’ V,B) E— (QVXPZ/V(logD)lU’ Vﬁ) .

Here we think of complexes as objects of the derived category of sheaves of Abelian
groups. The functor j* is the pull back functor and Rj, is as in Definition D.2.14 of
[ABO1].

Proof. To compute Rj, we need to take an extension of j *(Q;/X]EDE /V(l 0gD)|u, Vp)
to U and take the limit by the ideal defining the complement. We already have
an extension and we have shown that the powers of the ideal defining the bound-
ary do not change the cohomology. Since both varieties are affine, the limit is

(Q;/XPZ/V(ZOgDNU’ Vﬁ) O

Lemma 3.18. Consider Oyxr as a D-module and let DRyt /v(Oyxt) be its relative
de Rham complex. Assume [ has integer coefficients. Then we have a quasi-

isomorphism

o . q.i.s N
T (Qysp, y(l0g D)y V) — (i ylvxmivg d) = DRyxryyv(Ovxryy) -
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Proof. This simply follows from the fact that the #;’s are invertible on T. The
isomorphism is given by twisting the differential by
f,Bl

B Bn
5.ty

and its inverse as in (3.5). Note that, since A generates Z" as a Z-module, multipli-

cation by the rational function above is an isomorphism. O

Theorem 3.19. Assume [ has integer coefficients, is semi non-resonant and B is

negative. Then we have
R pu(RjiDRyxr\y, v (Ovxriyy)) = Ha(B) -

Proof. Proposition 3.13 and Lemma 3.18 together with Corollary 3.17 imply this.
O

For the following theorem, we assume that the toric variety is normal, which is

equivalent to X being saturated.

Theorem 3.20. Assume [ has integer coefficients, is semi non-resonant and 31 is
negative. Assume the semigroup X is saturated. Let U, be the fiber of p over v € V
and let D be the boundary divisor, i.e. the complement of V X T. We have

H(Sol(H(B)))y := Homp, (Ha(B), O}"}) = H,—1(U,, U, N D).

Proof. If Py was smooth, we could consider D-modules on U. Note that taking the

relative de Rham complex commutes with j, by , i.e. we have

RjiDRyyxr\v,/v(Ovxr\y,) = DRyjv(jiOyxr\y,)-

We have p, functor of [Bor+87]. By definition of p, for projections, R !p, o
DRy v = H'p,. This implies

Ha(B) = Hp.(jiOyxr\y,)

as quasi-coherent sheaves. The fact that connections agree follows from direct com-
putation. The rest of the proof is the same as in [Hua+15]. The idea is to use the
Riemann-Hilbert correspondence and the fact that Sol o j, = j. o Sol from section
15 of [Bor+87] and the sheaf theoretic definition of relative homology from lemma

3.4 of [Hua+15]. Furthermore, the isomorphism is given by the cycle to period map
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defined in [HLZ13].

X = Py is normal since X is saturated. By [Ish87], there exists an equivariant
resolution of singularities g : X’ — X, such that X’ is smooth and Rg.Ox' = Oy.

We have a diagram of fiber products of the form

J

VXT\Y «23 U —3 Vx X’
\Lid \Lg’ \Lidxg
VXT\Y «23 U —3 VxX.

By the same computations in Proposition 3.16, one can show that the de Rham
complex for jiO can be computed using the de Rham complex with logarithmic
poles with twisted differential. The twisted de Rham complex is again a complex of

free Ox- modules. Since Rg.Oy- = Oy we have

Rg.DRy v(jiOvxm\xy) = Rgu(Qy sy /y108(D)lur, Vi) = (5 jyl0g(D)lu, V) -

Thus, we have

HA(ﬂ) = Rn_lp*(Q;/Xx/Vlog(D)an Vﬂ)
= R" ' p.Rg. DRy v (jiOvxr\y,)
= R" Y (p o g).DRy: jv(jiOvxr\x,) = H(p 0 &)+ (j{Ovxr\1y) -

Applying the Sol functor we get
Sol(jOvxr\v,) = Rj.Cyxr\y, -

Moreover, using Sol(p o g’)+ = R(p o g’)1Sol[n — 1] from section 14 of [Bor+87] ,

we have
Sol(Ha(B)) = "R°R(p o g ) Rj.Cyxr\yy[n— 11 = "R*Rp1 o Rg| o R} Cyxeryy[n = 11.
However, g is proper, therefore Rg; = Rg; and we have
Rg. o Rj, = R(g' o j')s = Rj.
Moreover, we have

Sol(Ha(B)) = PR°Rpy o Rj.Cyxr\y,[n — 1].
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Thus, the sheaf of classical solution is
H(Sol(HA(B))) = R"'py o Rj.Cyxry, -

Note that p; commutes with taking fiber, by the compact support base change
theorem. We want to find the restriction of Rj.Cyy\y, to the fiber U, of p over a
point v € V. Denote the inclusion of V x T into V X Ps by j and denote the map

from U to V X Py by i. We have a diagram of varieties.

J

VxT\Y >
e 7

l U
VT —2 l SV x Py
/j ﬂd

Since Rj. is local on the target, we have Rj.Cyyr\y, = i*Rj.Cyxr. Therefore

U

UV\D jv

>
T > Py

Rj.Cysnylu, = i*Rj:Cvxrly, = i5(v X Id)*Rj.Cyxr .

Since j does not depend on the V, we have (v X Id)*Rj.Cyxr = Rj,.Cr. From the
square in the front, we see that i}Rj,.Cr = Rj,«Cy,\p. Thus, j, commutes with
restriction to a fiber.

Rj.Cyym\ylu, = Rjv+Cu,\p

By sheaf theoretic definition of relative homology we deduce
HOI’I’lDV (HA(ﬁ)’ O\C}nv) = (Rn_lp! © RJ*CVXT\I/())V =H,1(U,,U, N D) .

O

We showed that, for semi-nonresonant integer S, the sheaf of classical solutions
to Hu(B) is isomorphic to a relative homology. To find the isomorphism one
needs to follow the proof of the Riemann-Hilbert correspondence which can be
found in [HLZ13]. Assume that v € V is point and consider a relative chain
0, € H,—1(U,, U, N D). We can extend this cycle to an analytic neighborhood of v
in V. Let ¢(v) be the function defined in the neighborhood of v by

fPrdy,  dt,

o(v) = - . )
Oy B 1 Iy
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Some computations similar to what we had in Proposition 2.22 show that this func-
tion satisfies H4(8). In fact the isomorphism in the Riemann-Hilbert correspondence
comes from this morphism. We do not use this fact in the general form, since in our
case the cycle 0 is always the positive real numbers. For more precise formulation
see [HLZ13].

3.2 Regularization

To have a better notation, we change the dimension from n to n + 1. Assume
A c 7" such that all points have first coordinate equal to 1. We denote the
semigroup generated by A by T and we assume X — £ = Z"*!. As before, let Py
be the convex hull of points in A and let C4 be the cone consisting of rays orig-
inating from zero and passing through P4. For (8o, ...,5,) = 8 € C'™!, we can

consider the corresponding differential equations and integral forms of the solutions.

Assume all P,’s are positive i.e. v is a positive real point of V. We claim that the
closure of R’ is a relative chain for the pair (U,, U, N D). To check this, it is enough
to show that f does not vanish on the closure of R’}. One can check that closure of
R” is homeomorphic to the polytope P4 by moment map. The restriction of f to

each torus orbit corresponding to a face defined by w is

Z P,t° .
(w,a)=0

Since P, are positive and % are positive, we see that f does not vanish. Assuming

B is semi non-resonant and integer, it follows that ¢ is well defined and the integral

1 dt dt,
a .--_
rr 20 1 In

is convergent, where @ = —f8 and @ = (@, @). We prove this fact for more general

values of S.

Lemma 3.21. Assume the P,’s are positive real numbers indexed by a € A. The

integral )
I = e dty %

R (ZaeA Patd)ao | o In

converges for a = (ao, @) iff R(@) is in the interior of Ca.

(3.6)
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Proof. To show this, we reparametrize R”} by R”, with the map #; = exp (x;), which

gives
exp{a, x)

R (Zaea Paexp(a, x))*

dxy...dx,. (3.7)

For any a € A, we have

exp{a, x) - _ exp(R(@). x)
(Daea Paexp(@ x))™" = (P, exp(a, x)) T

| < Cexp(R(@ — apa), x),

where C is a constant that only depends on the P,’s. Taking the minimum on A we

can rewrite the inequality as

exp(a, x) , / . . .
dx;...dx, < C R(a — , dxy...dx,.
/R" (Xaca Paexpla, x))* i = R P (mam< (@ - aod) x>) i o

Note that R(«) is in the interior of the cone iff R (&) is in the interior of the convex

hull of {R(ap)d}seca. For a fixed x, there exists at least one a such that
(R(@ — aod), x) = (R(a@), x) — (R(ao)a, x) <0,

otherwise all point of R(ag)d would be in the half-space ( -, x) > (@, x) and R(@)
would be on the boundary, which would contradict the fact that & is in the interior
of the convex hull. To show that the integral converges, we use radial coordinates
and we write

I < C'/ exp (r min{R (& — apd), i)) r"dr dQy .
Sn-IxR, a |X|

We showed that, for any x, min, (R (&—ad), x) is negative. Let —& be the supremum

of this function on the sphere of radius one, which is negative by compactness of

the sphere. Substituting, we get

r
I < c’/ e dr dQ < c’/ ﬂdg < .
Sn—lxR+ sn-1 8”

O

We want to find relations among integrals with different @. Let K(a, P,) be the

integral i
1@ dy,  dt,
Rt (Daea Pat®)™ t1 77ty

Lemma 3.22. Assume R(a) is in the interior of the cone. Let w € Z'*'. We have

K(a, P,) = (3.8)

the equality
(w, @)K (@, Pa) = a9 ) (w, @) PK (@ + a, Py).

acA
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Proof. Both sides are linear in w, hence it is enough to check this for w = e;. Note
that, for w = ey, this equality is trivial. Fori # 0 and w = ¢;, we use exponential
change of variable as in equation (3.7). Consider the differential form on R" given
by
B exp(@, x)
 (Baea Paexp(d, x))®
A basic computation shows that we have

dxl...dgc,-...dxn.

exp(@, x) a0 2iaca Paa;i exp{@ + a, x) .
(2aea Paexp(a, x>)0/o+1

Assuming that K(a, P,) converges implies that R(«) is the interior of the cone

df = |a; =
"(Zaea Paexp(@ )™

Lodxy .

generated by A. Since R(«) is in the interior of the cone, R(a) + a is also in
the interior of the cone and all terms in df have absolutely convergent integrals.
Therefore, we can integrate d6 in the interior of ball of radius r and take the limit
as r goes to infinity. By Stokes’ theorem the integral of d6 over a ball of radius r is
equal to integral of € on a sphere of radius r. By the same computations as in the
previous lemma, we can see that 6 has exponential decay, while the volume of the
sphere grows polynomially. This implies that the limit is zero. Note that the integral
of d@ is equal to

(e @YK (@, Pa) = a0 ) (ei ayPaK (e +a, Py),
acA

which implies the statement.

O

Theorem 3.23. Let K(a, P,) be as in (3.8), defined for R(«) in the interior of the
cone generated by A. Then K(«a, P,) has meromorphic continuation to C"*, with
poles along the —X translates of the hyperplanes defining the facets of the convex

hull of A, or equivalently the semi-resonant —a’s. Furthermore, we have the identity
in Lemma 3.22.

Proof. First note that the integral is absolutely convergent and that the integrand is
analytic in @, which implies that the integral is holomorphic for R () in the interior
of the cone, i.e. for (w;, R(a)) > 0. We use induction to show the statement for
the sets (w;, R(a)) > m;, which cover C"™*! for m; € Z. The statement is true for

m = (0,...,0). Assume it is true for m = (my, ..., m,1). By Lemma 3.22 we have

(wi, )K(a, P,) = ag Z(w,-, a)P,K(a +a, P,).

acA
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Note that (w,a) = 0 for a in the facet defined by w;. Thus, (w;, @)K(a, P,)

can be expressed as a linear combination of K(b, P,), where, for all b, we have
(wi, R(b)) = m; + 1 and (wj, R(b)) > m; for j # i. We can define the integral for
(wi, R(a)) > m; — 1 and (w;, R(@)) > m; by dividing both sides by (w;, @). This
means that there is pole when (w;, @) is zero. By repeating this operation, we get
poles on the —X translates of (w;, @) = 0. Note that the equation above is analytic in

« and is valid for R(«) in the interior of the cone, hence it is valid everywhere. O

Remark 3.24. Note that in the identity of Lemma 3.22, the sum on the right is
multiplied by «q. If we start from an a with ag € Z<o, we eventually multiply be
zero, since all points in the interior of the cone have ag > 0. Thus, K(a, P,) has

degree one zero along hyperplanes aq € Z<y.

We know that, for positive real P,’s, if K(a, P,) converges, then it is a solution to
H4(B). We claim that this is true for the analytic continuation of K(«, P,) as well.
From the identity of Lemma 3.22, we know that for & with real part in the interior
of the positive cone, the left hand side is a solution to Hs(—a). Note that both
differential equations and relations are analytic in @ and P,, therefore they are valid
for the analytic continuation of K(a, P,). As a result we have that K(«, P,) is a
solution to Hx(—a) when —a is non semi-resonant. For a resonant —a we can find
a vector i € C™*! such that —(« + €ii) is semi non-resonant for small enough €. We

can take the Laurent expansion in the i direction and we obtain

[ee]

K(a + €u, P,) = Z eiK?(a, P,). (3.9)
i=—k

As in the previous chapter, we denote the set of integer relations among points of A
by R. For r € R, we have a corresponding box differential operator O, as in (3.1)

and 5
Zy= ) (W, @) Puz o (3.10)

acA
Note that Z; in (3.2) is Z,, in 3.10. In this notation, a solution ¢ to H4(f) is equivalent

to a function satisfying

O¢=0  Zup=wWp)¢.
By the same computation of Theorem 2.24, we arrive to the following proposition.
Proposition 3.25. For w € C"*!, we have

DrK,'ﬁ(a’a Py)=0 ZWK;Z(Q', Py) = (w, _Q’>K,ﬁ(a'a Pg) + (w, _17>Kiﬁ_1(a" Py).
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Proof. This follows from expanding both sides of (3.9). O

In particular we see that the lowest coefficient gives us a solution to Hs(—a).

Remark 3.26. All the calculations we have done here can be done for any chain 6
replacing the positive real points. In fact, Lemma 3.22 is valid for the integral over
any chain, and the rest of the calculation is exactly the same. In this way we can

construct a set of solutions for resonant .
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Chapter 4

AMPLITUDES AND REGULARIZATION

As we showed in chapter 2.2, amplitudes satisfy certain differential equations. From
a Feynman diagram, we constructed a subset of Z**! in the following way. For each
monomial 75 in the first Symanzik polynomial W of the graph, we consider the
point (1, §) e 7" and, for each monomial ¢7 in Or, we consider the lattice point
(0, f‘). We denote this set of lattice points by A. In general A does not generate
the lattice Z"*! but it generates a sublattice of dimension n. To see this, note that
(1,0,0,...0,-1,0,...,0), where —1 is in the i-th place, is in the sublattice generated
by A. This term is (1, §) - (0, 7‘), where the monomial 7 is the product of ml.zti and
t5. On the other hand, all points of A lie on the hyperplane 2ioai =+ 1, where
¢ is the number of loops in I'. Thus, the sublattice generated by A in Z"*! is the
set of lattice points x, such that € + 1| 3} x;. Denote this sublattice by L and let
r 1 L — 7" be the function defined by ro(x) = (xg + X1 + ... + x,)/(£ + 1) and
ri(x) = x;, for 1 <i < n. Itis easy to see that r is invertible and that the determinant
is 1/(€ + 1), hence the image of the standard cube has volume 1 and r(A) generates
the lattice. We replace A by r(A). Note that all points of r(A) have first coordinate
equal to 1. By Proposition 2.21 we know that I(cy, ca, Py, V) satisfies Ha(), where

ﬁ:((cl—cz)(€+1)+2vi+n,—l—vl,...,—l—vn).

1

Thus, I satisfies H,(4)(r(3)) and we have
r(B)=(c1—cp,—1=vi,...,=1=w).

For the rest of this chapter we replace A by r(A) and 8 by r(8). Note that, for the
original amplitude A(T, P,), we have ¢; = 0, c; = D/2 and v = 6, and thus the

corresponding vector S is
B=(-D/2,—1,...,—1).

Assuming the normality condition and the semi non-resonant condition in Theorem

3.20, all solutions of H4(B) come from integrals. Thus, A(T, P,) is equal to

/ tl . e tn dtl dtn
5 (ZaeA Patd)D/Z f e I )
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for a relative chain 6. In fact, using the projective version of the integral, we can
show that it is equal to K(—8, P,), up to multiplication by a rational number.

Lemma 4.1. Feynman’s parametric integral formula gives

1 T(a+b) [ 297da
A“Bb ~ T(@I() Jo [1A + B]**?’

Proof. See Chapter 8 of [KSO1]. O

Corollary 4.2. Assume K(a, P,) is convergent, i.e. « is in the interior of the cone

generated by A. Then we have the equality

[(—|a| + ao(€ + 1))

K(a, P,) = T(a0)

10, a0, P @ — (1,..., 1)).

Proof. By Lemma 4.1 we have

t(x

rr (Or +¥r)*

r|d|+n—ltd
=/ =-drQ
R, XA,_| (,,é’+1Qr + I’K‘Pr) 0
r|&|+n—1—<zot’t&
B ~/]R+><An1 (rQr + ¥r)™ aréx
_T(=n—la| +ao(¢ + )I(|a| +n — apl)
- ['(ao) ./An_] Wy
_T(=n—lal +ao(t + 1)[(|@] +n - apl)
- I'(eo)
By the definition of K(«, P,) and the equality (2.11), we have K(«, P,) =

I(=|al + ao(¢ + D)T'(|@| - apl)
I'(ao)

3 ['(—|@| + ap(f + 1))

- (o)

Q—n— |@|+apt
a

L t
—n—|a@|+ap(€+1)
r

J(—n—|a| + aol,—n — |@| + ap(€ + 1), Py, @) .

J(—=|a| + apl, —|a@| + ap(€ + 1), Py, & —(1,...,1))

10, a0, Poy @ — (1,..., 1)).

O

By corollary above and the fact that A(T, P,) = Dt/ 21(0,D/2, P,, 6), we can
compute the amplitude from K as

I'(D/2)
['(—n+ D/2(¢ + 1))

AT, P,) = nP/? K(D/2,1,...,1),P,). (4.1

Note that the Gamma function never vanishes. As aresult, when K(a, P,) converges,

we can define the amplitude. In fact, we can define the amplitude by this equation.
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For the rest of this chapter we study K(a, P,), and the structure of its poles. To do
that, we first find the defining inequalities for P4. We need a few definitions and

notation.

Definition 4.3. For a graph I" with n edges, we denote by SPr C R" the polytope
constructed by the incidence vectors of the complements of the spanning trees of
I, i.e. it is the convex hull of {§ }, where S corresponds to a monomial 5 in the
first Symanzik polynomial of I'. We denote by Pr the polytope constructed from the
terms in the first and second Symanzik polynomials (including mass terms). Note
that we have Pr = SPr + E,, where E,, is the convex hull of {0, ey, . .., e,} and plus
is the Minkowski sum. For a subgraph vy C I', we have natural inclusions P, C Pr
and SP, C SP,.

Definition 4.4. For a subgraphy C T, let 1, be the incidence vector of y in Z", i.e.
the vector where the coefficient corresponding to an edge e € I is 1 if e € y and is
zero otherwise. We denote by {, the number of loops in vy, i.e. the dimension of the

first homology of y.

Lemma 4.5. Given two subgraph y| and vy,, we have

571 + 572 < 571072 + f)’lU)’z .

Proof. By Mayer-Vietoris for the pair y; and vy, we have the exact sequence

0 = Hy(y1Uy2) — Hi(y1Ny2) — Hi(y1)®H (y2) — ker (Hi(y1 U y2) = Ho(y1 Ny2)) — 0.

Counting dimensions implies the inequality. m|

We define another polytope using inequalities and we will show it is the same poly-
tope we considered before. Spanning tree polytopes (SPr) and in general matroid
polytopes have been studied in combinatorial optimization theory, see [Cho89],
[Edm71] and [Ful71]. The polytope Pr is similar to these polytopes and we can

translate some of the results in combinatorial optimization to our setting.

Definition 4.6. For a graph T, let P. be the subset of R" defined by the inequalities
(1,,%) > ¢, (Ir, %) < fr +1,

where the first inequality is valid for all subgraphs.
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Assume that the graph vy in the first inequality above is a single edge. In this case, the
inequality implies that all coefficients are positive. The second inequality implies
the sum of the coefficients is bounded. Thus, these equations define a bounded set
and P[. is a polytope. Any face of the polytope P = Pj. is defined by setting some
of the inequalities to equalities. Assume we have a set of equalities (1,, X) = £, for

v € ¥, where ¥ is a family of subgraphs.

Lemma 4.7. Given a point X in P, let F be the set
F={ycTl:(l,,%)=¢}.

Then F is closed under intersection and union of its elements.

Proof. We have

<1’)/1 Ny2s f) 2 f’}/l Ny2

and
<171U)’2’ x> 2 f’)’lU')Q’

and we have 1,, + 1,, = 1,,ny, + 1,,uy,. Combining this with the inequality of

Lemma 4.5, we have
by + 4y, = (1, X) + (Ly, X) 2 by, + G0y, 2 6 + 4,

and hence both inequalities are equalities. This shows that ¥ is closed under

intersection and union of its elements. O

By the previous lemma, the defining equations of faces (coming from subgraphs)
can be chosen to be closed under intersection and union. By a chain of subgraphs

we mean a family C of subgraphs such that, for y{,y, € C, we have either y; C y;

oryz C y1.

Lemma 4.8. Let F be the set of equalities corresponding to subgraphs and let P¢
be the corresponding face. Let C C F be a maximal chain in F. The family of
linear equations {(1,,X) = €, : v € F} is equivalent to {{1,,X) =, : v € C}, i.e.
we have Py = Pg.

Proof. Given a subgraph vy, by a chain violation we mean a subgraph ¢ € C such
that neither ¢ C y nor y C ¢. Since C is maximal, for any subgraph y in ¥\ C

there exists ¢ € C such that it is a chain violation for y and Pcy(cy # Pc, otherwise
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the statement follows. Among all of the subgraphs choose the one with minimal
number of chain violations. By Lemma 4.7, we have c Ny € ¥ and c Uy € F. For
all X € P# we have

<1y, f> = 57 <lc, X) =L, <1yﬂc’ i) = fyﬂc <1’}/UC’ i) = gyUc .

These four linear equations are dependent, i.e. the sum of the first two is equal to the
sum of the last two. The first equation is not satisfied by all points of P¢, so we either
have Pcygyney # Pc or Peugyuey # Pe. Replacing ¢ by v N ¢ or y U ¢ decreases the

number of chain violations, which contradicts the maximality condition. O

Proposition 4.9. Two polytope are equal, i.e. Pr = P[. Furthermore let Cr be the

cone over Pr in R"! and let
’)7 = (_fy, 1’)/)

Then Cr is given by the equalities
(y,x) 20

forally Cc T, and
(f —e0,x) <0.

Proof. Note that the inequalities define a cone since O satisfies all the equations. The
intersection of this cone with the hyperplane (x, eg) = 1 is P{., which is bounded.
Since the intersection is bounded, the cone defined by the inequalities is the cone
over the intersection. As a result it is enough to show that the intersection is equal
to Pr. The first inequality for a subgraph is satisfied by all points of A, since an
intersection of a spanning tree with a subgraph is a spanning forest of the subgraph,
hence number of edges in its complement is greater than the number of loops. The
second inequality is trivial. P[. contains all the extreme points of Pr, and thus it
contains Pr. First we find the integer points of P[.. Any edge e € E is a subgraph
and the corresponding first inequality implies x; > 0. Thus, integer points of P[.
have the form

(ai,...,an)

where a; € Zs(. For any loop y € I we have
Zae > 1.
ecy

Thus, for at least one e € y, we have a, # 0. If we remove this edge from the

graph, the remaining graph has {r — 1 loops and we can find another loop that does
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not have e in it. This in turn implies that another a,s is non-zero. Iterating this
procedure, we get at least {r many nonzero ¢;’s, which are chosen from different
loops. The complement of the edges corresponding to these a;’s is a spanning tree.
The second inequality implies )}; a; < {r + 1, hence (ay, . . ., a,) corresponds to the
incidence vector of a complement of a spanning tree, or e; plus the incidence vector
of a complement of a spanning tree. The integer points of P[. are exactly the integer
points of Pr. To finish the proof we need to show that the extreme points of P. are

integers.

Let X be an extreme point of P[.. Then X is the unique solution to a set of linear
equations corresponding to defining equations of Pj.. There are two cases. The
first case occurs when the second equation is not used and £ is defined by (1,, &) =
t, for y € F. By Lemma 4.8, we can replace ¥ by a chain of subgraphs C. Since

the solution is unique, we need n many equalities and we have

Y1Cy2C---Cy, =1 C={v,...,vn}.

Thus, y; \ vi—1 has only one edge. We denote this edge by e;. By the equalities we
see that
Xi = by, — f’}’i—l c {0, 1},

which implies we have an integer point. The set of extreme points we obtain in this
way corresponds to a spanning trees. The second case is when we have the equality
(1r, X) = {r + 1. By the same argument, we see that x; € {0, 1}, for all i except one
of them. Since these add up to an integer, the other one has to be an integer too. The
set of extreme points we obtain in this way corresponds to the set of monomials in

the second Symanzik polynomial. O

A subgraph is called 2-connected, if it is connected and remains connected after
removing any vertex. Note that single edges are 2-connected. We have found a set
of inequalities that define Pr, but this set is not minimal. We just need the equations
defining the facets of Pr. Any facet is defined by a single equation, so we need to

find subgraphs for which the equality defines a facet.

Lemma 4.10. For a 2-connected graph vy with no self-loops, SP, is |E(y)| — 1

dimensional.

Proof. Note that all integer points have the form 1g, where S is complement of

a spanning tree. Thus, all points of SP, lie on the hyperplane where the sum of
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coeflicients is ¢,. This implies that SP, is at most |E(y)| — 1 dimensional. We show

that e; — e; can be constructed from differences of points of SP, .

Let e be an edge of y and let C be a loop in y which contain e. This exists, since
v is 2-connected. Let 7" be a spanning tree that contains all edges of C except e.
Note that such a spanning tree exists, since any tree can be extended to a spanning
tree. Let e’ be another edge of C. We claim that T U e \ ¢’ is a spanning tree. The
reason is that 7 U e has only one loop C, and removing any edge from it makes it a
tree. Let S =T and S’ = (T Ue )\ ¢)°. Then 15 — 1 is 1, — 1/, hence, for any two
edges e, ¢’ in the same loop, 1, — 1,/ can be computed as a difference of points in
SP,. Since vy is 2-connected and does not have self loops, we can compute 1, — 1./

for any pair of edges, and we find that SP, is of codimension one. i

For a selfloop e in ', SP, is just a point, which indeed is |E(e)| — 1 = 0 dimensional.
Note that Pr is always n dimensional, since it is equal to SPr + E,, where E, is n

dimensional.

Lemma 4.11. For a subgraphy C I, Prn{% : (1,,X) = {,} is SP, X Pr;/,, where

['//y is constructed from contracting connected components of y to points.

Proof. It is enough to find extreme points of Pr N {¥ : (1,,X) = {,}, since the
equation defines a face of Pr. The equation (X, 1,) = £, for an extreme point
(a, : e € T'), implies the vector (a, : e € ) is equal to 1g, where S is the

IT_S

complement of a spanning tree in y. A monomial ¢’ can be written as #5¢7 =5, where

S has coeflicients in y and 7' — S corresponds to edges in I' — y that are the edges

in the contracted graph. Note that 75

always corresponds to a monomial for the
first or second Symanzik polynomial of I'//y. On the other hand S + S’, where
S comes from a spanning tree in y and S’ comes from a monomial in I'//y, is a
monomial in the first or second Symanzik polynomial of I'. Thus, we can identify

the corresponding face Pr with SP, X Pr;/, O
Theorem 4.12. For a graph T, the polytope Pr is given by the inequality
(I, X) < fr+1

and inequalities
</)/a j) Z gy
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indexed by 2-connected subgraphs without self-loops y C I', as well as inequalities
(le, ¥) = x, 2 1

indexed by self loops e € I'. Replacing any inequality corresponding to a subgraph
or self-loop 'y with equality, defines a facet of Pr that is equal to SP, X Pry/,,.

Proof. By Proposition 4.9, we know that these equation define the polytope. We
just need to find the ones that define facets, i.e. are codimension one. By Lemma
4.11 the codimension is equal to the codimension of SP,. The latter is equal to
one for self loops and for 2-connected subgraphs without self-loops, by Lemma
4.10. On the other hand, if we have a subgraph which is not 2-connected, then the
complement of a spanning tree has to have £,, many edges in y;, where vy; are 2-
connected components of y. Thus, SP, is at least of codimension 2. For a subgraph
that is not a self loop but that contains a self loop e, we have two linear equalities for
points of SP,, i.e. (ly, X) = ¢y and x, = 1. This makes SP, at least of codimension
2. i

For a Feynman diagram I', the vector « is equal to
(D/2,1,...,1).

To find the inequalities defining the interior of the cone C4, we need to replace
inequalities with strict inequalities. Applying these to a vector @, we find the

necessary and sufficient condition for convergence of K(«, P,), namely
D/2(¢+ 1) > |E()]|.

If we have self-loops, then the inequality
D/2=D¢/2 < |E| =1

is not satisfied and the integral diverges. For all 2-connected subgraphs without
self-loops y we have
D¢/2 < |E(y)|.

Note that for single edges this equality is satisfied, hence it is enough to check this for

2-connected subgraphs that are not single edges, i.e. for the so called 1P subgraphs.

Lemma 4.13. Let T be the semigroup generated by A in Z""'. Then X is saturated.
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Proof. Assume a = (ag,d) € Z"™! is an integer point in C4. We want to find

(a1, @, ..., ar) € AF such that a = Y. . Assume
(T,a) > 0.
We claim that there exists i € {1,...,n}, such that a — ¢; is in C4. Assume this is

not the case. Then, for each i, one of the inequalities is not satisfied by a — ¢;. Note
that we have
(f—eo,a—ei> = (f—eo,a)— 1<0.

Thus, for each i, there exists a subgraph vy; such that
Yi,a—e) <0.
Since a has integer coeflicients and a is in C4, we must have
(Yina) =0,

which is equivalent to
(1,,,d/ap) = ¢,, .

By Lemma 4.5 we have the same equality for a union of ;’s, i.e.

(Ir,d/ao) = tr.

This contradicts our assumption. As a result, we can write a as b + ¢, where b is
an integer point in Cy4 that satisfies (f, b) = 0 and ¢ has positive integer coordinates
with ¢g = 0. Note that

Oz(f‘—eo,b+c):—bo+2c,~,
i

which implies by > }; ¢;. Assume we can write b = }; @] with a/ in X satisfying
<1:, a;) = 0. Since by > }; ¢;, we can distribute }; c; many e;’s among the ]
and define @; = @ + ¢;,. To finish the proof, we need to show that the semigroup
generated by the points of A on the facet (f, x) = 0 is saturated. This has been
shown in [Whi77]. O

Corollary 4.14. Ps is projectively normal, i.e. k[X]is integrally closed. By [Hoc72]
the toric ideal has the Cohen-Macaulay property.

Theorem 4.15. For a graph T, with the properties that

D/2(tr + 1) > |[E(')] and D¢,/2 < |E(y)|,
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and for all 1PI subgraphs vy, the amplitude is equal to
K(D/2,1,...,1),P,),

up to multiplication by rational numbers and powers of n. This is a period of the
motive H"(U,, U, N D). Furthermore, for any graph T, the lowest coefficient of the
e-expansion of the amplitude agrees with the lowest coefficient of the e-expansion
of K(D/2+¢€,1,...,1)), up to multiplication by rational numbers and powers of .

This can be computed as a linear combination

Z pi(Pa)K(ai, Py),

where the p;’s are polynomials in the P,’s with rational coefficients and all the

K(a;, P,)’s are convergent and are periods of the motive H"(U,,, U, N D).

Proof. Note that the value of the gamma function at positive integers is an integer.
The first part then follows from the Relation (4.1) between K(«, P,) and A(T, P,).
For the second part, note that, using the relations in Lemma 3.22, we can replace
a divergent K with a linear combination of convergent integrals, with polynomial
coefficients in P,. The poles arise by diving by terms (w, @), which have a rational
residue in the variable e. Moreover, we have division by the gamma function, which
has rational residue at negative integers. Note that all the resulting convergent
integrals are periods of H"(U,,, U, N D) by Theorem 3.20. O

Proof of Theorem 1.1. We have

I'(ao)
(T = eo, @))
where @ = (D/2,1,---,1). By Remark 3.24, zeros of K(«a, P,) cancel poles of the

gamma function in the numerator. By Theorem 3.23, poles of K(a, P,) appear on

c0A(D/2) := 1(0,D/2, P,,0) = K(a, P,),

semi non-resonant —¢’s. To find the semi non-resonant locus, we need to find the
—X translates of the facets. By description of the facets in Theorem 4.12, —« is semi
non-resonant iff
(f — ey, @) € Zx
or
(¥, @) € Z<o

for a 2-connected subgraph y. However, the poles of the gamma function at negative
integers cancel the poles coming from the first equation. The second equation for

a=(D/2,1,---,1)is equivalent to
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-D/2t, + |E(y)| € Z<o.

Thus, the first part of the theorem follows. The second part is a special case of
Theorem 4.15. m|

Remark 4.16. 7o find the € expansion of the integral, using the relations in Lemma

3.22, we can replace the differential form

1 dn dt,
(Xg Pat®)™te 1 7 1y

with differential forms that have logarithmic poles along the boundary, since division
by zero appears when we want to replace « on a facet with a linear combination
of points that are not on the facet. The boundary components correspond to the
products of subgraphs and quotient graphs. Based on this observation, we think
there is a relation between the Connes-Kreimer renormalization and limiting mixed
Hodge structures of [BKOS8].
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