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ABSTRACT

Machine learning is becoming prevalent in all aspects ofliwas. For some appli-
cations, there is a need for simple but accurate white-betegys that are able to
train ef ciently and with little data.

“Boosting” is an intuitive method, combining many simpleo§sibly inaccurate)
predictors to form a powerful, accurate classi er. Boostéaksi ers are intuitive,
easy to use, and exhibit the fastest speeds at test-time iwipdemented as a cas-
cade. However, they have a few drawbacks: training decise®s is a relatively
slow procedure, and from a theoretical standpoint, no snupli ed framework
for cost-sensitive multi-class boosting exists. Furthanmemn (axis-aligned) decision
trees may be inadequate in some situations, thereby stathiming; and even in
cases where they are suf ciently useful, they don't captine intrinsic nature of
the data, as they tend to form boundaries that over t.

My thesis focuses on remedying these three drawbacks ofihgo€h[3 outlines a
method (called QuickBoost) that trains identical classs at an order of magnitude
faster than before, based on a proof of a bound. I_Ch. 4, sedrframework for
cost-sensitive multi-class boosting (called REBEL) isgmeed, both advancing
theory and demonstrating empirical gains. Finally, [Gh. cdées a novel family
of weak learners (called Localized Similarities) that gudee theoretical bounds
and outperform decision trees and Neural Nets (as well agalesther commonly
used classi cation methods) on a range of datasets.

The culmination of my work is an easy-to-use, fast-trainiogst-sensitive multi-
class boosting framework whose functionality is interpbd (since each weak
learner is a simple comparison of similarity), and whoségrarance is better than
Neural Networks and other competing methods. It is the toat ¢veryone should
have in their toolbox and the rst one they try.
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INTRODUCTION

The year is 2017 and we have just recently entered the age diinglearning.
Algorithms that automatically analyze data are indispblestools and are being
heavily applied in all aspects of our lives. Companies amseting to hire machine
learning experts to properly implement these algorithmsweler, such powerful
tools should be accessible to all members of society, nothesexperts. With this
body of work, | propose a simple framework that is ready tolaepvith the push

of a button, no expertise necessary. But rst, | recount afdristory of events that
motivated my work.

At the turn of the 2FY) century, the rst object detection system capable of fioret
ing in real-time was proposed: the Viola-Jones face det¢ttj. One of the main
aspects of computer vision is object detection, i.e. ndamgl/or identifying a par-
ticular object within in image or video frame. As humansgi&are prevalent in our
daily lives and hence are particularly relevant as detéetaljects”, marking the
Viola-Jones detector as a major milestone. The detectorintasively clear and
easily implementable, largely owing its success to theiffstdbehind its operation:
the machine learning system, namélgpsting[7].

Boosting was able to produce very good visual object classiby combining many
simple features (e.g. the average pixel intensity of a negtkar image patch). In-
deed, methods based on boosting remained state-of-tie+aeny elds for over
a decade [6, 3, 1]. However, the good times didn't last; inZ@lexNet [9] paved
the way for the resurgence of neural networks, leaving logsimostforgotten.
As of this year, deep nets of varying (obscenely large andpbexh architectures
have taken over, reaching almaknot better thanhuman performance in many
domains|[10].

One of the key strengths of these networks is their abilityansform the input data
by learning complex feature representations to facilithéssi cation [12]. How-
ever, there are several considerable drawbacks to empglsyich networks.

A rst drawback is that the complex representations achddwethese networks are
dif cult to interpret and to analyze. For many riskier apgations (e.g. self-driving
cars, robotic surgeries, military drones, etc.), it woudddetter if a machine was
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allowed to run autonomously onlfit could explainits every decision and action.
Further, when used towards the scienti ¢ analysis of pheziwan(e.g. understand-
ing animal behavior, weather patterns, nancial markehdi® etc.), the goal is

to extract a causal interpretation of the system in queshence, to be useful, a
machine should be able to provide a clear explanation ofifesmal logic.

To demonstrate the potential aws in the almosagicalinner-workings of deep
nets, Fig_ L1l is borrowed fronEIlB]. Seemingly identicalutgpare classi ed as
completely different classes (in both cases, with high riggbevels of con dence).

] claims that every sample can be appropriately adjustdxt classi ed as any
class. Although these adjustments are very speci c, ther&anains that the more
complex the network, the more mysterious its functionality

Subtle adjustments to random samples from Imagenet imageSIBIST digits

Figure 1.1: (Results fronm3]) (left) Random Imagenet im@], correctly
classi ed samples (top row), incorrectly classi ed subdlgjusted samples (middle
row), and the ampli ed pixel-wise difference between th@teemingly identical
images (bottom row). (right) Random MNIST digiEtll], cextly classi ed sam-
ples (odd columns), incorrectly classi ed subtly adjussadnples (even columns).

A second drawback is that training a deep network (i.e. asilndy through many
architectures, each of which may have millions or billiofiparameters) requires
a lot of data and a lot of time. In many elds (e.g. pathologynoft-so-common
diseases, expert curation of esoteric subjects, etchegay large amounts of data
IS expensive or even impossib@[m]. Autonomous robotsribad to learn on the
y may not be able to afford the large amount of processing @oar time required
to train more complex networks simply due to their hardwamstraints. Moreover,
most potential users (e.g. hon-machine-learning scisngsall business owners,
hobbyists, etc.) may not have the expertise or artistryirequo even validate
through the appropriate models.
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For these reasons, it is desirable to have a simple whitaywhine learning sys-
tem that can train quickly and with little data. To this endhave sped up train-
ing time, theoretically uni ed and empirically improved stesensitive multi-class
boosted classi cation, and have proposed better constisuer use in the overall
boosted classi er. My proposed boosting framework is theuaate, data-ef cient,
easy-to-use tool that should be in everyone's tool-bag.

To demonstrate its versatility, Fig. 1.2 shows a plot of éegtr rates on ten datasets
ranging in amount of training dafd, input sample dimensionality, and number

of output classek, (refer to Tablé 1]1 for speci cations). | compare my propos
method to neural networks (trained using four differenhdecturesd 4d K],

[d 4K K], [d 2d d K], [d 4K 2K K], nally reporting the one that
performed best on the teset) and SVMs (support vector machines [4] — another
standard machine-learning method; cross-validating t optimal parameter€

and usinga5 6grid search As described above, the neural nets and SVMs
required several runs in order to select appropriate hgpeameters. My method
did not require validation and led to the best accuracy inoalnall cases. It is
decisively the best choice of algorithm based on thesetsesul
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Figure 1.2: Comparison of my (New) method versus neural ogdsvand support
vector machines on ten datasets of varying sizes and difesil My method is the
most accurate on almost every dataset.

! Training times for my method and neural networks were apprately equal; the SVMs took
over an order of magnitude longer to train, with an astonigt®0 hours for MNIST.
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Figure 1.3: Comparison of error rates achieved using my atetkrsus neural net-
works and support vector machines on ten datasets of vasyzeg and dif culties.
Note that almost all of the points lie in the top-left half bktplot, signifying that
my method is the most accurate method on almost every dataset

#Input # Output # Training # Test
Dataset dims. classes samples samples

GLASS 9 6 53 159
SHUTTLE 9 7 43500 14500
VOWEL 10 11 528 462
PENDIGIT 16 10 7494 3498
LETTER 16 26 16000 4000

LANDSAT 36 6 4435 2000

OPTDIGIT 64 20 3823 1797
ISOLET 617 26 6238 1559
MNIST 728 10 60000 10000
CuB200 4096 200 5594 5794

Table 1.1: Speci cations of datasets shown in Fig] 1.2. Thst eight are UCI
datasets [2], the ninth: MNIST digits [11], and the tenth: 200 birds[15]; input
dimensions are the 4096 output features of a pre-trainedNXi=tr{§].



References

[1]
[2]
[3]
[4]
[5]
[6]
[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]

[15]
[16]

N. Asadi and J. Lin. “Training Ef cient Tree-Based Modefor Document
Ranking”. In:European Conference on Information Retriex2013.

K. Bache and M. LichmanUCI Machine Learning Repository (UC Irvine)
2013.URL: http://archive.ics.uci.edu/ml

X.P. Burgos-Artizzu et al. “Social Behavior Recognitim continuous videos”.
In: CVPR 2012.

C. Cortes and V. Vapnik. “Support-vector networks”. Machine Learning
(1995).

J. Deng et al. “ImageNet: A Large-Scale Hierarchical mdatabase”. In:
CVPR 2009.

P. Dollar, R. Appel, and W. Kienzle. “Crosstalk Cascadi@sFrame-Rate
Pedestrian Detection”. [ECCV. 2012.

Y. Freund and R. E. Schapire. “A desicion-theoretic gaheation of on-
line learning and an application to boosting”. BBuropean Conference on
Computational Learning Theory995.

Y. Jia et al. “Caffe: Convolutional Architecture for Rdseature Embedding”.
In: arXiv 1408.5093 (2014).

A. Krizhevsky, I. Sutskever, and G. E. Hinton. “Imageé&tssi cation with
deep convolutional neural networks”. INIPS 2012.

Y. LeCun, Y. Bengio, and G. E. Hinton. “Deep learningi: Nature Research
(2015).

Y. LeCun and C. CortesThe MNIST database of handwritten digif®ch.
rep. 1998.

Y. LeCun et al. “Gradient-based learning applied towloent recognition”.
In: Proceedings of the IEEEL998).

C. Szegedy et al. “Intriguing properties of neural netks”. In:arXiv1312.6199
(2013).

P. Viola and M. J. Jones. “Robust Real-Time Face Daattiln: 1IJCV
(2004).

P. Welinder et alCaltech-UCSD birds 2Q0Tech. rep. 2010.

F. Yu et al. “LSUN: Construction of a Large-scale Imagat&set using Deep
Learning with Humans in the Loop”. larXiv 1506.03365 (2015).


http://archive.ics.uci.edu/ml

MACHINE LEARNING

Whether or not we believe in a higher power, we can all agratthiere is a certain
order to our existence (however chaotic it might be). Thigl&s” in our world
is the governing laws of nature (many of which we are stillawering) and the
“chaos” is the stochasticity — or randomness — inherent aryeprocess. These
laws (which can be thought of as pre-de ned patterns or piresm@) ensure that
for a given set of input conditions, we can expect a specitadeutput results.
The scienti c method itself is based on this notion of repddtty — if the same
procedure is repeated multiple times, similar results khoccur.

All living entities thrive from being able to leverage thgsa&tterns, if not by fully
comprehending them then at least by being able to prediot.tMore importantly,
we are able to generalize our speci ¢ experiences to theiiea number of possible
experiences that we have not already explicitly encoudtere

As an example, from birth, we are subject to the pull of gsawitithout knowing
what it is. We notice that if we don't hold ourselves up, wd.fdf we let go of
a ball, it falls. So does a piece of paper, although not as fasthout having to
grab and drop every object around us, we come to expect ihatjatts fall when
released, some quickly and some slowly. And then on ourdasthwe are given a
helium balloon. We let it go and it immediately soars up antdafueach (and we
cry). But we quickly learn to correctly predict which objsdall quickly, slowly,
and which don't fall at all — even without having to hold themst!

This learning mechanism is not intrinsic to animals, it carabhieved in machines
as well, hence the termdlachine Learning training/teaching computers to predict
(i.e. having them learn) the structure and/or input-outeldtionships based on
previously-observed patterns.

Back to our ball-dropping example, we can reduce any obgeet $et of summa-
rizing features such as color, mass, and volume. A tennisfbakexample, would
instead be known @®bject that is neon-green, 60 grams, and 0.15 literDur
goal could be to train a predictor (okassi er) to correctly hypothesize whether an
object — known only by its color, mass, and volumdrops like a rock, more like a
feather, or oats up like a balloon.
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We start by inspecting a number of samples (e.g. objectsraduskinds); for each
sample, we record the values of its input features (colossnand volume) and
corresponding outputlass(whether it falls quickly, slowly, or oats). This set of
samples is théraining datg which is then analyzed using a pre-chosen algorithm.
The “machine” crunches the data, attempting to extract tiueetlying input-output
relationships. Upon completion, a new classi er is retatnable to hypothesize
the class of any object given only its input features.

But how does this work? And which algorithm should we use? r@la@e many
to choose from, each resulting in different types of classs. In the following
sections, we give a more formal perspective of machine ilegyibrie y overview

various existing families of algorithms, and go into moreaileon one speci c
family: the focus of our workboosting

2.1 Learning to Predict
Algebraically, we can represent any object as a sdffeatures, just as we did in the
example above. Note that in general, an “object” can refantoform of entity that
we are dealing with (e.g. a digital image, bouts of animaklvér, nancial trends,
etc.; not necessarily a physical object). Accordingly, Wsteact any such entity as
a d-dimensional vectok, with each dimension encoding the value of some corre-
sponding feature. Note that categorical (i.e. hominaljuiess can be represented
as numerical features by assigning a discrete index to estelgary. As such, we
de ne the input spacX as the region of the overall spaB¥ in which the data is
concentrated:

x2X R

Similarly, we can represent any output properties in whiéhake interested (i.e.
observations) asld-dimensional vectoy, and de neY as the output spate

y2Y RX

We assume that there is an underlying “order” to our exigeancoded as the prob-
abilistic distributionP . By marginalizing over all variables that do not comprise
or Y (i.e. ignoring all variables that are not input features otpat observations),
we de neR., as the distribution that governs the layout and density ospeci c
input and output data.

1 For simplicity, we forego the possibility of structured put [£,.20] in this section.
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Our high-level goal is to determine a functibh: X ! Y that accurately predicts
the outputy given a speci ¢ inputx, i.e. H(x) y. To characterize the perfor-
mance of this function, we need to de ne a notion of error. &e&tbe some appro-
priate measure of error between a predictyon H(x) and an expected output
Accordingly, we can de ne the expected erfer

"e Exy errH(x);y (2.1)

The lower the expected error, the more accurate the predigimwvever, the joint
spaceX Y (i.e. all possible input-output combinations) may congfsin in nite
number of points, each with corresponding probabilitieg tannot be explicitly
computed. So how do we gauge this error? The best we can dalizara nite
subset by gatheriniy points and consolidating them into a dataSetCollecting
data in an unbiased way is equivalent to sampling from the istributionR.., :

S f (XniV¥n)Oh=t By

With this dataset in hand, we can compute the correspondnpirieal error's:

X
" err H(Xn); Yn (2.2)

n=1

Throughout this work, we assume that our empirical errorge@d enouglapprox-
imation of the expected errofs  "g. There is a lot of formal math rigorously
de ning the notion of “good enough”; however, it is outsidestscope of our work.
Please refer to [1] for a more comprehensive discussion@totic.

Unsupervised Learning

In many situations, we only have access to the input pdirtg), not their cor-
responding outputsy,g. This could happen if the output observations or class
labels are very dif cult or impossible to obtain or are simpidden from us. These
situations constitute thensupervised Learningegime, so-named because no su-
pervision (i.e. labels or expected outputs) are provided.

In this regime, algorithms can aim to cluster the data baseitisanput statistics
(e.g. K-Means and variants [14] and Gaussian Mixture Mo{&)s or to reduce
the dimensionality of the input data (e.g. Principal ComganAnalysis(PCA),
Linear Discriminant Analysig$LDA), and variants [10]), or to transform the input
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data into more meaningful feature representations (e lfrC3ganizing Maps|[16]
and t-Distributed Stochastic Neighborhood EncodisgE)[17]), to name a few.

However, throughout this work, we assume that wéndwee access to fully labeled
data, or all ofS. Accordingly, our work focuses on tt&upervised Learningegime.
In this regime, we can still carry out any of the methods nwered above, but we
can also perform two other important tasks: regression ssiccation.

Regression

Back to our falling objects example, given only the color,ssiaand volume of an
object, we can try to predict the amount of time it takes tHgéect to fall when
dropped from a height of 1 m. In this case, our trainingSebnsists of a scalar-
valued output observatiop, namely, the falling time associated with each object
n. A pre-chosen regression method crunches the data, attemptextract the un-
derlying input-output relationships. Upon completion,eaviregressoris returned,
able to estimate the falling time of any object given onlyinifgut feature values.

More concretely, a regressbir estimates the value of one or more output observa-
tions (dependent variableg)given the input features (independent variables)

H:X! Y such that:H(x) vy

To quantify the accuracy dfi, we make use an error functiar, as in Eq[2.I1.
A correct estimate should always incur zero error. In thee acidsregression, the
larger the estimate relative to the expected output, thesevtite error should be;
similarly, the smaller the estimate relative to the expecigtput, the worse the error
should be. Many different functions achieve this goal. Dejdeg on the specic
problem, some may be more suitable than others. Arguablynthst intuitive and
mathematically-simple function used for regression isstipgared. , norm between
an estimate and its expected output:

erry;y) k y  yk?

Classi cation

Instead of dropping objects in air, what if we wish to preduttether they oat or
they sink in water? In this case, our training Seonsists of an output class associ-
ated with each object: whether it oats or sinks. Predictimg of several classes is
aptly known aslassi cation. A pre-chosen classi cation method crunches the data,
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attempting to extract the underlying input-output relasibips. Upon completion,
a newclassi er is returned, able to hypothesize the class of any objechgiviy
its input feature values.

More formally, a classi ef= hypothesizes the class lalyegiven input featureg:

F:X!'Y suchthat:F(x) vy

In the context of classi cation, the output class is représd as an integer. For
instance, if there ar possible classes, the output spacean be de ned as:

Quantifying the error of a classi er is different than thdtaaregressor. A class label
is a discrete quantity; thus, there is no smooth notion ahtat” — a hypothesis is
either right or it is WI‘OI’]B Accordingly, an apt error function for use in £qg.12.1 is
the misclassi cation indicator (error = O for the right ansyerror = 1 for wrong):

err(y;y) (¥6y)

Estimating the Underlying Distributions

Recall our assumption that there exists an intrinsic olgrpded as a distribution
R.y over the joint input-output spacé Y. Given a speci ¢ inpuk, the posterior
distributionR);x can be computed using Bayes' theorem:

o (X}y)

P(x; k)
k2Y

P(yjx)

Our goal is to understand the very phenomenon that is beisgritbed by these
distributions; thus, by de nition, we do not know them andwe cannotdirectly
evaluate them. However, if weeresomehow able to evaluaB;, for anyx andy,

we couldclassify any given poirt as the class corresponding to the highest poste-
rior probability. This (purely theoretical) strategy gaatees optimal classi cation,
yielding the lowest possible expected error, i.e. Bages classi ef :

F(x) arg mz%xf P(yjx)g (2.3)
y

2 Actually, some mistakes may be better (or less severe) ttrero This scenario is known as
cost-sensitive classi cation, and is discussed in moreitiet Ch.[4.
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But as we have just asserted, we cannot directly adggsis practice. Fortunately,
we can make use of our datageto form an empirical estimat®, using this esti-
mate as a basis forlaximum A Posteriorf{MAP) classi erF:

F (x) arg mz%xf P(yjx)g (2.4)
y

Being a nite dataset (i.e. having onl discrete points), we need to generalize
over the entire input-output space. To this end, severabaghes exist.

Non-parametric methods generalize the labels of discrata jpoints to their sur-
roundings|[21]. Kernel Density Estimation uses a pre-ché®enelto smooth the
discrete points ir5 so that they cover a much larger range of the problem space.
Using K-Nearest Neighbors, the estimated posterior probabifitg query point
depends on distances from tkeclosest points its and their corresponding labels.
Similarly, Random Ferns use an ensemble of random inputespashing functions
(i.e. ferng, each with a corresponding empirical posterior distitntaveraging
them to form an overall estimate [18].

Alternatively, parametric models, explicitly de ned ovéire entire space, can be
used to estimate the joint distribution (and hence also tistgpior distribution).
Using Bayesian-style methods (e.g. Naive Bayes), modelpeters are optimized
to maximize the likelihood of the dataset [13].

With these estimation techniques, the choice of kernel atehcan be rather heuris-
tic, especially when little is known about the underlyingusture of the problem.
Regardless, the act of classi cation requires making aispdecision. In deter-
mining the maximah posterioriclass (as in Ed. 2.4), a probability estimate is used
only in relative comparisons; its absolute value is unintgoat: This fact is particu-
larly apparent when there are few classes.

Binary Classi cation
In the special case difinary classi cation (i.e. wherK =2), we are distinguishing
between the smallest possible number of distinct classes: Accordingly, data
is typically split into two, apositiveand anegativeset, and the output spadeis
commonly de ned as:

Y f 1g

The binary MAP classi er (i.e. the two-class equivalent af.2.4) reduces to:
+1; P(y=+1 jx) > 1=2

00 1, P(y=+1jx) 1=2

signP(y=+1 jx) 1=2 (2.5)
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Note that the estimatg;x may itself be inaccurate due to various sources of error:
poor model selection, dataset bias, and unaccounted tors@ne a few. Moreover,
classi cation is simply the comparison between the proligtand a single xed
threshold (e.g1=2 in Eq.[2.5). Consequently, requiring the estimator to belia va
probabilistic distribution may add unnecessary constsaand complexity.

Estimating Class Boundaries

Instead of applying the indirect procedure it estimating the posterior artden
classifying using MAP, we can ignore probabilities entirahd focus directlyon
decision boundaries. After all, this is what any classi esentially reduces to.

Linear models split the input space into two using a hypempl@e. a comparison
between the weighted average of feature values and a thdgshogistic Regres-
sion [6] and Perceptron Learning [12] train (i.e. ne-turtbg hyperplane weights
to improve the separation between positive and negatigeants.

In many cases, the given input features are not ideal foaliokassi cation. Rather
than using these feature directly, we can apply variouslm@ar transformations to
them to generate a new, potentially more suitabpgesentatiorof the data, thereby
leading to more expressive classi ers.

Support Vector Machines (SVMs) work withlernelization(i.e. a user-de ned
high-dimensional non-linear transformation) of the indata [7], maximizing the
margin (i.e. minimum distance) between points of differaigsses with a hyper-
plane in the kernel (transformed) space. Instead of reguaiuser-de ned kernel
(i.e. ahand-codedeature transform), Neural Networks infer a transform fribra
data itself. This transform is implemented using multiglgdrs of interconnected
perceptrons (i.e. linear projections followed by a noredéintransform) [15], and is
optimized to facilitate more accurate classi cation.

Using multiple hyperplanes, Decision Trees divide the trgpace intdeaves(i.e.
non-overlapping regions), each with a speci c class lath€].] Assigning a label to
a given query point involves a set of comparisons, startirigearoot node (i.e. the
trunk of the tree) and traversing through the branches —rabpg on the outcome
of each comparison — until nally reaching a leaf ni@de

The methods described above leaddarners(i.e. regressors or classi ers) that
can function on their own. Some learners are more accuratesame are less

3Sed 3.8 describes decision trees in more detail.
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so. However, by appropriately combining the predictionsuofensemble of such
learners, we can potentially improve (boos) their individual accuracies. This
“boosting” procedure is the focus of our work, and is desalin greater detail in
the following section.

2.2 Boosting

Boosting is a beautifully simple yet effective procedurézeg a set of relatively-

poor classi ers (orweak learnery a strongclassi er can be induced through a
linear combination (i.e. a weighted sum) of their outputke Basic procedure for
boosting is intuitively described as follows:

1. Do your best nd (or train) the best weak learner given the original d@ate.
the learner that achieves the lowest training error as IfPE).

2. Check your performance based on the accuracy of the cumulative sum
of previous learner(s), give more importance to indivicgsehples that have
incurred a larger error than to those with smaller error.

3. Focus on your mistakes again, nd (or train) a new weak learner, this time,
accounting for the updated importance weights of the sasnpleen deter-
mining the corresponding error (see Eq. 2.11 below).

4. Keep on keepin' on repeat steps 2 and 3 until some satisfactory stopping
condition is met.

One of the earliest and most popular algorithms for binanystiog is AdaBoost
[11]. In the following sections, we motivate the AdaBoogiaithm from a prac-
tical classi cation standpoint. AdaBoost can also be dalifrom a statistically-
motivated standpoint; please see Appendix 7.1.

Greedily Minimizing a Surrogate Loss
In the context of binary classi cation, we are trying to gestte a strong classi er
F:X!f 1g. Let us assume that we have aBaif binary weak learners:

F f f:X!f 1g

We de ne acon dencefunctionh : X ! R as a linear combination of weak
learnersf; 2 F are the learners and 2 R are their corresponding weights:
XT
h(x) tf(X) (2.6)

t=1
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The more weak learners individually agree with each othgredictions, the further
h is from 0, and the moreon dentthe prediction. Our strong classi ¢ simply
predicts the more con dent of the two possible labels; eglant to the sign oh:

F(x) sign h(x) (2.7)
With all T weak learners in the mix, the average training etrisrde ned as:

1 X
N

(F(xa)8 ) (2.8)
n=1

In this form, nding theT optimal(f;, ) pairs is very dif cult (if not intractable)

for two reasons. Firstly, due to the indicator function, émer" is non-convex in

theT pairs(fy; (). Secondly, this optimization requires an exponential neina)

operations (i.e. on the order {#j", wherejFj is the number of weak learners in

the setF; potentially quite large).

To address the rst issue, we use a congexrogateloss functionL. A valid loss
should also upper-bound the training error, guarantediag érror minimization
is an implied consequence of loss minimization. The exptakiunctione Y" is

convex and upper-bounds the misclassi cation error forratividual point. It is
the basis of AdaBoost, resulting in the following surrodates:

1L X
"L — e hh0m) (2.9)
N
n=1
Note that: (sign()6y) e Y" therefore: L=0 ) "=0

To address the second issue, we apmyesedy iterative training procedure. Instead
of simultaneously optimizing all learners, we “greedily” consider only the best
one at each iteration. To start, we nd the single best leafneHoldingf; xed,
we nd the best subsequent learrigr Then, holding all previously-chosen learners
xed, we nd the next one, and so on. This greedy procedure ip@puboptimal
due to its stage-wise nature, but it reduces the number afitpes down to an
order of onlyjFj T, a tractable endeavor.

Optimal Weak Learner and Weight
Let's assume that we have just trained the tsk T iterations. Consolidating
Eqs[2.9 and 216, the corresponding loss can be explicithedeas:

X X
Ly = — exp M tf(Xn)

n=1 t=1
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The loss can be expressed as a sum of its current sample-ovisgtaentsa,, re-
ferred to as “sample weights” (not to be confused with weakrier weights ;):

LW X

L= g W whereiwp, exp tfi(Xn)

n=1 t=1

The sample weighty, summarizes the cumulative performance of previously-ehos
weak learners in classifying sampie the worse the classi cation, the greater its
weight (and vice-versa). Since all previous learrieend weights ; are held xed
due to the greedy training procedure, the next iteratiassll is de ned as a func-
tion of only thenextweak learnef and corresponding weight, as follows:

LN X
L(f; ) = N EXP  Wn tf(xn) + £ (Xn)
n=1 t=1
1 X X f 1 f
= W exp W tft(xn) e ynf(xn) — W W, e ynf(xn)
n:1| qzz'l. } n=1

Wh

(2.10)

Since class labels and binary weak learner outputs can enlylbtherefore:

incorrect classi cation: f(x)6y ) e Y™ =g

correct classi cation: f(x)=y ) e Y ® =g

Furthermore, given a weak learrfethe relative weighted errdy is de ned as the
(weighted) proportion of samples that are incorrectlysilas by f :

(f(xn)syn) Wh 1 XN
" n=1 —_
f N - N I—I ) (f(Xn)Syn)V\&-, (211)
Wh n=1
n=1
1 X 1 X
) N (f(xn)6 Yn) W, = IIf I—I ) N (f(Xn): Yn) Wy = (1 "f ) I—I
n=1 n=1

Accordingly, Eq[2.10 can be expressed as the sum of two témnisslassi cations
andcorrect classi cation$:

L(f, ) = = (f(x) 6 ) Wo + N (f(xn)= ) Wh

I
™
+

—~
H

Z
o
-
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Given a weak learndr, the optimal corresponding weight is obtained by setting
the derivative to zero and solving:

%zO-"e @ ")e
) & = 1,,f"f ) = %m 1"f"f (2.12)

The AdaBoost surrogate loss (as in Eql 2.9) not only leadstmple, closed-form
solution for the optimal learner weight, but for the resulting loss as well:

r r .
) L= v e e b= 2L @)

f

Consequently, the optimal weak learrieris the minimizer of the above loss. In
practice,f is determined by looping through and evaluating [Eq. 2.14weak
learnerd 2 F, nally recalling the best one.

f = arg rfnzipr (f)g (2.14)

Training a Weak Learner

At each iteration, instead of passively nding the best wésdner from a set of
predetermined learnefs a weak learner can be speci cally trained for use in the
current iteration. Accordingly, any of the methods diseasis Sed. 2]1 can be used,
appropriately modi ed to account for the speci ¢c sample glatisw, (resulting from
the previous boosting iterations).

In particular, shallow decision trees are easily traindtaéer to Se¢ 3)3) and have
proven to be very suitable weak learners in practice, usadnnultitude of domains
such as computer vision, behavior analysis, and documeeking[9, 5, 2]. Shallow
trees are also particularly quick to evaluate, enablindiegons that require fast
output speeds, especially when combined wakcades

Cascaded Evaluation
Recall that a strong classi df returns the sign of the con dence functibin
XT
F(x) sign h(x) where: h(x) fu(x) ¢

t=1
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Instead of evaluating all weak learners, the nal decision may already be deter-
mined (with a high probability or even de nitely) after only< T learners:

F(x) sign h(x) where: h(Xx) X fu(x) ¢
t=1

This observation gives rise to the idea of cascaded evaluahstead of accumulat-
ing the con dence of all learners at once, keep track of the cumulative con dence
score. If a lower or upper threshold is reached beford& déarners are evaluated,
an early classi cation can be made. Thresholds are typicat by trading-off ac-
curacy and aggressiveness of early termination (e.g. byngndipper and lower
thresholdsh, for which 95% of validation samples are correctly classi after
only 10% of weak learners have been evaluated). As a resuly, elassi cation
can be as accurate or aggressive as desired [3].

Accordingly, the following procedure (called soft cascafitd) can be used to eval-
uate a boosted classi er:

0. initializeto: t=0; h=0
1. increment and update the con dence scord: t+1; h  h+ f(x)

2. if alower or upper threshold is reached, return with therapriate label

+

(.e. ifh h, thenreturnF= 1, if h h; thenreturnF =+1)

3. ifall T weak learners have been evaluated, retdrasign(h)
otherwise, goto step 1.

Note that a simple extension to the above procedure is t@tepep 1 for a total of
M times before continuing to step 2, thereby coarsening theacke.

Boosting Boosting

The combination of simple weak learners and the potentidbit cascaded evalua-
tion makes boosted shallow decision trees a very strongaatedfor many machine
learning tasks. In this work, we aim to further improve baggby:

 Proposing a procedure for speeding up the training of aecisees (Ch.13)
 Proposing a uni ed method for improved cost-sensitivetinelass boosting (Chl 4)

» Proposing better weak learners to improve classi cationrdaries (CH.15)



18

References

[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

[17]
[18]
[19]
[20]

[21]

Y. S. Abu-Mostafa, M. Magdon-Ismail, and H.-T. Libhearning from data AML-
Book New York, NY, USA: 2012.

N. Asadi and J. Lin. “Training Ef cient Tree-Based Moddior Document Ranking”.
In: European Conference on Information Retriexz013.

L. Bourdev and J. Brandt. “Robust object detection vi#t sascade”. In.CVPR
2005.

S. Branson, O. Beijbom, and S. Belongie. “Ef cient Lar§eale Structured Learn-
ing”. In: CVPR 2013.

X.P. Burgos-Artizzu et al. “Social Behavior Recogniticn continuous videos”. In:
CVPR 2012.

M. Collins, R. E. Schapire, and Y. Singer. “Logistic Regsion, AdaBoost and Breg-
man Distances”. In: (2000).

C. Cortes and V. Vapnik. “Support-vector networks”. Machine Learning1995).

A. P. Dempster, N. M. Laird, and D. B. Rubin. “Maximum lilteood from incom-
plete data via the EM algorithm”. Idournal of the royal statistical socie(lt977).

P. Dollar, R. Appel, and W. Kienzle. “Crosstalk Cascafted-rame-Rate Pedestrian
Detection”. In:ECCV. 2012.

I. Fodor.A Survey of Dimension Reduction Techniqdezh. rep. 2002.

Y. Freund and R. E. Schapire. “A desicion-theoreticegahzation of on-line learn-
ing and an application to boosting”. liEuropean Conference on Computational
Learning Theory1995.

Y. Freund and R. E. Schapire. “Large margin classi oatiusing the perceptron
algorithm”. In: Machine Learning1999).

J. H. Friedman, T. Hastie, and R. Tibshirahe elements of statistical learning
Springer, 2001.

T. Kanungo et al. “An ef cient k-means clustering alighm: Analysis and imple-
mentation”. In:PAMI (2002).

Y. LeCun et al. “Backpropagation applied to handwrittgp code recognition”. In:
Neural Computatior{1989).

Y. Liu, R. H. Weisberg, and C. N. K. Mooers. “Performaneealuation of the
self-organizing map for feature extraction”. ldournal of Geophysical Research:
Oceang2006).

L. J. P.van der Maaten and G. E. Hinton. “Visualizing RiDimensional Data Using
t-SNE”. In: Journal of Machine Learning Resear¢2008).

M. Ozuysal et al. “Fast keypoint recognition using randferns”. In:PAMI (2010).
J. R. Quinlan. “Induction of decision trees”. Iktachine Learning1986).

G. Shen, G. Lin, and A. van den Hengel. “StructBoost: &ow methods for pre-
dicting structured output variables”. IRAMI (2014).

G. R. Terrell and D. W. Scott. “Variable kernel densistimation”. In: The Annals
of Statistic§1992).



19

QUICKLY BOOSTING DECISION TREES

Corresponding papet:/[1]

Boosted decision trees are among the most popular leareafy t
niques in use today. While exhibiting fast speeds at tes,tiela-
tively slow training renders them impractical for applioats with
real-time learning requirements. We propose a principbguti@ach

to overcome this drawback. We prove a bound on the error of a de
cision stump given itpreliminaryerror on a subset of the training
data; the bound may be used to prune unpromising featurs ear
in the training process. We propose a fast training algorithat
exploits this bound, yielding speedups of an order of magieit
with no loss in the nal performance of the classi er. Our rhed

is not a new variant of boosting; rather, it is used in conjiomc
with existing boosting algorithms and other sampling mdto
achieve even greater speedups.

3.1 Introduction

Boosting is a technique of combining many weak learners tim fa single strong
one [30] 177, 18]. Shallow decision trees are commonly us&ctak learners due to
their simplicity and robustness in practicel[26, 5, 28, Z/is powerful combina-
tion (of boosting and decision trees) is the learning banktdmehind many methods
across a variety of domains such as computer vision, behawmalysis, and docu-
ment ranking to name a few [11,8, 2], with the added bene tdfikiting very fast
speeds at test time.

Learning speed is important as well. In active or real-tigerhing situations such
as for human-in-the-loop processes or when dealing with giseams, classi ers
must learn quickly to be practical. This is our motivatiomast training without
sacri cing accuracy. To this end, we propose a principledrapch. Our method
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offers a speedup of an order of magnitude over prior appesaainile maintaining
identical performance.

Our contributions are the following:

1. Given the performance on a subset of data, we prove a bauadstump's
classi cation error, information gain, Gini impurity, andriance.

2. Based on this bound, we propose an algorithm guarantgadduce identi-
cal trees as classical algorithms, and experimentally shtmbe one order
of magnitude faster for classi cation tasks.

3. We outline an algorithm for quickly boosting decisionesausing our quick
tree-training method, applicable to any variant of boagtin

In the following sections, we discuss related work, inspleetree-boosting process,
describe our algorithm, prove our bound, and conclude wilegments on several
datasets, demonstrating our gains.

3.2 Related Work

Many variants of boosting [18] have proven to be competitiveerms of predic-

tion accuracy in a variety of applications [7]; however, ghew training speed of

boosted trees remains a practical drawback. A large bodteodture is devoted to
speeding up boosting, mostly categorizable as methodsthsample features or
data points and methods that speed up training of the treessttlves.

In many situations, groups of features are highly correlaBy carefully choosing
exemplars, an entire set of features can be pruned base@ petformance of its
exemplar.|[12] propose clustering features based on teeiopmances in previous
stages of boosting.| [21] partition features into many st&hs#eciding which to
inspect at each stage using adversarial multi-armed n@b] use random pro-
jections to reduce the data dimensionality, in essenceingeoprrelated features.

Other approaches subsample the data. In Weight-trimmi@pg &l samples with
weights smaller than a certain threshold are ignored. Witkl&stic boosting [19],
each weak learner is trained on a random subset of the dataefjdarge datasets
or in the case of on-line learning, elaborate sampling nush@ve been proposed,
e.g. Hoeffding trees [15] and Filter Boost [14, 4]. To thisleprobabilistic bounds
can be computed on the error rates given the number of samgdek[24]. More
recently, Laminating [16] trades off number of featuresrfamber of samples con-
sidered as training progresses, enabling constant-timsting.
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Although all these methods can be made to work in practiay, fmovide no per-
formance guarantees.

A third line of work focuses on speeding up training of demistrees. Building
upon the C4.5 tree-training algorithm of [27], using shall@@epthD) trees and
guantizing features values inB> N binsleadstoa®@(D d N) implementation
whered is the number of features, ahd the number of samples [34,/31].

Orthogonal to all of the above methods is the use of para#lstin; multiple cores

or GPUs. Recently, [32] distributed computation over @dusiodes for the applica-
tion of ranking; however, reporting lower accuracies assalte GPU implementa-
tions of GentleBoost exist for object detection [9] and foedital imaging using

Probabilistic Boosting Trees (PBT) [3]. Although these hoets offer speedups in
their own right, we focus on the single-core paradigm.

Regardless of the subsampling heuristic used, once a sab$edtures or data
points is obtained, weak learners are trained on that subsst entirety. Conse-
guently, each of the aforementioned strategies can be dias/a two-stage process;
in the rst, a smaller set of features or data points is caéld¢ and in the second,
decision trees are trained on that entire subset.

We propose a method for speeding up this second stage; tauspproach can
be used in conjunction with all the prior work mentioned abdor even greater
speedup. Unlike the aforementioned methods, our appraagides a performance
guarantee: highly sped-up training with identical perfanoeas classical training.

3.3 Boosting Trees

A boosted classi er (or regressor) having the foFix)  sign P . tfi(x) can
be trained by greedily minimizing a loss functibni.e. by optimizingweak learner

fy and corresponding weight at each iteratioh. Before training begins, each data
samplen is assigned a non-negative weight (as discussed in Selc. P.2). After
each iteration, misclassi ed samples are weighted morgilyethereby increasing
the severity of misclassifying them in following iteraterRegardless of the avor
of boosting used (i.e. AdaBoost, LogitBoostBoost, etc.), each iteration requires
training a new weak learner given the sample weights. Wesfocuthe case when
the weak learners are shallow trees.
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Training Decision Trees

In the context of classi cation, a binary decision trie@eggX) processes an input
x and outputs a class label (eithet or 1). Internally, the tree is composed
of a decision stump (i.e. a two-way splg)x) at every non-leaf nodg. Each
stump corresponds to a binary decision, parametrized withlaityp 2 f 1g, a
threshold 2 R, and a feature indei 2 f 1;2; :::;dg, and expects an input2 RY:

§(X) P signxg where: x,  h X; i

@ Root Nodé

Branch Nodels

O® O O® O@® LeafNodes

Figure 3.1: A shallow (depth-3) binary tree. Each non-leadencorresponds to
a binary decision stumg(x). The output of a stump determines which stump is
evaluated next: an output efl means the next stump is to the right, otherwise
the next stump is to the left. Upon reaching a leaf node, thiputof the tree
corresponds to the output of the last stump to be evaluated.

Trees are commonly grown using a greedy procedure as dedadnhb6, 27], re-
cursively setting one stump at a time, starting atrtbeg node (i.e. the trunk) and
working through to the extremities (i.e. the pre-leaf ngdésthis work, we focus
on classi cation error; for other split criteria (e.g. infoation gain, Gini impurity,
or variance), refer to Appendix 7.2 for similar derivations

In the context of classi cation, the goal in each stage ofrgittraining is to nd
the optimal parameters that minimizethe average weighted classi cation error:
1 X X

- (5(xn) 6 y0) Wh where: Z Wh (3.1)

n=1 n=1

Note that while the root node evaluates every input datapsiomps further down

the precessing chain only evaluate subsets of the dataj bagke results of earlier-
evaluated stumps in the tree. For example, in Eig. 3.1, stsyrgnly evaluates

pointsn such that:is(x,) = +1 andsxx,) = 1. From hereon-in, we implicitly

assume that when training sturgpall pointsn that do not reacly havew, = 0.



23

Consequently, in training a decision stump (speci cally the k™ feature of the
data), we can expand the weighted classi cation error [EL). &s:
1 X X

Z (X A W=tp) Wh + (X > "~ W= p)Wh
n=1 n=1

In practice, this error is minimized by ndink ; the best single feature of them all:

(p; ;k) argmint "%
p; 5k

In current implementations of boosting [31], feature valgan rst be quantized
into B bins by linearly distributing them ifiL; B] (outer bins corresponding to the
min/max, or to a xed number of standard deviations from theam), or by any
other quantization method. Not surprisingly, using too fEns reduces threshold
precision and hence overall performance. We nd tBat 256 is large enough to
incur no loss in practice.

Determining the optimal threshold requires accumulating each sample's weight
into discrete bins corresponding to that sample's featateex, . This procedure
turns out to still be quite costly: for each of téeatures, the weights of each of the
N samples have to be accumulated in bins, causing the tragfiagsingle stump
to be anO(d N) operation; the very bottleneck of training boosted deacisiees.

In the following sections, we examine the training procesgieater detail and
develop an intuition for how we can reduce computationaiscos

Progressively Increasing Subsets

Let us assume that at the start of each boosting iteratierddta samples are sorted
in order of decreasing weight, i.e<m ) w W,. Consequently, we de ne
Z ., the mass of theeaviessubset oin data points:

xn
Zm W [note: Zy Z]
n=1
Clearly, Z,,, is greater or equal to the sum of any other sample weights. As
we increasem, them-subset includes more samples, and accordingly, its @ass

increases (although at a diminishing rate).

In Figure[3.2, we ploZ,=Z for progressively increasing-subsets, averaged over
multiple iterations. An interesting empirical observatican be made about boost-
ing: a large fraction of the overall weight is accounted fgrjlsst a few samples.
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Since training time is dependent on the number of samplesainoh their cumula-
tive weight, we should be able to leverage this fact and waing only a subset of
the data. The more non-uniform the weight distribution,rtiere we can leverage;
boosting is an ideal situation where few samples accounhfust of the weight.

100% T T T - T ' F"-
. - ]
. AdaBoost | Zr e T
80%; | = = = LogitBoost ,' e ' i
uuuuu L, Boost 73RS
60% | 7 ¢
v
40% /’ o’
V4
/J 2
20% | = A
= -
096 L=

0.3% 1% 3% 10% 30%  100%

Figure 3.2: Progressively increasimg-subset mass using different variants of
boosting. Relative subset ma&g,=Z exceeds 90% after onlgn=N 7% for
AdaBoost andn=N  20%for L ,Boost.

The same observation was made|by [20], giving rise to theoflesight-trimming
which proceeds as follows. At the start of each boostingiien, samples are
sorted in order of weight (from largest to smallest). Fot ttexation, only the sam-
ples belonging to the smallest-subset such that,,,=Z are used for training
(where is some prede ned threshold); all the other samples are oeaniy ig-
nored — otrimmed Friedman et al. claimed this tdramatically reduce computa-
tion for boosted models without sacri cing accuracyi particular, they prescribed

=90% to 99%'typically” , but they left open the question of how to choogeom
the statistics of the data [20].

Their work raises an interesting questids:there a principled way to determine
(and train on only) the smallest subset after which inclgdimore samples does not
alter the nal stump? Indeed, we prove that a relatively smailsubset contains
enough information to set the optimal stump; thereby sasifay of computation.

Preliminary Errors
De nition:  given a featur& and anm-subset, thdest preliminary error "(km’ is
the lowest achievable training error if only the data pointthat subset are consid-

ered. This is equivalent to the error if all samplesimahatm-subset arérimmed
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1 )(n (m) (m) )(n (m) (m)
K — Xk M=t pe) Wy Xk > 2 = Pe) W
n=1 n=1

[wherepy and " are optimal preliminary parameters]

The emphasis opreliminary indicates that the subset does not contain all data
points, i.e:xm < N , and the emphasis drestindicates that no choice of polarify
or threshold can lead to a lower preliminary error using that feature.

As described above, given a featlrea stump is trained by accumulating sample
weights into bins. We can view this as a progression; imtianly a few samples
are binned, and as training continues, more and more saamgl@scounted for. As
revealed by the smoothness of the tratfsmay be computed incrementally.

6.5% 9.3% 10.7%  29.8% 100%

50%

30% Il Il Il Il
60% 70% 80% 90% 100%

Figure 3.3: Traces of the best preliminary errors over iasiyZ,,=Z. Each
curve corresponds to a different featlre The dashed orange curve corresponds
to a feature that turns out to be misleading (i.e. its nabemrastically worsens
when all the sample weights are accumulated). The thickngtaeve corresponds
to the optimal feature; note that it is among the best peifogrfeatures even when
training with relatively few samples.

Figure[3.8 shows the best preliminary error for each of ttauies in a typical
experiment. By examining Figufe 3.3, we can make four olz&ms:

1. Most of the overall weight is accounted for by the rst feansples. (This
can be seen by comparing the top and bottom axes in the gure)
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2. Feature errors increasingly stabilizenag N

3. The best performing features at smaheisubsets (i.eZ,,=Z < 80% can
end up performing quite poorly once all of the weights areuandated
(dashed orange curve)

4. The optimal feature is among the best features for smallsubsets as well
(solid green curve)

From the full training run shown in Figure 3.3, we note (irrospect) that using an
m-subset withm=N  0:2 would suf ce in determining the optimal feature. But
how can we knova priori whichm is good enough?

100%
80%

60%

40% 1 , / optimum among:
[ preliminary top 1
= preliminary top 10 [

preliminary top 10%
1

20% =

0% [ Il Il Il
60% 70% 80% 90% 100%

Figure 3.4: Probability that the optimal feature is among Khtop-performing
features. The red curve correspond«te 1, the purple t&K = 10, and the blue
to K = 1% of all features. Note the knee-point aroudg=Z 75%at which the
optimal feature is among the 10 preliminary-best featuwes 65% of the time.

Averaging over many training iterations, in Figlrel3.4, viat the probability that
the optimal feature is among the top-performing featuresmitinained on only an
m-subset of the data. This gives us an idea as to how smalhn be while still
correctly predicting the optimal feature.

From Figurd 3.4, we see that the optimal feature is not amdhgstop perform-
ing features until a large enough-subset is used — in this case,=Z  75%
Although“optimality” is not quite appropriate to use in the context of greedy stage
wise procedures (such as boosted trees), consistentlgiciygosub-optimal parame-
ters at each stump empirically leads to substantially pgmegormance, and should
be avoided. In the following section, we outline our apptgashich determines
theoptimalstump parameters using the smallest possibsubset.
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3.4 Pruning Underachieving Features
Figure[3.4 suggests that the optimal feature can often lnaasid at a fraction of
the computational cost using the following heuristic:

Faulty Stump Training

1. Train each feature only with samples in thesubset wher@,=Z2 75%
. Prune all but the 10 best performing features.

. For each of un-pruned feature, complete training on thiesetiata set.

. Finally, report the best performing feature (and coroesiing parameters).

A WON

This heuristic does not guarantee to return the optimalufeatsince premature
pruning can occur in step 2. However, if we were somehow abietind the error,
we would be able to prune features that would provably urdieese (i.e. would
no longer have any chance of being optimal in the end).

De nition:  a featurek is denotedunderachievingif it is guaranteedo perform
worse than the best-so-far featlreon the entire training data.

Proposition[3.2: for a featurek, the following bound holds (proof given in Sec-
tion[3.4): given two subsets (where one is larger than therthhe product of
subset mass and preliminary error is always greater fowttyet subset:

rmo) ZY Za"e (3.2)

Let us assume that the best-so-far etfrohas been determined over a few of the
features (and the parameters that led to this error have steesd). Hence, this
is an upper-bound for the error of the stump currently beragéd. For the next
feature in the queue, even after a smalfer{ N )-subset, then:

Zn" Z" ) Z% 2T ) e

Therefore, if:Z,, "y’ Z" then featurek is underachievingand can safely be
pruned. Note that the lower the best-so-far efrpthe harsher the bound; conse-

guently, it is desirable to train a relatively low-error fiege early on.

Accordingly, we propose a new method based on comparingriegerformance
on subsets of data, and consequently pruning underachitsatures:
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Quick Stump Training

1. Train each feature only using data iretatively smallm-subset.

2. Sort the features based on their preliminary errors (fo@st to worst).
3. Continue training one feature at a time on progressiatydr subsets,
updating"f:“) after accumulating the samples in each subset.

if it is underachieving, prune immediately.
if it trains to completion, save it as best-so-far.

4. Finally, report the best performing feature (and coroesiing parameters).

Subset Scheduling

Deciding which schedule oh-subsets to use is a subtlety that requires further ex-
planation. Although this choice does not effect the optitpalf the trained stump,

it may effect speedup. If the rstelatively small” m-subset (as prescribed in step
1) is too small, we may lose out on low-error features leatlrigss-harsh pruning.

If it is too large, we may be doing unnecessary computationthérmore, since the
calculation of preliminary error does incur some (albewy) computational cost, it

is impractical to use evemy when training on progressively larger subsets.

To address this, we implement a simple schedule: Thenrstubset is determined
by the parameter, such that ,,=Z « M following subsets are equally spaced
out between , and1. Figure[3.5 shows a parameter sweep oyeandM, from
whichwe x  =90% andM = 20 and use this setting for all of our experiments.

kp

0% 10% 20% 30% 40% 50% 60% 70% B80% 90% 100%

Figure 3.5: Computational cost of training boosted treesr avrange of ., and
M, averaged over several types of runs (with varying numbaisdepths of trees).
Red corresponds to higher cost, blue to lower cost. All raksi ers are identical.
Standard training corresponds tp= 100%, resulting in the highest computational
cost. The lowest computational cost is achieved at 90% andM = 20.

Using our quick stump training procedure, we determine théntal parameters
without having to consider every sample for each featurepiying underachiev-
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ing features, a lot of computation is saved. We now outlireftil boosting proce-
dure using our quick training method:

Quickly Boosting Decision Trees

1. Initialize weightgsorted in decreasing order)
2. Train decision tre§ (one node at a time) usir@uick Stump Training .
3. Perform standard boosting steps:
(a) determine optimal ¢ (e.g. closed-form optimum or using line-search).
(b) update sample weights given the misclassi cation errdfr of
according to the speci ¢ variant of boosting being used.

(c) if more boosting iterations are needed, sort sample weighdecreasing

order, increment iteration numbirgoto step 2.

We note that sorting the weights in step 3(c) above i®@N ) operation. Given an
initially sorted set, boosting updates the sample weigased on whether the sam-
ples were correctly classi ed or not. All correctly clased samples are weighted
down, but they maintain their respective ordering. Sinhyjlaall misclassi ed sam-
ples are weighted up, also maintaining their respectiverand. Finally, these two
sorted lists are merged @(N).

We now give a proof for the bound that our method is based ahiratie following
section, we demonstrate its effectiveness in practice.

Proof of Proposition[3.2

n(m)

As previously de ned;, " is the preliminary weighted classi cation error computed
using the featur& on samples in then-subset; thus:
n(m) (m) m) X (m) (m)
Zn kK — (Xnk K "yn:+pk)V\h+ (Xnk>k N Y= pk)Wn

n=1 n=1

Proposition[32: r m ) Y Zn
Proof: "{? is the best achievable preliminary error ontkgubset (and correspond-
ingly, (9; ) are the best preliminary parameters); therefore:

X

Z:" G w=rD)Wh ¥ (> “w= D)W 8D
n=1 n=1
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Hence, switching the optimal paramet¢ps; ) for potentially sub-optimal ones

By ) (note the subtle change in indices on the right side of theuakty):
n m) m) X (m) (m)
Zi "y (Ko ¢ MW= PC) Wh F (X > ™ = B ) Wh

n=1 n=1
The resulting sum can only increase when summing over arlatgesetin = r):

o xn

" m ) m _m

Z " (Ko ¢ MW= PC) Wh F (Xak > M = B) Wh
n=1 n=1

n(m) |

But the right-hand side of the inequality is equivalenZip", " ; thus:

u() n(m)
r m ) Zr k Z m k

Q.ED.

For similar proofs using information gain, Gini impurity; @ariance minimization
as split criteria, refer to Appendix7.2.

3.5 Experiments

In the previous section, we proposed an ef cient stump tngralgorithm and
showed that it has a lower expected computational cost tiatraditional method.
In this section, we describe experiments that are desigmessess whether the
method is practical and whether it delivers signi cant miag speedup. We train
and test on three real-world datasets and empirically coenphe speedups.

Datasets

We trained AdaBoosted ensembles of shallow decision treearmus depths on
the following three datasets:

1. CMU-MIT Faces dataset [29B:5 10° training and4:0 10° test samples,
4:3 10° features used are the result of convolutions with Haarwkeelets
[33], using 2000 stumps as in |33].

2. INRIA Pedestrian dataset [10];7 10* training and1:1 10* test samples,
5:1 10 features used are Integral Channel Features [13]. Thei elabas
4000 depth-2 trees as in [13].

3. MNIST Digits [23];6:010* training andL:0 10* test samples:8 1(? features
used are grayscale pixel values. The ten-class classies 4900 depth-4
trees based on [21].
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Figure 3.6: Computational cost versus training loss (Ié&ftg) and versus test
error (right plots) for the various heuristics on three data: (a,) CMU-MIT
Faces, (b2) INRIA Pedestrians, and {g) MNIST Digits [see text for details].
Dashed lines correspond to the “quick” versions of the lstigs (using our pro-
posed method) and solid lines correspond to the originafi$tezs. Test error is
de ned as the area over the ROC curve.

Comparisons

Quick Boosting can be used in conjunction with all previguskentioned heuristics
to provide further gains in training speed. We report all patational costs in units
proportional to Flops, since running time (in seconds) ipet@lent on compiler
optimizations which are beyond the scope of this work.

In Figure 3.6, we plot the computation cost versus train@sg land versus test error.
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We comparevanilla (no heuristics) AdaBoost, Weight-Trimming with= 90% and
99% [see Se€. 3.3], LazyBoost 90% and 50% (only 90% or 50%orahdselected
features are used to train each weak learner), and StotBasst (only a 50%
random subset of the samples are used to train each wealefepaiio these six
heuristics, we apply our method to produce six “quick” vens.

We further note that our goal in these experiments is not &aknand enhance the
performance of the classi ers, but to compare the perforweart the heuristics with
and without our proposed method.

Results and Discussion

From Figuré 3.6, we make several observations. “Quick”ieessrequire less com-
putational costs (and produce identical classi ers) ag tflewcounterparts. From
the training loss plotsha,, 5by, 5¢,), we gauge the speed-up offered by our method,
often around an order of magnitude. Quick-LazyBoost-50%@uick-Stochastic-
Boost-50% are the least computationally-intensive h&éasisandvanilla AdaBoost
always achieves the smallest training loss and attainothedt test error in two of
the three datasets.

The motivation behind this work was to speed up training gheh (i) for a xed
computational budget, the best possible classi er coulttdeed, and (ii) given a
desired performance, a classi er could be trained with #ast computational cost.

For each dataset, we nd the lowest-cost heuristic and s¢tthmputational cost as
our budget. We then boost as many weak learners as our buetgeitgfor each of

the heuristics (with and without our method) and comparddkeerrors achieved,
plotting the relative gains in Figute 3.7. For most of theritics, there is a two

to eight-fold reduction in test error, whereas for weigimming, we see less of
a bene t. In fact, for the second dataset, Weight-Trimm8@94 runs at the same
cost with and without our speedup.

Conversely, in Figure 3.8, we compare how much less comipuatat required to
achieve the best test error rate by using our method for eagthistic. Most heuris-
tics see an eight to sixteen-fold reduction in computatioost, whereas for weight-
trimming, there is still a speedup, albeit only between ametavo-fold.

As discussed in Selc. 3.3, weight-trimming is similar to o@thod in that it prunes
features, although it does so naively - without adhering pocvable bound. This
results in a speed-up (at times almost equivalent to our otwn) also leads to
classi ers that do not perform as well as those trained uthegther heuristics.
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Figure 3.7: Relativéx-fold) reduction in test error (area over the ROC) due to our
method, given a xed computational cost. Bar triplets of faene color correspond
to the three datasets: CMU-MIT Faces, INRIA Pedestriang MNIST Digits.

x-Fold Speedup irComputatioriTime

AdaBoost WT:99% WT:90% Lazy:90% Lazy:50% Stoch:50%

Figure 3.8: Relative speedup in training time due to our psep method to
achieve the desired minimal error rate. Bar triplets of thena color correspond
to the three datasets: CMU-MIT Faces, INRIA Pedestriang MNIST Digits.

3.6 Conclusions

We presented a principled approach for speeding up traioirmgposted decision
trees. Our approach is built on a novel bound on classi catioregression error,
guaranteeing that gains in speed do not come at a loss in ctdss performance.

Experiments show that our method is able to reduce trainosg loy an order of
magnitude or more, or given a computational budget, is abliin classi ers that
reduce errors on average by two-fold or more.

Our ideas may be applied concurrently with other technidmespeeding up boost-
ing (e.g. subsampling of large datasets) and do not limitgéeerality of the
method, enabling boosting for applications where faststiastraining is key.
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COST-SENSITIVE MULTI-CLASS BOOSTING

Corresponding papet:|[2]

We present a simple unied framework for multi-class cost-
sensitive boosting. The minimume-risk class is estimatedatliy,
rather than via an approximation of the posterior distrdout Our
method jointly optimizes binary weak learners and theirreor
sponding output vectors, requiring classes to share fesaitreach
iteration. By training in a cost-sensitive manner, weakregs
are invested in separating classes whose discriminationpser-
tant, at the expense of less relevant classi cation bouadaAd-
ditional contributions are a family of loss functions alongh a
proof that our algorithm is boostable in the theoreticalsgeras
well as an ef cient procedure for growing decision treesuee as
weak learners. We evaluate our method on a variety of datazet
collection of synthetic planar data, common UCI datasets| 3T
digits, SUN scenes, and CUB-200 birds. Results show sfaiieeo
art performance across all datasets against several siasajjnes,
including non-boosting multi-class approaches.

4.1 Introduction

Boosted classi ers are easy and quick to train [3], and ythklfastest classi ers
when computed as a cascade [7], enabling real-time applsasuch as object
detection and animal tracking [41,/17) 26].

In the case of binary classi cation, boosting is well undecsl |35, 21, 22]. From
a statistical standpoint, boosting can be seen as itelatimproving an estimator
of the underlying posterior distribution of the datal[233fer to Appendix 7.1 for
details. However, the multi-class case is not yet as welewstdod. Generalizing
binary boosting to multi-class often requires various feias in order to work (see
Secl[4.R). Moreover, different errors may incur differemsts, with such situations
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arising in a wide variety of domains such as computer vidi@havior analysis, and
medical diagnosis, to name a few|[15, 10, 33].

An interesting case in point is the categorization of olgeetturally organized into

a taxonomy, such as birds [8]. Misclassifying taxonomicalbse categories (eg.
confusing two types of duck) is usually more forgivable tllistant categories (eg.
mistaking a vulture for a duck) [14]. Even in cases withouitarent taxonomies,
different errors may have different severities. At a sagutheckpoint, letting a

knife through is worse than a water bottle. Accordinglyssieers should be trained

to minimize classi cation cost rather than just error rates

Classification Costs
Prediction | ~

Standard (2-Step) Approe REBEL (Our Approact

Bottle o v
Phonen = A v
ife v Yo AY v
Knife o © ® O \X.Reé,aﬁfv
O 500D B(\J/undav_'yav
Forgivable™ © \&i

o Efmors & ©
(%) [

a8
Irrekevani oy
BOUQdaI‘l%S o

AN

1) Estimate Posteric 2) Choose Min-Risk Cla C Directly Estimate Min-Risk Cla)

Figure 4.1: Example scenario of an airport security checkpaoith three classes
and corresponding classi cation costs. With standardingj, cost-sensitive classi-
cation is a two-step (potentially inef cient) process. \Alelearners may be&asted
on irrelevant (low-cost) boundaries. Using cost-sensitigining (e.g. REBEL), rel-
evant boundaries are set rst, giving less weight to theinlt$ion between classes
with forgivable errors.

We present a novel approach to multi-class cost-sensitesting, offering both
a clearer theoretical framework and improved performarves prior art. Instead
of rst approximating the class-wise posterior distritmrts and then taking costs
into account at test time, our approach directly estimdtesctass with minimum
risk (i.e. minimum expected cost) by using the costs duniagning, as illustrated
in Fig.[4.1. Since our proposed loss function estimates tlkerlying risk, and in
particular, is based on a sum of exponentials, we call ouhateRisk Estimation
Boosting using an Exponential Loss,REBEL

We prove that REBEL is a true boosting algorithm in the theocat sense and
outline a method for jointly optimizing decision trees asaléearners, facilitating
feature sharing among classes.
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In summary, the contributions of our work are:

1. a novel family of loss functions that facilitate multiask cost-sensitive
training (refer to Se¢.41.3)

2. a proof that REBEL employs the appropriate weak learnimigdition
required forboostability(refer to Sed, 4]5)

3. a greedy optimization procedure for growing binary stanmpo shallow
decision trees (refer to Séc. 4.4)

4. state-of-the-art results on several datasets for battraie@nd cost-sensitive
setups (refer to Selc. 4.6)

4.2 Related Work

There are two main approaches to multi-class classi catiocombining multiple
binary classi ers, and training multi-class classi erseltly, both of which already
exist in the context of boosting.

A multi-class prediction can be achieved by compoundingotlputs of multiple
binary classi ers. AdaBoost.MZ [22] and AdaBoost.MR [[3684ih binary classi-
ers that maximize the margins between pairs of classes.Bddat.MH [36] con-
currently trainsM one-vs-all classi ers, sharing the same weak learnersdche
binary classi er. Reduction to multiple one-vs-all or omg-one classi ers requires
augmenting the given datasets, and often results in subrabpjoint classi ers
[34]. ECOC [1] trains multiple binary classi ers and usesoefcorrecting codes
for output classi cation. Selecting error-codes is oftemldem dependent and
not straightforward; AdaBoost.ERP [28] attempts to nd apddrade-off between
error-correcting and base learning. JointBoost [40] s@hared binary classi ers,
optimizing over all combinations of binary groupings ofsdas. CD-MCBoost
[34] and CW-Boost [37] perform coordinate-descent on a Ruldiss loss function,
thereby focusing each weak learner on a single class. Hog&BOC|[24] uses out-
put coding combined with a multi-class hinge loss, demaitisigg improvements in
performance on several datasets. In all of these approattteesumber of clas-
si ers trained (and eventually evaluated) is super-lini@athe number of classes,
potentially slowing down classi cation [17].

On the other hand, strong boosted classi ers can be gekenatag a single chain
of multi-class weak learners directly, avoiding the sulpgzar issue of the afore-
mentioned methods. AdaBoost.M1 [22] is a simple adaptatfdninary AdaBoost

that makes use of multi-class learners, but has an unrealyostaong (often un-
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achievable) weak-learning conditian [30]. SAMME [45] usesed set of code-
words to additively generate a score for each class; howj8@rshow that it does
not satisfy the weak learning conditions required tdobestablgi.e. it is unable to
reduce the training error in some situations). GD-MCBa08ét plso uses a xed set
of codewords. AOSO-LogitBoost [39] improves upon previousthods by adap-
tively separating pairs of classes at each iteration. 8Boost [38] combines weak
structured learners into a strong structured classi epliapble to multi-class clas-
si cation. GLL-Boost 5] exhibits guess-aversion, atteting to avoid outputting
equal scores over all classes. However, multi-class weakées are not as easy
to generate and are inherently more complex than their picaunterparts, po-
tentially leading to worse over tting of the training dat&urther, these methods
require a sum-to-zero constraint on their output codespgdd the complexity of
computation as well as restricting the classi er's outf28].

As discussed above, many varieties of boosting have be@oged over the years.
However, most approaches do not properly deal with the dasast-sensitive clas-
si cation. As a workaround, several post-hoc methods dkiat interpret classi er
output scores as posterior distributions, enabling thienasibn of the minimum-
risk class as a second stepl[19, 23, 32]. Approximating piostdistributions is
often inaccurate [31], and we claim is unnecessary. Ourqeeg method is dis-
tinguished from prior work, consolidating the followingsieble properties into a
single framework:

a novel multi-class loss function that is easily implenadxh¢ due to its simple,
closed-form solutions (refer to Hqg. 4.5)

direct estimation of the minimume-risk class via cost-s$vestraining; avoiding
the need to (inaccurately) approximate a posterior digtioh (refer to Sed. 413)
a classi er composed of a single chain of binary (i.e. lessiplex) weak learn-
ers, sharing features among all classes; leading to lesstowg[34]
vector-valued outputs witholgum-to-zero constraints, simplifying optimiza-
tion and producing classi ers that can be more expressive

a novel method for growing binary trees as weak learneffer(te Sec[ 4.4),
leading to improved performance (refer to Tdbld 4.1)

Unifying all the above features into a single framework $lates into superior per-
formance as demonstrated in Sec) 4.6, compared againsphothboosting and
non-boosting approaches. Considering that boosting i®biee most widely used
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supervised classi cation frameworks, we nd that a simphaproved multi-class
cost-sensitive classi er is an important contributionte teld.

Although this work focuses on developing a better boostiggréithm; for complete-
ness, we also compare against several other state-ofitladgarithms: 1-vs-All
and multi-class SVMs [11], Structured SVMs [8] and Randomests [9].

4.3 Approach
In this section, we review multi-class classi cation, farkate an appropriate upper-
bounding loss function, and generalize to deal with coss#ige classi cation.

The goal of multi-class classi cation is to obtain a functié that correctly predicts
the class of queried data points. A data point is represexg@deature vectorand
is associated with a class label If there are a total ofl features and possible
output classes, then:

x2 X RY y2vY f12:Kg F:X!lY
For a speci c classi erF, the expected misclassi cation error is:

"E Exyf (F(x)8y)g Exyfhl y; reig

For F to output a discrete label, we rst de ne a vector-valueettainty function
H:X! ﬁK, where the index of the maximal certainty is used as the dldpel:

F(x) arg mkaxth (x); «ig

In practice, we do not know the underlying distribution oé tthata; thus, we em-
pirically approximate the expected misclassi cation erfas discussed in Sdc. 2.1;
see Eq[ 2]2). Given a stochastically sampled training st pbints, the error is

approximated as:

1 X .

W hl yh; F(Xn)I
n=1

However, as previously discussed, different errors mawyrimifferent costs (e.g.
letting a knife through a security checkpoint versus a whtdtle). Costs can be
encoded as a matri@, where each entrg,, ~ Ois the cost of classifying a sample
as clask when its true class ig. We implicitly assume that correct classi cation
incurs no costr,y = 0. A cost vectorc, is simply they™ row of this cost matrix.
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Consequently, the empirical risk (i.e. expected cost) caexpressed as:

. 1 X .
R E ey ryl N O Feol
n=1
Accordingly, given a hypothesis spakk of possible certainty functions, we can
formulate our problem as:

H =arg anzlﬂng

In this form, minimizing the error is infeasible, as discedsn Sec[ 2]2. Without
further constrainingd, the search space is intractably large; moreover, the error
function is dif cult to optimize as it is non-convex [29]. $tead, we propose a
family of surrogate loss functions that reach the same aptiras the original error
and that can tractably be minimized.

Coupled Sum

Consider any scalar functigon the extended real numbéshat is convex, upper-
bounds the unit step function, and whose minimal value, thleestep function, is
also0 (e.g.g(x) € log,(1+ €); (x+1)?). Given a cost vectar,, by carefully
choosing non-negativ@ibcostg,, andc,, we de ne the coupled sur, as:

La(x)  hcyig[HEOD + heysgl HX)i h ¢y i (4.1)
where: ¢,  minfc, g(h)+ ¢, g( h)g and:c,;c, O;
h2R
(recall that: g[H] [g(H1); 9(H2); 25 9(Hk )])

Being a sum of convex functionk,, is itself convex, and further, by construction,
L, has an minimal value dd. By aptly selecting subcost vectors andc,,, we
ensure thak ,, upper-bounds the sample-wise misclassi cation cost.

Note thatH (x) outputs a vector oK certainty scores, one for each class. Het
be the optimal certainty score given subcost veatgrandc,,:

H, argminfhc,;g[H]i + hc,;g[ Hlig
H2R

To guarantee that our loss function upper-bounds the nsisiotation cost, we can
enforce the following implication:

8k6 yh; MH(X); ki h H(X); y,i ) L n(X) hcp; i (4.2)
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Equivalently, ifH (x) is optimal, except for th&" andy" values which are equal
to each other (i.eHj(x)= H, 8j 6 k;yn; Hk(x) = Hy(x) = h), then Eq[ 4.2 can
be expressed as:

8Kk6yn; min (Gt Gy, ) 9(h) + (it Gy, ) 9( h) (G Gy,) Gk (43)

Depending on the choice gf by satisfying Ed._4.3 for each class laBebppropri-
ate subcost vectors can be ch&hat ultimately imply:
Ln(x) h Cn, F(x)i (4.4)

Accordingly, the riskR can be replaced with a convex, upper-bounding surrogate
lossL (whose minimal value is alsg):

1 X . .
R L N Eni9HO)I + ey gl Hixa)li e (4.5)
n=1
1 X .
where: ¢ N hc,; 1i
n=1

Therefore, minimizing the loss implies minimizing the rek well.

Up to this point, we derived a new family of multi-class cestasitive loss functions.
From hereon in, we explicitly use the functigix) = € as our convex upper-
bound due to its simplicity and closed-form solutions. Wétb& resulting method
REBELsince it uses this exponential loss.

Subcost Vectors
As discussed in SeC. 4.3, to ensure an upper-bounding laesEags(4.4, we need
to enforce the inequality in EQ. 4.3, explicitly usigfx) = e*:

8k6yn; mhin (énk+6nyn)eh+(cnk+cnyn)e " (an+cnyn) Cnk (46)

Since our situation is under-constrained, we can greatipkiy the inequality in
Eq.[4.6 by settingc,, =0; ¢, =0 8k6 y,. Further, note that foxs; x> 0,

mhinfxleh + x,e N"g= 2P X1X2, therefore,c, =2 ¢, c, = 0 (due to Eq[4l1)
Thus, the inequality in Ed. 4.6 drastically simpli es to:

p
8k8 ¥h; 2 CyCyy, Cnk

1Sec[4.B below outlines explicit values of the subcost wsaisingg(x) = €.
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Accordingly, we parameterize subcost vectefs and c,, intermsof , > 0 as:

C+ = [Cn]z
n
4,

In an attempt to keep the subcost vector values as uniformmbj& to reduce
their variance, , is set to the mean of the values @} :

Di~2 E 2
_ 1 "leal, , _ kcpk _ kepk
Ck1a, ) Takn ) 0Tk

Finally, we use these, to x REBEL's subcost vectors as:
p

¢ = K—l[c]2 . - kcnk
N7 2ke kB n_2||< 1"

Greedy Iterative Minimization
In this work, we model the certainty functidh as a weighted sum oF binary
weak learners. Recall that in standard binary boostingstaiogy scoreh, is the
sum of T weak learners, where, 2 R are scalar weights arfd: R4 1 f  1g are
binary weak learners (chosen from a hypothesig-3eaind the nal classi cation
is just the sign oh.(x) [35]. In our model, the scalar weights are extended into
K-dimensional vectora; 2 R as follows:

XT

X
hT(X) 0 + ft(x) t ! H T(X) ao + ft(X) ch (47)

t=1 t=1
and the overall classi er outputs the index of the maximuated element i .
With this additive form, after having trained the rktiterations; on iteratioh +1,
we have:H  (x) = H,(x) + f_(Xx)a,. Greedy iterative optimization may be

carried out by xing all parameters from the previougterations and minimizing
the loss function with respect to the parameters in itemdtiol .

Accordingly, we expand E@. 4.5 as:

X
Li(a) = Ni he,; exp[H, (xa)+ f(xn) ali + he, exp[ [H,(Xq)+ f(xs) alli
n=1
X
= Mwhiexplf(xa)ali + hwy;exp[ f(xn) al
n=1

2 Uniformity in subcost values yielded better results, alagihout extensive experimentation.
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with multi-class weightsv  de ned as:

+

w, = c, exp[H xn)]; w, =c, exp[ H, (xn)]
Given a binary weak learnér we further de neweak learner weight sungs as:

1 X .
s N [Ue= Dwy+ (= )w,] (4.8)
=1

n=
leading to a compact expression for the overall loss:
Li(a) = hs;explali + hs;exp[ ali
To determine the optimal , we set the gradient to zero and solve:

rali(@)=0 ) 5 explal=s exp[ a]

) a=>

In[s] In[s] (4.9)

NI

Plugging ina , the optimal loss given a weak learrfealso has a compact, closed-
form expression: D
L(f) L f(@)=2h §+ s;1i (4.10)

Also of interest is the rate of reduction in loss at a givemaitien, i.e. the ratio

between the optimal loss at the end of an iteration to thedbse beginning:

L _ L) _ 21§ 53l
Lo L) hg+s;li

(4.11)

Finally, joint optimization off anda can be accomplished by looping over candi-
date weak learnefs 2 F (the hypothesis space of possible weak learners), sajectin
the learnef that minimized (f ) and its corresponding optimal veciar

Note that every element @f is dynamically optimized at every iteration. It is nei-
ther a xed code-word, nor has a sum-to-zero constraintaanimg the expressive-
ness of the classi er, ultimately leading to better accyr@ee Se¢. 416). Further, in
the binary (2-class) case, this framework exactly reduzésnary AdaBoost, Log-
itBoost, etc. (depending on the choicegfk); refer to Appendix7.13 for details).
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4.4 Decision Trees

In sectior 4.8, we introduced our loss function and an og@tidn procedure given
a hypothesis space of binary weak learners. In this secendescribe our ap-
proach speci cally for growing useful binary decision tse®ecision trees are sim-
ple white-box models, and in particular, shallow trees (depth 4) generalize
well and have proven robust in practice![18].

A decision stumgd : X !' f  1g can be written asf (x)  psign(hx; ji )
wherep 2 f 1gis a polarity, ; selects thg ™ feature inx (out of d possible
features), and 2 Ris athreshold. Letl ; denote the hypothesis space of all unique
decision stumps on the training data. The input space RY hasd dimensions, at
times on the order of several thousands (see(Sek. 4.6). Haension has a nite
number of possible thresholds (at most equaling the nunflieaining sample ).

In practice, we only considéd , a xed number of threshol& Finally, there are
two possible polarities; thus, N 2 unique stumps itd ;. LetH  denote the
space of unique deptb-trees. For each splitin a depihiree, both child nodes are
depth{D 1) trees. This leads to an exponential number of possible,tteteding

(d N 2)° unique trees iiH . Even on a GigaHertz computer, looping through
each possible tree iH, is only feasible foD = 1. To overcome this issue, we
propose a greedy algorithm for using deeper trees as weadelsan our estimator.

Greedily Growing Trees

By greedily adding one depth-layer at a time, we can growstteeany depth in
a computationally tractable manner. Using this procedweeguarantee that with
each added depth-layer, the tree leads to a more accuratg) slassi er. Let us
assume that we have already jointly trained a déptineef ® and corresponding
output vectod”’; the following method ef ciently grows the +1™ layer.

1. Replace each leaf node i’ with a stump having identical parameters as its parent
node, thereby deepening the tree without changing its ifumetity.

2. Holdinga” xed, optimize each of the?® newly added stumps. This operation is
O(P d N), resulting in a new tre€®?. In the worst case, all added stumps (and
hence, overall accuracy) remain unchanged.

3. Fixingf ®®, minimizeL; (a) with respect ta, storing the optimal vector & ”

3We ndthatN  200(evenly-spaced bins over the range of the training data)fisient to
achieve maximal accuracy in practice resultinglinN 2 10° unique stumps i , .



46

£) =2

® a®) a® 3, 4
+ ! ! + D) &

Figure 4.2: Growing a binary decision tree by one layer, asideed above.

Q)

o @
|

.__—h

Figure[4.2 illustrates our tree-growing technique, redgt¢he computational com-
plexity from1C° to2° d N , making our classi er t for use with shallow binary
decision trees as weak learners.

4.5 Weak Learning Conditions

At each iteration, boosting uses a weak learner to improw wghassi cation in
the previous iterations. Since each successive iteragonbe viewed as being
independent of all others, in order for a boosting algoritionfully minimize the
training error (via the training loss), the decrease in foast always be exponential
(,e. 9 > 0 suchthat81; L,=L, 1 ).

If in some situation, no available weak learner is good eholmgposting cannot
proceed and the algorithm terminates. Consequently, fooating algorithm to be
able to exponentially minimize the training error in anyatiion (i.e. regardless of
sample weights), it must always have access tadequateveak learner.

“Adequate” could mean different things for different algoms; each algorithm's
particular adequacy requirement is encoded awéak learning conditionFor an
algorithm to beboostableits weak learning condition must be both necessary and
suf cient for exponential error minimization [30].

In the case of binary boosting, the weak learning conditomiuitive; requiring
that there exist a weak learner that achieves a weightedg&@ccuracy marginally
better than random guessing (i.e. at |€#3% + , for someedge > 0).

REBEL's weak learning condition is:
9 > 0 suchthat: 8w,;w, 0; 9f 2 F satisfying:
D X E X
[w, w,1f(xn) ;1 hw,, + w,, ; 1i (4.12)

n=1 n=1
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Proposition[4.5.1: If REBEL's weak learning condition (E§._4.112) is met, then
the training error is guaranteed to be drive®tat an exponential rate.

Proof: Note that rearranging the weight sums (sefrom Eq.[4.8), we get:

. X . X
$ 5=y Ma WIfa)  s$+§ =5 Matwy]

n=1 n=1

Accordingly, Eq[4.1IR can be compactly expressed as:
his  sij;1i s+ s;1i
Since both sides are positive, squaring both sides magtheminequality:
his sj;1i? b + 5 1i%
Adding s’ + s ; 1i 2 to both sides and rearranging, we get:
(1 h+s;1i* hs+s;1li* hjs sjli* = hs;1ih2s;1i

Swapping both sides and taking the square-root:

q__
2 hg;1lihs; i g 1 2hg+s;1i (4.13)

Since the square-root function is concave angall 0, then Jensen's inequality
can be applied:

S
R, s UR
5oy i§
k=1 u k=1 %
R R
k=1 k=1
Rl
) CgtE BT
k=1 % k=1 k=1 %
Y
)(<q+ FX< X
) S S S
k=1 k=1 k=1

h s s;1i pr$;1ih§;li (4.14)
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Combining Eql4.13 and EQ. 414, if the condition in Eq. 44 fiet, then:

+

P p ;
2h s s;1i 1 2h$+§;1i

Note from Eq[4.1]1 that the loss ratio is equivalent to:

P—
Lia _ 2h+$ $,E|.| pl 2 1 _2
Ly g +s;1i 2
Therefore, if the condition in EQ. 4.112 is met fbriterations, then:
Lbr 27
Lo 2
and hence, REBEL minimizes the training error at an expoaleate in the number
of iterationsT . QED.

Proposition[4.5.2: If REBEL's weak learning condition (Eq.4.112) cannot be met,
then there is a situation in which the training error canreoékponentially reduced.

Proof: If REBEL's weak learning condition is unmet, then its negatis true:

8 >0 9w,;w, O suchthat: 8f 2 F

D x E X
w, w,If(xn);1 < hw,, +w,, ; 1i (4.15)
n=1 n=1

Taking the limitas ! 0, Eq.[4.I5 reduces to:

D x E
9w,;w, O suchthat: 8f 2 F; w, w,lf(xn);1 =0
n=1

Rewriting in terms of the weight sungs and solving fora using Eq[4.D leads to:

- o + 1 .
hs sj;1i=0 ) S=5 ) a=§In[§] In[s] =0
Sincea = 0, there is no change to the strong classi er, and hence tivériggerror

remains stationary, certainly not exponentially decregsi QED.

Proposition§ 4)5.1 ard 4.5.2 combine to validate that REBEé&ak learning condi-
tion (Eq.[4.12) is equivalent to boostability; thus, REBELindeed a true boosting
method in the theoretical sense, as de ned.in [30].
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4.6 Experiments
We benchmark our approach on both synthetic and real dapégrang its perfor-
mance vis-a-vis other methods and demonstrating its fomatity .

Experiments using synthetic data test REBEL's main progert-ig.[4.8 demon-
strates the behavior of classi ers trained using four défe cost matrices: (a) uni-
form misclassi cation costs, (b0 higher green false-negative costs, {€)
higher red false-negative costs, and 1@) higher red false-positive costs. As ex-
pected, REBEL adapts its behavior according to the inputlassi cation costs.
Note from Fig[4.B that REBEL avoids missing a class with Hajke negative cost
at the expense of missing other classes.

(a) Uniform Costs (b) High green F.N. (c) High red F.N. (d) Higd F.P.

Figure 4.3: Effects of cost-sensitive training on syntheata using REBEL with
100 depth-2 trees. Classes are color-coded, each paneresiht of a different cost
matrix. (c) and (d) demonstrate the difference in outpubwithigh false-negative
cost versus a high false-positive cost. As encoded in thiengagix, in (c), no red

datapoint is misclassi ed, whereas in (d), no red clasdi@ais incorrect.

Fig.[4.4 traces the min-risk con dence score (i&(x)) over two paths through the
input space, using either stumps or depth-2 trees as wealelsa The scores vary
across class boundaries while staying fairly constantiwitlass-speci c regions.

Fig.[4.5 compares REBEL's performance (using cost-seeditaining) to the stan-
dard method (i.e. training on just the data, estimating tstqrior distributions, and
using the costs only at test-time). 10 random datasets anan2@m cost matrices
were generated for a total of 200 trials.

Each dataset consists of 1000 training and 500 test poiatgdirom a mixture of
multiple Gaussian clusters (datasets are plotted in[F&bdlow). All cost matri-
ces have zeros along the diagonals and (positive) norrdatyibuted off-diagonal
entries, normalized such that random classi cation rasuitunit cost. For each
trial, classi ers consist of 100 stumps. REBEL outperforthe standard method
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Min-Risk Score
Stumps

Min-Risk Score
Depth-2 Trees

0 0.2 0.4 0.6 0.8
Progression along Path (A)

[iN

0 0.2 0.4 0.6 0.8 1
Progression along Path (B)

Figure 4.4: REBEL output on a synthetic 2D dataset, samd@ugawo paths

labeled(a) and(B). Nibs along the two paths on the left-most panel are at 20% in-

crements. Two classi ers were trained: the rst using 10@nsps (top), the second
using 100 depth-2 trees (bottom). Min-risk con dence sediies. H (x)) are plot-
ted (the background colors correspond to the minimum-fes).

in  90%of the trials, especially on harder classi cation problefins. when both
methods incur relatively high costs).

10°

Cost using REBEL
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Cost using standard method

Figure 4.5: REBEL versus the standard (two-step) approac®0%of the trials
lead to better results using REBEL, especially in more diftgproblems (i.e. when
nal test misclassi cation costs are higher).

Standard multi-class classi cation on real data

We benchmark REBEL on several UCI datasets [4] and the MNI&Tdtritten
digits [27], using a uniform (cost-neutral) metric. We caarngd our method against
several competitive boosting methods: 1-vs-All AdaBoost AdaBoost.MH|[36],
AdaBoost.ECC/[16] Struct-Boost [38], CW-Boost [37], andFBLogitBoost|[39].



51

Random Dataset #1 Random Dataset #2 Random Dataset #3 Random Dataset #4

* - e - " - - x#{

f -~ - - wx
L - » » » - -
- £ 3 » - - e

»
. w ax -
" - b & o o
> » L4 - - b ] M

Random Dataset #5 Random Dataset #7

LG - o

”‘:: ;fﬂﬂq ' Mﬁf@" %S} 5

- yﬁ‘ﬁ . =
o A

Random Dataset #10

Figure 4.6: Random datasets generated for[Fig. 4.5

Based on the experimental setup lin/[38], we use stumps as leaakers, each
method having a maximum of 200 weak learners. Five versibrach dataset are
generated, randomly split with0%of the samples for trainin@5%for validation
(i.,e. for nding the optimal number of weak learners), ane tlemaining25%
for testing. All misclassi cations are equally costly; #huwve report percent error
with the resulting means and standard deviations ir_Fig.REBEL is the best
performing method on three of these ve datasets, and isrgkbest to CW-Boost
on the two remaining datasets. Even in these commonly-useédaturatedUcCl
datasets, we are able to show consistent accuracy compgueglious approaches.

Cost-sensitive classi cation

As discussed in the introduction, some scenarios requisesansitive classi ca-
tion. Among many existing datasets, we chose two currergsess that fall into
this category: (1) SUN scene recognition|[43] and (2) CUB2@®grained bird
categorization [42]. Both of these datasets are organiz@dhierarchies; thus, an
apt evaluation metric penalizes each misclassi catiomediag to its distance from
the true class along the hierarchy.

We compare our method against state-of-the-art boostirtgods as well as non-
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boosting baselines: 1vsAll AdaBoost and AdaBoost.MH [2@]aBoost.ECCl[1],
Struct-Boost|[38], CW-Boost [37], AOSO-LogitBoost [39],utti-class and 1vsAll
SVM [11], Struct-SVM [8], and Random Forests [9].

50 w x x : :
B[O ' 1] Ada 1vsAll
= 40l B[00 2] Ada.MH
2 B[00 0] Ada.ECC
L [0 1 2] Struct-Boos
+— 30F [ 1[> 1 0] CW-Boost
5 1[0 0 0] AOSO-Logit
O 20} |-~ 0] REBEL
) = = L
O 100 T . abil 1
N eI I e b Iodey (ORI
| O\I| O\J|LO)| LO)| LOON| O O | NSO —[OLO|CON| O O\
(sp)(spl(sp/(spi(sp) ] N~|N~{00[ O] || ]

GLASS VOWEL LANDSAT PENDIGITS MNIST

Figure 4.7: Popular boosting algorithms tested on UCI dasa®Bar caps indicate
1 std. from the mean. The number of times each method pldge®"{ 3] is
indicated in the legend. REBEL consistently places in tipetiteo on every dataset.

For Struct-Boost/[38], we report performance as publishedhleir authors. For
the remaining methods, we downloaded or re-implemented,cadss-validating
using the training data to establish optimal parametees;isially, the number of

boosted weak learners (up to 200 on SUN and 2500 on CUB) antiebealepth

(to a maximum of 4). For the SVMs, we performed grid searcbughC and

as recommended in [11]. Finally, for the random forest, wégomed grid search
for tree depth (to a maximum of 7) and number of trees (betvtemamd 1000) with

combinations not exceeding the number of feature splitdtatl to the boosted
methods to ensure a fair comparison. For completeness,poé tee performance
of each method on both the hierarchical and uniform costiosetr

SUN scene recognition

We benchmark REBEL on the same two subsets of the SUN databased in [38],
containing six and fteen classes respectively, and usi@features as input [12].
For each subset, ve random splits were generated Wibo of the samples used
for training and25%for testing. In each of the SUN subsets, the correspondisty co
matrices were normalized by the appropriate factor to enthat random guessing
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incurred the same cost (83%in the 6-class subset and 93%in the 15-class
subset). The mean and standard deviations over the vessplitshown in Fig. 41.8.

T T T T

[ [0.317] AdaBoost.MH _
[ [0.333] AdaBoost.ECC
[[0.311] Struct-Boost
[0.427] 1vsAll SVM
[ [0.301] Multi-SVM
[[0.330] Random Forept
[[0.289] REBEL
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Figure 4.8: SUN scene recognition datasets, with statbefrt classi ers evalu-
ated on a six-class (SUNG6) and a fteen-class subset (SUNE&Eh method was
trained and evaluated in both a (Cost) cost-sensitive arl) (st-neutral way.
REBEL is a consistent top-performing method across all e¢éhsubsets.

In cross-validating for optimal parameters on the SUN st#h$EBEL performed
best using depth-2 trees as weak learners, see Table 4.1EIRERonsistently
the top-performing method on all of the subsets, edging adtirolass SVM and
the other boosting methods. Other than the one-vs-all SVNI¢chvconsistently
under-performs, most of the methods lead to similar aceesac

Stumps Depth-2 Depth-3 Depth-4

SUN6(0-1) 32.8% 30.3% 34.2%  35.0%
SUN6(cost) 0.363 0.323 0.327  0.325

CUB(0-1) 21.4% 20.9% 22.1% 22.9%
CUB(cost) 0.291 0.291 0.286 0.26

Table 4.1: REBEL misclassi cation errors on SUN-6 and CUBadets using
different tree depths. Deeper trees consistently outparkiumps, validating our
tree-growing method of Selc. 4.4.

CUB ne-grained bird categorization

We further benchmark REBEL on the CUB200 ne-grained birdegarization
dataset, using a fourteen-clad®odpeckesubset as in [20, 6, 44,/13]. Each bird in
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the subset is represented as a 4096-feature vector, thetaitp pre-trained Con-
volutional Neural Network [25], consisting of 392 trainiagd 398 test samples.

Number of Weak Learners

300

600 1200 24(

Percent Error

T

—[23.6%] 1vsAll-Ada
- - -[21.9%] Multi-SVM
[24.4%] SVM-IS
[28.9%] 1vsAll-SVM
[23.1%] AOSO-Logit
[25.9%] CW-Boost ||
---------- [23.3%] Random Forest
—[21.1%] REBEL ]

(a) Misclassi cation error (0-1)
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Taxonomic Cost
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—[0.339] 1vsAll-Ada
- --[0.276] Multi-SVM
[0.281] SVM-IS
[0.709] 1vsAll-SVM
[0.314] AOSO-Logit
[0.387] CW-Boost
---------- [0.277] Random Forest
—[0.261] REBEL

1

Figure 4.9:

(b) Cost-sensitive (Cost)

CUB200 ne-grained bird categorization resultSeveral state-of-

the-art classi ers evaluated on a standard fourteen-dabset. All methods are
trained and evaluated (a) cost-neutrally and (b) costibesly, tree depths for each
boosting method are chosen by cross-validation. The loaesttof each method
on the test set is indicated in square brackets. REBEL witisi® trees is the best

performing method in both cases.
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Classi cation errors are shown in Fig. 4.9. Boosting methack plotted as a func-
tion of the number of weak learners and non-boosting methcelplotted as hori-
zontal lines. REBEL is the best performing method in botlesa#ll other boosting
methods saturated between 20% and 40% higher costs thanlREBj&i cantly
worse. REBEL also outperformed multi-class SVM, albeit bycim smaller mar-
gins. Since this subset of birds has a particularly shalbbw@nomy, its cost matrix
is not that different from that of uniform errors; hence, we bt expect drastic
improvements in performance and are satis ed with theseesgains.

In cross-validating for optimal parameters on CUB, REBE@ened best using
depth-2 trees as weak learners for the cost-neutral expatiand depth-4 trees for
the cost-sensitive experiment (see Table 4.1), validdtiegbene t of our decision
tree growing approach introduced in $ed.4.4.

4.7 Discussion

Our experimental results indicate that REBEL is as goodraseven outperforms
other state-of-the-art classi ers. But (1) why does it wekwell? And (2) why
does it also outperform existing classi ers in cost-ingews situations (in which
REBEL seemingly has no advantg@e

(1) We are pleased with REBEL's performance and seek a bettgerstanding.
Our current explanation relates to the form of our model ayjrées with empirical
results, summarized as follows:

(@) In each iteration, REBEL determines a single binaryt $p{and the correspond-
ing vectora;). This forces feature sharing across classes. Experinsants supe-
rior performance against baselines that do not requireifeaharing (observed in
Figs.[4.1.4.B: REBEL vs 1vsAll, Ada.ECC, CW-Boost). Featsharing is a form
of regularization([40, 34].

(b) Avoiding sum-to-zero constraints on the associatetiovet; is empirically ad-
vantageous. The additional degree of freedom lets each eaier and vector pair
be more expressive, leading to a steeper reduction in Ibsefeed in Figs. 41[7,4.8:
REBEL vs AOSO, Fig.419: REBEL's quick initial descent in@ticost).

Therefore (a) and (b) act in opposite directions and thenoal®f the two leads to
bene cial results. This nding is also theoretically justd since REBEL employs
the Binary Weak Learning Condition in [30], thereby neitbeerly over tting nor
overly under tting the training data.
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(2) The proposed surrogate loss function (Eql 4.5) is seb upcbrporate classi ca-
tion costs during training. However, misclassi cation t@sequivalent to classi -
cation error when the cost matrix has uniform costs. In tage¢the min-risk class
is the max-posterior class. Therefore, there is no reaserect better or worse
performance than other methods that minimize classi caéioor. The fact that our
our method performs slightly better on the datasets weddsteserved in Fid. 417)
is a further indication that our balance of regularization @xpressiveness (point
(1) above) is advantageous.

4.8 Conclusions

We presented a multi-class cost-sensitive boosting fraoriewith a novel family of
simple surrogate loss functions. This framework directtydels the minimum-risk
class without explicitly approximating a posterior distriion. Training is based on
minimizing classi cation costs, as speci ed by the useg(efollowing taxonomic
distance). Speci cally using an exponential-based losgfion, we derived and
implemented REBEL.

REBEL uni es the best qualities from a number of algorithniisis conceptually
simple, and optimizes feature sharing among classes. Wealfthat REBEL is
able to focus on important distinctions (those with costioes) in exchange for
more forgivable ones. We prove that REBEL employs the wealnlag condition
required to be a true Boosting algorithm in the theoretieake.

We compared REBEL to several state-of-the-art boostingreommdboosting meth-
ods, showing improvements on the various datasets usexdg Based on boosting,
our method may be implemented as a cascade to yield verydasi cation, useful
in real-time applications. Our technique therefore holdsgromise of producing
classi ers that are as accurate and faster than the statesexrt.
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THEORETICALLY GUARANTEED LEARNERS

Corresponding papet:/[2]

Powerful machine learning algorithms should also be adues®
users that don't have a lot of data, computational powerxpee
tise. Further, in many circumstances, an algorithm mustibe a
to explain the logic behind its decisions. It is thereforsidkble
to have a simple yet accurate white-box learning systenthiats
quickly and with little data. To this end, we build upon theltiau
class boosting method REBEL, and present a novel family akwe
learners called.ocalized Similarities Due to these learners, our
framework is provably able to minimize the training erroraofy
dataset at an exponential rate. We carry out experimentsvan a
riety of synthetic and real datasets, demonstrating a teryd®
avoid over tting. We evaluate our method on several stadd#CI
datasets against other state-of-the-art methods, shawatgour
method performs amongst the best.

5.1 Introduction

The past couple of years have seen vast improvements in tf@mpance of ma-

chine learning algorithms. Deep Neural Networks of varyarghitectures are
achieving unprecedented performance in many elds [11)wEher, as discussed in
Ch.[1, there are several considerable drawbacks to emplayich networks: their
inner workings are complex and sometimes mysterious [1&),teaining them of-

ten requires expertise, processing power, computational tand vast amounts of
data not accessible to the average user [19]. Consequémdhg is still a need

for a simple but accurate “white-box” machine learning systhat is able to train

quickly and with little data.

As we have argued in previous chapters, boosted classirereasy and quick to
train [3], produce very fast classi ers at test-time whemguited as a cascade [5,
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8], and can ef ciently handle cost-sensitive multi-clasgtad[1], exhibiting high
empirical accuracies. Moreover, being a linear combimatibweak learners, the
complexity of a strong boosted classi er is dependent onviésk learners. Thus,
when using simple learners such as shallow decision trees 8B), the inner work-
ings of a boosted classi er are clearly interpretable; @ iwhite-box system.

A shallow decision tree partitions the input space using-akgned hyperplanes,
i.e. by comparing a few input features to a few xed thresisol@his simplicity

enables very fast evaluation; however, there are distabsif data for which axis-
aligned hyperplanes are unable to fully separate the dasBarthermore, even
when the training data can be perfectly classi ed, the t@sgdecision boundaries
are often jagged and do not generalize well. This situa@xempli ed in Fig[5.1

(left), where a boosted shallow tree classi er is trainegéofectly classify the data.
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Figure 5.1: Boosted classi cation using shallow decisicees (left), leading to
classi cation boundaries that are axis-aligned and notasgntative of the data.
Although this method can lead to perfect training, it is awigrg. Our method
(right) used_ocalized Similaritiegdescribed in Se€. 5.4). Paired with a procedure
that provably guarantees exponential loss minimizatiar, adassi ers focus on
well-generalizing boundaries that t the data.

Note that the classi er on the left (using decision treespginot accurately capture
the pattern inherent in the data, whereas the classi er emight (using our novel
weak learners) leads to intuitive boundaries, properhegaizing the data.

In this chapter, we review the fundamentals of REBEL, deain@ptimal binariza-
tion of the multi-class data at each iteration, and proposewve! family of weak
learners which we call Localized Similarities.
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The main contributions of our work are the following:

1. aderivation of the optimal binarization of multi-classal (see Se€. 5.3)

2. a proof that the training error is fully minimized within mite number of
iterations (see Sec. 5.4)

3. a simple family of weak learners (Localized Similariji¢isat facilitate the
loss guarantees (see Sec) 5.4)

4. empirical state-of-the-art results on a range of dasgsee Se¢. 5.6)

Background

Boosting is a mature method, originally formulated for ynalassi cation (e.g.

AdaBoost and similar variants) [13, 19,/10]. Although muli&ss classi cation is

more complex than its binary counterpart, many advances baen made in both
performance and theory in the context of boosting (as dssmlimn Sed. 4]2).

In the noteworthy paper “A Theory of Multiclass Boosting’2]1 many of the exist-
ing multi-class boosting methods were shown to be inadegeéher because they
demand too much of their weak learners at each iteratiore@ause their loss func-
tion is unable to deal with some con gurations of the traguhata. [12] outlines
the appropriat&§Veak Learning Conditiothat a boosting algorithm must impose on
its weak learners in order to guarantee training convergeHowever, it does not
prescribe a method with which to nd an adequate set of weaknlers.

The goal of our work is to propose a family of weak learnerg #ra guaranteed
to satisfy the weak learning condition and whose inner waggiare easily inter-
pretable. Using REBEL (proposed in Ch. 4) as our multi-cla@ssting method,
our overall framework is meant to be as straightforward asside so that it is
accessible and practical to more users; we outline it in[&delow.

5.2 REBEL Revisited

In the multi-class setting, a datapoint is represented a&atrfe vectox and is
associated with a class labelEach sample is comprised @features and belongs
to one ofK classes:

x2X RY y2Y f 1.2::Kg
A good classi er reduces the training error while geneiatizwell to potentially-

unseen data. We use (cost-neutral) REBEL due to its supmdrirfary weak learn-
ers, its mathematical simplicity (i.e. closed-form sabutito loss minimization),
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and its strong empirical performance [1]. REBEL returns@mevalued outpu ,
the sum ofT (binary weak learneir, accumulation vectaa) pairs:

X
H(x) fi(x) &

t=1

where: f, :R1f 1g a2 R
The hypothesized class is simply the index of the maximaleantH :

F(x) arg rynz%xth(x); vyig

REBEL uses an exponential loss function to upper-boundrttieing error:

X

1 .
L N hexplyn H(Xn)]; 1i

n=1

where:y, 1 2, (ie al+lswitha Z1intheyindex

Being a greedy, additive model, all previously-trainedypaeters are xed and each
iteration amounts to jointly optimizing a new weak learfieand accumulation
vectora. To this end, the loss at iteratioml may be expressed as:

w -
Lia = o hwi; exp[f(xn) yn ali (5.1)

n=1
1
where: w, > explyn Hi(Xn)]

Given a weak learndr, we de ne the true and false weight sungs énds’) as:

1 X
N

1 W
[Fxayn<0] Wo & —  [f(xa)ya>0] Wy (5.2)

n=1 n=1
Using these weight sums, the loss can be simpli ed as:

Lia = Lf hg;exp[ ali + hg;exp[ali

Expressed in this way, the optimal accumulation veatdras a simple closed-form
solution (refer to Ed._419), and the loss simpli es to:

a=J Kl gl ) Lo=2n § £ (5.3)
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At each iteration, REBEL's tree-growing algorithm (Sec@Minitially requires an
exhaustive search through a pool of decision stumps (wlsi¢hactable but time-
consuming), keeping the binary learner that best reducesnthiti-class loss in
Eq.[5.3. In some cases, no axis-aligned trees can furthecegatie loss; hence, the
training procedure stalls.

Instead, in our new framework, we rst determine an adeqtlaterization” of the
multi-class data (i.e. a separation of teclass data into two groups) and then train
a weak learner guaranteed to reduce the loss for any posissirdution of data.

5.3 Binarizing Multi-Class Data
Note that EqL5.3 is upper-bounded by the following expm@ssi
p—— 1 D[ST §]2 E
— T F.q; T T . .
Lr =2h § §;1i h §+¢;1i 5U  where: U [$T+§],1 (5.4)

, P_——— 1 1 2 : 3
which follows from: = x(1 x) > > X  and setting:x =

s+g
L is minimized by maximizingU:
* hFN i2 +
D[sT §]2 E . f(Xn) Wn ¥n X )
— -1 n=1, . 1 = f(xn)u (5.5)
[§T+ #3] n ] WnI - n n
n=1
: Wn Yn
where: u, Sﬁ
Wn
n=1

Eq.[5.5 can be expressed as a product of matrices by stadkiofithe u, as
column vectors of a matri}J and de ning f as a row vector with elementéx,):

U= flUU]f

Let ¢, be the eigenvector of) U corresponding to the™ largest eigenvalue,,.
Consequently, can be decomposed as:
X
f= v+ b 00 0, (5.6)

n=2
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Since U'U is positive semi-de nite, its eigenvalues are all non-rtega thus:

X
) U = 1H;01i2+ nH;Oniz 1H;01i2

n=2

Further, the trace of a matrix is equal to the sum of its eigkres andu U has at
mostK non-zero eigenvalues { being the largest), hence:

BN 7S
itr(JU) = ixq kupk? = — e n--1 Lo (5.7)
ok v Tk T Tk e ! KN '
n=1 W,
n=1

X 1 X 2 X
since: X2 N Xn  (by Jensen'sinequality) and: hw,;1li = Lo

n=1 n=1 n=1

Based on this formulation, optimal binarization is achebbg setting the binarized
classh, of each sampla as the sign of its corresponding elemen®jn

th SKJ”G*M; ni)

Accordingly, if b is the vector with elements,, then:
ho;hi2  h sign[®];ki% = hjj; 12 1 (5.8)
(with the bound occurring fory, = ; refer to App[Z.4 for proof)

Finally, by combining Eql_514, Eq. 8.7, and Eq.]5.8, with petfbinarized classi-
cation (i.e. when the binary weak learner perfectly classithe binarized data),
the reduction in loss at any iteration is bounded by:

L, . 1
Lo 2KN

In general, there is no guarantee that any weak learner ¢téevagerfect binarized
classi cation. However, what if we there was a weak learhat touldisolateany
single point in space (i.e. classify an inner pointdsand all the rest as 1)?
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5.4 Isolating Points

Let us assume that we have a weak leafn#rat can isolate a single poixt in the
input spaceX. Accordingly, denotef; =2 ; 1 as avector of all 1s witha+1 in
thei™ entry, corresponding to classi cation using the isolatimgpk learnef;(x,).

Assuming thalN 4, then for any unit vecto* 2 RN :

maxthf; :¢i%g Ni (5.9)
|

(Refer to App[7.4 for proof)

Accordingly, the loss ratio at each iteration is upper-tuea

minfL ¢,; Lt 1 2
Lo KN 2

Recall that the relative training errbris the (discrete) fraction of incorrectly clas-
si ed points in the training set:

1 X
N “n

n=1

where: ", (F(x.)6%)

and that REBEL's loss always upper-bounds the trainingrerro

" oexpbn HOX)L i

Before the rst iteration, the initial losd. o = K=2. With each iteration, the loss
decreases exponentially. Since the training error is eisand is upper bounded
by REBEL's loss, our framework is guaranteed to attain maditraining error on
an)HLtraining set after a nite number of iterations:
:&In(Z:KN) KNZIn KN ) K, 271
In1 2 2 2 2 KN 2 N

KN 2

Although this bound is too weak to be of practical use, it isoarx nonetheless
(and can probably be improved). In the following section,specify a family of
weak learners with the ability to isolate single points.

! There may be situations in which multiple samples belontgrtifferent classes are coincident
in the input space. These cases can be dealt with (beforerimgduaining) either by assigning all
such points as a special “mixed” class (to be dealt with atea Etage), or by setting the class labels
of all coincident points to the single label that minimizesoe (or cost).
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One/Two-Point Localized Similarities

Classical decision stumps compare a single feature to &dimgshold, outputting
+1 or 1. Instead, our proposed family of weak learners (which weloahlized
similarities) compare points, and have two modes of operation. kd;; x;) de-
note a measure of similarity between vectorandx; ; speci cally, we use negative
squared Euclidean distanck x; x;k? due to its simplicity and effectiveness.

1. In one-point mode, given an anchgrand a thershold, the input space is
classi ed as positive if it is moreimilar to x; than and negative otherwise,
ranging betweerl and 1.

k x; xk?
+ kx; xk2

fi(x)

2. In two-point mode, given supports andx;, the input space is classi ed as
positive if it is moresimilar to x; than tox; (and vice-versa), with maximal
absolute activations around andx;, falling off away from the midpoinin:

hd:x mi

) Zkdker ik mke

where: d %[xi x;] and: m %[Xi"'xj]

One-point mode enables the isolation of any single datapgimranteeing a base-
line reduction in loss. However, it essentially memorizestraining data; mimick-
ing a nearest neighbor classi er. Two-point mode adds tlpalogity to generalize
better by providing margin-style functionality. The coméiion of these two modes
makes localized similarities exible enough to tackle a i@dnge of classi cation
problems. Furthermore, in either mode, the functionalita ¢ocalized similarity
is easily interpretable: “which of these xed training ptsrs a given query point
more similar to?”

Finding Adequate Localized Similarities
Given a dataset withl samples, there are abduf possible localized similarities.
The following procedure selects an adequate localizedairtneés out of the many:

0. Using EqL5.B, calculate the base lagdor thehomogeneoustumpf, (i.e. the
one-point stump with any; and 1 , classifying all points as1).

1. Compute the eigenvectdi (as in EqQ[5.6); group the points based on their
binarized class labels,.
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2. Find the optimal isolating Localized Similarity (i.e. with x; and appropriate
, classifying poini as+1 and all other points as 1).
3. Using EqL5.B, calculate the corresponding losOf the two stump$; andf;,
store the one with smaller loss as best-so-far.
4. Find pointx; most simila&to Xij among points of the oppositenarized class:

Xj = argqrr]aéf k(xi;X;)9

5. Calculate the loss achieved using the two-point locdlgmilarity with x; and
X; as supports. If it outperforms the previous best, store éweenlearner and
update the best-so-far loss.

6. Find all points that arsimilar enoug&to X; and remove them from considera-
tion for the remainder of the current iteration. If all partave been removed,
return the best-so-far stump; otherwise, loop back to step 4

Upon completion of this procedure, the best-so-far stungueranteed to lead to
an adequate reduction in loss, based on the derivation ifESabove.

5.5 Generalization Experiments

Our boosting method provably reduces the loss well aftetrtieing error is min-
imized. In this section, we demonstrate that the continediiction in loss serves
only to improve the decision boundaries and not to over tdiaa.
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Figure 5.2: A 500-point 2-dimensional synthetic datasehwi (2=3; 1=3) split
of train data (left plot) to test data (right plot). Backgnulshading corresponds to
the hypothesized class using our framework.

2 “most similar” need not be exact; approximate nearest righalso work.
3 In our implementation, we remove &}, where fj (xn)  fj (Xj)=2.
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We generated 2-dimensional synthetic datasets in ordestterbvisualize and get
an intuition for what the classi ers are doing. The resuliswn in this chapter are
based on a dataset composed of 500 points belonging to oheeef tlasses in a
spiral formation, with a(2=3; 1=3) train/test split. Fig. 5]2 shows the hypothesized
class using a classi er trained for 1000 iterations.
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Figure 5.3: A plot of training loss, training error, and testor as a classi er is

trained for 1000 iterations. Note that the test error doésnuoease even after the
training error drops to zero. The lower inset is a zoomedeongd the train and test

error, the upper inset is a plot of training loss using a logled y-axis; both inset
plots are congruous with the original x-axis.

' * .",, ‘ ‘ * .n"‘ %
Sl ! * - % S
:’rli.' ! f’r“: AR
: w\"‘ '.- n."* R e

».,,.."- L e L
. ot

'uw - “a * 4/ \...ww yaj
100 120 = iz

Figure 5.4: The progression of a classi er as it is traindua (torresponding itera-
tion number is shown at the bottom left of each subplot).
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Our classi er achieves perfect training (left) and testsslecation (right), produc-
ing a visually simplavell-generalizingcontour around the points. Training curves
are given in Fig. 5.3, tracking the loss and classi catiomes per training iteration.
Note that the test error does not increase even after thertgegrror drops to zero.

In Fig. 5.4, we show the progression of a classi er as it i;gdrained. Once per-
fect training error is achieved (around iteration 35), teaining iterations seem
to focus on smoothening out classi cation boundaries.

The following experiments explore the functionality of dtamework (i.e. REBEL
using localized similarities) in two scenarios that couidain practice: (1) varying
sparsity of training data, and, (2) varying amounts of nislad training data.

Sparse Training Data

In this section of experiments, classi ers were trainechgsvarying amounts of
data, from4=5 to 1=5 of the total training set. Fig. 5.5 shows the classi cation
boundaries learned by the classi er,(@), and the training curves;(c In all cases,
the boundaries seem to aptly t (and raxer t) the training data (i.e. being satis ed
with isolated patchewvithout overzealously trying to connect points of the same
class together). This is more rigorously observed from tai@ing curves; the test
error does not increase after reaching its minimum (for hedsl of iterations).

Mislabeled Training Data

In this section of experiments, classi ers were trainedhwitrying fractions of
mislabeled data; froh%to 30%of the training set. Fig. 5.6 shows the boundaries
learned by the classi er (dy), and the training curvesic All classi ers seem to
degenerate gracefully, isolating rogue points and otrsrwaintaining relatively
smooth boundaries. Even the classi er trained3@omislabeled data (which we
would consider to be unreasonably noisy) is able to mairsgiaiaoth boundaries.

In all cases, the training curves still show that the testreis fairly stable once
reaching its minimum value. Moreover, test errors appratety equal the fraction
of mislabeled data, further validating the generalizapovperties of our method.

Real Data

Although the above observations are promising, they cagddlt from the fact that
the synthetic datasets are 2-dimensional. In order to rutehos possibility, we
perform similar experiments on several UCI datasets [4]af/wng input dimen-
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Figure 5.5: Classi cation boundaries (a,b), and trainingves (c) when a classi er
is trained on varying amounts of data. Stars are correddlysced, circles are
misclassi ed. In all cases, the test error is fairly stalbhe® reaching its minimum.

sionalities (from 9 to 617). From the training curves in FBg7/ (on the following
page), we observe that once the test errors saturate, thieyger increase, even
after hundreds of iterations.

In Fig. 5.8, we plot the training losses on a log-scaled waxihe linear trend
signi es an exponential decrease in loss per iteration. @aven bound predicts a
much slower (exponential) rate than the actual trend oleskedturing training. Note
that within the initial 10%of the iterations, the loss drops at an even faster rate,
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Figure 5.6: Classi cation boundaries (a,b), and trainiogves (c) when a classi-
er is trained on varying fractions of mislabeled data. Ih@ses, the test error
is fairly stable once reaching its minimum. Even w&0% mislabeled data, the
classi cation boundaries are reasonable given the trgitabels.

after which it settles down to a seemingly-constant ratexpbaential decay. We
have not yet determined the characteristics (i.e. the étieally justi ed rates) of
these observed trends, and relegate this endeavor to futuke
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5.6 Comparison with Other Methods

In Sec. 5.4 we proved that our framework adheres to theatgjicarantees, and in
Sec. 5.5 above, we showed that it has promising empiricgepti@s. In this sec-
tion, we compare our classi ers against several statdrefart boosting baselines.
Speci cally, we compare our method against 1-vs-All AdaBoand AdaBoost.MH
[14], AdaBoost.ECC [7], Struct-Boost [16], CW-Boost [1FHOSO-LogitBoost
[17], and REBEL (using shallow decision trees as weak laajrj#].

Based on the same experimental setup as in [16, 1], each disttrained to a max-
imum of 200 weak learners. For each dataset, ve randomssgilé generated, with
50%o0f the samples for trainin@5%for validation (i.e. for setting hyperparameters
where needed), and the remaini2igfofor testing.
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Figure 5.9: Test errors of various state-of-the-art ane @ classi cation meth-
ods on MNIST and several UCI datasets. All boosting methoesbowed to use
200 weak learners. Our method is the best on all but one datasen.

Our method is the most accurate on ve of the six datasetgdesin the Vowel
dataset, it achieves almost half of the error as the nextrnesthod. Note that
although our framework uses REBEL as its boosting methed, ticalized similar-
ites add an extra edge, outperforming REBEL with decisieagiin all runs. These
results demonstrate the ability of our framework to prodaasily interpretable
classi ers that are also empirically pro cient.

Comparison with Neural Networks

Complex neural networks are able to achieve remarkableoymeaince on large
datasets, but they require an amount of training data ptiopai to their complex-
ity. In the regime of small to medium amounts of data (withinieh the UCI and
MNIST datasets belong, i.e10 < N < 10° training samples), such networks
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cannot be too complex. Accordingly, in Fig. 5.10, we compmaremethod against
fully-connected neural networks (with one hidden layer).
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Figure 5.10: Comparison of our method versus Neural Netsvarkd Support
Vector Machines on ten datasets of varying sizes and difies] Our method is the
most accurate on all but one dataset.

Four neural networks were implemented, each having oneedbttowing architec-
tures:[d 4d K], [d 4K K], [d 2d d K], [d 4K 2K K]. Onlythe one
with the best teserror is shown in the plot. A multi-class SVM [6] was validdte
using a5 6 parameter sweep f&@ and . Our method was run until the training
loss fell belowl=N. Overall, our method achieves the best results on eighteof th
ten datasets, decisively marking it as the method of chaicthfs range of data.

Training times are plotted in Fig. 5.11. Our method's tragitimes were compara-
ble to those for neural networks (although our current cedeot optimized so we

expect substantial speed-ups). For the ISOLET, MNIST, ddBZDO0 datasets, the
SVMs took much longer to train, whereas they were on-par thighother methods

for the smaller datasets.
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Figure 5.11: Comparison of the training times for our methdeural Networks,
and Support Vector Machines. At the time of this run, our cads not optimized.
We expect substantial speed-ups in the future.

5.7 Discussion

In Sec. 5.5, we observed that our classi ers tend to smoathemlecision bound-
aries in the iterations beyond zero training error. In Figd.25we see that this is
not the case with the typically-used axis-aligned decistamps. Why does this
happen with our framework?

Figure 5.12: The contrasted difference between overtrginsing (a) classical
decision stumps and (b) localized similarities. (a) leadsassive over tting of the
training data, whereas (b) leads to smoothening of the idadxundaries.
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First, we note that the largest-margin boundary betweenpeints is the hyper-
plane that bisects them. Every two-point localized sintifais such a bisector.
Therefore, it is not surprising that with only a pool of laeald similarities, a classi-
er should have what it needs to place good boundaries. Eyrgince not all pairs
need to be separated (many neighboring points belong toathe slass), only a
small subset of the N 2 possible learners will ever need to be used.

Secondly, we note that if some point (either an outlier or afodunately-placed
point) continues to increase in weight until it can no-longeignored, it can simply
be isolated and individually dealt with using a one-poimalized similarity, there
is no need to combine it with other “innocent-bystander’npgi This phenomenon
is observed in the mislabeled training experiments in Séc. 5

Together, the two types of localized similarities complaieach other. With the
guarantee that every step reduces the loss, each iterattaeds on either further
smoothening out an existing boundary, or reducing the weiti single un t point.

5.8 Conclusions

We have presented a novel framework for multi-class boggtiat makes use of a
simple family of weak learners, called Localized Similist Each of these learners
has a clearly understandable functionality; a test of sirtyl between a query point
and some pre-de ned samples.

We have proven that the framework adheres to theoreticabgtees: the training
loss is minimized at an exponential rate, and since the Ippsmbounds the train-
ing error (which can only assume discrete values), our freonleis therefore able
to achieve perfect training aamy dataset.

We further explored some of the empirical properties of caimework, noting that

the combination of localized similarities and guarantexs Ireduction tend to lead
to a non-over tting regime, in which the classi er focusea smoothing-out its

decision boundaries. Finally, we compare our method agaeweral state-of-the-
art methods, outperforming all of the methods in most of thiaskets.

Altogether, we believe that we have achieved our goal ofgurirsg a simple multi-
class boosting framework with theoretical guarantees amglrécal pro ciency.
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CONCLUSIONS

Boosting is an intuitive method for combining multiple weak. not very accurate)
classi ers into a single strong (i.e. accurate) classi hen implemented with
cascaded evaluation, it is the amongst the fastest methddstaime. Boosting
had its shortcomings: decision trees commonly used as vesakdrs were slow
to train and were unable to properly t the data, and there m@asimple uni ed
framework for tackling cost-sensitive multi-class prabke

In this work, | have addressed all of these issues: when tker@eed for an accu-
rate, easy-to-use, white-box machine learning systemdiadle to train ef ciently
and with little data, | have shown that boosted classi ers e tool for the job;
speci cally, REBEL using Localized Similarities as wealafaers.

In Ch. 3, | presented a principled approach (called QuicldBofor training iden-
tical classi ers at an order of magnitude faster than befdvly approach is built
on a bound on classi cation or regression error, guarantg#iat gains in speed
do not come at a loss in classi cation performance. Expenitsieshow that this
method is able to reduce training cost by an order of magaeituanore, or given a
computational budget, can train classi ers that reducersrby two-fold or more.

In Ch. 4, | presented a multi-class cost-sensitive boostaigework with a novel
family of simple surrogate loss functions. My frameworkeditly models the min-
risk class without explicitly approximating a posteriossulibution. Training is
based on minimizing user-speci ed classi cation costg(efollowing taxonomic
distance). Speci cally using an exponential-based losstion, | derived and im-
plemented REBEL.

REBEL uni es the best qualities from a number of algorithnisis conceptually
simple and optimizes feature sharing among classes. REBR&ble to focus on
important distinctions (those with costly errors) in fawfrmore forgivable ones.
| proved that REBEL employs the weak learning condition remflito be a true
boosting algorithm in the theoretical sense. | compared HE® several state-of-
the-art methods, showing improvements on a range of dataset

In Ch. 5, | presented a novel framework for multi-class bimgsthat makes use
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of a simple family of weak learners, called Localized Similas. Each of these
learners has a clearly understandable functionality: \adfesimilarity between a

guery point and some pre-de ned samples. | proved that thedwork adheres
to theoretical guarantees: the training loss is minimizeghaexponential rate, and
have shown that my framework is therefore able to achieviegitraining on any

dataset within a nite number of iterations.

| also showcased the empirical properties of my framewodking that the com-
bination of Localized Similaritiesand guaranteed lossuotidn tend to lead to a
non-over tting regime in which the classi er focuses on sotieing-out its decision
boundaries. Finally, | compared my method against sevéatg-®f-the-art meth-
ods, outperforming all methods in all but one of the datasets

Altogether, | have progressed the theory of cost-sengitivki-class boosting and
have shown that REBEL paired with Localized Similaritiebiages state-of-the-art
results. It can be run with the push of a button, no expergsessary, its function-
ality is interpretable, and its performance is better thaufdl Networks and other
competing methods in the mid-sized data regime. It is thethad everyone should
have in their toolbox and it should be the rst one they try.
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APPENDICES

7.1 Statistically Motivated Derivation of AdaBoost

In Ch. 2, we motivated AdaBoost from a practical standpoyntialing a suitable
upper-bounding convex loss function of the misclassi caterror. Here, we give
an alternative derivation, one that is statistically matd, as in [1].

As discussed in Sec. 2.1, in discriminative classi cationy goal is to learn the
intrinsic posterior distribution of the dateR;,. Speci cally, in the case of binary
classi cation (i.e.y 2 f 1g), it would suf ce to know P(y = +1 jx).

We propose to estimate the posterior g() P(y = +1 jx) by expressing it
as a logistic function of a con dence valud : X ! R, as follows:

eHx)

PX) = oo+ g0 (7.1)
Note that this logistic form ensuresthat 2 [1 ;1] , p2[0;1]
To optimize our model, we minimize its expected negativelibglihood:
n 44 0
L Ef I(xy)g= E 1—2y In p(x) + 1—2y In1 p(x)
n
1+
= E Ty H(X)  In(e HeI 4 gHe)
" —12y H(x)  In(e MO0+ g0y
= Efin(e "™+ '™  yH(x)g
n e YH(X) + @yH(x) (0]
= E In
eyH(x)
= Efin(1+ e ¥"™)g
Solving for optimalH :
z z
@ 2e 2H(X) 2e?H (x)
— = = 'V = + R + 'V = -
@H 0 XP(X,y b 1+ e 2HX XP(X’y b 1+ eHx)

) . P(x;y=+1) :Z P(x;y= 1)

" 1+ e2H(x) « 1+ e 2H((X)
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_ 1 POgy=+1)  _ 1 P(y=+1jx)
) HE) = 3l P(x;y= 1) 2" P(y= 1jx)

Thus, the optimal con dence functiorH is half the log-ratio of the intrinsic
posterior probabilities (also known as tlogit), and plugging it in to Eq. 7.1, the
optimal value of our estimatop is indeed the intrinsic posterior that we seek.

Since H 2 R an additive model is a tting choice (no pun intended):

X
H(x) {fi(x) where: (2R f,:X!f 1g

t=1

By xing all model parameters from the rst iterations, we can greedily optimize
thel+1" parameters as follows:

(,.:f,)=arg mfinfL|+1g= arg mfin Efln1+e MK e T () g

The above procedure is aptly named LogitBoost, but as itstout, it does not
yield a closed-form solution. However, we can use a clevangate function to
approximate the negative log-likelihood of our initial nedd

LO Efe yH(x)g Efln(l‘l' e ZYH(X))g

This surrogate function is the basis of AdaBoost, yieldimgpsed-form solution as
shown in Sec. 2.2. Furthermore, the solution for optirfial remains unchanged:
@’ Z Z
— =0 = Px;y=+1) e"® + Pxy= 1)e'®
@H ) (x;y=+1) ) (x;y )
POiy=+1) _ Py=+1jx)

) R = By Ply=_ 1jx)
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7.2 QuickBoost via Information Gain, Gini Impurity, and Var iance
In Ch. 3, we prove a bound on the misclassi cation error ongiminary subset of
the data, given as Proposition 1:

r m ) Zr"r Zm"m

Using this bound, we are able to prune features early andiggeéhe training of
decision trees using the classi cation error criterion.this document, we prove
the same bound on other common types of stump splittingrierif@grformation
gain, Gini purity, and variance minimization), extendingr onethod for use with
regression trees as well as binary or multi-class classocarees.

In a decision tree, an input propagates down the tree (basttedree parameters)
until it reaches a single leaf node. The optimal tree pararsedre those that lead
to the best error based on the training data. Recall that-snbset is the set oh
datapoints with the largest weights. We de neto be the set of elements in the
m-subset that are assigned to lgafsing the optimal tree parameters (when trained
on then-subset). We de ne the sum of the weights of elements thatrigeto that
leafj asZ ; and the sum of the weights of elements jrwith classy asZVj
X X X
Zm W Z, W, ZY Wh (h=Y)

j
n m n2 n2

In regression, elements have valye2 RY and we de ne the weighted average
value of a leaf as:
1 X

¥ Wh Yn

i n2 i
Given anm-subset of data (wittm  N), the preliminary error is computed by
summing the error in each leaf, proportionally weighted g total mass of sam-
ples belonging to that leaf:

Z. _
m = Z—J ;  Which we reformulate asZ,"r, = Z. "
jp -m j
Our goal is to show that for each lgafthe product of preliminary error and subset
mass always exceeds that of a smaller subsetujLbe the elements in; that are

in anr-subset andj; be the elements that anet, wherer — m:

u fnjn2 yin rg oy fnjn2 j;n>rg  [Notethat: uj[ uj = |]
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Z,, W ZY W (h=y)  Zy W ZJ W (=)

n2uj n2uj n2uj n2uj

The optimal tree parameters for thesubset might be different than those for the
m-subset; hence, the use of potentially sub-optimal parametay lead to a worse
error. Accordingly, in the following section, we nalize oyroof by showing:
Z," Lyl 8]

Q.ED.

Note that this proof applies to trees of any depth and any rumtieaves, not just
binary stumps.

The following proofs are based on inequalities which aregiat the end.

Misclassi cation

Z "
X z, VAL X z—} —
"m - Z—,; 1 ﬁ ) Zn'm = - (Zj ZyJJ)
J J
Z,"y =2, 20=(Zy+Zy) @QU+Z5)= 2y zzzi ' IZU_J ziﬁ”}
Zuj "uj ZuJ IILJJ' O
Information Gain
zZ "
Z } - {
. Xz, X zv o7 X X _, 7
mo oz 7z N7 ) Zm'm = 2% In 7=
j y ! ! j y !
zZ,", = Zjln - (Zuj+Zuj)In 7.+ 7.
y ] y ] ]
X a4 X ZY
Zyin S5+ ZyIn -
y Z, y Z,
I {z o {z }
ZUJ' "U' Zl..lJ "Uj 0

]

The proof for Information Gain Ratio is a trivial adaptatioithe proof above.
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Gini Impurity
zZ. "
! z J - H
) X 7 X zv zy X X (ZY)?
m Z—J Z—J 1 Z—J ) Zn"m = Z i ZJ
p Moy T j j y ]
z " : (Zyj)z—(z +2y) i 1
I , Zj ~ \ £y uj , Zuj + Zuj
! !
X (Zy) X (Zh)
ZUJ‘ uj 2
Zuj ZuJ
I {z o {z }
Zuj "yj Zuj"up O
Variance Minimization
zZ . "
X X X ? X - 2
Z kZ vy k
“m Z—J ZEKYn ¥ K Zn'"m = V‘hkynk2 7 J
J M n2 j ! i n2 j j
X kZ vy k2
Z j" i = V‘hkyﬂk2 ZJ J
n2 i i
= X Whkyn 2+ whky, K K2, Yo + Zy, Y K
n2u; n2u; I (Zuj + Zuj) I
X KZy, Yu K2 X KZy, Yo K2
kol TSI T ke
n2u; Ui n2u; uj
| z b {z
Zuj "uj Zuj"up O
Inequalities
For positive scalars;b 0 and ; > 0, the following inequality holds:
+
@+bmn 272 a4 +bin 2
b
=an @ — +pn 2
:alng +b|n—b aln 1+ — +bln 1+ —

| {z
0
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a+b

) (a+ bin an & +bn 2

For any vectors (or scalarsq; b and positive scalars; > 0, the following
inequality holds:

ka+ bk?  kak®+ kbk2+ 2ha; bi

+ + +
2 2 - hi
_ kak 1 N kbk 1 N 2hg; bi
+ + +
: kaszr kbk? k a bk2
+
|_({z_)
0

ka+ bk? kak2+ kbk?
+

)
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7.3 Reduction of REBEL to Binary AdaBoost

In Ch. 4, we propose a novel multi-class cost-sensitive tiogpaethod, REBEL. In
this section, we prove that REBEL reduces to binary boostiethods, depending
on the convex upper-bounding functignin the binary (two-class) cost-insensitive
case, the surrogate loss reduces to:

1 X 1 X
L= 5 g( Hn1)+ g(HnZ) t o g(Hn1)+ g( Hn2) (7-2)
2N 2N
yn=1 yn=2
X X
where we denote: ;) (ya=k)(::) (i.e. summing over only cladg
yn=k n=1

and:H,; h H n); 1i; Hya h H Xp); 205 Hip h H Xp); 105 Hyz h H Xp); 2
Proposition: H,; = H,> 8l

Proof: (by induction)

Before any training: H(xn,) O ) Hu=Hn2=0 ) Hyi1= Hpz 8n
Assume this holds fad, (x). On theld " iteration, H

1 X + + X + +
141 W g( Hn1)+ g(an) + g(Hn1)+ g( an)
yn=1 Yn =2
1 X
o 90 Hu f()an) + g(Hnot f(xn)a2)
yn=1

X

1
+ m g(Hn1+f(Xn)al)+ g( Hn2 f(xn)aZ)
Yn=2

(x) = H,(x)+f(x)a, hence:

1+

L

Therefore, solving for optimad; by setting: @C;'; =0

X X
) f(xn)gl Hu f(xn)a) = f(xn)glHa1+ f(xn)a) (7.3)

yn=1 Yn=2

@'I+1 —_
@a =0

Whereas solving for optimal, by setting:

X X
) f(xn)g?an'*'f(Xn)aZ): f(xn)g? Hnz f(Xn)az)

yn=1 Yn=2

Since by assumptiortl,; = Hp,, therefore:

X X
) f(xn)e® Hni f(xa)( @) = f(xa)@°Hurt f(xa)( @)  (7.4)
yn=1 yn=2
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Note thatifa; = a solvesEq. 7.3,them, = a solvesEq.7.4; hencea; = a.

) Hii=Hu+f(Xp)ar= Hipx f(Xp)az= (Heot f(Xn)a) = n2

On thel +1 ™" iteration, again:H.; = H.,

Back to the original binary loss (Eq. 7.2):

1 X X

1
L Ny . 9( Hn1) + 9(Hn2) + Ny . g(Hn1) + 9( Hn2)

1 X X Xy

1 B
N g( Hny) + ) g(Hn1) = N 9( YoHn1)

yn=1 Yn=2 n=1

where:y? 2f+1; 1g for: y, 2 1,29

which is exactly the same form as the loss function for birtawgsting. For in-
stance, ifg(x) €*, REBEL reduces to AdaBoog(x) log,(1+ €°) reduces to
LogitBoost, andy(x) (1 + x)? reduces td.,Boost.
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7.4 Unit Vector Bounds
Proposition 5.8: hjj;1i? 1

Proof: Reformulate as a constrained minimization problem, wit@ RN :

minfhx; 1lig suchthat:kxk?=1;x 0
X

X
) L=m;1i  (kxk? 1) N (S » 08n
n=1
X
) ryL=1 2 x non
n=1
>{\| (1 I’l) n
) 2x= (@1 W) ) x = & n 18n
n= m
' @ )2
n=1
2 o
(1 n) (1 n)2 EX\'
) hx;1li = s”; s”ZI; = 1 )2
L )2 @ )2 =
n=1 n=1

To have unit normx must contain at least one non-zero element. Thus, without
loss of generality, we assume, > 0; hence: ;=0

Q.ED.
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» _ o 4
Proposition 5.9: maxfthl 2;;¢i°g N forN 4
|
Proof: Reformulate as a constrained minimization problem wit2 RN . With-

out loss of generality, assume thak; 1i 0 and that its rst elemenk; is a
minimal element (i.ex; X, 8n).

mxinfhx;l 21g suchthatkxk®=1; x x;1

X
) L=h;1l 24  (kxk® 1) WG ni X1) , 08n
n=2
X
) rxl_:[l 21] 2X n n
n=2
[
XV 1t (1 n)n
) 2x= 1+ @ )a ) X = -s—"=2
= FN
" 1+ (1 )2
n=2
R
1+ (1 »)
) ;1 24 = s—"=2
R
1+ (1 )2
n=2

Note thatif x, >x, then , =0, andif x, = x; then(1 ,)= L1
Let M be the number of unique indices 2 for which X, = Xj.

1+ (N ) M M _ N_2M
B

hx:1 24 = —
) 1 N N

Sincehx;1i 0, hence: 1+ (N 1) M M 0) 2M 2 N

02 a4
) hx;1 21| pﬁ ) ;1 21| N

Q.ED.
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