











































































































































































































62

M,, may be rewritten as

C 2
M ~ C;H <O7>n+CSeH <08>n+02 <O2>n 2 . <O7>n C <08> Ceﬂ' <O2>
" CE {0 {0 Cy (O N cs C,
7O+ G{O8)o % G2 {02l |1 (0n)a + Zx (Oado + (2 (Oaho
(5.6)

For i # 7, the contributions (O;), are of order a,. The reason for this is that in

the scheme independent approach of Ref. [62] the order a?

contributions from the
four-quark operators O; — Og are absorbed into C7, Cg. Therefore, to determine the
NLO corrections to M, one has to take into account the order «a; contributions from
(O2)n, (Os)n, as well as the contribution from (O7), to order ay. It is sufficient to
know the Wilson coefficients C; only to leading log accuracy.!

The other important observation is that the virtual corrections to the matrix el-
ements of the operators O,, 07, Og do not contribute to the moments of the photon
spectrum at order a;. The reason is that the virtual corrections to the photon spec-
trum yield only terms proportional to §(E, — EI**®), and therefore they contribute
equally to the numerator and the denominator of Eq. (5.5). Thus, these contribu-

tions cancel to order o, in the moments M,,. Consequently, only the Bremstrahlung

corrections have to be computed.

5.2 Order o, perturbative corrections

In this section we study the perturbative corrections to the photon spectrum in the
free quark decay, or parton, model. As discussed in more detail in the next section,
the nonperturbative corrections to the parton model are suppressed by 1/ mgyc.
Following Ref. [69] the strange quark mass is kept finite to regularize collinear
divergences. We use the MS subtraction scheme, Feynman gauge, and dimensional

regularization for infrared and ultraviolet divergences, and phase-space integrals as

1The fact that one needs to know C; only to the leading log accuracy to compute the moments
at order «; was emphasized in Ref. [67] because at that time the NLO computation of C; was not
available.
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well. The quantity that is simple to calculate in perturbation theory is

1
/ (" — 1) Wroom 4,
Zo

dmy(zo) = (5.7)

where I'rqpm denotes the decay rate in the free quark decay model, and the dimen-

sionless parameters

2F 2
g = m r=_—2 (5.8)
b my

were introduced. The variable z corresponds to E,/EX* in the free quark decay
model. The definition (5.7) makes it apparent that the functions ém,(zo) are propor-
tional to a;, and that they are not affected by corrections proportional to §(1 — z) at
this order. In the next section we shall discuss how to relate ém,, to the experimentally
measurable moments M,,.

It turns out that near the end point of the photon spectrum only the operators
O, and O7 are important [69, 67]. We are mainly interested in the experimentally
accessible region of the photon energy, which is above 1.8 GeV. Therefore Og will be
neglected altogether in what follows.?

The contributions coming from the square of O; and the interference of O, and
O7 are regular functions of the photon energy, and their explicit form can be found in
Refs. [69, 68]. The only singular (and numerically the most significant) contribution

to the the free quark decay rate I'rgpy at order o, comes from the operator O alone.

In the r — 0 limit this contribution reads

dT'77 mb(u)r [ as Cp ( i , mz)]
_ _elF (e 4 2 5 ™ _ 5.9
1 Ty [ oo 1 = 5+ 37 21n e §(1—z) (5.9)
a; Cr e e < 7 ln(l—x)) ]
+ ym [7—{—:10 2z —2(1 4+ z)In(1 — z) 1_:1’1.4—4 2 ).

2Away from the end point the contribution of Og becomes significant, and even dominates the
spectrum below about 1.2 GeV [70].
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Smi(ze) r=4-10% | —0.014  —0.020  —0.025
F= 11072 —0.012 —0.017 —0.020
Sma(zo) r=4-10% | —0.028  —0.040  —0.046
r=1-10"2 —0.023 —0.032 —0.038

Table 5.1: Central values of dmi(zo) and émy(zo) for two different values of m,.
r = 4 -10~* corresponds to m; = 100 MeV, while r = 1 - 1072 corresponds to a
constituent quark mass m, = 500 MeV. For m; ~ 4.8 GeV, o = 0.91, 2o = 0.83 and
zo = 0.75 correspond to Eg = 2.2 GeV, Ey = 2.0 GeV and Ey = 1.8 GeV, respectively.

where Cr = 4/3 for SU(3), and

VoVl a O (w?
b .

To = 32 74

(5.10)

We only explicitly presented the corrections in the r — 0 limit, but we included the
r-dependent terms in our numerical results. The (f(z))4+ distribution corresponding

to the function f(z) acts on a test function g(z) as

/Ol(f(-’”))+ 9(z)de = /01 f(@)[g(2) = g(1)]de. (5.11)

The o, correction in Eq. (5.9) modifies the prediction for the total decay rate by
about 15%, while it affects the first two moments of the photon spectrum, M; and
M, by less than 3% and 5%, respectively. Our numerical results for ém; and édma,
including the contribution of O,, are shown in Table 5.1.

When evaluating these corrections, it has to be kept in mind that the perturbative
expansion becomes singular in the photon end point region, and a resummation of
the perturbative corrections may be required. Since we are interested in the moments
M, for small n, and since the exponent of the Sudakov factor that suppresses the
spectrum near the end point [71] becomes of order unity only around z ~ 0.99, our

calculation is consistent without taking these effects into account.
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5.3 Nonperturbative corrections

The problem of computing nonperturbative corrections to the inclusive B — X,v
decay is a subtle one. Although it has been extensively discussed in the literature [65,
66], a complete understanding of the nonperturbative effects is still lacking. Here we
limit ourselves to the most elementary discussion.

It is easy to include the leading nonperturbative contributions if only the operator
O~ is retained [65]. Then the moments of the photon spectrum can be evaluated using
OPE and the hypothesis of local quark-hadron duality, along the lines of Section 2.2.

One considers the expectation value of the time-ordered product
Te(q-v) = =i [ d'oev*(Bo)[T [brrsi(z), 510,ba(0)] 1B, (512

where ¢? is fixed to zero. The analytic structure of T'(¢ - v) is shown in Fig. 5.1.
The total decay rate and the moments of the photon spectrum can be obtained by
integrating the product of T'(¢-v) with an appropriate smooth weight function along
the contour C in Fig. 5.1. As usual, away from the cut T' can be computed using
the OPE. If the point ¢ - v = Ey where the contour approaches the cut is far away
from the end point, ¢ - v = EJ’**, the use of the OPE near ¢ - v = F, can be
justified by the local quark-hadron duality. The upshot is that the moments of the
photon spectrum in Eq. (5.5) are calculable provided Ej is sufficiently small. Here

“sufficiently small” means that the invariant mass of the corresponding hadronic final

state, mx, (Fo) = \/mB(mB — 2Ey), must be much larger than Aqcp.

The OPE computation of the B — X,v decay in the HQET framework was first
performed in Ref. [65]. As expected, the leading contribution is given by the parton
model result, while the leading nonperturbative corrections are parametrized by the
HQET matrix elements A\; and \;. Again we present the resulting corrections to the

photon spectrum only in the r — 0 limit:

dr =TI’y (1 N ﬂ) [5(1 —z)— My(l —z) — /\—12 §"(1 — w)] . (3.13)

dz 2m? Dot 6m?
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{1

~

EO Efrynax

Figure 5.1: The analytic structure of the time-ordered product relevant for the B —
X7y decay. The moments of the photon spectrum with lower limit £y can be obtained
by integrating 7'(¢q - v) with an appropriate weight along the contour C.

If the four-quark operators O; and O, are included, the situation becomes much
more complicated. Strictly speaking, the contribution of Oy, O, (including their in-
terference with O7) cannot be computed in the OPE for the physical value of m..
If the charm quark were heavier, one could integrate it out, and then use the OPE
to compute the contribution of O;,0;. This has been done in Ref. [66]. It turns
out that the leading nonperturbative correction is suppressed only by AéCD/ m? and
is parametrized by a single nonperturbative matrix element \;. Assuming that this
result continues to hold even for the physical value of m., one can estimate the size of
this nonperturbative correction to the total B — X v rate. It turns out to be small,
but not completely negligible: about 3%. Unfortunately, higher order nonperturba-
tive corrections to this result are suppressed only by powers of myAqcp/m? ~ 0.6 [66).
This means that they are not much smaller than the leading nonperturbative con-
tribution. The conclusion is that there are uncalculable nonperturbative corrections
to the B — X,v decay of order 2% originating from O;,0;. One should take this

estimate with a grain of salt, however, since for the physical values of m. the charm
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quark cannot be integrated out; in particular, the decay

B — J/¢y X,

|——->7X

is kinematically allowed and has a branching fraction an order of magnitude larger
than what the OPE suggests [66].

Without including the order a, corrections discussed in the previous section and
taking into account only the contribution of O; from Ref. [65], one obtains to order

1/m? in the heavy quark expansion

_mb /\1+3)\2>_MB—/_\
<E”>_2<1_ om2 ) 2
A
(EJ) —(Ey)* = —ﬁ- (5.14)

In general, the central moments ((E, — (E,))") for n > 2 are proportional to
A1 (my/2)" 2. Therefore, they can be used, in principle, to measure A;. This is
not unexpected, since \; is the measure of the Fermi motion of the b quark that is
responsible for the smearing of the photon spectrum.

The series of the nonperturbative corrections to the moments of the photon spec-
trum, M, (Ep), is under control if the invariant mass of the final hadronic state cor-
responding to the lower cut FEy is above the resonance region. Eq. (5.13) is only
related to the experimentally measured spectrum once the theoretical expression is
smeared over typical hadronic scales. This smearing is provided by taking the mo-
ments M, (FEy), provided n is not too large and Ej is sufficiently far from E#*. Using

the relation
M — M5
—_———t e [ 5.15
2MB o ( )
we see that the present experimental signal region of E, > 2.2 GeV [64] corresponds
to Mx, < 2.2GeV. Even below this scale the widths of the X resonances are typically
larger than their mass differences, and there are no resonances above 2.5 GeV [8]. It

is still important for the reliability of our analysis to try to lower the experimental cut
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on the photon energy. For example, Ey = 2GeV or Eg = 1.8 GeV would correspond
to Mx, < 2.6 GeV or Mx, < 3GeV, respectively. Varying FEy provides a check on
the systematic uncertainties: the extracted values of A and \; should be unaffected
by the variations of Ey once the corresponding hadronic invariant mass is sufficiently

above the resonance region.

5.4 Extracting HQET parameters from the mo-
ments of the photon spectrum

We can summarize our discussion by writing the theoretical prediction for the first

two moments of the photon spectrum as

Mg —A A% A3
—B2— [1 + émy (%) + (’)(ai, Oy —y —3)] , (5.16)

M, (Eo) =

M;(Ey) — My(Eo)? = (5.17)
15+ (5) o) ~2om (52) + (et oo o 2]
A denotes some QCD scale of order Aqep or A. To the order these relations are
accurate, it is consistent to replace my by Mp— A everywhere in Egs. (5.16,5.17). The
numerical results for ém;(zo) and émy(z) are listed in Table 5.1 for three different
values of zg.

The significance of the relation Eq. (5.16) is that it provides a reliable means of de-
termining A. The relation Eq. (5.17) is less useful, since the effect of A\; on the second
moment is similar in size to the possible effect of the uncalculable nonperturbative
corrections from Oy, O,.

The main theoretical uncertainties in this measurement of A are due to nonpertur-
bative corrections from O;, O, and the higher order perturbative corrections to M.
The former are of order 2%, as discussed above. The latter are harder to estimate.

A very naive estimate would be (a;(ms)/7)? ~ 0.005. However, this does not take

into account a possible numerical coefficient. Ideally one would like to know the size
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of order a?f, corections to the moments, but the corresponding calculation has not
been performed. Therefore we will assume that higher order perturbative corrections
are not larger than the order «, corrections shown in Table 5.1, i.e., 1 — 2%. Thus
the total theoretical uncertainty in the value of M; is about 3%. The corresponding
uncertainty in A, according to Eq. (5.16), is about 0.15 GeV.

We would like to emphasize that the left-hand sides of the relations Egs. (5.16,5.17)
are measurable at CLEQ; in fact, the central values can be extracted from Ref. [64].
As we do not know the cross-correlations of the errors on the data points, we are
not in a position to quote numerical values for the experimental uncertainties. From
the central values of the data, solving the equation Eq. (5.16), we find (with large
uncertainties)

A ~ 450 MeV , my ~ 4.83 GeV . (5.18)

This value is in agreement with the QCD sum rule determination of A [13], A =
0.540.1 GeV. It is also consistent with the range of values for A obtained in Section 4.2
from the analysis of the lepton spectrum in the B — X {v decay.

In view of our earlier discussion, it is important to try to expand the experimental
signal region. On the one hand, the systematic uncertainties inherent in our analysis
(related to how well the quark-hadron duality holds) can be estimated by varying the
lower cut on the photon energy, as discussed at the end of Section 5.3. On the other
hand, expanding the signal region would diminish the sensitivity of the results as to
whether the Sudakov logarithms at the end point are resummed or not.

The sensitivity of the moments of the spectrum to new physics is limited by how
much operators other than O affect M,,. We found that Oy does not contribute to
odm, and dmy by more than 10% in the SM. Given that the experimental constraint on
the total decay rate from CLEQO excludes large deviations from the SM, we conclude
that the moments are largely insensitive to new physics. Even if physics beyond the
SM contributes to the B — X, v decay, the proposed determination of A and ); is
likely to remain unaffected.

We conclude that the measurement of the moments of the photon spectrum in the
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inclusive B — X, v decay will provide a measurement of A, which in turn will refine
theoretical predictions for other observables in heavy quark decays. In particular, the
accuracy of the extraction of the CKM angle |V,;| along the lines of Section 4.2 could

be improved.
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Chapter 6 Concluding remarks

“The rest of my speech” (he explained to his men)
“You shall hear when I've leisure to speak it.
But the Snark is at hand, let me tell you again!

"Tis you glorious duty to seek it!”

Lewis Carroll [1]

We have described two methods of measuring the CKM matrix element |V|:
from the differential rate of the exclusive decay B — D*{v, and from the total rate of
the inclusive semileptonic decay B — X .fv. Both methods are model-independent,
i.e., based only on the genuine predictions of QCD for the hadronic matrix elements.
The “exclusive” method has intrinsic theoretical uncertainty of order 3 — 6% coming
from Heavy Quark Symmetry violations. Zero recoil sum rules can, in principle,
tell us if these violations are anomalously large. However this requires knowing the
HQET parameter )\;, whose value is very uncertain at present. The “inclusive”
method of measuring |V,;| can potentially be more accurate. The problem there
is that the quark masses m. and my, or equivalently the HQET parameters A and
A1, are still poorly known. As shown in Chapter 4, studying the lepton spectrum in
the B — X v decay allows us, in principle, to pin down both of them. In practice,
the lepton spectrum is sensitive only to a particular linear combination of A and
A1, the “othogonal” linear combination being only weakly constrained by the data.
Thus our results, A = 0.45 + 0.3 GeV, A\, = —0.25 & 0.35 GeV?, have rather large
uncertainties. The corresponding quark pole masses are m;, = 4.84 £+ 0.33 GeV,
m. = 1.46 + 0.42 GeV. (The difference my — m,. is known to a much better accuracy:
my — m. = 3.38 £ 0.09 GeV.) Consequently, the inclusive determination of |V;| has
a theoretical uncertainty of about 6% (see Eq. (4.44)).
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The accuracy of the inclusive determination of |V | could be significantly improved
if the values of the heavy quark masses were better known. One way to accomplish
this is to measure the photon spectrum in the inclusive B — X, decay near its end
point. As shown in Chapter 5, the moments of the spectrum are sensitive to the
HQET parameter A. This measurement could yield a value for m; accurate to within
150 MeV. The major theoretical uncertainty here is the unknown order o? corrections
to the moments. A calculation of the order a2y contributions to the moments is,
therefore, desirable.

Other methods of extracting heavy quark masses, of course, exist. A very attrac-
tive idea is to use the measurement of the cross-section ete~ — bb near the BB
threshold [15]. However, the data exist only for energies up to 600 MeV above the
threshold, which makes the comparison of the data with the theory next to impossi-
ble [72].

Coming back to the determination of |V3|, the limiting factor in the inclusive
measurement is, ultimately, the unknown higher order perturbative corrections for the
total B — X v rate. The presumably dominant part of the two-loop contribution,
the a?B, contribution, has been calculated [28], and progress towards a complete
two-loop calculation has been made [52]. However, one may say with confidence
that computing order o2 corrections will remain beyond human capabilities for years
to come. The theoretical uncertainty in the value of |V | coming from the latter
corrections is about 2%. Thus, optimistically, one may hope to reduce the current

error bars by a factor of three.
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