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ABSTRACT

Understanding many-body quantum systems is one of the most challenging prob-
lems in contemporary condensed-matter physics. Tensor network representation of
quantum states and operators are taking central stage in this pursuit and beyond.
They prove to be a powerful numerical and conceptual tool, and indeed a new lan-
guage altogether. This thesis investigates various aspects of these representations by
focusing on two specific problems: the first half of the thesis is devoted to examining
how ‘stable’ a tensor network representation is for two-dimensional quantum states
with topological order, and the second half explores the representability of various
unitary loop operators with tensor networks.

In the numerical usage of the tensor networks, the tensor is varied as to find the
representation of the ground states of the given Hamiltonian. In chapter two and
three of this thesis we show that such a numerical program for topological phases
can be ‘ill-posed’. We show that tensor network can be an unstable representation
for a topological phase: even an infinitesimal variation in the representation results
in the loss of topological order, completely or partially. We diagnose this problem
by identifying the exact causes of this instability, and find that it is only tensor
variations in certain directions that result in instability, because they result in the
condensation of bosonic quasi-particles of the phase. Such unstable variations are
characterized by two properties: (1) they can replace a tensor in the tensor network
withoutmaking the network collapse, and (2) their presence in the network represents
the presence of a non-trivial topological charge. We prove that the general tensor
representation of all string-net models suffer with such instabilities. We propose an
exact mathematical operator to project out all such unstable variations and show its
efficacy for a few models by direct calculations. Such an operator can be useful in
numerical programs involving such tensor representations. We also point out that
such variations play a crucial role in simulating topological phase transitions and
their presence can be vital in an accurate simulation.

In chapter four and five of this thesis we focus on the representability of unitary
loop operators by tensor networks. Such operators not only provide an important
tool in the study of dynamical process in one-dimensional systems, but also in
understanding and classification of symmetry protected topological phases in two
dimensions. To characterize all such operators, we find a necessary and sufficient
condition for any loop tensor network operator of a given length to represent a
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unitary operator. In particular, it is shown that all unitary operators that map
local operators to local operators (locality-preserving) can always be represented
by a tensor network. Locality-preserving unitary loop operators are classified by a
rational index called the GNVW index defined in Ref. [1] whichmeasures howmuch
information ‘flows’ along the loop. We define Rank-Ratio index for tensor network
operators and show that it is completely equivalent to the GNVW index. Therefore,
GNVW index of a unitary operator can be easily extracted from its tensor network
representation. We find that, other than representing locality-preserving unitary
maps, tensor networks can also represent unitary operators that map local operators
to global (non-local) operators. These tensor network operators are found to have a
long-ranged order similar to tensors that represent topological tensor network states
in two dimensions.
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C h a p t e r 1

INTRODUCTION

Understanding of quantum many-body systems is one of the central challenges of

modern low-energy physics. Quantum many-body systems provide a rich source

of unique and exotic physical phenomena. We will enlist here just a few of such

systems which have seen a lot of theoretical, numerical, and experimental activities

in recent years. This list, though by no means exhaustive, is enough to put forward

the motivations underlying the work in this thesis.

One of the most famous such phenomena is the existence of high-temperature

superconductivity, a complete understanding of which remains somewhat elusive to

this day[2]. Chiral-spin liquids were proposed[3, 4] in an attempt to explain high-

temperature superconductivity, but it was later realized that they actually exhibit a

new kind of order, beyond Landau's symmetry breaking paradigm. It was called a

`topological order'. These phases exhibit a ground state degeneracy[5] which only

depends on the topology of the underlying system. The experimental discovery of

Fractional Quantum Hall (FQH) systems[6, 7] became a well known experimental

realizations of such an order. They were calledanyons. From the study of these

phases the idea of a `topological order' in quantum many-body systems emerged[8].

Other than the FQH, some spin liquids were also found to exhibit topological

order[9]. These systems were shown to have quasi-particle excitations that were

neither bosonic nor fermionic, but had fractional statistics[10, 11]. Much of the

formulation of these systems was proposed in �eld theoretic terms. However,

Kitaev[12], later proposed a class of exactly solvable topological lattice models, now

known as Quantum Double models. These models allowed for a deeper investigation

of topological phases both conceptually and numerically. Later on Quantum Doubles

model were generalized into the so-called String-Net models by Levin and Wen [13].

After the discovery of topological phases the notion of Symmetry Protected Topolog-

ical (SPT) phases [14�18] emerged with the discovery of Topological Insulators[19�

21]. These phases were characterized by the presence of a symmetry in the system

that protected the topological order. That is, di�erent phases of an SPT could be

smoothly connected if the underlying symmetry was allowed to be broken. For

example, topological insulators were found to be protected by time-reversal sym-
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metry. SPT phases were later generalized into many directions, such as Symmetry

Enriched Topological phases[22], SPT withn-form symmetries etc.

What underlies all these di�erent phenomena in a quantum-many body system is

the pattern of entanglement individual constituents of the system have with each

other. So, naturally, a paradigm of representation was needed which could encode

the entanglement information of the system in a more explicit and e�cient way

than the traditional representation did. Traditionally, the quantum states have been

represented as a superposition of conveniently chosen basis states in the Hilbert

space of the system. Though it works well for small quantum systems such as an

atom or small spin systems, it is not particularly useful for large quantum-systems

with exponentially large Hilbert space. Broadly speaking, there are two problems

with basis-superposition representation. First, the number of basis vectors needed

for this representation scales exponentially with the system size. For example, for

a system withN qubits, one needs2N basis states to represent a generic quantum

wave function. To get an idea, a system with 1000 qubits would need21000 � 10300

basis for description. This number is much larger than the number of atoms in the

known universe. So we could not possibly hope to work with these many basis

states in any present day computation system. Second, and more fundamentally, it is

very di�cult to read o� entanglement patterns in a state from its basis-superposition

representation. It just happens to be not the natural representation as far as describing

entanglement in a system is concerned. From this need to extract information about

entanglement patters, and various limitation of basis-superposition representations,

emerged the development of a new paradigm of representation of quantum systems:

the Tensor Network (TN) representation.

But before we introduce what a TN representation is, we ask, why do we expect

to �nd any paradigm to be able to represent many-body states e�ciently? After

all, any representation does not take away the underlying complexity problem: the

many-body Hilbert is hopelessly big! A system of the size of Avogrado number

(� 1023) has a Hilbert space of� 101023
. This is certainly beyond the reach of any

representation possible. What rescues a physicist from this problem is the fact that

not all states in the Hilbert space are physically relevant. Physics imposes many

constraint on the mathematical description of the system. One such key constraint

is the notion of locality. Many relevant Hamiltonians that describe dynamics of

a system found in nature tend to only involve local interactions. Mathematically

speaking, it translates to the fact that we are mostly, at least as far as low-energy



3

physics is concerned, interested in Hamiltonians which can be written as a sum

of local terms, where each term only acts on a local subsystem. If we also restrict

ourselves to `gapped' systems (which roughly means that the excitations have certain

minimum mass) then one can prove that low-energy states of such a system all belong

to a very small subspace of the whole Hilbert space: the states that follow the so-

calledarea-law. Area-law dictates that, for low-energy eigenstates of gapped, local

Hamiltonians, the entanglement entropy of a region of space tends to scale, as the

size of the boundary of the region and not as the volume. For example, in 1D it means

that a line segment of the space has a constant entanglement entropy. Area-law states

reside in a small subspace (exponentially small) of the whole Hilbert space. It can

also be shown that not only do physically relevant states belong to an exponentially

small subspace of the whole Hilbert space, any state that can be reached under

Hamiltonian time evolution in a reasonable time (log¹Nº, to be more speci�c where

N is system size) also belongs to such an exponentially small subspace. Overall one

can say that we can expect to �nd an e�cient representation of many-body states

in many cases simply because the physically relevant states for gapped phases of

matter belong to an exponentially small subspace of the whole Hilbert space,

:

So it is desirable that we invent a representation paradigm that is more restricted to

the physically relevant subspace, rather than allowing it to represent any arbitrary

state. Sure, such a representation would be `weaker' in the mathematical sense, but

what we lose in generality, we gain in computational and conceptual simpli�cation.

In fact it is this trade o� between generality and e�ciency of a representation that

partially motivates the work in this thesis.

As described above, the states that follow area-law are among the most relevant phys-

ical states. And this is one of the main reasons for the success of TN representation:

a tensor network naturally represents the states that follow area-law.

1.1 Entanglement and Tensor Network (TN)

Now that we have described the physical and conceptual need to �nd a better

representation of quantum states, we will now show, from �rst principles, how a TN
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representation naturally emerges out of the basis-superposition representation if we

try to extract entanglement information from a the state that follows area-law.

Consider a 1D spin chain of some lengthN. There areN sites, and on each site sits

a quantum spin which takes value in some Hilbert space of dimensiond. The total

Hilbert space is a tensor product of local Hilbert spaces on each site. Lets say we

are given some wave function on this system, ,

j i =
dÕ

i1;i2;:::;iN =1

Ci1;i2;:::;iN ji1; i2; : : : ;iNi : (1.1)

This is the usual representation of many body states in terms of computational basis.

Lets say we are interested in the entanglement information of this state. Speci�cally,

we want to know how much entanglement exists between the left half,L, and right

half, R, of this wave function.

: (1.2)

It cannot be read o� the above representation of , so we need to represent it

di�erently. In fact, as we know, we need to perform a Schmidt decomposition along

the entanglement cut. In the present context Schmidt decomposition can be thought

of as an alternative representation of the wave function in which a wave function in

Hilbert spaceHL 
 HR is represented using relevant basis states from the the two

constituting Hilbert spaces.

j i =
DÕ

a=1

� aj L
a i 
 j  R

a i ; (1.3)

where L
a and  R

a are states inHL and HR respectively, and� a are the Schmidt

coe�cients. The Schmidt indexa takesD values. The numberD is the Schmidt

rank. D itself is a crude measure of entanglement betweenL andR, though a better

measure would be the Von-Neumann entropy de�ned asS = �
Í

a
� 2

aÍ
a � 2

a
log � 2

aÍ
a � 2

a
.

For an arbitrary state in the total Hilbert space, the Schmidt rankD can be very

large (exponentially large inN•2). But as we discussed above, if the state follows

area-law,D can be kept small by ignoring small Schmidt coe�cients. So it means

for area-law states it is possible to choose a �nite number of basis states from the

two constituent Hilbert spaces and represent the overall state as their tensor-product

sum. And of course this representation is better than that in Eq. (1.1) because
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the entanglement between the two subsystems can be directly read o� from the

description.

If we want to gain more information about the entanglement structure, we can repeat

this process with the states L• R
j and further decompose them in smaller parts.

Again using area-law we know that in each decomposition we only need to retain

a �nite number of Schmidt coe�cients. We can repeat this process until the wave

function is written completely in terms of Schmidt basis on each site. Since we

needed� D new Schmidt coe�cients upon each decomposition, we will end up

with � Dlog2 N = poly¹Nº coe�cients that contain the entanglement information of

the wave function under consideration. This is much more e�cient representation

of the state compared to basis-superposition in (1.1).

Lets say we Schmidt decompose L
a further for everya in two halves, left,L1, and

right,R1. We might expect to get something likej L
a i =

Í
b � a;bj L1

a;bi 
 j  R1
b;ai . But if

the states inL1 also carrya index, then roughly speaking, it would imply the region

L1 is is entangled with the regionRas well, which should not happen under area-law.

So we would instead have something likej L
a i =

Í
b � bj L1

b i 
 j  R1
b;ai . The same

argument can be applied at every stage of the decomposition, that the Schmidt basis

appearing in a region should only carry Schmidt indices that are shared only with

regions nearby. Finally when we have Schmidt decomposed down to the individual

sites, we would get something like

j i =
Õ

a12;a23;:::;aN � 1;N

j ¹1º
a12i 
 j  ¹2º

a12;a23i 
 : : : j ¹Nº
aN � 1;N i ; (1.4)

where Schmidt coe�cients have been absorbed into wave functions on individual

sites. Hereak;k+1 is a Schmidt index that runs between sitek and k + 1. Due to

area-law,ak;k+1 take maximumD values for some �niteD (O¹1º in system size).

We can represent this wave function diagrammatically as follows. Represent ¹nº
a;b

(which is a state atnth site for a �xeda andb) appearing in the above as an object

with 3 indices,

j ¹nº
a;bi =

Õ

in

A¹nº
in;a;b ; (1.5)

whereA¹nº
in

is a matrix with elementsA¹nº
in;a;b. (Note thatA¹1º and A¹Nº will have to

be vectors rather than matrices.) De�ne a convention for summing over horizontal

indices (¹a; bº in above): if two such tri-leg diagrams are placed next to each other

such that they share a horizontal index, then we project them to be equal to each
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other and sum over them, and we also assume that the diagram is always summed

over all physical indices. With this convention one can see that the above state can

simply be written as

j i = ; (1.6)

or more explicitly

j i =
Õ

i1;i2;:::;iN

A¹1º
i1

A¹2º
i2

: : : A¹Nº
iN

ji1; i2; : : : ;iNi ; (1.7)

We have arrived at the simplest tensor network states, what is known as the open

boundary Matrix Product State (MPS). The terminology comes from the fact that the

coe�cients in the computational basis come from products of matrices. The 3-index

object we de�ned is called a rank-3 tensor. Mathematically, it is a diagrammatic

representation of a multi-linear map of rank 3.

So we see that the desire to extract the entanglement information of a 1D state,

facilitated by the assumption of area-law, led us to a TN representation of the state

under consideration. This happens to be true generally in higher dimensions as

well. In fact, most exotic many-body phenomena we mentioned can be discussed

and represented e�ciently through TN. It should be noted that, in principle, the

TN states can representanystate in the Hilbert space, but the valueD in the above

would have to be arbitrarily high (exponential in system size). So the bene�ts of

using tensors is mostly lost in such cases.

1.2 TN formalism

After having shown the physical motivation behind TN state construction, we in-

troduce the general formalism of tensor networks very brie�y. A general tensorT

of rank N can be thought of as an element of tensor product ofn Hilbert space,

T 2 H1 
 H2 
 : : : 
 HN. H j , in general, can have di�erent dimensionsdj for each

j = 1; : : : ;N. If we choose a basis in each Hilbert space, then we can writeT in

terms of a basis

T =
d1Õ

i1=1

d2Õ

i2=1

: : :
dNÕ

iN =1

Ti1;i2;:::;iN ji1i 
 j i2i : : : 
 j iNi : (1.8)

i1; : : : ;iN are called the indices of the tensorT, and the corresponding dimensions

d1; : : : ;dN are calledbond-dimensioncorresponding to the respective indices. In-

dices are also often called `legs' or `edges' when we representT in a diagrammatic
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way. Depending on the context, one can represent the tensorT in various ways,

(1.9)

Representation in (a) is the mose explicit one. It shows a tensor in terms of its

components. Though often, the sum over indices is implicit, in which case we

represent it as in (b). In fact sometimes we do not even need to label the indices

explicitly, so we simply represent it as a node with legs as in (c).

Generally, any object of interest in linear algebra can have a tensor representation

: (1.10)

(a) is rank-0 tensor, which is nothing but a scalar. (b) is a rank-1 tensor which is

nothing but a vectorv, wherei runs over the vector componentsvi . Similarly, (c)

is rank-2 tensor, which represents a matrixM with elementsMi; j . Last example is

a rank-3 tensor, for example the one we encountered in MPS representation of 1D

state above.

From tensors to tensor networks

There is a fundamental operation de�ned on single tensors, and a set of tensors

calledindex contraction, or simply,contraction. Contraction is an operation on a

set of tensors de�ned by summing over all possible values of the repeated indices

in the set. Contraction produces another tensor typically of smaller total rank than

the set it acted on. Contraction allows us to represent some of the basic operations

of linear algebra. For example, multiplying a vectorv with matrix M is nothing but

index contraction of their common index,

ub =
Õ

a

Mb;ava: (1.11)
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Similarly, matrix multiplication is an index contraction between two rank-2 tensors,

Ca;c =
Í

b Aa;bBb;c. Contraction is represented graphically by simply connecting the

`legs' of two tensors being contracted.

: (1.12)

It shows contraction of one index between a rank 5 tensorT1 and a rank 3 tensor

T2 which produces a rank-6 tensorT. Algebraically, the resulting tensor will have

components,

Ti1;i2;i3;i4;i6;i7;i8 =
Õ

i5

¹T1ºi1;i2;i3;i4;i5;i6¹T2ºi5;i7;i8: (1.13)

Though in this example we deleted the contracted leg, to highlight the fact that we

get another tensors, usually, the contracted legs are shown explicitly in the diagram

for convenience of representation. One can see that a matrix trace operation is

nothing but contraction of the two indices of a rank-2 tensor,

; (1.14)

and matrix multiplication with a vector can be represented as follows,

: (1.15)

After understanding the general notions of tensors and contraction operation on

them, now we can understand tensor networks

A tensor network (TN) is a set of tensors where some or all of its indices have been

contracted according to some �xed graphical structure on the set. To give it a more

concrete meaning, we can think of a general graph where each node represents a

tensor, and the edges connecting to that node are the legs of the tensor. Then if a

leg is shared by two nodes, we contract them. If it is open ended, then we do not

contract them. With these contractions, the resulting tensor can be visualized as a
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network created out of the original set. Following is an example of a tensor network

made out of 7 individual tensors,

: (1.16)

All edges of this graph that have both ends at nodes should be understood as having

summed over. While the edges that are open ended should be understood as the

indices of the resulting tensor (or the tensor network).

Breaking tensor netwrok into smaller pieces: tensor decomposition

Tensor decomposition is another fundamental operation on the tensor which is

opposite to that of contraction. Every tensor of rankN can be decomposed into two

tensors of rankn + 1 andN � n + 1. To do that, we can think of the given tensor as

a linear map fromn of its indices to the otherN � n indices. With this, it becomes

a matrix, which can be SVD decomposed. For concreteness lets consider a rank-5

tensorT. Lets say we want to decompose into two tensorsT1 andT2 of rank 4 and 3

respectively. We write

T =
Õ

i1;:::;i5

Ti1;i2;i3;i4;i5 ji1; i2; i3ihi4; i5j

. As a matrix it will have a SVD decomposition,T = USVy. Write T1 = U
p

Sand

T2 =
p

SVy. It is easy to see thatT1 has 4 indices,¹T1ºi1;i2;i3;� where lambda is the

index coming from the singular value matrixS. Similarly T2 will have 3 indices,

¹T2º�; i4;i5. Diagrammatically it can be represented as

; (1.17)
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where the SVD index has been shown in red to highlight. Decomposition is con-

ceptually opposite to that of contraction. Contraction maps a set of tensor into a

single tensor network, while decomposition can be used to break a tensor network

into pieces. However decomposition should not be confused as an inverse map to

that of contraction: ifT1 andT2 contract to give tensorT, it is not necessarily true

that decomposition ofT will give back tensorT1 andT2.

Tensor decomposition, as we will see, plays a key role in application of tensor net-

works in quantum many-body physics. It allows for us to cut down and approximate

inherently non-local objects, such as a quantum many-body state, into smaller, lo-

cal pieces, which are easier to handle and manipulate. The reason for this is that

tensor decomposition is related to a fundamental quantum mechanical quantity, the

entanglement, as we will discuss now.

Tensor decomposition and entanglement

Any quantum mechanical wave function can be thought of as a vector in the tensor

product of Hilbert spaces of its degrees of freedom. Therefore, it is a tensor of rank

N whereN is number of degrees of freedom in a particular description. To �nd

out how entangled two degrees of freedoms are, we have to Schmidt decompose the

wave function in terms of wave functions on individual degrees of freedoms. This

is nothing but the tensor decomposition described above. Roughly speaking, the

number values the emergent SVD leg in the decomposition has to take measures

the amount of entanglement between the constituent degrees of freedom. For

example, if it takes only one value, then it implies that the degrees of freedom under

consideration are not entangled at all. If it takes he maximum possible values, it

implies they are maximally entangled.

In the context of many-body quantum states, the degree of freedom of interest are

often just the local Hilbert spaces. If we go back and analyze the way we derived

the MPS state above, we can interpret it in the following way. We started with a

quantum many-body state, which can be thought of as a tensor of rankN, whereN

is the system size. When we performed an Schmidt decomposition in the middle, it

was basically decomposing the rankN tensors into two two tensors of rankN•2+ 1

each. Schmidt decomposition is nothing but the SVD decomposition described

above. The Schmidt coe�cients are the singular values and the basis states R• L
a

were the tensorN•2+ 1 rank tensors. This tensor decomposition was useful because

of the area-law, which, roughly speaking, puts an upper limit on the dimension of the
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extra index that appears during decomposition. We repeated this process and broke

the tensor into smaller and smaller pieces, until we reached tensors corresponding

to single-sites. Again, area-law facilitated us along this decomposition by keeping

the bond-dimension �nite at each stage.

We would work out many such tensor networks in detail in the course of this thesis,

and hence we would make extensive use of tensor decomposition in various ways.

1.3 TN representation of 1D states

Till now we have discussed tensor networks abstractly. Now we will discuss some

concrete examples to appreciate their application to quantum many-body physics.

As mentioned earlier, the TN states in 1D are often called Matrix Product States

(MPS). The MPS described earlier had, in general, a di�erent rank-3 tensor sitting

at each site. But when we are not interested so much in microscopic detail of a

system but rather in the class (often called aphase) of a universal behavior that the

state belongs to, then it is usually possibly to �nd a representative state of that class

that is translation-invariant. In this case we can put the same tensor everywhere to

construct the state. Translation-invariant MPS can simply be written as,

j i
Õ

i1;:::;iN

Ai1 : : : AiN ji1; : : : ;iNi : (1.18)

It means that the state, and the phase it belongs to, can roughly be represented by a

single rank-3 tensor,Ai ;a;b. This is indeed a remarkable reduction in complexity of

the problem! In the context of many-body states, the indices that are contracted to

produce the tensor network are often called `inner' or `virtual' indices/legs. And the

uncontracted legs are called `outer' or `physical' indices/legs. So in MPS description

Ai ;a;b, i is the physical index, whilea; b are virtual/inner indices. Now we will look

some examples of some important 1D states represented by such a rank-3 tensor.

As mentioned before, Tensor network states in 1D are called Matrix Product States

(MPS). MPS has found a wide range of application in 1D many-body physics. One

can prove that the low-energy states of all gapped, local 1D Hamiltonian can be

described e�ciently by an MPS. Here are a few examples,

1- GHZ states:The simplest example of an MPS is a GHZ state. A GHZ state can

simply be written as, = j00: : :0i + j111i . Its MPS representation has the same

rank-3 tensorA sitting at each site, whereA is given by

(1.19)
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2- AKLT states:The AKLT[23] Hamiltonian is,H =
Í

i
®Si ®Si+1 + 1

3¹®Si ®Si+1º2 where
®Si is the vector of spin-1 operators at sitei . It is a gapped Hamiltonian with ground

state admitting a MPS representation. The local rank-3 tensor can be written as

A0 = � z; A1 =
p

2� +; A2 =
p

2� � , where� 's are Pauli-operators.

3- Cluster states:Cluster states[24] are de�ned as the 1D state that is a +1 eigenstate

of a set of mutually commuting operators given byOi = � i � 1
z � i

x� i+1
z . These states

can be constrcuted by applying the product of associated projector1
2¹1+ Oi º for each

site to the vacuum state. It admits an MPS representation given byA0 =

"
0 0

1 1

#

and

A1 =

"
1 � 1

0 0

#

.

4- Symmetry Protected Topological (SPT) phases:the cluster states described above

are actually a particular examples of what is known as the SPT phases of quantum

matter[14�18]. These phases are characterized by their central property that these

systems can actually be deformed into each other smoothly (that is, without a phase

transition) if we do not protect certain global symmetries of the system. However,

di�erent phases cannot be connected if try to maintain the same global symmetry

along the deformation path. It has been shown that all SPT phases in 1D can be

represented e�ciently by MPS [25].

Before moving on to describing TN states in two dimensions, we would �rst look

another important application of tensor networks: representation of operators.

1.4 TN representation of 1D operators

Till now we have only talked about how tensor networks can often represent phys-

ically relevant many-body quantum states. But as we remarked earlier, tensor

networks can, in general, be used for any object in linear algebra. Of course, just

as we need to �nd a good representation of states in many-body physics, we may

also need to �nd good representation of the many-body operators that act on these

states. In fact, if we are working with the TN representation of states, it is desirable

to work with TN representation of operators as well.

How can we represent operators using tensors? Since we are mainly focusing on

translation-invariant systems, we are mainly concerned with translation-invariant
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operators as well. To construct an operator, consider a rank-4 tensor as follows:

: (1.20)

We think of the indicesi and j as the input and output physical index, anda andb

as the left and right virtual indices. Lets sayi; j take values in some local Hilbert

space,Hd. Now we juxtapose these tensors side by side and contract the shared

virtual indices. We get a tensor network that looks something like this:

: (1.21)

This can easily be seen to be a linear operator from Hilbert spaceH 
 N
d to H 
 N

d . Such

operators are called Matrix Product Operators (MPO), because they are described

as a product of matricesM i; j . We will come across various applications of MPOs

in the course of this thesis. As one can see, MPO representation can produce highly

entangled, non-local operator very easily. As we will see, MPOs provide a very

important formalism for the study of TN representation of topological states in 2D.

The matrix product formalism [26, 27] has played a signi�cant role in the study

of one dimensional systems. In particular, the matrix product representation of 1D

quantum states underlies successful numerical algorithms like the Density Matrix

Renormalization Group algorithm [28] and the Time-Evolving Block Decimation

algorithm [29]. Moreover, the matrix product representation provides a deep insight

into the structure of the ground states in 1D [27], which enables rigorous proofs of

the e�ciency of 1D variational algorithms in search for the ground states [30, 31]

and also a complete classi�cation of 1D gapped phases [25, 32�34].

Operators can also be represented in a matrix product form [35�37], which provides

a useful tool in the simulation of one dimensional mixed states and real / imaginary

time evolutions (see for example Ref. Mascarenhas2015,Wall2012). In particular,

matrix product operators which are unitary play an important role in not only the

simulation of dynamical processes in 1D, but also the understanding and classi�ca-

tion of (symmetry protected) topological phases in 2D [14�18]. One of the main

objectives of this thesis is to understand the structure of Unitary matrix product

operators.
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1.5 TN representation of 2D quantum states

Tensor network representation of 2D quantum states is often called Projected En-

tangled Pair States (PEPS). PEPS are immediate generalization of MPS to two

dimensions. As before, we are mainly interested in translation-invariant states.

Consider the following rank-5 tensor with componentsTi
a;b;c;d,

; (1.22)

wherei is the physical leg anda; b; c; d are the virtual legs. Physical leg should

be visualized as vertical while the virtual legs should be visualized to be in 2D

plane. To better distinguish physical and virtual legs in 2D we will follow this color

convention through the thesis: physical legs would be represented by vertical black

lines, while virtual legs would be represented by horizontal red lines. Now we can

put these tensors next to each other on a 2D square lattice and contract the virtual

legs. This tensor network will represent a 2D quantum many-body states with some

dangling virtual legs on the boundary,

: (1.23)

In di�erent context, the boundary can be closed or used di�erently. Note that though

we chose a square lattice to represent a 2D TN, similar TN can be described on any

tringulation of a 2D manifold. Of course one can see that one has to have a minimum

rank-4 tensor to represent a 2D state. PEPS also satisfy area-law like MPS.

PEPS are able to represent a wide range of gapped 2D quantum states. They

�nd applicability in Tensor Renormalizaion Groups (TRG), Second Renormaliza-

tion Group (SRG), Higher-Order Tensor Renormalization Group (HOTRG) Corner

Transfer Matrices (CTM) etc. They are widely used in simulation of phase transi-

tions of various kinds.
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One particular application of PEPS that we are interested in, is in representation of

2D topological phases, and simulation of topological phase transitions. The �rst

half of this thesis would be centered around investigating these representations.

1.6 Summary of chapters and guide to read the thesis

The thesis is naturally divided in two parts: chapter 2 and 3 are focused on TN

representation of 2D topological states, while chapter 4 and 5 are focused on un-

derstanding TN representation of 1D unitary operators. These two parts are mostly

independent of each other. So a reader can choose to �rst focus on either of the part

as per their interest. Both chapter 2 and 3 have the common theme: they investigate

how `stable' a TN representation of a 2D topological state is. But it is advisable to

read chapter 2 before chapter 3.

Chapter 2: Chapter 2 starts with �rst giving an algorithm to calculate the topo-

logical entanglement entropy in section 2.2, which readers can skip if they are not

interested in the details of the algorithm, as the rest of chapter does not use it as

a prerequisite. Then we start with analyzing concrete, and relatively simple topo-

logical model of toric code and its TN representations. We observe that the TN

representations are unstable. The next few sections delve into de�ning some intu-

itive subspaces of the tensor to explain this instability. These are the key de�nitions.

Then the central mathematical conjecture explaining the instability of this chapter is

presented in section 2.6 along with the conjectured physical explanation. Next few

sections provide the physical reasons of instability in sequential logical steps. We

conclude this chapter with noting that TN instability has important consequences

for topological phase transition simulations.

Chapter 3: The goal of this chapter to prove the conjecture put forward in chapter 2

for the general string-net models and their general TN representation. It does so in

a series of logical steps, �rst by calculating the required subspaces of the conjecture

in section 3.4 and section 3.5. After generalizing discussion from chapter 2 to the

general string-nets in next few sections, we discuss a non-abelian example, Double-

Fibonacci model in section 3.9. Finally we give an analytical proof of the conjecture

for all string-nets.

Chapter 4: Chapter 4 and 5 also have a common theme: characterizing MPOs

that are unitary. But chapter 4 is almost entirely focused on a particular subset

of these operators: operators that also map local operators to local operators. We

start with assuming a general form for the MPU, based on their unitarity, which is
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subsequently used to prove that these tensor satisfy certain simple properties. It is

shown easily in section 4.2 that all locality-preserving unitaries can be represented

by MPOs. As one of the key results of this chapter, it is then shown in section 4.4

that the GNVW index, that measures the �ow of information under such unitaries,

can be extracted by de�ning a Rank-Ratio index, which can be locally calculated.

Chapter 5: In chapter 5 we go beyond the locality-preserving unitaries and �nd a

necessary su�cient condition for all periodic 1D unitary MPOs in section 5.2 as

the key result of this chapter. To discuss these MPOs a general notion of action on

local operator is discussed and quanti�ed in section 5.4. With these new tools, we

�rst revisit the locality-preserving unitary MPOs and �nd a su�cient condition for

locality-preservation in section 5.5 which is parallel to condition for short-ranged

correlation of MPS in a certain sense. We try to improve upon some of the results

from chapter 4 and show a direct relation between GNVW index and Rank-Ratio

index. We conclude by discussing some interesting examples of MPUs which map

local operators to non-local operators in section 5.6. These MPUs are shown to have

MPO symmetries similar to PEPS representing topological order in 2D.
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C h a p t e r 2

TN REPRESENTATION OF 2D TOPOLOGICAL QUANTUM
STATES AND ITS INSTABILITIES

2.1 Background and motivation

The tensor network representation of quantum states (including the matrix product

states in1D) [38�41] provides a generic tool for the numerical study of strongly

interacting systems. As variational wave functions, the tensor network states can

be used to �nd the ground state wave function of local Hamiltonians and identify

the phase at zero temperature. In particular, it has become a powerful approach in

the study of topological phases, whose long range entanglement is hard to capture

with conventional methods. It has been shown that a large class of topological

states, the string-net condensed states [13], can be represented exactly with simple

tensors [42, 43]. Moreover, numerical studies applied to realistic models have

identi�ed nontrivial topological features in the ground state wave function (see e.g.

Ref.[44�46]).

In the numerical program, the parameters in the tensors are varied so as to �nd

the representation of the lowest energy state. After that, topological properties are

extracted from these tensors in order to determine the topological phase diagram at

zero temperature. However, this problem might not be numerically `well-posed'.

That is, arbitrarily small variations in the local tensor may lead to a completely

di�erent result as to what topological order it represents. In particular, Ref. [47]

demonstrates that this happens in the case ofZ2 toric code topological order. While

this presents a serious problem for the tensor network approach to study topological

phases, Ref. [47] also showed that such instabilities can be avoided if certainZ2

symmetry is preserved in the local tensor. It has been shown that the topological

order in the toric code model is stable against arbitrary local perturbation to the

Hamiltonian of the system [48]. The fact that a certain variation direction of the

tensor network representation may induce an immediate change in the topological

order indicates that such a variation corresponds to highly nonlocal changes in the

ground state wave function.

Does a similar problem occur for other tensor representaion of the toric code, or for

other topological states as well? This is the question we address in this chapter and
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the next chapter. In particular, we ask:

1. Does the tensor network representation of other topological states also have

such unstable directions of variation?

2. If so, can we predict which variaions cause instabilities and which do not?

In particular, can they be avoided by restricting the variations to a certain

subpace?

3. What is the physical reason behind such instabilities and their prevention?

While the Z2 symmetry requirement for toric code is naturally related to theZ2

gauge symmetry of the theory, for more general string-nets which are not related to

gauge theory, it is not clear whether similar symmetry requirement is necessary and

if so what they are.

In this chapter and the next chapter, we answer the above questions as follows:

1. All string-net tensors have unstable directions of variation.

2. Instabilities are caused if a variation respects the `stand-alone' symmetry

but violates the Matrix-Product-Operator(MPO) symmetries introduced in

Ref.[15, 49]. We give a mathematical construction of the projector onto the

space of all stable variations that can be used to in numerical calculations to

protect against instabilities.

3. The physical reason for the instability is that `stand-alone' variations which

violate these symmetries induce condensation of bosonic quasi-particles and

hence destroys (totally or partially) the topological order.

To support the above claims, we calculate the topological entanglement entropy

Stopo[50, 51] from the representing tensor and (partially) characterize the encoded

topological order. In particular, consider a tensor network state represented by a

local tensorT. We are interested in varying the local tensorT everywhere on the

lattice, in such a way thatT ! T + � T0, where� � 1. In order to study whether

topological order is lost or still present after a variation in the directionT0, we

calculate topological entanglement entropy of the original and the modi�ed state as

a function of� , Stopo¹� º. We say the variation is unstable inT0direction if

lim
� ! 0

Stopo¹� º , Stopo¹0º: (2.1)
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If lim � ! 0 Stopo¹� º is smaller thanStopo¹0º, we say that topological order is (par-

tially) lost. If lim � ! 0 Stopo¹� º = Stopo¹0º we call that direction stable meaning that

topological order is still present and remains the same. This understanding of ten-

sor instability is important not only for the identi�cation of topological order for

a particular model, but also for the numerical study of phase transitions between

topological phases. In particular, if one is to use the tensor network approach to

study phase transition due to boson condensation, then the corresponding variation

direction must beallowed in order for the simulation to give correct results. For

example, in Ref. [52], it was shown that if such variation directions are not included

as variational parameters, then we see a �rst order transition even though in fact it

is second order. We are going to elaborate more on this point later at the end of this

chapter.

The problem of general string-net model would be discussed at length in the next

chapter. In this chapter we would focus on particular examples and a general for-

malism for understanding instabilities. This chapter is organized as follows. We

start with showing in section 2.2 how we calculate the topological entanglement

entropy with a given tensor network representation of the topological state. Then

in section 2.3 we discuss the simplest topological model, the toric code [12], and

study two types of tensor network representation, single-line and double-line repre-

sentation, and their instabilities. We �nd that while single-line indeed has instability

with respect to certainZ2 symmetry breaking variations (as shown in Ref [47]), the

double-line instabilities are more complicated. The double-line examples show that

di�erent virtual symmetries of a tensor interact in a complicated way in determin-

ing which variations are unstable. To understand the relation of instabilities with

virtual symmetries we �rst de�ne two subspaces of the virtual space: `stand-alone'

subspace in section 2.4 and then MPO subspace in section 2.5. Then we present the

main conjecture of this work, thetensor-instability conjecturein section 2.6, where

we put forward the conjecture that variations that are in stand-alone subspace but

are outside the MPO subspace are the ones that cause instability. We then present

the physical understanding of this conjecture in the form of a physical conjecture

that says that these instabilities are caused by boson condensation. To understand

this physical conjecture, we �rst explain the physical signi�cance of the stand-alone

space in section 2.7 followed by an understanding of the physical signi�cance of

the MPO subspace explained in section 2.8. Then in section 2.11, combining the

understanding of these two subspaces, we �nally explain how unstable variations

physically correspond to condensation of bosons and o�er this as the reason for
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topological phase transition seen in numerical calculations. We test the mathe-

matical and physical conjecture on the double-semion model in section 2.12 and

conclude the chapter with a discussion on what this results implies about the phase

transition simulations using tensor network ansätz and �nally giving an outlook in

section 2.14.

2.2 Calculating topological entanglement entropy with tensor network

Here we explain the algorithm we use to calculate the topological entanglement

entropy of any translation invariant tensor network state. We use the idea presented

by Ciracet al. [53] to calculate reduced density matrix on a region and hence its

entanglement entropy. We consider honeycomb lattice, though it can easily be

extended to other lattices. By translation invariant we mean that all vertices on

the sublattice A and sublattice B are attached with the same tensors,TA andTB,

respectively. First we de�ne certain notations for convenience of later discussion.

The starting objects are given tensorsT I
� , whereI and� denote the set of physical

and virtual indices, respectively:I = ¹i1; i2; ::º; � = ¹� 1; � 2; ::º. The state represented

by these tensors can be written as

j	 i =
Õ

I1;I2;::

Tr¹T I1T I2 : : :º jI1; I2; :::i : (2.2)

We denote the tensor resulting from contracting the virtual indices of tensorsT on

a regionR asT¹Rº. T denotes the `double tensor' resulting from contracting the

physical indices ofT with those ofTy, that is,T = TTy =
Í

I T I
�

�
T I

� 0

� � . Similar to

T¹Rº, we denote the double tensor contracted on a regionR asT¹Rº.

Now let us consider putting this tensor network state on a cylinder. We denote the

left half of the cylinder asL and the right half asR. The honeycomb lattice is placed

in a way so thatL andR divide it into exact halves. So the line between the two

halves goes through the middle of the plaqeuttes as shown in the Fig. 2.1(a). We

denote the tensors on the left and right boundaries asTl andTr .

When we contract bulk double tensors with the boundary double tensors, we get a

density matrix operator on the virtual indices,

� L = Tl ¹@LºT¹Lº; � R = T¹RºTr ¹@Rº: (2.3)

Cirac et al. [53] showed that the physical reduced density matrix on one of these

halves, let's say the left one, is related to the density operator on the virtual indices

as,

� L = U
q

� T
L � R

q
� T

L Uy; (2.4)
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whereU is an isometry. Hence� L and
q

� T
L � R

q
� T

L have the same spectrum. In

addition, under right symmetry conditions,� T
L = � R = � b. When this is true, up to

change of basis, we �nd that� L / � 2
b. The normalized reduced density matrix is

� L =
� 2

b

Tr¹� 2
bº

: (2.5)

It is known that the Rényi entropy with any Rényi index gives the same topological

entanglement entropy[54]. So we calculate Rényi entropy with Rényi index1
2,

S1•2¹� Lº =
1

1 � 1•2
logTr¹� 1•2

L º

= 2 logTr¹� bº � logTr¹� 2
bº: (2.6)

In the limit of large cylinder, it should behave like

S1•2¹� Lº = � 0jCj � Stopo; (2.7)

wherejCj is the circumference of the cylinder. This is how we calculateStopostarting

with a tensor network state.

Before we move on to the next step, we would like to mention an important subtlety

regarding computation ofStopo on a cylinder. In Ref.[55, 56] it has been shown that

Stopo calculated this way on a cylinder, in general, might depend on the boundary

conditions. We choose a particular boundary condition for all our calculations and

examine the dependence ofStopo on boundary condition in the appendix A.1. Our

�ndings are consistent with the conclusion in Ref.[56].

We �rst have to calculateT¹RºTr ¹@Rº for the above setup. The problem is, the

computational complexity of exact tensor contraction grows exponentially with the

size of R, so we need to use some approximate renormalization algorithm. We

use an algorithm which is a slight modi�cation of known tensor renormalization

algorithms [41, 52, 57]. Consider double tensors contracted along a thin strip on

the cylinder giving us atransfer matrix operator, S. If R includesn of such strips,

we haveT¹Rº = Sn. Since the tensor network state under consideration are short

range correlated along the cylinder, the spectrum ofS is gapped. Consequently,

for large n, only the highest eigenvalue and the corresponding eigenvector ofS

dominates. That is, in thermodynamic limit,T¹Rº only depends on the highest

eigenvalue/eigenvector of the transfer matrix operator,S. Moreover, we expect to

approximate the eigenvector of highest eigenvalue with aMatrix Product State (MPS)



22

Figure 2.1: (a) The honeycomb lattice is put on a cylinder with some boundary
tensors,Tr . We calculate the topological entanglement entropy by calculating the
entanglement entropy of the right half of the cylinder. (b) We contract the bulk
tensors with the boundary ones layer by layer (from right to left ) in a recursive way.
In each recursion step, a layer between the two red dotted lines is contracted with
the boundary tensors.

Figure 2.2: Each recursion step is shown in detail. We �rst contract the two bulk
tensorsTA, TB and two boundary tensorsTA0, TB0 to produceTAB0BA0. Then we
use singular value decomposition to approximateTAB0BA0 as a contraction of two
tensorsSA0 andSB0.

with �nite bond dimensions, since the tensor network state is short range correlated

along the circumference of the cylinder. So we can start with a boundary MPS, apply

the transfer matrix operator, and approximate the resulting state as an MPS with a

�xed, �nite bond dimensions. With each step, approximation to the eigenvector with

highest eigenvalue improves and we do this recursively until we reach the �xed point

giving us the desired eigenvector. Note that we require transfer matrix operators to

be re�ection symmetric for the condition� T
L = � R = � b ) � L / � 2

b to hold true.
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The recursive algorithm is as following:

1. Initiate the boundary double tensorTA0 = Tr;A0 andTB0 = Tr;B0 (Fig. 2.1(b)).

2. Contract the bulk double tensors,TA andTB with each other giving a 4 leg

tensorTAB . ContractTB0 andTA0 with each other giving a 4 leg tensorTB0A0.

ContractTAB andTB0A0 with one another giving 4 leg tensorTAB0BA0 (�rst

equality in Fig. 2.2).

3. Reshape the tensorTAB0BA0 into a matrixM whereM� � 0;�� 0 = ¹TAB0BA0º� � 0�� 0 [57].

Now we perform an SVD decomposition ofM, M = U� Vy and the approxi-

mation step: we keep only the highestDcut singular values, and de�ne the new

tensorsSA0 andSB0 as¹SA0º� � 0
 = U� � 0;

p

� 
;
 and¹SB0º
 �� 0 =
p

� 
;
 Vy

;�� 0

where
 takes values1; 2; : : : ;Dcut. SA0 andSB0 form an approximate decom-

position ofTAB0BA0,

DcutÕ


 =1

¹SA0º� � 0
 ¹Sy
B0º
 �� 0 � ¹ TAB0BA0º� � 0�� 0 (2.8)

(approximating step in Fig. 2.2).

4. Check convergence of� . � � 1 is the precison tolerance. Letn denote the

nth recursion step. Ifj j� n � � n� 1j j1 < � exit algorithm.

5. PutTA0 = SA0 andTB0 = SB0 and go to step 2.

2.3 TN representations of Toric Code state and their instabilities

We start from the simplest illustrative example of nonchiral intrinsic topological

order: the toric code [12]. We work on a hexagonal lattice and assign local degrees

of freedom, i.e. 0-spin down- or1-spin up, on the edges of the lattice. The

Hamiltonian is a sum of local commuting projectors, given as

H = �
Õ

v

Av �
Õ

p

Bp

= �
Õ

v

Ö

l 2v

Zl �
Õ

p

Ö

l 2p

Xl; (2.9)

wherev denotes the vertices, andp denotes the plaquettes.l 2 v denotes the edges

attached tov andl 2 p denotes the edges on the boundary of plaquettep. Vertex

terms restrict the ground states to closed strings of1s and plaquette terms make all
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possible loop con�gurations of equal weight. Therefore, the toric code ground state

(up to normalization) can be written as

�
�	 gs

�
=

Õ

X2closed

jXi ; (2.10)

whereX denotes the string con�gurations on the lattice. So, the ground state of toric

code hamiltonian is an equal weight superposition of all closed string con�gurations.

It has topological order and has topological entanglement entropyStopo = log 2.

Now we look at tensor network representations (TNR) of the above toric code ground

state. Speci�cally, we �rst explain theSingle-linetensor representation, and then the

Double-linetensor representation. We see that di�erent TNR have di�erent kinds of

instabilities, which come from di�erent self-bosons that can condense in each TNR.

Speci�cally, the unstable direction in the single-line TNR condensese-particles,

while in the double-line and triple-line it condensesm-particles.

Single-line TNR of the toric code

Figure 2.3: Single-line TNR of the toric code state.

This is the simplest TNR of the toric code state. We �rst split each qubit on the edges

into two, as shown in the Fig. 2.3(a). That is, the labels0and1on every edge become

00and11on the same edge. Now the local Hilbert space neighbouring each vertex

is made out of three qubits. We associate a tensor with three physical indices/legs

(throughout the paper we will use �indices� and �legs� interchangeably), and three

virtual indices/legs to each vertex, represented algebraically as¹T0ºi j k� �
 wherei; j;

andk are the three physical indices and�; �; 
 are the three virtual indices, as shown
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in the Fig. 2.3(b). The components of the tensor are

¹T0ºi j k� �
 =

8>><

>>
:

� i � � j � � k
 if � + � + 
 = even

0 otherwise
; (2.11)

where� is the kronecker delta function. So, physical and virtual legs are identi�ed

and an even number of indices carry label1 out of every three edges neighbouring a

vertex, i.e., we satisfy the vertex condition. The plaquette condition is also satis�ed

since every con�guration is of equal weight. Therefore, the tensor network state

constructed using the above local tensor leads to the toric code ground state given

in Eq. (2.10).

Double-line TNR of the toric code state

Figure 2.4: Double-line TNR of the toric code state. We again split the qubit on each
edge into two, and assign each to the two nearby vertices. The local physical Hilbert
space consists of 3 qubits. We associate to each vertex a tensorTi; j;k

�;� 0;�;� 0;
;
 0 (shown
in (b)), where out of plane legs,i; j; k, correspond to the 3 physical indices, and
in-plane legs�; � 0; �; � 0; 
; 
 0 are the virtual indices. Virtual indices of the tensors
contract along the shared edges to produce the toric code state on the physical
indices.

In the double-line TNR of the toric code state, we associate with each vertex a tensor

with 3 physical legs and 6 virtual legs,Ti j k
�� 0;� � 0;

 0, (see Fig. 2.4). We will refer to

these virtual indices as `plaquette indices' or `plaquette legs' sometimes, because

they carry the plaquette degree of freedom that comes from the local Hamiltonian

term. All indices take values 0 and 1. We denote the TNR corresponding to the RG
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�xed point state asT0. (We use the same notation for di�erent �xed point tensors,

but it should be clear from the context which �xed point tensor we are discussing.)

First property ofT0 is that¹T0ºi j k�� 0;� � 0;

 0 / � �� 0� � � 0� 

 0, that is, indices on the same

plaquette assume the same values. The second property is that the physical indices

can be considered as labeling the domain wall between the virtual indices. If the

two virtual indices in the same direction have the same values (both either00 or

11) then the physical index in the middle has value0, otherwise it is1. That is,

i = � + 
; j = 
 + �; k = � + � (all additions are modulo 2). So we can writeT0 as

¹T0ºi j k�� 0;� � 0;

 0 = Si j k
� �
 � �� 0� � � 0� 

 0;

Si j k
� �
 =

8>><

>>
:

1 if i = � + 
; j = 
 + �; k = � + �

0 otherwise
:

We can write all non-zero components explicitly,

T000
00;00;00= T000

11;11;11= 1; T011
00;11;11= T011

11;00;00= 1;

T101
11;00;11= T101

00;11;00= 1; T110
11;11;00= T110

00;00;11= 1:

(2.12)

Instability in TNRs of toric code states

It was shown by Chenet al. [47] that single-line TNR of the toric code state is

not stable in certain directions of variation. Before we explain what these unstable

directions of variation are, we �rst note that the single-line TNR explained above has

avirtual symmetry. If an operation on the virtual indices leaves the tensor invariant,

we will call it a virtual symmetry of the tensor. Because the single-line tensor is

non-zero only when virtual legs have even number of 1s, it has a naturalZ 
 Z 
 Z

virtual symmetry (Fig. 2.13)(See Schuchet al. [58] for TNR virtual symmetries of

the quantum double models). That is, the tensor in (2.11) satis�es the relation,

: (2.13)

It is a Z2 symmetry with group elements1 
 1 
 1 and Z 
 Z 
 Z acting on the

virtual legs of the local tensor. Chenet al. [47] showed that topological order is
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stable withanyZ2 respecting variations and unstable with anyZ2 violating variation.

To illustrate this, we can consider two di�erent directions of variation in single-line

TNR. We can add anX or Z variation on one of the virtual indices of the tensor,

: (2.14)

More explicitly, these tensor components are given by,

T¹Xº
� �
 =

Õ


 0

X
;
 0T0
��
 ; (2.15)

T¹Zº
� �
 =

Õ


 0

Z
;
 0T0
��
 : (2.16)

T¹Xº variation violates theZ2 symmetry whileT¹Zº does not. That is,

; (2.17)

and it was shown thatT¹Xº type variations cause an instability and whileT¹Zº

type variations do not. Note that, though we chose variations only on the virtual

indices for simple illustration, the same conclusion applies for any random variation

including those on the physical indices. However, if a variation actsonly on the

physical indices, it cannot break theZ2 virtual symmetry, and hence would be stable.

We use the algorithm described in the section 2.2 to calculateStopo of the tensor

network state constructed by a local tensor with random variations added to the

�xed point tensor given in Eq. (2.11).IV = I 
 3 is projector onto the full virtual

space.M = 1
2¹I 
 + Z
 3º is a projector on to the space of variations that respect the

Z
 3 symmetries. So,IV � M is a projector on to the space of variations that break

Z
 3 symmetries. We �rst calculateStopo in the state constructed by the �xed point

tensor,T0. Then we generate a random tensorTr on the full space, project it on to the

subspaceIV � M, add it to the �xed point value,T0 ! T0+� ¹IV � MºTr , and calculate

Stopo¹� º. Similarly, we generate a random tensorTr on the full space, project it on

to Z
 3 respecting subspaceM, add it to the �xed point value,T0 ! T0 + � MTr , and
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Figure 2.5: Numerical calculation of topological entanglement entropyStopo¹� º of
states represented by toric code �xed point single-line tensors,T0, varied with an
in�nitesimal random tensor in di�erent subspaces.� value is kept �xed at� = 0:01.
Blue dot corresponds toStopo with no variation.IV = I 
 3 is the projector on to the
full virtual space.M = 1

2¹I 
 + Z
 3º is the projector on to the space of variations that
respect theZ
 3 symmetries. So,IV � M is a projector on to the space of variations
that breakZ
 3 symmetries. We see that variations inIV � M subspace are unstable
while variations inM are stable. Details of this numerical calculation are given in
the appendix A.2

.

calculateStopo¹� º. We keep the value of variation strength� = 0:01(low enough) to

make sure it is not near any phase transition point. The results are shown in Fig. 2.5.

We see thatZ
 3 respecting variations lead to the same topological entanglement en-

tropy as the �xed point state, whileZ
 3 violating variations lead to zero topological

entanglement entropy. This reproduces the result by Chenet al. [47].

Is double-line TNR unstable too? We �nd that it is unstable too in certain directions

of variations. Similar to the single-line case, a variation is stable or unstable

depending on whether or not it violates certain virtual symmetries. So let's �rst

look at the symmetries of the double-line TNR. It has 6 virtual indices, so the

virtual space dimension is26 = 64, while the physical space dimension is again

4. So we need a symmetry group withjGj = 64•4 = 24. Indeed the tensor has a

Z2 � Z2 � Z2 � Z2 virtual symmetries. First it has aX6 symmetry. That is, if we

�ip all the six virtual indices, the tensor remains the same. Second, it has 3Z 
 Z

symmetry, whereZ 
 Z are applied to the two virtual indices on the same plaquette.
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So the double-line tensor in (2.12) satis�es these symmetry equations:

: (2.18)

Single-line TNR had only one suchZ2 symmetry and it turned out that breaking

it results in phase transition. For double-line we have fourZ2 symmetries. So the

question is, are all of them important? That is, is it the case that breaking any of

them with a variation leads to instability? Indeed many di�erent possible kinds of

variations are possible, for example:

: (2.19)

A variation can violateZ 
 Z but notX
 6 (for example, 2.19(a) ), or it can violate

X
 6 but notZ 
 Z (for example, 2.19(b) ), or it can violate both (for example, 2.19(c)

), or it can violate neither(for example, 2.19(d) ), etc. So to �nd out, we need to look

at the unstable directions of variations of the �xed point tensor.

Our numerical calculation reveals an interesting result. We �nd that (see Fig. 2.6 )

1. Variations that breakZ 
 Z but not X
 6 (an X variation, for example) are

stable.

2. Variations that breakX
 6 but not Z 
 Z (a Z variation, for example) are

unstable.

3. Variations that break bothX
 6 andZ 
 Z (a ZX variation, for example) are

stable.
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Figure 2.6: Numerical calculation of topological entanglement entropyStopo¹� º
of the states represented by toric code �xed point double-line tensors,T0, varied
with an in�nitesimal random tensor in di�erent subspaces.� value is kept �xed
at � = 0:01. Blue dot corresponds toStopo with no variation. IV is projector onto
the full virtual space.M0 is the projector on the stand-alone subspace.M is the
MPO subspace projector. We take a random tensor and apply the projectors to
generate random tensors in respective subspaces. Variations inIV � M0 violate
Z 
 Z symmetry. Variations inM0 � M violateX
 6 but notZ 
 Z. Variations inM
violate no virtual symmetry. The details of this numerical calculation are given in
appendix A.2.

To understand it physically, we �rst have to understand the notion of`stand-alone'

variations of a TNR. So we see that the relation between unstable variations and

virtual symmetries of the double-line TNR is more complicated than that for single-

line TNR. TheX
 6 symmetry looks like theZ
 3 symmetry of the single-line TNR,

as they both operate as a loop operators, and unstable variations in both TNR violates

these loop symmetries. However, the crucial di�erence in double-line is that then

there are extra symmetries (the 3Z
 2 symmetries) which have an exact opposite

relation with the unstable variations: a variation is actuallystablewhen it violates

these symmetries (irrespective of whether or not it violated the loop symmetry). It

indicates that the sources of these two kinds of symmetries must be di�erent. How

can we understand this phenomena? We will now show that the sources of these

symmetries are indeed di�erent, and it is the interplay between these two symmetries

that determines the tensor instability phenomena. The symmetries whose violation

causes instability comes from the so-calledMPO subspaceof the virtual space,

while the symmetries whose violation causes stability comes from what we de�ne

to bestand-alone subspace.We will de�ne these subspaces and calculate them for

the two TNR in the next two sections.
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2.4 Virtual subspaces of a TNR: `Stand-alone' subspace

A generic tensor is can be thought of as a linear map from virtual vector space to

physical vector space. The virtual space has two important subspaces and play the

de�ning role in determining tensor instabilities. We will explain them now.

Figure 2.7: Replacing a �xed point double tensorT0 in the tensor network with a ten-
sor variationT. A varied tensor network is a superposition of wave functions where
�xed point tensors have been replaced by the variation. But for most variations, this
tensor network collapses (i.e. becomes zero).

Double tensorT of a tensorT is de�ned asT =
Í

I T I
� ¹T� ºI

� 0. It can be interpreted

as a density matrix on the virtual space. Now consider the double tensor of a RG

�xed point TNR, T0, contracted over some large regionR. Let's say we removeT0

from one site and replace it with some other double tensor,T. What do we get? In

particular, are there tensorsT such that this replacement collapses the whole tensor

network? By collapse, we mean that we simply get zero upon contraction. The

answer turns out to be, yes. In fact, as we see later,mosttensorsT will collapse

the �xed point tensor network upon replacement. It turns out that only the tensors

supported on a particular subspace of the full virtual space can replace the �x point

tensor without collapsing the whole tensor network. We will call this spacethe

stand-alone subspace of the TNR.Now we will give a systematic way of calculating

this subspace for a given �xed-point TNR.

Consider contracting the �xed-point double tensorsT0 on a large disc with an open

boundary. Now we remove the tensor at the origin. This tensor network will have

dangling virtual indices at the origin and at the boundary of the disc. We want to �nd
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Figure 2.8: Calculation of stand-alone space. We put the �xed point double tensor
network on a large disc with a hole at the origin (one double tensor removed).
This tensor network has dangling virtual indices (red legs) at the outer and inner
boundaries. We trace out the virtual indices at the outer boundary, and the support
space of the remaining tensor at the inner boundary gives us the stand-alone space.

out the space of tensors that can be put on the origin without collapsing the tensor

network. We do not care what tensor at the boundary we get. So we trace out the

indices at the outer boundary (i.e. contract� and� 0 with each other). This leaves

us with a tensor at the origin. The support space of this tensor will be precisely the

stand-alone space. Any tensor supported on this subspace can stand alone with the

surrounding tensor being the �xed-point tensors.

Now let's �rst calculate the stand-alone subspace of double-line TNR of toric code

as it is more interesting than that of single-line TNR. The double tensor ofT0 in

(2.12) can be written as (ignoring an overall normalization factor)

T0 =
Õ

I

¹T0ºI
� ¹T0;� ºI

� 0

= ¹I 
 2 + Z
 2º
 3¹I 
 + X
 6º; (2.20)

where the double tensor is written as an operator between the lower virtual indices

and upper virtual indices. TheZ
 2 andX
 6 act in the way it is shown in Fig. 2.18.

We need to contract this tensor on a disc with a hole at the origin. To contract two

tensors given in an operator form, we need to multiply them and take a trace on the

shared indices. A cumbersome but straight-forward calculation shows that double

tensor contracted on a regionR give (ignoring an overall normalization factor)

T0¹Rº =
�
I 
 2 + Z
 2

� 
 m
¹@Rº

�
I 
 2m¹@Rº + X
 2m¹@Rº

�
; (2.21)
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Figure 2.9:X andZ operators appear di�erently in the toric code double-line double
tensor contracted on a disc with a hole.X operators on inner boundary only appears
with X operators on the outer boundary, which vanishes upon taking the trace.
But Z operators on the inner boundary appear with identity on the outer boundary.
So these terms survive the trace. That is whyZ
 2 symmetry is imposed on the
stand-alone space but not theX
 6 symmetry.

where@R denote the boundary ofR, andm = j@Rj is the length of the boundary.

O¹@Rº means the operatorO is applied on the virtual legs along the boundary@R.

We will omit this when it is clear from the context which leg the operator is being

applied on. The region we want is a disc with a vertex removed,R = D2m � D6.

Dn denotes the disc withn virtual legs at the boundary. It has two disconnected

boundaries, one the boundary ofD2m and other the boundary ofD6 (with opposite

orientation).

T¹D2m � D6º =
�
I 
 2 + Z
 2

� 
 m



�
I 
 2 + Z
 2

� 
 3

�
I 
 2m 
 I 
 6 + X
 2m 
 X
 6

�
: (2.22)

As explained in Fig. 2.9,X operators act on the two boundaries simultaneously, but
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Z operators act independently. Now to get the stand-alone space at the origin, we

need to trace out the virtual legs at the boundary ofD2m. If we expand the expression

for T¹D2m � D6º above and apply trace on the operators on the outer boundary, only

the terms with identity on the outer boundary survive.X operator does not have

such a term, butZ does. So �nally, tracing out the outer boundary leaves onlyZ
 2

on the inner boundary. That is, we get the following tensor on the 6 virtual indices

incident on a singe vertex

B0 =
�
I 
 2 + Z
 2

� 
 3
: (2.23)

B2
0 = 8B0, so

M0 =
1
2

B0 =
1
8

�
I 
 2 + Z
 2

� 
 3
(2.24)

is a projector on to the support space ofB0. M0 de�nes the stand-alone space of

double-line TNR of toric code. Any tensorT that satis�esM0T , 0 can `stand

alone'. M0 will be used to denote the projector on to stand-alone space throughout

the paper. So we see thatonly the tensors that respect theZ 
 Z symmetry can

stand alone. TheX
 6 symmetry, however, is not required to de�ne the stand-alone

space.

We can also calculate the stand-alone subspace of single-line TNR of toric code.

One can calculate the double tensor of single-line TNR in Fig. 2.11 to be

T0 =
1
2

¹I 
 3 + Z
 3º: (2.25)

This double tensor upon contraction on the disc with a hole at the origin (Dm � D3)

gives (up to an overall normalization)

T0¹Dm � D3º = I 
 m 
 I 
 3 + Z
 m 
 Z
 3: (2.26)

Now contracting the outer circle gives us

B0 = M0 = I 
 3: (2.27)

So we see that, for single-line TNR, the stand-alone subspace is actuallyall of the

virtual space. That is, there are no tensors that cannot stand alone.

2.5 Virtual subspaces of a TNR: MPO subspace

As explained above, stand-alone subspace is the maximal virtual subspace such

that any tensor supported on this subspace can be inserted into the tensor network
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without collapsing it. Therefore, the virtual space of the RG �xed point tensor,

T0 itself must be inside the stand-alone subspace. This virtual space ofT0, which

is by de�nition of subspace of stand-alone space, is what we would call the MPO

(Matrix Product Operator) subspace. The reason for calling it an MPO space is

that, as it turns out, this space is protected by symmetry operators which are matrix

product operators. This was shown for general string-net models in [16], but it can

be extended to other tensor networks as well. Let's make the notion of virtual space

of ¹T0ºI
� precise, whereas before,I represents the collection of physical indices and

� represents the collection of virtual indices. We can think of it as a matrix with

indices� andI and perform an SVD decomposition,

¹T0ºI
� =

Õ

� 0;I 0

V�;� 0� � 0;I 0PI 0;I; (2.28)

whereV and P are unitary matrices in virtual and physical space, and� is the

diagonal matrix containing the singular values.

De�nition 1. The MPO space, de�ned as the virtual support space ofT0,is the

virtual subspace spanned by columns ofV for which corresponding singular value

is non-zero.

Another way to think about this is to again consider the double tensorT0
�;� 0 =

Í
I ¹T

0ºI
� ¹T0;� ººI

� which is a matrix in the virtual space. An equivalent but more

useful de�nition is,

De�nition 2. The MPO space is the space spanned by eigenvectors ofT0 with

nonzero eigenvalues.

Using Eq. 2.28 we can write

T0 =
Õ

j ;� j , 0

� j
�
�vj

� 

pj

�
� (2.29)

) T0 =
Õ

j ;� j , 0

� 2
j

�
�vj

� 

vj

�
� ; (2.30)

where� j are the singular values andvj and pj are the corresponding vectors in

virtual and physical space. MPO space is the space spanned byvj , so the projector

on this space is

M =
Õ

j ;� j , 0

�
�vj

� 

vj

�
� ; (2.31)
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The mathematical understanding of the MPO space is that it is the virtual subspace

which is isomorphic to the ground state physical subspace andT0 is the isomorphism.

MPO subspace by de�nition nested inside the stand-alone subspace, which by

de�nition is nested inside the full virtual space. Similarly, the ground-state physical

space is by de�nition a subspace of the full physical space. These spaces are

represented visually in Fig. 2.6 for clarity.

MPO subspace of single-line TNR

We can write the single-line tensor in Eq. 2.11 in the Eq. 2.28 form,

T0 = j000i h000j + j011i h011j + j101i h101j + j110i h110j : (2.32)

Of course, this happened to be already written in SVD decomposed form. So

the MPO space is spanned by vectorsf j000i ; j011i ; j101i ; j110i g. So the MPO

projector is

M = j000i h000j + j011i h011j + j101i h101j + j110i h110j (2.33)

=
1
2

�
I 
 3 + Z
 3

�
: (2.34)

We see that this projector can be written as a translation invariant superposition of

tensor product of matrices. That's why we call it the MPO subspace. Remember

that stand-alone space of single-line TNR was determined to be all of virtual space,

M0 = IV. So as expected,M � M0.

MPO subspace of double-line TNR

For calculation of the MPO subspace of double-line tensor in Eq. (2.12) we use the

second de�nition in 2 above to avoid a cumbersome but straight forward calculation.

We already calculated the double tensor of double-line TNR in Eq. 2.20. We ignored

the normalization factor there. If we use a normalization factor of1
16 and write

M =
1
8

T0 =
1
16

Õ

I

¹T0ºI
� ¹T0;� ºI

� 0

=
1
16

¹I 
 2 + Z
 2º
 3¹I 
 + X
 6º: (2.35)

ThenM is a projector, that is, it satis�esM2 = M, and has the same support asT0

hence this is the desired MPO projector. Remember that stano bed-alone projector

was calculated to beM0 = 1
8¹I 
 2 + Z
 2º
 3º, and henceM = M0

1
2¹I 
 + X
 6º � M0,

as expected.
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Figure 2.10: A pictorial representation of relevant vector spaces. A tensor,T0, is a
linear map from the virtual space to the physical space. We denote the full virtual
space asIV and the full physical space asIP. M0 (region in red and blue) is the
stand-alone subspace of the virtual space.M (region in blue) is the MPO subspace
of the stand-alone space. MPO subspace is isomorphic to the local ground-state
physical subspace (also in blue), denoted asPGS, which is a subspace of the full
physical space.

2.6 TNR instability conjecture

Now that we have de�ned the stand-alone and MPO subspaces precisely, we are

ready to state the central conjecture of this work.

Conjecture 1. If, for a given RG �xed point TNR,T0, of a topological state,M0 and

M are the projectors onto the stand-alone and MPO subspaces as de�ned above,

then an in�nitesimal tensor variationT0 ! T0 + � T changes the topological phase

of the state if and only if¹M0 � MºT , 0.

It implies that the projector onto the stable space isPS = IV � ¹ M0 � Mº.

Corollary 1. An in�nitesimal variationT does not change the topological phase if

and only ifPST = T.

Corollary 2. For any tensorsT, the variationT0 ! T0 + � PST, with � � 1 does

not change the topological phase.

Or in simple words, a variation is unstable if and only if it has a component in

the stand-alone space that is outside the MPO subspace.A Venn diagram of the
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decomposition of the virtual space through these projectors is shown in Fig. 2.6.

We will denote¹M0 � Mº asPU for convenience. Note thatPU shouldn't be thought

of as `the projector onto unstable subspace' because unstable variations do not form

a vector space, as opposed to stable variations that do form a vector space. It is

becausePUT1 , 0 andPUT2 , 0 does not implyPU¹T1 + T2º , 0.

Let's �rst see how this conjecture is true for the single-line and double-line TNR of

the toric code. For single-line we have already calculated the stand-alone and MPO

subspaces and foundM0 = IV andM = 1
2

�
I 
 3 + Z
 3�

. So,

PU = M0 � M =
1
2

�
I 
 3 � Z
 3

�
: (2.36)

So for a tensorPUT , 0 if and only if it violates theZ
 3 symmetry. Indeed, this

is exactly what we saw numerically in Fig 2.3. All variations can be summarized

visually using Fig. 2.6 as follows:

(2.37)

Variations supported on the red region are unstable, while those on blue and white

are stable. The dimension of each space is indicated. So we see that the space

¹M0 � Mº is 4 dimensional space spanned by basis

(2.38)

It is wrong to think that these basis set span the space of unstable variations, because

unstable variations do not form a vector space. All we can say is if a variations has

overlap with any of these basis, it would cause instabilty.
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For double-line TNR we found,M0 = 1
8

�
I 
 2 + Z
 2� 
 3 andM = M0

1
2¹I 
 + X
 6º.

So,

PU = M0 � M =
1
8

�
I 
 2 + Z
 2

� 
 3 1
2

¹I 
 � X
 6º (2.39)

SoPUT , 0 if and only if T satis�es the threeZ
 2 symmetries but violates theX
 6

symmetry. Indeed this is precisely what we found numerically as shown in Fig. 2.4.

All variations can be summarized visually as follows

(2.40)

Variations supported on the red region are unstable, while those on blue and white

are stable. The dimension of each space is indicated. So we see that the space

¹M0 � Mº is 4 dimensional space spanned by basis

(2.41)

The above conjecture provides a precise mathematical prescription of which tensor

variations cause instability. But what does this instability correspond to physically?

Why is it that a tensor causes instability if and only if it has a component in the

virtual subspaceM0 � M? To answer these questions we need to understand the

physical signi�cance of stand-alone and MPO subspaces. We present the physical

interpretation of the above conjecture that we will explain in detail in the next few

sections:
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Conjecture 2. Variations in stand-alone subspaceM0 correspond to `bosonic ex-

citations' that can condense in the given TNR. Variations in the MPO subspaceM

are the subset of these condensable `bosons' that are trivial (belong to trivial super-

selection sector). Hence the variations inM0 � M are the non-trivial condensable

bosons. So such a variation results in boson condensation and causes a topological

phase transition of the state.

By excitation we mean any point-like variation to the ground state, or its TNR.

It should be carefully noted that the word `boson' here refers to any point like

excitation (not necessary an irreducible excitation) that has trivial topological spin.

For example, ifa is an anyon of the given model, then composite particlea �a where

a and �a are sitting next to each other is included in this de�nition of boson. Of

course it is a topologically trivial boson. Similarly, if we apply any local operation

on the topological state, we would call the resulting state containing a boson, though

of course, it is again a trivial boson.

Now we turn to the �rst part of the claim, which is basically the physical signi�cance

of stand-alone space

2.7 Physical signi�cance of stand-alone spaceM0

As claimed, the physical signi�cance of stand-alone space is that it contains prolif-

eratable bosonic excitations.

Proliferatable variations of a TNR

First we explain what we mean by `Proliferatable variations/excitations'. (We use

the term 'variation' for any mathematical variation to the ground state tensors.

`Excitation' should be used for a quasi-particle excitation. But in slight abuse of

the nomenclature we would often use them interchangeably. It is justi�ed as we are

only working with the wave functions and not Hamiltonians.) Let's sayT0 is the

RG �xed point tensor of some topological ground state wave functionj	 0i . Let's
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say we add a variation,T0 ! T0 + � T and the resulting wave function isj	 i .

j	 0i =
Õ

f i j g

¹T0ºi1¹T0ºi2 : : : ¹T0ºin ji1i2 : : : ini ;

j	 i =
Õ

f i j g

¹T0 + � Tºi1¹T0 + � Tºi2 : : : �

¹T0 + � Tºin ji1i2 : : : ini

= j	 0i + �
Õ

s1

�
�
�	 s1

�
+ � 2

Õ

s1;s2

�
�	 s1;s2

�
+ : : : ; (2.42)

where j s1i denotes the tensor network state similar toj	 0i exceptT0 has been

replaced withT at sites1. Similarly,
�
�	 s1;s2

�
denotes the tensor network state similar

to j	 0i exceptT0 is replaced withT at sites1 ands2. Higher order terms can be

understood in a similar manner. Physically,j s1i can be interpreted as `excitation'T

(which may be trivial) sitting at sites1 with probability� 2. Similarly,
�
�	 s1;s2

�
can be

interpreted as excitationT sitting at sitess1 ands2 with probability� 4. Higher order

terms can be interpreted in a similar fashion. Though� 2 looks small compared to the

weight of j	 0i , one has to bear in mind there are� N such terms in the expansion,

whereN is the number of sites. So after normalization they can have comparable

weights.

WhenT is in the stand-alone space then it can appear anywhere in the tensor network

state, independent of each other, even at large scales. However whenT is outside

of the stand-alone space, then it can at most appear next to otherTs. But then the

distance between excitations is exponentially suppressed since eachT appears with

an � weight. So such excitations do not appear at large scale and would vanish

under RG process. Tensors within the stand-alone space, on the other hand, can

appear at any scale and would not vanish under RG process. So we can call the new

wave function as a `proliferation/condensate ofT', since the variation/excitationT

proliferates and each site is in superposition ofT appearing and not appearing at

all length scales. (We caution that we use the term `proliferation' to denote the

mathematical fact that the wave function is a superposition of a variation appearing

everywhere. While the term `condensate' in physics means something more speci�c.

But, again, we would use these terms interchangeably. It is justi�ed as we are not

dealing with the Hamiltonians, rather looking at the changes in the wave functions

as we vary the tensors. So the `condensation of variations' doesn't necessarily mean

a phase transition. It just means a particular mathematical variations, which can

be interpreted as an excitation, proliferates and the resulting wave function is a

superposition of this variation appearing everywhere.)
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A key point here is thatv1 andv2 can be at arbitrary distance from each other but

the contribution of this term in the superposition remains� 2. Let's compare this

with how the ground state changes with respect to a perturbation on the Hamiltonian

level. Let's perturb the toric code Hamiltonian in (2.9) withX perturbations on

every link,

H = H0 + �
Õ

l

Xl : (2.43)

The ground state of this perturbed Hamiltonian is also a superposition ofj	 0i

and terms like
�
�	 v1;v2

�
. But the weight that appears with

�
�	 v1;v2

�
is of the order

of � distance¹v1;v2º, that is, the separation between twoe particles is exponentially

suppressed. So, in thermodynamic limit, these excitations disappear. But this is not

the case with state in Eq. (2.42). That is why the state in Eq. (2.42) cannot be

produced by in�nitesimal small local perturbation of the parent Hamiltonian.

So we have argued that stand-alone space, by de�nition, is the space of variations

that can condense. But how do we know they are `bosonic excitations', that is, they

have a trivial topological spin? We will show it now.

Condensable excitations are `bosons'

Consider the tensor network state which has the �xed point tensorT0 everywhere

except at sitess1 ands2, whereT0 has been replaced by stand-alone tensorsT. We

denote this wave function as
�
�	 s1;s2

�
, as above. Topological spins of quasi-particles

in topological models are calculated using the string-operators that create them. So

we need to �rst de�ne a string-operators that create these variations. The anyonic

string operators in topological models have the property that they commute with the

Hamiltonian everywhere except possibly at its ends. But we are working directly

with the quantum wave function and are not really concerned with the underlying

Hamiltonian, whose form can change going away from the RG �xed point. We see

that we can de�ne an appropriate string-operator for tensor network states without

referring to a Hamiltonian. To do that, �rst notice that every tensor network state

has underlying gauge symmetries at the virtual level. That is, if we apply operators

A andB on the two contracting virtual legs, such thatAB = I , the tensor network

state doesn't change (though the individual tensors may change). That is,

: (2.44)

It means that if we apply a string ofA, B on virtual levels along a path, the tensor

network state would not change along the path but only at the ends. For example, on



43

the double-line TNR we can create a stand-alone excitationA in the following way,

: (2.45)

The A and Ay cancel each other on each plaquette as all the 6 virtual legs are

contracted. We chose double-line tensor network for illustration but of course it can

be done for any tensor network. So wave functions like
�
�	 s1;s2

�
can be created by

such string operators. Note that since the tensor network didn't change along the

path,
�
�	 s1;s2

�
is still in the ground state along the path. So this string operator can only

possibly create excitations at the ends, which is what we wanted. We will call such

string operatorsgauge-string-operatorsto distinguish them from the usual string

operators on the physical level. Note that gauge-string-operators can only create

stand-alone variations/excitations, and they are deformabale on the ground state

subspace, like the physical string operators. We know that physical string-operators

might not be deformed through a site that has an anyonic excitation present. Gauge-

string operators also may not be be deformed through excitations. For example, there

may be another operatorC present at the virtual legs such thatACB , C. But the

interesting thing to note is that they can always be deformed through a stand-alone

excitation. The reason for this is simple. A stand-alone tensor is surrounded by �xed

point tensorT0. So if we consider a Wilson-loop of gauge-string operator around

it, AB = I is still true, soA andB will simply cancel each other. So the Wilson-

loop will simply disappear irrespective of what stand-alone excitation was there.

So not only gauge-string operators create stand-alone excitations, they also always

commute with the other stand-alone excitations. This suggests that all excitations

in the stand-alone space have trivial mutual and self stastics. But to prove they are

bosons, we need to do the topological spin calculation. Though again it can readily

be seen that the topological spin of stand-alone excitation is 1, as explained in Fig.

2.11.

We create two pairs ofa � �a, where a is some excitation of the model. For

convenience, to keep track of the excitations we have shown them in di�erent colors,

red and blue. Let's say the bluea and reda sit at sites 1 and 2 respectively. Now we

apply the following procedure in this speci�c order: move reda from 2 to 3 (Fig.

2.11a), move bluea from 1 to 2 (Fig. 2.11b), move reda from 3 to 1a (Fig. 2.11c).

And �nally annihilate bluea with red �a andvice-versa. In general, the order in

which each process is done is important. However, when the string operator is an
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Figure 2.11: Calculation of topological spin. We create two pairs (shown as red
and blue) of particle, anti-particle pairsa � �a, with a situated at site 1 and 2. We
apply the following procedure in this order: (a) Move �rsta (red) from 2 to 3, (b)
move seconda (blue) from 1 to 2, (c) move �rsta (red) from 3 to 1. Finally, (d) we
annihilate eacha with the anti-particles of the other anyon (i.e. reda with blue �a and
vice versa). When the propagation ofa happens through a gauge-string operator,
which disappears along the path, this order of process becomes irrelevant, as the
second string-operator does not interact with the �rst one, and the whole process is
equivalent to creating and annihilating two pairs ofa � �a, which has amplitude 1. It
impliesa has a trivial topological spin.

guage-string operator, it disappears along the path completely, and the second string

operator does not interact with it. So the whole process simply becomes creating

and annihilating two pairs ofa� �a which has an amplitude 1, giving us a topological

spin equal to 1. Soa has to be a boson of the model.

We have determined that the variations in the stand-alone space are condensable

bosons. So any such variation results in a wave function which is a condensate of

the boson the variation corresponds to. But this alone does not necessarily cause a

phase transition, because if the boson was topologically trivial, there should be not

topological phase transition. Or, mathematically speaking, the stand-alone projector

projects out variations that cannot proliferate, but it doesn't project out those stable

variations that can proliferate. For example, the double-line stand-alone projector

does not project out variationX 
 X though it is not unstable. So to �nd the unstable

variations, we need an additional projector to project out condensable but stable

variations. We will argue now MPO subspace is precisely this projector.

To �nd out whether a virtual variation would cause the phase transition we need to

�rst determine what this virtual variation corresponds to on the physical level. That

is, we need to `lift' the variation from the virtual level to the physical level. When
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we do that we discover that there are two kinds of variations: The �rst kind is where

a local virtual variation is lifted to a local physical variation, and the second kind is

where the local virtual variation is lifted to anon-localphysical variation. We know

that a local physical variation can only correspond to a topologically trivial boson

since it can be removed by a local operation. This distinction between variations

further decomposes the stand-alone into two subspaces: the MPO spaceM, which

corresponds to the �rst kind of variation, and the unstable subspaceM0 � M, which

corresponds to the second kind of variation. Let's �rst focus on the �rst kind of

variations.

2.8 Physical signi�cance of MPO subspaceM

As claimed above, the physical signi�cance of MPO subspace is that the variations

in this subspace are lifted to local physical variations, which have to be topolog-

ically trivial bosons since they can be removed by a local operation. Hence the

physical signi�cance of MPO subspace is that it contains all the topologically trivial

excitations.

To understand it better, let us look at concrete examples of variations that are lifted

to local physical variation. Consider aZ variation on the virtual leg of the �xed

point single-line TNR. If we lift it to the physical level, what do we get? Since the

virtual legs are just copies of the physical legs, we get

: (2.46)

SoZ virtual variation is lifted to aZ physical variation, which is local. According to

our claim, it should be in the MPO subspace. And indeed it is, since it respects the

MPO symmetry of the single-line TNR,Z
 3. Also note that aZ physical variation

corresponds to a pair ofmparticles sitting next to each other, not a singlemparticle.

It is a trivial excitation and can be removed by applying oneZ operation on the state,

so it matches our claim. Contrast this with theX variation on the virtual level. Can

we �nd any local physical operatorO such that

? (2.47)
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One can try and see that there is no such local operatorO for which this equation

holds. (We will later show thatX can be lifted to the physical level, but it results in

a non-local operator. )

A similar phenomena occurs in double-line TNR. TheX 
 X variation can be lifted

to a local physical operator,

; (2.48)

but aZ variation cannot be. (We will later sVhow thatZ can be lifted to the physical

level, but it results in a non-local operator.) It is again consistent with the claim

asX 
 X variation respects the double-line MPO symmetry¹X
 6º but Z variation

breaks it. Note thatX 
 X variation on the physical level corresponds to a pair ofe

particles sitting across a plaquette. It is a topologically trivial excitation and can be

removed by anX 
 X operation on the state. So again, this matches our claim.

Now we prove that these examples are no coincidence, and in fact any variation in

the MPO subspace is a local physical variation.

Any variation in MPO subspace is a local physical variation

Let us repeat the de�nition of the MPO subspace here for convenience. We SVD

decomps the �xed point RG tensorT0 as a matrix between virtual and physical legs

T0 =
Õ

j

� j
�
�vj

� 

pj

�
� ; (2.49)

where� j are the singular values, andvj andpj are orthonormal vectors in the virtual

and ground-state physical spaces respectively. Then the MPO subspace is the virtual

subspace spanned by vectorsvj such that corresponding singular values� , 0. So

the MPO projector is

M =
Õ

j ;� j , 0

�
�vj

� 

vj

�
� : (2.50)

A mathematically inclined reader would note that MPO subspace is nothing but the

virtual subspace which is isomorphic to the image of the tensor as a map from virtual

to ground state physical space. That is, if we restrict the domain of the tensor to

this subspace, then tensor is an injective map from the virtual to the physical space,

and a bijective map from MPO subspace to ground-state physical subspace.Since
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these spaces are isomorphic, any operator in MPO subspace can be mapped to an

operator in the ground-state physical space and vice-versa, and this mapping would

be bijective (one-to-one) as well. Let us make it precise,

Lemma 1. If A is any operator on the virtual space completely supported onM

(MA = AM = A) then there exists an operatorB on the ground state physical space

such thatAT0 = T0B and vice-versa. That is, any variation in the subspaceM is

equivalently a variation on the ground state physical space and vice-versa.

Proof. Let us say an virtual operatorA is given which is completely supported on

subspaceM. De�ne pseudo-inverse ofT0 as

T0;+ =
Õ

j ;� j , 0

1
� j

�
�pj

� 

vj

�
� : (2.51)

It is a pseudo-inverse since

T0T0;+ = M (2.52)

T0;+T0 = PGS; (2.53)

wherePGS � IP denotes projector on the ground-state physical subspace of the

full physical space.IP is the projector onto the full physical space. Now de�ne a

physical operatorB as

B = T0;+ AT0; (2.54)

then

T0B = T0T0;+ AT0 = MAT0 = AT0: (2.55)

The last equality follows from the assumption thatA is completely supported on

MPO subspace. Similarly, given physical operatorB on the ground-state physical

space, de�neA = T0BT0;+. So we haveAT0 = T0BT0;+T0 = T0BIP = T0B. And of

course these maps are injective. SoA andB have a one-to-one correspondence.�

With this lemma, we see why in general variations in the MPO subspace are trivial

excitations. They are nothing but a local variation on the physical level, which is a

local physical operator and can be removed by another local operator. In fact notice

that if A is unitary (within the spaceM ) then so isB and vice-versa. Since all trivial

excitations are obtained by local unitaries, or their linear combinations, we conclude

that MPO subspace should contain all trivial virtual excitations as well.

This completes the study of �rst kind of variations (those that are lifted to local

physical variations) mentioned above. Now we study the second kind of variations.
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2.9 Physical signi�cance of subspaceM0 � M

The physical signi�cance of subspaceM0 � M is that it contains the second kind of

variations: the virtual variations that are lifted to a non-local physical operator. So

these variations cannot be removed by a local physical operation on the state, and

hence represent a topologically non-trivial excitation. And this excitation has to be

a boson, as all excitations in stand-alone space are. So it means that the physical

signi�cance of M0 � M space is that it contains condensable excitations that are

topologically non-trivial bosons, and that's why these variations cause a topological

phase transition.

Let us �rst look at some concrete examples to understand this phenomena. We saw

how a virtualX variation on the single-line TNR couldn't be lifted to a local physical

variation. But, the question is, can it be lifted to a non-local physical variation? The

answer is, yes. To see it, �rst note that although a singleX variation cannot be lifted

locally, two X variations can be. That is, the �xed point single-line tensor satis�es

: (2.56)

And also, in any tensor network, we can always multiply two contracting virtual

legs withA andA� 1 for any invertible operatorA, since they cancel each other upon

contraction. So in particular the single-line TNR satis�es

: (2.57)

Using these two relations, we see that a singleX virtual variation on can be moved to

another tensor on the same sublattice, and this transfer produces anX 
 X operation
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on the physical level,

: (2.58)

In the �rst equality, Eq. (2.57) is used while in the second equality Eq. 2.56 is

used. We see that theX variation moved from site 1 to site 3 while leaving operator

X 
 X along the path (on site 2). We can repeat this process and moveX to the

next tensor and so on. AfterX is moved from site 1 ton there will be anX-string

operator applied on the physical level along the path. Finally, if there is already an

X variation present at siten, the two will cancel and we will be left with anX-string

operator only,

(2.59)

Of course the particular path between site 1 andn chosen is completely arbitrary.

We can choose any path between them as we like. So we have successfully shown

that though a singleX variation cannot be completely lifted to the physical level,

two such variations sitting far apart can be, and they are lifted to a non-local physical

operator between them. It implies that aX variation on the single-line TNR cannot

be removed locally on a physical level. Only two of them can be removed by

applying a non-local operator between them. In fact, it is easy to recognize what
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this excitation is. SinceX-string operators correspond to creation or annihilation

of e-particles in the toric code, it is clear that theX virtual variation actually is an

e particle excitation. It is topologically non-trivial, which is in line with our claim.

Condensation ofX variations is actually the condensation ofe particles, and that is

why it leads to topologically phase transition.

A similar analysis can be carried out for theZ variation in the double-line tensor.

We noted that it cannot be lifted to a local physical operator. But twoZ operators

can be lifted to a non-local physical operator,

(2.60)

where in the �rst equality, the following relation (similar to Eq. (2.57)) has been

used,

: (2.61)

And in the second equality, the following property of the �xed point double-line

tensor is used.

: (2.62)

So we see that twoZ variations on the virtual level, sitting far apart cannot be

removed by local operations on the physical level. They can only be removed by

a non-local operator, theZ-string operator. This suggests that theZ variation is a

topologically non-trivial excitation. Indeed, it is easy to see that it is nothing but

themparticle excitation, sinceZ-string operator creates and annihilatesm-particles.
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This is in line with all our claims:Z variation is in theM0 � M space; it cannot be

removed locally, and that it is a topological boson.

Non-trivial gauge string-operators: Zero-string operators

It may look a little puzzling that a local virtual operator inM0 � M can create a

non-trivial physical excitation. We analyzed what these variations correspond to

by lifting them up to the physical level. To understand the phenomena better we

can ask the opposite question: what happens when we 'bring down' a non-trivial

quasi-particle excitation on the physical level to the virtual level? Since such an

excitation is created by a physical string-operator, the equivalent question is, what

happens to string-operators of the model when we bring them down to the virtual

level? We can look at the speci�c examples considered above. For example, if we

look at Eq. (2.59) in the opposite way, we see that the physicalX-string operator,

which createse-particles, becomes a gauge-string operator on the virtual level,

which subsequently creates a variation in theM0 � M space. Contrast this withZ-

string operator, that createsm-particles. This operator does not map to gauge-string

operator,

: (2.63)

Similarly, Eq. (2.60) shows that that the physicalZ-string operator, which creates

m-particles, becomes a gauge-string operator on the virtual level. So we see that if a

physical anyonic string operator maps to a gauge-string operator on the virtual level,

it creates an excitation in theM0 � M space. This property of the tensor network state

in general is the reason why a local virtual variation can actually correspond to non-

local variation on the physical level. In other words, certain gauge-string operators

are non-trivial because they come from a non-trivial string operator on the physical

level. We would call such physical string operators that map to gauge-string operator

on the virtual level azero-string operator. The reason behind this terminology will

become clearer in the next chapter. So we conclude that them-particle operator is

the zero-string operator of the double-line TNR, while thee-particle string operator

is the zero-string operator of the single-line TNR.
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Since variations in the unstable spaceM0 � M are created by zero-string operators,

it implies that, if, in a given TNR, none of the physical string operators map to a

gauge-string operator then it will have no variation inM0 � M. In that case, we

would simply haveM0 = M. Such a TNR will have no instabilities.

Before going to the physical explanation of instabilities, we would look at one more

way of decomposing the stand-alone space in trivial and non-trivial excitations:

using Wilson-loops.

2.10 Decomposing stand-alone space using Wilson-loops: MPO symmetries

In the last two sections we argued how the stand alone spaceM0 decomposes further

into two subspaces,M andM0 � M on the basis whether a stand-alone variation

can be lifted to the physical level locally or non-locally. In doing so we used the

fact about topological models: anyonic excitation cannot be removed by a local

operation but an elementary excitation can be.

There is another way to distinguish between trivial and non-trivial excitations.

Consider the tensor network state made out ofT0, except at sites0, T0 has been

replaces by some stand-alone tensorT. Now we want to �nd out whether this

variation/excitation is a topologically non-trivial excitation. In topological models

the way to detect the presence of anyon is by measuring Wilson-loop operators

around it. We will do the same here, but on the virtual level. Doing so will reveal

another interpretation of the MPO subspace/symmetries: these symmetries come

from Wilson-loops of anyons of the model.

Consider the following physical process. We generate an anyona, anti-anyon�a pair,

moveaaround the sites0 whereT is sitting and �nally fuse it with�a. Mathematically,

this is equivalent to applying a Wilson loop operatorWa¹Cºcorresponding to particle

a. C represents the closed curve/loop around the site. If there was another anyonic

excitationb present ats0 and if a andb have a non-trivial braiding statistics with

each other, then this process produces a phase factor. Hence application ofWa¹Cº,

whereC is a loop around a site can be used to detect if there is a topologically

non-trivial excitation present at the site. Of courseWa¹Cº are symmetries of the

ground state for all anyonsa. But more than that, it would be a symmetry of any

state with a trivial local excitation sitting ats0.

Wa¹Cº is an operator on the physical degrees of freedom, which induces an op-

erator,Ma¹Cº, on the virtual degrees of freedom.Wa¹Cº is guaranteed to have a

representationMa¹Cº on the virtual level becauseWa¹Cº is an operator supported
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on the ground-state physical space of local tensors, and as we noted in Lemma 1,

such an operator can be mapped to an operator on the virtual level. Hence, just

asWa¹Cº is a symmetry on the physical level,Ma¹Cº should be a symmetry of the

ground state tensorT0 on the virtual level. But, in fact, any stand-alone variation

T that is topologically trivial excitation would be symmetric underMa¹Cº for all a.

A tensor variation that breaks this symmetry for somea would imply the presence

of a non-trivial excitation. So the space of stand-alone tensorsT that satisfyMa¹Cº

symmetries for alla has to the space of topologically trivial excitations. This pre-

cisely is the source of MPO symmetries, andM is nothing but the projector onto the

Ma¹Cº symmetric subspace for alla. In fact this is why the MPO projector for both

double-line (Eq. 2.82 and single-line (Eq. 2.33) could be written in terms of loop

operators on the virtual level. These loop operators are nothing but the Wilson loop

operators on the virtual level.

Let's illustrate the above discussion with the single-line TNR of toric code state.

Let's say the stand-alone tensorT is surrounded byT0. We apply anm-particle

Wilson-loop around this stand-alone tensor. This Wilson-loop appliesZ operators

on the physical legs of the surroundingT0 tensors. We have already seen that

this operation can be brought down to the virtual level (Eq. (2.46) in the opposite

direction),

(2.64)

Keeping in mind thatT0 also satis�es theZ
 3 symmetry of Eq. (2.13), we see that

the m-particle Wilson-loop �nally reduces to aZ
 3 operator on the stand-alone
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tensorT. That is,

(2.65)

In �rst equality, we have used relation (2.64) and in second equality we have used

the Z2 symmetry of the single-line Tensor. So we �nd that the representation of

m-particle Wilson loop,Wm¹Cº on the stand-alone space is,Mm¹Cº = Z
 3. So we

have shown that the presence ofZ
 3 symmetry constraint inside the stand-alone

space actually comes from them-particle Wilson loop.

Now a natural question arises: why isn't there an analogous symmetry constraint

on the tensor corresponding to ane-string operator Wilson loop? Let's apply the

e-particle Wilson-loop, which is a loop ofX operators on the single-line TNR, and

then bring it down to the virual level. We �nd,

(2.66)

where we have used the fact thatX operators on the nearby virtual legs simply cancel

each other. This was already noted in the discussion of zero-string operators and

in Eq. (2.59). So we see that thee-particle Wilson-loop poses no extra symmetry

constraint on the stand-alone tensors.

Now let's see if the MPO symmetry of double-line TNR also comes from a Wilson-

loop. Double-line case is more interesting than the single-line case because, as we
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have already discussed, the double-line has a stand-alone space smaller than the

full virtual space. We �rst look at thee-particle Wilson-loop, which is a loop of

X operators on the physical level. We have already seen that this operation can be

brought down to the virtual level (Eq. (2.48) in the opposite direction)

: (2.67)

So we �nd

; (2.68)

where in �rst equality we used Eq. 2.67 and in the second equality we simply used

the relation

: (2.69)

So we have shown that the MPO symmetry,X
 6, of double-line TNR is actually a

representation of thee-particle Wilson-loop on the stand-alone space. At this point,

it is important to note that relation (2.69) holds only whenT is in the stand-alone

space, so it has theZ
 2 symmetry. IfT was outside the stand-alone space, this

would not be true.This is why we say that MPO symmetries,X
 6 in this particular

case, are representations of the Wilson-loops on the stand-alone space, not on the

full virtual space.

Now we analyze them-particle Wilson-loop, which is a loop ofZ operators. Eq.

2.62 tells us how to bring down theZ operators on double-line �xed point tensor,
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T0. Using this and other obvious properties ofT0 andT, we �nd

: (2.70)

The �rst equality follows from Eq. 2.62 and the fact thatZ operators can be slid

along contracted virtual legs. The last equality follows from the fact thatT is a

stand-alone tensor, so it satis�es theZ
 2 symmetries by de�nition. Or, in other

words, the representation of the Wilson-loop operator on the stand-alone space is

Mm¹Cº = I 
 3. That is, it is represented trivially. So we see that all stand-alone

tensors satisfy them-particle Wilson-loop symmetry. Hence this symmetry poses

no extra constraint within stand-alone space, and that is why the MPO subspace had

only oneZ2 symmetry. In fact, this analysis has shown what we already knew from

Eq. 2.60:m-string operator is a zero-string operator of the double-line TNR.

At this point, we can notice the similarity between double-linem-particle relation

and single-linee-particle relation. But there is a crucial di�erence.We¹Cº has

trivial representation onall of the virtual space of single-line TNR, butWm¹Cº has

trivial representationonly in a subspace of the virtual space of double-line TNR.

This analysis points toward a representation theoretic way of understanding tensor

instabilities.T0 : V ! P is a linear map from virtual vector space to the physical

vector space. This map induces a representation of operators on the physical space

in the virtual space. In particular, it induces the representation of Wilson-loop

operators,Wa¹Cº ! Ma¹Cº. Such a representation is always possibly as is guar-

anteed by the MPO-injectivity (lemma 1 ). In fact, this representation would be

faithful on individual tensors. But there is no guarantee that it would befaithful

on the whole tensor network, becauseMa¹Cº can be a gauge-string operator, as we

have already discussed forWe¹Cº in single-line andWm¹Cº in double-line. So the

string-operator algebra is not faithfully represented on the virtual level. It is this

unfaithful representation of anyonic algebra that causes tensor instability.



57

Now that we have explained the physical meaning of stand-alone and MPO sub-

spaces, we are ready to explain the phenomena of TNR instability.

2.11 Physical reason of instability: topological boson condensation

Now we put together the physical understanding of all the relevant subspaces (M0; M

andM0 � M) together to make the coherent picture of why variations in the subspace

M0 � M are unstable, and, in particular, explain the numerical results shown in

Fig. 2.5 and Fig. 2.6. The general explanation has already been stated in form of

conjecture 2 but we repeat it again informally going through all possible variations

one by one.

ˆ The variations on the physical indices are of course not stable because they

are topologically trivial and can be removed with local operations.

ˆ Variations outside the stand-alone space,IV � M0 are not unstable because

they cannot proliferate.

ˆ Every variation insideM0 is `bosonic' and does proliferate and the varied wave

function is a condensate of that `boson'. But when the variations is insideM,

it was a topologically trivial boson and hence does not cause a topological

phase transition. Or, equivalently, every variation inside MPO subspace was

nothing but a variation on the physical level hence stable.

ˆ Finally, when the variation was inside stand-alone, but outside MPO subspace

then it can condense and is a topologically non-trivial boson. Hence it causes

a topological phase transition, resulting in a TNR instability.

Now we explain this boson condensation speci�cally for the single-line and double-

line TNR considering speci�c variation.

e-particle condensation in single-line TNR

To guide the discussion, consider two illustrative variations to single-line TNR as

before

(2.71)

ˆ The TZ variation exempli�es variations that can condense but correspond

to a local physical variation, hence are trivial/elementary excitations. Such
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variations result in a proliferation of elementary excitation which does not

cause a topological phase transition.

ˆ The TX variation exempli�es variations that can condense but do not cor-

respond to local physical variations. In fact, such variations correspond to

e-particle excitation. Hence such variation results in ane-particle condensa-

tion and destroys the topological order of the tensor network state.

m-particle condensation in double-line TNR

Let's consider the di�erent variations in double-line TNR as before

(2.72)

1. Variations in (a) and (c) exemplify variations that break the stand-alone sym-

metryZ
 2, hence they cannot proliferate and, therefore, are stable.

2. Variation in (b) exempli�es variations that can stand alone, so can proliferate.

But they break the MPO symmetry, so correspond to a non-trivial boson. In

fact it corresponds to anm-particle excitation. So this variations causesm

particle condensation and results in the loss of topological order.

3. Finally, variation in (d) exempli�es variations that can proliferate. But they

also are inside the MPO subspace, so correspond to trivial/elementary excita-

tions. So their proliferation does not cause a topological phase transition.

2.12 double-semion

Double-semion model can be understood as a `twisted'Z2 quantum double model[51,

59]. Its Hamiltonian is almost the same as that of toric code, except for the phase

factor associated to the plaquette term

H0 = �
Õ

v

Ö

l 2v

Zl �
Õ

p

Ö

l 2p

Xl

Ö

r 2legs ofp

i
1� Zr

2 ; (2.73)

where `legs ofp' refers to the six legs attached to a plaquette. Its ground state is

j i =
Õ

X2closed

¹� 1ºn¹Xº jXi ; (2.74)
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Figure 2.12: Numerical calculation of the topological entanglement entropyStopo¹� º
of the states represented by double-semion �xed point double-line tensors,T0, varied
with an in�nitesimal random tensor in di�erent subspaces.� value is kept �xed at
� = 0:01. Blue dot corresponds toStopo with no variation. IV is projector onto
the full virtual space.M0 is the projector on the stand-alone subspace.M is the
MPO subspace projector. We take a random tensor and apply the projectors to
generate random tensors in respective subspaces. Variations inIV � M0 violate
Z 
 Z symmetry. Variations inM0 � M violatein¹dºX
 6 but notZ 
 Z. Variations
in M violate no virtual symmetry.. The details of this numerical calculations are
given in appendix A.2.

whereX again refers to string con�gurations on the hexagonal lattice.n¹Xº denotes

the number of loops in a given string con�guration. The ground state, like that

of toric code, is again a superposition of all closed string con�gurations. But it

has a phase factor of¹� 1ºn¹Xº which is1 for even number of loops and� 1 for odd

number of loops. It has 3 quasi-particle excitations: a semion, an anti-semion, and

a self-boson. So, unlike the toric code, it has only one boson. There is a known

double-line TNR of this state [42, 43],¹T0ºi j k�� 0;� � 0;

 0, with the same structure as that

of toric code. So,

¹T0ºi j k�� 0;� � 0;

 0 = S� �
 � �� 0� � � 0� 

 0� i; � +
 � j;� +
 � k;� + � : (2.75)

But now the values are

S� �
 =

8>>>>><

>>>>>
:

1 if � + � + 
 = 0; 3

i if � + � + 
 = 1

� i if � + � + 
 = 2:

(2.76)
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Clearly, it has the sameZ
 2 symmetry, as the toric code double-line TNR. That is,

T0 satis�es

(2.77)

But it does not have the exactX
 6 symmetry as that of toric code double-line TNR.

By looking at the tensor values, it can be seen that it has theX
 6 with an additional

phase factor! between virtual legs,

(2.78)

where! = i if the virtual legs on the two sides of it take di�erent values (that is,

there is a domain wall) and! = 1 otherwise. SoT0 hasZ2 symmetry of the form

¹iºn¹dºX
 6 wheren¹dº is the number of domain walls between�; � and
 . That is,

n¹dº =

8>><

>>
:

0 if � + � + 
 = 0; 3

2 if � + � + 
 = 1; 2:
(2.79)

To apply our conjecture we �rst need to calculate the stand-alone and MPO subspaces

of T0. The double tensor is,

T = = ¹I 
 2 + Z
 2º
 3¹I 
 + in¹dºX
 6º: (2.80)

Comparing it with the toric code double tensor in Eq. (2.20), we can immediately

guess that the stand-alone projector is given by

M0 =
1
2

B0 =
1
8

�
I 
 2 + Z
 2

� 
 3
; (2.81)

which is the same as that of toric code. And the MPO projector is,

M =
1
8

T0 =
1
16

Õ

I

¹T0ºI
� ¹T0;� ºI

� 0

=
1
16

¹I 
 2 + Z
 2º
 3¹I 
 + in¹dºX
 6º: (2.82)

So we see that the symmetries identi�ed in Eq. (2.77) are actually the stand-

alone symmetries, and the symmetry identi�ed in Eq. (2.78) is actually the MPO

symmetry. With this information, our mathematical conjecture predicts:
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1. Variations that violateZ 
 Z symmetries are stable.

2. Variations that respectZ 
 Z but break¹iºn¹dºX
 6 are unstable.

3. Variations that respect bothZ 
 Z and¹iºn¹dºX
 6 are stable.

We test these predictions numerically. The results are shown in Fig. 2.12. We

conclude that the conjecture predicts the numerical observation correctly.

What about the physical conjecture? Is it compatible with the numerical observa-

tion? The answer is, yes. the double-semion model has one boson whose string

operator is theZ-string operator, the same as that of them-particle in toric code.

Since both also have the same stand-alone space, it means bringing down this string

operator to the virtual level would again give us a gauge-string operator. Hence

the string-operator corresponding to the boson in the double-semion model is a

zero-strong operator, which implies that the variations in the stand-alone space cor-

responds to this boson. So the instability we see is due to the condensation of this

topological boson. Another way to see it is to notice that the MPO symmetry in

Eq. 2.78 actually comes from the Wilson loop operator corresponding to semion (or

anti-semion). So variations that break it actually signify the presence of the boson.

Comparing double-line TNR of toric code and double-semion

So we see that the space¹M0� Mº for double-semion is 4-dimensional space spanned

by basis

(2.83)

This looks exactly similar to theM0 � M basis in double-line toric code in Eq. 2.41,

which might lead one to believe that they both are unstable for similar variations.

But one has to carefully note that the tensorT0 for both models are di�erent, so the

basis shown in Eq. 2.41 and in Eq. 2.41 are also di�erent. To illustrate this consider

the following variation:

(2.84)
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This variation is in stand-alone space of both toric code and double-semion, but it

respects MPO symmetry of the toric code but violates the MPO symmetry of the

double-semion. Indeed this variation causes phase transition in double-semion but

not toric code. This variation cannot be lifted to the physical level on the double-

semion tensor like it did for toric code (Eq. 2.48). But one can readily see that

this variation is not spanned by the basis in Eq. 2.84. And the reason for this

is that this variation has components both in the MPO subspaceand the unstable

subspace, which can be seen by applying the projector of the two spaces. We �nd

that¹M0 � MºTXX , 0andMTXX , 0. This examples reminds us that for a variation

to be unstable, all it needs is to have a non-zero component in the unstable space.

So it should not be thought that only variations spanned by the unstable basis are

unstable.

2.13 Implications for the simulation of phase transitions

Projected Entangled Pair States (PEPS), one type of Tensor Network States (TNS),

are often used asansatzfor di�erent numerical simulations of gapped lattice topo-

logical models. In particular, TNS can be used to simulate phase transitions between

di�erent topological phases[52]. The �xed point Hamiltonian is perturbed with a

local HamiltonianH0 ! H0 + � Hlocal and the perturbation strength,� is increased

slowly. At some �nite value of� the gap closes and the system goes through a

phase transition. For many perturbations, this phase transition consists of boson

condensation. For example, for the toric code Hamiltonian Eq. (2.9), two kinds of

perturbations can be added:

H1 = � U
Õ

v

Ö

l 2v

Zl � g
Õ

p

Ö

l 2p

Xl � �
Õ

l

Zl; (2.85)

H2 = � U
Õ

v

Ö

l 2v

Zl � g
Õ

p

Ö

l 2p

Xl � �
Õ

l

Xl : (2.86)

Let's �rst discuss the �rst kind of perturbation. In the �rst Hamiltonian, we keep

U = 1 and study the ground state as the relative values of� andg change. At� = 0

the ground state is simply the �xed point toric code state given in Eq. (2.10). That is,

it is an equal weight superposition of all closed string con�guration. Atg = 0, the

state is the vacuum state, that is, all spins are 0. These two states are topologically

di�erent, and hence there must be a phase transition as we change� •g from 0 to1 .

This phase transition can be understood as a condensation ofmparticles. Recall that


	

�
� Bp

�
� 	

�
= 1 corresponds to nom particle and



	

�
� Bp

�
� 	

�
= � 1 corresponds to

anm particle excitation at a plaquettep, whereBp =
Î

l 2p Xl is the plaquette term
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of the toric code Hamiltonian. For� = 0 ground state we have


	

�
� Bp

�
� 	

�
= 1; 8p,

while for g = 0 ground state we have


	

�
� Bp

�
� 	

�
= 0; 8p. It indicates that as� •g

is increased,m particles proliferate and at phase transition point, the system goes

through a boson (m particle) condensation and the ground state becomes a trivial

state. Boson condensation phase transitions are known to be second order phase

transitions. That is, ground state energy and its �rst order derivative as a function

of � •g are smooth functions, but its second order derivative is discontinuous at the

phase transition point.

It was shown by Guet al. [52] that an attempt to numerically simulate this phase

transition point with single-line tensor network state ansatz gives a transition that

is wrong both quantitatively and qualitatively. It gives a wrong critical point value

of � •g, and it gives a �rst order phase transition, not a second order one. But

with double-line tensor network state ansatz, it gives the correct second order phase

transition with correct critical point.

This di�erence can be easily understood in light of our discussion on single-line and

double-line TNR of toric code state. As we showed, double-line TNR is capable of

condensingm particles while single-line TNR is not. That is why double-line TNR

is suitable for simulating a phase transition that involvesm particle condensation.

A similar analysis can be done for the second type of perturbation. We setg = 1 and

change relative value ofU and� . For� = 0 the ground state is the toric code ground

state in Eq. (2.10), and forU = 0 the state is trivial state with all qubits aligned in

+x direction. Here the phase transition involvese particle condensation which is

again a second order phase transition. Hence, to simulate this phase transition, one

should use single-line TNS ansatz and not the double-line TNS ansatz.

This is one of the important points of understanding the unstable direction of vari-

ations that a particular TNR possesses. To simulate a boson condensation phase

transition, one should choose the TNR that is capable of condensing that particular

boson of the model.

Of course, there is also a �ip side to this. If one is interested in determining the

topological order of a particular TNR by calculating the topological entanglement

entropy, one should make sure to keep out of the unstable space,M0 � M, for

numerical stability. A small numerical variation in this space will change the

state globally and result in wrong results. For example, in calculations involving

Tensor Entanglement Renormalization Group (TERG) [52] and Tensor Network
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Renormalization (TNR1) [60] steps, we should project the resulting tensor after

every RG step back to the stable space, (IV � ¹ M0 � Mº), or naturally occurring

numerical errors might gain a component inM0� M space and change the topological

order of the state radically.

Now we will apply what we learned from the toric code example to analyze the TNR

of another closely related model, the double-semion model.

2.14 Summary and outlook

In this chapter, we tried to answer the following question: which variations cause

instabilities in a TNR of a 2D topological state and why? That is, if we start from

the tensor network representation of a topological state and add arbitrarily small

variations to the local tensor, does the topological order of the represented state

always remain the same? We answered this question by showing that instabilities

are caused by a variation if it has a component in a certain subspace of the virtual

space because they cause boson condensation. We also gave a precise mathemat-

ical procedure to form a projector onto the stable subspace which can be used in

numerical works to always protect against instabilities. This is an important result

because if the tensor is not actively protected against these variations then the task

of determining topological order of a tensor network state is numerically `ill-posed'.

That is, arbitrarily small numerical error in the process may change our conclusion

in a qualitative way. Previous work[47] has shown that this is indeed the case for

the single line representation of the toric code state.

We demonstrated the case explicitly for the tensor network representation of the toric

code (single-line, double-line), and the double-semion by calculating the topological

entanglement entropyStopo of tensors with random variations. We observed that in

all cases stand-alone variations that break MPO symmetry lowerStopo (to zero) and

in all cases instability was associated to condensation of a boson. Moreover, we

point out that to correctly simulate the local properties of a phase transition induced

by such boson condensation, these MPO breaking variations must beallowedin the

variational calculation; otherwise, one may reach the wrong conclusion about the

phase transition (e.g. regarding the order of the transition). This has been observed

in the case of toric code in Ref.[52].

We found that the mathematical reason for this instability is that local variations on

the virtual space may correspond to non-local variations on the physical level. Or,
1not to be confused with TNR that we use for referring to tensor network representation.
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stated di�erently, non-local operation on the physical level may correspond to local

operations on the virtual level. This results in an unfaithful representation of the

anyonic algerba on the virtual level which in turn can make the TNR an `ill-de�ned'

representation of the topological state.

Given this result, we can ask, how to properly design the tensor network algorithm so

that it can correctly simulate topological phases and phase transitions? In particular,

if we want to determine whether the ground state of some Hamiltonian has topolog-

ical order by calculating topological entanglement entropy in the thermodynamic

limit, we need to use a variational ansatz with the proper MPO symmetry. How to

do that in an e�cient and unbiased way is an interesting open question.

On the other hand, if we want to properly simulate a topological phase transition

induced by boson condensation, we need to put in the proper variational parameter.

However, as we have seen in the case of the toric code, di�erent representations

(single line, double line, triple line) contain parameters corresponding to the con-

densation of di�erent bosons (e or m). In fact, none of the representations contain

parameters which correspond to the condensation of both bosons. Therefore, it is

not possible to use any of them to correctly obtain the full phase diagram. It implies

that, if we want to study a topological phase transition whose nature is unknown,

we need to try di�erent ansätze. How to do that in an e�cient and unbiased way is

again an interesting open problem. We leave these problems to future study.
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C h a p t e r 3

TN REPRESENTATION OF GENERAL STRING NET MODELS
AND ITS INSTABILITIES

3.1 Background and motivation

In the last chapter we discussed the instabilities in Tensor Network Representations

(TNR) of toric code and double-semion models. We made a conjecture about which

tensor variations cause instabilities and what is the physical reason behind it. We

de�ned two important subspaces of the virtual space of the TNR: stand-alone and

MPO subspaces, and showed how variations that are in the stand-alone subspace

but are outside the MPO subspace are responsible for loss of topological phase

since they represent the condensation of a topologically non-trivial boson. We also

discussed how this instability is related to the fact that certain non-trivial string

operators have a trivial representation on the virtual space.

But do these results hold for other topological models as well? In particular, since

both toric code and double-semion were abelian models, we can ask whether these

results would hold for non-abelian models. Non-abelian models often have more

complicated string-operators and it might be the case that none of the anyons have

a corresponding string-operator that disappears on the TNR. In fact, as we will

show below, for the double-Fibonacci model, there indeed are no irreudicble string-

operators that disappear on the TNR. Would the TNR still be unstable?

To answer these questions, we have to investigate a general class of topological

models. Toric code is a Quantum Double model [12] while double-semion is a

Twisted Quantum Double model [61]. Both, quantum double and twisted quantum

double, are subclasses string-net models de�ned by Levin and Wen [13]. In fact

string-nets are the the most general set of lattice topological models that possibly

includes all non-chiral topological states in 2D[62]. Also, a general TNR for all

string-net ground-states is known[15, 42]. For these reasons, we choose to work

with general string-net models to investigate the question of TNR instabilities.

The rest of the chapter is organized as follows. In section 3.2 we give a brief review

of the string-net models and required algebraic relations that would be used in the

rest of the chapter. In section 3.3 we will give a brief derivation of the TNR of the

string-net states. We will then calculate the stand-alone space of this TNR in section
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3.4, followed by the calculation of their MPO subspace in section 3.5 both by directly

calculating it from the given TNR and by considering the Wilson-loop operators.

We would discuss the zero-string operator of string-net TNR in section 3.6 and then

discuss the two classes of unstable variations in section 3.7. Before giving the �nal

proof that this TNR has instabilities for all string-net modles in section 3.10, we will

�rst re-examin instabilities in TNR of toric code and double-semion in the string-net

paradigm in section 3.8 and discuss the non-abelian example of double-Fibonacci

model in detail in section 3.9 and show that it too has instabilities. We conclude the

chapter with a summary and outlook.

3.2 A brief review of string-net models

String-net models, which are Hamiltonian realizations of Turaev-Viro TQFTs, are

introduced by Levin and Wen [13] as RG �xed point models that describe topological

order in2+1spacetime dimensions. Following are the de�ning data of the string-net

states:

1- Local Hilbert space: String-nets are lattice spin models. Spins sit on the links

of hexagonal lattice. Each spins can be inN + 1 state,s = 0; 1; 2; : : : ;N. s = j

at a link can be understood as a string of `typej ' present on the link. Strings are

oriented andi? denotes string typei with the opposite orientation. Ifi = i? the

strings are called `unoriented'. We have assumed the strings to be unoriented in the

present paper for the sake simplicity, though our results can easily be generalized to

the oriented case.

2- Branching rules: There are branching rules denoted by� i j k . � i j k = 1 if string

typei; j; k are allowed to meet at a point, and� i j k = 0 otherwise.

3-Quantum dimensions:For every string types, there is a valueds associated to it,

called its quantum dimensions.D =
Í

s d2
s is called the `total quantum dimension'.

4- String-net condensed state:If we assign a particular string to each link, it forms

a string-net con�guration on the lattice. A string-net condensed quantum state is a

superposition of these di�erent string-net con�gurations on the lattice. Let's denote

the string-net con�gurations withX. So a string-net condensed state is,

j	 i =
Õ

X

� X jXi ; (3.1)

where� X is the amplitude with which a con�gurationX appears in the description

of the state. In general,� X can be complicated and states belonging to the same

topological phase might have di�erent wave functions. However, if we perform an

RG process, then all states in the same phase would end at the same �xed point state,
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which is to say that they should look the same at large distances.� X can be described

for this �xed point state. Though their absolute values are again complicated, we

can give their relative values by describing local constraints on how amplitude

� X changes as we deform a con�gurationX locally. These deformations involve

rebranching, removing bubbles, fusing two strings together, etc. These constraint

equations are given in equation (4)-(7) of Levin and Wen [13]. The most signi�cant

of these local constraint is the so called 'F'-move.

5- F-symbols: A local constraint involving rebranching of 5 strings is the following:

(3.2)

F-symbol is a six indexed object and it satis�es the following properties:

F i j k
j? i? 0 =

p
dk

p
di
p

dj
� i j k; (3.3)

F i jm
kln = F lkm?

jin = F jim
lkn? = F im j

k? nl

p
dmdn

p
dj dl

: (3.4)

Properties of theF-symbol under index permutations can be best captured by de�n-

ing a new object calledG-symbol byGi j k
klm =

F i jk
klmp

dk dm
. G-symbol can be considered

as a value associated to a tetrahedron and the six indices sit on the six edges of

tetrahedron. Then it is invariant under all tetrahedron symmetries. It satis�es an

important equation, the so-called `Pentagon Identity':
Õ

f

d f G
b1b2i12
a2a1 f Gb2b3i23

a3a2 f Gb3b1i31
a1a3 f = Gi23i31i12

a1a2a3 Gi23i31i12
b1b2b3

:

(3.5)

Finally we describe the exactly solvable Hamiltonian such that the RG �xed point

state de�ned as above is one of the ground states,

H = �
Õ

v

Av �
Õ

p

Bp; (3.6)

wherev andp denote the vertices and plaquette of the lattice. The vertex term is

Av =
Õ

i; j;k

� i j k ji j k i hi jk j : (3.7)
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So, the vertex term simply projects con�gurations to only the ones that contain the

allowed branchings. The plaquette term is more involved:

Bp =
Õ

s

ds

D
Bs

p; (3.8)

whereBs
p is an operator that creates ans-type string that fuses with the strings on

the plaquette. Two strings can be fused together by assuming a 0-string between

them and then usingF-moves.

Finally putting all of it together, we see that the data¹N; di; � i j k; F i j k
klmº describes a

string-net model.

Algebraic Identities

Here we enlist multiple algebraic relations regarding string-net data that are used

throughout the paper. For rotational convenience, cyclic products will be simply

denoted by
Î n

j=1 with a cyclic j = n + 1 = 1. One of the most important identities

is the `Pentagon Identity',

Õ

f

d f

3Ö

j =1

¹G
bj bj +1i j ; j +1

aj +1aj f º = Gi23i31i12
a1a2a3 Gi23i31i12

b1b2b3
: (I.1)

G symbols also satisfy an `orthogonality identity',
Õ

i12

Gb1b2i12
a2a1 f Gb1b2i12

a2a1 f 0di12 =
1
d f

� f ; f 0� a1a2 f � b1b2 f : (3.9)

G-symbols are normalized as

Gb1b2i12
a2a10 = � a1;b1� a2;b2� a1b1i12¹da1da2º

� 1
2 : (3.10)

Cyclic products ofG symbols satisfy the following equation:

Õ

f bj g

nÖ

j =1

¹G
bj bj +1i j ; j +1

aj +1aj f G
cj cj +1i j ; j +1

bj +1bj f dbj º =
Õ

s

� f f 0s

nÖ

j =1

¹G
cj cj +1i j ; j +1
aj +1aj s º: (3.11)

Plaquette operatorsB f
p correspondingly satisfy

B f
p B f 0

p =
Õ

s

� f f 0sBs
p: (3.12)

We know that if we contract anf -type loop we get a factor ofd f . Combining

this with the last two equation, we �nd that quantum dimensions satisfy the same

identity:

d f d f 0 =
Õ

s

� f f 0sds; (3.13)
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whered f are nothing but the eigenvalues of the plaquette operatorsB f operators

where the eigenstate is the string-net ground state.

De�ne matrix Nk asNk
a;b = � k;a;b. SinceNk matrices are real symmetric matrices,

and commute with each other for di�erent values ofk, they share a complete set of

orthogonal eigenvectors.We write theqth such simultaneous eigenvector ofNk; 8k

as

�
�sq

�
=

Õ

a

sq;a jai : (3.14)

Since quantum dimensions form one such eigenvector, we �xs0;a = da. The

following equations follow



sq

�
� sq0

�
/ � q;q0; (3.15)



sq

�
� Nk

�
� sq0

�
=

Õ

a;b

sq;a� k;a;bsq0;b / � q;q0: (3.16)

The branching tensor� i j k is part of a fusion category data. Under the additional as-

sumptions of braiding de�ned on the fusion category and braiding being su�ciently

non-trivial (modularity), thes above are just the columns ofSmatrix. But we don't

really need this for our results.

3.3 Triple-line TNR of string-net states

We now brie�y describe the derivation of triple-line TNR along the lines described

in the original paper by Guet al. [42]. It is important to understand this derivation

as it gives us a way to apply string-operators on triple-line TNR.

String net RG �xed point ground state can be constructed by applying plaquette

operatorBp =
Í

s dsBs
p to the vacuum statej0i . Bs

p creates ans-type string loop on

the plaquettep.

�
�	 gs

�
=

Ö

p

Bp j0i =
Ö

p

Õ

s

dsBs
p j0i

=
Õ

s1;s2;::

ds1ds2:: js1; s2; :::i ; (3.17)

where

js1; s2; :::i = Bs1
p1Bs2

p2 : : : j0i : (3.18)

js1; s2; :::i is a string con�guration on the `fattened lattice'. We will refer to

ds1ds2:: js1; s2; :::i as the `loop state'. We need to fuse these loops together to
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get the physical state. We then fuse these strings together to get the �nal physical

state,

js1; s2; :::i =
Õ

i12;i23:::

� i12i23::
s1s2s3:: ji12; i23; ::i : (3.19)

There are essentially 3 steps leading up to the expression of the triple-line TNR.

We mention them here explicitly as we will need to refer back to them for other

calculations.

Step 1: We start with the `loop state' on the fattened lattice.j th plaquette has a

loop in statesj . The ground state is

j	 0i =
Õ

s1;s2;::

ds1ds2:: js1; s2; ::i : (3.20)

So every plaquette contributes a factor ofdsj . We distribute it uniformly among the

6 vertices, so each vertex gets a factor ofd1•6
sj from each vertex.

Step 2: We fuse all loops with nearby loops producing a string on the links:

(3.21)

We assume a 0-string between them and perform anF-move. It produces a factor

of
Í

i j ;k

r
di j ;k

dsj dsk
on each link between plaquettej andk. A link is shared between

two vertices, so each vertex gets a factor of4

r
di j ;k

dsj dsk
.

Step 3: After the previous step, we are left with a `bubble' on the vertex. Now we

remove it,

: (3.22)

Removing it produces a factor of
p

dsj dsk dsl G
ikl i l j i jk
sj sk sl .
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Putting the 3 steps together, we get

¹T0º
i jk ikl i l j
sl sj sk = 4

q
di jk dikl di l j G

i jk ikl i l j
sj sk sl

6
q

dsj dsk dsl : (3.23)

A general triple-line Tensor is represented diagrammatically as:

: (3.24)

For the speci�c RG �xed point tensor in (3.23) we havea0
j = aj; i0j; j+1 = i j; j +1; 8 j .

So it would be represented diagrammatically as:

: (3.25)

Before we discuss the properties of the triple-line TNR of the general string-net

models, we would like to mention that double-line TNR and single-line TNR are

actually reduced versions of the triple-line TNR, and as such, many results about the

triple-line TNR apply to double-line and single-line as well. We can discard some

of the legs of the triple-line tensor if fewer legs are required to encode the necessary

information. For example, for abelian models, the middle leg of the triple-line tensor

is redundant; it always assumes value which is a product (fusion) of the two legs

on either side of it. That's why for abelian models, double-line tensors su�ce and

the middle-leg can be discarded. Non-abelian models, such as the double-Fibonacci

model we will study in section 3.9, the middle-leg does carry essential information

and cannot discarded. So one cannot have a double-line TNR of non-abelian models.

Furthermore, if the ground state of a model can be written as anequalsuperposition

of states allowed by branching rules then the ground state admits a single-line TNR.

For example, toric code ground state is an equal superposition of all closes string

con�gurations, and hence admits a single-line TNR. In fact,any quantum double

model with an abelian gauge group can have a single-line TNR. The double-semion
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model, on the other hand, is not an equal superposition of states allowed by the

branching rules (it has a phase factorin¹dº), and hence it cannot admit a single-line

TNR.

To apply the conjecture to the triple-line TNR of general string-net model, we now

�rst calculate its MPO and stand-alone subspaces. We will do so in the next two

sections.

3.4 Stand-alone subspace of string-net triple-line TNR

To calculate the stand-alone space, we need to know how to contract double-tensors

on a large region. First we need to de�ne the concept ofboundary operatorsthat

show up in double-tensor contraction.

Boundary operators

It is more convenient to work with the dual lattice of honeycomb lattice. The dual

lattice of honeycomb lattice is the triangular lattice. We label the vertices with an

integer j = 1; 2; ::. The edges are labeled by the two vertices on its ends,¹ j1; j2º.

The triple line tensor is represented as a triangle,

= : (3.26)

The inner indicesa1; a2; :: sit on the vertices of the triangles, and the physical legs

and the middle legs on the edges. We denote the inner index sitting on vertexj as

aj , and the physical and middle legs sitting on the edge are denoted asi j1; j2. With

this construction, the tensor component can be written as

¹T0ºi23i31i12
a1a2a3 =

3Ö

j =1

�
d

1
4
i j ; j +1

d
1
6
aj

�
Gi23i31i12

a1a2a3 : (3.27)

A double tensor of a tensorT is de�ned asT =
Í

I T I ¹T� ºI and is denoted byT.

I denotes the set of physical indices. So we get the double tensor of a tensor by

contracting the physical indices betweenT and its complex conjugate,Ty. Since the

tensorT is represented by a triangle, the double tensorT can be represented by a

double layer triangle.
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The edge labels are the same bottom to top, only the labels of the vertices change.

We label the upper vertices asb1; b2; ::. With this a double tensor can be written as

T0 =
nÖ

j =1

�
d

1
2
i j ; j +1

¹daj dbj º
1
6

�
Gi23i31i12

a1a2a3 Gi23i31i12
b1b2b3

: (3.28)

Using the pentagon equationGi23i31i12
a1a2a3 Gi23i31i12

b1b2b3
=

Í
f d f

Î 3
j=1¹G

bj bj +1i j ; j +1

aj +1aj f º we get

T0 =
Õ

f

d f Bf (3.29)

Bf =
3Ö

j =1

�
d

1
2
i j ; j +1

¹daj dbj º
1
6; G

bj bj +1i j ; j +1

aj +1aj f

�
: (3.30)

Bf can be represented as the boundary of double-layer triangle,

T0 =
Õ

f

d f (3.31)

It is useful to decomposeBf into terms that sit on the edge of the triangle and terms

that sit on the vertices,

Bf =
3Ö

j =1

�
d

1
2
i j ; j +1

G
bj bj +1i j ; j +1

aj +1aj f

� 3Ö

j =1

�
¹daj dbj º

1
6

�
: (3.32)

The �rst cyclic product on the RHS sits on the edges while the second term sits

on the vertices. So we see that the double tensor on a triangle is (we will denote

triangle as� )

T0¹� º =
Õ

f

d f Bf ¹@� º: (3.33)

The tensor resulting from contracting tensorsT on a regionR will be denoted as

T¹Rº. We callBf , the f -type boundary operator. It lives on the boundary@R of a
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regionR,

: (3.34)

See Fig. 3.34. Let's say the vertices on the boundary of a regionRon the triangluar

lattice are labeled asj = 1; 2; ::;n:. We associate with each vertex a factor of

¹aj bj º
mj
6 . mj denotes the number of the triangles insideR meeting at vertexj . It

can simply be written asmj = � j •¹2� •6º, where� j is the angle the loop makes on

vertex j . Finally, on every edge¹ j; j + 1º we associate an operatord
1
2
i j ; j +1

G
bj bj +1i j ; j +1

aj +1aj f .

With this construction,Bf ¹@Rº can be written as,

Bf ¹@Rº =
nÖ

j =1

�
d

1
2
i j ; j +1

G
bj bj +1i j ; j +1

aj +1aj f

� nÖ

j =1

�
¹daj dbj º

mj
6

�
: (3.35)

Now we are ready to contract tensors on individual triangles with each other in order

to �nd the double tensor on a regionR.

Double-tensor/Virtual density matrix on a general regionR

We present the result in a lemma.

Lemma 2. We �nd that the double tensorT0¹Rº satis�es the general version of

Eq.(3.33):

T0¹Rº = DV
Õ

f

d � R
f Bf ¹@Rº; (3.36)

where� R = V � E + F is the Euler characteristic of regionR. V,E, andF are the

number of vertices, edges, and faces that are completely inside the regionR(that is,

they are inside the region where tensors have been contracted).
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Proof. There is a simple proof of this result. We have to contractT0 on each triangle

with each other on the common edges and vertices to getT0¹Rº,

T0¹Rº = tTr
�
T0¹� 1ºT0¹� 2º : : :

�

=
Õ

f1; f2;:::

¹d f1d f2 : : :ºBf1¹@� 1ºBf2¹@� 2º : : : : (3.37)

where, as de�ned before, tTr denotes the operation of contracting a set of tensors

along shared indices. So we basically have to see howBf1 contracts withBf2. They

can be contracted in two steps. First we contract all the edges, and then we contract

all the vertices, and we will be left with terms sitting only on the boundary of the

region. Using the orthogonality identity, Eq. (3.9), edge contraction on the edge

¹ j; j + 1º betweenBf andBf 0 gives

Ev¹Bf Bf 0º /
Õ

i j ; j +1

d
1
2
i j ; j +1

G
bj bj +1i j ; j +1

aj +1aj f d
1
2
i j ; j +1

G
bj bj +1i j ; j +1

aj +1aj f 0

=
1
d f

� f ; f 0� aj aj +1 f � bj bj +1 f : (3.38)

The factor � f ; f 0 implies thatBf only contracts withBf . So the expression in

Eq. (3.37) is only non-zero forf1 = f2 = ::: f . So we have

T0¹Rº =
Õ

f

dF
f Bf ¹@� 1ºBf ¹@� 2º : : : ; (3.39)

whereF is the number of faces in regionR. Then there are factors of� aj aj +1 f � bj bj +1 f

in Eq. (3.38) that will be used in the second step of vertex contraction. Finally note

a factor ofd� 1
f that comes out of every edge contraction. So when we are done with

all the edges, we will have an overall factor ofd� E
f , whereE is the number of edges.

Now we do tensor contraction on each vertex. Note that each of the six triangles

around a vertexj contribute a factor of¹daj dbj º
1
6 , so we have a total factordaj dbj on

each vertex. We multiply this with the factor� aj bj f that came out of edge contraction.

So, �nally we have the vertex contraction using identity (3.13),

Õ

aj ;bj

daj dbj � aj bj f =
Õ

aj

d f daj daj = Dd f : (3.40)

So we see that contraction of 6 tensors on each vertex simply produces a factor of

Dd f for every f -type boundary operator. When we are done with all the vertex

contractions, we will have an overall¹Dd f ºV = DVdV
f factor. Putting all the factors
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together, we get

T0¹Rº =
Õ

f

dF
f d� E

f ¹Dd f ºVBf ¹@Rº

= DV
Õ

f

d � R
f Bf : (3.41)

This completes the proof.

To calculate the stand-alone space, we need to know how these boundary operators

behave on a large region. We present the result of this calculation in the following

important lemma: �

Lemma 3.

lim
j@Rj!1

Tr¹Bf , 0¹@Rºº
Tr¹B0¹@Rºº

= 0 (3.42)

Proof. To prove this, we would calculateStopo on a sphere using the virtual-density

method laid out in 2.2 in the previous chapter, and compare it to the known result,

Stopo = log D. We divide the sphere in symmetric two halves, let's sayR and L,

and calculateT¹Rº. We assume the state has the appropriate symmetry such that

� T
L = � R = � b = T¹Rº. Using the result by [53], we know that the physical density

matrix � R has the same spectrum as� 2
b, that is, � R / � 2

b. Let's say � R = N� 2
b,

whereN is the normalization factor. We �rst calculateN. To do that, we �rst need

to calculate the algebra and the trace ofBf .

Let's put the string-net tensor network state on a sphere. Consider the left hemi-

sphere, denoted asL, and right hemisphere, denoted asR. Let's denote the indices

of the vertices on the boundary@R as j = 1; 2; : : : ;n. ThenBf on this boundary is

given by,

Bf ¹@Rº =
nÖ

j =1

�
d

1
2
i j ; j +1

¹daj dbj º
mj
6 G

bj bj +1i j ; j +1

aj +1aj f

�
: (3.43)

SinceR divides the region in to exact two halves, we assume that the boundary@R

divides the boundary plaquette in to exact two halves, settingmj = 3; 8 j . So we

get,

Bf ¹@Rº =
nÖ

j =1

�
d

1
2
i j ; j +1

¹daj dbj º
1
2 G

bj bj +1i j ; j +1

aj +1aj f

�
: (3.44)
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Note that, using relation (3.10)

B0¹@Rº =
nÖ

j =1

�
d

1
2
i j ; j +1

¹daj dbj º
1
2 G

bj bj +1i j ; j +1

aj +1aj 0

�
(3.45)

=
nÖ

j =1

¹d
1
2
i j ; j +1

º� aj bj +1i j ; j +1: (3.46)

Now, using identity (3.11) the algebra ofBf operators is,

Bf Bf 0 =
Õ

s

� f f 0sBs �
nÖ

j =1

¹d
1
2
i j ; j +1

º (3.47)

=
Õ

s

� f f 0sBsB0: (3.48)

We also know how to contractBf with each other through the calculations done

previously in the privious subsection. We learned thatBf only contracts with itself,

and it gives a factor ofd� 1
f for every edge and a factor ofDd f for every vertex. On

a loop the number of vertices is equal to number of edges. So we get,

Tr¹Bf Bf 0º = � f ; f 0Dn: (3.49)

If calculate Tr¹Bf º, we �nd

Tr¹Bf º =
Õ

f aj i j ; j +1g

nÖ

j =1

�
d

1
2
i j ; j +1

¹daj daj º
1
2 G

aj aj +1i j ; j +1

aj +1aj f

�

= Tr¹An
f º; (3.50)

whereAf is a matrix whose componentsAf ¹a; bº areAf ¹a; bº =
Í

i Gabi
ba f¹dadbº

1
2 d

1
2
i .

If An
f has a non-degenerate highest eigen-value� f , for largen, Tr¹An

f º � � n
f . Note

that Perron-Frobenius theorem makes sure that� 0, highest eigen-value ofA0, will

be non-degenerate. So we have

lim
n!1

Tr¹B0º = � n
0: (3.51)

For abelian models, Tr¹Bf , 0 = 0 sinceGabi
ba f = 0; f , 0. For the double-Fibonacci

model to be discussed in 3.9, a simple calculation shows� 0 = 1 + 
 3•2 and� 1 =

1 � 
 � 1
2 , where
 = d1 = 1+

p
5

2 is the quantum dimension of the string. Because

� 1 < 1, for largen Tr¹B1º � Tr¹An
1º � 0.
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On a hemisphere,� R = 1, so from lemma 2 we have� b =
Í

f d f Bf and� R = N� 2
b

whereN is a normalization factor. First we calculate the normalization factorN,

Tr¹� 2
bº = Tr¹

Õ

f

d f Bf º2

=
Õ

f ; f 0

d f d f 0Tr¹Bf Bf 0º

=
Õ

f ; f 0

d f d f 0� f ; f 0Dn

= Dn¹
Õ

f

d2
f º: (3.52)

Now, calculating Renyi entropy with renyi index� = 1•2, we get

S1•2¹� Rº =
1

1 � 1•2
logTr¹�

1
2
Rº

= 2 log
Tr¹

Í
f d f Bf º

q
Dn Í

f d2
f

= � n log D � 2 log
Õ

f

¹d f TrBf º � log
Õ

f

d2
f

= � n log D � 2n log � 0 � 2 log©
­
«

1 +
Õ

f >0

TrBf

� n
0

ª
®
¬

� log
Õ

f

d2
f :(3.53)

We know that for a string-net model topological entanglement entropy islog
Í

f d2
f ,

which implieslimn!1
TrBf

� n
0

= 0; 8 f > 0. This completes the proof. �

String-net stand-alone subspace

Now we combine lemma 2 and lemma 3.42 to calculate the stand-alone space.

Theorem 1. The stand alone space of the triple-line string net TNR is given by

M0 = � a1;a2;i12� a2;a3;i23� a3;a1;i31: (3.54)

Proof. Now we are ready to calculate the stand-alone space. Consider the same

tensor network but on a very large disc with one triangle removed from the origin.

We will denote this space asD � � . This has two disconnected boundaries, one on

the outer edge, one on the inner one.� R = 0 for this region, so using lemma 2

T¹D � � º =
Õ

f

Bf ¹@¹D � � ºº (3.55)

=
Õ

f

Bf ¹@� º 
 Bf ¹@Dº (3.56)
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To get the stand-alone space, we simply trace out the inner indices on the outer

edge. But according to lemma 3.42, onlyTr¹B0 contribute in the large disc limit.

So we simply get (up to an overall normalization factor which we ignore)B0 on the

triangle,

lim
jDj!1

TD¹D � � º = lim
jDj!1

Õ

f

Bf ¹@� º 
 Tr¹Bf ¹@Dºº (3.57)

= B0¹@� º� n
0: (3.58)

But using (3.45) we get

B0¹@� º = ¹di12di23di31º
1
2 � a1;a2;i12� a2;a3;i23� a3;a1;i31: (3.59)

Stand-alone projector,M0, is simply the projector onto the support space ofB0,

which is clearlydeltaa1;a2;i12� a2;a3;i23� a3;a1;i31. So we have proved thatM0 for triple-

line TNR of general string-net is,

M0 = � a1;a2;i12� a2;a3;i23� a3;a1;i31: (3.60)

This completes the proof. �

This is the projector on to the stand-alone space of triple-line TNR of general

string-net models. For notational convenience we will denote these basis vectors as
�
�f

Î 3
k=1 � bk;bk+1;ik;k+1g

�
, that is,

�
�
�
�
�
f

3Ö

k=1

� bk;bk+1;ik;k+1g

+

= � b1;b2;i12� b2;b3;i23� b3;b1;i31 jb1; b2; b3; i12; i23; i31i (3.61)

These basis vectors can be represented as string-con�gurations,

�
�
�
�
�
f

3Ö

k=1

� bk;bk+1;ik;k+1g

+

= : (3.62)

So we get,

dim¹M0º =
Õ

b1;b2;b3;i12;i23;i31

� b1;b2;i12� b2;b3;i23� b3;b1;i31:

: (3.63)
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3.5 MPO subspace of String-net triple-line TNR

we will use de�nition 2 to �nd the MPO subspace of triple-line TNR. Using the

triple-line TNRT0 of string-net states given in Eq. (3.23), the virtual density matrix

is found to be

� =
Õ

I

¹T0ºI
� ¹T0;� ºI

�

=
Õ

f ak;bk ;ik;k+1g

Gi23i31i12
a1a2a3 Gi23i31i12

b1b2b3

Ö

j

¹d
1
6
aj d

1
6
bj

d
1
2
i j ; j +1

º

�
�f ak; ik;k+1g

� 

f bk; ik;k+1g

�
� : (3.64)

Clearly, this density matrix can simply be written as

� =
Õ

i; j;k

�
�vi; j;k

� 

vi; j;k

�
� (3.65)

where
�
�vi; j;k

�
= ¹di dj dkº

1
4

Õ

a1;a2;a3

Gi; j;k
a1;a2;a3¹da1da2da3º

1
6 ja1; a2; a3; i; j; ki :(3.66)

So � has a diagonal form in terms of vectorsvi; j;k. To get the projector on to its

support space,we simply need to use the unit vectos1
Ni; j ;k

�
�vi; j;k

�
, whereNi; j;k =

q 

vi; j;k

�
� vi; j;k

�
is the norm of vectorvi; j;k. So the string-net MPO projector is

M =
Õ

i; j;k

1

N2
i; j;k

�
�vi; j;k

� 

vi; j;k

�
� : (3.67)

Note that
�
�vi; j;k

�
= 0 if � i; j;k = 0. It means thatM projects on to the physical states

allowed by the branching rules, and

dim¹Mº =
Õ

i; j;k

� i; j;k (3.68)

Comparing Eq. 3.63 with Eq. 3.68, we can see thatdim¹M0º > dim¹Mº. So

according to our conjecture,there must always be unstable directions of variations

in the triple-line TNR of any string-net model!Indeed, we give examples of such

unstable directions and will prove in section 3.10 that triple-line TNR of string-net

always have instabilities.

String-net MPO from Wilson loop operators

In last chapter, we showed how MPO symmetries or the MPO subspace come from

representation of anyonic Wilson-loops of the model on the stand-alone space. It is

instructive to do the same with general string-net models.
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When anf -type simple string operator passes through the tensorT0 on the physical

level, it induces an operation on the virtual level in the way shown in Fig. 3.69.

That is, it simply becomes af -type string which is then fused with the plaquette legs.

We consider the Wilson loop that encircles the 3 plaquettes of the tensor. This Wilson

loop creates anf -type string that then fuses with the 3 plaquette loops. Remember

that we need to calculate the representation of this operator on the stand-alone space.

That is, we need to calculate the matrix elements


f � ak;ak+1;ik;k+1

�
�Wf

�
� f � bk;bk+1;ik;k+1g

�
.

So we imagine a tensor network in which the tensor in the stand-alone basis is

surrounded byT0. We now apply the Wilson loop encircling 3 plaquettes and

calculate induced operator on the stand-alone basis. It can be done in a convenient

way using string-net diagrams in Eq. (3.62).

There are essentially 3 steps:

Step 1: Since the surrounding tensors are the �xed point tensorT0, the Wilson loop

on the physical level simply becomes anf -type string that fuses with the plaquette

legs,

(3.69)

Since these plaquette legs are contracted with the plaquette legs of the stand-alone

tensor, it is equivalent to fusingf -string loop with the 3 plaquette legs of the

stand-alone tensor,

: (3.70)
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Step 2: We fuse these strings with the three nearby stringsa1; a2; a3,

: (3.71)

Let's say they fuse to make stringsb1; b2; b3. We gain factorsFaj ;aj ;0
f ; f ;bj

=
p

dbjp
df daj

; j =

1; 2; 3 for each fusion.

Step 3: In the last step we remove the three bubbles created in the previous step,

: (3.72)

Each bubble removal produces a factor of
p

d f daj daj +1G
bj bj +1i j ; j +1

aj +1aj f ; j = 1; 2; 3.

Collecting the factors from step 2 and step 3, we get
*

f
3Ö

k=1

� bk;bk+1;ik;k+1

�
�
�
�
�
Wf

�
�
�
�
�
f

3Ö

k=1

� ak;ak+1;ik;k+1g

+

=
3Ö

j =1

d
1
2
bj

d
1
2
aj G

bj bj +1i j ; j +1

aj +1aj f : (3.73)

This is the expression forM f = M0Wf M0. Now considering the projectorM =
Í

f
df

D M f , we get

M =
Õ

f

d f

D

3Ö

j =1

d
1
2
bj

d
1
2
aj G

bj bj +1i j ; j +1

aj +1aj f

=
1
D

d
1
6
bj

d
1
6
aj G

i23i31i12
a1a2a3 Gi23i31i12

b1b2b3
: (3.74)

It should be understood as an operator written in its components in the basis
�
�f ak; ik;k+1g

� 

f bk; ik;k+1g

�
�. We used pentagon identity in the second step. We

can see that it projects on to the space withGi23i31i12
a1a2a3 , 0, that is� i23;i31;i12 , 0.

There is a small technical issue though. The factord
1
2
bj

d
1
2
aj does not exactly match

the factors in theTTy support space given in Eq. (3.66)). It is simply because
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we did not keep track of exactly how to distribute factors that share a plaquette

while applying the Wilson loop. In fact, the Wilson loop around a single vertex

is somewhat ill-de�ned. But we are only trying to get a symmetry condition on

the individual tensors which makes sure that Wilson loop on a larger region is a

symmetry of the state. We can show that this factor has to be exactlyd
1
6
bj

d
1
6
aj if the

Wilson loop is to be a symmetry of the state. The reason is simply, as concluded

in the original string-net paper, a Wilson loop commutes with the plaquette term

Bp =
Í

s asBs
p only whenas = ds. In tensor network language, it translates to the

fact that every tensor must contribute a factor ofd
1
6
s for the Wilson loop to be a

symmetry. Also we know that anf -type Wilson loop applied to the ground state

produces a factor ofd f . Combining all these we can write the exact Wilson loop

operator on a single tensor as:

M f =
3Ö

j =1

daj ¹dbj d
� 1
aj

º
1
6 G

bj bj +1i j ; j +1

aj +1aj f (3.75)

) M =
1
D

daj ¹dbj d
� 1
aj

º
1
6 Gi23i31i12

a1a2a3 Gi23i31i12
b1b2b3

: (3.76)

The �xed point triple-line tensor satis�es

M f T0 = d f T0; (3.77)

MT0 = T0: (3.78)

One can check thatM =
Í

f
df

D M f is indeed a projector and it projects onto the

support space ofTTy.

Finally, just like boundary operatorsBf , f -type MPO can be extended to an arbitrary

large region as

M f ¹@Rº =
nÖ

j =1

G
bj bj +1i j ; j +1

aj +1aj f daj ¹dbj d
� 1
aj

º
� j
2� : (3.79)

and it represents the operation induced on the virtual level by a Wilson loop applied

on the boundary of the regionR.

3.6 0-type string operator is a zero-string operator of triple-line TNR

In last chapter we argued how the reason for instability is that some of the non-trivial

anyon operators might have a trivial representation on the virtual level. That is, they

disappear identically on the ground state tensor network, even in the presence of

a topological hole. We saw that, for the single-line and double-line TNR of toric
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code,X-string andZ-string operators were the zero-string operators respectively.

Indeed, the general string-net also has such an operator. These are the operators

that only has string-type 0 in it. Remember that string-operators on the string net

model act by adding a string-type (possibly more than one) to the string-net and then

fusing it with the string-net by some fusion rules. The expression of Wilson-loop

operators can be used to see how a string operator with open ends would act on the

tensors along the path. It would look the same as in Eq. (3.79) along the path with

some changes at the end. But we don't worry too much about the details of how

this operator looks at its ends, since those details can always be changed using local

unitary operators at its ends. Looking at the Wilson-loop operators in Eq. (3.79), it

is immediately clear what the invisible string operators are for the triple-line TNR

of general string-nets. Forf = 0, (using identity (3.10))

M0¹@Rº =
nÖ

j =1

�
G

bj bj +1i j ; j +1

aj +1aj 0
dbj ¹daj d

� 1
bj

º
mj
6

�

=
nÖ

j =1

�
� aj ;bj ¹daj dbj º

� 1
2 dbj ¹daj d

� 1
bj

º
mj
6 � aj ;aj +1;i j ; j +1

�

=
nÖ

j =1

� aj ;aj +1;i j ; j +1: (3.80)

But the �nal expression is the very de�nition of stand-alone space itself. It means

this operator will act trivially on the stand-alone space. So, a0-type simple string

operator is a non-trivial invisible string operator, that is, it is a zero-string operator.

From this it should be clear why we denoted the stand-alone spaceM0 and why

we called non-trivial invisible string-operators zero-string operators. These names

come from the general string-net formalism.

It is also clear that forf , 0, M f acts necessarily non-trivially on the tensors along

the path. One should carefully note that, though non-zero-string operators change

tensors along the path, it does not mean that this path is a physical observable.

These paths can always be deformed asM f passes throughT0 without any phase

accumulation. It is called the `pulling-through condition' [49]. When there is an

MPO violating variation present at a tensor,M f cannot be pulled through it. Hence

our conjecture can be alternatively worded as `the stand-alone variations which

prohibit the pulling-through property of �xed point tensors cause instability.'
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3.7 Tensors in the unstable spaceM0 � M

We have determined both the stand-alone space,M0 and the MPO spaceM. M0

space is spanned by vectors,

� i;b;c� j;c;a� k;a;b ja; b; c; i; j; ki : (3.81)

And the MPO spaceM space is spanned by
�
�vi; j;k

�
: � i; j;k = 1, where

�
�vi; j;k

�
=

Õ

a;b;c

Gi; j;k
a;b;c¹dadbdcº

1
6 ja; b; c; i; j; ki : (3.82)

The tensors supported onM0 � M are precisely the tensors that cause instability.

To determine the orthogonal basis of this space we simply need to �nd vectors

orthogonal tovi; j;k which are within the stand-alone space. First note thatM0 space

decomposes in orthogonal subspacesM0 =
É

i; j;k Vi; j;k where the subspaceVi; j;k

is spanned by� i;b;c� j;c;a� k;a;b ja; b; c; i; j; ki , that is,a; b; c for which � i;b;c� j;c;a� k;a;b is

non-zero.M0 � M space can be decomposed into two subspaces,

1- � i; j;k = 0: This consists of all the string-con�gurations in Fig. 3.62 for which

� i; j;k = 0. They are obviously orthogonal to allvi; j;k sincevi; j;k = 0 if � i; j;k = 0.

Since these vectors violate the vertex term of the Hamiltonian we will refer to them

as `vertex variations'.

2- � i; j;k = 1: This is the subspace spanned by string con�gurations for which

� i; j;k = 1. We need to �nd other vectors inVi; j;k that are orthogonal tovi; j;k.

dim¹Vi; j;kº =
Í

a;b;c � i;b;c� j;c;a� k;a;b =
Í

a;b;c»G
i; j;k
c;a;b¼where»Gi; j;k

c;a;b¼= 1 if Gi; j;k
c;a;b , 0

and0 otherwise. Note that sinceVi; j;k are orthogonal for di�erent values ofi; j; k,

we just need to �nd vectors in individualV subspaces. To �nd these we will use the

orthogonality ofG (3.9)
Õ

c

Gi; j;k
a;b;cG

i; j;k
a;b;cdc =

1
dk

� a;b;k: (3.83)

And the fact that matricesNk de�ned by Nk
a;b = � a;b;k can be simultaneously

diagonalized8k. Let's say
�
�sq

�
= sq;a jai is its qth such simultaneous eigenvector.

As discussed in the section 3.2,s0;a = da, that is, the vector formed by quantum

dimensions is an eigenvector toNk. These vectors are orthogonal,


sq

�
� sq0

�
= � q;q0,

which also implies that


sq

�
� Nk

�
� sq0

�
=

Í
a;b sq;a� k;a;bsq0;b / � q;q0. Now we are

ready to write down the vectors spanningVi; j;k.

Consider vectors
�
�
�vq;a

i; j;k

E
=

Õ

a;b;c

sq;a

da
Gi; j;k

a;b;c¹dadbdcº
5
6 ja; b; c; i; j; ki ; (3.84)
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where superscript¹q; aº indicates that theqth eigenvector is used on lega. Using

the orthogonality relation, we get
D
vi; j;k

�
�
� vq;a

i; j;k

E
=

Õ

a;b;c

sq;adbdcG
i; j;k
a;b;cG

i; j;k
a;b;c (3.85)

=
Õ

a;b

sq;a� a;b;kdb (3.86)

=
Õ

a;b

sq;a� a;b;ks0;b (3.87)

/ � q;0: (3.88)

So we see that the vectorvq;a
i; j;k is orthogonal tovi; j;k if q , 0. Sinceq takesN � 1

non-zero values and it can be put on lega; b or c we seem to have3¹N � 1º such

vectors. However not all of them will be independent, but they span the full vector

spaceVi; j;k. Since these kinds of variations change the plaquette leg factors, hence

violating the plaquette term, we will refer to these variations as `plaquette variations'.

With this we have concluded the analysis of general string-net mdodels and their

triple-line TNR. Now we turn to some concrete examples to understand how the

conjecture in 2.6 explains the instabilities in string-nets.

3.8 Examples: Triple-line TNR of the toric code and double semion states

let's �rst examine how models covered in the previous chapter, toric code and

double semion, �t into triple-line TNR. One can get the triple-line TNR for them

by plugging in the relevant string-net data into Eq. (3.23). We will apply the results

about general-string net models developed in previous sections to the two cases.

Toric code string-net data is,

N = 1; d0 = 1; d1 = 1;

� 000 = � 110 = � 101 = � 110 = 1;

G000
000 = G000

111 = 1;

G011
011 = G011

100 = G101
101 = G101

010 = G110
110 = G110

001 = 1:

(3.89)

The triple-line TNR of toric code can be built by plugging in this data into the

general expression in Eq. (3.23). This tensor has 9 virtual indices, each of which

takes 2 values. So the full virtual space is rank¹IVº = 29 = 512dimensional. The

dimension of the stand-alone space is

rank¹M0º =
Õ

a;b;c;i; j;k

� i;b;c� j;c;a� k;a;b = 8; (3.90)
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Figure 3.1: Numerical calculation of topological entanglement entropyStopo¹� º of
states represented by toric code �xed point triple-line tensors,T0, varied with an
in�nitesimal random tensor in di�erent subspaces.� value is kept �xed at� = 0:1.
Blue dot corresponds toStopo with no variation.IV is projector onto the full virtual
space. M0 is the projector on the stand-alone subspace.M is the MPO subspace
projector. We take a random tensor and apply the projectors to generate random
tensors in respective subspaces. Details of this numerical calculation are given in
appendix A.2.

and the dimension of the MPO subspace is

rank¹Mº =
Õ

i; j;k

� i; j;k = 4: (3.91)

These imply that rank¹IV � M0º = 512� 8 = 504and rank¹M0 � Mº = 8 � 4 = 4.

So we reach the conclusion that out of 512 possible variations, 504 are stable since

they are outside the stand-alone space. In the remaining 8 dimensional subspace,

perturbations in a 4 dimensional subspace are in stable whereas the ones in the

other 4 dimensional subspace are unstable. The numerical calculation supporting

this conclusion is shown in Fig. 3.1. Also note that all unstable variations are

�ux variations, that is, it happens through the condensation ofm-particle. It is not

possible for thee-particle to condense in this way. The classi�cation of all variations

is shown in Fig. 3.2.
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Figure 3.2: Classi�cation of the space of all variations to the toric code triple-line
tensor into di�erent subspaces. Subspace in blue is MPO susbpaceM which is 4
dimensional. Region in red is the stand-alone space outside MPO subspace,M0 � M
and it is 4 dimensional. Finally virtual space outside the stand-alone space is 504
dimensional. Only the region in red is unstable, while the ones in blue and white
are stable.

For the double semion model, the string-net data is

N = 1; d0 = 1; d1 = 1;

� 000 = � 110 = � 101 = � 110 = 1;

G000
000 = 1;

G011
011 = G101

101 = G110
110 = � 1;

G011
100 = G101

010 = G110
001 = G000

111 = � i :

(3.92)

The triple-line TNR of the double semion model can be built by plugging in this data

into the general expression in Eq. (3.23). This tensor has 9 virtual indices, each of

which takes 2 values. So the full virtual space is rank¹IVº = 29 = 512dimensional.

Dimension of the stand-alone space is

rank¹M0º =
Õ

a;b;c;i; j;k

� i;b;c� j;c;a� k;a;b = 8; (3.93)

and the dimension of the MPO subspace is

rank¹Mº =
Õ

i; j;k

� i; j;k = 4: (3.94)

These imply that rank¹IV � M0º = 512� 8 = 504and rank¹M0 � Mº = 8 � 4 = 4.

So we reach the conclusion that out of 512 possible variations, 504 are stable since
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Figure 3.3: Numerical calculation of topologiccal entanglement entropyStopo¹� º of
states represented by double semion model �xed point triple-line tensors,T0, varied
with an in�nitesimal random tensor in di�erent subspaces.� value is kept �xed at
� = 0:1. Blue dot corresponds toStopo with no variation. IV is projector onto the
full virtual space.M0 is the projector on the stand-alone subspace.M is the MPO
subspace projector. We take a random tensor and apply the projectors to generate
random tensors in respective subspaces. Details of this numerical calculation are
given in the appendix A.2.

they are outside the stand-alone space. In the remaining 8, 4 are in stable and 4

are unstable. The numerical calculation supporting this conclusion is shown in Fig.

3.3. Also note that all unstable variations are plaquette variations, that is, it happens

through condensation of the boson of the double-semion model. The classi�cation

of all variations is the same as that for toric code shown in Fig. 3.2.

Now we are ready to discuss a concrete example of the string-net triple line TNR

and its instabilities. We choose double-Fibonacci model for two main reasons: 1-

Unlike the toric code and the double-semion model, it is a non-abelian model, so

the general triple-line TNR, as far as we know, cannot be reduced to a double-line

or single-line TNR. So it serves as a good example to test our conjecture for the

general string-net TNR. 2- Unlike toric code and double-semion, its bosonic string

operator is not a zero string operator, so it does not disappear along the path.

3.9 A non-abelian example: Double-Fibonacci Model

Toric code and the double-semion models are abelian models. Now we will discuss

a non-abelian model: the double-Fibonacci model. The Ground state of non-abelian
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string net models cannot be described by a single-line or the double-line TNR; it

only accepts a triple line TNR (tensor in . (3.25) ). Let's �rst describe the model

brie�y. The data for this can be found in section IV.B of Levin and Wen [13].

There is one type of string (N = 1). Its quantum dimension is,d1 = 
 = 1+
p

5
2 . Its

branching rules are,

� i j k =

8>><

>>
:

0 if i + j + k = 1;

1 otherwise:

d0 = 1; d1 = 
; where 
 2 = 
 + 1 (3.95)

G111
111 = �

1

 2

; G110
111 =

1



; G110
110 =

1



; G000
111 =

1
p



; G000

000 = 1: (3.96)

The branching rules tells us that one string is allowed to branch into two, unlike the

abelian models we have studied until now. First, let's apply our conjecture to �nd

out how many unstable directions we should expect. The triple-line TNR of the

Fibonacci model can be built by plugging in this data into the general expression

in Eq. (3.23). This tensor has 9 virtual indices, each of which takes 2 values. So

the full virtual space is rank¹IVº = 29 = 512 dimensional. The dimension of the

stand-alone space is

rank¹M0º =
Õ

a;b;c;i; j;k

� i;b;c� j;c;a� k;a;b = 18; (3.97)

which is signi�cantly bigger than that of the toric code and the double-semion

models. The dimension of the MPO subspace is

rank¹Mº =
Õ

i; j;k

� i; j;k = 5 (3.98)

which implies that rank¹IV � M0º = 512� 18 = 494and rank¹M0 � Mº = 18� 5 = 13.

So we reach the conclusion that out of 512 possible (virtual) variations, 494 are stable

since they are outside the stand-alone space. In the remaining 18, 5 are in stable

as they are in the MPO subspace and remaining 13 are unstable. The numerical

calculation supporting this conclusion is shown in Fig. 3.5. The classi�cation of all

variations is given in Fig. 3.4.

Comparing it to the toric code and the double-semion models we see that the

Fibonacci triple-line TNR is signi�cantly more unstable. Another di�erence is that

the stand-alone space does have vertex unstable variations in addition to plaquette
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Figure 3.4: Classi�cation of the space of all variations to the toric code triple-line
tensor into di�erent subspaces. Subspace in blue is MPO susbpaceM which is 5
dimensional. Region in red is the stand-alone space outside MPO subspace,M0 � M
and it is 13 dimensional. Finally virtual space outside the stand-alone space is 494
dimensional. Only the region in red is unstable, while the ones in blue and white
are stable.

ones. Out of 13 unstable variations inM0 � M the following 3 are vertex variations

and the rest 10 are plaquette variations:

ja; b; c; i; j; ki = j1; 1; 1; 1; 0; 0i ; j1; 1; 1; 0; 1; 0i ;

j1; 1; 1; 0; 0; 1i : (3.99)

That is, the following 3 tensor components are allowed in the stand-alone space but

not in the physical space:

: (3.100)

Since� i; j;k = � 1;0;0 = � 0;1;0 = � 0;0;1 = 0 these 3 vectors are not in the MPO subspace

M.

To understand the physics behind this, we need to look at the quasi-particles of the

Fibonacci model. There are 3 quasi-particles excitations:�; �� , and� �� . TheT andS
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matrices of the particles are as follows:

T =

2
6
6
6
6
6
6
6
6
4

1 0 0 0

0 e� 4
5 � i 0 0

0 0 e
4
5 � i 0

0 0 0 1

3
7
7
7
7
7
7
7
7
5

; S =
1

1 + 
 2

2
6
6
6
6
6
6
6
6
4

1 
 
 
 2


 � 1 
 2 � 



 
 2 � 1 � 



 2 � 
 � 
 1

3
7
7
7
7
7
7
7
7
5

: (3.101)

It is best seen as two layers of Fibonacci model with opposite chiralities.� and ��

are particles in the two respective layers. They have non-trivial self statistics. But,

because they are in di�erent layers, they have a trivial statistics with one another.

And the boson,� �� is the composition of the Fibonacci particles in the two layers.

The string operator for these quasi-particles are given in equation (51) of Levin and

Wen [51]. We are most interested in the boson of the model, so let us write its string

operator (
 matrices) explicitly:

n4;0 = 1; n4;1 = 1; 
 0
4;000 = 1; 
 1

4;110 = 1;


 1
4;001 = � 
 � 2; 
 0

4;111 = 
 � 1; 
 1
4;111 = 
 � 5•2;


 1
4;101 = 
 � 1

4;011 = 
 � 11•4¹2 � e3� i•5 + 
 e� 3� i •5º: (3.102)

One can see that it is not a simple-string operator: when applied on the vacuum, it

creates both 0-type and 1-type strings. So we see that the double-Fibonacci model

is di�erent from the above two examples in one crucial aspect: the boson string

operators in the toric code and the double-semion models were zero-string operators

for the given TNRs. That is, the string operator `disappeared' along the path (Fig.

2.592.60), not changing tensors along the path. This is why a single variations

standing alone could be thought of as an operator sitting at the ends of an invisible

string operator. But the same is not true for the double-Fibonacci model. The string

operator corresponding to the boson� �� does not disappear in the middle.

Because the bosons don't have a zero string operator, one might conclude that there

would be no unstable directions as bosons cannot condense. However, numerical

calculations �nd that there actually are unstable directions. How can we understand

that?

We look at how the boson string-operator changes the tensors along the path. In

Fig. 3.6, one can see that a wave function corresponding to the boson sitting at two
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Figure 3.5: Numerical calculation of topological entanglement entropyStopo¹� º
of states represented by Fibonacci model �xed point triple-line tensors,T0, varied
with an in�nitesimal random tensor in di�erent subspaces.� value is kept �xed at
� = 0:1. Blue dot corresponds toStopo with no variation. IV is projector onto the
full virtual space.M0 is the projector on the stand-alone subspace.M is the MPO
subspace projector. We take a random tensor and apply the projectors to generate
random tensors in respective subspaces. The exact numerical values on this plot can
be found in appendix A.2.

places,v1 andv2, is actually a superposition of many wave functions:

j	 bosoni =
Õ

t1;s;t2

ns� t1;s;t2

�
�	 gs

�

=
�
�	 0;0;0

�
+

�
�	 1;0;0

�
+

�
�	 0;0;1

�
+

�
�	 1;0;1

�

+
�
�	 0;1;0

�
+

�
�	 1;1;0

�
+

�
�	 0;1;1

�
+

�
�	 1;1;1

�
; (3.103)

where the operator� t1;s;t2 is explained in Fig. 3.6.� t1;s;t2 is equivalent to applying



s0
1

4;t1;s;s1
and �
 s0

n
4;s;t2;sn

on the loops at the ends of the string operator, and creating a

s type string along the path. Fusing the loops with each other and with thes string

along pathP gives the �nal state. The important thing to note is that, though a

TNR of the full statej	 bosoni involves changing tensors along the path, the TNR of
�
�	 t1;0;t2

�
; t1; t2 = 0; 1, have tensors changed only on the ends. Simply putting, the

zero-string component of the string operator does not change the tensorsT0 in the

middle, as expected. So the boson state has a �nite overlap with the state where

tensors are changed only at the ends. So when the variations corresponding to the

ends of this zero-string component of the boson operator proliferate, it e�ectively

condenses the bosons, as they have �nite overlap with the resulting state.
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Figure 3.6: Action of a generic (simple and non-simple) open-end string operators
corresponding to anyon� on tensors can be calculated in a similar fashion as
that of simple-string operator Wilson loops. (a) We start with applying the string
operator on the 'loop state' on the fattened lattice. (b) The string operator becomes
a superposition of operations

Í
s ns� t1st2. � t1st2 acts as follows: at the ends, the

string operator acts as
 � ;t1s and! � ;st2 matrices on the plaquette-loops, while in the
middle, it is simply as-type string to be fused with the nearby plaquette loops. (c)
We fuse all strings in the previous step to get the physical state. The e�ect of the
string operator can be absorbed into rede�ning the tensors along the path. A generic
string operator changes the tensors along its path. The only case where it doesn't
change the tensors is for simple-string operators of type 0.

So in conclusion, we see that although the boson string operator is not a zero-string

operator, that is, it does not disappear in the middle for the triple-line TNR, its

zero-string component still causes an instability because the resulting state has a

�nite overlap with the boson-condensed state.

Now we have looked through important examples of string-net TNR and their

instabilities. Finally, we will give a proof of instability in the generic case.

3.10 Proof of the existence of instability in general string-net triple-line TNR

We will give an analytical proof of why all string-net triple-line TNR have at least

one unstable direction which comes from theM0 � M subspace. We will do so by

directly calculatingStopo¹� º.

Topological entanglement entropy on a cylinder with non-RG �xed point tensor

Lemma 4. let's say we divide the cylinder in two halves (Fig. 2.1(a)). We denote

the right half asR. If any given tensor network on this cylinder satis�es,

lim
jRj!1

T¹Rº = CjRj
Õ

f

cf Bf ¹@Rº; (3.104)
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whereC is some constant, then,Stopo, as given in Eq.(2.7), is

Stopo = log
Õ

f

 
c2

f

c2
0

!

: (3.105)

Proof. The proof is quite simple. We follow the same steps as used in the proof

of lemma 3.42, replacingd f with cf . We �rst calculate the normalization of the

density matrix.

Tr¹� 2
bº = Tr¹

Õ

f

cf Bf º2

=
Õ

f ; f 0

cf cf 0Tr¹Bf Bf 0º

=
Õ

f ; f 0

cf cf 0� f ; f 0Dn

= Dn¹
Õ

f

c2
f º: (3.106)

By calculating Renyi entropy with renyi index� = 1•2, we get

S1•2¹� Rº =
1

1 � 1•2
logTr¹�

1
2
Rº

= 2 log
Tr¹

Í
f cf Bf º

q
Dn Í

f c2
f

= � n log D � 2 log
Õ

f

¹d f TrBf º � log
Õ

f

c2
f

= � n log D + 2nlog � 0 � 2 log©
­
«

1 +
Õ

f >0

cf
TrBf

� n
0

ª
®
¬

+ 2 logc0 � log
Õ

f

c2
f :

When we letn ! 1 and using Eq. (3.42)

S1•2¹� Rº = n log
� 2

0

D
� log

Õ

f

 
c2

f

c2
0

!

(3.107)

) Stopo = log
Õ

f

 
c2

f

c2
0

!

: (3.108)

This completes the the proof.

�

Finally we are ready to show the unstable tensor perturbations in the triple line TNR

of the string-net models.
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Instability in string-net

Theorem 2. Let T0 be the �xed point triple-line TNR of a string net ground state.

There exist tensorsTq in the spaceM0 � M (that is,¹M0 � MºTq , 0) that for the

variationT0 ! T0 + � Tq, lim � ! 0 Stopo¹� º , Stopo¹0º.

Proof. Combination of the lemma 2, theorem 3.4 and lemma 4 gives a clue to why

T0 ! T0 + � Tq, are unstable variations. We will choose particular variations in

M0 � M for analytical simplicity, but it should be understood that any arbitrary

variation that has a component in those directions will result in instability. We

discussed in section 3.7 that there are two kinds of variations inM0 � M; vertex

variations (that violate the vertex term) and plaquette variations (that violate the

plaquette term). We will treat them one by one.

Before we do any analytical calculation, let us describe in simple words what the

reason for instability is. We saw in the proof of lemma 2 that as �xed point tensors

contract, every face, every edge, and every vertex contribute a factor ofd f , d� 1
f , and

d f respectively. It can be visualized like this,

(3.109)

It combines to givecf = dF� E+V
f = d � R

f which is a topological invariant of the

lattice. If a tensor variation changes the double tensor in such a way that one of

these factors (face, edge or vertices) are changed, even in�nitesimally, then thecf

we get is not a topological invariant, andStopo due to lemma 4 changes. We will

now show that this is precisely what variations inM0 � M do. In particular, the

vertex variations change the vertex factors, and the plaquette variations change the

face factors.

Let's choose a particular tensor variation

Tq =
3Ö

j =1

¹d
1
4
i j ; j +1

º� aj bj +1i j ; j +1; (3.110)
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such that

Tq = Tq¹Tqºy = B0: (3.111)

This tensor is supported on the fullM0 space and clearly has components outside

the MPO subspace because as we showedM0 > M. So¹M0 � MºTq , 0. Now, the

double tensor for the varied tensor is

T = ¹T0 + � Tqº¹T0 + � Tqºy � T0 + � 2B0 (3.112)

= ¹1 + � 2ºB0 +
Õ

f >0

d f Bf : (3.113)

We have ignored the linear terms in� as they are contained within the MPO subspace,

and we don't need to worry about them. This double tensor will contract with itself

in exactly the same way asT0 did, but the only di�erence is, now every face will

contribute a factor ofr f , where,r0 = ¹1 + � 2º, andr f >0 = d f . The vertex factors

and edge factors will remain to bed f andd� 1
f , respectively. After contracting it on a

large region we will get a double tensorT¹Rº =
Í

f cf Bf ¹@Rº, wherecf = r F
f dV� E

f .

So c0 = ¹1 + � 2ºF andcf >0 = d � R
f . So we see thatc0 is exponentially larger than

cf >0 even for an in�nitesimal� , hence, using Eq. (3.108),Stopo = 0.

Now we look an example of plaquette variations. Consider tensors that are exactly

the same as the �xed point tensors, except the plaquette factorsd1•6
a are replaced by

a factor of¹da + � sq;aº1•6, wheresq;a is theath component of theqth eigenvector of

� , as explained in Eq. 3.14.

¹Tqº =
3Ö

j =1

�
d

1
4
i j ; j +1

¹daj + � sq;aj º
1
6

�
Gi23i31i12

a1a2a3 : (3.114)

This tensor is clearly supported on the stand-alone space, and is outside the MPO

subspace as to be inside the MPO subspace it has to haved1•6
a factors. The double

tensor will again produce a factor ofd f on the faces, andd� 1
f on the edges upon

contraction. But now the factors on the vertices would be
Õ

a;b

� a;b; f ¹da + � sq;aº¹db + � sq;bº = D¹d f + eq; f � 2º;

(3.115)

wheresq is normalized to give


sq

�
� sq

�
= D andeq; f is theqth eigenvalue of the

matrix N f
a;b = � a;b; f . A conclusion similar to that for vertex variation case follows.

cf = dF� E
f ¹d f + � 2eq; f ºV = d � R

f ¹1 + � 2 eq; f

df
ºV is not a topological invariant, as it
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extensively depends on the number of verticesV. As a result, the weight of one of

the boundary operator inT =
Í

f cf Bf becomes exponentially larger than the others

even for an in�nitesimal variation� , and hence the topological order is lost.

Result I-IV together complete the proof that triple-line TNR of general string-net

states have at least one unstable direction.

�

3.11 Summary and outlook

In this chapter we analyzed the triple-line TNR of general string nets by �rst �nding

their stand-alone and MPO subspaces. We found that the stand-alone space is

always bigger than the MPO subspace which suggests, according to our instability

conjecture, that TNR of all string-nets have instabilities in them. We showed that

triple-line TNR of all string-nets have possible zero-string operators in them. These

are the 0-type simple string operators. We saw that unstable variations can be broadly

categorized in two categories, the vertex variations, and the plaquette variations.

We re-analyzed models from the last chapter, the toric code and double-semion

models, under the string-net formalism. We found that triple-line TNR of both

models are unstable due to plaquette variations. We then analyzed a non-abelian

model, the double-Fibonacci model. This model was interesting because none of the

irreducible string-operators disappear on the TNR. So apriori one might expect that

the bosons cannot condense in this model. We �nd instabilities nevertheless. This

instability is explained by the fact that state resulting from unstable variation has a

�nite overlap with the boson condensed state. This also showed that the zero-string

operator of a TNR doesn't need to be an irreducible string-operator.

Throughout the last two chapters, we called the tensor instability result a `conjecture'

because, though we proved it for all string-net states, we did not prove it for all TNRs

of string-net states. This is an open problem to prove this conjecture for all TNRs.

To prove that one would need to show that the stand-alone space is always larger

than the MPO space for any TNR, and the stand-alone variations that do not respect

the MPO symmetries cause instabilities. This is di�cult to prove without a general

formalism for all TNRs. But we can set certain guidelines as to how to go about

�nding if there are instabilities in a given TNR of a topological state. First, if the

dimension of the virtual space is the same as that of the local ground-state physical

space dimension, then such a TNR de�nitely would not have any instabilities. The

reason is that in such a case all of the virtual space is the MPO space, so there cannot
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possibly be stand-alone space larger than the MPO subspace. If the virtual space

is larger than the local ground-state physical space, then there is a possibility of a

stand-alone space. Such a TNR will have virtual variations that can be lifted to the

physical level. However then one has to see whether these variations can be applied

to a single tensor without collapsing the original tensor network state. If it can be,

then that is a de�nite sign that there is a non-trivial stand-alone space, and so the

TNR has instabilities.

There is a general lesson to be learned about interaction of physical symmetries

and tensor network states (even beyond topological states) from the results of last

two chapters. Symmetries of the wave-function play a crucial role in many areas

of physics. A tensor network state however always has a gauge symmetry on the

virtual level: one can always applyX andX� 1 to two contracting virtual legs. This

is not a real symmetry of the system, it is just coming from the redundancy of the

mathematical description. So in general one has to be aware of how the symmetries

on the physical level related with the virtual gauge symmetries on the virtual level. If

a physical symmetry becomes a virtual gauge symmetry when mapped to the virtual

level, then, in a sense, this symmetry constraint is lost because then this constraint

is satis�ed identically by the tensor network state.
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C h a p t e r 4

TN REPRESENTATION OF LOCALITY-PRESERVING 1D
UNITARY OPERATORS

4.1 Introduction

The matrix product formalism [26, 27] has played a signi�cant role in the study

of one dimensional systems. In particular, the matrix product representation of 1D

quantum states underlies successful numerical algorithms like the Density Matrix

Renormalization Group algorithm [28] and the Time-Evolving Block Decimation

algorithm [29]. Moreover, the matrix product representation provides a deep insight

into the structure of the ground states in 1D [27] which enables rigorous proofs of

the e�ciency of 1D variational algorithms in search for the ground states [30, 31]

and also a complete classi�cation of 1D gapped phases [25, 32�34].

Operators can also be represented in a matrix product form [35�37], which provides

a useful tool in the simulation of one dimensional mixed states and real / imagi-

nary time evolutions (see for example Ref. [63, 64]). In particular, matrix product

operators which are unitary play an important role in not only the simulation of dy-

namical processes in 1D , but also the understanding and classi�cation of (symmetry

protected) topological phases in 2D [14�18].

How well does the matrix product formalism represent unitary operators in 1D? Of

particular interest are unitaries that preserve the locality structure of the system, that

is, unitaries that map local operators to local operators. We want to understand the

following: can all locality preserving 1D unitaries be represented using the matrix

product form? On the other hand, of course not all matrix product opereators are

unitary. But among those that are, what conditions do they have to satisfy to preserve

locality? Moreover, it has been shown [1] that locality preserving 1D unitaries can

be classi�ed according to how much information they are transmitting across any cut

in the 1D chain and each class can be uniquely characterized by a positive rational

index, which we refer to below as the GNVW index. We want to know if there is a

simple way to extract this GNVW index from the matrix product representation if

such a representation exists.

In this chapter, we address the above questions and show that:
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ˆ Unitary matrix product operators provide a necessary and su�cient represen-

tation of locality preserving unitaries in 1D.

That is, matrix product operators that are unitary are guaranteed to preserve locality

by mapping local operators to local operators while at the same time all locality

preserving unitaries can be represented in a matrix product way. Moreover, we �nd

that:

ˆ The GNVW index can be extracted in a simple way as the square root ofIRR,

the `Rank-Ratio index', which is the ratio between the rank of the left and

right singular value decompositions of the tensor representing the operator

IRR = rank
� � �

rank
� �

IGNVW =
p

IRR

(4.1)

The exact meaning and a more rigorous version of this formula is given in section 4.4.

To show this result, we start from the basic requirements for a matrix product

operator to be unitary in section 4.2. Based on these basic requirements, we prove in

the section 4.3 that after su�cient blocking, the `�xed point' matrix product operator

satis�es a set of nice �xed point properties. Using this set of �xed point conditions,

we can show the correspondence between matrix product unitary operators and

locality preserving 1D unitaries. Moreover, these conditions enable us to prove in

section 4.4 that Eq. 4.1 provides a well-de�ned index for each equivalence class of

1D locality preserving unitaries and it exactly matches (the square of) the GNVW

index. In section 4.5, we compute the index according to Eq. 4.1 numerically for

some random locality preserving unitaries and demonstrate how it approaches the

expected value as we take larger and larger blocks of the tensor. In section 5.2, we

show that the matrix product formalism also provides interesting ways to go beyond

the GNVW framework. In particular, we give an example of a simple matrix product

operator with `fractional' index as compared to the locality preserving ones. This

example does not contradict with our discussions in the previous sections because

it is unitary only in systems of special sizes and does not preserve locality.

The structure of this chapter is illustrated in Fig. 4.1.
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Figure 4.1: Structure and logic of this chapter.

4.2 Matrix Product Unitary: basic requirements

Implication of the unitary condition

Let's �rst set up the stage and discuss the basic requirement a matrix product operator

(MPO) has to satisfy to represent a unitary operator. Consider an MPOO acting

on N sites where each site has ad-dimensional degree of freedom, i.e.,O acts on

¹Cdº
 N. In principle, N is very large, ideally goes to in�nity. In this chapter we

focus on translation invariant MPO with periodic boundary condition. The matrix

product form ofO is given by

O j1 j2:::jN
i1i2:::iN

= Tr
�
M j1i1M j2i2:::M jN iN

�
(4.2)

where eachM jk ik , with �xed ik and jk, is aD � D matrix. i1i2:::iN label the input

physical legs andj1 j2:::jN label the output physical legs. We are going to call the

left and right legs of theM jk ik matrices the virtual legs and think ofM as a four leg

tensor.

Pictorially, the local tensorM in the MPO is given by

M = ; (4.3)
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while the total MPO is given by

O = : (4.4)

In order forO to be unitary, it has to satisfy the condition thatOyO = I . We consider

the case where this is true for any �nite system size, not just in the thermal dynamic

limit. We call such operators Matrix Product Unitary Operators (MPUO).

De�nition 3 (Matrix Product Unitary Operator). Consider a matrix product operator

O represented with tensorM of �nite bond-dimension.O is called a matrix product

unitary operator if it is a unitary for all system sizes.

Note that we emphasize `for all system sizes' for a good reason. In section 5.2 we

are going to see that there are matrix product operators which are unitary only for

certain system sizes, and hence do not �t into this de�nition.

If we de�ne a new tensorMy as

My ji
=

�
M i j

� �
(4.5)

then the MPUO condition is given graphically as

OyO = = (4.6)

where we use a straight line to represent the identity matrix. This condition imposes

very strong constraints onM. The constraint can be most easily identi�ed on the

composite ofM andMy, which we de�ne as

Ti j =
Õ

k

Myik

 Mk j = (4.7)

The unitarity condition Eq. 4.6 is saying that the matrix product operator with

tensorTi j is equivalent to a tensor product of identity operatorsI on each degree

of freedom. If we combine the input and output physical legs ofTi j , we can think

of it as representing a matrix product state, which would be a tensor product of

maximally entangled pairsj11i + j22i + :::jddi .

Based on this observation, we can derive a general form for theTi j tensors. Let's

give this as a lemma:
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Lemma 5. Let O be a Matrix Product Unitary Operator (MPUO) described by

local tensorM, then the tensorTi j , which is composed ofM and My as in Eq. 4.7,

has to take the following form:

(4.8)

wheren is a constant, which denotes the number of steps in the process of �nding the

canonical form of the associated MPS.v1; : : : ;vn denotes vectors in the double virtual

Hilbert spaceV = CD 
 CD. Namely, eachvi 2 Vi , v?
i 2 V?

i is an orthonormal

basis vector inV = Vn � V?
n � V?

n� 1 � V?
n� 2 � : : : � V?

1 andVi = Vi+1 � V?
i+1 for all

0 � i � n � 1. EachW j k¹iº denotes a block onV?
i which of similar form ofT j k

excepthv?
i jW j k

i jv?
i i = 0 for all j; k and all v?

i 2 V?
i .

Proof. This form of the tensorT follows directly from the de�nition of the canonical

form given in Ref.[27] and the requirement thatO is an MPO which is a unitary for

all system sizes. We de�ne an MPS form for the operatorOyO which is described

by local tensorAj k obtained by combining the input and output legs,j andk, of T j k

as the physical legs, i.e.,

(4.9)

Following the procedure of �nding the canonical form given in Ref. [27], we step

by step decompose the left and the right virtual vector space of the tensorsAj k into

orthogonal subspaces. The procedure does this alternatively: �rstAi j gets updated

to ¹PV1 + PV?
1

ºAj k , wherePV1 andPV?
1

are projectors ontoV1 andV?
1 respectively,

and PV1 + PV?
1

= PV0 is the projector on the whole virtual space. As proved in
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Ref. [27] the termsPV1 Aj k PV?
1

vanishes. Now we update the MPS tensorAj k to

PV1 Aj k PV1 + PV?
1

Aj k PV1 + PV?
1

Aj k PV?
1

.

Repeating this procedure alternatively for decomposing left and right virtual vector

spaces, we obtain the following general form of the tensorT j k :

(4.10)

where the subspaces are split asV = Vn � V?
n � V?

n� 1 � : : :V?
1 , andVi � 1 = Vi � V?

i

for all 1 � i � n andV0 = V = CD 
 CD.

Now we impose the requirement that the MPOO represented by the local tensor

M is unitary for all system sizes. Since the operatorO is obtained with periodic

boundary conditions as seen in Eq. (4.2), we must investigate the associated MPS

represented by local tensorsAi j with periodic boundary conditions. This means that

only the operators of the formOw;w0 with w; w0 2 V?
i or w; w0 2 Vn appear in the

expression ofOyO. Since we know thatOyO = I 
 N for all system sizes, each of

the operatorsOww0 must be individually equal toI . We can immediately see that

only one block of these operators can have diagonal terms, since otherwise it would

imply thatOyO is only proportional toI 
 N and there is no way to make it exactly

equal toI 
 N by normalization. Let this block be thenth block that mapsVn to Vn

from right to left virtual legs. This implies that in the general form of the MPS

the blocks that mapV?
i to V?

i can be decomposed further with the same procedure

but without any diagonal term. Say alldimV?
i = 1 for all i � n, then we only

have diagonal term in the block that mapsVn to Vn from right to left virtual legs.

When one of the blocksV?
i is such thatdimV?

i > 1, we have additional terms in

the expression ofAj k that has only non diagonal terms in the the blockV?
i , which

further decomposes as described above , but only within the vector space ofV?
i . We

denote these terms in the sum asW j k¹iº for each block ofV?
i . Furthermore, the fact

that MPS is a product state means thatdimVn = 1. Hence, Eq. (4.10) and the fact

thatO is an MPUO as de�ned in Def. 3 imply thatT j k is of the following form:
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(4.11)

�

Note thatn � D2 � 1 which simply follows from dimension considerations.

1D locality preserving unitaries as MPUO

In this section, we are going to show that all locality preserving 1D unitaries can be

represented as MPUO.

Let's look at a few examples �rst and see how their representation �ts the form in

Lemma 5.

ˆ Example 1: Tensor product of unitary operators

This is a trivial case where the dimension of the virtual legs is1. Graphically,

we denote it as

Mproduct= (4.12)

where a line with a dot in the middle represents a nontrivial matrix, a unitary

U in this case. TheT tensor as de�ned in Eq. 4.7 is automatically identity.

ˆ Example 2: Controlled-phase between nearest neighbor spin1•2s.

Let's consider a simple entangled unitary in 1D
Î N

k=1 CPk;k+1, where each

CPk;k+1 is a two body unitary of the form

CP =

©
­
­
­
­
­
«

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 � 1

ª
®
®
®
®
®
¬

(4.13)
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This unitary can be represented with

MCP = (4.14)

We can check thatMCP satis�es the condition in Lemma 5. We can calculate

TCP to be

TCP = =

(4.15)

ˆ Example 3: Translation

Translation, which is a locality preserving unitary that cannot be written as

a �nite depth circuit, can also be represented as a MPUO in a simple way.

Consider the translation to the right by one step in a spin1•2 chain. The

operator can be represented with

Mr = (4.16)

where the curved lines again represent the identity matrix between the left

and up legs, and the right and down legs. When connected into a chain, it is

straight forward to see that it represents translation.

(4.17)

Similarly, translation to the left by one step can be represented with

Ml = (4.18)

Mr andMl also satisfy the condition in Lemma 5. In particular,

Tr = =

(4.19)

And a similar expansion holds forTl .
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In fact, all locality preserving unitaries in 1D can be represented as MPUO satisfying

Lemma 5.

Theorem 3 (Locality preserving 1D unitaries as MPUO). Let O be a locality

preserving 1D unitary. It is possible to represent it as a Matrix Product Unitary

Operator, as de�ned in De�nition 3.

Proof. We prove this statement in the following steps:

1. Translation operator by one step can be represented with an MPO as shown with

Example 3 above, such that the MPO is unitary for any system size.

2. One layer of non-overlapping unitaries can be represented with an MPO. WLOG,

consider a layer of non-overlapping two-body unitaries, which can be represented

with a tensor

Mtb = (4.20)

when connected together into a chain, this tensor gives the two-body unitaries.

(4.21)

Such an MPO is unitary for all system sizes.

3. According to Ref.[1], all 1D locality preserving unitaries can be decomposed

into a �nite number of layers of translation and �nite depth local unitary circuits

which can be further decomposed into a �nite number of layers of non-overlapping

few-body unitaries. The MPO representation of such a composite can be obtained by

stacking the MPO representation for each component. As each component satis�es

the MPUO condition that the MPO is unitary for all system sizes, the same is

true for the composite MPO. Therefore, all 1D locality preserving unitaries can be

represented as a MPUO, with tensors satisfying Lemma 5. �

4.3 Characterization of Matrix Product Unitary Operators

In this section we prove �xed-point properties of MPUOs. Suppose thatO is an

MPUO described by tensorM. We show that when the individual tensors are

blocked, they satisfy equations that we call�xed-point equations. These equations

give a characterization of �nite-bond dimension MPUOs. More importantly they

imply that MPUOs arelocality-preserving.
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In order to obtain these results, we use basic facts about MPS[27]. So, let us �rst

review these starting from the transfer matrix. De�ne the transfer matrixEM of M

as

EM =
Õ

i j

M i j 
 M i j �
= =

Õ

i

Tii ; (4.22)

and denote the right eigen-vector ofEM with largest eigenvalue asr and the left

eigen-vector with largest eigenvalue asl , such thathl jr i = 1. Assuming the spectral

radius ofE is 1, we have

(4.23)

Based on Lemma 5, we can see that ifM describes an MPUO, the transfer matrix

EM is of the following form:

EM = jvnihvnj +
n•2Õ

i=1

©
­
«

Õ

v2i ;v?
2i

tr ¹Ov2i ;v?
2i

ºjv2i ihv?
2i j

+
Õ

v2i � 1;v?
2i � 1

tr ¹Ov?
2i � 1;v2i � 1

ºjv?
2i� 1ihv2i� 1jª®

¬

+
nÕ

i=1

dÕ

j =1

W j j ¹iº

(4.24)

Above we do not know the values of the trace of the operators, but we do know that

the left and right eigen-vectors ofEM have to take the following form:

hl j = hvnj +
n•2Õ

i=1

c2i� 1hv?
2i� 1j;

jr i = jvni +
n•2Õ

i=1

c2i jv?
2i i

(4.25)

wherecis are complex coe�cients.
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The left and right eigenvectors, when seen as matricesr =
Í

� � r� � j� ih� j with

elementsr� � andl =
Í


� l
� j
 ih� j with elementsl
� , are positive matrices.hl jr i =

1 sincehvnjvni = 1 andhv?
2i jv

?
2j � 1i = 0 for all i; j .

Now we are ready to state the results. We de�ne~M JI = M j1i1M j2i2 : : : M jnin , where

I = i1i2:::in, J = j1 j2:::jn, as the tensor obtained by blocking the individual tensor

M. The blocked tensor~M satis�es the following �xed-point equations:

1. Fixed-point equation 1 - Separation:

(4.26)

2. Fixed-point equation 2 - Isometry:

(4.27)

wherel andr denote the left and right eigenvectors of the transfer matrixEM as given

in Eq. (4.25). Eq. 4.26 (separation) and Eq. (4.27) (isometry) imply the following

equations calledpulling throughconditions, which we frequently make use of in the

chapter.

(4.28)
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Before proving the above claims, we �rst give a lemma that explicitly shows the

form of the tensor~T I J which is obtained by blocking the tensorTi j D2-times, i.e.,
~T I J = Ti1 j1Ti2 j2 : : :TiD 2 jD 2 .

Lemma 6. Let the general form of the tensorT be as in Eq.(4.8)in Lemma 5. Then,

the blocked tensor~T I J = Ti1 j1Ti2 j2 : : :TiD 2 jD 2 , whereD2 is the bond dimension of

the tensorT, is of the following form

(4.29)

Proof. By Lemma 5, the general form of the tensorT can be taken as

T = jvni I hvnj +
n•2Õ

i=1

©
­
«

Õ

v2i ;v?
2i

jv2i i Ov2i ;v?
2i

hv?
2i j

+
Õ

v2i � 1;v?
2i � 1

jv?
2i� 1i Ov?

2i � 1;v2i � 1
hv2i� 1jª®

¬

+
Õ

i

W¹iº

(4.30)

wherejvi i 2 Vi , jv?
i i 2 V?

i , andV = Vn � V?
n � V?

n� 1 � : : : � V?
1 . Now, imagine

that we blockD2 of these tensors and obtain the tensor~T I J = Ti1 j1Ti2 j2 : : :TiD 2 jD 2 .

Using the facts thathv?
i jv?

j i = 0 for all i and j , andhvi jv?
j i = 0 for all j � i , it's

only a matter of careful book-keeping to show that only the terms withjvnihvnj,

jv?
2i� 1ihv?

2j j, jvnihv?
2i j and jv?

2i� 1ihvnj appear in the expression of the tensor~T I J .

Notice that theW¹iº denotes the operator components within the blockV?
i which

only has nondiagonal elements and except for the diagonal element is in the same

form asT. After blockingD2 times, the terms that come fromW¹iº do not contract

anymore either from left or right, and hence they don't appear in the tensor~T. Note

that the operator component with left and right indicesjvnihvnj acts asI 
¹ D2º. �

Now, we prove that the blocked tensor~M that describes the MPUO satis�es the sep-

aration and isometry �xed-point equations given above in Eq. (4.26) and Eq. (4.27).

Theorem 4(MPUO implies �xed-point equations). Let O be an MPUO described

by the tensorM. Then there exists a �nite numbern such that the blocked tensor~M,
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which is obtained by blockingD2 of the tensorM, satis�es the �xed point equations,

i.e., Eq.(4.26)and Eq.(4.27).

Proof. By Lemma 5 and Lemma 6, we know that an MPUO implies the general

form for ~T as in Eq. (4.29). By direct calculation the LHS of Eq. (4.26) is given as

jvni I 
 I hvnj +
n•2Õ

i; j

Õ

v?
2i � 1;v

?
2j

jv?
2i� 1i ~Ov?

2i � 1;vn

 ~Ovn;v?

2j
hv?

2j j

+
n•2Õ

i

©
­
«

Õ

v?
2i

jvni I 
 ~Ovn;v?
2i

hv?
2i j

+
Õ

v?
2i � 1

jv?
2i� 1i ~Ov?

2i � 1;vn

 I hvnjª®

¬

(4.31)

which is also equal to the RHS of the same equation, considering the fact that

hvnjr i = hl jvni = 1 andhv?
2i jr i = hl jv?

2i� 1i = 0 for all i , which are easily seen from

the form of the left and right eigen-vectors derived in Eq. (4.25). This concludes

the proof of the separation equation. Using the same facts, it is straightforward to

prove the isometry condition given in Eq. (4.27). It is the following equation that

follows immediately from the above facts:

hl j ~Tjr i = I : (4.32)

This completes the proof. As a side remark it's also straightforward to see that the

isometry equation (4.27) is true even before blocking, i.e.,hl jTjr i = I . �

Theorem 4 gives a characterization of MPUOsO by tensors ~M that satis�es the

�xed-point equations, i.e., Eqs.(4.26) and (4.27).

Another consequence of the �xed-point equations is what we call the pulling through

equations, which is given as a corollary as follows.

Corollary 3. The �xed point equations, i.e., Eq.(4.26), and Eq.(4.27), imply the

pulling through equations, i.e., Eq.(4.28).

Proof. We start with the LHS of the pulling through equation, i.e., Eq. (4.28). We

apply the �xed-point equations, namely separation, i.e., Eq. (4.26) and then apply
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the isometry, i.e., Eq. (4.27), respectively. Pictorially, it follows as below.

(4.33)

The other pulling through equation from right to left follows from separation and

isometry �xed-point equations in the same way. �

Finally we close this section by showing that all �nite-bond dimension MPUOs are

locality-preserving. It means that, it maps any geometricallyk-local operator to a

geometrically¹k+ cº-local operator, wherec is a constant independent of the system

size. This is proven in the following corollary.

Corollary 4 (MPUOs are locality-preserving). Every MPUO is locality preserving,

namely they map geometricallyk-local operators to geometrically at most¹k + cº-

local operators wherec is a constant independent of the system size.

Proof. An MPUO O acts on an operatorOk asO : Ok ! OyOkO.Pictorially it is

shown by

(4.34)

Using �xed-point equations, it is straightforward to see that

(4.35)

is a¹k+2º-local operator. Hence after blocking sites, MPUOs mapk-local operators

to at most¹k+2º-local operators. This means that before blocking, ak-local operator

is mapped to at most a¹k + 2D2º-local operator, since we are guaranteed to reach

the �xed point after blockingD2 sites. �
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4.4 Extracting GNVW index from MPUO representation

Review of GNVW index

In Ref.[1], Gross, Nesme, Vogts and Werner proved that 1D locality preserving

unitaries (called cellular automata in that paper) can be classi�ed according to how

much information is �owing across a cut in the chain. For example, �nite depth

local unitary circuits � a �nite number of layers of local unitaries where unitaries

within each layer do not overlap with each other � all belong to one class and there

is zero information �ow. On the other hand, translation by one step in a spin1•2

chain belongs to another class and there is a �ow of a single spin1•2 across any cut.

More speci�cally, Ref.[1] de�ned two 1D locality preserving untiaries to be equiv-

alent to each other if and only if they di�er from each other by a �nite depth local

unitary circuit and showed that every 1D locality preserving unitary is then equiv-

alent to some translation operation. Each equivalence class is characterized by an

index (the GNVW index) which measures how much translation is taking place: if

there is a translation ofp dimensional Hilbert space bymsteps to the right, the index

is pm; if there is a translation ofq dimensional Hilbert space byn steps to the left,

the index is1•qn; if there is translation in both directions, the index ispm•qn. Such

an index is consistent with the equivalence class structure of locality preserving uni-

taries because it was shown that when two locality preserving operators multiply,

their GNVW index also multiply

IGNVW¹O1O2º = IGNVW¹O1ºIGNVW¹O2º (4.36)

For 1D locality preserving unitaries, the index is always a positive rational number

and can be calculated as

IGNVW¹Oº :=
� ¹OA LOy; A Rº
� ¹A L;OA ROyº

(4.37)

whereA L is the set of operators within distancel0 on the left hand side of a cut

andA R is the set of operators within distancel0 on the right hand side of the cut.

� ¹A ; Bº measures the overlap between the two sets of operators and is de�ned as

� ¹A ; Bº :=
p

papb

p�

vut paÕ

i; j =1

pbÕ

l;m=1

�
�
�Tr�

�
êay

i j êb
lm

� �
�
�
2

(4.38)

whereêa
i j is the set of basis operators inA and there arepa of them; êb

lm is the

set of basis operators inB and there arepb of them; � is a segment in the chain

containing botha andb. The GNVW index de�ned in this way converges to the

positive rational number characterizing information �ow whenl0 becomes large.



116

Rank-ratio index = ¹GNVW indexº2

How does one extract the GNVW index from the matrix product representation of

the locality preserving unitary operators? In this section, we show that it can be

extracted as the square root of the Rank-Ratio index, which is de�ned as the ratio

between the rank of the left and right SVD decompositions of the tensorM in the

representation.

De�nition 4 (Rank-Ratio Index). Let M be the tensor in the matrix product repre-

sentation of a unitary operator with physical legs in the up and down directions and

virtual legs in the left and right directions. The Rank-Ratio Index is de�ned as the ra-

tio between the rank of the SVD decomposition between left,down�right,up legs and

the rank of the SVD decomposition between left,up�right,down legs. Graphically,

the Rank-Ratio Index is given by

IRR¹Mº = rank
� � �

rank
� �

(4.39)

To demonstrate the connection between the Rank-Ratio index de�ned above and the

GNVW index in Ref. [1], �rst we need to de�ne the injectivity condition for matrix

product operators. This de�nition is the same as the de�nition of injectivity as given

in Ref. [27] if we combine the input and output physical legs of the MPO tensor

and treat it as a matrix product state. We state this condition in detail below for

subsequent discussions.

De�nition 5 (Injective matrix product operator). Consider a matrix product opera-

tor given by a set of matricesf M i j g, wherei; j = 1; ::;d label the input and output

physical legs. The MPO is called injective ifr� � and l
� de�ned in Eq.(4.23)are

full rank matrices with row and column indices� , � and
 , � respectively.

The notion of injectivity is relevant to our discussion of MPUO because ifM

represents an MPUO, then it can always be put into an injective form by removing

redundant virtual leg dimensions. This can be shown by noticing that, ifM cannot

be put into an injective form by removing redundant virtual dimensions, then each

M i j contains at least two blocks in their canonical form. Then correspondingly

Ti j contains at least two blocks in its canonical form, which is not possible if it

represents identity for all system sizes, as we argued below Eq. (4.10).

Moreover, we need the following lemma.
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Lemma 7. Consider an MPO represented by an injective tensorM. Then

�
©
­
­
­
«

ª
®
®
®
¬

= � 1•2

©
­
­
­
­
«

ª
®
®
®
®
¬

(4.40)

�
©
­
­
­
«

ª
®
®
®
¬

= � 1•2

©
­
­
­
­
«

ª
®
®
®
®
¬

(4.41)

where the dashed lines denote SVD decompositions across the cut,� denotes the set

of singular values of the decomposition, and the square root on� is taken element-

wise. l andr are the left and right eigenvectors of the transfer matrixEM as de�ned

in Eq.(4.23). l andr are denoted with black dots and their square roots are denoted

with grey dots.

Similarly, we have

�
©
­
­
­
«

ª
®
®
®
¬

= � 1•2

©
­
­
­
­
«

ª
®
®
®
®
¬

(4.42)

�
©
­
­
­
«

ª
®
®
®
¬

= � 1•2

©
­
­
­
­
«

ª
®
®
®
®
¬

(4.43)

wherel � is the complex conjugation ofl andr � is the complex conjugation ofr .

Note that as singular values are non-negative, there is no ambiguity in taking the

square root. Moreover, asM is injective, l andr have full rank and have a well

de�ned square root.

Proof. We are going to prove Eq. (4.40) and then the proof of Eq. (4.41), (4.42),

and (4.43) will follow in a similar way.

Consider the SVD decomposition on the left hand side of Eq. 4.40 and suppose it

takes the form Õ

� 0

Mi �; j � 0
p

r � 0;� =
Õ

s

Ui �; s� sVs; j � (4.44)



118

Then the tensor on the right hand side of Eq. 4.40 becomes
Í

� 0;� 0; j Mi �; j � 0r � 0;� 0My
j � 0;k


=
Í

j;s;s0Ui �; s� sVs; j � Vy
s0; j � � s0Uy

k
; s0

=
Í

s Ui �; s� 2
sU

y
k
; s

(4.45)

Therefore, the singular value for the tensor on the right hand side is the square of

the singular value on the left hand side. Hence we get Eq. 4.40. �

The Rank-Ratio Index de�ned above can be directly related to the GNVW index if

the MPUO is either injective or a stack of injective MPUOs.

Theorem 5(Rank-Ratio index =¹GNVW indexº2 for injective or stack of injective

MPUO). Consider an MPUOO represented with tensorM. Take a su�ciently long

but �nite block so that the blocked tensor~M satis�es the Separation, Isometry and

Pulling Through conditions in Eq.(4.26), (4.27)and (4.28). If M is injective, or a

stack of several injective tensors as
� �

, then

IRR¹ ~Mº = ¹IGNVW¹Oºº2 (4.46)

We are going to proceed to prove theorem 5 in the following steps:

1. For an injective MPUO representation of non-overlapping two-body unitaries,

IRR¹ ~Mº = 1 = I 2
GNVW¹Oº: (4.47)

2. For an injective MPUO representation of translation (to the right) by one step,

IRR¹ ~Mº = d2 = I 2
GNVW¹Oº: (4.48)

whered is the dimension of the local physical Hilbert space.

3. If we stack two injective MPUOs asM12 = , then

IRR¹ ~M12º = IRR¹ ~M1ºIRR¹ ~M2º: (4.49)

According to Ref.[1], any locality preserving unitary can be obtained by

stacking translation and layers of non-overlapping few body unitaries and their

GNVW index multiply when stacked. Therefore, using the above equations

we can show that the Rank-Ratio index of the stacked tensor is the square of

the GNVW index.
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4. On the other hand, the stackedM12 may not be injective itself but can be made

injective. We will show that its Rank-Ratio index does not change even if we

reduce it to the injective form.

5. Finally, we show that the Rank Ratio index is stable in that if~M is the �xed

point form (which satis�es Eq. (4.26), (4.27), and (4.28)) of an injective tensor

or a stack of injective tensors, then the Rank-Ratio index does not change if

we keep blocking~M.

Proof. Let's follow the procedure listed above.

1. Consider the tensor given in Eq. 4.20 to represent non-overlapping two-body

unitaries.

Mtb = (4.50)

where we have labeled the left and right part of the tensorNl andNr respectively.

As this representation can be obtained by decomposing each two-body unitary into

a matrix product form, we can always chooseMtb to be injective.

According to the isometry condition in Eq. 4.27, which is true even before blocking,

we have

(4.51)

and similarly

(4.52)

Each of these two equations actually contains two parts: the left halves on the two

sides are equal to each other and right halves on the two sides are equal to each other.

Both halves have to be satis�ed simultaneously. Then using Eq. 4.40, we have

� ©
­
«

ª
®
¬

= � 1•2 ©
­
«

ª
®
¬

= � 1•2 ©
­
«

ª
®
¬

(4.53)

As
p

l � is a positive matrix, applying it does not change the rank of the SVD

decomposition, so we have

rank
� �

= rank
� �

= dl (4.54)



120

wheredl is the dimension of the physical index inNl . Similarly, we have

rank
� �

= dl;

rank
� �

= rank
� �

= dr :
(4.55)

wheredr is the dimension of the physical index inNr . Now if we calculate the

Rank-Ratio index forMtb, we �nd that

IRR¹Mtbº

= rank
� � �

rank
� �

= ¹dl dr º•¹dl dr º = 1 = I 2
GNVW¹Otbº

(4.56)

Moreover, since the tensorMtb already satis�es the separation, isometry, pulling-

through conditions in Eq. (4.26), (4.27), and (4.28), we have

IRR¹ ~Mtbº = 1 = I 2
GNVW¹Otbº: (4.57)

2. For translation operator, the relation between the Rank-Ratio index and the

GNVW index can be found through direct calculation. Consider translation by one

step to the right represented byMr in Eq. 4.16.

IRR¹Mr º

= rank
� � �

rank
� �

= d2•1 = d2 = I 2
GNVW¹Or º

(4.58)

Since the tensorMr already satis�es the �xed point conditions, we have

IRR¹ ~Mr º = d2 = I 2
GNVW¹Or º: (4.59)

Moreover, even though we have only checked this relation for one possible represen-

tation of the translation operator, it holds for all possible injective representations as

they di�er from each other at most by a basis transformation on the virtual legs[27].

3. Now let us stack two layers of MPUOs which are injective individually. The

composite tensor

M12 = (4.60)

is in general not injective. But we will show that its Rank-Ratio index is still the

square of the GNVW index of the corresponding unitary operator.



121

Let's assume thatM1 andM2 are already at �xed point form satisfying the separation,

isometry, pulling through conditions Eq. 4.26, 4.27, 4.28.M12 is in general not in a

�xed point form, but by blocking sites we can take it to a �xed point form. Suppose

that the �xed point forM12 can be achieved by blocking two sites. (Our proof below

also works if we take larger blocks.) Now we are going to use Eq. 4.40 through 4.43

in Lemma 7 to prove that

IRR¹ ~M12º = IRR¹ ~M1ºIRR¹ ~M2º: (4.61)

To see this, we �nd that

�

 !

= � 1•2
©
­
­
«

ª
®
®
¬

= � 1•2
©
­
­
«

ª
®
®
¬

= �

 !

= � 1•2
©
­
­
«

ª
®
®
¬

= � 1•2
©
­
­
«

ª
®
®
¬

= �

 !

(4.62)

where we have used simpli�ed notation1, 2, 1y, 2y to refer toM1, M2, My
1 , andMy

2 .

The black dots represent the left and right eigenvectors of the transfer matrices of

M1, M2, My
1 , andMy

2 while the grey dots are the square root of the black dots. As

long asM1, M2 are injective (so areMy
1 andMy

2), the grey dots do not change the

rank of the SVD decomposition. Therefore we have

rank

 !

= rank
� �

rank
� �

(4.63)

Similarly, we have

rank

 !

= rank
� �

rank
� �

(4.64)

Dividing these two equations, we get as promised

IRR¹ ~M12º = IRR¹ ~M1ºIRR¹ ~M2º: (4.65)

4. M12 as a stack ofM1 andM2 may not be injective itself. But as we show below,

the Rank-Ratio index does not change if we reduce it to the injective form. Suppose
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that to reduceM12 to the injective form and remove redundant virtual dimensions,

we need to do a projectionP to the pair of virtual legs in each direction, as denoted

by thef g in the following equation:

M12 = ! M 12 = (4.66)

The separation condition onM12 reads

(4.67)

The left and right eigen-vectors (the black dots) that we insert in the middle are

supported onP, so we are free to add those projections. (Note that the separation

condition holds even if the MPO is not injective.) The tensors in each row are the

same and we have labeled only one of them.

On the other hand, we have

(4.68)

where the �rst step uses the separation condition forM2, the second step uses the

pulling through condition forM2, and the third step uses the separation condition

for M1. Comparing Eq. 4.67 and 4.68, we �nd that

(4.69)

And a similar relation holds if we switch the place ofM1M2 andMy
2 My

1 . From these
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relations we �nd that

�
� �

= � 1•2
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­
­
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­
­
«

ª
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¬

= � 1•2
©
­
­
«

ª
®
®
¬

= �
� �

= �
� �

(4.70)

In this equation, step 1, 3, 5, 7 uses Lemma 7, step 2, 6 uses Eq. 4.69 (or similar),

step 4, 8 uses derivations similar to that in Eq. 4.62. In particular, in step 4 adding

the projectionP does not a�ect the relation as the two tensors before adding the

projection are related by a unitary on the left and down legs.

Therefore, we get

rank
� �

= rank
� �

rank
� �

(4.71)

Similarly, we have

rank
� �

= rank
� �

rank
� �

(4.72)

Dividing these two equations we get

IRR¹ ~M 12º = IRR¹ ~M1ºIRR¹ ~M2º = IRR¹ ~M12º: (4.73)

Therefore, the Rank-Ratio index of the stack MPUOM12 remains the same whether

we reduce it to the injective form or not and we always have

IRR¹ ~M12º = IRR¹ ~M1ºIRR¹ ~M2º: (4.74)

This property of the Rank-Ratio index is the same as that of the GNVW index which

multiply when we combine two locality preserving unitaries (Eq. 4.36). As in each

of the injective layers (either representing local unitary or translation) the Rank-

Ratio index is equal to the square of the GNVW index, when we stack the layers,

the Rank-Ratio index is still equal to the square of the GNVW index. Therefore, for

injective or stack of injective MPUO representations, we always have

IRR¹ ~Mº = ¹IGNVW¹Oºº2 (4.75)
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5. Finally, we need to show that our de�nition of Rank-Ratio index is stable. That

is, it does not change if we keep blocking the tensorM once it has reached the �xed

point form. This is true for both injective and stack of injective tensors.

Suppose thatM is at the �xed point form satisfying the separation, isometry, pulling

through conditions in Eq. 4.26, 4.27, 4.28. Then we have

�

 !

= � 1•2
©
­
­
«

ª
®
®
¬

= � 1•2
©
­
­
«

ª
®
®
¬

= �

 ! (4.76)

Therefore, we have

rank

 !

= rank
� �

� d (4.77)

Similarly we have

rank

 !

= rank
� �

� d (4.78)

Dividing these two equations we �nd that the Rank-Ratio index does not change if

we block tensors at the �xed point. Note that whenM is a stack of injective tensors,

the grey dots in the previous equations actually correspond to several grey dots, one

on each injective virtual leg.

With these steps, we complete the proof of Theorem 5. Note that, as our proof relies

on Lemma 7 which is about the spectrum of the SVD decomposition, so in principle

we can de�ne our index as the ratio of the exponential of the entropy of the left and

right SVD decompositions. The only tricky part is that we need to add the grey

dots, the square root of the left and right eigenvectors of the transfer matrices, to the

virtual legs for the index to work. This is doable but procedural-wise complicated.

Therefore, we choose to de�ne the index using the rank, instead of the entropy, of

the SVD decomposition. �

4.5 Numerical calculation of index for random MPUO

In this section we are going to calculate the rank-ratio index of some examples of

random MPUO. The examples of random MPUO considered are drawn in Fig. 4.2,
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and the corresponding numerical results are given in Tables 4.1, 4.2, and 4.3

respectively.

To generate randomk-body unitaries we use the QR-decomposition of random

matrices. The algorithm is as follows:

1. Generatedk dimensional random matrixMdk � dk . d is the dimension of the

physical Hilbert space at each site.

2. Perform aQR-decomposition:M = QR. Q is adk dimensional unitary while

R is an upper triangular matrix.

3. TheQ and R are not unique since for anydk dimensional unitary diagonal

matrix � , QR = ¹Q� º¹� � 1Rº. To �x this, we demand thatR has positive

diagonal entries. This �xes� to be identity. IfR =
Í

i j ri j ji ihj j, create a

diagonal matrix� 0 =
Í

i
rii
jrii j ji ihi j, andQ0 = Q� 0. Now for every random

matrix M, Q0 is a uniquedk dimensional unitary.

From these examples, we can see that

ˆ The Rank-Ratio index �uctuates for small block sizes but saturates to a �xed

value for large enough block sizes;

ˆ The saturated value is equal to the square of the GNVW index and only

depends on the equivalence class of the MPUO, which is invariant under

stacking with any �nite depth local unitary operation.

4.6 A non-locality-preserving MPO: fractional GNVW index

In the previous section, we have discussed how matrix product operators satisfying

a simple unitary condition (De�nition 3 and Eq. 4.6) provides a necessary and

su�cient representation of locality preserving unitaries classi�ed by the GNVW

index. On the other hand, if we relax the condition in Eq. 4.6, we can obtain matrix

product operators, which are unitary in a more general sense, with index beyond the

GNVW framework. In this section, we are going to give one example of such matrix

product operators. We are going to show that this operator is unitary in systems of

odd size and non-unitary in systems of even size. It does not preserve locality and

can have a `fractional' index!
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Figure 4.2: Some examples of random MPUOs. Local physical Hilbert space has
dimensiond = 2 in all cases. (a) We combine a single right-translation operator
with random �nite depth local unitary operators.U1;U2;U3; andU4 are all random
2-local unitaries, (b) we combine layers of random local unitaries with layers of
right-translation. First layer is made of 2-local random unitaryU1, second layer is
right-translation, third layer is 3-local random unitary and fourth layer is again a
right translation operator. (c) Finally as an example of the most general case we
combine random local unitary operators with left and right translational operators.
The �rst layer is right-translation, the second layer is random 2-local unitaries, the
third layer is left-translation, the fourth layer is random 3-local untaries and �nal
layer is right-translation again. Numerical calculation of RR indices of MPUOs in
(a),(b), and (c) are given in tables 4.1, 4.2, and 4.3 respectively.

Consider the MPOO f represented with local tensor

M f = (4.79)

This is a special MPO in that it represents a unitary operator when system size is

odd and a non-unitary operator when system size is even. For example, when the

system size is two, the operator maps both input statesj12i andj21i to j33i . Similar

non-unitary mappings exist whenever the system size is even. This is di�erent

from all the other examples we discussed in this chapter, which are unitary and

satisfy Eq. 4.6 for all system sizes. (And this operator does not satisfy Eq. 4.6 even
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Length of
blocked MPO

rank of
left SVD

rank of
right SVD RR index

1 64 16 4
2 8 8 1
3 16 4 4
4 32 8 4
5 64 16 4
6 128 32 4
7 256 64 4

Table 4.1: Numerical calculation of RR index of MPUO shown in Fig. 4.2(a).
We start with site labeled 1 and block sites one by one to the right. We see that
after blocking 3 sites the index stabilizes to value 4, which is expected since this
MPUO is, by construction, equivalent (up to �nite depth local untiaries) to a pure
right-translation and hence has indexIRR¹Mr º = 22 = 4.

Length of
blocked MPO

rank of
left SVD

rank of
right SVD RR index

1 8 8 1
2 16 4 4
3 32 2 16
4 64 4 16
5 128 8 16
6 256 16 16
7 512 32 16

Table 4.2: Numerical calculation of RR index of MPUO shown in Fig. 4.2(b). We
start with site labeled 1 and block sites one by one to the right. We see that after
blocking 3 sites index stabilizes to value 16, which is expected since this MPUO is,
by construction, equivalent (up to �nite depth local untiaries) to the combination of
two pure right-translation and hence has total indexIRR¹Mr º2 = 42 = 16:

after blocking.) Therefore, it does not belong to the set of MPUO as de�ned in

De�nition 3.

To understand the property of this MPO, we can constructTf according to Eq. 4.7

and, from its general form, identify the operatorOy
f O f . The general form ofTf ,

which we calculate using the procedure in Ref.[27], contains two blocks. The �rst

block is what we would expect ifO is a unitary for all system sizes

(4.80)

Di�erent from a usual unitary MPO, there is a second block, which represents the
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Length of
blocked MPO

rank of
left SVD

rank of
right SVD RR index

1 16 4 4
2 32 8 4
3 64 4 16
4 32 8 4
5 64 16 4
6 128 32 4
7 512 128 4

Table 4.3: Numerical calculation of RR index of MPUO shown in Fig. 4.2(c). We
start with site labeled 1 and block sites one by one to the right. We see that after
blocking 3 sites index stabilizes to value 4, which is expected since this MPUO is,
by construction, equivalent (up to �nite depth local untiaries) to the combination
of two pure right-translation and one left-translation, and hence has total index
IRR¹Mr ºIRR¹Ml ºIRR¹Mr º = 4:1

4:4 = 4.

superposition of two translation symmetry breaking operators. The two operators

each have period2 and they map into each other under a single step of translation.

Therefore, this part of the MPO is zero when the system size is odd, leaving the

MPOO f to be unitary. When the system size is even, the second block gives rise to

a nontrivial operator, which breaks the unitarity ofO f .

When the system size is odd (2n+ 1), O f is a unitary operator, but it is a highly non-

locality preserving. To see this, consider the operatorPn = j1ih2j + j2ih3j + j3ih1j

on thenth qutrit and the conjugation ofPn by O f . Applying Oy
f PnO f on an initial

statej11:::1:::11i , we �nd that the state is mapped to

j11:::1:::11i
Of
��! j 11:::1:::11i

Pn��! j 11:::3:::11i
Oy

f
��! j 32:::a:::32i

(4.81)

wherea = 3 if n is odd anda = 1 if n is even. As the �nal statej32:::a:::32i is

globally di�erent from the initial statej11:::1:::11i , Oy
f PnO f has to be a nonlocal

operator even toughPn is local. Therefore,O f is a non-locality-preserving unitary

when system size is odd.

Interestingly, if we calculate the index ofM f according to Eq. 4.39, we �nd that

IRR¹O f º = rank
� � �

rank
� �

= 3 (4.82)

and this number stays invariant if we take blocks ofM f .If we were to convert it to

the GNVW index, we would �nd it to be
p

3 which is not a rational number and
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hence not allowed as a GNVW index. This is of course expected becauseO f is not a

locality preserving unitary and this example illustrates that it is possible to represent

some non-locality-preserving unitaries with drastically di�erent properties from the

locality-preserving ones using the matrix product operator formalism. We would

expand more on these kinds of MPOs in the next chapter.

4.7 Summary and outlook

In this chapter we studied the representation of one dimensional locality preserving

unitaries using the matrix product operator (MPO) formalism. We show that matrix

product operators, which are unitary (for all system sizes), are guaranteed to preserve

locality and all locality preserving unitaries can be represented in a matrix product

way. Moreover, we show that the GNVW index[1] classifying locality preserving

unitaries in 1D can be extracted in a simple way as in Eq. 4.39 for injective or a stack

of injective tensors. On the other hand, matrix product operators satisfying a more

general unitarity condition � unitary only for systems of certain sizes � can have very

di�erent properties. In particular, we present one example of MPO which is unitary

for odd size systems but not for even size systems and �nd that it is non-locality

preserving and has a fractional index as compared to the locality preserving ones.

Many interesting questions remain open regarding the matrix product representation

of unitaries. First of all, Lemma 5 provides a complete characterization of MPOs

which are unitary for any system size. However, this characterization is in terms of

T rather thanM. In particular, if one wants to simulate a unitary evolution process

using �nite bond dimension MPO, it is not clear which parameter space one should

choose from such that the MPO is guaranteed to be unitary. If such a parameter

space can be identi�ed, we can generate 1D unitaries without having to check the

condition on theT tensor. With the matrix product representation of states, we

do not need to worry about this problem because any tensor generates a legitimate

quantum state. This is essential for variational algorithms based on matrix product

states. If we want to have similar simulation algorithms for unitary dynamics with

matrix product operator, this problem needs to be addressed.

Secondly, adding symmetry requirement to the 1D unitary operators can result in

more detailed classi�cations. This has been discussed in terms of (dynamical)

interacting Floquet phases with symmetry where a classi�cation in 1D has been

proposed in Ref.[65�69]. Similar to the case of 1D gapped (nondynamical) phases,

adding symmetry can result in symmetry-protected Floquet phases. It would be
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interesting to see how to distinguish di�erent symmetry protected Floquet phases

based on the MPO representation of their Floquet operator.

Finally, the example we discussed in section 5.2 shows that if we relax the de�nition

of unitarity, MPO can represent non-locality-preserving unitaries with fractional

index. What is the full power of MPO in representing 1D unitaries in this more

general sense? For matrix product state, we know that with a translation invariant

�nite bond dimension representation, the state represented is either gapped or a

superposition of several gapped states. Can we obtain a similar understanding of

the MPO representation of 1D unitaries? This is a question we plan to study in the

future.
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C h a p t e r 5

TN REPRESENTATION BEYOND LOCALITY-PRESERVING 1D
UNITARY OPERATORS

5.1 Background and Motivation

In the last chapter we developed the tensor representation of locality-preserving 1D

unitary operators. We observed that such MPUs are generated by a local-tensor

with certain general form. Namely, itsT =
Í

j M i j ¹M j;kº� has to have only one

block of rank one in its canonical form (Eq. 5). To show that such MPUs can

represent all locality preserving 1D unitaries, we proved that they can represent the

basic building blocks of such unitaries, and hence can be stacked to construct any

1D locality-preserving unitary. It was shown that if we block such local-tensors

enough times, they satisfy certain �xed point equations, namely, separation (Eq.

(4.26)) and isometry (Eq. 4.27). We proved that it follows from the �xed point

equations that these MPUs are bound to be locality-preserving. That is, they map

local operators to local operators. To characterize such MPUs, we de�ned an index

called Rank-Ratio(RR) index as the ratio of ranks between left SVD and right SVD

decomposition of the local-tensor (de�nition 4) and showed (theorem 5), using �xed

point equations, that this index satis�es all the required properties for it to be an

equivalent of GNVW index de�ned in Ref. [1]. Finally, in section 5.2 we noted an

example where the local-tensor generated unitaries but not for all system sizes. It

had a periodicity of 2, that is, it was only unitary for odd system sizes. The present

chapter is inspired by and is an expansion by this example.

We start with noting that everything we proved about the locality-preserving MPUs

followed from the following implicite assumption (or requirement):there is a 4-leg

local tensor that generates MPOs on periodicN-site 1D chains and we rquire this

MPO to be unitary for all system sizes,N. This was the justi�cation in assuming

that T has only one block of rank in its canonical form. But the reason for this

assumption is not clear apriori. We often work with certain range of system sizes.

Why should we care whether the MPU at hand is generated by a local-tensor that

generates unitaries for other system sizes as well? Though this assumption gave

us locality-preserving MPUs, do we know thatall locality-preserving MPUs on a

given system size would be of this category? To understand MPUs better we would
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relax this requirement in this chapter and would ask a more general question: given

a system sizesN, what is the condition on local-tensorM such that the generate

MPOO¹Nº is unitary?

Another motivation of this investigation is to �nd an easier test that can be performed

on a local tensor to predict whether or not it generates unitary on a given 1D chain

of �xed size, or a set of sizes. Currently the only test to be performed on local

tensor is to calculate the canonical form of itsT tensor and see whether it satis�es

the general form given in Eq. 5. But this can be a tedious calculation for a given

arbitrary tensor, and moreover it can only tell us whether the local-tensor generates

unitary on all system sizes.

Comparisons can be drawn with the theory of MPS, where just calculating the

transfer matrix of the local tensor gives us a lot of information about the generic

behavior of MPS on a �nite periodic chain. In particular, it is well known that all

transnational-invariant MPS with injective local-tensor (which means the transfer

matrix has a non-degenerate highest eigenvalue) share a generic physical property:

they all have short ranged correlations. This is very useful because calculation of

transfer matrix and its eigenvalues is very convenient. Can we make similar claims

about an MPU? The equivalent of short ranged correlation for MPU is locality-

preservation. So we can ask, does an injective local tensor (which means that

the transfer matrix of local-tensor,EM , has a non-degenrate highest eigenvalue)

always creates a locality-preserving MPU? We will be investigating such questions

by general approach and speci�c examples in this chapter. In particular we ask the

following questions:

1. Are MPUs generated by an injective local-tensor always locality-preserving?

If not, what is the su�cient condition for locality-preservation?

2. Given a local-tensor, how can we predict whether it generates unitary on a

given 1D chain, or a set of such chains (where the set can potentially include

all system sizes)?

3. Are there �nite bond-dimensional non locality-preserving MPUs generated

by a single local-tensor? If so, how can a locality-preserving MPU be di�er-

entiated by a non locality-preserving MPU? Is there an index that measures

the amount of non locality-preservation of an MPU?
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In this chapter we answer the above questions as follows (EM; ET denote transfer

matrix of M andT respectively):

1. Locality-preservation does not depend on the injectivity of the local-tensor

M. It depends on the injectivity ofT tensor. More speci�cally, the su�cient

condition for locality-preservation is that the transfer matrix ofT, ET has only

one non-zero eigenvalue which is equal to 1.

2. A local tensor generates unitary on 1D chain of lengthN if and only if

Tr¹EN
T º = Tr¹EN

Mº = 1. In particular, it generates unitary for all system sizes

if and only if bothEM andET have only one non-zero eigenvalue which is

equal to 1.

3. Yes, there are in�nitely many �nite-bond dimensional non locality-preserving

MPUs. They have non-locality index which measures how much information

they transfer to long distances. They are characterized by a presence of `MPO

type' symmetry similar to those in the 2D tensors that represent topological

phases.

The rest of the chapter is organized as follows. We �rst introduce a notion ofN-

unitarity of a local-tensor in section 5.2 as a point of departure from the last chapter.

Then in section 5.3 we would prove the central theorem of this chapter which gives a

necessary and su�cient condition for a tensor to beN-unitary. A key characteristic

of an MPU is how it acts on local algebras. So we would revise the formalism of

support-algebras and how they relate to tensor networks in section 5.4. After this we

would revisit the locality-preserving MPUs in this new formalism in section 5.5 and

re-derive and re�ne their properties noted in the last chapter under the general notion

of unitarity and support-algebras. In particular we would show that GNVW index

de�nition directly translates to RR index in tensor networks. Finally, in section 5.6,

we will discuss examples of non locality-preserving MPU and show how they have

a `long-range order' in a certain sense. We will conclude the chapter with summary

and outlook.

5.2 N-unitarity

First we set the terminology for the rest of this chapter. Alocal-tensor M is a

4-index tensor with two virtual indices and two physical indices (an input and an
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output). Pictorially,

(5.1)

wherei and j are the the input and output physical indices anda andb are the left

and right virtual indices. We can put these tensors on a periodic 1D system withN

sites and contract all the virtual indices. This will give us a physical operatorON

on theN sites which will refer to as theMPO generated by the local tensorM and

denote it asON¹Mº,

(5.2)

where the twists at both ends denote periodic boundary condition. We will see

below how the same local-tensor can generate MPOsON which are unitary for some

values ofN and not unitary for other values. To make this precise we de�ne

De�nition 6. A local-tensorM is N-unitary if the MPO generated by it on a periodic

1 D chain of sizeN, ON¹Mº, is unitary. In such a case we denote the MPO asU¹Nº.

If a local-tensor generates unitary for all sizes in some set,N 2 S, then we would

refer to them asS-unitary. We will see that MPUs discussed in the last chapter are

generated by special local-tensors which generate unitary for all system sizes. So

they can be calledN-uniary local tensors. Similarly, the local-tensor in Eq. 4.79

discussed in the section is an example which generates unitary MPO only for odd

system sizes. So it can denoted as¹2N � 1º - unitary local-tensor. One of the

main objectives of this chapter is to understandN-unitary local-tensors which are

not N-unitary, that is, local-tensors that generate unitaries for some but not for all

system sizes.

Recall from last chapter that for any local-tensorM we can de�ne another local-

tensorT¹Mº as

Ti j ¹Mº =
Õ

k

Myik

 Mk j = : (5.3)

When the underlyingM is clear from the context, we would simply refer to it as the

T-tensor. As we have already seen, tensorT plays a central role in understanding
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the properties ofM. Sometimes it is more useful to consider theT-tensor ofMy

instead that ofM. We would simply denote them asT¹Myº.

For any local-tensor we can de�ne a transfer matrix as in Eq. (4.22) which we repeat

here with slight modi�cation for convenience,

: (5.4)

Note the factor of1d , whered is the dimension of the local physical Hilbert space.

Similarly, transfer matrix ofT turns out to be,

: (5.5)

Notice thatT satis�esTy = T, butT¹Myº , Ty¹Mº.Also one can seeEM � EMy and

ET¹Mº = ET¹Myº in the sense that they are the same matrices with just indices shifted.

We will now see thatEM andET play a key role in determiningN-unitarity.

5.3 Necessary and su�cient condition for N-unitarity

Now we present the central theorem onN-unitarity.

Theorem 6(N-unitarity theorem). A local-tensorM is N-unitary if and only if

Tr¹EN
Mº = Tr¹EN

T º = 1: (5.6)

Proof. (i) First we prove:N-unitarity ) Tr¹EN
Mº = Tr¹EN

T º = 1.

This is easy to prove. SinceM generates unitary onN-sites, we have

: (5.7)
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Now take trace on physical indices on both sides,

) Tr¹¹dEMºNº = dN

) Tr¹EMº = 1 :(5.8)

Note that sinceM generates unitary onN sites,T¹Mº also generates unitary onN

sites. In fact it generates identity. Since above equaltion is true for anyN-unitary

local tensor, it must be true forT¹Mºalso. So we have provedTr¹EN
Mº = Tr¹EN

T º = 1.

(ii) Now we prove:Tr¹EN
Mº = Tr¹EN

T º = 1 ) O¹NºyO¹Nº = O¹NºO¹Nºy = I 
 N, that

is, M is N-unitary.

let's choose an orthonormal basis for the space of operators on ad-dimensional

Hilbert space asf � j; j = 0; 1; : : :d2 � 1g, where� 0 = I and � j , 0 are traceless

operators and with the property,

Tr¹� j �
y
kº = d� j;k; 8 j; k: (5.9)

Now we decomposeT¹Mº in terms of these operators on the physical space and

operators on the vitrual space,

(5.10)

This is not an SVD decomposition. We have simply writtenT choosing some basis

in the physical space. At this point we do not know anything aboutsj operators.

Now taking the trace on the physical legs above gives usdEM on the LHS andd 
 s0

on the RHS as all other terms vanish sinceTr¹� 0º = d andTr¹� j , 0º = 0. So we

simply get,

s0 = EM : (5.11)

Since we want to proveO¹NºyO¹Nº = I 
 N, we note thatO¹NºyO¹Nº can be expressed
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in terms of� j andsj as

; (5.12)

or, algebraically,

O¹NºyO¹Nº =
Õ

j1; j2;:::;jN

Tr¹sj1sj2 : : : sjN º� j1 
 � j2 
 : : : 
 � jN : (5.13)

For convenience of representation, we combine indicesj1; j2; : : : ; jN into a vector

indexJ = j j1; j2; : : : ; jNi and write

O¹NºyO¹Nº =
Õ

J

Tr¹s¹Nº
J º� ¹Nº

J ; (5.14)

wheres¹Nº
J = sj1sj2 : : : sjN and� ¹Nº

J = � j1 
 � j2 
 : : : 
 � jN Note that� ¹Nº
J form an

orthonormal basis for operators ond
 N space and satisfy

Tr¹� ¹Nº
J � ¹Nºy

K º = dN� J;K : (5.15)

And � Nº
J=00:::0 = I 
 N. So to proveO¹Nº is unitary, we need to prove

Tr¹s¹Nº
J º = 0; 8J , j00:::0i : (5.16)

To do that, let's write equation (5.14) pictorially,

; (5.17)

and now multiply both side with their respective complex conjugates, amd take the
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trace on physical indices,

; (5.18)

where in the second step we have used the de�nition ofET (Eq. 5.5) on the LHS and

orthonormality of� ¹Nº
J (Eq. (5.15)) on the RHS. So now we use the assumptions

Tr¹EN
T º = Tr¹EN

Mº = 1 in above and get,

Tr¹EN
T º =

Õ

J

jTr¹s¹Nº
J j2

1 = jTr¹s¹Nº
J=j00:::i j

2 +
Õ

J, j00:::i

jTr¹s¹Nº
J j2

1 = jTr¹sN
0 ºj2 +

Õ

J, j00:::i

jTr¹s¹Nº
J j2

1 = 1 +
Õ

J, j00:::i

jTr¹s¹Nº
J j2

) Tr¹s¹Nº
J, j00:::i = 0 (5.19)

whereTr¹s¹Nº
J=j00:::i º = Tr¹sN

0 º = Tr¹EN
Mº = 1 has been used in the 3rd step. We have

proved the key step required (Eq. 5.16). So simply putting Eq. (5.19) in Eq. (5.14)

we get

O¹NºyO¹Nº = Tr¹s¹Nº
00:::0º� ¹Nº

J (5.20)

= I 
 I 
 : : : 
 I : (5.21)

SinceEMy and ET¹Myº have the same spectrum as that ofEM and ET¹Mº respec-

tively (they are the same matrices with indices permuted), we also haveTr¹EN
Myº =

Tr¹EMy = 1. So following the same steps as above but forMy we can prove

O¹NºO¹Nºy = I 
 N. So we have provedO¹NºyO¹Nº = O¹NºO¹Nºy = I 
 N as desired.

This completes the proof. �



139

The N-unitarity theorem is very useful in general because it has the following

implication for any translation-invariant Wilson-loop operator:If a translation-

invariant Wilson-loop operator (of any length) can be represented by a �nite bond-

dimensional MPO, then its unitarity can be checked locally and e�ciently.

TheN-unitarity theorem completely characterizes all possible translation-invariant

unitary MPOs. It is very useful because it gives an e�cient algorithm to �nd

out whether a translation-invariant MPO is unitary. Conversely, all translational-

invariant unitary MPOs can be thought of as particular solutions toN-unitarity

equation (5.6).

Now we turn to other aspect of an MPU, its action on local algebras.

5.4 Action of MPU on local operators

An MPU acts on local operatorsAx by conjugationAx ! U¹NºAxU¹Nºy. Under this

operation, local algebra gets mapped to an algebra supported on a larger space. We

want a good measure of this "spreading" done by MPU. In the last chapter we talked

simply in terms of how much of the local algebra gets mapped to the right and how

much gets mapped to the left. However, as we will see, for MPUs that map local

algebra to a non-local (global) algebra this measure does not work. So we need

a slightly more general quantity to work with. For this, we turn to the notion of

support algebras.

First we need to de�ne the notion of support algebras (See Ref. [1]).

De�nition 7. let's say there is a subalgebraA of a tensor product of algebras,

A � B y 
 B z. If there is a smallest subsalgebraCy � B y such thatA � C y 
 B z

thenCy is called the support algebra ofA on By and is denoted asS¹A ; Byº

In the present context we can think ofBy as the algebra of operators onyth site on

the 1D chain, and setz = �y to denote algebra of operators on all the sites excluding

y. It is known thatS¹A ; Byº can be calculated using SVD decomposition ofA . If

we SVD decompose operators inA 2 A between operators inBy and operators in

B �y,

A =
Õ

�

� � B�
y 
 C�

�y ; (5.22)

whereB�
y represent an operator on theyth site andC�

�y represents operator supported

on the rest of the Hilbert space. Then support algebraS¹A ; Byº is generated by all
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B�
y arising in this way. Mathematically, this is equivalent to �nding the reduced

density matrix of a many-body state on a particular site. Except here, we do this

with operators, not vectors.

So we see that the quantity of interest for MPU is the dimension of the support

algebra,dim¹S¹U¹NºA xU¹Nºy; A yºº. Roughly speaking, it measures how much of

the algebra at sitey can be reached by applying MPU on algebra at sitex.

Note that the GNVW index of an MPU is de�ned (after possible blocking) as the

ratio ofdim¹S¹U¹Nº¹A x 
A x+1ºU¹Nºy; A x� 1 
A xº andd2, whered is the dimension

of Hilbert space at each site.

With the following proposition, we show what the notion of support algebra corre-

sponds to in terms of tensor networks.

Proposition 1 (Action on local algebra andET). dim¹S¹U¹NºA xU¹Nºy; A yºº is the

rank of the following tensor network as a map from legs1; 2 to 3; 4,

(5.23)

or written in terms ofT, ET andEM ,

(5.24)

Proof. let's sayU¹Nº¹Mº mapsji ihj j to A¹i j º. That is,A¹i j º = U¹Nºji ihj jU¹Nºy. A¹i j º
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can be written as a tensor,

(5.25)

TheT-tensor in the above is actuallyT¹Myº but we have denoted it simly asT for

convenience. Now, Eq. (5.25) impliesA¹i j ºy = U¹Nºj j ihi jU¹Nºy. In a the tensor

network language

(5.26)

Now let's say the SVD decomposition ofA¹i j º between operators on sitey and the

rest is,

A¹i j º =
Õ

�

� ¹i j º
� B¹i j º

y;� 
 C¹i j º
�y;� ; (5.27)

where�y denotes all sites excepty. Note that operatorsB¹i j º
y;� span the support algebra

of A¹i j º on sitey. To get this space, we need to take a `trace out' theC operators,

Tr �y¹A¹i j ºyA¹i j ºº =
Õ

�;�

� ¹i j º
� � ¹i j º

� B¹i j º
y;� 
 B¹i j ºy

y;� Tr �y¹C
¹i j º
�y;� C¹i j ºy

�y;� º

=
Õ

�

¹� ¹i j º
� º2B¹i j º

y;� 
 B¹i j ºy
y;� ; (5.28)

where we have used the mutual orthogonality ofC� as they are basis of SVD

decomposition. To do the same `tracing out' of space�y in tensor network language

we multiply Eq. (5.25) and Eq. (5.26) and take a trace on all sites excepty. We get

Tr �y¹A¹i j ºyA¹i j ºº =

=
Õ

�

¹� ¹i j º
� º2B¹i j º

y;� 
 B¹i j ºy
y;� : (5.29)
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Hence this tensor network is nothing but
Í

� ¹� ¹i j º
� º2B¹i j º

y;� 
 B¹i j ºy
y;� Which means that

operator space on indicesk; l is simply spanned by operatorsB¹i j ºy
y;� . As we change

i; j we get di�erent operatorsB¹i j ºy
y;� on sitey. So to get all suchBs we simply sum

over alli; j which corresponds to contracting the bottomj; i with top legsj; i on site

x. So we get

Õ

�; i; j

¹� ¹i j º
� º2B¹i j º

y;� 
 B¹i j ºy
y;� = :

So we see that the tensor network on the right is nothing but the matrix on the

left. Since it is a positive matrix, its rank is equal to dimension of space spanned

by di�erent B¹i j º
y;� , which is nothing but the dimension of desired subalgebra. This

completes the proof. �

let's give some examples of this proposition for illustrate. let's say we wanted to

calculate the support algebras of the left-shift operators. In particular we want to

calculatedim¹S¹U¹NºA xU¹Nºy; A x� 1ºº. Before we do the computation using the

tensor network (5.23), we �rst guess what the answer should be intuitively. We

know that the left-shift operators transfer the �information � to the immediate left

site. So all of the algebraA x should get mapped to the algebraA x� 1, and nowhere

else. So we expect

dim¹S¹U¹NºA xU¹Nºy; A yºº =

8>><

>>
:

d2 if y = x � 1

1 otherwise:
(5.30)

Let's see if the proposition 1 matches this intution. Drawing the required tensor

network fordim¹S¹U¹NºA xU¹Nºy; A x� 1ºº we get,

(5.31)
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Other terms simply produce constant factors as they they are traces of identity, and

it does not a�ect the rank we are interested in. Looking at the RHS it is immediately

clear that indeed the rank between1; 2 and3; 4 is d2 as they are simply connected

by a rankd leg. It matches what we expect from (5.30).

Now we computedim¹S¹U¹NºA xU¹Nºy; A x+1ºº,

: (5.32)

One can clearly see that1; 2 are completely disconnected from3; 4 in the tensor

network, and hence the rank of the operator from1; 2 to 3; 4 is simply 1, which

matches our expectation in (5.30).

Though it might look like a tedious calculation by hand, but the importance of this

proposition lies in the description of this tensor network written in (5.24). Since it

only uses matrices, this calculation can be done e�ciently for anyx and y. Also

notice thatx and y only appear withET which suggests that it is mainlyET that

determines how local algebra is spreaded out by the action of an MPU. In the theory

of MPUs ET plays a more central role thanEM . Indeed we will see that MPU's

whoseEM are same butET are di�erent can di�er radically from each other. In

particular, at long distances, its only the degeneracy of the highest eigenvalue ofET

that determines the correlation length.

With the theorem 6 on unitarity, and proposition 1 at hand, now we revisit the

question of locality-preserving MPUs and re�ne and expand our results and under-

standing from the last chapter.

5.5 Revisiting locality-preserving MPUs

Theorem 6 immediately gives a necessary and su�cient condition on the local

tensors that generate locality-preserving MPUs of last chapter. But before we

present that, we need to note a small lemma whose proof can be found in whose

proof can be found in Ref. [70]. We just repeat the result here for convenience.
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Lemma 8. Consider two sets of complex numbers,� �; k� = j� �; k� jei � �; k� ; � =

a; b; k� = 1; 2; : : : x� . If 8N � maxf xa; xbg the following is true,

xaÕ

k=1

� N
a;k =

xbÕ

k=1

� N
b;k (5.33)

thenxa = xb and� a;k = � b;k (up to permutation).

Now we present the result for locality-preserving MPUs.

Corollary 5. A local-tensor generates MPUs for all system sizes (that is, it isN-

unitary for all N � 1) if and only if bothEM and ET have only one non-zero

eigenvalue which is equal to 1.

Proof. let's sayEM has eigenvalues� 1 � � 2 � : : : � m. Then, sinceM is unitary for

all system sizes, we have

Õ

j

� N
j = 1; 8N � 1: (5.34)

Applying Lemma 8 on this equation we get� 1 = 1; � 2 = � 3 = : : : = 0. So EM

has only one non-zero eigenvalue which is equal to 1. The same can be applied to

ET and we get thatEM has only one non-zero eigenvalue which is equal to 1. This

completes the proof. �

It is also interesting to note another immediate implication of Lemma 8

Corollary 6. If a local-tensor with virtual bond dimensionD generates MPU for

all system sizesN � D4, then it generates unitary for all system sizes, and hence is

locality-preserving.

Proof. SinceET can have maximumD4 eigenvalues, if
Í

j � N
j = 1; 8N � D4,

then using Lemma 8 we have� 1 = 1; � 2 = � 3 = : : : = � D2 = 0. The same goes for

eigenvalues ofEM �

Now we prove that just as injectivity of local-tensor in MPS theory implies short

ranged correlation, injectivity ofT-tensor in the theory of MPUs implies short-

ranged mapping.
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Theorem 7(T-injectivity implies locality-preservation). If theT-tensor of a MPU

generating local-tensorM is injective (has only one non-zero eigenvalue which is

equal to 1), then the MPU,U¹Nº, is locality-preserving. In particular,N-unitary

local-tensors generate locality-preserving MPUs.

Proof. let's sayET has only one non-zero eigenvalue which is equal to one. The

eigenvalues 0 may have a jordan block associated to them. So there must exist a

numberv � D4, whereD is the dimension of the virtual legs, such thatEv
T has no

jordan blocks, and hence is a rank 1 matrix. Any rank 1 matrix can be written as an

outer product of two vectors, so

Ev
T = jRihLj; (5.35)

with hLjRi = 1 (5.36)

or pictorially,

(5.37)

whereRT andLT are the right and left eigenvectors ofET with eigenvalue 1. This

implies that the diagram in Eq. 5.24 decomposes ifjy � xj > v, that is,

(5.38)
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The �rst term on the RHS is just a number so we ignore it. To see why the second

term is just identity on1; 2 and3; 4, we can write it as

(5.39)

sinceM generates unitary, it gives identity on each site, and that's why we end up

with identity on1; 2 and3; 4. In fact without having done the detailed calculation we

can see that ifEv
T decomposes for somev, then looking at Eq. (5.29) we can see that

no operator on sitex can be mapped beyondx+v. HenceU¹NºA xU¹Nºy cannot have a

support on sites more thanv distance away fromx. Sodim¹S¹U¹NºA xU¹Nºy; A yºº =

1; 8jy � xj > v. This completes the proof. �

This theorem con�rms the general implication of proposition 1, that the long distance

behavior of an MPU is dictated by the highest eigenvalue degeneracy of theET. So

in particular if this degeneracy is 1, we get short ranged mapping by the MPU.

Notice that we did not need the injectivity assumption like we did in theorem 5 of

last chapter. It means theorem 5 should be true irrespective of whether or notM is

injective, or a stack of injective MPUs. We will now show that indeed that is the

case. We can remove the injectivity assumption if we block sites once more after

we reach the �xed point equations of separation and isometry.

To be more precise, we needed injective assumption (Chapter 4, de�nition 5) because

if the left eigenvector,l , and right eigenvector,r , of the transfer matrixEM are not

supported on the full virtual space, we cannot in general claim that multiplyingM

with
p

r from the right or multiplyingl from the left does not change its SVD ranks

needed for RR-index de�nition. That is, we cannot claim, for example, that the left

SVD rank remains the same under following modi�cation.

(5.40)

But since we proved index multiplicability under stacking using such modi�cations,

we were forced to use the injectivity assumption. We now show that the above

equation is always true, if we block enough sites.
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Lemma 9. For a local tensorM that satis�es �xed point equations (separation as

in Eq. 4.26 and isomerty as in Eq. 4.27 ) the following holds true:

(5.41)

Proof. First we calculate the rank of the RHS:

: (5.42)

We do not need to know the rank of the �rst term on the RHS of this equation to

prove the desired result. Now we calculate the rank of the LHS of Eq. 5.41,

; (5.43)

where wherel is the left eigen-vector ofEM andI is just identity operator on virtual

index. The second equality comes from separation. But now notice:

: (5.44)
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The �nal equality comes from the fact that the rank cannot possibly be greater than

d. To see why the �rst inequality is true, notice, more explicitly,

: (5.45)

The inequality in second line comes from the fact that
p

r is a non-negative matrix and

for any matrixA and a non-negative matrix B,rank¹Aº � rank¹ABº. (To see why,

diagonlizeB, (which can always be done since its Hermitian),B = U� Uy, where�

is diagonal matrix. Now keeping in mind that multiplication with a diagonal matrix

can only possily reduce rank, we haverank¹Aº = rank¹AUº � rank¹AU� º =

rank¹AU� Uyº = rank¹ABº. ) The �rst and �nal equality are simply the expression

rank¹Aº = rank¹AAyº for any matrix A. So we see that the Eq. (5.44) is true.

Substituting relation (5.44) back in Eq. (5.43) we get the desired result

: (5.46)

This completes the proof. �

It is an obvious to see that in a similar fashion we can prove,

(5.47)

So, now on, we assume that we have blocked enough sites such that injectivity

condition is automatically satis�ed and hence results of the last chapter are valid for

all local-tensors that generate unitary for all system sizes.

In last chapter, in theorem 5 we showed that RR-index and GNVW index are related

by �rst showing it to be the case for all the building blocks of locality preserving

MPUs, and then showing it to remain true under stacking of MPUs. Now we take

a di�erent approach, and show that RR-index de�nition is actually directly implied

by the GNVW index de�nition when we apply it to tensor networks.
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Deriving RR-index from GNVW index

Now we will show that RR-index actually directly comes from GNVW index. To

prove that we �rst need a small result

Lemma 10. If a locality-preserving MPU satis�es the �xed point equations, and

lRR andrRR are its left and right SVD ranks respectively, thenlRRrRR = d2.

Proof. It is easy to prove this. In the last chapter we proved that ifM12 = M1M2

then we have,

rank

 !

= rank
� �

rank
� �

: (5.48)

let's put M1 = M andM2 = My
1 . So the above equation gives us

rank

 !

= lRRrRR; (5.49)

where we have usedlRR¹Myº = rRR¹Mº, which follows from the de�nition ofMy.

But we also have the following due to separation:

: (5.50)

The reason for the equality is similar to that argued in the proof of lemma 9. (we

can multiply the two sides withr andl and get identity on both sites.) So we get

lRRrRR = d2. This completes the proof. �

We proved in theorem 5 in last chapter thatIGNVW =
p

IRRby proving it �rst for the

building blocks of locality-preserving MPUs and then for stacks of them. Now we

will reprove the same relation but in a di�erent way. In this way of proof we will

see that RR-index actually directly comes from the GNVW index de�nition.

Theorem 8. If a local-tensorM that generates MPU for all system sizes is block

enough times so that it satis�es the �xed-point equations (separation(Eq. 4.26),

isometry (Eq. 4.27) and lemma 9) and haslRR and rRR as its left and right SVD

ranks, then its GNVW index is

IGNVW¹U¹Nºº =
l2
RR

d2
=

d2

r 2
RR

=
lRR

rRR
=

p
IRR¹Mº; (5.51)
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whered is the dimension of the Hilbert space on each site.

Proof. First we recall that the GNVW index of a 1D unitary operator is de�ned in

terms of support algebras. That is, let's say,

lgnvw = dim¹S¹U¹Nº¹A x 
 A x+1ºU¹Nºy; A x� 1 
 A xºº (5.52)

rgnvw = dim¹S¹U¹Nº¹A x 
 A x+1ºU¹Nºy; A x+1 
 A x+2ºº: (5.53)

ThenIGNVW = lgnvw•d2 = d2•rgnvw. It was shownlgnvwrgnvw = d4. So to prove the

theorem we just need to provelgnvw = l2
RRandrgnvw = rRR. To do that, let's see how

an MPU acts on operatorsAx 
 Ax+1 2 A x 
 A x+1,

;(5.54)

where in the �rst step we have used separation and isometry, and in the second step we

have performed left and right SVD onM andMy. We have usedlRR¹Myº = rRR¹Mº

and vice-versa. Recall that the de�nition ofS¹U¹Nº¹A x 
A x+1ºU¹Nºy; A x� 1 
A xº is

that it is the space of operators onA x� 1 
 A x that appear in the SVD decomposition

of operators inU¹Nº¹A x 
 A x+1ºU¹Nºy. But we do not need to perform this SVD

decomposition. We can directly see from the tensor diagram that the number of

non-zero singular values of this SVD cannot exceedl2
RR. (We can use proposition 1

for support algebras to see it more explicitly.) So we get

lgnvw � l2
RR (5.55)
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By similar argument with the spaceS¹U¹Nº¹A x 
 A x+1ºU¹Nºy; A x+1 
 A x+2º we get

rgnvw � r 2
RR: (5.56)

These two inequalities together with equalitieslgnvwrgnvw = d4 and lRRrRR = d2

(lemma 9) give uslgnvw = l2
RR andrgnvw = r 2

RR. Plugging it in the de�nitions of

the GNVW index and RR-index with get the desired result. This completes the

proof. �

With this theorem we conclude our discussion of locality-preserving MPUs. Now

we will turn to solutions of theN-unitarity equation (Eq. (5.6)) which depend on

the values ofN. That is, they satisfy the equation only for certain set ofN. We

will see that such MPUs are often Non locality-preserving. That is, they map local

operators to non-local operators.

5.6 Non locality-preserving MPUs: `long-range ordered' MPUs

The MPUs of last chapter and last section can be seen as solutions to the equations

EN
M = EN

T = 1 for all N 2 N. Are there solutions that only work for a subset of

natural numbers? As we will show now there are in�nitely many such solutions.

The local tensor mentioned in Sect. 5.2 in last chapter is one of them. let's consider

a similar example here. Consider a local-tensor

(5.57)

(This local-tensor can be obtained from the one in last chapter by applying a unitary

operator on each site, so it has essentially the same properties.) let's �rst study how

this examples �ts with the theorem 6. Its transfer matrix can be calculated simply

to be

; (5.58)

which has only one non-zero eigenvalue which is equal to 1. So we see that transfer

matrix for thisM is exactly similar to those of locality-preserving MPUs. But what
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makes it di�erent is the matrixET

: (5.59)

By calculating its eigenvalues, we �nd that the only non-zero eigen values are

f 1; 1; � 1g. So if it is to satisfy the condition of theorem 6, we should have

Tr¹EN
T º = 1N + 1N + ¹� 1ºN = 1; (5.60)

which is true if and only ifN is odd. This explains why in the example in section

5.2 of the last chapter we found that the MPU was unitary for all odd system sizes.

Also, if we calculate the left and right SVD ranks for this local-tensor we �nd,

lRR = rank
� �

= 9 (5.61)

rRR = rank
� �

= 3: (5.62)

So

lRRrRR = 9 � 3 = 27 > 32 = d2: (5.63)

So this local-tensor violates the relation required for locality-preserving MPUs as

proved in Lemma 10. This is another indication that it is not a locality-preserving

MPU.

Recall that we proved in the last chapter that the tensorT has to have only one block

if M is to produce unitary for all system sizes. So let's analyze the block structure

of T. But we will useT¹Myº instead ofT¹Mº for reasons to be explained later. We

�nd

: (5.64)
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One can see that thisT actually has 2 blocks. This �rst block corresponds to

p = q = 0,

: (5.65)

This block clearly has rank one and has identity as the physical operator. So this is

exactly the same as that in the general form in (5). If there was only this block, this

local-tensor would behave like locality preserving tensors and generate unitary for

all system sizes. But it doesn't because there is a second block as well. This block

corresponds top = 0; q = 1; q = � 1,

: (5.66)

Clearly, it has rank 2, and its a periodic block. It is actually an MPO version

of transnational symmetry breaking MPS �rst noted in [27]. AsT contract with

each other, the �rst term in this block can only contract with the second term and

vice-versa. So these terms alternate throughout the chain. But notice that when the

number of sites is odd, it cannot connect back to itself and it disappears, in which

case we are only left with the rank 1 block, and hence the overall MPU is unitary.

But when number sites are even, this block doesn't vanish, and we get a non-unitary

operator. In fact, one can see that on even sites we get an operator

O¹Nº = I 
 N +
N•2Ì

x=1

Z2x� 1 
 Z� 1
2x +

N•2Ì

x=1

Z� 1
2x� 1 
 Z2x: (5.67)

So we see that, other can calculating eigenvalues ofEM and ET, calculating the

block structure ofT can also tell us about the periodic nature ofN-unitarity of the

given local-tensor. We will do the same with similar examples below.

How does this MPU act on local operators? Remember that in proving locality-

preservation in theorem 7 we used the fact thatET was injective (had only one
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non-zero eigenvalue). Does it imply that ifET has more than one eigenvalues,

then the MPU would be non locality preserving? The answer to this question is,

generically, yes, but not always. let's choose convenient basis to see how the MPU

generated by local-tensor in (5.57) acts on local algebra. We choose the basis

ZaXb; a; b = 0; 1; � 1 where (! = exp
�

2� i
3

�
)

Z =

2
6
6
6
6
6
4

1 0 0

0 ! 0

0 0 ! 2

3
7
7
7
7
7
5

; X =

2
6
6
6
6
6
4

0 1 0

0 0 1

1 0 0

3
7
7
7
7
7
5

:

Z andX are generalized pauli operators. With this the basisZa
x Xb

x spans the whole

algebra of operators on sitex. In fact, Zx and Xx generates the whole algebra on

site x, so we just need to calculateU¹NºZU¹Nºy andU¹NºXU¹Nºy. We will give the

detaoil calculation below, but here we just note the results

UZxUy = : : : ¹Z� 1
x Zx+1º¹Z� 1

x+2Zx+3º : : : ; (5.68)

UXxUy = XxXx+1; (5.69)

where\ : : :00denotes that the alternating powers continue through the whole periodic

1D chain. So we see that though it acts locally onX operators, it mapsZ operators

to global operators: operators that are supported on all sites.X alone generates a 3-

dimensional subalgebra of 1-site algebra. It means 3-dimensional subalgebra of the

local algebra is mapped locally, while the rest is mapped nonlocally. Note that locally

mapped operators form a subalgebra: ifAandB are mapped locally then so areA+ B

andAB sinceU¹A + BºUy = U¹AºUy + U¹BºUy andU¹ABºUy = U¹AºUyU¹BºUy

and sum/prdouct of local operators is local. We would call this subalgebra simply

`locally-mapped subalgera'. The importance of `locally-mapped subalgera' is that a

GNVW index can be de�ned on this subalgebra, and it interacts with other locality-

preserving MPUs in the usual way. We will see later that some MPUs do not even

have any non-trivial locally-mapped subalgebra. That is, they map all local operatos

to non-local operators.

It is simple to see that in the language of support algebras, we have

dim¹S¹U¹NºA x;U¹Nºy; A yºº =

8>><

>>
:

9 if y = x; x + 1:

3 otherwise
(5.70)

So asN ! 1 , U¹Nº still maps local operators to operators supported on 3 dimen-

sional subalgebra of algebras far away on the chain. In other words, we can say that
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it has a long range correlation where a 3-dimensional subalgerba is correlated with

the local algebra.

Non-locality index

It is obvious that GNVW index is not well de�ned for non locality-preserving MPUs.

But notice that it is easy to see that the numberdim¹S¹U¹NºA x;U¹Nºy; A yºº; jx� yj �

1 does not change if we combine the above MPU with locality preserving MPUs

of last section. Locality preserving map local operators to local operators, so they

have no e�ect on the long range behavior of this MPU. Hence we can say that

the quantitydim¹S¹U¹NºA x;U¹Nºy; A yºº; jx � yj � 1 is protected against locality-

preserving MPUs. We would refer to this quantity as thenon-locality indexof non

locality-preserving MPUs.

Symmetries of local tensor and non-local mapping

Recall that in Chapter 2, Sect. 2.7 we observed the reason for instability was that,

due to certain symmetries of the tensors, some local operators on the virtual level

get mapped to non-local operator on the physical level. Interestingly, the non local-

mapping of the MPU can be understood in a similar way. First notice that when we

calculate the operator,U¹NºAxU¹Nºy, we are calculating the tensor network diagram,

: (5.71)

So it can be understood as a mapping from `virtual leg' to physical leg becauseAx

is applied on the legs being contracted in the tensor network. So, mathematically,

the source of non-local mapping can be the same as it did in the 2D case.

So how can we see non-local mapping of the local-tensor in (5.57) by its symmetries?

let's try to understand the Eq. (5.68). Notice that the local-tensor (5.57) satis�es

the following two important symmetries,

: (5.72)
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With these symmetries we can see howU¹Nº acts onZ,

; (5.73)

where in the �rst step we have used symmetry in (5.72)(a), and then we have

recursively used symmetry (5.72)(b). This process continues until it reaches back

to the starting place due to periodic boundary condition, and we get

: (5.74)

This explains the result in Eq. (5.68). Similarly, to under its action onX operator,

we note the relevant symmetries,

: (5.75)

Using this we obtain

; (5.76)
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where in the �rst step symmetry (5.75)(a) is used and then symmetry (5.75)(a) in

the second step. Notice thatX, unlikeZ, cannot travel beyond the 2nd site and stops

there. Thus we recover the result (5.69).

So what was the key property of this local-tensor that made it a non locality-

preserving MPU? If we look carefully, we �nd that the symmetry noted (5.72)(a)

plays a central role in its non-local behavior. In fact, it is the kind of `MPO

symmetry' which plays a key role in the topological/long-range entangled behavior

of 2D states. Recall that in Chapter 2 we noted how theZ2 symmetryZ
 3 symmetry

of the local-tensor was essential for maintaining topological order of the toric code

state. The essential feature of such a symmetry, that di�erentiates it from other local

symmetries, is that it is a long range symmetry constraint on the tensor network.

The toric code single-line TNR satis�es theZ2 symmetry generated byZ
 n on any

arbitrary region. Something similar is true with the symmetry (5.72)(a). As we

contract local-tensors together, it remains to be a non-localZ3 symmetry,

(5.77)

Finally when we close the periodic boundaries, we get

Z
 NU¹NºZ
 N = U¹Nº: (5.78)

To see the resemblance with the phenomena of local virtual operators being mapped

to non-local physical operators more clearly, note that this MPU satis�es

: (5.79)
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That is, twoZ sitting far away get mapped to a string of operators stretching between

them. This is exactly like Eq. 2.60 in Chapter 2.

SinceZ3 = I , we can say that this MPU has a long-rangedZ3 order. Note that

these MPO symmetries of the local tensor that generate non-local symmetries of the

tensor network should not be confused with other local symmetries that might look

the same. For example, even for a shift MPU one can claim that it has the symmetry

that looks like an MPO symmetry,

: (5.80)

But of course it is not an MPO symmetry since it can be broken into smaller

symmetries,

: (5.81)

In fact, it is easy to see that locality-preserving MPUs do not have such long-ranged

MPO symmetries. We conjecture that the presence of such MPO symmetry is pre-

cisely what distinguishes locality-preserving from non locality-preserving MPUs.

Now that we have analyzed this particular non locality-preserving MPU in detail, we

would now show that there are in�nitely many such MPUs with similar properties.

Generic examples of non locality-preserving MPU

let's say the physical space dimension,d, is a prime number. Consider a general

integer matrixSwith entries in0; 1; : : : ;d � 1,

S =

"
m1 m2

n1 n2;

#

(5.82)

wherem1; m2; n1; n2 2 »0; 1; : : : ;d¼. Now consider a local tensor as a function of this

matrix S,

; (5.83)
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where the sum and multiplications should be understood as modulod. The non

locality-preserving MPU (Eq. 5.57) discussed so far is a speci�c instant of the

above withd = 3 and S =

"
0 1

1 1

#

. We can also easily see thatM

 "
1 0

0 1

#!

is

nothing but the right-shift MPU andM

 "
0 1

1 0

#!

is nothing but the left-shift MPU.

And M

 "
1 0

1 0

#!

or M

 "
0 1

0 1

#!

gives an identity operator.

One can calculate the transfer matrices and apply theorem 6 to �nd a constraint onS

for M to generate unitaries for certain, or all system sizes. But instead of doing that,

we choose to work with speci�c examples and will see how this simple expression

can produce very interesting MPUs. But �rst we give the general block structure of

this general local-tensor which can be used in speci�c case to predict the periodicity

of the itsN-unitarity. One can calculate that theT matrix of above local-tensor is,

: (5.84)

For a given matrixS, we would be able to immediately see by inspection the block

structure ofT, and hence the periodicity ofN-uniartity of the local-tensorM. Now

we look at an interesting example and will calculate the relevant quantities discusses

so far.

A completely non locality-preserving MPU

We saw that local-tensor in (5.57) has a 3 dimensional locally mapped subalgebra.

It means it maps operator in that 3 dimensional subsalgebra to local operators and

rest of the algebra to non-local operators. Now we will see an example of MPU

that has no non-trivial locally mapped subalgebra. That is, it will mapall of local

(1-site) operators to non-local operators.

If we used = 5 andS =

"
2 1

1 1

#

in (5.83) we get the local tensor

: (5.85)



160

Let's �rst calculate theT tensor puttingm1 = 2; m2 = 1; n1 = 1; n2 = 1 in expression

(5.84). We get

: (5.86)

We see that it has one rank 1 block corresponding top = q = 0 which looks exactly

similar to that in Eq. (5.65). Then there are 2, rank-2 periodic blocks corresponding

to p = 0; q = 1; 4 andp = 0; q = 2; 3,

: (5.87)

Finally there is one rank-4 periodic block corresponding toq = 0; p = 1; 2; 3; 4,

: (5.88)

Note that the terms in the block are written in the order they connect to each other as

we blocks sites to the right. That is, the �rst term only connects to second one, second

one only connects to third on and so on. Based on this we expect the eigenvalues

of ET to bef 1g, f 1; � 1g, f 1; � 1g and �nally f 1; ! 4; ! 2
4; ! 3

4g, wheren stands fornth

root of unity. Indeed we �nd this to be the case numerically. According to theorem

6 for N-unitarity we need to have

1N + ¹1N + ¹� 1ºNº + ¹1N + ¹� 1ºNº + ¹1N + ¹! 4ºN + ¹! 2
4ºN + ¹! 3

4ºNº = 1; (5.89)

which holds if and only ifN is odd. Indeed we �nd that this local tensor generates

MPU only on odd system sizes.
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Calculating the left SVD and right SVD rank, we �nd

lRR = rank
� �

= 25; (5.90)

rRR = rank
� �

= 25: (5.91)

So we again seelRRrRR > d2, which is another indication that it is not a locality-

preserving MPU. In fact, this is a maximal violation of this constraint aslRR and

rRR attain their maximum values,d2. Based on this we expect this local-tensor

to be even more non locality-preserving than the one we analyzed before in 5.57.

We indeed �nd it to be case as we will show now. To see how it acts on the local

algebra, we calculateU¹NºZU¹Nºy andU¹NºXU¹Nºy, whereX andZ are genealized

pauli operators for dimensiond,

Z =
d� 1Õ

j =0

! j
d j j ihj j; where! = e

2� i
d (5.92)

X =
d� 1Õ

j =0

j j ihj + 1j: (5.93)

We useZ; X with d = 5 here. We observe,

U¹NºZxU¹Nºy = Z4
x¹Z2

x+1Z3
x+2º¹Z2

x+3Z3
x+4º : : : (5.94)

U¹NºXxU¹Nºy =

8>><

>>
:

Ix¹Xx+1X3
x+2X4

x+3X2
x+4º¹: : :º : : : if N = 3 + 4 � k

X4
x ¹X3

x+1X4
x+2X2

x+3Xx+4º¹: : :º : : : if N = 1 + 4 � k;
(5.95)

where �: : :� means that the power pattern in the parenthesis continues through the

chain. So unlike the previous example we see that this MPU, 1- maps bothZ and

X to non-local operators, which means, it has no locally-mapped subalgebra, and

2- mapsX di�erently depending on the length of the chain. This complexity arises

because there are two inheren periodicity, one of period 4 and another of period 2.

It can be seen clearly that its non-locality index isd2 = 25, which means the support

subalgebra ofU¹NºA xU¹Nºy is in fact the whole algebra on a site far away fromx.

Does it have accompanying non-local MPO symmetries as we conjectured? Indeed

it does. It has aZ5 � Z5 MPO symmetry group generated by the following two
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symmetries:

: (5.96)

Using this, and two other local symmetries, namely,

: (5.97)

Is locality-preservation a su�cient condition for N-unitarity?

We proved (theorem 7) thatN-unitarity is a su�cient condition for locality-preservation.

That is, if a local tensor generates unitaries for all system sizes, then the MPUs so

generated are bound to be locality preserving. But is the reverse true as well? If

a local-tensor generates locality-preserving MPUs for in�nite system sizes, does it

have to generate MPU forall system sizes? It can be easily seen that the answer

is, no. The simplest counter example is theT tensor of any of these non-locality

preserving local-tensors. ThisT tensor is unitary (in fact, identity) only for certain

system sizes, but is not unitary for other. But of course it is locality-preserving since

it is just identity. Hence the general form 5 does not exhuast all locality-preserving

MPUs, if we are working with a �xed system size. With this understanding we see

that the MPUs generated by �nite bond dimensional local-tensors can be categorized

as shown in the following diagram:

(5.98)
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5.7 Summary and Outlook

In this chapter we investigated the general notion of unitary matrix product operators.

We found that there is a necessary and su�cient condition (theN-unitarity condition)

for a local-tensor to generate a unitary operator of a given length. This condition

simply depends on the spectrum of transfer matrices of the local-tensorM and that

of its T-tensor. This allowed us to categorize the locality-preserving MPUs as the

particular solutions to these conditions that satisfy it for all lengths. Which in turn

implied that such MPUs have to be locality-preserving.

But the N-unitarity condition has in�nitely many other solutions as well that do

not fall into the locality-preserving category. We found that these MPUs map

local algebras to global algebra. We identi�ed certain MPO-type symmetries in

such MPUs which was responsible for this non-local mapping. It suggests that 1D

unitary operators can have a `long-range order' somewhat similar to those found in

2D topological states.

We draw parallels with the MPS theory as to what characterizes the general behavior

of an MPU. In MPS theory if the local-tensor is injective, the MPS is known to have

short ranged correlations. Similarly, we found that if the localT-tensor is injective,

the MPU is a short-ranged map on local algebras.

There are still some open questions and future directions. The main remaining

question is what are other solutions to theN-unitarity conditions? ALl solutions we

found were either locality-preserving or periodic. It would be interesting to �nd an

example where the transfer matrix of theT-tensor has several non-zero eigenvalues

with a non-degenerate highest eigenvalue. Such an MPU would imply a mapping

of local operators with exponentially decaying terms with the distance. Such and

MPU would be able to represent time evolution under a generic 1D Hamiltonian.

Are there solutions toN-unitarity conditions that work for �nite number of system

sizes? We have not found such a solution but they might be possible. Another

interesting observation is that somehow all MPUs that were a long-ranged maps

were on Hilbert space of dimension more than 2. We do not know if there are such

MPUs for qubits a chain of qubits as well.

One obvious remaining question is to understand the physics behind the non-locally

mapping MPUs. In particular, what are the consequence of their long-ranged

behavior and if they form the symmetry groups of certain 1D phases. We suspect

they might be related to the system of 1D Hamiltonians whose ground states are
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known to break area law[48, 71].
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APPENDIX

A.1 Dependence ofStopo on boundary conditions in cylindrical geometry

Topological entanglement entropy calculation is done by calculating the entangle-

ment entropy of a subsystemA. When the boundary ofA consists of topologically

trivial loops, for example whenA has a disc geometry,Stopo is known to depend

only on the total quantum dimensionD, Stopo = log D. However when the boundary

of A consists of non-contractible topologically non-trivial loops, for example when

a torus or cylinder is divided into two cylinders, it has been shown by Zhanget al.

[56] thatStopoalso depends on the linear combination of ground states. For a ground

state wave function on a torus

j	 i =
Õ

a

ca j� ai (5.99)

where the sum is over the degenerate ground states labeled by quasi-particles of the

model, thenth Rényi entropy is given by

Sn = � nL � Stopo; (5.100)

Stopo = 2 logD �
1

1 � n
log

 
Õ

a

pn
ad2¹1� nº

a

!

(5.101)

where da is the quantum dimension ofath quasi-particle andpa = jcaj2. j� ai

are special basis for whichStopo is maximal, or entanglement entropy is minimal.

These states are called theMinimum Entropic States (MES). It was shown that MES

correspond to eigenstates of Wilson-loop operators along the entanglement cut.

Figure 5.1: We calculate entanglement entropy of the right-half of the cylinder with
a certain boundary conditionTr . The entanglement cut is in the middle of the
cylinder.
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Figure 5.2: MESs are eigenstates of di�erent Wilson loop operators at the entan-
glement cut. (a)For �xed point single-line TNR, the state on the cylinder is always
in +1 eignestate ofX-loop, as it identically disappears. (b)The state is also in +1
eigenstate of simultaneous operation of twoZ-loops, one at the entanglement cut,
other at the right-most boundary. It implies, we can be in two MESs depending on
the the boundary tensor choice. If the boundary tensor is in +1 eigenstate of the
boundaryZ loop, then the state is in +1 eigenstate of the entanglement-cutZ loop.
Similarly, if the boundary tensor is in -1 eigenstate of the boundaryZ loop, then the
state is in -1 eigenstate of the entanglement-cutZ-loop.

This dependence ofStopo on the ground state is of crucial importance to us since we

have used cylinder with a boundary forStopo calculations. So, numerically obtained

Stopo contain information about the boundary as well. For example, consider the

toric code.

Stopo = 2 log 2�
1

1 � n
log¹pn

1 + pn
2 + pn

3 + pn
4º

Whenp1 = p2 = p3 = p4 = 1
4 we getStopo = 0 although the the topological order is

not lost. So one has to be careful usingStopo as an indicator of topological order.

Let's �rst take the example of the single-line TNR of the toric code. See Fig. 5.2. We

put our system on a cylinder with some boundary conditions to be determined later.

The entanglement cut is in the middle of the cylinder, and the right half cylinder,

denoted asR, is the subsystem whose entanglement entropy we are calculating (see

Fig. 5.1). The four MES correspond to four eigen states ofe andm Wilson-loops

on the entanglement cut. But, sincee-Wilson loop is a zero-string operator, the

state is always in its+1 eigenstate (Fig. 5.2(a)). So we have access to only two

MES corresponding to� 1 eigenstates ofm-Wilson loop. We also know that the

state is in+1 eigenstate of theZ

@R = Z
 L

ec 
 Z
 L
r , where subscriptec stands for

the loop at entanglement cut, andr stands for the loop at the right boundary ofR.
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Figure 5.3: Bulk double tensor is a sum of tensor product between¹Bf ºec (Bf on
the entanglement cut) and¹Bf ºr (Bf on the right boundary). So, when we contract
a boundary tensorTr with the bulk tensor, it contract with¹Bf ºr giving a scalar
cf . So resulting tensor is Ev¹T¹RºTr º =

Í
f cf ¹Bf ºec. Consequently,Stopo using

Eq. (3.108) is simplylog
�
Í

f
c2

f

c2
0

�
.

Since the state is in +1 eigenstate ofZ
 L
ec 
 Z
 L

r (see Fig. 5.2)(b), the state can be

either in+1 eigen-state of bothZ
 L
r andZ
 L

ec or in � 1 eigenstate of the both. The

boundary tensor determines which eigenstate ofZ
 L
r the wave function is in, and

consequently also which eigenstate ofZ
 L
ec . This is how the boundary tensors and

MES are connected. Since we have access to only two MES

Stopo = log 2�
1

1 � n
log¹pn

1 + pn
2º: (5.102)

A similar analysis follows in the double-line TNR, with the role ofe andm Wilson

loop operators reversed: now the state is always in the+1 eigen state ofm-Wilson

loop and the two MES correspond to the two eigenstates ofe Wilson loop at the

entanglement cut, which in turn depends on the boundary tensors.

We saw in the section 2.2,� R = N� 2
b, where

� b = T0¹RºTr; (5.103)

whereTr denotes the double tensor on the boundary. We know that, up to an

irrelevant normalization constant,

T0¹Rº =
Õ

f

d � R
f Bf ¹@Rº

= ¹B0ºec 
 ¹ B0ºr + ¹B1ºec 
 ¹ B1ºr; (5.104)

whereB0 = I 
 L and B1 = Z
 L for the single-line TNR andB1 = X
 L for the

double-line TNR. Let's say the boundary double tensorTr contracts with¹Bf ºr to

produce the constantscf (see Fig. 5.3)
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� b = ¹¹B0ºec 
 ¹ B0ºr + ¹B1ºec 
 ¹ B1ºr ºTr

= c0¹B0ºec + c1¹B1ºec

= c� B� + c+B+ : (5.105)

wherec0 = ¹B0ºr Tr; c1 = ¹B1ºr Tr andB� = 1
2¹B0 � B1º andc� = ¹c0 � c1º. Note

thatB� satisfy the following:

B2
� = B� ; Tr¹B� º = 2L� 1: (5.106)

With this, we get the normalized density matrix as,

� R =
1
2L

�
c2

�

c2
� + c2

+
B� +

c2
+

c2
� + c2

+
B+

�
(5.107)

=
1
2L ¹p� B� + p+B+º : (5.108)

Thenth Renyi entropy is,

Sn¹� Rº =
1

1 � n
logTr¹� n

Rº

=
1

1 � n
logTr

�
1

2nL ¹pn
� B� + pn

+B+º
�

=
1

1 � n
log

�
1

2nL ¹pn
� 2L� 1 + pn

+2L� 1º
�

= L log 2�
�
log 2�

1
1 � n

log¹pn
� + pn

+º
�

:

(5.109)

Comparing it with the MES formula in Eq. (5.102), we see thatp1 = p� = c0 � c1

andp2 = p+ = c� + c+. So the state is an MES ifp� = 0 ) c0 = � c1 for which

we get maximal topological entanglement entropy,Stopo = log 2. This illustrates the

direct dependence ofStopo onTr .

Of course the above analysis is done for the RG �xed point tensors only. We have to

choose a boundary double tensorTr such thatStopo is truly indicative for topological

order, or lack of it, for both RG �xed point and varied tensors. We choose the

following boundary tensor for our numerical calculations: for any tensor network,

�xed point or varied, We use a `smooth boundary condition'. It is explained in the

Fig. 5.4. First we will explain it for the triple-line tensors. For double-line and

single-line an appropriately reduced version ofTb will be used. Note that we haven't

drawn the physical index explicitly and it should be understood the same as the
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Figure 5.4: Smooth boundary condition for triple-line tensor network. TensorsTb
are used on the boundary.Tb has 5 virtual legs,a1; a0

1; a2; a0
2; i12 and 1 physical leg,

i12. Physical leg and the middle leg take the same values. We assign a particular
value to the components of this tensor,¹Tbºi12

i12a1a0
1;a2a0

2
= � i12;0� a1;a0

1
� a2;a0

2
� a1a2i12.

middle index (the index in black color). So the boundary tensorTb has four virtual

indices, and we �x its components to be,

¹Tbºi12
i12a1a0

1;a2a0
2

= � i12;0� a1;a0
1
� a2;a0

2
� a1a2i12 (5.110)

that is, we put the physical/middle index to zero (vacuum) and allow the plaquette

legs to vary with this restriction. For double-line we don't have a middle leg, but we

can simply put the physical leg to 0. For single-line we only have the middle legs

and we put them to zero.

Before we discuss why we choose this particular boundary, let us calculate what

Stopo we are supposed to get with this particular choice of boundary tensor. For that,

we need to calculatecf = Bf Tr . Note that� aj ;aj +1;0 impliesaj = aj +1. So the double

tensorTr is

Tr =
Õ

a;b

ja; a; a::; 000::i hb; b; b; :::; 000:::j : (5.111)
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So

cf = Ev¹Bf Tr º

=
Õ

a;b

mÖ

j =1

Gb;b;0
a;a; f ¹dadbº

1
2

=
Õ

a;b

mÖ

j =1

� a;b; f

=
Õ

a;b

� a;b; f : (5.112)

Then using Eq. (3.108),Stopo is simply log¹
Í

f
c2

f

c2
0
º. For the toric code, and double

semion modelsc0 = c1 = 2, so we getStopo = log 2. For the double Fibonacci

model, however, we get

c0 =
Õ

a;b

� a;b;0 = � 0;0;0 + � 1;1;0 = 2 (5.113)

c1 =
Õ

a;b

� a;b;1 = � 1;0;1 + � 0;1;1 + � 1;1;1 = 3: (5.114)

(5.115)

So we getStopo = log¹1 + 32

22 º = log¹1 + 9
4º, which is consistent with our numerical

result.

There are mainly two reasons why we choose this particular boundary condition

1- This is a very simple boundary condition which gives us a precise analytical

value of the topological entanglement entropy (namely,log¹
Í

f
c2

f

c2
0
º, with cf given

in Eq. (5.112)) against which numerical calculations can be checked.

2- Though situation for non-abelian cases is more complicated, this boundary is

de�nitely MPO symmetric for abelian models. That is, we expect the tensor network

state to be an MES with maximalStopo (=log D).

Numerical calculations ofStopo will be checked against the analytical result in

Eq. 5.112. Now the remaining question is about the trustworthiness of the same

calculation for varied tensor. That is, how can we deduce the conclusion about the

topological order of the varied tensor byStopo¹� º? The �rst point is, if Stopo¹� º =

Stopo¹0º, then we can de�nitely say that the state is in the same topological phase.

But Stopo¹� º = 0 needs to be further veri�ed as it might be because of the particular

boundary conditions imposed. To verify, we will test forStopo dependence on

in�nitesimal variation on the boundary tensors. The reason for this is made clear
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