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ABSTRACT

Understanding many-body quantum systems is one of the most challenging prob-
lems in contemporary condensed-matter physics. Tensor network representation of
quantum states and operators are taking central stage in this pursuit and beyond.
They prove to be a powerful numerical and conceptual tool, and indeed a new lan-
guage altogether. This thesis investigates various aspects of these representations by
focusing on two specific problems: the first half of the thesis is devoted to examining
how ‘stable’ a tensor network representation is for two-dimensional quantum states
with topological order, and the second half explores the representability of various

unitary loop operators with tensor networks.

In the numerical usage of the tensor networks, the tensor is varied as to find the
representation of the ground states of the given Hamiltonian. In chapter two and
three of this thesis we show that such a numerical program for topological phases
can be ‘ill-posed’. We show that tensor network can be an unstable representation
for a topological phase: even an infinitesimal variation in the representation results
in the loss of topological order, completely or partially. We diagnose this problem
by identifying the exact causes of this instability, and find that it is only tensor
variations in certain directions that result in instability, because they result in the
condensation of bosonic quasi-particles of the phase. Such unstable variations are
characterized by two properties: (1) they can replace a tensor in the tensor network
without making the network collapse, and (2) their presence in the network represents
the presence of a non-trivial topological charge. We prove that the general tensor
representation of all string-net models suffer with such instabilities. We propose an
exact mathematical operator to project out all such unstable variations and show its
efficacy for a few models by direct calculations. Such an operator can be useful in
numerical programs involving such tensor representations. We also point out that
such variations play a crucial role in simulating topological phase transitions and

their presence can be vital in an accurate simulation.

In chapter four and five of this thesis we focus on the representability of unitary
loop operators by tensor networks. Such operators not only provide an important
tool in the study of dynamical process in one-dimensional systems, but also in
understanding and classification of symmetry protected topological phases in two
dimensions. To characterize all such operators, we find a necessary and sufficient

condition for any loop tensor network operator of a given length to represent a



vii
unitary operator. In particular, it is shown that all unitary operators that map
local operators to local operators (locality-preserving) can always be represented
by a tensor network. Locality-preserving unitary loop operators are classified by a
rational index called the GNVW index defined in Ref. [1] which measures how much
information ‘flows’ along the loop. We define Rank-Ratio index for tensor network
operators and show that it is completely equivalent to the GNVW index. Therefore,
GNVW index of a unitary operator can be easily extracted from its tensor network
representation. We find that, other than representing locality-preserving unitary
maps, tensor networks can also represent unitary operators that map local operators
to global (non-local) operators. These tensor network operators are found to have a
long-ranged order similar to tensors that represent topological tensor network states

in two dimensions.
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Chapter 1

INTRODUCTION

Understanding of quantum many-body systems is one of the central challenges of
modern low-energy physics. Quantum many-body systems provide a rich source
of unique and exotic physical phenomena. We will enlist here just a few of such
systems which have seen a lot of theoretical, numerical, and experimental activities
in recent years. This list, though by no means exhaustive, is enough to put forward
the motivations underlying the work in this thesis.

One of the most famous such phenomena is the existence of high-temperature
superconductivity, a complete understanding of which remains somewhat elusive to
this day[2]. Chiral-spin liquids were proposed[3, 4] in an attempt to explain high-
temperature superconductivity, but it was later realized that they actually exhibit a
new kind of order, beyond Landau's symmetry breaking paradigm. It was called a
“topological order'. These phases exhibit a ground state degeneracy[5] which only
depends on the topology of the underlying system. The experimental discovery of
Fractional Quantum Hall (FQH) systems[6, 7] became a well known experimental
realizations of such an order. They were cal&etyons From the study of these
phases the idea of a ‘topological order' in quantum many-body systems emerged][8].
Other than the FQH, some spin liquids were also found to exhibit topological
order[9]. These systems were shown to have quasi-particle excitations that were
neither bosonic nor fermionic, but had fractional statistics[10, 11]. Much of the
formulation of these systems was proposed in eld theoretic terms. However,
Kitaev[12], later proposed a class of exactly solvable topological lattice models, now
known as Quantum Double models. These models allowed for a deeper investigation
of topological phases both conceptually and numerically. Later on Quantum Doubles
model were generalized into the so-called String-Net models by Levin and Wen [13].

After the discovery of topological phases the notion of Symmetry Protected Topolog-
ical (SPT) phases [14 18] emerged with the discovery of Topological Insulators[19
21]. These phases were characterized by the presence of a symmetry in the system
that protected the topological order. That is, di erent phases of an SPT could be
smoothly connected if the underlying symmetry was allowed to be broken. For
example, topological insulators were found to be protected by time-reversal sym-
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metry. SPT phases were later generalized into many directions, such as Symmetry
Enriched Topological phases[22], SPT witfiorm symmetries etc.

What underlies all these di erent phenomena in a quantum-many body system is
the pattern of entanglement individual constituents of the system have with each
other. So, naturally, a paradigm of representation was needed which could encode
the entanglement information of the system in a more explicit and e cient way
than the traditional representation did. Traditionally, the quantum states have been
represented as a superposition of conveniently chosen basis states in the Hilbert
space of the system. Though it works well for small quantum systems such as an
atom or small spin systems, it is not particularly useful for large quantum-systems
with exponentially large Hilbert space. Broadly speaking, there are two problems
with basis-superposition representation. First, the number of basis vectors needed
for this representation scales exponentially with the system size. For example, for
a system withN qubits, one need®\ basis states to represent a generic quantum
wave function. To get an idea, a system with 1000 qubits would 8888 103

basis for description. This number is much larger than the number of atoms in the
known universe. So we could not possibly hope to work with these many basis
states in any present day computation system. Second, and more fundamentally, itis
very di cultto read o entanglement patterns in a state from its basis-superposition
representation. Itjust happensto be notthe natural representation as far as describing
entanglement in a system is concerned. From this need to extract information about
entanglement patters, and various limitation of basis-superposition representations,
emerged the development of a new paradigm of representation of quantum systems:
the Tensor Network (TN) representation.

But before we introduce what a TN representation is, we ask, why do we expect
to nd any paradigm to be able to represent many-body states e ciently? After
all, any representation does not take away the underlying complexity problem: the
many-body Hilbert is hopelessly big! A system of the size of Avogrado number
(10?3 has a Hilbert space of 10!, This is certainly beyond the reach of any
representation possible. What rescues a physicist from this problem is the fact that
not all states in the Hilbert space are physically relevant. Physics imposes many
constraint on the mathematical description of the system. One such key constraint
is the notion of locality. Many relevant Hamiltonians that describe dynamics of
a system found in nature tend to only involve local interactions. Mathematically
speaking, it translates to the fact that we are mostly, at least as far as low-energy
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physics is concerned, interested in Hamiltonians which can be written as a sum
of local terms, where each term only acts on a local subsystem. If we also restrict
ourselves to "gapped' systems (which roughly means that the excitations have certain
minimum mass) then one can prove that low-energy states of such a system all belong
to a very small subspace of the whole Hilbert space: the states that follow the so-
calledarea-law Area-law dictates that, for low-energy eigenstates of gapped, local
Hamiltonians, the entanglement entropy of a region of space tends to scale, as the
size of the boundary of the region and not as the volume. Forexample, in 1D it means
that a line segment of the space has a constant entanglement entropy. Area-law states
reside in a small subspace (exponentially small) of the whole Hilbert space. It can
also be shown that not only do physically relevant states belong to an exponentially
small subspace of the whole Hilbert space, any state that can be reached under
Hamiltonian time evolution in a reasonable tinh@gtN°, to be more speci ¢ where

N is system size) also belongs to such an exponentially small subspace. Overall one
can say that we can expect to nd an e cient representation of many-body states
in many cases simply because the physically relevant states for gapped phases of
matter belong to an exponentially small subspace of the whole Hilbert space,

So it is desirable that we invent a representation paradigm that is more restricted to
the physically relevant subspace, rather than allowing it to represent any arbitrary
state. Sure, such a representation would be “weaker' in the mathematical sense, but
what we lose in generality, we gain in computational and conceptual simpli cation.

In fact it is this trade o between generality and e ciency of a representation that
partially motivates the work in this thesis.

As described above, the states that follow area-law are among the most relevant phys-
ical states. And this is one of the main reasons for the success of TN representation:
a tensor network naturally represents the states that follow area-law.

1.1 Entanglement and Tensor Network (TN)
Now that we have described the physical and conceptual need to nd a better
representation of quantum states, we will now show, from rst principles, how a TN
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representation naturally emerges out of the basis-superposition representation if we
try to extract entanglement information from a the state that follows area-law.

Consider a 1D spin chain of some lenddh There areN sites, and on each site sits
a quantum spin which takes value in some Hilbert space of dimexsidhe total
Hilbert space is a tensor product of local Hilbert spaces on each site. Lets say we
are given some wave function on this system,
o
ji= Cipigindin iz i 5iNi: (1.2)

This is the usual representation of many body states in terms of computational basis.
Lets say we are interested in the entanglement information of this state. Speci cally,
we want to know how much entanglement exists between the leftlhadind right

half, R, of this wave function.

(1.2)

It cannot be read o the above representation gfso we need to represent it

di erently. In fact, as we know, we need to perform a Schmidt decomposition along
the entanglement cut. In the present context Schmidt decomposition can be thought
of as an alternative representation of the wave function in which a wave function in
Hilbert spaceH;. Hgis represented using relevant basis states from the the two
constituting Hilbert spaces.

~

@
pi= aia i £ (1.3)

a=1
where g and eFf are states irH, and Hg respectively, and 5 are the Schmidt
coe cients. The Schmidt indexa takesD values. The numbeb is the Schmidt
rank. D itself is a crude measure of entanglement betweandR, though a better
measure would be the Von-Neumann entropy de ne®as  , 1—52 log 4—52‘2
For an arbitrary state in the total Hilbert space, the Schmidt E;nfan beavéry
large (exponentially large iN+2). But as we discussed above, if the state follows
area-law,D can be kept small by ignoring small Schmidt coe cients. So it means
for area-law states it is possible to choose a nite number of basis states from the
two constituent Hilbert spaces and represent the overall state as their tensor-product
sum. And of course this representation is better than that in Eqg. (1.1) because
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the entanglement between the two subsystems can be directly read o from the
description.

If we want to gain more information about the entanglement structure, we can repeat
this process with the statest'R and further decompose them in smaller parts.
Again using area-law we know that in each decomposition we only need to retain
a nite number of Schmidt coe cients. We can repeat this process until the wave
function is written completely in terms of Schmidt basis on each site. Since we
needed D new Schmidt coe cients upon each decomposition, we will end up
with  D'°%N = polyN° coe cients that contain the entanglement information of
the wave function under consideration. This is much more e cient representation
of the state compared to basis-superposition in (1.1).

Lets say we Schmidt decomposg further for everya in two halves, leftL;, and
right,R.. We might expect to get something likeki = ", apj i j pai- Butif

the states irh; also carrya index, then roughly speaking, it would imply the region
L1 isis entangled with the regidRas well, which should not happen under area-law.
So we would instead have something likei =~ 1, j ;% j . The same
argument can be applied at every stage of the decomposition, that the Schmidt basis
appearing in a region should only carry Schmidt indices that are shared only with
regions nearby. Finally when we have Schmidt decomposed down to the individual

sites, we would get something like

O
- . 110, . 120 . L. INO .
ji= J a1 awmas 10 oay b (1.4)
aizapsiiian LN
where Schmidt coe cients have been absorbed into wave functions on individual
sites. Hereayxk+1 IS @ Schmidt index that runs between ditandk + 1. Due to

area-laway.x+1 take maximunD values for some niteD (O'1° in system size).

We can represent this wave function diagrammatically as follows. Repreggnt
(which is a state atth site for a xeda andb) appearing in the above as an object
with 3 indices,

Fap = Al ; (1.5)
in
whereﬁ\.l:0 is a matrix with elemenw;:;.b. (Note thatA™” and A™N° will have to
be vectors rather than matrices.) De ne a convention for summing over horizontal
indices {a; b° in above): if two such tri-leg diagrams are placed next to each other

such that they share a horizontal index, then we project them to be equal to each
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other and sum over them, and we also assume that the diagram is always summed
over all physical indices. With this convention one can see that the above state can
simply be written as

ji= ; (1.6)

or more explicitly

(@]

ji= A1111°A1122°: : :A;L\'ojil; ig; o oind; (1.7)
112, 00N
We have arrived at the simplest tensor network states, what is known as the open
boundary Matrix Product State (MPS). The terminology comes from the fact that the
coe cients in the computational basis come from products of matrices. The 3-index
object we de ned is called a rank-3 tensor. Mathematically, it is a diagrammatic

representation of a multi-linear map of rank 3.

So we see that the desire to extract the entanglement information of a 1D state,
facilitated by the assumption of area-law, led us to a TN representation of the state
under consideration. This happens to be true generally in higher dimensions as
well. In fact, most exotic many-body phenomena we mentioned can be discussed
and represented e ciently through TN. It should be noted that, in principle, the
TN states can represeany state in the Hilbert space, but the valDan the above
would have to be arbitrarily high (exponential in system size). So the bene ts of
using tensors is mostly lost in such cases.

1.2 TN formalism

After having shown the physical motivation behind TN state construction, we in-
troduce the general formalism of tensor networks very brie y. A general teisor
of rank N can be thought of as an element of tensor produat Biilbert space,
T2H; Hz ::: Hy. Hj, ingeneral, can have di erent dimensiodsfor each

j = L:::;N. If we choose a basis in each Hilbert space, then we can Write
terms of a basis

®1 ®2 @\‘ e - - . . . . -
T= TigigigJial ] d2l 120 Jini: (1.8)
i1:1i2:1 iN:]_
i1;:::;in are called the indices of the tensbrand the corresponding dimensions

dq; :::;dy are calledoond-dimensiororresponding to the respective indices. In-
dices are also often called “legs' or "edges' when we reprédsena diagrammatic



way. Depending on the context, one can represent the t&nsorarious ways,

(1.9)

Representation in (a) is the mose explicit one. It shows a tensor in terms of its
components. Though often, the sum over indices is implicit, in which case we

represent it as in (b). In fact sometimes we do not even need to label the indices
explicitly, so we simply represent it as a node with legs as in (c).

Generally, any object of interest in linear algebra can have a tensor representation

(1.10)

(a) is rank-0 tensor, which is nothing but a scalar. (b) is a rank-1 tensor which is
nothing but a vectov, wherei runs over the vector components Similarly, (c)

is rank-2 tensor, which represents a matvixwith elementsMi;j. Last example is

a rank-3 tensor, for example the one we encountered in MPS representation of 1D
state above.

From tensors to tensor networks

There is a fundamental operation de ned on single tensors, and a set of tensors
calledindex contraction or simply,contraction Contraction is an operation on a

set of tensors de ned by summing over all possible values of the repeated indices
in the set. Contraction produces another tensor typically of smaller total rank than
the set it acted on. Contraction allows us to represent some of the basic operations
of linear algebra. For example, multiplying a vectowith matrix M is nothing but

index contraction of their common index,

@)
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Similarly, matrix multiplication is an index contraction between two rank-2 tensors,
Cac = pAabBuc. Contraction is represented graphically by simply connecting the
“legs' of two tensors being contracted.

(1.12)

It shows contraction of one index between a rank 5 tefis@nd a rank 3 tensor
T, which produces a rank-6 tensbr Algebraically, the resulting tensor will have
components,

0

Tisizigigisizis = 1T10i1;i2;i3;i4;i5;i61T20i5;i7;i8: (1.13)

I5
Though in this example we deleted the contracted leg, to highlight the fact that we
get another tensors, usually, the contracted legs are shown explicitly in the diagram
for convenience of representation. One can see that a matrix trace operation is
nothing but contraction of the two indices of a rank-2 tensor,

: (1.14)

and matrix multiplication with a vector can be represented as follows,

(1.15)

After understanding the general notions of tensors and contraction operation on
them, now we can understand tensor networks

A tensor network (TN) is a set of tensors where some or all of its indices have been
contracted according to some xed graphical structure on the set. To give it a more
concrete meaning, we can think of a general graph where each node represents a
tensor, and the edges connecting to that node are the legs of the tensor. Then if a
leg is shared by two nodes, we contract them. If it is open ended, then we do not
contract them. With these contractions, the resulting tensor can be visualized as a
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network created out of the original set. Following is an example of a tensor network
made out of 7 individual tensors,

(1.16)

All edges of this graph that have both ends at nodes should be understood as having
summed over. While the edges that are open ended should be understood as the
indices of the resulting tensor (or the tensor network).

Breaking tensor netwrok into smaller pieces: tensor decomposition

Tensor decomposition is another fundamental operation on the tensor which is

opposite to that of contraction. Every tensor of rédhkan be decomposed into two

tensors of ranki+ 1andN n+ 1. To do that, we can think of the given tensor as

a linear map from of its indices to the othel nindices. With this, it becomes

a matrix, which can be SVD decomposed. For concreteness lets consider a rank-5

tensofT. Lets say we want to decompose into two tengg@randT, of rank 4 and 3

respectively. We write N
O
i1

. As a matrix it will have a SVD decompositiol,= USV. Write Ty = Up§ and

T, = p§\/5’. It is easy to see thdy has 4 indicesiT,%,i,i,; Where lambda is the

index coming from the singular value matr$ Similarly T, will have 3 indices,

T,°.i,is. Diagrammatically it can be represented as

: (1.17)
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where the SVD index has been shown in red to highlight. Decomposition is con-
ceptually opposite to that of contraction. Contraction maps a set of tensor into a
single tensor network, while decomposition can be used to break a tensor network
into pieces. However decomposition should not be confused as an inverse map to
that of contraction: ifT; andT, contract to give tensdr, it is not necessarily true

that decomposition of will give back tensoif; andTs.

Tensor decomposition, as we will see, plays a key role in application of tensor net-
works in quantum many-body physics. It allows for us to cut down and approximate
inherently non-local objects, such as a quantum many-body state, into smaller, lo-
cal pieces, which are easier to handle and manipulate. The reason for this is that
tensor decomposition is related to a fundamental quantum mechanical quantity, the
entanglement, as we will discuss now.

Tensor decomposition and entanglement

Any quantum mechanical wave function can be thought of as a vector in the tensor
product of Hilbert spaces of its degrees of freedom. Therefore, itis a tensor of rank
N whereN is number of degrees of freedom in a particular description. To nd
out how entangled two degrees of freedoms are, we have to Schmidt decompose the
wave function in terms of wave functions on individual degrees of freedoms. This
is nothing but the tensor decomposition described above. Roughly speaking, the
number values the emergent SVD leg in the decomposition has to take measures
the amount of entanglement between the constituent degrees of freedom. For
example, if it takes only one value, then it implies that the degrees of freedom under
consideration are not entangled at all. If it takes he maximum possible values, it
implies they are maximally entangled.

In the context of many-body quantum states, the degree of freedom of interest are
often just the local Hilbert spaces. If we go back and analyze the way we derived
the MPS state above, we can interpret it in the following way. We started with a
guantum many-body state, which can be thought of as a tensor olNawkereN

is the system size. When we performed an Schmidt decomposition in the middle, it
was basically decomposing the ralNkensors into two two tensors of raiNe2+ 1

each. Schmidt decomposition is nothing but the SVD decomposition described
above. The Schmidt coe cients are the singular values and the basis stﬁ'tbs

were the tensoNe« 2+ 1 rank tensors. This tensor decomposition was useful because
of the area-law, which, roughly speaking, puts an upper limit on the dimension of the
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extra index that appears during decomposition. We repeated this process and broke
the tensor into smaller and smaller pieces, until we reached tensors corresponding
to single-sites. Again, area-law facilitated us along this decomposition by keeping
the bond-dimension nite at each stage.

We would work out many such tensor networks in detail in the course of this thesis,
and hence we would make extensive use of tensor decomposition in various ways.

1.3 TN representation of 1D states
Till now we have discussed tensor networks abstractly. Now we will discuss some
concrete examples to appreciate their application to quantum many-body physics.

As mentioned earlier, the TN states in 1D are often called Matrix Product States
(MPS). The MPS described earlier had, in general, a di erent rank-3 tensor sitting
at each site. But when we are not interested so much in microscopic detail of a
system but rather in the class (often calleghase of a universal behavior that the
state belongs to, then it is usually possibly to nd a representative state of that class
that is translation-invariant. In this case we can put the same tensor everywhere to
construct the state. Translation-invariant MPS can simply be written as,
O
i AL AN (1.18)
1;000N
It means that the state, and the phase it belongs to, can roughly be represented by a
single rank-3 tenso®\.ap. This is indeed a remarkable reduction in complexity of
the problem! In the context of many-body states, the indices that are contracted to
produce the tensor network are often called “inner’ or "virtual' indices/legs. And the
uncontracted legs are called "outer' or "physical’ indices/legs. Soin MPS description
Ai-ab, I is the physical index, while; b are virtual/inner indices. Now we will look
some examples of some important 1D states represented by such a rank-3 tensor.
As mentioned before, Tensor network states in 1D are called Matrix Product States
(MPS). MPS has found a wide range of application in 1D many-body physics. One
can prove that the low-energy states of all gapped, local 1D Hamiltonian can be
described e ciently by an MPS. Here are a few examples,

1- GHZ states:The simplest example of an MPS is a GHZ state. A GHZ state can
simply be written as, = j00:::0i +j111i. Its MPS representation has the same
rank-3 tensoA sitting at each site, wher&is given by

(1.19)
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2- AKLT states:The AKLT[23] Hamiltonian is,H = | i 89, + %1@@“02 where

®is the vector of spin-1 operators at sitdt is a gapped Hamiltonian with ground
state admitting_a MPS rng)iesentation. The local rank-3 tensor can be written as
A= A= 2 T;A= 2 ,where 'sare Pauli-operators.

3- Cluster statesCluster states[24] are de ned as the 1D state that is a +1 eigenstate
of a set of mutually commuting operators given@y= 1} 1 | *1 These states

can be constrcuted by applying the product of associated proj%?dl@r()i"for#gach

. , : . 00
site to the vacuum state. It admits an MPS representation givég by 11 and
n #
1 1
0 0

A =

4- Symmetry Protected Topological (SPT) phagke:cluster states described above
are actually a particular examples of what is known as the SPT phases of quantum
matter[14 18]. These phases are characterized by their central property that these
systems can actually be deformed into each other smoothly (that is, without a phase
transition) if we do not protect certain global symmetries of the system. However,
di erent phases cannot be connected if try to maintain the same global symmetry
along the deformation path. It has been shown that all SPT phases in 1D can be
represented e ciently by MPS [25].

Before moving on to describing TN states in two dimensions, we would rst look
another important application of tensor networks: representation of operators.

1.4 TN representation of 1D operators

Till now we have only talked about how tensor networks can often represent phys-
ically relevant many-body quantum states. But as we remarked earlier, tensor
networks can, in general, be used for any object in linear algebra. Of course, just
as we need to nd a good representation of states in many-body physics, we may
also need to nd good representation of the many-body operators that act on these
states. In fact, if we are working with the TN representation of states, it is desirable
to work with TN representation of operators as well.

How can we represent operators using tensors? Since we are mainly focusing on
translation-invariant systems, we are mainly concerned with translation-invariant
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operators as well. To construct an operator, consider a rank-4 tensor as follows:

(1.20)

We think of the indices andj as the input and output physical index, andndb

as the left and right virtual indices. Lets say take values in some local Hilbert
space,Hyq. Now we juxtapose these tensors side by side and contract the shared
virtual indices. We get a tensor network that looks something like this:

(1.21)

This can easily be seen to be a linear operator from Hilbert s}ﬁgﬂdo Hy N, Such
operators are called Matrix Product Operators (MPO), because they are described
as a product of matricedl"). We will come across various applications of MPOs

in the course of this thesis. As one can see, MPO representation can produce highly
entangled, non-local operator very easily. As we will see, MPOs provide a very
important formalism for the study of TN representation of topological states in 2D.

The matrix product formalism [26, 27] has played a signi cant role in the study
of one dimensional systems. In particular, the matrix product representation of 1D
guantum states underlies successful numerical algorithms like the Density Matrix
Renormalization Group algorithm [28] and the Time-Evolving Block Decimation
algorithm [29]. Moreover, the matrix product representation provides a deep insight
into the structure of the ground states in 1D [27], which enables rigorous proofs of
the e ciency of 1D variational algorithms in search for the ground states [30, 31]
and also a complete classi cation of 1D gapped phases [25, 32 34].

Operators can also be represented in a matrix product form [35 37], which provides
a useful tool in the simulation of one dimensional mixed states and real / imaginary
time evolutions (see for example Ref. Mascarenhas2015,Wall2012). In particular,
matrix product operators which are unitary play an important role in not only the
simulation of dynamical processes in 1D, but also the understanding and classi ca-
tion of (symmetry protected) topological phases in 2D [14 18]. One of the main
objectives of this thesis is to understand the structure of Unitary matrix product
operators.
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1.5 TN representation of 2D quantum states

Tensor network representation of 2D quantum states is often called Projected En-
tangled Pair States (PEPS). PEPS are immediate generalization of MPS to two
dimensions. As before, we are mainly interested in translation-invariant states.
Consider the following rank-5 tensor with componeﬁ;ﬁqd,

: (1.22)

wherei is the physical leg and; b; c; d are the virtual legs. Physical leg should

be visualized as vertical while the virtual legs should be visualized to be in 2D
plane. To better distinguish physical and virtual legs in 2D we will follow this color
convention through the thesis: physical legs would be represented by vertical black
lines, while virtual legs would be represented by horizontal red lines. Now we can
put these tensors next to each other on a 2D square lattice and contract the virtual
legs. This tensor network will represent a 2D quantum many-body states with some
dangling virtual legs on the boundary,

(1.23)

In di erent context, the boundary can be closed or used di erently. Note that though
we chose a square lattice to represent a 2D TN, similar TN can be described on any
tringulation of a 2D manifold. Of course one can see that one has to have a minimum
rank-4 tensor to represent a 2D state. PEPS also satisfy area-law like MPS.

PEPS are able to represent a wide range of gapped 2D quantum states. They
nd applicability in Tensor Renormalizaion Groups (TRG), Second Renormaliza-
tion Group (SRG), Higher-Order Tensor Renormalization Group (HOTRG) Corner
Transfer Matrices (CTM) etc. They are widely used in simulation of phase transi-
tions of various kinds.
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One particular application of PEPS that we are interested in, is in representation of
2D topological phases, and simulation of topological phase transitions. The rst
half of this thesis would be centered around investigating these representations.

1.6 Summary of chapters and guide to read the thesis

The thesis is naturally divided in two parts: chapter 2 and 3 are focused on TN
representation of 2D topological states, while chapter 4 and 5 are focused on un-
derstanding TN representation of 1D unitary operators. These two parts are mostly
independent of each other. So a reader can choose to rst focus on either of the part
as per their interest. Both chapter 2 and 3 have the common theme: they investigate
how “stable’ a TN representation of a 2D topological state is. But it is advisable to
read chapter 2 before chapter 3.

Chapter 2. Chapter 2 starts with rst giving an algorithm to calculate the topo-
logical entanglement entropy in section 2.2, which readers can skip if they are not
interested in the details of the algorithm, as the rest of chapter does not use it as
a prerequisite. Then we start with analyzing concrete, and relatively simple topo-
logical model of toric code and its TN representations. We observe that the TN
representations are unstable. The next few sections delve into de ning some intu-
itive subspaces of the tensor to explain this instability. These are the key de nitions.
Then the central mathematical conjecture explaining the instability of this chapter is
presented in section 2.6 along with the conjectured physical explanation. Next few
sections provide the physical reasons of instability in sequential logical steps. We
conclude this chapter with noting that TN instability has important consequences
for topological phase transition simulations.

Chapter 3: The goal of this chapter to prove the conjecture put forward in chapter 2
for the general string-net models and their general TN representation. It does so in
a series of logical steps, rst by calculating the required subspaces of the conjecture
in section 3.4 and section 3.5. After generalizing discussion from chapter 2 to the
general string-nets in next few sections, we discuss a non-abelian example, Double-
Fibonacci model in section 3.9. Finally we give an analytical proof of the conjecture
for all string-nets.

Chapter 4: Chapter 4 and 5 also have a common theme: characterizing MPOs
that are unitary. But chapter 4 is almost entirely focused on a particular subset
of these operators: operators that also map local operators to local operators. We
start with assuming a general form for the MPU, based on their unitarity, which is
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subsequently used to prove that these tensor satisfy certain simple properties. Itis
shown easily in section 4.2 that all locality-preserving unitaries can be represented
by MPOs. As one of the key results of this chapter, it is then shown in section 4.4
that the GNVW index, that measures the ow of information under such unitaries,
can be extracted by de ning a Rank-Ratio index, which can be locally calculated.

Chapter 5: In chapter 5 we go beyond the locality-preserving unitaries and nd a
necessary su cient condition for all periodic 1D unitary MPOs in section 5.2 as
the key result of this chapter. To discuss these MPOs a general notion of action on
local operator is discussed and quanti ed in section 5.4. With these new tools, we
rst revisit the locality-preserving unitary MPOs and nd a su cient condition for
locality-preservation in section 5.5 which is parallel to condition for short-ranged
correlation of MPS in a certain sense. We try to improve upon some of the results
from chapter 4 and show a direct relation between GNVW index and Rank-Ratio
index. We conclude by discussing some interesting examples of MPUs which map
local operators to non-local operators in section 5.6. These MPUs are shown to have
MPO symmetries similar to PEPS representing topological order in 2D.
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Chapter 2

TN REPRESENTATION OF 2D TOPOLOGICAL QUANTUM
STATES AND ITS INSTABILITIES

2.1 Background and motivation

The tensor network representation of quantum states (including the matrix product
states inlD) [38 41] provides a generic tool for the numerical study of strongly
interacting systems. As variational wave functions, the tensor network states can
be used to nd the ground state wave function of local Hamiltonians and identify
the phase at zero temperature. In particular, it has become a powerful approach in
the study of topological phases, whose long range entanglement is hard to capture
with conventional methods. It has been shown that a large class of topological
states, the string-net condensed states [13], can be represented exactly with simple
tensors [42, 43]. Moreover, numerical studies applied to realistic models have
identi ed nontrivial topological features in the ground state wave function (see e.g.
Ref.[44 46]).

In the numerical program, the parameters in the tensors are varied so as to nd
the representation of the lowest energy state. After that, topological properties are
extracted from these tensors in order to determine the topological phase diagram at
zero temperature. However, this problem might not be numerically “well-posed".
That is, arbitrarily small variations in the local tensor may lead to a completely
di erent result as to what topological order it represents. In particular, Ref. [47]
demonstrates that this happens in the cas®& odric code topological order. While

this presents a serious problem for the tensor network approach to study topological
phases, Ref. [47] also showed that such instabilities can be avoided if c&stain
symmetry is preserved in the local tensor. It has been shown that the topological
order in the toric code model is stable against arbitrary local perturbation to the
Hamiltonian of the system [48]. The fact that a certain variation direction of the
tensor network representation may induce an immediate change in the topological
order indicates that such a variation corresponds to highly nonlocal changes in the
ground state wave function.

Does a similar problem occur for other tensor representaion of the toric code, or for
other topological states as well? This is the question we address in this chapter and
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the next chapter. In particular, we ask:

1. Does the tensor network representation of other topological states also have
such unstable directions of variation?

2. If so, can we predict which variaions cause instabilities and which do not?
In particular, can they be avoided by restricting the variations to a certain
subpace?

3. What is the physical reason behind such instabilities and their prevention?

While the Z, symmetry requirement for toric code is naturally related to Zhe
gauge symmetry of the theory, for more general string-nets which are not related to
gauge theory, it is not clear whether similar symmetry requirement is necessary and
if so what they are.

In this chapter and the next chapter, we answer the above questions as follows:

1. All string-net tensors have unstable directions of variation.

2. Instabilities are caused if a variation respects the “stand-alone' symmetry
but violates the Matrix-Product-Operator(MPO) symmetries introduced in
Ref.[15, 49]. We give a mathematical construction of the projector onto the
space of all stable variations that can be used to in numerical calculations to
protect against instabilities.

3. The physical reason for the instability is that “stand-alone' variations which
violate these symmetries induce condensation of bosonic quasi-particles and
hence destroys (totally or partially) the topological order.

To support the above claims, we calculate the topological entanglement entropy
Sopd[50, 51] from the representing tensor and (partially) characterize the encoded
topological order. In particular, consider a tensor network state represented by a
local tensofT. We are interested in varying the local ten3oeverywhere on the
lattice, in such away that ! T+ TC where 1. In order to study whether
topological order is lost or still present after a variation in the direcfi@nwe
calculate topological entanglement entropy of the original and the modi ed state as
a function of , Sopst ©. We say the variation is unstableTd direction if

”lmo Sopo* ° Sopat0®: (2.1)
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If lim 1 o Sopo* © is smaller thanSypt0°, we say that topological order is (par-
tially) lost. If lim | o Sopo* © = Sopo*0° we call that direction stable meaning that
topological order is still present and remains the same. This understanding of ten-
sor instability is important not only for the identi cation of topological order for

a particular model, but also for the numerical study of phase transitions between
topological phases. In particular, if one is to use the tensor network approach to
study phase transition due to boson condensation, then the corresponding variation
direction must ballowedin order for the simulation to give correct results. For
example, in Ref. [52], it was shown that if such variation directions are not included
as variational parameters, then we see a rst order transition even though in fact it
is second order. We are going to elaborate more on this point later at the end of this
chapter.

The problem of general string-net model would be discussed at length in the next
chapter. In this chapter we would focus on particular examples and a general for-
malism for understanding instabilities. This chapter is organized as follows. We
start with showing in section 2.2 how we calculate the topological entanglement
entropy with a given tensor network representation of the topological state. Then
in section 2.3 we discuss the simplest topological model, the toric code [12], and
study two types of tensor network representation, single-line and double-line repre-
sentation, and their instabilities. We nd that while single-line indeed has instability
with respect to certaid, symmetry breaking variations (as shown in Ref [47]), the
double-line instabilities are more complicated. The double-line examples show that
di erent virtual symmetries of a tensor interact in a complicated way in determin-

ing which variations are unstable. To understand the relation of instabilities with
virtual symmetries we rst de ne two subspaces of the virtual space: “stand-alone'
subspace in section 2.4 and then MPO subspace in section 2.5. Then we present the
main conjecture of this work, thensor-instability conjecturan section 2.6, where

we put forward the conjecture that variations that are in stand-alone subspace but
are outside the MPO subspace are the ones that cause instability. We then present
the physical understanding of this conjecture in the form of a physical conjecture
that says that these instabilities are caused by boson condensation. To understand
this physical conjecture, we rst explain the physical signi cance of the stand-alone
space in section 2.7 followed by an understanding of the physical signi cance of
the MPO subspace explained in section 2.8. Then in section 2.11, combining the
understanding of these two subspaces, we nally explain how unstable variations
physically correspond to condensation of bosons and o er this as the reason for
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topological phase transition seen in numerical calculations. We test the mathe-
matical and physical conjecture on the double-semion model in section 2.12 and
conclude the chapter with a discussion on what this results implies about the phase
transition simulations using tensor network ansatz and nally giving an outlook in
section 2.14.

2.2 Calculating topological entanglement entropy with tensor network

Here we explain the algorithm we use to calculate the topological entanglement
entropy of any translation invariant tensor network state. We use the idea presented
by Ciracet al. [53] to calculate reduced density matrix on a region and hence its
entanglement entropy. We consider honeycomb lattice, though it can easily be
extended to other lattices. By translation invariant we mean that all vertices on
the sublattice A and sublattice B are attached with the same tespe)d Tg,
respectively. First we de ne certain notations for convenience of later discussion.
The starting objects are given tensdts wherel and denote the set of physical

and virtual indices, respectively:= liy;ip; ;% =1 4; o;::° The state represented

by these tensors can be written as
O

ji= TATHT 20414 1 1 (2.2)
PR
We denote the tensor resulting from contracting the virtual indices of tefisons
a regionR asT'R®. T denotes the “double tensor' resulting from contracting the
physical indices of with those ofTY, thatis,T=TTY = | T' T!; . Similar to
T1Re, we denote the double tensor contracted on a reBiaaT*Re.

Now let us consider putting this tensor network state on a cylinder. We denote the
left half of the cylinder as. and the right half aR. The honeycomb lattice is placed

in a way so thal. andR divide it into exact halves. So the line between the two
halves goes through the middle of the plageuttes as shown in the Fig. 2.1(a). We
denote the tensors on the left and right boundariéls asdT; .

When we contract bulk double tensors with the boundary double tensors, we get a
density matrix operator on the virtual indices,

L= T)1*@Q°TLS, R = TROT, 1 @R°: (2.3)
Ciracet al. [53] showed that the physical reduced density matrix on one of these

halves, let's say the left one, is related to the density operator on the virtual indices

as,
g— Q49—
L=U E R -LrUy; (2.4)
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q— 99—
whereU is an isometry. Hence_ and E R E have the same spectrum. In

addition, under right symmetry conditiong{ = R= p. Whenthisistrue, upto
change of basis, we nd that, / § The normalized reduced density matrix is

2

L = —2_ (2.5)

1 20:
Tr b

It is known that the Rényi entropy with any Rényi index gives the same topological
entanglement entropy[54]. So we calculate Rényi entropy with Rényi iédex

_ 102
St L% = 1 1.zlogTrl L0
= 2logTrt p° logTrt 2o (2.6)

In the limit of large cylinder, it should behave like
S.ot L° = 0fCj Sopo (2.7)

wherejCj is the circumference of the cylinder. This is how we calcufig, starting
with a tensor network state.

Before we move on to the next step, we would like to mention an important subtlety
regarding computation d&ypo 0n a cylinder. In Ref.[55, 56] it has been shown that
Sopo calculated this way on a cylinder, in general, might depend on the boundary
conditions. We choose a particular boundary condition for all our calculations and
examine the dependence &, on boundary condition in the appendix A.1. Our
ndings are consistent with the conclusion in Ref.[56].

We rst have to calculatel*R°T,1@r° for the above setup. The problem is, the
computational complexity of exact tensor contraction grows exponentially with the
size of R, so we need to use some approximate renormalization algorithm. We
use an algorithm which is a slight modi cation of known tensor renormalization
algorithms [41, 52, 57]. Consider double tensors contracted along a thin strip on
the cylinder giving us @ransfer matrix operatarS. If R includesn of such strips,

we haveT'R® = S". Since the tensor network state under consideration are short
range correlated along the cylinder, the spectrun® «f gapped. Consequently,

for large n, only the highest eigenvalue and the corresponding eigenvectsr of
dominates. That is, in thermodynamic limif}R° only depends on the highest
eigenvalue/eigenvector of the transfer matrix opera&orMoreover, we expect to
approximate the eigenvector of highest eigenvalue witlatix Product State (MPS)
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Figure 2.1: (a) The honeycomb lattice is put on a cylinder with some boundary
tensors,T;. We calculate the topological entanglement entropy by calculating the
entanglement entropy of the right half of the cylinder. (b) We contract the bulk
tensors with the boundary ones layer by layer (from right to left ) in a recursive way.
In each recursion step, a layer between the two red dotted lines is contracted with
the boundary tensors.

Figure 2.2: Each recursion step is shown in detail. We rst contract the two bulk
tensorsT a, Tg and two boundary tensoiBa, Tgo to produceT aggao. Then we

use singular value decomposition to approximBjges . as a contraction of two
tensorsSae and Sgo.

with nite bond dimensions, since the tensor network state is short range correlated
along the circumference of the cylinder. So we can start with a boundary MPS, apply
the transfer matrix operator, and approximate the resulting state as an MPS with a
xed, nite bond dimensions. With each step, approximation to the eigenvector with
highest eigenvalue improves and we do this recursively until we reach the xed point
giving us the desired eigenvector. Note that we require transfer matrix operators to
be re ection symmetric for the condition[ = R= p) o/ kfto hold true.
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The recursive algorithm is as following:

1. Initiate the boundary double tensbko = T,.a0 andTgo = T;.go (Fig. 2.1(b)).

2. Contract the bulk double tensoifs, and Tg with each other giving a 4 leg
tensorT ag . ContractTgo andT a0 with each other giving a 4 leg tensdgoao.
ContractT ag and Tgoao With one another giving 4 leg tensdiagog 0 ( rst
equality in Fig. 2.2).

3. Reshape the tensbigos c0into a matrixM whereM o o= 1T agga® o 0o[57].
Now we perform an SVD decomposition bf, M = U VY and the approxi-
mation step: we keep only the highé}ajbsingular values, and de ne the new
tensorsSpo andSgo asiSy® o = U o . and!Sg® o= p_;V?’ 0
where takesvalueg; 2;:::;Dcut. Sao andSgo form an approximate decom-
position of T ogog a0,

o~

Ot
1S 01%00 0o Y Tapga® o0 o (2.8)
-1

(approximating step in Fig. 2.2).

4. Check convergence of. 1is the precison tolerance. Letdenote the
nth recursion step. lfj n n 1jj1 < exit algorithm.

5. PutT a0 = SpoandTgo = Sgoand go to step 2.

2.3 TN representations of Toric Code state and their instabilities

We start from the simplest illustrative example of nonchiral intrinsic topological
order: the toric code [12]. We work on a hexagonal lattice and assign local degrees
of freedom, i.e. 0-spin down- orl-spin up, on the edges of the lattice. The
Hamiltonian is a sum of local commuting projectors, given as

O O
H = A, Bp
go Poo
= Z X;; (2.9)
vV [2v p 12p

wherev denotes the vertices, apddenotes the plaquettels2 v denotes the edges
attached tor andl 2 p denotes the edges on the boundary of plagyetteertex
terms restrict the ground states to closed stringssand plaquette terms make all
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possible loop con gurations of equal weight. Therefore, the toric code ground state
(up to normalization) can be written as

~

O
gs = JXi; (2.10)
X2closed
whereX denotes the string con gurations on the lattice. So, the ground state of toric
code hamiltonian is an equal weight superposition of all closed string con gurations.
It has topological order and has topological entanglement entiggy= log 2.

Now we look at tensor network representations (TNR) of the above toric code ground
state. Speci cally, we rst explain th&ingle-linetensor representation, and then the
Double-linetensor representation. We see that di erent TNR have di erent kinds of
instabilities, which come from di erent self-bosons that can condense in each TNR.
Speci cally, the unstable direction in the single-line TNR condensesrticles,
while in the double-line and triple-line it condengegparticles.

Single-line TNR of the toric code

Figure 2.3: Single-line TNR of the toric code state.

This is the simplest TNR of the toric code state. We rst split each qubit on the edges
into two, as shown inthe Fig. 2.3(a). Thatis, the laldedadl on every edge become
OOandl11on the same edge. Now the local Hilbert space neighbouring each vertex
is made out of three qubits. We associate a tensor with three physical indices/legs
(throughout the paper we will use indices and legs interchangeably), and three
virtual indices/legs to each vertex, represented algebraicawoaiék wherei; j;

andk are the three physical indicesand are the three virtual indices, as shown
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in the Fig. 2.3(b). The components of the tensor are

wpodik o1 0 ko Tow e =even (2.11)
20 otherwise

where is the kronecker delta function. So, physical and virtual legs are identi ed
and an even number of indices carry labelut of every three edges neighbouring a
vertex, i.e., we satisfy the vertex condition. The plaquette condition is also satis ed
since every con guration is of equal weight. Therefore, the tensor network state
constructed using the above local tensor leads to the toric code ground state given
in Eq. (2.10).

Double-line TNR of the toric code state

Figure 2.4: Double-line TNR of the toric code state. We again split the qubit on each
edge into two, and assign each to the two nearby vertices. The local physical Hilbert
space consists of 3 qubits. We associate to each vertex a 1’é'r‘|§or o. o(shown

in (b)), where out of plane legs, j; k, correspond to the 3 physical indices, and
in-plane legs; © : % : Qare the virtual indices. Virtual indices of the tensors
contract along the shared edges to produce the toric code state on the physical
indices.

In the double-line TNR of the toric code state, we associate with each vertex a tensor
with 3 physical legs and 6 virtual Ieg‘s'i,jkq o o (see Fig. 2.4). We will refer to
these virtual indices as “plaquette indices' or "plaquette legs' sometimes, because
they carry the plaguette degree of freedom that comes from the local Hamiltonian

term. All indices take values 0 and 1. We denote the TNR corresponding to the RG
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xed point state asT%. (We use the same notation for di erent xed point tensors,

but it should be clear from the context which xed point tensor we are discussing.)
First property off % is thatlTOOijkq o o/ o o othatis,indices onthe same
plaquette assume the same values. The second property is that the physical indices
can be considered as labeling the domain wall between the virtual indices. If the
two virtual indices in the same direction have the same values (both é@har

11) then the physical index in the middle has valyeotherwise it isl. That is,

i= +:j= +; k= + (alladditions are modulo 2). So we can writeas

lTOOleo o 0= Sjk 0 0 0;

gk — §1 ifi= +;j= +,;k= +
20 otherwise
We can write all non-zero components explicitly,

TOOO — TOOO — 1’ TOll — TOll — 1’

00;00;00 11;11;11° 00;11;11 11;00;00
101 — 71101 —_1- 110 — 71110 _1-
Tll;OO;ll_ TOO;ll;OO_ 1’ Tll;ll;OO_ TOO;OO;ll_ 1:

(2.12)

Instability in TNRs of toric code states

It was shown by Chert al. [47] that single-line TNR of the toric code state is
not stable in certain directions of variation. Before we explain what these unstable
directions of variation are, we rst note that the single-line TNR explained above has
avirtual symmetry If an operation on the virtual indices leaves the tensor invariant,
we will call it a virtual symmetry of the tensor. Because the single-line tensor is
non-zero only when virtual legs have even number of 1s, ithas a naural Z
virtual symmetry (Fig. 2.13)(See Schuehal.[58] for TNR virtual symmetries of

the quantum double models). That is, the tensor in (2.11) satis es the relation,

(2.13)

It is a Z, symmetry with group elements 1 1andZ Z Z acting on the
virtual legs of the local tensor. Cheat al. [47] showed that topological order is
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stable withany Z, respecting variations and unstable with &ayiolating variation.
To illustrate this, we can consider two di erent directions of variation in single-line
TNR. We can add aiX or Z variation on one of the virtual indices of the tensor,

(2.14)
More explicitly, these tensor components are given by,
e
T = X, o ; (2.15)
2 O
TS =  Z. o0 : (2.16)
0
T'X° variation violates th&, symmetry whileT'4° does not. That s,
; (2.17)

and it was shown that *° type variations cause an instability and whilé&’

type variations do not. Note that, though we chose variations only on the virtual
indices for simple illustration, the same conclusion applies for any random variation
including those on the physical indices. However, if a variation aotg on the
physical indices, it cannot break tle virtual symmetry, and hence would be stable.

We use the algorithm described in the section 2.2 to calcidgge of the tensor
network state constructed by a local tensor with random variations added to the
xed point tensor given in Eq. (2.11)ly = | 3 is projector onto the full virtual
spaceM = %1| + Z 3°js a projector on to the space of variations that respect the
Z 3 symmetries. Soly M is a projector on to the space of variations that break

Z 3 symmetries. We rst calculat&gp, in the state constructed by the xed point
tensorTC. Then we generate a random teriBbon the full space, projectiton to the
subspacé, M, addittothe xed pointvaluel®! TO%+ 1l, M°T", and calculate
Sopd* °. Similarly, we generate a random ten3éron the full space, project it on

to Z 3 respecting subspadé, add it to the xed pointvalueT®! T%+ MT', and
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Figure 2.5: Numerical calculation of topological entanglement ent&py* ° of
states represented by toric code xed point single-line tenddtsyaried with an

in nitesimal random tensor in di erent subspacesvalue is kept xed at = 0:01
Blue dot corresponds t§opo With no variation.ly = | 3 is the projector on to the
full virtual space.M = %1I +Z 3°js the projector on to the space of variations that
respect the&Z 3 symmetries. Sdy M is a projector on to the space of variations
that breakZz 3 symmetries. We see that variationdin M subspace are unstable
while variations inM are stable. Details of this numerical calculation are given in
the appendix A.2

calculateSepst ©. We keep the value of variation strengtk 0:01 (low enough) to
make sure it is not near any phase transition point. The results are shown in Fig. 2.5.

We see thaZ 2 respecting variations lead to the same topological entanglement en-
tropy as the xed point state, whilg 3 violating variations lead to zero topological
entanglement entropy. This reproduces the result by @heh[47].

Is double-line TNR unstable too? We nd that it is unstable too in certain directions
of variations. Similar to the single-line case, a variation is stable or unstable
depending on whether or not it violates certain virtual symmetries. So let's rst
look at the symmetries of the double-line TNR. It has 6 virtual indices, so the
virtual space dimension 2% = 64, while the physical space dimension is again
4. So we need a symmetry group wijthj = 644 = 2% Indeed the tensor has a
Z, Zp Zp Zpvirtual symmetries. First it has %6 symmetry. That is, if we

ip all the six virtual indices, the tensor remains the same. Second, it as Z
symmetry, where Z are applied to the two virtual indices on the same plaquette.
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So the double-line tensor in (2.12) satis es these symmetry equations:

(2.18)

Single-line TNR had only one such, symmetry and it turned out that breaking

it results in phase transition. For double-line we have fdusymmetries. So the
guestion is, are all of them important? That is, is it the case that breaking any of
them with a variation leads to instability? Indeed many di erent possible kinds of
variations are possible, for example:

(2.19)

A variation can violateZ  Z but notX © (for example, 2.19(a) ), or it can violate

X ®butnotz Z (for example, 2.19(b)), or it can violate both (for example, 2.19(c)
), or it can violate neither(for example, 2.19(d) ), etc. So to nd out, we need to look
at the unstable directions of variations of the xed point tensor.

Our numerical calculation reveals an interesting result. We nd that (see Fig. 2.6)

1. Variations that bread  Z but not X © (an X variation, for example) are
stable.

2. Variations that break © but notZ Z (a Z variation, for example) are
unstable.

3. Variations that break botK 6 andZz Z (a Z X variation, for example) are
stable.
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Figure 2.6:  Numerical calculation of topological entanglement ent@gps °

of the states represented by toric code xed point double-line ten$8rssaried

with an in nitesimal random tensor in di erent subspaces.value is kept xed

at = 0:01. Blue dot corresponds t&qpo With no variation. Iy is projector onto

the full virtual space.Mg is the projector on the stand-alone subspalkis the

MPO subspace projector. We take a random tensor and apply the projectors to
generate random tensors in respective subspaces. Variatidgs itMg violate

Z Zsymmetry. Variations iMg M violate X ® butnotZ Z. Variations inM
violate no virtual symmetry. The details of this numerical calculation are given in
appendix A.2.

To understand it physically, we rst have to understand the notiorstaind-alone’
variations of a TNR. So we see that the relation between unstable variations and
virtual symmetries of the double-line TNR is more complicated than that for single-
line TNR. TheX © symmetry looks like th& 2 symmetry of the single-line TNR,

as they both operate as a loop operators, and unstable variations in both TNR violates
these loop symmetries. However, the crucial di erence in double-line is that then
there are extra symmetries (theZ3? symmetries) which have an exact opposite
relation with the unstable variations: a variation is actuatgblewhen it violates

these symmetries (irrespective of whether or not it violated the loop symmetry). It
indicates that the sources of these two kinds of symmetries must be di erent. How
can we understand this phenomena? We will now show that the sources of these
symmetries are indeed di erent, and itis the interplay between these two symmetries
that determines the tensor instability phenomena. The symmetries whose violation
causes instability comes from the so-calld#®O subspacef the virtual space,

while the symmetries whose violation causes stability comes from what we de ne
to bestand-alone subspac#&Ve will de ne these subspaces and calculate them for
the two TNR in the next two sections.
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2.4 Virtual subspaces of a TNR: "Stand-alone' subspace

A generic tensor is can be thought of as a linear map from virtual vector space to
physical vector space. The virtual space has two important subspaces and play the
de ning role in determining tensor instabilities. We will explain them now.

Figure 2.7: Replacing a xed point double tenddrin the tensor network with a ten-

sor variationT. A varied tensor network is a superposition of wave functions where
xed point tensors have been replaced by the variation. But for most variations, this
tensor network collapses (i.e. becomes zero).

Double tensofT of a tensofT is de ned asT = | T'*T ° . It can be interpreted

as a density matrix on the virtual space. Now consider the double tensor of a RG
xed point TNR, T°, contracted over some large regiBn Let's say we removd®

from one site and replace it with some other double tenso¥Vhat do we get? In
particular, are there tensofssuch that this replacement collapses the whole tensor
network? By collapse, we mean that we simply get zero upon contraction. The
answer turns out to be, yes. In fact, as we see latesttensorsT will collapse

the xed point tensor network upon replacement. It turns out that only the tensors
supported on a particular subspace of the full virtual space can replace the x point
tensor without collapsing the whole tensor network. We will call this sghee
stand-alone subspace of the TNNRw we will give a systematic way of calculating
this subspace for a given xed-point TNR.

Consider contracting the xed-point double tens®Pson a large disc with an open
boundary. Now we remove the tensor at the origin. This tensor network will have
dangling virtual indices at the origin and at the boundary of the disc. We wantto nd
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Figure 2.8: Calculation of stand-alone space. We put the xed point double tensor
network on a large disc with a hole at the origin (one double tensor removed).
This tensor network has dangling virtual indices (red legs) at the outer and inner
boundaries. We trace out the virtual indices at the outer boundary, and the support
space of the remaining tensor at the inner boundary gives us the stand-alone space.

out the space of tensors that can be put on the origin without collapsing the tensor
network. We do not care what tensor at the boundary we get. So we trace out the
indices at the outer boundary (i.e. contracand °with each other). This leaves

us with a tensor at the origin. The support space of this tensor will be precisely the
stand-alone space. Any tensor supported on this subspace can stand alone with the
surrounding tensor being the xed-point tensors.

Now let's rst calculate the stand-alone subspace of double-line TNR of toric code
as it is more interesting than that of single-line TNR. The double tens®P af
(2.12) can be written as (ignoring an overall normalization factor)

O
TO — 1T00| 1T0; ol 0
|
1 247 2031 4+ X 6o (2.20)

where the double tensor is written as an operator between the lower virtual indices
and upper virtual indices. Thg 2 andX © act in the way it is shown in Fig. 2.18.

We need to contract this tensor on a disc with a hole at the origin. To contract two
tensors given in an operator form, we need to multiply them and take a trace on the
shared indices. A cumbersome but straight-forward calculation shows that double
tensor contracted on a regidhgive (ignoring an overall normalization factor)

TOR = 12472 i@

| 2M@re+ X “M@re ; (2.21)
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Figure 2.9:X andZ operators appear di erently in the toric code double-line double
tensor contracted on a disc with a hokoperators on inner boundary only appears
with X operators on the outer boundary, which vanishes upon taking the trace.
But Z operators on the inner boundary appear with identity on the outer boundary.
So these terms survive the trace. That is vithy symmetry is imposed on the
stand-alone space but not the® symmetry.

where @R denote the boundary &, andm = j@j is the length of the boundary.
O!@ means the operat@ is applied on the virtual legs along the bound&@®.

We will omit this when it is clear from the context which leg the operator is being
applied on. The region we want is a disc with a vertex remo®ed, Doy, De.

D, denotes the disc with virtual legs at the boundary. It has two disconnected
boundaries, one the boundary®3,, and other the boundary @g (with opposite
orientation).

m
TiDyy Dg° = | 2+2Z2 72 | 2+27 2
| 2m | 64 x 2m x 6 . (2.22)

As explained in Fig. 2.9X operators act on the two boundaries simultaneously, but
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Z operators act independently. Now to get the stand-alone space at the origin, we
need to trace out the virtual legs at the boundagf. If we expand the expression

for T'Don  Dg® above and apply trace on the operators on the outer boundary, only
the terms with identity on the outer boundary survivé.operator does not have
such a term, buZ does. So nally, tracing out the outer boundary leaves ahly

on the inner boundary. That is, we get the following tensor on the 6 virtual indices
incident on a singe vertex

3
Bo= | 2+Z2 2 (2.23)
B3 = 8By, SO
1 1 3
Mp==Byg== | 2+27 2 2.24
0= 3 5 (2.24)

is a projector on to the support spaceBsf Mg de nes the stand-alone space of
double-line TNR of toric code. Any tensdr that satis esMgoT , 0 can “stand
alone'. Mo will be used to denote the projector on to stand-alone space throughout
the paper. So we see thaly the tensors that respect tle Z symmetry can
stand alone. Th& ® symmetry, however, is not required to de ne the stand-alone
space.

We can also calculate the stand-alone subspace of single-line TNR of toric code.
One can calculate the double tensor of single-line TNR in Fig. 2.11 to be

T = %u 3+ 7 3o (2.25)

This double tensor upon contraction on the disc with a hole at the oiligin (D3)
gives (up to an overall normalization)

D, Dt = I ™M [ 3+2zM™ 73 (2.26)
Now contracting the outer circle gives us
Bo=My=1 3 (2.27)

So we see that, for single-line TNR, the stand-alone subspace is aclialfythe
virtual space. That is, there are no tensors that cannot stand alone.

2.5 Virtual subspaces of a TNR: MPO subspace
As explained above, stand-alone subspace is the maximal virtual subspace such
that any tensor supported on this subspace can be inserted into the tensor network
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without collapsing it. Therefore, the virtual space of the RG xed point tensor,
TO itself must be inside the stand-alone subspace. This virtual spact which
is by de nition of subspace of stand-alone space, is what we would call the MPO
(Matrix Product Operator) subspace. The reason for calling it an MPO space is
that, as it turns out, this space is protected by symmetry operators which are matrix
product operators. This was shown for general string-net models in [16], but it can
be extended to other tensor networks as well. Let's make the notion of virtual space
of 1T%! precise, whereas beforerepresents the collection of physical indices and
represents the collection of virtual indices. We can think of it as a matrix with
indices andl and perform an SVD decomposition,

@)
1700l = V. o ojoPo; (2.28)

010

whereV and P are unitary matrices in virtual and physical space, ant the
diagonal matrix containing the singular values.

De nition 1. The MPO space, de ned as the virtual support spacd Qfs the
virtual subspace spanned by columng&/dbr which corresponding singular value
iS non-zero.

Another way to think about this is to again consider the double teﬁ%os =
1700l 170 00l \which is a matrix in the virtual space. An equivalent but more
useful de nition is,

De nition 2. The MPO space is the space spanned by eigenvectof§ wiith
nonzero eigenvalues.

Using Eq. 2.28 we can write
T = iVp (2.29)

) TO = 2V v (2.30)

where ; are the singular values angl and p; are the corresponding vectors in
virtual and physical space. MPO space is the space spanngdsythe projector
on this space is

M = ViV, (2.31)
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The mathematical understanding of the MPO space is that it is the virtual subspace
which is isomorphic to the ground state physical subspac@ Gisthe isomorphism.

MPO subspace by de nition nested inside the stand-alone subspace, which by
de nition is nested inside the full virtual space. Similarly, the ground-state physical
space is by de nition a subspace of the full physical space. These spaces are
represented visually in Fig. 2.6 for clarity.

MPO subspace of single-line TNR
We can write the single-line tensor in Eq. 2.11 in the Eq. 2.28 form,

TO = j00G h0OGj + jO11i h01%j + j101 h103j + j11G h11Q: (2.32)

Of course, this happened to be already written in SVD decomposed form. So
the MPO space is spanned by vectty®00a ;011 ;j101 ;j110g So the MPO
projector is

M = jOOO hOOQj + j01%i hO1y + j101 h10%j + j110 h11G  (2.33)

1
= 5| 3+z 3 (2.34)

We see that this projector can be written as a translation invariant superposition of
tensor product of matrices. That's why we call it the MPO subspace. Remember
that stand-alone space of single-line TNR was determined to be all of virtual space,
Mo = ly. So as expected] M.

MPO subspace of double-line TNR

For calculation of the MPO subspace of double-line tensor in Eq. (2.12) we use the
second de nition in 2 above to avoid a cumbersome but straight forward calculation.
We already calculated the double tensor of double-line TNR in Eg. 2.20. We ignored
the normalization factor there. If we use a normalization factq%cﬁnd write

1 10 .
M = _TO - = 1T00| 1T0, ol
8 16 °
1
= 1 2+Z 23] +X o 2.
16 (2.35)

ThenM is a projector, that is, it satis es12 = M, and has the same supportTs
hence this is the desired MPO projector. Remember that stano bed-alone projector
was calculated to bl = 31 2+ Z 20 30, and hencé = Mol + X 80 My,

as expected.
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Figure 2.10: A pictorial representation of relevant vector spaces. A tefi§as a

linear map from the virtual space to the physical space. We denote the full virtual
space ady and the full physical space as. Mg (region in red and blue) is the
stand-alone subspace of the virtual spaderegion in blue) is the MPO subspace

of the stand-alone space. MPO subspace is isomorphic to the local ground-state
physical subspace (also in blue), denotedPgs, which is a subspace of the full
physical space.

2.6 TNR instability conjecture
Now that we have de ned the stand-alone and MPO subspaces precisely, we are
ready to state the central conjecture of this work.

Conjecture 1. If, for a given RG xed point TNR?, of a topological statelly and

M are the projectors onto the stand-alone and MPO subspaces as de ned above,
then an in nitesimal tensor variatiom®! T+ T changes the topological phase

of the state if and only Mg M°T , O.

It implies that the projector onto the stable spacBds Iy * Mg M°C.

Corollary 1. An in nitesimal variationT does not change the topological phase if
and only ifPsT = T.

Corollary 2. For any tensord, the variationT® ! T%+ PsT, with 1 does
not change the topological phase.

Or in simple words, a variation is unstable if and only if it has a component in
the stand-alone space that is outside the MPO subspAceenn diagram of the
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decomposition of the virtual space through these projectors is shown in Fig. 2.6.
We will denotetMg MP° asPy for convenience. Note th& shouldn't be thought

of as "the projector onto unstable subspace' because unstable variations do not form
a vector space, as opposed to stable variations that do form a vector space. Itis
becausd®yT!, 0andPyT?, 0does notimplyPyiT!+ T2°, 0.

Let's rst see how this conjecture is true for the single-line and double-line TNR of
the toric code. For single-line we have already calculated the stand-alone and MPO

subspaces and fourdo = Iy andM = 3 | 3+Z 3. So,

13

Pu=Mo M=3 | z 3 (2.36)

So for a tensoPyT , 0if and only if it violates theZ 2 symmetry. Indeed, this
is exactly what we saw numerically in Fig 2.3. All variations can be summarized
visually using Fig. 2.6 as follows:

(2.37)

Variations supported on the red region are unstable, while those on blue and white
are stable. The dimension of each space is indicated. So we see that the space
1Mo MZ?is 4 dimensional space spanned by basis

(2.38)

Itis wrong to think that these basis set span the space of unstable variations, because
unstable variations do not form a vector space. All we can say is if a variations has
overlap with any of these basis, it would cause instabilty.
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For double-line TNR we foundVlo = £ | 2+Z 2 3 andM = Mozl + X ©e.
So,

31
Pu=My M=Z12+272 51' X o (2.39)

(ool )

SoPyT, Oifand only if T satis es the thre 2 symmetries but violates thé ©
symmetry. Indeed this is precisely what we found numerically as shown in Fig. 2.4.
All variations can be summarized visually as follows

(2.40)

Variations supported on the red region are unstable, while those on blue and white
are stable. The dimension of each space is indicated. So we see that the space
1Mo M¢is 4 dimensional space spanned by basis

(2.41)

The above conjecture provides a precise mathematical prescription of which tensor
variations cause instability. But what does this instability correspond to physically?
Why is it that a tensor causes instability if and only if it has a component in the
virtual subspaceMy M? To answer these questions we need to understand the
physical signi cance of stand-alone and MPO subspaces. We present the physical
interpretation of the above conjecture that we will explain in detail in the next few
sections:
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Conjecture 2. Variations in stand-alone subspaé, correspond to “bosonic ex-
citations' that can condense in the given TNR. Variations in the MPO subsyace

are the subset of these condensable "bosons' that are trivial (belong to trivial super-
selection sector). Hence the variationsMy M are the non-trivial condensable
bosons. So such a variation results in boson condensation and causes a topological
phase transition of the state.

By excitation we mean any point-like variation to the ground state, or its TNR.
It should be carefully noted that the word "boson' here refers to any point like
excitation (not necessary an irreducible excitation) that has trivial topological spin.
For example, ifais an anyon of the given model, then composite paraclevhere

a anda are sitting next to each other is included in this de nition of boson. Of
course it is a topologically trivial boson. Similarly, if we apply any local operation
on the topological state, we would call the resulting state containing a boson, though
of course, it is again a trivial boson.

Now we turn to the rst part of the claim, which is basically the physical signi cance
of stand-alone space

2.7 Physical signi cance of stand-alone spacklg
As claimed, the physical signi cance of stand-alone space is that it contains prolif-
eratable bosonic excitations.

Proliferatable variations of a TNR

First we explain what we mean by "Proliferatable variations/excitations. (We use
the term ‘variation' for any mathematical variation to the ground state tensors.
"Excitation' should be used for a quasi-particle excitation. But in slight abuse of
the nomenclature we would often use them interchangeably. It is justi ed as we are
only working with the wave functions and not Hamiltonians.) Let's $8yis the
RG xed point tensor of some topological ground state wave funcgigi. Let's
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say we add a variatio,?! T%+ T and the resulting wave functionjsi.

j o = 170014 00l2 - + 2T 00kn ji iy 22 i ;
89
j i o= 1704+ TouT04 To2: -,
fijg
1m0+ T%njiliz:::ini &
= j ol + g +* 2 N S (2.42)
S1 S1;,S

wherej ¢ i denotes the tensor network state similaij tgi exceptT® has been
replaced withl at sites;. Similarly, s, denotes the tensor network state similar
to] of exceptT?is replaced withl at sites; ands,. Higher order terms can be
understood in a similar manner. Physicajlys,i can be interpreted as “excitatian'
(which may be trivial) sitting at site; with probability 2. Similarly, s:s, can be
interpreted as excitation sitting at sitess; ands, with probability 4. Higher order
terms can be interpreted in a similar fashion. Thouglooks small compared to the
weight ofj i, one has to bear in mind there areN such terms in the expansion,
whereN is the number of sites. So after normalization they can have comparable
weights.

WhenT is in the stand-alone space then it can appear anywhere in the tensor network
state, independent of each other, even at large scales. HoweverTwhautside

of the stand-alone space, then it can at most appear next toThdut then the
distance between excitations is exponentially suppressed sinc& eggears with

an weight. So such excitations do not appear at large scale and would vanish
under RG process. Tensors within the stand-alone space, on the other hand, can
appear at any scale and would not vanish under RG process. So we can call the new
wave function as a “proliferation/condensatél Hfsince the variation/excitatioi
proliferates and each site is in superpositionTadppearing and not appearing at

all length scales. (We caution that we use the term “proliferation' to denote the
mathematical fact that the wave function is a superposition of a variation appearing
everywhere. While the term "condensate' in physics means something more speci c.
But, again, we would use these terms interchangeably. It is justi ed as we are not
dealing with the Hamiltonians, rather looking at the changes in the wave functions
as we vary the tensors. So the “‘condensation of variations' doesn't necessarily mean
a phase transition. It just means a particular mathematical variations, which can
be interpreted as an excitation, proliferates and the resulting wave function is a
superposition of this variation appearing everywhere.)
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A key point here is that; andv, can be at arbitrary distance from each other but
the contribution of this term in the superposition remaifs Let's compare this
with how the ground state changes with respect to a perturbation on the Hamiltonian
level. Let's perturb the toric code Hamiltonian in (2.9) wikhperturbations on
every link, .

O

H=Hp+ X: (2.43)
|

The ground state of this perturbed Hamiltonian is also a superpositign gof
and terms like ., . But the weight that appears with,., is of the order
of disancéivo® that s, the separation between tearticles is exponentially
suppressed. So, in thermodynamic limit, these excitations disappear. But this is not
the case with state in Eq. (2.42). That is why the state in Eq. (2.42) cannot be
produced by in nitesimal small local perturbation of the parent Hamiltonian.

So we have argued that stand-alone space, by de nition, is the space of variations
that can condense. But how do we know they are "bosonic excitations', that is, they
have a trivial topological spin? We will show it now.

Condensable excitations are "bosons'

Consider the tensor network state which has the xed point tef8@verywhere
except at sites; ands,, whereT? has been replaced by stand-alone tenord/e
denote this wave function asss, , as above. Topological spins of quasi-particles

in topological models are calculated using the string-operators that create them. So
we need to rst de ne a string-operators that create these variations. The anyonic
string operators in topological models have the property that they commute with the
Hamiltonian everywhere except possibly at its ends. But we are working directly
with the quantum wave function and are not really concerned with the underlying
Hamiltonian, whose form can change going away from the RG xed point. We see
that we can de ne an appropriate string-operator for tensor network states without
referring to a Hamiltonian. To do that, rst notice that every tensor network state
has underlying gauge symmetries at the virtual level. That is, if we apply operators
A andB on the two contracting virtual legs, such th&B = 1, the tensor network
state doesn't change (though the individual tensors may change). That is,

(2.44)

It means that if we apply a string &, B on virtual levels along a path, the tensor
network state would not change along the path but only at the ends. For example, on
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the double-line TNR we can create a stand-alone excita&ionthe following way,

(2.45)

The A and AY cancel each other on each plaquette as all the 6 virtual legs are
contracted. We chose double-line tensor network for illustration but of course it can
be done for any tensor network. So wave functions likg.s, can be created by

such string operators. Note that since the tensor network didn't change along the
path, s, isstillinthe ground state along the path. So this string operator can only
possibly create excitations at the ends, which is what we wanted. We will call such
string operatorgauge-string-operatorso distinguish them from the usual string
operators on the physical level. Note that gauge-string-operators can only create
stand-alone variations/excitations, and they are deformabale on the ground state
subspace, like the physical string operators. We know that physical string-operators
might not be deformed through a site that has an anyonic excitation present. Gauge-
string operators also may not be be deformed through excitations. For example, there
may be another operat@r present at the virtual legs such tia€B, C. But the
interesting thing to note is that they can always be deformed through a stand-alone
excitation. The reason for this is simple. A stand-alone tensor is surrounded by xed
point tensofT?. So if we consider a Wilson-loop of gauge-string operator around

it, AB = I is still true, soA and B will simply cancel each other. So the Wilson-
loop will simply disappear irrespective of what stand-alone excitation was there.
So not only gauge-string operators create stand-alone excitations, they also always
commute with the other stand-alone excitations. This suggests that all excitations
in the stand-alone space have trivial mutual and self stastics. But to prove they are
bosons, we need to do the topological spin calculation. Though again it can readily
be seen that the topological spin of stand-alone excitation is 1, as explained in Fig.
2.11.

We create two pairs oA a, wherea is some excitation of the model. For
convenience, to keep track of the excitations we have shown them in di erent colors,
red and blue. Let's say the blaeand reda sit at sites 1 and 2 respectively. Now we
apply the following procedure in this speci ¢ order: move ffom 2 to 3 (Fig.
2.11a), move bluafrom 1 to 2 (Fig. 2.11b), move reglfrom 3 to 1a (Fig. 2.11c).

And nally annihilate bluea with red a andvice-versa In general, the order in
which each process is done is important. However, when the string operator is an
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Figure 2.11: Calculation of topological spin. We create two pairs (shown as red
and blue) of particle, anti-particle paies a, with a situated at site 1 and 2. We
apply the following procedure in this order: (a) Move mt(red) from 2 to 3, (b)

move secona (blue) from 1 to 2, (c) move rsh (red) from 3 to 1. Finally, (d) we
annihilate eacla with the anti-particles of the other anyon (i.e. eegith blueaand

vice versa When the propagation @& happens through a gauge-string operator,
which disappears along the path, this order of process becomes irrelevant, as the
second string-operator does not interact with the rst one, and the whole process is
equivalent to creating and annihilating two pairsaof a, which has amplitude 1. It
impliesa has a trivial topological spin.

guage-string operator, it disappears along the path completely, and the second string
operator does not interact with it. So the whole process simply becomes creating
and annihilating two pairs & awhich has an amplitude 1, giving us a topological
spin equal to 1. Sa has to be a boson of the model.

We have determined that the variations in the stand-alone space are condensable
bosons. So any such variation results in a wave function which is a condensate of
the boson the variation corresponds to. But this alone does not necessarily cause a
phase transition, because if the boson was topologically trivial, there should be not
topological phase transition. Or, mathematically speaking, the stand-alone projector
projects out variations that cannot proliferate, but it doesn't project out those stable
variations that can proliferate. For example, the double-line stand-alone projector
does not project out variatiod X though itis not unstable. So to nd the unstable
variations, we need an additional projector to project out condensable but stable
variations. We will argue now MPO subspace is precisely this projector.

To nd out whether a virtual variation would cause the phase transition we need to
rst determine what this virtual variation corresponds to on the physical level. That
is, we need to lift' the variation from the virtual level to the physical level. When
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we do that we discover that there are two kinds of variations: The rstkind is where
a local virtual variation is lifted to a local physical variation, and the second kind is
where the local virtual variation is lifted toreon-localphysical variation. We know

that a local physical variation can only correspond to a topologically trivial boson
since it can be removed by a local operation. This distinction between variations
further decomposes the stand-alone into two subspaces: the MPOMpadech
corresponds to the rst kind of variation, and the unstable subsplceM, which
corresponds to the second kind of variation. Let's rst focus on the rst kind of
variations.

2.8 Physical signi cance of MPO subspac#

As claimed above, the physical signi cance of MPO subspace is that the variations
in this subspace are lifted to local physical variations, which have to be topolog-
ically trivial bosons since they can be removed by a local operation. Hence the
physical signi cance of MPO subspace is that it contains all the topologically trivial
excitations.

To understand it better, let us look at concrete examples of variations that are lifted
to local physical variation. Considerzvariation on the virtual leg of the xed
point single-line TNR. If we lift it to the physical level, what do we get? Since the
virtual legs are just copies of the physical legs, we get

(2.46)

SoZ virtual variation is lifted to & physical variation, which is local. According to

our claim, it should be in the MPO subspace. And indeed it is, since it respects the
MPO symmetry of the single-line TNRZ, 3. Also note that & physical variation
corresponds to a pair of particles sitting next to each other, not a singiparticle.

Itis a trivial excitation and can be removed by applying @wperation on the state,

so it matches our claim. Contrast this with tievariation on the virtual level. Can

we nd any local physical operatdd such that

? (2.47)
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One can try and see that there is no such local ope€for which this equation
holds. (We will later show thaX can be lifted to the physical level, but it results in
a non-local operator. )

A similar phenomena occurs in double-line TNR. TXe X variation can be lifted
to a local physical operator,

X (2.48)

but aZ variation cannot be. (We will later sVhow thatcan be lifted to the physical
level, but it results in a non-local operator.) It is again consistent with the claim
asX X variation respects the double-line MPO symmeétxy ©° but Z variation
breaks it. Note thaX X variation on the physical level corresponds to a pae of
particles sitting across a plaquette. It is a topologically trivial excitation and can be
removed by arK X operation on the state. So again, this matches our claim.

Now we prove that these examples are no coincidence, and in fact any variation in
the MPO subspace is a local physical variation.

Any variation in MPO subspace is a local physical variation
Let us repeat the de nition of the MPO subspace here for convenience. We SVD

decomps the xed point RG tens®f as a matrix between virtual and physical legs
0
TO= Vi P (2.49)
j
where ; are the singular values, argandp; are orthonormal vectors in the virtual
and ground-state physical spaces respectively. Then the MPO subspace is the virtual
subspace spanned by vectgyssuch that corresponding singular values 0. So
the MPO projector is

M = ViV (2.50)

A mathematically inclined reader would note that MPO subspace is nothing but the
virtual subspace which is isomorphic to the image of the tensor as a map from virtual
to ground state physical space. That is, if we restrict the domain of the tensor to
this subspace, then tensor is an injective map from the virtual to the physical space,
and a bijective map from MPO subspace to ground-state physical subsfatee
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these spaces are isomorphic, any operator in MPO subspace can be mapped to an
operator in the ground-state physical space and vice-versa, and this mapping would
be bijective (one-to-one) as wellet us make it precise,

Lemma 1. If Ais any operator on the virtual space completely supportedvion
(MA= AM = A) then there exists an operat&ron the ground state physical space
such thatAT? = T°B and vice-versa. That is, any variation in the subsphités
equivalently a variation on the ground state physical space and vice-versa.

Proof. Let us say an virtual operat@k is given which is completely supported on
subspac#/. De ne pseudo-inverse or® as
1

TO* = =p Y (2.51)
ji; .0 !
It is a pseudo-inverse since
T = M (2.52)
T%*T% = Pog (2.53)

wherePgs |p denotes projector on the ground-state physical subspace of the
full physical space.lp is the projector onto the full physical space. Now de ne a
physical operatoB as

B = TO* AT, (2.54)
then
T°B = TOT%* AT? = MAT® = AT®: (2.55)

The last equality follows from the assumption thfais completely supported on
MPO subspace. Similarly, given physical operaBoon the ground-state physical
space, de neA = TOBTY*, Sowe haveAT? = TOBTY*TO = TOBIp = T°B. And of
course these maps are injective. SandB have a one-to-one correspondence.

With this lemma, we see why in general variations in the MPO subspace are trivial
excitations. They are nothing but a local variation on the physical level, which is a
local physical operator and can be removed by another local operator. In fact notice
that if Ais unitary (within the spackl ) then so iB and vice-versa. Since all trivial
excitations are obtained by local unitaries, or their linear combinations, we conclude
that MPO subspace should contain all trivial virtual excitations as well.

This completes the study of rst kind of variations (those that are lifted to local
physical variations) mentioned above. Now we study the second kind of variations.
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2.9 Physical signi cance of subspacély M

The physical signi cance of subspat® M is that it contains the second kind of
variations: the virtual variations that are lifted to a non-local physical operator. So
these variations cannot be removed by a local physical operation on the state, and
hence represent a topologically non-trivial excitation. And this excitation has to be
a boson, as all excitations in stand-alone space are. So it means that the physical
signi cance of Mg M space is that it contains condensable excitations that are
topologically non-trivial bosons, and that's why these variations cause a topological
phase transition.

Let us rstlook at some concrete examples to understand this phenomena. We saw
how a virtualX variation on the single-line TNR couldn't be lifted to a local physical
variation. But, the question is, can it be lifted to a non-local physical variation? The
answer is, yes. To see it, rst note that although a singleariation cannot be lifted
locally, two X variations can be. That is, the xed point single-line tensor satis es

(2.56)

And also, in any tensor network, we can always multiply two contracting virtual
legs withAandA 1 for any invertible operatoA, since they cancel each other upon
contraction. So in particular the single-line TNR satis es

(2.57)

Using these two relations, we see that a singlertual variation on can be moved to
another tensor on the same sublattice, and this transfer produes Xroperation
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on the physical level,

(2.58)

In the rst equality, Eq. (2.57) is used while in the second equality Eq. 2.56 is
used. We see that thévariation moved from site 1 to site 3 while leaving operator

X X along the path (on site 2). We can repeat this process and Xdoehe

next tensor and so on. Aftét is moved from site 1 tm there will be anX-string
operator applied on the physical level along the path. Finally, if there is already an
X variation present at sitg the two will cancel and we will be left with aK-string
operator only,

(2.59)

Of course the particular path between site 1 arahosen is completely arbitrary.

We can choose any path between them as we like. So we have successfully shown
that though a singl& variation cannot be completely lifted to the physical level,
two such variations sitting far apart can be, and they are lifted to a non-local physical
operator between them. It implies thaKavariation on the single-line TNR cannot

be removed locally on a physical level. Only two of them can be removed by
applying a non-local operator between them. In fact, it is easy to recognize what
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this excitation is. SincéX-string operators correspond to creation or annihilation
of e-particles in the toric code, it is clear that tievirtual variation actually is an

e particle excitation. It is topologically non-trivial, which is in line with our claim.
Condensation oK variations is actually the condensationegbarticles, and that is
why it leads to topologically phase transition.

A similar analysis can be carried out for tlevariation in the double-line tensor.
We noted that it cannot be lifted to a local physical operator. ButZwaperators
can be lifted to a non-local physical operator,

(2.60)

where in the rst equality, the following relation (similar to Eq. (2.57)) has been
used,

(2.61)

And in the second equality, the following property of the xed point double-line
tensor is used.

(2.62)

So we see that tw@ variations on the virtual level, sitting far apart cannot be
removed by local operations on the physical level. They can only be removed by
a non-local operator, th&-string operator. This suggests that thevariation is a
topologically non-trivial excitation. Indeed, it is easy to see that it is nothing but
themparticle excitation, sincg-string operator creates and annihilateparticles.
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This is in line with all our claimsZ variation is in theMy M space; it cannot be
removed locally, and that it is a topological boson.

Non-trivial gauge string-operators: Zero-string operators

It may look a little puzzling that a local virtual operator My M can create a
non-trivial physical excitation. We analyzed what these variations correspond to
by lifting them up to the physical level. To understand the phenomena better we
can ask the opposite question: what happens when we ‘bring down' a non-trivial
guasi-particle excitation on the physical level to the virtual level? Since such an
excitation is created by a physical string-operator, the equivalent question is, what
happens to string-operators of the model when we bring them down to the virtual
level? We can look at the speci c examples considered above. For example, if we
look at EqQ. (2.59) in the opposite way, we see that the phyesiring operator,
which createse-particles, becomes a gauge-string operator on the virtual level,
which subsequently creates a variation in ¢ M space. Contrast this with-

string operator, that createsparticles. This operator does not map to gauge-string
operator,

(2.63)

Similarly, Eq. (2.60) shows that that the physi@aktring operator, which creates
m-particles, becomes a gauge-string operator on the virtual level. So we see that if a
physical anyonic string operator maps to a gauge-string operator on the virtual level,
it creates an excitation inthdg M space. This property of the tensor network state

in general is the reason why a local virtual variation can actually correspond to non-
local variation on the physical level. In other words, certain gauge-string operators
are non-trivial because they come from a non-trivial string operator on the physical
level. We would call such physical string operators that map to gauge-string operator
on the virtual level &ero-string operatar The reason behind this terminology will
become clearer in the next chapter. So we conclude thatwparticle operator is

the zero-string operator of the double-line TNR, while ¢éhgarticle string operator

is the zero-string operator of the single-line TNR.
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Since variations in the unstable spddg M are created by zero-string operators,
it implies that, if, in a given TNR, none of the physical string operators map to a
gauge-string operator then it will have no variationNt M. In that case, we
would simply haveMy = M. Such a TNR will have no instabilities.

Before going to the physical explanation of instabilities, we would look at one more
way of decomposing the stand-alone space in trivial and non-trivial excitations:
using Wilson-loops.

2.10 Decomposing stand-alone space using Wilson-loops: MPO symmetries

In the last two sections we argued how the stand alone syigdecomposes further
into two subspacesyl andMy M on the basis whether a stand-alone variation
can be lifted to the physical level locally or non-locally. In doing so we used the
fact about topological models: anyonic excitation cannot be removed by a local
operation but an elementary excitation can be.

There is another way to distinguish between trivial and non-trivial excitations.
Consider the tensor network state made ouT§fexcept at sites, T® has been
replaces by some stand-alone tenor Now we want to nd out whether this
variation/excitation is a topologically non-trivial excitation. In topological models
the way to detect the presence of anyon is by measuring Wilson-loop operators
around it. We will do the same here, but on the virtual level. Doing so will reveal
another interpretation of the MPO subspace/symmetries: these symmetries come
from Wilson-loops of anyons of the model.

Consider the following physical process. We generate an aayamti-anyora pair,
moveaaround the sitgg whereT is sitting and nally fuse it witha. Mathematically,

this is equivalent to applying a Wilson loop operaté@y:C° corresponding to particle

a. C represents the closed curve/loop around the site. If there was another anyonic
excitationb present ay and if a andb have a non-trivial braiding statistics with
each other, then this process produces a phase factor. Hence applictighCef
whereC is a loop around a site can be used to detect if there is a topologically
non-trivial excitation present at the site. Of coul&g!C° are symmetries of the
ground state for all anyors But more than that, it would be a symmetry of any
state with a trivial local excitation sitting &.

W,1CP° is an operator on the physical degrees of freedom, which induces an op-
erator, M31C°, on the virtual degrees of freedonwW,'C° is guaranteed to have a
representatioM,1C° on the virtual level becaus&/,1C° is an operator supported
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on the ground-state physical space of local tensors, and as we noted in Lemma 1,
such an operator can be mapped to an operator on the virtual level. Hence, just
asW,CP is a symmetry on the physical levél|;*C° should be a symmetry of the
ground state tensdi® on the virtual level. But, in fact, any stand-alone variation

T that is topologically trivial excitation would be symmetric undés*Ce° for all a.

A tensor variation that breaks this symmetry for scengould imply the presence

of a non-trivial excitation. So the space of stand-alone tenkdhat satisfyM,1C°
symmetries for ala has to the space of topologically trivial excitations. This pre-
cisely is the source of MPO symmetries, avids nothing but the projector onto the
M31C° symmetric subspace for @l In fact this is why the MPO projector for both
double-line (Eq. 2.82 and single-line (Eq. 2.33) could be written in terms of loop
operators on the virtual level. These loop operators are nothing but the Wilson loop
operators on the virtual level.

Let's illustrate the above discussion with the single-line TNR of toric code state.
Let's say the stand-alone tensbris surrounded byr®. We apply anm-particle
Wilson-loop around this stand-alone tensor. This Wilson-loop ap@lieperators

on the physical legs of the surroundiii§ tensors. We have already seen that
this operation can be brought down to the virtual level (Eg. (2.46) in the opposite
direction),

(2.64)

Keeping in mind thaT © also satis es theZ 2 symmetry of Eq. (2.13), we see that
the m-particle Wilson-loop nally reduces to & 2 operator on the stand-alone
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tensorT. That s,

(2.65)

In rst equality, we have used relation (2.64) and in second equality we have used
the Z? symmetry of the single-line Tensor. So we nd that the representation of
m-particle Wilson loopWiC° on the stand-alone space M;,!C° = Z 3. So we

have shown that the presence f® symmetry constraint inside the stand-alone
space actually comes from theparticle Wilson loop.

Now a natural question arises: why isn't there an analogous symmetry constraint
on the tensor corresponding to esstring operator Wilson loop? Let's apply the
e-particle Wilson-loop, which is a loop of operators on the single-line TNR, and
then bring it down to the virual level. We nd,

(2.66)

where we have used the fact tb@bperators on the nearby virtual legs simply cancel
each other. This was already noted in the discussion of zero-string operators and
in Eg. (2.59). So we see that tlegparticle Wilson-loop poses no extra symmetry
constraint on the stand-alone tensors.

Now let's see if the MPO symmetry of double-line TNR also comes from a Wilson-
loop. Double-line case is more interesting than the single-line case because, as we
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have already discussed, the double-line has a stand-alone space smaller than the
full virtual space. We rst look at thee-particle Wilson-loop, which is a loop of

X operators on the physical level. We have already seen that this operation can be
brought down to the virtual level (Eq. (2.48) in the opposite direction)

(2.67)

Sowe nd

: (2.68)

where in rst equality we used Eq. 2.67 and in the second equality we simply used
the relation

(2.69)

So we have shown that the MPO symmetfy?, of double-line TNR is actually a
representation of the-particle Wilson-loop on the stand-alone space. At this point,

it is important to note that relation (2.69) holds only wheims in the stand-alone
space, so it has th2 2 symmetry. IfT was outside the stand-alone space, this
would not be trueThis is why we say that MPO symmetrigs® in this particular

case, are representations of the Wilson-loops on the stand-alone space, not on the
full virtual space.

Now we analyze then-particle Wilson-loop, which is a loop of operators. Eq.
2.62 tells us how to bring down thé operators on double-line xed point tensor,
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TO. Using this and other obvious propertiesiéfandT, we nd

(2.70)

The rst equality follows from Eq. 2.62 and the fact thatoperators can be slid
along contracted virtual legs. The last equality follows from the fact That a
stand-alone tensor, so it satis es tde? symmetries by de nition. Or, in other
words, the representation of the Wilson-loop operator on the stand-alone space is
MnlCe = | 3. Thatis, it is represented trivially. So we see that all stand-alone
tensors satisfy therparticle Wilson-loop symmetry. Hence this symmetry poses

no extra constraint within stand-alone space, and that is why the MPO subspace had
only oneZ, symmetry. In fact, this analysis has shown what we already knew from
Eq. 2.60:m-string operator is a zero-string operator of the double-line TNR.

At this point, we can notice the similarity between double-imgarticle relation
and single-linee-particle relation. But there is a crucial di erencal'C° has
trivial representation oall of the virtual space of single-line TNR, bW,1C° has
trivial representatioonly in a subspace of the virtual space of double-line TNR.

This analysis points toward a representation theoretic way of understanding tensor
instabilities. T° : VI P is a linear map from virtual vector space to the physical
vector space. This map induces a representation of operators on the physical space
in the virtual space. In particular, it induces the representation of Wilson-loop
operatorsW,1C° ! M,1C°. Such a representation is always possibly as is guar-
anteed by the MPO-injectivity (lemma 1 ). In fact, this representation would be
faithful on individual tensors. But there is no guarantee that it wouldialibful

on the whole tensor network, becaudg!C° can be a gauge-string operator, as we
have already discussed f@f.!C° in single-line andV,ytC° in double-line. So the
string-operator algebra is not faithfully represented on the virtual level. It is this
unfaithful representation of anyonic algebra that causes tensor instability.
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Now that we have explained the physical meaning of stand-alone and MPO sub-
spaces, we are ready to explain the phenomena of TNR instability.

2.11 Physical reason of instability: topological boson condensation

Now we put together the physical understanding of all the relevant subspag&s (
andMg M) together to make the coherent picture of why variations in the subspace
Mo M are unstable, and, in particular, explain the numerical results shown in
Fig. 2.5 and Fig. 2.6. The general explanation has already been stated in form of
conjecture 2 but we repeat it again informally going through all possible variations
one by one.

The variations on the physical indices are of course not stable because they
are topologically trivial and can be removed with local operations.

Variations outside the stand-alone spalge, Mg are not unstable because
they cannot proliferate.

Every variation insidég is "bosonic' and does proliferate and the varied wave
function is a condensate of that "boson’. But when the variations is ingjde

it was a topologically trivial boson and hence does not cause a topological
phase transition. Or, equivalently, every variation inside MPO subspace was
nothing but a variation on the physical level hence stable.

Finally, when the variation was inside stand-alone, but outside MPO subspace
then it can condense and is a topologically non-trivial boson. Hence it causes
a topological phase transition, resulting in a TNR instability.

Now we explain this boson condensation speci cally for the single-line and double-
line TNR considering speci c variation.

e-particle condensation in single-line TNR
To guide the discussion, consider two illustrative variations to single-line TNR as
before

(2.71)

" The TZ variation exempli es variations that can condense but correspond
to a local physical variation, hence are trivial/elementary excitations. Such
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variations result in a proliferation of elementary excitation which does not
cause a topological phase transition.

" The TX variation exempli es variations that can condense but do not cor-
respond to local physical variations. In fact, such variations correspond to
e-particle excitation. Hence such variation results iregrarticle condensa-
tion and destroys the topological order of the tensor network state.

m-particle condensation in double-line TNR
Let's consider the di erent variations in double-line TNR as before

(2.72)

1. Variations in (a) and (c) exemplify variations that break the stand-alone sym-
metryZ 2, hence they cannot proliferate and, therefore, are stable.

2. Variation in (b) exempli es variations that can stand alone, so can proliferate.
But they break the MPO symmetry, so correspond to a non-trivial boson. In
fact it corresponds to am-particle excitation. So this variations causas
particle condensation and results in the loss of topological order.

3. Finally, variation in (d) exempli es variations that can proliferate. But they
also are inside the MPO subspace, so correspond to trivial/elementary excita-
tions. So their proliferation does not cause a topological phase transition.

2.12 double-semion
Double-semion model can be understood as a "twiggguantum double model[51,

59]. Its Hamiltonian is almost the same as that of toric code, except for the phase
factor associated to the@plaquette term

O L1 7z
Ho = Z X [ (2.73)
vV |2v p 12p r2legs ofp
where “legs op' refers to the six Iegs attached to a plaquette. Its ground state is
ji= 1 1oMX% X ; (2.74)

X2closed
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Figure 2.12: Numerical calculation of the topological entanglement engpy °
of the states represented by double-semion xed point double-line teiSowsried
with an in nitesimal random tensor in di erent subspacesvalue is kept xed at
= 0:01 Blue dot corresponds t&qp, With no variation. ly is projector onto
the full virtual space.Mg is the projector on the stand-alone subspalkis the
MPO subspace projector. We take a random tensor and apply the projectors to
generate random tensors in respective subspaces. Variatidgs itMg violate
Z Z symmetry. Variations ilMy M violatei™®X 6 butnotZ Z. Variations
in M violate no virtual symmetry.. The details of this numerical calculations are
given in appendix A.2.

whereX again refers to string con gurations on the hexagonal lattié&° denotes

the number of loops in a given string con guration. The ground state, like that
of toric code, is again a superposition of all closed string con gurations. But it
has a phase factor &f 1°™*° which is 1 for even number of loops andl for odd
number of loops. It has 3 quasi-particle excitations: a semion, an anti-semion, and
a self-boson. So, unlike the toric code, it has only one boson. There is a known
double-line TNR of this state [42, 43]['°°”kq o o with the same structure as that

of toric code. So,

K =S 0 0 0ha e ke (2.75)

But now the values are

i if + + =1 (2.76)
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Clearly, it has the sam2 2 symmetry, as the toric code double-line TNR. That is,
TO satis es

(2.77)

But it does not have the exaXt ® symmetry as that of toric code double-line TNR.
By looking at the tensor values, it can be seen that it haxXtRewith an additional
phase factor between virtual legs,

(2.78)

where! =i if the virtual legs on the two sides of it take di erent values (that is,
there is a domain wall) and = 1 otherwise. S@° hasZ, symmetry of the form
1jond®x 6 wherentd® is the number of domain walls between and . Thatis,

§0 if + + =03

ntd° = (2.79)

32 if + + =12
To apply our conjecture we rst need to calculate the stand-alone and MPO subspaces
of T°. The double tensor is,

T= = 1] 247 231 4j"dx o, (2.80)

Comparing it with the toric code double tensor in Eq. (2.20), we can immediately
guess that the stand-alone projector is given by

1 1 3
Mo=Bo=2 | 2+Z2 2 2.81
0=3Bo=3 , (2.81)
which is the same as that of toric code. And the MPO projector is,
1 10 .
M = _TO - = 1T00| 1TO, ol

8 16 °

= %u 247 2 31 4jMmgox e (2.82)

So we see that the symmetries identied in Eq. (2.77) are actually the stand-
alone symmetries, and the symmetry identi ed in Eq. (2.78) is actually the MPO
symmetry. With this information, our mathematical conjecture predicts:
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1. Variations that violat& Z symmetries are stable.
2. Variations that respe@ Z but breakiio™®X 6 are unstable.

3. Variations that respect both  Z andti°"®X 6 are stable.

We test these predictions numerically. The results are shown in Fig. 2.12. We
conclude that the conjecture predicts the numerical observation correctly.

What about the physical conjecture? Is it compatible with the numerical observa-
tion? The answer is, yes. the double-semion model has one boson whose string
operator is theZ-string operator, the same as that of theparticle in toric code.
Since both also have the same stand-alone space, it means bringing down this string
operator to the virtual level would again give us a gauge-string operator. Hence
the string-operator corresponding to the boson in the double-semion model is a
zero-strong operator, which implies that the variations in the stand-alone space cor-
responds to this boson. So the instability we see is due to the condensation of this
topological boson. Another way to see it is to notice that the MPO symmetry in
Eq. 2.78 actually comes from the Wilson loop operator corresponding to semion (or
anti-semion). So variations that break it actually signify the presence of the boson.

Comparing double-line TNR of toric code and double-semion

Sowe see thatthe spaddy MZOfor double-semion is 4-dimensional space spanned
by basis

(2.83)

This looks exactly similar to th®ly M basis in double-line toric code in Eq. 2.41,
which might lead one to believe that they both are unstable for similar variations.
But one has to carefully note that the ten¥8ifor both models are di erent, so the
basis shownin Eq. 2.41 and in Eq. 2.41 are also di erent. To illustrate this consider
the following variation:

(2.84)
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This variation is in stand-alone space of both toric code and double-semion, but it
respects MPO symmetry of the toric code but violates the MPO symmetry of the
double-semion. Indeed this variation causes phase transition in double-semion but
not toric code. This variation cannot be lifted to the physical level on the double-
semion tensor like it did for toric code (Eq. 2.48). But one can readily see that
this variation is not spanned by the basis in Eq. 2.84. And the reason for this
is that this variation has components both in the MPO subspadé¢he unstable
subspace, which can be seen by applying the projector of the two spaces. We nd
thattMg MOTXX | 0andMT*X, 0. This examples reminds us that for a variation

to be unstable, all it needs is to have a non-zero component in the unstable space.
So it should not be thought that only variations spanned by the unstable basis are
unstable.

2.13 Implications for the simulation of phase transitions

Projected Entangled Pair States (PEPS), one type of Tensor Network States (TNS),
are often used amnsatzfor di erent numerical simulations of gapped lattice topo-
logical models. In particular, TNS can be used to simulate phase transitions between
di erent topological phases[52]. The xed point Hamiltonian is perturbed with a
local HamiltonianHg ! Hp + Higcar @and the perturbation strengthjs increased
slowly. At some nite value of the gap closes and the system goes through a
phase transition. For many perturbations, this phase transition consists of boson
condensation. For example, for the toric code Hamiltonian Eqg. (2.9), two kinds of
perturbations can be added:

00 00 0

Hi= U VAR X Z, (2.85)
3 8 3 &° o)

H= U VAR X X (2.86)
vV [2v p 12p I

Let's rst discuss the rst kind of perturbation. In the rst Hamiltonian, we keep
U = 1 and study the ground state as the relative valuesansfdg change. At =0
the ground state is simply the xed point toric code state given in Eq. (2.10). That s,
it is an equal weight superposition of all closed string con gurationgAt 0, the
state is the vacuum state, that is, all spins are 0. These two states are topologically
di erent, and hence there must be a phase transition as we chaggeom 0 tol .
This phase transition can be understood as a condensatiopasticles. Recall that
Bp = 1 corresponds to nm particle and B, = 1correspondsto
anm particle excitation at a plaquetfe whereBy = = |5, X is the plaquette term
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of the toric code Hamiltonian. For= 0 ground state we have By =1, 8p,

while for g = 0 ground state we have B, = 0;8p. Itindicates that aseg

is increasedm particles proliferate and at phase transition point, the system goes
through a bosonn( particle) condensation and the ground state becomes a trivial
state. Boson condensation phase transitions are known to be second order phase
transitions. That is, ground state energy and its rst order derivative as a function
of g are smooth functions, but its second order derivative is discontinuous at the
phase transition point.

It was shown by Guet al. [52] that an attempt to numerically simulate this phase
transition point with single-line tensor network state ansatz gives a transition that
is wrong both quantitatively and qualitatively. It gives a wrong critical point value

of g, and it gives a rst order phase transition, not a second order one. But
with double-line tensor network state ansatz, it gives the correct second order phase
transition with correct critical point.

This di erence can be easily understood in light of our discussion on single-line and
double-line TNR of toric code state. As we showed, double-line TNR is capable of
condensingn particles while single-line TNR is not. That is why double-line TNR

is suitable for simulating a phase transition that involesarticle condensation.

A similar analysis can be done for the second type of perturbation. Wjesét and

change relative value &f and . For = Othe ground state is the toric code ground
state in Eq. (2.10), and fdJ = O the state is trivial state with all qubits aligned in

+x direction. Here the phase transition invoheparticle condensation which is
again a second order phase transition. Hence, to simulate this phase transition, one
should use single-line TNS ansatz and not the double-line TNS ansatz.

This is one of the important points of understanding the unstable direction of vari-
ations that a particular TNR possesses. To simulate a boson condensation phase
transition, one should choose the TNR that is capable of condensing that particular
boson of the model.

Of course, there is also a ip side to this. If one is interested in determining the
topological order of a particular TNR by calculating the topological entanglement
entropy, one should make sure to keep out of the unstable spkce,M, for
numerical stability. A small numerical variation in this space will change the
state globally and result in wrong results. For example, in calculations involving
Tensor Entanglement Renormalization Group (TERG) [52] and Tensor Network
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Renormalization (TNRY) [60] steps, we should project the resulting tensor after
every RG step back to the stable spade, ¢ My M©), or naturally occurring
numerical errors might gainacomponenMp M space and change the topological
order of the state radically.

Now we will apply what we learned from the toric code example to analyze the TNR
of another closely related model, the double-semion model.

2.14 Summary and outlook

In this chapter, we tried to answer the following question: which variations cause
instabilities in a TNR of a 2D topological state and why? That is, if we start from
the tensor network representation of a topological state and add arbitrarily small
variations to the local tensor, does the topological order of the represented state
always remain the same? We answered this question by showing that instabilities
are caused by a variation if it has a component in a certain subspace of the virtual
space because they cause boson condensation. We also gave a precise mathemat-
ical procedure to form a projector onto the stable subspace which can be used in
numerical works to always protect against instabilities. This is an important result
because if the tensor is not actively protected against these variations then the task
of determining topological order of a tensor network state is numerically “ill-posed..
That is, arbitrarily small numerical error in the process may change our conclusion
in a qualitative way. Previous work[47] has shown that this is indeed the case for
the single line representation of the toric code state.

We demonstrated the case explicitly for the tensor network representation of the toric
code (single-line, double-line), and the double-semion by calculating the topological
entanglement entrop§opo Of tensors with random variations. We observed that in

all cases stand-alone variations that break MPO symmetry I8ygi(to zero) and

in all cases instability was associated to condensation of a boson. Moreover, we
point out that to correctly simulate the local properties of a phase transition induced
by such boson condensation, these MPO breaking variations matkbtvedin the
variational calculation; otherwise, one may reach the wrong conclusion about the
phase transition (e.g. regarding the order of the transition). This has been observed
in the case of toric code in Ref.[52].

We found that the mathematical reason for this instability is that local variations on
the virtual space may correspond to non-local variations on the physical level. Or,

not to be confused with TNR that we use for referring to tensor network representation.



65

stated di erently, non-local operation on the physical level may correspond to local
operations on the virtual level. This results in an unfaithful representation of the
anyonic algerba on the virtual level which in turn can make the TNR an "ill-de ned'
representation of the topological state.

Given this result, we can ask, how to properly design the tensor network algorithm so
that it can correctly simulate topological phases and phase transitions? In particular,
if we want to determine whether the ground state of some Hamiltonian has topolog-
ical order by calculating topological entanglement entropy in the thermodynamic
limit, we need to use a variational ansatz with the proper MPO symmetry. How to
do that in an e cient and unbiased way is an interesting open question.

On the other hand, if we want to properly simulate a topological phase transition
induced by boson condensation, we need to put in the proper variational parameter.
However, as we have seen in the case of the toric code, di erent representations
(single line, double line, triple line) contain parameters corresponding to the con-
densation of di erent bosonse(or m). In fact, none of the representations contain
parameters which correspond to the condensation of both bosons. Therefore, it is
not possible to use any of them to correctly obtain the full phase diagram. It implies
that, if we want to study a topological phase transition whose nature is unknown,
we need to try di erent ansatze. How to do that in an e cient and unbiased way is
again an interesting open problem. We leave these problems to future study.
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Chapter 3

TN REPRESENTATION OF GENERAL STRING NET MODELS
AND ITS INSTABILITIES

3.1 Background and motivation

In the last chapter we discussed the instabilities in Tensor Network Representations
(TNR) of toric code and double-semion models. We made a conjecture about which
tensor variations cause instabilities and what is the physical reason behind it. We
de ned two important subspaces of the virtual space of the TNR: stand-alone and
MPO subspaces, and showed how variations that are in the stand-alone subspace
but are outside the MPO subspace are responsible for loss of topological phase
since they represent the condensation of a topologically non-trivial boson. We also
discussed how this instability is related to the fact that certain non-trivial string
operators have a trivial representation on the virtual space.

But do these results hold for other topological models as well? In particular, since
both toric code and double-semion were abelian models, we can ask whether these
results would hold for non-abelian models. Non-abelian models often have more
complicated string-operators and it might be the case that none of the anyons have
a corresponding string-operator that disappears on the TNR. In fact, as we will
show below, for the double-Fibonacci model, there indeed are no irreudicble string-
operators that disappear on the TNR. Would the TNR still be unstable?

To answer these questions, we have to investigate a general class of topological
models. Toric code is a Quantum Double model [12] while double-semion is a
Twisted Quantum Double model [61]. Both, quantum double and twisted quantum
double, are subclasses string-net models de ned by Levin and Wen [13]. In fact
string-nets are the the most general set of lattice topological models that possibly
includes all non-chiral topological states in 2D[62]. Also, a general TNR for all
string-net ground-states is known[15, 42]. For these reasons, we choose to work
with general string-net models to investigate the question of TNR instabilities.

The rest of the chapter is organized as follows. In section 3.2 we give a brief review
of the string-net models and required algebraic relations that would be used in the
rest of the chapter. In section 3.3 we will give a brief derivation of the TNR of the

string-net states. We will then calculate the stand-alone space of this TNR in section
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3.4, followed by the calculation of their MPO subspace in section 3.5 both by directly
calculating it from the given TNR and by considering the Wilson-loop operators.
We would discuss the zero-string operator of string-net TNR in section 3.6 and then
discuss the two classes of unstable variations in section 3.7. Before giving the nal
proof that this TNR has instabilities for all string-net modles in section 3.10, we will
rst re-examin instabilities in TNR of toric code and double-semion in the string-net
paradigm in section 3.8 and discuss the non-abelian example of double-Fibonacci
model in detail in section 3.9 and show that it too has instabilities. We conclude the
chapter with a summary and outlook.

3.2 A brief review of string-net models
String-net models, which are Hamiltonian realizations of Turaev-Viro TQFTS, are
introduced by Levinand Wen [13]as RG xed point models that describe topological
order in2+ 1 spacetime dimensions. Following are the de ning data of the string-net
states:
1- Local Hilbert space: String-nets are lattice spin models. Spins sit on the links
of hexagonal lattice. Each sp@can be inN + 1 state,s= 0;1,2:::;N. s=j
at a link can be understood as a string of "typpresent on the link. Strings are
oriented and” denotes string type with the opposite orientation. If= i’ the
strings are called "unoriented’. We have assumed the strings to be unoriented in the
present paper for the sake simplicity, though our results can easily be generalized to
the oriented case.
2- Branching rules: There are branching rules denoted hy. ik = 1if string
typei; j; k are allowed to meet at a point, angk = 0 otherwise.
3- Quantum dimensions: For every.string typs, there is a valu€és associated to it,
called its quantum dimensionB. = = ¢ d? is called the “total quantum dimension.
4- String-net condensed stateif we assign a particular string to each link, it forms
a string-net con guration on the lattice. A string-net condensed quantum state is a
superposition of these di erent string-net con gurations on the lattice. Let's denote
the string-net con gurations witlX. So a string-net condensed state is,
0
ji= x XI5 (3.1)
X

where x is the amplitude with which a con guratioX appears in the description
of the state. In general, x can be complicated and states belonging to the same
topological phase might have di erent wave functions. However, if we perform an
RG process, then all states in the same phase would end at the same xed point state,
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which s to say that they should look the same at large distancesan be described

for this xed point state. Though their absolute values are again complicated, we

can give their relative values by describing local constraints on how amplitude
x changes as we deform a con guratidhlocally. These deformations involve

rebranching, removing bubbles, fusing two strings together, etc. These constraint

eguations are given in equation (4)-(7) of Levin and Wen [13]. The most signi cant

of these local constraint is the so calléd-move.

5- F-symbols: A local constraint involving rebranching of 5 strings is the following:

(3.2)

F-symbol is a six indexed object and it satis es the following properties:

p__
i d
F;J.’li(?o = pop ijk; (3.3)
d d
ijm _ clkn?  _  giim _ imjpdmdn_
Fan = Fiin = PRy = Fk?mp—d_dl : (3.4)

]

Properties of th&-symbol under index permutations can be best captured by de n-

. ijk
ing a new object calle@-symbol byG'lil"m = p% G-symbol can be considered
as a value associated to a tetrahedron and the six indices sit on the six edges of
tetrahedron. Then it is invariant under all tetrahedron symmetries. It satis es an
important equation, the so-called "Pentagon Identity":

O
b1boi1o ~bobsioz~b3biizr — ~izaiziizo~izaiziiin.
dfGazalf Gagazf Galagf - GalaZa3 Gblbzbg )

f

(3.5)

Finally we describe the exactly solvable Hamiltonian such that the RG xed point
state de ned as above is one of the ground states,

~ ~

O O
H= A By (3.6)
v p
wherev andp denote the vertices and plaquette of the lattice. The vertex term is
6 e . .. -
A, = ijk JijKihijkj: (3.7)
ik
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So, the vertex term simply projects con gurations to only the ones that contain the
allowed branchings. The plaquette term is more involved:

Bp = B3: (38)
where Bg IS an operator that creates aitype string that fuses with the strings on
the plaquette. Two strings can be fused together by assuming a 0-string between

them and then using-moves.

Finally putting all of it together, we see that the dak d;; ijk; Fli(jllr‘nO describes a
string-net model.

Algebraic Identities

Here we enlist multiple algebraic relations regarding string-net data that are used
throughout. the paper. For rotational convenience, cyclic products will be simply
denoted by ?:1 with a cyclic) = n+ 1 = 1. One of the most important identities

is the "Pentagon Identity’,

~

© d G 1GbJ bj+1ij;j+10 _ Gi23i31ilzGi23i31i12. 11
f aj+1a f — Yai@az “hbybs ¢ (1.1)
f =1

G symbols also satisfy an “orthogonality identity",

bybgi1z~biboi _1 _
Ga;aiflzGa;aiflgdilz = d_f £:10 ajarf bybof- (3.9)
i12
G-symbols are normalized as
biboits _ 1
Ga;aiolz = agb agby arbiiry'aya,® (3.10)

Cyclic products ofG symbols satisfy the following equation:
O O 1ij bj+1ij;j+lGCjCj+lij;j+1d o0— 6 o 1GCjCj+1ij;j+1o_ 311
aj+1a) f bj+1bj f by~ = f % 1S . ( : )
fbjgj=1 s j=1

Plaquette operatoB; correspondingly satisfy
fofo O
BpBp = ffOSBS: (3.12)
S
We know that if we contract ari-type loop we get a factor afl;. Combining
this with the last two equation, we nd that quantum dimensions satisfy the same
identity: B
O
didso= f fosCs, (3.13)
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whered; are nothing but the eigenvalues of the plaquette oper&@brsperators
where the eigenstate is the string-net ground state.

De ne matrix N® asNX, = kap. SinceN* matrices are real symmetric matrices,
and commute with each other for di erent valueskgfthey share a complete set of
orthogonal eigenvectors.We write thth such simultaneous eigenvectortf; 8k
as
0
S = Sqalai: (3.14)
a
Since quantum dimensions form one such eigenvector, wey.x = dy. The
following equations follow

Sq S/ qu;qoi (3.15)
s N sp = Sgia kabSb /g (3.16)
ab
The branching tensogjk is part of a fusion category data. Under the additional as-
sumptions of braiding de ned on the fusion category and braiding being su ciently
non-trivial (modularity), thes above are just the columns 8imatrix. But we dont
really need this for our results.

3.3 Triple-line TNR of string-net states

We now brie y describe the derivation of triple-line TNR along the lines described
in the original paper by Get al.[42]. It is important to understand this derivation
as it gives us a way to apply string-operators on triple-line TNR.

String net RG xed point ground state can be constructed by applying plaquette
operatorBp, = ¢ dng to the vacuum statgi . BFS, creates ams-type string loop on
the plaquette.

O O O
& s
= ds,ds,:0 JS1; Sp; 20 (3.17)
S;;S;t
where
jsi ;i = BaiBz i :jOi (3.18)
jS1; ;i IS a string con guration on the “fattened lattice. We will refer to

ds,ds,::js1; Sp; :0i as the “loop state'. We need to fuse these loops together to
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get the physical state. We then fuse these strings together to get the nal physical
state,

. . O 1909277 == . .

Jsp ;i = e Ji2ring i (3.19)

i121i23:::

There are essentially 3 steps leading up to the expression of the triple-line TNR.
We mention them here explicitly as we will need to refer back to them for other
calculations.

Step 1: We start with the “loop state' on the fattened lattigeh plaquette has a
loop in states;j. The ground state is

o)
j ol = ds,ds, 1 jS1; S5 2 (3.20)
S1,9;:-

So every plaquette contributes a factodgf We distribute it uniformly among the
6 vertices, so each vertex gets a factodi;'l6 from each vertex.

Step 2: We fuse all loops with nearby loops producing a string on the links:

(3.21)

We assume a 0-string between them and perforri-amove. It produces a factor

I
of ik

di.. . .
ﬁ on each link between plaquetieandk. A link is shared between
S] Sk

.

di..
i ik
two vertices, so each vertex gets a factof‘og—sj &

Step 3: After the previous step, we are left with a "bubble' on the vertex. Now we
remove it,

(3.22)

Removing it produces a factorl%ﬁlSj U5 0y Ge'g/*.
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Putting the 3 steps together, we get

o = g g g G g o oy 3.23
SER. lik Skl M) ~'sj S Sj Y MS - ( ' )

A general triple-line Tensor is represented diagrammatically as:

(3.24)
For the speci c RG xed point tensor in (3.23) we haa® = aj;i,,, = ij;j+1; 8.
So it would be represented diagrammatically as:

(3.25)

Before we discuss the properties of the triple-line TNR of the general string-net
models, we would like to mention that double-line TNR and single-line TNR are
actually reduced versions of the triple-line TNR, and as such, many results about the
triple-line TNR apply to double-line and single-line as well. We can discard some
of the legs of the triple-line tensor if fewer legs are required to encode the necessary
information. For example, for abelian models, the middle leg of the triple-line tensor
is redundant; it always assumes value which is a product (fusion) of the two legs
on either side of it. That's why for abelian models, double-line tensors su ce and
the middle-leg can be discarded. Non-abelian models, such as the double-Fibonacci
model we will study in section 3.9, the middle-leg does carry essential information
and cannot discarded. So one cannot have a double-line TNR of non-abelian models.
Furthermore, if the ground state of a model can be written @sjaalsuperposition

of states allowed by branching rules then the ground state admits a single-line TNR.
For example, toric code ground state is an equal superposition of all closes string
con gurations, and hence admits a single-line TNR. In facty quantum double
model with an abelian gauge group can have a single-line TNR. The double-semion
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model, on the other hand, is not an equal superposition of states allowed by the
branching rules (it has a phase fadtdf’), and hence it cannot admit a single-line
TNR.

To apply the conjecture to the triple-line TNR of general string-net model, we now
rst calculate its MPO and stand-alone subspaces. We will do so in the next two
sections.

3.4 Stand-alone subspace of string-net triple-line TNR

To calculate the stand-alone space, we need to know how to contract double-tensors
on a large region. First we need to de ne the concepb@indary operatorshat

show up in double-tensor contraction.

Boundary operators

It is more convenient to work with the dual lattice of honeycomb lattice. The dual
lattice of honeycomb lattice is the triangular lattice. We label the vertices with an
integerj = 1,2 :.. The edges are labeled by the two vertices on its eYjgg°.

The triple line tensor is represented as a triangle,

= : (3.26)

The inner indicesy; ay; :: sit on the vertices of the triangles, and the physical legs
and the middle legs on the edges. We denote the inner index sitting on yersex
a;j, and the physical and middle legs sitting on the edge are denoigg,asVNith

this construction, the tensor component can be written as

L @ 1 1 L
i I 3.27)
=1
: i _
A double tensor of a tensdr is de ned asT = | T''T ° and is denoted by.

| denotes the set of physical indices. So we get the double tensor of a tensor by
contracting the physical indices betwekeand its complex conjugaté&y. Since the
tensorT is represented by a triangle, the double terls@an be represented by a
double layer triangle.
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The edge labels are the same bottom to top, only the labels of the vertices change.
We label the upper vertices ag by; ;.. With this a double tensor can be written as
0 o 3 0f (izsiztitz~izgiziiie
T = dimﬂldaj dp, %8 Gilaas Gblb2b3 X (3.28)
j=1

~

i i6pi23l3tliz 2331l — 3 1xRibi+1ljij+10
Using the pentagon equaﬂ@]&*ﬁalaza3 Gb1b2b3 ¢ ds =1 Ga,-+1ajf we get
0

T = ds Bs (3.29)

f
G L
Bf = A2 1dy dy,OF; GO (3.30)

, 141 aj+18; f
=1

B¢ can be represented as the boundary of double-layer triangle,
T = ds (3.31)

It is useful to decomposB; into terms that sit on the edge of the triangle and terms
that sit on the vertices,

B = g gt O g gt (3.32)
f= i1 @j+1dy f a; U ' '
j=1 =1

Q:

The rst cyclic product on the RHS sits on the edges while the second term sits
on the vertices. So we see that the double tensor on a triangle is (we will denote
triangle as )
0
e diBf1@ ©; (3.33)
f

The tensor resulting from contracting tensdrsn a regionR will be denoted as
TR, We call By, the f-type boundary operatorit lives on the boundar@R of a
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regionR,

(3.34)

See Fig. 3.34. Let's say the vertices on the boundary of a rdgmmthe triangluar
lattice are labeled ag = 1,2 ::;n.. We associate with each vertex a factor of
1ajb; oF m; denotes the number of the triangles inskleneeting at vertey. It
can simply be written asy, = 12 «6° where ; is the angle the loop makes on
vertexj. Finally, on every edggj; j + 1° we associate an opera@?jﬂGZi;ﬂg””
With this constructionBs1@R° can be written as,

o bj bj+1i:j+1 O m;
Bil@R° = dz Gl 1dy dp, 0 (3.35)

ij;j+1 aj+1a,-f
=1 =1

Now we are ready to contract tensors on individual triangles with each other in order
to nd the double tensor on a regidR

Double-tensor/Virtual density matrix on a general regionR
We present the result in a lemma.

Lemma 2. We nd that the double tensoF°tRe satis es the general version of
Eq.(3.33)

TR =DY  d,RBi@ (3.36)
f
where =V E + F is the Euler characteristic of regioR. V,E, andF are the
number of vertices, edges, and faces that are completely inside the R {fioat is,
they are inside the region where tensors have been contracted).
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Proof. There is a simple proof of this result. We have to contf@ain each triangle
with each other on the common edges and vertices tdQ&®,

TR

tTr T 1010 0.

s, dy, 11 2B, '@ 1°B, 1@ 2°: 1 1 (3.37)
fy; forie
where, as de ned before, tTr denotes the operation of contracting a set of tensors
along shared indices. So we basically have to seeBwontracts withBy,. They
can be contracted in two steps. First we contract all the edges, and then we contract
all the vertices, and we will be left with terms sitting only on the boundary of the
region. Using the orthogonality identity, Eq. (3.9), edge contraction on the edge
1j; ] + 1° betweenB; andBjo gives

~

O 1 . 1 .
5 b'b'+1|';'+1 5 b'b'+1|';'+1
EVBB® /¢ GaPd? GNn
lj;j+1
— 1 .

g, ff° @@t bt (3.38)
The factor .¢o implies thatBs only contracts withBs. So the expression in
Eq. (3.37) is only non-zero fof; = f, = :::f. So we have

O
TOR = dfB@ 1°Bil@ 2°:::; (3.39)

f

whereF is the number of faces in regidd Then there are factors of;a.,,t bjb;.; f

in EqQ. (3.38) that will be used in the second step of vertex contraction. Finally note
a factor ofd; 1 that comes out of every edge contraction. So when we are done with
all the edges, we will have an overall factochfE, whereE is the number of edges.

Now we do tensor contraction on each vertex. Note that each of the six triangles
around a vertex contribute a factor ofd,, dp, 0%, so we have a total factak, dy, on

each vertex. We multiply this with the factog ,, 1 that came out of edge contraction.
So, nally we have the vertex contraction using identity (3.13),

~ ~

O O
da Oy, abjf =  didada = Dds: (3.40)
aj;bj 3
So we see that contraction of 6 tensors on each vertex simply produces a factor of
Dd; for every f-type boundary operator. When we are done with all the vertex
contractions, we will have an overaDd® = DVdY factor. Putting all the factors
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together, we get
0
TORe

ddef ElDdfOVBfl@RO

i)

= DY d"B: (3.41)
f

This completes the proof.

To calculate the stand-alone space, we need to know how these boundary operators
behave on a large region. We present the result of this calculation in the following
important lemma:

Lemma 3.

TrBy, ot @R _

lim =0 (3.42)

i@t TriBe'@R™
Proof. To prove this, we would calculat&,p, on a sphere using the virtual-density
method laid out in 2.2 in the previous chapter, and compare it to the known result,
Sopo = logD. We divide the sphere in symmetric two halves, let's Sagnd L,
and calculatéel*R°. We assume the state has the appropriate symmetry such that
E = R= p= TR Using the result by [53], we know that the physical density

matrix g has the same spectrum a§, thatis, r/ 2. Letssay r= N 2
whereN is the normalization factor. We rst calculaté. To do that, we rst need
to calculate the algebra and the traceéBef
Let's put the string-net tensor network state on a sphere. Consider the left hemi-
sphere, denoted ds and right hemisphere, denotedRsLet's denote the indices
of the vertices on the bounda@R asj = 1,2, :::;n. ThenBs on this boundary is
given by,

B 1@ = N 10y dy 08 G (3.43)

=1 j;j+1 Y aj+18 f
SinceR divides the region in to exact two halves, we assume that the bou@Rary
divides the boundary plaquette in to exact two halves, setting 3; 8j. So we
get,
O 3 1 bjbjiijje1
Bii@® = d?  da dp G, ' (3.44)

i+l aj+1a) f
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Note that, using relation (3.10)

Q:

Bol@RO d% 1da- d OZGbJ bj+1ij:j+1 (345)

jijer A aj+18;0

—
1]
iy

d? © aj bj+1ij;j+1: (346)

lj;j+1
j=1

Now, using identity (3.11) the algebra Bt operators is,

o o
rsBs 2 o (3.47)
¢} =

f 10sBsBo: (3.48)

B¢ Bto

S

We also know how to contrad®; with each other through the calculations done
previously in the privious subsection. We learned 8abnly contracts with itself,
and it gives a factor ofi; 1 for every edge and a factor &fd; for every vertex. On

a loop the number of vertices is equal to number of edges. So we get,

TriBiBs® = ¢.¢oD™: (3.49)
If calculate TEBs°, we nd
1R, 0 o o 3 1 o3 2 aj+1ij;j+1
T Bf = d'] j+1 dai daJ Ga j+18; f
fajij;j+19 =1
= TrAfS (3.50)
. . i 1
whereA; is a matrix whose componendg 1a; b° are As1a; b° = Ggg'fld db°% ds.

If A} has a non-degenerate highest eigen-valuyeor largen, TrtA?° 1. Note
that Perron-Frobenius theorem makes sure thahighest eigen-value ofg, will
be non-degenerate. So we have

r!!i{n TriBe® = §: (3.51)
For abelian models, TBs o = 0 sinceGg‘g'f =0 f, 0. Forthe double-Fibonacci
model to be discussed in 3 9 a simple calculatlon shaws 1+ 32and 4 =

1 2, where = =d; = 1+ ® is the quantum dimension of the string. Because

1 < 1, for largen Tr'B,° TrlAQO 0.
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i
On a hemisphere,r = 1, so from lemma 2 we have, = ;diBfand r=N g

whereN is a normalization factor. First~we calculate the normalization faldtor
O
Trt 20 = Trt dfBs%
o f
= df dfOTI’le Bso®
ol
= dfdfo f;fODn
f0 o
fif &
= DM (3.52)
f
Now, calculating Renyi entropy with renyi index= 1«2, we get

1

Set R = 2I,ogTr1 20
I
2| Trt ¢ dsBs®
= og P
D" d2

o) o)
nlogD 2log 'd;TrB:° log d?
f f

0

~

© TrBsa o
nlogD 2nlog ¢ 2log-1+ ——® log dfy(3.53)
« >0 0 f

—

. : j
We know that for a string-net model topological entanglement entrdpgis ¢ df,

which implieslimp Tr?* = 0; 8f > 0. This completes the proof.

String-net stand-alone subspace
Now we combine lemma 2 and lemma 3.42 to calculate the stand-alone space.

Theorem 1. The stand alone space of the triple-line string net TNR is given by
Mo = ayapis, axasizs asiasiar- (3.54)

Proof. Now we are ready to calculate the stand-alone space. Consider the same
tensor network but on a very large disc with one triangle removed from the origin.

We will denote this space & . This has two disconnected boundaries, one on
the outer edge, one on the inner ong. = O for this region, so using lemma 2
O
D ©° = Bii@D (3.55)

dJ
Bil@° Bfl@° (3.56)
f
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To get the stand-alone space, we simply trace out the inner indices on the outer
edge. But according to lemma 3.42, ofily*By contribute in the large disc limit.

So we simply get (up to an overall normalization factor which we ignBgg)n the
triangle,

o)
lim Tp!D ° = lim Bii@° TriBsi@°° (3.57)
iDjl1 b
= Byl@° 82 (3.58)
But using (3.45) we get
1
Bo'@° = 1dilzdizsdislo2 aiazity azagiza asasisi- (3.59)

Stand-alone projectoy, is simply the projector onto the support spaceBpf
which is clearlydeltay; ayii, ayagizs agagisi- 90 We have proved thadlg for triple-
line TNR of general string-net is,

Mo = agagis, ayasios agasia: (3.60)

This completes the proof.

This is the projector on to the stand-alone space of triple-line TNR of general
string-net models. For notational convenience we will denote these basis vectors as
f ﬁ=1 bi;bis sikck+19 , that is,
. +
@ - - . - -
f biberikknd = bybainy bybgiss bgbriz 1015 D25 B3} i120 125 1311 (3.61)
k=1

These basis vectors can be represented as string-con gurations,

. +
@
f bi;brsikka1 9 = : (3.62)
k=1
So we get,
_ o)
dim*Mg° = bibgjizz bpibgizg baibyiias-

b1;bo;bs;itgizzizg

(3.63)
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3.5 MPO subspace of String-net triple-line TNR

we will use de nition 2 to nd the MPO subspace of triple-line TNR. Using the
triple-line TNRTO of string-net states given in Eq. (3.23), the virtual density matrix
is found to be

— 1T00| 1TO; ol
|~ ”
O i23i31 i23i31 O l l
— 23131112 23131112 6
- Galazf:@ Gb bobs 1dal b ij; J+10
fag; by ikk+19 i
fak,ikk+19 Tbhy;ikk+10: (3.64)
Clearly, this density matrix can simply be written as
o]
= Visik  Visjik (3.65)
5k ~
wherevi.jx = 1dd| d, 0 Iai ',:Izas Oa, da, 0a,° § jag; a; ag;i; j: ki (3.66)
ay;az,a3

So has a diagonal form in terms of vectorg.x. To get the projector on to its
support space,we simply need to use the unit veﬁ_tjes Vi:jk » whereN;j.x =
q HH3

Vi:jk Vi;jik is the norm of vectow;j.x. So the string-net MPO projector is

O 1

N2
Nljk

Note thatv;;j;xk = 0if j;j;x = 0. It means thaM projects on to the physical states
allowed by the branching rules, and

O
dimtM° = N (3.68)

ik
Comparing Eq. 3.63 with Eq. 3.68, we can see ttat'My° > dimtM°. So
according to our conjecturéhere must always be unstable directions of variations
in the triple-line TNR of any string-net modelhdeed, we give examples of such
unstable directions and will prove in section 3.10 that triple-line TNR of string-net
always have instabilities.

String-net MPO from Wilson loop operators

In last chapter, we showed how MPO symmetries or the MPO subspace come from
representation of anyonic Wilson-loops of the model on the stand-alone space. Itis
instructive to do the same with general string-net models.
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When anf -type simple string operator passes through the tefi%on the physical
level, it induces an operation on the virtual level in the way shown in Fig. 3.69.

Thatis, it simply becomes &-type string which is then fused with the plaquette legs.

We consider the Wilson loop that encircles the 3 plaquettes of the tensor. This Wilson
loop creates ari-type string that then fuses with the 3 plaquette loops. Remember
that we need to calculate the representation of this operator on the stand-alone space.
Thatis, we need to calculate the matrix elemehts,.a,, yii: Wt ' bebesicen d -

So we imagine a tensor network in which the tensor in the stand-alone basis is
surrounded byr®. We now apply the Wilson loop encircling 3 plaquettes and
calculate induced operator on the stand-alone basis. It can be done in a convenient
way using string-net diagrams in EqQ. (3.62).

There are essentially 3 steps:

Step 1: Since the surrounding tensors are the xed point teii€pthe Wilson loop
on the physical level simply becomes &#type string that fuses with the plaquette
legs,

(3.69)

Since these plaquette legs are contracted with the plaquette legs of the stand-alone
tensor, it is equivalent to fusing-string loop with the 3 plaquette legs of the
stand-alone tensor,

(3.70)
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Step 2: We fuse these strings with the three nearby strimgay; as,

(3.71)
. . ai:ai:0 p dp; .
Let's say they fuse to make strings; by; bs. We gain factor§f.’f'.k')} = pdf—dj; j=
i 5

1; 2. 3 for each fusion.

Step 3: In the last step we remove the three bubbles created in the previous step,

(3.72)
Each bubble removal produces afactomef da, damGZfi;jli]!””; j=123.
Collecting the factors from step 2 and step 3, we get
* o, . +
fo; . W f@ . — G d% d% Gbi bj+aij;j+1. 3.73
by b+ 15k k+ 1 f a9 = bj “& “aj+a f (3.73)
k=1 k=1 j=1

This is the expression faM; = MoW;sMp. Now considering the projectdv =
f %fo, we get
_ 2 47 bibj+ijje
s f D 21 déi daszaLiajf“
1

J
§ 4B izsiztitz~izaiziin
= Bdbj daJ Gala2a3 Gb1b2b3 . (374)

It should be understood as an operator written in its components in the basis

fak; ikk+19 fbyikk+19. We used pentagon identity in the second step. We

can see that it projects on to the space V8512, 0, thatis iygisis, » O.

1l 1
There is a small technical issue though. The faclgj)nlazj does not exactly match
the factors in thel TY support space given in Eq. (3.66)). It is simply because
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we did not keep track of exactly how to distribute factors that share a plaquette
while applying the Wilson loop. In fact, the Wilson loop around a single vertex
is somewhat ill-de ned. But we are only trying to get a symmetry condition on
the individual tensors which makes sure that Wilson loop on a larger region is a
symmetry of the state. We can show that this factor has to be ex%cdéj if the
Wilson loop is to be a symmetry of the state. The reason is simply, as concluded
in the, original string-net paper, a Wilson loop commutes with the plaquette term
Bp = SaSBS only whenag = ds. In tensor network language, it translates to the

fact that every tensor must contribute a factordé%ffor the Wilson loop to be a
symmetry. Also we know that ah-type Wilson loop applied to the ground state
produces a factor ofl. Combining all these we can write the exact Wilson loop
operator on a single tensor as:

3

Mi = dyldy d,oBG (3.75)
j=1
_ 1 1 1oz ~izsiztitz~izaistina.
) M - BdaJ db] da] 6Gala2a3 Gb1b2b3 . (376)
The xed point triple-line tensor satis es
MiTO = dfTY (3.77)
MT® = TO (3.78)
i . : L
One can check tha?l = %fo is indeed a projector and it projects onto the

support space of 7.

Finally, just like boundary operatoBx, f-type MPO can be extended to an arbitrary
large region as
1 - Qo bjbj+ijjer g loot.
Mil@® = Gaj+laj i Oyt dy 02 (3.79)
j=1
and it represents the operation induced on the virtual level by a Wilson loop applied
on the boundary of the regidR

3.6 O-type string operator is a zero-string operator of triple-line TNR

In last chapter we argued how the reason for instability is that some of the non-trivial
anyon operators might have a trivial representation on the virtual level. Thatis, they
disappear identically on the ground state tensor network, even in the presence of
a topological hole. We saw that, for the single-line and double-line TNR of toric
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code, X-string andZ-string operators were the zero-string operators respectively.
Indeed, the general string-net also has such an operator. These are the operators
that only has string-type 0 in it. Remember that string-operators on the string net
model act by adding a string-type (possibly more than one) to the string-net and then
fusing it with the string-net by some fusion rules. The expression of Wilson-loop
operators can be used to see how a string operator with open ends would act on the
tensors along the path. It would look the same as in Eq. (3.79) along the path with
some changes at the end. But we don't worry too much about the details of how
this operator looks at its ends, since those details can always be changed using local
unitary operators at its ends. Looking at the Wilson-loop operators in Eq. (3.79), it
is immediately clear what the invisible string operators are for the triple-line TNR

of general string-nets. Fdr= 0, (using identity (3.10))

1 _ Q bj bj+1ij:j+1 1 103
M@ = G G, 10

aj+13;0
1

- —
S

1 mj
= 1 0 5.1 lo5 :
- aj:b; *Oa; O, ® 2Clp; 0 dbj ® g

aj;aj+1ij;j+1- (3.80)
j=1
But the nal expression is the very de nition of stand-alone space itself. It means
this operator will act trivially on the stand-alone space. S@:tgpe simple string
operator is a non-trivial invisible string operator, that is, it is a zero-string operator.
From this it should be clear why we denoted the stand-alone d@gand why
we called non-trivial invisible string-operators zero-string operators. These names
come from the general string-net formalism.

It is also clear that foff , 0, Mt acts necessarily non-trivially on the tensors along
the path. One should carefully note that, though non-zero-string operators change
tensors along the path, it does not mean that this path is a physical observable.
These paths can always be deformedvaspasses throughi® without any phase
accumulation. It is called the “pulling-through condition' [49]. When there is an
MPO violating variation present at a tensbt; cannot be pulled through it. Hence

our conjecture can be alternatively worded as ‘the stand-alone variations which
prohibit the pulling-through property of xed point tensors cause instability.’
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3.7 Tensors in the unstable spacdy M

We have determined both the stand-alone spleand the MPO spackl. Mg
space is spanned by vectors,

ibc jica kabl& b Cjiki: (3.81)
And the MPO spac¥! space is spanned by.jx : ik = 1, where
o ..
ik = Guiidadydc® jarbiciisjiki: (3.82)
abc

The tensors supported dfiy M are precisely the tensors that cause instability.

To determine the orthogonal basis of this space we simply need to nd vectors

orthogonal tov;;j:x which are within the stand-alone space. First note kaspace

decomposes in orthogonal subspabs= i;j;kVi;j;k where the subspadé;;:x

is spanned byinc jca kabjd bic;i; j; ki, thatis,a; b; c for which e j:ca kabiS

non-zero.My M space can be decomposed into two subspaces,

1- ijx = 0: This consists of all the string-con gurations in Fig. 3.62 for which
i.i;k = 0. They are obviously orthogonal to allj;x sincev;;jx = 0if .k = 0.

Since these vectors violate the vertex term of the Hamiltonian we will refer to them

as ‘vertex variations',

2- ijk = 1. This is the subspace spanned by string con gurations for which
ik = L V\Ile need to nd other,vector; _iwi;j;k that are orthogone_ll_ t®i:j:k-
dimVi:k® = apc ibc jica kab = a;bm)G'é;J;’,kbl/Whel’e>G|(i;g’,kbl/4: 1if Glcja,kb , O
andO otherwise. Note that sincé;;j.x are orthogonal for di erent values of ; K,

we just need to nd vectors in individud subspaces. To nd these we will use the
orthogonality ofG (3.9) )

1

Gi;j;k Gi;j;k d.= =
c ae

abc abc abk- (3.83)
C

And the fact that matrice®Nk de ned by Nc,'f’_b = 4k can be simultaneously
diagonalizedk. Let's say s3 = sgajai is its gth such simultaneous eigenvector.
As discussed in the section 3,5 = d,, that is, the vector formed by quantum
dimensions is an eigenvector . These vectors are orthogonady s¢ = g
which also implies thatsy NX sp = ! abSga kabSeb /| qgo- Now we are
ready to write down the vectors spanniig:x.

Consider vectors

a E O Sqa ik 5. o
A 4 o 0adbdc® ja; by c; i j; ki ; (3.84)
abc a
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where superscrip; a° indicates that thgth eigenvector is used on ley Using
the orthogonality re[I)ation, we get

Visik Vi?j;k = Sq;adbché;Jt'J;cGéjﬁ;c (3.85)
g

= Sq;a a;b;kdb (386)
6b

= Sgia abkSob (3.87)
ab

/ 40" (3.88)

So we see that the vectq?lf?k is orthogonal to.j if ¢, 0. Sinceq takesN 1
non-zero values and it can be put on kdp or c we seem to hav8'N  1° such
vectors. However not all of them will be independent, but they span the full vector
spaceVi;j:k. Since these kinds of variations change the plaquette leg factors, hence

violating the plaquette term, we will refer to these variations as “plaquette variations'.

With this we have concluded the analysis of general string-net mdodels and their
triple-line TNR. Now we turn to some concrete examples to understand how the
conjecture in 2.6 explains the instabilities in string-nets.

3.8 Examples: Triple-line TNR of the toric code and double semion states

let's rst examine how models covered in the previous chapter, toric code and
double semion, tinto triple-line TNR. One can get the triple-line TNR for them
by plugging in the relevant string-net data into Eq. (3.23). We will apply the results
about general-string net models developed in previous sections to the two cases.

Toric code string-net data is,
N=1dy=1d;=1;
000= 110= 101= 110= 1;
oB3= offf= 1

011 _ ~011 _ ~101 - ~101 _ ~110 —- ~110_ 4.
GOll - G100 - c-:'101 - G010 - G110 - GOOl =L

(3.89)

The triple-line TNR of toric code can be built by plugging in this data into the
general expression in Eg. (3.23). This tensor has 9 virtual indices, each of which
takes 2 values. So the full virtual space is rdgR = 29 = 512dimensional. The
dimension of the stand-alone spaceéis

abc;i;j;k
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Figure 3.1: Numerical calculation of topological entanglement ent&ypy* °© of

states represented by toric code xed point triple-line tensbfsvaried with an

in nitesimal random tensor in di erent subspacesvalue is kept xed at = 0:1.

Blue dot corresponds 80,0 With no variation.ly is projector onto the full virtual
space. My is the projector on the stand-alone subspadeis the MPO subspace
projector. We take a random tensor and apply the projectors to generate random
tensors in respective subspaces. Details of this numerical calculation are given in
appendix A.2.

and the dimension of the MPO subspace is

rankMe = © ifjik = 4 (3.91)
ik

These imply that rariity Mg° =512 8= 504and rankMy, M°=8 4=4
So we reach the conclusion that out of 512 possible variations, 504 are stable since
they are outside the stand-alone space. In the remaining 8 dimensional subspace,
perturbations in a 4 dimensional subspace are in stable whereas the ones in the
other 4 dimensional subspace are unstable. The numerical calculation supporting
this conclusion is shown in Fig. 3.1. Also note that all unstable variations are
ux variations, that is, it happens through the condensatiomqfarticle. It is not
possible for thee-particle to condense in this way. The classi cation of all variations
is shown in Fig. 3.2.
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Figure 3.2: Classi cation of the space of all variations to the toric code triple-line
tensor into di erent subspaces. Subspace in blue is MPO susbyagkich is 4
dimensional. Region in red is the stand-alone space outside MPO subpadé,

and it is 4 dimensional. Finally virtual space outside the stand-alone space is 504
dimensional. Only the region in red is unstable, while the ones in blue and white
are stable.

For the double semion model, the string-net data is
N=1dy=1 dy =1;
000= 110= 101= 110= 1
cBs=1,
Gli=Gig=Gls= 1,
GOLL = G101 — 5110 - (5000 —

100~ ©010~= o001~ ©111= I
(3.92)

The triple-line TNR of the double semion model can be built by plugging in this data
into the general expression in Eq. (3.23). This tensor has 9 virtual indices, each of
which takes 2 values. So the full virtual space is k= 2° = 512dimensional.
Dimension of the stand-alone space is

ranlé'MOO = i;b;c j;c;a k;a;b = 8, (393)
abic;i;j;k
and the dimension of the MPO subspace is
O
rankM°e = ik = 4 (3.94)

i;jk
These imply that rarfty Mg° = 512 8 = 504and rankMy M°=8 4=4.
So we reach the conclusion that out of 512 possible variations, 504 are stable since
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Figure 3.3: Numerical calculation of topologiccal entanglement ent&gyt ° of
states represented by double semion model xed point triple-line terEgrearied
with an in nitesimal random tensor in di erent subspacesvalue is kept xed at

= 0:1. Blue dot corresponds t8op0 With no variation. ly is projector onto the
full virtual space.My is the projector on the stand-alone subspadds the MPO
subspace projector. We take a random tensor and apply the projectors to generate
random tensors in respective subspaces. Details of this numerical calculation are
given in the appendix A.2.

they are outside the stand-alone space. In the remaining 8, 4 are in stable and 4
are unstable. The numerical calculation supporting this conclusion is shown in Fig.
3.3. Also note that all unstable variations are plaquette variations, that is, it happens
through condensation of the boson of the double-semion model. The classi cation
of all variations is the same as that for toric code shown in Fig. 3.2.

Now we are ready to discuss a concrete example of the string-net triple line TNR
and its instabilities. We choose double-Fibonacci model for two main reasons: 1-
Unlike the toric code and the double-semion model, it is a hon-abelian model, so
the general triple-line TNR, as far as we know, cannot be reduced to a double-line
or single-line TNR. So it serves as a good example to test our conjecture for the
general string-net TNR. 2- Unlike toric code and double-semion, its bosonic string
operator is not a zero string operator, so it does not disappear along the path.

3.9 A non-abelian example: Double-Fibonacci Model
Toric code and the double-semion models are abelian models. Now we will discuss
a non-abelian model: the double-Fibonacci model. The Ground state of non-abelian
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string net models cannot be described by a single-line or the double-line TNR; it
only accepts a triple line TNR (tensor in . (3.25) ). Let's rst describe the model
briey. The data for this can be found in section IV.B of Levin and Wen [13].
There is one type of strind\( = 1). Its quantum dimension ish = = 1+25 Its
branching rules are,

8o fiejek=1;

31 otherwise

do=21d=; where 2= +1 (3.95)
Glll - 1 Gllo 1 GllO - l GOOO - 1 GOOO =1 3.96
111 111 110 111 = B=: Booo (3.96)

The branching rules tells us that one string is allowed to branch into two, unlike the
abelian models we have studied until now. First, let's apply our conjecture to nd
out how many unstable directions we should expect. The triple-line TNR of the
Fibonacci model can be built by plugging in this data into the general expression
in Eq. (3.23). This tensor has 9 virtual indices, each of which takes 2 values. So
the full virtual space is rartk,® = 2° = 512 dimensional. The dimension of the
stand-alone space is

O
rankMg® = i:bc jica kab= 18 (3.97)
abic;i;jk
which is signi cantly bigger than that of the toric code and the double-semion
models. The dimension of the MPO subspace is
0
rankMe = ik = 5 (3.98)
ik
whichimplies thatrandy M° =512 18= 494andrankMy M°=18 5= 13
Sowe reach the conclusion that out of 512 possible (virtual) variations, 494 are stable
since they are outside the stand-alone space. In the remaining 18, 5 are in stable
as they are in the MPO subspace and remaining 13 are unstable. The numerical
calculation supporting this conclusion is shown in Fig. 3.5. The classi cation of all
variations is given in Fig. 3.4.

Comparing it to the toric code and the double-semion models we see that the
Fibonacci triple-line TNR is signi cantly more unstable. Another di erence is that
the stand-alone space does have vertex unstable variations in addition to plaguette
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Figure 3.4: Classi cation of the space of all variations to the toric code triple-line
tensor into di erent subspaces. Subspace in blue is MPO sushyagkich is 5
dimensional. Region in red is the stand-alone space outside MPO subspadé,

and it is 13 dimensional. Finally virtual space outside the stand-alone space is 494
dimensional. Only the region in red is unstable, while the ones in blue and white
are stable.

ones. Out of 13 unstable variationsMy M the following 3 are vertex variations
and the rest 10 are plaquette variations:

jgbcijki = j111;,100i;j511,6L0i,
511,001 : (3.99)

That is, the following 3 tensor components are allowed in the stand-alone space but
not in the physical space:

(3.100)

Since i;j;k = 100= o10= oo1= Othese 3 vectors are notin the MPO subspace
M.

To understand the physics behind this, we need to look at the quasi-particles of the
Fibonacci model. There are 3 quasi-particles excitatigns;and . TheT andS
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matrices of the particles are as follows:

0 0 1 2
4.
es! 0 1 1 2
T= . ‘S= : 3.101
0 esi 0 1+ 2 2 1 ( )
0 0 2 1

It is best seen as two layers of Fibonacci model with opposite chiralitiemd

are particles in the two respective layers. They have non-trivial self statistics. But,
because they are in di erent layers, they have a trivial statistics with one another.
And the boson, is the composition of the Fibonacci particles in the two layers.
The string operator for these quasi-particles are given in equation (51) of Levin and
Wen [51]. We are most interested in the boson of the model, so let us write its string
operator ( matrices) explicitly:

No=1Lng=1 2000= L z110= %
1 - 20 - 1. 1 _ 52
4,001 v 4111 v4111 '
h1= sonr= o2 e+ e ¥ (3.102)

One can see that it is not a simple-string operator: when applied on the vacuum, it
creates both O-type and 1-type strings. So we see that the double-Fibonacci model
is di erent from the above two examples in one crucial aspect: the boson string
operators in the toric code and the double-semion models were zero-string operators
for the given TNRs. That is, the string operator "disappeared' along the path (Fig.
2.592.60), not changing tensors along the path. This is why a single variations
standing alone could be thought of as an operator sitting at the ends of an invisible
string operator. But the same is not true for the double-Fibonacci model. The string

operator corresponding to the bosondoes not disappear in the middle.

Because the bosons don't have a zero string operator, one might conclude that there
would be no unstable directions as bosons cannot condense. However, numerical
calculations nd that there actually are unstable directions. How can we understand
that?

We look at how the boson string-operator changes the tensors along the path. In
Fig. 3.6, one can see that a wave function corresponding to the boson sitting at two
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Figure 3.5: Numerical calculation of topological entanglement ent@ps °
of states represented by Fibonacci model xed point triple-line ten3dsyaried
with an in nitesimal random tensor in di erent subspacesvalue is kept xed at

= 0:1. Blue dot corresponds t§qpo With no variation. ly is projector onto the
full virtual space.Mg is the projector on the stand-alone subspadas the MPO
subspace projector. We take a random tensor and apply the projectors to generate
random tensors in respective subspaces. The exact numerical values on this plot can
be found in appendix A.2.

placesy; andvs, is actually a superposition of many wave functions:

O
J bosod = Ns tyst, gs
ty;st2

= ooo + 100 t o001 t 101

+ oot 110t o112 t o111 (3.103)

where the operatory,st, is explained in Fig. 3.6. t;:st, IS equivalent to applying
Z?tl;ssl and Z(”;tz;sn on the loops at the ends of the string operator, and creating a
stype string along the path. Fusing the loops with each other and withdtreng
along pathP gives the nal state. The important thing to note is that, though a
TNR of the full stat§ posod iNVolves changing tensors along the path, the TNR of
yot, ; t1;t2 = 0;1, have tensors changed only on the ends. Simply putting, the
zero-string component of the string operator does not change the td@fsarthe
middle, as expected. So the boson state has a nite overlap with the state where
tensors are changed only at the ends. So when the variations corresponding to the
ends of this zero-string component of the boson operator proliferate, it e ectively

condenses the bosons, as they have nite overlap with the resulting state.



95

Figure 3.6: Action of a generic (simple and non-simple) open-end string operators
corresponding to anyon on tensors can be calculated in a similar fashion as
that of simple-string operator Wilson loops. (a) We start with applying the string
operator on the 'loop state' an the fattened lattice. (b) The string operator becomes
a superposition of operationsgns s, st acts as follows: at the ends, the
string operator acts as s and! .5, matrices on the plaquette-loops, while in the
middle, it is simply as-type string to be fused with the nearby plaquette loops. (c)
We fuse all strings in the previous step to get the physical state. The e ect of the
string operator can be absorbed into rede ning the tensors along the path. A generic
string operator changes the tensors along its path. The only case where it doesn't
change the tensors is for simple-string operators of type 0.

So in conclusion, we see that although the boson string operator is not a zero-string
operator, that is, it does not disappear in the middle for the triple-line TNR, its
zero-string component still causes an instability because the resulting state has a
nite overlap with the boson-condensed state.

Now we have looked through important examples of string-net TNR and their
instabilities. Finally, we will give a proof of instability in the generic case.

3.10 Proof of the existence of instability in general string-net triple-line TNR
We will give an analytical proof of why all string-net triple-line TNR have at least
one unstable direction which comes from tdg M subspace. We will do so by
directly calculatingSopg* °.

Topological entanglement entropy on a cylinder with non-RG xed point tensor

Lemma 4. let's say we divide the cylinder in two halves (Fig. 2.1(a)). We denote

the right half asR. If any given tensor network on this cylinder satis es,

O

,-F'J!T TiIRe=CIR  ¢;Bi1@e, (3.104)
’ f
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whereC is some constant, theBopo, as given in Eq(2.7), is

~ !
O ¢
Sopo = log — (3.105)
C
f -0

Proof. The proof is quite simple. We follow the same steps as used in the proof
of lemma 3.42, replacinds with c. We rst calculate the normalization of the

density matrix. N
O
T 2o Trt  cfB%

6 f

= CiCsolrBs B
5°
= cfCfo f.roD"
-f0 o
10
= D" o (3.106)
f

By calculating Renyi entropy with renyi index= 12, we get

1
S.ot RO = 1 1.2|iogTr1 zo
_ 2|OgTF1 f,CfoO

Dn fCi

o}
nlogD 2log d¢TrB¢® log c7
f f

e © TrB:a o
= nlogD +2nlog o 2log-1+ cf—®+ 2logcy log  cf:
« 10 05 f
Whenwelen!1 andusing Eq. (3.42)

2 C2!

— 0 f
S.ot R = nlog—= log — (3.107)

D c2

, f0

O
) Sopo = log = : (3.108)
C

This completes the the proof.

Finally we are ready to show the unstable tensor perturbations in the triple line TNR
of the string-net models.



97

Instability in string-net

Theorem 2. Let TC be the xed point triple-line TNR of a string net ground state.
There exist tensorgY in the spaceMy M (that istMy  M°TY | 0) that for the
variationT%! TO+ T9,lim | ¢ Sopc* ©, Sopo0°.

Proof. Combination of the lemma 2, theorem 3.4 and lemma 4 gives a clue to why
TO1 T9+ T9 are unstable variations. We will choose particular variations in
Mo M for analytical simplicity, but it should be understood that any arbitrary
variation that has a component in those directions will result in instability. We
discussed in section 3.7 that there are two kinds of variatiogin M; vertex
variations (that violate the vertex term) and plaquette variations (that violate the
plaquette term). We will treat them one by one.

Before we do any analytical calculation, let us describe in simple words what the
reason for instability is. We saw in the proof of lemma 2 that as xed point tensors
contract, every face, every edge, and every vertex contribute a facdor(d)ffl, and

ds respectively. It can be visualized like this,

(3.109)

It combines to givec; = df B*Y = d.® which is a topological invariant of the
lattice. If a tensor variation changes the double tensor in such a way that one of
these factors (face, edge or vertices) are changed, even in nitesimally, then the

we get is not a topological invariant, ais,, due to lemma 4 changes. We will

now show that this is precisely what variationshMy M do. In particular, the
vertex variations change the vertex factors, and the plaquette variations change the
face factors.

Let's choose a particular tensor variation

G .
T = HO L @by (3.110)
=1
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such that
TA = TUT9Y = By (3.1112)

This tensor is supported on the fiMy space and clearly has components outside
the MPO subspace because as we shaigd M. SotMy M°T9, 0. Now, the
double tensor for the varied tensor is

T =170+ TAorT04 TaOY 1(:)0 + 2By (3.112)
=11+ 2By+  diBs: (3.113)
f>0

We have ignored the linear terms ias they are contained within the MPO subspace,
and we don't need to worry about them. This double tensor will contract with itself
in exactly the same way & did, but the only di erence is, now every face will
contribute a factor of;, where,rp = 11+ 20, andr¢sg = d;. The vertex factors
and edge factors will remain to ok andd; ! respectively. After contracting it on a
large region we will get a double tensBR® = * ¢ ¢t B;1@R°, wherecy = rfdY F.
Socy = 11+ 2°F gndcssg = de. So we see that, is exponentially larger than
Ct>o even for an in nitesimal , hence, using Eq. (3.108}opo = O.

Now we look an example of plaquette variations. Consider tensors that are exactly
the same as the xed point tensors, except the plaquette fauié'c?rare replaced by
a factor oftd, + sq;a°1’6, wheresg;a is theath component of theth eigenvector of

, as explained in Eq. 3.14.

= di iy + sya0t GERAE: (3.114)
j=1
This tensor is clearly supported on the stand-alone space, and is outside the MPO
subspace as to be inside the MPO subspace it has tajé'e{\/hctors. The double
tensor will again produce a factor df on the faces, andf1 on the edges upon
contraction. But now the factors on the vertices would be

O
abii0a+ Sqa®do+ Sqp® = Didi + egr
ab
(3.115)

wheresy is normalized to givesy; 53 = D andegy¢ is thegth eigenvalue of the
matrix N;b = anpf. A conclusion similar to that for vertex variation case follows.
cr = df Eid + 2gq% = d, Rl + Ze("j;;fov is not a topological invariant, as it
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extensively depends on the number of vertidedAs a result, the weight of one of
the boundary operatorih=  ; cf Bf becomes exponentially larger than the others
even for an in nitesimal variation, and hence the topological order is lost.

Result I-1V together complete the proof that triple-line TNR of general string-net
states have at least one unstable direction.

3.11 Summary and outlook

In this chapter we analyzed the triple-line TNR of general string nets by rst nding
their stand-alone and MPO subspaces. We found that the stand-alone space is
always bigger than the MPO subspace which suggests, according to our instability
conjecture, that TNR of all string-nets have instabilities in them. We showed that
triple-line TNR of all string-nets have possible zero-string operators in them. These
are the O-type simple string operators. We saw that unstable variations can be broadly
categorized in two categories, the vertex variations, and the plaquette variations.
We re-analyzed models from the last chapter, the toric code and double-semion
models, under the string-net formalism. We found that triple-line TNR of both
models are unstable due to plaguette variations. We then analyzed a non-abelian
model, the double-Fibonacci model. This model was interesting because none of the
irreducible string-operators disappear on the TNR. So apriori one might expect that
the bosons cannot condense in this model. We nd instabilities nevertheless. This
instability is explained by the fact that state resulting from unstable variation has a
nite overlap with the boson condensed state. This also showed that the zero-string
operator of a TNR doesn't need to be an irreducible string-operator.

Throughout the last two chapters, we called the tensor instability result a "conjecture'’
because, though we proved it for all string-net states, we did not prove it for all TNRs
of string-net states. This is an open problem to prove this conjecture for all TNRs.
To prove that one would need to show that the stand-alone space is always larger
than the MPO space for any TNR, and the stand-alone variations that do not respect
the MPO symmetries cause instabilities. This is di cult to prove without a general
formalism for all TNRs. But we can set certain guidelines as to how to go about
nding if there are instabilities in a given TNR of a topological state. First, if the
dimension of the virtual space is the same as that of the local ground-state physical
space dimension, then such a TNR de nitely would not have any instabilities. The
reason is thatin such a case all of the virtual space is the MPO space, so there cannot
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possibly be stand-alone space larger than the MPO subspace. If the virtual space
is larger than the local ground-state physical space, then there is a possibility of a
stand-alone space. Such a TNR will have virtual variations that can be lifted to the
physical level. However then one has to see whether these variations can be applied
to a single tensor without collapsing the original tensor network state. If it can be,
then that is a de nite sign that there is a non-trivial stand-alone space, and so the
TNR has instabilities.

There is a general lesson to be learned about interaction of physical symmetries
and tensor network states (even beyond topological states) from the results of last
two chapters. Symmetries of the wave-function play a crucial role in many areas
of physics. A tensor network state however always has a gauge symmetry on the
virtual level: one can always appl andX ! to two contracting virtual legs. This

is not a real symmetry of the system, it is just coming from the redundancy of the
mathematical description. So in general one has to be aware of how the symmetries
on the physical level related with the virtual gauge symmetries on the virtual level. If

a physical symmetry becomes a virtual gauge symmetry when mapped to the virtual
level, then, in a sense, this symmetry constraint is lost because then this constraint
is satis ed identically by the tensor network state.
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Chapter 4

TN REPRESENTATION OF LOCALITY-PRESERVING 1D
UNITARY OPERATORS

4.1 Introduction

The matrix product formalism [26, 27] has played a signi cant role in the study
of one dimensional systems. In particular, the matrix product representation of 1D
guantum states underlies successful numerical algorithms like the Density Matrix
Renormalization Group algorithm [28] and the Time-Evolving Block Decimation
algorithm [29]. Moreover, the matrix product representation provides a deep insight
into the structure of the ground states in 1D [27] which enables rigorous proofs of
the e ciency of 1D variational algorithms in search for the ground states [30, 31]
and also a complete classi cation of 1D gapped phases [25, 32 34].

Operators can also be represented in a matrix product form [35 37], which provides
a useful tool in the simulation of one dimensional mixed states and real / imagi-
nary time evolutions (see for example Ref. [63, 64]). In particular, matrix product
operators which are unitary play an important role in not only the simulation of dy-
namical processes in 1D, but also the understanding and classi cation of (symmetry
protected) topological phases in 2D [14 18].

How well does the matrix product formalism represent unitary operators in 1D? Of
particular interest are unitaries that preserve the locality structure of the system, that
is, unitaries that map local operators to local operators. We want to understand the
following: can all locality preserving 1D unitaries be represented using the matrix
product form? On the other hand, of course not all matrix product opereators are
unitary. Butamong those that are, what conditions do they have to satisfy to preserve
locality? Moreover, it has been shown [1] that locality preserving 1D unitaries can
be classi ed according to how much information they are transmitting across any cut
in the 1D chain and each class can be uniquely characterized by a positive rational
index, which we refer to below as the GNVW index. We want to know if there is a
simple way to extract this GNVW index from the matrix product representation if
such a representation exists.

In this chapter, we address the above questions and show that:
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"~ Unitary matrix product operators provide a necessary and su cient represen-
tation of locality preserving unitaries in 1D.

That is, matrix product operators that are unitary are guaranteed to preserve locality
by mapping local operators to local operators while at the same time all locality
preserving unitaries can be represented in a matrix product way. Moreover, we nd
that:

" The GNVW index can be extracted in a simple way as the square rogkof
the "Rank-Ratio index', which is the ratio between the rank of the left and
right singular value decompositions of the tensor representing the operator

Irr = rank rank

_P—
lenvw = |IRR

(4.1)

The exact meaning and a more rigorous version of this formula is given in section 4.4.

To show this result, we start from the basic requirements for a matrix product
operator to be unitary in section 4.2. Based on these basic requirements, we prove in
the section 4.3 that after su cient blocking, the * xed point' matrix product operator
satis es a set of nice xed point properties. Using this set of xed point conditions,
we can show the correspondence between matrix product unitary operators and
locality preserving 1D unitaries. Moreover, these conditions enable us to prove in
section 4.4 that Eq. 4.1 provides a well-de ned index for each equivalence class of
1D locality preserving unitaries and it exactly matches (the square of) the GNVW
index. In section 4.5, we compute the index according to Eg. 4.1 numerically for
some random locality preserving unitaries and demonstrate how it approaches the
expected value as we take larger and larger blocks of the tensor. In section 5.2, we
show that the matrix product formalism also provides interesting ways to go beyond
the GNVW framework. In particular, we give an example of a simple matrix product
operator with “fractional' index as compared to the locality preserving ones. This
example does not contradict with our discussions in the previous sections because
it is unitary only in systems of special sizes and does not preserve locality.

The structure of this chapter is illustrated in Fig. 4.1.
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Figure 4.1: Structure and logic of this chapter.

4.2 Matrix Product Unitary: basic requirements
Implication of the unitary condition
Let's rstsetup the stage and discuss the basic requirement a matrix product operator
(MPO) has to satisfy to represent a unitary operator. Consider an ®REting
on N sites where each site haglalimensional degree of freedom, i.@,acts on
1cdo N |n principle, N is very large, ideally goes to in nity. In this chapter we
focus on translation invariant MPO with periodic boundary condition. The matrix
product form ofO is given by

o O VEES VIECLRRV I (4.2)

igioiin

where eaciM Kk, with xed ix andji, isaD D matrix. iqio: iy label the input
physical legs and j2:::jn label the output physical legs. We are going to call the
left and right legs of thév ik matrices the virtual legs and think bf as a four leg
tensor.

Pictorially, the local tensoM in the MPO is given by

M = ; (4.3)
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while the total MPO is given by

O= . (44)

In order forO to be unitary, it has to satisfy the condition tO = |. We consider
the case where this is true for any nite system size, not just in the thermal dynamic
limit. We call such operators Matrix Product Unitary Operators (MPUO).

De nition 3 (Matrix Product Unitary Operator)Consider a matrix product operator
O represented with tensdv of nite bond-dimensionQ is called a matrix product
unitary operator if it is a unitary for all system sizes.

Note that we emphasize “for all system sizes' for a good reason. In section 5.2 we
are going to see that there are matrix product operators which are unitary only for
certain system sizes, and hence do not t into this de nition.

If we de ne a new tensoM?Y as
My = Ml (4.5)

then the MPUO condition is given graphically as
0YOo = = (4.6)

where we use a straight line to represent the identity matrix. This condition imposes
very strong constraints oM. The constraint can be most easily identi ed on the
composite oM andMY, which we de ne as

0 |
Ti= MY MK= (4.7)
k

The unitarity condition Eq. 4.6 is saying that the matrix product operator with
tensorT! is equivalent to a tensor product of identity operatomn each degree
of freedom. If we combine the input and output physical leg$'bfwe can think
of it as representing a matrix product state, which would be a tensor product of
maximally entangled paifdli + j22 + :::jddi.

Based on this observation, we can derive a general form foF'theensors. Let's
give this as a lemma:
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Lemma 5. Let O be a Matrix Product Unitary Operator (MPUQO) described by
local tensorM, then the tensof'}, which is composed ol and MY as in Eq. 4.7,
has to take the following form:

(4.8)

wherenis a constant, which denotes the number of steps in the process of nding the
canonical form of the associated MR&.: : : ;v,, denotes vectors in the double virtual
Hilbert spaceV = CP  CP. Namely, eaclv; 2 i, v’ 2 V/? is an orthonormal

basis vector iV =V, V7 V7. V7, i V7 andVi = Ve V2, forall
0 i n 1 Eachwiki° denotes a block ok’ which of similar form ofT I

excepthv? jV\/ijkjvi?i = Oforall j;kand allv’ 2 V7.

Proof. This form of the tensofF follows directly from the de nition of the canonical
form given in Ref.[27] and the requirement tl@&is an MPO which is a unitary for
all system sizes. We de ne an MPS form for the oper@® which is described
by local tensoA’% obtained by combining the input and output lepandk, of Tik
as the physical legs, i.e.,

(4.9)

Following the procedure of nding the canonical form given in Ref. [27], we step
by step decompose the left and the right virtual vector space of the tei&adrgo
orthogonal subspaces. The procedure does this alternativelyAirgiets updated

to 1Ry, + Py oAk wherePy, and R,» are projectors ontvy andV,” respectively,
and Py, + PVf = Py, is the projector on the whole virtual space. As proved in
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Ref. [27] the termsiDVlAjkPVl? vanishes. Now we update the MPS tensdf to
P\/lAjkal + PVl? Ajkp\/l + PVf AjkPVl?'

Repeating this procedure alternatively for decomposing left and right virtual vector
spaces, we obtain the following general form of the tefigbr

(4.10)

where the subspaces are splivas Vi, VP V7, V7, andVv 1=V V?
forall i nand,=V=CP (P,

Now we impose the requirement that the MROrepresented by the local tensor

M is unitary for all system sizes. Since the operd@ois obtained with periodic
boundary conditions as seen in Eq. (4.2), we must investigate the associated MPS
represented by local tenso8 with periodic boundary conditions. This means that
only the operators of the for®,e with w;w® 2 \i? or w;w® 2 \, appear in the
expression oDYO. Since we know tha®YO = | N for all system sizes, each of

the operator©wo must be individually equal tb. We can immediately see that
only one block of these operators can have diagonal terms, since otherwise it would
imply thatOYO is only proportional td N and there is no way to make it exactly
equal tol N by normalization. Let this block be theh block that map¥/ to Vi,

from right to left virtual legs. This implies that in the general form of the MPS
the blocks that map’i? to Vi? can be decomposed further with the same procedure
but without any diagonal term. Say aallm\/i? = 1foralli n, then we only

have diagonal term in the block that magsto V;, from right to left virtual legs.
When one of the bIockVi? is such thadim\/i? > 1, we have additional terms in

the expression oAl that has only non diagonal terms in the the bldek which
further decomposes as described above , but only within the vector spar%e‘m‘e
denote these terms in the sumVes<ti© for each block oi/i? . Furthermore, the fact

that MPS is a product state means tlemV,, = 1. Hence, Eq. (4.10) and the fact
thatO is an MPUO as de ned in Def. 3 imply that¥ is of the following form:
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(4.11)

Note than D? 1 which simply follows from dimension considerations.

1D locality preserving unitaries as MPUO

In this section, we are going to show that all locality preserving 1D unitaries can be
represented as MPUO.

Let's look at a few examples rst and see how their representation ts the form in
Lemma 5.

" Example 1: Tensor product of unitary operators

This is a trivial case where the dimension of the virtual ledks i&raphically,
we denote it as

Mproduct= (4.12)

where a line with a dot in the middle represents a nontrivial matrix, a unitary
U in this case. Tha@ tensor as de ned in Eq. 4.7 is automatically identity.

" Example 2: Controlled-phase between nearest neighborlspm

. . . )
Let's consider a simple entangled unitary in 1[1:‘=10Pk;k+1, where each
CPxk+1 Is a two body unitary of the form

& 00 0a
: ®
010 Of
cP=: & (4.13)
00 1 0F
000 1
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This unitary can be represented with

Mcp = (4.14)

We can check tha¥icp satis es the condition in Lemma 5. We can calculate
Tcp to be

(4.15)

Example 3: Translation

Translation, which is a locality preserving unitary that cannot be written as
a nite depth circuit, can also be represented as a MPUO in a simple way.
Consider the translation to the right by one step in a dpihchain. The
operator can be represented with

M, = (4.16)
where the curved lines again represent the identity matrix between the left
and up legs, and the right and down legs. When connected into a chain, it is

straight forward to see that it represents translation.

(4.17)

Similarly, translation to the left by one step can be represented with
M = (4.18)

M, andM; also satisfy the condition in Lemma 5. In particular,

(4.19)

And a similar expansion holds fdr.
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In fact, all locality preserving unitaries in 1D can be represented as MPUO satisfying
Lemma 5.

Theorem 3 (Locality preserving 1D unitaries as MPUQOl)et O be a locality
preserving 1D unitary. It is possible to represent it as a Matrix Product Unitary
Operator, as de ned in De nition 3.

Proof. We prove this statement in the following steps:

1. Translation operator by one step can be represented with an MPO as shown with
Example 3 above, such that the MPO is unitary for any system size.

2. One layer of non-overlapping unitaries can be represented with an MPO. WLOG,
consider a layer of non-overlapping two-body unitaries, which can be represented
with a tensor

Mip = (4.20)
when connected together into a chain, this tensor gives the two-body unitaries.
(4.21)

Such an MPO is unitary for all system sizes.

3. According to Ref.[1], all 1D locality preserving unitaries can be decomposed
into a nite number of layers of translation and nite depth local unitary circuits
which can be further decomposed into a nite number of layers of non-overlapping
few-body unitaries. The MPO representation of such a composite can be obtained by
stacking the MPO representation for each component. As each component satis es
the MPUO condition that the MPO is unitary for all system sizes, the same is
true for the composite MPO. Therefore, all 1D locality preserving unitaries can be
represented as a MPUOQO, with tensors satisfying Lemma 5.

4.3 Characterization of Matrix Product Unitary Operators

In this section we prove xed-point properties of MPUOs. Suppose @ha an
MPUO described by tensdvl. We show that when the individual tensors are
blocked, they satisfy equations that we caéld-point equations These equations
give a characterization of nite-bond dimension MPUOs. More importantly they
imply that MPUOs ardocality-preserving
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In order to obtain these results, we use basic facts about MPS[27]. So, let us rst
review these starting from the transfer matrix. De ne the transfer mé&ii»of M

as . .
o N o
Ev = MY MY = = T (4.22)
ij i
and denote the right eigen-vector Bfy with largest eigenvalue asand the left
eigen-vector with largest eigenvaluelasuch thatijri = 1. Assuming the spectral

radius ofE is 1, we have

(4.23)

Based on Lemma 5, we can see thatlifdescribes an MPUO, the transfer matrix
Ew is of the following form:

2 0 .
Em = jwaihvpj+ - tr1Oy,z °jvaihvy]
=1 vz ;Vz?i

O a
+ triOy v, .0V 1ihva 1j® (4.24)
Va 1V5 4 -
oo
+ W/l gjo
i=1 j=1

Above we do not know the values of the trace of the operators, but we do know that
the left and right eigen-vectors &l have to take the following form:

M2
Hj =hnj+ i 1hvg 40

> (4.25)
jri =jval +  cajvgi
i=1

G

wherecs are complex coe cients.
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i
The left and right eigenvectors, when seen as matnices r j ih jwith

elements andl = | j ih jwith elements , are positive matricedijri =
1 sincehvpjvni = 1andh/§ijv§j i = Oforalli;j.

Now we are ready to state the results. We deNié' = Mit1Mizz: - Minln where
| =iqi2:20n, I = J1j2:::n, as the tensor obtained by blocking the individual tensor
M. The blocked tensd¥t satis es the following xed-point equations:

1. Fixed-point equation 1 - Separation:

(4.26)

2. Fixed-point equation 2 - Isometry:

(4.27)

wherel andr denote the left and right eigenvectors of the transfer m&ipas given
in Eq. (4.25). Eq. 4.26 (separation) and Eq. (4.27) (isometry) imply the following

equations callegulling throughconditions, which we frequently make use of in the
chapter.

(4.28)
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Before proving the above claims, we rst give a lemma that explicitly shows the
form of the tensof™” which is obtained by blocking the tensb¥ D?-times, i.e.,
T = ThitTllz ; : :Tip2lp2,

Lemma 6. Let the general form of the tensbibe as in Eq(4.8)in Lemma 5. Then,
the blocked tensoF'? = TitiiTi2i2: : : Tib2lo2 whereD? is the bond dimension of
the tensofT, is of the following form

(4.29)
Proof. By Lemma 5, the general form of the tenJocan be taken as
620
o . . . . ’) .
T = jvni T hwpj + - JVail OVZi v h/ZiJ
) T iy . (4.30)
O ) . a O .
+ Vi 1102 vy V2 1j®F WA
Vai 1V o i
wherejvii 2 M, jv’i 2 V7, andV =V, V¢ V?, it V. Now, imagine
that we blockD? of these tensors and obtain the teri§or = Titi1Ti2i2 ; ; : Tip2lp2,
Using the facts thah/i?jvj?i = Oforalli andj, andh/ijvj?i =Oforallj i, its

only a matter of careful book-keeping to show that only the terms ywitthv,],
vz 1ihvgjj, jvaihvzj and jvi ,ihvaj appear in the expression of the ten3dr.

Notice that theN'i°® denotes the operator components within the bM?:kwhich

only has nondiagonal elements and except for the diagonal element is in the same
form asT. After blockingD? times, the terms that come froviti® do not contract
anymore either from left or right, and hence they don't appear in the tdnddote

that the operator component with left and right indipgshv,j acts ad * D,

Now, we prove that the blocked tenddrthat describes the MPUO satis es the sep-
aration and isometry xed-point equations given above in Eq. (4.26) and Eq. (4.27).

Theorem 4(MPUO implies xed-point equations)Let O be an MPUO described
by the tensoM. Then there exists a nite numbarsuch that the blocked tensiit,
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which is obtained by blockinD? of the tensoiM, satis es the xed point equations,
i.e., Eq(4.26)and Eq(4.27)

Proof. By Lemma 5 and Lemma 6, we know that an MPUO implies the general
form for T as in Eq. (4.29). By direct calculation the LHS of EqQ. (4.26) is given as

. . . @2 C) .2 .
vl I Thvpj + V5 110y

»vn

Ovn;vz?j W;JJ
Bjvg vy
B2 &
2 il Oz v (4.31)
1wy
O .9 . .a
V5400 Ly, T®
2i 1 -
which is also equal to the RHS of the same equation, considering the fact that
hajri = Hjvai = Landhvijri = Hjva ;i = Ofor alli, which are easily seen from
the form of the left and right eigen-vectors derived in Eq. (4.25). This concludes
the proof of the separation equation. Using the same facts, it is straightforward to
prove the isometry condition given in Eq. (4.27). It is the following equation that

follows immediately from the above facts:
HjTjri = 1: (4.32)
This completes the proof. As a side remark it's also straightforward to see that the

isometry equation (4.27) is true even before blocking, H¢Tjri = I.

Theorem 4 gives a characterization of MPUOd%y tensorsM that satis es the
xed-point equations, i.e., Egs.(4.26) and (4.27).

Another consequence of the xed-point equations is what we call the pulling through
equations, which is given as a corollary as follows.

Corollary 3. The xed point equations, i.e., E¢4.26) and Eq.(4.27), imply the
pulling through equations, i.e., E¢4.28)

Proof. We start with the LHS of the pulling through equation, i.e., Eq. (4.28). We
apply the xed-point equations, namely separation, i.e., Eqg. (4.26) and then apply



114

the isometry, i.e., EQ. (4.27), respectively. Pictorially, it follows as below.

(4.33)

The other pulling through equation from right to left follows from separation and
isometry xed-point equations in the same way.

Finally we close this section by showing that all nite-bond dimension MPUOSs are
locality-preserving. It means that, it maps any geometridallgcal operator to a
geometricallytk + c®-local operator, whereis a constant independent of the system
size. This is proven in the following corollary.

Corollary 4 (MPUOs are locality-preservinglvery MPUO is locality preserving,
namely they map geometricalkylocal operators to geometrically at mo + c°-
local operators where is a constant independent of the system size.

Proof. An MPUO O acts on an operatd@y asO : O ! OYO(O.Pictorially it is
shown by

(4.34)

Using xed-point equations, it is straightforward to see that

(4.35)

is atk+ 2°-local operator. Hence after blocking sites, MPUOSs rkdpcal operators

to at mostk+ 2°-local operators. This means that before blockinglacal operator

is mapped to at most % + 2D%°-local operator, since we are guaranteed to reach
the xed point after blockingD? sites.
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4.4  Extracting GNVW index from MPUO representation

Review of GNVW index

In Ref.[1], Gross, Nesme, Vogts and Werner proved that 1D locality preserving
unitaries (called cellular automata in that paper) can be classi ed according to how
much information is owing across a cut in the chain. For example, nite depth
local unitary circuits a nite number of layers of local unitaries where unitaries
within each layer do not overlap with each other all belong to one class and there
is zero information ow. On the other hand, translation by one step in aB#n
chain belongs to another class and there is a ow of a singlel@m@cross any cut.

More speci cally, Ref.[1] de ned two 1D locality preserving untiaries to be equiv-
alent to each other if and only if they di er from each other by a nite depth local
unitary circuit and showed that every 1D locality preserving unitary is then equiv-
alent to some translation operation. Each equivalence class is characterized by an
index (the GNVW index) which measures how much translation is taking place: if
there is a translation gf dimensional Hilbert space b steps to the right, the index

is p™; if there is a translation off dimensional Hilbert space hysteps to the left,

the index isleq"; if there is translation in both directions, the indexpi® g". Such

an index is consistent with the equivalence class structure of locality preserving uni-
taries because it was shown that when two locality preserving operators multiply,
their GNVW index also multiply

lenvwt0102° = IenvwtO1%l gnvwtO2° (4.36)

For 1D locality preserving unitaries, the index is always a positive rational number
and can be calculated as
10A LOY; AR
I 100 := 4.37
GNVW IA . OA ROYO ( )
whereA | is the set of operators within distankeon the left hand side of a cut
andA R is the set of operators within distanlgeon the right hand side of the cut.

1A ; B® measures the overlap between the two sets of operators and is de ned as
_ V==

P PaPo G &

Y

2
1A;BO = Tr &' (4.38)
i;j=1llm=1

whereéﬁ? is the set of basis operators &/ and there arg, of them; qu is the
set of basis operators BB and there arg, of them; is a segment in the chain
containing botha andb. The GNVW index de ned in this way converges to the

positive rational number characterizing information ow wHhegitbecomes large.
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Rank-ratio index = :GNVW index®?

How does one extract the GNVW index from the matrix product representation of
the locality preserving unitary operators? In this section, we show that it can be
extracted as the square root of the Rank-Ratio index, which is de ned as the ratio
between the rank of the left and right SVD decompositions of the te¥sor the
representation.

De nition 4 (Rank-Ratio Index)Let M be the tensor in the matrix product repre-
sentation of a unitary operator with physical legs in the up and down directions and
virtual legs in the left and right directions. The Rank-Ratio Index is de ned as the ra-
tio between the rank of the SVD decomposition between left,down right,up legs and
the rank of the SVD decomposition between left,up right,down legs. Graphically,
the Rank-Ratio Index is given by

IrRrtM© = rank rank (4.39)

To demonstrate the connection between the Rank-Ratio index de ned above and the
GNVW index in Ref. [1], rst we need to de ne the injectivity condition for matrix
product operators. This de nition is the same as the de nition of injectivity as given

in Ref. [27] if we combine the input and output physical legs of the MPO tensor
and treat it as a matrix product state. We state this condition in detail below for
subsequent discussions.

De nition 5 (Injective matrix product operatoriConsider a matrix product opera-
tor given by a set of matricdM' g, wherei; j = 1; ::;d label the input and output
physical legs. The MPO is called injectiverif andl de ned in Eq.(4.23)are
full rank matrices with row and column indices and , respectively.

The notion of injectivity is relevant to our discussion of MPUO becaush! if
represents an MPUQ, then it can always be put into an injective form by removing
redundant virtual leg dimensions. This can be shown by noticing thisk,aannot

be put into an injective form by removing redundant virtual dimensions, then each
M contains at least two blocks in their canonical form. Then correspondingly
T contains at least two blocks in its canonical form, which is not possible if it
represents identity for all system sizes, as we argued below Eg. (4.10).

Moreover, we need the following lemma.
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Lemma 7. Consider an MPO represented by an injective tengorThen

a

© s © ®
- = O o (4.40)

- ®

« - « -

a

'© 1.2 @ Q
- ®= o (4.41)

- ®

« - « -

where the dashed lines denote SVD decompositions across thedeuotes the set

of singular values of the decomposition, and the square root isrtaken element-
wise.| andr are the left and right eigenvectors of the transfer malijx as de ned

in Eq.(4.23) | andr are denoted with black dots and their square roots are denoted
with grey dots.

Similarly, we have

(4.42)

EEED ©

A
J

(4.43)

@ﬁ@m
=
N

B *

« =

wherel is the complex conjugation bfandr is the complex conjugation of

Note that as singular values are non-negative, there is no ambiguity in taking the
square root. Moreover, ad is injective,| andr have full rank and have a well
de ned square root.

Proof. We are going to prove Eqg. (4.40) and then the proof of Eq. (4.41), (4.42),
and (4.43) will follow in a similar way.

Consider the SVD decomposition on the left hand side of Eqg. 4.40 and suppose it
takes the form o o_ o)
M| : ] or O, = U| 'S SVS;j (444)

0 s
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Then the tensor on the right hand side of Eq. 4.40 becomes

|
M y
I, 0 O,J Ml,] or o OMJ ok

= jsoUi:s sV VS%'J. soug; o (4.45)

= sUi:s EUK;S

Therefore, the singular value for the tensor on the right hand side is the square of
the singular value on the left hand side. Hence we get Eq. 4.40.

The Rank-Ratio Index de ned above can be directly related to the GNVW index if
the MPUQO is either injective or a stack of injective MPUOs.

Theorem 5(Rank-Ratio index 2GNVW index? for injective or stack of injective
MPUOQ). Consider an MPUQD represented with tensdf. Take a su ciently long
but nite block so that the blocked tensiit satis es the Separation, Isometry and
Pulling Through conditions in Eq4.26) (4.27)and (4.28) If M is injective, or a

stack of several injective tensorsas , then
IRRVI® = T gnywt0°% (4.46)
We are going to proceed to prove theorem 5 in the following steps:

1. Foran injective MPUO representation of non-overlapping two-body unitaries,

IRRMI® = 1 = 15O (4.47)

2. For aninjective MPUO representation of translation (to the right) by one step,

IRV = d? = 13O (4.48)

whered is the dimension of the local physical Hilbert space.

3. If we stack two injective MPUOs ad1, = , then

[RREMI2° = IR MOl RRE VIR (4.49)

According to Ref.[1], any locality preserving unitary can be obtained by
stacking translation and layers of non-overlapping few body unitaries and their
GNVW index multiply when stacked. Therefore, using the above equations
we can show that the Rank-Ratio index of the stacked tensor is the square of
the GNVW index.



119

4. Onthe other hand, the stackeld, may not be injective itself but can be made
injective. We will show that its Rank-Ratio index does not change even if we
reduce it to the injective form.

5. Finally, we show that the Rank Ratio index is stable in thatiis the xed
point form (which satis es Eq. (4.26), (4.27), and (4.28)) of an injective tensor
or a stack of injective tensors, then the Rank-Ratio index does not change if
we keep blockingvt.

Proof. Let's follow the procedure listed above.

1. Consider the tensor given in Eq. 4.20 to represent non-overlapping two-body
unitaries.

Mip = (4.50)

where we have labeled the left and right part of the teM§and N, respectively.
As this representation can be obtained by decomposing each two-body unitary into
a matrix product form, we can always choddg, to be injective.

According to the isometry condition in Eq. 4.27, which is true even before blocking,
we have

(4.51)

and similarly

(4.52)

Each of these two equations actually contains two parts: the left halves on the two
sides are equal to each other and right halves on the two sides are equal to each other.
Both halves have to be satis ed simultaneously. Then using Eg. 4.40, we have

a a a
© o= 129 o= 29 @ (4.53)
« - « = « -
As | is a positive matrix, applying it does not change the rank of the SVD

decomposition, so we have

rank = rank =d (4.54)
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whered; is the dimension of the physical index M. Similarly, we have
rank =d;

(4.55)
rank = rank =d:

whered; is the dimension of the physical index M. Now if we calculate the
Rank-Ratio index foiM;,, we nd that

|RR*Mip®
rank rank (4.56)

1010910 0 ° = 1 = 12, 'O

Moreover, since the tensd;, already satis es the separation, isometry, pulling-
through conditions in Eq. (4.26), (4.27), and (4.28), we have

IRR MR = 1 = 1 &3y 20t (4.57)

2. For translation operator, the relation between the Rank-Ratio index and the
GNVW index can be found through direct calculation. Consider translation by one
step to the right represented b in Eq. 4.16.

IRRM©
= rank rank (4.58)
= d%1=d?=13,,WO°

Since the tenso¥; already satis es the xed point conditions, we have

Moreover, even though we have only checked this relation for one possible represen-
tation of the translation operator, it holds for all possible injective representations as
they di er from each other at most by a basis transformation on the virtual legs[27].

3. Now let us stack two layers of MPUOs which are injective individually. The
composite tensor

M1o = (4.60)

is in general not injective. But we will show that its Rank-Ratio index is still the
square of the GNVW index of the corresponding unitary operator.
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Let's assume thd¥; andMy are already at xed point form satisfying the separation,
isometry, pulling through conditions Eq. 4.26, 4.27, 4.RB,isin general notin a

xed point form, but by blocking sites we can take it to a xed point form. Suppose
that the xed point forM1, can be achieved by blocking two sites. (Our proof below
also works if we take larger blocks.) Now we are going to use Eq. 4.40 through 4.43
in Lemma 7 to prove that

IrRr*M12° = IR MOl RREMRC: (4.61)
To see this, we nd that
!
a a
Cu® fow®
- ® - ®
I « | « -
. .,0 B 122 - 4.62
_ = 12- ®= 12- (4.62)

| « - « -

where we have used simpli ed notatidn2, 1Y, 2Y to refer toMy, M, M, andMJ.

The black dots represent the left and right eigenvectors of the transfer matrices of
My, Mo, Mi’, and M%’ while the grey dots are the square root of the black dots. As
long asM1, M5 are injective (so arcb/li’ and M%’), the grey dots do not change the
rank of the SVD decomposition. Therefore we have

!
rank = rank rank (4.63)

Similarly, we have

rank = rank rank (4.64)

Dividing these two equations, we get as promised

IRRM12° = IRRI NI CIRR NIO: (4.65)

4. My, as a stack oM and M, may not be injective itself. But as we show below,
the Rank-Ratio index does not change if we reduce it to the injective form. Suppose
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that to reduceMi, to the injective form and remove redundant virtual dimensions,
we need to do a projectidn to the pair of virtual legs in each direction, as denoted
by thef g in the following equation:

|V|12 = I'M 12 = (466)

The separation condition dv;, reads

(4.67)

The left and right eigen-vectors (the black dots) that we insert in the middle are
supported orP, so we are free to add those projections. (Note that the separation
condition holds even if the MPO is not injective.) The tensors in each row are the
same and we have labeled only one of them.

On the other hand, we have

(4.68)

where the rst step uses the separation conditionMr the second step uses the
pulling through condition foM,, and the third step uses the separation condition
for M;. Comparing Eq. 4.67 and 4.68, we nd that

(4.69)

And a similar relation holds if we switch the placeMi M, and M%’Mi’. From these
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relations we nd that

a a
- 1.2_© R— 1.2@
- ® - ®
« - « -1
© a
= = = 127 (4.70)
« |
© a
— 1e2 - R— —
- - ®- -
« |

In this equation, step 1, 3, 5, 7 uses Lemma 7, step 2, 6 uses Eq. 4.69 (or similar),
step 4, 8 uses derivations similar to that in Eq. 4.62. In particular, in step 4 adding
the projectionP does not a ect the relation as the two tensors before adding the
projection are related by a unitary on the left and down legs.

Therefore, we get

rank rank rank (4.71)

Similarly, we have

rank rank rank (4.72)

Dividing these two equations we get

IRR*M™12° = IRRIMICIRRI VO = |RRE NI 2°: (4.73)

Therefore, the Rank-Ratio index of the stack MPWIg, remains the same whether
we reduce it to the injective form or not and we always have

IRR*M12° = IR MCI RREVEZC: (4.74)

This property of the Rank-Ratio index is the same as that of the GNVW index which
multiply when we combine two locality preserving unitaries (Eq. 4.36). As in each

of the injective layers (either representing local unitary or translation) the Rank-
Ratio index is equal to the square of the GNVW index, when we stack the layers,
the Rank-Ratio index is still equal to the square of the GNVW index. Therefore, for
injective or stack of injective MPUO representations, we always have

IRR1MO = 1|GNVW10002 (4.75)
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5. Finally, we need to show that our de nition of Rank-Ratio index is stable. That
is, it does not change if we keep blocking the tergoonce it has reached the xed
point form. This is true for both injective and stack of injective tensors.

Suppose thatl is at the xed point form satisfying the separation, isometry, pulling
through conditions in Eq. 4.26, 4.27, 4.28. Then we have

a
= L2-
« P (4.76)
a
- L2- ®—
= - =
« -
Therefore, we have
!
rank = rank d 4.77)
Similarly we have
!
rank = rank d (4.78)

Dividing these two equations we nd that the Rank-Ratio index does not change if
we block tensors at the xed point. Note that whighis a stack of injective tensors,

the grey dots in the previous equations actually correspond to several grey dots, one
on each injective virtual leg.

With these steps, we complete the proof of Theorem 5. Note that, as our proof relies
on Lemma 7 which is about the spectrum of the SVD decomposition, so in principle
we can de ne our index as the ratio of the exponential of the entropy of the left and
right SVD decompositions. The only tricky part is that we need to add the grey
dots, the square root of the left and right eigenvectors of the transfer matrices, to the
virtual legs for the index to work. This is doable but procedural-wise complicated.
Therefore, we choose to de ne the index using the rank, instead of the entropy, of
the SVD decomposition.

45 Numerical calculation of index for random MPUO

In this section we are going to calculate the rank-ratio index of some examples of
random MPUO. The examples of random MPUO considered are drawn in Fig. 4.2,
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and the corresponding numerical results are given in Tables 4.1, 4.2, and 4.3
respectively.

To generate randork-body unitaries we use the QR-decomposition of random
matrices. The algorithm is as follows:

1. Generata® dimensional random matriy 4. d is the dimension of the
physical Hilbert space at each site.

2. Perform &Q R-decompositionM = QR Qis ad¥ dimensional unitary while
Ris an upper triangular matrix.

3. TheQ andR are not unique since for arg® dimensional unitary diagonal
matrix , QR=1Q ° IR0, To x this, we demand thaR has positive
diagonal entries. This xes to be identity. IfR = ;; rjjjiihjj, create a
diagonal matrix 9= " J{:—:jjiihij, andQ®= Q % Now for every random
matrix M, QCis a uniqued¥ dimensional unitary.

From these examples, we can see that

~ The Rank-Ratio index uctuates for small block sizes but saturates to a xed
value for large enough block sizes;

" The saturated value is equal to the square of the GNVW index and only
depends on the equivalence class of the MPUO, which is invariant under
stacking with any nite depth local unitary operation.

4.6 A non-locality-preserving MPO: fractional GNVW index

In the previous section, we have discussed how matrix product operators satisfying
a simple unitary condition (De nition 3 and Eq. 4.6) provides a necessary and
su cient representation of locality preserving unitaries classi ed by the GNVW
index. On the other hand, if we relax the condition in Eq. 4.6, we can obtain matrix
product operators, which are unitary in a more general sense, with index beyond the
GNVW framework. Inthis section, we are going to give one example of such matrix
product operators. We are going to show that this operator is unitary in systems of
odd size and non-unitary in systems of even size. It does not preserve locality and
can have a “fractional' index!
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Figure 4.2: Some examples of random MPUOs. Local physical Hilbert space has
dimensiond = 2 in all cases. (a) We combine a single right-translation operator
with random nite depth local unitary operatordy; U; Us; andU,4 are all random
2-local unitaries, (b) we combine layers of random local unitaries with layers of
right-translation. First layer is made of 2-local random unitdgy second layer is
right-translation, third layer is 3-local random unitary and fourth layer is again a
right translation operator. (c) Finally as an example of the most general case we
combine random local unitary operators with left and right translational operators.
The rst layer is right-translation, the second layer is random 2-local unitaries, the
third layer is left-translation, the fourth layer is random 3-local untaries and nal
layer is right-translation again. Numerical calculation of RR indices of MPUOSs in
(a),(b), and (c) are given in tables 4.1, 4.2, and 4.3 respectively.

Consider the MP@; represented with local tensor

My = (4.79)

This is a special MPO in that it represents a unitary operator when system size is
odd and a non-unitary operator when system size is even. For example, when the
system size is two, the operator maps both input sjasandj21i to j33i. Similar
non-unitary mappings exist whenever the system size is even. This is di erent
from all the other examples we discussed in this chapter, which are unitary and
satisfy EqQ. 4.6 for all system sizes. (And this operator does not satisfy Eq. 4.6 even
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Lengthof | rankof | rank of
blocked MPO| left SVD | right SVD | RR index
1 64 16 4
2 8 8 1
3 16 4 4
4 32 8 4
5 64 16 4
6 128 32 4
7 256 64 4

Table 4.1: Numerical calculation of RR index of MPUO shown in Fig. 4.2(a).
We start with site labeled 1 and block sites one by one to the right. We see that
after blocking 3 sites the index stabilizes to value 4, which is expected since this
MPUO is, by construction, equivalent (up to nite depth local untiaries) to a pure
right-translation and hence has indgx!M,° = 22 = 4,

Lengthof | rankof | rank of
blocked MPO| left SVD | right SVD | RR index
1 8 8 1
2 16 4 4
3 32 2 16
4 64 4 16
5 128 8 16
6 256 16 16
7 512 32 16

Table 4.2: Numerical calculation of RR index of MPUO shown in Fig. 4.2(b). We
start with site labeled 1 and block sites one by one to the right. We see that after
blocking 3 sites index stabilizes to value 16, which is expected since this MPUO is,
by construction, equivalent (up to nite depth local untiaries) to the combination of
two pure right-translation and hence has total inteRM, % = 42 = 16:

after blocking.) Therefore, it does not belong to the set of MPUO as de ned in
De nition 3.

To understand the property of this MPO, we can consffgcccording to Eq. 4.7
and, from its general form, identify the opera@(of. The general form of¢,
which we calculate using the procedure in Ref.[27], contains two blocks. The rst
block is what we would expect @ is a unitary for all system sizes

(4.80)

Di erent from a usual unitary MPO, there is a second block, which represents the
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Lengthof | rankof | rank of
blocked MPO| left SVD | right SVD | RR index
1 16 4 4
2 32 8 4
3 64 4 16
4 32 8 4
5 64 16 4
6 128 32 4
7 512 128 4

Table 4.3: Numerical calculation of RR index of MPUO shown in Fig. 4.2(c). We
start with site labeled 1 and block sites one by one to the right. We see that after
blocking 3 sites index stabilizes to value 4, which is expected since this MPUO s,
by construction, equivalent (up to nite depth local untiaries) to the combination
of two pure right-translation and one left-translation, and hence has total index
IRRIM CIRRM|PIRRIM,© = 4:%:4 =4,

superposition of two translation symmetry breaking operators. The two operators
each have period and they map into each other under a single step of translation.
Therefore, this part of the MPO is zero when the system size is odd, leaving the
MPO Ot to be unitary. When the system size is even, the second block gives rise to
a nontrivial operator, which breaks the unitarity@f.

When the system size is odah(+ 1), O is a unitary operator, but it is a highly non-
locality preserving. To see this, consider the operBfor j1lih2j + j2ih3] + j3ihlj
on thenth qutrit and the conjugation d¥, by O;. Applying O¥ P,O¢ on an initial
statej11:::1:::11i, we nd that the state is mapped to
. . Ot .
10 ot i 0 T ¢ el At I
Py O
Py 11311 !y 32nan32

(4.81)

wherea = 3if nis odd anda = 1if nis even. As the nal stat¢32:::a:::32 is

operator even tougR, is local. ThereforeQ; is a non-locality-preserving unitary
when system size is odd.

Interestingly, if we calculate the index &f; according to Eq. 4.39, we nd that
IrRr'O+° = rank rank =3 (4.82)

and this number stays invariant if we talée blockdwf.If we were to convert it to
the GNVW index, we would nd it to be 3 which is not a rational number and
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hence not allowed as a GNVW index. This is of course expected beCaus@ot a
locality preserving unitary and this example illustrates that it is possible to represent
some non-locality-preserving unitaries with drastically di erent properties from the
locality-preserving ones using the matrix product operator formalism. We would
expand more on these kinds of MPOs in the next chapter.

4.7 Summary and outlook

In this chapter we studied the representation of one dimensional locality preserving
unitaries using the matrix product operator (MPO) formalism. We show that matrix
product operators, which are unitary (for all system sizes), are guaranteed to preserve
locality and all locality preserving unitaries can be represented in a matrix product
way. Moreover, we show that the GNVW index[1] classifying locality preserving
unitaries in 1D can be extracted in a simple way as in Eq. 4.39 for injective or a stack
of injective tensors. On the other hand, matrix product operators satisfying a more
general unitarity condition unitary only for systems of certain sizes can have very
di erent properties. In particular, we present one example of MPO which is unitary
for odd size systems but not for even size systems and nd that it is non-locality
preserving and has a fractional index as compared to the locality preserving ones.

Many interesting questions remain open regarding the matrix product representation
of unitaries. First of all, Lemma 5 provides a complete characterization of MPOs
which are unitary for any system size. However, this characterization is in terms of
T rather thanM. In particular, if one wants to simulate a unitary evolution process
using nite bond dimension MPO, it is not clear which parameter space one should
choose from such that the MPO is guaranteed to be unitary. If such a parameter
space can be identi ed, we can generate 1D unitaries without having to check the
condition on theT tensor. With the matrix product representation of states, we
do not need to worry about this problem because any tensor generates a legitimate
guantum state. This is essential for variational algorithms based on matrix product
states. If we want to have similar simulation algorithms for unitary dynamics with
matrix product operator, this problem needs to be addressed.

Secondly, adding symmetry requirement to the 1D unitary operators can result in
more detailed classi cations. This has been discussed in terms of (dynamical)
interacting Floquet phases with symmetry where a classi cation in 1D has been
proposed in Ref.[65 69]. Similar to the case of 1D gapped (hondynamical) phases,
adding symmetry can result in symmetry-protected Floquet phases. It would be



130

interesting to see how to distinguish di erent symmetry protected Floquet phases
based on the MPO representation of their Floquet operator.

Finally, the example we discussed in section 5.2 shows that if we relax the de nition
of unitarity, MPO can represent non-locality-preserving unitaries with fractional
index. What is the full power of MPO in representing 1D unitaries in this more
general sense? For matrix product state, we know that with a translation invariant
nite bond dimension representation, the state represented is either gapped or a
superposition of several gapped states. Can we obtain a similar understanding of
the MPO representation of 1D unitaries? This is a question we plan to study in the
future.
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Chapter 5

TN REPRESENTATION BEYOND LOCALITY-PRESERVING 1D
UNITARY OPERATORS

5.1 Background and Motivation

In the last chapter we developed the tensor representation of locality-preserving 1D
unitary operators. We observed that such MPUs are generated by a local-tensor
with certain general form. Namely, ifs = ; MiitMJ® has to have only one
block of rank one in its canonical form (Eg. 5). To show that such MPUs can
represent all locality preserving 1D unitaries, we proved that they can represent the
basic building blocks of such unitaries, and hence can be stacked to construct any
1D locality-preserving unitary. It was shown that if we block such local-tensors
enough times, they satisfy certain xed point equations, namely, separation (EQ.
(4.26)) and isometry (Eq. 4.27). We proved that it follows from the xed point
equations that these MPUs are bound to be locality-preserving. That is, they map
local operators to local operators. To characterize such MPUs, we de ned an index
called Rank-Ratio(RR) index as the ratio of ranks between left SVD and right SVD
decomposition of the local-tensor (de nition 4) and showed (theorem 5), using xed
point equations, that this index satis es all the required properties for it to be an
equivalent of GNVW index de ned in Ref. [1]. Finally, in section 5.2 we noted an
example where the local-tensor generated unitaries but not for all system sizes. It
had a periodicity of 2, that is, it was only unitary for odd system sizes. The present
chapter is inspired by and is an expansion by this example.

We start with noting that everything we proved about the locality-preserving MPUs
followed from the following implicite assumption (or requiremerttjere is a 4-leg

local tensor that generates MPOs on periodliesite 1D chains and we rquire this
MPO to be unitary for all system sized, This was the justi cation in assuming
thatT has only one block of rank in its canonical form. But the reason for this
assumption is not clear apriori. We often work with certain range of system sizes.
Why should we care whether the MPU at hand is generated by a local-tensor that
generates unitaries for other system sizes as well? Though this assumption gave
us locality-preserving MPUs, do we know thet locality-preserving MPUs on a
given system size would be of this category? To understand MPUs better we would
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relax this requirement in this chapter and would ask a more general question: given
a system size8l, what is the condition on local-tensdt such that the generate
MPO O™ is unitary?

Another motivation of this investigation isto nd an easier test that can be performed
on a local tensor to predict whether or not it generates unitary on a given 1D chain
of xed size, or a set of sizes. Currently the only test to be performed on local
tensor is to calculate the canonical form oft$ensor and see whether it satis es

the general form given in Eg. 5. But this can be a tedious calculation for a given
arbitrary tensor, and moreover it can only tell us whether the local-tensor generates
unitary on all system sizes.

Comparisons can be drawn with the theory of MPS, where just calculating the
transfer matrix of the local tensor gives us a lot of information about the generic
behavior of MPS on a nite periodic chain. In particular, it is well known that all
transnational-invariant MPS with injective local-tensor (which means the transfer
matrix has a non-degenerate highest eigenvalue) share a generic physical property:
they all have short ranged correlations. This is very useful because calculation of
transfer matrix and its eigenvalues is very convenient. Can we make similar claims
about an MPU? The equivalent of short ranged correlation for MPU is locality-
preservation. So we can ask, does an injective local tensor (which means that
the transfer matrix of local-tensoEy,, has a non-degenrate highest eigenvalue)
always creates a locality-preserving MPU? We will be investigating such questions
by general approach and speci c examples in this chapter. In particular we ask the
following questions:

1. Are MPUs generated by an injective local-tensor always locality-preserving?
If not, what is the su cient condition for locality-preservation?

2. Given a local-tensor, how can we predict whether it generates unitary on a
given 1D chain, or a set of such chains (where the set can potentially include
all system sizes)?

3. Are there nite bond-dimensional non locality-preserving MPUs generated
by a single local-tensor? If so, how can a locality-preserving MPU be di er-
entiated by a non locality-preserving MPU? Is there an index that measures
the amount of non locality-preservation of an MPU?
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In this chapter we answer the above questions as foll&ys Er denote transfer
matrix of M andT respectively):

1. Locality-preservation does not depend on the injectivity of the local-tensor
M. It depends on the injectivity oF tensor. More speci cally, the su cient
condition for locality-preservation is that the transfer matriX pEr has only
one non-zero eigenvalue which is equal to 1.

2. A local tensor generates unitary on 1D chain of lenijthf and only if
TriEfe = TriEN° = 1. In particular, it generates unitary for all system sizes
if and only if bothEyy andEr have only one non-zero eigenvalue which is
equal to 1.

3. Yes, there are in nitely many nite-bond dimensional non locality-preserving
MPUs. They have non-locality index which measures how much information
they transfer to long distances. They are characterized by a presence of " MPO
type' symmetry similar to those in the 2D tensors that represent topological
phases.

The rest of the chapter is organized as follows. We rst introduce a notidd-of
unitarity of a local-tensor in section 5.2 as a point of departure from the last chapter.
Then in section 5.3 we would prove the central theorem of this chapter which gives a
necessary and su cient condition for a tensor tolHeunitary. A key characteristic

of an MPU is how it acts on local algebras. So we would revise the formalism of
support-algebras and how they relate to tensor networks in section 5.4. After this we
would revisit the locality-preserving MPUSs in this new formalism in section 5.5 and
re-derive and re ne their properties noted in the last chapter under the general notion
of unitarity and support-algebras. In particular we would show that GNVW index
de nition directly translates to RR index in tensor networks. Finally, in section 5.6,
we will discuss examples of non locality-preserving MPU and show how they have
a ‘long-range order' in a certain sense. We will conclude the chapter with summary
and outlook.

5.2 N-unitarity
First we set the terminology for the rest of this chapter.lodal-tensor M is a
4-index tensor with two virtual indices and two physical indices (an input and an
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output). Pictorially,

(5.1)

wherei andj are the the input and output physical indices arahdb are the left
and right virtual indices. We can put these tensors on a periodic 1D systerNwith
sites and contract all the virtual indices. This will give us a physical ope@ior
on theN sites which will refer to as thmMIPO generated by the local tensdv and
denote it a®ONt MO,

(5.2)

where the twists at both ends denote periodic boundary condition. We will see
below how the same local-tensor can generate MB®w/hich are unitary for some
values ofN and not unitary for other values. To make this precise we de ne

De nition 6. Alocal-tensoM is N-unitary if the MPO generated by it on a periodic
1 D chain of sizeN, ON*M?©, is unitary. In such a case we denote the MPQUEY’.

If a local-tensor generates unitary for all sizes in somelSe?, S, then we would

refer to them as-unitary. We will see that MPUs discussed in the last chapter are
generated by special local-tensors which generate unitary for all system sizes. So
they can be callet-uniary local tensors. Similarly, the local-tensor in Eq. 4.79
discussed in the section is an example which generates unitary MPO only for odd
system sizes. So it can denoted!dsl 1° - unitary local-tensor. One of the
main objectives of this chapter is to understasdinitary local-tensors which are

not N-unitary, that is, local-tensors that generate unitaries for some but not for all
system sizes.

Recall from last chapter that for any local-tenddrwe can de ne another local-
tensorTtM° as

~

y o
TYimo = MY
k
When the underlyingv is clear from the context, we would simply refer to it as the

T-tensor. As we have already seen, teriBqalays a central role in understanding

oMk (5.3)
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the properties oM. Sometimes it is more useful to consider fh¢ensor ofMY
instead that oM. We would simply denote them ag§MYe,

For any local-tensor we can de ne a transfer matrix as in Eq. (4.22) which we repeat
here with slight modi cation for convenience,

(5.4)

Note the factor o%, whered is the dimension of the local physical Hilbert space.
Similarly, transfer matrix off turns out to be,

(5.5)

Notice thafl satis esTY = T, butT*MY°, TYIM°.Also one can seEy; Eyy and
Erime = Eripmyo in the sense that they are the same matrices with just indices shifted.

We will now see thaEy andEr play a key role in determininfyl-unitarity.

5.3 Necessary and su cient condition for N-unitarity
Now we present the central theorem runitarity.

Theorem 6 (N-unitarity theorem) A local-tensorM is N-unitary if and only if
Trigf® = Trigfe=1: (5.6)

. . . . . N _ N —
Proof. (i) First we prove:N-unitarity) TriEg°=TriEf°= 1.

This is easy to prove. Sindd generates unitary oN-sites, we have

(5.7)
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Now take trace on physical indices on both sides,

) TrudgyoNe =g
) TriEw°=1 (5.8)

Note that sinceM generates unitary oN sites,T*M? also generates unitary d¥
sites. In fact it generates identity. Since above equaltion is true foNangitary
local tensor, it must be true f*M°also. So we have provad*E},° = TriENC = 1.

(if) Now we prove: TriENC = TriENe = 1) ONYO'N* = O'NO'NY = | N that
is, M is N-unitary.
let's choose an orthonormal basis for the space of operatorsdbdimensional

Hilbert space ag ;] = G 1 :: :d? 1g, where o = | and j, 0 are traceless

operators and with the property,
Trt E(/O =d jx 8jk (5.9)

Now we decompos&M? in terms of these operators on the physical space and
operators on the vitrual space,

(5.10)

This is not an SVD decomposition. We have simply writfechoosing some basis
in the physical space. At this point we do not know anything alspaperators.
Now taking the trace on the physical legs above givesis on the LHS andl s
on the RHS as all other terms vanish siffaé@ o° = d andTr! ; ¢° = 0. So we
simply get,

S = Ewm: (5.11)

Since we want to prov®NYO™N’ = | N we note thaD™NYO™"° can be expressed
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interms of j ands; as

; (5.12)
or, algebraically,
oNYo'™N° = | Tris, S, Sin® i b Cit o nd (5.13)

indexJ = jj1; j2; ;i1 jni and write

1NO© 1N©°
oNYoN = TrigNe N (5.14)
J
1N© 1No©° 1No°
WheresJN = §j,Sj, .. :Sjy and JN = i1 j» -t ju Notethat JN form an

orthonormal basis for operators dn" space and satisfy

Trt 3N0 ;Noyo: g\ IK: (5.15)
And J'\SOOZ::O =1 N. So to proveD"™N’ is unitary, we need to prove
Tris)°=0 8J, jO0:0i: (5.16)

To do that, let's write equation (5.14) pictorially,

; (5.17)

and now multiply both side with their respective complex conjugates, amd take the
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trace on physical indices,

: (5.18)

where in the second step we have used the de nitidgrofEq. 5.5) on the LHS and
orthonormality of [ (Eq. (5.15)) on the RHS. So now we use the assumptions
TriEfe = TriEf° = 1in above and get,

O

Trighe = jTris)Vj2
J lNO O 1N0
1 = JTris g 00+ jTris) j2
OJ,jOO:::i
1 = jTrighop+ jTris)Vj2
(~) J, jOO::i
1 = 1+ jTrlszNoj2
J, jO0:::i
) Trlsill,\l(;oo:::i =0 (5'19)

whereTris% .= Trig)e = TriEN° = 1has been used in the 3rd step. We have
proved the key step required (Eq. 5.16). So simply putting Eq. (5.19) in Eq. (5.14)
we get

oNYON = Trigh o IV (5.20)

(I I (5.21)

SinceE,yy and Ey1yo have the same spectrum as thatepf and Eq:ye respec-
tively (they are the same matrices with indices permuted), we aIsoThaE%lyo =
TrEy,y = 1. So following the same steps as above but ¥bf we can prove
O'N°O™NY = | N S0 we have prove®NYO'™N’ = O'N°O'™NY = | N as desired.
This completes the proof.
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The N-unitarity theorem is very useful in general because it has the following
implication for any translation-invariant Wilson-loop operatdf:a translation-
invariant Wilson-loop operator (of any length) can be represented by a nite bond-
dimensional MPO, then its unitarity can be checked locally and e ciently.

The N-unitarity theorem completely characterizes all possible translation-invariant
unitary MPOs. It is very useful because it gives an e cient algorithm to nd
out whether a translation-invariant MPO is unitary. Conversely, all translational-
invariant unitary MPOs can be thought of as particular solutionsltonitarity
equation (5.6).

Now we turn to other aspect of an MPU, its action on local algebras.

5.4 Action of MPU on local operators

An MPU acts on local operatows, by conjugationd, ! U™NAUNY. Under this
operation, local algebra gets mapped to an algebra supported on a larger space. We
want a good measure of this "spreading" done by MPU. In the last chapter we talked
simply in terms of how much of the local algebra gets mapped to the right and how
much gets mapped to the left. However, as we will see, for MPUs that map local
algebra to a non-local (global) algebra this measure does not work. So we need
a slightly more general quantity to work with. For this, we turn to the notion of
support algebras.

First we need to de ne the notion of support algebras (See Ref. [1]).

De nition 7. let's say there is a subalgebrA of a tensor product of algebras,
A B y B, Ifthereis a smallest subsalgeb@ B ysuchthatA Cy B,
thenG, is called the support algebra & on By and is denoted aS'A ; B°

In the present context we can thinkB§, as the algebra of operators gth site on
the 1D chain, and set= y to denote algebra of operators on all the sites excluding
y. Itis known thatS'A ; B,° can be calculated using SVD decompositiorAof If
we SVD decompose operatorsAn2 A between operators iBy and operators in
By,

A= By C,; (5.22)

whereBy represent an operator on thh site anc(:y represents operator supported
on the rest of the Hilbert space. Then support alg&bfe; B° is generated by alll
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By arising in this way. Mathematically, this is equivalent to nding the reduced
density matrix of a many-body state on a particular site. Except here, we do this
with operators, not vectors.

So we see that the quantity of interest for MPU is the dimension of the support
algebra,dimStU™A ,U™NY; A % Roughly speaking, it measures how much of
the algebra at sitg can be reached by applying MPU on algebra atsite

Note that the GNVW index of an MPU is de ned (after possible blocking) as the
ratio ofdimtSIU™1A . A L. 12UNY: A ;1 A ,2andd?, whered is the dimension
of Hilbert space at each site.

With the following proposition, we show what the notion of support algebra corre-
sponds to in terms of tensor networks.

Proposition 1 (Action on local algebra anfy). dimtStU™N’A (U™NY; A s the
rank of the following tensor network as a map from légato 3; 4,

(5.23)

or written in terms ofl, Er andEy,

(5.24)

Proof. let's sayU"™N"1M° mapsjiihjj to A'°. That is,A1° = UN%jiihjju'™%. A1°
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can be written as a tensor,

(5.25)

TheT-tensor in the above is actuall*MY° but we have denoted it simly dsfor

network language

(5.26)

Now let's say the SVD decomposition @f1° between operators on sijeand the
restis,

INAE R : Vi o (5.27)

wherey denotes all sites except Note that operator‘S;i;j ’ span the support algebra
of A'l° on sitey. To get this space, we need to take a “trace outQloperators,
0

lijO 1ij0 1ij0

LAY A% = Hje gy IV
Tryt ATV A% = B B TraC))’C

1 1i%2 B;i;j ° B;j . (5.28)

where we have used the mutual orthogonality®of as they are basis of SVD
decomposition. To do the same “tracing out' of spade tensor network language
we multiply Eqg. (5.25) and Eq. (5.26) and take a trace on all sites excafe get

TrylAlij %Y A% =

1 W2l gl (5.29)
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Hence this tensor network is nothing k;utl 1ij°°28;i;j° B;i,joy Which means that
operator space on indicésl is simply spanned by operato&ﬂjoy. As we change
i; ] we get di erent operatorB;i;j Y on sitey. So to get all suctBs we simply sum
over alli; j which corresponds to contracting the bottprwith top legsj;i on site

X. So we get

1 %2 B;i.jO B;i-j °y
gy

So we see that the tensor network on the right is nothing but the matrix on the
left. Since it is a positive matrix, its rank is equal to dimension of space spanned
by di erent Bli;jo, which is nothing but the dimension of desired subalgebra. This
completes the proof.

let's give some examples of this proposition for illustrate. let's say we wanted to
calculate the support algebras of the left-shift operators. In particular we want to
calculatedimtStU'N°A L,U'™NY: A, 1%, Before we do the computation using the
tensor network (5.23), we rst guess what the answer should be intuitively. We
know that the left-shift operators transfer the information to the immediate left
site. So all of the algebra x should get mapped to the algel#g 1, and nowhere
else. So we expect
_ oA | N _§d2 ify=x 1
dimStU ™ AU Y A 0= (5.30)
21 otherwise
Let's see if the proposition 1 matches this intution. Drawing the required tensor
network fordimtStU™N°A L U™NY: A, 1% we get,

(5.31)
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Other terms simply produce constant factors as they they are traces of identity, and
it does not a ect the rank we are interested in. Looking at the RHS it is immediately
clear that indeed the rank betwe&r and3; 4 is d? as they are simply connected

by a rankd leg. It matches what we expect from (5.30).

Now we computedimtStUNA ,UNY; A ;1%

(5.32)

One can clearly see that2 are completely disconnected fro8n4 in the tensor
network, and hence the rank of the operator friyf to 3;4 is simply 1, which
matches our expectation in (5.30).

Though it might look like a tedious calculation by hand, but the importance of this
proposition lies in the description of this tensor network written in (5.24). Since it
only uses matrices, this calculation can be done e ciently for angndy. Also
notice thatx andy only appear withEr which suggests that it is mainks that
determines how local algebra is spreaded out by the action of an MPU. In the theory
of MPUs Er plays a more central role thdfy. Indeed we will see that MPU's
whoseEy are same buEr are di erent can di er radically from each other. In
particular, at long distances, its only the degeneracy of the highest eigenv&e of
that determines the correlation length.

With the theorem 6 on unitarity, and proposition 1 at hand, now we revisit the
guestion of locality-preserving MPUs and re ne and expand our results and under-
standing from the last chapter.

5.5 Reuvisiting locality-preserving MPUs

Theorem 6 immediately gives a necessary and su cient condition on the local
tensors that generate locality-preserving MPUs of last chapter. But before we
present that, we need to note a small lemma whose proof can be found in whose
proof can be found in Ref. [70]. We just repeat the result here for convenience.



Lemma 8. Consider two sets of complex numbers,x = j .k jé ix; =
abk =12:::x . I1f8N max Xy Xpgthe following is true,

&

@1

thenxs = Xp and gk = pk (Up to permutation).

Now we present the result for locality-preserving MPUs.

Corollary 5. A local-tensor generates MPUs for all system sizes (that is, M-is
unitary for all N 1) if and only if bothEy and Er have only one non-zero
eigenvalue which is equal to 1.

Proof. let's sayEy has eigenvalues; 2 ... m. Then, sinceM is unitary for
all system sizes, we have
0
=1 8N L (5.34)
j
Applying Lemma 8 on this equationwe gef = 1, o= 3=:::=0. SoEy

has only one non-zero eigenvalue which is equal to 1. The same can be applied to
Er and we get thaEy has only one non-zero eigenvalue which is equal to 1. This
completes the proof.

It is also interesting to note another immediate implication of Lemma 8

Corollary 6. If a local-tensor with virtual bond dimensioD generates MPU for
all system sizesl D%, then it generates unitary for all system sizes, and hence is
locality-preserving.

Proof. SinceEr can have maximund* eigenvalues, i# j JN =1 8N D%
then using Lemma8we havg =1, = 3=:::= p2=0. The same goes for
eigenvalues oOEy

Now we prove that just as injectivity of local-tensor in MPS theory implies short
ranged correlation, injectivity of -tensor in the theory of MPUs implies short-
ranged mapping.
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Theorem 7 (T-injectivity implies locality-preservation)lf the T-tensor of a MPU
generating local-tensoM is injective (has only one non-zero eigenvalue which is
equal to 1), then the MPU)™°, is locality-preserving. In particularN-unitary
local-tensors generate locality-preserving MPUSs.

Proof. let's sayEr has only one non-zero eigenvalue which is equal to one. The
eigenvalues 0 may have a jordan block associated to them. So there must exist a
numberv  D# whereD is the dimension of the virtual legs, such tiigt has no
jordan blocks, and hence is a rank 1 matrix. Any rank 1 matrix can be written as an
outer product of two vectors, so

EY = jRihLj; (5.35)
with hLjRi = 1 (5.36)

or pictorially,
(5.37)

whereRr and Ly are the right and left eigenvectors Bf with eigenvalue 1. This
implies that the diagram in Eq. 5.24 decomposgy if xj > v, that is,

(5.38)
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The rst term on the RHS is just a number so we ignore it. To see why the second
term is just identity ori; 2 and3; 4, we can write it as

(5.39)

sinceM generates unitary, it gives identity on each site, and that's why we end up
with identity on1; 2 and3; 4. In fact without having done the detailed calculation we
can see that iE] decomposes for somethen looking at Eq. (5.29) we can see that
no operator on site can be mapped beyondv. HencdJ N°A ,U'NY cannot have a
support on sites more thardistance away from. SodimtStU™N A ,UNY; A oo =

1;8jy xj > v. This completes the proof.

This theorem con rms the general implication of proposition 1, that the long distance
behavior of an MPU is dictated by the highest eigenvalue degeneracy Ef tH%0
in particular if this degeneracy is 1, we get short ranged mapping by the MPU.

Notice that we did not need the injectivity assumption like we did in theorem 5 of
last chapter. It means theorem 5 should be true irrespective of whether ldr isot
injective, or a stack of injective MPUs. We will now show that indeed that is the
case. We can remove the injectivity assumption if we block sites once more after
we reach the xed point equations of separation and isometry.

To be more precise, we needed injective assumption (Chapter 4, de nition 5) because
if the left eigenvectorl, and right eigenvector, of the transfer matriy, are not
supported on the full virtual space, we cannot in general claim that multipiing

with pF from the right or multiplying from the left does not change its SVD ranks
needed for RR-index de nition. That is, we cannot claim, for example, that the left
SVD rank remains the same under following modi cation.

(5.40)

But since we proved index multiplicability under stacking using such modi cations,
we were forced to use the injectivity assumption. We now show that the above
equation is always true, if we block enough sites.
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Lemma 9. For a local tensorM that satis es xed point equations (separation as
in Eg. 4.26 and isomerty as in Eq. 4.27 ) the following holds true:

(5.41)

Proof. First we calculate the rank of the RHS:

(5.42)

We do not need to know the rank of the rst term on the RHS of this equation to
prove the desired result. Now we calculate the rank of the LHS of Eq. 5.41,

. (5.43)

where wherg is the left eigen-vector dEy andl is just identity operator on virtual
index. The second equality comes from separation. But now notice:

(5.44)
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The nal equality comes from the fact that the rank cannot possibly be greater than
d. To see why the rstinequality is true, notice, more explicitly,

(5.45)

The inequality in second line comes from the fact ﬁ'l_lais anon-negative matrix and
for any matrixA and a non-negative matrix Bank!A° rank*AB°. (To see why,
diagonlizeB, (which can always be done since its Hermitigl; U UY, where

is diagonal matrix. Now keeping in mind that multiplication with a diagonal matrix
can only possily reduce rank, we har@nk!A° = rank!AU° rank!AU © =
rank!AU UY° = rank!AB°. ) The rstand nal equality are simply the expression
rank!A° = rank!AAY° for any matrix A. So we see that the Eq. (5.44) is true.
Substituting relation (5.44) back in Eq. (5.43) we get the desired result

(5.46)

This completes the proof.

It is an obvious to see that in a similar fashion we can prove,

(5.47)

So, now on, we assume that we have blocked enough sites such that injectivity
condition is automatically satis ed and hence results of the last chapter are valid for
all local-tensors that generate unitary for all system sizes.

In last chapter, in theorem 5 we showed that RR-index and GNVW index are related
by rst showing it to be the case for all the building blocks of locality preserving
MPUs, and then showing it to remain true under stacking of MPUs. Now we take
a di erent approach, and show that RR-index de nition is actually directly implied
by the GNVW index de nition when we apply it to tensor networks.
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Deriving RR-index from GNVW index
Now we will show that RR-index actually directly comes from GNVW index. To
prove that we rst need a small result

Lemma 10. If a locality-preserving MPU satis es the xed point equations, and
Irrandrgrare its left and right SVD ranks respectively, tHeprrg = d?.

Proof. It is easy to prove this. In the last chapter we proved thddis = M; M,
then we have, !

rank = rank rank : (5.48)

let's putM; = M andM, = Mi’. So the above equation gives us
!

rank = IRRRR (5.49)

where we have usdgrtMY° = rrgtM?, which follows from the de nition ofMY.
But we also have the following due to separation:

(5.50)

The reason for the equality is similar to that argued in the proof of lemma 9. (we
can multiply the two sides with and| and get identity on both sites.) So we get
|IRrFRR = d2. This completes the proof.

We proved in theorem 5 in last chapter thagvw = I[)Hgby proving it rst for the
building blocks of locality-preserving MPUs and then for stacks of them. Now we
will reprove the same relation but in a di erent way. In this way of proof we will
see that RR-index actually directly comes from the GNVW index de nition.

Theorem 8. If a local-tensorM that generates MPU for all system sizes is block
enough times so that it satis es the xed-point equations (separation(Eq. 4.26),
isometry (Eq. 4.27) and lemma 9) and Hag andrrgr as its left and right SVD
ranks, then its GNVW index is

o p
IGNVV\/1U N° — RR - _ = __" = |RR1MO; (551)
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whered is the dimension of the Hilbert space on each site.

Proof. First we recall that the GNVW index of a 1D unitary operator is de ned in
terms of support algebras. That is, let's say,

lgnww = dimtSIUNIA L A S oUNY AL A 0 (5.52)
rgnvw = AIMSIUNIA L A UM™Y AL A 0% (5.53)

Thenlgnyw = Ignyw® 02 = d2ergnyw. It was showrgnywr gnvw = d*. So to prove the
theorem we just need to prolgyw = IéRandrgn\,W = rrr. TO do that, let's see how
an MPU acts on operatois, Ax+1 2 Ax A x+1,

(5.54)

whereinthe rststep we have used separation and isometry, and in the second step we
have performed left and right SVD dvi andMY. We have usetkgtMY° = rrgtM®°

and vice-versa. Recall that the de nition®U™N1A , A . PUNY: A, 1 A ,Cis
thatitis the space of operatorsAry 1 A xthat appearin the SVD decomposition

of operators ilJ'™N2A , A ,,1°U™NY. But we do not need to perform this SVD
decomposition. We can directly see from the tensor diagram that the number of
non-zero singular values of this SVD cannot exc%g (We can use proposition 1

for support algebras to see it more explicitly.) So we get

lgnww &R (5.55)
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By similar argument with the spa@U™*1A , A . 12U™NY: A1 A 4420 We get
rgww  Tag (5.56)

These two inequalities together with equalitlggwrgnvw = d* andlrrrrr = d?
(lemma 9) give udgnw = 135 andrgnw = 3, Plugging it in the de nitions of

the GNVW index and RR-index with get the desired result. This completes the
proof.

With this theorem we conclude our discussion of locality-preserving MPUs. Now
we will turn to solutions of theN-unitarity equation (Eq. (5.6)) which depend on
the values ofN. That is, they satisfy the equation only for certain setNof We

will see that such MPUs are often Non locality-preserving. That is, they map local
operators to non-local operators.

5.6 Non locality-preserving MPUs: ‘long-range ordered' MPUs

The MPUs of last chapter and last section can be seen as solutions to the equations
E,\N/I = E’T\l = 1for all N 2 N. Are there solutions that only work for a subset of
natural numbers? As we will show now there are in nitely many such solutions.
The local tensor mentioned in Sect. 5.2 in last chapter is one of them. let's consider
a similar example here. Consider a local-tensor

(5.57)

(This local-tensor can be obtained from the one in last chapter by applying a unitary
operator on each site, so it has essentially the same properties.) let's rst study how
this examples ts with the theorem 6. Its transfer matrix can be calculated simply
to be

: (5.58)

which has only one non-zero eigenvalue which is equal to 1. So we see that transfer
matrix for thisM is exactly similar to those of locality-preserving MPUs. But what
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makes it di erent is the matris

(5.59)

By calculating its eigenvalues, we nd that the only non-zero eigen values are
f1,1, 1g Soifitis to satisfy the condition of theorem 6, we should have

Trigfo= 1N+ 1N+ 1 1N = 7, (5.60)

which is true if and only ifN is odd. This explains why in the example in section
5.2 of the last chapter we found that the MPU was unitary for all odd system sizes.
Also, if we calculate the left and right SVD ranks for this local-tensor we nd,

Irr = rank =9 (5.61)
rrr = rank =3 (5.62)

So
IrRfRR=9 3=27> 3 =d?% (5.63)

So this local-tensor violates the relation required for locality-preserving MPUs as
proved in Lemma 10. This is another indication that it is not a locality-preserving
MPU.

Recall that we proved in the last chapter that the tefdmas to have only one block

if M is to produce unitary for all system sizes. So let's analyze the block structure
of T. But we will useTtMY? instead offtM° for reasons to be explained later. We
nd

(5.64)
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One can see that this actually has 2 blocks. This rst block corresponds to
p=9q=0,

(5.65)

This block clearly has rank one and has identity as the physical operator. So this is
exactly the same as that in the general form in (5). If there was only this block, this

local-tensor would behave like locality preserving tensors and generate unitary for
all system sizes. But it doesn't because there is a second block as well. This block
correspondstp=0,9=1q9= 1,

(5.66)

Clearly, it has rank 2, and its a periodic block. It is actually an MPO version
of transnational symmetry breaking MPS rst noted in [27]. Agontract with
each other, the rst term in this block can only contract with the second term and
vice-versa. So these terms alternate throughout the chain. But notice that when the
number of sites is odd, it cannot connect back to itself and it disappears, in which
case we are only left with the rank 1 block, and hence the overall MPU is unitary.
But when number sites are even, this block doesn't vanish, and we get a non-unitary
operator. In fact, one can see that on even sites we get an operator

Ne2 Ne2

oN=1 N+ 7z, Z+ ZY, Zu (5.67)

x=1 x=1
So we see that, other can calculating eigenvalueBypfand Er, calculating the
block structure ofl can also tell us about the periodic natureNstinitarity of the
given local-tensor. We will do the same with similar examples below.

How does this MPU act on local operators? Remember that in proving locality-
preservation in theorem 7 we used the fact tBatwas injective (had only one
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non-zero eigenvalue). Does it imply thatEr has more than one eigenvalues,
then the MPU would be non locality preserving? The answer to this question is,
generically, yes, but not always. let's choose convenient basis to see how the MPU
generated by local-tensor in (5.57) acts on local algebra. We choose the basis
Z3X% ab= 01 1lwhere(! =exp &)

0 0 1
Z = I 07 X= 0
0 !2 0

Z andX are generalized pauli operators. With this the b@8X? spans the whole
algebra of operators on site In fact, Z, and Xy generates the whole algebra on
site x, so we just need to calculat&éN°’ZU™Y andU™° XU™Y. We will give the
detaoil calculation below, but here we just note the results

Uz = 12,1297 L7500 (5.68)

where\ : : Xdenotes that the alternating powers continue through the whole periodic
1D chain. So we see that though it acts locally>ooperators, it mapg operators

to global operators: operators that are supported on all sit@esone generates a 3-
dimensional subalgebra of 1-site algebra. It means 3-dimensional subalgebra of the
local algebrais mapped locally, while the rest is mapped nonlocally. Note that locally
mapped operators form a subalgebraA &dB are mapped locally then so ate B

and AB sinceU*A + B°UY = ULAUY + UtB°UY andU*AB°UY = UTAUYULBOUY

and sum/prdouct of local operators is local. We would call this subalgebra simply
“locally-mapped subalgera’. The importance of “locally-mapped subalgera’ is that a
GNVW index can be de ned on this subalgebra, and it interacts with other locality-
preserving MPUs in the usual way. We will see later that some MPUs do not even
have any non-trivial locally-mapped subalgebra. Thatis, they map all local operatos
to non-local operators.

It is simple to see that in the language of support algebras, we have

. 1N© 1N© §9 if y=XX+ 1:
dimSIU T A U, A= (5.70)
33 otherwise

SoasN !'1 , U™ still maps local operators to operators supported on 3 dimen-
sional subalgebra of algebras far away on the chain. In other words, we can say that
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it has a long range correlation where a 3-dimensional subalgerba is correlated with
the local algebra.

Non-locality index

Itis obvious that GNVW index is not well de ned for non locality-preserving MPUS.
But notice that itis easy to see that the numdier SIU™ A ,; U™NY; A 10 jx ]

1 does not change if we combine the above MPU with locality preserving MPUs
of last section. Locality preserving map local operators to local operators, so they
have no e ect on the long range behavior of this MPU. Hence we can say that
the quantitydimtSIU™A ,; U™NY; A% jx yj  1is protected against locality-
preserving MPUs. We would refer to this quantity as mio@-locality indexof non
locality-preserving MPUs.

Symmetries of local tensor and non-local mapping

Recall that in Chapter 2, Sect. 2.7 we observed the reason for instability was that,
due to certain symmetries of the tensors, some local operators on the virtual level
get mapped to non-local operator on the physical level. Interestingly, the non local-
mapping of the MPU can be understood in a similar way. First notice that when we
calculate the operatdd "N’ A,U'N%, we are calculating the tensor network diagram,

(5.71)

So it can be understood as a mapping from “virtual leg' to physical leg bedguse
is applied on the legs being contracted in the tensor network. So, mathematically,
the source of non-local mapping can be the same as it did in the 2D case.

So how can we see non-local mapping of the local-tensor in (5.57) by its symmetries?
let's try to understand the Eqg. (5.68). Notice that the local-tensor (5.57) satis es
the following two important symmetries,

(5.72)
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With these symmetries we can see HOW" acts onz,

; (5.73)

where in the rst step we have used symmetry in (5.72)(a), and then we have
recursively used symmetry (5.72)(b). This process continues until it reaches back
to the starting place due to periodic boundary condition, and we get

(5.74)

This explains the result in Eq. (5.68). Similarly, to under its actiorXooperator,
we note the relevant symmetries,

(5.75)

Using this we obtain

X (5.76)
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where in the rst step symmetry (5.75)(a) is used and then symmetry (5.75)(a) in
the second step. Notice thét unlike Z, cannot travel beyond the 2nd site and stops
there. Thus we recover the result (5.69).

So what was the key property of this local-tensor that made it a non locality-
preserving MPU? If we look carefully, we nd that the symmetry noted (5.72)(a)
plays a central role in its non-local behavior. In fact, it is the kind of "MPO
symmetry' which plays a key role in the topological/long-range entangled behavior
of 2D states. Recall that in Chapter 2 we noted howZheymmetryZ 2 symmetry

of the local-tensor was essential for maintaining topological order of the toric code
state. The essential feature of such a symmetry, that di erentiates it from other local
symmetries, is that it is a long range symmetry constraint on the tensor network.
The toric code single-line TNR satis es tl® symmetry generated & " on any
arbitrary region. Something similar is true with the symmetry (5.72)(a). As we
contract local-tensors together, it remains to be a non-lBgaymmetry,

(5.77)
Finally when we close the periodic boundaries, we get
z Nu™N°z N = g™ (5.78)

To see the resemblance with the phenomena of local virtual operators being mapped
to non-local physical operators more clearly, note that this MPU satis es

(5.79)
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Thatis, twoZ sitting far away get mapped to a string of operators stretching between
them. This is exactly like Eq. 2.60 in Chapter 2.

SinceZ® = |, we can say that this MPU has a long-rangedorder. Note that
these MPO symmetries of the local tensor that generate non-local symmetries of the
tensor network should not be confused with other local symmetries that might look
the same. For example, even for a shift MPU one can claim that it has the symmetry
that looks like an MPO symmetry,

(5.80)

But of course it is not an MPO symmetry since it can be broken into smaller
symmetries,

(5.81)

In fact, it is easy to see that locality-preserving MPUs do not have such long-ranged
MPO symmetries. We conjecture that the presence of such MPO symmetry is pre-
cisely what distinguishes locality-preserving from non locality-preserving MPUs.

Now that we have analyzed this particular non locality-preserving MPU in detail, we
would now show that there are in nitely many such MPUs with similar properties.

Generic examples of non locality-preserving MPU
let's say the physical space dimensiah,is a prime number. Consider a general
integer matrixSwith entries in0; 1; :: :;d 1,

i
m

s= M M (5.82)
N Ny

wheremy; mp; ny; o 2 50; 1; ;1 ;d¥% Now consider a local tensor as a function of this
matrix S,

; (5.83)
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where the sum and multiplications should be understood as matlulbhe non
locality-preserving MPU (Eq. 5457) discussed so far is a speci @ instant of the

01 10
above withd = 3 andS = . We can also easily see thist IS
1 " 01
#1
. . . o1 . . .
nothing but the right-shift MPU anifl is nothing but the left-shift MPU.
n #! n #! 1 O
0 o1 . .
And M orM gives an identity operator.
10 01

One can calculate the transfer matrices and apply theorem 6 to nd a constr&nt on
for M to generate unitaries for certain, or all system sizes. But instead of doing that,
we choose to work with speci ¢ examples and will see how this simple expression
can produce very interesting MPUs. But rst we give the general block structure of
this general local-tensor which can be used in speci ¢ case to predict the periodicity
of the itsN-unitarity. One can calculate that thematrix of above local-tensor is,

(5.84)

For a given matrixS, we would be able to immediately see by inspection the block
structure ofT, and hence the periodicity ®&f-uniartity of the local-tensoM. Now

we look at an interesting example and will calculate the relevant quantities discusses
so far.

A completely non locality-preserving MPU

We saw that local-tensor in (5.57) has a 3 dimensional locally mapped subalgebra.
It means it maps operator in that 3 dimensional subsalgebra to local operators and
rest of the algebra to non-local operators. Now we will see an example of MPU
that has no non-trivial locally mapped subalgebra. That is, it will mi&pf local

(1-site) operators to non-local operators.
n #

2 1
If we used = 5andS = 11 in (5.83) we get the local tensor

(5.85)
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Let's rst calculate theT tensor puttingmy = 2,mp = 1,01 = 1, np = 1in expression
(5.84). We get

(5.86)

We see that it has one rank 1 block corresponding+oq = 0 which looks exactly
similar to that in Eq. (5.65). Then there are 2, rank-2 periodic blocks corresponding
top=09g=2L4andp=0qg=23,

(5.87)

Finally there is one rank-4 periodic block correspondingte O, p = 1, 2; 3, 4,

(5.88)

Note that the terms in the block are written in the order they connect to each other as
we blocks sites to the right. Thatis, the rstterm only connects to second one, second
one only connects to third on and so on. Based on this we expect the eigenvalues
of Er to beflg, f1, 1g,f1, l1gand nally f1;! 4! ﬁ;! ig, where, stands fomth

root of unity. Indeed we nd this to be the case numerically. According to theorem

6 for N-unitarity we need to have

AN +1qN 41 qoNo 4 19N 41 qoNo 4 19N 4 1) 4oN + 11 £210N + 1 zoNo = 1; (5.89)

which holds if and only ifN is odd. Indeed we nd that this local tensor generates
MPU only on odd system sizes.
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Calculating the left SVD and right SVD rank, we nd

Irr = rank =25 (5.90)
rrRr = rank =25 (5.91)

So we again sekrrrr > d2, which is another indication that it is not a locality-
preserving MPU. In fact, this is a maximal violation of this constraintrgsand
rrR attain their maximum valuesd®>. Based on this we expect this local-tensor
to be even more non locality-preserving than the one we analyzed before in 5.57.
We indeed nd it to be case as we will show now. To see how it acts on the local
algebra, we calculate™N°ZU™NY andU™N"XU™NY, whereX andZ are genealized
pauli operators for dimensicah,
® ! fosopss 21
Z = I ylihjj; where!l = ed (5.92)

=0

1

X = jjihj+1j: (5.93)
=0

We useZ; X with d = 5 here. We observe,

uNZUNY = zhz2 73 o172 73 0::: (5.94)
3 w4 Y2 01--0--- Nl —
UlNoxxulNoy §|X1XX+1XX+2XX+3 +4Ol. D0 fN=3+4 k(595)
BXAXE, XA X2, Xwa®ti0ir ifN=1+4 K
where ::: means that the power pattern in the parenthesis continues through the

chain. So unlike the previous example we see that this MPU, 1- mapsZbatil

X to non-local operators, which means, it has no locally-mapped subalgebra, and
2- mapsX di erently depending on the length of the chain. This complexity arises
because there are two inheren periodicity, one of period 4 and another of period 2.

It can be seen clearly that its non-locality indexifs= 25, which means the support
subalgebra o) ™N°A U™ is in fact the whole algebra on a site far away fram

Does it have accompanying non-local MPO symmetries as we conjectured? Indeed
it does. It has &s Zs MPO symmetry group generated by the following two
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symmetries:

(5.96)

Using this, and two other local symmetries, namely,

(5.97)

Is locality-preservation a su cient condition for N-unitarity?

We proved (theorem 7) thBl-unitarity is a su cient condition for locality-preservation.
That is, if a local tensor generates unitaries for all system sizes, then the MPUs so
generated are bound to be locality preserving. But is the reverse true as well? If
a local-tensor generates locality-preserving MPUs for in nite system sizes, does it
have to generate MPU fall system sizes? It can be easily seen that the answer
is, no. The simplest counter example is théensor of any of these non-locality
preserving local-tensors. ThIstensor is unitary (in fact, identity) only for certain
system sizes, but is not unitary for other. But of course it is locality-preserving since
it is just identity. Hence the general form 5 does not exhuast all locality-preserving
MPUs, if we are working with a xed system size. With this understanding we see
thatthe MPUs generated by nite bond dimensional local-tensors can be categorized
as shown in the following diagram:

(5.98)
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5.7 Summary and Outlook

In this chapter we investigated the general notion of unitary matrix product operators.
We found thatthere is a necessary and su cient condition [fhenitarity condition)

for a local-tensor to generate a unitary operator of a given length. This condition
simply depends on the spectrum of transfer matrices of the local-téhsord that

of its T-tensor. This allowed us to categorize the locality-preserving MPUs as the
particular solutions to these conditions that satisfy it for all lengths. Which in turn
implied that such MPUs have to be locality-preserving.

But the N-unitarity condition has in nitely many other solutions as well that do
not fall into the locality-preserving category. We found that these MPUs map
local algebras to global algebra. We identi ed certain MPO-type symmetries in
such MPUs which was responsible for this non-local mapping. It suggests that 1D
unitary operators can have a ‘long-range order' somewhat similar to those found in
2D topological states.

We draw parallels with the MPS theory as to what characterizes the general behavior
of an MPU. In MPS theory if the local-tensor is injective, the MPS is known to have
short ranged correlations. Similarly, we found that if the Idcaénsor is injective,

the MPU is a short-ranged map on local algebras.

There are still some open questions and future directions. The main remaining
guestion is what are other solutions to thieunitarity conditions? ALI solutions we
found were either locality-preserving or periodic. It would be interesting to nd an
example where the transfer matrix of theéensor has several non-zero eigenvalues
with a non-degenerate highest eigenvalue. Such an MPU would imply a mapping
of local operators with exponentially decaying terms with the distance. Such and
MPU would be able to represent time evolution under a generic 1D Hamiltonian.

Are there solutions tdN-unitarity conditions that work for nite number of system
sizes? We have not found such a solution but they might be possible. Another
interesting observation is that somehow all MPUs that were a long-ranged maps
were on Hilbert space of dimension more than 2. We do not know if there are such
MPUs for qubits a chain of qubits as well.

One obvious remaining question is to understand the physics behind the non-locally
mapping MPUs. In particular, what are the consequence of their long-ranged
behavior and if they form the symmetry groups of certain 1D phases. We suspect
they might be related to the system of 1D Hamiltonians whose ground states are
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known to break area law[48, 71].
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APPENDIX

A.1 Dependence oBqpo 0N boundary conditions in cylindrical geometry
Topological entanglement entropy calculation is done by calculating the entangle-
ment entropy of a subsyste& When the boundary oA consists of topologically
trivial loops, for example whe\ has a disc geometrygopo is known to depend
only on the total quantum dimensi@n Sqpo = log D. However when the boundary
of A consists of non-contractible topologically non-trivial loops, for example when
a torus or cylinder is divided into two cylinders, it has been shown by Zlehad
[56] thatSepo also depends on the linear combination of ground states. For a ground
state wave function on a torus
0
j 1= Caj al (5.99)
a
where the sum is over the degenerate ground states labeled by quasi-particles of the
model, thenth Rényi entropy is given by

S = nb Sopo (5.100)

!

1 1 o]
Sopo = 2logD nlog pgdgl "
a

(5.101)

where d, is the quantum dimension @fth quasi-particle angha = jcaj?. | ai

are special basis for whicBgpo is maximal, or entanglement entropy is minimal.
These states are called thienimum Entropic States (MESI was shown that MES
correspond to eigenstates of Wilson-loop operators along the entanglement cut.

Figure 5.1: We calculate entanglement entropy of the right-half of the cylinder with
a certain boundary conditiof,. The entanglement cut is in the middle of the
cylinder.
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Figure 5.2: MESs are eigenstates of di erent Wilson loop operators at the entan-
glement cut. (a)For xed point single-line TNR, the state on the cylinder is always
in +1 eignestate oK-loop, as it identically disappears. (b)The state is also in +1
eigenstate of simultaneous operation of tddoops, one at the entanglement cut,
other at the right-most boundary. It implies, we can be in two MESs depending on
the the boundary tensor choice. If the boundary tensor is in +1 eigenstate of the
boundaryZ loop, then the state is in +1 eigenstate of the entanglemerz-mgdp.
Similarly, if the boundary tensor is in -1 eigenstate of the boundapop, then the

state is in -1 eigenstate of the entanglementigop.

This dependence &opo 0N the ground state is of crucial importance to us since we
have used cylinder with a boundary f&gp, calculations. So, numerically obtained
Sopo contain information about the boundary as well. For example, consider the
toric code.

1
Sopo = 2log 2 T logtp] + p + p§ + py°

Whenpy = p2=p3=ps = %1 we getSopo = 0 although the the topological order is
not lost. So one has to be careful usfg, as an indicator of topological order.

Let's rsttake the example of the single-line TNR of the toric code. See Fig.5.2. We
put our system on a cylinder with some boundary conditions to be determined later.
The entanglement cut is in the middle of the cylinder, and the right half cylinder,
denoted ag, is the subsystem whose entanglement entropy we are calculating (see
Fig. 5.1). The four MES correspond to four eigen states ahdm Wilson-loops

on the entanglement cut. But, sine&Vilson loop is a zero-string operator, the
state is always in its-1 eigenstate (Fig. 5.2(a)). So we have access to only two
MES corresponding to 1 eigenstates ofm-Wilson loop. We also know that the
state is in+1 eigenstate of th& g = Z,&  Z ", where subscripec stands for

the loop at entanglement cut, andtands for the loop at the right boundaryRf
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Figure 5.3: Bulk double tensor is a sum of tensor product betwB¢eh (Bf on
the entanglement cut) an8:% (B on the right boundary). So, when we contract
a boundary tensof, with the bulk tenspr, it contract withB¢% giving a scalar

Ct. So resulting tensor is EVIRT,® = ; ct!Bt%c ConsequentlySopo USINg
i 2

I
Eq. (3.108) is simpyog ¢ % :
0

Since the state is in +1 eigenstateZyf- Z ' (see Fig. 5.2)(b), the state can be
either in+1 eigen-state of bot, - andZ, or in 1 eigenstate of the both. The
boundary tensor determines which eigenstat&,df the wave function is in, and
consequently also which eigenstateZgf-. This is how the boundary tensors and
MES are connected. Since we have access to only two MES

Sopo = 109 2 1—1n |091[er11 + pg": (5.102)

A similar analysis follows in the double-line TNR, with the roleesdndm Wilson
loop operators reversed: now the state is always inttheigen state ofm-Wilson
loop and the two MES correspond to the two eigenstates\Wilson loop at the
entanglement cut, which in turn depends on the boundary tensors.

We saw in the section 2.2g= N g where
b = TOIRT; (5.103)

where T, denotes the double tensor on the boundary. We know that, up to an
irrelevant normalization constant,

~

O
deBfl@o
f
1Bo%c ' Bo% +!B1%c ! B1%; (5.104)

TO1Re

whereBg = | ~andB; = Z b for the single-line TNR and®; = X L for the
double-line TNR. Let's say the boundary double tenBpcontracts withtB;°; to
produce the constants (see Fig. 5.3)
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b = MBg%c ! Bo% +1B1%c¢ ! B1%°T:
Co'Bo%c + C11B1%¢
c B +c:By: (5.105)

wherecy = 1By% Ty; ¢ = 1B T, andB = %180 B:°andc = 1cg ¢1° Note
thatB satisfy the following:

B2=B; TrtBo=2"1 (5.106)
With this, we get the normalized density matrix as,

1 c? c?
= — B + B 5.107
R 2L 2+ ¢? 2+c2 ( )

1
= Elp B + p.:B.°: (5.108)
Thenth Renyi entropy is,

1
—— logTr: fo
1 n°9 R

St R

1 1
n |Og Tr ﬁlpn B + p? B+O
i |Og il

noL 1 noL 1
1n 2n|_p2 +p+2 °

Llog2 log2 l—ln logtp” + plo :
(5.109)

Comparing it with the MES formula in Eq. (5.102), we seethat p =Cy ¢
andp, = p =Cc +c¢cs. Sothestateisan MESF =0) ¢y = ¢ forwhich
we get maximal topological entanglement entrdfypo = log 2. This illustrates the
direct dependence &gpoon T;.

Of course the above analysis is done for the RG xed point tensors only. We have to
choose a boundary double tenSprsuch thaSgp, is truly indicative for topological
order, or lack of it, for both RG xed point and varied tensors. We choose the
following boundary tensor for our numerical calculations: for any tensor network,
xed point or varied, We use a ‘'smooth boundary condition'. It is explained in the
Fig. 5.4. First we will explain it for the triple-line tensors. For double-line and
single-line an appropriately reduced versiodgwill be used. Note that we haven't
drawn the physical index explicitly and it should be understood the same as the
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Figure 5.4: Smooth boundary condition for triple-line tensor network. Terigors
are used on the boundarf, has 5 virtual legsay; a2, ay; ad;i12 and 1 physical leg,
i12. Physical leg and the middle leg take the same values. We assign a particular

i ol12 - . .
value to the components of this tensdi, hsaalapal = 120 avad axal adginc:

middle index (the index in black color). So the boundary tefigdras four virtual
indices, and we Xx its components to be,

oi12 - . .
T iaalaad ~ 1120 a;ad aga) ajaniiz (5.110)

that is, we put the physical/middle index to zero (vacuum) and allow the plaquette
legs to vary with this restriction. For double-line we don't have a middle leg, but we

can simply put the physical leg to 0. For single-line we only have the middle legs
and we put them to zero.

Before we discuss why we choose this particular boundary, let us calculate what
SopoWe are supposed to get with this particular choice of boundary tensor. For that,
we need to calculater = B¢ T,. Note that 4:4;,,,0 impliesaj = aj+1. So the double
tensorT, is
0
T, =  jaaa:;000:ihb; b b;::;000:;: (5.111)
ab
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So

Ct EViBsT,°
6 o b0
Ga,a,fld db°2
ab j=1
O O
= abf
6b ji=1
= abyf: (5.112)
ab

i
Then using Eq. (3.108%0po is sSimplylogt ¢ c—;
semion modelsy = ¢; = 2, SO we getSopo —Olog 2. For the double Fibonacci

model, however, we get

. For the toric code, and double

~

O
0= ab0o= 000t 110=2 (5.113)
0 &b
1= ap1= 101% o1t 11173 (5.114)
ab
(5.115)

2 . . . . .
So we getSepo = logtl + %0 = log'l + %O, which is consistent with our numerical
result.

There are mainly two reasons why we choose this particular boundary condition

1- This is a very simple boundary condition which glves us a precise analytical

value of the topological entanglement entropy (narrielyl i ° with c; given

in Eq. (5.112)) against which numerical calculations can be checked

2- Though situation for non-abelian cases is more complicated, this boundary is
de nitely MPO symmetric for abelian models. Thatis, we expect the tensor network

state to be an MES with maxim&po (=log D).

Numerical calculations ofopo Will be checked against the analytical result in
Eqg. 5.112. Now the remaining question is about the trustworthiness of the same
calculation for varied tensor. That is, how can we deduce the conclusion about the
topological order of the varied tensor Bpst °? The rst point is, if Sopgt © =
Sopot0°, then we can de nitely say that the state is in the same topological phase.
But Sopst © = 0 needs to be further veri ed as it might be because of the particular
boundary conditions imposed. To verify, we will test ffp,, dependence on

in nitesimal variation on the boundary tensors. The reason for this is made clear
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