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o(Q) = iW8T

Q) _

310 o(Q) At
£,@ = @ == 6 = A (@) (3.31)
S+ Dt ) = Rt e iy
= a(R) 00, $(2,) (3.32)
oM@ = o THRE L Mgy = oM@ (3.33)

Substitute 3.31, 3.32, 3.33 into the expression so derived from 3.27

to get
A(w',w+wr, w+wq)

2
- L5 ke { z] o1 7K 2wy oM (whw ) (0% (whw ) + 0% (whw )]
Rl q r r

+ 2 ] oty oM ) [0 wh) + & (who )]

A

: Lot uty o ) 107 wha) + 0" ()]
3

+ § 7 ot 2w ¢*3(w+wq) (0" (whw ) + (D*n(uﬂ-wr)]
L

+ gsf o7k u) ¢*‘j(w+wq)[d>n(w+wr) + 0 ke )]

+ 2] 2wty o wr ) [ () + ¢*rém+wr)l}
6

Consequently:



-
' .
2w ,m,wr,wq)

2 m Ne n
- A_ti. Z ¥ o K2y ¢*j(m+m )(cbncwr) + 0¥ (uH-mr))
Ne” n,j=0 i,k=1 q

and

A(w,w';wr,mq)

2 Ne m
= é%— Re( [ ] ¢'7(w")] z (0% (s )
Ne® 1,k=1 §=0 1

" m
+ Q*J(uhwq)]nfo[(¢n(w+wr) + ¢*“(w+mr) + @“(w-wr)-+¢*?w_wr)]}

Now, with equation 3.33 it can be shown easily that

Ne
i A _1 i-k,, 1y o (8in New'At 2
K (w',Ne) 2 Lo (2w Ne sin w'At’
Ne 1i,k=1

is real, whence we write:

1
A(w,m';wr,mq) = E-Ku(w',Ne) Hm(m;mq) Hm(w;wr)

-

where

1,00y 2 3 o) + Qlaey))

u A "
Qm(x) = 20t Re 7z ¢ (%)
n=0

= At sin mx At cot 5%5 (from 2.41)

Finally, we use .the evenness of S(f) to write



.

cov{§(fr),§(fq)} - f Hwsu ) Kwsw) T(W) df

with

r(wy 8 J S(£'+£) S(E-£') K (w,Ne) df'
Also,

var{S(£)} = [H(m;wr)lz [(w) df

%'“—*-8

Both of these are Blackman-Tukey's results (see, for example, p. 125

of [1]).

Note further, that the periodic variance kernel Ku(w',Ne) is

periodic with period

w' = m/At or f' = 1/2At
P P

and
m/20t m/2 .
' . 1 sin Ne x
Ku(w yNe) duw At (Ne sin x) dx
-T/20t -m/2
= T/Ne At

3.4 Results for the Poisson Sampling Scheme

For the Poisson distributed sampling intervals

1
A 1 - i
9 o - a¢2(iﬂ)
W1 - 1a0?

£, = it ()
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so that
Aw! ;uH-wr . urf-wq)

oKL 041y (09 (k) 46, 0" (e )
Ne’ {Rlci.j.k.n) 3l q

[¢n+l

(2w'+w+wr) + ¢n+l(2m'-w—wr) + 6nl(¢(2w'+w+wr) + @(Zm'—m—mr)]]

q>n+1

% Z (q,*k“i"j"‘l(zw') ((D*j+l(2m‘+w+wq) + djl ¢(2w'+w+wq))[ (whw_)
Rz(iIJ !k!n)

*n+1

+ ) 6 P ot ) 1 T (@I )

R3(i!j ’k’n)

i-k-n+l i-k+l,, , ktn-i+1
+6,,0 (w+wq)] [tb (2w'+wtw ) (@ (w,-w,)

+ & Qk—i+l i-k+1 gk+tn-i+1

.
al (2w'-w wr) (¢

(wr—mq)) + 9 (2wt 40, )

(zw-mrmq)) ]

4 8 Q*k-i‘l'l
nl

5 [ pl-k+l k+n-1i-j+1 k-i-j+1 ( “H'“’r))

(2w '"+wtw ) (¢
R, (1,3,k,n) _

(wr) + 6nl¢

) + ¢i—k+l *k+n=-1-j+1

[¢j+l(mr-wq) + 6 ¢(wr~wq) (Zw‘-w-wr)(¢ (whw )

j1

*k=-1-3+1 j+1 _
+8 .0 (wr) (o* (Z“H'“’rmq) + 6j1¢(wr wq)]}

+ prk-1itl k-i-j+1

[ (¢k+n—i—j+1
RS(isj :k’n)

(20w ) (who ) +6 ;@ (uHmr))

i-k+1

i+j-k+l k+n-i-j+1
(¢ (w-w ) +8,,0 (u)r-wq)) + (o* (ww )

h|

k-1i-j+1 , sitj—k+1 si-k+1 _
+8 .0 (who ) (@ (2wt 40 ) +8,, 0 (2w wq))]
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xk=1i+1 priti=k-n+l

+ )0

(20" +wrw ) (
Rg(1,3,k,n) b

* i=k-n+1
l¢

(mq) +6 3 (uH-wq))

[ n+1 *n+1

*
o (wr-wq) + 0 (Zw-Hur-Huq) +a ) (4>(wr-wq)+¢ (2ukw +w )]]}

(3.41)

The ranges of summation Ru(i,j,k,n) u=1,***,6 are those given fol-

lowing equation 3.27.

3.4.1 An Exact Result for cov[§(fr),§(fq)], var{g(fr)}

Equation 3.41 can be simplified a step further by noting that

5§ ¢ = ¢n+l

nl -
By appropriately replacing
m m
Z with z
n=1 n=0

we have for the Poisson sampling scheme

o

cov{§(fr),§(fq)} = I J S(f+£f') S(f-f") {A(w',w,wrmq)

-00

+ A(w,w';wr,wq)} df' df
where

1, ) = L ' '

AMw,w ,wr,wq) 4 {A(w ,wﬁ»r, uﬁuh) + Aw ,w+wr,w—wq)
L 1

+ A(w ,w—wr,w+wq) + Aw ,ukwr,m—wq)}

and



w0

[¢i—k'“+l (2w') o*iTl (uqu) (¢n+l (20" +wrkw )

SN
Ne Rl(i’jsksn)

+ ¢n+l(2w'-w-wr))]+ J [o* 173  (2un) oM (2wt )
Rz(i,j’k’n) q

( n+1 *n+1

d (Wr) + ¢ [°*1+j-k-n+l

(w—t—mr)]] +
R3(ilj ,k’n)

i-k+1

(w+wq)

i-k+1 k+n=-i+l

(¢ (2w‘+w+mr) ¢ (wr—wq) + ¢ (2w'-w—wr)

I (s 4 )] + [0 (auwroon )03 (w0 -0 )
1 R, (1,3,k,n) a r 9

grim=1-3+1 (who ) + g wH (20" -w-w ) pitt (Zw-Hur-Huq) ghktn-i~J+l (wrho_ )]

i+j-k+1 o131+l

+
Rg(1,3,k,n)

(wtw )

[¢*k-i+l
r

(20" 4wt ) (¢ (@ )

+ gxiti-k+l *k+n-i-j+1 o )]

(2uwtw +w )
r q r

+ =k=-n+1

[(p*k-iﬂ
Ra(i.j yk,n)

20"+t ) gxitd [

auﬂnq) (mr-wq)
& ¢*n+1(2wr+wq))]} (3.42)
i,k =1,2,""",Ne - n,j = 0,1,***,m

To obtain an expression for the variance of spectral estimates, we

simply note that

var {§(fr)} = cov {§(frl§(fr)}



o o

lim cov[g(fr),g(fq)]

|£ - £ |+
r g

3.4.2

From the Blackman-Tukey result derived in Section 3.3, we can
again relate the covariability of spectral density estimates §(fr),
§(fq) to the spectral window Qm(w) . For example, if Hm(w,wr) and
Hm(w,wq) do not overlap , cov{g(fg,g(fq)} = 0. With
Poisson sampling intervals, the results obtained so far do not make
this so obvious, but intuitively we expect a similar correspondence
between covariability of estimates and overlapping of spectral windows.

Now consider A(w',wrw_,wtw ) as given in equation 3.42 and
r q

note that
[A(w' ,w+wr,w+wq)|

< a2 n+1
- 2

{ I [Re[ot ™™ 20y 0%+ o 3 (0
Ne Rl(i’j ,k’n) %

(Zm'-m-i-wr)

+ ¢*"+l(2w'-m—wr) )] + R, (L, ko) Re[ ] \ + e
< az
om0 210 1100)

The last inequality follows, since
|Re z| = |z]
Making use of

1) ¢(w) .1‘ 1/4wa , wow

(i1) @(m+wr) = ¢(w+mq+mr-wq)
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and taking the leading term in each summation it can be shown that

1
lim Adw' ,whw_,wtw ) =
lw ~w | + e roa Nezlw -w |402
r q r q
and consequently,
cov{8(£),8(£)} ~ 0 (——)
q (£,-£)

as |f -f | + =,
rq

3.4.3 An Approximation for var{g(fr)}

In Section 3.3 we were able to derive a closed-form expression
for cov{g(fr), g(fq)} for the periodic sampling scheme. The proce-
dure outlined in Section 3.3 exploited certain properties of the
corresponding characteristic function (cf. equations 3.31, 3.32, 3.33)
which do not hold for the general nonuniform sampling scheme. In
particular, the characteristic function for the Poisson sampling
intervals does not satisfy equations 3.31, 3.32 and 3.33 exactly.
However, an approximate closed form expression for var{g(fr)} can
be derived from equation 3.41 for values of ' near w' = 0. and
near W = % w, . Such an approximation is the most natural one to seek
since the effective bandwidths of Qm(w), K(w',Ne) are of the order of
1/m and 1/Ne respectively, where m, Ne are typically very large.
Specifically, we will derive an approximation for Var{g(fr)} valid in
|w'| < 1/Nea and Iwi'wrl < 1/2mo. .

We begin .by assuming the following form for l(w',w+wrﬂwhur) s



i e

Aa(w ,uﬁmr,w+wr)

2 Ne m ,
=2y T e[ o™un oM 09w (0™ wh)
Ne™ i,k=1 n,j=0
+ )] + R 0k (3.43)

and proceed to derive an approximation for the remainder function,
R(w',uﬂ-mr) valid in |w'| £ 1/Nea and |w+wr|<l/2ma . From

equations 3.42, 3.43 we can write the remainder function exactly as:

R(w',uﬁwr)

2

- o Re{ I o+ ) ko0 (8" (20" vk )

n+1l

+ 0" 2w wmw ) - o (w) wntl

orIHL

. n+l
(2w') (¢ (who ) + @ (w-Hur))]

+ ) (cbnﬂ(m-mr) + ¢*n+1(w+mr)) [d)*k'i'J"'l(Zm') ¢*J+l(2m'+m-|—mr)
R
2

- oty exktlgny ¢*j+l(wr)]

" I[(¢*i+j-k—n+l(wr) d)i—k+l(2w'+w-i-wr)— ¢*j+l(wr)¢n+l(wr)

Ry

¥ (201 0¥HL (2y1y) 4 (o*iHI Tkomtl o) pi-k+l (20" -0 )

el (2wt2w ) - ¢*j+l(umur) oL (i », o1+ (20 0¥ (241 )]]

+7 [ (¢i-k+l (20" mwr)¢k+n—i—j+l

(wtw_)
R, R

- oM 2wy e 2wy oM (or ) ¢ )+
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& (¢1-k+l *j+1 *k+n—i—j+l(m+w )

'.-  —
(2w'-w wr) o) L

(2w+2wr) o}

*j+1 sn+1

- o unyerk Loy e (who ) (wﬁ»r))]

i+l *k+1

k+n—i—j+l(w+w ) - o (2w')®

+ ] [ @ utro) o
Rs

¢*j+l(w+mr)<bn+l(w+wr)] + (@*k'iﬂ(zwﬁmr)cb

’ (2w')

*i+j-k+l(2w+2wr)

#it+i-k-n+1

k=-i+1,, ,
+ RZ [(@* T 2wt )0 (whw_)
6

n+1

- o™ 2w 0¥ (201 08T (v ) 0™ (w0 )

*k-1+1 priti—k-n+l p#tl

+ (@ (20'+whw ) (whw ) (2w+2w )

— ¢i+1(2w')¢*k+l(2w')¢*j+l(w+mr)¢*n+l(w+wr)I]} (3.44)

where the ranges Rh(i,j,k,n) M =1,2,"**,6 are as previously specified.
Now consider the sum over Rl(i,j,k,n) which, for convenience,

we rewrite as

g . n+l
T 0% (30t (200 0% (2m) ot K+2 (2y1y (Q(Zw ke )
o r . ¢i+l(2w,)¢*k+l(2w,) d(2w'")
1
¢(2w'-w-w )\ n+l
r n+l n+l
+ — % -9 (uH-wr) - O* (w-Hur)

and note that
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¢(2w'+w+wr) - ¢(2w') ¢(w+wr)

1 1
1 - 120 +whw Jo T - 2iw'e)(1 - i(w—*—mr)a)

-2w'(w+wr)a2

- [1- 20" (wrw a2 - £(2u"+who )al[1 - 1(20"+oHo )a]

By maximizing the numerator and minimizing the denominator of the above

expression in |w'| < 1/Neo , ]w'+wr|_$ 1/ma , obtain that

|¢(2w'+w+wr) - ¢(2m')<1>(w-l-wr)]

Zw'(w-l-wr)az
[(1 - 2m'(wﬂur)a2)2+ (Zw'wr)zazlllz [1+ (2w'+uﬂ-wr)2a2]1/2
2 21 2, 2 4 i 5
— Nem Q Nem) Nem‘l ¥ Nt ¥ 2 2 ” )
Ne m

whence we have

] 'l' ' - _g_
PQuten ) = B(2w)0(why ) - T (3.45a)
Similarly,
1-k+2,.
e ¥ 1, near w' =0 (3.45b)
O (2w )% T (2w')

Next, we write, using 3.45a and 3.45b, the sum over Rl(i,j,k,n)

approximately as

n+l
RE ¢*j+1(w+wr)¢if1(2w')¢*k+l(2w') [(‘I’(Wr) - N_er‘z’(z“’_')J
n+l 2 " i
- T ) + () - geey) - (Wr)]
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4]
=

& R)j [¢*j+l (who )61 20y 0¥ 2wt (6" (wra )
1

+ L)) + 0(1/ve)] (3.46)

The latter is obtained from the former by taking the first term in the
binomial expansion of

2 )n+1

(¢(w+wr) ~ Nem 9(2w")

and noting that n+l/m S_EEL + 1.,

Approximations similar to equation 3.46 can be derived for
each of the composite summations in equation 3.44 by first establish-
ing approximations similar to equations 3.45a, 3.45b and then sub-
stituting into appropriate terms. Summarized below are some useful

approximations whose derivations follow closely that of equation

3.45a:
0(2w'+wkw 0% (whw ),

¢*(2w+2wr) = ¢(2w') + 0(1/Nem) (3.45¢c)
O(20" ke ) 0¥ (who ) = ®(2w') + 0(1/Nem) (3.45d)
* L) T o) + 0(1/m%) (3.45e)
oF (2042w )
——E ¥ olwh) + O(L/n%) (3.456)
¢ (who ) E

They are valid in |w'| < 1/Nea , |w % wrl £ 1/m0 and can be derived

quite easily. ' To illustrate further, we derive an approximation for
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the sum over R3(i,j,k,n) which, for convenience, we write as

o*I T (e ) 032wty Rt 24y
Ry(4,3,k,n) :

i-k+1

[ ; (20, ) ¢*i-kﬂ(w"r) n+1 )
- (wtw )
¢i+1(2w.)¢*k+1(2w.) p*tL ) r
,i=-k+1 i-k+l,, «n+2
. o (wrhw )@ (2w'-w-w )@ (2w+2w ) i ¢*n+1( ﬁ]
(p*i-k"'l (2w+2wr)¢i+l 2w') q)*k"i‘l (2w') ¢*ﬂ+l (‘*H'(l)r) r

Introducing equations 3.45, we have

(@(2w')-+0(1/Nem))i_k+l

¢i+1(2w,)¢*k+l

Q*j+1(w+mr)¢i+l(2w')¢*k+l

(Zw')[
R3(1,j.k.n)

(2w'")

+
n+l _ q)n+l(m+mr)

2
(@wtw ) +0(1/m"))

(0(20') + 0(1/Nem)) K+

(e*wro ) + 0(1/m))™ - ¢*“+1<wr>)]
(2w")
which, on taking the first terms in the binomial expansions as before,

reduces approximately to

i

o*3*L (urhy )¢i(2w')¢*k(2w')[¢n+l(w-i-m )
™ Ry(4,3,k,m) i i

+ ¢*n+1(m+wr) + O(I/Ne)] (3.4)

Except for the multiplicative constants 1/m, -2/Ne, equations 3.47
and 3.46 are identical. In a similar manner, it can be shown that
approximations to the other sums are identical to equation 3.46 to
within multiplicative constants and that these constants are of the

order of 1/m, 1/Ne . Since m is typically a fraction of Ne (i.e.,

m = 0(Ne)) we can write finally:
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~ a2 j+l i+l
R(',who ) & 0(1/Ne)( = Re D (whw )07 (20")
Ne R3<i,jsksn)

Q*k+l n+l

(20") (7 (who ) + ¢*n+l(w+wr)) - O(I/Ne)}

Consequently:

'
Aa(m ,w+wr,w+wr)

2 Ne m
- 2 Re£ 7T o e yet 2wy ot (2u1)
}
,k=1 n,j=0

(@ (wrw ) + ¥ ) (1 + 0(1/Ne))}

which, by the method of Section 3.3, leads to

A (W' 50,0) = % K (' ,Ne)Hi(w;wr) (1 + 0(1/Ne))

where, as before:

Ne
i,k=1

Kp(w',Ne) = 1/Ne2

Ho(wje) = Qb (whw ) + @ (w-w)

m
Pw = 20re | ")
n=0

Thus we have
var{§(fr)} - J J S(f+£f") S(f-f')Kp(f',Ne)Hi(f;fr)[14-0(1/Ne)}df df'

=00

(3.48)

Substitute ¢(2w') = coscpelcP , P = tan_12w'a to obtain the following

closed-form expression for the Poisson variance kernel K (w',Ne):
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cosl‘cp (1 -2 cos‘\etp cos Neop + Cosz%e )

K (w',Ne) =
P Nezsin2¢
Obtain further,
© /2 Ne
' ' 1 i+k
K(w',Ne)dw' = > Z cos ¢plcos(i-k)p + i sin(i-k)p] dp
2 =
e Ne“a —172 i,k=1

and integrate term by term using (cf. tables, [21])

™
2P (- 1)B(p,q)

x cos(p-q)x dx =

/2
J COSp+q-2
0

and the fact that K(w',Ne) is real

to get
b Ne
! m
K_(£',N )df' = )
_l LA N o dkel 28T i) B (4L ek

where B(p,q) is the well known beta function, viz.,

I'(p) T(q)
B(p,q) = _SRTTS$§T

Shown graphically in Figures 8a,b,c are the variance kernels

(3.49)

Ku(w',Ne) 5 Kp(w',Ne) for Ne = 200, 500, 1000 respectively. Observe

that for sufficiently large data (namely, Ne > 1000) both kernels

coincide.
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3.5 Special Cases of Practical Interest

From the results of the preceeding sections, a number of useful
results bearing on assumptions about the spectrum S(f), can be
extracted. In [1] pp. 104-106, we find results based on four such
assumptions. Here we shall examine the two most useful of these,
namely: (i) Slow-varying spectra, and (ii) Spectral spikes. Usually
in practice, we are faced with estimating spectra which are fairly
smooth except for one or two jumps; in which case (i) and (ii) can be
applied piecewise., Analytically we shall be deriving approximations

to the integrals:
Cov {ﬁ(fr) s(fq)} ” j“”Hm(f, £, )8, (£, £ )T (£) af

(£) = [“S(£+£')s(£-£1)K(£',Ne) af"

3.5.1 Estimation of Spectral Spikes

Suppose S(f) consists of very sharp peaks (of widths << width

of K(f',Ne) ) at f = +f  with area = A, so that we can write:

s(£) = af6(rr ) + 6(e-1,)}

and

S(f+f') = A{a(f+f'+fo) + 6(f+f'-fo)}

s(£-£') = A{s(e-£'42 ) + 6(f—f'-f0)} .

S(f+f')s(£-£")



- -
2 '
= A {6(f+f'+fo)6(f-f'+fo) + 6(f+f'-fo)6(f-f +fo)

+ 6(f+f'+f°) 6(f+f'-fo) + 6(f+f'-fo)a(f-f'-fo)}

Now, let

ne

(ea]
1] 1 1
I(£,f,) [mé(f+f +£)8(£-1'+£ )K(f',Ne) df

1}

6(2f+2f°)K(-f-fé,Ne)

3 6(f+fo)K(f+fé,Ne)

The last equality follows from the evenness of K(f,Ne) and its

boundedness and absolute integrability (ef. Lighthill),
so that,
AZ
r(£) 215-{6(f+f°)K(f+fé,Ne) + 6(£)K(£-£_,Ne)
+ 6(£)K(£+£ ,Ne) + 6(f-f°)K(f-fo,Né)}

2
a:% {5(f+f°)K(0,Ne) - é(f)K(-fo,Ne)

+ 8(£)K(£,Ne) + 6(f-fo)K(-o,Ne)}

Where the last equality follows from

b (x) 8 (x) = ¢ (0) 6 (x)

and the observation that K(f,Ne) is a fairly good function (ef Light-

hill p. 42) Next, substitute K(O,Ne) = 1 to have

2
re) = & {s(eer) + 6(£-£ ) + 2 6(£)K(2 ,Ne)} ;
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Whence

ch{§(fr).§(fq)} = J::Hm(f;fr)nm(f;fq)r(f) ars

2
A . . . .
= B M B B B (- 520) + Hy(£058, ), (58 )

+ ZHm(O;fr)Hm(O;fq)K(fo;Ne)}
By the evenness of Hm(fl;fz) we can write:
Co s(fr),s(fq)}
2 . . - . .

= A {Hm(fo,fr)]{m(fo,fq) v Hy (058, )K, (052, JK(2 sNe )}
For f_ >> l/ K(f ,Ne) =0 so that

o Next * &
ch{s(fr).S(fq)}

o~ AZ{H (f 32 YH (f ;2 )}

m*"o’ r"“m‘ o’q

and

Va.r{ﬁ(fr)} = A% (e ;t)

In particular,

Var{s (£, )}

w.

2 .2
A HY(f ;%)

aqa%(0) + Q%(2£,) + 2a(0)(az,) |

" 2 22 d
= > =
. LA® m"a” , fo
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Thus, we see that even with large data size reliable estimates of
spectral spikes are difficult to obtain regardless of the sampling

scheme being used,

3.5.2 Estimation of Slow-varying Spectra

Here we are considering S(f) which vary slowly enough so that
within the bandwidth of K(f',Ne) the quadratic terms in its Taylor
series expansion may be neglected. Then for f'< l/N@a yNe=
we write:

£12
S(f+f') = S(f) + f'Sf,(f)+-2—:- Sf,f.(f) . JOO——

£12

S(f£-£') = 5(f) -f'sf,(f)+§T Sf,f,(f)  JE T

and consequently

s(er£n)s(£-1) = 5%(2) + 013{8(0)8,,,0(2) - 2400} + .o

= 5%(£) + 0 (Y 22)

The last approximate equality follows since S(f) is assumed bounded
and continuous and f' < l/Nea , Ne—® . Consequently for S(f)

bandlimited to Ifls B , we have
. (B+f)
r(f) = s2(¢)[ K(£',Ne)ar' + 0(*/, 2.2
(£) ()[(Bff) e) (*/52a2)

and in particular,

-2 -
Var{S(fr)} - G(Ne?gs(f)Hm(f, fr)J af + o(l/Ng.az)-Ieri(f;fr) af

where



<

A W(BtE) - 1
a(Ne) = I(K(f;,Ne)df = [K(f',Ne)af , for B >> ~/Nea
B+f -

Note that,

-8
[CEn e )ar = wi0) [To (/e (0)] ar

< b Qm(O)I:lQm(f)l ar

so that

2
Va.r{é(fr)} = O(Ne)ﬂs(f)Hm(f, fr)_] af + o(m/Néz)

a(Ne) Ez[s(fr)]
e

= 0(=3) »

Ne

where the equivalent width, We , 1is defined as:
s [ .
We = Ims(f)Hm(f;fr) ar

Now, for both the periodic and Poisson sampling schemes, we saw in

Iis(f)ﬂm(f;fr)]z at

Chapter II that E{Q(fr)} is approximately the same when the spectrum
is restricted to the Nyquist band, and m 1is very large. Also, the
equivalent width of estimate can be shown to approximate the correspond-
ing window bandwidths, Since the bandwidths of the windows are for all
practical purposes equal, we look to the quantity G(Ne) for a measure

of the variability of estimates which we define as
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var{g(fr)}a: o(Ne) O(mz___?
EZ{S(fr)} We Ne

where for both schemes, We = l/mz i

For the periodic scheme we have from section 3.3

Gu(Ne) = l/Nea ]

and for the Poisson (cf eqn. 3.49)
Ne
1

- L irk+l
Ne i,k =1 277 1(i4kel) B(441, kel)

Gp(Ne) =

where B(p,q) is the beta function.

Figure 9 exhibits graphical plots of cp(Né) and Gu(Ne) in the
range 10 < Ne < 100 ; computation of cp(Ne) for large values of
Ne consumes excessive machine time., However, to see that op(Ne) is
monotone decreasing, note from figures 8 a,b,c, that KX(f',Ne) is
positive definite and narrows with increasing Ne while its peak remains
equal to 1 for all Ne . Consequently we conclude that GP(NE) is
asymp totically bounded from above by cu(Ne) . Thus we can (cf section
4,2 below) say that it is possible to achieve a smaller variability with

Poisson sampling than with the method of periodic sampling.
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CHAPTER IV

SUMMARY AND CONCLUS IONS

4,1 Summary and Conclusions

For readers unfamiliar with the work of Blackman and Tukey [1],
the research reported in this thesis is by no means complete, Details
on 'planning for measurement' - 'prewhitening', 'post greening', etc.
have been purposely left out of this account to avoid undue repetition
of the main reference cited above, Primarily this thesis has been
concerned with:

(1) Outlining an estimation scheme admitting of data with random
sampling intervals, and,

(ii) Analyzing the mean and variance of such a scheme,

The assumption of independent, identically distributed random
variables which governs most of our analysis, is a useful one since it
includes most of the practical sampling schemes, Although the
analytical results contained in ChaptersII and III seem to take advantage
of this assumption, similar expressions can be derived for the most
general sampling scheme, For this case, closed-form expressions for
windows and kernels will present great analytical difficulthﬁ. On the
question of aliasing, we found in this thesis a more practical way of
testing for aliasiné - obtain a plot of the spectral window, Qm(w)
and check for maxima, In particular, we verified via an estimating
algorithm that the Poisson sampling process is alias-free even for non-
bandlimited spectra, One shortcoming of our algorithm is its non-
general nature, since, in fact, it was tailored for the Poisson sampling

process, As was pointed out in Chapter I, it is quite possible using
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techniques of numerical calculus to design algorithms to suit some
particular sampling schemes. Our algorithm which invokes the rectan-
gular approximation (instead of Blackman and Tukey's trapezoidal
approximation) to the fourier cosine integral was found unsuitable for
a detailed investigation of the rectangular sampling process.

The gaussian assumption to which most of the analysis in Chapter
III has been subjected, is not merely for analytical convenience since
we are dealing with very large data size and the central limit theorem
validates this assumption even when the process is not gaussian. On
variability and covariability of estimates we were able to obtain
closed form analytical expressions of the Blackman-Tukey type for the
case when sampling intervals are Poisson distributed. These results,
though approximate, are just as useful as a.ny.others derived in this
thesis since they make use of the governing assumption of very large
data size, Making use of these results we found further, that the
Poisson sampling process achieves a smaller variability than the
periodic sampling process for spectra which are very smooth, On the
other hand, for rapidly varying spectra the Poisson is just as un-
reliable as the periodic scheme, However, this is n;t to say that the
algorithm of Blackman and Tukey should be discarded as we will see

presently.

4.2 Poisson Vs Periodic Sampling

In the last section we inferred that for the same number of samples
of the process the Poisson sampling scheme achieves a smaller variance than

the periodic scheme., This presumes that data are available for as long as
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we want, In some cases of practical interest, the duration of data is
limited somewhat, so that one is constrained to sample more closely to
increase the number of samples or estimate from fewer record samples
than needed. Already, we know that increasing the data size achieves
smaller variance, so that it is quite possible that in a given time T
we can obtain more samples by sampling periodically than with Poisson
sampling. Even when signal duration is not limited, the question of
how much longer one waits for say, N samples by sampling one way
instead of the other, is worth looking into. Answers to these questions
can be sought only in a probabilistic sense such as outlined below.

Let TN =Q

+ O be the length of time it

4+ 17987 v TR L g
takes to obtain N data samples in a general non-uniform sampling
scheme with mean sampling interval equal to «. If sampling is done
uniformly every o secs., ?N = N secs, For)large N, TN is asymp-
totically normal with mean

k+n
u(T.) = B Za
& {\J=k \)}
3 N
- p— ] (.n.) = N ,
in
n=0
g N
E{TNJ» = 32 ¥ @)
n=0
2
= N(W1) o
and variance,
o a 2
(1)) = E(T]) - u(T,) = Na

From statistical tables we have
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Proof| T - N | <30 ()} = 0.99
i.e.

Na - 3a /N < T <N+ 3a VN
with probability 0.99.

Alternately, we write
1B Bagad
N N /N
with probability 0.99.
Now, for the case when the waiting time T, is fixed, the prob-
ability of obtaining between N-K and N+K samples by Poisson sampling

with mean rate l/a is given by

R Y
N-K

1
Pr{ N-Ks NT s N+ K £

In particular for TAa = 100 we have from tables (cf [24]) :

Pr{ 0 s N, < 11@} = 0.683094

Pr{ 80 s Ny = 120} = 0.954319

Pr{ 70 < Ny < 130}

4.3 Practical Implications of the Random Sampling Scheme

0.997057

In certain fields of application, prior statistical information
on the sample times is not readily available, in which case, it may be
necessary to record these sample times simultaneously. In some cases
this will require modification of the existing recording hardware and

possibly more computation time, On the other hand, the scheme allows
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a greater flexibility in data acquisition and errors due to small jitter
are less significant in this scheme than they are in the Blackman and
Tukey scheme. In what follows we outline the relevance of random

sampling in some areas of application,

4,3.1 Communications Technology

In some coded communication systems the time of channel avail-
ability are random, By sampling a time sequence in a random manner
corresponding to the random availability of the channel rather than

sampling periodically, the need for buffer storage can be eliminated.

4.,3.2 Seismic Data Processing

In future design of field experiments to investigate random
seismic noise by means of correlation or spectral techniques, geophone
arrays may now be set up randomly spaced in a manner that will optimize
seismic data acquisition. It may also be possible to filter out, using
appropriate geophone distributions, the propagating modes or coherent
noise as is sometimes called, This will eliminate the need for delay

lines as is the usual practice (cf [19]).

4.3.3 Oceanography .

Whether it be swells from distant storms or ocean waves, the times
of arrival are a random phenomenon and it will no doubt be more expedient
and space-saving to take readings whenever they are available rather than
periodically as is usually done, In this application arrival times have

been known to follow certain well known distributions,
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L.3.4 Structural Design

In the design of tall structures and aircraft, destructive power
of atmospheric turbulence is of very great concern. Engineers must
design to accomodate oscillations due to wind gusts whose magnitude and
direction are random phenomena with random occurence times. Estimation
of spectra of wind velocities and of ground motion (velocity and
acceleration) due to earthquakes normally preceeds actual structural

design,
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Appendix A
A-1 : Behavior of Qi(w) for large w .

Recall that ¢ = arctan w @ and write

m
P n+l
lim (w) =2a 1lim
W = ® " ¢~ n/ L cos ¢ cos(n+l) ¢
n=0
2o (plimﬂ/z{ cosch(l + cos 2¢) + c‘os3cpcos3cp

+ coshcp cosl + L.uiennaot cosm+l(pcos(m+l)cp}

3

lim RHS =2 o cp . n/ {z cos cp + cos~@Ycos3p + cosutpcoshcpf

m— @

=2a L, {2 cos (n/z-e) + C:os3(r:/2-e)c03( 2% _3¢)

- COsh(ﬂ/z-e) cos (2r-lie )}

Expand the cosine functions noting that sinﬂ:/2 = 1 cos“/z =0 ete,,

and get
P b L 3
lim Qm(m) = 20« lim {2 sin'e + sin'e cosbe - sin’esin3e
ay == € =9

[}

2&{2 el+ + eh(l - Be® s bug) ® 3€1+}

=-16a€6

] -
Now, if,-€ =tan  wQ == l/wa so that
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@ (@) = 0(-c®)
= 0(*/,6,6)
A-2 : Behavior of QiB(m) for large o .

n+l

B @ cos(n+l) @ + cosch

- T (1D
Q, (w) = 2 {nal( m) cos

- (l+l/m) cosmc'ézms(m-rz) f.p}
Note from A-l1l that we can write

Qiﬁ(w) - Qi(n.) - ;_ﬁ_a z; n o'osn$lcos(n+1)cp

n=
- 3a(l+l/m) cosmc’fazcos(mz) )
Proceeding as in A-l1 we write

PB p 2q lm [, .2 . ..
lin Q' (0) = limQ(e) - 2 T { cosZpzoszg

w—l@

+ 20053cpcos3<p + 3cosh:pCO‘sh<p L G }

Now, lim y {-coschcosap + 2cos3<pc'os3<p + 3cosh<pcoalkp}
@ = x
2

lim {coaz("/z-e)cos(:t-ze) + 2 cos3(-g- - e)cos(g—ﬂ- 3e)
€—o

+ 3COsh(“/2-e)cos(2n - he)}

= lim {-B:ane cos2e - 2 sin3esin3e + 3 s‘inhe c'oshe}
€=o
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4

= - Ez(l-2€2+.-| ) - 6€ + 3€h(l;8€2+¢--)

1in QiB(u)) = lim {- 160 + ez}

w=—® € ™0

whence we say

Qle) =0 ( —55)

max PB

A-3 T 7 QT (a)
o) = m{ngo(l-mﬂ) cos™GT cos (n+1)p
- a (1+%/m) cos™5Paos (m+2)p}
E*'z(i) = 2 a Re{ T (1 - 2)(n+2) -cos™p cos(m+1) @ sing
- a(1/,) (me2)] cos™5 cos (w2 )paing - co;m?'stin(mz)cp] }
o X5 SRR =0, % , 2% , 3T , .seeeees
a-?? -- 2 {nnz:o(l.%“-)(ml)(n+z)cosn$leos(n+1)<p

- (m+1)(m+2)? @ cos™5%cos (m2) é}
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It can be deduced from above that

az

e
A
o

* 9 = o, 2k«
Further, we note that

5 nox n+l -
z (l'ff) cos ¢ cos(n+l)p < I (l—mE

n=o0 n=o0

which implies

e Q (a)

n

Q2 (0)
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Appendix B

B-1 Permutations of tj, ty, Cp4n ti+j subject to:

< >
(@9) ti_g ti+j and tk —'tkﬁn ,» 1Nn,j 0
First, assume also that
(2) t, < ti+j and t, 2t

so that only the following four permutations are possible (subject to

(1) and (2) above):

(3) <t <ty <t (v)
(4) ty = te <t < ci+j (vi)
(5) ty < t, < ti+j < . (iv)

(6) t, <t, <t <

k <t < Con = Bigg (L44)

Now relax restrictions in (2) to have from (3) and (6) respectively,
(i)
(8) t, <t Lt, <t (1)

An interval tree for the above permutations is illustrated in

Figure Bl, Note that the permutations are unique only as far as

absolute inequalities are concerned.



1‘i 2 tk+n

1‘i % Tk+n

ti4~j >1i 2 tgen > 1

Fig. B

Ti+j > tken> 1> 1k

tisj 2 Than > T 2 1

Tken > Tk 2 T j > 1

ti > tk
ti-l-j 2 Tien
ti< g
Tk 2 iy
1‘i+j < Tken t, >t
|
fk < Tiﬂ
tk < Ti

Tk+n > ti*j >fk>fi

Fen > Tigj> 1 2 H

A representative interval tree for the
permutations derived in appendix B-1.

(i)
(iii)

(vi)
(ii)

(iv)

(v)

—‘[ 6...
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B-2 Derivation of A(w',wHw.,wtwg) subject to inequalities

(i) through (vi) of Section B-1

(1) B4y > %1 2 Cken ” S

—_— - = - -
G " 5T St T %

so that equation 3.25 becomes:

A{“(m',mr,wq)
-t ) o (o, + 081D (ot o+ a6, )
W o R, (4,35k,m ) %1% *k4n i+ %
e
cos[2w' (ti k+n) - (2m'+w+wr)(tk k) (wtw )(ti+j 1)]}
i2w' L au
- 2l2 y E, akRe[ o, e k+n+l )
Noa® R, (4,3,k,n)
e o i+j
iQu'tw+w ) 5 @ -i(wtw ) T o
( +08_ ) e el u) (a,, ,+a8,.) e Tin ¥
ak+n nl i+ §1
Define:
A Lu-1 oo iQa
EU(Q) = ¢ () 71 ° o(Q) = Et{e }
and :
@ & - M) 53 o -®)

and take expectation as indicated to get
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Afi) (m',wr,wmq)

1
2
Ne o Rl(i | ,k,n)

Re (20") € (20'+wh ) + a8 020" +whw )

Ei—k-n

* *
x (Ef(wre) + a8y 0 (whs))

Similarly, from equation 3.25a, obtain
(1) (0
Az (w ,w+wr,w+mq)

1

3 Re{
Ne o Rl(i:j sksn)

£y pn 200" (En (20'-w-w )

%*
) (umuq)]}

*
+ a8 020" ~w-w ) (gj (who ) + a8,

To obtain equation 3.27, follow the.above procedure and derive

Aiz), A§£> L = (ii),***,(vi), then note that equation 3.27 is given

by
2 2 2
M“"'wr""“"q), » {Al(w',aﬂ-wr,mhnq)+Az(w',wﬂnr,wﬂnq)}
=1 Rz(i,j,k,n)
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