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disturbance; Lr is an mxm diagonal matrix, each element of which is
a well-posed, Tinear, time-invariant, spatial partial differential
operator. For example, a common form of Lr in the scalar case is
a, azlarz +a, alar + az . K is an mxm constant matrix with zero

diagonal elements (these are included in Lr); B is an my xm matrix

r
operator, each row of which has only one nonzero element, which is a
well-posed, linear, time-invariant, spatial partial differential
operator.

If there exists an m xm constant, diagonal matrix A and a cor-

responding scalar function ¢(r) such that

Ap(r) reb (3)

L, ¢(r)

n
o

B, o(r) reaD (4)

then A is an eigenvalue matrix of the system (1) and ¢(r) is the
corresponding eigenfunction*

We now require (1) to have the following properties:

P1. The eigenvalue matrices A1,A2,--- are real. Denote the jth
diagonal element of A; by Aji . Then, for each j ,

> «eo and Tlim A., = - ,
o i+ J1

P2. The corresponding eigenfunctions ¢1(r),¢2(r),--- are real, com-

plete, and orthonormal, i.e.,

i 04(r) #5(r) dr = 5,

*Note: The unusual nomenclatures introduced here are for the convenience
of giving a compact presentation of the materials in this
chapter.
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P3. The initial condition for (1), u(r,0), can be expressed as a

linear combination of the first N eigenfunctions

=

U(P,O) = .z] pi(o) ¢1(r) (5)
i=

where the pi(O) are constant m-vectors.

P4. The dynamical disturbance &(r,t) can be expressed as

N
E(P,t) = .z] Ei(t) ¢i(r) (6)
i=

where the gi(t) are zero-mean, m-vector white noise processes.
The covariance matrix of the mN-vector white noise process
£(t) = [£](t),---,50(t)]T is ELE(t)E(D)TT = QUt)s(t-1), where
Q(t) is non-negative definite and continuously differentiable in
t . We denote the covariance matrix E[E(r,t) gT(s,T)] =

Q(Y‘,S,t)d(t"l') .

Note that we have assumed that (5) and (6) are equalities for N
sufficiently large. Although there will, in fact, be some discrepancy
between the left and right hand sides of (5) and (6), we assume N is
large enough to neglect this and therefore take (5) and (6) as part of
the specification of our basic system.

A wide class of real systems described by (1) possesses proper-
ties P1 and P2. We now show that properties P3 and P4 impose, in fact,
no major constraints on the system (I)‘with respect to the initial con-
ditions or the nature of the dynamical disturbance.

First, it is well known [5] if the ¢i(r) are complete in D ,

then any piecewise continuous m-vector function f(r) can be
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N
approximated by f(r,N) = J fi¢i(r) , where £y = J f(r)¢i(r) dr ,
i=1
such that D
lim J 1£(r) - £(r,N) || 2 dr = 0
N -+ o
where || + || denotes the norm. Therefore, by choosing N sufficiently

large, any realistic wu(r,0) can be approximated by (5) to arbitrary
accuracy in the mean square sense.

Second, if the ¢1(r) are complete in D , then ¢1(r) ¢j(s)
are complete in DxD [5]. As a consequence, let &(r,t) be a zero-
mean, m-vector white noise process with covariance matrix
ELE(r,t)E (s,7)] = QF(r,s,t)8(t-1) where, for all t, Q'(r,s,t) is

i) Symmetric in r and s , i.e., Q+(r,s,t) = Q+(s,r,t)T

11) Piecewise continuous in r and s
iii) Continuously differentiable in t
iv) Non-negative definite, i.e., for any piecewise continuous

m-vector function g(r)

J f g(r) Tt (r,s,t) g(s) dr ds > 0
DD

Actually, properties (i)-(iv) are not very restrictive, and have been
assumed in other studies of stochastic distributed systems [28,29].
N
Let us define an m-vector random process &(r,N,t) = 7§ gi(t) ¢i(r) .
i=1

'|=
where E[£;(t)] = 0 , E[g;(t) £]()] = Q4;(£)6(t-x) and

%ﬁﬂ=££0ﬂn&ﬂ¢ﬂﬂ¢ﬂﬂdr% 0
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and let E[g(r,N,t)gT(s,N,r)] = Q(r,s,N,t)8(t-t) . Then it follows

directly from the completeness property of ¢i(r)¢j(s) that

Tim f fl]Q+(r,s,t) - Q(r,s,N,t)szr ds = 0

- ©0

We note that the mN xmN matrix Q(t) , whose elements are defined by
(7), indeed possesses the basic properties of a covariance matrix,
namely, it is symmetric and non-negative definite [12,13]. The key
result is that the spatially distributed white noise disturbance
E(r,t) can be approximated by (6), such that for sufficiently large

N , the covariance matrix of &(r,t), Q+(r,s,t), can be approximated
arbitrarily closely in the mean square sense.

We assume that observations of the state u(r,t) are made con-
tinuously in time at discrete spatial locations. We assume that at
each measurement point one or more of the m components of the state
are observed directly. This corresponds to the most common situation
with respect to experimental data (e.g., thermocouple measurements of

temperature). We represent the observations in the following way:

y(rist) = hiu(ry,t) +n,(t)  rieD+ 3D (8)

where y is a scalar and each hi is an m-dimensional row vector
with only one nonzero comporient, whose value is one, corresponding to
the component of wu(r,t) that is measured at that point. In order
that more than one component may be measured at the same point, rs
and rj may be identical for i # j . The ni(t) are zero-mean
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white noise measurement errors. The covariance matrix of the d-vector
process n(t) = [ny(t).ny(t), -+ ()T is R(t)s(t-t) , where R(t)
is positive definite and continuously differentiable in t .

We make two final assumptions: £(t) and n(t) are independent,
hence E[g(t)nT(r)] = 0 , and there exist constants c; such that
¢ <[[R(t)][ < c, and cg <[la(t)|| < ¢, forall t . The latter
assumption is required for convergence of the Kalman filter [12,13].

Known volume and boundary inputs can be included in the formu-
lation of the system. Let wy(r,t) and b(r,t) be m-vector and m, -

vector known functions, respectively. Rewrite (1) as

%%—= Lr u(r,t) + Ku(r,t) + y(r,t) + &(r,t) (1a)
B, u(r,t) = b(r,t) 5 u(r,0) = u (r) (2a)

If we define

%fé:d L, ut(r,t) + Kut(r,t) + E(r,t) (1b)

B u'(rst) =0 5 u'(r,0) = uy(r) (2b)
and

W L uw(r,t) + KT (rt) + y(rt) (1c)

B.u(r,t) =b(r,t) ; u(r,0) =0 (2¢)

then by superposition, u(r,t) = ut(rt) + u™(r,t) . Equations (1c)

and (2c) can be solved to give u (r,t) . If we denote

y+(r‘i,t) = .V(r.iat) - h'iu-(r'i’t)
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then

y'(rst) = hy ut(ry,t) + ny(t) (82)

Thus, a"system described by (1a), (2a) and (8) can always be reduced
to one described by (1b), (2b) and (8a), a form suitable for applica-
tion of later results.

The system (1), (8) with properties P1-P4 will be referred to as

3. Modal Representation of g

The solution of S 1is spanned by the first N eigenfunctions in

the form

n-—=

u(r,t) = '

p; (t) ¢;(r) (9)
1

1

where each pi(t) is an m-vector function. Substituting (9) into (1)
and multiplying both sides of the resulting equation by ¢k(r) and

integrating over D , we obtain

Fsk(t) o Akpk(t) + ka(t) + Ek(t) (]0)

If p(t) = [0](t)soy(t)s+++spy(t)] , then p(t) is governed by

]

p(t) = Ap(t) + Fo(t) + E(t) (11)

where A and F are the mNxmN matrices,
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A = Ny F = K (12)

The observation (8) has the form

y(t) = Mp(t) + n(t) (13)

where y(t) = [y(r'].t).y(rz,t).---.y(rd.t)]T » and M is a dxmN

matrix,

My Mg e Mgy

M

M= =
M - M
dl dn
- l_j

where each Mij is the m-dimensional row vector, hi¢j(ri) .

Due to the orthonormality of the ¢i(r) , it is easy to show that
the correspondence between the original state u(r,t) and the state
p(t) is one-to-one. We refer to (11) and (13) as the modal represen-
tation of S , which is an equivalent lumped parameter representation
of the original distributed system. The modal representation of dis-
tributed systems has been used in a number of cases with respect to
control of distributed systems [8,24].

We now state a few well-known results for linear, time-invariant
lumped parameter systems that will later be needed. The system (11),
(13) is completely observable iff the rank of [MT,(AT+FT)MT,~--,
(AT+FT)mN'] MT] is mN [12,13]. The system (11),(13) is detectable
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iff there exists a real matrix B such that (AT + FT) .y

B is
asymptotically stable, i.e., all eigenvalues are negative [36].
Detectability essentially refers to the observability of the unstable
modes of a system.

As mentioned in the Introduction, our primary reason for consid-
ering observability is as a prerequisite to estimating the state
u(r,t) of the system based on the noisy observations y(ri,t) . Since

S has been reduced to the modal system (11),(13), the classic Kalman

filter can be applied to (11) and (13). It is
5(t) = (A+F)a(t) + P(t) MTR™'(t) [y(t) -Mp(t)] (14)

P(t) = (A+F)P(t) +P(t)(AT+ FT) = P(t)MTR™V(t)MP(t) +Q(t) (15)

where p 1is the estimate of p . These equations are integrated

simultaneously with the gathering of data y(t) and provide continu-

ously updated estimates p(t) . The Kalman filter is said to be con-

vergent if (14) is uniformly asymptotically stable and there exists a

unique P(t) such that t11'm P(t) = P(t) for every symmetric, non-
+ o

negative definite P(0) . If Q(t) and R(t) are time-invariant,

P(t) = P, a constant matrix, the solution of
(A+F)P + P(AT+ FT) - PMR™! MP+Q = 0 (16)

If the system (11),(13) is completely observable, then the Kalman
filter is convergent. If Q and R are time-invariant, the Kalman

filter is convergent'iff the system (11),(13) is detectable [17].
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We will define S to be completely observable and detectable

when its modal representation is completely observable and detectable.

An estimate of the original state will be obtained from (9) by

u(r,t) = _

B (t) 4;(r) (17)
1

nes~—1=

1

The distributed filter for S 1is defined by (14), (15) and (17) and

is defined to be convergent when its modal filter is convergent.
Finally, if we define P(r,s,t) = E[(u(r,t) - G(r,t))(u(s,t)

- G(s,t))7] , the modal filter (14)-(15), together with (17) can be

shown to be equivalent to the distributed parameter filters of

Tzafestas and Nightingale [28,29] and Seinfeld et al. [10,26]:

= Lrﬁ(r,t) + Ku(r,t)

(o5 K5
o =

d d
T -] ~

B, u(r,t) = 0 reabd (19)
g—z= L P(r,s,t) + K P(r,s,t) +P(r,s,t) L} + P(r,s,t) K
r S
g g T el
+ 1_;1 jZ] P(ryrysthhy Ry;(t) hy P(ry,s,t) +Q(r,s,t) (20)
r,sebD
B, P(r,s,t) =0 reab,seD (21)
B PT(r,s,t) =0 seda, rebdD (22)

S
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where R;;(t) is the 1i,jth element of the matrix R"](t) and

P(r,s,t) L] = (LPT(r,s,t))T .

4, Effect of Measurement Locations on Observability

The modal representation of S enables us to relate the
observability and detectability of S to that of the modal system.
Our basic objective is to use the modal representation to determine
the effect of measurement locations on observability and filter con-
vergence for S . When S 1is deterministic (&(r,t) = ni(t) = 0), in
order to determine wu(r,t) uniquely, measurements and their locations
must be chosen such that complete observability is achieved. When S
is stochastic, to guarantee meaningful estimates of wu(r,t), the modal
filter ' must be convergent. Hence, again measurements and their loca-
tions must be chosen such that S 1is completely observable (if Q
and R are time-varying) or detectable (if Q and R are time-
invariant).

Two key questions can be posed: (1) Can we always find some
finite set of measurements such that S 1is observable, and (2) Is
there some minimum number of measurements sufficient for observability
of S ? The principal results of this section attempt to answer these
two questions. The results are embodied in two theorems.

Before stating the theorems, we make some slight changes in
notation which will facilitate the proofs of the theorems. Let the
measurement 1oc;tiohs PisPps sy be relabeled as rij
d; such that iZ] d; = d . Thus, the ith component of the state

ui(r,t) is observed at di locations rij

si=1,0,m,j=1,.-

’ j=]’29"',d.i . Let the
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components of the m-vector Pj be pji s J=1,24++-,m , and denote the
- T T
N-vector oy = [pj],pjz,-'-,ij]T and the mN-vector a = [a],az,---,
T-T
a1 .
The deterministic forms of (11) and (13) then become
a(t) = G(t) a(t) (23)
z(t) = W(t) a(t) (24)

where the mNxmN constant matrix

Gi1 Gy2 G1m
g = .
Gm] Gmm

with each diagonal element Gii an NxN diagonal matrix with ele-
ments Aik s, k=1,2,+-+,N , and each off-diagonal element Gij an

N xN diagonal matrix with elements kij (the i,jth element of K).
The d-dimensional column vector z(t) = [z{(t),...,z;(t)]T with each
element a d.-dimensional row vector zl(t) = [y(ril,t),y(riz,t),---,
y(ridi,t)] . W is a dxmN constant diagonal matrix with each

diagonal element wi a di xN matrix,

¢](r.i]) ¢2(rﬂ) ¢ & s ¢N(rﬂ)

W, = - Ful) gy v gl
010riq. ) 9pryq ) = ot ay(ryg)
1 1 1

In this formulation, S is completely observable iff the rank of

(W6 W, e (6N)™-1 4Ty =y
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Theorem 1. There always exist spatial measurement points rij 5

i=1,2,+++,m , j=1,2,<+-+,N such that S 1is completely observable.

Proof of Theorem 1. We want to show that, with a finite number of

measurement locations, it is always possible to construct a measure-
ment scheme that will make S completely observable. To do this, we
will show that we can always choose N measurement locations at each
of which all m components of u(r,t) are observed to lead to an
observable system. Thus, let rij = r; , 121,2,¢0+e,m , j=1,2,++,N,
i.e., all components of wu(r,t) are measured at each r; . In this
case all Ni are identical, so set wi = w* . Since det W =

(det w*)m and S is completely observable if W is nonsingular, all
we need to show is that rf » j=1,2,-++,N exist such that w* is

J

nonsingular. We do this by induction. Define w; by

8(r]) () e 4, (r])

*

9(r,) ¢,(rg)
We shall show that r; s j=1,2,+-+,N exist such that w: is nonsingu-
lar for all £=1,2,-+-,N . Wj # 0 since ¢,(r) cannot be identi-
cally zero for all reD+3D . Assume ¢](r;) #0 . If w; is
singular for all r; , then there exists some fixed constant b such

that for all rz 5

65(r7) 61(r7)
= b

85(rp) 81(rp)
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which implies ¢2(r) = b¢1(r) for all r . This contradicts the

*
orthonormality of ¢] and ¢y - Hence, an ro must exist such that
*

£
singular for all r;+] . Then there exists a set of fixed constants

* *
w2 is nonsingular. Now, assume W, 1is nonsingular and w£+1 is

bl’bz""’bg such that for all r*

2+1
T (r]) ] " 95(ry)
' )
= b.
® 4=l . "%
| 441 ("gaq) | 95(rgar )]

L
which implies ¢2+1(r) = .Z] bj¢j(r) for all r . T21s contradicts

0+1 must exist

the orthonormality of ¢1,¢2,...,¢2+] . Hence, an r

such that wz+] is nonsingular. Q.E.D.

Theorem 1 represents only a sufficient condition for choosing
measurements such that S can be made observable. Therefore, it may
be possible to have an observable system with fewer measurements than
prescribed in the proof of Theorem 1.

The second question we pose is, are there some circumstances
under which we can use fewer than the number of measurements prescribed
in the proof of Theorem 1 and still have an observable system? Theorem

2 presents this situation.

Theorem 2. If K is triangular (i.e., either k1j= 0 for 1>
or kij =0 for i< j) and if each component of u , ui(r,t) s I8
measured at only one point r: s i=1,2,+++,m , then S is completely

observable if for all i
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a. ¢](Y‘T) #0, ¢2(r?) F 0, wvsy ¢N(r?) #0

b. Ai]’AiZ""’AiN are distinct.

Proof of Theorem 2. Let T = [wT,GTwT,---,(GT)N']wT] . It is straight-
m
forward to show that |det T| = 1T |det Til where T, = ¢.V. and
i=1
B *
ey 0
<D_i = -
*
| 0 oy (ry)
~ 2 N-1 —
A Mo A
2
oo |1 M2 M
i ; ‘
N-1
LT Ay AN -

If a. and b. hold for all i , then det Ti #0 for all 1 , implying
T 1is nonsingular and hence S is completely observable. If m=1,
conditions a. and b. are both necessary and sufficient for observabi-
lity, where for m > 1 , a. and b. are only sufficient. If K 1is not
triangular, conditions a. and b. are not, in general, required for

observability. Q.E.D.

Lemma 1. If K 1is triangular and Aji <0 for all j=1,2,---,m and

i=1,2,-++,N , then S 1is detectable.

Proof of Lemma 1. Set B =0 1in the detectability test of Section 3.

Then the eigenvalues of (A+F) are Aji’ j=1,2,000,m , i=1,2,---,N .
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Q.E.D.

We now present a few simple examples to illustrate the applica-

tion of Theorems 1 and 2.

Example 1. Consider the scalar, one-dimensional heat conduction system

Eeuurt)  re(01),u>0
u(r,t) = 0 r=0,1

The eigenfunctions and eigenvalues are ¢i(r) = /2 sin inr and

Ai = —u(in)z , i=1,2,-++,N . Let u be measured at only one point
r*. From Theorem 2, we see that complete observability of the system
is achieved iff r* does not belong to the set of locations,

x
sin imr = 0, i=1,2,++,N .

Example 2. Consider the scalar, two-dimensional heat conduction system

[4]

5% = Upplrssst) + ug (ris,t) r,s € (0,1)
r=20,1,s ¢ [0,1]
u(r,s,t) =0
s =0,1 ,rel[0,1]

For N = 4 the eigenfunctions and eigenvalues are:

]
1
(]

=]

¢](r.s) 2 sin mr sin 7s AI
¢5(rss) = 2 sin mr sin 21s X, = -57
¢3(Y’,S) = 2 sin 2nr sin 7s )\3 = <57

d4(rss) = 2 sin 2nr sin 215 A, = -8n

Since xz = A3 , Theorem 2 indicates that we will need more than one
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~ measurement point. If we choose, for example, the two points
* % * ok 1 T.T
(r].s]) = (%u%) and (rz,sz) = (%330 , then det[W ,G wT] # 0 and
hence complete observability is achieved (given that N =4 is an

acceptable representation of the system).

Example 3. Consider the m-vector, one-dimensional system

%E-= L., u(r,t) + Ku(r,t) , re (0,1)
32
L. = u. e el @ u- > 0 ’ g. > 0 ’ i=]’2,"',m
LI i arz i? i i
Bui
_-_ar = 5 r= 0’] ’ i=1,2,"',m

where K has elements kij >0 for i<j and kij =0 for

i>3d, 1,j=1,2,-+-,m . This system represents the combined diffusion
and first order decomposition of m chemical species, in which there
is no flux of mass across the boundaries of the system. The eigen-
functions for this system are ¢](r) =1, ¢i(r) = V2 cos(i-1) nr ,
i=2,+++,N . The jth diagonal element of Ai is As. = -uj(i-l)2 “2

Ji
- 05 J=1,25+++3m , i=1,2,---,N .

Let ui(r;t) be measured at r: , i=1,2,++-,m . Applying
Theorem 2, it is clear that complete observability is achieved as long
as r: does not belong to the set of locations, cos knr: =0,
k=0,T,%+,N-1 .

If K is not triangular, Theorem 2 cannot be applied. Theorem
1, however, will always guarantee that there exists a completely

observable measurement scheme.
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5. Optimal Location of Measurements

If S is deterministic (&(r,t) = ni(t) = 0) , the question of
optimal measurement locations is irrelevant, since a set of measure-
ments either provides sufficient information for the unique determina-
tion of u(r,t) or not. The question of optimal measurement locations
does have relevance, however, when one considers filtering for a
stochastic distributed system. First, of course, the measurements must
be chosen so that the system is completely observable (if Q and R
are time-varying) or detectable (if Q and R are time-invariant).
Then, the measurements can be positioned such that the resulting state
estimates are in some sense optimal.

Consider the case in which R and Q are time-invariant. In
this case a reasonable criterion of the accuracy of the state estimates
is the trace of the steady state covariance matrix P . In general, we
could divide D+ 3D into J grid points and examine all possible
arrangements of the d measurements at these grid points. For each
detectable arrangement the trace of P can be computed and the set
yielding the smallest value of the trace be chosen. This approach is
clearly "too time consuming for practical use.

We now present a suboptimal scheme for measurement locations in
the case of scalar (m=1) one-dimensional (n=1) systems in which
A >Ay s > Ay and ¢i(r) = 0 at a finite number of points. The
method can be extended to the vector, multidimensional case, although

for simplicity we present only the scalar, one-dimensional case here.
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Say we wish to choose d Tlocations, Pislpsss sty o at which to
observe u(r,t) such that tr P is minimized. The following algorithm
can be used:

1. Begin with one observation point r . Find that value of
r that minimizes tr P and denote it by r o (Here we
first need to find the points of undetectability where
trP =) .

2. Fix ry - Add a second measurement point r and find that
value of r that minimizes tr P and denote it by ry .

3. Fix g and ro Add a third point and continue until all

d points are chosen.

Although this approach clearly does not necessarily lead to an
optimal set of points, it should produce results not far removed from
an optimal set. This is because the first point is at its best loca-
tion. Adding another point decreases tr P , and we generally would
expect.that with two points at least one would be Tocated near the
optimum position for a single point.

In order to utilize this algorithm, we need to determine how P

varies with a measurement location r . First, we express P as

P(r) , i.e., P depends implicitly on the parameter r . Upon differ-
entiating (16) with respect to r , we obtain an ordinary differential
equation governing P(r) (the procedure was first suggested by

Jamshidi [11])

9 [T W (R TH(r)P(r)] + T - POrW (R H(r) ]

-1 M (25)

= P(r) %’jl R™MM(r) P(r) + POrMT ()R S0 P(r)
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where, since m=1 , F =0 .

Equation (25) is simply a matrix 0.D.E. which may be integrated
either forward or backward in r to obtain P(r) in any interval in
which P(r) is continuous. To initiate the integration, P(r) must
first be calculated independently at one arbitrary point in the given
interval. This may be done by solving (16) by an iterative technique
suggested by Kleinman [15].

We now apply this algorithm to an example.

Example 4. Consider the heat conduction system
ut(r‘,t)'= o]urr(r,t) * o, u(r,t) + g(r,t) re (0,1)
ur(r,t) =0 r=0,1

We choose for illustration N = 3 , for which the eigenfunctions and

eigenvalues are ¢1(r) =1, ¢2(r) Y2 cos mr , ¢3(r) = /2 cos 2mr ,

2

n

and A] =0, Az =0y = 04T A3 0y = 4o1n , respectively. We

choose

o
L}
o
nN
o
o

for two measurements.
From Theorem 2 we know that this system is unobservable iff

r=1/4, 1/2 or 3/4. Let us consider the optimal Tocation of two



-151-

observations in two cases: (i) oy = 0.1, 0, =0 , and (i1) o = 0.1,
gy = 1.1

In case (i), it can be shown that for one observation the system
is detectable at any r . The trace of P in case (i) for one obser-
vation and two observations, one of which is at ry = 0 , is shown in
Figure 1. With only one observation, tr P is minimum either at r =0
or r=1. With the first observation fixed at ry 0 , curve 2

indicates that the best placement of the second point is at r, =1 .

2
In case (ii), it can be shown that for one observation the system

is detectable for any r except r =1/2 . Figure 2 shows the trace

of P for one observation and two observations, one of which is at

' ry = 0.36 . Curve 2 indicates that ro = 1.0 minimizes tr P given

that ry = 0.36 . Thus, for case (ii), with one point, its best loca-

tion is ry = 0.36 or 0.64 ; with two points, one fixed at 0.36, the

best location of the second point is 1.0 . This is somewhat unexpected

since it would appear from curve 1 in Figure 2 that with two measure-

ments we would have to place them at 0.36 and 0.64. Placing one at

0.36, however, we are apparently required to put the second point as

far away from the first one as possible.
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6. Fiqures

Figure 1  Example 4, Case (i)
Curve 1: One measurement location at r .

Curve 2: First measurement location at "
second measurement location at r .

n
o
-

Figure 2 Example 4, Case (ii)
Curve 1: One measurement location at r .

Curve 2: First measurement location at ry = 0.36
second measurement location at r .
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Observability of a Class of Hyperbolic Distributed
Parameter Systems

T. K. YU anp J. II. SEINFELD

Abstract—Necessary and sufficient diti are pr ted for
the observability of a class of linear hyperbolic distributed param-
eter systems. Observations are assumed to be made along paths
intersecting the characteristic curves of the system.

In thix correspondence we present some new results on the ob-
servability of a class of linear hyperbolic distributed parameter
kystems, The results are embodied in necessary and sufficient condi-
tions for the recovery of the state of this class of systems. In prder
to develop the conditions, we present first an extension of the well-
known conditions! for the observability of linear lumped parameter
systems,

Consider the elass of systems deseribed by

Uty = Flout),  €[0,7) (n

where u(t) is an (n X 1) state vector and F(t) is an (n X n) matrix.
Let #(4,0) be the fundamental matrix for system (1). Suppose
observations of this system are made at A discrete times in the
form

wo= Hul,), i=1,2,:-,h (2)

where the y, are (m; X 1) vectors of observations and the H, are
(m, X n) constant matrices. Therefore, the dimension of y; and of
H, ean change at different measurement times. This system is said
ta be observable if we ean recover the initinl state u(0) from y;,
1= 1,2,..., h We present 4he following theorem.

Theorem 1: A necessary and sufficient condition for the observa- |
bility of (1)ix that the (n X 353 m, ) matrix, M = [&(6,00TH,T, - - -, |
@,MTHLT), has rank n.

“Proof: Letr = 3% m, and v, denote the ith column vector of M.
Also, let 'V = [T, -, mTIT = [¥,Vy, -+, V,]JT. Form the
(n X n) matrix Q from any n columns of M, Q = [vi,vy, «++, vinl.
Then there is an (n X 1) veetor g = [V, +++, ¥, ]7 such that g =
QTu(0). For any ¢ €[0,7'], we can write g = QT®(,0)~'u(t). Hence,
to recover u(t) for all ¢ €[0,T], it is necessary and sufficient that
there exists a matrix Q with rank n or, equivalently, M must have
rank n.

Ezample 1: Let us apply this theorem to system (1) with

F() = (_f ;) 3)

Suppose only u; can be measured. Say we measure u; at two times,
tyand by, Thus, Hy, = Hy = [10] (e, n =2,m = 1, my = 1,r = 2)
and

cos (4,9/2) cos (4,%/2)
e [ain ®*/2) sin (/2) J v

Manuscript received March 20, 1971,
The authors are with the l)epnrlmenl nl’ Chemical Engineering, Californis
la-mula of Te:lmolugy Pundcna Calif. 01109,

1. Lee and L. Optimal Control Theory. N
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Let t; be chosen arbitrarily. Then, in order that M may have rank 2,
it is necessary that ty # (41 + 2ke)V% k = 1,23 - - -, for the system
to be observable. 3

OpservABILITY OF A CLass or Hyprernovic SyasTems
Consider the class of linear hyperbolic systems governed by

a“_ é_u - 0, 20 5
l+ﬁ Ay, z €[0,1), t2 (5)

where u is an (n X 1) state vector, f is a positive scalar constant, and
A is an (n X n) constant matrix. The system (5) has only one type of
characteristic line, namely, di/dx = 1/8. Lct #(7,0) be the (n X n)
fundamental matrix of the system, @ =*dw, r €[0,1]. Also, let
Ra denote the closed region in the (zl) plane bounded by z = 0
=1, t=0andt="24+a,a 2 0.

Definition: The ith ulmcrvnuon path z,(¢) is a line in the (z,)
plane with the following properties: z,(0) = 1, 2,({) crosses each
characteristic line in R4 once, and z(t) terminates at a point on
the characteristic line t = g='r + a.

Let there be A distinet observation paths, z,(t), 1 = 1,2,--- A,
that is, 2,(t) and 2;(t) have no common points for 1 # jand t > 0. We
will denote the value of the state along the ith observation path as
u,,(1). We assume that the observations y,(t) of the system (5) are
made continuously along the h observation paths in the form

will) = Hu(t), 0= 1,2, h

t>0 0

where the H; are constant (m; X n) matrices. The observation at the
point (x = 1,¢ = 0)is in the form y(0) = Hou,(0), 1 = 1,2,--- A,
where Hyis a constant (n X n) matrix. We will call the system of (5)
and (6) observable in Rq if u(z,t) in Ry can be recovered from yi(t).

Theorem 2: A sufficient condition for the observability of (5) and
(6) in R is: 1) if forany r, # 7y # - # 75, 0 < 7, < 1, the (n X
3 hmi) matrix L = [@(r,0)TH,T, - -+, ®(ra,0)TH\T] has rank n
and 2) H, is nonsingular.

Proof: The proof follows directly from that for Theorem 1.
Exzample 2: Consider the system (5) withn = 2,8 = 1, and

0 1
- [o -l]' ™
Let @ = 1/2. Assume there are two paths in the (z,¢) plane along

which observations are made:

ai)=1-t, 0Zt<'h
s, NHhStLl

nt) =1 0<t<15 )

8)

We choose the following observation matrices: Ho = I, H, = [1 0],
and Hy = [0 1]. Thus, at z = 1 and ¢ = 0, both states are measured,
but along z,(¢) only u, is measured and along z:(¢) only u, is measured.
It is straightforward to show that

vely b 2] (10)
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406

has rank 2 for any v, # 7, 0 < 1, 7y < 1; hence, the system is

observable. .
Finally, we consider another class of linear hyperbolic systems,

namely, those governed by

— = A,

z€[01],t 20 (11)

where A, and A; are (n X n) dingonal matrices with diagonal
elements Ay, - -+, A and Ay, <+ ¢, Mia, respectively. Therefore, (11)
represents n uncoupled hyperbolic systems, each having its own
characteristic line, with slope di/dz = N\, 1 = 1,2, ,n. We
assume Ay > A > ¢ 0 > Ajae

We define Rq(1) as the closed region on the (z,t) plane bounded by
z=0,z=1,¢{=0andi = Ai"'z + @, « 2 0. Wealso define the
single observation path z*(t) by: 1) 24(0) = 1; 2) 2*(t) crosses ench
characteristic line of type i in Ra(i) once, ¢+ = 1,2, -+, n; and 3)
z*(t) terminates at a point on the characteristic line ¢t = \.~'z +
a. *(t) will denote the segment of z*(t) that begins at the point
(z = 1,¢ = 0) and terminates on the line t = A, "'z + a. Similarly,
2:*(t) is the segment of z*(¢) that initiates from the line t = x=,;_,
z 4 a and terminates on the line ¢ = A\;"'x + a. The observation
along path segment z, *(¢) is in the form

wit(t) = Hitu 1) (12)

where H;* is a constant (m; X n) matrix.

Theorem 3: A necessary and sufficient condition for the observ-

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, OCTOBER 1971

ability of (11) and (12) in the region R4(1) is that for each (m; X n)
matrix H,*anew (n — i 4 1 X n) matrix P;+

Pia Pia  Pin
Pitrta Pigip’t Pigin

Pt = (13)

Paa Pan

can be formed that has the properties p, , # Oforallj = kand p; , =
0 for j > k, and each row of P;* is formed by some linear combination
of rows of H;*.

Proof: Let the (n — 1 + 1 X m;) matrix B, represent the
transformation such that B,H;* = P;*. Then there exists a g;* =
By t(t) such that gi*t = P *u, *(t). Let v;*(t) be a vector formed
from deleting the first ¢+ — 1 components of u.,*(t) and W, be the
matrix formed from deleting the first ¢+ — 1 columns (all zeros) of
P;*. Then we can write g,* = W, *. Since W, will be nonsingular,
vt = W, g,*. This Implies that wu, -, u, can be recovered
along z;*(t) and therefore u; can be recovered along 2, *(t), z2*(t), - - -,
2;*(t). Hence, u; can be recovered along every characteristic line of
type © in Re(i) and the system is observable in Ra(1), proving
sufficiency. Suppose for a particular H,* a new matrix P; * having the
properties of Theorem 3 cannot be formed. This implies that some
uj(f < j < n) cannot be recovered along 2, *(t). Hence, u; cannot be
recovered along some characteristic lines of type j in the region
Ra(j), proving necessity.
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Chapter VI
CONCLUSION

In this dissertation optimal filters have been derived for three
important classes of nonlinear stochastic dynamical systems.

The first class of systems is governed by stochastic nonlinear
hyperbolic and parabolic partial differential equations with boundary
and volume disturbances of both additive and nonadditive nature. The
form of the system enables the recursive estimation of both states and
constant parameters. The performance of the filter was demonstrated
computationally in an example for the feedback control of a styrene
polymerization reactor.

The second class of systems encompasses, within a single frame-
work, three types of stochastic time delay systems:

1. Nonlinear lumped parameter systems with multiple constant

and time-varying delays;

2. Nonlinear systems of coupled ordinary and hyperbolic partial

differential equations; and

3. Nonlinear lumped parameter systems having functional time

delays.

The general filter was applied in a numerical example to a chemical
reactor-heat exchanger system.

The third class of systems is a generalization of the second
class by including systems described by mixed nonlinear lTumped and
parabolic partial differential equations with both volume and boundary

disturbances.
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Along with filtering, the related concept of observability
and optimal measurement location was studied for a class of stochastic
linear distributed parameter systems whose solutions can be expressed
as eigenfunction expansions. The two questions examined are: (1) the
effect of measurement locations on observability, and (2) the optimal
location of measurements for state estimation. It was shown that a
scheme of finite measurements can always be constructed such that the
system is observable. Also, it was shown that for a special class of
systems, only a few measurements will suffice for observability, as
long as they are not placed at the "nodes" of the system. An algorithm
was developed for determining a suboptimal set of measurement Toca-
tions with respect to state estimates.

Finally, necessary and sufficient conditions for observability
was derived for a separate class of linear hyperbolic distributed

parameter systems.
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