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Chapter V 

OBSERVABILITY AND OPTIMAL MEASUREMENT LOCATION IN 

LINEAR DISTRIBUTED PARAMETER SYSTEMS 

1. Introduction 

In this chapter we develop the concepts of observability and · 

filter convergence for a class of stochastic linear distributed param­

eter systems whose solutions can be expressed as eigenfunction 

expansions. Since observations of a distributed system can, in 

principle, be placed anywhere in the spatial domain of the system, an , 
important related question is the effect of the measurement locations 

on observability. Also, it is appropriate to ask what are the measure­

ment locations that lead to the best estimates of the state of the 

system. These two questions are both addressed in this study. 

2. System Description 

Consider the class of stochastic, linear, distributed parameter 

systems governed by 

au(r,t) = Lr u(r,t) + Ku(r,t) + at 

Br u(r,t) = 0 

r e: D (1) 

r e: aD (2) 

defined for t 0 on a spatial domain D (a connected, bounded sub­

set of n-dimensional Euclidean space) with boundary aD , in which r 

is a point in the n-dimensional region D + aD . u(r,t) is them­

vector state; is an m-vector white noise (in time only) 
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disturbance; Lr is an m xm diagonal matrix, each element of which is 

a well-posed, linear, time-invariant, spatial partial differential 

operator. For example, a common form of Lr in the scalar case is 

a1 a21ar2 + a2 alar+ a3 . K is an mxm constant matrix with zero 

diagonal elements (these are included in Lr); Br is an m1 xm matrix 

operator, each row of which has only one nonzero element, which is a 

well-posed, linear, time-invariant, spatial partial differential 

operator. 

If there exists an m xm constant, diagonal matrix A and a cor­

responding scalar function ~(r) such that 

Lr ~(r) = A~(r) r £ D 

r £ ao 

then A is an eigenvalue matrix of the system (1) and ~(r) is the 

corresponding eigenfunction! 

We now require (1) to have the following properties: 

Pl. The eigenvalue matrices A1,A2, ... are real. Qenote the jth 

diagonal element of A; by A . . . Then, for each j , 
J1 

A . 1 > A .2 > • • • J - J -
and 1 im A .. = -oo • 

. J 1 1 + co 

(3) 

( 4) 

P2. The corresponding eigenfunctions ~1 (r),~2 (r), •.• are real, com­

plete, and orthonormal, i.e., 

* Note: The unusual nomenclaturesintroduced here are for the convenience 
of giving a compact presentation of the materials in this 
chapter. 
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P3. The initial condition for (1), u(r,O), can be expressed as a 

linear combination of the first N eigenfunctions 

N 
u(r,O) = L P;(O) ~i(r) 

i=l 

where the pi(O) are constant m-vectors. 

P4. The dynamical disturbance ~(r,t) can be expressed as 

N 
~(r,t) = L ~i(t) ~i(r) 

i=l 

(5) 

(6) 

where the ~i(t) are zero-mean, m-vector white noise processes. 

The covariance matrix of the mN-vector white noise process 

~(t) = [~~(t),···,~~(t)]T is E[~(t)~(T)T] = Q(t)o(t-T), where 

Q(t) is non-negative definite and continuously differentiable in 

t . We denote the covariance matrix E[~(r,t) ~T(s,T)] = 

Q(r,s,t)o(t-T) . 

Note that we have assumed that (5) and (6) are equalities for N 

sufficiently large. Although there will, in fact, be some discrepancy 

between the left and right hand sides of (5) and (6), we assume N is 

large enough to neglect this and therefore take (5) and (6) as part of 

the specification of our basic system. 

A wide class of real systems described by (1) possesses proper­

ties Pl and P2. We now show that properties P3 and P4 impose, in fact, 

no major constraints on the system (1) with respect to the initial con­

ditions or the nature of the dynamical disturbance. 

First, it is well known [5] if the ~i(r) are complete in D , 

then any piecewise continuous m-vector function f(r) can be 
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approximated by 

such that 

f(r,N) = I f . ~.(r) , where f
1
. =I f(r)~1.(r) dr, 

i=l 1 1 
D 

lim I llf(r) - f(r,N)II 2 dr = 0 
N + co 

D 

where II • II denotes the nonn . Therefore, by choosing N sufficiently 

large, any realistic u(r,O) can be approximated by (5) to arbitrary 

accuracy in the mean square sense. 

Second, if the ~i(r) are complete in D , then ~i(r) ~j(s) 

are complete in D x D [5]. As a consequence, let ~(r,t) be a zero-

· mean, m-vector white noise process with covariance matrix 

E[~(r,t) ~T(s,T)] = Q+(r,s,t)o(t-T) where, for all t, Q+(r,s,t) is 

i) Symmetric in r and s , i .e., Q+(r,s,t) = Q+(s,r,t)T 

ii) Piecewise continuous in r and s 

iii) Continuously differentiable in t 

iv) Non-negative definite, i.e., for any piecewise continuous 
m-vector function g(r) 

I I g(r)TQ+(r,s,t) g(s) dr ds ~ 0 
D D 

Actually, properties (i)-(iv) are not very restrictive, and have been 

assumed in other studies of stochastic distributed systems [28,29]. 

Let us define an m-vector random process ~(r,N,t) = 
T where E[~i(t)] = o , E[~i(t) ~j(T)] = Qij(t)o(t-T) 

Gij(t) =I I Q+(r,s,t) ~i(r) ~j(s) dr ds 
D D 

N 
.L ~i(t) ~i(r) , 
1=1 
and 

(7) 
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and let E[~(r,N,t)~T(s,N,T)] = Q(r,s,N,t)o(t-T) • Then it follows 

directly from the completeness .property of ~i(r)~j(s) that 

1 i m J J II Q + ( r, s , t) - Q ( r, s , N , t) 11
2 d r ds = 0 

N + oo 
0 0 

We note that the mN xmN matrix Q(t) , .whose elements are defined by 

(7), indeed possesses the basic properties of a covariance matrix, 

namely, it is symmetric and non-negative definite [12,13]. The key 

result is that the spatially distributed white noise disturbance 

~(r,t) can be approximated by (6), such that for sufficiently large 

N , the covariance matrix of ~(r,t), Q+(r,s,t), can be approximated 

arbitrarily closely in the mean square sense. 

We assume that observations of the state u(r,t) are made con-

tinuously in time at discrete spatial locations. We assume that at 

each measurement point one or more of the m components of the state 

are observed directly. This corresponds to the most common situation 

with respect to experimental data (e.g., thermocouple measurements of 

temperature). We represent the observations in the following way: 

h. u(r.,t) + n.(t) 
1 1 1 

i = 1,2,···,d 

r. eo + ao 
1 

(8) 

where y is a scalar and each hi is an m-dimensional row vector 

with only one nonzero compqrtent, whose value is one, corresponding to 

the component of u(r,t) that is measured at that point. In order 

that more than one component may be measured at the same point, r. 
1 

and rj may be identical for i 1 j . The ni(t) are zero-mean 
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white noise measurement errors . The covariance matrix of the d-vector 

process n(t) = [n1(t),n2(t),· · ·,nd(t)]T is R(t)o(t-T) , where R(t) 

is positive definite and continuously differentiable in t . 

We make two final assumptions : ~(t) and n(t) are independent, 

hence E[~(t)nT(T)] = 0 , and there exist constants ci such that 

c1 < IIR(t)ll < c2 and c3 < IIQ(t)ll < c4 for all t . The latter 

assumption is required for convergence of the Kalman filter [12,13]. 

Known volume and boundary inputs can be included in the formu­

lation of the system. Let ~(r,t) and b(r,t) be m-vector and m1-

vector known functions, respectively . Rewrite (l) as 

~~ = Lr u(r,t) + Ku(r,t) + ~(r,t) + ~(r,t) ( l a) 

Br u(r,t) = b(r,t) (2a) 

If we define 

au+ _ + + 
~- Lr u (r,t) + Ku (r,t) + ~(r,t) ( l b) 

+ Br u ( r, t) = 0 + ; u (r,O) = u
0

(r) (2b) 

and 

( 1 c) 

(2c) 

then by superposition, u(r,t) = u+(r,t) + u-(r,t) . Equations (lc) 

and (2c) can be solved to give u-(r,t) . If we denote 
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then 

+ + y (r.,t) =h. u (r.,t) + n.(t) 
1 1 1 1 

(Sa) 

Thus, a· system described by (la), (2a) and (8) can always be reduced 

to one described by (lb), (2b) and (8a), a form suitable for applica-

tion of later results. 

The system (1), (8) with properties Pl-P4 will be referred to as 

s. 

3. Modal Representation of s 

The solution of S is spanned by the first N eigenfunctions in 

the form 
N 

u(r,t) = I pi(t) ~i(r) 
i=l 

(9) 

where each pi (t) is an m-vector function. Substituting (9) into (1) 

and multiplying both sides of the resulting equation by ~k(r) and 

integrating over D , we obtain 

( 10) 

If p(t) is governed by 

p(t) = Ap(t) + Fp(t) + ~(t) ( 11) 

where A and F are the mN x mN matrices, 
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0 K 0 

A = F = K 

0 0 K 

The observation (8) has · the form 

y(t) = Mp(t) + n(t) 

where y(t) = (y{rl't),y(r2,t), ... ,y(rd,t)]T, and M is a d x mN 

matrix, 

M = 

where each N
1
. J. is them-dimensional row vector, h.<j>. (r.). 

1 J 1 

( 12) 

( 13) 

Due to the orthonormal ity of the <I>; ( r) , it is easy to show that . 

the correspondence between the original state u(r,t) and the state 

p(t) is one-to-one. We refer to (11) and (13) as the modal represen-

tation of S , which is an equivalent lumped parameter representation 

of the original distributed system. The modal representation of dis­

tributed systems has been used in a number of cases with respect to 

control of distributed systems [8,24]. 

We now state a few well-known results for linear, time-invariant 

lumped parameter systems that will later be needed. The system (11), 

(13) is completely observable iff the rank of [MT,(AT+FT)MT, ... , 

(AT+FT)mN-1 MT] is mN [12,13]. The system (11),(13) is detectable 
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iff there exists a real matrix B such that (AT+ FT) + MTB is 

asymptotically stable, i.e., all eigenvalues are negative [36]. 

Detectability essentially refers to the observability of the unstable 

modes of a system. 

As mentioned in the Introduction, our primary reason for consid­

ering observability is as a prerequisite to estimating the state 

u(r,t) of the system based on the noisy observations y(ri,t) . Since 

S has been reduced to the modal system (11),(13), the classic Kalman 

filter can be applied to (11) and (13). It is 

~ ( t ) = ( A + F ) p ( t ) + P ( t ) M T R- l ( t) [y ( t ) - Mp ( t ) ] ( 1 4 ) 

where p is the estimate of p • These equations are integrated 

simultaneously with the gathering of data y(t) and provide continu­

ously updated estimates p(t) . The Kalman filter is said to be con­

vergent if (14) is uniformly asymptotically stable and there exists a 

unique P(t) such that lim P(t) = P(t) for every symmetric, non-
t + oo 

negative definite P(O) . If Q(t) and R(t) are time-invariant, 

P(t) = P, a constant matrix, the solution of 

( 16) 

If the system (11),(13) is completely observable, then the Kalman 

filter is convergent. If Q and R are time-invariant, the Kalman 
. 

filter is convergent iff the system (11),(13) is detectable [17]. 
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We will define S to be completely observable and detectable 

when its modal representation is completely observable and detectable. 

An estimate of the original state will be obtained from (9) by 

N 
u(r,t) = .I pi(t) ~i(r) 

1 = 1 
( 17) 

The distributed filter for S is defined by (14), (15) and (17) and 

is defined to be convergent when its modal filter is convergent. 

Finally, if we define P(r,s,t) = E[(u(r,t) - u(r,t))(u(s,t) 

- u(s,t))T] , the modal filter (14)-(15), together with (17) can be 

shown to be equivalent to the distributed parameter filters of 

Tzafestas and Nightingale [28,29] and Seinfeld et al. [10,26]: 

d d 
+ l l P(r,r;-t)h~ RiJ~(t)[y(rJ. ,t)- hJ.u(rJ.,t)] rED (18) 

i=l j=1 

Br u(r,t) = 0 rEaD (19) 

~~· = Lr P(r,s,t) + K P(r,s,t) +P(r,s,t) L! + P(r,s,t) KT 

d d 
+ l I P ( r, r . , t) h '!' R: ~ ( t) h . P ( rJ. , s , t) + Q ( r, s , t) ( 20 ) 

i=1 j=l 1 1 1J J 

r,s E D 

Br P(r,s,t) = 0 rEaD , SED (21) 

S E aD , r E D (22) 
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is the i,jth element of the matrix --
T T (LsP (r,s,t)) . 

4. Effect of Measurement Locations on Observability 

and 

The modal representation of S enables us to relate the 

observability and detectability of S to that of the modal system. 

Our basic objective is to use the modal representation to determine 

the effect of measurement locations on observability and filter con­

vergence for S • When S is deterministic (~(r,t) = n;(t) = 0), in 

order to determine u(r,t) uniquely, measurements and their locations 

must be chosen such that complete observability is achieved. When S 

is stochastic, to guarantee meaningful estimates of u(r,t), the modal 

filter' must be convergent. Hence, again measurements and their loca­

tions must be chosen such that S is completely observable (if Q 

and R are time-varying) or detectable (if Q and R are time­

invariant). 

Two key questions can be posed: (1) Can we always find some 

finite set of measurements such that S is observable, and (2) Is 

there some minimum number of measurements sufficient for observability 

of S ? The principal results of this section attempt to answer these 

two questions. The results are embodied in two theorems. 

Before stating the theorems, we make some slight changes in 

notation which will facilitate the proofs of the theorems. Let the 

measurement locations r1,r2, ... ,rd be relabeled as r . . ,i=l ,·· ,m,j=l,··, 
m 1J 

d. such that I d. = d . . Thus, the ith component of the state 
1 . 1 1 -1= 

ui(r,t) is observed at di locations rij , j=l,2,···,di • Let the 
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components of them-vector pi be pji , j=l,2,···,m , and denote the 
T T T N-vector aj = (pj 1·,pj2, ..• ,pjN] and the mN-vector a= [al'~····, 

T]T 
~ . 

The deterministic forms of {11) and {13) then become 

ci{ t) = G{ t) a( t) 

z(t) = W(t) a(t) 

where the mN x mN constant matrix 

G = 

(23) 

(24) 

with each diagonal element G .. an N xN diagonal matrix with ele-
11 

ments Aik , k=l,2,···,N, and each off-diagonal element Gij an 

N xN diagonal matrix with elements k
1 
.. (the i,jth element of K). 
J --

The d-dimensional column vector z(t) = [z~(t), ... ,z~(t)]T with each 

element a di-dimensional row vector z~(t) = [y(ri 1,t),y(ri2,t),···, 

y(rid. ,t)] . W is ad xmN constant diagonal matrix with each 
1 

diagonal element Wi a di x N matrix, 

w. = 
1 

i•l,2,···,m 

In this formulation, S is completely observable iff the rank of 

[WT,GTWT, .•. (GT)mN-1 WT] = mN • 
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Theorem 1. There always exist spatial measurement points rij , 

i=l,2,···,m, j•l,2,···,N such that S is completely observable. 

Proof of Theorem 1. We want to show that, with a finite number of 

measurement locations, it is always possible to construct a measure-

ment scheme that will make S completely observable. To do this, we 

will show that we can always choose N measurement locations at each 

of which all m components of u(r,t) are observed to lead to an 

* observable system. Thus, let r .. = r., i=l,2,···,m, j=l,2,···,N, 
lJ J 

* i.e., all components of u(r,t) are measured at each r . . In this 
J 

* case all Wi are identical, so set W; = W Since det W = 

(det w*)m and S is completely observable if W is nonsingular, all 
* * we need to show is that r. 
J 

, j=l,2,···,N exist such that w is 

nonsingular. We do this by induction. Define * 
W.t by 

* * * rl (~:) <P2(rl) ... 
$i (r:] * 

W.t = 

<1>1 (r.t) <P.t(r.t) 

* * We shall show that rj , j•l,2,···,N exist such that W.t is nonsingu-

* lar for all .t=l,2,···,N . w1 t- 0 since <P1(r) cannot be identi-

* * cally zero for all r£D+aD. Assume <P1(r1) t- 0 If w2 is 

* singular for all r2 , then there exists some fixed constant b such 

* that for all r2 , 

= b 
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which implies ¢2(r) = b¢1(r) for all r . This contradicts the 

* orthonormality of ¢1 and ¢2 . Hence, an r2 must exist such that 

* * * w2 is nonsingular. Now, assume W~ is nons~ngular and W~+l is 

* singular for all r~+l . Then there exists a set of fixed constants 

* b1,b2, ..• ,b~ such that for all r~+l 

which implies ¢~+ 1 (r) 
the orthonormality of 

* 

~ 

= I b. 
j=l J 

such that W~+l is nonsingular. Q.E.D. 

This contradicts 

must exist 

Theorem 1 represents only a sufficient condition for choosing 

measurements such that S can be made observable. Therefore, it may 

be possible to have an observable system with fewer measurements than 

prescribed in the proof of Theorem 1. 

The second question we pose is, are there some circumstances 

under which we can use fewer than the number of measurements prescribed 

in the proof of Theorem 1 and still have an observable system? Theorem 

2 presents this situation. 

Theorem 2. If K is triangular (i.e., either kit 0 for i ~ j 

or k .. = 0 for i .5.. j) and if each component of u , u
1
.(r,t) , is 

lJ 
* measured at only one point . r1 , i•l ,2, · · · ,m , then S is completely 

observable if for all i 
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m 
forward to show that ldet Tl = .rr ldet T

1
-l where Ti = ~ .v. 

1=1 1 1 
and 

cpl(ri) 0 

~ -1 
= 

0 <PN ( ri) 

1 "n 
2 

"n 
N-1 

"n 

/.i2 
2 

v. = 
/.i2 

1 

\N 
N-1 

AiN 

If a. and b. hold for all i , then det Ti ~ 0 for all i , implying 

T is nonsingular and hence S is completely observable. If m = 1 , 

conditions a. and b. are both necessary and sufficient for observabi­

lity, where for m > 1 , a. and b. are only sufficient. If K is not 

triangular, conditions a. and b. are not, in general, required for 

observability. Q.E.D. 

Lerrma 1. If K is triangular and /. . . < 0 for all j=l ,2,···,m and 
J1 

i=l ,2,·· · ,N , then S is detectable. 

Proof of Lemma 1. Set B = 0 in the detectability test of Section 3. 

Then the eigenvalues of (A+F) are /. . . , j=l,2, ... ,m, i=l,2, .. ·,N. 
J1 
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Q.E.O. 

We now present a few si mple examples to illustrate the applica­

tion of Theorems 1 and 2. 

Example 1. Consider the scalar, one-dimensional heat conduction system 

· au _ ( ) at - llUrr r, t r e: (0,1), 11 > 0 

u(r,t) = 0 r = 0,1 

The eigenfunctions and eigenvalues are ~;(r) =~sin i nr and 

A; = -ll(in)2 , i=l ,2,···,N . Let u be measured at only one point 

* r . From Theorem 2, we see that complete observabil ity of the system 

* is achieved iff r does not belong to t he set of locations, 

* sin inr = 0, i=l ,2, · ·· ,N 

Example 2. Consider t he scalar, two-dimensional heat conduction system 

[ 4] 

For N = 4 

au _ ( ) ( ) at- urr r,s,t + uss r,s,t 

u{r,s,t) = 0 l 
r = 0,1 

s = 0 '1 

r,s e: {0,1) 

' s e: [0,1] 

, r e: [0,1] 

the eigenfunctions and eigenvalues are: 

~1 (r,s) = 2 sin nr sin ns Al = -2n 2 

~2 (r,s) = 2 sin nr sin 2ns A2 = -5n 2 

~3{r,s) = 2 sin 2nr sin ns A3 = -5n2 

~4 {r,s) = 2 sin 2nr sin 2ns A4 = -8n 2 

Since A2 = A3 , Theorem 2 indicates that we will need more than one 
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* * l l (r1,s1) = (6,3) and 
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If we choose, for example, the two points 

* * 1 1 T T T (r2,s2) = (6'6) , then det[W ,G W ] 1 0 and 

hence complete observability is achieved (given that N = 4 is an 

acceptable representation of the system). 

Example 3. Consider the m-vector, one-dimensional system 

1\! = L r u ( r, t) + Ku ( r, t) at 

i L. = ~· ---2 - o
1
. , ~1• > 0 

1 r 1 ar 

au. 
___ 1 = 0 
ar 

re: (0,1) 

a i > 0 , i = l ,2, .. · ,m 

r = 0, l , i = l ,2 , · · · ,m 

where K has elements k .. > 0 for i < j 
1J -

and kij = 0 for 

i ~ j, i ,j=l ,2,· ·· ,m . This system represents t he combined diffusion 

and first order decomposition of m chemical species, in which there 

is no flux of mass across the boundaries of the system. The eigen­

functions for this system are cp1(r) = 1 , cpi(r) = 12 cos(i-1) 1rr, 

i=2,··· ,N. The jth diagonal element of A. is A .. = -~.(i-1) 2 1r2 
1 J1 J 

-a . , j=l ,2, ... ,m , i=l ,2, ... ,N • 
J 

Let ui(r,t) be measured at * r. , i=l ,2, .. · ,m 
1 

Applying 

Theorem 2, it is clear that complete observability is achieved as long 

* * as ri does not belong to the set of locations, cos k1rri = 0 , 

k =0 , l , • • • , N-1 • 

If K is not triangular, Theorem 2 cannot be applied. Theorem 

1, however, will always guarantee that there exists a completely 

observable measurement scheme. 
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5. Optimal Location of Measurements 

If S is deterministic ( ~ (r,t) = ni(t) = 0) , the question of 

optimal measurement locations is irrelevant, since a set of measure­

ments either provides sufficient information for the unique determina­

tion of u(r,t) or not. The question of optimal measurement locations 

does have relevance, however, when one considers filtering for a 

stochastic distributed system. First, of course, the measurements must 

be chosen so that the system is completely observable (if Q and R 

are time-varying) or detectable (if Q and R are time-invariant). 

Then, the measurements can be positioned such that the resulting state 

estimates are in some sense optimal. 

Consider the case in which R and Q are ti me-invariant. In 

this case a reasonable criterion of the accuracy of the state estimates 

is the trace of the steady state covariance matrix P. In general, we 

could divide D+ ao into J grid points and examine all possible 

arrangements of the d measurements at these grid points. For each 

detectable arrangement the trace of P can be computed and the set 

yielding the smallest value of the trace be chosen. This approach is 

clearly ·too time consuming for practical use. 

We now present a suboptimal scheme for measurement locations in 

the case of scalar (m=l) one-dimensional (n=l) systems in which 

A1 >A2 ··· >AN and •i(r) = 0 at a finite number of points. The 

method can be extended to the vector, multidimensional case, although 

for simplicity we present only the scalar, one-dimensional case here. 
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Say we wish to choose d locations, r1,r2, ... ,rd , at which to 

observe u(r,t) such that tr P is minimized. The following algorithm 

can be used: 

1. Begin with one observation point r . Find that value of 

r that minimizes tr P and denote it by r1 • (Here we 

first need to find the points of undetectability where 

tr P = oo) • 

2. Fix r1 . Add a second measurement point r and find that 

value of r that minimizes tr P and denote it by r2 . 

3. Fix r1 and r2 . Add a third point and continue until all 

d points are chosen. 

Although this approach cl early does not necessarily lead to an 

opti ma l set of points, it should produce results not f ar removed from 

an optimal set. This is because t he first point is at its best loca­

tion. Adding another point decreases tr P , and we generally would 

expect that with two points at least one would be located near the 

optimum position for a single point. 

In order to utilize this algorithm, we need to determine how P 

varies with a measurement location r . First, we express P as 

P(r) , i.e., P depends implicitly on the parameter r. Upon differ­

entiating (16) with respect to r , we obtain an ordinary differential 

equation governing P(r) (the procedure was first suggested by 

Jamshidi [11] ) 

~~[AT- MT(r)R-1M(r)P(r)] + [A- P(r)MT(r)R-1M(r)] ~~ 
T (25) 

= P(r) ~~ R-1M(r) P(r) + P(r)MT(r)R-l ~~ P(r) 
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where, si nee m = 1 , F = 0 . 

Equation (25) is simply a matrix O.D.E . which may be integrated 

either foY"',ard or backward in r to obtain P(r) in any interval in 

which P(r) is continuous. To initiate the integration, P(r) must 

first be calculated independently at one arbitrary point in the given 

interval. This may be done by solving (16) by an iterative technique 

suggested by Kleinman [15]. 

We now apply this algorithm to an example. 

Example 4. Consider the heat conduction system 

r e: (O,l) 

ur(r,t) = 0 r = 0,1 

We choose for illustration N = 3 , for which the ei genfunctions and 

eigenvalues are ¢1 (r) = 1 , ¢2(r) = 12. cos Tir , ¢3(r) = 12 cos 2Tir , 
2 2 and Al = cr2 , A2 = cr2 - cr1TI , A3 = cr2 - 4cr1TI , respectively. We 

choose 

Q = 

and R = 2 for one measurement and 

R = [ ~ ~ J 
for two measurements. 

0 

2.0 

0 2~J 

From Theorem 2 we know that this system is unobservable iff 

r = l/4, 1/2 or 3/4. Let us consider the optimal location of two 
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observations in two cases: (i) o1 = 0.1, o2 = 0 , and (ii) o1 = 0.1, 

02 = 1.1 . 

In case (i), it can be shown that for one observation the system 

is detectable at any r. The trace of P in case (i) for one obser­

vation and two observations, one of which is at r1 = 0 , is shown in 

Figure 1. With only one observation, tr P is minimum either at r = 0 

or r = 1 . With the first observation fixed at r1 = 0 , curve 2 

indicates that the best placement of the second point is at r2 = 1 . 

In case (ii), it can be shown that for one observation the system 

is detectable for any r except r = l/2 . Figure 2 shows the trace 

of P for one observation and two observations, one of which is at 

r1 = 0.36 . Curve 2 indicates that r2 = 1.0 minimizes tr P given 

that r1 = 0.36 . Thus, for case (ii), with one point, its best loca­

tion is r1 = 0.36 or 0.64 ; with two points, one fixed at 0.36, the 

best location of the second point is 1.0. This is somewhat unexpected 

since it would appear from curve 1 in Figure 2 that with two measure­

ments we would have to place them at 0.36 and 0.64. Placing one at 

0.36, however, we are apparently required to put the second point as 

far away from the first one as possible. 
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6. Figures 

Figure l Example 4, Case (i) 

Curve 1: One measurement location at r. 

Curve 2: First measurement location at r1 = 0 , 
second measurement location at r . 

Figure 2 Example 4, Case (ii) 

Curve 1: One measurement location at r . 

Curve 2: First measurement location at r1 = 0.36 , 
second measurement location at r . 
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Appendix V-A 

Rtprinttd from lEE F. TRANSACTIONS ON AUTO MATIC CONTROL 
Vol. AC· 16, No.5. October 1971, PP.· 495·496 

CopyriKht1971, by the l n• ti t utc of Elcctrica1and J::1ecuonica Enaineen,lnc. 
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Observability of a Class of Hyperbolic Distributed 
Parameter Systems 

T . K. YIJ ANI> J . II . S EINFELD 

Abstract-Necessary and sufficient conditions are presented for 
the obsenability of a clus of linea r hyperbolic distributed param· 
eter systems. Observations are auumed to be made a1on, pathe 
lntereectinc the characteristic curves of the eystem. 

lu tlli oc cnrrc""JlfHuJ rurc we pre~cu L Horne new rc~.-ult~ on the olr 
• r rvnl•ilit y u( R rll""• o( liuenr hyperiH1lic dis tri buted llnrametcr 
"·'""' "rn-c. Th_. rr"'ul t..~o~ Arc rmbodir~ l in ucrc~.:o~ nry And llllffif· icu t comli­
ti•m!'l for the rrrovcry of the Minto of t hi,. cln.q!4 of 1'4Y1'41Cn\i4. In order 
In dcvt•lor 1 he rondit.ion :o~, wt! prrl'4rut firl'(t. nn cxtcnRion of t.he wcll­
kHowu NHalfi tiOIIN1 fnr tht! ob:-of'rVohilit,y Of liiiCl\r Jumped pnrnmct.cr 
".~'1'4 1 f'lllll. 

C'.AJn• idrr tho cl"'"'' n ( •y•tenlll de•cribcd hy 

il(l ) - f'(l)ll(l), I EI 0,'/'1 (I) 

wlll'rr u (l ) i• nu (11 X I ) • tnt e vcrtur llllll f'(l) i• nn (n X n ) mntrix. 
IA't ~·(1,0 ) he the (uudnmrntnl mntrix lor •ystem ( I ). HUJlJl""o 
ohJ<crvntioll l'l of thi.-t ~y~ tcm nrc mndc nt. h di.~o~cretc ti me."' in the 
f••rrn 

l/• - /l,u(l, ), ; - 1,2, .. . ' It (2) 

whl'rt' til l' .'1· un• (ut, X 1) vN·tor:ot of uh~crvatinn~ nrtd the II, arc 
(m, X ti ) roul'llnut mn t ri r£•:;~ , Therdorr, the dimrnl'tiou of l/1 nnd of 
1/ , c•nr-\ (•hnu~f' nt tliiTrrruL mcn!"urrnwul timf'l't. Thil4 "Y~tcm ~ Haid 
to IK' nb.~trrr!fJM,· if wr rnu rN•ovcr thr iuitinl ~tat e u(O) from Jl;, 
i • 1,2, ... , h. Wr prrseut~he lollowiu~~: tht'Orom. 

T hrorr m I : A IIN:f's."'ary nnd l'luffiricnt condi tion for the obKerva- ~ 
hilit y u( ( l ) is thllt tlor (n X L:;~m,)rn11trix,M • 14>(11,0)•11,•, · ·· , 

~·( t,,O)•Il,•J, hn.' rnuk " · I 

· /'roof : l.l't. r - L~ 111 , nrod 11, d euot e t he i t h rolu mu vector o( M . 
Al•o, lrt )' • ly,r, · · · , ll•rJr • IY, ,Y,, · · · , Y,Jr. Form tho 
( •t X n ) mntrix Q from nny n rulurnnM of AI, Q - (Vt1111,11 • • · , u, "J . 
Thoro there is nro ( n X I ) vec·t ur g • IY., · · · , Y,,lr 8UCh that g • 
Q•u(O). Fnr ~ny I El0,1'1, we Ct\11 write g • Q•4>(I,0)-1u (l). Hence, 
tn rornver u (l ) (nr nil I E (O,TI, it is ue<·ex.<ary and "u fficicn t that 
there exU.tA a matrix Q with rank " or , equivalently, M mu1t have 
rank"· 

Ezompl• 1: Let us apply this theorem to system (I) witb 

F(l) • ( O 
1
) . (3) 

-1 0 

Suppo!lo only u, can bo meaou red. Say we meuure u1 at two times, 
11 and 11• Thus, 111 11, • (I OJ (i.e., n • 2, m1 • I, m1 • I, r - 2) 
and 

M • [~• (lo'/2) co• (1,1/ 2)] 
am (1, 1/2 ) sin (1.'/2) · (4) . 

M anu11crip\. reulverl )hrc:h 2{) , JU7 1. 
The author• are wi th the llepartmeM o f Chemical EDIIDMrioa, Ct.lllorala 

h•tilute of Tec:hnolocy, Paaadeaa, Calif. 8110{;, 
I F:. n. Lee and L . )l.tare--. ,., ..... t .... •I o ... ,.., c.,.,,.. r....,... New 

YOfk : W iley, 1867. 

I 

T..et 11 be chosen ftrbitrRrily. Thou, iu order that M may have rank 2, 
it i.• ncrc.'<•ary that 1, f1l. (Ia' + 24-r )111, lc • 1,2,3 · · · ,lor the system 
to be obeervable. 

Onso:nVAmLan or A CLAM o r II YPo:KnOLJC SnT>;Ma 

Con•ider the ci<IM ol linear hyperbolic syst.en\11 1ovemed by 

z E IO,II, I ~ 0 (5) 

whore u i• nn (n X I ) s tate vector, (J l• a po:<itive •cnlnr con•tant, and 
A is au (n X n) con• tnut rnr~trix. Tho •Y•tem (li) hM only one type of 
chnrnclcris t.ic l ine, nnmcly, di/ IIJ' • 1/ (J. Let 4>(• ,0) bo the (n X n) 
(malnmentnl mntrix o ( the •Y•tcm, tb -~Aw, ' E IO, ll . All!o, lot 
ll. denote th o cl<lsed region in t.ho (r,l ) plnne bounded by z • O, 
z • I, t • 0, and t - p - 1 z +a, a ~ 0. · 

Drfin ilion: The ith observat ion path z,(l) i:< a line in the (z,l) 
plnne with tho lollowin~~: pro1•er tic.: z,(O) • I, •,(1) c ro.'<•c.• each 
characteri.~lic line in fl. onc:c, and .z,(l) Lcrmiur~Lcs at a point on 
the chnracteri:<tic line I • p· •z + a . 

Let there be h di.<linct observation pnth:<, z, (l), i - 1,2, · · · , h, 
that i:<, z, (l) and z1(1) hnve no common l>uinl.• lor i,. j 11nd I > 0. Wo 
will d enote the Vl\luo o ( the • tate a long the ith observation path M 

u,,(l ). We MI!U<ne thAt t he ol .. ervation:< u.(l) o ( tho sy:<lem (S) IU'e 
nu•do continuou• ly along the h observation paths in tho form 

y,(t) • ll ,u,,(l ), i- 1,~, ··· ,A 
I > 0 

(6) 

where the 111 aro constant (m, X n) m .. tri<·e•. The observation at tho 
point (% - I, I - 0) L• in the form u.(O) - Jl,u, ,(O), i- 1,2, .. . I"· 
where 11, ill a constant (n X n) mnt rix. Wo will cnll the sy•tem ol (5) 
and (6) observable iro 11. i( ~t(:r,l ) in lla M n be rccuvcrod (ro m v;(l ). 

Theorem f : A suffic ient condition (or the observability o( (li) and 

(G) in R. is: I) il (or any '' ,.. '' f1l. • • • f1l. '•• 0 ~ ' ' ~ I, tho (n X 
L:;~m,) matrix L • 1• (• 1,0)•JJ,r, · · ·, 4>(••,0)•11.•1 h&B rank " 
and 2 ) 11, ;., nonsinguiAr. 

Proof: T he proof follow• directly (rom that for Theorem I . 
A'zampu f : Consider the •Y•tcm (5) with" - 2, (J • I , and 

A - [0 I]· 0 - 1 
(7) 

Let o 1/ 2. Allsume there 1\re two paths in the (:r,l) plane along 
which observations are made : 

t 1(1 ) • - I, 
•;,, 

t 1(1) • I, 

0 ~ I ~ 1/t 
1/ t ~ I ~ I 

0 ~ I ~ 1.1;. 

(8) 

(9) 

We choose the following observation matrices : 11, • I, II, - {I OJ, 
and /11 • (0 IJ . Thus, at :r - I and I • 0, both state• are measured, 
but along z1(1) only u1 U. measured and along z,(l) only u, is meuured. 
It il straightforward to ahow that 

L • [ 1 - '• - •• ~-n] (10) J 

I 
~ 
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496 

hM rank 2 for any •• ,. ••• 0 S .,. •• S 1; hence, the eyetem i3 
obftervablc. 

Fin,ally, we consider another ciMII of linear hyperbolic eye~rns, 
namely, thoee governed by 

au au 
al + A1 h • Aou, :z: E!0,1),t ~ 0 (II) 

where Ao llnd A, are (n X n) diagonal matrices with diagonal 
elements ~,, · · · , ~ •• and ~ ... · · · , ~ •• , rcspectively. Therefore, (II ) 
represents n uncoupled hyperbolic systems, each hllving it8 own 
charactcri.• tic line, with slope dt/dz • ~01 - •, i .- 1,2, · . . , n. We 
&SSume Au > Au > · · · > Aa._ . 

We define R.(i ) M the closed region on the (:z:,l) plane bounded by 
:z: • 0, :z: • I , t • 0, and t - ~~~- •z +a, a ~ 0. We also define the 
ainglc observation pllth z•(t) by : I) z+(O) - 1; 2) z+(t) cros.•c• each 
characteri.• tie line of type i in R.(i) once, i • 1,2, · · · , n; sud 3) 
• +(t) terminates at a point on the characteristic line t - ~ •• - •., + 
a . • • •(t) will denote the segment of z•(t) that begins at tho point 
(:z: • I, t • 0) 11nd terminates on the line t • ~, - •:z: + a. Similarly, 
, , •(t) is the segment of z+(t) that initiates from the line t - ~ - •,,1_ 1 

% + a and terminates on the line I - ~~~- •:z: + a . The observation 
along path •egment t ;'•(O is in the form 

(12) 

where II,+ is a cons tant (m1 X n) ml\trix . 
Theorem S: A necessary and •ufficient conditiun for the obscrv-

IIU:t! TRAN8ACI'ION8 ON AUTOMATIC CONTJIO·L, OCJ'OBr.R 197! 

ability of (II) and (12) in I he region R.(l) is that for each (m1 X 11) 
matrix 1/, +a new (n - i + l X n) matrix P,+ 

[

'P•,I 

Pi~•· • 

Pi•-

P-. .a 

::~ ... ·• ·. ·. ::;,,.] 
p.,. 

(13) 

can be forrncd that ha, the properties Pi.t ,.. 0 for all i - k and p 1,, • 
0 fori > k, 1\nd each row of P, + is formed by some lincl\r co,;bination 
or rows of Jl,+, 

Proof : Let the (n - i + I X m,) matrix 8, reprc.•cnt the 
trar1sformation such thnt n,H,• - P1+. Then there exis~• a g1+ • 
B,y, •co such thst g, + • 1', •,.,, •co. Let "' +(t ) be " vector formed 
from deleting t.he first i - I componen~• or u,,+(t) and W, be the 
matrix formed from deleting the first i - I columns (all zeros) of 
P,• . Then we can write g, • - W,v1+ , Since W, will be non~ingular, 
Vt+ - w, - •gj +. This Implies t.ht\t U i, ••• I u..._ cnn be recovered 
nlong .. •co nnd therefore u, can be recovered nlong z1 •(t), z, • (t), · · · , 
zo •(t). Hence, u, can be recovered along every charactcri.• tic line or 
type i in Ra Ci) and the system i~ observsblc in ll.(l ), proving 
Rufficiency. Suppose for a particular u,• .. new matrix p, +having the 
properties or Thcorcon 3 cnnnot be formed. This impliea that some 
u ,( i $ i $ n) cannot be recovered along z,+(t). Hence, u1 cannot be 
recovered along some characteri.~tic lines of Lype i in the region 
Ro(j), proving nece.'ISiLy. 
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Chapter VI 

CONCLUSION 

In this dissertation optimal filters have been derived for three 

important classes of nonlinear stochastic dynamical systems. 

The first class of systems is governed by stochastic nonlinear 

hyperbolic and parabolic partial differential equations with boundary 

and volume disturbances of both additive and nonadditive nature. The 

form of the system enables the recursive estimation of both states and 

constant parameters. The performance of the filter was demonstrated 

computationally in an example for the feedback control of a styrene 

polymerization reactor. 

The second class of systems encompasses, within a single frame­

work, three types of stochast ic time delay systems: 

1. Nonlinear lumped parameter systems with multiple constant 

and time-varying delays; 

2. Nonlinear systems of coupled ordinary and hyperbolic partial 

differential equations; and 

3. Nonlinear lumped parameter systems having functional time 

delays. 

The general filter was applied in a numerical example to a chemical 

reactor-heat exchanger system. 

The third class of systems is a generalization of the second 

class by including systems described by mixed nonlinear lumped and 

parabolic partial differential equations with both volume and boundary 

disturbances. 
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Along with filtering, the related concept of observability 

and optimal measurement location was studied for a class of stochastic 

linear distributed parameter systems whose solutions can be expressed 

as eigenfunction expansions. The two questions examined are: (1} the 

effect of measurement locations on observability, and (2} the optimal 

location of measurements for state estimation. It was shown that a 

scheme of finite measurements can always be constructed such that the 

system is observable. Also, it was shown that for a special class of 

systems, only a few measurements will suffice for observability, as 

long as they are not placed at the 11 nodes 11 of the system. An algorithm 

was developed for determining a suboptimal set of measurement loca­

tions with respect to state estimates. 

Finally, necessary and sufficient conditions for observability 

was derived for a separate class of linear hyperbolic distributed 

parameter systems. 
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