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exchanged for Q::(sj, P), and

ord{ } {Q (s p)} = ord{%} .

Thus, as a consequence of these order stipulations, the integrated
boundedness condition (3.13), on using (2.21), (3.14), (3. 15), (3.17),

reduces to

= _r_12_1 4n®72z,
2 -1) -————;—i— {mra + z B }
n=1 ] -n®7°]*?
»3,5, (3.18)
Z z. z. Zis z,
{[n-ZSi(—z——)][l +eZJ—tan ZJ-] - Zsin-zl-}/cos—g—,

wherein all quantities have been rendered dimensionless by the
introduction of

R pa_(P) a pb_(p)

an ="—"———An ’ bn= An s zj = Zsjh, ' (3.19)

OBh oBh

where

R o 2

6. =z (S (3. 20)

B 2puhw (k?'-l ’

(3.18) holds for all zj satisfying sin zj‘ + zg = 0. Accordingly we
employ the method of reduction whereby:
one takes the first N non-zero roots, Zj’ (in order of increasing real

part), with Re zj >0, Im zj > 0,1 and solves the 2NX2N finite system,

t+ This set of roots suffices since (3. 18) holds for z;k if it holds for Zj’
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that results on decomposing (3. 18) into real and imaginary parts, for
3,1, ag, .- '5‘2N-1’ B B v o s BZN-I;
then increasés the number of roots taken to N+1, solving the enlarged
finite set of linear equations for the first N+1 g,ns and an;
and continues enlarging the system until the g’n’ Bn estimates have
attained stab?li ty, i.e. the differences in the ﬁn, Bn estimates from
successive finite matrices is negligible.

The zJ. and Si(zj /2) needed to solve these finite systems are
tabulated in Appendix 2 (for the first 24 zeros). The method used to
compute zj is the same as in [5]; the method used to compute Si(zj /2)
is outlined in Appendix 2.

The results for the first ten S,n, Bn’ found using 24 roots, are

displayed in Table 1.t

Table 1. Fourier coefficient estimates
n 3 5
1 -0.1129 0.2891
3 -0. 0242 0. 0036
5 0.0077 -0. 0026
7 -0. 0030 0.0011
9 0.0014 -0. 0005
11 -0. 0007 0.0003
13 0. 0004 -0. 0001
15 -0. 0003 0.0001
17 0. 0002 -0. 0001
19 -0. 0001 0. 0000

t These results are independent of elastic constants. This follows
from their non-dimensioning in (3.19), (3.20) and the form of (3. 18).
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We define ANfan}, AN{Bn}, as measures of stability, by

AV ) = 1) -3 N-2)],
where én(N) are the 5.n calculated using N roots, Zj’ with a similar
definition for AN ff)n ). For the values in Table 1, it is found that
A24{an}< 3x107°, A24ﬁ)n} <1078 with A24{an}uniform1y Hn 1)
less than AZZ {én}, A24{Bn} uniformly less than Azz{f)n}. Hence it
would appear that our coefficient estimates are sufficiently stable,
viz. the values listed are probably correct to the 4 decimal places
quoted.

The numerical decay of the S’n’ Bn estimates is faster than
1/n® for n = 5, in agreement with our large n order condition, (2.10).
Indeed, for n = 7, these values decrease faster than 1/n®. Such
numerical convergence supports our thesis that the long-time,
near-field, singular nature of Problem B is the same as the singular
behaviour of the corresponding elastostatic problem.

Using §.n, gn of Table 1, the edge displacements associated
with Problem B2 can be evaluated, thus enabling comparison with
the finite-element analysis of this problem (Appendix 1). The dis-
placement sets so computed agree to within 1% of the finite-element
values, for all y.t Appendix 1 contains the relevant plots for this
comparison.

Turning to our forms for the edge unknowns for Problem B,

(3.12), and carrying out the simple inversion on p, allows us to define

t Equivalent to within 0. 1% of u, v in (3.21).
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the static edge displacements for Problem B, uand v, by

3ch
u =[u(0, v, t) _TRtJ/GBh i

o)
= -Q//zy+uc+ z anCOSTX
3

n=1, 3, 5. L (3.21)

2

v = v(0,vy, t)/GBh

= _..TT_ sgn(y)-{-zbn Sln—zz' i

n=1, 3, 5,

for 0 <§r <1, Here the dimensionless terms in (2.37), (3.19), (3.20)

have been introduced, and we have anticipated a result yet to be

established, namely

thﬁ
u(p) = 2k (3.22)

(3.22) will be a by-product of the inversion process (cf. u(p) for

Problem A). Note that u, v of (3.21) are independent of time - hence

the name static edge displacements.

The attendant displacement gradients, uy and Vy' arising from

(2.37), (3.12), (3.19), (3.20), are

~

nmwa nmy
_ 1 n .
uy = [ - 5 sin > J,
n= 1 3,5, aee
) n1rb n-rry (3.23)
v, = z cos ,
y 2

n=1, 3, i
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for 0 <y <1. vy has a symmetric delta at y = 0. The numbers in
Table 1 afford a means of calculating u, v, uy, Vy’ which are then
plotted for k® = 7/2 (Fig. 6). In Fig. 6 we include the value of
ﬁc, 0. 935, which is actually determined in the course of the inversion
process.
In proceeding to the formal solution of Problem B, for small

p, one substitutes (3.12) into (1.18) by means of (1.15) and performs

the integrations encountered thereupon, using, in particular,

y .
'
Cinh(y) = j -C—oi}};y—-—l dy' (the cosh integral).
0

Substitution of the forms that eventuate into (1.17), and simplifying
using (1.13), (1.19), (1.20), yields the counterpart of (2.28) in
Section 2. The algebra here is straightforward but tedious, and the
forms so produced, lengthy. For the sake of brevity, we suppress
these forms here.

We next outline the inversion process, focusing on the results
found, and closely following the methods in Section 2.

For the near-field inversion, we require; in addition to
(2.18), (2.20), (2.29); (3.16) and the companion relation for the cosh

integral (derived similarly)

2 -
Cinh{gg}= - [Cin(sy) + ;1:2 {11:33 } (cossy-1) + O(p4 )_J s

/
as p 0, wherein Cin(y) = f -l;%c—)ﬂdy'. These expressions coupled
0 Yy
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Fig. 6. Static edge displacements and derivatives thereof for Problem B
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with the pertinent asymptotic forms from [8], Chapter 5, allow us to
recover the edge values on taking the limit, s —» o; to wit (3. 12) on
inversion with respect to p.

For s, p -0, concurrently, (2.31), (2.32), the series expan-

sions of Shi(y), Cinh(y), and the small p formal solution of Problem B,

imply
s, y,p) = () + O™ ]
suhpa(s+g’—)‘-
p
n-1
. > 2a
F— ) - —E— {1+§(1) 2},
(82 -1’5) 2‘“’1’“‘ “L)  5e1.3 5 ...
°p
(3. 24)
0Ly 2
- B K2-1,
(s, v, ) = [5=4) + e |
8uhp(s+g=)= k 1
P
& T,
- —s8y (k-2 e [ B < {1+2( 1) } :
5 " 2ume (k‘?-l) °
(s*- %) n=1,3,5 ...
C
P
The inadmissible pole at s = -C& is removed from both
P
expressions in (3. 24) by taking
nles
u(p) 2( 1) } . (3. 25)

n=1l, 3, 5,...

This is the form that we previously anticipated in (3.22). Using the
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3,n of Table 1, (3.22), (3.25) imply

the value employed in Fig. 6.

Inversion of the surviving terms in (3. 24) now produces

. (o) 2 r
u(x, y, t) ~ —8% (kzk-l) cht-x] U(cpt-x),
(3. 26)
9y k3-2
v(x, y,t) ~ §‘E‘ﬁ (Eg':-l—) U(cpt-x),

as x, t ~w, for 0 <y <h. Analogous asymptotics for su(s, y, P) and

g—;i(s, ¥y, P), with u(p) as in (3. 25), furnish

-0 2
ou B k
g;t(x, y, t) ~ 8ih (F-_l) U(Cpt-x).
(3.27)
98 Kk2-2

ov
—B—Y_(x’ y,t) ~ 8uh ( ) ) U(cpt-x),

k2

x,t large, 0 <y <h. These last two equations, (3.26) and (3.27), are
our first far-field approximation for Problem B. Derivation of the
second far-field approximation, using the dimensionless forms in

\

(2.37), (3.20), gives

5% /a ) 1
s syt [ s 3],
ox 0
~ 2_2 ~
L w3 1. | (3. 29)

o% K ox
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as x, t - 0. Comparison of (2.35), (2.36), (2.41), (2.40), in that
order, with (3.26), (3.27), (3.28), (3.29), respectively, demonstrates
that the long-time, far-field approximations for Problems A and B

are the same if equal normal forces act on the edge, x = 0, in both

°B
problems; that is, if Op = 2%

Inversion for p small, s - 0, shows the formal solution for

Problem B to comply with the infinity condition (1. 4).
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APPENDIX 1. FINITE-ELEMENT ANALYSIS

The problem analysed here corresponds to Problem B2 of

Section 2 (Fig. 7). Thus X, y are given in (2. 37); 8x & %—from Fig. 5;

and & , 8 are implied by (3.10), viz.
v Oxy P y

hO, 2 ~ hOI 2 A2
5 = oy . 2 _ % 5 . xy_2z_%
¥ g T (122 ¥ °B T [1+%2]2

The analysis employs a first-order rectangular element with

the displacement field (which varies linearly on the element boundaries)

W%, §) = a +ax%k +a3¥§ + a, %y,
V&, §) = By +BaX +Ba¥ +BuRY,

where a , F}i i=1,2,3,4) are constants; 1, ¥ are the dimensionless
displacements inferred by (2.37). Calculations are made, with

k® = 7/2, for two non-uniform meshes: a coarse mesh (156 nodes),
illustrated in Fig. 7; and a fine mesh (561 nodes) created by quartering

the coarse mesh elements.



= < >

A \{
Oy =0y ;[ u=0
Oxy=0 w\ Oxy=0
)
2 _3

V=0, ox=0

Fig. 7. Coarse mesh and boundary-values for finite-element method

09



61

Results for the edge (X = 0) displacements, obtained at the

nodes there, are plotted in Fig. 8; wherein

o) 2
w = 287 (1) 1500, §)-00, 1)], v = 2um (K oye o, §).

OB ° OB k=2

In Fig. 8, the broken line denotes the coarse mesh values whilst the
solid lines denote the fine mesh values. The coarse and fine mesh
results for v are virtually indistinguishable on the scale of this
drawing. Consequently, only the fine mesh values for v are shown.
For comparison, Fig. 8 also exhibits the analogous displace-
ments evaluated via the Fourier series representations, u’ and v'.
Differences between v and v’ are only discernable on the scale used
in the vicinity of y = 1, and, though not demonstrated in the figure,
these differences are uniformly less in magnitude for the fine mesh

than for the coarse mesh.
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Fig. 8. Values of the edge displacements for Problem B2
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APPENDIX 2. NUMERICAL RESULTS FOR THE SINE INTEGRAL

Here we give the computational method and results for Si(zJ. /2),
zj having real and imaginary parts greater than zero and satisfying
sin zj + zj =0,

First we evaluate zJ. using a two-dimensional Newton's method,
the same method used by Robbins and Smith in [5] From the asymp-
totic forms stated in [5]; viz. Re zJ. ~1—2T-(4j-1), Im zj ~on w(4j-1),
j=1,2,3,..., jlarge; and the form of the denominator in (3. 18);
namely, [zJ2 -n ne]g; it is apparent that for n = 2j-1, n and j large,
round-off error may become a factor in solving (3.18). To avoid this
difficulty, Newton's method is iterated until the roots are accurate to
10 decimal places, a check on this accuracy being afforded on substi-
tuting the values for the roots back into sin z, + z.. The error estimate
defined on such a substitution, e, is less than 10"11 for all zj. The
results for the first 24 2, are shown in Table 2, p. 66.

Now calculating Si(zj/Z). For small |zj |, the series expansion -

for the sine integralt is a rapidly converging method of computation.

The pertinent forms are

n-1 r.Zn.1 cos(2n- 1)9

Re Sl(ZJ/Z)Q'J 2('1) (Zn 1)(21‘1 1). :
n=1,2,3,...

n-1 r.zn'1 sin(2n-1)8,

Im Si(zJ./Z)zs 2(—1) (2n Ty a1 5
n=1,v2, 3; 0

t See [8], equation (5.2.14).
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with
2N
"
€s < ZN(N)!
1 .
wherein zj/Z = rj e J; N is the number of terms taken in the series;

e, is the truncation error, for which the stated upper bound can
readily be obtained on bounding the remainders of the infinite series
for Re Si(zJ./Z), Im Si(zj/Z). These forms were used to estimate the
first seven roots with N < 36.

For larger roots, |zj| > 45, the faster converging asymptotics

forms t are used. These are
ReSi(z./2) ~ = - cosx. coshy. Re f(z./2) - sinx. sinhy. Im f(z./2
1(zJ/ ) > - ¢ xJ c yJ (zJ ) 1nxJ n yJ (zJ/ )
- sinxj c:oshyj Re g(zj/2)+ cosxj sinhyj Im g(zJ./Z),
ImSi(zj/Z) ~ sinxj sinhyj Re f(zj/Z) - cosxj coshyj Imf(zj/Z)

- cosx, sinhy. Re g(z./Z) - sinxj coshyj Img(zj/z),

el (2n-2)!
Ref(zj/Z) z (-1) e 1cos (2n- 1)8
n=1,2,3,... °©
ol A7 2)
Imf(z,/2) = Z( 1y leg=2l sin(2n-1)8,,
n=1,2,3; 5%
LY n-1
_ 7 (@2n-1)!
Reg(zj/z) = Z(-l) —-r—z-n—- cos Znej,
fEll 2,3, 5 6
10 .
Img(z;/2) = z (.1 &= ’sinznej,

n=1,2,3,... T

+ See [8], equations (5.2.8), (5.2.34), (5.2.35).



65
in which zJ./Z = xj + iyj. These expressions can be derived by repeated
integrating by parts of the sine integral, whence on bounding the resid-

ual integral, one may show that

191}
€a i 20

J

(1 + cosh yj) 4

where e, is the error in the asymptotic series evaluation.
Table 2 gives the first 24 values of Si(zJ./Z), the last 17 of these
being computed via the asymptotic series. The e quoted in the table

is the maximum of the associated e and ea values.
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Table 2. zj satisfying sin zj + Zj =0, Si(zj/Z)

Re zJ. Im zj Re Si(zj/Z) Im Si(zj/Z)
4.21239 22305 2.25072 86116 1.94348 0.45761
10. 71253 73973 3.10314 87458 1.27733 -0.29396
17.07336 48532 3.55108 73470 1.81179 0.23447
23.39835 52257 3.85880 89931 1.36267 -0.20112
©29,70811 98253 4.09370 49248 1.75626 0.17902
36.00986 60164 4,28378 15878 1.40206 -0.16297
42.30682 67176 4. 44344 58303 1.72656 0.15063
48.60068 41241 4,58110 45735 1.42546 -0.14075
54, 89240 57881 4,70209 64604 1. 70753 0.13260
61.18259 01968 .4.81002 51375 1.44132 -0.12574
67.47162 86350 4.90743 84165 1.69406 0.11985
73.75978 83468 4.99620 44099 1.45295 -0.11472
80, 04725 84359 5.07773 37322 1.68388 0.11020
86.33417 66904 5.15311 77014 1.46194 -0.10618
92. 62064 60143 5.22321 79892 1.67585 0.10257
98. 90674 48938 5.28872 68571 1.46917 -0.09931
105.19253 42895 5.35020 88486 1.66931 0. 09635
111.47806 23079 5.40813 03964 1.47512 -0. 09363
117.76336 74457 5.46288 13161 1.66385 0.09114
124, 04848 08941 5.51479 07194 1.48015 -0.08883
130. 33342 82072 5.56413 89982 1.65921 0. 08669
136.61823 05302 5.61116 69898 1.48446 -0.08470
142. 90290 55184 5.65608 30843 1.65519 0.08284
149, 18746 80349 5.69906 88025 1,48822 -0.08110
o <10 e <107’




