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were obtained by putting \e we= w1 in equation (4.13). The 

solid curves result if \e = and we w2 • 

The simplified theory accurately predicts the floor spectra except 

near resonance, where it overestimates the response by 20% to 40%. The 

limiting behavior predicted by equation (4.14) is observed in the simu-

lations. The choice of w in equation (4.20) is not well tested by 
e 

these simulations. In the one case where Figure 4.3 indicates 

that we = w
2 

more accurately predicts the floor spectrum for the entire 

range of w
2 

considered. Equation (4.20) would select we = w
1 

for 

w
2

/w
1 

> 1.7 in this case. 

The failure of the simple theory to predict the resonance peak of 

the floor spectrum may be attributed to the choice of \e. When w
1 

and 

w
2 

are well separated, the secondary system behaves essentially as a 

single-degree-of-freedom oscillator on the ground, with the appropriate 

frequency and damping. At resonance, however, the two resonance peaks 

at w
1 

and w
2 

in Hy(w) coalesce into one peak, which is then sharper than 

either separate peak. A reduction of \ near resonance would reflect 
e 

the narrowing of the resonance peak. 

In order to study the effect of \ on the height of the floor 
e 

spectrum peak, values of the ground spectrum were obtained for several 

values of damping. These values were used in equation (4.13) for the 

floor spectra. The values of the predicted floor spectra at resonance 

are shown in Figure 4.5 as a function of\. for the three sets of 
e 

parameters. In general, it is seen that a reduction of \ results in a 
e 

lower predicted floor spectrum value. This tendency reflects the fact 
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that as damping decreases, the maximum response increases more slowly 

than the mean amplitude, at least for the small damping levels 

considered here. The empirical result 

(4.22) 

gives good results at resonance for the three cases considered, but it 

is not necessarily justified theoretically. 

4.4 Further Approximations for Floor Spectrum Computation 

The approximate theory developed in Section 4.2 depends on a 

knowledge of both the ground spectrum and the stochastic model of ground 

motion which leads to that spectrum. Normally, earthquakes are 

prescribed by the design ground spectrum, without reference to a 

stochastic model. In this case, a stochastic model may be inferred from 

the ground spectrum. The resulting model will not be unique. Mason 

[24] described an approximate procedure for determining a modulated sta­

tionary process which is consistent with a given spectrum. The modulat­

ing function may be specified arbitrarily, indicating the non-uniqueness 

of the inversion procedure. 

The stochastic model is needed to compute the amp! if ica tion factor 

in equation (4.13). It may be hoped that the amplification factor is 

not strongly dependent on the particular choice of model. In fact, the 

computationally difficult inversion of the ground spectrum is sometimes 

ignored, and a stochastic model is used which is not necessarily 

consistent with the given ground response spectrum. 
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If the stochastic model used for the computation of the amplifica-

tion factor is not required to relate to the ground spectrum, it is 

possible to choose a model which simplifies the computation of the fac-

tor. For example, a long-duration stationary model may be chosen, and 

the amplification factor approximated as 

<SD2 (~,w2 )> 
<SD(~ , w ) > 

e e 

2 
<y >stat 

2 
<x >stat 

2 
where <x >stat is the stationary variance of the equivalent linear 

(4.23) 

oscillator. Equation (4.23) becomes particularly simple if the ground 

motion is white noise. However, the cumulative effect of these simplif-

ications may be considerable. An investigation of this approximation is 

beyond the scope of the present work. 

The dependence of the amplification factor on the stochastic model 

may be seen in part by varying the duration of a boxcar-modulated white 

noise model. Figures 4.6, 4.7 and 4.8 show the dependence of the 

amplification factor on duration for the three sets of parameters 

considered in this study, at resonance. In all three cases, there is a 

significant dependence on duration until the primary/secondary system 

essentially reaches stationarity. Thus, if a shorter duration model is 

appropriate, amplification factors derived from a stationary model may 

introduce large errors into the calculation. 
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4.5 Summary and Discussion 

In this chapter, the results of Chapter 3 have been applied in a 

simple way to the calculation of floor spectra. The use of the mean 

envelope is not necessarily superior to the use of the time-varying RMS 

value of y. However, this chapter presents only one potential applica­

tion of the envelope statistics derived in Chapter 3. 

Simulation studies have demonstrated that a simple formula is 

adequate for predicting floor spectra, except near resonance, where the 

predicted spectra are overly conservative by up to 40%. This conserva­

tism may be reduced by more realistic selection of equivalent damping 

near resonance. 

It is possible that simpler formulas may be adequate for the pre­

diction of floor spectra in some special cases. An examination of these 

simp! ifications was deemed beyond the scope of the present investiga­

tion. The formula developed in this chapter is applicable to very 

general stochastic models of ground motion. 



- 118 -

CHAPI'ER V 

SUMMARY AND CONCLUSIONS 

In Chapter II, stochastic models of earthquake ground motion were 

discussed. Although an earthquake is, in principle, a deterministic 

process, a level of uncertainty must be accepted when predicting strong 

ground motion. This uncertainty is incorporated in the randomness of 

the stochastic model. 

While an ideal stochastic model may be based on an ensemble of 

potential earth conditions, this is not practical. However, it is 

possible to define reasonably simple models of ground motion which may 

be expected to contain the essential features of uncertain earthquakes. 

In Section 2.2, the modulated stationary process and the filtered, 

modulated white noise process were suggested as potential models. In 

Section 2.3, methods of analysis were described for transient stochastic 

earthquake models. Of particular importance is the evolutionary power 

spectral density, which both defines and characterizes a nonstationary 

stochastic process. 

In Section 2.4, the problem of the calibration of a stochastic 

model to actual data was addressed. It was seen that modulated station­

ary models are well suited to calibration by response spectrum. 

Filtered, modulated white noise models are especially convenient when it 

is desired to match a given Fourier amplitude spectrum. 

Some aspects of numerical simulation of ground motion were con­

sidered in Section 2.5. The spectral representation of a nonstationary 
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process was used to develop numerical methods for simulation of a 

general model. Modulated stationary processes and filtered, modulated 

white noise processes may be simulated more efficiently. 

Chapter III was concerned with the response of a secondary system 

to ground motion of the type described in Chapter II. Attention was 

focused on the envelope of the displacement of the secondary system. In 

Section 3.2, the envelope of the primary system was derived. A similar 

method was used in Section 3.3 to obtain the time-varying distribution 

of the secondary envelope. It was found that for both the primary and 

secondary systems, the mean square envelope, as a function of time, is 

given by the convolution of a known function with the evolutionary power 

spectral density of the ground acceleration. The convolving function 

for the secondary system is given in Section 3.3.2. 

The special case of boxcar-modulated stationary ground motion was 

considered in Section 3.3.3. The distribution of the secondary envelope 

was obtained in closed form. A number of simulations were performed in 

Section 3.3.4. These simulations indicate that the results give a 

conservative measure of the system response, but not overly so. The 

envelope tends to be most conservative when the system has a strongly 

bimodal behavior. 

In Section 3.4, the question of the effect of interaction was 

addressed. A particularly simple method of accounting for interaction 

effects was described for a system which is classically damped. In this 

case, it is possible to define an equivalent non-interacting system 

which may be analyzed by the previous methods. It was shown that the 
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dominant effect of interaction is an effective detuning of the system, 

which has special significance if the system was tuned to begin with. 

For a detuned system, the effect of interaction was seen to be small. 

One application of the non-interacting results from Chapter III was 

considered in Chapter IV. There, the problem of the computation of 

floor spectra was considered. In Section 4.2, it was postulated that 

the effect of the structure on the spectrum was mainly contained in the 

amplification of the envelope of response. An approximation was 

developed which was highly accurate except at resonance. This method 

requires a knowledge of both the ground spectrum and the stochastic 

model for the ground motion. A suggestion was made for improvement of 

the approximation near resonance. It was assumed that the original 

method f~iled at resonance because it ignored the narrowing of the reso­

nance peak of the secondary system transfer function. 

Even simpler methods were discussed in Section 4.4. These methods 

involve a number of untested assumptions. An evaluation of the validity 

of these assumptions could be the focus of another investigation. 

It is concluded that stochastic modeling of earthquakes leads to 

analytically tractable solutions for the response of secondary systems. 

It is therefore feasible to undertake a dynamic analysis of the seismic 

loads on a secondary system using a realistic earthquake model. Before 

the results of this thesis can be used practically, they would have to 

be extended to multi-degree-of-freedom primary structures. If the 

frequencies of the structure are separated, this could be carried out by 
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modal analysis [31]. The emphasis of the present work was on developing 

a clearer understanding of the simple system. 
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APPENDIX 

EFFICIENT NUMERICAL SIMULATION OF A VECTOR MARKOV PROCESS 

Consider the n-dimensional vector process X(t) defined by 

X( t) AX(t) + rG(t)w(t) (A.l) 

X( 0) (A . 2) 

where A is a constant nXn matrix, r and ~ are constant n-vectors, 9(t) 

is a deterministic function, and w(t) is a stationary Gaussian white 

noise process with unit power spectral density. X( t) 
th 

represents an n 

order Markov process. 

If X(t) is known for some t, then the solution at any later time 

may be written 

X(t+LH) 

At 

Q (At ) X ( t ) + f Q (At -'t' ) r9 ( t+'t' ) w ( t +'t' ) d 't' 

0 

where Q(t) is the fundamental matrix solution. Q(t) satisfies the 

matrix equation 

Q( t) AQ ( t) 

Q( 0) I 

(A. 3) 

(A. 4) 

(A. 5) 
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In a numerical simulation, the process X(t) is evaluated at discrete 

time intervals. Hence, let 

X(k.i\t) (k=O,l,2, ••• ) 

From equation (A.3), it may be seen that 

where 

.1\t 

J Q ( .1\ t-·t') rG ( k.i\t+'t') w( k.i\t +'t') d 't' 

0 

(A. 6) 

(A. 7) 

(A. 8) 

The random vectors Y are normally distributed. From equation (A.8), it 
-k 

may be seen that 

0 

.1\t .1\t 

f f Q(.i\t-'t'l)::TQT(.i\t-'t'2)Q(j.i\t+'t'l)e(k.i\t+'t'2) 

0 0 

0 

.1\t 

2rr f Q (.1\t-'t') rrTQT (.1\t-'t') e
2 

( k.i\t+'t') d 't' 

0 

if j:Fk 

if j=k 

(A. 9) 

(A.lO) 

(A.ll) 
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Thus, the Y are seen to be independent, normally distributed random 
-k 

vectors with zero mean, and covariance matrices 

L\t 

2rr J Q (L\t--r) rrTQ ( L\t--r) e2 (kL\t+-r) d -r 

0 

(A.12) 

Suppose e(t) may be approximated by a piecewise constant function 

of the form 

e(t) 
A 
e(t) e< [t/L\t 1 • L\t) (A.13) 

A 
where [x] denotes the largest integer ~x. In order for e(t) to be a 

reasonable approximation to e(t), L\t must be chosen sufficiently small. 

Then, equation (A.12) may be simplified as 

L\t 

2rre2 (kL\t) J Q(-r)rrTQ(-r)d-r 

0 

(A.14) 

The problem of generating a sequence X which is consistent with 
-k 

X(t) is now reduced to the problem of generating independent normally 

distributed random vectors Y which have the properties of equations 
-k 

(A.9) and (A.14). Then, X may be generated through the recursive rela­
-k 

tionship of equation (A.7), with the initial condition 

X 
-o 

(A.15) 
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A convenient method for generating the random vectors Y is to find 
-k 

a matrix C for which 

~t 

27T J Q(·t) rrTQT('t') d't' 

0 

(A.16) 

Then, if Z is a vector of n independent, normally distributed random 

variables with zero mean and unit variance, 

9(k~t) c z 

will have the desired properties. This is because 

and 

<Z> 0 

I 

The procedure for generating X may be summarized as follows: 
-k 

1. X 
-o 

2. X 
-k+1 

BX + 9(k~t) C Z 

for k=0,1,2, ... , where 

(A.17) 

(A.18) 

(A.19) 

(A.15) 

(A.20) 
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Q(At) 

At 

2n f Q('drrTQT('t') d't' 

0 

(A.21) 

(A.16) 

Thus, if B and C are known, the computation required at each time step 

is: 

1. Generation of n new unit normal variables; 

2. Two nXn matrix-vector multiplications; 

3. Addition of two vectors. 

Furthermore, the method provides statistically correct sample functions 

X regardless of the size of the time step. 
-k 

The computation of the matrices B and C need be done once only for 

a given (A,r) combination. Any numerical or analytical scheme may be 

used to solve equations (A.4) and (A.5) for Q(At). The integral on the 

right-hand side of (A.16) may be evaluated numerically as the solution 

Q(t) is developed for O~t~At. Since this integral is seen to be a 

symmetric and positive definite matrix, it may be factored by Gaussian 

elimination (without need for row exchanges) into the form LDL T, where L 

is lower triangular, and D is diagonal. Then, C is taken to be the 

lower triangular matrix 

c (A.22) 

where D¥2 is easily generated. The initial computation of B and C may be 

time-consuming, but in comparison with the time required for the genera-
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tion of a large number of samples of X(t), the extra time is negligible. 

The advantage of the present technique over traditional numerical 

simulation methods lies primarily in the ability to lengthen the time 

step at. Currently, a standard method for the generation of white noise 

is to let w(t) be approximated by a piecewise constant function. For 

kat ~ t < (k+1)at, w(t) is taken to be Wk, a zero-mean normally 

distributed random variable with variance wn/at. The power spectral 

density of such an approximation is 

S(w) 2 
( 1 - c 0 s wa t ) 

(wat)
2 

(A. 23) 

It may be verified that 

0.95 ~ S(w)~ 1 for o ~ wat ~ 0.78 (A.24) 

0.9 ~ S(w) ~ 0.95 for 0.78 ~ wat ~ 1.12 (A.25) 

Thus, to simulate the response of a narrow-band oscillator of frequency 

w
0

, at is often taken to be T/50 or even T/100, where T = 2n/w
0

, the 

natural period of the oscillator. This small time step is necessary to 

ensure that the excitation is sufficiently "white" over the necessary 

range of frequencies. At each time step, w(t) is generated, and X is 
-k+1 

computed by a numerical scheme based on equation (A.1). 

In the present scheme, w(t) is never computed. The time step at is 

constrained only by the following considerations: 
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1. dt must be small enough to resolve 9(t). 

2. dt must be small enough to monitor the features of X(t) which are 

being observed. 

For example, if the peaks of a narrow-band oscillator are being 

observed, it is possible to choose dt so that only five data points per 

period are computed. (The interpolation of the peak value must be 

carried out with care with this broad time step.) This results in a 

speed-up of an order of magnitude over standard simulation techniques, 

while maintaining exactly the white noise nature of the excitation. 


