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Herein lies an important difference between magmons and diapirs. The size of a 

magmon is internally determined by the material properties and the peak and 

background porosities. A diapir can have any radius rd that we choose. 

If we set rd = r ID' then it follows from ( 4.18), ( 4.19), and ( 4.20) that 

Vd _,.....__,2--
vm a 

( 4.21) 

Since fmax << 1, this equation shows that, on the size scale of magmons, 

diapiric ascent can compete only if a is small. The effect of reducing a is illus­

trated in Figure 4.6. 

We are at liberty to choose a larger value of rd. The ascent velocity 

increases as the square of the radius, so that a sufficiently large diapir will 

ascend more quickly than a magmon specified by the same porosities. Below we 

argue that magmons will still form from, and ascend relative to, such a diapir. 

The pattern of circulation caused by the large diapir will be similar to that 

shown in Figure 4.4b. The localized region of buoyancy carries up the back­

ground material in its vicinity, particularly above and below. To a good 

approximation, the region around the diapir is undergoing a Galilean transfor­

mation, i.e., a uniform translation upward. Darcy's law is invariant under such 

a transformation, so that the familiar processes of porous fl.ow and compaction 

will proceed in this ascending frame of reference. 

At this point we refer to the one-dimensional calculation shown in Figure 

4.7. The initial state is intended to represent a vertical profile through the peak 

of the diapir, with the frame of reference for the whole calculation undergoing 

ascent. We conclude that a large diapir will break down into a "school" of 

magmons. The school gradually spreads out, but while it remains localised the 

combined buoyancy continues to contribute a substantial diapiric ascent 

Text continues on page 87 
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Figure 4. 7. Development of solitary waves from a larger region of high 

porosity. The high porosity region in the initial state is larger than the 

wavelength of a wave with the same peak and background porosity. The region 

breaks up into a rank-ordered train of solitary waves. This calculation uses 

m = 0 and n = 3, as in Figure 3.2. Here, the wave amplitudes are lower and 

the deviation from a parabolic profile at the edges of the waves is more ap­

parent. 



-87-

velocity. 

An alternative statement of this conclusion is that, within a partially mol­

ten region, the length scale of the appropriate magmon will always be superim­

posed on variations with longer length scales. The most probable source of a 

longer length scale variation would be the Rayleigh-Taylor instability of a basal 

layer of high porosity, perhaps supplied by melting at depth. Whitehead et al. 

[1985] propose that such an instability leads to the separation of volcanic 

centers along midocean ridges. While not endorsing this model, we note that 

their geometry would also give rise to magmons in the manner described above. 

An interesting corollary to the discussion of diapiric ascent arises because, 

in the Earth, upward circulation will cause melting due to pressure release. For· 

example, the pattern of circulation for an individual magmon, shown in Figure 

4.5c, will cause some additional melting in the region of the magmon. We cal­

culate that the rate of amplification in the amplitude of the magmon due to this 

melting will very small. For the larger diapirs that we have discussed, the melt­

ing due to the higher rate of upward circulation may modify the magmons that 

develop. The pattern of melting will be pervasive; i.e., melting will occur both 

in the magmons and in the background. As we discussed in Chapter 3, this pat­

tern will tend to degrade the magmons. 

The preceding discussion lends some insight into the internal dynamics of a 

partially molten region. We may now wish to include a pattern of circulation 

driven from the exterior of the region. The system is now more complicated 

because we cannot ignore the pattern of melting caused by the circulation, due 

to pressure release. To understanding the behavior of such as system we must 

return to numerical modeling. The type of calculation called for would involve 

both partially molten and unmelted regions. For example, we could investigate 

the flow in the partially molten asthenosphere and solid mantle underlying a 

spreading ridge, hot spot, or subduction zone. Darcy's law governs porous flow 
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only in the regions with melt; the Stokes equation governs circulation every­

where, with the interaction term A included where porous fl.ow is occurring. 

With the addition of pressure-release melting and the use of a realistic geometry 

such a calculation may provide a realistic model of processes in the Earth. The 

magmon calculations with circulation presented above, in addition to their 

intrinsic interest, represent a preparatory step towards these calculations. 
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APPENDIX 

NUMERICAL METHODS 

Porous Flow in One Dimension 

Representative of the equations we wish to solve for the porosity f and solid 

velocity w are the following. 

w = f 3 [ -1 + w zz l (Al) 

(A2) 

The one-dimensional material is broken up into N elements of equal size oz, 
separated by N+ 1 nodes. The porosity profile is discretized by specifying a 

value for each element. The velocity field is specified at the nodes. 

The first part of the algorithm is the solution of the boundary value prob­

lem (Al). Physically, we wish to determine the velocity field due to a given dis­

tribution of porosity. For each node point i the equation is written in discre­

tized form. 

. . [ wi+l - 2 wi + wi-1 l 
w' = (f ')3 - 1 + ------­

f;z2 
(A3) 
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The porosity value f i is obtained by interpolation between the adjoining ele­

ments. A second order finite-difference approximation for w zz has been used. 

At the boundary nodes (i = 0, N+l), suitable boundary conditions are used; 

e.g., w0 = 0 or w0 = w1• The resulting set of N+l equations can be 

represented by a tridiagonal linear system, which is easily solved for the N+l 

unknown values of velocity wi. 

The second part of the algorithm is the advancement of the porosity profile 

f in time. The time derivative ft for an element j is obtained directly using the 

discretized form of (A2). 

(A4) 

The nodes i and i+l border the element j. 

This value of f~ is correctly centered in space but lies at the beginning of a 

time step rather than at the middle. In a fashion related to the Lax-Wendroff 

method (see Press et al. [1986]), we advance f from time t to time t + 1/ 2 bt 

using the uncentered values of ft. The solution of Equations (A3) and (A4) is 

then repeated to obtain a better estimate for the time derivative centered 

between t and t + bt. This procedure is iterated until the centered estimates of 

ft converge, at which point f is advanced to time t + bt. 

For solitary waves, the time step bt is chosen to satisfy the Courant condi­

tion, i.e., bt < bz / c, where c is the phase velocity. In order to accelerate the 

convergence of the iterative scheme, we exploit the translational invariance of 

the solitary wave to estimate the porosity profile at time t + 1
/ 2 bt before the 

initial calculation of w. 
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Porous Flow in Two Dimensions 

We now wish to solve three equations in the three variables f, w, and u. 

For example, 

(A5a) 

(A5b) 

(A6) 

The two-dimensional medium is now tessellated by square elements, with. 

nodes at each corner. Th·e porosity is defined in the elements, and the velocities 

at the nodes. 

Again, the first part of the algorithm solves Equations (A5a,b) for the velo­

city field, given the porosity distribution. We solve (A5a) for the vertical velo­

city w and (A5b) for the lateral velocity u, using a form of the alternating direc­

tion implicit finite-difference method (see Press et al. [1986]). In this method, 

the equations are solved in a series of iterative steps. In each set of four steps, 

each equation is solved in each direction. 

For example, in solving (A5a) in the z-direction, we solve for w and Wzzi 

estimating for the remaining terms using the most recent values of the velocity 

field. This solution is performed for every column of nodes. 

Each step in the solution is equivalent to a series of one-dimensional boun­

dary value problems, the solution of which is described in the preceding section. 

The sets of four steps are repeated until the values of velocity converge. As 

before, we use second-order estimates of the derivatives and interpolate between 

elements to obtain values for the porosity at the nodes. 

The advancement of f in time is accomplished in exactly the same way as 
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in the one-dimensional case. We calculate the divergence of the velocity field, 

on the RHS of (A6), using the velocities at the four nodes surrounding an ele­

ment. The time derivative ft is again correctly centered in space. The same 

iterative procedure is used to center ft in time. Note that we have two iterative 

loops; one for evaluating the velocity field, and one for centering in time. In 

practice these are intertwined for more rapid convergence. For solitary waves, 

we can decrease the calculation time by starting each time step with a good 

estimate of the porosity profile and velocity field at time t + 1/ 2 bt. 

Experiments shown in Figures 4.1, 4.2, and 4.3. The element size was 

chosen after we studied the exact analytic solution for the one-dimensional case, 

and in light of the experiments on the one-dimensional system. The minimum 

size that can be used is controlled by the sharpness of the transition between 

the uniform background region and the main body of the waveform. An accu­

rate solution can be obtained by using a node spacing equal to the compaction 

length for the background porosity [McKenzie, 1984; Scott and Stevenson, 

1984]. For a background porosity of 1 %, and with n = 3 and m = 0, the com­

paction length is 10-3. This node spacing was used for the experiments in Fig­

ures 4.1, 4.2, and 4.3. In both the Cartesian and cylindrical cases the lateral 

and vertical element dimensions are equal. The time step was chosen with 

reference to the maximum phase velocity expected to arise during the experi­

ment, as in the one-dimensional case. These experiments each took roughly 3 

hours on a VAX 11 /780. 

We performed all these calculations using a scrolling grid, in order to keep 

the solitary waves away from the top and bottom edges of the grid while 

minimizing computational time. The equations were not, however, solved in a 

moving frame of reference. The scrolling is accomplished by our adding a new 

row of elements at the top of the grid · between time steps and removing a row 

from the bottom. The new elements all have f = f0, the background porosity. 



This procedure is justified because we always ensure that non-uniform regions of 

porosity do not approach the edges of the grid. 

The accuracy of the calculations have been assessed by our repeating cer­

tain examples with different element sizes and time steps. First, we have stu­

died the effects of these changes on the solitary waves used in the initial state of 

Figure 4.2. We note the following: 

1. Solitary waves that propagate for many wavelengths with changes in the 

waveform of less than 1 part in 104 are always produced after some transient 

adjustment. 

2. Halving the time step (from the maximum permitted by the velocity of 

the wave) changes the wave amplitude by less than 0.1 %. 

3. Halving the element size (by interpolating), and the time step, changes 

the wave amplitude by less than 0.5%. 

The measured phase velocity also changes slightly. We expect some 

changes, corresponding to the changes in wave amplitude; the observed changes 

are comparable to those predicted from the dispersion relation for one­

dimensional solitary waves. 

Second, we have repeated the calculation shown in Figure 4.2a with a 

halved element size and time step. The phase shift of the larger wave that 

arises through the collision with the smaller wave changes by less than 2%. 

Errors in the phase shift would accumulate through the several hundred time 

steps performed, so we consider this to be a searching test of the method. 

Porous Flow and Circulation in Two Dimensions 

The qualitative description of the method in the caption to Figure 4.4 

serves as an introduction to this section. The equations, reproduced from 

Chapter 2, are as follows. 
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• Darcy's Law 

w - W = f n [- ( 1 - f) + w zz + a w xx + ( 1 - a) Uxz] (2.24a) 

u - U = f n [ Uxx+a Uzz+(l - a) Wxz] (2.24b) 

• Stokes Equation 

a(Wzz + Wxx) - Pz* = (2.25a) 

- f - [ ( W - W)zz + a ( W - W)xx + ( 1 - a) ( U - U)xz] 

a(Uzz + Dxx) - Px* = - [(u - U)xx +a (u - U)zz + (1 - a) (w - W)xz] (2.25b) 

• Continuity 

(2.26) 

• Compaction 

ft= (1 - f) (wz + ux) - (w fz + u fx) (2.27) 

The basic structure of the solution remains the same; we solve a boundary 

value problem for the velocity fields due to a given distribution of porosity, and 

then advance the porosity in time. The details of the method described here are 

tuned to the specific problem of a solitary wave in a large, uniform region. The 

porous flow field (w - W, u - U) and the circulation (W, U) have physically 

different characters; this contrast leads us to divide up the region into small 

square elements around the wave and large elements away from the wave. The 

small box so defined is of comparable size to the boxes used for the experiments 

without circulation. As shown schematically in Figure 4.4a, the elements out­

side the small box have different shapes in different parts of the region. As 

before, the porosity is defined in the elements, and both velocity fields are 

defined at the nodes. 
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The boundary value problem for the velocity fields is now more complex 

and is divided into two parts. The solution of the Stokes equation (2.25a,b) is 

intertwined with the solution of Darcy's law (2.24a,b) in an iterative scheme. 

Darcy's law is solved for the solid velocity field in the small box only. The 

components of the circulation (W, U) are included, but they are treated as 

known quantities. Given the distribution of porosity and the most recent esti­

mate of the circulation, the solid velocity is obtained exactly as it was without 

circulation. 

We solve the Stokes equation for the circulation and pressure in the entire 

region, subject to the incompressibility constraint (2.26). Because of the irregu­

lar shapes of the elements, the finite-element method is ideal for this purpose. ­

We have adapted an existing thermal convection simulator (A. Raef sky and B. 

Hager, personal communication) which uses augmented Lagrangian algorithm to 

solve the penalty formulation of Stokes flow. In this formulation the fluid is 

compressible, but has a very low compressibility. We prescribe the buoyancy 

distribution due to porosity and the interaction term A represented by the 

remaining terms on the RHS of (2.25a,b ). The algorithm calculates t~e result­

ing pattern of circulation, which is divergence-free to high accuracy. The pres­

sure field is also obtained, although it is of no use elsewhere. 

Combining these very different methods of solution into a hybrid iterative 

scheme requires some care. It is important that the circulation field used, when 

we are solving Darcy's law, is divergence-free: otherwise, anomalous compaction 

processes will occur. It is also important that we do obtain a good solution for 

the porous fl.ow between calls to the circulation solver. Then we can guarantee 

that the interaction term A is zero when summed over the small box, and so no 

anomalous buoyancy is generated. With these provisions, the iterative scheme 

works remarkably well, considering its cumbersome appearance. 

The advancement of f in time is accomplished much as before, with the 



iterative scheme for centering intertwined with the solutions for the velocity 

fields. Note that the equation used (2.27) now has an advective contribution 

(the latter terms on the RHS). While the pattern of elements and nodes is ideal 

for calculating the compaction terms, it does not provide a good framework for 

calculating the advection terms. This is a familiar problem in convection calcu­

lations (where temperature is advected) and can certainly be overcome. For the 

present, it is the need for the incorporation of a stable advective scheme that 

sets a lower limit on the value of a used in the magmon experiments. At lower 

values of a, the advective contribution to the ascent velocity becomes dominant 

and instabilities develop in the numerical scheme. 

Other drawbacks of the numerical scheme as a whole arise because of its 

hybrid nature. These were discovered in attempts to repeat the magmon exper­

iments in axisymmetric cylindrical coordinates. These experiments are of 

interest because they simulate three dimensions. The ascent velocity of a diapir 

in an infinite medium is well defined in three dimensions (Equation ( 4.17)), but 

in two dimensions it diverges. In practice, the velocity depends on the size of 

the box representing the infinite medium. 

These attempts have failed because of two differences between the finite 

difference and finite element representations of the governing differential equa­

tions. First, the way that the divergence of the circulation field is calculated is 

slightly different in cylindrical coordinates. Consequently, the porous flow is 

superimposed on a circulation field that is not quite incompressible. Second, the 

singular point at r = 0 is handled differently by the two methods. The finite 

difference method solves the differential equation at the nodes at r = 0, using 

asymptotic forms for the singular terms. The finite element method solves the 

equation in the element adjacent to r = 0, but not at r = O; the asymptotic 

forms are not needed. These problems could be overcome, but it is probably 

more appropriate to develop a full finite element scheme. 
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