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ABSTRACT

We present a framework for the e�cient, yet accurate description of general pe-

riodic truss networks based on concepts of the quasicontinuum (QC) method.

Previous research in coarse-grained truss models has focused either on simple

bar trusses or on two-dimensional beam lattices undergoing small deforma-

tions. Here, we extend the truss QC methodology to nonlinear deformations,

general periodic beam lattices, and three dimensions. We introduce geometric

nonlinearity into the model by using a corotational beam description at the

level of individual truss members. Coarse-graining is achieved by the intro-

duction of representative unit cells and a polynomial interpolation analogous

to traditional QC. General periodic lattices de�ned by the periodic assembly

of a single unit cell are modeled by retaining all unique degrees of freedom of

the unit cell (identi�ed by a lattice decomposition into simple Bravais lattices)

at each macroscopic point in the simulation, and interpolating each degree

of freedom individually. We show that this interpolation scheme accurately

captures the homogenized properties of periodic truss lattices for uniform de-

formations. In order to showcase the e�ciency and accuracy of the method,

we compare coarse-grained simulations to fully-resolved simulations for vari-

ous test problems, including: brittle fracture toughness prediction, static and

dynamic indentation with geometric and material nonlinearities, and uniaxial

tension of a truss lattice plate with a cylindrical hole. We also discover the

notion of stretch locking � a phenomenon where certain lattice topologies are

over-constrained, resulting in arti�cially sti� behavior similar to volumetric

locking in �nite elements � and show that using higher-order interpolation

instead of a�ne interpolation signi�cantly reduces the error in the presence

of stretch locking in 2D and 3D. Overall, the new technique shows convincing

agreement with exact, discrete results for a wide variety of lattice architec-

tures, and o�ers opportunities to reduce computational expenses in structural

lattice simulations and thus to e�ciently extract the e�ective mechanical per-

formance of discrete networks.
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1

C h a p t e r 1

INTRODUCTION

1.1 Overview of Microstructured Materials

Many materials that appear to be homogeneous — both natural and en-
gineered — have a mechanical microstructure that greatly influences their
macroscopic properties. All materials have some sort of microstructure (e.g.
polymer networks, atomic grain structures), but by mechanical microstructure,
we mean structural features on a mesoscale larger than the typical microstruc-
tural scales, but on a much smaller scale than the macroscopic size of an
object. Two quintessential examples of naturally occurring materials with me-
chanical microstructure are wood and bone (see Fig. 1.1), but the properties
of other natural materials are also greatly influenced by their microstructure.
The microstructure in wood comes in the form of fibers, which give it its char-
acteristic anisotropy. On the other hand, bone has a seemingly random porous
microstructure, which can lead to isotropic macroscopic properties.

Many engineered materials also make use of microstructure to obtain certain
desirable macroscopic properties. The most common of these materials are
engineered foams. Foams can be made out of a variety of constituent materials,
but they are characterized by their cellular nature and random microstructure.

(a) Cancellous bone (b) Orthogonal slices of cedar wood along the axis of
the fibers (left), and transverse to the fibers (right).

Figure 1.1: Scanning electron micrographs of natural materials with a me-
chanical microstructure, taken from [48]



2

Foams are used in many products to achieve a wide variety of reasons, including

� Cars. Car bumpers utilize plastic foams to maximize energy dissipation
in collisions.[95].

� Houses. Plastic foams are the most common thermal insulator used in
buildings[25].

� Aerospace vehicles. The strong and lightweight nature of foams make
them ideal core materials for sandwich panels commonly used in airplanes
[50].

� Mattresses. Memory foam (developed by NASA in the 1970s to im-
prove seat cushioning) is commonly used to make comfortable beds [27].

An excellent overview of mechanical, acoustic, and electrical properties of vari-
ous microstructured materials (including foams, honeycombs, and natural ma-
terials) was presented in Gibson and Ashby [48].

Even though the manufacturing of foams and other materials with random mi-
crostructure has improved and enabled engineering feats like landing a rover
on Mars1, manufacturing materials with a designed, ordered microstructure
has been out of reach until recently. The recent advances in additive manu-
facturing techniques have enabled the creation of materials with an arranged
microstructure — commonly referred to as metamaterials2 — giving engineers
the ability to design materials with virtually any microstructure.

One popular class of mechanical metamaterials are periodic truss lattices. In
part due to their manufacturability, and in part due to some of their desirable
theoretical properties, periodic truss lattices have garnered significant inter-
est in the past decade. Notably, a metal hollow microlattice manufactured
by HRL Laboratories in 2011 pushed the boundaries of ultralight materials by
creating a metamaterial that is 99:99% air [93]. There has also been pioneering
work at smaller scales. Additive manufacturing techniques have been used to

1NASA’s Mars Science Laboratory spacecraft carried the Curiosity rover to the martian
surface in 2012 using a Phenolic Impregnated Carbon Ablator (PICA) heat shield, which
inherits its desirable thermal properties in part from the microstructure of the material.

2The name metamaterials was originally used to refer to microstructured materials with
novel optical or electromagnetic properties, but has since been adopted by other fields to
refer to microstructured materials with other desirable properties (e.g. mechanical, acoustic,
or thermal).
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Figure 1.2: Examples of periodic truss lattices: Ultralight hollow metallic mi-
crolattice [93] (left), solid carbon lattice reprinted by permission from Springer
Nature: Nature Materials [12], copyright 2016 (center), and a hierarchical lat-
tice reproduced from [70](right).

manufacture polymer lattices with sub-micrometer resolution [66]. Further-

more, these polymer lattices have been coated with a thin layer of ceramic

and the polymer has been etched out, leaving an ultralight ceramic hollow

truss lattice with wall thicknesses as low as 5 nanometers [69]. In addition

to the standard periodic truss lattices, there has been interest in hierarchical

truss lattices [70, 115] (truss lattices made of truss lattices) as hierarchical

microstructures are seen in nature.

The ability to design and manufacture these multiscale materials leads directly

to two questions:

1. Given a certain microstructure and the properties of the constituent

material, what are the e�ective properties at the macroscale?

2. Given desired macroscopic properties, what microstructure and con-

stituent material can be used to achieve the properties?

The �rst question is hereby referred to as theforward problem since it requires

computing quantities given known inputs. Conversely, the second is referred

to as the inverse problem because it requires �nding the inputs that give a

desired output. Since solving the inverse problem requires solving the forward

problem, the decades-old �eld of extracting the e�ective macroscopic response

of microstructured materials has recently been revitalized by the advancements

in manufacturing. The theoretical foundation for the micromechanical model-

ing of metamaterials probably began with Hill [52] calculating of the e�ective,

homogenized moduli of periodic linear elastic composites. Various extensions



4

of homogenization theory followed, including probabilistics and wave propa-

gation [21] as well as nonlinearity [46].

While there has been signi�cant work towards answering the forward problem,

the ability to predict the general nonlinear response of metamaterials (e.g.

buckling of truss members, densi�cation, failure of microstructure components,

etc.) is still a challenge. This results in an expensive and slow design cycle

relying on excessive manufacturing and testing to span the design space looking

for microstructures that give desired properties. Ideally, this process could be

expedited using theoretical or computational models, such that solving the

forward problem becomes inexpensive and fast. Then these models could be

used to span the design space of microstructures, and augment the design

process to solve the inverse problem. This is the motivation for the research

in this thesis.

1.2 Outline of this Thesis

The goal of this thesis is to develop a multiscale modeling technique that can

be used to e�ciently and accurately model the nonlinear mechanical response

a particular type of metamaterial: periodic truss lattices. In the remainder

of this chapter, we give an overview of truss lattices including some previous

relevant theoretical results, and the experimental literature. Chapter 2 con-

tains the fundamentals of numerical modeling of truss lattices and provides

details on popular numerical methods and their shortcomings, motivating the

research in this thesis: an extension of the quasicontinuum (QC) method to

model complex trusses. Chapter 3 outlines the QC method and formulates the

extension of the method which represents the bulk of the research. Chapter 4

is composed of multiple test cases to show the usefulness of the previously for-

mulated QC method. One of the test cases shows a disagreement between the

QC method and fully-resolved simulations when it comes to predicting the re-

sponse of some bending-dominated lattices. This motivates Chapter 5, where

the notion of stretch lockingis investigated, and the previous QC formulation

is modi�ed by using higher-order interpolation functions in order to mitigate

this phenomenon, leading to a more accurate model. In Chapter 6, the com-

putational performance of the method is discussed, and the thesis concludes

in Chapter 7.
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1.3 Finite-Sized Truss Structures

Understanding the mechanical properties of trusses starts with understanding

the di�erences between the bending sti�ness and axial sti�ness of a beam. In

an undergraduate mechanics course, we learn that the tip displacements of a

cantilevered beam corresponding to a tip loadF in the axial and transverse

directions are

� x =
FL
EA

and � y =
FL 3

3EI
; (1.1)

respectively, whereL is the length of the beam,E is the Young's modulus

of the material, A is the cross-sectional area, andI is the moment of inertia.

If the beam has a characteristic cross-section dimensionr , the area of the

beam in three dimensions is proportional tor 2, while the moment of inertia is

proportional to r 4. This means that the stretching and bending sti�ness per

unit length of a beam in 3D satisfy

k(3D )
stretch �

� r
L

� 2
and k(3D )

bend �
� r

L

� 4
: (1.2)

Similar arguments for two-dimensional beams (where the out-of-plane thick-

ness of the beam is constant and independent ofr ) lead to

k(2D )
stretch �

� r
L

�
and k(2D )

bend �
� r

L

� 3
: (1.3)

Since trusses are assumed to be composed of slender beams (i.e. beams with

r=L � 1), the axial, or stretching sti�ness can be orders of magnitude larger

than the bending sti�ness.

For that reason, the concept of kinematically and statically determinate struc-

tures is important to understanding the mechanical properties of trusses. A

truss structure is said to bekinematically determinateif there are no kinemati-

cally admissible deformations (excluding rigid body modes) such that no truss

member changes its length. Conversely,kinematically indeterminate trusses

are de�ned as structures where there exists at least one kinematically ad-

missible deformation mode (excluding rigid body modes) such that no truss

members change length. Similarly, a structure is said to bestatically deter-

minate if there exist no (nonzero) stress states such that the net force on all

nodes is zero, and astatically indeterminate structure has at least one nonzero

stress state that results in zero forces on all nodes.

If the truss is statically indeterminate, the states of stress that produce a net

zero force on all nodes are calledstates of self-stress. If a truss is kinematically
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indeterminate, the deformation modes where no truss members change length

are calledmechanisms. They are called mechanisms since the truss is able to

deform purely through bending of beams, which is orders of magnitude less

sti� than the stretching deformation modes. In fact, it is common to analyze

truss structures as pin-jointed bars, where the mechanisms are treated as zero-

energy modes. It is therefore common to refer to kinematically determinate

structures asrigid trusses, while kinematically indeterminate structures are

non-rigid.

A detailed formulation of statically and kinematically determinate truss struc-

tures is given in Pellegrino and Calladine [80], and is summarized here. Given

a truss structure with n nodes andb beams, a matrixA 2 Rdn� b in d dimen-

sions, called the equilibrium matrix, can be used to relate the displacements

of the nodes,u , to the elongations of the beams,e, according to

A T u = e: (1.4)

By using the principle of virtual work, the matrix A can also be used to relate

the tensions in each bar,t , and the forces at each node,f , via

At = f : (1.5)

By the de�nitions of states of self-stress and mechanisms given above, the

states of self-stress satisfy the equationAt = 0, while the mechanisms satisfy

A T u = 0. In other words, the states of self-stress form the nullspace ofA ,

while the mechanisms form the left nullspace ofA .

Therefore, the rigidity of a truss can be determined by the dimensionality of

the left nullspace ofA . If dim(null( AT )) = 3 in 2D or dim(null( AT )) = 6

in 3D, then the only mechanisms are the rigid body modes, and the truss

structure is rigid. The dimension of the left nullspace of a matrix is at least as

large as the di�erence between the number of rows and columns in the matrix.

This leads directly to Maxwell's relation for the necessary condition for a truss

lattice to be rigid [44],

b � 2d � 3 in 2D, and b � 3d � 6 in 3D: (1.6)

Similar analysis with the states of self-stress lead to the necessary condition

for a truss to be statically determinate (i.e. there are no states of self-stress),

or

b � 2d � 3 in 2D, and b � 3d � 6 in 3D: (1.7)
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Figure 1.3: Examples of rigid and non-rigid truss structures. On the left, a
rigid truss structure satisfying the necessary conditions for static and kinematic
determinacy with no states of self-stress or mechanisms. In the center is a truss
structure that does not satisfy Maxwell's inequality, and thus has a mechanism
(shown in dotted lines). On the right, a truss structure that satis�es the
necessary conditions for static and kinematic determinacy, but has both a
mechanism and a state of self-stress.

The combination of the two equations suggests that a necessary (but not su�-

cient) condition for a truss to be both statically and kinematically determinate

is when the inequalities are satis�ed as equalities. See Fig. 1.3 for examples

of rigid and non-rigid truss structures. For more information on the equilib-

rium matrix, and how the four fundamental subspaces ofA relate to states of

self-stress and mechanisms, see Pellegrino and Calladine [80].

1.4 Brief Overview of Homogenization Theory

Due to the multiscale nature of periodic truss lattices, homogenization tech-

niques are used to understand the response of the e�ective material. One of the

most important homogenization problems for understanding the quasistatic re-

sponse of metamaterials is that of the two-scale nonlinear elasticity problem.

Since the conclusions drawn from the two-scale homogenization problem are

so important (and will be referenced throughout the thesis) we take the time

here to outline the problem, go over key results, and show how the theory can

be applied to periodic truss lattices.

The macroscale boundary value problem of a heterogeneous body
 with statis-

tically homogeneous microstructure � represented by a representative volume

element (RVE) 
 UC � aims to identify the deformation mapping or displace-

ment �eld as the minimizer of the total potential energy

I [u � ] =
Z



W

� x
�

; r u �
�

dV � L (u � ) (1.8)

subject to essential boundary conditions on@
 1 and traction boundary con-
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Figure 1.4: Two-scale nonlinear elasticity boundary value problem with essen-
tial boundary conditions and applied tractionsT . As the characteristic size of
the unit cell " tends towards zero, homogenization attempts to �nd a smooth
homogenized energy densityW(r u ) to approximate the highly oscillatory en-
ergy density of the

ditions on @
 2 (see Fig. 1.4). Here,W denotes the strain energy density as a

function of position x and the displacement gradient,L is the external force

potential3, and � is a characteristic size of the RVE. That is, we have

u � = arg min
�

I [u � ] j u � 2 H 1
0 (
)

	
; (1.9)

whereH 1
0 (
) � H 1(
) is the set of functions satisfying the Dirichlet boundary

conditions.

Since the material's constitutive response �uctuates on the scale ofy = x =�

whereas the boundary value problem (i.e. the geometry and any loading) varies

on the scale ofx , one ideally seeks to �nd a homogeneous energy density

W � (r u ) such that Eq. (1.8) converges to the homogeneous total potential

energy

I [u ] =
Z



W � (r u )dV � L (u ); (1.10)

in some sense. In particular, it is desired that Eq. (1.8)� -converges to

Eq. (1.10), which guarantees the convergence of minimizers of the functionals.

As shown in Geymonat et al. [46], ifW(�; r u ) is convex, the homogenized

energy density can be computed by solving the RVE problem

W � (r u ) = inf
�

1
j
 UC j

Z


 UC

W(y ; r u + r v)dV j v 2 V(
 UC )
�

; (1.11)

with V(
 UC ) � H 1(
 UC ) being the set of all periodicH 1-functions on 
 UC

with zero mean, i.e.
R


 UC
v dV = 0.

3In the case of Fig. 1.4, the external force potential isL (u � ) =
R

@
 2
T � u � dS.
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Figure 1.5: The unit cell problem with periodic boundary conditions. The
average deformation gradient of the macroscaleF is applied to the unit cell,
and the �ne-scale correctionv is determined by minimizing the energy of the
unit cell over all periodic corrections.

In the case of linear elasticity, the energy density is convex, and Eq. (1.11) holds

(see Cioranescu and Donato [30] for a detailed discussion of homogenization

in linear elasticity). However, for �nite deformations, the energy density is in

general not convex4, and the homogenized energy density is given by

W � (r u ) = inf
k2 Z

�
inf

�
1

jk
 UC j

Z

k
 UC

W(y ; r u + r v)dV j v 2 V(k
 UC )
��

;

(1.12)

wherek
 UC is a kd sized tessellation of RVEs ind dimensions.

The single RVE problem in Eq. (1.11) is not di�cult to solve, and can be

thought of as a�nely deforming the RVE using the deformation gradient,

then allowing a periodic displacement �eld across the unit cell in order for

the RVE to "relax" (see Fig. 1.5). On the other hand, Eq. (1.12) requires

performing the same computation over an unbounded number of unit cells,

which is impractical, and is one of the reasons why homogenization of solids

undergoing �nite deformations is so di�cult.

In order to use the aforementioned homogenization techniques for linear elastic

periodic truss lattices, the unit cell of the truss is used as the RVE. Then, the

truss members are either discretized with continuum �nite elements or beam

�nite elements, with the latter resulting in the discrete RVE problem

W(r u) = inf
u ;�

(
1

j
 UC j

X

e2E

We(u ; � )

)

s.t. u (X + ) � u (X � ) = r u (X + � X � )

� (X + ) � � (X � ) = 0;

(1.13)

4In fact, a convex energy density for �nite deformations violates material frame indif-
ference.
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where We is the energy of an individual beam in the truss,u and � are the

translational and rotational dofs of the beam �nite elements, andX + and X �

represent points on opposite sides of the unit cell. Since Eq. (1.13) usually has

relatively few degrees of freedom to minimize, the homogenized energy density

can sometimes be computed analytically. This was done for some 2D linear

elastic truss lattices, and the homogenized sti�ness tensors in Voigt notation

are included in Appendix A.

1.5 Properties of Periodic Truss Lattices

1.5.1 Bending- and Stretching-Dominated Lattices

The analysis of kinematically determinate truss structures was extended to

the case of an in�nite periodic truss lattice in Deshpande et al. [34]. Similar

counting of the number of beams and nodes used in Maxwell's relation for an

in�nite periodic truss leads to the necessary condition that the average number

of beams connected at each node must beZ = 4 in 2D or Z = 6 in 3D in

order for a truss to be rigid. Note again that the connectivity of the truss is a

necessary, but not su�cient condition for rigidity.

Hutchinson and Fleck [54] looked at whether periodic truss lattices were able

to produce any macrosopic strain without stretching any beam by applying

Bloch boundary conditions to a unit cell. Here, the same concept is described,

but homogenization theory is used to characterize the periodic truss lattice.

If the periodic truss lattice is assumed to be linear elastic, the elasticity tensor

of the homogenized material is given by the second derivative of the homog-

enized energy density given by Eq. (1.13):C = @2W � =@" 2. Truss lattices

can be grouped into two categories based on the eigenvalues of the elastic-

ity tensor. If the minimum eigenvalue of the elasticity tensor scales with the

stretching sti�ness of a beam, this means there are no macroscopic strain pro-

ducing deformations where the beams undergo only bending (otherwise, that

deformation mode would scale like the bending sti�ness of a beam, and would

be the minimum eigenvalue). On the other hand, if the homogenized elasticity

tensor has at least one eigenvalue that scales with the bending sti�ness of a

beam, then a macroscopic strain-producing deformation mode exists such that

no beams are stretched. When all of the eigenvalues scale with the stretching

sti�ness, the periodic truss lattice is calledstretching-dominated, and when

there exists at least one eigenvalue that scales with the bending sti�ness of a
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beam, it is calledbending-dominated, viz.

min
k" k=1

" � C" �
� r

L

� 2
() stretching-dominated

min
k" k=1

" � C" �
� r

L

� 4
() bending-dominated

(1.14)

in 3D and

min
k" k=1

" � C" �
� r

L

�
() stretching-dominated

min
k" k=1

" � C" �
� r

L

� 3
() bending-dominated

(1.15)

in 2D. We will use the same nomenclature of bending- and stretching-dominated

lattices to also refer to the individual strain modes, i.e. a strain mode that

has a sti�ness proportional to the stretching sti�ness of a beam is deemed a

stretching-dominated mode.

Instead of using the ratior=L to describe the slenderness of the periodic truss

lattice, the relative density, �� , is commonly used, which is the ratio of the

volume of solid to air in the periodic truss,

�� =
P

b Vb

VUC
; (1.16)

whereVb is the volume of a beam, andVUC is the volume of a unit cell5. The

sti�ness scaling relations for bending- and stretching-dominated unit cells are

then commonly expressed as

E � � E �� b; (1.17)

with E � being the smallest elastic modulus of the e�ective material, andb= 1

for stretching dominated lattices, andb= 3 or b= 2 in 2D or 3D respectively.

As a review, for periodic truss lattices,

kinematically determinate () rigid =) stretching-dominated

bending-dominated =) kinematically indeterminate () non-rigid:

(1.18)

Figure 1.6 gives examples of rigid, non-rigid, stretching-dominated, and bending-

dominated unit cells of periodic truss lattices.
5Equation (1.16) assumes that the truss members are slender and neglects overlaps of

the beams at truss junctions. See the supplementary materials of Meza et al. [71] for a
discussion on the higher-order terms in the relative density calculations of truss lattices.
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Figure 1.6: Categorizing lattices and bending- or stretching-dominated lattices
and as Bravais lattices or multilattices.

It is important to note here that the term bending-dominated seems to imply

that the deformation of the periodic truss lattice is dominated by the bending

of individual beams, but this is only the case for certain deformation modes.

For instance, the square lattice (see Fig. 1.6) is a bending-dominated lattice

since shear deformations are bending-dominated. However, axial strain in the

x- or y-directions are stretching-dominated modes. Similarly, the hexagon

lattice is a bending-dominated lattice but has a stretching-dominated bulk

modulus, thus the periodic lattice behaves as a nearly incompressible homog-

enized material. The entire elastic modulus tensors of select 2D periodic truss

lattices are in Appendix A.
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Commonly, periodic truss lattices are also categorized by the number of nodes

inside each unit cell of the lattice. In Deshpande et al. [34], lattices with a

single node per unit cell are said to besimilarly situated. However here, they

are referred to asBravais lattices, and truss lattices with more than one node

per unit cell are calledmultilattices (see Section 3.1 for more details).

1.5.2 E�ective Mechanical Properties

As the sti�ness of bending- and stretching-dominated lattices scale di�erently

with the relative density of the lattice, so do other mechanical properties.

Gibson and Ashby [48] showed that the yield strength of truss lattices also

follows a scaling law with relative density

� �
y � � y �� c: (1.19)

where � �
y is the failure stress of the homogenized material,� y is the failure

stress of the constituent material, andc = 1 for stretching-dominated lattices,

and c = 2 or c = 1:5 for bending-dominated lattices in 2D and 3D, respectively.

As is the case with the sti�ness, the scaling laws apply to speci�c modes of

deformation, rather than the lattice as a whole.

The fracture toughness of truss lattices has also been investigated through

various theoretical and computational techniques. Most of the work on the

fracture toughness of truss lattices used expensive structural element simula-

tions [1, 29, 33, 41, 82, 89, 94, 98, 100, 106, 109]. One popular method for

determining the brittle fracture toughness of a lattice is the boundary layer

method [94], which applies the K-�eld displacements to the boundary of a

large notched lattice (see Fig. 1.7). On the other hand, there has been ana-

lytical work on computing the fracture toughness of lattices. Chen et al. [28]

used e�ective continuum material models to calculate the corresponding stress

�elds around a crack tip, and Lipperman et al. [64] used the representative cell

method of Ryvkin and Nuller [91] to analytically compute the brittle fracture

toughness of in�nite 2D truss lattices.

All of the work suggests the fracture toughness of a truss lattice has a power-

law scaling with the relative density

K �
IC

� y

p
L

� �� d; (1.20)

where K �
IC is the fracture toughness of the e�ective material. Unlike the

sti�ness and strength properties where the scaling law seems to be uniquely
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Figure 1.7: Depiction of the boundary layer method for a cellular material.
Reprinted by permission from Springer Nature: International Journal of Frac-
ture [94], copyright 2001.

determined by whether the lattice (or more speci�cally, deformation mode) is

bending- or stretching-dominated, the fracture toughness scaling law di�ers

even among lattices in the same class. For instance, the triangle lattice has a

scaling exponent ofd = 1, but the kagome lattice has an exponent ofd = 1=2,

and the hexagon lattice has an exponent ofd = 2. For more details on the

fracture toughness of truss lattices, see Alonso and Fleck [1].

These scaling laws convey some of the most useful properties of periodic truss

lattices. For instance, a truss lattice made out of a sti� and strong bulk

material (e.g. aluminum), could be used to create an e�ective material with

a sti�ness and strength proportional to the bulk properties and the relative

density of the lattice. If the lattice is made with su�ciently low relative density,

the metamaterial would have the same density as certain foams, but with much

higher sti�ness and strength due to the designed microstructure (see Fig. 1.8).

These truss lattices open up a new area of the design space for lightweight

materials that are also strong, sti� and tough. Furthermore, periodic truss

lattices can be designed to give certain macroscopic properties (e.g. anisotropy

[104]) simply by changing the topology of the unit cell. This opens up the

possibility of using the same constituent material to manufacture multiple

metamaterials with di�erent properties tailored for speci�c applications.
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Figure 1.8: Elastic moduli and yield strength of various materials. Note that
the predicted sti�ness and strength of lattices made of aluminum or carbon
�ber reinforced polymers (CRFP) populate otherwise empty regions of the
material space. Reproduced from Fleck et al. [40] with permission of the
copyright holder, The Royal Society.
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C h a p t e r 2

NUMERICAL MODELING OF TRUSS STRUCTURES

2.1 High-Fidelity RVE Characterization

The analysis in Section 1.5 relies on the slender-beam assumption such that

each truss member can be modeled as a linear elastic Euler-Bernoulli beam.

However, non-slender trusses or lattices that undergo large, nonlinear deforma-

tion (e.g. buckling, plasticity, etc.) cannot be analyzed with such simple mod-

els. For this reason, some resort to using more re�ned microstructural models -

either using nonlinear beams (e.g. [113]) or a full continuum-level �nite element

discretization of the unit cell problem in order to better understand the non-

linear constitutive response of the homogenized material [22, 71, 92, 103, 105].

The higher �delity of continuum-level �nite elements allows for the straightfor-

ward modeling of higher-order e�ects (e.g. nodes), material nonlinearity (e.g.

plasticity), and allows for the accurate modeling of other unit cells where beam

theory does not apply (e.g. hollow trusses, general cellular solids).

It is worth noting that if the truss structure is allowed to undergo large de-

formations and/or rotations, then the problem is no longer convex, and the

intractable k-RVE problem Eq. (1.12) must be solved to obtain the nonlinear

response of the homogeneous material. In practice, Eq. (1.12) is approxi-

mated by successively increasingk (i.e. increasing the number of unit cells in

the RVE) until the homogenized energy density does not change [113], or by

probing longer wavelength instabilities using Bloch wave boundary conditions

[56].

Meza et al. [71] performed both continuum-level �nite element simulations

and simulations using structural elements of various three-dimensional truss

lattices to understand the applicability of beam theory in the linear elastic

regime to di�erent truss lattices. The results showed that the sti�ness of non-

slender or hollow lattices lattices can di�er signi�cantly from beam theory,

but the sti�ness of solid slender lattices matched those of beam theory (see

Fig. 2.1).
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Figure 2.1: Computed homogenized sti�ness of solid (left) and hollow shell
(right) octet truss lattices using continuum-level �nite element analysis (with
the commercial code Abaqus), and structural Euler-Bernoulli and Timoshenko
beams for various relative densities. Reprinted from [71].

2.2 Fully-Resolved Simulations

In order to solve boundary value problems of �nite-sized truss lattices, some

use fully-resolved �nite element techniques where the entire truss geometry is

discretized either with continuum or structural �nite elements. Of course, the

highest �delity simulations are those which discretize the truss using contin-

uum �nite elements (e.g. [104], or shell elements in the case of hollow lattices

[73]; see Fig. 2.2), and can be used to model geometric and material nonlinear-

ity. However, the computational cost of these simulations limits the size of the

truss that can be modeled. Recently, there has also been an e�ort to creating

reduced-order models of nodes of non-slender truss lattices in order to capture

the higher-order e�ects while keeping computational costs low, enabling the

modeling of larger lattices [81].

Simulations that use structural �nite elements (e.g. with each truss member

modeled with a beam �nite element) are less expensive and can be used to

model larger truss lattices [1, 29, 33, 41, 53, 78, 82, 89, 94, 100, 106, 107].

Fully-resolved structural �nite element models have the ability to incorporate

geometric and material nonlinearities, as well as the ability to model more

general non-periodic truss lattices. However, the number of structural elements

that can be modeled is still limited due to the computational cost. As the sheer

number of truss members contained in such truss lattices disquali�es brute-

force modeling techniques due to extreme computational expenses, multiscale

modeling techniques become the method of choice.
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