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HNOMENCLATURE

A B.CB.27: chemical species in Ex. 1 (Eqn. 14).
[AP.B]: Inlet concentration in Ex. 1.

ABC Species in Ex. 2.

A4 .C.B° X Matrices in Appendiz (Eqn. A.1).
BCD: Hatrices defined in Eqn. (4).

by be.by:  Feedback parameters in Ex. 1, defined by Eqn. (20).

Be: Defined in Appendix.

8 k. [Blfts

&; ke (Bt (Al

C: Space of complex numbers.
dy.de: Coupling constants in Ex. 2.

DGy Types of bifurcation (Table I}

) P-dimensional Euclidean space.
f: Function in Eqn. (1).

£ dtg.

fa: deia

& Function defined in Eqn. (2).
8" [alf/[BYf = [A}8/[BN.

b'h™ Functions defined in Eqns. (8).

I ldentity matrix.
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Jacobian defined in Eqn. (4).

Sets of eigenvalues defined in text
Rate constants in Ex 1.

Rate constants in Ex. 2, reactor L
Rate constants in Ex. 2, reactor I
Vector of integers.

Integers.

Parameter space in Appendix.
Dimension of space H.

Dimension of y.

Dimension of vector =.

Defined in Appendix.

Dimensionality of Jordan blocks in the Appendix.

Jordan upper triangular matrix in Appendixz.

Parameters in discussion section.
Real numbers.

Defined in Eqn. (8).

Time.

Reactor residence time in Ex. 2.
i.

[BrsiAr.
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& [Bh/[BH.

= State variable vector in Eqn. (1).

& o Variable vectors defined in Eqn. (5).
) B o Functions defined in Eqns. (5).

¥: [AV (AP

%52 Steady state values for Ex. (1).

R0.9:2:,%; Steady state values in Ex. (2).

3 (Ab/ [R):

z°y" Real and imaginary parts of eigenvalue in Appendix.
¥ Transformed variables vector in Eqn. (2).

vy Variables vector defined in Eqns (6).

Y Function defined in Eqn. (7).

¥: (Bl [AP.

§: (Bl [BY.

5 [CVIAP.

3 [Ak/[AW.

Subscripts ] and I in Example 2 refer to reactors 1 and 2, respectively.
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GREEK SYMBOLS

Coefficients of characteristic Eqn. (8).
&, AKpe.

Ker{P.

£ [Blra.

e[ Birtas [l

Eigenvalues in Appendix.

Vector of parameters in Appendix.
Defined in Appendisx.

Eigenvalue,

Eigenvalue at resonance.
Eigenvalues.

Complex parameters in Appendix.
Parameter space in Appendix.
Parameter vector in Appendix.

Parameter in Eqn. (1).

Real and imaginary parts of complex parameters )’ in Appendix.

Reactor residence time in Ex. 1.

Transformation function defined in Eqn. (8).

Happing defined in Appendix.

Imaginary part of eigenvalue [see Eqn. (10)].
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APPENDIC
HEIFURCATION JORDAN BLOCK STRUCTURE: ARNOLD'S VERSAL FAMTLIES

The central concern in this section is the number of parameters that must be mani-
pulated to achieve a particular Jordan block structure of the gystem Jacobian. Of
course, the structures of interest are the somewhat atypical Jordan forms which
correspond to the different bifurcation strata. Central to this discussion is a general

parametric representation of matrices due to Arnold [26].

The analysis begins with the assumption that a particular system bifurcates in a
particular stratum for some choice of system parameters and corresponding reference
steady state. Specification of the presumed bifurcation stratum specifies simuitane-
ously the Jordan form structure of the Jacobian at bifurcation. Arnold's theory is then
applied to formulate a general representation of the Jordan matrix structure in the
neighborhood (with respect to system parameter changes) of the Jordan matrix at
bifurcation. Finally, assuming that system parameters are near the values which give
bifurcation, the general parametric structure of the Jacobian Jordan form is examined
to determine the number of parameters which must be adjusted to particular values or

signs to obtain the Jordan matrix at bifurcation.

First the subject of miniversal deformation of matrices must be presented. Con-
gider a family of matrices A(f), complex in general, depending on & vector of complex
parameters SeACC!. For @ close to f§,. the matrices A(f) are called deformations of

gome particular matrix A(S,) gb.. A deformation A'(f) of the matrix A, iz said to be

equivalent to a deformation A(f) if @ nonsingular matrix C(f) exists such that

&) =cEamcum]™.
(A1)

Let ¢°: A~ ¥ be a mapping (¥ c C=and Ac C*).
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The fnmﬂy induced from A{f) by the mapping p° is the family A(p°(§)). A deforma-
tion A(f) of a matrix &, is sald to be versal if any deformation A"(i) of the matrix 4, is
equivalent to a deformation induced from A(f). A versal deformation is said to be
miniversal if the dimension of the parameter space A (i.e. [) is the smallest possible for

& versal deformation.

Denote by & the eigenvalues of the matrix A and let n;(a) = ng{a;) 2 - - - be the
dimensions, in decreasing erder, of the Jordan blocks corresponding to a;. The smal-

lest number of parameters for a miniversal deformation of the matrix A, is [26]

PULNCHE 3ng(e,) + Snglay) ¢ ---].
' (a2)

A miniversal deformation of the matrix P,, the Jordan upper triangular matrix of 4, is

P, + B°(f8). A3)

where B°(§) is & block-diagonal matrix whose blocks correspond to the eigenvalues of
A,. Each block B’ corresponding to & has all zero entries except in the positions indi-
cated in Figure Al.

In chemical engineering one usually deals with real matrices. Versal deformations
for real matrices have been constructed by Galin [30]. Assume that a real matrix has a
complex conjugate pair of eigenvalues x° £iy°, with Jordan blocks of dimension
Di2ng> -+ with Y ny=n, The part of the Jordan matrix that corresponds to the

eigenvalues x° ¢ iy” may be writtten as:

._|x ‘1]
B i"'-} (A4)

where X° is the upper triangular real Jordan matrix with eigenvalue x° and blocks of
dimensions n; 2 ng », - - - and ] is the identity matrix of order n,. It is true that the
miniversal deformation of the decomplexified meatrizx is the same as the

decomplexification of the miniversal deformation of the complex metrix [26]. This
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aflows determination of the miniversal deformation of the decomplexified (real) matrix
using Arnold's theory for complex matrices. These facts are used next to determine
the minimum number of parameters to realize different bifurcational Jordan matrix

gtructures.
L D; Bifurcation
Since a zero eigenvalue corresponds to a simple, one-dimensional Jordan block,
it is clear that variation of one parameter is sufficient.
ii. Dp Bifurcation (Hopf)

In complex form we seek to obtain the Jordan block for iw. It takes one complex
parameter f§; = g, + i7; to do that. In real form one seeks to realize the structure

{recall Eqn. (A.4)]

2] s

This has the following miniversal deformation:

[2 7]

Ti & | ° (A8)
Thus opne needs two real parameters. To ensure zero real part, p; is required.

However, the other parameter 7; can be anything positive. Thus, variation of & gin-

gle real parameter may produce Hopf bifurcation if it so happens that v, > 0. It

might also take in other cases veriation of two parameters. p; and 7;, to assure

Hopf bifurcation.

iii. F; Bifurcation

In this case, one seeks to obtain the structure:

33} o
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As in the D; case, a miniversal deformation is the same for the complex and the
real cases. Rt is here
eo ecl @
’l ’l (A.,B)
where §, and §; are real parameters. Thus, manipulation of two real parameters is

required to obtain this structure.
{v. Fp Bifurcation

The structure to be achieved in this case is

o 00

D-QD}
000

(a.8)

which has miniversal deformation given by

p:-—r;o]
Ty £ O’.

0 0 & (A-10)

Similarly to the Dy case, it takes at least two real parameters (p; and gz); & third

parameter may be required to ensure @ > 0.

¥. Fg Bifurcation

The structure to be obtained is
0 -, 0 0
ARE:
8 © “? (A11)
with the miniversal deformation
Pr=Tv g ©
R
q
00 (A12)

Thus at least two real parameters p, and p; are required. In some cases up o four
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{o; £e.75 and 7g) may be needed to ensure &; > 0, e > 0.
wl G; Bifurcation

One seeks to realize the gtructure

E

As in the D; and F; cases, the compléx and real miniversal deformations coin-

SO
=1l =)

l ) (A13)

eide. The miniversal deformation is

600 : 8;. Bg. B real .

[0 [V I ]
By B2 BS (A14)

Thus, it takes three real parameters, at least, to obtain the G, bifurcation struc-

ture.

R is clear that the results obtained via the method of characteristic equations is
totally consistent with the theory of versal families of matrices. The latter approach is
more complete in that it considers Jordan block structures characteristic of different
bifurcation strata. Obtaining corresponding eigenvalue configurations via analysis of
the characteristic equation is @ necessary but not sufficient condition for achieving
particular Jordan matrix structure. Degenerate cases in which the desired eigenvalue
structure does not yield the desired Jordan block structure are sufficiently unusual,
however, so that the simpler approach based on the characteristic equation is usually

adequate for locating various bifurcation strata.
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TABLE CAPTIONS

Summary of the properties of the system Jacobian at the reference steady-
state for different bifurcation types (strata). Eigenvalues in left-hand plane
and corresponding Jordan blocks are not shown. For Jordan block struc-
ture for the cases Gy — Gy see Ref. [7.26]. Right column indicates when

steady-state bifurcation is possible.

Steady-state and eigenvalue structure as e function of coupling parameters

for Exarmple II.



l?O

Table I
JACOBIAN JACOBIAN POSSIBLE
BIFURCATION  ;0R0AN BLOCK EIGENVALUE STEADY STATE
TYPE STRUCTURE STRUCTURE BIFURCATION
g [0] * YES
T,
0 - ¢
D2 (W O] ] NO
0 1] ¢
E YES
1 0 0
0 w O]
F> w oo YES
0 00
0w 00
W, .00
F3 00 0w NO
0 0 wyO
0 1 0
G 001 YES
000
5 - 2 N
G4 = % YES
Gg - % NO
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Table &
Steady-state and eﬁenvalue structure as & function of coupling parameters for Example II

F Steady State Eigenvalues

po— T
0.01 | 0.01 | x = 0.250168 | 1.232053 & 3.808084i
y = 1.580007 | 0.407089 & 4377235i
g = 0210119
w = 1.939946
0.01 | 0.1 | ==0248421 | 1.158653 & 3.992018i
y = 1.687432 | 0.387768  4.407187i
2 =0.211338

w = 1.932228
0.1 | 001 | x=0251668 | 1.198648 & 3.797853; -
y = 1.569634 | 0.346962 = 4.351923i
g =0.208914 "
1.951186
237587 | 0.B41447  4.190754i
833455 | -0.289672 + 5.074837i
270524
882123

61} 10

[« XV NG

4 ug 8 |q

b




Figure 1:

Figure 2

Figure 3:

Figure 4:

Figure S:

Figure 8:

Flgure Al:
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FiGURE CAPTIONS

Venn diagram showing relationships between bifurcation etrata and local
system dynamic features near bifurcation. The indicated strata correspond

to Jacobian matrices at the reference steady state with up to three eigen-

values on the irnaginary axis.
Decrement diagram for Example L

Regions of the coupling parameter space corresponding to different classes

of systern behavior (Example 1I).

Dimensionless concentration trajectories for coupled CSTRs with autocata-

Iytic reactions (Example II; coupling parameters: f; = 0.01, f = 0.01).

System dynamics for autocatalytic reactions in coupled CSTRs (Example I;

eoupling parameters: f; = 0.01, fg = 0.1).

Dynamic behavior of coupled CSTRs with isothermal autocatalytic reactions
(Example II; eoupling parameters: f; = 0.1, fg = 0.01).

Form of the matrix B in the miniversal deformation of Eqn. (A.3). Different
parameters appear at the positions indicated in each bleck B correspond-
ing to the eigenvalue @ Alternative forms for the B matrix are presented
by Arnold [28].
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CHAPTER 5 : NOCRMAL FORMS FOR CHEMICAL REACTION
SYSTEMS VIA THE AFFINE TRANSFORMATION
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INTRODUCTIOR

In a previous publication [1], the notion of normal forms of dynamic systems was
reviewed. The normal forw is & simpler form of the system model equations that
retains all relevant information regarding dynamic behavior in the neighborhood of a
system steady state. Substantial effort has been invested by mathematicians to find
the normal form of dynamic systems after perturbation from a point of bifurcation
[eg. 2.3]. When at bifurcation, a system's dynamic behavior is absolutely nonlinear
even locally. The advantage of studying a system close to bifurcation is the opportun-
vity to identify the qualitative nature of its nonlinear dynamic characteristics by local

analysis.

In general, converting a dynarmic system to its normal form is a very complicated
and practically untenable procedure, at least until a general computer code is
developed for this purpose. In this work a different type of normal form is introduced,
and the class of problems that are reducible to this normal form via a simple transfor-
mation is identified. A specific algorithm for converting such systems to this normal
form is given. After transformation to the normal form following the given algorithm,
one can identify which parameters can be varied independently to affect the system's

dynamic behavior and which groupings of parameters appear in the normal form.

Next, it is observed that this normal form coincides in the cases of F; and G, bifur-
cation [1] with the classical normal form. A certain notion of codimension is defined
and the effect of perturbing a system from the F, bifurcational structure is studied. A
chemical example due to Ei,genbergef [4] is treated as a perturbed F, system. An
enzyme-catalyzed reaction sequence with feedback regulation of the initial reaction,

first considered by Walter [5], is also investigated using the methods developed herein.
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THE AFFINE TRANSFORMATION: REDUCTION TO THE COMPANION NORMAL FORE

Consider a dynamic system of the form:

%—f—:hi-Sf(x)‘Pa "
1
where
0106---0
a=10 0106--0
8% G @)
b=[0 - 01T @
g=[0-. o0Qdf @
The Jacobian for this system has the following form:
O 10 0
I= 1] 616 0
. R . 5)
{014' axl] {Cn"' axn]
and the steady states are
Hpg S Hgg= ' =X, =0 (®)
with x,, given by
8(x,600, -+ O) +Ex, s +d=0. -
7
The characteristic equation of the Jacobian then is [6]
8t ] { 5f )
- B bty . v e "1._..._.‘. iz oo -
P = [oat 2 (a0, - 0) ]sn [ 0 @) =0

Balakotaiah and Luss [7] have used Golubitsky's theory [8] to study bifurcations of
steady states when reduction to a single algbraic equation is possible. Different bifur-

cation diagrams are obtainable depending om the “order of contact” of the one



143

dimensional function at the bifurcation point. In this procedure of reducing the
dirmensionality, care must be taken that no new steady states which are not steady
states of the original system are introduced. For systems that can be reduced to the
form of Eqn. (1), this possible pitfall is definitely avoided. Another convenient property
of systems of the form (1) is that the characteristic equation is trivially obtained in the
form of Eqn (B). In general, finding the characteristic equation of a large dimensional

system involves considerable algebraic effort.

In addition to obtaining a single equation for studying the steady states of the sys-
tem, one can identify easily conditions for different bifurcation phenomena [3]. Which
system parameters can be varied independently to produce certain steady-state multi-
plicity and eigenvalue structure are revealed explicitly. For low-dimensional systems it
is easy to reach conclusions about the effect of system parameters in realizing certain
bifurcations. In addition, analysis of Eqn. (1) shows directly how changing a parameter
perturbs the system to a certain “structurally stable” Jacobian -eigenvalue
configuration. These attributes of models of form (1) will be illustrated in the exam-

ples which follow.

The opportunities for analysis of system models of form (1), which is called the com-
panion normal form, motivate a search for the class of systems that are reducible to
this form. The transformation should not introduce additional steady states and

should retain the system's eigenvalue configuration. One such transformation is

y=Sx+g .
(=)}
A&y
Such a change of variables, an affine transformation, transfers the origin and rotates
and expands {contracts) the system coordinates, but it does not affect the steady-state

multiplicity and the eigenvalue structure.

Solving for x in Eqn. (9) and substituting into Eqn. (1),
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g{—=sas-!y+s$f[s-l(y=g)} + 5S¢ - SASg.
(10)
Thus a system reducible to the form of Eqn. (1) by the affine transformation Eqn. (9)

must have the form:

dy - Ky + Ah(y) +m
dt (11)

where h(y) is a function from R® to R. Accordingly, the system must have a single non-
linearity, possibly appearing in more than one of the state equations. One then

identifies similar coefficients in Eqns. (10) and (11), which gives the following relation-

ships:
K=SAS '« A=S"'KS
(12.1)
A=SbesS!A=b
(12.2)
m=3Sc—-Kg.
(12.3)

An algorithm for transforming system (11) to the companion normal form (1) is

given next: form the matrix S™! as follows,

¥
Tx
St= .
. (13)
i
where Tis any row vector that makes S™! nonsingular. Then
SA=b
(14)
is a linear equation in ?1.' -+ I, that must be satisfied. This uniquely determines the
vector f = (f). - - - ) and hence the matrix S~'. Then, from Eqn. (12.3)
g=K"'Sé -m].
(15)

Since
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Sin
Se=d| - |=dA (6
: i6
Spa
one can choose:
g=K'[dA-m]
(17)
for any d and hence for d=0 in particular. Thus it is sufficient to set:
g=-K'm.
(18)
Then the transformation:
x=S1y+ SK'm
(19)

will transform system (11) to the form of Eqn. (1) with d=0.

EXAMPLE: ENZYHATIC REACTION SEQUENCE WITH FEEDBACK
ALLOSTERIC REGULATION

Walter used Liapounov’'s direct method to obtain stability criteria for a generalized
negative-feedback enzyme-catalyzed reaction sequence of the Yates-Pardee type [5].

The dynamic equations for this system are:
X, = kEq = (b + k)%
S = 5 Xy ~HES; + hX ~ §S, + iy
% =HES -(y+&)% i=12.- -

Snﬂ = Xy = PHp1EeSEsy + pha 1 Xae1 = Jos1Sner + J<men (20)
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Xae1 = Hos1EoSEe1 = Baei¥oes
0=E + % +Xan

where S; are substrates. S;,; is produced from S; under the catalysis of enzyme E; via

the enzyme-substrate complex X; fori = 0.1,...n.

The S; (i = 0.1....n + 1) may exchange with the "exterior”, but E; and X (i = 0.1.....n)
are confined to the "interior” system. The parameters j4 and j; are the rate constants
for the exchange of S; to and from the "exterior"”, respectively. H; (i = 0,1.....n) is the
birnolecular rate constant for combination of S; and E; b and &; are the unimolecular
rate constants for dissociation of X% to S; and E;, and to S;,; and E;, respectively. It is
assumed that E, is inhibited cooperatively by p molecules of S;,;: the "rate constant”
for formation of the inhibited form of the enzyme X;4; is Sp4; and the "rate constant”
for dissociation of X, to Sp4y and E, is hp.y. S, is maintained constant by a large

external reservoir and & = H,S,.
Making the following set of assumptions:
L%=0 (i=01,.n+1)
ii. §;<<Kg, (i=0,1....0)
iii. Terms beyond (Sp,,) in the expansion of Bos (1 + aSg,,). where a = Hy4;/ hasy, can
be neglected,
the model described above can be simplified to the following form:
$; = = abo(Sae1)? = (s + B1)S; +j1 + be
(21)
8§ =BiiSi = (s + BYS + ) (1 =2....0+1)

where
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mn=e ,vm s
b, = 0_12'_4.? b, = K (i=1,2,...n)

and where

W = GE(0) : K = h’}:" :

E(0)=X+E (i=12..n),
Eo(0) =X + Eg + Xauy -
Setting
Y1=501.¥2=Sa. " Yan =5
b =bynez) -y &= —Jjmezy g i = 1...ntl
& =iqpeg - i=lenicun =g +5, . d=ab,
d=g-b:i=1i.n+1,
the system may be written in the form of system (11) with

d, b2
dg by (o}

+1

h(y) = y¢
m=[ejep - cgealT.

Forming S™! according to Eqn. (13) begins with calculation of

(22)

(23)

(24)
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Then

f,di
Tiba(d; + do)¥! + Todd N
Tibabs(d, + dg + ds)'™® + Tgbs(de + dg)*! + Ted}

&

(28)

& ° - - - - - o

?n+l-!bn+2—l " bpyy ¥ "'Tnbuﬂ(dn + dpyq)*? +Tn+1d:’1+1

Substitution of Eqns. (3), (26.1) and (28) into Eqn. (14) and sclving for the unk-

g
nowns f; gives

?nﬂ:?n: =~2=0.
(29)
Ti=- 1 .
' dbgby - ban
The matrix S™ can be written explicitly using (13),
i
S S
s dbg - - bges
i
d; be o - - o 0
af ba(d, + dg) babs 0
df ba(d; + dg)® bpbg(d; +dy+dg) bgbgbg - . - g
(30)
T - : o
df be(d; + dg)®! bobg(d; + dg + dg)®® - bebs - - - baus
é

The inverse of K may be evaluated analytically. Multiplying the result by m from
Eqn. {28.3) gives
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© _becy  bebses . yobebs t - baucan
dy dldz+dxdzda+ (P didg -+ dan
_Cz__Eg;o_s_‘_ el 4 (=1)°7'bg - bneiCan
de deds deds *** daes
K"lmg :::::::::::........-o.............
€ BonCan (31)
dp  dpdper
Cnseg
daer J

It will be convenient later to denote the first element of this vector by the (scalar) e.

The required transformation to the companion normal form is now given by Eqn.
(18) where S™! is given by Eqn. (30) .and K 'm by Eqn. (31). The matrix A may be
evaluated by Eqn. (12.1). However, the complicated algebra implied there can be
avoided. The first n rows of the (n+1)x{n+1) matrix A are known by the definition of
the companion normal form, see Eqn. (2); only the last row need be evaluated. Equa-
tion (8) indicates that the entries of the last row of A are combinations of its eigen-
values. Since A and K are similar matrices [see Eqn. (12.1)], they have the same eigen-
values. By inspection of Eqn. (25), the eigenvalues of K an upper triangular matrix,
are simply its diagonal elements d,.d;, - - - .d;,;. Combining these facts, the coefficient
matrix of the companion normal form is given by Eqn. (2) with

G = (-1)=¢! ﬁ dy

i=i
[i.j = fl-;l.n +1 l (32)

Writing out the companion normal form in detail gives
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& +1
Sors = (~dbaby ++ buty =6F + (1P [] dixy ¢ -+ + 3] dita o
=g =

The steady states are determined by:

g(x,) = (—dbgby - - beyx; —6)° + (-1)“113 dxy

(34)
and the corresponding Jacobian is:
810 -+ -v0 o0
ce e 0
°0! 0
J= . :
) i (35)
+ ¥ g
(=1)=! ﬁ d; - (dbz -+ bpsp)(—dbz - - bpx —8P - S ]
=1

One can see that the steady-state solutions and their eigenvalue configurations do
not depend on all model parameters oy, b; and ¢; (3n + 8 variables) independently. The
whole system dynamics depend on (n + 4) combinations of the system parameters
which have been explicitly identified; i.e. on p, ©, d,,- - - .dy,; and dbs - - - by,;. The
transformation method described here has enabled reformulation of the original com-
plicated system to the much simpler form of system (33), and it has been shown which
combinations of the original system parameters independently influence its dynamics.
Next are summarized analyses of the properties of the steady-state solution set and

the dynamics of the regulated enzyme-catalyzed reaction sequence.
Consider first the steady-state problem. Letting

2 A —dbgby - - byyx; — @
(38)

and
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(-2 11 g,
- i=1
% = Qbzby - by 37)

the steady-state Eqn. (34) may be rewritten

PraZt+ae=0.
(38)

From this equation is is clear that the number of steady-states depends only on the
parameter p and on two combinations of the otiéinal system parameters, &, and &. It
is very easy to see that for p even, the system can have zero, one or a maximum of two
steady-states, whereas for odd p, one, two or a maximum of three steady-states are

possible.

Next, the value of lmowing the mapping from original system parameters to normal
form parameters will be explored. In particular, the three-dimensional case {n=2) will

be examined for p=2. The steady states in this case are

Xy| =L D18, ;- \/(d,d,d5/ db,bg)? + 46 d,d;d5/ dbgby )
; 39

Introducing new variables which translate the normal form variables so that zero is a

steady state,
=X - qu
Zg = Xg
(40)
Zg3 = X3 .

[ %6 , denotes the steady state taking the minus sign in Eqn. (39)]. system (33)
becomes:

=2

23 =29
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g = d?bfbJ2f — V(d,deds)® + 4@ d,dpdsdbgbs 2y ~ (dyda + djds + dads)ze + (d, + dp + (d;sga .

From Eqn. (41) it is very easy to find, for example, conditions to be satisfled for the
system to Hopf bifurcate to periodic solutions. Making use of Eqn. (8), the characteris-

tic equation is

g’ - (d’ +dz + d3)52 + (dxdz +d;dg + dgds)s + \[(d;dzds)z + 48 d,;dpdsdbybe = 0. ( )
42

Using then the approach suggested in [1], the following explicit conditions in terms of

the system parameters for Hopf bifurcation are obtained:

didp +d;dg +dadg > 0
: (43.1)

V(d,;deds)® + 48 dydadadbebs = = (d; + dp + dg)(d,dp + d,ds + dpds) . (43.2)

Similarly, one can also identify conditions for higher order bifurcations [1].

Normsal forms may be extremely useful {or establishing relationships between
diflerent models which, although apparently different in their original formulation,
- have identical normal forms. For example, the companion normal form for the model
considered here [Eqn. (41)] is identical in structure to another model which is known
to display complicated nonlinear oscillations. This model was presented previously [9]

in the form
p=-q-r

4=p

(44)

t=%(q-q® -ér .
The solutions of these equations, for certain values of the parameters y and 6. exhibit
toroidal oscillations [9] which arise from an Fp bifurcation involving a zero eigenvalue
and a conjugate imaginary pair of eigenvalues. Bifurcation occurs for y > 0 and § =

0, and toroidal oscillations are evident for, e.g. ¥ = 0.375 and § = 0.23. System (42)
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may be converted to the companion normal form by affine transformation to obtain

dg _
L-g

g _

dt =F

(45)
dr -
=7 -(y+0p-q-0F .

This equation has identical form to Eqn. (4¢1). Equating coefficients of correspond-

ing terms in the final equations in both sets gives the following relationships among the
parameters of the two models:
d®bZbf = y
(d1dzds)® + 46d,dpdsdbebs = 7 + &
(46)
dydp + dydg + dpdg =1
d+dg+dg=~—4§

or

dideds =F2V7 0 + Vare? — (7 + 8)

djdp +djdg + dedg = 1
(47)
d; +dg+dg=~§ .

For certain values of ¥ and 6, system (47) has a solution for the d;'s if and only if for

some value of & the polynormial

s’+6se+s+(3;2\/;ei\/4;—ez—(7+d)=0

has three real roots. The condition that this be true is [10]:

(48)

ia 289 & ‘/—7_62__—_——2
4[1 3]4-{ 27+3¢2\/§et 4 (y+6)] <0.

(49)



155

Interestingly, this condition is not satisfied for ¥ = 0.375 and § = 0.23, values for
which model (44) is known to exhibit toroidal oscillations. This means that, although
system (44) is of the same functional form as (41), the two systems are not equivalent
for all values of their system parameters. Establishment of the correspondence
between system and normal form parameters allows this conclusion to be made. Fory

and & values satisfying condition (49), the two different models are totally equivalent.

NORMAL FORMS OF F; AND G; BIFURCATIONS: COINCIDENCE WITH
COMPANION NORMAL FORMS FOR TWO- AND THREE-DIMENSIONAL SYSTEMS

Consider an n-dimensional dynamic system of the form:

w = H{wy) (50)

In a previous publication {1] it was seen that variation of two system parameters can
realize an F, bifurcational structure. That is, the Jacobian of system (50), when con-

verted to its Jordan normal form, has a Jordan block of the form

85
(51)
The normal form in this case is [11]
@
at
T = (e ea) + a(R)%e
(52)

Bogdanov [11] and others have examined in detail such normal forms. These stu-
dies reveal that 32 different phase portraits involving two or three steady states can
arise as the parameters g; and ¢; are varied. Letting more parameters vary, one can
obtain higher order bifurcational structures. For three-parameter variation, the
highest order bifurcation that can arise is Gy and the corresponding normal form is

(12]:
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&

rank
a% _
Fak
S 2 1®) + 1% + 15(%, % 8% (53)

It is immediately apparent that Eqns. (52) and (53) are in the companion normal
form. Consequently, the classical normal form obtained from considerations of the
Jordan block structure for F,; and G, bifurcations coincides with the companion nor-
mal form for two- and three-dimensional systems, respectively. As a result, reducing
two- and three-dimensional systems by affine transformation to the companion nor-
mal form also gives the classical normal form. Two- and three-dimensional systems so
transformable to the companion normal form may therefore be considered as F, and
G; systems, respectively, and the body of theory and experience developed for those

cases may be applied.

The highest order bifurcational structure that can be stabilized for a two-
dimensional system is the F; bifurcation. The codimension of a certain structure
(steady state and eigenvalue) is defined as the minimum number of independent
parameters needed to realize this structure. Consider a two-dimensional system which
is reduced via affine transformation to the form of Eqn. (52). The Jacobian at a steady

state (R,5.%2,) is given by

as IO AW 11_ ¢
I'1{R40) 12(%1) (54)
and the steady states are solutions of the equation

(%, =0 .
(55)

Necessary conditions for an F; bifurcation are that, at the steady state %,,, the fol-

lowing are true:
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£1(R1) = £'1(Rys) = F2(R1) = 0.
(58)

These three equations have as unknowns %;, and system parameters. Typically, two

gystem parameters will require adjustment to specific values to satisfy conditions (56).

If, however, the conditions

£,"(Ria) = 1Ry = - 1,O(Ry0) =0, 1, 0(R,,) # 0,
(57)

are enforced in addition, a higher codimension F, bifurcation is effected. The function

£,(%y) is then contact equivalent to the germ [7.8]

u?ﬂ -
(58)
with unfolding:
¥l _.a?_lu?—i_a?_zu?“g- cer =gua=-A=0. (59)

It is evident that to achieve this higher order contact at the F, point. one usually needs

to adjust ¥ + 1 parameters. Then this is F, bifurcation of co-dimension (¥ + 1).

Consider the codimension-2 F, bifurcation case (only Eqns. (58) are satisfied ). The

function f;(x) in this case is contact equivalent to the germ u®. This system is

equivalent to
dg,
dt %o
gt -af —a LA
£2(0,0,0) = 0
(60)
The steady states of system (60) are:
R0 = 8; +vay + 4ap
ia =
2 (81)

and are zero, one or two in number depending on &, and az. The eigenvalues of the

Jacobian are then
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_ 2(Re25032) £ \/faz(ilsfahaz) + 4Vaf + 4ag
2 (82)

S,

In the case of two steady states, one is easily seen to be a saddle. The other steady
state, depending on the value of f;, can have any of the eigenvalue configurations

sketched in Fig. 1.

If in addition the condition f,"(%,9 = O is enforced, codimension three F, bifurcation

results. Three steady states are involved, and, according to Eqn. (59}, the unfolding is

u® - azu - ag
(83)

involving two parameters. The eigen;;'alue structure, however, depends on one addi-

tional parameter and for this reason the unfolding that must be considered is

v = a,u% - a,u ~ag ,

(64)
giving rise to an equivalent system of the form
d%; _
a - %
dg ~ ‘
"a':" =8 - ;%] ~ a;%; — a5 + 1x(%2a,.82.835)%e
(85)

Again, the steady states may be found as functions of the parameters a,;, a; and ag and

the eigenvalues of the Jacobian may be computed.

In the case of feedback-induced bifurcation [16], there is a reference steady state

which is unaffected by control gain parameters. As a result the system is equivalent to

d®; _
& %
B = (%)%, -~ ER)%
(86a)

with steady states (0.0) and others that correspond to h(&,) = 0. In this case the sim-

plest possibility is that system is equivalent to
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d®, _

dt

%“' = 21e - 2,%; —22(R;.8;.82) Ra

(66b)
In addition to (0,0) there is a steady state (a;,0). Again, on perturbation, one steady
state is a saddle, and the other has one of the four possible eigenvalue configurations

shown in Fig. 1. Higher order contacts may be treated similarly.

A CHEMICAL TWO-DIMENSIONAL F; SYSTEM

Consider the catalytic reaction

2A+B-2C

(67)
and assumne that it proceeds via the following elementary steps:

A+X e AX

(68.1)
B +2X « BX

(68.2)

B+X e« BX
(68.3)

2AX + BX; - 2C + 4X

(68.4)

Making the assumptions that B reacts via a chemisorbed BX; which is available only at
very low concentration, that mass action kinetics apply, ahd that the gas species con-
centrations [A] and [B] are fixed, Eigenberger [4] arrived at the following mathematical
model:

@ ' 1] [ ? + v 1

T = %Ay -91) - Ba¥y ~ BB Gy T oo

T o lBIG ~F1) + Pall )

(89.2)
where ¥," = [AX], ¥»' = 1 - [BX], and the mass balance [AX] + [BX] + [X] = 1 has been

invoked. System (89) for different values of the system parameters gives rise to
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steady-state multiplicity, relaxation oscillations involviqg three steady states, and har-
monic oscillations [4]. All these phenomena are typical of an F; system [3] and hence
in what follows system (69) is treated as such. Introducing dimensionless quantities
the system model may be reduced to the form of system (11) with

K= ~(@, + Gp) Aal _
~(3s +8,)

A=[-1 oF'. b =¥{(3 ~F)°

and
m=[0 & .
(70)
From Eqn. (13)
~(8; + Bo)f, + 8sfz &, fy —(As + A2 |~ (71)
Further from Eqgn. (14)
sta=b=>|. , 2 __o|=[9]
[(an*' ) - fz] [1 (72)
From this, one obtains
2 3 1
g = 0; fg T am mmm
&s (73
Using Eqns. (73), (71) becomes
i
0 =
Si= - &3. .
g Bt (74
8s
Now,
Kt —(&s ;" &) -Gy _ i



(75)
Consequently,

(@, + &z2)84
B3B8 + Bl + G184)
e (786)

-

Q9

S'K'm =

and, as a result, the required affine transformation to bring the system to the compan-

ion normal form is the following

¥ (&, + 82)8,
Ry=- T
By  83(Ba83 + By + &;84)
,, Bat 8y, B4
Xe=-T'+ Vo' = —
as = {77}
One can then compute
A=s'ks=| ... O oL
{ (8,84 + Go8s + B3By) —(8; + 8z + 83 + 84) (78)
and
I :
() =94 -%) = [ Qg+ )X, o+ ——————— ]
Dalg + Qz0y + 00
- R 2
&
x[—aﬁl—wz— e I
Gy + Xaq + &1y (79)

After some manipulation, the transformed system becomes

dx,

Fiake

dy . - ~ - - <
dtz = { hy(Bs.Be)xf + hip(@)xT + hys(8)xf + hie(@)x, + his(8) §

+ Xo § hg(@s.84)x{ + hea(&)x} + heg(@)x; + hes(&) §
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+ %% { hey(@s.80)xT + hae(@)x; + has(&) J+ X § ey (85.8)%: + hao(B) § + X2 . (80)

All of the hij with the exception of the h;, are functioné of all system parameters &; to
8-
System (BO) has the same steady-state and eigenvalue structure as the system

dX, _

S
E—

dt

d
e L A LT

From the form of Eqn. (B1), one can see that the system has a maximum of four steady
states. Indeed, four steady states were observed for some parameter values by Eigen-

berger, one of which was not in the positive orthant.

Varying different pararmeters, this system may be brought to F, bifurcation of

different codimensions. Conditions for different cases are listed next:

i. Codimension-2 F,; Bifurcaticn:
Necessary conditions are:
hy X + ho¥} +hys¥F +hy ¥ +hys=0
4h,, %} + 3h,,%2 + 2h,s¥; + b, =0
he X} + heoXT + hos®; + heg =0 (82)

Clearly, variation of two system parameters may realize this structure. On per-
turbing from the F, bifurcation point there are two nearby steady states.
ii. Codimension-3 F; Bifurcation:
All of conditions (B2) must be satisfied and in addition:
8h,,% + 3h,,¥, + h;s=0

(83)
Solving Eqn. (83) for ¥; and substituting in Eqn. (82), one obtains three equations
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to be satisfied by parameters &; to &, Thus, adjustment of three parameters is

required.

iii. Codimension~¢ F; Bifurcation:

In addition to conditions (B2) and {83), the following equation must be satisfied:

4h;%; + hiz2 =0

(84)
Solving Eqn. (4) for ¥; and substituting in Eqns. (82) and (B3), one obtains:
256h{hys —hi =
16h hu - hxz had

(85)
Bh;;hys = 3hfk =0 .

_ hzihib . heehfz  heshis

+ =0
64h 13[ 1 Shlzl 4‘hl 1 he‘

which must all be satisfied by &; through & for this highest possible codimension
Fy bifurcation for this system. At this point in the four-dimensional parameter
space, the function h;;¥{ +...+ h,s is contact equivalent to the germ ¥{ — A. A small
perturbation in the proper direction may give rise to four steady states, whereas at
exactly the codimension-4 F, bifurcation point all four steady states coincide. As a
consequence, by studying the local properties of the systemn on perturbing from
this highest order bifurcation point, one can discover all the possible steady-state

and eigenvalue configurations.

RICT "S!Qm

B Gt

The normal form of a dynamic system is a much simpler set of equations that
retains all of the important local dynamic features of the original system. In gen-
eral it is very hard to transform a system to the corresponding normal form and te

deduce from that possible dynamic behavior. Systems with a single nonlinearity
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are shown here to be reducible by affine transformation to the so-called companion
normal form that has distinct advantages. One can deduce what steady-state bifur-
cations and eigenvalue structures are possible. In the cases of two- and three-
dimensional systems, the companion normal form coincides with the classical F;

and G; bifurcation normal forms, respectively, that are based on Jordan block

structure.

For a generalized enzymatic feedback system, the transformation to the com-
panion normal form has been executed, and the much simpler system reveals
which groupings of original system parameters can be varied independently to
influence the system steady-state and dynamic properties. Different codimension
F; bifurcations were identified for {wo-dimensional systems. A chemical example
was shown to exhibit a codimension-4¢ F; bifurcation as its highest order bifurca-

tional structure.
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Nomendature

AB.C Chermical species in second example.

AX,BX,BXz: Chernical species in second example.

ay Parameters in Eqn. (58).
¥ \ Matrix in Eqn. (1).

be Vectors in Eqn. (1).

b: Vector, see Eqn. (23).

by.o.dg Eqn. (24).

a: Constant in Eqn. (4).

4 ab,.

E;: Enzyme concentrations.

E(0): See Eqn. (23).

£: Function in Eqn. (1).

T Vector in Eqn. (13).

T Function in Eqn. (50).

.5 See Eqn. (71).

£3.00.09: Functions in normal forms (52), (53).
[ Constant vector in Eqn. (8).

h: Function defined in (28.2).

H;: Bimolecular rate constants.

by Unimolecular rate constant for dissociation of X to S; and E;.
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p.qQr:

par

4

oo X
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Function of & in Eqn. (80).

Rate constants for exchange of substraies S5
Jacobian matrix in Eqn. (54).

Matrix defined in Eqn. (12).

Constants in Eqn. (89).

Defined in Eqn. (23).

Vector in Eqn. (12).

Dimensionality of system (1).

Variables in Eqn. (44).

Variables in Eqn. (45).

Power in Eqn. (57).

Variable in Eqn. (B).

Matrix in Eqn. (9).

Entries of matrix S.

Substrates’ concentrations.

Unfolding variable, see Eqn. (59).

Defined in Eqn. (23).

Variables in system (23).

Enzyme-substrate complexes concentration.
Surface site in second example.

State vector in normal forms (52) and (53).



Kig:

y;
T
Ve':
Yu.¥e:

e

.,.-,Yn+!:

le7

Defined in Eqn. (77).

State vector in system (1).

Steady-state values of x;.

State vector in Eqn. (9).

See Eqn. (24).

[AX].

1-[BX].

Dimensionless concentrations in second example.
Introduced in Eqn. (38).

State vector introduced in Eqn. (40).
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GREEK SYHBOULS

Defined in Eqn. (37).

Hps1/ bass-

Defined in Eqn. (24).
Dimensionless rate constants in second example.
Parameters in systern (44).
Parameters in normal form (52).
Defined after Eqn. (31).

HeSe-

Rate constants in first example.
See Eqn. (58).

Vector defined in Eqn. (12)

Exponent in Eqn. (20).
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10.

11.

i2.

i3.
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Figure Captions

Figure 1: Sketch of different possible eigenvalue configurations at the
second steady state for codimension-2 F; bifurcation and

feedback-induced F; bifurcation of a two-dimensional system.
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CHAPTER 6 : BIFURCATIONS FROM THE PCTENTIAL FIELD
ANALOG OF SOME CHEMICAL REACTION SYSTEES
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INTRODUCTION

In a previous publication [1], the value of normal forms in describing the
different possible dynamic properties of lumped chemical systems was demon-
strated. In general, a nonlinear transformation is involved in bringing a
dynamic system to its normal form [1,2]. Although, in principle, finding the
required nonlinear transformation is a mathematically involved process, a cer-
tain class of systems may be reduced by an affine transformation to the so-
called companion normal form which clearly retains the steady state and
dynamic characteristics of the original system [3]. Having this form it is easy to
obtain the dependence of the steady-state and eigenvalue structure on the origi-

nal system parameters.

For the cases of two- and three-dimensional systems, which are reducible to
this form, the companion normal form coincides with the normal forms of F;
and G; bifurcation, respectively [3]. These types of bifurcation consist of two
and three real eigenvalues crossing simultaneously the imaginary axis and are
the highest order bifurcations possible for two- and three-dimensional systems,
respectively.

The normal form of a system close to a G; bifurcation has the structure [4]:

=y

y=1
(1)

2 = £,(x) + fa(x)y + t5(x.y.2)z
If it happens that the function fs(x.y,z) is a negative constant, system (1) has a
constant negative divergence. The concept of a potential function may then be
introduced to gain special insights into the system dynamics and to derive con-
clusions regarding global stability characteristics of the system in question.
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In the subsequent section the theory for systems of constant negative diver-
gence reducible to the form of system (1) is developed. The results are then

applied to a class of enzymatic reaction systems.

BIFURCATIORS FROM THE PUTENTIAL WELL

Consider a system which is reducible by an affine transformation of the form

y=Azx +g
(2)
to a system
X=y
y=2
z = f(x) + a(x)y — bz
(3)
System (3) may be written in the form
g=3
(4)

2 =f(x) + a{x)x — bz .

It will be shown next that as b - e, system (4) essentially reduces to a two-
dimensional system that may be viewed as describing the motion of a particle in
a potential well. This analogy provides special insight and easy analysis of the
dynamics of (3) even for b > 0, but finite since results regarding local stability

are obtained in this case.
Rearranging the second equation of system (4) gives
z + bz = f(x) + a(x)x .

Writing the analytical solution for z in Eqn. (5) and noting that

J * a(x(7))x(7)e"dr = Alx(t))e® — A(x,) = f bA(x(7))e* dr
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(8)
where
A9 & [ a(s)as,
® (7
there resuits
2=z, + A(x - Alx)e™ + [ * [E(x(t — 7)) - bA(x(t - 7))]e*"dT. -

The integral in the RHS of Eqn (B) belongs to a class of integrals called
laplace integrals [5,6]. In the limit as b + +=, Watson's lemma [5,8] provides the
full asymptotic expansion of the integral. Expanding the function in the

integral in & Taylor series, one obtains the leading terms
f(x(t ~ 7)) ~ bA(x(t - 7))] = [f(x(t)) — bA(x(t))]

= [f(x(t)) — bA'(x(t))Jk(t)T + O(r®) . ®)

Application of Watson's lemma and using the first two terms of the RHS of Eqn.

(8) gives immediately

J * [2(x(t = 7)) — bA(x(t — 7))Je>drn LX) DAG) _ [£(x) = bAGOTE
) ° b (10)

Substituting this result in Eqn. (8) and noticing that for large t the terms

Ze** and A{x,)e ™™ can be neglected, one obtains

_ix)  P(x) —bA(x) .
z==y o2 Xx. an

Recalling Eqn. (7). Eqn. {11) becomes

z= f(;t) _ f'(x) ;ba(x) £

(12)
Finally, using Eqn. (12) in Eqn. (4), it is established that for sufficiently large b,

System 2 is equivalent to
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f(x) ~balx) . _f(x) _
&+ - =0.
¥ b (13)

Equation (13) may be viewed as describing the motion of a particle in a one-

dimensional potential field, u(x), given by

du(x) _ _ f(x)
ult

dx (14)

The function u(x) has turning points at the zeros of the function f{x), as is obvi-
ous from Eqn. (14). Letting x® denote a zero of (x), x® gives a maximum in the
potential function if F'(x®) > 0. When {'(x®) < 0, x® is a minimum of u(x). When
f'(x®) = 0, one must check the higher order derivatives to arrive at any conclu-
sion regarding the nature of the turning point. If f'(x®), or a higher even order
derivative is different from zero, the turning point is a point of inflection (zero

curvature).

The first derivative term in Eqn. (13) is equivalent to the "friction” or "damp-
ing” of the system. In general, the friction [f'(x) - ba(x)]/b® is a function of x
and acts to decelerate (if >0; positive friction) or accelerate (if <0; negative fric-
tion) the particle. If the friction vanishes for all values of x, the system is non-
dissipative. In this case one expects, in general the particle to oscillate
indefinitely in a "valley” of the potential well or to go to infinity. Its exact
behavior will depend on the initial conditions. Similarly, it is easy to predict the
fate of the particle in the event that friction is constant. For example, for posi-
tive friction, starting at rest close to a minimum in a "valley” , the particle will

eventually attain this minimum.

¥ the "friction” term is a function of x, it is much harder, in general, to
predict the motion of the particle. In some instances, however, the conditions of
a theorem due to Lie'nard [7] are met which permits conclusions regarding the

existence and uniqueness of stable periodic solutions. Equation (13) is of the
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form of a general class of equations called the Lienard equations, which have the

following form:

g+ T(x)k +g(x) =0 .
(16)

The following theorem holds.
Thaorem [7): Equation (15) has a unique stable periodic solution if T
and g are continuous, and

i Ff(x) = f f(a)da is an odd function.

ii. f(x) is zero onlyat x = 0, x = 8 and x = - & for some & 2 0.
iii. f(x) + = as x -+ = monotonically for x > a.

fv. §(x) is an odd function and g(x)} > G for x> 0.

It should be emphasized that the conditions of the theorem are sufficient
only. A system may possess stable periodic solutions even if these conditions
are not met. If the conditions of the preceding theorem are not met, one can
still clearly see the different possibilities only by considering the shape of the
potential function. This provides a special intuition which one could not possi-
bly have for the original system (3). All that is required is plotting u(x). Then it
is clear that the "particle” will go to a minimum, oscillate in a "basin”, perform

an oscillatory motion in more than one “basin” (if applicable), or go to infinity.

Although the equivalence of systems (3) and (13) is clear for b - =, the
behavior of the dynamic system (13) may be shown also to be similar to that of
system (3) locally; that is, close to a steady state for any b > 0. This will be

demonstrated next.

As noted earlier, the steady states for both systems (3) and {13) are given by
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#(x")=0 .
(18)

Equivalence of local dynamics near x° is examined by comparing the eigenvalue
structure of the two model Jacobians evaluated at x®. The eigenvalues of the

two-dimensional system (13) are given by

=L ba(x'l =1(x") | b (x‘)—f'(X‘L 4f( %)
Y Ee s K

(17)

It is easy to reach certain conclusions regarding the stability of the dynamic
system based on Eqn. (17). First, consider the case of a maximum. At a max:
imum where f'(x¥) > 0, clearly the two eigenvalues are real and have opposite

signs. As a result, maxima of the potential function are unstable saddle points.

When '(x®) > 0, the steady state x* of system (3) is unstable. The charac-
teristic equation of the Jacobian of this system evaluated at the steady-state x®
is

g +bs? —a(x®)s -'(x®) =0.
(18)

Using the Descartes rule of signs [8], one finds that Eqn. (18) always has a posi-
tive real root for f'(x®) > 0. This is so for any b > 0. Consequently, a steady
state of system (3) corresponding to a maximum of the potential function u(x)

is always unstable. This is, of course, in accordance with intuition.

Consider next the stability of a steady state corresponding to a minimum of
the potential function. At a minimum where f'(x®) < 0, examination of Eqn. (17)

shows that two eigenvalues have the same sign. The minimum will be stable if

(x®) - ba(x®) >0
(18.1)
and unstable if

f{x*) - ba(x*) <0
(19.2)
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This is again in accordance with intuition, since condition (19.1) implies positive
"friction” whereas Eqn. (19.2) corresponds to negative "friction”. When "fric-
tion" vanishes the two system eigenvalues are imaginary conjugate. For nega-
tive "friction”, the minimum becomes unstable (Hopf bifurcates), and stable or

unstable periodic solutions appear.

The conditions for Hopf bifurcation of system (3) are found according to Ref.

[1]to be

a(x®) <0 ,
(20.1)

f'(x®) -ba(x®) =0
(20.2)

The first condition is met automatically for a minimum and, consequently, is
redundant. At the Hopf bifurcation point the eigenvalues of system (3) are
i \f:a-(_xi)_ and -b. The first two are identical to those of system (13) while the
other is negative for any b > 0. Consequently, the fate of the trajectories of sys-
tem (3) is locally the same as are those of system (13). As a result it suffices to
meet condition (20.2) for Hopf bifurcation at a steady state corresponding to a
minimum of the potential function; this has the mechanical analog of the "fric-

tion"” becoming negative.

The stability of the Hopf-induced limit cycles is determined by calculating the
characteristic exponent of the transition matrix right after bifurcation [9].
Hassard et al. [9] have developed formulas for the leading term of an asymptotic
expansion of the characteristic exponent treating the deviation from the critical
bifurcation point as the perturbation parameter. If this leading term is nega-
tive, the induced limit cycle is stable; otherwise it is unstable. Following their
suggestions, the leading term for the characteristic exponent for system (13) is

found, after some tedious calculations, to be
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gy = (b0 —C NG | bar(ef) =17
8b%a®(x") Bb® ‘ (21)

For systems of the form (3), one may use explicitly Eqn. (21) to determine the

stability of the Hopf-induced limit cycles.

Having analyzed completely the case of Hopf bifurcation, the other possible
types of bifurcation are considered next. D, bifurcation occurs when a single
real eigenvalue crosses the imaginary axis and is accompanied usually by
steady-state bifurcation. From Eqn. (1B) it is easy to see that D, bifurcation for

system (3) occurs when

f(x®) =0
(22.1)

and

a(x®) <0
(22.2)

The second condition guarantees that the remaining two nonzerc eigenvalues
are negative. The conditions where D; bifurcation occurs are the same for sys-
term (13). Condition (22.1) may imply that the potential function possesses an
inflection point at D; bifurcation. As noted earlier, this will be true if £"(x*) # 0

or, in general, if the first nonvanishing derivative of { is an even order derivative.

The highest order bifurcation for two-dimensional systems is F; [1]. In this

case there is a double zero eigenvalue with the Jordan block
18 8]
00 -

From (18) it follows that at an F; bifurcation the conditions

(22)

r(x®) =a(x®) =0
(23)

must be met for system (3). The third eigenvalue is -b.

Conditions (23) should be met also for system (13) at an F, bifurcation point.
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The mechanical interpretation in this case is having no friction at the point at
which F'(x®) = 0 (which may be an inflection point). Close to an F; bifurcation,

one expects steady-state multiplicity and relaxation oscillations [1].

It has been shown earlier that system (3) is equivalent to system (13) as b
- =, The preceding analyses demonstrate local equivalence between the two sys-
tems for b > 0. All of the qualitative aspects of the original system (3) local

dynamics are preserved in the reduction to Eqn. (13).

Finally, it should be noted that higher order bifurcations of system (3) involw
ing three eigenvalues [1] imply b = 0. Close to such biturcations; system (3) is
not locally equivalent to Eqn. (13). The original system has zerc divergence for b
= @; it is termed Hamiltonian and has constant energy [e.g. 10]. For b small, one
may treat the system as a perturbed Hamiltonian system. For b negative, the
system has everywhere constant positive divergence and trajectories will
definitely diverge to infinity.

DYNAMICS OF AN ENZYHATIC REACTION SYSTERM

In {3]. the dynamic system describing the evolution of an enzymatic reaction
system with feedback allosteric regulation [11] was shown to be reducible by an
affine transformation to the following companion normal form in the three-
dimensional case

£=9
9=1
2 = (—dbgbs? — 6)° + (ddeds)2 — (d,de + dydg + dads)§ + (d, + dg + dg)Z .

(24)
Let
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&y = d;dzds,ez = d,de + d;ds + dods, 23 =d, + dp + ds.

. (25)
Since all the d; must be real, g;, gz and &g can vary arbitrarily as long as the
polynomial
P tregd—e, =0
(28)
has three real roots. The condition that this is true is [8]:
] 2
DI & P B D & I
System (24) is of the form of system (3) with
T(2) = (—dbybsk — 8 + £,2
&(R) = -5
(28)
b=-e.
Consequently, as gg -+ —e, the system is reduced to
—pdbabs{—dbzbs® — 8P + g; — 2285 (—dbzbs® — &) + &,%
R+ £+ =0 .
e Es (29)
Quadratic Case (p = 2)
In this case the system becomes:
"N 2d%b5biR + 2dbybse + £, — g2 P d®bfbfx® + 2dbybgef + 67 + £,8 _ 0
e &s (30.1)
with
1(2) = d®bfbie® + 2dbybsek + &F + 2,8 .
(30.2)

The steady state are the zeros of the last term. Solving for the steady states

yields
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2,05 = ~2edbgbg ~ &; + Ver + 4edbgbse;
1.8 2d%b3bd . (31)

Clearly, the condition that the system possesses two steady states is

A =2l + 46dbsbse, > 0.

(32)
Making use of Eqn. (14), the potential function is
ﬂ(g) = dtbgbgi’ & (Zdbzbae + cl)ga % ﬁ .
3eg ) 2eg gg (33)

This potential function is sketched in Fig. 1 in the case A > 0. There are turning
points at ®;; and ®,. The first is a minimum since G"(%;,) > 0 whereas the
second is a maximum as 3"(%,) < 0, as can be seen easily from Eqns. {31) and

(33).

Consider first the case of D; bifurcation. This will occur for A =0, g3 > 0. At
this point there is a single steady state which corresponds to an inflection point
of the potential function as ' = 0 and 7" # 0. D, bifurcation may or may not be

sccompanied by steady-state bifurcation.

To analyze the @ # 0 case, assume without loss of generality that e, is treated
as the bifurcation parameter. For & # 0, D, bifurcation will occur for g; = 0 and
for g; = ~46dbzbg (A = 0). The condition that the bifurcation is a “limit point”
bifurcation [12] is that 8f/3e, (®) # 0 at the critical value of the bifurcation
parameter [12]. This is seen easily to be true for both e; = 0 and &; = ~4edb;bs.
For g; between 0 and -48dbgby, there are no steady states. For g; outside this

interval, there are two steady states (see Fig 2).

In the case @ = 0, the steady states are 0 and -£;/d%$b§. D, bifurcation
occurs for ¢, = 0, and, in this case, &/ de; (%) = 0 at g; = 0. This implies steady-
state bifurcation with exchange of stabilities. For g; € 0, the zero steady state is

stable and the other steady state is unstable. For g; > 0, the situation is
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reversed (see Fig. 2). Consequently, the parameter 6 is causing imperfect bifur-

cation [13] or, as is commonly said, “breaks” bifurcation.

The structure of the potential function close to D; bifurcation is portrayed in
Fig. 3for & = 0 and for ® # 0. It is clear that D; bifurcation is reflected by a
change in the structure of the potential function. The imaginary “particle” in
each case will go either to the minimum of the potential function (if one exists),
oscillate cloge to it, or go to infinity. It is possible from the structure of the
potential well that the final fate of the system trajectories depends upon the ini-

tial point and velocity.

In order to examine the possibility of periodic behavior close to a steady
state, we must consider Hopf bifurcation. In each case no Hopf bifurcation is
possible from the maximum Reg. As the "friction” vanishes at the minimum,
however, Hopf bifurcation occurs at the steady state which corresponds to the

minimum (8,;). The conditions for Hopf bifurcation for the systern at hand are

gg >0
(34.1)

and

2d%bgb3R,; + 2dbybse + &, — 2925 =0 .
(34.2)

Making use of Eqn. (21), the leading term in the asymptotic expansion for the
characteristic exponent is found to be
4

Be= dz;i? <o. (35)

gince gg < 0. This implies that the Hopf-induced limit cycles are stable. If the

initial energy of the "particle” is not very large and it lies initially inside the

“bagin” around the minimum, stable oscillations are expected. If, however, the

initial energy exceeds that which iz required to bring the “particle” past the
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maximum 8., one expects the particle to go to infinity. Consequently, stable
oscillations are expected for the original system as long as the initial point is
sufficiently close to the steady-state £,). Finally, the conditions for an F, bifur-

cation are
eg=A=0.
(38)
As in the D, case, F; bifurcation will be accompanied by steady-state bifurcation

onlyif & # 0.

Cubic Case (p = 3, @ =0)

For simplicity, only the case @ = 0 is considered. In this case the system

becomes
%4+ —Sd’bingfg £ —eaty o
+ tlg _dﬂbgbgga =0 .
ts (37)
Here,

(%) = 2,2 — d®bFbieS .

(37.1)
If ;dbybg > 0, the system possesses three steady states:

- - _ 4 - g
=0 %=\ d’bébi'g"‘ ) d”bébi' (38)

Otherwise, zero is the only steady state. The potential function in this case is

e dboget
- 283 €g : (39)

a(g)

Evaluating the second derivative of the potential function, it follows that
nonzero steady states correspond to minima of the potential function if £, > 0

and maxima if €, < 0. All possible shapes of the potential function are shown in
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Fig. 4 together with the cases of I; bifurcation. Again the shape of the potential
function changes as D, bifurcation occurs. However, since {"(%;) = 0, the turning

point at D; bifurcation is not an inflection point in this case.

Hopf bifurcations to periodic solutions are possible at the minima of the

potential function in each case. The conditions for Hopf bifurcation are:

gg >0
(40.1)

~3d%Fbix® + £, — e85 =0 .
(40.2)

Consider each case in turn:
Case 1 (dbgbg > 0, g; < 0):

Hopf bifurcation is possible at the minimum % = 0. Using Eqn. (21),

5 _ 8d%bf
pg-—-a-—b-a—-—>u . (41)

Consequently in this case no stable periodic solutions are expected.
Case 2 (dbgby > 0, g, > 0):

Hopf bifurcation is possible only at the minima %5z and %4 In this

case,

= _ 38,d°fb§ = 6d%biby
be = Bzjal? Bef (42)

For £ <0, the following inequality must hold:
Be; + 252§ > 0.
(43)
Exactly at the Hopf bifurcation point,
—2g; —ggtg = 0
(44)
Consequently, from Eqns. (43) and (44), if gz > 3 then £ > 0, and the
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periodic solutions are unstable. If gg < 3, it follows that f; < 0 and the

periodic solutions are stable.
Case 3 (dbgbg < 0, &; < 0):

Hopf bifurcation is possible only at the minimum %,; = 0. Here
d%b
32 3 L_é?i_ < 0 .
4f (45)
Clearly in this case stable periodic solutions are expected to appear as

Hopf bifurcation occurs.
Case 4 (dbzbs < 0, 2; > 0):

No Hopf bifurcation is possible since there are no minima.

Summarizing, stable periodic solutions are possible close to a minimum if

f. dbgbs >0, 2; >0,0< g <3,~2g; ~ e85 <0
(46.1)

or

fi. dbgbg <0, g; <0, gy — £289<0 .
(46.2)

In each case, the possibilities for global behavior may be discerned by exam
Jning the shape of the potential well. Thus in Case 1, the particle will go either
to the minimum or to infinity. If the minimum is unstable then the "friction” is
everywhere negative so that the "particle” will gain energy as it moves and will

go to infinity.

In Case 2 the situation is even more interesting. If the two minima are stable,
depending on the starting point, the particle will go to one. If the minima are
unstable, the particle can oscillate about one of them, move from basin to basin

in an oscillatory fashion or go to infinity. In Case 3, depending on the starting
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point, the particle will go either to the minimurmn if it is stable or go to infinity. If
the minimum is unstable, the particle will perform either stable oscillations
close to the minimum or again go to infinity. Finally, in Case 4, the particle will
definitely go to infinity.

For this problem, although conditions (i) and (ii) of the theory for existence
and stability are met in all four cases, condition (iii) is violated in Cases 3 and 4,

whereas condition (iv) is violated in Cases 1 and 2.
The conditions for F; bifurcation for this problem are

g =egg=0.
(47)

On perturbing parameters ¢; and gz from zero, all the different possibﬂitieé por-
trayed in Fig. 4 are locally obtained, with the minima being stable or unstable.
This situation is summarized in Fig. 5. In regions I and II, zero is the only steady
state. In region 1. the steady state is stable whereas in region 1I it is unstable
with unstable periodic solutions appearing to the left of line (a). In regions III
and [V, there are three steady states. In region IlI the two nonzero steady states
are stable whereas in region IV all three steady states are unstable and stable

periodic solutions exist close to the nonzero steady states.

CONCLUSIONS AND DISCUSSION

The theory for particles moving in a potential well has been used successfully
to obtain important information and insight of the nonlinear dynamics for
chemical systems of dimensionality three that are reducible by affine transfor-
mation to the companion normal form and have constant negative divergence.
After the definition of a potential function, a full analogy between the motion of
a particle in a potential well and the three-dimensional system of 0.D.E's v;as

observed. Steady states correspond to turning points of the potential function,
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D; and F, bifurcations are reflected by a change in the structure of the potential

function as the turning point becomes an inflection point.

Hopt bifurcation can be effected without changing the structure of the poten-
tial well and corresponds to vanishing of the "friction” at a minimum of the
potential function. Using the theory of Hassard et al [9], an explicit formula for
the characteristic exponent was obtained, thus enabling easy determination of
the stability of the Hopf-induced limit cycles. In special cases, a theorem due to
Lienard may be useful to establish the existence of globally stable periodic solu-~
tions.

This treatise, however, indicates another important point. A system which is
three-dimensional is seen by a limiting process to behave essentially as a two-
dimensional system. This process of reducing the system dimensionality retains
all the local leatures of the original system. Thus the approximatlion of the
three-dimensional system by a two-dimensional system is valid locally even for
smaller positive b. For infinitesimal positive b, the system is a perturbed Hamil-
tonian system and may then behave as three-dimensional. Consequently, the

'domain of validity of the two-dimensional approximation depends on the value
of the divergence b. The same procedure of reducing the system dimensionality
may be generalized for systems of any dimensionality if they are reducible to

the companion normal form and possess constant negative divergence.

Using the developed theory, the dynamics of an enzymatic reaction systern
were analyzed completely. In each case, five parameter combinations, i.e. 8,
dbsbg, £;, £z and g3, influence the dynamics. The conditions to be satisfied by
gsystern parameters for different dynamic behaviors were obtained explicitly.
The different possibilities of global dynamic behavior were easily visualized

exploiting the "particle” motion analog in an easily obtained one-dimensional
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potential field.



191

Homendature
A Matrix in system 2.
 A(x): Function defined by Eqn. (7).
b: Positive constant in system (3).
b: -Eg.
be.bs: Parameters in system (24).
dy: Parameters in system (_24).

D.Fi Gy Types of bifurcation.
£(x): Function in system (3).
F(x) f(x),g(x): Functions in Eqn. (15):

£;.£2.05: Functions in systems (1) and (3).

f: Functions in Eqn. (28).

a Function in system {2).

Sy Eigenvalues given in Eqn. (17).

8 Variable in characteristic Eqn. (18).

5 Variable in Eqn. (26).

u(x): Potential function defined in Eqn. (14).

a(g): Potential function given by Eqn. (33) for the quadratic case and

Egn. (39) for the cubic case.
zy.Z Variables in systems (1) and (3).

R9.2 \Tariables in system (24).
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-3 Steady-state value of system (29).
x* Steady-state value of x (system 13).

b 4 4 Vectors in system (2).
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GREEK SYHBOLS
a(x): Function in system (3).
&(x): Function in Eqn. (29).
Be: See Eqn. (21).
Bz See Eqn. (35) for the quadratic case and Eqns. (41, (42) and (45) for
_ the cubic case.
b: See Eqn. (32).
g Parameters defined by Eqns. (25).
e Parameter in sttem (24).
o Power in system (24).
™ Dummy variables in Eqn. (8).
Subsecript

o: Initial value.
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APPENDDC: DERIVATION OF A FORMULA FOR THE CHARACTERISTIC EXPONENT

The algorithm for determining the leading term in the asymptotic expansion for
the characteristic exponent is given by Hassard et al. (Hassard R. D., Kazarinoff N.
D. and Wan Y. H.. "Theory and Applications of Hopf Bifurcation”, Cambridge Univer-
sity Press, 1981). For two-dimensional systems, this algorithm is the following:

1. Select the bifurcation parameter v. Let

g=f(xv) (z€RY

(1)
2. Locate x"(v), the stationary point of interest. Calculate the eigenvalues of the

Jacobian matrix
8t N e
A(v) =[ EXL(i(V):w (iLj= 1-2)}
! (2)
3. Find a value v, such that Re(A;) = 0. If (a) A, and A, are a conjugate pair for vin
an open interval including v,, (b) Re A;'(v,) # 0 and (c) Im A;{v,) # 0, then a

Hopf bifucation sccurs.
4. If A(v,) is in the form

0 —o.]

we O (3)

where we = ImA;(v,) > 0, let P = I the identity matrix and go to step 5. Other-
wise, form matrix P as follows. Let P = (Rev,, -Imv;)} where v, is the eigenvector
of A(ve) correspending to A (ve) = iw,. Normalize v; so that its first nonvanish-
ing component is 1.

5. Perform the change of variables

: x=2(v;) + Py “

and let ¥ = F(y) denote the system for y. The Jacobian matrix 8F'/ 8y, (0) (ij =
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1,2) will have the canonical form

oF LA [o —o,]

(5)
8. Calculate the following quantities, all to be evaluated at v = vy, y=0
. =_1_[a=w A - azrz]
. ayf = oyf | oyf  oyE (8.1)

F1 aew gre_ [ eore _ g7

+2 ead
? By.0% | oyf oy 5}’133'2” (8.2)

L
4

#'M

+1

of “Pavawe | oF " oE TP wviwe

[a=
[azw gr L, & [P _ P , o°F ”
(8.3)

#Ft &5r! 372 &5F¢
&r=7p [ 3ys | dyioyf & dyioys & oy3

8F2 ., &F¢__ &F =8’F‘]]

oyl | oyioyl oyfoy: oyl | (8.4)
7. Let
Ci(0) = i [eogns —2len|® - & [goal®] + 224
20. 3 2 (7)
Then
B2 = 2ReC,(0) .
(8)
System (13) of Chapter 6 may be written as:
X = Xg
(8.1)
ba(x;) - f(x f(x
- bale) orx) ,, Hx)
b (9.2)
Select b as the bifurcation parameter. At Hopf bifurcation,
£(z) - ba(xf) =0
(10)

The Jacobian of system (9) is
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o 1
f(xi) O (11)
b

with eigenvalues A; 3 = + iw, where w, = -a(x;’). Then

v, = [u‘,] (12)
Consequently,
P = {é a(?d')] (13)
let
i = X3 = xF(b.) (14.1)
Yo = 3—(351%::)—)— (14.2)

where b, is the critical value of the bifurcation pararneter b for which condition

(10) holds. The change of variables gives the new system

)"1 = a(xf(be)))'z

(15.1)
§g = axi(be) +y1) _ Flxibe) +v) | f(xi(be) + 1)
y b b? 7 balxi(be)) T (15.2)
Then
8F(0) _
By
_ ) a(x;(be))
ba'(x,(be)) = £7(x;(be))ya . '(x:(be))  ba(xy(be)) = F(xi(bc)) | (18)
be ba(x;(be)) bf

Evaluating the g; at zero, one gets



198

if"(x1(be))
ba(xl(be)) (17.1)
_ 11 ba(xi(bg)) —f"(xi(be)) . £(xi(bc))
B = { 2 b® ¥ ba(x;{be)) (17.2)

-1 ba (xl(bc)) f"(xl(bc» +i (%1 (b))

T4 b2 ba(x;(be)) (17.3)

= 1| ba"(xi(be)) = 1"(xi(b)) . £"(xi(be))
b® ba(x;(be)) (17.4)

Substituting in the expression for C;(0) (Eqn. 7),

e -ty bar-t] [ 5 £ ba-f £
C‘(O)"{ 16b%at 1662 | |48 b%® ' 24t ' 16ba | (1

where the arguments of f, « and their derivatives have been omitted for simpli-

city. Consequently,

) _ (ba’ =" , ba” =t
Ba = 2Re(Ci(0)) = 53 8b? (19)
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Figure Captions

Figure 1.

Figure 2:

Figure 3:
Figure 4:
Figure 5:

Potential function for the feedback-regulated enzyme reaction
sequence. Here 28dbgbs + 2; < 0. If the opposite is true, both turning

points are negative.

Steady states in the quadratic case (p = 2) as a function of £, (6édbzbg
< 0).

Functions in the quadratic case (p = 2).
Potential function in the cubic case (p = 3, @ = 0).

Regions for different steady-state and dynamic behavior of the enzy-

matic reaction system close to an F, bifurcation (g5 < 0).
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Figure 3
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CONCLUSIONS

Methods of bifurcation theory and nonlinear dynamics have been used to develop
a general strategy for senmsitive modeling and analysis of nonlinear chemical

processes.

Modification of the dynamics of chemical reaction systems by multivariable feed-
back control schemes has been demonstrated to be an invaluable tool for obtaining
nonlinear dynamic models of global validity. When steady-state and transient
response measurements are unable to discriminate between rival kinetic models,
the feedback method provides a clear means of distinction. A general meodel
parameter identification scheme was developed. Complete stratification of the
feedback parameter space (decrement diagram) was developed, organizing the
study of the possible bifurcations. Feedback produces different types of bifurca-
tions, the most common being D; bifurcation usually accompanied by steady-state

bifurcation and D (Hopf) giving rise to oscillatory behavior.

The method of Newton Polyhedra proved particularly useful in analyzing
feedback-induced steady-state bifurcations when reduction to a single algebraic
equation is impossible or impractical. Furthermore, it provides much simpler poly-

nomial forms that are locally equivalent to the original complicated systems.

The number of feedback parameters required to force a system to a certain
bifurcational structure was determined using two methods, one based on the
characteristic equation of the Jacobian and one based on Arnold's theory of versal
families of matrices. The theory of normal forms was used to demonstrate that
systems at bifurcation are even locally nonlinear as far as dynamic behavior is con-
cerned. The possible types of dynamic behavior close to a bifurcation are given by

the much simpler normal form of the original system.
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The reduction of an arbitrary nonlinear system to normal form being particu-
larly difficult, a general class of dynamic systems (those involving a single non-
linearity) was identified that is reducible by an affine transformation to the com-
panion normal form with distinctive advantages for the study of the steady-state
and eigenvalue structures. This normal form in the two- and three-dimensional
cases is shown to be equivalent to the classical F, and G, normal forms, respec-

tively.

Systems reducible by affine transformation to the G; normal form with constant
negative divergence are shown to have a mechanical analog of particle motion in a
potential field. This analogy provides special insights into the system dynarmics,

and conclusions regarding possible global dynamic behavior are drawn.

Using the methods that were developed, important conclusions were drawn
regarding the dynamic and steady-state characteristics of numerous chemical reac-
tion systems such as isothermal catalytic nitrous oxide decomposition in a CSTR,
isothermal reaction between two adsorbed species in a catalytic CSTR, parallel reac-
tions of arbitrary order in a nonisothermal CSTR, consecutive-competitive reactions’
in a CSTR, coupling of two isothermal oscillating autocatalytic CSTR's enzymatic
feedback reaction systems and another catalytic reaction system. The methods
and approaches that were developed should be extremely useful in analyzing the
ponlinear dynamics of chemical reactor systems and in obtaining good nonlinear

dynamic models for control and optimization.



