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Another d.i..mcwty await.a hen which bu also an analog in the simple Hopf cue. Jn 

the cue of wbcrit.iw Hopf bifW'Cation. u the 111teady lllltab become111 w1sb.ble, the 

ruwting limit. cycle w 'lb.ether a Hopf bU'un::ation I.II 1upercrit.ical or wbcrit­

ical may be found Ullin& noq_uet. theory [19). Similar ditfkult.il!lll aJ"iJBe for higher order 

bifurcations u for aample G1 bifurcation. Cose to Ga chao1 la possible, but then w 
no ,uan.ntee that chaotic oeclllations wW. occur. Unfortunately, unlike the Hopf cue, 

the theory for Ga bifu.roet.ion bl not 19t developed to the point where irumcient condi­

tions are known for appearance of chaotic dynamics. Hopefully, the point I.II clear that 

the methods described hen are int.ended u usefw eniineering guidelines and not u a. 

rigid and it.rid mathematical it.ruct:ure. 

Another point that vu mentioned before in passing bl &110 emphasized here. '!he 

discussion above I.II couched in term.1 of characteristic equation or Jordan block 

parameters. not 1ystem parameters. Then bl no gUMa.ntee in 1enerti that manipula­

tion of a certain number of system parameten will inthJence a like number of Jordan 

'block para.met.en in independent W&.)"11. Thm, for a given model, it may take manipula­

ton of three parameten1 to achieve an ef&envalue 1tructun which can be obt.a.i.lled by 

manipulation of only two coefficient.I in the cba.ract.erutic equation. In 10me l)'Stem.1 

which do not po1Ses1 appropriate 1tructun, it will not be possible to obtain certa.m 

ei&envalue configurations for any choice of any number of system parameten1 with.in 

the domain! prescribed by physical limitations (e.1. non-ne1ative rate constant.I). '!he 

question of the m.appmg from. pvm.iele!'ll t.o coeftidenll of the characteristic 

equation lll! one that ii amenable to direct and exact analysis for ncb. particulu model 

ed which will not be addressed further h.-.. 
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lnlet concentration In EK. 1. 

-~· A..1::11,C: Species In Ex. 2. 

B.C.D: Kat.rices deftned In Eqn. (4). 

~: Defined m Appendix. 

t,: ~ ... [A]ft.. 

~: '8··[Dl!-ta/[1]1. 

C: Space of complex nwnben. 

f: Function m F.qn. (1 ). 

a: Fw:u:tion deftned In Eqn. (2). 

J: identity mat.m. 
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R: 

111: 

t: 
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Jacobian defined m Eqn. (4). 

Seu or. ttijenvalues denned m text. 

Rate con.Noll m h 1. 

Rate constant.I m Ex. 2, react.or I. 

Rate constant.I m Ex. 2. react.or D. 

Vector of mteaen11. 

l:nte&l!nll· 

Par&meter space m Appendix. 

Dimension of space H. 

Dimeru1ion of 7. 

Dimension of vector 1 

Dedned in Appendiz. 

Dimemionality of Jordan blocks m the Appendix. 

Jordan upper lriAD«War matrix m Appendix. 

Pe.r&meten m diSCUHion MCtion. 

Rul numben. 

Dedned m Eqn. (8). 

Time. 

Reactor residence time m h !. 
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.. [ih/[l]I. 

E St.ate ftriable vector m Eqn. (1). 

'It ,JI(': Variable vect.on defined in Eqn. (5). 

](' ;r: Funct.iom def'lned in Eqn.1. (S). 

I: [iy [i:r'. 

r.r •. t.: Steady lrtate n.Iue1 for Ex. (1). 

1..1111.!..f'a= Steady irtate values in Ex. (2). 

I: [i]i1 [i.]f: 

:
1113•: Real and imaginary parts of eigenvalue in Appendix. 

y. Transformed ftliables vector in Eqn. (2). 

'J',"f': Variables vector detlned in Eqm (8). 

T: Function detlned in Eqn. (7). 

J: c111[ir. 

t. [l]V'[l]f. 

I: ['e]/ [ir. 

I: [i]n.1[i.Ja. 

Subscript.I I and II in Example 2 refer to react.en 1and2. respecmel7. 
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&,: Coefficient.I of cbuact.eristic Eqn. (8). 

all: ~1Tfl'.r. 

ae: ~,;:Ir. 

11: IC1[iJ]tt.. 

la: . '-[iJ]ft./ [A]r. 

a;1': Eigenvalue1 in Append!%. 

It Vector of parameters in Append!%. 

I"': Defined in Appendix 

~: Ei£envalue. 

~ Eigenvalue at resonance. 

~: Ei£envalue1. 

~·: ComplH parameters in Append.Ur. 

k Parameter 1pece in Append.Ur. 

p.: Pua.meter vector in Append.Ur. 

v. Para.met.er in Eqn. (1). 

PJ."ra: Real w:ad im~ary puts of complex pa.rameter1 ~"'in Append.Ur. 

r. Reactor residence time in Ex. 1. 

ti': Tramf ormaUon function deftned in Eqn. (S). 

p"': liappin& defined in Append.bl:. 

u: h:n~'lM)' part of el.&envalue !see Eqn. (10)]. 
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APP.DWIX: 

BD"URCA.TIOM .JORDAN BI..OCX STRUCTURE.: ARNOLD'S VERSAL FAHD.D!S 

The central concern m th.ii section ii the number of pare.met.en that must be m&m­

pulat.ed to achieve a particular Jordan block llructure of the ;ystem. .Jacobian. Of 

COW"le, the 1t.ructu.ra of interest are the aomewb.a.t atypical .Jordan forms which 

correspond to the di.trerent bifurcation mat.a. Central to th.is discussioll I.I a general 

parametric representation of matrices due to Anlold [26]. 

The analysis begins With the usumption that a particular 1Y9tem bifurcates m a 

particular 1tratum for aome choice of 1Y9tem parameters and correspondmi reference 

steady state. Sp~itieation of the presumed bifurcation It.rat.um 111pecifles lllimult&ne-

0U111ly the Jordan form 1t.ructure of the .Jacobian at bifurcation . .Arnold's theory I.I then 

applied to formulate a aeneral representation of the Jordan matrix llru.eture m the 

nei&hborhood. (with respect to l)"Stem parameter changes) of the Jordan matrix at 

bifurcation. FiMlly, assuming that l)'ltem puameten are near the values which pe 

bifurcation, the general parametric 1t.rucl.ure of the Jacobian lord.an form I.I e:u.m.ined 

to determine the number of para.met.en wb!ch must be ad.justed to particular w.lu.es or 

llfiD.1 to obtain the .Jordan matrix at bifurcation. 

nrst the 111ubject of mi.nivenal deformation of matrice1 mu.st be presented. Con­

mder a family of matrices IJJ/), complei: m general. dependm& on a vector of complex 

puameten11 ,c.Ar:::.f!-. For , dote to '•· the matrices AfJI) are called deformations of 

eome particular matrix N.lo) ~A.. A deformation J:(I) of the mat.ml: A. is Aid to be 

equiQJ.ent to a deformation IJJ/) 1f a nonsingular matrix C'(I) exilt..I such that 

(A.1) 
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The family induced from~ by the mappfn& ill the family N., 0 00). A deform.a­

t.ion Al.I) of a mat.riJ[ "9 is 1Hlid to be wnd If 1UJ.1 deformation &••(J.I.) of lhe matriJ[ "9 is 

equivalent to a def ormaUon mduced from IJJf). A versa.I deformation hi 111aid to be 

min-Wenal If the dimeMion of the parameter 1pace A (t.e. I) bl the smallest possible for 

a venal deformation. 

Denote by a." the eigenvalue111 of the matrix "9 and let n1(~ j ~ ~(a1i ~ · · · be the 

dimensions. m decresin& order. of the lord.an blocks correspondinc to~·. The smal­

lat number of para.met.en for a minivenal deformation of the mat.rix Au 11 [28] 

(A.2) 

Po + JJ/'(IJ) • 
(A.3) 

where 111'"(1) i111 a block-dia.gonal matrix whose block! correspond to the ei&enve.lues of 

4.- F.acb. block Bi" oorrespondin& to ~· hu all zero entries except in lhe positions indi-

eated in Fijure A.1. 

In chem.ical @Ul&ineerin& one usually deals with real matrice111. Vm-sal deformatiom 

for real matrices have been constructed by Galin [30]. A.Hu.me that a real matrix bu a 

complex conJuaate pail' of ef&envalues 11.
0 

:t iJ". with Jordan 'blocu of dimension 

Da ~ Dai > · · · wilh I: na = nc. The part of the Jordan mat.:ri:x that corresponds to the 

ef&envalu.es x" :t iy" may be mt.tlen u: 

(A..4) 

where r Uil the upper tri~ real lord.an matriJ[ with •i&envalue '!Z." and 'blocb of 

dimensions n1 lii1! n; > • · · · and J hi the identity matrix of order ~ Jt a true that the 

min.iversal deformation d the decomplex:ified matri.x m the 1ame u the 

dec:omplexiticatio!l of the miciversal deform.aUon cf the complex m•tri.x [26]. This 
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allon determ.i.n.ation of the m.iniverHl deformation of the decomplexifled (real) m.atm 

WI~ Amold'1 theory for complex mat.ricm. Tbe111e fact.I a.re uHd next. to determme 

the minimum number of para.met.en to realize d.itferent bifw-cational Jordan mat.rbt 

muctures. 

Smee a zero ei£envalue corresponds to a simple. one-dimensional Jordan block. 

It 18 clear that ftl'iation of one para.met.er 18 wft1cimt. 

Jn complex form we 1eek to obtai.n the Jordan block for w. It take1 one complex . 
parameter p;:: p,, + 11"1 to do that. Jn real form one seeks to realize the ltructure 

[recall Eqn. (A..4)] 

('!,"1] 
(A.l5) 

(AB) 

TbWI one needs two reel para.met.en. To ensure zero real part, Pa is required. 

However, the other parameter T1 can be anythm& positive. Thus. 'f'&riat.ion of a o­

gle real parameter may produce Hopf bifurcation U' lt. 10 b.appeW!I that Ta > 0. Jt 

might. Ill.so take in other cues vmat.ion of two parameters, Pa and ,.,, to uwn 

Hopf bifurcation. 

(g A} . 
(A.7) 
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kl. m the Di cue, a minivenal deformation m the Ame for the complex md the 

real cases. It w here 

(A.8) 

where 1: and 1; are real para.met.en. TbWll, manipulation of two real para.met.en m 

nquired to obt.e.ill t.bi1 1tructw-e. 

(0-GJO} 
'1 0 0 • 
0 0 0 

IPt -ra 0 1 
f'a Pa 0 J · 
0 0 Pl 

(A.9) 

(A.10) 

Similarly to the Di cue, it takes 1.t least two real para.met.en (p1 and Pt); a third 

parameter may be required. to emw-e GJ > 0. 

(A.11) 

(A.12) 
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[
O 1 OJ 0 0 1 . 
0 0 0 (A.13) 

As m the D1 and F1 cases, the complex ud real miniversal deformaUons coin­

cide. The m.iniversal deformation ia 

(A.14) 

ture. 

It Is clear that the re1Ult1 obtained u the method of characteristic equatioM ii 

totally consistent with the theory of venal families of matnce1. The latter approach ii 

more complete m that lt consider1 Jordan block structu.re1 characteristic of d.U!erent 

bi.fW"Cation st.rat.a. Obtain.in& correspondm& ef&ennlue coD!lgw'atiOWll via malysil of 

the characteristic equation UI a necessary but not 1111u.flkient condition for achievm, 

pe.rticular Jordan matrix ltructu.re. De£enerat.e casH m which the dHired ei.£envalue 

ldructure does not yield the desired Jordan block wu.cture an N.mcienUy unusual. 

however, 11110 that the simpler approach bued on the cl:laract.eristlc equation 11111 ul!IW!illy 

adequate for locatin£ vanou.1111 'bifurcation wat.a. 
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Table I: Sw:n.mary al the properties of the 111~em lacobhm at the reference lrtead,­

state for ditfermt bifurcation types (strata). Ef&envalue1 in left-band plane 

and correspondin& Jordan blocks are not 1howu. For lord.an block 1rtruc­

ture for the cues Cai -C. see Ref. ['1,26]. Ri&ht column indicates when 

llrt.ead71tate bifurcation is po11ible. 

Table D: Sleady-llrt.ate and ei£eovalue ltructure u a function of couplln& parameter11 

for Example n. 
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BIFURCATION 
JAC061AN JACOBIAN POSSIBLE 

JORDAN BLOCK EIGENVALI.£ STEADY STATE 
TYPE STRUCTURE STRUCT\.ff: BIFURCATION 

°' 
[o] f YES 

~ [~ ;] t N) 

F1 [8 6] + YES 

~ow~ + Fz w 0 0 YES 
0 0 0 

[°~' 0 OJ I 

"'10.0 0 I 

F3 NO o o o~ I 

0 0 "'20 I 

[0 I ~ -t-G1 0 0 YES 
0 0 

$ 
G3 * 

YES 

G4 

' 
YES 

Gs + NO 
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f 1 
,. Steady State E!&mnluu 

ruu 0.01 x = 0.250168 1.232053 ± 3.898084i 
1= 1.580007 0.407069 ± 43772351. 
I:= 0.210119 
1f = 1.939946 

0.01 0.1 := 0.248421 1.159653 ± 3.9920Hn 
1 = 1.1587432 0.387768 ± 4.407l8?i 
B: 0.211338 
"'= 1.932228 

0.1 0.01 ll = 0.251888 1.198648 % 3.?97853i. 
1= 1.569634 0.346962 ± 4.351923i 
• = 0.2089-14 
"'= 1.951186 

0.1 1.0 :E = 0.237587 0.8414:47 :t 4.190754-i 
1= 1.633455 -0.269672 ± 5.0748371 
iii= 0.270524 
w = 1.882123 



FigW"e 1: Venn diavam 1holf'ill& relatiomhips between bi.fw-calim:i. mat.a and lccal 

system dynamic: features near bl!urcation. The indicated It.rat.a correspond 

to Jacobian matrices at the reference lt.eady it.ate With up to three ef.len­

ftlues on the imaainru"Y uis. 

:n,u.n 2: Decrement. diagram for Example l 

~u.n 3: Regiom of the coupling parameter 1pe.ce correspond.in& to ditrerent classes 

of system behavior (Example U). 

Figure 4: DimeosionleH co11c:entration traject.ori.e111 for coupled CS'I'Rs with autocat.a­

lytic reactions (Example D; coupling pa.rameter1: f 1 = 0.01. fa = 0.01). 

n,ure 5; System dyn.am.ic:111 for aut.oc:aWyt.ic: reactions in coupled CS'TR! (E:u.mple D; 

eouptina parameters: f 1 = 0.01, f1 = CU). 

f'1&ure 8: Dynamic: behavior of coupled CSTRs with isothermal aut.ocaWytic: reactiom 

(Example D; coupling para.met.en: f 1 = 0.1. f 111 = 0.01). 

Fl&u.n A.1: Form of the matnx Bin the minivers&l deform.at.ion of Eqn. (A..3). I>itferent 

parameters appear at the po111ition1 indicated In each block Bt correspond­

q to the ei£env&lue o.t Alternative forms for the B matrix are presented 

by Arnold [26]. 
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NORMAL FORMS FOR CHEMICAL REACTION 

SYSTEMS VIA THE AFFI11E TRANSFORMATIOJIT 



In a previous publication [1]. the notion of normal forms of dynamic systems was 

reviewed. The nmmal /arm is a simpler form of the system model equations th.at 

retains all relevant information regarding dynamic behavior in the neighborhood of a 

system steady state. Substantial effort has been invested by mathematicians to find 

the normal form of dynamic systems after perturbation from a point of bi..furcation 

[e.g. 2,3]. When at bifurcation, a system's dynamic behavior is absolutely nonlinear 

even locally. The advantage of studying a system close to bifurcation is the opportun­

ity to identity the qualitative nature of its nonlinear dynamic characteristics by local 

analysis. 

In general, converting a dynamic system to its normal form is a very complicated 

and practically untenable procedure, at least until a general computer code is 

developed for this purpose. In this work a different type of normal form is introduced, 

and the class of problems that are reducible to this normal form via a simple transfor­

mation is identified. A specific algorithm tor converting such systems to this norm.al 

form is given. After transformation to the normal form following the given algorithm, 

one can identity which parameters can be varied independently to affect the system's 

dynamic behavior and which groupings of parameters appear in the normal form. 

Next, it is observed that this normal form coincides in. the cases of F1 and G1 bifur­

cation [1] with the classical normal form. A certain. notion of codimension is defined 

and the effect of perturbing a system from the F 1 bi.furcational structure is studied. A 

chemical example due to Eigenberger [4] is treated as a perturbed F1 system. An 

enzyme-catalyzed reaction sequence with feedback regulation of the initial reaction, 

first considered by Walter [5], is also investigated using the methods developed herein. 
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THE AFFINE TRANSFORMATION: REDUCTION TO THE COMPANION NOIDlAL FORK 

Consider a dynamic system ol the form: 

where 

d:x = All + bf (x) + '& 
dt 

I 
0 1 0 ... 0 

A=??~?::? 
c1 'S2 · · · · Cn 

6= (0 

c= (0 

Olf 

oar 
The Jacobian for this system has the following form: 

J= 

and the steady states are 

0 
0 

0 
0 . . . . 

[ cn1·····r Ml S1 + 8x1 en + Bx111 

x28 =xs.= · · · =.xu=O 

The characteristic equation of the Jacobian then is [6] 

l 
,0) j:::: CL 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(B) 

Balakotaiah and Luss [7] have used Golubitsky's theory (B] to study bifurcations of 

steady states when reduction to a single algbraic equation is possible. Merent bifur­

cation diagrams are obtainable depending on the "order of contact" of the one-
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dimensional function at the bifurcation point. In this procedure of reducing the 

dimensionality, care must be taken that no new steady states which are not steady 

states of the original system are Introduced. For systems that can be reduced to the 

form of Eqn. (1), this possible pitfall is definitely avoided. Another convenient property 

of systems of the form (1) is that the characteristic equation is trtVially obtained in the 

form of Eqn (8). In general, finding the characteristic equation of a large dimensional 

system involves considerable algebraic effort. 

In addition to obtaining a single equation for studying the steady states of the sys­

tem, one can identify easily conditions for different bifurcation phenomena [3]. Which 

system parameters can be varied independently to produce certain steady-state multi­

plicity and eigenvalue structure are revealed explicitly. For low-dimensional systems it 

is easy to reach conclusions about· the effect of system parameters in realizing certain 

bifurcations. In addition, analysis of Eqn. (1) shows directly how changing a parameter 

perturbs the system to a certain "structurally stable" Jacobian eigenvalue 

configuration. These attributes of models of form (1) will be illustrated in the exam­

ples which follow. 

The opportunities for analysis of system models of form (1). which is called the com.­

pa.man 1lm"'n'l.4l form, motivate a search for the class of systems that are reducible to 

this form. The transformation should not introduce additional steady states and 

should retain the system's eigenvalue con.figuration. One such transformation is 

y=Sx+g. 
(9) 

Such a change of variables, an a.f!ine tra:ns/orm.atian, transters the origin and rotates 

and expands (contracts) the system coordinates, but it does not affect the steady-state 

multiplicity and the eigenvalue structure. 

SolVin.g for I in Eqn. (9) and substituting into Eqn. (1), 
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(10) 

Thus a system reducible to the form of Eqn. (1) by the affine transformation Eqn. (9) 

must have the form: 

*=Ky+ Ah(y) + m 
(11) 

where h(y) is a function from R21 to R. Accordingly, the system must have a single non-

linearity, possibly appearing in more than one of the state equations. One then 

identifies similar coet!icients in Eqns. ( 10) and ( 11), which gives the following relation­

ships: 

(12.1) 

(12.2) 

(12.3) 

An algorithm for transforming system ( 11) to the companion normal form ( 1) is 

given next: form the matrix S-1 as follows, 

s-1 = 
(13) 

f'xn-1 

where 1 is any row vector that makes S-1 nonsingular. Then 

(14) 

is a linear equation in 71, · · · .7111 that must be satisfied. This uniquely determines the 

vector 7::::: a •.... . 7n) and hence the matrix S-1• Then, from Eqn. (12.3) 

(15) 

Since 
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one can choose: 

I= X-1[dA - m] 

for any d and hence for d=O In particular. Thus it is suffl.cient to set: 

1= -r-1m. 

Then the transformation: 

x = s-iy + s-1r-1m 

will transform system (11) to the form of Eqn. (1) with d=O. 

EXAMYLE: ENZTii.ATIC REACTION SEQUENCE WITH FEEDBACK 

ALLOSTERIC REGULATION 

(16) 

(17) 

(18) 

(19) 

Walter used Llapounov's direct method to obtain stability criteria for a generalized 

negative-feedback enzyme-catalyzed reaction sequence of the Yates-Pardee type [5]. 

The dynamic equations for this system are: 

~ = "1-1X't-1 - Hi!:t~ + ~JG - ,h~ + j-4 

~ = H1Et~ - (ht + G)Xt i = 1.2. · · · .n 

(20) 



146 

~H = HnHEoSCH - hn+i'XnH 

0 = to + Xe + Xa+1 

0 = !:. + X. i = 1.2. · · · ,n 

where St are substrates. St+1 is produced from St under the catalysis of enzyme Et via 

the enzyme-substrate complex~ fo.r i = 0.1 ..... n. 

The St (i = 0.1 ..... n + 1) may exchange with the "exterior", but Et and~ (i = 0,1, .... n) 

are confined to the "interior" system. The parameters j-1 and j1 are the rate constants 

for the exchange of St to and from the "exterior", respectively. H1 (i = 0,1 ..... n) is the 

bimolecular rate constant fo:r combination of St and Et; ~ and G are the unimolecular 

rate constants for dissociation of ~ to St and Et. and to St+i and Et. respectively. It is 

assumed that Eo is inhibited cooperatively by p molecules of Sn+-i; the "rate constant" 

for formation of the inhibited form of the enzyme Xn+i is Sn+i and the "rate constant" 

for dissociation of ~H to Sn+n and Eo is hnH· S0 is maintained constant by a large 

external reservoir and " = HoS.,. 

Making the following set of assumptions: 

i. it= 0, (i = 0,1, ... ,n + 1) 

ii. St << iKm_, (i = C).1, .•. ,n) 

ill. Terms beyond (Sn+1Y in the expansion of bJ(l + a~H), where a= H11+ilhn+i· can 

be neglected, 

the model described above can be simpl.itled to the followin& form: 

where 

Si = - Otbo(Sn .. Y - 01 + b1)S1 + J-1 + bo 

Ss = ~-1St-1 - (ji +~)Sa+ J-1 (i = 2, ... ,n+l) 

(21) 
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~ t.ry"mSo t"" 'Ym . ) 
D0 = 0 Km, +So , D1:::: 1Km. ; (1:::: 1,2, .... n 

(22) 

and where 

tor _ r..E (0) . iv _ ht + Ki • 
·vm - --i i • nm - & ' 

Et(O) = ~ + Et (i = 1,2, ... ,n) , 

Eo(O) = Xo + Ee + Xn+i · 
(23) 

Setting 

Y1 = 5n+1 · Yi = Sn • · · · • Yn+i = S1 

(24) 
.... -ct = l-{(n + 111) - i)• i = 1, ...• n ; Cn+i = J-1 + be • d = ab0 

~ = a.1 - b1 ; i = 1 ..... n + 1 , 

the system may be written in the form of system (11) With 

JC= 
0 (25) 

A= [O .......... 0 -df 
(26.1) 

h(y):::: yf 
(26.2) 

(26.3) 

Forming S-1 according to Eqn. (13) begins With calculation of 
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Then 

f1dl 
1'1b2Cd1 + daY-1 + 12aa 
f1b2bs(d1 +dz + ds)i-f + f2bs(dz + ~)1-1 + tcIA 

(28) 

Substitution of Eqns. (3), (26.1) and (28) into Eqn. (14) and solving for the u.nk-

nown.s 't gives 

(29) 

The matrix S-1 can be written explicitly using (13), 

1 0 0 0 0 
di hie 0 0 0 
df b2(d1 + da) bells 0 0 

df ~(d1 + da)2 bzbs(d1 +dz+ ds) bzbsb. . . 0 

(30) 

The inverse of K may be evaluated analytically. Multiplying the result by m from 

Eqn. (26.3) gives 
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Cu. bn +1 Cu. +l 
(31) 

On - dndn+t . 

5!!:1-
0n+i 

It will be convenient later to denote the first element of this vector by the (scalar) e. 

The required transformation to the companion normal form is now given by Eqn. 

(16) where S-1 is given by Eqn. (30) oand X:-1m by Eqn. (31). The matrix A may be 

evaluated by Eqn. (12.1). However, the complicated algebra implied there can be 

avoided. The first n rows of the (n+l)x(n+l) matrix A a.re known by the definition of 

th'e companion normal form, see Eqn. (2); only the last row need be evaluated. Equa­

tion (8) indicates that the entries of the last row of A a.re combinations of its eigen­

values. Since A and Ka.re similar matrices [see Eqn. (12.1}]. they have the same eigen­

values. By inspection of Eqn. (25), the eigenvalues of K an upper triangular matrix. 

are simply its diagonal elements d1.~. • • · ,dnH· Combining these facts, the coefficient 

matrix of the companion normal form is given by Eqn. (2) with 

(32) 

Writi..ng out the companion normal form in detail gives 
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Xn+i = (-d.babs · · · °bn+1X1 - e~ + (-1)n it dtX1 + 
i•l 

The steady states are determined by: 

and the corresponding Jacobian is: 

0 1 0 ........... . 
0 0 1 ........... . 

J= 

0 
0 

(33) 

(34) 

(35) 

One can see that the steady-state solutions and their eigenvalue configurations do 

not depend on all model parameters a.. b1 and Ct (3n + 6 variables) independently. The 

whole system dynamics depend on (n + 4) combinations of the system parameters 

which have been explicitly identified; i.e. on p, e, d1, • · · .dn+i and db2 · · · bn+i · The 

transformation method described here has enabled reformulation of the original com-

plicated system to the much simpler form of system (33), and it has been shown which 

combinations of the original system parameters independently intluence its dynamics. 

Next are summarized analyses of the properties of the steady-state solution set and 

the dynamics of the regulated enzyme-catalyzed reaction sequence. 

Consider first the steady-state problem. Letting 

(36) 

and 
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(37) 

the steady-state Eqn. (34) may be rewritten 

(38) 

From this equation is is clear that the number or steady-states depends only on the 
-

parameter p and on two combinations or the original system parameters, l'lc and &. It 

is very easy to see that for p even, the system can have zero, one or a maximum of two 

steady-states, whereas for odd p, one, two or a maximum of three steady-states are 

possible. 

Next, the value of knowi.11..g the mapping from original system parameters to normal 

form parameters will be explored. In particular. the three-dimensional case (n=2) will 

be examined for p=2. The steady states in this case are 

(39) 

Introducing new variables which translate the normal form variables so that zero is a 

steady state, 

(40) 

[x1111l2 
denotes the steady state taking the minus sign in Eqn. (39)]. system (33) 

becomes: 
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:is= d2blblzf -v'(d1~ds)2 + 4& d1~dadb2bs z1 - (d1dz +did:,+ ~ds)z2 +(di + ~ + ds)z3. 
(41) 

From Eqn. {41) it is very easy to find. for example, conditions to be satisfied for tb.e 

system to Hopf bifurcate to periodic solutions. Making use of Eqn. (8), the characteris-

tic equation is 

(42) 

Using then the approach suggested in [ 1 ], the following explicit conditions in terms of 

the system parameters for Hopf bifurcation are obtained: 

(43.1) 

(43.2) 

Similarly, one can also identify conditions fo:r higher order bifurcations [1]. 

Normal forms may be extremely useful for establishing relationships between 

difierent models which. although apparenUy different in their original formulation, 

. have identical normal forms. For example. the companion normal form for the model 

considered here [Eqn. (41)] is identical in structure to another model which is known 

to display complicated nonlinear oscillations. This model was presented previously [9] 

in the form 

q=p 
{44) 

The solutions of these equations, for certain values of the parameters 7 and 6. exhibit 

toroidal oscillations [9] which arise from an F2 bifurcation involvi.Dg a zero eigenvalue 

and a conjugate imaginary pair of eigenvalues. Bifurcation occurs for 1 > 0 and 6 = 

0, and toroidal oscillations are evident for, e.g. "1 = 0.375 and cf = 0.23. System (42) 
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may be converted to the companion normal fo:rm by affine transformation to obtain 

dg -
dt. -f 

(45) 

This equation has identical form to Eqn. (41). Equating coefficients of correspond­

ing terms in the final equations in both sets gives the following relationships among the 

parameters of the two models: 

(46) 

o:r 

(47) 

For certain values of 7 and IS, system (47) has a solution for the di's if and only i1 for 

some value or e the polynomial 

(48) 
has three real roots. The condition that this be true is [ 10]: 

(49) 
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Interestingly, this condition is not satisfied for 7 = 0.375 and 6 = 0.23, values for 

which model (44) is known to exhibit toroidal oscillations. Tb.is means that, although 

system (44) is of the same functional form as (41), the two systems are not equivalent 

for all values of their system parameters. Establishment of the correspondence 

between system and normal form parameters allows this conclusion to be made. For 7 

and 15 values satisfying condition (49), the two different models are totally equivalent. 

NORM.AL FOR.HS OF F1 AND G1 BIFURCATIONS: COINCIDENCE 1f1TH 

COHPANION NORM.AL FORKS FOR nm- AND THREE-DIMENSIONAL SYSl'EHS 

Consider an n-dimensional dynamic system of the form: 

w = i(w,v) 
(50) 

In a previous publication [1] it was seen that variation ot two system parameters can 

realize an F1 bifurcational structure. That is, the Jacobian of system (50). wb.en con­

verted to its Jordan normal form. has a Jordan block of the form 

[ g A] 
(51) 

The normal form in this case is [ 11] 

(52) 

Bogdanov [11] and others have examined in detail such normal forms. These stu-

dies reveal that 32 dmerent phase portraits involvmg two or three steady states can 

arise as the parameters e1 and t 2 are varied.. Letting more parameters vary, one can 

obtain higher order bifurcational structures. For three-para.meter variation, the 

~hest order bifurcation that can arise is G1 and the corresponding normal form is 

(12]: 



156 

(53) 

It is immediately apparent that Eqns. (52) and (53) a.re in the companion normal 

form. Consequently, the classical normal form obtained from considerations of the 

Jordan block structure for F1 and G1 bifurcations coincides with the companion nor-

mal form tor two- and three-dimensional systems, respectively. As a result, reducing 

two- and three-dimensional systems by affine transformation to the companion nor-

mal form also gives the classical normal form. Two- and three-dimensional systems so 

transformable to the companion normal form may therefore be considered as F 1 and 

G1 systems, respectively, and the body of theory and experience developed for those 

cases may be applied. 

The highest order bif urcational structure that can be stabilized for a two-

dimensional system is the F1 bifurcation. The codimension of a certain structure 

(steady state and eigenvalue) is defined as the minimum number of independent 

parameters needed to realize this structure. Consider a two-dimensional system which 

is reduced via atfine transformation to the form of Eqn. (52). The Jacobian at a steady 

state (5?18,xaa} is given by 

L. ,<! , • ,1 , ] . l I 1 \AtmJ !z\ll.1111 (54) 

and the steady states a.re solutions of the equation 

(55) 

Necessary conditions for an F1 bifurcation a.re that, at the steady state 218, the fol-

lowing a.re true: 
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(56) 

These three equations have as unknowns 21111 and system parameters. Typically, two 

system parameters will req\lire adjustment to specific values to satisfy conditions (56). 

If, however, the conditions 

(57) 

are enforced in addition, a higher codimension F 1 bifurcation is effected. The function 

f 1(x1) is then contact equivalent to the germ [7,8] 

(58) 

wi. th unfolding: 

(59) 

It is evident that to achieve this higher order contact at the F1 point, one usually needs 

to adjust'?'+ 1 parameters. Then this is F\ bifurcation of co-dimension (?' + 1). 

Con.sider the codimension-2 F1 bifurcation case (only Eqns. (56) are satisfied). The 

function f 1(x) in this case is contact equivalent to the germ u2 . This system i.s 

equivalent to 

(60) 

The steady states of system (60) are: 

(EH) 

and are zero, one or two in number depending on a1 and 82· The eigenvalues of the 

Jacobian are then 
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(62) 

In the case of two steady states, one is easily seen to be a saddle. The other steady 

state, depending on the value of f2 , can have any of the eigenvalue configurations 

sketched in Fig. 1. 

If in addition the condition f1"(i1J = 0 is enforced, codimension three F1 bifurcation 

results. Three steady states are involved, and, according to Eqn. (59), the unfolding is 

(63) 

involving two parameters. The eigenvalue structure, however, depends on one addi­

tional parameter and for this reason the unfolding that must be considered is 

(64) 

giving rise to an equivalent system of the form 

(65) 

Again, the steady states may be found as functions of the parameters a1• ~ and as and 

the eigenvalues of the Jacobian may be computed. 

In the case of feedback-induced bifurcation [HS], there is a reference steady state 

which is unaffected by control gain parameters. As a result the system is equivalent to 

d.SC1 -=!.e dt 

(66a) 

with steady states (0,0) and others that correspond to h(SC1) = 0. In this case the run-

plest possibility is that system is equivalent to 
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(86b) 

In addition to (0,0) there is a steady state (a1,0). Again, on perturbation, one steady 

state is a saddle, and the other has one of the four possible eigenvalue configurations 

shown in Fig. 1. Higher order contacts may be treated similarly. 

A. CHEllICAL TllfO-DlllENSIONAL F 1 SYSTEJ1 

Consider the catalytic reaction 

2A + B ... 2C 
(67) 

and assume that it proceeds via the following elementary steps: 

(68.1) 

(68.2) 

B+x~mc 
(68.3) 

2AX + ~ ... 2C + 4X 
(68.4) 

Making the assumptions that B reacts via a chemi.sorbed ~ which is available only at 

very low concentration, that mass action kinetics apply, and that the gas species con­

centrations [A] and [B] are fixed, Eigenberger [ 4] arrived at the following mathematical 

model: 

(69.1) 

(69.2} 

where Ya' = [AX]. Yz' = 1 - [BX]. and the mass balance [AX] + [BX] + [X] = 1 has been 

invoked. System (69) tor different values of the system parameters gives rise to 



steady-state multiplicity. relaxation oscillations involving three steady states, and har­

monic oscillations (4]. All these phenomena are typical of an F1 system [3] and hence 

in what follows system (69) is treated as such. Introducing dimensionless quantities 

the system model may be reduced to the form of system (11) with 

and 

m=[O ~f. 
(70) 

From Eqn. ( 13) 

(71) 

Further from Eqn. (14) 

(72) 

From this, one obt.ains 

Using Eqns. (73), (71) becomes 

(74 

Now, 



Consequently, 

5s(0.2iis + az~ + a1~) 
-a. 
as 

(75) 

(76) 

and, as a result, the required affine transformation to bring the system to the compan-

ion normal form is the followin.g 

One can then compute 

and 

After some manipulation. the transformed system becomes 

dXa 
-=Sl2 dt 

{77) 

(78) 

(79) 
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(BO) 

All of the htj with the exception of the hu are functions of all system parameters a1 to 

~. 

System (BO) has the same steady-state and eigenvalue structure as the system 

(Bl) 

From the form of Eqn. (Bl), one can see that the system has a maximum of four steady 

1tates. Indeed, four steady states were observed for some parameter values by Eigen-

berger, one of which was not in the positive ortbant. 

Varying different parameters, this system may be brought to F1 bifurcation of 

di.fi'erent codimensions. Conditions fo:r dit!erent cases are listed next: 

Necessary conditions are: 

(82) 

Clearly, variation of two system parameters may realize this structure. On per-

turbing from the F 1 bifurcation point there are two nearby steady states. 

All of conditions (82) must be satisfied and in addition: 

(83) 

Solving Eqn. (83) for lf1 and substituting in Eqn. (82), one obtains three equations 
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to be satisfied by parameters al to ~. Tb.us, adjustment of three parameters is 

required. 

In addition to conditions (82) and (83), the folloWing equation must be satisfied: 

(64) 

Solvin&; Eqn. (4) for x1 and substituting in Eqns. (62) and (83), one obtains: 

(B5) 

which must all be satisfied by a1 through ~ for this highest possible codimension 

F1 bifurcation for this system. At this point in the four-dimensional parameter 

space, the function h 11xt + ... + b.15 is contact equivalent to the germ 'if - )\. A small 

perturbation in the proper direction may give rise to four steady st.ates, whereas at 

exactly the codimension-4 F1 bifurcation point all tour steady states coincide. A:& a 

consequence, by studying the local properties of the system on pertu:rbin&; from 

lb.is highest order bifurcation point, one can discover all the possible steady-state 

and eigenvalue configurations. 

CONCLUSIONS 

The normal form ot a dynamic system is a much simpler set of equations th.at 

retains all of the important local dynamic features or the original system. In gen­

eral it is very hard to transform a system to the corresponding normal form and to 

deduce from that possible dynamic behavior. Systems with a single nonlinearity 
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are shown here to be reducible by afl'ine transformation to the so-called companion 

normal form that has distinct advantages. One can deduce what steady-state bifur­

cations and eigenvalue structures are possible. In the cases of two- and three­

dimensional systems, the companion normal form coincides with the classical F 1 

and G1 bifurcation norm.al forms, respectively, that are based on Jordan block 

structure. 

For a generalized enzymatic feedback system, the transformation to the com­

panion normal form has been executed, and the much simpler system reveals 

which groupings of original system parameters can be varied independently to 

intluence the system steady-state and dynamic properties. Difi'erent codimension 

F1 bifurcations were idenW'ied for two-dimensional systems. A chemical example 

was shown to exhibit a codimen.sion-4 F1 bifurcation as its highest order bifurca­

tional structure. 
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Nomenclature 

A.B.C: Chemical species in second example. 

AX.BX.BXa: Chemical species in second example. 

Parameters in Eqn. (58). 

Matrix in Eqn. (1) • 
.... _ 
b,c: Vectors in Eqn. (1). 

.... 
b: Vector. see Eqn. (23). 

Eqn. (24). 

d: Constant in Eqn. ( 4). 

d.: 

E,i: Enzyme concentrations. 

E,i(O): See Eqn. (23). 

f: Function in Eqn. (1). 

... 
f: Vector in Eqn. (13). 

Function in Eqn. (50). 

See Eqn. (71). 

Functions in normal forms (52). (53). 

Constant vector in Eqn. (9). 

Function defined in (26.2). 

Bimolecular rate constants. 

ti.: Uni.molecular rate constant for dissociation of X. to St and Et. 
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~: Function of a in Eqn. (BO). 

,h.J-1: Rate constants for exchange of substrates St. 

I: Jacobian matrix in Eqn. (54). 

JC: Matrix defined in Eqn. (12). 

i: Constants in Eqn. (69). 

iKm: Defined in Eqn. (23). 

m.: Vector in Eqn. (12). 

n: Dimensionality of system (1). 

p,q,.r: Variables in Eqn. (44). 

p,q.r: Variables in Eqn. (45). 

?': Power in Eqn. (57). 

s: Variable in Eqn. (8). 

S: Matrix in Eqn. (9). 

st,i: Entries of matrix S. 

Si: Substrates' concentrations. 

u: Unfoldini variable. see Eqn. (59). 

tv'm: Defined in Eqn. (23). 

w: Variables in system (23). 

~: Enzyme-substrate complexes concentration. 

X: Surface site in second example. 

i: State vector in normal forms (52) and (53). 
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Defined in Eqn. (7'7). 

State vector in system (1). 

Steady-state values of Xi· 

State vector in Eqn. (9). 

Yi·····YnH: See Eqn. (24). 

'::¥ •• 
.11 • [AX]. 

1 - [BX]. 

Dimensionless concentrations in second example. 

'!: Introduced in Eqn. (36). 

State vector introduced in Eqn. (40). 



a: 

II':;. ..... 

7,6: 

e: 

lej: 

h: 

p: 
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Defined in Eqn. (37). 

Defined in Eqn. (24). 

Dimensionless rate constants in second example . 

Parameters in system (44). 

Parameters in normal form (52). 

Defined after Eqn. (31). 

Rate constants in first example. 

See Eqn. (58). 

Vector defined in Eqn. (12) 

Exponent in Eqn. (20}. 
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Figure 1: Sketch of ditferent possible eigenvalue con.figurations at the 

second steady state for cod.im.ension-2 F 1 b.ilurcation and 

feedback-induced F1 b.ilurcation of a two-dimensional system. 
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BIFURCATIONS FROM THE POTENTIAL FI3LD 

ANALOG OF SOME CHEMICAL REACTION SYSTEES 
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INTRODUCTION 

In a previoWI publication [1], the value of normal forms in describing the 

different possible dynamic properties of lumped chemical systems was demon­

strated. In general, a nonlinear transforma.U..on is involved in bringing a 

dynamic system to its norm81 form (1,2]. Although, in principle, finding the 

required nonlinear transformation is a ma.thematically involved process, a cer­

tain class of systems may be reduced by an affine transformation to the so­

called companion norm.al form which clearly retaim the steady state and 

dynamic characteristics of the original system [3]. Ha.vi.cg this ~orm it is easy to 

obtain the dependence of the steady-state and eigenvalue structure on the origi­

nal. system parameters. 

For the cases of two- and three-dimensional systems, which are reducible to 

th.is form, the companion normal. form coincides with the normal forms of F 1 

and G1 bifurcation, :respectively [3]. These types of bifurcation consist of two 

and three real eigenvalues crossing simultaneously the imaginary axis and are 

the highest order bifurcations possible for two- and three-dimensional. systems, 

:respectively. 

The normal form of a system close to a G1 bifurcation has the structure [ 4 ]: 

i=y 

y=z 
(1) 

z = f 1(x) + f1(x)y + f:ii(x,y,z)z 

lf it happem that the function f3(x,y,z) is a negative constant, system (1) has a 

constant negative divergence. The concept of a potential function may then be 

introduced to gain special insights into the system dynamics and to derive con­

clusions regarding global stability characteristics of the system in question. 
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In. the subsequent section the theory for systems of constant negative diver­

gence reducible to the form of system (1) is developed The results are then 

applied to a class of enzymatic reaction systems. 

Consider a system which llll reducible by an amne transformation of the form 

(2) 

to a system 

i: = 1 

y=z 

z = f (x) + a(x)y - bz 
(3) 

System (3) may be written in the form 

i=z 
(4) 

z = f (x) + a(x)i - bz 

It will be shown next that as b ... "°• system ( 4) essenti.ally reduces to a two-

dimensional system that may be viewed as describing the motion of a particle in 

a potential well. This analogy provides special insight and easy analysis of the 

dynamics of (3) even for b > O. but finite since results regarding local stability 

are obtained in tb.llll case. 

Rearranging the second equation of system ( 4) gives 

z + bz ::: f(x) + a(x)i . 
(5) 

Writing the analytical solution for z in Eqn. (5) and noting that 

\ \ J a(x(r})i:(r)e'twd'T = A(x(t))e'Dt. -A(:iro} - J bA(x(r))e'twd'T 
0 0 
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(8) 

lilt 

A(x) A J a(s)<U • 
• (7) 

there results 

t 
z = z.,e-ilt + Af;z. -A(x:o)e-ilt + J [f(x(t -T)) - bA(x(t -T))]e--iwd,-. 

G (8) 

The integral in the RHS of Eqn. (B) belongs to a cl.ass of integrals called 

Laplace integrals [5,13]. In the limit as b ._. +=, Watson's lemma [5,6] provides the 

full asymptotic expansion of the integral. Expanding the function in the 

intearal in a Taylor series, one obtains the leading terms 

f(x(t - -r)) - bA(x(t - T))] Ill! [f(x(t)) - bA(x(t))] 

- [f'(x(t)) - bA'(x(t))]i:(t)T + O(-rl} . 
(9) 

Application of Watson's lemma and using the first two terms of the RHS of Eqn. 

(9) gives immediately 

.{t [f(x(t -1")) _ bA(x(t _ r))]e--b'rd;~ f(x) -;, bA(x) _ [f'(x) ~~A'(x)]x 
(10) 

Substituting this result in Eqn. (8) and noticing that for large t the tern:lii 

7.q,e-ilt and A(x:o)e-41& can be neglected, one obtaim 

.. = !{& _ f'(x) - bA'(x) .;,,. 
"' b bl ,,.., 

(11) 

Recalling Eqn. (7), Eqn. (11} becomes 

.. - !{& _ r(x) - ba(x) .;,,. 

... - b b2 ..... 
(12) 

Finally, using Eqn. (12) in Eqn. (4), it is established that for sutncienUy large b, 

System 2 is equivalent to 
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j; + r(x) - ba(x) :i: - !W.. = 0 
b8 b (13) 

Equation (13) may be viewed as describing the motion of a particle in a one-­

dimensional potential field, u(x). given by 

(14) 

The function u(x) bu twni.ng points at the zeros of the function f(x). as is obvi­

owi from Eqn. (14). Letting rs denote a zero ot f(x). X111 gives a maximum in the 

potential function if r(x8) > a. When f'(x111) < o. x• is a minimum of u(x). When 

f'(:x•) = 0, one mWlt check the higher order derivatives to arrive at any conclu­

sion regarding the nature of the turni.ng point. If r'(ri1), or a hlgher even order 

derivative is different from zero, the turning point is a point of indection (zero 

curvature). 

The tlrst derivative term in Eqn. (13) is equivalent to the "friction" or "damp­

ing" of the system. In general, the friction [r(x) - ba(x)]/b2 is a function of x 

and acts to decelerate (if >O; positive friction) or accelerate (if <0; negative fric­

tion) the particle. U the friction vanishes for all values of x, the system is non­

dil!lsipative. In this case one expects, in general. the particle to oscillate 

indetlnitely in a "valley" of the potential well or to go to indnity. Its exact 

behavior will depend on the initial conditions. Similarly, it is easy to predict the 

fate of the particle in the event that friction is constant. For example, tor posi­

tive friction, starting at rest close to a minimum in a ''valley" , the particle will 

Ir the "friction" term is a function of x. it is much harder, in aeneral, to 

predict the motion of the particle. In some instances. however, the conditions of 

a theorem due to Li.e'nard [7] are met which permits conclusions regarding the 

existence and uniqueness of stable periodic solutions. Equation (13) is of the 



177 

form of a general class of equations called the Li.enard equations, which have the 

i + f(x)i + i(x) = 0 . 
(15) 

The following theorem holds. 

ThsUl"em [7]: Equation (15) has a unique st.able periodic solution if 1 

and g are continuous, and 

i. f(:x:) = / 7Ca)da is an odd function. 
1111 

u. rcx) is zero only at x = o. % = i and x = - i for some a ~ 0. 

ill. f(x) -+ ..., as x ... = monotonically for x > a.. 

iv. i(x) is an odd function and g(x) > 0 for x > 0. 

It should be emphasized that the conditions of the theorem are sufflcient 

only. A system may possess stable periodic solutions even if these conditions 

are not met. If the conditions of the preceding theorem are not met, one can 

still clearly see the different possibilities only by considering the shape of the 

potential ftmctio.n. This provides a special intuition which one could not possi-

bly have for the origi..nal system (3). All that is required is plotting u(x). Then it 

ii clear that the "particle" will go to a minimum. oscillate in a ''basin", perform 

an osci.lla.tory motion in more than one ''basin" (if applicable), or go to i.n1ini.ty. 

Although. the equivalence of systems (3) and (13) is clear for b -. =. the 

behavior of the dynamic system (13) may be shown a.lso to be similar to that of 

system (3) locally: that is, close to a steady state for any b > 0. This will be 

demonstrated next. 

As noted earlier, the steady states for both systems (3) and ( 13) are given by 
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f(r') = 0 . 
(16) 

Equivalence of local dynamics near -ra is examined by comparing the eigenvalue 

l!ltructure of the two model J acobians evaluated at r'. The eigenvalues of the 

two-dimensional system (13) are given by 

(17) 

It is easy to reach certain conclusions rega.rding the stability of the dynamic 

system based on Eqn. (17). First, consider the case of a maxim.um. At a mu..; 

im.um where f'(xlll) > 0, clearly the two eigenvalues are real and have opposite 

sigrul. As a result, maxim.a of the potential function are unstable saddle points. 

When f'(x11
) > 0, the steady state x• of system (3) is unstable. The charac-

t.eristic equation of the Jacobian of this system evaluated at the steady-state x111 

.,/J + bsl - a(r'}s - f'(;xlli} = O . 
(16) 

Using the Descartes rule of signs [8], one finds that Eqn. (18) always has a posi-

tive real root for f'(x2) > 0. This is so for any b > 0. Consequently, a steady 

state of system (3} corresponding to a maximum of the potential function u(x) 

is always unstable. This is, of course, in accordance with intuition. 

Consider next the stability of a steady state corresponding to a minimum of 

the potential function. At a mir1imum where f'(r') < 0, examination or Eqn. (17} 

shows that two eigenvalues have the sam.e sign. The minim.um will be stable if 

f'(ri') - ba(xlll) > 0 
(HU) 

and unstable if 

r(ri') - ba(xlll) < 0 
(19.2) 
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This is again in accordance with intuition, since condition (19.1) implies positive 

"friction" whereas Eqn. (19.2) corresponds to negative "friction". When "fric­

tion" vanishes the two system eigenvalues are imaginary conjugate. For nega­

tive "friction", the minimum becomes unstable (Hopf bifurcates), and stable or 

unstable periodic solutions appear. 

The conditions for Hopf bifurcation of system (3) are found according to Ref. 

[1] to be 

(20.1) 

f'(xB') - ba(x111
) = 0 

(20.2) 

The first condition is met automatically for a minimum and, consequently. is 

redundant. At the Hopf bifurcation point the eigenvalues of system (3) are 

:l:i .../-o.(x1111
) and -b. The first two are identical to those of system ( 13) while the 

other is negative for any b > 0. Consequently, the fate of the trajectories of sys­

tem (3) is locally the same as are those of system (13). As a result it suffices to 

meet condition (20.2) for Hopf bifurcation at a steady state corresponding to a 

minimum of the potential function; this has the mechanical analog of the "fric­

tion" becoming negative. 

The stability of the Hopf-induced limit cycles is determined by calculating the 

characteristic exponent of the transition matrix right after bifurcation [9]. 

Hassard et al. [9] have developed formulas for the leading term of an asymptotic 

expansion of the characteristic exponent treating the deviation from the critical 

bifurcation point as tb.e perturbation parameter. If this leading term is nega­

tive, the induced limit cycle is stable; otherwise it is unstable. Following their 

suggestions, the leading term for the characteristic exponent for system ( 13) is 

found, after some tedious calculations, to be 



180 

(21) 

For systems of the form (3), one may use explicitly Eqn. (21) to determine the 

stability of the Hopf-induced limit cycles. 

Havi.nc analyzed completely the case of Hopf bi!uroation, the other possible 

types of bifurcation are considered next. D1 bi!uroation occurs when a single 

real eigenvalue crosses the imaginary axis and is accompanied usually by 

steady-state bifurcation. From Eqn. (18) it is easy to see that D1 bifurcation for 

system (3) occurs when 

r(x5) = o 
(22.1) 

and 

(22.2) 

The second condition guarantees that the remaining two nonzero eigenvalues 

are negati've. 'Ib.e conditions where D1 bi!urcation occun are the same for sys-

tem (13). Condition (22.1) may imply that the potential function possesses an 

i.ntlection point at D1 bifurcation. As noted earlier, this will be true it f"(xlll) ~ 0 

or, in general. if the first nonvanishing derivative of f is an even order derivative. 

The highest order bifurcation for two-dimensional systems is F1 [1]. In Um 

case there is a double zero eigenvalue with the Jordan block 

[ g A] . 
(22) 

From (18) it follows that at an F1 bi!uroation the conditiom 

(23) 

must be met for system (3). The third eigenvalue is -b. 

Conditions (23) should be met also for system (13) at an F1 bi!uroation point. 
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The mechanical interpretation in this case is having no friction at the point at. 

which f'(r') = 0 (which may be an int'iection point). Close to an 1"1 bifurcation, 

one expects steady-state multiplicity and relaxation oscillations [1]. 

It has been shown earlier that system (3) iB equivalent to system (13) as b 

,.. •. The preceding analyses demonstrate local equivalence between the two sys­

tems for b > 0. All of the qualitative aspects of the original system (3) local 

dynamics are preserved in the reduction to Eqn. ( 13). 

Finally, it should be noted that higher order bifurcations of system (3) involV"­

ing three eigenvalues [ 1] imply b = 0. Close to such bifurcations, system (3) is 

not locally equivalent to Eqn. (13). The original system has zero divergence for b 

= O: it is termed Hamiltonian and has constant energy [e.g. 10]. Fo:r b small, one 

may treat the system as a perturbed Hamiltonian system. For b negative, the 

system has everywhere constant positive divergence and trajectories will 

dednitely diverge to infinity. 

In [3], the dynamic system describing the evolution of an enzymatic reaction 

system with feedback allosteric regulation [ 11] was shown to be reducible by an 

atnne transformation to the following companion normal form in the three­

dim.ensional case 

'.t=J 

t=t 

t = (-d~bsi -e'f' + (d1~d:s)i -(d1da + d1~ + ~d:s)Y +(di+ da + ~)! . 
(24) 
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{25) 

Since all the ~ must be real, i 1, z-111 and es can vary arbitrarily u long as the 

polynomial 

(26) 

b.as three real roots. The condition that this is true is [8]: 

(27) 

System (24) is of the form of system (3) with 

(26) 

Consequently, as &3 .,. -. the system is reduced to 

In this case the system becomes: 

(30.2) 

The steady state are the zeros of the last term. Solving for the steady states 
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(31) 

Clearly, the condition that the system possesses two steady states il!I 

(32) 

Making use of Eqn. (14), the potential function is 

(33) 

Tb.il!I potential function is sketched in. Fi&· 1 in the case A > 0. There are turning 

points at f.1 and ~. The first is a mhiimum since (i"(~1) > 0 whereas the 

second is a maximum ui Cl"(sr.) < 0, u can be seen easily from Eqns. (31) and 

(33). 

Consider first the case of D1 bifurcation. This will occur for A = 0, e1 > 0. At 

thil!I point there il!I a single steady state which corresponds to an inftection point 

of the potential function u 'f• = 0 and f" # 0. D1 bifurcation may or may not be 

accompanied by steady-state bifurcation. 

To analyze the e ;iit 0 cue, assume without loss of generality that e1 il!I treated 

as the bifurcation parameter. For & ~ 0, D1 bifurcation will occur for e1 = 0 and 

for e1 = -4ed.bgb:! (A = 0). The condition that the bifurcation il!I a "limit point" 

bifurcation [ 12] is that ffl/ 1Je1 (iJ ~ 0 at the critical value of the bifurcation 

parameter [12]. 'I'bis il!I seen easily to be true for both ~1 = 0 and e1 = -4ed.bgbs. 

For ~1 between 0 wid -4edbgbs, there a..""e no !teady !tat.es. For ~1 outside this 

interval. there are two steady mates (see Fig. 2). 

In the cue & = 0, the steady states are 0 and -r;1/d~. D1 bifurcation 

occurs for r:1 = 0, and. in this case, df/ 81:1 (iJ = 0 at 1:1 = 0. Thil!I implies steadj'" 

state bifurcation with exchange of stabilities. For ~1 < 0, the zero !teady state is 

stable and the other !teady state il!I unstable. For e1 > 0, the mtuation is 
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reversed (see Fig. 2). ConsequenUy, the parameter e is causing imperfect bifur­

cation [13] or, as is commonly said, ''brew" bifurcation. 

Tb.e structure of the potential function close to D1 bifurcation is portrayed in 

Fig. 3 for e = 0 and for e .,, 0. It is clear that D1 bifurcation is reflected by a 

change in the structure of the potential function. The imaginary "particle" in 

each case will go either to the minimum of the potential function (if one exists), 

oscillate close to it. or go to infinity. lt. is possible from the structure of the 

potential well that the drutl fate of the system trajectories depends upon the ini-

tial point and velocity. 

In order to examine the possibility of periodic behavior close to a steady 

state, we must consider Hopf bifurcation. In each case no Hopf bifurcation is 

possible from the maximum ~. As the "friction" vanishes at the minimum, 

however, Hopf bifurcation oc:cw-s at the steady state which corresponds to the 

minimum (i.1). The conditions for Hopf bifurcation for the system at hand are 

(34.1) 

(34.2) 

Making use of Eqn. (21}. the leading term in the asymptotic expansion for the 

characteristic exponent is found to be 

(35) 

since ts < 0. This implies that the Hopf-induced limit cycles are stable. If the 

initial energy of the "particle" is not very large and it lie111 initially inside the 

''basin" around the minimum, stable oscillations are expected. If. however, the 

initial energy exceeds that which is required to bring the "particle" past the 
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maxi.mum ~. one expects the particle to go to infinity. ConsequenUy, stable 

OSO"Hlatiom are expected for the original system as long as the initial point is 

suificienUy close to the steady-state i.1. Finally, the conditiom for an F1 bi.fur-

cation are 

~111 =A= O. 
(36) 

As in the D1 case, F1 bifurcation will be accompanied by steady-state bifurcation 

only if & .,_ 0. 

Cubic Cue (p = s. e = 0) 

For simplicity, only the case e = 0 is considered. In this case the system 

becomes 

(37) 

Here, 

(37.1) 

(38) 

Otherwise, zero is the only steady state. The potential function in this case is 

(39) 

Evaluating the second derivative of the potential function, it follon that 

nonzero steady states correspond to minima of the potential function it t 1 > 0 

and maxima i1 t 1 < 0. All possible shapes of the potential function are shown in 
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Fig. 4 together with the cases of D1 bifurcation. Again the shape of the potential 

function changes as D1 bifurcation occurs. However, since f"(is) = 0, the turning 

point at D1 bifurcation is not an intlection point in this case. 

Hopf bifurcations to periodic solutions are possible at the minima of the 

potential function in each case. The conditions for Hopf bifurcation are: 

(40.1) 

(40.2) 

Consider each case in tum: 

Cue 1(d~bs>0, e1 <0): 

Hopf bifurcation is possible at the minim.um ~1 = 0. Using Eqn. (21), 

(41) 

Consequently in this case no stable periodic solutions are expected. 

Case 2 (db2b:, > 0, E1 > 0): 

Hopf bifurcation is possible only at the minima ~ and ~· In this 

cue, 

~2 = 36tid
9bibl + 6d

9bibl 
BEia2 Btl (42) 

For /11 < 0, the following inequality must hold: 

(43) 

Exactly at the Hopf bifurcation point. 

(44) 

Consequently, from Eqns. ( 43) and ( 44), if e2 > 3 then fl2 > O, and the 
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periodic solutions are unstable. If e1 < 3, it follows that {J2 < 0 and the 

periodic solutions are stable. 

Case 3 (db2b, < 0, ~1 < 0): 

Hopf bifurcation is possible only at the minimum i.1 = 0. Here 

(45) 

Clearly in this case stable periodic solutions are expected to appear as 

Hopf bifurcation OCCW"9. 

No Hopf bifurcation is possible since there are no minima. 

Summarizing, stable periodic solutions are possible close to a minimum if 

(46.1) 

(46.2) 

In each case, the possibilities for global behavior may be discerned by exa-l'r! 

ln.ing the shape of the potential well. Thus in Case 1, the particle will go either 

to the minimum or to infinity. If the minimum is unstable then the "friction" is 

everywhere negative so th.at the "particle" will gain energy as it moves and will 

go to infinity. 

In Case 2 the situation is even more interesting. If the two minima are stable, 

depending on the starting point, the particle will go to one. If the mi'nima are 

unstable, the particle can oscillate about one of them. move from basin to basin 

in an oscillatory f ash.ion or go to i.nilnity. In Case 3, depending on the starting 
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point, the particle will go either to the minimum it it is stable or go to i.n1'1nity. ll 

the mh1imum. is unstable, the particle will perform either stable oscillations 

close to the minimum or again go to infinity. Finally, in Case 4, the particle will 

dednitely go to infinity. 

For this problem, although conditions (i) and (ii) of the theory for existence 

and stability are met in all four cases, condition (ill) is violated in Cases 3 and 4, 

whereas condition (iv) is violated in Cases 1 and 2. 

The conditions for F1 bifurcation for this problem are 

~1=tt=0. 
(47) 

On perturbing parameters e1 and ~2 from zero, all the different possibilities por-

trayed in Fig. 4 are locally obtained, with the minim.a being stable or unstable. 

This situation is summarized in Fig. 5. In regions I and II, zero is the only steady 

1tate. In region I. the steady state is stable whereas in region II it is unstable 

with unstable periodic solutions appearing to the left of line (a). In regions m 

and IV, there are three steady states. In region m the two nonzero steady states 

are stable whereas in region IV all three steady states are unstable and stable 

periodic solutions exist close to the nonzero steady states. 

CONCLUSIONS AND Dl~ON 

The theory for particles moving in a potential well has been used successfully 

to obtain important information and insight of the nonlinear dynamics for 

chemical systems of dimensionality three that are reducible by af!ine transfor­

mation to the companion normal form and have constant negative divergence. 

After the deftnition of a potential function. a full analogy between the motion of 

a particle in a potential well and the three-dimensional system of O.D.E's was 

observed. Steady states correspond to turning points of the potential function, 
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D1 and F1 bifurcations are reflected by a change in the structure of the potential 

function as the turning point becomes an inftection point. 

Hopf bifurcation can be effected without changing the structure of the poten­

tial well and corresponds to vanishing of the "friction" at a minimum of the 

potential function. Using the theory of Hassard et aL [9], an explicit formula for 

the characteristic exponent was obtained, thus enabling easy determination of 

the stability of the Hopf-induced limit cycles. In special cases, a theorem due to 

lii:lnard may be useful to establish the existence of globally stable periodic solu­

tions. 

This treatise, however, indicates another important point. A system which is 

three-dimensional is seen by a limiting process to behave essentially as a two­

dimensional system. Th.is process of reducing the system dimensionality retains 

all the local features of the original s,;-stem. Thus the approximation of the 

three-dimensional system by a two-dimensional system is valid locally even for 

smaller positive b. For infinitesimal positive b, the system is a perturbed Hamil­

tonian system and may then behave as three-dimensional. Consequently, the 

·domain of validity of the two-dimensional approximation depends on the value 

of the divergence b. The same procedure of reducing the system dimensionality 

may be generalized for systems or any dimensionality if they are reducible to 

the companion normal form and possess constant negative divergence. 

Using the developed theory, the dynamics ot an enzymatic reaction system 

were analyzed completely. In each case, five parameter combinations, i.e. e. 

db2bs. t 1, e2 and ts. inftuence the dynamics. The conditions to be satisfied by 

system parameters for different dynamic behaviors were obtained explicitly. 

The different possibilities of global dynamic behavior were easily visualized 

exploiting the "particle" motion analog in an easily obtained one-dimensional 
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potential field. 
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A; Matrix in system 2. 

. A(x): Function defined by Eqn. (7) . 

b: Positive constant in system (3). 

6: -es. 

ba.bs: Parameters in system (24). 

cit: Parameters in system (24). 

:Di.Fi.Gt: Types of bifurcation. 

f(x): Function in system (3). 

F(x).1(x),g(x): Functions in Eqn. (15): 

... 
f: 

g: 

m: 

W: 

u(x): 

Q(i): 

Functions in systems (1) and (3) . 

Functions in Eqn. (28). 

Function in system (2). 

Eigenvalues given in Eqn. ( 17). 

Variable in characteristic Eqn. ( 18). 

Variable in Eqn. (26). 

PotentiaI function defined in Eqn. (14). 

Potential function given by Eqn. (33) for the quadratic case and 

Eqn. (39) for the cubic case. 

z:,y,z: Variables in systems (1) and (3). 

2,j>,!: Variables in system (24). 
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~ Steady-state value of system (29). 

"JI!': Steady-state value of x (system 13). 

'J!tY. Vectors in system (2). 



a(x): Function in system (3). 

a(x): Function in Eqn. (29). 

fJ2: See Eqn. (21). 

;11: See Eqn. (35) tor the quadratic case and Eqm. (41, (42) and (45) for 

the cubic cue. 

&, See Eqn. (32). 

~: Parameters detmed. by Eqns. (25). 

e: Parameter in system (24). 

f1'. Power in system (24). 

r. Dummy variables in Eqn. (8). 

o: Initial value. 
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The algorithm for determining the leading term in the asymptotic expansion for 

the characteristic exponent is given by Hassard et al. (Hassard R. D .• Kazarinotf N. 

D. and Wan Y. H., "Theory and Applications or Hopf Bifurcation", Cambridge Univer­

sity Press, 1981). For two-dimensional systems, this algorithm is the following: 

1. Select the bifurcation para.meter v. Let 

(1) 

2. Locate ~(11), the stationary point of interest. Calculate the eigenvalues of the 

Jacobian matrix 

{ 
(jft } A(v) = axJ (x(11);11) (i.j = 1.2) 

(2) 

3. Find a value Ve such that Re(>..J = 0. If (a) A.1 and >.2 are a conjugate pair for v in 

an open interval including lie• (b) Re A1'(vc) ;II! 0 and (c) Im A1(vc) #- 0, then a 

Hopf bilucation occ:W"s. 

4. If A(vJ is in the form 

(S) 

where CJ0 = ImJ..1(vc:) > 0, let P = I the identity matrix and go to step 5. Other­

Wise, form matrix Pas follows. Let P = (Rff1• -Imv1) where 11'1 is the eigenvector 

of A(vJ corresponding to 11.1(vJ = i.c.>1111• Normalize v1 so that its tint nonvanish-

in& component is 1. 

~. Perform the change of variables 

(4) 

and let.,.= P'(y) denote the system for y. The Jacobian matrix ar; Oyj (0) (ij :::: 
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1,2) will have the canonical form 

(5) 

6. Calculate the following quantities, all to be evaluated at v :::::: v0 , y=O 

= l. [ &!F• + &!F• + . ( B2F2 + t12F2 ) j 
iu 4 ayf 811 1 ayf "Yl (B.1) 

(6.3) 

(B.4) 

7. Let 

(7) 

Tb.en 

{Jz::: 2ReC1(0) . 
(B) 

System ( 13) of Chapter 6 may be written as: 

(9.1) 

(9.2) 

Select b as the bifurcation parameter. At Hopf bifurcation. 

(10) 

The Jacobian of system (9) is 
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(11) 

(12) 

Consequently, 

(13) 

Let 

(14.1) 

(14.2) 

where be is the critical value of the bifurcation parameter b for which condition 

(10) holds. The change of variables gives the new system 

Yi = a(x;(bc)).Y111 
(15.1) 

. - la(x:(bc) +Yi) _ f'(x;(bc) +Yi) I + f(x;(bi:) +Yi) 
1111 - b b2 Yi ba(x:Cbc)) (15.2) 

= 
ba'(xW>c)) - t"(x;(bc))yz f'(x:(be)) ba(x:CDc:)) - rcx:(bc)) c1a) 

b2 + ba(x:Cbc)) b" 

Evaluating the it.I at zero. one gets 



198 

(17.1) 

(17.2) 

(17.3) 

(17.4) 

Substitutin.g in the expression for C1(0) (Eqn. 7), 

{ 
(ba' - f")f" ba" - f'" } . { 5 f" ba' - f" f'" } 

Ci(C>) = 16b3a.11: + 16b2 + 1 46 b2a 5 + 24b4 + 16ba (18) 

where the arguments of f, a and their derivatives have been omitted for simpli-

city. Consequently, 

(19) 
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ngure 1: Potential function for the feedback-regulated enzyme reaction 

sequence. Here 29db:a~ + e1 < 0. It the opposite is true, both turning 

points a.re negative. 

Figure 2: Steady states in the quadratic case (p = 2) as a function of ~ 1 (&db2bs 

< 0). 

Figure 3: Functions in the quadratic case (p = 2). 

Figure 4: Potential function in the cubic case (p = 3, e = 0). 

Figure 5: Regions fo:r different steady-state and dynamic behavior of the enzy­

matic reaction system close to an F1 bifurcation (~a < O). 
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Figure 5 
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CONCLUSIONS 

Methods of bifurcation theory and nonlinear dynamics have been used to develop 

a general strategy for sensitive modeling and analysis of nonlinear chemical 

processes. 

Modification of the dynamics of chemical reaction systems by multivariable feed­

back control schemes has been demonstrated to be an invaluable tool for obtaining 

nonlinear dynamic models of global validity. When steady-state and transient 

response measurements are unable to discriminate between rival kinetic models, 

the feedback method provides a clear means of distinction. A general model 

parameter identification scheme was developed. Complete stratification of the 

feedback parameter space (decrement diagram) was developed, organizing the 

study of the possible bifurcations. Feedback produces di.flerent types of bifurca­

tions, the most common being D1 bifurcation usually accompanied by steady-state 

bifurcation and D2 (Hopf) giving rise to oscillatory behavior. 

The method of Newton Polyhedra proved particularly useful in analyzing 

feedback-induced steady-state bifurcations when reduction to a single algebraic 

equation is impossible or impractical. Furthermore, it provides much simpler poly­

nomial forms that are locally equivalent to the origin.al complicated systems. 

The number of feedback parameters required to force a system to a certain 

bil'urcational structure was determined using two methods, one based on the 

characteristic equation of the Jacobian and one based on Arnold's theory of versal 

families or matrices. The theory of normal forms was used to demonstrate that 

systems at bifurcation are even locally nonlinear as far as dynamic behavior is con­

cerned. The possible types of dynamic behavior close to a bifurcation are given by 

the much simpler normal form of the original system. 
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The reduction of an arbitrary nonlinear system to normal form being particu­

larly di.t!ku.lt, a general class of dynamic systems (those involvi:D.g a single non­

linearity) wu identified that is reducible by an aff'ine transformation to the com­

panion normal form with distinctive adw..ntages for the study of the steady-state 

and eigenvalue structures. This normal form in the two- and three-dimensional 

cases is shown to be equivalent to the classical F1 and G1 normal forms, respec­

tively. 

Sys_tems reducible by aMne transformation to the G1 normal form with constant 

negative divergence are shown to have a mechanical analog of particle motion i..o a 

potential deld. This analogy provides special insights into the system dynamics, 

and coi:u::lusions regarding possible global dyncun.ic behavior are drawn. 

Using the methods that were developed. important conclusions were drawn 

regarding the dynamic and steady-state characteristics of numerous chemical reac­

tion systems such as isothermal catalytic nitrous oxide decomposition in a CSTR, 

isothermal reaction between two adsorbed species in a catalytic CS'TR, parallel reac­

tions or arbitrary order in a nonisothermal CSTR, consecutive-competitive reactions· 

in a CSTR. coupling or two isothermal oscillating autocatalytic CSTR's enzymatic 

feedback reaction systems and another catalytic reaction system. The methods 

and approaches that were developed should be extremely useful in analyzing the 

nonlinear dynamics of chemical reactor systems and in obtaining good nonlinear 

dynamic models for control and opt.imization. 


