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ABSTRACT

Individually trapped neutral atoms are a promising candidate for use in quan-
tum computing and simulation applications. They are highly scalable, have
long coherence times and can be entangled via strong dipole-dipole interac-
tions by driving to highly excited Rydberg states. However, the fidelity of
single atom operations as well as two-atom entangling operations is limited
by intrinsic sources of decoherence such as atomic motion, as well as technical
sources of noise such as laser intensity fluctuations and phase/frequency fluctu-
ations. We study the effect of these factors on single atom Rabi oscillations and
two-atom Rydberg blockaded Rabi oscillations, using perturbation theory and
numerical simulation. We develop a window function approach which helps us
qualitatively understand the significance of the different spectral components
of the noise as well as quantitatively understand the dependence of the Rabi
oscillation fidelity on Rabi frequency. This allows us to predict the maximum
experimentally achievable fidelities using independent measurements of exper-
imental parameters such as noise spectra and atomic temperature. Turning to
the question of near-term scalability of the experimental system, we prototype
and test a method of generating a ’ladder’ configuration of optical tweezers
utilizing two independent lasers. Our setup allows us to fully tune the ge-
ometry of the ladder, namely the separation between the two rows, the angle
between them, and their relative position along the axis of the ladder. This
pseudo-2D configuration enables us to reach larger system sizes in the near
future and allows us to access beyond 1D physics.
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C h a p t e r 1

INTRODUCTION

Over the past few decades, one of the major goals of the physics community
has been the development of feasible quantum computers and quantum simu-
lators. From the time since the idea of using a quantum mechanical device to
simulate nature was first proposed [1], there has been remarkable experimental
[2] and theoretical [3] progress towards making this idea a reality. Large scale
quantum computers/simulators have significant applications in a large variety
of fields. For example, they would allows us to gain a deeper understanding
of many-body quantum phenomena in condensed matter [4], and the funda-
mental behavior of particles in high-energy physics [5]. They would enable us
to make accurate models of large molecules, improving our understanding of
quantum chemistry as well as potentially enabling more efficient chemical syn-
thesis [6]. They have already been shown to provide speed-ups over classical
computers in several important problems, and it is believed that they would
provide speed-ups in many more highly practical computational problems [3].

Various experimental platforms have been developed over the years to try to
build quantum computers and simulators. These devices usually work with
collections of (effectively) two-level systems known a qubits or quantum bits,
analogous to classical binary bits of information on classical computers. The
various experimental platforms can be categorized based on which quantum
mechanical system they use to define their qubits. A few prominent platforms
include superconducting circuits [7], trapped ions [8], quantum dots[9] and
neutral atoms [10]. Regardless of how a qubit is defined, universal quantum
computation and digital quantum simulation can be performed using single-
and two-qubit quantum gates [11], analogous to classical logical gates. Thus it
is convenient of think of quantum devices as devices that implement quantum
circuits comprised of quantum gates. To solve meaningful problems we would
like to perform quantum operations with many qubits and with large circuit
depths. To reach large system sizes, we would like our quantum devices to be
scalable. And to reach large circuit depths, we would like our quantum gates
to be precise and reliable, or ’high fidelity’. Thus scalability and gate fidelity
are the primary means of comparing various experimental platforms.
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Neutral atom arrays have recently emerged as a promising platform for quan-

tum computation [12, 13, 14, 15, 16, 17, 18] and simulation [19, 20, 21, 22,

23]. They are highly scalable, have long coherence times and competitive gate

�delities. In particular, neutral atoms can be arranged in a large one-, two-

or three-dimensional arrays, and be addressed individually by laser beams for

qubit operations with little crosstalk to quantum states of nearby atoms [24,

25]. Gate protocols utilizing highly excited (Rydberg) states [26] currently

provide the best means for entangling two neutral atom qubits. Yet, the gate

�delities achieved with neutral atoms are comparatively lower than those with

platforms such as trapped ions [27] or superconducting qubits [28]. Various

decoherence channels have limited the practically achievable �delities in neu-

tral atom systems. However, this is a relatively more recent �eld and we are

still primarily limited by technical imperfections, rather than any fundamental

limitations of this platform [29, 30, 31]. Thus understanding and mitigating

the sources of decoherence in this system is very important.

1.1 Outline and summary of results

In the Endres group, we conduct experiments with individually trapped arrays

of neutral Strontium-88 (88Sr) atoms. In the latter portion of this chapter,

we provide an overview of this experimental setup. In neutral atom qubits,

single qubit rotations can be performed using single atom Rabi oscillations.

Two-qubit entanglement can be generated by driving Rabi oscillations in the

Rydberg blockade regime, in which strong interactions between Rydberg states

prevents the excitation of two nearby atoms to the Rydberg state. Thus we

focus our attention on single atom and blockaded Rabi oscillations.

In chapter 2, we review how atoms interact with a classical electromagnetic

�eld to undergo Rabi oscillations. We derive the rotating wave Hamiltonian

in the absence of noise as well as in the presence of classical noise. We pro-

vide a general solution to the two-level dynamics resulting from light-matter

interaction. We also review how two atoms in the Rydberg state interact via

the van der Waal potential to produce entanglement.

The sources of decoherence in neutral atom experiments include laser noise,

atomic motion at �nite temperature, spontaneous emission, black body radia-

tion, o�-resonant scattering of light, imperfect pulse control, and state detec-

tion and preparation errors. Of these, the dominant ones are laser intensity
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noise, laser frequency noise, atomic motion and spontaneous emission. In

chapter 3, we describe how we measured the laser intensity and frequency

noise power spectral density (PSD) for our Rydberg laser.

Previous works [32, 14, 26] have numerically studied the e�ect of various noise

sources on single atom Rabi oscillations. In chapter 4, we extend upon the pre-

vious works by providing a simple analytical understanding of the e�ect of the

dominant noise sources using perturbation theory. We analytically study the

e�ect laser intensity noise, laser frequency noise and atomic motion on single

atom and two-atom blockaded Rabi oscillations. Further we provide analytic

upper bounds on experimentally achievable single atom and blockaded� -pulse

�delities. For the case of laser intensity and frequency noise, we derive analytic

'window' functions which select only speci�c components of the intensity and

frequency noise spectra. These window functions help us qualitatively under-

stand the signi�cance of various spectral components of the noise as well as

quantitatively understand the dependence of the Rabi oscillation �delity on

Rabi frequency. We �nd that for the case of only laser intensity noise, the� -

pulse �delity decreases with increasing Rabi frequency, whereas for the case of

only laser frequency noise, the� -pulse �delity increases with increasing Rabi

frequency. The decoherence caused by atomic motion at �nite temperature

also decreases with increasing Rabi frequency. We see similar behavior for the

blockaded� -pulse �delity. We compare our perturbation theory results to nu-

merical simulation and �nd good agreement. Further, we compare our result

to our recent experimental work [17] in which we report the highest neutral

atom entanglement �delity and �nd good agreement as well.

In chapter 5, we study single atom and blockaded Rabi oscillations of trapped

atoms. Most Rydberg atom experiments are conducted with the optical traps

momentarily turned o� during laser interrogation. This is because generically

Rydberg states are repelled from red-detuned optical traps. However, blinking

the traps o� during interrogation leads to heating and loss of atoms, presenting

challenges for sequential gates for large circuit depths. Thus we investigate

the �delity of Rabi oscillations when the optical traps are left on. Instead of

working in the usual fock basis of the harmonic trapping potential, we de�ne a

more convenient modi�ed basis of a displaced harmonic oscillator. Working in

this basis allows us to treat the 'non-magic' trapping condition perturbatively.

We �nd that we can still achieve high �delities for single atom and blockaded
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� -pulses when the Rabi frequency is much larger than the trap frequency

spacing. We also experimentally demonstrated this in [17].

In chapter 6, we turn to the question of near term scalability of Strontium

atom arrays. To achieve magic trapping condition, we require a trapping laser

wavelength of 813nm. However, the optical polarizability of Strontium at

this wavelength is comparatively small and the commercially available laser

power is also limited. We explore one method to scale up the system size

by using two separate lasers to double the optical power. We generate two

rows of optical tweezers, one from each laser, and combine them into a ladder

con�guration where the two rows are parallel to each other. We prototype

a setup which allows us to fully tune the geometry of the ladder, we can

adjust the separation between the two rows and the position along the axis

of the ladder. This pseudo-2D con�guration allows us to access beyond 1D

physics models in addition to reaching larger system sizes. Finally we test the

mechanical stability of the setup to check if the alignment or position of the

tweezers drifts with time. We �nd that the mechanical stability is satisfactory.

In chapter 7 we provide concluding remarks and outlook for future work.

1.2 Overview of Sr experiment

In the Endres lab, we conduct experiments with individually trapped atoms

of neutral Strontium-88 (88Sr). Compared to the more conventional alkali

atoms such as Rubidium or Cesium, alkaline-earth (-like) atoms (AEAs) such

as Strontium and Ytterbium have a more complex electronic structure which

provides several bene�ts as detailed below. AEAs have narrow optical tran-

sitions which allow us to reach lower atomic temperatures through narrow-

line cooling. They also have ultra-narrow optical transitions, also known as

'clock' transitions, which allow us to build extremely precise and accurate op-

tical atomic clocks. AEAs allow for single photon excitation to Rydberg states

from metastable clock states, leading to high �delity Rydberg control. Further

the two valence electron structure of AEAs allows for high �delity loss-based

detection of Rydberg states using auto-ionization.

The full experiment is described in detail in [34, 33, 35, 17]. We summarize the

main steps below (see Figure 1.1). Strontium-88 atoms start o� in an atomic

beam oven at a high temperature. These are �rst slowed using a Zeeman slower

and 2D magneto-optical trap (MOT). Then the atoms are cooled and trapped



5

(a) Optical Tweezer (b) Simpli�ed level structure and elec-
tronic con�guration for 88Sr.

Figure 1.1: Overview of the experiment. (a) Tweezer trapping of Strontium
atoms. Individual 88Sr atoms are trapped in 813nm magic wavelength optical
tweezers generated through microscope objectives (grey) with NA = 0.5. The
atoms are cooled with 689nm light (red) and imaged with 461nm light (dark
blue). Figure from [33]. (b) Relevant level structure (left) and electronic
con�guration (right) for Rydberg control with 88Sr. The Rydberg ground-state
qubit is de�ned by a metastable `clock' statejgi and the 5s61s3S1 mJ = 0
Rydberg statejr i (highlighted with a purple box), which we detect by driving
to an auto-ionizing 5p61s statejr � i . Subscripts: A, auto-ionizing; R, Rydberg;
C, clock. The clock statejgi is initialized from the absolute ground statejai .
Figure from [17]

in a 3D 'blue' MOT operating on the broad 1S0 $ 1P1 dipole allowed blue

transition (460.9 nm), followed by a 3D 'red' MOT operating on the narrow
1S0 $ 3P1 red transition (689.5 nm). The atoms in the absolute ground

state 1S0 (jai ) are then loaded into a 1D array of optical tweezers which are

generated using an acousto-optic de�ector (AOD) and microscope objectives

with NA = 0.5. The wavelength of the tweezer trapping light is chosen to

be 813.4 nm which is the magic wavelength for the doubly-forbidden ultra-

narrow 1S0 $ 3P0 optical clock transition (� 698nm). The number of atoms

loaded in each tweezer is restricted to be only zero or one via light-assisted
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collisions, resulting in� 50% stochastic loading of each tweezer. The atoms

in jai are imaged via �uorescence imaging on the blue 461nm transition. The

tweezers which are loaded with one atom are then rearranged to the desired

con�guration (non-interacting or strongly interacting) using the AOD.

The meta-stable clock statejgi is prepared fromjai by �rst driving a coher-

ent � -pulse on the clock transition followed by incoherent optical pumping

of the remaining atom population in jai . Then Rydberg Rabi oscillations

are performed via single photon, resonant excitation of the 5s5p3P0 jgi $

5s61s3S1 jr i UV Rydberg transition (317nm). At the end of the Rydberg laser

pulse, we implement a high �delity auto-ionization based detection scheme. To

detect atoms in jr i we excite the core electron from a5s to a 5p level with

408nm light, which then rapidly auto-ionizes the Rydberg electron, and makes

the ionized atom dark to subsequent imaging ofjgi . Atoms in jgi are detected

by transferring the population back tojai and using blue �uorescence imaging

of jai .

In the non-interacting regime, resonant excitation acts as a localX -rotation

about the Bloch sphere for the Rydberg qubit de�ned byjgi and jr i . In the

strongly-interacting regime, the Rydberg-blockade e�ect prevents the excita-

tion of both atoms to the Rydberg state resulting in entanglement between

the two atoms. In this case a blockaded� -pulse results in the generation of

a symmetric bell state of the two atoms. Further, several schemes have been

proposed [36, 16, 29] (and realized with alkali atoms [16, 24]) to utilize the

Rydberg blockade e�ect for entangling gates among qubits utilizing long-lived

atomic states. These schemes can be readily adapted to AEA experiments us-

ing for examplejai and jgi as the qubit states and usingjr i only for entangling

operations.
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C h a p t e r 2

LIGHT-MATTER AND ATOM-ATOM INTERACTIONS

In this chapter, we shall summarize how atoms interact with a classical elec-

tromagnetic �eld and how two atoms at a distance interact with each other.

There is extensive literature covering these topics and hence we shall only

present a brief overview here. For the case of light-matter interaction, we shall

�rst present the standard derivation of the rotating wave Hamiltonian for an

atom interacting with a monochromatic classical electromagnetic �eld. We

shall then generalize this derivation to the case of a laser with classical inten-

sity and phase/frequency noise. For the atom-atom interaction, we shall focus

on the case of van der Waals (dipole-dipole) interactions between Rydberg

states which are relevant for our experimental setting.

2.1 Rotating Wave Hamiltonian

This section is based on [37]. We begin by describing how an atom interacts

with a classical electromagnetic �eld. We treat the atom as a two-level system

(2LS) with ground state jgi and excited statejei and an energy splitting~! A .

We shall occasionally usejr i for the excited state to indicate a Rydberg state.

We can write the atomic HamiltonianHA in the basis of the ground and excited

state as:

HA = �
~! A

2
� z (2.1)

where � � represent the spin-1/2 Pauli matrices for� = f x; y; zg. Let the

� be the wavelength of the incident light,! L be the angular frequency and

k = 2�=� be the wavenumber. Further let the direction of propagation of the

EM wave be along thex-axis. Then the propagating electric �eld is varies with

position and time as given by a travelling wave/ cos (kx � ! L t � � ) where

� is some arbitrary phase o�set. De�ne
 be the bare Rabi frequency, which

characterizes the strength of the atom-�eld coupling. Then we can write the

atom-�eld interaction Hamiltonian as:

HAF (t) = ~
 cos ( kx � ! L t � � )� x (2.2)

The angular frequencies involved in these Hamiltonians are very large with

extremely short associated time-scales. We would like to make a frame trans-
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formation that eliminates this fast oscillation and reveals the slow dynamics

relevant on experimental time-scales. This is the essence of the Rotating Wave

Approximation (RWA). This frame transformation is identical to the interac-

tion picture formalism with an added approximation to drop fast-oscillating

terms. In terms of the interaction picture, de�ne a �bare" Hamiltonian HR ,

and the associated time-evolution operatorUR(t) as:

HR = �
~! L

2
� z (2.3)

UR(t) = exp
�

� iH R t
~

�

= exp
�

i! L t
2

� z

� (2.4)

Then the interaction picture Hamiltonian H I (t) is given by:

H I (t) = UR(t)y(HA + HAF (t))UR(t) � HR (2.5)

Further let us decompose the cosine term inHAF (t) as a sum of exponentials.

We shall make use of the fact thate� i�� z
� xei�� z

= ( e2i� � + + e� 2i� � � ) where

� + = jeihgj and � � = jgihej. We de�ne � = ! L � ! A to be the detuning of the

laser (in angular frequency) with respect to the atomic transition (angular)

frequency. This gives us:

H I (t) =
~�
2

� z +
~

2

�
ei (kx � ! L t � � ) + e� i (kx � ! L t � � )

�
(ei! L t � + + e� i! L t � � )

=
~�
2

� z +
~

2

�
ei (kx � � ) � + + e� i (kx � � ) � �

�

+
~

2

�
ei (kx � 2! L t � � )� �

+ e� i (kx � 2! L t � � ) � +
�

H I �
~�
2

� z +
~

2

�
ei (kx � � ) � + + e� i (kx � � ) � �

�

(2.6)

In the last line we make the rotating wave approximation and drop the fast

oscillating terms. This gives us a time-independent rotating wave Hamiltonian

which governs the slow dynamics of the system in the laser frame of reference

(as opposed to the lab frame of reference). Restricting to just the electronic

degrees of freedom, we can treat theeikx factor as just a phase factor. This is

a good approximation for many experiments where the translational degrees

of freedom are not as important, for example at low temperatures and when

the experiment is conducted in free �ight.
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2.2 2LS General Solution

Here we show the general solution for the driven two-level system (2LS). In

matrix form the Hamiltonian is given by:

H =
~
2

"
� 
 e� i�


 ei� � �

#

(2.7)

We can de�ne �
 to be generalized Rabi frequency given by�
 =
p


 2 + � 2.

Let us de�ne an angle� using the relations:

cos� =
�
�


=
�

p

 2 + � 2

; sin� =


�


=



p

 2 + � 2

(2.8)

Then we can diagonalize the HamiltonianH with the unitary U asH = UDUy

where D is a diagonal matrix. The unitary U and the diagonal matrix (of

eigen-energies) are given by:

U =

"
cos�

2 sin �
2e� i�

sin �
2ei� � cos�

2

#

; D =

" p

 2+� 2

2

�
p


 2+� 2

2

#

(2.9)

Thus the eigenstates of the Hamiltonian are:

jE+ i =

 
cos�

2

sin �
2ei�

!

; jE � i =

 
sin �

2ei�

� cos�
2

!

(2.10)

2.3 RWA Hamiltonian for noisy case

Now we generalize the derivation of the rotating wave Hamiltonian for the case

when the driving laser has intensity and phase �uctuations. Instead of eq. 2.2,

we have the following noisy atom-�eld coupling Hamiltonian.

HAF (t) = ~
( t) cos (kx � ! L t � � (t)) � x (2.11)

Here 
( t) represents the �uctuating Rabi frequency as a result of �uctuating

laser intensity and� (t) represents the �uctuating laser phase. We shall make

a frame transformation as before to follow the laser frame of reference. We

make the assumption that the laser's phase� (t) is a di�erentiable function of

time. For any physical process we can expect� (t) to at least be a continuous

function. However, its derivative need not be continuous. Yet we can still treat

� (t) to be approximately di�erentiable in some coarse-grained sense. This is

because at the level of the rotating wave approximation, we are only concerned

with terms in the Hamiltonian that do not get averaged out are relevant on
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experimentally observable timescales. If we average� (t) over some small time-

window � t � 1=! A then the discontinuities in the derivative of� (t) vanish (as

long as� (t) is continuous, which is a physically reasonable assumption).

To transform to the laser frame, as opposed to eq. (2.3), we de�ne the bare

Hamiltonian HR(t) and associated time-evolution operator as:

HR(t) = �
~(! L + _� (t)

2
� z (2.12)

UR(t) = exp
�

� i
~

Z t

0
HR(t0)dt0

�

= exp
�

i (! L t + � (t))
2

� z

� (2.13)

This gives us the interaction picture Hamiltonian

H I �
~(� + _� (t))

2
� z +

~
( t)
2

�
eikx � + + e� ikx � �

�
(2.14)

De�ne � (t) = _� (t) be the instantaneous frequency noise of the laser. Then

by construction � (t) is a stationary random variable, meaning that its �rst

moment vanishes,� (t) = 0 . If j� (t)j � 
 then we can treat the laser frequency

�uctuations perturbatively. Let us also separate
( t) into its static component


 and its �uctuating component 
 � (t), i.e. 
( t) = 
(1 + � (t)) . Then � (t) is

also a stationary variable� (t) = 0 . If j� (t)j � 1, then we can also treat the

laser intensity �uctuations perturbatively. We write the Hamiltonian as the

sum of a noise free HamiltonianH0 and a stationary perturbation Hamiltonian

H1(t). Ignoring the translational degrees of freedom, we can work in a two-level

system.

H0 =
~�
2

� z +
~

2

� x (2.15)

H1(t) =
~� (t)

2
� z +

~
 � (t)
2

� x (2.16)

We shall �nd the perturbative e�ect of noise on Rabi oscillations in Chapter

4.

2.4 Rydberg Interactions

Now we consider how two atoms interact with each other in our experimental

setup. This section is based o� the review of Rydberg atom experiments [12].

Rydberg states are highly excited electronic states of an atom where a valence
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electron has a large principal quantum numbern � 1. Two nearby atoms in

Rydberg states can interact very strongly with each other via the dipole�dipole

interaction. This interaction is given by the van der Waals potential.

H int =
C6

R6
jrr ihrr j (2.17)

whereR is the distance between the atoms andC6 is the van der Waals inter-

action coe�cient that depends on the atomic species as well as the principal

quantum number. Then the interaction strength is given byUvdW = C6=R6.

Consider the ground statejgi coupled to a Rydberg statejr i with a resonant

laser with Rabi frequency
 . In the case of two atoms, the two-atom ground

state is still resonantly coupled to the statesjgri and jrgi containing a sin-

gle Rydberg excitation. However, the doubly excitated statejrr i is shifted

out of resonance by the strong van der Waals interactionUvdW . In the limit

UvdW � ~
 , the double excitation is energetically forbidden. This e�ect is

known as the Rydberg blockade. See �gure 2.1.

Figure 2.1: Rydberg interactions and the blockade e�ect. (a) A resonant laser
couples the ground statejgi to the Rydberg state jr i with coupling strength

 . (b) For two nearby atoms, the van der Waals interactionUvdW shifts the
doubly excited statejrr i , preventing the double excitation of the atomic pair
when UvdW � ~
 . Figure from [12]

Speci�cally, the laser couples the ground statejGi = jggi only to the symmet-

ric collective statejWi = 1p
2
(jrgi + jgri ). The anti-symmetric collective state

jD i = 1p
2
(jrgi � j gri ) is dark to the laser excitation. And the doubly excited

state jRi = jrr i is energetically forbidden. Thus the dynamics of the system

prepared in the ground state follow that of a two-level system comprised of just

jGi and jWi with collectively enhanced Rabi frequency
p

2
 . The state jWi is

maximally entangled. Thus we can entangle two atoms by simply performing

a resonant pi-pulse in the blockaded regime. We shall consider the �delity of
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such an entangling operation in the presence of noise and other decoherence

in Chapters 4 and 5. Ultimately, to generate entanglement that is useful from

a quantum computing perspective, we would like to entangle two atoms in

long-lived states such as hyper�ne or metastable clock states. This blockade

e�ect was proposed in [36] precisely as a means of implementing fast quantum

gates between long-lived states in neutral atoms.
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C h a p t e r 3

TECHNICAL NOISE

There are two main sources of technical noise in our experiment, namely in-

tensity noise and frequency noise on the UV Rydberg laser. For an ideal laser,

the laser's phase would be perfectly coherent and it's intensity perfectly sta-

ble over time. However, in any real laser, this is not the case. The laser's

intensity �uctuates with time resulting in �uctuations in the Rabi frequency

for the atoms. And the laser's phase drifts manifesting as frequency noise for

the atoms. We brie�y describe how these noise sources are measured in the

lab and report our measured noise power spectral densities (PSDs).

3.1 Laser intensity noise

Figure 3.1: Laser intensity noise power spectral density (PSD)

The intensity noise of a laser can be measured using a fast photo-diode. Let

I (t) be the actual intensity of the laser as a function of time with mean value

I 0 = I (t). Let � I (t) = I (t) � I 0 be the intensity �uctuation of the laser. The

voltage measured from the photo-diode is proportional to the laser intensity.

Thus we can shine the laser directly onto a fast photo-diode and record time

traces of the output voltage, call itVI (t) = �I (t) with mean valueV0 = V(t).

Let � V(t) = V(t) � V0 be the voltage �uctuation of the photo-diode output

voltage. Then we can see that sinceV / I , the relative voltage �uctuation is

equal to the relative intensity �uctuation, i.e. � V(t)=V0 = � I (t)=I0.
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Now the (time dependent) Rabi frequency
( t) is proportional to the square

root of the laser intensity, i.e. 
( t) /
p

I (t). Assuming the noise to be

Gaussian distributed, we can approximate the relative �uctuations in Rabi

frequency to be half the relative �uctuations in laser intensity. This assumption

is valid when the relative �uctuations are small compared to the mean. Just

as before we de�ne
( t) = 
(1 + � (t)) . Thus our approximation is that

� (t) �
1
2

� I (t)
I 0

=
1
2

� V(t)
V0

(3.1)

Thus using the voltage time traceV(t), we can calculate the auto-correlation

function for relative Rabi frequency noiseK � given by:

K � (� ) = � (t)� (t + � ) (3.2)

Since the noise variable� (t) is real, the auto-correlation function is an even

function, K � (� ) = K � (� � ). Using K � (� ) we can calculate the power spectral

density S� (! ) via a Fourier transform.

S� (� ) =
Z

d�ei!� K � (� ) =
Z

d� cos!�K � (� ) (3.3)

The laser intensity noise PSD measured for our Rydberg laser is shown in

Figure 3.1. There are three main features in the spectrum. First, we see that

there is a peak in the PSD for low Fourier frequencies. This means that there

is a strong contribution from very slow �uctuations in the intensity. We call

this low frequency contribution the 'shot-to-shot' noise, i.e. noise which varies

from one shot of the experiment to the next, but is essentially static over the

course of a single shot. Second, we see that for the majority of the spectrum,

the noise PSD is constant. This nearly frequency independent contribution is

the 'white' noise contribution. Finally, there is a small peak in the noise at

about 500 kHz. This peak comes from the conversion of frequency noise to

intensity noise in an optical cavity. We shall discuss this in the next section.

3.2 Laser Frequency noise

Our Rydberg laser system is described in detail in [17]. We generate UV light

at � UV = 316:6 nm from an infrared extended cavity laser diode (ECDL) at

� IR = 1266:6 nm using two frequency doubling cavities. The fundamental

laser (IR) is stabilized to an ultralow expansion (ULE) optical cavity using

the Pound-Drever-Hall (PDH) method [38]. We use the in-loop PDH error
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Figure 3.2: Laser frequency noise power spectral density

signal derived from the cavity re�ection to extract a frequency noise spectrum

as detailed in [39, 40]. We summarize this procedure below for completeness.

We measure the re�ected light from the ULE cavity using a photo-diode and a

spectrum analyzer. This gives us the electrical power spectral density for the

photo-diode output voltage. From the calibration of the PDH locking signal,

we can convert the photo-diode voltage to laser frequency noisef measured

relative to the cavity resonance frequencyf 0, i.e. f = f laser � f 0. Thus we

obtain a frequency noise power spectral density for the laser light re�ected

o� the cavity. However, we wish to obtain the frequency noise PSD of the

light incident on the cavity rather than the light re�ected o� the cavity. Thus

we need to correct for the cavity roll-o� factor (CRF) associated with the

Fabry-Perot cavity, given by [39, 41]:

CRFF ;� c (f ) =
1
F

+
1 � 1=F

1 +
�

2f
� c

� 2 (3.4)

whereF is the �nesse of the cavity,� c is the cavity linewidth (FWHM) and f

is the frequency noise measured relative to the cavity resonance. We measure

our cavity �nesse to be � 14000using ringdown spectroscopy [42] and our

cavity linewidth to be � 110kHz. Dividing by this cavity roll-o� factor, we

obtain the frequency noise PSD for the IR light incident on the cavity.

In our laser system, the IR light is frequency doubled twice in two bowtie

cavities. This doubling has two e�ects on the frequency noise PSD. First, since

the frequency is quadrupled, the frequency noise PSD increases by a factor of
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16 (since the PSD is the second moment of the noise). However, in addition,

when the light passes through the two bowtie cavities, the cavities �lter the

frequency noise [14] imparting a cavity roll-o� factor to the transmitted light.

The bowtie cavities have a �nesse of� 150and a cavity linewidth of � 7 MHz.

Multiplying by the factor of 16 and the two cavity roll-o� factors for the two

cavities, we obtain the frequency noise PSD for the UV light.

The laser frequency noise PSD measured for our Rydberg laser is shown in

Figure 3.2. We see that the PDH locking suppresses frequency noise below the

cavity linewidth of � 110kHz. Additionally, we see that there is a broad peak

in the frequency noise at about 500 kHz. This is the 'servo bump' of the PDH

lock. Since the typical Rabi frequency is larger than the cavity linewidth, the

servo bump has a signi�cant contribution to the Rabi in�delity. At higher

Fourier frequencies, the frequency noise PSD tapers o� very quickly (partly

because of the cavity �lteration). The cavity �lteration also results in some of

the laser frequency noise being converted to laser intensity noise. We see some

evidence of this in the measured intensity noise PSD. The broad servo bump

at � 500kHz shows up as a small peak in the intensity noise at� 500kHz as

seen in Figure 3.1.

3.3 Numerics

Figure 3.3: Numerically simulated noisy single atom Rabi oscillations. Here we
consider the e�ects of intensity noise and frequency noise for Rabi frequency

 = 2 � � 1 MHz. The red curves are the individual traces of the population
� rr (t) for randomly generated instances of� (t) and � (t). The black curve is
the average of the red curves, i.e.,� rr (t).
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In this section we discuss how to perform the numerical simulation of laser

intensity and frequency noise. We start with measured power spectral density

of the noise source, generate time-traces of the noise term in our Hamiltonian,

numerically simulate the time-dependent Schrodinger equation, and average

over many (typically � 100) independently generated noise time-traces.

To generate the time-traces we follow the procedure from [39] summarized

below. Let SX (f ) be the power spectral density of a stationary, random,

real processX (t). Let the Fourier component ofX (t) with frequency f be

written as A f cos (2�f t + � f ). When we measure the power spectrumSX (f )

in a real system, we can only measure it at discrete frequencies with frequency

spacing� f . In this case, the amplitude of the Fourier component ofX (t) with

frequencyf is given by A f = 2
p

SX (f )� f where the factor of 2 comes from

the positive and negative frequency components (for a real signalSX (f ) =

SX (� f )). Since the di�erent Fourier components in a random process are

uncorrelated, to generate a noise time-trace, we add them with random phase

o�sets � f sampled uniformly, � f 2 [0; 2� ).

X (t) =
X

f

2
p

SX (f )� f cos (2�f t + � f ) (3.5)

We use this equation to generate� (t) and � (t). Using these time traces, we

numerically simulate the time-dependent Hamiltonians using the Runge-Kutta

method. In Figure 3.3, we show a sample numerical simulation of the e�ect of

frequency and intensity noise using the measured PSDs at a Rabi frequency

of 
 = 2 � � 1 MHz.
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C h a p t e r 4

ANALYSIS OF NOISY RABI OSCILLATIONS

The �delity of single qubit operations as well as two-qubit entangling gates is

limited by several decoherence channels of which the dominant ones are laser

intensity noise and frequency noise and atomic motion. Here we present ana-

lytical expressions for the e�ect of these noise sources on the Rabi oscillations

of a single atom and a pair of atoms in the Rydberg blockaded regime. We de-

rive this result in terms of the power spectral density of the noise sources and

use it to predict the maximum achievable single and two-qubit gate �delities.

4.1 Introduction

The important noise sources in experiments involving laser-driven, optically

trapped neutral atoms include laser noise, atomic motion at �nite temperature,

black body radiation, o�-resonant scattering from the trap potential, imper-

fect pulse control, and state detection and preparation errors. Previous works

have numerically and experimentally studied these noise sources for Rabi os-

cillations in single atoms [32]. There has also been theoretical analysis of the

e�ect of white noise (Markovian approximation) on atomic spectroscopy [43,

44] and on the time dynamics in the context of stochastic di�erential equations

[45, 46]. However, the noise sources in a real experiment are often far from

Markovian and this non-Markovian behavior can have an important role on the

decoherence. The e�ect of non-Markovian, time-dependent noise sources has

been studied previously in solid-state isolated systems using a cluster expan-

sion method [47] and also in many-body interacting systems using a resonance

counting method [48]. However, here we present a simple description of the

e�ect of non-Markovian noise sources on Rabi oscillations of isolated and in-

teracting Rydberg atoms using time-dependent perturbation theory. We solve

for the early-time dynamics focusing on the e�ect of laser intensity noise, laser

frequency noise and atomic motion at �nite temperature. Our result provides

upper bounds on achievable single and two-qubit gate �delities for given noise

spectra, and also provides guidance to make improvements to these �delities

by appropriately modifying servo-controls of the laser systems.

In Section 4.2, we analyze Rabi oscillations in a single Rydberg atom. Our
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main result is a perturbative solution of the e�ect of non-Markovian frequency

noise based on a simple window-function picture applied to experimentally

measurable noise spectra. These analytic time-dependent 'window functions'

allow us to quantitatively understand how di�erent spectral components of

the noise play a role in the decoherence dynamics. In particular, they explain

the particular sensitivity of Rabi oscillations to frequency noise near the Rabi

frequency and intensity noise near zero frequency.

In Section 4.3, we analyze Rabi oscillations in a pair of strongly interacting

Rydberg atoms. By appropriately changing basis, the same analysis of inten-

sity and frequency noise from Sec. 4.2 can be applied here as well. For the

atomic motional e�ects we �nd that while the center-of-mass motion of the

atoms leads to similar decoherence as the single atom case, the relative motion

of the atoms couples to an undesired dark state.

4.2 Single Atom Rabi Oscillations

We consider a single atom (two-level system) driven on resonance as our bare

Hamiltonian. In the absence of a trapping potential, as is typical for Rydberg

atom experiments, the Hamiltonian is given by:

H0 =
~

2

� x (4.1)

where 
 is the Rabi frequency and� � is the spin-1/2 Pauli operator (� =

x; y; z). Working in the density matrix formalism, � (t) = j	( t)ih	( t)j and

starting in the ground state, � (0) = jgihgj, the bare density matrix evolves as:

� 0(t) =

"
1
2(1 + cos 
 t) i

2 sin 
 t

� i
2 sin 
 t 1

2(1 � cos 
 t)

#

(4.2)

We consider a perturbation Hamiltonian given by:

H1(t) =
~
 � (t)

2
� x +

~� (t)
2

� z (4.3)

The � (t) term accounts for fractional �uctuations in the drive strength experi-

enced by the atoms arising from laser intensity noise, beam pointing instability

or pulse timing errors. This term commutes with the bare Hamiltonian and

is thus its e�ect is exactly soluble. The� (t) term accounts for �uctuations in

the frequency of the laser experienced by the atoms, including laser frequency

noise as well as the Doppler shift of the transition caused by thermal motion
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of the atom (discussed further in Sec. 4.2). This term does not commute with

the bare Hamiltonian and its e�ect is thus not exactly soluble in general.

We assume that the noise sources are real, stationary (time-translation invari-

ant), Gaussian distributed and statistically independent. Thus,

� (t) = � (t) = 0 (stationary) (4.4)

� (t)� (t0) = 0 (independent) (4.5)

where X denotes the ensemble average ofX . The noise sources are char-

acterized by their covariance, i.e., two-point correlation function denoted by

K (� ):

K � (� ) = � (t)� (t + � ) (4.6)

K � (� ) = � (t)� (t + � ) (4.7)

Since the noise sources are real,K (� ) = K (� � ). The power spectral density

(PSD) of the noise is given by the Fourier transform of the two-point correlation

function and is denoted byS(! ):

S(! ) =
Z

d� cos!�K (� ) (4.8)

In the following, we individually calculate the e�ect of each noise source and

sum up their contributions to get the net e�ect. To quantify the decoherence

of the Rabi oscillations we examine the ensemble-averaged excited state pop-

ulation, � rr (t) = hr j � (t) jr i . The � -pulse �delity F � , which is the �delity of

a single qubit bit-�ip gate, is given by

F � = � rr (�= 
) (4.9)

Intensity Noise (Integrable)

We �rst analyze the e�ect of just intensity �uctuations. The corresponding

perturbing Hamiltonian is give by:

H1(t) =
~
 � (t)

2
� x (4.10)

Note that this perturbation commutes with the bare Hamiltonian. Thus we

calculate the ensemble-averaged excited state population,� rr (t), using a sim-

ilar approach as provided in [49].

� rr (t) =
1
2

�
cos 
 t

2
e

� 
 2

2

tR

0
dt1

tR

0
dt2K � (t2 � t1 )

(4.11)
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(a) (b)

Figure 4.1: Intensity noise e�ects on single atom Rabi oscillations (a) Window
functions, W0(!; t ), at three di�erent Rabi interrogation times. The e�ect of
the noise on the excited population is proportional to the area underW0(!; t ) �
S� (! ). The window function selects the near-DC components of the intensity
noise PSD. (c) In�delity of a � -pulse (1 -F � ). The red dots are generated using
numerical simulation using the measured PSD (see chapter?? for details) and
the gray curve is from Eq. (4.16). Note that the �delity reduces for higher
Rabi frequency since the width of the window function is proportional to the
Rabi frequency.

Using this general expression (Eq. 4.11) we can analyze three di�erent noise

pro�les of interest:

� Shot-to-shot noise:

� rr (t) =
1
2

�
cos 
 t

2
exp

�
� t2

� 2
1

�
(4.12)

where we useK � (t) = � 2
� in which � � is the standard deviation of the

fractional laser intensity noise and� 1 =
p

2

 � �

is the 1=eRabi decoherence

time. This gives us aGaussiandecay pro�le and gives a� -pulse �delity

of F � = exp
�

� �� �p
2

�
.

� White noise:

� rr (t) =
1
2

�
cos 
 t

2
exp

�
� t
� 2

�
(4.13)

where we useK � (t) = � � � (t) and � 2 = 2
� � 
 2 is the 1=e Rabi decoherence

time. This gives anexponentialdecay pro�le and gives a� -pulse �delity

of F � = exp
�

� �� � 

2

�
.

� Non-Markovian noise:

When the noise is neither shot-to-shot nor white, we can still write a
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convolution-less solution by writing the two-point correlation function

in terms of the PSD, (see Eq. (4.8)). This gives us:

� rr (t) =
1
2

�
cos 
 t

2
e� 
 2 t 2

2

R d!
2� S� (! )W0 (!;t ) (4.14)

where W0 is a time-dependent 'window' function on the noise PSD de-

�ned as:

W0(!; t ) =
�

sin (!t= 2)
(!t= 2)

� 2

(4.15)

Figure 4.1(a) shows a plot of the window function as a function of normal-

ized Fourier frequency!= 
 , for di�erent values of time t. This window

function is centered around zero frequency, and has a width of� 2�=t .

At short times, the atom is sensitive to almost all the spectral com-

ponents of the noise, while at long times, the atom picks out only the

low frequency components of the PSD. The resultant decay pro�le is

generically neither Gaussian nor exponential and gives a� -pulse �delity

of

F � = exp
� � � 2

2

Z
d!
2�

S� (! )W0(!; t )
�

(4.16)

Using the experimentally measured intensity noise PSD (�gure??) and

equation (4.16), we can calculate the e�ect of just intensity nosie on the

� -pulse �delity as a function of Rabi frequency. See �gure 4.1(b).

Frequency Noise

Here we consider the case of non-Markovian frequency noise, neglecting any

intensity noise:

H1(t) =
~� (t)

2
� z (4.17)

This perturbing Hamiltonian does not commute with the bare Hamiltonian.

While the case of case of shot-to-shot noise (see Sec. 4.2) and white noise [45,

46] (also see Appendix A.4) can be solved exactly, in practice, laser frequency

noise is neither shot-to-shot nor white, as we can see from �gure??. Thus, we

resort to a perturbative analysis to analytically derive resultant time dynam-

ics for arbitrary frequency noise. In the interaction picture, the perturbing

Hamiltonian is given by �H1(t) = U0(t)yH1(t)U0(t) where U0(t) = e� iH 0 t=~ is

the 'free' time evolution operator.

�H1(t) =
~� (t)

2
(cos 
 t � z + sin 
 t � y) (4.18)
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The full (perturbed) time-evolution operator U(t) gets modi�ed from the bare

one as:

U(t) = U0(t)
h
e

� i
~

tR

0
dt0 �H 1 (t0) i

T
(4.19)

where [:::]T denotes time-ordering. Starting from an initial state of� (0) =

jgihgj, we can use this formal solution expanded order by order to compute the

excited state population as� rr (t) = hr j U(t)� (0)U(t)y jr i = j hr j U(t) jgi j 2.

Explicitly writing out the matrix element hr j U(t) jgi to 2nd order in pertur-

bation, we have:

hr j U(t) jgi = � i sin

 t
2

�
1
2

Z t

0
dt1� (t1)

�
sin


 t
2

cos 
 t1 � cos

 t
2

sin 
 t1

�

+
i
4

Z t

0
dt1

Z t1

0
dt2� (t1)� (t2)

�
sin


 t
2

cos 
( t1 � t2) � cos

 t
2

sin 
( t1 � t2)
�

(4.20)

We can then computej hr j U(t) jgi j 2 to second order and average over the

noise realizations making use of Eq. (4.7). See Appendix?? for details of the

calculation. The excited state population is then given by:

� rr (t) =
1
2

� cos 
 t
� 1

2
�

t2

8

Z
d!
2�

S� (! )W1(!; 
 ; t)
�

+ sin 
 t
� t2

8

Z
d!
2�

S� (! )W2(!; 
 ; t)
�

(4.21)

whereS� (! ) is the Fourier transform of the two-point correlation function of

the frequency noise (see Eq. (4.8)). Here we have de�ned two new window

functions W1 and W2 to be:

W1(!; 
 ; t) =
�

3
 2 + ! 2 + (
 2 � ! 2) cos 2
 t

� 4
 2 cos 
 t cos!t � 4
 ! sin 
 t sin!t
�

=
�

(
 2 � ! 2)2t2
�

(4.22)

W2(!; 
 ; t) =
�

4
 ! cos 
 t sin!t � 4
 2 sin 
 t cos!t

+ (
 2 � ! 2)(2
 t + sin 2
 t)
�

=
�

(
 2 � ! 2)2t2
�

(4.23)

See Appendix A.2 for the derivation of these window functions. In �gure

4.2(a,b) we plot W1 and W2 as a function of normalized Fourier frequency

for various Rabi pulse timest. We see that the window functions pick out
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(a) (b)

(c) (d)

Figure 4.2: Frequency noise e�ects on single atom Rabi oscillations. (a,b)
Window functions W1 and W2, probed at three di�erent Rabi interrogation
times. The e�ect of the noise is proportional to the area underW1(!; 
 ; t) �
S� (! ) and W2(!; 
 ; t) � S� (! ). The window functions W1 and W2 at very
early times are Fourier broadened from their long time limit and thus exhibit
a single peak structure at early times and two sharp features at long times.
(c) Rabi oscillations with frequency noise e�ects for
 = 2 � � 1 MHz. The red
dots are generated using numerical simulation using the measured PSD (see
Chapter ?? for details) while the gray curve is the perturbation theory result
Eq. (4.21). We see good agreement between the theory and numerics at early
times. (d) In�delity of a � -pulse (1 -F� ). The red dots are generated using
numerical simulation and the gray curve is from Eq. (4.24). We see that the
� -pulse �delity increases with increasing Rabi frequency.

spectral components of the noise near low frequency at early times and near

Rabi frequency at late times. Thus at di�erent times, the atoms are sensitive

to di�erent parts of the noise PSD. To minimize the decoherence at a given

time, we can try to modify the PSD in a way that minimizes the overlap with

the window functions at that time.

Using Eq. (4.21), we can compute the� -pulse �delity to be:

F � = 1 �
� 2

4
 2

Z
d!
2�

S� (! )W1(!; 
 ;
�



) (4.24)

We also compare the perturbative result of Eq. (4.21) with exact numerical
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simulation of the frequency noise following the approach of [39, 50] (see Fig.

4.2(c)). We �nd good agreement between our perturbative calculation and

exact numerics.

Motional E�ects

Here we analyze the e�ect of a �nite momentum distribution on the Rabi

oscillations of Rydberg atom qubits. In this section we include the motional

degrees of freedom which were previously ignored, but we work in 1D since the

incoming laser beam can only change the atomic momentum along one axis (we

label this asX ). The drive Hamiltonian (in the rotating wave approximation)

is given by:

H =
p2

2m
+

~

2

(e� ik L x � + + h.c.) (4.25)

where kL is the wavevector of the Rydberg laser and� + = jr ihgj. We shall

work in the basis jp; si where s 2 (g; r) labels the atomic state andp is the

atom's momentum. The Rabi drive couples the statesjp; gi and jp � ~kL ; r i .

We can rewrite the Hamiltonian as:

H =
Z

dp �( p)

"
p2

2m
~

2

~

2

(p� ~kL )2

2m

#

� y(p) (4.26)

where

�( p) =

 
jp; gi

jp � ~kL ; r i

!

(4.27)

We eliminate the term p2=2m from the diagonal which only acts as an energy

o�set and absorb the recoil shift term~2k2
L =2m into the transition frequency

since it is independent of momentump. The remaining term is the e�ective

Doppler detuning of � = kL p=m. Starting in a pure state � (0) = jp; gihp; gj,

the atom experiences detuned Rabi oscillations with e�ective Rabi frequency:


 e� =
p


 2 + � 2 � 
(1 +
� 2

2
 2
) (for � � 
 ) (4.28)

By tracing over the �nal momnetum of the atom, we can write the excited

state population as� rr (t; p) wherep stands for the initial momentum:

� rr (t; p) =

 2


 2
e�

(1 � cos 
 e� t)
2

(4.29)

�
1 � � 2

2
�

1 � � 2

2
cos

�

 t(1 +

� 2

2
)
�

(4.30)



26

where we have de�ned the normalized Doppler detuning� = �=
 = kL p
m
 and

assume� � 1. Now suppose the initial state is not a pure momentum eigen-

state, but is given by the density matrix:

� (0) =
Z

dp1

Z
dp2f (p1; p2) jp1; gihp2; gj (4.31)

where f (p1; p2) represents the coherent as well as thermal momentum distri-

bution. Notice that the Hamiltonian does not couple di�erent momentum

eigenstates within the same electronic state. Thus, when we trace over the

motional degrees of freedom, we are only left with the diagonal termsf (p; p):

� rr (t) =
Z

dphp; rj e� iHt= ~� (0)eiHt= ~ jp; ri

=
Z

dpf (p; p)� rr (t; p)

Now f (p; p) depends on the atomic temperatureT and the details of the

trapping potential from which the atom is released. For low temperatures,

we can assume that the trapping potential is simply a harmonic potential

Utrap (x) = 1
2m! 2x2 where ! is the trapping frequency. Starting in a thermal

state of this potential with temperature T, we can calculatep = 0 and

p2 =
~m!

2 tanh ( ~!
2kB T )

: (4.32)

For very low temperatures,kB T � ~! , the momentum variance approaches

the Heisenberg limitp2 ! ~m!= 2. Whereas for higher temperatures,kB T �

~! , the momentum variance approaches the classical limitp2 ! mkB T. We

can approximate f (p; p) = N (0; p2), i.e. a Gaussian distribution with zero

mean and variancep2. This de�nes the variance of� which we denote by

� 2
0 = k2

L p2

m2 
 2 . The probability distribution of � is P(� ) = N (0; � 2
0).

Finally, tracing over �nal momentum distribution we get the following (see

Appendix A.1 for details of calculation):

� rr (t) =
Z

d�P (� )� rr (t; p) (4.33)

�
1 � � 2

0

2
�

j� (t)(1 � � (t)2)j
� 0

cos (
 t + � (t))
2

(4.34)

where � 2(t) = � 2
0

1� i 
 t� 2
0

is the complex time-dependent variance that enters the

averaging integral, and� (t) = arg(� (t)(1 � � (t)2) is the Doppler-induced time-

dependent phase shift. From Eq. (4.34), we identify that the Rabi signal has
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Figure 4.3: In�delity of a � -pulse (1�F � ) plotted as a function of temperature
and Rabi frequency. Here we used88Sr atoms with a trapping frequency! =
2� � 80 kHz and kL = 2�= (317nm). Considering only motional e�ects, the
�delity increases with Rabi frequency and decreases with temperature.

a decay timescale of� = 1

 � 2

0
= 
 m2

k2
L p2 . The � -pulse �delity is given by:

F � = 1 � � 2
0 + O(� 4

0) = 1 �
k2

L p2

m2
 2
(4.35)

Thus for a given temperature, going to higher Rabi frequency
 increases the

�delity (see Fig. 4.3)

Note that tracing over the momentum distribution to �nd � rr (t) is identical

to the case of averaging over an ensemble of experiments, each with a shot-

to-shot frequency detuning� . Hence atomic motion can be considered to be

a shot-to-shot frequency noise source. If there is an additional independent

source of shot-to-shot frequency noise, we can simply use an appropriately

modi�ed variance, � 2
0 = � 2

0;1 + � 2
0;2.

Combined e�ect

Finally, we can consider what happens when we have all three noise sources:

intensity noise, frequency noise, and atomic motion. As per our assumption,

these sources of noise are statistically independent and we can simply add

their contributions together. From Eqs. (4.16,4.24, and 4.35), the combined
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Figure 4.4: In�delity of a � -pulse (1 -F� ) considering the e�ects of intensity
noise, frequency noise and temperature. The red dots are generated using
numerical simulation and the gray curve is from Eq. (4.36). In addition,
the star marker represents the (SPAM corrected) experimentally achieved� -
pulse �delity for this system reported in [17]. We see very good agreement
between numerics, our perturbative result and the experimental data point.
This implies that the noise sources we have considered are indeed the only
dominant ones in our experiment. At low Rabi frequency, the limiting factor is
frequency noise whereas at high Rabi frequency, the limiting factor is intensity
noise.

� -pulse �delity is:

F � = 1 �
� 2


 2
�

� 2

2

Z
d!
2�

S� (! )W0(!;
�



)

�
� 2

8
 2

Z
d!
2�

S� (! )W1(!; 
 ;
�



) (4.36)

We also compare this result to the recent experimental work from our group

[17] (see Fig. 4.4). We �nd very good agreement between our model and the

experimentally achieved �delity. This implies that the noise sources we have

considered here are the only dominant ones in our experiment. One known

decoherence source which we have ignored here is spontaneous emission. We

estimate our Rydberg state lifetime to be� 80�s . The contribution to the � -

pulse in�delity at the Rabi frequency of � 2� � 7MHz is � 2� 10� 3 estimated

using the integrated Rydberg state population [26]. This shifts our grey curve

in �gure 4.4 up, but is still within error bars of the experimental data point.
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4.3 Blockaded Rabi Oscillations

When atoms are laser driven in the Rydberg-blockaded regime [26, 14], the

very strong dipole-dipole interaction of the Rydberg states greatly suppresses

the probability of a double excitation within the blockade radius. The atoms

within the blockade radius become entangled as a result of this interaction. For

the Rydberg-blockaded Rabi oscillation, the two-atom Hamiltonian is given by:

H =
~

2

�
e� ik L x1 � +

1 + e� ik L x2 � +
2 + h.c.

�
+ V(x1; x2) jr1r2ihr1r2j (4.37)

where x1 and x2 are the positions of the two atoms andV(x1; x2) is the van

der Waals interaction term between the Rydberg states. In the ideal blockade,

the interaction strength is in�nite V(x1; x2) ! 1 . In this case, we can treat

the interacting two-atom system as a three-level system with the basis states:

ground state jgi , bright state jwi , and dark state jdi as de�ned below. In the

case of �nite but large Rydberg interaction strength, the blockade condition

is not exact. We consider this case of in section??.

jgi = jg1g2i (4.38)

jwi =
e� ik L x1 jr1g2i + e� ik L x2 jg1r2i

p
2

(4.39)

jdi =
e� ik L x1 jr1g2i � e� ik L x2 jg1r2i

p
2

(4.40)

The bare Hamiltonian in this basis is given by (see Appendix A.3 for deriva-

tion):

H0 =
~
 2

2
X gw (4.41)

where 
 2 �
p

2 
 is the enhanced Rabi frequency andX gw � j wihgj + jgihwj.

See �gure 4.5.

The intensity and frequency perturbations to this Hamiltonian are given by:

H1(t) =
~
 2� (t)

2
X gw +

~� (t)
2

(Zgw � j dihdj) (4.42)

whereZgw � j gihgj�j wihwj. Just as before,� (t) characterizes the laser intensity

�uctuations and � (t) characterizes the laser frequency noise. We shall treat

motional e�ects separately in section 4.3. The e�ect of atomic motion appears

as a local independent Doppler shift for each atom as well as a coupling to the

dark jdi state.
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jgi

jdi jwi

jr i

p
2


p
2


V

Figure 4.5: Rydberg blockade e�ect. The blockaded Hamiltonian has an en-
hanced Rabi frequency
 2 =

p
2
 and the interaction strength V prevents

excitation of the jr i state.

Note that the states jwi and jdi are maximally entangled states. Starting

from the jgi state, by driving a resonant� -pulse in the blockade regime (pulse

duration of �= 
 2), we can prepare the symmetric maximally entangled state

jwi . This blockaded� -pulse is thus an entangling gate. Note that whilejdi is

also maximally entangled, an incoherent mixture (or even any generic coherent

mixture) of jwi and jdi is not maximally entangled. Thus we de�ne the two-

qubit entanglement �delity as:

F2 = � ww (�= 
 2) (4.43)

If F2 = 1 then the applied gate resulted in maximal entanglement. IfF2 < 1,

then the gate was imperfect and the atoms are not maximally entangled.

Intensity noise (integrable)

For the case of just intensity noise perturbation, the system is integrable just

as before and in fact, there is no contribution of the dark state:

H1(t) =
~
 2� (t)

2
X gw (4.44)

The subspace spanned byjgi and jwi does not mix with the jdi state. This

case is identical to the one for a single atom with
 ! 
 2 and F � ! F 2. Thus

we simply refer the reader to Section 4.2.
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Frequency noise

For the case of frequency noise perturbation, the system is no longer integrable:

H1(t) =
~� (t)

2
(Zgw � j dihdj) (4.45)

While the Hamiltonian explicitly has a term with jdihdj, there is no term that

couples thejgi state or the jwi state to the jdi state. Thus once again, the

subspace spanned byjgi and jwi does not mix with the jdi state. Hence this

case is identical to the one for a single atom with
 ! 
 2 and F � ! F 2. We

refer the reader to Section 4.2.

Finite blockade interaction strength

So far we assumed an in�nite Rydberg interaction strength and completely

eliminated the jr i = jr1r2i state. In the case of a �nite but large interaction

strength, V(x1; x2) = V � ~
 , the blockade condition is not perfectly satis-

�ed. However, we can still adiabatically eliminate thejr i state in the dressed

state picture. In this section, we ignore any laser noise and consider only the

e�ect of imperfect blockade on the entanglement �delity. In particular, let us

see how the statejwi gets dressed with a slight admixture ofjr i in the case of

imperfect blockade, resulting in loss of �delity.

Consider the HamiltonianHwr for just the states jwi and jr i

Hwr = V jr ihr j +

 2

2
(jwihr j + jr ihwj) (4.46)

Let jr i and jw i be the eigenstates ofHwr . We shall treat the Rabi drive

as a perturbation on top of the Rydberg interaction Hamiltonian. Thus

H0 = V jr ihr j and Hpert = 
 2
2 (jwihr j + jr ihwj). We can see thatjwi and

jr i are eigenstates ofH0 with energiesEw = 0 and Er = V. Using standard

time-independent pertubation theory to second order, we can calculate the

corrections to eigenenergies to beE (2)
w = � ~2 
 2

2V and E (2)
r = ~2 
 2

2V .

Going back to the full Hamiltonian, the Rabi drive betweenjgi and jw i is no

longer resonant because the statejw i has shifted down in energy as a result

of the admixture of jr i . We can make the drive betweenjgi and jw i resonant

by introducing an appropriate laser detuning. Now starting in the statejgihgj,

performing a � -pulse with the Rabi drive, we can prepare the statejw ihw j.

However, the entanglement �delity is not unity sincehwjw i 6= 1. In fact,

hwjw i � 1 �
~2
 2

2V 2
(4.47)
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Thus the entanglement �delity in the case of imperfect blockade (and no other

noies) is given by:

F2 = jhwjw ij 2 � 1 �
~2
 2

4V 2
(4.48)

Motional e�ects

Here we analyze the e�ect of a �nite momentum distribution on the blockaded

Rabi oscillations. The drive Hamiltonian (in the rotating wave approximation)

is given by:

H =
p2

1

2m
+

p2
2

2m
+

~

2

(e� ik L x1 � +
1 + e� ik L x2 � +

2 + h.c.) (4.49)

We shall work in the basisjp1; p2; si where s 2 (g; w; d) labels the electronic

state and p1 and p2 represent the atomic momenta.

jp1; p2; gi = j(p1; g1); (p2; g2)i

jp1; p2; wi =
1

p
2

(j(p1 � ~kL ; r1); (p2; g2)i

+ j(p1; g1); (p2 � ~kL ; g2)i )

jp1; p2; di =
1

p
2

(j(p1 � ~kL ; r1); (p2; g2)i

� j (p1; g1); (p2 � ~kL ; g2)i )

In this basis, the Hamiltonian can be rewritten as follows (up to a constant

kinetic energy term):

H =
Z

dp1

Z
dp2 �( p1; p2)

�

2

6
4

~kL (p1+ p2 )
2m

~
 2
2 0

~
 2
2 0 ~kL (p2 � p1 )

2m

0 ~kL (p2 � p1 )
2m 0

3

7
5 � y(p1; p2) (4.50)

where

�( p1; p2) =

0

B
@

jp1; p2; gi

jp1; p2; wi

jp1; p2; di

1

C
A (4.51)

See Appendix A.3 for derivation.

We see that the Hamiltonian has a Doppler detuning term betweenjgi and

jwi which is sensitive to the global motion of the two atoms, and a Doppler
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(� 1 + � 2)

(� 2 � � 1)

Figure 4.6: Motional e�ects in the blockade

coupling betweenjwi and jdi which is sensitive to only the relative motion

of the two atoms. We solve this case perturbatively assuming the Doppler

shifts are much smaller than the Rabi frequency. Suppressing the momentum

degrees of freedom once again, we write the bare Hamiltonian same as before:

H0 =
~
 2

2
X gw (4.52)

and the perturbation Hamiltonian is given by:

H1 =
~� 1

2
(jgihgj � X wd) +

~� 2

2
(jgihgj + X wd) (4.53)

where � j = kL pj =m and X wd � j wihdj + jdihwj. Using the time-evolution

operator U(t) (Eq. (4.19)), the ensemble-averaged bright state population

� ww (t) = j hwj U(t) jgi j 2, can be calculated to second order as:

� ww (t) =
� 1

2
�

5� 2

4
 2
2

�
(1 � cos 
 2t)

+
� 2t
8
 2

sin 
 2t + O(� 4t4) (4.54)

We can estimate the �delity of an entangling� -pulse by plugging int = �= 
 2:

F2 = 1 �
5� 2

4
 2
= 1 �

5k2
L p2

4m2
 2
(4.55)

Similarly for the dark state, we �nd:

� dd(t) =
� 2


 2
2

�
3 � cos 
 2t � 4 cos


 2t
2

�
+ O(� 4t4) (4.56)

In Fig. 4.7, we compare our perturbative calculation with exact numerical

simulation of the motional e�ects in the three-level system using Eqs. (4.52,

4.53) and �nd good agreement between the two at early times. At longer

times, we need to go to higher orders in perturbation strength.
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Figure 4.7: Blockaded Rabi oscillations. (a) and (b) Population ofjwi and jdi
respectively including only motional e�ects at Rabi frequency
 = 2 � � 3 MHz,
trap frequency ! = 2� � 80 kHz and temperatureT = 15 �K (to exaggerate
the decoherence). The blue dots are generated using numerical simulation,
the gray curve is the perturbation theory result Eq. (4.54, 4.56). We see good
agreement between the theory and numerics at early times. (c) and (d) Same
as (a) and (b) respectively except with
 = 2 � � 1 MHz. The decoherence
is faster at this lower Rabi frequency. (e) In�delity of an entangling� -pulse
(1 - F2) at same trapping frequency and temperature. The blue dots are
generated using numerical simulation and the gray curve is from Eq. (4.55).
(f) 2D color plot of the entangling� -pulse in�delity (1 - F2). Considering only
motional e�ects, the �delity increases with Rabi frequency and decreases with
temperature.

Combined e�ect

Considering the e�ect of all the di�erent noise sources, namely, intensity noise,

frequency noise, �nite blockade strength and atomic motion, we get a combined

two-atom entanglement �delity of

F2 = 1 �
5
4

� 2


 2
�

~2
 2

4V 2
�

� 2

2

Z
d!
2�

S� (! )W0(!;
�

p
2


)

�
� 2

16
 2

Z
d!
2�

S� (! )W1(!;
p

2
 ;
�

p
2


) (4.57)

See Fig. 4.8 for a comparison to numerics. In addition, we also compare

this result to the recent experimental work from our group [17]. We �nd that

our entanglement �delity predicted using independent measurements of noise

parameters is consistent with our experimental data point at the 1� level. We

estimate the contribution to the in�delity from spontaneous emission using

the integrated Rydberg state population and �nd it is � 10� 3. Thus our

predicted �delity is still consistent with the experimental data point. Thus
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Figure 4.8: In�delity of a two-qubit entangling � -pulse (1 - F2) considering
the e�ects of intensity noise, frequency noise, �nite blockade strength and
temperature. We use an interaction strength ofV = h � 130MHz as in our
experimental setup [17]. The blue dots are generated using numerical simu-
lation and the gray curve is from Eq. (4.57). In addition, the star marker
represents the (SPAM corrected) experimentally achieved two-atom entangle-
ment �delity reported in [17]. We see good agreement between numerics and
our perturbative result. Our predicted �delity is consistent with our exper-
imental data point at the 1� level. This implies that the noise sources we
have considered are the dominant ones in our experiment. At low Rabi fre-
quency, the limiting factor is frequency noise whereas at high Rabi frequency,
the limiting factor is intensity noise.

our noise modelling is accurate enough to predict experimentally achievable

entanglement �delities.

4.4 Conclusion

We have analyzed some of the dominant noise sources present in Rabi oscilla-

tions of Rydberg atoms. For both the non-interacting case and the Rydberg

blockaded case, we provided analytical expressions for the e�ect of atomic

motion, intensity noise and frequency noise with an arbitrary PSD. We also

considered the case of imperfect blockade. We presented our results in terms

of window functions acting on the noise PSDs which give us qualitative as well

as quantitative understanding of the e�ect of the various frequency compo-

nents of the noise. We compared our analytical results with exact numerical

simulations and saw good agreement. Additionally, we compared our pre-

dicted � -pulse �delity and entanglement �delity to the actual experimentally

observed �delities and found that our prediction is consistent with what we
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observe. Thus our modelling helps us predict the experimentally achievable

�delities and helps us understand how the various noise sources contribute to

the decoherence of Rabi oscillations.
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C h a p t e r 5

RABI OSCILLATIONS OF ATOMS IN A TRAP

5.1 Motivation

So far when studying the Rabi oscillations of atoms we have only considered

the electronic degrees of freedom of the atoms and ignored their translational

degrees of freedom. In this chapter, we shall study how the (quantized) motion

of the atoms a�ects Rabi oscillations. There are two ways in which the motion

of the atom comes into play. Firstly, when the atoms absorb a photon, they also

experience a momentum kick from the momentum of the photon. Secondly,

while typical experiments with Rydberg atoms are conducted with the optical

tweezers turned o�, we can also conduct these experiments with the con�ning

potentially left on. This means that the momentum and position the atom

can a�ect how they behave when driven by a laser.

At the start of a quench experiment, the atoms are held in optical tweezers

using the optical polarizability of the atoms. The tightly focused gaussian trap-

ping beams of light give rise to an approximately harmonic trapping potential

at the focus. See Appendix C for details of the full trapping potential. Here,

we shall work in 1D and treat the potential to be harmonic. If we �ne-tune the

wavelength of the trapping light, we can ensure that the optical polarizability

of the ground statejgi and excited statejei is identical. This is known as a

'magic' trapping condition [51]. However, in general the polarizabilities of the

two states are unequal. In fact, when the excited state is a Rydberg state, it

is generically not even trapped by the optical tweezer (magic trapping of Ryd-

berg states with optical tweezers was only recently demonstrated in Yb atoms

[52]). We (Endres group) recently experimentally demonstrated high �delity

Rydberg Rabi oscillations in the presence of the non-magic potential of optical

tweezers [17]. For the large Rabi frequency that we were able to achieve, the

presence of the optical potential did not seem to have any appreciable e�ect on

the Rabi oscillation �delity. Futher, we were able to demonstrate high-�delity

Rydberg blockaded oscillations in the presence of the traps as well. Thus

we are interested in understanding Rabi oscillations in the generic non-magic

trapping condition.
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5.2 Hamiltonian

The case of Rabi oscillations with a harmonic trapping potential in the case

where the trap frequency is much larger than the Rabi frequency has been

well studied in literature [53]. Here, the Hamiltonian is analyzed using basis

states which are electronic states tensored with the fock basis of the harmonic

oscillator. However, for high-�delity Rydberg atom Rabi oscillations, we are

interested in the case where the Rabi frequency is much larger than the trap

frequency. In this case, the usual basis is not convenient to work in, as we

shall see. Instead, we de�ne a new basis of a displaced harmonic oscillator in

which all the operators in the Hamiltonian are nearly diagonal.

The full single particle Hamiltonian is given by:

H =
p2

2m

 1

+
1
2

mx2
�
! 2

g jgihgj + ! 2
e jeihej

�

+
~

2

�
eikx jeihgj + e� ikx jgihej

�
� ~� jeihej

(5.1)

We shall rewrite this Hamiltonian in a more convenient form as follows. We

introduce a �ctitious trapping frequency ! . Using this frequency as a reference,

we de�ne the relative polarizability of the ground electronic state to be� g =

! 2
g=! 2. We de�ne the relative polarizability of the excited state� e similarly.

Note that for the magic condition� e = � g, for the general non-magic condition

� e 6= � g, and for the case when the trapping potential is turned o� altogether,

� e = � g = 0. Using these variables, we get the following Hamiltonian:

H =
�

p2

2m
+

1
2

m! 2x2

�

 1

+
~

2

�
eikx jeihgj + e� ikx jgihej

�
� ~� jeihej

+
1
2

m! 2x2 (( � g � 1) jgihgj + ( � e � 1) jeihej)

(5.2)

Now we can expand the continuous position variables using the ladder oper-

ators de�ned by the harmonic oscillator with trapping frequency! . That is,

we de�ne x and p as:

x = x0(a + ay)

p = p0(iay � ia)
(5.3)
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where x0 =
q

~
2m! is the length scale of the harmonic oscillator andp0 =

q
~m!

2 = ~
2x0

is the momentum scale. Let� be the Lamb-Dicke parameter

i.e. � = kx0 = 2�x 0
� L

where � L is the wavelength of the driving laser. This

parameter indicates how delocalized the atomic wavefunction is compared to

the laser wavelength. If� � 1, the atom is tightly con�ned. And if � � 1,

the atomic spread is comparable to the wavelength. Given the commutation

relation [x; p] = i~, we have[a; ay] = 1. Also a jni =
p

n jn � 1i and ay jni =
p

n + 1 jn + 1i . In this basis the Hamiltonian is given by:

H = ~!
�

aya +
1
2

�

 1

+
~

2

�
ei� (a+ ay ) jeihgj + e� i� (a+ ay ) jgihej

�
� ~� jeihej

+
~!
4

(a + ay)2 (( � g � 1) jgihgj + ( � e � 1) jeihej)

(5.4)

Now we shall see why the usual fock basis is a good basis for the case where


 � ! and why it is not convenient when! � 
 . Assume for now that the de-

tuning � is zero (resonant) or negligible compared to other energy scales in the

Hamiltonian. Note that the term aya is diagonal in the fock basis, i.e. it does

not change the harmonic oscillator occupation number (hn0j aya jni / � n0;n ).

The term (a + ay)2 changes the occupation number by at most 2 levels. How-

ever, the term ei� (a+ ay ) could change the occupation number by an arbitrary

number (see Figure 5.1). We can see this by Taylor expanding the operator

using � as the expansion parameter. The explicit form of the operatorei� (a+ ay )

in the fock basis can be expressed in terms of a generalized Laguerre polyno-

mial [53]. The coe�cient of the ei� (a+ ay ) is the Rabi frequency� 
 . In the case

Figure 5.1: Magnitude of the matrix elements of the operatoreikx in the fock
basis. We work with Lamb-Dicke parameter� = 0:5. Notice that the matrix
elements have a signi�cant non-zero magnitude for a large number of fock
states jn + � ni starting from the state jni .
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where
 � ! , the transitions where the oscillator occupation number changes

by more than one are strongly suppressed by a factor of� 
 =! . Thus even

though the operator ei� (a+ ay ) connects several di�erent states, most of those

transitions are energetically suppressed. However, when! � 
 , the transi-

tions in oscillator occupation number caused by the operatorei� (a+ ay ) are no

longer energetically suppressed. Thus a singlen in the ground electronic state

can be driven to many di�erent n0 in the excited electronic state. Thus we

need to de�ne a new basis in which the operatorei� (a+ ay ) connects only a few

di�erent states (ideally only 2).

5.3 Strong resonant drive

Here we work in the limit ! g=
 � 1. We do not make assumptions about

the magnitude of the Lamb-Dicke parameter� . We shall set ! = ! g. Let

� = ei� (a+ ay ) and � y = e� i� (a+ ay ) . Let H = H0 + H1 where

H0 =
~

2

�
� jeihgj + � y jgihej

�
� ~� jeihej + ~! g

�
aya +

1
2

�

 1

H1 =
~! g

4
(� e � 1)(a + ay)2 jeihej

(5.5)

We shall usejg; ni = jgi 
 j ni and je; � (n)i = jei 
 ei� (a+ ay ) jni as basis states.

Note that he; � (n)j = hej 
 h nj e� i� (a+ ay ) . Inserting resolutions of the identity

to the left and right of the Hamiltonian, we can write the Hamiltonian as:

H =

 
X

n0

jg; n0ihg; n0j + je; � (n0)ihe; � (n0)j

!

H

 
X

n

jg; nihg; nj + je; � (n)ihe; � (n)j

!

(5.6)

Now for convenience we de�ne the the spinors� n and � y
n as:

� y
n =

�
jg; ni j e; � (n)i

�

� n =

 
hg; nj

he; � (n)j

!
(5.7)

Then we can rewrite H as:

H =

 
X

n0

� y
n0� n0

!

H

 
X

n

� y
n � n

!

=
X

n;n 0

� y
n0

�
� n0H � y

n

�
� n (5.8)

where
�
� n0H � y

n

�
is a 2 � 2 matrix given by:

hn0;n =
�
� n0H � y

n

�
=

"
hg; n0j H jg; ni hg; n0j H je; � (n)i

he; � (n0)j H jg; ni he; � (n0)j H je; � (n)i

#

(5.9)
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Note that since x commutes with � , we can compute many matrix elements

just as in the standard fock basis. For the momentum operator, we use the

Baker-Campbell-Hausdor� (BCH) formula to compute matrix elements. A

particular version of the formula is given by:

eX Y e� X = Y + [ X; Y ] +
1
2

[X; [X; Y ]] +
1
6

[X; [X; [X; Y ]]] + ::: (5.10)

Applying BCH to X = � i� (a + ay) = � ikx gives us:

Y [X; Y ] 1
2 [X; [X; Y ]] 1

6 [X; [X; [X; Y ]]]

(a + ay)n 0 0 0

aya i� (ay � a) � 2 0

a2 2i�a � � 2 0

(ay)2 � 2i�a y � � 2 0

Now we can compute all the non-zero matrix elements:

hg; n0j H0 jg; ni = ~! g

�
n +

1
2

�
� n0;n

hg; n0j H0 je; � (n)i = ~
 =2� n0;n

he; � (n0)j H0 jg; ni = ~
 =2� n0;n

he; � (n0)j H0 je; � (n)i = ~! g

�
n +

1
2

+ � 2

�
� n0;n � ~� � n0;n

+ i� ~! g

� p
n + 1� n0;n+1 �

p
n� n0;n � 1

�

he; � (n0)j H1 je; � (n)i =
~! g(� e � 1)

4

h
(1 + 2n)� n0;n

+
�

� n0;n � 2

p
n(n � 1) + � n0;n+2

p
(n + 1)( n + 2)

� i

(5.11)

Let hn0;n =
�
� n0H0� y

n

�
corresponding to the magic trapping part of the Hamil-

tonian and h0
n0;n =

�
� n0H1� y

n

�
correspond to the non-magic terms. Then we
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can write the Hamiltonian as:

hn;n = n~! g1 +
~

2

� x + ~(! g� 2 � �)
�

1 � � z

2

�

hn+1 ;n = + i� ~! g

p
n + 1

�
1 � � z

2

�

hn;n +1 = � i� ~! g

p
n + 1

�
1 � � z

2

�
(5.12)

h0
n;n =

~! g(� e � 1)
4

(2n + 1)
�

1 � � z

2

�

h0
n+2 ;n =

~! g(� e � 1)
4

p
(n + 1)( n + 2)

�
1 � � z

2

�

h0
n;n +2 = �

~! g(� e � 1)
4

p
(n + 1)( n + 2)

�
1 � � z

2

�
(5.13)

See Figure 5.2 for a visualization of the di�erent terms in the Hamiltonian.

For magic trapping, we can choose the laser detuning� such that it cancels

the doppler shift term ! g� 2 = ~k2=2m. For the non-magic trapping case, we

cannot make all fock levels resonant. However, for low temperatures, we are

mostly interested in the lowest fock level. Thus we choose the laser detuning

that makes the jg;0i $ j e; � (0)i transition resonant, i.e. � = ! g� 2 + ! g(� e �

1)=4.

Strong resonant drive with magic trapping

In this case, allh0
n0;n terms are zero. The Hamiltonian has a chemical potential

for each site, an on-site �ip-�op term, and a nearest-neighbour spin-selective

hopping term. In the strong drive regime, we can treat the hopping term

perturbatively. Let us perform another change of basis. We shall work in the

j� ni basis de�ned by:

j� ni =
jg; ni � j e; � (n)i

p
2

(5.14)

For the 'resonant' case, there is no� z term in hn;n . Thus j� ni are eigenstates

of the bare Hamiltonian with bare energyE (0)
� n = n~! g � ~
 =2.

Perturbative energy shifts and corrections to the eigenstates

The �rst order shift to the energy vanishes since the perturbing terms are

o�-diagonal. We get a second order contribution to energy. We are most

interested in the low n eigenstates since these are the ones we deal with at
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(a) Magic Trapping condition

(b) Non-Magic Trapping condition

Figure 5.2: Visualizing the Hamiltonian in the modi�ed basis in matrix form
with a truncated Hilbert space of 4 harmonic oscillator energy levels. For the
magic trapping case, we can see that the Hamiltonian is almost block diagonal
with block size of 2. In the non-magic trapping case, the Hamiltonian has
matrix elements that change the occupation numbern by up to 2. Thus in
both cases, this modi�ed basis is quite convenient.

low temperature of the atoms. We calculate the perturbative corrections to

the n = 0 eigenstates and eigenenergies in table 5.1. We de�ney = != 
 and

use the notation: j	 i is the unperturbed eigenstate,
�
� (1)

�
is the �rst order

correction to state, E (2)
 is the second order correction to the energy of the

state and j i = j i +
�
� (1)

�
+ ::: is un-normalized perturbed eigenstate.

Hpert j i =
X

j

cj j� j i

�
�  (1)

�
=

X

j

cj

E  � E � j

E (2)
 =

X

j

jcj j2

E  � E � j

(5.15)

Note that for moderate values of� , there is signi�cant mixing of eigenstates

by the perturbing Hamiltonian (regardless of how large
 is). We can also
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j i E  j� j i cj E  � E � j

�
�  (1)

�
E (2)

 h j i � 1

j+0 i ~
 =2 j+1 i i�
2 ~! g � ~! g � i�

2 j+1 i � � 2

4 ~! g
� 2

4

j� 1i � i�
2 ~! g ~
 � ~! g � i�

2
y

1� y j� 1i � 2

4
y

1� y ~! g
� 2

4
y2

(1� y)2

j� 0i � ~
 =2 j+1 i � i�
2 ~! g � ~
 � ~! g

i�
2

y
1+ y j+1 i � � 2

4
y

1+ y ~! g
� 2

4
y2

(1+ y)2

j� 1i i�
2 ~! g � ~! g � i�

2 j� 1i � � 2

4 ~! g
� 2

4

Table 5.1: Perturbative correction to then = 0 eigenstates and eigenenergies
for magic trapping

compute these energy shifts and overlaps for all otherj� ni for n � 1.

Numerics

We perform numerical simulation of time evolution for the case of magic

trapping. We start in a thermal initial state in the ground electronic man-

ifold. Speci�cally, we mean that the initial density matrix is given by � 0 =

� HO
� 
 j gihgj where� HO

� is the reduced density matrix of the harmonic oscillator

at inverse temperature� = 1=T. In other words, the reduced density matrix of

the harmonic oscillator is diagonal and the population in the state labelled by

n is given by its Boltzmann factore� �E n =Z whereZ is the partition function.

We use a truncated Hilbert space, restricting toN = 100 harmonic oscillator

energy levels. The resultant two atom Hilbert space has dimension2N = 200.

We do not see any �nite size e�ects as a result of this truncation. We use

parameters of!= 2� = 100 kHz, != 2� = 1 MHz, � = 0:5 and T = 2:5�K

as a test case (see Figure 5.3). We �nd that the resultant Rabi oscillations

have high contrast. In addition, the population remains well con�ned to the

motional ground state of the harmonic oscillator even though
 � ! . The

average occupation number of the harmonic oscillator remains small (< 0:5)

and the spread of the atomic wavefunction in position space is small.

Strong drive with non-magic trapping

This is case relevant to Rydberg Rabi oscillations with anti-trapped Rydberg

states. Here we still have! = ! g � 
 . However, � e 6= � g. In this case the

h0
n;n , h0

n;n +2 and h0
n+2 ;n terms are non-zero but still perturbative since! � 


and j� ej � 1. We choose� = ! g� 2 + ! g(� e � 1)=4 to make the lowest motional

level resonant. Thus we can again change basis to thej� ni basis which are

eigenstates of the bare Hamiltonian. We calculate perturbative corrections to
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(a) Electronic ground state population Pg (b) Motional ground state population

(c) Average motional occupation number �n (d) Standard Deviation of atomic positionp
hx2i

Figure 5.3: Numerical simulation of time evolution of a thermal initial state
for the case of magic trapping. See text for details.

these states and their energies.

Perturbative energy shifts and corrections to the eigenstates

The �rst order shift to the energy no longer vanish for alln since the perturbing

terms not all o�-diagonal. However, forn = 0, the h0
n;n term is zero and thus

the �rst order shift is also zero. We calculate the second order correction to

energy and the �rst-order correction to then = 0 state in table 5.2. Again let

y = != 
 and de�ne cj , j� j i ,
�
�  (1)

�
, E (2)

 and j i same as in equation (5.15).

We see that the more non-magic the trapping is, i.e., the further� e is from 1,

the more the eigenstates get mixed together. Note that for moderate values

of � , there is signi�cant mixing of eigenstates by the perturbing Hamiltonian

(regardless of how large
 is). We can also compute these energy shifts and

overlaps for all otherj� ni for n � 1.
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j i E  j� j i
�
�  (1)

�
E (2)

 h j i � 1

j+0 i ~
 =2 j+1 i � i�
2 j+1 i � � 2

4 ~! g
� 2

4

j� 1i � i�
2

y
1� y j� 1i � 2

4
y

1� y ~! g
� 2

4
y2

(1� y)2

j+2 i � (� e � 1)
p

2
16 j+2 i � (� e � 1)2

64 ~! g
(� e � 1)2

128

j� 2i � (� e � 1)
p

2
8

y
1� 2y j� 2i (� e � 1)2

32
y

1� 2y ~! g
(� e � 1)2

32
y2

(1� 2y)2

j� 0i � ~
 =2 j+1 i i�
2

y
1+ y j+1 i � � 2

4
y

1+ y ~! g
� 2

4
y2

(1+ y)2

j� 1i � i�
2 j� 1i � � 2

4 ~! g
� 2

4

j+2 i (� e � 1)
p

2
8

y
1+2 y j+2 i � (� e � 1)2

32
y

1+2 y ~! g
(� e � 1)2

32
y2

(1+2 y)2

j� 2i � (� e � 1)
p

2
16 j� 2i � (� e � 1)2

64 ~! g
(� e � 1)2

128

Table 5.2: Perturbative correction to then = 0 eigenstates and eigenenergies
for non-magic trapping

Numerics

Now we numerical simulate time evolution for the case of non-magic trapping.

Again, we start in a thermal initial state in the ground electronic manifold. We

use parameters of!= 2� = 100 kHz, != 2� = 1 MHz, � = 0:5 and T = 2:5�K .

In addition, we set � e = � 1, i.e. the excited state is just as anti-trapped as

the ground state is trapped. We use a truncated Hilbert space, restricting to

N = 100 harmonic oscillator energy levels. The resultant two atom Hilbert

space has dimension2N = 200. We do not see any �nite size e�ects as a result

of this truncation. See Figure 5.4.

We �nd that the resultant Rabi oscillations initially have a large contrast but

rapidly start to lose contrast. After a few cycles, the oscillations show a revival

which is typical of thermal decoherence of Rabi oscillations. This occurs when

the di�erent motional levels oscillate at slightly di�erent Rabi frequencies and

periodically constructively and destructively interfere. The population is no

longer well con�ned to the motional ground state of the harmonic oscillator.

However, the population in the motional ground state does not keep decreasing

monotonically - the population asymptotes to about 0.5 after about 5 Rabi

cycles. The average occupation number of the harmonic oscillator rapidly

increases at short times but does not keep increasing unbounded. It seems

to peak at about 5 cycles and then reduces again. The spread of the atomic

wavefunction in position space mimics the behavior of the motional occupation
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number.

(a) Electronic ground state population Pg (b) Motional ground state population

(c) Average motional occupation number �n (d) Standard Deviation of atomic positionp
hx2i

Figure 5.4: Numerical simulation of time evolution of a thermal initial state
for the case of non-magic trapping. See text for details.

It appears that the �delity of Rabi oscillations is severely impacted by the non-

magic condition. However, in real experiments, we take measures to mitigate

this e�ect. The trap depth of the optical tweezers is adiabatically reduced by

several fold (� 10 times reduction) before the start of the Rabi drive. This

adiabatic ramp-down not only reduces the temperature of the atoms (thus

reducing the momentum-spread) but also reduced the ratio of!= 
 . Thus the

non-magic e�ects and reduced by several fold when we ramp down the tweezer

depth. We numerically simulate this ramp-down e�ect for many di�erent

values of 
 and ! keeping the initial temperature constant atT = 2:5�K .

From the resultant Rabi oscillations, we extract the pi-pulse �delity F� and

two-pi-pulse �delity F2� . These we de�ne asF� = hej � (t = �= 
) jei and

F� = hgj � (t = 2�= 
) jgi . See Figure 5.5 for a parametric plot of the pi-pulse

and two-pi-pulse in�delities (1 � F ). We see that increasing Rabi frequency


 and decreasing the trap frequency! lead to higher �delities. Further, even
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for the anti-trapping condition, the �delities achievable are quite high (at the

0:9999level ignoring all other decoherence).

(a) Pi-pulse In�delity 1 � F�

(b) Two-Pi-pulse In�delity 1 � F2�

Figure 5.5: Rabi oscillation �delities extracted from numerical simulation for
a single atom in a non-magic condition. See text for details.
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5.4 Rydberg interactions

The interaction between two atoms in the rydberg state is given by the van

der Waals potential.

H int =
C6

j~r1 � ~r2j6
jeeiheej (5.16)

where C6 is the van der Waals interaction coe�cient that depends on the

atomic species as well as the principal quantum number. Leta0 be the mean

separation between the two atoms. In the Rydberg blockade regime,C6=a6
0 �


 , the energy penalty of having two atoms in the Rydberg state is much larger

than the Rabi drive frequency. Thus the strong dipole-dipole interactions

prevent more than one Rydberg excitation for atoms within the blockade radius

Rc � (C6=
) 1=6. By driving Rabi oscillations in the blockaded regime, the

two atoms get entangled and form a symmetric Bell state [54]. The blockaded

Hamiltonian couples the electronic statejGi = jggi to the maximally entangled

state jWi = 1p
2
(jegi + jgei ). We wish to study how entanglement with motional

degrees of freedom impacts the two-atom entanglement �delity.

The position operators in the denominator of the interaction term are trou-

blesome to deal with as they appear. However, we can Taylor expand the

denominator about the mean separationa0 to bring the operators to the nu-

merator.

C6

j~r1 � ~r2j6
= C6

�
1
a6

0
�

6(x1 � x2)
a7

0
+

21(x1 � x2)2

a8
0

�
3(y1 � y2)2

a8
0

�
3(z1 � z2)2

a8
0

+ :::
�

� V �
6V(x1 � x2)

a0
+ O((�r )2)

(5.17)

where we have de�nedV = C6=a6
0. We see that to �rst order in position

�uctuations, the interaction potential only depends on the separation along

the x-direction. Even including second order e�ects, thex, y and z directions

remain separable. Thus we can continue to work in 1D. Further, since� = eikx

commutes with x, the matrix elements of the interaction Hamitonian in the

modi�ed fock basis are identical to those in the usual fock basis.

Now we can perform numerics to see what e�ect a fully quantum mechanical

treatment of atomic motion has on blockaded Rabi oscillations. In particular,

we can simulate blockaded Rabi oscillations when the optical traps are turned

o� as well as when they are left on.
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Numerics

We numerically simulate the time-evolution governed by the two atom Hamil-

tonian. In our experiment, we work with the 3P0 Rydberg state of 88Sr

with n = 61. For the C6 interaction coe�cient, we use the value from [55]

which givesC6=2� = 275 GHz �m 6. We work with mean atomic spacing of

a0 = 3:6�m . Thus the interaction strength is given byV=2� � 130MHz.

Untrapped condition

First, we simulate the case where the traps are turned o� as a base case. We

know that the blockaded Rabi oscillations in this case can be high �delity when

we are well in the blockade regime. We start in a product state where the initial

density matrix of the two atom system is a tensor product of the initial density

matrices of the two individual atoms. We use parameters of
 =2� = 1 MHz,

!= 2� = 100 kHz (� � 0:5), T = 2:5�K and � g = � e = 0. This means that the

atoms start in a harmonic trap with trap frequency!= 2� = 100 kHz, but just

before the Rabi drive is turned on, we turn o� the optical tweezers, conducting

the experiment without any optical potential. We use a truncated Hilbert

space for each atom, restricting toN = 10 harmonic oscillator energy levels

per atom. The resultant two atom Hilbert space has dimension4N 2 = 400.

We do see �nite size e�ects as a result of truncating the Hilbert space beyond

� 6 Rabi cycles. However, at short times, the truncation has no noticeable

e�ects. See Figure 5.6.

The atomic population oscillates with high contrast between the ground state

jGi and the maximally entangled state 'bright' statejWi . The population in

the the 'dark' state jD i = 1p
2
(jegi � j gei ) as well as in the double excitation

state jRi = jeei is negligible. Because the atoms are untrapped, we can see

that the motional occupation number rapidly increases with time and keeps

increasing unbounded. This is also seen in the spread of the atomic wavefunc-

tion with time. This means that in the absence of any trapping potential, the

initially con�ned atomic wavepacket spreads out ballistically in time.

Non-magic trapping condition

We now repeat the simulation for the case of non-magic trapping. We use

parameters of
 =2� = 1 MHz, != 2� = 100 kHz (� � 0:5), T = 2:5�K and

� g = 1; � e = � 1 (anti-trapping). We use a truncated Hilbert space for each
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(a) Electronic ground state population PG (b) Maximally entangled 'bright' state
population PW

(c) Average motional occupation number �n (d) Standard deviation of atomic positionp
hx2

1i

Figure 5.6: Numerical simulation of blockaded Rabi oscillations in the un-
trapped case. See text for details.

atom, restricting to N = 10 harmonic oscillator energy levels per atom. The

resultant two atom Hilbert space has dimension4N 2 = 400. We do not see

any �nite size e�ects as a result of truncating the Hilbert space. See Figure

5.7.

We see that the contrast of the Rabi oscillation betweenjGi and jWi is some-

what reduced compared to the untrapped case. However, as mentioned previ-

ously, in an experiment, we adiabatically ramp down the trap depth to mitigate

this e�ect. The population in the doubly excited statejRi is negligible. How-

ever, the population in the dark statejD i is higher than in the untrapped case.

Ramping down the trap depth can mitigate this e�ect as well. Looking at the

average motional occupation number, we see that even for this anti-trapping

con�guration, the occupation number does not increase very rapidly. This can

also be seen in the spread of the atomic wavefunction with time. This means

that even the excited state is just as repelled by the optical potential as the
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(a) Electronic ground state population PG (b) Maximally entangled 'bright' state
population PW

(c) Average motional occupation number �n (d) Standard deviation of atomic positionp
hx2

1i

Figure 5.7: Numerical simulation of blockaded Rabi oscillations in the non-
magic trapping case. See text for details.

ground state is attracted to it, the net e�ect is that the atomic wavepacket

does not expand nearly as quickly as in the untrapped case.

We numerically simulate the blockaded oscillations for di�erent values of


and ! keeping the initial temperature constant atT = 2:5�K . We extract

the pi-pulse �delity F� and two-pi-pulse �delity F2� . See Figure 5.8 for a

parametric plot of the pi-pulse and two-pi-pulse in�delities (1 � F ). We see

that decreasing trap frequency! leads to higher �delities while increasing Rabi

frequency
 only increases �delity up to a certain point. Beyond this point,

increasing Rabi frequency actually reduces the Pi-pulse �delity because we

start to weaken the Rydberg blockade constraint. We �nd that even for the

anti-trapping condition, the �delities achievable are quite high (at the0:9999

level ignoring laser noise and spontaneous decay).
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(a) Pi-pulse In�delity 1 � F�

(b) Two-Pi-pulse In�delity 1 � F2�

Figure 5.8: Blockaded Rabi oscillation �delities extracted from numerical sim-
ulation for two atoms in a non-magic condition. See text for details.
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C h a p t e r 6

LADDER ARRAY

6.1 Introduction

An optical tweezer is simply a tightly focused laser beam. With an appropriate

wavelength of light, these tweezers can trap or repel atoms and can be used

to hold individual atoms. We can generate a single optical tweezer by simply

focusing a laser beam using a convex lens. By sending multiple laser beams

with slightly di�erent angles into the same focusing lens, we can generate

multiple optical tweezers. The position of the tweezers can be controlled by

changing the angle of the laser beams. The more tightly focused a beam is,

the more trapping force it can generate. Thus for AMO experiments, typically

very tightly focusing lenses with short focal lengths are used.

In a standard tweezer array setup, an acousto-optic de�ector (AOD) is used

to generate an array of laser beams from a single input laser beam. Acousto-

optic de�ectors are devices that can de�ect light by a variable angle controlled

by the frequency of an electrical signal. By sending multiple electrical signals

with di�erent frequencies, we can generate multiple de�ected laser beams from

a single input beam. The optical power of the incoming laser beam gets

distributed among the multiple de�ected beams. The tweezers generated with

the de�ected beams thus have at most 1/N times the power of the incoming

laser beam. Thus to scale to large system sizes, we need the laser power to

scale with the number of tweezers we want to create. We are interested in

reaching large system sizes for a variety of reasons. For quantum computing

with atomic qubits, more number of atoms gives us more computational power.

The Hilbert space that can be explored with N qubits grows as2N . Thus every

additional qubit that we can get doubles our Hilbert space. For quantum

metrology applications, for example, high precision optical clocks, the more

atoms we have the faster we can reach a given precision by averaging the

signal. Further, for studying thermodynamic properties of quantum systems,

we want our system to be as large as possible to reduce boundary e�ects.

For the Strontium magic wavelength of 813nm, the commercially available

laser power is limited to about 10W. The Ti:Saph laser used in the Endres lab
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has an output power of just over 5W. However, to reach system sizes larger

than 100 atoms, we need to more laser power. One possible solution is to

use two separate lasers to double the total power. It is possible to coherently

combine two lasers using appropriate monitoring and control of the frequency

and relative phase of the two lasers. However, we can also use the two lasers

to generate two parallel rows of tweezers. This con�guration is known as a

'ladder array'.

Working in the ladder con�guration not only allows us to reach larger N for

the various applications mentioned earlier but also opens up many new physics

directions. For example, by changing the separation between the two rows of

tweezers, we could study the physics of two coupled quantum systems. By

adjusting the position along the axis of the array, we can change the geometry

to be either a square lattice or a triangular lattice. This changes the coordi-

nation number of each atom from 3 to 4 and also leads to more frustration in

magnetic systems. There are additional possibilities of spin-1 physics[56], res-

onating valence bond[57, 58] physics and even lattice gauge theories[59] using

spin ladder systems.

We built a prototype setup to test the feasibility of our method of combining

optical tweezer arrays from two lasers into a tunable ladder con�guration.

6.2 Laser Monitoring Setup and Calibration

Figure 6.1: Laser pick-o� stage

The laser we used for this prototype setup was a SolsTis Ti:Sapphire CW
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laser with an Equinox pump laser both from Msquared. The SolsTis laser

requires a pump beam at 532 nm and produces an output beam of upto that

has a tunable wavelength from 725nm - 960nm. Thus we can use this laser to

generate the 813.4nm light that we require for magic trapping of Strontium

atoms. The Equinox pump laser is a high power 532nm laser that can provide

up to 18W of pump power. Together this setup outputs up to 5.5W of 813nm

light.

We �rst built a pick-o� stage to monitor the laser power as well as wavelength.

We sample a small fraction of the laser light using a pick-o� plate and direct

this light onto a photodiode to measure the intensity. We also couple this

light into an optical �ber which can be connected to a wavemeter to measure

the wavelength. We calibrate the photodiode voltage reading by changing the

pump power from the Equinox, measuring the laser power with a thermal-head

power meter and recording the corresponding photodiode voltage. Note that

at the max pump power of 18W, we have an output power of 5W. We obtain

a clean linear calibration curve.

Figure 6.2: Laser power calibration

6.3 Acousto-Optic De�ectors (AOD) Setup

Acousto-optic de�ectors take in sinusoidal radio-frequency (RF) electrical tones

and generate de�ected beams. The RF tones drive a piezoelectric transducer

which generates sound waves in the AOD crystal. Incoming light undergoes

Bragg di�raction o� the periodic density modulation caused by the sound

waves. The di�raction e�ciency is given by the ratio of the power in the de-

�ected beam to the power in the incoming beam. As we increase the RF power,

the di�raction e�ciency increases until a certain threshold beyond which the
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AOD can get damaged. The AOD we used here was DTSX-400-810.920 from

AA Opto Electronic. The damage threshold for this AOD was 2W (or 33

dBm).

We generate the RF signals using an AWG which is controlled by MATLAB

from a computer. We used the existing design of RF ampli�cation and �ltering

to boost the AWG output to the level required to drive the AOD. The output

from the AWG was passed through a high pass �lter (41-800 MHz) followed by

a low pass �lter (DC - 140 MHz) and then through an RF ampli�er (Gain �

35). We can digital scale the amplitude of the AWG to control the RF power

supplied to the AOD. We calibrate the digital amplitude scaling factor to RF

output power by measuring the RF power using a spectrum analyzer.

Figure 6.3: Calibrating RF power supplied to the AOD

6.4 Imaging Stage

In the real experimental setup, we use high power objective lenses with short

focal lengths (f = 4mm) and large numerical appertures (NA� 0.5). These

lenses are custom made to have high transmission at the various wavelengths

required for trapping, cooling and imaging Strontium atoms, and cost tens of

thousands of dollars. For the purposes of the prototype setup, we used simple

achromat doublet lenses with a relatively short focal lengths (f = 35 mm) as a

substitute for the objectives. We used a Basler camera (acA3800-14um) with

an imaging lens to image the tweezers produced in the focal plane of our mock

objectives. Using these components we can generate and image a single row

of tweezers as in a standard experimental setup. We image a few di�erent

array sizes as a test. After con�rming that all the components are working as
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