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ABSTRACT

Urban AirMobility (UAM) holds promise for personal air transportation by deploying
“flying cars” over cities. As such, fixed-wing electric vertical take-off and landing
(eVTOL) aircraft has gained popularity as they can swiftly traverse cluttered areas,
while also efficiently covering longer distances. These modes of operation call
for an enhanced level of precision, safety, and intelligence for flight control. The
hybrid nature of these aircraft poses a unique challenge that stems from complex
aerodynamic interactions between wings, rotors, and the environment. Thus accurate
estimation of external forces is indispensable for a high performance flight. However,
traditional methods that stitch together different control schemes often fall short
during hybrid flight modes. On the other hand, learning-based approaches circumvent
modeling complexities, but they often lack theoretical guarantees for stability.

In the first part of this thesis, we study the theoretical benefits of these fixed-wing
eVTOL aircraft, followed by the derivation of a novel unified control framework. It
consists of nonlinear position and attitude controllers using forces and moments as
inputs; and control allocation modules that determine desired attitudes and thruster
signals. Next, we present a composite adaptation scheme for linear-in-parameter
(LiP) dynamics models, which provides accurate realtime estimation for wing and
rotor forces based on measurements from a three-dimensional airflow sensor. Then,
we introduce a design method to optimize multirotor configuration that ensures a
property of robustness against rotor failures.

In the second part of the thesis, we use deep neural networks (DNN) to learn part of
unmodeled dynamics of the flight vehicles. Spectral normalization that regulates
the Lipschitz constants of the neural network is applied for better generalization
outside the training domain. The resultant network is utilized in a nonlinear feedback
controller with a contraction mapping update, solving the nonaffine-in-control issue
that arises. Next, we formulate general methods for designing and training DNN-
based dynamics, controller, and observer. The general framework can theoretically
handle any nonlinear dynamics with prior knowledge of its structure. Finally,
we establish a delay compensation technique that transforms nominal controllers
for an undelayed system into a sample-based predictive controller with numerical
integration. The proposed method handles both first-order and transport delays in
actuators and balances between numerical accuracy and computational efficiency to
guarantee stability under strict hardware limitations.
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C h a p t e r 1

INTRODUCTION

Recent interest in using electric vertical take-o� and landing (eVTOL) aircraft in

urban aerial transportation for cargo and personnel promises great improvement over

existing transportation infrastructures. In cases such as the San Francisco Bay area

rush hours, a one-way trip in those conceptualized eVTOLs would take as short as

15 minutes compared to the 1.5 hours car ride shown in Figure 1.1 [1]. To achieve

these ambitious goals, the proposed vehicle systems need to: (1) operate in cluttered

urban environments for fast take-o� and landing; (2) possess reasonable range and

endurance for inter/intra-city �ights; (3) admit a superior safe and intelligent control

system when interacting with complex environments or other agents.

Figure 1.1: Visualization of travel from San Jose to San Francisco by Uber Elevate [1].
It predicts that eVTOL would drastically reduce travel time while being reasonably
priced.

1.1 Fixed-wing VTOL Aircraft as Urban Air Mobility

VTOL aircraft have been an area of intense research for most of the past century. It

has been conceived by inventors well before the �rst powered �ights. The operational

simplicity associated with not requiring a runway and being able to hover in place

often outweighs the negative aspects of its design complexity. Di�erent technologies

throughout the years have given birth to a variety of VTOL-capable aircraft that

spiked interests in military, commercial, and research domains. In recent years,

improvements in battery technology, computing power, and sensor availability have

spurred the development of electric multirotors. The canonical form of the multirotor

uses an even number of symmetric, coplanar rotors to generate vertical thrust. The



2

simplicity in the design, construction, and control of these platforms has made them

very popular as a cheap and robust aerial platform. However, a standard multirotor

lacks the e�ciency for long range �ight.

(a) WISK Cora (b) Kitty Hawk Heaviside

(c) Lilium Jet (d) Airbus Vahana

Figure 1.2: Examples of commercial �xed-wing VTOLs for UAM applications.

UAM calls for vehicle designs that can take-o� and land in a cluttered urban

environment while e�ciently �ying a good range over metropolitan areas [1].

Married with the trend in electric drones, the class of hybrid VTOL aircraft with both

�xed wing surfaces and distributed electric propulsion (DEP) systems haven risen in

popularity [2]. They use lifting surfaces to enable longer range and endurance �ights

and keep VTOL capabilities, eliminating the need for a substantial runway. Some of

the popular types of modern �xed-wing VTOL aircraft include: (1) copter-plane: a

direct hybrid between planes and multirotors; (2) tilt-rotor/vectored-thrust: thrust

can be diverted in di�erent directions; and (3) tail-sitter: thruster is situated in

the back, and the aircraft takes o� upright and later transitions to horizontal �ight.

Commercial solutions for UAMs follow this �xed-wing VTOL philosophy as well,

with some prominent examples shown in Figure 1.2, which all adopt DEP and

�xed-wing combination. At Caltech, we have developed similar technologies named

Autonomous Flying Ambulance (AFA) as described in greater details in Appendix B.
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1.1.1 Existing Control Methods for the Fixed-wing VTOL Hybrids

Although di�erent in geometry, the underlying control logic is similar for all types

of �xed-wing VTOLs. Most controllers designed for such crafts rely on two separate

schemes, one for VTOL stage and one for cruise �ight stage. A transition strategy

is designed to switch between the two. Because of the hybrid nature during this

transition period, complex interactions between propellers and wings pose challenges

for accurate and safe �ight maneuvers. Early works achieve this transition by

overlapping the operation envelopes of the two controllers. In [3], [4], reference

commands were sent to the VTOL controller such that the vehicle would either

reach a high-speed or a low pitch angle state triggering the �xed-wing controller to

become active. A common technique for tilt-rotor transition is to vary tilt angles

following a monotonic schedule, during which the controller stabilizes the craft [5],

[6]. However, little attention was given to aerodynamic and �ight-dynamic modeling

in this scenario. More recent methods utilize numerical optimization to solve for a

trajectory based on accurate vehicle dynamics. In [7], [8], transition trajectories are

solved o�ine and feedback tracking controllers are deployed for online exectution.

To further improve the performance, online optimization-based controllers with

global aerodynamic model for tail-sitters are proposed in [9], [10]. Such controllers

can give solutions between any global states, as long as the onboard computer can

solve the problem in real time.

Position trajectory tracking for aerial vehicles relies on their ability to generate

forces in desired directions. Although the control of all aerial vehicles often depends

on timescale separation property in �ight dynamics [11], [12], the key di�erence

between vehicle types results from what forces are considered signi�cant during

control design. In both �xed-wing and VTOL multirotors, the collective force from

all thrusters is one-dimensional. Speci�cally, a multirotor points in the direction

of the total commanded force whereas a �xed-wing aircraft merely uses thrust to

cancel drag force and relies on lift force for maneuver. For a �xed-wing VTOL,

the controller should realize its potentials as much as possible to extend the �ight

envelope. The problem becomes more challenging when the vehicle can produce

thrust in multiple directions [13].

As far as multi-dimensional control forces are concerned, fully-actuated multiro-

tors [14]�[18] have garnered much attention in recent years. Because of the added

dimension in force space, vehicles can generate forces in any direction without

changing attitude [17], [18]. If this is not achieved, then the desired attitude is
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found via the closest projection of the desired force onto force space [15], [16].

However, all such work does not consider aerodynamic forces and only focuses on the

concept of full-actuation which attempts to marginalize attitude determination [17].

Aircraft with thrust vectoring have been around for decades, but they have only

found applications in military or been used for moment generation during post-stall

maneuvers [19].

1.1.2 Fault Tolerance for Multirotor Distributed Electric Propulsion

For UAM applications, safety is of the utmost importance for these aircraft and it

cannot be sacri�ced even when they encounter failure of some components and need

to operate under abnormal conditions. Having more than six rotors on such aircraft

allows them to be robust against rotor failure up to a certain degree. The key question

is how to optimize the design of the multirotors such that they remain controllable

when di�erent combinations of rotors fail.

A survey on fault-tolerant techniques for multirotor aircraft can be found in [20]. One

way of handling the failure is to develop separate controllers to be used when rotors

fail [21], [22]. With this approach, control authority in certain axis is sacri�ced in

order to retain control in the rest. For example, it is well-known that a quadrotor

cannot retain full controllability on its position and attitude when it loses one or

more rotors as it becomes an underactuated system. In this case, controllers may

decide to give up yaw authority [23] or to control only the reduced attitude [24].

In the literature, hexacopters have been a popular platform to study controllability

because they seem to be robust to the failure of up to two rotors and be able to �y

like quadrotors. Interestingly, however, researchers have shown that symmetric and

collinear hexacopters subject to a single rotor failure are not fully controllable [25],

and controllers with limited attitude controllability have been developed [22], [26].

As such, carefully designed control laws can handle certain rotor failure cases that

they are intended for, but it is di�cult to come up with a set of control laws that can

cope with all possible cases of rotor failures. Furthermore, the resulting behavior and

inherent controllability of multirotor aircraft are limited by their own design choices

that govern the sets of admissible forces and moments from the aircraft. Therefore,

another way of addressing rotor failure is to optimize the design of aircraft to be

robust against rotor failure and enhance survivability of the aircraft. In such spirit,

a carefully designed aircraft with only one rotor was proposed in [27], which can

perform limited maneuvers and avoid unwanted crashes. Hexacopters with tilted



5

rotors were also proposed in order to retain controllability and to improve disturbance

rejection after rotor failure [15], [28], [29]. Although some asymmetric multirotor

aircraft have been reported in the literature [30], most multirotor aircraft resort to

symmetric con�gurations [31]�[34], limiting exploration of the full design space as

well as their control performance.

1.2 Learning and Adaptive Methods in Flight Control

As noted in the core needs of UAM, control of the craft with high accuracy is of

primary concern for e�ciency, safety, and comfort of �ights. Types of �xed-wing

VTOL vehicles inherit modeling complexities from their hybrid nature. Further

adding to the challenge is its requirement of frequent interaction with cluttered and

uncertain urban environments. Therefore, the need for learning from past interactions

and rapid adaptation to unseen scenarios are essential in designing controllers for

next generation UAM aircraft.

For a given dynamical system, complexity and uncertainty can arise either from

its inherent property or the changing environment. Thus model accuracy is often

key in designing a high-performance and robust control system. If the model

structure is known, conventional system identi�cation techniques can be used to

resolve the parameters of the model. When the system becomes too complex to

model analytically, modern machine learning research conscripts data-driven and

neural network approaches that often result in bleeding-edge performance given

enough samples, proper tuning, and adequate time for training. However, the harsh

requirement on a learning-based �ight control system calls for both representation

power and fast execution simultaneously. Thus it is natural to seek wisdom from

the classic �eld of adaptive control, where successes have been seen using simple

linear-in-parameter (LiP) models with provably robust control designs [35], [36].

On the other hand, the �eld of machine learning has made its own progress toward

fast online paradigms, with the rising interest in few-shot learning [37], continual

learning [38], [39], and meta learning [40], [41].

There has been some interest in designing a uni�ed feedback controller for �xed-

wing VTOL, such as in [42], [43], and our prior work [44], where the controller

is �ight-mode agnostic through estimating combined forces on the vehicles. The

success of these controllers relies primarily on the accurate prediction of aerodynamic

forces, which in turn requires high-�delity models and accurate sensor feedback

for states relevant to such forces. Surprisingly, there has been little work on these
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areas; complex aerodynamic interactions between wing and rotors that are crucial to

�xed-wing VTOL transition are often ignored. Although e�orts have been made to

estimate aerodynamic states such as angle-of-attack and sideslip angle [45], [46], no

recent work has been using such information directly in a feedback control manner.

On the other hand, adaptive �ight control has seen much progress over the years,

where the vehicle model is adapted via either aerodynamic coe�cients [47], [48]

or neural network parameters [49], [50]. Recently, [51] used incremental nonlinear

dynamic inversion to estimate the external force through �ltered accelerometer

measurement, and then apply direct force cancellation in the controller. [52] assumed

a diagonal rotor drag model and proved the di�erential �atness of the system for

cancellation, and [44] used a nonlinear aerodynamic model for force prediction.

When a LiP model is available, adaptive control theories can be applied for controller

synthesis. This does not limit the model to only physics-based parameterizations,

and a neural network basis can be used [36], [53]. Adaptive controllers with LiP

models have been applied to multirotors for wind disturbance rejection in [54].

One particularly interesting scenario where learning methods can thrive is �ying

close to ground or objects. Compensating for ground e�ect is a long-standing

problem in the aerial robotics community. Prior work has largely focused on

mathematical modeling [55] as part of system identi�cation. These models are

later used to approximate aerodynamics forces during �ights close to the ground

and combined with controller design for feed-forward cancellation [56]. However,

existing theoretical ground e�ect models are derived based on steady-�ow conditions,

whereas most practical cases exhibit unsteady �ow. Alternative approaches, such as

integral or adaptive control methods, often su�er from slow response and delayed

feedback. [57] employs Bayesian Optimization for open-air control, but not for

take-o�/landing. Given these limitations, the precision of existing fully automated

systems for VTOLs are still insu�cient for landing and take-o�, thereby necessitating

the guidance of a human UAV operator during those phases.

Using DNNs to approximate high-order non-stationary dynamics has recently

received considerable attention. For example, [58], [59] use DNNs to improve

system identi�cation of helicopter aerodynamics, but not for controller design. Other

approaches aim to generate reference inputs or trajectories from DNNs [60]�[63].

However, these approaches can lead to challenging optimization problems [60], or

heavily rely on well-designed closed-loop controllers and require a large number of

labeled training data [61]�[63]. A more classical approach of using DNNs is direct



7

inverse control [64]�[66], but the non-parametric nature of a DNN controller also

makes it challenging to guarantee stability and robustness to noise. [67] proposes a

provably stable model-based reinforcement learning (RL) method based on Lyapunov

analysis, but it requires a potentially expensive discretization step and relies on the

native Lipschitz constant of the DNN.

When adapting to complex system dynamics or fast changing environments, one

would expect the network approximator to have enough representation power, which

makes a DNN an desirable candidate. However, there are several issues associated

with using a deep network for adaptive control purpose. First, training a DNN often

requires back propagation, easily leading to a computation bottleneck for realtime

control on small drones. Second, continual online training may incur catastrophic

inference where previously learned knowledge is forgotten unintentionally. Third, a

vanilla network for a regression problem often does not have guarantees on desirable

properties for control design, such as output boundedness and Lipschitz continuity.

Fortunately, advances have been made in circumventing these issues. Training

a deep network by updating the last layer's weight more frequently than the rest

of the network is proven to work for approximating&-function in RL [68], [69].

This enables the possibility of fast adaptation without incurring a high computation

burden. Spectral normalization on all the network weights can constrain the Lipschitz

constant [70].

1.3 Computation Cost and Actuation Delay

State or control delays occur naturally in a variety of physical and cyber-physical

systems. For high accuracy tracking of time trajectory, such delays can become

crucial in further improving control performance. Electric VTOL aircraft typically

uses electric motors to drive rotor systems, where either rotor speed or pitch is

controlled via input signals to achieve desired thrust force output. In either case,

delays in actuation would exist due to the electric and mechanical nature of the drive

mechanism. This can be especially detrimental when delay time-scale is on the

same order as vehicle inertial dynamics. On the other hand, with the sensitivity to

total weight of �ying vehicles, onboard computation is always limited compared to

ground platforms. Thus digital delays due to discrete computing architecture will

pose further hurdles for high performing �ight control.

Time-delayed dynamics have been an active area of research since its introduction

in 1946 [71]�[74], and it is seeing continued interest with the popularization of
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vast computer networks and internet-of-things (IoT) accompanied by substantial

communication lags [75], [76]. Delay compensation techniques have also been

widely used in control of power electronics [77], [78] and reinforcement learning

settings [79].

For linear systems, delay for unstable processes is often modeled as �rst or second

order plus dead time (FOPDT or SOPDT). Classical linear feedback control can

be applied and closed-loop system behavior is analyzed with transfer function ap-

proaches. It was shown that properly designed proportional-integral-derivative (PID)

controllers can act as a delay compensator [80]. Other popular techniques include

relay-based identi�cation [81] and proportional-integral-proportional-derivative (PI-

PD) control [82]. For nonlinear systems, the usual consensus on the challenge of

continuous delays is that the state space becomes in�nite dimensional. Thus, instead

of being described by ordinary di�erential equations (ODEs), these systems need to

be modeled as functional di�erential equations (FDEs) or transport partial di�er-

ential equations (PDEs) [73], [74]. Accordingly, their analysis requires additional

mathematical tools such as Lyapunov-Krasovskii functionals [83], [84]. A prominent

class of delay compensation methods rely on state predictions of some kind. This

idea was �rst proposed as the Smith-predictor [72], and has been expanded to handle

unstable processes [85], increase robustness against uncertainties [86], or adapt to

varying delays [87]. In theory, predictor-based methods can handle arbitrarily large

delays for forward complete and strict-feedforward systems [88].

The FDE or PDE modeling approach has the underlying assumption that input signal

is continuous in time. For control systems run on digital computers in practice,

this assumption is only true when the evaluation time of the control algorithm is

much smaller compared to the transport delay of the signal. The statement is largely

valid for cases considered in a network control system. However, certain real-time

control applications with limited computation capacity tend to violate the continuity

assumption, since the controller calculation time runs at similar timescales as other

delays. We take interest in the following aspects of such systems: �rst, the control

input often corresponds to commands on actuators, which admit additional layers of

control that act as a dynamic delay; second, computation time of the controller is

non-negligible and is a�ected by the complexity of the control algorithm; last but

not least, the discrete sampling for the control implementation poses restrictions on

the stability for the continuous dynamics.
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1.4 Thesis Organization

This thesis covers two parts of materials. In the �rst part, aspects of �xed-wing

VTOL aircraft are discussed in Chapters 2 to 5, where we cover the development

process in conceptual design, control system, and fault tolerance. The second part in

Chapters 6 and 7 focuses on crucial challenges in controlling such vehicles: how

to model the complex aerodynamic interactions with data-driven methods; how to

have fast online algorithms that can adapt to previously unseen situations; and how

to account for delays in actuation and computation on minimal hardware required for

safety.

In Chapter 2, we lay the mathematical foundation to understand the perks of �xed-

wing VTOL aircraft. Using rotor momentum theory, �nite-wing aerodynamic model,

and battery consumption equations, we develop analysis tools for power requirement

for di�erent modes of �ight. Then we apply said theorems to design cases to reveal

the bene�ts of �xed-wing �ight e�ciency over multirotor, and justify the need for a

hybrid �ying vehicle.

In Chapter 3, we start by considering a general �ying vehicle that has both active

aerodynamic elements providing signi�cant forces, as well as a multi-dimensional

thrust generation. A uni�ed architecture of �xed-wing VTOL control is presented

along with a rigid body and aerodynamics model used for control design. Robust

position and attitude tracking controllers using forces and moments as inputs are

then proposed, augmented with a force allocation method that realizes desired forces

through attitude change and control allocation. Finally, simulation and experimental

results using a prototype eVTOL are presented.

In Chapter 4, we focus on creating a velocity tracking controller with a LiP force model

that can adapt to transient wind conditions, with feedback from a novel 3D air�ow

sensor for accurate aerodynamic force prediction. We propose a composite adaptation

scheme that augments our force allocation method, and we prove convergence of

tracking and prediction errors in the controller. Experimental results comparing

several control techniques are presented, where the superior force tracking accuracy is

demonstrated through tight holding of vehicle position under fast transient windspeed

changes.

In Chapter 5, we present a novel control-centric design method for multirotor aircraft

that ensures robustness against rotor failures. Speci�cally, we aim to optimize the

design in a way that it maximizes the ability of multirotor to reach static hover after

rotor failure. The notion of null controllability is �rst introduced with a derivation for
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multirotor case. Then, we de�ne a quality measure used to evaluate a given design

with the consideration of rotor failure. An optimization problem based on the quality

measure is proposed that identi�es a set of optimal design parameters maximizing

an aircraft's ability to control its attitude. Finally, we illustrate the design procedure

that leads to a design with improved tolerance to rotor failures, and demonstrate its

performance on hardware experiments.

In Chapter 6, methods from deep learning are studied to help improve physics-based

modeling for vehicle dynamics. The resulting DNN-based feedback controller is

globally exponentially stable under bounded learning errors. This is achieved by

exploiting the Lipschitz bound of spectrally normalized DNNs. It is intriguing

that spectral normalization proves essential to the stability of the system both in a

learning-theoretic and a control-theoretic sense. The proposed controller is applied to

multirotor �ying close to ground and large objects, where it learns how ground e�ects

are coupled with unsteady aerodynamics and vehicular dynamics. Experiments are

conducted for multirotor trajectory tracking during take-o�, landing and cross-table

maneuvers, which show improved smoothness and accuracy compared to nonlinear

baseline controllers. To further study the capability of neural network in control

design, we propose framework that use DNNs to represent full dynamics of a

system as well as a associated controller and a observer. The entire approach

relinquishes physics-based modeling, and utilizes full neural network structures for

better generality in controlling nonlinear systems.

In Chapter 7, general delays in control systems are considered, as they become promi-

nent in further improving control accuracy on certain �ying vehicles. We propose

a periodic predictor-based controller with numerical integration or di�erentiation.

The system in consideration includes both dynamic and transport delays. We �rst

introduce the undelayed, nonautonomous system of state and actuator input. Then,

we describe the sample-based FOPDT model for actuator delay. Augmentations to

an existing exponentially stable controller are progressively made to compensate

for dynamic and transport delays. Hybrid stability analysis is provided to study the

e�ects of sampling and numerical methods. We test an example system numerically

for various attributes theorized.
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C h a p t e r 2

PRELIMINARIES AND DESIGNS

To understand the bene�ts and di�culties in a �xed-wing VTOL design, we will �rst

introduce the aerodynamic principles behind rotors and wings.

2.1 Preliminaries for eVTOL and Fixed-wing Aircraft

2.1.1 Momentum Theory Analysis on Rotors

Although more complex aerodynamics methods exist for modeling forces on rotors

such as blade element theory and computational �uid dynamics, we elect to use the

simple momentum theory model to gain �rst-order understandings of the overall

system [89].

Figure 2.1 shows the diagrams of how a rotating propeller would interact with the air

in di�erent �ight conditions. Let 3 be the diameter of rotor and� = c32 its disk

area.+1 is the freestream velocity of the air upstream of the rotor. In ascending and

descending �ight, this is+2, the axial freestream velocity as depicted in Figures 2.1a

and 2.1b.E8 is the additional induced velocity at the rotor plane.F and� 1 are the

induced velocity and area at the stream tube far downstream. Using conservation of

mass, momentum, and energy, we can arrive at

Mass: ¤< = d� 1 ¹+2 ¸ Fº = d� ¹+2 ¸ E8º

Momentum: ) = ¤< ¹+2 ¸ Fº � ¤<+ 2 = ¤<F

Energy: ) ¹+2 ¸ E8º =
1
2

¤< ¹+2 ¸ Fº2 �
1
2

¤<+ 2
2 =

1
2

¤<F ¹2+2 ¸ Fº

with ) the thrust generated by the rotor, and¤< the air mass �ow rate. Thus we can

solve for the induced velocity at rotorE8 and its induced power%8, and its special

cases when+2 = 0 for hover �ight and+2 Ÿ 0 for descending �ight as

+2 ¡ 0 : E8 = �
1
2

+2 ¸
1
2

s

+2
2 ¸

2)
d �

– %8 =
1
2

)+ 2 ¸
)
2

s

+2
2 ¸

2)
d �

(2.1a)

+2 = 0 : E� =

s
)

2d�
– %� =

) 3•2

p
2d�

(2.1b)

+2 Ÿ 0 : E8 = �
1
2

+2 �
1
2

s

+2
2 ¸

2)
d �

– %8 =
1
2

)+ 2 �
)
2

s

+2
2 ¸

2)
d �

(2.1c)
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(a) Ascent (b) Descent

(c) Hover (d) Forward

Figure 2.1: Diagrams of rotor aerodynamics during ascending, descending, hovering,
and forward �ight. Pictures are excerpts from [89].

(2.1) is useful to relate power consumption to desired rotor force generated, which

will be applied to designing the hybrid between VTOL and �xed-wing aircraft later

on.

The limitation of induced power from momentum theory is that it does not consider

pro�le power loss due to the spinning of the rotor. Moreover, real rotors would

enter a vortex ring state during slow descending �ight, which invalidates momentum

theory as illustrated in Figure 2.2.

For forward �ight shown in Figure 2.1d, the analysis is slightly complicated. Using

the same method to construct equations from conservation laws, we can get the
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Figure 2.2: Induced velocity vs. climb velocity ratio, illustrating vortex ring state
region where momentum theory is invalid. Picture is excerpt from [89].

following equation

) = 2d�E8

q
+2

1 ¸ 2+1 E8sinU¸ E2
8– (2.2)

which we can use to solve forE8, and then substitute in to get induced power%8 = )E8.

For rotor pro�le power, i.e the power needed to spin rotors during �ight, we have the

following equation from [89]

%0 = d�= 333� %0 with � %0 =
�f� 30

8

 

1 ¸ � 
�
+1

=3

� 2
!

– (2.3)

where � � 4•7 and� 30 can take empirical constant from vast test data.�f is the rotor

solidity which can be calculated from rotor geometry.

2.1.2 Wing Aerodynamics

Figure 2.3: Illustration of lift and drag on airfoil.

On the other hand, aerodynamics of the wing is rather well understood for practical

analysis [90]. Here we mainly consider the lift and drag forces on a wing with

airfoil-shaped cross section as illustrated in Figure 2.3, withd as the air density and

( ref as the reference wing area. For an aircraft in steady �ight, the force is resolved to
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lift component! normal to+1 , and drag component� along+1 . They are normally

expressed with non-dimensional coe�cients as

! =
1
2

d+2
1 ( ref� ! and � =

1
2

d+2
1 ( ref� � • (2.4)

� ! and� � are often expressed with linear and quadratic models as

� ! = � ! 0 ¸ � ! 1U and � � = � � 0 ¸
� 2

!

c4A
• (2.5)

A is the aspect ratio of a �nite-sized wing, and4 Ÿ 1 is the Oswald e�ciency [90].

Other constants� ! 0, � ! 1, � � 0 can all be empirically determined or with simple

theoretical models [90].

2.1.3 Battery Endurance

We derive a battery endurance equation from Peukert's equation [91]. The time it

takes to discharge a batteryCdc is approximated by

Cdc = 'C1� ;
�
[ tot�
%tot

� ;

; (2.6)

with battery hour rating'C � 1 hr for small batteries, discharge parameter; � 1•3 for

LiPo, total battery capacity� in Watt � hr, total power consumption%tot in Watt, and

total transmission e�ciency[ tot.

2.2 Power Required for Mix-modes Flight

With tools we introduced in Section 2.1, we can now analyze the power required for

di�erent stages of a �xed-wing VTOL �ight. Suppose# E is the number of vertical

thrusters on the vehicle used during VTOL �ight, and# 2 is the number of cruise

thrusters mounted parallel to wing surface for cruise �ight. The total weight of

the vehicle is, . Steady level �ight refers to the vehicle �ying level with forward

velocity+1 . The vehicle will be in force equilibrium during the entire �ight stage.

2.2.1 Hover Power

For a vehicle during hover, all the power needed is to generate thrusts to balance its

weight. We rewrite (2.1b) as%� ¹ �– ) º showing the functional dependency. Thus the

power required%'–� for hover is

%'–� =
# EÕ

9=1

�
%� ¹ � 9– )9º ¸ %0¹ � 9– =9º

�
¸ %?¹E8º• (2.7)
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with � E =
Í # E

9=1 � 9 as the total area of all vertical rotors. It is assumed that all

rotors are identical and share equal contribution during thrust generation (moment

balanced).=9 will be estimated based on the rotor size and thrust, in general as

=9¹39– )9º, which in this case is) 9 = , • # E. Parasite power%? comes from drag

experienced on bodies and wings. Parasite drag would be nonexistent for+1 = 0,

but can be included if the induced velocity around the vehicle is considered.

2.2.2 VTOL Mode Flight Power

In VTOL mode, the vehicle is assumed to �y similarly to a helicopter or multirotor.

The vehicle will pitch down with angleU similarly to the illustration in Figure 2.1d,

and we need to balance between thrust, weight, parasite drag, as well as lift generated

by the wing. Let us combine (2.4) and (2.5) and write! ¹� U–+1 º and� ¹� U–+1 º.

Here we assume the downward pitch is needed for forward VTOL �ight, but incurs a

negative angle-of-attack. First we need to solve for the pitch angle from

, � ! ¹� U� –+1 º tanU� � � ¹� U� –+1 º = 0•

Then for each vertical rotor we have

) 9 =
, � ! ¹� U� –+1 º

cosU� # E
•

Then we can solve (2.2) as a function ofE�
8¹ � 9– )9– U� –+1 º. Moreover, the aerody-

namic power in forward �ight is%� = � ¹� U–+1 º+1 , which is needed to overcome

the drag of the vehicle. Then the required �ight power is

%'–VTOL =
# EÕ

9=1

�
) 9E�

8 ¸ %0¹ � 9– =9–+1 º
�

¸ %� • (2.8)

2.2.3 Fixed-wing Mode Flight Power

When the wing is utilized for lift generation, we assume a small AoAUduring steady

�ight. However, the wing would typically stall at high AoA and has maximum� !

which corresponds to a minimum stall speed+stall. In our case, vertical rotors can

compensate for any de�ciency if+1 is below stall speed. Thus we have wing lift�! :

8>><

>>
:

�! = , if +1 ¡ + stall

�! = 1
2d+2

1 ( ref� ! max if +1 � +stall

(2.9)

From (2.4) and (2.5) we can derive the wing drag as function of the wing lift:

�� ¹ �!–+1 º =
1
2

d+2
1 ( ref� � 0 ¸

2 �! 2

¹c4A ºd+2
1 ( ref

• (2.10)
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Similarly, it is also easy to get�U from �! and for each vertical thruster, we have

) E– 9=
, � �!

cos �U #E
– �E8 9¹ � 9– )E– 9–� �U–+1 º– 0=3 %09 = %0¹ � 9– =9–+1 º•

Note that� �U is due to the convention di�erence for AoA between rotor and wing.

The total drag force� � can be calculated as

� � = �� ¸ �!
[ � �E8

+1

where the additional term is to account for interaction between the vertical rotor and

wing, by adding some induced velocity onto the wing surface, tuned by an e�ciency

factor[ � . Following the same notation, we have aerodynamic power%� = � � +1 .

For each cruise thruster, we use

) 2–: =
� �

# 2
– �E8:¹ � : – )E–:–� �U¸ 90� –+1 º– and %0: = %0¹ � : – =: –+1 º•

Assembling the terms, we have the require power for �xed-wing �ight:

%'–FW =
# EÕ

9=1

�
) E– 9�E8 9̧ %09

�
¸

# 2Õ

: =1

�
) 2–:�E8: ¸ %0:

�
¸ %� • (2.11)

Now we have the power requirement for all modes of �ight. In reality, there exist

multiple if not in�nitely many solutions for mixed-mode �ight con�guration as

vertical and cruise thrusters can be combined arbitrarily. The settings we selected in

our analysis here are based on a conventional �ight control philosophy, where the

wingborne lift is prioritized.

2.3 Example Fixed-wing VTOL Designs for UAM

With Caltech CAST's initiative in research of the next generation aircraft for UAM,

conceptual designs are proposed based on real-world needs. Example concept

sketches are shown in Figure 2.4, all including di�erent numbers of vertical and

cruise thrusters as well as wing surfaces. Using the mathematical tools developed

so far in Section 2.2, we can analyze the potential performance impact on di�erent

design choices.

From various concepts, we eventually choose to pursue a tilt-rotor with a multirotor

hybrid con�guration. Through trade studies on vehicle parameters, we predict the

performance of a full-scale vehicle with realistic specs of di�erent components such

as battery packs and electric motors. Scaled prototypes are constructed to validate

the analysis method used and test automation algorithms for controlling the crafts.
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(a) Concept 1 (b) Concept 2 (c) Concept 3

Figure 2.4: Example conceptual designs for �xed-wing eVTOL sketched by the
author in the beginning of Caltech's AFA project.

Details of those prototypes are included in Appendix B. A skeletal version (AFA 1.0)

to verify the design of rotor and wing con�guration is �rst built and tested. Then a

preliminary design for a full-scale version is proposed with a smooth aerodynamic

body and shrouded rotors. Similarly, this design is materialized as another scale

prototype (AFA 2.0) to further the understanding of its aerodynamic properties.

Figure 2.5 shows a computer-rendered image of AFA 2.0 concept as a full-scale

vehicle in urban Manhanttan, New York.

Figure 2.5: Full-scale AFA 2.0 concept design. The image is rendered in Autodesk
VRED.

2.4 Example Performance of UAM Design

Using specs of scaled AFA 2.0 from the design process, we can predict the power

requirement using equations (2.7), (2.8), and (2.11). Details of AFA 2.0 specs are
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listed in Appendix B. In summary, it is a5•5 kg vehicle with a0•9 m long and0•3 m

wide body. The wing has a1•6 m span and an aspect ratio of roughlyA � 8•6. It

consists of 6 dedicated vertical rotors and 2 tiltable cruise thrusters, all with15 cm

diameter propellers. By using some empirical and experimental values for rotor and

wing properties, we can calculate the required power for rotors during �ight.

(a) VTOL Mode (b) Fixed-wing Mode

Figure 2.6: Required power%A breakdowns for VTOL and �xed-wing �ight modes.

Figure 2.6 shows the required power for rotors for both VTOL mode and �xed-

wing mode. In the case of AFA 2.0, VTOL mode refers to all 8 rotors in vertical

con�guration and propel the vehicle by pitching forward in the �ight direction, similar

to a multirotor. Throughout the airspeed range, the induced power from rotors is

the dominating power consumption, with pro�le and aerodynamic power becoming

apparent at higher speed. On the other hand, the �xed-wing mode will have 2 cruise

rotors in forward con�guration, leaving 6 vertical rotors to provide any lift assist

if necessary. Contrary to VTOL mode, the induced power from rotors becomes

much smaller as wing begins to generate enough lift to support vehicle weight, in

which case aerodynamic power becomes the main factor. Also can be seen between

graphs in Figure 2.6 is that �xed-wing mode consumes much less energy for faster

�ight, making it ideal for traversing longer distance. This is the main bene�t when

proposing �xed-wing VTOL as the prime candidate for UAM application.

The e�ciency bene�t of �xed-wing �ight is further illustrated in Figure 2.7, where
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(a) Power required and endurance (b) Thrust required and range

Figure 2.7: Endurance and range comparisons between VTOL and �xed-wing �ight
modes.

in addition to power requirement%A, we also plot a pseudo required thrust%A•+1 .

We denote the time for the aircraft to stay airborne asendurance. From (2.6), we

can expect that the maximumenduranceis determined by the power required to stay

airborne. Conversely, the distance traveled by the aircraft on a single battery charge,

denoted asrange, will be determined by pseudo required thrust%A•+1 , which has a

unit of N.

It is obvious from Figure 2.7 that for bothenduranceandrange, �xed-wing �ight is

more e�cient at higher speeds compared to VTOL and vice versa. Note that since we

have a tilt-rotor con�guration, the �xed-wing mode will have fewer rotors to sustain

weight at lower speeds, which will not be the case for a copter-plane con�guration.

Overall, �xed-wing �ight provides superiorenduranceandrangewhen reaching

optimum cruise speed, o�ering about twice the performance gains.

2.5 Chapter Summary

In this chapter, we began by providing the theoretical foundations for �xed-wing

VTOL aircraft. With momentum theory, we �rst constructed the power-thrust

relationship for rotors in di�erent �ight conditions, then combined the rotor power

with wing aerodynamics to derive the total power required during �ights. Using
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the total �ight power model together with the battery consumption model, we gave

examples of UAM designs that demonstrated the bene�ts of �xed-wing �ight for

better endurance and range. It became clear that a �xed-wing VTOL hybrid was

essential for UAM application.
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C h a p t e r 3

UNIFIED ARCHITECTURE FOR FLIGHT CONTROL

This chapter is largely based on [44], where uni�ed control architecture for �xed-

wing eVTOL vehicles is proposed and analyzed. We consider a VTOL vehicle that

can produce forces directly with distributed electric propulsion and non-negligible

aerodynamic forces and moments from its body or wings. An example VTOL is

given in Figure 3.1, which is comprised of six side rotors that can produce upward

forces, two back rotors that are able to produce forward and upward forces, and a

pair of wings used for lift production.

Figure 3.1: Illustration of an example VTOL aircraft and associated frames of
references: (1) inertial frameI ; (2) body frameB; stability frameS.

3.1 General Fixed-Wing VTOL Dynamic Model

A six degree-of-freedom (DoF) dynamics model for VTOL aircraft is considered.

The system states are de�ned by inertial positionp 2 R3 and velocityv 2 R3 at the

center-of-mass (CoM) of the vehicle; attitude as rotation matrixR 2 ($ ¹3º; and
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angular velocity! 2 R3 in the body frame. The dynamics are expressed as:

¤p = v ¤v = g ¸ Rf 1 (3.1)

¤R = RS ¹! º J ¤! = S¹J! º! ¸ � 1 (3.2)

whereJ 2 R3� 3 is the inertia matrix of the vehicle in body-frame,g is the constant

gravity vector in the inertial frame, andS¹�º : R3 ! ($ ¹3º is a skew-symmetric

mapping such thata � b = S¹aºb. External forces and moments on the vehicle are

grouped intof 1 and� 1. f 1 is normalized with mass and has a unit ofm•s2, while

moment has a unit ofNm. We can decompose

f 1 = f ) ¸ f � – � 1 = � ) ¸ � � (3.3)

since the external forces and moments on �ying vehicles generally consist of only

contributions from thrusters (f ) , � ) ) and aerodynamics (f � , � � ).

3.1.1 Thrust and Torque from Electric Propellers

Axial thrust) and torqueg are the dominating force and moment generated when

spinning up a propeller [90],

) = � ) d34=2 (3.4)

g = � & d35=2 (3.5)

with non-dimensional coe�cient� ) , � & , air densityd, propeller diameter3, and

propeller rotation speed=. Let the thrust from the9-th propeller in the body frame

be) 9ẑ 9, whereẑ 9 is the unit vector in the thrust direction. In turn, the axial torque

vector would beg9ẑ 9.

Let r 9 be the vector from the vehicle's CoM to the rotor axle. The moment at CoM

of the vehicle from rotor9can be then written as

� 9–cm = r 9 � ) 9ẑ 9 ¸ g9

= ) 9

�
S ¹r 9ºẑ 9 ¸

� & 3
� )

ẑ 9

�

|                      {z                      }
� 9

• (3.6)

In practice, we can obtain the physical parameters in the model through bench testing.

Thus without loss of generality, we can safely assume that direct control of axial

thrust for each rotor is given. Letu ) = ») 1–� � � – )# ) ¼> be the vector of control input
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with # ) as number of rotors on the vehicle, then

"
f )

� )

#

=

"
ẑ1 � � � ẑ# )

� 1 � � � � # )

# 2
6
6
6
6
6
6
4

) 1
•••

) # )

3
7
7
7
7
7
7
5

= B ) u ) • (3.7)

Through careful design of the vehicle's con�guration, one can get a well-conditioned

B ) matrix.

3.1.2 Aerodynamic Force and Moment on Wings

Forces and moments on wing surfaces are mainly depended on the relative wind

velocities. We de�ne such incident wind velocity as

v8 = R > ¹v � vF º (3.8)

which is the combination of ambient wind velocityvF and vehicle's inertial velocity

v. Then we can de�ne the following quantities related to aerodynamic force and

moment calculations. Let+1 , +GI, and+GHbe free-stream wind speed, and projected

speeds in bodyGI-plane andGH-plane, respectively. They can be calculated as

+1 = kv8k– U= arctan
�
E8I

E8G

�
– V= arcsin

�
E8H

+1

�
– (3.9)

which are incident wind speed+1 , angle-of-attack (AoA)U, and angle-of-sideslip

(AoS) V. For aerodynamic forces, we de�ne lift! and drag� in the bodyGI-plane,

and side force. in bodyH-axis. Similarly, aerodynamic moments� � = »g�G– g�H – g�I ¼

are de�ned for each body axis. They are often non-dimensionalized with

! =
1
2

d+2
1 ( ref� ! – � =

1
2

d+2
1 ( ref� � – . =

1
2

d+2
1 ( ref� . • (3.10)

g�G =
1
2

d+2
1 ( ref �2� <G– g�H =

1
2

d+2
1 ( ref �2� <H– g�I =

1
2

d+2
1 ( ref �2� <I – (3.11)

with ( ref as the reference wing area and�2 as the chord length [92].

For aircraft, the non-dimensional coe�cients� ! , � � , � . , � <G, � <H, and � <I

are typically tabulated from wind tunnel tests as a function of various body and

aerodynamic states. We instead use the following method that combines models of

di�erent accuracy. The general full range �at-plate model¹�ºfr can be used to get the

overall trend, while the linear model¹�ºlin provides more accuracy at lowU:

� fr
! = : ! sin¹2Uº– � lin

! = � ! 0 ¸ � ! 1U–

� fr
� = : � 1 sin2 U¸ : � 0– � lin

� = � � 0 ¸ � � 1U¸ � � 2U
2–

� fr
. = : . sinV– �lin. = � ! V V•

(3.12)
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Figure 3.2: Demonstration of aerodynamic coe�cient from»� 180–180¼degrees.

We use a hyperbolic tangenttanh blending function to aggregate two models

together [93]. The blending of two models can be tuned for accurate prediction

within the desired operating range, and bounded error everywhere else. Figure 3.2

shows an example of this method plot on full ranges ofU andV, which demonstrates

a similar trend compared to test data for both airfoils [94] and real aircraft [8]. To

summarize, we can expressf � by using (3.12):

f � =
1
2

d( ref+2
1

2
6
6
6
6
6
4

� ! ¹Uº sinU� � � ¹Uº cosU

� � . ¹Vº

� � ! ¹Uº cosU� � � ¹Uº sinU

3
7
7
7
7
7
5

– (3.13)

On the other hand, the moment coe�cients are computed using a linear model refered

from [92], assuming that a VTOL vehicle is designed to be symmetric with respect
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Figure 3.3: Schematic of the proposed controller framework for winged VTOL
aircraft or �ying cars.

to theGI-plane. We �nd

� <G = : G0 ¸ : G1
�2l G

2+1
¸ : G2

�2l I

2+1
¸ : G3V

|                                     {z                                     }
� 0

<G

¸ � � <G = � 0
<G ¸ � � <G–

� <H = : H0 ¸ : H1
�2l H

2+1
¸ : H2U

|                      {z                      }
� 0

<H

¸ � � <H = � 0
<H ¸ � � <H–

� <I = : I 0 ¸ : I 1
�2l G

2+1
¸ : I 2

�2l I

2+1
¸ : I 3V

|                                    {z                                    }
� 0

<I

¸ � � <I = � 0
<I ¸ � � <I •

(3.14)

The control surface de�ectionsX� 9 are assumed to only a�ect the moment coe�cients

linearly:

� � < 8 =
=�Õ

9=1

: 8–X9X�– 9– 82 fG– H– Ig• (3.15)

We can then de�ne control inputu � = »X� 1 � � � X�= � ¼as vector of de�ection angles,

with =� being the number of de�ection surfaces. Thus� � can be simpli�ed to

� � =
1
2

d( ref �2+2
1

2
6
6
6
6
6
4

� 0
<G

� 0
<H

� 0
<I

3
7
7
7
7
7
5

|                 {z                 }
� 0

�

¸
1
2

d( ref �2+2
1

2
6
6
6
6
6
4

: G–X1 � � � : G–X=�

: H–X1 � � � : H–X=�

: I–X1 � � � : I–X=�

3
7
7
7
7
7
5

|                                    {z                                    }
B �

2
6
6
6
6
6
6
4

X�–1
•••

X�–# �

3
7
7
7
7
7
7
5

= � 0
� ¸ B � u � •

(3.16)
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3.2 Uni�ed Control Architecture

By substituting (3.7), (3.13), and (3.16) into (3.3), we can rewritef 1 and� 1 as,
"
f 1

� 1

#

=

"
f � ¹v8º

� 0
� ¹v8–! º

#

¸

"
0

B � u �

#

¸ B ) u ) • (3.17)

We see thatB ) u ) andB � u � indicate that direct inversion can be applied to generate

forces and moments, whilef � presents a di�culty in determining the desired attitude.

We intend to useRf 1 and� 1 as control inputs in our position and attitude dynamics,

then �f and �� can be solved as desired forces and moments. Then we use a novel

force allocationmethod that outputs a desired attitude which ensuresRf 1 ! �f .

The proposed control system architecture is shown in Figure 3.3.

3.2.1 Position Tracking Controller

Given a desired position trajectoryp3¹Cº to track, a position error is de�ned as

~p = p � p3. We intend to design a manifold~v on which the position error converges

to zero exponentially:

~v = ¤~p ¸ � ? ~p = v �
�
¤p3 � � ? ~p

�
– (3.18)

where� ? is a positive de�nite gain matrix for the position error. We propose the

following controller using a required net force�f as an input:

Proposition 3.1. The position controller is de�ned as

�f = � g ¸ ¤vA � K E~v � K ? ~p– (3.19)

with ~v = v � vA– vA = ¤p3 � � ? ~p– (3.20)

whereK EandK ? are positive de�nite gain matrices. Suppose the di�erence between
�f and its realization is ~f . If it is bounded by somek ~f k � n, thenv ! vA and

p ! p3 exponentially within a ball of radiusA, denoted as1A, controlled byn and

gain matrices� ?, K ?, andK E.

Proof. Using (3.1), (3.19), and (3.20), we get the closed-loop dynamics of~v:

¤~v ¸ K E~v ¸ K ? ~p = ~f • (3.21)

Di�erentiating the Lyapunov functionV¹ ~v–~pº = ¹1•2º
�
k~v k2 ¸ ~p>  ? ~p

�
, it yields

¤V = ~v> ¹� K E~v � K ? ~p ¸ ~f º ¸ ~p> K ?
�
~v � � ? ~p

�

= � ~v> K E~v � ~pK ?� ? ~p ¸ ~v> ~f •
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By letting � = »~v> –~p> ¼> and using the comparison method from [95], we get

k� ¹Cºk �
r

22

21
k� ¹C0ºkexp

�
23

22
¹C� C0º

�
¸

22

2123
sup
C� C0

k ~f k–

with

21 = minf 1– _min¹K ?ºg

22 = maxf 1– _max¹K ?ºg

23 = minf _min¹K Eº– _min¹K ?º_min¹� ?ºg•

Sincek ~f k � non a compact set,)
p

k~v k2 ¸ k ~pk2 ! 1Awith A= ¹n22º•¹2123º. �

3.2.2 Attitude Tracking Controller on ($ ¹3º and Quaternion

We design a controller that provides global tracking of any attitude trajectory. Assume

that the desired time trajectories of attitudeR 3¹Cº and its associated angular velocity

! 3¹Cº are given by the force allocation block, and de�ne an error rotation matrix

which is de�ned as~R = R >
3 R . Following [96], it can be shown that the error function

used in($ ¹3º is equivalent to the vector part of the error quaternion~q = »~@0–~q>
E¼>

from ~R with ~@0 � 0:

~@0 =
1
2

q
1 ¸ tr¹ ~R º– ~qE =

1
4 ~@0

¹ ~R � ~R > º_– (3.22)

where the_ symbol here denotes theE44map which is the inverse operation ofS¹�º.

We use singularity-free formulas whentr¹ ~R º = � 1 [97], [98]. The angular rate error

e! can be obtained by di�erentiating~R with respect to time as

¤~R = R >
3

¤R ¸ ¤R >
3 R (3.23)

= ~RS
�
! � ~R > ! 3

�
– (3.24)

which givese! = ! � ~R > ! 3 in the current body frame. The kinematic relation

between¤~q ande! is given as

¤~q =
1
2

W ¹ ~qºe! – W ¹ ~qº =

"
� ~q>

E

~@0I ¸ S ¹ ~qEº

#

– (3.25)

with W ¹ ~qº> W ¹ ~qº = I 3� 3. We augment the quaternion attitude error with~@0 � 1.

Similarly to (3.19), we design a manifold on which error will converge exponentially:

~! = 2W ¹ ~qº>

 "
¤~@0

¤~qE

#

¸ W ¹ ~qº� ! W ¹ ~qº>

"
~@0 � 1

~qE

#!

– (3.26)
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where� ! is a3� 3positive de�nite gain matrix. Suppose� ! has positive eigenvalues

f _1– _2– _3g, thenW ¹ ~qº� ! W ¹ ~qº> will have eigenvaluesf 0– _1– _2– _3g. Since the

fourth element of quaternion is redundant, it is expected that~qE ! 0 exponentially.

It is also easy to verify that

W ¹ ~qº>

"
~@0 � 1

~qE

#

= ~qE• (3.27)

Our attitude control law is inspired by [99] with an additional back-stepping term.

Proposition 3.2. Suppose the control law is de�ned as

�� = J ¤! A � S ¹J! º! A � K l ~! � : @~qE– (3.28)

with ~! = ! � ! A– ! A = ~R! 3 � 2� ! ~qE (3.29)

whereK l is a positive de�nite matrix and: @¡ 0. Suppose the di�erence between

�� and its realization is~� . If it is bounded by somek ~� k � n, then ~qE¹Cº ! 0 and

! ! ! A exponentially within1A controlled byn and the gain matrices� @, : @, and

K l .

Proof. Select the candidate Lyapunov function as

V¹ ~! –~qEº = ¹1•2º ~! > J ~! ¸ : @~q>
E ~qE ¸ : @¹ ~@0 � 1º2•

~@0 =
q

1 � k ~qEk2 is a redundant variable here. Combining dynamics from (3.2) and

controller (3.28), we get the closed-loop dynamics for~! as

J ¤~! ¸
�
K l � S ¹J! º

�
~! ¸ : @~qE = ~� • (3.30)

Using (3.25), (3.29), and (3.30), we compute the time derivative of Lyapunov function

as,
¤V = ~! > J ¤~! ¸ 2: @~q>

E
¤~qE ¸ 2: @¹ ~@0 � 1º ¤~@0

= ~! > �
S ¹J! º � K l

�
~! � : @~! > ~qE ¸ ~! > ~�

¸ : @~q>
E

�
~@0I 3� 3 ¸ S ¹ ~qEº

�
e! � : @¹ ~@0 � 1º ~q>

Ee!

= � ~! > K l ~! � 2: @~q>
E � @~qE ¸ ~! > ~� •

By letting � = »~! > –~q>
E¼> and using the comparison method from [95], we get

k� ¹Cºk �
r

22

21
k� ¹C0ºkexp

�
23

22
¹C� C0º

�
¸

22

2123
sup
C� C0

k ~� k–
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with

21 = minf _min¹J º–2: @g

22 = maxf _max¹J º–4: @g

23 = minf _min¹K l º–2: @_min¹� @ºg•

Sincek ~� k � non a compact set,)
p

k ~! k2 ¸ k ~qEk2 ! 1Awith A= ¹n22º•¹2123º. �

3.3 Force Allocation

The controllers in (3.19) and (3.28) are written in general form for any aircraft

type, but each di�erent type relies on�f and �� achieved through varying actuator

commands or vehicle attitudes. We name such processes as force allocation [44].

The realization of �f within a small error is essential to minimizing position tracking

errors.

The reference force command is achieved through a two-step process, solving for

desired attitude and thrust commands, respectively. First, desired attitudeR 3 is

obtained through

R 3 �
�
f ) ¹u ) º ¸ f � ¹v8º

�

3
= �f (3.31)

with v8 also a function ofR 3 as seen from (3.8). Second, we solve for the thrust

commands by minimizing the force residue



 R ¹f ) ¸ f � º � �f




 in the current frame.

Note thatf ) is directly controlled by fast input dynamicsu ) while f � is dependent

on bothR andv8. For a forward �ying VTOL with wings, we intend to utilize as

much wing-lift as possible. Thusf � will be prioritized to reach�f , with any residue

taken care of byf ) .

3.3.1 Desired Attitude Determination

A solution to (3.31) for a multicopter relies on the di�erential �atness property, with

f � = 0 or considering only the drag e�ect [52], [100]. For a �xed-wing aircraft, a

similar property can be derived by constraining the vehicle in the coordinated �ight

frame [101]. We propose a simpli�ed solution following the same procedure in [44]

for fast and slow �ight speeds.

Proposition 3.3(Low-SpeedForce Allocation). Supposêk 5 is a unit vector in the

body frame indicating the favorable thruster force direction. Then we let

f ) ¹u ) º =
�
R > �f � f � ¹v8º

�
� k̂ 5– (3.32)
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as the current thruster force output.R 3 is obtained as any rotation that satis�es

R 3k̂ 5 =
�f




 �f




 • (3.33)

To fully determineR 3, we can constrain the bodyG-axis to be in certain pre-de�ned

heading direction as normally done for multirotors [100], [102].

For high-speed �ight, we limitV = 0 andU to be small within a linear region of the

aerodynamic model, as commonly done for �xed-wing aircraft.

Proposition 3.4(High-SpeedForce Allocation). Let �f 1 = R > �f denote the desired

body frame force. Given measuredv8, the incident wind frame axes are de�ned as

x̂ 8 =
v8

kv8k
– ŷ8 =

v8 � �f 1


 v8 � �f 1




 – ẑ8 = x̂ 8 � ŷ8•

Incident wind frame is then represented in body frame as

R 8 = »x̂ 8–ŷ8–ẑ8¼–

in which no side force is required (i.e�f 1 � ŷ8 = 0). Wing lift is then prioritized to

produce �f 1 normal tov8by setting a desired angle of attackU3 according to the lift

model

U3 =

8>><

>>
:

� �f 1 �ẑ8� ! 0
! 1

if � �f 1 � ẑ8 � ! max

Umax if � �f 1 � ẑ8 ¡ ! max

(3.34)

where! 0 = 1
2d+2

1 ( ref� ! 0 and ! 1 = 1
2d+2

1 ( ref� ! 1. The incident wind frame is then

rotated aroundŷ8by U3 denoted by rotation matrixR U. The desired attitude can be

calculated via consecutive rotations

R 3 = RR 8R U• (3.35)

The small angle approximation is often used implicitly for the �xed-wing aircraft

control problems. In contrast, our approach explicitly uses the lift model in (3.12) to

output the desired attitude, and relies on accurate estimation of the incident velocity

v8with a dedicated sensor described in Section 4.3.

3.3.2 Thruster Force Allocation

At the current attitude, we calculate thruster force through

Mf ) = M
�
R > �f � f � ¹v8º

�
– (3.36)

whereM is the matrix masking out the component of force in the body axis that

is unable to achieve by thruster input.f � is estimated from (3.9) and (3.13) using

currentv8estimation. Thus the desired thruster forces can be solved easily.
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3.3.3 Boundedness of Force Error

Before proving the boundedness of~f , we state the following assumptions:

Assumption 3.1.The coe�cients� ! , � . , and� � from (3.12) admit a lower bounded

error n1 on a linear model thann2 on a full-range model.

Assumption 3.2.Vehicle contained entirely in its �ight envelope. The attitude error

satis�esk ~qEk � f 1 globally. Within the linear aerodynamic region,k ~qEk � f 1 Ÿ f 1

determined by cruise condition.

Assumption 3.3.The total thruster forcef ) can be achieved arbitrarily close to a

desired value.

Theorem 3.1.Suppose we feedR 3 into the attitude controller (3.28). In quaternion

form, this isq1 and q2, from (3.32) and (3.35) usingq3 = Slerp¹q1–q2; Wº, an

interpolation scheme for quaternions [103] with a parameterWas atanhmixing

function varying with+1 and transition around a threshold speed+tr. Assuming

+max is the maximum vehicle speed associated in the trajectory, the overall force

allocation guarantees a bound on~f controlled bymaxf 2+2
trn2–+2

maxn1g.

Proof. From (3.32) and (3.36), denotef 3 = �f � Rf � ¹v8º and ^f 3 as the estimated

value based on approximate aerodynamics (3.12). Using Assumptions 3.1 and 3.2, it

can be shown



 ~f




 �




 f 3 � ^f 3 � k̂ 5




 �




 ^f 3 � ^f 3 � k̂ 5




 ¸

d( ref

2
+2

1 n2

� n3



 ^f 3




 ¸

d( ref

2
+2

1 n2–

wheren3 Ÿ 1 is determined by the global attitude error bound from Assumption 3.2.

Similarly from (3.35), we have




 ~f




 � n4




 ^f 3




 ¸

d( ref

2
+2

1 n1–

wheren4 Ÿ n3 is satis�ed from small angle approximation andn4 � 1. During the

transitioning phase, when0 Ÿ W Ÿ1,



 ~f




 � n3




 ^f 3




 ¸ d( ref+2

trn2•

Therefore, the supremum of the norm



 ~f




 is bounded as follows

sup
C� C0




 ~f




 � n3




 ^f 3




 ¸

d( ref

2
maxf 2+2

trn2– +2
maxn1g• (3.37)

�



32

It is interesting to note the intuition behind this bound.n3



 ^f 3




 is limited by desired

force and attitude, respectively, which is achieved internally inside the controller.

The �rst term inmaxf�g represents a bound with the full-range aerodynamic model

having larger uncertainties, limited by+tr. This is a common implicit assumption

among multicopter controls. The second term inmaxf�g represents a tighter bound

from the high accuracy linear model.

3.4 Control Allocation

From (3.28) and (3.36), we eventually arrive at the required thruster forces and

moments "
f )

� )

#

=

"
M

�
R > �f � f � ¹v8º

�

�� � B � u �

#

• (3.38)

We can rede�ne wrench vectorw ) as a combination of thruster forces and moments.

Given a feasible control spaceU ) � R# ) of the distributed propulsion, control

allocation aims to �ndu ) 2 U ) such that

w ) = B ) u ) with w ) =

"
f )

� )

#

2 R# F • (3.39)

However, [104] shows that there exists no single inverse mapping that can recover a

full set of feasiblew ) without violating some control constraints for an over-actuated

system when# ) ¡ # F . Nonetheless, sinceB ) has multiple right inverses, there still

exist more than oneB ) satisfying (3.39).

Control allocation in practice is executed with very high frequency, thus we would

like to validate (3.39) within the same time-scale of the controllers. We achieve this

by pre-computing a full attainable wrench spaceW ) � R# F for all elements in which

it is guaranteed to �ndu ) 2 U ) under some inverse mapping ofB ) . If w ) 2 W ) ,

then a method proposed in Section 3.4.2 is used to solve foru ) . Otherwise, the

magnitude ofw ) may have to be scaled down until it becomes an element ofW )

with its direction maintained, as is commonly done in the literature [104].

3.4.1 Attainable Thruster Wrench Space

Let U ) = f u ) j u )–min � u ) � u )–maxgand its boundarymU ) = f u )–min–u )–maxg.

A feasible wrenchw ) lies under the column space ofB ) with u ) 2 U ) . We de�ne the

attainable wrench space asW ) = f w ) =
Í # )

9=1 D)– 9b9 j D)–min � D)– 9 � D)–max–8 9g,

where D)– 9 and b9 represent the9-th element and the column ofu ) and B ) ,

respectively. Without loss of generality, let us assume that the individual thrusters
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are identical, withD)–min = 0 andD)–max = 1. Then, by de�nition

W ) = Conv©
­
«

# )Ê

9=1

f 0–b9g
ª
®
¬

– (3.40)

whereConv¹�º represents a convex hull of a given set and
É

is the Minkowski

sum. We check whetherw ) 2 W ) can be done via linear programming [105]. Even

though linear programs run reasonably fast on modern computers, we argue that for

many low-power control units on aerial vehicles, the method still poses di�culty. In

such a case, we propose thatW ) may be approximated by a hypercuboid�W ) that is

maximally �tted within W )

�W ) = f w ) j w )–min � w ) � w )–max–g � W ) – (3.41)

wherew )–min andw )–max are constants that de�ne the boundary of hypercuboid.

Although there is a potential loss of space inW ) , checkingw ) 2 �W ) will be

much faster than that ofw ) 2 W ) , involving only a �nite number of comparison

operations.

In order to �nd the reduced wrench space�W ) , we recall thatW Cis a convex hull

constructed with a �nite set of points, and thus it is an# F -dimensional polyhedron

that can be written asW C= f w ) j Aw ) � c–A = »08 9¼ 2R?� # F –c = »28¼ 2R?g,

where? is the number of polyhedron faces. We assume that the edge lengths of
�W ) areq¹ �a8 � a8º, whereq is a scaling constant to be optimized and�a8anda8are

given coordinates of an edge of�W ) along the8-th dimension. Then the following

optimization problem solves for a maximumq, which is equivalent to �nding �W )

maximally �tted in W ) :

q� = argmax
q

<Õ

8=1

log
�
q¹ �a8 � a8º

�
– (3.42)

subject to 0¸
8 9= maxf 08 9–0g– 0�8 9= maxf� 08 9–0g–

<Õ

9=1

0¸
8 9�a9 � 0�

8 9a9 � 28– 8= 1–� � � – ?–

a: Ÿ �a: – : = 1–� � � – <•

3.4.2 Static and Recursive Control Allocation

A right pseudoinverseB ¸
) = B >

) ¹B ) B >
) º� 1 of B ) is a common saturation-prune

method for control allocation often considered in the literature and practice. A
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straightforward alternative is to solve an optimization,

min
u )

ku ) k2–

subject to B ) u ) = w ) –

u )–min � u ) � u )–max–

(3.43)

which we deemed it not ideal for a real-time application for the abovementioned

practical reasons. Note thatu ) computed with the right pseudoinverse is a solution to

(3.43) if the inequality constraint is ignored. Therefore, the method of cascading in-

verse [106] can be promising in computingu ) 2 U ) , which computes pseudoinverse

or generalized inverse solutions in an iterative manner.

Algorithm 1 Recursive Control Allocation

Input: Control e�ective matrixB ) , desired wrenchw ) .
Output: Distributed propulsion control inputu ) 2 U ) .

1: while A new wrench vectorw ) is availabledo
2: if w ) 8 W ) or w ) 8 �W ) then
3: Scale downw ) until w ) 2 W ) or w ) 2 �W ) .
4: end if
5: if B ) is squarethen
6: u ) = B � 1

) w ) .
7: else
8: u ) = B >

) ¹B ) B >
) º� 1w ) .

9: if 9 9such thatD)–max Ÿ D)– 9 then
10: w )  w ) � D)–maxb9.
11: B )  

�
b1–� � � –b9� 1–b9̧ 1–� � � –b=

�
.

12: u ) = Recursive Control Allocation¹B ) –w ) º.
13: InsertD)–max as 9-th element ofu ) .
14: else if 9 9such thatD)– 9 Ÿ D)–min then
15: w )  w ) � D)–minb9.
16: B )  

�
b1–� � � –b9� 1–b9̧ 1–� � � –b=

�
.

17: u ) = Recursive Control Allocation¹B ) –w ) º.
18: InsertD)–min as 9-th element ofu ) .
19: end if
20: end if
21: return u ) .
22: end while

When a pseudoinverse solution does not violate the constraints onu ) , it is admitted

as a solution. Otherwise, the saturated elementDC– 9of u ) is either set toDC–max if

DC– 9¡ DC–max, or DC–min if DC– 9Ÿ DC–min. This action determines the contribution of the

saturated elementDC– 9to the wrenchw ) as eitherDC–maxb9 or DC–minb9. The wrench is
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updated by subtracting this amount, and the9-th columnb9 of B ) is removed from

the matrix because its contribution tow ) is already considered. Then Algorithm 1 is

executed recursively to solve for the remaining elements ofu ) with the updatedw )

andB ) until a non-saturated solution is found. For each givenw ) , the method runs

at most¹# ) � # F º iterationsuntil B ) reduces to a square matrix, and each iteration

involves one pseudoinverse (or inverse in the last iteration) operation. Therefore, the

worst case time complexity of the algorithm isO¹# ) � # F º.

For �ying aircraft with distributed propulsion, a major portion of control e�ort

goes to lift generation to counter-balance the weight. Based on this observation,

we propose an allocation method that computes an inverse mappingB 0
) of B ) that

avoids saturation ofu ) by evenly distributing the e�ort to generate lift across the

thrusters. Furthermore, the allocation prevents thrusters from generating downward

forces. The resultantB 0
) can be implemented onboard as a static mapping and its

execution speed would be much faster than any online optimization method.

By de�nition, B 0
) w ) = u ) . The energy consumption,ku ) k2

2 = ¹w ) º> ¹B 0
) º> B 0

) w ) ,

is minimized for a given feasiblew ) by minimizing the Frobenius norm ofB 0
) ,

kB 0
) k� =

q
tr¹B 0>

) B 0
) º•

The following optimization is formulated, which not only minimizes the energy

consumption, but also guarantees evenly distributed lift generation from all thrusters:

min
B 0

)

kB 0
) k� ¸ 5aad¹b0º–

subject to B ) B 0
) = �–

b0 � 0–

(3.44)

whereb0corresponds to the column ofB 0
) governing the allocation of a vertical force.

Note that the positive bodyI -directionis downwards in Figure 3.1, and to generate

an upward vertical lift, it is desirable to have all elements ofb0 less than zero. In

addition, to avoid any individual rotor reaching maximum speed, we distribute the

vertical force evenly across thrusters. In particular, the di�erence between individual

thruster forces are minimized using the average absolute deviation5aad¹b0º about the

mean ofb0, where

5aad¹b0º =
1

# )

# )Õ

8=1

j10
8 � mean¹b0º j•

Note that (3.44) is convex and can be easily solved through a convex optimization

solver.
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3.5 Results on Tilt-Rotor Fixed-wing VTOL

We model a vehicle similar to Figure 3.1 with tiltable rear thrusters to demonstrate

as test platform for the overall control architecture explained in this chapter. The

physical details of the test vehicles are described in Appendix B.1.

3.5.1 Flight Simulations of Take-o�, Transition, and Cruise

Given crude velocity commands without any sophisticated trajectory design. Fig-

ure 3.4a shows the vehicle's longitudinal states trajectory. Starting from rest, the

vehicle is commanded with a positive climbing speedEI = 5m•s from C= 0 s to

C= 5 s. Starting atC= 5s, a forward cruising speedEG= 15m•s is given. Lift, drag,

and angle-of-attack are shown in Figure 3.4b. The transitional behavior of the vehicle

can be clearly seen. During the slow climbing stage, theforce allocatorwill use

upward force from vertical thrusters. Starting forward �ight, the vehicle will �rst

pitch forward as a conventional multicopter. After gaining some forward speed, the

controller uses positive lift production from the wings during fast forward �ight.

(a) Velocity and Pitch (b) U and Aerodynamic Forces

Figure 3.4: State and commands related to a transition-to-cruise trajectory.
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3.5.2 Numerical Simulations of Control Allocation Methods

(a) 2D force spaceFC (b) 3D moment spaceM C

Figure 3.5: Projections of the attainable wrench spaceW ) and its approximation
�W ) of the vehicle in Figure 3.1 onto (a) 2D force space and (b) 3D moment space.

The force space is two-dimensional because the vehicle does not have an ability to
generate thrust in itsH-axis.

Figure 3.5 shows the �ve-dimensional spacesW ) and �W ) of the vehicle in Figure 3.1

projected onto a two-dimensional force space and three-dimensional moment space

for visualization. Note that the vehicle does not have an ability to generate a thrust in

its H-axis, hence the force space is only two-dimensional.

Table 3.1: Comparison of pseudoinverse (Pinv), optimization (Opt), and recursive
control allocation (RCA) methods.

Pinv Opt RCA

% of u ) 2 mU 10.8% 0% 0%

�C• �Cpinv 1 7292 1.16

cost•costopt 0.9995 1 1

A total of 100,000w ) from �W ) were sampled, and their associatedu ) were

computed using the conventional pseudoinverse, cascading inverse, and optimization

(3.43). The result is presented in Table 3.1, where we show the percentage of

u ) 8 U ) , average time spent to compute eachu ) normalized by the average time

taken by the pseudoinverse approach(�C/ �Cpinv), and the average cost of the obtained

u ) normalized by the average cost of the optimal solutions obtained by solving (3.43)

(cost•costopt). While the conventional pseudoinverse approach returnedu ) 8 U ) for

10.8% of the sampled wrenches, the cascading inverse method returned no saturated

control commands for all the test cases, with only about 20% increase in average
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computation time. The optimization also returned nou ) 8 U ) , but took much longer

to �nd solutions. In addition, the costs ofu ) obtained by the cascading inverse were

nearly the same as the optimal costs obtained by solving (3.43).

3.5.3 Flight Experiments on AFA

We conducted �ight experiments on AFA 1.0 in Caltech CAST's fan array wind

tunnel as shown in Figure 3.6. The wind tunnel can generate a wind �eld up to

17 m•sand should sustain the fast �ight of our vehicle.

Figure 3.6: AFA 1.0 �ying in wind �eld generated by a fan-array wind tunnel.

We implemented our controllers and force allocation method from Section 3.2, as

well as the control allocation scheme in (3.44), using modi�ed PX4 �rmware and

Pixhawk �ight controller [107] on our functional prototype shown in Figure B.1.

The prototype had the same con�guration in terms of thrusters and wing compared to

Appendix B.1. Tests on attitude tracking performance were performed. We conducted

experiments with and without uniform wind �eld generated by the fan-array wind

tunnel.

The vehicle has asymmetric rotor placement and aerodynamic surfaces of signi�-

cant size. Even during normal free �ight, we observed noticeable non-vanishing

disturbances from wing, ground, and rotor interactions. In spite of that, our proposed

controller was able to swiftly track the attitude trajectory given by an operator, as

shown in Figure 3.7a. During the fan-array wind tunnel test shown in Figure 3.6,

the vehicle was switched to a forward �ying mode with a tilted back rotor. Tracking

error increased due to a larger wind disturbance, but the controller still maintained

stability. The onboard pitot-tube measured an airspeed up to8 m•s.
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(a) Attitude without wind (b) Attitude with steady wind

(c) Measured airspeed from onboard pitot-tube during fan-array test

Figure 3.7: State and commands related to a transition-to-cruise trajectory.

3.6 Chapter Summary

We presented a novel framework for designing controllers for a VTOL aircraft

with wing. The control design objective was split into: (a) designing nonlinear

position/velocity and attitude/rate controllers using net forces and moments as input;

and (b) force, moment, and control allocations to generate the desired wrench. We

identi�ed the problem of force allocation as complex and vital to a winged VTOL

aircraft under substantial aerodynamic forces, and proposed a general solution for

closed-loop �ight in varying speed regimes. Furthermore, the attainable force,

moments, and control spaces were analyzed to give a realtime veri�able set to avoid

control saturation. A prototype hybrid VTOL vehicle was constructed. Realistic

data were used to model and simulate the behavior of the proposed framework in
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commanding a transitional maneuver of the vehicle without a explicit trajectory

design. Experiments were carried out to demonstrate the stability and robustness of

the proposed controller and allocation method.
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C h a p t e r 4

PHYSICS-BASED MODEL ADAPTIVE FLIGHT CONTROL

The proposed uni�ed control architecture, force allocation, and control allocation

schemes from Chapter 3 improve the performance of �xed-wing VTOL in all �ight

stages. However, the accuracy of force tracking depends highly on the validity of the

force model being used, as well as a precise estimate of induced wind velocityv8.

Thus in this chapter, adapted from [108], we develop adaptive methods to update

force models for any unmodeled transient and unsteady behaviors; and incorporate

novel sensors to have realtime measurements ofv8.

4.1 Linear-in-Parameter Force Model

The general dynamics for �xed-wing VTOL is described in great detail in Chapter 3.

The important point for us to note is that the body force is comprised of thruster

and aerodynamic forcesf 1 = f ) ¸ f � . To further evolve the performance for

postion tracking control, a more detailed and adaptation-friendly model needs to be

introduced.

Figure 4.1: Fixed-wing VTOL prototype with copter-plane con�guration.

Instead of developing a general model for any vehicle type, we will focus on the

copter-plane con�guration as shown in Figure 4.1. Details of the vehicle including

its physical parameters are included in Appendix B.2.
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(a) Propeller Force Diagram (b) Wing Force Diagram

Figure 4.2: Diagrams with de�nition of forces on di�erent propellers and wings.

As shown in Figure 4.2a, typical propellers generate an axial thrust as well as a side

force tangential to the rotor plane. As stated before in (3.4), a common model for static

propeller thrust is) = � ) d34=2 The rotor side force� ( however lacks simpli�ed

models, even though the measurements indicate that the side forces produced by

vertical thrusters often incur a signi�cant drag increase during forward �ight. Hence,

we derive a canonical model from wind tunnel test data and dimensional analysis.

Details about the derivation of the model are described in Appendix A, here we

include (A.1) again for completeness:

� ( = � ( d=: 1+2� : 1
1 32¸ : 1

� � c
2

� 2
� U2

�
¹U¸ : 2º (4.1)

whereU is in radians. By assuming a linear relationship between= and the throttle

signalD, and that only the vertical thrusters produce signi�cant side forces, we get

the following force estimate

) G= �� )GD2
G– )I = �� ) I D2

I – (4.2)

� ( = �� ( � � ¹U–+1 – DI º• (4.3)

The coe�cients �� )G, �� ) I , and �� ( are non-dimensional coe�cients combined with

constants in (3.4) and (4.1).� ¹U–+1 – DI º is the basis from (4.1) using �xed: 1 and

: 2 �tted from data.DGandDI represents the collective thrust signals in theG-axis and

I -axis, respectively, which is speci�c to our type of �xed-wing VTOL.

The aerodynamic lift and drag on wing as shown in Figure 4.2b is the same as de�ned

in (3.11) and (3.12). For the purpose of adaptation, we will focus on the linear range

of aerodynamics forces. In practice, we will operate our vehicle in this region for a

smooth �ight. Thus the linear model for coe�cients� ! and� � is

� ! = � ! 0 ¸ � ! 1U (4.4)

� � = � � 0 ¸ � � 1U¸ � � 2U
2– (4.5)
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while the side force� . remains unmodeled with the assumption that� . = 0 at V = 0.

This assumption is valid for most aircraft symmetric in theGI-plane. In Section 4.2,

we use this fact to constrain. = 0 by ensuringV = 0.

From (4.2) to (4.5), the estimated thruster and aerodynamic forces can be expressed

as

^f ) =

2
6
6
6
6
6
4

�� )GD2
G

0

� �� ) I D2
I

3
7
7
7
7
7
5

¸

2
6
6
6
6
6
4

� �� ( � I ¹U–+1 – DI º cos¹ �Vº

� �� ( � I ¹U–+1 – DI º sin¹ �Vº

0

3
7
7
7
7
7
5

(4.6)

^f � =
1
2

d( ref+2
1

2
6
6
6
6
6
4

� ! ¹Uº sinU� � � ¹Uº cosU

� � . ¹Vº

� � ! ¹Uº cosU� � � ¹Uº sinU

3
7
7
7
7
7
5

• (4.7)

Note that �V = arctan
�
E8H•E8I

�
is slightly di�erent from the sideslip. We can express

the overall body force estimate

^f 1 = ^f ) ¸ ^f � = � ¹v8– DG– DI º ^�

where� ¹� � � º denotes the model basis collected from (4.4) to (4.7). The model

parameter vector is

^� =
�

�� )G– �� ) I – �� ( – � � 0– � � 1– � � 2– � ! 0– � ! 1

� > •

4.2 Adaptive Force Allocation

4.2.1 Force Model Composite Adaptation

With reference force realized through allocation methods (3.32), (3.35), and (3.36)

and position controller (3.19), the closed-loop dynamics of the velocity tracking

error ~v is

¤~v = g ¸ Rf 1 � ¤vA ¸
� �f � �f

�
¸ ¹ R ^f 1 � R ^f 1º

= � K E~v ¸
�
R ^f 1 � �f

�
� R ¹ ^f 1 � f 1º

= � K E~v ¸ � � R � ~� • (4.8)

The force tracking error� =
�
R ^f 1 � �f

�
is a�ected by the attitude di�erence~R

and the residual side force after projection in (3.36). Any force error in the body

H-axis cannot be directly compensated for by thrusters and has to be achieved through

an attitude change.

The composite adaptation technique is employed to facilitate convergence of both

tracking and prediction errors [109]. We compute prediction error via a low-pass
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�ltered onboard accelerometer measurementa< = »a � g¼5 and basis calculation

W 5 = »� ¼5, where»�¼5 here is a strictly-positive-real (SPR) �lter [35], [36]. Then

the prediction errore is simply the di�erence between the two

e = W 5 ^� � a< • (4.9)

We are now ready to de�ne tjhe parameter update law:

¤̂� = P
�
� > R > ~v � W >

5 e
�

� f P
�

^� � � 0

�
(4.10)

¤P = � P W >
5 W 5P ¸ _P • (4.11)

To improve the robustness, a damping termf is added to pull updates toward initial

estimates� 0, which is obtained through model �tting described in Appendix B.2._

makes (4.11) exponentially forget data for continual adaptation [35].

4.2.2 Stability Property

From (4.8), it can be seen that the tracking of the velocity pro�le relies on the force

prediction as well as attitude control. Due to the realistic aerodynamic e�ects on a

�xed-wing VTOL being nonlinear and unsteady, we make the following assumptions

on � and ~qE

Assumption 4.1. The vehicle is con�ned to operate within a linear force model

range andk� k � F k ~qEk, with F being a constant related to maximum aerodynamic

force.

Assumption 4.2. The controller in (3.28) enables exponential tracking of! . The

time-scale of~! convergence is much shorter than~v and ~qE thus can be treated as

! = ! A.

Given exponential convergence proved in Proposition 3.2, Assumption 4.2 can be

easily validated through gain tuning based on the vehicle's hardware. With the

composite adaptation on the force model and tracking controller de�ned previously,

the convergence of~v, ~qE, and ~� is given below.

Theorem 4.1. By applying the controller, force allocation, and model adaptation

from (3.19), (3.28), (3.35), (3.36), (4.10), and (4.11), the tracking errorsk~v k, k ~qEk

and parameter error



 ~�




 will exponentially converge to a bounded error ball.

Proof. A Lyapunov function consisting of tracking error and prediction error terms

is selected

V =
1
2

~v> ~v ¸ W� 1¹2 � 2 ~@0º ¸
1
2

~� > P � 1 ~� (4.12)
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where the global attitude tracking error2 � 2~@0 is used, similar to [96] for($ ¹3º,

with its time derivative
¤~@0 = �

1
2

~q>
E

�
! � ~R > ! 3

�
•

Taking the time derivative ofV and substituting in (4.8), (4.10), and (4.11) with As-

sumption 4.2, we get

¤V = � ~v> K E~v ¸ ~v> � � W� 1 ~q>
E � @~qE

�
1
2

~� >
�
W >

5 W 5 ¸ _P
�

~�

�
f
2

� 


 ~�




 2

¸



 ^� � � 0




 2

� k� � � 0k2
�

•

We de�ne the minimum eigenvalues of positive de�nite matrices,2E = _min¹K Eº,

2@= _min¹� @º, and2% = _min¹P º. Applying Assumption 4.1 and using the fact that

W >
5 W 5 � 0, we arrive at

¤V � � 2E k~v k2 �
2@

W
k ~qEk2 �

_2%¸ f
2




 ~�




 2

¸
f
2

k� 0k2

¸ F k~v k k~qEk
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"
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k ~qEk

#> "
2E F • 2

F • 2 2@•W

# "
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k ~qEk

#

�
_2%¸ f
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 2

¸
f
2

k� � � 0k2 •

By selecting aW Ÿ¹42E2?º•F 2, we can �nd a constant2, such that ¤V Ÿ � 2V ¸
f
2 k� 0k2. This proves thatk~v k, k ~qEk, and




 ~�




 will exponentially converge to an error

ball bounded by initial parameter errork� � � 0k. �

4.3 3D Air�ow Sensing

To measure the angle of attack (U) and the sideslip angle (V) in �ight, a custom

3D air�ow sensor (Figure B.3) containing three di�erential pressure sensors and

a conic tip [110] was developed. The sensor uses the SDP33 chip from Sensirion,

a pressure sensor based on thermal mass �ow [111]. These sensors have almost

no zero-pressure o�set and drift (0•2 Pa), which makes them ideal for sensing �ow

angles. In addition, their fast response (Ÿ 3 ms) allows them to be used in the attitude

control loop. The conic tip has four ori�ces placed symmetrically relative to a central

ori�ce. The di�erence in pressure for each pair of holes varies withU andV. The

relationship between the di�erential pressures (@1 – @U– @V) and the incident velocity
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v8 in the body frame is modeled as:

v8 =

s
2@1 • d

@2
1 ¸ ¹ :@Vº2 ¸ ¹ :@Uº2

2
6
6
6
6
6
4

@1

:@V

:@U

3
7
7
7
7
7
5

(4.13)

Figure 4.3: Linearity of �ow angle measurement and model �t.

A wind tunnel was used to calibrate the sensor and �t the coe�cient: from the

above equation. The linearity of estimated �ow angle is shown in Figure 4.3.

The feedback from the sensor provides an accurate estimate of the incident airspeed

vectorv8, which enables the aircraft to �y at desired aerodynamic conditions. The

airspeed vector is used in the force model described by (4.6) and (4.7) in order to

compensate for the aerodynamic forces and to provide an adaptation basis� .

4.4 Experiments on The Prototype Vehicle

We used a custom �xed-wing VTOL aircraft (Appendix B.2) running a modi�ed PX4

�rmware on a Pixhawk �ight controller [107]. We conducted indoor experiments

using the Real Weather Wind Tunnel from the Center for Autonomous Systems and

Technologies (CAST). The fan array based wind tunnel can generate uniform wind

�elds up to 12•9 m•sand produces wind speeds linearly with an input throttle. The

facility is equipped with motion capture cameras which allow closed-loop position

control in front of the fan array.

During the experiment, the VTOL keeps its position �xed in front of the fan array, as

shown in Figure 4.4. The control loop as well as the force allocation and parameter

adaptation is running at250 Hz. Given our estimate of̂� 's posterior distribution
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Figure 4.4: The VTOL �ying in position control in front of the CAST Fan Array,
with smoke for �ow visualization.

from aerodynamic testing shown in Table B.5, we limit the maximum deviation of^�

to stay within �xed bounds around the initial parameter estimate. The �lter used for

the acceleration measurement and prediction (4.9) is a �rst order low-pass �lter with

a cuto� frequency of10 Hz. In all experiments,P is initialized to a diagonal matrix

(P0) with elements listed in Table 4.1.

Table 4.1: Initial adaptation gains: diagonal ofP0

�� )G �� ) I �� ( � � 0 � � 1 � � 2 � ! 0 � ! 1

200 200 0•1 1 5 20 0•1 0•1

4.4.1 Aerodynamic Parameters Convergence

Figure 4.5 shows parameter convergence for seven runs of the composite adaptation

controller from (4.10) and (4.11), each with randomly sampled initial parameters.

Each experiment was started with the vehicle hovering in still air. The fan array was

then sequentially set to 30%, 50%, and 70% throttle, which roughly corresponds

to 4 m•s, 6•5 m•s, and9 m•s wind speeds, as the vehicle continued to maintain its

position.

As the test conditions stay the same across di�erent runs and only the initial parameters

are varied, it can be seen from Figure 4.5 that the components of^� converge to some

patterns, indicated by the lower variance as time progresses. It is also interesting to

note that� ! 0, � ! 1, and �� ) I have cleaner trends than the other variables, indicating

steady and accurate force estimates in the vertical direction. There seem to be bigger
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