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ABSTRACT

Optimal control of turbulent flows requires a detailed prediction of the unsteady,
three-dimensional turbulent structures that govern quantities of interest like noise,
drag, and mixing efficiency. There is a need for physics-based, reduced-order
models of turbulent structure for those cases where direct simulation of the flow
would be computationally prohibitive. In this thesis, we explore resolvent analysis
as a framework for such models. Based on a linearization about the turbulent mean
flow field, the resolvent finds optimal (highest gain) forcing functions that give
rise, through linear amplification mechanisms, to energetic coherent structures. The
forcing functions represent the nonlinear interactions between the coherent structures
as well as with background incoherent turbulence. While the high-gain structures
capture many characteristics of the observed turbulent coherent structures in both
wall-bounded and free-shear flows, closures for the forcing function are required to

make these models predictive and thus utilize them for flow control.

In the first part of this thesis, we examine a linear model for the resolvent forcing
by adapting the concept of a turbulent (eddy) viscosity from classical Reynolds-
Averaged Navier—Stokes (RANS) turbulence modeling. We present a data-driven
approach to identify an optimal eddy-viscosity field that best matches the resol-
vent prediction to the most energetic coherent structure educed via spectral proper
orthogonal decomposition (SPOD) of data from high-fidelity simulations. We an-
alyze the specific case of turbulent jets spanning a range of Mach numbers from
subsonic to supersonic. We find the optimal eddy-viscosity field to be effective at
matching both the shape and energy distribution of structures. More importantly,
we find that calibrated eddy-viscosity fields predicted using standard eddy-viscosity
models (utilizing only quantities available from RANS) yield results that are close

to optimal.

We use the resulting resolvent model together with the high-fidelity data to investi-
gate the full spectrum of amplification mechanisms and coherent structures present
in turbulent jets. The addition of a turbulence model provides a clear separation be-
tween two established mechanisms in turbulent jets (Kelvin-Helmholtz and Orr) and
leads to the identification of a third mechanism known as lift-up. Lift-up becomes
the dominant mechanism at low-frequency limits for nonzero azimuthal wavenum-
bers, generating elongated, streaky structures. We find these streaks to be the most

energetic structures in the jet, and that their presence has implications for altering
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the mean flow and controlling noise.

Finally, we extend resolvent analysis to that of an acoustic analogy that relates the
near-field forcing to the far-field acoustics 100 diameters from the nozzle. We again
leverage high-fidelity data to produce an ensemble of realizations of the acoustic
field and find that only a few resolvent modes are necessary for reconstruction.
Ultimately, we find that a resolvent model based solely upon RANS quantities can
reconstruct and predict the peak acoustic field at rank-1 to within 2 decibels for both

the supersonic and transonic jets.
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Chapter 1

INTRODUCTION

1.1 Motivation

Optimal control of turbulent ows, from airfoils to wind-turbines to jet engines,
remains a challenging and exciting area of research in uid mechanics. Due to the
complex and chaotic nature of turbulent ow, there exists no unique or repeatable
time history for any general turbulent ow con guration (Karman, 1938; Hinze,
1959). Even so, the sensitivity of the equations to any external perturbations would
render such an undertaking as moot (Bradshaw, 1972; Pope, 2001). This chaotic
and, in many ways, unpredictable quality of turbulence presents a unique challenge
for understanding and controlling the fundamental mechanisms of turbulence.

With recent advancements in computational power, time-averaged statistics of turbu-
lent ows found via Reynolds-Averaged Navier Stokes (RANS) simulations (Laun-
der and Spalding, 1983), direct numerical simulation (DNS) (Moin and Mahesh,
1998), or large eddy simulation (LES) (Lesieur and Metais, 1996) have been found
to provide data that agree with experiments of various ow con gurations (e.g.
jets, boundary layers). These are critical tools for furthering turbulence research,
however, with each technique comes di erent limitations. RANS, the cheapest
of the above, lacks universality and requires signi cant tuning for each new ow
condition. DNS, while tremendously accurate, is prohibitively costly as it requires
resolving scales of the ow down to the Kolmogorov length scale, and is intractable
for nearly all complex or high-Reynolds number ows. LES presents a compro-
mise as a much cheaper alternative to DNS and has emerged as an accurate tool
for simulating turbulent ows and their associated noise for geometries relevant to
full-scale aircraft bres2019modeling. Yet, LES remains relatively expensive and,

for engineers seeking control strategies, computing full parameter searches is not
feasible. Further, even though simulations provide an immense amount of data, they
are agnostic to the fundamental mechanisms active in the ow and thus lack a direct
entry point for modifying the ow to alter engineering quantities of interest.

Although the chaotic nature of turbulence and the intractability of many computa-
tional tools would seem to spoil any hope for progress, reframing turbulence from a
time-dependent quantity to a statistical one reveals that a great deal of order under-
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pins turbulence. The order of turbulence that we are interested in characterizing in
this thesis are known a®herent structuresneaning structures found to be present

in turbulent ow for relatively long periods of time. These structures are of critical
importance as they are a primary contributor to the transport of mass, momentum,
and energy, and the radiation of acoustic waves in turbulence (Lumley, 1981). Some
of the earliest observations of order among the uctuating terms in turbulence are
those of Mollo-Christensen (1967) and Crow and Champagne (1971), who found
orderly structure in turbulent jets, and Brown and Roshko (1974) in planar mixing
layers. Nearly 50 years later, a full understanding of the underlying mechanisms
driving the generation and sustenance of coherent structures remains elusive, yet
their connection to longstanding engineering problems such as jet acoustics (Jordan
and Colonius, 2013) and drag in wall-bounded ows (Moarref and Jovanovi¢, 2012;
Jiménez, 2018; Toedtli, Luhar, and McKeon, 2019) has become increasingly appar-
ent. Thus, there remains a clear need for reduced-order frameworks for modeling
coherent structures and accurately predicting their associated statistics.

One attractive reduced-order framework is through an interpretation of turbulent
ow via resolvent analysis Proposed by McKeon and Sharma (2010), coher-
ent structures are described as statistical features of turbulence, where nonlinear
interactions are regarded as forcing terms to a linearized operator that ampli es
them according to the turbulent mean ow. As a statistical approach to coherent
structures in turbulence, the resolvent analysis is ideally suited for formulating data-
driven approaches. Speci cally, a data-eduction technique known as spectral proper
orthogonal decomposition (SPOD), provides the observed analogue of resolvent
analysis (Towne, Schmidt, and Colonius, 2018). In this thesis, we aim to couple
these analyses by informing our approach to resolvent analysis with data educed via
SPOD of high- delity data.

1.2 Resolvent analysis

Resolvent analysis (also called input/output analysis and frequency response anal-
ysis) has its roots in linear systems and control theory. The resolvent operator is
derived from the linearized ow equations and constitutes a transfer function be-
tween inputs and outputs of interest. It has been used to study the linear response of
ows to external body forces and perturbations (Trefethen et al., 1993; Farrell and
loannou, 2001; Schmid, Henningson, and Jankowski, 2002; Jovanovi¢ and Bamieh,
2005; Bagheri et al., 2009; Sipp, Marquet, et al., 2010) and to forcing from the non-
linear terms in the Navier Stokes equations (McKeon and Sharma, 2010; Sharma



and McKeon, 2013).

It is in the latter context of McKeon and Sharma (2010) that we focus our ap-
proach to resolvent analysis. The method can be derived by the partitioning of the
Navier Stokes equations into terms that are linear and nonlinear with respect to
perturbations to the turbulent mean ow. This interpretation then relies on a sin-
gular value decomposition of the linearized compressible Navier Stokes equations
thatidenti es andranksthe optimal (highest gain) forcing functions that give rise,
through linear ampli cation mechanisms, to energetic coherent structures in the
near- eld turbulence and far- eld sound.

The most compelling quality of this approach for reduced-order modeling lies in the
ranking of structures by their energetic gain, as it self-selects the most important
coherent structures of the ow. Thus, the resolvent approach provides an attractive
basis for reduced-order models as it naturally permits the use of a truncated set
of the highest-gain modes as a basis for the output. Such an approach has led to
several insights to fundamental mechanisms in turbulent ow (Jovanovi¢, 2021),
from canonical wall-bounded ows (Hwang and Cossu, 2010a; Hwang and Cossu,
2010b; McKeon and Sharma, 2010; Sharma and McKeon, 2013; Moarref, Sharma,
et al., 2013) to free shear ows (Jeun, Nichols, and Jovanovi¢, 2016; Schmidt et al.,
2018).

However, closures for the forcing functions are necessary to make these models
predictive. Recently, there have been a number of approaches coupling resolvent
analysis with exact solutions to the Navier Stokes equations or to observed data
as discussed by McKeon (2017). In the former case, Sharma, Moarref, et al.
(2016) showed that not only could exact invariant solutions of the Navier Stokes
equations for both pipe and channel ows be described through a truncated resolvent
approximation, but they could also describe the nonlinear forcing at low rank.
Building on this work, Rosenberg and McKeon (2019) closed the nonlinear terms by
coupling resolvent analysis with a self-interaction feedback that iteratively produced
a nearly neutrally stable and self-sustaining mean ow. Data-informed approaches
are also of interest for estimating the nonlinear forcing and have come largely through
designing optimizations that recover mean- ow statistics, as has been done by several
authors (Moarref and Jovanovi¢, 2012; Manti£-Lugo, Arratia, and Gallaire, 2014;
Yim, Meliga, and Gallaire, 2019; Hwang and Eckhardt, 2020), or through knowledge
of partial second-order statistics of the ow (Zare, Jovanovi¢, and Georgiou, 2017;
lllingworth, Monty, and Marusic, 2018; Towne, Lozano-Duran, and Yang, 2020).
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A third approach for closure, which we study in detail in Chapter 2, is to adapt the
concept of a turbulent (eddy) viscosity from classical Reynolds-Averaged Navier
Stokes (RANS) turbulence modeling. Motivation for augmenting our analysis with
an eddy-viscosity model may be tied to concepts underlying the triple decomposition
(Reynolds and Tiederman, 1967; Reynolds and Hussain, 1972), which identi es the
Reynolds stresses as acting on the coherent uctuations (from both the coherent and
incoherent uctuations). This approach is not novel, as many studies have applied
eddy-viscosity models in the wall-bounded turbulence literature (Del Alamo and
Jimenez, 2006; Cossu, Pujals, and Depardon, 2009; Pujals et al., 2009; Hwang and
Cossu, 2010a), however, a quantitative assessment (with the exception of Morra
et al. (2019)) of their e ect on turbulent structures is lacking. Fortunately, recent
connections between resolvent and SPOD provide the ideal measurement tool for
investigating the potential for resolvent closures via eddy-viscosity models.

1.3 Turbulent jets and aeroacoustics

To present our approach for turbulence modeling, we investigate round, high-
Reynolds number turbulent jets, a canonical free-shear ow con guration, at sub-
sonic, transonic, and supersonic conditions. We develop our models with both
the near hydrodynamic eld and the far acoustic eld. The latter is of particular
importance to the jet community as jet noise is both a major community health
hazard, with several non-auditory health e ects (Stansfeld and Matheson, 2003),
and a substantial issue for military personnel, as approximately $1 billion are spent
per year by the U.S. Department of Veterans A airs on hearing loss (Committee
et al., 2009; Yankaskas, 2013).

The interpretation and modeling of coherent structures in turbulence have histori-
cally taken the form of instabilities of (typically steady) basic ows. Injetturbulence,
Crighton and Gaster (1976) hypothesized that one could describe coherent struc-
tures as linear instabilities of the mean ow via a modal analysis. These analyses
rendered instability modes reminiscent of observed structures, but limited compu-
tational abilities prevented global studies to investigate any discrepancies. In the
interim of advancements in computational power, local studies were expanded upon
with the parabolized stability equations (PSE), a marching method able to prop-
agate local analyses downstream. Most times, the computed modes agreed well
with data, such as Gudmundsson and Colonius (2011) who showed that PSE solu-
tions for an experimentally measured jet mean ow yielded good predictions for the
dominant frequency/azimuthal mode structures educed from a near- eld caged mi-
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crophone array. However, some discrepancies remained, and theoretical limitations
in the PSE framework warranted alternative approaches. Further, once fully global

studies were tractable, Garnaud et al. (2013a) found that global calculations were
inadequate, with a stable eigenvalue spectrum and physically irrelevant eigenmode
shapes, and that the characterization of instability mechanisms required transient
(non-modal) growth.

Resolvent analysis permits this characterization, has been applied to jets by several
authors (Garnaud et al., 2013b; Jeun, Nichols, and Jovanovi¢, 2016; Semeraro,
Lesshat, et al., 2016; Schmidt et al., 2018; Lesshat et al., 2019), and has lead
to the characterization of two essentially di erent linear ampli cation mechanisms,
one associated with the traditional, modal (parallel- ow) Kelvin-Helmholtz (KH)
instability and the other as an Orr-type mechanism (also identi ed through PSE by
Tissot, Lajus Jr, et al. (2017)). At those frequencies where the dominant singular
value is signi cantly larger than the subdominant ones (which we refer to as low-
rank behavior), the dominant modes are qualitatively similar to coherent modes
extracted from data (Schmidt et al., 2018). However, when the response is not low
rank, a non-trivial structure of the nonlinear forcing terms may lead to discrepancies
between resolvent and observed modes. Thus, itis necessary to model the nonlinear
forcing to attain resolvent analyses that are quantitatively predictive.

As described earlier, we approach closure of the nonlinear forcing by adapting the
concept of an eddy-viscosity from RANS turbulence modeling. The unique feature
to this approach is that the turbulence model directly alters the resolvent operator and
therefore the associated resolvent basis. Considering SPOD provides the optimal
basis of the observed ow, SPOD is an ideal target for assessing the ability of
a classical turbulence model for closure. In the case that a perfect model could
be found, the model would render a resolvent basis that matches SPOD, meaning
that the resolvent and SPOD modes coincide. We therefore de ne a data-informed
variational problem in Chapter 2 that seeks an optimal eddy-viscosity eld that
matches the most energetic SPOD mode with the rst resolvent mode. We then
show that we can achieve similar agreement using standard eddy-viscosity models,
including one directly inferred from a corresponding Reynolds-Average Navier
Stokes (RANS) simulation.

This nal observation, using low-cost mean- ow quantities from RANS, brings
us back to our original motivation for performing resolvent analysis: a low-cost,
reduced-order turbulence modeling framework. We now speculate about a complete



Figure 1.1: A conceptual turbulent ow design framework. The dotted lines indicate
the use of only the baseline simulation (via LES) data for validation and for im-
proving models. Once ow geometry and operating parameters are set, preliminary
results are found via RANS and through an iterative analysis to ensure that solu-
tions are self-consistent between solutions of the RANS equations and the turbulent
structures found via resolvent analysis. Once converged, predictions of the uctu-
ating quantities may be made and optimizations can be posed via the resolvent for
various engineering quantities through alterations to ow geometry. Those sections
highlighted in orange are improved and addressed in this thesis.

framework for predicting turbulent quantities and tie components of this framework
to e orts discussed in this thesis.

1.4 Towards fully predictive jet models and jet design

The overarching framework that this work seeks to improve, depicted in Figure 1.1,
is one where we may couple RANS and resolvent analysis such that the uctuating
eld is accurately predicted and ultimately controlled. The previous discussion has
focused on the speci ¢ accuracy of resolvent analysis using data obtained via LES,
however, to be computationally tractable, resolvent analysis must rely on cheaper
strategies for obtaining the mean ow. Compared to LES, Reynolds Averaged
Navier Stokes (RANS) simulations are a much cheaper and simpler, albeit less
accurate, modeling alternative. RANS simulations are orders of magnitude cheaper
than LES and DNS, typically solved within minutes on standard laptops. However,
RANS simulations are infamous for a lack of generality, the need to tune various
coe cients within the governing equations, and their inability to predict the statistics
of the uctuating elds, such as the acoustic eld.

For the case of the acoustic eld, predictions have typically relied on the acoustic
analogy (Lighthill, 1954). Similarto our approach via resolvent analysis, the analogy
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takes the form of a linear operator acting on uctuations driven by a source term,
typically found via RANS for many current analogies. However, such approaches are
indi erent to the development of the hydrodynamic structures and those structures'
close connection to far- eld sound propagation (Jordan and Colonius, 2013) and,
as a result, have failed to produce universal models. As an example for our RANS-
resolvent approach, and a proof of concept of those components highlighted in
orange in Figure 1.1, we extend resolvent analysis to that of an acoustic analogy
for predicting the acoustic eld and perform calculations based solely on RANS
guantities.

Finally, we note that this overarching framework subsumes, rather than replaces,
traditional modeling frameworks and that this linear approach brings an opportunity
to use several well-established strategies for imposing optimization upon the ow
(Brandt et al., 2011; Mettot, Sipp, and Bézard, 2014; Toedtli, Luhar, and McKeon,
2019; Pickering, Rigas, Schmidt, et al., 2020). Thus, providing the means for a
nal feedback to the mean ow solver to shape the mean ow eld by changing the
geometry, which while outside this thesis, would provide a fully automated design.
Current software packages could handle such shape optimization once cost functions
for the far- eld sound are determined.

1.5 Contributions and outline

In this thesis, we explore three di erent aspects of furthering resolvent models of jet
turbulence: classical turbulence modeling for resolvent analysis, characterization of
three ampli cation mechanisms, and prediction of jet noise.

In Chapter 2, we quantitatively test the extent to which a turbulence, or eddy-
viscosity, modelimproves agreement between observed large-scale structures, educed
via SPOD, and those computed from resolvent analysis. To nd the optimal agree-
ment via a turbulence model, we develop, in Y 2.3, a data-informed optimization
framework that identi es changes to the resolvent operator that lead to greater align-
ment with SPOD. We suggest that the eddy-viscosity approach acts as a proxy for
modeling the e ect of turbulence on large-scale structures, and in Y 2.4 we nd
this approach provides substantial improvements in agreement (i.e. when compared
to a baseline case that used a constant eddy-viscosity model corresponding to a
value of Rg = 3 10* (Schmidt et al., 2018)). By directly optimizing the eddy
viscosity eld to achieve the best alignment, we found alignments between resolvent
and SPOD modes as high as 96% or improvements of over 10-fold from the baseline
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alignment (i.e. 8% to 80%). Further, we nd that the addition of an eddy-viscosity
model to the resolvent operator highlights its e ect on the di erent ampli cations
mechanisms in the turbulent jet, Orr-type, Kelvin-Helmholtz-type, and lift-up.

In Y 2.7, we assess three additional eddy-viscosity models against the optimal
eddy-viscosity eld, which provides the upper bound for mode agreement. Of these
models, we found that traditional eddy-viscosity models (e.g. RANS based) perform
nearly as well as the optimal eddy-viscosity models in aligning the most energetic
mode. The traditional models even outperformed the optimal model (i.e. optimal
in the rst mode) when considering the subdominant modes, giving the greatest
diagonalization of the forcing CSD &t = 0, (C= 06 (i.e. ability to model the e ect

of nonlinear forcing). Finally, we test the modeling potential of a RANS-inferred
resolvent analysis over frequency, azimuthal wavenumber, and Mach number. We
nd the sensitivity to be weak, and that with a calibration of one constant, the
approach provides signi cantly improved results for three turbulent jets over a
substantial frequency range and azimuthal wavenumbers. Overall, these results show
that classical eddy-viscosity models (RANS or a mean- ow consistent model) aid

in estimating the impact of the Reynolds stresses for resolvent analysis.

In Chapter 3, we implement the eddy-viscosity augmented resolvent approach and
nd it sheds further light on the known ampli cation mechanisms (Kelvin-Helmholtz
(KH) and Orr) and leads to the global identi cation of a third ampli cation mech-
anism, lift-up. InY 3.3 we perform a global resolvent analys{&€at 0 and SPOD

at(C! Ofor all three turbulent jets and nd the presence of streamwise elongated
structures, known as streaks. InY 3.4, we expand the analysis to non-zero frequencies
and multiple wavenumbers and discuss the interplay of the Kelvin-Helmholtz, Orr,
and lift-up mechanisms in frequency-wavenumber space. We nd that at moderate
frequencies, KH becomes the globally dominant mechanism, and the Orr mechanism
is active over all frequencies but plays a subdominant role at those frequencies and
azimuthal wavenumbers where lift-up and KH are active. The behavior &f th®
response is unigue, as axisymmetric streaks cannot exist; rather, the Orr response is
dominant for low and high frequencies, with the KH response dominating over an
intermediate-frequency regime centered G 06. For non-axisymmetric modes,

the lift-up mechanism, and resulting streak response, is domingi@¢&s! O,
although with progressively higher wavenumber, lift-up responses are limited in
spatial extent to nearer the nozzle exit. This latter observation is detailed inY 3.5
as the analysis is truncated towards the nozzle, and we nd that the azimuthal
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wavenumber of dominant streak responses is inversely proportional to shear layer
width and scales with 1+ G

In Chapter 4 we extend resolvent analysis to that of an acoustic analogy relating
the near- eld forcing to both the near- eld and far- eld acoustics, the latter being
100 diameters from the nozzle. Leveraging the availability of a LES database,
we examined resolvent-based reconstructions of the acoustic near- and far- eld of
round, turbulent’ g = 15 and"” g = 049 jets. We represented the forcing cross-
spectral density matrix with a truncated set of resolvent modes and approximate the
amplitudes of the modes with best- t expansion coe cients of realizations from the
LES acoustic eld. InY 4.4, we nd that relatively low-rank models comprising as
few as 1 resolvent mode can accurately reconstruct the acoustic eld for the rsttwo
azimuthal modes for & g = 15 jet and the< = 0 azimuthal mode for thé = 09

jet, whereas about ve modes were required for the higher azimuthal modes (i.e.
< =2and< =12for" g=15and" g= 09, respectively).

Based on the ability of the rank-1 reconstructions to describe much of the RMS
energy, we investigated a simple model inY 4.4 to collapse the forcing coe cients to
one scaling function per wavenumber (and Mach number). We found that a power
law representation, with only a scaling and a power value, su ces for describing
the forcing coe cients for the optimal resolvent mode. Ultimately, we nd that the
rank-1< = 0O resolvent models estimate the peak noise to within 2dB for both the
" g=15and"” g= 09 jets.

We then conclude in Chapter 5 with a summary of results and present a number of
areas for future work.
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Chapter 2

OPTIMAL EDDY VISCOSITY FOR RESOLVENT-BASED
MODELS OF COHERENT STRUCTURES IN TURBULENT JETS

Under Review in thdournal of Fluid Mechanics

Chapter Abstract

Response modes computed via linear resolvent analysis of a turbulent mean- ow eld
have been shown to qualitatively capture characteristics of the observed turbulent coherent
structures in both wall-bounded and free shear ows. To make such resolvent models
predictive, the nonlinear forcing term must be closed. Strategies to do so include imposing
self-consistent sets of triadic interactions, proposing various source models, or through
turbulence modeling. For the latter, several investigators have proposed using the mean-
eld eddy viscosity acting linearly on the uctuation eld. In this study, a data-driven
approach is taken to quantitatively improve linear resolvent models by deducing an optimal
eddy-viscosity eld that maximizes the projection of the dominant resolvent mode to the
energy-optimal coherent structure educed using spectral proper orthogonal decomposition
(SPOD) of data from high- delity simulations. We use large-eddy simulation databases for
round isothermal jets at subsonic, transonic, and supersonic conditions and show that the
optimal eddy viscosity substantially improves the agreement between resolvent and SPOD
modes, reaching over 90% agreement at those frequencies where the jet exhibits a low-
rank response. We then consider a xed model for the eddy viscosity and show that with
the calibration of a single constant, the results are generally close to the optimal one. In
particular, the use of a standard Reynolds-Averaged- Navier Stokes (RANS) eddy-viscosity
resolvent model, with a single coe cient, provides substantial agreement between SPOD
and resolvent modes for three turbulent jets and across the most energetic wavenumbers and
frequencies.

2.1 Introduction

Resolvent analysis (also known as input/output analysis) determines a volumetric
distribution of forcing in the frequency domain that gives rise, when acting in a
time-invariant ow, to the most ampli ed linear response, typically measured in
terms of its total kinetic energy. It is an important tool in stability and transition
analysis (Trefethen et al., 1993; Farrell and loannou, 1993; Schmid, Henningson,
and Jankowski, 2002; Jovanovi¢ and Bamieh, 2005), and has more recently been
proposed as a reduced-order model of coherent structures in fully-developed turbu-
lence (McKeon and Sharma, 2010; Hwang and Cossu, 2010b). In the latter context,
resolvent analysis can be derived by partitioning the Navier Stokes equations into
terms that are linear and nonlinear with respect to perturbations. Such a rearrange-



11

ment of the equations is exact, and the equations may be explored without recourse
to any further modeling. With varying degrees of formality, similar approaches were
proposed in the past (Malkus, 1956; Michalke, 1971; Crighton and Gaster, 1976;
Butler and Farrell, 1992), but increases in computer power that speed up the singular
value decomposition (SVD) of the linear operator using direct LU decomposition
(multi-frontal algorithms for sparse systems) have allowed a detailed characteriza-
tion of the resolvent spectrum in several turbulent, canonical wall-bounded (Hwang
and Cossu, 2010a; Hwang and Cossu, 2010b; McKeon and Sharma, 2010; Sharma
and McKeon, 2013; Moarref, Sharma, et al.,, 2013) and free shear ows (Jeun,
Nichols, and Jovanovi¢, 2016; Schmidt et al., 2018).

At those frequencies where the dominant singular value is signi cantly larger than
the subdominant ones (which we refer to as low-rank behavior), the dominant modes
are qualitatively similar to coherent modes extracted from data (Schmidt etal., 2018).
However, when the response is not low rank, a non-trivial structure of the nonlinear
forcing terms may lead to discrepancies between resolvent and observed modes.
Thus, it is necessary to model the nonlinear forcing to attain resolvent analyses that
are quantitatively predictive. Previous studies have considered several approaches
for modeling the nonlinear forcing in linear analyses. These include empirical
models (Bechara et al., 1994; Tam and Auriault, 1999; Cavalieri, Jordan, Agarwal,
etal., 2011; Cavalieri and Agarwal, 2014; Towne, Bres, and Lele, 2017), estimation
given partial statistics of the response (Zare, Jovanovi¢, and Georgiou, 2017; Towne,
Lozano-Duran, and Yang, 2020; Matrtini et al., 2020), and/or the use of a turbulent,
or eddy, viscosity. An eddy viscosity may be motivated by concepts underlying
the triple decomposition (Reynolds and Tiederman, 1967; Reynolds and Hussain,
1972), which identi es the Reynolds stresses as acting on the coherent uctuations
(from both the coherent and incoherent uctuations), even though the phase average
used to de ne the coherent part of the turbulent-viscosity eld is ambiguous in
unforced turbulent ows. Many studies have applied eddy-viscosity models in
the wall-bounded turbulence literature (Del Alamo and Jimenez, 2006; Cossu,
Pujals, and Depardon, 2009; Pujals et al., 2009; Hwang and Cossu, 2010a; Hwang
and Cossu, 2010b; Hwang, 2016; Vadarevu et al., 2019; Hwang and Eckhardt,
2020) either through implementation of the Cess (1958) model or by estimating
the eddy-viscosity eld via the Reynolds stresses and the mean shear rate of strain.
Similarly, global stability analyses have applied eddy-viscosity models to identify
and/or control forced or self-sustained resonances in transitional and turbulent ows
(Crouch, Garbaruk, and Magidov, 2007; Meliga, Pujals, and Serre, 2012; Mettot,
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Sipp, and Bézard, 2014; Sartor, Mettot, and Sipp, 2014; Semeraro, Jaunet, et al.,
2016; Tammisola and Juniper, 2016; Rukes, Paschereit, and Oberleithner, 2016;
Oberleithner, Paschereit, and Wygnanski, 2014). These studies implemented eddy
viscosity on an ad hoc basis, citing improved qualitative agreement or improved
integrated energy-densities.

In a more quantitative sense, eddy-viscosity enhanced linear models have also
proven useful for assimilating known data to reconstruct observed energy spectra
and mean- ow quantities. Moarref and Jovanovi¢ (2012) showed that a data-driven,
white-in-time forcing could reproduce the DNS-based turbulent energy spectrum
and, similarly, lllingworth, Monty, and Marusic (2018) could match DNS energy
spectra using time-resolved velocity measurements. More recently, Towne, Lozano-
Duran, and Yang (2020) showed that incorporating an eddy-viscosity model led to
accurate estimates of space-time statistics using partially known data from DNS.
Finally, Pickering, Towne, et al. (2020) used an eddy-viscosity enhanced resolvent
model to reconstruct the large-eddy simulation (LES) acoustic eld of transonic
and supersonic turbulent jets at a signi cantly lower rank when compared to their
non-eddy-viscosity enhanced computations. Other approaches have implemented
eddy-viscosity elds to develop self-consistent models, such as Yim, Meliga, and
Gallaire (2019) or Hwang and Eckhardt (2020), where the former study coupled a
harmonically forced, quasi-linear resolvent analysis with RANS equations, citing
eddy viscosity as a necessary link between the coherent and incoherent perturbation
dynamics.

Although the utility of eddy-viscosity enhanced linear models for turbulent model-
ing and control has become increasingly apparent, a quantitative assessment of their
e ect on turbulent structures is lacking; even more, it is unclear which statistics
turbulence models should seek to predict. One appealing target is modes educed
by spectral proper orthogonal decomposition (SPOD), as these modes optimally re-
construct the turbulent kinetic energy and represent space-time coherent structures
(Towne, Schmidt, and Colonius, 2018). In fact, the SPOD has a theoretical con-
nection with resolvent analysis. Towne, Schmidt, and Colonius (2018) showed that
if the resolvent forcing modes, at a given frequency and wavenumber, are mutually
uncorrelated, then the resolvent response modes are identical to the SPOD modes.
Likewise, discrepancies between the SPOD and resolvent modes imply correlated
forcing modes.

Morraetal. (2019) applied a similar line of thinking by including an eddy viscosity in
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their resolvent analysis of turbulent channel ow, showing that the resulting resolvent
modes were in greater agreement with the SPOD modes educed from high- delity
simulation data than resolvent analysis using only molecular viscosity. We extend
this approach to turbulent jets, but consider a more general framework. The central
guestion we ask is: how well can the inclusion of an eddy-viscosity model in the
resolvent operator approximate the correlations of the forcing cross spectral density
tensor? In this approach, an ideal model would render any remaining forcing as
uncorrelated, meaning that the resolvent and SPOD modes coincide. We therefore
de ne a data-informed variational problem that seeks an optimal eddy-viscosity eld
that maximizes the projection of the rst SPOD mode on the rst resolvent mode.
We then show that we can achieve nearly optimal projections using standard eddy-
viscosity models, including one directly inferred from a corresponding Reynolds-
Average Navier Stokes (RANS) simulation.

The work presented here is also relevant to a broader debate taking place regarding
the interpretation of resolvent analysis. Since we can de ne the resolvent operator
from the full nonlinear equations without introducing approximations or closures,

it is attractive to proceed without introducing ad hoc models such as eddy viscosity,
since we can still consider the framewagkact With a minor caveat (i.e. while
exact, the resolvent decomposition is not necessarily unique as it can depend on
the choice of dependent variables used to express the governing equations (Karban
et al., 2020)), this implies that the forcing terms aleysicallyinterpretable (i.e.
measurable) quantities. This perspective is, in our opinion, valuable, and may be
pursued alongside e orts (such as the present work) aimed at empirically modeling
the forcing. However, there is a subtlety that confounds the separation between
exact and modeled resolvent analyses: namely, it may not be possible to com-
pute, with meaningful accuracy, the exact resolvent modes in high Reynolds number
ows, particularly when the mean ow is two- or three-dimensional. The ne-scale
structure of the modes can require resolutions similar to DNS, and inversion of
the resulting linear systems for singular value decomposition can be prohibitive.
A survey of resolvent analyses conducted to date on multidimensional base ows
shows that a variety akgularizationsof the resolvent operator have been used to
reduce the computational burden. By regularizations, we mean linear modi cations
to the operator that, whether through physical or numerical justi cation, provide
results that are free from numerical artifacts or which more closely resemble ob-
served quantities. These include the use of eddy-viscosity models (as discussed at
length above), fourth-order numerical lters (Jeun, Nichols, and Jovanovi¢, 2016),
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case "o 49 2 & =5 CQ- (C
subsonic 04 45 10° 1.117 1.03 159 10° 0.2 04049
transonic 09 101 10° 1.7 1.15 159 10° 0.2 04022

supersonic 15 176 10° 3.67 1.45 31 10° 0.1 0026

Table 2.1: Parameters, sampling rate, and frequency resolution for the LES.

e ective Reynolds numbers (Schmidt et al., 2018), and linear damping (Yeh and
Taira, 2019).

From a more general perspective, the present work also has a connection to the
building of data-augmented turbulence models (Duraisamy, laccarino, and Xiao,
2019). Here, we speci cally target the modeling of unsteady features (Wang et
al., 2018; Maulik et al., 2019) and the optimal eddy-viscosity elds found, at
each frequency-wavenumber pair, which are analogous to eld-inversion steps (also
based on variational data-assimilation methods, Foures et al. (2014) and Parish
and Duraisamy (2016)) that assist Machine learning techniques in generating eddy-
viscosity models from mean- ow quantities.

We organize the paper as follows. In Y 2.2 we outline the governing equations,
resolvent analysis, and SPOD. In Y 2.3 we discuss the optimization framework
developed to match, or align, SPOD and resolvent modes, and the speci c eddy-
viscosity models examined. Y 2.4 provides the resulting resolvent mode shapes
found via the four eddy-viscosity models and Y 2.5 analyzes the associated optimal
eddy-viscosity elds. In Y 2.6 we show a favorable impact of the eddy-viscosity
models on the subdominant resolvent modes and then conclude the analysis in
Y 2.7 by assessing the sensitivity of the RANS eddy-viscosity model. In this nal
section, we ultimately nd a frequency independent RANS eddy-viscosity eld that
performs well for three turbulent jets (i.e. subsonic, transonic, and supersonic)
and their most energetic frequenci¢€ @ »0+05-1% and azimuthal wavenumbers

(< 2N »0-5%

2.2 Methods

The LES database, resolvent analysis, and SPOD were described in Schmidt et al.
(2018) and Towne, Schmidt, and Colonius (2018). For brevity, we only recall the
main details here.
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Large Eddy Simulation database

The ow solver Charles was used to compute the LES databases, including subsonic
(Mach 0.4), transonic (Mach 0.9), and supersonic (Mach 1.5) cases; Brés, Ham,
et al. (2017) contains the details on the numerical method, meshing, and subgrid-
models. Experiments conducted at PPRIME Institute, Poitiers, France were used to
validate the Mach 0.4 and 0.9 jets (Brés, Jordan, et al., 2018). Table 2.1 provides
a summary of parameters for the three jets considered. Parameters include the
Reynolds number based on diaméter = dg* g ¢ g(where subscrip®speci es

the value at the centerline of the jet nozzle exlitis density,” is viscosity) and

the Mach number, g = * ¢#0g, WhereQg is the speed of sound. The simulated

" 9= 0+4 jet corresponds to the experiments in Cavalieri, Rodriguez, et al. (2013),
Jaunet, Jordan, and Cavalieri (2017), and Nogueira et al. (2019) with the same nozzle
geometry and similar boundary-layer properties at the nozzle exit. Throughout the
thesis, reported results are non-dimensionalized by the mean jet velogifgt
diameter , and dynamic pressuck* g. We report frequencies in Strouhal number,
(C=5 «* g, wherebis the frequency.

Each database comprises 10,000 snapshots separate@G@y , whereO is

the ambient speed of sound, and is interpolated onto a structured cylindrical grid
G-A-2>0-30v42 H-6%2 ¥-2cY¥%whereG A\ are streamwise, radial, and azimuthal
coordinates, respectively. Variables are reported by the vector

q = »d—B-R-B-)Yi— (2.1)

whereDs Dy, D are the three velocity components, and a standard Reynolds decom-
position separates the vector into meapand uctuating,q® components

qiG—A—=)1G-A quG—A—%=C (2.2)

Resolvent analysis
We start with the nonlinear ow equations of the form

%c: F 1qo- (2.3)

whereF is the time-independent compressible Navier Stokes operator (plus conti-
nuity and energy). Substituting Equation (2.2) fpand separating terms linear in
state perturbations)’, to the left-hand side gives

g

o 1400 = f 1 Q_
meC Alg°q =f g (2.4)
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where

Al o= M 140 2.5
q rTqq (2.5)

is the linearized ow operator (provided in Appendix A.2) ahdcontains the
nonlinear terms and any additional external inputs (e.g. environmental noise or
perturbations at the boundary).

For the round, statistically-stationary turbulent jets we consider, Equation (2.4) is
Fourier transformed both temporally and azimuthally to the compact expression

181 | A< 0q<_| =f < — (26)

wherel = 2c¢(Cis the frequency and represents the azimuthal wavenumber.
We can then rewrite Equation (2.6) by de ning the resolvent operd&qor, =
18l Aol

q<_| = R <—| f <—| — (27)
and introduce the compressible energy norm (Chu, 1965) via the nvetrix
1 1 1
_— . ) d _
hg1—q2i = q,diag W—d—d—d WW 1) 2 gxAdAG = ;W o—

(2.8)
to the forcing and response, whaté = W 5 = W @ The resolvent modes under
this norm are then found by taking the singular value decomposition of the weighted
resolvent operator,

Red =WG R W 22Uy V- (2.9)

where the diagonal matrix «_; contains the ranked gains and the columns of
Uey = W@1'2U<_| andV<«, = W 51'2\72_. contain the response and forcing
modes, respectively. These modes are orthonormal in the energy norm, Equation
(2.8),

U WU« =V WV =1- (2.10)

and recover the resolvent operator from Equation (2.7) as,

R < = U<_| <—| V<_| W e (211)

For the resolvent analysis presented here, just as in Schmidt et al. (2018), the above
equations are discretized in the streamwise and radial directions with fourth-order
summation by parts, nite di erences (Mattsson and Nordstrom, 2004), while the
polar singularity is treated as in Mohseni and Colonius (2000) and non-re ecting
boundary conditions are implemented at the domain boundaries.
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Spectral Proper Orthogonal Decomposition

SPOD, similar to space-only proper orthogonal decomposition (POD) and originally
shown by Lumley (1967) and Lumley (1970), determines an optimal (i.e. in terms
of energy) set of orthogonal modes to describe a dataset, but unlike space-only
POD, produces modes that express both spatial and temporal correlation in the
data. Like dynamic mode decomposition, SPOD modes are computed at unique
frequencies. However, through appropriate averaging, SPOD naturally ranks modes
by energy and optimally accounts for the statistical variability of turbulent ows
(Towne, Schmidt, and Colonius, 2018). Thus, the associated SPOD modes provide
the ideal measurement tool to assess modes computed via resolvent analysis.

Decomposing the LES databa®e whereQ represents the temporal ensemble
of perturbations d® found by applying the standard Reynolds decomposition, in
the azimuthal and temporal dimensions via the discrete Fourier transform gives
the decomposed data matric€._; . Multiplying the decomposed matrices, at a
particular frequency and azimuthal wavenumber, by their complex conjugate give
the cross-spectral density

Sy =@ Q- (2.12)
to which we solve the SPOD eigenvalue problem presented by Lumley (1967) and

Lumley (1970)
Sc W = g < (2.13)

The SPOD modes form the columns ot_,, ranked by the diagonal matrix of
eigenvalues | = diagt_1— >—***—+°. The modes are orthonormal in the norm
h—i , and satisfy ., W <, =1. As aresult, expansion of the cross-spectral
density tensor gives,

Scll = <«d <d <y (2.14)

In this study, we perform all SPOD computations with a Hamming window and
realization sizes of 256 snapshots with 50% overlap, resulting in 78 independent
realizations.

To avoid ambiguity in referring to computed SPOD and resolvent modes, we use the
following notation for the rest of the thesis. First, all computed modes, subscripts
<-| are dropped, but referenced when necessary in the text. Secorehresents

the =-th most energetic SPOD mode, while andu = denote the resolvent forcing

and response, respectively, that provide thi largest linear-ampli cation gain
betweerv- andu-. Finally, we use the notation; : Dswhen referring to speci c
components of each mode, as shown here with streamwise velocity.
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Using SPOD to inform resolvent analysis
As SPOD provides the optimal description of the second order ow statistics, we
wish to use this decomposition to inform our resolvent approach to match such
statistics. The connection can be made through multiplication of Equation (2.7)
by its complex conjugate and then applying the expectation operator to present the
relation between the CSD tensors of the forcing and response through the resolvent
operator,

Yoqq = Exqq Y= EXRff R ¥Y#RS¢ R (2.15)

If g is projected onto the SPOD modes dndk projected onto the input resolvent
modes, =V Wf , where the vecto# is the projection coe cients, then we may
write

=U Su U - (2.16)

which highlights that if the forcing coe cients are uncorrelate8lg = ) then

the resolvent modes would be equivalent to the SPOD modes (Towne, Schmidt,
and Colonius, 2018). Conversely, when the resolvent and SPOD modes are not
identical, which is the case in our study, the forcing coe cients are correlated and
this correlation must be modeled.

Rather than pursuing a direct model of the forcing coe cients, we take an alternative
perspective that asks whether a modi ed resolvent operRtpy,can match one or
more of the dominant resolvent and SPOD modes. A trivial solution would be to
de ne the operator by the SPOD expansion, iRy = , but this operator then
corresponds to the (discretization of any) general (non-local) linear operator, rather
than a speci c partial di erential equation (PDE). Instead, a practical model can be
obtained by posing a modi ed PDE of the linearized governing equations with one
or more unknown coe cients, and then nding the best choice of coe cients such
that the resolvent and SPOD modes are optimally matched. We propose such an
approach in the next section by exploiting an eddy-viscosity model, and develop an
optimization procedure that ts the parameters to align one, or more, of the most
dominant resolvent and SPOD modes.

To the extent that the modi ed resolvent operator achieves alignment of any one
of its output modes with a specic SPOD mode, we may directly interpret the
corresponding diagonal entry & as the forcing amplitude, v, required to
reproduce the SPOD mode amplitudethrough the resolvent gaif,?. In other
words,

_=f2 _ forany=where u-= —— (2.17)
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Turbulence model y form Parameter Data Abbreviation
Baseline* 1°Rg =33 10° Baseline
Optimal eld ) 1x© ) 1x© Opt.
Mean- ow consistent 2 y1x° 2 q Mean
RANS 2d -:2%n 2 RANS
Turbulent Re 1-Rg 1-Re Re)_s~c

Table 2.2: Turbulence models investigated in this study. The baseline* case refers
to the results of Schmidt et al. (2018).

independent of whether the other modes are aligned (as other modes are orthogonal).

2.3 Models considered

We now add an eddy-viscosity model to the linearized governing Equations (2.4). We
follow the ad hoc model used in (amongst other references) Del Alamo and Jimenez
(2006) and Hwang and Cossu (2010b), which is typically justi ed by extending
eddy viscosity from its traditional use in modeling the mean Reynolds stresses to
modeling the e ect of the background turbulence on the coherent motion.

The perturbation equations including the eddy viscosity are, with the replacement
7' e =9, ), identical to the original linearized equations, provided one
accounts for the (spatial) variability ofy (equations provided in Appendix A.2).
There remains an unknown forcing that is the residual between the original forcing
and the coherent part that is is modeled by the eddy viscosity. Unfortunately, the
residual forcing no longer possesses its exact physical interpretation as the nonlinear
interactions of resolved modes. However, the advantage is that the resulting response
modes can signi cantly reduce the rank of the problem and lead to a residual forcing
CSD that is tractable to model when compared to the forcing CSD of the exactly
rearranged equations (Pickering, Towne, et al., 2020; Towne, Lozano-Duran, and
Yang, 2020).

In what follows, we refer to the modi ed linear operator witlhy < 0 asA) and
note that the operator depends on the chosen eldyfomhich, upon discretization
becomes a vectory. Since we assume thaj is steady and axisymmetric, the
operators have a similar temporal/azimuthal Fourier transform that we dépnate

We now consider four models for the eddy-viscosity eld. The rst model directly
optimizes the eddy-viscosity eld to maximize agreement between the dominant
resolvent and SPOD modes. The second model ts an eddy viscosity to the LES
mean ow by minimizing the residual in the steady RANS equations. The third
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model uses an independently computed eddy-viscosity eld from a RANS
model. Finally, we consider a simpler constant eddy-viscosity model based solely
upon a turbulent Reynolds number.

For brevity, we refer to the modes computed with the above eddy-viscosity models
as EVRA (eddy-viscosity resolvent analysis) modes, while modes termed baseline
refer to those computed by Schmidt et al. (2018). We chose this study as a reference
for its extensive comparison of resolvent and SPOD modes across all three turbulent
jets and many wavenumbers and frequencies. In the baseline study, they chose an
e ective Reynolds number of Re= 3 10%, a value that is an order of magnitude
smaller than the molecular Reynolds number, yet not consistent with the expected
magnitude of an eddy viscosity (i.e. Re¥Y 3 10Y . Instead, we regard

this intermediate value as a regularization of the resolvent operator. Table 2.2
summarizes the various models investigated.

For exploratory purposes, we nd an eddy-viscosity eld that best matches the (so
modi ed) resolvent operator to the measured SPOD modes independently for each
frequency and azimuthal mode. The purpose is to gauge the sensitivity of the eddy
viscosity value needed to model the di erent frequencies and azimuthal modes, and
should not be interpreted as a proposal for a frequency-dependent eddy viscosity.

Parenthetically, within the following optimization framework we can consider any
turbulence model or regularization based on mean- ow quantities. A further exam-
ple is given in Appendix A.1, where we consider a linear damping model recently
proposed for resolvent analysis of unstable base ows (Yeh and Taira, 2019). In the
Appendix, we nd that the linear damping improves agreement, but the performance
is generally inferior to the eddy-viscosity models. This is likely due to the mono-
lithic damping e ect over all regions and wavenumbers, whereas the eddy-viscosity
methods directly addresses the e ect of the Reynolds stresses both in regard to spe-
ci ¢ regions of the ow and the approach’s ability to account for spatial gradients

in the eddy-viscosity eld.

Optimal eddy-viscosity eld

Here we develop an optimization, computed independently for each frequency and
azimuthal mode, that nds the eddy-viscosity eld that is optimal (i.e. the upper
bound) in matching the leading resolvent and SPOD modes. To nd the analytical
expression that determines the sensitivity of mode agreement to an eddy-viscosity
eld, we use a Lagrangian technique analogous to Brandt et al., 2011 that accounts
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for the non-modal behavior of the resolvent operator. This technique couples con-
straints from the governing equations, resolvent analysis, a normalization, and a cost
function (agreement of the leading SPOD and resolvent modes), into a Lagrangian
functional for whose stationary point provides the desired maximum.

To build the Lagrangian functional, we begin with the forward Equation (2.6) and
substitutd_ with Ly , the linear operator that includes an eddy-viscosity model. The
singular value/singular vectér1—u1—f1° as de ned in (2.11) is a solution of both
the forward Equation (2.6),

V1 = L) ui— (218)

wherev; replaced as the forcing andi; replaces as the associated response,
and the resolvent eigenvalue problem,

Wui=ffL,Wve (2.19)

The above resolvent eigenvalue solution is found by taking the energy norm of
Equation (2.7) and dividing by the forcing energy to give

u1Wu1:f2:v1R)WR)v1. (2.20)
v,Wv, v,Wvy |
Rearranging and eliminating. we arrive at
RyWR vy =f{Wvi- (2.21)

where replacindR v with u; and multiplying both sides bR) = L) recovers
Equation (2.19). Finally,we de ne a normalization constraint via,

hJ]_—U]_i =U1WU1:l' (2.22)

The last component of the Lagrangian functional is the cost function,
J=uW 1 Wug 2 M - (2.23)

where the rst term, representing the primary objective, measures the squared
projection, what we term the alignment or agreement, between the dominant SPOD
mode, 1, and the rst resolvent modey;. The alignment measura, W 4, is
squared to ensure the cost function is real. For brevity, we denote the outer product
of the dominant SPOD mode as; = 1 ; = ;. The cost function may also
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consider multiple resolvent/SPOD modes by considering a (weighted if desired)
sum of the squared alignment terms.

The second term,;? ) M ,isaTikhonov regularization that penalizes values of

) thatdo not a ect the alignment (high values of diminish the value o8 ), with
M representing the cylindrical quadrature weights of the grid. As done in standard
regularization methods, the value;éfs chosen high enough to remove the values of

) ininsensitive regions, but also su ciently small to not interfere with the primary
objective (Hansen and O'Leary, 1993). This penalization is e ective at minimizing
the eddy viscosity in non-turbulent regions of the ow such as the far eld. A
substantial range of values (i.e. multiple orders of magnitude) removes negligible
regions of the eddy-viscosity eld from the initial eld without an observable drop
in the primary objective, alignment between and 1.

We now formally construct the Lagrangian functional to include the cost function
(2.23), forward Equation (2.18), the resolvent eigenvalue problem (2.19), and the
normalization constraint (2.22) to give,

L=u,W Wu; ;> M
uyllyusr vi° wWu, flzL)Wvl0 FluWu g 19, 2¢2.—
(2.24)

where uq1——-1° are Lagrange multipliers anfl; is real-valued as the corre-
sponding constraint is real). This results in a functional that depends on seven
variables,

Li»u1-v1—f1 %ot % ) O (2.25)

We can nd the maximum of the cost function by nding the stationary point of
the entire functional (i.e. where variations with respect to each variable are zero).
Stationarity with respect to the Lagrange multipliers yields the state equations, which
are by de nition satis ed, while stationarity with respect to the state variables yields:

L
mJ—XU1212W 1WU1 L)l:I']_ WV']_ 2f~1WU1°XU]_ =0 (2.26)
1

mL

— X1 =ty fAWL w0 X =0 (2.27)
nvi
mL
—-Xf1 = 1wl Wv° Xfy =0- (2.28)
mfl

and the condition in the last equation may be simpli ed imidl) Wvi=wWu,
using Equation (2.19). The stationary point is subsequently met by constructing the
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Figure 2.1: Schematic of the optimization framework for determining the optimal
eddy-viscosity eld that maximizes the alignment/agreement between computed
resolvent modesy 1, and educed SPOD modes;. Included graphics are from
implementation of the full- eld eddy-viscosity model &€ = 06, < = 0O, and

" 9= 0e4.

following system of equations and solving for the Lagrange multipliers:

L) ] 2Wu 1 2W 1Wu 1
L|,f2 0 = 0 . (2.29)
0 uW 0 1 0

The upper lef2 2 block is degenerate due to the state Equations (2.18) and (2.19)
(the couplet1 = Wv i andw = f lzu 1, is in the null-space of this block) and

the third column and line regularizes this system. Combining the three equations,
one can show thdt; = u,W 1Wu 3, proving thatf~ is a real value.

A nal variation is taken with respect to the eddy-viscosity, (which may be a
scalar or vector quantity), providing the direction of gradient ascent for the eddy-
viscosity eld,

m n 5 rrL) 5
—X H, —=X up, fFrvwy, —£X Wv 2; M X 22
m ) ) 1m) ) 1 11m) ) 1 ) )

(2.30)

3]
2T M X e 2.31
3, ) (2.31)
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The gradient at the® grid point is then:

3]
K. =M :<1 Uy ¢ < g8 f12W;9V1—;|- <o¥1s 27 -, 202—(2.32)

whereL «_gg= limyy OL”"X+’9L)‘89, X < being a null vector except at the®
position where itis equal to 1. This tensor may be obtained either through automatic
di erentiation of Ly with respectto ) or by nite di erences. Full storage of such
tensors is not an issue when nite di erences, nite volumes, or nite elements are
used for the spatial discretization as the resulting tensors are extremely sparse.

The updated optimization parameter is then:

N u;i)— (2.33)
where: is the iteration number and is a step size determined through a root
nding algorithm or a line search. If multiple SPOD/resolvent modes are consid-
ered for the optimization, then one has to solve Equation (2.29) for each couple
» —tv_—u-——f-%and the total gradiergf—) is the sum of each individual gradient,
while the line search foU is performed considering the full cost functional. Al-
though considering multiple modes is theoretically straightforward (and we present
one example in Y 2.6), there are two practical issues. Each additional mode brings
further complexity to the gradient, increasing computation time, and the quality
of SPOD modes, -, become increasingly noisy with thus rendering gains via
the optimization as marginal. We discuss the latter issue in more detail throughout
the chapter. Figure 2.1 presents a schematic of the above optimization framework,
including graphical examples from the optimal eddy-viscosity eld cag€at0-6,
< =0, and" g=0+4.

For some cases, the optimization step imparts a region of negative e ective viscosity
(i.,e. ") i o presenting a challenge in both the physical interpretation and the
numerical stability of the resolvent operator. However, negatilgviscosity is not

a unigue concept to the algorithm presented. Literature surrounding eddy-viscosity
models usedin RANS and LES, where the eddy and e ective viscosities are identical,
attribute physical interpretations of negative eddy-viscosity to backscattering of
turbulent energy, which, in many simulations, results in unstable simulations (Ghosal
et al., 1995). Common treatment of a negative eddy viscosity has included ltering
operations, ensemble averaging in homogeneous directions, and ad hoc clipping of
the eddy-viscosity eld (Vreman, 2004), while inferences of the eddy-viscosity eld
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via a Boussinesq approximation of data are often regularized to remove negative
regions (e.g. Semeraro, Lesshat, et al., 2016). Here, we similarly elect to remove
any negative e ective viscosity using a simple clipping strategy by setting any
negative regions to the molecular value. Although a reduction of e ective viscosity
below the molecular viscosity is theoretically possible, we found that permitting the
optimization to do so either led to numerical instabilities or negligible improvements
in alignment.

The topology of the proposed cost function is complex, asnvolves many de-
grees of freedom, and our optimizer may return a local rather than global maximum.
Therefore, a complete assessment of the sensitivity of initial conditions or demon-
stration of a global maximum is intractable, but the relative insensitivity of the results
to initial guesses and the fact that no other considered method outperforms the full
optimization (shown later in Figure 2.4) provides con dence in the robustness of
the maxima achieved. For all of the results presented here, we use the optimal
constant eddy-viscosity eld results (introduced in Y 2.3) as the initial condition for
the full- eld optimizations.

Finally, the above optimization is derived considering the full (perturbation) state as
the output. The formulation is similar if the input and output spaces are restricted,
as shown in Appendix A.3. Such an extension is of particular use for experiments,
or coarse simulations, where observed data may be sparse.

Mean- ow consistent eddy-viscosity model

For many experimental and numerical datasets, including the LES databases used
here, an eddy-viscosity eld is absent. We circumvent this issue by nding the
eddy-viscosity eld that minimizes the error to which the mean ow satis es the
(zero frequency and axisymetric wavenumber) linearized Navier Stokes equations,
supplemented with an eddy-viscosity model, provided in Appendix A.2. To do so,
we nd an eddy-viscosity eld that minimizes the residualgiven by

Lyg="f- (2.34)
Thus we de ne the cost function,
J=f Wf- (2.35)

and develop a Lagrangian functional with the forward equation as the only additional
constraint to give

L= f Wf uiLyg foe (2.36)



26

Variations with respect to the residual are
Mo =s 2WE |, u° X =0- (2.37)
nf
and we may directly solve for the Lagrange multipliers as,
w= 2Wfe (2.38)
Then by taking variations with respect to the eddy-viscosity eld gives,
— Xy = 22Wfo —LX, Qe (2.39)

Similar to Equation (2.32), we obtain the update step:

3J

3, - M 2oL <sWaf — (2.40)

and nd the eld via a line search. These steps are described in greater detail in
the preceding subsection Y 2.3. Figure 2.2 (a) provides the eddy-viscosity eld that
optimally minimizes the residual of the mean- ow solution. The associated residual
eld for this model reduced errors to approximately 10% of the original residual
eld, with the exception where the shear layer is thin near the nozzle. The thin
shear-layer region improved by only50%, but as shown later in the chapter, modes
in this region are generally less sensitive to the eddy-viscosity eld.

We refer to this model as the mean- ow consistent eddy-viscosity model and we
optimally tune this eld at each frequency by introducing the coe cieff, ) =

2 y_"40=. Ourinterestin the value &is not to propose a functional of its frequency
dependence (or assign to it a physical meaning), but to measure and observe the
overall variation and help determine whether a frequency independent coe cient
might su ce.

RANS-based eddy-viscosity eld

We compute steady-state RANS solutions for each case to assess the applicability
of the associated eddy-viscosity eld for resolvent analysis. For simplicity, we
perform the RANS computations in Fluent. The 2D axisymmetric grid extends
40 diameters in the streamwise directions and 20 diameters in the radial direction
with grid spacing mirroring that of the interpolated LES grid scaled to be four
times ner, giving3 1C° grid points. We set the inlet boundary conditions to the
base- ow pro le from the LES simulations and use the standard 2-equatiom
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Figure 2.2: (a) Mean- ow consistent eddy-viscosity model computed at zero fre-
guency and azimuthal wavenumber. (b) Eddy-viscosity eld computed via a RANS
simulation for the' g= 04 jet,2= 1.

model (Launder and Spalding, 1983) for turbulence modeling. Coe cients used for
the model are variants of those suggested by Thies and Tam (1996), with turbulent
viscosity coe cient - = 040874 dissipation transport coe cients ,; = 14 and

n2 = 202, turbulent Prandtl numbers for kinetic enefgy = 0324and dissipation
f n = 0377, and the turbulent Prandtl numb&A = 0422 However, the standard
A nmodel provided in ANSYS does not incorporate the Pope (1978) and Sarkar
et al. (1991) correction terms used in Thies and Tam (1996), requiring a calibration
of the mean- ow quantities by introducing a scaling constamd - = 008740,
f  =03240, andf , = 03770.

RANS mean- ow quantities closely match those of the LES for each of the three
turbulent jets using values fé@of 1.2, 1.3, and 1.575, fdr g = 0«4, 09, and 1.5,
respectively. While tuning of the constadtto match LES is not in the spirit of
obtaining a universal RANS model, we do so here to give the RANS-generated
eddy-viscosity eld the best chance at being consistent with the LES results from
which the SPOD modes were educed. For a full assessment of the accuracy of
RANS predictions for turbulent jets, we refer the reader to Thies and Tam (1996)
and Georgiadis, Yoder, and Engblom (2006).

Figure 2.2 (b) presents the RANS-predicted eddy-viscosity eld for"the= 0«4

jet, and Figure 2.3 shows near identical agreement with the mean LES streamwise
ow. We observe similar agreement in radial velocity, density, and turbulent kinetic
energy, and also nd close agreement for thg = 09 and 1.5 jets; we do not
show these results for brevity. For determination of the optimal RANS-based eddy-
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Figure 2.3: Mean- ow pro les of both thé' g = 0«4 LES and RANS, where the
RANS simulation was tuned to best match the LES mean ow. (a) presents the

streamwise mean velocity at three radial locatiohs, = — 0.25,--- 0.5, 1,
versus streamwise distance from the nozzle, while (b) gives the streamwise mean
velocity at three streamwise locatio®, = — 0.5,---5, - 10, versus radial
distance.

viscosity eld at each frequency, we take the computed eddy-viscosity elds,
.2

w20 e (2.41)

and introduce the coe cient2, y =2 j_ 4 (justasin¥ 2.3). This nal relation
underscores the di erence between the traditional use of eddy viscosity with RANS
and ours via resolvent analysis. In the former context, eddy viscosity accounts for
all perturbations, while in resolvent analysis, the eddy viscosity is intended to model
the e ect of nonlinear, triadic interactions and the background turbulence on the
linear structures. Thus, a coe cient & Y 1, for resolvent analysis, presents an
eddy viscosity that omits a fraction of the overall eddy-viscosity eld. As will be
shown, we nd all optimal values foR to be less than unity. This interpretation
may also be applied to the mean- ow consistent eddy-viscosity eld presented in
the previous sub-section.

Constant eddy-viscosity eld

Finally, we consider a simple, constant eddy viscosity,= 1+Reg . We primarily
investigate this model because of its use in many turbulent jet studies that used a
Reynolds number based either upon the molecular viscosity (Jeun, Nichols, and
Jovanovi¢, 2016; Lesshat et al., 2019), on the ordefl@f 1P, or through an

e ective turbulent viscosity (Garnaud et al., 2013b; Schmidt et al., 2018), on the
order of10° 10*. These, quite di erent, choices inevitably provided discrepan-
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cies in ampli cation gains and mode shapes across each study, particularly at low
frequencies (i.e(C YO0:3 for < = 0) showing that the Reynolds stresses have a
substantial impact on resolvent analyses of turbulent jets. Here, we nd the optimal
Re at each frequency and azimuthal mode number by a line search.

2.4 Optimal SPOD and resolvent mode alignment

In this section, we present modes predicted by the various EVRA models presented
in the previous section. We focus on the axisymmetric disturbarces), for the

" 9= 04 jet, and report results for other azimuthal modes and jet Mach numbers in
section 2.7. We performed optimizations over the frequency ré@ge»0°05-1%
resulting in the alignment coe cients displayed in Figure 2.4, with alignment de ned
asj ;Wuj. This metric not only represents how similar the spatial structures,
represented as complex eigenfunctions, are between the dominant resolvent and
SPOD modes, but also measures the similarity in distribution of energy amongst the
ve state variables. A value of 1 signi es perfect agreement, giving both identical
agreement in structure and distribution of energy in the state variables. Typically,
in this metric, values of approximately 0.4 or greater show qualitative agreement,
whereas values less than 0.4 have little visual similarity.

Figure 2.4 (a) shows that throughout the frequency range considered, the alignments
improve considerably from the baseline case (constant eddy viscosity witk Re

3 10%. The alignment is best fq{C j 03, which corresponds to the frequencies
where the jet has a strong, low-rank Kelvin-Helmholtz (KH) response (Schmidt et al.,
2018), as highlighted by Figure 2.4 (b), presenting the spectra of the rst ve SPOD
modes and their 95% con dence interval. For this regi@@, 03, the baseline

case gives reasonable (> 75% alignment) results, nonetheless, the eddy-viscosity
models still improve the modes to nearly perfect alignment. At lower frequencies,
(C 03, we ndthe mostdramatic increase in alignments, from approximately 10%

to 80%. These substantial improvements(@t 03, coincide with a change of
mode type, from KH to Orr (Schmidt et al., 2018), a viscous, non-modal instability
mechanism sensitive to Reynolds number (with rapidly increasing ampli cation as
Reynolds number increases), that dominates the non-optimized, low-frequency and
subdominant regions of the resolvent spectrum fof the= 0«4 jet. We also nd that

the optimal eddy-viscosity eld provides the greatest alignment among the models,
which is at least suggestive that the optimization achieved a global maximum.

Surprisingly, the other eddy-viscosity models produce alignments close to the op-
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Figure 2.4: (a) Optimal alignments for all methods investigated including the base-
line case, Re= 3 10*. (b) SPOD eigenvalue spectra of the rst ve modes for

< =0, including the 95% con dence intervals and the modes associated with the
Kelvin-Helmholtz and Orr mechanisms.

timal eddy-viscosity eld. The constant eddy-viscosity is nearly optimal at lower
frequencies (Orr-type modes), whereas the RANS and optimal mean- ow eddy-
viscosity models are more nearly optimal at higher ones. We stress that in the
optimal mean- ow, RANS, and constany{ models, a di erent optimal value of the

coe cient (i.e. 2and Re) is used at each frequency. We defer a discussion of the
sensitivity of these coe cientsto Y 2.7.

Starting with the lowest frequencfC = 005, we now investigate the mode shapes
associated with the improved resolvent alignments achieved with the optimized
eddy-viscosity models. Figure 2.5 displays the real part of the uctuating eld for
all state variables for the dominant SPOD and resolvent modes, comparing resolvent
results using both the optimal eddy-viscosity eld and the baseline case with constant
Rg =3 10% Itisimmediately apparent that the optimal eddy-viscosity resolvent
mode can closely match the observed mode shapes from SPOD for all variables
(including the correct distribution of energy), while the baseline resolvent mode
bears little resemblance to the SPOD modes for any of the variables.

Despite the increased alignment, there remains an obvious mismﬁ{bbd!hween

the SPOD and resolvent modes, highlighting a statistical limitation to our approach.
For the axisymmetric wavenumbet, = 0, perturbations in the azimuthal velocity
must be zero. Both resolvent models meet this constraint, however, the SPOD mode
does not. One should then view the nonzero component in the SPOD mode as a
statistical error. Compared to the streamwise veIoEﬁys about ve times smaller

in magnitude, and lacks the coherent wavepacket structure of the other variables.
The correspondin@{) contribution in the projection coe cienf ;W 3jis 008,
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Figure 2.5: Real component of the uctuating response state variagfes,

»d— -3~ -)% and pressure?, at (C = 005 < = 0. The columns display
SPOD?! 19 optimal eddy viscosityuy), and baselineui) modes from left to
right, respectively. Contours ( ) are given by 0s%5jj 1 : jji of the SPOD
mode, where is the uctuating variable in question (withf 1 : jj1 values:

»— Q- - D-)— Ve »2:8-1986-46:0-37-2—12-10:4Y, 10 3).

bounding the physical maximum of the optimizationjtoWu 1j 092 without
considering additional error in the other variables. We link these statistical errors
to the weak low-rank behavior with this frequency, where there is little eigenvalue
separation between the dominant and subdominant modes (Schmidt et al., 2018).
We may then view the projection-coe cient value of 0.08 as a kind of error bar on
the alignments produced by the optimal eddy-viscosity eld, as it is attempting to
align to a mode shape that is (at this frequency) in error by as much as about 10%.

The pressure eld, a quantity of particular interest for jet noise, provides a relatively
simple representative mode shape for each case. We proceed by visualizing only
the uctuating pressure component for the rest of the study, however, the projection
coe cients, j ,Wu 4j, account for the full state results. Further, for all response
pressure modes presented, we see similar trends and improvements in all ow
variables similar to Figure 2.5.

Figure 2.6 shows the pressure modes at two low frequen(es, 0«05 and 0.2,

and compares the results for all considered eddy-viscosity models. The top row
shows the dominant SPOD mode from the LES, the second row gives the dominant
resolvent mode for the baseline case, and the remaining rows provide the four
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Figure 2.6: Real component of the response pressure uctuations (05jj 1 :

?jj1 ) for (C= 0«05 and(C= 02 in the left and right columns, respectively. Row 1
presents the dominant SPOD mode for which the optimization seeks to match. The
following rows present results for the baseline, optimal eddy-viscosity eld, mean-
ow consistent model, RANS eddy-viscosity model, and the optimal turbulent
Reynolds number.

optimized models. Atlow frequencies, the baseline resolvent analysis cannot capture
the observed mode shapes, while the optimized eddy-viscosity models have much
better alignment with SPOD. The EVRA models increase the projection coe cients

by as much as 10-fold and display a wavepacket structure consistent with the SPOD
mode. Orr-type modes dominate the low-frequency (i Y0-3) baseline resolvent
spectrum (Schmidt et al., 2018), and we see that the eddy viscosity attenuates these
modes in favor of a KH-like response that peaks further upstream, consistent with
the observed SPOD modes.

Proceeding to higher frequencies, Figure 2.7 displays the dominant uctuating
pressure modes for SPOD and the ve EVRA models (f6r= 06 and 1. The
baseline projection coe cients are already high for these frequencies, but are fur-
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Figure 2.7: Real component of the response pressure uctuatiof€fo10+6 and
(C= 1in the left and right columns, respectively. Rows present the equivalent
methods as described in Figure 2.6.

ther increased with the eddy-viscosity models, reaching 96% for the optimal eddy
viscosity. Here the di erences in the mode shapes are subtle, with the streamwise
extent of the modes shortening from the baseline case to better match the SPOD at
both frequencies. At these higher frequencies, the jet response is a clear, low-rank
KH wavepacket (a modal, inviscid stability mechanism), and it is thus unsurpris-
ing that the results are relatively insensitive to the precise eddy-viscosity model.
However, the improved alignment is a product of the non-zero eddy-viscosity eld,
showing that a turbulence model is still important.

For (C= 1, the optimized projection coe cient is falling compared to ti€= 06

case. Thisis due to the emergence of Orr-type modes with similar energy as the KH
modes. When performing SPOD in limited domains near the nozzle exit, the modal,
low-rank KH response continues to dominate at much higher frequencies in the near
nozzle region (Sasaki et al., 2017), but when considering the global response, the
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(@) ‘4 )_1$,_,C, (b) Opt.k yk, (c) Mean2 (d) RANS2

Figure 2.8: The optimal parameters acr@S2 »0+05-1%4or (a) the optimal constant
eld 1+Re, (b) optimal eddy-viscosity eld model, (c) the mean- ow consistent
model, and (d) the optimal RANS model. The optimal eddy-viscosity eld parameter
shown is the maximum value of the eld at each frequerkcy, k; , while the latter

two models present the optimal coe ciel® The associated alignments for each
model/parameter are shown in Figure 2.4.

KH response becomes inferior, in energy, to the Orr response, which peaks further
downstream.

2.5 Analysis of the optimized eddy-viscosity elds

The previous section shows that the EVRA approach results in substantial alignment
of the dominant resolvent and SPOD modes. In this section, we examine the
optimal parameters associated with the eddy-viscosity elds to investigat¢he

eddy viscosity improved the alignment and to identify potential universalities in
modeling coe cients.

Structure of the eddy-viscosity elds

For the constant eddy viscosity, RANS-based, and mean- ow consistent eddy-
viscosity elds, the optimization is over a single value, and we plot the optimal
values as a function of frequency (still fer = 0) in Figure 2.8 (a,c,d) and the
maximum value of the optimal eldin 2.8 (b). We investigated several other metrics
for the optimal eld and each metric provided similar trends and therefore, we chose
k ) k; , as it gave the most intuitive comparison against the other scalar quantities.
For all models, the frequency dependence of the values is similar, with three regions
of interest:(C2 »0¢05-03%(C=2 03-0+8%and(C2 »08-1Y4

In the low frequency region, the baseline jet response comprises of spatially exten-
sive Orr-type modes that have a strong Reynolds number dependence, requiring a
relatively larger eddy viscosity to damp them. EGr= 0<05the ratio of the molecu-
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lar Reynolds number to the optimal e ective Reynolds numbergs y  13-500,
a four order-of-magnitude di erence when compared to the molecular viscosity.

In the moderate frequency regime, where the baseline spectrum transitions from
the broadband, viscous Orr mechanism to the low-rank, inviscid KH mechanism,
eddy viscosity becomes less important, and we expect (con rming below, in Y 2.7)
insensitivity to the overall value based on the relatively favorable alignment achieved
in the baseline case. As frequency increases, the responses transition back to a mix
of KH and Orr-type waves, with a progression towards broadband, viscous Orr
modes at higher frequency.

At these higher frequencies, we see that the low-frequency dependence on inverse
e ective Reynolds number resumes, similar to low the frequencies. Interestingly,
this trend shows that at higher frequencies Re '4 ¢ such that the e ect of

eddy viscosity turns-o as frequency increases and the associated wavepacket
wavelength becomes small (i.e. approaching ner-scale turbulence), as expected on
physical grounds.

Similar trends are observed for the mean- ow consistent and RANS eddy-viscosity
coe cients. For both eddy-viscosity elds2is less than unity and only varies from
0.7t0 0.1 with a few exceptions. These values suggest that the optimal eddy-viscosity
model is a fraction of the total RANS or mean- ow consistent eddy-viscosity models
that integrate all perturbations.

For the full- eld eddy-viscosity optimization, we stress that its primary purpose
is to determine what may be an upper bound for how el eddy-viscosity
model could perform. Given that the alignments between the resolvent and SPOD
modes were not signi cantly higher for the optimized scheme than for the modeled
eddy-viscosity approaches (with optimal parameters), the detailed eddy-viscosity
elds are of lesser importance. Still, some aspects of the physics, such as the
spatial locations where Reynolds stresses become important for each frequency,
are apparent in the optimized elds. Figure 2.9 presents the optimized elds for
two selected Strouhal numbers, comparing them to both the RANS and mean-
ow consistent eddy-viscosity elds scaled by their optimal coe cie@tat each
frequency. In addition, the dominant resolvent mode, computed with the displayed
optimal-eddy-viscosity eld, is shown for comparison with the eddy-viscosity elds.
The contours for the eddy-viscosity elds are set from 0 to the maximum value of
the (C= 06 optimal eddy-viscosity eld.
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Figure 2.9: Comparisons of the optimal eddy-viscosity elds (i.e. full- eld optimal,
mean- ow consistent, and RANS) and the associated dominant resolvent mode found
via the optimization foC= 0s2 and0<6. Contours for all six eddy-viscosity elds

are setfrom0t8 10 3.

Overall, both frequencies present optimal eddy-viscosity elds that are complex,
unsurprising given the ability of the optimization to choose any eddy-viscosity
eld, constrained only by the structure of the equations and positivity. The optimal
eddy-viscosity elds pinpoint the locations where linear structures break down (i.e.
where nonlinearities/Reynolds stresses become important) and inform what features
an eddy-viscosity model must include. In both cases, the optimization removes
viscosity from the potential core (i.e. the interior region of the jet relative to the
critical layer), when compared to the initial guess, while increasing the turbulent
viscosity just outside of the critical layer. The increase in eddy-viscosity is most
often observed just downstream of the peak amplitude of the wavepacket, coinciding
with each wavepacket's decay downstream.

Although not entirely clear from Figure 2.9, these ndings are reasonably consistent
with each of the modeled eddy-viscosity elds when restricting the view to the region
where the resolvent/SPOD mode has signi cant amplitude. We can see that both
the RANS and mean- ow consistent eddy-viscosity elds present similar features
as the optimal eld, explaining the ability of each model to achieve nearly optimal
results. We will show in the following section how such features also explain the
ability of the RANS and mean- ow consistent models to predict the subdominant
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Figure 2.10: Subdominant modes 2 and @t 06—< = 0 in the left and right
columns respectively for SPOD, baseline, and all EVRA models.

modes, which require further turbulence modeling downstream.

2.6 Alignment of subdominant modes

Although the optimization presented only aligns the dominant SPOD and resolvent
modes, subdominant modes are also of interest, particularly as they are necessary to
reconstruct ow statistics in the near eld and are relevant for modeling coherence
decay associated with the jittering of wavepackets to produce sound (Cavalieri,
Jordan, Agarwal, et al., 2011). In this section we seek to answer two questions:
whether alignment with only the dominant mode substantially alters the alignment of
the subdominant modes and the e ect of expanding the optimization to subdominant
modes. We rstassess the former case using the optimal parameters for each method.
We show the computed subdominant modes in Figure 2.10 for modes 2 and 3 for
the (C= 06, < = 0 frequency-wavenumber pair.

Comparing the second mode to the baseline casg €R8 10%, we nd that

all EVRA models give signi cantly improved alignments, reaching0% for the
RANS and mean- ow consistent models. Both the RANS and mean- ow consistent
models are superior to the optimal eddy-viscosity eld, which is only tted to align
the dominant mode. The RANS and mean- eld models are also superior for the
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