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ABSTRACT

The notions of feedback and feedforward information processing gained prominence
under cybernetics, an early movement at the dawn of computer science and theoretical
neuroscience. Negative feedback processing corrects errors, whereas feedforward
processing makes predictions, thereby preemptively reducing errors. A key insight
of cybernetics was that such processes can be applied to both perception, or state
estimation, and control, or action selection. The remnants of this insight are found
in many modern areas, including predictive coding in neuroscience and deep latent
variable models in machine learning. This thesis draws on feedback and feedforward
ideas developed within predictive coding, adapting them to improve machine learning
techniques for perception (Part II) and control (Part III). Upon establishing these
conceptual connections, in Part IV, we traverse this bridge, from machine learning
back to neuroscience, arriving at new perspectives on the correspondences between
these fields.



vi

PUBLISHED CONTENT AND CONTRIBUTIONS

Yang, Ruihan, Yibo Yang, Joseph Marino, and Stephan Mandt (2021). “Hierarchical
Autoregressive Modeling for Neural Video Compression”. In: International
Conference on Learning Representations. url: https://openreview.net/
pdf?id=TK_6nNb_C7q.
J.M. participated in the conception of the project and the writing of the manuscript.

Guerra, Alex and Joseph Marino (2020). “Sequential Autoregressive Flow-Based
Policies”. In: ICML workshop on Invertible Neural Networks, Normalizing Flows,
and Explicit Likelihood Models.
J.M. participated in the conception of the project, conducting experiments, and
the writing of the manuscript.

Marino, Joseph, Lei Chen, Jiawei He, and Stephan Mandt (2020). “Improving
Sequential Latent Variable Models with Autoregressive Flows”. In: Symposium
on Advances in Approximate Bayesian Inference, pp. 1–16. url: http : / /
proceedings.mlr.press/v118/marino20a.html.
J.M. participated in the conception of the project, implementation, analysis, and
the writing of the manuscript.

Marino, Joseph, Alexandre Piché, Alessandro Davide Ialongo, and Yisong Yue
(2020). “Iterative Amortized Policy Optimization”. In: Preprint. url: https:
//arxiv.org/abs/2010.10670.
J.M. participated in the conception of the project, conducting experiments, and
the writing of the manuscript.

He, Jiawei, Yu Gong, Joseph Marino, Greg Mori, and Andreas Lehrmann (2019).
“Variational autoencoders with jointly optimized latent dependency structure”.
In: International Conference on Learning Representations. url: https : / /
openreview.net/pdf?id=SJgsCjCqt7.
J.M. participated in the conception of the project, derivations, analysis, and writing
of the manuscript.

Marino, Joseph (2019). “Predictive Coding, Variational Autoencoders, and Biological
Connections”. In: NeurIPS Workshop on Real Neurons and Hidden Units. url:
https://openreview.net/forum?id=SyeumQYUUH.
J.M. participated in the conception of the project and the writing of the manuscript.

Marino, Joseph, Alexandre Piché, and Yisong Yue (2019). “On the Design of Varia-
tional RL Algorithms”. In: NeurIPS Workshop on Deep Reinforcement Learning.
url:https://drive.google.com/file/d/10hB0AS_naGNgSNG8p1kqElnc9HRmMYde/
view?usp=drivesdk.
J.M. participated in the conception of the project, conducting experiments, and
the writing of the manuscript.

https://openreview.net/pdf?id=TK_6nNb_C7q
https://openreview.net/pdf?id=TK_6nNb_C7q
http://proceedings.mlr.press/v118/marino20a.html
http://proceedings.mlr.press/v118/marino20a.html
https://arxiv.org/abs/2010.10670
https://arxiv.org/abs/2010.10670
https://openreview.net/pdf?id=SJgsCjCqt7
https://openreview.net/pdf?id=SJgsCjCqt7
https://openreview.net/forum?id=SyeumQYUUH
https://drive.google.com/file/d/10hB0AS_naGNgSNG8p1kqElnc9HRmMYde/view?usp=drivesdk
https://drive.google.com/file/d/10hB0AS_naGNgSNG8p1kqElnc9HRmMYde/view?usp=drivesdk


vii

He, Jiawei, Andreas Lehrmann, Joseph Marino, Greg Mori, and Leonid Sigal (2018).
“Probabilistic video generation using holistic attribute control”. In: Proceedings
of the European Conference on Computer Vision (ECCV), pp. 452–467. url:
http://openaccess.thecvf.com/content_ECCV_2018/html/Jiawei_
He_Probabilistic_Video_Generation_ECCV_2018_paper.html.
J.M. participated in the conception of the project, derivations, baseline comparisons,
and the writing of the manuscript.

Marino, Joseph, Milan Cvitkovic, and Yisong Yue (2018). “A general method for
amortizing variational filtering”. In: Advances in Neural Information Processing
Systems, pp. 7857–7868. url: http://papers.nips.cc/paper/8011-a-
general-method-for-amortizing-variational-filtering.
J.M. participated in the conception of the project, implementation, analysis, and
the writing of the manuscript.

Marino, Joseph, Yisong Yue, and Stephan Mandt (2018). “Iterative Amortized
Inference”. In: International Conference on Machine Learning, pp. 3403–3412.
url: http://proceedings.mlr.press/v80/marino18a.html.
J.M. participated in the conception of the project, implementation, analysis, and
the writing of the manuscript.

http://openaccess.thecvf.com/content_ECCV_2018/html/Jiawei_He_Probabilistic_Video_Generation_ECCV_2018_paper.html
http://openaccess.thecvf.com/content_ECCV_2018/html/Jiawei_He_Probabilistic_Video_Generation_ECCV_2018_paper.html
http://papers.nips.cc/paper/8011-a-general-method-for-amortizing-variational-filtering
http://papers.nips.cc/paper/8011-a-general-method-for-amortizing-variational-filtering
http://proceedings.mlr.press/v80/marino18a.html


viii

TABLE OF CONTENTS

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Published Content and Contributions . . . . . . . . . . . . . . . . . . . . . . vi
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
List of Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xxi

I Introduction 1
Chapter I: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1 Cybernetics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Neuroscience and Machine Learning, Convergence and Divergence . 3
1.3 Predictive Coding Meets Machine Learning . . . . . . . . . . . . . . 7
1.4 The Future of Feedback & Feedforward . . . . . . . . . . . . . . . . 8

Chapter II: Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Probabilistic Models . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3 Variational Inference . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

II Perception 37
Chapter III: Iterative Amortized Inference . . . . . . . . . . . . . . . . . . . 38

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 Issues with Direct Inference Models . . . . . . . . . . . . . . . . . . 39
3.3 Iterative Amortized Inference . . . . . . . . . . . . . . . . . . . . . 42
3.4 Iterative Inference in Latent Gaussian Models . . . . . . . . . . . . . 44
3.5 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Chapter IV: Amortized Variational Filtering . . . . . . . . . . . . . . . . . . 56
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.3 Variational Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.6 Appendix: Filtering ELBO Derivation . . . . . . . . . . . . . . . . 70

Chapter V: Improving Sequential Latent Variable Models with Autoregressive
Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76



ix

5.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.5 Appendix: ELBO Derivation . . . . . . . . . . . . . . . . . . . . . 86

IIIControl 90
Chapter VI: Iterative Amortized Policy Optimization . . . . . . . . . . . . . 91

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.3 Iterative Amortized Policy Optimization . . . . . . . . . . . . . . . 98
6.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

Chapter VII: Sequential Autoregressive Flow-Based Policies . . . . . . . . . 114
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
7.2 Autoregressive Flow-Based Policies . . . . . . . . . . . . . . . . . . 115
7.3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
7.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

IVDiscussion 124
Chapter VIII: Connections to Predictive Coding & Neuroscience . . . . . . . 125

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
8.2 Predictive Coding . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
8.3 Connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
8.4 Correspondences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
8.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

Chapter IX: Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
9.1 Iterative Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 158
9.2 Combining Generative Perception & Control . . . . . . . . . . . . . 160
9.3 Controlling Perception . . . . . . . . . . . . . . . . . . . . . . . . . 163
9.4 Bridging Neuroscience and Machine Learning . . . . . . . . . . . . 169



x

LIST OF ILLUSTRATIONS

Number Page

1.1 Conceptual Overview. The concepts put forth by cybernetics per-

meated the modern �elds of theoretical neuroscience (left), machine

learning (center), and control theory (right). The graph attempts

to identify key concepts and several relevant works in these areas,

although the graph can barely begin to capture the full breadth and

depth of prior work, as well as the overlap between control theory

and theoretical neuroscience. At the bottom of the graph, we have

coarsely labeled how Parts II & III of this thesis �t into the conceptual

landscape. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1 Maximum Likelihood Estimation . A data distribution,?data, pro-

duces samples,x, of a random variable- . Maximum likelihood

estimation attempts to �t a model distribution,?\ , to the empirical

distribution of samples by maximizing the log-likelihood of data

samples under the model (Eq. 2.3). . . . . . . . . . . . . . . . . . . 16

2.2 Dependency Structures. Circles denote random variables, with

gray denoting observed variables and white denoting latent variables.

Arrows denote probabilistic conditional dependencies. From left to

right: autoregressive model (Eqs. 2.5 & 2.6), latent variable model

(Eq. 2.7), hierarchical latent variable model (Eq. 2.10), autoregressive

or sequential latent variable model (Eq. 2.11). For clarity, we have

drawn a subset of the possible dependencies in the �nal model. . . . . 18

2.3 Model Parameterization & Computation Graph. The diagram

depicts a simpli�ed computation graph for a deep autoregressive

Gaussian model. Green circles denote the conditional likelihood

distribution at each step, while gray circles again denote the (distri-

bution of) data observations. Smaller red circles denote each of the

log-likelihood terms in the objective. Gradients w.r.t. these terms

are backpropagated through the networks parameterizing the model's

distribution parameters (red dotted lines). . . . . . . . . . . . . . . . 22



xi

2.4 ELBO Computation Graphs. (a) Basic computation graph for

variational inference. Outlined circles denote distributions. Smaller

red circles denote terms in the ELBO objective. Arrows, again, denote

conditional dependencies. This notation can be used to express(b)

hierarchical and(c) sequential models with various model dependencies.25

2.5 Stochastic Gradient Estimation. (a) Variational inference with

parametric approximate posteriors requires optimizingL w.r.t. the

distribution parameters,� . This often requires estimating stochastic

gradients (red dotted lines).(b) The score function estimator (Eq. 2.26)

is applicable to any distribution, but su�ers from high variance. Note:

the solid red arrow denotes the per-sample objective,; ¹x–z; \ º. (c)

The pathwise derivative estimator (Eq. 2.27), in contrast, has lower

variance, but is less widely applicable. . . . . . . . . . . . . . . . . . 27

2.6 Variational Autoencoder (VAE). VAEs combine direct amortization

(Eq. 2.28) and the pathwise derivative estimator (Eq. 2.27, top) with

Gaussian approximate posteriors to train deep latent variable models.

In the model diagram (center), the amortized inference model (left)

acts as anencoder, with the conditional likelihood (right) acting as a

decoder. Each are parameterized by deep networks. . . . . . . . . . 29
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approximate posterior estimate (� ) to arrive at the optimum (F ). . . . 47

3.6 Amortized vs. Gradient-Based Optimization.Average ELBO over

MNIST validation set during inference optimization as a function of
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ence models on binarized MNIST for(a)additional inference iterations
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4.1 Variational Filtering Inference. The diagram shows �ltering infer-

ence within a sequential latent variable model, as outlined in Algo-

rithm 2. The central gray region depicts inference optimization at step

C, initialized at or near the corresponding prior (white),?\ ¹zCjxŸC–zŸCº.

Sampling from the approximate posterior (blue) generates the con-

ditional likelihood (green),?\ ¹xCjxŸC–z� Cº, which is evaluated at the

observation (gray),xC, to calculate the prediction error. This term is

combined with the KL divergence between the approximate posterior

and prior, yielding the step ELBO (red),L C (Eq. 4.7). Inference

optimization (E-step) involves �nding the approximate posterior that

maximizes the step ELBO terms. . . . . . . . . . . . . . . . . . . . 61

4.2 Filtering Inference Models for VRNN, SRNN, SVG, and AVF.

Each diagram shows the computational graph for inferring the approx-

imate posterior parameters,� @, at stepC. Previously proposed methods
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4.3 Prediction-Update Visualization. Test data (top), output predictions

(middle), and updated reconstructions (bottom) for TIMIT using

SRNN with AVF. Sequences run from left to right. The predictions
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AVF explicitly updates the approximate posterior from the prior

prediction, focusing on inferencecorrectionsrather than re-estimation. 66

4.4 Improvement with Inference Iterations. Results are shown on the

TIMIT validation set using VRNN with AVF.(a) Average negative

ELBO per step with varying numbers of inference iterations during

training. Additional iterations result in improved performance.(b)

Average relative ELBO improvement from the initial (prior) estimate

at each inference iteration for a single model. Empirically, each

successive iteration provides diminishing additional improvement. . . 68

5.1 Redundancy Reduction. (a) Conditional densities for?¹G2jG1º. (b)

The marginal,?¹G2º di�ers from the conditional densities, thus,
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to the conditionals, soI¹ H1; H2º = 0• Thus, in this case, a conditional

a�ne transform removed the dependencies. . . . . . . . . . . . . . . 78
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5.2 Model Diagrams. (a) An autoregressive �ow pre-processes a data

sequence,x1:) , to produce a new sequence,y1:) , with reduced temporal

dependencies. This simpli�es dynamics modeling for a higher-level

sequential latent variable model,?\ ¹y1:) –z1:) º. Empty diamond

nodes represent deterministic dependencies, not recurrent states.
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rectangles represent convolutional layers (see Appendix). The three
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denotes channel-wise concatenation. . . . . . . . . . . . . . . . . . . 79
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(dashed) and scale (shaded), acting as a frame of reference.Middle:
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has been largely removed.Bottom: The noise values (solid) are

modeled using a base distribution (dashed and shaded) provided by a

higher-level model. By removing temporal redundancy from the data
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5.6 Decreased Temporal Correlation. (a) A�ne autoregressive �ows
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6.1 Amortized Policy Optimization. (a) 2D visualization of policy
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optimal estimate, resulting in anamortization gapin performance.

An iterative amortized policy network �nds an improved estimate.

(b) Diagrams of direct and iterative amortized policy optimization.
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C h a p t e r 1

INTRODUCTION

This thesis operates at multiple levels. At the lowest level, this thesis presents two

core techniques for improving probabilistic modeling, applied to both state estimation,

or perception, and action selection, orcontrol. At a higher level, this thesis forti�es a

bridge between neuroscience and machine learning through the theory of predictive

coding. And at a higher level still, this thesis is an attempt to help re-integrate the

concepts and framework ofcyberneticsback into the current scienti�c discourse.

1.1 Cybernetics

The �eld of cybernetics (Wiener, 1948; Ashby, 1956) was an agglomeration of

various disciplines, encompassing aspects of what would become computer science,

neuroscience, control theory, and the social sciences. Despite their diversity, a

common theme uni�ed these interdisciplinary investigations:feedback. Broadly,

feedback is the process offeeding the output of a systembackinto the system itself.

Such processes come in two �avors, with positive feedback amplifying a signal and

negative feedback attenuating a signal. Negative feedback is particularly useful in

engineering applications (Astrom and R. M. Murray, 2008), where it can reduce

the error between two signals. A related concept is that offeedforwardprocesses,

which attempt to predict a signal, preemptively reducing error. These ideas around

information processing formed the basis of cybernetics' formulation of perception

and control, both in biological and non-biological systems, in terms of feedback and

feedforward processes.

Perception and control, though seemingly disparate concepts, are intimately related.

In both cases, given a model of how the corresponding variable (states or actions)

a�ects observed outcomes, one can 1)inferan estimate of the variable that would result

in an observation, and 2)learn an improved model to better predict observations.

Inference and learning, by minimizing prediction errors, are negative feedback

processes, while the model itself, formulated across time, may involve feedforward

processes. Cybernetics formalized these techniques using probabilistic models,

i.e., models that estimate the likelihood of random outcomes, and variational

calculus, an optimization technique for estimating functions, including probability

distributions (Wiener, 1948). By using these techniques to evaluate and minimize
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error signals, such systems can exhibit goal-directed, orteleological, behavior, in

which desired outcomes appear to drive action. This provided a novel perspective

in understanding how goal-directed behavior can arise in biological organisms

composed of ordinary matter (Rosenblueth, Wiener, and Bigelow, 1943), as well as

a path toward constructing more capable machines.

With these new techniques and unifying perspectives, cybernetics helped usher in a

new era of interdisciplinary research, aiming to establish common computational

principles underlying both biological and non-biological systems. At this intersection

came the �rst computational models of neuron function (McCulloch and Pitts, 1943;

Rosenblatt, 1958), a formal de�nition of information (Wiener, 1942; Shannon, 1948)

(with connections to neural systems (Barlow, 1961)), and algorithms for negative

feedback perception and control (MacKay, 1956; Kalman, 1960). While further

advances continued in these directions (see Prieto et al. (2016) and references therein),

the �eld of cybernetics disbanded due to a variety of conspiring factors (Conway and

Siegelman, 2006), with the new techniques and ideas surviving in the o�shoots of

theoretical neuroscience, machine learning, control theory, etc. Figure 1.1 outlines

the progression of a subset of these ideas that are relevant to this thesis.

1.2 Neuroscience and Machine Learning, Convergence and Divergence

As the descendant �elds of cybernetics progressed in their respective areas, a renewed

dialogue formed between neuroscience and machine learning in the 1980s�1990s.

Neuroscientists, bolstered by new physiological and functional analyses, began

making traction in studying neural systems in probabilistic and information-theoretic

terms (Laughlin, 1981; Srinivasan, Laughlin, and Dubs, 1982; Barlow, 1989;

Bialek et al., 1991). In machine learning, improvements in probabilistic modeling

(Pearl, 1986) and arti�cial neural networks (Rumelhart, Hinton, and Williams, 1986)

combined with ideas from statistical mechanics (Hop�eld, 1982; Ackley, Hinton,

and Sejnowski, 1985) to yield new classes of models and training techniques. This

convergence of ideas, primarily centered around perception, resulted in new theories

of neural processing and improvements in their mathematical underpinnings.

In particular, the notion ofpredictive codingemerged within neuroscience (Srini-

vasan, Laughlin, and Dubs, 1982; Rao and Ballard, 1999). In its most general

form, predictive coding postulates that neural circuits are fundamentally engaged

in estimating probabilistic models of other neural activity and the surrounding

environment, with feedback and feedforward processes playing a central role. These
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models were initially formulated in early sensory areas, e.g., retina (Srinivasan,

Laughlin, and Dubs, 1982) and thalamus (Dong and Atick, 1995), using feedforward

processes to predict future neural activity. Similar notions were also extended

to higher-level sensory processing in neocortex. In a series of papers by David

Mumford (Mumford, 1991; Mumford, 1992), top-down neural projections (from

higher-level to lower-level sensory areas) were hypothesized to convey hierarchical

sensory predictions, whereas bottom-up neural projections were hypothesized to

convey prediction errors. Through a negative feedback process, these errors would

then update state estimates. These ideas were formalized and analyzed by Rao and

Ballard, 1999, formulating a simpli�ed arti�cial neural network model of images,

reminiscent of a Kalman �lter (Kalman, 1960).

Feedback and feedforward processes also featured prominently in machine learning.

Indeed, the primary training algorithm for arti�cial neural networks, backpropagation

(Rumelhart, Hinton, and Williams, 1986), literallyfeeds(propagates) the output

prediction errorsbackthrough the network, i.e., negative feedback. During this period,

the technique of variational inference was rediscovered within machine learning

(Hinton and Van Camp, 1993; Neal and Hinton, 1998), recasting approximate

probabilistic inference using variational calculus. This technique proved essential in

formulating the Helmholtz machine (Dayan, Hinton, et al., 1995; Dayan and Hinton,

1996), a hierarchical probabilistic model parameterized by arti�cial neural networks.

Similar advances were made in autoregressive probabilistic models (Frey, Hinton,

and Dayan, 1996; Y. Bengio and S. Bengio, 2000), using arti�cial neural networks

to form sequential feedforward predictions, as well as new classes of invertible

probabilistic models (Comon, 1994; Parra, Deco, and Miesbach, 1995; Deco and

Brauer, 1995; Bell and Sejnowski, 1997). Unfortunately, as the �eld moved toward

simpler, more tractable models in the late 1990s, funding became scarce, and the

resulting chill of an �AI winter� slowed progress in these areas.

These new ideas regarding variational inference and probabilistic models, particularly

the Helmholtz machine (Dayan, Hinton, et al., 1995), in�uenced predictive coding.

Speci�cally, Karl Friston utilized variational inference to formulate hierarchical

dynamical models of neocortex (Friston, 2005; Friston, 2008). In line with Mumford's

proposal (Mumford, 1992), these models contain multiple levels of variables, with

each level attempting to predict its future activity (feedforward) as well as the

activity at lower levels, closer to the input data. Through variational inference,

prediction errors across levels facilitate updating higher-level estimates (negative
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Figure 1.1:Conceptual Overview. The concepts put forth by cybernetics permeated
the modern �elds of theoretical neuroscience (left), machine learning (center), and
control theory (right). The graph attempts to identify key concepts and several
relevant works in these areas, although the graph can barely begin to capture the full
breadth and depth of prior work, as well as the overlap between control theory and
theoretical neuroscience. At the bottom of the graph, we have coarsely labeled how
Parts II & III of this thesis �t into the conceptual landscape.

feedback). Such models have incorporated many aspects of neuroscience, including

local learning rules (Friston, 2005) and attention (Spratling, 2008; Feldman and

Friston, 2010; Kanai et al., 2015), and have been coarsely compared with neural

circuits (Bastos et al., 2012; Keller and Mrsic-Flogel, 2018; Walsh et al., 2020).

While predictive coding and other forms of Bayesian brain theories have become

increasingly popular (Doya et al., 2007; Friston, 2009; Clark, 2013), empirically

testing these normative models remains challenging. This is partially due to the

di�culty of distinguishing between the large number of speci�c design choices and

the more general theoretical claims of probabilistic learning and inference (S. J.

Gershman, 2019). Further, because these models have been limited to simpli�ed

implementations, often without learned parameters, it has been di�cult to bridge the

gap to the complexity of biological neural systems.
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The AI winter thawed in the early 2010s, brought on by advances in parallel computing

as well as standardized datasets (Deng et al., 2009; Krizhevsky and Hinton, 2009)

and environments (Todorov, Erez, and Tassa, 2012; Bellemare et al., 2013). In this

new era ofdeep learning(LeCun, Y. Bengio, and Hinton, 2015; Schmidhuber, 2015),

i.e., arti�cial neural networks with multiple layers, a �ourishing of ideas emerged

around probabilistic modeling. Building o� of previous work, more expressive

classes of deep hierarchical (Gregor et al., 2014; Mnih and Gregor, 2014; Kingma

and Welling, 2014; Rezende, Mohamed, and Wierstra, 2014), autoregressive (Uria,

I. Murray, and Larochelle, 2014; Oord, Kalchbrenner, and Kavukcuoglu, 2016),

and invertible (Dinh, Krueger, and Y. Bengio, 2015; Dinh, Sohl-Dickstein, and

S. Bengio, 2017) probabilistic models were developed. Of particular importance is a

class of models known asvariational autoencoders(VAEs) (Kingma and Welling,

2014; Rezende, Mohamed, and Wierstra, 2014), which, as we discuss in Chapter 8,

bear a close resemblance to hierarchical predictive coding models. Despite this

similarity, the machine learning community remains largely oblivious to the progress

in predictive coding that occurred during the AI winter and vice versa. Bridging this

divide is one of the primary motivations for this thesis (Section 1.3).

The discussion in this section, both in neuroscience and machine learning, has

centered on probabilistic modeling and inference for perception. However, as noted

earlier, these techniques can be equally applied to control. This connection was re-

established in the various �elds that descended from cybernetics, particularly machine

learning (Dayan and Hinton, 1997; Attias, 2003), control theory (Toussaint and

Storkey, 2006; Todorov, 2008), and theoretical neuroscience (Friston, Daunizeau, and

Kiebel, 2009; Botvinick and Toussaint, 2012). While these approaches di�er in their

exact formulations, they have a similar theme: �observing� desired outcomes, then

using a probabilistic model to infer corresponding actions. Friston and colleagues

have worked toward connecting predictive coding with control through a framework

referred to asactive inference(Friston, Daunizeau, and Kiebel, 2009; Friston,

FitzGerald, et al., 2017). Modern machine learning, in contrast, often formulates

control through a framework known asreinforcement learning (RL) as inference

(Levine, 2018). Although these frameworks are not strictly equivalent (Millidge

et al., 2020), they share many mathematical concepts.

Machine learning and neuroscience have diverged in many ways over the past two

decades, however, the fundamental ideas emphasized by cybernetics, i.e., probabilistic

modeling and inference for perception and control, remain the focus of both �elds.
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It is unclear whether these �elds will independently arrive at similar solutions for

building and understanding, respectively, autonomous agents. However, given the

similarity of ideas separately housed within each �eld, it seems likely that bridging

these divides will help to once again facilitate cross-pollination and progress.

1.3 Predictive Coding Meets Machine Learning

This thesis is, in large part, an attempt to fortify a bridge between machine learning

and neuroscience by translating the ideas of predictive coding into deep probabilistic

models. While the present work provides unique contributions, many of the insights

were inspired by previous works at this intersection. In particular, Broeke, 2016

outlines the relationship between hierarchical probabilistic models in predictive

coding and deep learning. Likewise, Lotter, Kreiman, and Cox, 2017 implement

basic predictive coding techniques in deep probabilistic models, later comparing

these models with neural phenomena (Lotter, Kreiman, and Cox, 2018). This thesis

draws upon these ideas and many others, formalizing and extending them.

Concretely, this thesis takes the negative feedback and feedforward techniques

developed in predictive coding and applies them in machine learning using the

mathematics ofamortization(S. Gershman and Goodman, 2014) andnormalizing

�ows (Rezende and Mohamed, 2015; Kingma, Salimans, et al., 2016), respectively.

Brie�y, amortization facilitates e�ciently updating estimates to minimize prediction

errors (Chapters 3, 4, and 6), i.e., (negative) feedback, whereas normalizing �ows,

in our formulation, provide a mechanism for improving predictions across time

(Chapters 5 and 7), i.e., feedforward. These techniques, which are both learned from

data, are demonstrated in the contexts of perception (Part II) and control (Part III). An

outline of the thesis content is provided in Table 1.1. A broad conceptual overview

of the inspirations for this thesis is also provided in Figure 1.1.

While the construction of this conceptual bridge has proceeded unidirectionally

from neuroscience toward machine learning, the insights developed in this process

have striking implications in the reverse direction. In Chapter 8, we discuss these

implications in depth. In short, traversing the bridge from machine learning, back

through predictive coding, to neuroscience provides new perspectives regarding

the correspondence between biological and arti�cial neural networks, as well as

computational aspects of normalization in neural circuits (Carandini and Heeger,

2012). Though this discussion is more speculative in nature than the technical

contributions of this thesis, it provides multiple lines of inquiry for future cross-
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Table 1.1:Thesis Organization.

Perception(Part II) Control (Part III)
Feedback Chapters 3 & 4 Chapter 6

Feedforward Chapter 5 Chapter 7

pollination e�orts.

1.4 The Future of Feedback & Feedforward

The distance between neuroscience and machine learning is to be expected, given

their di�ering aims and system constraints. A perfect convergence of these �elds is

neither essential nor necessarily bene�cial. Yet, the ideas set forth by cybernetics

three quarters of a century ago, namely perception and control through feedback and

feedforward processing, are alive and well in both �elds. This thesis works toward

uniting these areas, developing the ideas of cybernetics with modern computational

tools. The result is a set of basic techniques for probabilistic modeling and inference

based on feedback and feedforward principles, applicable to both perception and

control.

However, scienti�c research, by its very nature, is constrained to simpli�ed settings,

where complex phenomena can be studied in isolation. The real work remains to be

done in both integrating these ideas into a cohesive embodied system, as discussed

in Chapter 9, as well as pushing these ideas and others to their limits to build

and understand bigger, more expressive systems. If we take the correspondences

in Chapter 8 seriously, biological systems still contain orders of magnitude more

parameters than current machine learning models, likely with many more unforeseen

complexities. If we hope to build more capable autonomous systems or understand

neural processing in computational terms, a closer collaboration between these �elds

may prove fruitful. Indeed, these discussions are already bearing fruit: Richards

and colleagues, inspired in part by the predictive coding-based machine learning

models of Lotter, Kreiman, and Cox, 2017, have identi�ed top-down predictions and

bottom-up error signals in separate dendritic compartments of neocortical pyramidal

neurons (Gillon et al., 2021). In this way, the exploration of predictive coding

ideas in machine learning has helped neuroscientists pose more targeted scienti�c

hypotheses.

Neuroscience and machine learning may never return to the close collaboration

envisaged under cybernetics. Nevertheless, a mutually bene�cial dialogue can be
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maintained by tying these �elds together around their unifying concepts, such as

feedback and feedforward perception and control. Considering systems in these

cybernetic terms could help us move beyond the foggy notions of biological and

arti�cial intelligence. Instead, we can understand organisms and autonomous systems

from a more �rmly-grounded scienti�c and engineering perspective, in terms of

feedback and feedforward computational processing, homeostatic objectives, and

ultimately their physical embodiment of complexity and information. This thesis is a

step in that direction.
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C h a p t e r 2

BACKGROUND

2.1 Introduction

This chapter presents the mathematical concepts underlying the technical contribu-

tions developed throughout this thesis. For clarity, the material is presented using

the notation for state estimation (Part II), and we delay presenting the concepts more

speci�cally related to action selection until Part III.

2.2 Probabilistic Models

Set-Up: Probability Distributions & Maximum Likelihood

Consider a random variable,- 2 R" , with a corresponding distribution,?data¹- º,

de�ning the probability of observing each possible observation,- = x. We will

use the shorthand notation?data¹xº to denote the probability?data¹- = xº. This

distribution is the result of an underlying data generation process, e.g. the emission

and scattering of photons. While we do not have direct access to?data, we can sample

observations,x � ?data¹xº, yielding an empirical distribution,b?data¹xº.

Often, we wish to model?data, for instance, to predict or compress observations

of - . We refer to this model as?\ ¹xº, with parameters\ . A natural approach

for estimating the model involves minimizing some divergence measure between

?data¹xº and?\ ¹xº with respect to the model parameters,\ . The Kullback Leibler

(KL) divergence, denoted� KL , is a common choice of divergence measure:

\ �  argmin
\

� KL ¹?data¹xºj j?\ ¹xºº– (2.1)

\ �  argmin
\

Ex� ?data¹xº »log ?data¹xº � log ?\ ¹xº¼– (2.2)

\ �  argmax
\

Ex� ?data¹xº »log ?\ ¹xº¼• (2.3)

Here,E denotes the expectation operator. We have gone from Eq. 2.1 to Eq. 2.2 using

the de�nition of the KL divergence. Because?data¹xº does not depend on\ , we can

omit it from the optimization, expressing the equivalent maximization in Eq. 2.3.

This is the standardmaximum log-likelihoodobjective, which is found throughout

machine learning and probabilistic modeling (Murphy, 2012; Goodfellow, Y. Bengio,

and Courville, 2016). In practice, we do not have access to?data¹xº and must instead

approximate the objective using data samples, i.e. usingb?data¹xº. With x¹8º as the8th
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Figure 2.1:Maximum Likelihood Estimation . A data distribution,?data, produces
samples,x, of a random variable- . Maximum likelihood estimation attempts to �t
a model distribution,?\ , to the empirical distribution of samples by maximizing the
log-likelihood of data samples under the model (Eq. 2.3).

observation sample out of# total samples, we can approximate the objective as the

following empirical average:

Ex� ?data¹xº »log ?\ ¹xº¼� Ex� b?data¹xº »log ?\ ¹xº¼=
1
#

#Õ

8=1

log ?\ ¹x¹8ºº• (2.4)

In summary, we can frame probabilistic modeling as the process of maximizing the

log-likelihood,log ?\ ¹xº, of data observations under our model. A diagram of this

setup is shown in Figure 2.1.

Model Formulation

Formulating a probabilistic model involves considering the dependency structure

of the model and the parameterization of these dependencies. As with all models,

there is a bias-variance decomposition of modeling error. Without considering a

su�ciently �exible dependency structure and parameterization, the model will be

inherently limited, i.e. biased, in its capacity to accurately model the data. Yet, with

an overly expressive model, containing many dependencies and parameters, there

is a risk of over�tting to the training examples, the outcome of a model with high

variance.
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Dependency Structure

The dependency structure of a probabilistic model is the set of conditional depen-

dencies between variables. One common form of dependency structure is that of

autoregression(Frey, G. E. Hinton, and Dayan, 1996; Y. Bengio and S. Bengio,

2000), which utilizes the chain rule of probability to model dependencies between

variables:

?\ ¹xº =
"Ö

9=1

?\ ¹G9jGŸ 9º• (2.5)

Here, we have induced an arbitrary ordering over the" dimensions ofx, allowing

us to factor the joint distribution over dimensions,?\ ¹xº, into a product of"

conditional distributions, each conditioned on the previous dimensions,GŸ 9. Slightly

abusing notation, at9= 1, we have?\ ¹G9jGŸ 9º = ?\ ¹G1º. A natural use-case for this

dependency structure arises in modeling sequential data, where time provides an

ordering over a sequence of) observed variables,x1:) :

?\ ¹x1:) º =
)Ö

C=1

?\ ¹xCjxŸCº• (2.6)

Although such models are conventionally formulated in forward temporal order,

this is truly a modeling assumption. Likewise, while the chain rule of probability

dictates that we must considerall previous variables, there may be cases where it is

safe to assume conditional independence outside of some window. In the extreme

case, in which we only consider pairwise dependencies, we arrive at a Markov chain:

?\ ¹x1:) º =
Î )

C=1 ?\ ¹xCjxC� 1º.

Autoregressive models are also referred to as �fully-visible� models (Frey, G. E.

Hinton, and Dayan, 1996), as dependencies are only explicitly modeled between

observed variables. However, we can also model such dependencies by introducing

latent variables, denoted as/ . Formally, a latent variable model is de�ned by the

joint distribution

?\ ¹x–zº = ?\ ¹xjzº?\ ¹zº– (2.7)

where?\ ¹xjzº is theconditional likelihoodand?\ ¹zº is theprior. Again, we have

used the shorthand notation?\ ¹x–zº to denote?\ ¹- = x– / = zº. Introducing latent

variables is one of, if not,theprimary technique for increasing the �exibility of a

probabilistic model. This is because evaluating the probability of an observation

now requires marginalizing over the latent variables. If/ is a continuous variable,

this involves integration,?\ ¹xº =
¯

?\ ¹x–zº3z, and if / is discrete, this involves
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Figure 2.2:Dependency Structures. Circles denote random variables, with gray
denoting observed variables and white denoting latent variables. Arrows denote
probabilistic conditional dependencies. From left to right: autoregressive model
(Eqs. 2.5 & 2.6), latent variable model (Eq. 2.7), hierarchical latent variable model
(Eq. 2.10), autoregressive or sequential latent variable model (Eq. 2.11). For clarity,
we have drawn a subset of the possible dependencies in the �nal model.

summation,?\ ¹xº =
Í

z ?\ ¹x–zº. In either case, we have

?\ ¹xº = Ez� ?\ ¹zº »?\ ¹xjzº¼– (2.8)

which illustrates that?\ ¹xº is amixturedistribution, with each mixture component,

?\ ¹xjzº, weighted according to?\ ¹zº. Thus, even when restricting?\ ¹xjzº to simple

distribution forms, such as Gaussian distributions,?\ ¹xº can take on �exible forms

that do not have closed form analytical expressions. In this way,/ can implicitly

model dependencies in- , assigning higher probability to particular regions of the

observation space.

However, increasing �exibility through latent variables comes with increasing

computational overhead. In general, marginalizing over/ is not analytically tractable,

particularly with continuous latent variables or complex conditional likelihoods.

This requires us to either 1) adopt approximation techniques, which we discuss in

Section 2.3, or 2) restrict the form of the model to ensure computationally tractable

evaluation of?\ ¹xº. This latter approach is the basis of�ow-basedmodels (Tabak

and Turner, 2013; Rippel and Adams, 2013; Dinh, Krueger, and Y. Bengio, 2015),

which de�ne the conditional dependency between- and/ in terms of an invertible

transform,x = 5\ ¹zº andz = 5� 1
\ ¹xº. We can then express?\ ¹xº using thechange

of variables formula:

?\ ¹xº = ?\ ¹zº

�
�
�
�det

�
mx
mz

� �
�
�
�

� 1

– (2.9)
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where mx
mz is the Jacobian of the transform anddet¹�º denotes matrix determinant.

The term
�
�
�det

�
mx
mz

� �
�
�
� 1

can be interpreted as the local scaling of space when moving

from / to - , conserving probability mass in the transform. Flow-based models,

also referred to asnormalizing �ows(Rezende and Mohamed, 2015), are the basis

of the classical technique of independent components analysis (ICA) (Bell and

Sejnowski, 1997; Hyvärinen and Oja, 2000) and non-linear generalizations (S. S.

Chen and Gopinath, 2001; Laparra, Camps-Valls, and Malo, 2011). As such, these

models can serve as a general-purpose mechanism for adding and removing statistical

dependencies between variables. Although �ow-based models avoid the intractability

of marginalization, their requirement of invertibility may be overly restrictive or

undesirable in some contexts (Cornish et al., 2020). And while the change of

variables formula can also be applied to non-invertible transforms (Cvitkovic and

Koliander, 2019), it raises computational intractabilities. This motivates the use of

approximate techniques for training latent variables models (Section 2.3).

While we have presented autoregression and latent variables separately, these

techniques can, in fact, be combined in numerous ways to model dependencies. For

instance, one can createhierarchical latent variable models(Dayan et al., 1995),

incorporating autoregressive dependencies between latent variables. Considering!

levels of latent variables,/ 1:! =
�
/ 1– • • • – /!

�
, we can express the joint distribution

as

?\ ¹x–z1:! º = ?\ ¹xjz1:! º
!Ö

� =1

?\ ¹z� jz� ¸ 1:! º• (2.10)

From this perspective, hierarchical latent variable models are a repeated application of

the latent variables technique in order to create increasingly complexempirical priors

(Efron and Morris, 1973). We can also consider incorporating latent variables within

sequential (autoregressive) probabilistic models, giving rise tosequential latent

variable models. Considering a single level of latent variables in a corresponding

sequence,/ 1:) , we generally have the following joint distribution:

?\ ¹x1:) –z1:) º =
)Ö

C=1

?\ ¹xCjxŸC–z� Cº?\ ¹zCjxŸC–zŸCº– (2.11)

where we have again assumed a forward sequential ordering. By restricting the

dependency structure and distribution forms in sequential latent variable models, we

recover familiar special cases, such as hidden Markov models or linear Gaussian

state-space models (Murphy, 2012). Beyond hierarchical and sequential latent

variable models, there are a variety of other ways to combine autoregression and
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latent variables (Gulrajani et al., 2017; Razavi, Aaron van den Oord, and Vinyals,

2019). The remaining chapters focus on hierarchical (Eq. 2.10) and sequential

(Eq. 2.11) latent variable models, though models with more �exible hierarchical,

sequential, and spatial dependencies will be required to advance the frontier of

probabilistic modeling.

Parameterizing the Model

In the previous section, we discussed the dependency structure of probabilistic

models. The probability distributions that de�ne these dependencies are ultimately

functions. In this section, we discuss possible forms that these functions may take.

We restrict our focus here toparametricdistributions, which are de�ned by one or

more distribution parameters. The canonical example is the Gaussian (or Normal)

distribution,N ¹ G; `– f 2º, which is de�ned by a mean,̀, and variance,f 2. This

can be extended to the multivariate setting, wherex 2 R" is modeled with a mean

vector,� , and covariance matrix,� , with the probability density written as

N ¹ x; � –� º =
1

¹2cº" •2 det¹� º1•2
exp

�
� 1
2

¹x � � º| � � 1¹x � � º
�

• (2.12)

For convenience, we may also consider diagonal covariance matrices,� = diag¹� 2º,

simplifying the parameterization and resulting calculations. In particular, the special

case where� = I " , the " � " identity matrix, the log-density, up to a constant,

becomes the familiarmean squared error,

logN ¹ x; � –I º = �
1
2

jjx � � j j22 ¸ const. (2.13)

With a parametric distribution, conditional dependencies are mediated by the

distribution parameters, which are functions of the conditioning variables. For

example, we can express an autoregressive Gaussian distribution (of the form

in Eq. 2.5) through conditional densities,?\ ¹G9jGŸ 9º = N ¹ G9; ` \ ¹GŸ 9º– f 2
\ ¹GŸ 9ºº,

where ` \ and f 2
\ are functions takingGŸ 9 as input. A similar form applies to

autoregressive models on sequences of vector inputs (Eq. 2.6), with?\ ¹xCjxŸCº =

N ¹ xC; � \ ¹xŸCº–� \ ¹xŸCºº. Likewise, in a latent variable model (Eq. 2.7), we can

express a Gaussian conditional likelihood as?\ ¹xjzº = N ¹ x; � \ ¹zº–� \ ¹zºº. Note

that in the above examples, we have overloaded notation, simply using a subscript\

for all functions. In practice, while it is not uncommon to share parameters across

functions, this is ultimately a modeling choice.
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The functions supplying each of the distribution parameters can range in complexity,

from constant to highly non-linear. Classical modeling techniques often employ

linear functions. For instance, in a latent variable model, we could parameterize the

mean as a linear function ofz:

� \ ¹zº = Wz ¸ b– (2.14)

whereW is a matrix of weights andb is a bias vector. Models of this form underlie

factor analysis, probabilistic principal components analysis (Tipping and Bishop,

1999), independent components analysis (Bell and Sejnowski, 1997; Hyvärinen and

Oja, 2000), and sparse coding (Olshausen and Field, 1996). Linear autoregressive

models are also the basis of many classical time-series models and are common across

�elds that use statistical methods. While linear models are relatively computationally

e�cient, they are often too limited to accurately model complex data distributions,

e.g. those found in natural images or audio.

Recent improvements in deep learning (Goodfellow, Y. Bengio, and Courville, 2016)

have provided probabilistic models with a more expressive class of non-linear func-

tions, improving their modeling capacity. In these models, the distribution parameters

are parameterized with deep networks, which are then trained by backpropagating

(Rumelhart, G. E. Hinton, and Williams, 1986) the gradient of the log-likelihood

objective,r \ Ex� b?data »log ?\ ¹xº¼, back through the layers of the network. Typically,

this is estimated using a mini-batch of data examples, rather than the full empirical

distribution as in Eq. 2.4. Deep autoregressive models and deep latent variable

models have enabled recent advances across an array of areas, including speech

(Graves, 2013; Aäron van den Oord et al., 2016), natural language (Sutskever,

Vinyals, and Le, 2014; Radford et al., 2019), images (Razavi, Aaron van den Oord,

and Vinyals, 2019), video (Kumar et al., 2020), reinforcement learning (Chua et al.,

2018; Ha and Schmidhuber, 2018) and many others.

We visualize a simpli�ed probabilistic computation graph for a deep autoregressive

model in Figure 2.3. This diagram translates the autoregressive dependency structure

from Figure 2.2, which only depicts the variables and their dependencies in the model,

into a more detailed visualization, breaking the variables into their corresponding

distributions and terms in the log-likelihood objective. Here, green circles denote the

conditional likelihood at each step, containing a Gaussian mean and standard deviation,

which are parameterized by a deep network. The log-likelihood,log ?\ ¹xCjxŸCº,

evaluated at the data observation,xC � ?data¹xCjxŸCº (gray circle), provides the
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Figure 2.3:Model Parameterization & Computation Graph. The diagram depicts
a simpli�ed computation graph for a deep autoregressive Gaussian model. Green
circles denote the conditional likelihood distribution at each step, while gray circles
again denote the (distribution of) data observations. Smaller red circles denote
each of the log-likelihood terms in the objective. Gradients w.r.t. these terms
are backpropagated through the networks parameterizing the model's distribution
parameters (red dotted lines).

objective (red dot). The gradient of this objective w.r.t. the network parameters

is calculated through backpropagation (red dotted line). This general depiction of

dependencies, distributions, and log-probabilities (or di�erences of log-probabilities)

is used throughout this thesis to describe the various computational setups.

Purely autoregressive models (without latent variables) have proven useful in many

domains, often obtaining better log-likelihoods as compared with latent variable

models. However, there are a number of reasons to prefer latent variable models

in some contexts. First, autoregressive sampling is inherently sequential, and this

linear computational scaling becomes costly in high-dimensional domains. Second,

latent variables provide a representational space for downstream tasks, compression,

and overall data analysis. Finally, latent variables provide added �exibility, which is

particularly useful for modeling continuous random variables with relatively simple,

e.g. Gaussian, conditional distributions. For these reasons, we require methods for

handling the latent marginalization in Eq. 2.8. Variational inference is one such

method.
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2.3 Variational Inference

Derivation

As we saw in the previous section, training latent variable models through maximum

likelihood requires evaluatinglog ?\ ¹xº. However, particularly with continuous latent

variables, evaluating?\ ¹xº =
¯

?\ ¹x–zº3z is generally computationally intractable.

This problem is only exacerbated in deep latent variable models, where computing

?\ ¹zº and?\ ¹xjzº is more expensive. Thus, we require some technique for tractably

estimatinglog ?\ ¹xº without resorting to exact marginalization.

Variational inference (G. E. Hinton and Van Camp, 1993; Jordan et al., 1998)

approaches this problem by introducing anapproximate posteriordistribution,

@¹zjxº, which provides a tractable lower bound,L¹ x; @– \º � log ?\ ¹xº, on the

log-likelihood. This lower bound is variously referred to as theevidence lower bound

(ELBO), variational lower bound, and the negative free energy. By tightening and

maximizing the ELBO w.r.t. the model parameters,\ , we can approximate maximum

likelihood training while avoiding marginalization.

We can interpret variational inference as converting probabilistic inference into

an optimization problem. Given a family of distributions,Q, e.g., Gaussian, non-

parametric, etc., variational inference attempts to �nd the distribution,@2 Q, that

minimizes� KL ¹@¹zjxºj j?\ ¹zjxºº:

@¹zjxº  argmin
@

� KL ¹@¹zjxºj j?\ ¹zjxºº– (2.15)

where?\ ¹zjxº is theposteriordistribution,

?\ ¹zjxº =
?\ ¹x–zº
?\ ¹xº

• (2.16)

Because?\ ¹zjxº includes the intractable?\ ¹xº, we cannot minimize the KL diver-

gence in Eq. 2.15 directly. Instead, we can rewrite this as

� KL ¹@¹zjxºj j?\ ¹zjxºº = Ez� @¹zjxº »log@¹zjxº � log ?\ ¹zjxº¼ (2.17)

= Ez� @¹zjxº

�
log@¹zjxº � log

�
?\ ¹x–zº
?\ ¹xº

� �
(2.18)

= Ez� @¹zjxº »log@¹zjxº � log ?\ ¹x–zº¼̧ log ?\ ¹xº (2.19)

= �L¹ x; @– \º ¸ log ?\ ¹xº• (2.20)

In Eq. 2.20, we have de�nedL¹ x; @– \º, as

L¹ x; @– \º � Ez� @¹zjxº »log ?\ ¹x–zº � log@¹zjxº¼

= Ez� @¹zjxº »log ?\ ¹xjzº¼� � KL ¹@¹zjxºj j?\ ¹zºº•

(2.21)

(2.22)
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Algorithm 1 Variational Expectation Maximization (EM)

1: Input: model?\ ¹x–zº, data examplesx¹1º– • • • –x¹# º � ?data¹xº
2: while \ not convergeddo
3: for x = x¹1º– • • • –x¹# º do
4: @¹zjxº  argmax@L¹ x; @– \º • inference (E-step)
5: end for
6: \  argmax\

1
#

Í #
8=1 L¹ x¹8º; @– \º • learning (M-step)

7: end while

Rearranging terms in Eq. 2.20, we have

log ?\ ¹xº = L¹ x; @– \º ¸ � KL ¹@¹zjxºj j?\ ¹zjxºº• (2.23)

Because KL divergence is non-negative, we see thatL¹ x; @– \º � log ?\ ¹xº, with

equality when@¹zjxº = ?\ ¹zjxº. As the LHS of Eq. 2.23 does not depend on

@¹zjxº, maximizingL¹ x; @– \º w.r.t. @implicitly minimizes � KL ¹@¹zjxºj j?\ ¹zjxºº

w.r.t. @. Together, these statements imply that maximizingL¹ x; @– \º w.r.t. @tightens

the lower bound onlog ?\ ¹xº. With this tightened lower bound, we can then

maximizeL¹ x; @– \º w.r.t. \ . This alternating optimization process is referred to

as the variational expectation maximization (EM) algorithm (Dempster, Laird, and

Rubin, 1977; Neal and G. E. Hinton, 1998) (Algorithm 1), consisting of approximate

inference (E-step) and learning (M-step). While Algorithm 1 iterates over the

entire data set between parameter updates, one can instead perform inference for a

mini-batch of data examples and perform stochastic gradient ascent on\ (Ho�man

et al., 2013). This version of the algorithm, referred to asstochastic variational

inference (SVI), is used in practice to train deep latent variable models.

Interpreting the ELBO

The primary motivation for variational inference is in providing a tractable lower

bound for model training. In the process, however, we are left with an approxi-

mate posterior distribution,@¹zjxº. To gain insight into this distribution and the

approximate inference procedure, we can rewrite the ELBO as

L¹ x; @– \º = Ez� @¹zjxº »log ?\ ¹xjzº ¸ log ?\ ¹zº � log@¹zjxº¼• (2.24)

Each of the terms in the objective guides the optimization of@¹zjxº. The �rst term

quanti�es the agreement with the data, i.e., reconstruction: samplingz from @, we

want to assign high log-probability to the observation,x. The second term quanti�es

the agreement with the prior prediction: samplingz from @, we want to have high
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(a) Computation Graph (b) Hierarchical (c) Sequential

Figure 2.4:ELBO Computation Graphs. (a) Basic computation graph for varia-
tional inference. Outlined circles denote distributions. Smaller red circles denote
terms in the ELBO objective. Arrows, again, denote conditional dependencies. This
notation can be used to express(b) hierarchical and(c) sequential models with
various model dependencies.

log-probability under the prior. The �nal term is theentropyof @¹zjxº, quantifying

the spread or uncertainty of the distribution. Maximizing this term encourages@¹zjxº

to remain maximally uncertain, all else being equal (Jaynes, 1957). Often, the �nal

two terms are combined, as in Eq. 2.22, with� KL ¹@¹zjxºj j?\ ¹zºº interpreted as a

form of �regularization,� penalizing deviations of@¹zjxº from ?\ ¹zº.

This KL divergence term has been the focus of recent investigations. In particular,

one can interpret the ELBO as a Lagrangian, with Lagrange multiplierV = 1:

L¹ x; @– \º = Ez� @¹zjxº »log ?\ ¹xjzº¼� V� KL ¹@¹zjxºj j?\ ¹zºº• (2.25)

Thus, the ELBO can be seen as expressing a constrained optimization problem, with

the regularizing constraint on� KL ¹@¹zjxºj j?\ ¹zºº mediated byV. In models with

�exible, e.g., autoregressive, conditional likelihoods, the model may not utilizez, in

which case the KL term results in a local maximum at@¹zjxº = ?\ ¹zº. This is the

so-called �dying units� problem (Bowman et al., 2016), in which the latent variables

are e�ectively unused. A common approach is to annealVfrom 0 ! 1 during the

course of training (Bowman et al., 2016; Sønderby et al., 2016), though alternative

schemes exist (Kingma, Salimans, et al., 2016; X. Chen et al., 2017). We can also

dynamically adjustVto maintain a particular KL or conditional likelihood constraint

(Rezende and Viola, 2018). And by settingV ¡ 1 we can over-regularize@¹zjxº,

and with an independent prior, this can yield more disentangled latent variables

(Higgins et al., 2017; Burgess et al., 2018). In these latter cases, whereV < 1,

L¹ x; @– \º is no longer a valid lower bound onlog ?\ ¹xº. Alemi et al., 2018 provide
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an information-theoretic framework to make sense of these ideas, identifying the

connection between the two terms in the ELBO (Eq. 2.25) and the concepts of

distortionandrate respectively. In short, adjustingVallows one to target particular

rate-distortion trade-o�s, which, in turn, result in bounds on the mutual information

between- and/ . This perspective allows one to consider latent variable models

that achieve varying compression rates in complex, natural data domains, such as

images (Ballé, Laparra, and Simoncelli, 2017) and video (Lombardo et al., 2019).

As with autoregressive models (Figure 2.3), we can represent latent variable models

and the ELBO objective as a computation graph, again breaking the dependency

structure graphs from Figure 2.2 into separate distributions and terms in the objective.

In Figure 2.4, we illustrate examples of these graphs. Each variable contains a red

circle, denoting a term in the ELBO objective. In comparison with the fully-observed

autoregressive model, we now have an additional objective term for the latent variable,

corresponding to the KL divergence. This graphical representation also allows us

to visualize the variational objective for more complex hierarchical and sequential

models (Figures 2.4b & 2.4c).

Inference Optimization

In deriving variational inference and variational EM, we described inference opti-

mization, the E-step, as the process of maximizingL¹ x; @– \º w.r.t. the distribution

@¹zjxº. The fact that probability distributions are functions makesL¹ x; @– \º a

functionaland makes inference optimization a variational calculus problem. One

could solve this optimization problem using a variety of techniques, ranging from

gradient-free, e.g., evolution strategies, to �rst-order gradient-based, e.g., black-

box variational inference (Ranganath, Gerrish, and Blei, 2014), to second-order

gradient-based, e.g., the Laplace approximation (Friston et al., 2007; Park, C. Kim,

and G. Kim, 2019). Despite this range, �rst-order gradient-based techniques are

most common in practice; when combined with amortization (see below), they can

result in exceedingly e�cient optimization. For this reason, we exclusively focus

on �rst-order techniques in the following chapters, which we now describe in more

detail.

With a parametric@¹zjxº, �rst-order inference optimization entails calculating the

gradients ofL¹ x; @– \º w.r.t. the distribution parameters of@, which we refer to as

� . For instance, if@¹zjxº = N ¹ z; � @–diag¹� 2
@ºº, i.e., � =

�
� @–� @

�
, then we must

calculater � @L andr � @L . We can consider the ELBO as an example of a stochastic
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(a) Inference (b) Score Function (c) Pathwise Derivative

Figure 2.5:Stochastic Gradient Estimation. (a) Variational inference with para-
metric approximate posteriors requires optimizingL w.r.t. the distribution parameters,
� . This often requires estimating stochastic gradients (red dotted lines).(b) The
score function estimator (Eq. 2.26) is applicable to any distribution, but su�ers from
high variance. Note: the solid red arrow denotes the per-sample objective,; ¹x–z; \ º.
(c) The pathwise derivative estimator (Eq. 2.27), in contrast, has lower variance, but
is less widely applicable.

computation graph (Schulman et al., 2015), containing the stochastic sampling

operationz � @¹zjxº. Unfortunately, stochastic sampling is non-di�erentiable,

preventing us from simply di�erentiating through the chain� ! z ! L . Schulman

et al., 2015 highlight two stochastic gradient estimators to tackle this issue: the

score functionestimator (Glynn, 1990; Williams, 1992; Fu, 2006) and thepathwise

derivativeestimator (Kingma and Welling, 2014; Rezende, Mohamed, and Wierstra,

2014; Titsias and Lázaro-Gredilla, 2014), each of which allows us to calculate

stochastic estimates ofr � L .

The score function estimator, sometimes referred to as the REINFORCE estimator

(Williams, 1992), is generally applicable to any parametric distribution. With@� ¹zjxº

denoting the dependence of@on � , as well asL¹ x; @– \º = Ez� @� ¹zjxº »;¹x–z; \ º¼,

the score function estimator allows us to expressr � L as

r � Ez� @� ¹zjxº »;¹x–z; \ º¼= Ez� @� ¹zjxº »r � log@� ¹zjxº; ¹x–z; \ º¼• (2.26)

While the score function estimator is unbiased and can be successfully utilized for

variational inference (Gregor et al., 2014; Ranganath, Gerrish, and Blei, 2014; Mnih

and Gregor, 2014; Mnih and Rezende, 2016), in practice, it requires considerable

tuning and computation, owing to its empirically high variance. Alternatively,

the pathwise derivative estimator, sometimes referred to as the reparameterization

estimator (Kingma and Welling, 2014), when applicable, allows us to obtain unbiased
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gradient estimates with considerably lower variance. This is accomplished by

reparameterizingz in terms of an auxiliary random variable, enabling di�erentiation

through stochastic sampling. The most common example is reparameterizing

z � N ¹ z; � @–diag¹� 2
@ºº asz = � @¸ � � � @, where� � N ¹ � ; 0–Iº and� denotes

element-wise multiplication. More generally, for some deterministic function6, if

we can expressz = 6¹� –� º with � � ?¹� º, then the pathwise derivative estimator

allows us to expressr � L as

r � Ez� @� ¹zjxº »;¹x–z; \ º¼= E� � ?¹� º »r � ; ¹x– 6¹� –� º; \ º¼• (2.27)

With these stochastic gradient estimators in hand, we can perform stochastic gradient-

based optimization ofL¹ x; @– \º w.r.t. � (Ranganath, Gerrish, and Blei, 2014):

estimatingr � L by samplingz (or � ) and updating� using stochastic gradient

ascent. Unfortunately, a naïve implementation of this inference optimization (E-

step) procedure scales poorly to large models and data sets. This is because many

gradient steps must be performedper example, just to provide one estimate of

L¹ x; @– \º for M-step optimization. More sophisticated approaches cache previous

estimates of� for each example to initialize future inference optimization. However,

beyond the additional memory overhead, this approach still requires tuning the

inference optimizer's learning rate and is not applicable to online learning settings.

In order to apply variational inference more broadly, we require a simple technique

for dramatically improving the e�ciency of inference optimization.Amortization

(Gershman and Goodman, 2014), a form of meta-optimization, o�ers a viable

solution.

Amortized Variational Inference

Amortization, in a generic sense, refers to spreading out costs. In amortized inference,

these �costs� are the computational costs of performing inference optimization.

Thus, rather than separately optimizing� for each data example, we amortize this

optimization cost using a learned optimizer, i.e., aninference model. By using

this meta-optimization procedure, we can perform inference optimization far more

e�ciently for each example, with a negligible cost for learning the inference model.

The concept of inference models is deeply embedded with deep latent variable

models, popularized by the Helmholtz Machine (Dayan et al., 1995), which was

formulated as anautoencoder(Ballard, 1987). Formally, in such setups, the inference

model is a direct mapping fromx to � :

�  5q ¹xº– (2.28)
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Figure 2.6:Variational Autoencoder (VAE). VAEs combine direct amortization
(Eq. 2.28) and the pathwise derivative estimator (Eq. 2.27, top) with Gaussian
approximate posteriors to train deep latent variable models. In the model diagram
(center), the amortized inference model (left) acts as anencoder, with the conditional
likelihood (right) acting as adecoder. Each are parameterized by deep networks.

where 5q is a model (deep network) with parametersq. Conventionally, we denote

the approximate posterior as@q ¹zjxº to denote the parameterization byq. Now,

rather than optimizing� using gradient-based techniques, we periodically update

q usingr qL = mL
m�

m�
mq, thereby letting5q learn to optimize� . This procedure is

incredibly simple, as we only need to tune the learning rate forq, and e�cient, as we

have an estimate of� after only one forward pass through5q. Amortization is also

widely applicable: if we can estimater � L using stochastic gradient estimation (see

above), we can continue di�erentiating through the chainq ! � ! z ! L .

When direct amortization is combined with the pathwise derivative estimator in deep

latent variable models, the resulting setup is referred to as avariational autoencoder

(VAE)(Kingma and Welling, 2014; Rezende, Mohamed, and Wierstra, 2014). In this

autoencoder interpretation,@q ¹zjxº is anencoder, z is the latentcode, and?\ ¹xjzº

is adecoder. A computation graph is shown in Figure 2.6. This direct encoding

scheme seems intuitively obvious: in the same way that?\ ¹xjzº directly mapsz to a

distribution overx, @q ¹zjxº directly mapsx to a distribution overz. Indeed, with

perfect knowledge of?\ ¹x–zº, 5q could act as a lookup table, precisely mapping

eachx to the corresponding optimal� . However, as we discuss in Chapter 3, there

are a number of subtle issues that can arise with direct amortization, forming one of
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the primary motivations for the following chapters.

2.4 Discussion

In this chapter, we have reviewed the basic considerations in formulating and training

probabilistic models. We started by introducing the maximum log-likelihood (or

minimum KL divergence) framework for model training, which involves maximizing

Ex� ?data¹xº »log ?\ ¹xº¼w.r.t. the model parameters,\ . The model is formulated in

terms of the dependency structure between variables, the distribution families, and

the functional form of the distribution parameters. Each of these constitute design

choices, which are often selected in light of known structure in the data.

In improving the expressive capacity of the model, we discussed two primary methods

for adding dependency structure to the model, autoregression and latent variables, as

well as combinations of the two. While we presented these ideas separately, there

is, in fact, a link between these two forms of dependency structure. In particular,

Kingma, Salimans, et al., 2016 noted that we can express sampling from a Gaussian

autoregressive model in both an autoregressive form:

G9 � N ¹ G9; ` \ ¹GŸ 9º– f 2
\ ¹GŸ 9ºº– (2.29)

as well as in the form of an a�ne �ow-based latent variable model:

G9 = ` \ ¹GŸ 9º ¸ f \ ¹GŸ 9º � I 9– (2.30)

whereI 9 � N ¹ I 9; 0–1º is an auxiliary latent variable. Note that Eq. 2.30 is the

reparameterization trick (from the pathwise derivative estimator) applied to the

Gaussian autoregressive sampling in Eq. 2.29. To train an autoregressive model, we

can analytically evaluate the log-density directly via Eq. 2.29. Alternatively, we can

evaluate the log-density by performing �inference,� inverting the a�ne transform:

I 9 =
G9 � ` \ ¹GŸ 9º

f \ ¹GŸ 9º
– (2.31)

and then evaluating the log-density ofI 9 under?\ ¹I º = N ¹ 0–1º and the log-scaling

factor of the transform,log f \ ¹GŸ 9º. With this scheme, we exactly recover the

Gaussian density de�nition in Eq. 2.12. This case of equivalence between particular

classes of autoregressive models and (�ow-based) latent variable models suggests that,

rather than considering various model classes as entirely distinct, we can consider

the general computational principles of probability, with various models making

trade-o�s in terms of tractability, expressive capacity, computational e�ciency, etc.
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This chapter has not exhaustively covered the breadth of probabilistic modeling

techniques that exist in the literature, instead focusing on the subset of ideas

relevant to this thesis. It is worth mentioning that a variety of techniques have

been recently developed or have gained renewed interest. For instance, implicit

latent variable models (Mohamed and Lakshminarayanan, 2016), such as generative

adversarial networks (Goodfellow, Pouget-Abadie, et al., 2014) and generative

stochastic networks (Y. Bengio, Laufer, et al., 2014), are formulated in terms of

a sampling procedure, avoiding the need to explicitly de�ne?\ ¹xº. Energy-based

models (LeCun et al., 2006; Salakhutdinov and G. Hinton, 2009; Du and Mordatch,

2019) similarly o�er a more �exible form, parameterizing an energy function over

the space ofx, which is then converted into a Boltzmann distribution. Score function

models (Hyvärinen and Dayan, 2005; Vincent, 2011; Song and Ermon, 2019)

avoid directly parameterizing the energy function, instead estimating a gradient

�eld to sample from the data distribution. Finally, a variety of contrastive learning

procedures have been recently developed (Gutmann and Hyvärinen, 2010; Mnih and

Kavukcuoglu, 2013; A. v. d. Oord, Li, and Vinyals, 2018), providing an alternative,

�self-supervised� technique for modeling data while avoiding explicit data density

estimation.

These ideas may seem hopelessly diverse, however, they are all tied to concepts in

probabilistic modeling (and by extension, information theory), as well as learning,

inference, and optimization more generally. Indeed, as with the example of �ow-based

latent variable models and autoregressive models discussed above, many modeling

approaches can be interpreted as related or special cases of each other, or even

combined in new and interesting ways (Rezende and Mohamed, 2015; Makhzani

et al., 2015; Agrawal and Dukkipati, 2016). Thus, the advances in probabilistic

modeling and inference presented in this thesis should not be viewed in isolation, as

their applicability may cross the blurred boundaries between di�erent approaches.
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C h a p t e r 3

ITERATIVE AMORTIZED INFERENCE

learned negative feedback (static) perception

Marino, Joseph, Yisong Yue, and Stephan Mandt (2018). �Iterative Amortized
Inference�. In:International Conference on Machine Learning, pp. 3403�3412.
url : http://proceedings.mlr.press/v80/marino18a.html .

3.1 Introduction

In Chapter 2, we described latent variable models,?\ ¹x–zº = ?\ ¹xjzº?\ ¹zº, de�ned

over observed variables,x, and latent variables,z. If we take the observed variables

to be some form of sensory observation, e.g., visual, audio, or tactile input, then we

can reasonably describe the compressed representation inz as astate estimate. That

is, if we treat?\ ¹x–zº as an internal �forward model� of the environment generating

the observations, i.e., the generative process, thenz corresponds to the underlying

state of the environment. Note that this does not necessarily correspond to the

actualstate of the environment; indeed,z may not be interpretable at all. Given an

observation, we will refer to the process of state estimation, i.e., inferring?\ ¹zjxº or

some approximation@¹zjxº, asperception. As noted in Chapter 2, this is generally

computationally intractable, as it requires marginalizing overz. For this reason, we

described the technique of variational inference (Section 2.3), formulating inference

as optimization. Finally, we noted that the concept of amortization has proven

essential in e�ciently performing variational inference in deep generative models,

most notably in variational autoencoders (Kingma and Welling, 2014; Rezende,

Mohamed, and Wierstra, 2014).
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However, while amortization has dramatically improved the e�ciency of variational

inference, the direct inference models (or �encoders�) typically employed raise their

own issues (see Section 3.2). This chapter attempts to overcome these issues by

introducing a more �exible and general amortization technique referred to asiterative

amortized inference. Broadly, rather than framing variational inference as adirect

mapping from observations to approximate posterior estimates, we use gradients

or errors toiteratively update these estimates. In this way, inference once again

becomes an iterative optimization algorithm, using negative feedback to minimize

errors or gradient magnitudes, but now with the e�ciency of amortization. This idea

was inspired by (hierarchical) predictive coding (Mumford, 1992; Rao and Ballard,

1999; Friston, 2005), which uses weighted errors to perform inference. In turn,

these works borrowed heavily from classical Bayesian inference techniques, such as

Kalman �ltering (Kalman, 1960), which performs exact probabilistic inference using

prediction errors. More recent works, discussed below, have pursued similar ideas.

3.2 Issues with Direct Inference Models

The Amortization Gap

Variational inference reformulates inference as the maximization ofL w.r.t. @¹zjxº,

constituting the expectation step of the variational EM algorithm (Algorithm 1).

In general, this is a di�cult non-convex optimization problem, typically requiring

a lengthy iterative estimation procedure (Ranganath, Gerrish, and Blei, 2014).

Yet, direct inference models attempt to perform this optimization through a direct,

discriminative mapping from data observations to approximate posterior parameters.

Of course, generative models can adapt to accommodate sub-optimal approximate

posteriors. Nevertheless, the possible limitations of a direct inference mapping

applied to this di�cult optimization procedure may result in sub-optimal estimates,

limiting model performance.

We demonstrate this concept in Figure 3.1 by visualizing the optimization surface of

L de�ned by a 2D latent Gaussian model and a particular binarized MNIST (LeCun

et al., 1998) data example. To visualize the approximate posterior, we use a point

estimate,@¹zjxº = X¹� @º, where� @= ¹` 1– 2̀º is the estimate andXis the Dirac

delta function. See Appendix C.1 for details. Shown on the plot are the optimal

(maximum a posteriori or MAP) estimate, the estimate from a direct inference model,

and an optimization trajectory of gradient ascent. The inference model is unable to

achieve the optimum, but manages to output a reasonable estimate in one forward

pass. Gradient ascent requires many iterations and is sensitive to step-size, but
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Figure 3.1: The Amortization Gap. Optimization surface ofL (in nats) for a
2-D latent Gaussian model and an MNIST data example. Shown on the plots
are the optimal estimate (F ), the output of a direct inference model (� ), and an
optimization trajectory of gradient ascent (� ), initialized at the blue square at (0,0).
The plot on the right shows an enlarged view near the optimum. Gradient-based
optimization outperforms the direct inference model, exhibiting an amortization gap
in performance:L¹ F º ¡ L¹�º ¡ L¹ � º.

through the iterative estimation procedure, ultimately arrives at a better �nal estimate.

The inability of inference models to reach optimal approximate posterior estimates,

as typically compared with gradient-based methods, creates anamortization gap

(Krishnan, Liang, and Ho�man, 2018; Cremer, Li, and Duvenaud, 2018), which

impairs model performance. This is because, within the same parametric distribution

family, a sub-optimal amortized approximate posterior,@q, creates a looser ELBO

than the optimal approximate posterior, denoted@� :

log ?\ ¹xº � L¹ x; @� – \º � L¹ x; @q– \º•

The di�erence betweenL¹ x; @� – \º andL¹ x; @q– \º is precisely the amortization gap

(Cremer, Li, and Duvenaud, 2018). Additional latent dimensions and more complex

data or models could further exacerbate this gap.

Lack of Prior Information

An altogether distinct issue with direct inference models concerns their lack of prior

information. Naïve formulations of direct inference models consider a direct mapping

from observations,x, to the parameters of the approximate posterior (Eq. 2.28). With

a constant prior, e.g.,?\ ¹zº = N ¹ z; 0–Iº in conventional VAEs (Kingma and Welling,

2014), such a direct mapping is su�cient to estimate the optimal approximate

posterior within the class of diagonal distributions. However, in structured models,
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Figure 3.2:Lack of Prior Information. Naïve direct inference models, encoding
only observations, cannot account for conditional priors in structured latent variable
models. These arise in hierarchical (left) and sequential (right) latent variable
models. For instance, in hierarchical models, bottom-up approximate posteriors at
intermediate levels cannot account for conditional �top-down� priors which result
from sampling higher-level latent variables.

e.g., hierarchical or autoregressive, the situation is more complicated. This is because

the prior is now conditional, dependent on samples from upstream (parent) latent

variables. If the inference model is only conditioned on the observation, it does not

have access to the previously sampled latent variables and therefore cannot account

for the conditional prior.

For instance, consider a hierarchical latent variable model with following prior:

?\ ¹z1:! º =
!Ö

� =1

?\ ¹z� jz� ¸ 1:! º•

A naïve direct inference model, i.e., only encoding observations, corresponds to the

following approximate posterior factorization:

@q ¹z1:! jxº =
!Ö

� =1

@q ¹z� jxº•

Plugging these factorizations into the ELBO, we have

L¹ x; \– @º = E@q ¹z1:! jxº
�
log ?\ ¹xjz1:! º

�
� � KL ¹@q ¹z1:! jxº j j?\ ¹z1:! ºº

= E@q ¹z1:! jxº
�
log ?\ ¹xjz1:! º

�
�

!Õ

� =1

E@q ¹z� :! jxº

"

log
@q ¹z� jxº

?\ ¹z� jz� ¸ 1:! º

#

•

The prior at each level depends onz� ¸ 1:! while the approximate posterior does not.

Thus, at best, a naïve direct inference model can only model the marginal prior,



42

?\ ¹z� º, unable to capture the structured latent dependencies. This limitation was

hinted at by Dayan et al., 1995, noting that �the top-down generative model plays no

direct role� in inference, but that �such e�ects are important in real perception.� A

solution to this issue was proposed by Sønderby et al., 2016 and Salimans, 2016,

reusing parts of the generative model during inference. Note that the same issue

arises in sequential latent variable models, where naïve direct inference models

do not have access to latent prior estimates. A similar solution is used in these

situations, often using recurrent networks to condition on past latent variables and

observations (Chung et al., 2015). While these solutions work empirically, they

require hand-crafting the inference procedure.

3.3 Iterative Amortized Inference

Learning to Iteratively Optimize

While direct inference networks have provided signi�cant bene�ts in computational

e�ciency for performing approximate inference, such models can be inaccurate

and require additional considerations in structured models (Section 3.2). Dayan

et al., 1995 put forth one possible solution: �using iterative recognition, in which

the generative and recognition activations interact to produce the �nal activity of

a unit.� Thus, to improve upon the direct inference model paradigm, we pose the

following question:can we retain the computational e�ciency of inference models

while incorporating more powerful and general iterative estimation capabilities?

Our proposed solution is a new class of inference models, capable of learning how

to update approximate posterior estimates by encoding gradients or errors. Due to

the iterative nature of these models, we refer to them asiterative inference models.

Through an analysis with latent Gaussian models, we show that iterative inference

models generalize direct inference models (Section 3.4) and naturally are capable of

performing structured variational inference (Section 3.4 & Chapter 4).

Our approach relates to learning to learn (Andrychowicz et al., 2016), where an

optimizermodel learns to optimize the parameters of anoptimizeemodel. The

optimizer receives the optimizee's parameter gradients and outputs updates to these

parameters to improve the optimizee's loss. The optimizer itself can be learned due

to the di�erentiable computation graph. Such models can adaptively adjust step

sizes, potentially outperforming conventional optimizers. For inference optimization,

previous works have combined direct inference models with gradient updates (Hjelm

et al., 2016; Krishnan, Liang, and Ho�man, 2018; Kim et al., 2018), however, these

works do notlearn to iteratively optimize. Putzky and Welling, 2017 use recurrent
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Figure 3.3:Iterative Amortized Inference. Computation graph for a latent variable
model with iterative amortized inference. Red dots, denoting errors or gradients
from the ELBO objective, are used to update the current estimate of the approximate
posterior parameters,� . Using the pathwise derivative estimator, one can update the
inference model parameters,q, learning to e�ciently perform iterative inference.

inference models for MAP estimation of denoised images in linear models. We

propose a single method for learning to perform variational inference, generally

applicable to latent variable models. Our work extends techniques for learning to

optimize along several directions, discussed in Section 3.4.

Iterative Inference Models

Following the notation from Chapter 2, we denote an iterative amortized inference

model as5q with parametersq. If we consider the case of a single data example,

x, and corresponding approximate posterior distribution parameter estimate,� , the

basic form of an iterative amortized inference model is given as:

�  5q ¹r � L –� º– (3.1)

where we have used the shorthandL � L¹ x; \– @º. Iterative inference models take

in the current estimate of� , as well as the inference gradient,r � L , and output an

updated estimate of� . As with direct inference models, iterative inference model

parameters are updated using estimates ofr qL , obtained through the pathwise

derivative estimator (Kingma and Welling, 2014; Rezende, Mohamed, and Wierstra,

2014) or the score function estimator (Gregor, Danihelka, Mnih, et al., 2014;

Ranganath, Gerrish, and Blei, 2014). While we consider other forms of iterative

inference models in Section 3.4, note that Eq. 3.1 is a generalization of basic stochastic

gradient-based optimization. For instance, one special case is

�  � ¸ Ur � L –
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however, Eq. 3.1 also contains more general non-linear updates (Andrychowicz et al.,

2016). Figure 3.3 displays a simpli�ed computation graph of the inference procedure.

We discuss more speci�c design choices in Section 3.5.

3.4 Iterative Inference in Latent Gaussian Models

Latent Gaussian models are used in both VAEs (Kingma and Welling, 2014;

Rezende, Mohamed, and Wierstra, 2014) and hierarchical predictive coding (Rao and

Ballard, 1999; Friston, 2005), so we focus on iterative amortized inference in these

models. Latent Gaussian models have Gaussian prior densities over latent variables:

?¹zº = N ¹ z; � ?–diag� 2
?º.1 While the approximate posterior can be any probability

density, it is typically also chosen as Gaussian:@¹zjxº = N ¹ z; � @–diag� 2
@º. With

this choice,� �
�
� @–� @

�
. We can express Eq. 3.1 for this setup as:

�
� @–� @

�
 5q ¹r � @L –r � @L –� @–� @º– (3.2)

In Marino, Yue, and Mandt, 2018, we derive the gradientsr � @L and r � @L

for the cases where?\ ¹xjzº takes a Gaussian and Bernoulli form, thoughany

output distribution can be used. Generally, these gradients are composed of 1)

errors, expressing the mismatch in distributions, and 2) Jacobian matrices, which

invert the generative mappings. For instance, assuming a Gaussian output density,

?¹xjzº = N ¹ x; � x–diag� 2
xº, the gradient for� @is

r � @L = J| " x � " z– (3.3)

where the Jacobian,J, and observed and latent errors," x and" z, are de�ned as

J � Ez� @¹zjxº

�
m� x

m� @

�
– (3.4)

" x � Ez� @¹zjxº

�
x � � x

� 2
x

�
– (3.5)

" z � Ez� @¹zjxº

"
z � � ?

� 2
?

#

• (3.6)

Here, we have assumed� x is a function ofz and� 2
x is a global parameter. The

gradientr � @L is composed of similar terms as well as an additional term penalizing

approximate posterior entropy. Inspecting and understanding the composition of the
1Although the prior is typically a standard Normal density, we use this prior form for generality.
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(a) Direct (b) Iterative

Figure 3.4:Automatic Top-Down Inference. Bottom-up direct amortized infer-
ence cannot account for conditional priors, whereas iterative amortized inference
automatically accounts for these priors through gradients or errors.

gradients reveals the forces pushing the approximate posterior toward agreement

with the data, through" x, and agreement with the prior, through" z. In other words,

inference is as much a �top-down� process as it is a �bottom-up� process, and the

optimal combination of these terms is given by the approximate posterior gradients.

Interpreting Top-Down Inference

Naïve direct inference models, which only encode the data, lack the top-down prior

information encapsulated in" z. For instance, in a chain-structured hierarchical latent

variable model (Figure 3.2, left), the gradient of� �
@, the approximate posterior mean

at layer� , is

r � �
@
L = J� | " � � 1

z � " �
z– (3.7)

whereJ� is the Jacobian of the generative mapping at layer� and" �
z is de�ned

similarly to Eq. 3.6. The error" �
z depends on the top-down prior at layer� , which,

unlike the single-level case, varies across data examples. Thus, a purely bottom-up

inference procedure will struggle to optimize, and therefore utilize, the conditional

prior. Iterative inference models, which rely on approximate posterior gradients,

naturally account for both bottom-up and top-down in�uences (Figure 3.4).

Approximating Approximate Posterior Derivatives

In the formulation of iterative inference models given in Eq. 3.1, inference optimiza-

tion is restricted to �rst-order approximate posterior derivatives. Thus, it may require

many inference iterations to reach reasonable approximate posterior estimates. Rather

than calculate costly higher-order derivatives, we can take a di�erent approach.
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Approximate posterior derivatives (e.g., Eq. 3.3 and higher-order derivatives) are

essentially de�ned by the errors at the current estimate, as the other factors, such

as the Jacobian matrices, are internal to the model. Thus, the errors provide more

general information about the curvature beyond the gradient. As iterative inference

models already learn to perform approximate posterior updates, it is natural to ask

whether the errors provide a su�cient signal for faster inference optimization. In

other words, we may be able to o�oad approximate posterior derivative calculation

onto the inference model, yielding a model that requires fewer inference iterations

while maintaining or possibly improving computational e�ciency.

Comparing with Eq. 3.2, the form of this new iterative inference model is

�
� @–� @

�
 5q ¹" x–" z–� @–� @º• (3.8)

In Section 3.5, we empirically �nd that models of this form converge to better

solutions than gradient-encoding models when given fewer inference iterations. It

is also worth noting that this error encoding scheme is similar to DRAW (Gregor,

Danihelka, Graves, et al., 2015). However, in addition to architectural di�erences in

the generative model, DRAW and later extensions (Gregor, Besse, et al., 2016) do

not include top-down errors nor error weighting. This encoding form is also similar

to PredNet (Lotter, Kreiman, and Cox, 2017), which is also inspired by predictive

coding, but is not strictly formulated in terms of variational inference.

Generalizing Direct Inference Models

Under certain assumptions on single-level latent Gaussian models, iterative inference

models of the form in Section 3.4 generalize direct inference models. First, note that

" x (Eq. 3.5) is an a�ne transformation ofx:

" x = Ax ¸ b– (3.9)

where

A � E@¹zjxº
�
¹diag� 2

xº� 1�
– (3.10)

b � � E@¹zjxº

�
� x

� 2
x

�
• (3.11)

Making the reasonable assumption that the initial approximate posterior and prior

are both constant, then in expectation,A, b, and" z are constant across all data

examples at the initial inference iteration. Using proper weight initialization and

input normalization, it is equivalent to inputx or an a�ne transformation ofx into a
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Figure 3.5:Iterative Amortized Inference Optimization. Optimization trajectory
on L (in nats) for an iterative inference model with a 2D latent Gaussian model
for a particular MNIST example. The estimate is initialized at¹0–0º (cyan square),
and the iterative inference model adaptively adjusts inference update step sizes to
iteratively re�ne the approximate posterior estimate (� ) to arrive at the optimum (F ).

fully-connected neural network. Therefore, in this case,direct inference models are

equivalent to the special case of a one-step iterative inference model. Thus, we can

interpret standard inference models as learning a map of local curvature around a

�xed approximate posterior estimate. Iterative inference models, in contrast, learn to

traverse the optimization landscape more generally.

3.5 Experiments

Setup

Data Using latent Gaussian models, we empirically evaluate iterative amortized

inference on image and text data. For images, we useMNIST (LeCun et al.,

1998),Omniglot (Lake, Salakhutdinov, and Tenenbaum, 2013),Street View House

Numbers (SVHN) (Netzer et al., 2011), andCIFAR-10 (Krizhevsky and Hinton,

2009). MNIST and Omniglot are dynamically binarized and modeled with Bernoulli

conditional likelihoods, and SVHN and CIFAR-10 are modeled with Gaussian

conditional likelihoods, using the procedure from (Gregor, Besse, et al., 2016).

For text, we useRCV1 (Lewis et al., 2004), with word count data modeled with a

multinomial output.

Models Unlike direct inference models, which deal with a �xed input domain,

approximate posterior parameters, errors, and inference gradients change throughout

inference and learning. We found it bene�cial to separately normalize each input
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using layer normalization (Ba, Kiros, and Hinton, 2016). We also found it useful,

though not necessary, to input the data observation (Figure 3.9a). For comparison

with direct amortization, all experiments use feedforward networks, though recurrent

networks may yield improved performance (Andrychowicz et al., 2016). For the

output, we use a gated (�highway� (Srivastava, Gre�, and Schmidhuber, 2015))

update:

�  gq ¹�º � � ¸ ¹ 1 � gq ¹�ºº � � q ¹�º– (3.12)

wheregq ¹�º 2 »0–1¼is the gate and� q ¹�º is the update, both of which are out-

put by the iterative inference model, and� denotes element-wise multiplication.

We estimater qL using the pathwise derivative estimator, averaging over infer-

ence iterations. Reported values ofL are estimated using1 latent sample, and

reported values oflog ?¹xº and perplexity (Tables 3.1, 3.2, & 3.3) are estimated

using5–000importance-weighted samples. Additional experiment details can be

found in Marino, Yue, and Mandt, 2018, and accompanying code can be found at

github.com/joelouismarino/iterative_inference .

Approximate Inference Optimization

We start by demonstrating the inference optimization capabilities of iterative inference

models. These models indeed learn to perform inference optimization through an

adaptive iterative estimation procedure, with the results highlighting the unique

aspects of iterative amortization as compared with direct amortization. We show that

iterative inference models utilize multiple inference iterations rather than collapsing

to static, one-step encoders.

2D Visualization As in Section 3.2, we directly visualize iterative amortized

inference optimization in a 2D latent Gaussian model trained on MNIST with a

point estimate approximate posterior. Model architectures are identical to those

used in Section 3.2, with additional details found in Marino, Yue, and Mandt, 2018.

Figure 3.5 shows a 16-step inference optimization trajectory taken by the iterative

inference model for a particular example. The model adaptively adjusts inference

update step sizes to navigate the optimization surface, quickly arriving and remaining

at a near-optimal estimate. This is in contrast of other iterative inference optimization

schemes, e.g., Krishnan, Liang, and Ho�man, 2018 and Kim et al., 2018, which

must tune the step size for gradient-based optimizers.
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(a) Iterations (b) Wall Clock Time

Figure 3.6:Amortized vs. Gradient-Based Optimization. Average ELBO over
MNIST validation set during inference optimization as a function of (a) inference
iterations and (b) inference wall-clock time. Iterative amortized inference converges
faster than gradient-based optimizers tobetter estimates, remaining stable over
hundreds of iterations, despite only being trained with 16 inference iterations.

ELBO During Inference To compare iterative amortization with gradient-based

optimizers, we can quantify and compare optimization performance through the

ELBO. In Figure 3.6, we plot the average ELBO on the MNIST validation set during

inference for each optimizer, comparing in terms of iterations (Figure 3.6a) and

wall clock time (Figure 3.6b). On average, iterative amortized inference converges

signi�cantly fasterto betterestimates than gradient-based optimizers. Note that,

in this case, the inference model haslessinformation than the optimizers; it only

has access to the local gradient, whereas the optimizers use momentum and similar

terms. Also note that the model's �nal estimates are empirically stable over 100s of

iterations, despite only being trained using 16 inference iterations.

Reconstructions Iterative amortized inference optimization can also be visualized

through image reconstructions. We demonstrate this for each dataset in Figure 3.7. As

the reconstruction term is typically the dominant term inL , the output reconstructions

improve in terms of visual quality during inference optimization (left to right), more

closely resemblingx (far right of each �gure).

Gradient Magnitudes During inference optimization, iterative inference models

attempt to �nd local maxima. The gradient magnitudes of the ELBO w.r.t. the

approximate posterior parameters, i.e.,r � L , should thus decrease during inference.

In Figure 3.8, we plot these gradient magnitudes over inference iterations (each

curve) throughout training for a model trained on RCV1. We �nd that the gradient

magnitudes do, indeed, decrease during inference, with diminishing reduction at
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