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ABSTRACT

This work expands the state-of-the-art computational fluid dynamics (CFD) meth-
ods for simulating three-dimensional, turbulent, external flows by further developing
the immersed boundary (IB) Lattice Green’s function (LGF) method. The original
IB-LGF method applies an exact far-field boundary condition using fundamental
solutions on regular Cartesian grids and allows active computational cells to be
restricted to vortical flow regions in an adaptive fashion as the flow evolves. The
combination of spatial adaptivity and regular Cartesian structure leads to supe-
rior efficiency, scalability, and robustness, but necessitates uniform grid spacing.
However, the scale separation associated with thin boundary layers and turbulence
at higher Reynolds numbers favors a more flexible distribution of elements/cells,
which is achieved in this thesis by developing a multi-resolution LGF approach that
permits block-wise grid refinement while maintaining the important properties of
the original scheme. We further show that the multi-resolution LGF method can
be fruitfully combined with the IB method to simulate external flows around com-
plex geometries at high Reynolds numbers. This novel multi-resolution IB-LGF
scheme retains good efficiency, parallel scaling as well as robustness (conservation
and stability properties). DNS of bluff and streamlined bodies at Reynolds numbers
$ „104” are conducted and the new multi-resolution scheme is shown to reduce the
total number of computational cells up to 99.87%.

We also extended this method to large-eddy simulation (LES) with the stretched-
vortex sub-grid-scale model. In validating the LES implementation, we considered
an isolated spherical region of turbulence in free space. The initial condition
is spherically windowed, isotropic homogeneous incompressible turbulence. We
study the spectrum and statistics of the decaying turbulence and compare the re-
sults with decaying isotropic turbulence, including cases representing different low
wavenumber behavior of the energy spectrum (i.e. :2 versus :4). At late times the
turbulent sphere expands with both mean radius and integral scale showing similar
time-wise growth exponents. The low wavenumber behavior has little effect on the
inertial scales, and we find that decay rates follow Saffman (1967) predictions in
both cases, at least until about 400 initial eddy turnover times. The boundary of
the spherical region develops intermittency and features ejections of vortex rings.
These are shown to occur at the integral scale of the initial turbulence field and are
hypothesized to occur due to a local imbalance of impulse on this scale.
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C h a p t e r 1

INTRODUCTION

1.1 Motivation

In an external �ow system, the �uid medium moves around an immersed body and

the dynamics of the �uid are subject to the far-�eld boundary condition. Such

systems are ubiquitous, including systems from low Reynolds number �ying in-

sects to high Reynolds number airfoils and wind-turbines. Advances in the area

of computational methods during the past decade highlight the importance of us-

ing high-�delity algorithms and data from simulations to provide a test bed for

characterizing and understanding complex phenomena presented in external �ows.

However, simulations of high Reynolds number external �ows are challenging due

to the far-�eld boundary conditions, the complex geometries associated with the

immersed body, and the wide range of physical scales associated with thin boundary

layers and turbulence. To date, the use of computational techniques are still largely

restricted to low to moderate Reynolds number �ows. This research seeks to �ll this

gap by providing high-�delity, e�cient, scalable computational tools to predict the

detailed �ow �elds and forces associated with the complex geometries and unsteady

aerodynamics.

The unbounded physical domain present in external �ows may numerically be

truncated with arti�cial in�ow/out�ow boundary conditions (Lackner, 1976; James,

1977; Tsynkov, 1998; Colonius, 2004; McCorquodale et al., 2007), or truncated

based on the compact vorticity �eld, together with a free-space Green's function

that satis�es the exact far-�eld boundary condition. The Green's function can be

based on the discretized equations, i.e., the lattice Green's function (LGF) (Glasser

and Zucker, 1977; Delves and Joyce, 2001; Gillman and Martinsson, 2010; Gillman

and Martinsson, 2014; Liska and Colonius, 2014; Liska and Colonius, 2016), or

the continuous ones, as is typically done in vortex methods (e.g., Leonard, 1980;

Chatelain and Koumoutsakos, 2010). In this work we focus on the LGF method

which is reviewed in detail in section 2.2.2. In the LGF approach, the grid need

only be de�ned where the vorticity induced by the surface is nonzero. This results

in a much more compact computational domain compared to typical CFD meshes

used for external �ows. The computational domain can also be adaptive based
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on a threshold value of the vorticity. In other words, the grid can be dynamically

switched on and o� in di�erent regions of space as needed to most e�ciently resolve

the vorticity generated by the surface. Additionally, when combined with mimetic

�nite-di�erence/�nite-volume methods, the LGF method is advantageous as the

resulting schemes are discretely conservative with provable stability bounds (Liska

and Colonius, 2016). E�cient, parallel solutions of the discrete convolution in three

spatial dimensions can be achieved by adapting variants of the fast multipole method

to yield linear complexity (Liska and Colonius, 2014).

The complex geometries associated with the immersed bodies are often dealt with

body-�tted meshes in the CFD (e.g. Hirt, Amsden, and Cook, 1974; Tezduyar, Behr,

et al., 1992). The �exibility in the nodal distribution often allows thin boundary

layers to be resolved more e�ciently and thus favors high Reynolds number �ows.

However, moving and deforming complex geometries often require re-meshing at

each time step and other sophisticated procedures to maintain the accuracy (Mittal

and Iaccarino, 2005; Tezduyar, Sathe, et al., 2006). Additionally, techniques that use

irregular grids often require more general numerical solvers, which are less e�cient

compared to those designed for grids with higher regularity. Furthermore, the

associated discretization often does not share the same conservation, commutativity,

orthogonality, and symmetry properties.

In this work we focus on an alternative approach for solving complex geometries, the

immersed boundary (IB) method. The IB method, which was originally developed

by Peskin (1972), solves PDEs on Eulerian grids with immersed geometries. The

surfaces of the geometries are emulated with a set of discrete IB points, and the

no-slip boundary conditions are imposed through interpolating the underlying �elds

at those points, which circumvents the need to generate body-�tted mesh and still

allows the usage of e�cient numerical solvers for regular grids. The current work

uses the distributed Lagrange multiplier (DLM) method developed by Colonius and

Taira (2008) where the no-slip boundary boundary conditions are imposed exactly.

More about the DLM method is discussed in Chapter 3.

While the combination of the LGF and IB methods is highly e�cient (Liska and

Colonius, 2017), it is still limited to moderate Reynolds numbers since they fall short

in solving the scale separation associated with thin boundary layers and turbulence

present in high Reynolds number �ows. The former, the LGF method, does not

readily permit the static or adaptive mesh re�nement (SMR and AMR) since the

de�nition of the LGF is only based on regular grids. While several multi-resolution
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schemes based on FMM and multigrid have been proposed for the Poisson equation

that arises in incompressible �ow (e.g. Lashuk et al., 2012; Ying, Biros, and Zorin,

2004), these methods are likewise not straightforward to be combined with the

LGF. On the other hand, the majority of IB methods have only been employed for

low to moderate Reynolds number �ows. One disadvantage of many IB methods,

including ours, is that only �rst-order accuracy is achieved near the surface. More

importantly, since the IB methods are based on Eulerian grids compared to methods

where body-�tted meshes are used, it is more di�cult to cluster cells near the surface

and thus less e�cient to resolve the thin boundary layers that exist for high Reynolds

number �ows.

The present research aims to overcome these issues and bring the advantages of both

the LGF technique and the IB method to external �ows at high Reynolds numbers.

We extend the current methodology in three ways. First, we developed an e�cient

AMR framework that is fully compatible with, and exploits the existing strengths of

the fast LGF method. Second, we extend the AMR-LGF framework to the DLM-IB

method. We show that by employing the fast AMR-LGF solver, the IB method

can e�ciently simulate external �ows with complex geometries at relatively high

Reynolds numbers. Third, we explored the possibilities of combining the LGF

method with a state-of-the-art LES model which is discussed below.

Despite progress over several decades, numerical simulations of unsteady external

aerodynamics remains a roadblock for engineering prediction. Direct numerical

simulations (DNS), where all scales in the �ow are resolved explicitly on the mesh,

require a number of computational cells to scale as at leastRe2•25. Typical engineer-

ing problems such as airplanes are often at Reynolds numbers ofO¹106º or higher

where DNS approaches become prohibitive. Among all turbulence modeling ap-

proaches, the Reynolds-averaged Navier-Stokes (RANS) equations and large-eddy

simulation (LES) are the most widely used. In RANS, the Navier�Stokes equations

are time-averaged and the turbulence characteristics are fully modelled. For this

reason RANS is the least computationally demanding but often is less accurate

in predicting �ows with separations and when �uctuating forces are important in

applications such as �ows around airfoils at angles of attack. On the other hand,

in LES, the Navier�Stokes equations are �ltered in space and only the unresolved

small turbulence scales up to a cuto� are modeled. Because of that, LES is able to

capture the large �ow �uctuations and has been shown a very successful modeling

approach for �ows in regions away from the immersed surface (Lesieur and Metais,
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1996; Meneveau and Katz, 2000; Sagaut, 2006).

However, the cascade of turbulence length scales as assumed in LES does not hold

in the same sense near the surface. One approach would be to resolve fully the inner

and outer boundary layers (wall-resolved LES), where the number of computational

grids required would still scale asRe13•7 (Choi and Moin, 2012). Note that those

estimations are based on body-�tted meshes and meshes with cubic cells such as

the Cartesian grids would require even higher numbers of grid points. To reach

Reynolds numbers greater than105, di�erent approaches are needed. One popular

attempt is the detached eddy simulation (DES), where RANS is used for attached

and near-wall �ows and LES is used elsewhere. However a major weakness of DES

is its response to grid resolution. In some situations, DES on a given grid is less

accurate than RANS on the same grid, or DES on a coarser grid (Spalart, 2009). The

other approach is the wall-modeled LES (WMLES), where the near-wall eddies are

considered sub-grid scale and their e�ects are modeled (usually through imposing

a slip velocity) instead of being fully resolved. Good results using WMLES have

been reported for a number of smooth and rough-wall attached �ows (Inoue, Pullin,

and Marusic, 2013; Saito and Pullin, 2012; Saito and Pullin, 2014) and separated

�ows (Cheng and Pullin, 2015). The WMLES can be made fully compatible with

the IB method where slip velocities can be speci�ed.

1.2 Contributions and outline

In this thesis, we propose three steps to further develop the original IB-LGF method

towards external �ows at higher Reynolds numbers: a multi-resolution LGF frame-

work for solving viscous, incompressible �ows on unbounded domains, an IB ex-

tension to this method for solving external �ows around immersed bodies, and a

combination of the LGF technique with a state-of-the-art LES model.

In Chapter 2, we develop a novel AMR framework to enhance the LGF approach.

In this framework, the AMR grid is considered as a subset of a composite grid

that is constructed from a series of unbounded uniform staggered Cartesian grid of

di�ering resolution. The LGF technique is formally applied on all levels. We show

that by considering the commutativities between interpolation, coarsening, and the

LGF, this process can be evaluated e�ciently without numerically constructing the

composite grid, while the solutions still enjoy the desired properties. We then

extend the AMR-LGF framework to the incompressible Navier-Stokes equations

by combining it with a half-explicit Runge-Kutta scheme (NS-AMR-LGF-HERK).
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We show both spatial adaptivity and re�nement adaptivity can be applied to this

approach, and demonstrate its capabilities by simulating the collision of thin-cored

vortex rings atRe= 7500.

In Chapter 3, we show that the IB method can readily be included in the NS-

AMR-LGF-HERK scheme to solve external �ows around complex geometries at

high Reynolds numbers. The resulting AMR-IB-LGF scheme is demonstrated with

DNS of the �ow around a sphere atRe = 3700and10–000, and a delta wing at

Re = 10–000. With these two examples we show that the multi-resolution scheme

is able to achieve signi�cant computational saving through the spatial adaptivity as

well as the mesh re�nement for the boundary layers and regions with high vorticity.

In Chapter 4, the LGF method is coupled with an speci�c LES sub-grid-scale model,

the stretched-vortex of Chung and Pullin (2009a). This state-of-the-art LES model

was validated in the LGF framework by developing a novel turbulent �ow in free-

space � the spherical cloud of turbulence. We perform DNS and LES of this �ow

and the results from LES are compared with DNS in detail. In future work, the

LES modeling can be extended to include the virtual wall model to further alleviate

computational expense in performing LES at higher Reynolds numbers (i.e to enable

WMLES).

Several features of the evolution of such a spherical region of turbulence are also

of theoretical interest. In Chapter 5, address some fundamental questions in the

theory of (nearly) isotropic homogeneous turbulence, namely the evolution of the

low-wavenumber (Batchelor- or Sa�man-type) turbulence.

Lastly, in Chapter 6, we conclude the current work and present areas for future

research.
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C h a p t e r 2

MULTI-RESOLUTION LATTICE GREEN'S FUNCTION
METHOD

2.1 Introduction

Numerical simulations of high Reynolds numbers, incompressible �ows on un-

bounded domains are challenging due to the wide range of physical scales and un-

bounded computational domain. The scale separation associated with the boundary

layers and turbulence favors a �exible distribution of elements/cells with re�nement

in regions of high gradients. For unstructured or structured body-�tted meshes,

many techniques are available to achieve this clustering of elements, whereas for

immersed boundary methods, the most natural way to do this is through static or

adaptive mesh re�nement (AMR) in Berger and Oliger (1984), Berger and Colella

(1989a), MacNeice et al. (2000), and Nissen et al. (2015).

In this chapter we focus on the LGF method for the unbounded domain. E�cient,

parallel solutions of the discrete convolution in three spatial dimensions can be

achieved by adapting variants of the fast multipole method (Liska and Colonius,

2014), which we refer to as the fast LGF (FLGF) method. As discussed in chapter

1, an important disadvantage is that the LGF does not readily permit the static or

adaptive local re�nement required to e�ciently simulate high Reynolds number

�ows. In our recent work (Dorschner et al., 2020), we proposed a multi-resolution

extension of the FLGF method (AMR-LGF) that enables block-structured mesh

re�nement while retaining the e�ciency of the FLGF technique. In this chapter, we

propose an ansatz for AMR that reinterprets and improves this algorithm, and we

further extend the technique to solve the incompressible Navier-Stokes equations.

We consider the AMR grid as a restriction from an ambient composite grid that is

constructed from a series of in�nite lattices of di�ering resolution. Solutions to the

Poisson equation are formally solved on every level of the composite mesh using the

LGF, before being restricted back to the AMR gird. We then construct commutative

interpolation operators that obviate the need for explicitly computing most of the

composite grid. In applying the scheme to the full Navier-Stokes equations, we limit

our attention to unbounded �ows without immersed surfaces, but the algorithms we

propose are compatible with the previous IBLGF method and will be combined in
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the next chapter.

The chapter is organized as follows. In section 2.2, the FLGF based scheme for

solving incompressible �ows on unbounded uniform grids is brie�y reviewed. In

section 2.3, the concept of a composite grid is introduced. The previous AMR-

LGF method (Dorschner et al., 2020) is recast in this framework and an extended

source correction is proposed. In section 2.3.5 we extend this framework to the

LGF for an integrating factor to exactly advance the viscous terms when combined

with a half-explicit Runge-Kutta scheme, and in 2.3.6 we construct the remaining

operators for the multi-resolution Navier-Stokes solver for incompressible external

�ows. Section 2.4 discusses how both spatial and re�nement adaptivity can be

achieved and section 2.5 summarizes the implementation. Lastly the numerical

results are given in section 2.6 and 2.7.

2.2 Navier-Stokes LGF solution on a uniform grid

2.2.1 Discretization on unbounded uniform grid

The Navier-Stokes LGF algorithm developed by Liska and Colonius (2016) is brie�y

reviewed in this section. This algorithm solves the incompressible viscous Navier-

Stokes equations subject to the exact far-�eld boundary conditions. In a non-

dimensional form, the equations are are given by

mu
mC

¸ u � r u = �r ? ¸
1

Re
r 2u– (2.1a)

r � u = 0– (2.1b)

u¹x– Cº ! 0– ?¹x– Cº ! ?1 as jxj ! 1 – (2.1c)

whereu is the velocity �eld, ? is the pressure, andReis the Reynolds number.

Eq. (2.1) are formally discretized on an unbounded staggered, uniform Cartesian

grid (lattice) of single resolution. A base unit of this grid is shown in Fig. 2.1a:

its cell (C) and vertices (V ) discretize scalar quantities, and its positive faces (F )

and edges (E) store vector quantities. We useRQ to denote the grid function spaces

with values de�ned onQ 2 fC–F –E–Vg. The two principal discrete quantities to

be solved for are the velocity and the pressure; we denote their corresponding grid

functions (on the in�nite lattice) asu 2 RF andp 2 RC, respectively.

The grid function space is equipped with the following di�erential operators: the

discrete gradientG : RC ! RF , the discrete divergenceD : RF ! RC, the discrete

curl C : RF ! RE andC : RE ! RF , and the discrete LaplacianLQ : RQ ! RQ.
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This discretization is of second-order accuracy and yields conservative, mimetic and

commutative properties. These properties are extensively exploited in this algorithm

(Liska and Colonius, 2016). For instance, one has the following mimetic properties,

D = � Gy– C = Cy– LC = � GyG– (2.2)

and the following commutativity properties,

HF G = GHC– DHF = HCD– (2.3)

whereHQ is the integrating factor operator to be introduced in section 2.2.3.

Using these di�erential operators, Eq. (2.1) are discretized in space as

du

dC
¸ N ¹u ¸ u1 º = � Gp ¸

1
Re

LF u– Du = 0– (2.4)

where# ¹u ¸ u1 º � 8 � ¹u ¸ u1 º is the corresponding discretized non-linear term

with 8 = Cu being the vorticity. We use a second-order kinetic-energy preserving

discretization of this term as reported in Liska and Colonius (2017).

2.2.2 Fast LGF algorithm

Retaining the formally in�nite grid, we employ the LGF for the corresponding

discrete Poisson problem,

LQq = f– lim
=!1

q¹nº = 0– (2.5)

=) q = L� 1
Q f = � Q � f– (2.6)

wheref¹nº–s¹nº 2 RQ, andn denotes the trio of integers associated with the in�nite

lattice. � Q is the LGF which incorporates exact far-�eld boundary condition and�

denotes the discrete convolution.

Given a source termf¹nº the solution can in principle be evaluated anywhere on the

in�nite lattice, but for a source with �nite support, we only need do so at those lattice

positions that are required to advance the solution. This is accomplished in practice

by thresholding the source of the Poisson equation, which is in turn proportional to

the vorticity �eld. Furthermore, this allows the solution to be spatially adaptive, as

the active lattice points can be adjusted at each time-step. This process is described

in detail in Liska and Colonius (2017), and summarized later in section 2.4.1.

To accelerate the evaluation of Eq. (2.6), a variant of the fast multipole method

(FMM) is applied. Speci�cally we employ an FMM-based fast summation technique

for a 3-D uniform Cartesian grid (Liska and Colonius, 2014) yields linear complexity

and good parallel e�ciency.
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2.2.3 Integrating factor for the viscous term

Similar to the LGF, an integrating factor (IF) is de�ned as the solution operator to

the discrete heat equation on an unbounded uniform Cartesian grid
df

dC
= ^LQf– f¹n– gº = fg¹nº– (2.7)

=) f¹n– Cº =
�
HQ

�
^¹C� gº
¹� Gº2

�
fg

�
¹n– Cº– C� g– (2.8)

wheref 2 RQ, ^ ¡ 0 is a constant,fg¹nº is a known source �eld, andHQ is the

integrating factor operator. The IF is a convolution with an exponentially decaying

kernel, whereas the LGF kernel,� Q¹nº in Eq. (2.6) decays as1•jnj. The FLGF

algorithm can be applied directly to this kernel (Liska and Colonius, 2016).

2.2.4 Half-explicit Runge-Kutta scheme

With the IF technique permitting an exact time integration of the viscous term, the

remaining terms are discretized in time using a half-explicit Runge-Kutta (HERK)

method (Hairer, Lubich, and Roche, 2006). HERK schemes exactly enforce alge-

braic constraints (in this case the divergence-free constraint), while using an explicit

RK method to advance the di�erential equations. More traditionally, split methods

are needed so that the viscous terms are integrated implicitly. With the IF technique

the usage of split methods are obviated, which is discussed here.

By applying the IF operatorHF to Eq. (2.4) we obtain
dv

dC
= � HF N

�
¹HF º� 1v ¸ u1

�
� HF Gp– D¹H� º� 1v = 0– (2.9)

wherev = HF u 2 RF . Because the integrating factorHF commutes with the

gradient and the divergence operatorsG andD by Eq. (2.3), Eq. (2.9) is simpli�ed

to
dv

dC
= � HF N

�
H� 1

F v ¸ u1

�
� GHCp– Dv = 0• (2.10)

Eq. (2.10) is integrated in time using the HERK scheme, which breaks down the

total time integration into# : subproblems[ # :
: =0»C: – C: ¸ 1¼. For each subproblem

»C: – C: ¸ 1¼, the HERK scheme takes an input of the velocity �eldu¹C: º, and output the

velocity �eld u¹C: ¸ 1º, which is de�ned as one timestep. The HERK scheme further

breaks a timestep into many stages. At each stage it requires solving a system of

equations of the following form,
2
6
6
6
6
4

�
H8

F

� � 1
G

D 0

3
7
7
7
7
5

"
u8

p8

#

=

"
r8

0

#

– (2.11)
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whereu = H� 1
F v 2 RF , r is a known right-hand side, and the superscript refers to

quantities evaluated at the8-th stage of the HERK scheme. Eq. (2.11) can be solved

using a block-LU decomposition:

u� = H8
F r8– DH8

F Gp8 = Du� – u8 = u� � H8
F Gp8• (2.12)

Again using the commutativity by Eq. (2.3) and the mimetic properties by Eq. (2.2),

Eq. (2.12) is simpli�ed to

LCp8 = Dr8– (2.13)

u8 = H8
F

�
r8 � Gp8� • (2.14)

This simpli�ed form involves the discrete Poisson equation, which is then solved

with the FLGF technique discussed in section 2.2.2.

On the right-hand side of Eq. (2.11),r8 is constructed using the information from

the previous stages and the non-linear term at the current stage

r8 = q8¸ � C
8� 1Õ

9=1

~08– 9w
8– 9̧ g8– (2.15)

where� Cis the time-step length,g8 is related to the nonlinear term given by

g8 = � ~08–8� CN
�
u8� 1 ¸ u1

�
C8� 1

� �
– C8 = Ç ~28� C– (2.16)

andq8andw8– 9are recursively computed for8 ¡ 1 and 9 Ÿ 8using

q8 = H8� 1
F q8� 1– q1 = u0 (2.17)

w8– 9= H8� 1
F w8� 1– 9– w8–8=

�
~08–8� C

� � 1 �
g8 � Gp8� – (2.18)

with 28and ~08– 9being the coe�cients of a HERK scheme, andu0 being the velocity

�eld at the beginning of the time-marching.

The current implementation uses a HERK scheme introduced by Brasey and Hairer

(1993) with the coe�cients given in Table (2.1), which corresponds to the Scheme

B discussed in Liska and Colonius (2016). This scheme was chosen because it o�ers

the highest order of accuracy for both the solution variable, velocityu (third-order)

and the constraint variable, pressurep (second-order) among all three schemes

considered in Liska and Colonius (2016).
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0 0 0 0
1
3

1
3 0 0

1 � 1 2 0
0 3

4
1
4

Table 2.1: Coe�cients of the HERK scheme (Brasey and Hairer, 1993).

2.3 Navier-Stokes LGF on an AMR grid

As discussed in section 2.2, the mimetic properties of the di�erential operators

and the commutativity between the di�erential operators and the LGF/IF operators

are crucial for the algorithm (see the simpli�cation of Eq. (2.9) and Eq. (2.12)).

Furthermore, the LGF is only de�ned on a regular grid and the regularity of the

uniform grid also in turn enables an e�cient evaluation of the fast LGF algorithm

(Liska and Colonius, 2014). However, an irregular grid does not possess those

features. In this section we propose a novel AMR technique that preserves the

desired properties.

2.3.1 Spatial discretization on an AMR grid

In this section an AMR grid used for the discretization of Eq. (2.1) is constructed

in two steps. First, we de�ne a series of uniform unbounded staggered Cartesian

grids. Each grid is of the form introduced in section 2.2 but with di�erent resolution

f RQ
: g: , where: 2 Z¸ refers to the resolution or gridlevel. We use the convention

thatRQ
0 is the coarsest level and gridRQ

: ¸ 1 is generated by evenly dividing every grid

unit RQ
: into 23 new units with3 being the dimension of Eq. (2.1), and denote# ; as

the maximum number of levels (0 � : Ÿ # ;).

We refer to the collection of uniform, unbounded grids as thecompositegrid, which

is de�ned as a tensor product of the series of grids

RQ B 
 # ;
: =0 RQ

: • (2.19)

We equip this new tensor space with an inner product that is induced from eachRQ
: .

In the second step, an AMR grid is constructed as a subspace of the composite grid.

More speci�cally, we de�ne an AMR grid through a restriction operator. For each

level : , a restriction operator� Q
: : RQ

: ! RQ
: is a linear functional de�ned as

�
� Q

: f
�

¹nº =

(
f¹nº for n 2 
 :

0 otherwise
(2.20)
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for all f 2 RQ
: , wheref 
 : g: are regions that partition the whole spaceR3, i.e.,


 ; \ 
 @= X;@
 ;– [ # ;
@=0 
 @= R3• (2.21)

For simplicity we write� Q
: as � : sinceQ can be determined by the context. A

full restriction operator for the composite grid,� : RQ ! RQ is then de�ned by the

tensor product

� Q B 
 # ;
: =0 � Q

: • (2.22)

We again simplify the notation� Q to be� . Finally an AMR gridR̂Q � RQ is de�ned

as the image of the full restriction operator� , i.e.,

f̂ B � f 2 R̂Q– 8f 2 RQ• (2.23)

A diagram for the composite grid and the AMR grid is shown in Fig. 2.1b.

2.3.2 Interpolation/coarsening operators

So far we have de�ned a composite grid function spaceRQ which consists of# ;

unbounded uniform Cartesian grids, and an AMR gridR̂Q as a subspace ofRQ. By

de�nition, the full restriction operator projects functions inRQ to the AMR gridR̂Q.

Numerically we only store information on the AMR grid. Assuming every part of

the AMR grid is approximating the same continuous function, then the information

on the composite grid can be approximated using interpolations and coarsening. In

this section we introduce the interpolation/coarsening operators that ful�ll this idea.

First, we denote an interpolation/coarsening operator between any two levels; and

@asPQ
;! @(PQ

;! @is an interpolation when; Ÿ @, it is coarsening when; ¡ @, and it

is the identity when; = @). We constructPQ
;! @as compositions of theP-operators

between consecutive levels. For example, an interpolation operator between level;

and@(; Ÿ @) is given by

PQ
;! @= PQ

@� 1! @� � � PQ
;¸ 1! ;¸ 2PQ

;! ;¸ 1– for 0 � ; Ÿ @ Ÿ #;• (2.24)

This construction will be shown favorable for the numerical e�ciency in sec-

tion 2.3.4. Since the AMR grid is de�ned by the regionsf 
 : g: that partition

the space, then for a given level, the information can be estimated anywhere using

the P-operators. More speci�cally, given̂f = 
 : f̂: 2 R̂Q � RQ on the AMR grid,

the information on level: of the composite grid can be estimated by

f: =
# ;Õ

8=0

PQ
8! : f̂8¸ $ ¹� # ? º B PQ

: f̂ ¸ $ ¹� # ? º– (2.25)
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(a) (b)

Figure 2.1: (a) Base unit of a �nite-volume staggered grid. (b) 1-D diagram for the
composite grid (dotted line) and the corresponding AMR grid (solid line with corresponding
vertices in circle)

where the error convergence rate,# ?, is determined by the speci�c choice of

interpolant. This is discussed in more detail below. In the second equality in

Eq. (2.25), we de�ned another interpolation/coarsening operator between the AMR

grid and the uniform grid on level: , PQ
: : R̂Q ! RQ

: . Similarly, a full P-operator

between the AMR grid and the composite gridPQ : R̂Q ! RQ is de�ned by

PQ = 
 # ;
: =0 PQ

: • (2.26)

Together with the restriction operator� , one has the approximation relation between

the AMR grid and the composite grid

f̂ = � f– f � PQ f̂– (2.27)

wheref 2 RQ andf̂ 2 R̂Q.

The general idea of our AMR technique is that, we consider the information on the

AMR grid as being restricted from the ambient composite grid. At every time-step

we can formally `recover' the information on the composite grid from the AMR grid

using theP-operator. Then, the information on every level of the composite grid is

formally marched in time even if the speci�c operations need not be performed on the

entire composite grid. At the end of the time-step, the solution on the composite grid

is again restricted to the AMR grid through the restriction� . The most important

feature of this process is that it need only be carried out on those portions of the

composite grid that are needed to advance the AMR grid. Thus, while in principle

the solution is de�ned on every grid level, only the subspace de�ned by the AMR

grid is required in practice. We discuss how this is done in the next sections.
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2.3.3 Di�erential operators

Di�erential operators are simply constructed for the composite grid by

A = 
 # ;
: =0 A: – (2.28)

whereAk 2 f G: –D: –C: –L: gare the corresponding discrete di�erential operators on

grid R: de�ned in section 2.2.1. This construction also preserves the second-order

accuracy, conservation properties, mimetic properties, and commutativity (for the

composite grid) since for every level they are the same as the native ones de�ned in

section 2.2.1. We note that di�erential operators need not be constructed directly

for the AMR grid.

2.3.4 Fast LGF algorithm on the AMR grid

Before discussing the full algorithm for the Navier-Stokes equations, we provide

details for applying the fast LGF/IF algorithms on the AMR grid by using the

techniques derived in the proceeding section. The resulting algorithm is essentially

the same as the aforementioned AMR-LGF algorithm (Dorschner et al., 2020). Here

we use the composite-grid ansatz introduced above to reinterpret the algorithm and

provide a more complete correction term than the one derived previously.

To solve the Poisson equation on the AMR grid, we use the information on the AMR

grid to reconstruct the �eld on the composite grid, where the Poisson equation is

hypothetically solved on every level through the FLGF technique, and the solution

is then restricted back to the AMR grid. However, computationally one only has

access to the AMR grid. To e�ciently evaluate the aforementioned process, we

consider the commutativity between the interpolation and the LGF convolution:

instead of interpolating the information from a coarse grid to a �ne grid and then

applying the LGF convolution, we seek to apply the LGF convolution on the coarse

grid �rst and then interpolate the solution to the �ne grid. In other words, we seek

a commutativeP-operatorP
Q
: ! ; that satis�es

L� 1
; PQ

: ! ; = P
Q
: ! ;L

� 1
: – (2.29)

where0 � :– ; Ÿ #; denote to two distinct levels in the composite grid, andL: , L;

are the corresponding Laplacian operators. Solving forP
Q
: ! ; yields

P
Q
: ! ; = L� 1

; PQ
: ! ;L: – (2.30)
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which suggests thatP
Q
: ! ; takes the form of a convolution. Note thatP

Q
: ! ; holds a

similar composition relation as Eq. (2.24)

P
Q
: ! ; = P

Q
@! ;P

Q
: ! @• (2.31)

A useful form ofP
Q
: ! ; from Eq. (2.30) is derived by consideringP

Q
: ! ; as the original

interpolationPQ
: ! ; with a correction

P
Q
: ! ; = L� 1

; PQ
: ! ;L:

= PQ
: ! ; ¸ L� 1

; ¹PQ
: ! ;L: � L;P

Q
: ! ;º

B PQ
: ! ; ¸ L� 1

; SQ
: ! ;– (2.32)

where the correction is in the form of a source term, given by applying the operator

SQ
: ! ; to the solution �eld on level: (Eq. (2.29)). One important property is that the

correction sourceSQ
: ! ;L

� 1
: yields a faster decay than the original LGF kernel. For

example, the correction term constructed from Lagrange polynomial interpolations

is shown to oscillate and decay asjnj� 4 (independent of the order of the chosen

polynomial), whereas the LGF only decays asjnj� 1. 1

The Poisson equation for the composite gridRQ subject to the far-�eld boundary

condition is given by

Lq = f– lim
jnj!1

q¹nº = 0– (2.33)

wheref– q2 RQ andL is the Laplacian for the composite grid de�ned in section 2.3.3.

Approximating the source term on the whole composite gridf using the AMR grid

by Eq. (2.27) and solving forq shows

q¹nº = L� 1f � L� 1
�
PQ f̂

�

= 
 # ;
: =0 L� 1

:

 
# ;Õ

8=0

PQ
8! : f̂8

!

= 
 # ;
: =0

"  
: � 1Õ

8=0

P
Q
8! : L� 1

8 f̂8

!

¸ L� 1
:

 
# ;Õ

8=:

PQ
8! : f̂8

!#

B 
 # ;
: =0

�
q:

1¹nº ¸ q:
2¹nº

�
(2.34)

q̂¹nº = � q¹nº (2.35)

1As an example, the source correction constructed from an interpolation of simple averaging
decays to about3 � 10� 5 at20cells away from the center of the interpolation.
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whereL� 1 = 
 : L� 1
: is the LGF for the composite grid,f̂ 2 R̂ lives only on the AMR

grid, q:
1¹nº is the partial solution corresponding to the source �eld from coarser

levels, andq:
2¹nº is the partial solution corresponding to the source contribution

from all �ner levels as well as level: itself. Eq. (2.34) uses the commutative

P
Q

operator for the interpolations inq:
1¹nº. As shown by the diagram Fig. 2.2,

the commutative construction avoids interpolating to a �ne grid while yielding the

same results. Eq. (2.34, 2.35) are e�ectively the AMR-LGF algorithm introduced

(a) (b)

P: ! : ¸ 1 P: ! : ¸ 1 P: ! : ¸ 1

L� 1
: ¸ 1 L� 1

: ¸ 1

L� 1
: L� 1

:
level :

level : ¸ 1

Figure 2.2: 1-D diagram for the commutative interpolation with the Laplacian to avoid
constructing a �ne grid on level: ¸ 1: (a) applying an interpolationP: ! : ¸ 1 �rst and L� 1

: ¸ 1
second; (b) applyingL� 1

: �rst and P: ! : ¸ 1 second.

in Dorschner et al. (2020).

To summarize, the revised AMR-LGF algorithm is:

1. From �ne to coarse levels, evaluate the source term
Í # ;

8=: PQ
8! : f̂8 in q:

2¹nº

through coarsening. BecauseP-operators are de�ned as compositions of

consecutive levels (Eq. (2.24)), this term is calculated cumulatively by

# ;Õ

8=: ¸ 1

PQ
8! : f̂8 = PQ

: ¸ 1! :

 
# ;Õ

8=: ¸ 2

PQ
8! : ¸ 1f̂8¸ f̂: ¸ 1

!

• (2.36)

2. q:
1¹nº are also evaluated cumulatively but from coarse to �ne levels

q:
1¹nº =

: � 1Õ

8=0

P
Q
8! : L� 1

8 f̂8

= P
Q
: � 1! :

"

L� 1
: � 1f̂: � 1 ¸

: � 2Õ

8=0

P
Q
8! : � 1L� 1

8 f̂8

#

B P
Q
: � 1! : k : � 1 (2.37)

Using the source correction introduced in Eq. (2.32), Eq. (2.37) becomes

q:
1¹nº = PQ

: � 1! : k : � 1 ¸ L� 1
: SQ

: � 1! : k : � 1• (2.38)
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This form avoids speci�c evaluation of the non-localP-operators, i.e., source

terms can be combined withq:
2¹nº and Eq. (2.34) can be directly evaluated as

q¹nº = 
 # ;
: =0

"

PQ
: � 1! : k : � 1 ¸ L� 1

:

 

SQ
: � 1! : k : � 1 ¸

# ;Õ

8=:

PQ
8! : f̂8

!#

– (2.39)

wherek : � 1 is evaluated accumulatively from coarse to �ne levels andL� 1
:

is evaluated using the FLGF algorithm for the uniform grid. We de�ne the

combined source in Eq. (2.39) asS: given by

S: = SQ
: � 1! : k : � 1 ¸

# ;Õ

8=:

PQ
8! : f̂8– (2.40)

which is utilized in the re�nement indicator function to be introduced in

section 2.4.2.

3. Lastly, the restriction operator� is applied by limiting the region needed

for the interpolation and the region used in the FLGF algorithm. With the

construction of the composite grid, AMR grid,P-operators, the restriction

operator� , as well as the di�erential operators, the AMR-LGF algorithm in a

nutshell is
h
� L� 1PQ

i
f̂• (2.41)

The approach developed here clari�es that the correction procedure developed

in Dorschner et al. (2020) is associated with the non-commutativity betweenP-

operators and the LGF operators, and it yields a more precise form of the correction

as an additive source term. Though the source correctionSQ
: � 1! : k : � 1 decays

rapidly, it is non-local and requires an extended region up to a cut-o� distance de-

picted in Fig. 2.3. More speci�cally the AMR grid is de�ned with a set of physical

domainsf 
 : g: (Eq. (2.21)), and the corresponding extended correction regions on

level : are given by


 �
: = f x : jx � yj � # � � G: –y 2 
 : –x 8 
 : g– (2.42)

where� G: is the cell width on grid level: and# � controls the cut-o� distance of

the extended region.

To test the new LGF-AMR algorithm, including the extended source correction,

we use the same test case as Dorschner et al. (2020) and solve a manufactured

vorticity-streamfunction equation

r 2	 = � l– (2.43)
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level :

level : ¸ 1

Figure 2.3:2D diagram for the AMR grid (blue) and the extended correction region (gray)
at each re�nement level.

with the solution	 given by

	 ¹A– Iº = 5

 p
¹A� ' º2 ¸ I 2

'

!

e\ – 5¹Cº =

(
21 exp

�
� 22

1� C2

�
if jCj Ÿ 1

0 otherwise
•

(2.44)

For this test we let21 = 103, 22 = 10 and' = 0•125. For every level, an extended

correction region of a cut-o� parameter# � = 14 is added, which corresponds to a

relative source correction cut-o� about10� 4. We use the following criterion that a

region on level: is re�ned if

l : ¹xº ¡ U ! ' � : l max– 8x 2 
 : – (2.45)

where! ' is the maximum number of re�nement andU = 1•6 is used.

Fig. 2.4a compares the! 1 error of the solutions on the �nest grid level for an

increasing number of re�nement levels, and Fig. 2.4b shows the error after left

applying the discrete forward LaplacianL& to the numerical solutions. Three cases

are considered: (1) without source correction (2) with correction but without an

extended correction region and (3) with correction and with an extended correction

region. For all tests the mesh topology is kept constant during the run. It can be seen

that the proposed extended source correction not only improves the accuracy of the

solution but also helps ensure the consistency with the discrete forward Laplacian.

The computation rate and parallel e�ciency are reported in Appendix A for the

same test case up to103 number of cores. Note that this result is tested with the

correction region o�. On the every level, the extended source correction region is

only added to the `source' in the FMM technique (section 2.5) but not the `target',

so the asymptotic computation rate is not a�ected.
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(a) (b)

Figure 2.4:Convergence of solutions on the �nest grid w.r.t. to the re�nement levels from
0 to 3 with a criterionU = 1•6 of (a) the numerical solution	 and (b) left applying the
discrete Laplacian to the numerical solution,L	 . For each plot three cases are considered:
without the correction (red); with correction but without an extended region (blue); and with
correction and with an extended region (black). Across all three cases the mesh topology is
kept the same.

2.3.5 Fast IF algorithm on the AMR grid

Similar to the LGF for the Laplacian, the IF for the composite grid is constructed as

HQ = 
 : HQ
: with HQ

: being the integrating factor for each level de�ned by Eq. (2.8).

Similar to Eq. (2.41), the fast AMR-IF algorithm is

f̂¹n– Cº �
h
� HQ PQ

i
f̂g¹nº– (2.46)

where f̂–̂fg 2 R̂Q live on the AMR grid. Note that the kernel ofHQ decays ex-

ponentially, which simpli�es the implementation as one only needs to apply the

interpolation/coarseningP-operator to an extended region and then apply the IF

convolution before �nally restricting the solution back to the AMR grid. Numeri-

cally the extended region used for the AMR-IF is the same as the one used for the

AMR-LGF shown in Fig. (2.3), and the same cut-o� parameter# � for the extended

region is used, which corresponds to a relative error less than10� 10 due to the

exponential decay.

2.3.6 Navier-Stokes AMR-LGF-HERK algorithm

We now gather the elements developed in the preceding sections to construct the

AMR technique for the full Navier-Stokes equations. As discussed previously,

the main steps are to (a) provide an algorithm to formally recover the �ow �eld

everywhere on the composite grid and time-marching every level, and (b) restrict

the solution back to the AMR grid such that only a small subset of the composite
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grid need actually be computed. To achieve this we combine the half-explicit

Runge-Kutta scheme discussed in section 2.2.4 with the AMR-LGF and AMR-IF

algorithms derived in section 2.3.4 and section 2.3.5.

As we have constructed the di�erential operators and the LGF/IF operators on every

level of the composite grid using the operators native to each unbounded uniform

staggered grid, the mimetic properties and the commutativity are preserved. Thus

Eq. (2.4-2.14) are formally the same, but with the corresponding operators and

variables referring to the those for the composite grid. For example, the LGF and

IF operators for the composite grid is given by

L� 1 = 
 # ;
: =0 L� 1

: – H8
F = 
 # ;

: =0 HF

�
¹ ~28 � ~28� 1º � C

¹� G: º2 Re

�
– (2.47)

where the IF operator for the composite grid depends on the stage of the HERK

scheme8, and the level of the composite grid: . Like the AMR-LGF algorithm

described in section 2.3.4, the NS-LGF-AMR-HERK algorithm tries to approximate

the right-hand-sides of each update equation on thecomposite grid, and restrict the

solution back to the AMR grid in a way such that the full composite grid is never

built, but rather only the regions that are required by the AMR grid.

The process of evaluating the equivalent form of the system of equations Eq. (2.11)

for the composite grid can be broken down as follows.

1. Eq. (2.11) for the composite grid is also solved using the block-LU decom-

position. Similarly because of the commutativity between thecomposite grid

di�erential operators and the IF operator, Eq. (2.13, 2.14) can formally be

solved with the composite grid LGF and IF given by Eq. (2.47). Again, in this

framework we approximate only the right-hand sides using the information

on the AMR grid

Dr8 = PC cDA8¸ nD– (2.48)

r8 � Gp8 = PF
�
br8 � dGp8

�
¸ nu– (2.49)

where cDA8 = � DA8 and br8 � dGp8 = �
�
r8 � Gp8� are the restricted �elds on the

AMR grid, PC andPF are the interpolation and coarsening operators, and the

associated approximation error termsnD andnu are

nD = Dr8 � PC cDA8– nu =
�
r8 � Gp8� �

h
PF

�
br8 � dGp8

� i
• (2.50)

These errors are controlled by the order of the interpolation/coarsening and

the local grid resolution, which are discussed in more detail in the next section.
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2. Notice that the solution to the pressure Poisson equation is only used in the

form dGp8and with Eq. (2.13) the solution after the restriction is

dGp8 = � Gp8 =
�
� GL� 1

C PC� cDA8¸ enD– enD = � GL� 1
C nD• (2.51)

Here the AMR-LGF algorithm given by Eq. (2.41) is used. Note that because

of the gradient operatorG before the restriction, solutions from the AMR-LGF

are restricted to a grid which is one extra cell larger along the boundary on

every level of the AMR grid.

3. After solving the pressure gradientdGp8, by Eq. (2.14), the updated velocity

�eld at stage8after being restricted back to the AMR grid can be expressed as

û8 =
h
� H8

F PF
i �

br8 � dGp8
�

¸ enu– enu = � H8
F nu• (2.52)

Here the AMR-IF algorithm given by Eq. (2.46) is applied.

The aforementioned process requires right-hand sidesbr8 and cDr8. The evaluation of
cDr8on the AMR grid is essentially the same asbr8, except that a restriction that is one

extra cell larger along the boundary on every level of the AMR grid is used due to

the divergence operator.r8 is recursively de�ned using the solutions from previous

stages by Eq. (2.15) and the process of updatingbr8 using the idea of the composite

grid is described as follows.

1. q8 andw8– 9on the required portion of the composite grid are approximated

using the AMR solutions from previous stages,

q8 = H8� 1
F q8� 1 = H8� 1

F

�
PF q̂8� 1 ¸ nq

�
– (2.53)

w8– 9= H8� 1
F w8� 1– 9= H8� 1

F

�
PF ŵ8� 1– 9̧ nw

�
– (2.54)

wherenq andnw are the interpolation/coarsening errors. The solutions on the

AMR grid are given by

q̂8 =
h
� H8� 1

F PF
i

q̂8� 1 ¸ enq– enq = � H8
F nq– (2.55)

ŵ8– 9=
h
� H8� 1

F PF
i

ŵ8� 1– 9̧ enw– enw = � H8
F nw• (2.56)

Here the AMR-IF algorithm given by Eq. (2.46) is again used.
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2. Similarly the nonlinear termbg8on the AMR grid is given by

bg8 = � ~08–8� C�
h
PF N

�
u8� 1 ¸ u1

�
C8� 1

� �
¸ nN

i
– (2.57)

with

nN = N
�
u8� 1 ¸ u1

�
C8� 1

� �
� PF N

�
û8� 1 ¸ û1

�
C8� 1

� �
– (2.58)

which contains two sources: an interpolation/coarsening error and an aliasing

error.

In summary, the NS equations are formally discretized on the composite grid and

time integrated using the HERK scheme. At each stage of the RK time integration,

the system of equations Eq. (2.11) for the composite gird is solved using the block-

LU decomposition. By approximating the right-hand sides using the information

from the AMR grid, the resulting algorithm applies the AMR-LGF algorithm for

the pressure gradientdGp8, and uses the AMR-IF algorithm for the updated velocity

û8, and the intermediate �eldŝq8andŵ8– 9.

2.3.7 Approximation errors

The four interpolation/coarsening errorsnu, nD, nq and nw control the di�erence

between the composite-grid and AMR-grid solutions. For the composite grid, the

method inherits the second-order convergence properties associated with the existing

FLGF-HERK algorithm; these were characterized and measured in previous work

(Liska and Colonius, 2016). The additional errors associated with AMR have a

local truncation error of order$ ¹� G2
: º. This error will vanish subjected to global

re�nement of all levels together. We empirically demonstrate the convergence in

section 2.6 by considering the evolution of a vortex ring.

Some additional observations can be made about the truncation errors. By Eqs. (2.48)

to (2.58), the approximation errors can propagate from coarse to �ne levels through

the LGF and IF convolutionsL� 1
C andHF to produceenu, enD, enq andenw. Meanwhile

nN poses another source or the error due to non-linearity (aliasing). AsGL� 1
C and

HF are bounded operators, the corresponding errorsenu andenD are well-behaved (the

constant in the error term is �nite).

Note that Eqs. (2.48) and (2.49) simultaneously approximate the termsr8 andDr8

usingPF andPC. A more consistent approach would be to only approximater8

using interpolation/coarsening and evaluateDr8 accordingly. This would require a
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commutativeP-operator with the divergence operator

DPF = PCD– (2.59)

which could then be implemented using a similar correction step as in Eq. (2.38).

Unfortunately, this approach requires a construction of a divergence operator for

the AMR grid�in our simpli�ed approach operators need only be de�ned on the

composite grid, and we have thus presently opted for the former, simpler approach

(by tolerating the additional error term).

A �nal point regarding these errors is that they are, in principle, not di�erent from

those associated with any AMR scheme. The spirit of AMR is to adapt the mesh

according to the (measured) smoothness of the solution. In other words, the AMR

scheme will attempt to minimize all the errors discussed in this section, subject to

being balanced by the overall truncation error. This is achieved by the adaptation

strategies described in the next section.

2.4 Adaptivity

We have thus far described the algorithm for solving the incompressible Navier-

Stokes equations on an AMR grid by introducing approximations to the (theoretical)

solution on a composite grid associated with interpolation/coarsening operators

between grid levels, and appropriate restriction operators. The AMR grid involves a

collection of regionsf 
 : g: , where: denotes the level of re�nement. The collection

f 
 : g: still contains at least one unbounded region (i.e. the coarsest grid). In

this section we will discuss how toadaptivelytruncate the coarsest grid level and

strategies for determining the adaptive truncation and adaptive re�nement.

2.4.1 Adaptive truncation

The vortical regions in external �ows are associated with the source term in either

the pressure Poisson equation or the vorticity-streamfunction equation. A truncation

of the computation domain is plausible since the vorticity �eld is compact, and it

su�ces to assume only the base level (coarsest grid)
 0 is in�nite. The spatial

truncation for the computational domain
 0 is adapted from Liska and Colonius

(2016), where a formally unbounded staggered uniform grid of a single resolution

was also truncated. We refer to Liska and Colonius (2016) for a more detailed

explanation. Here we only provide a brief summary of the truncation algorithm and

discuss how to combine it with the AMR technique.

Two types of convolutions are performed in the current algorithm, namely the LGF,
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L� 1
C for the pressure Poisson equation and the IF,HF for the velocity �eld. To ensure

the solution in the region of interest is both accurate and minimal in extent, the

corresponding source terms in these convolutions need to be restricted to regions

where they have magnitude greater than a tunable threshold value.

The source term in the LGF convolution introduced in section Ÿ 2.3.6 is given by

Dr8. This term is approximately the divergence of the nonlinear term (Lamb vector),

which is in turn proportional to the compact vorticity �eld. Given a thresholdn� , a

truncation of the base level domain
 supp
0 for the source termDr is de�ned as


 supp
0 B

�
x 2 R3 :

jDr¹xºj
kDrk1

� n�
�

• (2.60)


 supp
0 determines the domain needed to yield an accurate solution to the Poisson

equation.

The source term in the IF convolution is the velocity �eld which however yields a

much slower decay. To accurately and e�ciently evaluate the IF convolution we

make use of the following two properties: the kernel of the IF decays exponentially

and the velocity �eld can be recovered from the vorticity. More speci�cally, to

evaluate the solution of the IF convolution in the region of interest
 soln
0 , only the

velocity �eld in an extended region
 xsoln
0 is needed, which is de�ned by


 xsoln
0 B

�
x 2 R3 : jx � yj Ÿ 3IF– y 2 
 soln

0

	
– (2.61)

where3IF is a cut-o� distance for the exponentially decaying kernel. The velocity in

the extended region is recovered using the discrete vorticity-streamfunction relation

u = � CyL� 1
E 8 – (2.62)

where8 is the discrete vorticity,LE is the Laplacian for the edge quantities,Cy is

the discrete curl for the edge quantities de�ned in section 2.2.1, andu is the discrete

velocity. We refer to this process as the velocity refresh. The velocity refresh is only

needed for the base level and the vorticity is calculated from the coarsened velocity

�eld from the AMR grid given by

8 0 = CPC
0 D̂– (2.63)

whereD̂is the velocity on the AMR grid andP0 is the coarsening operator de�ned

by Eq. (2.25). The evaluation of Eq. (2.62) uses the FLGF algorithm for a single

level, introduced in section 2.2.2. We also require
 supp
0 � 
 soln

0 � 
 xsoln
0 . The
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computational domain of the base level AMR grid
 0 is truncated such that
 xsoln
0 =

[ # ;
: =0
 : .

Lastly we note that the velocity refresh need not be performed at every time-step.

The frequency of the refresh depends on the decay of the IF kernel, and whether the

base level mesh topology is updated. More details about the decay of IF kernel can

be found in Liska and Colonius (2016).

2.4.2 Adaptive re�nement

Adaptive re�nement is achieved by updating the restriction operator to� 0 as the

solution progresses. The updated velocity �eldu0 on the new AMR grid is related

to the original velocity �eldu by interpolation/coarsening

u0 = � 0PF � u• (2.64)

To yield an accurate solution, the resolution of the di�erent parts of the AMR grid

needs to re�ect the di�erent scales in the �ow, which are a-priori unknown.

The choice of indicator function used to invoke re�nement/dere�nement has been

discussed in previous work on AMR. For instance, Berger and Colella (1989b)

applies a Richardson extrapolation by comparing the time-marched solutions on

both the coarse and �ne mesh. The identi�cation of vortical structures in the �ow

often relies on the usage of the gradient, the curvature and magnitude of the vorticity

in the indicator functions (Almgren et al., 1998; Sussman et al., 1999; Popinet, 2003;

Sitaraman et al., 2010), while the gradient of the density is often used to detect the

existence of shocks (Almgren et al., 1998; Quirk, 1996; Papoutsakis et al., 2018).

A combination of di�erent indicators can also be used. For example, Kamkar et al.

(2011) uses the Q-criterion with the Richardson extrapolation and Shenoy, Smith,

and Park (2014) uses the vorticity �eld, the non-linear term, and the Q-criterion

together.

Our NS-LGF-AMR-HERK scheme is mainly based on two algorithms: the AMR-

LGF algorithm for the pressure Poisson equation and the AMR-IF algorithm for the

velocity �eld involved in the viscous term. Both algorithms make use of the funda-

mental solutions de�ned on uniform grids by hypothetically interpolating/coarsening

the source �elds to the composite grid and solving on each level independently.

These interpolations/coarsening provide information about the truncation error and

can therefore be used as an adaptation indicator.
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The current implementation uses a re�nement indicator function that focuses solely

on the source term involved in the AMR-LGF (Poisson) algorithm for the following

two reasons. First the kernel of the IF yields an exponential decay, which results in

a more localized error, whereas the LGF kernel decays much slower and the LGF

convolution can instantly propagate the error to the whole �ow �eld. Secondly the

source term in the IF convolution, i.e., the velocity is smoother compared with the

source term in the Poisson equation which is proportional to the vorticity �eld, and

therefore it su�ces to resolve the vorticity on the AMR grid.

More speci�cally, we propose to use the combined source termS: from Eq. (2.40)

as the criterion. Note thatS: is de�ned on the AMR grid as well as the extended

source correction region introduced in section 2.3.4. At timeC, the AMR mesh at

grid pointn on level : , or on level: � 1 with an overlapping extended correction

region on level: is re�ned when

S: ¹n– Cº ¡ U # ; � : Smax¹Cº– (2.65)

where0 Ÿ U Ÿ 1 is a constant,# ; is the prescribed maximum re�nement levels,

and Smax¹Cº is a quantity that renders the criterion dimensionless. To make the

re�nement as e�cient as possible, this quantity should monitor when the prescribed

maximum resolution is most limited during the time horizon»0– C¼for an on-going

simulation. The current implementation uses the following form,

Smax¹Cº = max
gŸC– �=2�

RMSn2� = »S: ¹n– gº¼– (2.66)

whereRMSrefers to the root mean square,� = denotes a block of computational cells,

and � denotes the union of cell blocks that partition the AMR grid. More details

are discussed in section 2.5. We choose the maximum rms of the combined source

term over all cell blocks because it estimates the least resolved region represented

by the block where the maximum is reached, and as a statistical quantity it is less

a�ected by numerical noise. Similarly, a region on level: is coarsened when

S: ¹n– Cº Ÿ VU# ; � : Smax¹Cº– (2.67)

where0 Ÿ V Ÿ 1 is a constant to avoid constant changes in the re�nement levels

due to small oscillations around the re�nement criterion.

The combined source termS: consists of two parts: the source term in the pressure

Poisson equationDr8de�ned in section 2.3.6, and the source correction term de�ned

in Eq. (2.32). The former approximates the divergence of the non-linear term which
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is proportional to the vorticity �eld. The later is related to the di�erence between the

partial solutions (corresponding to the partial source from all coarser grids) on the

coarse grid and the �ne gird which is associated with the Richardson extrapolation.

Using the combined source term has the bene�ts of an automatic incorporation of

both the vorticity criterion and a Richardson extrapolation process using only one

non-dimensionalization parameter without additional numerical expense.

2.5 Implementation

In this section the implementation of the Navier-Stokes LGF-AMR-HERK algorithm

and the parallelization are brie�y summarized. The development of the solver is

based on Dorschner et al. (2020) and the same data structure is adopted here. The

solver is written in C++ and uses MPI for parallel communications. The code uses a

block-structured computational grid (i.e. the smallest unit for grid addition/removal

and re�nement/dere�nement is a block of# 3
1 computational cells) and the blocks are

also used in the re�nement criterion Eq. (2.66). The current implementation uses

# 1 = # � = 14. Those blocks are further organized using a tree structure (octree in

3D), where every node (octant) maps to a block. The reason for using the octree is

that the AMR-LGF algorithm used in the NS-LGF-AMR-HERK scheme applies the

FMM algorithm on each level of the computational grid, and each FMM operation

uses the hierarchical subtree structure for the calculating the far-�eld interaction

(Dorschner et al., 2020). Di�erent from Dorschner et al. (2020), where each leaf

corresponds to a cubic domain in physical space, the current solver does not have

this requirement since the extended correction regions can overlap with the physical

space.

As in Dorschner et al. (2020), a server-client model is used for the parallelization,

where the server has the tree information but does not store any data, whereas

each client only stores a part of the octree with its data. At the beginning of

a simulation, the server guesses a mesh topology according to the given initial

condition, anticipates the load, and distributes the whole tree to the clients. While

the work is mainly done by the clients during the run, the server receives the

adaptivity requests (spatial addition/removal and local re�nement/dere�nement)

from its clients, �nds a new compatible mesh topology (smooth in the transition

of re�nement levels), calculates a new load distribution, and sends the adaptivity

instructions back to the clients to transfer the data. The server is also responsible

for identifying the subtree used in each FMM calculation during the AMR-LGF

algorithm.
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The LGF kernel decays geometrically and is identical regardless of the grid level.

Numerically, we store the exact values for near points, and use asymptotic expansions

for points far away (Liska and Colonius, 2014; Dorschner et al., 2020). The IF kernel

used in the AMR, on the other hand, depends on not only the stage of the HERK

scheme, but also the grid level: as suggested by Eq. (2.47). However since it decays

exponentially, one can still numerically calculate and store the exact values needed

for all stages and levels during the initialization.

Since the IF kernel decays faster than the LGF, it requires fewer neighbor contri-

butions. Numerically, one evaluation of the AMR-IF algorithm uses about10%

of the execution time compared with the AMR-LGF algorithm. The three stage

HERK scheme considered here requires the application of the AMR-LGF algorithm

at each stage, using around60%of the total execution time. The HERK scheme on

the other hand applies the AMR-IF algorithm to vector �elds 5 times, contributing

another30%of the total execution time. One additional factor that a�ects the solver

speed is the `velocity refresh' procedure introduced in section 2.4.1 which requires

solving the vector Poisson Eq. (2.62) for the base level only. However the `velocity

refresh' need not be performed at each time-step (Liska and Colonius, 2016). For

the numerical tests considered in the following sections, we observe an additional

contribution to the execution time of less than15%.

2.6 Veri�cation

The Navier-Stokes AMR-LGF-HERK algorithm introduced in section 2.3.6 is ver-

i�ed by considering a fat-cored vortex ring with an initial vorticity distribution of

the form

l \ ¹A– Iº =

(
U �

' 2 exp
�
� 4B2•

�
' 2 � B2� �

if B� '

0 otherwise
– l I ¹A– Iº = 0 – (2.68)

where' is the radius of the vortex ring,B2 = I 2¸¹ A� ' º2, and we letU ' 0•54857674

so the total circulation integrates to the parameter� . The Reynolds number is set

to Re = � •a = 1000, and the initial velocity �eld is calculated using the discrete

vorticity-streamfunction relation Eq. (2.62). The convergence study is performed by

considering a series of runs with di�erent levels of re�nement and grid resolution:

We vary the grid resolution on the base level from� Gbase• � G0 = 2� 3–� � � –20,

where � G0 = ' •4•7 is a constant, and the grids are repeatedly re�ned using a

re�nement criterionU = 1•4 (see section 2.5) to reach the same �nest resolution

� G�ne • � G0 = 2� 3. The grid topology is kept constant during the test and all cases
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are performed with� C• � Gbase= 0•35� 2� # ; up to128time-steps for the �nest case.

Finally the reference solution is performed using a uniform grid at double of the

�nest test resolution.

The ! 1 convergence in the velocity �eld for all ten cases are shown in Fig. 2.5

in terms of both the base level and the �nest level grid resolution. The errors are

calculated by interpolating the reference solution onto the coarse grids using simple

(2nd-order) averaging of nearest points. The plots show second-order convergence

with the grid resolution for a �xed re�nement level. Furthermore, with the afore-

mentioned re�nement criterion, adding a re�nement level would produce a solution

with comparable accuracy as re�ning the whole AMR grid at once. This veri�es

the e�cacy of the AMR, i.e. we achieve better computational e�ciency through

local re�nement. The computation saving in the spatial adaptivity and the nodal

distribution will be further discussed in section 2.7.

Figure 2.5: ! 1 velocity convergence of the NS-AMR-LGF solver wrt (a) the base level
grid resolution, and (b) the �nest level grid resolution, for# ; = 0–1–2–3 respectively.

2.7 Collision of vortex rings

Vortex ring collisions are readily created in experiments (Oshima, 1978; Lim and

Nickels, 1992). One notable feature of the vortex ring collision is that smaller sec-

ondary �ow structures can develop at low Reynolds numbers, and turbulence cloud

can form almost instantaneously at high Reynolds numbers, creating a wide range

of length scales through a complex process of instabilities and vortex interaction

(McKeown et al., 2018). The simulation of a vortex ring collision not only requires

the numerics to be able to accurately and e�ciently capture the fast and irregular

changes in the �ow con�guration (e.g. the vortex ring radii can grow over 6 times

during the expansion in the test case to be discussed), but at the same time also
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challenges the AMR scheme to add minimum noise to the �ow as the transition is

sensitive to perturbations.

In this section we use the collision of two thin vortex rings at high Reynolds

number to demonstrate the Navier-Stokes AMR-LGF-HERK solver with its spatial

and re�nement adaptivity. We assume that each vortex ring has an initial vorticity

pro�le

l \ ¹A– Iº =
�

cX2
exp

�
�

I 2 ¸ ¹ A� ' º2

X2

�
– l I ¹A– Iº = 0– (2.69)

where we setRe = � •a = 7500, andX• ' = 0•2 controls the width of the vortex

ring. The initial distance between the two vortex rings is set to' ¸ X to mitigate

the initial interaction. We consider three cases with the maximum re�nement levels

# ; = 0–1–2 respectively, and keep the resolution onthe �nest levelconstant with

X• � G# ; = 16. i.e., the# ; = 0 case is using the �nest grids everywhere with

the maximum number of computational cells. Case with# ; = 1 and2 are using

decreasingly fewer numbers of cells with AMR. Across all three cases the ratio

� C• � G# ; = 0•35 is held constant. Both the spatial computational domain and the

re�nement regions are allowed to fully adapt. We use a spatial adaptive truncation

thresholdn� = 10� 4 de�ned in Eq. (2.60) and a re�nement criterionU = 1•4 and

V = 0•75de�ned in Eq. (2.65, 2.67). Perturbations are added to the initial conditions

of each vortex ring to accelerate the transition. The initial perturbation follows the

recipe in Shari�, Verzicco, and Orlandi (1994), where the radii of the two vortex

rings are independently perturbed with Fourier modes of uniform magnitude and

random phases. For this test, perturbations are added to the �rst 32 modes with a

magnitude of3 � 10� 4 relative to the unperturbed vortex ring diameter2' .

The evolution of the vortex ring collision taken from the case# ; = 1 is shown in

Fig. 2.6. As the rings collide, they expand rapidly about the impact center plane,

leaving a pair of thin vortex sheets trailing the leading vortices. The leading vortex

pair becomes narrower, and as the vortex sheets are stretched, they eventually tear o�,

producing two disjoint circles. Both the Crow instability and the elliptic instability

develop with the expansion which can be clearly observed aroundC� • ' 2 � 15. The

symmetry is broken, and �nally the vortex ring pair transitions into turbulence.

To quantitatively compare the AMR cases with the run# ; = 0, we apply two

statistical measures, namely the kinetic energyK¹ Cº and the enstrophyE¹Cº given
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Figure 2.6:Evolution of the vortex ring collision atRe= 7500from the case# ; = 1. From
left to right, vorticity isosurfacesj8 ' 2• � j = »0•5 � 7•5¼are given forC� • ' 2 = 0, 4.5, 9.0,
15.1, 19.9, and 25.2.

by

K¹ Cº =
¹

R3
u � ¹x � l º3x– E¹Cº =

1
2

¹

R3
j8 j23x• (2.70)

As shown in Fig. 2.7, the expansion of the vortex ring pair is accompanied with a

decay in the kinetic energy and a growth in the enstrophy. The turbulence transition

starts around aroundC� • ' 2 � 15 with an acceleration in enstrophy growth. The

enstrophy reaches a maximum atC� • ' 2 � 20, which corresponds to the �fth �ow

visualization in Fig 2.6. We see the results with varying numbers of re�nement

levels (# ; = 1–2) agree well with the uniform grid simulation (# ; = 0) and predict

the transition time accurately. As transitional �ows are very sensitive to the noise, it

suggests the extra numerical perturbation from the AMR scheme is lower than the

initial perturbation.

Fig. 2.8 compares the mesh topology across the three cases for the time period

(C� • ' 2 = »0� 20¼) where the top row shows the side view of the same vorticity iso-

surfaces as in Fig. 2.6, and the second to the fourth rows show the mesh topology

over a horizontal cross-section about the center. The �ow �elds and the mesh

topology in 3D for the non-AMR case (# ; = 0) and the AMR simulation (# ; = 1) at

C� • ' 2 = 19•9 are shown in Fig. 2.9, where we see the evolution compares well even

after the entire transition period, and under the proposed criterion the re�nement

regions accurately surround the leading vortices while a lower resolution grid is

used for the remaining regions.

The computational saving for all three cases is reported in Table 3.2, where the

numbers of cells used in the NS-AMR-LGF-HERK scheme over the same time
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Figure 2.7: Evolution of the kinetic energyK¹ Cº and enstrophyE¹Cº for the thin vortex
ring collision atRe = 7500for maximum re�nement levels# ; =0, 1, and 2. Note that the
# ; = 0 corresponds to the case that uses uniform �nest cells for the whole adaptive domain
(the most number of cells).

Figure 2.8:Mesh topology over the cross-section for# ; =0, 1, and 2. The top row shows
the �ow evolution at j8 ' 2• � j = »0•5 � 7•5¼are given forC� • ' 2 = 0, 4.5, 9.0, 15.1, and
19.9. The second to the fourth row show the corresponding mesh topology for# ; = 0–1–2.
For all cases, coarse mesh to �ne mesh are shown from light gray to dark gray.

horizon are compared with a static rectangular domain of a minimum bounding box

with the same �nest resolution everywhere. It can be seen that by involving the

spatial adaptivity with the AMR, under the proposed criterion a factor of10 � 20

of reduction in computational cells is achieved.

2.8 Concluding remarks

We proposed an AMR technique to enhance the LGF approach for solving viscous,

incompressible �ows on unbounded domains. We consider the AMR grid as a

subset of a composite grid that is constructed from a series of unbounded uniform
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(a) (b)

Figure 2.9:Flow visualization and mesh topology atC� • ' 2 = 19•9 for (a) the non-AMR
case (# ; = 0), and (b) the AMR case (# ; = 1). The computational blocks for the �nest grid
are shown in transparent boxes and a quarter of coarse grid for# ; = 1 is shown in green.

C� • ' 2 0 4•5 9•0 15•1 19•9
# ; = 0 13•0% 12•9% 13•9% 17•0% 24•0%
# ; = 1 5•2% 4•7% 5•8% 6•9% 9•9%
# ; = 2 4•3% 4•5% 4•5% 5•4% 9•7%

Table 2.2: Number of computational cells for# ;=0, 1 and 2, compared with a static
rectangular domain of minimum bounding box over the time horizonC� • ' 2 = »0 � 20¼.

staggered Cartesian grid of di�ering resolution. Di�erential and LGF/IF operators

are constructed for the composite grid and preserve the mimetic properties and the

commutativity of the original IBLGF scheme. Interpolation/coarseningP-operators

are de�ned through composition and their commutation with the aforementioned

operators was studied. Based on this analysis, we re�ned the original AMR-LGF

algorithm (Dorschner et al., 2020) for solving the 3-D Poisson equation subject to

free-space boundary conditions. TheP-operators are applied to formally recover

the information on the whole composite grid from the AMR grid, where the Poisson

equation is hypothetically solved on every level using the FLGF technique, before the

solution is restricted back to the AMR grid. We also showed that this hypothetical

process can be evaluated e�ciently by commuting the interpolation and the LGF

convolution, resulting in an extended source correction and improved accuracy of

the AMR-LGF technique.

The Navier-Stokes equations were then discretized on this composite grid using a
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second-order FV scheme, and we extended the AMR technique to incorporate the IF

technique for the viscous term, and a Runge-Kutta (HERK) scheme for the resulting

di�erential-algebraic equations. An incompressible Navier-Stokes method is then

designed where we formally advance the �ow �elds on all levels of the composite

grid using information from the AMR grid, but restricting the resulting computation

back to the AMR grid obviates the need for all but a small subset of the composite

grid.

Because the LGF represents the solution to the Poisson equation as a convolution of

its source term, i.e. the divergence of the Lamb vector in the momentum equation,

we construct an e�cient and accurate re�nement criterion that naturally tracks the

associated truncation errors that are associated with interpolation and coarsening of

the sources on di�erent grid levels.

The Navier-Stokes solver was veri�ed to give second-order accuracy through a

re�nement study of a fat-cored vortex ring. We also demonstrated the capabilities

and performance by simulating the collision of thin-cored vortex rings atRe= 7500.

We showed the AMR simulations agree well with the simulation using a uniform grid

for the entire laminar and transitional period, while providing signi�cant reductions

in computational cells.

Lastly we note that the computational saving from the AMR depends on the scale

separation present in the physics. In this chapter we restrict our attention to �ows in

the free space without blu� bodies. The combination of the AMR framework and

the IB method for external �ows with immersed surfaces is introduced in the next

chapter.
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C h a p t e r 3

IMMERSED BOUNDARIES

3.1 Introduction

In this chapter we further extend the AMR-LGF framework introduced in Chapter 2

to simulate external �ows around complex immersed geometries at high Reynolds

numbers via the IB method. We show that the adaptivity permits the thin boundary

layers to be resolved more e�ciently and at the same time retains the desired

properties of the LGF method for �ow simulations on otherwise unbounded domains.

As discussed in the Chapter 1, we focus on the speci�c type of IB technique termed

the distributed Lagrange multiplier (DLM) or projection method (Colonius and

Taira, 2008). As in other IB techniques, the DLM method solves the �ow on an

Eulerian grid and treats the immersed surfaces in a Lagrangian framework. The

immersed surfaces are discretized on a set of IB points and the no-slip boundary

condition is imposed by interpolating the �ow �eld at those IB points. More speci�-

cally in the DLM method, the forces associated with the IB points are considered as

Lagrange multipliers and the no-slip boundary condition is satis�ed exactly. Apart

from the bene�t of an exact boundary condition, the DLM method also has the

advantage that the modi�ed incompressible Navier�Stokes equations can be solved

using a projection method with an e�cient numerical procedure that is analogous

to the traditional fractional-step method (but free of splitting errors).

In the continuous setting, the IB method introduces an extra singular forcing term

to the Navier-Stokes equations which are given by,

mu
mC

¸ u � r u = �r ? ¸
1

Re
r 2u ¸

¹

B¹Cº
f ¹b– CºX¹X¹b– Cº � xº db– (3.1a)

r � u = 0– (3.1b)
¹

R3
u¹x– CºX¹x � X¹b– Cºº dx = uB ¹b– Cº– (3.1c)

whereu is the velocity �eld, ? is the pressure,X¹X¹b– Cº � xº is the singular delta

function which is later regularized with the discrete delta function, andf is the

force along the surface which is parameterized byB¹Cº. For external �ows, the

velocity u and the pressure? are subject to far-�eld boundary conditionu¹x– Cº !
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0– ?¹x– Cº ! ?1 asjxj ! 1 , and the unknown forcesf are treated as Lagrange

multipliers such that the no-slip constrains are satis�ed.

The chapter discusses how to discretize and solve the aforementioned Eq. (3.1) using

a multi-resolution grid and the LGF method. In section 3.2, the original IB-LGF

method for grid of single uniform resolution is brie�y reviewed. In section 3.3, we

discuss how to equip the Navier-Stokes FLGF-AMR-HERK algorithm introduced in

section 2.3.6 with the IB method. In section 3.4, we discuss an important advantage

of the AMR-IB-LGF method that spatial truncation and re�nement adaptivity can

be applied to a minimum spatial domain that only contain vortical �ow areas to

admit accurate solutions. Section 3.5 discusses the numerical procedure to solve

the associated forcing equation. The combined AMR-IB-LGF-HERK algorithm

is validated and tested in section 3.6 and 3.7, where �ow around a sphere and a

delta-wing at low and high Reynolds numbers are considered.

3.2 Immersed boundary method for external �ows using LGF on a uniform

grid

In this section we brie�y review the IB-LGF algorithm developed by Liska and

Colonius (2017), which will be extended to the multi-resolution framework in the

next section.

3.2.1 Discretization on unbounded uniform grid

As mentioned above, the IB-LGF method uses two discretizations. The �ow �eld

is discretized on a formally unbounded uniform, staggered Cartesian grid of single

resolution. We useRQ to represent the corresponding grid function spaces with

values de�ned onQ 2 fC–F –E–Vg, where centers (C) and vertices (V ) store

scalar quantities, and faces (F ) and edges (E) store vector quantities. The immersed

surfaceB, on the other hand, is discretized using a set of IB points that are distributed

on the immersed surface `evenly', the concept of which will be made clear later.

The resulting discrete system of equations is given by

du

dC
¸ N¹u– Cº = � G? ¸

1
Re

LF u ¸ R¹Cºf (3.2a)

Du = 0– (3.2b)

E¹Cºu = uB ¹Cº– (3.2c)

whereu 2 RF is the discrete velocity �eld,G, D are the gradient and divergence

operators,LF is the Laplacian forRF , N¹u– Cº approximates the non-linear term, and
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uB is the prescribed velocity at the body surfaces.

Note that the delta functions in Eq. (3.1b), which represent the singular surface

forces along the immersed surfaces, are regularized with the discrete delta functions

in R¹Cº andE¹Cº, whereR¹Cº smears the discrete point IB forces to the staggered

Cartesian grid, whereasE¹Cº interpolates the �eld information from the �ow grids

back to the IB point. They are de�ned as

»Eu¼¹8– Cº = ¹� Gº3
Õ

n2Z3

u¹n– CºX� G¹xF ¹nº � X ¹b8– Cºº – (3.3)

»Rf¼¹n– Cº =
Õ

8

f¹8– CºX� G¹xF ¹nº � X ¹b8– Cºº – (3.4)

where8refers to the8-th IB point with coordinateX ¹b8– Cº, X� G is the discrete delta

function for a uniform grid with spacing� G, andxF ¹nº is the grid coordinate for

cell n.

The system of equations can be made self-adjoint if one de�nes the smearingR as

the dual operator of the interpolationE up to a scaling, i.e.,

E f = Ry f̂– (3.5)

wheref = ¹� Gº3 f̂ with � Gbeing the cell width of the underlying �uid grid. This

de�nition allows the usage of more e�cient numerical solvers designed for self-

adjoint systems such as conjugate-gradient method. More about the fast linear

solver is discussed in section 3.4.

We require the IB points to be `evenly' distributed, meaning that the distance

between nearest IB pointsBB need to approximately equal to the grid spacing of

the underlying Cartesian mesh� G. Numerically we often require a mean ratio of

BB • � G= 1 � 2. The idea is that having IB points too close to each other will result

in an ill-conditioned system of Eq. (3.2), and when the distance between the nearest

IB points is much larger than the width of the regularization de�ned by the discrete

delta functions Eq. (3.3), the immersed surface becomes permeable, which in turn

leads to inaccurate solutions.

For rigid immersed-body motion, the solutions can also be facilitated by writing the

above equations in an accelerating reference frame (moving with the body), but with

a change of dependent variable to the velocity in the inertial reference frame. We

refer the readers to (Liska and Colonius, 2017) for more details for this variation.
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3.2.2 LGF, integrating factor and commutative properties

The LGF technique and the analytical integrating factor (IF) technique for a uniform

unbounded grid of single resolution are essentially the same as introduced in Chapter

2, section 2.2.3. The LGF technique solves the discrete Poisson problem of the form

LQq = f– lim
=!1

q¹nº = 0– (3.6)

=) q = L� 1
Q f = � Q � f– (3.7)

where f–s 2 RQ, � Q is the LGF and� denotes the discrete convolution, and an

integrating factor (IF) is de�ned as the solution operator to the discrete heat equation

on an unbounded uniform Cartesian grid

df

dC
= ^LQf– f¹n– gº = fg¹nº– (3.8)

=) f¹n– Cº =
�
HQ

�
^¹C� gº
¹� Gº2

�
fg

�
¹n– Cº– C� g– (3.9)

wheref 2 RQ, ^ ¡ 0 is a constant,fg¹nº is a known source �eld, andHQ is the

integrating factor operator. LGF and IF operators share the following mimetic and

comutative properties with the di�erential operators:

D = � Gy– C = Cy– LC = � GyG– (3.10)

HF G = GHC– DHF = HCD– LF G = GLC– DLF = LCD (3.11)

3.2.3 Time integration with integrating factor technique and half-explicit

Runge-Kutta scheme

The DLM method treat the immersed boundary points along the surface as La-

grange multipliers so the no-slip boundary condition is maintained. The immersed

boundary Eq. (3.2c), together with the divergence free condition Eq. (3.2b), add

an algebraic constraint to the di�erential equation. To integrate the resulting DAE

system of index 2 ( Eq. (3.2)) in time, we apply a half-explicit Runge-Kutta (HERK)

scheme.

Similarly as in Chapter 2 section 2.2.4, we begin by applying the IF operatorHF to

Eq. (3.2) to yield

dv

dC
¸ HF N

�
H� 1

F v– C
�

= � Gp � HF Ey¹Cºf̂– (3.12a)

Dv = 0– (3.12b)

E¹CºH� 1
F v = u� – (3.12c)
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wherev = HF u. The commutative properties Eq. (3.11) have already been used to

simplify the above expressions.

Eqs. (3.12) are integrated using the same HERK scheme as in section 2.2.4. We refer

to section 2.2.4 and Liska and Colonius, 2017 for more details. The main di�erence

is that, due to the immersed boundary constraint, one will have an extended system

of equations at each stage of every timestep of the following form:

2
6
6
6
6
6
6
4

�
H8

F

� � 1
G Ey

Gy 0 0

E 0 0

3
7
7
7
7
7
7
5

2
6
6
6
6
6
4

u8

p8

f8

3
7
7
7
7
7
5

=

2
6
6
6
6
6
4

r8

0

u8

3
7
7
7
7
7
5

– (3.13)

where8refers to the8-th stage of each timestep, andr8 is a known right-hand side.

Eq. 3.13 then can be solved through block LU decomposition. Again, using the

mimetic properties and the commutativities for simpli�cation, Eq. (3.13) can be

solved in the following steps:

LCp� = Dr8 (3.14a)

S8f8 = EH8
F

�
r8 � Gp� �

� u8
2 (3.14b)

p8 = p� � L� 1
C DEy f8 (3.14c)

u8 = H8
F

�
r8 � Gp8 � Eyf8

�
– (3.14d)

whereS is related to the Schur complement

S8 = EH8
�
IF � GL� 1

C D
�

Ey• (3.14e)

It is worth mentioning that Eq. (3.14) is in the form of a fractional step method but

it is an exact block LU decomposition and thus there is no splitting error associated.

3.3 IB on the AMR grid

In order to implement the IB in the IB-LGF-HERK algorithm, we use the di�erential

operators for the composite grid,RQ, de�ned in section 2.3.3 to formulate Eq. (3.12-

3.14). Likewise, we de�ne the IB interpolation operatorE for the composite grid as

the tensor product

E = 
 # ;
: =0 E: – (3.15)

whereE: is the corresponding operators for grid level: . This de�nition allows a

more �exible treatment of the IB surface discretization. However, in the current
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implementation, we assume that all IB points and their associated regions, denoted

as 
 B , are embedded in the same (�nest) grid level
 # ; . i.e., 
 B � 
 # ; . The

de�nition of the associated region
 B will be made clear later, and as will be shown,

this assumption obviates the need to solve the forcing equation at each grid level

since the forces on the �nest level can be used to approximate the contribution to all

other levels through theP-operators.

Again, we seek to approximate the right-hand side of Eq. (3.14) for the compos-

ite grid using the information from the AMR grid. Notice that the IB formula

Eq. (3.12-3.14) are only di�erent from Eq. (2.4-2.14) introduced in section 2.3.6 by

Eq. (3.14b) and (3.14c), where the former solves for the IB forces and the later adds

the extra contribution to the pressure �eld. In this section we may therefore limit the

discussion to how those two equations are handled under the proposed framework.

The process of evaluating Eq. (3.14b, 3.14c) for the composite grid is broken down

as:

1. The intermediate pressurep� and its gradientGp� are evaluated in the same

fashion as in Eq. (2.51), where the AMR-LGF algorithm is applied, i.e.,

dGp� = � Gp� (3.16)

�
�
� GL� 1

C PC� cDA8• (3.17)

2. The right-hand side of Eq. (3.14b) is approximated similarly to Eq. (2.52).

The gradient of intermediate pressure �eldGp� is used as the source term

in the AMR-FIF algorithm, which is then interpolated back to the IB points

through operatorE,

EH8
F

�
r8 � Gp� �

� E
h
� H8

F PF
i �

br8 � dGp�
�

– (3.18)

3. Eq. (3.14b) in theory can be solved on every level using the linear operator

S8 = EH8
�
IF � GL� 1

C D
�

Ey de�ned for the composite grid. However, in the

current implementation, the solutions are simpli�ed under the assumption that

all IB points and the associated regions
 B are embedded in the same (�nest)

AMR level only, and thus Eq. (3.14b) needs only be solved once,

S8f8 � E
h
� H8

F PF
i �

br8 � dGp�
�

� u8
2• (3.19)

The IB associated region
 B is de�ned as the minimum support to evaluate

S8for all 8, based on the distribution of the IB points, and the associated width
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of the IB regularization (discrete delta function), and the minimum region

required for evaluation of the operatorS8.

4. Having assumed all IB points are embedded in the �nest grid with
 B � 
 # ; ,

the forces on the �nest level from Eq. (3.19) are coarsened to approximate the

contribution to the pressure on the whole AMR grid.

bp8 = bp� �
�
� GL� 1

C PC� šDEy f8• (3.20)

5. After solving the pressure gradientdGp8, by Eq. (2.14), the updated velocity

�eld at stage8after being restricted back to the AMR grid can be expressed as

û8 =
h
� H8

F PF
i �

br8 � dGp8
�

¸ enu– enu = � H8
F nu• (3.21)

Here the FIF-AMR algorithm given by Eq. (2.46) is applied.

3.4 Adaptivity

In this section we discuss factors associated with the IB that impact the adaptivity

criteria previously discussed in section 2.4. As before, the computational domain

only needs to encompass the vortical �ow regions to yield an exact solution to the

equations on an unbounded domain (as it is associated with the source term in

the pressure Poisson equation). Thus the vorticity threshold for the outer domain

truncation is left unaltered.

Regarding the mesh re�nement, the AMR strategy must be changed owing to the

restriction of the IB points to the �nest mesh level. A diagram of the setup is shown

in Fig. 3.1, where static mesh re�nement (SMR) is applied to the near-surface area


 B de�ned by Eq. (3.19), and AMR is applied to the �ow away from the immersed

body. For AMR, both the spatial adaptivity and the re�nement adaptivity can be

applied based on previously de�ned parametersn� andU (see section 2.4).

The adaptivity criteria developed in the last chapter are appropriate for DNS. In

future work, these adaptivity criteria should be revisited when LES is invoked, both

as a sub-grid-scale stress model and as a near-surface wall model.

3.5 Fast linear solver for the IB formulation (Eq. (3.14b))

While Eq. (3.12-3.14) can be mostly solved similar to Eq. (2.4-2.14) using the fast

AMR-LGF method introduced in section 2.3.6, a separate conjugate gradient (CG)

method is applied to solve the IB formulation (Eq. (3.14b)). In this section the

AMR-LGF-based CG solver is discussed in detail.
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Figure 3.1:Diagram for the static mesh re�nement for region near the immersed surface
and adaptive mesh re�nement with di�erent levels for areas away from the blu� body.

A large number of IB points are often required to discretize the immersed surface,

and this in turn necessitates a linear solver with good performance and parallel

e�ciency.

The development of the linear solver is simpli�ed by the positive de�niteness of the

system of equations Eq. (3.13) and its associated Schur complement, Eq. (3.14b).

This permits e�cient direct solvers based on Cholesky decomposition, and e�cient

iterative solvers based on the CG algorithm. For rigid immersed body motions,

the Cholesky decomposition has the advantage that the decomposition need only be

computed once, since the same system is solved repeatedly. However, this require

operations and memory usage that scale asO¹# 3
B º, where# B is the number of IB

points. On the other hand, the iterative CG solver only requires a memory usage of

O¹# B º, which allows the IB method to be applied to much larger systems.

For laminar boundary layers near the IB, the boundary layer thickness scales as

Re� 1•2, which implies that the total number of IB points would scale withRe1. As

for turbulent boundary layers, Choi and Moin (2012) estimated that for a �at plate at

Re¡ 106, the number of grid points required for the near-surface region would scale

asRe13•7 andRe1 for wall-resolving LES and wall-modeled LES respectively. In

their example of a delta wing, Choi and Moin (2012) showed that for wall-modeled

LES, O¹107 � 1010º number of grid points are needed at Reynolds numbers from
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106 to 109. For the current IB method, it would require approximatelyO¹105 � 107º

number of IB points. In the example of the DNS of �ow around a sphere at

Re= 10–000to be discussed in the next section, a total number of3•5� 105 number

of IB points are involved in the discretization of the surface, which makes the

application of direct solvers prohibitive even in a parallel fashion.

Based on these considerations, we implemented a CG solver for Eq. (3.14b). The

performance of the iterative CG solver largely depends on the speed of evaluating

the left-hand side operatorS8, which involves nested evaluations ofL� 1
C andHF via

the FLGF method. As all IB points are embedded in the �nest AMR grid level that

can be snugly wrapped around the IB surface, the associated source and target points

for the FLGF are limited to a region that scales as the surface area of the IB rather

than the volume, which makes the nested FLGF CG solver for the IB much faster

than the FLGF that is associated with the volumetric sources. Two other factors also

a�ect the performance of the CG solver. The �rst is the initial guess of the solution.

For the current time-marching scheme, solutions from previous timesteps provide

a good starting point. The second factor is the number of iterations involved in

the CG solver, which depends on both the condition number of operatorS8 and the

numerical tolerance. For the former, we only see a slow increase of the condition

number with the number of IB points as reported by Liska and Colonius (2017).

As for the later, due to the noisy nature of the solutions to Eq. (3.14b) (Goza et al.,

2016), it is often preferable to use a relatively less stringent error tolerance.

The performance of the CG solver can still be improved: For example, the CG

algorithm can often bene�t from preconditioning, which is not applied in the current

scope; So far we only require the smearing operatorR to be the adjoint of the

interpolationE without specifying any exact form of the regularization de�ned by

the delta functions, but in theory every IB point can use di�erent regularization, and

the those choices would a�ect the operatorS8and then a�ect the performance of the

CG algorithm. We retain those optimization techniques to future work.

3.6 Flow around a sphere

In this section we consider the �ow around a sphere atRe = * 0� • a = 100–3700

and10–000, where� is the diameter of the sphere,* 0 is the free stream velocity

anda denotes the kinematic viscosity. The low Reynolds number case atRe= 100

is used to verify the AMR-IB-LGF-HERK algorithm with a convergence study,

and the higher Reynolds number cases are used to illustrate the capabilities and
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computational savings of the proposed AMR scheme.

The IB method requires a set of discrete points that are approximately evenly

distributed on the surface: having IB points too close to each other will result in

Eq. 3.14b to be ill-conditioned, and when the distance between the nearest IB points

is larger than the width of the regularization de�ned by the discrete delta function,

the immersed surface becomes permeable. The discrete delta function applied in

this work is adopted from Yang et al. (2009), which has a support of 3 grid points in

each direction. To uniformly locate IB points on the surface of a sphere we use the

Fibonacci lattice approach developed by Swinbank and James Purser (2006), with

the ratio between the averaged spacing among nearest IB points� BB and the cell

width of the underlying Eulerian grid� Gkept constant atB• � G= 1•5. This approach

has the bene�ts that the surface points are areally uniform and has approximately

isotropic resolution. An example of using 500 points to discretize the surface of

a sphere is shown in Fig. 3.2, whereas up to3 � 105 points are applied in the

simulations to be discussed. For all cases considered, �ow is initialized starting

from rest and increasing the freestream velocity* 1 ¹Cº until the Reynolds number

reaches desired value atC*1 • � = 1•2. i.e.,

* 1 ¹Cº =

(
2* 2

0
� C for 0 � C*

� � 1
2

* 0 for 1
2 Ÿ C*

�

• (3.22)

For all cases to be discussed, we keep the re�nement criterionU = 0•25– V= 0•75

and the base level adaptivity thresholdn� = 10� 5 de�ned in section 2.4. The choices

of those values were validated in section 2.7. Note that as compared to the IB-LGF

method for a uniform grid of single resolution, the AMR-IB-LGF method allows a

smaller base level truncation threshold since the application of AMR allows a more

e�cient coverage of larger spatial domain.

3.6.1 Veri�cation

We begin by performing a simulation of the �ow around a sphere atRe = 100.

At this Reynolds number the �ow approaches a steady state and thus serves as a

veri�cation for the convergence of the velocity. Di�erent from the validation study

discussed in section 2.6, where the convergence was conducted by varying the grid

resolution with the topology of the AMR grid �xed, here we choose three base level

resolution, and keep re�ning the grid with proposed criteria to reach the same �nest

resolution. As the smallest unit of the re�nement is a computational block of a �xed

number of cells, di�erent base resolution with the same levels of re�nement will
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Figure 3.2:Example of using Fibonacci lattice to distribute IB points on the surface of a
sphere. 500 points are shown in this case, whereas up to3 � 105 points are applied in the
simulations to be discussed.

result in di�erent grid topology, and thus it also serves as a test of the aforementioned

re�nement criteria.

More speci�cally we choose three base level resolution to be� Gbase• � G0 = 2� 2–� � � –20

with G0• � = 0•125being a constant. For each base resolution we re�ne the AMR

grid to the same �nest resolution� G�ne • � G0 = 2� 3 and all cases are simulated for

256 timesteps with the largest CFL number smaller than0•5. Results are compared

to a reference solution at� Gref = 0•5� G�ne with the AMR turned o�. The� 1 and

� 2 convergence of the velocity �eld is shown in Fig. 3.3, where black, blue, and red

curves correspond to the chosen base resolution, and each point on a given curve

represents a di�erent level of re�nement. We see a �rst-order convergence in the

� 1 norm and a slightly faster convergence in the� 2 norm. This result is expected

since the regularization of the singular forces in the IB method results in a smooth

velocity �eld across the immersed surface, whereas the exact velocity �eld yields

a discontinuous �rst derivative. A posterior examination shows that the errors are

mostly concentrated near the boundary of the geometry and this type of behavior

was reported in other studies of IB methods such as Goza et al., 2016.

3.6.2 Flow around spheres at high Reynolds numbers

We further demonstrate the algorithm with a DNS of the �ow around a sphere

at Reynolds numbersRe = 3700 and a preliminary DNS atRe = 10–000. The

simulations are conducted by �rst running a coarser simulation up toC� = C*0• � �

20 and then gradually increasing the levels of re�nement in a manner that is to be

described in detail.



46

Figure 3.3:� 1 and� 2 convergence of the velocity �eld for �ow around a sphere atRe= 100.
The black, blue and red curves correspond to to di�erent but �xed base resolution. Each
curve presents di�erent levels of re�nement with the adaptation criteria discussed in the
text.

For the simulation atRe = 3700, the simulation is performed fromC� = 20 to 30

with 2 levels of re�nement. The �nest resolution for the near-surface region is at

� G2• � = 4•3 � 10� 3 at 2 levels of re�nement. Liska and Colonius (2017) showed

that with identical grid resolution the boundary layer is resolved, and Yun, Kim, and

Choi (2006) performed an IB/LES study of the same case with a minimum near-wall

resolution of9 � 10� 3� . For �ow away from the surface an adaptive mesh up to 1

level of re�nement is used which is of resolution� G1• � = 8•6 � 10� 3. Rodriguez,

Borell, et al. (2011) previously showed that the minimum Kolmogorov length scale

present in the �ow is[ • � = 1•34� 10� 2 for the same Reynolds number. Since in the

current DNS one has� G1• [ Ÿ 0•6, the turbulence is expected to be fully resolved.

For the simulation atRe = 10–000, the Re = 3700 case is further re�ned after

C� � 30 to 35 with an additional level of re�nement to both the near-surface region

(SMR) and the wake (AMR), up to resolution� G3• � = 2•15 � 10� 3 and� G2• � =

4•3 � 10� 3 respectively. We expect the �ow near the surface to be well-resolved

based on theRe� 1•2 scaling of the thickness of the laminar boundary layer. As

for the wake, the ratio between the Kolmogorov scale and the grid resolution is

estimated to peak around� G2• [ � 0•7 estimated from the minimum length scale

present atRe = 3700. Rodriguez, Lehmkuhl, et al. (2013) performed a DNS of

Re = 10–000using unstructured meshes where the resolution is validated through

a comparison with another simulation at coarser grid resolution as well as studies

by Moin and Mahesh (1998) and Pope (2001). They showed that the same ratio

peaks at[ • � G= 2•5 with a mean value�[ • � G= 0•91. The current DNS is at a much

lower peak and mean ratio, and thus we expect the �ow in the wake region to be
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full-resolved. With this proposed grid setup near the body, a total of350� 103 IB

points are solved in the discretization of the surface which is a magnitude higher

than the highest number of IB points reported in Liska and Colonius (2017).

The vorticity and grid topology are visualized forRe= 3700at C� � 30 in Fig. 3.4.

Rodriguez, Borell, et al. (2011) showed that the smallest turbulence scale occurs at

G• � Ÿ 3 and one can see that under the chosen adaptivity criteria, the algorithm

successfully detects the intensive turbulence region and applies grid re�nement to

the corresponding space. At the same time the algorithm automatically uses a

coarser grid for the remaining areas de�ned by the truncation thresholdn� = 10� 5

so computational saving is achieved.

A closer comparison between theRe = 3700andRe = 10–000 vorticity �elds is

given in Fig. 3.5. For both cases we observe complex vortex structures behind the

sphere and large-scale vortex shedding downstream. The �ow �eld atRe= 10–000

clearly yields a richer range of scales, and we observe azimuthal instabilities as

the vortex sheet develops wrinkles on the suction side of the sphere, whereas at

Re= 3700it remains as a smooth surface. Secondly, we see the Kelvin�Helmholtz

(KH) type of instabilities developing at the outer rim of the wake just downstream

of the sphere. These waves grow rapidly and facilitate a more rapid transition to

turbulence in the wake. This KH type of vortex roll-up for the sphere at similar

Reynolds numbers was previously shown in experimental studies such as Werle

(1981) and Jang and Lee (2007), and our results are similar to theRe = 10–000

�ow observed by Rodriguez, Lehmkuhl, et al. (2013), where they showed that the

transition occurs at aboutG• � = 1 � 1•2 from the separation point, in contrast

to G• � = 1•8 � 2•6 in the Re = 3700 case. In addition, the �ow visualization

indicates that there are more elongated and �ner vortex structures in the wake region

atRe= 10–000compared to theRe= 3700case.

We report the mean drag coe�cient forRe = 3700 and preliminary results for

Re = 10–000 in Table 3.1. ForRe = 3700, we see a signi�cant agreement with

Rodriguez, Borell, et al. (2011) and Liska and Colonius (2017) where the di�erence

is approximately0•3% with the former and0•8% with the later. ForRe = 10–000,

there is a discrepancy about 5% with the experimental study by Achenbach (1972) or

the DNS by Rodriguez, Lehmkuhl, et al. (2013), and about 3.5% with the detached

eddy simulation (DES) study by Constantinescu and Squires (2003) or the LES study

by Yun, Kim, and Choi (2006). Note that a longer simulation for theRe = 10–000

case might be needed to have a more accurate mean drag coe�cient at this Reynolds
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