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ABSTRACT

Electronic noise, or stochasticity in the current, voltage, and frequency of a carrier
signal is caused by microscopic fluctuations in the occupation of quantum electronic
states. In the context of scientific instrumentation, understanding the physical origin
of these fluctuations is of paramount importance since the associated stochastic-
ity ultimately limits the fidelity of information transmitted through electronically
processed-signals. The unifying theme of the work presented in this thesis is the
study of electronic fluctuations in semiconductor materials and devices. Our inter-
est in this topic is twofold. First, while the Nyquist law dictates the equivalence of
noise and transport properties for systems in thermal equilibrium, this relationship
breaks down for systems driven out of equilibrium by external forcing. Simulating
non-equilibrium electronic fluctuations can therefore provide new insights into the
microscopic processes that control energy and momentum relaxation which would
not be available from conventional studies of transport alone. Furthermore, be-
cause noise properties are sensitive to the microscopic details of the bandstructure
and scattering, ab initio simulations of noise observables provide a more rigorous
test of the accepted theory of charge transport and carrier scattering in materials.
Second, cryogenic low noise amplifiers based on high electron mobility transistors
(HEMTs) are widely used in electromagnetic detector chains in applications such
as radio astronomy, deep space communications, and quantum computing. The de-
sign and optimization of HEMT devices have conventionally relied upon empirical
circuit-level models of fluctuations in devices. As the noise performance of modern
low-noise amplifiers has saturated to levels five to ten times above the standard quan-
tum limit, these empirical models are unable to resolve the microscopic origin of the
limiting excess noise. Identifying the microscopic mechanisms underpinning noise
in modern amplifiers is therefore necessary to produce better devices for scientific
instrumentation. In this work, we investigate electronic noise in semiconductor ma-
terials and devices with a combination of first-principles simulations and Schottky

thermometry experiments in transistor amplifiers.

First, we present our work on the development of novel parameter-free simulations
of non-equilibrium noise in semiconductor materials. While the ab initio theory of
low-field electronic transport properties such as carrier mobility is well-established,
an equivalent treatment of electronic fluctuations about a non-equilibrium steady

state has remained less explored. Starting from the Boltzmann Transport Equation,
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we develop amb initio method for hot electron noise in semiconductors. In contrast
with the typical numerical methods used for electronic noise such as Monte Carlo
technigues, no adjustable parameters are required in the present formalism with the
electronic band structure and scattering rates calculated from rst-principles. Our
formalism enables a parameter-free approach to probe the microscopic transport
processes that give rise to electronic noise in semiconductors. Next, we apply
the developed method to compute the spectral noise power in two materials of
technological interest, GaAs and Si. In our rst study in GaAs, we show that despite
the well-known dominance of optical phonon scattering, the spectral features in
AC transport properties and noise originate from a surprising quasi-elasticity in
the scattering of warm electrons with the lattice. In our second study, we apply the
method to Si which possesses a more complicated multivalley conduction band. This
study demonstrates that the widely-accepted one-phonon scattering approximation
is insu cient to reproduce the warm electron tensor and that incorporating second-
order mechanisms, such as two-phonon scattering, may be critical to obtain an
accurate description of noise in such materials.

Finally, we discuss our work on developing deeper understandings of electronic
noise in real devices with a focus on transistor ampli ers. While the rst-principles
work described above is appropriate for evaluating noise in ideal materials, in real
semiconductor devices, charge carriers are in uenced by mechanisms such as defect
scattering, size e ects, and re ections at interfaces. Owing to the complexity of
these mechanisms, HEMT noise is typically treated with empirical models, where
the physical noise sources are reduced to tting parameters. Existing models of
HEMT noise, such as the Pospieszalski model, are unable to resolve the mecha-
nisms that set the noise oor of modern transistor ampli ers. In particular, the
magnitude of the contribution of thermal noise from the gate at cryogenic temper-
atures remains unclear owing to a lack of experimental measurements of thermal
resistance under these conditions. We report measurements of gate junction tem-
perature and thermal resistance in a HEMT at cryogenic and room temperatures
using a Schottky thermometry method. Based on our ndings, we develop a phonon
radiation model of heat transfer in the device and estimate that the thermal noise
from the gate is several times larger than previously assumed. Our work suggests
that self-heating results in a practical lower limit for the microwave noise gure of
HEMTSs at cryogenic temperatures.
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Chapter 1

INTRODUCTION

Information in an electronic signal is contained in variables such as current, voltage,
or frequency. The processing and detection of arbitrarily small electronic signals is
limited by the loss-of-information induced by electronic noise, observed as irregular
and spontaneous deviations in the current, voltage, or frequency of the carrier
signal. In the context of scienti ¢ instrumentation, noise is of paramount interest
because it sets the practically achievable lower limit for accuracy of any electronically
processed measurement [1]. The unifying theme of the work presented in this thesis
is the study of electronic uctuations in semiconductor materials and devices. Our
interest in this topic is guided by two observations.

First, while uctuations of an equilibrium system are completely speci ed by the
temperature and conductivity, this description is insu cient in hot electron systems,
in which charge carriers are driven from equilibrium by external forces. When
perturbed by forces such as an electric eld, electrons heat to high energy states
and access new scattering mechanisms unavailable in equilibrium. Fluctuations
about this non-equilibrium state are uniquely sensitive to the material-speci ¢ band-
structure and the momentum and energy relaxation induced by various scattering
mechanisms. Consequently, studying hot electron noise characteristics such as the
current spectral density can provide new insights into charge transport and o ers
a more rigorous test of the underlying physical theory than conventional studies of
low- eld transport coe cients.

Second, we note that the design and optimization of important weak-sensing de-
vices, such as the transistor ampli ers commonly used in electromagnetic detectors,
is dominated by simple circuit models of electronic noise. Despite the remarkable
progress driven by empirical optimization in the past three decades, the noise perfor-
mance of these devices has saturated to a level ve to ten times above the quantum
limit [2]. The development of more physically-motivated models for device noise is
needed to stimulate progress and improve weak-sensing scienti ¢ instrumentation.
Inthis thesis, we seek to contribute to a deeper fundamental and practical understand-
ing of electronic noise through both simulations of uctuations in semiconductors
and experimental characterization of thermal noise in transistor ampli ers.
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1.1 Abinitio theory of non-equilibrium electronic uctuations in semiconduc-

tor materials
The transport and uctuation properties of a given semiconductor material can
be calculated with knowledge of the electronic bandstructure and the interactions
of charge carriers with phonons, impurities, and other electrons. At a microscopic
level, individual electronic states are characterized by state properties such as energy,
group velocity, and the scattering rates with other states. If the distribution of
electrons, subject to external in uence, is known, averaging these state quantities
over the distribution yields useful physical quantities such as the carrier temperature,
optical absorption, and electrical conductivity [3].

For systems in thermal equilibrium, the Fermi-Dirac distributidrdescribes the
occupation of charge carriers in a given state The Fermi-Dirac distribution

only speci es the mean occupation of the electronic state. At nite temperatures,
the instantaneous occupation of a given state spontaneously uctuates around the
average value speci ed by Fermi-Dirac. Microscopically, these uctuations arise
because of the stochastic nature of the scattering. In equilibrium, detailed balance
requires that the mean ux of particles into every quantum state is zero. However,
the ux of particles into or out of a quantum state is a Poissonian process and is
characterized by a variance. Therefore, the instantaneous net ux into a quantum
state is in general non-zero due to instantaneous imbalance between the incoming and
outgoing uxes [4]. Consequently, the occupancy of quantum states uctuates under
both equilibrium and non-equilibrium conditions. These occupation uctuations are
the microscopic underpinning for what we observe macroscopically as electronic
noise the stochastic variation of the current or voltage in an electronic signal.

A non-random characteristic of these uctuations is the power spectral density (PSD)
of current uctuations, which, by the Wiener-Khintchine Theorem, is related to the
single-sided Fourier transform of the autocorrelation of the current uctuations [5].
For systems in thermal equilibrium, simple analytical expressions relate the current
PSD to the small-signal response of the system to external perturbations. In a system
of charge carriers, the prototypical example is the Nyquist Law, which states that
the spectral density of thermal current uctuations at equilibrium is proportional to
the small signal conductivity of the material and the temperature [6]. The Nyquist
law is a speci ¢ application of the more general uctuation dissipation theorems,
rst outlined by Callen and Welton [7] and subsequently expanded by Kubo [8, 9]
and Lax [10] that provide the analytical link between the spectral noise power and



3

the admittance of the system. Other famous realizations of uctuation dissipation
theorems include the theory of Brownian motion [11] and Kircho 's law of thermal
radiation [12]. Conceptually, these theorems re ect a naturally intuitive concept:
particles in an equilibrium system that are excited by either nonrandom perturbations
or spontaneous uctuations relax to equilibrium via the same kinetic mechanisms,
and consequently it is sensible that the response in both cases should be related.

Outside of equilibrium, the uctuation dissipation theorems are no longer valid, and
the noise spectral density is no longer speci ed by the low- eld conductivity and
temperature [13]. On one hand, this fact makes the calculation of non-equilibrium
noise di cult, since the noise power spectral density and the linear transport prop-
erties must be solved for separately. On the other hand, it means that simulating
noise characteristics such as the current PSD can provide new insights into the mi-
croscopic processes that set energy and momentum relaxation in materials, which
could not be obtained from the study of low- eld transport alone.

Electron-phonon interactions from rst-principles

One topic of particular interest is the study of how charge carriers in a semicon-
ductor interact with the lattice. Electron-phonon interactions (EPIs) underpin many
important phenomena such as the temperature dependence of carrier mobility, the
optical absorbance of indirect-gap semiconductors, and the formation of Cooper
pairs in conventional superconductors [14]. Early computational studies of EPIs
relied heavily on semi-empirical descriptions of the interaction [15 17]. Deforma-
tion potential theory, rst developed in systems with isotropic bandstructures by
Shockley and Bardeen [18] and later generalized to anisotropic systems by Herring
and Vogt [19] provided a reasonable t to empirical data but could not predict the
behavior of either novel materials or materials under conditions which had not been
experimentally tested. Despite these limitations, the simplicity of the semi-empirical
approach and the lack of more sophisticated alternatives left deformation potential
theory as the dominant means of calculating EPIs for nearly two decades.

The development of truly predictive simulations of EPIs began with the advait of
initio methods to calculate electronic wavefunctions, lattice dynamical properties,
and electron-phonon (e-ph) matrix elements. These methods are knedvingiso
because they can be executed without the useldfocparameters and in principle
require only the speci cation of atomic identities and locations [20]. A major
breakthrough in such rst-principles methods was the development of Kohn-Sham
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density functional theory (DFT) [21]. Under this method, the numerically intractable
many-body Schrédinger equation for a coupled electronic system is simpli ed via
a mean- eld approach to a set of Kohn-Sham equations of polynomial complexity
[22]. With the appropriate selection of exchange-correlation functional, the Kohn-
Sham equations can provide a description of the ground-state electronic system
in the form of electronic wavefunctions and charge density [23]. In parallel to
developments in DFT, methods to calculate lattice vibrations from rst-principles
were formalized. Density functional perturbation theory (DFPT), rst developed
by Baroni and coauthors in 1987 [24], provided a method to calculate phonon
dispersions and perturbation potentials of the phonons on the electronic system.

Individually, DFT and DFPT can provide descriptions of the ground-state electronic
and equilibrium lattice properties of the system. However, when combined, the
methods can also be used to calculate perturbed-system dynamics such as transport
and uctuations [14]. The basis of such calculationsis the Fermi Golden Rule (FGR),
which speci es the transition rates between the Kohn-Sham electronic eigenstates
mediated by phonons in terms of the DFPT perturbation potentials [25]. Practically,
the FGR provides a framework to calculate electronic scattering rates [26]. These
transition rates can then be used to computationally simulate linear response charge
transport and uctuations properties in the electronic system.

In principle, if the scattering interactions between electronic states are speci ed,
it is possible to trace the trajectories of each charge carrier in the system as is
done in molecular dynamics. In practice, such an approach is not computationally
feasible due to the large number of free carriers in even the most lightly doped
semiconductors. Consequently the dynamics of charge carriers in semiconductors
are usually described statistically, through the probability distribution function.
As mentioned previously, charge carriers in an equilibrium state are distributed
according to Fermi-Dirac statistics. The Boltzmann Transport Equation (BTE) is
a framework that describes the statisticspefturbed systemghrough the non-
equilibrium distribution function [27]. The BTE is an integro-di erential equation
that describes the evolution of the particle distribution function in time, position,
and momenta in response to external perturbations such as a temperature gradient
or an electric eld and internal transitions described by the FGR [3]. Once solved,
moments of the calculated distribution function can be performed over the Brillouin
zone to give macroscopic properties such as particle number, drift velocity, and
mean energy, and their variation in space and time.
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In recent years, spurred by the development and distribution of rst-principles elec-
tronic structure codes [28 30], various studies have developed methodologies to use
the BTE withab initio inputs from DFT and DFPT as a powerful tool for studying
charge transport phenomena in semiconductor materials. These computational stud-
ies supplement experimental characterization in two important ways. First, while
most experimental observables represent moments of the distribution function over
the Brillouin zoneab initio simulations give access to the microscopic properties
and mechanisms that are di cult to access experimentally. The perspective obtained
from rst-principles descriptions of charge transport has signi cantly enhanced our
understanding of the microscopic interactions that determine linear transport prop-
erties. Second, if reasonable agreement with experimental observables is obtained,
these studies provide evidence that the implemented theory is an accurate character-
ization of the material. On the other hand, discrepancies with measurements can be
used to identify missing mechanisms, which are subsequently incorporated into the
rst-principles simulation, iteratively contributing to a new accepted level of theory

in the material. In well-studied materials such as GaAs and Si, the culmination of
years of study have enabled predictive calculations of quantities such as the phonon-
limited electrical conductivity [31, 32], Hall mobility [33], and electron mean free
paths [34].

While theab initio theory of low- eld electronic transport properties in semicon-
ductors is well-established, an equivalent treatment of hot electronic uctuations in
semiconductors is lacking. While existing low- eld transport theory fully speci es
the electronic noise in equilibrium systems via the Nyquist Law, for systems per-
turbed out of equilibrium, the Nyquist Law is invalid and the spectral noise power
is no longer speci ed by the conductivity and temperature [13]. Consequently, sim-
ulating the hot electron noise power spectral density can provide new information
about the timescales and magnitudes of non-equilibrium processes that would not
be available from the calculation of mean transport quantities alone.

Physical interpretation of spectral noise power

As an example, consider Fig. 1.1, which is a pedagogical illustration of the spectral
density of current uctuations in a semiconductor material. When the system is
in an equilibrium state, although there is no bulk current ow, stochastic thermal
uctuations in electron occupation manifest as electronic velocity uctuations. In
the gure, the velocity uctuations appear as the Lorentzian structure observed inthe
equilibrium PSD, characterized by a single pole roll-o . The Nyquist Law speci es



Figure 1.1: Representative schematic of the spectral density of current uctua-
tions. The equilibrium spectral density (dashed line) contains only the information
provided by speci cation of the Ohmic conductivity of the material. In contrast,
the structures observed in the non-equilibrium spectrum (solid line) represent the
relaxation rates of various microscopic processes such as generation and recombi-
nation, electron-phonon velocity uctuations, intervalley uctuations, and icker
uctuations. The non-equilibrium spectral density provides information about the
timescales and magnitudes of non-equilibrium processes not available from low-
eld transport quantities. Figure adapted from [35].

that the spectral noise power is characterized by the same momentum relaxation
time associated with the linear electrical mobility [36].

In contrast, outside of equilibrium, the PSD contains new spectral features associated
with non-equilibrium random processes. As seen in Fig. 1.1, each distinct feature
corresponds to a new noise mechanism sucheds[37], electronic transitions
between inequivalent valleys [36], generation and recombination (G&R) processes
[5], or hot electron-phonon mediated velocity uctuations [38].

As can be seen in the gure, certain noise mechanisms only appear in the spectral
density under non-equilibrium conditions. For example, the stochastic exchange of
electrons between the conduction and valence bands via generation and recombina-
tion causes resistance uctuations as the conductivity depends on the number of free



Figure 1.2: Macroscopic electronic noise is underpinned by microscopic scatttering
events between electrons and impurities, phonons, and other electrons. Modeling
electronic noise requires modeling microscopic scattering events. In this work, we
provide special emphasis on electron-phonon interactions (EPIS).

electrons. When the system is in equilibrium, there is no current ow and conse-
guently the G&R and uctuations are not observed in the equilibrium current PSD.

In contrast, when voltage is applied across the semiconductor, these uctuations in
resistance translate into current uctuations which increase the noise spectral density
relative to equilibrium. In addition to the magnitude, the generation and recombi-
nation noise is characterized by a timescale that corresponds to the relaxation rate
of the G&R process. This example illustrates the value of uctuation spectroscopy,
where underlying microscopic processes are studied through their in uence on the
noise characteristics of a material. The timescales and relative magnitudes of each
of these processes can be extracted quantitatively from the shape of the spectral
density, allowing one to directly assess the contribution of di erent noise sources
in a given frequency range. Because the nonequilibrium spectral density contains
information about processes that are not observed in equilibrium, accurately simu-
lating hot electron noise is a more rigorous test of the underlying theory of charge
transport than the calculation of low- eld transport quantities such as the linear
conductivity.

In this thesis, we outline a Boltzmann Transport Equation framework for the rst
ab initio simulations of electronic noise in semiconductors. As seen in Fig. 1.1,
many microscopic mechanisms may contribute to the hot electron noise spectrum
of real materials. In many semiconductor materials, the relaxation time associated
with e-ph scattering is on the order of hundreds of femtoseconds and consequently
phonon-mediated uctuations are typically dominant in microwave semiconductor
devices [38]. In our work, we provide special focus on the non-equilibrium velocity
uctuations induced by one phonon-mediated scattering [39]. Our work represents
an important contribution to thab initio study of electron-phonon interactions.
While conventional e-plab initio simulations are restricted to the "cold" regime,
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where carriers are only lightly perturbed from equilibrium, we have extended the the-
ory to enable simulation of hot carrier phenomena, where the electron temperature
can greatly exceed the lattice temperature. The magnitude and spectral characteris-
tics of the hot electron noise depends on the unique details of the bandstructure and
the kinetic processes that set the rates of momentum and energy exchange with the
lattice in the material. As a demonstration of our method, we compute the spectral
noise power of electrons in two semiconductors of technological interest, GaAs and
Si.

1.2 Experimental characterization of thermal noise in HEMT ampli ers

In the previous section, we discussed how studying electronic uctuations can pro-
vide useful insight into fundamental microscopic processes in materials. A second
objective of this thesis is to develop better understanding of how these uctuations
impact the development of real semiconductor devices, especially those used in
weak-sensing applications. At preseal initio methods are capable of simulat-

ing uctuations in simple systems such as atomically pure, spatially homogeneous,
semiconductor bars. These materials-level simulations will contribute to improved
understanding of fundamental mechanisms that determine noise properties of com-
monly used materials. Furthermore, as recent examples in the transport community
illustrate [40 42], the continued development ab initio calculations may lead to
experimental realization of new materials with novel noise properties.

On the other hand, simulating uctuations in semiconductor devices is far more
challenging since charge and heat carriers in real devices are in uenced by complex
mechanisms such as defect scattering [43], size e ects [44], and re ections at
interfaces [45]. Owing to these challenges, the design and optimization of many
important semiconductor devices has been guided by simple equivalent circuit-level
models of electronic noise such as the Pospieszalski model [46]. These models are
limited in their ability to identify the microscopic sources of excess noise, as will
be discussed in detail below.

In this thesis, we focus on the noise performance of semiconductor devices based
on high electron mobility transistors or HEMTs. Microwave low noise ampli ers
(LNAs) based on HEMTs are a cornerstone of high precision measurements across
diverse elds in science and engineering such as radio astronomy [47, 48] and quan-
tum computing [49 53]. In these sensitive measurements, a cryogenic microwave
ampli er is often the rst stage of the signal processing chain, and consequently
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its noise performance sets the noise oor of the entire apparatus since the noise
contributions of subsequent stages are reduced by the gain of the rst stage. The
noise performance of an ampli er is characterized by its noise temperature; the
ultimate lower limit is set by quantum mechanics and is around 0.3 K at 6 GHz [54],
a common frequency for microwave signal processing.

Figure 1.3: Noise temperature versus frequency of various state of the art technolo-
gies [47, 55 63]. The best modern devices have noise temperatures 3-5 times the
standard quantum limit. Several mechanisms have been proposed to set the practical
noise oor including suppressed shot noise, excess gate leakage, and self-heating.
Chapter 4 will cover our work on assessing the contribution of thermal uctuations

in the gate to the noise gure of modern HEMT amli ers. Image credit: Iretomiwa
Esho.

After decades of development in device fabrication techniques [64 66] as well as
optimization based on microwave circuit design [55, 60, 67 69], HEMT LNASs have
achieved cryogenic noise temperatures approximately 5-10 times the quantum limit
over frequencies from 1-100 GHz, as can be seen in Fig. 1.3. Despite this progress,
applications drive the development of ampli ers with ever-lower noise gures [70].
Consequently, identifying the origins of excess noise in HEMTs is of great practical
interest, as such understanding will enable the design of better devices.

Conventionally, the problem of minimizing noise in transistor ampli ers has been
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approached through the development of equivalent circuit models. The Pospeiszal-
ski FET model is the prototypical example for HEMTs [46]. Under this model, the
noise of the intrinsic HEMT is decomposed into two sources, an input source added
at the HEMT gate and an output source in the HEMT drain. The noise sources
are parameterized by equivalent noise temperajyesd) 3, respectively. Phys-

ically, the drain source is often interpreted as related to hot electron uctuations
in the channel, while the gate noise is assumed to be a purely thermal source at
the ambient temperatujg =) [71]. According to the Pospieszalski model, for a
constant drain current, as the temperature of the device is reduced, the thermal noise
contributed by the gate should scalep$

Although the measured HEMT noise does decrease with base temperature over a
range of temperatures as predicted, at cryogenic temperaturesfekwhe noise
temperature is observed to plateau to values several times larger than expected [72
75]. As the Pospieszlaski model relies on the simple tting of empirical data, it
cannot provide any physical guidance on the mechanisms setting this saturation.
Consequently, at present, the precise origin of excess HEMT noise is an open
guestion. The observed noise temperature plateau has been attributed to a variety
of mechanisms including drain shot noise [76], gate leakage current [55], and self-
heating [72, 77]. Inrecent years, the self-heating mechanism has garnered particular
interest. The typical operating conditions of cryogenic HEMTs require milliwatts

of dissipation through the channel. Recent computational studies asserts that under
these conditions, the thermal resistance of the intrinsic device is substantially larger
than that predicted by di usion theory, and consequently there may be signi cant
local heating in devices operated cryogenically [72]. The concomitant thermal noise
could be responsible for the observed noise plateau.

Predicting the temperature of the active gate region of HEMT devices is therefore
critical in quantifying the noise oor of modern devices. The small sizg ( 100

nm) and buried structure of HEMTSs present unique challenges to conventional ther-
mometery techniques such as IR microscopy [78, 79], micro-Raman spectroscopy
[80 82], or liquid crystal thermography [83]. In particular, IR microscopy can-

not capture the temperature rise of buried layers in the HEMT structure, Raman
spectroscopy typically uses spot-sizes that are much larger than the sub-micron gate
lengths, and liquid crystal thermography requires the preparation of special samples.
In light of these di culties, we employ a method utilizing the diode characteristics

of the HEMT to obtain the rstin situ measurements of the gate temperature and
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thermal resistance as a function of the base temperature and bias. The measurements
indicate that at liquid helium temperatures the thermal noise from the HEMT gate
may be several times larger than predicted by ambient conditions. We conclude that
without improvements in thermal management, self-heating results in a practical
lower limit for microwave noise gure of HEMTSs at cryogenic temperatures.
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1.3 Ouitline of thesis
In this thesis, we seek to expand upon the knowledge of electronic uctuations in
semiconductor materials and devices through both simulations and experiments.

In Chapter 2, we present a novel framework for the rst parameter-free calcula-
tion of electronic uctuations about a non-equilibrium steady state. Prior to this
work, rst-principles simulations of semiconductors have primarily focused on near-
equilibrium transport coe cients. This chapter builds upon the previous transport
theory, providing special emphasis on our extension of the typical "cold electron”
treatment to enable the simulation of carriers heated by an electric eld. We con-
clude this chapter with critical details about the numerical implementation afithe
initio technique.

In Chapter 3, we demonstrate the utility of our approach by simulating uctuations

in GaAs and silicon. In our rst study, we apply the method to the direct computa-
tion of the AC mobility and spectral noise power of warm electrons in GaAs using
rst-principles electronic bandstructure and electron-phonon matrix elements cal-
culated from electronic structure codes. We demonstrate that the spectral features
in AC transport properties and noise originate from the disparate time scales of
momentum and energy relaxation, despite the dominance of optical phonon scatter-
ing. We then demonstrate the method in the more complicated case of hot electron
uctuations in multivalley semiconductors, using silicon as an example material.
This application demonstrates that the accepted level of scattering theory, namely
one phonon-mediated scattering, cannot capture the warm electron tensor and that
incorporating additional mechanisms such as two-phonon scattering will be critical
to obtain an accurate description of noise in such materials.

In Chapter 4, we describe the Schottky diode method for the extraction of HEMT
gate temperature under cryogenic conditions and bias. In particular we demonstrate
evidence that phonon radiation is the dominant mechanism of heat transport in
cryogenic HEMTSs rather than other mechanisms such as bulk di usion. Under the
radiation regime supported by the measurements, we simulate the expected noise
performance of a typical device operating at liquid helium temperatures and evaluate
the thermal contribution of the gate in this limit.

Finally, Chapter 5 summarizes key ndings from the above work and identi es areas
of potential future interest.
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Chapter 2

AB INITIOTHEORY OF ELECTRONIC FLUCTUATIONS IN
SEMICONDUCTORS

This chapter has been adapted, in part, from:

1. Choi?, AlexanderY.,Chend, P. S., Hatanpaa, B. & Minnich, A. J. Electronic
noise of warm electrons in semiconductors from rst principleBys. Rev.
Materials 5, 044603. https://link.aps.org/doi/10.1103/PhysRevMaterials.5.
04460 (4 Apr. 2021).

Contributions A.Y.C. wrote the Python backend for Boltzmann Transport
calculations, performed the data analysis, made the paper gures, and wrote
a majority of the manuscript.

First-principles simulations are important tools in the study of charge transport and
carrier dynamics in semiconductor materials. The objective of naangitio stud-
iesisto rstbuild a basic model of the relevant physics in a given material, and then
to iterate on this model by comparing simulated observables to measurements. In
this strategy, more sophisticated mechanisms are incorporated consecutively until
the re ned model of the physical processes in the material can reproduce all desired
observables. There are two principle advantages of perforafimgjtio simulations

in parallel to experiments. First, the computation provides access to microscopic
variables that would be di cult to access with measurements alone. As such,
these studies may contribute insights into the hidden microscopic mechanisms that
underpin observed phenomena in materials. Second, simulations that accurately
reproduce experimentally measured observables provide veri cation that the under-
lying physical model is an accurate representation of the transport processes in the
material. Therefore rst-principles studies often set the standard for the accepted
level of theory of charge transport, bandstructure, and scattering in a given material.

In this chapter, we describe a method fordhanitio computation of electronic noise

in semiconductors using the Boltzmann Transport Equation (BTE). We begin by
discussing the historical treatment of uctuations that has culminated in our e orts.
Next, we outline our use of the BTE and derive transport quantities such as the AC
and DC electrical conductivities. Special emphasis is given to how our technique
moves beyond the "cold electron” approximation typical in prevadumitio works.
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Finally, we obtain an expression for the current uctuation autocorrelation function
in terms of the solution to the BTE and use the Wiener-Khintchine Theorem to
obtain the noise power spectral density. To conclude this chapter, details critical to
the numerical implementation of the method are provided.

2.1 Background

Charge transport in semiconductors is a topic of fundamental and practical interest
with a well-established theoretical foundation [84, 85]. In many cases, a su cient
understanding of the relevant physics at both low and high elds can be achieved
using the Boltzmann equation with semi-empirical scattering rates [3, 26, 86, 87].
Unfortunately, in many other cases, these semiempirical descriptions can fail to
capture the complexity of real materials and often rely upon tting parameters
of ambiguous physical interpretation. Under these circumstances, a more precise
description of the electronic transitions induced by phonons and other perturbations
is required. Such a description is now possible owing to advances in electronic
structure codes that enable #ieinitio computation of the transition matrix elements
given by Fermi's golden rule performed in conjunction with the numerical solution
of the Boltzmann equation describing carrier dynamics [14, 25, 88, 89]. While
method development is ongoing, these calculations are now routine for various
semiconductors including Si[31, 90, 91], GaAs [34, 92, 93], phosphorene [88], and
others [32, 94 97].

In contrast to transport, an equivalenttreatmentof uctuations from anon-equilibrium
steady-state is lacking, despite the experimental accessibility of electronic noise [38,
98] and its importance in applications [99]. One system of theoretical and prac-
tical interest is the nondegenerate free electron gas. In equilibrium, closed-form
analytical relationships link the Ohmic conductivity, free-electron di usion, and
power spectral density of uctuations. In particular, the Price relationship links the
free-electron di usion and the spectral noise power [13] while the Nyquist Law,
which is a speci c realization of the more general uctuation-dissipation theorems,
relates the spectral noise power to the linear electrical conductivity of the material
[5, 6, 100].

Nyquist Law of thermal uctuations from an equilibrium state

Nyquist's original formulation of the law is the result of a simple thought experiment
based on lumped-element circuit models as shown in Fig. 2.1 [6]. In Circuit I,
Nyquist considered two identical resistors in thermal equilibrium and connected
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Figure 2.1: The original derivation of Nyquist's Law is a thought experiment
utilizing three lumped element circuit models [6]. By combining Circuits | and

Il with the Second Law of Thermodynamics, Nyquist inferred that the equilibrium
thermal noise power is a universal function of temperature, resistance, and frequency.
By applying the classical equipartition theorem to Circuit 1ll, Nyquist derived the
speci ¢ form of the noise power for a single resistive element.

via lossless transmission lines. In such a case, because the resistors are in thermal
equilibrium, the emitted noise power from each resistor is identical to that received
through absorption from the other resistor. Nyquist then considered Circuit Il, in
which a resonant circuit is introduced between the conductors such that the power
transmitted in a given frequency band is attenuated more than any other band. In
such a case, the addition of the circuit would create a mismatch between the power
received by the two resistors and one would heat the other. Since this situation
would violate the Second Law of Thermodynamics, the power exchanged between
the resistors must be equivalent in every frequency band. From Circuits | and
II, Nyquist concluded that the electromotive force due to thermal agitation in the
conductors is a universal function of temperature, frequency, and resistance alone.

Finally, to determine the form of the universal function, Nyquist considered the
network shown in Circuit Ill. At a speci ed temperatuye each resistor generates

a noise voltage that propagates down the transmission lines of lengththe
transmission line is characterized by an impedance equivalent to the resistance
', the power emitted from each resistor is completely absorbed by the other and
standing waves form along the transmission lines with frequergies<E2;° 1,
where< = 1-2-3eesandEis the propagation velocity in the line. In a given frequency
interval 5, the number of vibrational modes can be expressed asE 12; 5.

Under the classical equipartition theorem, each degree of freedom contributes energy
=1+2: ) ,where: isthe Boltzmann constant. Accounting for both the magnetic
and electrical degrees of freedom, the noise power contributed by the two resistors

can be expressed 8=2=C 1 =2: ) 5 whereC=E 1;.
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From simple circuit analysis, the instantaneous current in Circuit,litan be
expressed in terms of the noise voltage on a single res#ster E-+2' . The
power contributed by the single resistor is therefége= B4 . Combining this
expression with that of the total noise power, the spectral noise power of a single
resistive element is expressed as [101]:

(e=B 51=4: )% (2.1)

This expression, commonly referred to as the Nyquist Law, speci es the spectral
density of thermal uctuations in a conductor as the simple product of the resistance
and the temperature.

Fluctuations from a non-equilibrium steady state

Outside of equilibrium, Eqgn. 2.1 no longer applies and kinetic coe cients such as
the spectral noise power must be computed with another approach. The theoretical
description of uctuations about a non-equilibrium steady-state has a long history.
While the Nyquist and Einstein relationships are not valid outside of equilibrium,
for a certain class of systems, the link between transport and uctuations persists.
In 1935, Leontovich used kinetic theory to examine velocity uctuations of a non-
equilibrium gas [102]. Around 20 years later, studying the motion of forced gaseous
ions, Wannier established the de nition of a di usion coe cient for transport about

a non-equilibrium but steady state [103]. Hashitsume considered a microscopic
description of occupancy uctuations about a steady distribution using the Fokker-
Planck equation with a random source term [104]. In analogy with earlier works
on uctuational Maxwell equations, Kadomotsev introduced Langevin sources into
the Boltzmann equation [105]. Shortly thereafter, Price derived that for spatially
homogeneous uctuations, a uctuation-di usion relation links Wannier's di usion
coe cient to the spectral density of current uctuations even outside of equilibrium
[36]. For this reason, the non-equilibrium noise at frequencies small compared
to scattering rates is known as di usion noise. In the same year, Lax formulated
preceding theory into a general kinetic theory of uctuations for a Markovian system
[106]. Throughout the 1960s, Gantsevich and co-workers applied Lax's kinetic
theory to dilute gases for which the evolution of the one-particle distribution function
is governed by the linear Boltzmann Equation [107]. Their technique, termed the
method of moments, demonstrated how to compute the spectral density of current
uctuations using only the solutions of the linear Boltzmann equation. Concurrently
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with Gantsevich, starting from Kadomotsev's Boltzmann-Langevin equation, Kogan
and Shul'man developed a Langevin treatment of the current density uctuations
[108]. Lax, van Vliet, and Kogan and Shul'man independently con rmed that the
method of moments and the Langevin approach are equivalent [109 111].

As computational resources became increasingly available, numerical implementa-
tions of the methods described above permitted computations of electronic noise
for both warm () ¢)o 1) and hot () *)p 1) electrons, where) is the
steady-state temperature rise of the electrong gmslthe lattice temperature. Due

to the lack of knowledge of the precise transition rates between electronic states,
these studies employed simpli ed band structures and parameterized models for
scattering such as deformation potential theory for acoustic phonon scattering [112,
113]. For example, Stanton and Wilkins obtained the Green's function of the Boltz-
mann equation under the single-mode relaxation time approximation, demonstrating
gualitative agreement with experiment in GaAs for one [114] and two [115] val-
ley systems. Numerous Monte Carlo simulations reported calculations of current
spectral densities in Si [112, 116 120], GaAs [117, 121, 122], and other semicon-
ductors [123 126]. These works employed various approximations such as Debye
acoustic phonons, dispersionless optical phonons, and spherical approximations for
electron conduction bands. With empirical knowledge of band structure parameters
such as e ective mass and approximate relaxation times, reasonable agreement with
experiments was reported [112, 116 121, 123, 127, 128]. More recently, these
methods have been extended to heterostructures and have provided insight into the
design of low noise devices [129 131]. While such semi-empirical studies with
parameterized models can provide an adequate description of the physics of interest
in certain cases, they su er from restrictions not foundaim initio studies. The
principle limitation is that it can be di cult to dis-entangle the precise balance of
competing noise mechanisms in the high-dimensional parameter spaces common in
MC, as the parameters that drive the models are often chosen ad lancbasis

to provide the best match to experimental results. Consequently such studies are
not predictive and are necessarily restricted to materials for which mature empirical
models of the dominant scattering mechanisms are available. It is therefore natural
to consider how advances in thab initio calculation of mean transport quantities

[14, 25] can be applied to the non-equilibrium steady state.
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In this chapter, we present ab initio theory of electronic noise for non-degenerate
semiconductor materials. The formalism provides the spectral noise power and both
DC and AC transport quantities without any adjustable parameters. Our method
provides a parameter-free view of the microscopic transport processes responsible
for electronic uctuations in semiconductors and will advance fundamental studies
of carrier transport and applications of low noise semiconductor devices.

2.2 The Boltzmann Transport Equation

A hierarchy of transport models is available for the simulation of carrier dynamics
in materials. At the atomistic extreme are molecular dynamics (MD) methods,
in which the positions and momenta of individual charge carriers are simulated
over time under a governing equation such as the many-body Schroédinger equation.
On the other hand, at the macroscopic extreme are continuum models such as the
drift-di usion equations, which treat the bulk motion of carriers hydrodynamically
rather than the individual carriers themselves. Selecting the appropriate model often
constitutes a trade-o between the resolution of MD models and the computational
simplicity of hydrodynamic treatments. In the present study, we use the Boltzmann
Transport Equation as a mesoscopic intermediate between these extremes.

The BTE is a framework that describes the behavior of non-equilibrium particle
ensembles under external forcing [27]. In particular, the BTE tracks the evolution
of the non-equilibrium distribution function in time, space, and momenta. Because
the BTE simulates the statistics of a representative particle through its probability
distribution function rather than tracing the motion of each carrier in the population,

it can be used to model practical systems at carrier numbers that would be computa-
tionally infeasible for MD methods. Simultaneously, the BTE provides resolution at
the level of the charge carrier, and quanti es the in uence of microscopic quantities
such as the mean free paths and scattering rates which are inaccessible to hydrody-
namic methods. These qualities inform our choice of the BTE as the appropriate
governing equation to model electronic uctuations in semiconductors.

The BTE is typically expressed as an integro-di erential equation in space, time,
and momenta. A rigorous derivation of the BTE is beyond the scope of this thesis
but is available in the literature [132, 133]. For electrons in a semiconductor, the
BTE can be written:

m 8xk—-€

— V Iy 5%k-€, \E Ik SIXxK—C=1» 5/ (2.2)



19

where5is the non-equilibrium particle distribution functianis the position vector,

k is the crystal wavevector, aiidk time. The left-hand side of the BTE describes the
kinematic evolution of the distribution function over time under spatial gradients
r x and external body forceS. In addition to kinematics, scattering events and
collisions may also introduce changes to the distribution function. The in uence of
these events is captured in the right-hand side of the BTE in the collisior te Bk
Although in general, the BTE is di cult to solve due to its high-dimensionality,
under the appropriate approximations, it can be a powerful tool for simulating
transport and uctuations in semiconductor systems. In the next section, we derive
closed form expressions for transport and uctuation observables in non-degenerate,
spatially homogeneous semiconductors in terms of solutions to the BTE.

2.3 Calculating steady-state transport observables with the BTE
We begin by reviewing thab initio treatment of steady-state transport using the
BTE and set the notation to be used henceforth. Consider a non-degenerate, spatially
homogeneous electron gas subject to an external electricEeldrhe system is
governed by the following Boltzmann equation:

ms O 4Ewms,

mC’W\

=1» 5% (2.3)

Tw

Here, we have neglected the time and spatial derivatives of Eqn. 2.2 and shifted the
explicit dependence on band and wavevector to an irdex5k is the distribution
function that describes the occupancy of the electron state with wave \eatat

band index<, 4 is the fundamental chargg,is the reduced Planck constant, and
W= G- H-ldexes the crystal axes. In the steady case, the transient term vanishes,
and we denote the solution of the resulting equatio@qu The collision integral,

| , describes the scattering rates between electronic Bloch statesid<%° In
general, the collision integral is a nonlinear functional of the distribution function
given by Fermi's Golden Rule [84].

In many problems, a good approximation is that the Boltzmann equation can be
linearized about an equilibrium distribution a’fk 5<Ok . Sk, where 5y

is the change in occupation due to the electric &delative to the equilibrium
distribution 5£k. Under the non-degenerate assumptili?p(, is well approximated

by the Maxwell-Boltzmann distribution. With this substitution and retaining only



20

terms linear in %, the Boltzmann equation becomes [86]:

O 4Eym s, © O 4gym
\— K , <k<%0 Sqo= \— ﬁ (2.4)
W rnW < KO0 W rT:]W
where <k<xois the linearized collision integral.
2c O . .2 o o
<k< k0= NV J6<k—<k qi” XNk \l ag Nca ¢ a<, X, \l ag < ¢° o018
< Ogq
(2.5)

Here,b<k_«xo is the electron-phonon matrix element coupling electron st&téo
another electron state%®= <% , g via emission or absorption of a phonon with
wave vectorg, polarizationa, and occupancy 5q given by the Bose distribution.

N is the total number of-points. The linearized emission and absorption weights
are:

wB= B, 1 0 8o¥g, B

(2.6)

018= &g, B)°  Rq'#q, 1 F O
TheX-functions of Eqn. 2.5 are representative of the requirement for the conservation
of energy associated with the transition. The conservation of crystal momentum is
implicit in the sum ove@phonon wavevector, as only modes conserving momentum
are calculated. Note that in Egn. 2.4, we have moved the collision integral to the
left-hand side and de ned Eqgn. 2.5 without the usual minus sign to simplify the
following expressions.

Warm electron scattering via one-phonon processes

As discussed in Ch. 1, in this thesis, we focus on the simulation of electronic uc-
tuations induced by phonon-mediated scattering. The scattering matrix presented
above is calculated from the lowest-order terms in the perturbation expansion of
the electron-phonon interaction [25]. As formulated k<o represents the scat-
tering events mediated by single phonon emission or absorption event, and is
therefore termed the 1ph scattering matrix. Although expansion to the leading order
is often su cient to obtain reasonable approximation of the physics, and in many
well-studied materials such as Si [90JloS, [31], and GaN [94], 1ph scattering
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Figure 2.2: The scattering matrix used in this thesis is a lowest-order expansion

of the electron phonon interaction in solids and therefore accounts for the simplest

form of e-ph scattering, that mediated by the emission (1e) or absorption (1a) of a

single phonon with momentum Higher-order perturbation expansions are needed

to capture phenomena such as two-phonon (2ph), which include one emission, one
absorption (1ela), two absorption (2a) and two emission (2e) transitions. Calcula-

tions of two-phonon processes are computationally challenging owing to the larger

phase space, as the intermediate states in the transition are not con ned to the
bandstructure. Figure adapted from Ref. [93].

is conventionally understood to dominate charge transport processes On the other
hand, next-to-leading order e ects such as two-phonon scattering are known to be
important in certain classes of materials such as polar semiconductors [39]. The
rst-principles calculation of these higher-order processes is non-trivial. For exam-
ple, in the calculation of two-phonon mediated-processes, the number of Feynmann
diagrams expands to include the emission-absorption (1ela), emission-emission
(2e), and absorption-absorption transitions (2a) depicted in Fig. 2.2. The phase
space associated with two-phonon scattering is much larger than that of one-phonon
processes, as the intermediate scattering state is not con ned to the bandstructure
shell. To account for these new processes, one must perform computationally ex-
pensive Brillouin zone sums over two sets of crystal momenta corresponding to each
phonon (for more detail see the Results section of [93]). Owing to these challenges,
in the present study, we restrict ourselves to the investigation of uctuations induced
by the 1ph scattering captured by k< o.

As a further simpli cation, one may restrict the electric eld to values where
Xk 5<0k so that the linearization of Eqn. 2.4 is valid. However, in the typatal

initio treatment of transport, the electric eld is further assumed to be small enough

suchtham %¢em,, m Sk- m,, allowing % to be obtained by an iterative method

with only knowledge of <k<oo and the equilibrium distributiorsfk [25]. In the

present problem, the eld is su ciently large such that 5gem, m Sk-mwand

the neglected derivative terrm &em,, must be included. This approximation

was originally denoted as the "warm electron’ approximation since the excess energy
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of the electrons over the thermal value can be non-zero while remaining small on that
scale [87]. Section 4.2 contains more information about the numerical evaluation
of the non-equilibrium drift operator in GaAs.

To treat the drift term numerically, we employ a nite di erence approximation:

O 4gym 52 O 45,0
— =k \— <k< KW X0 (2-7)

" <0

where the momentum-space derivative is approximated using a nearest-neighbor

central-di erence scheme [134, 135]. Under this scheme, the momentum term can

be approximated to rst order as:

@) 0
<k<kow xq0= 1 Qg p 5k°F1b (2.8)
<o b
whereb is the distance vector linking the reference point to nearest neighbors and
F 1 is a weighting factor that obeys:
o)
Fi 18183 =Xy (2.9)
8
whereU andVrepresent crystal axes of the system. A representation of the nearest
neighbors linked in the nite di erence scheme is shown in Fig. 2.3.

With these de nitions, the steady Boltzmann equation becomes:

© 0 O 4 O 4
<k<®0 O = <k<®QLW <k<k0 XK= —VVE<k_v53k

<o W <0 \ w
(2.10)

Here, we have analytically expanded the gradient of the equilibrium Boltzmann
distribution on the right-hand side as:

msk _ \E<k— i
- k

= (2.11)

w

where Ec is the group velocity and ) is the thermal energy. <k<xo is de-
ned as the relaxation operator that combines the drift and scattering operators.
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Figure 2.3: The central di erence scheme used to approximate the momentum
derivative in Eqn. 2.8 relates the local derivative to the value of the distribution
in the nearest neighbor states. The dashed lines represent the distancé vector
The central di erence approximation enables us move beyond the typical "cold-
electron” approximation and treat electrons that have been heated above the lattice
temperature.

Equation 2.10 shows that the steady Boltzmann equation is now a system of lin-
ear equations. The solution,%, can be written symbolically using the inverse
relaxation operator:

R

o AEw
Xk = ke 80 Ty SERRVE (2.12)
<O W

Once the solution vector is calculated, transport properties such as the electrical

conductivity can be de ned using the steady distribution. In particular, the linear
DC conductivityf gﬁjcan be expressed as:

242 O 6 1
. ) VO E<k—U 1 <k< q(OE<q(O—\/iOq(OO (2.13)
. <0

f %=
<k
where the factor of 2 accounts for spin degeneracy \gds the product of the
unit cell volume and the number of cells, or the supercell volume. The eld
is applied along theV axis and the resulting current is measured alonguhe
axis. The conductivity of Eqn. 2.13 is typically calculated in the cold electron
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approximation for whichm &yem,, m Qk-mw This cold electron conductivity
is thus independent of the electric eld and is only a valid description of transport
for small perturbations from equilibrium such that the above approximation is valid.

For su ciently large elds thatm &yem,, m8$,+m,, the DC conductivity de-
pends on the electric eld and is de ned with the relaxation operator:

~ ~

242 O .
Eck-u <k< okoE<Q<0—V$q<o (2.14)
<

f UVE® =
1) Vo 30

<k

Another important transport quantity, the AC small-signal conductif/l'g(, de-
scribes the linear response of the system about a non-equilibrium steady-state to a
transient electric eld [38]. With the steady distributiﬁk beingsetbyaDC eld&E

as described above, an AC eld perturbation along crystal\AKEW C = XEwd®'C,
induces a uctuation of the steady distributiohg 1@ = X 5,1l °48'C. The re-
sponse of the system to such a uctuation is governed by the Fourier transformed
Boltzmann equation:

© O HEwmF,

18l 1, OckexoXHgo=
<o w \ My

(2.15)

Here,l is the identity matrix andl is the angular frequency. The uctuation in the
distribution function induces a current uctuation about the DC value, given as:

240
X9=—  ExuX5* (2.16)
Vo
<k
The small-signal AC conductivity is de ned as the linear coe cient relating the
current density variation to the perturbatitbrﬁj,V X9 XEy. Anexplicitexpression

for AC conductivity can be obtained by combining the above expressions:

@) 0 0
2" Eww 81, o AEWM Sy
- s <k< %0
k < KO0 W \ m\(}\/

f |

= — 2.17
uv VOXEV 3 ( )

At equilibrium the steady distribution reduces to the equilibrium distribuﬁﬁp:
5<°k, the kinetic operator reduces to the scattering operatais 0 = <k<xo. By
examining Eqg. 2.13 and Eq. 2.17, we see that at equilibrium the zero-frequency

di erential conductivity is equal to the linear DC conductivity,;°*E = 0° = f 87
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2.4 Calculating uctuations about a non-equilibrium steady state with the

BTE
The previous section demonstrates how the BTE can be used to compute the transport
guantities that characterize the bulk linear response of the system to the perturbations
induced by an electric eld. Inthis section, we now extend this treatment to consider
uctuations about a non-equilibrium steady state induced by the stochastic nature of
charge carrier scattering. Suppose that the steady state distribij‘gdsn known.
Just as in equilibrium, uctuations in the instantaneous occupation of the quantum
states occur. Microscopically, these uctuations arise because of the stochastic
nature of the scattering described byk<xo. At steady state, detailed balance
requires that the mean ux of particles into every quantum state is zero. However,
the ux of particles into or out of a quantum state is a Poissonian process and is
characterized by a variance. Therefore, the instantaneous net ux into a quantum
state is in general non-zero due to instantaneous imbalance between the incoming
and outgoing uxes [4]. Consequently, the occupancy of quantum states uctuates
under both equilibrium and non-equilibrium conditions.

In the macroscopic limit at which uctuations are observed in the laboratory, these
distribution function uctuations appear as instantaneous current uctuations, or
equivalently, as electronic noise. A non-random characteristic of these uctuations
is the spectral density of current density uctuations, which represents the squared
sum of the deviation's Fourier components over an in nitesimal frequency range.
The Wiener-Khintchine Theorem relates the power spectral density to the single-
sided Fourier transform of the autocorrelation of the current density uctuations
[38]:

1
1

(g9t © TX9XQ =2  X9ICX 94 &43C (2.18)
1

where the overbar indicates ensemble average over all microscopic states in the
system.

Just as the macroscopic transport variables can be calculated in terms of the
mean occupation functions, one can express the uctuations in the same macro-
scopic quantities to microscopic uctuations in the distribution function. Following
Ref. [4], we now consider random uctuations about the non-equilibrium steady
state, X 5k1C = 5 (1C 5<Bk. In contrast to the uctuations associated with the
small signal conductivity described in Eqn. 2.17, these uctuations are induced by
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the stochastic nature of scattering rather than an external perturbation. The corre-
sponding current density uctuations can be expressed in terms of the uctuation in
the distribution function as in Egn. 2.16.

It follows that the ensemble average of the correlation function of instantaneous
current uctuations along axdgandV, X 91CX 9, can be expressed in terms of the
correlation function of the occupancy uctuation§ak*CX 3 k,:

247 6 0 —
XQICX9= EokoUB< k- WX BKICX B, e  (2.19)
0 <k <ik
Equation 2.19 shows that computing the spectral density of current density uctua-
tions requires calculating the correlations of single-particle occupancy uctuations
X5k1CX q,k,. This function is known as the time-displaced, two-particle correla-
tion function [4]. Through a quantum statistical mechanical treatment, Gantsevich
and coauthors have demonstrated that the time-displaced, two-particle correlation
function obeys the same Boltzmann equation as the uctuation itself [107]:
m - é
Eg kCXQ, , <k< k0 X 290tCX 5k, = Oe (2.20)
< KO

This result is surprising initially, but a simple physical interpretation helps to make
matters clear. The correlatio5,*CX 5, is a smooth function of time that
describes the average time evolution of a uctuatéfy,. The system does not
distinguish between stochastic uctuations and deviations from equilibrium induced
by macroscopic external perturbations. Therefore, it should not be surprising that
the regression to a steady state is governed by the Boltzmann Equation in both
cases. The importance of this result cannot be overstated. We have seen previously
that quantifying the noise of the system requires calculating the correlation of
occupancy uctuations. Equation 2.20 indicates that the simulation of uctuations
can be performed with only the information needed to describe the relaxation of
the carriers to a steady state [106]. The physical intuition behind this argument
is essentially an extension of Onsager's regression hypothesis to non-equilibrium
systems (in particular, see Sec. 1 of Ref. [4]).

Solving Eqn. 2.20 requires the speci cation of an initial conditidfgooX 3k, ,
which is known as the one-time, two-particle correlation function. For a non-
degenerate system with a xed number of partigleshis requirementwas identi ed
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by Fowler [136] and Lax [106] as the standard problem of distributing indistinguish-
able balls into labeled boxes, and can therefore be described using the multinomial
distribution. For correlations between states labeled by band and wavevector, the
condition is expressed:

Xk &1k1
#

where the second term on the right-hand side indicates that a correlation exists

X5kx5lkl = &k)@kl)Q<l (221)

between occupancies due to the xed particle number. It should be noted that in the
degenerate limit, two-particle collisions among charge carriers introduce additional
correlation between the states. In principle, this correlation can be accounted for
through an additional term in Eqn. 2.21 (see Ch. 3 in [38]), but is beyond the
scope of present work. For the non-degenerate systems of present interest, one
cam combine the initial condition for the correlation, Egns. 2.18, 2.19, and 2.20, to
express the spectral density of current uctuations explicitly in terms of solutions to
the Boltzmann equation. For a single band, we drop the band index to get:

24 20
XX = V- B-UB-VI X RX R, * (2.22)
0
kK1
As with the current density, the spectral density of distribution function uctuations
is related to its analagous correlation function by Fourier transform:

1
1

IXBX RO = 1 X R1CX k, e &C3Ce (2.23)

Constraining the solution to timeS j 0 and employing the familiar stationarity
property of the correlatioiX 5k CX%  X5k!G CXE{,1C = XK ICX5y, it
follows that the spectral density can be expressed as:

o .
IX EX RO =2< 1811, 9 XRoXR * (2.24)
kO

Combining Eqns. 2.21, 2.22, and 2.24, we obtain the following expression:

o2 O 0 0 oB cB
(9t °=2 Vo < Bu 18I, %%  Bq-v 5%,
k kO k1
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In practice, the numerical evaluation of Egn. 2.25 is simpli ed by performing the
integral over the initial momentum stake analytically.

242 O _ O
(g9l °=2 Vo < Bu 181, °k 5¥Eay +P (2.26)
k kO

Here,+vy is the drift velocity along th&/axis de ned as:

10 .
=2 B (2.27)
k

i _ .
where# = | & is the total particle number.

From Eqn. 2.26, it follows that calculating the spectral density of the current uc-
tuations requires solving the inhomogeneous Boltzmann equation twice. First,
the steady occupation function must be obtained using Eqn. 2.12. Then, the
Boltzmann equation is solved again with inhomogeneous t@ﬁ‘ﬁi_v +\° with

5<Bk SBk . Sk. The appropriate Brillouin zone integrations are then performed
to calculate the power spectral density.

Recovering Nyquist Law from the BTE
As a check of the above derivation, consider an equilibrium system for ityjehO
and+y= 0. The equation is simpli ed a§"= 5? and o= ko. Then, we have:
242 0 C
(qolE=00=2 — < Beu 1811, 5By (2.28)
Vo K kO

With the same simpli cations, the equilibrium AC conductivity from Eqgn. 2.17 is:
242 O

flAE=0°=—" B_ygsll, o}k mﬁ). (2.29)
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Combining the above expressions, we obtain the familiar Nyquist relationship [6]:

(%3,1E=0°=4%<»f L FE = 09%, (2.30)

This relationship is formally valid only in equilibrium, but remains approximately
true in the “cold’ electron regime for whign 5, em  m8 emand &« &,
such that ko kko and 5<Bk 5<Ok.
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The theory presented above represents a method for thabratitio calculation

of the power spectral density of current uctuations in semiconductors. Our tech-
nique moves beyond the "cold electron" approximation typical in pre\abusitio

works by incorporating a nite di erence approximation for the drift operator in

the Boltzmann Transport Equation, thus permitting the simulation of warm and hot
electrons. Briey, this method is an appropriate description of uctuations about the
nonequilibrium steady state under the same conditions for which the semiclassical
Boltzmann Equation is valid. These conditions can be summarized in two points
[27]. First, it is assumed that collision times are su ciently brief such that they
may be considered instantaneous compared to any relevant time scale in the system.
Second, it is assumed that collisions are su ciently infrequent such that they may
be considered statistically independent of each other. For the non-degenerate carrier
gas systems of present interest, these dilute gas assumptions are valid and the above
method is suitable. To conclude this chapter, we describe details critical to the
numerical implementation of the theory.

2.5 Numerical implementation of simulations

We now describe the implementation details to compute the spectral noise power
and other quantities using the theory from Ch. 2. In particular, in the next chapter,
we provide the results of these computations in GaAs and Si. The inputs to the
Boltzmann equation are the electronic structure and electron-phonon matrix ele-
mentsb< k-« _q calculated using electronic structure packages. First, the electronic
structure and electron-phonon matrix elements for both GaAs and Si are computed
onacoars@ 8 8grid using density functional theory (DFT) and density func-
tional perturbation theory (DFPT), respectively, wnantum Espresso(QE) [29,

137]. These quantities are then interpolated to ner grids using Wannier interpola-
tion with Perturbo [30]. Perturbo includes corrections for polar materials that
are necessary in GaAs [138].

The electronic structure calculations using QE employ simulation parameters that
are routine in the literature as in Ref. [92, 139]. Briey, in GaAs use a plane wave
cuto of 72 Ryd and a relaxed lattice parameter of 5.556 A while in Si we use a
cuto of 40 Ryd and a relaxed lattice parameter of 5.43 AA. We set the Fermi
level to obtain a carrier concentration of 2@m 2 in GaAs and10'6 cm 3 in Si
corresponding to a non-degenerate electron gases. We consider only conduction
band electronic states within an energy cuto above the conduction band minimum
(CBM) of 335 meV in GaAs and 300 meV in Si. These energy windows are larger
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than the window used in typical electron transport calculations since the present
calculations allow the electric eld to heat the electrons, leading to occupation
at higher energy states. Further increasing the energy window by 50 meV had
negligible e ect on the observables of interest like spectral noise power.

In Perturbo , we use a grid o200 200 200in GaAs andl00 100 100in

Si for the Wannier interpolated electronic structures and electron-phonon matrix
elements. The transition rates of Egqn. 2.5 are calculated at 300 K. For warm
electrons in GaAs, we consider convergence by determining the change in the
spectral noise power at the maximum electric eld for which th& g 53k
assumption is satis ed. Numerical experimentation shows that this condition is
satis ed forE . 800 Vcm L. The spectral noise power at 88m ! using the

200 200 200grid di ers by less than 1% from the value obtained on a grid with
twice the number of grid points. The delta function in the electron-phonon matrix
elements is approximated with a Gaussian with a 10 meV broadening parameter in
GaAs [92] and 5 meV in Si [30]. Decreasing the broadening to 6 meV in GaAs
changed the spectral noise power at 80m * by less than 3%.

While Perturbo performs the Wannier interpolation for the electron-phonon inter-
action on ne grids [135], it does not explicitly construct the collision matrix of
Eqgn. 2.5. Instead, the mobility is computed using an iterative scheme under the
cold-electron approximation [25]. We found that this iterative method was numeri-
cally unstable for the warm electron case. We instead solved the linear system using
the Generalized Minimal Residual (GMRES) algorithm as implemented in the Sci-
enti ¢ Python library [140]. The matrix was constructed by modifyiRgrturbo

to output the elements of Eqn. 2.5.

As described earlier in Ch. 2, the cold electron approximation that is typical in
previous works presumes that 5.genk = m Sk-nk. Numerical analysis in GaAs,

as shown in Fig. 2.4 has revealed that in the eld range of present interest, the
momentum-space derivative of the deviational occupatmanigenk, is large
compared tom Sk-nk. Consequently, as described in Sec. 2.4, the derivative
term corresponding to particle drift in an electric efitlis approximated by a nite

di erence matrix. In this treatment, boundary conditions must be applied to points
that do not have a full set of rst-nearest neighbors. To do so, we assume that these
points have zero occupation by removing the contributions of these states to the
nite di erence matrix. The energy window is selected to be su ciently large such
that these boundary states indeed have negligible population, which ensures that
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Figure 2.4: Ratio of the non-equilibrium drift operator to the equilibrium drift
operator for GaAs at 30R. The cold-electron approximation is appropriate in the
range of elds for which the ratio of the operators is much smaller than one. At
even modest elds such 800 Vcm 1, the non-equilibrium drift operator rapidly
exceeds its value in equilibrium, necessitating the warm electron-treatment applied
here.

scattering induced by the collision matrix k< oo for these states can be neglected.

With the collision and drift matrices computed, we then construct the relaxation
operator <k<xo, Eqn. 2.10. The steady-state distribution is obtained by solving
the resulting linear system given by Egn. 2.12. We then solve Egn. 2.26 with the
inhomogenous term constructed from the previously computed steady-state distri-
bution as input. For this second Boltzmann equation, we includ@ a&rm on the
diagonal of the linear system which corresponds to the Fourier transformed time
derivative. Finally, the spectral density is computed as a Brillouin zone integration
over the distribution that solves the second Boltzmann equation. The calculation of
the AC mobility proceeds in a similar way as for the steady distribution except with
the addition of the3l term.
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Owing to computational limitations, we account for rst-order electron-phonon
(1ph) processes and neglect higher-order interactions that are reported to play a role
in polar semiconductors [93]. Also, recent studies report the e ect of quadrupole
electron-phonon interactions on electron transport [141, 142]. In particular, the
work of Ref. [142] predicted a signi cant correction to the mobility in GaAs limited

by acoustic mode scattering. Our calculations were performed at 300 K at which the
scattering is dominated by polar optical phonons, and so we neglected quadrupole
interactions. Further, we ignore the e ect of spin-orbit coupling, as spin-orbit
interactions in silicon are weak and thus do not have a signi cant e ect on transport
properties like mobility [90]. Similarly, for our work in Si, quadrupole electron-
phonon interactions were neglected, as they are reported to provide only a small
correction to silicon mobility at room temperature [143].
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Chapter 3

FIRST-PRINCIPLES SIMULATIONS OF NONEQUILIBRIUM
ELECTRONIC FLUCTUATIONS IN GALLIUM ARSENIDE AND
SILICON

This chapter has been adapted, in part, from:

1. Choi?, AlexanderY.,Chend, P. S., Hatanpaa, B. & Minnich, A. J. Electronic
noise of warm electrons in semiconductors from rst principlebys. Rev.
Materials 5, 044603. https://link.aps.org/doi/10.1103/PhysRevMaterials.5.
04460 (4 Apr. 2021).

Contributions A.Y.C. wrote the Python backend for Boltzmann Transport
calculations, performed the data analysis, made the paper gures, and wrote
a majority of the manuscript.

2. ChoV, Alexander Y., Hatanpa$ B., Cheng, P. S. & Minnich, A. J. Nonequi-
librium transport and uctuations of hot electrons in Si from rst-principles.
In preparation.

Contributions A.Y.C. wrote the Python backend for Boltzmann Transport
calculations, performed the initial set of calculations, performed data analysis,
and wrote half the manuscript.

As described in the previous chapter, computation of electronic noise in semicon-
ductors can provide useful information about materials that would not be available
from conventional simulations of low- eld transport quantities. In this chapter, we
describe our calculations of both transport and uctuation quantities using the theory
outlined in the previous chapter. Our work represents a substantial advancement in
ab initio studies of materials. In particular, we move beyond the "cold-electron™ ap-
proximation typical in low- eld studies and provide the rst calculations of transport
and spectral noise power in carriers that are heated above the lattice temperature.
Further, our method provides a means to go beyond semi-empirical models for
electronic noise, allowing us to identify the microscopic mechanisms responsible
for electronic uctuations in a predictive manner. By applying our method in
well-studied semiconductors and comparing simulated transport and uctuation ob-
servables to experiment, we evaluate the standard for the accepted level of theory of
charge transport, bandstructure, and scattering in these materials.
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We present our results in two major parts. In the rst section, we apply our method
to warm electrons in GaAs. Using the nonequilibrium distribution function, we
calculate the warm electron DC and AC mobilities and demonstrate that the method
provides good comparison to experimental measurements of the heating. By cal-
culating the uctuations, we show that the anisotropy and spectral features of the
noise power in GaAs can be explained by the disparate timescales of momentum
and energy exchange with phonons, even though scattering is dominated by the
highly inelastic polar optical phonon scattering mechanism. Next, we extend the
methodology to hot electrons in silicon. In contrast to single valley, direct-bandgap
semiconductors such as GaAs, in multivalley semiconductors such as Si, intervalley
coupling plays a strong role for even low elds. We demonstrate the ability of our
method to resolve the contribution of heating and redistribution in the valleys to
both high eld transport and uctuations. Our analysis indicates that the widely-
accepted one-phonon approximation for the e-ph interaction is unable to reproduce
measurements of the warm electron tensor in Si. This result indicates that incorpo-
rating higher-level scattering mechanisms such as two-phonon may be necessary to
accurately simulate noise in Si.

3.1 Electronic transport in GaAs

Gallium arsenide (GaAs) is IlI-V compound semiconductor with zincblende crystal
structure. As depicted in Fig. 3.1, GaAs is a direct bandgap semiconductor with a
single conduction band minimum at thepoint. To excellent approximation, the
Gamma valley is spherical with e ective maB$63< ( [86]. Because of the high
mobility resulting from a light conduction band minimum, GaAs is a commonly
used material in high speed electronics operating at microwave frequencies [38].
Further up the conduction band, GaAs possesses eight degenerate valleys at the
point and six degenerate valleys at theoint. The large energy separation between
the valleys | = 300 meVand . = 470 meV[145] means that at room
temperature and for typical doping levels, equilibrium electrons remain mostly in
the valley (for 300 K and= = 10%® cm 2, over99:9% of electrons are in).

We begin this section examining the steady state distribution and associated transport
observables for the cold and warm electron regimes in room temperature GaAs.
Figure 3.2 plots the deviational steady state distribution functiofs= @B 5?

under the two approximations versus the wave vector parallel to the electric €ld,

We refer to this direction as the longitudinal direction. Atlow elEsY 100V cm 1,

the cold electron approximation is accurate and the solutions are nearly identical.
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Figure 3.1: Conduction and valence band structure of GaAs with #8 »216v4
Hermann Mauguin space groulmset: Conventional cell of GaAs in the zincblende
structure. Data generated with the Materials Project [144].

In contrast, as the eld increases, di erences in the distribution functions emerge.
Under the cold electron approximation, Eqn. 2.12 shows thatis required to
possess odd symmetry about the Brillouin zone center because the forcing gradient
m §- mt is odd with respect togwhile the scattering matrixis evengko = o).

This symmetry is evident in the cold electron solutions at all elds in Fig. 3.2.
Physically, this symmetry indicates that in the cold electron case, states with negative
wavevector are depopulated to the exact same degree that the corresponding positive
wavevector are lled. Since the net population does not change with energy, electrons
under this approximation do not heat with the eld. This is in contrast to the warm
electron case, where the electronic distribution function develop asymmetrically
in momentum space as the non-equilibrium gradient modeled by Eqn. 2.8 grows
with the eld. At E = 800 Vcm !, warm electrons reach comparatively high
wavevector states in the direction of the eld as exhibited by the momentum-space
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Figure 3.2: Deviational occupation5 in GaAs at 300 K under the cold (dotted
lines) and warm (solid lines) electron approximations versus longitudinal wave
vector : ¢ Curves plotted forE = 100 Vem? (blue), andE = 800 Vcm 't
(orange). The dashed black line is a guide to the eye. At the lower eld, the two
approximations result in nearly identical distribution functions. At the higher eld,
the cold-electron approximation fails to capture the assymetrical development of the
distribution function.

tail in Fig. 3.2. These electrons absorb energy from the eld and are heated above
the lattice temperature.

The transport properties of the warm electron distribution di er from those of the
cold distribution because warm electrons in the high momentum, high energy tail are
able to emit optical phonons and hence exhibit higher scattering rates. As reported
previously [92], the predicted mobility of GaAs exceeds the experimental mobility
owing to the exclusion of higher-order phonon scattering processes and the lower
calculated e ective mass (0.055p) compared to experiment (0.06%) [93].

Therefore, to facilitate comparison, we examine the DC mobility normalized by its
low- eld value in Fig. 3.3. The low- eld value of the computed mobility is 17,420
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Figure 3.3: Normalized longitudinak DC mobility versus electric eld of the cold
(dashed blue line) and warm electrons (solid red line). The heating of the electrons
leads to a decreased mobility. The trend of the normalized mobility agrees well with
experiments: Figure 1, Ref. [146] (Upward black triangles) and Figure 4, Ref. [147]
(Downward black triangles).

cm?V s 1 Atlow elds E Y 100 Vcm 1, the mobility under the warm and cold
electron approximations agrees to with#.1At higher eldsE = 800 Vcm 1, the

DC mobility of the warm electrons has decreased by more 16&a This behavior

is qualitatively consistent with the sublinear current voltage characteristic (CVC) of
n-type GaAs [38], or a decrease in mobility with increasing electron temperature
caused by a concomitantincrease inthe average scattering rate. The eld dependence
of the normalized mobility shows favorable comparison to experiment, implying that
our calculation is properly capturing the heating with the eld.

In addition to steady quantities, the small-signal AC mobility can be computed as in
Eqgn. 2.17. Figure 3.4 presents the small-signal AC mobility for the warm electron
gas versus frequency for several electric elds. At zero frequency, the equilibrium
AC mobility is equal to the equilibrium DC mobility, as expected. The decrease of
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Figure 3.4: Real part of the longitudinal small-signal AC mobility versus frequency
for equilibrium (dashed black line)s = 100 Vcm ! (dash-dot blue line), and

E =800 Vcm ! (solid orange line) under the warm electron approximation. The
AC mobility exhibits spectral features at frequencies that are characteristic of the
inverse momentum and energy relaxation times (see Section 3.3).

the AC mobility with electric eld is also consistent with the trend observed in the
DC mobility. At 5 1 THz, the AC eld frequency exceeds the phonon-mediated
scattering rates which redistribute the electrons in response to the eld, and thus
the AC mobility rolls o at all elds. This result re ects the electrical response
transitioning from a purely resistive to a purely reactive regime as the frequency
exceeds the highest scattering rates.

The frequency dependence of the AC mobility indicates the relevant timescales of
momentum and energy relaxation [148]. In particular, for 8@on 1, we observe a
lower value of the AC mobility at low frequency, followed by a maximum at around
100GHz. This feature is due to energy exchange with phonons and will be discussed
in Section 3.3.



39

Figure 3.5: Spectral density of longitudinal current density uctuations (solid red
line) normalized to the Nyquist value versus electric eld along with Davydov
spectral densities calculated using an acoustic deformation potential (ADP) (dash-
dot blue line) and Frohlich (dashed yellow line). At equilibrium, the noise agrees
with Nyquist-Johnson noise (dotted black line). Tddinitio calculation predicts

a steeper decrease in current PSD with eld compared to the approximations. The
symbols correspond to experimental measurements (Figure 11, Ref. [149]).

3.2 Diusion noise in GaAs

We now calculate the spectral density of current uctuations from the non-equilibrium
steady state in GaAs. Figure 3.5 shows the spectral density of longitudinal current
uctuations versus electric eld at an observation frequency of 1 MHz, far smaller
than any scattering rate. At equilibrium, the noise is given by the Nyquist relation,
Eqgn. 2.30. Itis conventional to report the spectral density normalized to the Nyqist
value to allow comparison between samples of di erent carrier density, and we
follow this convention here [98].

Asthe electric eldincreases, the computed noise decreases below the Nyquist value.
Few experimental studies of noise in GaAs cover the elds of present interest, but
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Figure 3.6: Relaxation time versus energy above conduction band minimum for
GaAs at 300 K using ADP (dash-dot blue line), Fréhlich potential (dashed yellow
line), and computed (red circles). The energy of the zone-center LO phononis shown
for reference (dashed black line). The qualitative agreement between the Frohlich
and computed rst-principles relaxation times is an indication of the dominance of
the LO phonon mode in GaAs at room temperature.

reasonable agreement is observed with measurements by Bateaki$149]. We
note that a decrease with eld is observed in other studies in GaAs [146, 150] though
the sparsity of data in the relevant electric eld range prevents direct comparison.

To better understand the decreasing trend, we use an approximate solution of the
Boltzmann equation for an electron gas interacting quasi-elastically with a thermal
phonon bath [5, 151]. Under the quasi-elastic approximation, the distribution func-
tion is expanded in momentum space using Legendre polynomials. Because the
distribution is nearly isotropic in momentum space under quasi-elastic scattering,
only the two lowest Legendre polynomials need be retained [152]. The zeroth-order
term gives the occupancy versus energy and is known as the Davydov distribution.
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Figure 3.7: E ective electron gas temperature versus electric eld for ADP (dash-
dot blue line), Frohlich (dashed yellow line), and computed (solid red line). The
magnitude of electron heating is similar among the various calculations, indicating
that heating alone cannot be responsible for the disparity in the power spectral
density.

The Davydov distribution can be expressed in terms of an integral equation:

1

: 3P

= eX
TP T, 2#E%geqa<

(3.1)

where is a normalizing factor for the particle number andis the e ective mass.

The Davydov modelis parametrized by the energy dependence of the momentum and
energy relaxation timeg andg,, respectively, and the inelasticity raiipg, [38].

Once these parameters are speci ed, the Davydov distribution can be computed
and used with Egn. 2.26 to calculate the PSD of current uctuations [4]. The
Davydov distribution can be analytically expressed if the relaxation times exhibit
simple energy dependencies such as a power law-dependence on the carrier energy
[153].
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3<n? 3n: )o<

= exp — 5 ;1 1-2-3
" P 4°/fo°/<142E221 2% Y% 42 E2

(3.2)

where, 1 is the Gauss Hypergeometric function. On the other hand, if the energy
and momentum relaxation times are constants with respect to energy, we obtain the
heated Maxwellian.

n
= ex . 3.3
n P Y 2% % #E23< (3:3)

For the present study, we choose to use more physically motivated models of the
relaxation time as comparisons to the radl initio calculations. Approximate
analytic expressions for the electron relaxation times in semiconductors are available
in the literature [86]. Previous works have calculated the Davydov distribution for a
power-law energy dependence of the relaxation times such as that from the acoustic
deformation potential (ADP) [154 156]. For scattering mediated by an acoustic
deformation potential , the relaxation times can be expressed as:

[ J
c 2: 2<3 2.
g l: —)621n0: —)p
\2. c\ 42,

(3.4)

where2. is the elastic constant ard is the density of states.

Although Egn. 3.4 can provide a reasonable approximation to acoustic modes, stud-
ies have established that for polar materials such GaAs at room temperature, the
long-ranged Frohlich interaction with longitudinal optical (LO) phonons is the dom-
inant scattering mechanism [34, 92]. A suitable expression for the relaxation times
associated with the LO mode can be obtained through the Frohlich approximation:

-

r— r—
I . n . n

0 #oarcsinh —— | 1#g, 1°arcsinh — 1 (3.5)
\'lo \'lo

,_\
-
: ‘

where\ | ¢ is the optical phonon energl, is the thermal occupation of the optical
phonon, ancd‘;]Ol is the inverse Frolich time. Note that the second term in the sum
of Egn. 3.5 describes the relaxation times for states with energy above the threshold
for LO emission\| o.



43

In Fig. 3.5, we compare thab initio longitudinal spectral density to that predicted
using the Davydov distribution with both the ADP and Frohlich scattering rates.
In both of these approximations, the relaxation times have been scaled such that
the distributions produce the same low- eld mobility as the full computed solution,
and the inelasticity ratio has been selected using an estimation of the energy and
momentum relaxation times (see Fig. 3.9 and Fig. 3.10). The spectral density from
the full simulation is observed to decrease monotonically with the electric eld.
This decrease is captured qualitatively by the Fréhlich calculation. In contrast, the
ADP noise increases monotonically with eld.

These trends can be understood in terms of the di ering energy dependencies of the
relaxation times under the various approximations. Figure 3.6 shows the phonon-
mediated relaxation times versus energy for electrons in GaAs at 300 K for the three
cases. Below the zone-center LO phonon ené&igy 35 meV, the computed
relaxation times are set by LO phonon absorption [92]. Above the LO phonon
energy, LO emission becomes dominant and the relaxation times sharply decrease
to a value that remains roughly constant until electron energies are near the L-valley
minimum at 025 eV above the CBM. As one would expect, this absorption-to-
emission transition is qualitatively captured by the Frohlich approximation. The
ADP relaxation times agree reasonably well with the computed relaxation times in
the emission-dominated region but clearly do not exhibit the absorption-to-emission
transition.

The electric eld dependence of the spectral noise power re ects the balance between
the growth of scattering rates with electron energy and the heating of the electron
gas by the DC eld [157]. To understand this balance, we examine the e ective
electron temperature of the steady distribution for the three cases in Figure 3.7. The
energy density of the non-equilibrium distribution is de ned as a Brillouin zone
sum over the distribution:

mi=— n5>% (3.6)

The e ective electron temperature is calculated as the temperature of a Maxwell-
Boltzmann distribution that yields the same energy density as the steady non-
equilibrium distribution. At low eldsE Y 100 Vcm 1, the temperature is equal

to the lattice temperature. As the electric eld increases, the e ective temperature
increases, corresponding to occupancy at higher energies and increased scattering
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rates. Near equilibrium where the mobilities are equivalent, the temperature rise
predicted from each approximation is similar, but at higher elds, dbeinitio
calculation predicts a slightly lower temperature than do either the ADP or Frohlich
approximations, indicating a stronger energy coupling between charge carriers and
the lattice.

As the electron gas heats, higher energy states are occupied and thus the spectral
noise power, Eqn. 2.26, includes contributions from uctuations in those states;
hence, the spectral noise power may increase on heating. On the other hand, at these
high energies, the scattering events which damp out uctuations are more frequent,
tending to decrease the noise. The competition between these mechanisms sets the
trends shown in Figure 3.5. By calculating the spectral densities produced by the
acoustic deformation and Frohlich potentials, we have the ability to directly assess
the impact of heating and scattering. For both Frohlich and the present calculations,
the sharp increase in scattering rates associated with the absorption-to-emission
transition dominates, and the spectral density decreases monotonically with electric
eld. In contrast, the ADP approximation shows increasing noise with electric eld

as the heating of the electrons dominates the weak increase of the scattering rates.

The evolution of the spectral density with electric eld demonstrates the sensitiv-
ity of the spectral noise power to the energy dependence of the scattering rates.
Although the mobility at equilibrium is equivalent for all three cases, the non-
equilibrium noise behavior exhibits qualitatively di erent trends depending on the
energy dependence and inelasticity of the scattering mechanisms. This sensitivity
illustrates that a rigorous treatment of the electron-phonon interactions is necessary
to produce accurate simulations of uctuations in GaAs.

Another powerful utility of our method is the ability to di erentiate the contribution

of individual electronic states to the overall noise. Figure 3.8a shows the state-by-
state decomposition of the DC longitudinal spectral density against the longitudinal
group velocity for di erent values of the electric eld. The plotted quantity repre-
sents the contribution of a given state to the spectral density, which is obtainable as a
state-labeled vector by omitting the sum oken Eqgn. 2.26. The features of the two
curves in the gure can be understood as a balance between competing mechanisms
that set the noise. Two characteristics determine the contribution of a state to the
current spectral density. The rst contributing factor is the occupation of the state,
speci ed by the distribution function. A higher occupation of electrons in a given
state increases the number of uctuations out of the state and augments the noise.
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Figure 3.8: Kernel density estimate of the state-wise contribution to the (a) longitu-
dinal and (b) transverse current spectral density as a function of the group velocity at
equilibrium (blue volumes) and at 580cm ! (red volumes). The noise contribu-

tion of each state is determined by the occupation and the magnitude of the induced
uctuation. The drift velocity in either the longitudinal or transverse directions are
shown as dashed lines.

The second contributing factor is the magnitude of the current uctuation induced
by a uctuation in the state, speci ed by the di erence between the longitudinal
group velocity and the drift velocitysc  +j.

At the highest group velocity statgj j 1000 km st, the occupation is negligible

in the warm electron regime. In equilibrium, the low occupancy of these high
momentum states limits the contribution to the noise. However, asthe eldincreases,
electrons shift from low energy states to the same high velocity, high momentum
tail observed in Fig. 3.2. Consequently at 306m 1!, states neaf, = 1000 kms?
contribute more to the noise. In contrast, the noise contribution to the transverse
spectral density shown in Fig. 3.8b remains symmetric in the transverse direction to
the eld, since there is no redistribution of the population transversely. The maxima
in both plots represent the optimal balance of relatively high occupancy and large
velocity deviationg  +yo|.
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