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ABSTRACT

The field of robotic hopping began over 40 years ago, when it was first shown that
robust hopping could be achieved on real hardware. In the years since then, it’s be-
come clear that hopping requires high performance and precision from its actuation
and planning, due to its extreme interactions with the environment occurring over
periodic, yet very short durations of time. Despite being of lower dimensionality
than many other legged robots, hoppers are very underactuated, which only adds to
the difficulty of planning motions quickly for real-time needs.

The studies of robotic hopping presented in this thesis start with a look into two
different actuation styles for creating vertical periodic motion: a compress-release
mechanism and a moving-mass mechanism. The dynamics of each were examined
from the perspective of stability and robustness to uncertainties in the model and
measurements. The compress-release hopper (CRH) was found to be very stable,
simple to control, and robust to all uncertainties, but inherently had some inefficien-
cies due to the requirement of holding compression during portions of the aerial
phase. The moving-mass hopper (MMH) required optimization to generate the
proper cyclic motions as well as closed-loop control to make them stable. Further-
more, the original configuration of the MMH was also less energetically efficient
and robust to uncertainty than the CRH.

In an effort to improve the efficiency of the MMH, a second-generation robot was
designed using the principle of parallel elasticity. This involved placing a second
spring in parallel to the actuator which would naturally guide the motion of the
moving-mass into an optimal path, eliminating a significant portion of actuation
effort and improving the overall efficiency. An added benefit of this change was
that the robot no longer required closed loop control to create stable hopping. This
new robot was built and tested in the lab showing a dramatic improvement over
the previous design. The principle of controlling the compliance in the actuator
for efficient motion was then taken one step further by creating custom, nonlinear
stiffness springs which would provide a more ideal trajectory of motion. This
process utilized a design-in-the-loop optimization strategy that would both design
these springs as well as the motions of the moving-mass to yield better actuation
efficiency. A set of these springs was created and attached to the second-gen MMH,
replacing the lower spring, and tested in the lab. These springs did slightly improve
the efficiency of the robot, but were restricted by the material selection of the springs
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due to manufacturing limitations.

Moving into the realm of 3-Dimensional hopping, a final robot was designed and
built: ARCHER. Unlike traditional hopping robots which use a torso with very large
inertia to control the leg motion and balance, ARCHER uses a set of three flywheels.
The goal of this robot was twofold: to study the feasibility of using flywheels alone
to control attitude, and to take advantage of the principle of decoupled systems. By
using strategically placed flywheels, the dynamics of the leg and the attitude sub-
systems were decoupled, meaning their actuation did not have a direct influence on
each other. This allows for simpler motion planning and control. The culmination of
this thesis was running experiments with this robot, showing its initial performance
and ability to hop with separate controllers for each subsystem.
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C h a p t e r 1

INTRODUCTION

1.1 Background

Robotics is now a booming industry, stretching over a huge range of �elds from

industrial robots assembling vehicles (Tran and Ha, 2018) or moving products

around a warehouse (Ackerman, 2022), all the way to the medical �eld where

robots are used to sort medications (Ho�mann et al., 2016) and perform surgeries

(C. Yang et al., 2019). Creating robots has become achievable by hobbyists, where

small robotic components like actuators, sensors, and microprocessors are becoming

cheaper and better than ever before.

The �elds of robotic hopping and running alone have been around for decades

(M. H. Raibert, 1984), studying the ways to create stability in very underactuated

situations. These robots undergo rapid changes of contact with the world, resulting

in extreme impacts and changes in energy level (M. H. Raibert, H. B. Brown, and

Chepponis, 1984). Despite this, these systems have been able to achieve incredible

behaviors beyond just hopping in place, such as reaching high speeds and heights

(Salton et al., 2010), performing �ips (M. Raibert, 1986), and jumping o� of walls

and over uncertain terrain (Haldane, Yim, and Fearing, 2017; Fiorini and J. Burdick,

2003; C. M. Hubicki et al., 2016). Underlying all of these behaviors is the need to

�nd a balance between planning out upcoming motions and being able to overcome

uncertain and unforeseen events.

Finding ways to lessen the impact with the world or extend the duration of contact

with the world can allow for more manageable dynamics for the robot and its

environment (Yoon et al., 2005; Lens and Stryk, 2012), and more energetically

e�cient motions in general (Sharba� et al., 2019). This improvement can usually

be achieved through changing the motion of the robot as well as modifying the

mechanical system. However, doing motion generation before a robot's design has

been �nalized is often tedious due to the iterative nature of design. By utilizing

optimization techniques, �nding more e�cient motions and mechanical designs can

be accomplished together before the robot has even been made.

Lastly, even in relatively low-dimensional systems like a hopping robot, planning out

where to place the foot and how to get around an object can be a challenge (Chang
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et al., 2019). With only a fraction of a second between each hop and the limited

time in contact with the world, there is very little time to update and take action.

The concept of decoupled dynamics and interconnected systems (Wen-Loong Ma,

Noel Csomay-Shanklin, and Aaron D. Ames, 2020) has been shown to reduce

computation time of a robot's planner or gait generation simply through separating

the dynamics into carefully constructed parts. In the case of hopping robots, this can

be inherently done by replacing a torso mechanism with �ywheels which leads to

no change in the center of mass during attitude control. This completely separates

the in�uence of the leg compression and the attitude control, meaning they can

be controlled and planned separately. The only information that needs be shared

between them could be the timing of events to sync up behaviors.

1.2 Contribution

The contributions of this thesis work is threefold.

First, the designs of multiple robotic legged platforms were created: AMBER-

3M (Eric Ambrose, Wen-Loong Ma, C. Hubicki, et al., 2017) and AMPRO-3/4

(Huihua Zhao, Eric Ambrose, and Aaron D. Ames, 2017). The process of designing

and testing these systems led to huge improvements during their re-design. After

the second version of each platform was created, their usefulness and longevity

skyrocketed. Each of these devices have already been used by many other researchers

for their work in the 5 years since their creation.

Secondly, throughout the original two generations of hopping robots created in the

lab (E. Ambrose, N. Csomay-Shanklin, et al., 2019; E. Ambrose and A. D. Ames,

2020; Eric Ambrose, Wen-Loong Ma, and Aaron D Ames, 2021), methods of

improving locomotion e�ciency through design were explored. Moreover, some

aspects of mechanical design were incorporated into the optimal motion generation

process, leading to further reductions of cost of transport. These techniques could

be used in future robotic systems, especially in the presence of compliance which is

being used more and more now that robotic systems are going out into the real world

and interacting with humans and other environments requiring safety. This was all

shown experimentally through 3 di�erent hopping robots discussed in Chapters 4

and 5.

Finally, the concept of decoupled dynamics was taken to heart in the design of the

3D hopper: ARCHER. By changing the morphology of this hopping robot, it is

now capable of 3D motions with much simpler control schemes which would allow
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for quicker planning during real-time motion. Simulations with both simple PD

control and more rigorous CLF-QP control methods were run. Experiments were

performed to validate the idea of decoupled control for a robot, and well as for the

e�cacy of a �ywheel controlled hopping robot on the platform, ARCHER.

1.3 Organization of dissertation

The layout of the thesis chapters is as follows:

Chapter 2: AMBER-3M: A Modular Planar Biped Platform.The next chapter in-

troduces the AMBER series of robots, and the two iterations that I designed:

AMBER-3 and AMBER-3M. This chapter also provides my published work on

using the modularity of AMBER-3M to study the locomotion economy of di�erent

legs on the robot. At the end you will �nd a brief listing of the other topics this

platform has been used to study.

Chapter 3: AMPRO-3: A Transfemoral Prosthesis.Afterward, a similar introduc-

tion of the AMPRO series of transfemoral prosthetic legs is provided. These devices

are designed to not only test out behaviors and controllers in the AMBER Lab, but

can also be used to help amputees regain functional movement. The design of

AMPRO-3 and AMPRO-4 are explained along with a section of published work on

the design of the former. There will also be a listing of other papers that used these

two devices.

Chapter 4: Analysis of Vertical Hopping Mechanisms.Here, the discussion of these

robotic hopping systems begins, starting with a study of two di�erent mechanisms

for hopping. This chapter will also introduce the concept of "safe actuation" which

was a critical design constraint for all of the hoppers created in this thesis work. The

performance and stability of each style of vertical hopping will be detailed along

with some experimental results for the Moving-Mass Hopper that was created for

this work.

Chapter 5: Improving Hopping E�ciency Through Design.Moving further on the

moving-mass hopping mechanism, this chapter studies how this method of hopping

could be made more e�cient through alteration in the mechanical design. This

includes new actuation, a di�erent compliance model, improved electrical hardware,

and a design-in-the-loop optimization algorithm. There were two di�erent versions

of the same robot created and tested in this work, with experimental results for each

being provided throughout the chapter.

Chapter 6: ARCHER: The 3D Hopper.Finally, a 3D hopping robot using �ywheels
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for attitude control was designed, simulated, and tested in the lab. This chapter runs

through to design of each subsystem and explains how this style of robot bene�ts

from decoupled dynamics and can exploit this for simpler modelling, control, and

motion planning. Full-body simulations were created to design and observe a pair

of controllers for this �ywheel-based attitude subsystem. The control and design of

the robot were then tested on hardware with the robot, ARCHER. The experimental

results of these tests are shown.
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C h a p t e r 2

AMBER-3M: A MODULAR PLANAR BIPED PLATFORM

The AMBER series of bipeds were created as a humanoid platform to test controllers,

behaviors, and walking gaits created in the similarly named AMBER Lab at Texas

A&M University. To date, all iterations of this robot have been planar bipeds,

meaning they are constrained to the Sagittal plane of motion. While this requires the

robot be supported in the lateral direction, the robots are still responsible for carrying

their own eight, and controlling their forward motion. This greatly simpli�es the

scale of robot's dynamics, allowing for a quicker path to test out new research with a

higher chance of success, given the di�culty of implementing some control methods

on hardware.

The �rst two generation of this series, AMBER-1 (Yadukumar, Pasupuleti, and

Aaron D Ames, 2012) and AMBER 2 (H.-H. Zhao et al., 2014), were small scale

humanoids consisting of two legs and a simple torso which was mostly just the

hip joints. All of the computation and power was delivered from o�-board on

these robots, in order to reduce the weight being carried by the joint actuators.

Experiments were run on these two robots up until around 2015, when the lab moved

to Georgia Institute of Technology and they had to be left behind. In 2013 and 2014

AMBER-2 was used to experimentally realize multi-contact walking behavior, for

improved walking e�ciency. This behavior was an incredible push forward for the

�eld.

However, around this same, the lab saw the need for a larger-scale humanoid that

could generate higher joint torques and speeds, allowing for more strenuous behav-

iors like stair climbing or walking over rough terrain. This led to the design of

AMBER-3, the next iteration of the AMBER series. The robot was designed over

the course of late 2013 through 2014, being assembled and tested for the �rst time

in late 2014. While the initial testing showed promise, this robot also needed to be

left behind during the move to Georgia Tech. Once there, the robot was redesigned,

taking the opportunity to �x some of the problems and inconveniences discovered

during that brief testing of the original.

This new robot changed the placement of many electronics, allowing for more

accessible control hardware. The structural pieces of the robot were lightened
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to allow for less required e�ort by the actuators. The actuators themselves were

given a slightly larger reduction, increasing their peak torque by roughly14%.

The feedback on the torso angle was also increased to improve the performance

of controllers during experiments. Lastly, this robot's joint layout was modi�ed to

make the legs easily "swap-able," meaning di�erent types of legs could be tested

as well. Originally the plan for this was speci�cally to allow for both point feet,

and fully-actuated morphologies to be tested. Later it was expanded to include

compliant legs as well, but there options were endless.

This modular feature led to research on the comparison between di�erent legs,

and how they e�ected the performance and e�ciency of legged locomotion. The

following sections are taken directly from the research paper discussing this topic

(Eric Ambrose, Wen-Loong Ma, C. Hubicki, et al., 2017).

2.1 Review of Locomotion E�ciency

Figure 2.1: AMBER-3M: Modular Bipedal Robot. A robot designed to test energy
cost across three con�gurations: Flat-Foot (left), Point-Foot (center), and Spring-
Foot (right).

In the �eld of bipedal robotics, a signi�cant importance has been placed on opti-

mizing a robot's motion for improved locomotion economy (Collins et al., 2005),

(Seok et al., 2013). In these situations, it is common to modify control methods
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and joint trajectories as a means of lowering this transport cost. However, there

are many factors that have been shown to contribute to a robot's energy economy,

such as using di�erent controllers (Sreenath, H. Park, Poulakakis, et al., 2011), (H.

Zhao, J. Reher, et al., 2015), actuation methods (Seok et al., 2013), (Martin, Post,

and J. Schmiedeler, 2014), morphologies (Sobajima et al., 2013), or behaviors (A.

Kuo, 2007). When comparing energy economy across multiple morphologies and

behaviors, it can be di�cult to guarantee that the di�erences seen are only from

those changes. This is especially true when separate robots are being used in the

comparison, since di�ering hardware can inherently a�ect the measured economy.

This work parallels research in the �eld of biomechanics, which has for long stud-

ied the energy costs of animal locomotion. For decades, experiments were done

suggesting that an animal's cost of transport seems to be a function of their leg

length and mass (Pontzer, 2007). Beyond this, they also performed tests showing

an energetically optimal speed for animals during walking (Wickler et al., 2000),

(Bastien et al., 2005). Further studies compared animals executing di�erent gaits

at the same speed (Hoyt and Taylor, 1981), showing an optimal behavior at each

speed, based on energy usage. Adopting a similar methodological approach could

provide insight into robotic behaviors and morphologies as well.

Performing behavioral comparisons in robotics requires a machine capable of per-

forming varied gait patterns (e.g. heel-toe vs. point-foot walking). Robots have

already been used to perform various locomotion behaviors across ranges of en-

ergy cost (Bhounsule et al., 2014), speed (Sreenath, H. Park, and J. Grizzle, 2014),

and terrain (Manchester et al., 2011). Despite this wider array of behaviors, the

observed di�erences could be partly induced by changing actuation or controllers.

Other groups have begun working towards using a single robot in this way through

di�erent means. One approach compares behaviors on a simpli�ed simulation

model using optimal control (Srinivasan and Ruina, 2006), (Xi, Yesilevskiy, and

Remy, 2015). Another method models an existing robot shown to walk e�ciently in

experiments (J. Reher, E. Cousineau, et al., 2016), and systematically explores the

energetics of it running in simulation (W. Ma, A. Hereid, et al., 2016). Additional

work explored the energetic bene�ts of incorporating new modes of actuation into

economical locomotion, such as a motorized reaction wheel (T. L. Brown and J. P.

Schmiedeler, 2016). These experiments motivate the creation of our own platform

for assessing how modulating a behavior can a�ect the cost of transport.

In this paper, we demonstrate the AMBER-3M platform's capability of experi-



8

mentally assessing the locomotion economy of varied behaviors and mechanical

con�gurations. The following sections of the report provide a detailed description

of the mechanical design and modularity of the platform, our behavior-generalized

control, modeling, and gait generation procedures, the experimental setup, and

comparative hardware results.

2.2 The Design of AMBER-3M

With the aim of testing a variety of bipedal robot design con�gurations, we developed

the planar bipedal robotic platform, AMBER-3M. The following section describes

the mechanical and modular design which allows for e�ective switching between

behaviors.

Mechanical Design of AMBER3M

AMBER-3M, seen in Fig. 2.1, is a planar bipedal robot created in the AMBER

Lab of the California Institute of Technology. Each actuated joint is articulated via

identical drive systems, consisting of a motor, gearbox, belt, and linkage. The drive

motors (MOOG BN34-25EU-02) are capable of applying355 Wof power,2•2 Nm

peak torque, and0•66 Nmof continuous torque. The maximum motor speed is rated

at785 rad•s. The output of the motors is connected to a Harmonic gearhead (CSG-

20-80-2UH-LW) through a timing belt with a7:8 speed reduction. The Harmonic

gearhead itself has a1:80 gear reduction and an e�ciency of roughly65%. The

full system, including e�ciency losses, is capable of a peak torque of130 Nm,

continuous torque of39•2 Nm, and a max speed of8•6 rad•s. The output of the

gearhead is connected to the joint by linkages with a1:1 input to output position

ratio. The presence of linkages allows for the leg segments to be any length and

a variety of shapes, without changing the actuation mechanics. An exploded view

of these components is shown in Fig. 2.2. Rotor position and velocity feedback is

provided by incremental encoders (Renishaw RM22IC) mounted to the back of each

motor.

Since AMBER-3M is a planar robot, a support structure is used to constrain it to

the sagittal plane. This is accomplished through a3•43 m radius circular boom

which allows the robot to walk on an unending track, while still being �xed in the

plane. The distal end of the boom connects to the robot via a rod passing through

bearing mounts in the torso, as seen in Fig. 2.1. The forward progression of the

boom arm and the relative angle at the torso-boom connection are also measured by

encoders. The boom is counterbalanced with weights while the robot is disconnected
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Figure 2.2: An exploded view of the drive system for each actuated joint on AMBER-
3M.

to counteract the weight of the arm itself.

The torso of AMBER-3M acts as the control center for the robot. It houses all

of the control and power distribution electronics. A National Instruments (NI)

cRIO-9033, running LabVIEW2015, is used as the high-level controller, while the

low-level control is provided by the motion controllers (ELMO G-SOL-WHI). Fig.

2.3 shows the placement of the control and drive components within AMBER-3M.

Figure 2.3: The key drive and control components within AMBER-3M.
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Modularity

The key design feature of AMBER-3M is the modularity of the legs. Each of the

leg segments, from thigh to feet, is able to be removed from the rest of the robot

individually. Furthermore, the connection points of all joints on the robot have the

same shape and functionality, with only two shafts holding a module to the one

above it. The electrical connections running down the legs can also disconnect

individually at the joints, for complete modularity. This simple connection style

allows for portions of the leg to be swapped out in a matter of minutes. For the proof

of concept experiments described later in this paper, three di�erent leg con�gurations

were used: Flat-Foot, Point-Foot, and Compliant Point-Foot (Spring Foot). A CAD

model view of each is provided in Fig. 2.4 and the general con�guration properties

are shown in Table 2.1.

Figure 2.4: The three leg con�gurations of AMBER-3M: Flat Foot (left), Point Foot
(center), and Compliant Point Foot (Right).

Flat-Foot Walking. In this standard leg con�guration, AMBER-3M has fully

actuated ankle joints with feet and, therefore, six total actuators. These feet can be

used to walk with a more complex hybrid multi-contact behavior, as in (H. Zhao,

W.-L Ma, et al., 2014), but are only used for �at-foot walking in the presented

experiments. The ankles use the same drive system described previously, and have

pivoting toe and heel sections which allow them to conform to the ground geometry.

Point-Foot Walking. Alternatively, a pair of rigid calves can be placed on the robot

for when underactuated behaviors are desired. These calves do not have ankles or

feet attached, but instead have a small rounded surface on bottom. This allows for a

small point of contact and easy rotation between the legs and ground. It should be

noted that the center of mass is above the hip in this con�guration.

Compliant Point-Foot Walking. While these legs have a similar function to the
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previous behavior, these calves now include a compression spring. The springs

have a sti�ness of17 000 N•m and can de�ect up to3•5 cm, capable of storing up to

10•4 Jduring each step. There are position (LVDT) sensors placed within each calf

to measure the spring de�ection (but are not utilized for the experiments presented

here). For ease of viewing these components of the calf in Fig. 2.4, the shell of the

left leg has been removed.

Con�guration Weight Height CoM (from hip)
Flat-foot 29•3 kg 1•400 m � 0•161 m
Point-foot 21•9 kg 1•373 m 0•025 m

Spring-foot 23•5 kg 1•430 m � 0•024 m

Table 2.1: A list of robot properties for each con�guration.

2.3 Control Methodology

In an e�ort to explore the properties of walking behaviors, we sought a formu-

laic approach to generating comparable control for multiple modes of locomotion.

Here, we generalized the control framework from modeling to gait optimization

on AMBER-3M across the three mechanical con�gurations. We built this control

framework upon thehybrid zero dynamics(HZD) method for its generalizability to

both fully- and under-actuated systems, and its track-record of successful hardware

implementations (Aaron D. Ames et al., 2015; A. Hereid, E. A. Cousineau, et al.,

2016; Wen-Loong. Ma et al., 2017).

Controlled Dynamics

From the view of hybrid zero dynamics, control is the successful satisfaction of a

set ofoutputequations on the robot via motion of its actuators. Importantly, these

outputs are designed to beimpact invariant, i.e., they must satisfy an HZD condition

at all times. We will focus on presenting these output equations in a fashion which

generalizes to all three AMBER-3M hardware con�gurations.

Hybrid Control System. The con�guration-modular multi-domain hybrid control

system is de�ned as a tuple (A. Hereid, E. A. Cousineau, et al., 2016),

�� = ¹� i–D i–U i– (i–� i–FGiº (2.1)

where� i = ¹+ i– � iº is a directed cycle andi 2 f 5 – ?– Bg denotes the design con-

�guration (�at-, point-, and spring-foot models respectively).E 2 + i are vertices

indicating domains of admissibility, where+ 5 = + ? = f BBg, + B = f BB– 3Bgand ss,ds

represent the single-support (only one leg on ground) and double-support phases of
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Figure 2.5: The �ow of domains for the three con�gurations.

locomotion (both feet in ground contact). Vertices are connected by edges4 2 � i,

where4 = f E ! Ȩ g, andȨ is the sequential domain for a given con�guration8.

These are shown as arrows in Fig. 2.5.

In the hybrid control system,D i = fD i
Eg is the set of admissible domains of the

system for a given con�guration, written as the coordinates¹@i–¤@iº 2 D i
E, where

@i represent positions and¤@i are velocities. The actuation inputs,U i = fU i
Eg are

a set of admissible controls with=i
D control inputs whereU i

E � R=i
D. Particularly,

=?
D = =B

D = 4 and=5
D = 6. In addition,�� i = f �� i

Eg is the set of control systems

in the admissible domainsD i
E. On the edges, we de�ne the switching surfaces

( i = f ( i
4g, where( i

4 � D i
E and reset maps,� i = f � i

4g, that smoothly map between

domains. The prede�ned �ow of these domains is illustrated in Fig. 2.5.

Figure 2.6: Depiction of the generalized coordinates for the three AMBER-3M
design con�gurations.

With this setup, we now specialize to the robot under consideration. In this case the

generalized coordinates,@i, which di�er across con�gurations, are@i 2 & i
E � R=i

where =5 = 6, =? = 5, and =B = 7. In particular, we de�ne@i with speci�c
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design con�gurationi 2 f 5 – ?– Bg as @5 = ¹@B0 @B: @B� @=B� @=B: @=B0º, @? =

¹@B 5 @B: @B� @=B� @=B:º, and@B = ¹@B 5 @BA@B: @B� @=B� @=B: @=BAº, as labeled in

Fig. 2.6.

Continuous Dynamics. The Equations of Motion over a continuous domainD i
E

is determined by the Euler-Lagrange equation and holonomic constraints (J. W.

Grizzle, Chevallereau, A. D. Ames, et al., 2010):

� ¹@iº ¥@i ¸ � ¹@i–¤@iº = � EDi
E ¸ ¹ � i

E¹@iºº) � i
E (2.2)

� E¹@iº ¥@i ¸ ¤� E¹@i–¤@iº ¤@i = 0 (2.3)

where� ¹@iº is the inertia matrix,� ¹@i–¤@iº contains the Coriolis-centrifugal and

gravity terms,� E is the actuation distribution matrix, and� E¹@iº is the Jacobian of

the holonomic constraints. Manipulation of these equations of motion yields the

control systems�� i
E = ¹ 5E– 6Eº given by:

¤Gi = 5E¹Giº ¸ 6E¹GiºDi
E (2.4)

whereGi = ¹@i–¤@iº is the system state for a given robot con�gurationi 2 f 5 – ?– Bg.

Outputs. With the goal of synthesizing controllers and the dynamics de�ned,

we now consider theoutputs(or virtual constraints) (J. W. Grizzle, Chevallereau,

Sinnet, et al., 2014; A. D. Ames, 2013) of the form:

Hi
E¹@i–¤@iº =

"
Hi

1–E¹@
iº

Hi
2–E¹@

i–¤@i– UiEº

#

(2.5)

=

"
H0–i

1–E¹@
iº � H3–i

1–E

H0–i
2–E¹@

iº � H3–i
2–E¹g¹@iº– UiEº

#

whereH0–i
1–E : & i ! R and H0–i

2–E : & i ! R=i
>–E de�ne the �actual� relative degree

1 and 2 outputs, respectively (see (A. D. Ames, 2014) for justi�cation). Here,

=i
>–Eindicates the dimension of relative degree 2 outputs, with=5

>–BB= 5, =?
>–BB=

4, and =B
>–BB= 4, =B

>–3B= 3. For the �at-foot, single support walking, we have

H0– 5
2–BB¹@

iº = »@B:– @=B:– \C>A¹@iº– X<=B;¹@iº– @=B 5¼) , where\ C>A¹@iº andX<=B;¹@iº are

de�ned in Ma et al., 2014. For the other cases, actual degree 2 outputs are simply

joint angles: H0–?
2–BB¹@

iº = »@B:– @B�– @=B�– @=B:¼) , H0–B
2–BB¹@

iº = »@B:– @=B:– @B�– @=B�¼) ,

andH0–B
2–3B¹@

iº = »@B:– @B�– @=B�¼) . The actual relative degree 1 output,H0– 5
1 ¹@iº is the

linearized hip velocity (see (Ma et al., 2014)) for �at-foot walking. Note that there

are no relative degree one outputs for under-actuated walking (point- and spring-

foot).
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Desired relative degree 2 outputs,H3–i
2–E¹g¹@iº– UiEº are represented by a series of

4C� order Bézier polynomials (Sreenath, H. Park, and J. Grizzle, 2014), whose

parametersUi
E are a set of constant matrices representing a speci�c gait and will be

solved by an optimization algorithm.

g¹@iº =
X?�8?¹@iº � ?i–̧

E

?i–�
E � ?i–̧

E

(2.6)

whereX?�8?¹@iº is the linearizedG-position of the hip, whose initial and �nal values,

?8–̧
E and?8–�

E , are prede�ned.

Partial Hybrid Zero Dynamics. To drive the outputs to zero, we used an input-

output feedback linearizing control law A. D. Ames, 2013 for our hybrid control

systems:

Dn
E¹@i–¤@i– UiEº = �¹A i

Eº� 1

 "
0

! 2
5E

Hi
2–E¹@

i–¤@i– UiE–º

#

¸

"
! 5EHi

1–E¹@
i–¤@iº

2n ! 5EHi
2–E¹@

i–¤@i– UiEº

#

¸

"
nHi1–E¹@

i–¤@iº

n2Hi
2–E¹@

i– UiEº

#!

(2.7)

whereA i
E = »! 6EHi

1–E¹@–¤@º ! 6E! 5EHi
2–E¹@

i–¤@i– UiEº¼) and n ¡ 0. Applying this

controller results in linear output dynamics¤Hi
1–E= � nHi1–Eand¥Hi

2–E= � 2n¤Hi
2–E� n2Hi

2–E,

which yield thepartial zero dynamics surface, given by:

PZi
E=f¹ @i–¤@iº 2 D i

EjHi
2–E¹@

iº = 0–¤Hi
2–E¹@

i–¤@iº = 0g (2.8)

showing asymptotic stability. Furthermore, for any4 2 � i, if there exists anUi
E such

that

� i
4¹( i

4 \ PZi
Eº � PZi

Ȩ – (2.9)

then the system ishybrid invariant. In such cases, stability of the full order system

reduces to that of thepartial hybrid zero dynamics(PHZD). Next, our mission is

to �nd the parametersUi
E (the gait) that guarantee PHZD conditions for each design

con�guration.

2.4 E�cient HZD Gait Optimization

To generate proper walking gaits for the modular robot AMBER-3M, we generalized

and used a collocation based optimization algorithm. Our gait-optimization problem
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is de�ned by the following nonlinear programming (NLP):

Z i–�
E = argmin

Z

Õ

E

J ¹ Z i
Eº (2.10)

s•t Zmin � Z i
E � Zmax– (2.11)

Cmin � C¹Z i
Eº � Cmax– (2.12)

where,Z i
E is a vector of decision variables,Z<8=andZ<0Gare the enforced limits of

each decision variable, andC¹Z i
Ei º is a vector of nonlinear constraint functions.

For the purpose of energy-e�cient walking, we formulate the objective function

J E¹Z i
Eº as the mechanical cost of transport (2.13). In this modular optimization

problem, the constraintsC¹Z i
Ei º are chosen to be the HZD invariant condition, foot

height clearance, torso moving range, and ZMP constraints (ZMP only applies to

�at-foot case). To generate gaits with a speci�ed forward velocity (for upcoming

experiments), we enforced an average x-velocity as a nonlinear equality constraint.

Due to the complex nonlinearity of this problem, we employed apseudospectral

method(Gottlieb and Orszag, 1977) to improve computational e�ciency and ro-

bustness. This pseudospectral method numerically approximates the time solution

of the dynamics by trigonometric or orthogonal polynomials at chosen collocation

points. This method was previously applied to single-domain, under-actuated walk-

ing in (A. Hereid, S. Kolathaya, and A. D. Ames, 2016), but was extended to all

three con�gurations in this paper.

2.5 Experimental Evaluation

To validate the modularity in the robot design experimentally, this framework also

requires modularity of the control structure, including mechanical, electrical, and

controller implementation. This section will introduce the electrical system of

AMBER-3M �rst, then an experimental control procedure for walking is detailed.

The e�ectiveness of the modular components will be shown through tests of each

behavior. Finally, we present a more thorough analysis of point-foot walking loco-

motion economy.

Experiment Con�guration

The control framework of AMBER-3M is composed of three levels: the high level

controller, the low level controller and the data logger. In the high level, the on-

board cRIO running RTLinux serves as the master board, communicating with the

low level controllers in a real-time fashion. Experimental data is sent to a remote
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desktop, which acts as the data logger. On the low level, motor drivers deliver the

desired torque-driven motion to their corresponding BLDC motors. Other modes of

experimental feedback, such as the rotary boom states, torso rotation, and electrical

power consumption, are collected by an embedded FPGA board.

Algorithm 1 Real Time Controller
Input: AMBER-3M design con�guration:82 { 5 – ?– B};
Input: AMBER-3M model parameters;
Input: Domain/step switching �ag:g8

<0G–E;
Input: Optimization Parameters:?8–̧

E – ?8–�
E – @8–̧– U8E;

Input: PD controller gains: 8
? ,  8

3 ;
Input: System states (Left/Right):¹@8

!' –¤@8
!' º) ;

Input: L/R stance; Encoder status; Drive status;
Output: Enable/Disable motor drives;
Output: Desired torque for each BLDC motor;
1: Enable motor drives;
2: repeat
3: Wait till all motor drives are enabled
4: until ( Drive-Status == Enable )
5: while ( : Stop-RT )do
6: if Control type == Initializationthen
7: @3 = @8–̧ ; ¤@3 = 0;
8: else
9: Map¹@–¤@º) from Left/Right to Stance/nonStance;

10: Calculate phase variableg = g¹@8º ;
11: if 8== 5 then
12: Calculate (b1– b2º based ong;
13: end if
14: Calculate¤g;
15: Calculate (H3– ¤H3);
16: Calculate (@3– ¤@3) using PHZD reconstruction Ma et al., 2014;
17: end if
18: Apply PD controller:

D8 =  8
? ¹@0 � @3º ¸  8

3 ¹ ¤@0 � ¤@3º;
19: MapD8 from Stance/nonStance to Left/Right;
20: if g ¡ g 8

<0G–Ethen
21: Switch to next domainȨ or step.
22: end if
23: Sending torque command to motor driver;
24: Log data into remote desktop;
25: end while

Demonstrating Multiple Walking Behaviors

For each leg con�guration, an optimized gait can be reliably produced by the

aforementioned optimization method. To realize the motion experimentally on

AMBER3M, a real time controller was programmed in C++and compiled onto the

cRIO. A detailed pseudocode is presented in Algorithm 1 to illustrate this control

method. Further explanations for the algorithm can be found in (Ma et al., 2014).
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It is very important to notice that, for each con�guration, the control method was

purely PD feedback control without any pre-de�ned feedforward component. Due

to the modularity of this control structure, switching among design con�gurations

is accomplished without restructuring code. To demonstrate the e�cacy of the

modular framework, gaits were generated for each leg con�guration and realized on

AMBER-3M using Algorithm 1. The robot was able to walk three laps (64•65 m) on

the boom with each tested gait, at which point they were deemed successful. Tiles of

a single step from each behavior are shown in Fig. 2.7. A phase portrait of the gaits'

experimental and simulated performance is provided in Fig. 2.8, demonstrating that

periodic walking was achieved.

Figure 2.7: Walking tiles from each con�guration trial: Flat-foot (top), Point-Foot
(middle), and Compliant Point-Foot (bottom).
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Point-Foot Locomotion Economy

Here, we assess the locomotion economy of point-foot walking across speeds with

systematic experiments. The objective was to discover the energetic optimal limit for

point-foot walking over a range of transportation speeds, as well as any trend in this

performance.36 walking gaits were generated, covering a speed range of0•34 m•s

to 0•94 m•s, and tested on AMBER-3M. Note that these speeds are the simulated

average forward velocity of the center of mass of the robot. Due to underactuation

and model uncertainty, experimental velocities di�ered from the simulation. For

instance, at very slow speeds (Ÿ 0•3 m•s), unmodeled friction has a more signi�cant

e�ect, resulting in a reduced speed in experiment.

For each experiment, AMBER-3M again walked three laps while data was logged.

Since the robot walks in a circle, the gait is not symmetric between the left and right

legs. To circumvent this issue, COT was analyzed for every two steps, or one stride,

to average these asymmetries. The mechanical cost of transport for the9C� stride

was calculated as:

"�$) 9 =
1

"63 9

¹ Ç9

C�
9

j D j) j ¤@j 3C (2.13)

where" is the total mass of the robot,6 is the gravitational constant, and39 is

the distance traveled by the center of mass in the kinematic model. The torqueDis

estimated from the measured current going to the motor, and the angular velocity

¤@is measured by the incremental encoder at each joint. These measurements were

then plotted against their corresponding average forward velocities for each step in

Fig. 2.9.

As shown in the plot, it can be seen that six gaits occupied the lowest region of

the plot which have been highlighted in the �gure. Using these six gaits, a Pareto

frontier can be created to represent the locomotion economy extreme for point-feet

walking on AMBER-3M. A signi�cant (? Ÿ 0•005) trend was found in these optimal

gaits through regression analysis, showing that the mechanical energy required to

walk increases with speed.

The electrical power consumption of the motor drivers was measured directly from

the DC power supply. We calculated the electrical cost of transport for the9C� stride

by

��$) 9 =
1

"63 9

¹ Ç9

C�
9

� � 3C (2.14)
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Figure 2.8: Phase portraits for each behaviors: Flat-foot (top), Point-foot (middle),
and Compliant Point-Foot (Bottom).

where� = 48•3+ is the DC voltage of the power supply, and� is the total current

going to the motor drivers. The electrical cost of transport for the six optimal gaits

is shown in Fig. 2.10. It should be noted that this power data does not include the

power consumed by the sensors and on-board computers. Because these additional

power costs are relatively constant, they would not e�ect any trends seen in the

data. In comparison with Fig. 2.10, where higher velocity tends to require higher

mechanical energy, electrical power shows a signi�cant (? Ÿ 0•01) decrease in cost
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Figure 2.9: Plot of mechanical cost of transport vs walking speed for(a) all 36
successful gaits and(b) the six optimal gaits. Each color is a distinct gait and each
dot is a single stride.

versus speed.

A video of the experiments is shown in n.d.

2.6 Conclusions

A modular robot design was presented as a means of comparing locomotion economy

for multiple bipedal gait behaviors. To show the physical capability of AMBER-

3M to viably walk with all its leg modules, three di�erent walking behaviors were

implemented experimentally. These preliminary results demonstrated that a single

robotic platform and control methodology can successfully realize stable walking

across multiple behaviors. A total of 36 optimized gaits were used to further study

locomotion economy for point-foot walking over a wide walking speed range. A

Pareto-optimal frontier for locomotion economy was distilled, illustrating the peak

energy performance of this design con�guration at various speeds. Signi�cant, yet

opposite, trends were seen in the mechanical and electrical costs. Future work will
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Figure 2.10: Plot of electrical cost of transport vs walking speed.

focus on similar in-depth analysis for the �at- and spring-foot con�gurations, with

the intent of further investigating the energetics of robotic bipedal locomotion.

2.7 Lessons Learned and Later Work

This work was a great look into how the physical shape, size, and con�guration of

a robot was directly in�uencing the limit of a robot's capability, regardless of how

optimizations are used in the motions and controllers. This idea would come to play

a part in the later work with hopping robots and how to improve their locomotion

e�ciency through mechanical design.

Around the same time that this work on robotic locomotion e�ciency was being

performed, AMBER-3M was also being used to test out new control and motion

generation methods (M. J. Powell et al., 2016). This work was looking into using

the angular momentum state of the system as the control target when designing

gaits for AMBER-3M, which was a great candid for the initial tests given its model

simplicity.

In the years since then, AMBER-3M has been used in many other research appli-

cations including Data-driven control (Tabuada et al., 2017), walking over slippery

surfaces (Wen-Loong Ma, Or, and Aaron D Ames, 2019), Preference-based learning

(Noel Csomay-Shanklin, Tucker, et al., 2021; Tucker et al., 2021), Control barrier

functions (Noel Csomay-Shanklin, Cosner, et al., 2021; Rodriguez et al., 2022), and

Model predictive control (Galliker et al., 2022).
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C h a p t e r 3

AMPRO-3: A TRANSFEMORAL PROSTHESIS

Figure 3.1: AMPRO-3 in use on a treadmill in the AMBER Lab at Caltech.

3.1 Introduction of the AMPRO Series

Throughout 2013 and 2014 the AMBER Lab designed and created the �rst two

iterations of the prosthetic devices known as AMPRO-1 and AMPRO-2, while at

Texas A&M University. These prostheses were intended for people that had an

amputation or injury above the knee, somewhere in the thigh. The goal of the

devices was to attach to the user's leg and allow them to regain the ability to move

e�ciently. Each prosthesis contained two actuators to drive the extension/�exion

degree of freedom of the both knee and ankle in a controlled manor. This would

allow the user to not only walk, but move over terrain such as stairs where the height

of the surface is changing and the knee would preferably need to be bending while

also exerting torque. This was di�erent from commercial devices which would

generally only control the ankle, while leaving the knee motion as passive with a

built in locking feature to support weight during stance.

Throughout 2014 and parts of 2015 AMPRO-2 was successfully tested by both

the students responsible for designing it and an amputee, yielding results for many
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