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ABSTRACT

While there are over 600,000 lower-limb amputees in the US, commercially available
prostheses remain limited to mostly passive devices. People that walk with a passive
prosthesis experience an increase in energy expenditure, a decrease in comfortable
walking speed, and gait asymmetry which leads to degenerative conditions. To
address these limitations, researchers have developed powered prostheses with the
aim of replicating the net positive energy biological limbs supply to humans in
walking. These active devices have been shown to decrease users’ metabolic cost
and increase their comfortable walking speed. However, the control methods to
achieve these results typically require hours of heuristic tuning for every user and
every behavior. This motivates developing more formal prosthesis control methods
that generalize between users.

Formal nonlinear control methods have been developed to realize energy efficient,
human-like walking on bipedal robots. These model-based approaches provide a
systematic approach to generate and realize provably stable walking gaits. However,
these methods cannot be directly applied to prostheses since they depend on a
dynamic model of the entire system, and in the case of the prosthesis, the human
dynamics are unknown.

To address this challenge, we develop a theoretical framework to translate model-
based bipedal control methods to prostheses with the aim of realizing a generalizable
prosthesis control method. We separate the prosthesis subsystem from the remaining
human portion of the system and model the human’s impact on the prosthesis
dynamics with a measure of the interaction forces between the human and the
prosthesis. We theoretically prove that a model-based controller developed in this
separable subsystem framework is equivalent to one developed with knowledge of the
full-order human-prosthesis system. With control Lyapunov functions, we develop
a wider class of subsystem controllers that solely depend on local information but
provide full-order system guarantees, even in the presence of force estimate errors.
This work bridges the gap between bipedal control methods and prostheses, allowing
us to leverage the benefits of model-based approaches on prostheses.

We demonstrated a controller of this class through an online optimization-based
approach on a powered knee-ankle prosthesis, realizing the first model-dependent
lower-limb prosthesis controller that accounts for the interaction force between the
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human and the prosthesis. For a first pass, a force-estimation method was used
that yields improved tracking of the desired trajectories over model-independent
prosthesis control methods. Then, we incorporated a load cell into the prosthesis
platform at the human-prosthesis attachment point to measure the interaction forces,
and an inertial measurement to measure the rotation and velocity of the human’s
thigh. These two sensors completed the prosthesis dynamics model. A pressure
sensor incorporated into the prosthesis’ shoe measured the ground reaction forces,
enabling the prosthesis to respond to its real-world environment, proving robust to
4 different terrains. We extended this controller to a multi-domain hybrid system
approach to model the changing contact points occurring in human heel-toe roll. By
allowing the prosthesis to sense the human’s large varying dynamic load and respond
accordingly, this model-based prosthesis controller emulated subject-specific human
kinematic trends on a knee-ankle prosthesis for two subjects with no tuning in
between, suggesting this approach could yield a method that generalizes between
users. Leveraging the structure of nonlinear control methods to incorporate human
sensory feedback could close the loop between human behavior and prosthesis
control to bring these devices into everyday use.
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2.1 Existing Powered Prostheses. While several dual-actuated (knee-

ankle) prostheses have been developed and demonstrated in research

settings, there are currently only two commercially-available powered

prostheses and they are both single-actuated. These commercially-

available devices are shown on the left, with some of the dual-actuated

devices used in research settings shown on the right. Note that

the images are taken from the publications listed below, with the

references for the �rst versions of the devices indicated by �V1�. . . . 8

2.2 Prosthesis Control Architecture. While there exist various pros-

thesis control strategies, most control architectures utilize the illus-

trated hierarchy. Overall, the controller receives sensor data from the

human-prosthesis system and returns (typically joint-level) torques.

Furthermore, all controllers generally contain the following shared

components: high-level task and gait phase estimation; mid-level de-

sired torque computation either with or without a reference trajectory,

and a low-level controller that commands the desired torque from the

actuators. The various control methods that will be discussed in the

survey are illustrated in green. . . . . . . . . . . . . . . . . . . . . . 9

2.3 Finite State Machine. An example of an FSM used to determine

gait phase, based on [17]. Here the gait cycle is divided into four

phases, or states, and conditions based on the joint angle, velocity,

and ground reaction forces dictate state transitions. In state 1, when

the ankle angle@0=:;4 reaches the threshold@thr, state 2 begins. Once

the foot lifts o� the ground, determined when the ground reaction

force � 6 is less than a threshold� thr
6 , the controller switches to state

3. This state ends when the knee velocity,¤@:=44 becomes negative.

Finally, the controller starts back at state 1 when the foot strikes the

ground in state 4, causing� 6 to exceed its threshold. . . . . . . . . . 21
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2.4 Progression of Monotonic Phase Variable. The horizontal forward

progression of the stance hip relative to the ankle is an example of

a physical quantity that is monotonic in a gait cycle, as explained

in [150], allowing it to be used as a phase variable in a prosthesis

stance controller. The initial and �nal positions of the hip provide

the parameters?0 and ?5, respectively, to parameterize the phase

variable such that it goes from 0 to 1 during stance phase. . . . . . . 22

2.5 Common Process for Mid-Level Control via Kinematic Reference

Trajectories. (i) Motion capture data is collected from able-bodied

subject walking. (ii) The average and standard deviation is computed

of each joint trajectory, such as the trajectory of the knee angle,@:=44,

with respect to the percent gait cycle. (iii) A function,H3¹g@–Cº, is

�t to the average data, parameterized by some state- or time-based

phase variableg@–C. (iv) A torque, g, is computed based on this

desired trajectory and the actual trajectory,H0¹@?º, of the prosthesis.

(v) This torque is commanded of the prosthesis actuators. (vi) The

resultant joint trajectory of the prosthesis,H0¹@?º is close to the

desired trajectory,H3¹g@–Cº. Steps (i) - (iii) are part of data-driven

approaches to generate reference trajectories, described in Subsection

2.7, and steps (iv) - (vi) are part of tracking controller methods,

described in Subsection 2.7. . . . . . . . . . . . . . . . . . . . . . . 32

2.6 Methods of User-Speci�c Customization. We present four meth-

ods of customization, each illustrated using a di�erent color: (red)

biologically-inspired tuning which leverages relationships derived

from biological systems and data; (grey) simulation-based tuning

which leverages computer-based environments to predict which pa-

rameters would result in optimal behavior; (green) heuristic tuning

which selects new parameters in each experimental iteration based on

a clinician or user's observations; and (blue) human-in-the-loop tun-

ing which assigns numerical metrics to the experimentally-obtained

prosthesis walking and uses algorithmic tools to predict new param-

eters to try in the subsequent iteration. . . . . . . . . . . . . . . . . . 43

3.1 Human-Prosthesis Model and Platform. (Left) Human-prosthesis

model with generalized coordinates. (Right) AMPRO3 powered

prosthesis platform with components and coordinates labeled. . . . . 70
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4.1 Amputee-Prosthesis Separable System and Equivalent Subsystem.

(Left) Amputee-prosthesis separable system (blue), with separable

prosthesis subsystem AMPRO3 (red). (Right) Equivalent prosthesis

subsystem. (Middle) Control input from inverse dynamics of human-

prosthesis motion capture walking data, determined with full-order

system dynamics (blue) and with equivalent subsystem dynamics (red). 74
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C h a p t e r 1

INTRODUCTION

There are over 600,000 lower-limb amputees in the US, and this number is ex-

pected to double by 2050 due to the increasing rate of diabetes [1]. Currently, this

population is limited to mostly passive commercially available devices. Because

these devices do not contribute net positive work to the user the way biological

limbs do [2], [3], amputees walking with these passive devices experience increased

metabolic cost [4]�[6] and slower comfortable walking speed [6], [7]. These users

also tend to shorter step length and favor their intact leg, leading to changes in

biomechanical motion, pain in their joints and back, and degenerative conditions

such as osteoarthritis [8]. In addition to having an asymmetric and less e�cient

gait, amputees also have less robust gaits and are more prone to falling [9], [10].

Powered prostheses could help this instability, improve gait energy e�ciency [11]�

[14], and increase a user's self-selected walking speed [11], [13]. Despite these

potential bene�ts, there are few commercially available powered lower-limb pros-

theses. Those that exist only have a single powered joint [15], [16], meaning there

are no dual actuated knee-ankle prostheses currently commercially available. While

these devices exist in research settings, [17]�[24], challenges exist to bring these

devices to the real-world. One of these challenges, which will be the focus of this

thesis, is the requirement for control.

Currently the state-of-the-art control method for knee-ankle prostheses is impedance

control [25]. This approach divides the gait cycle into a discrete number of phases

and de�nes an impedance torque law for each joint in each phase [17], [26]�[29]. The

parameters that de�ne these torque laws are tuned to yield comfortable amputee-

prosthesis walking with kinematic trends that resemble healthy human walking.

While this approach has led to the �rst instances of powered knee-ankle prosthesis

upslope walking [30], running [31], and variable cadence bilateral amputee walking

[32], these methods take several hours to tune and must be retuned for every subject

and locomotion type [33]. The heuristic nature of this approach yields no formal

guarantees of stability or optimality and the time-exhaustive pose limitations to

bringing the advantages of powered prostheses to the large population of lower-limb

amputees.
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An e�ort was made by bipedal control researchers to develop a more systematic

method to �nd impedance parameters [34]. This strategy determined impedance pa-

rameters through a bipedal robot simulation. Researchers then improved controller

performance by including a feedback term implemented with a model independent

quadratic program [35]. This approach, along with others [36], used bipedal trajec-

tory generation methods to systematically generate human-like walking trajectories

for prostheses. These model-based trajectories are designed to satisfy formal sta-

bility guarantees, however to adhere to these stable periodic orbits and maintain

these guarantees online, a tracking controller with a su�cient convergence rate is

required.

Control Lyapunov functions provide a stability condition based on the modeled

dynamics, such that a control input chosen to satisfy this condition yields a su�cient

convergence certi�cate. Including the model in the tracking control problem allows

inputs to be chosen to satisfy constraints on the physical system [37] and lowers

dependence on high-gain PD control by using a feedforward term. Also, through

consideration of the nonlinear dynamics, controllers can establish formal guarantees

on the stability of the system [38], [39]. Model-based control methods hold potential

to yield a more transferable method between devices, users, and behaviors since

they rely on measurable model parameters and inputs instead of a large set of

heuristic tuning parameters. This motivates developing model-based prosthesis

control methods that lend a more transferable method between applications, and

guarantee stability for the user.

However two problems arise when trying to translate these model-based formal

methods to prostheses. One, the control laws depend on the full system dynamics,

but here thehuman dynamics are unknown. Two, the prosthesis dynamics depend on

the full system states, but here thehuman states are unknown. This thesis addresses

these challenges by developing a theoretical framework that allows construction of

model-based controllers for a subsystem of a nonlinear system. These controllers

solely depend on local information available to the subsystem, such that, in the case

of the prosthesis, the inclusion of a force sensor enables model-based prosthesis

control. After developing a class of stabilizing subsystem controllers and establish-

ing stability guarantees for these controllers in the presence of force estimation error

through theoretical work, this thesis experimentallyrealizes the �rst model-based

lower-limb prosthesis control with consideration of the human-prosthesis interaction

forces. This controller yields improved tracking performance across subjects and
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terrains, without requiring tuning in between these varied conditions, suggesting

this control approach could lead to a method that generalizes across users to bring

these devices into the real-world.

1.1 Contributions

The main contributions of this thesis are:

ˆ Development of a class of model-based subsystem controllers that solely

rely on local information with application to a general class of nonlinear

control systems and any open-chain manipulator capable of sensing its global

orientation and velocity and its interaction forces with another subsystem.

ˆ Formal proofs of stability for these subsystem controllers, guaranteeing full-

order system stability under certain conditions, even in the presence of im-

pacts, zero dynamics, and measurable input estimate errors.

ˆ Realization of the �rst and only model-based lower-limb prosthesis controller,

integrating and utilizing real-time in-the-loop force sensing at the human-

prosthesis interface and at the ground, resulting in improved tracking perfor-

mance across subjects and terrains.

1.2 Brief Description of Chapters

Chapter 2 presents a review on current state-of-the-art powered prosthesis control

methods. This begins with motivation for why powered prosthesis control research is

important. Then it discusses control objectives for prostheses and available sensing

techniques, followed by an overview of di�erent control approaches for high- and

mid-level control. Finally, it outlines methods to customize prosthesis controllers in

a user-speci�c way and concludes with a discussion regarding outstanding needs in

this �eld.

Chapter 3 sets up the preliminary theory used as a basis for the work presented in

this thesis. This theory is not a novel contribution of this thesis, but provides the

necessary background to understand the contributions of this thesis.

Chapter 4 introduces the separable subsystem framework used in the rest of the

paper to develop the theoretical contributions of this thesis. The equivalency of

the subsystem feedback linearizing control laws for a separable subsystem and

equivalent subsystem is proven.
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Chapter 5 establishes full-order system stability guarantees through a subsystem

controller through control Lyapunov functions. This de�nes a whole class of sub-

system controllers that solely rely on local sensing but yield provably stable hybrid

periodic orbits for separable systems with zero dynamics.

Chapter 6 proves these aforementioned stability guarantees are maintained even

when the measurable input to the subsystem has an estimation error. A form of

a control law, that reduces the e�ect of this estimation error, is constructed both

for a general nonlinear system and in a hardware implementable form for a robotic

system.

Chapter 7 formulates a force estimation method to synthesize model-based robotic

subsystem controllers and realizes the �rst instance of fully model-dependent pros-

thesis control on a lower-limb prosthesis, via a controller of the subsystem CLF

class.

Chapter 8 integrates a load cell and an inertial measurement unit (IMU) into

the prosthesis platform to �complete the model� of the prosthesis dynamics to

realize model-based prosthesis control with in-the-loop real-time force sensing.

Additionally, a pressure sensor is incorporated into the prosthesis shoe to provide

real-time force feedback at the ground, leading to stable human-prosthesis walking

across 4 terrains and for 2 subjects.

Chapter 9 extends the methods of the previous chapter to more human-like multi-

contact behavior involving both the knee and the ankle Human-prosthesis walking

is realized for 2 subjects, demonstrating improved tracking performance compared

to traditional model-independent approaches, without tuning between subjects.

Chapter 10 concludes this thesis with a summary of the work, description of the

implications of these contributions, and a discussion of future directions for this

work.
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C h a p t e r 2

A REVIEW OF CURRENT STATE-OF-THE-ART CONTROL
METHODS FOR LOWER-LIMB POWERED PROSTHESES

Lower-limb prostheses aim to restore ambulatory function for individuals with lower-

limb amputations. While the design of lower-limb prostheses is important, this

chapter focuses on the complementary challenge�the control of lower-limb pros-

theses. Speci�cally, a subset of lower-limb prostheses, powered prostheses, which

utilize actuators to inject mechanical power into the walking gait of a human user.

In this chapter, we present a review of existing control strategies for lower-limb pow-

ered prostheses, including the control objectives, sensing capabilities, and control

methodologies. We separate the various control methods into three main tiers of

prosthesis control: high-level control for task and gait phase estimation, mid-level

control for desired torque computation (both with and without the use of reference

trajectories), and low-level control for enforcing the computed torque commands

on the prosthesis. We focus on the high- and mid-level control approaches in this

review. Additionally, we outline existing methods for customizing the prosthetic

behavior for individual human users, including techniques from machine learning.

Finally, we conclude with a discussion on future research directions for powered

lower-limb prostheses based on the potential of current control methods and open

problems in the �eld.

This chapter was adapted from:

R. Gehlhar, M. Tucker, A. J. Young, and A. D. Ames. �A Review of Current
State-of-the-Art Control Methods for Lower-Limb Powered Prostheses�. In:
Submitted to Annual Reviews in Control, 2022.

2.1 Introduction

Advantages of Powered Prostheses

Foremost, powered lower-limb prostheses better replicate the functionality of bio-

logical limbs. Speci�cally, while passive prostheses are able to provide some energy

absorption, they are unable to provide energy generation as human muscles do [2],

[3]. Hence, powered prostheses pose an advantage through their contribution of

net positive work. This is especially important considering that intact ankles are
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responsible for providing up to 60% of the energy generated by a limb in a gait

cycle [3], [40]. As a result, when individuals experience reduced energy generation

due to amputation, they often develop compensatory behaviors from the intact mus-

cles. In stair climbing, for example, transtibial (amputation above the ankle) and

transfemoral (amputation above the knee) amputees often develop compensatory

strategies[41]�[44] due to the inability to produce the net positive work required

(in either the stance knee or stance ankle) to raise the user's center of mass [45].

Through the addition of net positive work, powered prostheses have demonstrated

reduction in these compensatory behaviors [46]. Additionally, it has been shown

that increasing ankle push-o� with an active prosthesis reduces the loading impulse

of the sound limb and the risk of knee osteoarthritis [47].

Lastly, powered prostheses are hypothesized to enable more energy e�cient behavior

relative to passive prosthesis, which require increased metabolic energy compared

to healthy walking [4]�[6]. A few studies have supported this hypothesis through

the reduction of metabolic rate [11]�[14]. This potential advantage heightens for

above-the-knee amputees, considering that higher levels of amputation have been

shown to result in less e�cient gaits and higher O2 costs [48], [49]. Additionally,

powered prostheses have demonstrated an increase in self-selected walking speed

[11], [13]. In comparison, passive prosthesis users experience shorter step length

[8], slower walking cadence [7], and a decrease in comfortable walking speed [6]

compared to able-bodied walking.

Current Limitations of Powered Prostheses

While there are clear bene�ts associated with powered lower-limb prostheses, there

are also drawbacks that limit their ability to be commercially viable. First, powered

lower-limb prostheses tend to have increased weight compared to microprocessor

or passive prostheses due to the addition of sensing, actuation, and batteries. This

increased weight increases the load on an amputee's intact limb, inducing further

stresses at the socket interface. Additionally, the increase in weight has been shown

to cause increases in human joint torque and metabolic expenditure. For example,

a study conducted on healthy walking found that net metabolic rate increased with

both increased loading and more distal placements of the mass [50].

Second, this increase in mechanical and electrical complexity drives up the cost of

powered prostheses, decreasing the likelihood of insurance covering these devices

and inhibiting their potential viability. Furthermore, the addition of sensors and
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actuators introduces more opportunities for failures, including both electronic and

mechanical failures. Third, powered prostheses rely on a control system to drive

the actuation, which introduces unique challenges. Predominately, these controllers

are speci�cally designed for certain conditions including the environmental terrain,

the locomotion mode, and characteristics of the prosthesis user. Thus, it can be

challenging to develop prosthesis controllers that perform well across a variety

of conditions. To date, the bene�ts of powered prostheses only emerge once the

prosthesis control is customized to each subject and each locomotion mode (i.e.

level-ground walking or stair climbing). Similarly, since most prosthesis controllers

only consider level-ground walking, it is challenging for powered prostheses to

handle varying terrain like water/snow/sand/mud.

Lastly, the limitations associated with developing prosthesis controllers are ampli-

�ed for dual-actuated knee-ankle prostheses since the controller needs to coordinate

the motion of two joints simultaneously. In this case, the number of control param-

eters that require tuning at least doubles. In addition to needing satisfactory control

algorithms for each joint individually, coordination between joints also becomes an

important consideration in the control paradigm for these devices. This motivates

developing systematic control methods that extend to high-dimensional parame-

ter spaces and faster methods of user-customization. While powered knee-ankle

prostheses present additional challenges to become clinically feasible to customize

to users, they also hold greater potential advantages because of the increased hin-

drances that confront transfemoral amputees [48], [49]. For these reasons, this

survey places an emphasis on the advantages and limitations control methods pose

for powered knee-ankle prostheses.

Commercial Availability of Powered Prostheses

Ultimately, the bene�ts of powered prostheses observed in research settings are

not yet high enough to outweigh the disadvantages, which likely contributes to

why there are only two powered lower-limb prostheses currently available on the

commercial market. Each of these devices are illustrated in Figure 2.1. The �rst

device is a powered ankle prosthesis, named �Empower�, from Ottobock, formerly

known as the �Biom� [15], released in 2010. The second device shown is a powered

knee prosthesis called �Power Knee� from [16], �rst released in 2006. While

the addition of these devices to the commercial market emphasizes the potential

impact of powered prostheses, it is important to note that there are currently no

powered dual-actuated lower-limb prostheses commercially available. This poses



8

Figure 2.1: Existing Powered Prostheses. While several dual-actuated (knee-ankle)
prostheses have been developed and demonstrated in research settings, there are
currently only two commercially-available powered prostheses and they are both
single-actuated. These commercially-available devices are shown on the left, with
some of the dual-actuated devices used in research settings shown on the right. Note
that the images are taken from the publications listed below, with the references for
the �rst versions of the devices indicated by �V1�.

a disadvantage to transfemoral amputees considering that dual-actuated knee-ankle

prostheses o�er a unique solution towards controlling the coordination of multiple

joints which plays an important role in ankle push-o� [3].

However, there exist many dual-actuated powered prostheses utilized in research

settings, including those illustrated in Figure 2.1. The purpose of these devices is

predominantly to develop and evaluate novel control strategies [17]�[19], [21], [23],

[24]. Notably, since the di�erence between various devices hinders comparisons

between control strategies, there has been a push towards developing open-source

prostheses which can serve as common test beds for control [24]. Another no-

table knee-ankle prosthesis design is the Utah Knee [22] used with the a powered

polycentric ankle prosthesis [20]. This design is an example of recent research

e�orts to decrease the weight of powered prosthesis devices to be closer to that of

commercially available microprocessor controlled knee prostheses.

It is speculated that one of the reasons why passive prostheses are still more com-

mon than powered prostheses, despite the apparent bene�ts, is largely due to the

time-consuming nature of tuning control parameters for individual prosthesis users

[51]. This tuning process becomes increasingly complex when considering mul-

tiple locomotion modes (e.g., level-ground walking and stair climbing) as well as

multiple joints. Towards this, we survey the control strategies for powered lower-

limb prostheses, followed by a discussion on existing techniques for user-speci�c

customization.
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Figure 2.2: Prosthesis Control Architecture. While there exist various prosthesis
control strategies, most control architectures utilize the illustrated hierarchy. Overall,
the controller receives sensor data from the human-prosthesis system and returns
(typically joint-level) torques. Furthermore, all controllers generally contain the
following shared components: high-level task and gait phase estimation; mid-level
desired torque computation either with or without a reference trajectory, and a low-
level controller that commands the desired torque from the actuators. The various
control methods that will be discussed in the survey are illustrated in green.

Overview of the Chapter

It is important to note that while there exist several reviews on the design and con-

trol of lower-limb powered prostheses [52]�[55], many of these reviews focus on

the mechanical design and provide a high-level treatment of the available control

methodologies. In contrast, this survey focuses solely on the existing control strate-

gies. This more in-depth survey allows us to explore the heuristic and formal nature

of current methods to examine their customizability and their potential to generalize

across users. Ultimately, a method that can both generalize across users and have

clinically friendly methods for user-customization could bring these devices into

every day use.

To provide context for the control methods presented in this chapter, this chapter

will begin by discussing speci�c challenges amputees face with passive prostheses

that then motivate various control objectives. Section 2.2 will explain these aims

researchers have in prosthesis control design and the metrics used to evaluate the

performance of these control methods. Following, Section 2.3 will introduce the

various sensing methods available as inputs to prosthesis control methods. We

categorized the control method components into four components, as shown in

Figure 2.2. The �rst component in Section 2.4 is a high-level controller that estimates

the desired task for the prosthesis, such as walking speed, walking incline, and

locomotive modes. A high-level controller that generally follows task estimation,
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is gait phase estimation, discussed in Section 2.5. The phase of the gait cycle

is generally determined in a discrete way through a �nite state machine or in a

continuous way through a phase variable. We consider the mid-level controllers to

�t under one of two approaches. We discuss the �rst approach in Section 2.6, that

are focused on computing torque using task and phase estimates, kinematics, EMG

signals, or a combination of these. The second approach, in Section 2.7, consists of

two steps. The �rst step, in Subsection 2.7, determines a desired reference trajectory

for the prosthesis, which is a desired motion of a joint de�ned with respect to time

or gait phase. The second step, in Subsection 2.7, determines a torque to track the

reference trajectories. In the prosthesis control-architecture, a low-level controller

commands the desired torques from the actuators. These low-level controllers will

not be discussed in this survey. All of the control methods we present require

some level of tuning. Various tuning approaches used for user-customization will

be outlined in 2.8. Section 2.9 will then discuss open questions regarding prosthesis

control methods and important considerations in working towards better prosthesis

performance, followed by a brief conclusion in Section 2.10.

2.2 Control Objectives for Prostheses

A major consideration when developing controllers for powered prostheses is how

to assessthe performance for any given controller. We consider three categories

that encompass the main control metrics used:naturalnessof the gait,e�ciency of

the gait for the human and prosthetic device, and the prosthesis'responsivenessto

the human's behavior and the environment.

Naturalness

One of the most common control objectives addresses how well a prosthesis is

able tomimichealthy human walking patterns. This goal is motivated by the gait

asymmetry prosthesis users exhibit kinematically [56], [57], kinetically [58], [59],

and temporally [60], [61]. Part of this asymmetry arises from the limitations of

passive devices as well as from amputees favoring their intact leg. Favoring one

side leads to loading asymmetry [62], [63], which increases with walking speed

[59]. This tendency also leads to changes in biomechancial motion, degenerative

changes to their limbs, and pain in their joints and back [8].

To assess this loading asymmetry, controls researchers examine the ground reaction

force pro�les and center of pressure (CoP) trajectories between a prosthesis foot and

a biological foot in able-bodied walking [64], [65]. By looking at the ground reaction
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forces, researchers can assess the amount of body weight lifted by the prosthesis

and the loading symmetry between legs [66]�[68]. Researchers work to improve

the kinetic �naturalness� at the joint level, perhaps with the intent of improving the

loading asymmetry. Researchers compare prosthesis torques, power, and work to

that of able-bodied walking [14], [36], [65], [69], [70], to name a few. While this

comparison considers the torques with respect to percent gait cycle, researchers will

also compare the relationship between torques and the joint angles, in other words,

the quasi-sti�ness [71]�[73].

There are certain kinematic features that biomechanics have found play an important

role in human gait, such as knee �exion in early stance to cushion the transition to

weight-bearing mode [74] and ankle plantar �exion in late stance to propel the body

forward [3], [75]. Motivated by the way these kinematic behaviors lead to desirable

full body dynamic e�ects, researchers commonly assess the performance of their

prosthesis by comparing the joint kinematic pro�les to able-bodied kinematic data

[14], [17], [65], [69], [76], [77], to name a few. Researchers will also compare the

kinematic trajectories of the prosthesis to the sound side to assess gait symmetry

[78].

Another method of comparing prosthesis walking to healthy walking is via spatio-

temporal parameters, such as symmetry and step length. Types of symmetry include

time spent on each leg, duration of gait phases between each limb, and maximum

joint angles in speci�c phases of walking [73]). To examine the work done and work

symmetry at the muscle level, researchers will measure human muscle activation

through electromyography (EMG). Researchers use the EMG activity to assess the

muscle e�ort used in walking with a prosthesis and compare the muscle activation

symmetry between limbs [67], [68], [79]. Lastly, one can assess kinematic properties

of the prosthesis walking using postural observations including the evolution of the

center of mass during walking [80].

In addition to measuring speci�c elements of an amputee-prosthesis gait, researchers

will also investigate whether certain relationships exist between these elements, like

the biomechanical relationships observed in human walking. Researchers examine

whether ankle work increases with faster walking speeds [73] and with increasing

walking slopes [69]. [73] also assessed how the maximum �exion angles changed

with speed compared to able-bodied walking. This provides insight into how well

the control method captures a human's underlying objectives to exhibit similar

responses to given conditions.
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E�ciency

To measure a human's locomotive e�ciency, metabolic cost of transport is most

commonly used. This metric is determined by both the metabolic rate and the

speed at which the subject traveled at. Researchers aim to decrease metabolic rate

and increase a user's comfortable walking speed to improve this uni�ed metric of

metabolic cost of transport. This section will discuss how performance assessed

with this metric degrades with an amputation, which then motivates researchers to

use powered prostheses to restore higher levels of energy e�ciency.

Humans tend to walk at a speed that is close to optimal with respect to energy expen-

diture [81], [82], suggesting that energy e�ciency is a control objective for humans.

Walking with passive prostheses, however, increases hip power and metabolic cost

[83]. Transfemoral amputees, speci�cally, exert three times more hip power and

torque on their amputated side in walking than able-bodied individuals [83]. With

regards to metabolic energy, transtibial amputees expend around 20% more energy

in walking [5] and transfemoral amputees, 33% [6]. To try to mitigate this decline in

e�ciency, prosthesis control researchers aim to reduce metabolic cost of transport

[54], [67].

However, it is unclear whether powered prostheses are yet capable of restoring met-

abolic expenditure to a level comparable to walking with intact limbs. While there

exists previous work that has demonstrated metabolic reduction using a powered

ankle prosthesis [11]�[14], it should be noted that these results have not been re-

peatable across powered prosthetic devices [84]. Speci�cally, other results indicate

that powered ankle prostheses fail to reduce metabolic cost across a wide variety of

ankle push-o� strategies [85]. Also, note that these existing results are largely lim-

ited to powered ankle prostheses. Thus, the potential for dual-actuated prostheses

to reduce metabolic expenditure for transfemoral amputees is still an open question.

While lowering energy expenditure for the human seems important, how to directly

improve upon this metric through prosthesis control is unclear. Some control

methods will determine mid-level control parameters to minimize cost of transport

through optimizing a gait cycle of a modeled amputee-prosthesis system [70], [86],

[87]. In addition to reducing the energy cost to the human, these o�ine optimization

approaches and other online optimizations [35] can also reduce the mechanical work

of the device. This objective is advantageous to reduce the required actuator size

and power.
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With regards to walking speed, typically humans'self-selected walking speedis

between 1.3 and 1.5 m/s, slower than their maximum speed of around 2 m/s [81],

but close to their optimal speed, of 1.2 m/s, with respect to energy expenditure [82].

Amputees walking with passive prostheses experience a signi�cant decrease in self-

selected walking speed [61]�an 11% speed decrease for transitibial amputees, and

35% for transfemoral [6]. Motivated by this decline in performance, researchers

investigate how a given prosthesis control method a�ects a user's self-selected

walking speed and aim to increase it [11], [13], [67], [88].

Responsiveness

The �nal control objective for powered prostheses is the ability to respond appro-

priately to both the prosthesis user and the environment. This requires a prosthetic

device to adapt its behavior to satisfy user intent. Responsiveness also refers to a

prosthesis' ability to respond to disturbances in way that keeps the user stable and

safe.

First, the ability of a prosthesis to respond to a human user is often characterized

asvolitional ability. This objective is especially used in the context of controllers

that allow for precise movements (such as direct EMG control) and is quanti�ed by

the precision of motion under the user's volition. Speci�cally, the following metrics

have been examined to assess volitional control: excess distance traveled when

moving to a target angle, time the subject held the prosthesis in target window, and

total wasted motion of the prosthesis in accomplishing various tasks [89]. Similarly,

[67] assessed the range of cadences a user could achieve while walking with a

powered knee-ankle prosthesis.

Second, powered prostheses must also be responsive to changes in the environment.

This includes both transitioning between locomotion modes as well as maintaining

stability. In terms of transitions, it is expected that for daily locomotion, prostheses

must be able to traverse a variety of terrain types: upward and downward slopes,

ascending and descending stairs, and uneven terrain. Researchers generally take

two approaches towards realizing these various types of locomotion: develop task

estimators that discretely classify the terrain type or locomotive mode [90], or focus

on developing a uni�ed control method that adapts to the user's behavior [68],

[78], [91], [92]. The metrics corresponding to a prosthesis' responsiveness to the

environment can be evaluated using classi�cation accuracy and response time.
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To put the importance of such responsiveness into context, even for small mode

transition errors (1%), a user who ambulates 5000 steps a day would experience

50 transition errors daily [90]. To decrease the number of potential falls from mis-

classi�cations, powered prostheses must have both highly accurate methods of task

estimation as well as controllers that can seamless recovery from misclassi�cation

errors. More generally, this notion of recovery refers to a prosthesis' ability respond

to unexpected disturbances (i.e., maintaining balance in the event of a trip).

Lastly, locomotive stability is important, re�ected by the fact that amputees have a

greater risk of falling than healthy individuals [9]. Passive prosthesis users tend to

have less robust gaits [93], falling more often than non-amputees [10]. [94] polled

amputees and found 45% had fallen while wearing their prosthesis in the previous

year. However, there is currently no universal metric for stability/balance apart from

recording falls in a long term study [95], [96]. Thus, it is di�cult to compare the

e�ect of various controllers on locomotive stability. Though, it should be noted that

researchers are developing test environments to introduce walking disturbances in

a controlled setting to assess a human and prosthesis' stability in the presence of

perturbations. These e�orts along with other research focused around fault detection

and fall prevention will be discussed in Section 2.9.

2.3 Sensing for Prosthesis Control

One factor that in�uences a controller's capabilities to achieve these objectives is the

sensing available as input. We present four categories of sensing used in powered

prosthesis control: kinematic sensors, such as inertial measurement units (IMUs)

and encoders, to measure joint and limb motion; force sensors to provide force

feedback at the ground and the user's socket; electromyographic (EMG) sensors

to detect human muscle activity; and computer vision and range sensors to infer

information about the user's environments.

Kinematics�IMU, Encoders

Almost all microprocessor controlled devices have an encoder for joint angle mea-

surements and many devices also include an IMU for additional state feedback

[18], [19], [21]�[24]. Encoders measure prosthesis joint angles and velocities, and

an IMU is typically used to measure the global orientation and velocity of the

prosthesis-side shank or the human's residual limb. These measurements are used

in many forms of prosthesis control, including impedance control laws, reference

trajectory tracking controllers, and gait phase estimators.
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Forces Sensors

Many devices include a force sensor, typically a load cell distal to the ankle joint [23],

[65], in the shank [18], [24], or proximal to the knee joint [17], [22], to detect ground

contact, ground reaction forces, or Center of Pressure (CoP). Most commonly, these

force sensor measurements are used to determine transitions between discrete gait

phases in a �nite state machine (FSM), especially between stance and swing phase.

The work of [65] used the CoP to encode and modulate virtual constraints. Recently,

a load cell was incorporated at the socket interface of a transfemoral prosthesis and

a pressure sensor into the shoe of the prosthesis to provide real-time force feedback

to complete the modeled prosthesis dynamics for model-based control [97].

EMG Sensors

EMG sensors measure electrical signals generated by muscles during contraction.

Broadly speaking, there are two kinds of EMG sensors: surface-mount and im-

plantable EMG sensor interfaces [98]. To our knowledge, there is only one study

that utilized surgically implanted wireless intramuscular EMG sensors in lower-limb

amputees for prosthesis control [99]; these surgically implanted EMG sensors are

more commonly used in upper-limb prostheses [100]�[103]. Instead, the majority of

existing studies on myoelectric control of lower-limb prostheses use bipolar surface

EMG electrodes [68], [89], [98], [104].

A major limitation of surface electromyographic (EMG) signals is the recorded

signals vary over time due to changes in skin impedance, day-to-day variations

in electrode placement, and relative motion between the electrodes and underly-

ing muscles during movements [100]. Moreover, electrode placement within the

prosthesis socket can cause physical disturbances that induce noise in the EMG

recordings, can compromise the socket suspension, and ultimately degrade user

comfort [105]�[107]. Solutions for improving EMG signal reliability include fur-

ther investigating implantable sensors [100]�[102], novel �exible electrode design

[108], [109], custom prosthesis sockets with integrated electrodes [104], and de-

veloping EMG decoding algorithms and control paradigms [98]. Notably, novel

�exible electrodes are particularly promising for improving the reliability and com-

fort of EMG sensors since they 1) are more compatible with a subject's prescribed

prosthetic socket and liner compared to other within-socket surface EMG sensor,

2) will likely be less expensive than fabricating a custom socket and liner for each

individual subject, and 3) have been shown to be more comfortable than commercial

surface-mount electrodes [109].
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Lastly, another challenge with using EMG signals in prosthesis control is that

individuals with limb loss often exhibit variations in residual muscle activation

and coordination [110], [111]. Thus, before EMG control can be e�ective for

subjects who exhibit abnormal muscle patterns, further research is needed towards

understanding how limb amputation in�uences EMG sensing.

Computer Vision and Range Sensors

To translate prosthetic walking to environments other than level-ground walking,

additional sensors are required to estimate elements of the environment. Most

commonly these sensors include cameras and range sensors.

Notably, cameras used for computer vision have demonstrated highly accurate pre-

dictions of complex terrain environments. For example, large datasets of wearable

camera images of walking environments have been used to train convolutional neu-

ral networks for real-world stair environments [112]. Additionally, researchers have

extracted visual features from similar large datasets and classi�ed the images using a

Bag of Words method for terrain identi�cation [113]. Furthermore, some research-

ers use specialized cameras, such as depth cameras, to directly estimate various

properties of the environment such as stair height and stair depth [114].

Similarly, range sensors provide depth information about the terrain. One example

of range sensors is laser distance meters, which have been used with decision trees to

classify terrain type as either ascending/descending ramps, ascending/descending

stairs, or level ground [115]. Another example is LIDAR, which has been used

(in combination with an IMU and joint encoders) to estimate the position of the

prosthesis leg with respect to the ground for real-time reactive control for trip

avoidance [116]. Notably, this was the �rst work to incorporate visual feedback into

real-time planning of prosthesis control.

2.4 High-Level Task Estimators

As shown in Figure 2.2, after receiving input signals from the aforementioned

sensors, the �rst component of the prosthesis controller is determining the desired

tasks (i.e., locomotion mode and walking speed). This component can also be

otherwise interpreted as deciphering user intent. In this section we will discuss

the approaches to high-level control for estimating both locomotion mode and gait

speed.
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Estimating Locomotion Mode

The goal of locomotion mode estimation is to quickly and accurately predict the

intended locomotion modes of a prosthesis user, based on real-time input signals

(including kinematic, dynamic, and neuromuscular signals collected from both the

device and human user). Example locomotion modes include level ground walking,

ramp ascent and descent, and stair ascent and descent [90], [117]. In general, there

are two approaches for this: analytical algorithms and machine learning classi�ers.

Additionally, some machine learning classi�ers include the use of EMG sensing,

which has been shown to improve classi�cation accuracy but at the cost of relying

on user-dependent classi�ers.

First we will discuss analytical algorithms, which use prede�ned event triggers with

sensor information to switch between locomotion modes. For example, [118] used

a �nite state machine (FSM) as a supervisory controller to switch between stair

ascent, stair descent, standing, and level-ground walking modes. The transitions

between these behaviors are based on foot contacts, direction of ankle motion, shank

position, and time. Additionally, [92] estimated slope incline based on the angle of

the foot during midstance�when the foot was �at on the ground. The researchers

determined foot angle through forward kinematics with prosthesis joint encoders

and an IMU on the residual thigh, and they detected midstance phase by a load cell

below the ankle joint. Lastly, [30] also estimated ground slope when the foot was

�at on the ground, as detected through foot load sensors, through a method similar

to [119], [120].

The second method of estimating locomotion mode is to train machine learning

classi�ers using precollected training data. Such classi�ers enable smooth and

automatic transitions between locomotion modes, reducing the cognitive burden

placed on prosthesis users, but require the collection of training data. Some common

methods of classi�cation for lower-limb prosthesis mode include support vector

machines [121], arti�cial neural networks, linear discriminant analysis, maximum

likelihood [122], [123], and Bayesian networks [124], [125]).

As mentioned, some machine learning classi�ers involve EMG sensors [126]�[130].

The use of EMG for estimating locomotion mode is often termedsupervisory EMG.

One important component to supervisory EMG control is extracting features from

the EMG signals and classifying patterns of these features for various locomotion

modes. However, since EMG signals are non-stationary over walking gait cycles,

it can be di�cult to extract key features for walking; In comparison, extracting
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key features is easier for upper-limb prosthesis control. One common approach of

supervisory EMG control for lower-limb prostheses is to divide the gait cycle into

discrete phases, and extract key features for each phase separately [127].

Generally, researchers have found that adding EMG signals to classi�ers tends to

improve classi�cation accuracy [123], [131], [132] compared to only using mechan-

ical sensors. However, the performance of such classi�ers relies on the accuracy

of EMG signals from the prosthesis user. While many studies have demonstrated

supervisory EMG using EMG signals from residual limb muscles [127], studies

have found that including additional sensors to intact muscles improves accuracy

but also consequently increases complexity for daily use and sensor setup [98]. For

example, [123], [127] used a combination of 10-16 EMG signals across both the

residual and intact limbs. It is interesting to note that the reliability of EMG signals

on the residual limb depends on the amputation level of the subject. One solution

to improve the accuracy of EMG signals is to leverage TMR surgery to record sig-

nals directly from reinnervated residual muscles [128], [131]. Lastly, since EMG

data is inherently noisy, researchers have discovered that the accuracy of classi�ers

that use EMG sensors can be improved by combining these signals with additional

mechanical measures [117], [123], [131].

One open question when training machine learning classi�ers is how much data

should be provided during the model training (or speci�cally, how much �time

history�). Recent work comparing strategies with and without time history found

that including time history improved locomotion mode intent recognition accuracy

[117]. Another open question regarding classi�ers for locomotion modes is if the

classi�ers should be user-independent or user-dependent. The bene�t of developing

user-independent classi�ers is that they generalize to new users without requiring

new training data to be collected per subject. However, research has found such clas-

si�ers to be less accurate than user-dependent classi�ers. For example, [90] found

misclassi�cation rates for user-independent classi�ers to be signi�cantly higher than

those for the user-dependent system. It was hypothesized that this is in part due

to the variance in subjects' walking patterns. Similarly, [133] compared subject-

independent and subject-dependent intent recognition across three machine learning

algorithms (linear discriminant analysis (LDA), neural networks (NN), and a gradi-

ent tree boosting method called XGBoost) and also found that subject-independent

classi�ers result in signi�cantly higher misclassi�cation errors.
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A major limitation of classi�ers for locomotion modes is the reliance on rich sensor

information. As argued in [134], although additional sensors and features tend to

increase the performance of machine learning models, their inclusion also greatly

increases the model complexity. Future research includes studying the minimum

complexity of sensor information required for accurate classi�ers. For example,

[134] performed an analysis of sensor importance for a knee-ankle prosthesis and

concluded that mechanical sensors (IMUs and Goniometers) were generally more

important than EMG sensors. Another major limitation is that even for a user-

independent classi�er, a prosthesis with di�erent sensors would require a new set

of training data. Thus, future research directions include strategies for reducing the

initial user-independent misclassi�cation rate.

Estimating Gait Speed

The second component of high-level task estimation for lower-limb prosthesis con-

trol is to estimate the gait speed. As explained in [135], there are three existing

techniques for determining walking speed 1) analytical algorithms 2) kinematic gait

modeling, and 3) regression modeling or machine learning. Analytical algorithms

are the most commonly used method because of its simplicity, but it su�ers from

long-term drift. One speci�c example is that of [92] which estimates gait speed based

the displacement of the foot (approximated by the prosthesis-side leg geometry) and

the time between steps.

Alternatively, kinematic models have also proven successful but are less accurate

without subject-dependent calibration [136]�[139]. One example of this method is

[73] which uses prosthesis shank, knee, and angle angles in a three-link planar leg

model to compute the forward hip velocity in the sagittal plane. In stance, these

researchers use gyroscope data, and in swing, they integrate accelerometer outputs.

One disadvantage associated with both analytical estimation and kinematic gait

modeling is that they typically only update their prediction of gait speed once per gait

cycle. This motivates the �nal method, machine learning classi�ers, which provides

a continuous estimation for gait speed. This method leverages similar classi�ers

as discussed for estimating locomotion mode [135], [140]�[142]. Speci�cally,

the work of [135] evaluates three algorithms for determining gait speed: linear

regression (LR), extreme gradient boosting (XGBoost), and neural networks (NN)

for both subject-independent and subject-dependent datasets. The results found that
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the machine learning algorithms performed competitively or better than analytical

algorithms for both subject-independent and subject-dependent models.

Another advantage of leveraging machine learning classi�ers is that they can also

be trained to detect multiple important control variables simultaneously. For ex-

ample, [134] introduces a combined locomotion mode classi�er and environmental

parameter estimator to provide accurate information on a user's current ambulation

state. Speci�cally, the classi�er in [134] identi�ed mode classi�cation, walking

speed estimation, ground slope estimation, and stair height estimation.

Overall, the presented methods have demonstrated promising success towards ac-

curately estimating gait speed. However, it is important to note that none of the

existing methods easily generalize across users without either manual tuning or col-

lecting additional training data. This limitation is common across many methods of

prosthesis control and will be discussed further in Section 2.9.

2.5 High-Level Gait Phase Estimators

In addition to estimating locomotive tasks, the other component of a high-level

control is estimating gait phase. It is widely agreed-upon that quickly and accurately

estimating gait phase during prosthetic locomotion is an important component of

prosthesis control [143]. Typically, a full gait cycle is de�ned as the periodic cycle

starting from the impact of one foot on the ground to the following occurrence of

the same impact event for the same foot. Note that researchers can estimate gait

phase in either a discrete or continuous manner.

Finite State Machines for Gait Phase

In biomechanics, the human gait cycle is divided into di�erent phases [144]. Con-

trols researchers have commonly modeled lower-limb prosthesis controllers in a

similar fashion using �nite state machines (FSMs) [17], [26], [69], [145]. Each state

represents a phase of the gait cycle and a �xed set of rules dictate when the FSM

should switch to a di�erent state. These transition conditions are based on thresh-

olds of ground reaction forces and joint con�guration. Within each state, di�erent

control laws are de�ned, often impedance control laws, which will be discussed in

2.6. Due to their simplicity and �exibility, FSMs are widely used in powered pros-

thesis control methods and are also used in commercial microprocesser-controlled

knee prostheses (passive) [98], [146] Figure 2.3 depicts an example FSM.
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Figure 2.3: Finite State Machine. An example of an FSM used to determine gait
phase, based on [17]. Here the gait cycle is divided into four phases, or states, and
conditions based on the joint angle, velocity, and ground reaction forces dictate state
transitions. In state 1, when the ankle angle@0=:;4 reaches the threshold@thr, state
2 begins. Once the foot lifts o� the ground, determined when the ground reaction
force � 6 is less than a threshold� thr

6 , the controller switches to state 3. This state
ends when the knee velocity,¤@:=44 becomes negative. Finally, the controller starts
back at state 1 when the foot strikes the ground in state 4, causing� 6 to exceed its
threshold.

Separate gait phase FSMs can be constructed for di�erent locomotive modes [147],

and a supervisory FSM, as described in 2.4, can switch between these modes. For

example, [118] constructed gait phase FSMs for stair ascent, stair descent, standing,

and level-ground walking modes and a supervisory FSM dictated which gait phase

FSM to use. An alternative approach to realize multiple locomotive modes with an

FSM involves using multiple transition conditions for a single gait phase FSM state,

such that the controller can execute di�erent sequences of states to realize modes.

[148], for example, used a 6-state FSM, with multiple transition conditions between

states, to realize 8 di�erent activities of daily living (ADLs), both rhythmic and

non-rhythmic behavior, without explicitly identifying the ADL. The FSM transitions

were determined by the knee and shank angle, shank axial force and acceleration,

and time.
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Figure 2.4: Progression of Monotonic Phase Variable. The horizontal forward
progression of the stance hip relative to the ankle is an example of a physical
quantity that is monotonic in a gait cycle, as explained in [150], allowing it to be
used as a phase variable in a prosthesis stance controller. The initial and �nal
positions of the hip provide the parameters?0 and?5, respectively, to parameterize
the phase variable such that it goes from 0 to 1 during stance phase.

FSMs are simple to develop, �exible in their application, and the transition rules

are intuitive to tune given the threshold parameters are typically based on ground

reaction forces and joint angles. However, realizing multiple locomotive modes

often requires more FSMs or more complex FSMs. This increases the number of

parameters to tune and some of these parameter need to retuned for each user. Even

after tuning, FSMs have robustness issues in performance. Researchers have found

that when the user encountered unexpected ground height disturbances, the user's

resultant abnormal kinematics led the FSM to skip a state. This led to large, sudden

torque changes, which sometimes resulted in a fall [76], [149].

Continuous Phase Variables

To avoid the tuning and torque discontinuities that can accompany discretizing a

gait cycle, researchers have investigated developing uni�ed and continuous control

methods using phase variables [65], [151], [152]. A phase variable approach pro-

vides a continuous mechanical representation of the gait cycle. Bipedal robotics
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researchers use state-based phase variables to parameterize desired kinematic tra-

jectories for a robot in a time-invariant way, such that motion being enforced on the

robot is dictated by the state of the robot [153], [154].

Any measurable quantity of a walker's motion that is monotonic during a gait cycle

can be used for the phase variable. One example of this is the linearized horizontal

forward progression of the stance hip, which continuously increases during the

stance phase of a gait cycle [150], as shown in Figure 2.4. This choice is an example

of how a phase variable can be a function of multiple joint coordinates. By de�ning

@? 2 R=? to be the vector of the=? prosthesis con�guration coordinates measured

by kinematic sensors, a phase variableg@¹@?º : R=? ! R is generally de�ned by,

g@¹@?º =
?¹@?º � ?0

?5 � ?0
•

Here, the state-based monotonic function?¹@?º : R= ! ' is parameterized by its

initial and �nal values,?0– ?5 2 R, respectively, in the gait cycle, such thatg@¹@?º

goes from 0 to 1 over the gait cycle.

One consideration in selecting a phase variable for a prosthesis is �nding a quantity

that the human has some volitional control over, such that speed of gait progression

will be continuously modulated by the human body's progression. These options

can vary with the level of amputation to ensure the selected variable is both a�ected

by the human's motion and measurable by the prosthetic device. In the �rst instance

of phase-based prosthesis control, [151] used the global tibia angle as the phase

variable for a powered ankle prosthesis. This quantity is piece-wise monotonic in a

gait cycle and can be measured by a sensor on an ankle prosthesis. However, when

the foot of a knee-ankle prosthesis is �at on the ground, the prosthesis fully controls

the tibia angle, removing the human's volitional control. To address this, other

researchers used the linearized forward hip progression [35], [152], the center of

pressure trajectory [65], and multiple joint angle and velocity measurements fused

in an extended Kalman �lter (EKF) [76] to estimate gait phase when the prosthesis

was in stance.

While these methods achieved human-prosthesis walking on a knee-ankle prosthesis

with phase-based control in stance, these phase variables cannot be used to realize

phase-based control in swing since they require sensing on the human stance leg.

[36] placed IMUs on the human's sound leg to use the human's linearized forward

hip position for a phase variable, but wearing these IMUs in daily life would be

inconvenient to the user. To avoid cumbersome sensors on the human, [155],
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[156] examined potential phase variable candidates and determined that the polar

coordinate of the hip's phase portrait provides a robust parameterization of the

human gait cycle for both stance and swing phase. This phase variable proved

bene�cial in rhythmic tasks (i.e. walking) [157], [158], but its requirement of a

well-de�ned thigh orbit inhibits its applicability to non-rhythmic tasks (i.e. kicking

a ball). With the global residual thigh angle, shown to be piece-wise monotonic

in gait [159], researchers were able to realize both rhythmic and non-rhythmic

tasks [92], [158]. [92] showed how the phase variable could realize walking at

di�erent inclines by online automatic updating of phase parameters based on the

user's behavior.

Phase-based control approaches pose an advantage by providing some volitional

control to the user through the use of a mechanical sensors while avoiding the chal-

lenges posed by EMG control methods, which will be discussed in 2.6. Phase-based

strategies also naturally adapt to changes in walking speed. [65], [92], [158], [160]

demonstrated bene�ts of phase-based control for multi-joint prostheses including co-

ordinating ankle and knee motion, realizing walking patterns that resembled healthy

human patterns, and enabling amputees to walk at di�erent speeds and inclines

with a single controller. Ideally, the phase variable will be invariant across subjects

[155], such that the control strategy will generalize across subjects. Compared to

impedance and neuromuscular methods that require tuning of a large number of pa-

rameters, these approaches can reduce the number of tuning parameters and depend

on clinically intuitive parameters [157]. The strategy of [65], for example, only

required �ve parameters to be tuned.

One outstanding challenge with phase-based methods for multi-joint prostheses

is the uncertainty regarding whether the prosthesis should be fully dictated by a

state-based phase variable or when a time-dependent term is bene�cial. When

using the global thigh-angle as a phase variable, researchers have observed a slow

ankle push-o� [160] and a pause in the kinematic reference trajectories [92]. This

issue was mitigated by introducing a time-based component in the controller [161].

The approaches in [35], [36] required a velocity modulating output in one phase

which also introduced a time-based component into the phase-based controller.

However, introducing a time-based component removes some volitional control

from the human. It remains unclear what the best choice of phase variable is that the

prosthesis can detect in both stance and swing, provides human volitional control,
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and will progress forward at a natural rate in the closed-loop human-prosthesis

system.

Machine Learning for Gait Phase

Another method of estimating gait phase is to leverage machine learning models.

As with machine learning methods for estimating gait speed, these algorithms can

provide either discrete estimates gait cycle events or continuous estimates throughout

the gait cycle. Some examples of machine learning algorithms for estimating gait

phase include: neural network classi�ers to estimate gait phase discretized to 1%

intervals using o�ine IMU data [162]; using o�ine data with hidden Markov

models to detect 4-6 gait cycle events [163]�[167]; neural network models to �lter

raw measurements and provide an HMM with classi�cations [168]; neural networks

to classify stance and swing phases based on EMG data [169]; and estimation of

foot strike and toe o� events using deep learning with neural networks [170], [171].

It is known that the choice of sensor used with the ML algorithm heavily in�uences

the classi�cation accuracy. A review of machine learning methods for gait phase

detection found that after comparing several available wearable sensors for gait

phase detection algorithms, foot switches and foot pressure insoles yielded the

highest accuracy [172]. However, due to the sensitivity of these sensors to wear

and placement, they are not considered suitable for daily activity applications. In

comparison, IMUs are a more favorable sensor since they provide rich information

about the walking cycle and are low-cost, low-energy, and durable. However, since

they can be sensitive to movement artifacts, these sensors still require pre-processing.

This pre-processing step can be accomplished within the learning framework [162].

2.6 Mid-Level Control via Torque Computation Without Reference Trajecto-

ries

After identifying the behavior and gait phase, some control methods will directly

compute torque based on the task and gait phase estimates without a reference

trajectory. This section will cover the various methods used to accomplish this.

Impedance Control

Impedance control was one of the �rst mid-level control techniques implemented

on powered prostheses [17], and continues to be one of the most popular methods

because of its simplicity and ability to replicate natural walking; the motivation

behind why impedance control produces natural walking is that human joints have
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been shown to behave like variable impedance controllers [173]. However, this

technique requires careful tuning of various parameters per subject. Speci�cally, an

impedance control law for the torqueD?– 9of a single joint, joint9, is as follows:

D?– 9= � : 9¹@?– 9� @4
?– 9º � 19¤@?– 9 (2.1)

where@?– 9–¤@?– 92 R denote the position and velocity of the corresponding9th joint

measured through kinematic sensing,: 2 R is the sti�ness coe�cient, @4
?– 92 R

is the equilibrium point (reference set-point),19 2 R is the damping coe�cient.

Simply put, this control law relates position and velocity to torque, thus regulating

joint torque by the state of the system and imposing a spring-damper behavior on a

joint [25].

Impedance control strategies are typically paired with an FSM, as described in 2.5,

where impedance control laws with constant parameters are de�ned for each discrete

phase within the FSM and thus enforce passive dynamics within a state. These

parameters di�er between states of an FSM, which in part replicates the variable

impedance observed in human joints and allows for the injection or removal of net

energy. This creates a piecewise control law for the gait cycle. Some recent work

[161], [174], [175] has de�ned impedance control laws with parameters that vary

within a state, which do not enforce passive dynamics and may be able to better

capture the variable impedance behavior of human limbs [176]�[178].

Impedance control is also capable of accomplishing behaviors other than walking

through the adjustment of coe�cients. For example, [26] realized the �rst instance

of powered transfemoral prosthesis stair ascent and descent. Notably, this control

strategy achieved knee and ankle kinematic pro�les that matched healthy human

pro�les more closely than that of a passive knee-ankle prosthesis in stair ascent,

and matched ankle pro�les more closely in stair descent. Other achievements of

impedance control within an FSM include the �rst powered knee-ankle prosthesis

running [31], upslope walking [30], and variable cadence bilateral amputee walking

[32].

As mentioned, the primary disadvantage of impedance control is the need to tune the

coe�cients within each FSM state for each prosthesis user and locomotion mode.

Thus, there exist several methods in the literature for how to select these parameters.

These user-customization methods are discussed further in Section 2.8.
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Quasi-Sti�ness Control

A subset of impedance control strategies is quasi-sti�ness control. This approach

determines the impedance parameters, used to de�ne the state-torque relationship,

through matching the relationship between a human's joint torqueD�
? and angle@�

?

The slope,
3D�

?

3@�
?
, of this relationship is called �quasi-sti�ness� [71], [72]. The desired

prosthesis torqueD?– 9for joint 9is then determined by,

D?– 9=
3D�

?– 9

3@�
?– 9

¹@?– 9º¹@?– 9� @4
?– 9º

where the quasi-sti�ness,
3D�

?– 9

3@�
?– 9

: R ! R, is a function of the joint angle@?– 9. While

quasi-sti�ness and sti�ness are equivalent in passive prostheses that only contain a

spring, these concepts are distinct in powered prosthesis control [72]. [179] showed

theses torque-angle relationships in human ankles change as walking speed changes.

For normal walking speeds, the torque-angle relationship is approximately linear

for most of the stance phase with a notable shift at the beginning of push-o�.

The work of [73] created a look up table of quasi-sti�ness pro�les from able-

bodied walking experiments for both an ankle and a knee joint for each phase of

walking. By inputting current joint angle and walking speed, the table gave a desired

joint torque, normalized by the body mass of the user. The quasi-sti�ness pro�les

were interpolated between based on walking speed. To realize stair climbing, [78]

changed the torque-angle relationship with respect to the knee landing angle, an

indicator of stair height. The algorithm increased the torque with taller stair heights,

imitating the biomechanical relationship observed in humans [45]. The peak knee

torque, timing of the peak knee torque, and the power and energy injected into the

prosthesis changed with stair heights and climbing patterns.

The approach of [73] realized biological gait energetics over a wide range of walking

speeds without any subject or speed speci�c tuning. Enforcing quasisti�ness pro�les

allowed the prosthesis to modulate its mechanical work independent of the actual

joint velocity. The net energy of the ankle increased proportionally with gait speed, a

relationship that exists in healthy human walking [179]. The knee extension torque

increased with speed. The maximum prosthesis ankle dorsi�exion in midstance

and maximum plantar�exion in late stance increased with walking speed, another

biomechancial trend [144], [179]. As explained in 2.7, this control method resulted

in good temporal symmetry between the prosthesis and intact leg.
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Torque-Based Controllers

Instead of aiming to emulate the human kinetics through an impedance model,

some researchers directly command torque based on a predetermined desired torque

pro�le. There are two main methods for obtaining reference torque pro�les: using

human joint torque data and handcrafting a pro�le. These pro�les are generally

parameterized by a progression variableg@–C, which can be a state-based phase

variable, i.e. g@= g@¹@?º, or be time, i.e. gC = C. Very simply, this means the

commanded joint torqueD? is equal to the reference torque pro�leDref at g@–C:

D? = Dref¹g@–Cº•

Sometimes additional terms are added to this expression, such as a PD controller on

a kinematic reference trajectory, as done in [76].

The �rst approach can used to generate desired torque pro�les in a task-dependent

way, such as the control surfaces developed with respect to phase velocity and gait

phase in [76]. The level of assistance can also be altered by scaling the desired

peak torque magnitude, as done in [180]. This approach allows desired torque to

be determined directly from human data, instead of depending on a large set of

tuned parameters, and could be conducted in a subject- and task-speci�c way with

appropriate datasets. However, replaying human torque pro�les on a prosthesis may

yield di�erent performance results on various devices given their di�ering physical

parameters, such as mass and inertia, which would in�uence the device dynamics

as well.

The second approach typically handcrafts desired torque pro�les based on a pre-

speci�ed function form and tunable shape parameters. While this method of control

is not as common in the �eld of lower-limb prostheses, it is widely prevalence in

the �eld of lower-limb exoskeletons [181]. One example on lower-limb prostheses

is that of [84]. In this work, a time-based torque pro�le was constructed for an

ankle prosthesis emulator using four parameters: peak time, rise time, fall time, and

peak magnitude. The bene�t of such a parameterized pro�le is that the behavior

of the device can be adjusted via the control parameters for individual prosthesis

users using a human-in-the-loop optimization problem. However, the results of

[84] found that despite the user-speci�c customization (which has been shown to

reduce metabolic cost for lower-limb exoskeleton users [182]), the controller failed

to signi�cantly reduce metabolic expenditure.
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Neuromuscular Model-Based Control

Thus far in this section, the control approaches focused on replicating recorded

torque pro�les through an impedance or gait phase parameterized model. These

methods depend on human data for the speci�c scenario at hand, meaning they

require di�erent sets of data to achieve various locomotive tasks. Neuromuscular

model-based control methods instead aim to model the human's underlying neu-

romuscular system that produced these torques in various scenarios. If a human's

high-level objectives are encoded in their neuromuscular system, controlling a pros-

thesis in a similar manner may provide a single, uni�ed control method that leads

to more natural and robust walking in a variety of environments.

As described in [70], joint torque, for joint9, produced by muscle (modeled using

a Hill-type muscle tendon units (MTU) [183]) forces can be calculated using the

formula:

D?– 9= Am¹@?– 9ºFm¹Sm¹Cº– ;mmtu– ;mceº

whereAm : R ! R is the moment arm of muscle m around joint9depending on the

joint angle@?– 92 R. Additionally, Fm : R � R � R ! R is the force produced by

the MTU that depends on the time-varying muscle stimulationSm : R ! R, MTU

overall length;m
mtu 2 R, and MTU contractile element length;m

ce 2 R. Here, the

stimulation value is computed using various muscle-speci�c parameters:

Sm¹Cº = Sm
0 ¸

Õ

n

Gm
= Pm

= ¹C� � Cm
n º

whereSm
0 2 R is a constant pre-stimulation parameter andGm

n 2 R is the gain on

the time-delayed length or force signalPm
n ¹C� � Cm

n º : R ! R from muscle n acting

on muscle m. Here� Cm
n is the time step from the last time point. Lastly, the MTU

lengths;m
mtu and;m

ceare computed using several muscle-speci�c reference parameters

such as the ones explicitly listed in [184].

Some researchers determine these neuromuscular model parameters through op-

timization. For example, [69] optimizes the parameters of one MTU to �t the

ankle torque-angle pro�le to that measured from a weight- and height-matched

able-bodied subject. For multi-joint control, [70], optimizes the parameters of 7

MTUs to minimize the cost of transport and maximize the distance traveled for a

human-prosthesis model.

With the resultant parameter sets, these control strategies led to adaptive behavior on

prostheses when confronted with unexpected slope changes and trips. These results
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suggest this neuromuscular model-based approach captures some balance recovery

techniques that humans exhibit, making it more robust to variations in terrain and

disturbances without explicit detection or change in control policy. However, one

potential drawback of using neuromuscular models is the large number of parameters

that are not clinically intuitive, making it di�cult to tune.

Myoelectric Control

Another neuromuscular-inspired approach ismyoelectriccontrol which, instead of

trying to emulate the neuromuscular function of biological limbs through a model,

leverages neuromuscular control signals recorded directly from muscles. These

signals are typically recorded by EMG sensors located inside the socket on the

residual limb as mentioned in Section 2.3. The advantage of utilizing these signals

in prosthesis control is that they provide real-time insight into the motions of the

human user. Thus, unlike autonomous prosthesis controllers which are limited to

cyclic movements during locomotion, prosthesis controllers that utilize EMG signals

are advantageous in that they enable non-cyclic tasks and adaptation to di�erent

environments. For example, [104] introduced a volitional electromyographic (EMG)

controller to modulate powered ankle plantar �exion by proportionally increasing

the plantar �exion ankle torque based on EMG activity of the calf. The speci�c

control law used in this work was of the form:

D0=:;4 =  emgBemg ¸  0¹@0=:;4 � @0=:;4–0º– (2.2)

whereD0=:;4 2 R is the torque applied to the ankle joint, emg 2 R is the gain term

that is adjusted based on the walking velocity andBemg 2 R is the muscle activation

recorded captured by the EMG signal. Note that 0 2 R is an initial sti�ness

term based on an equilibrium joint angle@0=:;4–0 2 R and actual joint ankle angle

@0=:;4 2 R that is added to ensure a biomimetic plantar-�exion toe-o� angle.

Additionally, [68] used proportional EMG control for a prosthesis knee in stance

phase, normalizing the EMG signal by the average EMG peak recorded while a given

subject walked with their passive prosthesis. This peak value is the only parameter

that was tuned between users. This control method allowed the user to volitionally

control the timing and amount of energy of the prosthesis actuation. With this

approach, users were able to adapt the prosthesis movements to perform sit-to-stand

motion, squat, lunge, walk, and smoothly transition between these activities without

explicit classi�cation of desired movement. Compared to using their own passive

prosthesis, using an active prosthesis with this control method improved the users'



31

weight bearing symmetry and decreased the users' muscle e�ort in their sound limb

and residual limb.

Other work with myoelectric control directly studies whether it is possible to utilize

residual muscle activation signals for proportional myoelectric control during walk-

ing. Speci�cally, [79] implemented proportional myoelectric control to vary ankle

mechanics during walking on a powered ankle prosthesis. Speci�cally the control

signal sent to the device was proportional to the smoothed residual gastrocnemius

electromyography (EMG) signal. The results showed that the a transtibial amputee

subject was able to walk with a more normal gait than with his prescribed passive

prosthesis, suggesting that using residual muscle signals for prosthesis control is

possible, although it still requires further research.

In summary, the advantage of myoelectric control is that by interfacing directly with

the prosthesis human user, EMG sensing enables versatile prosthesis control that

is able to adapt to various situations [98]. Despite this clear advantage, there are

several limitations inherent to EMG sensing, as discussed in Section 2.3. Also, in

the case of transfemoral amputation, the muscles used for controlling the ankle joint

are no longer available for EMG sensing.

Neural Engineering of Human Physiology

A possible solution to handle the lack of ankle musculature in transfemoral am-

putation is to engineer human physiology to recover amputated neural pathways

using techniques such as targeted motor reinnervation (TMR) surgery. This surgery

transfers residual nerves to alternative muscle sites during scheduled amputation pro-

cedures. To date, this technique has been predominantly applied towards upper-limb

control of prosthetic arms [185]�[187] but there are few studies that demonstrates

the potential of TMR towards lower-limb prosthetic control. In particular, [128]

demonstrated improved dual-actuated prosthesis control through the use of rein-

nervated residual thigh muscles. The results found the classi�cation accuracy of

prosthesis user's attempted movements was higher for TMR amputees compared

to non-TMR amputees, and that TMR amputees also completed virtual movements

much faster.

The second example of reengineering neural pathways is an agonist-antagonist

myoneural interface (AMI) [89]. This technique surgically connects two muscle-

tendons in series such that the contraction of one muscle stretches the other. The

purpose of this surgical connection is to provide proprioceptive information to the
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Figure 2.5: Common Process for Mid-Level Control via Kinematic Reference Tra-
jectories. (i) Motion capture data is collected from able-bodied subject walking.
(ii) The average and standard deviation is computed of each joint trajectory, such
as the trajectory of the knee angle,@:=44, with respect to the percent gait cycle.
(iii) A function, H3¹g@–Cº, is �t to the average data, parameterized by some state- or
time-based phase variableg@–C. (iv) A torque,g, is computed based on this desired
trajectory and the actual trajectory,H0¹@?º, of the prosthesis. (v) This torque is
commanded of the prosthesis actuators. (vi) The resultant joint trajectory of the
prosthesis,H0¹@?º is close to the desired trajectory,H3¹g@–Cº. Steps (i) - (iii) are part
of data-driven approaches to generate reference trajectories, described in Subsec-
tion 2.7, and steps (iv) - (vi) are part of tracking controller methods, described in
Subsection 2.7.

human subject. Additionally, [89] developed a bidirectional e�erent-a�erent neural

control architecture by a�xing bipolar surface electrodes adjacent to the two muscles

comprising each AMI. The researchers demonstrated that this approach improved

volitional control of a 2DOF ankle-foot prosthesis. Additionally, the subject reported

that the prosthesis aligned more closely with the perceived motion of their phantom

limb. However, it should be noted that as with most forms of myoelectric control,

the control method required extensive tuning that required retuning for each new

subject and each time electrodes were placed. The parameters that required tuning

included activation threshold for each muscle, relative torque-producing capacity of

each virtual muscle, and the minimum co-activation for increasing joint impedance.

The last example of neural engineering is the replacement of sensory information

about motion or interaction for lower-limb amputees. For example, researchers

have demonstrated how residual neural pathways can be stimulated using implanted

intraneural stimulation electrodes for the purpose of reducing phantom limb pain

[188]. A case study on two transfemoral amputees found that the neural stimulation

not only reduced phantom limb pain , but also increased walking speed and self-

reported con�dence while decreasing mental and physical fatigue [189]. These

results suggest that sensory restoration is a promising novel technology for improving

prosthesis walking.
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2.7 Mid-Level Control via Kinematic Reference Trajectories Tracking

Instead of indirectly aiming to realize human kinematic trajectories through shaping

of a torque model based on the system states, phase, and task, other mid-level

control strategies design a torque law to track a speci�c reference trajectory. These

approaches �rst generate a desired kinematic reference trajectory for the prosthesis

joints. The control objective becomes having the actual trajectory of the system

match the desired trajectory. These desired responses of the system are often

referred to asoutputs, or virtual constraints [154], which we denote withHand can

be represented by the following,

H= H0¹@?º � H3¹g@–C– Uº (2.3)

whereH0 is the actual measured output of the system,H3 is the desired trajectory

that is a function of the progression variableg@–C. While some researchers construct

outputs as functions of multiple joints [35], [190], most researchers prescribe outputs

for individual joints. For simplicity, we write the outputs in this manner, as a function

of an individual joint, i.e. H0
9¹@?– 9º, and represent the vector of all of the outputs

asH0¹@?º. Based on these outputs, a torque is computed to track these trajectories,

directly prescribing a desired kinematic motion for the given behavior and phase.

The steps of a common process for this approach are illustrated in Figure 2.5.

Reference Trajectory Generators

This subsection will discuss the various methods used to generate prosthesis refer-

ence trajectories.

Minimum Jerk

[191] developed a minimum jerk control method that generates trajectories opti-

mized to minimize the rate of change of acceleration, or jerk, and found these

patterns to resemble human motion. The total jerk,J 2 R, in a desired trajectory

H3¹C– Uº from timeC0 to C5 can be represented by,

J =
¹ C5

C0
Ḧ3¹C– Uº23C•

Modifying the desired trajectoryH3 to minimize this cost functionJ provides a

way to maximize smoothness of trajectories over the given time span.

[73] used a minimum jerk trajectory generator to determine a prosthesis swing

trajectory based on a starting swing angle and velocity; a desired swing duration,
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and desired �nal joint angles, velocities, and accelerations. This control method

provides a way to generate a smooth swing trajectory that spans a time duration

proportional to the duration of the previous stance phase, encoding an adaptive

response to the human's behavior. This method also allows direct dictation of the

foot clearance by prescribing a maximum knee �exion angle determined through the

human-prosthesis kinematics and desired clearance. Additionally the accelerations

at maximum knee �exion are optimized based on able-bodied data.

This approach worked to address the limitation of impedance control methods

with regards to speed adaptation. Impedance control parameters do not linearly

relate to walking speed, forcing amputees to rely on compensatory strategies to

walk at di�erent speeds. This research resulted in a speed-adaptive prosthesis

demonstrated on three transfemoral amputees. This control methods required no

tuning between subjects, but solely relied on the input of the subject's body mass

and height. Across various speeds, this controller emulated human kinematic trends

better than the subject's passive prosthesis. The duration of stance, swing, and

stride of the prosthesis had good temporal symmetry with that of the subject's intact

leg. Additionally, the ratio of stance and swing duration of the prosthesis leg was

very similar to that of the intact leg. The controller also increased ankle work

proportionally with increased speed, a trend observed in healthy human walking.

Minimum jerk trajectory generators can also be used to continuously optimize a

trajectory for a changing desired �nal position, as [91] did for a swing trajectory.

While this approach and that of [73] applied jerk-minimization in its most basic form

to generate a trajectory between desired points in a given time, jerk-minimization

can be included as just a component of other more complex trajectory generation

methods. For example, [192] minimized jerk when developing continuous functions

that model human kinematics, to improve the smoothness of the functions to resem-

ble natural human motion. This method will be discussed further in 2.7. Overall,

minimum jerk strategies pose a bene�t in their ability to yield smooth trajectories.

However, the optimality of other aspects of the determined trajectory relies on the

inputted target angles and duration, which minimum jerk control alone does not

direct a user in how to select these.

Heuristic Algorithms

To determine desired angles for a reference position or trajectory of the prosthesis

joints, [68], [78], [91] developed heuristic algorithms to modify these references
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based on current angles, velocities, and accelerations of the prosthesis joints and

residual thigh. These heuristic algorithms were comprised of handcrafted function

forms and hand-selected parameters that de�ne the functions. The researchers

designed these algorithms to emulate the biomechanical relationships between joints

observed in human locomotion. [91] created more human volition in their minimum

jerk swing controller by continuously optimizing the swing trajectory for updated

desired maximum knee �exion angles. These desired angles were modi�ed based

on the user's residual thigh movement. This approach did not require user-speci�c

tuning and allowed users to volitionally modulate foot clearance to smoothly traverse

over obstacles without explicit classi�cation of the environment obstacle. [78]

continuously modi�ed the desired knee and ankle angles in swing based on the

residual thigh's motion. This allowed the swing trajectory to vary between stair

heights and gait patterns (step-by-step, step-over-step, two-step), providing su�cient

foot clearance and proper foot placement for tested stair heights and climbing patterns

without explicit classi�cation of the environment and gait pattern. This controller

also allowed the user to change their cadence when climbing di�erent stair heights

or using di�erent climbing patterns. [68] and [78] modi�ed the desired stance ankle

position based on the prosthetic knee's current position.

Although these methods do not use a phase variable, similar to phase-based control

approaches, they continuously modulate the prosthesis behavior based on the current

behavior of the prosthesis-side limb. These heuristic algorithms provide some

volitional control to the human in a way that generalizes between subjects and does

not pose the challenges EMG control does, as described in 2.6. One limitation of

these methods is their heuristic nature. It is unclear what the optimality of these

methods are or what is a systematic approach to realize these behaviors on di�erent

devices or for di�erent locomotion modes.

Geometric Control

One aspect of human walking motion that is invariant for di�erent subject weights

[193] and gait speeds [194] is the center of pressure (CoP) trajectory, or e�ective

shape. [190] encoded the e�ective shape into prosthesis output functions and used

control to virtually constrain the distances from the CoP to the center of rotation

of the knee and thigh to a constant radius of curvature. An advantage of this

continuous control approach for stance is that the e�ective radii and rotation centers

to determine the e�ective shape are de�ned with respect to the user's height, and
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therefore do not require tuning. These �ve gains are the only hand-tuned parameters,

which is signi�cantly less than impedance and neuromuscular model approaches,

and these are normalized by a subject's body mass as a starting point. Also,

control switches were eliminated in the stance phase. Assumptions made for this

approach introduce some limitations. The researchers modeled the e�ective shape

with constant curvature, however the curvature is typically non-constant in human

walking. Also, they modeled the foot contact as holonomic, but in reality it is not

truly holonomic. Additionally, the prosthesis can only measure and enforce e�ective

shape while in stance and hence requires a di�erent swing controller.

Data-Driven Kinematics

An alternative way to encode human-like motion into prostheses is to design joint

output functions to match human joint kinematic trajectories. Researchers typically

parameterize these trajectories with a state-based phase variable. Di�erent human

data is used for di�erent behaviors, such as slopes and speeds. For example, [158]

de�ned desired output functions with discrete Fourier transforms, that provided

linear transformations of able-bodied human data. Here, di�erent virtual constraint

sets were generated for various level-ground walking speeds and walking inclines.

These virtual constraints were all parameterized with the same phase variable, the

phase of the prosthesis-side hip.

Instead of having separate sets of outputs for di�erent speeds and inclines, [192]

developed a continuous model that encoded human gait kinematics for various tasks.

The kinematic predictive modelH3
kin was comprised of continuous functions of gait

phaseg, a subject's walking speedE, and ground incline angleV. These functions

were de�ned by a summation of# basis function� 8¹gº weighted by task functions

� 8¹E– Vº,

Hkin
3 ¹g@–C– E– Vº =

#Õ

8=1

� 8¹g@–Cº� 8¹E– Vº � @�
?¹g@–C– E– Vº•

The researchers generated these basis model functions through a convex optimization

desired to make the basis model �t human kinematic data@�
? while minimizing jerk

and constraining range of motion. [92] used this model as a reference trajectory

generator of a knee-ankle prosthesis by inputting ground incline, speed, and phase

estimates.

[76] constructed another form of a continuous model of human kinematic data

through sparse Gaussian process (GP) regression models. These GP functions



37

formed control surfaces of joint angles, velocities, and torques with respect to gait

phase based on able-bodied data. Given the phase variable and phase velocity as

inputs, desired angles, velocities, and feedforward torques were determined through

these control surfaces.

These approaches provide smooth kinematic models with respect to gait phase and

task variables allowing prostheses to replicate human kinematic trajectories for vary-

ing conditions. However, while these kinematic trajectories may be what humans

have deemed optimal for walking with their biological limbs, it is unclear whether

matching kinematic trajectories of able-bodied individuals improves physiological

outcomes for individuals with amputation. Additionally, it remains unknown how

optimal trajectories for an arti�cial limb may vary for devices with di�ering physical

properties.

Hybrid Zero Dynamics

To account for the physical parameters of the prosthesis device and determine

trajectories in an optimal way, researchers have leveraged model-based control

methods from bipedal robots. Bipedal robotics control researchers developed the

framework of hybrid zero dynamics (HZD) to generate human-like periodic walking

motion with formal guarantees of stability [153], [195]. They employed a hybrid

system to model both domainsD of continuous dynamics, during stance and swing

phases, and impact dynamics,� , at foot strike, present in bipedal walking [154].

These impact dynamics are triggered in the hybrid model when the system reaches a

certain condition, called the guard( . In the case of a bipedal walker, this condition is

when the foot reaches the ground. When the system is underactuated, the dynamics

also contain uncontrollable dynamics, orzero dynamics, which evolve on the zero

dynamics surfaceZ . During the ankle push-o� phase, the center of mass exits a

biped's support base and the biped becomes underactuated, meaning it cannot fully

control its motion [196], [197]. To guarantee these zero dynamics will adhere to

a periodic orbit even through impact, i.e. impact invariance, researchers generate

trajectories for bipedal robots with the following stability constraint in an HZD

framework [198]:

� ¹( \ / º � / •

This constraint restricts the system such that when the evolution of the system on

the zero dynamics surface/ reaches the guard surface( , the impact map� maps

the states back to the zero dynamics surface/ . In other words, the underactuated
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dynamics remain stable even after a bipedal walker's foot strikes the ground. These

methods realized stable bipedal robotic walking in various works [195], [199]�[202].

The work of [35] applied HZD in the context of prosthesis control, generating

desired trajectories for the prosthesis system that satis�ed these formal guarantees

of stability for the human-prosthesis model. [36] extended this hybrid model to

a multi-domain hybrid system to model the changing contact points that occur in

walking, and realize human heel-toe roll behavior on a knee-ankle prosthesis.

This approach provides a systematic method to generate prosthesis trajectories that

resemble able-bodied joint trajectories while also satisfying formal guarantees of

stability for the speci�c subject and prosthesis device under consideration. This opti-

mization framework naturally allows constraints related to human-likeness, comfort,

and physical limitations to be incorporated in trajectory design. Additionally, these

trajectories can be optimally chosen to reduce the mechanical cost of transport of

the robotic human-prosthesis model. This strategy also generalizes to realize di�-

erent behaviors, such as stair-climbing [203]. A challenge with this approach is

the dependency on the human model�including the expected motion prescribed

to the human in the optimization. The validity of the stability guarantees depend

on this model. One other requirement to maintain these stability guarantees is a

tracking controller with convergence guarantees to ensure adherence to the stable

periodic orbits. The next section will discuss di�erent types of tracking controllers,

including a control Lyapuonv function approach which provides such a convergence

certi�cate.

Tracking Controllers

After a reference trajectory is determined for a particular task and gait phase, the

controller will compute a torque to track these trajectories.

PID Control with Feedforward Terms

A standard control method for trajectory tracking is proportional-integral-derivative

(PID) control. This control law is de�ned by the positional errors, the integral of the

positional errors, and the derivative of the positional errors (i.e. the velocity errors)

and a tuned gain on each form of error to provide a corrective action to the system.

For prosthesis reference trajectory tracking, researchers most commonly choose a
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form of a PID controller, sometimes with the addition of a feedforward termD� :

D? = : ¹H0¹@?º � H3¹g@–Cºº ¸ : i

¹ C

0
¹H0¹@?º � H3¹g@–Cººº3C

¸ 1¹ ¤H0¹@?º � ¤H3¹g@–Cººº ¸ D� ¹g@–Cº•

Here : i is the gain on the integral term. It is interesting to note that PID control

is a form of impedance control, as described in 2.6. Typically prosthesis control

literature considers �impedance control� to be used with a single reference set-point,

and �PID control� to be used with a reference trajectory. However, both use tuned

parameters to e�ectively create a spring-damper behavior around a reference.

[65] used a PD controller to approximate a partial feedback linearizing controller

to enforce e�ective shape outputs. [158] and [160] also tracked output trajectories

with PD control, but in [158], a damping term was added to the actual velocity of the

joints, as opposed to the velocity output tracking error to create a smoother behavior.

This desired torque was commanded directly of the knee, but was provided as an

input to an ankle control loop. In this loop, a couple torque laws were summed

for the ankle. First, a friction compensator was used to reduce the ball screw

transmission e�ects. Second a proportional-integral (PI) controller was used on the

error between the measured torque, determined by a uniaxial force sensor and the

ankle joint forward kinematics, and the desired torque. [92] used a PID controller

to track the speed and incline-speci�c reference trajectories, that were modulated

by the global thigh angle of the residual limb as the phase variable. This approach

only required a dozen tunable parameters that were tuned once during level ground

walking, and resulted in the prosthesis joint trajectories resembling human kinematic

trends for continuously varying speeds and inclines.

Some researchers add a feedforward term to a PD controller based on human data

or the physical parameters of the prosthesis to reduce tracking error. [76] added a

feedforward torque based on the human torque control surface to a PD controller

formed with the desired joint angles and velocities from control surfaces formed

with human kinematics. [73] added a feedforward term based on inertia, gravity, and

friction to a PD controller tracking the generated minimum jerk swing trajectory.

PID control provides a simple way to realize a desired trajectory. There are typically

fewer gains to tune than an FSM with multiple impedance laws, and these gains

can often be used for multiple behaviors and subjects. While PID control generally

achieves good tracking for the ballistic motion of prosthesis swing phases, tracking
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errors are generally present in stance phases. During stance phase, a prosthesis

bears the weight of the user and high gains are required in order for a PID controller

to produce a large enough torque to compensate for the moment produced by the

user's dynamic load. However, when the prosthesis is no longer supporting the

human's weight in subsequent gait phases, these high gains can cause oscillations

and aggressive motions. This motivates the need for more sophisticated controllers,

such as Control Lyapunov Functions as discussed next.

Control Lyapunov Functions

To account for the user's dynamic load, researchers have investigated how to apply

model-based methods from bipedal robots to prostheses. One model-based tracking

approach bipedal control researchers use is control Lyapunov functions (CLFs)

[199]. CLFs provide a su�cient convergence rate to guarantee stability to the

hybrid periodic orbits generated through HZD. A CLF,+ , is a positive de�nite

function that can be formed with the vector of outputsHand their derivatives¤H.

Using[ = ¹H) –¤H) º) , we have,

21k[ k2 � + ¹[ º � 22k[ k2 (2.4)

¤+ ¹[– ` º � � 23+ ¹[ º– (2.5)

where21– 22– 23 are positive constants. Taking the derivative of the CLF,+ ¹[ º,

brings in the output dynamics, which includes an auxiliary control input` , to

the expression of¤+ ¹[– ` º . It is through this auxiliary control input that the CLF

derivative,¤+ ¹[– ` º, can be ensured to be less than the quantity� 23+ ¹[ º to guarantee

system stability. This auxiliary input is formed through the following,

` = ¤� H¤@? ¸ � H¥@?–

where � H and ¤� H are partial derivatives of the outputsH. For details, see [77].

Here,` is a function of the accelerations of the system,¥@?, determined through the

prosthesis modeled dynamics, given by the Euler-Lagrange equation [204],

¥@? = � � 1
? ¹@?º¹� � ?¹@?–¤@?º ¸ � )

2–?¹@?º_2–?¸ � )
5 –?¹@?º� 5 ¸ � ?D?º•

Here, � ? is the inertia matrix;� ? contains the Coriolis, centrifugal, and gravity

terms;� 2–?is the partial derivative of the holonomic ground contact constraints that

are enforced through the constraint wrench forces and moments_2–?; � 5 –?projects

the interaction forces� 5 between the human and the prosthesis measured by a force
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sensor; and� ? is the actuation matrix that projects the torque vectorD?. Through

this chain of equations, one can see how the CLF stability condition (2.5) is a function

of the control input torque vectorD?. Hence, the torques can be selected to satisfy

the CLF inequality to guarantee stability. Often times, this CLF stability condition

is placed as a constraint in a quadratic program (QP). The QP then determines the

torques that optimally satisfy this constraint while minimizing a given cost.

These CLFs rely on a model of the full-order system, and in the case of a prosthesis,

the human dynamics are unknown. To address this, [35] constructed a CLF just

on the outputs, such that the controller was model-independent. To provide some

model information to the system, impedance control laws were provided as a feed-

foward term. The impedance parameters were obtained through a least squares error

problem [205], designed to match the impedance control law to the human-inspired

controller [195] constructed with the desired trajectories. This systematic approach

allowed direct implementation on a prosthetic device with minimal human-in-the-

loop tuning. This optimization-based controller improved tracking performance

and decreased net mechanical work of a powered knee-ankle prosthesis compared

to impedance control and PD control methods. Using a multi-domain hybrid system

model, [36] extended this work to the multi-contact case to realize prosthesis ankle

push-o�.

One speci�c instance of a model-based CLF controller used for bipedal robots is the

feedback linearizing controller. [152] constructed a feedback linearizing controller

for a human model, and applied it in simulation to the human portion of a human-

prosthesis system, while a PD controller controlled the prosthesis. The work of [65]

constructed a feedback linearizing controller for the prosthesis portion utilizing the

interaction force between the human and the prosthesis. This work was extended in

[206] by constructing feedback linearizing controllers for the human and prosthesis

using only their respective locally available information and demonstrating stability

and robustness in simulation. Building o� of this, other researchers developed a

general framework for constructing feedback linearizing controller for subsystems

that are separable from the rest of the system [207]. This work also formally proved

this approach yields equivalent subsystem controllers to those generated by feedback

linearization on the full-order system, meaning it has the same formal guarantees

of stability. To provide more model-based controller options, [208] developed a

generalize class of stabilizing controllers using CLFs in this separable subsystem

framework. By designing trajectories through the asymmetric multi-domain HZD
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method in 2.7 to match height and weight-speci�c able-bodied walking data, stable

periodic orbits are found for the prosthesis system. Assuming the human follows

a stable limit cycle [209], any controller in this subsystem class guarantees full-

order system stability. Speci�cally for the prosthesis, this class of controllers only

requires a load cell and an IMU at the human-prosthesis interface, in addition to

prosthesis joint encoders, to realize model-based control and guarantee stability of

the human-prosthesis system.

A controller of this class was realized through an online-optimization based approach

with force estimation in [210] and real-time force sensing at both the socket and

the ground in [97]. Most recently, this controller was extended to the case of

multi-contact walking to emulate the heel-toe roll observed in human walking,

generating ankle push-o� behavior [77]. This controller was demonstrated on two

able-bodied subjects that wore a knee-ankle prosthesis through a bypass adapter.

The reference trajectories generated through HZD were modulated by the linearized

hip position as the phase variable in stance phase, and by time in swing. This

systematic methodology generates and realizes height and weight-matched healthy

human kinematic trends, without tuning between subjects. This control method

achieved better tracking performance than a traditional PD controller, enabling

better replication of human kinematic trajectories.

As opposed to PID control, this model-based strategy allows the prosthesis to dy-

namically sense the human's load, enabling the prosthesis to leverage these dynamics

or compensate for this load to achieve its desired motion. Additionally, this CLF

approach provides a convergence certi�cate, that when paired with stable hybrid

periodic orbits generated with HZD, provides formal guarantees of stability for the

whole system. The optimization-based implementation of CLFs allows additional

constraints and optimality criteria to be incorporated in the framework.

2.8 User-Speci�c Customization

As discussed throughout the review so far, a particular challenge of prosthesis con-

trol is customizing the locomotion for every individual user to optimize for various

metrics aimed at naturalness, e�ciency, and responsiveness. While some methods

of control require less customization because they are able to generalize across

users, experimental results have largely demonstrated that user-speci�c customiza-

tion yields improved performance [51], [147], [211]. This motivates the need for

fast and intuitive methods of user-customization that can be applied to a wide va-
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Figure 2.6: Methods of User-Speci�c Customization. We present four methods of
customization, each illustrated using a di�erent color: (red) biologically-inspired
tuning which leverages relationships derived from biological systems and data;
(grey) simulation-based tuning which leverages computer-based environments to
predict which parameters would result in optimal behavior; (green) heuristic tuning
which selects new parameters in each experimental iteration based on a clinician or
user's observations; and (blue) human-in-the-loop tuning which assigns numerical
metrics to the experimentally-obtained prosthesis walking and uses algorithmic tools
to predict new parameters to try in the subsequent iteration.

riety of control techniques. To date, four methods of user-customization have been

explored: heuristic tuning performed by either a domain-expert or driven by feed-

back from the human user; automatic parameter selection based on biological data;

parameter optimization using simulation-based software; and systematic tuning via

human-in-the-loop testing.

Heuristic Tuning via Trial & Error

The oldest and most common method of user-customization for prosthesis control

is to manually adjust various control parameters using the clinician (or an expert

operator) perception of the walking [147], [212]. Note that while patient preference

has always been taken into account during the tuning process, recent research has

also begun formally accounting for user preference to study the underlying correlates

[213] of user-preferred prosthesis control.

While heuristic tuning is straightforward, it requires onerous testing with the pros-

thesis user and a technical expert (typically an engineer or a clinician). For instance,

the process of tuning impedance parameters and FSM thresholds has been shown

to take several hours for each prosthesis user [31], [147]. This long tuning time is



44

widely referenced as one of the reasons why dual-actuated powered prostheses have

not yet been commercialized for clinical use [51].

One potential solution for reducing the clinical time required for heuristic user

customization is to make the tuning process more intuitive. For example, [51]

conducted a case study on the use of an intuitive clinical control interface. The

results found the through the intuitive interface, the tuning process was reduced to

less than 10 minutes.

Another solution is to reduce the number of parameters that require tuning. Notably,

recent work found that only 2-3 coe�cients required subject-speci�c tuning per

ambulation mode [214] for a powered knee-ankle prosthesis. This tuning process

took approximately 30-40 minutes per subject. Speci�cally, this work attributes the

success to the pairing of the impedance-based controller with a �nite state machine

and the translatable of impedance settings.

Biologically-Inspired Parameter Selection

Another method for reducing the time required for user customization is to set

certain control parameters using physiological values measured from biological

systems. For example, previous research has discovered formulas to automatically

tune several parameters of impedance control [147]. One such formula, taken from

[215], related the impedance sti�ness parameter for the ankle joint: 0=:;4 2 Rto be a

function of the user's body mass, 2 R and the angle of the ankle joint@0=:;4º 2 R:

: 0=:;4 = , ¹0•237@0=:;4 ¸ 0•028º• (2.6)

This sti�ness expression was found by characterizing the impedance of the ankle in

a perturbation study.

Another way to leverage trends from human locomotion to automatically set imped-

ance control parameters was introduced in Section 2.6. Speci�cally, quasi-sti�ness

control uses biological relationships observed in human walking between joint

torque and joint angle to determine impedance parameters. E�ectively, this method

aims to emulate the same quasi-sti�ness of a biological joint on a prosthesis joint.

Thus, a similar method for automatically determining impedance parameters is to

directly estimate human joint impedance [177], [216].

Lastly, researchers have leveraged human joint torque pro�les to design variable

impedance control laws [161]. Speci�cally, this work optimized coe�cients for
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phase-based polynomials to de�ne an impedance control model that �t the able-

bodied dataset.

Simulation-Based Optimization

The third method of user customization is to optimize the control parameters us-

ing simulated results from simulation environments. A simulation environment

commonly used in lower-limb prosthesis control is OpenSim [217], [218]. This

simulation environment allows operators to study human biomechanics resulting

from prosthesis control. However, a known limitation is that it does not accurately

capture human adaptation or disturbances.

Other simulation environments have also been created using musculoskeletal model

dynamics. For example, [70] created a neuromuscular model for the full prosthesis-

side limb (residual thigh and prosthesis) and included models of the prosthesis series

elastic actuators. Fifty-three parameters de�ned this neuromuscular control model.

This set of parameters were determined through a 2-stage optimization that �rst

aimed to minimize cost of transport and in the second stage, aimed to maximum

distance traveled over uneven terrain. For this optimization, the researchers created

an amputee-prosthesis model by modeling the amputee with a neuromuscular model,

modeling the residual thigh as a severed limb, and by modeling the prosthesis as a

rigid-body with the physical parameters of the given device.

Lastly, simulation environments can be created using the rigid body dynamics of

a human-prosthesis model. For example, [34] developed a method to determine

impedance parameters through an ODE parameter estimation algorithm that aimed

to match healthy human kinematic trajectories for a bipedal model built with physical

parameters of a given prosthesis device and of average human data. Similarly,

[77], [86] developed a human-prosthesis model to determine parameters of an HZD

optimization framework [195], [198] that de�ned prosthesis trajectories that satis�ed

stability guarantees for the human-prosthesis model. This provides an automatic

way to generate kinematic reference trajectories for a given prosthesis device and

in a height- and weight- speci�c way for a subject. Similarly, [87] leveraged

an HZD optimization framework with the addition of a musculoskeletal model

to systematically optimize the prosthesis trajectories to match healthy myoelectric

patterns.
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Human-in-the-loop Tuning

The �nal method of user customization leverages human-in-the-loop (HILO) testing

to systematically optimize speci�c parameters for speci�c objective metrics. One

commonly utilized HILO framework is reinforcement learning [219]�[221]. For

example, [222] developed a reinforcement learning (RL) framework to automatically

tune 12 impedance control parameters parameters (3 parameters in each of the 4 FSM

states) with the goal of generating normative target knee kinematics. Similarly, [223]

also demonstrated reinforcement learning towards tuning 12 impedance control

parameters, but instead the tuning objective was to mimic the motion of the intact

knee.

The advantage of RL-based control designs is that this method of tuning is par-

ticularly successful towards non-intuitive control parameters. However, the main

limitation is that it relies on subjectively determining the corresponding performance

measures. This is especially challenging since it is not clear which numerical metrics

are most important for prosthetic walking.

To address this challenge, some researchers have also utilized inverse reinforcement

learning to �rst automatically obtain performance measures, which can then be used

in a reinforcement learning framework [211]. They argue that joint impedance

parameters in a �nite state impedance setting require manual tuning to provide

personalized gait assistance. They also argue that a limitation of their previous

work with model-free RL [219]�[221] towards automatically tuning 12 impedance

control parameters is that prescribing knee movement pro�les for each user and each

task is not feasible. Thus, they reformulate the target movement pro�les to mimic

the contralateral joint of the intact leg.

Another common strategy is to frame the HILO problem as an online-learning

problem. In particular, [224] framed the optimization problem as a dueling bandits

problem to automatically select which parameter set (out of 9 potential parame-

ter sets) a prosthesis subject most preferred. Notably, this strategy addressed the

problem of high-dimensional parameter spaces by using an o�ine optimization step

(conducted using the Covariance Matrix Adaptation Strategy [225]) to optimize 43

neuromuscular control policy parameters using existing gait data from 9 human

subjects. In total, this tuning procedure consisted of approximately 45 minutes of

walking, with 15 minutes of hand-tuning required prior to the Bayesian optimization

procedure. Notably, this work is one of the �rst to formally incorporate subjective

assessments of user preference for lower-limb prostheses using HILO.
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Lastly, [84] utilized a Covariance Matrix Adaptation Evolution Strategy to optimize

parameters of an ankle prosthesis torque pro�le for metabolic rate. The authors

chose to use this optimization strategy since gradient descent is inherently sensitive

to measurement noise and Bayesian optimization is not robust to human adaptation

over time.

2.9 Discussion

As control of prostheses becomes more complex, so does the task of user-speci�c

tuning. Thus, future research is needed towards creating control architectures that

can generalize across prosthesis users and conditions, as well as towards creating

intuitive methods of user customization. To bring these devices into the real-

world, there remain several items that need to be addressed. In this section, we

will highlight and discuss a few of these items, separated into open problems and

practical considerations.

Open Problems

There are several remainingopen problemsin the �eld of powered prosthesis control

that need to be addressed for commercial viability.

Open Problem 1: Creating prosthesis controllers that generalize across

subjects and tasks

As discussed, achieving natural, e�cient, and responsive prosthesis performance

with state-of-the-art control methods requires extensive tuning, which can be es-

pecially arduous for multi-joint prostheses. Hence, there is a discerning need for

control methods that generalize easily across tasks and users. Such prosthesis con-

trollers would signi�cantly reduce the amount of user-customization required in a

clinical setting, improving the commercial viability of powered prostheses.

One existing approach for developing prosthesis task and gait phase estimators that

generalize across users is the development of user-independent machine learning

classi�ers [90], [133]. However, to expand these classi�ers to a wider variety

of locomotion modes and users, the collection of larger and more diverse data

sets is required [226]. While this entails an extensive amount of human-subject

experimentation and data collection, the obtained data sets would be extremely

valuable training data for classi�ers.
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Second, an approach to realize mid-level controllers that retain clinical bene�ts

across a variety of prosthesis users is to develop controllers that account for subject-

speci�c di�erences and adapt to the human's real-time motion. Model-based ap-

proaches, such as HZD and neuromuscular model control, utilize analytical models

of the human-prosthesis system. These models can account for subject-speci�c

di�erences such as weight, height, and limb length. If these models were improved

to capture additional subject-speci�c di�erences, such as muscle strength, and to

better predict a human's motion, they could be leveraged to systematically gener-

ate prosthesis controllers in a subject-speci�c way. Control strategies that utilize

external sensors, such as phase-based approaches and heuristic algorithms, have

demonstrated adaptability to an individual's real-time motion. Exploring ways to

integrate real-time human sensing into model-based control strategies could build

adaptive capabilities into these systematic methods.

Ideally, by developing both of these techniques (user-independent task estimation and

and subject-speci�c mid-level controllers), no additional tuning would be required.

However, if there still existing parameters that require tuning, it is important that

these parameters be designed such that they can either be automatically tuned using

self-tuning algorithms, or that the parameters are clinically friendly. Examples

of clinically intuitive parameters are the amount of knee �exion and ankle push-

o�, and the transition point for ankle push-o�, as used in [227]. These chosen

parameters allowed a prosthetic clinician to tune a knee-ankle prosthesis controller

for an amputee subject in 10 minutes. Similar parameters were used in [160] where

subjects were able to walk comfortably with the default parameters of their controller

but the parameters could be tuned to accommodate di�erent walking styles. Overall,

to bring the achievements realized in lab settings discussed in this review to the daily

lives of a large population of amputees, we see the answer to be a control method that

both generalizes between users and contains clinically intuitive tunable parameters.

Open Problem 2: Ensuring user safety

Beyond realizing the current achievements in the real-world, an open problem in

prosthesis control is ensuring user safety through fault prevention. This relies on

both understanding conditions of failure to enable quick fault detection as well as the

development of active control strategies for mitigating faults. Compared to passive

prostheses, powered prostheses have a unique capability for active fault prevention.

This includes preventing stumbles due to obstacles or external perturbations. How-
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ever, as powered prostheses become more complex, this also introduces additional

opportunities for internal faults. Thus, powered prostheses also have a growing need

for control schemes that are robust to control faults.

The �rst component of fault prevention research includes studying the biomechanic

response of human-prosthesis balance recovery. Existing research towards this

includes simulating uneven terrains [228], [229], introducing obstacles during pros-

thesis locomotion [230], [231] and applying external forces to the human pelvis

[232], [233]. Notably, [234] developed a predictive targeting algorithm that deter-

mines the timing of disturbances to the swing foot caused from obstacles, allowing

for more systematic studies of stumble recovery with respect to the timing of the

perturbation during swing phase.

Similarly, research towards transfemoral prosthesis fault prevention also includes

identifying common conditions that contribute user falls. For example, [149] iden-

ti�ed two failure conditions: skipped transitions in the controller's FSM; and foot

scu�ng in swing. Notably, unexpected transitions in an FSM have been shown to

lead to sudden, large torque changes [76]. Additionally, [235] observed that falls

were commonly caused when the sound limb failed to clear obstacles and when the

prosthesis-size limb failed to initiating swing or failed to land after a swing step.

By understanding the conditions that cause user falls, researchers have recently

had success towards detecting and mitigating failures. Towards detecting failures,

there are two existing approaches: model-based and data-driven. Model-based

approaches predict the response of the human-prosthesis system in order to detect

abnormalities. However, a criticism of model-based methods is that models are likely

not precise enough to accurately predict faults. Alternatively, data-driven methods

use machine learning algorithms instead of models to identify abnormal behaviors.

For example, [236] adopted novelty outlier detection (semi-supervised recognition)

to identify abnormal interactions during level-ground walking. The results found

that subject-speci�c models were required to characterize faulty interactions.

Towards mitigating failures, researchers have developed several failure-speci�c ap-

proaches. For example, to address missed transitions, [76] proposed using a contin-

uous phase-variable approach. For foot scu�ng, [237] developed a control approach

that learns online to recognize a user's intent to avoid an obstacle and modi�es the

swing trajectory accordingly to avoid a trip. In [116], they fused data from a laser

range �nder and an IMU to estimate the prosthetic limb pose, used sparse GP's to

predict the user's future hip angles and heights, and updated prosthesis joint desired
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trajectories to avoid foot scu�ng and early landing. Lastly, [235] propose that the

prosthesis should aid in ankle push-o� (to aid the sound leg's ability to clear ob-

stacles) and initiate a swing step in response to a stumble and provide more robust

stance support.

Lastly, research on fault prevention also includes the study ofinternalfaults, a grow-

ing concern as powered prostheses become more complex and incorporate additional

sensors. Towards this, [238] studied the biomechanics of a human-prosthesis sys-

tem reacting to internal sensor errors and observed two balance recovery strategies:

regulating trunk and intact leg angular momentum, and delaying the loading of body

weight.

Open Problem 3: Achieving volitional control without degrading healthy

biomechanical performance

Another approach towards improving the responsiveness of powered prostheses is

enabling the sensation of volitional control. Researchers have achieved volitional

control for single-actuated prostheses using direct proportional EMG control, but

using EMG sensors introduces many complications, as described in 2.3. Addition-

ally, since the muscles used for intent detection of ankle joints are removed in a

transfemoral amputation, researchers have looked for alternative means to give the

human volitional control for multi-joint prostheses. Typically external mechanical

sensors are chosen and have been used to demonstrate continuous adaptation behav-

ior with a small number of tuning parameters, as described in Sections 2.5 and 2.7.

However, in state-based phase variable methods, limits of a human's volitional con-

trol have been observed. When the prosthesis foot is �at on the ground, the global

hip angle, which is used in the phase variables of [77], [160], is fully determined by

the prosthesis knee and ankle joints, meaning the human has little volitional control

of their own phase variable here. Additionally, [160], [161] observed a slow ankle

push-o� when state-based phase control was used. The researchers mitigated this

issue by using feedforward phase progression in this phase, but this also removes

human volitional control. Further investigation needs to be conducted between the

trade-o�s of state-based and time-based control. Going forward, there is a need to

create consistent means of human volitional control so prosthesis devices feel more

responsive to users.
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Open Problem 4: Formulating device-level control objectives and improving

human models to advance human-prosthesis-level performance

Throughout this survey, we have discussed various methods of prosthesis control

aimed at optimizing for the control objectives presented in Sec. 2.2. In general,

these control objectives are captured using performance outcome measures such as

reductions in metabolic expenditure [14], improved gait symmetry (both kinematic

and kinetic) [219], and total mechanical work of intact joints [239]. However, it is

important to note that it is still unclear which performance measures most closely

align withhealthyhuman-prosthesis walking as evaluated by a clinician. Thus, more

research is needed towards identifying clear and agreed-upon performance outcome

measures corresponding to clinically healthy prosthesis walking.

Assuming that there exist appropriate performance measures, as discussed in Sec.

2.8, there exist both o�ine and online methods for customizing prosthesis controllers

to optimize for these performance measures. The o�ine approach is to compute the

performance measures after executing various prosthesis controllers and collecting

human-subject data. Then, based on these observations, the controller is modi�ed

in attempt to improve this performance. While this approach can eventually lead

to improved prosthesis performance, it is heuristic in nature and there is a long

time-scale between trials and improvements. In comparison, the online approach

computes the performance measures using real-time data and then systematically

optimizes the performance measures using human-in-the-loop optimization. How-

ever, this process requires several iterations to optimize the prosthesis locomotion

and typically requires episodic data collection to compute the measures. Both this

online and the o�ine approach demand large amounts of testing time from sub-

jects. Thus, the �nal open problem for powered prosthesis control is to develop

methods for optimizing performance measures directly, without relying on heuristic

tuning and human-in-the-loop optimization. To accomplish this, we propose two

approaches.

The �rst approach is to design device-level control objectives that correspond to

optimal performance outcomes. There are currently some device-level metrics

researchers use, however these do not necessarily lead to improved human-prosthesis

walking. For example, one of the most commonly used device-level metrics, known

as pro�le matching, compares the di�erence between the kinematic and kinetic

behavior of the prosthetic limb to an able-bodied leg. While matching kinematic

and kinetic trends provides a sensible �rst-pass evaluation of how the prosthetic leg
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compares to able-bodied behavior, there are physical reasons this may not accurately

emulate a human leg. Given a prosthesis with di�erent physical properties than those

of an intact leg, matching torque trends will not result in similar kinematics, and vice

versa. As detailed in [206], [207], the prosthesis only a�ects the human through

the interaction forces at the socket and the position and velocity changes at this

socket interface. As such, di�erent prosthetic devices following the same kinematic

trajectories or torque pro�les will produce di�erent socket forces than each other

and a biological leg, hence a�ecting the human dynamics in di�erent manners.

For these reasons, prostheses that only aim to emulate the kinematic and kinematic

behavior of human legs will have a di�erent dynamic e�ect on the human than a

biological leg and the overall walking will di�er from able-bodied walking. While

bearing some visual resemblance to biological walking seems important for social

reasons, purely imitating kinematic or kinetic behavior seems misaimed for restoring

emulative function of a lower-limb to an amputee.

A second example of a device-level metric, is the magnitude of ankle pusho�.

It was long believed that prosthesis ankle pusho� was correlated with metabolic

reduction of the human user [240], however this does not always hold true [85].

These mismatches in device-level metrics used in the �eld of prosthesis control and

their resulting e�ect on a prosthesis user highlights that a better understanding is

needed regarding the coupling between the dynamics of the prosthesis joints and the

intact joints. If researchers could identify clear relationships between device-level

outcomes and human-prosthesis performance metrics, then it would be possible

to target the design of prosthesis controllers to achieve these device-level control

objectives.

The second approach for directly optimizing for performance measures is to de-

velop more accurate human-prosthesis system models. This would allow for a more

systematic approach towards o�ine optimization. Speci�cally, a human-prosthesis

model could account for both subject-speci�c di�erences and the physical param-

eters of the device and could provide a prediction of how the prosthesis motion

will in�uence the overall human-prosthesis motion. Then, by encoding the human-

prosthesis performance metrics as cost functions in simulation, prosthesis control

parameters could be optimized with respect to this metric. While some researchers

already use model-based optimization approaches [36], [70], [77], discrepancies

exist between their human model and a real human user. Because the controller

is optimized for a given human-prosthesis model, the method may not prove to be
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optimal for a real human user because of the ways the human's behavior di�ers

from the model's. Building a more sophisticated human model would minimize

these di�erences and allow prosthesis controllers to be directly optimized for human

locomotion objectives.

Practical Considerations

Finally, we will discusspractical considerationsof translating powered prostheses

from research settings into the real world. In contrast to open problems, these

considerations are not things which remain to beachievedbut instead are simply

important toconsiderwhen developing and evaluating powered prostheses.

Practical Consideration 1: Prosthesis design plays a critical role in translating

powered prostheses to the real world.

While we have not discussed prosthetic design in this review, it is important to

note that design considerations play a key role in the development and realization

of prosthesis controllers. From a design perspective, a large limiting factor in

developing commercial dual-actuated powered prostheses is the large weight and

size that accompanies actuation and power requirements. Part of this challenge

could be addressed through control. By developing control strategies that minimize

energy usage, like the e�ort in [35], smaller actuators and power sources could be

used, reducing the size and weight of a device and extending battery life.

Other ways to improve the energy e�ciency of the device could be addressed through

the mechanical design. For example, incorporating passive components, such as

dampers and springs, could provide some compliance for energy absorption as well

as capture and recover energy inputted to the device, as done in [148], [241]�[244].

However, incorporating this compliance into the system would increase controller

complexity and the chance for model uncertainty in model-based control methods.

Additionally, series-elastic-actuators, used in [15], [24], for example, decrease the

bandwidth of the controller but allow a means to obtain torque feedback enabling

closed loop torque control. A di�erent approach to improve energy e�ciency

through design is by selecting low impedance actuators such that a prosthesis leg

could swing forward with less or no actuation in swing phase, as done in [23], [157].

This would increase the passive responsiveness of a device to a user's residual limb.

As discussed in Open Problem 3, this in�uence on the human's volitional control

over the prosthesis should be considered. Another bene�t of this design choice is



54

that the low impedance also enables open-loop torque control by minimizing the

e�ect of unmodeled actuator dynamics.

Aside from energy e�ciency, prosthesis design choices also in�uence the perfor-

mance and measured success of a given control method. For example, the location

of the center of mass of a powered prosthesis has been shown to in�uenced the

metabolic e�ciency of an amputee [245]. Since controls researchers consider met-

abolic cost as a control objective, the in�uence design plays in this measure will

a�ect the evaluation of a given control method, preventing direct observation of the

controller's performance based on this metric.

To decouple the mechanical design factor from the control problem, some research-

ers have developed testbeds or �emulators� that provide external assistance to a

human, as a prosthesis would, without the use of a portable prototype [246], [247].

This reduces the time and expertise generally required to develop a specialized pros-

thesis prototype while allowing experimentation of various control algorithms. The

power and actuation for the system are kept o� board, such that these typical design

factors for compact devices do not limit the control capabilities. This freedom

in control design allows researchers to evaluate control strategies before making

compromises because of design limitations. While the challenge of design and its

in�uence on control capabilities must be confronted to realize powered prostheses

in the real world, developing and evaluating control approaches in ideal conditions

could shape what design features to prioritize in device development as well as

uncover underlying principles that in�uence a prosthesis controller's e�cacy.

Practical Consideration 2: To realize the bene�ts of powered prostheses,

prosthesis user training is likely required.

Lastly, it is important to consider the level of training each prosthesis user has

obtained when evaluating the performance of prosthesis controllers. As noted in

[147], teaching amputees how to ambulate on powered prostheses is critical to

achieving positive outcomes. For example, [46], [67] required several training

sessions before being able to demonstrate improvements in biomechanical gait of

amputees using a powered prosthesis. Hence, training amputees to walk with

prosthesis devices in a biomechanically healthy manner is likely required in order to

achieve an optimal walking pattern and fully exploit the bene�ts powered prostheses

can o�er.
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One important aspect of this consideration is the tradeo� between short-term user

comfort and long-term biomechanic advantages. Speci�cally, while it is well-

understood that user preference is an important consideration in prosthesis control

(i.e., researchers have shown that user preference is correlated with positive recep-

tion of passive prostheses by consumers [248]), following user preference does not

necessarily converge to biomechanically optimal walking in the short run. For ex-

ample, transfemoral amputees tend to avoid stance knee �exion with their prosthesis

because it feels like buckling. They have been conditioned to keep their prosthetic

leg straight to not feel like they are falling. From biomechanics, though, we know

that knee �exion is important for weight acceptance and to reduce the impact ef-

fects from foot strike [74]. Here, a user's initial preference leads to a behavior that

is biomechanically disadvantageous and longer term training may be required for

individuals with amputation to adapt to control schemes that provide stance phase

knee �exion.

With training, users can learn to walk in ways that are more biomechanically healthy.

For example, [249] showed that prior to training, prosthesis users self-selected walk-

ing gait was asymmetric. However, by using visual feedback for the human users

during the gait tuning process, all subjects signi�cantly increased their stance time

(1•15� 0•1sec for able-bodied (AB) participants and1•06� 0•1 sec for transfemoral

amputee (TFA) participants) and decreased their stance time asymmetry (23%� 7%

for AB participants and19%� 5%for TFA participants). To this end, it will be im-

portant to distinguish between user preferences to accommodate in control methods

and user experiences that amputees should be trained to become comfortable with

and adapt correctly to.

2.10 Conclusion

Overall, powered prostheses have promising potential to achieve natural, e�cient,

and responsive locomotion for individuals with lower-limb amputations. Through-

out this survey, we introduce the state-of-the-art control strategies across varying

levels of control: high-level task estimation, mid-level desired torque computa-

tion, and low-level torque realization. These methods have demonstrated various

improvements to prosthesis performance with respect to naturalness of motion, ef-

�ciency of gait, and responsiveness to the user. Developing control methods that

generalize across users and can be customized for users in a straight-forward man-

ner could enable realization of these bene�ts for a wider population of users. This

widespread applicability in addition to improvements in ensuring user safety, hu-
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man volitional control, and the overall health of a the resultant human-prosthesis

gait could make these devices clinically viable to be used by people with lower-limb

amputations in everyday life, motivating pursuit of future research.
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C h a p t e r 3

PRELIMINARIES

This chapter will present the preliminary theoretical background to provide the

fundamental groundwork for the theoretical developments in this thesis. All of the

theory presented here is based on previous work and is not part of the author's

original contributions for her PhD.

The text for this chapter was adapted from:

R. Gehlhar, J. Reher, and A. D. Ames. �Control of Separable Subsystems
with Application to Prostheses�. In:arXiv preprint arXiv:1909.03102, 2019.

R. Gehlhar and A. D. Ames. �Separable Control Lyapunov Functions With
Application to Prostheses�. In:IEEE Control Systems Letters, 5.2, 2021, pp.
559�564.

R. Gehlhar and A. D. Ames. �Estimate-to-state stability for hybrid human-
prosthesis systems�. In:2021 60th IEEE Conference on Decision and Control
(CDC), IEEE. 2021, pp. 705�712.

R. Gehlhar and A. D. Ames. �Model-dependent prosthesis control with
interaction force estimation�. In:2021 IEEE International Conference on
Robotics and Automation (ICRA). IEEE. 2021, pp. 3226�3232.

R. Gehlhar and A. D. Ames. �Emulating Human Kinematic Behavior on
Lower-Limb Prostheses via Multi-Contact Models and force-sensor-based
Nonlinear Control�. In: Submitted to 2023 IEEE International Conference
on Robotics and Automation (ICRA). IEEE. 2022.

3.1 Background Nonlinear Control Theory

Hybrid Control System

During stance and swing phases of bipedal walking, the dynamics of the system are

continuous. For these continuous dynamics we consider the following general a�ne

control system,

¤G= 5¹Gº ¸ 6¹GºD– (3.1)

with statesG2 - � R= and control inputsD 2 R< , where< � =. When the foot

strikes the ground in walking, it causes a discrete jump in velocities. We consider

the following for these impact dynamics,

Ģ = � - ¹G� º–
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whereĢ indicates post-impact states, andG� , pre-impact states. To model these

phases of dynamics, we employ a hybrid system,

�� G=

8>><

>>
:

¤G= 5¹Gº ¸ 6¹GºD if ¹Gº 2 D n (

Ģ = � - ¹G� º if ¹G� º 2 (•
(3.2)

The functions5 – 6–� - are locally Lipschitz continuous in their arguments, meaning

given an initial conditionG0 = G¹C0º, there exists a unique solutionG¹Cº for some

time. For simplicity we assume forward completeness, i.e. solutions exist for all

time.

The admissible states during a phase of continuous dynamics exist in a domainD ,

D = f¹ Gº 2 - : � ¹Gº � 0g– (3.3)

a closed subset of- . The transitions between these domains are initiated by a guard

(switching surface)( � D ,

( = f¹ Gº 2 - : � ¹Gº = 0 and ¤� ¹Gº Ÿ 0g– (3.4)

which is a co-dimension one submanifold ofD . Here the continuously di�erentiable

function � : - ! R yields ! 6� = 0. This guard( de�nes the states of the system

when the conditions� ¹Gº = 0 and ¤� ¹Gº Ÿ 0 are reached. When this guard is reached,

the impact dynamics map the system back to the domain of continuous dynamics

D .

We can stabilize the a�ne control system 3.1 by constructing afeedback linearizing

control law for D, which cancels out the nonlinear dynamics of the system and

applies a linear controller to stabilize the resultant linear system.

Feedback Linearization

To begin construction ofD for the a�ne control system (3.1), we de�ne linearly

independent outputsH: R= ! R< so that the system has the same number of outputs

as inputs. These outputs are of valid vector relative degree®W= ¹W1– W2– • • • – W< º

[39]. We de�ne the vector of partial derivatives of theW8� 1Lie derivatives[38], [39]

of the H8¹Gº outputs with respect to the dynamic drift vector5¹Gº for 8= 1– • • • – <

as follows:

m!®W� 1
5 H¹Gº

mG
,

2
6
6
6
6
6
6
6
6
6
6
6
4

m!
W1� 1
5 H1¹Gº

mG
m!

W2� 1
5 H2¹Gº

mG
•••

m!W< � 1
5 H< ¹Gº

mG

3
7
7
7
7
7
7
7
7
7
7
7
5

•
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Then, we de�ne the vector ofW8Lie derivatives with respect to drift vector5¹Gº and

control matrix6¹Gº, respectively:

! ®W
5H¹Gº ,

m!®W� 1
5 H¹Gº

mG
5¹Gº–

! 6! ®W� 1
5 H¹Gº ,

m!®W� 1
5 H¹Gº

mG
6¹Gº•

With these Lie derivatives, we write the vector of theWth
8 derivatives of the outputs,

H¹ ®Wº ,

2
6
6
6
6
6
6
6
6
4

H¹W1º
1

H¹W2º
2
•••

H¹W< º
<

3
7
7
7
7
7
7
7
7
5

= ! ®W
5H¹Gº ¸ ! 6! ®W� 1

5 H¹GºD• (3.5)

From this, we construct a feedback linearizing controller,

D¹Gº = �¹ ! 6! ®W� 1
5 H¹Gº

|         {z         }
� ¹Gº

º� 1¹! ®W
5H¹Gº

|   {z   }
! �

5H¹Gº

� ` º

= � � � 1¹Gº¹! �
5H¹Gº � ` º–

(3.6)

where` 2 R< is the auxiliary control input the user de�nes to render the linearized

system stable. See [39] or [38] for details. Note that� ¹Gº is invertible because

the outputs are linearly independent and the system is square [39, p. 407], since

the number of inputs equals the number of outputs. Applying this controller to the

output dynamics of (3.5) yields,

H¹ ®Wº = `– (3.7)

such that we can prescribe a desired behavior of the output dynamics through our

design of` .

Coordinate Transformation to Normal Form

With these outputs we can perform a coordinate transformation to normal form to

obtain a system in terms of our controllable (output) states and the uncontrollable

states. Any partially feedback linearizable system can be converted to normal form

per methods introduced in [39, pp. 407-411]. For each output8, we de�ne the
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following output coordinates,

[ 8 =

2
6
6
6
6
6
6
6
6
4

[ ¹1º
8

[ ¹2º
8
•••

[ ¹W8º
8

3
7
7
7
7
7
7
7
7
5

=

2
6
6
6
6
6
6
6
6
4

H8¹Gº

! 5H8¹Gº
•••

! W8� 1
5 H8¹Gº

3
7
7
7
7
7
7
7
7
5

•

This gives a total ofW:=
Í <

8=1 W8output coordinates:

[ =

2
6
6
6
6
6
6
6
6
4

[ 1

[ 2
•••

[ <

3
7
7
7
7
7
7
7
7
5

2 RW•

We then de�ne= � Wzero dynamics coordinates,

I =

2
6
6
6
6
6
6
6
6
4

I 1¹Gº

I 2¹Gº
•••

I =� W¹Gº

3
7
7
7
7
7
7
7
7
5

2 R=� W•

With this, we de�ne the di�eomorphism,

� ¹Gº =

"
[

I

#

–

where� ¹Gº : R= ! R=. To determine the output dynamics, we write the derivatives

of each output coordinate,

¤[ 8 =

2
6
6
6
6
6
6
6
6
4

[ ¹2º
8

[ ¹3º
8
•••

! W8
5 H8

�
� � 1¹[– Iº

�
¸ ! 6! W8� 1

5 H8
�
� � 1¹[– Iº

�
D

3
7
7
7
7
7
7
7
7
5

,

2
6
6
6
6
6
6
6
6
4

[ 2
8

[ 3
8
•••

08¹[– Iº ¸ 18¹[– IºD•

3
7
7
7
7
7
7
7
7
5

The dynamics of the output states are then,

¤[ =

2
6
6
6
6
6
6
6
6
4

¤[ 1

¤[ 2
•••

¤[ <

3
7
7
7
7
7
7
7
7
5

, 5[ ¹[– Iº ¸ 6[ ¹[– IºD• (3.8)
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Feedback Linearization via Normal Form

With the system in normal form, we can show how feedback linearization transforms

the output dynamics into a linear system.

¤[ ¹ ®Wº =

2
6
6
6
6
6
6
6
6
4

¤[ ¹W1º
1

¤[ ¹W2º
2
•••

¤[ ¹W< º
<

3
7
7
7
7
7
7
7
7
5

=

2
6
6
6
6
6
6
6
6
4

01¹[– Iº ¸ 11¹[– IºD

02¹[– Iº ¸ 12¹[– IºD
•••

0< ¹[– Iº ¸ 1< ¹[– IºD

3
7
7
7
7
7
7
7
7
5

= ! ®W
5H

�
� � 1¹[– Iº

�
¸ ! 6! ®W� 1

5 H
�
� � 1¹[– Iº

�

, 0¹[– Iº ¸ 1¹[– IºD•

With this, we construct a feedback linearizing controller:

D= � 1� 1¹[– Iº¹0¹[– Iº � ` º–

with auxiliary control input` . Note this controller is equivalent to the feedback

linearizing controller in (3.6), the only di�erence is this expression is given in terms

of [ andI instead ofG. Here1¹[– Iº is invertible because the outputs are linearly

independent and the system is square. Applying this controller results in¤[ ¹ ®Wº = `

and we rewrite our linearized output dynamics:

¤[ 8 =

"
0 �W8� 1� W8� 1

0 0

#

|              {z              }
� 8

[ 8¸

"
0W8� 1� 1

1

#

|      {z      }
� 8

` 8–

¤[ = �[ ¸ � `–

(3.9)

where` = ¹` )
1– )̀

2–� � � – )̀
< º) , and,

� = diag¹� 1– �2–� � � – �< º 2 R=� =–

� = diag¹� 1– � 2–� � � – � < º 2 R=� < –
(3.10)

wherediag¹º notates a block diagonal matrix of listed elements. This F and G yield

a full rank controllability matrix enabling CLF construction with a continuous-time

Algebraic Riccati equation (CARE), which we will present in 3.2.

Hybrid Control System for Outputs and Zero Dynamics

For these controlled (output) states[ 2 N � RWand uncontrolled states,I 2 / �

R=� W, we de�ne the following hybrid control system,

�� =

8>>>>>>><

>>>>>>>
:

¤[ = 5[ ¹[– Iº ¸ 6[ ¹[– IºD

¤I = 	 ¹[– Iº
if � � 1¹[– Iº 2 D n (

[ ¸ = � N ¹[ � – I� º

I ¸ = � / ¹[ � – I� º
if � � 1¹[ � – I� º 2 (•

(3.11)
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Here, we assume5[ ¹0– Iº = 0 and � N ¹0– Iº = 0, yielding the surface/ de�ned

by [ = 0 with dynamics¤I = 	 ¹0– Iº as invariant for the continuous and discrete

dynamics. This yields the hybrid system for the hybrid zero dynamics:

� j/ =

(
¤I = 	 ¹0– Iº if I 2 / n ¹( \ / º

I ¸ = � / ¹0– I� º if I � 2 ( \ /•

Control Lyapunov Functions

To construct a control inputDthat stabilizes the output dynamics of (3.11), a control

Lyapunov function (CLF) can be used. A CLF for the continuous output dynamics

of (3.11) is a positive de�nite function with positive constants21– 22– 23 ¡ 0 such

that for all ¹[– Iº 2 N � / ,

21k[ k2 � + ¹[ º � 22k[ k2 (3.12)

inf
D2*

»! 5[ + ¹[– Iº ¸ ! 6[ + ¹[– IºD¸ 23+ ¹[ º¼ � 0– (3.13)

where! 5[ + and! 6[ + denote the Lie derivatives [250]. The following set consists

of control values that yield¤+ ¹[– I– Dº Ÿ � 23+ ¹[ º, i.e. satisfy (3.13):

 ¹[– Iº = f D2 * : ! 5[ + ¹[– Iº ¸ ! 6[ + ¹[– IºD¸ 23+ ¹[ º � 0g•

While a control inputD 2  is su�cient to guarantee exponential stability of the

continuous output dynamics of (3.11), the impacts in the hybrid system (3.11)

require stronger convergence guarantees. For this reason, the notion of a rapidly

exponentially stabilizing CLF (RES-CLF) was developed in [199] to provide such

guarantees.

RES-CLF. A RES-CLF for the continuous dynamics of (3.11) is a function with

positive constants21– 22– 23 ¡ 0 such that for all0 Ÿ Y Ÿ1 and¹[– Iº 2 N � / ,

21k[ k2 � +Y¹[ º �
22

Y2
k[ k2 (3.14)

inf
D2*

»! 5[ +Y¹[– Iº ¸ ! 6[ +Y¹[– IºD¸
23

Y
+Y¹[ º¼ � 0• (3.15)

The following set consists of control values that yield¤+Y¹[– I– Dº Ÿ � 23
Y+Y¹[ º, i.e.

satisfy (3.15):

 Y¹[– Iº = f D2 * : ! 5[ +Y¹[– Iº ¸ ! 6[ +Y¹[– IºD¸
23

Y
+Y¹[ º � 0g•
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With DY¹[– Iº 2  Y¹[– Iº for all [ 2 N � / the closed-loop system of the continuous

dynamics of (3.2) becomes:

� Y =

8>>>>>>><

>>>>>>>
:

¤[ = 5[ ¹[– Iº ¸ 6[ ¹[– IºDY¹[– Iº

¤I = 	 ¹[– Iº
if � � 1¹[– Iº 2 D n (

[ ¸ = � N ¹[ � – I� º

I ¸ = � / ¹[ � – I� º
if � � 1¹[ � – I� º 2 (•

(3.16)

We are speci�cally interested in systems with periodic orbits because of the periodic

nature of walking. So, for the continuous dynamics of (3.16), leti C¹[– Iº be its

periodic �ow and� its corresponding periodic orbit. For the zero dynamics¤I =

	 ¹0– Iº with periodic �ow i I
C, let � / be its corresponding periodic orbit. Because

of the invariance of the zero dynamics surface/ assumption (i.e. 5[ ¹0– Iº = 0

and � N ¹0– Iº = 0), a periodic orbit for the zero dynamics� / corresponds to a

periodic orbit for the full-order dynamics,� = ]0¹� / º, where]0 : / ! N � /

is the canonical embedding]0¹I º = ¹0– Iº. We saw in [199] how the existence of

a RES-CLF guaranteed for an exponentially stable periodic orbit� / for the zero

dynamics� j/ transverse to( \ / , the corresponding periodic orbit of the full-order

dynamics� = ]0¹� / º is exponentially stable.

Trajectory Generation

In order to shape the output dynamics of (3.11) such that an exponentially stable

periodic orbit� / will exist in the zero dynamics, we enforce certain constraints in

an optimization problem that solves for parametersU to de�ne the outputs,

H¹Gº = H0¹Gº � H3¹g– Uº•

Here H0 is the actual output of the system andH3 is the desired output trajectory

de�ned by U and modulated byg, which could be a time- or state-based phase

variable [153], [154].

The goal of control is to drive these outputs to 0. Then since5[ ¹0– Iº = 0 and

� N ¹0– Iº = 0, the hybrid system (3.11) is reduced to a lower-dimensional manifold,

or thezero dynamics surface[195]:

/ U = f G2 D : HE¹G– Uº = 0–¤H¹G– Uº = 0g• (3.17)

To ensure that the system remains on the zero dynamics surface even through

impact, such that the zero dynamics surface is invariant through impact, we enforce
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the following condition in trajectory generation,

� ¹( \ / º � / • (3.18)

In other words, when the system evolving on the zero dynamics surface/ reaches

the guard( , the impact� will map the system back to the zero dynamics surface.

To develop periodic orbits, we enforce the following periodicity condition,

¹[ 0– I0º = � ¹i ) ¹[ 0– I0ºº–

where[ 0 andI 0 are the initial conditions. This condition means that, for the initial

condition ¹[ 0– I0º, after the continuous dynamics �ow for a period) , the impact

dynamics� will map the system back to the same initial condition¹[ 0– I0º.

We include these conditions in an optimization problem that solves for parameters

U to de�ne desired outputsH3¹g– Uº of the system, such that when a control inputD

drives the actual outputsH0¹Gº to the desired outputsH3¹g– Uº, i.e. the outputsHare

0, there is an exponentially stable periodic orbit in the zero dynamics:

f U� –C� g = argmin
U–C

J

s.t. � ¹( \ / Uº � / U

¹[ 0– I0º = �
�
i ) ¹[ 0– I0º

�

Cmin 4 CE 4 Cmax•

(3.19)

The solution to this optimization problem includes the parametersUand the decision

variablesC = ¹G0– • • • – G# – )º, hereG8 is the system state at the8C� discretization for

the duration) . Upper and lower bounds for the decision variables,Cmax andCmin,

respectively, are enforced through the constraints. HereJ is the cost function. For

bipedal robot systems, typical cost functions include mechanical cost of transport,

torque squared, the di�erence between the desired outputs and human walking data,

or a combination of these costs [195], [201].

Input to State Stability

One �nal piece of nonlinear control theory background we will introduce is input-

to-state stability (ISS). We will present this construction for a general a�ne control

system (3.1) and then in Chapter 6 we will relate a similar notion to a hybrid system

with outputs and zero dynamics. For the a�ne control system (3.1), consider the

case where it experiences a time-varying disturbance signal3 2 R< to the inputD,

¤G= 5¹Gº ¸ 6¹Gº¹D¸ 3º• (3.20)
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While we could construct a control inputDwith a CLF to guarantee the system with

zero disturbance,3 = 0, is stable, with an unknown disturbance, stability can not

be guaranteed. However, we could guarantee stability to a set. For disturbances

in nonlinear systems, ISS [251], [252] can guarantee convergence to a set around

the origin, with the bound in terms ofk3k1 , wherek3k1 = supC� 0fj 3¹Cºjg. Here

we consider the conditions for exponential ISS. For the classical de�nition see

[251]. The system (3.20) isexponential input-to-state stable(e-ISS) if there exists

V 2 KL 1 , ] 2 K1 , and constant2 ¡ 0 such that

kG¹C– G0– 3ºk � V¹kG0k– Cº4� 2Ç ]¹k3k1 º– 8G0– 3–8C� 0•

We can quantity e-ISS via Lyapunov functions. A continuously di�erentiable func-

tion + : R= ! R� 0 is ane-ISS Lyapunov functionwith constants21– 22– 23 ¡ 0 and

] 2 K1 such that8G2 R=– 32 R=3 ,

21kGk2 � + ¹Gº � 22kGk2

kGk � ]¹k3k1 º ) ¤+ ¹G– 3º � � 23+ ¹Gº•
(3.21)

The background theory presented in this section will be used as a basis for the

theoretical contributions of this thesis, developed in Chapters 4, 5, and 6. All of

the novel theoretical constructions in this thesis are �rst developed in the context

of general nonlinear control systems, and they are followed with applications to

general robotic systems. We will now present the general constructions used for

robotic systems.

3.2 Nonlinear Control of Robotic Systems

Robotic System

Consider an=@ DOF robotic system ino-dimensional space. The coordinates

@2 R=@ de�ne the robot's con�guration spaceQ. The dynamics of the robotic

system are given by the classical Euler-Lagrangian equation [204],

� ¹@º ¥@̧ � ¹@–¤@º = �D ¸ � ) ¹@º_• (3.22)

Here � ¹@º 2 R=@� =@ is the inertial matrix. � ¹@–¤@º = � ¹@–¤@º ¸ � ¹@º 2 R=@,

a vector of centrifugal and Coriolis forces and a vector containing gravity forces,

respectively. The actuation matrix� 2 R=@� < contains the gear-reduction ratio of

the actuated joints and is multiplied by the control inputsD2 R< , where< denotes

the number of control inputs. The wrenches_ 2 R=� enforce the=� holonomic



66

constraints. The Jacobian matrix of the holonomic constraints� ¹@º = m�
m@2 R=� � =@

enforces the holonomic constraints by:

¤� ¹@–¤@º ¤@̧ � ¹@º ¥@= 0• (3.23)

Solving (3.22) and (3.23) simultaneously yields theconstrained dynamics.

To relate this to the continuous dynamics of the hybrid control system of (3.2), we

write the following ODE,

¤G=
3
3C

"
@

¤@

#

=

"
¤@

� � 1¹@º¹� � ¹@–¤@º ¸ � ) ¹@º_º

#

|                                    {z                                    }
5¹Gº

¸

"
0

� � 1¹@º�

#

|         {z         }
6¹Gº

D•

The discrete dynamics� - of (3.2) are determined by assuming a perfectly plastic

impact. See [253], [254] for details.

Bipedal Robot Gait Generation

Multi-Domain Hybrid System. To have bipedal walking emulate human heel-

toe roll, multiple contact points need to be accounted for. As the contact points

change, the di�erent holonomic constraints change the continuous dynamics, re-

quiring multiple domains in a hybrid system. To model this multi-domain hybrid

system, we use a directed graph� = ¹+– � º with verticesE 2 + that connect

edgesf 4 = f E ! Ȩ ggjE2+ = � , whereȨ is the subsequent vertex ofE in the

directed graph. For each vertexE, there is a domainD E (3.3) and control input

DE. On D E, there is a control system¹ 5E– 6Eº, that de�ne the continuous dynamics

¤G= 5E¹Gº ¸ 6E¹GºDE for eachG2 D E andDE 2 U . The transition point between one

domainD E and the nextD Ȩ in the directed cycle is de�ned by the guard( 4. The

guard triggers the reset map,� 4 : ( 4 � D E ! D Ȩ , giving the postimpact states of

the system:Ģ = � 4¹Gº, whereG2 D E andĢ 2 D Ȩ .

With the sets of each of these objects,D = fD EgjE2+ , U = f DEgjE2+ , ( = f ( 4gj42� ,

� = f � 4gj42� , and�� = f¹ 5E– 6EºgE2+ , we de�ne thismulti-domain hybrid control

systemas a tuple [255], [256]:

�� md = ¹� –D –U – (–� – �� º• (3.24)

Gait Generation. To prescribe outputs to this multi-domain hybrid control system,

typically relative degree 1 and 2 outputs are used for walking robots and respectively
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de�ned as,

H1–E¹@–¤@º = H0
1–E¹@–¤@º � H3

1–E– (3.25)

H2–E¹@º = H0
2–E¹@º � H3

2–E¹gE– UEº• (3.26)

While the phase variablegE can be time- or state-based, for more robust control, a

state-based phase variableg¹@º is used [154] and is typically de�ned as follows,

g¹@ºE =
?E¹@º � ?0–E

?5 –E� ?0–E
• (3.27)

Here?E¹@º is a state-dependent function that is monotonic inD E and?0–Eand?5 –E

are the initial and �nal values of this function in this domain. For walking, previous

work found the forward progression of the stance hip to be monotonic during a

human gait cycle [150]. This quali�es it to be used as?E¹@º for the phase variable.

As described previously in Subsection 3.1, a control inputD is designed to drive

these outputs to 0. We previously discussed how this results in the system evolving

on the zero dynamics surface 3.17. However, when a relative degree 1 outputH1–E

is used, the zero dynamics cannot necessarily remain invariant through impacts. In

fact, enforcing impact invariance on the velocity-modulating output is too restrictive

due to the jump of velocities by the impact map. Hence, we only enforce an

impact invariance condition on the relative degree 2 outputs, resulting inpartial

zero dynamics:

%/UE = f¹ @–¤@º 2 DE : H2–E¹@– UEº = 0–¤H2–E¹@– UEº = 0g•

For a domain where a relative degree 1 output is used, the optimization problem

(3.19) uses this partial zero dynamics surface%/U instead of/ U, as shown in the

following domain-speci�c optimization problem:

f U�
E–C�

Eg = argmin
UE–CE

J E

s.t. � 4¹( 4 \ %/UEº � %/UȨ

¹[ 0– I0º = i �
) ¹[ 0– I0º–

Cmin 4 CE 4 Cmax

cmin 4 cE¹CEº 4 cmax–

(3.28)

wherei �
) is the hybrid periodic �ow for the whole multi-domain hybrid system

(3.24), and cE¹CEº enforce real-world constraints of the robot such as torque and
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joint limits and contact conditions. To solve this optimization problem, we use a

direct collocation based optimization algorithm, FROST [198].

The solution to the optimization provides theU parameters that de�ne Bézier poly-

nomials,

B¹gEº =
mÕ

8=0

UE–8
m!

¹m � 8º!8!
g8

E¹1 � gEºm� 8– (3.29)

where m is the degree of the Bézier polynomial with coe�cientsUE = f UE–8gj8=1–•••–m.

ID-CLF-QP

A RES-CLF, as described in Subsection 3.1, could be used to construct a control

inputDto track these generated trajectories.

We can use the linearized output dynamics (3.9) to construct a CLF for the robotic

system. First, using� and� from (3.9), we solve the CARE equation,

� ) %¸ %� ¸ %�� ) %¸ & = 0–

for %= %) ¡ 0, with the user selected weighting matrix& = & ) ¡ 0. From the

method of [199], we construct a CLF by the following,

+ ¹[ º = [ ) %[•

For this robotic system with relative degree 1 and 2 outputs, we de�ne[ =

¹H)
1– H)2–¤H)

2º) and transform the CLF into a RES-CLF using the method in [199]

with 0 Ÿ Y Ÿ1:

+Y¹[ º = [ )

2
6
6
6
6
6
4

� 0 0

0 1
Y� 0

0 0 �

3
7
7
7
7
7
5

%

2
6
6
6
6
6
4

� 0 0

0 1
Y� 0

0 0 �

3
7
7
7
7
7
5

[ =: [ ) %Y[•

To obtain the convergence constraint, we take the derivative,

¤+Y¹[ º = ! � +Y¹[ º ¸ ! � +Y¹[ º` � �
_min¹&º
_max¹%Yº

+Y¹[ º–

with Lie derivatives along the linearized output dynamics as,

! � +Y¹[ º = [ ) ¹� ) %Y ¸ %Y� º[–

! � +Y¹[ º = 2[ ) %Y�–
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and` , as given by (3.6), is

` = ! �
5H¹Gº ¸ � ¹GºD•

However, to implement a CLF on hardware, the feedback linearizing terms! �
5H¹Gº

and� ¹Gº in (3.2) pose a challenge in that they require inversion of the inertia matrix

� ¹@º which is computationally expensive and can have numerical instability. To

avoid this, [37] developed an inverse dynamics CLF quadratic program (ID-CLF-

QP) that includes the CLF stability condition (3.2), the dynamics (3.22), and the

holonomic constraints (3.23) as constraints in the QP. This way the QP can determine

the control inputD, accelerations¥@, and constraint wrenches_ simultaneously in a

way that satis�es the stability constraint with respect to the dynamics and holonomic

constraints.

To form this controller, we recall̀ = ¹ ¤H) –¥H) º) and rewrite the outputs in terms of

the robotic system's con�guration coordinates@and velocities¤@,

"
¤H1

¥H2

#

=

2
6
6
6
6
4

mH1
m@

m
m@

�
mH2
m@¤@

�
3
7
7
7
7
5

|         {z         }
¤� H¹@–¤@º

¤@̧

"
mH1
m¤@
mH
m@

#

|{z}
� H¹@º

¥@•

We will include these terms in the QP cost with the holonomic constraints, enforcing

these as soft constraints, using,

� qp¹@º =

"
� H¹@º

� ¹@º

#

– ¤� qp¹@–¤@º =

"
¤� H¹@–¤@º
¤� ¹@–¤@º

#

•

With these terms we formulate our ID-CLF-QP:

� ¢ = argmin
� 2R=qp

�
�
�
�
�
� ¤� qp¹@–¤@º ¤@̧ � qp¹@º ¥@� apd

�
�
�
�
�
�
2

¸ f, ¹� º ¸ dZ

s.t. � ¹@º ¥@̧ � ¹@–¤@º = �D ¸ � ) ¹@º_

! � + ¹Gº ¸ ! � + ¹Gº¹ ¤� H¹@–¤@º ¤@̧ � H¹@º ¥@º � �
2
Y

+ ¹Gº ¸ Z

� Dmax � D � Dmax–

(3.30)

with decision variables� = ¹ ¥@) – D) – _) º) . Here apd = ¹` )
pd–0) º) , , ¹� º is a

regularization term designed to make the system well-posed,f and d are user-

selected weights,Z is a relaxation term to allow the torque bounds¹� Dmax– Dmaxº to

be met.
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Figure 3.1: Human-Prosthesis Model and Platform. (Left) Human-prosthesis model
with generalized coordinates. (Right) AMPRO3 powered prosthesis platform with
components and coordinates labeled.

3.3 Human-Prosthesis Model and Powered Prosthesis Platform

Human-Prosthesis Model

We model the human-prosthesis system as a planar (2D) 12 DOF bipedal robot,

comprised of 8 rigid links: torso, 2 human thighs, prosthesis partial thigh, a human

and prosthesis calf, and a human and prosthesis foot. The parameter for the human

limbs are estimated based on the user's total height and mass. The length, mass, and

COM are calculated based on Plagenhoef's table of percentages [257]. The inertia

of each limb is calculated based on Erdmann's table of radiuses of gyration [258].

The prostheis parameters are based on a CAD model of AMPRO3 [19], a powered

transfemoral prosthesis. We de�ne the generalized coordinates as@= ¹@)
A– @)Bº) ,

where@B correspond to the prosthesissubsystem coordinates and@A refers to the

remaining coordinates for the human. We de�ne the human coordinates@A as

¹@)
� – \; � – \; : – \;0– \A�º) , where@� denotes a 3 DOF �oating base frame at the torso,

and the other coordinates represent the left hip, knee, and ankle, and the right hip,

respectively. The prosthesis coordinates@B are ¹ �@)
� – @?: – @?0º) , where �@� denote

the 3 DOF �oating base frame at socket attachment point and the other coordinates

represent the prosthesis knee and ankle, respectively. We model the prosthesis

�oating base as rigidly attached to the distal end of the amputee's residual right

thigh. This is shown in Figure 3.1. We include coordinates@ABand@;B in this �gure

since these are used to model a spring-damper ground contact in the gait generation

of Chapter 9.
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Powered Prosthesis Platform: AMPRO3

We use the transfemoral powered prosthesis platform AMPRO3 custom-built and

introduced in [19]. The device has an iWalk adapter such that an able-bodied

human can test the device. A di�erent adapter can be used to connect this device

directly into an amputee's socket. Two brushless DC motors (MOOG BN23) with

1 Nm peak torque actuate the knee and ankle pitch joints through interactions with

their respective timing belt connected to each joint's harmonic gear box. This

gear reduction system gives a 120:1 mechanical reduction for the knee and 175:1

for the ankle. The motors are controlled by 2 ELMO motion controllers (Gold

Solo Whistle) which receive position and velocity feedback from 2 incremental

encoders. These motion controllers in turn send this feedback to the microprocessor,

a Beaglebone Black Rev C (BBB). The BBB returns a commanded torque to the

motion controllers. The whole prosthesis system is powered by a 9-cell 4400 mAh

Li-Po battery (Thunder Power RC). The components described here can be seen in

Figure 3.1.
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C h a p t e r 4

SEPARABLE SUBSYSTEMS

Nonlinear control methodologies have successfully realized stable human-like walk-

ing on powered prostheses [34]�[36]. However, these methods are typically re-

stricted to model independent controllers due to the unknown human dynamics

acting on the prosthesis. The work in this chapters overcomes this restriction by

introducing the notion of aseparable subsystem control law, independent of the

full-order system dynamics. By constructing an equivalent subsystem, we calculate

the control law with local information. We build a subsystem model of a general

open-chain manipulator to demonstrate the control method's applicability. Employ-

ing these methods for an amputee-prosthesis model, we develop amodel-dependent

prosthesis controller that relies solely on measurable states and inputs but is equiv-

alent to a controller developed with knowledge of the human dynamics and states.

We demonstrate the results through simulating an amputee-prosthesis system and

show the model dependent prosthesis controller performs identically to a feedback

linearizing controller based on the whole system, con�rming the equivalency.

This chapter was adapted from:

R. Gehlhar, J. Reher, and A. D. Ames. �Control of Separable Subsystems
with Application to Prostheses�. In:arXiv preprint arXiv:1909.03102, 2019.

4.1 Introduction

To examine robotic systems in�uenced by human behavior, the methods in [259],

[260] considered the interaction forces. This approach is part of a larger investi-

gation of modeling and control of robots in contact with a dynamic environment,

which Vukobratovic examined in many of his works, most comprehensively in [261].

However, these works remain focused on simple models and do not consider incor-

porating the interaction forces in general nonlinear control methods. The work of

[262] incorporated the interaction forces between the amputee and prosthesis into the

prosthesis dynamics to develop a feedback linearizing prosthesis controller. Con-

sidering this as a speci�c example of a subsystem controller, we develop ageneral

framework to control separable subsystems.
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In Section 4.2 we develop a feedback linearizing control law for aseparable subsys-

tem, a system independent of its full-order system dynamics. While this controller

solely depends on the subsystem dynamics, we prove it isequivalentto one de-

veloped with the full-order system dynamics, hence guaranteeing full-order system

stability. Second, we construct the control law using anequivalent subsystemwith

measurable inputs. In Section 4.3 we examine the application to robotic systems by

outlining construction of a subsystem of a general open-chain manipulator. Follow-

ing this framework, we model a powered prosthesis, Figure 4.1, as a subsystem in

Section 4.4. By using the interaction forces and global orientation and velocities at

the amputee's socket, we calculate ourseparable subsystem control law, indepen-

dent of both the human dynamics and states. We demonstrate the application of

these ideas with simulation results.

These novel methods hold potential to construct model dependent controllers for

nonlinear subsystems where the dynamics of the full-order system are either un-

known or computationally expensive. This ability could allow nonlinear control

approaches to give formal guarantees on stability and safety to coupled subsystems.

This chapter approaches subsystem controller construction in the context of both

general nonlinear systems and robotic systems leading to two main contributions,

(i) developing proofs of equivalency between a subsystem controller that relies

solely on local information and the full-order system feedback linearizing

controller, and

(ii) providing a robotic decomposition method to apply these results to any open-

chain robotic system.

We develop a prosthesis controller similar to [262] as a speci�c example.

4.2 Separable Subsystem Control

Constructing the feedback linearizing controller in (3.6) requires the dynamics of

the full-order system. However, in the case of large dimensional systems, the full

dynamics may be unknown or may become computationally expensive, inhibiting

feedback linearization.
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Figure 4.1: Amputee-Prosthesis Separable System and Equivalent Subsystem.
(Left) Amputee-prosthesis separable system (blue), with separable prosthesis sub-
system AMPRO3 (red). (Right) Equivalent prosthesis subsystem. (Middle) Control
input from inverse dynamics of human-prosthesis motion capture walking data,
determined with full-order system dynamics (blue) and with equivalent subsystem
dynamics (red).

Control Law for Separable Subsystem

This section eliminates the need to know the full-order system dynamics for feedback

linearization by constructing aseparable subsystem control lawthat only depends

on subsystem dynamics. We begin by de�ning aseparable control system.

De�nition 1: The a�ne control system(3.1) is a separable control systemif it can

be structured as
"
¤GA

¤GB

#

=

"
5A¹Gº

5B¹Gº

#

¸

"
6A

1¹Gº 6A
2¹Gº

0 6B¹Gº

# "
DA

DB

#

–

GA 2 R=A– GB 2 R=B– DA 2 R< A– DB 2 R< B–

(4.1)

where=A ¸ =B = = and< A ¸ < B = < .

Because of the structure of6¹Gº in (4.1), DA only acts on part of the system. This

motivates de�ning aseparable subsystemindependent ofDA.

De�nition 2: For a separable control system(4.1), its separable subsystemis

de�ned as

¤GB = 5B¹Gº ¸ 6B¹GºDB– (4.2)

which depends on the full-order system statesG2 R=.
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Now, to construct a feedback linearizing control law for this separable subsystem,

we construct output functions that solely depend on the subsystem statesGB 2 R=B

and whose Lie derivatives solely depend on the subsystem (4.2).

De�nition 3: For a separable subsystem(4.2) of the separable control system

(4.1), a set of linearly independent output functions with vector relative degree

®WB = ¹WB
1– WB2– • • • – WB

< B
º with respect to(4.1)areseparable subsystem outputsif they

only depend onGB 2 R=B,

HB¹GBº 2 R< B– (4.3)

and meet the following cross-term cancellation conditions for9= 1– • • • – WB
8 � 1 and

8= 1– • • • – <B:

m!9
5BHB¹Gº

mGA
5A¹Gº = 0– (D3.1)

m!
WB

8� 1
5B HB¹Gº

mGA

h
6A

1¹Gº 6A
2¹Gº

i
=

h
0 0

i
• (D3.2)

We use these outputs to introduce aseparable subsystem control lawin terms of the

subsystem (4.2) alone.

De�nition 4: For a separable subsystem(4.2) with separable subsystem outputs

(4.3), we de�ne aseparable subsystem control lawas the feedback linearizing

control law
Dssc¹Gº , �¹ ! 6B! ®WB� 1

5B HB¹Gº
|             {z             }

� B¹Gº

º� 1¹! ®WB

5BHB¹Gº
|     {z     }

! �
5BHB¹Gº

� ` Bº

= � � � 1
B ¹Gº¹! �

5BHB¹Gº � ` Bº•

(4.4)

This control law is independent of the rest of the system dynamics5A¹Gº– 6A1¹Gº–

and6A
2¹Gº, but still depends on the full-order system statesG. We will address this

dependence in subsequent results to develop an implementable form of this control

law solely dependent on subsystem states and measurable inputs.

To compare this control lawDssc¹Gº to DB¹Gº, we constructseparable outputsfor the

full-order system that include the separable subsystem outputsHB¹GBº used for (4.4).

De�nition 5: For a separable control system, a set of linearly independent output

functions with vector relative degree®Ware separable outputsif they are structured
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as

H¹Gº =

"
HA¹Gº

HB¹GBº

#

– HA¹Gº 2 R< A– HB¹GBº 2 R< B– (4.5)

and HB¹GBº are separable subsystem outputs with vector relative degree®WB. The

remaining outputsHA¹Gº have vector relative degree®WA and can depend on any of

the system statesG. The number of subsystem outputs< Band the number of the rest

of the outputs< A sums to< , and ®W= ¹ ®WA–®WBº.

For the following theorem, we de�ne the auxilary control input` as divided in the

following form:

` =

"
` A

` B

#

– À 2 R< A– `B 2 R< B• (4.6)

Theorem 1: For a separable control system(4.1), if the control law D¹Gº =

¹DA¹Gº) – DB¹Gº) º) (3.6) is constructed with separable outputs(4.5) and auxiliary

control input(4.6), thenDB¹Gº = Dssc¹Gº.

Proof: We begin by relating the 3 components¹ � � 1¹Gº– !�5H¹Gº– º̀ of D¹Gº to the

components ofDssc¹Gº, ¹ � � 1
B ¹Gº– !�5BHB¹Gº– `Bº. We are giveǹ =

� ¢
` B

�
by (4.6).

With condition (D3.2), we show:

� ¹Gº =
� 2

6
6
6
6
6
4

m! ®WA� 1
5 HA¹Gº

mGA
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5 HA¹Gº
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m! ®WB� 1
5B HB¹Gº
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7
7
7
7
7
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=
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6
6
6
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5B HB¹Gº
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6B¹Gº
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7
7
7
7
5

=

"
¢ ¢

0 � B¹Gº

#

–

� ¹Gº� 1 =

"
¢ ¢

0 � B¹Gº� 1

#

–

where the �nal step is true because of the 0 corner block and properties of block

matrix inversion. Similarly, we show:

! �
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6
6
6
6
6
4
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Putting these components together to constructD¹Gº yields

D¹Gº = �

"
¢ ¢

0 � � 1
B ¹Gº

# � "
¢

! �
5BHB¹Gº

#

�

"
¢

` B

#�

=

"
¢

� � � 1
B ¹Gº¹! �

5BHB¹Gº � ` Bº

#

=

"
¢

Dssc¹Gº

#

–

showingDB¹Gº = Dssc¹Gº as de�ned in (4.4).

By Theorem 1, we can construct a stabilizing controller (4.4) for the subsystem

independent of the rest of the system dynamics, identical to the portion of the

controller constructed with the full-order system dynamics acting on the subsystem.

In the case of full-state feedback linearizable systems [39], this guarantees full-

order system stability when (3.6) is applied to the rest of the system. This enables

construction of stablemodel dependentcontrollers for separable subsystems without

knowledge of the full-order system dynamics.

Equivalency of Subsystems

Although we now have a subsystem control law independent of the rest of the

system dynamics, it still depends on the full-order system statesG2 R=. Consider

the case where the statesGA 2 R=A cannot be measured. If we could construct

an equivalent subsystem whose dynamics are a function of the subsystem states

GB 2 R=B, and measurable inputsF 2 R=5, we could calculate the subsystem control

law independent of the full-order system states.

Consider another subsystem,

¤�GB = �5B¹Xº ¸ �6B¹Xº �DB

X =

"
�GB

F

#

=

"
GB

F

#

2 R�=–
(4.7)

whereX is the state vector�GB = GB augmented with an inputF . Using the same

separable subsystem outputsas (4.3), we de�ne a control law�DB¹Xº for the subsystem

as:
�DB¹Xº , �¹ ! �6B! ®WB� 1

�5B HB¹Xº
|              {z              }

�� B¹Xº

º� 1¹! ®WB
�5BHB¹ Xº

|       {z       }
! �

�5BHB¹Xº

� ` Bº

= � �� � 1
B ¹Xº¹ ! �

�5BHB¹Xº � ` Bº•

(4.8)
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Theorem 2: For the subsystems(4.2) and (4.7), if 9 ) : R= ! R�= s.t. ) ¹Gº = X

and the following conditions hold,

5B¹Gº = �5B¹Xº–

6B¹Gº = �6B¹Xº–
(T2)

then DB¹Gº = �DB¹Xº. Applying these to(4.2) and (4.7), respectively, results in

dynamical systems such that given the same initial condition
� GA0

GB0

�
=

h
GA¹C0º
GB¹C0º

i
yields

solutionsGB¹Cº = �GB¹Cº 8C� C0.

Proof. Since the subsystems have the same dynamics and outputs, the Lie derivatives

comprising their control laws are also the same, hence

DB¹Gº = � � � 1
B ¹Gº¹! �

5BHB¹Gº � ` Bº

= � �� � 1
B ¹Xº¹ ! �

�5BHB¹Xº � ` Bº = �DB¹Xº•

With the same control law and dynamics, the closed-loop dynamics of the subsys-

tems are the same:
¤GB = 5B¹Gº ¸ 6B¹GºDB¹Gº

= �5B¹Xº ¸ �6B¹Xº �DB¹Xº = ¤�GB•

Hence, given the same initial condition
� GA0

GB0

�
=

h
GA¹C0º
GB¹C0º

i
, they have the same solution

GB¹Cº = �GB¹Cº 8C� C0.

By Theorems 1 and 2, we can construct a stabilizingmodel dependentcontroller,

namely (4.8), for the subsystem (4.2) independent of the rest of the system dynamics

and with measurable inputs.

Zero Dynamics. For full-state feedback linearizable systems, this control method

will stabilize the full-order system. For partially feedback linearizable systems, we

can apply this method to the feedback linearizable portion of the system. If the zero

dynamics are stable, then we can guarantee full-order system stability, which will

be proved through Lyapunov methods in the next chapter, Chapter 5.

4.3 Separable Robotic Control Systems

This method of subsystem control for separable systems applies to robotic control

systems. While a robotic system may not initially be in the form of (4.1), one

can construct an equivalent model by dividing the model into 2 subsystems and

constraining them to each other through a holonomic constraint [204]. For a model

in o-dimensional space, one can consider this holonomic constraint as a=5 := o¹o¸ 1º
2
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DOF �xed joint. Now, the control inputs of one subsystem only a�ect the other

subsystem through theconstraint wrench. This construction hence decouples the

dynamics of one subsystem from the control input of the other so the robotic system

can be in separable system form (4.1).

Robotic System in Separable Form

For an open-chain robotic system, consider decomposing this robotic system into

2 subsystems, with the subsystem under consideration denoted with coordinates

@B 2 R=@–Band the remaining subsystem denoted with coordinates@A 2 R=@–A. The

�oating base coordinates@� 2 R=5 for the full robotic system are contained in@A,

i.e. @� � @A. We consider another �oating base with coordinates�@� 2 R=5 at the

attachment point between the subsystem denoted with coordinates@B and the rest

of the system. A=5 DOF holonomic constraint models this attachment as a �xed

joint, as previously described. These coordinates are part of@B, i.e. �@� � @B, and

can be determined for any robotic system by@A through the forward kinematics

[204], meaning one does not need to directly sense these subsystem �oating base

coordinates when they have knowledge of the rest of the system with coordinates

@A. An example of this con�guration for an amputee-prosthesis system is shown in

Figure 4.2.

The dynamics for the remaining system and the subsystem of focus are given,

respectively, by the classical Euler-Lagrangian equation [204],

� A¹@Aº ¥@A ¸ � A¹@A–¤@Aº = � ADA ¸ � )
2–A¹@Aº_A ¸ � )

5 –A� 5– (4.9)

and

� B¹@Bº ¥@B¸ � B¹@B–¤@Bº = � BDB¸ � )
2–B¹@Bº_B¸ � )

5 –B� 5– (4.10)

with respective holonomic constraint equations,

¤� 2–A¹@A–¤@Aº ¤@A ¸ � 2–A¹@Aº ¥@A = 0–

and,
¤� 2–B¹@B–¤@Bº ¤@B¸ � 2–B¹@Bº ¥@B = 0– (4.11)

where � 2–Aand � 2–Bare the Jacobians of the=2–Aand =2–Bholonomic constraints,

respectively, for the contacts of the respective subsystems with respective contact

wrenches_A and_B, and� 5 –Aand � 5 –Bare the �xed joint constraint Jacobians for

the respective subsystems with �xed joint constraint wrench� 5. Together these
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Figure 4.2: Robotic Models with Generalized Coordinates. (Left) Model of the
full amputee-prosthesis system labeled with its generalized coordinates, where@A
is notated in blue and@B in red. (Right) Model of prosthesis subsystem with its
generalized coordinates, where� 5 is notated in violet.

equations give the dynamics of the entire robotic system (3.22), as follows,
"
� A¹@Aº 0

0 � B¹@Bº

#

|                    {z                    }
� ¹@º

"
¥@A

¥@B

#

¸

"
� A¹@A–¤@Aº

� B¹@B–¤@Bº

#

|           {z           }
� ¹@–¤@º

=

"
� A 0

0 � B

#

|       {z       }
�

"
DA

DB

#

|{z}
D

¸

"
� )

2–A¹@Aº � )
5 –A¹@Aº 0

0 � )
5 –B¹@Bº � )

2–B¹@Bº

#

|                                     {z                                     }
� ) ¹@º

2
6
6
6
6
6
4

_A

� 5

_B

3
7
7
7
7
7
5

|{z}
_

•

These terms will now be referred to as�– �– and� , respectively, for notational

simplicity. Here=� is the summation of the number of holonomic constraints for each

subsystem,=�–Aand=�–B, respectively, and the �xed joint=5, i.e. =� = =�–A¸ =�–B̧ =5.

Remark 1. Any open-chain robotic system can be decomposed in this manner

where the control input of each subsystem does not a�ect the other subsystem, as

shown by the block diagonal form of� . While the dynamics of one subsystem

certainly a�ect the dynamics of the other system, all interaction takes places at

the interface between these two subsystems. Hence, the constraint wrench and

global coordinates and velocities at this interface completely capture the dynamic

e�ect one subsystem has on the other. This dynamic e�ect is essentially is treated

like an external disturbance to the second subsystem. Even environmental e�ects

on one subsystem, such as external forcing or a viscous �uid, will only a�ect the
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second subsystem through these interaction forces and the global coordinates and

velocities. There is not another way one subsystem can a�ect the other except

through this interface.

Robotic System in Nonlinear Form. Using the notation from Section 4.2,GB =

¹@)
B–¤@)

Bº) 2 R=B will denote the states of the subsystem under consideration for

control, andGA = ¹@)
A–¤@)

Aº) 2 R=A will denote the states of the remaining system.

We also de�ne the control inputD= ¹D)
A– D)Bº) , whereDA 2 R< A andDB 2 R< B, and

construct the robotic system in nonlinear form withG= ¹G)
A– G)Bº) :

¤G=

"
¤GA

¤GB

#

= 5¹Gº ¸ 6¹GºD

=

2
6
6
6
6
6
6
6
6
4

¤@A

� � 1
A ¹� � A ¸ � )

2–A_2–A̧ � )
5 –A� 5º

¤@B

� � 1
B ¹� � B¸ � )

2–B_2–B̧ � )
5 –B� 5º

3
7
7
7
7
7
7
7
7
5

|                                    {z                                    }
5¹Gº

¸

"
� � 1

A � A 0

0 � � 1
B � B

#

|                  {z                  }
6¹Gº

"
DA

DB

#

|{z}
D

,

"
5A¹Gº

5B¹Gº

#

¸

"
6A

1¹Gº 6A
2¹Gº

0 6B¹Gº

# "
DA

DB

#

–

(4.12)

and we see that our robotic system can be written as aseparable control system

(4.1).

Remark 2. By Theorem 1, for anyseparable subsystem outputsHB¹GBº, a feedback

linearizing control lawDB¹Gº (4.4) can be constructed. Typically, we calculateD¹Gº

with _ in terms ofDby solving (3.22) for¥@and substituting it into (3.23). Solving

for _ yields
_¹@–¤@– Dº = ¹� � � 1� ) º� 1¹� � � 1¹� � �D º � ¤� ¤@º

, _ 5 ¸ _6D•
(4.13)

When_ 5 and_6 are included in5¹Gº and6¹Gº, respectively, the system does not

yield a separable form. However, it calculates the sameD¹Gº, hence Theorem 1 still

applies.

Equivalent Robotic Subsystem and Controller

The advantage of constructing a robotic system in the form (4.1) is applying Theorem

2 to construct an equivalent control law for a robotic subsystem without knowledge

of the full system dynamics and states. For the full robotic system, the subsystem

base coordinates�@� can be determined through forward kinematics with@A and
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the �xed joint forces and moments� 5 can be determined through the holonomic

constraints with expression for the constraint wrenches (4.13). However, to obtain

the subsystem dynamics independent of the coordinates of the rest of the system,

additional sensing is required. When we can directly measure these subsystem

base coordinates�@� and the forces and moments� 5 at the �xed joint, the robotic

separable subsystem dynamics of (4.10) becomes our equivalent robotic subsystem.

Transformation for Subsystem States and Inputs.Using the notation from Sec-

tion 4.2, withGBfrom the full-order system,GB = ¹@)
B–¤@)

Bº) 2 R=B andF = � 5 2 R=5,

we construct the robotic subsystem in nonlinear form. We relate the subsystem's

augmented state vectorX to the full-order system statesG. To obtain an expression

for � 5 based on the equation for_¹@–¤@– Dº given in (4.13), we de�ne the transfor-

mation] : R=� ! R=
5 where] 5¹_º = ] 5¹_ � � 5º = � 5. Hence the transformation

) ¹Gº = X is de�ned as:

) ¹Gº ,

"
GB

] 5¹_¹@–¤@– Dºº

#

=

"
GB

� 5

#

= X•

Robotic Subsystem in Nonlinear Form. We construct the equivalent robotic

subsystem as in (4.7):

¤�GB =

"
¤@B

� � 1
B ¹� � B¸ � )

2–B_2–B̧ � )
5 –B� 5º

#

¸

"
0

� � 1
B �

#

�DB

, �5B¹Xº ¸ �6B¹Xº �DB•

(4.14)

Remark 3. With condition (T2) met, Theorem 2 applies, enabling users to construct

controllers for a robotic subsystem, without knowledge of the full dynamics and

states, given the constraint forces and moments� 5 at the �xed joint and its global

coordinates�@� and velocities¤�@� . This control law yields the same evolution of

subsystem statesGBas those of the full-order system under the control lawD¹Gº.

To support our arguments for robotic system separability and subsystem equivalency

with experimental data, we examined human-prosthesis motion capture walking data

[263] and computed the control input with inverse dynamics. With position and time

data, we computed discrete accelerations. By averaging these over a time window we

obtain accelerations for computing the inverse dynamics with the full-order system

dynamics (3.22) and equivalent subsystem dynamics (4.10). This yielded identical

prosthesis control inputs. See Figure 4.1.
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4.4 Amputee-Prosthesis Application

To demonstrate these results the human-prosthesis model described in 3.3 is con-

structed according to the method described for a separable robotic system in 4.3 for

a 65.8 kg and 1.73 m female. Two domains are considered, one for prosthesis stance

D ps, and one for prosthesis swingD pns. For each domain, a 3 DOF holonomic con-

straint is used to model the foot contact points present in human walking behavior

[254]. The height of the swing leg is the unilateral condition� ¹Gº used as the guard

condition in (3.4). For this system,< B = 2 for the number of actuated joints in the

prosthesis subsystem¹\ ?: – \?0º, and< A = 4 for the rest of the of actuated joints

¹\ ; � – \; : – \;0 \ A�º.

In practice, an IMU on the socket attached to the amputee's residual thigh can give

the global rotation and velocities required to determine�@� . The global cartesian

positions are not rquired since they do not appear in the dynamics. A load cell at

the socket interface could measure the interaction forces� 5.

For the relative degree 1 output (3.25), we use the linearized forward hip velocity for

H3
1–E, which appeared approximately constant in human locomotion data [195]. For

the relative degree 2 outputs (3.26), we de�neH3
2–E¹gE– UEº with a 6th order Bézier

polynomial (3.29). The valuesH3
1–EandUE are determined through the optimization

described in 3.2 with torque squared as the cost function.

Phase Variable.The linearized forward hip position is used as?¹Gº for the phase

variable (3.27). In the prosthesis stance domainD ps, the phase variablegps is a

function of the prosthesis states@?: and@?0, but in the prosthesis swing domain

D pns, it needs IMUs on the human's stance leg to measure the phase variable in

real-time. It can di�erentiate this signal to calculate the time derivatives¤g?F and

¥g?F.

Separable Outputs. To designseparable outputsto enable separable subsystem

control, we de�ne the actual outputsH0
E:

ˆ hip velocity: H0–vhip
1–E = Ask

E
¤\ sk
E ¸ ¹ Ask

E ¸ Asa
E º ¤\ sa

E

ˆ stance calf: H0–sc
2–E = � \ sk

E � \ sa
E ,

ˆ stance hip: H0–sh
2–E = � \ sh

E ,

ˆ non-stance hip: H0–nsh
2–E = � \ nsh

E ,

ˆ non-stance knee:H0–nsk
2–E = \ nsk

E ,
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ˆ non-stance ankle:H0–nsa
2–E = \ nsa

E .

HereAsk
E andAsa

E are the stance knee and ankle limb lengths, respectively. The angle

labels prefaced with �s� signify �stance� side joint angles for a given domain, and the

labels prefaced with �ns� denote the �nonstance� angles. Theseparable subsystem

outputsare de�ned asHB
ps¹GBº = ¹Hvhip

1–ps– Hsc
2–psº for D ps andHB

pns¹GBº = ¹Hnsk
2–pns– Hnsa

2–pnsº

for D pns. In D ps, we havegps¹GBº and henceHvhip
1–ps satis�es (D3.2) because clearly

mHB1¹GBº
mGA

= 0 and (D3.1) does not apply since its relative degreeWB
1 is 1. Because

the relative degree 2 outputs are based on position and also the signalgpns in D pns,

their Lie derivatives are the velocities of the speci�ed prosthesis joints, meaning
m! 5BHB

2¹Gº
mGA

= 0, satisfying (D3.1) and (D3.2). The remaining outputs for each domain

de�ne HA–ps¹Gº andHA–pns¹Gº, respectively.

Prosthesis State-based Control

Since gps is a function ofG, G is the only time dependent variable in the out-

put functionsHps¹Gº, meaning a control law for the full-order systemDps¹Gº =

¹DA–pns¹Gº) – DB–ps¹Gº) º) can be de�ned by (3.6) and for the subsystem�DB–ps¹Xº by

(4.8). By Theorems 1 and 2,DB–ps¹Gº = �DB–ps¹Xº.

For D pns, gpns is measured and hence not a function ofG, so we de�ne the control

laws slightly di�erently to account for the time dependency ofgpns,

Dpns¹G–T º =

"
DA–pns¹G–T º

DB–pns¹G–T º

#

= � � ¹Gº� 1¹! �
5H¹Gº �

"
¤H3
1–pns

¥H3
2–pns

#

� ` º– (4.15)

whereT = ¹gpns–¤gpns–¥gpnsº, � ¹Gº and! �
5H¹Gº from (3.6), and

"
¤H3
1–pns

¥H3
2–pns

#

=

2
6
6
6
6
6
4

mH31–pns¹gpns–Upnsº

mgpns
¤gpns

m2H3
2–pns¹gpns–Upnsº

mg2pns
¤g2
pns ¸

mH32–pns¹gpns–Upnsº

mgpns
¥gpns

3
7
7
7
7
7
5

•

Note the Lie derivatives ofHpns¹Gº result in only being with respect toH0
pns¹Gº since

H3
pns¹g– Uº is not a function ofG. A feedback linearizing controller for the subsystem

is given by

�DB–pns¹X–T º = � � � 1
B ¹Xº¹ ! �

5BHB¹Xº � ¥HB–3
pns � ` Bº– (4.16)

where� B¹Xº and! �
5H¹Xº are de�ned as in (4.8) and

¥HB–3
2–pns =

m2HB–3
2–pns¹gpns– Upnsº

mg2pns
¤g2
pns ¸

mHB–3
2–pns¹gpns– Upnsº

mgpns
¥gpns•
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Here also, the Lie derivatives ofHB
pns¹GBº result in only being with respect toHB–0

pns

sinceHB–3
pns is not a function ofG.

Proposition 1: For a separable control system(4.1) with separable outputs(4.5),

if the control inputDpns¹G–T º = ¹DA–pns¹G–T º) – DB–pns¹G–T º) º) is constructed as a

feedback linearizing controller of the form(4.15)with ` structured as(4.6), then

DB–pns¹G–T º = �DB–pns¹X–T º.

Proof: Extending Theorem 1's proof, we need only show

"
¤H3
1–pns

¥H3
2–pns

#

=

2
6
6
6
6
6
6
4

¤H3
1–pns

¥HA–3
2–pns

¥HB–3
2–pns

3
7
7
7
7
7
7
5

=

"
¢

¥HB–3
2–pns

#

•

Including this component with the 3 components given in Theorem 1's proof yields

Dpns¹G–T º =
� ¢

�DB–pns

�
, showingDB–pns¹G–T º = �DB–pns¹X–T º.

Prosthesis Result. Feedback linearization can be performed on the prosthesis

subsystem with limited information of the human system and yield thesamecontrol

law as when a controller is constructed for the prosthesis with full knowledge of

the human dynamics and states, yielding full-order system stability. Although the

domains are fully-actuated, zero dynamics exist due to the relative degree 1 output.

Since we constructed the outputs to satisfy PHZD conditions, the zero dynamics are

stable. Hence, the theorems presented in this chapter apply.

Simulation Results

The hybrid system (3.24) was simulated for 100 steps withDps¹Gº andDpns¹G–T º

acting on the full-order system forD ps and D pns, respectively. The gaits were

simulated again for 100 steps withDA–ps¹Gº and �DB–ps¹Xº acting on the human and

prosthesis joints, respectively, forD ps, andDA–pns¹G–T º and �DB–pns¹X–T º for D pns.

Figure 4.3 depicts the prosthesis control inputs for each simulation, showing they

match identically, demonstrating Theorem 1 and 2. The control laws enforced

the trajectories found from the optimization and yielded stable amputee-prosthesis

walking in simulation, as can be seen in the supplementary video [264].

The prosthesis subsystem was simulated for the continuous domains with values

of �@� , ¤�@� , and � 5 obtained from the full-order system simulation. Additionally,

duringD pns, gpns, ¤gpns, and¥gpns from the full-order system were fed to the prosthesis

simulation. These subsystem states from the prosthesis simulation and full-order



86

Figure 4.3: Control inputs of prosthesis knee (left) and prosthesis ankle (right) for
subsystem control lawDBand �DBover stance and non-stance domains.

Figure 4.4: Phase portraits of prosthesis knee (left) and prosthesis ankle (right) for
stance and non-stance domains.

system simulation are shown in Figure 4.4, again showing they match, demonstrating

Theorem 2. These phase portraits also show the prosthesis followed stable periodic

orbits. A second model was modi�ed with human parameters increased by 24.9

kg and simulated using the same trajectories. Since the prosthesis only relies on

the force measurement and global position and velocities, it still achieved perfect

tracking of the outputs, shown in Figure 4.5.
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Figure 4.5: Output functions of prosthesis knee and ankle forD ps (right) andD pns
(left) for 65.8 kg Model 1 and 90.7 kg Model 2.

4.5 Conclusion

This chapter presented a novel framework for controlling separable systems, result-

ing in a controller for the subsystem, equivalent to a controller with knowledge of

the full-order states and dynamics. This formulation enables users to develop model

dependent controllers for subsystems with limited information of the full-order sys-

tem, with the same full-order system stability guarantees. Further, we outlined how

to isolate a subsystem from an open-chain manipulator. This decomposition allows

control of robotic modules without knowledge of its full system and provides a

modeling method for robots that interact with another dynamic system.

We demonstrated these methods on a prosthesis and showed that the prosthesis

was able to achieve its desired behavior with two di�erent human models acting

on it. This suggests this model-based approach could generalize across subjects

since it reacts in real-time to an individual's varying dynamic load. In fact, this

result extends beyond simulation results in this thesis. The separable subsystem

framework developed in this chapter leads to the formation of an entire class of

subsystem controllers with formal guarantees of stability in the next chapter. It

is controllers of this very class that then realize a similar result experimentally in

Chapters 8 and 9, where the prosthesis achieves its desired motion with two di�erent

subjects while it has no knowledge of the change of user.
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C h a p t e r 5

SEPARABLE CONTROL LYAPUNOV FUNCTIONS

This chapter extends the work of the previous chapter by further translating bipedal

trajectory tracking methods to prostheses to enable construction of a class of model-

dependent prosthesis controllers using locally available sensor information. While

the previous chapter could establish stability guarantees for full-state feedback lin-

earizable systems with a single form of subsystem controller, this chapter creates

an entire class of subsystem controllers that guarantee full-order system stability

even when there are uncontrollable dynamics (zero dynamics). Therapidly expo-

nentially stabilizing control Lyapunov functions(RES-CLFs) developed for bipedal

robots guarantee stability of thehybrid zero dynamicsin the presence of impacts

that occur in walking [199]. These methods cannot be directly applied to prostheses

because of the unknown human dynamics. We overcome this challenge with two

RES-CLFs, one for the prosthesis subsystem and another for the remaining human

system. Further, we outline a method to construct these RES-CLFs for this type

of separable systemby �rst constructing separable CLFs for partially feedback lin-

earizable systems. This work develops a class of separable subsystem controllers

that rely only on local information but provide formal guarantees of stability for the

full-order hybrid system with zero dynamics.

This chapter was adapted from:

R. Gehlhar and A. D. Ames. �Separable Control Lyapunov Functions With
Application to Prostheses�. In:IEEE Control Systems Letters, 5.2, 2021, pp.
559�564.

5.1 Introduction

In developing a class of controllers for bipedal robots, researchers looked to establish

stability given the impacts and zero dynamics present in walking. Using a RES-

CLF, they extended the stability of periodic orbits in the hybrid zero dynamics to

the full-order dynamics [199]. This method was applied in experiment to establish

stable walking of an under-actuated �ve-link robot subject to impact dynamics at

foot strike. CLFs also proved useful for robotic walking on hardware when formu-

lated as quadratic programs (QPs) [37], [265]. To apply this powerful nonlinear

control technique to powered prostheses, we view the human-prosthesis system as
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a separable system [207], where a subsystem, namely the prosthesis, is separable

from the system since it is not a function of the control input of the remaining

system, the human. We examine separating RES-CLFs for separable systems to

construct a RES-CLF based on the prosthesis alone with the same stability guaran-

tees established in [199]. Separable Lyapunov functions were termed in [266] to

describe stability analysis methods for interconnected nonlinear systems, such as in

[267]. Here we construct separable RES-CLFs to de�ne a class of controllers to

render provably stable hybrid periodic orbits of nonlinear separable systems with

zero dynamics.

The main contributions of this chapter are

(i) establishing stability guarantees of a hybrid dynamical system with zero dy-

namics through a subsystem controller relying solely on local information,

and

(ii) providing a method to synthesize such controllers.

This work enables construction of a class of model-dependent prosthesis controllers,

bringing the human in the loop of prosthesis control with strong formal guarantees

of stability. Section 5.2 establishes that a composite CLF for a separable system

guarantees stability of a hybrid periodic orbit. Section 5.3 outlines construction

of CLFs for partially feedback linearizable systems that yield a separable form to

construct RES-CLFs for separable systems. Section 5.4 describes the amputee-

prosthesis model used to demonstrate the results in simulation.

5.2 Composite RES-CLF for Separable Systems

In this section we extend exponential stability of a hybrid periodic orbit in the zero

dynamics to the full-order dynamics with two RES-CLFs for a separable system,

the form of the human-prosthesis system, shown in Figure 5.1. As discussed in the

previous chapter, we can construct an equivalent prosthesis subsystem, independent

of the human, using inputs available from a force sensor and IMU in practice. A

RES-CLF for this equivalent subsystem, allows independent construction of the

separable subsystem control law relying only on local information and stabilizes the

full-order system when the remaining system is known to stabilize itself.

To construct CLFs for each system, we begin by constructing separable outputsHA¹Gº

andHB¹GBº 4.5 and transforming the separable system into normal form through the
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Figure 5.1: Human-prosthesis separable system (left) with separable prosthesis sub-
system (red) and remaining human system (blue). Equivalent prosthesis subsystem
(right) with base coordinates and interaction force inputsF . The composite CLF
of the remaining system RES-CLF (blue) and equivalent subsystem RES-CLF (red)
yields a RES-CLF for the whole system (purple).

process outlined in Subsection 3.1. The output dynamics (3.8) result in a separable

subsystem form (4.1),
"

¤[ A

¤[ B

#

=

"
5A
[ ¹[– Iº

5B
[ ¹[– Iº

#

¸

"
6A

[–1¹[– Iº 6A
[–2¹[– Iº

0 6B
[ ¹[– Iº

#

¸

"
DA

DB

#

– (5.1)

since [ ®WB
B = ! �

5BHB¹Gº ¸ � B¹GºD is independent ofDA, as shown in the proof of

Theorem 1, and the1st to ¹ ®WB� 1ºth derivatives of[ Bare a linear relationship with[ B

and hence are also independent ofDA. We consider the bottom row as the separable

output subsystem, and the top row as the remaining output system. The separable

subsystem output dynamics can equivalently be written in terms ofX since they are

either functions of onlyGB or functions of the partial derivatives of the subsystem

outputs and the subsystem dynamics, which can both be equivalently written in

terms ofX. Hence we can equivalently de�ne the output dynamics as,

¤[ B = �5B
[ ¹Xº ¸ �6B

[ ¹XºDB• (5.2)
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We now use these outputs dynamics to construct a RES-CLF for each system. We

begin by assuming there exists a RES-CLF+ B
Y¹[ Bº for the equivalent subsystem,

2B
1k[ Bk2 � + B

Y¹[ Bº �
2B

2

Y2
k[ Bk2 (5.3)

inf
DB2R< B

»! �5B
[
+ B

Y¹Xº ¸ ! �6B
[ + B

Y¹XºDB¼ � �
2B

3

Y
+ B

Y¹[ Bº–

where 2B
1– 2B2–and2B

3 are positive constants. Here+ B
Y¹[ Bº is only a function of

the separable subsystem states[ B and its derivative¤+ B
Y¹X– DBº is based solely on

local information since we use the equivalent output dynamics given in (5.2). The

following set consists of all control valuesDB that satisfy¤+ B
Y¹X– DBº � �

2B
3

Y+ B
Y¹[ Bº:

 B
Y¹Xº = f DB 2 R< B : ! �5B

[
+ B

Y¹Xº ¸ ! �6B
[ + B

Y¹XºDB � �
2B

3

Y
+ B

Y¹[ Bºg•

Let us also assume there exists a RES-CLF+A
Y¹[ Aº for the remaining system such

that, given aDB 2  B
Y¹Xº,

2A
1k[ Ak2 � +A

Y¹[ Aº �
2A

2

Y2
k[ Ak2 (5.4)

inf
DA2R< A

»! 5A+A
Y¹[– Iº ¸ ! 6A

1
+A

Y¹[– IºDA

¸ ! 6A
2
+A

Y¹[– IºDB¼ � �
2A

3

Y
+A

Y¹[ Aº–

where2A
1– 2A2–and2A

3 are positive constants. Here+A
Y¹[ Aº is only a function of the

remaining states[ A and its derivative¤+A
Y¹[– I– Dº depends on both control inputs

¹DA– DBº. The following set consists of all control valuesDA that satisfy¤+A
Y¹[– I– Dº �

�
2A

3
Y+A

Y¹[ Aº for DB 2  B
Y¹Xº:

 A
Y¹[– Iº = f DA 2 R< A : ! 5A+A

Y¹[– Iº ¸ ! 6A
1
+A

Y¹[– IºDA

¸ ! 6A
2
+A

Y¹[– IºDB � �
2A

3

Y
+A

Y¹[ AºgjDB2 B
Y¹Xº •

Theorem 3: Let � / be an exponentially stable periodic orbit of the hybrid zero

dynamics� j/ transverse to( \ / and assume there exists RES-CLFs+ B
Y¹[ Bº

and+A
Y¹[ Aº for the equivalent output subsystem(5.2) and remaining system(5.1),

respectively, of the continuous dynamics of�� (3.11). Then there exists an�Y ¡ 0

such that for all0 Ÿ Y Ÿ �Y and for all Lipschitz continuousDY
B¹Xº 2  B

Y¹Xº

and respectiveDY
A¹[– Iº 2  A

Y¹[– Iº jDB2 � B
Y¹Xº , � = ]0¹� / º is an exponentially stable

hybrid periodic orbit of� Y with DY¹X– [– Iº = ¹DY)
A ¹[– Iº– DY)

B ¹Xºº) .
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Proof: We show the conditions listed above are within the conditions of Theorem

2 of [199], so the same result holds. First we show that given a RES-CLF for the

equivalent subsystem and remaining system, there exists a RES-CLF for the whole

system. Consider the composite Lyapunov function:

+Y¹[ º = + B
Y¹[ Bº ¸ +A

Y¹[ Aº �
maxf 2B

2– 2A2g

Y2
k[ k2•

Similarly +Y¹[ º � minf 2B
1– 2A1gk[ k2, satisfying (3.14). For (3.15),

¤+Y¹X– [– I– DA– DBº = ¤+ B
Y¹X– DBº ¸ ¤+A

Y¹[– I– DAº

� �
minf 2B

3– 2A3g

Y
+Y¹[ º–

establishing+Y¹[ º as a RES-CLF of the continuous dynamics of (3.11). Drop-

ping the arguments¹X– DBº and ¹[– I– DAº for simplicity's sake, we next show for

DY = ¹DY)
A – DY)

B º) , where DY
A 2  A

Y and DY
B 2  B

Y, that DY 2  Y by ensuring
¤+Y � �

minf 2B
3–2A3g

Y +Y¹[ º. Using thisDY
A and DY

B and building on what was shown

above,
¤+Y = ¤+ B

Y ¸ ¤+A
Y

= ¹! �5B
[
+ B

Y ¸ ! �6B
[ + B

YDY
Bº ¸ ¹ ! 5A+A

Y ¸ ! 6A
1
+A

YDY
A ¸ ! 6A

2
+A

YDY
Bº

� ¹�
2B

3

Y
+ B

Y¹[ Bºº ¸ ¹�
2A

3

Y
+A

Y¹[ Aºº

� �
minf 2B

3– 2A3g

Y
+Y¹[ º–

henceDY = ¹DY)
A – DY)

B º) 2  Y¹[– Iº. Since these conditions �t within the conditions

of Theorem 2 of [199], the same result applies:� = ]0¹� / º is exponentially stable

for � Y. �

Remark 4. In Section 5.4, we prescribe limit cycle motion matching human data to

the human model with a RES-CLF controller. Research on central pattern generators

suggest biological walkers such as humans exhibit stable rhythmic behavior, meaning

they have limit cycles [209]. Thus we do not make biomechanical claims of the

human's control method, but instead prescribe a stable limit cycle to approximate

human walking. Our class of RES-CLF controllers encompasses all controllers that

stabilize these hybrid limit cycles; for control purposes we �nd it reasonable to

assume the human's e�ective control input is within our class of control laws for the

remaining system. Then by Theorem 3, a RES-CLF prosthesis subsystem controller

with only local information will guarantee the entire system is stable.
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5.3 Separable CLF Construction

To obtain RES-CLFs for separable systems, we begin with constructing CLFs for

partially feedback linearizable systems, an idea introduced in [250, pp. 160-172].

Our construction yields a separable form that allows us to independently stabi-

lize each output while guaranteeing full-order system stability. This method also

provides a basis to construct separable RES-CLFs for separable systems.

Separable CLFs.We start with the hybrid system (3.11) of our output states[ and

uncontrollable statesI . This system is in normal form, as explained in 3.1. To enable

independent controller construction for the human and prosthesis subsystems, we

construct a CLF that we can separate for each output[ 8, starting with a lemma on

the structure of the CARE solution.

Lemma 1:For any� and� of the form(3.10)and weight matrix& = diag¹&1– • • • – &< º,

where&8 2 RW8� W8, a solution to the CARE equation,

� ) %¸ %� ¸ %�� ) %¸ & = 0– (5.5)

is a block diagonal positive de�nite matrix% = diag¹%1– • • • – %< º with elements

f %8 2 RW8� W8g8=1–•••–<.

Proof: Let us assume%is of the given form, this would yield the left side of (5.5)

to be a block diagonal matrix of the following set of components:

f � )
8 %8¸ %8� 8¸ %8� 8� )

8 %8¸ &8g8=1•••<–

where the right side of (5.5) equates each of these components to0. This takes the

form of CARE and since� 8and� 8of the form (3.10) yield a full rank controllability

matrix, there exists a solution%8 for 8= 1• • • :. Hence this block diagonal structure

of %satis�es (5.5) and is therefore a solution. �

We know from [199] that for a%from CARE,+ ¹[ º = [ ) %[ is a CLF satisfying

inf
`

»! � + ¹[ º ¸ ! � + ¹[ º` ¼ � �
_<8=¹&º
_<0G¹%º

+ ¹[ º– (5.6)

where! � + ¹[ º = [ ¹� ) %̧ %� º[ and! � + ¹[ º = 2[ ) %� . Based on this construction,

we can separate our CLF such that for each output[ 8 we can de�ne a CLF+8¹[ 8º,

or sub-CLF, with sub-components from ourseparable CLF+ ¹[ º.

De�nition 6: A separable CLFis a CLF +sep¹[ º = [ ) %[ with %of the form in

Lemma 1, satisfying(5.5) for � and � of (3.10)and & of the form in Lemma 1,

where: � 2.
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De�nition 7: A sub-CLF is a function+sub¹[ subº:

+sub¹[ subº := +8¹[ 8º = [ )
8 %8[ 8– (5.7)

inf
` 2R

»! � +8¹[ 8º ¸ ! � +8¹[ 8º` 8¼ � �
_<8=¹&8º
_<0G¹%8º

+8¹[ 8º–

where! � +8¹[ 8º = [ 8¹� )
8 %8¸ %8� 8º[ 8and! � +8¹[ 8º = 2[ )

8 %8� 8. for 82 f1 � � � : gfor

a separable CLF+sep¹[ º.

Based on these de�nitions, we now establish constructing the auxiliary control inputs

` 8 to satisfy their sub-CLF conditions will yield à satisfying the separable CLF

condition.

Theorem 4: Given a separable CLF+sep¹[ º, if for all 82 f1 • • • :g, ` 8 satis�es its

sub-CLF condition(5.7), then` =
h
` )

1– )̀
2–� � � – )̀

<

i )
satis�es(5.6) for +sep¹[ º.

Proof: Since%in +sep¹[ º is the speci�ed block diagonal structure in Lemma 1 and

satis�es (5.5), each%8must satisfy:

� )
8 %8¸ %8� 8¸ %8� 8� )

8 %8¸ &8 = 0–

and hence forms a CLF satisfying the sub-CLF conditions (5.7). We write+sep¹[ º

as a composite CLF of sub-CLFs:

+sep¹[ º = [ )
1 %1[ 1 ¸ [ )

2 %2[ 2 ¸ � � � ¸ [ )
< %< [ < =

<Õ

8=1

+8¹[ 8º–

where+8¹[ 8º = [ )
8 %8[ 8. Taking the in�mum of the derivative, we bound the

separable CLF in terms of the sub-CLFs:

inf
` 2R<

»! � +sep¹[ º ¸ ! � +sep¹[ º` ¼=
<Õ

8=1

inf »! � +8¹[ 8º ¸ ! � +8¹[ 8º` 8¼

�
<Õ

8=1

�
_<8=¹&8º
_<0G¹%8º

+8¹[ 8º•

Comparing the elements in this bound to the separable CLF bound in (5.6), we

note+sep¹[ º =
Í <

8=1 +8¹[ 8º, _<8=¹&8º � _<8=¹&º, and_<0G¹%8º � _<0G¹%º for all

8= 1– • • • – <. Hence:

<Õ

8=1

�
_<8=¹&8º
_<0G¹%8º

+8¹[ 8º � �
_<8=¹&º
_<0G¹%º

+sep¹[ º•
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Therefore any setf ` 8 2 Rg8=1–•••–<that satis�es each respective sub-CLF condition

(5.7), will also satisfy the CLF condition (5.6) for the separable CLF. �

This CLF construction allows us to develop` 8with only knowledge of[ 8to stabilize

each output while guaranteeing stability of the whole system. For the human-

prosthesis system, we can construct these inputs separately for the human and

prosthesis. To apply Theorem 3, we now extend this method to develop RES-CLFs

for separable systems.

Separable RES-CLFs for Separable Systems.For a system with< relative degree

2 outputs, common in mechanical systems, we can transform each sub-CLF to a

sub-RES-CLF following the method in [199] with0 Ÿ Y Ÿ1:

+8
Y¹[ º = [ )

8

"
1
Y� 0

0 �

#

%8

"
1
Y� 0

0 �

#

[ 8 =: [ )
8 %Y

8[ 8• (5.8)

By Theorem 3's proof constructions, we conclude the summation of sub-RES-CLFs

yields a RES-CLF for the whole system. Repeating Theorem 4's proof would

establish the same result for this separable RES-CLF. By summing the sub-RES-

CLFs for the separable subsystem outputs we attain a RES-CLF+ B
Y¹[ Bº = [ )

B%Y
B[ B

for the equivalent subsystem (4.7) and with the remaining outputs a RES-CLF

+A
Y¹[ Aº = [ )

A%Y
A[ A for the remaining system (4.1), where%Y

A and %Y
B are diagonal

matrices of elements%Y
8 for their respective outputs.

To �nd a subsystem control law in B
Y¹Xº, we use the subsystem output dynamics

(5.2) to formualte a QP for the subsystem control lawDB without knowledge of the

rest of the system:

D¢
B = argmin

DB2R< B
D)

B �6B
[ ¹Xº) �6B

[ ¹XºDB¸ �5B
[ ¹XºDB (5.9)

s.t. ! � B+
B
Y¹[ Bº ¸ ! � B+

B
Y¹[ Bº¹ �6B

[ ¹XºDB¸ �5B
[ ¹Xºº � �

_<8=¹& Bº
Y_<0G¹%Bº

+ B
Y¹[ Bº–

where again� B– � B– &B–and%B are diagonal matrices of the elements� 8– � 8– &8–

and%8, respectively, for the subsystem outputs. These constructions work for any

separable system with separable outputs, since its normal form is also separable. In-

herently� and� of (3.10) comply with separable form and the feedback linearizing

terms of (5.1) are separable, as shown in the proof of Theorem 1.

This subsystem control law relies solely on local information and guarantees stability

of a hybrid periodic orbit of the zero dynamics in the full-order dynamics when the

remaining system is stable. This QP formulation allows torque bounds and model-

based constraints to be added, as in [37], [265].
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5.4 Amputee-Prosthesis Application

We apply the controller (5.9) to the amputee-prosthesis model described in 3.3, but

we omit the ankles for simplicity and model the feet as point contacts. The torso

is not actuated, introducing zero dynamics into the system. In practice, we can

emulate a point foot model on a transfemoral prosthesis by treating the ankle as

a passive spring-damper. For the hybrid system (3.24), we model two domains,

one for prosthesis stance and one for prosthesis non-stance (swing), and use the

height of the non-stance foot as the guard. For separable outputs (4.5), we de�ne

the prosthesis knee for the separable subsystem output and the human's left hip,

left knee, and right hip as the remaining system outputs. In the gait generation

optimization (3.28), the Bézier polynomials (3.29) are designed to match human

walking data [263] through the cost function. The impact invariance constraint of

(3.18), ensures the hybrid periodic trajectories satisfy the assumption of Theorem

3.

Results. To encode the human-like walking trajectories in the human simulation,

we use the feedback linearizing controller (3.6) where` = ¹` )
A– )̀

Bº) , with ` Bas the

min-norm controller satisfying the RES-CLF condition for+ B
Y¹[ Bº, and

` A = �
1
Y2

HA
E¹[ º �

1
Y

¤HA
E¹[ º–

which indeed yields a RES-CLF as shown in [199] for this remaining system. The

prosthesis tracks its trajectory with the subsystem controller (5.9), which yields the

samè Bused for the remaining system controller. Simulating this system for 20 steps

starting at a perturbed initial condition the prosthesis (subsystem) states settle into a

stable periodic orbit, shown in Figure 5.2a, demonstrating the rapid convergence of

this controller. This �gure also depicts the stable periodic orbit of the zero dynamics,

demonstrating the exact result of Theorem 3: a stable hybrid periodic orbit of the

zero dynamics is guaranteed exponentially stable in the full-order dynamics for

controllers of their respective RES-CLF controller classes. Figure 5.2b shows the

output tracking of the prosthesis controller and its relation to human knee data with

respect to a state-based parameterization of time [207]. Figure 5.3a depicts the

RES-CLF derivatives for the subsystems and full-order system, with the full-order

system's bound. This demonstrates Theorem 4 by showing the auxiliary control

inputs for the remaining system and separable subsystem that satisfy their respective

sub-CLF conditions also satisfy the CLF condition for the full-order system. Figure

5.3b shows the prosthesis control input from (5.9) is smooth for each domain and
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Figure 5.2: Phase Portraits and Output Tracking Simulation Results. (a) Phase
portraits of subsystem states (left) and zero dynamics coordinates (right) showing
stability for 20 steps with perturbed initial condition (triangle). (b) Actual output
prosthesis trajectoryH0–B

E tracking desired trajectoryH3–B
E , designed to match human

data.

Figure 5.3: RES-CLF Convergence and Control Input Simulation Results. (a) RES-
CLF derivatives for remaining system (blue) and subsystem (red) show convergence
for prosthesis stance domain (left) and prosthesis swing (right) and yield a RES-
CLF for the full-order system (purple) satisfying its RES-CLF bound (gray). (b)
Prosthesis control input from CLF-QP.

remains in a reasonable range. Figure 5.4 shows gait tiles of the human-prosthesis

system walking in simulation.

5.5 Conclusion

This chapter extended RES-CLFs to separable systems to establish exponential

stability of a hybrid periodic orbit of the zero dynamics in the full-order dynamics

with a subsystem controller constructed solely with local information. Following,

we developed a method to construct such RES-CLFs for separable systems. This

method also outlined constructing CLFs for linearized systems to stabilize each
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Figure 5.4: Gait tiles of human-prosthesis system, prosthesis in red, demonstrating
human-like walking in simulation.

output independent of the rest of the system, while guaranteeing stability of the whole

system. This work is signi�cant since it enables construction of a class of model-

dependent prosthesis controllers using only locally available sensor information.

With the assumption the human can stabilize itself, these controllers provide formal

guarantees of exponential stability for a hybrid human-prosthesis system with zero

dynamics. This class of controllers gives freedom to design controllers with fast

convergence in the presence of disturbances to be physically realizable. Controllers

of this class are realized on a powered knee-ankle prosthesis in Chapters 7, 8, and 9.

But �rst, we will prove the formal guarantees of stability established in this chapter

still hold when there is uncertainty in the interaction force estimate used to complete

the prosthesis subsystem dynamics model.
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C h a p t e r 6

ESTIMATE-TO-STATE STABILITY

The model-dependent prosthesis control methods developed in the previous chapter

yield a wider range of stability properties compared to model-independent methods,

but require knowledge of the interaction force between the human and prosthesis.

Any error in force estimation compromise the formal guarantees. This chapter ad-

dresses this uncertainty by formalizing the stability of the human-prosthesis system

subject to force estimation error. A novel notion ofestimate-to-state stabilityis

introduced and provides a means to guarantee exponential convergence of the pros-

thesis to a set when the controller's model contains estimation error. Conditions are

established to ensure input-to-state stability for the human's hybrid periodic orbits

when subject to disturbances from the prosthesis control action deviating from its

nominal control law. A class of estimate-to-state stable prosthesis controllers is

proposed and implemented in simulation, demonstrating how the human-prosthesis

system converges to a tube around the desired trajectory resulting in stable walking.

This chapter was adapted from:

R. Gehlhar and A. D. Ames. �Estimate-to-state stability for hybrid human-
prosthesis systems�. In:2021 60th IEEE Conference on Decision and Control
(CDC), IEEE. 2021, pp. 705�712.

6.1 Introduction

Model-dependent prosthesis controllers depend on the interaction forces between the

human and prosthesis as well as the ground reaction forces on the prosthesis [208].

Because they directly measure the e�ects of the subject's weight, theoretically, less

tuning should be required to adjust to varying weight between subjects. However,

any inaccuracy or time delay from a force estimate or measurement could introduce

error into the model dynamics used for control. Since an error in the force enters

the dynamics at the acceleration level, the torque control input is sensitive to this

disturbance.

To develop a controller robust to these disturbances, we take inspiration from input-

to-state stable (ISS) methods [251] which have been used to establish stability to set

guarantees of nonlinear systems subject to input disturbances [252], [268]�[270].
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