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ABSTRACT

Prediction of the linear ampli cation of disturbances in hypersonic boundary layers
is challenging due to the presence and interactions of discrete modes (e.g. Tollmien-
Schlichting and Mack) and continuous modes (entropic, vortical, and acoustic).
While direct numerical simulations (DNS) and global analysis can be used, the large
grids required make the stability calculations expensive, particularly when a large
parameter space is required. At the same time, parabolized stability equations are
non-convergent and unreliable for problems involving multi-modal and non-modal
interactions. We therefore apply the One-Way Navier-Stokes (OWNS) Equations
to study transitional hypersonic boundary layers. OWNS is based on a rigorous,
approximate parabolization of the equations of motion that removes disturbances
with upstream group velocity using a higher-order recursive Iter. We extend
the original algorithm by considering non-orthogonal curvilinear coordinates and
incorporate full compressibility with temperature-dependent uid properties. The
generalized OWNS methodology is validated by comparing to DNS data for at
plates and a sharp cone, and to linear stability theory results for local disturbances
on the centerline of the Mach 6 HIFIRE-5 elliptic cone. OWNS provides DNS-
quality results for the former ows at a small fraction of the computational expense.
We further demonstrate the capability of OWNS to track fully 3D instabilities by
applying the algorithm to a complex Mach 6 nned-cone geometry as well as a 3D
Mach 1.5 turbulent jet.

It is often desirable, especially for design purposes, to compute worst-case distur-
bances, i.e. solving the inverse problem, otherwise known as resolvent or input-
output analysis. While DNS and global analysis can be used to compute optimal
forced responses, their large computational expense render these tools less practical
for large design parameter spaces. We address this issue by modifying the original
OWNS framework to nd the optimal forcing and responses using Lagrangian mul-
tipliers via an iterative, adjoint-based, space-marching technique that appreciably
reduces the computational burden compared to the global approach that uses sin-
gular value decomposition without sacri cing accuracy. The input-output OWNS
model is validated against optimal forcings and responses of a Mach 4.5 at-plate
boundary layer from literature and a Mach 1.5 turbulent jet. We then apply these
eguations to study worst-case disturbances on the centerline of the Mach 6 HIFIRE-5
elliptic cone and on a highly cooled Mach 6 at-plate boundary layer.



Vi
Although the worst-case forcings are theoretically informative, they are not physi-
cally realizable. In natural receptivity analysis, disturbances are forced by matching
local solutions within the boundary layer to outer solutions consisting of free-stream
vortical, entropic, and acoustic disturbances. We pose a scattering formalism to re-
strict the input forcing to a set of realizable disturbances associated with plane-wave
solutions of the outer problem. The formulation is validated by comparing with DNS
of a Mach 4.5 at-plate boundary layer. We show that the method provides insight
into transition mechanisms by identifying those linear combinations of plane-wave
disturbances that maximize energy ampli cation over a range of frequencies. We
also discuss how the framework can be extended to accommodate scattering from
shocks and in shock layers for supersonic ow.
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Isobaric speci ¢ heat capacity

Velocity vector de ned asD— E-°F

Unit Reynolds number

Complex streamwise wavenumber de neds 84
Spanwise wavenumber

Bulk viscosity

Speci ¢ heat ratio

Gas constant
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The nomenclature outlined above holds true for the entirety of the thesis unless
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Chapter 1

INTRODUCTION

1.1 Challenges of hypersonic boundary-layer transition

Developing an in-depth understanding of hypersonic laminar-to-turbulent transition
will help formulate methods to control aerodynamic and thermal loads. For example,
due to the di culty of predicting the onset of turbulence, the take-o mass of the
US National Aerospace Plane (NASP/X-30) was a ected by a factor of two or
more (Hirschel, 2005). Thus, it is of utmost importance to understand the state
of the aerodynamic boundary layer throughout the ight trajectory for optimal
vehicular design. We will rst review the fundamentals of high-speed boundary-
layer transition and thereafter describe the current tools used to predict the onset of
transition.

For idealized ow conditions, i.e. slender geometries experiencing minor pressure
gradients (if at all) and low free-stream perturbations, at subsonic and low supersonic
speeds, natural transition is due to the rst mode which is characterized by the
ampli cation of Tollmien-Schlichting (T-S) waves (Fedorov, 2011). This occurs
when the boundary layer is receptive to in nitesimal disturbances (e.g. surface
roughness). The disturbance waves, which are intrinsically hydrodynamic, amplify
as they travel downstream until they reach a nite amplitude % of the free-
stream velocity in which then three-dimensional velocity and pressure uctuations
appear along with hairpin eddies (Zhong and Wang, 2012; Hirschel, 2005). The
ow then exhibits nonlinear breakdown where the streamwise stretched vortices
cascade energy to smaller structures. Turbulent spots begin to appear after which
the ow becomes fully turbulent.

In contrast, at hypersonic speeds (M > 4), natural transition is far more complex due
to the presence and interaction of multiple discrete modes including the rst, sec-
ond, and higher-order modes as denoted by Mack (1984) and Mack (1969). Second
and higher-order modes are characterized by convectively ampli ed streamwise-
propagating acoustic disturbances usually in the ultrasonic range. Several numerical
(Sivasubramanian and Fasel, 2014; Sivasubramanian and Fasel, 2015; Sivasubra-
manian, Sandberg, etal., 2007) and experimental (Demetriades, 1960; Demetriades,
1974; Fischer and Wagner, 1972; Kendall, 1975; Kimmel, Demetriades, and Don-
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aldson, 1996; Stetson and Kimmel, 1992; Stetson, Kimmel, et al., 1991; Stetson,
1983) works have substantiated the existence of such instabilities. These distur-
bances approximately behave as acoustic waves re ecting between the solid wall
and the relative sonic line (Fedorov, 2011). The second Mack mode is usually the
dominant instability in zero-pressure-gradient boundary layers at hypersonic speeds
with insulated walls. Even with the aforementioned simpli ed conditions, the sec-
ond mode becomes unstable due to a complex synchronizatfast@¥lode F) and

slow (Mode S) discrete modes that originate from upstream/downstream acoustic
branches relative to a supersonic local velocity (Fedorov and Tumin, 2011). Addi-
tionally, it has been shown that the rst mode along with other instabilities, such as
the concave-wall Gortler instability (Saric, 1994), the supersonic mode (Knisely and
Zhong, 2019a; Knisely and Zhong, 2019b), and three-dimensional cross ow insta-
bility (Arnal and Casalis, 2000; Saric, Reed, and White, 2003) interact with and/or
modify the acoustic properties of the second mode (e.g. Gortler-modi ed azimuthal
Mack-modes (Kuehl and Paredes, 2016)). Thus, e cient predictive tools capable
of capturing these multi-modal instabilities are critical for engineering design.

Cool surfaces can destabilize the second Mack mode at even lower Mach numbers.
Bitter and Shepherd (2015) demonstrated that Mode F (the fast acoustic mode)
can become destabilized over a broad range of frequencies. Under high wall-

cooling, this mode can synchronize with the slow acoustic branch causing an acoustic
emission at a Mach angle corresponding to the relative phase speed. This additional
mode, referred to as the supersonic mode (Knisely and Zhong, 2019a; Knisely and
Zhong, 2019b), can elongate and modulate the disturbance within the boundary layer
(Chuvakhov and Fedorov, 2016). Thus, high-speed transition with the presence of
wall-cooling adds an additional layer of complexity with the potential involvement

of the supersonic mode.

Current tools to predict boundary-layer transition include direct numerical simu-
lations (DNS) and its linear counterparts such as global stability analysis, local
linear stability theory (LST), and parabolized stability equations (PSE). Although
global methods are most accurate, they are computationally intensive, especially
with complex geometries. LST is more computationally e cient but typically em-
ploys the parallel- ow assumption that introduces error as seen in Ma and Zhong
(2003a), which studies the stability characteristics of a Mach 4.5 at-plate boundary
layer. PSE may seem to be the optimal method between DNS and LST, but there
are intrinsic disadvantages. Instead of formally deriving a one-way operator, PSE
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achieves a stable spatial march by numerically damping all upstream-propagating
waves, as well as a subset of the downstream-propagating ones, by using an implicit
streamwise discretization along with a restriction on the minimum step-size, or by
explicitly adding damping terms to the equations (Towne, Rigas, and Colonius,
2019). In either form, the associated damping prevents the upstream waves from
destabilizing the spatial march, but also has the unintended consequence of damp-
ing and distorting, to di ering degrees, all of the downstream waves. This has, in
turn, profound negative consequence for non-modal instabilities that are associated
with an interacting group of stable modes and for ows with more rapid streamwise
evolution (Towne, Rigas, and Colonius, 2019). To clarify, modal instabilities are in-
stabilities associated with a single temporally or spatially ampli ed discrete mode of
the spectrum. Non-modal instabilities, however, can lead to transient ampli cation
due to interaction of stable modes even when there are no unstable modes (Schmid,
2007). In spatial analysis, this phenomena is represented by spatial ampli cation
at a prescribed frequency. Finally, the minimum step size associated with the regu-
larization of the equations leads to non-convergence in many cases of interest. For
instance, the synchronization region between Mode F and Mode S, which leads
to the second Mack mode instability, can exhibit spectrum singularities (Fedorov,
2011) which may lead to rapid disturbance variation and thus require high spatial
resolution to accurately capture the physics. In essence, using PSE and LST as
engineering tools for boundary-layer transition prediction is suboptimal due to their
inability to accurately model receptivity, non-modal and multi-modal instabilities
along with the synchronization and coalescence of discrete modes with continuous
branches which is relevant for hypersonic boundary layers (Chuvakhov and Fedorov,
2016; Bitter and Shepherd, 2015).

1.2 One-Way Navier-Stokes (OWNS) Equations

We alleviate the aforementioned de ciencies in PSE by introducing a novel marching
technique, the One-Way Navier-Stokes (OWNS) Equations. Originally developed
for hyperbolic equations (e.g. Euler), OWNS employs a rigorous parabolization
technigue to generate well-posed, one-way approximations (Towne, 2016; Towne
and Colonius, 2013; Towne and Colonius, 2015; Towne, Rigas, Kamal, et al., 2022).
E cient (fast) approximations of the resulting operator can then be made using re-
cursive lters that were originally developed for non-re ecting boundary conditions
(NRBC). Since OWNS tracks the full spectrum of downstream-propagating modes
without any damping, itis an e cienttool to study multi-modal and non-modal insta-



Figure 1.1: Global versus marching methods PSE and OWNS on a at-plate
boundary layer. In PSE, the linearized Navier-Stokes equations arezgularized
to damp the upstream modes, whereas in OWNS the equations aparabolized
by Itering out modes with upstream group velocity, similar to applying a
NRBC. Figure from Towne, Rigas, Kamal, et al. (2022).

bilities at a computational expense comparable to other low-cost stability/transition
codes such as LASTRAC (Chang, 2004). The only restriction is the paraboliza-
tion itself meaning that OWNS can be applied to ows such as boundary and
free-shear layers that are dominated by convective instabilities, i.e. ows lacking
feedback (global instability). Finally, and importantly, unlike PSE, the OWNS al-
gorithm is convergent and not restricted to a dominant wavelength. A schematic
comparing the global, PSE, and OWNS methods on a at-plate boundary layer is
shown in Fig. 1.1.

From a computational perspective, assun¥ngj # 1, where#; is the number of
recursion parameters used in OWNS to remove upstream waves, OWNS provides
a CPU-cost (FLOPS) and memory speedup by factor;éité)of-#;1 and#;5e#7,
respectively, where the factotsY ; 3andlY < 2depend on the sparsity and
structure of the matrix to be inverted, and the e ciency of the algorithm employed
(Du, Erisman, and Reid, 2017). The signi cant savings in memory, and, for
su ciently large #y, signi cant savings in FLOPS compared to global methods
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allow problems that would normally require high-performance computing resources
to be solved on a laptop.

1.3 Input-output analysis

In traditional stability analyses, we analyze how incident disturbances evolve into
ow instabilities. However, for design problems, the inverse study is often more
useful: what are the worst-case disturbances that lead to the fastest transition from
laminar to turbulent ows? Recently, a new technique referred teeaslventor
input-outputanalysis has been introduced that combines the linear receptivity and
instability problem via optimization techniques, such as singular value decomposi-
tion (SVD), to determine surface or volumetric inhomogeneities, i.e. inputs, that
lead to maximal ampli cation of disturbances, i.e. outputs. Trefethen et al. (1993)
introduced studying the pseudospectra of the linearized Navier-Stokes evolution
operator as a tool for understanding non-modal ampli cation of disturbances in
Couette and Poiseuille ows. Monokrousos et al. (2010) used the input-output
framework to determine optimal ampli cation in the spatially evolving at-plate
boundary layer, and it has subsequently been used in a variety of contexts, including
extensions to computing optimal disturbances in turbulent mean ows (Schmidt et
al., 2018). Owing to their large computational requirements, these global analyses
were only tractable for simple geometries at low speeds initially, but with recent
advancements in computer architecture, their extension to high-speed ows has now
gained traction (Nichols and Lele, 2011; Nichols and Candler, 2019; Cook, Knut-
son, et al., 2020; Cook and Nichols, 2022; Lugrin et al., 2021; Bugeat et al., 2019;
Bae, Dawson, and McKeon, 2020). There have also been contemporary method-
ological advancements pertaining to the nature of the optimal forcing, such as using
sparsity-promoting norms in computing localized forcing structures (Skene et al.,
2022).

While promising results have been shown, their routine application to practical,
in- ight geometries would involve complex algorithms and large-scale computing.

In this thesis, we address this issue by modifying the original OWNS framework to
nd the optimal forcing and responses using Lagrangian multipliers via an iterative,
adjoint-based, space-marching technique that appreciably reduces the computational
burden compared to the global approach without sacri cing accuracy.



1.4 Natural boundary-layer receptivity

Natural boundary-layer receptivity analyses determine how free-stream vortical,
entropic, and acoustic waves excite instabilities. Several approaches have been
developed to accomplish this inner-to-outer matching, such as forcing a at-plate
boundary layer with an induced traveling wave having a frequency of an incident
acoustic wave and a wavenumber associated with surface irregularities (Crouch,
1992). However, many studies (Goldstein, 1983; Duck, Ruban, and Zhikharev,
1996; Qin and Wu, 2016; Ruban, Keshari, and Kravtsova, 2021) still rely upon
asymptotic expansions, which often require additional approximations such as re-
strictions to low frequencies (Fedorov, 2003). Although DNS can alleviate these
challenges, many (expensive) calculations are needed to characterize the dominant
natural receptivity mechanisms. A powerful tool, especially for design problems,
would be to determine the worst-case free-stream disturbances that lead to maximal
ampli cation, alluding to the possibility of coupling natural boundary-layer recep-
tivity to the aforementioned input-output analysis. We rst highlight that although
the inputs for the optimization problem can be readily restricted to subspaces by, for
example, forcing only in certain equations (mass, momentum, or energy), and/or in
certain ow regions (e.g. Jeun, Nichols, and Jovanovi¢ (2016)), the resulting inho-
mogeneous problem is ngthysically realizablgin the sense that the sources are
unconnected to any physical mechanism that produces them. Thus, a new method-
ology is proposed in this thesis that employs a scattering formalism to restrict
input-output analysis to forcings that are associated with free-stream disturbances.

1.5 Ouitline of thesis

The remainder of the thesis is organized as follows. We begin by generalizing
the original OWNS formulation by using a non-orthogonal curvilinear coordinate
system and the fully compressible Navier-Stokes equations, including variation of
uid properties, in Sec. 2. We validate the new algorithm to 2D numerical/LST
solutions of adiabatic and highly cooled at-plate boundary layers, an isothermal
sharp cone, and the centerline of the Mach 6 HIFIRE-5 elliptic cone (Kimmel,
Adamczak, et al., 2010). Thereafter, we demonstrate the capability of OWNS
to track fully 3D instabilities in Sec. 3 by applying the algorithm to a complex
Mach 6 nned-cone geometry as well as a Mach 1.5 turbulent jet. In Sec. 4, we
tackle the inverse problem of determining the worst-case disturbances using the
OWNS equations, which considerably reduces the computational burden relative to
global techniques using SVD. The methodology is validated to a Mach 4.5 at-plate
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boundary layer from literature and a Mach 1.5 turbulent jet. We then apply this
technique to study the optimal forcings and responses along the centerline of the
Mach 6 HIFIRE-5 elliptic cone and of a Mach 6 cooled-wall at-plate boundary layer.

In the penultimate section, Sec. 5, we address the issue of the physical realizability
of the input forcings in input-output analyses. Speci cally, we develop a scattering
technigue that restricts the forcings to those associated with free-stream disturbances
to study natural boundary-layer receptivity. Finally, we conclude and outline future
work in Sec. 6. Note that Sec. B provides details of the newly developed stability
code, Caltech Stability and Transition Analysis Toolkit (CSTAT), that encompasses
the OWNS methodology and is used for all stability calculations in this thesis.
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Chapter 2

GENERALIZED OWNS ALGORITHM

This chapter uses the non-orthogonal curvilinear coordinate system and the various
grid-related nomenclature from Sec. A. Here we generalize the OWNS methodology
for application to complex geometries using the aforementioned coordinate system
across all speed regimes with full compressibility e ects including temperature-
dependent uid properties. The derivation of the OWNS equations from the gen-
eralized Navier-Stokes equations is presented for both the homogeneous and inho-
mogeneous stability problems, along with the new algorithm used to compute the
recursion parameters for jets and boundary layers. We validate this generalized
OWNS technique to various hypersonic boundary-layer ows, ranging from at
plates to the Mach 6 HIFIRE-5 elliptic cone.

2.1 Linearized equations of motion
The non-dimensional, compressible Navier-Stokes equations for an ideal gas can be
written in tensor form as

md
i 1 0=
mCr du®=0- (2.1a)
_U 1 '):i _
dC,g r’ ,4r3 (2.1b)
) ? 1 L 1
nyot = - _— c1)0 —13: o_ 2.1c
42 "= = Tgad D9 T) L3y (2.1c)
3=2"10y Aoy yog 1o (2.1d)
(=% rug *, irug 2” ueg t - (2.1e)
W 1
?= d)— 2.1f
W ) (2.1)
d, 04 L
4= 1 (2.19)
1
2
A= 1 _ (2.1h)

where asterisks denote dimensional quantities. All relevant variables have been
non-dimensionalized with a characteristic length stal@ater chosen as either the
inlet Blasius scalex, or jet diameter ), as well as characterisitc speed, density,
and temperature scale®; , d;, and 012-2?1, respectively. Furthermore, the
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uid properties are normalized with appropriate free-stream quantities such that
251) 0= 2,1) %2, 1 1) 0= 1Oy 1) O=" 10, andAt) 0= A1),

Note that unless otherwise stated, Stokes' hypothesis is enforced throughout the
thesis where bulk viscosity 0. Finally, the covariantd) and contravarianty 1)

metric tensors and the Christo el symbols and scale factors embodied in the nabla
operators in Eq. 2.1 correspond to fiteysicalcounterparts from Sec. A.1. We then
linearize all equations about a time-independent base ow such that

qtb—[-Z2€qb-[-Z, q”b-[-Z2C (2.2)

whereq = »d—D—E—P4)is the state vector. Due to algebraic complexity, we
have automated this transformation using the Mathematica software and present the
general matrix form of the resulting forced linear equation

0 0 0 0 0 0
M%C’ G/”ivs%), G("ivs nrr?[ Grivs rranZ’ GivsqO= G/”vis%, G(”vis%[,
rrqo n?qo nfq’° nfqP ntq®
*mz’ Guiscl, I mB > mp ° oz e Cmbmi
nizq0 nfqP

mbmZ He m[mZ
(2.3)
wheref, = »5— - p- 2 ;31)4 is a general primitive forcing vector that is dimen-
sionally consistent witmﬂ%(éand B p is an operator that maps unit inputs into the
system's state space for input-output analysis. Note that all of the aforementioned
base- ow coe cient matrices are functions dfb—[-Zand have been normalized
with the original coe cient matrix of%ocand further scaled by the local speed
of sound such thatl = %O The coe cient matrices also contain all the physical
covariant/contravariant metric tensors, Christo el symbols, and the scale factors
computed using the methodology outlined in Secs. A.1 and A.2 on the stability grid
constructed as per Sec. A.3. Lastly, in the linearization process, the uid is assumed
to be an ideal gas witBg = 2¢t) © and2, = 2,1) °, and uid properties:, ", *,
andWthat depend solely on temperature (the functional dependence is user-de ned
in OWNS). By denoting any of the aforementioned uid properties asve can
perform a Taylor series expansion abpus follows

o= 10 é) ) ©, higher order terms (2.4)
) =)

The linearized uid-property perturbation is thus

O:

)% (2.5)
)=)

oo‘w
N
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After discretizing in th¢ andZdirections (if performing 3D analyses, otherwise we
invoke spanwise periodicity and consider one wavenumber at a time for 3DF com-
putations), and entering the stationary frequency domain via the Laplace transform
with B= 8I, we have

3° ,o_, 390 . 3%
8l M Grivs—, HQ'=1 — , H, Byfp— 2.6
CP, /|v33b, q 3b /1 3b2 plp ( )
where the discrete operatd8b® andl 1b° are de ned as
m m nt
Hb° = G( ivs [ G- |vsmz Givs G(”visﬁ, G'"ViSHZ’ Gvis, H(( m_[2
nf nt
" mze N mmz
(2.7)
m
| *0° = Gpvis, Hi(— [ Hy: o (2.8)

Refer to Sec. A.2 for the classi cation of analysis types (2D, 3DF, or 3D). Note
that all perturbation quantities hereafter remain in the frequency domain unless
otherwise stated.

We now transform the discretized equation to characteristic space via the transfor-
mation

5ip—[-Z2E€Zb—[-Htb—[-Z2C €piys =ZGrivsZ =  (2.9)

where the rows of are the left eigenvectors @,s. The discretized characteristic
equation reads

3 325

8| |9|5 G/ IVS ﬁ5 p— H// W 5 N gpf5— (210)
where
3z 1 3z1
— 1 — 1 _ — 1 _
®l=zZMZ B=ZHZ *, ZGpjys—— 30 E=2Z1Z * 2ZHy, 30
3z 1 327 1
= 1— = — = 1_
B, =ZH;, Z & =7l TR ZH; 37 gp ZBZ
(2.11)

andfs = Zf,. The right-hand-side of Eq. 2.10 (excluding the forcing) corresponds
to streamwise viscous terms which will be discretized explicitly when performing
the spatial march and thus we can denote it as a forcing term

35 325
o= 22 i . 2.12
f/ Vis Ie 3b° ﬂ// 3b2 5 &5 ( )
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We now formally isolate the marching variablg,by writing

d5

a5 = R5. €1 Bpfs, €. fris— (2.13)
where
R= €. 8If, B (2.14)

Eq. 2.13 is still exact, but cannot be solved as an initial-value probldnbactause

I has eigenvalues of both signs. In PSE, this equatioagsalarizedto damp the
upstream modes, whereas in OWNS, described in the next section, the equation is
parabolizedby Itering out the modes with upstream group velocity.

2.2 OWNS equations

The OWNS parabolization, derived in detail in Towne and Colonius (2015) and
Towne, Rigas, Kamal, et al. (2022), is now applied to Eq. 2.13. We provide the
two variations of the parabolization that can be applied under di erent scenarios as
outlined below.

2.2.1 Variation 1: out ow approach

The out ow approach is appropriate when there is no external forcigg=(0). In
addition, streamwise viscous terms must be negletfegds = 0° in this version

as the parabolization is applied to the inviscid portion of the operator, following
the original approach in Towne and Colonius (2015). This is consistent with the
traditional thin-layer approximation invoked in PSE. In the projection approach,
discussed in the next section, the need for this approximation is eliminated though
we point out that it is highly accurate for the cases considered in this thesis. Setting

fs = f/nvis = 0, we have
& _ R5e (2.15)
do '
We can rewrite Eq. 2.15 by partitioniigas follows
- #" #
d 5 R R 5

— %= T 2.16
db 5 R R 5 (2.10)

wherethe,, , ,, ,and, partitioned blocks are associated with the negative
and positive characteristic variables. We now perform an eigenvalue decomposition
of R=\J[ suchthat
5=\7 $ 7=[5-
d7

%:J7—
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where the diagonal matrid contains the eigenvalues, columns\ ofire the right
eigenvectors and rows pf =\ ! are the left eigenvectors, all ordered in the same
way as the expansion coe cients. We can further partition the matrices as follows

n # n #ll #
d 7 J 0o 7
— oz T .- 2.17
do 7 0 J 7 (2.17)
n # n #ll #
5 Vo 7
. = = . - (2.18)
5 Voo 7
n # n #ll #
7 5
s = [,, [, s (219)
7 [ 5

where7 and7 are the downstream and upstream expansion coe cients, respec-
tively. The exact parabolization is

d7
E =J . 7’— (220a)
7 =0- (2.20D)

or in terms of characteristics with di erential-algebraic equation (DAE) system of
index 1

d

—=R 5 R 5 - 2.21a

db 55 s 3 B ( )
[ 5.

[ 5 =0 (2.21b)

The parabolization is at this point exact, but requires an eigenvalue decomposition
of R at each step in order to determine and[ , which is computationally ex-
pensive. However, an excellent approximate parabolization is obtained by designing
a higher-order recursive lter (Towne and Colonius, 2015; Towne and Colonius,
2013; Towne, 2016) for these matrices, resulting in the OWNS-out ow DAE system

ds

—>=R 5 R 5 - 2.22
db 55 s 3 N ( a)
1R 8705/ =1R 8PO51  9=0-eee—# 1- (2.22h)
5Tb = 0- (2.22¢)

wheref5] : 9= 0—eeo—ih andflgg— P : 9= 0-eee—#t 1g are the auxiliary
variables and complex-valued recursion parameters, respectively. Noteé;that
the order of the approximate one-way system such that;as1 , we recover
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the exact parabolization in Eg. 2.20 (Towne, 2016). The physical vartaldehe
zero-indexed quantitg® and the remaining auxiliary variables are de ned via the
recursions. The DAE system can then be solved using an implicit integration method
of choice such as backward di erentiation formula (BDF) or implicit Runge-Kutta
(RK).

2.2.2 Variation 2: projection approach

The projection approach alleviates the need to neglect the streamwise viscous terms
and the inhomogeneous term and is fully described in Towne, Rigas, Kamal, et al.
(2022), but we provide a synopsis here. Using the same eigenvalue decomposition
as the out ow approaclR =\J[ , we de ne a projection operator that splits the
solution5 into the right-going §9 and Ie'ft-goiggl 602 components

h i
00
V=1\ \ L (2.23)
: 0 0 |
such that
50=v5- 5%=10 \o5. (2.24)
Applying the projection operator to Eq. 2.13 yields
d5
Vg =V RS, €1 Bpfs, €5 frvis — (2.25)
and the fact tha/ and R commute we write (Towne, 2016)
ds©
o5 =V RS, €L Bpfs, &lfris ° (2.26)

As with the out ow approach, we again use a higher-order recursive lter to generate
an approximate projection operatdgf (Towne, 2016). Speci cally, the following
recursions are used to determivteacting on an arbitrary vect&r

5 T =0- (2.27a)
1R 8P05 ) 1R 8705 ¥ =0 9=1-eee—f# 1- (2.27b)
'R 8f05° 1t R 8P0O5 =R 8PO5- (2.27¢)
1R 8705/ tR 805 =0 9= 0—eee—¢# 1— (2.27d)
5Tb = Qe (2.27€)

The above recursion equations de ning the approximate projection operator can be
rewritten in the following form (Towne, Rigas, Kamal, et al., 2022)
50 = V353U (2.284a)
V58 = v 5 — (2.28b)
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where53* contains the auxiliary variables, the matridésandV, are de ned by
the recursive relations, and; is a matrix that extracts the projected state from the
auxiliary variables. The approximate form of Eqg. 2.26 can therefore be expressed
as a DAE input-output system (Towne, Rigas, Kamal, et al., 2022)
(32352 = R*5%, H* B, f,, frvi (2.29a)
E - s plqg. 'Mvis — .
50= 25% (2.29b)

The augmented state vector is

50
- 8c0
5% = 50 12— (2.30)
aux
and the operators in Eq. 2.29 are
0 " #
00O
- — 1 —
G'=h 0 I- H=pn&,, 07— 17= ° - (231
0 0
and
0 0 V3
RR=an6.l. R Vi€  Rg VoIe (2.32)
Ro Roo 0

The input to the system is either the forcirig = Z f,, and/or an inlet boundary
condition5¢ = qu, while the output i5°, the downstream-projected component
of the characteristic variable, from which the primitive state vector can be retrieved
asq’=Z 150 Eq. 2.29 can thus be e ciently integrated in the posittvalirection
given an appropriate input.

However, the integration method has an impact on the streamwise viscous terms,
which must be treated explicitly and where the streamwise derivatives are approxi-
mated with second-order nite di erences. The remaining terms, on the other hand,
require an implicit integration and thus the stepper must be of a splitimplicit-explicit
(IMEX) type. We have found that an IMEX-BDF scheme (typically second order)

is the most e cient choice meeting these requirements. Details of the IMEX-BDF
schemes and their numerical stability properties can be found in Frank, Hundsdorfer,
and Verwer (1997) and Hu and Shu (2021). Including the streamwise viscous terms,
however, can occasionally lead to numerical instability. Speci cally, we must have
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a su ciently large local grid Reynolds numbed ¢ = dnsb \vhich essentially re-

quires the base ow to be advection dominated. Should numerical instability occur,
either the streamwise grid sidd can be increased or the streamwise viscous terms

can be neglected altogether. In fact, extensive calculations with both boundary lay-
ers and jets have demonstrated that these streamwise viscous terms are insigni cant
compared to the other terms from Eq. 2.13 and thus neglected for the remainder of
the thesis.

2.2.3 Recursion parameters

The recursion parameters for both the out ow and projection approaches are based
on the original algorithm described in Towne and Colonius (2015), which uses the
spatial eigenvalues of the linearized Euler equations about a uniform ow. These
eigenvalues provide a basis which can be used to predict the eigenvalues of the semi-
discrete operatoR for complicated, non-uniform ows. Note that the recursion
parameters are di erent between boundary layers and jets, and the original method
from Towne and Colonius (2015) has been adapted to accommodate the curvilinear
coordinate system. The complete algorithm (MATLAB script) for computing the
recursion parameters for 2D/3DF calculations is presented in Sec. C, where for 3D
analyses, the same method is used but the base- ow quantities are cross-stream
averaged.

The e ectiveness of the OWNS method in accurately ltering the upstream-traveling
modes without modifying the downstream ones is demonstrated using the projection
approach in Fig. 2.1, where the local spectrabjinf the Navier-Stokes and OWNS
equations are shown for the Mach 4.5 at-plate boundary layer from Sec. 4.2 for
three values oft 1. The spectra were calculated by solving a generalized eigenvalue
problem obtained from the homogeneous form of Eq. 2.29 by assuming a locally
parallel ow, for whichnmg ! 8Uand the complex streamwise wavenumbes the
eigenvalue. With su cient# 1 of recursion parameters, the OWNS operator con-
verges to the downstream-traveling waves, thus removing the ellipticity associated
with the upstream-propagating acoustic modes and enabling a stable, convergent
marching in the slowly varying direction.

2.3 \Validation of generalized OWNS algorithm

In this section, we will validate the generalized OWNS methodology to various 2D
boundary-layer ows, i.e.V = 0. Note that computations presented in this section
are from Kamal, Rigas, et al. (2020) where the thermodynamic state variables
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Figure 2.1: Placement of recursion parameterd: and b for the Mach 4.5
at-plate boundary layer from Sec. 4.2. The local spectra of the Navier-Stokes
and OWNS operators are shown. Theb: recursion parameters are placed in
the vicinity of the downstream-propagating modes, whereas thb parameters
are placed adjacent to the upstream acoustic modes. Figure from Towne, Rigas,
Kamal, et al. (2022) where# denotes the recursion parameters.

werea’ (speci ¢ volume) and?° rather thand® and) °from Eq. 2.1. Additionally,

the numerical solutions used for comparison all assume a calorically perfect gas
(constant speci ¢ heats). Thus, unless otherwise stated, we likewise assume the
uid as calorically perfect air with\V/= 1+4 and%A= 0+72 and, moreover, viscosity

and thermal conductivity calculated using Sutherland's law

D R I
RS PR I (2.33)

N

where( =1104K.

Finally, reference to thé-coordinate in this section and for the remainder of the
thesis will correspond to thehysicalwall-normal coordinate (for boundary layers)
exceptwhen de ning any wall-normal grid-stretching functions, any association to
the grid metrics from Sec. A, or otherwise stated.
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2.3.1 Computational setup
To properly resolve the instabilities near the wall and critical layer, we employ a grid
stretching technique (Malik, 1990) for all validation cases

1=1, 6’[ <0G— (2.34)
O0=[<od e'[<0c 2&-

where0 1 (equidistant grid points). Using the above scheme, half the points
in the[ direction are placed betwe¢r=Oand[ =[g

Details of each validation case are outlined below. Note that all validation cases
have no external forcing, and thus, the out ow approach is used for all OWNS
computations with second-order BDF (BDF2) streamwise integration.

2.3.1.1 Adiabatic at plate

We rst validate OWNS by comparing to DNS of a two-dimensional Mach 4.5
adiabatic-wall, at-plate boundary layer (Ma and Zhong, 2003a). The parameters
are given in Table 2.1. The base ow is computed using the Howarth Dorodnitsyn
transformation of the compressible Blasius equations under the assurdptio0.

Note thatWwas not explicitly provided in Ma and Zhong (2003a) so a value of 1.4
was assumed. The computational domain is summarized in Table 2.2 whace

[ coincide with the globaGand Haxes with its origin placed at the plate leading
edge. The grid resolution for this validation, and all subsequent computations
in this thesis, is chosen after performing grid-convergence studies to ensure the
wavenumber, growth rates, optimal gains, and/or other quantities of interest are
grid independent. The initial resolution for the grid-convergence study is usually
estimated based on the frequency, Mach number, and size of the domain.

Table 2.1: Adiabatic at-plate ow parameters from Ma and Zhong (2003a).

"1 )1 K] )e[Kl 7 [Pa] "4, [Um]
45 6515 ),, 728438 72 1(f




20

Figure 2.2: Self-similar base ow solutionsllj—i and g—l for Case 1.

Table 2.2: Computational domain used for adiabatic at-plate stability analy-
ses.

bg=[M] Dbooglml [og=[Ml [<oclml #b #
0.025  0.63 0.0  0.0118 8000 800

The self-similar base ow solutions fo% and% are presented in Fig. 2.2. The
similarity variablej is de ned as

Didp ! od .
| (2.35)

2.3.1.2 Highly cooled (isothermal) at plate

The second validation case is also a at-plate con guration but with a cold wall
(Chuvakhov and Fedorov, 2016). Parameters are given in Table 2.3. Similar
to the adiabatic case, the base ow is computed using the Howarth Dorodnitsyn
transformation of the compressible Blasius equations under the assurdpto0.
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Figure 2.3: Self-similar base ow solutionsf—i and g—l for Case 2.
The computational domain is summarized in Table 2.4 wbhered[ coincide with
the globalGandHaxes with its origin placed at the plate leading edge.

Table 2.3: Highly cooled at-plate ow parameters from Chuvakhov and Fe-
dorov (2016). Note thatR = 00382m.

"1 )1 Kl )e[Kl 2y [kPa] 4 = B2
6.0 300 150 20 106

Table 2.4. Computational domain used for highly cooled at-plate stability
analyses.

b _g_[ml boogml [g-[M] [<oclml #b  #

13124 104 0.0956  0.2677 0.0 0.0574 8000 1000
2:0590 10 4 0.0388 0.1721 0.0 0.0367 8000 1000

The self-similar base ow solutions fo% and% are presented in Fig. 2.3. The
similarity variablej is the same as the adiabatic at-plate case.
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2.3.1.3 Isothermal sharp cone

The third case we consider is an axisymmetric 7-deg half-angle sharp cone (Sousa
etal., 2019) with the ow parameters based on tests performed by Wagner (2014) in
the DLR High Enthalpy Shock Tunnel Goéttingen (HEG) and given in Table 2.5. An
inviscid solution of the base ow was rst determined by solving the Taylor-Maccoll
ODE (Taylor and Maccoll, 1933) using a modi ed MATLAB code from Lassaline,

J. V. (2009). Thereafter, the compressible Blasius boundary layer was computed by
applying the Mangler transformation (Mangler, 1948) for axisymmetric ows (Lees,
1956). Note tha®oA= 0+704for this case and although not explicitly mentioned in
Sousa et al. (2019YMvas assumed to be 1.4 and the viscosity is chosen by satisfying
Sutherland's law (Eq. 2.33) witld , = 569 10° m 1. The computational domain

is summarized in Table 2.6 in which theand[ axes originate from the cone nose.

Table 2.5: Sharp-cone ow parameters from Sousa et al. (2019).

"1 )1 [Kl )eIK] ?, [Pa] '4; [1/m] 5 [kHZz]
74 268 300 2129 4406 10° 550

Table 2.6: Computational domain used for sharp-cone stability analyses.

bg=[Ml Dbooglml [og=[Ml [<oclml #b #
0.14 0.95 0.0  0.0186 8294 400

The self-similar base ow solutions foErD)—Z andg_—4 are presented in Fig. 2.4. The
similarity variablej is de ned as

| —3[ e (2.36)

2.3.1.4 HIFIRE-5 elliptic cone

The nal validation case is a 38.1% scale model of the HIFIRE-5 elliptic cone with
an axial length of 38.1 mm and an aspect ratio of 2:1 at the tip. The cone half-angles
are 7.00 and 13.797 degrees along the minor (centerline) and major (attachment line)
axes, respectively. The base ow is provided by The Boeing Company with the free-
stream parameters summarized in Table 2.7. We focus our study on the centerline,
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Figure 2.4: Self-similar base ow solutionsz—’e and Z_Z for Case 3.

and for validation purposes treat the ow and disturbances there as locally two-

dimensional and compare with solutions found using LASTRAC (Chang, 2004).

The streamwise computational domain varies slightly depending on the frequency
analyzed and is summarized in Table 2.8. For all LST computations, we have
#p #[ =100 600and forthe OWNS computations we ha¥g #[ = 5000 600,

The origin of the curvilinear coordinates correspondc= 8:364 10 * m and

H = 9454 10 # m (globalGandHaxes originate from the cone nose).

Table 2.7: HIFIRE-5 ow parameters.

"1 )1 K] )e[Kl ?,[Pa] '4; [1/m]
6.0 49.45 315 417.31581 10°

Table 2.8: Computational domain used for HIFIRE-5 stability analyses.

5 [kHz] b_g_[m] b.og[m]

60 0.101 0.305
70 0.0807 0.305
80 0.0652 0.305
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Figure 2.5: DNS-computed centerline base ow solutiondi, (top) and Z
(bottom) from The Boeing Company for Case 4.

Contour plots oDzand) acquired from The Boeing Company along the centerline
of the HIFIRE-5 elliptic cone are shown in Fig. 2.5.

2.3.2 Boundary conditions

No-slip boundary conditionst = E° = 0) are imposed at the wall along with

) 9= 0. The latter condition is enforced because Mack (1984) and Malik (1990)
argued that for high-frequency disturbances, the thermal inertia of the body will
preclude temperature perturbations from penetrating deep into the solid boundary.
Thus, at the wall, we solve the continuity and linearized equation of state®for
anda’ At the upper boundary, we impose 1D inviscid Thompson characteristic
boundary conditions (Thompson, 1987) to prevent spurious numerical re ections.
The inviscid assumption is valid at the upper boundary since viscous e ects from the
boundary layer are negligible in this region. The OWNS marches are initialized with
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the right-going component of eigenfunctions from quasi-parallel LST corresponding
to a speci ¢ mode at the inlet.

2.3.3 Results
2.3.3.1 Adiabatic at plate

We initialize the OWNS march at the inlet with the rst mode, i.e. Mode S, with

#, = 20. Here, Mode S denotes the discrete mode originating from the slow
continuous spectrum, whereas Mode F1, F2, F3, etc. are the sequential discrete
modes emanating from the fast acoustic branch (refer to Knisely and Zhong (2019b)
for more details regarding the discrete-mode classi cations). Figs. 2.6 and 2.7
compare the wavenumbek, the disturbance growth raté, and the wall-pressure
perturbationg?¢ j from OWNS and DNS at =22 10 4. The wavenumber and
growth rate are de ned as Ma and Zhong (2003a)

3?2 j
UA:3—E‘— (2.37)
_ 1 3%
U= o5 (2.38)

where?%\ is the phase angle of the wall-pressure perturbation. Note that if multiple
modes are present, we will observe the modulated e ect of these wavgsand

Us

When the unstable Mode S is initializedkat= 0<025m, there is also the presence

of the stable Mode F1 causing the small oscillation in growth rate. Although it
cannot be observed in Figs. 2.6 or 2.7, LST results from Ma and Zhong (2003a)
indicate synchronization of these two moded® at 04098m, in which then Mode

S becomes the canonical second Mack mode due to resonant interactions with the
stable Mode F1. This resonance continues until 0+142m which is the neutral
stability point of the second mode after which the wall-pressure perturbations decay
rapidly to zero. The oscillation in growth rate after the neutral stability point is due

to the presence of the now stable second mode, Mode F1, and other higher-order
fast acoustic modes. Overall, we observe excellent agreement between OWNS and
DNS in the wall-pressure distribution and streamwise wavenumber. Although there
are small discrepancies in the growth rates, both methods yielded a second-mode
neutral stability pointob  0¢142m.
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(a) Scaled streamwise wavenumbeér, s

q—
(b) Scaled growth rate" /—0

Figure 2.6: Streamwise wavenumber (a) and growth rate (b) between OWNS
and DNS (Ma and Zhong, 2003a) when Mode S is initialized at the inlet.
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Figure 2.7: Wall-pressure perturbations from DNS (Ma and Zhong, 2003a)
and OWNS with arbitrary linear scale applied.

2.3.3.2 Highly cooled (isothermal) at plate

To compare results with Chuvakhov and Fedorov (2016), we non-dimensionalize
b and[ with! = 00382m, i.e. the distance from the plate leading edge.
We will rst study the low-frequency (LF) wave train at = 1:3124 10 “ which
corresponds to Mode F1 originating from the branch paint " ; | 1 of the fast
acoustic waves. We thus initialize the OWNS march with this mode at the inlet with
#1 = 20. Fig. 2.8 shows the wall-pressure distribution and the pressure disturbance
eld computed with OWNS. In accordance to LST from Chuvakhov and Fedorov
(2016), the inlet disturbances grow exponentially in the boundary layetuntilds

where the second mode begins to synchronize with the slow acoustic branch. At
this point, a new discrete stable mode is also formed. F4&nY b Y 5, the
second mode radiates slow acoustic waves and generates the outer acoustic eld
seen in Fig. 2.8. Abg 56, the second mode coalesces with the slow acoustic
branch. We note that the spontaneous radiation of sound is localized to this region
(Chuvakhov and Fedorov, 2016). The complex pattern observed below the main
beam is attributed to interactions between monochromatic waves having di erent
amplitudes and front angles (Chuvakhov and Fedorov, 2016). Referring to Fig. 8
from Chuvakhov and Fedorov (2016), there is excellent agreement between DNS and
OWNS which demonstrates OWNS' capability of accurately capturing the complete
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(a) Pressure disturbance eld (top) and wall-pressure distribution (bottom).

(b) Start of synchronizationregionat/ 45 (left) and point of coalescence ats 56
(right).

Figure 2.8: OWNS results for LF wave train at L = 1“3124 10 # for highly
cooled at plate. Pressure disturbance eld and wall-pressure distribution (a)
and close-up of start of synchronization region and point of coalescence (b).

disturbance evolution at a fraction of the cost of DNS.

We now study the high-frequency (HF) wave train at= 240590 10 4 which
corresponds to the mode originating near the branch @pint" ; 1 of the slow
acoustic waves. The OWNS march is therefore initialized with this mode at the
inlet with #1 = 20. Fig. 2.9 shows the wall-pressure distribution and the pressure
disturbance eld calculated using OWNS. LST results from Chuvakhov and Fedorov
(2016) indicate that this mode becomes unstable as it propagates downstream before
becoming stable and having its phase speed drop b&lown contrast to the LF

case, the second mode does not coalesce with the slow acoustic branch but is in
close proximity before becoming stable. In the vicinity Zf the second mode
radiates slow acoustic waveskat 19 as observed in Fig. 2.9. However, the outer
acoustic eld is much narrower and weaker than the LF case which is corroborated
with LST and DNS ndings of Chuvakhov and Fedorov (2016). Below the main
beam, the acoustic pattern is emblematic of slow acoustic waves being radiated
by a stationary local harmonic source which is hypothesized to occur due to the
spatial inhomogeneity of the region ndmgr 19 (Chuvakhov and Fedorov, 2016).
Referring to Fig. 11 from Chuvakhov and Fedorov (2016), we again observe excellent
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(a) Pressure disturbance eld (top) and wall-pressure distribution (bottom).

(b) Start of spontaneous acoustic radiation at s 1“9 (left) and downstream region
(right).

Figure 2.9: OWNS results for HF wave train at L = 20590 10 # for highly
cooled at plate. Pressure disturbance eld and wall-pressure distribution (a)
and close-up of when the second mode begins to radiate slow acoustic waves at
/s 1"9 and downstream region (b).

agreement between DNS and OWNS.

2.3.3.3 Isothermal sharp cone

We rst initialize the OWNS march with Mode S at the inlet withy = 12. Wall-

pressure perturbations from OWNS and DNS (Sousa et al., 2019) at the conditions

prescribed in Table 2.5 are compared in Fig. 2.10.

Overall, we see excellent agreement between the OWNS and DNS wall-pressure

signal. Although not apparent from Fig. 2.10, LST results indicate that the unstable
Mode S (rst mode) synchronizes with the stable Mode Fbat 0323 m and
the former becomes the second Mack mode.bAt 04447 m, the second mode

reaches its neutral stability point and the resonant interactions with Mode F1 cease
and the wall-pressure disturbances decay rapidly. However, we observe a kink in the

wall-pressure pro le during the decay. To understand why this occurs, we must gain
a better insight into how the modes interact spatially, and thus we plot the speci c
volume disturbance eld in Fig. 2.11.
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Figure 2.10: Wall-pressure perturbations between OWNS and DNS (Sousa et
al., 2019) with di erentinitial conditions at Xe, = 406 10°m 'and f = 550
kHz. Arbitrary linear scale applied.

(a) Second mode

(b) Supersonic mode

Figure 2.11: Specic volume perturbations from OWNS showing the second
mode (top) and the supersonic mode appearing further downstream (bottom)
at Xe;, =406 1°m land f = 550kHz with Mode S initialized at the inlet.
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To understand the instabilities present in Fig. 2.11, we rst de ne the relative Mach

number

D° 2a
01[ o] *

Note that we use Eq. 2.37 and Eq. 2.38 in determitingndUg, respectively, such

that

..—1[0 -

(2.39)

22=R . 2.40

A 0. 84 (2.40)
Typical of the second Mack mode, we see ampli cation of acoustic waves trapped
between the wall and relative sonic liie![ @ = 1. In this region, disturbances

travel supersonically downstream relative to the local mean ow. Outside this
region, for" j 1, the disturbances travel subsonically relative to the free-stream
and thus we observe the subsonic rope-like structures centered about the critical
layer™ [ ,° = 0. However, due to substantial wall-cooling:¢) 4 = 0:864), there

is an additional mode the supersonic mode which appears & 0477 m,
causing the modulation of the wall-pressure signal seen in Fig. 2.10, a phenomenon
also observed by Chuvakhov and Fedorov (2016). This mode occurs when the
phase speed of the disturbances in the free-stream is slow enough such that they
travel supersonicallypstreanrelative to the free-streany (1) and creates an
acoustic radiation from the boundary layer (Knisely and Zhong, 2019b) (this was also
observed for the highly cooled at-plate case). This acoustic emission eventually
decays as Mach waves in the free-stream. This validation case serves to illustrate
how OWNS is once again capable of accurately modeling complex multi-modal
instabilities.

Following the discussion from Sec. 1, one of the major disadvantages of using
PSE is that it is only suited to track a dominant mode of a desired wavenumber.
However, it is often desirable to perform unsteady calculations initialized with
random perturbations such that the base ow dictates the unstable modes that appear.
The normal-mode ansatz that PSE is based upon precludes such analyses. OWNS,
however, is capable of tracking downstream-propagating modes that form from
arbitrary initial conditions. We illustrate this by initializing the same stability
calculation but with a normally distributed randdsg within the boundary layer

and homogeneous conditions in the free-stream. The wall-pressure signal from this
analysis is once again compared to DNS in Fig. 2.10 (note that there is signi cant
overlap to the wall-pressure signal with Mode S initialization). After the initial
transients, we observe excellent agreement to the DNS data with the appearance of
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Figure 2.12: N-factors along the HIFIRE-5 centerline computed with our In-
House LST code CSTAT versus LASTRAC forf = 60, 70, and 80 kHz.

the second mode, thus demonstrating the versatility of using OWNS in marching an
arbitrary initial condition.

2.3.3.4 HIFIRE-5 elliptic cone

We rst validate the linear operatdR from Eq. 2.13 (assuminds = f;js = 0
as usual) by comparing LST N-factors from CSTAT versus those from LASTRAC
(Chang, 2004). Fig. 2.12 shows the comparisoh at 60, 70, and80kHz in which

the N-factor is de ned as
1

b
#i = Ugtb® 3% (2.41)
by

We see excellent agreement in the LST N-factors between CSTAT and LASTRAC.
Thus, PSE and OWNS computations are performed for the same frequency range
in which the second mode is used as the inlet boundary conditior#yith 15 for
OWNS. We compare the N-factors from OWNS, PSE, and LST in Fig. 2.13 where
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Figure 2.13: Comparing the N-factor along the HIFIRE-5 centerline between
LST, OWNS, and PSE for f = 60, 70, and 80 kHz.

the N-factor for OWNS and PSE is de ned as

%)
Hop( eg.2( =1In - -
Lo i78,]

. (2.42)

From Fig. 2.13, we see that for all frequencies, locally removing the parallel mean-
ow assumption that is used in LST but not in OWNS/PSE stabilizes the second
mode along the centerline. This is most likely due to the unusually Brgeom

the primary vortex roll-up advecting the perturbation energy upwards and away
from the wall. To understand why PSE and OWNS performed almost identically,
we visualize the disturbance eld by plotting the speci ¢ volume perturbations at

5 = 80kHz in Fig. 2.14.

Unlike validation Cases 2 and 3 where we witnessed complex multi-modal inter-
actions, we do not observe any similar physics in Fig. 2.14. The presence of one
dominant instability is likely why PSE performed on par with OWNS. However,
the peak amplitudes of the perturbations are separated by regions of high shear in
the base ow (refer to Fig. 2.5). This is contrary to typical second-mode wave
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Figure 2.14: Speci c volume disturbance eld from OWNS along the centerline
of the HIFIRE-5 elliptic cone for f = 80kHz.

structure as seen in validation Case 3 and alludes to potentially additional unstable
modes not revealed under a strictly two-dimensional analysis. In fact, the pres-
ence of such complex mode shapes along a plane of symmetry may indicate that
a fully three-dimensional stability calculation is required to accurately track the
disturbance evolution (this is somewhat expected since the primary vortex roll-up
near the leeward line induces strong spanwise variations (Li et al., 2012)).

2.3.4 Summary

To recapitulate, we derived the OWNS DAE for both the out ow and projection ap-
proaches corresponding to the homogeneous and inhomogeneous stability problems,
respectively, and presented the algorithm for computing the recursion parameters
for jets and boundary layers across all speed regimes. We thereafter extended the
original methodology by using a non-orthogonal, curvilinear coordinate system with
full compressibility e ects. We validated the generalization by comparing to DNS
data for at plates and a sharp cone, and to LST results for local disturbances on the
centerline of the HIFIRE-5 elliptic cone (all in 2D). OWNS provided DNS-quality
results for the former ows at a small fraction of the computational expense. In the
next chapter, we extend the application of OWNS to 3D ows, i.e. ows exhibiting
inhomogeneity in two or three spatial coordinates, to demonstrate its capability of
accurately tracking 3D instabilities.
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Chapter 3

APPLICATION OF OWNS TO COMPLEX 3D FLOWS

In this chapter, we use the generalized OWNS technique from Sec. 2 to analyze
3D instabilities on a Mach 6 nned-cone geometry and a Mach 1.5 axisymmetric
turbulent jet. For the former ow, we leverage OWNS's ability to march downstream
with an arbitrary inlet condition in the form of a spatially randomized inlet forcing

to excite all possible instability mechanisms (both modal and non-modal). This
obviates the trial-and-error approach needed for PSE, which is also restricted to only
modal instabilities. The OWNS results suggest there exists no signi cant (linear)
ampli cation mechanisms beyond the dominant vortex mode. Finally, the jet case
is used to validate the generalized curvilinear implementation of the centerline
treatment from Sec. B.1.2.

3.1 Mach 6 nned-cone geometry

We rst study the stability characteristics of a complex 3D half-angle nned-

cone geometry with a 1 mm nose radius and a n with 0.125 in leading-edge
radius and75 sweep angle, as depicted in Fig. 3.1. The geometry was designed
to experimentally study boundary-layer transition in the Boeing/AFOSR Mach-6
Quiet Tunnel at Purdue University (BAM6QT) with details found in Turbeville and
Schneider (2018), Turbeville and Schneider (2019), and Turbeville and Schneider
(2021). The addition of the n provides basic control mechanisms for high-speed
ight vehicles, but also a shock-wave-boundary-layer interaction (SWBLI) on the
cone surface due tothe nshockin addition to three-dimensional streamwise-aligned
corner ow at the n-cone junction. Previous stability analyses (Knutson, GS, and
Candler, 2018b; Knutson, GS, and Candler, 2018a; Knutson, Brock, and Candler,
2021; Mullen, Moyes, et al., 2018; Mullen, Turbeville, et al., 2019; Mullen, Moyes,
et al., 2019; McMillan, Mullen, and Reed, 2021; Riha, McMillan, and Reed, 2021)
have demonstrated the importance of these streamwise-aligned laminar vortices in
predicting transition on the cone surface. This motivates the application of OWNS
with its unique attributes in analyzing such a complex ow eld. We will also
perform similar calculations using PSE for a comparison basis. Note that results in
this section correspond to the author's contribution to the AIAA journal article being
submitted from the original AIAA AVIATION manuscript (Araya et al., 2022).
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Figure 3.1: Schematic diagram of the Purdue nned-cone wind-tunnel model
utillized. Figure from Araya et al. (2022).

3.1.1 Computational setup

The 3D base ow is computed by the Applied Physics Lab (APL) at Johns Hop-
kins University using the in ow conditions from recent experiments at BAM6QT
(Turbeville and Schneider, 2021). These parameters are summarized in Table 3.1.
Note that for this section, dimensional quantities are only denoted with their respec-
tive dimensions with asterisks omitted for simplicity.

Table 3.1: Base- ow parameters corresponding to in ow conditions from the
BAM6QT experiments.

‘4<[m?Y D [m/fs] )1 [Kl 21 [Pa] )e [K]
84 10° 86552 51.78 48210 3095

The laminar vortices arising from the SWBLIs situated at the n and cone surfaces
are shown in Fig. 3.2. The goal of the present analyses is to evaluate the importance
of the vortex situated on the cone surface for transition, and thus a partitioned domain
is used for the stability calculations. The corresponding stability domain acquired
from APL is schematically displayed in Fig. 3.3.

All computations are performed at a single frequency at 250 kHz, which was

found to maximally amplify the dominant vortex-mode instability (explained fully

in Sec. 3.1.3) by the APL group using PSE calculations. The corresponding stability
parameters for the OWNS and PSE marches are summarized in Table 3.2. The cross-
stream directions are discretized with fourth-order central nite-di erence schemes
with summation-by-parts (Mattsson and Nordstrom, 2004) (SBP) boundary closure.
Both the streamwise and spanwise coordinates are uniformly distributed, with grid-
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Figure 3.2: Laminar vortices along the n and cone surfaces due to SWBLISs.
The inset in the image corresponds to the domain used for stability calculations.
Gray-scale contours correspond to streamwise velocity slicesat= 0.1, 0.2, 0.3,
and 0.4 m, whereas colored contours correspond to surface heat ux. Figure

from Araya et al. (2022).

Figure 3.3: Mean- ow domain acquired from APL to be used for stability
calculations. Figure from Araya et al. (2022).
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stretching in the wall-normal direction (Malik, 1990). The OWNS marches are
integrated in the streamwise direction using BDF2.

Due to the increased computational cost of OWNS, the original common base ow
from APL is truncated in the spanwise (outboard region) and wall-normal directions
to allow the same high cross-stream resolution in both PSE and OWNS. To verify
that this has no impact on the dominant vortex-mode growth, the surface N-factors
computed using PSE with the original and truncated base ows are shown in Fig. 3.4
where A

i 78

# =lo — . 3.1
J maxtj 28 =024 m° 1)

Note thatG corresponds to the experimental heat- ux based transition onset found
to be atG 0-305m. We see that the domain truncation has minimal impact on the
overall growth rate, and thus use the truncated domain for all subsequent calculations.
However, even with this added e ciency, the OWNS calculations, albeit feasible,
still required substantial time and memory (RAM) to invert the DAE matrix at each
streamwise station via the lower-upper (LU) decomposition. To circumvent this,
we developed a hybrid computational approach in which the LU decomposition
was performed on the DAE matrix constructed with second-order cross-stream
discretization with reduced-order boundary closure, which signi cantly increased
the sparsity of the matrix and thereby reduced the memory cost. This operation
was performed using the InfelbneAPI Math Kernel Library PARDISO package
(Schenk and Gartner, 2004) to parallelize the LU decomposition. The inverted
system and corresponding solution then served as a preconditioner matrix and
guess, respectively, for solving the full linear system (see above for the numerics)
using the generalized minimum residual (iterative) method from MATLAB. This
hybrid approach reduced the total computational time Bp%at each streamwise
station.

Table 3.2: Computational setup of PSE and OWNS marches at f = 250 kHz.

Solver IC #y #; #z #1 Gsg=[m] Gog[m]

PSE SBG 627 225 301 - 0.09 0.40
OWNS SBG 2001 225 301 10 0.09 0.40
OWNS Random 1232 225 301 10 0.09 0.28
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(@) (b)

Figure 3.4: Surface N-factors computed with PSE from original (a) and trun-
cated (b) base ows atf = 250kHz. The cyan circle along the solid vertical line
at x = 0"24 m, which was the second location of the experimental PCB sensor,
represents the local maximum pressure used for the N-factor normalization.
The dashed line is the experimental heat- ux based transition onset;;, .

3.1.2 Boundary conditions

The PSE and one of two separate OWNS calculations are initialized using (the same)
spatial BiGlobal (SBG) eigenfunction, whereas the second OWNS computation is
initialized using randomized inlet forcing, i.e. forcing of each state variable at every
grid point randomly drawn from a normal distribution. This is done to excite all
wavenumbers at a given frequency and to trigger the gamut of potential instability
mechanisms. No-slip and isothermal boundary conditions are imposed at the wall
(= P =F%=) 9= 0), and thus we solve the linearized continuity equatiordfbr

At the upper boundary, we impose 1D inviscid Thompson characteristic boundary
conditions (Thompson, 1987). Lastly, we enforce spanwise symmetry boundary
conditions.

3.1.3 Results
3.1.3.1 Randomized forcing vs. SBG initialization ats5 = 250kHz

One of the major advantages of OWNS is the ability to initialize the march with
an arbitrary initial condition, which allows excitation of all instability mechanisms.
This is particularly useful for complex ow con gurations, such as the current
study, where the dominant mode may not be known apriori or where multi-modal
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Figure 3.5: Surface N-factors computed using OWNS along prescribed az-
imuthal rays with randomized inlet forcing (dashed lines) and a SBG inlet
boundary condition (solid lines) at f = 250kHz.

or non-modal e ects may be present. Thus, we perform two OWNS computations
initialized with a SBG inlet boundary condition and randomized forcing.

We rst evaluate the N-factor along azimuthal raysgpE 300 , 325 , and35:0
between the two di erentinitializations in Fig. 3.5. Note thats computed similarly

to Eq. 3.1, but is normalized with the wall-pressure amplitudé=at-24 m along

the selected azimuthal ray. After the initial transients in the upstream region, both
computations converge onto the dominant vortex instability with virtually identical
growth rates fronG j 0-2 m along the three selected azimuths. This would suggest
the dominantinstability is indeed solely the vortex mode. We further substantiate this
by comparing the cross-stream pressure amplitude®RaiEP in Figs. 3.6 and 3.7,
respectively, at three axial positions. Even though the cross-stream pro les vastly
di er at the inlet (G= 0409 m), both calculations indicate the initial development
of the vortex instability byG = 04185 m with similar pressure amplitudes and
wavenumber distribution. AB= 028 m, both computations depict nearly identical
pressure amplitude and wave structures corresponding to the lone growth of the
vortex mode. Thus, since both OWNS marches track the same instability from
G= 02 m, the calculation with randomized inlet forcing was stoppe®at028

m.
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