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ABSTRACT

The quantum two-level system, or “qubit,” is a simple platform that nonetheless dis-
plays fundamentally non-trivial quantum behavior. The rare-earth magnet LiHoF4
is a natural physical representation of a system of coupled qubits. With its uncom-
monly high crystal anisotropy, LiHoF4 can be mapped to the problem of the Ising
model in a transverse field. However, while this Ising approximation can quantita-
tively predict much of the equilibrium behavior, quantum corrections, originating
from off-diagonal terms in the dipolar interaction that generate quantum fluctuations,
are crucial in driving non-equilibrium dynamics when subject to an external drive.
Furthermore, quenched disorder can be introduced through chemical substitution,
which, through the dipolar interaction, generates spatially random pinning fields, as
well as internal transverse fields, which drive quantum fluctuations. Noise measure-
ments on the disordered ferromagnet LiHog ¢5Y.35F4 show critical behavior, whose
statistics are driven from the underlying pinning distribution, while measurements
on LiHog 40 Y0 .60F4 display non-critical behavior that can only be attributed to quan-
tum co-tunneling processes. This is the first demonstration of crackling noise in a
ferromagnet in the purely quantum regime. Furthermore, pump-probe susceptibil-
ity measurements on the decoupled cluster glass show the system being driven out
of equilibrium with astonishingly weak drives, due to resonant transitions arising
from off-diagonal dipolar terms fgI TS, Non-linear sample response is observable
in inelastic Raman scattering measurements, and these spin clusters also exhibit
asymmetric Fano resonances with high Q-factors of ~ 10°. Quantum interference
effects can be tuned to fully decouple one of the dressed states from the others,
rendering the sample transparent to the drive. This is analogous to optical systems

that display electromagnetically-induced transparency, but at 100 Hz frequencies!
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Chapter 1

LIHOxY.xFs AS A MODEL QUANTUM ISING SYSTEM

1.1 The Quantum Two-Level System (TLS) and the Ising Model

The quantum two-level system (TLS), also known as a qubit, is perhaps one of the
simplest theoretical objects in quantum mechanics that still displays non-classical
behavior. The quantum TLS is a powerful model, both because it is easily un-
derstandable compared to other systems, and because it has the potential to model
arbitrary quantum problems through expanding the Hilbert space by coupling mul-
tiple qubits together. In this introductory section, I will discuss the basis of the
quantum TLS, as well as the Ising model, in which qubits are coupled together.
These observations underlie the choice of experimental system for my thesis, a
physical realization of the Ising model in transverse field, and provide the back-
ground considerations in the data accumulation and analysis, and highlight where

the physical realization departs from ideality.

The state vectors for the TLS Hamiltonian live in a two-dimensional Hilbert space,
where any pure quantum state jKi can be expressed as a linear combination of two
orthogonal states kK = 2 jUi , 2y jVi, where 2 2y are complex coefficients whose
absolute squared magnitudes sum to one j2yj> , j2yj*> = 1, and jUi jVi are the
two basis vectors. Since any 2x2 Hermitian matrix can be expanded as a linear
combination of the three Pauli matrices, ¥¢ " F! and the identity matrix (which
I will denote as F?), this means that any Hamiltonian within this two-dimensional

Hilbert space can be mapped to:

Hrs = F (1.1)
“=0GH I

where T < are real scalar coefficients. If one considers this Hamiltonian in the
basis j"i j#i thatis diagonal in F'!, one can separate these four terms into: a constant
energy offset (¥ that can be subtracted without affecting the system dynamics, a
diagonal term | F', and two off-diagonal terms ¢ 4 F° . Without loss of generality,
one can rotate into a frame in which = 0, and be left with the single-particle

Hamiltonian for an Ising spin in a transverse field:



H= j< '¢! F° (1.2)

where j“j 'F' can be thought of as an energy splitting due to the Zeeman interaction

! and FPC induces a tunnel splitting

of amagnetic dipole with moment | “j and field
between the two Ising states |"i j#1. In the Ising basis, the Zeeman splitting changes
the relative rate of complex phase accumulation between the two Ising states with

frequency |“j ', and the tunneling splitting induces quantum fluctuations between

the two states with rate . Colloquially, one can think of this problem as a spin-1/2

| and a transverse field

particle in a longitudinal field with interaction strength ||
with interaction strength , and so I will use to denote a longitudinal interaction,

I Bk, and to denote a transverse interaction, G 72, interchangeably.

A many-body Hamiltonian can be constructed by taking a sum of the independent

single-particle Hamitonians H8"1 and two-spin interaction terms Hgy

Ho= H',  Hy (1.3)

8 89

where Hgg represents the interaction term between spins 8 and 9. Just as observables
for the single particle Hamiltonian can be expanded as a linear combination of the
¥ matrices (including  as the identity matrix), two-spin interaction terms can be
represented as linear combinations of the product terms ¥ F2, giving the general

form:

Hg = +89f8‘fga (1.4)
B9 <a=0GH I

where +89a sets the strength of the interaction for each term. Inserting the single-
particle Hamiltonian from before, ones arrives at the most general form of the

transverse field Ising model:

Hiot = i ¢ F; oY, Hi (1.5)

8 8 89
where I have let the magnetic moment “g, the longitudinal field g and the transverse
field 4 vary from site to site. While “4 in real systems will be a function of the

local magnetic field fi A", if it does not vary much, this can be approximated by a
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constant magnetic moment “g ¥ “. Furthermore, in the lab, a uniform magnetic
field is frequently applied via external magnets, and it is convenient to split each term
into a spatially uniform term, and a spatially varying term. While spatially-varying
external fields are generally weak in the experimental setting, they are nonetheless
useful to consider theoretically, since interaction terms in the Hamiltonian can be
approximated in the semi-classical limit of a classical moment sourcing a classical
field onto a quantum spin. In this case, the spatially-varying term becomes a
very complicated object that depends on the instantaneous state of each spin, so it is
usually replaced by a stochastic variable drawing from some underlying distribution—
usually a Gaussian with fixed variance for ease of computation. One can construct

a random-field type Hamiltonian:

HtOt = J‘J ” (I) L] 8I”fgl n 0 » 8"fG L] H89 (1'6)

8 8 89

|
0

variables drawn from a fixed underlying distribution. One quantitative way of

where o are spatially invariant constants, and ; ¢ are site-dependent random

introducing disorder into a system is through increasing the variance of the random

field terms 8' 8

In principle, while all interaction terms fs‘ fg‘ are allowed in Hyg, there are
often some assumptions made theoretically about which terms are non-negligible.
In particular, the term +8'9I fgI fgI corresponds to the classical interaction between
two Ising spins (lying along the | axis), and is often the only term considered.
Furthermore, +8;a is frequently approximated as short-range, where +8;a < 0if and
only if spins 8 and 9 are nearest-neighbors. With both of these approximations,
along with the assumption that § = 0, one arrives at the traditional random field
Ising model (RFIM):

Hrem = §°5 . 5. ¢ F .,  Hy (1.7)

8 8 89
While this model is simplified from any real physical case, it nonetheless exhibits a
remarkable display of quantum phenomena, as having non-commuting terms ' F°
generates quantum fluctuations, while the interaction term Hgy generates quantum
entanglement. I will use the RFIM as a base point to understand the LiHoy Y| _xF4

system, and specifically point out where it falls short and quantum corrections are
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needed (specifically, off-diagonal interaction terms 'I=8I fg and ‘I‘BI fg) come into

play).

1.2 The LiHoF4 Single lon Hamiltonian

LiHoF, is an electrically-insulating compound whose magnetic properties are almost
entirely determined by the unpaired 45 electrons of the Ho>* ion. These unpaired
electrons do not pair off into a singlet state, but rather into a composite, finite
moment. Unlike the B and 3-shell electrons which can conduct electricity through
de-localized Bloch states, the 5-shell electrons are strongly localized, and act as

localized moments on a lattice.

The dominant terms in the Ho** electronic Hamiltonian are exchange and Coulomb
interactions, as the 45 states are so tightly confined. The Ho** ion has 10 45
electrons, each with its own spin By and orbital angular momentum ;3. The strong
exchange and Coulomb interactions hybridize all of these particles into one com-
posite spin ( = B; and orbital angular momentum ! = ;3. For LiHoF, , the
ground state multiplet 211 is given by Hund’s rules, which gives a = 8 ground

state multiplet with 17-fold degeneracy.

This 17-fold degenerate ground state multiplet is split due to interactions with the
electric fields from neighboring ions, through a “crystal field” term Hgs in the
Hamiltonian. While H,y is difficult to calculate from first principles, its form can
be simplified through discarding all terms that do not obey the underlying crystal
symmetry. In the case of LiHoF, , there is a tetragonal scheelite crystal structure

with space group 4; 0.

One can expand the crystal field potential in a multipole expansion, and recast this in
terms of the Stevens operators, which consist of linear combinations of the operators

' 2 1 refer the reader to [40] for a derivation of these Stevens operators.

In the case of LiHoF,, the crystal field Hamiltonian is given by

Her = o), h270h2n, 7.B0g.B (1.8)

=246 ;=46
with corresponding Stevens operators O=,2 B” defined according to [40]. While
there are many measurements of the crystal field parameters from ac magnetic
susceptibility [8, 40], optical scattering [18, 36], and EPR [67], I will use the

parameters from the neutron scattering measurements of [61].
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Figure 1.1: Level diagram of the = 8 manifold degeneracy lifted by H.¢. There is
an 11 K gap to the first excited state, giving rise to a two-dimensional low-energy
effective Hamiltonian.

Diagonalizing this Hamiltonian, one finds a ground state doublet withan 11 K gap
to the first excited state. I plot the energy levels in Figure 1.1. The second excited
state is § 10 K above the first excited state as well. This means that at temperatures

10 K, the single-ion Hamiltonian is well approximated by a lower-dimensional
effective Hamiltonian whose Hilbert space corresponds to the subspace of the full
H¢ spanned by the two degenerate ground states. Since this Hilbert space is two-
dimensional, one can naturally map the problem onto the problem of a spin-1/2

particle.

It turns out that H,¢ is highly anisotropic, and consequently each of the ground states
has an expectation value of its total angular momentum fi completely aligned along
the | axis (crystallographic 2). In other words, h ®i  h "i 0. Furthermore, both
states have equal and opposite I-components of their angular momenta, with h 'i

5 51. Intuitively, this corresponds to a classical Ising spin, with renormalized

moment 6, = 261 "] 'j"i, where 61 = 5 4 is the Landé g-factor, and one can

denote the two states "I and j#i. I plot visualizations of these states as projected
onto the ! eigenbasis. I plot in Figure 1.2 a visualization of the two ground

states projected onto the eigenbasis. This strong of a crystal anisotropy is

rarely found in nature, and can be quantified as the ratio of the two 6-factors:
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Figure 1.2: Visualization of the electronic ground state doublet of H.f in zero
external field, with j"i in @ and j#i in b. Shown are the coefficients of each state
when projected onto the ! eigenbasis, with the real part in blue, imaginary part in
red, and absolute square magnitude in black. j"i is approximately 2/3 occupation
of < =7i and 1/3 occupation of j< = 3i with an approximate C phase between
them, giving rise to a state withh 'i 55l andh ¢i h fi 0.



6k 62 =138 074 =18 6 [12].

Following Chakraborty [17], one can make what is known as the “Ising approxima-
tion”, in which all of the 17-dimensional ~ operators corresponding to the physical
observables are mapped to linear combinations of Ising variables ¥ acting upon

the subspace spanned by the ground state doublet. One can write

"= o F2 (1.9)

a=0G H |
where each coefficient -, is also a function of the applied magnetic field. However,
while this will renormalize the mapping for different external field strengths, for
experimentally-accessible field values the gap to the first excited state remains
sufficiently large that the spins maintain their two-state nature, making the Ising

approximation justified for all field values.

If one takes the Zeeman interaction and projects it down to the Ising subspace, one

is left with the Hamiltonian

Hzeeman = 61 ¢ T T (1.10)
. <

However, only some of these terms are finite, and in order to see the dominant effects,
one can gain an intuitive understanding through examining the effects of longitudinal
and transverse fields on the spin. First, if a longitudinal field is applied, there is
a simple Zeeman splitting of the levels, whose splitting is linearly proportional to
the external field. I plot in Figure 1.3 the dependence of the ground state doublet
energies on a longitudinal field, showing that it behaves identically to a classical

Ising spin with a renormalized moment “s,; = 6 88° =4 61 K/T.

The dependence on transverse field is more complicated. I plot in Figure 1.4 the
doublet levels as a function of external transverse field. The effect of the transverse
field can be split into two parts: one that changes the average energy of both of
the states cm, °", and one that induces a tunnel splitting , 6" between the two.
This splitting is responsible for quantum fluctuations, and arises from quantum
mechanically mixing the excited crystal field states with the ground state doublet.
For transverse fields 1 T, both of these are well approximated by a quadratic form
with ¢m, "= 535mK, ® : "?and , ®"=267mK, ® : "
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Figure 1.3: Dependence of the ground state doublet energies on a longitudinal field,
showing behavior identical to a classical Ising spin with a renormalized moment
“Ising =6 88° =461K/T.
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Figure 1.4: Dependence of the ground state doublet energies on a transverse
field. The transverse field both lowers the average energy cm, ° and in-
duces a tunnel splitting G that, for fields 1 T is well approximated by

"= 535mK, ®: "?and , " =267mK, © : "2
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Now I consider a spin in a fixed transverse field and a varying longitudinal field. For
high longitudinal fields, the Zeeman splitting is much greater than the tunnel splitting

Zeemann , & and the eigenstates are essentially the Ising eigenstates
"1 J#1, whose energy splitting is linear in the longitudinal field. However, as the
longitudinal field is decreased and the spin comes into resonance, there is an avoided
level crossing as the eigenstates are now quantum superpositions of the two original

Ising states. In this regime, where  zeeman I , %" the system is in resonance,

and will tunnel between states with a rate given by Fermi’s golden rule .,
1.3 Spin-Spin Interactions and the Dipolar Coupling

The individual spins in LiHoF, interact primarily through the magnetic dipolar
interaction—a long-range anisotropic interaction that generates quantum entangle-

ment between spins. I now consider the dipolar interaction term,

0677 ..., -
Hyy = — —! R TR (1.11)

between electronic spins gand 4. 9 =4cl10 7% is the permeability of free space,

£ = %% the Bohr magneton, 61 = 5 4 the Landé g-factor, and dipole-dipole matrix

ca g on_ X-ajfii> 3A7A3 . . A . .
" i Tl evaluated at relative coordinate fi = fgo = £ fig.

element !
LiHoF, has a body-centered tetragonal crystal structure with lattice constants 0 =
5175 and 2 = 10 75 and four Ho>* ions per unit cell [37, 51]. In terms of the unit
cell coordinates ,0 0 2”, their positions are at ,,0 % %”, ,00 %”, ,,% 0 }1”, ,,% % 0".
This amounts to a minimal distance of Ay, 3 73 between two Ho’* ions. The

corresponding magnetic interaction energy is  gjp = 18 5 mK.

If one maps the physical spin variables to the Ising spin-1/2 variables 8‘ L

a -afy, the interaction term gets mapped to

oo
L]

T e ¢ (1.12)
uv
with 4 4 = 16 different terms due to the different combinations of Ising spin
operators, and with each coefficient -, being a function of the external magnetic
field. However, due to the crystal anisotropy, not all terms have the same magnitude,
and this expression can be approximated by dropping the weakest terms. Through
numerical diagonalization, one can find that the largest effective interaction term is

8' 9' 7 fg' fg', which is larger than any other interaction term by two orders of
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10.75 A

Figure 1.5: Crystal structure of LiHoF, with Ho>* ions as the large pink spheres.

magnitude for the entire range of experimental fields, and so, within 1% accuracy,

the dipolar interaction can be well approximated by the Ising interaction,

«c p2e2
1

sin 06 ]
Hg™ = —— 1"l B (1.13)

that gives the interaction energy between two classical Ising moments. While
this Ising approximation to the dipolar interaction captures much of the qualitative
behavior of the phase diagram for LiHoF, , some phenomena can only be explained

by going past this Ising approximation, and using off-diagonal terms in the dipolar

interaction. In particular, the term al g can be intuitively understood as one spin
BI sourcing a classical transverse field ¢ on spin 9, which has a term I 06 fgI
that lowers the energy of spin 9, and TR faI fg that induces a tunnel splitting

(and thus quantum fluctuations) on spin 9. The former already has been proven
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necessary in quantitatively matching Monte Carlo calculations of the phase diagram
to experiment [28], while I will show in a later chapter that the latter term is important

in resonant cluster excitations.

The dipole-dipole interaction ! "2 fig,” has two interesting properties, which dra-
matically complicate system dynamics. First, the interaction strength !-fg;” dies as

ﬁ, and is thus long-range. If one integrates the dipolar interaction over a sphere
with radius 7, SinCﬁ t,he area of a spherical shell scales as  ”2, the integral diverges

logarithmically as 3A% log ”, and the dynamics of any single spin depends not

0
only its neighboring spins, but on all of the spins within the crystal. Alternatively,
this means that the full many-body system will have eigenstates at many different

excitation energies covering many orders of magnitude.

Furthermore, the dipolar interaction is anisotropic in nature, with ferromagnetic
( 0) coupling when the two spins lie along the Ising axis, and antiferromagnetic
(i 0) when spins lie in the plane. Because of this, the dipolar interaction can lead
to frustration, in which the system has many nearly-degenerate ground states since

local spin configurations cannot satisfy all favorable Ising couplings simultaneously.

1.4 Disorder and the LiHoyY1.xF4 Phase Diagram

Below the Curie temperature ), 1 53 K, LiHoF, orders ferromagnetically due
to the dipolar interaction between spins [23]. While the full spherical dipolar
sum is antiferromagnetic, LiHoF4 nonetheless self-organizes into long needle-like
ferromagnetic domains, as observable in scanning Hall probe measurements taken
from [43] and plotted in Figure 1.6, and magneto-optic images taken from [52].
The  “m size maximizes the ferromagnetic axial dipolar coupling, and has a
branching structure at higher fields, in which smaller shallow domains are formed

within existing domains spanning the length of the sample.

This ferromagnetic order can be broken either with thermal fluctuations, or by
introducing quantum fluctuations through the application of an external transverse
field. At) = 0, there is a quantum critical point at ¢ 49 T. The »-)
phase diagram is plotted in Figure 1.8. While LiHoF, behaves like a mean-field
ferromagnet (dashed line in Figure 1.8) at higher temperatures, as ) 500 mK,
the phase boundary departs from the purely electronic mean-field value upward to
a higher transverse field. This increased critical transverse field arises from the
hyperfine interaction between electronic and nuclear spins, which effectively locks

nuclear and electronic spins together, giving an effective renormalized moment.
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Figure 1.6: Scanning Hall probe image of LiHoF4 domains taken from [43], taken
on the 0-2 plane of the sample at ) =25 mK.
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Figure 1.7: Magnetooptic images of LiHoF,; domains taken from [52] with a lon-
gitudinal field of 0.7 T and a temperature of 1.3 K with image focused at: a the
top surface, b half the sample thickness, ¢ 3/4 of the sample thickness, and d the
bottom surface. The images show continuous needle-like domains throughout the
entire sample, as well as smaller branching domains that do not penetrate the bulk.
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This is reflected by a mean-field calculation including the hyperfine interaction

(solid line in Figure 1.8).

60 I | I 1 I I I
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Figure 1.8: Phase diagram of LiHoF, as computed from susceptibility measurements
from [12] showing the ferromagnetic (FM) to paramagnetic (PM) transition, with
a quantum critical point at ® 49 T and a classical critical point at the Curie
temperature ); 1 53 K. Filled circles are the experimental phase boundary, the
dashed line is a mean-field theory solution using only the electronic spin degrees
of freedom, and the solid line is a full mean-field theory incorporating the nuclear
hyperfine interaction.

The LiReF, family has the convenient property that its bonding chemical properties
are relatively independent of the choice of rare-earth ion Re. Because of this, one can
chemically substitute some fraction 1 G of the Ho>* ions with non-magnetic Y3*
ions, which do not carry an electronic moment. This gives the diluted compound
LiHoxY.<xF4 , which has quenched spatial disorder that can be represented by the
site-diluted Ising model (SDIM), in which each spin variable fg‘ | ngfg‘ now
carries an occupation number ng 2 fO 1g depending on whether the site is occupied
by a Ho** (ng = 1) ora Y>* (g = 0).

For modest dilutions G 0 5, the primary effect of the dilution is to re-scale the
dipolar interaction strength. As the chemical concentration goes down, the Ho**

ions become farther and farther apart, and the average dipolar interaction j+gp] G
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Figure 1.9: Phase diagram of LiHox Y| <F4 at zero transverse field as a function of
Ho** concentration G and temperature ) taken from [60]. For G j 0 5 the system
behaves as a mean-field ferromagnet with Curie temperature ); G scaling linearly
with G. For lower concentrations G 0 3, LiHoxY|.<F4 undergoes a spin glass
transition, and at even lower concentrations and the appropriate thermal boundary
conditions, LiHog 045Y0.955F4 enters a “decoupled cluster glass” phase denoted by
the arrow.

scales linearly with the Ho>* concentration G. I reproduce the )-G phase diagram
for the diluted LiHox Y .xF4 from [60] in Figure 1.9.

However, the quenched disorder from chemical dilution has more profound effects
than simply renormalizing the dipolar interaction strength. For the pure compound
LiHoF, , the crystal symmetry can cancel out the dipolar contribution on any spin
from its nearest neighbors. When considering the local environment on a single spin,
disorder has the effect of increasing the distribution in local fields, both longitudinal
and transverse, that any given spin experiences. Translated into our Ising model,
this can result in site-dependent random fields which can induce either random field

pinning (for local fields) or increased quantum fluctuations (for transverse fields

In the ferromagnetic state, the emergent effective low-energy degrees of freedom
for LiHoxY|.xF4 are the boundaries between ferromagnetic domains of opposite
sign, known as domain walls. If a longitudinal field is applied to the ferromagnet,

domains aligned with the field will tend to grow, while anti-aligned domains will
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tend to shrink, which can be mapped to the motion of a domain wall. While a rigid
planar wall is an idealization, and any real domain wall will have finite elasticity,
and hence a finite roughness, for dipolar-coupled ferromagnets, the long-range
nature of the dipolar-interaction tends to produce long, flat domain walls. This is
experimentally confirmed from the domain images of [43, 52] in the case of the pure
sample LiHoF, , but remains an open question for the domain wall structure for
the disordered ferromagnet LiHo, Y| «F4 . However, even though the domain wall
is more complicated than a simple one-dimensional particle moving linearly, the
dynamics are nonetheless described by a domain wall moving in a random potential
sourced by random longitudinal fields. In chapter 3 I will examine measurements
performed to probe the motion of these domain walls in the disordered ferromagnet
LiHoxYxFs4 .

For lower concentrations G 0 5, these effects become important, and LiHox Y| <F4
departs from mean-field ferromagnetic behavior, with a suppressed )7,6 05"

G)2,6 = 1”7 compared to the mean-field prediction. At low enough concentrations
and temperatures, LiHoy Y.xF4 enters a spin-glass phase, in which the system does
not develop any long-range order, but whose dynamics progressively freeze out at

lower and lower temperatures and become non-ergodic.

At even lower concentrations G = 0 045, the system dynamics become strongly de-
pendent on the thermal heat-sinking [64]. When put in direct contact with strongly
heat-sunk sapphire rods, the sample can dissipate energy through interactions be-
tween the sample phonons and the sapphire rods. This sets an effective phonon
linewidth , which changes the rate of dissipative, incoherent spin flips due to
phonon scattering. Alternatively, if the sapphire rods are pulled apart from direct
contact, the sample can only exchange energy with a Hysol epoxy form, whose
polymer structure significantly reduces its thermal conductivity in comparison to
the sapphire, thus reducing , and consequently, dissipation rates. An illustration

of these two heat-sinking configurations are reproduced in Figure 1.10.

In these two heat-sinking regimes, the difference in behavior can be seen in Figure
1.11, reproduced from [64], which shows the temperature dependence on the imag-
inary susceptibility for different sets of data in different heat-sinking configurations.
The left panel of 1.11 shows the frequency 5» at which j%,5” is a maximum as
a function of inverse temperature. For higher temperatures, all samples follow the
same thermally-activated Arrhenius form, while at lower temperatures some samples

depart from Arrhenius, as the weak dissipation prevents the LiHoyY|.xF4 phonon






