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Then the minimum-norm solution form=2 and w22, is

6ko
ﬁ“ T (l - a)“‘(“" + 1)(2”’ -+ 1)9 k = lv cesy W (67)

4.3.2. Selection of the weight S{w)

The choice of S{w) depends on the performance requirements set by the designer.
However, one can use as a guide a function Sy(w) determined by the model P(s). Let
{4, ... ¢, be the right half-plane zeros of P(s) and 1y, its time delay. Define

S o =5+
P.s)=T1] ———=Lexp(-1 (68
+( ,-Dl G+0) P (—1ps) )
Then the optimal sensitivity function in terms of minimizing the integral squared error
forastepinputis 1 — P, (s)}(Frank 1974;see also Kwakernaak and Sivan 1972). Hence a
reasonable choice is

S() = Sow) =1 ~ P (o) (69)

The above sensitivity function however is achieved only by a non-proper con-
troller. The properness requirement simply adds to (69) the condition that S$(o0) = 1,
even if there are no right half-plane zeros and time delays. Also note that though
5o(0) = 0, there is no need to choose S(0) = 0, since Q(z) and F(z) have been designed so
that the conditions (22)+25) are satisfied, which guarantee no steady-state offset under
modelling error, provided that stability is maintained.

4.3.3. Computation of «

The filter parameter x has to be adjusted in an effort to satisfy (55) and (63).
Equation (55) is equivalent to placing a lower bound o* on a. This can be obtained
from a Bode plot of (| Q(exp iwT)|I¥(w)) . If this quantity is never less than one, then
o* = 0. If it attains vaiues less than one, then a* can be found from the Bode plot of
a first-order filter so that (55) is satisfied. For example, if «, is the frequency at which
the above quantity becomes equal to 0-7, then a should be larger than approximately

exp (— Tw)), ie.
oa* =exp (— Tw) (70)

Note that as explained in § 4.3.1, the properties of F(z) in (64) are practically the same
as those of F(z) in (56) for a sufficiently large w. Subsequently one should obtain

Y(T)= min ( max L(w)) an
<a<l \O0<Ssowsx/T
where L{w) is defined in (63).

The above minimization can be done by simply computing L{w) for a number of
values for . The computational effort is very small. It is advisable however that one
write a = exp (— T/} where tis in [ 1¥, oo} with a* = exp (— T/7*) and minimize over 1.
Then it is, in general, sufficient to only examine s such that 1/ is in the frequency
range where any significant changes in the value of S(w) occur. The optimal 1 will be
denoted by 1, and the corresponding a by a,,. Both 7., and z,, are functions of T.
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5. Sampling-time selection
5.1. Sampling-time bounds
These are imposed from the following:

(a) Open-loop bandwidth: Let wy be the frequency at which | Pliwg)/ P(0)] = 07.
Then letting n/T be less than g, clearly makes no engineering sense. For
example, it may not be possible to take care of undesirable open-loop response
characteristics like overshoot described by a peak at a frequency less than wg,
since the controller can only guarantee good performance up to n/T. Therefore
one should choose

/T 2 wy (72)

(b) Expected disturbances: Let the frequency content of any expected disturbances
be negligible for frequencies larger than w,. Then Shannon’s sampling theorem
{Astrém and Wittenmark 1984) implies that if one wants to reconstruct those
disturbances then one has to use a n/T at least as large as w,. If not then the
aliasing problem will appear unless an anti-aliasing analogue prefilter is used.

(c) Prefilter: Since this is an analogue device, hardware and cost considerations
put a limit w, on how small the prefilter cut-off frequency can be. Hence one
should choose

7/T = min {wy, W} (73)

(d} Digital computer: It is clear that, depending on the particular machine to be
used and the total load that it should accommodate, there exists a lower bound
T on the possible sampling times. Combination with (72) and (73) yields:

comp

Tcomp < TS TZ/maX {(I)Bs min {wda wA}} (74)

5.2. Initial choice for T

The discussion in §4.1 on (57) which is illustrated in Fig. 3, indicates that a
reasonable starting point would be a T, such that

Tini\ = 7t/u"c o (75)

where w, is the smallest frequency at which | P(iw)|/1,(@) = 0-7(<> 1/l (w) = 0-7), since
such a T would tend to satisfy the robust stability condition (57) for F(z) = 1. If there is
no w at which this happens, then one can choose as w, the corner frequency at which
1/1(w) settles to its value for w — ow. T,,;, of course should be kept within the limits
specified by (74).

5.3. Iteration on the sampling time

The first step in each iteration is to design Q(z) and F(z) for a given 7. Then
depending on the value of the quantity y(T) defined in (71), either a new value for T'is
determined or the decision is taken to terminate the iteration. Two cases are possible:

(a) Y(T)> 1. Then the performance condition (63) is not satisfied; stability
however is guaranteed through satisfaction of (55). A smaller T should be used
next. If there has been no trial at a T where ¢ < 1, then a T, = T/10 (moving
7/ T to the right by one decade) is a reasonable choice. If the bounds of (74) are
violated, T should be set equal to the corresponding bound.
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(b) Y(T) < 1: Both the robust stability and performance requirements are satisfied
and therefore the design is an acceptable one. However, it may be that the same
requirements are also satisfied for a larger sampling time. To find the largest T
where the conditions are satisfied, defined as

To=max {T:y(T)< 1} (76)

one should increase T. If no larger T has been tried, then a reasonable choice is
to move /T by one or one-half decade to the left. If a larger T where yy > 1 is
known, then T,,,, can be chosen as the geometric mean of the two values.

Finally if no T can be found within the limits of (74}, for which ¥(T) < 1, that
means that the performance requirements set by the designer through the choice of
S(w) are too strict to be satisfied. The only course of action is to choose a different S(w)
and repeat the procedure. A plot of L{w) as a function of w for a = a,,, at the smallest
T that was used can help locate the frequency range where S{w) was too strict.

6. [lHustrations

The controller design for two systems will be presented. The first example will
serve as an illustration of the design procedure. In the second, the procedure will be
applied on a system that is difficult to control and a high-frequency external input will
be considered in order to demonstrate that fast sampling does not necessarily help to
achieve good performance.

6.1. Example 1
Let

= 3
S v

A delay-type uncertainty is assumed, i.e.

P(s) = P{(s) exp (—1ps) (78)
where

0 < 1p < 005 (79)
then (16) and (78) = | E(iw)| = /2 (1 — cos (w1p))!/? = (from (79))

for w > 20n

In(w) = { (80)
V2 (1 —cos (0:05w))*? for 0 w < 20m
and [(w) can be obtained through (19).
Bounds on T can now be obtained from (74). For the system of (77), wg = 0-92. The
assumption will be made that no high-frequency disturbances are expected (w, = wg)
and that T, — 0. Finally, no prefilter will be used (w, = o). Then (74) yields

O0<T<njwg=34 81)

Since P.(s) = 1, the only restriction on S(w) is that it is larger than 1 at w = o0. Its
shape depends on how strict a performance requirement one wishes to set. A Bode
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plot of | P(iw)| is helpful in this respect. For this design, a choice of

T2y
S(w) = 04[((02/102 ¥ 1)J

(82
is made based on the observation that at @ =2, | P(iw)] is small enough (x0-35) to
justify a relaxation of the performance requirement. Also S(ec) =2> 1. It should be
noted that the above choice is a rather strict performance requirement, but it is
justified because the system is not inherently difficult to control and the uncertainty is
small.

Equation (80) yields a value w_ = 31 and then from (75) we get T;,;, =0101. An
iteration on T according to the outline in § 5.3 yields the values shown in Table 1.

T W) 1/Topt ,
01013 122 77113 (x* = 0)
00101 090 6581 319
00320 098 7-124 41-0

Table 1.

At the final choice of T = 0-032, the controller Q(z) designed according to the rules
in § 3.2 is given by

_ 345:9(z* — 1-877z + 0-8797)

Q) e (®3)
and the filter for a = a,,, = exp (—T/1,p) is
020412
= e 4
F&) = o795 (84)

The controller for the classical feedback structure of Fig. 1(a) can be obtained
through (4).

In Fig. 4 (a) the response to a step set-point input is given for P(s)= P(s). In
Fig. 4 (b) a model-plant mismatch is assumed and P(s) = P(s) exp (—0-05s) is used. For
comparison, simulations are also given for a continuous controller

1+ D(s+3)

OF con(s) = 'jm

(85)

designed with the same performance condition and bound S(w). Also the controller
obtained by a Tustin approximation at T=0-032 of the classical feedback controller corre-
sponding to QF_,.{s) is simulated. It is clear that the design obtained with the
proposed design procedure performs robustly under modelling error. On the other
hand, the discrete approximation of the continuous controller tends not to be robust
and a smaller sampling time would be required to improve it. It should, however, be
repeated that this is a system which is rather easy to control and which was chosen
solely to illustrate the design procedure.



48

E. Zafiriou and M. Morari

1.5 1.5

PV T W

BT SO N W |

OUTPUT

] LA A A T B S |

8 B.S 1 e 8.5 1
TIME TIME
(@ (b}
Figure 4. Example 1, step set-point response: (a) P = P, (b) P # P, 15, = 005; Q()F(z),
T = 0032, ——— QF ,.{s) ~ + — Tustin approximation of QF . {s) for T =0-032.
6.2. Example 2
Let
—05s+1
Psj=K——r e - 86
G =Ko+ P (7Y (86)
where
095 < K <105 87
035<€1, <045 (88)
and the nominal values K = 1, 1p = 04 are used for the model Ps).
The |E(iw}| = |K exp [{(04 — tp)w]— 1] and after some algebra
2:05 for > 20n
I(s) =< [2:1025 — 2-1 cos (0-05w)]*'? for 107 < w <207 (89)

| [2:1025 — 19 cos (0-05w)}'? for 0<w <107

For this system wg=1-2. High-frequency disturbances requiring an w, =63
(n/wy = 0:05) are considered possible and Ty, is assumed to be practically zero. Two
cases will be distinguished with respect to the use of a prefilter:

Case 1. No limitations on the use of a prefilter, i.e. w, = 0. Then (74) yields
0<T<njwg=26 (90)
Case 11. No prefilter can be used. Hence w, = oc and from (74)

0 < T < njw, = 0:05 ©1)

In Fig. 5 a plot of Sy(w) is shown. ${wj is chosen as

((.02/0'12 + 1):]3/2

(w*+1) ©2)

Slw) = 0-4[
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1
18

le l _ 1 TrT l‘ll]l _ TV T T ('I'IT' ¥ LER) |1(1|] 1 1 LY
18 18 1 18 10
FREQUENCY (RADIANS/TIME)

Solw), ——~~ S(w).

Figure 5. Example 2:

so that (69) is satisfied. It is clear that the non-minimum-phase elements in P(s) limit

the achievable performance even for no modelling error (Holt and Morari 1985 a, b).
Equation {89) yields &, = 30 and then from (75) we obtain T,,,, = 0-105. This T}, is

outside the bound in (91) and therefore in Case Il a T, =005 will be used.

Case 1. A second-order Butterworth prefilter with a cutoff frequency of n/2T is
selected for each sampling time. The iteration on T yields the values shown

in Table 2.
T ‘/’( T) l/ Topl 1‘
0-103 0963 2157 0
0-331 1-027 2603 0
0186 0986 2317 0
0-248 1-000 3-070 0
Table 2.

For the final choice of T = 0-248, the controller Q(z) and the filter F(z)
are given by

2 —1-150z + 02889

Fi(z) = 1-458°
ok ) 5 22— 1-088z + 02900 ©3)
The anti-aliasing prefilter is
1
AlS) = 50229957 1 022365 7 1 ©4)

Case 1. For T=T,,;, =005, y(T)=0936 <1 and therefore this is the final
choice since (91) allows no larger T. We have 1/1,, = 2062 <w, =27
which yields

22 — 1770z + 07788
Fu(z)=1-
QFu(z) = 10585 350652 + 08159

(95)
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The response of the two control systems to a high-frequency disturbance

1 1

d(is)y=-- 3

s (0-001003s* + 0-006334s + 1)
justifying an w4 = 63, is shown in Fig. 6 (a) for P(s)= P(s) (K =1, 15 =04) and in
Fig. 6 (b) for K =105 and 7, = 045. The two designs are robust to model-plant
mismatch and behave quite similarly. This was to be expected because the faster
sampling in Case II does not aim at a faster response, but at avoiding the aliasing
problem that would appear if no prefilter were used. The speed of response is
determined by the robustness requirements. To demonstrate this, we shall proceed to
design the controller Q(z} for the particular input u(s) = d(s) for T =0-05 and ignore
any robustness requirements. Equations (33)H41) are used to obtain Qg(2) and then
(44) yields

(96)

0-8000z* — 1-250z% + 1-0932% — 1-222z + 0-5947
z3(z — 0-9045)

Q42) = 6247 o7
One can see in Fig. 6 (a) that the response is faster, though not much, since as
mentioned earher the non-minimum-phase elements limit the achievable perfor-
mance. However, even this small improvement for the nominal case (P = P) is paid for
by instability in the presence of modelling error as Fig. 6 (b) shows. Note that for
Q = Q4 and =0, (55) is not satisfied, therefore indicating potential instability.

2= 27

ouTPUT

-8.5 T T T T
g 1 2 3 45 6 7
TINME
(a) (&)
Figure 6. Example 2, response to d(s): (a) P = P, (b)) P#P, K =105, 1p = 045, ——— QF(z);
T =0248; ———— QFyz), T =005, - - - Qy(z), T = 0-05.

7. Conclusions

Two main goals were accomplished in this paper. The first was the derivation of
conditions that guarantee robust stability and performance for sampled-data systems
and the development of a controller synthesis method. The conditions that were
obtained can easily be checked and the computation effort required for the design is
small. Any particular external input (set-point or disturbance) can be considered and
the performance requirements are defined through a designer-specified frequency
weight for the selection of which guidelines are given.
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The second goal was the illustration of the effect of the sampling time on the
achievable performance and the robustness properties of the control system. These
relations were quantified in an iterative procedure for robust controller design and
sampling-time selection. This design procedure has the advantage that it can easily be
programmed on the computer in an interactive form.

Appendix A. Proof of Theorem 1
The disturbance d(s) is fed through A(s) before it is sampled and therefore for no
offset it is clear that we need

lim £~ *{d(s) — A(s)d(s)} =0 (A1)

time— ©

Application of the final-value theorem on (A 1) yields
lim (s[1 — A(s)}d(s)) =0 A2
10

Since (A 2) must be satisfied for all d(s) with m or less poles at s = 0, we need [1 — A(s)]
to have m zeros at s =0, which will be the case if and only if (24) and (25) hold.

Equation (A 1) implies that lim 2~ '{d*(z)—d%(z)} =0 or lim (1 —z"%)x

time —+ o z—1
[d*(z) — d%(z)]) = 0. Hence for offset considerations, d%{z) can be substituted for d*(z)
in (13). Consider an external input (s} and let
v}z =22 {(s)} (A3)

Then for both cases: (i) t*(z) = — r*(2), d%(z) =0, (i) v*(2) = d%(2), r*(z) = 0, {13) yields
after substitution of 4% for d*:

1 — F()Q()P%:) + F2)QUE)[PY(z) — PHE)]

e N Y T TE [T E R e I
Assume P = P; then (A 4) becomes
Y*z) —r*(2) = [1 — F2)QE)P*(2)]v*(2) (A53)
The final-value theorem implies that for no offset we need
ll_{r; (1 =27 Y[1 = F2)QE)P*2)]e*E) = 0 (A 6)

If v(s) has I poles at s = 0, then from (A 3) it follows that ¢*(z) has I poles at z = 1. Hence
(A 6) will be satisfied for all I < m if and only if (1 — F(z)Q(z)P*(z)) has m zeros at z = 1,
i.e.if and only if (22) and (23) hold. Note that (A 1) means that the steady-state value of
a signal in the class of inputs considered, going through [1 — A(s)] is zero. This will
remain zero even after passing through some other stable systems, say P or P. Hence
lim (1 — 2™ Y[P4(z) — P*@)]e*(@) = lim (1 — 2~ Y)[P3() ~ P*@)v*(=) =0
z—1 z—1

and therefore
1i_{r11 (1 — 271 = F@)Q(2)P%(z) + F(2)Q(2)[ P%(z) — P*(2)]]v*(2))

=lim (1 -z )[1 ~ F@)QP*@)]r*(z) =0 (A7)
z=1
Then from (A 4) and (A 7) it follows that the offset is zero even when P # P. Hence
conditions (22), (23), (24) and (25) are all that is needed.
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Appendix B. Proof of (41)
Sampling of (28) yields
y*2) = PH2)0()r*(2) + [1 — PX(2)0(2))d%(2) B1)
Note that to obtain (B 1) from (28) we have to assume A(s) = 1. If this is not the
case, then we should use d%(z) instead of d*(z) in (B 1), which yields
y¥(2) = PH2)Q)r*(2) + [1 ~ P(2)Q(2)]d5(2) (B2)

This equation cannot be obtained from (28) by sampling. However it can be used
for control purposes because using an A(s) # 1 means that we opted for the rejection of
A(s)d(s) instead of d(s).

Qs:(2) 1s the stable proper rational function which minimizes ®:

o= é:o (Z " Hr*@~y*e))? (B 3)
Then by substituting (B 1) or (B 2) into (B 3) we obtain
0= 5 (27301 - PPN ® 4

whether ¢ is a set-point (v =r, d =0) or a disturbance (r =0, v=d or v = Ad).

We now have to perform the following to assure that we shall obtain a proper Q.
From (33) we see that because of the time delay, Q@ does not affect the first N + 1 terms
in (B4). If v*(z) also contains a delay N ie. zMr*(z) is semi-proper, then this
introduces an additional number of N, terms in (B 4} which are not affected by Q. By
using (35) we obtain

[1~ P*2)Q(2)]e%(2) = 2 M [Mer(z) — PH)Q(2)=Nv%(2))
=z Mgtz 4 Loy Ny 4z NN
X [Oneg +0xe22 4 o = ZNIPFRQ) N 2)] (B S)

It is clear that in (B 5) the first term of the right-hand side involves only the first
N,.+ N+1 terms in (B 4) while the second, which contains 0, involves only the
remainder of the terms. Hence minimizing @ is equivalent to minimizing ®:

o=, hf (Z 7 RN ) — 2 PR EQE) e
=N.+N+1
=§0 (2 Mo — N PHQE @) (B 6)

where v#(z) is defined in (36).
By applying Parseval's theorem on the right-hand side of (B 6) we obtain

o= -217;[ [t¥(exp i6) —exp [i(N, + N + 1)8]P*exp i8)Q(exp if)r*(exp i6)| db

B7

For the P%(z) and v%(z) defined by (37) and (38) we can easily check that
|Pt(exp if))=1 for —n<O< (B8)
[vh(exp if){=1 for —m<O<n B9
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since any complex zeros of P*(z) and v*(z) come in complex conjugate pairs.
Use of (39), (40), (B 8) and (B 9) in (B 7) yields

=—~J |[P*(exp if)p* (exp i6)] " 'viexp i6) exp (—if)

— P*(exp if)r* (exp i0)Q(exp i6)|* dO (B 10)

Define
£1@) = (Pt (2) o)z ™! (B 11)
fo2) = PX(2)v* (2) (B 12)

Then £,(z)Q(z) is strictly proper and stable (poles strictly inside the unit circle) except
possible for some poles of f5(z) at z = 1. fi(z) is strictly proper but not stable. Write

)= {/i@)}+ + {£(}- (B 13)

where {/,}, contains only the unstable poles (strictly outside the unit circle), and
{f,} - only the stable poles. Any poles at z = 1 are included in { f;} -. The reason is that
we shall assume at this point that the optimal Q(z) is such that these poles are
cancelled in both f; — 5,0 and {f;}_ —f,0Q. It should, however, be verified that the
optimal Q has this property. We can obtain {f;}, and {f;}. from f;, by partial-
fraction expansion. The constant term is zero since f,(z) is strictly proper.

Let L,(—n, m) be the space of functions f(exp if) which are square-integrable with
respect to 8, ie. for which

j" | flexp i6)]? df < o (B 14)

The inner product in this space is defined by

kv =5 [ T 0) a0 ® 15)

where the overbar indicates complex conjugate. Then by using (B 10) to (B 15) we
obtain

O=C{fite + (i) —LO AN} + i) - -0
=<{f1}+’ {f1}+>+<{f1}- ‘fZQ’ {fl}— '"sz>
+ <{f1}+’ {f1}~ _fZQ> +<{f1}— '—sz, {f1}+> (B 16)

Note that the first of the four terms in the right-hand side of (B 16) is independent
of Q. As for the last two, they are both zero because they represent the inner products
between a strictly proper stable and a strictly proper but totally unstable function and
these two subspaces of L,(—x, m) are orthogonal (Francis and Zames 1983).

Hence our problem reduces to minimizing {{f;}- — 0, {/fi}- —/2Q0). The
obvious solution to this is

Qselz) =17 '(2) {L(2)} - B 17)

Note that the above Qg(z) is stable and proper. Also we have {f;}. ~f0¢ =0

and f; — f,0se = {1} +, which has no poles at z = 1 and therefore the assumption that
Q is such that the poles at z =1 cancel out in both f; ~f,0 and {f,}- —f,0 holds.
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Hence the above Q(z) is acceptable and therefore it is the solution we were seeking.
In the case of set-point-following where future values of the set-point are supplied
to the controller, which we want our system output to follow after N, time steps, the
objective function @ in (B 3) should be written
=) (Z Yz Nr*2) - y*2)}) (B 18)
K=0
By following the same steps used to find Qgg(z), we can easily see that (B 17) is

obtained, but with v#(z) substituted with v} (z) in (B 11), where v} (2) is defined by (42).

Appendix C. Proof of Theorem 3
The following lemma will be used.

Lemma
Let h(/)=(1 — a)/(1 — ad). Then

E®(2) = (1 — aklok(1 — ad)~*+D (Cy
where the superscript (k) denotes the kth derivative.
Proof (by induction)
k=1 —ih(),):(l-—a)z(i—ai.)'z
ds

k=n Let K™(2) = (1 — a)nla™(1 —a2)~ "+ D (C2)
k=n+1 From (C 2) we get

K+ 0y = (1 — a)n!a"%(l — )" = (1 —@)(n+ Dl (1 —ad)"@+D ]

Proof of Theorem 3
Equation (32) is equivalent to

%F(Z")A=!=O, k=1,....m—1 (C3)
From (57) we get
F(2~Y=T()h(2) (C9
where
T(A)=Bo+ B4+ ... + A" (C5)
From the Lemma we get
K1) = kla*(1 —a)~% (C6)

then (C 3) for k=1 yields
YA + LAY 1) =0
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or

1) = — k(1) = — a1 —a) €

We shall now show that (C3) for k=2,...,m—1 yields T®(1)=0for k=2, ...,
m— 1. The proof will be by induction. o

k=2 Equation (C 3) for k =2 yields
(A1) + 2 DY) + TP =0
or by using (C 6) and (C 7)

rMmn=0
k<nfor2<n<m-1

Let I'®(1)=0 (C 8)
k=n+1 Equation (C 3) for k=n+ 1 yields, because of (C 8)

e A1) + (n + DIOOAY(1) + DA (1) =0
or by using (C 6) and (C 7)

re+ii=0
Hence by induction
‘1 =0, k=2,...,m—1 (C9)
But one can easily see that
i B,
: =N,| : (C 10)
re=i) B
and therefore Theorem 3 follows from (C 7), (C9) and (C 10). O
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Addendum to Chapter III.
The following equation is entirely equivalent to (41), but rather simpler to
use. It is obtained as a special case of the general MIMO controller, described by

Theorem 2.2.2 of Chapter VI for open-loop stable or unstable systems.
Qsp = (P2(2)v2(2)) {(P1(2)) 2V vE (2)} (41')

where the notation {.}. indicates that after a partial fraction expansion is taken,

only the strictly proper terms corresponding to the poles of v* (2) are retained.
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Abstract

The problem of the direct design of the closed-loop transfer function matrix is
addressed for multivariable discrete systems. The limitations imposed by unstable
zeros, time delays and the structure associated with these are quantified. A design
procedure is formulated that provides the designer with quantitative measures for
evaluating the tradeoffs between different closed-loop interaction structures and
durations. The problem of intersample rippling is also considered. The proce-
dure requires only linear algebra operations, includes the eventual construction
of the feedback controller in state space and is presented in a way that allows its

straightforward computer implementation.



59

1. Introduction

One can find in the control literature numerous different types of criteria for
synthesizing or evaluating a control system. In most cases a number of perfor-
mance considerations is lumped together into some objective function, which is
then optimized with respect to the control system. Such approaches have been
proven satisfactory in many cases. However there are situations in which one can-
not simply optimize a single scalar objective function. In process control, such a
case is that of setpoint tracking for multivariable systems. Quite often it is neces-
sary to look at the closed-loop transfer function matrix relating the setpoints to
the process outputs and require that certain elements of the matrix are equal to
zero, so that setpoint changes in some outputs do not upset other important ones.
Also, one may sometimes wish to allow such closed-loop interactions in order to
improve setpoint tracking for the important outputs at the expense of upsetting
less valuable ones. The same arguments carry over to certain cases of distur-
bance rejection. The paper treats setpoint tracking and disturbance rejection in
a uniform way.

2. Achievable Input/Output Mappings

The discretized plant is described by the transfer matrix P(z), which is ob-
tained by adding a zero order hold in front of the continuous plant and then taking
the z—transform P(z) is assumed to be square.

Let H,;(z) denote the transfer matrix between output o and input i. We can

define the following relations with respect to Fig. 1.

H, =C(I+PC)™? (2.0.1)
Hyqg=—H,, (2.0.2)

H,, = PC(I+ PC)™' = PH,, (2.0.3)
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Hyg=(I+PC)'=I-Hy, =1—PH,, (2.0.4)

From (2.0.4) it follows that if the control system provides good setpoint tracking
(Hy,r = r) then one has also good disturbance rejection (Hygd = 0), provided
that the disturbance d is of a type similar to the setpoint r. If this is not the case,
then one has to design a Two— Degree—of-Freedom controller (Vidyasagar, 1985),
whose design can actually be separated into designing two different controllers C,
one for setpoint tracking and one for disturbance rejection and then appropriately
combine them in one unified block structure (see, e.g., Morari et al., 1987). Hence,
it is sufficient to cover here only the design of C (Fig. 1) for good setpoint tracking
or disturbance rejection.

From (2.0.1) we can obtain
C =H,{I - PH,)™ ! (2.0.5)

and so designing C is equivalent to designing H,,, which is the IMC controller
(Garcia and Morari, 1982) or the parameter of the Q -Parametrization (Zames,
1981). It can be shown (e.g., Callier and Desoer, 1982) that necessary and suffi-
cient conditions for the internal stability of the system in Fig. 1 are

Condition C1:

i) Hyr stable

ii) PH,, stable

iii) Hy, P stable

iv) (I — PH,,)P stable
C1.i,iii,iv are implied by C1.i if P is stable. Hence the following assumption,
which will be made throughout this paper allows to consider only C1.i:

Assumption Al: P is stable.

It should be pointed out however, that for setpoint tracking, the above assumption

need not be made. In that case, the use of the Two—Degree-of-Freedom structure
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makes it sufficient to consider Cl1.i only, even when P is unstable. The problem
is then reduced to the one discussed in this paper in which A1 holds (Vidyasagar,
1985; Morari et al. 1987).

The controller C(z) has to be causal since future measurements of the plant
output are not known. It follows from (2.0.5) that an equivalent condition is

Condition C2: H,, causal

One can see from the above discussion that the control objective can be
reduced to finding an Hy,(z) with the desired structure and properties, which can
be produced through (2.0.3) by an H,,(z) that satisfies C1.i and C2. However
looking only at Hy,(z) for checking the performance of the control system may be
insufficient because of the phenomenon of intersample rippling. This phenomenon
is present when H,,(z) has poles near (-1,0) which are cancelled by zeros of P(z)
in (2.0.3). Hence, in order to make it sufficient to judge performance by looking
at Hy,(z) only, Hy,(z) must also satisfy the following condition.

Condition C3: Hy, cancels no zeros of P that are “near” (-1,0).

One can use a number of different regions on the z-plane to define “near”
(-1,0) (Astrom and Wittenmark, 1984). A simple and satisfactory in practice way
to do that, is to include all zeros with negative real part (Zafiriou and Morari,
1985).

3. Characterization of All Permissible Hy.(z)

From (2.0.3) it follows

H, =P 'H,, (3.0.1)

Hence the conditions of section 2 on Hy, can be translated into the following
condition on Hy,:

Condition C4: H,, is a stable, causal transfer matrix that makes P“IHyr
causal and cancels the poles of P! (zeros of P) that are outside the unit circle

or near (-1,0).
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The time delays in P(z), which make P~! non-causal, appear as zeros at
infinity. We shall now exploit this fact to make the treatment of time delays and

undesirable zeros of P uniform. The transformation A = 2z~ ! will be used. Define

PO E P Y & P(2) (3.0.2)
By € H,(AY) & Hy(2) (3.0.3)
Let ay,...,as be the zeros of P(z), which according to C4 we do not wish to appear

as poles of P(z)~1Hy,(z). These will appear in P(A)~! as poles at b,...,bs where

bi=1/a;, i=1,...,f (3.0.4)

The time delays in P(z) will give rise to zeros at 0 in 13()\) and consequently
the non-causal terms in P(z)~! will produce poles at 0 in 13()\)‘1. Hence C4 is
equivalent to:

Condition C5:

i) Hyr(2) is a stable, causal transfer matrix

ii) P(A\)~1H,,(\) has no poles at b, bs,...,bs.

In the above the following notation was used:

bo =0 (3.0.5)

Some additional notation and definitions are now needed. P(z) (and P(})) is
assumed to have dimension r X r and to be of normal rank r. In the following it
will be assumed that 1:"()\) has no poles at bg,...,bs. This is certainly the case
for by since all elements of P(z) are proper, but in general P(z) may have poles at
ai,...,ay resulting in poles at by,...,by in 13(}\) The existence of poles and zeros
at the same location is a clearly multivariable characteristic (Kailath, 1980). The

assumption that this is not the case for P(z) serves in considerably simplifying
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the notation and it is not restrictive since such a phenomenon is caused by exact
cancellations in det[P(z)] which will not happen if a slight perturbation in the

terms of P(z) is introduced. Let {ng,n1,...,n7} be a set of integers greater or

equal to zero, such that

P®(,)=0, ((k=0,...,n;—1),5=0,...,f) (3.0.6)

rank[P(™) (b)) #0, i=0,...,f (3.0.7)

where P(¥)()) is the kth derivative of P(\). Also let my,é = 0,...,f, be the
order of the zero b; of P()\} as this order is defined from the Smith-McMillan
form of P(\) (Desoer and Schulman, 1974). The computation of m; without

going through the Smith—McMillan form is briefly discussed in Section 4.2. From

(3.0.8), (3.0.7) and the definition of the order of a zero, it follows that

m; > ng, t=0,...,f (3.0.8)
The following theorem quantifies C5.ii:
Theorem 1.
Condition C5.ii holds if and only if both (a) and (b) hold:
a) H,,(\) = (A=b)"H;(\), i=0,...,f
where IIT,-(A) is a rational r X r matrix in A, with no poles at b;.

b) for any i = O0,..., f such that m; > n;, the columns of

fr(0) (p \T 1 fr(mi—ni—1) 3 \T|T
[Ht (b3) (mi —n; — 1)!Hs (bl) ]

are in the column space of

[ P (b) 0 0 X
def zn;—lkljlp(m—*-l)(bi) ;IEP("‘)(bi) 0

(3.0.9)

i m.-l—l !p(m“l)(b,‘) mﬁ(mg—ﬂ(bi) nl‘_!ﬁ(ne)(b,')-
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where the superscript (k) indicates kt* derivative and T the transpose of a matrix.

Proof: See Appendix A.

The value of Theorem 1 lies in the fact that it provides a characterization of all
acceptable I;Ty, (A) without requiring the inversion of 13(/\) The theorem applies
to the general case. However in practice one is usually faced with a situation
where the order of the zeros aj,...,a; of the model P(z) is equal to 1. Hence
of the zeros bo,b1,...,b5 of P()) only b has an order larger than 1. The fact
that bp is equal to zero (Eq. (3.0.5)) can then be used to obtain a simpler form
of Theorem 1. The following two Corollaries describe these situations:

Corollary 1.

Let the order of the zero a; of P(2) be equal to one. Then P(A)~1H,,()\)
has no poles at b; if and only if the columns of ﬁyr (b;) are in the column space
of P(b;)(= P(a;))-

Proof: It follows directly from Theorem 1 for m, = 1.

Corollary 2.

Let P(z) have the impulse response coefficient description

P(z) = 27N (4o + A1z7" + 42272 +..) (3.0.10)
where
rank[Ao] # 0 (3.0.11)
N>o0 (3.0.12)
Then
no=N (3.0.13)
Ao cee 0
My = : .o (3.0.14)
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and ﬁ()\)“lﬁy,()\) has no poles at bg = 0 if and only if both (a) and (b) hold:

a) Hy,(\) = AN Hy(X) where Ho()) is a rational matrix in A with no poles
~at bg = 0. |

b) if mo > N, the columns of [H{?(0) ... (—m—oj_—lﬁ_—_-ﬁ—, Aém°“N"1)(0)T]T are
in the column space of Mg.

Proof: From (302) we get P(A) = P(A™1) = AN (Ao + A1) + 4202 +...).
Equations (3.0.13) and (3.0.14) can now be obtained by repeated differentiation
and evalﬁation at A = 0. The rest follows as a restatement of Theorem 1 for this

special case.

4. Construction of Hy,(z).

4.1 The Form of Hy,(z).

Theorem 1 and its Corollaries quantify the restrictions that are imposed on
H, from the zeros and time delays. The designer can select any overall transfer
function Hy, he considers appropriate for the particular system, provided that
it satisfies those restrictions. The choice can be made between decoupled and
non-decoupled response and the location of the non-zero elements of Hy,(z) can
be directly specified. A detailed procedure for doing so will be developed in this
section and quantitative criteria for the evaluation of different designs will be
obtained. Before proceeding, the form of the non-zero elements of Hy,(z) should
be discussed. The possibilities are of course infinite but three simple rules will be
stated and the reasoning behind them briefly explained.

Rule 1. For a given set of locations for the non-diagonal elements of H,,
which are allowed to be non-zero, the design should be such that in each diagbnal
element of ﬁy,(A), every term (A — b;)%,1 = 0,..., f, has the smallest possible

 power K;.

Rule 2. If in a diagonal element of H yr(A), a factor (A — ;)% has to appear,

(1=b7 1) (A—b;)"s
(1=bg)=i (A=b] 1)~

then one should use the factor if b; has positive real part and
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the term %:%))ﬁ otherwise.

Rule 3. The non-zero, non-diagonal elements of A, yr(A) should have the form
X (Bo + Bid + ...+ BuAP)(1 = A).

The reasoning behind Rule 1 is that one wishes the effect of the undesirable
zeros and time delays on the response of an element of the output vector to the
corresponding setpoint or disturbance, to be as small as possible.

The problem that Rule 2 addresses is exactly the same as the one for the
SISO case. Rule 2 is a rule obtained by Zafiriou and Morari (1985). Briefly, it
introduces the pole at the inverse of the zero in order to minimize the sum of the
squared errors to an external step input. In the case where the zero has negative
real part this action would introduce intersample rippling, which is avoided by
making a deadbeat type selection. At the same time no significant overshoot or
undershoot appears. It is also possible to do the design for external inputs other
than steps. This would result in a different expression for the factor in Rule 2
(Zafiriou and Morari, 1986a), which however can be used without any changes in
the procedure that will be developed in the following sections.

Rule 3 makes sure that the steady—state gain of the non-diagonal elements
of Hy,(2) is zero, by including the term (1 —A) « (1 —271). Also the parameters
Bo, - - ., Bv have physical meaning because 27 %(8o + f127 1 +...+ B, %) is the step
response for the corresponding pair of system output and external input. Hence
one wishes to have v small and at the same time the magnitudes of f§y,..., 5,
to be small. The trade—off between these two goals will be discussed in section
4.3.iii.

The above three rules are not really restrictive and they will simplify the
design procedure. It should be noted that as a result of those rules, the closed—

loop steady-state gain will be

H,1) =1 (4.1.1)
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Hence the control system will be such that no steady-state offset is produced for
external inputs r (or d) with one pole at z = 1 (step-like inputs). For inputs
with more poles at z = 1 (ramp-like, etc.), the no—offset property holds when the
appropriate factor is used in Rule 2 (Zafiriou and Morari, 1986).
4.2. Zeros of P(z)

The first step towards the construction of Hy, is clearly the computation of
the zeros of P(z) and of their respective orders as well as the computation of the
order mg of the zero by = 0 of P(A). For a square system P(z) the zeros can be
computed as the roots of det|P(z)] = 0, provided that there are no cancellations
with any poles. Numerically better techniques for the computation of the zeros
can be found in the literature (Laub and Moore, 1978) and a number of software
packages for this computation exist.

The following theorem provides a method for computing the order of a zero
without having to find the Smith-McMillan form.

Theorem 2. (Van Dooren et al., 1979; rephrased)

Let -
[m,P("e)(b,-) 0 ]
M & : : (4.2.1)
[ P 0 (b:) nli,ﬁ("‘)(b,)J
then
m; = min{k|rank[M; ;] — rank[M; x_1] = r}, 1=0,...,f (4.2.2)

It was mentioned in Section 3 that usually in practice the order of the zeros
bi,...,bys is one. Theorem 2 is then useful in computing the order mg of by. In

this case Mo can be written in terms of the impulse response matrices defined
in (3.0.10):
Ao ... O
Mo = : . (4.2.3)
Ar_Nn ... Ao
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The discussion of some computational aspects is necessary at this point.
Theorem 2 explicitly requires the computation of the rank of M; i for all k =
n¢,...,m;. Also in order to use Theorem 1 effectively in a design procedure it is
necessary to reduce M;(= M; m;—1) in (3.0.9) to a form with linearly independent
columns so that a basis for its column space is available. The Singular Value
Decomposition (SVD) is a very reliable method for both purposes. However, its
application on the matrices M;x whose dimension can grow very large might
be difficult and time—consuming. Van Dooren et al. (1979) have exploited the
Toeplitz matrix form of M; x to develop a fast recursive algorithm that performs
the rank search in a numerically stable way. In each step the rank of M;y is
computed for some k by obtaining the SVD of an r X r matrix. At the same time
M; 1. is reduced to a form with linearly independent columns. Hence to obtain m;
and an orthonormal basis for the column space of M; one has to obtain the SVD
of only (m; — n; + 1) matrices of dimension r X r.

4.3 Design of a Column of Hy.(z)

The requirements of Theorem 1 apply to each column of H,, separately and

so each column can be designed independently. Let us write

Hy(2) =[h1(2) ... he(2)] (4.3.1)
where hj(z) has dimension r X 1,5 = 1,...,7. Also let
hi(A) = h;(A7Y) = hi(2), F=1,...,r (4.3.2)

We shall now proceed with the design of iLJ-(A) for some j. Let U; be a matrix
whose columns form an orthonormal basis for the column space of M; given in
(3.0.9). U; can be obtained from M; with the procedure of Van Dooren et al.
(1979) briefly discussed in Section 4.2. Also let

pi = rank|[M;] = rank|U;] (4.3.3)
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According to Theorem 1 we must have

hi(A) = (A =b;)%h;i(A), i=0,...,f (4.3.4)
where
def (3 1 A (my—n;—
Nji = [hg'?i) (6" (mi —ni — 1)!h§',i 1)(b")T]T (4.3.5)
is a linear combination of the columns of Uj, i.e.,
nji = Uix; (4.3.6)

where x! is any vector of dimension p;. The freedom allowed in the choice of x}
will now be gradually reduced by requiring certain properties for iz,- (A), according
to the designer’s specifications and decisions. First, the limitations imposed by
the desired structure of h; will be quantified. Then, the undesirable zeros and
time delays that have to be present in the diagonal element will be determined
and the design of this element will be reduced to that of a SISO system. Finally,
the non-diagonal elements will be designed so that the closed-loop interactions are
minimized. It should be pointed that if for some ¢ we have m; = n;, then part (b)
of Theorem 1 and therefore (4.3.6) do not apply for that ¢ and so all equations in
this section corresponding to that particular ¢ should be ignored.

i) Structure of h;

Let the design specification be that the £y,£3,...,¢; elements of h;(z) be

identically equal to zeros, where
g<r—1 (4.3.7)

be#3, k=1,...,9 (4.3.8)

We shall use £ to denote the set

e ¥ {ey,..., 0} (4.3.9)
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Define
F¥ 12,1} -} —¢ (4.3.10)

Let

def

ex = [0...0 1 0...0]T (4.3.11)

where the 1 is the kt* element and ex has dimension r X 1.

Define

eT

I

def .
o (4.3.12)

T

ez,

g def ,. ¢ ¢ .
A; = diagle®,..., e, i=1,....f (4.3.13)
L

In order for the specified elements of h; to be zero, the vector x! must solve:

Afnji=0
or
AfUx} =0 (4.3.14)
Let
pf = rank[AfM,-] = ra,nk[Af-U.-] (4.3.15)

Then p; > pt. Hence the null space of AU; has dimension
& = pi — pf (4.3.16)

Let Vi be a matrix whose columns form an orthonormal basis for the null space of
AfU;. Both V£ and p¢ can be obtained from an SVD of AfU;. Then the solutions
to (4.3.14) are:

xi =Vix¢ (4.3.17)

where x? can be any vector of dimension ﬁf when £f #0. If £f = 0 then of course

VEf=0and x! =0.
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Hence we must have
nji = UiVix} (4.3.18)

where 7,; was defined in (4.3.5). Note that (4.3.18) includes the case ¢f = 0,

where V! = 0 yields n;,; = 0.

ii) Diagonal element of h;

We shall now proceed with the determination of the jt* element of h;. Up to
this point no assumption has been made on the order of the zeros bo,by,...,b;.
However if more than one zero has order larger than 1, then the number of possible
choices to be examined at this point could grow enormously. On the other hand,
in practice one is usually faced with a situation where the order and degree (as
defined from the Smith-McMillan form (Desoer and Schulman, 1974); also see
Lemma A.1 in Appendix A) of the zeros ay,...,a5 of P(z) and therefore of the
zeros by,...,bs of 13(/\), is equal to 1. The following assumption will be made

here to simplify the procedure.

Assumption A2: The degree of the zeros aj,...,as of P(z) is equal to 1.

No assumption is made however about the zero bg = 0 of 13(/\) corresponding
to time delays in P(z). We shall examine the two cases separately.

a) bi,i=1,...,f

It follows from A2 that for the order of the zeros m; we have m; = 1. Also
since r > 2, A2 implies that n; = 0. Then from (4.3.4), (4.3.5), (4.3.6) it follows
that since 0 is a linear combination of the columns of U;, the highest power of
(A —b;) that is sufficient to include in the elements of A;()) is (A — b;)1. However
according to Rule 1 we wish to have the smallest possible power in the jt* element,

and that is (A — b;)° = 1. In order for this to be possible, the following equation

must have a solution

T —
€j N =1
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or
UViXI=1 (4.3.19)

where €; is defined in (4.3.11). Eq. (4.3.19) will have no solution only if the matrix
e;rU,-Vf is identically zero. If this happens for some i, then the factor (A —b;) must
be included in the j** element of izj(/\). Let us assume that this matrix is zero
only for ¢ = 1,...,¢;. Also let the zeros by,...,bs,(d2 < ¢1) have positive real

part and the zeros bg,4+1,...,bs, have negative real part. Then according to Rule

2, the factor

i Y é1 .
s“o()\)= (1 bz )(A b') H (A bl)

iy @=b)(A - b7 1) . (4.3.20)

should be included in the jt* element.

Note that one does not always have to follow Rule 1. One may wish to include
the factor (A —b;) for some i in the j* element even when one does not have to do
it, if that will result in significantly smalier interactions (non—diagonal elements)
and if the jtP output is not so important. The procedure for determining the
magnitude of the interactions will then be exactly the same (see Section 4.3.iii)
and at the end the designer can decide whether inclusion of (A — b;) pays off. A
simple qualitative way to figure out a priori whether it may pay off, without going
through the whole design procedure, is the following. For m; = 1 and n; = 0
we have rank[U;] = r — 1. U; consists of the first (r — 1) columns of the left
singular vector matrix in an SVD of M;. The rt? column u; is orthogonal to all
the columns of U;. If the jt* element of u, is large compared to the k*? elements
where k belongs to the set Z defined in (4.3.10), then it is likely that inclusion of
(A = b;) in the j** element will result in significantly smaller interactions in the

non-zero non—diagonal elements of h;.

b) bo(= 0) (Time delays)
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Define

¢r(A) = A7%0(A)

(4.3.21)

where 7 is an integer. Then according to Rule 1 we need to find the smallest 7

such that ¢, (1) is possible as the jt* element of k;o(A). From (4.3.5), (4.3.6) it

follows that in order for a 7 to be possible, the following equation must have a

solution
€150 = Zr
or
£.2
where
. T T
€; = diagley,...,¢e; |
(mo—no)

and

Z, = [gr(O) (0)---

Hence one can obtain the smallest possible 7 as
. nT 1 *r vrk ¥ +r wrf
1o = min{r € No|rank|e;UoVy|Z:] = rank|e;UoVy |}

where N is the set of positive integers, including zero.

c AT EY 4

(4.3.24)

Still, contrary to Rule 1, one may wish to choose a 7 larger than 7o if that

results in smaller interactions for a given set £. Eq. (4.3.22) should, of course,

have a solution for this 7, i.e., the rank condition in (4.3.25) should hold. In

the following paragraph 7o is used, but any other possible 7 can be used instead,

without affecting the procedure for determining the magnitude of the interactions

in Section 4.3.iii.

The jt* element of h;()\) has been completely determined at this point as

eTh;(\) = AN ¢, (A)

(4.3.26)
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Let us now quantify the limitations that the selection of this diagonal element

imposes on x?,1 =0,1,...,f. The following equations have to be satisfied.

TUVIXE = bl (bs), i=1,...,f (4.3.27)
e;UoVix: = Z,, (4.3.28)
Let x?,7 = 0,...,f, be a particular solution for each corresponding equation,

obtained with some method for solving systems of linear equations. Also let
Wi =1,...,f bea matrix whose columns form an orthonormal basis for the null
space of e}'U;V“, and W(f the corresponding matrix for €;UpV§. These matrices

R . n 9 s .
and their ranks wf, can be obtained from an SVD. Then the x?’s that solve the

set of equations (4.3.27), (4.3.28) are:
2=x?+wh3, i=0,1,...,f (4.3.29)

where x? is any vector of dimension w , when w #0. If w = 0 then W‘ =0
and x? = x?.

From (4.3.18) and (4.3.29) we obtain
nii = UVEXQ + U VIWEE,  i=0,1,...,f (4.3.30)

iii). Non-diagonal elements of h;

The part of the procedure that was developed in Section 4.3.i makes sure that
the elements of h; corresponding to the set £ defined in (4.3.9), are identically equal
to zero. We shall now proceed to compute the terms in the non—zero non-diagonal
elements of hj, i.e., the elements corresponding to the set £, defined in (4.3.10).
To do so the freedom allowed in the choice of x? will be used.

Let £;,£;,...,4; be the elements of the set £. According to Rule 3 the Zi?
element of 4;(A) should be of the form

ef hj(A) = Bx(\) B X% (Bro + Brad + ...+ B X)(1-2),  k=1,...,q
(4.3.31)
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From Corollary 2.a it follows:

Sh=no=N, k=1,...,q (4.3.32)

The values of Bko0,...,8ku,k = 1,...,¢ will be computed from (4.3.5) and
(4.3.30). Note that any of the 8’s can be zero, including the first ones, fo, 81, etc.
Define

- T
6[1
P (4.3.33)
T
L €¢, -
A
Zdef | . o o
= | (4.3.34)
€z, |

where €7, is defined as in (4.3.23) for £ instead of j. As explained in Section

4.3.ii.a, we haven; =0for ¢t =1,..., f. From (4.3.4), (4.3.5), (4.3.31), (4.3.32) it

follows:
_ Bl(bi) 01,1/
enji=| 1 | =diaglvip,..omip)| 1 |, i=1,...,f  (4.3.35)
BQ(bi) q Bq,u
where
Yo @ 0)BY (@b e @—spM],  i=1,...,f
(4.3.36)
ekav dé_f {ﬂkyo 'Bk,l v ﬂk,u]TQ k = 1,---,(] (4-3.37)
It also follows that
B(l) 01,1/
enjo=| 1 | =diag[ly,...,T.] | : (4.3.38)
Bo . 0
q q q,v

where

By =[Bro (Bri—Bro) --- (Brmo—N-1—Brmo—n—-2)]Ts k=1,...,q

(4.3.39)
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Br,u =0 for u>v, k=1,...,q (4.3.40)
and T', is a matrix containing the first v + 1 columns of [['000...] with
1 0 0 ... 0 0 O
-1 1 0 ... 0 0 O
r=/0 -1 1 ... 0 0 O (4.3.41)
0 0 0 0 -1 Il N)x(mo—n)

Then the use of (4.3.30) in (4.3.35), (4.3.38) and combination of the resulting

equations yields:

K, 0, =T, + T2 X (4.3.42)
where
ol,u
6, < | (4.3.43)
Oq,v
" diag[Ty,...,Ty] 1]
diag|Yips-- s M,0)
K, : (4.3.44)
diag(Vtws .-y Vf0)
(N
- q o
def
XEHT 0T (4.3.45)
efUVEXS
elU,VE4,0
, def X (4.3.46)
fUVEXS
Ty < diaglfUoVEWE, fUVEWE, ..., U VW ] (4.3.47)
Equation (4.3.42) can also be written as
0,
[(Ku| — T2| [X] =T (4.3.48)

Hence the smallest possible v for h; and for the particular choice of set £, can be

obtained as the smallest v for which (4.3.48) has a solution, i.e.,

Vmin = min{v € No|rank|K,| — T3] = rank[K,| — T2|T}|} (4.3.49)
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However instead of trying to minimize v, a better alternative to use a larger v
and use the extra degrees of freedom to minimize the sum of the squared errors
for the step response of the Zy,... ,Zq system outputs to the jt# external input

(5" element of r or d). This means minimizing

v

q
T E S (0 Y B2,) = 07072, (4.3.50)
k=1

=0

where ¢r,k = 1,...,q are optional weights (positive real numbers) and

® = diag[$)/*Ts1, ..., 61/ 2T si] (4.3.51)

where I, 1 is the (v + 1) X (v + 1) identity matrix.

Equation (4.3.42) can be written as
K,,(I»‘I(QH,,) =T+ T X (4.3.52)

Hence the &6, that minimizes J, can be obtained as the minimum norm solution
to (4.3.52). For v large enough, K, is full rank, i.e., rank[K,] = ¢(f + mo — N),

and for a given X, the solution is
0,(X) = @~ 1F:(F,F}) Y (Ty + T2 X) (4.3.53)

where

F, ¥ k,0! (4.3.54)

and the superscript * indicates complex conjugate transpose. Note that although
the matrices involved may be complex, the solution 4, will be real because any
complex zeros of P(z) come in complex conjugate pairs. However the form in
which the solution is given in (4.3.53) may cause numerical problems in some
cases. One can avoid them by computing the pseudo-inverse F} = F}(F,F2)™!

from an SVD of F, (Stewart (1973), p. 324).
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One can now compute X by minimizing J, (X) for the solution 6,(X) of

(4.3.53). From (4.3.53) we get
Ju(X) = (T1 + TuX)*(F F}) YTy + T2 X)
= (T} + T2 X)*(F})* FIl(T1 + T2 X) (4.3.55)
By setting the gradient of J,(X) equal to zero we get
Ty (F)*FIT, X = —T; (F})*FIT, (4.3.56)
from which a solution X which minimizes J, (X) can be obtained. The optimum
0, can then be computed from (4.3.53).

It is clear that by increasing v, the value of the obtained minimum of J,
will either be reduced or it will remain the same. Hence the designer has the
option to choose interactions with smaller magnitude in exchange for a longer
duration of the interactions. The knowledge of the value of this minimum at the
limit as ¥ — oo would be quite helpful in making this decision. From (4.3.55)
we see that we need to compute F F as v — oo. The fact that the elements of
Yiw,t = 1,..., f, are terms in a geometric progression, allows us to do so easily
when by,...,bs are inside the unit circle. We cannot do so however if some of them
are outside the unit circle, i.e., when some of the undesirable zeros of P(z) are
inside the unit circle. This is actually a situation, where for numerical reasons it

would be strongly recommended to compute F}} from an SVD of F,, as mentioned

above.

5. Construction of H,.(z) and C(z)

After the desired Hy,(z) has been designed, H,,(z) can be obtained from
(3.0.1):

Hyur(2) = P(2) 1 Hy,(2) (3.0.1)

Substitution of (3.0.1) into (2.0.5) yields:

C(2) = Hyr(2)[I — Hy,(2)] 71 (5.0.1)
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If one attempted to construct Hy,(2) and C(z) from (3.0.1), (5.0.1) by doing
the computations in terms of transfer function matrices, the procedure would
be extremely tedious. Instead, the computations can be made quite simply by
working in the state space. One can obtain realizations of P(z), Hy,(z) to get the

state space descriptions:
P(z)=C(2I-A)"'B+D (5.0.2)

Hy, (2) = Co(zI — Ao)~'Bo + Do (5.0.3)

P(z) represents a physical system and so it can be assumed to be strictly proper,
i.e., D = 0. Then from Corollary 2 it follows Dy = 0. Construction of Hy,(z),
C(z) involves the following steps.

Step 1. Inversion of P(z).

Silverman (1969) developed a computationally simple algorithm for the in-
version of a linear multivariable system, whose state space description is known.

The result of the inversion will be

where
Ai=A-BD™C (5.0.5)
By =BD™! (5.0.6)
C,=-D"'C (5.0.7)
D, = D! (5.0.8)

my is the order of the zero by of P()) obtained from Corollary 2 and N is defined in

(3.0.10). The matrices C, D, Ko, ..., Km, are determined with Silverman’s (1969)

procedure.
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Step 2. Computation of Hy (2).
The following Theorem will be used.
Theorem 3
Let

G(z) =C(2I-A)"'B+D (5.0.9)

then

k
G(2)2F =C(2I — A)T'A*B+ > CA'BF '+ DX, V k>1 (5.0.10)
=1

Proof. See Appendix B.

We can now apply Theorem 3 to P(z)~1, to obtain

mo
P(2)"! =Cy (I - Al)"l(Z ATV B K

=0
Mg 1+N . mg
+3 ) CLASIBIR TN Y DK Y
=0 €=1 i=0

::Cz(zI - Az)_le + Dz’g + D2‘12 +...+ D2’m°+sz°+115.0.11)

where
Ag = 4, (5.0.12)
Mo .
B, =) A{"™VBiK; (5.0.13)
1=0
Cy=C; (5.0.14)
Mo
Dyy =) C1AN-'"kBK;,,  k=0,...,N-1 (5.0.15)

1=0

Mo
Dyp=DiKp-n+ > CiAN"IFHBIK, k=N,..,N+my (5.0.16)
i=k—-N+1

Then from (3.0.1), (5.0.3), (5.0.11) we get

Hyr(2) = (C2(2I — A3)"1B3Co + D3,0Co)(2I — Ao) 1By
mo+N .
+( ) D1i2")Co(zI — Ao) 1B (5.0.17)

=1



82

Application of Theorem 3 on the second term of the right-hand side yields the

term

mo+N mo+N Mo+ N—1

(> D2iCoAb)(2I — Ao)'Bo+ ) Dy;Codb ' Bo+ ) U2
§=1 i=1 g==1
where the fact (21— A)~* A* = A¥(2]— A)~! was used. However, by construction,

P(2)~'Hy,(z) is proper. Therefore ¥; =0 for alli=1,...,mp + N — 1. Hence

H,,(2) = (Ca(2I — A2) 1 B3Co + D3 0Co
mo+N .
+ Y DjiCoAb)(2I — Ao) By
=1
myo +N .
+ Y D1:Cod™ Bo (5.0.18)

i=1
All that is necessary now is to compute the product of two proper transfer function

matrices, whose state space descriptions are known. The following Theorem takes

care of that:

Theorem 4. (Doyle, 1984)

Let
G1(2) = Cy(2I — A;)7'B; + Dy (5.0.19)
G, (Z) = Cg(ZI - Az)—le + Do (5.0.20)
then
G1(2)G2(2) =C(2I — A)"*B+ D (5.0.21)
where

A, B;C B.D
A= [ 01 222] ,B:[ ]1322} ,C = [C1|D,C3),D = [D,Dy)

Application of Theorem 4 on (5.0.18) yields a state space description for H,,.

Step 3. Computation of C(z)
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All that is needed is to compute a state space description of (I — Hy.(2))~".

After that, application of Theorem 4 on (5.0.1) will give a state—space description
for C(z). From (5.0.3) we get

I—Hy(2) = —Co(z] — Ao) 'Bo+ 1 (5.0.22)
and a state space description of (I — Hy,(2))~! can be easily computed as
(I - H'y,-(z))—'1 = CO(ZI - (AQ + BoCo))—lBo +1I (5.0.23)

The result of the described procedure is state space descriptions of Hy,(z) and
C(z). One can always obtain a matrix transfer function form, but since the control
law can be easily implemented with a state space description it would be advisable
to avoid further computations by implementing it as such. It is important to point
out however that the realizations obtained for Hy,(2) and C(z) are not minimal.
It is essential to obtain minimal realizations of them before the implementation

so that the undesirable zeros ay,...,a5 of P(z) do not appear as poles of Hy,,(2).

6. Illustrations

The first example in this section is used to illustrate the tradeoff between the
time duration of the closed loop interactions and the magnitude of the sum of
squared errors that they cause. This simple example is also used to demonstrate
the procedure step by step. The second example examines different structures for
Hy, and illustrates how the structure associated with a zero outside the UC can

produce large or small closed-loop interactions, depending on the structure chosen

for Hy,.

6.1 Example 1

Consider the system

6
05 0%’ (6.0.1)
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Computation of the roots of det[P(z)] shows that the system has one zero outside
the UC, at z = 1.547. Garcia and Morari (1985) pointed out that an acceptable
lower triangular Hy, is

z~1 0
Hyra(2) = [3.095(1 —27l)pml EELEMT z‘l] (6.0-2)

Clearly the interactions in output 2 for a setpoint change in output 1, are very
large in magnitude (over 300% the setpoint change) although of short duration.
We shall now use the procedure of Section 4.3, to design a lower triangular
H,, (z). For the time delays (bo = 0) we have ng = mp = 1. Hence part (b) of
Theorem 1 (or Corollary 2) does not apply for ¢ = 0 and therefore (4.3.6) does
not apply for ¢ = 0. Thus none of the equations or subsections of Section 4.3 that
correspond to 7 = 0 should be considered. For the zero a; = 1.547 (b; = a]!) we

have n; =0,m; = 1. Also

_ ] 0.675 | def |u;
Ui = [0.739] - [uz] (6.0.3)

and p; = 1.
i) Design of hy(2).

In this case, £ is the empty set and £ = {2}. Hence p{ = 0 an(i therefore
¢ = 1,V¢ = 1. Thus (4.3.19) has a solution for 1 = 1 and as a result b; should
not be included in ¢o(A). Thus from (4.3.20)’it follows that ¢o(A) = 1. The case
of by should not be considered as mentioned above. Hence ¢, (A) = ¢o(A) =1 and
from (4.3.26) it follows that the first element of the column (diagonal element) is
equal to A(= 271). Then (4.3.27) need be satisfied for ¢ = 1. Since the null space

of eTU,V{ is the empty set, it follows that W{ = 0 and

X% = X‘IJ = bl/ul (6.0.4)

@

We shall now proceed with the design of the second element of the column. In

(4.3.31), (4.3.32) we have ¢ = 1,¢; = 2,6; = 1. In (4.3.44),(4.3.46) the part
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corresponding to bg is omitted and so from (4.3.36), (4.3.44), (4.3.46), (6.0.4), it

follows:

K,=[(1=0b1)by (1-01)b} ... (1—0b1)b¥*!] (6.0.5)
T = bluz/ul (6.0.6)

From Wf = 0 and (4.3.47) it follows that To = 0. In this case @ = I and from
(4.3.53) we get

6, = K:(K,K3)™'T, (6.0.7)
(4.3.37), (4.3.50), (6.0.5), (6.0.6), (6.0.7) yield

(14 b1)bus
(1—b2F2)u,’

)Bl',j j = O, . % (6.0.8)

— (1 -+ bl)ug
T (=) (-]

(6.0.9)

For v = 0 we get 81,0 = 3.095, i.e., the design in (6.0.2). However the error caused
by the interactions in this case is Jo = 9.58, which is quite large. Increasing the
duration v of the interactions reduces J,, as (6.0.9) indicates. Since b; < 1 we can
compute the limit:

) (A 4b)ud
Jim 7, = (T = 558 (6.0.10)

The designer can of course select a relatively small v, for which J, is sufficiently
close to the limit given by (6.0.10). A plot of J,, as a function of v is given in Fig.
2. One can see that a selection of v = 4, is satisfactory. It yields J, = 5.65. For

v = 4, the second element of h{(z) becomes equal to (1.82+1.182~1 +0.76272 +
0.49z7% +0.32274)(1 — z71)2~1.

ii) Design of ha(z2).

Since we require the first element of the column to be zero, we have £ = {1}

and therefore £ is the empty set. Hence p§ = 1,¢{ = 0,V{ = 0. Then (4.3.19) does
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Figure 2 . Example 1; J,, for column 1.
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not have a solution for # = 1. As a result the second element (diagonal element)

has to have a zero at A = b;. From (4.3.20) we get
1-b7)(A-b
§0(}\) — ( 1 )( ‘i)
(1=b1)(A—b7")
Then, since ¢r,(A) = ¢o(A), (4.3.26) implies that the diagonal element is A¢o(A).

(6.0.11)

Substitution of z~! for A and a;(= 1.547) for b]!, produces the expression in
(6.0.2).
6.2 Example 2.

Consider the system:

0.90 0.50 z‘1 1.00
z;Go.ss zgos.gs 2—0.35
(2} — 2. -1 . -1 0.60_ _—1
P(2) = | ;%5652 z—0.60 2 7—0.607 (6.0.12)
0.40 —0.45 1.00_,—1
z—0.50 z—0.50 z—0.50

The computation of the roots of det[P(z)] yields one zero outside the UC at
z = a; = 1.3088. We shall limit ourselves to the design of the first column of Hy,.

Two different structures will be examined:

T T
hi= |z or 0 (6.0.13)
0 z

The SVD of P(a;) yields the following left singular vector matrix:

[ 0125 —0.700 —0.703]
U=| 0992 0.0689 0.107 (6.0.14)
—0.0267 —0.711 0.703

The two first columns of U form U;. The third, u, is orthogonal to U;. Then
from Corollary 1 it follows that u*Hy,(a1) = O for all acceptable Hy,’s. (6.0.14)
suggests that if the first structure of (6.0.13) is selected, the value of the non-
diagonal element at z = a; will have to be larger than the one for the second
structure, because of the smaller corresponding element in u.

The consideration of the time delays (bo) makes the situation even more

favorable for the second structure. We have ng = 1,mg = 2 and

1 0

Up= |0 0 (6.0.15)
01
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900 —

700 —
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(b)

Figure 3 . Example 2; J,, for column 1.
(@) hy=[z z 0]F
(b) hy=[z 0 z|T
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The fact that the second row of Up is zero, allows in the case of the second
structure satisfaction of (4.3.14) for 1 = O without using any of the available
degrees of freedom. This results in a nonzero w§ and T; and the additional
freedom in choosing x3 through (4.3.56) reduces J, even more.

The above qualitative observations are confirmed from the quantitative re-
sults of the design procedure. The corresponding plots of J,, vs. v shown in
Fig. 3 for both structures of (6.0.13) show a huge difference in the closed-loop
interactions for the two structures.

7. Conclusions

The results in this paper quantify the effects of the undesirable zeros and time
delays of a multivariable discrete system on its closed-loop performance, in a way
that can be used for the direct design of the closed loop transfer function matrix.
The designer is provided with quantitative criteria for comparing different designs
and evaluating the tradeoffs. The entire procedure is based on linear algebra
operations and its implementation on the computer is straightforward.

The design is based on the knowledge of a system model. Hence it may not
be robust to model-plant mismatch. However it can be used in the first step
of the controller design for the standard two-step Internal Model Control design
procedure, in which robustness properties are incorporated in the second step with
the design of a low pass filter. Details on the filter design can be found in the
literature (Zafiriou and Morari, 1986b,c).
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APPENDIX
A) Proof of Theorem 1

The following Lemma will be used in the proof:
Lemma A.1. (Van Dooren et al., 1979; Vandewalleet al., 1974). Let a rational

matrix A()) of normal rank r have the following Laurent expansion at a:

A(N) = i (A — a)* Ax(a) (A.1)

k=—¢
efine
P A_.g(a) A_er1(e) ... Ax(a)
\ { 0 A_¢(a) ... Ak_l(a)-l o
Ti(a) = : : : (A.2)
l 0 0 ... A_(e) J
pr () def rank|Tx(e)] — rank|[Tk—1 ()] (A.3)

Let p and z be a pole and a zero respectively of A()A) of orders wp,w. and degrees
8p, 62z, as these are defined from the Smith-McMillan form of A(A) (Van Dooren
et al., 1979; Desoer and Schulman, 1974).

The following hold:

i) wp = —min{k|ox # 0}

i) wy = min{k|pr = r}

) 6 = S5, o

iv) 6; = 3 kZo(r — pk)

Proof of Theorem 2. P(X)~! has as its poles exactly the zeros of P(A) with

the same order and degree (Desoer and Schulman, 1974). Hence since b; is a zero
of P()\) of order my, it is also a pole of P(A)~! and we can write
P! Z(A b)) *Rix +Gi(\), i=0,1,...,f (A.4)
k=1

where

rank[R; m,] # 0, 1=0,1,...,f (4.5)
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and G;(A) has no poles at b;,7 =0,1,..., f.

Postmultiplication of (A.4) with H,,()) yields

mq

PO A, (0) = ) (A = b)FR: p By (V) + Gi(\) Hyr (A) (A.6)
k=1

Now take a partial fraction expansion for each term in the sum of the right-hand

side of (A.6) to obtain:

mg

k-1
PO)T A, () =) D _(A-b) k+hR,k

k=1 h=0

—2_. A—bi)” kLRth(h A JHGR (6:)

B (5) + RipGE (V)] + Gi(3) Hyr ()

£ Y0 RkGE() + Gi(3) e () (4.7)
k

where G§ (A) has no poles at ;. Also recall that G;(A) has no poles at b; either.

Hence in order for Condition C5.ii to hold we must have for all = 0,..., f:

(h—Fk) — .
ZR,,,(h kH (b:)=0, k=1,...,m; (A.8)

Satisfaction of (A.8) is equivalent to requiring that the columns of

(AT . (-TIFH(m‘"l)(b,-)T]T are in the null space of N;, where:

R; m, 0 0
N, &f R‘"f‘“‘ R‘j’"‘ - (_) (A.9)
R;, R;o ... Rim,

We shall now proceed to determine the null space of N;.

Postmultiply both sides of (A.4) with P(}) to obtain:

I= i()\ — b,‘)"kR;,kﬁ(/\) + G;‘(A)P(A) (A.10)
k=1
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Since I has no poles at by,...,bs, taking a partial fraction expansion leads to a

condition similar to (A.8), in exactly the same manner. Hence (A.10) yields

mg

1 A
Y, =B (b) =0, k=1,...,m; Al
h=kR’h(h—k)!P (b:) =0, Lo (4.11)

The equations implied by (A.11) for k = £,...,m; can be put together in the

matrix form:

, 1 P T
N;[0...0 PO()T !P(”"' 9:)T]" =0, t=1,....,m;

(mi—¢)
(4.12)

The equations obtained from (A.12) for £ = 1,...,m; can be written together as:
N;L; =0, 1=0,...,f (A.13)

where

PO(p)) 0 . 0

ﬁ(l)(bi) ﬁ(o)(b,') 0
L; & . : (A.14)

i PI(b) el P L PO
Hence the column space of L; is a subspace of the null space of N;. It will now
be shown that it is exactly the null space of N;.
As explained earlier, the order wp of the pole b; of }3(}\)"1 is equal to the

order m; of the zero b; of P()), i.e., equal to m;:
wp(b,') = my (A.15)

Lemma A.1 will now be applied on A(A) = P(A)~1, for & = b;. From (A.1), (A.4),
(A.5) it follows that £ = m; and A_x = R; for k = 1,...,m,. By using (A.15)
and Lemma A.l.iii we get

~1

8p(bi) = E pi(b:i) = rank[T_,(b;)] = rank|N;] (A.16)

k=—m;
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since Ty, —1(b:) = 0 and T_;(b;) can be obtained from N; by simply permuting
its rows and columns.

By definition the order w, of the zero b; of P (A) is equal to m;:
wz(b,') = mq (A.17)

Lemma A.1 will now be applied on A(A) = P(}), for a = b;. In this case, since
P(}) is assumed to have no poles at b;, we have £ < 0 and Ay = El—!f’(k)(b,-) for

k=1,...,m—1. By using (A.17) and Lemma A.l.iv we obtain

mg m;—1

82(b:) = ) _(r—pr(bs)) = D_ (r— px(b:))
k=0 k=0
= mr — rank[Tp, —1(b;)] = mir — rank|L,] (A.18)

since from Lemma A.1.ii we have pp, (b;) = r, and we also have T_1(b;) =0 and
Tim;—1(b:) can be obtained from L; by permutting its rows and columns.

The degree 6, of the zero b; of 13()\) is the same as the degree 6, of the pole
b; of P(A)~! and so from (A.16), (A.18) we get

rank|[N;] + rank[L;]| = m;r (A.19)

But NV; and L; are matrices of dimension m;r X m;r. Therefore (A.13) and (A.19)
imply that the column space of L; is exactly the null space of N;.

Hence from (A.8) it follows that Condition C5.ii is satisfied if and only if the

columns of [H{Y (b:)7 . - T _l),H(m‘—l)( i)T]T are in the column space of L;.
From (3.0.6) it follows that the first n;r rows and the last n;r columns of L; are

identically zero. Hence
AB@®)=0, k=0,..,n;-1

which implies that

A

Hy (A) = (A= b:)™ Hi(A) (4.20)
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where H;()) has no poles at b;. (A.20) completes the proof of part (a) of Theorem
1. If m; = ny, then this is the only requirement since then L; = 0. If however

m; > n; then rank|[L;] # 0 and additional requirements on H;()) are necessary.

We have for £ = ng,...,m; — 1:

1~ 1 /(¢ & (E—n; 1 o (L—n
AP b) = 5 (n) ml M 6) = s BT

and so the requirement on H;(}) is that the columns of
B )7 ... (—"T‘:%:T)—!I?,-(m‘""‘—l)(b;)T]T are in the column space of M;, where
M; is defined in (3.0.9). QED

B) Proof of Theorem 3

The proof is by induction

= G(z)z =C(zI — A)"'2B + Dz
=C(2I—A)"Y(A+2I-A)B+ Dz
=C(2I1-A)"'AB+CB+ Dz
k= n: Let
G(2)z" =C(zI - A)"'A"B + i CA*'B""t + Dz" (B.1)
£=1
hold.

k =n+1: From (B.1) it follows that

n
G(2)2"t! = C(2l — A)7'A"2B + Y  CA* 1Bz 17t 4 Dol
=1
and by using the result for k = 1 we obtain

n+t+1
G(2)z" = C(21 — A)T'A"T'B + ) CA¥'Bz"t'7t 4+ D"t QED
-1
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Abstract.

The two-step Internal Model Control procedure is used for the synthesis of
robust controllers for multivariable open-loop stable or unstable plants. In the
first step the controller is designed so that the Integral Squared Error (ISE) is
minimized for every external input (setpoint or output disturbance) direction in
a set and their linear combinations. Open-loop stable and unstable plants are
treated in a uniform way. In the second step a low-pass filter is designed so that
stability and good performance characteristics are maintained in the presence of
model-plant mismatch. The problem is formulated as a minimization of the Struc-
tured Singular Value (SSV) for robust performance over the filter parameters. The
optimization problem is unconstrained and analytic computation of the gradients
is in general possible. Special filter structures are used for open-loop unstable or
ill-conditioned plants. A method is also given for computing the worst over all

possible plants ISE, for a particular external input.



99

1. Preliminaries

1.1. Internal Model Control

The Internal Model Control (IMC) structure, introduced by Garcia and
Morari (1982), has been widely recognized as very useful in clarifying the issues
related to the mismatch between the model used for controller design and the
actual process. The IMC structure (Fig. 1a), is mathematically equivalent to the
classical feedback structure (Fig. 1b). The IMC controller Q and the feedback C

are related through

Q=Cc(+PC)! (1.1.1)
C=Q(-PQ)! (1.1.2)

where P is the process model.

P=P.

In this case the overall transfer function connecting the set-points r and

disturbances d to the errors e = y — r, where y are the process outputs, is

e=y—r=(I-PQ)d-r¥E (d-r) (1.1.3)

Hence the IMC stucture becomes effectively open-loop (Fig. 2a) and the

design of Q is simplified. Note that the IMC controller is identical to the parameter

of the Q-parametrization (Zames, 1981). Also the addition of a diagonal filter F
by writing

Q=QF (1.1.4)

introduces parameters (the filter time constants) which can be used for adjusting

on-line the speed of response for each process output.

P+ P.

The model-plant mismatch generates a feedback signal in the IMC stucture

which can cause performance deterioration or even instability. Since the relative
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(a) Internal Model Control structure.

(b) Feedback Control structure.
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.__.y

(b)

Figure 2. IMC structure with the filter F.
(a) P = P.
(b) P # P.
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modeling error is larger at higher frequencies, the addition of the low-pass filter
F (Fig. 2b) adds robustness characteristics into the control system. In this case

the closed-loop transfer function is
e=y—r=(I—-PQF)I-(P-P)OF) Y (d-n¥E (d-r) (115

Hence the IMC structure gives rise rather naturally to a two-step design
procedure:

Step 1: Design é, assuming P = P.

Step 2: Design F so that the closed-loop characteristics that C} produces in
Step 1, are preserved in the presence of model-plant mismatch (P # 13)

Note that the feedback controller C, given from (1.1.2), includes integral

action if and only if @ inverts at steady-state the model P, ie.,
Q(0) = P(0)~* (1.1.6)

Fo)=1I (1.1.7)

1.2. Internal Stability

A linear time invariant control system is internally stable if the transfer func-
tions between any two points of the control system are stable. A more detailed
discussion of the concept of internal stability can be found in the literature (e.g.,
Morari et al., 1987).

Examination of the feedback structure of Fig. 1b results in the requirement

that all elements in the matrix IS1 in (1.2.1) are stable.

IS1 = (C(I-}-PC)‘1 PC(I-{-PC)“1 C(I+PC)‘1P (I+PC)‘“1P)
(1.2.1)
For the remainder of this section we shall assume that P = P. The additional

requirements to take care of modeling error are discussed in Section 3.3. Use of



103

(1.1.1) or (1.1.2) in (1.2.1) yields
IS1=(Q PQ QP (I-PQ)P) (1.2.2)

Note that stability of each element in (1.2.2) implies internal stability when the
control system is implemented as the feedback structure in Fig. 1b, where C is
obtained from the @ used in (1.2.2) through (1.1.2).

In order for the control system to be stable when implemented in the IMC
stucture of Fig. la, internal stability arguments (Morari et al.,1987) lead to the

requirement that all elements of IS2 are stable.
IS2=(Q PQ QP (I-PQ)P PQP P) (1.2.3)

Hence if the process P is open-loop unstable, IS2 will also be unstable and the
control system has to be imlemented in the feedback stucture of Fig. 1b. Still, the
two step IMC design procedure can be used for the design of @, as described in
the following sections. C can then be obtained from (1.1.2) and the structure in
Fig. 1b implemented. However special care has to be taken in the construction of
C so that all the common RHP zeros of @ and (I — PQ) are cancelled in (1.1.2).
Minimal or balanced realization software can be used to accomplish that.

Note that when the process is open-loop stable, it follows from (1.2.2) and
(1.2.3) that the only requirement for internal stability is that @ is stable.

2. Step 1: Design of 6

Throughout this section the assumption is made that P = P.

2.1. Performance Objectives.

The performance objective adopted in this paper is to minimize the Integral
Squared Error (ISE) for the error signal e given by (1.1.3). This is an Hy—type
objective. Other objectives like an H,,—type can be used (Zafiriou and Morari,

1986) but they will not be discussed here.
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For a specified external system input v (v = d for r = 0; v = —r for d = 0),

the ISE is given by the square of the Le—norm of e:

+oo
B(v) 2 |le||2 = = / e* (iw)e(iw) dw (2.1.1)

271 J oo
where the superscript * denotes complex conjugate transpose.

From (1.1.3) we get

®(v) = |lell} = [IEvll} = |I(I — PQ)vII3 (2.1.2)

Hence one objective could be

min &(v) (01)
Q

for a particular input v = (v; vy ... vn)T, where Q satisfies the internal
stability requirements of section 1.2 and the superscript T denotes transpose.
Minimizing the ISE just for one vector v however is not very meaningful,
because of the different directions in which the disturbances enter the process or
the setpoints are changed. What is desirable is to find a Q, that minimizes o(v)
for every single v in a set of external inputs v of interest for the particular process.

For an n X n P this set can be defined as

V = {v'(s)]i = 1,...,n} (2.1.3)

where v!(s),...,v™(s) are vectors that describe the expected directions and fre-
quency content of the external system inputs, e.g., steps, ramps or other types of
inputs.

The objective can then be written as

min ®(v) YveV (02)
Q

under the constraint that C} satisfies the internal stability requirements. It should
be noted however that a linear time invariant Q that solves (02) does not neces-

sarily exist. In Section 2.3, it will be shown that this is the case for some V’s. An
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alternative objective in such a case would be:
min [@(v!) + @(v?) + ... + &(v")] (03)
Q

In this case the objective is to minimize the sum of the ISE’s that each of the
inputs v* would cause when applied to the system separately. One should note
that this is a deterministic interpretation of a similar stochastic optimal control
problem (Youla et al., 1976).

2.2. Parametrization of All Stabilizing Q’s.

The process P can in general be open-loop unstable. The following assump-
tion simplifies the solution of the optimization problem:

Assumption A.1l. If 7 is a pole of the model P in the open RHP, then:

a. The order of 7 is equal to 1.
b. P has no zeros at s = 7.
¢. The residual matrix that corresponds to 7 is full rank.

Assumption A.l.a is made to simplify the notation and it is the usual case.
The results in this paper can be extended to higher order poles. A.l.b is true
for SISO systems but not necessarily for MIMO. However, the assumption is not
restrictive because the presence of a zero at s = 7 implies an exact cancellation
in det[f’(s)}, which usually does not happen after a slight perturbation in the
coefficients of P is introduced. A.l.c is always true for SISO systems, but it can
be quite restrictive for MIMO systems. Instead of A.l.c however, an additional
assumption can be made on the external input for which the optimal controller is
designed. This is discussed in Section 2.3.

Assumption A.1 is not made for poles at s = 0 because more than one such
poles may appear in an element of }5, introduced by capacitances that are present
in the process. The following assumption true for all practical process control

problems is made:
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Assumption A.2. Any poles of P or P on the imaginary axis are at s = 0. Also P

has no finite zeros on the imaginary axis.

Let my,..., 7k be the poles of each element of P in the open RHP. Define the

allpass

kst
3
bp(s) = [ —=" P (2.2.1)

=1

If A.1.c does not hold, then define

bp(s) = 1 (2.2.1)

The following Theorem holds:

Theorem 2.2.1.

Assume that Qo(s) satisfies the internal stability requirements of section 1.2,
i.e., it produces a matrix IS1 with stable elements. Then all @’s that make IS1

stable are given by
Q(s) = Qo(s) + by(s)2Q1 (5) (2.22)

where @ is any stable transfer matrix such that:
i) If A.1.c holds, PQ; P has no poles at s = 0.

ii) If A.1.c does not hold, PQ; P has no poles in the closed RHP.
Proof: See Appendix A.1.

2.3. Objective (O1)

This is the first step towards obtaining a solution to (02), if such a solution
exists. In this section we only consider one particular input v. For every external

input v that will be considered in this paper, the following assumption can be
made without loss of generality:

Assumption A.3.

a. The poles of each nonzero element of v in the open RHP (if any) are the first

k' poles m; of the plant in the open RHP, each with degree 1.
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b. If A.1.c does not hold, then every nonzero element of v (or 9) includes all the
open RHP poles of P, each of them with degree 1.

To simplify the arguments in the paper, we shall assume that if A.3.b is
satisfied, then A.l.c is not. In this way the proper choices in the definitions and
the proofs will be made on the basis of A.l.c. If both A.1l.c and A.3.b hold, then
the results that apply to the case where A.l.c does not hold but A.3.b does, are

still correct.

Define
bo(s) = [ —ont (2.3.1)
o st
If A.1.c does not hold, then define
by(s) =1 (2.3.1)

A different assumption is made for the poles of v at s = 0:

Assumption A.4. Let [; be the maximum number of poles at s = 0 that an element

of the 1** row of P has. Then v;(s) has at least I; poles at s = 0. Also v has
no other poles on the imaginary axis and its elements have no finite zeros on the
imaginary axis.

The above assumptions are not restrictive in the case where v is an output
disturbance d, because in a practical situation we want to design for an out-
put disturbance produced by a disturbance that has passed through the process.
Hence, d usually includes the unstable process poles (e.g., an output disturbance
d produced by a disturbance in the manipulated variables). Note that the con-
trol system will still reject other disturbances with fewer unstable poles, without
producing steady-state offset. The assumption is different for poles at s = 0 be-
cause their number in each row of P can be different, since capacitances may be

associated with only certain process outputs. Also the output disturbance may
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have more poles at s = 0 than the process (e.g., a persistent disturbance in the
manipulated variables).

The assumptions may be restrictive in the case of setpoints though. However
for setpoint tracking the use of the Two-Degree-of-Freedom structure, which will
be discussed briefly in Section 2.5, allows us to disregard the existence of any
unstable poles of P and therefore this assumption need not be made for setpoints.

Let vo(s) be the scalar allpass that includes the common RHP zeros of the

elements of v. Factor v as follows:
N ~ T def N
v(s) = vo(s) (D1(s) ... Ba(s))” = vo(s)o(s) (2.3.2)

The plant P can be factored into a stable allpass portion P4 and a minimum

phase (MP) portion Pys such that
P = PsPy (2.3.3)

The term MP used for a system in the context of this paper basically means
that the inverse of the system is stable. Hence P4 is stable and such that
P;(iw)Pa(iw) = I. Also P! is stable. This “inner-outer” factorization can
be accomplished through the spectral factorization of P(—s)T P(s). Details on
these problems can be found in the literature (Anderson, 1967; Chu, 1985; Doyle,
1984). When P is strictly proper, then one has to add a small constant term in P
in order to apply these methods. This approach works satisfactorily in practice.
The following theorem holds:
Theorem 2.3.1.

The set of controllers Q that solve (O1) satisfy
Qi = bpb; 1 Py {by 16, P 10}, (2.3.4)

where the operator {.}. denotes that after a partial fraction expancion of the

operand all terms involving the poles of PZI are omitted. Furthermore, for n > 2
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the number of stabilizing controllers that satisfy (2.3.4) is infinite. Guidelines for
the construction of such a controller are given in the proof.
Proof: See Appendix A.2

Note that not every controller that satisfies (2.3.4) is a stabilizing one. Im-
proper stabilizing controllers that satisfy (2.3.4) are accepted because the use of
a filter with an appropriate zero-pole roll-off in the second step of the design
procedure will produce a proper Q(s).

2.4. Objectives (02) and (03)

We shall consider objective (O3) first. Define

V(s) & (vi(s) v2(s) ... v™(s)) (2.4.1)

1

where vi, ..., v™ satisfy assumption A.3. An additional assumption on V is needed:

Assumption A.5.

a. V has no zeros at the location of its unstable poles or on the imaginary axis
and V1! cancels the poles of P at s = 0in V1P,
b. If A.l.c holds, the residual matrices for the open RHP poles of V are full rank;
if A.1.c does not hold, then V~! cancels the open RHP poles of PinV-1p,

Note that satisfaction of assumptions A.3.b and A.4 for each column of V
does not necessarily imply satisfaction of A.5. However such a V can be easily
constructed. One way is to obtain V as P times a matrix with no open RHP
poles and no zeros on the imaginary axis. This case corresponds to the physically
meaningful situation, where the output disturbances are produced by disturbances
in the manipulated variables. Another simple way is to use a diagonal V', in which
case satisfaction of A.3 and A.4 by every column of V implies satisfaction of A.5
by V. This situation is discussed further in Corollary 2.4.1.

Factor V similarly to P (use V (s)V T (—s) if spectral factorization theory is
used):

V =VmVa (2.4.2)
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The following Theorem holds:

Theorem 2.4.1.

The controller
Q = bpby Py {5 by PL Vs } Vi (2.4.3)

is the unique solution to (03).
Proof: See Appendix A.3.

Let us now consider the more meaningful objective (02). Clearly, a é that
solves (02) will also solve (03). Hence from Theorem 2.4.1, it follows that if a

solution to (O2) exists, it is given by (2.4.3). Factor each of the v’ in the way
used in (2.3.2):

vi(s) = vi(s)9*(s) (2.4.4)
Define

vE (51 82 ... o) (2.4.5)

Theorem 2.4.2.

i) If V(2) is non-minimum phase, then there exists no solution to (P3).

ii) If V(2) is minimum phase, then use of V instead of Vas in (2.4.3) yields
exactly the same @, which also solves (02) and it minimizes ®(v) for any v
that is a linear combination of v'’s that have the same v}’s.

Proof: See Appendix A 4.
The following corollary to Theorem 2.4.2 holds:

Corollary 2.4.1.

Let

V = diag(v1,v2,...,vn) (2.4.6)

where v} (s),...,v,(s) are scalars. Then use of V instead of Vi in (2.4.3) yields
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exactly the same @, which minimizes &(v) for the following n vectors:

"M 0 0
0 V2 0

v=1| . |, . |5 | (2.4.7)
0 0 Up

and their multiples, as well as for the linear combinations of those directions that
correspond to v;’s with the same open RHP zeros in the same degree and the
same time delays.

2.5. Two-Degree-of-Freedom Structure

From the discussion of the Internal Stability requirements in Section 1.2,
it follows that RHP poles in the plant limit the possible choices of @ and thus
the achievable performance. This however need not be so for setpoint tracking.
Consider the general feedback structure of Fig. 3. For the disturbance behavior
it is irrelevant if the controller is implemented as one block C as in Fig. 1b, or as
two blocks as in Fig. 3. Hence the achievable disturbance rejection is restricted
both by the RHP zeros and poles of P as the quantitative results of the previous
sections indicate.

Let us now proceed from the point where a stabilizing (} and the correspond-
ing C have been found through the results of the previous sections, which produce
a satisfactory disturbance response. We can then split C into two blocks C; and
C3 such that Cy is minimum phase and C3 is stable. Then one can easily see that
the only RHP zeros of the stabilized system PC;(I + PC;C;)~! are those of the
process P. Thus C3 can be designed without regard for the RHP poles of P and
the achievable setpoint tracking is restricted by the RHP zeros of P only.

In summary, the achievable disturbance response of a system is restricted by
the presence of the plant RHP zeros and poles regardless of how complicated a
controller is used. If the Two-Degree-of-Freedom controller shown in Fig. 3 is

employed, the achievable setpoint response is restricted by the RHP zeros only.



112

Figure 3. Two-degree-of-freedom feedback structure.
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A more rigorous discussion can be found in Vidyasagar (1985).

3. Model Uncertainty.

3.1. Structured Singular Value.

Potential modeling errors, described as uncertainty associated with the pro-
cess model, can appear in different forms and places in a multivariable model.
This fact makes the derivation of non-conservative conditions that guarantee ro-
bustness with respect to model-plant mismatch difficult. The Structured Singular
Value (SSV), introduced by Doyle (1982), takes into account the structure of the
model uncertainty and it allows the non-conservative quantification of the concept
of robust performance.

For a constant complex matrix M the definition of the SSV pa (M) depends
also on a certain set A. Each element A of A is a block diagonal complex matrix

with a specified dimension for each block, i.e.,
A= {diag(Al,A2,...,An)|Aj c ijxmj} (3.1.1)

Then

1 o )
pan — En {o(A)|det(I - MA) = 0} (3.1.2)

and ua(M) =0 if det(] — MA) #0 VA € A. Note that 7 is the maximum
singular value of the corresponding matrix.

Details on how the SSV can be used for studying the robustness of a control
system can be found in Doyle (1985), where a discussion of the computational
problems is also given. For three or fewer blocks in each element of A, the SSV

can be computed from
12 M) = inf 6(DMD 1 3.1.3

where

D= {diag(dlIml,ngmz,...,anmn)ldj € R+} (3.1.4)
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and I',; is the identity matrix of dimension m; x m;. For more than three blocks,
(3.1.3) still gives an upper bound for the SSV.

3.2. Block Structure.

In order to effectively use the SSV for designing F, some rearrangement of
the block structure is necessary. The IMC structure of Fig. 1a can be written as

that of Fig. 4a, wherev=d—r,e=y —r and

o 0 Q
G=|1 I PO (3.2.1)
~I —-I 0

where the blocks 0 and I have appropriate dimensions.

The structure in Fig. 4a can always be transformed into that in Fig. 4b,

where A is a block diagonal matrix with the additional property that
5(A)<1 Vw (3.2.2)

The superscript u in G% denotes the dependence of G* not only on G but also
on the specific uncertainty description available for the model P. Only some of
the more common types will be covered here to demonstrate how this is done,
but it is straightforward to apply the same concepts to other types of uncertainty
descriptions, like parametric uncertainty.

i) Multivariable Additive Uncertainty.

The information on the model uncertainty is of the form
(P — P) <la(w) (3.2.3)
where [, is a known function of frequency. In this case we can easily write P— P=
loA where 5(A) < 1 and so obtain
I, 00

G'=¢°=|0 1 0]@ (3.2.4)
0o o0 I
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(b)

Figure 4. Model uncertainty bloc}& diagrams.
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ii) Multivariable Input Multiplicative Uncertainty.

a(P~Y(P - P)) < Li(w)

where [; is known. Then

iv) Element by Element Additive Uncertainty.

For each element p;; of P we have
Ipi; — Pij| < lij(w), 1=1,..,n; j7=1..,n

Then

P—P=J,ALJ,

where

L= diafg(lllall2a "'sllnalZI, ---alnn)

1 ...10 ..0 0 ...0
0 ...01 1 0 ... 0
h=|. " . : o
0 ... 00 ... 0 ... ... 1 ... 1

In

I

Jp=| "

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

(3.2.13)
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From (3.2.10) it follows that

LJ; 0 O Ji 0 0
Gt=G®*=| 0 I o0]|Glo I O (3.2.14)
0 o0 I 0 0 I

Note that all the above relations yield a G already partitioned as
Gi; Gi2 Gis
Gu = Ggl Gt2‘2 Ggs (3.2-15)
Gs Gz Gis

Then Fig. 4b can be written as Fig. 5 with

GF____ '1‘1 G'I‘2 Gi‘a I — FG® -—lF u Gy
=\ey o, +\G'2‘3 ( 33) (G4, %2)

def G{I G{‘2 )
= 3.2.16
(Gsa Gk, (3.2.16)

3.3. Robust Stability.

We now require that the matrix IS1 as given by (1.2.1) is stable for all
possible plants P. The design of C} according to Section 2 resulted in a stable IS1
for P = P. In order for IS1 to remain stable we need to satisfy the requirements
that as we move in a “continuous” way from the model P to the plant P, no
closed-loop poles cross the imaginary axis and no such poles suddenly appear in
the RHP. The latter requirement is satisfied if we assume that the model and the
plant have the same number of RHP poles. If this is not true, a different sufficient
condition is that GF is a stable matrix and only stable A’s are possible. The SSV
can be used to determine if any crossings of the imaginary axis occur. Then we
can say that the system is stable for any of the plants in the set defined from the
bounds on the model uncertainty and which have the same number of RHP poles

as the model, if and only if (Doyle, 1985)

pa(G) <1 Vw (3.3.1)

3.4. Robust Performance.
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Figure 5. SSV block diagram.
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In the first step of the IMC design procedure a controller Q~ is obtained,
which produces satisfactory disturbance rejection and/or setpoint tracking. This
response is described by the “sensitivity” function E given by (1.1.3). Since
E connects the external inputs to the error e, a well-designed control system
produces a relatively “small” E. A measure of the magnitude of the known E is

its maximum singular value. Let b(w) be a frequency function such that
o(E(iw)) < b(w)  Vw (3.4.1)

When P # P, the sensitivity function E is described by (1.1.5). Note that E = E
when P = P. In order for the performance of the control system to remain robust
with respect to model-plant mismatch we have to keep E small in spite of the

modeling error. Hence we require that

supd(b(w) 'E(iw)) <1 VAe€A (3.4.2)

w

We can now use the properties of the SSV (Doyle,1985) to obtain

sups(b(w) 'E(iw)) <1 VA EA <= supuao(G®) <1 (3.4.3)
w w
where
I o0
Gb = (0 b—l) GF (3.4.4)
A° = {diag(A,A%)|A € A,A € C™*"} (3.4.5)

The worst possible ISE that any plant within the uncertainty bounds can
produce for a particular input v is given by the following theorem.

Theorem 3.4.1.

For a specified v define

zdef (I O rf{I O
et (1 e (1 9) (349
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where z is a scalar function of w and the blocks 0 have the appropriate dimensions

(in general non-square). Augment G®, which is in general a “tall” matrix, to

obtain a square matrix:
Giu = (G* 0) (3.4.7)
Then
bao(Giu(iw)) =1 <= z(w) = zo(w) Vw (3.4.8)

defines a function zg of frequency and

sup || Bvllz = [lz5*l2 (3.4.9)
AEA

Proof: See Appendix B.1.

Note that as it turned out 3! = supaca 7(Ev), but the only way to compute
it is through (3.4.8). Also without loss of generality = can be assumed to be
positive since the value of a0 (G ;ull) depends only on |z|. The following theorem
simplifies the problem of computing zo.

Theorem 3.4.2.

Let

z_ [ Mu M
M ..(xle iy . (3.4.10)

where z a positive scalar.

Then infpep 6(DM*D~1) is a non-decreasing function of z, where D =
{diag(D1, D3)}.
Proof: See Appendix B.2.

Note that G%,,; is a special case of the above M and so Theorem 3.4.2 applies
to (3.4.8).

4. Step 2: Design of F.

4.1. Filter Structure.

The filter parameters can now be computed so that the robustness conditions

that were discussed in Section 3 are satisfied. To do so, some structure will
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have to be assumed for F, which can be of any general type that the designer
wishes. However in order to keep the number of variables in the optimization
problem small, a rather simple structure like a diagonal F with first or second
order terms would be recommended. In most cases this is not restrictive because
the potentially higher orders of the model P have been included in the controller é
that was designed in the first step of the IMC procedure and which is in general
a full matrix. Some additional restrictions on the filter exist in the case of an
open-loop unstable plant. Also the use of more complex filter structure may be
necessary in cases of highly ill-conditioned systems (&(P)/ o(P) very large).

i) Open-loop unstable plants.

The IMC filter F(s) is chosen to be a diagonal rational function that satisfies
the following requirements.
a. Pole-zero excess. The controller Q = C}F must be proper. Assume that the
designer has specified a pole-zero excess of k for the filter F(s).
b. Internal stability. IS1 in (1.2.2) must be stable.
c. Asymptotic setpoint tracking and /or disturbance rejection. (I —IséF)v must
be stable.

Write
F(s) = diag(f1(8)s -, fn($)) (4.1.1)
Under assumptions A.1,2,3,4,5, (b),(c) are equivalent to the following conditions.
Let m; ( = 1,k) be an open RHP pole of P and mo = 0 and mg; the largest
multiplicity of such a pole in any element of the It* row of V. From assumptions

A.l, 2,3, 4,5 and the fact that Q makes IS1, (I — PQ)V stable, it follows that

the Ith element , f; of the filter F' must satisfy:
filri) =1,  i=0,1,..,k (4.1.2)

d’ :
E:g‘;‘fl(S)!s:a—o - 0, J = 1, eeey mol — 1 (4.1-3)
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(4.1.2) clearly shows the limitation that RHP poles place on the robustness
properties of a control system designed for an open-loop unstable plant. Since
because of (4.1.2) one cannot reduce the nominal (P = P) closed-loop bandwidth
of the system at frequencies corresponding to the RHP poles of the plant, one can
only tolerate a relatively small model error at those frequencies.
Experience has shown that the following structure for a filter element fi(s)

is reasonable:

_ a,,,_l,zs""'l + ...+ a1 s+ aoy
fils) e T (4.1.4)
where
vi=mo+k (4.1.5)

and then compute the numerator coefficients for a specific tuning parameter A
from (4.1.2), (4.1.3). This involves solving a system of v; linear equations with 1,

unknowns.

Example 4.1.1. Assume that we have a pole-zero excess of k¥ and there is only

one pole 7. Then

_(may

f(s) - (As +1),¢

(4.1.6)

If # = 0, (4.1.9) reduces to the standard filter for stable systems f(s) = (As+1)7*.

Example 4.1.2. Assume that x = 2 and the only pole is a double pole at s = 0.
Then

3As+1
fls) = Ps+1)2 (4.1.7)

ii) Ill-conditioned plants.

The problems arise because the optimal controller Q designed for P tends to
be an approximate inverse of P and as a result é is ill-conditioned as well. The
result is that although robust stability is achieved through significant detuning
of the diagonal filter, the robust performance condition is usually not satisfied.

For example, Skogestad et al. (1986) have shown that an ill-conditioned P or C
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(and therefore an inverting ill-conditioned Q as well, because of (1.1.2)) can cause
problems when input uncertainty is present. A way to address this problem is to
try to use a filter that acts directly on the singular values of é, at the frequency

where the condition number of é is highest, say w*. Let
Q(iw*) = UgZoV4 (4.1.8)

be the SVD of é at w* and let Ry, R,, be real matrices that solve the pseudo-

diagonalization problems:

UoRu =~ I (4.1.9)
V4R, ~ I (4.1.10)

Then for the IMC controller Q that includes the filter, use the expression

Q(s) = Ry Fi(s)R;*Q(s)Fy(s) (4.1.11)

Q(s) = Q(s)Ry F1(s)R; ' Fy(s) (4.1.12)

where Fi(s), Fy(s) are diagonal filters, such that Fy(0) = F;(0) = I if integral
action is desired. Note for Fy, mo should be used in (4.1.3), (4.1.5), for all I,
instead of mg;, where mg = max; mo;.

It should be pointed out that the success of this approach depends on how
good any of the pseudo-diagonalizations (4.1.9) or (4.1.10) is. The diagonalization
will be perfect if Ug or Vg is real. This will happen if w* = 0, which is the case
when the problems arise Because the plant is ill-conditioned at steady-state, as
for example high purity distillation columns are.

One can put this control structure in the form of Fig. 4, as follows. Define

F(s) = diag(F1(s), F2(s)) (4.1.13)
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Qa(s) = Ru or Q(s)Ry (4.1.14)
A(s) =R7'Q(s) or R} (4.1.15)

depending on whether (4.1.11) or (4.1.12) is used. Obtain G* by substituting Q

with Q4 in (3.2.1). Then in Fig. 4 use instead of G, G**¥, where

u u u
11 12 13
u u u

G21 G22 23

O OO

Gvilt = 3 (4.1.16)
Gs1 Gi Gis
4.2. Objective
We can write
FX F(s;4) (4.2.1)

where A is an array with the filter parameters.

The problem can now be formulated as a minimization problem over the
elements of the array A. A constraint is that the part of A corresponding to
denominator time constants should be such that F is a stable transfer function.
However the problem can be turned into an unconstrained one by writing the
denominator of each element of F as a product of polynomials of degree 2 and one
of degree 1 if the order is odd, with the constant terms of the polynomials equal
to 1. Then the stability requirement translates into the requirement that the co-
efficients (elements of A) are positive, which is a constraint that can be eliminated
by writing AZ or |\k| instead of A for the corresponding filter parameters.

Our goal is to satisfy (3.4.3). The filter parameters can be obtained by solving
min sup gao (GP) (04)
A W

It may be however that the optimum values for (O4), still do not manage to satisfy
(3.4.3). The reason may be that an F with more parameters is required, but more

often that the performance requirements set by the selection of b(w) in (3.4.1)
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are too tight to satisfy in the presence of model-plant mismatch. In this case one
should choose a less tight bound b and resolve (04). Note that satisfaction of the
Robust Performance condition (3.4.3) implies satisfaction of the Robust Stability
condition (3.3.1) as well.

A different objective can be set in the case where the ISE for a particular
external input direction v is of special interest to the designer. The objective is
then to minimize (3.4.9) for a specified v (set-point or disturbance). Hence the

filter parameters are obtained by solving
min |1zl (09)

It should be pointed that contrary to the problems addressed in Section 2, where
a minimization for a set of v’s could be carried out, (O5) cannot be solved for a

set of v’s. The reason is the presence of modeling error in the problem definition.

Finally one should note that in both (O4) and (O5), the objective functions
are not convex. Hence a local minimum could be the result of solving (0O4) or
(O5). Use of a number of different initial values for A can help circumvert this
problem. Also, good initial guesses can usually be obtained for the filter param-
eters (elements of A) by mathcing them with the frequencies where the peaks of
Lao (G®) appear for F = I.

4.3. Computational Issues.

i) Objective (04).

The computation of u in (O4) is made through (3.1.3); details can be found
in Doyle (1982). As it was pointed out in Doyle (1985), the minimization of the
Frobenius norm instead of the maximum singular value yields D’s which are very
close to the optimal ones for (3.1.3). Note that the minimization of the Frobenius

norm is a very simple task. In the computation of the supremum in (O4) only a



126

finite number of frequencies is considered. Hence (O4) is transformed into

minmax inf &(DG*D~!) (04')
A well DeDo

where 0 is a set containing a finite number of frequencies and DP? is the set

corresponding to A® according to (3.1.1) and (3.1.4). Define

def

Boo(A) = max inf 6(DG®D™1) (4.3.1)

well DeD°

The analytic computation of the gradient of ®,, with respect to A is in general
possible. This is not the case when the two or more largest singular values of
DGPD™! are equal. However this is quite uncommon and although the computa-
tion of a generalized gradient is possible, experience has shown the use of a mean
direction to be satisfactory. A similar problem appears when the max,cq is at-
tained at more than one frequencies, but again the use of a mean direction seems
to be sufficient. We shall now proceed to obtain the expression for the gradient
of @.,(A) in the general case.

Assume that for the value of A where the gradient of ®,,(A) is computed, the
max,cq is attained at w = wo and that the inf pcpo 6(DG®(iwe) D~1) is obtained
at D = Dy, where only one singular value 0, is equal to &. Let the singular value

decomposition (SVD) be

DoGP(iwo) Dyt = (u, U)("g g) (";1) (4.3.2)

Then for the element of the gradient vector corresponding to the filter parameter

Ax we have under the above assumptions:

;] 0 by 1
m@«, = mal(DoG (two)Dg ™) (4.3.3)

because Vp,(01) = O since we are at an optimum with respect to the D’s. To

simplify the notation use

A= DoG(two) D3t = UsZ4V} (4.3.4)
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By using the properties of the SVD we obtain from (4.3.2)

* * ® 0 * * 0 *
AA* = UAE%UA = UIET*(AA )u1 = ulUA—a—j‘:(Ei)UAul
] 2 .
Sui(55 (4)4° + A5 (A Dur = uiUA(284 53~ (S4)) Uden

* a ® *

:>u16—>‘k(A)v101 +61v1~6——X;(A Jur = 201————(01)

=9 (61) = Re |4t =2 (Do GP(iw0) D5 V) (4.3.5)
g (1) = Re |uige(DoG i ! ~

Use of (4.3.3), (3.2.16), (3.4.4), (4.3.5), and of the property

g
o

ZWMET) =Mz : S (M(2)M(2)7 (4.3.6)

where M(z) is a matrix, yields after some algebra

d . u, Ky

(I—Fcza)-l(% Gsz)va‘vl]« (43.)

where F,GY;,b,w are computed at w = wo. The derivatives of F with respect to
its parameters (elements of A) depend on the particular form that the designer
selected and they can be easily computed.

ii) Solution of (O5).

The first issue in this case is the computation of zo. Note that this com-
putation has to be made at every frequency w. In practice :)nly a set ] with a
finite number of frequencies is used, from which ||zg!||z can be computed ap-
proximately. Theorem 3.4.2 indicates that any basic descent method should be
sufficient. The fact that it is possible to obtain an analytic expression for the
gradient of p a0 (G%,;(iw)) with respect to z, simplifies the problem even further.
This is possible when (3.1.3) is used for the computation of 4 and the two largest

singular values of DG}u,,D“l for the optimal D’s at the value of z where the
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gradient is computed, are not equal to each other. If this not the case a mean
direction can be used as mentioned in the H,, case above.
Let the infpepo 6(DG%,;(1w)D™!) be attained for Dy = Do(w;z) and let
01 be the maximum singular value and uy,v; the corresponding singular vectors.
Then the same steps for obtaining (4.3.5) are valid. Hence by using (3.4.6) and

(3.4.7) we get after some algebra

fd z . * 0 0 0
5 (a0 (GFun(iw))) = Re [ulDO (WGSH WGHv 0)

D{,‘lvl} (4.3.8)

The second computational issue is the solution of (O5). To obtain the gradient
of ||z5!||2 with respect to the filter parameters, we need to compute the gradient
of zo(w) with respect to these parameters for every frequency w € 1. From the
definition of zg in (3.4.8) we see that as some filter parameter Ax changes, zg(w)

will also change so that pao (G?u”(iw)) remains constantly equal to 1. Hence we

can write
ou Ozxg T 0z  Oup ,0u
3z ;o ' By oz

(4.3.9)

where p is computed through (3.1.3). The denominator in the right hand side
of (4.3.9) is given from (4.3.8). As for the numerator, it can be computed in the

same way as (4.3.5) and (4.3.7) but with G%,, instead of G*:

d (- . GY u \—
5o (o (Gan(iw) = ReluiDo ( 782, ) (1~ Pagy)™

a y U y— u u e

Hence dzo/0Ax can be computed from (4.3.8), (4.3.9), (4.3.10).

5. IMMustration.

The design of a robust IMC controller will be demonstrated for a 2 x 2 high

purity distillation column. Skogestad and Morari (1986) suggested that a very
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simple model can be used to underline the control problems inherent in the LV-

configuration. For the particular example they examined, the following model was

used:

PO = 77 (Tom voss) (5.01)
The problems arise from the fact that high purity distillation columns are ill-
conditioned at steady-state. For the case in (5.0.1) the condition number is equal
to 142. Hence any controller Q based on the inverse of P will also be ill-conditioned

and this might result in an unrobust control system.

The P above is MP and so

Q(s) = P(s)! (5.0.2)

The IMC filter has now to be designed for robustness. To do so we need to
have some uncertainty description as explained in Section 3.2. Input uncertainty
will assumed in this case. This type of uncertainty is defined in Section 3.2.ii.
Skogestad and Morari (1986) proposed the following uncertainty bound [/; and

performance bound b (used in (3.4.2)):

5s+1
l{(S) = Ozm (5.0.3)
20s
b(s) = 5.04
)= Tos71 (5.0.4)

First contrary to Section 4.1.1i, a simple diagonal filter will be used to demon-
strate the problem. A gradient search procedure based on the analytic gradient
expressions in Section 4.3, is used to solve (04’) for a one parameter A, i.e., a

scalar times identity filter is employed. The result is

1

Fls) = ——
() = 7 ogs 1!

(5.0.5)

Plots of u for robust stability (given by (3.3.1)) and robust performance (given

by (3.4.3)) are shown in Fig. 6a. Clearly, although the system is guaranteed to
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remain stable in the presence of modeling error (within the bound in (5.0.3)),
the performance is expected to deteriorate. This is confirmed by the simulations

shown in Fig. 7. A step setpoint change in output 1 is made:

o(s) = r(s) = (1(/)'5) (5.0.6)

Note that the actual magnitude of the change in not important since the system
is linear. The value 1 is used to facilitate the comparisons. For the nominal case
(P = P), the outputs are decoupled and the performance is acceptable (Fig. 7a).

However in the case where

P(s) = B(s) (162 0‘;) (5.0.7)

the performance deteriorates to the point where it is totally unacceptable (Fig.
7b). Note that the plant in (5.0.7) includes a 20% error in each plant input and
it is within the bound in (5.0.3). The same plant is used in all other simulations
in this section when model-plant mismatch is assumed. Filters with different
elements and higher orders and zeros were also used in the optimization but the
results showed that these filters produce no worthwhile difference for the one-filter
controller. The reason is that one diagonal filter cannot in general significantly
affect the condition number of Q.

We shall now proceed and use the filter structure suggested for ill-conditioned
systems in Section 4.1.ii. In this case w* = 0 and therefore the diagonilizations
(4.1.9) and (4.1.10) are exact. Hence (4.1.11) and (4.1.12) produce the same
Q. Objective (O4') was solved with a gradient search method using the analytic
gradient expressions of Section 4.3. Different filter orders were used and a few
different initial guesses were tried to avoid local minima. The final result for

filters with two parameters in each element, was:

0.244s-+1_ 0

; 1)

Fi(s) = ( (© 18‘8”- 0.00284s+1 ) (5-0-8)
(8.72s+1)2
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0».16434—12 0

(0.4465+1)

FZ(S) = ( 4408+ 0.213s8+1 ) (5.0.9)
(0.476s+1)2

The values of u for robust stability and performance are shown in Fig. 6b. The
clear improvement over the diagonal filter is verified by the simulations in Fig. 8.
It is interesting to note that the responses in Figs. 7 and 8 are similar for the
nominal case. Hence, as expected, the increase in robustness was not the result
of additional detuning, which is something that if it was sufficient it would have
been accomplished by the minimization problem solved for the diagonal filter.
The reason for the improvement is that the two-filter structure acted directly on
the singular values of Q and, in addition to appropriate detuning, it also reduced

its condition number at the critical frequency range.

Finally, a last comparison will be made between the performance obtained by
the two-filter IMC controller and the “true” p—optimum controller, defined as the
result of minimizing sup,, pao(G®) over not a specified filter structure but over
any stabilizing controller Q or C. However, the iterative approach suggested by
Doyle (1985) for solving this problem is not guaranteed to converge and indeed,
it has often failed to converge. For this particular example though, Skogestad
and Morari (1986) obtained this u—optimal controller. The values of y for robust
performance and stability are shown if Fig. 6c for the same bounds as in (5.0.3)
and (5.0.4). Clearly the difference is not significant and this is verified by the

simulations shown in Fig. 9.

6. Concluding Remarks.

The work presented in this paper extends the two-step IMC design procedure
to open-loop unstable systems. It proposes a meaningfull way for the selection
of the “weight” in the H,-minimization problem solved in the first step of the
synthesis procedure, through Theorem 2.4.2 and Corollary 2.4.1. The method

quantifies the problem of the design of the IMC filter via the use of the Structured
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Singular Value and provides analytic expressions for the gradients of the objective
functions. The special filter structures needed for open-loop unstable plants and
ill-conditioned plants are given. The promise of the approach as a practical way
for the design of robust multivariable controllers is demonstrated by the high

purity distillation column example examined in the paper.
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Figure 9. Time response for the p-optimal controller.

(a) (b)



135

Appendix A

A.1l. Proof of Theorem 2.2.1.

i) We shall show that any Q given by (2.2.2) makes IS1 stable. From
substitution of (2.2.2) into (1.2.2) it follows that all that is required is that
(Pb2Q1 bZQ1P Pb2Q:P) be stable. From the properties of Qi, it follows
that the third element in the above matrix is stable. Stability of the other two
follows by pre- and post-multiplication of that element by P~1, since according
to assumptions A.1, A.2, P has no zeros at the location of its unstable poles and
these are the only possible unstable poles in the above matrix.

ii) Assume that Q makes IS1 stable. Then the difference matrix

IS1(Q) — IS1(Qo) = ((@ — Qo) P(Q—Qo) (Q@—Qo)P P(Q—-Qo)P)
(A.1.1)
is stable. The fact that P has no zeros at the location of the unstable poles makes
the stability of the matrix in (A.1.1) equivalent to the stability of (Q — Qo),
P(Q — Qo)P. Then, when assumption A.l.c holds, we can write P = bpf’, where
P has no zeros at the unstable poles of P and its only unstable poles are at s = 0.
So, it follows that (Q — Qo) = ’*2Q 1 with Q; stable and such that P@Q; P have no

poles at s = 0. If A.l.c does not hold, @, should also have the property that it
makes PQ, P stable.

A.2. Proof of Theorem 2.3.1.

We shall assume that a Qo exists, which in addition to the properties men-
tioned in Theorem 2.2.1, it also produces a matrix (I — PQo)V? with no poles
at s = 0, where V0 is a diagonal matrix with I, poles at s = 0 in every element,
with /, the maximum number of such poles in any element of v. If assumption
A.l.c does not hold, then each column of VO also satisfies assumption A.3.b and
Qo makes (I — PQo)V? stable. Its existence will be proven by construction. Sub-

stitution of (2.2.2) into (2.1.2) and use of the fact that pre- or post-multiplication
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of a function with an allpass does not change its Ly—norm, yields:
&(v) = ||by "o Py (I — PQo)d — bpby Pr Q1]
E | f1 - £Q19] (4.2.1)

L,, the space of functions square integrable on the imaginary axis, can be decom-
posed into two subspaces, H the subspace of functions with analytic continuations
in the LHP (strictly unstable functions) and its orthogonal complement Hj that
includes all stable functions. Then, if f; is an L9 function, it can be uniquely

decomposed into two orthogonal functions {f1}+ € H; and {f1}- € Hj":

fi={fi}+ +t{N1}- (A.2.2)
From (A.2.1) one can see that if improper @’s are allowed, then f; may not be
an L, function. However, in order for ®(v) to be finite, the optimal Q; has to
make f; — f2Q,0 strictly proper. The assumption will be made that is the case
and it will be verified at the solution has this property. Hence to proceed we
shall use the convention that when a decomposition as in (A.2.2) of a function
is obtained through a partial fraction expansion, all improper and the constant
terms are included in {.}_.
When A.l.c holds, inspection of (A.2.1) shows that f2Q;9 can have no poles
in the closed RHP except possibly for some poles at s = 0 introduced by 9. f
however has no poles at s = 0 because (I — PQo)V° has no such poles. Hence for
®(v) to be finite, f2Q19 should have no poles at s = 0. Hence the optimal @, has
to be such that these poles are cancelled. When A.l.c does not hold, then the fact
that (I — PQo)V? is stable and A.1.b imply that an acceptable Q; and therefore
the optimal @ is such that f2@,v is stable. We shall assume that @; has this
property. It should be verified at the end however that the solution indeed has

the property. We can then write

®(v) = [{f1}+l1 + [{f1}- = £2Q10][3 (4.2.3)
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The first term in the right hand side of (A.2.3) does not depend on @Q;. Hence for

solving (O1) we only have to look at the second term. The obvious solution is

Q1o = f {1}~ (A.2.4)

Clearly such a Q; produces a stable f,Q:? as it was assumed. Also f; —
f2@1% = {f1}+, which has no improper or constant terms. It should now be
proved that Q;’s that satisfy the internal stability requirements exist among those
described by (A.2.4) so that the obvious solution is a true solution. For n =1,
(A.2.4) yields a unique Q;, which can be shown to satisfy the requirements by

following the arguments in the Proof of Theorem 2.4.1 in Appendix A.3. For

n > 2 write

aE(a o) (A.2.5)

Vo & (5, ... 9,)7 (4.2.6)

where without loss of generality the first element of v is assumed to be nonzero.

Also g1 is n X 1 and g2 is n X (n — 1). Then from (A.2.4) it follows that

Q1= (T HAY-— V) @) (4.2.7)

We now need to show that a stable g exists such that Q; is stable and

produces a PQ; P with no poles at s = 0 (or in the closed RHP, when A.l.c does
not hold). Select a g2 of the form:

k
g2(s) = ga2(s)s% H(S —m)® (A.2.8)

where ¢, is stable. Then from (A.2.7) it follows that in order for PQ; P not to
have any poles at s = 0 it is sufficient that Pﬁ;lfz—l{fl}_{P}latrow have no such
poles. This holds because the poles in the P on the left cancel with the P;II in

fa ! and v, (and so 97 as well) has by assumption A.4 at least as many poles
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at s = 0 as the 1st row of P. When A.l.c does not hold, then the same type of
argument and the fact that A.3.b holds imply that PQ; P has no poles in the open
RHP either. Let us now examine the stability of @;. The only poles in the open
RHP may come from #;!. Let a be such a pole (zero of v;). Then for stability

we need to find §; such that
k
8:()72(0) = =2 T (a = m) 2 f7 (&) {1}~ (o) (4.2.9)
i=1

The above equation always has a solution because the vector V, () is not identi-
cally zero since any common RHP zeros in v were factored out in vp.
We shall now proceed to obtain an expression for Q9. (2.2.2) and (A.2.7)

yield
Qb = bpb, Pyt [b; 0y P PQod — {b; by Py  PQod}— + {b; by Py 0} _]
= bpb, L Pyt [{05 100 PL  PQod Yoy + {b; 10y P 0} _] (A.2.10)

where {.}o+ indicates that in the partial fraction expansion all poles in the closed
RHP are retained. For (A.2.10), these poles are the poles of b, 15,9 in the closed
RHP; PZIPQO = PpQo is strictly stable because Q¢ is a stabilizing controller.
When A.l.c holds, the stability of (I — PQo)P and the fact that the residues of P
at the open RHP poles are full rank imply that at these poles I — PQg = 0. Also
the fact that (I — PQo)V? has no poles at s = 0 implies that (I — PQo) and its
derivatives up to and including the (I, —1)** are also equal to zero at s = 0. When
A.l.c does not hold, the fact that (I — PQo)V?© is stable and that the columns
of this diagonal V° satisfy A.3.b, imply that I — PQo = 0 at 0,1, ..., mx. Hence
(A.2.10) simplifies to (2.3.4).

We now need to show that a stabilizing controller Q¢ with the property that
(I - PQo)V?O is stable exists. The selection of a V'° with the properties mentioned

in the beginning of this section and its use instead of V in (2.4.3) yields such a

controller.
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A.3. Proof of Theorem 2.4.1.

The Ly-norm for a matrix G(s) analytic on the imaginary axis is given by

112 = (51; f ” tracelG* (iw)G(iw)] dw)1/2 (4.3.1)

-0

Then from (2.1.2), (A.3.1) it follows that
(') + 3(v?) +...+ &(w") = ||I - PO)V|2 & a(v) (4.3.2)

The minimization of ®(V) follows the steps in the proof of Theorem 2.3.1 in
Appendix A.2 up to (A.2.4), with Vjs used instead of 9. In this case [, is the
maximum number of poles at s = 0 in any element of V. From the equivalent to

(A.2.4) equation we obtain

Qi =S5 {f1}-Va (A.3.3)

where Vs is used instead of ¥ in f;. We now have to establish that @; is stable
and produces a PQ; P with no poles at s =0 (or in the closed RHP, when A.l.c
does not hold). In the case where by, b, are not equal to identity, the stability of
Q1 follows from the full rank conditions in A.1.c and A.5.b. In PQ;P the poles
at s = 0 of the P on the left cancel with the P;II in fy 1 As for the P on the
right, the same follows from assumption A.5.a. When A.l.c does not hold, the
same arguments are true for the open RHP poles as well. Then in the same way
that (2.3.4) follows from (A.2.7), (2.4.3) follows from (A.3.3).
A.4. Proof of Theorem 2.4.2.

A stabilizing controller that solves (O2) has to solve (01) for all v?, i =

1,...,n. Satisfying (2.3.4) for every v’ is equivalent to
Q =bpb, ' Py {650, PLIV LV (A.4.1)

Hence the above Q is the only potential solution to (O2). However it is not

necessary a stabilizing controller since not only stabilizing é’s satisfy (2.3.4) for
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some v. Indeed if V is non-minimum phase, V-1 is unstable and this results in
an unstable C~2, which is therefore unacceptable. Hence in such a case, there exists
no solution to (02), which completes the proof of part (i) of the theorem.

In the case where V1! is stable (17' minimum phase), the controller given by
(A.4.1) is stable and therefore it is the same as the one given by (2.4.3). This fact

can be explained as follows. We have

V=VV (A.4.2)

where
Vo = diag(vd,vd,...,v}) (A.4.3)

Since V! is stable, (A.4.2) represents a factorization of V similar to that in

(2.4.2). From spectral factorization theory it follows that
V(s) = Vam(s)A (A.4.4)

where A is a constant matrix, such that AA* = I. Then from (2.4.3) it follows
that the use of V instead of Vas does not alter @ because A cancels.
Let us now assume without loss of generality that the first j v*’s have the

same v}’s. Consider a v that is a linear combination of v!,...,v7:

v(s) = egvi(s) + ... + a;v7(s) (A.4.5)

Then it follows that
vo(s) = v3(s) = ... = v}(s) (A.4.6)
9(s) = a10(s) + ... + a;97(s) (A.4.7)

One can easily check that a Q that satisfies (2.3.4) for 91,...,07, will also satisfy

(2.3.4) for the 9 given by (A.4.7) because of the property

{arfi(s) +... + a;fi(s)}e = ar{fi(s)}u + ... + a;{f;(s)}+ (A.4.8)
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But then from Theorem 2.3.1 it follows that if a stabilizing controller C} satisfies
(2.3.4) for 9, then it minimizes the ISE &(v).

Appendix B

B.1. Proof of Theorem 3.4.1.

For a matrix K partitioned as

K1 Ki2
K= B.1.1
(K21 Kzz) ( )
define
R(K,A) % Ky + Ka A(J — K1 A) 1Ky (B.1.2)

Then the transfer function relating v to e in Fig. 5 is R(GF, A) and since Fig. la

and Fig. 5 are equivalent, we get by using (1.1.5)
E = R(GF, ) (B.1.3)
The properties of the SSV and (3.4.8) imply (Doyle,1985) that

sup 5(R(G%,,4)) =1 (B.1.4)
AcA

From (3.4.6), (3.4.7), (B.1.2), (B.1.3), it follows after some algebra that
R(GEy,A) = (zoEv 0) (B.1.5)

Then from (B.1.4),(B.1.5) and the definition of the singular values, it follows, since

zoEv is a vector:

sup (z2v*E*Ev) =1 Vw

aAcA
400 +o0
= sup/ v*E*Ev dw =/ 52 dw
A€A /-0 —o0
<= (3.4.9) QED

B.2. Proof of Theorem 3.4.2.
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Let 0 < z3 < z;. Then we can write 3 = z;8, where 0 < # < 1. From

(3.4.10) we have

DM22D—1 — (Dl 0 ) (I 0 >M31D-—1

0 Dy)\o BI
(I 0© I
_<0 ﬁI) DM®= D (B.2.1)

Then the properties of the singular values yield

(B.2.1) = 6(DM*D 1) <& (0 ﬁI> g(DM* D)
= &(DM** D) < s(DM*D"') VDeD

= inf ¢(DM**D™!) < inf 5(DM** D) QED
DeD DeED
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Abstract

The two—step Internal Model Control procedure is used for the synthesis of
multivariable discrete controllers for open—loop stable or unstable plants. The
plant models used in the proposed method are transfer function matrices. In the
first step the controller is designed so that the La—error (sum of squared errors)
is minimized for every setpoint or disturbance vector in a set and their linear
combinations. A modification is then introduced to avoid the potential problem
of intersample rippling. In the second step a low-pass filter is designed so that
stability and good performance characteristics are maintained in the presence
of model-plant mismatch. The continuous plant output is considered in order
to avoid bad intersample behavior. The filter parameters are obtained as the
result of a minimization of a non—conservative robustness measure, the Structured

Singular Value. Special filter structures have to be used for open-loop unstable

or ill-conditioned plants.
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The design of a control system requires the use of a process model, either
explicitly or implicitly. However, modeling error is unavoidable and it results
in a mismatch between the model and the actual plant. Other reasons for such
a mismatch are nonlinearities that manifest themselves as modeling error when
a linear model is used for the controller design. Whatever the reasons for the
modeling error, the result is that a controller designed for a particular model may
perform quite differently when it is implemented on the actual process. Modern
control theory addresses this problem with the design of controllers that are robust
with respect to model-plant mismatch, i.e., of control systems that will perform
within certain design specifications, provided that the modeling error does not

exceed certain bounds.

The Internal Model Control (IMC) structure, introduced by Garcia and
Morari (1982), has been widely recognized as very useful in clarifying the is-
sues related to the mismatch between the model used for controller design and
the actual process. An important characteristic of the structure is that it gives
rise to a two step controller synthesis procedure. In the first step the assumption
is made that the model and the plant are the same, and as a result the design
of an IMC controller with desired performance characteristics in this first step is
significantly simplified. The second step deals with the design of a low—-pass filter
such that robustness with respect to model-plant mismatch is guaranteed, in the
sense that the system performance will remain close to the one for the nominal

case (no modeling error), even when such a mismatch exists.

1. Internal Model Control.

The IMC structure (Fig. la), is mathematically equivalent to the classical
feedback structure (Fig. 1b). P(z) represents the model and P(2) the actual
discretized plant. P(z) is obtained by adding a zero order hold in front of the

continuous plant and then taking the z-transform. P(z) is assumed to be a square
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(b)

Figure 1.
(2) Internal Model Control structure.

(b) Feedback Control structure.
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n X n matrix of full normal rank, i.e., it may be singular only at a finite number

of z’s. The IMC controller Q(z) and the feedback C(z) are related through
Q=C(I+PC)? (1.0.1)

C=Q-PQ)! (1.0.2)

where P is the process model. Note that throughout this paper, unless otherwise
pointed, all the transfer function matrices are z transforms.

Some advantages of using the IMC structure can be seen by examining the
structure for P = P and P # P:

~

P=P

In this case the overall transfer function connecting the setpoints r(z) and

disturbances d(z) to the errors e = y — r, where y(z) are the process outputs is
e=y—r=(I—-PQ)d-r) Ed-r) (1.0.3)

Hence the IMC structure becomes effectively open-loop (Fig. 2a) and the design
of @ is simplified. Note that the IMC controller is identical to the parameter of
the @-parametrization (Zames, 1981). Also the addition of a diagonal filter F by
writing

~

Q=QF (1.0.4)

introduces parameters (the filter time constants) which can be used for adjusting

on-line the speed of response for each process output.

P +# P.

The model-plant mismatch generates a feedback signal in the IMC structure
which can cause performance deterioration or even instability. Since the relative
modeling error is larger at higher frequencies, the addition of the low-pass filter

F (Fig. 2b) adds robustness characteristics into the control system. In this case-
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o~
o
-

Figure 2. IMC structure with the filter F.
(a) P = P.
(b) P # P.
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the closed-loop transfer function is
e=y—r=(I—-PQF)(I—(P—-P)OF) Y (d-r) E Ed-1) (1.0.5)

Hence the IMC structure gives rise rather naturally to a two-step design proce-
dure:

Step 1: Design é, assuming P = P.

Step 2: Design F so that the closed-loop characteristics that @ produces in
Step 1, are preserved in the presence of model-plant mismatch (P # f’)

In previous IMC work, Garcia and Morari (1985a) proposed for open-loop
stable plants the direct design of the closed-loop transfer function. In Step 1 this
approach was rigorously quantified in its general form by Zafiriou and Morari
(1986b) by using the concept of zero directions, who also took into account inter-
sample rippling and modified the approach so that time delays and outside the
unit circle (UC) zeros were considered in one single step. However, the exten-
sion of the above approach or of the impulse response formulation of the problem
(Garcia and Morari, 1985b) to open-loop unstable systems is very awkward. The
method proposed in this paper takes care of both open-loop stable and unstable
plants in a general way by minimizing the Sum of Squared Errors (SSE) for a set
of setpoints or disturbance vectors and their linear combinations, if possible.

With respect to the second step, this paper proposes the design of the IMC
filter by minimizing an appropriate robustness condition. Potential modeling er-
rors, described as uncertainty associated with the process model, can appear in
different forms and places in a multivariable model. This fact makes the derivation
of non-conservative conditions that guarantee robustness with respect to model-
plant mismatch quite difficult. The Structured Singular Value (SSV), introduced
by Doyle (1982), has gained a lot of popularity recently, because it takes into

account the structure of the model uncertainty and it allows the non-conservative
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quantification of the concept of robust performance. The objective function for
the minimization problem is formulated in such a way so that the continuous plant
output is considered and the problem of intersample rippling does not occur.

2. Step 1: Design of Q

Throughout this section the assumption is made that P = P. Details on
the definition of multivariable zeros and poles and their degrees and orders can
be found in the literature (Desoer and Schulman, 1974). In general a pole of an
element of P(z) is also a pole of P(z) and the roots of det[P(z)] = 0 are the zeros
of the matrix P(z).

2.1. Stabilizing Q’s.

It will be assumed that there are no open-loop unstable poles of the continuous
plant, which after sampling do not appear in the discretized plant, i.e., no open-
loop poles become unobservable because of sampling. If this is not the case, then
a small change of sampling time will make those poles observable.

2.1.1 Internal Stability.

The concept of Internal Stability can be motivated by pointing out that the
signals between blocks constituting a control system are subject to (possibly very
small) errors. In practice it cannot be tolerated that these small errors lead to
unbounded signals at some other location in the control system.

Definition 1: A linear time invariant control system is internally stable, if the

transfer functions between any two points of the control system are stable, i.e.,
have all poles inside the UC (for discrete systems).

In a control system many different points can be selected for signal injection
and observation but most of the choices are equivalent. For example, for the
system in Fig. 3a, y and e differ only by a bounded signal r and their observation
reveals the same information about internal stability. Also, from the point of view

of internal stability the effect of d and r on u is equivalent. Simple arguments
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of this type reveal that there are only two “independent” outputs, which can be

chosen as y and u and two “independent” inputs which can be chosen as r and

[

u!. Thus the classic feedback system is stable if and only if all elements in the

transfer matrix in (2.1.1) have all their poles inside the UC.

y\ _(PC(I+PC)! (I+PC)'P r (2.1.1)
v/ \ C(I+PC)"' -C(I+PC)'P u! o
Equivalently the internal stability requirements for the classical feedback structure

is that all elements in the matrix IS1 in (2.1.2) are stable:

IS1=(C(I+PC)"' PC(I+PC)! C(I+PC)'P (I+PC)'P)
(2.1.2)
The internal stability condition clarifies the fact that mere cancellation of unstable
poles by zeros is not enough to guarantee the stability of the system. It becomes
evident that instability arising from unstable pole-zero cancellations is not due to
inexact cancellation (as it has been argued in the past) but is solely due to the
fact that the cancellation does not satisfy the internal stability requirements.

Use of (1.0.1) or (1.0.2) in (2.1.2) yields

IS1=(Q PQ QP (I-PQ)P) (2.1.3)

Note that stability of each element in (2.1.3) implies internal stability when the
control system is implemented as the feedback structure in Fig. 1b, where C is
obtained from the Q used in (2.1.3) through (1.0.2).

In order for the control system to be stable when implemented in the IMC
structure of Fig. 1a, we have to examine the transfer functions between all possible
system inputs and outputs. From the block diagram in Fig. 3b we note that there
are three independent system inputs r,u; and u; and three independent outputs

y,u and §. For no model error (P = P) the inputs and outputs are related through
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the following transfer matrix.

PQ (1-PQ)P P r
Q -QP 0 uy (2.1.4)
PQ -PQP P \u

@ e e
f

In order for the matrix in (2.1.4) to be stable we need that the matrix IS2 be
stable:

IS2=(Q PQ QP (I-PQP PQP P) (2.1.5)

Hence if the process P is open-loop unstable, 152 will also be unstable and the
control system has to be implemented in the feedback structure of Fig. 1b. Still,
the-two step IMC design procedure can be used for the design of @, as described
in the following sections. C can then be obtained from (1.0.2) and the structure
in Fig. 1b implemented. In this case, special attention should be paid to the
construction of C, so that all the common on or outside the UC zeros of @ and
(I — PQ) are cancelled in (1.0.2). Minimal or balanced realization software can
be used to accomplish that.

Note that when the process is open-loop stable, it follows from (2.1.3) or

(2.1.

(%))
N

that the only requirement for internal stability is that Q is stable.

2.1.2. Parametrization of All Stabilizing Q’s.

The process P can in general be open-loop unstable. The following assump-

tion simplifies the solution of the optimization problem:

Assumption A.1. If 7 is a pole of the model P outside the UC, then:

a. The order of 7 is equal to 1.
b. P has no zeros at z = .
c. The residual matrix that corresponds to 7 is full rank.
Assumption A.l.a is made to simplify the notation and it is the usual case.
The results in this paper can be extended to higher order poles. A.1.b is true

for SISO systems but not necessarily for MIMO (Kailath, 1980). However, the



155

u' d
P y
(a)
d
bt
N - I

Figure 3. Internal Stability.
(a) Feedback structure.

(b) IMC structure.
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assumption is not restrictive because the presence of a zero at z = w implies
an exact cancellation in det[P(z)], which usually does not happen after a slight
perturbation in the coefficients of P is introduced. A.l.c is always true for SISO
systems, but it can be quite restrictive for MIMO systems. Instead of A.l.c
however, an additional assumption can be made on the external input for which
the optimal controller is designed. This is discussed in Section 2.2.1.

Assumption A.1 is not made for poles at z = 1 because more than one such
poles may appear in an element of }5, introduced by capacitances that are present
in the process. The following assumption true for all practical process control

problems is made:

Assumption A.2. Any poles of P or P on the UC are at z = 1. Also P has no

zeros on the UC.

Let 7y, ..., Tk be the poles of each element of P outside the UC. Define the

allpass

)Nz —m)
1_7“ (z“‘( DY

where the superscript (*) denotes complex conjugate (and transpose when applied

bp(2) = (2.1.6)

m~

to a matrix). If A.1.c does not hold, define
bp(z) =1 (2.1.6")

The following Theorem holds, where “proper” means that the degree of the nu-

merator in any element of P(z) is less than or equal to that of its denominator.

Theorem 2.1.1.

Assume that Qo(z) is a proper transfer matrix that satisfies the internal
stability requirements of Section 1.2, i.e., it produces a matrix IS1 with stable

elements. Then all proper @’s that make IS1 stable are given by

Q(Z) = QQ(Z) + bp(Z)ZQl(Z) (2.1.7)
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where @ is any proper and stable transfer matrix such that:
i) If A.1.c holds, PQ; P has no poles at z = 1.
ii) If A.1.c does not hold, PQ1P has no poles on or outside the UC.
Proof: See Appendix A.1.
Note that if P(2) is stable, then Theorem 2.1.1 implies that any proper and
stable Q(z) is acceptable, as it was remarked in Section 2.1.1.

2.2. H,-Optimal Q(z).

2.2.1. Definitions.

We define L, as the Hilbert space of complex valued functions f(z) defined
on the unit circle (UC = {e*®| — 7 < 6 < 7}) and square-integrable with respect
to 0. For a vector function f, the norm on L, is given by:

™ ) i 1/2
k= (5= [ r@se) ) 221)

L, can be decomposed into two subspaces, Ha the closed subspace of functions
having analytic continuations inside the UC and its orthogonal complement Hj-.
Note that with these definitions a constant function is in Hy. Ha also includes
all rational z-transfer functions that are strictly unstable, i.e., which have all
their poles strictly outside the UC (including poles at z = co (improper transfer
functions)). All strictly proper (numerator degree less than denominator degree),
stable rational z-transfer functions, are in Hj .

If f(z) is proper, stable and {fx} is the time domain sequence of vectors
corresponding to it, i.e.,

{fi} = 27H1(2)} (2.2.2)

then we also have

- 1/2
l1f]l2 = (Z f,';"fk) (2.2.3)

k=0

where the superscript (T') denotes transpose. Hence if the error signal e(z) is

stable, then the square of its Ly-norm is equal to the SSE.
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For a specified external system input v (v = d for r = O;v = —r for d = 0),

define by using (1.0.3)
def ~ ~
$(v) = [lellz = [|Bvll3 = I(T - PQ)vl[3 (2.2.4)

Then ¢(v) is the SSE for the particular input v. For every external input v that
will be considered in this paper the following assumption can be made without
loss of generality:

Assumption A.3.

a. The poles of each nonzero element of v outside the UC (if any) are the first k'
poles m; of the plant outside the UC, each with degree 1.
b. If A.1.c does not hold, then every nonzero element of v (or ) includes all the
outside the UC poles of P, each with degree 1.

To simplify the arguments in the paper, we shall assume that if A.3.b is
satisfled, then A.l.c is not. In this way the proper choices in the definitions and
the proofs will be made on the basis of A.1l.c. If both A.l.c and A.3.b hold, then

the results that apply to the case where A.1.c does not hold but A.3.b does, are

still correct.

Define
k!
IO - e o )
bo(2) I}l =)= (7)) (2.2.5)
If A.l1.c does not hold, define
bu(2) =1 (2.2.5")

A different assumption is made for the poles of v at z = 1:

Assumption A.4. Let [; be the maximum number of poles at z = 1 that an element

of the 1t* row of P has. Then the ¢*® element of v has at least I; poles at z = 1.
Also v has no other poles on the UC and its elements have no zeros on the UC.
The above assumptions are not restrictive in the case where v is an output

disturbance d, because in a practical situation we want to design for an out-
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put disturbance produced by a disturbance that has passed through the process.
Hence, d usually includes the unstable process poles (e.g., an output disturbance
d produced by a disturbance in the manipulated variables). Note that the con-
trol system will still reject other disturbances with fewer unstable poles, without
producing steady-state offset. The assumption is different for poles at z = 1 be-
cause their number in each row of P can be different, since capacitances may be
associated with only certain process outputs. Also the output disturbance may
have more poles at z = 1 than the process (e.g., a persistent disturbance in the
manipulated variables).

The assumptions may be restrictive in the case of setpoints though. However
for setpoint tracking the use of the Two-Degree-of-Freedom structure, which will
be discussed briefly in Section 2.5, allows us to disregard the existence of any
unstable poles of P and therefore this assumption need not be made for setpoints.

The plant P can be factored into an allpass portion P4 and a minimum phase
(MP) portion Pps:

P = P4Py (2.2.6)

P, is stable and such that P;(e®)P4(e*®) = I. Also P;;' is stable. Py has
the additional property that both Pas and P;Il are proper. In the case where
P is scalar, this factorization can be easily accomplished by writing P4 as a
scalar allpass (similarly to b, or b,) containing as zeros the outside the UC zeros
of P, times the time delays of the plant so that Pys is semi-proper (numerator
degree = denominator degree). In the general multivariable case, this “inner-
outer” factorization can be accomplished through the spectral factorization of
P(271)TP(z), where (T) denotes transpose. Details on these problems can be
found in the literature (Motyka and Cadzow, 1967; Anderson et al., 1974; Chu,
1985; Doyle et al., 1984).

2.2.2. Minimization of ¢(v) for One Specific v.
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The objective in this section is to consider only one specific input v(2) and

solve the problem:

min ¢(v) (P1)
Qe

where Q denotes the set of all stabilizing @’s described by Theorem 2.1.1.
Let vo(z) be the scalar allpass with the property vo(1) = 1, which includes

the common outside the UC zeros and time delays of the elements of v(z). Write
v(2) = vo(2)9(2) (2.2.7)

where §(2) is a vector. Hence ¢ is proper with at least one element semi-proper
and there is no point z on or outside the UC where ¥ becomes identically zero.
The following theorem holds:

Theorem 2.2.1.

Any stabilizing C:) that solves (P1) satisfies
Qb = 2byb; Pt {27 b5 10, P 10} (2.2.8)

where the operator {-}. denotes that after a partial fraction expansion of the
operand, only the strictly proper terms are retained except for those corresponding
to poles of PXI. Furthermore, for n > 2 the number of stabilizing controllers that
satisfy (2.2.8) is infinite. Guidelines for the construction of such a controller are
given in the proof.
Proof: See Appendix A.2.

Note that not every é satisfying (2.2.8) is necessarily a stabilizing controller.

2.2.3. Minimization of ¢(v) for a Set of v’s.

Minimizing the SSE just for one vector v is not very meaningful, because of
the different directions in which the disturbances enter the process or the setpoints

are changed. What is desirable is to find a Q, that minimizes ¢(v) for every single
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v in a set of external inputs v of interest for the particular process. Foran n X n

P, let us consider the n vectors v‘(z),i =1,...,n. Define
VE (vl w2 L owm) (2.2.9)

where v!,...,v" satisfy assumption A.3. An additional assumption on V is

needed:

Assumption A.5.

a. V has no zeros at the location of its unstable poles or on the UC and V!
cancels the poles of P at z=1in V~1P.

b. If A.1.c holds, the residual matrices for the outside the UC poles of V are full
rank; if A.1.c does not hold, then V~! cancels the outside the UC poles of Pin
V-1P.

Note that satisfaction of assumptions A.3.b and A.4 for each column of V
does not necessarily imply satisfaction of A.5. However such a V can be easily
constructed. One way is to obtain V as P times a matrix with no outside the UC
poles and no zeros on the UC. This case corresponds to the physically meaningful
situation, where the output disturbances are produced by disturbances in the
manipulated variables. Another simple way is to use a diagonal V', in which case
satisfaction of A.3 and A.4 by every column of V implies satisfaction of A.5 by
V. This situation is discussed further in Corollary 2.2.1.

Factor V similarly to P (use V(2)V (27 1)T if spectral factorization theory is

used):
V = VaVa (2.2.10)

Let us now consider the problem:

min[¢(v') + $(v”) +...4(v")] (P2)
QeQ
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Hence the @ that solves (P2) minimizes the sum of the squares of the Lj-
errors (SSE) that each of the inputs v* would cause when applied to the system
separately.

Theorem 2.2.2.

The controller
Q = 2b,b, ' Pt {27 0, by P Vi } Vgt (2.2.11)

is the unique solution to (P2).
Proof: See Appendix A.3.

A more meaningful objective would be to solve:

miné(v') Vi=1,...,n (P3)
Qe

However a Q that solves (P3) will also solve (P2). Then from Theorem 2.2.2 it

follows that if a solution to (P3) exists, it is given by (2.2.11). Factor each of the

v* in the way used in (2.2.7):

v*(2) = v3(2)6*(2) - {2.2.14)
Define
ot 92 ... ") (2.2.15)

Theorem 2.2.3.

i) If V(2) is non-minimum phase (i.e., V= is unstable or improper), then there

exists no solution to (P3). -
ii) If V(2) is minimum phase, then use of V instead of Vjs in (2.2.11) yields
exactly the same Q, which also solves (P3) and it minimizes ¢(v) for any v

that is a linear combination of v*’s that have the same v(‘;’s.

Proof: See Appendix A.4.
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The following corollary to Theorem 2.2.3 holds:
Corollary 2.2.1:

Let
V = diag(v1,v2,...,Vn) (2.2.16)

where v;(2),...,vn(2) are scalars. Then use of V instead of Vis in (2.2.11) yields

exactly the same é, which minimizes ¢(v) for the following n vectors:

Vi 0 0
0 V2 0

v = . s . yeoes . (2.2.17)
0 0 Un

and their multiples, as well as for the linear combinations of those directions that
correspond to v;’s with the same outside the UC zeros in the same degree and the

same time delays.

2.2.4. Setpoint Prediction

In the case of setpoint tracking, future values of r are often known and sup-
plied to the computer ahead of time. Then if at time ¢ the setpoint value that is
fed to the control algorithm as Z~{r(2)} is the one we wish the plant output to
reach at time t + NT, when T is the sampling time, the objective function has to
be modified to:

bx(v) = (=~ 1 - PO)r|I2 (2.2.18)
When the above objective function is used in the minimization problems (P1),
(P2), (P3), the resulting expressions for the Hi-optimal controller are the same
as in Theorems 2.2.1, 2.2.2, 2.2.3, but with the term 2= ~! used instead of 2!

inside {-}.. All the steps in the proofs remain the same when (2.2.18) is used
rather than (2.2.4).

2.3. Intersample Rippling.

The Hs-optimal controller minimizes the SSE. Therefore it completely disre-

gards the plant output’s behavior between the sample points. The result is that
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the Hj-optimal controller may produce an excellent performance at the sample
points but suffer from severe intersample rippling. Zafiriou and Morari (1985)
examined this type of controller for SISO systems and showed that the problem
is caused by zeros of P(z) that are close to the point (-1,0) on the z-plane, which
give rise to poles of the Hy-optimal é that are close to (-1,0). A modification was
introduced to substitute such poles in é with poles at z = 0. The new C} was
shown to be free of the problem of intersample rippling and to combine desirable
deadbeat type characteristics to those of the Ha-optimal. This section extends the
modification to MIMO systems and general open-loop stable or unstable plants.
It should be pointed out that this modification is sufficient only if there are no
open-loop oscillatory poles in the continuous plant transfer function, which have
become unobservable after sampling.

Let C:? 1 (2) be an Hj-optimal Q obtained according to the previous sections.
Also let §(z) be the least common denominator of P(z), and k;, ¢ = 1,...,p be

the roots of §(z) close to (-1,0) (or in general with negative real part). Define

2) = z—p £ (Z—' K‘J')
9-(2) Izll ) (2.3.1)
Then C} g is modified as follows:
Q(2) = Qu(2)g-(2)(2) (2.3.2)

where the scalar b(z) is selected so that IS1 in (2.1.3) and (I— PQ)V remain stable.
7,1 = 0,1,...,k are the unstable roots (including mg = 1) of the least common
denominator of P(z),V (z). Let the multiplicity of each of them be m;. Note that
the multiplicity of the ones that are outside the UC is equal to 1, according to A.1,
A.3. Remember that according to assumptions A.3, A.4, V has at least as many
poles at z =1 as P and each pole of V' outside the UC is also a pole of P. Then

since Q g makes IS1 and (I — Pé u)V stable, it follows that the requirements on
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b(z) are:

di . . .
E;J—.(l——q_(z)b(z))]zmr‘ =0, (7=0,...,m; —1),§=0,1,...,k (2.3.3)

We can write

b(z) = %::1 bjz™? (2.3.4)

where
k
m = Z m; (2.3.5)
=0

and then compute the coefficients b;,7 = 0,...,m — 1 from (2.3.3). Note that

since none of the m;’s is 0 or oo, (2.3.3) is equivalent to

d : :
217(1 - q_(,\—l)b(,\—l))l)\z,,‘__1 =0, (j=0,...,m; —1),i =0,1,...,k

(2.3.6)
Both §_(A7!) and b(A~!) are polynomials in A and therefore their derivatives
with respect to A can be computed easily. Then (2.3.6) yields a system of m
linear equations with m unknowns (bo,b1,...,bm—1). The resulting controller é
combines the desirable properties of the Hy-optimal controller and deadbeat type

controllers.

2.4. Q for Specific Cases.

This section looks at simplified forms of the general expressions for the Hs-

optimal controller, for specific systems and external inputs.

2.4.1. Stable P.

We have b, = b, = 1. Then (2.2.11) simplifies to

Qu = 2P {z 7 P W} Vit (2.4.1)

2.4.2. Minimum phase P.

P(z) cannot truly be MP for a physical system. Even if the Laplace transfer

matrix representing the continuous plant is MP but strictly proper (as a physical
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system), the discretized plant P(z) will still have a delay of one unit because of

the sampling. Hence P4 = 2711, Pps = 2P and (2.2.11) yields

~

Qu = P~ YI-byb; KVy') (2.4.2)

where K is the constant term in a partial fraction expansion of b, 1p,Var or since
b, 1.by,Vas are semi-proper, K is the product of the constant terms of the PFE’s

of b;l, by, Var. After some algebra we get

k
K=Vumpo [[ (-m)™ (2.4.3)
7=k'+1

where k,k’,7; are defined in assumptions A.2, A.3, and Vs 0 is the first non-zero
matrix in the impulse response description of V (), which can be obtained by long
division and is equal to the constant term in the PFE of Vas(z).

2.4.3. Example.

Consider the continuous MP system

Pu(s) = —_s—"g b>0 (2.4.4)

and assume that a step disturbance acts at the process input, i.e., the continuous

i 1 I o AN
external input V(s is

Vi(s) = do(s) = T—sé?iﬁ (2.4.5)
Then for a sampling time T we have
P(z) = i—:{;—; (2.4.6)
— ebT)z
V(z) = B 91) B —)ebT) (2.4.7)
Vum(z) = 2V (2) (2.4.8)

Note that ebT > 1 since b > 0. The Hj-optimal controller can be obtained from

(2.4.2). We have b, = b, and so from (2.4.8)

K=Vpo=1-¢7 (2.4.9)
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Substitution of (2.4.6), (2.4.7), (2.4.8), (2.4.9) into (2.4.3) yields

(z - ebT)((l + ebT)z — ebT)
(1 — ebT)z2

Oulz) = (2.4.10)

From Section 2.3 it follows that in this case we have Q(z) = Qx(2)

2.5. Two-Degree-of-Freedom Structure.

From the discussion of the Internal Stability requirements in Section 2.1, it
follows that unstable plant poles limit the possible choices of @ and thus the
achievable performance. This however need not be so for setpoint tracking. Con-
sider the general feedback structure of Fig. 4. For the disturbance behavior it
is irrelevant if the controller is implemented as one block C as in Fig. 1b, or as
two blocks as in Fig. 4. Hence the achievable disturbance rejection is restricted
both by the outside the UC zeros and poles of P as the quantitative results of the
previous sections indicate.

Let us now proceed from the point where a stabilizing Q~ and the correspond-
ing C have been found through the results of the previous sections, which produce
a satisfactory disturbance response. We can then split C into two blocks C; and
C; such that C; is minimum phase and C; is stable. Then one can see that the
only outside the UC zeros of the stabilized system PCy(I + PC;C2)~?! are those
of the process P. Thus C3 can be designed without regard for the unstable poles
of P and the achievable setpoint tracking is restricted by the outside the UC zeros
of P only.

In summary, the achievable disturbance response of a system is restricted by
the presence of the plant zeros and poles that lie outside the UC regardless of how
complicated a controller is used. If the Two-Degree-of Freedom controller shown
in Fig. 4 is employed, the achievable setpoint response is restricted only by the
zeros. A more rigorous discussion can be found in Vidyasagar (1985).

3. Step 2: Design of F.
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Figure 4. Two-degree-of-freedom feedback structure.
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This section deals with the design of the IMC filter F(z) so that the perfor-
mance characteristics obtained in Step 1 are preserved in the presence of model-
plant mismatch.

3.1. Robustness Conditions.

3.1.1. Structured Singular Value.

Potential modeling errors, described as uncertainty associated with the pro-
cess model, can appear in different forms and places in a multivariable model.
This fact makes the derivation of non-conservative conditions that guarantee ro-
bustness with respect to model-plant mismatch difficult. The Structured Singular
Value (SSV), introduced by Doyle (1982), takes into account the structure of the
model uncertainty and it allows the non-conservative quantification of the concept
of robust performance.

For a constant complex matrix M the definition of the SSV pa (M) depends
also on a certain set A. Each element A of A is a block diagonal complex matrix

with a specified dimension for each block, i.e.
A = {diag(Ay,Az,...,Ap)|A; € C™ X7} (3.1.1)

Then
1

ra(M)
and pa(M) =0 if det(I] — MA) #0 VA € A. Note that & is the maximum

= min {o(4)|det( - M) = 0} (3.1.2)

singular value of the corresponding matrix.
Details on how the SSV can be used for studying the robustness of a control
system can be found in Doyle (1985), where a discussion of the computational

problems is also given. For three or fewer blocks in each element of A, the SSV

can be computed from

pa(M) = Jnf g(DMD™1) (3.1.3)
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where

D = {diag(diIm,,d2Tmy s dnlm,)|d; € Ry} (3.1.4)

and Ip,; is the identity matrix of dimension mj X m;. For more than three blocks,
(3.1.3) still gives an upper bound for the SSV.

3.1.2 Model Uncertainty

In order to effectively use the SSV for designing F, some rearrangement of
the block structure is necessary. The IMC structure of Fig. 1a can be written as

that of Fig. 5a, wherev=d—r,e=y —r and

[0 0o Q)
G=|1 1 PQ (3.1.5)
k—I ~I o)

where the blocks 0 and I have appropriate dimensions. The block (P — 13) rep-
resents the model-plant mismatch. In order to design a control system that takes
into account this modeling error, we need to have some information on how large
this mismatch can be. For example we might know a bound l,(w), where w is the

frequency (z = €*“T), on the additive error:

(P - B)

U
IA

la (3.1.6)

where &(+) is the maximum singular value of (-). However (3.1.6) represents only
a very simple way to describe model uncertainty. For multivariable systems,
such uncertainty may appear in many different places in the matrix, like specific
parameters, elements of P, the inputs or outputs of P, etc. It may then be very
conservative to lump this information into (3.1.6). However, provided that we can
write P as a linear fractional transformation of its uncertain points, the structure
in Fig. 5a can always be transformed into that in Fig. 5b, where A is a block

diagonal matrix with the additional property that

6(A) <1 Vw (3.1.7)
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The superscript u in G* denotes the dependence on G* not only on G but also
on the specific uncertainty description available for the model P. We shall not
demonstrate in detail here, how G% can be obtained from G. For some com-
mon cases of model uncertainty, the expressions can be found in the literature
(Zafiriou and Morari, 1986¢). For the simple case described by (3.1.6), this can
be accomplished by simply multiplying the first row of G with l,.
Let G¥ be partitioned as
Gl G

G" = 21 22 23 (3-1-8)
w Gu u
31 32 33

Then Fig. 5b can be written as Fig. 6 with

Gy, G Gy I .
GF = o o+ 131 -FG4:) ' F(GY, 32)
21 22 Gis
def (Gl Gi;
= (G‘fl GE (3.1.9)

Note that for P, P, z-transforms and therefore periodic in w, the block A will
also be periodic. Hence in this case only the frequencies from 0 to 7/T need be
considered in (3.1.7). However in Section 3.1.4 it will become apparent that in
order to avoid bad intersample behavior, we also have to consider the continuous
plant, described by some Laplace transfer function Pe(s) (and P,(s) for the model).
Clearly the modeling error in the description of the discretized plant is related to
that in the continuous plant description. For example, let us assume that we have

a bound on the additive uncertainty for the continuous plant:

& (Pe(iw) — Pe(iw)) < le(w) (3.1.10)

Then for the discretized plant we have

P(z) — B(2) = Z L~ Y{H(s)(Pe(s) — B.(s))} (3.1.11)
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(b)

Figure 5. Model uncertainty block diagrams.
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Figure 6. SSV block diagram.



174

where H(s) is the zero order hold. Then from the property of any z transform
a(z) = ZL H{a.(s)}:

a(eT) = —;; i a(iw + 1k2n /T) (3.1.12)

k=—00

the singular value property (4 + B) < 6(4) + &(B), and (3.1.10), (3.1.11), it
follows that

oo

Y |H(w + ik2m/T)|le(iw + ik27n/T)  (3.1.13)

k=—co

5(P(T) - P(¢7)) <
H(s) is small at frequencies higher than x/T and goes to 0 as fast as 1/w as
w — 00. Therefore only a few terms around k = 0 are important in the infinite
sum. Also note that for a physical system, l.(w) — O at least as fast as 1/w, as
w — 0o, and hence the sum converges. Then the bound I, in (3.1.6) can be set
equal to the right hand side of (3.1.13).

However, it is not always possible to obtain in a non-conservative way a
mathematical description for the uncertainty in the z-domain, starting from the
uncertainty in the s-domain. If first principles models are not available, these
descriptions may be the result of experiments conducted with different sampling
times, of which one is small enough to approximate the continuous system. A
discussion of identification techniques is beyond the scope of this paper. Details
on such methods and the resulting modelling error can be found in the literature
(e.g., Jenkins and Watts (1969), Astrom and Wittenmark (1984)).

3.1.3. Robust Stability

We now require that the matrix IS1 as given by (2.1.2) is stable for all possible
plants P. The design of C} according to Section 2 resulted in a stable IS1 for
P = P. In order for IS1 to remain stable we need to satisfy the requirements
that as we move in a “continuous” way from the model P to the plant P, no

closed-loop poles cross the UC and no such poles suddenly appear outside the-
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UC. The latter requirement is satisfied if we assume that the model and the plant
have the same number of poles outside the UC. If this is not the case, another
sufficient condition is that GF is a stable matrix and only stable A’s are possible.
The SSV can be used to determine if any crossings of the UC occur. Then we
can say that the system is stable for any of the plants in the set defined from the
bounds on the model uncertainty and which have the same number of outside the

UC poles as the model, if and only if (Doyle, 1985)

alG) <1, O0<Lw<a/T (3.1.14)

3.1.4 Robust Performance

The problem of intersample rippling was addressed for the first step of the de-
sign procedure in Section 2.3. There, a simple modification was sufficient because
the model P(z) was known exactly. In this section however we have to consider the
situation where P # P and as a result we have to examine the continuous plant
output y(s) in order to avoid bad intersample behavior. The obstacle in doing so
is the fact that the relation between y.(s) and r.(s) or d.(s) (continuous setpoint
and disturbance descriptions) is linear but time varying because of the sampling,
and so no transfer function exists that describes this relation. The approach that

will be followed in this paper is to obtain a transfer function approximation for

the frequencies of interest.

The digital control system is actually implemented as shown in Fig. 7a.
The thick lines in the block diagram represent paths along which the signals are
described by Laplace transforms, while the thin lines represent digital signals.
The block «(s) is an anti-aliasing analog prefilter. Details on the problem of
aliasing can be found in the literature (Astrom and Wittenmark, 1980). If the

IMC structure is implemented, the block diagram is described in Fig. 7b. The
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following notation is used:

y(2) = ZL {ye(s)} (3.1.15)
d(z) = ZL {d(s)} (3.1.16)
r(z) = ZL H {re(s)} (3.1.17)
Py(2) = ZL7H{r(s)H(s) Pe ()} (3.1.18)

Note that when one wishes to use a 4(s) # 1 in the case of an open-loop unstable
plant, the simplest way to avoid any internal stability problems is to use ﬁ,(z)
instead of P(z) in Step 1. For the rest of this section we shall assume that y(s) = 1

in order to simplify the notation. From Fig. 7b it follows that
ec(s) = yc(s) —re(s)

= (de(s) = re(s)) — Po(s)H(s)Q(e*T) F(e*T)
(I = (P(e*T) — B(eT)) G (e T)F(e*T)) 1 (d(2) - r(2)) (3.1.19)
We shall now obtain an approximation to (3.1.19) by considering the frequencies
0 < w < 7/T. Note that because of the periodicity of Q(z), these are the only

frequencies that one can influence independently by using a digital controller.

From (3.1.12) it follows that if a.(s) is small for w > /T, then

a(e™T) ~ -,ll;ac(z'w), 0<w<7/T (3.1.20)

Use of (3.1.20) for all the z-transforms in (3.1.19) yields the approximation

ec(iw) ~(I — Pe(iw)Q(e**T)F (e T)H (iw) /T)
(I = (Pe(iw) — Pe(iw))Q(e*T) F(e*T) H (1w) /T) ™" (de(iw) — re(iw))

EI R, (iw) (de (iw) — re(iw)) (3.1.21)



177

dc(s)

1 //Oig’/fb ¥e(s)

r(z) ‘-—éT—_—‘ C(z)

(a)
de(s)
1(z) _.;,?__; Q(2) u(2) & H(s) l@'@{ P(s) %%OV;’/A%D ye(s)
__’{(8)

(b)

Figure 7. Control system implemented on the continuous plant.
(2) Feedback structure.

(b) IMC structure.
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Note that the above approximation is valid when the input signals r., d. are small
for w > 7 /T. Clearly, for setpoints one should always select a sampling time small
enough to allow tracking of r.. Note that in reality one does not really have an
rc(s). We can always however assume that r¢(s) represents in the time domain a
staircase function that corresponds to the points of Z~1{r(2)}. For disturbances,
if one expects high frequency content at w > «/T and one cannot reduce T any
more, then one should use an anti-aliasing prefilter, whose function is to cutoff
frequencies higher than = /T.

Let us use the notation E(iw) = E.(iw) when P, = P,(¢ P = P). In
the first step of the IMC design procedure, C} is obtained so that it produces
satisfactory disturbance rejection and/or setpoint tracking. Since E, connects the
external inputs to the error e, a well-designed control system produces a relatively
“small” E,. A measure of the magnitude of the known E, is its maximum singular

value. Let b(w) be a frequency function such that
o(E.(iw)) < b(w), O0<w<mw/T (3.1.22)

When P # P, the “sensitivity” function E, is described by (3.1.21). In order for
the performance of the control system to remain robust with respect to model-
plant mismatch we have to keep e, small in spite of the modeling error. Similarly
to the discussion in Section 3.1.2, we can represent the relation between e, and
ve(= de. —r¢) in block diagrams of the form of Figures 5 and 6. The only difference
is that we now use (H(s)P,(s)/T) instead of P(z)(= P(e°T)) in G and that the
block A is obtained from the modeling error in H(s)(Pe(s) — P¢(s))/T and so G*
depends on the continuous plant uncertainty as well. We shall use the subscript
¢ to indicate that.

Then we require:

— -1 .
os:gxgrc/Ta(b(w) E (iw)) <1 VAeA (3.1.23)
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We can now use the properties of the SSV (Doyle, 1985) to obtain

max LI0w)” 1E.(iw)) <1 VAEA <= max pao(Gl) <1 (3.1.24)

0<w<nw 0<w<r/T
where
Ge = <é bgl) G (3.1.25)
= {diag(A,A%)|A € A,A% e C™*"} (3.1.26)

3.2 Solution to the Filter Synthesis Problem

In this section the filter design problem is formulated and solved as a param-
eter optimization problem.

3.2.1 Filter Form.

At this point some structure has to be assumed for F, which can be of any
general type that the designer wishes. However in order to keep the number
of variables in the optimization problem small, a rather simple structure like a
diagonal F with first or second-order terms would be recommended. In most cases
this is not restrictive because the potentially higher orders of the model P have
been included in the controller Q that was designed in the first step of the IMC
procedure and which is in general a full matrix. The use of more complex filter
structure may be necessary in cases of highly ill-conditioned systems (& (P ) / a(P)
very large). The filter structure for such systems is discussed in detail in Zafiriou
and Morari (1986¢).

Some additional restrictions on the filter exist in the case of an open-loop
unstable plant. The filter F(2) is chosen to be a diagonal rational function that
satisfies the following requirements.

a. Internal Stability. IS1 in (2.1.3) must be stable.
b. Asymptotic setpoint tracking and/or disturbance rejection. (I —IBQF)U must
be stable.
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Write
F(z) = diag(fl(z),--- afn(z)) (3'2'1)

Then, assumptions A.1, 2, 3, 4, 5 and the facts that é(z) is designed to make IS1

and (I — Pé)V stable, imply that the requirements on an element f; of F are:

d’ ) . .
d—z—j—.(l = fi(2))|z=n; = 0,5 =0,...,my —1((mo; — 1)for¢ =0),7 =0,1,...,k
(3.2.2)
where mp = 1 and my; is the highest multiplicity of 7o as pole of an element of

the I** row of V. Note that for j = 0, (3.2.2) yields
fi(mi) =1, t=0,1,...,k (3.2.3)

(3.2.3) clearly shows the limitation that poles outside the UC place on the robust-
ness properties of a control system designed for an open-loop unstable plant. Since
because of (3.2.3) one cannot reduce the nominal (P = P) closed-loop bandwidth
of the system at frequencies corresponding to the unstable poles of the plant, one
can only tolerate a relatively small model error at those frequencies.

One can now select for a filter element, the form

f(z) = ®(2) f1(2) (3.2.4)
where
(-
file) = —— (3.2.5)
o(2) = Zﬁjz‘j (3.2.6)
i=0
and the coefficients o, ..., B, are computed so that (3.2.2) is satisfied for some

specified a. The parameter o can be used as a tuning parameter.
Note that for k = 0,mp = 1,mo = 1, we only need ®(2) = 1. For the general

case, (3.2.2) can be transformed into a system of v; linear equations with B, ... Bw
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as unknowns where v; is given by

vi=meo+mi+...+mg (3.2.7)

Since none of the m; is 0 or oo, (3.2.2) is equivalent to

& . B
m(l - fl(A ))IA:W}‘I - Os
§=0,1,...,mi~1((mer —1) for i=0),i=0,1,...,k (3.2.8)

Then the fact that &(A~!) is a polynomial in ), and the following theorem can
help simplify the necessary algebra.

Theorem 3.2.1. (Zafiriou and Morari, 1986a).

For the f1(z) given by (3.2.5) we have

%jjfl()\"l) = (1-a)jle?(1 — aX)~U+Y) (3.2.9)

One should select w > vy —1 so that the system of linear equations has one or more
solutions. When w > v; we have an underdetermined system and then g, ..., 8y
can be obtained as the minimum norm solution. Note that for v; = 2 one sould
select w > 2 in order to avoid the trivial solution f(z) = 1.
Let us now examine the usual situation where m; =1fori=1,...,k. Then
(3.2.2) is equivalent to:
d7
5= f(2)le=ro=1=0, §=0,...,mo~1 (3.2.10)

flm)=1, i=1,...,k (3.2.11)

Then for this special case, the following theorem holds:

Theorem 3.2.2
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When m; =1 for 1 = 1,...,k, the coefficients fo,...,Bw, have to satisfy

( fi(me) ™t \

Bo i :) .
B 1\7o) ™ .
(3)| 5 =] -el0=e | “x (3.2.12)
: 4]
ﬂw :
\ o/
where
M= |: = - (3.2.13)
1 =gt " |

and the elements v;; of the (mg — 1) x (w + 1) matrix N are defined by

(=1t

V“_{O fort>g (3.2.14)
+ m forz<] -

Proof: It follows directly from Theorem 3 of Zafiriou and Morari {1986a) and
(3.2.11).

In general a w > v; — 1 should be selected and Bo, f81,...,8s be obtained as

the minimum norm solution to (3.2.12):
Bo
: | = AT(447) 1y (3.2.15)
Bw
where

AY (f,) (3.2.16)

Note that in general it is numerically preferable to compute the pseudo-inverse in
(3.2.15) from a singular value decomposition (SVD) of A.

Example 3.2.1: Assume that P and V have one common unstable pole at 7 # 1,

and that mo; = 0. Then

A=[1 771... 77" (3.2.17)
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T — O

X=0-ar (3.2.18)
and (3.2.15) yields
1—-n2 T — a)7r"‘f"1 )
b = T r=atwn) ( T §=0...,uw (3.2.19)
Note that
- 2 -2 2(.-2
1= (A 1 (r —a)?(r® —1)
,'Z:T)ﬂJ - ((1 — a)r) 1 — 7—2(w+1) — (1 P (3.2.20)

since 7 > 1. Hence when 7 is close to (1,0), the properties of f(z) in (3.2.4) are

similar to those of fi(z).

Example 3.2.2. (Zafiriou and Morari, 1986a):

Assume that £ = 0 and that m = 2. Then the minimum norm solution is

L 6ja .
B; = A aw@+)Ewsi) i=1,...,w (3.2.21)
Bo=1- B (3.2.22)
j=1

The norm of this solution goes to 0 as w — oo and so the properties of f(2) in
(3.2.4) are similar to those of f1(z) when w is large enough.

3.2.2 Objective

We can write

F ¥ F(z;4) (3.2.23)

where A is an array with the filter parameters.

The problem can now be formulated as a minimization problem over the
elements of the array A. A constraint is that the elements of A corresponding
to denominator poles should be such that F is a stable transfer function. Note
that if a diagonal filter with elements given by (3.2.4) is used, then each element

of A corresponds to same a;, which has to be inside the UC for F to be stable.
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Then the problem can be turned into an unconstrained one by using some A; as

an element of A and writing

- 2
ajze T/'\-'l

or

a; = e~ T/l (3.2.24)

Hence any A; in (—o0, 00) produces an ¢ in (0,1]. Note that if one wishes to use in
(3.2.4) a higher order f;(z) with more parameters, one can write the denominator
of each element of F' as a product of polynomials of degree 2 and one of degree
1 if the order is odd. Then similarly to (3.2.24) one can write the roots of the
polynomials of degree 2 as eTP:,e¢TP2 where p;, p; are the roots of A2z2+A2z+1 =
0 or |A2|z%2+|A1|z+1 = 0 and in doing so turn the problem into an unconstrained
one in Aj, As.

Our goal is to satisfy (3.1.24). The filter parameters can be obtained by

solving

H b
P4
min g, #ae () (P4

It may be however that the optimum values for (P4), still do not manage to
satisfy (3.1.24). The reason is usually that the performance requirements set by
the selection of b(w) in (3.1.22) are too tight to satisfy in the presence of model-
plant mismatch. In this case one should choose a less tight bound b and resolve
(P4). Note that satisfaction of the Robust Performance condition (3.1.24) does
not necessarily imply satisfaction of the Robust Stability condition (3.1.14). Hence
when a solution to (P4) is found, one should check if (3.1.14) holds. Note that
if the uncertainty description for the continuous plant (used in (3.1.24)) and the
discretized plant (used in (3.1.14)) are equivalent, then satisfaction of (3.1.24) is
usually sufficient for satisfaction of (3.1.14). If this does not happen then one

can always substitute the objective function in (P4) with the u function given in
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(3.1.14) and proceed with the minimization only up to the point where (3.1.14) is
satisfied. The computational issues remain the same as those discussed in Section
3.2.3 for (P4). Note however that the result of (P4) may often be a local minimum.
To circumvert this problem, (P4) should be solved for a number of starting points.
Good initial guesses can often be obtained for the filter parameters by matching
them with the frequencies where the peaks of pao (G'c’) appears for F = 1.

3.2.3 Computational Issues

The computational of y in (P4) is made through (3.1.3); details can be found
in Doyle (1982). As it was pointed out in Doyle (1985), the minimization of the
Frobenius norm instead of the maximum singular value yields D’s which are very
close to the optimal ones for (3.1.3). Note that the minimization of the Frobenius
norm is a very simple task. In the computation of the maximum in (P4) only a

finite number of frequencies will be considered. Hence (P4) is transformed into

minmax inf #(DG°D™?) (P4")
A weQ DeDo

where {1 is a set containing a finite number of frequencies in [0,7/T] and D is
the set corresponding to Delta® according to (3.1.1) and (3.1.4). Define

Doo(A) f max inf 5(DGPD™1) (3.2.25)

The analytic computation of the gradient of &, with respect to A is in general
possible. This is not the case when the two or more largest singular values of
DG®D~! are equal. However this is quite uncommon and although the compu-
tation of a generalized gradient is possible, experience has shown the use of a
mean direction to be satisfactory. A similar problem appears when the max,eq
is attained at more than one frequencies, but again the use of a mean direction
seems to be sufficient.

Assume that for the value of A where the gradient of ®,(A) is computed, the

max,cq is attained at w = wp and that the inf pc po 5(DGE(1we)D~1) is obtained
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at D = Dg, where only one singular value o; is equal to &. Let the singular value

decomposition (SVD) be

. - oy O vy
DoG(iwe) Dt = (ur U) ( 01 2) (Vl,,) (3.2.26)
Then from Zafiriou and Morari (1986 c,d) we have, under the above assumption,

that the element of the gradient vector corresponding to the jth element of A, A;,

is given by
2 — * Gg,l.’.’: u -1 _a___
E“A";Qoo = Re [ulDo (b—lcg,za) (I FGc,33) a/\jFlw=wo
(I - FGas) ! (Glar Glsa)Dgvi) (3:2.27)

where F, G ,;,b are computed at w = wo. The derivatives of F with respect to
its parameters (elements of A) depend on the particular form that the designer
selected and they can be easily computed.

4. INlustration.

In this section an example is presented to demonstrate the problem of in-
tersample rippling in the H;—optimal controller and the modification that was

discussed in Section 2.3. Consider the continuous system

0.50  1.42
{e) — s+1 €211 13
Pe(s) = ( 1.00  1.00 (4.0.1)
2a+1  da+1

The discretized system (zero order hold included) for a sampling time of T = 1,

is

0.316 0.218

Pl = (G 5o ) (402)
z-0.607 z—0.779

Computation of the roots of det[P(z)] show that the system in (4.0.2) has two

finite zeros, at a; = —0.95 and a3 = 0.75. The first zero is close to (-1,0) and it is
expected to cause intersample rippling when the H;—optimal controller is used.

From (4.0.2) it follows that P4 = 2711, Pps = zP. We shall consider step
setpoint changes as external inputs, i.e.,

Y4

V(z) = ——1I (4.0.3)

z—1
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Then (2.4.1) yields

Qu(z) =27'P7! (4.0.4)

Fig. 8a shows the time response of this control system for a unit step change in

o(z) = (z/ (=~ 1)) (4.0.5)

The prediction of intersample rippling is verified. Note that at the sample points

the setpoint of output 1:

the outputs are indeed exactly at the setpoints producing the minimum SSE.
The IMC controller is now obtained from (2.3.2) where b(z) =1 and

z+0.95
1.952

g-(2) = (4.0.6)

The response for this control system is shown in Fig. 8b. Clearly the problem
has disappeared. Finally note that all responses show an inverse response charac-

teristic. This is due to the fact that the continuous system P.(s) has a right half

plane zero.

5. Concluding Remarks.

The results presented in this paper provide a direct synthesis procedure for
digital multivariable controllers. The two-step IMC design concept is extended
to open-loop unstable systems and the limitations imposed by open-loop unstable
poles on achievable performance and robustness are quantified. In the first step
the controller is designed for a whole set of external inputs (setpoints or distur-
bances) and it combines desirable properties of the H,-optimal and deadbeat type
controllers. In the second step the parameters of the low—pass IMC filter are ob-
tained as the result of the optimization of an SSV based objective function, which
reflects the performance of the continuous plant outputs, so that bad intersample
behavior is avoided. The use of the SSV allows the treatment of general types of

model-plant mismatch.
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Figure 8. Time response.
- Dashed lines: Setpoints; Solid lines: Outputs.
(a) Ha—optimal controller Q.

(b) IMC controller Q.
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APPENDIX A

A.l. Proof of Theorem 2.1.1.

The fact that @; has to be proper in order for Q to be proper and vice versa,

i) We shall show that any Q given by (2.1.7) makes IS1 stable. From
substitution of (2.1.7) into (2.1.3) it follows that all that is required is that
(Pb2Q1 b2Q1P Pb2Q1P). be stable. From the properties of Q1, it follows
that the third element in the above matrix is stable. Stability of the other two
follows by pre- and post-multiplication of that element by P!, since according
to assumptions A.1, A.2, P has no zeros at the location of its unstable poles and
these are the only possible unstable poles in the above matrix.

ii) Assume that Q makes IS1 stable. Then the difference matrix

IS1(Q) —IS1(Qo) = ((R — Qo P(Q—-Qo) (@ —Qo)P P(Q—Qo)P)
(4.1.1)

is stable.

The fact that P has no zeros at the location of the unstable poles makes
the stability of the matrix in (A.1.1) equivalent to the stability of (@ — Qo),
P(Q — Qo)P. Then, when assumption A.l.c holds, we can write P = bpf’, where
P has no zeros at the unstable poles of P and its only unstable poles are at z = 1.
So, it follows that (@ — Qo) = b2Q; with Q; stable and such that PQ; P have no
poles at z = 1. If A.1.c does not hold, @; should also have the property that it
makes PQ P stable.

A.2. Proof of Theorem 2.2.1.

We shall assume that a Qg exists, which in addition to the properties men-
tioned in Theorem 2.1.1, it also produces a matrix (I — PQo)V? with no poles
at z = 1, where V9 is a diagonal matrix with [, poles at z = 1 in every element,

with [/, the maximum number of such poles in any element of v. If assumption
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A.l.c does not hold, then each column of V0 also satisfies A.3.b and Qo makes
(I — PQo)V?© stable. Its existence will be proven by construction. Substitution of
(2.1.7) into (2.2.4) and use of the fact that pre- or post-multiplication of a function

with an allpass does not change its Lo-norm, yields:

$(v) = ||z 16518 P31 (I — PQo)d — 2~ byby Par Q1] (3

|1 f1 — £2Q19])2 (4.2.1)

f1 has no poles at z = 1 because (I — PQo)V° has no such poles. Any rational
function f1(z) with no poles on the UC, can be uniquely decomposed into a strictly
proper, strictly stable part {f1}- in Hj and a strictly unstable part {fi}+ in
Hy:

fi={h}-+{N}+ (A.2.2)

When A.l.c holds, inspection of (A.2.1) shows that f2@Q:9 can have no poles
on or outside the UC except possibly for some poles at z = 1 introduced by 4.
Since fi has no poles at z = 1, in order for ¢(v) to be finite, foQ;9 should have
no poles at z = 1. Thus the optimal @, has to cancel any such poles. When A.l.c
does not hold, then the fact that (I — PQo)V?° is stable and A.1.b imply that an
acceptable @, and therefore the optimal @, is such that f,@,v is stable. We shall
assume that @, has this property. It should be verified at the end however that

the solution indeed has the property. Since f2Q;7 is strictly proper in addition

to being stable, we can write

¢(v) = [{f1}+17 + {f1}- — £2@u9][3 (4.2.3)

The first term in the right hand side of (A.2.3) does not depend on @Q;. Hence for

solving (P1) we only have to look at the second term. The obvious solution is

Q19 = fy{f1}- (A.2.4)
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Clearly such a @; produces a stable f3Q;0 as it was assumed. It should now
be proved that @Q;’s that satisfy the internal stability requirements exist among
those described by (A.2.4), so that the obvious solution is a true solution. For
n = 1, (A.2.4) yields a unique Q;, which can be shown to satisfy the requirements
by following the arguments in the proof of Theorem 2.2.2 in Appendix A.3. For

n > 2 write

8L (6, B2 ... 9,)T (A.2.5)

Vo & (62 ... 9,)T (4.2.6)
jef

1= (a1 g2) (A.2.7)

where without loss of generality the first element of v is assumed to be nonzero.

Also ¢; is n X 1 and g2 is n X (n — 1). Then from (A.2.4) it follows that

Q1 = (07 (7 H{fi}- —a2Va) a2) (A.2.8)

We now need to show that a proper, stable ¢, exists such that @, is proper, stable

and produces a PQ; P with no poles at z = 1 (and no poles outside the UC, when
A.l.c does not hold). Select a gz of the form:

k
02(2) = §2(2)(1 — 2~ 1) H(1 —mz71)3 (A.2.9)

where §; is proper, stable. Then from (A.2.8) it follows that in order for PQ; P
not to have any poles at z = 1 it is sufficient that P9, ! f5 1{f1}—{P}1strow have
no such poles. This holds because the poles at z = 1 in the P on the left cancel
with the PA}I in fy 1 and v, (and 9,) has by assumption A.4 at least as many
poles at z = 1 as the 1st row of P. When A.l.c does not hold, then the same type
of argument and the fact that A.3.b holds imply that PQ; P has no poles outside

the UC either. Let us now examine the stability of @;. The only poles outside
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the UC may come from #] '. Let a be such a pole (zero of v;). Then for stability

we need to find g, such that
k
B(@Va(e) = (1 — o) [ - ma ™) 2 f (@) {fi}-(@)  (4.2.10)
=1

The above equation always has a solution because the vector V,(a) is not identi-
cally zero since any common outside the UC zeros in v were factored out in vg.
We now need to examine the properness of Q1. Since P;,' is proper and {f}- is
strictly proper, f; ' {f1}~ is proper. Then if 4] ! is improper (9; strictly proper)
there exist at least one element in '&'2 that is semi-proper. Hence by solving a sys-
tem of linear equations we can always select a §3(z) such that of the first impulse
response coefficients of f5 '{f1}_ — g2Va, as many are zero as we need to make
the first element of the matrix in (A.2.8) proper.

We shall now proceed to obtain an expression for Q9. (2.1.7) and (A.2.8)
yield

Qb =2bpb, 1 Pyt 27105 10y Py 1 PQod — {27 b, 10, P PQob} -
+{z7 b5 b, Py 0} _]

=2bpb, 1 Pyt [{z7 10, 10y Py  PQot}os + {2710, by Py 0} ] (A.2.11)

where {-}o+ indicates that in the partial fraction expansion all poles on or outside
the UC are retained. For (A.2.11), these poles are the poles of b, 13,9 on or
outside the UC; P;lPQo = PpQo is strictly stable and proper because Qg is a
stabilizing controller. When A.l.c holds, the stability of (I — PQo)P and the fact
that the residues of P at the outside the UC poles are full rank imply that at
these poles I — PQg = 0. Also the fact that (I — PQg)V° has no poles at z =1
imply that (I — PQo) and its derivatives up to the (I, — 1)t are also equal to

zero at z = 1. When A.1l.c does not hold, the fact that (I — PQ,)V? is stable and
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that the columns of this diagonal V© satisfy A.3.b, imply that I — PQo = 0 at
1,71,...,mk. Thus (A.2.11) simplifies to (2.2.8).

We simply need to establish now that a stabilizing controller @o with the
property that (I — PQo)V? has no poles at z = 1 exists. The use in (2.2.11) of a
VO with the properties mentioned at the beginning of this section, instead of V,
yields such a controller.

A.3. Proof of Theorem 2.2.2.

The Lo-norm for a matrix G(z) analytic on the UC is given by
1 " . R 1/2
I|Gll2 = (;—— [ trace[G* (") G(e*?)] dB) (4.3.1)
S \27 J_n ' A \
Then from (2.2.1), (A.3.1) it follows that
B(v?) + (V) + ... + ¢(v") = ||(T - POV |2 ¥ 4(v) (4.3.2)

The minimization of ¢(V) follows the steps in the proof of Theorem 2.2.1 in
Appendix A.2 up to (A.2.4), with V), used instead of 9. In this case l, is the
maximum number of poles at z = 1 in any element of V. From the equivalent to

(A.2.4) equation we obtain

Q1= fo Y{f1}-Vi! (A.3.3)

We now have to establish that @, is stable, proper and produces a PQ; P with
no poles at z = 1 (nor outside the UC, when A.l.c does not hold).

In the case where b,, b, are not equal to identity, the stability of Q; follows
from the full rank conditions in A.l.c and A.5.b. In PQ; P the poles at 2 = 1 of
the P on the left cancel with the P;Il in fy 1, As for the P on the right, the same
follows from assumption A.5.a. When A.l.c does not hold, the same arguments
are true for the outside the UC poles as well.

Then in the same way that (2.2.8) follows from (A.2.8), (2.2.11) follows from
(A.3.3).
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A.4, Proof of Theorem 2.2.3.

A stabilizing controller that solves (P3) has to solve (P1) for all v%, i =

1,...,n. Satisfying (2.2.8) for every v* is equivalent to
Q = zbpby 1P {27 0 b, PV LV (4.4.1)

Hence the above é is the only potential solution to (P3). However it is not
necessary a stabilizing controller since not only stabilizing é’s satisfy (2.2.8) for
some v. Indeed if V is non-minimum phase, V-1 is unstable and /or improper and
this results in an unstable and/or improper é, which is therefore unacceptable.
Hence in such a case, there exists no solution to (P3), which completes the proof
of part (i) of the theorem.

In the case where V ! is stable and proper (V minimum phase), the controller
given by (A.4.1) is stable and proper and therefore it is the same as the one given

by (2.2.11). This fact can be explained as follows. We have

V=VV (A.4.2)
where
Vo = diag(vd,vd,...,v}) (A.4.3)

Since V=1 is stable and proper, (A.4.2) represents a factorization of V similar to

that in (2.2.10). From spectral factorization theory it follows that
V(z) = Vi(z)A (A.4.4)

where A is a constant matrix such that AA* = I. Then from (2.2.11) it follows
that use of V' does not alter Q because A cancels.
Let us now assume without loss of generality that the first § v*’s have the

same v}’s. Consider a v that is a linear combination of v1,...,v7:

v(z) = a1v(2) +... + ;97 (2) (A.4.5)
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Then it follows that

vo(2) = vd(2) =... = v}(2) (A.4.6)
5(2) = a191(2) + ... + ;07 (2) (A4.4.7)

One can easily check that a  that satisfies (2.2.8) for 91,...,97, will also satisfy

(2.2.8) for the 9 given by (A.4.7) because of the property

{arfi(z) + ..o+ o5 fi(2) e = an{fi(2)}e + ... + o5 {fi(2)}+ (A.4.8)

But then from Theorem 2.2.1 it follows that if a stabilizing controller Q satisfies

(2.2.8) for 9, then it minimizes the Ly~ error ¢(v).
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1. Discussion of the Thesis Results.

The objective of this thesis was to provide a rigorous methodology for the
direct synthesis of multivariable controllers, which are robust with respect to
modeling error. Most of the work was carried out in the sampled-data systems
framework since all but the simplest control algorithms are implemented on digital
computers. The Internal Model Control Structure (Garcia and Morari, 1982) was
selected as the basis on which to build this methodology, because it allows the
incorporation of tuning parameters with clear physical meaning in the controller.
Hy-type objectives were set because they are more meaningful for process control
problems than He.-type objectives, which consider an external input (setpoints
or disturbances) set that is much larger than it usually need be for a chemical
process. The developed methodology however, can be used with such objectives

as well (Zafiriou and Morari, 1987).
In summary, the following contributions were made in this thesis:
SISO sampled-data systems control.

The behavior of a number of well-known digital control algorithms was ex-
amined and its relation to the sampling time was explained through the effect of
the sampling time on the zeros of the discretized process. This study resulted in
the development of a new and quite simple algorithm, which combines the advan-
tages of the examined algorithms and which is free of the problems of intersample
rippling, overshoot and/or undershoot, independently of the sampling time that
is used. One might consider an indication of the practical need for such a simple,
yet effective algorithm, the fact that researchers at Kodak (Rochester, NY) were
willing to test it on pilot-plant processes and after very good results to program
it on software used routinely for controller design (Juba, 1985; Hamer, 1986).

A procedure was developed for the design of a low—pass IMC filter that guar-

antees robust stability and performance with respect to model-plant mismatch.
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The criteria used in the design take explicitly into account the continuous process
output, so that the problem of intersample rippling does not appear. The pro-
posed method includes an iterative procedure for the selection of the appropriate
sampling time. This was accomplished by quantifying the effect of the sampling
time on robustness and by showing that the limitations imposed by sampling on
the achievable performance are similar to those imposed by model uncertainty.
As a result, the performance specifications and the model uncertainty informa-
tion (frequency bounds) are explicitly involved in the selection of the sampling

time, which thus becomes an integral part of the controller design.
MIMO systems.

In the first step of the IMC design procedure, the achievable performance is
limited by certain inherent characteristics of the process model, like time delays
and zeros outside the unit circle or close to (-1,0) on the z-plane. For multivariable
processes, there is a structure associated with such zeros and delays, which has to
be preserved in the closed-loop transfer matrix. A characterization of this struc-
ture was obtained, in the form of linear equation constraints. This characterization
was used for the development of a procedure, which addresses structural closed-
loop performance specifications. The designer can compare different closed-loop
achievable transfer matrices, in terms of the structure, magnitude and duration
of the interactions and choose on the basis of quantitative measures. This proce-
dure uses only linear algebra operations and is formulated in a way that allows
straightforward computer implementation. Also, time delays and undesirable ze-
ros are handled in a unified way in this method, while past approaches (Garcia
and Morari, 1985) attempted to treat them separately, resulting in “suboptimal”

designs.

An alternative to the above procedure is to minimize some weighted norm

of the transfer matrix relating the errors to the setpoints or disturbances. The
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problem with such approaches in the control literature has always been the mean-
ingful selection of the weight. The results obtained in this thesis provide a way
to choose a full matrix weight for the Ho-norm, by specifying a set of external
inputs of interest (setpoints or disturbances). The optimal controller minimizes
the Hy-error (Integral Squared Error for continuous systems; Sum of Squared Er-
rors for discrete) for the specified set of external input directions and their linear
combinations, when this is possible. In the case of sampled-data systems, a mod-
ification is introduced to avoid intersample rippling. This work also extended the
IMC design concept to open-loop unstable systems.

Robustness properties are incorporated in the IMC controller by designing a
low-pass filter. The Structured Singular Value (SSV) theory (Doyle, 1982) was
used to obtain an appropriate objective function. The goal set at this step is to
keep the performance of the control system in the presence of model-plant mis-
match as close as possible to the one for which it was designed in the first step.
The nominal (no model error) performance was used to provide guidelines for the
selection of the weight that is used in this step. The filter design problem was
then formulated as a minimization over the filter parameters. Special filter struc-
tures for open-loop unstable and for ill-conditioned systems were obtained. The
complexity of the “min max min” optimization problem made the computation of
analytic expressions for the gradient necessary. Such expressions were developed
for the general case and the approach was successfully programmed on the com-
puter and tested for a number of cases. The problems caused by the existence
of local minima can be overcome in most cases via good initial guesses available
because of the clear physical meaning of the filter parameters. For sampled-data
systems, the continuous process output and model uncertainty were taken explic-

itly into account to avoid bad intersample behavior.
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2. Research Suggestions.

It is the purpose of this last section of the thesis, to suggest research direc-
tions for certain topics directly or indirectly related to the work presented here.
Research in some of these topics can improve or extend the applicability of the
end product of the thesis, i.e., of the proposed methodology for robust control
system design. For some other topics, research in them is either motivated or can
be assisted, in the author’s opinion, by some of the partial results and experience

obtained in the course of the thesis work.
Let us now consider each of these research issues:

- Ill-conditioned systems. The special two-filter structure that was proposed
for the case of ill-conditioned systems has been shown to be satisfactory in a num-
ber of examples. The advantage of this approach is its simplicity. However, a
disadvantage exists in the fact that one is actually correcting in the second step
of the design procedure, a “mistake” made in the first step. The problem is that
unless model uncertainty is taken into account in the first step, one cannot be
certain to avoid this mistake. A reasonable approach that preserves the spirit of
the two-step design procedure, would be to consider in the first step the uncer-
tainty structure, but not the actual magnitudes of the uncertainty bounds. Then
by taking into account the sensitivity of the control system to modeling error, bad

designs in the first step would be avoided.

- Weight modification during the filter design. Meaningful weight selection
in the objective functions that are optimized in control problems is one of the
most important issues in control theory. In the methodology presented in this
thesis, guidelines are given for the selection of physically meamingful weights in
both steps of the design procedure. However, one point that is not very clear, is
how to best modify the “bound” b(w) in the second step, when the solution of

the filter optimization problem fails to satisfy the robust performance condition.-
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The designer has to “relax” the performance specification and it is usually simple
to adjust b(w) at the appropriate frequency ranges. Still, experience has shown
that this is not always so. Work is needed in order to figure out how to automate
this adjustment so that the best achievable performance specification is eventually
used. Results in this topic will both improve the effectiveness of the method and

make its implementation in an “expert system” form easier.

- SSV-optimization problems. The approach proposed for the IMC filter syn-
thesis is the first successful solution of a parameter optimization problem with a
Structured Singular Value (Doyle, 1982) objective function. This is very encour-
aging in the sense that as it turned out, standard gradient search techniques with
minor modifications were adequate for solving a seemingly extremely complicated
problem, the basic reason being the understanding of the physical meaning of the
optimization parameters. Hence it seems reasonable to attempt to solve other
control problems by formulating them as such parameter optimizations of an SSV
objective function. Candidates for this treatment are problems that require a spe-
cific structure for the control system. An obvious case is the problem of synthezing

robust decentralized controllers.

- Parametric model uncertainty. In the case where the model uncertainty can
be traced to some parameters that are known to be real numbers, the conserva-
tiveness, when using the SSV, can be reduced by avoiding to consider the entire
disk that encircles them in the complex plane (Doyle, 1985). The author has been
involved in work in the computation of the SSV for real parameter uncertainty and
it seems that it should be straightforward to extend the filter synthesis procedure

of Chapters V and VI to this case.

- Control implications in process design. The need for control considerations
at the stage of process design has been recognized in the literature in the last 5-10

years. The results presented in Chapter IV have the potential of being very useful



205
in this area of research, because they quantify the performance limitations imposed
by inherent characteristics of the process design, like time delays, unstable zeros
etc. These results have already prompted some work in that direction (Morari et
al., 1986), dealing with the analysis aspect of the problem. Although a lot of work
still has to be done in the analysis part, much more important is the synthesis part
of the problem. The descriptions of the imposed limitations that were obtained
in Chapter IV have the simple form of linear equations and they may allow the
deduction of properties of the interconnected process structure from the properties

of the individual units.
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