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ABSTRACT

Quantum computing has emerged as a promising technology, heralding a new era

of computational capabilities, with the simulation of quantum many-body systems

as one of its primary objectives. Although fault-tolerant quantum computers are

still years away, noisy intermediate-scale quantum (NISQ) devices have been fab-

ricated and leveraged to perform small-scale quantum simulations. In this thesis,

we demonstrate simulations of quantum many-body systems on these near-term

quantum computers. We speci�cally focus on physical quantities pertaining to

the linear-response framework, which include two-point correlation functions and

Green's functions, of small-scale spin and molecular models. Additionally, as quan-

tum hardware increases in qubit count, simulation of these quantum algorithms on

classical computers that closely resemble those planned for execution on quantum

hardware becomes increasingly critical. The �nal part of this thesis examines such

a simulation using tensor network algorithms on classical computers.

We �rst present the study of �nite-temperature physics of spin models on quantum

hardware. Employing the quantum imaginary time evolution (QITE) algorithm, we

demonstrate the computation of diverse �nite-temperature observables, including

energy, static and dynamical correlation functions, and excitation spectra of the

Heisenberg model and the transverse-�eld Ising model of up to four sites on �ve-

qubit IBM Quantum devices. Accurate determination of these �nite-temperature

properties on quantum computers is made possible by several algorithmic improve-

ments, including a method to exploit symmetries that reduces the quantum resources

required by QITE, circuit optimization procedures to reduce circuit depth, and

error-mitigation techniques to improve the quality of raw hardware data. This work

demonstrates that the ansatz-independent QITE algorithm is capable of computing

diverse �nite-temperature observables on near-term quantum devices.

The second work implements an algorithm for frequency-domain response prop-

erties of diatomic molecules using a novel high-�delity three-qubit iTo�oli gate.

Although it is natural to compute response properties in the time domain due to the

natural ability of quantum computers to apply unitary time evolutions, obtaining the

frequency-domain properties from the time-domain properties typically requires a

time duration that results in quantum circuits exceeding the circuit depth limitations

of near-term quantum computers. In this work, we carry out computations of the

response properties directly in the frequency domain using the linear combination
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of unitaries (LCU) algorithm. Execution of the LCU-based protocol on quantum

hardware is enabled by the iTo�oli gate, which enables a� 50% reduction in circuit

depth and� 40% reduction in circuit execution time in the LCU circuits compared

to the traditional gate set. We show that the molecular properties obtained with

the iTo�oli gate exhibit comparable or better agreement with analytical results than

those obtained when CZ gates are the only multi-qubit gates. This work is among

the �rst demonstrations of the practical usage of a native multi-qubit gate in quantum

simulation, with diverse potential applications to near-term quantum computation.

Finally, this thesis conducts a tensor network simulation of measurement-induced

state preparation on classical computers. Speci�cally, we simulate the phase tran-

sition in random-bond Ising models (RBIM) by performing measurements on the

cluster states. The simulation is carried out on NVIDIA H100 graphical processing

units (GPUs) using the cuQuantum library. We present simulation of correlation

functions in one dimension (1D) and ferromagnetic susceptibilities in two dimen-

sions (2D), observing a phase transition from the ferromagnetic phase to spin-glass

phase in the 2D model. The tensor network simulation incorporates up to 176

qubits on the 2D lattice. This work paves the way for future explorations of tensor

network simulations of measurement-induced quantum computation protocols with

GPU-accelerated tensor network libraries.
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Layout of the tiles are the same as in panels (A) and (B). Without

RC, puri�cation raises the average o�-diagonal �delity from 45.2%

to 67.4%, but with both RC and puri�cation the average o�-diagonal

�delity increases to 96.0%. . . . . . . . . . . . . . . . . . . . . . . . 80

6.7 Density-density response function of NaH. (A) Im j 00 without RC.

(B) Im j 00 with RC. (C)Im j 01 without RC. (D)Im j 01 with RC. All

experimental results are postprocessed with McWeeny puri�cation
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subspace. A broadening factor of[ = 1•5 eV is used to produce the

spectra. Without RC, the iTo�oli decomposition yields qualitatively

better results compared to the CZ decomposition. After RC is applied,

the two decompositions yield comparable results. . . . . . . . . . . . 81
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(B) Im j 00 with RC. (C)Im j 01 without RC. (D)Im j 01 with RC. All
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7.6 (a) Correlation functionh/ 1/ 2=¸ 1i as a function of site separation=

on 1D ! = 50 lattice. The correlation function is plotted for four

angles\ = 0•01c–0•05c–0•15c–0•25c. In the thermodynamic limit,

the correlation function should follow an exponential decay. The state

on the odd sites starts from a GHZ state at\ = 0 to a product state at

\ = c•2, and therefore we see a more rapid exponential decay as\ in-

creases. (b) Correlation lengthsb from �tting the correlation function

to the analytical result4� =•b for ! = 30–50–100. For each! , we use

the �rst 1/5 of site separation in the correlation functionh/ 1/ 2=¸ 1i

data for the nonlinear least-square �t. The exact result re�ects the

analytical expression of the correlation lengthb = � ln cos\ from the

protocol. The inset displays the di�erence between the simulated and

exact correlation lengths. Although the simulated correlation lengths

are expected to match better with the exact correlation lengths when

! increases, we observe the best agreement with the exact result at

! = 100but ! = 50has worse agreement compared to! = 30. . . . . 89

7.9 (a) Ferromagnetic susceptibilityj normalized by! 2 as a function of

the measurement angle\ on the 2D lattice with! = 4–5–6–7–8. The

dashed black line corresponds to the theoretical RBIM phase transi-

tion angle 38.6� . In theory, j • ! 2 = 1 on the maximally entangled

GHZ state when\ = 0 and j • ! 2 = 0 on the completely disentan-

gled product state when\ = 90� , which is what we observe from

the simulated data. (b) Variance of the ferromagnetic susceptibility

Var¹ j º divided by ! 2 as a function of measurmeent angle\ on the

2D lattice with ! = 4–5–6–7–8. The dashed black line corresponds

to the theoretical RBIM phase transition angle 38.6� . Variance of
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increasing with the lattice size! . . . . . . . . . . . . . . . . . . . . 93



xviii

LIST OF TABLES

Number Page

3.1 Cli�ord transformation between single-qubit Pauli strings. . . . . . . 22

6.1 Pauli strings and qubit state bitstrings underZ2 transformations and

truncations. Each Pauli string is characterized as up-spin or down-

spin depending on whether it originates from a creation or annihi-

lation operator applied on an up-spin or a down-spin orbital of the

ground state, and is characterized as spin-balanced if it originates

from a number operator applied on the ground state. The qubit state

bitstrings are similarly characterized as up-spin, down-spin or spin-

balanced by the type of operator that yields the state after applying

on the mean-�eld ground statej1100i , which are consistent with the

classi�cation based on the expectation values of theZ2 symmetry

operators/ � / � and� / � / given in the text. . . . . . . . . . . . . . . 78

6.2 Gate �delities and durations. Single-qubit Cli�ord gate �delities

are measured using simultaneous randomized benchmarking [130].

Arbitrary single-qubit gates are decomposed into two real- c•2 gates

(duration 30 ns) and three virtual/ q gates (duration 0 ns) according

to the/ - / - / decomposition. Two-qubit CZ and CS and three-qubit

iTo�oli gate �delities are measured using cycle benchmarking (CB)

[129]. All CB �delities are cycle �delities including spectator errors

on idling qubits. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.3 Qubit coherence times. ) 1 (energy decay time),) 2A (Ramsey de-

phasing time) and) 24 (spin echo dephasing time) for the qubits used

in this work as reported in Ref. [121]. . . . . . . . . . . . . . . . . . 79



1

C h a p t e r 1

INTRODUCTION

Quantum computers have emerged as a promising technology, undergoing a sig-

ni�cant transformation over the past decade. Although quantum computers were

originally proposed in 1982 as a tool to simulate quantum systems [1], the landscape

of quantum computing has witnessed remarkable progress in hardware development

[2, 3], algorithmic advancements [4, 5], and practical applications [6] during this

timeframe. Quantum hardware based on various platforms has been developed,

including superconducting circuits [2], ion traps [3], and neutral atoms [7]. On

the application side, quantum computers have been employed to simulate complex

quantum systems [8], optimize combinatorial problems [9], and solve certain math-

ematical equations [10]. Another signi�cant advancement is in the simulation of

quantum computers using classical computers, especially through the utilization

of tensor networks [11], enabling researchers to model and analyze quantum algo-

rithms more e�ciently [12]. This multifaceted progress underscores the growing

potential and versatility of quantum computing across both theoretical and practical

domains.

One of the main applications of quantum computers is to simulate quantum many-

body systems, which are physical systems composed of a large number of interacting

particles [13]. These systems have been the subjects of study in various �elds, such

as condensed matter physics, materials science and quantum chemistry. Quantum

computers provide a unique approach of investigating the complex physical phe-

nomena in these systems without the exponential resource requirement to represent

quantum many-body systems on classical computers. In particular, this thesis fo-

cuses on simulating the quantities encountered in the linear-response framework, in-

cluding two-point correlation functions and Green's functions [14]. The foundation

of computing such physical quantities on quantum computers has been developed

in the early 2000s [15, 16], but not until recently have quantum computers reached

the ability of executing these circuits with adequate �delities.

The �rst work in this thesis is the computation of �nite-temperature static and dy-

namical properties of spin systems. We use the quantum imaginary time evolution

(QITE) algorithm [17] to simulate the e�ect of �nite temperature, and obtain the
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energy, static and dynamic correlation functions, and excitation spectra of Heisen-

berg models and transverse-�eld Ising models on up to �ve qubits on IBM Quantum

devices. The excessive quantum resources required in the original QITE algorithm

are reduced by exploiting symmetry using the stabilizer formalism in quantum error

correction [18], so that the circuits are within the constraints of near-term quantum

devices. Various error mitigation techniques, including post-selection, readout error

mitigation and phase-and-scale correction are exploited to improve the quality of the

raw experimental data. This work demonstrates that computing �nite-temperature

observables of few-qubit spin models is achievable on current quantum devices with

the e�cient use of quantum resources and error mitigation.

The second work explores using a novel three-qubit iTo�oli gate [19] to compute

molecular Green's functions. The quantum simulation experiments, along with the

implementation of the iTo�oli gate, are performed on a superconducting quantum

processor hosted at University of California, Berkeley. We use the iTo�oli gate

to reduce the depths of the circuits in the linear combination of unitaries (LCU)

framework [20] used to calculate Green's functions on quantum computers [21, 22].

The molecular models are diatomic molecules in minimal basis with only high-

est occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital

(LUMO) so that the quantum circuits �t into the quantum resource constraints of

the quantum devices. The observables computed directly from the quantum circuits

are the transition amplitudes between the ground state and# - or ¹# � 1º-electron

excited states, which are then combined with ground- and excited-state energies to

obtain frequency-domain Green's functions and response functions. Two particu-

lar error mitigation techniques, randomized compiling and McWeeny puri�cation,

are applied to the circuit construction and data postprocessing stages respectively

and exhibit signi�cant improvements in the physical observables of the molecular

models.

The last contribution of this thesis is the simulation of properties of 1D and 2D

random-bond Ising models (RBIMs) using a measurement-based state preparation

protocol. The protocol, originally developed in ref. [23], prepares a cluster state

on a Lieb lattice and obtains the phase transition properties of RBIMs through

measurement and decoding. Speci�cally, the lattice is divided into two sublattices,

which are odd and even sublattices in 1D, and vertex and edge sublattices in 2D. In

1D, we study the correlation functionh/ 1/ 2=¸ 1i on the odd sublattice, extract the

correlation length from the correlation functions and compare it to the exact result
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in the thermodynamic limit. In 2D, we compute the ferromagnetic susceptibility

and observe a divergence of its variance at the measurement angle that corresponds

to the phase transition temperature. This work uses the cuQuantum library [24]

to carry out the tensor network simulation on graphical processing units on up to

176 qubits, paving the way for larger-scale implementations of measurement-based

quantum computing protocols with tensor network methods.

This organization of this thesis unfolds as follows. The initial segment, spanning

Chapters 2 to 4, delves into foundational knowledge of the research contents. Chap-

ter 2 elucidates the fundamentals of quantum computation, encompassing de�nitions

of quantum gates, measurements, and essential techniques used in practical imple-

mentations of quantum circuits on quantum hardware; Chapter 3 navigates through

the components of quantum information that are relevant to this thesis, including

stabilizer formalism in quantum error correction, noise in quantum hardware, and

metrics for entanglement in quantum states; Chapter 4 focuses on the target of quan-

tum simulation: quantum many-body systems, including spin systems and molecular

systems. The latter portion of this thesis embarks on an exploration of my original

research contributions. Chapter 5 explores the computation of �nite-temperature

static and dynamical properties of spin models using the QITE algorithm; Chapter 6

elaborates on the computation of frequency-domain Green's function of molecular

models using the LCU algorithm; Chapter 7 focuses on large-scale classical simula-

tions of the properties of RBIMs by measurements on the cluster states. At the end,

Chapter 8 concludes this thesis by presenting outlook for future exploration in the

dynamic �eld of quantum computing especially pertaining to quantum simulation.
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C h a p t e r 2

QUANTUM COMPUTATION

This chapter introduces concepts from quantum computation that are relevant to the

contents of this thesis. We start by reviewing quantum gates, followed by quantum

measurements, and lastly special quantum circuits used in quantum simulation

experiments. In Sec. 2.1, we review in the order of single-qubit gates, two-qubit

gates, and multi-qubit gates. Special gates like parameterized gates and Cli�ord

gates will be introduced in the speci�c subsections corresponding to the number

of qubits they act on. Section 2.2 is on quantum measurements, where we �rst

introduce the positive operator-valued measure (POVM) measurement formalism

and then move on to reduced density matrices. Section 2.3 is on special quantum

circuits for quantum simulation, including circuits relevant to quantum simulation

and to quantum measurements. Throughout this chapter, we also introduce certain

platform-dependent gates, speci�cally gates on the devices at IBM Quantum and

Google Quantum AI.

2.1 Quantum Gates

Single-Qubit Gates

Pauli Gates

The single-qubit Pauli gates are

- =

"
0 1

1 0

#

– . =

"
0 � 8

8 0

#

– / =

"
1 0

0 � 1

#

• (2.1)

Pauli Rotation Gates

Let n̂ be a unit vector. We have the identity

48\¹n̂�2 º = � cos\ ¸ 8¹n̂ � 2 º sin\• (2.2)

Rotation gates are de�ned by' n̂¹\ º = exp¹� 8(n̂\ • \ º = exp¹� 8̂n � 2 \ •2º, so rota-
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tions aroundG, HandI axes by angle\ are

' G¹\ º = 4� 8\ - •2 =

"
cos¹\ •2º � 8sin¹\ •2º

� 8sin¹\ •2º cos¹\ •2º

#

– (2.3)

' H¹\ º = 4� 8\. •2 =

"
cos¹\ •2º � sin¹\ •2º

sin¹\ •2º cos¹\ •2º

#

– (2.4)

' I ¹\ º = 4� 8\ / •2 =

"
4� 8\•2 0

0 48\•2

#

• (2.5)

Pauli rotation gates can also be thought of as powers of the Pauli gates. For example,

/ A = 48Alog / = 48Alog / � 4� 8Ac/•2 = ' I ¹Acº (2.6)

(where� denotes equal up to a phase factor) since

log / =

"
0 0

0 8c

#

� � 8
c
2

/ (2.7)

up to a constant. Note that here we need to make the choice thatlog¹� 1º = 8c.

Since- and. have the same eigenspectra as/ , similarly we have

- A = ' G¹Acº– (2.8)

. A = ' H¹Acº• (2.9)

Cli�ord Gates

Other single-qubit gates that are Cli�ord gates, which convert Pauli gates to Pauli

gates under conjugation, but are not included above are the Hadamard gate� and

the phase gate(

� =
1

p
2

"
1 1

1 � 1

#

– (2.10)

( =

"
1 0

0 8

#

(2.11)

Note that( � ' I ¹c•2º. These gates can be veri�ed to satisfy the Cli�ord property

because they satisfy the relations [18]

� - � y = /– �. � y = � .– � / � y = -–

(-( y = .– (. ( y = � -– (/ ( y = /•
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Parameterized Single-Qubit Gates

An arbitrary single-qubit gate can be parameterized by three parameters. The exact

form of the parameterization is platform-dependent.

In the architecture of IBM Quantum devices, the* 3 gate is the arbitrary parameter-

ized single-qubit gate [25], which is de�ned as

* 3¹\– q– _º = ' I ¹qº' H¹\ º' I ¹_º• (2.12)

In matrix notation,

* 3¹\– q– _º =

"
cos¹\ •2º � 48_sin¹\ •2º

48qsin¹\ •2º 48¹q¸ _º cos¹\ •2º

#

(2.13)

By Ref. [26], the* 3 gate can be implemented with two- c•2 pulses and virtual/

gates by

* 3¹\– q– _º = / _� c - c•2 / c� \ - c•2 / q

The two sides are equal up to a phase. (Note that the decomposition is di�erent

from Eq. (19) in Ref. [26] because the de�nition of the* 3 gate in Ref. [26] has� 8

on the o�-diagonal elements.)

Common single-qubit gates can be written in terms of* 3 gates in the form

' G¹\ º = * 3¹\–� c•2– c•2º–

' H¹\ º = * 3¹\–0–0º–

' I ¹\ º = * 3¹0–0– \º–

� = * 3¹c•2–0– cº–

( = * 3¹0–0– c•2º•

On Google's devices, the PhasedXZ gate is the parameterized arbitrary single-qubit

gate [27], which is de�ned as

PhasedXZ¹0– G– Iº = / I ¸ 0- G/ � 0• (2.14)

In rotation-gate notation, PhasedXZ¹0– G– Iº � ' I ¹¹I ¸ 0ºcº' G¹Gcº' I ¹� 0cº.
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Two-Qubit Gates

Standard Gates

A CNOT gate with the �rst qubit as the control qubit and the second qubit as the

target qubit can be expressed as CNOT= j0i h0j 
 � ¸ j1i h1j 
 - . In matrix notation,

CNOT =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3
7
7
7
7
7
7
7
7
7
5

• (2.15)

A CZ gate with the �rst qubit as the control qubit and the second qubit as the target

qubit can be expressed as CZ= j0i h0j 
 � ¸ j1i h1j 
 / . In matrix notation,

CZ =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 � 1

3
7
7
7
7
7
7
7
7
7
5

• (2.16)

A SWAP gate swaps two qubits. In matrix notation,

SWAP=

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

3
7
7
7
7
7
7
7
7
7
5

• (2.17)

An iSWAP gate swaps two qubits and adds a phase factor8. In matrix notation,

iSWAP =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 0 8 0

0 8 0 0

0 0 0 1

3
7
7
7
7
7
7
7
7
7
5

• (2.18)

Fermionic Simulation Gate

Two-qubit gates native to Google's devices include the Sycamore gate,
p

iSWAP

and CZ. Both the Sycamore gate and
p

iSWAP are derived from the two-parameter
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fermionic simulation gate [28]

FSim¹\– qº = 4� 8\¹- 
 - ¸ . 
 . º•24� 8q¹� � / º
¹ � � / º•4 =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 cos\ � 8sin\ 0

0 � 8sin\ cos\ 0

0 0 0 4� 8q

3
7
7
7
7
7
7
7
7
7
5

•

(2.19)

where\ is the iSWAP angle andq is the controlled-phase angle.

Two main pre-calibrated gates derived out of the FSim gate are the sycamore gate

Syc and the square root iSWAP gate
p

iswap. The Sycamore gate Syc has the

expression

Syc= FSim¹c•2– c•6º =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 0 � 8 0

0 � 8 0 0

0 0 0 4� 8c•6

3
7
7
7
7
7
7
7
7
7
5

• (2.20)

The square root iSWAP gate
p

iSWAP has the expression

p
iSWAP = FSim¹� c•4–0º =

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 1•
p

2 8•
p

2 0

0 8•
p

2 1•
p

2 0

0 0 0 1

3
7
7
7
7
7
7
7
7
7
5

• (2.21)

2.2 Quantum Measurements

Measurement

Quantum measurements are described by a set of measurement operatorsf " < gthat

satisfy the completeness relation:

Õ

<

" y
< " < = �• (2.22)

Suppose the state is described by a state vectorjk i or a density matrixd. The

probability of obtaining the measurement outcome< is

state vector: ?< = hk j" y
< " < jk i – (2.23)

density matrix: ?< = tr
�
" y

< " < d
�
• (2.24)
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The state after obtaining the measurement outcome< is

state vector:
" < jk i

q
hk j" y

< " < jk i
– (2.25)

density matrix:
" < d" y

<

tr
�
" y

< " < d
� • (2.26)

A special and perhaps the most common type of measurement is the projective

(or von Neumann) measurement, where the measurement operators are orthogonal

projectors so that they satisfy" < " < 0 = " < X<–<0. These orthogonal projectors

usually arise from the eigenspaces of an observable, since an observable in quantum

mechanics is a Hermitian operator and has orthogonal eigenspaces.

Reduced Density Matrix

A density matrix provides a description of the quantum system whose state is not

completely known. Suppose a quantum system is injk 8i with probability ?8.

d =
Õ

8

?8 jk 8ihk 8j • (2.27)

Alternatively, the density matrix can be interpreted as an ensemble of pure states,

where the proportion ofjk i in the ensemble is?8. In statistics terms, the �rst

interpretation corresponds to the Bayesian approach and the second interpretation

corresponds to the frequentist approach.

Mathematically, a density matrix is de�ned as the following.

De�nition. An operatord is associated with some ensemblef ?8–jk 8i g if and only

if it satis�es

1. Tr¹dº = 1.

2. d is positive.

To analyze composite quantum systems, we need the concept of reduced density

operator, which is

d� = Tr� ¹d�� º• (2.28)

The reduced density matrix has the operational meaning that when an observable

only acts on a subsystem, its expectation value is given by the trace of the observable
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times the reduced density matrix. Speci�cally, for an observable$ � that only acts

on � , its expectation value on the system is

h$ � i = Tr �� ¹$ � d�� º = Tr � ¹$ � d� º• (2.29)

Another situation where the reduced density matrix arises is when we measure a

subsystem and discard the measurement result. In this case, the density matrix of

the composite system is

~d�� =
Õ

<

" �
< d�� " � y

< (2.30)

and the density matrix of the subsystem is

~d� = Tr� ¹ ~d�� º = Tr�

 
Õ

<

" �
< d�� " � y

<

!

= d� • (2.31)

2.3 Quantum Circuits

Multi-Qubit Rotation Circuits

To apply a rotation operator of weight more than 1, we usually apply' I on one of

the qubits and use CNOT to extend the weight of the Pauli string. To transform/

to - and. , one way is to use the Cli�ord gates� and( so that

- = �/ �– � / � –

. = (� / ¹(� ºy = (� / �( y– ( y � / � (

(2.32)

Another way is to use the rotation gates

- = ' H¹c•2º/ ' H¹� c•2º–
' H¹c•2º / ' H¹� c•2º

– (2.33)

. = ' G¹� c•2º/ ' G¹c•2º–
' G¹� c•2º / ' G¹c•2º

• (2.34)

For example, if we want to apply the rotation gate4� 8\ -. / , we can apply the circuit
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� �

' G¹c•2º ' G¹� c•2º

' I ¹2\ º

or

� �

' G¹c•2º ' G¹� c•2º

' I ¹2\ º

In practice the second circuit is better since we don't need SWAP gates to apply

long-range CNOTs [29].

Measurement Circuits

Most quantum hardware can only measure in/ -basis. To measure in- -basis, we

need to apply the Hadamard gate before the measurement gate,

�

To measure in. -basis, we need to apply' G¹c•2º before the measurement gate,

' G¹c•2º

Alternatively, we can apply( y followed by an� gate, which gives

( y �

The latter method is used in the construction of tomography circuits in Qiskit.

We can understand measuring in a di�erent basis as changing the stabilizer from

- or . to / . For example, transformingj¸ i to j0i is the same as transforming the

stabilizer from- to / , which is achieved by� since� - � = / . Transforming the

statej¸ yi to j0i is the same as transforming the stabilizer from. to / , which is

achieved by' G¹c•2º since' G¹c•2º. ' y
G¹c•2º = / or by �( y since�( y. (� = / .
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Hadamard Test

Suppose we want to calculate time correlation functions of the form

� *+ ¹Cº = h* ¹Cº+ i = h48^�C*4 � 8^�C+i – (2.35)

where* and+ are unitary operators.

Consider the circuit [30, 31]

0 �

B + 4� 8^�C *

Here0 denotes the ancilla qubit andBdenotes the system qubits.

Claim 1. Measuring- on the ancilla yields the real part of� *+ ¹Cº and measuring

. on the ancilla yields the imaginary part of� *+ ¹Cº, so that� *+ ¹Cº = h- i ¸ 8h. i .

Proof. To derive this result, let the control gates be

~* = j0i h0j 
 � ? ¸ j1i h1j 
 *– (2.36)

~+ = j0i h0j 
 � ? ¸ j1i h1j 
 +• (2.37)

The density matrix after the circuit is

~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 dBº ~+ y¹�0 
 48^�Cº ~* y– (2.38)

whered0 is the ancilla density matrix after the Hadamard gate

d0 =
1
2

"
1 1

1 1

#

• (2.39)

The expectation value of- is

h- i = Tr
�
¹j0i h1j 
 � ?º ~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 d?º ~+ y¹�0 
 48^�Cº ~* y

�

¸ Tr
�
¹j1i h0j 
 � ?º ~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 d?º ~+ y¹�0 
 48^�Cº ~* y

�

=
1
2

�
h* ¹Cº+ i ¸ h + y* y¹Cºi

�
= Re¹h* ¹Cº+ iº (2.40)
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The expectation value of. is

h. i = � 8Tr
�
¹j0i h1j 
 � ?º ~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 d?º ~+ y¹�0 
 48^�Cº ~* y

�

¸ 8Tr
�
¹j1i h0j 
 � ?º ~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 d?º ~+ y¹�0 
 48^�Cº ~* y

�

=
1
2

�
� 8h* ¹Cº+ i ¸ 8h+ y* y¹Cºi

�
= Im¹h* ¹Cº+ iº (2.41)

Hence

� *+ ¹Cº = h* ¹Cº+ i = h- i ¸ 8h. i • (2.42)

�

The original circuit proposed in Ref. [15, 16] is

0 �

B + 4� 8^�C *

with control onj0i on the controlled-* gate. Equation 2.40 is then changed to

h- i =
1
2

¹


* y¹Cº+

�
¸



+ y* ¹Cº

�
º = Re¹



* y¹Cº+

�
º– (2.43)

and Eq. 2.41 becomes

h. i =
1
2

¹� 8


* y¹Cº+

�
¸ 8



+ y* ¹Cº

�
º = Im¹



* y¹Cº+

�
º• (2.44)

The result is measuring the quantity


* y¹Cº+

�
instead ofh* ¹Cº+ i .

We can also put a di�erent state on the ancilla. For example, the following circuit

•

0 � (

B + 4� 8^�C *

puts the ancilla density matrix in the form

d0 =
1
2

"
1 � 8

8 1

#

(2.45)
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The expectation value of- becomes

h- i =
1
2

�
8h* ¹Cº+ i � 8h+ y* y¹Cºi

�
= � Im¹h* ¹Cº+ iº – (2.46)

and the expectation value of. becomes

h. i =
1
2

�
h* ¹Cº+ i ¸ h + y* y¹Cºi

�
= Re¹h* ¹Cº+ iº – (2.47)

so that the correlation function is calculated as

� *+ ¹Cº = h* ¹Cº+ i = h. i � 8h- i • (2.48)
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C h a p t e r 3

QUANTUM INFORMATION

This chapter reviews concepts from quantum information that are relevant to this the-

sis. Section 3.1 reviews the stabilizer formalism, which was originally introduced in

quantum error correction but has been applied to other areas of quantum computing.

Section 3.2 reviews noisy quantum channels, which are important in formulating

noise on near-term quantum hardware. Section 3.3 de�nes special quantum states

that are relevant to Chapter 7 of this thesis.

3.1 Stabilizer Formalism

Single-qubit Pauli operators consist of�– -– .– /. To turn these operators into a

group, we need to attach multiplicative factors� 1–� 8and let

P1 = f� �–� 8�–� -– � 8-–� .– � 8.–� /– � 8/g (3.1)

which is thePauli group on a single qubit. Similarly, we can de�ne thePauli

group on# qubitsby P# = P 
 #
1 , which consists of Pauli strings on# qubits with

coe�cients � 1–� 8. By P1 we mean the set of single-qubit Pauli operators with

coe�cient 1, and similarly byP # = P

 #
1 we mean the set of Pauli strings on#

qubits with coe�cient 1.

Consider a subgroupS of P=. De�ne thestabilizer subspace+S to be

+S = f jk i : 2 jk i = jk i for all 2 2 Sg• (3.2)

We can check+S is indeed a subspace since for anyjk i –jk 0i in +S , 2 2 S and a

scalarU,

2 ¹jk i ¸ jk 0i º = 2 jk i ¸ 2 jk 0i = jk i ¸ jk 0i – (3.3)

2 ¹Ujk i º = U2 jk i = Ujk i • (3.4)

A natural question to ask is that for whatS is +S nontrivial, i.e. +S < f 0g. The

answer is given in the following proposition.

Proposition 1. If +S is nontrivial,� � 8 S.
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Proof. Takejk i 2 +S . Since� � is a stabilizer,

� � jk i = jk i =) � jk i = jk i =) jk i = 0• (3.5)

�

From the proposition, we can derive a few corollaries that give necessary conditions

for +S to be nontrivial. An important property we will use on Pauli strings is that

two Pauli strings either commute or anticommute. Moreover, for2 –2 0 2 P # , 2

and2 0commute if22 0has coe�cient � 1, and anticommute if22 0has coe�cient

� 8.

Corollary 2. Let 2 2 P # . If +S is nontrivial,� 82 8 S.

Proof. If � 82 2 S, then¹� 82 º2 = � � 2 S, a contradiction. �

Corollary 3. If +S is nontrivial,� 2 8 S for any2 2 S.

Proof. For 2 2 S, if � 2 2 S, 2 ¹� 2 º = � � 2 S, a contradiction. �

Corollary 4. If +S is nontrivial, all elements inS commute with each other.

Proof. If 2 –2 0 2 S don't commute with each other, they anticommute. Now

22 0 2 S implies22 022 0 = � 22 02 02 = � 22 = � � 2 S, a contradiction. �

We will call a subgroupS stabilizer subgroupif its stabilizer subspace+S is non-

trivial.

By Corollary 4,S is an abelian subgroup. LetB1– •••– B! be the generators ofS, then

it follows that any2 2 S can be written as2 = B01
1 •••B0!

! , where01– •••– 0! 2 f0–1g.

GivenS = hB1– •••– B! i , we want to know the dimension of+S . This is can be derived

from the following theorem.

Theorem 5. Let

%S =
1

jSj

Õ

2 2S

2 • (3.6)
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Then%S is the projector onto the subspace+S .

Proof. Observe that if2 2 S,

2 %S =
1

jSj

Õ

2 2S

23 =
1

jSj

Õ

322 � 1S

3 = %S• (3.7)

Hence

%2
S =

1
jSj

Õ

2 2S

2 %S =
1

jSj

Õ

2 2S

%S = %S– (3.8)

which implies that%S is a projector.

To show that%S is the projector onto the subspace+S , for anyjk i and any2 2 S,

2 %S jk i = %S jk i , so im¹%Sº � +S . Moreover, for anyjk i 2 +S , jk i = %S jk i 2

im¹%Sº, which implies+S � im¹%Sº. Therefore im¹%Sº = +S and the statement is

proved. �

The projector%S can be written in another form:

%S =
1

jSj

Õ

2 2S

2 =
1
2;

Õ

01–•••–0; 2f0–1g

B01
1 •••B0;

; =
;Ö

8=1

¹� ¸ B8º
2

=
;Ö

8=1

%hB8i =1• (3.9)

That is, the projector onto the stabilizer subspace+S is a product of projectors onto

the +1 eigenspace ofB8. Intuitively, each projector reduces the subspace by half, so

we would expect the dimension of the stabilizer subspace to be reduced from2# to

2# � ! . A rigorous justi�cation is given in the following corollary.

Corollary 6. LetS be a stabilizer subgroup with! generators on an# -qubit system.

Thendim¹+Sº = 2# � ! , that is,+S is equivalent to a Hilbert space with# � ! qubits.

Proof.

dim¹+Sº = tr¹%Sº =
1

jSj

Õ

2 2S

tr¹2 º =
1
2!

Õ

2 2S

2# X2 –�
 # = 2# � ! • (3.10)

�
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F2-linear algebra perspective

There is a useful representation of the Pauli strings in a stabilizer subgroup as a row

vector of length2# . For any2 = � f 1 
 •••
 f # in a stabilizer subgroupS, let

A¹2 º be its corresponding vector inF2=
2 , where the elements are assigned such that

A¹2 º8 = 0– A¹2 º8̧ = = 0 if 28 = � ; (3.11)

A¹2 º8 = 1– A¹2 º8̧ = = 0 if 28 = - ; (3.12)

A¹2 º8 = 0– A¹2 º8̧ = = 1 if 28 = / ; (3.13)

A¹2 º8 = 1– A¹2 º8̧ = = 1 if 28 = . • (3.14)

That is, the left# entries ofA¹2 º indicate the positions of- or . in 2 , the right#

entries ofA¹2 º indicate the positions of. or / in 2 . For example, the Pauli string

-. / corresponds to the vector

A¹-. / º = ¹ 1 1 0 0 1 1 º (3.15)

By Corollaries 2 and 3, if2 2 S, then� 2 and� 82 are not inS, so each vector

corresponds to a unique element inS.

The F2-vector representation reveals the products and commutation relations be-

tween any Pauli strings as operations on the vectors. For any two Pauli strings2

and2 0 in S, A¹22 0º = A¹2 º ¸ A¹2 0º. We can use this relation to �nd the indepen-

dent generators of the stabilizer subgroup, since removing any generator makes the

subgroup smaller. From the relation, �nding the independent generators is the same

as �nding the independent vectors in theF2 representation.

To relate to the commutation relations between Pauli strings, we need some more

tools. Let the inner product between two vectorsA¹2 º andA¹2 º0be de�ned as

hA¹2 º– A¹2 0ºi � = A¹2 º� A¹2 º) – � =

"
0 �=

�= 0

#

– (3.16)

where�= is the identity matrix of size# � # . Write A¹2 º = ¹AG¹2 º AI ¹2 ºº. The

inner product is explicitly
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hA¹2 º– A¹2 0ºi � =
h
AG¹2 º AI ¹2 º

i
"
0 �=

�= 0

# "
AG¹2 0º)

AI ¹2 0º)

#

= hAG¹2 º– AI ¹2 0ºi ¸ hAI ¹2 º– AG¹2 0ºi •

(3.17)

Intuitively, the inner producth�–�i � appears as a �twisted� inner product. In mathe-

matical terms the inner product is called asymplectic inner productbecause of the

symplecticity of the metric� .

With this inner product, we can characterize commutation relation between2 and

2 0, as given in the following proposition.

Proposition 7. »2 –2 0¼= 0 if and only if hA¹2 º– A¹2 0ºi � = 0.

Proof. For any single-qubit Pauli operatorf , let f ¹01–•••–0# º with ¹01– •••– 0# º 2 F=
2

denote the Pauli stringf 01 
 •••
 f 0# . By de�nitions of theAvectors,

2 = ¹� 1º[ - AG¹2 º / AI ¹2 º– (3.18)

2 0 = ¹� 1º[ 0
- AG¹2 0º / AI ¹2 0º– (3.19)

(3.20)

where[– [ 0 2 f0–1g. Note that

22 0 = ¹� 1º[ ¸ [ 0
- AG¹2 º / AI ¹2 º - AG¹2 0º / AI ¹2 0º (3.21)

= ¹� 1º[ ¸ [ 0̧ hAG¹2 0º–AI ¹2 ºi - AG¹2 º - AG¹2 0º / AI ¹2 º / AI ¹2 0º (3.22)

= ¹� 1º[ ¸ [ 0̧ hAG¹2 0º–AI ¹2 ºi ¸ hAG¹2 º–AI ¹2 0ºi - AG¹2 0º / AI ¹2 0º - AG¹2 º / AI ¹2 º (3.23)

= ¹� 1ºhA¹2 º–A¹2 0ºi � 2 02 • (3.24)

The conclusion follows naturally. �

With the vector spaceF2=
2 , a base �eldF2 and an inner product de�ned, we can

do linear algebra on theF2 representation. The rank-nullity theorem still holds, as

given in the following theorem.

Theorem 8. Let , be a: -dimensional subspace ofF=
2. Thendim¹, ? º = = � : .
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However, because of self-orthogonality of vectors in vector spaces overF2, even if

we have a set of linearly independent vectors, we can't necessarily orthogonalize

them to an orthogonal set of vectors. In fact, inF2=
2 , we can at most have= mutually

orthogonal vectors, a fact captured in the theorem below.

Theorem 9. Let f v1– •••–v: g be an orthogonal set of vectors inF2=
2 with respect to

the symplectic inner producth�–�i � and eachv8 < 0. Then: � =.

Proof. Let , = span¹f v1– •••–v: gº. Since each vector is orthogonal to itself,v8 2

, ? for 8= 1– •••– :. Hence, is a subspace of, ? anddim¹, ? º � dim¹, º = : .

Then

2: = : ¸ : � dim¹, º ¸ dim¹, ? º = 2=– (3.25)

which implies: � =. �

Theorem 9 expresses the idea that we can �nd at most= mutually commuting

nontrivial Pauli strings (that is, excluding the identity operator). One set of Pauli

strings is

/ 1– /2– •••– /=• (3.26)

In the next section, using the theory of Cli�ord groups, we will show that any set of

: mutually commuting Pauli strings for some: � = is equivalent to/ 1– /2– •••– /: .

Operations on the stabilizer subspace

Given a stabilizer subspace, an important class of operators is the ones that preserve

this subspace. In other words, forjk i 2 +S , we want to �nd operators3 such that

3 jk i 2 +S . If we restrict our states to the subspace+S , these are the only viable

operations on+S .

This gives rise to the idea of normalizers. Speci�cally, an element3 2 P= normalizes

S if for any 2 2 S, 323 � 1 2 S. Since two Pauli strings either commute or

anticommute,323 � 1 = 2 if 2 and 3 commute and323 � 1 = � 2 if 2 and 3

anticommute. But we know that if2 2 S, � 2 8 S, so323 � 1 = 2 for any2 2 S.

We shall call this group the normalizer ofS and write it asN ¹Sº .

We can move on to analyze the number of elements in this normalizer subgroup.

Let A¹Sº be span¹f A¹2 º : 2 2 Sgºand similarly forA¹N ¹Sºº. ClearlyA¹N ¹Sºº =
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A¹Sº? . Then

dimA¹N ¹Sºº = dimA¹Sº? = 2= � ;• (3.27)

Therefore,N ¹Sº is a subgroup with2= � ; generators and hence22=� ; elements

ignoring multiplicative factors� 1–� 8.

SinceS is a normal subgroup ofN ¹Sº , we can form the quotient groupN ¹Sº•S ,

where each coset inN ¹Sº•S represents an equivalent class of operations on the

stabilizer subspace+S . The generators of the quotient groupN ¹Sº•S is =� ;, and it

contains2=� ; coset ignoring multiplicative factors� 1–� 8. In practice, we can choose

the multiplicative factors arbitrarily to �t our purpose. Note that the multiplicative

factor of each coset representative fully determines the members of the coset if we

revert toN ¹Sº . But if we are only considering equivalent operations on+S , the

multiplicative factor does not matter.

There are more general operations we can perform on the stabilizer subspace that

don't preverse the subspace but permute it to another subspace within the Hilbert

space. Suppose we evolve the statejk i to * jk i . Since

*$ jk i = *$* y* jk i –

jk i is an eigenvector of$ with eigenvalue_ if and only if * jk i is an eigenvector of

*$* y with eigenvalue_. Therefore, after evolution by* , the stabilizer group for

the new state* jk i is * S* y. In general* S* y might not be inP=, but we want to

restrict our attention to the unitary operators that conjugates any stabilizer intoP=.

To consider all stabilizer subgroupsS in P=, we need to consider unitary operators

that satisfy* P=* y � P =, or the normalizer# * ¹2=º ¹P=º � # ¹P=º. Since the

centralizer ofP= in * ¹2=º is * ¹1º, by a result in group theory# ¹P=º•* ¹1º is

isomorphic to a subgroup of Aut¹P=º. De�ne the quotient group# ¹P=º•* ¹1º to

be the Cli�ord groupC=.

Lemma 10. The Cli�ord group on one qubit is generated by the Hadamard gate�

and the phase gate( , that isC1 = h�– ( i .

Proof. Let � be any automorphism ofP1 by conjugation with a unitary operator.

To �nd out the action of� , we only need to �nd the images of the generators

-– .– / . Since- and � ¹- º have the same order,- can only be mapped to one

of f� -– � .– � / g. After - is determined,/ can be mapped tof� -– � .– � / g n

f� � ¹- ºg. � ¹. º is determined by� ¹- º and� ¹/ º since

� ¹. º = � ¹8� - / º = � ¹8�º� ¹- º� ¹/ º = 8� ¹- º� ¹/ º•
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The automorphisms ofP1 by conjugation with a unitary operator is equivalent to all

orientation-preserving permutations of the three coordinate axes. ThereforeC1 � $

where$ is the rotational subgroup of the octahedral group. Let this isomorphism

be� . Note that

� - � y = /– �. � y = � .– � / � y = -–

so� ¹� º is rotation byc along the unit vector1p
2
¹x̂ ¸ ẑº. Similarly,

(-( y = .– (. ( y = � -– (/ ( y = /–

so� ¹( º is rotation counterclockwise byc•2 alongẑ.

The group$ is isomorphic to( 4 when regarded as permuting the four body diagonals

of the cube. De�ne an isomorphism fromC1 to ( 4 such that the image of' is what

� ¹ ' º does to the four body diagonals. Under this isomorphism,

� 7! ¹ 12º–

( 7! ¹ 1234º•

Since ¹12º and ¹1234º generates( 4, � and ( generatesC1. Therefore,C1 =

h�– ( i . �

Cli�ord group element Transformation E�ect
� - ! /– . ! � .– / ! - - $ /
( - ! .– . ! � -– / ! / - $ .

�( - ! � .– . ! � /– / ! - - ! . ! / ! -
(� - ! /– . ! -– / ! � . - ! / ! . ! -

�(� - ! -– . ! /– / ! � . . $ /

Table 3.1: Cli�ord transformation between single-qubit Pauli strings.

3.2 Noisy Quantum Channels

De�nition

A quantum operation describes how a quantum system evolves. Despite the gener-

ality of quantum operations, they have a precise mathematical de�nition.

De�nition. A quantum operationis a linear map

E : L¹ � 1º ! L¹ � 2º
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such that

(1) (Completely positive) If we introduce an extra system� and letI be the identity

operator on� , ¹I 
 Eº¹ � º is positive for any positive operator� 2 L¹ � 
 � 1º.

(2) (Non-trace-increasing) For all$ 2 L¹ � 1º, tr¹E¹$ ºº � tr¹$ º.

In property (2), iftr¹E¹$ ºº = tr¹$ º for all $ 2 L¹ � 1º thenE is trace-preserving.

A trace-preserving quantum operation is called aquantum channel.

Quantum operations are de�ned on the space of general linear operators on a Hilbert

space, we will primarily encounter it as operators on the density matrices.

If the system is a closed system, the only permissible quantum operations are unitary

evolution, that isd 7! *d* y where* is a unitary operator on the Hilbert space.

When we do a measurement, the operation of a single measurement operator" <

de�ned asd 7! " < d" y
< is also a valid quantum operation.

When the system is open, we can regard the quantum operation as evolving the

whole system and tracing out the environment, that is

E¹dº = trenv¹* ¹d 
 denvº* yº• (3.28)

Suppose the environment has basisf j4: i g. Without loss of generality, we can

assume the environment to be in a pure statej40i , since if it is not in a pure state we

can introduce an extra system to purify it. Then Eq. 3.28 corresponds to

E¹dº =
Õ

:



4: j* ¹d 
 j40i h40jº* y j4:

�
env =

Õ

:

� : d� y
:

where� : = h4: j* j40i env is an operator on the state space of the system. This is the

operator-sum representation of quantum operations.

The operation is trace-preserving iftr¹E¹dºº = 1, which is equivalent to
Í

: � y
: � : =

� . The state after the operation is justE¹dº. The operation is non-trace preserving

if tr¹E¹dºº � 1, which is equivalent to
Í

: � y
: � : � � . The state after the operation

is E¹dº•tr¹E¹dºº

Theorem 11. The mapE is a quantum operation if and only if

E¹$ º =
Õ

:

� : $� y
:

for some set of operatorsf � : g such that each� : maps the input Hilbert space to

the output Hilbert space and
Í

: � y
: � : � � .

Below we look at some examples of noisy quantum channels.



24

Examples of Quantum Channels

The action of a dephasing channel is

E¹dº =
�
1 �

?
2

�
d ¸

?
2

/d/–

which has the Kraus operator representation

E¹dº =  0d y
0 ¸  1d y

1–

 0 =
p

1 � ?•2�–  1 =
p

?•2/•

A generic density matrix transforms as

"
d00 d01

d10 d11

#
E

7�!

"
d00 ¹1 � ?ºd01

¹1 � ?ºd10 d11

#

•

Here0 � ? � 1, and when? = 1 the coherence (o�-diagonal elements) between

the two states is lost.

The amplitude damping channel is a result of energy dissipation and transfers

population of a qubit in the statej1i to the statej0i . Kraus operator representation

of the amplitude damping channel is

Eamp-damp¹dº =  0d y
0 ¸  1d y

1–

 0 =

"
1 0

0
p

1 � W

#

–  1 =

"
0

p
W

0 0

#

–

where0 � W� 1. Wcan be thought of as the probability of losing a photon, but

note that the amplitude damping channel is applied deterministically on the density

matrix.

A generic density matrix transforms as

Eamp-damp¹dº =

"
d00 ¸ Wd11

p
1 � Wd01

p
1 � Wd10 ¹1 � Wºd11

#

–

from which we can see that whenW= 1 all population is transferred to the ground

statej0i .

The depolarizing channel replaces the state with a completely mixed state� •2 with

probability ? and leaves the state unchanged with probability1 � ?, that is [32]

Edepolarizing¹dº = ¹1 � ?ºd ¸ ?
�
2

(3.29)
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Using the identity

�
2

=
d ¸ -d- ¸ . d. ¸ / d/

4

for any single-qubit density matrixd, we can rewrite Eq. 3.29 in Kraus operator

representation

Edepolarizing¹dº =
�
1 �

3
4

?
�

d ¸
?
4

¹-d- ¸ . d. ¸ / d/ º–

where0 � ? � 1 as in Eq. 3.29.

Alternatively, we can write the depolarizing channel as

Edepolarizing¹dº = ¹1 � ?º d ¸
?
3

¹-d- ¸ . d. ¸ / d/ º–

where now0 � ? � 3•4. This is the representation used in Ref. [33]. In particular,

Cirq [34] applies the depolarizing channel by leaving the state unchanged with

probability1 � ? and applying an-– . or / gate with probability?•3.

Master Equation Representations

The master equation has the general form

¤d = �
8
\

» ^�– d ¼ ¸ D»$̂ ¼¹dº

where the dissipatorD is the operation

D»$̂ ¼¹�º= $̂ � $̂ y �
1
2

$̂ y$̂ � �
1
2

� $̂ y$̂•

Below we will derive amplitude damping and dephasing from the master equation

formalism.

Amplitude damping channel

Consider the following master equation

¤d =
1
) 1

D»f � ¼¹dº =
1
) 1

�
f � df ¸ �

1
2

f ¸ f � d �
1
2

df ¸ f �

�
•

The raising and lowering operators have the expressions

f ¸ =

"
0 0

1 0

#

– f� =

"
0 1

0 0

#

– f¸ f � =

"
0 0

0 1

#

•
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From these expressions, we obtain the di�erential equation

¤d =
1
) 1

"
d11 � d01•2–

� d�
01•2 � d11

#

–

or in element-wise form

¤d00 =
1
) 1

d11–

¤d01 = �
1

2) 1
d01•

¤d11 = �
1
) 1

d11•

The latter two di�erential equations have the solutions

d01¹Cº = d014� C•2) 1–

d11¹Cº = d114� C•) 1–

from which we can write down the density matrix at timeCas

d¹Cº =

"
1 � d114� C•) 1 d014� C•2) 1

d�
014

� C•2) 1 d114� C•) 1

#

•

This is the same as an amplitude-damping channel with damping rateW= 1•) q.

Dephasing channel

The dephasing channel can be derived from a master equation of the form

¤d =
1

2) q
D»f I ¼¹dº =

1
2) q

¹f I df I � dº•

Explicitly

¤d = �
1
) q

"
0 d01

d�
01 0

#

•

and in element-wise form

d01 = �
1
) q

d01•

The solution is

d01¹Cº = d014� C•) q •

So under this master equation

d¹Cº =

"
d00 d014� C•) q

d�
014

� C•) q d11

#

which corresponds to a dephasing channel with dephasing probability? = 1� 4� C•) q .
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Amplitude phase damping channel and) 2

Under both the amplitude and phase damping, the density matrix is transformed to

the form

d¹Cº =

"
1 � d114� C•) 1 d014� C¹1•2) 1¸ 1•) q º

d�
014

� C¹1•2) 1¸ 1•) q º d114� C•) 1

#

•

The o�-diagonal elements have the compound e�ect from both) 1 and) q. We can

de�ne a new relaxation time) 2 such that [35]

1
) 2

=
1

2) 1
¸

1
) q

so that) 2 is the e�ective relaxation time observed on the o�-diagonal elements in

experiments.

3.3 Entanglement and Special Quantum States

The entanglement is de�ned as the entropy of the reduced density matrix.

On three qubits, there are two di�erent kinds of maximum entanglement [36], which

are given by the GHZ state

jGHZi =
1

p
2

¹j000i ¸ j111i º (3.30)

and the, state

j, i =
1

p
3

¹j001i ¸ j010i ¸ j100i º• (3.31)

The GHZ state is maximally entangled with entanglement entropy 1 after tracing

over any qubit. However, if any one of the qubits is traced out, the state is completely

unentangled:

Tr0¹jGHZihGHZjº =
1
2

¹j00ih00j ¸ j11ih11jº !
1
2

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 0 0 0

1 0 0 0

0 0 0 1

3
7
7
7
7
7
7
7
7
7
5

(3.32)

On the other hand, the, state is not maximally entangled, since it has entanglement

entropy

( = �
1
3

log
1
3

�
2
3

log
2
3

= 0•918296• (3.33)
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However, after tracing out any qubit, the resulting state is

Tr0¹jGHZihGHZjº =
1
3

¹j00ih00j ¸ j01ih01j ¸ j01ih10j ¸ j10ih01j ¸ j10ih10jº

(3.34)

!
1
3

2
6
6
6
6
6
6
6
6
6
4

1 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

3
7
7
7
7
7
7
7
7
7
5

(3.35)

Contrary to the GHZ state, the entanglement ofj, i is maximally robust under

disposal of any qubit.

Note that both the GHZ state and the, state can be generalized to# qubits. The

# -qubit GHZ state is

jGHZi =
1

p
2

¹j00•••0i ¸ j11•••1i º– (3.36)

and the# -qubit , state is

j, i =
1

p
#

¹j100•••0i ¸ j010•••0i ¸ •••̧ j000•••1i º• (3.37)

Cluster States

Cluster states can be de�ned on a graph with# sites. For a site8, let � ¹8º denote all

the neighbors of8on the graph. The cluster states are stabilized by the# stabilizers

of the form

- 8

Ì

92� ¹8º

/ 9• (3.38)

An # -qubit state stabilized by# stabilizers is thus a one-dimensional space.

To create this state, we start withj00•••0i and apply the Hadamard gate� to each site

to create the statej¸ ¸ •••̧ i , then apply CZ to every edge on the graph to obtain the

cluster state. In the stabilizer formalism, the stabilizers are transformed respectively

as

/ 8
� 8��! - 8

Î
92� ¹8º CZ8 9

���������! - 8

Ì

92� ¹8º

/ 9• (3.39)
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We can better see the structure of the cluster state by consider the following two

relations

CZ j� 0i = j� 0i – (3.40)

CZ j� 1i = j� 1i • (3.41)

To use these two relatoins, we write states on all odd sites in/ basis, and states on

all even sites in- basis. On three sites, for example

j¸ ¸ ¸ i =
1
2

¹j0 ¸ 0i ¸ j1 ¸ 1i ¸ j0 ¸ 1i ¸ j1 ¸ 0iº (3.42)

CZs
���!

1
2

¹j0 ¸ 0i ¸ j1 ¸ 1i ¸ j0 � 1i ¸ j1 � 0iº (3.43)

=
1

p
2

�
1

p
2

¹j00i odd ¸ j11i oddº j¸ i even¸
1

p
2

¹j01i odd ¸ j10i oddº j� i even

�

(3.44)

In the last line, we regrouped the odd sites together and the even sites together.

Hence, we see that the cluster states is characterized by odd sites in- basis which

de�ne the domain walls, and a cat-like GHZ state on the odd sites that obey the

domain wall property.

The number of terms in the above expansion is 2. In general, for2# or 2# � 1 sites,

the number of terms is# � 1 (with or without periodic boundary condition), since

the last domain wall can be completely determined if the �rst# domain walls are

speci�ed. For example, in a four-site model, the original all¸ state is transformed

as

j¸ ¸ ¸¸ i �!
1
2

¹j0 ¸ 0¸ i ¸ j1 ¸ 1¸ i ¸ j0 � 1¸ i ¸ j1 � 0¸ iº (3.45)

�!
1
2

¹j0 ¸ 0¸ i ¸ j1 ¸ 1� i ¸ j0 � 1� i ¸ j1 � 0¸ iº • (3.46)

In general, given two sublattices� and� of a bipartite graph, letB8andf 8denote the

state on the8th qubit in the- and/ basis, respectively. We will use the shorthand

f f g = f f 8g82� andf Bg = f B9g92� . The general cluster state is written down as

jk i =
1

p
2# � 1

Õ

f Bg

jGHZ¹f f gºi � jf Bgi � (3.47)

where

jGHZ¹f f gºi � =
1

p
2

¹jf f 8gi � ¸ jf 1 � f 8gi � º • (3.48)

such that bothjf f 8gi � andjf 1 � f 8gi � satisfy the domain wall relation speci�ed by

the � sublattice.
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C h a p t e r 4

QUANTUM MANY-BODY SYSTEMS

This chapter reviews quantum many-body systems, which are the target of quantum

simulation that forms the main topic of this thesis. We start with reviewing spin

models in Sec. 4.1, then move on to molecular models in Sec. 4.2, and �nally to

qubit encoding schemes in Sec. 4.3.

4.1 Spin Models

Ising Model

An Ising model with an external �eld� has the Hamiltonian [37]

� = � �
Õ

h8 9i

f 8f 9 � �
Õ

8

f 8 (4.1)

The Ising model is ferromagnetic when� ¡ 0 since the spins tend to align at ground

state; the model is anti-ferromagnetic when� Ÿ 0 since the spins tend to anti-align

at ground state.

We use the shorthandf f g to denote all con�gurationsf f 8 = � 1g#
8=1. The partition

function is written as

Z =
Õ

f f g

4V�
Í

h8 9i f 8f 9̧ V�
Í

8 f 8 (4.2)

Assume the model is 1D with periodic boundary condition so thatf # ¸ 1 � f 1. We

can write the partition function in symmetric form as

Z =
Õ

f f g

4V
Í #

8=1¹ �f 8f 8̧ 1¸ 1
2 � ¹f 8̧ f 8̧ 1ºº =

Õ

f f g

) f 1f 2) f 2f 3•••)f # f 1 = Tr
�
) #

�
• (4.3)

where) is the2 � 2 matrix

) =

"
) ¸ 1–̧ 1 ) ¸ 1–� 1

) � 1–̧ 1 ) � 1–� 1

#

=

"
4V¹� ¸ � º 4� V�

4� V� 4V¹� � � º

#

• (4.4)

The eigenvalues of) can be found to be

_� = 4V�
�
cosh¹V�º �

q
sinh2¹V�º ¸ 4� 4V�

�
• (4.5)
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so that the partition function is

Z = Tr
�
) #

�
= _#

¸ ¸ _#
� – (4.6)

which reduces to_#
¸ as# ! 1 . From the partition function, we can obtain the free

energy in the thermodynamic limit as

� • # = �
1

V#
ln Z = �

1
V

ln _¸ = � � �
1
V

ln
�
cosh¹V�º ¸

q
sinh2¹V�º ¸ 4� 4V�

�
•

(4.7)

We can also calculate the expectation of a single spin and the correlation between

two spins. For a single spin, one approach is to take the derivative of the free energy,

hf 8i = �
m¹� • # º

m�
=

1
V

sinh2¹V�ºV¸ 2 sinh¹V�º cosh¹V�ºV

2
p

sinh2¹V� º¸ 4� 4V�

cosh¹V�º ¸
q

sinh2¹V�º ¸ 4� 4V�
=

sinh¹V�º
q

sinh2¹V� º ¸ 4� 4V�
•

(4.8)

Another approach is to do matrix multiplication using the) matrix. Suppose

) = * � * y where� =
h

_#
¸ 0
0 _#

�

i
!

h
_#

¸ 0
0 0

i
. We can calculate the spin expectation

value as

hf 8i =
1
Z

Tr
�
4� V� / 8

�
=

1

_#
¸

Tr
�
) # / 8

�
=

1

_#
¸

Tr
�
� # */ 8* y

�
= Tr

�
* / 8* y

�
=

sinh¹V�º
q

sinh2¹V�º ¸ 4� 4V�

(4.9)

Note that at zero �eld� = 0, hf 8i = 0 for any temperature) < 0. This shows that

in 1D, there is no spontaneous magnetization.

Zero-Field Solution

Setting the �eld to zero will signi�cantly simplify our calculation. The partition

function has the expression

Z =
Õ

f f g

4V�
Í

h8 9i f 8f 9 (4.10)

Consider the transfer matrix) under zero �eld

) =

"
4V� 4� V�

4� V� 4V�

#

• (4.11)
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In this case the eigenvalues and eigenvectors are

_¸ = 2 cosh¹V�º– (4.12)

_� = 2 sinh¹V�º– (4.13)

* =
1

p
2

"
1 1

1 � 1

#

– (4.14)

Note that the eigenvector matrix in this case is exactly the Hadamard matrix. With

these expressions of the_� , we can then write the partition function as

Z = _#
¸

�
1 ¸ ¹ _� •_¸ º#

�
= ¹2 cosh¹V�ºº#

�
1 ¸ tanh# ¹V�º

�
# !1
����! ¹ 2 cosh¹V�ºº# •

(4.15)

The single-site magnetization is

hf 8i =
1
Z

Tr
�
) # / 8

�
= Tr

�
� # */* y

�
= Tr

�
� # -

�
= 0– (4.16)

since� # is a diagonal matrix and under the permutation of- the trace becomes 0.

Suppose the two spins we are interested in are= sites apart, then

hf 8f 8̧ =i =
1
Z

Tr
�
/) =/) # � =

�
=

1
Z

Tr

 "
0 1

1 0

# "
_=

¸ 0

0 _=
�

# "
0 1

1 0

# "
_# � =

¸ 0

0 _# � =
�

#!

=
_# � =

¸ _=
� ¸ _# � =

� _=
¸

_#
¸ ¸ _#

�

(4.17)

As # ! 1 ,

hf 8f 8̧ =i !
_# � =

¸ _=
�

_#
¸

=
�
_�

_¸

� =

= tanh=¹V�º (4.18)

The correlation length is de�ned as the quantityb that satis�es the equation

hf 8f 8̧ =i = 4� =•b. From the equation above, we can write down the expression

for the correlation length as [37]

b = �
1

ln tanh¹V�º
• (4.19)

Random-Bond Ising Model

The Hamiltonian of random-bond Ising model (RBIM) in the notation of Ref. [23]

is

H = �
Õ

h8 9i

B8 9f 8f 9• (4.20)
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whereB8 9is a random variable with the probability distribution

?¹B8 9= ¸ 1º = ?– (4.21)

?¹B8 9= � 1º = 1 � ?• (4.22)

The probablity of each con�gurationf Bg is

?¹f Bgº =
Ö

f Bg

?¹f Bgº• (4.23)

If we de�ne a variableV = ln»?•¹ 1 � ?º¼•2, the probability distribution of eachB8 9

in terms ofVis

?¹B= ¸ 1º =
4V

2 cosh¹Vº
– (4.24)

?¹B= � 1º =
4� V

2 cosh¹Vº
• (4.25)

or we can write it as

?¹Bº =
4VB

2 coshV
• (4.26)

Suppose there are# 4 edges (bonds), the overall probability of a con�gurations is

?¹sº =
Ö

h8 9i

?¹B8 9º =
4V

Í
h8 9i B8 9

¹2 coshVº# 4
(4.27)

Suppose we are summing a probability over an observable$ ¹s–2 º. The probability

is

h$ i =
Õ

s

?¹sº$ ¹s–2 º =
1

¹2 coshVº# 4

Õ

s

4V
Í

h8 9i B8 9$ ¹s–2 º• (4.28)

Suppose we put gauges3 = f g8gon the vertices and edges, so that

B8 9! B8 9g8g9– f8 = f 8g8• (4.29)

If the observable is gauge-invariant, we can resum the expression as

h$ i =
1

2# E¹2 coshVº# 4

Õ

s

Õ

3

4V
Í

h8 9i B8 9g8g9$ ¹s–2 º• (4.30)

Note that here the gauge-symmetrized probability has the expression

?¹sº =
1

2# E¹2 coshVº# 4

Õ

3

4V
Í

h8 9i B8 9g8g9• (4.31)
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When considering the gauges as spins, this expression exactly looks like a partition

function.

The relation that results in this expression of probability

V =
1
2

ln
?

1 � ?
(4.32)

de�nes the Nishimori line on the phase diagram of RBIM.

4.2 Molecular Models

The Hamiltonian of a molecule with nuclei and# electrons is [8]

� = �
#Õ

8=1

\ 2

2< 4
r 2

8 �
 Õ

� =1

\ 2

2" �
r 2

� �
#Õ

8=1

 Õ

� =1

42

4cn0

/ �

jr8 � R� j
(4.33)

¸
1
2

Õ

8< 9

42

4cn0

1
jr8 � r 9j

¸
1
2

Õ

� <�

42

4cn0

/ � / �

jR� � R� j
(4.34)

Under the Born-Oppenheimer approximation, we treat the nuclei as classical charges

and hence obtain the Hamiltonian only for the electrons in atomic units as:

� 4 = �
#Õ

8=1

r 2
8

2
�

#Õ

8=1

 Õ

� =1

/ �

jr8 � R� j
¸

1
2

Õ

8< 9

1
jr8 � r 9j

• (4.35)

Using Slater determinants to represent the atomic orbitals, we arrive at the second-

quantized Hamiltonian

� =
Õ

?@

� ?@̂0y
?0̂@¸

1
2

Õ

?@AB

� ?@AB̂0y
?0̂y

@̂0A0̂B (4.36)

where the one-electron integrals� ?@and two-electron integrals� ?@ABare

� ?@=
¹

3xq�
?¹xº

 

�
r 2

2
�

 Õ

� =1

/ �

jr � R� j

!

q@¹xº– (4.37)

� ?@AB=
¹

3x13x2
q�

@¹x1ºq�
@¹x2ºqA¹x2ºqB¹x1º

jr1 � r2j
• (4.38)

The second-quantized Hamiltonian can be converted to qubit Hamiltonian through

qubit encoding methods in Sec. 4.3.
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4.3 Qubit Encoding

This section introduces the Jordan-Wigner transformation [38] for encoding fermionic

operators into qubit operators.

The one-qubit creation and annihilation operators need to satisfy the relations

& ¸ j0i = j1i – &̧ j1i = 0– (4.39)

& � j0i = 0– &� j1i = j0i • (4.40)

In matrix notation,

& ¸ =

"
0 0

1 0

#

– (4.41)

& � =

"
0 1

0 0

#

– (4.42)

so that& ¸ = ¹- � 8.º•2– &� = ¹- ¸ 8.º•2.

Some useful relations we will be using later are

& ¸ / = & ¸ – (4.43)

/& � = & � • (4.44)

To impose fermionic anti-commutation relation, we de�ne

0̂y
9 = / 0•••/9� 1& ¸

9– (4.45)

0̂9 = / 0•••/9� 1& �
9– (4.46)

which is the Jordan-Wigner transformation.

One-body terms

We derive one-body terms in the electronic structure Hamiltonian as an example.

The one-body terms in the electronic structure Hamiltonian is

^� 1 =
Õ

8 9

� 8 9̂0
y
80̂9 =

Õ

8

� 88̂0
y
80̂8¸

Õ

8Ÿ 9

� 8 9¹0̂
y
80̂9 ¸ 0̂y

90̂8º• (4.47)

The second equality assumes� is real, which is usually the case.
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The diagonal terms can be written explicitly as

0̂y
80̂8 = ¹/ 0•••/8� 1& ¸

8º¹/ 0•••/8� 1& �
8 º (4.48)

=
1
4

¹- 8 � 8.8º¹- 8¸ 8.8º (4.49)

=
1
4

¹2�8¸ 8»- 8–.8¼º (4.50)

=
1
2

¹�8 � / 8º• (4.51)

The o�-diagonal one-body terms are, WLOG8 Ÿ 9,

0̂y
80̂9 = ¹& ¸

8 / 8º/ 8̧ 1•••/9� 1& �
9 = & ¸

8 / 8̧ 1•••/9� 1& �
9– (4.52)

0̂y
90̂8 = ¹/ 8& �

8 º/ 8̧ 1•••/9� 1& ¸
9 = & �

8 / 8̧ 1•••/9� 1& ¸
9 (4.53)

The sum of these two terms gives

0̂y
80̂9 ¸ 0̂y

90̂8 = & ¸
8 / 8̧ 1•••/9� 1& �

9 ¸ & �
8 / 8̧ 1•••/9� 1& ¸

9 (4.54)

=
1
4

»¹- 8 � 8.8º/ 8̧ 1•••/9� 1¹- 9 ¸ 8.9º ¸ ¹ - 8¸ 8.8º/ 8̧ 1•••/9� 1¹- 9 � 8.9º¼

(4.55)

=
1
2

¹- 8/ 8̧ 1•••/9� 1- 9 ¸ . 8/ 8̧ 1•••/9� 1. 9º• (4.56)

So the one-body terms can be written in qubit operator form as

^� 1 =
1
2

Õ

8

� 88¹�8 � / 8º ¸
1
2

Õ

8Ÿ 9

� 8 9¹- 8/ 8̧ 1•••/9� 1- 9 ¸ . 8/ 8̧ 1•••/9� 1. 9º (4.57)
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C h a p t e r 5

FINITE-TEMPERATURE PROPERTIES OF SPIN MODELS

1S.-N. Sun, M. Motta, R. N. Tazhigulov, A. T. Tan, G. K.-L. Chan, and A. J.
Minnich, �Quantum Computation of Finite-Temperature Static and Dynamical
Properties of Spin Systems Using Quantum Imaginary Time Evolution�, PRX
Quantum2, 010317 (2021),

5.1 Introduction

Quantum computers have long been considered as a potential tool to simulate

quantum many-body systems [1, 39, 40]. While near-term quantum devices have

made rapid progress in simulating ground-state properties [41�47] and dynamics

[30, 31, 48�50], the study of �nite-temperature physics on quantum computers is

less understood and established [51]. Early works on digital quantum simulation

of �nite-temperature physical systems involved thermalizing the quantum simulator

by coupling to a bath comprised of ancilla qubits [52�54] or sampling thermal

states using quantum versions of the Metropolis algorithm [55, 56]. These schemes

require prohibitively large numbers of qubits and deep circuits and are hence out of

reach for near-term quantum devices.

More practical variational algorithms have been proposed in recent years, such

as protocols to construct thermo�eld double states [57�59] and machine learning-

based methods to construct Gibbs states [60�64]. However, the accuracies of these

variational schemes depend on the quality of the ansatz. While other non-variational

alternatives exist, they are subject to various assumptions. For example, the minimal

e�ective Gibbs ansatz [65] algorithm generates a minimal ensemble of pure states

but presumes the eigenstate thermalization hypothesis.

Recently, the quantum imaginary time evolution (QITE) algorithm was introduced

[17]. Compared to variational-based algorithms of imaginary time evolution on

quantum computers [66�68], QITE is ansatz-independent. The QITE algorithm

approximates imaginary time evolution with unitary operators over a domain of

qubits and is able to reach the ground states of systems with a few sites. QITE can

also be used to calculate �nite-temperature quantities, for instance by combining with

sampling techniques such as the minimal entangled typical thermal states (METTS)

algorithm [69, 70], together denoted as the quantum METTS (QMETTS) algorithm.
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However, the original work on QITE [17] focused on the general formalism, while

reduction and optimization of quantum resources were not thoroughly investigated.

Subsequent development of QITE [71�74] proposed several variations of the original

algorithm, but the practical evaluation of �nite-temperature properties on existing

quantum devices remains largely unaddressed.

Here, we report QITE-based calculations of �nite-temperature static and dynamical

properties of one-dimensional spin systems with up to four sites on �ve-qubit IBM

Quantum devices. The computed observables include �nite-temperature energy,

static and dynamical correlation functions, and excitation spectra. These calcu-

lations are made possible by several algorithmic improvements. First, we exploit

symmetries in the spin Hamiltonians to reduce Pauli strings in the QITE unitaries,

thus reducing the overall required quantum resources. Second, circuit optimization

procedures including gate decomposition and circuit recompilation are used to fur-

ther reduce circuit depth. Third, error mitigation techniques, namely post-selection,

readout error mitigation and phase-and-scale correction, are used to improve the

quality of raw hardware data. Our work demonstrates that with e�cient use of

quantum resources and e�ective error mitigation strategies, the ansatz-independent

QITE algorithm is capable of computing diverse �nite-temperature observables on

near-term quantum devices.

This paper is organized as follows. In Sec. 5.2 we review the QITE algorithm

and propose a quantum circuit to evaluate �nite-temperature dynamical correlation

functions. In Sec. 5.3 we introduce the algorithmic improvements including Pauli

string reduction, circuit optimization and error mitigation that enabled us to obtain

accurate results from hardware. Section 5.4 presents the results of our two-site and

four-site calculations. Finally, we conclude and suggest directions for future studies

in Sec. 5.5.

5.2 Theory

Quantum imaginary time evolution (QITE)

We begin by reviewing the QITE algorithm in the context of a general Trotterization

scheme of the imaginary time propagator. Consider imaginary time evolution

on # qubits under a Hamiltonian̂� =
Í "

< =1 �̂ »< ¼, where eacĥ� »< ¼acts on a

local set of qubits. Since the local termŝ� »< ¼are not commutative, we need

to Trotterize the imaginary time propagator4� V ^� by grouping local termŝ� »< ¼

into Trotter terms ^� »;¼such that each^� »;¼is a sum of local termŝ� »< ¼and
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^� =
Í !

;=1
^� »;¼. For example, for a two-local Hamiltonian where each local term

�̂ »< ¼acts on qubits< � 1 and< , setting! = 2– ^� »1¼=
Í d" •2e

< =1 �̂ »2< � 1¼and
^� »2¼=

Í b" •2c
< =1 �̂ »2< ¼corresponds to the even-odd Trotterization used in one-

dimensional tensor network calculations of quantum many-body systems [75]. We

consider �rst-order Trotterization [76] of the full imaginary time propagator4� V ^� :

4� V ^� =

 
!Ö

;=1

4� � g ^� »;¼

! =V

¸ O¹ � g2º– (5.1)

where=V is the number of imaginary time steps and� g = V•=V.

The QITE algorithm approximates each imaginary time propagator4� � g ^� »;¼by a

unitary operator

4� 8� g ^� »;¼= 4� 8� g
Í

- G»;¼- f - – (5.2)

whereG»;¼- are real coe�cients andf - are Pauli strings. Here we use the notation

f 0 = �– fG = -– f H = .– f I = / to denote the identity and the Pauli matrices, so

that each Pauli string can be written in the formf - =
Ë # � 1

9=0 f ` 9 wheref ` 9 acts on

qubit 9and` 9 2 f0– G– H– Ig. The Pauli stringsf - are chosen from the set

P ^� »;¼=
Ø

�̂ »< ¼2̂� »;¼

P �̂ »< ¼– (5.3)

whereP �̂ »< ¼is the set all Pauli strings over a domain of� qubits larger than or

equal to the support of̂� »< ¼. To apply the QITE unitaries, without an e�cient

decomposition scheme each unitary needs to be further Trotterized as

4� 8� g ^� »;¼=
Ö

-

4� 8� gG»;¼- f - ¸ O¹ � g2º• (5.4)

The coe�cient vectorx»l¼is found by minimizing the square of the di�erence be-

tween the unitarily evolved state4� 8� g ^� »;¼j	 i and the imaginary-time-evolved state

2»;¼� 1•24� � g ^� »;¼j	 i , where2»;¼= jj4� � g ^� »;¼j	 i j j2. This minimization results in

a linear system

G»l¼x»l¼= b»l¼– (5.5)

where

� »;¼-. = Reh	 jf - f . j	 i – (5.6)

1»;¼- =
Imh	 j4� � g ^� »;¼f - j	 i

� g2»;¼1•2
• (5.7)
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In our implementation, we expand the exponential4� � g ^� »;¼in b»l¼and2»;¼to second

order in� g:

1»;¼- =
Imh	 j¹� ^� »;¼ �̧ g ^� »;¼2ºf - j	 i

2»;¼1•2
¸ O¹ � g2º– (5.8)

2»;¼= h	 j1 � 2� g ^� »;¼ ¸2� g2 ^� 2»;¼j	 i ¸ O¹ � g3º– (5.9)

To construct the linear systems, given the terms in Eqs.??we measure operators of

the form

f - f . – ^� »;¼f - – ^� »;¼2f - – ^� »;¼– ^� »;¼2• (5.10)

The QITE algorithm is carried out by iterating the procedure of constructing the

circuit from the QITE unitaries obtained at the previous imaginary time steps,

measuring the operators in Eq. 5.10, constructing the linear system in Eq. 5.5,

solving forx»l¼, and propagating the state with the new unitary4� 8� g ^� »;¼.

Finite-temperature dynamical correlation functions

Finite-temperature static observables have been previously computed on quantum

hardware using the QMETTS algorithm by averaging over the observable evaluated

from each METTS sample state [17]. In this work, we show that �nite-temperature

dynamical observables, in particular �nite-temperature dynamical correlation func-

tions, can be computed using a similar averaging procedure as for �nite-temperature

static observables.

On quantum computers, dynamical correlation functions can be calculated using

the circuit reported in Refs. [15, 16]; this circuit has been recently used to compute

neutron scattering cross-section [30] and magnon spectra [31] on quantum hardware.

To obtain �nite-temperature dynamical correlation functions, we insert the QITE

circuit into the dynamical correlation function circuit, resulting in the circuit shown

in Fig. 5.1. The ancilla qubit is initialized inj0i and the system qubits are initialized

in j	 i . De�ne j	 ¹gºi = 4� g ^� j	 i •j j 4� g ^� j	 i j j as the state initialized inj	 i and

evolved to imaginary timeg, andj� ¹gºi as the QITE-evolved state that approximates

j	 ¹gºi . Let subscript0 (B) denote quantities on the ancilla qubit (system qubits). To

evaluate �nite-temperature observables at an inverse temperatureV, we evolve the

initial state by QITE toV•2 so that the joint ancilla-system density operator prior to

measurement is

~d = ~* ¹�0 
 4� 8^�Cº ~+ ¹d0 
 dBº ~+ y¹�0 
 48^�Cº ~* y– (5.11)
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Figure 5.1: Quantum circuit to calculate the �nite-temperature dynamical
correlation functionh* ¹Cº+ i V. The ancilla qubit is initialized inj0i and the system
qubit are initialized inj	 i . Here / denotes a bundle of qubits. Measuring- (. ) on
the ancilla yields the real (imaginary) part ofh* ¹Cº+ i on the QITE-evolved initial
state. Performing a thermal average over all initial states yieldsh* ¹Cº+ i V.

where

d0 = j¸ i h¸ j – (5.12)

dB = j� ¹V•2ºi h� ¹V•2ºj – (5.13)

and ~* ( ~+º is the controlled-* (controlled-+) gate.

Measuring- (. ) on the ancilla yields the real (imaginary) part of the dynamical

correlation function on a single QITE-evolved basis state:

Tr¹ ~d- 0º = Reh� ¹V•2ºj* ¹Cº+ j� ¹V•2ºi (5.14)

Tr¹ ~d. 0º = Imh� ¹V•2ºj* ¹Cº+ j� ¹V•2ºi • (5.15)

If the initial states are the METTS sample states, an unweighted average over the

initial states yields the �nite-temperature dynamical correlation functionh* ¹Cº+ i V.

In this work, we consider trace evaluation in the exact expression of an observable

$̂ at �nite temperature:

h$̂ i V =
Tr¹4� V ^� $̂ º

Tr¹4� V ^� º
• (5.16)

The numerator trace and the denominator trace are either evaluated by full sampling

over the entire Hilbert space, denoted as full trace evaluation, or by random sampling

over a subspace of the Hilbert space, denoted as stochastic trace evaluation. If

$̂ = * ¹Cº+ , Eq. 5.16 yields the �nite-temperature dynamical correlation function

h* ¹Cº+ i V. $̂ can also be a static observable, in which case Eq. 5.16 yields the static

observable at �nite temperature.

5.3 Methods

Pauli string reduction by Z2 symmetries

If we include all4� Pauli strings over each domain consisting of� qubits, each QITE

unitary4� 8� g ^� »;¼applied as in Eq. 5.4 yieldsO¹# 4� º multi-qubit rotation gates by
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the standard rotation gate decomposition [32], which results in a circuit too deep

on near-term quantum devices even for� = 2. Because of this prohibitive resource

overhead, we describe a systematic method to reduce the number of Pauli strings in

the QITE unitaries when the Hamiltonian and initial state haveZ2 symmetries.

Z2 symmetries on qubit Hamiltonians have direct parallels with the stabilizer for-

malism in quantum error-correcting codes [18]. Suppose the Hamiltonian has3 Z2

symmetries, i.e.^� commutes with elements of a group isomorphic toZ3
2 generated

independently by3 Pauli strings, and the initial state is in the +1 eigenspace of all3

generators. If we regard the symmetry groupZ3
2 as the stabilizerS, the symmetry

sector of the initial state corresponds to the stabilizer subspace+S .

In stabilizer codes, the normalizer of the stabilizerN ¹Sº includes all Pauli strings

that commute with elements of the stabilizerS, and all valid operations on the code

space are in the quotient groupN ¹Sº•S . Intuitively, to preserveZ2 symmetries,

among all Pauli strings fromP ^� »;¼the QITE unitaries should only include those

from the quotient groupN ¹Sº•S . We now show that the original QITE algorithm

subsumes the requirement that the Pauli strings should be chosen fromN ¹Sº•S

because the action of the unitary4� 8� g ^� »;¼with the Pauli strings from the unreduced

setP ^� »;¼is the same as the action with Pauli strings from the reduced setP ^� »;¼\

N ¹Sº•S . This result is stated as the following proposition, proved and discussed in

Appendix??.

Proposition 12. Suppose QITE is applied to approximate the imaginary time prop-

agator4� � g ^� »;¼on the statej	 i . If there exists a stabilizerS such that every element

of S commutes with^� »;¼andj	 i 2 +S , then

(a) The action of4� 8� g ^� »;¼on j	 i with f - 2 P ^� »;¼is equivalent to the action with

f - 2 P ^� »;¼\ N ¹Sº•S ,

(b) 4� 8� g ^� »;¼j	 i 2 +S .

Further reduction in the number of Pauli strings can be achieved by recalling from

Ref. [17] that when the Hamiltonian and the initial state are real in the computational

basis, the state after imaginary time evolution must be real. Thus, only Pauli strings

with an odd number of. need to be included in the QITE unitaries. SinceZ2

symmetries and the conditions of a real Hamiltonian and initial state are independent,

when both conditions are satis�ed, the number of Pauli strings can be reduced

using both conditions, in which case the reduced set of Pauli strings is modi�ed to

P ^� »;¼\ N ¹Sº•S \ f f - :
Í

9X̀ 9–H� 1 (mod 2)g.
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Figure 5.2: Energy� versus imaginary timeVsimulated without noise or
measurement sampling on a single initial state with and without reduction of the
Pauli strings in the QITE unitaries byZ2 symmetries. (a) Four-site TFIM with
� = � = 1 and initial statej0001i . The imaginary time step size in QITE is set to
� g = 0•01. The number of Pauli strings from three� = 2 domains is reduced from
16 to 6 by oneZ2 symmetry/ 0/ 1/ 2/ 3. (b) Four-site Heisenberg model with
� = � = 1 and initial state¹j0101i ¸ j1010i º •

p
2. The imaginary time step size in

QITE is set to� g = 0•03. The number of Pauli strings on the single� = 4 domain
is reduced from 120 to 6 by twoZ2 symmetries/ 0/ 1/ 2/ 3 and- 0- 1- 2- 3. In both
panels the energy trajectories using reduced numbers of Pauli strings match the
energy trajectories without reduction, which also match the energy trajectories
from exact imaginary time evolution.

In practice the Proposition is used inductively on the Trotter terms^� »;¼, which

implies the stabilizer need to be chosen such that every element of the stabilizer

commutes with all ^� »;¼, or equivalently with ^� . For spin Hamiltonians, the sta-

bilizer generators are usually globalZ2 symmetries such as/ 
 # and - 
 # . For

general Hamiltonians, theZ2 symmetries can be found by Gaussian elimination on

the parity check matrix formed from the Hamiltonian terms [77].

To con�rm our Pauli string reduction scheme, we compare the QITE energy tra-

jectory as a function of imaginary time simulated without noise or measurement

sampling on a single initial state with and without reduction of the Pauli strings

in the QITE unitaries byZ2 symmetries. The Hamiltonians we study include the

transverse-�eld Ising model (TFIM) Hamiltonian

^� TFIM = �
# � 2Õ

8=0

- 8- 8̧ 1 ¸ �
# � 1Õ

8=0

/ 8 (5.17)
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and the Heisenberg- - / Hamiltonian

^� - - / = �
# � 2Õ

8=0

¹- 8- 8̧ 1 ¸ . 8. 8̧ 1 ¸ � / 8/ 8̧ 1º– (5.18)

with open boundary conditions assumed for both.

In Fig. 5.2 we plot energy versus imaginary time calculated with QITE on a single

initial state. The unreduced set of Pauli strings only includes Pauli strings with odd

numbers of. because the Hamiltonian and initial state are real in the computational

basis. We choose a su�ciently small imaginary time step size� g to ensure that

the Trotter errors from expansion in Eq. 5.4 are negligible. Figure 5.2a plots the

energy trajectory for the initial statej0001i in the four-site TFIM with� = � = 1.

The Hamiltonian and the initial state have aZ2 symmetry/ 0/ 1/ 2/ 3. By combining

reduced Pauli strings from all three� = 2 domains, we obtain six Pauli strings in

the QITE unitaries

- 0. 1–.0- 1– -1. 2–.1- 2– -2. 3–.2- 3– (5.19)

compared to 16 Pauli strings without reduction byZ2 symmetries. Figure 5.2b

plots energy versus imaginary time of the initial state¹j0101i ¸ j1010i º•
p

2 on the

four-site Heisenberg model with� = � = 1. The Hamiltonian and the initial state

have twoZ2 symmetries/ 0/ 1/ 2/ 3 and - 0- 1- 2- 3. The 120 Pauli strings in the

QITE unitaries without reduction is reduced to the 6 Pauli strings

- 0. 1/ 2– -0/ 1. 2–.0- 1/ 2–.0/ 1- 2– /0- 1. 2– /0. 1- 2• (5.20)

In both panels of Fig. 5.2, the energy trajectories using reduced numbers of Pauli

strings match the energy trajectories without reduction, which also match the energy

trajectories from exact imaginary time evolution.

Circuit optimization

Even with reduction of Pauli strings in the QITE unitaries byZ2 symmetries,

applying the QITE unitaries as in Eq. 5.4 may still result in a circuit too deep to

be implemented on current quantum hardware. In this section we describe circuit

optimization techniques that further reduce circuit depth.

In two-site calculations, both the QITE circuit and the real time evolution circuit

can be optimized to constant depth with a standard one- and two-qubit gate set,

regardless of the number of imaginary and real time steps. For example, in two-

site TFIM there is only one Pauli string- 0. 1 in the QITE unitaries after reduction
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by the Z2 symmetry/ 0/ 1. Suppose the unitary applied to the state at the: -th

imaginary time step is4� 8� gG: - 0. 1. Then the unitaries at all imaginary time steps can

be multiplied into a single two-qubit rotation gate4� 8\ - 0. 1•2 where\ = 2� g
Í

: G: .

For real time evolution, the two-qubit operator4� 8^�C is decomposed by the � 

decomposition [78�81] into six single-qubit gates and two CNOT gates.

In four-site calculations, neither the QITE circuit nor the real time evolution circuit

is of constant depth. If we Trotterize the QITE unitaries as in Eq. 5.4 and similarly

for the real time propagator, the circuit is too deep to be accurately implemented on

existing quantum devices. Therefore, we recompile the circuit by �tting each QITE

unitary4� 8� g ^� »;¼or the real time propagator4� 8^�C to a parametrized circuit [82�84]

using an open-source tensor network-based quantum simulation library [85]. Figure

5.3a shows the recompiled four-site QITE circuit, where the* 3 gate is a generic

single-qubit gate de�ned as

* 3¹\– q– _º =

 
cos¹\ •2º � 48_sin¹\ •2º

48qsin¹\ •2º 48¹_¸ qº cos¹\ •2º

!

• (5.21)

The four* 3 gates at the left constitute the base gate round. Each additional gate

round consists of a layer of CNOT gates and a layer of single-qubit gates. The

additional gate rounds alternate between even-odd and odd-even pairs of qubits.

Let the target unitary be* targ and the recompiled unitary be* rec¹) º, where) is a

composite variable denoting all the angles. Given a reduced density operatord on

the �nite domain acted on by the target unitary, the optimal recompiled unitary is

found by performing a gradient descent to maximize the function

� ¹) º =
�
�Tr¹* rec¹) ºy* targdº

�
�2 – (5.22)

which can be interpreted as the �delity between* rec¹) º and* targ with respect to

the reduced density matrixd. Since the QITE unitaries are real, we use the one-

parameter single-qubit gate' H¹\ º = * 3¹\–0–0º in the recompiled circuit for QITE,

while for real time evolution we keep the* 3 gate as the parametrized single-qubit

gate.

In Fig. 5.3b, we examine how recompilation a�ects observable values by simulating

the �nite-temperature energyh� i V of the four-site TFIM with� = 3, � = 1 in the

absence of noise or measurement sampling. Both the� = 2 and the� = 4 QITE

unitaries are recompiled with three gate rounds, resulting in a circuit of the same form

as that shown in Fig. 5.3a. For both� = 2 and� = 4, the average recompilation
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Figure 5.3: (a) Four-site recompiled circuit. The four* 3 gates at the left constitute
the base gate round. Each additional gate round includes a layer of CNOT gates
and a layer of single-qubit gates as shown in the dashed box. The additional gate
rounds alternate between even-odd and odd-even pairs of qubits, so that the circuit
shown consists of three gate rounds. (b) Comparison of the �nite-temperature
energyh� i V of the four-site TFIM with� = 3– � = 1 with and without
recompilation in the absence of noise and measurement sampling. The imaginary
time step size in QITE is� g = 0•05. For both� = 2 and� = 4, the observable
values from the recompiled QITE unitaries are within 0.1% of those from the
unrecompiled QITE unitaries.

�delity de�ned in Eq. 5.22 is above 0.9999, and the observable values from the

recompiled QITE unitaries are within 0.1% of those from the unrecompiled QITE

unitaries. The observable values from QITE are also close to the exact values, which

is expected from a noiseless simulation.
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Error mitigation

To mitigate the e�ect of hardware noise on the measurement results, we post-

process our hardware data by error mitigation methods including post-selection,

readout error mitigation and phase-and-scale correction. Post-selection and readout

error mitigation are applied to the measurement outcomes at each imaginary time

step in the QITE subroutine; phase-and-scale correction is applied to the �nal

computed �nite-temperature dynamical correlation function as a single-step post-

processing. Richardson extrapolation to the zero-noise limit on short-depth circuits

[86] as recently implemented in QITE [71] was also carried out; however, it was not

observed to further improve the results and hence was not applied in our calculations.

Post-selection is performed onZ2 symmetries discussed in Sec. 5.3. When the

Hamiltonian and the initial state haveZ2 symmetries, the �nal state after imaginary

or real time evolution should have the same stabilizer parities as the initial state.

However, during execution of the circuit, gate errors and qubit decoherence can

induce nonzero overlap of the qubit state with the subspace of the wrong parity.

Post-selection can mitigate these undesirable e�ects by discarding measurement

outcomes with the wrong parity [87, 88].

We speci�cally consider the symmetry from a single stabilizer generator. If the

operator to be measured is an ancilla operator, we can simply measure the stabilizer

generator on all the system qubits and read o� the parity without interfering with

measurement of the ancilla. If the operator to be measured acts on system qubits,

Figure 5.4: Measurement of a Pauli string in a four-site QITE calculation with
post-selection on the stabilizer generator/ 0/ 1/ 2/ 3. The appended CNOT gates
achieve simultaneous measurement of the Pauli string with the stabilizer generator
by transforming/ 0/ 1/ 2/ 3 to / 3 acting on a single qubit, from which the stabilizer
parity is read o�. The other qubits are measured in- -, . - or / -basis depending on
the Pauli string measured. Measurement outcomes with the wrong parity are
discarded.
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we need to simultaneously measure the operator and the stabilizer generator, which

is possible because all operators in Eq. 5.10 commute with the stabilizer generator

by our choice of Pauli strings in the QITE unitaries in Sec. 5.3. Speci�cally,

each operator and the stabilizer generator can be simultaneously measured by using

Cli�ord gates to transform the Pauli string components of the operator and the

stabilizer generator until they are qubit-wise commuting, so that their expectation

values can be read o� on di�erent qubits [89�92].

Figure 5.4 shows the circuit to simultaneously measure the stabilizer generator

/ 0/ 1/ 2/ 3 and a Pauli string that commutes with it in a four-site QITE calculation.

The sequence of CNOT gates after the QITE circuit in Fig. 5.4 transforms/ 0/ 1/ 2/ 3

to / 3. Since/ 3 acts on a single qubit, it necessarily qubit-wise commutes with

the transformed Pauli string. In practice, we stop applying CNOT gates when

the transformed Pauli string becomes qubit-wise commuting with the transformed

stabilizer generator, and therefore the number of CNOT gates added to the end of

the circuit ranges from zero to three.

To account for noise in the �nal measurement, the built-in readout error mitigation

routine in Qiskit [93] is applied to each measurement outcome. Because of the

small size of the systems we study, for# qubits we carry out full calibration on

all 2# initial states. Application of the inverse of the calibration matrix to the raw

measurement counts is performed by the default least-square �tting method.

We assess the e�ectiveness of applying post-selection and readout error mitigation

at every imaginary step of QITE by simulating the �nite-temperature energy of two-

site and four-site TFIMs using full trace evaluation with measurement sampling and

the noise model fromibmq_rome. In both panels of Fig. 5.5, QITE is applied with

Pauli strings reduced and circuits optimized. In particular, four-site QITE unitaries

are of domain size� = 2 and recompiled with three rounds of gates. From Fig. 5.5

we can see that both readout error mitigation and post-selection shift the raw data

toward the exact data, con�rming the e�ectiveness of both schemes in reducing

the e�ect of noise. Furthermore, a combination of readout error mitigation and

post-selection is observed to be most e�ective in mitigating the errors, which is not

apparent on two sites in Fig. 5.5a presumably because of the small size of the system

but clearly evident on four sites in Fig. 5.5b.

In calculations of �nite-temperature dynamical correlation functions, the ancilla

qubit is in the statej¸ i before entangling with the system qubits. When there is a

long sequence of gates in the real time propagator4� 8^�C , decoherence of the ancilla
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Figure 5.5: Finite-temperature energyh� i V of (a) the two-site TFIM with
� = � = 1 and (b) the four-site TFIM with� = 3, � = 1, simulated with
measurement sampling and the noise model fromibmq_rome. The imaginary time
step size in QITE is� g = 0•1 for two-site TFIM and� g = 0•05 for four-site TFIM.
Raw data are post-processed at each imaginary time step with either readout error
mitigation, or post-selection, or both. Employing both readout error mitigation and
post-selection is observed to be most e�ective in mitigating the errors.

qubit such as amplitude damping to the qubit ground statej0i and depolarization

will signi�cantly a�ect the - and. measurement results on the ancilla. To mitigate

the e�ect of ancilla decoherence, we apply phase-and-scale correction [30, 31]

as a single-step post-processing to the result at the end of the calculation. The

only �nite-temperature dynamical correlation function considered in this work is

h/ 0¹Cº/ 0i V, which is equal to 1 analytically atC= 0. Hence, we apply phase-

and-scale correction by dividing the raw hardwareh/ 0¹Cº/ 0i V at eachCby the raw

hardwareh/ 0¹C= 0º/ 0i V to enforce the conditionh/ 0¹C= 0º/ 0i V = 1.

In addition, Richardson extrapolation on the noise parameters [55] as recently im-

plemented in QITE has been attempted in the current project. However, it did

not improve the results on top of the error mitigation methods we already have,

and hence are not applied in our calculations. has been proposed as a promising

method in extrapolating out gate errors. However, in our two-site calculations,

the three error mitigation methods above already produced results good enough on

the constant-depth circuits and thus eliminate the necessity of applying Richardson

extrapolation. In our four-site calculations, where the circuits are not of constant

depth, the main source of the error is likely to be qubit decoherence resulting from

deep circuit rather than gate errors. Moreover, applying Richardson extrapolation

by repeating gates [71] result in circuits with more than 200 layers of gates, which
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are too deep to yield meaningful results on near-term devices. Consequently, we do

not apply Richardson extrapolation in our calculations.

5.4 Results

Experiments of computing �nite-temperature observables were conducted on IBM

Quantum devicesibmq_bogotaandibmq_rome[94], both of which consist of �ve

qubits arranged on a chain with nearest-neighbor interactions and similar error rates.

IBM's open-source library Qiskit [95] was used to implement our algorithms on the

devices. In each calculation, the# system qubits0– •••– #� 1 are arranged adjacent

to each other and the ancilla is closest to system qubit 0.

The systems we study are su�ciently small that we apply QITE to approximate

the full imaginary time propagator4� � g ^� at each imaginary time step, which is

equivalent to setting! = 1 and ^� »1¼= ^� in Eq. 5.1. The QITE linear systems

in Eq. 5.5 are solved by a conjugate gradient method. Because hardware noise

and measurement sampling lead to ill-conditionedG matrices in the QITE linear

systems, we add a regularizer of 0.2 to the diagonal elements of eachG matrix in

the four-site calculations.

Each calibration circuit used for readout error mitigation is repeated 1000 times;

each Pauli string measurement circuit used to construct the QITE linear systems

is repeated 8000 times. Error bars from full trace evaluation result only from

measurement sampling and are the size of the markers in most �gures; error bars

from stochastic trace evaluation originate from both measurement sampling and

initial state sampling. A detailed description of error bars in full and stochastic trace

evaluation is given in Appendix B.

Two-site calculations

We study the two-site TFIM de�ned in Eq. 5.17 by setting� = 1 and varying

� . The �nite-temperature energyh� i V and static correlation functionh- 0- 1i V

are calculated on the Hamiltonians with� = � 1–� 3, while the �nite-temperature

dynamical correlation functionh/ 0¹Cº/ 0i V and excitation spectra are calculated on

the Hamiltonian with� = 3. In all calculations, �nite-temperature observables are

calculated by full trace evaluation and the circuits are optimized according to the

circuit optimization procedures in Sec. 5.3.

Figure 5.6 shows the �nite-temperature energyh� i V and static correlation function

h- 0- 1i V of the two-site TFIM with� = � 1–� 3 from V = 0 to V = 2. In both 5.6a
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Figure 5.6: (a) Finite-temperature energyh� i V and (b) static correlation function
h- 0- 1i V of the two-site TFIM with� = � 1–� 3 and� = 1 versus inverse
temperatureV. The imaginary time step size in QITE is� g = 0•1. The observables
obtained on hardware are within 1-4% of the exact values.

and 5.6b the �nite-temperature observables obtained on hardware are within 1%

to 4% of the exact values. Further, if we regard each �nite-temperature variable

as a function of� , analytically it can be shown thath� i V ¹� º = h� i V ¹� � º and

h- 0- 1i V ¹� º = � h- 0- 1i V ¹� � º. This relation is satis�ed in the hardware data.

Next, �nite-temperature dynamical properties were calculated on the two-site TFIM

with � = 3– � = 1. The dynamical correlation functionh/ 0¹Cº/ 0i V is evaluated from

V = 0 to V = 2 and at real time fromC= 0 to C= 8c. Figures 5.7a and 5.7b show the

real and imaginary parts ofh/ 0¹Cº/ 0i V atV = 0•2 andV = 1•8 up toC= 4c. From??

we see that even without phase-and-scale correction, the real and imaginary parts of

h/ 0¹Cº/ 0i V agree well with the exact results at both small and largeV, presumably

due to the constant and shallow depth of the real time evolution circuit.

The spectral density( ¹l º is obtained by a discrete Fourier transform of the dynam-

ical correlation functionh/ 0¹Cº/ 0i V. Speci�cally, at eachV

( ¹l : º =
1
=C

=C� 1Õ

< =0

h/ 0¹C< º/ 0i V 48l : C< – (5.23)

where=C is the total number of points in the time series,C< = < � C, and l : =

2c: •=C� C. With this de�nition of Fourier transform, the peaks at positive (negative)

frequencies correspond to emissions (absorptions) of excitations of the system.

To analyze the evolution of the excitation spectra across di�erent temperatures,

we plot the amplitudes at the two emission frequencies versusV in Fig. 5.7d.
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Analytically, the amplitude of the transition from an initial statej	 8i to a �nal state
�
�	 5

�
is 4� V� 5 jh	 8j/ 0j	 5i j 2•Z , where� 5 is the energy of the �nal state andZ is the

partition function. In the two-site TFIM, the only allowed transitions are between

the two states in each of the two-dimensional eigenspaces of/ 0/ 1 with eigenvalues

� 1. The frequency� 7•18 corresponds to a transition in the¸ 1 eigenspace, where

the ground state lies, and the frequency� 5•94 corresponds to a transition in the� 1

eigenspace, where the �rst excited state lies. As the temperature decreases from

in�nite temperature (V increases from 0), the populations in the two lowest states

�rst increase until the ground state population dominates

Figure 5.7: Finite-temperature dynamical properties of the two-site TFIM with
� = 3, � = 1. The imaginary time step size in QITE is set to� g = 0•1. (a) Real and
(b) imaginary parts of the �nite-temperature dynamical correlation function
h/ 0¹Cº/ 0i V at V = 0•2 andV = 1•8 versus real timeC. (c) Finite-temperature
excitation spectraj( ¹l º j2 versus frequencyl . Positive (negative) frequencies
correspond to emissions (absorptions). (d) Amplitudes of the two emission peaks
at l = 7•18andl = 5•94. The hardware data capture �nite-temperature dynamics
of two-site TFIM across a wide range of temperatures.

over that of the �rst excited state at aroundV = 0•4, a trend reproduced by the

amplitudes obtained from hardware data in 5.7d. Thus, 5.7 shows that quantum

hardware accurately captures the �nite-temperature dynamics of the two-site TFIM

across a wide range of temperatures.
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Figure 5.8: (a) Finite-temperature energyh� i V and static correlation functions (b)
h- 0- 1i V (c) h- 0- 2i V (d) h- 0- 3i V of the four-site TFIM with� = 3– � = 1 versus
inverse temperatureVwith di�erent QITE unitaries. The imaginary time step size
in QITE is set to� g = 0•05. The� = 2 QITE unitaries are either Trotterized as in
5.4 or recompiled, while all� = 4 QITE unitaries are recompiled. The results with
recompiled QITE unitaries are closer to exact results than the results with
Trotterized QITE unitaries due to circuit depth. Between the calculations with
recompiled unitaries,� = 4 is not necessarily closer to exact results than� = 2 for
all observables possibly due to the increased in�uence of hardware noise in the
larger linear systems.

Four-site calculations

We next proceed to four-site spin systems. We study the four-site TFIM de�ned

in Eq. 5.17 with� = 3– � = 1. Full trace evaluation is employed unless otherwise

speci�ed.

First, let us consider gate counts in the four-site circuits. For the four-site TFIM with

� = 2, after reduction by theZ2 symmetry/ 0/ 1/ 2/ 3 there are six weight-two Pauli

strings, which are the ones given in Eq. 5.19. If we Trotterize the QITE unitaries

as in Eq. 5.4, each unitary requires 12 CNOT gates by the standard rotation gate

decomposition [32], which becomes unfeasible on near-term quantum hardware
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after the �rst few imaginary time steps. When� = 4, even after reduction by oneZ2

symmetry there are still 28 Pauli strings in each QITE unitary. After Trotterization

and rotation gate decomposition, each QITE unitary requires more than 50 CNOT

gates for a single imaginary time step. Hence, when� = 2, we compute �nite-

temperature observables both by Trotterizing and by recompiling the QITE unitaries

with three gate rounds; when� = 4, we only recompile the QITE unitaries with three

gate rounds. To obtain dynamical correlation functions, we additionally recompile

the real time propagator4� 8^�C with �ve gate rounds. The number of gate rounds

is chosen so that the �delity as de�ned in 5.22 is at least 0.999 on average in each

calculation.

Figure 5.8 shows the �nite-temperature energyh� i V and static correlation functions

h- 0- 1i V–h- 0- 2i V–h- 0- 3i V of the four-site TFIM. From the �gure, we can see

that the �nite-temperature observables calculated with Trotterized� = 2 QITE

unitaries deviate from those calculated with� = 2 recompiled QITE unitaries or

� = 4 recompiled QITE unitaries afterV = 0•1. This deviation is due to the deep

circuit resulting from 12 layers of CNOT gates per imaginary time step, compared

to 3 layers of CNOT gates per imaginary time step in the recompiled circuit. The

observables from� = 2 recompiled QITE unitaries are in reasonable agreement

with those from� = 4 recompiled QITE unitaries for allV, which is consistent with

the simulator results in the absence of noise or measurement sampling in Fig. 5.3b.

However, even the recompiled QITE unitaries are not able to track the exact �nite-

temperature observables forV & 0•4. In particular, the slope is reversed compared

to the exact result forV ¡ 0•5. QITE up toV = 0•5 corresponds to 5 imaginary

time steps and hence 15 layers of CNOT gates, which is almost at the limit of circuit

depth on these quantum devices.

To explore the scalability of our approach, we compare stochastic trace evaluation

with full trace evaluation in calculating the �nite-temperature energy of the four-site

TFIM. Stochastic trace evaluation is performed by uniformly selecting initial states

in the full trace evaluation result with recompiled� = 2 QITE unitaries. In Fig. 5.9,

we plot the stochastic trace evaluation results with 10 and 20 samples along with the

full trace evaluation and exact results; the inset shows the running average ofh� i V

versus number of samples=samples. As can be seen from the �gure, random sampling

with 10 samples already reproduced the results from full sampling on all 16 initial

states, indicating that using scalable sampling schemes is a promising approach to

studying larger systems.
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Figure 5.9: Finite-temperature energyh� i V of the four-site TFIM with� = 3– � = 1
versus inverse temperatureVusing full and stochastic trace evaluation. QITE is
performed with recompiled� = 2 unitaries with a time step of� g = 0•05. Results
of stochastic trace evaluation are shown with number of samples=samplesset to 10
and 20. Inset shows the running average ofh� i V versus=samplesusing stochastic
trace evaluation atV = 0•2 (red symbols), with full trace evaluation (blue symbols)
and exact results (black solid line) plotted as constant values. Stochastic trace
evaluation with 10 samples is already su�cient to reproduce the results from full
trace evaluation across a wide range ofV.

Finally, in Fig. 5.10 we show the dynamical properties of the four-site TFIM with

� = 3– � = 1atV = 0•2. The calculation is implemented by recompiling� = 2QITE

unitaries with three gate rounds and real time propagation with �ve gate rounds.

Figure 5.10a shows the real and imaginary parts ofh/ 0¹Cº/ 0i V after phase-and-

scale correction. With this correction, both the real and the imaginary parts show

good agreement with the exact result. Figure 5.10b shows the excitation spectra

obtained by Fourier transforming the exact and phase-and-scale-corrected hardware

h/ 0¹Cº/ 0i V at the same points in real time. The excitation spectrum from hardware

data accurately reproduces not only the frequenciesl = 0–� 4•90–� 6•37–� 7•84but

also the peak amplitudes.

The favorable agreement of the hardwareh/ 0¹Cº/ 0i V with the exact result is in

contrast with the deviation of �nite-temperature static observables from the exact

values in Fig. 5.8. In fact, the raw hardwareh/ 0¹Cº/ 0i V at C = 0 is 0•821 ¸

0•3978, which is far from the exact value 1, indicating that the phase-and-scale

correction has a signi�cant e�ect in correcting raw hardware data. Although in

Ref. [31] a phase-and-scale correction combined with readout error mitigation was

not observed to yield as large an improvement as we see in our hardware data, the

use of post-selection before the phase-and-scale correction in our implementation
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