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ABSTRACT

Lean turbulent premixed hydrogen/air flames have substantially increased flame
speeds, a behaviour which is attributed to differential diffusion effects. In this
thesis, the relationships between turbulence, chemistry, and modelling are studied
through direct numerical simulation (DNS) and large eddy simulation (LES).

The effect of turbulence on lean hydrogen combustion is studied through DNS
using detailed chemistry and detailed transport. Simulations are conducted at six
Karlovitz numbers and four integral length scales. A general expression for the
burning efficiency is proposed which depends on the conditional mean chemical
source term and gradient of a progress variable. At a fixed Karlovitz number, the
normalized turbulent flame speed and area both increase almost linearly with the
integral length scale ratio. The effect on the mean source term profile is minimal,
indicating that the increase in flame speed can solely be attributed to the increase
in flame area. At a fixed integral length scale, both the flame speed and area first
increase with Karlovitz number before decreasing. Neglecting Soret diffusion is
shown to reduce the flame speed, area, and burning efficiency. At higher Karlovitz
numbers, the diffusivity is enhanced due to penetration of turbulence into the reaction
zone, significantly dampening differential diffusion effects.

The structure of lean hydrogen flames, namely the species mass fraction dependence
on the local temperature, differs significantly from that of unity Lewis number fuels
due to thermodiffusive instabilities. When subjected to turbulence, the conditional
mean species mass fraction profiles are observed to transition from the laminar
mixture-averaged flamelet solution to the unity Lewis number flamelet solution. We
assess the impact of Soret diffusion and integral length scales on an effective Lewis
number model. The results show that the turbulent flame structure can be mapped
onto laminar flamelets via the use of effective Lewis numbers, which are expressed
by an a priori Karlovitz number model. Although the flame structure is altered by
Soret diffusion, there is still strong agreement with previously derived Karlovitz
number models for effective Lewis numbers. To map the turbulent flames onto
laminar flames with effective Lewis numbers, the relative impact of Soret diffusion
needs to be proportionally reduced.

To assess the LES modelling of lean hydrogen flames, we simulate a low-swirl
burner, an alternative means of clean energy generation. The LES modelling of
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these flows remains challenging because the transition of small-scale instabilities
into large-scale turbulent structures cannot be modelled by conventional strategies.
Traditional one-equation tabulated chemistry formulations require only a progress
variable, and cannot capture differential diffusion and curvature effects. In this work,
we study the effects of tabulating different conditional mean source terms. It is shown
that tabulating the appropriate conditional mean source term leads to improvements
in the flow field prediction, however, key features such as the main recirculation
region are not reproduced. Then, a two-equation tabulated chemistry model which
accounts for differential diffusion and curvature effects is tested. This model provides
the best agreement with experimental results. The work is a first effort in evaluating
the performance of the two-equation model in the LES framework.
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C h a p t e r 1

INTRODUCTION

1.1 Background and motivation

Despite the rapid adoption of renewable energy sources and higher e�ciency equip-

ment, combustion is expected to retain a signi�cant role in U.S. energy sources

through 2050 [1]. Current projections estimate that coal use will decrease drastically

while natural gas use remains steady, driven primarily by needs in the industrial and

electric power sectors. By 2030, carbon dioxide emissions in the U.S. are expected

to fall to 25%-38% below 2005 levels [1], which does not meet the Paris Agreement

target of 50%-52% below 2005 levels [2]. Furthermore, the global energy mix in

2050 is projected to consist of 70% fossil fuels with a continual increase of carbon

dioxide emissions [3]. Besides carbon dioxide emissions, fossil fuel combustion

produces pollutants such as sulfur dioxide, nitrogen oxides (NOx), soot, unburnt

fuels, �ne particulate matter, and ozone, which have serious detrimental e�ects on

human health [4, 5]. To minimize climate change and public health hazards, it is

necessary to develop combustion devices which minimize these negative e�ects.

Hydrogen combustion has emerged as a promising technology with the potential to

address the above challenges since it does not produce carbon emissions or soot.

Another bene�t is that, in principle, hydrogen can also be produced sustainably

through renewable energy powered electrolysis. Hydrogen is also promising for

its high speci�c energy density. For use in combustion devices, hydrogen can

either be added to existing systems such as internal combustion engines, premixed

combustors, and existing natural gas networks [6, 7, 8, 9, 10], or used as a standalone

fuel [11, 12]. When hydrogen is added to fuel blends in limited quantities, the

overall combustion dynamics are unchanged while hydrocarbon pollutant emissions

are signi�cantly reduced. However, care must be taken as the fraction of hydrogen

is increased, as the combustion can become unstable. For example, Liu et al. [13]

have shown that hydrogen addition up to 50% by volume is acceptable for MILD

combustion.

Although hydrogen has bene�ts in reducing carbon and soot emissions, its high �ame

temperature leads toNOx emissions which pose severe public health risks [14]. To

minimizeNOx emissions, hydrogen is typically burnt lean (less fuel than oxidizer),
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thus reducing the �ame temperature. However, lean hydrogen combustion presents

unique engineering and modelling challenges due to its propensity to develop com-

bustion instabilities. In the presence of turbulence, these instabilities result in highly

enhanced �ame speeds, which can lead to safety concerns such as �ame blowo�

and �ashback [9]. Blowo� refers to the situation where the �ame cannot be stabi-

lized due to a �ow speed which is too high. In these cases, the �ame propagates

downstream and eventually extinguishes. Flashback refers to the situation where the

�ame cannot be stabilized due to a �ow speed which is too low. In these cases, the

�ame propagates upstream into the inlet pipes, which can cause mechanical failure.

This thesis is focused on lean turbulent premixed hydrogen �ames with applications

in power generation. Accurate modelling of the unique burning properties of lean

hydrogen combustion requires a comprehensive understanding of the fundamental

combustion dynamics.

1.2 Premixed hydrogen �ames

Premixed �ames represent an asymptotic limit in which the fuel and oxidizer are

considered to be fully mixed before combusting. The one-step irreversible chemical

process is described by the conversion of fuel,� , and oxidizer,$ , into products,%:

a� � ¸ a>$ ! % (1.1)

For hydrogen �ames, we have:

2H2 ¸ O2 ! 2H2O (1.2)

In the presence of pure oxidizer, the only combustion product is water. The equiva-

lence ratio,q, is typically used to characterize premixed �ames:

q =
- � • - $

¹- � • - $ ºBC
=

. � •. $

¹. � •. $ ºBC
(1.3)

where- is the mole fraction,. is the mass fraction, and the subscriptBCrepresents

stoichiometric condition. In cases whereq Ÿ 1, the mixture is lean, and there is

less fuel than oxidizer compared to stoichiometric conditions. The opposite is true

for rich mixtures whereq ¡ 1.

The dependence of the adiabatic �ame temperature,) 03, on q is shown in Fig. 1.1

for an unburnt temperature) D = 298 K and thermodynamic pressure of%0 = 1

atm. The adiabatic �ame temperatures atq = 1 and q = 0•4 are ) 03 = 2360

K and 1400K, respectively. The formation ofNOx emissions are dependent on
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the temperature [15], due to the thermal or Zeldovich mechanism. In general, the

thermal mechanism is suppressed for) Ÿ 1800K [16, 13]. As such, burning lean

hydrogen mixtures is preferred for reducing emissions.

Figure 1.1: Adiabatic �ame temperature versus equivalence ratio for hydrogen-air
�ames.

The temperatures in Fig. 1.1 are obtained from the simplest premixed �ame con-

�guration, the laminar, unstretched, freely propagating one-dimensional �ame.

These one-dimensional �ames were calculated at varying equivalence ratios us-

ing FlameMaster [17], and the maximum �ame temperature for each �ame was

extracted. Values obtained from these one-dimensional �ames are often used as ref-

erence values when characterizing higher dimensional �ames. Common examples

include the laminar �ame thickness,;� , and the laminar �ame speed,( ! , which is

shown in Fig. 1.2. The laminar �ame speed increases with the equivalence ratio.

Figure 1.2: Laminar �ame speed versus equivalence ratio for hydrogen-air �ames.

1.3 Thermodi�usive instabilities

When extended to two- and three-dimensional con�gurations, lean hydrogen mix-

tures have a propensity to develop thermodi�usive instabilities (which will be de-

scribed in the following section). In the presence of turbulence, the instabilities can

cause the �ame speed to increase signi�cantly compared to( ! . Thermodi�usive
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instabilities occur because of the relatively low Lewis number of hydrogen. The

Lewis number of species8is de�ned as the ratio of mixture thermal di�usivity to

species mass di�usivity:

Lei =
U
� 8

(1.4)

For reference, the Lewis number of methane is close to unity, whereas the Lewis

number of hydrogen is approximately 0.3.

The special burning properties of lean hydrogen combustion are attributed to dif-

ferential di�usion e�ects [18]. It has been shown that an increase of turbulence

decreases di�erential di�usion e�ects in terms of �ame structure [19, 20]. How-

ever, di�erential di�usion is a term that may be used to refer to di�erent physical

phenomena. Thus, it is important here to clarify some de�nitions used in this thesis.

ˆ Preferential di�usionrefers to the notion that light species (e.g.,H andH2)

have higher molecular di�usivities relative to other species in the mixture,

and thus exhibit larger di�usive �uxes.

ˆ Non-unity Lewis numberrefers to a mismatch of thermal to mass di�usivity.

However, this does not require a di�erence in the relative magnitude of each

species di�usivity.

ˆ Di�erential di�usion refers to a combination of the previous two points,

namely some species di�use faster (or slower) than others and faster (or

slower) than heat.

In premixed hydrogen �ames, the Lewis numbers ofH2 and H are substantially

lower than other species in the mixture. The mismatch of heat and mass di�usive

�uxes give rise to the thermodi�usive instability. This is outlined in the schematic

diagram in Fig. 1.3. At the �ame front, the di�usion of species is principally in

the normal direction. In regions of positive curvature,^ ¡ 0, there is a focusing

e�ect of the di�usion. In the case where all species Lewis numbers are equal, the

species and heat are balanced and equally focused. This is not true for cases with

non-unity Lewis numbers. In practice, the strongly di�using fuel,H2, arrives before

the other species and heat. As such, there is a buildup of excess fuel in these regions.

The opposite is true for regions of negative curvature,^ Ÿ 0. In these regions, the

fuel experiences the defocusing e�ect �rst, and as such, produces regions which are

fuel de�cient. These e�ects result in �uctuations of the local equivalent ratio along
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the �ame front. Locally richer regions burn faster, and locally leaner regions burn

slower (see Fig. 1.2), causing the growth of instability structures.

Figure 1.3: Schematic diagram of the cause of thermodi�usive instabilities.

In laminar �ames, the instabilities manifest as characteristic cellular structures [21,

22], the onset of which are traditionally studied through linear stability analysis [23,

24, 25]. These cellular structures can be seen in Fig. 1.4, which shows the temper-

ature �eld for a two-dimensional laminar �ame at an equivalence ratio ofq = 0•4

and nominal adiabatic �ame temperature of) 03 = 1400K. The dynamics described

earlier are re�ected in this �gure. In regions of positive curvature, there is superadi-

abatic burning due to the locally rich mixtures, which results in) ¡ ) 03. In regions

of negative curvature,) Ÿ ) 03. Overall, the thermodi�usive instabilities result in a

highly corrugated �ame front and nonhomogeneous burnt mixture.

Figure 1.4: Temperature �eld of a two-dimensional laminar �ame atq = 0•4.

Species with small molecular weight are also subject to Soret di�usion (mass dif-

fusion driven by thermal gradients), which is known to enhance the instabilities for

laminar �ames [26].

1.4 Turbulent lean hydrogen premixed �ames

When subject to turbulence, lean hydrogen �ames exhibit highly enhanced �ame

speeds [27] which introduce safety concerns such as �ashback and blowo� [9].
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The special burning properties of turbulent lean hydrogen combustion have been

investigated in a variety of direct numerical simulation (DNS) studies using detailed

chemistry. Ideally, simulations would be conducted in practical combustor con-

�gurations, for example, the slot burner simulated by Berger et al. [28]. In these

con�gurations, the �ame is exposed to turbulence generated in the shear layer at

the burner exit. Although physically realistic, these simulations are computation-

ally expensive. As such, Berger et al. have only simulated a single relatively low

Karlovitz number, de�ned as the ratio of �ame to turbulence timescales. Pushing to

higher Karlovitz numbers is prohibitive.

To make the problem computationally tractable, the domain can be reduced to a dou-

bly periodic in�ow-out�ow con�guration to focus speci�cally on �ame-turbulence

interactions. In these simulations, a forcing term is added to mimic the produc-

tion of turbulence due to the missing large-scale mean shear [29]. Blanquart and

coworkers [30, 31, 32] used this con�guration extensively to investigate the two-

way coupling between turbulence and combustion in neutrally stable hydrocarbon

�ames with detailed chemistry and transport. Building on this work, Schlup and

Blanquart [33] performed one of the earliest DNS of turbulent unstable hydrogen

�ames which incorporated detailed transport with Soret e�ects. However, they

studied only a single Karlovitz number.

The in�ow-out�ow con�guration is a popular setup which has been used in a number

of studies of lean turbulent hydrogen �ames. Lee and coworkers [34, 35] employed

forcing through the whole domain to study the impact of leading points on �ame

speed enhancement in thermodi�usively unstable �ames. However, they did not

account for Soret e�ects. Song et al. [36] and Yuvraj et al. [37] conducted DNS and

studied the statistics of global and local �ame speeds. In particular, they showed a

strong relationship between the turbulent �ame speed and the integral length scale.

Although their work included Soret di�usion, the simulations were conducted at an

equivalence ratio ofq = 0•7, rendering the �ames neutrally stable. Thus, they were

not able to capture the e�ects of thermodi�usive instabilities.

All of the listed studies thus far were conducted at low to moderate Karlovitz num-

bers. Aspden et al. [38, 20] conducted simulations at extreme Karlovitz numbers to

study the transition to the distributed burning regime. Once again, their con�gura-

tion consisted of a �ame which propagated in a doubly-periodic box with isotropic

turbulence maintained through long wavelength forcing. This work was furthered

by Howarth et al. [39], who conducted a detailed study on �ame curvature and



7

provided further support for leading point theory. These studies did not include

Soret di�usion.

The scaling of turbulent to laminar �ame speed was �rst described by the phe-

nomenological or conceptual model of Damköhler [40], who posited that locally,

the �ame front moves at the laminar �ame speed. Thus, the following scaling was

obtained:
( )

( !
=

� )

�
(1.5)

where( ) is the turbulent �ame speed,( ! is the laminar �ame speed,� ) is the

turbulent �ame area, and� is the domain cross-sectional area. As the turbulence

wrinkles the �ame, it necessarily increases the �ame area, which can be considered

a global quantity. Notably, this model is not able to account for the local e�ects

of turbulence, such as curvature or strain on the chemistry. The model was thus

extended with the burning e�ciency,�0, to account for these e�ects [41, 42]:

( )

( !
= �0

� )

�
(1.6)

There is no consensus on a general expression for�0. Based on scaling arguments

from Savard and Blanquart [30], Lapointe and Blanquart [43] proposed the following

scaling for the ratio of turbulent to laminar �ame speed for hydrocarbon �ames:

( )

( !
�



¤l � •jr � j

�
�� ?40:

�

¤l �–;0< •jr � ;0< j
� )

�
(1.7)

where� is a progress variable, and¤l � is the corresponding source term. This model

proposes a method of calculating the burning e�ciency but relies on the assumption

that the source term pro�les locally scale as they do at� ?40:. The applicability of

this model has not yet been validated for hydrogen �ames and is the subject of the

present study.

1.5 E�ective Lewis number model

To aid in the predictive design of practical engineering devices, there is a need

for accurate and reliable large eddy simulation (LES) models which can accurately

capture the combustion dynamics of these highly non-unity Lewis number fuels.

One method that has been proposed in the past is the e�ective Lewis number

model [19].

Aspden et al. [38] performed DNS on turbulent lean hydrogen/air �ames at four

Karlovitz numbers. They observed that the species mass fraction pro�les as a
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function of temperature did not match those of the corresponding one-dimensional

laminar �ame. Using their data, Savard and Blanquart [19] showed that the �ame

structure could be mapped onto one-dimensional �amelet solutions obtained us-

ing e�ective Lewis numbers instead of the nominal Lewis numbers. Their results

showed that increased levels of turbulence led to the suppression of di�erential

di�usion e�ects and pushed the e�ective Lewis numbers closer to unity. To aid in

the development of reduced order chemistry models, they proposed a model which

related the e�ective Lewis numbers to the Karlovitz numbers. However, their work

did not consider the e�ects of Soret di�usion, which is known to change the �ame

structure [44] and enhance turbulent �ame speeds [45] and thermodi�usive insta-

bilities [26]. The impact of varying integral length scales was also not considered.

1.6 Tabulated chemistry

In order to reduce the cost of the numerical simulations and the modelling of the

detailed chemical processes, other strategies rely on the use of only a few scalar

equations. For instance, methods such as FPI (�ame prolongation of ILDM) [46]

and FGM (�amelet generated manifolds) [47] tabulate the chemical response of

laminar �ames with respect to a progress variable. For premixed �ames, the simplest

method is to create a lookup table based on a single one-dimensional �at unstretched

�ame [48]. The �ame is parameterized by a progress variable,� , which de�nes

uniquely the thermochemical state along the combustion trajectory. It is typically a

linear combination of the mass fractions of intermediate species and products [49].

Its transport equation takes the form:

mC¹d� º ¸ r � ¹du� º = r � ¹d� � r � º ¸ ¤l � (1.8)

Here,d is the density,u is the velocity vector,� � is a di�usion coe�cient, and ¤l �

is the source term for� . At each timestep, important thermophysical properties are

obtained via the lookup table.

Unfortunately, hydrogen exhibits strong di�erential di�usion e�ects due to its low

Lewis number. This di�erential di�usion creates pockets of lean or rich mixtures,

resulting in local �uctuations of the equivalence ratio and burning velocity. As such,

the �ame burns unevenly, and curvature e�ects become important, especially in the

presence of turbulence. In these cases, the tabulation based on just� is insu�cient

to describe the physics [50, 48].

To account for di�erential di�usion, several strategies have been proposed. De

Swart et al. [51] �rst derived a generic form of the transport equation for any control
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variable (e.g., progress variable) which incorporates di�erential di�usion. The

model was used by Donini et al. [52] with the controlling variables selected as a

progress variable, enthalpy, and Bilger mixture fraction [53]. A source term which is

dependent on the gradient of the progress variable is added to the transport equations

of each of the control variables. However, this method is unable to reproduce �ames

dominated by di�erential di�usion due to the neglect of certain cross-di�usion

terms. The model was updated by Mukundakumar et al. [54] to account for these

missing terms, and showed improvement over the old model.

Other proposed methods include e�ects of curvature directly [55, 56] through tab-

ulating �amelets generated using the compositional space method [57]. In these

works, three major species are transported, which are then transformed into compo-

sition space for table lookup.

These proposed methods o�er ways to incorporate di�erential di�usion e�ects but

introduce additional complexities in the table generation and usage. A very simple

model for non-unity Lewis number fuels was proposed by Regele et al. [58], who

introduced a model which adds no additional source terms to the transport equation

for the progress variable, and only one additional source term to the transport

equation for the mixture fraction. However, the model relied on a single non-unity

Lewis number and did not account for Soret di�usion. Schlup and Blanquart [33]

recently generalized the model to accommodate non-constant Lewis numbers and

Soret di�usion. In this model, the evaluation of the di�usion coe�cients in the

preprocessing step is minimal, since it depends only on di�usion coe�cients which

are already calculated in the �amelet generation. The reduced set of equations and

lack of additional source terms in the progress variable equation also reduce the

complexity of LES modelling. The model of Schlup and Blanquart [33] will be

used for the calculations in this thesis.

1.7 Large eddy simulation

Several useful strategies for modelling turbulent premixed �ames have been de-

veloped. For example, in the thickened �ame model [59, 60], the �ame front is

arti�cially thickened by enhancing the molecular di�usion. However, the enhanced

molecular di�usion can damp out critical small-scale �ame instabilities that might

be important in hydrogen combustion. Transported PDF methods are another mod-

elling strategy [61, 62]. These methods may be used in conjunction with detailed

chemistry, but they remain sensitive to the micro-mixing model used. As a result, it
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is unclear whether these models can capture hydrogen instabilities properly.

The tabulated chemistry technique lends itself nicely to LES modelling due to

the minimal amount of sub�lter scale closure required. Berger et al. [63] recently

conducted an a priori study to evaluate the validity of common sub�lter scale models

in the context of two-equation tabulated chemistry models. The results suggest that

these strategies are valid for the two-equation models. However, their analysis has

not yet been validated a posteriori.

1.8 Outline and objectives

This thesis investigates the relationship between large- and small-scale turbulence

on the propagation and structure of turbulent lean hydrogen �ames. The results

are then used to inform the modelling of these �ames. The speci�c objectives are

outlined as:

1. Identify local (e.g., �ame structure) and global (e.g., turbulent �ame area)

e�ects and quantify their individual contributions to the turbulent �ame speed

enhancement.

2. Quantify the e�ects of large- (integral length scale) and small- (dissipation)

scale turbulence e�ects on the �ame structure and propagation.

3. Evaluate the validity of burning e�ciency expressions for thermodi�usively

unstable �ames.

4. Quantify the e�ect of Soret di�usion on turbulent lean premixed hydrogen

�ames.

5. Assess the validity of the two-equation tabulated chemistry model proposed

by Schlup and Blanquart [33] across a wide range of Karlovitz numbers.

6. Quantify the e�ect of Soret di�usion and integral length scale on the e�ective

species Lewis number model proposed by Savard and Blanquart [19].

7. Perform an a posteriori evaluation of LES modelling using the two-equation

tabulated chemistry model in a complex geometry.

To support these goals, DNS are carried out using detailed chemistry and transport

across a range of turbulence intensities and integral length scales. This dataset is

central to this thesis, and is used extensively to ful�ll the stated objectives. Then,
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LES are carried out for a low-swirl burner [11] to test the validity of standard LES

modelling.

The thesis is organized as follows. Chapter 2 presents the governing equations

and details for both DNS and LES. Information regarding the numerical solver and

implementation are also presented. A detailed analysis of the DNS results targeting

Objectives 2�6 is presented in Chapter 3, and an evaluation of the e�ective species

Lewis number model is presented in Chapter 4. Chapter 5 contains the LES of a

low-swirl combustion chamber using the two-equation tabulated chemistry model.

Finally, the major �ndings and future work are summarized in Chapter 6.
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C h a p t e r 2

GOVERNING EQUATIONS AND NUMERICAL METHOD

The simulations of turbulent premixed �ames presented in this thesis are conducted

within both the DNS and LES frameworks. This chapter provides an overview

of the governing equations, namely, conservation of mass, momentum, species,

and energy. The extension to the LES framework is also discussed, in particular

with regards to the chemistry modelling. The equations are solved using the �nite

di�erence code NGA [64].

2.1 Governing equations

In the present study, the variable density, low Mach, reacting �ow equations are

solved. The low Mach formulation allows for the decoupling of the momentum and

energy equations by eliminating the need to solve for the acoustic pressure �eld. A

detailed derivation was conducted by Majda and Sethian [65]. After performing an

asymptotic expansion of the variables in terms of the Mach number, the pressure

�eld is decoupled into two components. The �rst,%0, is the background thermody-

namic pressure, which has no spatial variations and hence does not manifest in the

momentum equation. The second,?, is the hydrodynamic pressure and does have

spatial variations. However, the magnitude is small compared to the thermodynamic

pressure and is thus neglected in the equation of state. The conservation equations

for mass, momentum, temperature, and species are written:

m d
mC

¸ r � ¹duº = 0 (2.1)

m du
mC

¸ r � ¹du 
 uº = �r ? ¸ r � 3 ¸ f (2.2)

m d)
mC

¸ r � ¹du) º = r � ¹dUr ) º ¸ ¤l ) �
1
2?

=BÕ

8

2?–8j8 � r ) ¸
dU
2?

r 2? � r ) (2.3)

m d.8
mC

¸ r � ¹du. 8º = �r � j8¸ ¤l 8 8= 1• • • =B (2.4)

The equations are closed with the ideal gas equation of state:

d =
%0,
')

(2.5)
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where' is the universal gas constant, and, is the mixture molecular weight.

In these equations,Cis the time,d is the density,u = f D– E– Fg is the velocity

vector,) is the temperature,2? is the mixture heat capacity, andU = _•¹ d2?º is

the mixture thermal di�usivity. The mixture-averaged thermal conductivity,_, is

calculated following Mathur et al. [66] using species thermal conductivities obtained

via Eucken's formula [67]:

_ =
1
2

©
­
«

=BÕ

8

- 8_8¸

"
=BÕ

8

- 8

_8

#� 1
ª
®
¬

(2.6)

where- 8 and_8 are the mole fraction and thermal conductivity for species8. The

viscous stress tensor is given as:

3 = `
�
r u ¸ r u)

�
�

2
3

` ¹r � uº I (2.7)

where` is the mixture dynamic viscosity andI is the identity tensor. The species

viscosities are calculated following the standard gas kinetic relations [68], and

the corresponding mixture-averaged viscosity follows a modi�ed form of Wilke's

formula [31, 69]:

` =
1
2

©
­
«

=BÕ

8

- 8̀ 8¸

"
=BÕ

8

- 8

` 8

#� 1
ª
®
¬

(2.8)

where` 8 is the species viscosity.

The momentum equation contains a forcing termf , which is necessary to maintain

the desired level of turbulence in the DNS results of this thesis due to the physical

con�guration of the problem. The forcing is discussed in detail in Chapter 3.

In the case of detailed chemistry, for each species8, we have the mass fraction. 8,

the species heat capacity2?–8, the net species production rate¤l 8(units of [kg•m3s]),

and the species mass di�usion �uxj8. The net species production rate is expressed

as:

¤l 8 = , 8

='Õ

9

a9–8¤' 9 (2.9)

where=' is the total number of reactions,a9–8is the stoichiometric coe�cient of

species8in reaction9, and, 8 is the species molecular weight. The coe�cient is

positive for products and negative for reactants. The reaction rate,¤' 8, is in modi�ed

Arrhenius form:

¤' 9 = � 9) =9 exp
�
�

� 0– 9

')

� =BÖ

8

�
d. 8

, 8

� aA
9–8

(2.10)
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where the pre-exponential term consists of the Arrhenius rate constant,� 9, and) =9,

where=9 is a �tting constant.� 0– 9is the activation energy andaA
9–8= � min

�
a9–8–0

�
.

The source term for the temperature equation is expressed as:

¤l ) = �
1
2?

=BÕ

8

� 8¹) º ¤l 8 (2.11)

where� 8 is the enthalpy of species8at a given temperature.

In this work, the mixture-averaged di�usion model is employed. The species di�u-

sion �ux is then written:

j8 = � d
. 8

- 8
� 8–<r - 8 �

1
)

� )
8 r ) ¸ d. 8u2 (2.12)

where for each species8, � 8–<is the mixture-averaged di�usion coe�cient and� )
8 is

the thermal di�usion coe�cient. To ensure mass conservation and zero net di�usion

�ux, a correction velocity is introduced [70, 71]:

u2 = u�
2 ¸ uT

c (2.13)

which has contributions from the Fickian di�usion:

u�
2 =

r ,
,

=BÕ

8

� 8–<. 8¸
=BÕ

8

� 8–<r . 8 (2.14)

and the thermal di�usion:

u)
2 =

1
d

r )
)

=BÕ

8

� )
8 (2.15)

where, is the mixture molecular weight. The present simulations use the reduced

model recently proposed by Schlup and Blanquart for the calculation of the thermal

di�usion coe�cients [72, 73]. Typically, the calculation of thermal di�usion co-

e�cients requires information from all other species. However, the species which

are most sensitive to Soret di�usion are the light species, in this case,H2 andH.

By employing a number of simplifying assumptions regarding the relationships be-

tween transport properties and molecular weights, in particular, that the molecular

weights ofH2 andH are signi�cantly lower than that of the mixture, a simpli�ed

model for the thermal di�usion coe�cients is obtained:

� )
8 � � U8

15
4

- 8̀ 8

� 8–<

�
1•2� �

8–<� 1
�

¹1 � . 8º � . 8( (2.16)

This model does not require information regarding other species, hence greatly

reducing the computational cost. Here,U8is an empirical scaling factor to correct for
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systematic errors introduced through modelling assumptions. The values reported

by Schlup and Blanquart [72] areUH2 = 0•91 andUH = 0•895. The term( is a

correction factor which is applied to ensure mass conservation. The parameters� 8–<

and� 8–<depend only on the properties ofH2 andH and empirical �ts of collision

integrals.

2.2 Tabulated chemistry

In combustion simulations, a large part of the computational cost is attributed to the

additional governing equations for each species, along with the evaluation of trans-

port and thermodynamic properties. To reduce the computational cost, a popular

strategy is the use of tabulated chemistry. In the tabulated chemistry framework, the

thermochemical trajectory is calculated using a simpli�ed representative model of

the combustion process, and tabulated with respect to a reduced set of control vari-

ables. Instead of transporting all species, only the control variables are transported,

which are used to look up necessary values in the precomputed table.

For fully premixed �ames, the simplest method is to create a lookup table based on

a single one-dimensional �at unstretched �ame [48]. The �ame is parameterized by

a progress variable,� , which de�nes uniquely the thermochemical state along the

combustion trajectory. It is typically a linear combination of the mass fractions of

intermediate species and products [49]. Its transport equation is written:

m d�
mC

¸ r � ¹du� º = r � ¹d� � r � º ¸ ¤l � (2.17)

and takes the same form as a species transport equation. Eq. (2.17) is solved in

place of Eqs (2.3) and (2.4). Here,� � and ¤l � are the molecular di�usivity and

source term for� . At each timestep, important thermophysical properties such as

d, ` , � � , and ¤l � are obtained via the lookup table.

One-dimensional �at �ames serve as an appropriate proxy for higher dimensional

�ames in which the Lewis number for all species are approximately unity. This is

a reasonable assumption for many fuels, for example, methane. However, hydrogen

experiences di�erential di�usion due to its low Lewis number. In these cases, the

tabulation based on just� is insu�cient to describe the physical process [50, 48].

In this work, we employ the model of Schlup and Blanquart [33], which introduces

an additional control variable,/ , a mixture fraction-like variable which represents

�uctuations in the local equivalence ratio due to di�erential di�usion e�ects. The
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equation for/ reads:

m d/
mC

¸ r � ¹du/ º = r � ¹d� / r / º � r �
�
d� �

/ r �
�

|            {z            }
source term 1

¸ r �
�
d� )

/ r )
�

|            {z            }
source term 2

(2.18)

where

� / =
a. �–1� � ¸ . $–2� $

a. �–1 ¸ . $–2
(2.19)

� �
/ =

�
1

a ¸ 1

� �
a� � � a� $

a. �–1 ¸ . $–2

�
(2.20)

and

� )
/ =

1
d)

 
a� )

� � � )
$

a. �–1 ¸ . $–2

!

(2.21)

where� 8and� )
8 represent the molecular and thermodi�usion coe�cients, respec-

tively. The variable. indicates the mass fraction, the subscripts$ and� indicate

oxidizer and fuel, and the subscripts1 and2 refer to the fuel and oxidizer streams,

respectively. The de�nition of the mass stoichiometric ratio,a, is given by:

a =
a$ , $

a� , �
(2.22)

where, 8are the species molecular weights.

This model is a generalized form of the model by Regele et al. [58], which has

no assumptions regarding the species Lewis numbers and accounts for thermal

di�usion. To create the thermochemical table, a number of one-dimensional �at

�ames at di�erent equivalence ratios are computed with FlameMaster [17] using

detailed chemistry, mixture-averaged molecular di�usion [73], and Soret di�usion.

The reduced order model of Schlup and Blanquart [72] was used for the ther-

modi�usion coe�cients. The necessary thermodynamic and transport properties,
�
)– d– `– �/ – � �

/ – � )
/ – � � –¤l �

�
, are interpolated onto a two-dimensional chemistry

table as a function of� and/ . The one-dimensional �amelets were calculated for

equivalence ratios betweenq = 0•25 and q = 1•3. For more details on the full

derivation of the new chemistry model, the reader is referred to [33].

The transport equation for/ has two source terms. The �rst bracketed term is a

cross-di�usion term which couples the response of/ to the local �uctuations of� .

In particular, the term can be decomposed into two parts [74, 75, 33]:

r �
�
d� �

/ r �
�

= � d� �
/ jr � j^ ¸ n � r

�
d� �

/ jr � j
�

(2.23)
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where

^ = �r � n = �r �
�

r �
jr � j

�
(2.24)

represents the curvature of the �ame front de�ned by an isosurface of� . This

feedback is particularly important since �ame curvature is inseparably linked to

di�erential di�usion e�ects. The second bracketed term incorporates the contribu-

tion of Soret di�usion to the di�erential di�usion e�ects. This is important since

Soret di�usion is known to enhance the thermodi�usive instabilities in laminar

�ames [26].

2.3 Large eddy simulation

In this section we review the governing equations and sub�lter scale modelling of

the LES framework.

2.3.1 Governing equations

In the LES framework, the turbulence is separated into large-scale components which

are resolved on the grid and small-scale contributions which must be modelled. The

governing equations are recast in terms of spatially �ltered variables, denoted by an

overline, ¹ º, which are resolved quantities. In the framework of LES, the �ltered

Navier-Stokes equations are:

md
mC

¸ r � ¹deuº = 0 (2.25)

mdeu
mC

¸ r � ¹deu 
 euº = �r ? ¸ r � 3 ¸ r � 3(�( (2.26)

The tilde denotes a Favre average quantity,eq = dq•q. The turbulent eddy viscosity

(` C) is evaluated using the Lagrangian dynamic sub�lter scale model of Meneveau

et al. [76].

In many practical applications, the grid resolution required to resolve the turbulence

for DNS is comparable to the grid resolution required for the detailed chemistry.

In LES, the smallest scales of turbulence are not resolved and, consequently, the

chemistry length scales are also under-resolved. To use �nite rate chemistry, signi�-

cant modelling e�orts are required to close sub�lter terms in the species and energy

transport equations [77, 78, 79]. To reduce the complexity of LES modelling while

retaining �nite rate chemistry e�ects, reduced order models such as tabulated chem-

istry are preferred [80, 81, 82]. The �ltered versions of the transport equations for

� and/ , Eqs. (2.17) and (2.18), are written as:
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mde�
mC

¸ r �
�
deu e�

�
= r �

�
d

�
e� � ¸ � C

�

�
r e�

�
¸ ¤l � (2.27)

mde/
mC

¸ r �
�
deue/

�
= r �

�
d

�
e� / ¸ � C

/

�
r e/

�
� r �

�
d e� �

/ r e�
�

¸ r �
�
d e� )

/ r e)
�

(2.28)

The eddy di�usivities, � C
� and � C

/ , are evaluated using the Lagrangian dynamic

sub�lter scale model of Meneveau et al. [76]. The eddy di�usivity model is consis-

tent with the formulation of Réveillon and Vervisch [83]. Alternative sub�lter scale

models and the �ltering of the chemical source term are discussed in further detail

in Chapter 5.

2.3.2 Sub�lter scale modelling � �uid mechanics

The �ltered equations produce unresolved stresses which need to be modelled. The

unresolved turbulent stresses are expressed as:

3(�( = ` C
�
r eu ¸ r euC� (2.29)

where` Cis the turbulent eddy viscosity which is computed following the Smagorin-

sky model:

` C= ¹� B� º2 e( (2.30)

Here,e( is the characteristic �ltered rate-of-strain:

e( =
�
2e( 8 9e( 8 9

� 1•2
(2.31)

where
e( 8– 9=

1
2

�
meD8

mG9
¸

meD9

mG8

�
(2.32)

is the �ltered rate-of-strain tensor. The �lter width is denoted� , and� B is the

Smagorinsky coe�cient. The earliest Smagorinsky models determined� B to be a

constant [84]. However, the value of the constant changes depending on the �ow

con�guration, and thus a global constant is not appropriate for complex �ows found

in many applications. Instead, a local value of� B is preferred, and is evaluated via

a dynamic procedure [85, 86]:

� 2
B =

" 8 9L 8 9

" : ; " : ;
(2.33)

where

L 8 9= deD8eD9 � beD8
beD9 (2.34)
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is the resolved stress, and

" 8 9= 2� 2 de( e( 8 9� 2b� 2be( be( 8 9 (2.35)

where the operatorc¹ º denotes a �ltering procedure at a �lter widthb� ¡ � . In this

work, we use the Lagrangian dynamic model of Meneveau et al. [76] in order to

prevent numerical instabilities:

� 2
B =

h" 8 9L 8 9i
h" : ; " : ; i

(2.36)

For a variableq ¹C–x ¹Cºº, the average is formed tracing �uid pathlines backward in

time:

hqi = bq¹C–x¹Cºº ¸ ¹1 � bº q ¹C� � C–x ¹C� � Cºº (2.37)

whereb is a weighting function:

b =

 
2� C

�
h" 8 9L 8 9ih" : ; " : ; i

� 1•8

3�

!  

1 ¸
2� C

�
h" 8 9L 8 9ih" : ; " : ; i

� 1•8

3�

! � 1

(2.38)

The method is not restricted to homogeneous �ows and is appropriate for use in

the complex �ow �elds simulated in this thesis. Initially these models were derived

for homogeneous isotropic turbulence. They have been used extensively in LES of

turbulent reacting �ows. A detailed analysis of their validity for such con�gurations

should be performed, but is outside the scope of this work.

2.3.3 Sub�lter scale modelling � chemistry

The eddy di�usivities of Eqs. (2.27) and (2.28) are calculated using the same

algebraic form as the eddy viscosity. The sub�lter scalar �ux is expressed as:

3(�(
q = d� C

qr eq (2.39)

where� C
q is the turbulent eddy di�usivity:

� C
q =

�
� q

B�
� 2

e( (2.40)

The evaluation of the dynamic coe�cient,� q
B, is similar to that of Eq. (2.33):

� q
B

2
=

h" 8L 8i
h" 8" 8i

(2.41)

where

L 8 = ceD8eq � beD8
beq (2.42)
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and

" 8 = 2� 2 de( r eq � 2b� 2be( cr eq (2.43)

The Lagrangian averaging procedure [76, 83] is also applied to evaluate the Smagorin-

sky coe�cient.

For LES modelling of the tabulated chemistry, an assumed PDF model is typically

employed (more details are provided in Chapter 5). In this model, information

regarding the sub�lter variance,� E, of the progress variable is necessary. The

sub�lter variance is calculated using an algebraic model [87]:

� E =
�
� q�

� 2 jr e� j2 (2.44)

where the coe�cient� q is also determined through a dynamic procedure similar to

the one outlined previously:

� 2
q =

h" ! i
h" " i

(2.45)

where

" = b� 2r be� � r be� (2.46)

and

! = ce� e� � be� be� (2.47)

where the hat indicates a test �ltering at a �lter widthe� ¡ � . The averaging

procedure is also conducted using the Lagrangian method of Meneveau et al. [76].

2.4 Numerical method

To solve the governing equations, the �nite di�erence code NGA [64] is used. A

brief description of the code is presented here.

2.4.1 Spatial discretization

The equations are solved using NGA [64], a structured �nite di�erence code with

arbitrarily high order spatial accuracy. Relevant details regarding the numerical

methods are highlighted here.

To minimize dispersive errors, NGA employs a staggered grid, where scalars (e.g.,

density and pressure) are stored at the cell centers, and velocity and momentum

components are stored at the cell faces. In this work, we will consider both Cartesian,

u =
�
DG– DH– DI

�
in x = ¹G– H– Iº, and cylindrical,u = ¹DG– DA– D\ º in x = ¹G– A– \º

coordinates. The cell faces are numbered as81– 82– 83, respectively, for theG1– G2– G3
directions. Because of the staggering, variables are o�set by 1/2 in certain directions.
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For example, theDGvelocity component is stored at81– 82¸ 1•2– 83¸ 1•2. The variable

locations are shown on representative computational cells in Fig. 2.1. To perform the

spatial discretization, the physical coordinates (Cartesian or cylindrical) are mapped

to computational coordinates of unity spacing,Z = ¹Z1– Z2– Z3º, with associated

scaling factors de�ned by di�erentiating physical space by computational space.

In the current work, second-order accurate operators are used to discretize the

convective and di�usive terms in the governing equations. Key operators are the

second-order interpolation and di�erentiation operators. For a stencil size� Z1 in

theZ1 direction on a variable,q, these operators are given as:

q
Z1 =

q ¹Z1 ¸ � Z1•2– Z2– Z3º ¸ q ¹Z1 � � Z1•2– Z2– Z3º
2

(2.48)

and
Xq
XZ1

=
q ¹Z1 ¸ � Z1•2– Z2– Z3º � q ¹Z1 � � Z1•2– Z2– Z3º

� Z1
(2.49)

respectively. Because all operators are centered, the code does not exhibit dissi-

pative errors. For a complete description of the spatial discretization, including

higher order operators, variable density �ows, conservation properties, centerline

treatments, and discrete equations, the reader is referred to [64].

(a) Cartesian coordinates (b) Cylindrical coordinates

Figure 2.1: Computational cells and variable locations in the staggered grid dis-
cretization.

2.4.2 Temporal discretization

The time integration scheme is summarized here. For the full details, the reader is

referred to Savard et al. [88]. The scalar and velocity �elds are also staggered in

time, with the scalar �elds being advanced from timeC=¸ 1•2 toC=¸ 3•2 and the velocity

�elds being advanced from timeC= to C=¸ 1, where the superscript indicates the time

step. In the following description the timestep,� C, is assumed to be uniform. The

time integration is iterative and proceeds as follows.
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The governing equations are advanced in time using an iterative procedure, where

the subscript: denotes the sub-iteration. The total number of subiterations, , is set

a priori. The calculations in this thesis are performed with = 4. First, converged

values from the previous time step are used as the initial guesses for the iterative

procedure i.e.: = 0):

?=¸ 3•2
0 = ?=¸ 1•2– Y=¸ 3•2

0 = Y=¸ 1•2– ¹duº=¸ 1
0 = ¹duº= • (2.50)

An estimate for the density is obtained using the Adams-Bashforth prediction:

d=¸ 3•2
0 = 2d=¸ 1•2 � d=� 1•2 (2.51)

ensuring discrete conservation of mass at the beginning of the iterative proce-

dure [89]. For the subiterations: = 1– • • • –  , the time integration proceeds in

the following order: advance the scalar �eld, calculate the density �eld, predict

the velocity �eld (with no consideration of continuity), correct the velocity �eld

after solving the pressure Poisson equation to ensure mass conservation, and �nally,

updating the solution. The steps are detailed as:

1. Advance the scalar �eld:

Y �
: =

Y=¸ 1•2 ¸ Y=¸ 3•2
:

2
(2.52)

d=¸ 3•2
: Y=¸ 3•2

: ¸ 1 = d=¸ 1•2Y=¸ 1•2 ¸ � C
�
¹C ¸ Dº=¸ 1

: � Y �
: ¸ 
 �

:

�

¸
� C
2

�
mC
mY

¸
mD
mY

� =¸ 1

:
�

�
Y=¸ 3•2

: ¸ 1 � Y=¸ 3•2
:

�
(2.53)

whereC andD are abbreviated notation for the convective and di�usive terms

in the scalar equation (Eq. (2.4)), respectively. The corresponding Jacobian

matrices for the convective and di�usive terms are expressed asmC•mY and

mD•mY.

2. Next, the density �eld is predicted from the ideal gas law:

d=¸ 3•2
: ¸ 1 =

?0

� Í #
8=1 . =¸ 3•2

8–:̧ 1 •, 8

� � 1

') =¸ 3•2
: ¸ 1

(2.54)

Although conservation of species densities,d. 8, is not ensured in this step,

upon convergence of the subiterations the conservation of species densities is

satis�ed.
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3. The momentum �eld is advanced:

u�
: =

u= ¸ u=¸ 1
:

2
(2.55)

d=¸ 1•2 ¸ d=¸ 3•2
: ¸ 1

2
bu=¸ 1

: ¸ 1 =
d=� 1•2 ¸ d=¸ 1•2

2
u=

¸ � C
h
¹CD ¸ DDº=¸ 1•2

: � u�
: ¸ r ?=¸ 3•2

:

i

¸
� C
2

�
mCD

mu
¸

mDD

mu

� =¸ 1•2

:
�

�
bu=¸ 1

: ¸ 1 � u=¸ 1
:

�
(2.56)

wherebu is a predicted velocity �eld which does not necessarily satisfy mass

conservation, and is used to compute the hydrodynamic pressure in the fol-

lowing step. The discrete convective and viscous terms are written asCD and

DD.

4. The Poisson equation for the hydrodynamic pressure is solved to obtain a

correction to ensure mass conservation:

r 2 ¹X?º=¸ 3•2
: ¸ 1 =

1
� C

"

r �

 
d=¸ 1•2 ¸ d=¸ 3•2

: ¸ 1

2
bu=¸ 1

: ¸ 1

!

¸
d=¸ 3•2

: ¸ 1 � d=¸ 1•2

� C

#

(2.57)

The correction is then applied to the velocity �eld through a projection step

u=¸ 1
: ¸ 1 = bu=¸ 1

: ¸ 1 �
2� C

d=¸ 1•2 ¸ d=¸ 3•2
: ¸ 1

�
r ¹X?º=¸ 3•2

:

�
(2.58)

?=¸ 3•2
: ¸ 1 = ?=¸ 3•2

: ¸ ¹X?º=¸ 3•2
: ¸ 1 (2.59)

5. Upon convergence of the subiterations, or when the maximum number of

subiterations is reached, the solution is updated:

d=¸ 3•2 = d=¸ 3•2
 – ?=¸ 3•2 = ?=¸ 3•2

 

u=¸ 1 = u=¸ 1
 – Y=¸ 3•2 = Y=¸ 3•2

 (2.60)

To avoid computing the full chemical Jacobian,¹m
 •mYº=¸ 1
: , in the species transport

equations, Savard et al. [88] proposed an approximation which requires only the

diagonal. This formulation is used in this thesis.

The steps outlined above describe the semi-implicit iterative time integration method.

If the Jacobian terms (e.g.mC•mY, mCD•mu– • • •) are set to 0, then the time inte-

gration scheme becomes an explicit iterative scheme. The overall time integration
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scheme is referred to as �semi-implicit� for three reasons. First, the implicit treat-

ment is applied to each equation individually and successively and not to the overall

system of equations all at once. Second, the implicit treatment for the momentum

equation is not exact because the equation is quadratic in the velocity. Finally, the

full chemical Jacobian is not evaluated.

Upon convergence of the subiterations, the previously described time integration

scheme takes the general form:

q=¸ 1 � q=

� C
= 5

�
1
2

�
q= ¸ q=¸ 1

� �
(2.61)

This time integration scheme resembles the Crank-Nicolson scheme, but is based on

the function evaluation at the midpoint value instead of the average of the function

evaluated at the= and= ¸ 1 timesteps. This discretization eliminates the need for

storing the right hand side of the equation twice and allows for discrete energy

conservation in time. Speci�cally, if both sides of Eq. (2.61) are multiplied by

¹1•2º¹q= ¸ q=¸ 1º, then we have:

1
� C

�
1
2

�
q=¸ 1

� 2
�

1
2

¹q=º2
�

= 5
�
1
2

�
q= ¸ q=¸ 1

� � �
1
2

�
q= ¸ q=¸ 1

� �
(2.62)

The discrete spatial operators, Eqs. (2.48) and (2.49) ensure that the right hand

side of Eq.(2.62) can be expressed in divergence form without the introduction of

additional source terms [64, 89]. Thus, the change in the energy with time expressed

by the left hand side of the equation depends solely on conserved spatial terms.

2.4.3 Immersed boundary method

Chapter 5 involves the simulation of an injector with a complicated geometry to

obtain physically realistic in�ow boundary conditions for the combustion chamber.

To facilitate the simulation of the injector in the structured grid of NGA, we use

the immersed boundary method. For a comprehensive overview of the di�erent

immersed boundary strategies, the reader is referred to the review papers by Mittal

and Iaccarino [90] and Verzicco [91].

In NGA, we use a velocity reconstruction or interpolation method, similar to that

proposed by Kang et al. [92]. Figure 2.2 shows an example of a solid body overlaid

on a structured grid, with the edge of the solid body marked with the blue line.

Generally speaking, the process is as follows. First, the velocity �eld is computed

according to Eq. (A.3) without consideration of the immersed boundary. Then, cells

within the solid region of the immersed boundary are set to zero velocity. For the
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cells which are cut (neither fully solid nor fully �uid), the computed velocities on

the uncut edges (green and pink faces) are no longer reliable due to the presence

of the immersed boundary. The velocities on these edges are reconstructed via

interpolation using velocities from neighbouring cells. Figure 2.2 shows an example

of the interpolation stencil for theDvelocity component in two dimensions. In the

�gure, the velocity at the pink face,D2, is reconstructed using information from

the closest reliable neighbouring points,D8– 9̧1, D8� 1– 9, and a point on the immersed

boundary surface,D� � , which has zero velocity due to the no-slip condition. Finally,

velocity components on edges which are cut are set to zero velocity.

Figure 2.2: Example of interpolation points used to obtain velocity near the im-
mersed boundary in two dimensions.

In a preprocessing step, a 3D STL �le representing the geometry of the problem is

compared with the grid to determine which cells are cut by the immersed boundary,

and the location along each edge of the cell where the cut occurs. In NGA, the

immersed boundaries do not move in space or time. As such, the interpolation

coe�cients are calculated in the initialization of the code, and do not change as the

simulation progresses. The linear interpolation formula is given as:

D2 =
#Õ

==1

W=D= ¸ W� � D� � (2.63)

where# = 2–3 for two- or three-dimensional problems, respectively, andWare the
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pre-computed interpolation weights, where

#Õ

==1

W= ¸ W� � = 1 (2.64)

The overall method is �rst-order accurate.

The velocity reconstruction described above does not satisfy continuity. To ensure

global mass conservation, a correction is added to each of the interpolated velocities

to ensure that the integral of the mass �ux along the surface made from the uncut

faces is equal to zero. Then, the Poisson equation, Eq. (A.4), is solved with zero

gradient boundary conditions on the pink and green faces. Although this method

ensures global mass conservation, it is noted that local mass conservation is not

necessarily enforced.
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C h a p t e r 3

ISOLATING EFFECTS OF LARGE- AND SMALL-SCALE
TURBULENCE ON THERMODIFFUSIVELY UNSTABLE

PREMIXED HYDROGEN FLAMES

[1] M. X. Yao and G. Blanquart. �Isolating e�ects of large and small scale
turbulence on thermodi�usively unstable premixed hydrogen �ames�. In:
Combustion and Flame(2024). (Under Review).

In this chapter, DNS are carried out using detailed chemistry and transport across a

range of Karlovitz numbers and integral length scales to isolate e�ects of small-scale

and large-scale turbulence. Sections 3.1 and 3.2 describe the problem setup and

numerical details. Section 3.3 provides an overview of the results. In Section 3.4,

the global e�ects and the local e�ects are decoupled to deconstruct the various

components of Eq. (1.6) and develop a general expression for�0. The local response

of the �ame is investigated in more detail in Section 3.5. The conclusions are drawn

in Section 3.7.

3.1 Problem description

In this section, the physical problem and numerical methodology are presented.

3.1.1 Flow con�guration

The in�ow-out�ow con�guration [30, 32, 31, 43, 34, 35, 45] is commonly used to

study turbulent premixed �ames since it allows for the development of a statistically

stationary, statistically planar, freely propagating �ame without mean shear or strain.

The computational domain is rectangular, with domain size! G � ! H � ! I with

# G � # H � # I points in theG– H–and I directions, respectively, whereG is the

streamwise direction. The mean inlet velocity atG= 0 is set to match the turbulent

�ame speed such that the �ame is stationary within the domain. The boundary

condition atG= ! G is a convective out�ow. In these simulations,! H = ! I = ! , and

the domain is periodic in both theHandI directions. The aspect ratio is! G• ! = 8.

The grid resolution is the same in all three directions, that is,� G= � H = � I . A

schematic diagram of the �ow con�guration is shown in Fig. 3.1. The �ame is

represented by an isosurface of the temperature, and is coloured by the progress
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variable source term. The e�ect of thermodi�usive instabilities are evident by the

variations in the source term along the �ame front. A detailed discussion of the

turbulence generation is presented in the following sections.

Figure 3.1: Schematic diagram of the DNS �ow con�guration.

3.1.2 Numerical method

The governing equations are solved using NGA [64], which is a fully conservative,

�nite-di�erence, code of arbitrarily high spatial order. In the present work, the spatial

and temporal discretization are both second-order accurate. The time integration

is conducted via the semi-implicit iterative Crank-Nicolson method [89]. The

WENO5 [93] scheme is used for scalar transport. To reduce the computational cost

associated with integrating the sti� chemistry in time, the preconditioning strategy

of Savard et al. [88] is used.

The grid resolution must be su�cient to fully resolve both the turbulence and

chemistry. As such,� Gis set to meet the more restrictive criteria between: <0G[ D ¡

1•5 [94] and roughly 16 points per laminar �ame thickness [73]. Here,: <0G = c• � G

is the maximum wavenumber which can be resolved on the grid. For hydrogen

chemistry, Savard et al. [88] showed that the maximum stable timestep size could

be increased from� C<0G = 5•2 � 10� 8 s using an explicit integration to1•6 � 10� 6 s

using the semi-implicit time integration. To ensure numerical stability, a slightly

lower value was selected as the upper bound in the present simulations. As such,

the timestep size is determined based on the more restrictive criteria between� C=

1 � 10� 6 s and the convective CFL,� C� 0•8� G•max¹uº s.



29

3.1.3 Chemical model

The fuel mixture consists of hydrogen/air at an equivalence ratio ofq = 0•4. The

chemistry is described by the 9-species (see Table 4.1), 54-reaction mechanism pro-

posed by Hong et al. [95] with a few updated rate constants [96, 97]. The chemical

model is provided in supplemental material. In this work, the �ames are burnt

lean to reduce the maximum �ame temperature. Since the �ame temperatures are

generally below 1800K (see Fig. 3.2),NOx is not expected for form [13]. Con-

sequently, to reduce the computational cost, we do not include theNOx pathways

in the chemical mechanism. Some important quantities from the one-dimensional,

laminar, unstretched, freely propagating �ame are summarized in Table 3.1. Consis-

tent with typical studies of �amelets and �amelet modelling, the progress variable,

� , is de�ned as the water mass fraction,. H2O.

The �ame thickness is de�ned as:

;� =
) 1 � ) D

max¹jr ) jº
(3.1)

and( ! is the laminar �ame speed. The subscriptsDand1 represent the unburnt

and burnt mixtures, respectively. With thermal di�usion, the �ame speed and peak

source term are slightly increased, and the �ame thickness is slightly decreased

compared to the full transport. The thermal di�usion acts to push theH2 andH

molecules into the preheat zone and away from the reaction zone, thereby slightly

reducing the peak source term. For the unity Lewis case, the �ame speed is about

two times larger, and the peak source term is about 3.7 larger. The quantity� ?40:

denotes the value of� in the one-dimensional �ame where the peak source term,

¤l 1�
�–<0G, is located.

The nondimensional numbers in the following sections are de�ned based on values

taken from the one-dimensional laminar �ame with mixture average transport and

thermal di�usion. Results from the three-dimensional �ames are normalized by

their respective one-dimensional �amelets.

3.1.4 Simulation parameters

A summary of the simulation cases is presented in Tables 3.2 and 3.3. To conduct a

comprehensive study of the e�ect of turbulence on unstable lean premixed hydrogen

�ames, simulations are carried out at six di�erent Karlovitz numbers (A through

F) and four di�erent integral length scales (C0•5, C1, C2, andC4). A fully lami-

nar three-dimensional case is also included for reference (LAM). Cases A through
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Table 3.1: Relevant parameters from one-dimensional laminar �ames. �noSD�
refers to the mixture-averaged formulation without Soret di�usion.

Parameter Mix Avg SD Mix Avg noSD Unity Le
) D » ¼ 298 298 298
q 0•4 0•4 0•4
( ! »< •B¼ 0•206 0•215 0•410
X»<< ¼ 0•816 0•812 0•441
;� »<< ¼ 0•683 0•656 0•375
aD »< 2•B¼ 1•62� 10� 5 1•62� 10� 5 1•62� 10� 5

� ?40: 0•0835 0•0832 0•0815
� 1�

<0G 0•1033 0•1033 0•1033
¤l 1�

�–<0G 52•57 54•84 195•63

C represent realistic conditions for practical combustors. Cases D through F are

relevant for extreme cases such as those found in supernovae. As an additional

point of comparison, cases A, B, andC1 are also run without Soret di�usion, us-

ing both unity Lewis transport and mixture average formulations. These cases are

summarized in Table 3.3, and are calculated using the same forcing coe�cient and

domain, thus maintaining the same turbulence properties (e.g., turbulent kinetic en-

ergy, dissipation, etc.). However, as noted in Table 3.1, the laminar �ame speed and

thickness are di�erent, and as such, the Karlovitz number and integral length scale

ratio are di�erent. In Table 3.3, unity Lewis cases are denoted with a superscript!4 ,

and mixture-averaged cases with no Soret di�usion are denoted with a superscript

=>(� .

The unburnt Karlovitz number is de�ned based on the ratio of �ame and turbulence

timescales:

 0 D =
g�

g[
=

;�

( !

�
Y
aD

� 1•2

(3.2)

whereY is the dissipation, andaD is the kinematic viscosity. The �ame timescale,

g� , is de�ned as;� • ( ! , and the Kolmogorov timescale,g[ , is
p

aD•Y. The unburnt

turbulent Reynolds number is de�ned as:

'4 C=
D0�
aD

(3.3)

whereD0 is the turbulent intensity (rms velocity), and� is the integral length scale.

The Karlovitz number, integral length scale, and turbulent intensity are often used

to characterize the burning regime and are related through the following expres-
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sion [98]:
D0

( !
=  0 2•3

D

�
�
;�

� 1•3

(3.4)

with the assumption that( ! ;� = a. In this study, the integral length scale e�ects

are tested at a �xed Karlovitz number, contrary to other studies which may instead

choose to holdD0•B! constant [99]. In this way, the �ame is subject to an identical

level of small-scale turbulence, and the e�ect of the integral length scale can be

decoupled from the turbulence intensity and studied in isolation.

Table 3.2: Parameters of the simulations with full mixture average transport and
Soret di�usion.

.

Case A B C0•5 C1 C2 C4 D E F LAM
 0 D 15 60 167 167 167 167 450 900 1900 -
'4 C 24•13 60•79 47•05 118•55 298•76 763•80 229•29 363•97 598•97 -
! »<< ¼ 4•03 4•03 2•01 4•03 8•06 16•1 4•03 4•03 4•03 4•03
� • ;� 1 1 0•5 1 2 4 1 1 1 -
� »B� 1¼ 314 792 2452 1545 973 622 2987 4742 7803 0
D0

0• ( ! 2•95 7•43 11•50 14•50 18•27 23•35 28•04 44•51 73•24 0

Table 3.3: Parameters of the simulations with no Soret di�usion. Superscript!4
refers to unity Lewis cases, and=>(� refers to mixture average cases.

Case ALe AnoSD BLe BnoSD CLe
1 CnosD

1
 0 D 4•4 14•14 17•5 56•58 47•6 154•07
'4 C 24•13 24•13 60•79 60•79 118•55 118•55
! »<< ¼ 4•03 4•03 4•03 4•03 4•03 4•03
� • ;� 1•72 0•98 1•72 0•98 1•72 0•98
� »B� 1¼ 314 314 792 792 1545 1545
D0

0• ( ! 1•48 2•83 3•73 7•12 7•28 13•89

3.2 Turbulence forcing

The �ow con�guration does not have any large-scale mean shear to generate the

turbulence, such as in other studies [100]. Consequently, any injected turbulence

would decay as it travels downstream. To prevent this, the �ow must be forced across

the domain in order to maintain a desired turbulence level. This forcing reproduces

the e�ects of any mean shear not present in the simulation domain [101, 29].

The forcing vector,f , in the momentum equation is the linear forcing of Lund-

gren [102, 103] with the modi�cation of Carroll and Blanquart [104]. This is

written as:

f = �
: 0

: ¹G– Cº
¹du � du ¹G– Cºº (3.5)
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where the bar represents the planar Reynolds average:

q =
1
! 2

¹ !

0

¹ !

0
qdydz (3.6)

Here,: 0 represents the target turbulence kinetic energy (TKE), and

: =
1
2

�
g¹D00º ¸ •¹E00º2 ¸ •¹F00º

2�
(3.7)

is planar Favre-averaged TKE. The Favre averaging is de�ned as:

eq =
dq
d

(3.8)

with the corresponding �uctuating component

q00= q � eq (3.9)

This forcing technique has been used by many authors and validated in detail by

Lapointe et al. [31] and Bobbitt et al. [32].

The forcing coe�cient, � , directly controls the turbulence quantities of interest. For

a given domain size (in the periodic directions),! , the integral length scale is empir-

ically determined to be approximately� � 0•16! [32]. For a statistically stationary

�ow, the nominal values for the rms perturbations,D0
0, TKE, : 0, dissipation,Y0, and

eddy turnover time,g0, are analytically derived to be [104]:

D0
0 = 3�� (3.10)

: 0 =
27
2

� 2� 2 (3.11)

Y0 = 27� 3� 2 (3.12)

g0 =
1

2�
(3.13)

The reported 0 D numbers are the nominal values given in terms ofY0, which

is directly controlled by� . Typically, the Karlovitz number is an output of the

turbulence intensity. However, to conduct a simulation at a target 0 D, the forcing

coe�cient is instead backed out:

� =

 
1
27

 0 2
DaD( 2

!

¹0•16! º2;2
�

! 1•3

(3.14)

Turbulence is forced for the �rst 85% of the domain. Then, the forcing coe�cient

is relaxed to 0 through a complementary error function in order to prevent negative

velocities at the outlet.
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To ensure realistic turbulence, an in�ow �le is generated from a simulation of ho-

mogenous isotropic turbulence (HIT). At each timestep, turbulent �uctuations from

the HIT are superimposed onto a bulk mean velocity at the inlet. The �uctuations are

initially smaller than the mean inlet velocity to prevent negative in�ow conditions

and grow naturally to their nominal values with the forcing.

3.3 Overview of results

In this section, we provide an overview of the e�ect of turbulence intensity on the

turbulent �ame brush. This discussion is meant to be qualitative in nature, and

not quantitative. Figures 3.2 and 3.3 show two-dimensional slices of the temper-

ature �eld for the tested cases. Due to the thermodi�usive instabilities, the three-

dimensional laminar �ame (LAM) is not planar and exhibits cellular structures.

The post-�ame temperature is seen to vary along the �ame front. The curvature is

de�ned to be positive when the center of curvature is located in the burnt mixture.

The temperature is relatively higher in regions of positive curvature, and lower in

regions of negative curvature [105]. The preferential di�usion ofH2 concentrates

the species into regions of positive curvature, creating a locally rich mixture which

enhances the burning. The opposite is true for regions of negative curvature. The

mismatch in local propagation speeds creates cellular structures which point toward

the burnt mixture.

Figure 3.2 shows the e�ect of increasing the Karlovitz number at a �xed integral

length scale ratio� • ;� = 1. For the lowest Karlovitz number, the �ame exhibits

a dominant structure with a continuous �ame front. As the Karlovitz number in-

creases, up until 0 = 450 (case D), the length scales of the structures at the

�ame front decrease. The �ame front is increasingly disrupted by the turbulence,

increasing the amount of small-scale features, leading to a signi�cant increase in

the turbulent �ame area. The �ame front appears more broken as pockets of burnt

and unburnt gases are mixed by the turbulence. Due to the thermodi�usive insta-

bilities, the temperature �eld in the burnt mixture is highly inhomogeneous. At the

highest Karlovitz number, 0 = 1900(case F), the turbulent �ame brush becomes

signi�cantly shorter, and the mixing is smoother as there are fewer disconnected

pockets of �uid. Qualitatively, �ame F appears similar to thermodi�usively stable

high Karlovitz number hydrocarbon �ames [31].

Figure 3.3 shows the e�ect of changing the integral length scale at a �xed Karlovitz

number. As the integral length scale is increased, the �ame presents signi�cantly
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Figure 3.2: Two-dimensional slices of temperature �eld in the region of the �ame.
From top to bottom: cases LAM, A, B,C1, D, E, and F.

more disconnected regions as pockets of unburnt gases are mixed into the burnt

mixture, increasing the turbulent �ame area. Despite the smaller domain size

restricting the volume that the �ame can grow in, the structures at the �ame front

are qualitatively of the same size. It is important to note that for all four cases,

the Karlovitz number was kept constant by maintaining the same energy dissipation
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Figure 3.3: Two-dimensional slices of temperature �eld in the region of the �ame.
From top to bottom: casesC0•5, C1, C2, andC4. The �gures are scaled to represent
accurately the di�erences in physical length scales.

rate. Speci�cally, in the de�nition of the Karlovitz number, all values are constants

except for the dissipation,Y0. As the integral length scale changes, the forcing

coe�cient is chosen to keepY0 constant according to Eq. (3.12). Although the

large-scale turbulence that the �ames are subject to is changing, the �ames are still

subject to the same small-scale turbulence. Thus, it is reasonable that the �ames

exhibit similar small-scale structures.

3.4 Global properties

The burning e�ciency model of Eq. (1.6) aims to explain the relationship between

two global quantities: the turbulent �ame speed and area. In this section, a detailed

study of the turbulent �ame speed and area is conducted. Then, an expression for

the burning e�ciency is proposed.
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3.4.1 Turbulent �ame speed

From integrating the continuity and water mass fraction equations, the turbulent

�ame speed is de�ned as the volume integral of the progress variable production

rate:

( ) =
1

dD� 1 �

¹

+
¤l � dV (3.15)

where� = ! � ! is the cross-sectional area. An example of the temporal evolution

of the turbulent �ame speed is shown in Fig. 3.4a for the di�erent Karlovitz numbers.

The mean turbulent �ame speeds are shown in Fig. 3.4b as a function of the Karlovitz

number. The turbulent �ame speed increases with the Karlovitz number up to Case

D, after which the �ame speed decreases. A similar trend was noted by Aspden

et al. [20]. Consistent with their results, we �nd that there is a 1/3 scaling on

the Karlovitz number up to case D. In our simulations, the ratio� • ;� is �xed.

As such, the scaling between the Reynolds and Karlovitz numbers is given as

'4 C /  0 2•3
D , and hence the turbulent �ame speed scales as'4 1•2

C . A 1/2 power

on the Reynolds number was also measured experimentally by Liu et al. [106] for

spherically expanding �ames with!4 Ÿ 1 based on the theory of Chaudhuri et

al. [107]. It is interesting to contrast this to the 1/2 scaling on the Karlovitz number

reported by Howarth et al. [39] for the surface-mean local �ame propagation speed.

The turbulent �ame speeds are strongly dependent on the integral length scale ratio

varying by a factor of almost 6 from the smallest to largest integral length scales.

The inclusion of Soret di�usion results in a higher normalized mean �ame speed by

about 35% for case A to 15% for case C, compared to the value of 8% reported by

Song et al. [45] for thermodi�usively stable �ames.

One of the key attributes of the thermodi�usively unstable �ames is the existence

of superadiabatic burning, that is, burning in regions where the progress variable is

higher than the nominal one-dimensional equilibrium value,� 1�
<0G. To quantify how

much the superadiabatic burning regions contribute to the �ame speed, Eq. (3.15)

can be split to account for it explicitly:

( ) =
1

dD� 1 �

� ¹

+
¤l �

�
� � � 1�

<0G

�
dV ¸

¹

+
¤l �

�
� ¡ � 1�

<0G

�
dV

�
(3.16)

From this, the superadiabatic ratio is de�ned as:

V �

¯
+ ¤l �

�
� ¡ � 1�

<0G
�
dV

¯
+ ¤l � dV

(3.17)

and represents the percentage of( ) which is attributed to superadiabatic burning.

Figure 3.5 showsV for the tested cases. For the laminar case, about 30% of the
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(a) Instantaneous

(b) Mean

Figure 3.4: Instantaneous (a) and mean (b) normalized turbulent �ame speed. Black
symbols represent full transport cases, red symbols represent no Soret cases, and
open symbols represent unity Lewis cases.

�ame speed can be attributed to superadiabatic burning. This value is approximately

constant at 40% for cases A through� 1, before decaying rapidly to 13% for case

F. This decrease also quanti�es the decrease of di�erential di�usion e�ects at

high Karlovitz numbers. The reduced contribution of the superadiabatic burning

at the highest Karlovitz numbers is consistent with the qualitative observations

from Fig. 3.2. This rapid reduction in the relative importance of superadiabatic

burning may also explain the decrease in turbulent �ame speeds after case D in

Fig. 3.4b. Finally, the superadiabatic ratio does not appear to depend on the integral

length scale, as for casesC0•5-C4, there is a scatter of about� 0•023 without any

monotonic trend. In contrast, including Soret di�usion leads to systematically more

superadiabatic burning with an increase in the ratio by about0•065.

To explain the evolution of the turbulent �ame speed, it is insightful to rewrite any
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Figure 3.5: Ratio of turbulent �ame speed which is attributed to superadiabatic
burning. The dashed line represents case LAM, black symbols represent full trans-
port cases, and red symbols represent cases with no Soret di�usion.

volumetric integral as a surface integral along an isocontour of� and an integral in

the normal direction:
¹

+
¤l � dV =

¹

=

� º

� ¹� º
¤l � dA

�
dn (3.18)

Takingdn = dC•jr � j, Eq. (3.18) can be rewritten as:
¹

+
¤l � dV =

¹

�

º

� ¹� º

¤l �

jr � j
dAdC (3.19)

and the turbulent �ame speed can be written as:

( ) =
1

1 � V
1

dD� 1 �

¹ � 1�
<0G

0

�
¤l �

jr � j

�
�
�
��

�
� ¹� ºdC (3.20)

The turbulent �ame speed can be interpreted as a convolution of the area of the

�ame isosurface,� ¹� º, with the gradient-weighted conditional mean source term.

Turbulence can thus impact the �ame speed through one of two main pathways.

The �rst pathway is through local e�ects induced by the turbulence on the mean

source term,
D

¤l �
jr � j j�

E
. As the small-scale turbulence penetrates the �ame, it alters

the �ame structure through enhanced mixing and di�usion. The second pathway is

through the area of �ame isosurfaces,� ¹� º. As the larger-scale turbulence perturbs

the �ame front, it wrinkles the �ame, altering the curvature,^, and necessarily

increasing the �ame area. These e�ects are detailed in the following subsections.
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3.4.2 Area of �ame isosurfaces

Previous studies have identi�ed the instantaneous �ame front as the isosurface of

either) ?40: or � ?40: [43, 108]. The �ame area is then subsequently calculated as

the area of that isosurface. However, the presence of thermodi�usive instabilities in

the current simulations necessitate some nuances on the de�nition of the �ame area.

Fundamentally, the �ame front is described as the location where the reactions

are occurring. Figure 3.6 shows the temperature and the normalized source term

with isocontours of� from case A. From the upper plot, it can be seen that the

isocontours are irregularly spaced, indicating that the �ame area varies depending

on the value of� chosen as the isocontour value. From the lower plot, along the

isocontour of� ?40:, the source term varies with the curvature of the isocontour. In

regions of positive curvature (center of curvature in burnt mixture), the source term

is about 7.5 times larger than the maximum source term from the one-dimensional

�ame. The curvature concentrates the di�erential di�usion into these regions, and

as a result, the mixture becomes locally richer and the burning is signi�cantly

enhanced. Hydrogen di�uses out of regions of negative curvature, creating locally

leaner mixtures, and the source term reduces. Interestingly, the source term plot

shows a pocket of non-burning low temperature mixture which has been engulfed

into the burnt mixture and is captured by the isosurface of� ?40:. This arti�cially

increases the �ame area, and the e�ects can become more pronounced as the �ow

�elds become more complex with higher levels of turbulence, as shown in Fig. 3.2.

To illustrate the e�ect of the isosurface value selection, Fig. 3.7 shows the nor-

malized area of isosurfaces as a function of C,� ¹� º• � , for the various Karlovitz

number �ames. The isosurfaces are created using the classical marching cubes

method [109]. For each value of� , an isosurface is created using the marching

cubes algorithm, which is then used to calculate the area,� ¹� º. The � ¹� º pro�les

may be decomposed into two regions. At lower values of the progress variable

(for � Ÿ � ?40:), � ¹� º increases modestly with progress variable. At a �xed� ,

it increases monotonically with the Karlovitz number from case LAM to case D.

Such an increase is expected: more intense turbulence means more �ame wrinkling

and hence a larger isosurface area. At larger values of the progress variable (for

� ¡ � ?40:), � ¹� º increases sharply with progress variable before reaching a large

spike at� = � 1�
<0G, with a subsequent drop-o� to 0. The spike is indicative of

the strong post-�ame inhomogeneities present due to di�erential di�usion e�ects.

In both regions, as the Karlovitz number is further increased (cases E and F), the
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Figure 3.6: Temperature,) (top), and normalized source term,¤l � • ¤l 1�
�–<0G (bottom)

for case A. Black isolines on the temperature represent 0.4 to 1.6 times� ?40: in
increments of 0.1. The black isoline on the source term is at� ?40:.

di�erential di�usion e�ects are suppressed. This translates into overall �atter� ¹� º

pro�les, with smaller spikes and quicker decay to zero in superadiabatic regions

(� ¡ � 1�
<0G).

Figure 3.7: Normalized area of �ame isosurfaces as a function of normalized
progress variable for �ames at� • ;� = 1. The vertical line denotes the location of
� ?40:.

The in�uence of the integral length scale on the �ame area is shown in Fig. 3.8.

Figure 3.8a shows the e�ect of the integral length scale ratio on the �ame isosurface

area for cases� G. As � • ;� is increased, the ratio� ¹� º• � increases systematically.
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The larger integral length scales introduce more large-scale wrinkling. A linear

dependence was observed for turbulent hydrocarbon �ames by Lapointe [110]. To

investigate this dependence further, Fig. 3.8b shows� ¹� º• � scaled by� • ;� . The

pro�les are almost collapsed, indicating that� ¹� º• � scales almost linearly with the

integral length scale ratio. In the present simulations, the domain size and integral

length scale are inseparably linked since� � 0•16! [32].

As pointed out by Aspden [20], it is unclear if the domain size or the integral

length scale are the cause of the linear trend of the ratio� ¹� º• � . To elucidate

their individual contributions, a single snapshot of case� 2 is decomposed into

four quadrants. Each quadrant is characterized by the same integral length scale

as the original full domain, but has a reduced domain width by a factor of 2.

The normalized �ame isosurface areas for all four quadrants and the full domain

are shown in Fig. 3.8c. The overlapping pro�les indicate that the ratio� ¹� º• �

is independent of the domain width. The domain width does impact the �ame

isosurface area� ¹� º through the cross-sectional area� = ! 2, but not their ratio.

3.4.3 Turbulent �ame area

Given the large variations in� ¹� º, de�ning a single� ) value for a given �ame

presents some arbitrariness, and hence di�erent de�nitions may be proposed.

Inspired by Eq. (3.20), a natural de�nition is to use a source term-weighted average

�ame area:
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E
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(3.21)

The weighting gives more importance to areas with enhanced burning at the �ame

front, and signi�cantly reduces the contribution of non-burning regions, such as

those shown in Fig. 3.6. Figure 3.9 shows the area of �ame isosurfaces for case A.

For the stable unity Lewis number case, the �ame area is approximately constant

regardless of the chosen isosurface value. This constant value is well reproduced by

the source term-weighted average �ame area. For the full transport case, the turbu-

lent �ame area calculated using Eq. (3.21) intersects the plot of� ¹� º approximately

at � ?40:.

The in�uences of the Karlovitz number and integral length on the mean turbulent

�ame areas are shown in Fig. 3.10. The area exhibits some dependence on the

Karlovitz number, increasing from about 2.3 for the LAM case to about 10.3 for case



42

(a) E�ect of integral length scale (b) Scaled by integral length scale ratio

(c) A snapshot of caseC2 (line), compared to the
�ame isosurface area for each quarter of the do-
main (markers).

Figure 3.8: E�ect of integral length scale and domain area on the �ame isosurface
area.

D. The dependence on the integral length scale is stronger. The �ame area increase

follows a linear trend for the �rst three integral length scale ratios, before deviating

from the trend at� • ;� = 4. Fig. 3.10b also shows an empirical/ ¹� • ;� º0•75 trend for

comparison, which �ts the data better at higher integral length scale ratios. Based

on the current results, it is not possible to say whether the trend is generalizable

to larger integral length scale ratios. These observations are consistent with the

results shown in Fig. 3.8. In hydrocarbon �ames, Lapointe [110] found a linear

dependence of� ) • � on � • ;� , up to an integral length scale ratio of 4, and Song et

al. [36] found similar trends for thermodi�usively stable premixed hydrogen �ames

up to an integral length scale ratio of 6. In all cases, the turbulent �ame areas

calculated by Eq. (3.21) are very close to the values obtained from the isosurface
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Figure 3.9: Area of �ame isosurfaces as a function of progress variable for �ame
A with full transport and unity Lewis transport (open symbols). The dashed lines
correspond to the mean turbulent �ame areas calculated using Eq. (3.21). The
vertical line denotes the location of� ?40:.

area of� ?40:.

The decrease of� ) • � at the highest Karlovitz numbers is hypothesized to be

attributed to two main sources. The �rst is that the �ame becomes too broad, and

the domain is too small to accommodate the associated large-scale wrinkling (see

section 3.3). The second is that the thermodi�usive instabilities are suppressed as

the e�ective Lewis number approaches unity, thereby reducing the �ame area which

was being enhanced. The reduction of the e�ective Lewis number was quanti�ed

by Savard and Blanquart [19] for simulations without Soret di�usion.

3.4.4 Burning e�ciency

The turbulent �ame speed and area are related to each other through the burning

e�ciency parameter from Eq. (1.6). As such, the de�nition of the turbulent �ame

area is intrinsically linked to that of the burning e�ciency.

Taking the expressions for( ) and � ) from Eqs. (3.20) and (3.21),( ) • ( ! can be

written as:
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(a) E�ects of Karlovitz number at a �xed� • ;� = 1.

(b) E�ects of integral length scale ratio for case C conditions.
The solid line is a linear trend �t to the �rst three data points.

Figure 3.10: Impact of the Karlovitz number (a) and integral length scale ratio (b) on
the mean normalized turbulent �ame area. Black symbols represent full transport
cases, open symbols represent unity Lewis number cases, and red symbols represent
no Soret cases. The dashed line in (a) represents case LAM.

This equation is mathematically equivalent to Eq. (1.6) with
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(3.23)

The burning e�ciency provides a way to relate two global quantities,( ) and � ) .

To study local �ame behaviour, Howarth et al. [39] proposed a predictive empirical

model for the surface-mean local �ame propagation speed. The expression for�0 is

a generalization of the one proposed by Lapointe and Blanquart [43], as it does not
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rely on the key assumption that the source term scales with its value at� ?40:. The

calculated values of�0 are plotted in Fig. 3.11. There are three key observations.

Figure 3.11: Burning e�ciency as calculated by Eq. (3.23) versus Karlovitz number.
The dashed line is obtained from case LAM. Black symbols represent full transport
cases, open symbols represent unity Lewis solutions, and red symbols represent
cases with no Soret di�usion.

First, at a �xed Karlovitz number, the burning e�ciency appears to be almost

independent of the integral length scale. For casesC0•5 throughC4, �0 falls within

the range of 2.26 to 2.45.

Second, the burning e�ciency increases with the Karlovitz number up until case D,

and then decreases at case F. At low turbulence intensities, the burning e�ciency

asymptotes to the value from case LAM. Notably, due to the thermodi�usive in-

stabilities, the burning e�ciency of the laminar case is 1.35, indicating that the

instabilities play a role in the burning e�ciency enhancement. At the high Karlovitz

numbers, the decrease in the burning e�ciency is consistent with the decrease

observed in the superadiabatic ratio. Following Fig. 3.5, at the highest Karlovitz

numbers, di�erential di�usion e�ects are virtually suppressed. Consequently, the

relevant laminar �ame speed would be that of a unity Lewis number �ame, which

is larger than that with full transport (see Table 3.1). Since the current results are

calculated based on the nominal( ! for full transport, the values of�0 are in�ated at

higher 0 D.

Finally, the cases without Soret di�usion are systematically lower than those with,

ranging from a 8.3% to 10.4% decrease in the burning e�ciency. The decreases
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observed in the �ame speed and �ame area are further characterized by a lower

burning e�ciency.

3.4.5 Comparison of burning e�ciency expressions

In this work, an expression for the burning e�ciency was proposed in Eq. (3.23).

This can be compared to the expression proposed by Lapointe and Blanquart [43]

in Eq. (1.7). Their expression relies on the fundamental assumption that the source

terms and gradients scale locally with their value at� ?40:. Stated di�erently, the

conditional mean turbulent pro�les have the same shape as the laminar pro�les.

The new expression does not make such an assumption, and depends on the full

pro�les. The addition of the superadiabatic ratio,V, further incorporates the e�ects

of superadiabatic burning, which do not exist in the stable hydrocarbon �ames

investigated by Lapointe and Blanquart [43].

A comparison of the expressions is shown in Fig. 3.12. For the thermodi�usively

stable �ames of Lapointe and Blanquart [43], the two expressions show strong

agreement. The same can be said for the unity Lewis number cases of the present

work. However, for the thermodi�usively unstable �ames, the two expressions

produce drastically di�erent results, with Eq. (1.7) systematically underestimating

�0. The incorporation of the superadiabatic ratio and the full source term pro�les

are necessary to obtain correct values of�0 for thermodi�usively unstable �ames.

Note that, to eliminate the e�ect of di�erent ambient temperatures when comparing

results with previous simulations [31], we used the reaction zone Karlovitz number:

 0 X =
X2

[ 2
X

(3.24)

where[ X is the Kolmogorov length scale calculated usinga at � ?40:. The local

�ame response, including the source term, is discussed in the following section.

3.5 Local �ame response

As described in Eq. (3.23), the burning e�ciency is dictated by the local response

of the �ame to the imposed turbulence. In this section, we explore the interplay

between chemical source term, turbulence, and �ame curvature.

3.5.1 Chemical source term

The conditional mean progress variable source term pro�les are plotted in Fig. 3.13.

Consistent with the previous observation related to the burning e�ciency, at a

given Karlovitz number, the source term pro�les in Fig. 3.13a show only a weak
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Figure 3.12: Comparison of�0 calculated using Eq. (3.23) (circles) and Eq. (1.7)
(stars) for then-heptane �ames of Lapointe and Blanquart [43] (blue symbols),
the present lean hydrogen �ames with full transport (black symbols), and the lean
hydrogen �ames with unity Lewis number (open symbols).

dependence on the integral length scale. The pro�les show strong agreement until

the peak, where the peak value shows a slight increase with increasing integral

length scale. However, the di�erences are minor in comparison to the increase in

�ame area with increasing integral length scale. Non-zero source terms beyond the

nominal maximum� 1�
<0G value correspond to superadiabatic mixtures.

(a) E�ect of integral length scale (b) E�ect of Karlovitz number

Figure 3.13: E�ect of the integral length scale (a) and Karlovitz number (b) on
the conditional mean source term pro�les. The dotted lines indicate pro�les from
limiting one-dimensional �ames.

Regardless of the Karlovitz number, the shape of the pro�les (Fig. 3.13b) is changed

signi�cantly, even for the laminar case. Before the peak source terms, the three-

dimensional mean pro�les exhibit a bump (around� � 0•35) which is not present for
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the one-dimensional pro�les. For all cases, the area under the curve is signi�cantly

larger than for the one-dimensional pro�les. The thermodi�usive instabilities spread

the burning across a wider range of� values. Although the magnitude of the source

terms is di�erent, they share roughly the same shape until case D. After case D, the

pro�les start to resemble the unity Lewis pro�le more closely. This change in the

shape of the source term is consistent with the decrease in the burning e�ciency of

Fig. 3.11. The change of the mean �ame structure conditioned on di�erent progress

variables has also been noted by other researchers [34, 20].

To quantify this evolution, Fig. 3.14 shows the evolution of the peak source term and

its location versus Karlovitz number. The magnitude is found to increase until case

D, where it reaches a steady value, slightly above that of the unity Lewis number

�amelet. Similarly, the location of the peak source term shifts to reach the value of

the one-dimensional unity Lewis number �ame. This asymptoting to the unity Lewis

number values at high Karlovitz numbers is the result of the gradual disappearance

of di�erential di�usion e�ects and was also observed in hydrocarbon �ames [31].

(a) Maximum value

(b) Location of maximum

Figure 3.14: Peak normalized conditional mean progress variable source term (a)
and its location in progress variable space (b).
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3.5.2 Flame curvature

The curvature is calculated as the divergence of the normal vector:

^ = �r � n = r �
r �
jr � j

(3.25)

where the curvature is positive when the center of curvature is located in the burnt

mixture. Similar to Day et al. [108], the curvature is calculated everywhere in the

domain, and then sampled at an isosurface of interest, in this case,� ?40:.

(a) E�ect of Karlovitz number (b) E�ect of integral length scale ratio

Figure 3.15: Probability density function of the normalized curvature, sampled at
� ?40:.

The probability density function of the curvature, normalized by;� , and sampled at

� ?40: is shown in Fig. 3.15. Overall, the pro�les are skewed slightly towards negative

curvature, which is consistent with Lapointe and Blanquart [43]. As the Karlovitz

number is increased, the peak drops by more than a factor of 2, and the variance is

increased. The turbulence introduces �uctuations at smaller scales, which in turn

increases the curvature. In contrast, the e�ect of the integral length scale (shown

in Fig. 3.15b) is much less severe. The distribution narrows slightly with a higher

peak value as the integral length scale is increased. This observation re�ects the

negligible impact of the integral length scale/domain size on the geometry of the

�ame front (at a �xed Karlovitz number).

The spread of the curvature probability density function is measured by the standard

deviation,f ^, which is shown in Fig. 3.16. The laminar reaction zone thickness,

X, is de�ned as the distance over which the fuel consumption rate exceeds 5%

of its maximum value. The trends are similar to those observed by Lapointe

and Blanquart [43], although the magnitudes are systematically higher, indicating
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relatively smaller radii of curvature compared to hydrocarbon �ames at the same

reaction zone Karlovitz numbers. The standard deviation appears to scale with a

quantity which lies between the reaction zone thickness and the Kolmogorov length

scale.

(a) Normalized by reaction zone thickness

(b) Normalized by Kolmogorov length scale

Figure 3.16: Standard deviation of the curvature probability density function at
� ?40:, normalized by the reaction zone thickness (a) and Kolmogorov length scale
(b). Black symbols represent full transport cases, red symbols represent no Soret
cases, and open symbols represent unity Lewis cases.

3.5.3 Propagating surface vs. material surface

To provide insight into the evolution of the �ame front, we follow the analysis of

Yeung et al. [111] which considers a �ame front as an in�nitely thin propagating

surface with an intrinsic propagation speed. As turbulence is introduced, a compe-

tition arises between self-propagation and �ow-induced motion. Initially, the �ame
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front behaves as a propagating surface and can respond to the turbulence-induced

curvature. However, once turbulence is increased beyond a certain point, the �ame

acts as a material surface, convected by the �ow and unable to control its shape. At

this point, the geometry of the �ame front is independent of �ame quantities and

scales purely with turbulence quantities. For stable �ames, the transition between

propagating and material surfaces is characterized by the ratio of the propagating

velocity, ( 0
! , and the Kolmogorov velocity scale,D[ . This was discussed in detail by

Savard and Blanquart [30], who found that reaction zones under intense turbulence

�elds behave as material surfaces for=-heptane/air �ames.

Figure 3.17: Ratio ofD?40:•D[–Xfor the �ames in this paper, illustrating the transition
between propagating versus material surface behaviour.

The extension to highly turbulent, unstable, lean hydrogen/air �ames requires more

discussion. First, there is no unique propagation speed as the thermodi�usive

instabilities cause any laminar �ames to have a local propagation speed varying

from close to zero (local extinction) up to several times( ! (for LAM case) [112].

Second, as the Karlovitz number increases, the �ame may not be assumed to be

in�nitely thin. For these reasons and since we are interested in the propagation of a

surface located at the reaction zone, we chooseD?40:, the gas velocity at the peak

source term from the one-dimensional laminar �ame. The Kolmogorov velocity,

D[–X =
�
a?40:Y0

� 1•4, is calculated using the viscosity at the peak source term from

the one-dimensional laminar �ame.

The ratio is shown in Fig. 3.17. The ratio for case A is higher than one, indicating

that the �ame is expected to behave as a propagating surface. In this case, the

intrinsic instability of the �ame is expected to have a large contribution to the �ame

geometry. As the Karlovitz number is pushed higher, the ratio drops to be much less

than one, indicating that turbulence is expected to have the dominant e�ect on the

�ame geometry.
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The e�ect of laminar instabilities on the propagation of turbulent �ame fronts

was presented in the analytical study of Chaudhuri et al. [107] and con�rmed

experimentally for thermodi�usively unstable �ames by Liu et al. [106]. One of

the key metrics of interest is the ratioD0• ( ! . When this ratio is greater than one, it

indicates that turbulence �uctuations are larger than the natural propagation speed,

and turbulence e�ects are expected to have a stronger e�ect compared to laminar

e�ects. In the wrinkled �amelet regime, the propagation is dictated by cellular

instabilities, and in the thickened �amelet regime, the propagation is dictated by

turbulence. The �ames in this paper (see Tables 3.2 and 3.3) are within the region

where turbulence e�ects are expected to dominate over laminar e�ects, and this

agrees with the results of Fig. 3.17.

3.5.4 Chemical source term

The two-dimensional mean source terms conditioned on� and ^ are shown in

Fig. 3.18. As the Karlovitz number is increased, the mean source term is spread

over a larger range of̂ values. The e�ect of curvature on the source term appears

to be diminishing with increasing 0 D. To quantify this e�ect, Fig. 3.19 shows the

mean source term conditioned on^ at � ?40:. As the Karlovitz number is increased,

the source term pro�le becomes �atter. Critically, the pro�les asymptote towards

the dashed line, which represents the peak source term from a one-dimensional

unity Lewis �ame normalized by that of the full transport �ame. These �gures show

clearly that the e�ect of curvature is becoming less pronounced, which is consistent

with the observation that di�erential di�usion e�ects are being dampened by the

turbulence. In the limit of in�nite Karlovitz number, it is expected that the e�ective

Lewis number is unity [19], and the source term would become fully independent

of curvature [75].

3.6 A priori assessment of/ -� tabulation

In Section 2.2, one of the proposed methods for chemistry tabulation was a two-

equation model based on the progress variable,� , and a mixture fraction-like

variable, / . In this section, we study the conditional statistics of local �ame

geometry and chemistry e�ects. The validity of the two-equation parameterization

of the �ame is discussed for the wide range of Karlovitz numbers in the present

simulation database. The analysis is important in addressing the LES modelling in

Chapter 5.
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Figure 3.18: Normalized two-dimensional mean source termh ¤l � j�– ^ i• ¤l 1�
�–<0G.

3.6.1 Local equivalence ratio �uctuations

Di�erential di�usion causes local focusing and defocusing of the species di�usion

�ux, resulting in �uctuations of the local equivalence ratio. These �uctuations can

be characterized by the mixture fraction, which is de�ned for a one-step irreversible



54

Figure 3.19: Mean source term conditioned on� ?40: and ^. The dotted line
represents¤l 1�–!4

�–?40: • ¤l 1�
�–?40: .

chemical reaction as [58]:

/ <8G=
a. � � . $ ¸ . $–2

a. �–1 ¸ . $–2
(3.26)

wherea is the mass stoichiometric ratio,. $–2 is the oxidizer mass fraction in air,

and. �–1 is the fuel mass fraction of the fuel stream. In this work,. $–2 = 0•232,

. �–1 = 1, anda = 8. . $ and. � represent the local oxidizer and fuel mass fractions.

The joint probability density functions of/ <8Gand � for the di�erent Karlovitz

number cases at� • ;� = 1 are shown in Fig. 3.20. The black solid lines repre-

sent one-dimensional conditional means,h/ <8Gj� i . For reference, the blue dotted

lines represent the nominal one-dimensional �amelet (q = 0•4), and the minimum

�amelet representing the lean �ammability limit (q = 0•25). The black dashed line

represents the physical limit of/ <8Gversus� for fully burnt conditions from the

conservation of mass. Based on the assumption of one-step chemistry, the following

relations can be derived [98, 33]:

. � = . �–1/ <8G�
�

a ¸ 1
(3.27)

. $ = . $–2 ¹1 � / <8Gº � �
� a
a ¸ 1

�
(3.28)

For lean �ames,. � = 0 at the maximum value of� . The physical bound is thus

determined by/ <8G= � • ¹a ¸ 1º. In Fig. 3.20, it can be seen that the distribution of

/ <8Gand� show some violation of both the minimum �amelet and fully burnt limits.
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Figure 3.20: Joint probability density function,log10 ¹pdf ¹/ <8G– � ºº, of / <8Gand�
for the di�erent Karlovitz number cases. The black solid lines are mean pro�les of
/ <8Gconditioned on the progress variable,h/ <8Gj� i , the blue dotted lines represent
the nominal and minimum laminar one-dimensional �amelet solutions, and the black
dashed line represents the physical bound for equilibrium chemistry.

It is important to note that these limits are theoretical for one-step chemistry. For

detailed chemistry, the limits are also veri�ed under thermodynamic equilibrium, for

example, one-dimensional laminar �ames. However, for thermodi�usively unstable

�ames, the values can go temporarily beyond the nominal limits. Values of� ¡ � 1�
<0G
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represent superadiabatic burning. The only way for superadiabatic burning to occur

is if there is a higher than nominal concentration of fuel. This is re�ected in the

increase of/ <8Gpast� 1�
<0G.

As the Karlovitz number is increased, the jPDF becomes less spread across/ <8G,

and becomes more uniform across the values of� . The conditional mean pro�les,

h/ <8Gj� i , are also shown in black solid lines, and exhibit similar trends. For case

A, the pro�le of / <8G�rst decreases to a minimum before increasing to the nominal

value at� = � 1�
<0G. The magnitude of the dip is gradually reduced as the Karlovitz

number is increased. For case F, the conditional mean is almost constant with respect

to � . These trends clearly outline the diminishing impact of di�erential di�usion at

high Karlovitz numbers.

Figure 3.21: Mean of/ <8Gconditioned on the �ame curvature,^. The dashed line
represents the nominal value of/ <8Gfor a q = 0•4 hydrogen �ame.

Because the local di�erential di�usion e�ects are strongly related to the �ame

geometry, it is also of interest to quantify the e�ect of �ame curvature. Figure 3.21

shows the mean of/ <8Gconditioned on̂ . In regions of negative curvature, the

burning is inhibited; this is characterized by values of/ <8Gwhich are lower than

nominal, indicating leaner fuel mixtures. In regions of positive curvature, the

burning is enhanced due to the di�usion focusing e�ect; in these cases, the value

of / <8Gis higher than nominal, indicating richer fuel mixtures. The e�ect is more

pronounced at lower Karlovitz numbers, with case A exhibiting the largest deviation

from nominal. The discrepancy is larger for negative curvatures than for positive

curvatures. This could be related to the fact that high negative curvatures have more

prominent consequences, as the �ame can be extinguished in these regions. As the
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Karlovitz number is increased, the di�erences decrease in magnitude. The results

clearly show that di�erential di�usion e�ects become increasing less impactful as

the Karlovitz number is increased.

3.6.2 Chemical source term

As discussed previously, the local equivalence ratio �uctuations, represented by

/ <8G, are closely related to the �ame curvature (see Fig. 3.21). To investigate the

e�ect of / <8Gon the source term, the two-dimensional conditional mean source term,

h ¤l � j�– / <8Gi , is plotted in Fig. 3.22. The source term has a strong dependence on

/ <8G, which is the basis for the development of two-equation tabulated chemistry

models [58, 33]. This dependence has also been outlined by Berger et al. [28] for a

slot burner. Although the dependence of the source term on/ <8Gis clear, its shape

and magnitude qualitatively appear consistent as function of Karlovitz number. The

exception is in unrealized conditions. For example, because case A has smaller

curvatures (see Figs. 3.15 and 3.18), it does not reach the same magnitude of/ <8G

compared to the higher Karlovitz numbers, and as such, the source term is zero in

these regions. This observation is in contrast to the dependence of the source term

on the �ame curvature (see Fig. 3.18), which exhibits a change in magnitude and

shape as the Karlovitz number is increased.

For further comparison, Figs. 3.23 and 3.24 show one-dimensional cuts of the

two-dimension mean at given values of� and/ <8G, respectively. At intermediate

and large values of the progress variable, the conditional means collapse as a

function of/ <8Gregardless of the Karlovitz number (Fig. 3.23c and d). Similarly, for

intermediate and large values of/ <8G, the conditional means collapse as a function

of � for all Karlovitz numbers (Fig. 3.24c and d). These two observations con�rm

the validity of a two-equation/ -� tabulation. Di�erence are observed in the preheat

zone (i.e., at small values of� , Fig. 3.23a) and close to the lean �ammability limit

(i.e., at small values of/ <8G, Fig. 3.24a). In these regions, the source term is almost

an order of magnitude smaller. At the peaks, the spread of the pro�les are of the

same absolute magnitude as for other regions. However, because the magnitude of

the source term is small, the spread is relatively larger. Their impact on the �ame

dynamics is expected to be minimal.

3.7 Conclusions

A series of DNS of lean premixed hydrogen/air �ames was conducted across a range

of Karlovitz numbers and integral length scale ratios. The results have been used
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Figure 3.22: Normalized two-dimensional mean source termh ¤l � j/ <8G– � i• ¤l 1�
�–<0G.

to isolate the controlling parameters in the turbulent �ame speed enhancement via

Eq. (1.6). A new general expression for the burning e�ciency is proposed, which is

based on the conditional mean source term, gradient of the progress variable, and

the percentage of superadiabatic burning.

At a given Karlovitz number, the ratio of �ame isosurface areas to the cross section

area,� ¹� º• � , increases linearly with the integral length scale ratio until� • ;� = 2,

and slightly deviates from the trend at� • ;� = 4. However, the chemical source term
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(a) � • � 1�
<0G = 0•2 (b) � • � 1�

<0G = 0•5

(c) � • � 1�
<0G = � ?40: • � 1�

<0G (d) � • � 1�
<0G = 1

Figure 3.23: Pro�les of the two-dimensional condition mean,h¤l � j/ <8G– � i at given
values of� .

conditioned on the progress variable does not show signi�cant di�erences. As such,

the �ame speed enhancement can be fully attributed to an increase in the �ame area.

At a given integral length scale ratio,� • ;� , the turbulent �ame speed, �ame area, and

burning e�ciency all increase with the Karlovitz number before decreasing. These

can be explained by the gradual disappearance of di�erential di�usion e�ects. As

the Karlovitz number is increased, the shape of the mean chemical source term

approaches that of the one-dimensional unity Lewis number �ame, indicating that

the relative importance of di�erential di�usion e�ects is lower. Consequently,

the thermodi�usive instabilities are also dampened, causing a reduction in the

�ame area. The �ames are shown to behave as a material surface, indicating

that turbulence controls the �ame front propagation, and not large-scale laminar

instability structures. At the small scales, the curvature of the �ame front scales
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(a) / <8G = 0•008 (b) / <8G = / 1�
<8G

(c) / <8G = 0•015 (d) / <8G = 0•02

Figure 3.24: Pro�les of the two-dimensional condition mean,h¤l � j/ <8G– � i at given
values of/ <8G.

with a quantity that lies between the reaction zone thickness and the Kolmogorov

length scale.

Although the qualitative observations do not change when Soret e�ects are ne-

glected, the inclusion of Soret di�usion results in an increase of the mean �ame

speed by about 35% for case A to 15% for case C. The associated increase in the

burning e�ciency is approximately 10%.
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C h a p t e r 4

IMPACT OF SORET DIFFUSION ON THE EFFECTIVE SPECIES
LEWIS NUMBER MODEL IN PREMIXED TURBULENT

FLAMES

Savard and Blanquart [19] extracted the e�ective Lewis numbers from turbulent

hydrogen/air �ames to predict the �ame structure from a DNS dataset. However, the

dataset had no Soret di�usion, and was conducted at a small integral length scale.

The objective of this chapter is to extend their analysis to include Soret di�usion

and integral length scale e�ects using the DNS data obtained in Chapter 3.

The chapter is organized as follows. Section 4.1 discusses the mean �ame struc-

ture and associated modelling framework. Section 4.2 extracts the e�ective Lewis

numbers and compares the results to those of Savard and Blanquart [19]. A short

discussion of the results is provided in Section 4.3, followed by conclusions in

Section 4.4.

4.1 Average �ame structure

In this work, we are interested in the �ame structure, de�ned as the average species

pro�les versus temperature. Results from the DNS will be presented, and their

relationship to mean equations will be discussed.

4.1.1 Conditional fuel mass fraction pro�les

The spatio-temporal mean of the fuel mass fraction conditioned on temperature,

h. H2 j) i , for each turbulent �ame is shown in Fig. 4.1. Two limiting one-dimensional

�amelet solutions are shown which bound the current results, one with full mixture-

averaged transport including thermodi�usion, and one with unity Lewis numbers

and no thermodi�usion. In this work, laminar �amelet solutions are obtained using

FlameMaster [17].

Figure 4.1a shows the e�ect of Karlovitz number on the fuel mass fraction pro�le.

It is important to note that the three-dimensional laminar case (LAM) is o�set from

the one-dimensional solution, indicating that the three-dimensional thermodi�usive

instabilities a�ect the overall �ame structure. As the Karlovitz number is increased

(from A to F), the pro�les move closer towards the unity Lewis number pro�le and
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(a) E�ect of Karlovitz number

(b) E�ect of integral length scale

Figure 4.1: Conditional mean pro�les of hydrogen mass fraction against tempera-
ture.

become more linear. Turbulent mixing enhances di�usion, leading to a decreased

relative importance of molecular di�usion. This transition was quanti�ed for tur-

bulent hydrogen/air �ames without Soret e�ects by Savard and Blanquart [19], and

the phenomenon has been reported subsequently by other authors [20].

Figure 4.1b shows the e�ect of integral length scale on the fuel mass fraction

pro�le for a given Karlovitz number. CasesC1 andC2 are overlapping and almost

indistinguishable. CaseC0•5 lies slightly closer to the unity Lewis number solution,

although the di�erence is minor. These results indicate that turbulent �uctuations

smaller than the �ame thickness have a more signi�cant impact in disrupting the

�ame structure than turbulent eddies larger than the �ame thickness.

4.1.2 Mean equations

The �ame structure is controlled by the temperature and species equations, Eqs. (2.3)

and (2.4). To facilitate the analysis, it is desirable to reduce these equations to their
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main controlling parameters.

The species di�usive �ux, originally expressed in terms of the mole fraction,- 8,

may be rewritten as:

j8 = � d� 8r . 8 � d� 8. 8
r ,
,

� � )
8

r )
)

¸ d. 8u2 (4.1)

Savard and Blanquart [19] conducted a budget analysis of the species transport

equation using a one-dimensional laminar �ame. The terms corresponding to the

gradient of the molecular weight and correction velocity were found to be negligible

in comparison to the other terms, and will thus be dropped in the present analysis.

Although they did not account for Soret di�usion, other researchers have shown that

the di�usive �ux due to temperature gradients is signi�cant, particularly for light

species such asH andH2 [44]. Savard and Blanquart [19] also conducted a budget

analysis of the temperature equation. They showed that the dominating terms were

the advection, di�usion, and source term of temperature.

To analyze and quantify the e�ect of turbulence on the mean �ame structure, we

consider the Reynolds-averaged Navier-Stokes (RANS) equations. Following the

simpli�cations introduced above, the Reynolds-averaged temperature and species

transport equations are written as:

mde)
mC

¸ r �
�
deue)

�
= r �

h
d ¹U¸ UCº r e)

i
¸ ¤l ) (4.2)

mde. 8

mC
¸ r �

�
deue. 8

�
= r �

h
d ¹� 8¸ UCº r e. 8¸ d� )

8 r e)
i

¸ ¤l 8 (4.3)

where the overline and tilde denote Reynolds and Favre averages respectively, and

UC is the turbulent di�usivity. The contributions of the unresolved turbulent �uc-

tuations are modelled through the use of turbulent mass and thermal di�usivities.

Consistent with the observation from Fig. 4.2, the turbulent di�usivity for species

and temperature are assumed to be equal, implying a unity turbulent Lewis number.

From Eqs. (4.2) and (4.3), e�ective Lewis numbers can be identi�ed for each species

as:

Le8–e� =
U¸ UC

� 8¸ UC
=

1 ¸ k
1•Le8¸ k

(4.4)

wherek = UC•U. Note that the turbulent di�usivity is assumed to enhance the

thermal and mass di�usivity equally, implying a unity turbulent Schmidt number.

In the limit of in�nite UC, the e�ective Lewis numbers tend to unity, such that
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there are no more di�erential di�usion e�ects. This model was proposed �rst by

Peters [98] and validated later by Savard and Blanquart [19]. However, in their

work, neither considered the impact of Soret di�usion.

4.2 E�ective Lewis numbers

In this section, we present a detailed discussion on the derivation and extraction of

the e�ective Lewis numbers.

4.2.1 Preliminary observations

Savard et al. [113] pointed out that the structure of a one-dimensional laminar

premixed �ame ofn-heptane/air does not change when all species and thermal

di�usivities are changed by the same factor. To show this remains true even in

the case of hydrogen/air �ames where there is signi�cant preferential di�usion,

Fig. 4.2a shows theH2 mass fraction pro�le as a function of temperature from one-

dimensional �amelet solutions. The magnitudes of all� 8 andU were multiplied

by a factor of 0.1 and 10, e�ectively maintaining the same species Lewis numbers.

The thermodi�usion coe�cients, � )
8 , were also adjusted accordingly to maintain

the same relative e�ect.

The corresponding laminar �ame speeds,( ! = 6•46–19•8–64•6 cm/s, are altered

by a factor of
�
� 8• � 8–0

� 0•5, consistent with theoretical scalings [113]. However,

there is no distinguishable change in the �ame structure. This indicates that the

magnitude of the di�usivities does not control the �ame structure. Changes to the

�ame structure must be attributed to varying Lewis numbers.

Finally, it should be noted that both species and thermodi�usion coe�cients vary

through the �ame, and as such, their ratios (i.e., the Lewis numbers) may not be

constant. Figure 4.2b shows the �ame structures obtained with mixture-averaged

transport and Soret, constant Lewis number and Soret, and mixture-averaged without

Soret. The results highlight the importance of including Soret di�usion as it lowers

the fuel mass fraction pro�le in the preheat zone. In contrast, the results show that

using constant Lewis numbers for each species is su�cient to reproduce the �ame

structure [114].

4.2.2 E�ective Soret di�usion

Quantifying the reduction of thermodi�usion as turbulent mixing increases requires

more attention. The temperature equation, Eq. (4.2), recovers the same functional

form as the one-dimensional laminar �ame when the spatial coordinate and velocity
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(a) E�ect of di�usivity magnitude

(b) E�ect of Soret di�usion

Figure 4.2:H2 mass fraction pro�les from one-dimensional �at �ames.

are both rescaled by
p

1 ¸ k . In other words, the thermal di�usivity in Eq. (4.2)

becomesU. Performing the same rescaling in the species equations, Eq. (4.3), the

molecular di�usion coe�cient becomesU•Le8–e� and the thermodi�usion coe�cient

becomes� )
8•¹ 1 ¸ k º. Practically, the original Lewis numbers are replaced by their

e�ective values, and the thermodi�usion coe�cients are reduced by¹1 ¸ k º.

4.2.3 Extraction of the e�ective Lewis numbers

The identi�cation of the e�ective Lewis numbers follows the procedure outlined

by Savard and Blanquart [19] with one important di�erence: the e�ective Lewis

numbers of all species are modi�ed according to Eq. (4.4). The Soret di�usion

coe�cients are proportionally scaled down by a factor of1•¹ 1 ¸ k º. The mass

fraction pro�les from the DNS and �amelet solutions are both interpolated onto

the same uniform grid in temperature space for comparison. The! 2-norm of the

error between the conditional mean ofH2 from the DNS and the laminar �amelet

is minimized. The vectorLee� containing all species e�ective Lewis numbers is
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identi�ed according to:

Lee� = argmin
Le�

1
#

#Õ

==1

�
. H2 ¹Le� – )=º � . �#(

H2
¹) =º

� 2
(4.5)

whereLe� is obtained from Eq. (4.4), and# is the number of points.

In their work, Savard and Blanquart [19] indicated that in the limit of no turbulence,

the e�ective Lewis numbers should asymptote to the one-dimensional laminar Lewis

numbers. However, case LAM is the true limiting case of no turbulence. As

such, the Lewis numbers used in Eq. (4.4) should be those of case LAM. As

mentioned previously, the fuel mass fraction pro�le for case LAM in Fig. 4.1a

deviates strongly from the full transport one-dimensional laminar pro�le due to

the presence of thermodi�usive instabilities. In other words, the Lewis numbers

necessary to reproduce the average �ame structure of case LAM are not those of the

one-dimensional �at �ame. The e�ective Lewis numbers for this case are identi�ed

�rst and are provided in Table 4.1, along with the one-dimensional laminar values

for reference.

Table 4.1: Species Lewis numbers.

Species Le1D
8 LeLAM

8
N2 1•391 1•231
H 0•190 0•260
O2 1•449 1•260
O 0•734 0•805
OH 0•744 0•813
H2 0•312 0•405
H2O 0•833 0•882
HO2 1•201 1•126
H2O2 1•229 1•142

4.2.4 Results

Figure 4.3 shows the e�ectiveH2 mass fraction pro�les of �ames A and F obtained

following the method outlined in Section 4.2 with and without Soret di�usion.

Including Soret di�usion is necessary to obtain the correct shape of


. H2 j)

�
. Since

Soret di�usion is driven by a temperature gradient, the amount ofH2 di�using

into the preheat zone is decreased compared to the case with no Soret di�usion

calculated at the same e�ective Lewis number. Consequently, the pro�le with no

Soret di�usion overestimates the fuel mass fraction in that region. This e�ect is

more pronounced for the lower Karlovitz numbers. As the turbulence is increased,
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the relative impact of Soret di�usion is reduced. For case A,LeH2–e� = 0•47 and

1•¹ 1 ¸ k º = 0•769. For case F, the Lewis number is increased toLeH2–e� = 0•922

and1•¹ 1 ¸ k º = 0•043, signi�cantly reducing the e�ect of Soret di�usion.

Figure 4.3: Structure of theH2 mass fraction pro�les for cases A and F. Correspond-
ing �amelet solutions with (dashed) and without (dash dot) Soret di�usion are also
shown at the same e�ective Lewis numbers.

The extracted values ofk = U) •Uare shown in Fig. 4.4. As expected, the magnitude

of the turbulent di�usion coe�cient increases as the Karlovitz number increases.

Savard and Blanquart [19] proposed a Karlovitz number model which takes the

form:

LeKa
8–e� =

1 ¸ 0 Ka
1•Le8¸ 0 Ka

(4.6)

where0 is a proportionality coe�cient which was adjusted to �t the data. They

proposed two alternative exponents onKa in Eq. (4.6) based on length scale (Ka2•3)

or timescale (Ka2) arguments. From Fig. 4.4 it can be seen that the best agreement

is with the exponent of one. However, the 2/3 exponent also shows good agreement,

especially at the lower Karlovitz numbers.

The corresponding e�ective Lewis numbers ofH2 as a function of Karlovitz number

are shown in Fig. 4.5. The e�ective Lewis number increases with Karlovitz number,

starting from the LAM value and ultimately plateauing at unity. The integral length

scale has virtually no impact on the extracted e�ective Lewis numbers, lending

support for the argument that the turbulent di�usivity is largely controlled by eddies

on the order of the �ame thickness. Stated di�erently, only turbulent �uctuations on
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Figure 4.4: Value ofk versus Karlovitz number obtained from �tting �amelets.
CasesC0•5 (diamond) andC2 (square) are also shown.

a length scale smaller than the �ame thickness may contribute to altering the overall

�ame structure.

The data also shows strong agreement with the results of Savard and Blanquart [19],

obtained using DNS results of turbulent �ames without Soret di�usion. Soret

di�usion has been shown to enhance the development of cellular structures due

to thermodi�usive e�ects [26], and result in markedly di�erent mean pro�les.

However, when properly accounted for, Soret di�usion does not have an impact

on the e�ective Lewis number model.

4.3 Discussion

The e�ective Lewis numbers have an impact on the e�ective one-dimensional lami-

nar �ame speed and thickness, ranging from( ! = 0•206to0•410m/s and;� = 0•683

to 0•375 mm for full transport and unity Lewis number, respectively. Naturally,

calculating the Karlovitz number using the nominal values of( ! and ;� leads to

overpredicted values compared to using the e�ective values, as shown in Fig. 4.6. As

the Karlovitz number increases, the laminar �ame thickness decreases and the lam-

inar �ame speed increases, leading to an overall decrease of the e�ective Karlovitz

number experienced by the �ame. At the highest tested Karlovitz numbers, the

e�ective Karlovitz number is smaller by a factor of more than three.

Based on a matched asymptotic analysis using one-step chemistry, the fuel Lewis
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