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ABSTRACT

Ever more powerful and densely packed chips for applications like cryptocurrency mining
and artificial intelligence generate such enormous heat fluxes that designers are pivoting from
gas to liquid cooling to forestall damage from thermal runaway. Even with optimal flow
patterns however, the intrinsic thermal boundary resistance at the liquid/solid (L/S) interface
poses an additional source of thermal impedance. There is a lingering misconception in the
field that the higher the liquid contact density, the more frequent the L/S collision rate and
the smaller the thermal slip length. Here we present an insightful counterexample based
on non-equilibrium molecular dynamics simulations of a classical liquid confined between
different facets of a face centered cubic crystal held at different temperature. We have
conducted a comprehensive study to quantify thermal exchange and propagation across the
interface by varying the L/S interaction energy, L/S repulsive distance, facet orientation,
thermal flux and local temperature with particular emphasis on the properties of the liquid
contact layer (i.e., liquid monolayer adjacent to the solid surface). Numerous static and
dynamic quantities characterizing the contact layer reveal the ways in which long range
order, anisotropy of the L/S potential and correlated motion act to reduce the thermal slip
length. Systems with the smallest thermal slip length exhibit two distinct features: 2D caged
motion with string-like alignment of liquid particles unlike that observed in glassy systems
and larger non-ergodicity parameter but shorter, not longer, caging times.

These simulations have revealed two master curves which help unify the various influences
at play. The first relation directly links the thermal slip length to the temperature modified 2D
static structure factor representing long-range order in the contact layer. The second relation
directly links the thermal slip length to the temperature modified dominant frequencies of the
first solid and liquid layer as extracted from the density of states. These correlations, which
represent power law dependencies, offer a new paradigm for the design of L/S interfaces to
maximize thermal exchange across a classical L/S interface.
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C h a p t e r 1

INTRODUCTION

1.1 Background

Phononic thermal transport through an interface between two dissimilar materials is under-

mined by a thermal jump� ) which deteriorates the e�ective thermal gradient applied to the

system. This thermal jump is known to result from the thermal boundary resistance (TBR)

or Kapitza resistance de�ned as [30]

R =
� I

� )
– (1.1)

where� I is a thermal �ux in the direction normal to the interface. TBR is often considered

to play critical roles in heat dissipation across the interface, especially when the system size

is small. In analogue of the velocity slip length which describes the momentum transfer

across a liquid/solid (L/S) interface, the characteristic length scale known as the thermal

slip length! ) is often used to quantify TBR as follows:

! ) = : ¹) ºR =
� )

�
�3) •3I

�
�
;8@

• (1.2)

Here,: ¹) º the local thermal conductivity andj3) •3I j;8@is the thermal gradient in the bulk

liquid region obeying the Fourier's law:

� I = : ¹) º
�
�
�
3)
3I

�
�
�
;8@

• (1.3)

A simple illustration in Fig. 1.1 schematically shows that! ) is the distance within the solid

where the linear extrapolation of the liquid temperature pro�le matches the solid temperature

at the interface. Physically, the thermal slip length represents the thickness of a liquid �lm

that covers the temperature di�erence equivalent to the thermal jump induced by TBR.

The newest generation of integrated chips for machine learning and arti�cial intelligence

generate enormous power densities, so much so that the extraction of waste heat is now

considered the limiting factor in information processing. Without rapid extraction of waste

heat, densely packed chips easily malfunction from hot spot formation and subsequent ther-

mal runaway. Early studies of heterogeneous bipolar transistors, for example, indicated how

current or voltage instabilities generate thermal runaway from rapidly increasing junction

temperatures [39]. For this reason, the newest generation of compact chips designed for

power intensive applications such as data mining and machine learning require single phase
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Figure 1.1: Schematic diagram (not drawn to scale) illustrating the de�nition of the thermal
slip length [Eq. (1.2)]. With this de�nition, the extent of the interfacial region is intended
to be in�nitesimally small in comparison to the thickness of the adjacent solid and liquid
layers.

liquid cooling. The switch from gas to liquid cooling [79], which relies on circulation of a

coolant through a network of embedded micro�uidic channels has proven fairly successful

in this regard. Even for optimal circulation patterns, however, thermal extraction remains

suboptimal due to the intrinsic thermal boundary resistance at the L/S interface, which must

be overcome for optimal performance.

1.1.1 Predictions of thermal boundary resistance at cryogenic temperatures

Researchers long ago developed two main models for predicting TBR at cryogenic temper-

atures for systems in which phonons are the dominant heat carrier. The acoustic mismatch

model (AMM) assumes specular re�ection of phonons at the interface, somewhat akin to

specular re�ection of electromagnetic waves described by the Fresnel equations. This ide-

alized model overestimates TBR in some systems by over two orders of magnitude, e.g.,

Fig. 1 in Ref. [69]. Interesting, it also predicts a �nite value of TBR for two identical

contacting media by virtue of the fact that the interface introduces a discontinuity [69].

The di�use mismatch model (DMM), which tends to underestimate TBR, assumes all inci-

dent phonons undergo scattering at the interface. Generally then, the smaller the acoustic

impedance mismatch of the two adjoining materials or the fewer number of surface defects,

the smaller the degree of phonon scattering and the smaller the valueR, e.g., Fig. 14 in

Ref. [69]. Both the AMM and DMM model su�er from the limitation that the input values

to R rely exclusively on material constants characterizing the adjoining media and therefore

don't incorporate consideration of the interfacial bonding energy or surface defects. De-

spite these shortcomings, however, at low temperatures below about 30 K, the predictions

they yield o�er reasonable estimates for solid/solid (S/S) systems when treated to minimize

surface defects and pressed together tightly to minimize voids and asperities [70]. Closer

to room temperature however, where inelastic phonon scattering and other surface e�ects
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play a signi�cant role, neither model provides a reliable estimate ofR. Researchers have

recently introduced a "phonon model of thermodynamics," an equilibrium based concept

able to predict with surprising accuracy over a wide range in temperature and pressure the

speci�c heat of many liquids ranging from noble and metallic to hydrogen-bonded �uids

[8]. Whether elements of this successful model can perhaps be extended to non-equilibrium

systems maintaining a thermal gradient remains to be seen.

1.1.2 Necessity of non-equilibrium molecular dynamics simulations

There exist but a few experimental techniques for measuring TBR or! ) at interfaces in

microscale systems due to limitations in resolution and restrictions on the thermal penetration

depth of the heat source. Although improvements are underway to enhance measurement

sensitivity of the thermal slip length at S/S [88] and L/S [91] interfaces, the latter is

particularly challenging at non-cryogenic temperatures. Researchers have therefore come to

rely heavily on particle-based simulation methods for quantifying thermal exchange across

the L/S barrier. In particular, non-equilibrium molecular dynamics (NEMD) simulations are

well poised to o�er solutions to this challenge. The intermolecular potential of choice for a

spherically symmetric two-body interaction of simple neutral particles is the Lennard-Jones

(LJ) potential, which has allowed highly accurate predictions of thermophysical values for

gaseous, liquid and solid argon. The LJ potential scales asY* ¹A• f º, whereY is the inter

particle interaction energy,* is the potential function,Ais the particle separation distance and

f is the approximate repulsive distance (sometimes called the particle diameter). According

to the principle of corresponding states [24], the thermodynamic, structural and dynamic

behavior of many other liquids and solids can also be modeled by the LJ potential by di�erent

choice ofY andf - hence, the ubiquitous use of NEMD studies based on the LJ potential

[24].

Early NEMD benchmark studies of a bulk homogeneous isotropic �uid con�ned between

two unstructured walls at di�erent temperature con�rmed that thermal conduction within

the interior liquid and solid is well described by Eq. (1.3) for �uid density, pressure

and temperature ranging from gas-liquid coexistence to the freezing [71] point. With this

�nding established, researchers began exploring the in�uence of the L/S interaction energy

Y!( and repulsive distance on the degree of liquid density strati�cation near a wall, a

layering phenomenon �rst detected in equilibrium systems [16, 25, 67]. The �rst and largest

oscillation in the liquid density pro�le, which always occurs next to the wall, is known

as thecontact layerand its contact densityd2 determined by the �rst liquid density peak

immediately adjacent to the L/S interface. The valued2 should not be confused with the

peak density of the contact layer, a local value signifying the maximum amplitude of the �rst

oscillation. As is common, the separation distance between the peak density of the �rst solid

and liquid layers is known as the depletion layer thickness. Subsequent studies unveiled

numerous correlations between the thermal slip length in L/S systems and parameters such
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as the LJ interaction energy [5, 42�44, 84, 90], liquid pressure [21, 50], wall surface

temperature [3, 47], wall roughness [84], wall symmetry [51, 77], liquid thickness [33],

spring constant used in popular wall-spring models [33] and more. During the last twenty

years, NEMD simulations have been extended to the study of structured �uids including

hydrogen bonded liquids and solids describing metal, dielectric and insulating material.

1.1.3 Importance of the contact layer

Somewhat analogous to the transmission and re�ection of light at the boundary separating

media of di�erent refractive index, the L/S interface also plays a signi�cant role in regulating

the transmission and re�ection of thermal energy. As �rst reported [5, 41], the stronger the

L/S interaction energy, the smaller the thermal slip length but the mechanisms responsible for

this connection are not well understood. Studies have since attributed this correspondence

to an increase in the density of adsorptive/absorptive particles in the contact layer onto

the solid surface [49, 53], which some have quanti�ed by the contact densityd2 [17, 21,

29]. Larger values of the contact density can be had by lowering the system temperature,

increasing the liquid pressure or using a denser bulk �uid. It has also been reported in

NEMD simulations of L/S systems consisting of water in contact with various orientations

of solid silicon that a higher thermal boundary conductance (i.e., lower thermal boundary

resistance) correlates closely with a smaller depletion layer thickness [59], which has been

attributed to two possible e�ects. The higher the contact densityd2, the denser the �rst

liquid layer and presumably the more frequent the collisions with the solid layer. Secondly,

the smaller the depletion layer thickness, the stronger the in�uence of the corrugations in

the solid surface potential, which presumably enhances thermal exchange. Motivated by

such �ndings, NEMD studies have tended to focus on the amplitude, number and character

of density oscillations representing the degree of liquid layering against a structured solid.

In this work we focus almost exclusively on stationary and dynamic properties associated

with the planar (2D) motion of particles within the contact layer. Subscripts2 shall refer to

particles in the contact layer and the symbolk to measurements associated with 2D motion

in the plane de�ned by the L/S interface.

1.1.4 Frequency analysis of the interfacial thermal transport

It is common to explore the underlying mechanism of interfacial thermal transport across the

L/S interface in view of vibrational modes. In particular, a classical model of phononic heat

transfer (e.g., the acoustic mismatch model [32, 69]) suggests that there exists a correlation

between TBR and overlap of density of states (the DOS; i.e., the number of vibrational

modes distributed per unit frequency) of two dissimilar materials forming the interface.

Strictly speaking, this picture is valid only at cryogenic temperatures where anharmonic

modes are nearly non-existent so that phonon scattering at the interface is perfectly specular.

Nevertheless, the concept of the DOS overlap is still widely used as a convenient tool
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for understanding vibrational dynamics driving the interfacial thermal transport. Recent

computational works have reported the correlation between the TBR and the DOS overlap not

only for S/S interfaces [75, 87] but also for L/S interfaces [9, 18, 86, 93] even though phonon

may not be a suitable as a picture of thermal energy carrier in liquids. In the meanwhile,

several computational works reported that TBR at L/S interfaces is negligibly in�uenced by

a degree of the DOS overlap [1, 83]. Therefore, there exists no universal agreement on the

extent to which the phonon-based model is applicable to thermal conduction across the L/S

interface.

1.2 Overview of our work

We preformed a series of NEMD simulations to investigate a correlation between TBR across

the L/S interface and structural/dynamical properties characterizing the liquid layering at the

interface. The simulations to be described are based on a simple monatomic liquid con�ned

between two identical crystalline walls oriented along one of three facets and whose exterior

boundaries are maintained at a given temperature di�erence. The quantities that were varied

include the macroscopic temperature di�erence applied to the system, the energy and length

parameters characterizing the L/S interaction potential, and the orientation of the crystal

lattice comprising the solid substrates. The computational details and methods of analysis

used to quantify various stationary and dynamic quantities are detailed in Section 1.3.

In Chapter 2, we �rst benchmark the system by showing how crystal facet orientation, L/S

interaction energy and contact layer temperature in�uence stationary properties such as the

liquid density pro�le, liquid contact density, temperature pro�les, thermal �ux and thermal

slip length. We then examine features of the 2D (i.e., in-plane) radial distribution function

and 2D static structure factor describing particle organization throughout the contact layer.

This is followed by examination of the 2D and 3D velocity autocorrelation function, 2D

mean square displacement and 2D self-intermediate scattering function. The discussion

in Section 2.4 focuses on the main �nding that a smaller thermal slip length correlates

positively with a larger non-ergodicity parameter but shorter � not longer � caging time.

In Chapter 3, we �rst examine the vibrational modes that contribute to energy exchange

between the liquid and solid particles by computing the spectral heat �ux [Eq. (1.17)]

decomposed into the in-plane (i.e., along theG- andH-axes) and out-of-plane (i.e., along the

I -axis) components. We then analyze heterogeneous dynamics in the contact layer using

NGP given by Eq. (1.14) to extract characteristic times for the short-time ballistic motion

and subsequent caging motion. The frequencies corresponding to these characteristic times

are used to analyze the frequency range where the normal modes in the contact layer are

most abundant. Then, we analyze the DOS of the �rst liquid and contact layers to quantify a

degree of overlap between the distributions and study its impact on TBR. Finally, we propose

a master curve relation for TBR in terms of contact layer temperature and L/S frequencies.
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In Chapter 4, we used non-equilibrium molecular dynamics (NEMD) simulations to study

thermal transport in a simple monatomic liquid con�ned between two crystalline walls whose

exterior layers are maintained at di�erent temperatures. By varying the energy parameter

(wettability) and length parameter (repulsive distance) characterizing the L/S interaction

and the temperature di�erence imposed on the system, we observed correlations between

the thermal jump or thermal slip length and structural properties of the contact layer and

analyzed their dependence on the local temperature at the interface. We argue that common

descriptions of the contact layer including the contact density and depletion layer thickness

cannot serve as a single unifying descriptor re�ecting the e�ect of simultaneously changing

the length and energy parameters on TBR. As an alternative, the 2D static structure factor was

used to quantify a degree of spatial commensurability between the contact layer and surface

potential of the adjacent solid. In the context of the �uid velocity slip at solid surfaces, the

static structure factor has proven useful to understanding the momentum transfer across L/S

interfaces [57, 74], but its signi�cance in thermal transport has been much underestimated.

To the extent of our knowledge, no previous work has provided a quantitative description

of how in-plane liquid ordering a�ects thermal energy exchange between liquid and solid

particles. We report that a simultaneous variation of the length and energy parameters result

in a strong correlation between the thermal slip length and structure factor, suggesting that

in-plane liquid ordering in directions normal to the heat �ux plays more fundamental role

in heat transfer than simple density enhancement.

We also explored the role of harmonic vibrational coupling on the interfacial thermal

transport by computing the DOS of the contact layer and �rst solid layer. Instead of the DOS

overlap commonly employed in MD studies, we measured the ratio of peak frequencies of

the �rst solid layer and contact layer to quantify a degree of proximity between the DOS

distributions of these layers. From the result of simulations, we constructed two types of

master curve relations for the thermal slip length, the �rst expressing the thermal slip length

in terms of the peak value of the structure factor and contact layer temperature and the

second describing the correlation between the thermal slip length and peak frequency ratio.

Both master curves were con�rmed to be in excellent agreement with the measurements

simulations within the parametric range explored.

1.3 Computational details

In this section, we provide computational descriptions of NEMD simulations applying to

all projects discussed below. All physical quantities reported in this work are scaled by

the reduced units in Table 1.1. The geometry of the multilayer rectangular cell used in the

simulations is illustrated in Fig. 1.2(a) and its dimensions listed in Table 1.2.

As shown, the liquid layer was con�ned between two unthermostatted solid walls of thickness

! hs = ! cs. The centerline of the liquid layer was positioned at the coordinate origin

I = 0. Each solid layer acting as the thermal source or sink was placed in contact with
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Figure 1.2: Schematics of the computational cell employed in NEMD simulations. (a) Liquid
layer (yellow region) con�ned between two parallel solid walls (grey region) composed of
FCC unit cells. External solid layers in red and blue were maintained at thermostat source
and sink temperatures) sourceand) sink, respectively. Listed above the cell geometry are the
approximate number of FCC unit cell lengths spanning each layer. (b) Three FCC facet
orientations used in this study. Identical facet orientations were imposed on all solid layers.

a thermostatted solid of thickness! source = ! sink. All simulations were carried out with

thermostat temperatures) source= 1•3¸ � ) !0=6 •2 and) sink = 1•3� � ) !0=6 •2 where� ) !0=6

is the temperature di�erence applied between the heat source and heat sink. The values

of � ) !0=6 and other simulation parameters chosen for individual projects are provided in

Sections 2.2, 3.2, and 4.2. Migration or sublimation from the outermost boundaries of

thickness! �xed was preventing by a�xing those particle in place.

All pairwise interactions between particle pairs¹8 9º = !!– !( or (( were modeled by a

truncated and shifted 12-6 LJ potential given by

* 8 9¹Aº =

8>><

>>
:

* ¹Aº � * ¹Acº if A� Ac –

0 if A ¡ Ac

(1.4)

where

* ¹Aº = 4Y8 9

h�f 8 9

A

� 12
�

� f 8 9

A

� 6i
– (1.5)

andA = j®A8 � ®A9j denotes the particle separation distance,Y8 9 is the pairwise interaction

energy (also called the bonding strength) andf 8 9is the separation distance corresponding

to * ¹A= f º = 0. The potential cuto� radius was set toAc = 2•5. The truncated and shifted

potential guarantees there are no discontinuities in the force �eld and therefore no impulsive
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Physical quantity Numerical value

mass < � = 6•690� 10� 26 kg
length f � = 0•3405� 10� 9 m
energy n� = 165•3 � 10� 23 J
temperature ) � = n� • : � = 119•8 � K
time C� = ¹< � f � 2•n� º1•2 = 2•14ps
mass density d� = < � •¹ f � º3

pressure ?� = n� •¹ f � º3 = 41•7 N/m2

FCC edge length0� =1•560f � =5•382� 10� 10 m

Table 1.1: Symbols, numerical values and scalings for non-dimensionalization of physical
quantities based on �uid argon [27, 45, 81]. Asterisk superscripts signify dimensional
quantities. The Boltzmann constant: � = 1•380649� 10� 23 J/K.

e�ects which could otherwise in�uence particle trajectories. Additional key parameters are

listed in Table 1.1. For the range of temperature and density in this study, it was con�rmed

that the interior of the �uid layer remained a well de�ned dense liquid far from the critical

and triple point [27, 72].

Cell dimensions »001¼ »011¼ »111¼

! G 12.48 12.48 13.24
! H 12.48 13.24 13.37

! �xed (1 unit cell per end) 1.56 1.10 1.80
! source 39.00 39.71 40.53
! hs 21.84 22.06 21.17
! liq 31.20 30.89 29.72
! cs 21.84 22.06 21.17
! sink 39.00 39.71 40.53

Total length alongI axis 156.00 156.64 156.72

Table 1.2: Dimensions of the computational cell in Fig. 1.2(a) in reduced units.

To allow propagation of anharmonic modes, all solid layers were constructed using the

LJ potential in contrast to studies which utilize harmonic wall-spring models. Since the

melting temperature of an LJ solid is estimated to be) < ' Y(( •2 [68], the S/S interaction

energy was set toY(( = 10 to ensure those layers remained in the solid state throughout the

temperature range explored. At the start of each run, particles comprising all solid layers

were situated identically and arranged on the lattice sites of an FCC crystal with unit cell

edge length0 = 1•56 [6]. Each solid layer comprised an integer number of unit cells to

prevent overlap of particles along cell edges. The unit cells were oriented with their surface

normal representing the [001], [011] or [111] facet oriented along theÎ axis. Dimensions

for each orientation are shown in Fig. 1.2(b). The coordinates of the smallest reciprocal
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FCC facet : >–G : >–H

»001¼ �4•03 � 4•03
»011¼ ¹shortestº � 4•03 0•00
»011¼ ¹2nd shortestº 0•00 � 5•70
»111¼ ¹quadrantsº � 5•70 � 3•29
»111¼ ¹vertical axisº 0•00 � 6•58

Table 1.3: Set of shortest reciprocal lattice vectors (RLVs)®: > = ¹: >
G– :>Hº (in reduced

units) for three FCC facets of a real crystal lattice with unit cell edge length1•56f � .
The RLVs for [001] are¹2c•0� º¹b4G–b4Hº, for [011] are¹2c•0� º¹b4G–0º and for [111] are
¹2c•0� º¹

p
2b4G–

p
2•3b4Hº and¹2c•0� º¹0–

p
8•3b4Hº. The shortest and 2nd shortest RLVs for

the [011] facet are relevant to this study, as discussed in the text.

lattice vectors for the real space facet orientations are listed in Table 1.4. Periodic boundary

conditions were enforced along theĜandĤaxes.

The L/S interaction strength was varied in increments of 0.1 over the range0•1 � Y!( � 1•0

spanning behavior from non-wetting to strongly wetting, respectively. Di�erent values of the

thermal �ux � I were generated naturally by di�erent choices of L/S interaction parameters

(Y!( andf !( ), temperature di�erence� ) !0=6 , and crystal facet orientation. Simultaneous

measurements extracted from the colder and hotter side of the liquid layer also allowed

examination of the in�uence of local temperature on various static and dynamic quantities.

FCC facet : >–G : >–H

»001¼ �4•03 � 4•03
»011¼ ¹shortestº � 4•03 0•00
»011¼ ¹2nd shortestº 0•00 � 5•70
»111¼ ¹quadrantsº � 5•70 � 3•29
»111¼ ¹vertical axisº 0•00 � 6•58

Table 1.4: Set of shortest reciprocal lattice vectors (RLVs)®: > = ¹: >
G– :>Hº (in reduced

units) for three FCC facets of a real crystal lattice with unit cell edge length1•56f � .
The RLVs for [001] are¹2c•0� º¹b4G–b4Hº, for [011] are¹2c•0� º¹b4G–0º and for [111] are
¹2c•0� º¹

p
2b4G–

p
2•3b4Hº and¹2c•0� º¹0–

p
8•3b4Hº. The shortest and 2nd shortest RLVs for

the [011] facet are relevant to this study, as discussed in the text.

1.3.1 Temperature control

The NEMD simulations were carried out using the open source package LAMMPS [54,

73]. The equations of motion were integrated by the Verlet method [81] based on an time

integration step� C8=C= 0•002. Liquid particles, initially situated on the lattice sites of an

FCC crystal, were sequentially removed from the �uid layer until the bulk liquid density

achieved a valued1D;: � 0•84. Particles in the liquid and unthermostatted solid layers were
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initially equilibrated using a Nos�4-Hoover thermostat [28] to a temperature) equil = 1•3 for

a period105� C8=C= 200. This thermostat was then switched o� and instead two Langevin

thermostats [64] were activated in the heat source (red solid layers in Fig. 1.2) and heat sink

(blue solid layers in Fig. 1.2) to maintain their temperatures at) sourceand) sink, respectively.

Numerically, this is accomplished by replacing the Newton's equation of motion by the

following Langevin equation:

32®A8

3C2
= �

Õ

8< 9

3* 8 9¹Aº
3A

Â8 �
1

gdamp

3®A8

3C
¸ ®� stoch– (1.6)

where®A8 is the 3D spatial coordinate of particle8and ®� stoch denotes a random force vec-

tor modeled by a normal distribution of magnitude») set•¹ gdamp � C8=Cº¼1•2 with set point

temperature) set. The damping constant was chosen to begdamp = 500 � C8=C= 1•0. After

activation of the Langevin thermostats, particles were subject to an additional stabilization

period of2 � 105� C8=C= 400 to ensure steady state conditions. Particle trajectories in the

unthermostatted liquid and solid layers evolved according to Newton's equation of motion,

i.e., Eq. (1.6) without the damping or stochastic term. The motion of unthermostatted par-

ticles therefore derived exclusively from LJ interactions with neighboring particles situated

within the potential cuto� radiusA � Ac = 2•5. To ensure proper thermal calibration, it

was con�rmed that for) source= ) sink, the simulations generated a uniformly �at temperature

pro�le throughout the unthermostatted liquid and solid layers.

The thickness of the thermostatted layers! sourceand! sink, which ranged from about 39 to

40 (in reduced units), was chosen to exceed the length of a typical phonon mean free path

U so as to avoid spurious reduction in thermal boundary resistance [37]. It has been shown

that forU = 2� � gdamp � 2! B, where2� is the longitudinal speed of sound [21], phonons

generated within the thermostatted layers are dissipated before undergoing re�ection and

propagation from the outer boundary to the L/S interface. Stevens et al. [68] have reported

that the value2! for an FCC crystal is well approximated by the relation2; = 9•53
p

Y(( .

For the parameter values used in this study, namelyY(( = 10, gdamp = 1 and! B = 39, the

inequalityU = 2� � gdamp= 9•53
p

10 ' 30 � 2! B = 78•0 was well satis�ed.

Previous studies in the literature [21, 50] have examined the in�uence of liquid pressure on

the reduction in thermal boundary resistance. We con�rmed that the pressure within the bulk

liquid was very weakly dependent on FCC facet orientation and not a signi�cant contributor

to any reductions in thermal slip length measured. Speci�cally, the pressures within the

bulk liquid for Y!( = 0•1 were measured to be2•72 � 0•03»001¼, 2•78 � 0•02»011¼and

2•86� 0•02»111¼and forY!( = 1•0 were measured to be2•54� 0•02»001¼, 2•60� 0•03»011¼

and2•66� 0•03»111¼. All things equal, non-wetting �uids gave rise to a slightly higher bulk

liquid pressure, as expected. For the density and temperature range explored in this study,
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it was con�rmed that roughly90%of the bulk liquid pressure stemmed from the virial (not

kinetic) contribution.

1.3.2 Averaging procedure for time-independent quantities

After thermal stabilization was complete and a steady thermal �ux established, averages of

various time-independent quantities were carried out as follows. The motion of particles

was monitored for a total timeCtotal = 5 � 106� C8=C= 104, which was divided into ten equal

and non-overlapping subdivisions. Within each subdivision, the motion was sampled at

intervals of500� C8=C= 1•0 and so the mean values extracted from each subdivision were

based on 1000 samplings. This sampling interval was chosen based on inspection of the

velocity autocorrelation function, which decayed to zero byC= 1•0 (see Fig. 2.13). In

what follows, the reported average values and standard deviations of all time-independent

quantities, which are denoted by angular bracketsh � i, were computed by averaging the

mean values from each of the ten subdivisions.

Variation of quantities along thêI axis was obtained by partitioning the unthermostatted

liquid and solid layers into non-overlapping bins of volume! G � ! H � � I bin, where� I bin

is the bin width. A very slender bin width� I bin = 0•016 was used in computing density

pro�les hd¹I ºi to ensure resolution of spatial oscillations near the L/S interface indicative

of liquid layering. The average densityhd¹I ºi within each bin was computed from the ratio

dbin = h# bini• +bin, whereh# bini is the average number of particles within a bin. For the

values given in Table 1.2, the bin volume corresponding to each facet orientation was 2.49

for [001], 2.64 for [011] and 2.83 for [111]. In this study, the mass density and number

density are equivalent since the masses of solid and liquid particles were all set to unity.

A coarser resolution� I bin = 0•785 was used for extracting the temperature distribution

h) ¹I ºi . Too small a bin width causes excessively noisy velocity and thermal pro�les

from too small values of# bin. It was con�rmed that even for the narrowest bin width

� I bin = 0•016, h) ¹I ºi did not exhibit oscillations near the L/S interface. The average

temperature) bin within a bin was extracted from the equipartition relation

) bin =
�

1
3# bin

# binÕ

8

®E2
8

�
– (1.7)

where8denotes a particle within the bin with a (3D) velocity vector®E = ¹EG– EH– EI º. In

computing the thermal gradient within the interior liquid and solid layers and corresponding

thermal slip length, only the linear portion of the distribution) ¹I º away from the L/S

interface was �tted.

Temperature jumps at the L/S boundary were extracted from the di�erence between the

temperature pro�les linearly extrapolated from the interior solid and liquid layers evaluated

at the midpoint of the depletion layer thickness, de�ned as the distance along theÎ axis
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separating the peak values in density of the �rst adjacent solid and liquid layer. As expected,

depletion layer thickness was found to vary withY!( , facet orientation and contact layer

temperature. The thermal slip length, measured at both the hotter and colder sides of the

liquid layer, was computed from Eq. (1.2).

In what follows, thecontact layerrefers exclusively to the �rst layer ofliquid particles

immediately adjacent to the solid surface. The thickness of this layer was measured to be

the distance between neighboring minima ind¹I º bracketing the �rst oscillation in the liquid

density. This distance was evaluated unambiguously because of the distinct strati�cation in

liquid density near the L/S interface for all parameter values explored.

As discussed in later chapters, di�erent choices ofY!( and crystal facet orientation naturally

yielded di�erent values of the thermal �ux� I , which was evaluated from estimates of

� I =
1

! G � ! H

� net¹Cº
C

– (1.8)

where� net¹Cº is the net thermal input over a time intervalCthat was required to maintain the

Langevin reservoirs at the set point temperatures) sourceand) sink. It was con�rmed that� net

increased linearly in time, as required for steady state conditions. The thermal conductivity

values representing the interior liquid and interior solid layers was extracted from the ratio

: = � I •j 3) •3I j, where the thermal gradient was obtained by a least squares �t over the

linear portion of the thermal pro�le.

Steady state particle distribution patterns within the interior liquid, contact layer and �rst

crystalline layer were evaluated using the static 2D radial distribution function given by

6k¹Aº =
�

! G � ! H

# k

=pairs¹Aº

2cA� A

�
– (1.9)

where# k is the number of particles within the selected layer and=pairs is the number of

particle pairs within an annulus of radiusA� � A•2 � A� A¸ � A•2 with � A= 0•01.

Additional information about long range order within the contact layers was obtained from

the static 2D structure factor given by

( k
2¹®: º =

�
1

# 2
2

# 2Õ

?=1

exp
�
8®: � ®A?

� # 2Õ

@=1

exp
�
� 8®: � ®A@

�
�

– (1.10)

where# 2 is the number of particles in the contact layer and®: = ¹: G– :Hº is a planar wave

vector. Eq. (1.10) is normalized such that0 � ( k
2¹®: º � 1. It was con�rmed that within

statistical error, contributions from the imaginary part of Eq. (1.10) were vanishingly small.

All reported measurements in this work represent the real contribution to Eq. (1.10).
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The Voronoi diagrams were generated using MATLAB based on a randomly-selected snap-

shot of liquid particles in the contact layer. Since particles in the contact liquid layer do

not have the same z-coordinate in most cases, we considered two-dimensional Voronoi

diagrams of the projections of particle positions onto theGH-plane. For each particle in

the contact layer, the coordination number< is represented by the number of edges in the

two-dimensional Voronoi cell. To compare Voronoi diagrams across three facets and ana-

lyze their temperature and wettability dependencies, we evaluated the coordination number

distributions, i.e., the number of Voronoi cells with< -edges normalized by the total number

of Voronoi cells found in the contact layer. In current study, we obtained the coordina-

tion number distributions for< = 4–5–6 which correspond to rectangular, pentagonal, and

hexagonal cells, respectively. It will be later shown that Voronoi cells with other shapes are

rarely seen in the contact layer.

Rotational symmetry corresponding to< = 4–5–6is quanti�ed by the local bond-orientational

order parameter which is de�ned as

k < =

�
�
�
�
�

1
# 2

# 2Õ

9

1
# 9

# 9Õ

:

exp¹8<\ 9:º

�
�
�
�
�
• (1.11)

Here,< is an integer representing the rotational degree of freedom,# 9 is the number of �rst

neighbors of particle9, and\ 9: is the angle made by the line joining particle9and one of

its neighbors: with theG-axis. Here, the �rst neighbors refer to all particles located in the

�rst shell of the 2D radial distribution function Eq. 1.9.

1.3.3 Averaging procedure for time-dependent quantities

Time-dependent and correlated behavior of particles in the contact layer was based exclu-

sively on collections of liquid particles which remained within the layer throughout the

entire measurement interval. Particles which exited the contact layer but then returned were

excluded from the current analysis. For a given solid facet orientation, it was generally the

case that an increase inY!( or decrease in contact layer temperature led to longer particle

residence times.

Once steady state thermal conditions had been established, averages of time-dependent quan-

tities were carried out using the following block averaging scheme. For the �rst block, track-

ing of particle trajectories was initiated at data collection timesC> = ¹0–10–20– • • • –475–000º�

� C8=Cthen subsequently sampled at short intervals10� C8=C= 0•02. Data collection spanned a

periodC> � C� C> ¸ C5, whereC5 was selected to be the longest interval of time during which

at least ten particles remained exclusively within the contact layer throughout the period of

measurement. For comparison, listed in Table 1.5 are measurements of the average total

number of particles within the hotter and colder contact layer for two values ofY!( and the
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three facets. Therefore, by the time only ten particles from the original occupancy number

remained, roughly90%had exited the layer at least once.

Facet Y!( h# 2i hotter h# 2i colder

»001¼ 0.1 104•3 � 0•4 109•9 � 0•4

»011¼ 0.1 116•6 � 0•4 125•3 � 0•4

»111¼ 0.1 122•0 � 0•4 128•6 � 0•4

»001¼ 1.0 114•9 � 0•4 125•0 � 0•5

»011¼ 1.0 80•7 � 0•3 92•9 � 0•4

»111¼ 1.0 134•1 � 0•4 161•4 � 0•5

Table 1.5: Average total number of particlesh# 2i in the contact layer at the hotter and colder
side forY!( = 0•1and1•0 and three facets.

Each initial time for data collectionC> therefore led to slightly di�erent values ofC5. For

meaningful averages with a single block, the smallest valueC5 was used to compute the

time average relevant to the block. A similar procedure was applied to two subsequent

non-overlapping blocks, with the �rst data collection time in the sequence set to the value

C5 of the previous block. The smallest overall valueC5 recorded for three such blocks was

then used to extract the �nal average reported pertaining to the overall block (B) average.

Relations for quantities indicated by the symbolh � i�C> – therefore denote the �nal average

value based averages overC> followed by block averaging. In all cases, the timeC5 far

exceeded the decay time of the velocity autocorrelation function by an order of magnitude.

Dynamic regimes describing di�erent types of particle motion within the contact layer were

quanti�ed by the 2D mean-squared displacements, self-intermediate scattering function,

and non-Gaussian parameter. The 2D mean-squared displacement was computed as

"(� k
2¹Cº =

*
1

# 2

# 2Õ

9

�
�
�®A9¹C> ¸ Cº � ®A9¹C>º

�
�
�
2
+�

C>

– (1.12)

where®A9¹Cº = »G9¹Cº– H9¹Cº¼is the 2D position vector of particle9within the contact layer

and # 2 = # 2¹C>– C5º is the number of particles permanently occupying the contact layer

throughout the measurement intervalC> � C� C> ¸ C5 subject to the constraint# 2 � 10.

The 2D self-intermediate scattering function was evaluated according to

� k
2 ¹®: >– Cº =

�
1

# 2

# 2Õ

9=1

exp
n
8®: > �

�
®A9¹C> ¸ Cº � ®A9¹C>º

� o� �

C>

– (1.13)

where®: > represents the wave vector corresponding to the �rst peak in the structure factor.

As discussed earlier,®: > was found to equal the smallest reciprocal lattice vector except
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for the [011] case below the structural transition which coincided instead with the second

smallest reciprocal lattice vector. The results in Section 2.3 represent the real contribution

to � k
2 ¹®: >– Cº - the imaginary contributions were found to be negligibly small by comparison.

Dynamic heterogeneity governing structural relaxation of the contact layer is quanti�ed by

the non-Gaussian parameter (NGP) which is de�ned as [58]

U2¹Cº =
h� A¹Cº4i

¹1 ¸ 2
3 ºh� A¹Cº2i 2

� 1 – (1.14)

where 3 = 2 represents the spatial dimension. Non-Gaussian behavior or underlying

dynamic heterogeneity leading to caged motion within the contact layer is represented by

non-zero value of the NGP.

The velocity autocorrelation function for particles in the contact layer was determined in

similar fashion according to

+ �� � k
2 ¹Cº =

*
1

# 2

# 2Õ

9=1

®E9¹C> ¸ Cº � ®E9¹C>º

+�

C>

• (1.15)

We then computed the density of states which is obtained by taking the temporal Fourier

transform of the VACF [7]:

DOS¹aº =

*
4

# 2)

¹ C5

0

# 2Õ

9=1

®E9¹C> ¸ Cº � ®E9¹C>º cos¹2c8aCº3C

+�

C>

• (1.16)

Here) is the local temperature in the �rst solid or liquid layer anda is the frequency. The

normalization factor in Eq. (1.16) was chosen to satisfy the equipartition theorem upon inte-

grating over all frequencies:
¯ 1
0 DOS¹aº3a � 3. It is crucial that local thermal equilibrium

is established in the solid or liquid layer since Eq. 1.16 is based on the equipartition theorem,

i.e., that the solid or liquid layer has a well-de�ned temperature even when the system as a

whole is in thermal non-equilibrium. In Section 2.3.1, we demonstrate that local thermal

equilibrium is indeed established by showing that particles in the contact layer follow the

Maxwell-Boltzmann distribution function even when thermal gradient is non-zero.

1.3.4 Averaging procedure for spectral heat �ux

The mode-level contribution to the interfacial heat transfer was quanti�ed using the spectral

heat �ux, [60�62]:

@! ! ( ¹aº=
2

! G � ! H

*�
�
�
�
�
Re

Õ

8– 9

¹ 1

�1

®� 8 9¹Ç C>º � ®E8¹C>º42c8aC3C

�
�
�
�
�

+�

• (1.17)
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Here, Cis the correlation interval between the velocity®E8 of the 8-th solid atom and the

force ®� 8 9exerted by the9-th liquid atom, and the symbolh � i� represents an average over

�ve non-overlapping time blocks which will be detailed shortly. On average, the correlation

function ®� 8 9¹Ç C0º � ®E8¹C0º depends only onC(and not on a time originC>) due to the assumed

steady state. The double summation is over all L/S pairs within the cuto� distance from the

L/S interface. Following the derivation in Ref. [60], we could express Eq. 1.17 in terms of

discrete Fourier transforms of force and velocity trajectories obtained from the solid atoms:

@! ! ( ¹aº=
1

! G � ! H

2
# samp� Csamp

*�
�
�
�
�
Re

Õ

8– 9

^� 8 9¹aº � Ê8¹aº

�
�
�
�
�

+�

• (1.18)

Here, the discrete Fourier transforms of force (^� 8 9¹aº) and velocity (̂E8¹aº) are evaluated as

^� 8 9¹a;º = � Csamp

# sampÕ

: =1

42c8a; : � Csamp ®� 8 9¹: � Csampº– (1.19)

Ê8¹a;º = � Csamp

# sampÕ

: =1

42c8a; : � Csamp ®E8¹: � Csampº• (1.20)

Here, � Csamp = 10� C8=Cis the time interval between successive data collection,# samp =

5 � 104 is the total number of samples used to compute discrete Fourier transforms, and

a; = ;• # samp� Csamp (; = 0–1–2•••) is the sampling frequency.

We collected force and velocity over �ve non-overlapping, evenly-spaced time blocks starting

atC> = ¹5=� 105º� C8=Cwhere= = 0–1–2–3–4. For instance, force and velocity of particles in

the �rst time block starting atC> = 0was collected atC= ¹0–10–20–30–� � � –5� 105� 10º� 8=C.

Then, the discrete Fourier transforms for force [Eq. (1.19)] and velocity [Eq. (1.20)] were

computed to obtain the spectral heat �ux within each block. A Gaussian window of width

� a = 1•0 was required to smooth out the sharply �uctuating spectrum within each block.

Finally, �ve samples thus obtained were averaged to compute the �nal average.

It is also possible to decompose Eq. (1.18) into contributions along di�erent directions as

follows:

@U
! ! ( ¹aº=

1
! G � ! H

2
# samp� Csamp

*�
�
�
�
�
Re

Õ

8– 9

^� U
8 9¹aºÊU

8 ¹aº

�
�
�
�
�

+�

– (1.21)

whereU 2 G– H– Idenotes the contribution along one of the three Cartesian coordinates, and
^� U
8 9¹aº andÊU

8 ¹aº are the respective components of the discrete Fourier transforms in Eq.

(1.19) and Eq. (1.20).
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C h a p t e r 2

EFFECT OF CAGING DYNAMICS IN THE CONTACT LAYER ON
THERMAL TRANSPORT

2.1 Overview of this chapter

The simulation parameters used in this project are discussed in Section 2.2. In Section 2.3,

we �rst benchmark the system by showing how crystal facet orientation, L/S interaction

energy and contact layer temperature in�uence stationary properties such as the liquid

density pro�le, liquid contact density, temperature pro�les, thermal �ux and thermal slip

length. We then examine features of the 2D (i.e., in-plane) radial distribution function and

2D static structure factor describing particle organization throughout the contact layer. This

is followed by examination of the 2D and 3D velocity autocorrelation function, 2D mean

square displacement and 2D self-intermediate scattering function. The discussion in Section

2.4 focuses on the main �nding that a smaller thermal slip length correlates positively with

a larger non-ergodicity parameter but shorter � not longer � caging time.

Variable Value in scaled units

mass of each particle 1
LJ particle diameter f ! ! = f (( = f !( = 1•0
LJ interaction energy Y! ! = 1•0

Y(( = 10
Y!( = 0•1 � 1•0

FCC edge length 0 = 1•560
integration time step � C8=C= 0.002
source temperature ) source= 1•6
sink temperature ) sink = 1•0
bulk liquid density d! � 0.84
FCC unit cell density d( = 1•0536

FCC crystal facet »001¼– »011¼– »111¼

Table 2.1: List of simulation parameters employed in Chapters 2-3. All numerical values
are reported in dimensionless units detailed in Table1.1.

2.2 Simulation parameters

In this project, the FCC crystal lattice comprising each solid substrate was orientated so that

the [001], [011], and [111] crystal directions are pointing along theÎ axis. Three solid facets

constituting the �rst solid layers are depicted in Fig. 1.2(b). For each choice of FCC facet, we

systematically increased the L/S interaction energyY!( from 0.1 (non-wetting interaction)

to 1.0 (strongly-wetting interaction) in increments of 0.1. The L/S repulsive distancef !(
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was �xed to 1.0 in all simulation runs.The heat source and heat sink temperatures were set

to ) B>DA24= 1•6 and) B8=: = 1•0, respectively, for all simulation runs in this project. The

temperature dependence of TBR and other interfacial properties was analyzed by comparing

the measurements taken at the hotter and colder interfaces. The numerical values of other

simulation parameters are summarized in Table 2.1.

2.3 Results

Figure 2.1: Sample distributionP¹Eº showing liquid particle speed inside the hotter and
colder contact layer facing an [011] facet forY!( = 1•0. Superimposed on the data is the
Maxwell-Boltzmann distribution function in Eq. (2.1) for �t constants) �t

� = 1•526� 0•001
and) �t

2 = 1•0740� 0•0009.

2.3.1 Thermal equilibrium of the contact layer

Shown in Fig. 2.1 is a sample plot of the particle speed distribution in a hotter and colder

contact layer against a [011] facet forY!( = 1•0. Superimposed on the data are least square

�ts to the Maxwell-Boltzmann distribution (in reduced units)

P¹E8º = 4c
� 1
2c)

� 3•2
E2

8 exp
�
�

E2
8

2)

�
for 82 # 2– (2.1)

where E2
8 = ¹E8–Gº2 ¸ ¹ E8–Hº2 ¸ ¹ E8–Iº2. Least squares �ts to Eq. (2.1) yielded the �t

constants) �t
� = 1•526� 0•001and) �t

2 = 1•074� 0•001. The average kinetic energy in the

contact layer, as derived from the Maxwell-Boltzmann distribution, yields the equipartition

relation. Least squares �ts to Eq. (1.7) yielded very similar estimates) � = 1•529� 0•006

and) 2 = 1•074� 0•004, as should be the case.

As expected, the distribution of particle speeds in Fig. 2.1 is broader and the average speed
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and therefore kinetic energy higher for the particles in the hotter layer. While the overall

layered S/L/S system describes a state of thermal non-equilibrium due to the application of

a steady temperature gradient, this distribution of velocities con�rms that the contact layer

is in a state of local thermal equilibrium. It was also con�rmed that for the parameter values

used in this study, the liquid �lm remained quiescent and never underwent any convective

�ow.

2.3.2 Characterization of contact layer by time-independent quantities

2.3.2.1 Contact layer density

It is known from prior molecular dynamics studies of systems in thermal equilibrium [16,

25, 67, 78, 80] and non-equilibrium [4, 21, 41, 43, 57, 74, 76] that a �uid in contact

with a featureless or structured solid will exhibit an oscillatory density pro�led¹I º. The

characteristic peak to peak separation is normally set by the repulsive part of the inter particle

potential. For a su�ciently thick liquid layer, the amplitude and number of oscillations

increases at colder temperature or higher values ofY!( , with rapid decay to the value of

the interior liquid. These general features are evident too in Fig. 2.2(a)�(f) showing the

in�uence of Y!( , facet and local temperature on the liquid density pro�le. The horizontal

line is the reference valued = 0•84of the interior liquid chosen for this study.

The results in Fig. 2.2(a)�(f) con�rm that the spacing of crystal planes is smallest for the

[011] and largest for the [111] facet and that the solid layer peak density is largest for [111]

and smallest for [011], in line with the facet dimensions in Fig. 1.2(b). The degree of liquid

layering, indicated by the amplitude and number of oscillations, is smallest for the [011]

facet and largest for the [111] facet. This suggests that particles in the contact layer against

a [011] facet can move more easily between layers in comparison to comparable particles

against the other two facets. We shall return to this point when discussing results extracted

from actual particle trajectories. At both the hotter and colder interfaces, it is apparent that

the liquid facing the [011] facet also undergoes a structural transition at some valueY!(

which depends on temperature. This abrupt jump, particularly noticeable on the hotter side,

is evident from the shift in the location of the �rst liquid oscillation. For valuesY!( above

the transition, the depletion layer thickness for the [011] case decreases while that for the

[001] and [111] undergo a slight increase. That said, the depletion layer thickness for the

liquid facing a [011] facet is always the smallest of all facets no matter the valueY!( .

Shown in Fig. 2.2(g) is the contact densityd2 for the contact layer facing di�erent facets

on the hotter and colder side with increasingY!( . In all cases,d2 rises monotonically with

increasingY!( , although the slope of the rise is highest for colder temperature. In comparing

the in�uence of facet orientation either on the hotter or colder side, for a given value ofY!( ,

d2 is smallest against the [011] facet by a signi�cant amount and largest against the [111]

facet. The structural transition noted earlier for the [011] case seems evident here too for
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Figure 2.2: Liquid densityd¹I º at (a)�(c) hotter and (d)�(f) colder L/S interfaces for three
facets and0•1 � Y!( � 1•0 in increments of 0.1. Also shown are the �rst few peaks of
the solid density forY!( = 1•0 (amplitude exceeds plot boundary) and the interior liquid
densitydbulk = 0•84 (grey horizontal line). Numerical values listed next to the �rst solid
layer denote the peak solid density (evaluated with bin width� I = 0•016). (g) Contact
densityd2 across three facets for0•1 � Y!( � 1•0. Connecting segments are only a guide
to the eye. Error bars are smaller than the line thickness and not visible.



21

0•3 . Y!( . 0•4; below this range,d2 is rather insensitive toY!( and temperature.

It is well known that the interfacial energy density (i.e., energy per unit area of the interface)

of liquid particles against a structured or unstructured solid wall is comprised of three

distinct contributions � namely, the Gibbs surface excess energy, the excess entropy and

the excess number of absorbed liquid particles [78]. Although beyond the scope of this

current work, quanti�cation of the relative contributions to the interfacial energy density for

increasing valueY!( , di�erent facet orientation and di�erent local temperature will provide

more insight into the mechanism driving the structural transition of the contact layer for the

[011] case.

2.3.2.2 Thermal pro�les and thermal �ux

Shown in Fig. 2.3(a)�(c) are the temperature pro�les) ¹I º throughout the liquid and unther-

mostatted solid layers. The sizeable jumps at the hotter and colder side re�ect the in�uence

of thermal boundary resistance at a L/S interface. Away from the interface, the pro�les

are linear and the thermal gradient therefore constant, con�rming the layers are Fourier

conductors. Since the interior liquid density depends on temperature and pressure, there is

no symmetry about theI = 0 axis, as evident. At steady state and in the absence of con-

vective �ow, energy conservation requires that the thermal �ux� I be a constant throughout

the unthermostatted layers. Therefore, the layer containing liquid must maintain a much

larger magnitude of the thermal gradient, since the thermal conductivity of a simple liquid

is always much smaller than that of a solid. The results show that the slope of) ¹I º in the

liquid layer increases monotonically with increasing valueY!( , corresponding to smaller

values of the thermal jump. Measured values of the thermal �ux, thermal gradient and

thermal conductivity can be found in Table 2.5 and values of the thermal jump and contact

layer temperature in Table 2.6. The data con�rm that an increase in L/S interaction energy

Y!( reduces thermal boundary resistance such that the temperature of the contact layer) 2

is closer to the surface temperature of the solid facet. The data also reveal that for a given

valueY!( , the thermal jump� ) is not always higher at the colder interface, as one might

intuit naively. In fact, the data in Table 2.6 con�rm that for the same valueY!( , the ratio

� ) j�>CC4A• � ) j2>;34A can be smaller, equal to or larger than one. This is because even for the

same valueY!( and same facet, the thermal �ux� I is di�erent due to the in�uence of local

temperature. It is for this reason that proper comparison between systems of the thermal

boundary resistance or thermal slip length requires normalization by the thermal �ux, just

as indicated by the de�nitions in Eq. (1.1) and Eq. (1.2).

Recall that in this study, the set point temperature of the thermal source and sink were set

at ) source = 1•6 and) sink = 0•6 for all simulations conducted. The steady thermal �ux� I

propagating through the system was therefore not imposed but arose naturally by choice of

Y!( and facet orientation. These two input parameters also determined the contact layer
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Figure 2.3: Steady state temperature distribution) ¹I º throughout the solid and liquid layers
for (a) [001], (b) [011], and (c) [111] facets and0•1 � Y!( � 1•0 in increments of 0.1. (d)
Corresponding values of the steady thermal �ux� I . Connecting segments are only a guide
to the eye.
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temperature. For the geometry used in this study, the L/S interaction energyY!( and facet

choice therefore essentially established �interface �lters� which regulated the magnitude of

the thermal �ux crossing the L/S interface as well as the contact layer temperature. The

results in Fig. 2.3(d) show that for the same valueY!( , the highest thermal �ux is achieved

with the [011] facet by a signi�cant amount.

Figure 2.4: Reduction in the thermal slip length! ) with (a) increasing L/S interaction
energyY!( and (b) increasing contact densityd2 at the hotter and colder interfaces for three
facet orientations. Superposed solid and dashed curves represent least squares �t to Eq.
(2.2) and Eq. (2.3), with �t constants listed in Table 2.2 and Table 2.3, respectively.

2.3.2.3 Dependence of the thermal slip length on L/S interaction energy and contact

density

Shown in Fig. 2.4(a) is the reduction in the thermal slip length, computed from Eq. (1.2), at

the hotter and colder L/S interface, for increasing valueY!( and increasing contact density

for the three solid facets. In all cases, the thermal slip length decreases monotonically

with increasingY!( . The reduction in! ) is higher forY!( . 0•6 and more gradual above

that value showing less sensitivity toY!( for more wetting liquids. The key result is that

for a given valueY!( , the thermal slip length is always smallest for the [011] facet by a

considerable amount and largest for the [111] facet. A reduction in thermal slip length as
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Y!( increases has previously been reported in NEMD studies [4, 5, 90] relying on di�erent

thermostatting methods, di�erent L/S media and di�erent parameter ranges, but no general

relation proposed. Our data in Fig. 2.4(a) are well �t by the quadratic relation

! ) ¹Y!( º = 0 � 1 Y!( ¸ 2 Y2
!( – (2.2)

Facet H/C side 0 1 2

[001] H 16•5 � 0•5 19•0 � 2•0 8•0 � 1•0
[011] H 12•9 � 0•2 15•9 � 0•8 7•3 � 0•6
[111] H 16•9 � 0•3 20•0 � 1•0 8•7 � 0•8
[001] C 18•7 � 0•6 24•0 � 2•0 11•0 � 2•0
[011] C 14•7 � 0•5 20•0 � 2•0 9•0 � 1•0
[111] C 19•5 � 0•6 26•0 � 2•0 12•0 � 2•0

Table 2.2: Least squares �t coe�cients and standard deviation values for parameters0, 1
and2 in Eq. (2.2).

indicated by the superposed solid and dashed lines representing least square �ts, where0, 1

and2 are positive constants dependent on facet orientation and and) 2. Fit coe�cients are

listed in Table 2.2.

Shown in Fig. 2.4(b) is the reduction in! ) for increasing valued2, where of course the value

d2 cannot be speci�ed but emerges naturally in response to the parameter values input into

the simulation. Except for a few notable points, the thermal slip length generally decreases

monotonically with increasing valued2, re�ecting the in�uence of the L/S coupling energy.

The important result here is that either at the hotter or colder L/S interface, the thermal slip

length is smallest for the [011] facet and largest for the [111] facet. The superposed solid

and dashed lines indicate least square �ts to the reciprocal function

! ) ¹d2º =
U1

d2 � U2
– (2.3)

Facet H/C side U1 U2

[001] H 11•8 � 0•4 0•88� 0•04
[011] H 8•40� 1•0 0•17� 0•12
[111] H 14•2 � 0•3 1•00� 0•02
[001] C 6•60� 0•2 0•94� 0•02
[011] C 2•70� 0•9 0•63� 0•12
[111] C 8•03� 0•4 1•03� 0•04

Table 2.3: Least squares �t coe�cients and standard deviation values for parametersU1 and
U2 in Eq. (2.3).
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whereU1 andU2 are positive constants that depend on facet orientation and) 2; �t constants

are listed in Table 2.3. For the [011] facet, the data points forY!( = 0•1–0•2–0•3 on the

colder side, and for0•1 � Y!( � 0•7 on the hotter side deviate more signi�cantly from the

reciprocal relation, as indicated by the larger standard deviation values reported in Table

2.3. As mentioned earlier in this section and to be discussed in more detail in Section

2.3.2.6, the contact layer against the [011] facet undergoes a structural transition as a certain

value ofY!( , which varies with temperature. The data points in Fig. 2.4(b) which deviate

most from the reciprocal relation in Eq. (2.3) represent those systems below the transition

point. This transition induced by the [011] facet was also evident in Fig. 2.2(g) at the colder

interface, but less noticeable at the hotter interface whered2 is not as sensitive toY. No

similar transition was observed for the [001] or [111] facet for the parameter range in this

study.

Taken together, the results in Figs. 2.2(g), 2.3(d), and 2.4(b) are seemingly counterintuitive.

For the same valueY!( , a hotter or colder contact layer against the [011] facet generates the

highest thermal �ux� I of all three facets despite having the smallest - not largest - contact

densityd2 . Therefore, a higher contact density does not uniquely predict a higher thermal

�ux (nor lower thermal resistance or higher thermal conductance), as sometimes suggested

[17, 21, 29]. In the original AMM model proposed by Khalatnikov [31, 55], the relation

governing the thermal boundary resistance for super�uid helium against a metal surface

was shown to depend on several variables such as the local temperature, liquid pressure,

elastic properties of the liquid and solid, and the excitation spectra of electrons and di�erent

phonon branches of the solid. An increase in one variable can therefore be o�set by other

factors or confounding variables such that no one variable is a unique predictor of TBR.

The results shown in Figs. 2.2(a)�(f) do suggest that systems with the smallest depletion

layer thickness, as for the [011] facet, do appear to maintain the highest thermal �ux.

Similar behavior [59] has been reported in NEMD simulations of L/S media described by

more complex intermolecular potentials describing water on silicon and water on graphene

coated silicon; however the depletion length in that study was de�ned somewhat di�erently.

2.3.2.4 Voronoi diagram, coordination number, and local bond-orientational order

parameter

Some qualitative but crucial features of particle distribution within the contact layer are

captured by the Voronoi diagrams presented in Fig. 2.5. Each Voronoi diagram is based

on a snapshot of the contact layer randomly obtained over5 � 105 time steps after thermal

equilibration was complete. We compared the in-plane liquid distributions against the non-

wetting interface (Y!( = 0•1) and the strongly-wetting interface (Y!( = 1•0) to analyze the

wettability dependence of liquid structures against three facets at di�erent temperatures.

The coordination number of each particle is read from the number of edges comprising

the Voronoi cell. To simplify current analysis, we focus exclusively on the populations
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Figure 2.5: The Voronoi tessellations in the contact liquid layers across the colder (left two
columns) and hotter (right two columns) FCC facets atY!( = 0•1 and1•0. The number of
edges comprising each cell is represented by the color scheme shown at the bottom.

of rectangular cells (< = 4), pentagonal cells (< = 5), and hexagonal cells (< = 6).

It was con�rmed in background that other shapes (triangular, heptagonal, and octagonal

cells) comprise less than5% of the Voronoi cells in all contact layers, so the restriction to

< = 4–5–6 has no signi�cant in�uence on discussions that follow.

We �nd that particle distributions within the hotter contacts layers are almost una�ected

by the presence of the nearby solid even when the interface is strongly-wetting. For all

three facets, the tessellations are predominantly occupied by pentagonal and hexagonal

cells which seem to be distributed randomly (i.e., large clusters of pentagonal or hexagonal

cells are not found). The apparent lack of the spatial ordering is due to thermally-induced

particle di�usion which leads to frequent hopping from one equilibrium position to another.

As indicated in Table 2.5, the numerically obtained temperatures inside the contact layers

whenY!( = 1•0 are1•513� 0•004 for the [001] facet,1•529� 0•006 for the [011] facet,
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and1•503� 0•007for the [111] facet. Since) 2 is equivalent to average kinetic energy of a

single particle in two-dimensional system, thermal energy per particle is approximately50%

larger thanY!( = 1•0 in these three cases. Thus, particle dynamics at the hotter interface

is thermally-driven, and liquid particles continuously di�use within the contact layer until

they suddenly jump to the adjacent liquid layer. Because0•1 � Y!( � 1•0 is smaller in

magnitude compared to thermal energy, it naturally follows that liquid particle distributions

are nearly independent of L/S wettability or facet structure.

On the other hand, particle distributions within the colder contact layers inherit periodic

patterns of the crystalline surfaces when L/S binding energy isY!( = 1•0. From Table 2.5,

the temperatures within the contact layers are1•089� 0•004for the [001] facet,1•074� 0•004

for the [011] facet, and1•095� 0•004 for the [111] facet. All temperature measurements

are within10%of L/S binding energy, so L/S binding exerts comparable e�ects on particle

dynamics within the contact layer under strongly-wetting interaction. Consequently, the

Voronoi diagrams corresponding to the [001], [011], and [111] facets are predominantly

occupied by squares, rectangles, and hexagons, respectively. The long-range spatial ordering

corresponding to the respective facet is observed in all three contact layers. Thus, phase

transition from the liquid-like to solid-like structures is likely taking place in the contact

layer asY!( approaches thermal energy from the equipartition theorem.

The coordination number distribution5< was computed as5< = h# < • # 2i where# < is the

number of Voronoi cells with< edges,# 2 is the total number of Voronoi cells in a snapshot,

and the angle brackets denote time averaging whose procedure was detailed in Section 1.3.

The distributions corresponding to< = 4–5–6 are plotted against0•1 � Y!( � 1•0 in

Fig. 2.6. In the non-wetting regime (Y!( . 0•3), the average distributions of rectangular,

pentagonal, and hexagonal cells are nearly identical in all three facets, and they are (54 �

0•10– 55 � 0•50– 56 � 0•35). At the hotter interface,5< remains nearly unchanged asY!( is

increased to 1.0 for any< (weak dependence on surface wettability). On the other hand, the

stronger wettability dependence is observed at the colder interface. WhenY!( is increased,

5< corresponding to the symmetrical structure of the solid surface increases rapidly (i.e.,

< = 4 for [001] and [011], and< = 6 for [111]). As seen in Fig. 2.6(a),54 for the [011]

facet is greater than that for [001] for anyY!( . The relative population of pentagonal cells

in Fig. 2.6(b) decays moderately whenY!( is increased, but it is less sensitive to the L/S

coupling compared to54 or 56.

The symmetrical structures seen in the Voronoi diagrams are further quanti�ed using the

bond-orientational order parameter [Eq. (1.11)] for< = 4–5–6. As seen in Fig. 2.6(d),k 4

corresponding to the colder [001] facet and colder/hotter [011] facet increases abruptly as

Y!( is increased to 1.0 as if the phase transition is taking place. For the colder [001] facet,

k 4 deviates signi�cantly from zero nearY!( � 0•7, but no analogous behavior is seen for

the hotter [001] facet. The colder and hotter [011] facets undergo this phase transition at
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Figure 2.6: Time-averaged quantities characterizing the rotational symmetries observed
in the contact liquid layers across three FCC facets. (a)�(c) The fraction5< of Voronoi
cells with< vertices (< = 4–5–6), and (d)�(f) the corresponding bond-orientational order
parameterjk < j across three FCC facets, all plotted againstY!( . The consecutive symbols
are connected by line segments for visual clarity.

Y!( � 0•4 and 0.8, respectively, both of which are well below the corresponding values for

the colder and hotter [001] facets. Moreover, irrespective of the local temperature,k 4 for

the [011] facet is consistently larger than that for the [001] facet once the phase transition

takes place. This analysis suggests that the interfacial liquid structure against the [011] facet

develops stronger 4-fold rotational symmetry compared to that against the [001] facet. Not

surprisingly,k 4 for the [111] facet remains smaller than 0.1 over the range0•1 � Y!( � 1•0.

As seen in Fig. 2.6(e), the extracted values ofk 5 are vanishingly small for all interfaces

examined in this work. While this is not particular unexpected given that three solid



29

facets lack the 5-fold rotational symmetry, it is noteworthy that the considerable fraction of

pentagonal cells indicated in Fig. 2.6(b) makes no contribution to the structural symmetry

in the contact layer, i.e., the pentagonal cells in the Voronoi diagrams represent purely

disordered states. Finally,k 6 versusY!( in Fig. 2.6(f) indicates the strong presence of

6-fold symmetric structure against the [011] and [111] facets. An increase ofk 6 with

respect toY!( is gradual, and no abrupt behavior is seen as in the case ofk 4 in Fig. 2.6(d).

Despite the obvious hexagonal structure of the [111] facet, the extracted values ofk 6 are

larger against the [011] facet under the strongly-wetting L/S interaction for both the colder

and hotter interfaces. This is rather surprising given the dominating presence of hexagonal

Voronoi cells for the [111] facet in Fig. 2.5.

2.3.2.5 2D radial distribution function

Shown in Fig. 2.7 are the 2D radial distribution functions6k¹Aº for particles in the contact

layer at the hotter and colder interfaces for three facet orientations with increasing value

Y!( . Also superimposed are the results for the �rst crystal plane forY!( = 1•0 and the

interior liquid. It was determined (not shown) that6k¹Aº within the interior liquid and �rst

crystal plane varied weakly withY!( . The lack of sensitivity toY!( of the interior liquid

region is likely due to the fact that the layer thickness was fairly large and the interior region

therefore well shielded from the L/S interface. We also recall that the crystal solid used

in this study was constructed using large ratiosY(( •Y!( of the order of 10 to 100, thereby

reducing sensitivity of6k¹Aº for the �rst crystal plane to changes inY!( .

As expected, the colder the interface temperature and the stronger the L/S coupling, the

stronger the commensurability between the radial distribution of particles within the contact

layer and those of the adjacent crystal facet. For the [011] facet, comparison of the distri-

bution function6k¹Aº between the contact layer and interior liquid reveals that at smaller

valuesY!( , the location and shape of the �rst two liquid peaks almost superimpose, with

a small but gradual increase in the mismatch asAincreases. This indicates that the local

spatial distribution of particles in the contact layer is more isotropic and more liquid-like

than for the contact layers against the [001] and [111] facet. This is especially evident for the

colder contact layer forY!( � 0•3 and the hotter contact layer forY!( � 0•7. Notably, this is

the same parameter range which we noted earlier gave rise to the deviations in the reciprocal

functions shown in Fig. 2.4(b). Also evident from Fig. 2.7 is that while the contact layer

against the [001] and [111] facet undergoes a smooth and gradual increase in6k¹Aº asY!(

increases, the layer against the [011] facet manifests an abrupt jump in behavior, indicative

of the structural transition noted earlier.
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Figure 2.7: 2D radial distribution function6k¹Aº given by Eq. (1.9) for (a)�(c) hotter and
(d)�(f) colder contact layers (colored curves) for0 � Y!( � 1•0 in increments of 0.1 and
three facets. Shown for comparison is the distribution for the interior liquid (black curve)
as well as the �rst crystal plane forY!( = 1•0 (red and blue shaded peaks).

2.3.2.6 2D static structure factor

The results in Fig. 2.8 for the static 2D structure factor given by Eq. (1.10) provide

additional insight into the degree of commensurability between the organization of particles

in the contact layer and �rst crystal plane. The logarithmic color scale in Fig. 2.8 spans

three orders of magnitude. Generally, for the same valueY, the colder the contact layer,

the closer the structure factor resembles that of the crystal facet, as indicated by the set of

discrete points re�ecting the maxima. The hotter the contact layer, the more �uid-like the

particle packing, as indicated by the circular ring patterns. For all facets, the hotter contact

layers forY!( = 1•0 show stronger commensurability with the underlying crystal facet than
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