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ABSTRACT

From intelligent transportation systems to the smart grid, the next generation of
cyber-physical systems (CPS) will substantially transform our society. It is vital that
these systems are scalable and robust to uncertainties, with contextual awareness and
fast adaptation. This dissertation presents progress towards addressing key challenges
arising in the control of large-scale CPS, with a special focus on applications in

sustainable energy systems.

Large-scale CPS such as the smart grid often consist of numerous interconnected
and heterogeneous subsystems that must coordinate to achieve global objectives
by exchanging information over a communication network. Therefore, the first
part of this thesis focuses on developing control algorithms that handle crucial
design requirements emerging from scalability and communication constraints, such
as disturbance localization, communication delay conformation, and distributed

implementation.

Sustainable energy systems are crucial for reducing greenhouse gas emissions
and mitigating climate change. However, the inherent unpredictability and large
uncertainties associated with renewable generation pose significant challenges for
maintaining system stability and safety. Traditional control approaches, while robust
and effective for known system models, often fall short when faced with the dynamic
and uncertain nature of modern power systems. In the second part of the thesis, we
address this challenge by integrating machine learning techniques with model-based
control methods using uncertainty sets constructed from real-time data. In particular,
we will introduce and provide convergence guarantees for a classic uncertainty set
estimation method. Building on these uncertainty sets, we combine learning and
control techniques to tackle core CPS control problems, such as adversarial stability
certification for linear time-varying systems as well as networked systems under

communication constraints where the system models are unknown.

The final part of this thesis applies the developed methodologies to address the
voltage control problem in power distribution networks with unknown grid topologies.
We will combine online learning techniques and a robust predictive controller to
achieve provably finite-time convergence to safe voltage limits, despite uncertainties
in network topology and load variations. Our case study on a Southern California
Edison 56-bus distribution system demonstrates the effectiveness of this approach in

nonlinear, partial observation, and partial control settings.
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Chapter 1

INTRODUCTION

From intelligent transportation systems to the smart grid, the next generation of
cyber-physical systems (CPS) will reshape our society. Control theory provides
principled frameworks to design robust, distributed, and performant controllers,
ensuring worst-case stability and constraint satisfaction guarantees for these safety-
critical CPS. However, control methods often rely on accurate model information,
which is increasingly di cult to obtain due to the growing complexity, scale, and
uncertainty in CPS. For example, smart grid topology can change unpredictably due
to renewable energy supply variations or line failures, while in robotics, di ering
environmental conditions lead to distinct system dynamics.

On the other hand, recent advancements in machine learning (ML) open up exciting
opportunities to transform current control approaches to data-driven methods with
unprecedented performance, contextual awareness, and exible adaptation. In
particular, there is now a growing body of research that investigates the incorporation
of ML techniques in control design, often referred to as learning-based control, to
enable e cient algorithms for complex systems whose dynamics are hard to model
or even unknown.

Despite recent theoretical developments and successful applications of ML in various
domains including games [1], robotics [2], [3], and more recently large language
models [4], principled integration of learning in control tasks for CPS remain open
due to thesafety-critical large-scale networked andresource-constrainedature of

CPS:

~ Safety-critical: Safety assumptions in the application of ML in highly-

controlled environments, such as bounded system behavior and unconstrained
exploration, are no longer practical for CPS due to physical limitations,
operational requirements, and the feedback e ects of algorithms deployed
in the closed loop. For instance, a common assumption in the learning-
based control literature is that the learning algorithm has access to a known
stabilizing controller. This assumption ensures bounded and, therefore, safe
system behavior throughout the learning phase, sidestepping the main technical
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hurdle of safe exploration in uncertain environments. Unfortunately, such
an assumption is often unrealistic, as stabilization itself, a prerequisite for
any other performance objectives, is a signi cant task even if the dynamics
model is available. For example, the voltage stabilization problem remains
challenging in inverter-based resources dominated microgrids even when the
network is known. It remains a grand challenge to deploy data-driven methods
in critical tasks where incorrect decisions can have catastrophic consequences.

Large-scale and networked Centralized control algorithms are often pro-
hibitively expensive to design and execute for large-scale networked CPS,
such as robotic swarms and the smart grid. Moreover, centralized schemes
can expose the system to targeted attacks, creating disastrous vulnerabili-
ties. Therefore, signi cant e orts have been made to develop distributed
controllers for such systems, where sub-controllers leverage local information
and computational resources from small neighborhoods in the network and
coordinate among one another to achieve system-level objectives. On the other
hand, most ML algorithms perform centralized data collection and learning.
If learning-based algorithms are to be deployed in real-world systems, it is
imperative to adapt ML to distributed design.

Resource-constrainedA key characteristic of large-scale CPS is that the
subsystems in the network often face signi cant resource constraints, including
limited computational power, memory, and communication. Even with dis-
tributed algorithms, these limitations persist, leading to further implementation
challenges. For instance, communication delays can occur due to restricted
communication bandwidth, particularly when substantial volumes of data are
exchanged within the network, as seen in data centers. Therefore, to achieve
robust and reliable CPS operation, it is essential to consider these resource
constraints and the associated implementation challenges during algorithm
design and understand the impact of such constraints.

The goal of this thesis is to provide a uni ed learning and control framework to
broadly addresses key challenges arising in the control of large-scale CPS, with a
special focus on applications in sustainable energy systems. In the next sections, we
highlight important problems, survey related work, and provide an outline for the
thesis.



1.1 Major Challenges and Prior Work

Signi cant progress has been made in algorithm design for large-scale CPS, especially
in the area of learning-based control. Despite the many milestones in the recent
years, we are still in the early stages of developing reliable, scalable, and practical
controllers for future CPS, particularly in the following key problems.

Adversarially Safe Control

Safety in CPS is often modeled by de ning a set of permissible states and actions
that the system can undertake during operation. A minimum safety criteria is to
maintain system stability, where all internal states of the system remain bounded
or converge to a desired steady state despite exogenous perturbations. Ensuring
safety is of paramount importance to critical CPS infrastructures. However, it has
become increasingly challenging due to various uncertainties stemming from the
growing complexity, scale, and technological advancements in modern CPS. For
instance, intelligent transportation systems have humans in the loop with strategic
behaviors that introduce additional variability and unpredictability. The power
grid now faces more frequent and volatile changes due to the rising penetration of
distributed renewable energy sources. Thus, how to ensure safety despite complex
and dynamic uncertainties is a core challenge.

Handling uncertainty is one of the main goals of classical control design, commonly
referred to as robust control [5] [7]. Robust control is often formulated to achieve
stability and performance guarantees in the worst-case under all possible uncertainties.
A canonical example is to design a simultaneously stabilizing controller for an entire
set of uncertain models. Naturally, there does not exist such a controller if the
model uncertainty set is too large. Thus, a fundamental challenge of such o ine
worst-case control design is that the conservativeness limits the feasibility of these
problems to only small uncertainty sets. To tackle it, adaptive and online control
literature incorporates online data to signi cantly reduce the conservativeness [8]
[11]. Inspired by this line of work, recent progress has been made towards a promising
approach that integrates robust control and machine learning-based online adaptation
to tackle large uncertainties in the system model [12] [15].

Another common uncertainty modeling is to introduce disturbances into the system.
It is common to model disturbances as stochastic, with simpli ed distributions that
are amenable to theoretical analysis [16] [21]. However, such stochastic modeling
does not fully capture many realistic uncertainties such as discretization errors as
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a result of sampling-based digital control, unmodeled nonlinearities, or malicious
attacks. Therefore, an alternative approach is to treat disturbances as deterministic
and arbitrary from a xed admissible disturbance set, e.g., [22], [23]. However, these
problems do not simultaneously consider large model uncertainties and adversarial
disturbances.

Despite much progress, the fundamental problem of adversarial stability guarantee
for the simplest setting, i.e., linear dynamical systems waithitrarily large model
uncertaintyunderadversarial disturbancesemained elusive. In this thesis, we will
address this gap with a uni ed framework that incorporate ML techniques with robust
control design to enable robustness and safety against large uncertainties commonly
seen in CPS. Still, many open guestions stand, such as heterogeneous and imperfect
sensing for decision making with adversarial safety. In particular, there is a gap in
our grasp of adversarial robustness in control dynamical systems where uncertainties
and attacks in the perception module lead to compounding errors due to feedback
e ects. Another important question is how we should de ne and provide adversarial
safety for human-in-the-loop multi-agent systems. The methodologies and insights
from this thesis will hopefully serve as a step towards a principled understanding in
adversarially safe control design.

Learn and Control with Uncertainty Sets

While adversarial guarantees are crucial for safety-critical CPS, it is well known
that algorithms designed to be robust against adversarial attacks and worst-case
uncertainties can be overly conservative and costly in typical, non-adversarial
scenarios. Onthe other hand, recentadvancements in ML have enabled unprecedented
performance in various domains, but often overlook rare yet plausible worst-case
scenarios, leaving the system open to potentially catastrophic failures. Integrating
learning and robust algorithms with simultaneous worst-case safety and average-case
performance guarantees is an essential step towards real-world applications.

To enable learning-based control methods with such capabilities, a popular approach
is to apply ML techniques for estimation of the system model and parameters
that are relevant for the control tasks, then apply model-based control using the
estimated model [24] [28]. It is therefore critical to quantify the uncertainty of the
estimations in order for the algorithm to robustly satisfy safety constraints despite
these uncertainties [29], [30]. On the one hand, an uncertainty set that is too large
gives rise to over-conservative control actions, resulting in degraded performance.
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On the other hand, if the uncertainty set is underestimated and fails to contain the
true system model, the resulting controller may lead to unsafe behaviors [30], [31].

Therefore, understanding how we leverage sequentially revealed online data to learn
non-conservative uncertainty sets that guarantee the containment of the true model
is a key step in the integration of ML and control.

Furthermore, given an uncertainty set, it remains unclear how to design controllers
based on the uncertainty set, as most control methods are based on a single model
rather than a set of models. A common approach is to select a point from the
uncertainty set for downstream model-based control design. In particular, the
selection must balance between exploitation (select models that are close to the true
model) and exploration (select models such that the control actions generated based
on the selection reduce the size of the uncertainty set) tradeo . While a similar
tradeo has been extensively studied in online learning (see [32] and the references
therein), little has been explored in the control and dynamical system setting.

Scalable Control and Learning under Communication Constraints

New developments in distributed sensing, communication, and computation tech-
nologies, such as Internet of Things and edge computing, create novel opportunities
for distributed algorithm design for CPS that are e cient, scalable, recon gurable,
and adaptive [33] [36]. While many of the algorithms have seen success in high-
delity simulations and industrial implementation, there is a lack of principled
understanding of potential vulnerabilities and limitations of the algorithms through
theoretical analysis. In particular, many realistic considerations must be taken into
account. One major challenge is that communication constraints, e.g., resulting from
communication delay or privacy considerations, impose structural constraints on
algorithm design. It is known that even for simpler classes of policies such as linear
distributed controllers, such constraints are generally non-convex [37]. For general
controllers, structured optimal control design is intractable [38].

Recent work has focused on special cases of distributed control problems, such as
those satisfying Quadratic Invariance (QIl) [39], where exact convex reformulation
can be found. Under QI, substantial progress was made towards control design that
can handle constraints such as communication delay and distributed implementation
[40] [43]. However, QI requires global information exchange for strongly connected
networks. This imposes major scalability issues on the synthesis procedures based
on QI and the implementation of the resulting distributed controllers. In particular, it
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was observed in [44] that controllers leveraging QI can be more complex to synthesize
than their central counterparts. In order to move beyond QI, researchers have focused
on novel controller parameterization that admits convex formulation [45] [47]. In
this thesis, we focus on an important class of structured control design problems with
communication delay and localization constraints. We will develop novel optimal
and robust controllers with fully distributed synthesis and implementation.

Even with distributed and scalable control algorithms that conform to various
communication constraints, it is not straightforward to integrate ML into the design
loop for systems to handle large uncertainties, e.g., power grid with heterogeneous
energy storage and high renewables penetration. In particular, the sheer scale
and communication constraints in CPS, such as privacy concerns, often render it
impossible to carry out centralized learning and data collection. However, scalability
and communication constraints have only been considered separately; no general
approach exists in learning-based control literature. Bridging this gap will provide
crucial insights for a uni ed framework for scalable learning and control algorithms

of CPS.

1.2 Thesis Roadmap and Contributions

Motivated by the key challenges outlined above, the central mission statement of this
thesis is:

To desigrscalablecontrollers that are capable d¢éarning and adaptation
with simultaneous worst-casafetyand average-casperformance guaranteg
all while conforming tacommunication constraints

The remainder of this thesis is structured as follows.

Part I: Distributed Control under Communication Constraints

Large-scale CPS such as the smart grid often consist of numerous interconnected
and heterogeneous subsystems that must coordinate to achieve global objectives.
One of the key challenges in managing such large-scale CPS is the e ective
design and implementation of distributed controllers that can operate under various
communication constraints while allowing scalable synthesis and implementation.

In this context, the rst part of this thesis focuses on developing distributed controllers
to address important classes of communication constraints when the system model is
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known. Speci cally, we will concentrate on three essential design requirements that
naturally emerge due to communication constraints in large-scale CPS:

1. Localization It is desirable that the e ects of disturbances as well as infor-
mation exchange among subsystems are limited to a prede ned local region
without cascading to the global network. By con ning the impact of distur-
bances, we can enhance the robustness and reliability of the entire system.
Disturbance localization also facilitates localized communication, where it
becomes unnecessary for subsystems that are far away from one another to
exchange information.

2. Communication delayControllers for each subsystem can only access infor-
mation that may be delayed from other subsystems according to the structure
of a given communication network. Handling communication delays is crucial
for maintaining system stability and performance, as delays can signi cantly
impact the closed-loop stability.

3. Distributed implementatianController implementation needs to be distributed,
allowing only sparse information to be exchanged between subsystems within
a local region to reduce communication and computation burdens on local
systems. A distributed approach not only alleviates the load on communication
networks but also enhances the scalability and exibility of the system, enabling
it to adapt to varying system topologies.

In Chapter 2, we will present the optimal distributeld linear state-feedback
controllers that satisfy the three design requirements for linear systems under a
xed communication structure. In particular, we develop a state-space controller
under the framework of System Level Synthesis (SLS), an emerging distributed
control framework that enables scalable design of optimal controllers for systems
with locality, communication, and other constraints that made pre-SLS methods
intractable. All previous SLS-based distributed controllers required a nite-horizon
approximation. Such an approximation not only resulted in suboptimality but also
restricted the applicability of the framework since it is well known that such an
approximation is not feasible for many systems of interest such as robotics. In
contrast, we derive the rst in nite-horizon solution in this chapter. Building upon
the optimal state-feedback controller, we leverage the separation principle to develop
a suboptimal distributed output-feedback controller that is internally stabilizing and
memory-e cient.
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In Chapter 3, we focus on linear systems with input and state constraints, which are
essential for safety-critical systems. We develop a distributed nonlinear controller
that not only adheres to the safety constraints but also prevents large oscillations
and ensures graceful performance degradation under input saturation caused by
unexpected disturbances. The resulting nonlinear controller reduces the overall
control cost by 5-35% compared to state-of-the-art linear methods, while conforming
to sparse actuation, disturbance localization, and communication delay constraints.

Part II: Interfacing Learning and Control via Uncertainty Sets

In the second part of this thesis, we will address the key challenge of learning
and adaptation with safety and performance guarantees. We investigate a uni ed
framework for learning-based control that uses uncertainty sets as the main building
block to interface ML techniques and model-based control approaches like the ones
developed in Part I. Such an uncertainty-set based approach enables novel algorithms
with rst-of-its-kind, rigorous guarantees, such as adversarially safe learning-based
control as well as scalable and distributed learning-based control.

Set Membership uncertainty sets. We will start by introducing a classic and
popular uncertainty set estimation method, called set membership estimation (SME)
[48]. One of the most popular uncertainty set estimation methods in control literature,
SME identi es the set of system models that are consistent with observed data.

Despite broad applications and empirical success, even in the basic setting of linear
systems under simple stochastic distributions, the convergence rate of SME remains
open. Quantifying the convergence rate will unlock rigorous performance and safety
analysis of popular control designs based on SME, such as adaptive model predictive
control and robust online control [49] [55]. Therefore, in Chapter 4 we provide
the rst non-asymptotic convergence rate for SME in linear dynamical systems.
Moreover, we alleviate the common yet restrictive assumption that a tight upper
bound of disturbances must be known a priori and present a novel upper con dence
bound based SME method with explicit convergence rate. An immediate implication
of this result is that many state-of-the-art algorithms that were based on alternative
uncertainty set estimation methods can now use SME to enable substantially improved
performance guarantees.

An uncertainty-set centric learning-based control framework.  Motivated
by new theoretical insights of SME developed in Chapter 4, we investigate an
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uncertainty-set based framework where ML techniques and model-based control
design interfaces through the uncertainty sets generated by SME, which was rst
proposed in [13].

The main ideas of the framework is shown in Figure 1.1. At the beginning of the
algorithm, we will have an arbitrarily large uncertainty set for the system model and
parameters. As an example, this is illustrated as a dark gray square denBtgd as
As the algorithm interacts with the unknown or uncertain system and environment
during deployment, it will observe the resulting state transitioned from the previous
time step as a result of the control actions and any unobservable environmental
changes such as disturbances and measurement noise (step 1). Every such new
observation will provide some information about the uncertainty set. In particular,
the observations will provide new constraints (illustrated as dashed lines) for the
models that are consistent with the data, carving out the set of implausible models.
This is essentially the SME method for constructing uncertainty sets (line 2). In
the pictorial example, the new uncertainty set is denoted;asWith this latest

SME uncertainty se®1, we will invoke learning algorithms to select a hypothesis
model out of the uncertainty set. The selected hypothesis model is denoted as
b,2p, (Step 3). Based on the selected model, we will perform model-based control
synthesis depending on the control objective (step 4). For example, to guarantee
safety constraints satisfaction, one may use model predictive control. If instead only
stability is required, then robust control methods can be used. The control actions
generated based on the currently selected hypothesis model will then be input into
the system dynamics, and the process continues, as illustrated in the third picture
under step 2, where a new uncertainty set is denot&} after a new observation.

Figure 1.1: Overview of the Uncertainty Set-based Framework

This approach di ers from existing adaptation and learning-based control methods
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such as Thompson sampling [28], [56], [57], online least squares [58], [59], optimism-
based exploration [60] [62], etc., in that (1) the uncertainty set generated via SME
provides adeterministic uncertainty quanti catioof the unknown system that
remains valid even with distribution shift of the disturbances, and (2) the selection via
online learning induces a novel exploration-exploitation tradeo that is particularly
well-suited for systems that are safety-critical where experiments and data collection
can be highly restricted, such as power systems.

Under this general framework, we will illustrate di erent combinations of ML
techniques (step 3) and control methods (step 4) that unlocks novel algorithms
with rigorous safety and performance guarantees. In Chapter 5, we will discuss
an instantiation of the framework to enable online learning-based control for time-
varying linear systems under adversarial disturbances with guaranteed stability.
Chapter 6 will demonstrate how this framework can exibly incorporate control
approaches developed in Part | to enable scalable and distributed learning-based
control under communication constraints.

Part 1ll: Application to Sustainable Energy Systems

The expansion of sustainable energy systems is essential for decarbonizing the energy
infrastructure, but a signi cant challenge lies in managing the unpredictability and
large uncertainties associated with renewable generation as well as the participation
of energy storage systems. For example, the renewable energy leads to faster voltage
variations in the electricity distribution network, causing voltage deviations from
nominal operating limits, which may damage electrical equipment and cause power
outages [63], [64]. Yet, an increasing number of distributed energy resources,
e.g., photovoltaic and storage devices, are not owned or operated by electric utility
companies. This results in a lack of up-to-date information about the grid topol-
ogy [65], [66], making it challenging for grid operators to design control algorithms
which generally require accurate grid topology to respond to the variations from the
renewables.

The last part of this thesis focuses on addressing the problem of voltage control in the
distribution network where there is large uncertainty in both the network topology
as well as load and generation variations. In particular, in Chapter 7, we combine
a nested convex body chasing algorithm with a robust predictive controller under
the framework presented in Part Il to achieve provably nite-time convergence to
safe voltage limits. In an online fashion, our algorithm narrows down the set of
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possible grid models that are consistent with observations and adjusts reactive power
generation accordingly to keep voltages within desired safety limits. Our approach
can also incorporate existing partial knowledge of the network to improve voltage
control performance. We will demonstrate the e ectiveness of our approach in a case
study on a Southern California Edison 56-bus distribution system. Our experiments
show that in practical settings, the controller is indeed able to narrow the set of
consistent topologies quickly enough to make control decisions that ensure stability
in both linearized and realistic nonlinear models of the distribution grid.
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Chapter 2

OPTIMAL DISTRIBUTED H2 CONTROL WITH LOCALIZATION
AND DELAY

Large-scale CPS such as data centers often face signi cant scalability issues and
communication constraints in algorithm design due to the sheer volume of data
exchanged between subsystems and privacy concerns. We will start our investigation
of distributed control design under communication constraints with the classical
control setting of linear quadratic control, also known as the opthatontrol,
where the cost is quadratic and the dynamics is linear in states and control inputs.
We describe a variant of the optimidl, control problem under localization and
communication delay constraints and present the optimal state-feedback controller
with distributed implementation under this setting. Based on the separation principle
of the optimal linear quadratic Gaussian (LQG) control, we will build upon the state-
feedback controllers and describe a suboptimal but memory-e cient output-feedback
controller under the same communication constraints. This chapter is mainly based
on the following papers:

[1] J. Yu, Y-S. Wang, and J. Anderson, Localized and distribuiteglstate
feedback control,2021 American Control Conference (AG@p. 2732
2738, 2021doi: 10.23919/ACC50511.2021.9483301

[1] O. Kjellqvist* and J. Yu*, On in nite-horizon system level synthesis
problems, 2022 IEEE 61st Conference on Decision and Control (CDC)
pp. 5238 5244, 2022doi: 10.1109/CDC51059.2022.9992443

2.1 Introduction

Large-scale interconnected systems often demand control designs that comply with
structural requirements induced by communication constraints, such as sparsity for
distributed or localized control [44], [67], and communication delay constraints [44],
[68]. These requirements become especially crucial in engineering applications
such as power grids [69] and vehicle platoons [70]. Such control design problems
are challenging due to the non-convex nature of the problem [39]. Collectively,
the challenge of designing controllers subject to these constraints is referred to as
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distributed or structured control [71]. It is known that distributed control problems
are in general non-convex.

Lately, researchers have focused on novel controller parameterization that admits con-
vex formulation under structural constraints [45] [47]. These constraints are referred
to as the system-level constraints (SLCs) [45]. Examples of SLCs include sparsity
constraints on the Youla parameter [72], qudratic invariance (QIl) [39] subspace
constraints on the feedback controllers, and nite impulse response constraints on the
closed-loop responses to disturbances [44], [46]. Among these parameterizations,
System Level Synthesis (SLS) emerges as a promising and uni ed framework for
structured controller synthesis that is capable of handling the largest class of structural
constraints subsuming all previously convexi able constraints [73]. A vital feature of
the SLS framework is that both the synthesis and the implementation of the structured
controller can be donlecally andin parallel, thus scaling favorably with the number

of subsystems in a network.

All current SLS-based control methods require both the parameterization and
implementation to have nite impulse responses (FIR), with the exception of
[74] where continuous-time SLS was formulated, and [75] where suboptimal SLS
controllers without structural constraints were presented. This is because optimal
controller synthesis, regardless of the choice of convex reparameterization, remains
an in nite-dimensional non-convex optimization problem due to system dynamics.
The current method of choice to relax SLS problem into a tractalik dimensional
optimization problem is to restrict the optimization variables to having FIR. Such
relaxation technique is required for many parameterizations other than SLS [76] and
can be used to specify the temporal propagation of the disturbances in the closed loop.
Although previous work almost exclusively uses FIR approximations to make SLS
tractable, we emphasize that FIR is not a requirement for SLS, but rather a convenient
way to use o -the-shelf optimization software. However, FIR approximations result

in suboptimal control actions, and more importantly, they lead to deadbeat control,
which can cause poorly damped oscillations between discrete sampling intervals and
a lack of robustness to model uncertainties due to the high control gains needed to
reach the origin in a nite time [75]. Moreover, if the system is only stabilizable but
not controllable, FIR approximations can be infeasible.

Contribution. In this chapter, we lift the FIR constraint of SLS methods to
synthesize theptimalin nite-horizon solution to a canonicall , control problem
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under localization and communication delay constraints irstate-feedbackase.

To achieve this, we make a connection between the in nite-horizon state-feedback
SLS problems with the Riccati solution for the classic linear quadratic regulator
(LQR) problems. Our formulation further relieves several assumptions in existing
work, such as the requirement of block diagonal control matrix in the dynamics. The
resulting SLS controller has a distributed state-space form that signi cantly reduces
the required memory compared to the FIR SLS controllers and obtains optignal
performance compared to FIR approximations.

In the second half of this chapter, we then generalize the state-feedback result and
investigate a class of in nite-horizasutput-feedbacBLS problems. In particular, we
study an output-feedback SLS problem that corresponds to a class of LQG problems
with localization and communication delay constraints. Our solution leverages an
analogous separation principle for SLS parameterization, where the in nite-horizon
state-feedback SLS solution is used. A key advantage of this approach is the ability
to compute the control gains of each subsystem locally in one swoop losialg
information, without iterations or communications among subsystems, which were
required by previous methods, e.g., [77]. Furthermore, we demonstrate an internally
stabilizing output-feedback controller that is distributed and localized based on the
proposed suboptimal solution. The proposed state-space controller has a xed, low
memory requirement, unlike existing FIR-based SLS controllers where the length of
the memory grows linearly with the FIR horizon.

Notation.  Latin lettersG2 R and 2 R* = present vectors and matrices
respectively. 18—%refers to the'8—%h element of the matrix. We usetl:— 9
and 19-° to refer to theXh column and2h row of respectively. Bold fonk
denotes the signal vector sequemce: fG(‘Bg}?O. Transfer matrices are written
asG!l° 2 C™ < whereGI°= 1 I 8 »8/with convolution kernels 84 R~ <.
We will omit the dependence on the complex variablend useG when there
is no ambiguity. Thed" standard basis vector & 2 R=. Spt ° is the support
of a matrix. For two binary matrice;— (> 2 fO-1g~ =, the operation(1 [ (2
performs an element-wise OR operation. Given the matriwe saySp! ° (i

if Spt °[ (1= (1. We abbreviate the séil-—2—¢++—dfas»# Vior # 2 N. Non-
negative integers are denotedMis We write ( ) to mean that IS

a positive (semi)de nite matrix. We udeH ; for the space of all proper and real
rational stable transfer matrices and deret2 %RH 1 ifandonly ifIG2 RH1 .
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Figure 2.1: Scalar chain network for Example 1, 2, and 3.

2.2 The Localized and Distributed H2 Problem

In this section, we describe the system model, and both the state-feedback and
output-feedbacld , optimal control design problem subject to localization and
communication delay constraints.

System Model

We consider interconnected systems consisting etibsystems. For each subsystem
8 let@2 R%3, ’2 R<8, F82 R be the local state, control, and disturbance vectors
respectively. Each subsystéhas discrete-time dynamics:

~

o)
3C 1°0= 8, Bphe | FEe-
®N 1@

where we denot®2 N '8 if the states and control actions of subsyst@eect
those of subsyster@in : time steps through the open-loop network dynamics.
Analogously, we writé82 N, ,* ® when the states of subsysté&are a ected by
subsystenBvia dynamics in time steps. Stacking the dynamics of all subsystems,
we can represent the global network dynamics as

GC 1°= GI!C, D!C, FIC- (2.1)

with GC 2 R¥*c andD'C 2 R*e. We will refer to this system as trstate-feedback
dynamics where the stat€sC can be directly observed and used for feedback control
design.

Example 1. Consider a chain network as shown in Figure 2.1. Each subsystem
8has its local plantg and controller gwith scalar state® and control action

D For eachg N.11® andNZ & only contains its nearest neighbors. The stacked
network dynamicg2.1)for this system has tri-diagonal state propagation matrix
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and diagonal matrix:

00 00O
0 O 00
= 0 = 0 0 .
0 00 0
00 00O

In practice, the states of the systéMl1) may not be directly observable. Therefore,
we also consider theutput-feedbackystem where in addition to (2.1),

HC= G1C, BCs (2.2)

Here, HC 2 R*H is the observable output of the system @@ 2 R*H is the
measurement noise.

In what follows, we de ne structural constraints arising from locality and com-
munication delays, which belong to the family of SLCs that can be formulated as
convex sparsity constraints via the SLS parameteration. We denote any such sparsity
constraints a$ := f(» 1/4.111 where eaclf » Yare binary matrices specifying the
sparsity of the kernels of a transfer matrix. Given a transfer matrand an SLC

de ned by the sparsity constrai, we say 2 SifSp! » % (» Yorall :.

Localization

It is often desirable to limit the e ects of disturbanceql)to a local region for

a large network. We can specify the disturbance localization pattern with binary
matrices.

De nition 2.2.1 (Localization SLCs) An SLCS' := f('» %l is called the
localization SLC if( ' » Y4or all : are the same binary matrices.

To specify disturbance localization with localization SLCs, we can impose on control
design such that disturbanaé propagates to the stat€in the closed loop if and

only if S' 18—%< 0. We call the subsystems that can be a ectedu§yhelocalized
regionof w8 Subsystems in the localized regiorvgtcorrespond to the indices of

the non-zero elements of tid columnof S' . A simple way to ensure disturbance
localization per De nition 2.2.1 is that the boundary subsystems of each localized
region must remain at zero to prevent disturbances from propagating outside of
the localized region. To this end, we will formalize the notion of the boundary
subsystems.
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De nition 2.2.2 (Extended Localization SLCs)Given a localization SLG' , the
corresponding extended localization SLGSis* := fSp Spt © (' » Yagl_,.

Since any (extended) localization SLCs can be uniquely identi ed by its binary matrix
components, we will us8' (S'~*) and its binary matrix component interchangeably
when there is no ambiguity. Sparsity patt&m* can be interpreted as the propagation

of S' according to dynamic€.1)if no action were to be taken to contain the spread
of disturbances. We now de ne the boundary subsystems for a given localization
SLCS'.

De nition 2.2.3 (Boundary Subsystems]T he set of the boundary subsystems for the
localized region ofv8is

Bi®:=f92 s j $419-8S ' 199 Oge

Intuitively, the setB1® for the localized region ofv® contains the indices of the
bordering subsystems that controls the spread of the disturbance from within the
localized region to the outside of the region.

Example 2. We continue with Example 1, where we now spesify= Spt °. With
De nition 2.2.2 and 2.2.3, we have:

U)_

I

[
O R B R R
s
S =)

|

0

A

0]

[
O r O O O
P O 0O O K
O O O r O

[ ]

The boundary index s&& thus corresponds to the position of non-zero elements
on the&h column ofS'* S '. ForinstanceB13° = f1-5gandB11° = f3g.

Communication Delay

In addition to disturbance localization, one may wish to additionally incorporate
communication delay SL@s specify how information exchange happens among
subsystems while each subsystem tries to localize disturbances. Combined together,
suchdelayed localizatiorSLCs correspond to scenarios when communication delays
allow disturbances to propagate through dynamics, before subsystems are able to
coordinate to completely attenuate and localize them. For ease of exposition, here
we consider a communication delay pattern among subsystems that matches the
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dynamics. The results in this chapter can be generalized to broader classes of
communication patterns.

De nition 2.2.4 (d-Delayed Localization SLCsyor a xed integer3 1, a
localization SLCS', a delayed localization SLG&3 := f(3» %4, is such that
(3» Y= Sp Spt © for: 3and(3®»¥=Sp Spt 2 [ (' » Yorall: 3,1

This is sometimes called tHe— 3°-sparsity [44] and generalizes the localization
SLCs. For the rest of chapter, we consider d-delayed localization SLCs for structured
controller synthesis. We assume that any given SLCs are feasible for the control
design of the underlying system.

Problem Statement

We now state the localized and distributed optitdalproblem both in state-feedback

form (PO-SF)and output-feedback forifP0-OF) The objective function is thi »
performance index of output = &2x L 2u (&%y L %u) of the state-feedback
(output-feedback) closed loop (#.1) (and(2.2)), with &2—'7 0. Thedisturbances

F1C are assumed to be independently and identically distributed (iid) over di erent
coordinates as well as time, and drawn from zero-mean Gaussian distributisn®

in the state-feedback case. In the output-feedback case, we assume a more general
form whereF'C N? 0—, °, andE'C N1 O-+iid, with ,—+ 0. The goal

is to synthesize a controller that localizes disturbances and accommodates to the
communication delay among subsystems.

State-feedback control. This problem can be represented as the following opti-
mization problem:

" #"#,
minjmize Erion: oo &oz '0% z 2 (PO-SF)
subject to State-feedback dynamics(2.1)
u = Kx— K internally stabilizing
K localizes disturbances according36o (2.3a)
K conforms toS?, (2.3b)

i
wherekxk2 ;= 1_ kG °k2. We assumé — °© is stabilizable. ProblerP0-SF)
has practical application in large-scale cyber-physical systems, especially in power
systems [78], [79]. We note that in contrast to all previously formulated SLS
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problems, there is no FIR constraint(if0-SF) rendering it an in nite-dimensional
problem.

Output-feedback control. Analogous to the state-feedback problem, the distributed
and localizedH » output-feedback control problem is as follows:

- #H" # 5
&2 0 X
minimize ==TCINE! 0, ° i L1 (PO-OF)
K eeNiow O 2 U,
subject to Output-feedback dynamics(213.2)

u = Ky—K internally stabilizing
K localizes disturbances according36

K conforms to S3,

where instead of quadratic costs on the states, we penalize quadratic costs on the
observable outputs.

2.3 System Level Synthesis

It is well known that structured control design problems sudtiP@sSF)and(P0-OF)

are in nite-dimensional problems and non-convexXin Therefore, we leverage the
System Level Synthesis (SLS) framework [73]. The SLS theory approaches the
constrained state-feedback and output-feedback control problem described above by
characterizing all achievable closed-loop mappings (CLMs) fnofandv) to x, u

under an internally stabilizing controll&. Then, using any achievable CLMs, SLS
provides an implementation of the controllerthat realizes the prescribed CLMs.

State-feedback SLS

Consider the closed loop ¢2.1) under any linear (potentially dynamic and time-

varying) state feedback poliay= Kx. We denote the closed-loopmappings (CLMs)
GF

. _ _ X
from disturbancev to x andu by cr, prrespectively, i.e., = W.
u DF

As an example, consider a xed static controller2 R¥® #6 such thaD'@ = G1C.
Then the system (2.1) has the following closed loop dynamics,
o> | & .
Ge= 1 | o Ip1c o pPE = 1 oo Ipic :o- (2.5)
=1 =1
where we absorb the initial sta@0° into F* 1° and assum&-0° = 0 without loss
of generality. Let gp» ¥4=1 | o land pp» Y= 1 o 1pethe

5
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. _ i
convolution kernels. The(2.5) can be written a&C = :Czl o YE1C :°and
DIC= &, pp»¥1C :°], orequivalentyx = gpvandu= ppw.

A main result of SLS is the following characterization of all achievable CLMs
under internally stabilizing state-feedback controllers. Crucially, SLS allows re-
parameterization of any stabilizing controllers to be expressed and implemented with
CLMs.

Theorem 1([45]). For the linear dynamics with = andE'C = 0, CLMs gf
and prcan be achieved by a linear internally stabilizing controlkeif and only if
R
h [ 1

| °F = _ s~ DF2ZRH;1-e (2.6)

DF '
MoreoverK = pgt P lachievesthe prescribed CLMs, and can be implemented
as
&
DIC = DE» B1C :° (2.7a)
=1
o1
B1C=GC 1I° cP , 1YB1C :°-— (2.7b)
=1

wherety is the internal state of the controller.

Controller(2.7) can be regarded as estimating past disturbancgsii)and acting

upon the estimated disturbances according to a speci ed closed-loop mapping

in (2.7a) An important consequence of Theorem 1 is that any structures imposed on

the closed-loop responsess— pr, Such as sparsity constraints on the kernels of
GF DF trivially translate into structures on the realizing controllers (2.7).

Output-feedback SLS

Similar to the state-feedback SLS, the CLMs of the closed loop of the output-feedback
dynamicq2.1)and(2.2)under an output-feedback linear controller such thatKy

can be fully characterized.

Theorem 2([45]). CLMS c¢ GH DG DH2 %RH 1 can be achieved by a linear

internally stabilizing output-feedback controllErif and only if
h | GG Gj h |
I = 0 (2.83a)
DG DH
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Figure 2.2: Output-feedback controller architecture adapted from [45]. Here,
Poe=11 | & Ppe=1 pgandPgu= | ou The controller is internally
stable; the closed-loop mappings from perturbati®¥s%+%-2%° to internal
signals'x—-y—u—#° are stable.

n # n # n #
|
GG GH _ (2.8b)
DG DH 0

where# G@® GH DGy DHMAPSW-V1oX, U under an output-feedback controllit,

. X w . . :
e, = cG  GH . In particular, K can be implemented as the following,

u DG DH V
which is illustrated in Figure 2.2:

|#=Db b
c#, Yoy (2.9)
u=bpgt, py-
wherebGG= 1 Il & bDG: e bGH: I GH and V is the controller

internal state.

Further, it was shown in [45] th&2.8)is equivalent to stabilizability and detectability
of (2.1)and(2.2). Therefore(2.9) parameterizes all internally stabilizing linear
controllerK for (2.1)and(2.2). We also note that Theorem 1 is a special case of
Theorem 2.

2.4 Main Results

With the SLS framework introduced in Section 2.3, SLC§R0-SF)and(P0-OF)

can be equivalently expressed in terms of the CLMs of the closed loop of (2.1) and
(2.2).
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n # n #2
: &2 GF
min 1o
cF— pF2ERH1 0 DF
n # 2
h b GF
sit. | = - (SF-SLS)
DF
GF2S'— pr2S3-
and
n # mn # n # 2
min &2 0 GG GH ,» 2 O
21RH,; 0 "*  pg pw 0 M2 H,
h ' e Gf h
s.t I = 0
n #" DG# DIH#
|
cG  GH = (OF-SLS)
DG DH 0

e oH2S' and pe pu2 S3-

where we used to collectively refer to the tuple ce& pe e Dpn to reduce
notation.

In what follows, we will rst derive the in nite-horizon optimal solution to the
state-feedback Problef$F-SLS)with the corresponding distributed controller
description. Then we build upon the state-feedback solution and leverage separation
principle to synthesize a suboptimal output-feedback solutiqi®te SLS)with
distributed state-space controller implementation.

The State-feedback Solution

We will derive the optimal solution ofSF-SLS)in two steps. First, we will derive the
solution to(SF-SLS)disregarding delay constraints, i.e., we will restrict our attention
to the special case thatge— pr 2 S'. We will decribe an explicit controller
that implements the CLMs that enables distributed computation with only local
information. The solution to this special problem will be used to further solve the
full problem of (SF-SLS) with delay constraints.

Column-wise decomposition

Itis known that{ SF-SLS)s column-wise separable [73], [78], where the optimization
problem can be decomposed into subproblems involving columns of the CLMs.
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Therefore, we will synthesize the CLMs one column at a time where each subsystem
synthesizes the columns corresponds to its local states, in a parallel fashion. Such
parallel synthesis scales favorably with the number of subsystems in large networks.
From here on, everything will be seen by tBé& subsystem. To reduce notation,

we assume each subsystem has scalar dynamics @hiée BC- FLC 2 R1 Let

>y = gF—9and>y = ppli—- 9 with kernelsi o Yandi p» Ydor : 2 N,
respectively corresponding to tBé column of grand pr. Furthermore we use

Be» Yand By»: Y40 denote thexh column of (' » Yand(3» Yrespectively. Each
corresponding column problem to be solved locally by subsy@betomes

a
>m_i>n | X Va&ki o Va ipn V'l p»Va (P1)
X u :1
st. iy, 1WeE i oY ,i piY (2.10a)
| OVFE O—  I¥YE 4g
I o Ya B Y ip» Ya B Ya- 8. 2N o (2.10Db)

This new problem is a constrained linear quadratic optimal control problem, and would
be a standard in nite-horizon LQR problem if not for the sparsity constrgihtsOb)

The solution to this column problem has two steps. First, we will solve a version
of the problem that only considers localization constraints. Then we will transform
the original column problem to a nite-horizon LQR problem with time-varying
dynamics. A dynamic programming based solution is proposed based on the solutions
with only localization constraints.

Solution with localization SLCs only

In this section, we will consider the column probléRi) with only localization
constraints, wher€.10b)is replaced by o» ¥4 ' » %andi p» ¥4 X' » Yafor

all: 2 N . Therefore, every kernel ofy and>, will now have the same localization
sparsity constraints for all the kernel matrices. Therefore, we can réBagby
removing zero entries iry and>, , other than those associated with the indices in

B1 9. We denote the reduced column vectors that contains the entries associated
with B9 asegand®ep Similarly, the problem parameters , &, ' can be
reduced by selecting submatrices”, %, &%, and' *? consisting of columns

and rows associated with the boundary entries and non-zero entrgsaofd>,.

Note these sub-matrices now contain only dynamics information from subsystems

10One can alleviate this assumption by running the algorithm for multiple columns per subsystem.
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that are allowed to transmit information to the subsystems to wtiidelong. We
further rearrange the reduced vectors and matricé®.ifDa)by grouping the entries
associated with boundary subsystems as follows:

] # o 1P ] # g
T e T, A Teu, T e e (2.11)
Ec-1 1= 11 Ec-1 1
| {z Pl {z '} | {z }
eg» L7 ‘P e

wheree ;_fgenotes the entries on column veatgthat are associated with* P and
eg_tepresents the entries ®fthat are not associated with boundary subsystems.
Here, '¥ and '? are partitioned accordingly. With abuse of notation, we overload
Bpto denote the rearranged and reduced vector,of

Example 3. Consider the scalar chain example in Figure 2.1 for the local problem

with 9 = 4, i.e., the subproblenfP1) corresponding to the fourth column of
ce— prE- We have the constrainty = »0-0—- 34— gt44°— 54V

according to the fourth column of localization patte®h = Spt °. According

to Example 2, we havey, = » gt2—4°%de ned in De nition 2.2.3 andey, =

» gE34°— gF44°— E54°Yi. Therefore, the rearranged and reduced vector

iSBy = » gE34°— g44°, E54°, GF24OVi.

Note that constrain@2.10b)now becomes equivalent to the requirement ¢hat,
remains at the origin at all time for the localized regionmot By keeping the
entries associated with boundary subsystems at zero, we implicitly impose that for
all:,Spti em¥%,i p»%¥ S '—9 whichis necessary and su cient to ensure

>, 2 S' 1:— 9. Therefore, the local problem (P1) after rearrangement becomes

~

Q
min o Vi& Teer Y ep» Va' Tep» Vi (P2)
eG_EDZIlRHl =0
subject to ex0YF 0— epil¥F 4g,— (2.11) (2.12a)
Ec-»¥F08: 2N (2.12b)

where §denotes the new position of elemeng gt 9-°8n the rearranged and reduced
vectoreg Vectorsdgq have the same dimensionag We di erentiate the position
of element gt 9-°8n By, With the notatior Vectors.4Qs has the same dimension
aSEX"n.

Example 4. Continuing Example 3 whe®&- € 4, then ¢F4-4°is in the second
position in rearranged and reduced vecteg. Thus,9, = 2, 4q = »0-1-0-0v,
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and €, = 2 with 4,9)1 = »0-1-0%. Consider instea®= 4 and8= 5, then g&4-5°
is in the rst position ineg= » gF4-5°— gE5-5°— G35 while it is also
in the rst position inBy, = » gA4-5°— gE5-5°Ya. We then havey = 1 with
4g = »1-0-0%2 and & = 1 with 4¢ = »1-0%a.

We are now in a position to de-constrdP2) by characterizing CLMs that satisfy
(2.12b) We rst substitute(2.12b)into (2.11)in (P2)and conclude thgR.12b)is
equivalent to requiring

Jep= Cege (2.13)

Due to the equality constrai2.12a)and(2.11) the free optimization variable Bp
in (P2). Itis clear(2.13)has solutiong if and only if the following assumption
holds:

Assumption 1 (existence of solution) 119) ;g)y = forall 92 »#da.

Recall that constrain®.12b)is su cient and necessary for the CLMs to comply to

the localization patter8' . This means assumption 1 is the minimum requirement
for the each local problem®2)to be feasible. Further, per De nition 2.2.3, the
number of boundary subsystems can generally be less than the total dimension of
control actionsi.e., 119° can be a wide matrix.

Lemma 1. Under Assumption 1, the parametrization

1Py 19

) e Y, YT sy, (2.14)

v - 1/—
ep» Y 11

with * » ¥a free vector variable characterizes ap»: ¥that satis es(2.12b)

Proof. Under Assumption 1(2.13) has solutions of the forr{2.14) This can be
checked by con rming thaRange igjy 119) = Kernel 119) . Substituting

(2.14) in (2.11), one can verify thaz_» ¥~ 0,8: 2N .

The reparametrization with variablex ¥enables an equivalent local optimization
problem without (2.12b). Substitute (2.14) into (P2), we end up with:

a
min B » & Teg 2 ¥ " BT ny,
eg_=2¢RH; —0
subject to g 207F 0— eg»1VF 4¢ (P3)

Bo» , 1VF € %egu Vs €% » vs
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where
1 >
el 19 2 iy 1@
- 1 1
1
V1 2 19y 1@
1 1
>
19 _ 4 1gJol 1 1g)ol iy 1@
&7 = 1870 217 = (2.16)

18'%0; 1 ' *Po3 119“)/ 119_P

el® _ 19 1@ 1y 19
= = 1 1=
el® _ 1@ iy 1@

= 1 1

For each colummwith 92 »# d4problem(P3)can be treated as an in nite horizon
LQR problem with which an optimal control policyeég) can be computed in
closed form via discrete-time algebraic Riccati equation (DARE):

1
e, 7= €9 eNeTe'? "ePe oo (2.17)

5

whereeég’ is the Riccati solution to the DARE:

e=g9 e9g%% e9ge9

1
e'® e'?) eég’elg’ e'?) eég’elg’. (2.18)

5

With the optimal solution » Y= eé@be_»: Yio (P3), the solution tqP2) can be
recovered via (2.14) as

JMSEZ (2.19a)
e ve Y T, 27 e eemva  (2.19b)
e Ve €% %% e 1% (2.19¢)

Note the optimal solution t@P3)via the Riccati equation is stable, sandeg_-
construct stable and strictly proper operators.

In summary, we went through a series of transformations and decompositions from
the original localized and distributed state feedbdekproblem(PO-SF)with only
localization SLCs tdP3). Given solutions to the local problenjB3), solutions

to (SF-SLS)can be recovered. In particular, we de ne embedding operatbP

and pt ° that apply padding of zero's to the reduced vectegs»: Yandep» Y4

by assigning entries dg_» Yandep» Y10 the positions of non-zero elements of
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op Yal- 9and pe» Y4l 9suchthat g g ¥ 2 R*cand plep» 142 R7o.
We de ne the application of the embedding operator on the transfer matrices to be
the application of the embedding operator on the kernel matrices.

Theorem 3. Let &gbe the column-wise concatenation of 2g_-and let &
be the column-wise concatenation a¢f ®p , wheree_'s and Bps are solutions
to (P3)via (2.19) Then &rand & are the unique optimal solution (8F-SLS)
with localization SLCs only.

Proof. It is straightforward to check that optimizati¢8F-SLS)is an instance of
column-wise separable proble(aee Section lll, [78]) where both the objective
function and constraints are column-wise separable and can be partitioned and
solved in columns as i(P1)in parallel. Therefore, solutions to subprobl¢pi)
can be concatenated to recover the solutiofBte-SLS) Note that by construction,
Geg.-= cF—9%9and p By = pgti—9forall 92 »# 3% Therefore, they
comprise the optimal solution t@1) for each9 Concatenate ¢ eg_-'s and
D Bp 'S in a column-wise fashion and the resulting matrices are solutions to
(SF-SLS)when only localization SLCs are considered. The uniqueness of the
optimal solution is given by the fact that the objective function is strongly convex.

Distributed controller implementation

Given the column-wise state-space description of the in nite-horizon CLMg':— 8
and gF:—8in (2.19) we now describe a state-space agent-level controller that
implements these CLMs.

By Theorem 1, we can directly conclude ththeoretically K = pg? gf !

with implementation(2.7) achieves any given CLMs g pfr and conforms to

the localization and delay constraints. This is because the inheritance of sparsity
structures of the controller implementation from CLMs in Theorem 1. Interested
readers are referred to [80] for in-depth discussion on implementation of SLS
controllers for cyber-physical systems. However, due to the state-space form of the
solution with explicit kernel descriptiomractical implementation of a controller

that achieves ththeoreticalglobal CLMs remains elusive.

We will decompose the global SLS controll@:.7) into # g sub-controllers using the
solution to(SF-SLS) The global control actiob»G/can be accordingly decomposed

into # g "sub-control actions”. These sub-control actions are then assembled together
to recover the global control action. Importantly, the computation of each sub-control
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action conforms to the localization SLE . We now make precise of this high-level
description.

To ease notation, we deno®!C 2 R andF 1C 2 R, for 2 »#Jd/as the th
position in the stat€C and disturbance vectér'C in the global dynamicg2.1),
respectively. Furthermore, for general networks witinon-scalar subsystem with
local state vectof® 2 R™ andD® 2 R<?, we de ne the indices associated wiif

of subsysten®2 s#t¥asX1 P :=f 2 »# 4G 2 Gg. Thus,X! @ partitions the
global state vecto&C in (2.1) into # sets containing the coordinates associated
with the# subsystems. Conversely, we 0ée'? ° to denote the subsystem index to
which stateG belongs.

For each 2 »#d%we compute the sub-control action ved®#C, which is a vector
with the same dimension as the total number of non-zero elements iththelumn
of pp®sas:

~

@)
b 1C=GIC bl C & (2.20a)
PNF1o0
biC 1°= b€, B IC (2.20b)
DIC= blC, B I1C- (2.20c)

whereb 1C 2 R can be considered as an estimate of tfheelement of the true
disturbance vectdf 1C. The internal statb 1C of each sub-controller has the same
dimension as the total number of non-zero elements inttheolumn of gp®and
bs!@ & denotes th&th element in the internal state vectdgs Note that controller
internal variables have initial conditida 10° = G10° andb 10° = 0. We also de ne
theseNFt oasNFt o:= 824 (' X 1t oX 1@ <0 elInparticular, the
setN 71 © contains global indice82 »# g/such thatGis a state that is allowed to
communicate its information to the subsystem that contains Gat®nforming
to the localization communication patte® . Equation(2.20b)and(2.20c)are
the sub-controller internal dynamics specied by — - - that takes in
estimated disturband® and output decomposed control acti@hs The internal
dynamics for the™ sub-controller are:

10 10,410 10 10410
=e'’® e'’e = e'° e'’e " 4
_ 10y 10 10y 10 e10
- 1 1= 1 1 ¢

10 10 1 0 10 10
— y y e —
- 1 1= 1 1 4e
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where all matrices in the equations above are de ned@2ii6) and (2.17) It

is straightforward to see th§2.20)is indeed the state space realization of each

decomposed SLS controller implementing the redu¢katolumn of ggt:—© and
prli— © synthesized fronGP2). In particular,(2.20)implements a transfer function

mapping from scalar signal to vector signal . Further, each sub-controller is

stable since is Hurwitz. The block diagram of this transfer function is shown in

Figure 2.3, where:
" # " #
G= 4‘7 - D= 4‘7 . (2.21)

For each stateth statex deviating from the origin due to disturbanee, it triggers
subsystem®2 NF1 ©to transmit information among each other in order to generate
a collaborativesub-control actioru from these subsystems. Moreover, internal
dynamicq2.20b) (2.20c)of each sub-controller involves only the global dynamics
associated with subsysten®2 NFt . Therefore, by de nition ofNFt ©, we
conclude that each sub-controller's implementation conforms to the communication
pattern speci ed by8' . By the superposition property of the input-output behaviors
of linear systems, we can sum over all the sub-control actions induced byveach
and the global control actiobtC@ 2 R*? is:

(]e]

DC = ptD 1C°— (2.22)

&1
where each sub-control action, which has the same vector dimensiorfgscan be
appropriately padded with zeros using the linear operagb® to recover a vector
dimension inR¥o,

Figure 2.3: Column-wise sub-controller implementation for global contré&ller

pr! P ! where the CLMs are computed column-wis€f®) x is the th state,
v is the estimatedth disturbance, and is the sub-control actions induced b
state's deviation from origin.

The following result con rms that collectively, the sub-controllers indeed achieve
the prescribed global behaviors.
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Theorem 4. controller implemente@.20)and(2.22)de ned by solutions t¢P2)
is internally stabilizing for(2.1) and achieves the closed-loop mappingsgand
pF constructed by stacking in a column-wise fashion the solutio(R2p

Proof. Recall Theorem 1, where an internally stabilizing controller that realizes

crand pr has centralized implementatig®.7). Therefore, we establish the
equivalence between global control actibi® generated from(2.7) and D'C
generated fron(2.22) Consider2.7b)where the controller's internal stabehas
dynamics

e
BIC=GC P WB1IC :°
=1
G &
=GC 8 o YBglC 10
&1 :=1

For each th position inB1C, due to the localization sparsity patte®h imposed on
Gk, the scalar dynamics is
O &
B 1C=G!C GF —8» ¥BglC : 0
@NF1o:=1

Since EéFfor all 82 »# /are recovered frorf2.19)via the linear operatorsgt ©,
it is straightforward to verify that
&
GH —8» VBglC :°=b 1C&P— for C= 1-2—eese
=1
We therefore conclude th&R.7b) and (2.20a)(2.20b)are equivalent. Similarly,
re-write (2.7a) as L
®c
DC = 8 » YBgiC : O
&1 :=0 i
According to(2.19), one can check that:C:0 8 o» UBglC :°= p!D1lC%thus
verifying the equivalence between (2.7a) and (2.20b), (2.20c), and (2.22).

The intuition behind sub-controllers is that at every time step, the global controller
actions are decomposed intth sub-control actions that only attenuate thle
disturbancei.e., w . Therefore, whenevev enters the system, only subsystems in
the localized region of this disturbance reacts, computing the sub-control actions
using only local information available according$o.



32

Solution with delayed localization SLCs

Using the optimal solution t@SF-SLS)with only localization SLCs, we will now
present the solution to the original probld®F-SLS)with delayed localization
SLCs. In particular, we will follow a similar procedure as in the localization only
problem, then invoke the solution to the localization only problem to derive the full
solution.

Recall By» Yaand By»: Ydenote thexh column of (! » Yaand ( 3» Yaespectively.
Let =¢» ¥be the number of non-zero elements in thedimensional vectoBs»:. Y
and=p». ¥be the number of non-zero elements in thedimensional vectoBy»: Y4
Then there exists a surjective mattixg» ¥4 R ¢ e ¥°#c gnd an injective matrix
" p» Y4 R¥o 0¥ Yigych that (2.10b) is equivalent to

"o e VE O— ipx VE" p» U Y% (2.23)

where@: ¥4 2R™” *pecomes the new variable. In particular, one can construct

" o Y4by horizontally stacking standard basis vectors with non-zero positions

corresponding to the positions that are zero g» % On the other hand, p» ¥can

be obtained similarly but with basis vectors corresponding to the non-zero positions
ini p» Y Sincei g , 1¥is uniquely determined by ¥Yandi p» Yasubstitution

of (2.23) into (2.10a) yields

"o, Wi % Va | o, {11/4" D»:}l/@: Yi= Qe (2.24)
Z

» Ya
The solutions to (2.24) can be expressed as
@ YE »W o IV o Ya #o» YA Y (2.25)

where# » Y, R0 7257 Y4 g bY,ection onto the nullspace of. ¥ The vector
A» Y4 2R7 74is now our new unconstrained optimization variable. Substituting
| p» Y= " p Y@ Yand(2.25)into (P1)we get the equivalent time-varying LQR
problem
a
min | o Va&» Y Ya,
P aRA

28 Vil o Ya A Ve YA Vi

s.t. i, WE & oV B» A Y (2.26)
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| % 0—  iplYE 4o

where

A YE" puVan W o, 1Y
Ex Ve #t » V2" prVa'h m % &»Ye &, " Va'N %Y,
Cxu Ve 1" oy Y » YR wVapr W » Y (2.27)

€ Vi N Y CxiVE " pu U » A

Finally we note thatfor 3, 1, the localization patterns are constant, implying that
the dynamics matrices of the transformed problem are static fol3 , 1. Standard
dynamic programming arguments allow us to rst solve the Riccati equation for
the time-invariant problem for 3, 1to get the positive de nite solutiof

and the feedback gaif, and then to solve a nite-horizon time-varying problem
by replacing the cost function of each column probi@126)with equivalent cost
function

= | o Va&» Yum Va 2A Vi o Ya A Vi€ YA Ya
=1
i3, 1481 @3, 1% (2.28)
The matrices€; and €; are de ned to be(2.17) and (2.18) for each column
problem, which is the optimal solution to the time-invariant problem with only static
localization SLCs. Finally, the solution to the time-varying nite-horizon problem
(2.26)with cost(2.28)is given by the Riccati iteration witE»3 |, 1¥= €, and for
=] —eee - 3

ExYe&»Ya Cx Vil | 1Y8»Ya ExVilxn  18» Y PuYi
1
ey Vs CxValx | 1YamYa ExVilx  18»Y,

1
Ex Ve ©xmlYy Exnlfn | 1¥8» Y, € Vil | 1YB» Y, B» Vi o
(2.29)
Substituting®s: ¥&= €» Y o» ¥into (2.25)and further intg2.24), one can obtain

the solution to the original problei?l) We formally state the optimality of the
proposed solution.
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Theorem 5. The optimal solution to the in nite-horizon state-feedback SLS problem
in (SF-SLS)is given, in a column-wise fashion, by

n # n #
¢ gF gF ¢ gF gF
cE—8= s [ o DEL—8= s o (2.30)
SF SF

where
0 cee 0
Eclol¥s O ooe 0
gF = 0 eC|__8>21/4 0 oo 0
0 0 % :
19
€ 23V eC
8 > 8 |
SF:h4§ O..'O SF: oooi
8-= epills Epls eee €Y, €% — (2.31)

with €g» Yand €c|_gx Yi= €» ¥4 €x» Y& » Ycomputed using?.27)and (2.29)for

the &h column problem. Matrixe,” and elcsi_d; = e'® e'®e aregiven by
(2.17)and (2.19c)respectively, where with slight abuse of notation, we overload
eég and elcsi_(t to mean both the original matrix and the matrix with appropriately
padded zeros such thgt® 2 R*o #eande S 2 R¥e #cpy reversing the reduction

cL-¢
procedure carried out irf2.11)

Proof. The optimality follows directly from the column separable property of
(SF-SLS) and the equivalent transformations betwé2i0)and(2.26) The nite-
horizon LQR problem with cogR.28)is equivalent tq2.26)by Bellman's optimality
principle. It is straightforward to verify thg2.30)is a state-space realization of the
solution to(2.26)by substituting the optimal solutioh: ¥wia (2.29)into (2.25)

Compared to the solutions with only localization SLCs, the state-space realization
of the optimal CLMs here has a higher order because of the3+delay pattern.
Given the column-wise state-space description of the optimal CL{g:—8and

£-1:—8 we can adopt the same state-space agent-level controller described in
Section 2.4 by simply replacing the state-space implementation of the CLMs with
the state space solution (2.30).
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Structured Kalman Iter design

Theorem 5 can also be used to solve the dual problem of optimal structured Kalman
lter design with delayed localization SLCs f@2.1) [81]. In particular, the optimal
structured in nite-horizon CLMs that mayw andv to state estimation err@under

a linear observel with respect to the mean estimation error is given by the solution
to the dual problem of (SF-SLS) as shown belgvyl:

12 #
. , 0 2
min v ¥ (KF-SLS)
aF— 4e2ERH; 0 + 4E H
h [ ’ #
. I
subject to AE  4E = (2.32)

aF2S3-  4g2S3

Readers are referred to [81] for detailed derivation. We highlight the resemblance
between constraint®.32) and that of(SF-SLS)as well as(OF-SLS) In what
follows, we will use the optimal solutions from the state-feedback and Kalman- Iter
SLS problem to construct a suboptimal solution to the output-feedback SLS problem.

The Output-feedback Solution

Itis well known that for a linear system, observer-based feedback is always stabilizing

if the observer error dynamics are stable and the feedback gain stabilizes the state-
feedback case. In [45], the authors pointed out that a similar property holds for
CLMs from state-feedback and Kalman- Iter SLS problems described above.

Theorem 6([73]). Assume there exist stable and strictly proper transfer matrices
F=i G Band =i gE 0 satistying

h [ SF
BF
" #
h iy
KE KE — .
AF 4E
The transfer functions
_ SF KF SF o KF
GG~ GF. 4F ref=al AF
— SF SF]_I o KF
DG— DF DF AF (2.33)
_  KF SF]_l o KF )
GH= 4E GF AE
_ SF KF
pH=  pF'l ° 4E

are strictly proper and satisf{2.8).
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Figure 2.4: Controller implementation of Figure 2.2 after plugdia@3)in the
output-feedback SLS controller (2.9).

Then, a feasible output-feedback SLS controller satisfying the constra{(@&H5LS)
can be constructed usiifg.33)with CLMs from (SF-SLS)and(KF-SLS)to stabilize
the output-feedback systg 1)and(2.2)while respecting the prescribed localization
and communication delay constraints.

Local controller implementation

This section describes Algorithm 1, which summarizes the local implementation of
the global controlle¢2.9)using CLMs in Figure 2.2 using the localized state-feedback
controllers and Kalman lters of Section 2.4.

Globally, the controller after plugging2.33)in the controller(2.9) is shown in
Figure 2.4. Consider the intermediate signals in Figure 2.4,

z {2

R I 5 5

)= B o iy 5
z { 2

s o o e e

$= BE# 11 ° [E#oe

With these intermediate signals, we can compute the controller interna¥saue
the control signall in Figure 2.2 from # = |1 " 2$° I',andu=1$%$, ).

5

Locally, due to the communication constraints speci ed in Section 2.2, one can not
carry out the computation described above in a centralized way. In particular, the
local computation of each signal (8.34) involves delayed and locally available
information. We now describe the information exchange among subsystems and how
they computé2.34) Recall that the state-feedback solutiof™:= 1 g SF°and
Kalman- Iters KF:=1 KE_ KEosynthesized usin(R.30)are enforced to respect
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the communication and localization constraints expressed as d-delayed localization
SLCs. Denote

8 8
SFi._g=g SF SF 7, (2.35)
0

Then Zp-8= 8 2M-8and 3Fu-8= & FFi-Bwhere & and &

are from(2.31) Computing the local components 'bfand# requires only one
realization of 2Fas they can share the same copy of the states within each subsystem.
An analogous statement holds true foand) . Denote the two realizations ¢2.35)

as gF,and Efz During each time ste@ every node observes its local outptC

and goes through four stages of computation and communication with its neighbors
leading to an update to the internal controller states and the application of the actuator
signalDgtC. This is summarized in Algorithm 1 with subroutines 2.1 2.4 describing

these computations in detail.

Algorithm 1: Local computation of controller signals
for Each node8= 1—ee«+—#o0

Input:  gFp-8 =Fi-g RFu-g K-8
Initialize: Vg'0° O,FgC O, EC 0
end
for C= 0-1—++¢eo
for each nod@= f1—e+*—gdo Il parallel
ObserveHst@ ReceiveVglC andHg!© from 92 N.31&
subroutinel()
Receiveb 'C andEq!C from 92 N 11&
subroutine2()
Receive/Nou °1C, 10, B'Nou' #°1C, 10, iiNow ¥°1C, 1° and
NG 1@ from 92 N 319
subroutine3()
ReceiveUg!C, 1° andWtC, 1° from 92 N.11®
subroutine4()
Apply D'C
end
end

Control signal computation at subsyst&imegins by receiving the measurements
from neighbors9at most3 steps away (line 1) and computing t&k element of
the internal signalE*C, 1° andBC, 1° via Subroutine 2.1, where the function
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y»Ng 19y,

O— ()
o
:

Figure 2.5: lllustration of subroutine 1. The computatiorbak similar.

1 1g0
blNout
& , ——@D
_—
: \_|_> ‘
i / b 1Nt}u118m b 1N(}u118)0 H
R T8> sfi_gl_o[ 8 | R 8 R
: b»N%lS’% v blg'jolutlgo H
L]
8
( —(D
e

Figure 2.6: lllustration of subroutine 2.

steg —D° means that the internal dynamics of the systerns propagated one
time-step with the inpub.

Subroutine 2.1: ComputebgtC, 1° andbs'C, 1°
ReceiveVy!C andHelC from 92 N.31&

V»Nﬁ 18’1/}(9 vectVg 1C—e e e \1C°

HpsiglC  vectHy1C—eee—HCO

Bg!C, 1° stepl KEig8o— Vng:gn C°

B'C 1°  stepl [E'8:°— ko1 tCO

In the second stage, the node recelkg<C andb ¢'C from its closest neighbors
(line 3) and computes the outgoing component§2084) The computations are
outlined in Subroutine 2.2 and illustrated in Figure 2.6.

In the third stage, which is demonstrated in Figure 2.7, the node receives the
components pertaining to its element of the signal@i3)from other nodes a
distance at mos8 steps away with delayed information (line 5) and sums them
to compute thegh element of each signal i(2.34) This step is described in
Subroutine 2.3.

In the nal stage (Subroutine 2.4) the node recei\lgsC, 1° andWiiC, 1° from its
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Subroutine 2.2: Compute the outgoing components of (2.34)

B >>Nﬁ191/}e vectb glC—ee *Bg 10
E»N%lgu/‘tle veclEQle_ s 'E& 10
EglC = \4C E»N#S’l/ie BgiC, 1°
&'C = E»N“S’l/ie EsC 1°

_g'C 1°  step BFj}—-8-4Eg'C°
bg'C, 1° step 2521:_8_%1@0
bllNosut1 1 10

gC I°
QlNgutlgmlc’ 10 bglC, 1°
o F°1C 10

8

(

(
NG o1 23 bg!C, 1°

b 1N0Ut1 %OO
8

b 1N0ut180

° :O—»O—»
@

Figure 2.7: lllustration of subroutine 3.

Subroutine 2.3: Compute the local elements of (2.34)

(o] (0] I 1N01utlgml (0]
WiC 1°  BgC 1°, ohj C 1
I 1 1 o]
We 10 o' i 10
| 1N 1 1op0
ZiC 10 BC 10, oBN¥ig 10

| iN 1 10po0
\81(9 9b8NOUt e 1
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closest neighbors (line 7) and computgsC, 1° andDs!C. We conclude that the
node has now received information from nodes at r@8st 2 steps away.

Subroutine 2.4: ComputeDs!C andVg!C, 1°

U»N#SH/}Q 1° vec UglC 1°—eeeby 1C 1°

WiiigsiC, 1°  vec VW§1C, 19—« =i I1C, 1°

VgiC, 1° 18+°U»N%18,1/}C, 1° 18+°V\4N§18>1/}Q 1° Z'C 1°
D'C WCC 1°,\gC

We summarize the stability properties of Algorithm 1 in the following theorem:

Theorem 7. Algorithm 1 with £Fasin(2.35) XEFand XE solved from(KF-SLS)
internally stabilizes systeif2.1) and (2.2). Moreover if £F, XE and XE are
3-localized, the closed loop is at m@& , 2-localized.

Proof. By Theorem 6 the closed-loop mappings sat(&yBa)and(2.8b) Concate-
natingys #gandugwe get precisely the signals in Figure 2.2 which is internally
stable [73], we need to show that the closed-loop is internally stable for perturbations
entering in the intermediate steps outlined in Subroutines 2.1 2.4. Note that a pertur-
bation entering at any of the intermediate signals can be modeled as a disturbance
entering a®e—%,0r % pre- ltered through a stable linear system. Similarly, probing
any of the internal signals can be represented as prgobingor # post- Itered
through a stable system. We conclude Algorithm 1 is internally stable in feedback
with the systen{2.1), (2.2). Finally, as3-localization is closed under addition, and
composition of a3- and a: -localized operator is at mo8t, : -localized,(2.33)
implies that the closed loop is at m@&3 , 2-localized.

2.5 Simulation
Consider a bi-directional scalar chain network parameterizeddaydd:

o)
3C 1°=d11 2W°3EC | dU e, o, Fae-
R2f8 1g

whereUis a coupling constant ardlis the spectral radius of the global state-transition
matrix ,withd 1being unstable. We rst verify the optimality of the in nite-
horizon state-feedback solution given in Section 2.4. In this simulation, we choose
the number of scalar subsystems to bel, 0«6 andd = 1. For the quadratic cost
matrices, we lek = and' =300 . For SLCs, we let the delayed localization
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Figure 2.8: The in nite-horizon SLS solution achieves the optimal cost.

parameter b& = 3. The result is shown in Figure 2.8, where the optimality of our
approach is clear. Due to the high penalty on the control actions, the performance
degradation under FIR approximation can be signi cant.

Next, we investigate the optimality gap between the suboptimal in nite-horizon
output-feedback solution proposed in this work against the FIR output-feedback
solution computed numerically with a xed FIR horizon of 20. We let all other
parameters remain the same as before, and change the number of subsystems to
10 in this simulation. First, we study how tidelayed localization parameter

in uence the optimality gap. This is illustrated in Figure 2.9. As expected, the more
localized the output-feedback problem is, the bigger the optimality gap is between the
constructed solution using separation principle and the direct FIR output-feedback
solution. As the delayed localization pattern becomes more global, the proposed
output-feedback solution becomes more optimal. When the delayed localization
SLCs become non-binding (f& 6), we see that the proposed in nite-horizon
output-feedback solution actually becomes optimal and achieves lower cost than the
FIR solution. This is due to the separation principle of centralized LQG.

Next, we investigate how the optimality gap grows with the number of subsystems
in the network. Here we set = and x the delayed localization parameter

to be3 = 3. As can be seen in Figure 2.10, we observe that the optimality gap
grows apparently linearly in the number of subsystems. However, we highlight the
numerical e ciency and stability of our approach despite the suboptimality. When
the number of subsystems exceeds 12 with FIR horizon of 20, the FIR solution solved
in MATLAB using CVX renders NaN due to numerical instability (total of 11520
variables).
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Figure 2.9: The proposed in nite-horizon suboptimal solution to the output-feedback
SLS problem versus the FIR output-feedback solution numerically computed for
(OF-SLS) for varying SLC delayed localization parameter

Figure 2.10: The proposed suboptimal solution to the output-feedback SLS problem
versus the FIR output-feedback solution numerically compute{dérSLS)for
varying number of subsystems in the network.

2.6 Conclusion

In this chapter, we propose and derive the optimal solution to a strudtlysthte-
feedback control problem under localization and communication delay constraints. In
particular, our controller is synthesized directly in in nite-dimensional space, without
the nite-impulse response relaxation common in related work. Our method can
also be used to construct optimal distributed Kalman Iters with limited information
exchange. We combine the distributed Kalman Iter with state-feedback control
to perform localized LQG control with communication constraints. We provide
agent-level implementation details for the resulting output-feedback state-space
controller. The distributed Riccati solutions presented in this work can be used as
guadratic terminal cost in distributed model predictive control to enable signi cantly
better performance, as seen in [82].
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Chapter 3

NONLINEAR DISTRIBUTED CONTROL FOR LARGE-SCALE
SYSTEMS WITH CONSTRAINTS

In Chapter 2, we presented the optimal distributed linear controller for linear systems
with quadratic cost under communication constraints. However, it is known that
even the optimal linear controllers can be outperformed by nonlinear controllers
for control design under communication constraints [38]. Moreover, the optimal
linear distributed controllers do not handle safety constraints, such as when states
are constrained to be inside a safe set. Such safety constraints are critical for CPS
such as the power grid.

Therefore, in this chapter, we propose a novel nonlinear distributed control technique
for linear discrete-time systems with input saturation and state constraints that allows
us to simultaneously satisfy performance and safety objectives de ned for small- and
large-disturbance regimes respectively. Previous methods for this class of systems
trade o between the two objectives whereas our method allows the controller to
perform well in both regimes by incorporating online information about disturbances
during operation.

[1] J.Yu*andD. Ho*, Achieving performance and safety in large scale systems
with saturation using a nonlinear system level synthesis appro2@B0
American Control Conference (ACQp. 968 973, 2020doi: 10.23919/
ACC45564.2020.9147577

3.1 Introduction

Linear systems with input saturation, where control inputs are limited to a certain
range, and state constraints, which require the system states to remain within
prede ned bounds, are an important class of nonlinear models for many practical
applications, such as robotics, power systems, and automotive systems, where
physical limitations on actuators and safety requirements must be strictly adhered to.
Moreover, even without the state constraints, the input saturation alone can result in
large and sometimes diverging oscillations in the closed loop.

There are generally two approaches to handle the challenge. The rst approach
is to include these constraints in the overall controller design. Methods following
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such principle include robust Model Predictive Control (MPC) [83] [85] and
constrained System Level Synthesis (SLS) [86]. However, such methods are often
characteristically conservative. In particular, MPC-based methods may su er from
recursive feasibility issues in addition to challenges in dealing with disturbances.
The second approach attempts to separately design a desired nominal controller
for small signals and a "compensator" that compensates for saturation-induced
performance degradation or even instability. Generally, the design goal is to have the
saturated closed loop stay as close as possible to the small-signal nominal behavior.
Anti-windup Schemes [87], Reference Governor [88], and other Lyapunov invariant
set-based compensators[89] all belong to this approach. Despite vast literature on
the topics, decentralized schemes that accommodate large-scale systems are few.

Contribution.  Inthis chapter, we propose a novel o ine distributed nonlinear con-
troller synthesis procedure that outperforms any optimal linear distributed controller
for constrained LQR problem [83] [86]. In addition, the same controller inherently
prevents windup-instabilities in saturated linear systems which are traditionally
mitigated via additional anti-windup design [88], [90], [91]. Another signi cant
advantage of the approach, is that despite being a nonlinear synthesis method it
naturally enjoys the same bene ts as the linear system level approach introduced in
Chapter 2, which makes it scalable in the large-system setting.

[92] describes the system-level characterization of closed loops of general nonlinear
discrete-time systems and introduces a simple universal control structure, called a
system level controller, that has the capacity to stabilize any nonlinear system if
parametrized with the according closed loop maps. In this chapter, we will show
that just using a very special case of the framework presented in [92] provides
new promising tools for control design. In particular, we will illustrate how a
simple projection nonlinearity can become a powerful tool for solving the problems
described above.

The remainder of the chapter starts with preliminaries and notations in Section 3.2,
followed by a review on nonlinear System Level Synthesis (NLSLS) in Section 3.3.
The proposed nonlinear controller is introduced in Section 3.4, followed by Sec-
tion 3.5 where the constrained distributed LQR problem is discussed. We show
in Section 3.6 that the proposed nonlinear controller can be augmented for natural
anti-windup properties and therefore allow for large-scale distributed anti-windup
design. Numerical simulation in Section 3.7 corroborates the presented theory.
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3.2 Preliminaries

We will de ne <~ to be the space of sequences of vectorlkin Sequences
of vectors will be denoted by small bold lettexs:= 1Q§’(1¢0 unless otherwise
speci ed. Occasionally, we will de ne sequences explicitly with the tuple notation
X=1G—(GG-o¢ andcg denotes the&xh element of vectofg We use théggto refer

to the truncation of a sequengdo the tuple'G-@1—*+*—& Furthermore, we
will adoptjd andj jfor G2 R"and 2 R~ ~ as the vectol -norm and induced

1 -norm onR~, respectively. We resenle k, to refer to the norm and induced norm
over vector sequence space

kxko := iGj’ | kxki := supjG je
. 0

Operators

Operators that maps between sequence spaces will be denoted in bold capital letters
T: =1 -. Similar to the sequence of vectors, we wrlte= f)(géo with its
component functiongc: ! R-. An operatofT will be calledcausalif for any

pair of inputx and its corresponding output= T 1x°, the outputHdoes not depend

on future input sequend®;:—: 1. More precisely, a causal operaibiis fully
characterized by its component functigrs R=* <"1 R' such that

Tix°e = 1) OlGDO_)llq_ G)_)Zlq_ @_ G)_ e 0o

Note that every component functipgof a causal operatdr hasC, 1 arguments
which are populated in reverse-chronological order. If in addition , component
functions) csatisfy) dG® =) ¢0- G 1:0°, thenT will be calledstrictly causal

We de ne the space of all causal and strictly causal operators that maps ?
asC! — 70 and Cg! - ?°, respectively. Moreover, let the space of all linear
causal and strictly causal operators be denotet@s *— ?°  C! “- ?° and
LCgt ™= 0 Cgt = ?°. Occasionally, for two operators with matching domains
such asA 2 C1 -7 gndB 2 C! "~ @ we denote the composite operator
IAB°2 CL -7 @ asiABO:x 711 ALXO-B1x°,

» Stability
Let the vector sequence spage ~ be de ned as
5:=fx2 Tjkxk, Y 1g-

We de ne stability for causal operators as follows:
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De nition 3.2.1 ( » Stability). An operatorT 2 C! =— <9 s said to be ,-stable, if

Tix02 5 forall x2 3e
Further, if there exist two scaladd/V 0 such that for alx 2 5, we have
KT 1x° k? V\V(Xk? N V-

thenT is nite gain »-stable.

3.3 An Overview of the Nonlinear System Level Approach

This section will focus on introducing the notion of closed loop maps as causal
operators with respect to a general nonlinear causal system. Moreover, we summarize
necessary and su cient conditions for operators to be closed loop maps and how
they can be realized by a dynamic controller.

Closed Loop Maps of Nonlinear Systems
Consider a discrete-time nonlinear system with additive disturbances

&= 5'&1-Rk1°, Fc (3.1)

whereG2 R, 2 R, Fc2 RFand5: R© RS ! R with 510-0° = 0 and

G =Fq. LetFix—u°: = <1 = be the strictly causal operator representation
of the function5 such thaF1x—u° := 10— 3G—[g°— BG—[P°— ¢ +8. Assume thaF¢
can not be measured and tiats generated by some causal controle Ct =— <°
such thaDc= 'Geo®. An equivalent operator form of the dynamics (3.1) is

X =Fx-u°, 6 w (3.2a)
U= K1x% (3.2b)

For a xed disturbance sequenee the dynamicg3.1) produces unique closed
loop trajectories for state and inputu. Therefore, given a xed, the dynamics
induce a causal map from to *x, u® and we will call the corresponding operators
disturbance-to-state and disturbance-to-irgpased loop majprespectively.

De nition 3.3.1 (Closed Loop Maps)De ne »—K% 2 C¥—= <0 gs the

operator that mapsv to the corresponding respon&e-u° according to the closed-

loop dynamicg3.2). We call »FK¥ithe closed loop maps (CLMs) ¢8.2).

Moreover we will refer to the partial maps! xandw! uwith *»¥-K¥%and
UK Yarespectively.
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Without specifying a controllelK, one could alternatively consider thealizable
CLMs of (3.2a)for somecausal controlleK® We call a composite operator
=1 X_ W 2C1=-= <Othatmapswv 7! 1 Xiw°— Y1y°° realizable CLMs

for open-loop dynami¢3.2a)if there exists a so-callegalizingcontrollerk ° such
that = »F-K% With this notion of realizable CLMs of an open-loop dynamics,

we de ne the space of all realizable CLMs:

De nition 3.3.2 (Space of Realizable CLMs)siven an open-loop dynami¢3.2a)
the set of all feasible closed loop mapsFys 2 CF—=  <° for open loop(3.2a)
is de ned as

T oFYi=f 9K 2Cl -<°suchthat = »-Klg

The following theorem characterizes the space of realizable CLMs for a given open
loop:

Theorem 8(Characterization of CLMs [92])A composite operator =1 *— Yo 2
Ct =—= <°arerealizable CLMs of the open logB.2a)if and only if they satisfy
the operator equation

X=F1 o | (3.3)

Moreover, for any operators satisfying(3.3), the inversé *° 1 exists, is a causall
operator, andK = Ut X0 lis g realizing controller for CLMs . If Yis
surjective, therK is unique.

System Level Implementations

Aside from the technical assumption on the codomain bf Theorem 8 states

that there is a one-to-one relation between CLMg— Y0 and their realizing
controllersk = Ut Xo 1 Nevertheless, di erent implementationskfneed to be
distinguished: despite realizing the same CLMs with respect to the trajégtexyu®,

they do not give the same closed loop behavior once we add additional perturbations
to the system. We will denote the following realizationkof= Yt *° 1 gg the
System LevdSL)-implementation oK :

De nition 3.3.3 (SL Implementation) Given a composite operator =1 *— Y0 2
Ct=—= <o gatisfying(3.3), the realizing controllerk = Yt *° 1 can be
implemented as follows

D= 2Beo° (3.4a)
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Bc1=G1  &,'0-Bx® (3.4b)
for C= 0-1—++swhereb denotes the internal state of the controller with initial

conditionBg = G. We will writeK = SLt *— Yo to underscore that the controller
K = Ui Xo lisimplemented in this fashion.

Now consider the closed loop ¢8.1) and controllelK = SLt *— Y0 perturbed by
additional noiser and input disturbance such that

G=5G1—-R1°, Fc (3.53)
De= &Bx’, 3¢ (3.5b)
Bc=G 20Bc11°, B (3.5¢)

The following result characterizes the closed-loop stability under the realizing
controller.

Theorem 9(Internal Stability of Closed Loop [92])if 5is uniformly continuous
and the operatot *— Y0is 3 <-stable (or > < nite gain-stable) CLMs 0f(3.1),
then the closed loop dynami¢3.5)are > <-stable (or nite gain 7 =-stable) with
respect to the perturbatiobw—d—v°.

Relation to Linear System Level Approach

If we restrict the previous analysis to linear time-invariant (LTI) systems and
controllers, we recover the results of [73] for the state-feedback case. If the open-
loop dynamics now i§&z= Gci1, Dc1, FcandK is an LTI operator, then the
corresponding linear CLMs are LTI as well. In this case, we recover the CLMs
introduced in Section 2.3, where the component functions of the CLMs can be
written as

o1

c(?lFCO0 = ' :FQ1 : (3.6a)
=1
o1

BFex®= " .Fg1 .- (3.6b)

=1

where' . 2 R™ ~ are the kernels of the state-feedback linear Sytem Level Synthesis
(SLS) CLM fromw to x, i.e., g and" . 2 R* = are the kernels of prl(c.f.
Section 2.3). Moreover, the corresponding CLMs characterization cond#idh

LIn this chapter, we adopted the convention of causal relationship betwaiu in (3.1), where
Gis in uenced byF g in order to simplify arguments regarding operators. This causes a one-step time
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reduces to the a ne constraint on the matrices, " . which coincides with the
linear SLS feasibility condition€.6). In particular, if we further restrict to have
Finite Impulse Response (FIR) with horizpni.e., component functions Eand 2

only depend on the pastinf)— C 1ginputs, then (3.6) becomes

minf§ 1-)g
glFCOOZ "Fea (3.7a)
=1
minf§ 1-)g
81F00°: “.Fg1: (3.7b)

=1
The CLMs characterizatiofB.3) in the FIR LTI case reduces to the following

conditions on the kernel matricés, " . for: = 1—eee—) 1.
'1= (3.83)
ea= o, T (3.8b)
"y, ")y =0¢ (3.8¢)

FurtherK = SL! *— Y0 results in the implementation below, which also coincides
with the linear SLS controller (2.7):

minf§ 1-)g
Dc= '

: 5(; 1:
=1
minf§ 2-)g

Bc1=G1 "iBg2 -
1=2

forall : = 0-l—eewith Bg = G.

3.4 Nonlinear Blending of Linear System Level Controllers

As introduced in the previous section, system level controllers de ned in De ni-
tion 3.3.3 can implement arbitrary CLMs for nonlinear systems of the {@cd). The
results in [92] motivate a new approach for nonlinear control synthesis: Searching for
stable operators*, ! that satisfy(3.3)and constructing a corresponding system
level controllerSLt *— Y° by De nition 3.3.3.

It is conceivable that the generality of this approach could lead to an entirely new
direction of nonlinear dynamic control methods. Serving as a rst step towards

index shift from the classic convention whegegis in uenced byF ¢ 1, which is used in Chapter 2.
Therefore, the NLSLS CLMs are de ned to be causal, while the linear SLS CLMs are strictly causal.
However, di erent indexing conventions do not a ect the equivalence between the two since one can
simply re-label the indices of the disturbances and the kernel matrices in one convention without loss
of generality to match the other convention.
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exploring the potential of this new perspective, the remainder of this chapter focuses
on a subset of nonlinear system level controlgts *— U© that proves particularly
useful for controlling large-scale linear systems subject to state/input constraints and
input saturation.

In particular we will restrict ourselves to the class of controllBk$ *— Y° where
*and Y are structured as

&G minf)-C1g .
810: I :8)1P[8 Prg,°*Fc1 :°
&1 =1
&G minf)-Clg
go= PP, Pp 0t O (3.9)
&1 =1
We choosq # [# 1 [0 = 0 and the operatoP[,!° : R"! R~ as
any nonlinear function with a projection-like property de ned for paraméter
' :18) 2R 5" :18) 2 R* = are the kernel matrices associated with linear FIR CLMs
X+ U+ 82 »# Yavith FIR horizon) for a linear system of interests:
&= Gci1, Dca, Fe (3.10)

with G2 R7,Fc2 R7, D2 R* such that for eacB2 f # g, **, '+ satis es(3.8).
Concretely, we consider two speci ¢ nonlinear projections:

De nition 3.4.1 (Saturation Projection)Let vectorF = »>F1—eee_35; 2 R™. The
saturation projection is an element-wise projection:

atFi-p
P[1F° := $ (3.11)
atF=——p

wheresatF—[° = signtF° maxj Fj—[g.
De nition 3.4.2 (Radial Projection) The radial projection is de ned as
10
sat .jF j [-1 E
jFiel
Unless otherwise speci ed, the results derived in the rest of the chapter hold for both
projections.

P[1FO = (3.12)

Remark 1. For = = 1, radial projection and saturation projection coincide with each
other. The radial and saturation projection operator act as the identity whenever
jF] [ . Otherwise, the radial projection re-scaléssuch thatP[ *F°j = [ whereas

the saturation projection performs element-wise radial projection.
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The proposed nonlinear controll8t.! *— Y° can be thought of as monlinear
blendof thelinear FIR controllersSLt **— U0 82 1/, Although the nonlinear
operator X, Y diers from its linear components **, " only by the static
nonlinear functiorP[,2F°, the upcoming sections will demonstrate that this simple
additional nonlinearity proves surprisingly useful. In particul@s separate any
disturbanceFcinto # zones such that for ea@h linear controllelSLt *+— U0,

only the portion ofF cthat "falls" betweerj gand|[ g 1 is acted upon. Intuitively,

one could choose di erent behaviors for various portions of the disturbance signal,
specifying either performance or safety properties. The explicit expression of the
dynamic controlleSL* *— Yo with CLMs de ned in (3.9) is

G mngCls
D= n 1P[8 P[81015Q1 o)
&1 =1
G mng-C2
Bc1=G1 P Pres®tBo2 -
&1 1=2

with : = 0-1—eesandbg = G.

For ease of exposition, we focus on the two-zone case of the proposed controller
SLt *— UYothough all the analysis extends naturally to theone case. Thu$3.9)
simpli es to

mir@_glg 110
SFar= TR,
=1
' :1201P[21FQ1 :© PrtFer
mir@_glg 110
81|:COO: R o P oS IR
=1
n 1201P[21Fc;1 :0 P[lqul :00. (3.13)

Note that system level controll&L! *— Y© of the two-zone CLM is internally
stabilizing and achieves the two-zone CLM behavio(®04.0)as long akwk; [ ».

In the remainder of this chapter we will explore the consequence of this blending
technique for distributed control design with respect to input saturation and state
constraints in linear systems. we show that the simple nonlinear{8:13)o ers

a variety of advantages over linear controllers, including the ones presented in
Chapter 2.
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3.5 A General Framework for Constrained LQR

We present a novel synthesis procedure for a class of constrained LQR problems using
the proposed SL controller with CLM8.13) In particular, we will show that the
synthesized nonlinear blending system level controller is guaranteed to outperform
any linear controller for the class of constrained LQR problems to be discussed.
Additionally, we comment on how structural constraints for large-scale systems such
as delay, actuation sparsity, and localization can be easily accommodated.

Consider a control problem where we wish to minimizeaaerageLQR cost,

but also want that the closed loop meets certain safety guarantees against a set of
rare yet possiblevorst-casalisturbances. Ideally, we would like to synthesize a
controller that can guarantee the necessary safety constraints without too much loss
in performance compared to the unconstrained LQR controller. We will phrase this
design goal as the following constrained LQR problem:

rr|1<in)lli£n )321 Erg 21po» G- @Va (3.14a)
BeCe C@ GCl, DC1, Fc (3.14b)
De=  AGo° (3.14¢)

8w jjwjji  [<oc: (3.14d)

SupjGj Goc supiDj Deoc—

whereJ abbreviates the quadratic stage cb51G-D= G &G, D%Mwvith &,% O.
We will assume that the disturbance is stochastic but bounded sudtwtkat [ <oc
with known distribution which satis es the following

Assumption 2. DisturbanceF8are i.i.d. drawn from the scalar centered distribution
?1F° and uncorrelated in tim€and coordinated

We can equivalently phrase the optimal control prob{@8rt.4)in terms of closed-loop
mappings as de ned in Section 3.3. Recalling De nition 3.3.1, the optimal control
problem(3.14)can be described as an optimization over the set of feasible CLMs
1 X_ uo 2 1Ax  Bu° and by using the characterization in Theorem 8:

10
lm = E»J' @Fa- SFe®Y (3.15a)
) ) G1
BeCe &Fax®= &0-F1c®, Fc (3.15b)

min
X_ U
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S1'0-Fe®=  &Fx®, &Fa®
8CiFd [<oc: | SFa®] Goo (3.15c)
8C{Fd [<oc: | &Fe®j Deog® (3.15d)

As in the linear SLS case [73], we do not need to have the contillze a decision
variable, since we can always realize the optimal solutiofr® Y% to (3.15)with
a system level controllegL: X% u-%®

Conservativeness of Linear Solutions

We will rst discuss properties of solutions to our original probl¢gil4) if we
restrict ourselves to only LTI controlleds. Consider the equivalent problem
formulation(3.15) with the CLMs?! *— Yo restricted to be linear. This poses a
convex problem and as shown in [86], it can be approximately solved by searching
over FIR CLMs! *— Yo Yet, the corresponding linear CLMs **#n—¢_ utin-tg

come with undesirable restrictions:

~ f xHn—¢_ udin—¢4 impose stricter safety constraints than the required con-
straints (3.15c) and (3.15d).

~ f xdn—¢_ udin—¢4 4o not depend on the disturbance distributRsr°.

To see the rst point, we have the following result as a consequence of linearity:

Lemma 2. Forany linearf *#n— Wing the constrain{3.15c)(3.15d)is equivalent
to

Celge Goo. _ .
supj ¢~ o) sgph—ngFd (3.16a)
supj 278F 0 supD<—°Gde- (3.16h)
C c [<oG

Proof. Clearly, (3.16)implies(3.15c¢)(3.15d) The reverse implication follows by
the assumed linearity ¢f **"— 4" gand homogeneity of norms.

Lemma 2 shows that the restriction of linearity in CLMs imposes stricter safety
conditions(3.16) than (3.15c¢)(3.15d) To elaborate on the second point, notice
that for linear CLMs *#n— u#n gyr objective functior(3.15a)can be expressed

equivalently as

2
&102 X
(3.15a)=f ? gz u T f2:= Ep sipoF 2V (3.17)
H>
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wheref 2 denotes the variance of the scalar distribut®3f° andksky;, denotes
theH > norm for linear operators. Since the objective function only gets scaled by a
constant factof 2 for di erent distributions ?1F°, this shows that for linear CLMs,

the solutiond **n— WHingtg (3.15) are independent of the distributi®fF°.

A NLSLS Take

Consider the general problef®.15), where now we search over CLMs *— Y0 of

the form presented i(8.13)with the choice of » = [ <o, SOMe[ 1 Y [, and an FIR
horizon) . Recall that *— Y°is a blending of two linear CLMs and has the form
(3.13) Restricting ourselves to this form of CLMs allows us to derive the following
convex problem which is a relaxation of the general problem (3.15):

" " 2
o & 0#1.2 R 1.2 3.18
,1£.n_|p180 0 % w110 4 120 F ( . a)
BeCe 1f' i, %[2 [°%' %] Goc (3.18b)
[4" i,z [°" %] Dxoc (3.18c)
= B (3.18d)
19 1@
1 = — ) =0-
where " #
_ b U
e =
U Us

with Uy = ExP[, 1F921,U, = ExP(,LFO1P,1F° Py, tFYandUs = Ex» Py, 1FO
P, tF°%%YwhereF  ?'F°andkwk; [ <oc Moreover " and" *® are abbrevia-

tions for the horizontal concatenation of the kernel matrices associated with the linear
CLMs *F, U jg ' = T8 _eee Bypn 18 =y BB _ees_ Py,
Hereby, only constraint&3.18b) (3.18c)are su cient condition of the constraint
(3.15¢) (3.15d)via norm multiplicativity. All other equations in the above opti-
mization are equivalent to the original probléB15)restricting the search over
CLMs of the form(3.13) Finally, solving the convex probleif3.18) gives the
suboptimal nonlinear CLMg **— ®Ugfor the system dynamid8.14b) which can

be realized with the internally stabilizing system level contraBet **— ®UYo, The

next theorem states a main result of this chapter:
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Theorem 10.Forall [ 1 2 »0—[>%the nonlinear system level control®g: **— ®uo
synthesized fror(8.18)achieves lower optimal LQR cost f(8.14)than any linear
solutions.

Proof. First, recall that restricting to be linear in problen3.14)is equivalent to
restricting *and " to be linear in the equivalent formulati¢@.15) Furthermore,
notice that under the restriction of linear*— 4°, problem(3.15)is equivalent to
(3.18)with the added constraint'® = * '2° » > = » *2 'whijch shows that any
solution® ®*— ¢uo of problem(3.18)achieve smaller cost than a linear solution
1 xHn-¢_ udin—to 4f (3.15).

The above argument also extends directly to the N-blend case.

Distributed Controller for Constrained LQR

Thanks to the particular form df3.9), when the projection is chosen to be the
saturation projection De nition 3.4.1, structural constraints of controller such as
sparsity and delay constraints can be added in a convex way to the synthesis
procedure described in Section 3.5. This is because imposing structural constraints
on the nonlinear controlldB.9)is equivalent to imposing them on the linear CLM
components 0f3.9). As discussed in Chapter 2, localization of disturbances, as well
as communication and actuation delays are all convex constraints in terms of linear
CLMs in the linear SLS framework. Speci cally, all mentioned constraints could be
cast as a convex system level constraints (SLCs) for linear CLKts U*, 82 »# V4

The corresponding system level control®rr Y- *° can then be implemented in

a localized fashion conforming to the SLCs off*, Y*. Therefore, the nonlinear
controller synthesis in Section 3.5 naturally inherits all capabilities of the linear system
level controllers in terms of distributed controller synthesis and implementation.

3.6 Distributed Anti-windup Controller for Saturated Systems

Now consider a linear input saturated system where the disturbances and initial
condition arenot necessarily constrained to have a known norm bdugd. The
control actions are projected via saturation projector:

Q:: GCl, PD<0<31|% 1°, FC,_ (3.19)

In this scenario, controlle8L.! *— U° previously constructed wit(8.13)no longer
realizes the designed closed-loop respdBsE3)for (3.19) Nevertheless, we would
like the saturated system to degrade gracefully and preserve stability. Such property
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is traditionally achieved via anti-windup design[91]. Here, we show that the proposed
nonlinear controller achieves natural anti-windup property with little modi cation.

Anti-windup Controller
Inspired by internal model control (IMC) [93], we modi§Lt *— Y°and consider
an augmented controll&L! *?@— Yo where the operator *? is constructed from
(3.13) with augmentation:
&G minf-Cig
CtFe’ = PP, Ppe g :®
&1 =1

tFe1: P, 'Fci i - (3.20)
=1
whereg is a positive integer. Recall that by design, we have chdgen [ <oc,
the expected norm bound on disturbances. Comparégl 18)for the two-zone
case # = 2) and(3.9)for the N-zone case, we note tH{&t20) has the additional
"open-loop" dynamics term. This extra term accounts for the residual disturbances
that are not attenuated by the original contro8&t *— UY° because the disturbances
are larger than expected by the projection mappimeg,jFd i [ <oc. Therefore,
SLt *Aa_ Uoconsiders thg-step propagation of the unaccounted disturbances from
SLt *— UYo Note that when the disturbances satisfy the assumptida [ <o,
augmented controlleBL! *?— Y0 js identical toSL! *— Y© constructed from
(3.9) and (3.13).

The IMC-like structure of the augmented controir! *?— Y0 helps the saturated
system to degrade gracefully and preserve stability even whéna Y are not the
exact CLMs for the closed-loop system. The closed-loop dynami¢3.59)under
augmented controlle8L! *2— Yo from (3.20) can be checked to be

Be= %MBcy Ple!Bcg®, Fe (3.21)

As shown in [92], the stability of the overall closed loop is equivalent to the stability of
(3.21) We now certify the anti-windup property &Lt *2— U0 with the following
result.

Lemma 3. If g satisesj 91 Y 1, then internal dynamic$3.21)is globally
nite-gain ; -stable where foraliv2 T,

1

kb/k]_ —g’]_JkVVkl ®

1]
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Proof. We rst present an operator small-gain theorem.

Theorem 11 (Small-gain Theorem[92])Let 2 Cgt ™ ™. Iffor all x 2 73,
K 1X°ko Wkxk,, VWithOY W Y1,V 0, ? = 1-2—ee+L, thenforallw 2 3,
kivk,  itkwks, | VP wherety = 1 o ly.

Note that the inverse exists becausg C! ™ 7°[92]. We are now in a position to
prove the lemma. We can write (3.21) in the operator form as

=1 oLy (3.22)

where is astrictly causal operator with component functighb c° := 9>115cg
Pl.octBcg®. Forallty 2 T,k °k j 9ljkvk; where we have chosen
such thaj 91j Y 1. Therefore, invoking Theorem 11 gives the desired result in
Lemma 3.

In particular, if is schur, then there exists2 N such thatk *k Y 1 for any
norm. Therefore, i{3.19)is open-loop stableSLt *2— U0 guarantees graceful
degradation when the closed loop is saturated.

Localized Implementation

Similar to the large-scale constrained LQR case in Section 3.5, since the anti-windup
controllerSLt *?@— Yo for the saturated linear systdi®.19)is composed of linear
CLMs synthesized fronf3.18)with locality constraints, localization can be easily
imposed as a convex subspace constraint on the composing linear CLMs. When the
the information structure of the controllers are constrained to the state propagation
pattern according to open-loop dynamigas, the sparsity of , the anti-windup
controllerSLt *@— Yo can be implemented in a localized fashion where information

is exchanged and disturbance is contained in a local controller patch [44]. As will be
illustrated in Section 3.7, this allows for distributed anti-windup controller design for
large-scale saturated systems.

3.7 Simulation

Constrained LQR

To corroborate the results presented in the previous sections, we demonstrate the
performance of a four-zone nonlinear blending controller with radial projection
compared against the optimal linear controller for the constrained LQR problem of
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an open-loop unstable system:

Gi=f 2 G, ID, F. (3.23)
1

with Deog = 40, Gog = 15, [<oc = 1, & = 3, %= 10. The disturbanceBk. are
chosen to be atruncated i.i.d. gaussian random variables with vafign&égure 3.1
shows the optimal cost improvement of the presented nonlinear approach over the
optimal linear controller for di erent choices of varian&€. Figure 3.1 showcases

that the proposed controller can exploit the knowledge of the disturbance distribution
to achieve performance improvement over the linear optimal linear controller: for
smallf the proposed controller gains more than 30% cost reduction over safe
controller. On the other hand, with increasinglarge disturbances in the system
become more likely, and therefore the opportunity to improve upon the linear optimal
controller is reduced.

Figure 3.1: Performance improvement of optimal nonlinear contr8llér ®*— ¢uo

over optimal linear controllegLt **n—¢ win—® for dj erent varianced 2 of the
non-truncated disturbance. The nonlinear blending controller synthesizes over 4
linear controllers w.r.t. to the projection parametpis= 005~ = 0¢l-[3 =
02—[4=[<0c= 1.

Localized Anti-Windup Controller
Consider a bi-directional chain system w@&h node's dynamics being

O
@,=11 O04N8°}, 04 &, satlE-Doc®, F2-
PNg
whereN 1 & denotes the set of vertices that has an edge connec@ttMertex and
F&is thegh coordinate of disturbance vector at ti@dn particular,kwk; 1 and
& = 0. One can check that the overall chain system is open-loop marginally stable.
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(a) Integral Controller (b) Non-integral Controller (c) Nonlinear Controller

(d) Integral Controller (e) Non-integral Controller (f) Nonlinear Controller

Figure 3.2:Worst-case (top row) and Staggered Step Input (bottom row) Response
under Saturation for a marginally stable 20-node Chain System with Sparse Actuation
Top Row The heatmaps show how a worst-case disturbance is propagated through
space-time for the saturated chain system. The integral controller becomes unstable
due to saturation and the naive blending controller possesses has the anti-windup
property of the non-integral controller. In addition to anti-windup, the proposed
controller is localized and accommodates sparse actuation, communication delay,
and controller sparsity constraints. Here every other node has a control input
(50% actuation) with 1 time step actuation delay and 1 time step communication
delay between nodes, while enforcing a controller sparsity that conforms to the
communication pattern of dynamics matrix Bottom Row Response to small

step disturbances at node 8,10,12 entering at time 2,6,10, respectively. As in the
scalar case, the proposed blending controller not only stabilizes under saturation
but also recovers the performance objective of rejecting small step disturbances.
This contrasts against the non-integral controller, which sacri ces small-signal
performance for stability.
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We illustrate the anti-windup property of the nonlinear contro(@®) in the
decentralized setting with additional sparsity, locality, and delay constraints. First,
a nominal integral controller for this system is designed and dubbebhtigral
Controller. Due to its integral structure, thetegral Controllerfor the unconstrained
closed loop guarantees convergence of the state to the origin under persistent
disturbancei.e, step rejection. In comparison, a second linear controller synthesized
from standard constrained LQR problem that guarantees stability for all admissible
w under saturation is generated. We refer to this linear controller d$ahentegral
Controller since the states only stay bounded under persistent admissable disturbance.

The nonlinear controller with saturation projection here is chosen to be a two-zone
blending controller consisted of CLMs of the for{®.13) The simulation shows

the anti-windup property as well as preservation of step rejection in both large-
and small-disturbance schemes of the proposed method. Figure 3.2 shows that the
blending controller stabilizes the system while integral controller becomes unstable
under worst-case bounded disturbance. On the other hand, the proposed blending
controller preserves performance of step rejection while the linear Non-integral
Controllers forfeits the performance objective in order to preserve stability in the
saturated closed loop. In this chain example, we allow 1 time step communication
delay between nodes and actuation delay with 50% control authority. The localization
pattern imposed on the system response alBls *— Y© to be implemented in

local patches, therefore making the controller distributed.

3.8 Conclusion

Int his chapter, we propose a tractable nonlinear distributed control synthesis method
that outperforms any optimal linear controllers for the distributed and localized LQR
problems under input saturation and state constraints. It was further shown that
such controller naturally possesses anti-windup property for linear systems with
input saturation. A key highlight is that the presented approach enjoys the same
compatibility with locality and communication delay constraints and distributed
implementation, as the linear system level synthesis approach presented in Chapter 2.
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Chapter 4

NON-ASYMPTOTIC LEARNING OF UNCERTAINTY SETS VIA
SET MEMBERSHIP

In this chapter, we present the uncertainty set estimation method that will serve as
a link between machine learning techniques and model-based control methods as
introduced in Chapter 1. Uncertainty sets are crucial for the quality of robust learning
and control since they directly in uence the conservativeness and the safety of the
algorithm.

Departing from the con dence region analysis of least squares estimation, which is
one of the most common estimation methods in learning-based control literature,
this chapter investigates properties of the set membership estimation (SME) method
commonly seen in robust adaptive control. Though good numerical performance
have attracted applications of SME in many domains including energy systems and
robotics, the non-asymptotic convergence rate of SME for linear systems remains an
open question. In this chapter, we will provide the rst convergence rate bounds for
SME and propose novel variations of SME under relaxed assumptions that improve
the practicality and performance of SME. Interestingly, in some settings, SME breaks
through the theoretical lower bound on sample complexity of the estimation task of
linear dynamical systems previously shown for the popular ordinary least squares
estimation, enabling improved performance for a range of safety-critical tasks over
previous approaches.

[1] Y. Li* J.Yu* L. Conger, T. Kargin, and A. Wierman, Learning the uncer-
tainty sets of linear control systems via set membership: A non-asymptotic
analysis, Forty- rst International Conference on Machine Learning (ICML)
2024. [Online]. Available:https://openreview . net/forum ?id =
n2kq2EOHEE

4.1 Introduction
The problem of estimating unknown linear dynamical systems of the @

G, ®Dx, Fcwith unknown parameteris *— ®° has seen considerable progress
recently [26], [58] [60], [94] [96]. Most literature focuses on the analysis of the least
squares estimator (LSE) and its variants, where sharp bounds on the convergence
rates for subGaussian disturban€esave been obtained [59], [96]. Building on



63

this, there is a rapidly growing body of literature on learning to control” unknown
linear systems that leverages LSE to achieve various control objectives, such as
stability and regret [17], [24], [25], [28], [59], [97].

However, for successful application of learning-based control methods to safety-
critical applications, it is crucial to quantify the uncertainties of the estimated system
and to robustly satisfy safety constraints and stability despite these uncertainties [29],
[30]. A promising framework for achieving this is to estimate the uncertainty set of
the unknown system parameters and to utilize robust controllers to satisfy the robust
constraints under any parameters in the uncertainty set [30], [98]. Uncertainty set
estimation is crucial for the success of robust control: on the one hand, too large of an
uncertainty set gives rise to over-conservative control actions, resulting in degraded
performance; on the other hand, if the uncertainty set is underestimated and fails to
contain the true system, the resulting controller may lead to unsafe behaviors [30],
[31].

To estimate uncertainty sets, a popular method is to construct LSE's con dence
regions [24], [59]. However, this approach yields a con dence region for a point
estimate rather than directly estimating the uncertainty set of the model. Further, the
con dence regions are usually derived from concentration inequalities, which allows
convergence rate analysis but may su er conservative constant factors [31], [59].

In this chapter, we instead focus on a direct uncertainty set estimation method: set
membership estimation (SME), which estimates the uncertainty set without relying
on the concentration inequalities underlying the approaches based on LSE. SME
has a long history in the control community [48], [49], [99] [102]. SME has
primarily been proposed for scenarios with bounded disturbances, which is common
in safety-critical systems, e.g. power systems [103], unmanned aerial vehicles (UAV)
[104], [105], and building control [106]. Further, the bounded disturbance is a
standard assumption in control when certain safety requirements are desired, such as
robust (adaptive) constrained control [24], [49], [107], online (constrained) control
[14], [108] [110].

Consequently, SME has been widely adopted in the robust (adaptive) constrained
control literature [49] [54] and the online control literature [13], [55], [99], [111].
Figure 4.1 provides a toy example illustrating SME's promising performance under
bounded disturbances.

On the theory side, the convergence analysis of SME generally considers a simple
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(a) Diameters of uncertainty sets (b)) =5 (c)) =250

Figure 4.1: A visualized toy example of uncertainty set comparison between SME
in (4.2) and LSE con dence regions in [59], [60] for a one-dimensional system
G1= °G, °Dx, Fg with Fe- R2 » 1-1¥generated i.i.d. from a truncated
Gaussian distribution. Detailed experiment settings are in SectioRigure (a)
compares the diameters of the uncertainty sets from SME and LSE 90% con dence
bounds.Figure (b) and (c)visualize the the uncertainty sets after 5and) = 250

data points.

regression problemt=\¢G;, Fcwith a deterministic sequence Gand bounded
i.i.d. disturbance$ c[112] [116]. This regression problem does not capture the
correlation betweefizand the historyc 1— ¢ « * —Fin the dynamical systems. This
issue was largely overlooked in the vast literature of empirical algorithm design
related to SME (for example, see [49], [117], etc.). It was not until recently that
[118] provided the rstasymptotic convergenggiarantees for SME in linear systems.
However, thenon-asymptotic convergence ratill remains open for SME in linear
dynamical systems.

Contributions. This chapter tackles the open question above by providing non-
asymptotic bounds on the convergence rates of SME for linear systems. To the best
of our knowledge, this is the rst convergence rate analysis of SME for dynamical
systems in the literature.

We consider two scenarios in our analysis. Firstly, whéiglat boundW on the
support ofFcis known, we provide an instance-dependent convergence rate for SME.
Interestingly, for several common distributionskeg SME enjoys a convergence
rate $1=551=g, =°%) °, which is faster than the LSE's error bouﬁd—:é;)’_—:DO

in terms of the number of samplgsbut is worse in terms of the dependence on
state and control dimensiors- 5. The improved convergence rate of SME with
respect tg is enabled by leveraging the additional boundedness propefRy; of
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which is a common assumption in robust constrained control but is not utilized in
LSE's analysis. Secondly, when a tight boundrgfis unknown we introduce a
UCB-SME algorithm that learns conservative upper boundsgfom data and
constructs uncertainty sets based on the conservative upper bounds. We also provide
a convergence rate of UCB-SME, which has the same dependerncd&duwinhas

worse dependence o by a factor ofo =scompared with the convergence rate with

a known tight bound.

Our estimation error bound relies on a novel construction of an event sequence based
on designing a sequence of stopping times. This construction, together with the

BMSB condition in [96], addresses the challenge caused by the correlation between

G @ and the history disturbances (see the proof of Theorem 12 for more details).

Moreover, our results lay a foundation for future non-asymptotic analysis of control
designs based on SME. To illustrate this, we apply our results to robust-adaptive
model predictive control and robust SLS and discuss the novel non-asymptotic
guarantees enabled by our convergence rates of SME.

Finally, we conduct extensive simulations to compare the numerical behaviors of
SME, UCB-SME, and LSE's con dence regions, which demonstrates the promising
performance of SME and UCB-SME.

4.2 Problem Formulation and Preliminaries
This chapter focuses on the identi cation of uncertainty sets of unknown system
parameters in the linear dynamical system:

Gi1= ‘G, ‘I, Fc (4.1)

where ®— ¢ are the unknown system paramet&s2 R™6—[@2 R™. For notational
simplicity, we de ne\® =t ®— %0 py matrix concatenation ang= 1G—R°> 2

R™ by vector concatenation, wherg = =g, =p. Accordingly, the systerf4.1)can
be written asz 1 =\%I¢, Fo

The goal of the uncertainty setidenti cation problem is to determine a s¢hat con-

tains the true parametev§ = 1 ¢~ %0 pased on a sequence of déG- - G19. ;-

Set ) is called an uncertainty set since it captures the remaining uncertainty on the
system model after the revelation of the data sequéGeea- @19)601.

Uncertainty sets play an important role in robust control, where one aims to achieve
robust constraint satisfaction [49], [107], robust objective optimization [119], and/or
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robust stability [120] for any model in the uncertainty 4&therefore, the diameter
of the uncertainty sets heavily in uences the conservativeness of robust controllers
and thus the control performance. Formally, we de ne the diameter as follows.

De nition 4.2.1 (Diameter of a set of matricesConsider a sef of matrices\ 2
R™¢ 7. We de ne the diameter & in Frobenius norm asliam*S® = sup_,og k\
VO

Set Membership Estimation (SME)

In this section, we review set membership estimation (SME), which is an uncertainty
set identi cation method that has been studied in the control literature for decades
[102], [107]. SME primarily focuses on systems withundeddisturbances, i.e.
Fc2 W for some boundetV forall C 0. WhenW is known, SME computes an
uncertainty/membership set by

1
y = fhiG: Bc2wge (4.2)
GO

It is straightforward to see thaf 2 ) whenFc2 W .

The bounded disturbance assumption may seem restrictive, considering that the
uncertainty set identi cation based on the con dence region of LSE only requires
subGaussian disturbances [96]. However, in many control applications, it is reason-
able and common to assume boundtegd For example, bounded disturbances is

a standard assumption in the robust constrained control literature, such as robust
constrained LQR [24], [49], [107], [118], and online constrained control of linear
systems [108], [110]. This is di erent from unconstrained control, where unbounded
subGaussian disturbances are usually considered [120]. The di erence in the dis-
turbance formulation is largely motivated by the applications: constrained control
is mostly applied to safety-critical applications, where the disturbances are usually
bounded. For example, in UAV and ight control, the disturbances are mostly caused
by wind gusts, and wind disturbances are bounded in practice [104], [105]. Similarly,
in building thermal control, the disturbances are caused by external heat exchanges,
which are also bounded [106].

Ideally, one hopes thaty converges to the singleton of the true mobig or at
least a small neighborhood ©f. This usually calls for additional assumptions, such

in addition to model uncertainties, robust control may also consider other system uncertainties,
e.g., disturbances, measurement noises, etc.
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as the persistent excitation property on the observed data and additional stochastic
properties or-g In this chapter, we consider the following assumptions to establish
convergence rate bounds on the diameteryfwhich, to the best of our knowledge,

is the rst non-asymptotic guarantee of SME for linear dynamical systems.

The rst assumption formalizes the bounded disturbance assumption discussed above
and introduces stochastic propertied=gffor analytical purposes.

Assumption 3(Bounded i.i.d. disturbances} he disturbances are box-constrained,
Fc2W =fF 2R™¢: kFk;y Fpa@gforall C 0. Further,Fcisi.i.d., has zero
mean and positive de nite covariance matrix.

Assumption 3 is common in SME literature, e.g. [113], [116], [118]. In terms of
generality, boundedness is essential for SME. The stochastic properties, such as i.i.d.,
zero mean, positive de nite covariance, are standard in the recent learning-based
control literature and allow the use of statistical tools utilized and developed in
the recent literature for non-asymptotic analysis [96], [121]. Besides, it is worth
mentioning that SME still works in non-stochastic settings. In particular, as long as
Fc2 W, even without the stochastic properties in Assumption 3, the SME algorithm
(4.2) still generates a valid uncertainty set that contaihs It is an interesting

future direction to study the convergence rate of SME without assuming stochastic
disturbances.

Next, we introduce the assumptions Bg which relies on the block-martingale
small-ball (BMSB) condition proposed in [96]. It can be shown that the BMSB
guarantees persistent excitation (PE) with high probability under proper conditions
(see Proposition 2.5 in [96] and Lemma 4). The PE condition requiresdbgplores

all directions, which is essential for system identi cation [122].

De nition 4.2.2 (Persistent excitation)There existdJ | 0 and< 2 N , such that
forany@ O, |

1C.E_ @0 U2 =, =p°

De nition 4.2.3 (BMSB [96]). Consider a lItrationfF g 1 and anfF ¢ 1-adapted
random proces$/ gc 1 in R3. f/ & 1 satis es thel:— g+ P-block martingale
small-ball (BMSB) condition for j 0, a positive de nite g, and0 ? 1, ifthe
following holds: for any xed 2 R®with k_k, = 1, we havel  ,, P!j_~/ ¢4

_Z gL JF® ?foralC 1



68

The following is the assumption diy

Assumption 4(BMSB and boundednesg)Vith Itration Fc= F1Fg—eee—d1— b—** <,
the Fcadapted stochastic proce$sgyc ¢ satis es 11-f? -, — 7°-BMSB for some
f1—7 i O. Besides, there exisis Osuchthatkig, 1, almost surely for all

Cc o

Assumption 4 requireB:to guarantee both BMSB and boundeg This can be

satis ed by several robust (adaptive) constrained control policies, such as robust
(adaptive) model predictive control [49], [107], [118], system level synthesis [24],
and control barrier functions [123]. In the following, we brie y discuss robust
(adaptive) MPC as an example. The other approaches can be similarly shown to
satisfy Assumption 4.

Example 5 (Robust (adaptive) MPC)Robust MPC is a popular method for the
robust constrained control [124], which aims to optimize the control objective while
satisfying robust safety constraints,

[c2 Zsafe—whereQ;l:\l C, F(78\ 2 o—F2W - (4.3)

where ¢ is an initial uncertainty set known a priori, and the safety constrdigg.

is usually bounded. The robust MPC policy, denotedby crmpct&E o-W°,

satis es the constraint$4.3) for any\ 2 . Therefore, it naturally guarantees
bounded cunder the trua . Further, as shown in [125], BMSB can be achieved

by adding a random disturbance, i.Bc= Crupc'& o-W°, [g where[ cis i.i.d.,
bounded, and has positive de nite covariance. Therefore, the randomly perturbed
robust MPC can satisfy Assumption 4. Robust adaptive MPC is based on the same
control designPc= crmpct G W©°, but utilizes adaptively updated uncertainty
sets g Notice that cis usually updated by SME in the literature of robust adaptive
MPC [49], [107], [117].

We also note that BMSB and boundégwith high probability are assumed in
LSE literature (Theorem 2.4 [96]), and boundegwith high probability under
subGaussian disturbances corresponds to boungedler bounded disturbances
for linear systems (see bounded-input-bounded-output stability in Sec. 9 of [126]).

Finally, we assume that the boufghax on Fcis tight in all directions, which is
common in the literature on SME analysis [112], [113], [118].
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Assumption 5(Tight bound orFg. Foranyn j 0O, there existgg 'n° j 0, such that
foranyl 9 = we have

MINPLFS N FralPFe Frna N0 @Ln—

Wherng denotes thexh entry of vectoi-g Without loss of generality, we can
further assumeg 1n° to be non-decreasing withand @ 2F ol = 1.2

In essence, Assumption 5 requires thdtyper-cubicW = fF : kFky  Fmag
should betight on the support oF cin all coordinate directions, that is, there exists a
positive probability@ 1n° such thaf cvisits ann-neighborhood oF yaxand F max,
respectively, on all coordinates.

When the support oFcis indeedW = fF : kFk; Fmaxd, many common
distributions enjo;@1n° n°.3 For example for the uniform distribution O ,
we have@ n° = 2F

covariance, and truncated regidh, we have@ n° = 2Fmaxf expt zfmzaxo and for
the uniform distribution on the boundary @ (a generalization of Rademacher

distribution), we haveg 1n° 2—iG n° (see Section 4.C for more details).

However, knowing a tight bound on the supporfafcan be challenging in practice.
Therefore, we will discuss how to relax this assumption and learn a tight bound from
data in Section 4.3.

Further, the requirement of a hyper-cubit can be restrictive because di erent
entries of disturbances may have di erent magnitudes, resulting in a hyper-rectangular
support that violates Assumption 5. Our follow-up work [127] relaxes this assumption
and generalizes the results in this chapter.

4.3 Set Membership Convergence Analysis

Convergence Rate of SME with KnownF nax

We now present the main result (Theorem 12) of this chapter, which is a non-
asymptotic bound on the estimation error of SME given bounded i.i.d. stochastic
disturbances.

2This is becaus@ng n maX and PlFC Fmax N° are non-decreasing with, and
PIFS  Frna®=PFY Fmal = 1by Assumption 3.
3The 1 ° notation is the lower bound version $ft °.
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Theorem 12(Convergence rate of SMEJor any< j OanyX i O, when) j < ,
we have

Ptdiamt °  X° )zﬁlz,zf’oog' expt 03<°
I {z }
T2
e 0x 9°<¢
11— — 02'500—G—I 1 1
, $li=c 4 @ Zp?e
I {z
To1e
2 2 p—
where0; = 12 0, = fl‘z‘_})'lz, 03 = %‘, 04 = 41'01“3, 2—fi—1 are de ned in

Assumption 4¢ edenotes the ceiling function, amltamt ° is de ned in De nition
4.2.1, the factors hidden i&1 © are provided in Appendix 4.D.

Theorem 12 provides an upper bound on the failure probability of SME, i.e., the
probability that the diameter of the uncertainty set is larger tham this bound,

T, decays exponentially witk , so for any smalh j O, < can be chosen such that
T1 n,whichindicatesx $1=, log) , logtlen®®. ForanyX j O, To1X° decays
exponentially with the number of data poiftand involves a distribution-dependent
function@? °, which characterizes how likely it is fé¥cto visit the boundary of

W as de ned in Assumption 5. To ensure the probability upper bound in Theorem
12 to be less than 1, one can chosse $ log) © and a large enough such that

) $1<°=3%1og?) °°. If Fcis more likely to visit the boundary, (a larg@e! ©),

then SME is less likely to generate an uncertainty set with a diameter biggexthan

Estimation error bounds when @n® = 1n° To provide intuition forT,1X°

and discuss the estimation error bound in Theorem 12 more explicitly, we consider
distributions satisfyingg@n® = 1n°for all n j 0. Notice that several common
distributions satisfy this additional requirement, such as uniform distribution and
truncated Gaussian distribution as discussed after Assumption 5.

Corollary 12.1 (Estimation error bound whe@ n° = 1n°). Foranyn j O, let
< $15 log) . logtlence

in the following4 If Fcis generated i.i.d. by a distribution satisfyi@@*n®° = 1n°
for all n j O, then with probability at least 2n, for anyb) 2 y,we have

Ky \*k diamt ,° $ ==, =7
: )

4A detailed formula is provided in Appendix 4.E.
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Corollary 12.1 indicates that the estimation error of any point in the uncertainty set

y can be bounded b M when@ n° 1P,

Dynamical systems without control inputs. SME also applies to dynamical systems
with no control inputs, i.e(x1 = ®G., Fg where the uncertainty set of can be
computed byd) = L fP:kG; ®Bdg  Fmaxge Its convergence rate can be
similarly derived via the proof of Theorem 12.

Corollary 12.2 (Convergence rate with® = 0 (informal)). For stable ¢, for any
<j 0-Xij0-)j<,wehave
)

PidiamtA) © j X°  —$1=g>0 expt 05<°

§1:(5300‘=1%311 @! Oplx 0od *<e
5 4 EG

Consequently, whe@'n® = 1n° e.g. uniform or truncated Gaussian, we have
diamtA)©  $1=E5) ©,

pEG-p)_° for the estimation of linear
systems with no control inputs whéifollows an (unbounded) Gaussian distribution.
Interestingly, Corollary 12.2 reveals that, for some bounded-support distributions of
Fs e.g. Uniform and truncated Gaussian, SME is able to converge at a faster rate
$11.) °in terms of the sample sie This does not con ict with the lower bound in

[96] because SME's rate only holds for bounded disturbances. In fact,(#@&jit is
straightforward to see that SME does not even converge under Gaussian disturbances.
Therefore, SME is mostly useful in applications with bounded disturbances, e.qg.
robust constrained control, safety-critical systems, etc., while LSE's con dence
regions are preferred for unbounded disturbances.

Note that [96] have shown a lower bound

Lastly, Corollary 12.2 shows that SME's convergence rate has a poor dependence
with respect to=g $1=g°°. This is likely a proof artifact because we do not observe
such poor dimension scaling in simulation (see Figure 4.3). Itis left as future work
to re ne the dimension dependence.

SME with Unknown F max

Next, we discuss the convergence rates of SME without knowing a tight Hogpd

in three steps: 1) only knowing a conservative upper bourfd,@k, 2) learning

F max from data, and 3) a variant of SME that converges without prior knowledge of
F<OG-
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1) SME with a conservative upper bound forF yax. In many practical scenarios, it

is easier to obtain an over-estimation of the range of the disturbances instead of a
tight upper bound, i.eBmax  Fmax In this case, we can show that the uncertainty
set converges to a small neighborhood aroundf size$ 1p:_c;15max F maxl° at

the same convergence rate as Theorem 12.

Theorem 13(Convservative bound dAmay). WhenF naxin Assumption 5 is unknown
but an upper boun® ax  Fmaxis known, consider the following SME algorithm:

J1
b, 15maX°=U P kG:1 Bda Bmage
GO
Forany<j 0,Xi0,) j< ,wehave
Pidiamtb) 0 X | 05" SgBmax Fmal® T1, Tahe—
whereOs = Oil, T1—T21X are de ned in Theorem 12.

2) Learning F nax. WhenF ax is not accurately known, we can try to learn it from
the data. Let's rst consider the learning algorithm studied in [112].

Fo= min max k1 \l da* (4.4)

Though algorithn{4.4) cannot provide an upper bound Br,ax under nite samples
becausd- ;)]aox F max for nite ) ,5it can be shown thdt ,1%;( converges td mnax as

) .1 . The convergence for linear regression has been established in [112]. The
following theorem establishes the convergence and convergence rate of algorithm
(4.4)for linear dynamical systems. Based on this convergence rate, we will design
an online learning algorithm (4.5) that generates converging upper bouRdgef

Theorem 14. The estimatiorIF,?q;X of F nax Satis es:

0 Fmax Fpax Lidiamt ° Frax max kFdq
| z '} 0¢C)1

o Y
Ty
Therefore, for any j O,
10 X X
PFmax Fraci X0 T1, To o\ Ts 5 -

whereTs1)X@ =11 @ 1))

51f SME does not use an upper boundBRay, the generated uncertainty set may not contain the
true parametey®.
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Notice thatT, is the smallest possible learning errorfgfax from historyF g which
can be achieved if one can directly measkee However, with unknown ¢, it is
challenging to measure/compeexactly, then Theorem 14 shows that the learning
error of F max has an additional terfi; that depends on the uncertainty arodfid
Therefore, the convergence ratequfgaoX can be obtained by our non-asymptotic
analysis of SME in Theorem 12.

Further, wher@'n® = 1n°, the convergence rate Eﬁ,)qaox can be explicitly bounded
by $1=5=F) °, which is of the same order as the convergence rate of the diameter
of )

Corollary 14.1. ForanyOY n Y1-3and any) 1, there exist${ i O satisfying
limy;; X = Osuch that

0 Fmax Frax X%
with probability at leastL  3n.

In particular, when@ *>X° = $ 1X°, with probabilityl 3n,

0  Fmax F;r)mox X = §1=%5.5=I2°) ©
3) SME with unknown Fnax. Unfortunately,Fi%aox cannot be directly applied
to SME becaus€ e  Fmax Which may caus&® 8 by 1F ) o However, by
leveraging our convergence rate bound in Theorem 14, we can construct an upper
con dence bound (UCB) oF nax and a corresponding UCB-SME algorithm:

5;1)1;x: F;%aoxb X - b)UCb: b) 15r17)1a0x0_ (4.5)
whereX is de ned in Corollary 14.1.

Then, by combining Theorem 13 and Corollary 14.1, we can verify the well-
de nedness of UCB-SME and obtain its convergence rate.

Theorem 15.Forany0 Y n Y1+3, any) 1, with probability at leastL  3n, we
have

\¢ 2 buch_ giampbycto g 1P = o,

In particular, if @n° = 1P, thendiamlb)”‘:bo $ 1=2=%+) ° with probability at
leastl 3n.

Y

Notice that UCB-SME converges at the same rate in termstaft ™ =cworse in

terms of dimensionality when compared with SME knowing a tight bdeipgk.
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Remark 2 (Computation complexity)SME can be computed by linear programming
since all constraints are linear i(4.2). Further, UCB-SME can also be computed

by linear programming becaudé.4) can be reformulated as a linear program.
However, the number of constraints for SME and UCB-SME increases linearly with

To address the computation issue of SME, many computationally e cient algorithms
have been proposed based on approximationgldl), e.g. [55], [115], [118]. The
convergence rates of these approximate algorithms are unknown and how to design
computationally e cient UCB-SME remains open.

4.4 Proof Sketch

The major technical novelty of this chapter is the proof of Theorem 12, thus we
describe the key ideas here. The complete proof is provided in Appendix 4.D. For
ease of notation and without loss of generality, we assusgeis an integer in the
following.

Speci cally, we rst de ne a set y on the model estimation errov= b \¢by
leveraging the observationth@; B g=Fg 1 b \%0lg
o1
c= fW kFg WBt Fmnag~ 8C 0Oe (4.6)
B0

Notice that ¢c=\¢, ¢ sodiamt @ =diamt &, and

diamt @ = sup kW Wk 2 supkvk e
W ¢ W ¢

Thus, we cande n&y B f9 W2 j—s.t. KAk Zgsuch thaPidiamt © j X°
PLEL.

Next, we de ne an everi; below, which is essentially PE on every time segments
<,1 C :<, <for: 0, where the choice of will be specied later.

( )

— 16 > 2 . )
Eo= = l<dlip 07580 1 2 1 -

B-1
where0q = f'%. Now, by dividing the eveniE; based ork,, we obtain
Pidiamt y©j X° PE,° P1E§° , PLE1\E 2°°

The proof can be completed by establishing the following bound@lE§° and
PLE;\E 2°.
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(a) Truncated Gaussian (b) Uniform Distribution  (c) E;%;X andFrl%;Xin UCB-SME

Figure 4.2:Figures (a)-(b)compares the diameters of SME, UCB-SME, and SME
with loose disturbance upper bounds that are 2, 3, 5, and 10 times larger than the
true disturbance bouréhax as well as the baseline uncertainty set from the 90%
con dence region of LSEFigure (c) shows the convergence to the true bobmghx

of the lower estimatiofr nax in (4.4) and the UCBB a1 generated by the UCB-SME
algorithm inFigures (a)-(b).

64 22

2
Lemma 4 (Bound onPLEZ°). PLE2° Ty, whereO, = fFiluz and0z = 3.

Lemma5(Bound orPLEL\E 2°). PLE\E 2° T,1X°, where0s = maxt1-41, p:_G-OlO.

Roughly, Lemma 4 indicates that PE holds with high probability, which is proved by

leveraging the BMSB assumption and set discretization. The proof of Lemmab5 is
more involved and is our major technical contribution. On a high level, the proof

relies on two technical lemmas below.

Lemma 6(Discretization oE1\E ; (informal)). LetM = f\W— e« +—g\gdenote amy,
net off W: KWk = 1g. Under a proper choice afy we havesy= $1=25=7%°0,°" .6
We can construcd) such that

PLE;\E° P91 8 Bw-3 O0-st.3W2€g\E°

G
PLE1 g E 2°
&1

whereEy g=f9 3 0-s.t. 3W2 € g.

Lemma 6 leverages nite set discretization to bound the existence of a feasible
element in an in nite continuous set. The formal version of Lemma 6 is provided as
Lemma 15 in the appendix.

5The exact formulas dfyandnyare in Lemma 11.
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Lemma 7 (Construction of event g_.via stopping times (informal))ConsiderF¢
as de ned in Assumption 4. Under the conditions in Lemma 6, we constgucfor
all8andall0 : )e< 1lby

S%3—:<! . O X
8= los1a Foo (0 Zﬁl? F max-and

16 ;
- I < BI .>< B Oi = -
< ST

B=1
where 1lg« 8 @re measurable irfFg and! g_.is constructed as a stopping time
with respect tdF.< .g o. The formal de nitions oflg = 8- !s_.are provided in

Appendix 4.D.

Then, we have
|
AV 0,X
PIE,dE,° P e 1 @ -p—
=0 4 =

L
<

The constructions of g_.and! g_.in Lemma 7 are our major technical contribution.
With the constructions above, the proof can be completed by leveraging the conditional
independence property of stopping times, which is brie y discussed below. Notice
that by conditioning on the evefit g_.= ;g, we haveF < 1, . =F.< .andF < .is
independentdf.< .. Consequenthf.< . isalsoindependentdg_.< 1, —8 <,
conditioning onf! g_.= ;gsincels_.< .— §..<; are measurable iR.< ;. Therefore,

the probability of g_.conditioning onf! g_.= ;g can be bounded by the probability
distribution of F g which enjoys good properties such as Assumption 5. More details
of the proof are in Appendix 4.D.

In conclusion, Lemma 5 follows directly from Lemma 6 and Lemma 7. Combining
Lemma 5 and Lemma 4 completes the proof of Theorem 12.

Remark 3 (Convergence rate of SME for general time seri€jnilar to Theorem
2.4 in [96], our results for linear dynamical systems can also be generalized to
general time series with linear responses:

H=\%l¢c, Fe C 0-
whereFCH =FlFg—eee—dFbh—2**-A H:2 R™is measurable inFCH but not inFCHl.
The SME algorithm is
Ul
y= o i hc2wge
GO0
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Under Assumptions 3, 4, and 5, we have

Prdiamt J i X° )zglzl%oo;' expt 03<©

c 0;X 9°<
L SusER0T 1@ po -

P_
where0;— 0— @ are de ned in Theorem 12 an@, = 41'01_”.

4.5 Applications to Robust Adaptive Control

Robust adaptive control usually involves two steps: updating the uncertainty set
estimation, and designing robust controllers based on the updated uncertainty set.
SME can be naturally applied to robust adaptive control as the updating rule of the
uncertainty set estimation. To illustrate this, we discuss the applications of SME
to two popular controllers, robust adaptive MPC and robust SLS. We focus on the
implications of our convergence rates.

Application of SME to robust adaptive MPC. SME has long been adopted

in the robust adaptive MPC design (see e.g., [49], [107], [117]). Despite the
regret analysis for unconstrained MPC and its variants (e.g. [128], [129]), the
non-asymptotic analysis for robust adaptive MPC remains unsolved. Applying
Theorem 12 straightforwardly, we can obtain a non-asymptotic estimation error
bound for robust adaptive MPC below, which lays a foundation for future regret
analysis. For simplicity, we consider a tight bouvd is known below, but our
results for unknowWW can also be applied similarly.

Corollary 15.1. Consider the robust adaptive MPC controller introduced in Example

5, where cis updated by SME and/ is known7 Under the conditions of Corollary
imati ¢

12.1, the estimation error forarty 2 ) canbebounded by \°k  $15-T°

with high probability.

Application of SME to robust SLS. Robust SLS has been proposed in [24] for
robust constrained control under system uncertainties [24]. Since [24] assumes
bounded disturbances, one can apply SME for the uncertainty set estimation in place
of the LSE's con dence regions in [24]. Then, by leveraging Theorems 3.1, 4.1 in
[24] and our Theorem 12, we can directly obtain a non-asymptotic suboptimality
gap for learning-based robust SLS with SME as the uncertainty set estimation. For

"WhenW is unknown, Theorems 13-15 all apply.
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simplicity, we consider a known tight bouMd , but our results for unknoww can
also be similarly applied here.

Corollary 15.2. Under the conditions in Theorem 3.1 in [24] and Corollary 12.1,
for large enough) , we have——=R° ° $1=L5=2+) o, whereR denotes the
robust SLS controller in [ZAT] under the uncertainty set constructed by SME,

1 ¢ ¢ Ro = limy E)l L 1@&G:, D&'D @ denotes the in nite-horizon
averaged total cost by implementing the robust SLS contrBlleand ¢ denotes the

optimal in nite-horizon averaged total cost.

4.6 Simulation

We evaluate the empirical performance of SME on various systems and applications.
For all experiments, we use tB@%con dence regions of LSE computed by Lemma
E.3in [59] and Theorem 1 in [60] as the baseline. The details of the simulation
settings are provided in Appendix 4l.

Comparison of SME, SME with loose bound, UCB-SME, and LSE. This
experiment is based on the linearized longitudinal ight control dynamics of Boeing

747 as studied in recent literature on learning-based control of linear systems [17],
[130].

In Figure 4.2, we show the diameters of SME, SME with loose disturbance bounds,
and UCB-SME on the identi cation problem of the Boeing 747 dynamics with
i.i.d. truncated Gaussian (Figure 4.2(a)) and uniform (Figure 4.2(b)) disturbances.
We use control actions sampled from a uniform distribution in both cases. In
Figure 4.2(c), we show that both the upper botgiy used for UCB-SME and

the lower bound- o in (4.4) converge to the true bourelax as) increases. The
guantitative behaviors of SME and its variants are consistent with those predicted by
our theoretical results. In particular, in Figure 4.2(a) and Figure 4.2(b), SME and
UCB-SME outperform th®0% con dence regions of LSE in both the magnitude
and the convergence rate. In Figure 4.2(c), we verify that the UCB estinﬁ,ﬁé,n
converges to the true disturbance botmghy from above, while the estimatid1‘=1;r)]a°X
converges from below. It is worth noting tHaﬂaoX converges td- max vVery quickly

in the simulations, aIIowin@i%Sx to be another potential approximationfeg,ax for

SME when) is very large.

8The code to reproduce all the experimental results can be founmitpat/github.com/
jy-cds/non-asymptotic-set-membership
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Figure 4.3: Diameters of the uncertainty sets constructed by SME, UCB-SME, and
LSE for systems with di erent dimensions.

Scaling with dimension. We compare the scaling of SME, SME-UCB, and LSE
with respect to the system dimensions in Figure 4.3. We use an autonomous system
G1= G, Fgwhere 2 R™ =6 has varying=g Disturbance$ care sampled

from a truncated Gaussian distribution and uniform distribution Withyx = 2.
Surprisingly, the scaling of SME with respect to the dimension of the system is
not signi cantly worse than that of LSE in the simulation. This suggests that the
convergence rate in Corollary 12.1 can potentially be improved in terms of the
dimension dependence, which is left for future investigation.

Figure 4.4: Linear quadratic tracking of robust adaptive MPC based on SME, LSE's
con dence regions, and the accurate model (OPT).

Application to robust adaptive MPC. We provide an example of the quantitative
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impact of using SME for adaptive robust MPC in Figure 4.4. We consider the task of
constrained linear quadratic tracking problem as in [125]. The model uncertainty set
is estimated online with SME and LSE's 90 % con dence region. Control actions are
computed using the tube-based robust MPC [131], [132] with the uncertainty sets.
We also plot the optimal MPC controller with accurate model information. Thanks
to the fast convergence of SME, the tracking performance of the tube-based robust
MPC with SME estimation quickly coincides with OPT, while the same controller
based on LSE's con dence region estimation converges more slowly.

4.7 Conclusion

This work provides the rst convergence rates for SME in linear dynamical systems

with bounded disturbances and discusses variants of SME with unknown bound
on Fg Numerical experiments demonstrate SME's promising performance under
bounded disturbances.

Regarding future directions, this work only considers box constrainiSgso it

is worth extending the analysis to more general constraints. In this work, we only
measure the size of the uncertainty sets by their diameters. We leave for future
work to consider other metrics, such as volume. Further, our bounds su er poor
dependence on the system dimension, which is not re ected in simulations. Hence, it
is important to re ne the bounds and discuss the fundamental limits. Another exciting
direction is to speed up the computation of SME since the current computation
complexity increases linearly with the sample size. The convergence rate of such
algorithms is an importardpen questionOther interesting directions include the
extensions of the SME analysis to nonlinear systems, where recent nonlinear system
identi cation literature [133], [134] may provide insights; and analyzing SME in the
presence of other uncertainties, e.g. measurement noises [135].

SME is a valid estimation for bounded non-stochastic disturbances [48], [100],
[101], [136]. Thus, a fruitful direction is to study SME's convergence rates under
non-stochasti¢g Another method for uncertainty set estimation is the credible
regions of Bayesian approaches, e.g. Thompson sampling for linear systems [28],
[137] and Gaussian processes for nonlinear systems [138]. A future direction is to
study the convergence rates of credible regions.

Roadmap for the Appendix

~ Section 4.A introduces additional notation used throughout the Appendix.
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Section 4.B provides more literature review on LSE and SM, and a more
detailed discussion on the technical contributions of this chapter.

Section 4.C provides more discussions on examples that satisfy Assumptions
4 and 5.

Section 4.D presents the proof of Theorem 12. In particular, we provide
helper lemmas in Section 4.D and prove Lemma 4, Lemma 5 in Section 4.D
and Section 4.D respectively. A more precise upper bound for Theorem 12
(without the®* ° notation) is provided in Appendix 4.D.

Section 4.E presents a proof of Corollary 12.1

Section 4.F provides a proof of Corollary 12.2.

Section 4.G presents a proof of Theorem 13.

Appendix 4.H provides proofs of Theorem 14, Corollary 14.1, and Theorem 15.

Section 4.1 provides details of the simulation.

Additional Notations

Let S-10-1° denote the unit sphere Rr in ;2 norm, i.e..S-10-1° = fG2 R™ : kCk, =
1g. LetS- <10-1° denote the unit sphere R™ < with respect to the Frobenius
norm,i.e..S- <101°=f" 2R™ < :k" k =1g Let -10-1° denote the closed
unit ball inR™ in ;2 norm, i.e., =10-1° =fG2 R™: kG, 1g Let - -10-1°
denote the closed unit ball iR < in Frobenius norm, i.e., = <10-1° = f" 2

R= <

s k" k 1g. For a matrix" 2 R® <, vect" ° is the vectorization of .

Moreover, we de ne the inverse mapping ect © asmat ©, i.e., for a vector
3 2 R, matt3° 2 R™ <. Consider & -algebraF and a random variable, we
write - 2 F if - is measurable with respect Eo, i.e., for all Borel measurable

sets

R, we have- 11 °2 F. We can similarly de neF -measurable random

matrices and random vectors. Further, consider a polyhdral G: G 1g, we
write D 2 F if matrix and vectorl are measurable with respectRo Consider

two symmetric matrices- 2 R™ 7, we write if is a positive de nite
matrix. We de nemin; = .1 . For a seE, let 1g denote the indicator function on
Ee For a vectoiG2 R~, we useG to denote theth coordinate ofa Throughout the
chapter, we us@runGauss0- fr—» Fmax— Finaxv40 refer to the truncated Gaussian
distribution generated by Gaussian distribution with zero mearf gndariance
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with truncated range F max— Fnax¥sa The same applies to multi-variate truncated
Gaussian distributions.

4.B Dicussion on Least Squares and SME

System identi cation studies the problem of estimating the parameters of an unknown
dynamical systems from trajectory data. There are two main classes of estimation
methods: point estimator such as least squares estimation (LSE), and set estimator
such as set membership estimation (SME). In the following, we provide more
discussions and literature review on LSE and SME. We will also discuss the major
technical novelties of this work.

Least Squares Estimation
For linear dynamical systen@&1 = °*G, °Dc, Fc=\%I¢c, Fg given atrajectory
of dataf G [g)c o, least squares estimation generates a point estimator that minimizes
the following quadratic error [139], [140]:
D1
Pse=min  kG1 1 dé

® o
Least-square estimation is widely used and its convergence (rate) guarantees have
been investigated for a long time. In particular, non-asymptotic convergence rate
guarantees of LSE has become increasingly important as these guarantees are the
foundations for non-asymptotic performance analysis of learning-based/adaptive
control algorithms. Earlier non-asymptotic analysis of LSE focused on the simpler
regression moddit=\*®G., Fg whereGandH:are independent [141] [143].

Recently, there is one major breakthrough in [96] that provides LSE's convergence rate
analysis for linear dynamical syste@ 1 = \%lc, Fg whereG; 1 andl c= »G—-RYa

are correlated. More speci cally, [96] establishes a fundamental propg®oiyk-
martingale small-ball (BMSB}o analyze LSE under correlated data. BMSB enables

a long list of subsequent literature on LSE's non-asymptotic analysis for di erent
types of dynamical systems, e.g., [19], [95], [109], [144] [149].

Though LSE is a point estimator, one can establish con dence region of LSE based
on proper statistical assumptions Bg The pioneer works on the con dence
region of LSE for linear dynamical systems are [27], [60], which construct ellipsoid
con dence regions for LSE. Moreover, the non-asymptotic bounds on estimation
errors established in [%Aﬂ%] can also be viewed as con dence bounds. Further,
the estimation erro@l—ie?)’_—’IO has been shown to match the fundamental lower
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bound for any estimation methods for unbounded disturbances in [96]. However,
these con dence bounds all rely on statistical inequalities, which may result in
loose constant factors despite an optimal convergence rate. When applying these
con dence bounds to robust control, where the controller is required to satisfy
certain stability and constraint satisfaction properties for every possible system in the
con dence region, a loose constant factor will result in a larger con dence region
and a more conservative control design. Finally, in robust control and many practical
applications, the disturbances are usually bounded, and it will be interesting to see
how the knowledge of the boundedness will improve the uncertainty set estimation.

On a side note, this chapter is also related with the ambiguity set estimation for the
transition probabilities in robust Markov decision processes [31]. There are attempts
on improving the ambiguity set estimation based on LSE for less conservative robust
MDP [31].

Set Membership Estimation

Set membership is commonly used in robust control for uncertainty set estimation
[50] [54], [150] [152]. There is a long history of research on SME for both
deterministic disturbances, such as [48], [100], [101], [115], [136], [153], and
stochastic disturbances, such as [112] [115], [118]. For the stochastic disturbances,
both convergence and convergence rate analysis have been investigated under the
persistent excitation (PE) condition. However, the existing convergence rates are
only established for simpler regression problekts; \* G, Fg whereH-andG-are
independent [112] [115].

Recently, [118] provided an initial attempt to establish the convergence guarantee of
SME for linear dynamical systent 1 = \®Ic, Fcfor correlated datér ; andlg
However, [118] assumes that PE holds deterministically, and designs a special control
design based on constrained optimization to satisfy PE deterministically. Therefore,
the convergence for general control design and the convergence rate analysis remain
open questions for correlated data arising from dynamical systems.

In this work, we establish the convergence rate guarantees of SME on linear dynamical
systems under the BMSB conditions in [96]. Compared with [118], BMSB condition
can be satis ed by adding an i.i.d. random noise to a general class of control designs
[109].

Technically, one major challenge of SME analysis compared with the LSE analysis
is that the diameter of the membership set does not have an explicit formula,
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which is in stark contrast with LSE, where the point estimator is the solution to a
quadratic program and has explicit form. A common trick to address this issue in the
analysis of SME is to connect the diameter bound with the values of disturbances
subsequencdd-g g o: it can be generally shown that a large diameter indicates
that a long subsequence of disturbances are far away from the boundéty of
However, existing construction methodsféfg g o will cause the time indices

fB g otocorrelatewith the realization of the sequende&- [3- Fgc 0 [113], [115],
[118].9 Consequently, in the correlated-data scenario and when PE does not hold
deterministically, under the existing construction methods in [113], [115], [118],
the probability off Fg g. o with correlated time indicesannotbe bounded by the
probability of theindependensequencéF gc o. One majottechnical contribution

of this chapter is to provide a novel constructiorf Bfg . ¢ based on a sequence of
stopping times and establish conditional independence properties despite correlated
data and stochastic PE condition (BMSB). More details can be found in Lemma 7
and the proof or Lemma 5.

Though we only consider box constraints Fx it is worth mentioning that SME
can be applied to much more general forms of disturbances. For example, a common
alternative is the ellipsoidal-bounded disturbance whére= fF 2 R=¢: F~ %F
1g with positive de nite %2 R™ =6 [115], [154] [156] and polytopic-bounded
disturbanceN = fF 2 R™¢: F g for positive de nite 2 R™ ¢ and

2 R™¢[48], [107], [118]. There are also SME literature assuming bounded energy
of the disturbance sequences [115]. Itis an interesting future direction to extend the
analysis in this chapter to more general disturbance constraints.

Further, exact SME involves the intersection of an increasing number of sets, thus
causing the computation complexity increases with tighevhich can become
prohibitive whernds large. There are many methods trying to reduce the computation
complexity by approximating the membership sets (see e.g., [101], [118], etc.). Itis
an exciting future direction to study the diameter bounds of the approximated SME
methods.

Lastly, it is worthing mentioning that SME can also be applied to the uncertainty set
estimation in perception-based control [157], [158].

%In [118], the correlation betwedB g o andf G— - Rge o is via the PE condition, but [118]
assume deterministic PE to avoid this correlation issue.
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4.C Discussion on Assumptions

Assumption 4

The BMSB condition has been widely used in learning-based control. It has
been shown that BMSB can be satis ed in many scenarios. For example, [96],
[120] showed that linear systems with i.i.d. perturbed linear control policies, i.e.,
&G1= Gc, G, [@, FclOsatisfy BMSB if the disturbanceScand[ care

i.i.d. and follow Gaussian distributions with positive de nite covariance matrices.
Later, [24] showed thalg1 = G, ! Gc, [@, Fccan still satisfy BMSB even

for non-Gaussian distributions &fc-[c as long ad=cand[ chave independent
coordinates and nite fourth moments. Recently, [109] extended the results to linear
systems with nonlinear policies, i.€51 = G¢g 'cd@°, [ @, Fc and showed that
BMSB still holds as long as the nonlinear policiesgenerate bounded trajectories

of states and control inputs, ak@- [care bounded and follow distributions with
certain anti-concentrated properties (a special case is positive de nite covariance
matrix).

Assumption 5

In this subsection, we provide two example distributions, truncated Gaussian and
uniform distributions, and discuss their correspond@gn® functions. It will be
shown that for both distributions belo@ n° = $ 1n°.

Lemma 8 (Example of uniform distribution)ConsiderF cthat follows a uniform

distribution on» F nay— Fnax2®. Then,@1ne = 2Frr]nax'

Proof. SinceUniftW®° is symmetric, we only need to consider one directéon 1.
1 1

1
9 —
PIF®, Frmax M= ToF o= LtFowe dF
1 FL Frax N F2—eee—52% Fmax—Finax/a max
1 n
= 11F2W° dFl =

Fl n F max 2Fmax 2Fmax

imi 1 1 = el 1= 10
Similarly, PtFmax F* 0= gy e irawe SFT = 7

Lemma 9 (Example of truncated Gaussian distributio@pnsiderF cfollows a trun-

cated Gaussian distribution on F yax— Fnax/4® generated by a Gaussian distribution

. . . F2
with zero mean anflg -.covariance matrix. Ther@@ 1n° = p_1 expl —maxop
F = @ mint’ 2¢f F2F ma P 2

1°Though we only describe a static linear polidy= Gchere, the results in [24], [96], [120]
hold for dynamic linear policies.
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Proof. Since this distribution is symmetric and each coordinate is independent, we
only need to consider one directiéh Let - denote a Gaussian distribution with
zero mean anfl 2 variance. By the de nition of truncated Gaussian distributions,
we have

PL Fax - Funax, I

PLFO F n° =
> max PL Fmax - Fma?

Notice that- «f g follows the standard Gaussian distribution, so we can obtain the

following bounds,
! L Fmax M°f 1 2
P! Fmax - Fmax, N°= p—_expl —
Fmax f F

1E>—ex|01 F2 a0l 2f 2°°fn
E

and
Fmaxef F 1 2
P! Fiax Fmal = p—expt =°dl
Fmaef F ZC 2
mint1 _ZFmaXO-
2c TF
Therefore, we obtain
P F - F n°
PIE? E n° = max max ,
e Pt Fmax - Fma?
maxlp—expl F2 n_n expt Fiaxoo
max’ F fE 2Fmax 2f £ 2
1 Fi
= p— expl—2%on «
mint 2cf 2F nal 2f £

Finally, PLPFmax F! n°can be bounded similarly.

Lemma 10(Example of uniform distribution on the boundaryf (a generalization
of Rademacher distribution)ConsiderF cfollows a uniform distribution o F :
kFki = Fmaxg Then@?n® = 5=

Proof. Since the hyper-cubig- : kFk; = Fnhaxg has2=gfacets, the probability on
each facet igi—e. ThereforeP'F® n Fpal PWF9%= Fpal = z—iG for all 9
The same applies 8'F°  n, Fma?.
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4.D Proof of Theorem 12

The section provides more details for the proof of Theorem 12. In particular, we rst
provide technical lemmas for set discretization, then prove Lemma 4 and Lemma 5
respectively. The proof of Theorem 12 follows naturally by combining Lemma 4 and
Lemma 5.

Technical Lemmas: Set Discretization

This subsection provide useful technical lemmas for the proofs of Lemma 4 and
Lemma 5. The results are based on a nite-ball covering result that is classical in the
literature [159] [160].

Theorem 16(Theorem 1.1 and 1.2 in [160] and Theorem 2 in [159] (revised to match
the setting of this chapter)Consider a closed baB-10-1° = fG2 R™: kG, 19

in ;2 norm. Considering covering this bd-10-1° with smaller closed ballB-1—-r?

for | 2 R™. LetEB,_=denote the minimal humber of smaller balls needed to cover
B-10-1°. For= 1and0Y n Y1.2, we have

1
Er- 544=>°logi=- nPa--0=

Proof. Theorem 1.1 and 1.2 in [160] and Theorem 2 in [159] discuss the upper
bounds ofE,_4dn several di erent cases. These upper bounds in these di erent cases
are uni ed by the upper bound in the theorem above by algebraic manipulations.

We apply Theorem 16 to obtain the number of covering balls in the two settings below.
These two settings will be considered in the proofs of Lemma 4 and 5 respectively.

Corollary 16.1. There exists a nite sl °=f_1—ee *£0g S;'0-1°such that
forany_ 2 R™ with k_k, = 1, there exists g2 M Osuch thatk_ _gko 2n.

In the following, we considen = f 2?2+16412° = 1+0,. Notice thatn Y 1.2
Accordingly,
E  5445%10g'0,=°0;'* (4.7

Proof. N 1-64Y 1.2 because?, landf, 1, by the de nitions of BMSB
andl,. Then, the bound ok _follows from Theorem 16.

Lemma 11. There exists a nite sel = fW—eee\ S, - 10-1° such that
foranyW2 R™¢ = andkWk = 1, there exist8¥ 2 M such thatk W Wk 2Ny
Considemy= 4_1.065_6 = 1+04. Notice thatnyY 1¢2. Accordingly,

Bw 5442°="10g'04=c=°0,
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Proof. The proof is basically by mapping the matrices to vectors based on matrix
vectorization, then mapping the vectors back to matrices. These two mappings are
isomorphism.

Speci cally, consider a closed unit ball iR™¢™. There existE,_g=, smaller
closed balls to cover it, denoted IBs—++*Bg, . Consider the non-empty
sets fromBy\ S- 10-1°—eeBg, __ \ S '0-1° Foranyl 8 By &,
if Bg\ S-'0-1° < ;, select a poinvect\V§ 2 Bg\ S- *0-1°. Notice that
kvectVWk, = 1. In this way, we construct a nite sequenbeect\W°— e« « svec'\¥,°g
whereBy  Eyzs .11

For anyW2 R™¢ =/ we havevect\W 2 R™¢™ andkvect\Wk, = 1. Hence, there exists
1 8 HBEysuchthavect\W 2 Bg\ S- *0-1°. Hencekvec'W vec'Wk, 2ny
Moreover, kWk = kvecddWk, = 1. Therefore,kW Wk 2ny  So the set
M = fW—eee-—\ljsatis es our requirement.

Proof of Lemma 4

Essentially, Lemma 4 shows that PE holds with high probability under the BMSB
condition. This result has been established in Proposition 2.5 in [96], though in a
di erent form. The rest of this subsection will prove the PE condition needed in this
chapter based on Proposition 2.5 in [96].

Firstly, we review Proposition 2.5 in [96] for the convenience of the reader.

Theorem 17 (Proposition 2.5 in [96] when = 1). Letf/ gc 1 be aanC’ 0 1-
adapted random process taking value®ir/ g is given. Iff/ gc o is 11- E-°?BMSB,
then ~
0]
PL /2 PE7%) 8 expt )?28°
G1

Next, we prove the PE in one segment of data sequence.

Lemma 12 (Probability of PE in one segmentfor any< 1, forany: 0, we

have
0, <
p! Idg 1fP72%<e16® 5 jF<® 1 E expt <?78%
G:<,1
Here, without loss of generality, we consid®y\ S-.=, 10-1°—ss+Bg,\ S- - 10-1° are not
empty.
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Proof. ConsideM ®=f_;—«++— gde ned in Corollary 16.1. For anyg2 M,

_g | csatis es thell-fj— 7°-BMSB condition. Therefore, by Theorem 17, we have
0
PL _5ldg s fP2?77)+8 expt )?7e8%
G1
Notice that the horizon length is arbitrary and the starting sta@= 1 can also

be di erent because we consider a time-invariant dynamical system in this chapter.
Therefore, forangk 1-: 0, forany_g2 M © we have
G
Pl

> > 2~2 H
_8|:<,8|;<’3_8 fr?2f<*8jF.<°
&1

expt <?2e8°—

where we condition ofr.< to make sure .« is known undefF.< , which is required
by Theorem 17.

For arbitrary _such thak_k, = 1, there exists g2 M ®such thatk

i _Ok2 2n_.
<,< > > <,< >y >
Therefore, we can boundz..™ ; _“Idc_by &.2 1 _gldc_s
©, < 0, < . <
> > — > > > >
— |dc_— _8|C|C_8, 1_, _8O |dcl_ _80
G<.,1 G<,1 G<,1
< <
> > 2
_gldc_s K_, _gkokldkik 8 _ko
G<.,1 G:i<.1
100 Q. < Q. < )
> >
—8IdC—8 4l| n_
G<,1 G<,1
:O>< 110 :e><
= _aldg s 41fn< _aldg s fi2?f<e16-
G<,1

G:<.,1
wherelQ° is by Assumption 4k _gko  2n, andk_k» = k_gko = 1; and?1°is
by choosingn  f 2?21 641%°.
Therefore, by the de nition of positive de niteness and the inequalities above, we
can complete the proof by the following:

Q. < 6, <
Pt Idg tf2?7%<e16 - jF.<°=P8k_kp=1- CIda i f 2?7P<e16jF.c©
G:i<,1 G<,1
0 <
P81 8 E- _alde sif P?i<e8jF.c°
G:<,1
& ©<
1 = 1dz

_aldg s f#72%<e8jF.o
&1 Gi<.1
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1 E expt <?%e8%-

which completes the proof.

Now, we are ready for the proof of Lemma 4.

I
Proof of Lemma 4 Recall thatE, = f2 3,;1:< g7, 5 0--80
0 *<e 1g, where0O; =f | ?,*4. Hence
g 16
Ep=  f 12 tfP?P<e1€ oo
=0 Gi<.,1

Therefore,

)6 1 :é’<

PLE® 1 Pt Idg 1 f27%<elE 0
:=0 G<.,1
1 )zE_expl <?2e80
)

=1 21544=,2'5I09102=|°OZ'°exp1 <?2e80—

i :
where we use Lemma 12 and the fact thalif ., 1dg * f #?{<16° - ]

|
Fi<® Eexp <?7+8%thenPt :°,1d2 f{?{<e16° 5° E expt <?{+8%.

Proof of Lemma 5
This proof takes four major steps:
(i) Dene 1gcf-c's:

(i) Provide a formal de nition ofE;_. based orlg = 8-+ !s_.and prove a formal
version of Lemma 6.

(iii) Prove Lemma 7.

(iv) Prove Lemma 5 by the formal version of Lemma 6 and Lemma 7.

It is worth mentioning that the formal de nition d&;-. s slightly di erent from the
de nition in Lemma 6, but we still hav@E; \ E ,° ;’Vl P1E;_.\E »°, whichis
the key property that will be used in the proof of Lemma 5.
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Step (i): de nitions of 1g.= 8-=¢!s-:
Recall the discretization ob-; - 0-1° in Lemma 11, which generates the set

M = fW—eee—\§ We are going to de nelgc8-c!s—.for W2 M for each
1 8 BEy Notice thatM is a deterministic set of matrices.

Lemma 13 (De nition of 1g<8)x ForanyW2 M, any0 C ), there exist
1lg 2 f 1-1gandl @ ¢ =gsuchthatlg=8 2 F!I® F cand

KW i = 1 B %6

Note that one way to determirig_< & grom Icis by the following: rst pick the
smallest9such thaijWl % = kWl & , then letlg_s sgrttW @ %, wheresgrt ©
denotes the sign of a scalar argument.

Proof. ForanyWy2 M ,any0 C ), we have

KWidg = max max 11W Q%
1 9 =g12f 14g

Hence, there existg < 8. such thakW ki = 1g WM @3¢ Further,1g 8. @nly
depend onMandl g so they ard- 11 ®-measurable, anBl® F g

Lemma 14 (De nition of stopping times! g_). Let[ = pozi_e. ForanyW2 M , any
0 : )e< 1, wecandenearandomtimeinddx !g_. <, 1lby

lg_.=mini<  1-minf; 1:kW.< ki [g%

Then, we havé !g.. <, 1 Further,foranyl ; <,flg_.=;92F< .,
andf!g_.=<, 102 F< < F .< < 1. Inotherwords! g_.is a stopping time with
respectto ltrationf .< .g 1.

Proof. For any8and any: , it is straightforward to see thag_.is well-de ned and
1 lg.. <, 1

When!g_.=; <, this is equivalent withkWd .< .k [ but kWl .« gk Y[
for1 B Y ; Notice that this event is only determined by —eee—d 1,50
flg.=;02F< ..

When! g_.= < | 1, thisis equivalent wittkd .< gk Y[forl B <. Notice that
this event is only determined By« <—ee+—d 1,s0flg_.=< 192 F< <.

Therefore, by de nition,! g_.is a stopping time with respect to ltratiof-.< .g 1.
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Step (ii): a formal version of Lemma 6 and its proof

Lemma 15 (Discretization ofE; \ E , (Formal version of Lemma 6))LetM =
fW—eeea\g be annynet offW: kk = 1g as de ged in Lemma 11, where
nw= min14—1|°é_——1°, Ew= $1=2°={°0,%", and0, = 41'0—:6. De ne

e

0
Eis= f9 W2 ) —S.L 18—:<, 1e TWilk N g_;O%_K’ Lo Zﬁl?—8 : Oge
-G
Then, we have
Gw
PlEl\ E 20 P1E1_8\ E 20'
&1

The rest of this subsubsection is dedicated to the proof of Lemma 15. As an
overview: rstly, we will discuss the implications dE, on W 2 M. Then, we
discuss the implications &, on anyW Lastly, we prove Lemma 15 by combining
the implications o, on anyWandkWk X 2.

Lemma 16(The implication ofE; onW). If E2 happens, then for anyd2 M , any
0 : )e< 1 wehave

01
max kW - .
1Ba><< W< g p=

Therefore, almost surely, we hate !g_. < and
01
p="

-G

18_:<> ! 8—:1VgI <. ! 8—:0%7:{ 8-

Proof. If E> happens, then by de nition, we have
16
z |Z<’BI:><’B O%=|_
B1

forall0 : )e< 1

Now, for anyW2 M , we have that
16 . ,
= W< 8 W 0TV (4.8)

B=1
Therefore, by taking trace at each side of (4.8), we obtain
1 G > o 2 )

= tr'W < &l HO  OtriVg O (4.9

B-1
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SinceW 2 S - 10-1°, we havek\Wk = 1, sotr!\W§° = trVf W = k\Wk? = 1.
Further, we have

tr1Vﬂ|;<$B|:><’BVg°:tl'1|:><’BV§Vﬂ|;<,B°: |:><,ng“2<,8: KW < gk

Consequently, we have

1 G 2 2
< kVg|:<,Bk2 01

B=1
for all : .

By the pigeonhole principle, we have that

max KW .« gks 0%
18 < ’

This is equivalent withmax, g < KW .< gko  Ope

Notice thatkWl .« gko P=go < k1, somax g < P =g < gk 0Of,
which completes the proof of the rst inequality in the lemma statement.

Next, we prove the second inequality in the lemma statement. Notice that by
the de nition of ! g_.in Lemma 14 and by = 190=1=G, we havel !g.. < and

KW < 1, ke p%e for all :. Further, by Lemma 13, we hawdM .« 1, ki =
lgc1g W< 8_:"%“’ ‘s-almostsurely. Hence, we hatg_.< 1, *W < 8_:09*“» Ye-:
p%’ which completes the proof.

Lemma 17 (The implication ofE; on WH. If E2 happens, then for a2 R™ 7,
there existd 8 Ky such that

0
lg o1y *Wile 1, 0% Epl_TkV\k _
-G

forallO : )e< 1.

Proof. Firstly, whenW= 0, the inequality holds because both sides are O.

Next, whenW< O, it suces to prove 1g_.< 8_4%@ !8_-0%_:<”8‘: 581:—
: = =
Therefore, we will only considew?2 S-; - *0-1°. By Lemma 11, there exists
W2 M such thakW Wk 2ny= minlz—lloé:——zo. Notice that by Lemma 16, if
-G

E, happens, for all , we have

loiqrg Wic 15 0075 e s
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Therefore,

g g 1o MWle 15 0% o= 1g 01y Woc 1, 0% lem

Tg_c1, W W< 8_1093_:<: lg_:
01

p= ] le—<c1 1tV WI.c | 8_:0%“’ 'o—]
-G
pozi kl W WI:<,!8_:k2
G
01
Ia: k W V\k2k|:<’!8_:k2
-G
0 0
P 20wl pe
= 2" =

Proof of Lemma 15 By Lemma 17, undeEy, for anyW2 R™¢ =, there exists
1 8 BKy suchthat

18_:<, ! 8—:1Wl< . ! 8—:0%_:<’ e _gj;jk\/\k -
—G
forall0 : )e< 1. Therefore, ifE;\ E 2 happens, there exis§2 ) and a
correspondin@ such that
0 X
lg <1 Wi !8_.0%7:‘ te— 1_ kV\k 01_ .
= e —B—Z =, —IB—4 =
Therefore,
B B
PIEJ\E ° P! E; dE° P1E_d E ,°—
81 &1

which completes the proof.

Proof of Lemma 7

Notice that Lemma 7 states two inequalities: in the following, we will rst prove the
rst inequality P1E;_d E 2° P\ ):3 ! g-2, then prove the second inequality on
P 8—:j\ éozlo g—¢°.

Lemma 18(BoundE;-g E > by ). Under the conditions in Lemma 7, for any
1 8 BKEywehave
¥ 1
PlE1 g E° P C
:=0
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Proof. Firstly, for anyW2 , we havekFc W, Fmaxforall C 0. This
suggests that, forarly 9 =g we have

Frax F& 1 WE® Frae
Hence, we hava1We? 1F8, Fmaxforanyl2f 1-1g1 9 =g andC O.
Next, by E;_gthere exist&V2 ) such thaﬂg_;i!8_:1Wl<>!8_:°%‘:<”8—: Z%:ﬁfor
-G

all: 0. Thereforels_.< 1, F Bos e F max Z%% forall ;.

<,lg.. >
Finally, Ex AE zimpliesthatle_i 1, F.o & %" Fmax  $2 anad! <1 g7 .
O% -, forall :, whichis . g_.bythe de nition of g_;

Lemma 19(Bound onP* g_.j\ 50:10 g-9°). Under the conditions in Lemma 7, for
anyl 8 HEyandany. 0, we have
U1 0.X .

Pl g g 1 @
- 0=0 _G

Proof. Firstly, notice thatwher% o e B B
by the proof of Lemma 16. Therefore, we have

02 ,wehavel !g. <

VE < 01X Ve
Pt g_] 8o P118—1<,!8—:F?<3_' [).8?.71 Fmax Zﬁl— -1 lg. <] 8-°
:0=0 T G :0=0
< 0;X ut
Ptlg .< ;F?:K-’; . Fmax —ﬁl;— lg_.= ] g—o°
=1 S 4 =c :0=0
& 0. 01 01
Ptlg_ < F% < . Fmax Zﬁl; jle—=;— g-°Pllg .= | g
=1 G :0=0 :0=0
100 O X G . Ul
P @ ps® Ple=i e
_G =1 -0=0
01X
1 @! —p1—°°

The inequality*2° is proved in the following:

0.X U 1

Ptls-.<; F98 . Fmax = jle—= 8-o°
:0=0
1 .
01X . ut
= Ptlg_.< F%_ ., Fmax —ﬁl?— Fu< :=Bc ]t g= - g-°dEp: < -
Bo:c 4 -G :0=0
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where we de ne a shorthand notatiéip..< ; = tFg—***—FEk . 1° and we use
Bo.:< ; to denote a realization dfg.< ., then we de ne the set of values of
Fo:< ; as(.< ; such that! g_. = ;— iozlo g—o holds. Notice that g_. = ; can
be determined by a set of values [6f.< . becausd g_.is a stopping time of
f < .9 1andthusf!g_.= ;g 2 F< .. The inequality'1° above is because
of the following: rstly, notice thatlg_.< . —8.<; 2 F.< ;, s0lg_.<.— 8 .<; are
deterministic values wheRo:.< . = By.< ;. Further, sincé=.< . is independent
of I:O::<,;’ we havel:)1|:<0G, 1F;9< : n J I:O::<,; = ED::<,;0 1 @1no
for any deterministicl— 9and anyn’ i 0 by Assumption 5. Hence, we have

Pllg_:i;l:i_:? » Fmax Z%%;J Foi< ,=Boc ) 1 @14_1%0.

Proof of Lemma 5

The proof is by leveraging Lemma 15 and Lemma 7.

B
PE;\E »° P1E1_d E 2°
&1
& Iy 1
pt 8-?
&1 :=0
& ¥ 2
= P! ge°P! g1] 8e° P! gy< 1] g-?
&1 :=0
& 01X
11 @ 1—|5:LTOO) *<
&1 4 =

544255 10g104=c=°0; 11 @?1-p=29 "+
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A More Precise Upper Bound for Theorem 12
By the proof of Lemma 4 and Lemma 5 above, we have

Ptdiamt )°j X° 544)22,2’5 Ioglozz|°Oz' expt 03<°

o= X
, 5445°="° 109 04=c=°0, 11 @12%1?00)'< (4.10)
~G
4.E Proof of Corollary 12.1

The proof involves two parts. Firstly, we will show theérm 1 nunder our choice
of <. Secondly, we will lefferm 2= n, then we will showX $1=5=F) °, which
completes the proof.

Step 1: showTerm1 n. Notice that when< g tloglke, = log'0;°
2510g'=°, loglogt0,=°, 7° = $ 1=, log) , logtle n°°, we have @1:?'500;' expt 0s3<©®
n. Since< 1, we obtain Term 1 n.

Step 2: letTerm2 = n and show X $1=E5=%«)°. Let Term2 = n, then
we havell @1 800 < = N Then, we obtaitl @132 =
= =

—2¢5_250n=G"I
gl_G = 004
<o)
n

S E =T , Which is equivalent with
@1—(3 = 004

0, X n
@'p=—"=1 == .
4 = §1:%.5:I2.5004_16_I

When@ 1 $2-° = $ 1820, we obtain
-G -G

pP_ <)
x= 12 6o n ®
0 1-25_250()=G"!
! « ¥ G 04 ;T
P— F<e)
4 = © n a
$1— Solog- — ®
01 « leé'S:IZ-SOOZG—I .
P-
4 =<
=$ 10—01Iogllon0 , =71, logt=g=°°
1) ]
=152
=¢ .
)

Step 3: prove Corollary 12.1.By leveraging the bounds above and Theorem 12, we

=152
havePidiamt j° & == ° Pidiamt j° X 1 2n.

Since\® 2 ) by de nition, forany® 2, we havek®, \°k  diamt ,°
—15_2
$ -5 with probability atleast  2n.
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4.F Proof of Corollary 12.2
We provide a formal version of Corollary 12.2 and its proof below.

Corollary 17.1 (Convergence rate wher® = 0 (formal version)) When ¢ is
1n_ @-stable, i.e.kt ¢°%, A1 d°Cforall Qwithd Y 1, for any< j Oand any
X'i 0, when) j < , we have

. o= X od »
PidiamtA) © j X° )z$1:é50026 expt 03<© glzgoozzll @14%1: 000 *<e
-G

wherelg = "kGks , ’\p:_c,'d, ?2c6= 1192 f g = p_minl 02, 01 = fG?G, 0, =

7
2 ad=s

64F — -
T705 03= g, 04 = —5—.

f 8?5’
Consequently, when the distributionfegsatis es@n° = $ 1n°, e.g. uniform or
truncated Gaussian, we har® \¢k $1=Z5) 0,

The proof of Corollary 12.2 is exactly the same as the proofs of Theorem 12 and
Corollary 12.1. When ¢ is stable, we can show thkG&k, 1gfor all C Further,

by [24], the sequencBGg: o satis es thell-fe- °-BMSB condition. Therefore,

we complete the proof.

4.G Proof of Theorem 13

p
. 4 =
Speci cally, we de nenp = "B max  Fmax.

The proof is similar to the proof of Theorem 12. Firstly, we de li’)eas a translation
of the se®) :

g1

be=  fW:kFg WEk  Bmag~ 8C 0e (4.11)

B=0

Notice that
by =\%, b

by considering?= ® \¢. Therefore, we can upper bound our goal event
fdiamlb) °i X, npghy the eventEsz de ned below.

. X
P1d|amlb) °i X, n® PlEz°-~whereEs =9 W2 b) —s.t. KK ’Trbg-

(4.12)
Next, notice that
PtdiamtPy 0 X | ng® PE® PLE3\E %, PtEX

By Lemma 4, we have already shO\WhE§° Term 1. So we only need to discuss
PIE3\ E 2°.
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Lemma 20.
PIES\E ,° Term2

Proof. Firstly, de ne

011X, ne°

Ez g= f9 W2 b) —S.t.1g_.<c 15 Wi 8_:0%—& lg-. P=
-G

8: Og

I .
We havePlE3 \ E ,° ?:Nl PLE3 g E ,° based on the same proof ideas of Lemma
15.

Next, we will show that

31

PrEs_.\E ° P! g-0e (4.13)

:=0
This is because for anw 2 b), we havellWwe® 1Fg, Bmax for any 1 2
f 1-g 1 9 =z andC 0. By Ej3g there existsW 2 b) such that
lgoig 1o Wie 1, 0% sle LE for gl ;0 Thus,lg_;<!8__Fg3_:<’!8‘:

e e = g

<,lg.
B max 0—{:5% for all : . Notice that this is equivalent witlg_.< 1, F Bsten

X = . e
F max Z%1==G for all : becausey = 0—1G15max Fmal. In this way, we can prove
(4.13).

Finally, we can complete the proof by the following:

G & Iy 1
PIES\E ,°  PIEgdE® P 6.0
g1 g1 =0
Gw ) 2
= P gg°P! g1] 8e° P! gy< 1] 8->
g1 :=0
& 01X
11 @1-p=29'c Term1-
&1 4 =

where the second last inequality is by Lemma 19 and the last inequality uses the
de nition of Byin Lemma 11.

4.H Proofs of Theorem 14, Corollary 14.1, and Theorem 15

This section provides proofs of the main results related to the SME with unknown
F maxas discussed in section 4.3. Namely, Theorem 14 and Corollary 14.1 provide the
rate of convergence of the estimat%),l%aox de ned in(4.4)to F max, and Theorem 15
states the rate of convergence of UCB-SME algorithm introduced in (4.5).
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For ease of notation, we introduce the following function indexed by the time horizon
)i O
A\ 7! max k | Ky e 4.14
vy s\ OC?XlG;l\dq (4.14)

The estimatoF;)]aoxis simply the in mum of this function, i.e.l,:;,)qaoxz infy, ) 1\°.

Proof of Theorem 14
The proof of Theorem 14 involves two steps:

" Step 1:We demonstrate that the learning erroFgfaxincurred by the estimator
F;)]aox is governed by the diameter of the uncertainty setand the minimum
learning error achievable \f were known.

" Step 2: We then provide an upper bound the probability of learning error
exceeding a xed threshold.

Before we proceed with the proof of Theorem 14, we present the the following
technical lemma.

Lemma 21. Consider the sequence of functidns, g; o de ned in(4.14) The
following holds:

l. , ) isconvexirR™ =,

ii. The sequenckinf,, )\ °g; o is bounded and monotonically non-decreasing,
i.e.,
0 ir\lf, y 1\e ir\1f, ), 10\ % Fmaxc
forall) i O,

iii. , ) attainsits minimuminy, i.e.,argmin, y\° ) -

Proof. 189 For0O C ) 1, the function\ 7! kG1 \l &g is convex due

to convexity of norms. Since the maximum of convex functions is convex [161],
convexity of, ) follows.

188»Notice that, y 1 can be de ned in terms of ) recursively as ) \° =
max?, y \°-kG 1 \lyky® Thus, y1\° ) N\°forall\ 2 R™ 7, implying
monotonicity offinf, , ) 1\°g; o. To see boundedness, rst notice that

, )%= max kGi \®Idq = max kFda  Fmax
0C) 1 0C) 1
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sincez;1 = \%l¢, Fg Therefore, forany j 0, we have that

. 100 — i ¢
inf, )\ |r\1f0rgr§lxlk<3;1 \ Org?xlkﬁ;l \Vilda Fmax

1888First, we show that y attains its minimum ofRR™¢ . If |c= Ofor C2 » Yathen
, ) Is a constant function and aiy2 R™ ~ is a minimum of, ). Now, suppose
Ic< Ofor someC2 » Y Then,, ) diverges atthe in nity, i.e.lim.;; , y3\.°=1
for any sequencé\. g oy suchthak\. k!1 as: !1 . Since, ) is convex and
bounded below with nite in mum, there exists a global minimizZgr 2 R™ ~
such that, y\y° = inf,, jy1\° = Frae Furthermore, by'88, we have that
kg1 \)ld&ki FmaxforallC2 » ¥Yand any global minimizery 2 argmin , ) \°,
hence\y 2 ) by de nition.

Step 1 of the proof of Theorem 14:We rst show that the error margin of the
estimater ,?];X from F nax is governed by the sum of two factors: (i) the diameter of
y » Which arises due to the lack of knowledge\of and (ii) the minimum learning

error achievable if were known, namely

0 Fmax Frax Lidiamt 0 Frax Org?xldeq- (4.15)

First,0  Fmax Fi%t;’x is simply due to Lemma 21. Next, we prove the second
inequalityF max F,?];X 1, diamt y° Fmax Max c) 1kFda . ByLemma?21,
there existd) 2 ) suchthat )\)°=Fpnaxand

Fmaxzorg?xlkci;l \y ke —
- 1~ 1)\¢ 0 -
Org?xlk(i;l \Flg, 1\ \y °l kg

max, kG1 \®lda k'\® \.°ldq -

where the inequality is due to reverse triangle inequality. Furthermore, by using
the equivalence of, and 1 norms, i.e. k&, k G for G2 R™¢, we boundF max
further below by

0

¢ 1\¢ o _
max, kGa \'ida K\® ) kekide -

kF 1, diamt °—
T, Py Lidamt )

0
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where the second inequality is duedd® \y kp B sup, g e kAT L Ade
and the third inequality follows from the assumptikink,  1,, the equivalence
of Frobenius and spectral norns® \yk, k\® \yk,and\®d) 2 .

Consequently,

1)0

Fmax Fmax Fmax Ong\?xlkl:d(l ., 1y diamt %

This completes the proof of the rst step.

Step 2 of the proof of Theorem 14: Using the learning error bound (4.15) we

obtain an upper bound on the probability of learning error exceeding aXxed as
shown below

1\ O X X
PLF max I:n)qaxixO T, T2 2_1| . Is 5~ (4.16)

whereTs1)@ B 11 @1 .

First, using the the fact th&F cg)C;Ol are iid, we show that

P Fmax Ongf)ixlkFckl i X =PWFmax XijkFdki-80 C ) 1°-

D1
=  P'WFmax Xi kFdq -
GO
D1
PFmax X j F&—
GO0
11 @1)@0)_

where the rstinequality is due t6% k Fdk and the second inequality is from
Assumption 5. Finally, we obtain the desired convergence rate using the error bound
in (4.15) as follows:

PFmax Fraxi X° P 1 diamt y°, Fpax Org?xldeq i X

P 1,diamt y°j Xe2 or Fmax Ong?xlkFckl j Xe2

. X
O - H °
P diamt )° o1, P Fmax Ong?xlde<1 | Xe2

X
T, To —— , T5iXe20
1, I2 21, > '®
where the last inequality is by Theorem 12.

This completes the second and the last step of the proof.
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Proof of Corollary 14.1
First, by the proof of Corollary 12.1in section 4.E, we have That L $ =500 expt 03<°
nwhenevex $ 1=, log) , log°.

Next, we showl's1X  2° Tzlzl%O. Sincel, f, by the de nition of BMSB, we
havegrglz—)()_Gl—I 4. Since@?* °is anon-decreasing function, we héye@lgrglzl()_el—l°

1 @13}0. Noticethak 1, andthe constantfactorsinfrontoftie @1 cod) *<°e
in T, is also larger than 1. Consequenﬂ‘y,lzl%o T51 X 2°. Therefore, the choice
of X for the second terni, also guarante€Bs'X «2° n.

Therefore, it su ces to ensuré’zlzl%o n. Notice that, Wherg—% = 2F max, then

Tzlzl%o =0 n, sothere exist¥ such thafl'zlzl%° n.

Next, we will show that there exists sugh that diminishes to zero gsgoes to
in nity. Notice that we need

01% 0o
1 n
1 —p— -
@ 81" =g $1i=¢, 02-50:G=I 0
so that | 1o <o
@ 014 1 n ~
81" = $ii=s 02-50:G:I 0

where the right hand side converges to zerp &4

Now, considertXt: © = 1e: . Since@ ngfS% i 0, there exists a large enouyh
forany: i Osuchthatforany )., we have that

M eg). e<e
@ 01)(110 1 n
81|I = $ii=s 02-SOZG=Io

Furthermore, for any j 0, we can de ne

_§x1:°— if). )Y).—for:j O-

¥ T aor if) V) qe

In this way,X satis estlzl%° nandX ! Oas) !,1

Finally, using the proof of Corollary 12.1, we can show that there e%%{s:
$1=5=P+) © such thafT,!31-°  nwhenever@1X = $ 1. This implies)X =
$1=L5=%) ° and completes the proof.
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Proof of Theorem 15
We rst show that the unknowh® is a member of USC-SME uncertainty élﬂ,rtcb
with high probability. By Theorem 14, Corollary 14.1, and the de nitior(4nb),
we have

PFmaxi Bra® = PPFmax Fraxi X)° 30—

which impliesl 30 PFpax  Brad P1\ ¢ 2 bycte,

Next, we show that the diameter of the UCB-SME uncertainty set is controlled by
X with high probability. Notice thabe® ) 1F .z, X © because dax  Fmax
Therefore, by Theorem 13, the following holds for any constanto:

Pldiamlb;mbo iA, O5p:_G>§ ° Pidiamt ) 'Fmax, >§ CiA, 05p:_‘3>§ -
T1 R Tzlﬁf)'

LetA= X, then, using the inequaliffo1X ©  T»1X «21,°, we have that

Pidiamtbye | X) | 0s" =X °  Pidiamt ) 1Fmax, X% X) , Os" =oX O
2ne

Therefore, with probabilitl  2n, the diameter ob)“"b is bounded above by

diamtbyero  x 0P =ex = §1P=gx o

Finally, we can verify that the everhtnliamlli);JCbO X, Osp:_G>§ =$ 1p=—G>§ °g
and the event\ ¢ 2 b)“Cbg simultaneously happen with probability at ledst 3n as
follows:

P \¢8by 15270 or diamib) 1F max, % Xy , Os" =aX
P Fmax Org?xldeq X +2—or diamt °j Xye21,—or diamlb) Fmax, X°°i Xy, 05p:_6>§
. !
& U
n, PLE°, P g_tmint) 21— X°°
&1 :

3ne

The third inequality follows from

"~ the proof of Theorem 14 in section 4.H,

~ Theorem 13,
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" the fact that the probabiltig3tdiamt )© j Xy +21,° andPldiamlb) F max.,
X% Xy, O5p:_G>§ ° are bounded by the same evehts

Tand g X O0— g 1Xe21,° g-iminiX «21,—X°°, where g X is de-
ned in Lemma 7 as a function ok

This completes the proof.

4.1 Simulation Details

This section provides the details on the simulation experiments, along with some addi-
tional results. The code for replicating the presented results can be found in the github
repository:https://github.com/jy-cds/non-asymptotic-set-membership

Baseline: LSE Con dence Regions

In all our experiments, we use the 90% con dence region of the LSE as the baseline
uncertainty set. The diameters of LSE's con dence regions are computed by taking
minimum of the formulas provided in the following two papers: Lemma E.3 in
[59] and Theorem 1 in [60]. To apply Theorem 1 in [60], we used regularization
parameter = 01, X = 0s1 for 90% con dence( = tr1\*>\¢° variance proxy

I' = 1 for truncated Gaussian distribution ahd= 43 for uniform distribution.

To determine the parameters in Lemma E.3 of [59], we approximately optimize the
projection matrix%in Lemma E.3 as follows. First, we consider an orthogonal
transformation of the empirical covariance matrix ~ ., Idgwith = " >
where is unitary. This transforms the eveBtin Lemma E.3 t0" 1%,
o1 9%° where %o ~ = % We selec®qy as a block matrix» »,—0%»>0-0%Y4

then optimize over the block siZein search of the tightest LSE con dence bound.

Figure 4.1: SME and LSE Uncertainty Set Visualization

In this experiment, we considék; = °G, °D;, Fg where * = 08 and
¢ = 1 are unknown.Fc  TrunGaust0—fr—» Fax Fnax/2ds i.i.d. andDc

TrunGaus®- fp—» Dnax— [Rax/sCare also i.i.d generated, whefg = f p = 05,

andF nax = Dnax = 1. We compare SME that knowsax = 1 and LSE's 90%

con dence region computed based on Section 4.1.

Figure 4.2
In this experiment, we consider the the linearized longitudinal ight control dynamics
of Boeing 747 [17], [130] with i.i.d. bounded inputs and disturbances sampled from
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truncated Gaussian and uniform distribution. The dynamiGs is= ' ‘I Fc
with

99 003 002 03 001 09

01 047 47 0 _h 344 1667

S ®02 006 04 0 - B 083 044
01 004 072 099 047 02

Disturbances are sampled framunGauss0— - F max— Finad anduUnif1» F max— Finad#°,
while control inputs are samples frofnunGaus®— » F max— Fnax#2° in both dis-
turbance settings, with nax = 2. To compute the UCB for SME using.5), we
heuristically de neX = Vw, where=g= 4 and= = 6 are the system
dimension, whileVis a tunable parameter. This de nition matches the dimension
and time order of the theoretical analysis in Corollary 14.1. In both experiments of

Figure 4.2, we xV = 001

In Figure 2(a)-(b), we plot SME with accurate and conservative bounés,gf,
UCB-SME, and LSE's 90% con dence regions computed by Section 4.1. We use
10 di erent seeds to generate the disturbance sequences for each plot, and use the
shaded region to denote 1 standard deviation from the mean (colored lines).

Figure 4.3

In this experiment, we consider autonomous systems of the G+ G, Fg
where ¢ 2 R¥¢ is randomly sampled and its spectral radius is normalized to be
0+9. We simulate SME and LSE forg = 5-10-1520-25. The disturbances are
sampled fromTrunGaus®— » F max— Fnax/4a%° as well adnif1» Fpax— Fnax/a®

with Fnax = 2. This simulation is run on 10 random seeds and the total length of the
simulation is set to b = 1000across alkFgexperiments. The mean is plotted as
solid lines and the shaded regions denote 1 standard deviation from the mean.

Though SME's theoretical bound with respect to the dimensi@tiss>=° from
Corollary 12.2, which is much worse than LSE's bound, itis not re ected in Figure 4.3.
Therefore, it is promising that the dimension scaling in the analysis in Section 4.3
can be further tightened. We leave this for future work.

Figure 4.4

To illustrate the quantitative impact of using SME for adaptive tube-based robust
MPC, we study tube-based robust MPC for a sysgm = °*G, °Dx, Fc
with nominal system ¢ = 12, ¢ = 09 with an initial model uncertainty set
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0 = »-12Y; 09-1¢1%4 We use the basic tube-based robust MPC method
[131], [132] and parameterize the control policylas= G. , E , [., where

= 1, E is determined by the tube-based robust MPC algorithm,[and a
bounded exploration injection wifh ~ Unif1» 0401-0-01v4° The disturbancé .
has a known bound d¥ ,,ax = 0+1 and is generated to be i.i.dJnif1» Qe1-0e1%4°
The horizon of the tube-based robust MPC is set to be 5. The state and input
constraints are such th& 2 » 10-10v%andD 2 » 10-10%for all : 0. We
consider the task of constrained LQ tracking problem with a time-varying cost
function2c:=1G 6&8° &G 6¢, O&'D cwhere the target trajectory is generated
as6¢c= 8sintG20°.

We compare the performance of an adaptive tube-based robust MPC controller that
uses the SME for uncertainty set estimation against one that uses the LSE 90%
con dence region (LSE). For better visualization of the trajectory di erence as a
result of di erent estimation methods, we used the minimum of the the dominant
factors in Dean, Mania, Matnet al.[58, equation C.12] and the LSE 90% con dence
region for the LSE uncertainty set. We also plot the o ine optimal RMPC controller,
i.e., the controller that has knowledge of the true underlying system parameters
(OPT).

Since the controller has to robustly satisfy constraints against the worst-case model
in the uncertainty set, smaller uncertainty set for the tube-based robust MPC means
more optimal trajectories can be computed. This observation is consistent with the
extensive empirical results in the control literature [49], [117], [118].
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Chapter 5

ONLINE ADVERSARIAL STABILIZATION OF UNKNOWN
TIME-VARYING SYSTEMS

In the previous chapter, we introduced SME, an uncertainty set estimation method.
We demonstrated that for linear control dynamical systems, the uncertainty sets
generated by SME converge linearly (with respect to the number of samples) to the
true model under stochastic perturbations. Importantly, even when the stochastic
assumptions in Chapter 4 fail to hold, SME still guarantees that the uncertainty sets
contain the true model, provided we have an upper bound on the disturbances. This
makes SME an ideal method for estimating uncertainty sets in both stochastic and
non-stochastic settings when perturbations are bounded.

Recall that in Chapter 1 (Figure 1.1), we introduced a learning-based control
framework that leverages SME uncertainty sets to integrate learning algorithms with
model-based control design. Thanks to the robustness of SME as discussed above,
the framework can be used to guarantee safety of the closed loop system despite
learning under potentially adversarial disturbances.

In this chapter, we will study the canonical problem of online stabilization of
unknown linear time-varyin(l-TV) system under bounded non-stochastic (potentially
adversarial) disturbances. The study of LTV systems are crucial for CPS such as
sustainable energy systems. For instance, as power systems continue to adopt more
renewable energy supply, the system dynamics for frequency regulation will become
time-varying due to the intermittency of the renewables. Moreover, LTV system
can be used to approximate practical applications where system dynamics are often
nonlinear.

To address this, we instantiate the framework introduced in Chapter 1 and propose a
novel algorithm based on convex body chasing (CBC), an online learning technique,
and classical linear qudratic regulator (LQR) control. Assuming infrequently
changing or slowly drifting dynamics, our algorithm guarantees bounded-input-
bounded-output stability for the unknown LTV system. Our approach avoids system
identi cation and requires minimal disturbance assumptions. This chapter is based
on the following paper:
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[1] J. Yu, V. Gupta, and A. Wierman, Online adversarial stabilization of
unknown linear time-varying system2023 62nd IEEE Conference on De-
cision and Control (CDG)pp. 8320 8327, 2023doi: 10.1109/CDC49753.
2023.1038384.

5.1 Introduction

Learning-based control of linear-time invariant (LTI) systems in the context of
linear quadratic regulators (LQR) has seen considerable progress. However, many
real-world systems are time-varying in nature. For example, the grid topology in
power systems can change over time due to manual operations or unpredictable line
failures [66]. Therefore, there is increasing recent interest in extending learning-based
control of LTI systems to the linear time-varying (LTV) setting [162] [166].

LTV systems are widely used to approximate and model real-world dynamical
systems such as robotics [167] and autonomous vehicles [168]. In this chapter, we
consider LTV systems with dynamics of the following form:

1= &=, dx, Fe (5.1)

whereG:2 R7, -2 R* andF cdenotes the state, the control input, and the bounded
and potentially adversarial disturbance, respectively. We\gse » ¢ &ato
succinctly denote the system matrices at time &ep

On the one handj ine control design for LTV systems is well-established in the
setting where the underlying LTV modelksiown[169] [173]. Additionally, recent

work has started focusing on regret analysis and non-stochastic disturbances for
known LTV systems [162], [174].

On the other handynline control design for LTV systems where the model is
unknownis more challenging. Historically, there is a rich body of work on adaptive
control design for LTV systems [175] [177]. Also related is the system identi cation
literature for LTV systems [178] [180], which estimates the (generally assumed to
be stable) system to allow the application of the o ine techniques.

In recent years, the potential to leverage modern data-driven techniques for controller
design of unknown linear systems has led to a resurgence of work in both the LTI and
LTV settings. There is a growing literature on learning to control unknown LTI
systems under stochastic or no noise [17], [24], [181]. Learning under bounded and
potentially adversarial noises poses additional challenges, but online stabilization
[99] and regret [26] results have been obtained.
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In comparison, there is much less work on learning-based control design for unknown
LTV systems. One typical approach, exempli ed by [163], [182], [183], derives
stabilizing controllers under the assumption thae data representing the input-
output behavior of5.1) is available and therefore anine stabilizing controller

can be pre-computed. Similarite-horizon settings where the algorithm has access
to o ine data [184], or caniterativelycollect data [185] were also considered. In
the context obnlinestabilization, i.e., when o ine data is not available, work has
derived stabilizing controllers for LTV systems through the use of predictions of
\g e.g., [18]. Finally, another line of work focuses on designing regret-optimal
controllers for LTV systems [164] [166], [186], [187]. However, with the exception

of [18], existing work oronline control of unknown LTV systems share the common
assumption of either of open-loop stability or knowledge of an o ine stabilizing
controller. Moreover, the disturbances are generally assumed to be zero or stochastic
noise independent of the states and inputs.

In this chapter, we propose an online algorithm for stabilizing unknown LTV systems
under bounded, potentially adversarial disturbances. Our approach uses convex
body chasing (CBC), which is an online learning problem where one must choose
a sequence of points within sequentially presented convex sets with the aim of
minimizing the sum of distances between the chosen points [188], [189]. CBC has
emerged as a promising tool in online control, with most work making connections
to a special case calletestedconvex body chasing (NCBC), where the convex sets
are sequentially nested within the previous set [190], [191]. In particular, [13] rst
explored the use of NCBC for learning-based control of time-invariant nonlinear
systems. NCBC was also used in combination with System Level Synthesis to design
a distributed controller for networked systems [99] and in combination with model
predictive control [55] for LTI system control as a promising alternative to system
identi cation based methods. However, this line of work depends fundamentally on
the time invariance of the system, which results in nested convex sets. LTV systems
do not yield nested sets and therefore represent a signi cant challenge.

This work addresses this challenge and presents a novel online control scheme
(Algorithm 2) based on CBC (non-nested) techniques that guarantees bounded-
input-bounded-output (BIBO) stability as a function of the total model variation
(1;1 K\c \c1k, without predictions or o ine data under bounded and potentially
adversarial disturbances for unknown LTV systems (Theorem 18). This result
implies that when the total model variation is nite or growing sublinearly, BIBO
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stability of the closed loop is guaranteed (Corollaries 18.1 and 18.2). In particular,
our result depends on a re ned analysis of the CBC technique (Lemma 22) and is
based on the perturbation analysis of the Lyapunov equation. This contrasts with
previous NCBC-based works for time-invariant systems, where the competitive ratio
guarantee of NCBC directly applies and the main technical tool is the robustness of
the model-based controller, which is a proven using a Lipschitz bound of a quadratic
program in [99] and is directly assumed to exist in [13].

We illustrate the proposed algorithm via numerical examples in Section 5.4 to
corroborate the stability guarantees. We demonstrate how the proposed algorithm
can be used for data collection and complement data-driven methods like [163],
[183], [184]. Further, the numerics highlight that the proposed algorithm can be
e ciently implemented by leveraging the linearity ¢b.1) despite the computational
complexity of CBC algorithms in general (see Line 5 for details).

Notation. We useS™ ! to denote the unit sphere RF andN_ for positive integers.
ForC— BN , we usexC: B/as shorthand for the set of integéG— Cl— « « «-gnd
»&for f1-2— « « « gQUnless otherwise speci ed k is the operator norm. We use
d? © for the spectral radius of a matrix.

5.2 Preliminaries

In this section, we state the model assumptions underlying our work and review key
results for convex body chasing, which we leverage in our algorithm design and
analysis.

Stability and model assumptions
We study the dynamics i(b.1) and make the following standard assumptions about
the dynamics.

Assumption 6. The disturbances are boundek-&k; , forallC O.

Assumption 7. The unknown time-varying system matricﬁé&éo belong to a
known (potentially large) polytope such thattc2 for all C Moreover, there
exists® j Osuchthatk\k " and\ is stabilizable for al\ 2

Bounded and non-stochastic (potentially adversarial) disturbances is a common
model both in the online learning and control problems [115], [192]. Since we
make no assumptions on how large the bounis, Assumption 6 models a variety

of scenarios, such as bounded and/or correlated stochastic noise, state-dependent
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disturbances, e.g., the linearization and discretization error for nonlinear continuous-
time dynamics, and potentially adversarial disturbances. Assumption 7 is standard
in learning-based control, e.g. [23], [193].

We additionally assume there is a quadratic known cost function of the state and
control input at every time stefto be minimized, e.g. G&G, O&'D g with

&—" 0. For a given LTI system modal = »  Yand cost matrice&— ',

we denote = LQR?!\;&-"° as the optimal feedback gain for the corresponding

in nite-horizon LQR problem.

Remark 4. Representing model uncertainty as convex compact parameter sets where

every model is stabilizable is not always possible. In particular, if a parameter set
has a few singular points whete— ©° loses stabilizability such as when= 0,

a simple heuristic is to ignore these points in the algorithm since we assume the

underlying true system matrickgmust be stabilizable.

Convex body chasing

Convex Body Chasing (CBC) is a well-studied online learning problem [190], [191].
At every roundC2 N, the player is presented a convex bodyket R™. The
player selects a poir@ 2 Kcwith the objective of minimizing the cost de ned as
the total path length of the selection jorounds, e.g., )@1 k@ @ 1kforagiven

initial condition @ 8 K ;. There are many known algorithms for the CBC problem
with a competitive ratioguarantee such that the cost incurred by the algorithm is
at most a constant factor from the total path length incurred by the o ine optimal
algorithm which has the knowledge of the entire sequence of the bodies. We will use
CBC to select ¢s that are consistent with observed data.

The nested case

A special case of CBC is theestedconvex body chasing (NCBC) problem, where

Kc K c1. A known algorithm for NCBC is to select tHateiner pointof Kcat
C[191]. The Steiner point of a convex sét can be interpreted as the average

of the extreme points dk and is de ned ast'K® = Egykz 1 ¥k 1E°% Where

6k 1B° := argmaxyk E Gand the expectation is taken with respect to the uniform
distribution over the unit ball. The intuition is that Steiner point remains deep
inside of the (nested) feasible region so that when this point becomes infeasible due
to a new convex set, this convex set must shrink considerably, which indicates that
the o ine optimal must have moved a lot. Given the initial conditi@ 8 K 1, the
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Steiner point selector achieves competitive rati®3d£° against the o ine optimal
suchthatforal) 2N ,l )@1 kst!K®@ stl!Kc1°k O1=° OPT, whereOPTis the

o ine optimal total path length. There are many works that combine the Steiner
point algorithm for NCBC with existing control methods to perform learning-based
online control for LTI systems, e.g., [13], [55], [99].

General CBC

For general CBC problems, we can no longer take advantage of the nested property
of the convex bodies. One may consider naively applying NCBC algorithms when
the convex bodies happen to be nested and restarting the NCBC algorithm when
they are not. However, due to the myopic nature of NCBC algorithms, which try to
remain deep inside of each convex set, they no longer guarantee a competitive ratio
when used this way. Instead, [188] generalizes ideas from NCBC and proposes an
algorithm that selects thfenctional Steiner poindf thework function

De nition 5.2.1 (Functional Steiner point)For a convex functiorb: R™! R, the

functional Steiner point obis
1

sttfP = = 51PE3E- (5.2)
EkEk=1 ~
where @5 51@3Gdenotes the normalized valuéﬁ%fée of 5!@ on the seS,
and @2
51 = infpr-5'C MG-iE (5.3)

is the Fenchel conjugate &

The CBC algorithm selects the functional Steiner point ofvtloek function which
records the smallest cost required to satisfy a sequence of requests while ending in a
given state, thereby encapsulating information about the o ine-optimal cost for the
CBC problem.

De nition 5.2.2 (Work function) Given an initial point@ 2 R~, and convex sets
Ki—eeekc R7, the work function at time stePevaluated at a poinG2 R™ is
given by: ~

62

| 2@ = min kG @K, k@ @ 1ke (5.4)
@2Kp

B-1
Importantly, it is shown that the functional Steiner points of the work functions are
valid, i.e.,sttl @ 2 Kcfor all J188]. On a high level, selecting the functional Steiner
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point of the work function helps the algorithm stay competitive against the currently
estimated o ine optimal cost via the work function, resulting in a competitive ratio
of =against the o ine optimal cost (OPT) for general CBC problems,

~

0
kstll @ stil Qlok = OPTe (5.5)
G1

Given the non-convex nature ¢6.3) and (5.4), we note that, in general, it is
challenging to compute the functional Steiner point of the work function. However,
in the proposed algorithm, we are able to leverage the linearity of the LTV systems
and numerically approximate both objects with e cient computation in Line 5.

5.3 Main Results

We present our proposed online control algorithm to stabilize the unknown LTV
system(5.1)under bounded and potentially adversarial disturbances in Algorithm 2.
After observing the latest transition fro@- Rto G;1 atC, 1 according to(5.1)

(line 2), the algorithm constructs the set of all feasible mo&eds(line 3) such

that the model ixonsistenwith the observation, i.e., there exists an admissible
disturbanceb csatisfying Assumption 6 such that the state transition fé@migto

&1 can be explained by the tuplBq B). We call this set theonsistent model
setPcand we note that the unknown true dynamiess » ¢ &delongs toPg

The algorithm then selectshyypothesisnodel out of the consistent model $&t

using the CBC algorithm by computing the functional Steiner p(8r®) of the

work function (5.4) with respect to the history of the consistent parameter sets
P1— eeePc(line 4). In particular, we present an e cient implementation of the
functional Steiner point chasing algorithm in Line 5 by taking advantage of the fact
that P¢s are polytopes that can be described by intersection of half-spaces. The
implementation is summarized in Algorithm 3. Based on the selected hypothesis
model¥g a certainty-equivalent LQR controller is synthesized (line 5) and the
state-feedback control action is computed (line 6).

Note that, by construction, at time st&2 N we perform certainty-equivalent
control B¢ 1 based on a hypothesis modRel; computed using retrospective data,
even though the control actioB{= b¢ 1G) is applied to the dynamics § that we do

not yet have any information about. In order to guarantee stability, we would like for
b 1 to be stabilizing the future dynamics §. This is the main motivation behind

our choice of the CBC technique instead of regression-based techniques for model
selection. Thanks to the competitive ratio guararnfe®) of the functional Steiner
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point selector, when the true model variation is small, our previously selected
hypothesis model will stay consistent in the sense that; can be stabilizing for

\ cdespite the potentially adversarial or state-dependent disturbances. On the other
hand, when the true model variation is Iargé’,c 1 does not stabiliz&g and we

see growth in the state norm. Therefore, our nal state bound is in terms of the total
variation of the true model.

We show in the next section that, by drawing connections between the stability
of the closed-loop system and the path length cost of the selected hypothesis
model via CBC, we are able to stabilize the unknown LTV system without any
identi cation requirements, e.g., the selected hypothesis models in Algorithm 2
need not be close to the true models. It is observed that even in the LTI setting,
system identi cation can result in large-norm transient behaviors with numerical
stability issues if the underlying unknown system is open-loop unstable or under
non-stochastic disturbances, thus motivating the development of NCBC-based online
control methods [13], [26], [99]. In the LTV setting, it is not su cient to use NCBC
ideas due to the time-variation of the model; however, the intuition for the use of
CBC is similar. In fact, it can be additionally bene cial to bypass identi cation in
settings where the true model is a moving target, thus making identi cation more
challenging. We illustrate this numerically in Section 5.4.

Algorithm 2: Unknown LTV stabilization
Input: , i O, RT'=<°
Initialize : Dy = 0, By 2
for C, 1=1-2—<+¢o
Observex; 1
Construct consistent set
Pc:= f\ =»— ¥ kQ;l Gc Dd(l ) g\
Select hypothesis modet  CBCHP gof ,; Bo°

Synthesize controlleP:  LQR Pg&-"

Compute feedback control inpD¢ 1 = PG 1
end

Stability Analysis

The main result of this paper is the BIBO stability guarantee for Algorithm 2 in terms
of the true model variation and the disturbance bound. We sketch the proof in this
section and refer Section 5.C for the formal proof. This result depends on a re ned
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Algorithm 3: CBC

Input: Py, e Pg o, #
Output: B¢
for : = 0-1—eee#do
SampleEg uniformly fromS™ 1
g (5.12)
end

. _|
be proj . 7 g1 o

analysis of the competitive ratio for the functional Steiner point chasing algorithm
introduced in [188], which is stated as follows.

Lemma 22 (Partial-path competitive ratiofor C2 N , letB— 2 »&andB Y 4and
let R™ be a convex compact set. DenbBtg y,:= 3=B, g kst o© st g 19k
as the partial-path cost of the functional Steiner point selector during intefa4,
andfOPnggz1 as the (overall) o ine optimal selection foK1— eeeKc . The
functional Steiner point chasing algorithm has the following competitive ratio,
!

~

G
bgy = dat o, 27, kOPT, OPTy 1k
o=B 1

on interval»B—%wheredia® °:=max,-,2 K\1 \2k denotes the diameter of

and” :=max, Kk .

Proof. See Section 5.A.

Theorem 18(BIBO Stability). Under Assumption 6 and 7, the closed loo®f1)
under Algorithm 2 is BIBO stable such that for @l O,

62
ka , 21 22 >>B—Cll/zd!c: B
B0
i . - . .
where .5 qi.:= g=18, 1K \g 1k is the true model variation, is the dis-

turbance bound, an@,— 32 i 0— d 2 10-1° are constants that depend on the
system-theoretical quantities of the worst-case model in the parameter set

Proof Sketch:At a high level, the structure of our proof is as follows. We rst use
the fact that our time-varying feedback gdlais computed according to a hypothesis
model from theconsistentmodel set. Therefore, we can characterize the closed-loop
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dynamics in terms of the consistent modesnd P Speci cally, consider a time
stepCwhere we take the actidic= be 1G-after observindy Then, we observe
G1= d¢&, dXx, Fcand select a new hypothesis moflgl= »0c b/ithat is
consistent with this new observation. Since we have selected a consistent hypothesis
model, there is some admissible disturbabesatisfying Assumption 6 such that

G1= ¢ dPc1 G Fc= P, bde; G, Be

Without loss of generality, we assume initial conditi@r= 0. We therefore have

62 O
G=6Bc1, by, byby 1 Ber (5.6)
B=0 g2:C 1:B 1%

We have two main challenges in boundik@k in (5.6):

1. bcis computed usin§cin Algorithm 2, but is applied to the next time step
Dc 1. While we knowd:Pe, bb@ ¥ 1, in (5.6) we haveDc 5 instead ofog

2. Naively applying submultiplicativity of the operator norm {&.6) results in
bounding Py, Byby ;. However, even e satis esdiPe, bbeo v 1,
in general the operator norm can be greater than 1.

To address the rst challenge, our key insight is that by selecting hypothesis models
via CBC technique, in any interval where the true model variation is small, our

selected hypothesis model also vary little. Speci cally, by Lemma 22, we can bound

the partial-path variation of the selected hypothesis models with the true model
partial-path variation ,g yas follows:

1
b»B—% = dia! °,6 2", kOPTg,l OPTgk
o=B
=dial °, 2", .,y — (5.7)

where and”are from Assumption 7. A consequenc€®i7)is that, during intervals
where the true model variation is small, we haf, Pb¢ 4 be, bbg .

For the second challenge, we leverage the concept of sequential strong stability

[21], which allows bounding ' g.c 1.8 11 bg , bgby 1 approximately with

| :
g2>C 1:B 11/4d bg, bgbg timesO expt By -
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We now sketch the proof. The helper lemmas are summarized in Section 5.B and the
formal proof can be found in Section 5.C. Consitler c2 R~ “with ¢ 0such
that

12 12
bC, beCl-— c !CC °

We use gas shorthand for the intervaC 1 : B, 1¥% Then each summand (6.6)
can be bounded as

O b

g. PgPg 1
gZB s

@)
g1 g1 TP Kigke (5.8)

| {z }i2en 2

R R A R it

llo 120

Therefore showing BIBO stability comes down to bounding individual terms in
(5.8). In particular we will show that by selecting appropriateand! g term (a)

is bounded by a constant that depends on system theoretical properties of the
worst-case parameter in. For (b) and (c), we isolate the instances when

bc bc 1 n (5.9)

for some chosen j 0. For instances wher.9) holds, we use the perturbation
analysis of the Lyapunov equation involving the mattix, bd¢ 1 (Lemma 27 for

(b) and Lemma 25 for (c)) to bound (b) and (c) in terms of the partial-path movement
of the selected parametelsg y, := 3=B, 1 ksttl g 1° st 4°k . Speci cally,
Lemma 27 implies

§kerek (5.9) hold

2 162 2 — 1 . olds

gt 5 (5.10)
: otherwise-

whereV— | 1 are constants. We also show that from Lemma 25,

84, if (5.9) holds
Kl &k (5.11)
31 otherwise

ford, 2 10-1°and! j 1 aconstant.

We now plug’5.10)and(5.11)into (5.8). Denote by=,5:4he number of pairsg— g 1°
withB, 1 g C 1where(5.9)failsto hold. Let g y4.:= ;‘:Eilk\g \g 1k
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be the true model partial-path variation. Then (5.8) can be bounded as

A
b9> bgbg 1

92>C 1B 1%

Vo B c1v
“s0 4 RF | g (CBbeal

b.B-C1v: "
| n —C1Y
! 4 >ﬁ§. C1lY CB1

di :
=ldar °, 2, 5 cpy?
I n v=ldiat © 28, pq c1i?
Z 4 R dC B1
d :
= 2 22»B—C11/zdlc: B_
for constant2— 2 and=:= == <° for the dimension of the parameter space for

. - - b 1, .
¢ ¢ Inthe second inequality, we used the observationthai; ”BT‘C“‘and in

the last inequality we used Lemma 22. Combined Wtl6) and Assumption 6, this
proves the desired bound.

An immediate consequence of Theorem 18 is that when the model varia{{drijn
is bounded or sublinear, Algorithm 2 guarantees BIBO stability. This is summarized
below.

Corollary 18.1 (Bounded variation) Suppos€5.1) has model variation ,o g, "
for a constant' . Then,

21 2,

1 d

Corollary 18.2 (Unbounded but sublinear variatio)etU 2 10-1° andC2 N .
Suppos€5.1) is such that for each G . 1, %= 1eCt ¥, implying a
total model variation .5 g= O¢P. Then for large enougl d, 2;(0 % and
therefore

supkGk
C

22 .
1 d

8
kGk 2, di2f
80

Corollary 18.1 can be useful for scenarios where the mode of operation of the system
changes infrequently and for systems suchth@! \®asCl'1 [194]. As an
example, consider power systems where a prescribed set of lines can potentially
become disconnected from the grid and thus change the grid topology. Corollary 18.2
applies to slowly drifting systems [195].
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E cient implementation of CBC

In general, implementation of the functional Steiner point of the work function may
be computationally ine cient. However, by taking advantage of the LTV structure,
we are able to design an e cient implementation in our setting. The key observation
here is that for eaclf Pc(Algorithm 2, line 3) can be described by the intersection
of half-spaces because the ambient parameter sp&assumed to be a polytope
and the observed online transition data frGs Rto G 1 speci es two half-space
constraints at each time step due to linearity®fl). Our approach to approximate
the functional Steiner point for chasing the consistent model sets is inspired by [189]
where second-order cone programs (SOCPs) are used to approximate the (nested set)
Steiner point of the sublevel set of the work functions for chasing half-spaces.

Denotef! Og- EQ;Cl as the collection oPchalf-space constraints describiRg i.e.,

0;\ 1g To approximate the integral for the functional Steiner p¢nB)of | ¢ we
sample# number of random directiors2 S~ 1, evaluate the Fenchel conjugate of

the work functiorl cat eaclEwith an SOCP, and take the empirical average. Finally

we project the estimated functional Steiner point back to the set of consistent model
Pc\ . Even though the analytical functional Steiner pgtB)is guaranteed to

be a member of the consistent model set, the projection step is necessary because
we are integrating numerically, which may result in an approximation that ends up
outside of the set. We summarize this procedure in Algorithm 3. Speci cally, given

a directionE2 S™ 1, the Fenchel conjugate of the work function at time $Bep

o .
| B= il ¢@ 1e-E

c
= min k@ @ik, kG @k hG-iE
@R"
@2K g B=1
This can be equivalently expressed as the following SOCP with decision variables

G_@.'._C@__L_..‘_G._

e - - EF
s.t. K@ @ik g for B2 > (5.12)
kG @k

O @ 1g- for82 »?g4 B

Another potential implementation challenge is that the number of constraints in the
SOCP(5.12)grows linearly with time due to the construction of the work function



121

(5.4). This is a common drawback of online control methods based on CBC and
NCBC techniques and can be overcome through truncation or over-approximation in
of the work functions in practice. Additionally, if the LTV system is periodic with a
known period, then we can leverage Algorithm 2 during the initial data collection
phase. Once representative (persistently exciting) data is available, one could employ
methods like [163] to generate a stabilizing controller for the unknown LTV system.
In Section 5.4, we show that data collection via Algorithm 2 results in a signi cantly
smaller state norm than random noise injection when the system is unstable.

5.4 Simulation

In this section, we demonstrate Algorithm 2 in two LTV systems. Both of the systems
we consider are open-loop unstable, thus the algorithms must work to stabilize
them. We use the same algorithm parameters for both, with» 2—314, LQR cost
matrices& = and' =1.

Example 1: Markov linear jump system
We consider the following Markov linear jump system (MLJS) model from [196],

Wlth n # n # n #
15 1 06 0 0
1- - 2= - 1- -
0 05 01 12 1
# ! #
1 08 02
T 01 09

where s the transition probability matrix frorh; to \, and vice versa. We
inject uniformly random disturbances such thaf2 f 101— 31-31gwherel is

the all-one vector. We set the disturbances to be zero for the last 10 time steps to
make explicit the stability of the closed loop. We implement certainty-equivalent
control based on online least squares (OLS) with di erent sliding window sizes

I =5-10-20and a exponential forgetting factor @95 [197] as the baselines.

We show two di erent MLJS models generated from 2 random seeds and show the
results in Figure 5.1. For both systems, the open loop is unstable. In Figure 5.1(a) the
OLS-based algorithms fail to stabilize the system for window size 820, while
stabilizing the system but incurring larger state norm than the proposed algorithm for
I =5-10. On the other hand, in Figure 5.1(b), OLS with= 5 results in unstable
closed loop. This example highlights the challenge of OLS-based methods, where
the choice of window size is crucial for the performance. Since the underlying LTV
system is unknown and our goal is to control the sysbafime, it is unclear how to
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(a) closed loop of seed # 1 (b) closed loop of seed # 2

Figure 5.1: Markov linear jump system for two di erent random seeds. For each
seed:Top plot shows the state norm trajectories of the proposed algorithm, certainty-
equivalent control based on online least squares (OLS) with di erent sliding window
sizes, and the open loopliddle plot shows the norm of the selected hypothesis
model via Algorithm 3.Bottom plot shows the true model switches.

select the appropriate window size to guarantee stability for OLS-based methods a
priori. In contrast, Algorithm 2 does not require any parameter tuning.

We note that while advanced least-squares based identi cation techniques that

incorporate sliding window witlvariable length exist, e.g. [164], [197], due to

the unknown system parameters, it is unclear how to choose the various algorithm

parameters such as thresholds for system change detection. Therefore, we only
compare Algorithm 1 against xed-length sliding window OLS methods as baselines.

Example 2: LTV system
Our second example highlights that Algorithm 2 is a useful data-collection alternative
to open-loop random noise injection. We consider the LTV system from [163], [184],

with " #
Lo 15 0-0025
0= . - -
O:lcos0:3:® 1, 005*2sint0e5: ©
1:0 = 005 0,1:12 .
01,3

where we modi ed 11-1° from 1 to 1.5 to increase the instability of the open loop

in the beginning; thus making it more challenging to stabilize. We consider no
disturbances here, which is a common setting in direct data-driven control, e.g., [163],
[182], [183]. In particular, we compare the proposed algorithm against randomly
generated bounded inputs frasNIF» 1-1% We also modify the control inputs from
Algorithm 2 to beD-= be 1&G, [c 1with[¢ UNIF» 1-1¥so0 that we can collect
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Figure 5.2: Simulation result for the LTV system in example 2. Here we plot the the
state and control norm, as well as the selected hypothesis model vi®&B@ true
models\ g

rich data in the closed loop. This is motivated by the growing body of data-driven
control methods such as [163], [183], [184] that leverage su ciently rich o ine data

to perform control design for unknown LTV systems. However, most of these works
directly inject random inputs for data collection. It is evident in Figure 5.2 that when
the open-loop system is unstable it may be undesirable to run the system without any
feedback control. Therefore, Algorithm 2 complements existing data-driven methods
by allowing safe data collection with signi cantly better transient behavior.

5.5 Conclusion

In this chapter, we propose a model-based approach for stabilizing an unknown
LTV system under arbitrary non-stochastic disturbances in the sense of bounded
input bounded output under the assumption of infrequently changing or slowly
drifting dynamics. Our approach uses ideas from convex body chasing (CBC),
which is an online problem where an agent must choose a sequence of points
within sequentially presented convex sets with the aim of minimizing the sum of
distances between the chosen points. The algorithm requires minimal tuning and
achieves signi cantly better performance than the naive online least squares based
control. Future work includes sharpening the stability analysis to go beyond the
BIBO guarantee in this work, which will require controlling the di erence between
the estimated disturbances and true disturbances. Another direction is to extend the
current results to the networked case, similar to [99].
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5.A Proof of Lemma 22

We have
C G
by by = kstll ¢° st 4 1%k
9=B 1 =Bl |
1Q0 Ol'
= | B |, ' EBE
T ooBl |
110 CG '
== | B |, P E3E
E -
1 g=B1
== | P | 4P E3E
E
120

= minl 2@ minl gH, 20— (5.13)

where (a) is due to the de nitio(6.3). For (b), we used the observation thaf E is
non-decreasing in time. For (c), by de nition of the Fenchel conju¢at&), we have
thatl 4B =infd 4'@ HhG—iE DenotelG— @-« « »-5@as the optimal solution to
the problenmingl 41@. ltisclearthat ,!E° | 421G° G-E mingl 4@, »
where in the last inequality we used Cauchy-Shwarzarmdmax 2 k\ k . Similarly,
we also have !B infyl gtH? .

DenoteOPT,g_4,as the minimizing trajectoryOPTp— ¢ ¢« *OPT,° to mingl 4@
whereargmirgd 4G = OPTs. This last equality is by the observation that if
G := argmiry 4@ < OPTy, thenl 41OPTL | 42G° by de nition (5.4), thus
contradicting tha€ is de ned to be the minimizer df 4. We also denotéNT .o g,
as the minimizing trajectory tming| Bll-f. To reduce notation, we denoté}BP_;::
o8 1KOPTy OPTy 1k and T =" & . KINTg INTg 1k . Thenwe have

BT
- — OPT INT A
(5.13)== s OB 2

120
_  OPT  OPT 4.1 0 on
= o4 0B diat °, 2

—_  OPT a1 0 on _

== B, dia , 2

where (c) holds because'ifg=1 kOPTy OPTy 1K i ! S KINTg  INTg 1k |
dial ° and OPT,o g, < INT,o_g then we can replace th&- Biportion of the
optimal trajectoryOPT,q_s,with INT ,o_g,and achieve a lower cost fbr,*OPT,°,
thus contradicting the optimality @PT,y_s, To see why the ctitious trajectory
INT .0 g-OPT,5 1-4, achieves lower cost tha®@PT, 4, we compare the total
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movement cost during the interved-B 1%

@
KINTg INTg 1k , KOPTg1 INTgK
o=1
3
KINT; INTq 1k , KOPTg1 OPTgK
g=1
. kOPTz INTgk
3
KINTg INTq 1k , KOPTg1 OPTgk | diat ©
g=1
e
Y kOPT; OPTy 1k , kOPTg; OPTgk -
g=1

which means the ctitious trajectory achieves lower overall cost. Therefore (c) must
hold.

5.B Auxiliary Results
Here we summarize the helper lemmas used in the proof sketch of Theorem 18. First,
we de ne some useful notation.

Lyapunov equation. Let-—. 2 R “with. =.> 0Oandd!-°Y 1. Dene
dlyap-—. °to be the unique positive de nite solutidnto the Lyapunov equation
->/- | =.. For astabilizable systet— ©° with optimal in nite-horizon LQR
feedback = '» ¥,ith cost matrice&—-"' = , we de ne
% — °=dlyap! |, 1» Y@ - 1» YD 1n 1,00
and
1 — 9=dlyap? , 1» Y49 Oe

We also de ne the shorthand for the following:

%= W bbe— = 1b.be. (5.14)

Constants. Throughout the proof, we will reference the following system-theoretical
constants for the parameter setle ned in Assumption 7:

k k:= sup k » ¥R-W:= max k , 1»  YiRe
» Y42 » Y2

We also quantify the stability of every model inunder its corresponding optimal
LQR gain. Let
i - A210-1°
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8
be such that forall := » %2, := 1\°and8g2N, t , 0

1 08 A8 By Lemma 23 which is stated below and Assumption 7, such

5

andA always exist. Further, we de ne

k%k:= sup k¥ — °k-— k k:= sup k t— ©%k-—

» Y42 » Y42
max 11— 0
n =1 54k%k> — 2:= max —
» Y2 _min *— °
= sup 1g— o2 1 o l2,

» 1 1¥%» o Va2

To justify the existence of these constants, note that discrete-time optimal LQR
controller has guaranteed stability margin [198] and that by Lemma 23 and the fact
that the solution to Lyapunov equation has the following closed form:
a
0% — ©O= 1 0> 8; . > o1 08_ (5.15)
80

we have that foralb— %4 2

o

ko — °k 1,k K 1, 1, 8 o8
&1
1.k kK 1 &,

=: kOoke

1 A

We can similarly derivek k. By de nition of the Lyapunov solution(5.15)
kdook k k 1.

Lemma 23([199, page 183])For amatrix 2 R~ =, withd := d* ©°, there exist
constants‘;— % such that for any positive integ8r

ek R Yo -

where=; is the size of the largest Jordan block corresponding to eigenvalderof
Jordan block form representation of

Lemma 24([59, Proposition6])Let = »  Ybe a stabilizable system, with optimal
controller = N\°and%:= % — °. Letb = »b bybe ag estimate df, P :5

1o the optimal controller for the estimate, amdt= max b_ b
Then ifU := 8k¥&?n VY 1:

b 811 WP "*kuk%ne
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Lemma 25 ([59, Theorem 8]) Let\ = »  ¥be a stabilizable system, with
%= - °and = - ° Leth = »b bype an estimate of satisfying
max b — b n Consider certainty equivalent controllé = b,

Then ifnis such thab4k%n 1, we have

1 bo> 1 bo 1 Iy gt 1 Lot .
’ ’ 2 2
Lemma 26([200]). Let- be the solution to the Lyapunov equation ~- =",
and let- | - be the solution to the perturbed problem
/1 0>/ 1 0 ="

The following inequality holds for the spectral norm:

K-k ,9 .
k. -K

> :=0

12k k. k ko k ke

n 0
Lemma27.Supposecy ;= max Pc; be— Dby be andu:=8k% ko ey

1+2,. Then cde nedin(5.14)satis es

c cil, [c1°

for[c1:=2 Vg, and

V:=2
1

A@12W, 3, k ko1, 32k%k?, k ke

Proof of Lemma 27.For notational brevity, we drop the time index foand[ in
the proof. Applying Lemma26with = -, - = crand = Db bdc

and = 1b(;1 bé) , 1 b(;lb(;l bcbé), and" = - we have

~

o) .
Ke1 & 5,7 b, bbe> “1b. bbe:
k Qlk o B B

2 be, bbb b, be
bei1be, be | tbe, bebg
b(;l bé) . b(;llb(;1 bé) ) 1b(;1 bé)bc
2

ns 2W_ n 1, 32k%k*, k k

Ji
1, 32k% K, k Kk
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2
n
1

Aglzwﬁ 3,k ko1, 32k%k®, k k
= nV-

where in the second inequality we used Lemma 24 to bollad b, be
32k% 1k™2nand in the last inequality we use the assump8oh%k®  1e2.

Toshow ¢  ¢1'1, [°for somel, it su ces to show that for all vector&2 "' ~,
El ¢ ¢1°E [E” ¢iE With the preceding calculation, we have

Bl ¢ ¢1°E kBCk ¢ ¢ik
NVKEKCKk ¢1k
NV2 _mint ¢1°KEK?
NV2E ¢qE-

This proves the desired bound, wfth= 2 V nand

2

v:1 12W, 3, k ko 1, 32k%k? k k o

~

5.C Proof of Theorem 18
Recall that the closed loop dynamics can be characterized as (5.6). Therefore,

& o
ij( [ | bg 5 bg bg 1 ° (516)
B=0 @g2>C 1B 1%

De ne

12 12
lei= ¢ 1be, bdbe 0 c -

where cis de ned in (5.14). This gives,

be, bbe, = é'zi c c1.2°
Therefore, each summand in (5.16) can be bounded as
O b
9. bg bg 1
92 B .. .
O o
102 102 1e2 12
c1 : - kI gk (5.17)
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where we usedg as shorthand for the intervaC 1:B, 1%

Bounding (a). We directly use the system-theoretical constant introduced in
Section 5.B so that (a)

Bounding (b). Lemma 27 directly implies thatforaB2 N, c1 ! *1,[&.
Therefore, we have

§9 Tt e 1, [e2 4%

Hence with the fact that ¢s are symmetric,

§ 2 v kbc b 1K
o 1. 4—=7 = b b n
2 L2 i c el (5.18)

C1 B .
g otherwise

Bounding (c). Lemma 25 implies that iftc D¢ 1 n then

> 1
be, bdbe, ¢ P, bdey 1 Ek%k toe
This in turn implies that

12lc= oPbe, b o> @b b o

01'2 1 ék%kl Ccl.2
1

1 ZkWk ! -
5 (34

1.2

Thisin turn implies thak! k 1 m . To summarize,

1e2
— 1 V/
§d! =1 6K Y 1- bC bC]_ n (519)

:3 otherwise-

for some constant such that for alC2 N

121b beC1

Combining (a,b,c). We now plug in the bound.18)and (5.19)into (5.17)
Letbgy:= 55, By Py1  be the partial-path movement of the selected
hypothesis models and,g_y,:= 3=B, 1K\g \g 1k Dbe the true model partial-path
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variation. We also denote bys_ghe number of pairsg—g 1°withB, 1 g C 1
where by ;1 in . Notethatg ¢ b,g qyan. Therefore,

O b b.b
g, g9l
92>C 1:B 1%

_ 2V e c1y - -
TBC g5 TBC dIC B1l =pc

b8y

n 2Vb i ciy
S 4——=2  d¢B1
d[ ’

=lgiat ©, 20 5 1.0
n 2 v=ldar ° 2, g4 cps? cB1
4 2 d;

d

=: 2 21>>B—C11/U!C B1_

where=:= == <©%js the dimension of the parameter spacexfot &4 Finally

plugging the above in (5.16) gives

o2 |

kQ}< , 1 . 20 21 »B—Cll/zd!c B1 °
B=0
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Chapter 6

ONLINE ADVERSARIAL STABILIZATION OF UNKNOWN
NETWORKED SYSTEMS

In this chapter, we continue to explore the SME uncertainty set-based learning and
control framework. In particular, we will instantiate the framework for another
important class of problems where the goal is to stabilinknown networked
systems under communication constraints and non-stochastic (potentially adversarial)
perturbations. Networked systems model a variety of CPS, such as power systems,
connected vehicles, and building control systems. As sensing, actuation, and
communication technologies continue to expand for CPS, these network models will
be too large-scale and complex to model accurately. Moreover, due to the sheer scale
of such systems, communication constraints, such as delay and locality as introduced
in Part I, must be considered in the algorithm design. To add to the challenge,
CPS are increasingly susceptible to attacks. These considerations motivate us to
devise an algorithm that can guarantee network stability for unknown systems under
communication constraints against adversarial attacks.

We will propose the rst provably stabilizing algorithm for this setting. The algorithm
uses a distributed version of nested convex body chasing to maintain a consistent
estimate of the network dynamics and applies SLS to determine a distributed
controller based on the selected model. Our approach accommodates a broad class
of communication delays while enabling fully distributed execution and scaling
favorably with the number of subsystems in the network.

[1] J.Yu, D. Ho, and A. Wierman, Online adversarial stabilization of unknown
networked systemsProceedings of the ACM on Measurement and Analysis
of Computing Systems (SIGMETRIQ®)I. 7, no. 1, pp. 1 43, 2023doi:
10.1145/3579452.

6.1 Introduction

Large-scale networked dynamical systems play a crucial role in many emerging
engineering systems such as the power grid [69], autonomous vehicles [70], and
swarm robots [201]. Motivated by the success of learning-based control methods for
single-agent (centralized) linear systems, there has been growing interest in learning
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distributed controllers for unknown networked systems composed of interconnected
and spatially distributed linear time-invariant (LTI) subsystems [121], [202] [205].

However, since most existing literature ports centralized learning-based control
techniques over to the distributed setting, almost all previous work assumes that the
underlying dynamics are stable, or that a stabilizing and distributed controller is
known. For a large-scale networked system, such assumptions are often unrealistic,
because designing stabilizing distributed controllers itself is a signi cant task even if
the dynamics model is available [39], [44], [71], [73], [206], [207].

Recent work has begun to lift the assumption of the knowledge of a stabilizing
controller in the centralized case, e.g. [26], [96], [208]. This line of work follows the
approach of system identi cation, either by letting the unstable system run open-loop
or by exciting the system via control inputs. However, such approaches induce
explosive transient behaviors due to the instability of the underlying system. Without
proper generalization to the networked setting, such explosive behavior can cause
catastrophic system degradation before a proper stabilizing controller can be learned.

Further, until now, scalability and information constraints have only been considered
separately in learning-based distributed controller design; no general approach
exists. On the other hand, information constraints and scalability have been the
central topics in distributed control for the past decade due to their theoretical
challenge and practical importance [40] [43], [78]. Therefore, it is crucial to
simultaneously consider such constraints when designing learning-based distributed
control algorithms for networked systems.

Contribution

We overcome the aforementioned challenges by leveraging recent advances in online
learning and distributed control. In particular, we propose an approach that combines
a distributed version of nested convex body chasing (NCBC), in order to maintain a
consistent estimate of the network dynamics, with system level synthesis (SLS), in
order to determine a distributed controller based on the selected consistent model.
This combination yields the rst online algorithm that provably stabilizes a networked
LTI system with information constraints under adversarial disturbances (Theorem
22). The proposed algorithm (Algorithm 5) is distributed and scales favorably to the
number of subsystems in the network.

The approach in this chapter is fundamentally di erent than traditional system
identi cation based methods, which may incur prohibitively large state norm under
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Table 6.1: Maximum and top0%in nity norm of the state kG Ck; ) for di erent
disturbance pro les averaged over 10 runs. The goal of the controller is to minimize
the size of the state. Simulation details are provided in Section 6.5.

Algorithm Correlated Gaussian (T@9%)  Uniform (Top90%)  State-dependent (TED%)

Thiswork 121 10'(0:31 10% 230 10 (036 10Y) 7+14 10' (054 10Y
SysID 5e12 101 (171 10Y) 5412 10 (171 101 5¢12 10 (171 10

adversarial disturbances, even in the simplest setting (see Table 6.1). The reason is
that system identi cation-based approaches seek to learn the full system dynamics,
which requires full excitation of the system against worst-case disturbances. On the
other hand, our approach does not require precise knowledge of the system. Instead,
we maintain model estimates that are consistent with the observations generated by the
unknown system at all times. A consequence of focusing on consistency is a natural
endogenous exploration-exploitation scheme where our algorithm performs well
(small state norm) while the selected model stays consistent, and gains information
about the system whenever it observes a large state norm that renders the selected
model inconsistent.

The main result of this chapter is an input-to-state stability guarantee (Theorem 22),
where we draw novel connections between the path length property of NCBC
techniques and system stability analysis. This follows from a set of novel technical
results for SLS in the learning-based control context. In particular, we generalize a
previous result [73] on the characterization of the closed loop under SLS controllers
that are synthesized from an arbitrary and potentially incorrect system model
(Lemma 28). This result enables the analysis of our algorithm when each subsystem
uses local, asynchronous, and wrong model information for local controller synthesis.
Further, we derive a novel perturbation result with explicit constants for nite-
horizon SLS synthesis (Theorem 21) that globally bounds the sensitivity of the
optimal solution to the SLS problem (a quadratic program with equality and sparsity
constraints) with respect to the model. This result is also applicable in other contexts
such as a class of MPC problems under sparsity constraints [209] [211].

Related Work

This work contributes to a large and growing body of work on the topics related to
learning-based control design, online control, and distributed control. We brie y
review the literature most related to this work below.

Stabilization of unknown systems. Stabilizing unknown linear systems has long
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been a fundamental problem studied in adaptive control theory [212]. It recently
reemerged as a learning problem and received considerable attention from the
machine learning community [208], [213] [215]. Most works have been developed
under single-agent setting, with a no-noise assumption [181], [216] or Gausssian
noise models [17], [147]. Under the adversarial noise setting, which is the focus of
this chapter, the only work that guarantees stabilization for LTI systems is [26], with a
system identi cation-based approach that achieves order-optimal regret. In contrast,
we propose a novel framework for stabilization under adversarial noise that does not
rely on accurate identi cation of the true dynamics. In particular, our method is the
rst algorithm to stabilize a networked LTI system under adversarial disturbances with
information constraints while simultaneously achieving magnitudes of improvement
in empirical performance over the state-of-the-art identi cation-based approach [26]
in the single-agent setting, despite the regret-optimal guarantee in [26].

Distributed control.  Motivated by large-scale cyberphysical systems that are
composed of physically distributed subsystems with local dynamical interactions,
there is a large body of work on control design for networked systems [73], [207],
[217]. Cyberphysical systems such as the power grid are commonly constrained
by a communication layer that allows speci c structure of information exchange
among the subsystems. Such information structure imposes signi cant challenges
for optimal control design, often rendering the problem NP-hard [218]. In [39], it
was shown that a large class of practically relevant distributed control problems is
convex and tractable to solve. Since then, many works have focused on this class of
problems [206], [219]. However, [45] observes that the complexity of computation
and implementation of distributed controllers developed under this setting can be
prohibitively expensive, and thus not scalable to large-scale systems. The System
Level Synthesis (SLS) framework is developed as a scalable alternative to distributed
control design [73]. In particular, SLS allows order-constant complexity for synthesis
and implementation, due to its special parameterization and implementation of the
feedback controller. As a result, many works have adopted SLS as the basis for novel
(learning-based) control algorithms in both distributed and centralized setting [61],
[210], [220], [221]. We contribute to the literature on SLS by developing a suit of
technical results for SLS controllers that can nd applications beyond the setting of
this work.

Learning distributed controllers. Many learning-based control algorithms for
networked systems adopt a centralized learning or computational approach with
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the objective of regret minimization, e.g., [202] [205], [222]. All prior work use
the stochastic noise or no-noise model and assume a known stabilizing distributed
controlleris given[121], [210], [223] [226]. As far as we are aware, no previous work
accommodates communication delay while doing both learning and control. The
most related to our work are [227] and [203], where learning-based SLS controllers
are designed to control unknown networked systems. Both of the methods require
the knowledge of a stabilizing and distributed controller. [227] is only applicable to
small-uncertainty scenarios, while [203] requires a stabilizing distributed controller
and performs centralized learning. In this work, we focus on stabilization and propose
the rst distributed learning-based control algorithm that guarantees stability for
unknown networked systems under adversarial disturbances.

Online learning. The problem of online stabilization for unknown dynamical
systems is an instance of online decision making problems, where an agent makes a
sequence of decisions based on the feedback from an unknown environment with
the goal of cost minimization. Online decision making is studied extensively in
the online learning literature, with a line of work [55], [165], [228], [229] that
makes interesting connections between convex function and body chasing [230],
[231] and linear control theory. In particular, [13] proposes an online nonlinear
robust control method based on convex body chasing that guarantees nite mistakes
under adversarial disturbances without the need for system identi cation. While
[13] considers binary cost functions for general nonlinear systems, we present novel
technical results that establish the rst connection between convex body chasing and
stability analysis for both single-agent and networked multi-agent linear dynamical
systems.

Notation. Letk kbethe > normandk k be the Frobenius norm. We denote the
18—%h position of a matrix’ as" 18-%and use' 1.— 9-" 18=° for the &h column
andg8h row of " respectively. We use# Vfor the set of positive integers up $o.
Positive integers are denotedMs. Bold face lower cases are reserved for vector
signal of the fornx := fG(Bg(l;O with GC 2 R™. We reserve bold face capital letters
for causal linear operators/transfer matrices with compones®: »1%: ¢ » esuch
that

)01/4 O eoe
K := Y4 Ve 0 XX °

We writey = Gx to mean that+C = :Czo » Y C :°. Given any binary matrix
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(a) System with communication gra@ . (b) , matrix (c) Adjacency ma-
with parameter . trix C.

Figure 6.1: Example networked LTI system with information constraints.

C 2 f1-0g” #,we say' 2 Cforamatrix" 2 R* # if the sparsity of' is C. We
usef 49y , for the standard basis R".

6.2 Preliminaries and Problem Setup

We consider the task of stabilizing an unknown networked system made#ip of
interconnected, heterogeneous linear time-invariant (LTI) subsystems, illustrated in
Figure 6.1(a). For each subsyst8 »# Ylet 1€ 2 R, D1C 2 R<8, F&C 2 R™®

be the local state, control, and disturbance vectors respectively. Each sub8ystem
has dynamics,

&iC 1°= s, gDhe | FEC- (6.1)
@N1@
where we write92 N1& if the states or control actions of subsyst&m ect those
of subsysten8through the open-loop network dynami&2(N 1&). Concatenating
all the subsystem dynamics, we can represent the global dynamics as

GC 1°= GI!C, D!C, F1C- (6.2)

whereGC 2 R*e, D'@ 2 R*p, F1C 2 R¥e, with #g = ! %, =sand#p = ! ¥ <8

and we dene 82 89 (Qforall 98 N1®. The networked LTI mode(6.1) has

been extensively studied in the networked control literature for various applications
such as robotic swarms [232], voltage control for the distribution network of the
power grid [55], and many other large-scale cyber-physical systems [37], [233]. An
example is the linearized swing equation for power systems, where the global system
is composed of a mesh of interacting buses [234], [235]. In this setting, the Gates
of each busis two-dimensional and corresponds to the phase angle relative to some
given setpoint and the associated frequency. The iBpatt bus8is the controllable

load, whileF8is the bounded load disturbances that are often correlated in space
and time.
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We assume that the topology among the subsystems is kmewihe setN 1 & for

82 »# Yare known. However, the parameters of the dynamics (entries of matrices
89 89 are unknown. Let®denote the unknowlocal parameterfor subsysteng

e, \8:= 8L 89 .o Further,let :=1\;—e¢<-\ be theglobal parameter

Wewrite * °and ! °(equivalently 8%\® 83\ ®)+tg emphasize that and

are matrices constructed with appropriate zeros according to the network topology

(known), and the nonzero entries speci ed byunknown).

Example 6. Consider the networked system in Figure 6.1(a) where each subsystem
82 »6Yhas @€ 2 R and *C 2 R. For each§ the setN1® contains the
subsystems that has a dashed arrow pointing tow&fdsthe gure. For example,
N16° = f1-3-5-6g. Each 2%nd 8%or 92 N1® is a scalar. The stacked global
dynamics has matrix and with structure shown in Figure 6.1(b). The unknown
local parameten @ corresponds to the entries of thegh row of and , while the
global parameter is a vector containing entries in matrix and

We now introduce three core assumptions needed for our algorithm and analysis. As
we highlight below, these are standard assumptions in the learning-based control
literature.

Assumption 8(Adversarial disturbanceskFCk; , for (6.2)

Assumption 9(Compact Parameter Seffhe network structur®l * & for 82 »# ¥is
known. The true system parametér:= \ 1% eee #% js an element of a known
compact convex sty = Pg P g, which is a product space of local parameter
sets wher&®= 2 P8 The known parameter set is bounded such that there exists a

known constamt | Owherek» 1 © 1 0Lf Norall 2 Po.

Assumption 10(Controllability). Forall 2 Pg,* 1 °— 1 ©°°js controllable.

Bounded adversarial disturbances is a common model in the adversarial online
learning and control problems [12], [23], [221]. Since we make no assumptions
on how large the bound on the disturbancas, Assumption 8 models a variety

of disturbance models, such as bounded and correlated stochastic noise or state-
dependent disturbances such as the linearization and discretization error for nonlinear
continuous dynamics [120]. Moreover, the known boundan be relaxed to an
unknown parametdrwith[ , for a known constant to reduce conservatism

for large, . Assumptions 9 and 10 are standard in the learning-based control
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literature, e.g., see [23], [193]. We impose controllability in Assumption 10 for
ease of exposition but it can be relaxed to stabilizability by adjusting the choice of
model-based controller to an in nite-horizon controller such as the one proposed in
[236] for the algorithm.

Stability

One of the fundamental goals for control design is to ensure stability. In this chapter,
we aim to learn a stabilizing controller for the networked linear syg@@) in the
sense of input to state stability (ISS) [237]. ISS is one of the main notions of stability
for both linear and nonlinear systems [238], [239]. Here we adapt the ISS de nition
to the 1 -norm.

De nition 6.2.1 (ISS). A dynamical system of the for{®.2) is said to be input to
state stable (ISS) if there exist functioisR N ! R thatis continuous, strictly
increasing, and b¥%ective with respect to the second argumerdimgih V:0—C= 0
forall0 0,C2N,andW:R ! R thatis continuous, strictly increasing, and
bYsective such that for all initial sta@Q0°, disturbance sequenee and timeC G
for @2 N ,we havekGCk;  VLkGG@%k; —C @°, Wsup; g kF2Ck, °.

Distributed Design and Information Constraints

For large-scale networks such as the power grid with state dimension in the orders
of thousands to millions, it is unrealistic and prohibitively costly for a central agent
to learn a global policy online. A promising remedy is to decompose the global
policy learning into docal one, where each subsystem in the network learns a local
policy in a distributed fashion. In this work, we propose a distributed learning-based
control algorithm for the networked linear systéén2) that guarantees stability of

the global system.

In addition to distributed design, networks of the fo(énl) are often modelled

with additional information constraints that require careful consideration. In this
work we consider two common information constraints. The rstasnmunication
delay, where the dynamical system is endowed with a communication network that
specify delayed information transmission among subsystems. The sedoaal is
information where each subsystem only computes with (delayed) local information
within a speci ed neighborhood, and discard information outside of the neighborhood.
We come back to these information constraints and present de nitions in Section 6.4.
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Algorithm Preliminaries

Our proposed algorithm makes use of two emerging techniques, one from the learning
community, i.e., nested convex body chasing (NCBC), and one from the control

community, i.e., system level synthesis (SLS). We provide important background on

each below before introducing our algorithm in the next section.

Preliminaries on NCBC

The Nested Convex Body Chasing (NCBC) problem is a well-studied online learning
problem [189], [191]. At every roun@ the player is presented a convex body
Kc  R™which is nested in the previous body, el§c K ¢ 1. The player selects a
point @2 Kcwith tiiwe objective of minimizing the total path length of the selection
for ) rounds, e.g., )go k@1 @k. There are many algorithms for the NCBC
problem such as greedy projection of the previously selected point onto the current
body [240]. Among these, the Steiner point selector has been shown to achieve
optimal competitive ratio against the o ine optimal selector [191]. The Steiner point
of a convex bodK can be interpreted as the average of the extreme points and is
de ned as

StKO® = Egppc 1 70k 1BV

where6g B’ := argmaxyk E Gand the expectation is taken with respect to the
uniform distribution over the unit ball. The Steiner point selector achieves the
following total path length:

0

KSttKE® SttKc1°k = diamtKg°—forall) 2 N e (6.3)

GO
We note that the Steiner point can be approximated with any accuracy by solving
sampling based linear programs [189, Algorithm 3].

Distributed control via SLS

Even when the dynamig$.1) is known, it remains challenging to design distributed
and localized control policies that accommodates communication delay and infor-
mation constraints due to non-convexity and computational scalability issues. In
Section 2.3, we introduced the SLS framework that synthesizes distributed controllers
by via convex parameterization of feedback controllers with the closed-loop mappings
induced by the controllers. For ease of notation, we will denote the CLMs\vdm
xanduas *:w! xand Y:w! u.
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Recall that by Theorem 1, for any*— Y satisfying(2.6), controllerk = Ut xo 1
achieves the prescribed closed-loop responses and internally stabilizes the system
with implementation (2.7).

In this chapter, we will restrict our attention to the space of linear causal operators
with FIR up to horizon , instead of the entire space of linear causal operators
as presented in Theorem 1. This is because FIR allows temporal localization of
disturbances, in addition to the spatial localization which can be encoded as sparsity
constraints as shown in Chapter 2. Such temporal localization implies that any
introduced errors from asynchronous learning will only have an e ect on the system
up to nite number of time steps. For completeness, we present the SLS theorem
Theorem 1 specialized to linear operators with nite impulse responses (FIR) here.

Theorem 19(Adapted from [73]) For system(6.2), any linear causal operators
*— Ywith nite impulse response of horizon and satisfying the following

Sove — S 1Y¥%F S %, Py for: =0-eee— 1 (6.4a)
Sygv=0 forg (6.4b)

are closed-loop mappings f¢8.2) under a stabilizing linear controlleK. Moreover,
given any linear causal operators*, ! that satisfy(6.4), the following SLS
controller constructed using *, Y,

BIC = GC Sy 1B1C :° (6.5a)
=1
O1
DIC = Dy ¥B1C :° (6.5b)
:=0
with B10° = G-0° achieves the desired closed-loop response prescribed‘py .

The horizon is a system-dependent design parameter relating to controllability of
(6.2). Under Assumption 10, #c We note that here we have shifted the indices
of the kernels of the CLMs to allow for causal operators rather than strictly causal
operators without loss of generality. Moreoud.4) provides a ne constraints on
nite number of nonzero parameters of the closed-loop responses. Therefore, one
can tractably optimize the closed-loop responses with respect to a convex cost. A
common choice is the Linear Quadratic Regulator (LQR) cost on the state and input
expressed in terms of the closed-loop responses, e.g.,

L " #" #5

O g2 0 Sy

s.t. (6.4 6.6
0 '12 Dy (6.4 (6.6)

min
X U
:=0
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In this work, we leverage th8LS controllerd6.5) that is parameterized by and
constructed from the operators’, . The interpretation of6.5)is intuitive. When

X, Y satisfy(6.4), they are valid closed-loop responses, mappirto x andu
under(6.2). Then equatiori6.5a)estimates the disturbance entering the state in the
last time step by computinq the di erence between the currently observed®@te
and the counterfactual state . % ¥B1C :° that should have been observed
according to the closed-loop respsonskif there were no disturbance. Indeed, a
simple calculation using substitution will reveal tH&tC = F1C 1°, i.e., that the
estimated disturbance from an SLS controller constructed with operators that satisfy
(6.4)is the perfect one-step delayed estimation of the true disturbances(G.bén
computes the control action to attenuate the estimated disturbance according to the
prescription of the closed-loop responsés

Recall from Chapter 2 that a feature of SLS is that both the closed-loop response
synthesis(6.6) and the controller implementatiaf®.5) can be performed in a
distributedmanner, unlike the commonly adopted optimal LQR control method via
the Riccati equation [59]. This is crucial for scalability of the control algorithm for
large-scale systems.

In particular(6.6) is a column separable problem, which means that we can parti-
tion matrix variables ®» % P ¥into columns such as % ¥41-8- P 1,18
corresponding to each subsyst@8nWe refer to [78] for the de nition of column
separability and the veri cation of6.6) as a column separable problem. Thus, sub-
systemBonly needs to solve the column subproblems corresponding to its dynamics
(6.1)in the global dynamic6.2) as follows. Let 8-@nd &Renote thé&h column

of Xand Yrespectively and let 8collectively stand for 8¢ 8-PThe8&h column

subproblem is
- #" #
0 g2 0 g
min
i 0 0 1 162 q8—l;;: 1,
st. %, 1 q8 %Y g8 B Y for: =0-eee— 1

QP SovE 4~ §8 vF0-

(6.7)

where the constraints i{®%.7)is the column-wise decomposition of the constraints
(6.4) for the closed-loop repsonse synthg8i$). It is straightforward to see that
stacking the solutions to the column subproblems recovers the optimal solution to
(6.6).

When the dynamics interaction among subsystéris)is sparse, additional sparsity
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can be imposed on the closed-loop responses during syn(BesjisWith sparse *

and Y, the implementation of the controll€s.5) can be distributed in a similar
decomposition as the synthesis procedure. In particular, each subsystem computes a
disjoint subset of coordinates Bf:C. Due to sparsity, such local computation for
subsysten8only requires the solutions to the column subproblems from the local
neighbors oBvia communication instead of from the entire network.

6.3 Online Stabilization under Adversarial Sisturbances

In this section, we propose a novel online algorithm presented in Algorithm 4 that
stabilizes an unknown networked linear syst@n?) under bounded and potentially
adversarial disturbances. The algorithm selects hypothesis models using methods for
NCBC and constructs an SLS distributed controller based on the hypothesis model.
Our approach is distinguished from prior learning-based control methods in that it
does not perform system identi cation as part of the algorithm.

We rst introduce our algorithm without any communication or localization con-
straints. Then, in Section 6.4, we extend the algorithm to a distributed one that
accommodates communication delay and local information (Algorithm 5). Though
inspired by the approach in [13], Algorithms 4 and 5 are the rst to consider the con-
trol goal of stabilization, which can not be subsumed under the framework proposed
in [13] where only binary cost functions are considered. To cast stabilization in
terms of a binary cost function, one needs to specify the largest norm of the state and
control input of the closed-loop system, which is unavailable a driddoreover,

our algorithms perform both the parameter selection and the model-based control
designdistributedlyfor each local subsystem basedaeiayedinformation from

other subsystems, whereas [13] is a single-agent algorithm.

Algorithm 4 starts with the construction of a set of candidate models that are
consistent with the online data (line 3) after observing the latest state transition
(line 2). A hypothesis model is selected from the set of candidate models with NCBC
techniques (line 5) if the previously selected hypothesis model is invalidate by the
new observation (line 4). Based on the selected hypothesis model, model-based
control design is performed using the SLS procedure introduced in Section 2.3 (line
6 - 7). We discuss the details of Algorithm 4 in the following subsections.

1A crude approximation of the largest norm can be achieved by computing the worst-case state
norm over all systems in the initial parameter Bgt but such approximation results in signi cant
conservatism and requires the knowledge of control theoretical constants of the controller, e.g., SLS
controllers, that may not always be available.
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Algorithm 4: Online stabilization under adversarial disturbances
Input: Parameter sd®g
Initialize: C=0,D'0°=0
1 for C=1-2—++do
2 ObserveGC
[* CONSIST: Select consistent models */
ConstructPcwith (6.8)
if c12Pcthen ¢ c1
else ¢ StPe
/* CONTROL: Perform model-based control with SLS */
6 Synthesize {, ' using (6.6) based onc
7 ComputeD'C using the SLS controller (6.5) with ¥, !
s end

CONSIST: Consistent Hypothesis Model Selection

The rst component of Algorithm 4 is to select a hypothesis modgln order

to perform model-based control. We name this component CONSIST. Due to
the potentially adversarial disturbances such as state-dependent noise, standard
identi cation methods such as linear regression do not guarantee accurate estimation
of the model. Instead, we leverage NCBC for hypothesis model selection.

After observing the latest state transition fréC 1°, D'C 1° to GG, the algorithm
constructs the set of all's such that * °- * ©satisfy(6.2)with some admissible
disturbances de ned in Assumption 8. In particular, each observed transition de nes
a set of linear constraints onand we construct theonsistent parameter sé®c

at each timeCusing the set membership estimation (SME) method introduced in
Chapter 4, namely,

Pc=f 2Pc1:kGC ' 1 °GC 1°, ! °DIC 1%k , g (6.8)

with Pg as the local initial parameter set de ned in Assumption 9. Recall that by
construction, the consistent parameterfagis always convex, and nested within the
parameter seRc 1 recursively. MoreoverRcis nonempty for alC2 N because the

true parameter ¢ belongs to everfs The key property of SME is that for &}

any c2 Pccould have generated the observed trajectory Up®and is equally

likely to be the true system model. By construction, the observed state trajectory can
be written as

Ge= 1 %o@C 10, 1 %opc 10 FtiC 10 (6.9a)
= 1 OGC 1°, ! @OD'C 1°, ElC 1°- (6.9b)
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whereF*1C is the true disturbance arié *: 00};0 is some admissible disturbance
sequence such theE1Ck; , . We say a model isonsistentvith observations

up to timeCif it belongs toPg Among all consistent models, we need to select a
hypothesis model cin order to perform model based control. An ideal candidate
is one that can remain inside @ifture consistent parameter sets. To see why,
consider an extreme case where the rst selected paramet&ays consistent for
the entire online operation as we apply control actions generated based &mnce

the consistent modé¢6.9b)generates the same trajectory as the true m@dedh)

any guarantees that the model-based control policy has;ferill manifest in the
observation. Note 1 does not necessarily have to be close o

This intuition motivates us to select athat could remain an element of the (yet
unknown) future consistent parameter set. In particular, if the hypothesis model
selected at a previous time is consistent for the current observation, we continue to
use it. If the previous hypothesis model is invalidated by the new observation, then
we want to select a newcs from the nested and convex boBywith the objective of
moving as little as possible for future bodies. This is an instance of NCBC introduced
in Section 6.2. The total path length cost function in NCBC formalizes a measure of
model consistenay our case: the less the a selector moves, the longer the selected
points stay consistent overall. In Algorithm 4, we select the Steiner pointa$

the hypothesis model. The nite path length guarantee of Steiner po{6t3)can

be interpreted as a nite budget for the adversarial disturbances: if the disturbances
try to make the state norm large, then the selected (wrong) hypothesis model will be
quickly invalidated thanks to the excitation from the disturbances. This will make
CONSIST frequently re-select new hypothesis models. However, such inconsistent
model selection has bounded occurrences due to the nite path length gud&B)ee

of the Steiner point, i.e., CONSIST gains information and stops moving eventually.

CONTROL: Model-based Control with SLS

After the selection of a hypothesis modetfrom the consistent parameter set, Algo-
rithm 4 performs the SLS closed-loop response syntl{éstgand implementation
(6.5) based on ¢ We name this component of the algorithm CONTROL.

Distributed Implementation of Algorithm 4

Per discussion in Chapter 2, it is straightforward to see that Algorithm 4 can be
implemented by each subsystem in a distributed fashion. In particular, in the
CONSIST component, subsystéoonstructs a local consistent parameterPgét
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based on the local observations generated from the local dyné&bnigs Subsystem

8then selects the Steiner point BE as its local hypothesis modgf In the

CONTROL component, all subsystems collects the local hypothesis models from

other subsystems and construct a global estimate 1\ £« « « £ since we assume

no communication delay here. Based og each subsystem synthesizes columns of
{and | by solving the subproblems decomposed fi@®). After collecting and

assembles the column solutions via instantaneous communication, each subsystem

computes a disjoint subset of coordinate®6€ andD'C, corresponding to the

positions of the local state@'C and inputD™C in the global dynamicg6.2)

respectively.

Stability Guarantee
The main result in this section is the following ISS guarantee for Algorithm 4.

Theorem 20. Under Assumption 8-10, Algorithm 4 guarantees the stability of the

closed loop of(6.2)in the sense of ISS such that for@ll @
!

maxkGCk &«D'Cky g O 4*¢”  4'C6™ @@, sup kFt:ok -
G :YC
whereG@P is the initial condition,# g is the total state dimension of the global
network(6.2), and is the nite impulse response horizon for the SLS model-based
control synthesis.

We remark that the decay factér® corroborates the fact that quanti es the
controllability of the parameter s€%. Intuitively, the smaller can be for the SLS
synthesig6.18)to be feasible, the easier the systems in the set can be learned and
controlled.

Proof. The main idea of the proof is as follows. First, we characterize the closed
loop dynamics of6.2) underany SLS controllers constructed with arbitrary linear
causal operators (Lemma 28). We then relax the original SLS cond@idiin
Theorem 19 to a su cient condition for ISS of the closed-loop dynamics under
bounded adversarial disturbances (Lemma 29). Crucially, we show that the bounded
path length propert{6.3) of the selected hypothesis models in Algorithm 4 implies
the satisfaction of the su cient condition for closed-loop stability. This implication

is established through a novel perturbation analysis (Theorem 21) of the SLS closed-
loop response synthesis probléén6). We defer the proofs of the helper lemmas
used here to Section 6.B.
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Speci cally, we show that given arbitrary*— " with FIR horizon , the closed-loop
dynamics of(6.2)under an SLS controller constructed fromt— " is characterized
as follows.

Lemma 28(Closed-loop characterizatian) he closed loop of6.2)under Algorithm
4 is characterized as follows for all tim@&2 N:

o1 OH1

G‘e = 8)) 1/5 1C o_ DG = 8»: ]yﬁlc o] (6103)
=0 :=0
@)

B1C = gl»ﬂ 1Y4 s 81»: 1Y, 8»: v,B1C :©° . Fi1C 1°—

(6.10b)

where —  are the true model parameters frgi®.2) while F1C is the true unknown
bounded disturbances wikiF1Ck; , . The linear causal operators{, ' are
synthesized vié.6) based on the selected hypothesis modé&aatd 61C is the
estimated disturbance from the SLS contro(&5).

This result generalizes Theorem 19 where we characterize the closed loop behaviour
of SLS controllers constructed froamy linear casual operators, not necessarily
those satisfying6.4a) Under Algorithm 4, we can further replace the true model in
(6.10b)with the selected hypothesis model (Steiner point of the consistent get)

ie.,

0
(6.10b)= 1O 8 1, t @ 2» 1Y SVBIC :° EC 1°-
=1
with admissible disturbances such th&tk; , due to the consistency property
(6.9) of ¢

Moreover, Lemma 28 leads to a simple su cient condition for stability of the closed
loops under any SLS controllers. To see this, we rst argue that there exist constants
that bound the decay rate of the closed loop responses synthesize(anin
particular, due to the nite impulse response property impose@bib) of the
synthesized closed-loop responses, there always exists a large enou@land

d 2 10-1° such that

" #
q8_§§: YVa

8 d - for all closed-loop responses satisfying (6+4b)
q Ry,
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This property is commonly employed in SLS-based analysis [24], [203], [220]. We
use andd for the sake of proof here and does not require the knowledge of them
for Algorithm 4 to execute.

With the decay property, according to Lemma 28ki#1Ck; b, for some
b1 i 0, then we can bound the global state via (6.10a) as follows:
o}! 1
kGCk, ,b1 0 8»2 1/41 ,bl 1.2#61-2m.

The bound on control inpWD'Ck; follows analogously. Therefore, the stability
of the closed loop reduces to the boundedneds'@ in (6.10b) To show this, we
prove the following.

Lemma 29 (Su cient condition for -convolution ISS)Let 2N . For: 2 » %
let f 0o Y., andf F g, be positive sequences. L, , be a positive sequence
such that
O
E: OCl»: ]/43:; s FC]_‘ (611)
B B =1
: oo :

Thenf Eigéo iSISSif &z, .-;0»% ! forsome! 2R . In particular, for all
C G

regee gl 4 . 41
B 4 4By, ——— supF.- (6.12)
4 1 ¢ :vc
The above su cient condition is suitable for analyzing dynamical evolution under
adversarial inputs. Consider taking the norm on both side.d0b) Then
Lemma 29 is immediately applicable wis= kb'Ck; , and

Opi¥e 1 @ S 1, 1 @ 2 1 SV o (6.13)

Therefore, a su cient condition for ISS of6.2)under Algorithm 4 is the boundedness
of (6.13)summing over timé&2 N and horizon . This quantity represents
the total error of the implemented closed-loop responses |' synthesized from
the selected hypothesis dynamics modglwith respect to theorrectclosed-loop
responses generated from the true model

To bound(6.13) we make a crucial connection between the total path length of the
Steiner point model selection in Algorithm 4 a(@13) This is established via the
following perturbation result for the SLS closed-loop response synthesis problem
(6.6), where the formal statement (Theorem 26) and proof is presented in Appendix
6.D.
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Theorem 21 (Informal, Perturbation bound)etq®? — ©:= >x*>-u*>¥% denote
the concatenated optimal solution to the following optimization problem
O
min GC*&GC, DIC”'DC
G-D ., (6.14)
st. GC 1°= G!C, DIC- @®&=G- G °=0-
with&-" 0. Let? 1— ;°and! ,— ,° be two system matrices such tliatl14)

is feasible. Then the corresponding optimal solutighs 1— ° andq®t »— ,°
satisfy

n #
kg®t 1= 1% g*t - 2%k toE -
12
[ :
where g1 — © = . _ kxG:%-DB: %% . Constant j Oinvolves the system

theoretical quantities for 1— o— 1— —&—"

The quadratic prograr(6.14) corresponds to the column-wise decomposed sub-
problems of the SLS closed-loop response syntHésy. Therefore(6.13)can be
bounded as follows:

6.13)= 1 & & W e, + & 2% W 2 1O
S W @ 1
He D » 1% DBy 1%
c1” 4 C»' 4

where the equality is due to the constrgi®id) during the model-based control step
in Line 5 of Algorithm 4. The inequality invokes Assumption 9. Finally we show

the total error summing.13)over all time stegCand horizon is bounded by
the total path length of the selected hypothesis models via the Steiner point.
~ ~ o~ #
°° (6.13) Z#GAO 0 G v & W
Gzt coim1 o1 1 @ 1
a

WS k1 K 2#2%1 diamtP>-~  (6.15)

where we use Theorem 21 for the second inequality and the total path length bound
(6.3) of the Steiner point selector for the last inequality. Finally, we plug the total
bound(6.15)in (6.12)for an ISS bound ol 1€, which gives the desired state and
control input bound in Theorem 20.
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Remark 5. NCBC algorithms other than the Steiner point selector can be substituted
in Algorithm 4 as long as the nite path length guarant{ge3) holds. Therefore, we
can use a more computationally e cient algorithm with respect to the number of
constraints in(6.8), such as greedy projection, at the expense of a larger worst-case
path length bound. Such trade-o is potentially important since the number of
constraints in(6.8) grows linearly with time. A topic of continuing work is to nd an

e cient representation of(6.8) that does not involve linear growth in the number of
constraints.

Comparison of Theorem 20 with previous results Compared to the state-of-art
system identi cation-based algorithm for online control under adversarial distur-
bances given in [26], which induces 27° state and control input norm, our algorithm

also incurs state norms that are exponential-polynomial in the global dimension.
However, our bound is a worst-case guarantee which is on average not achieved
during deployment. On the other hand, the exponential bound in [26] is qualitatively
obtained, since system identi cation-based methods require full excitation of the
system despite adversarial disturbances [26, Lemma 14]. This is the reason behind
the orders of magnitude of performance improvement of our algorithm over system
identi cation-based methods observed in the numerical study shown in Table 6.1.

Comparison of Theorem 21 with previous results The Lipschitz continuity of
optimal control problems, similar t®.14) has been investigated in learning-based
LQR literature, e.g., [241], [242]. However, our perturbation result Theorem 21
(formal statement in Theorem 26) is with regard to a nite-horizon quadratic program
with terminal state constraints, whereas previous Lipschitz continuity analysis is
performed with respect to the in nite-horizon LQR optimal gain. As a result, we use
a di erent set of tools from matrix theory, unlike the Riccati equation (value function)
based analysis for in nite-horizon LQR problems in previous works. In Section 6.4,
we further generalize the perturbation result to handle sparsity constraints.

6.4 Adversarial Stabilization with Information Constraints

The implementation of Algorithm 4 assumes that each subsystem has instantaneous
access to the information from other subsystems, such as the local consistent
hypothesis models, and the column solutions to the subproblems decomposed from
(6.6). Such instantaneous information sharing is often unrealistic in large-scale
networked control systems. Therefore, in this section we extend the presentation
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in Section 6.3 to a fully distributed algorithm, shown in Algorithm 5, that for the

rst time guarantees the stability of unknown interconnected LTI systems with
information constraints under bounded adversarial disturbances. These results are
the main contribution of this chapter.

Speci cally, we consider two classes of information constraints, nac@iymunica-

tion delayandlocal information which we de ne formally below. After de ning

these information constraints, we describe the adjustments to Algorithm 4 and present
our main result.

Communication Delay

A key feature of large-scale networked systems is that information observed locally
at each subsystem cannot be immediately available to the global network. Instead,
information sharing among subsystems is constrained by communication limitations.
Such limitations often lead to delayed partial observation and pose further challenges
for learning-based algorithm design [121], [205], [210]. To formalize the communi-
cation constraints, we de ne a communication gr&h= 1+ — °for (6.2), where

+ =»#¥and is the set of directed communication link from one subsystem
to the other. Self-loops at all vertices are included inand they represent zero
delay. The communication graph is demonstrated by the solid blue lines in Figure
6.1(a). We us€ 2 f1-0g* # to denote the adjacency matrix associated with the
communication grapke . Moreover, we de ne the information delay induced by

G as follows.

De nition 6.4.1 (Information delay) The information delay from subsyst&wo 9is
de ned to be the total distance of the shortest path fRim9according toG and
is denoted a818! 9.

Globally, the: th power of the adjacency matri® has nonzerd8—%h entry if
subsysten8gets: -delayed information from subsysteén Locally, at time stefs;
subsysten8has access to subsystéds full information up to timeC 319! &.
Moreover,319! & is the smallest integer such th@t'® #18—9< 0. With slight
abuse of notation, we writ€’ to mean the support of the matrix € 2 f1-0g* #.

Example 7. Consider the system in Figure 6.1(a) where the solid blue line denotes
the communication among subsystems. The adjacency r@agidepicted in Figure
6.1(c). Observe tha€1-3° = 0 but C?1-3° < 0. Therefore, the delay from
subsystem 3 to subsystem Bi§! 1°=2.
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GivenG , we make a mild assumption on the communication delay. This assumption
ensures that the graph describing the global dynamics is a subgraph of the communi-
cation graph. Such an assumption ensures nested information structure [243] and is
commonly adopted [205], [219]. It holds true for systems where communication
operates at least as fast as the dynamical propagation.

Assumption 11(Communication Topology)C18—%= 1forall 92 N1&.

The communication delay model considered here is well-established in the distributed
control literature [219], [244], [245] and is applicable to many engineering systems

[246], [247]. We refer interested readers to [40] for a detailed discussion on

information structures and their consequences for distributed control design. While
we specify the communication delay to be synchronous with the discrete time
dynamics propagation for ease of exposition, our results can be readily applied to
systems with faster communication than the dynamics propagation.

Local Information

Even though communication delay causes asynchronous partial information for each
subsystem, eventually each subsystem can obtain the delayed global information.
However, due to the scale of the global network, it can be prohibitively costly
for subsystems to compute their local control actions using such delayed global
information. Moreover, a larger delay between subsystems means, intuitively, that
they are more dynamically decoupled due to Assumption 11. Therefore, by discarding
information from far-away subsystems, each subsystem has a smaller and more up-
to-date information set. A common approach is to require each subsgtbanly

use delayed information from a local neighborhood. In this work, we de ne three
neighborhoodsD i, 1&, D o1&, andM & that subsysteriis allowed to access
information from. This is sometimes referred to as localized control in multi-agent
reinforcement learning [248] [250] and distributed control [78], [210] as a method

for ensuring a scalable implementation of the control policy in large-scale networked
systems. Below we de ne each of the neighborhoods.

De nition 6.4.2 (3-incoming/outgoing neighbors)he3-incoming and outgoing
neighbors of subsyste@according toG are respectively

Din®=1f92 »#% 319! & 39— Dou!'® =192 »#% 318! &P 3g-

The localization parameté&is a design choice that is network structure dependent.
Here we focus on the cases where the dynamics topology and communication graph
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have sparse enough edges that the network structure can be leveraged to design a
localization parameted (given) that is much smaller than the size of the global
network and scales well with the number of subsystems.

De nition 6.4.3 (3-interaction neighbors)The3-interaction neighbors of subsystem
8according to local interactiorf6.1)and G is de ned as

M1&@=1f 2»#% 92N °forsome92 Dy, &g

The intuition behindV 1& is that any subsystem2 M 1& is dynamically in uence
by subsysten®because92 N1 °, Furthermore9makes local decisions such as
D based on the information from subsyst8because 2 D o 1®. Therefore, it

is sensible for subsyste&to take the information from into consideration during
decision making, sincewill be indirectly a ected by decisions made &through
information sharing and dynamical interaction @a

Finally, we make the following feasibility assumption.

Assumption 12(Feasibility) Forall 2 Py, there exists a stabilizing controller for
1 o— 1 ©ogych that each agent with local dynam{és1) uses delayed and locally
available information from its3-interaction, incoming, and outgoing neighbors

according toG .

Assumption 12 ensures the well-posedness of the distributed controller learning
problem and is commonly employed [60], [109], [251]. If a parametePgéias a few
singular points wheré — © loses feasibility such as when= 0, a simple heuristic

is to ignore these points in the algorithm since we assume the underlying system is
controllable. We discuss the case of non-convex parameter sets in Section 6.E.

A Fully Distributed and Localized Algorithm

We now describe how to extend Algorithm 4 to handle communication delay and
localized control constraints. To do this we add additional information exchange
steps to Algorithm 4 in each of the two components. The full algorithm is shown
in Algorithm 5. For ease of exposition, we let the subsystems have scalar state
and fully actuated control actiong = #p = #) in order to minimize notation.

It is straightforawrd to generalize the presented algorithm and analysis to vector
subsystems.
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Algorithm 5: Distributed online stabilization under information constraints

Input:

Parameter sé®g

Initialize: C=0,D!0° =0, 1t 88°=; for 82 ># V4
1 for C=12—++do

2 for Subsysteri= 1-2—ee<+—#o0
3 Observe®'C
/* CONSIST: Select consistent models */
4 ConstructP&with (6.16)
5 if \&, 2 P&then\& \8,
6 else\8 suepd
[* CONTROL: Perform model-based control with SLS */
7 Assemble local estimate of the global modelb8 — b8 with (6.17)
8 Synthesize closed-loop response colum@ssing (6.18) based on
b% - b% o
9 Assemble delayed local column solutionsyp g 2319 ®
10 Compute local control actioBPLC using (6.19) with the assembled
column solutions
11 end
12 end
CONSIST

This component of Algorithm 5 is identical to that of the distributed implementation
of Algorithm 4 discussed in Line 8. Formally, subsyst8constructs thdocal
consistent parameter sétéaccording to local dynamics (6.1) as

p8.=

o a
\B2p8, @ O sud@ic 10 83 BpiC 100
«@2N1®

8 )
. a1
(6

16)

with Pgas the local initial parameter set de ned in Assumption 9. The communication
delay pattern allows the construction®gbecause each subsyst8precisely has
access t@'C 1° andDC 1° from its immediate dynamical interaction neighbors
N1& by Assumption 11.

Analogous to Algorithm 4, each subsyst8gelects the Steiner point Bas thdocal
hypothesis modéf the previous selection is invalidated by the latest observation.
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Since the local hypothesis models are no longer shared instantly among subsystems
due to the communication delay and local information constraints, we modify
the model-based control component of Algorithm 4 and carefully keep track of
the available information. To give an overview, at every sfefubsysten8 rst
assembles alocal estimate of the global model using delayed information from other
subsystems (line 7). Based on the estimated global model, subs3syathesizes
the&h column of the SLS closed-loop responses by solving the column subproblem
of (6.6) as discussed in Line 8 (line 8). Then, subsys&assembles a local SLS
controller with the local column solutionsgcomputed from the previous step and
the delayed column solutions from other subsystems (line 9). Finally, the local
control action is computed using the locally assembled SLS cont(6ll&®) (line

10).

Local estimate of the global model (line 7). After selecting a local hypothesis
model, Subsystei®assembles a local estimate of the global parameter by collecting
the available (delayed) local hypothesis models from its neighbdvs &,

8._ \9
b:= \cag @ oM e (6.17)

where the local neighborhodd & (De nition 6.4.3) represents the the set of
neighbors whose model informati@needs for synthesizing its local column solution
later in (6.18).

Local column synthesis (line 8). Analogous to line 6 in Algorithm 4, subsysten

now performs model-based control via SLS by solving the column subpraftiem

with additional communication delay and local information constraints based on

the locally estimated global parameté‘rBC It is well-established that information

constraints described in Section 6.4 becomes convex sparsity constraintsamal
Y[45]. In particular, these information constraints can be represented as binary

matricesC" (for delay) andC? (for local information) with: 2 » % Now, the

column subproblem for subsysteé8uhanges from (6.7) to
o n #II #
0 g2 o %Y

_ _ 1 Je2 8—,1
ece0 0 xS Y

st. &%, 1= bEg¥%w, bEERufor: 2» 1w (6.18b)

(6.18a)

QX SOV 4~ &S YF 0 (6.18c)
W% g2 CL-8\C31-8— for: 2» 1 (6.18d)
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where(6.18a}(6.18b)are the same LQR cost and closed-loop response characteriza-
tion in (6.7). The communication and local information constraints are introduced
via (6.18d) We refer interested readers to [235], [236] for a standard derivation on
how (6.18d)is equivalent to the information constraints speci ed in Section 6.4. The
problem (6.18) is always feasible due to Assumption 10 and 12.

Delay in the local parameter information results in di erently synthesized columns

of dierent *— Yfor di erent subsystems. This contrasts Algorithm 4 where all
subsystems use the same global model as input to the local synthesis problems and
output a column of the same*— Y.

Asynchronous closed-loop response assembly (line 9Dnce local closed-loop
columns are synthesized, subsys&mas to assemble other relevant columns from
subsysten®from D, 1& in order to perform the downstream task of local control
action computation via the local version of the SLS contrdies), shown in(6.19)

In particular,(6.19)requires théh element of every colum@such thatC318—%< 0.

By de nition, Dj, & (De nition 6.4.2) is the set 0Ps such thatC® has nonzero

18—%h element. Thus, only closed-loop columns fr&@® D;, & are required. The
assembled closed-loop responses for each subsystem has asynchronous columns with
varying delays.

Local Control Action Computation (line 10). The nal step in CONTROL is

to compute a local control action, where each subsyéiphags the assembled
closed-loop responses into the SLS contrgl&b). Due to the sparsity constraints
(from information constraints) enforced on the column solutions during the synthesis
(6.18) the matrix-vector computation {{®.5) does not require the entire network'’s
delayed column solution. Instead, subsysBaomputes a local version of (6.5),

" 6 0 . .
pAc= e Uogg g» ¥® BAC :° (6.19a)
RDin'® :=1
6 or .
pre = Uogig g» ¥® BAC :o- (6.19b)
PDip'® :=0

where G1C-BCB®C 2 R are the local state, control action, and estimated
disturbance respectively. The local controllers are initiated Wf#tg° = GL0°.
Similar to the global controlle(6.5), the intuition behind(6.19) is that each
subsysten8counterfactuallyassumes that the global closed loog@®®2) behaves
exactly as the columnsg s1g g Prescribe. In particular, théh position of the@h

column solutiorﬁjt diji jo Maps theth position ofw (w9 to the&h position ofx
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andu (x2andu®). Therefore(6.19a)estimates the local disturbances by comparing
observed local staté'C and the counterfactual state computed Wi@@g oS-
Then (6.19b) acts upon the computed disturbance.

In this step, the errors caused by the delayed information propagate further during
(6.19)when each subsystem computes control action using the assembled closed-loop
column solutions from di erent sets of sub-controllerg117) This contrasts the
setting in Algorithm 5, where without communication delay, all subsystems use the
globally agreed closed-loop operators, Y to compute the local control action
using (6.5).

Thanks t0(6.18d) regardless of the delay, all closed-loop columns has the correct
sparsity required by the communication and locality constraints. Consequently,
any assembled closed loop columns used6at9)at each subsystem preserve the
required sparsity. Therefore, the SLS controller implemented with these column
solutions conforms to the information constraints.

Stability Guarantee

We now present the main result of this chapter. This is the rst stabilization result for
a distributed policy (Algorithm 5) in a networked setting with unknown dynamics,
communication delay, local information constraint, and adversarial disturbances.

Theorem 22(Stability). Under Assumptions 8-12, Algorithm 5 guarantees the ISS
of the closed loop of6.2) such that for allC G,
!

4" €% @@°, sup kFi:%k; -
G : C

=09'23

maxkGCk, kD'Ck;g O 4

whereG @GP is the initial condition, local dimension= maxfk C3k;—k C3k; —maxgjM 1 Pjg
represents the total state dimension in 8xaeighborhood speci ed by the dynamics
interaction(6.1) and the communication grapgh . Parameter3 is the largest local
delay each subsystem allows for delayed information, anslithe SLS closed-loop
response nite impulse horizon.

Theorem 22 highlights that only the local constaBtand = impact the stability
guarantee, in contrast to the dependence on the global network dimension in
Algorithm 4 and in system-identi cation based approaches [26]. Further, the result
makes explicit that communication delay adds an exponential factor of error on the
state deviation from the desired steady state compared to Theorem 20. When the
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network connectivity is sparse, local constamend3 can remain small even if the
number of subsystems in the network is large and growing [235], [252].

Proof Outline. The proof of Theorem 22 follows a similar structure as that of
Theorem 20. We defer formal proofs to Section 6.C. The main challenge here is to
characterize the error caused by asynchronous information at di erent subsystems
throughout the algorithm due to delay.

To begin, we use Lemma 28 and show that despite the fact that each subsystem in

Algorithm 5 uses di erently delayed information to compute the local parameter,

sub-controller, and control actions, the closed loop for the global system under

such distributed policy can be characterized with a simple global representation. In

particular, denote the actual closed-loop response implemented by Algorithm 5 as
X, U. By observation, each element of» % 2 Vis

S YB-T= q 1y 7 V- D VB-T= ), ¥ VB

Therefore, the closed loop ¢6.2) under Algorithm 5 can be characterized(6y10)
with ¥, . It follows from Lemma 29 that as long as the error term

QO
L@ S W, 1 @2 1 Yy (6.20)
Gl:=1
is bounded, then the closed loop is ISS. Hegds the consistent global model
constructed from thiocal consistent hypothesis models selected by all subsystems

attimeC In Section 6.C, we quantify the e ect of delay that manifests thand .

To bound(6.20) we extend the perturbation bound in Theorem 21 to accommodate
the additional sparsity constraints(.18)(Corollary 23.1). This result allows us

to make a connection betwe@h20)and the total path length of each subsystem's
local parameter selection. Furthermore, Corollary 23.1 has potential application for
a class of SLS-based distributed and localized MPC problems [210], [211].

6.5 Simulation

The main contribution of this work focuses on deriving a stability guarantee for the
proposed method under adversarial disturbances and information constraints. In
this section, we provide a preliminary numerical exploration of the performance
improvement of our approach compared the state-of-the-art adversarial control
method in the single-agent case in Section 6.5. We further test our method on a mesh
network of discretized swing dynamics for power systems, where we demonstrate
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near-optimal performance of Algorithm 4 and Algorithm 5 compared to the o ine
optimal controller synthesized according to the true dynamics in Section 6.5. Further,
we study the e ect of the localization parameter and the network size under correlated
Gaussian noise.

Single-agent: Double Integrator Dynamics
We consider the classic double integrator dynamics [253],

"c,i# " #"Gl # " " 1#
11 0 F

1C 10 = 1 D@ 10—

G - 01 @ 1 > F2

whereGC = »G—-&%1C 2 R?, D'C 2 R. DisturbanceéF 1@ 2 R? is the bounded
(kF1Cky 1). The system models a unit mass vehicle with positién é&nd
velocity (@) as its state under forde

To the best of our knowledge, the only online algorithm that guarantees stability
under bounded adversarial disturbances is [26], where system identi cation is
performed before a certainty-equivalent controller is synthesized based on the
estimated dynamics. Therefore, we study the performance of our algorithm and that
of [26]. The results are summarized in Table 6.1, where we report the averaged
maximum and tof@0%state deviation from origin, i.enax-kG-Ck; across 10 runs

under three di erent disturbance pro les. In particular, we generate correlated (across
coordinates) Gaussian noise projected 1cand1, the uniform disturbance, and

the projected state-dependent adversarial disturbance, where the adversary chooses
FIC=sign ! *°GE, 1! ®opC.

To instantiate [26], we use exact system theoretical constants required for the algorithm
and perform the black-box system identi cation algorithm in [26, Algorithm 2]
with identi cation accuracy set to b0 2 (largest error tolerable by the algorithm).
Then, we generate a stabilizing controller with [26, Algorithm 3]. For the proposed
approach, we use the optimal LQR feedback gain in place of the centralized SLS
controller(6.6)and(6.5), since under Assumption 10, the SLS controller synthesized
under with LQR cost is equivalent to the optimal LQR feedback [73]. We remark
that for all disturbance pro les and regardless of the choice of stabilizing controller,
the system identi cation algorithm of [26] always requires control inputs in the order
of 10!, Therefore, across all disturbances, the trajectories generated by [26] are
nearly identical.
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Figure 6.2: State trajectory of the optimal distributed controller, Algorithm 4, and
Algorithm 5 for the5 5 mesh network.

Multi-agent:Discretized Swing Dynamics in Power Systems

We now consider a power network with randomly generated sparse edges representing
dynamical interactions over a 5 by 5 mesh, where each vertex represents a bus,
illustrated at the right lower corner of Figure 6.2. The local dynamics aBmis

given by the two-state discretized swing equations [73],

n # O n # n #
1 C 0 0 0
&c o= T e, oo GLe oie, Fae
_eNE® 8 cog £ Co0
<g PNI@ <8

where the states are the phase angle (rst state) and frequency (second state)
deviation from the set point (origin),C= 0els is the discretization time step, and

<g- e B- Pare the inertia, line susceptance betweendarsl 9, control action,

and external disturbance respectively. We assume each bus has a phase measurement
unit and a frequency sensor to meastte

We randomly generate eachg2 »0+1-1¥and< gbetween.1-10"zand assume
these parameters are unknown to the algorithm except their bounds. The global
network is generated to be open-loop unstable. We use correlated (across buses)
Gaussian disturbances with a known bound. In Figure 6.2 we compare the perfor-
mance of Algorithm 4 (information shared globally and without delay), Algorithm 5,
and the o ine optimal distributed SLS controller synthesized fr¢®6) with the
knowledge of: g and <gs, all subject to the same distributed control design
requirements. Speci cally, the communication network is assume to be the same
as the dynamical interaction mesh graph, and we choose the localization parameter
to be 3 = 3, which is much smaller compared to the network size of 25. The
centralized algorithm where no communication delay is present matches closely with
the trajectory generated by the o ine optimal controller, whereas the presence of
the information constraints for Algorithm 5 degrades the performance. However,
we highlight that despite the exponential dependency on the local dimensions in
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Theorem 22, the actual performance of Algorithm 5 in this case is signi cantly better
than the theoretical guarantee.

Localization parameter Mean Top 9$%etwork Size Mean Top 95%

3=3 398 1402 #=9 2.96 10.28
3=5 385 1418 #=25 398 14.02
3=10 419 14.08 #=36 427 14.05

Table 6.2: Comparison of the state nork&(Ck; ) for di erent localization parame-
ters3 on the 5 by 5 network (left) and comparison for di erent network sizes W#ith
agents with xed localization paramet8r= 3 (right).

Furthermore, we compare the e ects of di erent localization parameter choices. On
the one hand, large8 results in larger worst-case guarantee in Theorem 22 due
to delayed information for local computation. On the other, lagjereans that
each agent in the network can access more (delayed) information. This trade-o
manifests on the left of Table 6.2, wheé3e= 5 appears to achieve lower average state
norm over 4 random runs with correlated Gaussian noises, slightly outperforming
controllers with3 = 3 (too little information) and3 = 10 (too much delay from
far-away neighbors). On the right of Table 6.2, we corroborate Theorem 22 where the
stability guarantee only depends on local const8rdad=. We randomly generate
3x3, 5x5, and 6x6 mesh networks of similar network structure, and the resulting state
norm does not scale with the network size.

6.6 Conclusion

In this chapter, we instantiated the SME uncertainty set-based learning and control
framework and propose the rst learning-based algorithm that provably achieves
online stabilization for networked LTI systems subject to communication delays under
adversarial disturbances. We leverage nested convex body chasing and distributed
control. The novel approach achieves orders of magnitude of improvement in
performance over state-of-the-art methods for single-agent systems and handles
information delays in networked multi-agent systems. Since most systems are
time-varying in nature, an immediate extension of this work is to combine general
convex body chasing and model-based control methods to handle time-varying
dynamical systems. Future directions include extending the communication model
to incorporate stochastic and time-varying delays among agents.
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6.A Notation Summary

Table 6.3: Notations and de nitions for the model setup, algorithms, and proofs

Notation Meaning

Ge-Bie-FiC  State R®), action R<8), disturbancesR™) at subsyster

Ni® Dynamical neighbors of subsysté@whereG*C 1° a ects 31C for 92 N1 &;

GC,DC, FC Global state, control action, and disturbance vector concatenated from the local
ones in (6.1);

89 89 Local dynamics matrices describing how states and control action of subs9stem
a ects subsysten8for 92 N1& in (6.1);
, Concatenated global dynamics matrices frofds and 2% ;
\8 The parameters for the nonzero locations in local dynamics matrices and we write
89\& 89\ % |nparticular\8\ \ %= forall8< 9

The concatenated local parameters for the global dynamics thh o A S

Po The known initial compact convex parameter set where the true dynamics
parameter lies;

G Communication graph de ned over systéf?2)with vertices+ corresponding
to subsystems and directed edges

C The adjecency matrix d& ;

318! @ Communication delay from subsyste8io subsystenB de ned as the graph
distance fron8to 9according taG ;

Di, & 3-incoming neighbors of subsystéwhereD j, 1& := f 92 »#Y¥; 319! & 3g.
In particular,92 Dj, & if C318—%< 0;

Dout1® 3-outgoing neighbors of subsysté8whereD o, 1&® := f 92 »# ¥4 318! @
3g. In particular,92 Dj, 1& if C319-8< 0;

M 1@ Subsystems whose model information is needed for sub-controller

3-neighbor of8

Pg
\¢

b¢

8

c

8-G 8-D
c» C

c

cC G ELC
0% 12

BIC

synthesis at subsystem8 with Algorithm 5 where M 1@ =

f 2% 92 N1 °forsome92 Dy, 18g

The union of all subsystems D, 1&, D 1&, M 1&;

Local consistent parameter set constructed by subsy&ietime Cwith (6.16);

Local consistent parameter for subsystgfor 2°and 89constructed with

Algorithm 5;

Bhe assembled local estimate of the “global" parameter whee:=
2M 18"\c 319 &

Local column solutions generated by subsys8attimeCfrom (6.18);

The GandDcomponents of § respectively. They are synthe3|zed£§rom (6.18);

The collection of all local conS|stent parameters at tbadere c=  5,\%

The global consistent matricest ©— t @, and corresponding admissible

disturbance;

The&hrow of ¢ crespectively;

Concatenated global estimated disturbance B5#® in (6.19);

Concatenated global closed loop operators whede ¥,8—9:= qg_selg

from (6.19) ;

Concatenated global closed loop operators whede ¥,8—9:= qg_s'ig

from (6.19) ;

@ Y.®

g v.®

6.B Proofs for Section 6.3
Below we restate and prove the auxiliary results needed for the proof of Theorem 20

in Section 6.3.
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Table 6.4: Constants used throughout the chapter

Constants Meaning
# Number of subsystems in the global dynamics (6.2);
=5-<g Local state and control action dimension fqr subsysdam{6. 1P
=P Global state and control dimension witly = 3:1 =gand=p = gl <g
, The known bound on the true disturbances suchkRatk; , ;
A The bound on all possible system matrices wHeré °k,, k * °k, ~forall
2 Po;
3 The localization parameter such that each subsystem is constrained to only use

information from its3-neighbors in Algorithm 5;
= The largest total local state dimension for th@eighbors of the subsystems
where= = maxftk C3k;—kC®k; —maxgjM 1 Pjg;
,d The decay rate for the closed-loop columrfssynthesized irf6.18)such that
ad» Ya, d*;

Lemma 30(Closed loop Dynamics)The closed loop of6.2) under Algorithm 4 is
characterized as follows for all timé2 N :
01 01
Ge= Sx¥BIC :°— DC= 2 ¥BIC :° (6.21a)
=0 :=0
B1C = L@ S W, 1 @ 2% 1 S%B!C :° FIC 1°-
(6.21b)

where —  are the true model parameters frgi.2) while F1C is the true unknown
bounded disturbances wikF1Ck; , . The linear causal operators{, | are
synthesized vig.6) based on the selected hypothesis mod&aaid B1C is the
estimated disturbance from the SLS contro(&b).

Proof. First, we write out the global closed-loop dynamicqd®2) under the SLS
controller (6.5) with the synthesized closed-loop responses,

GG = ¢ gC 10, ® DIC 1°, FiC 1° (6.22a)
O1
B1C=GC Sy vBiC :° (6.22b)
=1
O1
DIC = 2y 1B1C :°- (6.22¢)
:=0

where(6.22a)is the global dynamicé.2) while (6.22b)and(6.22c)are the imple-
mented SLS controller. Now, we use tbensistencyroperty of all the consistent
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hypothesis model cselected by Algorithm 4 and represent dynanf@&2a)in
terms of the global consistent parameter= 1 &— ci= 1 (&,

GC= HC 1°, PC 1°, BEIC 1°- (6.23)
with admissible consistent disturband¢&s!Ck; , foralltimeC The replacement
of( ¢, ¢ o Fi@) with( g g ELQ)is by de nition of the consistent set

(6.8). Next, observe that by movirggC to the left side, (6.22b) becomes

O1
Ge= Sy ¥BiC :°, BLC

= Sy ¥BLC :O— (6.24)
:=0

where in the last equality we used the fact that eafi0¥+= by the constraing6.4).
Now we substitute (6.23) into (6.22b) to get

~

O1
Elezge 8»:]751C ;0 (6258.)
:=1
O1
= $C P, PCr & 1B1C :°, EIC 1° (6.25b)
o1
01 of! lo}!
= gBiC 1 e D »¥BIC 1 :© S YBIC
C c1™ s C c1™ : c> -
:=0 =0 =1
. BIC I (6.25c)
O1
- cep W, c 2 1 SWBC :°
=1
Cc 81» 1, ¢ 81» A 81» v,B1C °o EIC 1I°
(6.25d)
0
= C 81)): 11/4, C 81»: 1Y4 8»: v,B61C :0’ BE1C 10—
=1
(6.25e)

where in(6.25c) we substituted6.24) and (6.22c) into GC 1° and D'C 1°
respectively. 1M6.25d) we grouped the terms accordingddC : ° and used the
fact that the closed-loop responses are synthesiz@lighsuch that 81» ¥Y=0
for all C Together, (6.22c),(6.24), and (6.25€) are as requested.
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Lemma 31(Su cient condition for -convolution ISS)Let 2 N. For: 2 » Y%
let f O 1@;1 andf chél be positive sequences. Lfe&géo be a positive sequence
such that
o)
3’; Oc 1M Ya E;; s Fc]_‘ (626)
=1

. Iy .
Thenf B, is bounded |# S0 :2100% ¥ ! forsome! 2R . In particular, for

alC G, '
| 4 4 1

B 4°C¢ 4pg, sup F. »

4 1 g .vc
Proof. Fix @andC (. Denoteflggas a nite subsequence b%QS:@ such that

|Q:&;

[ = max — for8=#—# 1—eeel—
G1 G 9@1%

with G = Candl g = B;. This construction of thél gg has to terminate dig = .
Therefore# is at least=% and at mos€ @. By the recursive relationship &in
(6.26), we have for ang

0

lg =B Og 1» g ., Fg1
: =~1 I
5 !

0(5 17 l/4|Q 1, FQ 1
=1

= Bcé 1 |@ 1, F@ 1— (6.27)

where we use the fact th@» ¥ 0 for all Cand:. We also denot®g 1 =
.1 Og 1» Y for the last equality. By the recursion (6.27), we have

4 ! e
G G & a
B=lg bg1 lg, supF:. @-L, Bg 1®° (6.28)
&1 G :YC 189 _
T T T I 1 o
Now, fobg1= &g Bg1 1,1 Eodle1 =4 BotDg1 19 4l i# 91

I
where the lastinequality is due to the hypothesistr@) Bc !. Plugthisinequality
for % 4Bg 1 back to (6.28), we continue with

|
. @ .
B 4'C% g4, supF. A, 4'* %
G :YC o1
«

-
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I

1 Og . a
4'°C® g4 supF. A4 4%
G :YC | « =0 -
1 O¢ 1
4'C@ g4 supF. 1,4 —— -
G :YC 1

where we usedlg = B; and that# is at leastC @° . This is the required bound,
which holds for anyC-Q@ N.

6.C Proof of Theorem 22

Theorem 23(Stability, Scalar Subsystemd)nder Assumptions 8-12, Algorithm 5

guarantees the ISS of the closed lood®®) with
!

1209-23

maxkGCk, kD'Ck, g O 4 4'C6€ @@°, sup kFi:%k, -
C

G :
whereG @GP is the initial condition, local dimension= maxfk C3k;—k C3k; —maxgjM 1 P@jg
represents the total state dimension in 8xaeighborhood speci ed by the dynamics
interaction(6.1) and the communication grap . Parameter3 is the largest local
delay each subsystem allows for delayed information, ansithe SLS closed-loop
response nite impulse horizon.

Proof. We rst characterize the closed loop dynamicq6f2)under Algorithm 5. In
particular, despite the fact that each subsystem uses di erently delayed information
to compute the local parameter, column solutions to the closed-loop responses, and
control actions, the closed loop for the global system under such distributed policy
can be simply characterized as

GC= SxBIC :°— DBC= 2 YBLC :© (6.29a)
:=0 =0
b1 = c & Wi, c2» W SxWBC :°, EC 1°-
(6.29b)

by Lemma 30. Herd'C-BC are concatenated control action and estimated
disturbance fron{6.19)  care the global consistent parameter concatenated
with the local consistent parameter82\ @— 821\ &, VectorE1C are the admissible
consistent disturbances corresponding & cwith the property thakE*Ck;
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for all time C Operators (- {' are shorthand for global closed-loop operators when
(6.19) is implemented, with

&1 ViB-0= 2 0y o¥ V8- D ViB-0=ql7, o Ve

We follow similar procedure in the proof of Theorem 20 and bokBé&Ck; from
(6.29b) by examining the following dynamical evolution,
@)
kB1Cky cepr W, c @2 1 ¥, KBIC :° , KELC 1% -
=1
(6.30)
i,
ByLemma3l,aslongasg, .., c &,;» 1%, c 2% W Sui¥,
I' for some positive constamt, then we can bound (6.30) with
Lege gl 4 4 1
kb1Ck, 4 4 GG@°, sup keiCky ——————=
G :vC 4 1

Therefore, what's left is to show

@ 0O
cep W, c2p» W ¥ -
G1:=1
which is proved in Proposition 32 whete= O poly1=°3 . This concludes the
proof.

Lemma 32 (Bounded error for closed loop operatorspt [~ ' denote the global
closed loop operators concatenated from sub-controllers generated with Algorithm
5where & V8-9=ql 0, g% ¥®and 2 ¥8-9=ql7), o ¥4@. Denote
matrices = cas the global consistent parameter concatenated with local consistent

parameters 82\ &— 8N & Then we have

G0
cep W, c2p» W i (6.31)
Gl :=1

13, 3BdiamtPe A=2 | —— -
, 0 -1 4
where= = maxftk C3k;—kC%k; —maxgjM 1 Pjg, and 3 is the largest local delay
each subsystem considers for the algorithm, whiles SLS controller horizon. Here,
is a system-theoretical constant that does not depend on the global dynamics
properties detailed in Theorem 26.
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Proof. To ease notation, we us# and 18 to denote thegh row of cand ¢
respectively.

Our strategy is to bound each term(B131)for a xed Cand: . We will see that the
summation of these terms over alandCremain bounded. Each term{6.31)can
be bounded as follows:

G 1 D 1 L1
cep W, c2p» W S

O
= max 02 &» 19, 18 2.» 19 Sy 18-9 .
1,
> /AQD”HS’ Z
De ned to bqu_aG19 7

(6.32)

Due to the sparsity constraints that correspond to the information constraints placed
on the closed-loop responses during synth@sis8) the only nonzero elements in a
particular ron8of 8»: Yare the positions @2 Dj, 1&. Hence, we can write sum

of each rowBas sum of the elements in positiég—9where92 Dj, & in (6.32)
Recall thatqg"g(fg o are synthesized in (6.18) such that

9-G .1/ — 8 ) 9-G . 1
Ocaig 8”748 = 0c3ig 9 319 0 Uoaig g 174

) 9D
18 g3 o Oomg g W (633

becausqu_\,;f’g g 1S synthesized by at timeC 39! &. The&h position of
qg_;fg o IN particular uses model information from subsys&mhich is transmitted
to 9from 8with delay3 18! . Therefore, we substitute (6.33) into (6.32) to get

o) )
- ) . : 9-G _
(6.32)= max 02 S 19 02ug g8 9 Oogg g” 1%

@A Y.
D

) g9
1%) Do» 1% 9 1%319 ® 318 @ qgs?g g» 1¥2 (6.34)

5

. . 9-G 9-D .
Adding and subtractmgofc‘) Jogg g” 1vand 1%) Uoag g”  1¥in (6.34)
we can group terms and get

~

e
(6.34) max 0 S» 19 qlf, v W

ey
A on 18

1% 2 w9 g2l o 1% (6.35a)

5



168

© )
8 08 9-G o
’ 213?2 Oc Ocsig 3.8 ¢ Uczig g 1%
mDinlSJ
18 18 e SN (6.35b)
C Cc319 & 31 @ qC 319 @~ .4 .

We now conside(6.35a)and(6.35b)separately. For the remainder of the proof, we
use 8_%1nd 8_%5 shorthand for th&h column of {and }' respectively. Apply

Cauchy-Schwarz,

~

O 3 9-G
(6.35a) max 02, dc» 1%

@A Y.
D

8 9-D. 9-D .
. 1e, g » V2 glgig o 11/42

O
max qg_G»: 1 922, » 1%
DAY, Cil 2

®D,1®

9-D 9-D
. 1Y - 1Y 6.36b
Ac 1™ 4 Ucgig g” a, )

>

(by Assumption 9)

~ ~ 1.2
O O
© _ _ 2a
=" max - qg 1C>5>: 1Y/410 qg 3?9 g” 177° ®
Qs
PDin'® « 2D outt P -
~ 1e2
O
© 9-D 9-D 2a
S . 1/,10 . 1/,10
. Uc» 1Y% Oc3ig ¥ 1% ®
« 2Dout* @

-
(6.36¢)
C C 102
@) O
© 9-G 9-G 2a
= N = y 1/,10 o 1/,10
g-])g)l(ﬁ qc 1 319 hed 1/4 qC 319 8)»- 1/4 ®
R2Dint®  2Dout @ .
o 12
@)
© 9-D 9-D 2a
= 9 1/,10 . 1/.10 _
qC 1 319 0> 174 qC 319 8)»- 1v4 ®
« 2Dout* @ .

(6.36d)

where to arrive af6.36¢)we used the fact that the nonzero elements in any column/sub-
controller synthesized or assembled at subsyfenrresponds to the elements in

Dout*®. The last equality comes from the de nition off |, ' ;. Continuing, we

bound any sum using the largest summand multiplied by the number of summands:

(6.35a) (6.36d)

O 9-G 9-G 2 12
A - - - 1 - : 1
max max Ocq gig o> 172 02 gig g» 174
RHYi,0 1o 2D outt @ 2
n
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162

2

9-D 9-D

= max » 1Y, » 1Y
QDA P Oc1 319 © Ucsig o 5

(6.37a)

102
9-G 2

= ~=32 max max max ( » 1 g2 0. » 11/42

@AHYVPDn'®  2Dgp® C1 39 o7 Gcsia @
|

1e2°
max 9D w1 g 2. » 11/42 * (6.37b)
oo Ry dc1zig o decsig 9> ) '

5

Recall thatqg1 s1g o @re generated by subsyste®rusing model information
bgl 31g o during synthesis procedurgs(17) Algorithm 5). Similarly,qg 3ig @

are generated usir{gg 31g g- Iherefore, we can invoke Corollary 23.1 and arrive at

(6.35a) (6.36d) (6.37Db)

N—=32 b 9 b 9
=< max max max
RAYRLD®  2Dgr® 132 ° C3IAE

b b
PpXg Cl39 © C3g g

(6.38)

Forany xed§ 9 , © the following holds true:

(6.38)="=*2 b? b9 b9 b9
OCl 319 °© C3g@® » C139g ® C3g @
= n=32 \ < \ <
C131g °3<! @ 'C319 & 3<! @
<2M L@
@)

<

<
s Cl 39 ® 3! @ \C319 & 3! @
<2M @

O  min@e X1 mint G, X3 1 a
/\—3°2 © \ < \ < \ < \ < ®_
= - c2.1 c? c?1 Cc?
<2M 1@  ?=Min'G-Q 2=min:¢- -

(6.39)
wherewedeneG=1, 319! ° 31! @, ¢=1 3191 @ 3i1<| @
G=1,319 &, 3! @ andXC= j319! & 3191 ©° 1j X€=
j3t9l ® 3191 ® 1j We stop a{6.39)for the moment for our bound for
(6.35a)and change course to bound the other té8r85b)in (6.35) We start with
cauchy-schwarz for (6.35b).

0
(6.35b) max 6

8 8 ) .
#Ya OC OC 319 & 31§ @ 2 qc 319 8)»- 1/42
2Di,1®
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8 18 9-D o
Ic lczig 938 o , Ycaig 8> 1/42

d’ != max max 0% 02 18 18
@wy@D e C €39 838 @ ,. “C "C39 839,

— B 8 8
=d- 7= 32’15492”5?“‘2‘8, \c \Caig 9 38 o - (6.40)

Here we have used the decay property of the nite-impulse-response closed-loop
responses to bound the decay rate of the sub-controllers. The last equality holds by
recalling that we have de ned€and18to be theBhrow of the cand crespectively,

which is constructed from the global consistent parametger | él\sc Therefore,

by de nition, »0&- /= \§

[,
Wenowreturntobound gy .oy ¢ &% Wa, ¢ 2% 1% &% . In
particular, we have so far showed that

o] e JNe]
» 1Y, ¢ 81»: 1Y4 8»: Ya, (6.39), (6.40p
GO0 :=1 GO0 :=1

(6.41)

Therefore, our goal is to bound each component of the right hand side. Speci cally,

@0
(6.39)
GO :=1
A O 9) mintGER, X 1 minG@EE, X3 1 .
n=>2 - \eo1 \C» . \eo1 VG2 ®
GO0 :=1 <2M 1@  ?=miniG- 2=min:¢-& 4
(6.42)

for a di erent tuple 0f182 #% @ Din 18— 2 Doyt P— 22 Doyt P° at eachC
However, for anyt8— 9— €, the following holds:

e o)
(6.39)
GO :=1
6O 6 n@R.x1d min' @38 13
N=32 © < < < <
- } \C?,l \c2 \C?,l \co
1T1<2M 1P 2=miniG-® GO ?2=mint¢-& GO
/=92 diam'Pg° max 11, 1,j319! @& 3191 © 1]

& Y- QD 18— 2D oyt @
(6.43a)

/=2 diamtPg°13, 3% (6.43b)

a
®

=
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Here we have used in the competitiveness of each local Steiner point selector via
(6.3)in (6.43a)with competitive ratio of=s 2. Furthermore, by de nition oD, 1&

andD gyt ?, we know that the largest delay 8t 9! & and319! ©for any
choice of8— 94s less tharB.

Finally, we investigate the second component of the right hand side of (6.41).

~ ~ ~

6 0O 66 -
(6.40)= d- "= max max \¢c \Gsig g 319 o (6.44a)
G0 :=1 G0 :=1 &#v2Din'® 2
d 319 88 2,10
d * =max max 8,0 \&,
=1 ViR D18 2=0 0 > 2
(6.44b)
SdiamiP°13, 1011 do— (6.44c)

where we once again used the competitive ratio of the local Steiner point s¢&&)or
Moreover, by de nition ofD, 1&, the largest dela@ 18! P forany 92 D, 1& is
less tharB.

Finally, we have the bound on the target quantity witv3b)and (6.44c)and
conclude

a6
c g W, c 2 1 &%, (6.43b), (6.44c)
Gl =1

213 | 3diamtP A=2 | ——

Corollary 23.1 (of Theorem 26, Structured SLS sensitivitgjonsider the optimal
solutionsq, q°to (6.18)with two di erent parameters input, respectively. Then
we have

ka q%, Kk %, —

with = O* | ©°where and are constantsin Theorem 26.

Proof. The SLS synthesis problem that we considdjGiri8)has one additional spar-
sity constraints than general SLS synthesis presenté4®)to which Theorem 26
apples. Therefore, we need to de-constrain the synthesis pr¢blé&)and turn it
into a problem of the forn6.49)in order to apply Theorem 26. To do so, we follow

o
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the procedure in Section 2.4 of Chapter 2, where a re-parameterizati(ﬁf%sﬁ
used to characterize all sparsé_[?/vhich will result in sparse g_céccording to the
dynamical evolutior{(6.18b) First, we rewritg(6.18b)with the nonzero variables
grouped together as follows:

9-2 e Tl 9-g 19)#
oc”, Wr Tg & o ovV, 1o § %%  (6.45)
1 1= 11 1 1

where §°~%enotes the vector of nonzero entries ié_Gand qf_Gdenotes the
boundary positions of§°~°The boundary positions 0§°~®orresponds to the
positions in the vector that would become nonzero from zero due to the dynamical
evolution(6.18b)in one time step. We refer Chapter 2 for detailed setup/derivation for
(6.45) We also partition , in (6.18b)to correspond the entries that are associated
with Gg‘%ndqf‘.qu"ﬁenote the reduced vector with only nonzero entriegtof

For completeness, we re-state a key lemma from Chapter 2.

Lemma 33. If 119) 1ngy = , then the vector§E®» Yagharacterize all§2~% Ywia
v 7 7€, Y T B (6.46)

We remark that the pseudo-inverse condition in Lemma 33 is equivalently to
Assumption 12, as observed in [236] and [254].

We can now substitut@.46)into the synthesis problef.18)and obtain an SLS
synthesis problem in the same form(&s49)with transformed dynamical evolution
in terms of the new variable§®~% YandE>» ¥4 Consider the optimal solutior§s
and@g° (concatenated fror§°~@andE®) computed from the de-constrained problem
with two di erent model input and © By Theorem 26, we have

§ €, * ., °k % (6.47)
Observe that h i
9-D 19y 19 19y 1@
&= 1 1= 1 1 &

Therefore, we could bound the sensitivity of the solution to (6.18) via

[1] 0 # n O #
0
ka gk 1Py 1@ iy 19 § hpy Og hgy Og &
" 1 1= 1 1 1 1= #1 1 1 2
0 0
1Py 1@ Ong_y o 1Py 1@ Olg)_y o G

1 1= » 1 1= 1 1 - 1 1 2
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n #
0
s hopy 0@ hpy Og & §
1 1= 1 1 2
N 7AN
4 2 L ok 0

- 92 =
fminll de’ ’ fmin ’
=0t |, °k % -

wheref in denotes the minimum singular value of the matrixfor all 1\ ® \with

\82 Pg. Note that the left pseudo-inverse has the largest singular valisd gf,,

with f in the smallest singular value of the original matrix. Due to Assumption 10
and Assumption 12, we know that has to be bounded from below so tl§at18)is
feasible. We have also used the fact that the norm of an lower triangular block matrix
is upper bounded by the sum of the norm of each component block. We invoke the
exponential decay property of the closed-loop responses to bound the decay§ate of
by relating the nonzero component of the solution to (6.18)&wd (6.47).

6.D Perturbation Analysis of H2-optimal SLS Synthesis

From H »-optimal control to Least Squares

This section presents results about general SLS synthesis. Due to notation overhead,
we will drop time indices and suppress the horizon indeX » ¥in closed-loop
operators %% Si¥andwrite © Pinstead. Let 2R “and P2R< =

and consider the following canonical SLS synthesis problem W|th LQR cost for

system matrices — 1/zemd welghtlng matrices 2R= -~ 2 RS <:
#" # )
f g o000 )
=min 6.48
( . > b b (6.48)
G_
st: §=
G - G D
1T s - 8 1
G _
1=0¢

The objective in(6.48) is equivalent to weightedi, norm on the closed-loop
operators *and Y, as WeII as the LQR cost on the state and control input weighed
by 2and 2. Denoteq % R, q° P2 R as the@h column of 2 R= =

D 2 R< = and4g the unit vector in thé}th coordinate axis. As descrlbed in
Sectlon 2.3, we can separate the problem by columns and can equivalently restate
(6.48) in terms of each colurrmg_céndq?_D.

h |qu 9-G , C?
- q”

P
( 9:=min q -D (649)
1
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s.t. qf‘cé 49

a.7= 9.5 )= 81

qgjf: Qe

We will now x 9and rewrite(6.49)further and introduce new variables to avoid
tedious notation. De ndD = q:9_981 : ,u = »D;—---—>I3’a and the
block-lower-triangular matrixGp 2 R= = , the vectorbg 2 R= and the lifted
weight matriceC, D as

0 0 eee ()
49
0 eee () 24
Gp= 2 ) 04 bg= 9 C = D = —
1 2 3 e 4

(6.50)

where . is the identity matrix folR- . Denote byYg, 1 8 the8th block-row of
G D-

Yg=>» 81— 82 _cee_ D eee (6.51)

Observe that with these de nitions, it holds that for any feasdﬂé?q?‘%nd for all
81

Q;g_lG: bo_., %u

due to the constraints in (6.49). Now we can rewrite the subproblgas

" # " # 5
CG Chb
(gzn?Jin DD u 09 R (6.52a)
2
st: 0= “49, % u- (6.52b)

For large systems which consist of many interconnected (sparsely) small systems, it
is often the case that the overall system iontrollable for some suitable choice of
=where=is the global state dimension.

Representation as a Least-Squares problem
We now rewrite(6.52)as a least square problem. De ng := 9% 1% 9%° 1 >4,
which is the solution to the optimization problem

min  ku k3
u
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st.0= 74, % ue
We can interpreti, as the smallest control action, measuredirthat drives the
system from the origin to ~4gin time-steps. This relates to controllability

grammians as described in [5]. Usifig¥ to denote the Moore-Penrose Inverse
ofamatrix" ,wecanalsowritet, := % ~49=9, ! “4g,where =% 9% .

Let denote the FIR-Horizon of the problem, then de ne the matrices

0 0 eee () 0 0 eee ()
0 eee 0 eee ()
GFl 0: 2 [ X N ) O —_ GDl— 0: 2 LN
1 2 3 eee 1 2 3 eee
(6.53)

and denotdg! — © as the8h block matrix row ofGpt — ©:

Ut — 0=»81_ 82 cee_ 0 eeeplp (6.54)
Gp! — °canbewrittena&pt — °=Ggt ©t °, where is the identity
matrixinR . Let/ 2R be de ned as the nilpotent matrix
" #
0
j =~ 1 b (6.55)
0 01 1

and notice its psuedo-inverse/i¥ = / >. Using/ , it is easy to verify thaGg® °
can be expressed as

Ggl ©= 1Y . (6.56)

Ignoring the constant terms {6.52a) we can reparametrize= u,, u®where

u®2 null*% ° and describe (6.52) as the optimization problem:
! #" #
: C 0 Gpt- ° _

(o = min tu

2
= u,! — 00 . 6.57
u%nullx9e 1 — oo 0O D 2 2 ( )

Letu * — ©°be a minimizer of the above problem for xed , we are interested

in the SLS solutions
" 9 # " #
q91_ 0.— qu_O—GDl_Olu 1_ o
©ogqpr- ©

u21 _ 0o
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and how these solutions are perturbed with changes in

For the rest of the discussion, we will drop mentioning the explicit dependence
on!— ©°and the column indeX to reduce the notational burden. First, we
(over-)parametrize as

u=1t 9%W%n° -
to cast the above problem into an unconstrained one:
n # n # n # n #
. C 0 Gpt- ° C 0 Gpt-° 2
(9:=min D 1 oo D ut— © o
0 D 0 D 2
| {z o {z }
F 9

(6.58)

The unigue min-norm solution to the above problem [s = FYg and therefore

the optimal solutiorg takes the form
" . # " . # " . #
C 0 C 0 C 0
= IFEY 0= IEFEY og = a
a 0 D1 g 9 0 DY| {z ?
a

(6.59)

Local lipshitzness ofH >-optimal closed-loop operators
Here, we perform perturbation analysis on the tearnrs *FFY  °g. Throughout
the discussion, we will make frequent use of the following identities:

Lemma 34. For arbitrary matrices-—. 2 R= < and — 2 R~ 7, it holds that

I .
. R 1 1 91 lo) 9
1. 1 27 %0 1 1 2"
2.--Y . ¥y=t1 ..y oy 1 yor. oy~
3. If and areinvertible, then 1 1= 1 o 1

The following is a corollary from Theorem 4.1 in [255]:

Theorem 24.Let- and. be matrices with equal rank, & k> denote the induced
2-norm andk k denote the Frobenius norm. The following inequalities hold:

k-Y Yk i k-Ykok Ykok- . ko

k-Y .Yk pék- Yok Ykok- . k

p_
wherei = 12 denotes the golden ratio constant.
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Next we present the core theorem of the perturbation analysis: Givearbioary
controllable system$ 1— 1° and! ,— ,° Theorem 25 bounds the worst-case
di erence in solutionskq, q,kz in terms of the di erences in parameters space
k 1 2keandk 1 ks between both systems. This resultis the rst perturbation
bound forH »-optimal control with SLS (considering arbitrary pairs of~ » and

1- 2) -
Theorem 25. Let — 0, lett 1— 1°and! ,— ,° be two controllable pairs

of system matrices with FIR horizonand Ietql9 and ng be the corresponding
SLS-solutions to the subprobldm Then, it holds that

ka, qj ke k1 2k . ki ok (6.60)

where the Lipshitz-constants — stand for
_ maxff ot °—fcoct °9

=~ 9 n Dk 1kokGEL Pk— A =
1 2 1R2 Fo 1R minf f <8=1 °—f<8=1 Og

=~ XGe! 2k
and Yand Jare de ned as
0=U_1U-» 11, Gpa KAk
9=U_1kA ko 1, iKW ko, i k% ko Gpa , . kgokolkFlko, kF ko
, i kgzkotKFY Ky , KF YkoPko8 ko9 kotk%_1ky , k %_2ko211 , K Gpako?

p_
andi = 12 is the golden ratio.

Proof. Recall the identities of Lemma 34. Writg ~ a, whereag is from (6.59)for

a a=1tFF)  °gr g°,tFiF) FoF)°g;
kal a2k2 k91 gzkz, kFlFly F 2F2yk2kgzk2— (6.61)

where we used the fact thd;FY  °is a projection and therefoiem F)  ky = 1.
RewriteF1F) F F) as _
1 F4F)OF; F oF) \ FoFJo1F, F 2°F1VI>
to conclude that
KFFY FoF)ke KF1 F okotkFYko, KF YksOs (6.62)
Substitution into (6.61) yields

kal a2k2 Kk d1 gzkz s kF, F zkzlkFlykz s kFZykgokgzkz— (663)
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1. BoundingkF; F >ks: RewriteF; F ; as

n 1 #
C 0
1F F (]
TR "
G G
= TP o e TP o 06 (6.64)
" " #
G Gp: Gp2

Ot il %, W % 1°,

1 o % % (6.65)

From the above we can derive the inequality:
kF F 2ko
maxtk ko—k kog
11, kGpsko®k , 9% kolk%_1ko, k%_2k® , kGps Gpzka*
(6.66)

Now we will use the result Theorem 24 to bouk , % k. as
k%_z 0/8'_1k2 i k%’_lkzk%_zkzk%_z %_1k2 d (6.67)

Furthermore, noticingo_, %_7 = »0—eee0d YuGp, Gpsi° we can
conclude

k°/8’_2 %_1k2 i ko/é’_lkzk%'_zksz D2 GD_lkz' (668)

We combine this into (6.66) to obtain

kFl F2k2
maxk k>—k kog

15 i ko/al_lkzk%_zkzll, kGD_lkzolko/o_lkz5 k%_ok° kGps Gpzakoe
(6.69)

2. Boundingkg; g2kz: Introduce the constad = maxy . k " kp and
observe thak | , k2 can be bounded as

O1
K 4 Sk =K 1 P9 | Sk U _ U2k 1 2koe
90
(6.70)
We can rewriteg; gz as
" . # " # #
C 0 G
L0 0°= 0T A, 4o 0 A, L4 (B.71)
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49, 0% 1ol o0

(6.72)
%,_21 1 2 %49

and obtain the bound

kg1 goke
maxk k>—k k»g

U_1 Gp: Gpa, k%W ko, U111, Gp2 > %,

2 149

%

_22

(6.73)
, UZiU2 11, Gpa 2k Lkok 1 2ke
(6.74)
U_1k%_1k2 1, ik°/8’_2k2, i ko/g_zkz Gp2 2 Gpz Gp2 2
(6.75)
,UiU o 1, Gpa k%W ,kok 1 koo
(6.76)
We get the bound
ka, a,kp 0 0
madk Kok Kog iK1 2k, 5kGpz Gpzko (6.77)
where Yand ) are the constants
9=U_1U_, 1, Gpz ,°k% ko (6.78)
8= U_lko/(y_lkz 1, i kw_zkzb [ k%’_2k2 GD.;_z 2 kgzkzlkFlle’ szykZO, oo
(6.79)

, i kgoko'kFY ko , KF JkoOkO8  kok98 kotk%_1ka , k %_2ko°t1, k Gpgkz®
Using Lemma 35, we obtain the nal bound:
ka, g,ke "~ ka ak k 1 2k | kK 1 2ko (6.80)
with the constants — de ned as:

=~ 9.n Ok 1kekGE! 1°kokGEL ke (6.81)
=" G %k (6.82)
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Global lipshitzness ofH >-optimal closed-loop operators over compact setS

This section derives a global Lipshitz bound Fbg-optimal SLS solutions over a
compact set of controllable systeis As a starting point we consider the previous
theorem Theorem 25. Our main proof strategy is to derive global bounds on the
constants and instead of for a xed pair of systems. We proceed with a

collection lemmas bounding individual terms in the equati@?80)and(6.81)for
S.

Auxiliary Lemmas

Lemma 35. For any pair of system matricés 1— 1°and® ,— 2° (with compatible
dimensions) holds

KGe! 1° Ge! 2°ky kK Gg! 1°kokGE?! 2°kok 1 2ko (6.83)
KGpt 1— 1° Gp* 2— 2%k k 1kokGEg! 1°kokGg! 2°kok 1 2ko, KGE?

Proof. Using Lemma 34 we can write Usif@p! — ° = Gg! ©% °and
Lemma 34 we can writ&ps Gpzas

Gp: Gp2=Gg? 1% 1° Gpgt ot 2° (6.84)
:1GF1 10 GFl 2001 10 GF]. 201 1 1 200
(6.85)
It holds that

Gl 1© Gg! °=Gpgl °1Gg? ,° 1 Ggl ,° 1oGF1 50 (6.86)
=Ggt 2V 1 1 0Gg! P (6.87)

which leads to the bound

In total, we need to global bounds on the quantiki€sko,kG g ko, k98 ko, k% ko,
kFykz, kgkz.

2°kok 1

2ko
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Lemma 36. Let! — ©be pair of xed system matrices, l&p! — ° Gg! °bethe

matrices de ned ir(6.53) andlet, P=" ot 8 > & F="_1 8 &pethe

th controllability grammian w.r.t to the inpuDand the distrubanc€, respectively.
Then it holds:

q q
kGDl_ °k2 f <OGl’ D1 _ o0 kGFl °k2 f <0(31, F1 oo (6.89)

Proof. kG pk»isde ned askG pk? := max kG pu k2, by decomposing = >{% — e+ +->D. V5
pKz i K5 ax pu k3, by posing = »D} Vi
we can rewrite this as
2

Do )
Do, D S
kG pkZ = max 0. —1 = max  k%u K2 (6.90)
2: o000 2: : :1
'Do,. D £,
o) o)
max k%uks = k¥%ks k% ki k Pkee  (6.91)

=1 KDko=1 =1

where we used the fact thigis k% increases in and thak% ké is equal to the induced
2-norm of the corresponding controllabillity grammiai? =~ .+ 8 > & Thus,
we obtain the bound

q
kGp' — °k f <ogt, Pt— oo-

and the bound oRG ! °k; follows in the same way.

Lemma 37.Let! — ©be pair of -controllable xed system matrices, I&% * — ©
be the matrix de ned ir{6.54) and let, P = ! a0 © 7~ ¥ bethe thcontrolla-
bility grammian w.r.t to the inpuD. Then, the induced norm of% * — ©°and its
Moore-Penrose Invers# : — © can be written as:

1 1
k% 1 — Ok, = f coat, D1 _ o002 kog1_— Oky, = f g, D1 _ o0 3

(6.92)

Proof. Because we assume a su cient degree of controllabifityr — ©is full
row-rank. This implies that

q q
kop L — °k2 - _<OGl% 1_ ogg1l_ o00= f<061, D1 _ oo (6.93)

1 g 9
kog 1 — ok, = _<«g%1- 01— 0= f g1 P1_ oo (6.94)




182

Lemma 38. Let! — ©°be a xed pair of -controllable system matrices, and let

F1 — ©°denote the matrix
n # n #
C 0 Gp'-°

F1_ o= R 1 0f 1 — 00ph 1 _ 00, (6.95)

ThenkFYt — ok, f_L1 o

Proof. For an arbitrary matrix' , k" Yk.° ! is equal to the smalleston-zero
singular eigenvalue df (we will denote this quantity as 11" °). Thus, in order
to boundk" Yk, from above, we have to bourfd 11" ° from below. Denotéd. as

the matrix " #" #
C 0 Gpt- ©°

0O D

and notice that it is full column rank and has rank of =p. The projection
Niggo =1 O l— 9 1_ %nhgsrank =p =gdue tothe assumption of-
controllability. HenceF =L 19 ois full column rank with rankd: = = =g
and has a null spadd'F° of dimension=c From these observations, we can
equivalently say that 11F° is the A-th largest (or equivalentlyg, 1 smallest)
singular eigenvalue d¥ . Using the Minimax principle, we can therefore write

f (F°= max mn G F°F G (6.96)
proj —s.t..rankl °=As Gs.t..k G=1
= max min G N1% oL7L Nigo Ge (697)

proje —s.t..rank °=As Gs.t..k G=1

Now recall that N1 o iS Of rankA:=, hence it is a feasible choice for the variable
of the outer optimization problem. This leads to the bound

f 11F° min G 104 oL”L 194 oG 6.98
! Gs.t.:k N1% 0oGk=1 N9 N* % ( )
min  I"L7L1 =f gL 0 (6.99)
I s.t.:klk=1

We obtain a simple, but possibly conservative, lower bountl ga'L ° as follows:

f2,119= min kLIkX= min kCGpl— °ki kDIk® f21CGpt— % f2 1pD°©
<8= I st Kik=1 27 st klik=1 D 2> 2 <8= D > <8=

=) f <8:1L 0 f <8:1D Oe

Finally, this provides us with the nal resulkFY* — ©°k; =f liFo f l1lo0
f diDe.
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We obtain an upper bound fégksy, as a corollary of the previous three Lemmas:

Lemma 39. Let! — © be a xed pair of -controllable system matrices. Let
g = Lu ,, whereL andu, are de ned as:

#" #
C 0 Gpt- ©°
L = b Uy:=% 49=98, 1 4g  (6.100)
0 D
Then, it holds:
p— 1 1
kgkz Kk ke f Zct 20k ko f_ 2t PoU —

whereU :=max - k k.

The nal bound

With the results of the last section, we can now bound the constardad  used
in Theorem 25. Rather than writing the explicit form of the constants we shall only
analyze how they scale with system parameters. Recall are de ned as

=~ 9~ Dk 1kokGE! 1PkokGEL 20k

=0 KGe! k-
where 9, 9 are dominated by the terms

? O U_iU_> Gpa kW ke

0 O kgoka'kF/ka , KFYkOk% Kok katk%_ 1Ky , k %_2k°11, k Gpsko®

Let us rst revisit the collection of bounds we have derived:

1. kGp' - °k P3 <oct, “t— %, KkGg! °k P3 <ogt, "t

NI~

1
2. ko 1 — °k2: f<OGl1 D1 _ o0 2 _ k(ya/l_ °k2: f<8:ly D1 _ oo

3. kFYt— ok, f 11 o

<8=
p_ 1 1
4. kgk2 k ko f <20G11 Do, k ko f<82:1’ Doy
5 U =may : k 'k
6. A — maxf «ge! °—foc? °9

~ “Minff <g=T °—fs-1 °g
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Before we state the nal bound, we require the following standard controllability
result [5].

Lemma 40. Let S be a compact set of matrices where each elerher R —— 2

R= <° 2 S represents a controllable linear dynamical system with equations
GC 1°= G!C, DIC, FIC, stateGC 2 R7, inputD'C 2 R* and disturbance
F1C 2 R". Then, there exists an FIR Horizon =, and positive scalar constants
T, 1 F, 7P f Psuch that the following statements hold:

" Forany! — ©° 2 Sandany initial stateZ, there existsaninpi@0°—ee+-31D 1°
such that the system trajecto®C, 1°= GC, DC-8C 1-A&° =%
satisesG °=0attime

" Forany!— ©2S, the matrix% =» 1-— 2 _eee_ 1 RT < s
full column rank.

" Forany! — © 2 S, the following FIR-SLS-constraint is feasible:
There exist Csl%eee—C» ¥, 2R™ = and DP0lreee-D» 1%, 2R =
such that:

SO0YE — 8: =0-ee— 1: S 1= %Y. DPuthand & YE0

" Forany! — ©° 2 S, the corresponding grammiansPt — ©°and, Ft °are
positive-de nite and their singularvalues satisfy the inequalities:

fD f gt D1 _ oo_ feoct, D1 _ oo f—D

fF f gt F1 oo_ F1 oo T_F°

f<oct,
We can notusé ;¥ p, f -, Tr in Lemma 40 in conjuncture of the bounds derived

above to obtain
! !

NIw
Nl

-
9=0 U ~ D 0o ¥ ? P (6.101)
fD f—D
and nally
il g | i g 1I
=0 P ™ kik * =2 TE =0 UM i 2 TR
D —D

(6.102)
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Theorem 26. Let — 0, and letS be a compact set of controllable systems
with known FIR horizon and constant$ ¥, f -, T as de ned in Lemma 40.
Then there are xed constants — , such that for any two pairs of system matrices
1 41— 191 »— 2% 2 S the correspondingd » optimal SLS-solutions of proble(y
(9arbitrary), denotecql9 and q29, satisfy the following inquality:

ka, qj ke k1 ok . ki1 ke (6.103)
Furthermore, and satisfy
o .
2 2 1
SO Ry 2 1D T =ouU ~» i P7+z2 (6109

fo

—

—D

whereV = ) ng\%(S k ko and” stands for

_ maxff «og' °-fcoc' °g,
"~ minff gt °—fg!l g

6.E Extensions to Non-Convex Parameter Set Setting

Representing model uncertainty as convex compact parameter sets is not always
practical, sometimes potentially even impossible. Our approach can be readily
extended to compact non-convex parameter Set$ those can be written as a

nite union of convex sets él Ps This class of non-convex sets covers a large
range of practical scenarios and the presented approach can be extended without
losing stability guarantees. We can ensure by wrapping the proposed algorithm in
a high-level routine SETSELECT, which runs the algorithm on the smaller convex
setsPguntil they become entirely inconsistent:

1. At C= 0, we select an arbitrary convex d&t, and perform consistent model
chasing with CONSIST as before.

2. If at some poinP. , becomes entirely inconsistent, we select an arbitrary set
P., from the remaining collectiofP 1— <+ *P; g n P, and restart CONSIST
with that setP.,. If P., is also entirely inconsistent, repeat that selection
process.

Per de nition, the above algorithm never violates consistency. Because there are
nitely many convex set$. ., the cost accrued due to restarting CONSIST scales up
the total movement cost of the convex counterpart by a xed constant. Overall, the

stability proof is not impacted.
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Chapter 7

SAFE CONTROL FOR VOLTAGE REGULATION WITH AN
UNKNOWN GRID TOPOLOGY

So far, we have focused on analyzing the theoretical underpinning of the uncertainty
set-based learning and control framework. From the convergence and performance
guarantees in stochastic settings to the stability guarantees in adversarial settings,
the framework provides exible and principled integration of data-driven learning
methods and model-based controllers.

In this chapter, we will explore how these algorithmic ideas can be applied to
sustainable energy systems. In particular, we will study the voltage control problem
in the distribution network. Voltage control generally requires accurate information
about the grid's topology in order to guarantee network stability. However, accurate
topology identi cation is a challenging problem for existing methods, especially
as the grid is subject to increasingly frequent recon guration due to the adoption
of renewable energy. Further, running existing control mechanisms with incorrect
network information may lead to unstable control. To address this challenge, we
instantiate the framework presented in Part Il and combine nested convex body
chasing algorithms with a robust predictive controller to achieve provably nite-time
convergence to safe voltage limits where there is uncertainty in both the network
topology as well as load and generation variations. Even though we develop the
theoretical results under the assumption of linear system dynamics, our experiments
show that the algorithm continues to stabilize the voltage in realistic nonlinear
simulations with real-world data from the Southern California Edison utility under
the partial observation and partial control settings. This chapter is mainly based on
the following papers:

[1] C.Yeh,J.Yu,Y.Shi,and A. Wierman, Robust online voltage control with an
unknown grid topology, Proceedings of the Thirteenth ACM international
conference on future energy systems (e-Eneqmy) 240 250, 2022doi:
10.1145/3538637.3538853.

[1] C.Yeh, J. Yu, Y. Shi, and A. Wierman, Online learning for robust voltage
control under uncertain grid topologyEEE Transactions on Smart Grid
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7.1 Introduction

Operators of electricity distribution grids must maintain voltages at each bus within
certain operating limits, as deviations from such limits may damage electrical
equipment and cause power outages [63], [64]. This voltage control or voltage
regulation problem has been well-studieslg, [256] [258] and the references
therein. Voltage control devices and algorithms aim to guarantee grid stability and
minimize the costs associated with control inputs. While classic voltage regulation
devices such as tap-changing transformers are e ective in dealingsleihwvoltage
variations [259], [260], increasing penetration of renewables leads to faster variations,
and a growing body of literature has focused on inverter-based controllers that can
respond quickly by adjusting their active and reactive power set-points. Most of
these works cast voltage control as an optimization problem and then propose
di erent centralized or decentralized algorithms depending on the communication
infrastructure.

Typically, voltage control algorithms assuragact knowledgef the underlying

grid topology. This includes centralized controllers such as algorithms based on
model predictive control (MPC) which optimize control decisions for a short-term
horizon. [261] uses MPC to manage distributed generation and energy storage
systems, whereas [262] proposes a robust MPC controller that is robust to uncertainty
in the forecasts of future loads and solar generation.

However, the exact grid topology and line parameters are often not known, and
using existing voltage control algorithms with incorrect grid information may lead to
problems with grid stability [263], [264]. For example, parts of the grid may undergo
recon guration due to load balancing or unplanned maintenance, as frequently
as every hour of the day [66], [265] [267]. This problem is exacerbated by the
increasing integration of distributed energy resources (DERS), such as photovoltaic
(PV) and storage devices. Especially in distribution grids, where DERs are not
owned or operated by the electricity utility, the grid operator may lack up-to-date
information about the grid topology [65]. While a grid operator can install sensors to
help identify the current network topology, unless such sensors are densely deployed
(at great cost), uncertainty about the topology remains. Thus, distribution grid
operators cannot expect to operate with perfect topology information and the design
of voltage control algorithms robust to unknown grid topology is crucial.

There are several families of existing algorithms that do not require knowing the
network topology: decentralized controllers, model-free controllers, and controllers
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that rst try to infer the network topology. While decentralized voltage control
algorithms are generally e cient to implement, such controllers lack voltage stability
guarantees when the load is time-varying [257], [268] [271]. Likewise, model-
free controllers based on deep reinforcement learning do not require knowing
the network topology, but they generally have no performance or voltage stability
guarantees and are therefore not suitable for safety-critical infrastructure [272] [276].
Some recent works [277] [279] have proposed methods for introducing stability
guarantees for model-free deep reinforcement learning approaches. Their main tool
is Lyapunov stability theory, from which a structural constraint for stable controllers
is derived, and policy optimization with the constraint is performed. However, their
stability guarantees are only valid over an in nite time horizon, and achieving good
performance with deep reinforcement learning generally requires large amounts of
historical training data. In contrast, our proposed framework jointly learns the system
model (consistent with data) and stable controller in an online fashion, achieving a
nite-mistake guarantee and good performance without relying on historical data.

Another standard approach for handling uncertainty about network topology is to
rst estimate the topology and line parameters using a form of system identi cation
with data and then apply a standard voltage control algorithm using the identi ed
network topology. There is a growing literature of such data-driven metleogls,

[65], [263], [264], [280] [288]. A common approach is to leverage least squares for
system model estimation. The estimation and therefore control guarantees depend on
statistical modeling of measurement noisgg( Gaussian). In contrast, we leverage
online learning in order to be robust against any bounded disturbances, such as
modeling errors and adversarial noise. While least squares-based algorithms focus
onasymptotieestimation convergence,g. [289], [290], we present aite mistake
guarantee that is crucial for safansientsystem behavior.

Another prominent approach is to use graphical models for topology reconstruc-
tion [291], via maximum likelihood methods while enforcing other structural
restrictions like low-rank and sparsity. However, these methods that rst perform
some form of system identi cation have drawbacks. First, the estimated topology
and/or system dynamics may be imperfect [292], and applying standard voltage
control algorithms using these imperfect estimates may still lead to system instability.
Second, these methods either assume access to historical data or require acquiring
data online over hundreds of time steps, during which the stability of the system is
ignored [65], [291]. In contrast, our proposed approach does not perform system



190

identi cation separately from control; the joint operation of our robust controller
with the system dynamics estimation gives rise to our stability guarantee.

Contributions

We propose a new approach for voltage control oveumaeertain grid topology

with uncertain maximum variability of load and generatientities in the grid that
does not perform system identi cation and voltage control separately. Instead, our
approach robustly learns to stabilize voltage within the desired limits dirggtlyput

any prior knowledge of the topology and without needing to precisely learn the

topology

Our approach takes ideas from online nested convex body chasing (CBC) [240] and
robust predictive control and combines them using an uncertainty set-based learning
and control framework [13], [99], [111], [293] to apply them to voltage control

for the rsttime. Intuitively, we use a nested CBC algorithm in order to track the
set of topologies that are consistent with the observed voltage measurements as
more measurements are taken the set of consistent topologies shrinks (and so the
sets are nested). As these measurements are taken, a form of robust predictive
control is used for voltage control, where the robustness guarantee is used to ensure
the uncertainty about the topology can be handled. Our main result (Theorem 27)
provides a nite error stability bound for the overall controller, which is summarized

in Algorithm 6. This represents the rst voltage control algorithm that is provably
robust to uncertainty about network topology.

In addition to providing theoretical guarantees, we demonstrate the e ectiveness
of our proposed approach using a case study of a 56-bus distribution grid from the
Southern California Edison (SCE) utility [294]. In this setting, we give the controller
no prior information about the topology of the grid, yet the controller quickly narrows
down the set of topologies and line parameters that are consistent with its observations
and adjusts reactive power generation to keep voltages within desired safety limits
when faced with disturbance. In fact, our controller's performance nearly matches
that of controllers which assume perfect knowledge of the topology, even when given
only partial observations of bus voltages.

Beyond the linear model, we test the performance of the proposed algorithm with a
more realistic nonlinear power ow model with partial control and partial observation.
Even though the design of our method is based on a linear approximation to the
power ow model, our method still performs well for the nonlinear system. We also
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demonstrate how to incorporate existing partial knowledge of the grid topology and
network line parameters into the algorithm. We show that incorporating such prior
knowledge can improve the performance of our algorithm.

7.2 Model

We study voltage control on an unknown grid topology. We consider a radial (tree-

structured) power distribution network represented as a connected directed graph
= IN-E°, whereN = f0-1-2—¢ ¢+ —gs the set of buses (nodes) aad N N

is the set of lines (directed edges). Let the network be rooted at bus 0 (the substation

or slack bus), and let other buses be branch busesCLeatl denote the subset

of buses with controllable reactive power injection. Because the network is radial

and rooted at bus 0, there is a unique pagtirom bus 0 to any other bu& For

branch buses, Id 2 R™ be their squared voltage magnitudes &ndi@be their

complex power injection, where 2 R~ (unitsW) is the net active power injection,

and @2 R~ (units Var) is the net reactive power injection. The DistFlow branch

equations [295] for a distribution grid are as follows, for @2 N and8—-%92 E:

O

?9= %9 MAdso % (7.1a)
::1%3—‘?2E

@=&g9 Ggs9 &o: (7.1b)
119-92FE

Eo=B 248 G&s8, %, GSiso (7.1c)

%o &3
o 9E8 89 (7.1d)

where % gand &ggrepresent the active power and reactive power ow on line
18—9 andAe-@9i O are the real-valued line resistance and reactance (ujits
Equations (7.1a) and (7.1b) represent the real and reactive power conservation at bus
9 and (7.1c) represents the voltage drop from &tesbus 9

Assuming the branch power lossésds g Ggs9 are negligible yields the simpli ed
DistFlow equations [296], which can be rearranged into

E='%? -‘@ P1- (7.2)

whereE® 2 R~ is the known, constant squared voltage magnitude at the substation,

and' *—-% 2 S are computed from the network topology and line parameters

@] @]
RS A - 49=2 G- 8D (7.3)
1_102P4\P ¢ 1—102Pg\P ¢
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with »=Y4= f1—« e+ —269]. (S is the set of symmetric = matrices.)' ¢*—-¢
are positive de nite with nonnegative entries [297], and the largest entry of each row
of these matrices is along the diagonal, since
O O
42 G 2 G =-% (7.4)
1_102PgP g 1-:°2Pg

- - ¢ 1 ¢
and likewise for 89 88

We assume that the active power injectidis exogenous but that reactive power at
each bus can be decompose@s @, @, where@ is the controllable component
and@ is the exogenous i(e., uncontrollable) component. Following [269], we
denePPa='°%2 _®@ E1_2R" (par stands for partial ) representing the
exogenous e ects on voltage. Theaz= - *@ , B’ which can be modeled as a
discrete-time linear system

EIC 1°=-*@!C, B2 (7.5)

Substituting>*@ = @'C @*C 1° (change in controllable reactive power injection)
and F1C = PPa1C BE#1C 1° (change in exogenous noise) yields the linear
dynamical system

EC 1°=EC, - *D'C, FI1C. (7.6)

The voltage control problem [294] is to drive the squared voltage magnitudes of
each bus from an initial stat81° 2 R~ into a given multi-dimensional interval
»EE/ R itis possible thaE1° does not start within the interval due to some large
initial disturbance. For alC 2, the voltage control algorithm aims to maint&H®
within »E-E/ideally as close as possible to a nominal vaHE™ 2 »EE/4typically
E'°M=1E 2. The cost for deviating frorE°™is measured byxE:C  E°Mk5,

for some positive semide nite matrie, wherekG¢ = G G.

At each time step, buses may change their reactive power inje@ighin order to
regulate the voltage close B3°™. The reactive power injection (includir@:0°) is
limited within a given bound@@s R~. Buses not irC do not have any ability to
control the reactive power inTectioBBS Ce @: @= 0. We do not place any hard
ramp constraints orD'C. However, we impose a quadratic ramping ddBlt(BkoZ/‘D
where%, is a positive semide nite matrix.

In summary, the voltage control problem is to determine an online sequence of reactive
power injectiong@!1°0— @2°— « « 40 drive voltage$C to a desired intervalsE/

while minimizing voltage violation and control CO®E.C  E°"Mk5_, kDCk, . In

this work, we solve the voltage control problem in the setting whérés unknown.
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Figure 7.1: Online robust voltage control

7.3 Robust Online Voltage Control
In this section we introduce our robust online voltage control algorithm (Algorithm 6)
and its performance bound (Theorem 27), which is the main result of this chapter.

Algorithm

As shown in Figure 7.1, the algorithm has two main components: a consistent
model chasing algorithrSEL(Algorithm 6, step 1) and a robust control oracle
(Algorithm 6, step 2) SELand are combined by adapting ideas from [13].

The model chasing algorith®ELselects a consistent model for the robust control
oracle out of all plausible models that are consistent with the online observations
and prior knowledge of the grid, where the model uncertainty set is constructed with
set membership estimation [115], [293]. The selection may use any competitive
NCBC algorithm, which is the online problem of choosing a sequence of points
within sequentially nested convex sets, with the aim of minimizing the sum of
distances between the chosen points [240]. In our experiments, we use a simple
projection-based NCBC algorithm, detailed in Section 7.5.

The robust control oracle is a novel robust predictive controller (Theorem 29). The
robustness guarantee ofis necessary for the analysis which integréd&s with

to provide the nite mistake guarantee of the overall algorithm. We remark that other
choices for either component are possible, as long as they provide the guarantees
needed in the analysis in Section 7.4.

Intuitively, SELand are combined in a way such th&ELalways reduces the
uncertainty about the unknown model whenevesutputs an action that causes a
voltage limit violation. This means that cannot take too many bad actions before
the system uncertainty is small.
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Algorithm 6: Online Robust Voltage Controller

Input:

" desired nominal squared voltage magnitud®™ 2 R~

limits on the squared voltage magnitud&E/ R~

limits on the reactive power injection@@s R~

" initial state: E11°— @0° 2 R™ B

" state and action cost matrice— %2 S

compact convex uncertainty set for the model paraméter: S\ R-

compact convex uncertainty set for exogenous voltage quahﬁtié@: R~

upper bound for nois€:j 0

robustness paddingt j O

weight for slack variableV j 0

weight for noise accuracyX j 0

Initialize: Initialize an empty trajectory o = » %SetC= 1

Procedure:

(1) If C= 1, initialize estimate of model parametd?s 2 X.
Otherwise, query the model chasing algorithm for a new consistent parameter
estimate!bep® SEl> &

SEl» &%= NCBC%b¢ 1-pc 1° (7.7a)

% b2x—p20{v %
8'Er-g1-B-@2 c:

Y= %mbo . & bk b% (7.7b)
B bagavPr
(2) Query the robust control oracle for the next control actiBh® b C{)ClElc’O.
bepe MIN KB BTG, kDKS, , VIF (7.8a)
st.D2R°- b2R (7.8b)
@ @C 1°,D @ (7.8¢)
®-Ec, bp (7.8d)
=, d 3. kD (7.8¢)
E,t: b1 B E: b1 (7.8f)

whered = Xn1l K XK@ @°.

(3) Apply the control actio*C. Observe the system transition to
EC 1°=EC, -°*D'C, F!Cand@C = @'C 1°, D'C.

(4) AppendiELC-EC 1°-DBC- @CP° to the trajectory:

c= »E'@-E8, 1°-DBF- @3y, «

(5) IncremenC C, 1. Repeat from Step (1).
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Assumptions

Before presenting the main results, we introduce three assumptions that underlie our
analysis and discuss why they are both needed and practical.

Assumption 13. The change in noise is bounded as
8C. kFiGk, [°-

whereF 1@ = P2 PPaC 10, [* 2 »0{¥is a constant (possibly unknown),
while[ is a known upper-bound.

This rst assumption is standard and bounds the noise in the dynamics. It represents
realistic behavior in power systems where the active and exogenous reactive power
injections do not vary dramatically between time steps, as can be seen by expanding
F1C:

FiC=PFa1@e pPFac 10
=' %1910 9P1C 100 _¢1@1(9 @1C 1006

For example, if the net active and exogenous reactive power injection is the same at
time stepgLandC 1, thenF1C = 0.

An unknown[ * indicates uncertainty in the maximum variability of the exogenous
power injections. Our inclusion of both an unknopfhand a known upper-bound

[ allows more exibility in the algorithmic design and the incorporation of prior
knowledge.

Assumption 14. The true model ¢ lies within a known compact, convex uncertainty
setX S\ R™ 7. (S isthe setof =positive semide nite matrices, alRf" ~is
the set o= =matrices with nonnegative entries.)

Our second assumption bounds the uncertainty about the network topology and
line parameters. It ensures that the unknown true model paramétéxsiong to

a compact, convex s&t, which is a minimal assumption necessary for proving
an analytic guarantee% = X » 0 %forms the initial consistent set (see

De nition 7.4.1) for our consistent model chasing algoriti8BL

This assumption is realistic, as a grid operator should have at least some prior
knowledge about the distribution grid topology and the range of possible line
parameters, even if they do not have the exact values. In cases where the grid has
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multiple possible topologies due to switch&scould be set to the convex hull of the
corresponding matrices.

De nition 7.3.1 (k k, andk k,_y). For any matrix- 2 S and scalard—X 0,
de ne

e
k- k, := kvecht- °k, = -2
&1 98
2 GG q——
Ki-—[%k, = >[2, 3= X[2, k- KGe
81 98

For any setsX S and R, we de ne diameterdiamX° and diamtX °
with respect to the normisk, andk k,_y respectively.

These norms isometrically map our parameter space to Euclidean space, enabling us
to take advantage of known results on NCBC within Euclidean space. For the norm
k k,_x the hyperparametettrades o the weight between and[ in the norm. The
choice ofXis discussed in Section 7.5.

In practice, we consider uncertainty sets of the form

(
Xu= - 2S\ R~

)
k- -Cke U-¢, -

88— 2>Vi-gg9g -gg

with diamtXe = 2U - ¢ 4- AlargerUyields a larger uncertainty set. From
Section 7.2¢€.g, (7.4)), we know that * 2 Xy.

Furthermore, we can incorporate partial knowledge we may have of the network
topology and/or line parameters by adding constraints to the descripti®n of
For example, if we know that the lowest common ancestor between Busés
the network is bus, then we can add the following constraint en which is a
consequence of (7.3):

éO— =0

- 89= (7.9)

3. .. — otherwise
If we additionally know the values for some line parametgrgswe may be able to
further constrain some entries of again by applying (7.3).

Assumption 15. There exists a compact, convex¢ét” R~ suchthaBC O0:
BPane 2 VP& Furthermore, for some knownj O,

8B 2V PA_ - 2 X
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9@ 2 @@s.t.-@, B 2E, 1T, w1-E 1 [, 1%

Our nal assumption is about the existence of feasible control actions for the robust
control oracle. This assumption can be interpreted as either a bound on the noise, or a
requirement that the controllable reactive power injection be exible enough to satisfy
the demand of any admissible noise. It represents the reasonable assumption that
a grid operator should have installed enough controllable reactive power injection
capability to perform voltage control. Intuitively, tHepadding is required for
robustness to the noie'C, while then padding is required for robustness to model
uncertainty (e., uncertainty about ¢).

Main result
We now state our main result, which is a nite-error bound for Algorithm 6.

Theorem 27 (Main Result) Under Assumptions 13 to 15, Algorithm 6 ensures
that the voltage limits will be violated at mo@f\;io diamtX » 0{v4° 1 times,

whered = %@@2 and W< ° is the competitive ratio of the NCBC algorithm in
_ :1:’ 10

<-dimensional Euclidean space, where= 1, ——.

Furthermore, if[ ¢ is known, then the voltage limits will be violated at most

2W<" diamtX© , 1times, where = rog, and< = =L

To the best of our knowledge, this result is the rst provable stability bound for
voltage control in a setting where the network topology is unknown. It highlights
that Algorithm 6 can ensure stability even aftetknownchanges to the network
topology,e.g, due to maintenance, failures, etc., without the need to perform system
identi cation while remaining robust to any bounded and potentially adversarial
perturbations satisfying Assumptions 13 and 15.

Intuitively, this result guarantees that the model chasing algor&BRtwill learn

a good enough model for voltage regulation quickly. When the robust controller
makes a mistake, the model chasing algorithm will learn from that mistake and

signi cantly reduce the set of consistent models. Because the initial set of consistent

models is bounded, and this set shrinks a signi cant amount after each mistake, the

total number of mistakes is bounded. Note that this nite mistake bound implies

nite-time convergence to safe voltage limits without an explicit nite-time bound.

To interpret the error bounds in Theorem 27, we notice that they are proportional to
the diameter of the parameter space and the competitiveWati® of the NCBC
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algorithm, and inversely proportional to the oracle robustness mdrgdecause of
computational tractability concerns, our experiments implerSé&twith a greedy
projection-based NCBC algorithm withjj1<® = c1<  1°<<"2[240], rather than

the state-of-the-art Steiner point method which can achigyg,et<°® = <+2[191].

As our case studies show, in practice the projection-based NCBC algorithm performs
much better than the worst-case bound. We note that any other NCBC algorithm
with a nite competitive ratio can be used (i@.7a)in Algorithm 6. Investigating
whether widely-used estimation methods, like least squares, have a nite competitive
ratio would be an interesting avenue for future research.

Note that for Theorem 27 to hold, the optimization problem for the robust control
oracle should rst be solved without the slack varialdden Algorithm 6. This
ensures that itP=p¢@ is su ciently close enough to the true model, then the
algorithm will not make a mistake. In the case thas infeasible initially €.g, when

the initial model estimate is far from the true model), it should be solved again with a
slack variable, which ensures feasibility. However, solvintwice is unnecessary in
practice, and so we have written Algorithm 6 to re ect its practical implementation.

We outline a proof of Theorem 27 in the next section. We want to highlight one
piece of that proof that is of independent interest. In particular, a major step in the
proof is to provide a feasibility guarantee for the robust control oracle component
of the algorithm, which is done in Theorem 29.

7.4 Proofs

We now prove our main result Theorem 27. Our proof builds on and adapts
the approach of [13], which outlines a general framework for integrating model
chasing and robust control via uncertainty sets constructed from set membership
estimation. To explain the general framework, we rst consider a discrete-time
nonlinear dynamical system

&G1=51G @, Fc Ggiven- 15w 2 F—

whereG2 S R is the system state arld 2 U R is the control input.
The unknown functiorb and disturbance sequenee2 ! 1Z ;R™ belong to an
uncertainty sef , and the disturbance is boundedkagk; [. Assume thaF
has acompact parametrizatiohT-K— 3, whereT : K! " 1F%isa mapBing from a
parameter spadé to a set of functions and disturbances such Ehat |« TA %
" 1F° denotes the powerset Bf. Let 3 denote a metric oK, So*K— 3 is a compact
metric space.
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The control objective is specied as a sequence of indicator goal" functions
G =1GyGy—++S. EachGe: X U!'f  0-1gencodes a desired condition per time
stepC

G2 G- [ = 1 G Dviolate desired condition at tim@4

The main result of [13] speci es a set of su cient conditions for a nite-mistake
guarantee i.e., (1?0 GAG-[@ Y 1. These conditions decouple online robust
control into separate online learning and robust control components. The online
learning component requires a consistent model chasing algoBtinwhich

takes as input the current observed trajectoyr » G- @1— @’1@:1 and outputs an
estimated paramete&g2 K which must beconsistentvith g

De nition 7.4.1 (Consistent ParametelVe say\ 2 K is consistent with cif there
existst 5w° 2 T» ¥such that

81G-Gi-@2 ¢ G1=5G R, Fe

Let % denote the set of all parameters consistent wigh%is called theconsistent
set We saySELis Wcompetitive if (1\;1 3N e=\c1° Wmax ok 31% —\° holds for
a xed constantV 0, which we call thecompetitive ratio

The robust control component requires a control oraglevhich given the current
stateGzand a parametarg outputs a control actiobc= | 1G? that is robust for all
systems that are closeltg In particular, we call a control oractkrobustfor control
objectiveG, if all trajectories in(  »d;\ YachieveG after nitely many mistakes.
( »d;\¥is de ned as the set of all possible trajectories generatedfor all b
such thag\-°  d:

21 =G 6%,
( »\VF D= '@
&G1= 5GP, Fc
Due to the page limit, we refer readers to [13] for a more detailed discussion of
consistent model chasing algorithms abbust control oracles. As a summary,

1540 2T>A1/§
3thove (¢ 5

if SELchases consistent models ands a robust oracle foG, then the resulting
1SEI° algorithm achieves a nite mistake guarantee, which is stated in the
following.

Theorem 28.[13, Theorem 2.5] Assume th&ELchases consistent models and
is a robust oracle for objective&. Then for any starting point and trajectory
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»G— E;?l/éo generated byA *SEL (illustrated in Figure 7.1), the following mistake
guarantees hold: (i) If is robust, then éo GAG-R@ Y 1;(ii)If isuniformly
d-robust andSELis Wcompetitive, then

a ) 2w
GG @ Ymax 1-"4 —diamK® 1

GO d

where" 4 denotes the worst case total mistakes ofdirebust control oracle .

To apply Theorem 28 to prove Theorem 27, we need to prove that (i) the proposed
algorithm (7.7) chases consistent models and has a bounded competitive ratio,
and (ii) the proposed robust algorithm (A.11) is a d-robust control oracle, for
bounded disturbance in the system topology. In particular, the correspondence of the
de nitions is as follows. We have = 1-—[°, and

K=X »0{% E1°-@&0° given
311._[o1. 0_[Q)o: ki-—[© 1 - 0—[Q)k4_x

% SIE-D=E, -D—kwk;, [~ %
&
T»i [V 15we 8C 0: B¥ — Figo oy
1 %
- where%ar:: B0 -@10°
F = ) »+—[%Y,
1-—[92X » 0f Y4

GAECO = 1>E'C 2 »EE/d
We begin by proving that the sé&de ned in (7.7b)in Algorithm 6 is consistent
with the trajectory ¢

Lemma 41 (SELis consistent) Suppose ) is a trajectory of voltage measurements
and control actions taken up to time

) = »EC-EC, 1°-DC- BC, *

The set

% = _1h po (7.10)
’ kEIC, 1° EBC lDick, p

% b2 X—p20{% %
8LE.C-EC 1°-DC-@C°2 ) :
% EC 1° bgrie2vP¥ %
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is a consistent set for) , i.e., 1b po is consistent (De nition 7.4.1) if and only if
1th o2,

Proof. Consider any:2-p° 2 % . ForC2 » %de ne
BE-:=E, ID- BC:=EC 1° BEC DIC

sokb1Ck pandEC, 1° = BIE.C-DPE° | B1C. De ne %ar: Bl bgfioe,
so for allC 0,

@ Fip=pC 10 hahe2vr
g=1

Thus,:B6° 2 T»h-peyssoth pois consistent with .

Conversely, supposd-pe is consistent with ) » Which implies the existence of
BLE-®:= E, D andivsatisfying v ,  psuchthaBlG 1° = B:E.C-DBC°, BC.
Rearranging yield§1C = EIC, 1° EC D@, sotb pe satis es the norm
constraint in (7.10). Now de ne

8C 0: Bran@:=EC 1° bgriec= %ar, B1C
=1

soEPart® 2 V P satis es the remaining constraint in (7.10).

Observe that eactgis a closed, bounded, and convex set. Furthernmfdkes
non-empty, sincé- *—[*° 2 %; Intuitively, %:is the smallest set containing all
parameters that could generate the observed trajecteajong with a corresponding
admissible sequence of noise compatible with Assumptions 13 to 15.

The consistent sets are nestdg % 1, and we use our particular choice of
normk k,_xto establish a linear b¥ection betwé&n Rk k,_g and Euclidean
spacetR*—k k,°. This allows us to take advantage of af °-competitive NCBC
algorithm in Euclidean space [191], [240], whetds the dimension of the space, to
prove thatSELis W< °-competitive. This is formalized in the following lemma.

Lemma 42 (SELis competitive) If the NCBC algorithm used iSELhas competitive
ratio W< ©°, thenSELis W< °-competitive.

Proof. There exists a norm-preserving linear b%ection beté8en Rk k,_g and
Euclidean spactR=—k k,°. In particular, the mapping between the two spaces is the
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vectorization of the upper-triangle of the symmetric matrix, concatenated with an
additional dimension corresponding to learnfmglherefore, any NCBC algorithms
with a W< © competitive ratio will result inNf<°® competitive ratio foISEL

Finally, we show that our controller is d-robust. In particular, we prove thaty
makes no mistakes (; = 0) given consistent parameterB-p° 2 %;

Theorem 29( is d-robust) Under Assumptions 13 to 15, suppdse p® 2 %;

where%is given in(7.10)for C 1. Dened = $@3@2- Then, the following
optimization problem is feasible: -
min KE® E°MG, . kDKS, (7.11a)
st. @ @C 1°,D @ (7.11b)
F-ec, D (7.11c)
1
=p, d e kDK, (7.11d)
E.:1 F E :1. (7.11e)

Further, the solution of(7.11) D'C, guarantees voltage stability for alk—[° 2
X » 0{¥such thatkk:-—[° * B-poks_y d. Thatis,E:@, -DIC, F1C 2 >EE/
for all F1C such thatkF1Ck; [.

Observe thaf7.11)corresponds t¢7.8)in Algorithm 6 with the slack variable set
to zero. We note that the robustness majitlecreases ag@@increase. The
intuitive reason is that the voltage is more sensitive to char_lgbsﬂhen the range
of possibleDs expands. Therefore, a xed voltage bu er afin constraintg7.8e)
and (7.11d) a ords less robustness to changel aB @@ gets larger.

Proof of Theorem 29First, we will show that the following two conditions are
su cient for feasibility of the optimization problem andl-robustness for the
solution.

" Feasibility:: T, n q
" Robustness: P, d &, kDK

Then, we will show that our choices ofandd satisfy these su cient conditions.

To derive the su cient condition for feasibility, de ne

ghannc 10 := e bgfic 1°



203

as the conjectured noise when we assume the underlying paraméteiSimce
b 2 vpand% % 1, we havedariC 10 2 \/ P& Then, by Assumption 15, there
exists@ 2 »@@such that

E, i, 1 h@?, ganc 10 E 1T, role
SetD=@ @!C 1° (which satis es (7.11b)) and de ne

D> -Bec, b=-pCc, bx@ @' C 1%
:I@Z graric 10

Recalling(7.6), we can interpre®: [P as the one-step voltage prediction (without
disturbance) under the mod@lgiven control actioDand the current voltage-C.
We thus have

E,'[, ™1 B> E [, nole

Therefore, aslongas [, n, Dwill satisfy constraint (7.11e).

Next, we derive the su cient condition for robustness. L2be a solution 0{7.11)
so it satis es(7.11e) Let1-—[° 2 X » 0J¥be arbitrary parameters satisfying
ki-—[° 1 b poks_x d. Dened. :=k- Dks. By Lemma 43,

d. kDk,1 1 - bop d. kDk,1e (7.12)

Furthermore, suppose
[1 FC [1- (7.13)

Adding together the 3 inequalities (7.11e), (7.12), (7.13) yields
E,*: d. kbk, [°1 EC, -D, FC
E *: d. kDk, [°1e
Clearly, if: d. kDk, [ O, then the desired robustness condition is satis ed.

Since
ki-—[o t b_boki_xz d? . )(Zj[ DJZ d%—

q
we havel[ pbj § d? d2. Thisimplies] , 3 d2 d?. Therefore, we can
express the robustness condition in termp:of
14

b, S d2 d?, d. kDk, =: 5d.°%
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Ford j 0, 5'd. °is strictly concave and twice-di erentiabquand therefore achieves
its maximum whers®d. © = 0. This maximum value i§ , d % . kD&%. Thus, if

. is at least this value, then we achieve robustness.

Finally, we show that our choices ofandd satisfy the su cient conditions. Since

0,1 02, 12forall0—-1 O, our choice of. satis es the robustness condition:

r——
D b, d =, kDG

c=p, d v

1
X:

Note that while setting = p, d % \ kD(% would also satisfy the robustness

condition, this expression would make (7.11) a non-convex optimization problem.

The remaining step is to satisfy the feasibility condition. We must chdaseh that

b,d L kbDk, T[,n Sincep T,itsucestond dsuchthad % 6 kDk, n.
. _ Xn . . .

AskDk, k@ _@(2, settingd = Txo0 xeo satis es the inequality.

In the case wherg® is known, a similar proof shows that= [¢ , dkDk, and
d= ﬁ@z satisfy feasibility and robustness. (This can be seen aXthg

limiting case of Theorem 29 such that consistent model chasing only up@lates
keepsh =[¢ xed.)

Lemma43.Forall 2S,12R%,andU2R,

k k, U implies Uklk,1 1  Uklk,1e

Proof. Let gdenote thé&h row of . By symmetry of ,

2 G 2 61 2 G 2
K gk = 8-g -8 8-9
=1 =1 o8
G & , ,
o=k ki U
=1 9=:

sok gk, U. Then
Uk1k2 k 8k2 klkz 1 108 k 8k2 k1k2 Uklkz'

This holds for all82 f1— e+« « -grwhich yields the desired result.

Finally, combining Theorem 29 with Lemma 42 and applying Theorem 28 completes
the proof of Theorem 27.
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Figure 7.2: Schematic diagram of SCE 56 bus distribution system.

(@) (b)

Figure 7.3: Voltage pro le of 7 buses without control, simulated wh linear
dynamics (7.2) an¢b) nonlinear balanced AC dynamics (7.1).

7.5 Case Study

We demonstrate the e ectiveness of Algorithm 6 using a case study based on a single-
phase 56-bus network & 55) from the Southern California Edison (SCE) utility
(Figure 7.2), with line parametefgse- @from [294, Table 1]. In our experiments,

we use both the linear power model in Equation (7.5) to solve for voltages as well as
the more realistic nonlinear DistFlow mod@&l1). Even though our algorithm only

has guarantees for the linear power ow mo@&R), we show that our algorithm
works well on both the linear and nonlinear model.

Experimental Setup

Following [271], we adapt real-world load and PV data from [298] for the 56-
bus network by adding power injection (scaled by the PV generation) at buses
C = {24-7-89-10-11-12-13-14-15-16-19-20-23-2526-329. Exogenous active

and reactive power injection measurements are taken at each bus at 6-second intervals
over a 24-hour period. Figure 7.3 plots these values for several buses to illustrate the
setting considered. We assume that controllers with reactive power injection capacity
are available at every node. The network parameters used in our experiments are:
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nominal squared voltage magnitude at the substation
B0 = BoM = 112kve?

squared voltage magnitude limits
YEE/F »0095-1:05pu = »1 14421 2662%kV/ 2

reactive power injection limits
@ » 0:24-0:24MVar

state and input cost matricés = 01 , % = 10
" initial stateEL1° = ' ¢ 2100 - *@0°, E°1, @0°=0

In comparison to previous work in the voltage control literature, our reactive power
injection limits »x@@are slightly more generous tha®«2 MVar used inge.g, [271].

We choose 0+24 MVar because even a controller with perfect knowledge of the
future would need reactive power injection capabilities of at le@238MVar in
order to maintaire'C 2 >EBE/Aif @= @ under linear dynamics (7.2).

We set[ = 10, which upper-bounds the maximum change in exogenous noise
observed in our data, which is8+6:

[¢ = max 'io1@ 21C 100 - i@ @ic 100 L

We x n = 0e1. In order to satisfy the requirement in Assumption 15 Ha& 2

»E, 1T, n°—E [, n°%the reactive power injection capabilities must exce@eb28
MVar. As we show in experiments with only0s24 MVar range of control, though,
Assumption 15 does not need to be fully satis ed in order for our method to still
provide strong empirical results.

For the robust controller , we set slack variable weight = 100 andV P& =
»EPALPan/io be a rectangle around the true noise. Under linearized system dynamics,
EP31C is calculated as described in Section 7.2, and then we set

882 »=Vi B, = min BC- Pag= mnggarle-

Under nonlinear system dynamics, we approxin2fC as the nodal squared
voltage magnitudes whe@'C = 0 (as shown in Figure 7.3), and we afiék\V/?
padding which empirically su ces as a convex outer approximatiovaf":

pPar — m(i:n Egarle Q55— @’8: mg_ngarle , Qe5e

As mentioned previously, we use a greedy projection-based NCBC algorithm [240]
in SELthat minimizes the movement distarkc®cp® * B¢ 1-bc 1°ks_xbetween
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nested convex sef& % 1:

NCBCproj*%Lc 1-Pc 1° := arg% mink®-—[° * Be1Pe 10ksx (7.14)
1 [02%

This achieves competitive ratifi,1<® = cl<  1°<<*2,

To keep the optimization proble(.7)computationally tractable for consistent model
chasing, our implementation does not use the full trajectoss in the constraints

of the consistent s€7.10) Instead, we include the 20 latest observations and 80
more observations sampled uniformly at randdeC— EC, 1°-BC- @C°

This provides a computationally tractable approximation of the uncertainty set. In
our experiments on linear system dynamics, we found Baaelected using this
approximation was always in the consistent set de ned by the full trajectoryhen
allowing for small numerical inaccuracies introduced by the CVXPY solver.

Unless otherwise stated, we initialibg = 0. We initialize b; by adding noise
to the true- ¢ in two ways. First, we scale each line impedaggeby a random
factorf 89“d Uniform»0-2%4 Second, we randomly permute the bus orderinddso
corresponds to a permuted grid topology. Finally, we profadnto the uncertainty
setXy, with U= 1.

Except for the experiments in Figure 7.8, we X< 20 which empirically strikes a
balance between minimizing the modeling erk®% - ®k4 and over tting noise.

Table 7.1: Performance of our method simulated under linear system dynamics (top)
and nonlinear system dynamics (bottom). See Section 7.5.

Info provided # mistakes avg. violation max violation

Unknown  662.2 4351 0.43 0.16 4.40 2.59
Topo-14 917.0 155.2 0.34 0.12 493 219
Lines-14 1085.8 186.6 0.57 0.29 2.55 1.09

Known 88.0 0.07 0.12
Unknown 16.0 15.8 0.68 0.56 2.74 2.39
Topo-14 05 0.6 221 256 290 3.38
Lines-14 05 06 101 120 145 1.73
Known 0.0 0.00 0.00

Experimental Results

Our experimental results demonstrate the ability of Algorithm 6 to stabilize the
system without knowledge of the network topology, providing good voltage control
performance even though it still has signi cant uncertainty about the topology at
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(a) unknown (b) topo-14 (c) lines-14 (d) known

Figure 7.4: (a)-(d) Voltage pro les of 7 di erent buses simulated under linear
system dynamicé7.2). Dotted black lines indicate voltage limitg&E4(a) +SEL
initialized with randomP 2 Xy. (b) like (a) but the topology for buses 1-14 is known.
(c) like (a) but the topology and line parameters for buses 1-14 are kn@jhke

(@) butb = - ¢ is xed and known so onhp is learned.

(a) unknown (b) topo-14 (c) lines-14 (d) known

Figure 7.5: Parallels Figure 7.4. Voltage pro les of 7 di erent buses simulated under
balanced nonlinear AC power ow (7.1).

the end of the experiments. We test our algorithm under both the linearized system
dynamicq7.5)as well as the more realistic nonlinear balanced AC power ow setting
(7.1) simulated using Pandapower [299]. The convex optimization problen&Hbr

and are solved with CVXPY [300] using the MOSEK solver [301]. Code for our
simulations are available on GitHub.

Linearized power ow with full control ~ Our rst set of experiments, shown in
Figure 7.4 and Table 7.1 (top), tests our algorithm's performance on the SCE-56
bus network under linearized system dynan{i¢$). Di erent amounts of network
information are provided to the consistent model chasing algor8kiavia the

initial consistent seXy, ranging from no information ( unknown, Figure 7.4(a)),
information about the edges among the rst 14 buses but not the line impedances
(topo-14, Figure 7.4(b)), information about the edgmsd line impedances among

the rst 14 buses ( lines-14, Figure 7.4(c)), and complete information about the
network ( known, Figure 7.4(d)). Because the buses in the SCE 56-bus network

https://github.com/chrisyeh96/voltctrl



	Acknowledgements
	Abstract
	Published Content and Contributions
	Table of Contents
	Introduction
	Major Challenges and Prior Work
	Thesis Roadmap and Contributions

	Distributed Control under Communication Constraints
	Optimal Distributed H2 Control with Localization and Delay 
	Introduction
	The Localized and Distributed H2 Problem
	System Level Synthesis
	Main Results
	Simulation
	Conclusion

	Nonlinear Distributed Control for Large-scale Systems with Constraints
	Introduction
	Preliminaries
	An Overview of the Nonlinear System Level Approach
	Nonlinear Blending of Linear System Level Controllers
	A General Framework for Constrained LQR
	Distributed Anti-windup Controller for Saturated Systems
	Simulation
	Conclusion


	Interfacing Learning and Control via Uncertainty Sets
	Non-asymptotic Learning of Uncertainty Sets via Set Membership
	Introduction
	Problem Formulation and Preliminaries
	Set Membership Convergence Analysis
	Proof Sketch
	Applications to Robust Adaptive Control
	Simulation
	Conclusion
	Additional Notations
	Dicussion on Least Squares and SME
	Discussion on Assumptions
	Proof of Theorem 12
	Proof of Corollary 12.1
	Proof of Corollary 12.2
	Proof of Theorem 13
	Proofs of Theorem 14, cor: wbarmax bdd when qw=O(epsilon), and thm: convergence of ucb-sme
	Simulation Details

	Online Adversarial Stabilization of Unknown Time-varying Systems
	Introduction
	Preliminaries
	Main Results
	Simulation
	Conclusion
	Proof of lem:partial-path
	Auxiliary Results
	Proof of thrm:iss

	Online Adversarial Stabilization of Unknown Networked Systems
	Introduction
	Preliminaries and Problem Setup
	Online Stabilization under Adversarial Sisturbances
	Adversarial Stabilization with Information Constraints
	Simulation
	Conclusion
	Notation Summary
	Proofs for Section 6.3
	Proof of Theorem 22
	Perturbation Analysis of H2-optimal SLS Synthesis
	Extensions to Non-Convex Parameter Set Setting


	 Application in Sustainable Energy Systems
	Safe Control for Voltage Regulation with an Unknown Grid Topology
	Introduction
	Model
	Robust Online Voltage Control
	Proofs
	Case Study
	Conclusion

	Bibliography


