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ABSTRACT

Charge transport and dynamics in semiconductors determine the limits of contem-
porary high-performance electronic devices. Previously, in order to understand the
microscopic mechanisms underlying charge transport, and to efficiently find novel
materials for new applications, computational methods were limited to using param-
eterized scattering rates and simplistic band structure models as inputs. However,
with ab-initio methods, only the atomic identities and lattice vectors are needed as
inputs. These methods have the capability of providing insights not possible with
methods that rely on empirical data, and predicting properties for not-yet-synthesized
materials.

While ab-initio computation of low-field transport properties have become common
in recent years, these methods have not been extensively applied to non-equilibrium
phenomena. In addition, the ab-initio simulation of fluctuational properties (such
as the diffusion coefficient or power spectral density of current fluctuations) is an
area that has been minimally explored. In order to approach quantum-limited noise
levels in devices, a better understanding of the mechanisms that govern electronic
noise away from equilibrium is needed.

Thus, motivated by this, the overarching goal of this work is to develop and use
first-principles methods to gain insight into the scattering processes that govern
high-field electronic transport and noise in well-known semiconductors, and to use
the same approach to make predictions and identify promising device applications
for novel materials.

The warm electron tensor is a quantity that describes the quadratic change of conduc-
tivity with electric field, which provides a quantitative way to examine the heating
of the electron gas. However, this has not been examined from first-principles pre-
viously. In this work, we report the warm electron tensor of n-Si computed over a
large temperature range, and find that the most commonly used order of perturba-
tion theory only captures the qualitative change of the warm electron tensor with
angle. However, by including the next-to-leading order two-phonon scattering term
in our approach, we find near-quantitative agreement. This finding indicates that
two-phonon scattering has a non-negligible role to play in transport in nonpolar
semiconductors.

We continue our investigation of n-Si by examining the diffusion coefficient and its
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anisotropy by applying our Boltzmann transport framework to fluctuational vari-
ables. We find that the qualitative features of the anisotropy are correct, but its
magnitude is greatly underestimated in comparison to experimental data, while the
onset of the noise is overestimated. While this suggests an incorrect description
of f-type scattering in our work, by computing the frequency dependence of the
diffusion coefficient as well as the piezoresistivity (two observables sensitive to
the balance of f- and g-type scattering), we find that the qualitative agreement of
these two observables with experiment shows that such a discrepancy cannot be
due to an incorrect description. Instead, we suggest that the experiment contains
charge transport phenomena not accounted for by our electron-phonon scattering
framework.

Finally, we use the same approach to investigate the high-field transport and noise
in the novel ultra-wide-bandgap semiconductor cubic boron nitride (c-BN). While
c-BN is known for its excellent mechanical and thermal properties, its high predicted
saturation velocity and breakdown field make it a promising candidate in high-power
and high-frequency devices. However, very few experimental and theoretical studies
have probed its transport properties. Here, we show that c-BN exhibits a negative
differential resistance (NDR) region below 140 K, and show that the cause is due
to an abrupt valley repopulation effect with applied electric field. We also show
that the intervalley time in c-BN is extremely large, on the order of diamond, and
that this large intervalley time causes a distinct noise peak, most prominent at low
temperatures. We discuss how the NDR region and large intervalley time make
c-BN a potential candidate for transferred-electron devices and Gunn oscillators,
respectively.
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C h a p t e r 1

INTRODUCTION

Semiconductor devices are ubiquitous in every aspect of modern technology and

used in varied applications, such as solar cells [75], transistors, light-emitting diodes

[150], and photodetectors [69]. As device sizes continue to get smaller, and new

semiconducting materials are explored for their applications, understanding charge

transport in semiconductors is paramount in order to design next-generation devices

and identify new materials of interest for varied applications.

In order to accurately describe charge transport in semiconductors, the mechanisms

that cause charge carriers to scatter from one electronic state to another must be

captured accurately. For many decades, these processes were approximated by

analytic forms such as the Brooks-Herring model for ionized-impurity scattering

[131], or deformation potential scattering for acoustic phonons [13, 193]. Using

these approximations limits the insight we can gain from computations, and prevents

these methods from being truly predictive for new materials (as they rely heavily on

empirical data). First-principles methods, however, do not rely on empirical data

and instead start with a quantum-mechanical description of the system, based on

their atomic identities and positions.

In many semiconductors, the dominant scattering mechanism that limits the electric

mobility and other properties is scattering between electrons and phonons. Until

relatively recently, computing these properties from �rst-principles was not possible,

and these methods have still been rarely applied to problems where an applied

electric �eld drives the electron gas far out of equilibrium. This thesis concerns

�rst-principles computations of transport and noise properties of semiconductors

away from equilibrium conditions, and the microscopic insight that is gained from

these computations. In addition, this approach is used to investigate the ultrawide-

band-gap semiconductor cubic boron nitride, and shows how its properties make it a

promising candidate for novel applications. In this chapter, we introduce several key

concepts fundamental to the computational approach used in this work, and further

outline the central problem we aim to tackle in this work.
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1.1 Computing transport properties in semiconductors from �rst-principles

Electron-phonon interaction

In this work, we only consider scattering between electrons and phonons, ignor-

ing other sources of scattering such as electron-electron scattering, electron-defect

scattering, and ionized-impurity scattering. However, for a semiconductor at room

temperature that is defect-free (or has a low concentration of defects), it is well

known that electron-phonon scattering is the main scattering type that limits the

electron mobility [225]. In addition, the electron-phonon interaction is the only one

of these scattering types that has been explored to the extent that �rst-principles

predictive methods are widely used. Work on describing other types of scattering

from �rst-principles is a burgeoning area [132, 133], but for simplicity we attempt

to only examine systems in this work that are electron-phonon limited. Here, we

take a short overview of the electron-phonon interaction. We may start with the

Hamiltonian that describes a coupled electron-phonon system [136]:

^� =
Õ

=k

n=k2y
=k2=k¸

Õ

qa

\ l qa¹0y
qa0qa¸ 1•2º¸ # � 1•2

?

Õ

k–q
<=a

6<=a¹k–qº2y
< k¸ q2=k ¹0qa¸ 0y

� qaº

(1.1)

wheren=k is the single-particle eigenvalue of an electron with crystal momentumk

with band index=, and2y
=k and2=k are its associated creation/annihilation operators.

l qa is the frequency of the lattice vibration with phonon branch indexa and crystal

momentumq, and0y
qa and0qa its associated creation/annihilation operators.# ? is

the number of cells in the Born-von Karman supercell, and6<=a¹k–qº is the electron-

phonon matrix element that describes the strength of the coupling between the

electron and phonon subsystems [136]. In Eq. (1.1), the �rst two terms correspond

to the terms for the individual electron and phonon subsystems, while the last line

corresponds to the term describing coupling between the electrons and phonons,

taken to �rst order with respect to the atomic displacements [74].

While Eq. (1.1) may look seemingly simple, chief among its di�culties is that there

is no prescribed way of calculating the quantities of interest:n=k, l qa, and6<=a¹k–qº

[74]. For most of the early history of the electron-phonon coupling problem, various

approximations were used for these three quantities [91]. Basic approximations of

the �rst two were simple to obtain, for instance, by approximating the quasiparticle

energies with the free electron gas modeln=k = \ 2k2•2< 4 � n5, wheren5 is the
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Fermi energy, and by using the Debye modell qa = EBjqj for the lattice vibrations

(whereEB is the speed of sound in the solid in question). However, obtaining a

realistic approximation for the electron-phonon matrix elements6<=a¹k–qº proved

to be more challenging [74].

The �rst expression of the electron-phonon matrix element6 was done by Bloch,

describing scattering from an initial electronic state with wavevectork to a �nal

state with wavevectork ¸ q, due to interaction with an acoustic phonon [23]. With

modern notation, we may write it as:

6<=a¹k–qº = � 8
� \
2# ?" ^l qa

� 1•2
q � ê a¹qº+0 (1.2)

Here,< and= are the band indices ofk andk ¸ q respectively,l qa is the frequency

of the phonon with wavevectorq and phonon branch indexa, " ^ is the mass of the

^th nucleus, and4^a¹qº is the polarization of the acoustic wave in question [74].

One of the �rst computational approaches to tackling the problem of transport in

semiconductors was the deformation potential, formalized by Bardeen and Shockley

for materials with isotropic bandstructures in 1950 [13, 193]. Due to the fact that

most carriers in semiconductors are close in energy to the conduction band mini-

mum, it was assumed that small-wavevector phonons were the dominant electron-

phonon scattering mechanism. They showed that the e�ective potential+0 needed

in Eq. (1.2) can be approximated by:

+0 ! � 1–=k = 
 mn=k•m
 (1.3)

Here,
 is the volume of the unit cell, andn=k are the electron eigenvalues of the

conduction band minima or valence band maxima. Generally, these deformation

potentials were determined empirically, by �tting to quantities such as the mobility.

Later, Dumke improved on this by addressing the common case of anisotropic

bandstructures using the e�ects of shearing deformations [51]. While this method

has the obvious drawbacks of relying on empirical data, disqualifying it from being

predictive for novel materials or under conditions that materials do not have a wealth

of experimental data at, it nevertheless became the dominant way of calculating the

electron-phonon interaction for the next decades.

For a long period of time, mainly Monte Carlo methods were used for the com-

putation of transport properties in semiconductors, usually relying on deformation

potentials and parametrized band structures. This method was introduced for the
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simulation of hot holes in Ge by Kurosawa [118], and was quickly iterated upon

and improved [119], investigating hot electron transport in semiconductors such as

GaAs [24] and InAs [55]. Further developments were made to this method, such as

including a magnetic �eld in the computation [2, 25], and examining the response

to a time-dependent electric �eld [121, 168, 169].

An approach to solving for hot-electron transport properties that deals with the

distribution function5 directly has clear advantages over the Monte Carlo method,

such as including phenomena that are nonlinear in5 such as Fermi degeneracy

and electron-electron scattering, and phenomena that are dependent on the low-

population tails of5. However, two main obstacles have existed for this approach:

the details of the band structure and scattering rates required to achieve computa-

tional accuracy may have not been feasible, and the amount of grid points required

to represent5(both in grid density and energy window) may have additionally been

computationally infeasible [170]. Such an approach dealing directly with5 was

�rst developed by Rees, exploiting the stability of the steady state [174, 175], and

was used to compute high-�eld properties in GaAs [176]. However, at this time,

the inputs to such a method were still crude � these problems used parabolic bands

and deformation potentials as inputs.

With the development of density functional theory to accurately predict electronic

band structures, and later density functional perturbation theory to predict lat-

tice dynamics, an ab-initio description of the electron-phonon interaction was more

computationally realistic. Recent advances in the �rst-principles treatment of charge

transport in semiconductors have enabled the calculation of the low-�eld electri-

cal mobility without any adjustable parameters [19, 74]. The method, based on

Wannier interpolation of electron-phonon matrix elements [146, 162], allows the

Boltzmann equation to be solved on a su�ciently �ne grid to ensure converged

transport properties. Calculations of low-�eld mobility have been reported for

various semiconductors, including Si [57, 126, 163], GaAs [123, 129, 222], and

others [122, 135, 201]. Methodological developments continue to be reported, in-

cluding an ab-initio treatment of two-phonon scattering [123] and the quadrupole

electron-phonon interaction [161]. A recent work has extended these methods to

magnetotransport [49], high-�eld transport [137], and transport and noise of warm

and hot electrons in GaAs [40, 43] and holes in Si [35]. We outline the general

theory behind the calculations needed in this approach in the following subsections.
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Density functional theory

The �rst step in the ab-initio approach mentioned previously is to compute the

electronic band structure (and the crystal structure, if a relaxed lattice constant is

used) using density functional theory (DFT). Hohenberg and Kohn in 1964 [92]

proposed a formulation that applies to any system of interacting particles (in this

case, electrons and �xed nuclei). We can write the Hamiltonian for this problem in

the following manner:

^� = �
\ 2

2< 4

Õ

8

r 2
8 ¸

Õ

8

+ext¹r8º ¸
1
2

Õ

8< 9

42

jr8 � r 9j
(1.4)

Here, the �rst term represents the kinetic energy of the electrons, the second the

potential energy due to the �eld of the �xed nuclei, and the third the electron-electron

interaction. The two theorems of Hohenberg and Kohn are as follows. First, for any

system of interacting particles subject to an external potential+ext¹r º, the ground-

state particle density=0¹r º determines uniquely (up to a constant) the potential

+ext¹r º. It follows that all the properties of the system are determined solely by the

ground-state density. Second, a universal functional for the energy� »=¼in terms

of the density=¹r º can be de�ned that is valid for any external potential+ext¹r º, and

the ground-state energy is the global minimum value of the functional. In addition,

the ground-state density minimizes the functional. As a consequence of this, the

functional � »=¼is enough to determine both the ground-state energy and density.

However, these theorems do not give us any insight into a direct way of solving this

many-body problem [138].

In 1965, Kohn and Sham proposed to replace the original many-body problem of

Eq. (1.4) with an auxiliary independent-particle (non-interacting) system [112]. It is

assumed that the density of the original system is equal to the non-interacting system.

This leads to independent particle equations for this non-interacting system that are

solvable numerically, thus giving us a way to approach the many-body problem in

practice. Using a variational approach, it can be shown that the equations that must

be solved are of the form:

¹� f
KS � nf

8 ºk f
8 = 0 (1.5)

Here,� f
KS is the e�ective Hamiltonian,n8are the Kohn-Sham eigenvalues,k 8are the

eigenfunctions, andf is an index representing the spin. The Kohn-Sham e�ective

Hamiltonian is de�ned as follows (in Hartree atomic units):

� f
KS¹r º = �

1
2

r 2 ¸ + f
KS¹r º (1.6)
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Here, the Kohn-Sham potential+ f
KS¹r º is de�ned as:

+ f
KS = +ext¹r º ¸ +Hartree¹r º ¸ + f

xc¹r º (1.7)

where the three contributions correspond to the external potential of the nuclei,

the Hartree contribution, and the exchange-correlation potential. It is important

to note that the eigenvalues and eigenfunctions of the Kohn-Sham Hamiltonian do

not directly correspond to the energies or wavefunctions of the many-body system

[138]. However, the approach of interpreting these eigenvalues and eigenfunctions

as quasiparticle energies and orbitals has led to wide success in predicting the

properties of solids [102, 145].

Density functional perturbation theory

Once we have used DFT to solve for the quasiparticle energies and wavefunctions,

the next step is to use density functional perturbation theory (DFPT) in order to

solve for the phonon dispersion [16], and in particular for the perturbation potential

due to lattice vibrations that is needed for the computation of the electron-phonon

matrix elements [223].

Once we have completed the DFPT calculations, we can obtain the electron-phonon

matrix elements. They are given by [223] as:

6<=a¹k–qº =

s
\

2l aq

Õ

^U

ê aU¹qº
p

" ^
hk < k¸ q j mq–^U+ jk =k i (1.8)

Here,jk < k¸ qi andjk =k i are the �nal and initial Bloch states obtained from the Kohn-

Sham orbitals, andmq–^U+ is the perturbation potential due to lattice vibrations. In

this case, it is computed as the variation of the Kohn-Sham potential+ with respect

to the atomic displacement of atom̂with mass" ^ along the Cartesian axisU,

which is obtained with negligible computational cost after the DFPT calculations

are complete [223].

Wannier interpolation

Once the electronic structure is computed with DFT and the phonon dispersion

is computed with DFPT, in principle, this is all that is needed to calculate the

electron-phonon matrix elements and rates. However, in order to converge transport

calculations using the matrix elements as inputs, a dense grid on the order of

100� 100� 100 is usually needed. In particular, doing direct DFPT calculations
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on such a dense grid is computationally prohibitive. In order to avoid this, Wannier

interpolation is used to interpolate the electron-phonon matrix elements on a coarse

grid (on the order of10 � 10 � 10) to a denser grid in a computationally tractable

manner [223]. Wannier functions are orthogonal, real-space functions� ¹Rº used

to represent a state in reciprocal space5¹qº (in this case, the Bloch states). They

can be constructed with a unitary transformation from the Bloch states, chosen such

that the real-space functions are maximally localized in real space. Due to this

localization,� ¹Rº decays rapidly withj' j, and starting from this representation we

can interpolate5¹qº on a much denser grid with computational ease [140].

Boltzmann transport equation

Once the electron-phonon matrix elements are obtained, we can calculate the

electron-phonon scattering rates. With these, we are able to solve for observables

of the bulk system such as the electron mobility and drift velocity, using the Boltz-

mann transport equation (BTE). The BTE describes the evolution of a distribution

function 5 of particles, subject to external �elds. A general form of the equation

can be written as:

m 5¹r–k– Cº
mC

=
� m 5

mC

�

drift
¸

� m 5
mC

�

coll
(1.9)

Here, the two terms on the right side of the equation represent the e�ect of applied

forces (e.g. an electric or magnetic �eld), and the e�ect of internal collision

processes (in our case, scattering between electrons and phonons). By considering

the drift of the distribution function from a small volume3k3r to 3k03r0 in a time

� C, the drift term can be expanded and the BTE rewritten as:

m 5¹r–k– Cº
mC

¸
m 5
mr

� v ¸
m 5
mk

�
1
\

�
4E ¸ v � B

�
=

� m 5
mC

�

coll
(1.10)

Here, we assume the external �eld are coupled electric and magnetic �elds. In this

work, we only consider steady-state distributions, som 5•mCon the left of Eq. (1.10)

is set to zero, and by only considering homogeneous systems with no real-space

dependence, we may ignore any dependence onr . The chief di�culty in solving the

BTE is the description of the collision term. In Section 2.3, we show how starting

with Fermi's golden rule and the electron-phonon matrix elements, the collision

term can be explicitly obtained for our case of electronic transport.
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1.2 Noise in semiconductors

Computations using the ab-initio description of the electron-phonon interaction

have mostly been applied to equilibrium observables such as the low-�eld mobility,

and only recently to high-�eld properties such as drift velocity versus electric �eld

curves. However, these methods have not been applied to the simulation of electronic

noise until this work (and by others in the group [35, 40, 200]). Having a better

understanding of the microscopic processes that underlie noise in semiconductor

devices is crucial in order to progress to lower-noise devices. For instance, the

noise performance of high electron mobility transistors (HEMTs), used frequently

in radio astronomy and quantum computing applications at cryogenic temperatures,

will set the noise �oor of the entire device. The noise performance of an ampli�er

is characterized by its noise temperature, and the theoretical lower limit of such a

device is set by quantum mechanics [36]. For instance, this lower bound is 0.3 K at

a frequency of 6 GHz. Currently, state-of-the-art devices have a noise temperature

approximately 5 to 10 times the quantum limit in the GHz range.

To model noise response in semiconducting devices, the traditional method is to

use equivalent circuit models, such as the Pospieszalski model [166]. Here, the

behavior of the device at the connecting terminals is represented by circuits of

lumped two-terminal elements, representing inductance, capacitance, and resistance

[84]. However, this sort of simplistic representation is limiting due to the wide range

of complex phenomena that occur in both charge and heat transport in devices. Here,

we focus on ab-initio calculations that represent atomistically pure and homogeneous

semiconductors. This work will develop greater understanding of the fundamental

mechanisms that contribute to noise in these more simpli�ed cases, and then that

knowledge can be applied to devices in the future.

We can divide the most important sources of electronic noise in semiconductors

into �ve types; thermal, shot [22], 1/5 [94], generation-recombination [111], and

hot electron noise. The thermal noise is caused by the normal thermal motion of

the carriers, and is given at equilibrium by the Nyquist theorem. However, if an

electric �eld biases the distribution far from equilibrium, the electron temperature

can be much greater than the lattice temperature and the properties of the noise are

highly dependent on the nonequilibrium conditions. In this work, we focus on the

description of hot electron noise. In most past works on hot electron �uctuational

phenomena in semiconductors, the di�usion coe�cient is what is computed or

measured. The idea of a di�usion coe�cient in electronic transport that is not
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necessarily at equilibrium but driven by an electric �eld was �rst proposed by

Wannier. Price derived that the di�usion coe�cient and the power spectral density

(PSD) of current �uctuations are linked by a �uctuation-di�usion relation.

When the electric �eld is small, the di�usion coe�cient� is linearly proportional

to the electron mobilitỳ , as given by the Einstein relation:

� =
`: � )

@
(1.11)

where) is the temperature and@the electronic charge. However, away from low

�elds this relation does not apply, as the distribution function is no longer near

equilibrium and is not described by the Boltzmann distribution. Instead, a more

generalized form for the di�usion coe�cient can be derived [170]:

� =
1
2

3
3C

h¹G¹Cº � h G¹Cºiº 2i (1.12)

where G¹Cº is the position of the particle at timeC, and the averages are over

an ensemble of histories. This result follows from Fick's law [169]. However,

this result is for the zero-frequency di�usion coe�cient. To obtain the frequency

dependence of the di�usion coe�cient, one must utilize the following [84, 194]:

� ¹l º =
¹ 1

�1
� ¹Cº4� 8lC3C (1.13)

Here,� ¹Cº is the autocorrelation function, de�ned as [213]:

� ¹Cº = h� E¹C0º� E¹C0¸ Cºi (1.14)

where� E¹Cº = E¹Cº � h E¹Cºi . To remove the time-dependence of the autocorrelation

function, the velocity calculated must be in steady-state.

Similarly to how problems of hot electron transport in semiconductors were solved

with Monte Carlo methods chie�y starting in the 1960s, so too were computations of

electronic �uctuations in semiconductors. Most often, the di�usion coe�cient was

the observable in question that was computed. As positional coordinates are easily

included in a Monte Carlo scheme, we can easily use Eq. (1.12) for calculations

of the di�usion coe�cient, for instance. The variation of the di�usion coe�cient

with electric �eld was computed in such a manner for many semiconductors, such

as GaAs [54, 216], CdTe [173], Si [29, 33, 117], InP [88], and Ge [34]. While

these methods used limiting assumptions such as deformation potential scattering

for acoustic phonons, dispersionless optical phonons, and simpli�ed (spherical)



10

band structures, nevertheless reasonable agreement with experiment was obtained

in many of these investigations [53, 88, 101, 117, 216].

Simultaneously in the 1960s, Lax's general kinetic theory for �uctuations in a

Markovian system [120] was applied by Gantsevich and colleagues to dilute gases

whose one-particle distribution function is governed by the linear Boltzmann equa-

tion. They showed that for such a system, the spectral density of current �uctuations

could be obtained only using solutions of linear Boltzmann equations [66]. Using

this general approach, Stanton and Wilkins were able to demonstrate qualitative

agreement with experiment in GaAs for both one [197] and two [198] valley sys-

tems. However, these works too also relied on experimental parameters such as the

measured low-�eld mobility, valley separation energies, and e�ective masses.

The limitation of the above approaches lies in their reliance on empirical data and

parameterized band structures or scattering rates. By de�nition, the only materials

that can be investigated using such an approach are those that have a wealth of

empirical data about their scattering mechanisms. In this work, we use a method

to solve for the spectral density of current �uctuations with ab-initio inputs, by

solving a linear Boltzmann equation. By doing this, we are able to probe speci�c

phenomena such as intervalley scattering in established semiconductors, as well as

being able to examine the noise response of novel materials such as cubic boron

nitride. In addition, because �uctuational variables are more sensitive to the exact

description of the electronic band structure, phonon dispersion, and scattering rates

(for instance), the noise-related aspect of this work serves as a further, more rigorous

test of ab-initio methods in semiconductors.

In Fig. 1.1, the computational work�ow for the approach that is used in this work

is shown. First, the atomic identities and lattice vectors are speci�ed inQuantum

Espresso, which is then used to solve for the electronic structure via DFT. DFPT is

used to solve for the lattice dynamics, andPerturbo calculates the electron-phonon

matrix elements and interpolates them to a �ne grid. Once the electron-phonon

matrix elements are obtained, we use these to solve the Boltzmann transport equation

for the distribution function (for transport observables), and for the �uctuation

autocorrelation function (for �uctuational observables).

1.3 Outline of thesis

In this thesis, we show how our �rst-principles calculations give us insight into both

low- and high-�eld transport phenomena, as well as �uctuational observables, in
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Figure 1.1: Computational work�ow showing the approach used in this work. The
material is speci�ed by aQuantum Espressoinput �le, which is then used to solve
for the electronic structure. After DFPT is used to solve for the lattice dynamics,
Perturbo is used to obtain the Wannier-interpolated electron-phonon matrix ele-
ments. Our code then solves the Boltzmann transport equation, for the distribution
function (for transport observables), and for the �uctuation autocorrelation function
(for �uctuational observables).

both well-researched and novel semiconductors.

In Chapter 2, we demonstrate how our approach is used to solve the Boltzmann

transport equation (BTE) for high-�eld transport properties, and use this approach to

solve for the warm electron tensor in n-Si. We show that while the usual one-phonon

(1ph) framework captures qualitative changes of the warm electron tensor with an-

gle, including one-electron-two-phonon scattering (2ph) yields near-quantitative

agreement. We �nd that the 2ph rates are comparable in size to the 1ph rates, con-

tradicting conventional wisdom that the 1ph level of theory is su�cient to describe

transport properties in nonpolar semiconductors.

Motivated by our results in Chapter 2, we further examine n-Si by focusing on the role

of intervalley noise. We show how our BTE solver can also solve for �uctuational

properties, and compute the dependence of the hot electron di�usion coe�cient

on electric �eld across a wide range of temperatures. We then use the frequency

dependence of the di�usion coe�cient and the piezoresistivity, two observables that

are sensitive to the amount of f-type scattering, to show that an incorrect description

of f-type scattering is not su�cient to explain the discrepancy between experiment

and computation. This suggests that factors such as space charge e�ects have a

large e�ect in experiment, indicating that caution must be taken when interpreting

measurements of �uctuational variables in terms of charge transport processes.

In Chapter 4, we examine the novel ultra-wide-bandgap semiconductor cubic boron

nitride (c-BN) and its high-�eld transport and noise properties, using the approach
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outlined in Chapter 2 and Chapter 3. We �nd that c-BN demonstrates a distinct

negative di�erential resistance region below 140 K, due to repopulation of inequiv-

alent valleys. This e�ect may be utilized in transferred-electron devices. We also

�nd that at low �elds, the intervalley time in c-BN is on the order of microseconds,

indicating that it could be promising in valleytronic applications. We demonstrate

that these properties are the cause of the large intervalley noise peak in c-BN, a peak

that has not been observed in other materials using our method, and suggest that our

predictions may be tested by utilizing noise measurements.

Finally, in Chapter 5 we summarize the �ndings from the above work, and make

suggestions as to avenues for future investigation.
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C h a p t e r 2

TWO-PHONON SCATTERING IN NONPOLAR
SEMICONDUCTORS: A FIRST-PRINCIPLES STUDY OF WARM

ELECTRON TRANSPORT IN SI

This chapter has been adapted, in part, from:

Alexander Y. Choi, Peishi S. Cheng, Benjamin Hatanpää, and Austin J. Minnich.
Electronic noise of warm electrons in semiconductors from �rst principles.Phys.
Rev. Materials, 5:044603, Apr 2021.https://link.aps.org/doi/10.1103/
PhysRevMaterials.5.044603
B.H. co-wrote the code used in the manuscript.

Benjamin Hatanpää, Alexander Y. Choi, Peishi S. Cheng, and Austin J. Minnich.
Two-phonon scattering in nonpolar semiconductors: A �rst-principles study of
warm electron transport in si.Phys. Rev. B, 107:L041110, Jan 2023.https:
//link.aps.org/doi/10.1103/PhysRevB.107.L041110
B.H. co-designed the research, conducted the calculations, analyzed the data, and
wrote the manuscript.

We have discussed in Chapter 1 how in recent years, the �rst-principles description

of the electron-phonon interaction has become widespread. With this, the ability to

calculate macroscopic transport properties has also become common [57, 122, 126,

135, 163, 201, 222]. The accuracy of �rst-principles theory has been tested primarily

by computing the low-�eld mobility and comparing to the available experimental

data at various temperatures and doping concentrations. However, there exists the

possibility of cancellation of errors when comparing to drift velocity curves: if the

drift velocity is underestimated, but the decrease in drift velocity with �eld is also

underestimated, it can lead to apparent agreement with drift velocity versus �eld

curves. Thus, it is preferable to use a quantitative measure of the change of mobility

with �eld when comparing to experiment. To do this, we can examine the warm

electron regime.

The warm electron regime is de�ned as the regime in which the next-to-leading order

term of the expansion of current density with electric �eld is non-negligible. It is of

interest because it contains information on the band structure anisotropy [189] and
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energy relaxation [47] not evident in the low-�eld mobility. The non-Ohmic mobility

of Ge and Si beyond the low-�eld regime was �rst reported by Shockley [184] and

Ryder [183]. Subsequent investigation led to the prediction [192] and experimental

observation [73, 79, 104, 106, 187] of the anisotropy of the mobility at high electric

�eld in multi-valley semiconductors owing to the di�erential heating of transverse

and longitudinal valleys, known as the Sasaki-Shibuya e�ect. In 1963, Schmidt-

Tiedemann reported a theory of the warm electron tensor, showing that in cubic

crystals the fourth-rank warm electron tensor can be completely described by two

independent components owing to crystal symmetry [189]. The two independent

components are denotedVandW, with Vdescribing the variation of conductivity with

electric �eld andWthe non-parallelism of the current and electric �eld. Substantial

experimental data versus temperature and crystallographic direction is available for

bothVandWfor electrons in Si [28, 73, 78, 106, 108].

Although scattering by the interaction of an electron with one phonon (1ph) has

typically been employed in theoretical and Monte Carlo studies at low �eld and in

the warm electron regime to interpret transport studies, [6, 45, 56, 78, 104] other

experiments suggest a non-negligible role for higher-order processes [50, 61, 199,

207]. In Si, two-phonon (2ph) deformation potentials were extracted from second-

order Raman spectra [177, 206], and calculations of charge transport properties

based on these values have indicated that 2ph scattering may make a non-negligible

contribution to scattering rates [3, 115, 153]. Recent ab-initio works have reported

that two-phonon scattering plays a role in both low-�eld and high-�eld transport

in the polar semiconductor GaAs [40, 123]. Despite these works, the accepted

conclusion from ab-initio studies is that 1ph scattering is su�cient to describe the

low-�eld mobility of non-polar semiconductors [135]. However, this conclusion has

not been extensively tested away from the low-�eld regime.

In this chapter, we report �rst-principles calculations of the warm electron tensor

in Si. At the 1ph level of theory, both the low-�eld mobility andV are overesti-

mated, with a marked discrepancy ofVat 300 K of over a factor of two. To address

this discrepancy, we compute the scattering due to sequential 1ph processes, cor-

responding to one of the terms at second-order in the electron-phonon interaction.

The scattering rates are found to be comparable to those of 1ph scattering over a

range of energies, and their inclusion eliminates the discrepancy inV. The result-

ing � 20% underestimate of mobility suggests that accounting for cancellations of

the two second-order terms of the electron-phonon interaction may be necessary to
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achieve quantitative agreement for both the mobility andV.

2.1 Crystal structure and band structure of Si

Silicon (Si) is an elemental semiconductor with the diamond cubic lattice structure.

The experimental lattice parameter of Si is 5.43 Å [141]. Once the initial atomic

positions and lattice vectors are speci�ed, this is all that is needed for the �rst-

principles analysis contained herein. The band structure of Si is shown in Fig. 2.1.

Si is an indirect bandgap semiconductor, with its valence band maximum at� , but

with its conduction band minimum lying between� and- , at approximately 0.85- .

Thus, Si has six equivalent minima in the conduction band. These bands have a

longitudinal e�ective mass of0•98< 0, and a transverse e�ective mass of0•19< 0 [7].

We focus on the conduction band here, as we only consider the transport properties

of electrons in this work.

One can see how these equivalent valleys with anisotropic e�ective masses can lead

to anisotropy in transport properties away from equilibrium. To illustrate this, we

have provided Fig. 2.2. Here, we have shown the valleys oriented along [100] and

[010] ([001] omitted for ease of understanding). First, on the left we show a case

where the �eld is oriented along a high-symmetry direction like the [111]. Here,

the valleys do not change in their population from equilibrium, and make equal

contributions to the drift velocity. However, on the right the �eld is now oriented

along the [100]. The [100] valleys, now parallel to the �eld direction, present their

heavier longitudinal e�ective mass along this direction, while the [010] valleys have

their light transverse e�ective mass along this direction. This causes the [010]

valleys to heat faster, and thus the probability for an electron in a hot (high energy,

in red) valley to scatter to a cold (low energy, in blue) valley is higher than than

the probability for an electron in a cold valley to scatter to a hot valley, causing a

repopulation to the cold valleys along the [100]. This phenomena leads to a drop in

the drift velocity in comparison to the case in which the �eld is applied along a high-

symmetry axis. This repopulation e�ect is key to the anisotropy that is observed in

the drift velocity [31], warm electron tensor [79], and di�usion coe�cient [29] in

n-Si.

One sees in Fig. 2.1 that further up the conduction band, Si possesses six equivalent

minima directly at the- point, separated from the conduction band minima by

an energy of approximately 135 meV. However, for the temperatures and �elds

considered in this work, a vast majority of the carriers will remain below this energy,
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Figure 2.1: Wannier-interpolated band structure of silicon, showing the three highest
valence bands and two lowest conduction bands. The conduction band minimum
can be seen at 0.85X going from� -X, and the split-o� bands are shown in the
valence band with their maximum at� .

and other bands besides the lowest-lying conduction band are not considered.

2.2 The warm electron tensor

The warm electron regime is de�ned by electric �elds for which the cubic term of

the expansion of current density with electric �eld becomes non-negligible [189].

Mathematically, the current density vectorj in the warm electron regime can be

expanded in powers of the electric �eld of magnitude� as:

98 = �f 048¸ � 3f 8:;<4: 4;4< ¸ ••• (2.1)

where48 are the components of the unit vector in the direction of the electric �eld

along the Cartesian axis8andf 8:;< is the fourth-rank warm electron conductivity
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Figure 2.2: Schematic showing how anisotropy in drift velocity of n-Si at high �elds
occurs due to repopulation from �hot� to �cold� valleys when the electric �eld is
applied along [100] (on the right), in comparison to the case where it is applied
along the [111] and valleys are equivalent (on the left).

tensor. As this tensor is invariant under the point group transformations of the crystal

lattice, this implies that a set of linear relations between the components of the

tensor exist [189]. For cubic crystals with class 23 symmetry, we �nd that only three

linearly independent components exist, by exploiting cyclic permutation properties

and that the tensor in this case is invariant under an arbitrary permutation of the

last three subscripts. These components aref 1111– f1122, andf 2211. Furthermore,

for the materials we consider in this work, the fourfold axis guarantees complete

equivalency of each coordinate axis, making the tensor invariant under arbitrary

permutations of all four subscripts. This reduces the number of linearly independent

components to just two:f 1111 andf 1122. We can de�ne the two variablesV and

Win cubic crystals, to fully describe warm electron transport. Here,f 1111 = f 0V

and f 1122 = 1
3f 0¹V � Wº. Here, V describes the rate change of the conductivity,

andWdescribes the non-parallelism of the electric �eld and current density vectors.

Equivalently, the warm electron tensor can be speci�ed by the values ofV along

di�erent crystallographic axes, and that is what is done in this work.

In Fig. 2.3, the experimental setup for measuringV(as well asW, the non-parallelism)

is shown. Here, the electric �eld is applied to a sample and then rotated, starting

from the [001] direction through to the [110] direction. The angle\ measures the

angle of the electric �eld vector and the [001] direction (at0 deg, the electric �eld is

oriented in the [001] and at90 deg, the electric �eld is in the [110]), and the angle
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k can be used to calculateW, the non-parallelism of the �eld. In this work we do

not calculate the non-parallelism, but we calculateValong this angle sweep.

Figure 2.3: Schematic of experimental setup to measureVandW, used (for instance)
in Refs. [106, 189]. The electric �eld is rotated from the [001] to the [110] direction,
and the value ofVis recorded at intermediate angles, as well as the non-parallelism
W.

In the same way that the normal low-�eld conductivity is controlled by the momen-

tum relaxation timeg< (by �controlled� we mean that frequency dependence of the

quantity in question is observed when the frequencyl is comparable to the inverse

relaxation time that is relevant for the quantity), for warm electronsV is controlled

by the energy relaxation timeg4 (due to the additional time that the electron energy

needs to reach a stationary state at a given electric �eld strength) [100]. This quantity

can be de�ned in a phenomenological way as follows:

4E3� =
hni � h ni 0

g4
(2.2)

whereE3 is the drift velocity,hni is the mean energy in the presence of the applied

electric �eld, andhni is the mean energy with no �eld present [100]. Thus, calculat-

ing Vgives us additional insight into the relaxation times that govern semiconductor
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transport, as opposed to simply calculating the low-�eld mobility. The warm elec-

tron tensor has not been calculated previously by ab-initio methods, but provides

a more quantitative comparison between experiment and computation of how the

mobility changes with applied electric �eld. For instance, at a glance computed

mobility versus electric �eld results could closely resemble experimental data, but

if the mobility is slightly underestimated butV is slightly underestimated as well,

this perceived agreement is misleading.

If the addition of the 2ph rates to the 1ph causes a uniform scaling of the scattering

rates by a factorn, Vis scaled byn� 2, rather thann� 1, as is the case for the mobility.

However, the 2ph rates generally are not an exact scaling of the 1ph rates. Here, we

derive the dependence of the warm electron coe�cientV on the scattering rates at

di�erent energies, in comparison to the low-�eld mobilitỳ. We employ Boltzmann

transport theory for charge transport assuming an isotropic crystal and the relaxation

time approximation. An electric �eld is applied along some crystallographic axis,

denotedG. Under these assumptions, the Boltzmann transport equation (neglecting

real-space and time dependence) is:

4EEG
m 5
m�

= �
5 � 50
g¹� º

(2.3)

The solution of this equation at �rst order in electric �eld yields the standard

expression for the low-�eld solution of the Boltzmann equation under the relaxation

time approximation:

5 = 50 � gEG4E
m 50
m�

(2.4)

from which the following expression for the low-�eld mobility is obtained [37]:

` 4 =
4
3

¯ 1
0 E¹� º2g¹� º¹� m 50•m� º� ¹� º3�

¯ 1
0 50� ¹� º3�

(2.5)

whereE¹� º is the magnitude of the group velocity,g¹� º is the electron relaxation

time, 50 is the equilibrium distribution function, and� ¹� º is the density of states.

To �nd an analytic expression for the �eld-dependent mobility in the form` ¹� º =

` 0¹1 ¸ VE2º using Eq. 2.5, we replace the equilibrium distribution derivative term

¹m 50•m� º in Eq. 2.5 with the derivative of Eq. 2.4 repeatedly, retaining only terms
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of E2 (terms of orderE are dropped as the �nal expression for electric current must

be odd in electric �eld). In more detail, if we take the derivative of Eq. 2.4 with

respect to� , we get

m 5
m�

=
m 50
m�

¸ 4E
m

m�

�
gEG

m 50
m�

�
(2.6)

Plugging in the expansion in Eq. 2.4 again for the second derivative term, we obtain

m 5
m�

=
m 50
m�

¸ 4E
m

m�

�
gEG

m 50
m�

¸ 4E
m

m�

�
gEG

m 50
m�

� �
(2.7)

Discarding the terms of orderE due to symmetry, Eq. 2.7 becomes

m 5
m�

=
m 50
m�

¸ ¹4Eº2 m2

m� 2

�
gEG

m 50
m�

�
(2.8)

To simplify this expression, we assume that50 / 4� � • :) , EG /
p

� for a parabolic

band, andg / � B. The prefactors for these quantities are lumped into a constant,

20. Plugging these expressions into Eq. 2.8, we obtain

m 5
m�

=
m 50
m�

�
� 20

:)

�
¹4Eº2 m2

m� 2

�
� B̧ 0•54� � • :)

�
(2.9)

Carrying out the second derivative with respect to energy� in Eq. 2.9, we obtain

m 5
m�

=
m 50
m�

�
�
204� � • :)

:)

�
� ¹4Eº2 �

 

¹B¸ 0•5º¹B� 0•5º� B� 1•5 �
�

2
:)

�
¹B¸ 0•5º� B� 0•5 ¸

�
1

:)

� 2

� B̧ 0•5

! (2.10)

We therefore identify an expression forVup to a prefactor as

V /
¹ 1

0
E¹� º2g¹� º4� � • :) �

 

¹B¸ 0•5º¹B� 0•5º� B� 1•5 �
�

2
:)

�
¹B¸ 0•5º� B� 0•5 ¸

�
1

:)

� 2

� B̧ 0•5

!

� ¹� º3�

(2.11)
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by the de�nition of mobility in Eq. 2.5 and gathering the terms at each order of

electric �eld.

This expression can be simpli�ed by substituting the energy dependencies ofE¹� º

and � ¹� º /
p

� for a parabolic band and the assumed power law form forg¹� º.

For the mobility, we obtain

` 0 /
¹ 1

0
� B̧ 1•54� � • :) 3� (2.12)

For V, we �nd

V /
¹ 1

0
4� � • :) �

 

¹B¸ 0•5º¹B� 0•5º� 2B �
�

2
:)

�
¹B¸ 0•5º � 2B̧ 1 ¸

�
1

:)

� 2

� 2B̧ 2

!

3�
(2.13)

Due to the terms with� 2Band� 2B̧ 1 in the expansion forV, the contribution to the

integral from low energies is increased compared to that for the low-�eld mobility.

For instance, forB Ÿ0 as occurs for most semiconductors, the leading term in the

integrand forVwill have a negative exponent, causingVto depend on the low-energy

scattering rates to a larger extent compared to the low-�eld mobility.

2.3 Solving the BTE for charge transport

Here, we will start with the BTE for a case with an applied electric �eld and no real-

space dependency or time dependence (only solving for the steady-state distribution),

and show how the BTE can be formulated in terms of a linear system and solved

for charge transport observables of interest. For a spatially homogeneous, non-

degenerate electron gas subject to an applied electric �eld, the Boltzmann equation

is given by

@E
\

� r k 5k = I »5k¼ (2.14)

Here, the electronic charge is@, the applied electric �eld isE, 5k is the electron

occupation function at wavevectork, andI is the collision integral that represents

how electrons scatter from a statek to any other statek0. In this work, we do not

need to account for interband scattering, so the band index is neglected in the above

equation and hence on. In this case, the scattering in the collision integral is solely
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due to electron-phonon scattering, which is the dominant form of scattering at high

enough temperatures, and at non-degenerate carrier concentrations. Initially, we

consider only scattering for processes that involve one electronk and one phononq,

causing scattering to a new electronic statek0. Later in this work in Chapter 3, we

also consider two-phonon scattering where one electron scatters with consecutive

one-phonon events.

First, we show how to reduce the collision integral to a linearizable form in terms of

the deviational occupation. In general, the collision integral is a nonlinear function

of the distribution function, obtained from Fermi's Golden Rule [225]. We can

write the collision integral in the following form:

I »5k¼= �
2c
# \

Õ

q

�
�6k–k¸ q

�
�2 �

X¹nk � \ l q � nk¸ qº� em¸ X¹nk ¸ \ l q � nk¸ qº� abs
�

(2.15)

Here,# is the total number ofq-points,6k–k¸ q is the electron-phonon coupling matrix

element that couples an electron statek to another electron statek ¸ q (via emission

or absorption of a phonon with wavevectorq), nk is the energy of the electron state

k, l q the frequency of phononq, and� em and � abs weights that account for the

electron and phonon occupations for emission and absorption events, respectively.

� em and� absare nonlinear functions of the electron occupations, de�ned by

� em = 5k ¹1 � 5k¸ qº¹# q ¸ 1º � ¹ 1 � 5kº 5k¸ q# q

� abs= 5k ¹1 � 5k¸ qº# q � ¹ 1 � 5kº 5k¸ q¹# q ¸ 1º
(2.16)

Here,# q is the phonon distribution function, which we assume to be in equilibrium

and thus given by the Bose-Einstein distribution. In order to solve the BTE as a

linear system for the deviational occupation� 5k, we de�ne 5k = 50
k ¸ � 5k, where

50
k is the Fermi-Dirac distribution and� 5k is the deviational occupation. This

expansion assumes that the occupations do not change a signi�cant degree from

their equilibrium values � valid at equilibrium and in the warm electron region,

but not at high electric �elds. After substituting this expansion into Eq. (2.16), with

a bit of algebra (keeping in mind the de�nitions of# q and 50
k ) we obtain:

� em = � 5k ¹# q � 50
k¸ q ¸ 1 � � 5k¸ qº � � 5k¸ q¹ 50

k ¸ # qº

� abs= � 5k ¹# q ¸ 50
k¸ q ¸ � 5k¸ qº � � 5k¸ q¹1 ¸ # q � 50

k º
(2.17)
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By retaining only terms linear in� 5k (terms of the type� 5k � 5k¸ q can be assumed

negligible if the deviational occupations are small, as is true in the low-�eld regime),

this becomes

� em = � 5k ¹# q � 50
k¸ q ¸ 1º � � 5k¸ q¹ 50

k ¸ # qº

� abs= � 5k ¹# q ¸ 50
k¸ qº � � 5k¸ q¹1 ¸ # q � 50

k º
(2.18)

This approach is used (and valid) for all computations in this section. However,

in Chapter 3, computations are extended to �elds up to 10 kV cm� 1. For those

sections, we note that all concentrations used are non-degenerate, and that the

electron occupations5k (and thus also the deviational occupations� 5k) are much

less than the phonon occupations# q. Thus, we can take Eq. (2.17) and simplify it,

using 5k � 1 to obtain:

� em = � 5k ¹# q ¸ 1º � � 5k¸ q¹# qº

� abs= � 5k ¹# qº � � 5k¸ q¹1 ¸ # qº
(2.19)

Using the linearization in Eq. (2.19), we can de�ne a scattering matrix� , to take

the place of the collision integral:

I »5k¼=
Õ

k0

� k–k0� 5k0 = �
2c
# \

Õ

q

�
�6k–k¸ q

�
�2 �

�
¹X¹nk � \ l q � nk¸ qº¹# q ¸ 1º ¸ X¹nk ¸ \ l q � nk¸ qº# qº� 5k �

¹¹X¹nk � \ l q � nk¸ qº# q ¸ X¹nk ¸ \ l q � nk¸ qº¹# q ¸ 1ºº 5k¸ qº

(2.20)

Now that the right hand side of Eq. (2.14) is reduced to matrix form, we tackle the

left side. The derivative of the equilibrium occupation function50
k with respect to

k can be analytically computed:

r k 50
k =

350
k

3nk

3nk

3k
= �

\
: � )

vk 50
k ¹1 � 50

k º (2.21)

However, we must still compute the derivative of the deviational occupation� 50
k with

respect tok. We treat this term numerically with a �nite di�erence approximation

using a nearest-neighbors central di�erence scheme [140, 146]. This reduces the

derivative to the form:
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r k � 5k =
Õ

b

F1b¹� 5k¸ b � � 5kº (2.22)

Here,b is the set of vectors that connect the pointk in the Brillouin zone to all of its

nearest neighbors, andF1 is a weighting constant for that set of nearest neighbors.

To determine the weights and number of nearest-neighbor �shells� that must be used

for the set of grid points, the following equation must be satis�ed:

#Õ

0

F0

"Õ

8

18–0
U 18–0

V = XUV (2.23)

where# is the number of shells required," is the number of nearest neighbors

in the 0th shell, F0 is the weight associated with the0th shell, andU and V are

Cartesian directions. For a body-centered cubic lattice (which all of the grids used

in this work are), one shell is su�cient to satisfy Eq. (2.23), andF1 is equal to3•812,

where1 = jbj. We can write Eq. (2.22) in matrix form, including all prefactors, as

@E
\

� r k � 5k =
Õ

U

Õ

b

@�U
\

1UF1¹� 5k¸ b � � 5kº =
Õ

U

Õ

k0

@�U
\

� U
k–k0� 5k0 (2.24)

Here, we de�ne a �nite-di�erence matrix� U corresponding to the component of the

electric �eld applied in the Cartesian directionU, where� U
k–k0 is only nonzero when

k0 = k or whenk0 is a nearest neighbor ofk, linked by some nearest neighbor vector

b so thatk0 = k¸ b. As the points in question represent electron states with an energy

below some speci�ed energy level, there will be boundary points without a full set

of nearest neighbors. In order to account for this, we remove the contributions of

these points in the �nite di�erence matrix, while ensuring the column sum of the

matrix remains zero (which ensures the sum of� 5k over allk at any �eld remains

zero). This is a valid assumption, if the population of the boundary points remains

negligible.

A simple schematic of how this �nite di�erence process works is shown below in

Fig. 2.4, for a case of �ve pointsG8 each with a scalar function value5¹G8º, where

G8̧ 1 � G8 = 1. The �nite di�erence matrix is pictured on the left, and on the right is

the derivative vector. The contribution of the boundary pointsG1 andG5 in the �nite

di�erence matrix is nil, ensuring zero column sum of the �nite di�erence matrix.

This assumption is valid if5¹G1º– 5¹G5º � 0.
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Figure 2.4: Schematic of how the �nite-di�erence matrix acts on a 1D chain.
Boundary points are not considered in the �nite-di�erence matrix.

Combining Eq. (2.20), Eq. (2.21), and Eq. (2.24), we can rewrite Eq. (2.14) as:

�
@E
: � )

vk 50
k ¹1 � 50

k º ¸
Õ

U

Õ

k0

@�U
\

� U
k–k0� 5k0 =

Õ

k0

� k–k0� 5k0 (2.25)

Rearranging to put the analytic expression by itself on the right side, we obtain:

Õ

k0

� Õ

U

@�U
\

� U
k–k0 � � k–k0

�
� 5k0 =

Õ

k0

� k–k0� 5k0 =
@E
: � )

vk 50
k ¹1 � 50

k º (2.26)

Here, we have de�ned� k–k0 as a relaxation operator that combines the e�ects of the

scattering and �nite di�erence matrices. As this is now written as a linear system,

we can solve for the deviational occupation� 5k as:

� 5k =
Õ

k0

� � 1
k–k0

� @E
: � )

vk 50
k ¹1 � 50

k º
�

(2.27)

Once the deviational occupation is obtained, it is simple to calculate transport

observables of interest using it (or the new occupation at the �eld5k = 50
k ¸ � 5k).

For instance, the drift velocity in theVdirection can be written as:

+V =
1
#

Õ

k

vk–V5k (2.28)
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where# =
Í

k 5k is the number of electrons in the Brillouin zone. Similarly, the

mobility can be written as:

` UV¹Eº =
242

: � ) V0

Õ

k

vk–U

Õ

k0

� � 1
k–k0¹vk0–V50

k0º (2.29)

whereV0 is the supercell volume,U is the direction along which the current is

measured, andVis the direction of the applied electric �eld [126].

2.4 Two-phonon scattering

As we will show in Section 2.6, including two-phonon scattering in n-Si has a large

e�ect on both the low-�eld mobility and the warm electron tensorV. Here, we

outline our implementation of two-phonon scattering.

First, we examine how the electron-phonon interaction is obtained, by expanding

the (self-consistent) one-electron potential+ ¹r º in the phonon-induced displace-

mentsuU of the ions from their equilibrium positionRU»110¼. We can separate

the perturbations that contribute to 2ph scattering into two types. The type that

we include in our work is not the bilinear term� ¹2º (which represents an electron

interacting simultaneously with two phonons, resulting from the second derivative

of the perturbation potential), but instead the iterated 1ph-process of second order

through an intermediate state, written here as� ¹1–1º = � ¹1º ¹� � � º� 1� ¹1º. In the

long-wavelength (smallq) limit for acoustic phonons, due to translational invari-

ance, the contributions of the two types of 2ph scattering cancel out. It has been

hypothesized that this cancellation extends to acoustic phonons beyond this limit,

but has not been proven. Currently, the bilinear term cannot be computed ab-initio,

and is left to future work.

The 2ph scattering rate that we consider is derived in [123] as:

� 2ph
k =

2c

\ # 2



Õ

q

Õ

p

h
� 1e1a¸ � 2e ¸ � 2a

i
(2.30)

whereq and p are phonons that scatter an electron in a statek to a new state

k0 = k ¸ q ¸ p, and for normalization we divide by# 2

 , corresponding to the number

of ¹q–pº points sampled. As we consider only two-phonon scattering consisting of

consecutive one-phonon scattering events, we can split the types of scattering into

three types as seen in Fig. 2.5. There are scattering events where an electron �rst

absorbs and then emits a phonon (or vice versa) that we de�ne as 1e1a, consecutive
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emission events (2e), and consecutive absorption events (2a). We note here that

even though any speci�c 2ph scattering event here will consist of two consecutive

1ph events, the 2ph scattering will couple states that are not coupled with only 1ph

scattering, and thus there is reason to believe that the transport properties from such

a system will di�er from the 1ph case. We can de�ne the individual scattering rate

for an electron to scatter fromk to k0 for each type in the following form:

Figure 2.5: On the top row of the �gure, schematics for one-phonon absorption
and emission processes are shown. On the bottom row, the three types of two-
phonon scattering included in this work are shown: two emission events (2e),
two absorption events (2a), and one emission/one absorption (1e1a). All of the
two-phonon processes are shown are on-shell, as the intermediate state's energy is
identical to the band energy.

� 8
k = � 8, 8X¹nk � nk0 � U8

pl p` � U8
ql qaº (2.31)

Here,� 8 is a prefactor dependent on the electron and phonon occupations,, 8 is the

sub-process amplitude,l p` is the phonon energy of the phonon with wavevectorp

and phonon mode index̀, andU8 takes the values of either 1 or -1 depending on

the scattering type:
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U1e1a
p = 1 U2e

p = 1 U2a
p = � 1

U1e1a
q = � 1 U2e

q = 1 U2a
q = � 1

(2.32)

The prefactors� 8 are de�ned in terms of the phonon occupation numbers# (here

with mode index suppressed) and electron occupation numbers5 as:

� 1e1a= # q ¸ # q# p ¸ # p 5k0 � # q 5k0

� 2e =
1
2

�
¹1 ¸ # qº¹1 ¸ # p � 5k0º � # p 5k0

�

� 2a =
1
2

�
# q¹# p ¸ 5k0º ¸ ¹ 1 ¸ # pº 5k0

�
(2.33)

Due to only non-degenerate electron concentrations being considered in this work,

we make the assumption similar to Eq. (2.19) that5k0 � 1 to obtain:

� 1e1a= # q ¸ # q# p

� 2e =
1
2

�
¹1 ¸ # qº¹1 ¸ # pº

�

� 2a =
1
2

�
# q# p

�
(2.34)

The sub-process amplitude, 8 is given by the following:
�
�
�
� 6a¹k–qº6` ¹k ¸ q–pº

nk0 � nk¸ q ¸ U8
pl p` ¸ 8[ � � k¸ q

¸
6` ¹k–pº6a¹k ¸ p–qº

nk0 � nk¸ p ¸ U8
ql qa ¸ 8[ � � k¸ p

� �
�
�
2

(2.35)

Here,6a¹k–qº is the one-phonon scattering matrix element that couples an electron

in statek to another electron in statek ¸ q via scattering with a phonon of wavevector

q and phonon indexa, n represents the electron energies,[ is an in�nitesimal term

preventing divergence when the rest of the denominator sums to zero, and� k¸ p is

the self-energy of the intermediate electron statek ¸ p. Here, the real part of� is

neglected, as it acts to correct the band structure and does not signi�cantly change

the calculation results [123]. The self-energy can be used to obtain the intermediate

state lifetime, or its inverse, the scattering rate of the intermediate state, through the

relation:

� =
2
\

Im� (2.36)

where� is the scattering rate of the intermediate state. Thus, we must solve for the

self-energy iteratively, as the intermediate state lifetime contains contributions from

both 1ph and 2ph scattering in the following manner:

jIm� j =
\
2

j� 1ph ¸ � 2phj (2.37)
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Thus, initially the two-phonon rates are set to zero in Eq. (2.37), and then we solve

for Eq. (2.30). This process is repeated until the two-phonon rates do not di�er

signi�cantly with an additional iteration. Further discussing the intermediate state,

we note that the intermediate state does not have to correspond with a band energy.

We note that we can categorize intermediate states by their o�-shell extents, de�ned

as� � = � � nk¸ p, where� is the energy of the intermediate state reached after an

electron in a statek scatters with a phononp. We note that by examining Eq. (2.35),

we see that the two-phonon scattering amplitude is inversely proportional to the o�-

shell extent; thus, we expect processes with a large o�-shell extent to be negligible in

terms of a�ecting the scattering rates. In this work, we consider two-phonon events

with an o�-shell extent less than 25 meV; increasing this number in past works did

not see a signi�cant change in transport observables [40].

Once the 2ph scattering matrix is computed, it is added to the 1ph scattering matrix,

and the same process used in Section 2.3 is used to compute the transport observables

of interest.

2.5 Computational details

The electronic structure and electron-phonon matrix elements are computed on a

coarse8 � 8 � 8 grid using DFT and DFPT withQuantum Espresso[72]. We

employ a plane wave cuto� of 40 Ryd and a relaxed lattice parameter of 5.431 Å.

Once the electronic structure and electron-phonon matrix elements on a coarse grid

were computed, they were interpolated on a �ner grid of1003 using Perturbo .

We set the Fermi level 203 meV below the conduction band minimum (CBM)

corresponding to a non-degenerate electron gas of concentration of1016 cm� 3 at

300 K. The energy window of the Brillouin zone was set to 287 meV above the

CBM. Increasing the energy window to 447 meV changed the mobility by 0.1% and

V by 0.8%, while increasing the grid density to1403 resulted in mobility changes

on the order of 1%. The �nal system of linear equations was solved by a Python

implementation of the Generalized Minimal Residual (GMRES) method [63].

As in prior work, spin-orbit coupling is neglected as it has a weak e�ect on electron

transport properties in Si [135, 163]. Quadrupole electron-phonon interactions were

neglected as they provide only a small correction to the low-�eld mobility of silicon

at room temperature [161].
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2.6 Results

Mobility and warm electron tensor

Figure 2.6 shows the computed low-�eld mobility versus temperature for electrons

in Si at the 1ph level of theory. The low-�eld value at 300 K is 1737 cm2V � 1s� 1,

approximately 20% higher than experimental drift mobility values, which range

between 1300 and 1450 cm2V � 1s� 1 [32, 134, 142, 171]. The calculated value at

300 K is generally consistent with prior ab-initio studies, which report values of

1915 cm2V � 1s� 1 [135], 1860 cm2V� 1s� 1 [126], and 1750 cm2V� 1s� 1 [57]. The

use of the experimental lattice constant and GW quasiparticle corrections leads to

lower mobility values [163]. The general overestimate of low-�eld mobility in past

ab-initio studies occurs across a wide range of temperatures, as Refs. [126] and

[135] show an overestimated mobility from 100 to 300 K.

At higher �elds, the mobility decreases below the low-�eld value owing to electron

heating as described byV. BecauseVdepends on the direction of the applied �eld,

we denoteV without subscripts to indicate the electric �eld is applied along the

[100] crystallographic axis. In Figure 2.7a, we show the mobility versus electric

�eld in the 1ph framework with the electric �eld applied in the [100] and [111]

crystallographic axes along with the quadratic �t. The quadratic �t is observed to

agree well with the calculated values. The coe�cient of the quadratic �t yields

V. The [100] mobility decreases more rapidly with �eld than the [111] case, thus

yielding a larger value forV100 thanV111.

In Figure 2.7b we compare the computedV versus temperature with experimental

data. The prediction from the 1ph level of theory is clearly larger than the experimen-

tal values by around 150% across all temperatures. This discrepancy is markedly

larger than that of the low-�eld mobility. Figures 2.8a and 2.8b showVversus angle

between current direction and electric �eld at 300 and 194 K, respectively. Here, the

mobility is presented as the �eld is rotated from the [001] direction (corresponding

to 0� ) to the »110¼direction (corresponding to 90� ). While the qualitative trend

in V with �eld orientation seen in experiment is captured by the 1ph theory, the

computed values again are greater than the experimental data by over100%at both

temperatures.

Role of higher-order phonon scattering

Figures 2.7b and 2.8 indicate thatV is markedly overestimated at the 1ph level of

theory. The magnitude of discrepancy cannot be easily explained by inaccuracies in
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Figure 2.6: Low-�eld mobility versus temperature for the 1ph (dashed black line)
and 1+2ph (solid orange line) frameworks. The mobility is overestimated with the
1ph level of theory, but underestimated when including on-shell 2ph scattering.
Experimental data: Figure 11, Ref. [32] (green triangles), Figure 1, Ref. [157]
(purple circles), Figure 2, Ref. [130] (blue squares).

band structure, as the discrepancies of the e�ective mass are� 7%. Therefore, we

considered whether higher-order phonon scattering processes could account for the

poor agreement. The 1ph level of theory accounts for the leading-order electron-

phonon scattering process for which electrons scatter with one phonon. We imple-

mented a treatment of the next-to-leading order scattering processes where electrons

scatter with two phonons using the ab-initio approach described in Ref. [123]. As in

Ref. [40], beyond the low-�eld regime the full 2ph calculation is presently computa-

tionally intractable, and so we included only on-shell 2ph processes that are within

25 meV of a band energy. Despite the neglect of o�-shell processes, Ref. [40]
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indicates that most of the relevant processes are included with the approximation

used here. The 2ph rates were iterated �ve times.

The computed one and two-phonon scattering rates are shown in Fig. 2.9a. Near

the CBM, the 2ph rates are comparable to the 1ph rates. At 100 meV, the maximum

energy relevant for transport properties at 300 K, the 2ph rate is approximately

50% of the 1ph rate owing to the weaker energy dependence of 2ph scattering. A

disaggregation of the rates into speci�c emission and absorption processes is shown

in Fig. 2.9b. For energies less than 100 meV, the 1e1a (one-phonon emission plus

one-phonon absorption) rates are the largest and thus have the largest e�ect on

transport properties, while the 2e (two-phonon emission) rates rise once electrons

are able to emit two optical phonons. The 2a (two-phonon absorption) rates are

relatively negligible at all energies and are only weakly dependent on energy. These

characteristics are qualitatively similar to those reported for GaAs in Refs. [40, 123].

We now examine the impact of the on-shell 2ph rates on the low-�eld mobility

andV. In Figure 2.6, the computed mobility versus temperature including on-shell

2ph scattering is shown. The computed 1+2ph curve underestimates experimental

results by about 20%. At 300 K, the low-�eld mobility is 1089 cm2V � 1s� 1. In

Figure 2.7b,Vincluding on-shell 2ph scattering versus temperature is shown. With

the inclusion of on-shell 2ph scattering, good agreement is observed with two

independent experimental reports [78, 104]. Similarly, in Figure 2.8a, the agreement

with experiment [79] of the dependence ofVon orientation angle at 300 K is greatly

improved by including on-shell 2ph. The qualitative trend of a decrease inV from

0� until � 55� (corresponding to the electric �eld in the [111] direction), followed

by an increase until 90� is unchanged, but it is uniformly decreased in magnitude.

The computedV dependence on orientation angle at 194 K shown in Figure 2.8b

lies between two data sets [108] of di�erent resistivities.

We now consider the origin of the the improved agreement withVwhen including

on-shell 2ph processes. The �rst mechanism is the increase in scattering rates,

which have a relatively larger e�ect onVcompared to mobility. Speci�cally, it can

be shown that for a uniform scaling of the scattering rates by a factorn, V is scaled

by n� 2 rather thann� 1 as for the mobility. Therefore, the increased scattering rates

contributed by on-shell 2ph processes can account for part of the relatively larger

decrease inV. To examine how much of the decrease inVwas due to the increased

scattering rates, we scaled the 1ph scattering rates by a multiplicative factor so that

the resulting low-�eld mobility was equal to the low-�eld mobility in the 1+2ph
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case. The DC mobility versus electric �eld andVwere then calculated. The scaled

1ph results can be seen in Figure 2.8. At both 300 and 194 K, the majority (94%) of

the decrease inVoccurs due to the higher scattering rates. However, the calculated

values ofV with the actual on-shell 2ph scattering rates are still lower than those

predicted from the scaled 1ph rates. This further decrease is due to the larger

sensitivity ofVto the scattering rate at low energies near the CBM compared to that

of the mobility (see Section 2.2). At these energies, 2ph processes make a relatively

larger contribution to the scattering rates than at higher energies, leading to a larger

reduction inVthan expected based on a uniform increase in scattering rates.

Figure 2.7: a) Mobility versus electric �eld applied along both the [100] (red
diamonds) and [111] (purple circles) crystallographic axes at 300 K using 1ph
scattering along with the quadratic �ts (solid lines). (b)V versus temperature for
the 1ph (dashed black line) and on-shell 2ph (solid orange line) frameworks.V is
overestimated by& 100% at the 1ph level of theory across all temperatures. When
including on-shell 2ph, the discrepancy is eliminated. Experimental data from
Figure 11, Ref. [78] (blue squares) and Figures 3 and 4, Ref. [108] (purple circles).

2.7 Discussion

We now discuss the �nding that multi-phonon processes are relevant to transport

in non-polar semiconductors. Previous experiment and modeling works have sug-

gested that 2ph processes could account for deviations in the predicted temperature

dependence of the mobility from the 1ph deformation potential theory. In partic-

ular, two-phonon deformation potentials were extracted from second-order Raman

scattering measurements [177, 206], and using these values in transport calculations

improved the agreement of both the variation of the low-�eld mobility andV with

temperature [115]. However, these conclusions were subject to uncertainty owing
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