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ABSTRACT

Charge transport and dynamics in semiconductors determine the limits of contem-
porary high-performance electronic devices. Previously, in order to understand the
microscopic mechanisms underlying charge transport, and to efficiently find novel
materials for new applications, computational methods were limited to using param-
eterized scattering rates and simplistic band structure models as inputs. However,
with ab-initio methods, only the atomic identities and lattice vectors are needed as
inputs. These methods have the capability of providing insights not possible with
methods that rely on empirical data, and predicting properties for not-yet-synthesized

materials.

While ab-initio computation of low-field transport properties have become common
in recent years, these methods have not been extensively applied to non-equilibrium
phenomena. In addition, the ab-initio simulation of fluctuational properties (such
as the diffusion coefficient or power spectral density of current fluctuations) is an
area that has been minimally explored. In order to approach quantum-limited noise
levels in devices, a better understanding of the mechanisms that govern electronic

noise away from equilibrium is needed.

Thus, motivated by this, the overarching goal of this work is to develop and use
first-principles methods to gain insight into the scattering processes that govern
high-field electronic transport and noise in well-known semiconductors, and to use
the same approach to make predictions and identify promising device applications

for novel materials.

The warm electron tensor is a quantity that describes the quadratic change of conduc-
tivity with electric field, which provides a quantitative way to examine the heating
of the electron gas. However, this has not been examined from first-principles pre-
viously. In this work, we report the warm electron tensor of n-Si computed over a
large temperature range, and find that the most commonly used order of perturba-
tion theory only captures the qualitative change of the warm electron tensor with
angle. However, by including the next-to-leading order two-phonon scattering term
in our approach, we find near-quantitative agreement. This finding indicates that
two-phonon scattering has a non-negligible role to play in transport in nonpolar

semiconductors.

We continue our investigation of n-Si by examining the diffusion coefficient and its
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anisotropy by applying our Boltzmann transport framework to fluctuational vari-
ables. We find that the qualitative features of the anisotropy are correct, but its
magnitude is greatly underestimated in comparison to experimental data, while the
onset of the noise is overestimated. While this suggests an incorrect description
of f-type scattering in our work, by computing the frequency dependence of the
diffusion coefficient as well as the piezoresistivity (two observables sensitive to
the balance of f- and g-type scattering), we find that the qualitative agreement of
these two observables with experiment shows that such a discrepancy cannot be
due to an incorrect description. Instead, we suggest that the experiment contains
charge transport phenomena not accounted for by our electron-phonon scattering

framework.

Finally, we use the same approach to investigate the high-field transport and noise
in the novel ultra-wide-bandgap semiconductor cubic boron nitride (c-BN). While
c-BN is known for its excellent mechanical and thermal properties, its high predicted
saturation velocity and breakdown field make it a promising candidate in high-power
and high-frequency devices. However, very few experimental and theoretical studies
have probed its transport properties. Here, we show that c-BN exhibits a negative
differential resistance (NDR) region below 140 K, and show that the cause is due
to an abrupt valley repopulation effect with applied electric field. We also show
that the intervalley time in c-BN is extremely large, on the order of diamond, and
that this large intervalley time causes a distinct noise peak, most prominent at low
temperatures. We discuss how the NDR region and large intervalley time make
c-BN a potential candidate for transferred-electron devices and Gunn oscillators,

respectively.



Vi
PUBLISHED CONTENT AND CONTRIBUTIONS

[1] AlexanderY. Choi, Peishi S. Cheng, Benjamin Hatanp&a, and Austin J. Minnich.

2]

[3]

[4]

Electronic noise of warm electrons in semiconductors from rst principles.
Phys. Rev. Materials5:044603, Apr 2021.https://link.aps.org/doi/
10.1103/PhysRevMaterials.5.044603

B.H. co-wrote the code used in the manuscript.

Benjamin Hatanpaa, Alexander Y. Choi, Peishi S. Cheng, and Austin J. Minnich.
Two-phonon scattering in nonpolar semiconductors: A rst-principles study of
warm electron transport in sPhys. Rev. B107:L041110, Jan 202ttps:
/llink.aps.org/doi/10.1103/PhysRevB.107.L041110

B.H. co-designed the research, conducted the calculations, analyzed the data,
and wrote the manuscript.

Benjamin Hatanp&& and Austin J. Minnich. Hot electron di usion, microwave
noise, and piezoresistivity in si from rst principleBhys. Rev. B109:235201,

Jun 2024 https://link.aps.org/doi/10.1103/PhysRevB.109.235201

B.H. co-designed the research, conducted the calculations, analyzed the data,
and wrote the manuscript.

Benjamin Hatanpaa and Austin J. Minnich. Valleytronics and negative dif-
ferential resistance in cubic boron nitride: a rst-principles study, 2024.
https://arxiv.org/abs/2408.08458

B.H. co-designed the research, conducted the calculations, analyzed the data,
and wrote the manuscript.


https://link.aps.org/doi/10.1103/PhysRevMaterials.5.044603
https://link.aps.org/doi/10.1103/PhysRevMaterials.5.044603
https://link.aps.org/doi/10.1103/PhysRevB.107.L041110
https://link.aps.org/doi/10.1103/PhysRevB.107.L041110
https://link.aps.org/doi/10.1103/PhysRevB.109.235201

Vii
TABLE OF CONTENTS

Acknowledgements . . . . . . . . e iii
Abstract . . . . . . v
Published Content and Contributions . . . . . . .. .. ... ... ...... Vi
TableofContents . . . . . . . . . . . ... . .. Vi
Listof lllustrations . . . . . . . . . . . . . IX
Chapter I: Introduction . . . . . . . . . . . . . . e 1
1.1 Computing transport properties in semiconductors from rst-principles 2
1.2 Noiseinsemiconductors . . . . . . . . . .. ... ... .. 8
1.3 Outlineofthesis . . . .. ... .. .. . .. . . .. .. ... 10
Chapter II: Two-phonon scattering in nonpolar semiconductors: A rst-
principles study of warm electron transportinSi . . . .. ... ... ... 13
2.1 Crystal structure and band structureof Si. . . . . .. ... ... ... 15
2.2 Thewarmelectrontensor . . .. .. ... .. ... .. ....... 16
2.3 Solving the BTE for charge transport . . . . . .. ... ... .... 21
2.4 Two-phononscattering . . . . . . . . . . . ... e 26
2.5 Computationaldetails . . .. ... ... ... ... ......... 29
26 Results . . . .. .. 30
2.7 DISCUSSION . . . . . . 33
2.8 Summary . . ..o e 35
Chapter IlI: Hot electron di usion, microwave noise, and piezoresistivity in
Sifrom rstprinciples . . . . .. ... ... 37
3.1 Intervalleynoise . . . .. ... . .. ... 39
3.2 E-and -noise Spectroscopy . . . . . . . .. i e e e 41
3.3 F-type scattering, noise and piezoresistivity . . . . . ... ... ... 42
3.4 Solvingthe BTEfornoise . . . . ... ... .. .. ... ...... 45
3.5 Computationaldetails . . . .. ... ... ... ... ........ 48
3.6 Results . . . . . . . . 50
3.7 DISCUSSION . . . . . 55
3.8 Summary . . ... 57
Chapter IV: Valleytronics and negative di erential resistance in cubic boron
nitride: a rst-principlesstudy . . . . .. ... .. ... ... .. ... 59
4.1 Band structure and phonon dispersionofc-BN . . . .. ... .. .. 61
4.2 Negative di erential resistance . . . . . .. .. ... ... ..... 62
4.3 Valleytronics . . . . . . . . e 64
4.4 Computationaldetails . . . . ... ... ... ... . ... ... 65
45 Results . . . . . . e 66
4.6 DISCUSSION . . . . . . o e e 75
A7 SUMMANY . . o o e e e e e e e e e e e e 77

Chapter V: Conclusion and Outlook . . . .. ... ... ... ........ 78



Bibliography



LIST OF ILLUSTRATIONS

Number Page

11

2.1

2.2

2.3

24

2.5

Computational work ow showing the approach used in this work.
The material is speci ed by ®uantum Espressoinput le, which

is then used to solve for the electronic structure. After DFPT is used

to solve for the lattice dynamic$lerturbo is used to obtain the
Wannier-interpolated electron-phonon matrix elements. Our code
then solves the Boltzmann transport equation, for the distribution
function (for transport observables), and for the uctuation autocor-
relation function (for uctuational observables).. . . . .. ... ... 11
Wannier-interpolated band structure of silicon, showing the three
highest valence bands and two lowest conduction bands. The con-
duction band minimum can be seen at 0.85X going frei, and the

split-o bands are shown in the valence band with their maximum.af.6
Schematic showing how anisotropy in drift velocity of n-Si at high
elds occurs due to repopulation from hot to cold valleys when

the electric eldis applied along[100] (on the right), in comparison to

the case where itis applied along the [111] and valleys are equivalent
(ontheleft). . . . .. .. . . .. . 17
Schematic of experimental setup to measvend W used (for in-
stance) in Refs. [106, 189]. The electric eldis rotated from the [001]

to the [110] direction, and the value ¥fis recorded at intermediate
angles, as well as the non-parallelisvh. . . . . ... ... ... .. 18
Schematic of how the nite-di erence matrix acts on a 1D chain.
Boundary points are not considered in the nite-di erence matrix. . 25
On the top row of the gure, schematics for one-phonon absorption
and emission processes are shown. On the bottom row, the three types
of two-phonon scattering included in this work are shown: two emis-
sion events (2e), two absorption events (2a), and one emission/one
absorption (1ela). All of the two-phonon processes are shown are
on-shell, as the intermediate state's energy is identical to the band
ENEIGY. . . . o e e e e e e 27



X

2.6 Low- eld mobility versus temperature for the 1ph (dashed black
line) and 1+2ph (solid orange line) frameworks. The mobility is
overestimated with the 1ph level of theory, but underestimated when
including on-shell 2ph scattering. Experimental data: Figure 11, Ref.
[32] (green triangles), Figure 1, Ref. [157] (purple circles), Figure 2,
Ref. [130] (bluesquares). . . . .. .. .. ... .. ... ......

2.7 a) Mobility versus electric eld applied along both the [100] (red
diamonds) and [111] (purple circles) crystallographic axes at 300 K
using 1ph scattering along with the quadratic ts (solid lines). \(b)
versus temperature for the 1ph (dashed black line) and on-shell 2ph
(solid orange line) frameworks/is overestimated b 100% at the
1ph level of theory across all temperatures. When including on-shell
2ph, the discrepancy is eliminated. Experimental data from Figure
11, Ref. [78] (blue squares) and Figures 3 and 4, Ref. [108] (purple
circles). . . . . . .

2.8 (a)V versus electric eld orientation angle between the [001] and
[110] crystallographic axes at 300 K for the 1ph (dashed black line),
scaled 1ph (dotted blue line), and 1+2ph (solid orange line) frame-
works. The 1ph theory captures the qualitative dependen¥toof
angle, but the value is overestimated b00%. The discrepancy is
reduced to 15% with inclusion of on-shell 2ph scattering. Exper-
imental data from Figure 7, Ref. [79] (upward green triangles). (b)
Same as (a) at 194 K. Data from Figures 3 and 4, Ref. [108] (purple
circlesand greentriangles). . . ... .. ... ... ... ... ..

2.9 (a) Computed 1ph (blue), on-shell 2ph (green), and 1+2ph (orange)
scattering rates versus energy at 300 K. The on-shell 2ph rates are
approximately 50% of the 1ph rates, indicating a non-negligible con-
tribution to transport properties. (b) Computed on-shell 2ph (green),
2e (brown), 2a (purple), and 1ela (gray) scattering rates versus en-
ergy at 300 K. For energies less than 100 meV, the range relevant to
transport properties at 300 K, the 1lela rates are largest and have the
dominant e ect on transport properties. . . . . .. .. .. ... ...

3.1 Experimental data from Ref. [29] showing the dependence of the
di usion coe cient on electric eld in n-Si at 300 K. The electric
eld is applied in the [111] direction (purple squares) and the [100]
direction (redcircles). . . . . . . . ..



Xi

3.2 Schematic frequency dependence of the PSD in a typical semiconduc-
tor at (a) equilibrium, (b) away from equilibrium, where the electric
eld is oriented along a high-symmetry axis, and (c) away from
equilibrium, where valleys are inequivalent. . . . . . . ... ... .. 43
3.3 Schematic showing the di erence between f- and g-type scattering
in n-Si. g-type scattering is shown in red, between valleys oriented
on the same axis. f-type is shown in orange, between valleys aligned
alongtwo dierent Cartesianaxes. . . . . . . .. .. ... ... ... 44
3.4 Schematic showing how applied compressive stress changes the val-
ley structure in n-Si. On the left, the unstrained case is shown, where
the six valleys are equivalentin energy and population. Inthe middle,
the case where compressive stress is applied in the [100] direction is
shown, where the valleys along the [100] are shifted lower in energy
and have a greater population. On the right, the case where compres-
sive stress is applied in the [110] direction is shown, where valleys
along the [100] and [010] directions are shifted lower in energy and
have a greater population. In all cases, the valleys shifted downwards
inenergy areshowninred. . . . .. ... ... ... ... ...... 45
3.5 Diusion coe cient (normalized by the zero- eld value) versus elec-
tric eld for n-Siat (a) 300 K, (b) 200 K, (c) 160 K, and (d) 77 K with
eld applied along the [100] direction (red solid line) and [111] direc-
tion (purple dotted line). Experimental data along the [100] direction
(red circles) and [111] direction (purple squares) from Figures 3 and
4, Ref. [29]. In (d), noise conductivity (NC) measurements (purple
triangles) included for comparison at low electric elds. . . . . . .. 51
3.6 Microwave PSD versus frequency for n-Si at 77 K and 200 Vicm
applied electric eld, with eld applied along the [100] direction (red
solid line) and [111] direction (purple solid line). Experimental data
along the [100] direction (red circles) and [111] direction (purple
squares) from Figure 1, Ref. [15]. In both cases, the data is nor-
malized to the value of the PSD at the lowest frequency data point
(computation, 0.19 GHz; experiment, 0.1 GHz) in the [111] direction. 53



Xii

3.7 Computed normalized transverse resistivity versus stress in n-Si at (a)

300 K and (b) 77 K, with stress applied along the [001] direction (red

triangles) and [011] direction (purple crosses). Experimental data

along the [001] direction (red circles) and [011] direction (purple

squares) from Figures3and 4, Ref. [80]. .. ... ... ....... 55
3.8 Diusion coe cient versus electric eld at 300 K in n-Si. The

circles represent experimental data taken from Ref. [29], the solid

lines represent the results of our original computation (also contained

in Fig. 3.5a, and the dotted lines represent a computation in which

the f-type scattering rates have been arti cially halved. Data in red

represents the electric eld applied in the [100] direction, while data

in purple represents the electric eld applied in the [111] direction.

This shows that even an overestimate o2x would not be nearly

enough to make up the experimental discrepancy. . .. ... .. .. 57
4.1 Computed electronic band structure of c-BN, showing the two highest

lying valence bands, and two lowest lying conduction bands. The

valence band minimum is at while the conduction band minimum

is at- , making c-BN an indirect gap semiconductor. . . .. ... .. 62
4.2 Computed phonon dispersion of c-BN. The large optical phonon

energy that limits optical phonon emission can be observed, as well

as the small phononbandgap. . .. ... ... .. ... ....... 63
4.3 Computed drift velocity versus electric eld at (a) 300 K, (b) 200 K,

(c) 130 K, and (d) 77 K, with eld applied along the [100] direction

(orange line) and [111] direction (blue line). . . . . . .. .. ... .. 68
4.4 Electron scattering rate versus energy for c-BN at 77 K. The large
optical phonon threshold can be seend0meV. . . . . . . .. .. 69

4.5 Valley temperature versus electric eld for c-BN at 77 K with the
electric eld applied in the [100] direction. The [100] type valleys
are shown in blue, and [010]+[001] type valleys are shown in orange. 70
4.6 Population fraction versus electric eld for c-BN at 77 K with the
electric eld applied in the [100] direction, for [100] type valleys
(blue) and the sum of the [010] and [001] type valleys (orange). . .. 71
4.7 Average intervalley relaxation time versus electric eld for c-BN
at 77 K, with the electric eld applied in the [100] direction. The
intervalley time is on the order of microseconds at low elds, rivaling
thatofdiamond. . . .. ... .. ... ... ... 73



4.8

4.9

4.10

Xiii
Computed electron di usion coe cient versus electric eld at (a)
300 K and (b) 77 K, with eld applied along the [100] direction
(orange line) and [111] direction (blue line). A pronounced peak in
the [100] di usion coe cient is observed at 77 K, which is attributed
tointervalleydiusion. . . . . . . ... ... . L 74
(a) Average electron energy versus electric eld and (b) mobility
versus eld for c-BN at 77 K. For both cases, the electric eld is
appliedinthe [111]. . . . . . . . . .. .. .. . 75
(a) Average electron energy versus electric eld and (b) mobility
versus eld for c-BN at 77 K. For both cases, the electric eld is
appliedinthe [111]. . . . . . . . . .. .. .. . 76



Chapter 1

INTRODUCTION

Semiconductor devices are ubiquitous in every aspect of modern technology and
used in varied applications, such as solar cells [75], transistors, light-emitting diodes
[150], and photodetectors [69]. As device sizes continue to get smaller, and new
semiconducting materials are explored for their applications, understanding charge
transport in semiconductors is paramount in order to design next-generation devices
and identify new materials of interest for varied applications.

In order to accurately describe charge transport in semiconductors, the mechanisms
that cause charge carriers to scatter from one electronic state to another must be
captured accurately. For many decades, these processes were approximated by
analytic forms such as the Brooks-Herring model for ionized-impurity scattering
[131], or deformation potential scattering for acoustic phonons [13, 193]. Using
these approximations limits the insight we can gain from computations, and prevents
these methods from being truly predictive for new materials (as they rely heavily on
empirical data). First-principles methods, however, do not rely on empirical data
and instead start with a quantum-mechanical description of the system, based on
their atomic identities and positions.

In many semiconductors, the dominant scattering mechanism that limits the electric
mobility and other properties is scattering between electrons and phonons. Until
relatively recently, computing these properties from rst-principles was not possible,
and these methods have still been rarely applied to problems where an applied
electric eld drives the electron gas far out of equilibrium. This thesis concerns
rst-principles computations of transport and noise properties of semiconductors
away from equilibrium conditions, and the microscopic insight that is gained from
these computations. In addition, this approach is used to investigate the ultrawide-
band-gap semiconductor cubic boron nitride, and shows how its properties make it a
promising candidate for novel applications. In this chapter, we introduce several key
concepts fundamental to the computational approach used in this work, and further
outline the central problem we aim to tackle in this work.
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1.1 Computing transport properties in semiconductors from rst-principles
Electron-phonon interaction

In this work, we only consider scattering between electrons and phonons, ignor-
ing other sources of scattering such as electron-electron scattering, electron-defect
scattering, and ionized-impurity scattering. However, for a semiconductor at room
temperature that is defect-free (or has a low concentration of defects), it is well
known that electron-phonon scattering is the main scattering type that limits the
electron mobility [225]. In addition, the electron-phonon interaction is the only one
of these scattering types that has been explored to the extent that rst-principles
predictive methods are widely used. Work on describing other types of scattering
from rst-principles is a burgeoning area [132, 133], but for simplicity we attempt
to only examine systems in this work that are electron-phonon limited. Here, we
take a short overview of the electron-phonon interaction. We may start with the
Hamiltonian that describes a coupled electron-phonon system [136]:

o) o)
" 2, 2+,  \| ga'0%a0qa, 1020, #,7°7  6c-atk—q°2

<k.q
=k gqa kg
<=a

2:k10qa’ quaO

(1.1)

wheren is the single-particle eigenvalue of an electron with crystal momeiktum
with band index, and23;k and2- are its associated creation/annihilation operators.

| qa is the frequency of the lattice vibration with phonon branch inglexd crystal
momentun, and0y, andOg its associated creation/annihilation operatdts.is

the number of cells in the Born-von Karman supercell,&nd*k—q° is the electron-
phonon matrix element that describes the strength of the coupling between the
electron and phonon subsystems [136]. In EqQ. (1.1), the rst two terms correspond
to the terms for the individual electron and phonon subsystems, while the last line
corresponds to the term describing coupling between the electrons and phonons,
taken to rst order with respect to the atomic displacements [74].

While Eq. (1.1) may look seemingly simple, chief among its di culties is that there

is no prescribed way of calculating the quantities of intenegt;l qa, and6<=,1k—q°

[74]. For most of the early history of the electron-phonon coupling problem, various
approximations were used for these three quantities [91]. Basic approximations of
the rst two were simple to obtain, for instance, by approximating the quasiparticle
energies with the free electron gas modgl = \?k%*2<,4 ns, wherens is the
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Fermi energy, and by using the Debye moldg = Egqj for the lattice vibrations
(whereEg is the speed of sound in the solid in question). However, obtaining a
realistic approximation for the electron-phonon matrix elemeéntg*k-g° proved

to be more challenging [74].

The rst expression of the electron-phonon matrix elem@mtas done by Bloch,
describing scattering from an initial electronic state with wavevektty a nal
state with wavevectdt , g, due to interaction with an acoustic phonon [23]. With
modern notation, we may write it as:

1.2
6<=a’k-q° = 8 \— q ealqto (1.2)
2#’7 /\I ga
Here,< and=are the band indices &fandk , g respectively| qa is the frequency
of the phonon with wavevectayand phonon branch index " » is the mass of the

th nucleus, and~;1qg° is the polarization of the acoustic wave in question [74].

One of the rst computational approaches to tackling the problem of transport in
semiconductors was the deformation potential, formalized by Bardeen and Shockley
for materials with isotropic bandstructures in 1950 [13, 193]. Due to the fact that
most carriers in semiconductors are close in energy to the conduction band mini-
mum, it was assumed that small-wavevector phonons were the dominant electron-
phonon scattering mechanism. They showed that the e ective potegtiz#eded

in Eq. (1.2) can be approximated by:

+9! 1% = mpgeem (1.3)

Here, is the volume of the unit cell, andy are the electron eigenvalues of the
conduction band minima or valence band maxima. Generally, these deformation
potentials were determined empirically, by tting to quantities such as the mobility.
Later, Dumke improved on this by addressing the common case of anisotropic
bandstructures using the e ects of shearing deformations [51]. While this method
has the obvious drawbacks of relying on empirical data, disqualifying it from being
predictive for novel materials or under conditions that materials do not have a wealth
of experimental data at, it nevertheless became the dominant way of calculating the
electron-phonon interaction for the next decades.

For a long period of time, mainly Monte Carlo methods were used for the com-
putation of transport properties in semiconductors, usually relying on deformation
potentials and parametrized band structures. This method was introduced for the
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simulation of hot holes in Ge by Kurosawa [118], and was quickly iterated upon
and improved [119], investigating hot electron transport in semiconductors such as
GaAs [24] and InAs [55]. Further developments were made to this method, such as
including a magnetic eld in the computation [2, 25], and examining the response
to a time-dependent electric eld [121, 168, 169].

An approach to solving for hot-electron transport properties that deals with the
distribution function5 directly has clear advantages over the Monte Carlo method,
such as including phenomena that are nonlineab isuch as Fermi degeneracy

and electron-electron scattering, and phenomena that are dependent on the low-
population tails of5. However, two main obstacles have existed for this approach:
the details of the band structure and scattering rates required to achieve computa-
tional accuracy may have not been feasible, and the amount of grid points required
to represent (both in grid density and energy window) may have additionally been
computationally infeasible [170]. Such an approach dealing directly Withas

rst developed by Rees, exploiting the stability of the steady state [174, 175], and
was used to compute high- eld properties in GaAs [176]. However, at this time,
the inputs to such a method were still crude these problems used parabolic bands
and deformation potentials as inputs.

With the development of density functional theory to accurately predict electronic
band structures, and later density functional perturbation theory to predict lat-
tice dynamics, an ab-initio description of the electron-phonon interaction was more
computationally realistic. Recent advances inthe rst-principles treatment of charge
transport in semiconductors have enabled the calculation of the low- eld electri-
cal mobility without any adjustable parameters [19, 74]. The method, based on
Wannier interpolation of electron-phonon matrix elements [146, 162], allows the
Boltzmann equation to be solved on a su ciently ne grid to ensure converged
transport properties. Calculations of low- eld mobility have been reported for
various semiconductors, including Si [57, 126, 163], GaAs [123, 129, 222], and
others [122, 135, 201]. Methodological developments continue to be reported, in-
cluding an ab-initio treatment of two-phonon scattering [123] and the quadrupole
electron-phonon interaction [161]. A recent work has extended these methods to
magnetotransport [49], high- eld transport [137], and transport and noise of warm
and hot electrons in GaAs [40, 43] and holes in Si [35]. We outline the general
theory behind the calculations needed in this approach in the following subsections.



Density functional theory

The rst step in the ab-initio approach mentioned previously is to compute the
electronic band structure (and the crystal structure, if a relaxed lattice constant is
used) using density functional theory (DFT). Hohenberg and Kohn in 1964 [92]
proposed a formulation that applies to any system of interacting particles (in this
case, electrons and xed nuclei). We can write the Hamiltonian for this problem in
the following manner:

\2 6 O 16 42
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(1.4)

Here, the rst term represents the kinetic energy of the electrons, the second the
potential energy due to the eld of the xed nuclei, and the third the electron-electron
interaction. The two theorems of Hohenberg and Kohn are as follows. First, for any
system of interacting particles subject to an external potendjgir®, the ground-

state particle densitypr® determines uniquely (up to a constant) the potential
+ext'r 0. It follows that all the properties of the system are determined solely by the
ground-state density. Second, a universal functional for the enesgyin terms

of the density=1r° can be de ned that is valid for any external potentigli:r°, and

the ground-state energy is the global minimum value of the functional. In addition,
the ground-state density minimizes the functional. As a consequence of this, the
functional »=Y%4s enough to determine both the ground-state energy and density.
However, these theorems do not give us any insight into a direct way of solving this
many-body problem [138].

In 1965, Kohn and Sham proposed to replace the original many-body problem of
Eqg. (1.4) with an auxiliary independent-particle (non-interacting) system [112]. Itis
assumed that the density of the original system is equal to the non-interacting system.
This leads to independent particle equations for this non-interacting system that are
solvable numerically, thus giving us a way to approach the many-body problem in
practice. Using a variational approach, it can be shown that the equations that must
be solved are of the form:

1 e nfokE =0 (1.5)
Here, I<s is the e ective Hamiltonianpgare the Kohn-Sham eigenvalukgare the
eigenfunctions, anfl is an index representing the spin. The Kohn-Sham e ective
Hamiltonian is de ned as follows (in Hartree atomic units):

1
ks'r®= Sr2, +ghre (1.6)



Here, the Kohn-Sham potent'reyler° is de ned as:
fo_ f
+rs = Ftext'T®, tHartred 10, +yMr° (1.7)

where the three contributions correspond to the external potential of the nuclei,
the Hartree contribution, and the exchange-correlation potential. It is important
to note that the eigenvalues and eigenfunctions of the Kohn-Sham Hamiltonian do
not directly correspond to the energies or wavefunctions of the many-body system
[138]. However, the approach of interpreting these eigenvalues and eigenfunctions
as quasiparticle energies and orbitals has led to wide success in predicting the
properties of solids [102, 145].

Density functional perturbation theory

Once we have used DFT to solve for the quasiparticle energies and wavefunctions,
the next step is to use density functional perturbation theory (DFPT) in order to
solve for the phonon dispersion [16], and in particular for the perturbation potential
due to lattice vibrations that is needed for the computation of the electron-phonon
matrix elements [223].

Once we have completed the DFPT calculations, we can obtain the electron-phonon
matrix elements. They are given by [223] as:

S

~

O
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Here,jk<k_gi andjk =i arethe naland initial Bloch states obtained from the Kohn-
Sham orbitals, anda_~ is the perturbation potential due to lattice vibrations. In
this case, it is computed as the variation of the Kohn-Sham potentiéth respect

to the atomic displacement of atofnwith mass" ~ along the Cartesian axld,
which is obtained with negligible computational cost after the DFPT calculations
are complete [223].

Wannier interpolation

Once the electronic structure is computed with DFT and the phonon dispersion
is computed with DFPT, in principle, this is all that is needed to calculate the
electron-phonon matrix elements and rates. However, in order to converge transport
calculations using the matrix elements as inputs, a dense grid on the order of
100 100 100is usually needed. In particular, doing direct DFPT calculations
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on such a dense grid is computationally prohibitive. In order to avoid this, Wannier
interpolation is used to interpolate the electron-phonon matrix elements on a coarse
grid (on the order ofil0 10 10) to a denser grid in a computationally tractable
manner [223]. Wannier functions are orthogonal, real-space functiéRS8 used

to represent a state in reciprocal spdg€g® (in this case, the Bloch states). They
can be constructed with a unitary transformation from the Bloch states, chosen such
that the real-space functions are maximally localized in real space. Due to this
localization, 1R° decays rapidly with' j, and starting from this representation we
can interpolateb'g® on a much denser grid with computational ease [140].

Boltzmann transport equation

Once the electron-phonon matrix elements are obtained, we can calculate the
electron-phonon scattering rates. With these, we are able to solve for observables
of the bulk system such as the electron mobility and drift velocity, using the Boltz-
mann transport equation (BTE). The BTE describes the evolution of a distribution
function 5 of particles, subject to external elds. A general form of the equation
can be written as:

m3rk-€_  mb5 m5

mC ‘MCaritt©°  mCecoll (1.9)

Here, the two terms on the right side of the equation represent the e ect of applied
forces (e.g. an electric or magnetic eld), and the e ect of internal collision
processes (in our case, scattering between electrons and phonons). By considering
the drift of the distribution function from a small volun®3r to 3k%3r%in a time

C the drift term can be expanded and the BTE rewritten as:

m 3r—k-¢C ESV ﬂ5}4E v B = m5
mC *nm ° nk \ : ~ mCeoll

(1.10)

Here, we assume the external eld are coupled electric and magnetic elds. In this
work, we only consider steady-state distributionsps®m©n the left of Eqg. (1.10)

is set to zero, and by only considering homogeneous systems with no real-space
dependence, we may ignore any dependence dhe chief di culty in solving the

BTE is the description of the collision term. In Section 2.3, we show how starting
with Fermi's golden rule and the electron-phonon matrix elements, the collision

term can be explicitly obtained for our case of electronic transport.



1.2 Noise in semiconductors

Computations using the ab-initio description of the electron-phonon interaction
have mostly been applied to equilibrium observables such as the low- eld mobility,
and only recently to high- eld properties such as drift velocity versus electric eld
curves. However, these methods have not been applied to the simulation of electronic
noise until this work (and by others in the group [35, 40, 200]). Having a better
understanding of the microscopic processes that underlie noise in semiconductor
devices is crucial in order to progress to lower-noise devices. For instance, the
noise performance of high electron mobility transistors (HEMTS), used frequently
in radio astronomy and quantum computing applications at cryogenic temperatures,
will set the noise oor of the entire device. The noise performance of an ampli er

is characterized by its noise temperature, and the theoretical lower limit of such a
device is set by quantum mechanics [36]. For instance, this lower bound is 0.3 K at
a frequency of 6 GHz. Currently, state-of-the-art devices have a noise temperature
approximately 5 to 10 times the quantum limit in the GHz range.

To model noise response in semiconducting devices, the traditional method is to
use equivalent circuit models, such as the Pospieszalski model [166]. Here, the
behavior of the device at the connecting terminals is represented by circuits of
lumped two-terminal elements, representing inductance, capacitance, and resistance
[84]. However, this sort of simplistic representation is limiting due to the wide range

of complex phenomena that occur in both charge and heat transportin devices. Here,
we focus on ab-initio calculations that represent atomistically pure and homogeneous
semiconductors. This work will develop greater understanding of the fundamental
mechanisms that contribute to noise in these more simpli ed cases, and then that
knowledge can be applied to devices in the future.

We can divide the most important sources of electronic noise in semiconductors
into ve types; thermal, shot [22], B [94], generation-recombination [111], and

hot electron noise. The thermal noise is caused by the normal thermal motion of
the carriers, and is given at equilibrium by the Nyquist theorem. However, if an
electric eld biases the distribution far from equilibrium, the electron temperature
can be much greater than the lattice temperature and the properties of the noise are
highly dependent on the nonequilibrium conditions. In this work, we focus on the
description of hot electron noise. In most past works on hot electron uctuational
phenomena in semiconductors, the di usion coe cient is what is computed or
measured. The idea of a di usion coe cient in electronic transport that is not
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necessarily at equilibrium but driven by an electric eld was rst proposed by
Wannier. Price derived that the di usion coe cient and the power spectral density
(PSD) of current uctuations are linked by a uctuation-di usion relation.

When the electric eld is small, the di usion coe cient is linearly proportional
to the electron mobility , as given by the Einstein relation:

)
— 1.11

@ (1.11)
where) is the temperature an@the electronic charge. However, away from low
elds this relation does not apply, as the distribution function is no longer near
equilibrium and is not described by the Boltzmann distribution. Instead, a more
generalized form for the di usion coe cient can be derived [170]:

13

~ 23
where GC is the position of the particle at tim€ and the averages are over
an ensemble of histories. This result follows from Fick's law [169]. However,
this result is for the zero-frequency di usion coe cient. To obtain the frequency

dependence of the di usion coe cient, one must utilize the following [84, 194]:
1

1
1 0= 104 8C3¢C (1.13)
1

GC hGEGio? (1.12)

Here, 1Cis the autocorrelation function, de ned as [213]:
ie=h & BE, Gi (1.14)

where ELC = EIC hE!Ci. To remove the time-dependence of the autocorrelation
function, the velocity calculated must be in steady-state.

Similarly to how problems of hot electron transport in semiconductors were solved
with Monte Carlo methods chie y starting in the 1960s, so too were computations of
electronic uctuations in semiconductors. Most often, the di usion coe cient was

the observable in question that was computed. As positional coordinates are easily
included in a Monte Carlo scheme, we can easily use Eq. (1.12) for calculations
of the di usion coe cient, for instance. The variation of the di usion coe cient

with electric eld was computed in such a manner for many semiconductors, such
as GaAs [54, 216], CdTe [173], Si [29, 33, 117], InP [88], and Ge [34]. While
these methods used limiting assumptions such as deformation potential scattering
for acoustic phonons, dispersionless optical phonons, and simpli ed (spherical)
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band structures, nevertheless reasonable agreement with experiment was obtained
in many of these investigations [53, 88, 101, 117, 216].

Simultaneously in the 1960s, Lax's general kinetic theory for uctuations in a
Markovian system [120] was applied by Gantsevich and colleagues to dilute gases
whose one-particle distribution function is governed by the linear Boltzmann equa-
tion. They showed that for such a system, the spectral density of current uctuations
could be obtained only using solutions of linear Boltzmann equations [66]. Using
this general approach, Stanton and Wilkins were able to demonstrate qualitative
agreement with experiment in GaAs for both one [197] and two [198] valley sys-
tems. However, these works too also relied on experimental parameters such as the
measured low- eld mobility, valley separation energies, and e ective masses.

The limitation of the above approaches lies in their reliance on empirical data and
parameterized band structures or scattering rates. By de nition, the only materials
that can be investigated using such an approach are those that have a wealth of
empirical data about their scattering mechanisms. In this work, we use a method
to solve for the spectral density of current uctuations with ab-initio inputs, by
solving a linear Boltzmann equation. By doing this, we are able to probe specic
phenomena such as intervalley scattering in established semiconductors, as well as
being able to examine the noise response of novel materials such as cubic boron
nitride. In addition, because uctuational variables are more sensitive to the exact
description of the electronic band structure, phonon dispersion, and scattering rates
(for instance), the noise-related aspect of this work serves as a further, more rigorous
test of ab-initio methods in semiconductors.

In Fig. 1.1, the computational work ow for the approach that is used in this work

is shown. First, the atomic identities and lattice vectors are speci €uantum
Espressq which is then used to solve for the electronic structure via DFT. DFPT is
used to solve for the lattice dynamics, dPerturbo calculates the electron-phonon
matrix elements and interpolates them to a ne grid. Once the electron-phonon
matrix elements are obtained, we use these to solve the Boltzmann transport equation
for the distribution function (for transport observables), and for the uctuation
autocorrelation function (for uctuational observables).

1.3 Ouitline of thesis
In this thesis, we show how our rst-principles calculations give us insight into both
low- and high- eld transport phenomena, as well as uctuational observables, in
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Figure 1.1: Computational work ow showing the approach used in this work. The
material is speci ed by ®uantum Espressoinput le, which is then used to solve

for the electronic structure. After DFPT is used to solve for the lattice dynamics,
Perturbo is used to obtain the Wannier-interpolated electron-phonon matrix ele-
ments. Our code then solves the Boltzmann transport equation, for the distribution
function (for transport observables), and for the uctuation autocorrelation function
(for uctuational observables).

both well-researched and novel semiconductors.

In Chapter 2, we demonstrate how our approach is used to solve the Boltzmann
transport equation (BTE) for high- eld transport properties, and use this approach to
solve for the warm electron tensor in n-Si. We show that while the usual one-phonon
(1ph) framework captures qualitative changes of the warm electron tensor with an-
gle, including one-electron-two-phonon scattering (2ph) yields near-quantitative
agreement. We nd that the 2ph rates are comparable in size to the 1ph rates, con-
tradicting conventional wisdom that the 1ph level of theory is su cient to describe
transport properties in nonpolar semiconductors.

Motivated by our results in Chapter 2, we further examine n-Si by focusing on the role
of intervalley noise. We show how our BTE solver can also solve for uctuational
properties, and compute the dependence of the hot electron di usion coe cient
on electric eld across a wide range of temperatures. We then use the frequency
dependence of the di usion coe cient and the piezoresistivity, two observables that
are sensitive to the amount of f-type scattering, to show that an incorrect description
of f-type scattering is not su cient to explain the discrepancy between experiment
and computation. This suggests that factors such as space charge e ects have a
large e ect in experiment, indicating that caution must be taken when interpreting
measurements of uctuational variables in terms of charge transport processes.

In Chapter 4, we examine the novel ultra-wide-bandgap semiconductor cubic boron
nitride (c-BN) and its high- eld transport and noise properties, using the approach
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outlined in Chapter 2 and Chapter 3. We nd that c-BN demonstrates a distinct
negative di erential resistance region below 140 K, due to repopulation of inequiv-
alent valleys. This e ect may be utilized in transferred-electron devices. We also
nd that at low elds, the intervalley time in c-BN is on the order of microseconds,
indicating that it could be promising in valleytronic applications. We demonstrate
that these properties are the cause of the large intervalley noise peak in c-BN, a peak
that has not been observed in other materials using our method, and suggest that our
predictions may be tested by utilizing noise measurements.

Finally, in Chapter 5 we summarize the ndings from the above work, and make
suggestions as to avenues for future investigation.
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Chapter 2

TWO-PHONON SCATTERING IN NONPOLAR
SEMICONDUCTORS: A FIRST-PRINCIPLES STUDY OF WARM
ELECTRON TRANSPORT IN Sl

This chapter has been adapted, in part, from:

Alexander Y. Choi, Peishi S. Cheng, Benjamin Hatanpaa, and Austin J. Minnich.
Electronic noise of warm electrons in semiconductors from rst principlsys.

Rev. Materials 5:044603, Apr 2021 https://link.aps.org/doi/10.1103/
PhysRevMaterials.5.044603

B.H. co-wrote the code used in the manuscript.

Benjamin Hatanpada, Alexander Y. Choi, Peishi S. Cheng, and Austin J. Minnich.
Two-phonon scattering in nonpolar semiconductors: A rst-principles study of
warm electron transport in siPhys. Rev. B107:L041110, Jan 2023https:
/llink.aps.org/doi/10.1103/PhysRevB.107.L041110

B.H. co-designed the research, conducted the calculations, analyzed the data, and
wrote the manuscript.

We have discussed in Chapter 1 how in recent years, the rst-principles description
of the electron-phonon interaction has become widespread. With this, the ability to
calculate macroscopic transport properties has also become common [57, 122, 126,
135,163,201, 222]. The accuracy of rst-principles theory has been tested primarily
by computing the low- eld mobility and comparing to the available experimental
data at various temperatures and doping concentrations. However, there exists the
possibility of cancellation of errors when comparing to drift velocity curves: if the
drift velocity is underestimated, but the decrease in drift velocity with eld is also
underestimated, it can lead to apparent agreement with drift velocity versus eld
curves. Thus, itis preferable to use a quantitative measure of the change of mobility
with eld when comparing to experiment. To do this, we can examine the warm
electron regime.

The warm electron regime is de ned as the regime in which the next-to-leading order
term of the expansion of current density with electric eld is non-negligible. Itis of
interest because it contains information on the band structure anisotropy [189] and
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energy relaxation [47] not evident in the low- eld mobility. The non-Ohmic mobility

of Ge and Si beyond the low- eld regime was rst reported by Shockley [184] and
Ryder [183]. Subsequent investigation led to the prediction [192] and experimental
observation [73, 79, 104, 106, 187] of the anisotropy of the mobility at high electric
eld in multi-valley semiconductors owing to the di erential heating of transverse
and longitudinal valleys, known as the Sasaki-Shibuya e ect. In 1963, Schmidt-
Tiedemann reported a theory of the warm electron tensor, showing that in cubic
crystals the fourth-rank warm electron tensor can be completely described by two
independent components owing to crystal symmetry [189]. The two independent
components are denot¥@ndwwith Vdescribing the variation of conductivity with
electric eld andWthe non-parallelism of the current and electric eld. Substantial
experimental data versus temperature and crystallographic direction is available for
both VandWor electrons in Si [28, 73, 78, 106, 108].

Although scattering by the interaction of an electron with one phonon (1ph) has
typically been employed in theoretical and Monte Carlo studies at low eld and in
the warm electron regime to interpret transport studies, [6, 45, 56, 78, 104] other
experiments suggest a non-negligible role for higher-order processes [50, 61, 199,
207]. In Si, two-phonon (2ph) deformation potentials were extracted from second-
order Raman spectra [177, 206], and calculations of charge transport properties
based on these values have indicated that 2ph scattering may make a non-negligible
contribution to scattering rates [3, 115, 153]. Recent ab-initio works have reported
that two-phonon scattering plays a role in both low- eld and high- eld transport

in the polar semiconductor GaAs [40, 123]. Despite these works, the accepted
conclusion from ab-initio studies is that 1ph scattering is su cient to describe the
low- eld mobility of non-polar semiconductors [135]. However, this conclusion has
not been extensively tested away from the low- eld regime.

In this chapter, we report rst-principles calculations of the warm electron tensor

in Si. At the 1ph level of theory, both the low- eld mobility and are overesti-
mated, with a marked discrepancy\oat 300 K of over a factor of two. To address

this discrepancy, we compute the scattering due to sequential 1ph processes, cor-
responding to one of the terms at second-order in the electron-phonon interaction.
The scattering rates are found to be comparable to those of 1ph scattering over a
range of energies, and their inclusion eliminates the discrepaney irhe result-

ing 20% underestimate of mobility suggests that accounting for cancellations of
the two second-order terms of the electron-phonon interaction may be necessary to
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achieve quantitative agreement for both the mobility &nd

2.1 Crystal structure and band structure of Si

Silicon (Si) is an elemental semiconductor with the diamond cubic lattice structure.
The experimental lattice parameter of Si is 5.43 A [141]. Once the initial atomic
positions and lattice vectors are speci ed, this is all that is needed for the rst-
principles analysis contained herein. The band structure of Si is shown in Fig. 2.1.
Siis an indirect bandgap semiconductor, with its valence band maximummbait

with its conduction band minimum lying betweerand- , at approximately 0.85.

Thus, Si has six equivalent minima in the conduction band. These bands have a
longitudinal e ective mass 0d+98< o, and a transverse e ective mass®i9< o [7].

We focus on the conduction band here, as we only consider the transport properties
of electrons in this work.

One can see how these equivalent valleys with anisotropic e ective masses can lead
to anisotropy in transport properties away from equilibrium. To illustrate this, we
have provided Fig. 2.2. Here, we have shown the valleys oriented along [100] and
[010] (JO01] omitted for ease of understanding). First, on the left we show a case
where the eld is oriented along a high-symmetry direction like the [111]. Here,
the valleys do not change in their population from equilibrium, and make equal
contributions to the drift velocity. However, on the right the eld is now oriented
along the [100]. The [100] valleys, now parallel to the eld direction, present their
heavier longitudinal e ective mass along this direction, while the [010] valleys have
their light transverse e ective mass along this direction. This causes the [010]
valleys to heat faster, and thus the probability for an electron in a hot (high energy,
in red) valley to scatter to a cold (low energy, in blue) valley is higher than than
the probability for an electron in a cold valley to scatter to a hot valley, causing a
repopulation to the cold valleys along the [100]. This phenomena leads to a drop in
the drift velocity in comparison to the case in which the eld is applied along a high-
symmetry axis. This repopulation e ect is key to the anisotropy that is observed in
the drift velocity [31], warm electron tensor [79], and di usion coe cient [29] in
n-Si.

One sees in Fig. 2.1 that further up the conduction band, Si possesses six equivalent
minima directly at the- point, separated from the conduction band minima by

an energy of approximately 135 meV. However, for the temperatures and elds
considered in this work, a vast majority of the carriers will remain below this energy,
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Figure 2.1: Wannier-interpolated band structure of silicon, showing the three highest
valence bands and two lowest conduction bands. The conduction band minimum
can be seen at 0.85X going fromX, and the split-o bands are shown in the
valence band with their maximum at

and other bands besides the lowest-lying conduction band are not considered.

2.2 The warm electron tensor

The warm electron regime is de ned by electric elds for which the cubic term of
the expansion of current density with electric eld becomes non-negligible [189].
Mathematically, the current density vecfom the warm electron regime can be
expanded in powers of the electric eld of magnitudes:

@= f ods, 3 g<h 44 | oo (2.1)

where4g are the components of the unit vector in the direction of the electric eld
along the Cartesian ax&andf g..< is the fourth-rank warm electron conductivity
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Figure 2.2: Schematic showing how anisotropy in drift velocity of n-Si at high elds
occurs due to repopulation from hot to cold valleys when the electric eld is
applied along [100] (on the right), in comparison to the case where it is applied
along the [111] and valleys are equivalent (on the left).

tensor. Asthistensor is invariant under the point group transformations of the crystal
lattice, this implies that a set of linear relations between the components of the
tensor exist [189]. For cubic crystals with class 23 symmetry, we nd that only three
linearly independent components exist, by exploiting cyclic permutation properties
and that the tensor in this case is invariant under an arbitrary permutation of the
last three subscripts. These componentd akfg—f1122, andf »211. Furthermore,

for the materials we consider in this work, the fourfold axis guarantees complete
equivalency of each coordinate axis, making the tensor invariant under arbitrary
permutations of all four subscripts. This reduces the number of linearly independent
components to just twof 1111 andf 1122, We can de ne the two variableg and

Win cubic crystals, to fully describe warm electron transport. Hekgy; = f oV

andf 1100 = %f otV \W. Here,V describes the rate change of the conductivity,
andWdescribes the non-parallelism of the electric eld and current density vectors.
Equivalently, the warm electron tensor can be speci ed by the valudsaidbng

di erent crystallographic axes, and that is what is done in this work.

In Fig. 2.3, the experimental setup for measunf(gs well a3V the non-parallelism)

is shown. Here, the electric eld is applied to a sample and then rotated, starting
from the [001] direction through to the [110] direction. The angleeasures the
angle of the electric eld vector and the [001] direction Qateg the electric eld is
oriented in the [001] and &0 deg the electric eld is in the [110]), and the angle
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k can be used to calculaWy the non-parallelism of the eld. In this work we do
not calculate the non-parallelism, but we calcuMt@ong this angle sweep.

Figure 2.3: Schematic of experimental setup to meagared\W used (for instance)

in Refs. [106, 189]. The electric eld is rotated from the [001] to the [110] direction,
and the value oVis recorded at intermediate angles, as well as the non-parallelism
wW

In the same way that the normal low- eld conductivity is controlled by the momen-
tum relaxation timeyx (by controlled we mean that frequency dependence of the
guantity in question is observed when the frequenag comparable to the inverse
relaxation time that is relevant for the quantity), for warm electidis controlled
by the energy relaxation timg (due to the additional time that the electron energy
needs to reach a stationary state at a given electric eld strength) [100]. This quantity
can be de ned in a phenomenological way as follows:

i hnig

=— 9 2.2
4B % (2.2)

wherekE; is the drift velocity,mi is the mean energy in the presence of the applied
electric eld, andmi is the mean energy with no eld present [100]. Thus, calculat-
ing Vgives us additional insight into the relaxation times that govern semiconductor
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transport, as opposed to simply calculating the low- eld mobility. The warm elec-
tron tensor has not been calculated previously by ab-initio methods, but provides
a more quantitative comparison between experiment and computation of how the
mobility changes with applied electric eld. For instance, at a glance computed
mobility versus electric eld results could closely resemble experimental data, but
if the mobility is slightly underestimated b is slightly underestimated as well,

this perceived agreement is misleading.

If the addition of the 2ph rates to the 1ph causes a uniform scaling of the scattering
rates by a facton, Vis scaled byn 2, rather tham 1, as is the case for the mobility.
However, the 2ph rates generally are not an exact scaling of the 1ph rates. Here, we
derive the dependence of the warm electron coe ci®fn the scattering rates at

di erent energies, in comparison to the low- eld mobility. We employ Boltzmann
transport theory for charge transport assuming an isotropic crystal and the relaxation
time approximation. An electric eld is applied along some crystallographic axis,
denotedG Under these assumptions, the Boltzmann transport equation (neglecting
real-space and time dependence) is:

5 %

m5
dEE— =
m
The solution of this equation at rst order in electric eld yields the standard
expression for the low- eld solution of the Boltzmann equation under the relaxation
time approximation:

5= 5 gE;4Err2—5 (2.4)

from which the following expression for the low- eld mobility is obtained [37]:

. % 01 =1 02_91 °1. mfpm?° 1 03
4= S (2.5)
)

whereE! °is the magnitude of the group velocity: © is the electron relaxation
time, 5 is the equilibrium distribution function, and* ° is the density of states.

To nd an analytic expression for the eld-dependent mobility in the forfn © =
o'l VE?0 using Eq. 2.5, we replace the equilibrium distribution derivative term
Im&m °in Eq. 2.5 with the derivative of Eq. 2.4 repeatedly, retaining only terms
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of E2 (terms of ordeE are dropped as the nal expression for electric current must
be odd in electric eld). In more detall, if we take the derivative of Eq. 2.4 with
respect to , we get

msS_mé ,- m mb
moom o Em 9B (2.6)

Plugging in the expansion in Eq. 2.4 again for the second derivative term, we obtain

m5_mp m mb m mg
o ,4Em gl:_c,—m ,4Em gE,—m (2.7)

Discarding the terms of ordé& due to symmetry, Eq. 2.7 becomes

m5_mé M _m§
mom o e 9 (2.:8)

To simplify this expression, we assume tigtl 4 ), Es/ IO_for a parabolic
band, andy/ B The prefactors for these quantities are lumped into a constant,
20. Plugging these expressions into Eq. 2.8, we obtain

_5: mé é 14E02 ﬁ BOS, *9) (2.9)
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Carrying out the second derivative with respect to energy Eq. 2.9, we obtain
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We therefore identify an expression fdiup to a prefactor as
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by the de nition of mobility in Eq. 2.5 and gathering the terms at each order of
electric eld.

This expression can be simpli ed by substituting the energy dependencigs f
and 1 °/  for a parabolic band and the assumed power law forngfor.
For the mobility, we obtain

1
o BS54 *) 3 (2.12)
0
ForV, we nd
1
1
V/ 4 )
0 I
2 ' (2.13)
1B (Qe5°1B (e5° 2B = 1B (Qe5° 2B1 i 2B 2 3
5 :) 5 5 :)

Due to the terms with 22and 281 in the expansion fo¥, the contribution to the
integral from low energies is increased compared to that for the low- eld mobility.
For instance, foB YO0 as occurs for most semiconductors, the leading term in the
integrand fo’Vwill have a negative exponent, causiitp depend on the low-energy
scattering rates to a larger extent compared to the low- eld mobility.

2.3 Solving the BTE for charge transport

Here, we will start with the BTE for a case with an applied electric eld and no real-
space dependency or time dependence (only solving for the steady-state distribution),
and show how the BTE can be formulated in terms of a linear system and solved
for charge transport observables of interest. For a spatially homogeneous, non-
degenerate electron gas subject to an applied electric eld, the Boltzmann equation
is given by

%E Fx =1 »%% (2.14)

Here, the electronic charge @ the applied electric eld i€, & is the electron
occupation function at wavevectky andl is the collision integral that represents
how electrons scatter from a statdo any other stat&® In this work, we do not

need to account for interband scattering, so the band index is neglected in the above
equation and hence on. In this case, the scattering in the collision integral is solely
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due to electron-phonon scattering, which is the dominant form of scattering at high
enough temperatures, and at non-degenerate carrier concentrations. Initially, we
consider only scattering for processes that involve one elektemd one phonogq,
causing scattering to a new electronic stdteLater in this work in Chapter 3, we

also consider two-phonon scattering where one electron scatters with consecutive
one-phonon events.

First, we show how to reduce the collision integral to a linearizable form in terms of
the deviational occupation. In general, the collision integral is a nonlinear function
of the distribution function, obtained from Fermi's Golden Rule [225]. We can
write the collision integral in the following form:

O
| »5YF ;—(\: Bkx_ q 2 XAne \l g neg® em X, \l g N ¢° aps (2.15)
q
Here# isthe total number af-points,6xx_q is the electron-phonon coupling matrix
element that couples an electron state another electron stake, q (via emission
or absorption of a phonon with wavevecty, ry is the energy of the electron state
K, | 4 the frequency of phonog, and emand aps Weights that account for the
electron and phonon occupations for emission and absorption events, respectively.
emand gpsare nonlinear functions of the electron occupations, de ned by

em= %'1 5<,q°1#q, 1° 11 io‘r’(,q#q
abs= X1 & ¢%#q 11 %K q'#q. 1°

(2.16)

Here,#q is the phonon distribution function, which we assume to be in equilibrium
and thus given by the Bose-Einstein distribution. In order to solve the BTE as a
linear system for the deviational occupatiofk, we de ne & = 5? . &, where

5? is the Fermi-Dirac distribution and & is the deviational occupation. This
expansion assumes that the occupations do not change a signi cant degree from
their equilibrium values valid at equilibrium and in the warm electron region,

but not at high electric elds. After substituting this expansion into Eqg. (2.16), with

a bit of algebra (keeping in mind the de nitions #t, and 5?) we obtain:

em= X'#q 5?,q> 1 % X%, #°

(2.17)
abs = 5<1#q, 52q, 5<,qo 5<,q11,#q fo
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By retaining only terms linear in & (terms of the type & % g can be assumed
negligible if the deviational occupations are small, as is true in the low- eld regime),
this becomes

em= X'#q qus I Rq'g, #¢°

(2.18)
abs= X'#q, 52(40 X,q'l, #q 5?0

This approach is used (and valid) for all computations in this section. However,
in Chapter 3, computations are extended to elds up to 10 kVcnFor those
sections, we note that all concentrations used are non-degenerate, and that the
electron occupation& (and thus also the deviational occupationg) are much

less than the phonon occupatighg. Thus, we can take Eq. (2.17) and simplify it,
usingk  1to obtain:

em = Fkl#q, 1° Fk,ql#qo

C e 5 i o (2.19)
abs q .4 +-5 (g

Using the linearization in Eqg. (2.19), we can de ne a scattering matrixo take
the place of the collision integral:

¢) oc O
| »q¥= kk© X0= —+  bkk.g

o "o

Xne Vg e g®#q, 1°, X, \l g e ¢®%#¢° X
XN \l g N g®%q., X, \l g neq®Mq, 1°°% ¢°

2

(2.20)

Now that the right hand side of Eq. (2.14) is reduced to matrix form, we tackle the
left side. The derivative of the equilibrium occupation functiéhwith respect to
k can be analytically computed:

353 \
rk&}?:%g—tz Tvkk'p?ll go (2.21)

However, we must still compute the derivative of the deviational occupat@mvith
respect tk. We treat this term numerically with a nite di erence approximation
using a nearest-neighbors central di erence scheme [140, 146]. This reduces the
derivative to the form:
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rk 5<=O Fib* &%bn &° (2.22)
b
Here,b is the set of vectors that connect the pdimt the Brillouin zone to all of its
nearest neighbors, ar is a weighting constant for that set of nearest neighbors.
To determine the weights and number of nearest-neighbor shells that must be used
for the set of grid points, the following equation must be satis ed:

i
R

Fo © 159°%% xov (2.23)
0 8
where# is the number of shells requiretl, is the number of nearest neighbors
in the Oth shell, Fq is the weight associated with tt#h shell, andU and V are
Cartesian directions. For a body-centered cubic lattice (which all of the grids used
in this work are), one shellis su cient to satisfy Eq. (2.23), afdis equal td3+ 812,
wherel = jbj. We can write Eq. (2.22) in matrix form, including all prefactors, as

e 00 g, 00 g,
\ \

U b U kO

oo & (2.24)

Here, we de ne a nite-di erence matrix ycorresponding to the component of the
electric eld applied in the Cartesian directidh where Lﬁ(o Is only nonzero when

k9= k or whenk®is a nearest neighbor &f linked by some nearest neighbor vector
bsothak®= k, b. Asthe points in question represent electron states with an energy
below some speci ed energy level, there will be boundary points without a full set
of nearest neighbors. In order to account for this, we remove the contributions of
these points in the nite di erence matrix, while ensuring the column sum of the
matrix remains zero (which ensures the sum & over allk at any eld remains
zero). This is a valid assumption, if the population of the boundary points remains
negligible.

A simple schematic of how this nite di erence process works is shown below in
Fig. 2.4, for a case of ve point§geach with a scalar function valug G, where
G1 G=1 The nite di erence matrix is pictured on the left, and on the right is
the derivative vector. The contribution of the boundary po@&tsndG in the nite

di erence matrix is nil, ensuring zero column sum of the nite di erence matrix.
This assumption is valid iB*!G°- 3G° 0.



25

Figure 2.4. Schematic of how the nite-di erence matrix acts on a 1D chain.
Boundary points are not considered in the nite-di erence matrix.

Combining Eq. (2.20), Eq. (2.21), and Eq. (2.24), we can rewrite Eq. (2.14) as:

6 6 o)
_@v@?ll o @ Vo Ro= ko 3o (2.25)
' ) U ko0 kO

~

Rearranging to put the analytic expression by itself on the right side, we obtain:
o 0 g o &
\—” Uo ke 50T ka0 Bo= — v 511 50 (2.26)

kKO U KO )

Here, we have de ned ko as a relaxation operator that combines the e ects of the
scattering and nite di erence matrices. As this is now written as a linear system,
we can solve for the deviational occupatio® as:

~

o)
5 = ko %Vk 11 gl (2.27)

kO

Once the deviational occupation is obtained, it is simple to calculate transport
observables of interest using it (or the new occupation at the Fld 5? . ).
For instance, the drift velocity in the direction can be written as:
10
+v=— Ve (2.28)
oy
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where# = | & is the number of electrons in the Brillouin zone. Similarly, the
mobility can be written as:

242 O O 1 \5(0
Vk_U v B (2.29)
: ) Y, 0 ) o kKO 0

TUVE® =

whereVy is the supercell volumey is the direction along which the current is
measured, an¥ is the direction of the applied electric eld [126].

2.4 Two-phonon scattering

As we will show in Section 2.6, including two-phonon scattering in n-Si has a large
e ect on both the low- eld mobility and the warm electron tensdr Here, we
outline our implementation of two-phonon scattering.

First, we examine how the electron-phonon interaction is obtained, by expanding
the (self-consistent) one-electron potentidr® in the phonon-induced displace-
mentsuy of the ions from their equilibrium positioRy»L10% We can separate

the perturbations that contribute to 2ph scattering into two types. The type that
we include in our work is not the bilinear term'? (which represents an electron
interacting simultaneously with two phonons, resulting from the second derivative
of the perturbation potential), but instead the iterated 1ph-process of second order
through an intermediate state, written here a§*" = 't o1l ' Inthe
long-wavelength (smalf) limit for acoustic phonons, due to translational invari-
ance, the contributions of the two types of 2ph scattering cancel out. It has been
hypothesized that this cancellation extends to acoustic phonons beyond this limit,
but has not been proven. Currently, the bilinear term cannot be computed ab-initio,
and is left to future work.

The 2ph scattering rate that we consider is derived in [123] as:

5 & h .
2ph: 2c 00 lela 2e 26.I (230)

I‘\#qu *

whereq and p are phonons that scatter an electron in a skate a new state
k9=k, g, p, and for normalization we divide b2, corresponding to the number

of 1g—p° points sampled. As we consider only two-phonon scattering consisting of
consecutive one-phonon scattering events, we can split the types of scattering into
three types as seen in Fig. 2.5. There are scattering events where an electron rst
absorbs and then emits a phonon (or vice versa) that we de ne as lela, consecutive
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emission events (2e), and consecutive absorption events (2a). We note here that
even though any speci ¢ 2ph scattering event here will consist of two consecutive
1ph events, the 2ph scattering will couple states that are not coupled with only 1ph
scattering, and thus there is reason to believe that the transport properties from such
a system will di er from the 1ph case. We can de ne the individual scattering rate
for an electron to scatter frokito k%for each type in the following form:

Figure 2.5: On the top row of the gure, schematics for one-phonon absorption
and emission processes are shown. On the bottom row, the three types of two-
phonon scattering included in this work are shown: two emission events (2e),
two absorption events (2a), and one emission/one absorption (1ela). All of the
two-phonon processes are shown are on-shell, as the intermediate state's energy is
identical to the band energy.

E= 8 8%n no WBlp Bl (2.31)

Here, 8is a prefactor dependent on the electron and phonon occupatibisthe
sub-process amplitude - is the phonon energy of the phonon with wavevegtor
and phonon mode index, and P takes the values of either 1 or -1 depending on
the scattering type:
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a— 1
ﬁ . (2.32)
q

The prefactors 8are de ned in terms of the phonon occupation numbBerghere
with mode index suppressed) and electron occupation nuntoess

lela_ #Q> #q#p’ #kaO #quO
1
=la1 s,y &P Hpho 239
1
=Ly, 5011, #0850

2
Due to only non-degenerate electron concentrations being considered in this work,

we make the assumption similar to Eq. (2.19) that 1 to obtain:
lela_
=g, H#attp

2e

=2, g, #p (2.34)
1
2= 5 #afp
The sub-process amplitugde®is given by the following:
621k-0°6" 1k , G—p° 6 1k-p°651k , p-q° 2

(2.35)

ko rk,q,Ugl p, 8[ k,q> ko rk,p,Ugl ga, B[ k. p
Here,6,k—q° is the one-phonon scattering matrix element that couples an electron
in statek to another electron in stake g via scattering with a phonon of wavevector
g and phonon inder, nrepresents the electron energiess an in nitesimal term
preventing divergence when the rest of the denominator sums to zero,ani
the self-energy of the intermediate electron statep. Here, the real part of is
neglected, as it acts to correct the band structure and does not signi cantly change
the calculation results [123]. The self-energy can be used to obtain the intermediate
state lifetime, or its inverse, the scattering rate of the intermediate state, through the
relation:

2

= Sim (2.36)

where is the scattering rate of the intermediate state. Thus, we must solve for the
self-energy iteratively, as the intermediate state lifetime contains contributions from
both 1ph and 2ph scattering in the following manner:

jim = 5j ", 2 237)
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Thus, initially the two-phonon rates are set to zero in Eq. (2.37), and then we solve
for EQ. (2.30). This process is repeated until the two-phonon rates do not di er
signi cantly with an additional iteration. Further discussing the intermediate state,
we note that the intermediate state does not have to correspond with a band energy.
We note that we can categorize intermediate states by their o -shell extents, de ned
as = nc_p, where is the energy of the intermediate state reached after an
electron in a statk scatters with a phongm We note that by examining Eqg. (2.35),

we see that the two-phonon scattering amplitude is inversely proportional to the o -
shell extent; thus, we expect processes with a large o -shell extent to be negligible in
terms of a ecting the scattering rates. In this work, we consider two-phonon events
with an o -shell extent less than 25 meV; increasing this number in past works did
not see a signi cant change in transport observables [40].

Once the 2ph scattering matrix is computed, it is added to the 1ph scattering matrix,
and the same process used in Section 2.3 is used to compute the transport observables
of interest.

2.5 Computational details

The electronic structure and electron-phonon matrix elements are computed on a
coarse8 8 8 grid using DFT and DFPT witlQuantum Espresso[72]. We
employ a plane wave cuto of 40 Ryd and a relaxed lattice parameter of 5.431 A.
Once the electronic structure and electron-phonon matrix elements on a coarse grid
were computed, they were interpolated on a ner gridl6f® using Perturbo .

We set the Fermi level 203 meV below the conduction band minimum (CBM)
corresponding to a non-degenerate electron gas of concentrati®t®tm 3 at

300 K. The energy window of the Brillouin zone was set to 287 meV above the
CBM. Increasing the energy window to 447 meV changed the mobility by 0.1% and

V by 0.8%, while increasing the grid density 1d(® resulted in mobility changes

on the order of 1%. The nal system of linear equations was solved by a Python
implementation of the Generalized Minimal Residual (GMRES) method [63].

As in prior work, spin-orbit coupling is neglected as it has a weak e ect on electron
transport properties in Si[135, 163]. Quadrupole electron-phonon interactions were
neglected as they provide only a small correction to the low- eld mobility of silicon
at room temperature [161].
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2.6 Results

Mobility and warm electron tensor

Figure 2.6 shows the computed low- eld mobility versus temperature for electrons
in Si at the 1ph level of theory. The low- eld value at 300 K is 1737%n's 1,
approximately 20% higher than experimental drift mobility values, which range
between 1300 and 1450 éw !s 1 [32, 134, 142, 171]. The calculated value at
300 K is generally consistent with prior ab-initio studies, which report values of
1915 cnfV !s 1[135], 1860 cmV !s ! [126], and 1750 c#V s 1 [57]. The

use of the experimental lattice constant and GW quasiparticle corrections leads to
lower mobility values [163]. The general overestimate of low- eld mobility in past
ab-initio studies occurs across a wide range of temperatures, as Refs. [126] and
[135] show an overestimated mobility from 100 to 300 K.

At higher elds, the mobility decreases below the low- eld value owing to electron
heating as described By Because/depends on the direction of the applied eld,
we denoteV without subscripts to indicate the electric eld is applied along the
[100] crystallographic axis. In Figure 2.7a, we show the mobility versus electric
eld in the 1ph framework with the electric eld applied in the [100] and [111]
crystallographic axes along with the quadratic t. The quadratic t is observed to
agree well with the calculated values. The coe cient of the quadratic t yields
V. The [100] mobility decreases more rapidly with eld than the [111] case, thus
yielding a larger value fo¥; oo thanVi11.

In Figure 2.7b we compare the computédersus temperature with experimental
data. The prediction from the 1ph level of theory is clearly larger than the experimen-
tal values by around 150% across all temperatures. This discrepancy is markedly
larger than that of the low- eld mobility. Figures 2.8a and 2.8b shéversus angle
between current direction and electric eld at 300 and 194 K, respectively. Here, the
mobility is presented as the eld is rotated from the [001] direction (corresponding
to 0) to the »L10%direction (corresponding to 9 While the qualitative trend

in Vwith eld orientation seen in experiment is captured by the 1ph theory, the
computed values again are greater than the experimental data 0%t both
temperatures.

Role of higher-order phonon scattering
Figures 2.7b and 2.8 indicate thdtis markedly overestimated at the 1ph level of
theory. The magnitude of discrepancy cannot be easily explained by inaccuracies in
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Figure 2.6: Low- eld mobility versus temperature for the 1ph (dashed black line)

and 1+2ph (solid orange line) frameworks. The mobility is overestimated with the
1ph level of theory, but underestimated when including on-shell 2ph scattering.
Experimental data: Figure 11, Ref. [32] (green triangles), Figure 1, Ref. [157]
(purple circles), Figure 2, Ref. [130] (blue squares).

band structure, as the discrepancies of the e ective mass @ké. Therefore, we
considered whether higher-order phonon scattering processes could account for the
poor agreement. The 1ph level of theory accounts for the leading-order electron-
phonon scattering process for which electrons scatter with one phonon. We imple-
mented a treatment of the next-to-leading order scattering processes where electrons
scatter with two phonons using the ab-initio approach described in Ref. [123]. Asin
Ref. [40], beyond the low- eld regime the full 2ph calculation is presently computa-
tionally intractable, and so we included only on-shell 2ph processes that are within
25 meV of a band energy. Despite the neglect of o -shell processes, Ref. [40]
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indicates that most of the relevant processes are included with the approximation
used here. The 2ph rates were iterated ve times.

The computed one and two-phonon scattering rates are shown in Fig. 2.9a. Near
the CBM, the 2ph rates are comparable to the 1ph rates. At 100 meV, the maximum
energy relevant for transport properties at 300 K, the 2ph rate is approximately

50% of the 1ph rate owing to the weaker energy dependence of 2ph scattering. A
disaggregation of the rates into speci ¢c emission and absorption processes is shown
in Fig. 2.9b. For energies less than 100 meV, the 1lela (one-phonon emission plus
one-phonon absorption) rates are the largest and thus have the largest e ect on
transport properties, while the 2e (two-phonon emission) rates rise once electrons
are able to emit two optical phonons. The 2a (two-phonon absorption) rates are
relatively negligible at all energies and are only weakly dependent on energy. These
characteristics are qualitatively similar to those reported for GaAs in Refs. [40, 123].

We now examine the impact of the on-shell 2ph rates on the low- eld mobility
andV. In Figure 2.6, the computed mobility versus temperature including on-shell
2ph scattering is shown. The computed 1+2ph curve underestimates experimental
results by about 20%. At 300 K, the low- eld mobility is 1089 & s 1. In
Figure 2.7bVincluding on-shell 2ph scattering versus temperature is shown. With
the inclusion of on-shell 2ph scattering, good agreement is observed with two
independent experimental reports [78, 104]. Similarly, in Figure 2.8a, the agreement
with experiment [79] of the dependence\bbn orientation angle at 300 K is greatly
improved by including on-shell 2ph. The qualitative trend of a decreasfriom

O until 55 (corresponding to the electric eld in the [111] direction), followed

by an increase until 90s unchanged, but it is uniformly decreased in magnitude.
The computedV dependence on orientation angle at 194 K shown in Figure 2.8b
lies between two data sets [108] of di erent resistivities.

We now consider the origin of the the improved agreement Wivhen including
on-shell 2ph processes. The rst mechanism is the increase in scattering rates,
which have a relatively larger e ect o compared to mobility. Speci cally, it can

be shown that for a uniform scaling of the scattering rates by a fac¥rs scaled

by n 2 rather tham ! as for the mobility. Therefore, the increased scattering rates
contributed by on-shell 2ph processes can account for part of the relatively larger
decrease V. To examine how much of the decreasé/iwas due to the increased
scattering rates, we scaled the 1ph scattering rates by a multiplicative factor so that
the resulting low- eld mobility was equal to the low- eld mobility in the 1+2ph
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case. The DC mobility versus electric eld aMivere then calculated. The scaled
1ph results can be seen in Figure 2.8. At both 300 and 194 K, the majority (94%) of
the decrease iW occurs due to the higher scattering rates. However, the calculated
values ofV with the actual on-shell 2ph scattering rates are still lower than those
predicted from the scaled 1ph rates. This further decrease is due to the larger
sensitivity ofVto the scattering rate at low energies near the CBM compared to that
of the mobility (see Section 2.2). At these energies, 2ph processes make a relatively
larger contribution to the scattering rates than at higher energies, leading to a larger
reduction inVthan expected based on a uniform increase in scattering rates.

Figure 2.7: a) Mobility versus electric eld applied along both the [100] (red
diamonds) and [111] (purple circles) crystallographic axes at 300 K using 1ph
scattering along with the quadratic ts (solid lines). (¥versus temperature for
the 1ph (dashed black line) and on-shell 2ph (solid orange line) framewbfiss.
overestimated by 100% at the 1ph level of theory across all temperatures. When
including on-shell 2ph, the discrepancy is eliminated. Experimental data from
Figure 11, Ref. [78] (blue squares) and Figures 3 and 4, Ref. [108] (purple circles).

2.7 Discussion

We now discuss the nding that multi-phonon processes are relevant to transport
in non-polar semiconductors. Previous experiment and modeling works have sug-
gested that 2ph processes could account for deviations in the predicted temperature
dependence of the mobility from the 1ph deformation potential theory. In partic-
ular, two-phonon deformation potentials were extracted from second-order Raman
scattering measurements [177, 206], and using these values in transport calculations
improved the agreement of both the variation of the low- eld mobility andith
temperature [115]. However, these conclusions were subject to uncertainty owing
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