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ABSTRACT

In this work, we develop a wavelet-based formulation of resolvent analysis in order
to extend the method to transient phenomena and non-stationary flows. We apply
this method in two ways: first, to analyze systems that were not previously amenable
to traditional resolvent analysis, and second, to probe the limits of the resolvent
forcing modes’ "optimality" in a nonlinear simulation as well as investigate the
mechanisms that suppress their effectiveness. In wavelet-based resolvent analysis,
the Navier-Stokes equations are linearized about a mean profile, Fourier-transformed
in the homogeneous directions, and wavelet-transformed in time. The nonlinear
terms are represented as forcing terms acting on the system, and a maximally
perturbing forcing mode and the response it produces are then computed for this
linear system. The wavelet formulation enables the forcing and response modes to
represent transient trajectories. By windowing the wavelet-based resolvent operator,
we can also compute optimal forcing modes restricted to a time-localized pulse along
with their transient response.

For the first application of the method, we use the windowing approach to study
bursting in channel flow. The optimal response mode grows and decays in time
scales that match turbulent data, and we show that this optimal burst exploits the
Orr mechanism. We also study channel flow subjected to a spanwise pressure
gradient. The corresponding resolvent modes mirror the mean flow and gradually
realign themselves according to the new flow conditions. More interestingly, they
exhibit a collapse of the lift-up mechanism during this realignment, which offers an
explanation to the depletion of tangential Reynolds stresses in the turbulent system.

For the second application of the method, we inject time-localized resolvent forc-
ing modes for the minimal flow unit into a simulation of the system, at different
intensities. The principal resolvent forcing mode is much more effective than a
randomly generated forcing structure at amplifying the near-wall streak. For initial
times and close to the wall, the turbulent minimal flow unit matches the principal
response mode well, but due to nonlinear effects, the response decays prematurely.
By computing the nonlinear energy transfer to secondary scales, we find that the
breakdown of the actuated mode proceeds similarly across all forcing intensities: in
the near-wall region, the induced streak forks into two branches, while in the outer
region, the streak breaks up in the streamwise direction. In both regions, spanwise
gradients account for the dominant share of nonlinear energy transfer.



vi

PUBLISHED CONTENT AND CONTRIBUTIONS

Ballouz, E., Dawson, S. T. M., & Bae, H. J. (2024). Transient growth of wavelet-
based resolvent modes in the buffer layer of wall-bounded turbulence. J.
Phys.: Conference Series, 2753(1), 012002. https://doi.org/10.1088/1742-
6596/2753/1/012002
The authors all contributed to designing the project. E. Ballouz wrote the
code and performed the numerical experiments presented in the work. E.
Ballouz also conducted the data analysis and wrote the article.

Ballouz, E., Dawson, S. T. M., & Bae, H. J. (2025). Transient growth and nonlin-
ear breakdown of wavelet-based resolvent modes in turbulent channel flow
[Submitted]. arXiv preprint arXiv:2502.08670. https://doi.org/10.48550/
arXiv.2502.08670
The authors all contributed to designing the project. E. Ballouz modified
H. J. Bae’s existing simulation code to perform the numerical experiments
presented in the work. E. Ballouz conducted the data analysis and wrote the
article.

Ballouz, E., Lopez-Doriga, B., Dawson, S. T. M., & Bae, H. J. (2024). Wavelet-
based resolvent analysis of non-stationary flows. J. Fluid Mech., 999, A53.
https://doi.org/10.1017/jfm.2024.903
The authors all contributed to designing the project. E. Ballouz wrote the
code and performed the numerical experiments presented in the work. E.
Ballouz also conducted the data analysis and wrote the article.

Ballouz, E., Lopez-Dóriga, B., Dawson, S. T. M., & Bae, H. J. (2023). Wavelet-based
resolvent analysis for statistically-stationary and temporally-evolving flows.
AIAA SCITECH 2023 Forum, 0676. https://doi.org/10.2514/6.2023-0676
The authors all contributed to designing the project. E. Ballouz wrote the
code and performed the numerical experiments presented in the work. E.
Ballouz also conducted the data analysis and wrote the article.

López-Doriga, B., Ballouz, E., Bae, H. J., & Dawson, S. T. M. (2023). A sparsity-
promoting resolvent analysis for the identification of spatiotemporally-localized
amplification mechanisms. AIAA SCITECH 2023 Forum, 0677. https://doi.
org/10.2514/6.2023-0677
E. Ballouz met the first author regularly to discuss the project and occasion-
ally provided feedback and suggestions.

López-Doriga, B., Ballouz, E., Bae, H. J., & Dawson, S. T. M. (2024). Sparse
space–time resolvent analysis for statistically stationary and time-varying
flows. J. Fluid Mech., 999, A87. https://doi.org/10.1017/jfm.2024.955
E. Ballouz met the first author regularly to discuss the project and occasion-
ally provided feedback and suggestions.



vii

TABLE OF CONTENTS

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
Published Content and Contributions . . . . . . . . . . . . . . . . . . . . . . vi
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
List of Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
Chapter I: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Coherent structures in wall-bounded turbulence . . . . . . . . . . . . 1
1.2 Linear analysis of turbulence . . . . . . . . . . . . . . . . . . . . . 3

Chapter II: Background: Fourier-based resolvent analysis . . . . . . . . . . . 12
2.1 Traditional resolvent analysis . . . . . . . . . . . . . . . . . . . . . 12
2.2 Harmonic resolvent analysis . . . . . . . . . . . . . . . . . . . . . . 20

Chapter III: Wavelet-based resolvent analysis . . . . . . . . . . . . . . . . . 24
3.1 A note on wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 Formulation of wavelet-based resolvent analysis . . . . . . . . . . . 30
3.3 Notes on improving efficiency . . . . . . . . . . . . . . . . . . . . . 33
3.4 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.5 Validation I: channel flow . . . . . . . . . . . . . . . . . . . . . . . 37
3.6 Validation II: turbulent Stokes boundary layer . . . . . . . . . . . . . 42

Chapter IV: Application I – Analysis of canonical flows . . . . . . . . . . . . 51
4.1 Bursting in channel flow . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2 Channel flow under a sudden spanwise pressure gradient . . . . . . . 60

Chapter V: Application II – Flow actuation . . . . . . . . . . . . . . . . . . . 71
5.1 Base flow and parameters for resolvent analysis . . . . . . . . . . . . 72
5.2 Forced DNS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.3 Response of the turbulent minimal flow unit . . . . . . . . . . . . . 77
5.4 Nonlinear energy transfer . . . . . . . . . . . . . . . . . . . . . . . 85

Chapter VI: Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.1 Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . . 101
6.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106



viii

LIST OF ILLUSTRATIONS

Number Page
2.1 Channel flow: symmetries of resolvent modes . . . . . . . . . . . . . 17
2.2 Channel flow: Fourier-based principal resolvent modes . . . . . . . . 18
2.3 Channel flow: mean profile and location of critical layer . . . . . . . 19
3.1 Representation of discrete wavelet-transform . . . . . . . . . . . . . 28
3.2 Scalogram grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.3 Shannon and Daubechies-16 wavelets and scaling function . . . . . . 29
3.4 Frequency distortion due to finite difference matrix . . . . . . . . . . 37
3.5 Fourier v.s. wavelet-based resolvent analysis for channel flow . . . . 39
3.6 Turbulent Stokes boundary layer: mean profile . . . . . . . . . . . . 44
3.7 Turbulent Stokes boundary layer: wavelet-based v.s. harmonic resol-

vent analyses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.8 Turbulent Stokes boundary layer: principal modes (inverse wavelet

transform) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.9 Turbulent Stokes boundary layer: principal modes (scalogram) . . . . 48
4.1 Mean streamwise velocity profile for channel flow at Reg = 2000 . . . 52
4.2 Bursting in channel flow: principal modes (scalogram) . . . . . . . . 52
4.3 Bursting in channel flow: principal modes (physical) . . . . . . . . . 53
4.4 Bursting in channel flow: coupling between tilt and magnitude of

principal response . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.5 Transient 3-D channel flow: mean velocity profiles . . . . . . . . . . 60
4.6 Transient 3-D channel flow: friction velocity and shear angle . . . . . 60
4.7 Transient 3-D channel flow: principal response modes (physical) . . . 63
4.8 Transient 3-D channel flow: principal response modes (scalogram) . 64
4.9 Transient 3-D channel flow: principal response modes (physical,

rotated) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.10 Transient 3-D channel flow: shear angle of principal response mode . 67
4.11 Transient 3-D channel flow: flow angle of principal modes . . . . . . 67
4.12 Transient 3-D channel flow: component-wise amplitude of principal

modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.13 Tangential Reynolds stress and misalignment of velocity and shear

profiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70



ix

5.1 Daubechies-8 scaling function . . . . . . . . . . . . . . . . . . . . . 74
5.2 Minimal flow unit: time-localized resolvent forcing mode and its

response . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.3 Flow actuation: energy growth and decay of injected mode . . . . . . 78
5.4 Flow actuation: effective amplification . . . . . . . . . . . . . . . . 79
5.5 Flow actuation: comparison with principal resolvent response mode

(C � G2 plane) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.6 Flow actuation: comparison with principal resolvent response mode

at two wall-normal heights . . . . . . . . . . . . . . . . . . . . . . . 81
5.7 Flow actuation: resolvent forcing modes v.s. random forcing . . . . . 81
5.8 Flow actuation: spectral energy content of the forced DNS . . . . . . 82
5.9 Flow actuation: time scale of energy transfer to secondary scales . . . 83

5.10 Flow actuation: total nonlinear energy transfer from the actuated
mode (G2–integrated) . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.11 Flow actuation: nonlinear energy transfer from the actuated scale, at
different times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.12 Flow actuation: nonlinear energy transfer to the „0� 2”– and „1� 1”–
modes (G2–integrated) . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.13 Flow actuation: total nonlinear energy transfer from the actuated
scale (C � G2 plane) . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.14 Flow actuation: nonlinear energy transfer to the „0� 2”– and „1� 1”–
modes (C � G2 plane) . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.15 Flow actuation: average velocity deviation at two wall-normal heights 90
5.16 Flow actuation: nonlinear energy transfer (streamwise, spanwise and

wall-normal contributions) . . . . . . . . . . . . . . . . . . . . . . . 92
5.17 Flow actuation: nonlinear energy transfer (spanwise and wall-normal

contributions, C � G2 plane) . . . . . . . . . . . . . . . . . . . . . . . 93
5.18 Quasi-linear model: total nonlinear energy transfer (C � G2 plane) . . 96
5.19 Quasi-linear model: nonlinear energy transfer (streamwise, spanwise,

and wall-normal contributions) . . . . . . . . . . . . . . . . . . . . 97
5.20 Principal resolvent response modes, for secondary length scales . . . 99



x

LIST OF TABLES

Number Page
3.1 Chapter 2: non-dimensionalization length and velocity scales . . . . 38
4.1 Chapter 3: non-dimensionalization length and velocity scales . . . . 51



1

C h a p t e r 1

INTRODUCTION

The equations governing the motion of fluids are concise—a momentum conserva-
tion equation for each spatial direction and an equation of mass conservation—but
their apparent simplicity belie an ability to describe phenomena of a staggering rich-
ness and complexity. The mission to better understand the physics of fluids is an old
one—Archimedes’ On Floating Bodies dates back to the third century BC, though
the modern and more complete equations of motion were formulated a little more
recently, in the mid-nineteenth century, by Claude-Louis Navier and George Gabriel
Stokes—and has engaged a wide array of disciplines, combining pen-and-paper
analysis, experiments, and the design of numerical solvers and models.

One aspect of fluid mechanics that continues to inspire a large number of its scholars
is the tendency of turbulent fluids to organize themselves into ordered structures.
From vortices at the wingtips of birds to the whirling of storms in our atmosphere, the
chaotic flow of fluids manages to produce identifiable coherent shapes. The emer-
gence of order from chaos, beyond just lending itself to poetic contemplation, has
important implications for the quest to hone our mastery of fluid mechanics. These
coherent structures are often energetic, and understanding their behavior—their
birth, motion, interactions, and disappearance—can lead to interpretable insights
about the physics of fluids, without having to fully simulate the Navier-Stokes equa-
tions. After all, shoals of fish manage to deftly navigate the deep ocean currents
without solving partial differential equations at each relevant scale of motion, and
probably only react to the perceptible and energetic components of the flow. A
better understanding of coherent structures is especially rewarding for the design of
more efficient vehicles, or the modeling of systems too complex to simulate fully.

1.1 Coherent structures in wall-bounded turbulence
A canonical system that turbulence researchers often consider is the wall-bounded
flow. This type of flow is extremely relevant to the design of vehicles, but also
to the modeling of atmospheric and oceanic flows close to the ground or ocean
bed, respectively. Wall-bounded flows are the topic of this work, though we only
consider simplified geometries, primarily flow within a channel. We work with an
idealized channel in a numerical setting: two parallel infinite walls between which
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an incompressible turbulent fluid is flowing. There are no side walls; the domain
boundaries along and transverse to the flow are periodic. At the top and bottom
walls, the fluid satisfies the no-slip and no-penetration boundary conditions. We
refer to the flow direction as "streamwise", the axis stretching from the bottom-wall
to the top as "wall-normal", and the remaining direction as "spanwise". Both direct
numerical simulations (DNS) of this idealized case and physical experiments within
channels reveal the presence of coherent structures: elongated regions of low and
high velocity near the wall stretching in the direction of the flow (the streamwise
direction). These streamwise streaks are paired with streamwise rolls—sweeping
motions in the cross-flow plane, rotating about the streamwise axis.

These structures have been decisively measured and extracted from numerical and
experimental data through, for example, spatiotemporal correlations (Abreu et al.,
2020; Berkooz et al., 1993; Borée, 2003; Lumley, 1967, 2007; Mezić, 2013; Tissot
et al., 2021). The shape and life-cycle of these roll/streak pairs, as well as their
interactions with the rest of the flow, have been extensively studied (Adrian, 2007;
Bakewell & Lumley, 1967; Blackwelder & Eckelmann, 1979; Johansson et al., 1987;
H. T. Kim et al., 1971; Klebanoff et al., 1962; Kline et al., 1967; Robinson, 1991;
Smith & Metzler, 1983; Smits et al., 2011). The persistent generation of streamwise
streaks from spanwise rolls and their subsequent breakdown which regenerates rolls
form what is dubbed the self-sustaining process. This quasiperiodic cycle can be
more clearly observed in a minimal flow unit (Jiménez & Moin, 1991): a channel
restricted in the streamwise and spanwise directions in order to exclude the dynam-
ics of the outer region of the channel. Recent methods based on graph-theoretic
approaches (Elnahhas et al., 2024) provide new evidence of the self-sustaining pro-
cess in larger channels as well by revealing consistent patterns of energy exchange
between rolls and streaks. Many works are dedicated to understanding the mech-
anisms that drive this cycle (Butler & Farrell, 1993; Chernyshenko & Baig, 2005;
Del Alamo & Jiménez, 2006; Hamilton et al., 1995; Jiménez, 2018; Landahl, 1980;
Panton, 2001). The organization of near-wall turbulence into energetic rolls and
streaks has inspired the pursuit of lower-dimensional models, wherein the high-
dimensional wall-bounded flow is summarized by the dynamical evolution of large
structures.

Streaks and rolls are staples of turbulent channel flow, which is stationary—it is
homogeneous in time and its average statistical properties are time-invariant. A
time-varying mean flow, however, can greatly influence the behavior of turbulence.
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When a spanwise pressure gradient is applied to channel flow causing the flow to
rotate, the turbulent Reynolds stresses counterintuitively decrease, initially (Lozano-
Durán et al., 2020). The newly formed rolls, positioned more closely to the wall
and oriented in the direction of the rotating flow (and thus misaligned with the
traditional streamwise rolls) are believed to disrupt the streak generation process.
In an other non-stationary configuration, where the top and bottom walls of the
channel oscillate in tandem, the flow can alternate between laminar and turbulent
regimes (Blondeaux & Vittori, 1994; Verzicco & Vittori, 1996; Vittori & Verzicco,
1998). Coherent structures in non-stationary turbulent flows can behave and interact
in unexpected ways, and illuminating their time-varying behavior would expand our
understanding turbulence. The analysis of these flows is a core motivation of this
thesis.

1.2 Linear analysis of turbulence
As mentioned, one approach used to characterize coherent structures relies on
the wealth of data generated by recent DNS, and newly developed data-driven
approaches have indeed produced many insights on the creation and destruction of
coherent structures (Elnahhas et al., 2024; Lozano-Durán & Arranz, 2022; Picard
& Delville, 2000; Taira et al., 2017; Towne et al., 2018). Another branch of
this field is centered on understanding the generation and sustenance of coherent
structures through the direct analysis of the properties of the equations of motion. To
simplify their analysis, the Navier-Stokes equations are often linearized. Nonlinear
mechanisms are essential to turbulence, but much insight can be gleaned from
considering the linearized equations. In particular, the linearized equations become
amenable to the rich array of mathematical tools developed for the analysis of linear
operators.

The linear analysis of flows usually proceeds as follows: the equations of motion are
linearized about a base profile, traditionally the laminar steady state solution; linear
equations are formulated for the velocity and pressure fluctuations about this base
flow and their stability properties investigated (Schmid et al., 2002). One important
result for inviscid shear flows with a monotonic base profile is the Fjørtoft criterion
(Fjørtoft, 1950), which states that, in order for perturbations to be unstable, the
base velocity profile must have an inflection point such that the concave portion of
the flow is below the convex portion (or equivalently, the mean vorticity must be
a maximum at the inflection point). Results and analysis methods have also been
derived for viscous shear flows, mainly by considering the eigenvalue spectra of the
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linear operators acting on the perturbations (Schmid et al., 2002). These methods
have been used as a theoretical basis for investigating the transition to turbulence:
unstable perturbations grow to the point where nonlinear effects cannot be neglected
and turbulence is tripped.

Another insight from linear analysis is that flows need not be unstable to perturba-
tions in order to transition to a turbulent state. Perturbations about certain globally
stable base flow configurations—wall-bounded shear flows, for example—can still
grow significantly, even if they are doomed, in the purely linear setting, to eventually
decay to zero. It is during the transient growth of perturbations that the assumption
of linearity can break down and the flow risks turning turbulent. In such flows that
sustain the intense transient growth of perturbations, an "optimal" initial condition
is sought. The optimal initial condition is defined such that, when integrated up
to a specified time using the linearized equations, it leads to a state of maximal
kinetic energy. In short, this optimal perturbation theory, introduced in Böberg and
Brösa (1988) and Butler and Farrell (1992), seeks to uncover the most perturbing
initial condition and the structures it generates. What is remarkable is that the
optimal initial conditions for channel flow (Butler & Farrell, 1992, 1993) tend to
resemble the aforementioned streamwise rolls, which, when integrated forward in
time, produce streamwise streaks. Linear analysis thus offers an explanation to the
structure of near-wall turbulence: out of the noise of perturbations arising from the
nonlinear dynamics shuffling energy across scales, the ones aligned with the optimal
perturbation—rolls in the case of channel flow—are preferentially amplified by the
linear dynamics of the flow and grow into powerful streaks that overwhelm other
structures.

In addition to their theoretical tractability, linear mechanisms play a role in physical
flows and are often believed to be fundamental drivers of wall-bounded turbulence
(Chernyshenko & Baig, 2005; Del Alamo & Jiménez, 2006; Jiménez, 2013; Lozano-
Durán et al., 2021; Panton, 2001). One such mechanism is the Orr mechanism (Orr,
1907), in which the mean shear profile near the wall tilts wall-normal velocity per-
turbations forward in the streamwise direction, stretches vertical scales, and washes
out wall-normal gradients; to preserve continuity, wall-normal fluxes and veloc-
ity perturbations are magnified, which in turn intensifies streamwise perturbations
through cross-component coupling. The role of the Orr mechanism in producing
long-lasting streamwise velocity perturbations and sustaining turbulent channel flow
has been investigated in Encinar and Jiménez (2020) and Jiménez (2013, 2015). We
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discuss the Orr mechanism in detail in Chapter 4.1. Another example is lift-up
(Hwang & Cossu, 2010), which occurs when wall-normal velocity perturbations
transport slow-moving fluid near the wall away into the faster flow field farther away
from the wall, where it can be accelerated by the faster mean flow. Modulating
lift-up can significantly impact the Reynolds stresses in turbulent channel flow; this
is discussed in Chapter 4.2.

Many offer further evidence that linearly-driven transient growth is a prominent
driver turbulent fluctuations (Del Alamo & Jiménez, 2006; Pujals et al., 2009).
These works show that, even after removing the nonlinear term from the perturba-
tion equations, linear transient growth via the mean shear generates the dominant
(streaky) structures in wall-bounded turbulence. The linearized system additionally
accounts for much of the energy spectra and reproduces the self-similar profile in
the logarithmic region. In a similar vein, Lozano-Durán et al. (2021) show through
numerical experiments that the minimal flow unit can sustain turbulence without
the nonlinear feedback between the velocity fluctuations and the mean velocity pro-
file, except when the Orr-mechanism or push-over—the momentum transfer to the
streamwise velocity perturbation that is enabled by the spanwise mean shear—are
suppressed.

Disentangling the roles of lift-up and pushover in energizing near-wall streaks is
a subject of ongoing research. Most recently, Markeviciute and Kerswell (2024)
tackle the problem by employing an alternate linearization scheme, in which the
base flow is a sum of the traditional channel flow profile and a near-wall streak
from optimal perturbation theory "frozen" at its maximum amplification. They
investigate the transient growth of secondary, smaller scale perturbations on top of
an existing streak. Under their formulation, the secondary perturbations are found to
undergo significant transient growth, driven by spanwise gradients, and artificially
suppressing the spanwise gradients stunts the growth of perturbations. In other
words, the push-over mechanism seems to be responsible for the transfer of energy
from the streak to secondary scales, thus helping shape the structure of near-wall
turbulence. In Chapter 5, where we study the breakdown of an injected "optimal"
streak in a turbulent channel, we lend special attention to the role of the spanwise
self-advection term in re-distributing energy across scales.

In light of the importance of linear mechanisms in wall-bounded turbulence and the
success of eigenfunction methods at helping elucidate the privileged role of rolls
and streaks, this work focuses on another related linear analysis method: resolvent
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analysis. In resolvent analysis, the Navier-Stokes equations are also written as a
linear dynamical system for velocity and pressure fluctuations about a base flow.
The base flow can be the laminar solution as in traditional optimal perturbation
theory, but more modern implementations use the turbulent mean profile, averaged
over ensembles as well as the homogeneous spatial directions—in channel flow, the
streamwise and spanwise directions—and time (McKeon & Sharma, 2010). Rather
than neglect the nonlinear term, we represent it as a forcing term acting on this
system, along with any additional exogenous force on the system. The resolvent
operator refers to the linear map between the forcing inputs and the flow states. In this
linearized setting, without computing the nonlinear terms, we can solve for the input
(or forcing) terms that would generate the output trajectories (or responses) with the
largest kinetic energy (Jovanović & Bamieh, 2005). This is done in practice by taking
a singular value decomposition (SVD) of the discretized resolvent operator. The first
right singular mode—the principal forcing mode—reveals the inputs to which the
linearized equations of motion are most sensitive, similar to the optimal perturbation
of Butler and Farrell (1992). The first left singular mode—the principal response
mode—reveals the most amplified outputs. The first singular value squared yields
the kinetic energy amplification factor. The assumption underpinning this approach
is that the optimal structures computed by resolvent analysis will be preferentially
"selected" and amplified by the linear dynamics of the flow, thus manifesting as
sustained coherent structures.

Resolvent analysis is traditionally applied to systems exhibiting spatial and temporal
homogeneity. The linearized Navier-Stokes are first Fourier transformed in time
and the homogeneous spatial directions prior to resolvent analysis; the method
thus targets the linear amplification properties of individual wave numbers and
frequencies. In the context of wall-bounded turbulent flows, the equations are
Fourier-transformed in the streamwise and spanwise directions, and time, and the
targeted length scales are the traditional streamwise and spanwise streak spacings
in the buffer layer (Bae et al., 2021; McKeon, 2017; McKeon & Sharma, 2010;
Moarref et al., 2013).

When applied to wall-bounded turbulent flows, resolvent analysis is successful
at identifying streamwise rolls as the most perturbing structures, and streamwise
streaks as the most amplified structures (Bae et al., 2021; McKeon & Sharma, 2010).
Resolvent modes also highlight noteworthy dynamics of near-wall turbulence. The
computed response modes, interpreted as waves propagating in the streamwise
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direction at a velocity determined by their frequency and streamwise wavelength,
tend to peak in energy where their wave speed matches the mean streamwise velocity
(Cui & Jacobi, 2023; McKeon, 2017; McKeon et al., 2013; Moarref et al., 2013;
Toedtli et al., 2019). The most prominent modes that arise from resolvent analysis are
thus consistent with Taylor’s frozen turbulence hypothesis, which describes turbulent
structures as propagating close to the local mean velocity (Taylor, 1938). The
location where the wave speed equals the mean velocity—and where perturbations
are most amplified—defines a critical layer where the resolvent operator would
be singular if not for viscosity (McKeon & Sharma, 2010). This underscores
the potentially significant energy amplification achievable by perturbations to the
flow, especially in the critical layer. We expect such maximally amplified modes
to those play a significant role in shaping the behavior and structure near-wall
turbulence. Additionally, resolvent modes have been found to reflect the self-similar
and universal properties of wall-bounded turbulence, inheriting them from the mean
profile. Energy spectra computed using resolvent response modes exhibit two peaks,
one close to the wall and one farther away which, when scaled accordingly, collapse
for a wide range of Reynolds numbers (Moarref et al., 2013).

Because resolvent response modes are expected to figure prominently in turbulent
flows, and given that they adhere to scaling laws that govern them, they have been
fruitfully used as flow reconstruction tools. Linear combinations of the leading
response modes have been used to construct low-dimensional approximations of
turbulent flows, including channel and pipe flow (Ahmed et al., 2021; Arun et
al., 2023; Bae et al., 2020a, 2020b; Beneddine et al., 2017; Gómez et al., 2016;
Illingworth et al., 2018; Moarref et al., 2013). Using resolvent modes to model
flows is especially tractable when the singular values of the resolvent operator decay
quickly, meaning that only a small handful need be computed to capture the effects of
linear amplification. The weighting coefficients are often trained on DNS data and
serve to capture the nonlinearly determined distribution of forcing contributions on
different length scales (Moarref et al., 2013). Other works have also explored the use
of resolvent modes in estimating and predicting flows with sparse measurements.
Specifically, a low-rank approximation of the resolvent operator can be used to
model correlations between different spatial locations of the flow (Martini et al.,
2020; Towne et al., 2020).

Resolvent modes are descriptive enough to be used for the purpose of reconstruction
and estimation. They also carry a physical relevance, and can be used as dynamical
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models of turbulent flows. In Toedtli et al. (2019), resolvent modes are used to
model the response of turbulent channel flow to a varying-phase opposition control.
The resolvent model captures the change in the profiles and drag well despite
discrepancies in the predicted stress profile between the model and DNS. To control
turbulent flows, cheaply computed resolvent modes can be used in lieu of expensive
DNS to design forcing functions. Liu et al. (2021) apply this framework to reduce
pressure fluctuations along a cavity in supersonic flow. Yeh and Taira (2019) uses
the resolvent analysis of a flow over an airfoil to identify a forcing frequency and
length scale that enhance momentum mixing and reduce flow separation. Lin et al.
(2023) repeat this method for a plunging cylinder to reduce lift fluctuations.

The assumption underpinning the above control design framework is that resolvent
modes, though only optimal for the linearized equations, nevertheless capture fun-
damental mechanisms of energy transfer, even within fully turbulent flows. Works
like Bae et al. (2021) lend credibility to this assumption, and resolvent modes are
indeed found to play a role in the transfer of energy to coherent near-wall turbulent
perturbations. In a modified DNS, subtracting the contribution of the principal
resolvent forcing mode from the nonlinear term at every time step interrupts the
streak-regeneration process. Consequently, buffer layer turbulence is greatly sup-
pressed. Resolvent forcing and response modes show promise in emulating the
behavior of turbulent flows under forcing, and this is linked to the role the forcing
modes themselves play in amplifying near-wall turbulence in simulated flows.

The traditional formulation of the resolvent operator relies on Fourier-transforming
the linearized Navier-Stokes equations in time. This restricts its formulation to
statistically steady and quasiperiodic flows. The resulting SVD modes will be
Fourier modes in time, and cannot represent temporally local effects, be it for the
purpose of analysis, reconstruction, or control. Indeed, we remind the reader that
certain mechanisms vital to near-wall turbulence—such as the Orr mechanism—are
transient, and a mean flow that varies in time can have a significant impact on the
turbulence. Traditional Fourier-based resolvent analysis is not easily adaptable to
these flow configurations and has thus not been used to study them. In the context
of flow control and estimation, the time horizon of the influence of resolvent modes
on the flow is also important. To improve the estimation capabilities of resolvent
modes, Martini et al. (2020) re-weight the resolvent operator to reflect temporal
statistics. When applying resolvent analysis to the control of flow separation over
an airfoil, Yeh and Taira (2019) modify the resolvent operator using the exponential
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discounting method introduced in Jovanovic (2004) to select forcing and responses
modes acting on a time scale of interest. Indeed, in more physical scenarios, the
flow would only be forced intermittently, either by spontaneous events arising in the
unforced flow or by externally imposed actuation, and it would be valuable to study
how a turbulent flow instantaneously reacts to such forcing.

Given the value of this property to analysis, estimation and control, we dedicate
this work to the formulation of resolvent modes capable of encoding time. Rather
than construct our resolvent modes using Fourier modes in time, we propose using
wavelets. In practice, we wavelet-transform the linearized fluctuation equations
in time before constructing the resolvent operator. Wavelets are similar to Fourier
modes in that they can be used to represent square-integrable functions. What makes
wavelets suited to our goal, however, is the fact that their mass is concentrated in
particular time interval; integrating against a wavelet thus captures information
centered in its support. The wavelet expansion of a function of time involves
projecting the function on both re-scaled (as in the Fourier case) and shifted versions
of a mother wavelet (Mallat, 1999). The wavelet transform is thus a function of
the time shift and the scaling coefficient, allowing it to explicitly represent time and
frequency information simultaneously. The wavelet transform and the formulation
of the wavelet-based operator are the subject of Chapter 3. Wavelet-based resolvent
modes with their additional time and frequency localization allow them to reflect
the influence of a time-varying mean profile, or capture transient events.

This novel formulation allows us to obtain optimally amplified transient trajectories,
whose temporally and spatially integrated kinetic energy is maximized. Though
seemingly similar to optimal perturbation theory, we note that the two methods use
different measures of optimality. Optimal perturbation theory indeed maximizes
the kinetic energy ratio between the initial condition and the solution at the chosen
terminal time, while the wavelet-based resolvent analysis maximizes the integrated
kinetic energy of the response over the entire time domain. We argue in Chapter
4.1 that the latter captures structures that tend to persist in time, rather than spike
and decay rapidly. Moreover, wavelet-based resolvent analysis does not prescribe
the instance of the initial perturbation, which, in optimal transient growth theory,
is defined to be at the time origin. The optimal wavelet-based forcing mode can
appear any instance of the time domain: for example, when applied to turbulent
oscillating Stokes flows (Ballouz, Lopez-Doriga, et al., 2024; Ballouz et al., 2023),
the computed forcing and response modes coincide with the times in the cycle
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when the streamwise root-mean-square velocity peaks. As will be seen throughout
this work, transient forcing modes usually precede their corresponding response
mode, which suggests that time-localized resolvent analysis correctly extracts causal
relations between the forcing and response structures.

The wavelet-based modes allow us to analyze both non-equilibrium effects of a
time-varying mean flow, or transiently amplified perturbations. Given that resolvent
modes are often used as surrogates of turbulent flows, or as ways to actuate and
control these flows, we are also interested in the limitations of these applications.
The transient growth of any linearly "optimal" structure within a fully turbulent
flow is modulated by the myriad nonlinear interactions not considered upon the
computation of the mode. With the objective of controlling near-wall turbulence
in mind, a problem that interests us is whether significant transient growth can
still be achieved in a turbulent flow. We can test this using similar methods as
Bae et al. (2021)—that is, by running a modified DNS of a turbulent channel in
which we inject a time-localized resolvent forcing mode. By comparing the results
to the transient resolvent response corresponding to the injected forcing, we can
measure the interactions of the developing "optimal" response—no longer optimal
in this case—with the background turbulence of the system. In addition to its
value to control, such an experiment also reveals insights on the streak breakdown
process, paving the way to future research projects that investigate another step of
the self-sustaining process.

Thesis outline
Chapter 2 covers the mathematical formulation of Fourier based resolvent analy-
sis methods. These rely on equations that have been Fourier-transformed in time
and are applicable to flows with either a constant or time-periodic base flow. The
Fourier-based methods are the backbone of the extension we develop, wavelet-based
resolvent analysis, which we discuss in Chapter 3. The chapter also addresses issues
of efficiency and convergence, and validates the method against the Fourier-based
ones. In Chapter 4.1, we explore a novel application of resolvent analysis, one that
requires the wavelet-based formulation: Orr bursts in channel flow, a transient phe-
nomenon argued to play a key role in sustaining wall-bounded turbulence. Another
novel application involving a non-periodic time-varying base flow is explored in
Chapter 4.2. We study the linear amplification of perturbations in turbulent channel
flow that has been subjected to a sudden and sustained spanwise pressure gradient.
In Chapter 5, we test the effectiveness of resolvent modes at actuating a turbulent



11

system and capturing its response to actuation. We inject a time-localized wavelet-
based resolvent forcing mode into a DNS of the minimal flow unit, and track the
growth and decay of the induced streak. Special attention is given to the nonlinear
interactions that lead to the breakdown of the mode. We conclude the dissertation
in Chapter 6, and propose new research topics of near-wall turbulence that make use
of wavelet-based resolvent analysis.
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C h a p t e r 2

BACKGROUND: FOURIER-BASED RESOLVENT ANALYSIS

This chapter concerns the formulation of Fourier-based methods of resolvent analy-
sis, in which the equations of motions are Fourier-transformed in time. Traditional
resolvent analysis (Chapter 2.1) targets the linear amplification of a perturbation
traveling at a single wave speed. This formulation has the longer history, and we
reproduce some of its key results for turbulent channel flow. Harmonic resolvent
analysis (Chapter 2.2) extends the method to oscillating flows, and considers a
handful of interacting perturbation frequencies.

2.1 Traditional resolvent analysis
This section outlines the traditional formulation of resolvent analysis, i.e. its most
common formulation prior to 2020. For the rest of this work, we assume that our
fluid of interest is governed by the incompressible Navier-Stokes equations, though
works like Bae et al. (2020b) and Gomez et al. (2022) have also formulated resolvent
analysis for the compressible equations.

Formulation
As in other linear analysis methods, the subjects of resolvent analysis are the velocity
and pressure fluctuations about a mean profile. Consider D̄8, the total velocity
in the G8 direction, and ?̄, the total pressure. These quantities include both the
mean and fluctuating components. Suppose the velocities in all directions are
non-dimensionalized with a reference velocity D�, the length scales with a reference
length !�, and pressure with a reference density d�. Suppose time is correspondingly
non-dimensionalized using D� and !�. The nondimensional flow quantities obey the
incompressible Navier-Stokes equations:

mD̄8

mC
‚ D̄ 9

mD̄8

mG 9
= � m ?̄

mG8
‚ 1
Re

m2D̄8
mG 9mG 9

�
mD̄8

mG8
= 0� (2.1)

where Re = D�!��a� is the Reynolds number, with a� being the kinematic viscosity.
The fluctuations are defined with respect to the total velocity: D8 := D̄8 � *8 and
? := ?̄ � %, where *8 := hD̄8i and % := h?̄i denote the mean velocity and pressure
profiles, respectively, and the brackets h�i denote the averaging operation. The
averaging is often done in the directions of homogeneity, and thus depends on the
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symmetry of the analyzed fluidic system. For example, for channel flow, the mean
profiles are traditionally obtained by averaging the solution from simulations over
the streamwise and spanwise spatial directions and time.

By expressing D̄8 and ?̄ as a sum of the fluctuating and mean component, we can
split equations (2.1) into coupled equations for the mean and the fluctuations:

m*8

mC
‚

�
D̄ 9
mD̄8

mG 9

�
= � m%

mG8
‚ 1
Re

m2*8
mG 9mG 9

�
m*8

mG8
= 0� (2.2)

mD8
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mD8

mG 9
‚ D 9

m*8

mG 9
= � m?

mG8
‚ 1
Re

m2D8
mG 9mG 9

‚ 58�
mD8

mG8
= 0� (2.3)

We use 58 to denote the nonlinear terms in the fluctuating equations. The equations
above do not have an analytic solution unless in particular situations and are most
commonly solved numerically. In resolvent analysis, we do not seek exact solutions
to the above system. Only the equations for the fluctuations are considered and the
mean profile is assumed to be an invariant parameter independent of the fluctuations.
Moreover, in contrast to optimal linear growth, the nonlinear terms 58 are not ignored,
but instead modeled as forcing functions applied exogenously onto the fluctuating
system. In other words, resolvent analysis assumes that 58 is independent of D8
and ?. The goal of resolvent analysis is to formulate a linear mapping between
the nonlinearities and the fluctuation field. We note that some of the terms in the
fluctuating equations may be zero depending on the flow configuration. For channel
flow, which is homogeneous in the streamwise (G1) and spanwise (G3) directions,
*2 = *3 = 0 and m*1�mG1 = m*1�mG3 = 0.

In traditional resolvent analysis, the fluctuations are assumed to be periodic in
the homogeneous directions, and equations (2.3) are Fourier-transformed in those
spatial directions. Moreover, the mean flow is statistically stationary and therefore
independent of time; the fluctuation equations are assumed to be periodic in time
and further Fourier-transformed in time. After applying the aforementioned Fourier
transformations, the equations for the fluctuations are discretized over the non-
homogeneous spatial dimensions of the grid and we obtain the following:

cDCbu8 ‚bu 9dU8� 9 ‚U 9
cD 9bu8 = �bD8bp ‚ 1

Re
bLbu8 ‚bf8� bD8bu8 = 0� (2.4)

where bu8, bf8 and bp respectively denote the transformed and discretized D8, 58, and
?, cDC and cD8 are the transformed discrete differentiation operators in time and the
G8– directions respectively, and bL is the transformed Laplacian. For systems that
are homogeneous in the streamwise and spanwise directions and periodic in time,
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we can write cDC = �il, cD1 = i:1, cD3 = i:3, cD2 = D2, and bL = �:2
1 ‚ D2

2 � :
2
3,

where l is the chosen frequency for the temporal Fourier transform, „:1� :3” are the
streamwise and spanwise wavenumber pair, and D2 is the discrete derivative in the
G2–direction. We use U8 and dU8� 9 to denote the diagonal matrices whose diagonal
terms are respectively*8 and m*8�mG 9 evaluated at the grid points, and we note that
since the system is homogeneous in G1 and G3, U2 = U3 = dU8�1 = dU8�3 = 0. Each
of the discretized momentum and continuity equations is an #2-dimensional system,
where #2 is the spatial resolution in the G2 direction. These linearized equations
can then be cast as 2666666664

û1„G2”
û2„G2”
û3„G2”
p̂ „G2”

3777777775
= Ĥ „:1�:3�l”

2666666664
f̂1„G2”
f̂2„G2”
f̂3„G2”

0

3777777775
� (2.5)

where bH „:1�:3�l” denotes the traditional Fourier-based resolvent operator

bH „:1�:3�l” =

2666666664
�
�ilI � 1

Re
L ‚ i:1U1 ‚U2D2 ‚ i:3U3

� '›››››«
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 0

“fififififi‹
‚

'›››››«
0 cdU1�2 0 i:1I
0 cdU2�2 0 D2

0 cdU3�2 0 i:3I
i:1I D2 i:3I 0

“fififififi‹
3777777775

�1

� (2.6)

and the superscript „:1� :3� l” indicates the choice of streamwise and spanwise
wavenumbers :1 and :3, and frequency l used in the Fourier transforms. The
functional dependence on G2 indicates the discretisation over the wall-normal spatial
dimension.

The analysis of the resolvent operator bH „:1�:3�l” 2 C4#2 � C4#2 consists of taking
its singular value decomposition (SVD). Before taking the SVD of bH „:1�:3�l” , an
additional weighting step is performed so that the first right singular vector maxi-
mizes a norm of interest, traditionally the kinetic energy seminorm (Jovanović &
Bamieh, 2005; McKeon, 2017; McKeon & Sharma, 2010). Specifically, an SVD is
performed on the following matrix:
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0 0 dX2 0
0 0 0 0

“fififififi‹
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dX�1

2 0 0 0
0 dX�1
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2 0
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“fififififi‹
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where the elements of the diagonal matrix dX2 are the integration weights at each
grid point. For a uniform grid, dX2 = I can be used. The SVD enables us to solve
the following optimization problem:

maxbf1� bf2� bf3

�
»bu1… ‚ »bu2… ‚ »bu3…

	
subject to»bf1… ‚ »bf2… ‚ »bf3… = 1 and equation (2.6)�

(2.8)

where, for a wall-normal spatial domain »0� !2…, we use »�… = 1
!2

fl !2
0 j � j23G2 to

denote the G2�integrated energy. The solution to (2.8) is the largest singular value
squared f2

1 .

The left and right singular vectors are interpreted as response and forcing modes,
respectively, and the singular values as amplification factors or gains. The principal
forcing mode, i.e. the right singular vector corresponding to f1, is the forcing
which produces the velocity fluctuations with the largest kinetic energy via the
linearized system. This mode is often interpreted as the most effective at perturbing
the linearized system. The principal response mode, i.e. the left singular vector
corresponding tof1, reveals the structure of the most amplified velocity and pressure
fluctuation field. We denote the principal forcing and response modes by 5̂„G2” =
»5̂)1 � 5̂

)

2 � 5̂
)

3 � 0) …) and 7̂„G2” = »7̂
)

1 � 7̂
)

2 � 7̂
)

3 � 7̂
)

?…) respectively. The modes are
normalized such that their integrated kinetic energy satisfies

»q̂1… ‚ »q̂2… ‚ »q̂3… = 1� (2.9)

»k̂1… ‚ »k̂2… ‚ »k̂3… = 1� (2.10)

Application to turbulent channel flow
Let us now apply this method to turbulent channel flow and reproduce the modes
obtained in McKeon and Sharma (2010) and Moarref et al. (2013) in order to high-
light some of their properties. In particular, the modes inherit certain symmetries
from the geometry of the domain. Moreover, the principal forcing modes appear in
the form of streamwise rolls, while the principal response modes appear as stream-
wise streaks, i.e. regions of alternating positive and negative velocity anomalies
elongated in the streamwise direction. The most amplified modes tend to peak at
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the critical layer, defined as the wall-normal height where the mode’s wave speed
matches the mean streamwise velocity.

For what follows, the length scales are non-dimensionalized by the channel half-
height X� and velocity scales by the friction velocity D�g so that Re = Reg. For the
mean velocity profile, we use that of a turbulent channel flow at friction Reynolds
Reg = 186, obtained from the DNS conducted in Bae and Lee (2021). The DNS
uses a second-order staggered finite-difference (Orlandi, 2000) and a fractional-step
method (J. Kim & Moin, 1985) with a third-order Runge-Kutta time-advancing
scheme (Wray, 1990). Periodic boundary conditions are imposed in the stream-
wise and spanwise directions; no-slip and no-penetration boundary conditions are
imposed at the top and bottom walls. The simulation code has been validated in
previous studies in turbulent channel flows (Bae et al., 2018, 2019; Lozano-Durán &
Bae, 2019) and flat-plate boundary layers (Lozano-Durán et al., 2018). The dimen-
sions of the numerical domain are !1 = 8c, !2 = 2, and !3 = 3c in the streamwise,
wall-normal, and spanwise directions, respectively. We use uniform grids in the
streamwise and spanwise directions of size #1 = 768 and #3 = 288, respectively,
such that the grid spacing is �G‚1 = �G

‚
3 = 6. The #2 = 130 wall-normal grid points

are distributed according to a hyperbolic tangent profile, such that min„�G‚2 ” = 0�16
near the wall and max„�G‚2 ” = 7�2 near the centerline. Here, the superscript „�”‚

denotes wall units defined for length scales as „�”‚ = „�”Reg. The simulations were
run for an additional C = 100 after transients in order to compute *1 and 3*1�3G2

by averaging the results in the streamwise and spanwise directions, and time.

Equation (2.4) is discretized on a Chebyshev grid of size #2 = 128; U1 and dU1�2

are projected onto the grid points by interpolation. The discrete differentiation
operators D2 and D2

2 are pseudospectral Chebyshev derivative matrices (Trefethen,
2000; Weideman & Reddy, 2000). These derivatives are dense, but we find that
the resolvent modes converge for our small grid size—that is, they do not change
if we increase #2 further. For much larger #2, the use of sparse matrices becomes
essential for a tractable computation. We choose to target the near-wall streaks,
which, for Reg = 186, are spaced according to _‚1 � 1000 and _‚3 � 100 (Bae et al.,
2021; Moarref et al., 2013). These length scales also correspond to the peaks in the
streamwise spectrum. We choose the frequency l which produces the largest linear
amplification f1; this corresponds to l = 17�14.

Because of the symmetry about the centerline, resolvent analysis of channel flows
produces pairs of equivalent modes. In Figure 2.1 (a), the singular values indeed
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(a) (b)

Figure 2.1: (a) First ten singular values from Fourier-based resolvent analysis of
channel flow at Reg = 186; (b) principal (black) and second (red) response modes.
Solid lines represent the real part of the respective modes, while dotted lines rep-
resent the imaginary part. We note that in the top half of the channel, the modes
are identical and only the principal one is visible. The Fourier parameters used
are „_‚1 � _

‚
3 � l” = „1000� 100� 17�14”, and the vertical black line is the zero-velocity

reference line.

occur in near-equal pairs; the corresponding forcing modes thus generate equally
amplified response modes. For the bottom half of the channel, the modes corre-
sponding to the first two singular values are identical; for the top half, they are
opposite (Figure 2.1 (b)). The modes form a two-dimensional singular plane, for
which we can construct the following convenient basis vectors: the first, proportional
to the sum of the modes, captures the response in the bottom half of the channel,
and the second, proportional to their difference, captures the response in the top.

To construct the modes in physical space, we take into account this symmetry.
Consider a velocity vector û„:1�:3�l” = „D̂„:1�:3�l”

1 � D̂
„:1�:3�l”
2 � D̂

„:1�:3�l”
3 � ?̂ „:1�:3�l”” and

a forcing vector f̂
„:1�:3�l”

= „ 5̂ „:1�:3�l”
1 � 5̂

„:1�:3�l”
2 � 5̂

„:1�:3�l”
3 � 0” that satisfy the lin-

earized and transformed equations (2.3), where the dependence on Fourier pa-
rameters „:1� :3� l” are marked explicitly. Because *2 = *3 = 0 and 3*1�3G1 =

3*1�3G3 = 0, another solution pair is formed by û„:1��:3�l” = „D̂„:1��:3�l”
1 � D̂

„:1��:3�l”
2 �

�D̂„:1��:3�l”
3 � ?̂ „:1��:3�l”” and f̂

„:1�:3�l”
= „ 5̂ „:1��:3�l”

1 � 5̂
„:1��:3�l”

2 �� 5̂ „:1��:3�l”
3 � 0”.
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(a)

(b)

Figure 2.2: Principal resolvent (a) forcing and (b) response modes for channel flow
atReg = 186, using „_‚1 � _

‚
3 � l” = „1000� 100� 17�14”. The modes have been inverse-

Fourier transformed in the streamwise and spanwise directions and are plotted in
physical space at G1 = 0 and G3 = 0. The contours represent the streamwise compo-
nent and the black arrows represent the direction of the cross-flow components.

Thus, the resolvent modes in physical space are constructed as

k1„G1� G2� G3� C” = 2Re
�
k̂1„G2”4i:1G1‚i:3G3�ilC ‚ k̂1„G2”4i:1G1�i:3G3�ilC	 � (2.11)

k2„G1� G2� G3� C” = 2Re
�
k̂2„G2”4i:1G1‚i:3G3�ilC ‚ k̂2„G2”4i:1G1�i:3G3�ilC	 � (2.12)

k3„G1� G2� G3� C” = 2Re
�
k̂3„G2”4i:1G1‚i:3G3�ilC � k̂3„G2”4i:1G1�i:3G3�ilC	 � (2.13)

k? „G1� G2� G3� C” = 2Re
�
k̂? „G2”4i:1G1‚i:3G3�ilC ‚ k̂? „G2”4i:1G1�i:3G3�ilC	 � (2.14)

and

q1„G1� G2� G3� C” = 2Re
�
q̂1„G2”4i:1G1‚i:3G3�ilC ‚ q̂1„G2”4i:1G1�i:3G3�ilC	 � (2.15)

q2„G1� G2� G3� C” = 2Re
�
q̂2„G2”4i:1G1‚i:3G3�ilC ‚ q̂2„G2”4i:1G1�i:3G3�ilC	 � (2.16)

q3„G1� G2� G3� C” = 2Re
�
q̂3„G2”4i:1G1‚i:3G3�ilC � q̂3„G2”4i:1G1�i:3G3�ilC	 � (2.17)

where, Re„�” denotes the real component. The modes are similar in shape to
those in Moarref et al. (2013)—computed for channel flow at Reg = 10� 000 using
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Figure 2.3: Mean channel flow velocity profile *1„G‚2 ” for Reg = 186. The vertical
red line indicates the location of the peak in jk̂1 j—the magnitude of the streamwise
component of the principal resolvent mode. The horizontal red line indicates the
wave speed 2‚ = l�:1 = 14�66. The shaded region delimits the buffer layer
(15 � G‚2 � 40).

the Cess model for the channel profile (Cess, 1958; Malkus, 1956; Reynolds &
Tiederman, 1967)—and McKeon and Sharma (2010)—computed for turbulent pipe
flow using an experimentally obtained mean profile. For the principal forcing mode
(Figure 2.2(a)), the spanwise and wall-normal components dominate the streamwise
one by roughly an order of magnitude. The streamwise perturbations appear as
backward-tilted regions elongated in the streamwise direction, and alternate between
negative and positive anomalies. These are interspersed with vortical rolls formed
by the spanwise and wall-normal components that rotate about the streamwise axis,
alternating between the clockwise and anticlockwise directions. The response is
structured similarly (Figure 2.2(b)), except that the predominant component is the
streamwise one, and the streamwise streaks are forward-tilted. The rolls are roughly
an order of magnitude weaker than the streaks.

In addition to having a common shape, these resolvent modes highlight dynamics
believed to be responsible for the amplification of perturbations in shear flows.
Rolls sweep slow fluid close to the wall (or fast fluid farther away) into the faster (or,
respectively, slower) streamwise mean flow above (below) it, which accelerates (or
decelerates) it in the streamwise direction (Hwang & Cossu, 2010). Therefore, rolls
are believed to be an efficient way of amplifying velocity perturbations, to which
resolvent analysis lends support by yielding streamwise rolls as the optimal forcing
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structure and streamwise streaks as their corresponding response. Moreover, the
backward-tilting rolls leading to forward-tilting have been interpreted as indicative
of the Orr mechanism (Pickering et al., 2020), another proposed mechanism for
efficiently amplifying velocity perturbations (Jiménez, 2013, 2015). More on the
Orr mechanism can be found in Chapter 4.1.

Another important property of the computed near-wall modes is that they peak in
magnitude at the wall-normal height where their wave speed 2 = l�:1 is equal to the
mean streamwise velocity profile (Figure 2.3). This property, described in McKeon
(2017, 2019), McKeon and Sharma (2010), and Schmid et al. (2002), allows us to
define a critical layer, i.e. a region where significant energy amplification can occur
by causing the resolvent operator to become near-singular, or even singular in the
inviscid limit (or as Reg !1), in which case the linear amplification is unbounded.
In this region, we expect the flow to be particularly sensitive to perturbations and
the linear modes to play a larger role in determining and modeling the behavior
of turbulence. One discrepancy we observe outright, however, is that our velocity
modes peak slightly above the wall-normal height of G‚2 = 15 associated with
high-intensity turbulence in the buffer layer. The inclusion of eddy viscosity in the
linearized Navier-Stokes equations remedies this mismatch somewhat (Symon et al.,
2023), and causes the modes to peak closer to G‚2 = 15. Accounting for nonlinear
effects is therefore important for improving the quantitative accuracy of resolvent-
based models of turbulence. For the purpose of analysis, much insight can be
gleaned from studying individual resolvent modes. This is emphasized throughout
this work, the purpose of which is not to model turbulence accurately, but rather to
understand fundamental behaviors of turbulence.

2.2 Harmonic resolvent analysis
Fourier-based resolvent analysis—that is, resolvent analysis that is formulated after
the equations governing the velocity fluctuations are Fourier-transformed in time—
has been extended to flows where the mean profile is periodic in time (Padovan &
Rowley, 2022; Padovan et al., 2020). In such a case, the equations (2.3) can still
be Fourier-transformed in time, but additional terms pertaining to the interaction
of other time scales with the oscillating mean flow must be taken into account. A
resolvent operator can be constructed which, in addition to mapping a forcing vector
at a particular frequency to its response at the same frequency, also captures the
coupling between different frequencies that is enabled by the time-varying mean. In
this section, we expound on this extension, dubbed "harmonic resolvent analysis".
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In harmonic resolvent analysis, the construction of the resolvent operator proceeds
similarly as in Chapter 2.1 and equations (2.3) are Fourier-transformed in the ho-
mogeneous spatial directions and time. Because the mean and shear profiles are
periodic in time but not necessarily constant, the transformed and discretized equa-
tions are insteadcDC

„l”bu „l”
8
‚

Õ
l02


bu „l0”
9

cdU
„l�l0”
8� 9 ‚

Õ
l02


cU 9

„l�l0”cD 9bu „l0”8
= �bD8bp „l” ‚ 1

Re
bLbu „l”

8
‚bf „l”

8
�

bD8bu „l”8
= 0�

(2.18)

In the equation above, all quantities have been Fourier-transformed in the homo-
geneous spatial directions and time, and discretized over the remaining spatial
directions. The superscript above vectors marks the frequency used for the Fourier
transform in time: bu8 „l” , bp „l” , and bf8 „l” correspond to a target frequency l, whilebu8 „l0” correspond to a frequency l0. We denote the time-Fourier transforms of
the mean velocity and shear profiles *8 and 3*8�3G 9 by b*8 „l0” and �3*8�3G 9 „l0” ,
respectively, with the superscript „�” „l0” marking the frequency used in the trans-
formation. Matrices cU 9

„l0”
and cdU

„l0”
8� 9 are diagonal matrices whose elements arec* 9

„l0”
and �3*8�3G 9 „l0” at each spatial grid point. The time derivative is defined ascDC

„l”
= �il.

Thus, each velocity and pressure vector corresponding to a frequencyl is coupled to
other frequencies via the mean velocity and shear profiles. Only interactions between
frequencies contained in
 are taken into account. The set
 at most contains all the
resolved frequencies of the mean velocity and shear, though a much smaller subset
of frequencies is usually used for computational tractability. In the formulation of
traditional resolvent operator (Chapter 2.1), b*8 „l�l0” = 0 and �3*8�3G 9 „l�l0” = 0 for
l < l0. The frequencies are decoupled and we can take 
 to be the singleton flg
and analyze each frequency independently.

Equations (2.18) can be recast as a linear mapping between forcing terms, and
velocity and pressure fluctuations. For systems that are homogeneous in the G1 and
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G3 directions, we obtain2666666666666666666664
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where
 = fl: g#
:=1. The harmonic resolvent operator bH „:1�:3�
” 2 C4#2#
��4#2#


is subsequently decomposed so that its singular modes and values can be inspected.
As an illustrative example, in order to showcase the structure of bH „:1�:3�
” , we choose

 = f�l� 0� lg for an arbitrary frequency l. The resolvent operator for the system
is

bH „:1�:3�
” =

2666666664

hbH „:1�:3��l”
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(2.20)

where bH „:1�:3��l” , bH „:1�:3�0” and bH „:1�:3�l” are defined according to equation (2.6),
and the cross terms � „l” 2 C4#2�4#2 are defined as

G „l” :=
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(2.21)
When the mean flow is constant in time, G „l” = 0 for every l 2 
, and the har-
monic resolvent operator becomes block-diagonal. In this case, we can conduct a
traditional Fourier-based resolvent analysis for each of the #
 frequencies indepen-
dently. Before computing the SVD of bH „:1�:3�
” , the operator is weighted with the
integration weights pertaining to the chosen grid, as in Chapter 3.2.

Harmonic resolvent analysis has been used to analyze the flow past an airfoil tilted
at a nonzero angle of attack (Padovan et al., 2020). This particular flow is found
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to be most sensitive to forcing at the frequency of vortex shedding, and produces
principal forcing structures focused in the leading and trailing edges of the airfoil,
and response structures in the form of positive and negative velocity anomalies that
propagate downstream of the airfoil. The modes match simulations of the flow
in which a small perturbation at the vortex shedding frequency is introduced. In
Padovan and Rowley (2022), the method is applied to a forced axisymmetric jet in
order to investigate the mechanisms of vortex pairing. The authors report diminished
vortex pairing when the applied forcing does not have a component in the direction
of the principal harmonic forcing mode. This suggests that vortex pairing is a
response to linear amplification mechanisms; suppressing these in turn suppresses
vortex pairing.

Via harmonic resolvent analysis, the traditional Fourier-based resolvent framework
can be expanded to flows with time-periodic mean profiles. Interactions between
frequencies are enabled by the oscillating mean flow, though, for the sake of effi-
ciency, only a handful of these are chosen to be represented when formulating the
harmonic resolvent operator. Harmonic resolvent analysis can reveal new linear
amplification mechanisms that arise from this cross-frequency coupling. Neverthe-
less, the modes that it produces tend to oscillate over the entire considered time
domain. The purpose of this work is to develop a resolvent-based method that can
investigate short-lived or time-localized phenomena. Moreover, we aim to extend
resolvent analysis to accommodate a wider class of boundary conditions in time;
harmonic resolvent analysis is indeed restricted to time-periodic mean flows. With
this chapter, we conclude our brief overview of Fourier-based resolvent analysis
methods. The rest of the work focuses on introducing, validating, and applying
our proposed solution to the boundary condition and time-localization issues of
traditional resolvent formulations: wavelet-based resolvent analysis.
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C h a p t e r 3

WAVELET-BASED RESOLVENT ANALYSIS

In this chapter, we introduce wavelet-based resolvent analysis, which extends resol-
vent analysis to statistically non-stationary flows by encoding transient behavior in
the mean flow or the fluctuations. Rather than use Fourier modes in time as in Chap-
ter 2.1, we reformulate the resolvent operator in a wavelet basis in time. Wavelets
are functions that can be used as basis functions to represent square-integrable func-
tions, much like Fourier modes. The amplitude of each wavelet, however, tends
to be concentrated in a subset of its domain, and unlike Fourier modes in time,
wavelets can capture information centered at a particular time interval. Resolvent
modes formulated in wavelet basis are thus endowed with both time and frequency
information.

3.1 A note on wavelets
A wavelet transformation of a square-integrable function projects this function on a
complete basis generated by the wavelet. This basis is composed of dilations and
shifts of a mother wavelet, which we denote by [„C”. Wavelet transforms are not
unique and are determined by the choice of the mother wavelet. For the remainder
of this work, we assume here that [„C” is real. The translations and dilations of [„C”
are given by

[U�V „C” �
1
p
U
[

� C
U
� V

�
� (3.1)

where U and V correspond to the scale and shift parameters, respectively. As
mentioned, the mass of a wavelet tends to be concentrated in particular time interval;
the shift parameter V represents the location of that subset of the domain. Larger
values V correspond to later times. The scale parameter U determines the spread of
the wavelet’s mass, with larger values of U representing wider wavelets. Similarly,
U controls the location and spread of the wavelet’s time-Fourier spectrum in the
frequency domain.

Consider an arbitrary square-integrable function 6„C”. Its Fourier and wavelet
transforms are

6̂„l” =
„ ‚1

�1
6„C”4�ilC3C� (3.2)
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6̃„F” „U� V” =
„ ‚1

�1
6„C”[U�V „C”3C� (3.3)

where i =
p
�1. The wavelet coefficient 6̃„F” „U� V” captures information from 6

centered at a time interval determined by U, and a frequency interval determined by
V.

There exists a trade-off between precision in frequency and precision in time; the
more localized 6„C” is in time, the less 6̂„l” is in frequency, and vice versa (Mallat,
1999). For any "well-behaved" function 6, i.e. the function along with its derivatives
decay faster than any polynomial as jC j ! 1, we can derive the following uncertainty
principle governing the spread of the function and its Fourier transform over their
respective domains:�„ 1
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(3.4)
The second equality is a due to the Plancherel identity, the third line is a consequence
of the Cauchy-Schwarz inequality, and the final result is obtained after integration
by parts. Though not apparent at first glance, the trade-off is even harsher: the
supports of 6 and 6̂ cannot be simultaneously compact (Mallat, 1999). Thus, one
cannot find a wavelet [„C” that simultaneously captures the value of 6„C” at a given
C and the value of 6̂„l” at a given l. As two extreme examples, consider the Dirac
delta centered at C = 1, which is perfectly localized in time but with an infinite spread
in frequency, and the Fourier mode 4iC , which is perfectly localized in frequency
space at l = 1 but has infinite spread in time. This trade-off is discussed further in
Chapter 3.2.

In practice, we define the wavelet transform on a dyadic grid, i.e. U = 2�, V = <
for <� � 2 Z. Orthogonal wavelets are often used; these satisfy the following
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properties: „ 1

�1
[U�V[U0�V03C =

8>><>>:
1 if U = U0 and V = V0

0 otherwise�
(3.5)

This allows us to form a basis f[„C�2� �<”�
p

2�g�� <2Z that can be used to construct
square-integrable functions. Our arbitrary function 6 can be expanded as

6„C” =
‚1Õ

��<=�1
6̃„F” „2�� <”[2� �< „C”� (3.6)

To formulate wavelet-based resolvent analysis, we must construct a discrete wavelet
transform. Suppose the domain of 6 is restricted to be »0� )… and #C is the number
of grid points. Suppose without loss of generality that ) = #C � 1. Given these
limitations, we cannot dilate and shift our function 6 infinitely, and the expansion
(3.6) is truncated. For each choice of mother wavelet [, there exists a corresponding
scaling function Z which captures the residual from the truncation of the expansion:
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where ! 2 N represents the largest scale captured by the wavelet expansion, and
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We note that ! satisfies 2! � #C . When the wavelets are orthogonal, the scaling
functions satisfy:„ 1

�1
Z

� C
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� <

�
Z

� C
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� <0

�
3C =

8>><>>:
1 if < = <0

0 otherwise�
(3.9)

Shifts of scaling functions of the same scale are pairwise orthogonal, but scaling
functions at different scales are not.

Discrete wavelet transform
To construct the discrete wavelet transform on uniform dyadic grid, we first as-
sume that the time step �C := )�#C is small enough so that Z „C��C � <”��C—the
smallest possible scaling of the mother function for the chosen grid and its shifts—
approximate Dirac deltas:

6„C” �
#CÕ
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6„<�C”Z
� C
�C
� <

�
� (3.10)
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Assuming ! = 1, the wavelet and scaling function coefficients can be obtained as
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Thus, gathering the values of 6 at each time step into a vector g, and the coefficients
6̃„B” „2� <” and 6̃„F” „2� <” into a vector g̃) = » g̃„s”) � g̃„w”) …) of size #C , we express
the discrete wavelet transform as

g̃ = W g� (3.13)

where the <th row and : th column of W contains the precomputed values offl ‚1
�1 Z „C � :”Z „C�2 � <” 3C�

p
2, and the „< ‚ #C�2”th row and : th column of W

contains the precomputed values of
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�1 Z „C � :”[ „C�2 � <” 3C�

p
2, for <� : =

0� ���� #C�2. When ! = 1, this wavelet transformation is referred to as "single-stage".

In order to perform a higher-stage (! = 2) expansions in the wavelet basis, we can
simply express the residuals in terms of [„C�22 �<”�

p
22 and Z „C�22 �<”�

p
22. In

other words, we repeat a single-stage transformation on the vector g̃„s” of size #C�2,
noticing that, after a change of variables C0 = C�2,
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Here, <� : = 0� ���� #C�4. In other words, the second-stage of the transformation of
g̃„s” contains the same elements of the single-stage transform. Thus, the expansion
(3.7) is performed efficiently and recursively up to ! � log2„#C”. For the rest of the
work, W refers to the full discrete wavelet transform, and not just the single-stage
transform.

Defined such, the discrete transform g̃ contains #C elements. The first #C�2! approx-
imate the coefficients 6̃„B” „2! � <”, for< = 0� ���� „#C�2! �1”; the subsequent #C�2!

elements approximate the coefficients 6̃„F” „2! � <”, for < = 0� ���� „#C�2! � 1”,
which are followed by #C�2!�1 elements representing 6̃„F” „2!�1� <”, for < =

0� ���� „#C�2!�1�1”, etc. (Figure 3.1) For each � and<, the coefficients roughly cap-
tures a portion of the frequency content of 6, centered in a time interval determined
by <. The coefficients 6̃„F” „2�� <” terms approximate 6„C” at scales �1 � 2� � 2! ,
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Figure 3.1: Representation of a discrete wavelet transform vector for #C = 16 and
! = 4. Each box represents an element of the vector. The leftmost vertical line
in bold separates the scaling function coefficients from the wavelet coefficients; the
rest delimit the scales � = 1� 2� ���� !.

Figure 3.2: Scalogram grid for #C = 16 and ! = 4. Each box represents an element
of a discrete transform vector. ‘4� „B”’ denotes the residual scale captured by the
„�” „B” coefficient.

and the 6̃„B” „2! � <” terms capture the residual at scales 2� ¡ 2! . Larger � corre-
sponds to a narrower band of frequencies closer to zero, while larger : corresponds
to later times. The wavelet coefficients are often plotted in the time-frequency plane
on a scalogram (Mallat, 1999; Najmi, 2012). A scalogram with visible grid lines is
shown in Figure 3.2. The scalogram showcases the trade-off between frequency and
time localization: larger scales (lower frequencies) have lower resolution in time,
and vice versa.

The choice of the largest scale ! � � depends on the band of frequencies we wish to
study with our wavelet-based resolvent operator: narrower bands closer to zero will
require larger !. To illustrate this, consider the Shannon wavelet, which as a perfect
bandpass filter (Mallat, 1999; Najmi, 2012). The Shannon wavelet indeed allows
the separation of the frequency content of a function into distinct non-overlapping
bands, covering frequency band #C�2� „ »�2c��c… [ »c� 2c…” for each � (Figure
3.3). Its scaling function covers the remainder of the resolved frequency spectrum:
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(a) (b)

(c) (d)

Figure 3.3: Shannon wavelets (black) and scaling function (red) in (a) time and (b)
frequency (b) domains. Daubechies-16 wavelets (black) and scaling function (red)
in (c) time and (d) frequency domains. The functions shown are two wavelets for
U = 2! = #C (black ��) and U = 2!�3 (black ��), and a scaling function for U = 2!
(red �) for arbitrary shift parameters. ) represents the size of the time domain.

#C�2! »�c� c…. Increasing ! permits us to extract the low frequency content of 6
with more precision.

The choice of wavelet-scaling-function pair determines the properties of the trans-
form operator W . For compactly supported wavelets and scaling function, elementsfl ‚1
�1 Z „C�:”Z „C�2 � <” 3C�

p
2 and

fl ‚1
�1 Z „C�:”[ „C�2 � <” 3C�

p
2 are zero for large

values of < and : , yielding a sparse banded matrix W . For orthonormal wavelets
and scaling functions, W is unitary (Ballouz, Lopez-Doriga, et al., 2024; Mallat,
1999; Najmi, 2012). We note that since the spectrum of the Shannon wavelet and its
scaling function is compactly supported, the functions themselves must have infinite
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spread in time, which yields a dense discrete wavelet transform matrix.

3.2 Formulation of wavelet-based resolvent analysis
The benefit of the wavelet transform in time is that it preserves both time and fre-
quency information. The wavelet transforms are functions of time shift and scale,
respectively associated with time and frequency information, whereas the Fourier
transform is a function of only frequency. To endow our resolvent modes with a
dependency on time while preserving some information about their frequency con-
tent, we perform a wavelet transform on equations (2.3) after Fourier-transforming
them in homogeneous spatial directions.

We discretize the spatially Fourier-transformed equations in both time and the re-
maining spatial dimensions. Let »0� )… define the time domain, which we discretize
using #C points. We then apply a discrete wavelet transform W to the left of the
discrete equations:fDCeu8 ‚ eu 9 �dU8� 9 ‚ fU 9

fD 9eu8 = �eD8ep ‚ 1
Re

eLeu8 ‚ef8� eD8eu8 = 0� (3.16)

Here, eu8, ef8, and ep respectively denote the discretized and transformed D8, 58, and ?.
For a system that is homogeneous in the G1 and G3 directions, these quantities are
discretized over G2, � and<. The wavelet-transformed vectors also have a resolution
of #C in the space of wavelet parameters � and <. We introduce fU 9 := WU8W �1

and �dU8� 9 := W dU8� 9W �1, where U8 and dU8� 9 are the diagonal matrices whose
diagonal terms are respectively *8 and m*8�mG 9 evaluated at G2 and C grid points.
Thus, the mean velocity and shear profiles are allowed to vary in time.

For a system that is homogeneous in the G1 and G3 directions, U2 = dU8�1 = dU8�3 =

0, and for a streamwise and spanwise wave number pair „:1� :3”, eD1 = bD1 = i:1,eD2 = bD2 = D2, eD3 = bD3 = i:3, and eL = bL = �:2
1 ‚ D2

2 � :
2
3. We define

the transformed time derivative operator fDC := WDCW �1, where DC refers to
the discrete time differentiation matrix. Similarly to the Fourier-based resolvent
analysis, the equations can be written in matrix form as2666666664

eu1„G2� �� <”eu2„G2� �� <”eu3„G2� �� <”ep „G2� �� <”

3777777775
= eH „:1�:3”

2666666664
ef1„G2� �”ef2„G2� �� <”ef3„G2� �� <”

0

3777777775
� (3.17)

where the functional dependence on G2, � and< represents the discretization over the
wall-normal spatial dimension, and the wavelet shifts and scales, and the wavelet-
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based resolvent operator~H 2 C4# C� # 2 � C4# C� # 2 is de�ned as

eH ¹: 1–:3º =

2
6
6
6
6
6
6
6
6
4

�
fDC�

1
Re

L ¸ i : 1 fU1 ¸ fU2D2 ¸ i : 3 fU3

� ©
­
­
­
­
­
«

I 0 0 0

0 I 0 0

0 0 I 0

0 0 0 0
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®
®
®
®
®
¬

¸

©
­
­
­
­
­
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0 gdU 1–2 0 i: 1I

0 gdU 2–2 0 D2

0 gdU 3–2 0 i: 3I

i : 1I D 2 i : 3I 0

ª
®
®
®
®
®
¬
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7
7
7
7
7
7
7
7
5

� 1

• (3.18)

Before computing the SVD of the wavelet-based resolvent operator, we pre- and

post-multiply by diagonal matrices that contain the integration weights in time

and G2 and that zero-out the pressure component in order to maximize theG2�

integrated action of the forcing term. We denote the principal forcing and re-

sponse modes obtained under this formulation by~5¹G2– �– <º = »~5
)
1– ~5

)
2– ~5

)
3–0) ¼)

and ~7 ¹G2– �– <º = »~7
)
1–~7

)
2–~7

)
3–~7

)
?¼) respectively. We denote their respective in-

verse wavelet-transforms by�5¹G2– Cº := W � 1 ~5 and �7 ¹G2– Cº := W � 1 ~7 . These are

normalized such that integrated kinetic energy satis�es

1
)

1
! 2

¹ )

0

¹ ! 2

0
j �q1j2 ¸ j �q1j2 ¸ j �q3j23G23C= 1– (3.19)

1
)

1
! 2

¹ )

0

¹ ! 2

0
j �k 1j2 ¸ j �k 2j2 ¸ j �k 3j23G23C= 1• (3.20)

We denote the inverse Fourier transforms of the modes to the physical domain by

5¹G1– G2– G3– Cº and7 ¹G1– G2– G3– Cº, respectively.

Wavelet-based resolvent analysis with windowing

The principal forcing mode of the full operatoreH ¹: 1–:3º is the perturbation that

maximizes the integrated action of the velocity �uctuations over the entire time

domain, which is useful for capturing response structures that tend to persist in time.

Additionally, one might be interested in studying the linear ampli�cation properties

of a particular time interval in the time progression of the mean �ow pro�le, or the

behavior of a particular group of waves traveling at a desired velocity. Under the

wavelet-based formulation, we can construct a resolvent map between forcing and

response terms at speci�c time shifts and scales by de�ning a windowed resolvent



32

operator:
2
6
6
6
6
6
6
6
6
4

eu1¹G2– �– <º

eu2¹G2– �– <º

eu3¹G2– �– <º

ep¹G2– �– <º

3
7
7
7
7
7
7
7
7
5

= C eH ¹: 1–:3ºB

2
6
6
6
6
6
6
6
6
4

ef1¹G2– �– <º
ef2¹G2– �– <º
ef3¹G2– �– <º

0

3
7
7
7
7
7
7
7
7
5

– (3.21)

whereB and C are windowing matrices that select a subset of the forcing and

response modes, respectively. Spatial windowing matrices have been used to study

phenomena that tend to occur in a speci�c region of the spatial domain (Jeun et al.,

2016; Kojima et al., 2020). Windowing can also isolate the forcing or response

to a particular �ow variable, and by windowing the forcing to controllable �ow

variables and to regions reachable by actuators, one can compute linearly optimal

forcing modes that are physically realizable.

The wavelet-based formulation introduced in this chapter extends this localizability

to the temporal and frequency domains. For example, to select a desired scale and

shift parameter¹� 3– <3º for the forcing mode, we set

B = diag
�
1¹� = � 3º1¹< = < 3º

�
– (3.22)

where1¹�º is an indicator function. Here,B selects the relevant columns ofW � 1

corresponding to the wavelet scales and shifts to which we wish to restrict our forcing.

Analogously,C selects the rows ofW corresponding to the wavelet scales and

shifts to which we restrict our response modes. The SVD of the windowed resolvent

operator,C eH ¹: 1–:3ºB, allows us to identify forcing and response modes restricted

to frequency and time intervals determined by the selected wavelet coe�cients.

We can view windowing as analogous to restricting the harmonic resolvent operator

to a set of interacting frequencies
 (Chapter 2.2). The windowed wavelet-based

formulation also allows us to study a band of interacting frequencies, but addi-

tionally gives us the �exibility to focus on a time interval of interest. The abil-

ity of wavelet-based formulation to study the ampli�cation properties of time- or

frequency-localized greatly events expands the use cases of resolvent analysis. The

method can also shed new light on cases where the mean pro�le is constant in time

and that are usually studied using the traditional Fourier-based formulation. Inter-

mittent and transient phenomena are of interest even in stationary turbulent �ows,

and under the new formulation, with the help of windowing, the linear analysis of

such transient phenomena becomes possible, as will be explored in Chapter 4.1.

When making use of windowing, our choice of wavelets impacts the physical in-

terpretation of the windowed modes. For example, in the channel �ow case where
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critical layer dynamics are important, the Shannon wavelet would allow us to study

wave speeds of interest with more precision due to its being a perfect bandpass

�lter (Ballouz, Lopez-Doriga, et al., 2024; Ballouz et al., 2023). Constraining the

resolvent modes to a particular dilation of the Shannon wavelet would highlight

waves of frequencies strictly contained in the frequency band of the chosen wavelet.

If more precision is required in the time domain to study time-localized phenomena,

a wavelet that is compactly supported in time is more pertinent. This is the case,

for example, in Ballouz, Dawson, and Bae, 2024, which studies how a compactly

supported resolvent forcing function a�ects a turbulent channel beyond its time sup-

port. In some cases, both properties can be combined through the use of wavelets

that are compactly supported in time but whose frequency Fourier spectra decay

quickly outside a certain frequency band, making them quasibandpass �lters. The

Daubechies or the Fejér-Korovkin wavelets satisfy these properties, and in the case

of turbulent channel �ow (Chapter 4.1), produce similar results as when a Shan-

non wavelet-transform is used. The physical interpretation of constraining forcing

and/or response modes to a speci�c wavelet, along with the numerical cost of using

a sparse wavelet transform over a dense one, both inform our selection of wavelet

transform.

3.3 Notes on improving e�ciency

The construction of~H requires the inversion of a4# 2# C� 4# 2# Cmatrix, assuming

the G1 andG3 are the homogeneous directions. This computation costs$ ¹# 3
2# 3

Cº

operations when solved directly, and the full SVD of~H would also require$ ¹# 3
2# 3

Cº

operations. Indeed, relaxing the assumption of homogeneity in any dimension

would nominally increase the computational cost of the method by the cube of the

corresponding grid size. For example, using a grid of size# 1 to discretize theG1�

direction increases the complexity of resolvent analysis by a factor of# 3
1. Thus, with

a direct solve, the wavelet-based resolvent analysis would nominally cost$ ¹# 2
Cº-

times more than performing# Cseparate Fourier-based resolvent for each temporal

scale, though the latter would fail to capture the interactions between the di�erent

time scales. In this section, we discuss some methods to reduce the computational

cost and memory storage requirements of the method.

One method for reducing the memory and computational cost of wavelet-based

resolvent analysis is to use sparse �nite di�erence operators and wavelet transforms

when constructingeH � 1, which reduces the memory storage costs of the matrix.

For example, in Chapters 3.6, 4.1, and 5, we use Daubechies wavelets, which trade
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the perfect bandpass property of Shannon wavelets for a compact support in time,

thus yielding a sparse discrete wavelet transform matrix. Daubechies wavelets are

a family of wavelets characterized by their support width: higher index wavelets�

Daubechies-8versusDaubechies-4�behave more closely to perfect bandpass �lters

in exchange for larger temporal supports and more dense transform matrices (Mallat,

1999; Najmi, 2012).

The matrix is not inverted directly, but is rather factored using specialized packages

like MATLAB's 'decomposition' function. The factors�usually LU factors�are

stored, to be later used to e�ciently solve a series of linear equations of the form
eH � 1v = w, wherev andw are arbitrary vectors, without having to explicitly invert
eH . This is useful in the context of iterative methods for computing the SVD ofeH � 1.

Though there are no sparsity guarantees for the factors, they still exhibit signi�cant

sparsity in practice.

For the SVD, we take advantage of the sparse precomputed factors ofeH � 1 and opt

for an iterative method. In this work, we use a one-sided Lanczos bidiagonalisation

(Simon & Zha, 2000), which additionally allows us to compute a truncated SVD and

accurately estimate a number@ Ÿ4# 2# Cof the most signi�cant singular input and

output modes. In practice, we �nd that@= $ ¹101� 2º yields su�ciently converged

leading modes for a system of size4# 2# C= $ ¹105� 6º; truncating the SVD is thus

an excellent cost-saving method.

Other e�cient SVD algorithms rely on randomized approaches, in particular by

sub-sampling the high-dimensional matrix and performing the SVD on the lower-

dimensional approximation (Drineas & Mahoney, 2016; Halko et al., 2011; Tropp

et al., 2017). Modi�cations of randomized SVD algorithms, notably randomized

block Krylov methods (Musco & Musco, 2015), have been additionally developed

for matrices with slow-decaying singular values, a property exhibited by the resolvent

operator in Chapter 3.6. A randomized SVD of a high-dimensional discrete resolvent

operator is used in Ribeiro et al. (2020) and Yeh et al. (2020).

Another option that would avoid the direct inversion ofeH � 1 involves taking the

SVD of eH � 1 �rst. The left and right singular vectors ofeH � 1 are respectively

the right and left singular vector ofeH . However, since we are typically looking

for the largest singular values ofeH and their corresponding singular vectors, we

would have to compute the full SVD ofeH � 1 to �nd its smallest singular values and

corresponding singular vectors. Though this method avoids the inversion ofeH � 1,

it does not preserve the e�ciency gains of a (heavily) truncated SVD, and should
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only be used if the factorization ofeH � 1 remains the costliest operation. Suppose

for example that~H � 1 has==I � ¹ 4# 2# Cº2 non-zero elements, and that the LU-

factorization ofeH has at most< =I � ¹ 4# 2# Cº2 non-zero elements. Suppose that

==I is small enough that the cost of the LU-factorization is small. A full iterative

SVD of eH � 1 has complexity$ ¹4# 2# C==Iº, whereas a@-truncated SVD of~H has

complexity$ ¹< =I@º. Thus, if==I•< =I Ÿ @•¹ 4# 2# Cº, it is more e�cient to compute

an SVD of ~H � 1 without computing an LU-factorization. For the turbulent Stokes

boundary layer problem considered in Chapter 3.6,@= 400modes are calculated

and@•¹ 4# 2# Cº � 0•001. Using a second-order �nite di�erence operator in time

and Daubechies-8 wavelet transform,==I•< =I � 0•24, making the factorization

and truncated SVD method more e�cient. In general, since we compute a heavily

truncated SVD,@•¹ 4# 2# Cº ŸŸ 1 and we �nd that a factorization of the sparse

system prior to the SVD is more advantageous.

Resolvent analysis can also be performed more e�ciently for the windowed systems

described in Chapter 3.2. Indeed,B ~HC = ¹B y ~H � 1Cyºy, where the superscripty

indicates the Moore-Penrose pseudoinverse. Rather than form the resolvent oper-

ator ~H �rst through an inversion, we can reduce the dimension of the system by

windowing the linearized Navier-Stokes operatorprior to taking the pseudoinverse

of the windowed system. The matrix pseudoinversion and SVD would be applied

to a lower-dimensional matrix of size de�ned by the non-zero block ofBC .

3.4 Convergence

When augmenting resolvent analysis with the additional temporal dimension, issues

of robustness arise. Particular attention must be given to the choice of the discrete

time di�erentiation operatorDC. Using a sparse �nite di�erence matrix forDCis

usually desirable, for it increases the sparsity of the resolvent operator and heavily

reduces the memory and complexity cost of computing of the resolvent modes.

However, it also distorts the time di�erentiation for high-frequency waves and can

lead to SVD modes that do not converge to the correct structure, even when the

resolution in time is increased.

To illustrate this, we study the spectra of two time-derivative matrices on a uniform

grid of resolution# C: DC–2, a second-order centered �nite di�erence matrix, and

DC–�, a Fourier derivative matrix. Suppose without loss of generality that# C is

even. The eigenvalues of the Fourier derivative matrixDC–� are f� il : g for : =

0–1– •••–¹# C•2 � 1º, wherel : = 2c: •) represent the resolved frequencies. The
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eigenvalues of the second-order centered di�erence matrixDC–2 aref� i �l : g, where

�l : = sin¹2c: • # Cº# C•) represent the modi�ed frequencies. The eigenvectors of

both operators are the discrete Fourier modes. Frequenciesl : and �l : are shown in

Figure 3.4(a). We notice that�l : converges pointwise tol : as# Cincreases, but not

uniformly. Indeed, we note that, for a �xed: ,

lim
# C!¸1

sin
�
2c:
# C

�
# C

)
=

2c:
)

– (3.23)

and our modi�ed frequency converges to the correct value. Now consider the

maximum: = # C•2 � 1. The modi�ed frequency can be Taylor-expanded about a

small time step) • # Cas

sin
�
2c
# C

�
# C

2
� 1

� �
# C

)
=

2c
)

�
4c3

3)# 2
C

¸ ••• (3.24)

The gap between the largest (correct) frequency2c¹# C•2 � 1º•) and its modi�ed

counterpart thus grows as$ ¹# Cº. Now consider an arbitrary matrixA, which

can represent the spatial portion of the linearized Navier-Stokes equations. The

following approximation holds:

¹DC–2 ¸ Aº� 1 = ¹DC–�¸ A ¸ DC–2 � DC–�º� 1

� ¹ DC–�¸ Aº� 1 � ¹ DC–�¸ Aº� 1¹DC–2 � DC–�º¹DC–�¸ Aº� 1 ¸ ••• •

(3.25)

Thus,

k¹DC–2 ¸ Aº� 1 � ¹ DC–�¸ Aº� 1k2 � O¹ # Cº k¹DC–�¸ Aº� 1k2
2• (3.26)

The lack of convergence as# Cincreases suggests that the use of a �nite di�erence

operator rather than a Fourier derivative can signi�cantly distort the SVD of the re-

solvent operator. The error between� C–�and� C–2 is shown in Figure 3.4(b) to indeed

grow as$ ¹# Cº. To bene�t from the advantages of a sparse temporal �nite di�erence

operator while avoiding spurious SVD modes, we propose using the windowing

procedure described in Chapter 3.2 to �lter-out the wavelet scales associated with

the high-frequency frequencies more susceptible to distortion. Speci�cally, rather

than choose the windowing matricesB andC to highlight a physically interesting

range of the frequency spectrum, we use them to exclude the frequencies above a

threshold: max Ÿ #C•2. The maximum error between the eigenvalues ofDC–2 and

DC–�is given by the Taylor expansion

sin
�
2c: max

# C

�
# C

)
�

2c: max

)
=

4c3: 3
max

3# 2
C)

¸ O
�
: 5

max

# 4
C

�
• (3.27)
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(a) (b) (c)

Figure 3.4: (a) Exact (black) and modi�ed (colored) frequencies for# C =
32–64–128–256–512–1024. The colors range from blue, which corresponds to
the lowest# C, to red, which corresponds to the highest# C; (b) operator error be-
tween the Fourier derivative matrix and the second-order-accurate centered �nite
di�erence matrix (�� ); (c) Error between the eighth exact and modi�ed frequencies
(�� ). The dashed lines in (b) and (c) represent trend lines of slope# 2

C, and1• # 2
C

respectively.

Thus, assuming the chosen wavelet transformW is unitary,

kBW
�
DC–2 ¸ Aº� 1 � ¹ DC–�¸ Aº� 1

�
W � 1Ck2 � O

�
: 3

max

# 2
C

�
k¹DC–�¸ Aº� 1k2

2•

(3.28)

The error between the SVD of the two operators decreases as1• # 2
C provided: max

remains �xed. We con�rm the trend of the pointwise error between� C–�and� C–2

Figure 3.4(c). In Chapter 3.6, we employ this �ltering approach.

3.5 Validation I: channel �ow

We now validate wavelet-based resolvent analysis against traditional Fourier-based

resolvent analysis by applying both methods to turbulent channel �ow, which is

statistically stationary. Wavelet-based resolvent analysis is equivalent to simulta-

neously conducting the Fourier-based resolvent analysis for each frequency that

is resolved by the chosen temporal grid. The leading time-Fourier-transformed

wavelet-based modes indeed have only one non-zero Fourier component, which is

shown to be equivalent to the principal Fourier-based mode corresponding to the

same frequency.

When the mean velocity and shear pro�les are constant, the elements ofU8anddU8– 9

corresponding to the same spatial point are the same across all temporal grid points.

This means thatfU8 = WU 8W � 1 = U8 and •dU8– 9= W dU 8– 9W � 1 = dU8– 9. In
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Case Section ! � D�

Channel �ow Ÿ3.5 X� (channel
half-height)

D�
g (friction

velocity)

Turbulent Stokes
boundary layer

Ÿ3.6 X�

 (laminar

boundary layer
thickness)

* �
max (max wall

velocity)

Table 3.1: Length and velocity used to non-dimensionalize the Navier-Stokes equa-
tions for each case considered in this work.

such cases, the discretized and transformed equations used to construct the wavelet-

based and harmonic resolvent operators (equations (3.16) and (2.18)) only di�er

by their respective time di�erentiation matrices,fDC, described in Chapter 3.2, and
bDC–�, the diagonal matrix with diagonal terms¹bDC–�º�� = � il � = i¹2c� º•) for

� = � # C•2–� � � – #C•2 � 1. Denoting the Fourier transform in time asF, the time

derivative matrices satisfyW � 1fDCW = F � 1bDC–�F = DC. The SVD is unique up

to multiplication by a unitary matrix, and provided that we use a unitary wavelet

transform, we expect the singular values ofeH ¹: 1–:3º to be the same as those for

bH ¹: 1–:3º =

©
­
­
­
­
­
«

bH ¹: 1–:3–l 1º

bH ¹: 1–:3–l 2º

bH ¹: 1–:3–l 3º

•••

ª
®
®
®
®
®
¬

– (3.29)

where eachbH ¹: 1–:2–l � º is de�ned according to equation (2.6). This is also equiv-

alent to the harmonic resolvent operator (Chapter 2.2) with
 = f¹ 2c� º•) g# C•2� 1
� =0

Moreover, we expect the response and forcing modes of both systems to be re-

lated by the unitary transform given by the Fourier and inverse-wavelet transform

in time,FW � 1. For the Fourier-based approach, we produce the modes ofbH ¹: 1–:3º

by computing the SVD of eachbH ¹: 1–:3–l � º independently for everyl � , as the time

scales of the non-stationary formulation are decoupled. Under the wavelet-based

formulation, the SVD of the full operator, which includes all resolved frequencies,

must be computed.

The �ow variables are non-dimensionalized using the channel half-heightX� and

the friction velocityD�
g so thatRe= Reg. The non-dimensionalization parameters

are shown in Table 3.1. We obtain the mean pro�le of turbulent channel �ow at

friction Reynolds numberReg � 186 from Bae and Lee (2021), as in Chapter 2.1.
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(a) (b)

Figure 3.5: (a) First 10 singular values for the wavelet-based resolvent (red) and
the largest singular value of the Fourier-based resolvent operator (black) computed
for eachl � . The vertical gray lines indicate the frequencies resolved by the chosen
temporal grid, and the vertical black lines delimit the frequency band covered by each
of the wavelet scales used in the wavelet expansion. (b) Magnitude of the streamwise
component of the principal resolvent mode corresponding tol � 17•14. The red
line represents the nonzero Fourier coe�cient ofF �7 1�the principal wavelet-based
resolvent response mode after a Fourier transformation in time�and the black
line representŝ7 1�the principal response mode obtained from traditional Fourier-
based resolvent analysis. The modeF �7 1 is only composed of one nonzero Fourier
coe�cient corresponding tol � 17•14; for both methods,_¸

1 = 1000and_¸
3 = 100.

The computational details of the DNS are described in Chapter 2.1 and in Bae and

Lee (2021). We note thatU3, U2, dU 2–2, anddU 3–2 are zero due to the absence of

a spanwise and wall-normal contribution to the mean velocity pro�le.

For both the Fourier- and wavelet-based resolvent analyses, the wall-normal direction

is discretized using a Chebyshev collocation method using# 2 = 128, and the

mean streamwise velocity pro�le and its wall-normal derivative from the DNS are

interpolated to the Chebyshev collocation points. For the wavelet-based resolvent

analysis, we uniformly discretize the temporal domain,»0– )º, where) = 5•5

() ¸ = 1023), with a temporal resolution of# C= 128. The superscript¹�º¸ denotes

wall units, which are de�ned to be¹�º¸ := ¹�ºReg for length and time scales and

¹�º¸ := ¹�º for velocity scales. The matricesU1 and dU 1–2 are constructed by

repeating the values of* 1 and3* 1•3G2 at every temporal grid point.

We impose periodic boundary conditions at the edges of the time window. These

temporal boundary conditions are encoded in the choice of time di�erentiation

matrix DC, which we choose to be a Fourier di�erentiation matrixF � 1bDC–�F. For
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spatial derivatives in the wall-normal direction, we use �rst- and second-order

Chebyshev di�erentiation matrices, and impose no-slip and no-penetration boundary

conditions at the wall. In choosing: 1 and: 3, we target spanwise and streamwise

wavelengths of_¸
1 � 1000and_¸

3 � 100in wall units, which are the typical length

scales for near-wall streaks and correspond to the peaks in the streamwise spectrum.

For our wavelet transform, we choose a two-stage (! = 2) Shannon wavelet trans-

form, i.e. the state vectors in the resulting system described by equation (3.17) con-

tain terms covering the following three intervals in frequency domain:# C•4»� c– c¼

and# C•2� »� 2c–� c¼ [ »�2c–� c¼for � = 1– 2. We note that, for this application,

the resolvent modes converge despite the relatively low dimension of the resolvent

operator. This permits us to use the aforementioned dense di�erentiation matrices.

Sparse �nite di�erence matrices may be used in higher-dimensional problems to im-

prove e�ciency. The results for the Fourier-based cases were computed by applying

traditional resolvent analysis usingl � = 2c� •) for � = 0– •••– – #C•2 to capture all

the frequencies resolved by our temporal grid, while the wavelet-based resolvent

modes were computed by solving the full space-time system at once. We consider

the results from wavelet-based resolvent analysis to be converged: the singular val-

ues obtained for¹# C– #2º = ¹128–128º, and for¹# C– #2º = ¹64–128º produced the

same leading singular values. These are not shown in this work. As implied by

equation (3.29), a single wavelet-based resolvent analysis would yield the modes

corresponding to all time scales captured by the temporal grid.

In Figure 3.5(a), we show the 10 leading singular values of the wavelet-based re-

solvent operator, along with the �rst singular value for the Fourier-based operator

for each frequency parameterl � . In order to associate the singular values ob-

tained from the wavelet-based method with their frequencies, we Fourier-transform

each wavelet-based response mode in time, and identify the index of the non-zero

component. The �rst 10 singular values obtained di�er by at most3%, with the

largest di�ering by1•3%, which matches our expectation. The discrepancy can be

explained by numerical and truncation errors. Though Shannon wavelet transforms

are unitary in the continuous setting, Shannon wavelets do not have compact sup-

port in time. The discrete Shannon transform is thus not a unitary matrix due to the

truncation of the wavelet in time, and exhibits a condition number of approximately

1•6 in this case. Using wavelets that are compactly supported in time, such as the

Daubechies wavelets, reduces the discrepancy, as the resulting wavelet transform

matrix W is a unitary operator with a condition number of 1 that better preserves
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the singular values ofbH ¹: 1–:3º• Increasing the time resolution also reduces the gap

between the singular values. Due to the symmetry of the domain about the center-

line, the singular values appear in equal pairs (McKeon & Sharma, 2010), which is

only visible in Figure 3.5(a) forl = 20•56, where the pair of singular values deviate

slightly for each other due to numerical error. This property is discussed in more

detail in Chapter 2.1: the modes corresponding to the pair of equal singular val-

ues form two-dimensional singular forcing and response planes, which respectively

contain the combined e�ect of the forcing and response on the two channel halves.

In other words, the two sister modes can be linearly combined to isolate the forcing

or response in one of the channel halves.

In �gure 3.5(b), we compare the two methods further by plotting the streamwise

component of the most ampli�ed resolvent response mode that they each produce.

For the Fourier-based method, this corresponds to the frequencyl � 17•14. For

the wavelet-based method, we �rst Fourier-transform the principal mode in time,

and though not shown, observe that the Fourier modes associated withl � 17•14is

the only non-zero component. This matches our expectation that the wavelet-based

resolvent analysis is, in this case, equivalent to performing the traditional Fourier-

based resolvent analysis for each frequencyl � independently, and that each SVD

mode corresponds to an individuall � . Figure 3.5(b) shows that the modes from

the two methods match. Despite the slight discrepancy in the singular values, both

methods yield the same resolvent modes associated with the maximum singular

value.

Although not shown, the streamwise component of the modes dominate for the

principal modes computed with the two methods, and the modes form alternating

low- and high-speed streamwise streaks. The principal forcing mode is in the form

of streamwise rolls, with a negligible streamwise component. The shape of the

modes is thus in line with the previous analysis of the self-sustaining process of wall

turbulence (Bae et al., 2021; Farrell et al., 2017; Hamilton et al., 1995; Jiménez &

Moin, 1991; Jiménez & Pinelli, 1999; Schoppa & Hussain, 2002; Wale�e, 1997).

Additionally, resolvent response modes, both formulated traditionally and using the

wavelet basis in time, peak at the critical layer located where* ¹G2º = l • : 1, at

Ģ2 � 40.

The results presented in this section con�rm the validity of the wavelet-based for-

mulation. As expected, it produces the same response and forcing modes as tradi-

tional resolvent analysis. For each wall-normal height, the wavelet-based modes are
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Fourier modes in time, despite us not having imposed this shape restriction upon

formulating the wavelet-based resolvent operator. For this problem, traditional

Fourier-based resolvent analysis is obviously more e�cient, since it decouples the

time scales: inverting and decomposing a4# 2� 4# 2-sized matrix# Ctimes is cheaper

than inverting and decomposing a4# 2# C� 4# 2# C-sized matrix once. Wavelet-based

resolvent analysis is indeed destined to study problems to which traditional (and har-

monic) Fourier-based resolvent analysis are not applicable. But before tackling such

problems, we validate our method against harmonic resolvent analysis, which we

present in the following section.

3.6 Validation II: turbulent Stokes boundary layer

Here, we apply both wavelet-based and harmonic resolvent analyses to a problem

with a time-periodic mean velocity and shear: the Stokes turbulent boundary layer.

In light of the results of the previous section, this may seem redundant, but this

validation step led us to key insights on the convergence properties of the wavelet-

based resolvent operator. In particular, the frequency content of the computed

modes becomes distorted if a �nite di�erence operator in time is used to construct

the resolvent operator (Chapter 3.4). Using dense but accurate derivatives, such as

the Fourier derivative matrix in time, is one solution. However, in our attempt to

develop an e�cient implementation of wavelet-based resolvent analysis, we insist

on the use of sparse operators, which greatly reduces the costs of computation and

storage. For high-dimensional problems where the forcing and response states must

encode temporal and spatial information at su�cient resolutions, this advantage

is key. In Chapter 3.2, we proposed a solution that is compatible with a sparse

formulations of the resolvent operator: �ltering-out high frequency content using

wavelet windowing matrices. The results of section demonstrate the validity of this

approach.

To generate the mean pro�le and second-order statistics, the Stokes boundary layer

is �rst simulated through a channel �ow with the lower and upper walls oscillating in

tandem at a velocity of* �
F ¹Cº = * �

max cos¹
 � C� º with no imposed pressure gradient.

We non-dimensionalize velocities by* �
max and lengths byX�


 :=
p

2a� • 
 � , which

de�nes the laminar Stokes boundary layer thickness. Though time and frequency

are both non-dimensionalized with* �
max andX�


 , we useC
 as our preferred time

variable�where 
 denotes the non-dimensionalized wall oscillation frequency�for

a clearer comparison with the period, andl • 
 as our preferred frequency variable

as it represents temporal wave number. The relevant non-dimensional number is
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Re
 = * �
maxX

�

 •a� . For the current case, we considerRe
 = 1500, which lies

within the intermittently turbulent regime (Akhavan et al., 1991; Costamagna et al.,

2003; Hino et al., 1976; Verzicco & Vittori, 1996; Vittori & Verzicco, 1998). This

problem has been well-studied numerically and experimentally (Akhavan et al.,

1991; Blondeaux & Vittori, 1994; Carstensen et al., 2010; Costamagna et al., 2003;

Hino et al., 1976; Jensen et al., 1989; Ozdemir et al., 2014; Sarpkaya, 1993; Spalart

& Baldwin, 1989; Verzicco & Vittori, 1996; Vittori & Verzicco, 1998; Von Kerczek

& Davis, 1974).

The DNS uses a second-order staggered �nite-di�erence (Orlandi, 2000) and a

fractional-step method (J. Kim & Moin, 1985) with a third-order Runge-Kutta time-

advancing scheme (Wray, 1990). Periodic boundary conditions are imposed in

the streamwise and spanwise directions, while the no-slip and no-penetration are

imposed at the top and bottom walls. The code has been validated in previous studies

in turbulent channel �ows (Bae et al., 2018, 2019; Lozano-Durán & Bae, 2019) and

�at-plate boundary layers (Lozano-Durán et al., 2018), though we note that, for

this problem, we modify the boundary conditions to accommodate the oscillating

walls. The domain size of the channel for the DNS is given by6c � 80 � 3c.

The domain is discretized uniformly in theG1� andG3� directions using64 points,

which corresponds to non-dimensionalized spacings of� G� 0•29 and� G3 � 0•15.

For theG2-direction, we use a hyperbolic tangent grid with385points, resulting in

min¹� G2º � 0•01 andmax¹� G2º � 0•91. We compute the mean velocity pro�les

by averaging in homogeneous directions and phase. Figure 3.6 shows the mean and

the streamwise root-mean-square (rms) velocity pro�les at di�erent times. We note

that* 1¹C
 ¸ cº = � * ¹C
 º and* 8–A<B¹C
 ¸ cº = * 8–A<B¹C
 º. The turbulent energy

peak occurs near the wall atG2 = 1•43 andC
 = 2•65, and propagates away from

the wall thereafter.

To construct the resolvent operator, we �rst choose the spatial scales for the ho-

mogeneous directions. Using the DNS data, we calculate the streamwise energy

spectrum atG2 = 1•43 andC
 = 2•65, the wall-normal location and phase of the

peak* 1–A<B. The most energetic streamwise and spanwise scales at that location are

: 1 = 0•67and: 3 = 4•22, which we choose as the spatial Fourier parameters for the

resolvent operator. For the remaining dimensions, we use a Chebyshev grid of size

# 2 = 80 in the wall-normal direction that extends fromG2 == 0 (the bottom wall)

to G2 = 40 (the centerline) and a uniform temporal grid of size# C= 1600over the

time domain, chosen to be»0– )
 ¼where) 
 = 2c (i.e. one period). The mean
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(a) (b)

Figure 3.6: (a) Mean streamwise velocity pro�le and (b) streamwise r.m.s. velocity
from C
 = 0 (blue) to C
 = c (red). The pro�les shown are atC
 = =c•8,
= = 0–1– •••8.

velocity and shear pro�les are projected onto this new grid by interpolation. As in

the previous section,U3, U2, dU 2–2, anddU 3–2 are zero.

We choose the time derivative matrixDC and the wall-normal spatial derivative

matrices to be second-order-accurate centered �nite di�erence matrices. We enforce

a no-slip and no-penetration boundary condition at the wall, a free-slip and no-

penetration boundary condition at the centerline, and periodic boundary conditions

at the start and end of the time domain.

BecauseDCis a �nite di�erence matrix rather than a Fourier di�erentiation matrix,

we must implement a �ltering step, detailed in Chapter 3.4, to exclude the high

temporal wavenumbers. To apply this �ltering step, we must assume that the high-

frequency waves are not physically signi�cant for the turbulent Stokes boundary

layer problem. We use a two-stage Daubechies-16 wavelet transform, which is a

sparse unitary operator. We note that the Daubechies-16 operator is not a perfect

bandpass �lter, and the numerical �ltering operation simply attenuates the high-

frequency waves that produce spurious SVD modes instead of excluding them

outright. Nevertheless, due to the high dimensionality of the problem, it remains

advantageous to use sparse transforms. We choose to constrain the forcing and

response modes to the scaling functions and their shifts, which roughly cover the

�rst quarter of all temporal wavenumbersl • 
 = 0•••– #C•8.

We compare the results obtained with the wavelet-based resolvent modes with the

results from harmonic resolvent analysis (Padovan et al., 2020). The latter is similar
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(a) (b)

(c) (d)

Figure 3.7: Magnitude contours (25%, 50%, 75%, and90%of the maximum value)
of (a) the wall-normal component of the principal resolvent forcing mode and (b)
the streamwise component of the principal resolvent response mode for the turbulent
Stokes boundary layer; (c)G2�integrated Fourier spectrum in time for the principal
response modes; (d) singular values from the SVD of the resolvent operators. Results
from harmonic resolvent analysis are shown in red, and those from wavelet-based
resolvent analysis in black.
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to a combined Fourier-based resolvent analysis for multiple frequencies, and includes

the interactions between them; the frequencies are indeed coupled by the time-

varying mean pro�le (see Chapter 2.2 for more detail). For the harmonic resolvent

analysis, we use the same Chebyshev grid as in the wavelet-based method, with

# 2 = 80. For the sake of comparing with the wavelet-based method and to account

for the �ltering step, we choose a frequency resolution of# C = 1600•4 = 400.

We expect the two methods to produce similar singular values and modes. The

singular values and modes would be equivalent in both cases if we use a Fourier

di�erentiation operator for the wavelet-based method as in Chapter 3.5.

The modes obtained from harmonic resolvent analysis agree well with those obtained

from wavelet-based resolvent analysis. They occur at the sameG2 location, and time

(Figures 3.7(a, b)), and exhibit roughly the same frequency content (Figure 3.7(c)).

Moreover, the SVD of the wavelet-based and harmonic resolvent operators yield

similar singular values. The �rst twenty singular values are shown in Figure 3.7(d).

Despite Daubechies-16 wavelets being imperfect bandpass �lters, �ltering-out high-

frequency waves using the sparse wavelet transform succeeds in producing resolvent

modes that match the leading modes from harmonic resolvent analysis. We consider

that the results for harmonic resolvent analysis shown in Figure 3.7 are converged:

the ones that use a coarser grid with# 2 = 80 and# C= 300produced the same 10

leading singular values up to10� 4. Despite the larger dimension of the wavelet-

based system, the windowed wavelet-based resolvent operator can be computed

e�ciently due its signi�cant sparsity. Indeed, the harmonic and wavelet-based

resolvent analyses run in similar wall times.

The principal input and output modes corresponding to the chosen spatial scales

and boundary conditions in time are shown in Figure 3.8(a). We observe that the

modes are located at roughly the same wall normal height as the peaks in* 1–A<B, i.e.

G2 � 0•5. We also observe that the principal input and output modes are synchronized

with the peaks in* 1–A<B, though the modes tend to peak slightly earlier than* 1–A<B.

This suggests that linear ampli�cation might provoke the transition to turbulence.

The results presented in Figure 3.8 suggest that the study of energy ampli�cation

in the Stokes boundary layer is a good candidate for the use of linearized methods,

similarly to the turbulent channel �ow (Jiménez, 2013).

We also observe that the principal input mode precedes the principal output mode

in time, with the peak of the former occurring� C
 � 0•063before the peak of the

latter. Wavelet-based resolvent analysis is able to capture the natural response time
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(a)

(b)

Figure 3.8: Real part of (a)�q1, and (b) �k 1 for the turbulent Stokes boundary layer.
The black contour lines are* 1–A<Bwith the levels indicating50%–75%–95%of its
maximum value. The vertical dashed lines show the times of the amplitude peak for
the input mode (C
 = 2•11) and output mode (C
 = 2•18).

between forcing and response terms under the dynamics of the linearized Navier-

Stokes equations. This time delay is also in line with a physical interpretation of

the modes in which the input modes cause the output modes and must thus occur

earlier. In future works, it would be interesting to project �ow �elds onto these time-

separated resolvent forcing and response modes to test whether better correlations

can be obtained between them in the transformed bases.

Because of the windowing step described above, we expect the wavelet coe�cients

of the modes corresponding to the three highest bands of frequencies to be zero,

which is con�rmed in the scalograms in Figures 3.9(a). We also see in Figure 3.9(a)

that the frequency content of the principal modes varies with time. The principal

forcing mode is initially composed of lower-frequency waves, whose frequencies

are centered in a band»0–25
 ¼; these waves are gradually shifted up to frequencies

centered in»25
 –50
 ¼. Likewise, the waves composing the principal response

mode, initially at frequencies centered in»25
 –50
 ¼are also shifted up to higher

frequencies. We propose that this frequency shift is due to the time-varying mean
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(a) (b)

Figure 3.9: (a) Principal forcing (red, top panel) and response (black, bottom panel)
modes in the time-frequency plane; the blue line indicates* 1: 1• 
 at Gresp•

2–avg =

Gforc•
2–avg � 0•46; (b) G2�integrated frequency content in the streamwise component of

the forcing (red) and response (black) modes.

streamwise velocity* 1, which acts as a convection velocity and accelerates the

resolvent forcing and response waves. Thus, we expect the frequency content of the

forcing and response modes to vary in tandem with the changing mean streamwise

velocity pro�le. We de�ne the average location of the streamwise modes as

Gresp•
2–avg :=

¯ )
0

¯ 1
0 G2j �k 1j23G23C

¯ )
0

¯ 1
0 j �k 1j23G23C

– (3.30)

and

Gforc•
2–avg :=

¯ )
0

¯ 1
0 G2j �q1j23G23C

¯ )
0

¯ 1
0 j �q1j23G23C

– (3.31)

and plot the frequency shift due to the mean convection* 1: 1• 
 at the average mode

locations in Figure 3.9(a). We observe a good correlation between the shift in the

frequency content of the forcing and response modes and the change in the mean

velocity.

In addition to the frequency shifts occurring within the forcing and response modes

individually, the changing mean velocity pro�le explains the frequency content

di�erence between the forcing and response modes. This is due to the lag of the

response with respect to the forcing. Since the modes occur at di�erence phases

of the oscillating mean pro�le, they are convected at di�erent velocities. To verify
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this, we �rst Fourier-transform�5 and �7 in time to extract their frequency content

with better precision, and observe in Figure 3.9(b) that the average frequency shift

between the forcing and response modes is

� l :=

¯ 
 #C•2
0 l »k̂ 1¼3l
¯ 
 #C•2
0 »k̂ 1¼3l

�

¯ 
 #C•2
0 l »q̂1¼3l
¯ 
 #C•2
0 »q̂1¼3l

� 10•2 
 • (3.32)

We then de�ne the average temporal location of the modes as

Cresp•
avg :=

¯ )
0 C»�k 1¼3C
¯ )
0 »�k 1¼3C

– (3.33)

and

Cforc•
avg :=

¯ )
0 C»�q1¼3C

¯ )
0

¯ 1
0 »�q1¼3C

• (3.34)

Assuming that both the optimal forcing and response prefer the same natural fre-

quencyl 0 with a corresponding streamwise wave speed20 = l 0• : 1, we estimate

the shift with
�
j* ¹Gresp•

2–avg– Cresp•
avg º j � j * ¹Gforc•

2–avg– Cforc•
avg jº

�
: 1• 
 � 10•5– (3.35)

which roughly matches the observed shift. We repeat this analysis for two other sets

of spatial parameters,¹: 1– :3º = ¹0•67–2•67º and ¹: 1– :3º = ¹1•33–2•67º, though

the plots are not shown. For the �rst set, the estimated frequency shift is found to be

� l • 
 � 27using equation (3.35), roughly matching the measured mean frequency

shift of � l • 
 � 26computed using a Fourier transform of the response and forcing

modes. Similarly, for the second set of these length scales, the estimated frequency

shift due to convection by the mean �ow is� l • 
 � 14•6 and the measured mean

frequency shift is� l • 
 � 13•4.

Wavelet-based resolvent analysis and harmonic resolvent analysis agree for the

Stokes boundary layer problem. By �ltering out the high frequencies, the windowing

step solves issues of numerical distortion introduced by the use of �nite di�erence

operators in time. The optimal forcing and response modes are close in both space

and time to the peaks of streamwise r.m.s. velocity, which hints at the role that linear

ampli�cation mechanisms are playing in determining the behavior of turbulence for

this system. Both methods reveal how a time-varying mean pro�le a�ects the linear

ampli�cation of perturbations. The mean velocity pro�le not only determines the

spatial structure of the modes as in Chapter 2.1, but also their transient behavior,
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in this case acting as a convection velocity that modulates the optimal forcing and

response wave speeds.

Though the two methods are equivalent in the application above, wavelet-based

resolvent analysis possesses additional qualities. In particular, the wavelet-based

formulation makes time-localized analyses much wieldier. The windowing frame-

work, used here to �lter out the frequencies prone to numerical distortion, can just

as well be used to focus on time intervals of interest, such as the relaminarization

portion of the oscillation cycle, with the hope that time-localized changes in the en-

ergy ampli�cation mechanisms would explain these other aspects of the turbulence.

Unfortunately, this use case is not explored in this work. In the next chapters, we do,

however, apply wavelet-based resolvent analysis to other problems to which Fourier-

based methods are not suited, and use it to shed light on key transient phenomena

observed in wall-bounded turbulence.
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C h a p t e r 4

APPLICATION I � ANALYSIS OF CANONICAL FLOWS

In this chapter, we apply wavelet-based resolvent analysis to �ows that were pre-

viously not amenable to traditional Fourier-based methods. In Chapter 4.1, we

revisit channel �ow, and though the mean velocity and shear pro�les do not vary

in time, we apply the windowed wavelet-based framework to study transient burst-

ing phenomena believed to trigger turbulence in the fully nonlinear system. In

Chapter 4.2, the mean pro�le is obtained from channel �ow subjected to a sud-

den, sustained spanwise pressure gradient; the mean velocity and shear respond

by gradually developing spanwise components as time progresses. Wavelet-based

resolvent analysis reveals new insights on how changing �ow conditions modulate

energy ampli�cation mechanisms of perturbations, which in turn sheds light on the

time-varying statistics of the turbulent �ow. The systems considered in this chapter

are all non-dimensionalized and the non-dimensionalization scales are shown in

Table 4.1.

4.1 Bursting in channel �ow

The added advantage of wavelet-based resolvent analysis lies in its ability to preserve

temporal localization. The states in equation (3.21) encode time and frequency

information, which allows us to study transient problems even when the mean pro�le

is statistically stationary. One such transient phenomenon is the Orr mechanism, a

linear mechanism �rst described by Orr (1907) that has been proposed to explain

Case Section ! � D�

Bursting in
channel �ow

Ÿ4.1 X� (channel
half-height)

D�
g (friction

velocity)

Channel �ow
with spanwise
pressure gradient

Ÿ4.2 X� (channel
half-height)

D�
g–0 (friction

velocity atC= 0)

Table 4.1: Length and velocity used to non-dimensionalize the Navier-Stokes equa-
tions for each case considered in Chapter 4
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Figure 4.1: Mean streamwise velocity pro�le for channel �ow atReg = 2000. The
dashed line corresponds to the upper bound of the frequency band covered by the
chosen wavelet, mapped to streamwise velocities using* 1 = l • : 1.

(a) (b)

Figure 4.2: (a) Inverse wavelet-transformed principal response mode for channel
�ow at Reg = 2000and: 1 = : 3 � 8•98 under windowed forcing, in the frequency�
time plane. The forcing window is highlighted in red. (b)G2-integrated total energy
of the inverse wavelet-transformed principal response mode.
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(a)

(b)

(c)

Figure 4.3: Principal response mode for the channel �ow atReg = 2000 and
: 1 = : 3 � 8•98 under transient forcing. The modes are shown at (a)C= 0•25, (b)
C= 0•71, and (c)C= 1•56. The left and right panels respectively correspond to
half-wavelength locations ofG3•X= c• : 3XandG1•X= c• : 1X.
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Figure 4.4: Mode angle (top) and magnitude (bottom) of the principal response
mode as a function of time. The streamwise component of the mode is represented
by�� (blue), the wall-normal component by� „ (green) and the spanwise component
by � Î (red).

transient energy ampli�cation in shear �ows (Encinar & Jiménez, 2020; Jiménez,

2013, 2015, 2018; Landahl, 1975). A two-dimensional physical description is given

in Jiménez (2013, 2018): the mean shear pro�le rotates backward-tilting velocity

structures forward (in the positiveG1� direction), e�ectively extending the wall-

normal distances between structures; to compensate, continuity imposes larger wall-

normal �uxes,i.e. larger wall-normal velocity perturbations. This e�ect ampli�es

the velocity perturbations until the velocity structures are tilted past the normal to the

wall, after which the mechanism is reversed and the perturbations are attenuated.

The tilting angle of the velocity perturbations does not a�ect the streamwise or

spanwise velocities directly, and after those components are ampli�ed by the growth

of the wall-normal component through lift-up, they decay slowly through viscous

e�ects (Jiménez, 2013). Thus, due to the long-lasting e�ects on the streamwise

component of a brief ampli�cation of the wall-normal velocity perturbation, it is

proposed that these Orr bursts are involved in the generation of persistent near-wall

streaks (Encinar & Jiménez, 2020; Jiménez, 2013, 2015).

Because of its possible role in regenerating near-wall streaks, the Orr mechanism

in linearized wall-bounded �ows has been examined in Jiménez (2013, 2015, 2018)

and Encinar and Jiménez (2020). These studies rely on computing optimal growth

trajectories for the linearized equations with viscosity as well as solutions to the in-

viscid linearized equations The optimal trajectories are de�ned as those emanating

from the optimal initial condition which maximizes the growth of kinetic energy
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under the linearized dynamics (Butler & Farrell, 1993; Schmid et al., 2002). The

linear trajectories exhibit the characteristic forward tilting of velocity structures

in conjunction with the transient ampli�cation of velocity perturbations, suggest-

ing that the Orr-mechanism is a dominant energy ampli�cation mechanism in the

linearized system.

Optimal growth trajectories compute the singular modes for the linearized �ow

map between an initial condition and velocity perturbations at a later time; the

question we wish to answer is whether optimal external forcing upon the linearized

system, which could originate from nonlinear interactions, also exploits the Orr

mechanism. For this, we use the wavelet-based resolvent analysis formulation. We

note that traditional resolvent analysis has been used to reveal some evidence of

the Orr mechanism in turbulent jets, where it is identi�ed by the tilt of the optimal

forcing structures against the jet shear (Pickering et al., 2020; Schmidt et al., 2018;

Tissot et al., 2017). In an attempt to capture the Orr mechanism in channel �ow at

'4 g = 2000as in Encinar and Jiménez (2020), we use the mean pro�le for channel

�ow at '4 g = 2000(Hoyas & Jiménez, 2008). Lengths are non-dimensionalized

with the channel half-heightX� , and velocities with the friction velocityD�
g. We use

the same grid in the wall-normal direction as Chapter 3.5 with# 2 = 128collocation

points. Transient bursts outside the bu�er layer are found in Jiménez (2018) to be

most energetic for structures that satisfy_1 � _3. For the streamwise and spanwise

wavenumbers used in the Fourier transforms of the linearized �uctuations, we choose

those used Encinar and Jiménez (2020),_1 = _3 = 0•7. We use a uniform temporal

grid of size# C = 256. As in Chapter 3.5, the base �ow as a function of time is

constructed by repeating the mean channel �ow velocity and shear pro�les for each

temporal grid point. We de�ne the time domain to be»0– )º, where the total time

of ) = 2•15.

The choice of) depends on the critical layer dynamics that we wish to highlight.

From traditional resolvent analysis applied to turbulent stationary channel �ow, we

know that the resolvent Fourier modes tend to peak in magnitude at the critical

layer, i.e. where* ¹G2º = l • : 1 (McKeon, 2017, 2019; McKeon & Sharma, 2010;

Schmid et al., 2002). In this section, we study the e�ect of a time-localized forcing

on a regionĢ2 2 »0–500¼which contains the inner region of the boundary layer

(Hoyas & Jiménez, 2006). This maps to a frequency interval»0– * ¹Ģ2 = 500º¼: 1 =

»0– l max¼ � »0–185¼according to the mean pro�le for turbulent channel �ow (Figure

4.1). Thus, using a total time) = 2•15and a Shannon wavelet transform with! = 1,



56

the Shannon scaling functionsZ¹C•2! � : º would cover the frequency interval

# C•¹ 2) º»� c– c¼ � »�187–187¼. To restrict our forcing term to this frequency band

while localizing it time time, we use the windowed wavelet-based resolvent analysis

framework from Chapter 3.2. We setC to the identity matrix, allowing the response

modes to cover the entire time and frequency range. We chooseB to select the

forcing terms corresponding to the relevant the Shannon scaling function. Without

loss of generality, we select the shift parameter< = 0 so that the forcing term is

concentrated at a time interval centered atC= 0.

The principal resolvent response mode obtained from the SVD of~HB represents the

maximally ampli�ed response to a transient forcing term aligned with the selected

wavelet, under the dynamics of the linearized Navier-Stokes equations. Though not

forcibly restricted to a frequency band via the response windowing matrixC, the

resulting principal response mode is con�ned to the frequency band determined by

the forcing, as shown in Figure 4.2(a). This result is expected: in resolvent analysis

of statistically stationary �ows, the time scales are decoupled (equation (3.29)), and

the velocity �uctuations can only extract energy from the mean �ow, which is solely

composed of a steady-state component. The response mode can thus only contain

the frequencies injected by the forcing mode. Figure 4.2(b) shows that the spatially

integrated energy of the response mode �rst grows transiently, peaks atC= 0•72, and

then decays. This is a consequence of the non-normality of the linearized channel

�ow system (Schmid et al., 2002). The response modes at three di�erent times are

shown in Figure 4.3. We note that the modes are concentrated in a regionG2 Ÿ 0•4,

where the Corrsin shear parameter is approximately 10, which justi�es the use of a

linearized method to analyze the full system (Jiménez, 2013).

The transient behavior of the modes displays characteristics of the Orr mechanism,

mainly a synchronization between the ampli�cation of the wall-normal component

of the response mode and its forward tilting. To measure the forward tilting of

velocity structures in the response mode, we de�ne the tilt angles as in Jiménez

(2015),i.e.

\ 8¹G2– Cº = � tan� 1

 
mG2Ü�7 8¹G2– Cº

: 1

!

– (4.1)

whereÜ¹�º represents the complex angle. The phase angle of the complex quantity
�7 8¹G2– Cº determines the shift of the Fourier mode in the homogeneous directions,

with Ü�7 8• : 1 representing the displacement in theG1�direction. Di�erentiating the

streamwise displacement with respect toG2 yields a ratio between the streamwise
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displacement and wall-normal displacements,i.e. the tangent of the angle with the

vertical. A value of\ 8 = 0 indicates that the mode is upright, while\ 8 = � c•2 or

c•2 indicates that the mode is tilted backward or forward, respectively, so that it is

horizontal. In Jiménez (2015), the angle de�ned above is averaged over a region of

interest. We de�ne the energy-weighted average tilt as

\
»Ḩ0–Ḩ1¼
8 ¹Cº =

¯ H1

H0
k �7 8k

2\ 83G2
¯ H1

H0
k �7 8k23G2

– (4.2)

and the amplitude as

�
»Ḩ0–Ḩ1¼
8 =

� ¹ H1

H0

k �7 8k
23G2

� 1
2

– (4.3)

and pickḨ0 = 0 andḨ1 = 2000to capture the half-channel. The results (Figure 4.4)

show that the amplitude of the wall-normal velocity component of�7 2 indeed peaks

roughly when\ »0–2000¼
2 � 0 at C� 0•45, and decays as\ »0–2000¼

2 tilts past zero until it

vanishes for\ »0–2000¼
2 = c•4.

We note that the spanwise component tilts forward much faster than the streamwise

and wall-normal components (Figure 4.4). This faster tilt has been attributed to

the spanwise component's placement closer to the wall where the shear is stronger

(Encinar & Jiménez, 2020), and we do indeed �nd that�73 is closer to the wall

compared with�72. However, we also �nd that�71 is located at the same wall-normal

height as�73, and hypothesize that it tilts forward at the same rate as�72 because of

the more direct coupling between the two components via theD23* 1•3G2 term in

the linearized momentum equations.

Moreover, both the streamwise and spanwise components of the mode peak atC�

0•75, i.e. after\ »0–2000¼
1 and\ »0–2000¼

3 cross the zero threshold and approximatelyC�

0•35 later than the amplitude peak for the wall-normal component. The streamwise

and spanwise components also decay more slowly than the wall-normal component,

even as their tilt is relatively constant at\ »0–2000¼
1 = \ »0–2000¼

3 = c•4 and after the wall-

normal component vanishes. The delayed growth of the streamwise and spanwise

perturbations and their slow decay can be explained by considering the linearized

advection�di�usion equation for the wall-normal vorticityE2, where the wall-normal

velocity perturbation acts as a forcing term:
�
mC¸ * 1mG1 �

1
Re

¹m2
G1

¸ m2
G2

¸ m2
G3

º
�

E2 = �
d* 1

dG2

mD2
mG3

• (4.4)

Even if theD2�dependent forcing in the right-hand side disappeared, the streamwise

and spanwise velocity components would continue their downstream advection via
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the mean velocity* 1 and would only decay due to viscous dissipation (Jiménez,

2013). This acts at a slower time scale than the mean shear in the near-wall region for

the length scales considered. The non-normality of the Squire system (Schmid et al.,

2002) explains the delayed growth of the spanwise component after being forced by

the wall-normal component. The amplitude streamwise component rises in tandem

with the wall-normal component, possibly due their tighter coupling via the presence

of theD23* 1•3G2 term in the linearized streamwise momentum equation. The tilt of

the streamwise and spanwise components does not directly drive or suppress their

amplitudes, since forward-tilting only a�ects their wall-normal gradients which do

not appear in the equations of motion. This allows them to grow even after they

attain their maximum positive tilt.

The lifetime of the wall-normal component�7 2 of the principal resolvent response

mode di�ers signi�cantly from the bursting time scales in Jiménez (2013, 2015) and

Encinar and Jiménez (2020), which argue that the Orr-mechanism is a linear inviscid

process whose period scales with the local mean shear. De�ning the location of the

wall-normal velocity �uctuation as its energy-weighted center of gravity

G2–6:=

¯ 1
0 kD2¹Cmaxºk2G23G2
¯ 1
0 kD2¹Cmaxºk23G2

– (4.5)

whereCmax is the time of maximum amplitude forD2, we �nd thatG2–6 � 0•21, further

away from the wall than the inviscid and optimal growth solutions in Jiménez (2013)

and Encinar and Jiménez (2020) located atG2–6 � 0•16_1 � 0•11. De�ning a shear

time scale( � 1 as

( :=
3* 1

3G2
¹G2 = G2–6º– (4.6)

we �nd that the mode grows and decays inC( � 13 local shear units, much more

slowly than the inviscid and optimal growth solutions, which grow and decay in

C(� 1 andC(� 3•5 respectively. Moreover, the Orr mechanism studied in Encinar

and Jiménez (2020) is linked more broadly to energetic bursting events, which

have been considered in Jiménez (2015), and which exhibit a bursting period of

C= 0•2 for the wall-normal mode corresponding to¹_G– _I º = ¹0•7–0•7º, again

faster than the growth time scale for�7 2. In an attempt to explain the discrepancies

between the optimal growth solution in (Encinar & Jiménez, 2020) and the principal

resolvent mode, we note that the measures of optimality di�er between the optimal

growth and wavelet-based resolvent analysis frameworks: while the optimal growth

framework measures energy ampli�cation as a ratio between the initial condition
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and the solution at a given time, wavelet-based resolvent analysis maximizes the

integrated kinetic energy of the entire time interval considered. This may better

capture energetic structures that persist in time. Resolvent analysis additionally

provides the optimal forcing that produces the response in the velocity �eld, which

is helpful in studying mechanisms that drive linear transient growth in turbulent

�ows.

Encinar and Jiménez (2020) also measure bursting time scales directly using turbu-

lent channel �ow data. These better match the growth and decay time scale of our

principal resolvent mode, despite the discrepancies with the optimal linear growth

solution. Using an average shear time scale de�ned as

( � :=
¹* 1¹G2 = H1º � * 1¹G2 = H0ºº

H1 � H0
– H0 = 0•7– H1 = 0•25– (4.7)

where� = »H0– H1¼captures a section of the logarithmic region, we �nd that�72 takes

C(� � 1•87 average shear units to grow to half its maximum amplitude, compared

with C(� � 1 in Encinar and Jiménez (2020). The amplitude and timescale of the

process captured by�7 can be further compared with other studies of bursting in the

near-wall region of turbulent channel �ow at moderateReg. In Flores and Jiménez

(2010), turbulent energy is found to peak at time intervals of approximately6G2,

and given that our resolvent modes are centered atG2 � 0•2, the trend would predict

a bursting period ofC= 1•2. This roughly matches the timescaleC� 1•5 for the

growth and decay of�72. Likewise, in Hwang and Bengana (2016), which studies

bursting in the logarithmic region of the channel, the relationC= 2_3 is found to

describe the bursting period. For our case where_3 = 0•7, this would correspond

to a bursting period ofC= 1•4, again matching the lifetime of�72.

Thus, by using the windowed wavelet-based resolvent analysis framework described

in Chapter 3.2, we obtain a time-localized forcing mode that maximizes the inte-

grated action of its response. The wall-normal component of the response mode

exhibits the coupling between tilt angle and magnitude characteristic of the Orr

mechanism. The streamwise and spanwise components of the mode, �rst driven

by the wall-normal one, outlive it and decay at a slower time scale determined

by viscous dissipation. The Orr mechanism is therefore the most e�cient method

of generating energetic and persistent perturbations in the linearized setting. The

relevance of this transient principal response mode (and the Orr mechanism) to

near-wall turbulence is suggested by the close similarity between its lifetime and

bursting time scales detected in turbulent channel �ow.
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(a) (b)

Figure 4.5: Mean (a) streamwise and (b) spanwise velocity pro�le fromC= 0 (blue)
to C= 2•34 (red). The times shown areC= 0–0•58–1•17–1•76–2•34. Data taken
from Lozano-Durán et al. (2020). TimeCis non-dimensionalized withDg–0•X

(a) (b)

Figure 4.6: (a) Friction velocityDg and (b) wall shear-stress angleW= tan� 1¹g3•g1º
as a function of time. Data taken from Lozano-Durán et al. (2020). The vertical
dashed lines are atC= 0–1•38–1•94, and correspond to the choice of_¸

1 and_¸
3 for

the modes plotted in Figure 4.7

4.2 Channel �ow under a sudden spanwise pressure gradient

In this section, we use wavelet-based resolvent analysis to tackle a problem with a

time-varying mean pro�le that is not periodic in time. We consider a fully developed

turbulent channel �ow atReg = 186 that is subjected to a sudden lateral pressure

gradient3%•3G3 = � 3%•3G1 at C= 0 with � = 30 (Lozano-Durán et al., 2020;

Moin et al., 1990). Under the in�uence of the spanwise pressure gradient, the �ow,

commonly referred to as a three-dimensional (3-D) channel �ow, gradually reorients

itself to point in the¹3%•3G1– 3%•3G3º direction parallel to the wall. Before reaching
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its new steady state, the �ow passes through an initial transient period during which

the tangential Reynolds stress�the correlation between the velocity �uctuation in

the instantaneous direction of the �ow and the velocity �uctuation normal to the

wall�counterintuitively decreases before increasing linearly, with the depletion and

growth rate scaling as� G2•X(Lozano-Durán et al., 2020). Wavelet-based resolvent

analysis is uniquely equipped to study this non-stationary, non-periodic problem.

We use the method to shed light on how the linear ampli�cation properties of

the �ow change with time and lead to the suppression of velocity perturbations, a

phenomenon re�ected in the depletion of Reynolds stresses in the turbulent statistics.

The mean velocity[ ¹G2– Cº = ¹* 1–0– *3º and shear3[ •3G2¹G2– Cº = ¹3* 1•3G2–0–

3* 3•3G2º pro�les represent averages in the spanwise and streamwise directions and

are obtained from Lozano-Durán et al. (2020). Both the mean velocity and the mean

shear have non-zero streamwise and spanwise components that vary with time. The

streamwise and spanwise components of the mean velocity are shown in Figure

4.5. Velocities are non-dimensionalized by the initial friction velocityD�
g–0. We

indeed note that the friction velocity indeed increases as the spanwise component

of the �ow develops (Figure 4.6(a)). Lengths are non-dimensionalized by the

channel half-heightX� , and time byX� •D�
g–0. All of the non-dimensionalization

scales are summarized in Table 2.1. The Reynolds number for this problem is

Re = Reg–0 := D�
g–0X� •a� . The time domain of the simulation is»0– )º, where

) = 2•34.

To construct the discrete resolvent operator, we use a Chebyshev grid of size# 2 = 65

in theG2� direction extending fromG2 = 0 to G2 = 1. For the spatial derivatives in

theG2� direction, we choose second-order-accurate �nite di�erence matrices. We

enforce a no-slip and no-penetration boundary condition at the wall and a free-slip

and no-penetration condition at the centerline.

The time derivative matrixDC is a �rst-order backward di�erence operator and is

made to enforce a Neumann-type condition,mC¹�º jC=0 = mC¹�º jC=) = 0. To reduce

the impact of the boundary condition on the modes atC= 0 we extend* 1 and* 3

to the time intervalC2 »� 0•58– )¼and assume* 8¹C� 0– Hº = * 8¹C= 0– Hº and

3%•3G3¹C Ÿ0º = 0. When the modes are plotted, we only show the original time

domainC2 »0– )¼and exclude the contribution from negative times. We use a

temporal resolution of# C= 1000for the extended time frame. Despite the use of a

�nite di�erence operator in time, we note that the leading modes are not spuriously

distorted (see Chapter 3.4) and that �ltering-out the high frequency waves as in
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Chapter 3.6 has little e�ect on the results.

For the spatial scales in the homogeneous directions, we choose wavelengths that

capture the streamwise and spanwise spacing of near-wall streaks, traditionally

¹_¸
1–0– _̧3–0º = ¹1000–100º in channel �ow atReg = 186with no spanwise component,

as in Chapter 3.5. Since the non-equilibrium �ow gradually develops a strengthening

spanwise component, we must take into account the orientation and magnitude of

the mean shear pro�le. To capture the relevant aspect ratio at a timeC, we must

multiply the traditional length scales of¹_¸
1–0– _̧3–0º = ¹1000–100º by a factor of

Reg¹Cº•Reg–0 = D�
g¹Cº•D�

g–0 = Dg, plotted in Figure 4.6(a). To account for the

new orientation of the streaks, we apply a rotation by the wall-shear stress angle

W¹Cº = tan� 1¹g3•g1º, whereg8is the instantaneous wall-shear stress in theG8direction

(Figure 4.6(b)). We can thus tune wavelet-based resolvent analysis to �ow conditions

at timeCby modifying the target wavelengths using the following expressions:

_¸
1 =

�
_¸

1–0cos¹W¹Cºº � _¸
3–0sin¹W¹Cºº

�
Dg¹Cº (4.8)

_¸
3 =

�
_¸

1–0sin¹W¹Cºº ¸ _¸
3–0cos¹W¹Cºº

�
Dg¹Cº• (4.9)

Here,¹�º¸ indicates the wall scaling withReg–0, before the lateral pressure gradient

is applied. In this section, we focus on three times:C= 0, 1•3 and1•94. ForC= 0,

we perform a wavelet-based resolvent analysis using the traditional¹_¸
1– _̧3º =

¹_¸
1–0– _̧3–0º := ¹1000–100º, preferred by the near-wall streaks atReg = 186 prior

to the lateral pressure gradient. For timesC= 1•3 andC= 1•94, we compute the

modes using spatial parameters¹_¸
1– _̧3º = ¹264–1827º and¹_¸

1– _̧3º = ¹329–2898º,

respectively.

The principal resolvent modes for the �rst wavelength pair¹_¸
1– _̧3º = ¹1000–100º

are shown in Figures 4.7(a, b). The magnitude of the modes in the frequency-time

domain is also plotted in Figures 4.8(a, b). The resolvent modes, which exhibit

a predominant streamwise component, are centered aroundC= 0 and located in a

regionG2 Ÿ 0•25 or Ģ2 Ÿ 45, i.e. within the bu�er layer. The principal modes

thus capture the near-wall streaks. Their subsequent decay in time can be explained

by the changing �ow conditions. As the spanwise wall-shear stressg3 grows and

causesDg to increase and the wall shear stress tensor to rotate in theG3�direction,

the length scales¹_¸
1– _̧3º = ¹1000–100º are no longer the linearly most ampli�ed

structures. The near-wall streaks would indeed stretch and orient themselves in the

direction of the adapting mean pro�le.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Real part of�k 1 (left) and �k 3 (right) for the turbulent channel subject
to a spanwise pressure gradient. The chosen spatial scales are (a, b)_¸

1 = 1000,
_¸

3 = 100, (c, d)_¸
1 = 264, _¸

3 = 1827, and (e, f)_¸
1 = 329, _¸

3 = 2898. The vertical
dashed lines mark (a, b)C= 0, (c, d)C= 1•38, and (e, f)C= 1•94.

The principal resolvent response mode for the second pair of spatial scales,¹_¸
1– _̧3º =

¹264–1827º is plotted in Figures 4.7(c, d). The frequency-time map of the modes

is shown in Figure 4.8(c, d). The wavelengths of the modes were chosen to match

the expected length scales of near-wall streaks atC= 1•38, and we indeed observe

that the modes are centered around the targetC= 1•38. Moreover, the spanwise

component of the response mode is much more dominant than the streamwise com-

ponent, which re�ects the new wall-shear angleW= 75•7� . Wavelet-based resolvent

analysis is thus able to re�ect non-equilibrium e�ects and capture near-wall streaks

that transiently stretch and rotate under the in�uence of time-varying mean �ow

conditions.

For the third case,¹_¸
1– _̧3º = ¹329–2898º, tuned to conditions atC= 1•94, the

modes (Figures 4.7(e, f) and Figures 4.8(e, f)) are not centered around the target

time. We speculate that this is due to the incompatibility between the Neumann



64

(a) (b)

(c) (d)

(e) (f)

Figure 4.8: Principal forcing (left) response (right) modes in the frequency-time
plane for the turbulent channel subject to a spanwise pressure gradient, for (a, b)
_¸

1 = 1000, _¸
3 = 100, (c, d)_¸

1 = 264, _¸
3 = 1827, and (e, f)_¸

1 = 329, _¸
3 = 2898.
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(a) (b) (c)

Figure 4.9: Principal response mode in the reference frame rotated aboutG2 by an
angleW, at (a)C= 0, (b) C= 1•38, and (c)C= 1•94. The contours represent the
streamwise component; the arrows represent the velocity �eld in the wall-parallel
plane.

boundary condition imposed atC= 2•34, and the mean �ow conditions which have

not reached a statistically steady state by that time. Due to the boundary condition,

the modes cannot grow beyond the temporal boundary and are arti�cially damped

near the end of the time domain.

Figure 4.9 shows the principal response mode in the physical domain for the three

target length scale pairs, in the reference frame rotated byWabout theG2�axis. We

denote the streamwise and spanwise directions in the rotated reference frame byH1

andH3, respectively, withH1 = G1cos¹Wº � G3sin¹Wº, andH3 = G1sin¹Wº ¸ G3cos¹Wº

The modes resemble each other qualitatively, and capture elongated near-wall streaks

in the direction of the rotated �ow. The length and spanwise spacing of the streaks

increases with wall shear stress, as expected. Moreover, the response modes for

¹_¸
1– _̧3º = ¹264–1827º and¹_¸

1– _̧3º = ¹329–2898º (Figure 4.9(b)) are concentrated

closer to the wall than for¹_¸
1– _̧3º = ¹1000–100º (Figure 4.9(a)), which indicates that

the region of high-sensitivity to forcing moves closer to the wall as'4 g increases.

This is in line with the behavior of near-wall turbulence: for higher'4 g, the

bu�er and logarithmic layers, which contain the bulk of turbulent energy in channel

�ow, are closer to the wall. We note, however, that the mode corresponding to

¹_¸
1– _̧3º = ¹329–2898º is expected to be located at an even lower wall-normal

height than the mode corresponding to¹_¸
1– _̧3º = ¹264–1827º, and attribute its

higher location to the e�ect of the temporal boundary condition at the end of the

time domain.

We can compute �ow and shear angles from the principal resolvent mode and

compare them to the wall shear stress angleWextracted from DNS. We de�ne the
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mode shear angle as

�W¹G2– Cº =

�
�
�
�tan� 1

�
dk 3•dG2

dk 1•3G2

� �
�
�
�
G1=G1–max–G3=G3–max

– (4.10)

wherek 8denotes the inverse Fourier and wavelet transform of the8th mode compo-

nent, and¹G1–max– G3–maxº denotes the location in theG1� G3 plane where the amplitude

of the response mode7 is maximal at eachG2. We plot the results for the three spatial

parameters at their respective target times (Figure 4.10). For the mode correspond-

ing to ¹_¸
1– _̧3º = ¹1000–100º, the mode shear angle�Wmatches the wall shear angle

of zero from DNS at a wall-normal location slightly farther from the wall than the

location of peak amplitude. For¹_¸
1– _̧3º = ¹264–1827º and¹_¸

1– _̧3º = ¹329–2898º,

we observe that�WmatchesWwell at the amplitude peaks. For all three sets of spatial

parameters, the mode angles at the wall itself di�er signi�cantly from the wall shear

angle from DNS, though this is expected since the modes obtained are lifted from

the wall and decay to match the wall boundary condition.

The ampli�cation of the response mode given by the leading singular value of the

resolvent operator di�ers across the chosen spatial parameters. The energy of the

principal response mode corresponding to¹_¸
1– _̧3º = ¹1000–100º, which peaks

for C Ÿ0, is ampli�ed by a factor off 2
1 � 8, while the energy of the modes

corresponding to¹_¸
1– _̧3º = ¹264–1827º and ¹_¸

1– _̧3º = ¹329–2898º, respectively

peaking atC= 1•34 andC= 1•94, are respectively ampli�ed by a factor off 2
1 � 0•4

andf 2
1 � 0•6. This indicates an e�ective energy suppression. In the fully turbulent

system simulated in Lozano-Durán et al. (2021), a decrease in Reynolds stresses is

similarly observed during the development of the spanwise mean �ow, even when the

G1 � G3 plane is rotated about theG2�axis to account for the new direction of the wall

shear stress. The authors propose that the developing spanwise mean �ow generates

smaller transverse structures close to the wall which disrupt the coherence of the

dominant streamwise rolls and inhibit them from vertically transporting momentum

upward from the near-wall region.

The behavior of the wavelet-based resolvent modes allows us to expand this proposed

explanation. The optimal forcing for the mean �ow conditions at a timeCis in the

form of rolls approximately pointing in the directionW¹Cº, and its corresponding

response mode eventually aligns itself with the forcing angle after a period of

transient growth, as shown in Figures 4.11 (a) and (b). Due to the non-normality

of the linearized system, the optimal forcing peaks before the target timeC, and

thus the optimal forcing may be instantaneously misaligned with the rotating mean
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(a) (b) (c)

Figure 4.10: Shear angle of the principal response mode for (a)¹_¸
1– _̧3º =

¹1000–100º at C= 0, (b) ¹_¸
1– _̧3º = ¹264–1827º at C= 1•38, and (c)¹_¸

1– _̧3º =
¹329–2898º at C= 1•94. The red vertical line (- -) indicates the wall shear-stress
angle at the chosen times; the horizontal black line indicates the location of the peak
of kinetic energyj �k 1j2 ¸ j �k 2j2 ¸ j �k 3j2 at the target times, and the dashed horizontal
lines indicate where the mode energy is at10%of the peak.

(a) (b) (c)

Figure 4.11: Flow angle of the principal forcing (red) and response (black) modes
for (a) ¹_¸

1– _̧3º = ¹1000–100º, (b) ¹_¸
1– _̧3º = ¹264–1827º, and (c) ¹_¸

1– _̧3º =
¹329–2898º. The vertical lines indicates the amplitude peaks for the forcing (red)
and response (black) modes, and the dotted black line representsW¹Cº.

�ow during the transient growth period of the response. Indeed, the forcing mode

is not computed to maximize the instantaneous kinetic energy ampli�cation, but

maximizes instead the time-integrated kinetic energy of the response over the entire

temporal domain.

More insight can be gained by considering the linearized equation governing the

wall-normal vorticityE2
�
mC¸ * 1mG1 ¸ * 3mG3 �

1
Re

¹m2
G1

¸ m2
G2

¸ m2
G3

º
�

E2 =
�
�

d* 1

dG2
mG3 ¸

d* 3

dG2
mG1

�
D2 ¸ 62–

(4.11)

where 62 := mG3 51 � mG1 53 denotes the external forcing. We note that in this

problem, the mean wall-normal �ow* 2, and the wall-normal gradientsd* 1•dG2
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andd* 3•dG2 are zero. Introducing a �ow anglè := tan� 1¹* 3•* 1º and a shear

angleh := tan� 1 ¹¹d* 3•dG2º•¹d* 1•dG2ºº, we can rewrite equation (4.11) in the

reference frame locally rotated by` as

�
mC¸ ¹ * 2

1 ¸ * 2
3º

1
2 mG0

1
�

1
Re

¹m2
G0

1
¸ m2

G2
¸ m2

G0
3
º
�

E2 =

�
d* 1

dG2

2

¸
d* 3

dG2

2� 1
2 �

� cos¹` � hºmG0
3

¸ sin¹` � hºmG0
1

�
D2 ¸ 62– (4.12)

where¹G0
1– G2– G03º denote the coordinates rotated anticlockwise by angle` in the

G1 � G3 plane. The left-hand side of equation (4.12) is identical to the classical

Squire equation for perturbations about a one-dimensional streamwise mean �ow,

with an e�ective advection velocity of¹* 2
1 ¸ * 2

3º1•2. The right-hand side includes

a lift-up term modi�ed by the misalignment between the mean shear and velocity

pro�les. If the mean �ow is at equilibrium and̀ = h, we obtain an identi-

cal lift-up term to the classical Squire equation, with an e�ective mean shear of
�
¹d* 1•3G2º2 ¸ ¹ d* 3•dG2º2� 1•2. The lift-up term in the Squire equation constitutes a

way for the wall-normal velocity perturbations to force the streamwise and spanwise

components, as discussed in Chapter 4.1, Jiménez (2013, 2018). Through this cou-

pling, the streamwise and spanwise velocity components can be e�ciently forced

by 52 along with 51 and 53. However, in a non-equilibrium rotating �ow, the mean

shear pro�le lags behind the mean velocity,i.e. ` < h, causing a misalignment

between the two pro�les which is particularly pronounced for regions farther away

from the wall. The term pertaining to the misalignment in equation (4.12) damps

the e�ect of the wall-normal velocity perturbationD2 on the wall-normal vorticity,

and consequently, the streamwise and spanwise velocity perturbations. This is il-

lustrated by Figure 4.12: for the initial one-dimensional mean �ow con�guration in

Figure 4.12(a), the optimal forcing mode exploits the lift-up mechanism via a strong

wall-normal component; for the rotated con�gurations in Figures 4.12(b) and (c),

the wall-normal component of the optimal forcing is signi�cantly attenuated.

Thus, the lag of the mean shear pro�le disrupts the coupling between the wall-

normal, and the streamwise and spanwise velocity perturbations. In a non-equilibrium

rotating mean �ow, wall-normal velocity perturbations are less e�cient at producing

slow-decaying streaks in the �ow direction (than in the case discussed in Chapter

4.1, for example), and the mean �ow selects rolls with a much weaker wall-normal

component. Evidence of this e�ect is shown in Figure 4.13. The DNS-averaged tan-

gential Reynolds stress and the misalignment between the mean velocity and shear
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(a) (b) (c)

Figure 4.12: Amplitudes for the streamwise (blue� ), spanwise (redÎ ), and wall-
normal (green„ ) components of the principal forcing (dotted line, hollow markers)
and response (solid line, �lled markers) modes, for (a)¹_¸

1– _̧3º = ¹1000–100º, (b)
¹_¸

1– _̧3º = ¹264–1827º, and (c)¹_¸
1– _̧3º = ¹329–2898º.

pro�les are indeed anti-correlated. Interestingly, the misalignment atĢ2 = 40peaks

roughlyÇ � 100before the minimum in the tangential Reynolds stress. Though not

shown, this time lag is more-or-less consistent for all wall-normal heightsĢ2 ¡ 11

(G2 ¡ 0•06), though the peaks of̀ � a and troughs of� D1D2
¸ themselves occur

earlier at locations closer to the wall. This may due to non-normal e�ects; responses

to perturbations tend to occur later after a period of transient growth. This is true for

the principal resolvent forcing and response modes: the response mode computed

using ¹_¸
1– _̧3º = ¹1000–100º and peaking in amplitude atC= 0 also lags about

Ç � 100 behind its corresponding forcing; the response mode computed using

¹_¸
1– _̧3º = ¹329–2898º and peaking in amplitude atC= 1•38 is faster and peaks

Ç � 30after its corresponding forcing.

To close this chapter, we emphasize the potential of wavelet-based resolvent analysis

to deepen our understanding of non-equilibrium e�ects on turbulence. The wavelet-

based modes re�ect the instantaneous morphological changes that near-wall streaks

undergo during the development of the mean �ow pro�le. They additionally reveal

changes to the linear ampli�cation mechanisms that produce the streaks. When

computed for transient 3-D channel �ow, the modes indicate a collapse of the lift-

up mechanism, which we attribute to the misalignment between the mean velocity

and shear pro�les and which greatly reduces the maximum linear ampli�cation

attainable in the bu�er layer. This new description expands on the explanations

in Lozano-Durán et al. (2020) for the counterintuitive and transient depletion of

tangential Reynolds stresses in simulations of the turbulent �ow.
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(a)

(b)

Figure 4.13: (a) Average tangential Reynolds stress atĢ2 � 40; (b) Di�erence
between the average �ow and shear angles atĢ2 � 40. Results are from the DNS
conducted in Lozano-Durán et al. (2020).
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C h a p t e r 5

APPLICATION II � FLOW ACTUATION

The previous chapters showcase how wavelet-based resolvent analysis can be used

to study linear ampli�cation phenomena in turbulent �ows. Resolvent analysis is

also commonly used to aid in the design of controllers by either identifying regions

to which the �ow is particularly sensitive to actuation via resolvent forcing modes

(Kojima et al., 2020), or providing a cheap model over which to optimize forcing

parameters (Liu et al., 2021; Luhar et al., 2014; Toedtli et al., 2019; Yeh et al.,

2020). All these methods are built on the assumption that resolvent modes are

indeed representative of the turbulent systems for which they are computed. In this

chapter, we test the e�cacy of linearly optimal resolvent modes at forcing a turbulent

system.

The experiments presented in this chapter and published in Ballouz, Dawson, and

Bae (2024) and Ballouz et al. (2025) are inspired by Bae et al. (2021), which

examines the role that structures aligned with the Fourier-based resolvent forcing

modes played in sustaining bu�er layer turbulence in the minimal channel. The

authors show that removing these contributions at every time step greatly suppresses

the turbulent kinetic energy. However, with the physical control of turbulent �ows as

the ultimate goal, we cannot rely on such high-frequency actuation, and it would thus

be valuable to determine a time horizon over which the resolvent forcing is e�ective.

In Chapter 5.1, we used a windowed version of the wavelet-based resolvent operator

��rst presented in Chapter 3.2� to compute a time-localized, resolvent forcing

mode with a compact support in time, which we inject into the minimal �ow unit

(Chapter 5.2).

The corresponding principal resolvent response mode grows and decays as is ex-

pected for non-normal systems. This will allow us to measure the instantaneous

discrepancy between the actuated turbulent and linearized �ows. By comparing

the response of the turbulent system to the principal response mode, we identify

the time scales during which the turbulent system responds similarly to the optimal

linear response mode (Chapter 5.3) and probe the mechanisms that erode the ef-

fects of the injected mode, especially the nonlinear interactions that transfer energy

from the actuated scale to secondary ones (Chapter 5.4). We note that computing a
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time-localized forcing modes and a transient response mode�made possible by the

wavelet-based formulation of resolvent analysis�are essential to these objectives.

5.1 Base �ow and parameters for resolvent analysis

In this chapter, length scales are normalized byX� , the channel half-height, and

velocities are normalized by friction velocityD�
g. The Reynolds number is friction

Reynolds number'4 g = X� D�
g•a� � 186, wherea� is the kinematic viscosity.G1, G2,

andG3 denote the streamwise, wall-normal and spanwise directions, respectively.

We study turbulent �ow in the minimal �ow unit of streamwise length! 1 = 1•72,

wall-normal height! 2 = 2 and spanwise width! 3 = 0•86. We take the �ow to be

periodic in the streamwise and spanwise directions; the no-slip and no-penetration

conditions hold at the walls of the channel. We denote the velocity �uctuation �eld

by u = ¹D1– D2– D3º, whereD1, D2, andD3 are the streamwise, wall-normal, and

spanwise components, respectively.

To compute the base �ow�or mean velocity pro�le�we discretize the streamwise

and spanwise directions uniformly using# 1 = # 3 = 32grid points, which results in

streamwise and spanwise grid spacings of� Ģ1 � 10and� Ģ3 � 5. In the wall-normal

direction, the grid is of size# 2 = 128and stretched according to a hyperbolic tangent

distribution, which results in a wall-normal spacing ofmin¹� Ģ2º � 0•17 near the

wall andmax¹� Ģ2º � 7•6 at the centerline. As in previous chapters, the superscript

¹�º¸ denotes wall units: time and length scales are scaled as¹�º¸ = ¹�ºReg. To

solve the incompressible Navier-Stokes equations numerically, we use a staggered,

second-order accurate, central �nite di�erence method in space (Orlandi, 2000),

and a fractional step method is used to compute pressure (J. Kim & Moin, 1985).

Integration in time is performed with an explicit third-order-accurate Runge-Kutta

method (Wray, 1990). The DNS code has been validated in previous studies of

turbulent channel �ows (Bae et al., 2018, 2019; Lozano-Durán & Bae, 2016). We

compute the mean velocity pro�le[ ¹G2º = ¹* 1¹G2º–0–0º by averaging DNS results

of the unforced system in the streamwise and spanwise directions and time.

Since we aim to inject the modes into a DNS, we use the same staggeredG2�grid as

the DNS to compute the resolvent modes to ensure that these modes�which satisfy

the linearized incompressible Navier-Stokes equations�are also divergence-free

during the simulations. For the same reason, we use the modi�ed wavenumbers�: 1

and �: 3 that match the discretization scheme of the DNS when de�ning the spatial

derivative operatorsfD1, fD3, and~L. These are de�ned as�: 1 := 2sin¹: 1� G1•2º•� G1
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and �: 3 := 2sin¹: 3� G3•2º•� G3. The minimal �ow unit is only large enough to

contain one low- and high-speed streak pair, which appears to stretch the entire

streamwise length of the unit and repeats only once in the spanwise direction.

This con�guration corresponds to the Fourier mode de�ned by the streamwise and

spanwise wavenumbers of: 1 = 0 and : 3! 3•¹ 2cº = 1, respectively. These length

scales also correspond to a peak in the spectral energy content for the minimal �ow

unit (Bae et al., 2021).

We choose a periodic time domain»0– )¼, and choose) = 22, which is long enough

to allow the resolvent modes to decay to zero. The discretization in time is uniform,

with a grid size of# C = 128 corresponding to a spacing of� C� 0•17. The time

derivative operatorDCis a second-order-accurate central �nite di�erence matrix in

time. In this chapter,W is a single-stage Daubechies-8 wavelet transform, which

is orthonormal and banded. The Daubechies-8 wavelet and scaling functions are

compactly supported in time, and restricting the forcing modes to a Daubechies

wavelet ensures that they appear as pulses with a �nite extent in time. Traditional

resolvent analysis in which the Navier-Stokes equations are Fourier-transformed in

time reveals that a temporal frequency ofl = 0 produces the modes with the largest

kinetic energy ampli�cation (Bae et al., 2021). To target this frequency, we constrain

the forcing term to the scaling function of arbitrary shift< (Figure 5.1(a)) by using

a windowing matrixB to select the corresponding elements ofef . The Fourier

spectrum of the scaling function shown in Figure 5.1(b), indeed encompasses the

target frequency. Since the scaling function is compactly-supported in time, wavelet-

based resolvent analysis will not be able to targetl = 0 uniquely but will capture a

wide range of frequencies (see the discussion on the uncertainty principle in Chapter

3). We note that the simulation detailed in above resolves temporal wavenumbers

up tol � 55–000. The scaling function satis�es
� ¯ ¸1

�1 jZ¹Cºj2dC
�

= 1.

We weight the resolvent operator so that the principal modes of the SVD maximize

the integrated action of the response mode. We de�ne this seminorm for an arbitrary

vector ~b = »~11–~12–~13–~1?¼) as

k~bk2 =
1

! 1¹2Xº! 3

¹ ! 1

0

¹ 2

0

¹ ! 3

0

¹ )

0
¹j11j2 ¸ j 12j2 ¸ j 13j2º dCdG3 dG2 dG1– (5.1)

whereb = »11– 12– 13– 1?¼) is the inverse transform of~b. For all 9, 5 j , the inverse

transform of ~5 j , is shaped in time according to the wavelet or scaling function

chosen byB. As in Chapter 2.1, the resolvent modes occur in equivalent pairs of

equal singular values due to the symmetry of the channel geometry. We can linearly
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(a) (b)

Figure 5.1: Daubechies-8 scaling functionZ in time (a) and frequency (b) domain.

combine the two singular vectors that correspond to the same singular value to form

a new one in the singular plane acting primarily on the bottom half of the channel.

Thus, upon injecting this mode into the DNS of the forced Navier-Stokes equations,

only the bottom of half of the channel is subject to the forcing, allowing us to use

the top half as a control system (Bae et al., 2021). For the remainder of this chapter,
~51 refers to the linear combination of the �rst two equivalent forcing modes that

concentrates the forcing in the bottom-half of the channel, re-normalized to satisfy

k ~51k = 1, and ~71 denotes the corresponding response mode. The modes~53 and
~73 are de�ned similarly with regards to the third and fourth resolvent forcing and

response modes. We use�7 i and �5 i to denote the inverse wavelet-transform in time

of ~7 i and ~5 i , respectively.

The obtained resolvent modes are shown in Figure 5.2. Notably, the response modes

exhibit transient energy growth and decay as seen in Figures 5.2(a, b). The inverse

transforms of the modes are shown in Figures 5.2(c, d). The modes share many

similarities with the Fourier-based modes computed forl = 0 in Bae et al. (2021):

the optimal transient nonlinear forcing mode appears in the shape of streamwise rolls,

and the optimal velocity �uctuation response appears as predominantly streamwise

streaks with alternating signs of the same magnitude. This supports the extensively

examined claim that streamwise streaks can be linearly generated by a linear lift-

up mechanism, whereby slower moving �uid close to the wall is swept upwards

into the faster moving mean �ow farther away from the wall. The streak-shaped

response mode grows in intensity before fading, showcasing the transient growth

that is characteristic of non-normal systems.
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(a) (b)

(c) (d)

Figure 5.2: (a) Magnitudes of the wall-normal component of the principal forcing
mode (top) and the streamwise component of the principal response mode (bottom).
(b) Integrated energy of the principal forcing (red) and response (black) modes. (c)
Principal forcing mode shown at peak amplitude (C� 0•40º. (d) Principal response
modes at peak amplitude (C� 2•41º. In (c, d), the contours represent the streamwise
magnitude; the arrows, which show the direction of the cross �ow components, are
colored according to their magnitudes

p
jq1–2j2 ¸ j q1–3j2 in (c), or

p
jk 1–2j2 ¸ j k 1–3j2

in (d).
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5.2 Forced DNS

In this section, we present the details of our numerical experiments,i.e. the introduc-

tion of the forcing mode obtained in the previous section into an already turbulent

state of the minimal �ow unit. The turbulent initial condition contains energy at

varying scales, and the injection of the mode triggers cross-scale interactions that

interfere with the linearly driven transient growth of the response mode.

To initialize the ensemble of the forced simulations, we �rst perform a DNS of the

non-actuated minimal �ow unit, �xing the mean pro�le to be[ = ¹* 1¹G2º–0–0º,

used in Chapter 5.1 to calculate the resolvent modes. Snapshots from this simulation

serve as the initial conditions to the forced simulations. Freezing the mean pro�le

ensures that the DNS mean pro�le matches the one used to compute the resolvent

modes for all time. We do this by initializing the �ow to have the desired mean

streamwise pro�le of* 1, then by removing the steady-state contribution of the right-

hand side of the Navier-Stokes equations. The initial snapshots from the �xed-mean

simulation are separated by3•8 � � C� 19•2, and amount to ensemble sizes ranging

from 1000 to 4000, in order to ensure statistically convergence. For each initial

condition, we also obtain a corresponding unforced �xed-mean time series. We

denote the velocity �uctuations for the unforced simulations byu0¹G1– G2– G3– Cº.

Before injecting the forcing mode into the DNS of the minimal �ow unit, the mode

is normalized so thatk ~51k2 = 1 and scaled by a complex constant^ with magnitude

j^j := W

 
1

! 1¹2Xº! 3

¹ ¸1

�1

¹ ! 1

0

¹ 2

0

¹ ! 3

0

�
�
�
�
mu0

mC

�
�
�
�

2

C=0
Z¹Cº2dG3 dG2 dG1 dC

! 1•2

– (5.2)

whereW2 f1%–2%–5%–10%g such that the resolvent forcing mode is increasing

the initial energy of the right-hand side byW. Thus,j^j2 determines the integrated

energy injected into the system by the forcing. We choose

Ü̂ = Ü
¹ 2

0

¹ ¸1

0
mCû

¹0–1º
0

�51
�
3C3G2– (5.3)

so that the forcing mode is in phase with the right-hand side of the unforced �ow

�eld. In the limiting case where the nonlinear interactions are negligible, this

provision ensures that the added forcing maximally increases the energy of the

target¹0–1º�mode.

The forced DNS is the solution to the full incompressible Navier-Stokes equations
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with the additional right-hand side forcing terms shown below:

mD8
mC

¸ * 9
mD8
mG9

¸ D9
m*8

mG9
= �

m?
mG8

¸
1
Re

m2D8

mG9mG9
¸ 2Re

�
^ �q1–8¹G2– Cº4i

2cG3
! 3

�
¸ F 8–

(5.4)

mD8
mG8

= 0• (5.5)

The termF = ¹F1–0–0º enforces the condition that the mean streamwise pro�le

of the forced simulation stay �xed and equal to* 1 as in the unforced simulation

(Chapter 5.1). We remind the reader thatu¹G1– G2– G3–0º = u0¹G1– G2– G3–0º for each

ensemble member, whereu0 is obtained from the unforced DNS. We run the forced

DNS for a total time of) = 5•69. To test the optimality of51 at forcing the turbulent

channel, we repeat the case forW= 5%using53 and a forcing term with a randomly

generated spatial component5rand = 5̂rand ¹G2ºZ¹Cº, which we normalize and scale

the same way.

5.3 Response of the turbulent minimal �ow unit

To characterize how the turbulent system reacts to actuation of varying strength,

we track the ensemble-averaged transient response of the simulated minimal �ow

unit and measure the energy growth of the targeted mode. The optimal resolvent

response mode serves as a benchmark for the achievable energy ampli�cation caused

by the injected mode. The notationc¹�º
¹=1–=3º

denotes the Fourier transform in the

streamwise and spanwise directions corresponding to the streamwise and spanwise

wave numbers: 1 = 2c=1• ! 1 and : 3 = 2c=3• ! 3, respectively. We de�ne the

deviation operator� as the di�erence between the forced and unforced simulations,

e.g. � D̂¹0–1º
1 = D̂¹0–1º

1 � D̂¹0–1º
0–1 . We denote the ensemble average by¹�º.

Transient energy growth and decay of streaks in the forced DNS

We de�ne the instantaneous streak energy as

^� ¹0–1º
1 ¹Cº =

"
jD̂¹0–1º

1 j2

2

#

– (5.6)

where»�¼:=
¯ 2
0 ¹�º3G2•¹ 2º denotes the wall-normal average. Figure 5.3(a) shows

the streak energy contained in the¹0–1º-mode as a function of time, for di�erent

resolvent-forcing amplitudes. For all cases, the energies grow and peak before de-

caying and reverting back to non-forced levels. We observe that the peak energy

deviation� ^� ¹0–1º
1 scales sub-quadratically with the forcing amplitudes and is pro-

portional tojWj1•44 (Figure 5.3b). For a linear system, the energy peaks would scale
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(c) (d)

Figure 5.3: (a) Average streak energy as a function of time; the cases plotted are
W= 1% (black � ), W= 2% (cyan� ), W= 5% (purple� ), andW= 10%(red� ). (b)
Streak energy peaks, (c) peak times, and (d) decay times as a function ofW. The
dashed line represent the trends (b)80•48jWj1•44, and (d)jWj� 0•65

quadratically, which indicates that the nonlinearities lead to the premature peaking

of streak energy. The stronger the forcing, the faster the streak energy's growth rate,

and the faster its decay. The peak times,Cpeak, de�ned as the times at which the ener-

gies reach their maxima, decrease slightly with forcing amplitude, but are relatively

constant compared to the decay times,� Cdecay, which we de�ne as the time it takes

for the energy to reduce from the peak to10%of its peak (Figures 5.3(c, d)). Indeed,

the di�erences in decay rate are more dramatic across the di�erent forcing amplitude

cases, and scale as� Cdecay � j Wj� 0•65. We note that all fully-coupled simulations

decay signi�cantly faster (� Cdecay� 1) than the linear response (� Cdecay� 15).

To measure the proportion of the linearly-ampli�ed energy captured by the forced

simulations, we compute an ensemble-averaged forcing e�ciency, or e�ective am-
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Figure 5.4: E�ective ampli�cationf e� (solid) andf 1 (dashed).

pli�cation, which we de�ne to be

f e� =

 ¹ )

0

� ^� ¹0–1º

j^j2•2
dC

! 1•2

• (5.7)

This is analogous tof 1 = max~f k ~H ¹0–1ºB~f k2•k~f k2, where the numerator re�ects the

energy contained in the velocity perturbation �eld, and the denominator corresponds

to the forcing amplitude. The computedf e� is shown in Figure 5.4. The forcing

e�ciencies decrease with the intensity of the forcing, and all e�ective ampli�ca-

tions are lower thanf 1 = 11•54. This indicates that, for smaller resolvent forcing

amplitudes, more of the forcing energy is linearly converted into streak energy. For

higher values ofW, nonlinear interactions that scale superlinearly curtail the growth

of the response mode�the integrated action of which scales linearly withWin the

linearized setting�and hinder the e�ectiveness of the resolvent forcing mode.

Comparison of the velocity deviation with the linear response

To visualize the alignment of the velocity �uctuation �elds with the linear response

mode across all wall normal heights, we plot the contours ofj� D̂¹0–1º• ^j, i.e. the

magnitude of thêD¹0–1º
1 deviations normalized by the forcing coe�cient̂, along

with the contours of the linear resolvent response modes (Figure 5.5). We note

that � D̂¹0–1º is divided by the complex value of̂prior to ensemble averaging so as

to align the phases of the forcing (Chapter 5.2) across the ensemble members. At

earlier times (C Ÿ0•7), the responses for both theW= 1% andW= 10%cases are

similar to the linear mode. The strongly-forced case, however, quickly reverts to the

unforced channel �ow statistics beyond an eddy turnover time unit. In contrast, the

lightly forced case ofW= 1%exhibits a longer-lasting velocity deviation, especially
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(a) (b)

Figure 5.5: Average deviation in the streamwise velocity of the¹0–1º-Fourier mode,
j� D̂¹0–1º• ^j, for the (a)W= 1% and (b)W= 10%cases. The contours correspond to
7%, 15%, 25%, 75%, and90%of the maximum value off 171. The lines represent
the forced DNS case (blue), and the resolvent response (red).

in the near wall region (Ģ2 Ÿ 15). To more closely investigate how the agreement

of the forced simulations and the optimal linear response varies withĢ2, we show

� D̂¹0–1º
1 at two wall-normal heights, along with the linear response at those heights

(Figure 5.6). At both wall-normal locations, the initial growth rates are similar to

the linear case for allW, and we obtain good collapse prior toC� 0•7. However, the

streak velocities peak earlier and decay more quickly for larger forcing amplitudes.

For a �xed forcing amplitude, we note that� D̂¹0–1º diverges from the optimal linear

response around the same time at both wall-normal locations plotted in Figure 5.6,

but the agreement between the forced simulations and the optimal linear response

turns out better in the near-wall region. AsĢ2 moves closer to the wall, the growth

rate due to linear mechanisms increases, and� D̂¹0–1º
1 manages to recover more of the

linearly-ampli�ed energy before decaying due to nonlinear e�ects.

Optimality of resolvent forcing

We compare the results of forcing using the principal resolvent forcing mode51,

the �rst suboptimal mode53, and the random mode5rand. We see that the streak

energy grows to higher peak when the minimal �ow unit is forced by51 than when

forced by 53 (Figure 5.7). In both cases, the minimal �ow unit is much more

responsive compared to the case with random forcing. This suggests that resolvent

analysis identi�es a forcing structure to which the minimal �ow unit is indeed

sensitive, even when governed by the fully nonlinear Navier-Stokes equations. The

advantage of the optimal forcing mode, however, is signi�cantly reduced. The
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(a) (b)

Figure 5.6: Average deviation in the streamwise velocity of the¹0–1º-Fourier mode
at Ģ2 � 16 (a) andĢ2 � 39 (b). The cases plotted areW= 1% (black � ), W= 2%
(cyan� ), W= 5% (purple� ), W= 10%(red� ), and the linear response modef 171
(black, dashed).

Figure 5.7: Average streak energy for cases forced by51 (red � ), 53 (cyan� ), and
5rand (dashed black). The unforced case is shown in black.

e�ective ampli�cations, f e� in DNS forced by51 and 53 di�er only by a factor

of 1•03, whereasf 1• f 3 = 2•16. Though the initial growth of the streak energy is

faster for the case forced by51, the induced streak in both resolvent-forced cases

triggers nonlinear e�ects at roughly the same time. These quickly clip the transient

growth of the induced streaks and drain energy from the actuated mode before the

di�erences between the responses to51 and53 can deepen.

We remind the reader that the mean pro�le is �xed by an additional forcingF

which removes the¹0–0º contribution tomu•mCat every time step. Freezing the

mean replenishes the energy in the¹: 1– :3º = ¹0–0º mode and preserves the energy

transfer mechanism to the resolvent response mode. In other words, allowing the

mean pro�le to vary may reduce the e�ectiveness of the forcing mode, since the
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(a) (b) (c)

(d) (e) (f)

Figure 5.8: Integrated streamwise spectral energy content»ĵD¹=1–=3º
1 j2¼•2 for W= 2%

(top) andW= 10%(bottom). The spectra shown are at timesC= 0 (left), C= 0•6
(middle) andC= 1•2 (right). The energy contained in the¹0–0º, ¹0–1º, and¹0–� 1º�
modes (black) are excluded for clarity.

mode is only optimal for the mean pro�le without forcing. This is observed in Bae

et al. (2021): subtracting the contribution of the resolvent forcing mode from the

nonlinear term succeeds at reducing the turbulent kinetic energy initially, but this

e�ect fades afterC� 12as the mean �ow is modi�ed. However, our injected forcing

has a short extent in time (C� 1•5), and we do not expect the initial linearly driven

growth of the induced response mode to change much whether we �x the mean

pro�le or not. Though not shown, the streak energy pro�le obtained forW= 5%and

an un�xed mean velocity is indeed close to what is shown in Figure 5.3(a).

Spectra

We compute theG2�integrated streamwise and spanwise spectra forW= 2% and

W= 10%, at the initial time, right before the peak in streak energy (C= 0•6), and

during the streak energy decay (C= 1•2). The results are shown Figure 5.8. Though

not plotted, we note that the¹0–� 1º�mode is the most dominant one across all times,

accounting for30%� 70%of the total turbulent energy over the entire simulated time

horizon. For all forcing amplitudes, though only theW= 2%andW= 10%cases are
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(a) (b)

(c) (d)

Figure 5.9: Streamwise spectral energy content at (a)Ģ2 � 16 and (b)Ģ2 � 39
for the¹0–� 2º�Fourier mode (dotted lines) and the¹� 1–� 1º�Fourier mode (dashed
lines). (c) Energy peak times for the¹0–� 1º�mode (solid) and the smaller scales
(dashed) cases. (d) Timescale for the cross-scale energy transport. Colors indicate
W= 2% (blue),W� 5% (purple), andW= 10%(red). The vertical lines in (a) and
(b) represent the local peaks ofjD̂¹0–1º

1 j. The horizontal black lines in (c) and (d)
representĢ2 = 15andĢ2 = 40, which delineate the bu�er layer.

shown, the behavior of the non-actuated modes is similar for allW: the energy of the

non-actuated modes grows during the decay of the¹0–1º�mode, with the ¹0–� 2º

and ¹� 1–� 1º�modes growing most signi�cantly, which highlights their key role

in exchanging energy with the actuated¹0–1º�mode. The share of total turbulent

energy accounted for by the¹0–� 2º and¹� 1–� 1º�modes is roughly constant across

all forcing amplitudes, amounting to approximately9 � 10% and7 � 8% at their

peaks, respectively. Some di�erences do exist across forcing amplitudes: the

transient behavior of the¹0–� 2º�mode appears more sensitive to the valueW. For

the lightly forced case, the energy of the¹0–� 2º�mode continues to grow beyond

Cpeak, while for the strongly forced case, the energy of the mode peaks soon after



84

the peak in streak energy before decaying rapidly and ceding to the¹� 1–� 1º�mode.

This suggests that the¹0–� 2º�mode tends to grow faster and peak earlier as the

forcing amplitude increases. The particular sensitivity of the integrated energy of

the¹0–� 2º�mode to forcing amplitude can be partially explained by the fact that it is

fed by the dyadic interaction involving the self-interaction of the actuated¹0–� 1º�

mode. The nonlinear energy transfer from the¹0–� 1º�mode to secondary scales is

discussed in more detail in the next section.

The instantaneous growth and decay of the two preferred secondary modes, the

¹0–� 2º� and ¹� 1–� 1º�modes, at di�erent wall-normal locations can be seen in

Figures 5.9(a, b). Closer to the wall, the energy of the¹0–� 2º�mode �rst decreases

during the growth of the¹0–� 1º�mode, then exhibits two peaks for the larger

amplitude cases, one coinciding with the peak of the¹0–� 1º�mode, and one much

later at aroundC� 3, as the energy of the mode reverts back to its initial state.

The �rst peak, which is only visible for the higher amplitude cases, occurs earlier

asWincreases, while the later peak occurs roughly at the same time across forcing

amplitudes. The behavior of the¹� 1–� 1º�mode is simpler and its energy peaks

earlier as the forcing amplitude increases. Farther away from the wall, the energy

peaks of both the¹0–� 2º� and ¹� 1–� 1º�modes depend little onWand occur roughly

at the same time for all forcing amplitudes, atC� 0•8 andC� 1, respectively. Thus,

the energy of the¹0–� 2º� and ¹� 1–� 1º�modes is similarly in�uenced byG2 and

W: while the forcing magnitudeWa�ects the growth time scale of the secondary

modes, causing their energy to peak earlier as it increases, the wall-normal location

modulates the sensitivity of these modes toW.

To better visualize the cross-scale energy transport time scales, we plot the stream-

wise energy peak times for the¹0–� 1º�mode and the smaller scales as a function

of Ģ2 and for di�erent forcing amplitudes (Figure 5.9(c)). Across all wall-normal

heights, increasing the forcing amplitude causes the energy of both the¹0–� 1º�

mode and the smaller scales to peak earlier. For all forcing amplitudes, the peak

times for the¹0–� 1º�mode and the smaller scales vary inversely withĢ2. For the

¹0–� 1º�mode, they are roughly constant withĢ2 in the near-wall region, increase

slightly in the bu�er layer as we move farther away from the wall, and plateau in

the outer region of the �ow. For the non-actuated modes, the peak times are also

constant in the near-wall region, but decrease dramatically within the bu�er layer

asĢ2 increases, before leveling o� in the outer region. The growth of the smaller

scales is thus more sensitive to both forcing amplitude and distance to the wall than
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the actuated¹0–� 1º�mode.

We de�ne the timescale for cross-scale energy transport,� Ctrans, as the time delay be-

tween the energy peaks of the¹0–� 1º�modes and the smaller scales; its dependence

on Ģ2 is mostly determined by the energy peak time for the smaller scales (Figure

5.9(d)). Interestingly, though a larger forcing amplitudes accelerates the energy

transport from the¹0–� 1º�mode to smaller scales for all wall normal heights, the

sensitivity of� Ctrans to forcing amplitude decreases as we move farther away from

the wall. Indeed, in the outer regions of the �ow, the transfer time scale converges

to a value of approximately� Ctrans � 0•18 for high forcing amplitude. The plots

in Figures 5.9(c, d) indicate two cross-scale energy transfer mechanisms: one for

the near-wall region (Ģ2 � 25) which is highly dependent onW, and one for the

outer (Ģ2 � 25) region which is less dependent onW. The outer region is already

highly nonlinear, which allows for a rapid energy cascade from the actuated mode

to smaller scales. Perturbing this region seems to have little e�ect on the time scale

of this cross-scale energy transfer. Near the wall, linear mechanisms dominate;

the ¹0–� 1º�mode, growing signi�cantly under the action of the resolvent forcing

term, greatly enhances the nonlinear interactions involving the mode and markedly

changes the underlying energy transfer to secondary scales, which may explain the

heightened sensitivity of� Ctrans to Win the near-wall region.

To sum up, the time-localized principal mode obtained from windowed wavelet-

based resolvent analysis is indeed more e�ective than a randomly generated forcing

function at actuating the minimal �ow unit. This e�ectiveness, however, is greatly

reduced to nonlinear interactions that interrupt the transient growth of the principal

response mode. The transfer of energy from the targeted length scale to secondary

scales seems to proceed according to two di�erent mechanisms, operating in two

distinct wall-normal regions at di�erent time scales. In the next section, we study

this nonlinear energy transfer directly in an attempt to clarify this behavior.

5.4 Nonlinear energy transfer

The energy content of the secondary modes (Figures 5.8, 5.9) are the result of

nonlinear interactions among all length scales. We wish to disentangle these in-

teractions and focus on the nonlinear energy transfer that speci�cally drain energy

from the actuated¹0–1º�mode. As in Symon et al. (2021) and Ding et al. (2025),

we represent the nonlinear energy transfer from a mode¹=1– =3º using the following
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term:

#̂ ¹=1– =3º = � D̂¹� =1–� =3º
8

›mD8D9

mG9

¹=1–=3º

• (5.8)

We note that¹�º¹� : 1–� : 3º refers to the complex conjugate of¹�º¹: 1–:3º. The term

#̂ ¹=1– =3º satis�es

¹ 2

0

Õ

=1

Õ

=3

#̂ ¹=1– =3º3H= �
¹ 2

0

œ
D8

mD8D9

mG9

¹0–0º

=
1

! 1! 3

¹ 2

0

¹ ! 3

0

¹ ! 1

0
D8

mD8D9

mG9
3G13G33G2

= 0–

(5.9)

due to continuity and the no-penetration boundary conditions at the walls. This

indicates that the nonlinear transfer does not contribute to adding or removing

energy from the system and simply redistributes energy between scales (Ding et al.,

2025). We can expresŝ# ¹=1– =3º as a sum of contributions from interacting scales:

#̂ ¹=1– =3º = �
Õ

B1

Õ

B3

D̂¹� =1–� =3º
8

dmD8
mG9

¹B1–B3º

D̂¹=1� B1–=3� B3º
9 • (5.10)

We refer to an individual contribution to the sum as^" ¹=1–=3º ¹B1– B3º, de�ned below:

^" ¹=1–=3º ¹B1– B3º = � 2Re

(

D̂¹� =1–� =3º
8

dmD8
mG9

¹B1–B3º

D̂¹=1� B1–=3� B3º
9

)

• (5.11)

The term ^" ¹=1–=3º ¹B1– B3º represents the energy transfer from the¹=1– =3º�mode to

the ¹B1– B3º�mode and satis�es the following properties:

¹ 2

0

^" ¹=1–=3º ¹B1– B3º3G2 = �
¹ 2

0

^" ¹B1–B3º ¹=1– =3º3G2– (5.12)

¹ 2

0

^" ¹=1–=3º ¹=1– =3º3G2 = 0• (5.13)

Equation (5.12) implies that the scale-to-scale energy transfer is conservative; equa-

tion (5.13) implies that it purely captures the energy transferred from one scale

to a di�erent scale and excludes self-interactions. We �nally de�ne� ^" ¹=1–=3º as
^" ¹=1–=3º � ^" ¹=1–=3º

0 , where ^" ¹=1–=3º
0 is de�ned as equation (5.11) using the unforced

velocity �eld u0.
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(a) (b)

Figure 5.10: (a) Integrated nonlinear energy transfer from the¹0–1º�mode to the
non-forced modes; (b) integrated nonlinear energy transport from the¹0–1º�mode
normalized by the forcing magnitudej^j2. The cases plotted areW= 1% (black� ),
2%(cyan� ), 5%(purple� ), and10%(red� ).

(a) (b) (c)

(d) (e) (f)

Figure 5.11: Nonlinear energy transfer� ^" ¹0–1º ¹B1– B3º for W= 2% (a-c) andW=
10%(d-f), atC= 0•35 (a, d),0•74 (b, e),2 (c, f).
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(a) (b)

Figure 5.12: (a) Integrated nonlinear energy transfer from the¹0–1º�mode to the
¹0–2º�mode (•••) and the¹1–1º�mode (�� ); (b) integrated nonlinear energy transfer
from the¹0–1º�mode normalized by the forcing magnitudej^j2. The cases plotted
are2%(cyan) and10%(red).

(a) (b)

Figure 5.13: (a) Total nonlinear energy transfer from the¹0–1º�mode, i.e.
Í

B1

Í
B3

� ^" ¹0–1º ¹B1– B3º. The cases plotted are for (a)W= 2% and (b)W= 10%.

The black lines are contours ofjD̂¹0–1º
1 j2•2 and represent10%– 25%–50%–75%, and

90%of the maximum value acrossG2 andC.
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(a) (b)

(c) (d)

Figure 5.14: (a, b)� ^" ¹0–1º ¹0–2º and (c, d)� ^" ¹0–1º ¹1–1º in theC� G2 plane. The
cases plotted are for (a,c)W= 2% and (b,d)W= 10%. The black lines are contours

of jD̂¹0–1º
1 j2•2 and represent10%– 25%–50%–75%, and90%of the maximum value

acrossG2 andC.

Interacting modes

Figure 5.10 shows the total nonlinear transfer from the¹: 1! 1•¹ 2cº– :3! 3•¹ 2cºº =

¹0–1º mode integrated over the wall-normal direction. The integrated transfer is

negative and con�rms that nonlinear e�ects are indeed draining energy from the

actuated scale. The trends in the plot echo the results in Figure 5.3(a): the larger the

forcing term, the larger the integrated transfer to unforced scales. The total energy

transfer tends to peak during the decay of the streak, approximatelyC= 0•06� 0•09

later than the streak energy. Considering the total energy transfer normalized by

forcing magnitudej^j2, we see that the plots collapse for all values ofW, for C Ÿ0•8.

The initial growth rate is the same across all forcing intensities and its magnitude

scales withjWj2. The energy transfer mechanism at early times thus seems to
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(a) (b)

(c) (d)

Figure 5.15: Ensemble-averaged streamwise velocity deviation� D1 for (a, c)W= 2%
and (b, d)W= 10%. The results are forG1 = 0 and two wall-normal heights: (a, b)
Ģ2 = 16 and (c, d)Ģ2 = 75. Before ensemble averaging, the¹0–1º�mode for each
ensemble member is multiplied bye� 8Ü̂ to ensure their phase alignment.

be similar for all cases, regardless of forcing magnitude. The larger the forcing,

however, the earlier the energy transfer reaches its maximum and starts its decay.

At later times, additional multiscale e�ects, more prominent for the strongly forced

cases, likely take over and help drain energy more e�ciently from the¹0–1º�mode.

In Figure 5.11, we plot the streamwise-spanwise spectra for^" ¹0–1º ¹B1– B3º at di�erent

times. Only wavenumbers corresponding to=1– =3 2 »� 4–4¼are shown for clarity;

the remaining wavenumbers interact negligibly with the¹0–1º�mode. We observe

that ^" ¹0–1º ¹B1– B3º � ^" ¹0–1º ¹� B1– B3º. Since the target mode extends the entire

length of the channel, the streamwise phase of the interacting modes matters little

once the results are averaged over the ensemble of simulations. The �gure reveals

that the nonlinear energy transfer is dominated by energy transfer to the¹0–2º and
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¹1–1º�modes. This pattern is consistent across forcing intensities, though only

the cases forW= 2% andW= 10% are shown. The qualitatively similar results

across forcing magnitudes highlight the privileged role of the¹0–2º� and ¹1–1º�

modes at exchanging energy with the actuated mode. Since the transfer to the

¹0–2º�mode results from the self-interaction of the actuated mode, the importance

of this particular scale is not surprising. Figure 5.12 shows theG2�integrated energy

transferred to the¹1–1º and ¹0–2º modes only. As in Figure 5.10(b), the initial

growth rate of the magnitude-normalized quantities across forcing amplitudes, with

the plot forW= 10%peaking and starting its decay earlier than forW= 2%. Another

notable observation is that, across forcing amplitudes, the energy transfer to the

¹0–2º�mode occurs at a faster time-scale than the transfer to the¹1–1º�mode.

In Figure 5.13, we study the spatial distribution of the nonlinear energy transfer term
^" ¹0–1º. We observe that, forW= 2%andW= 10%, the additional nonlinear transfer

to other scales due to the induced streak is centered on two wall-normal locations,

Ģ2 � 16 located in the bu�er layer, andĢ2 � 75 located in the outer region. This

is consistent across all forcing magnitudes. The presence of two hubs of energy

transfer echo the results in Figure 5.9(d), which similarly shows two distinct regions

each characterized by a time scale of energy transfer from the¹0–1º�mode to smaller

scales.

In Figure 5.14, we plot the nonlinear energy transfer to the¹0–2º� and ¹1–1º�modes,

for W= 2%–10%. The �gure reveals that the transfer to the¹0–2º�mode accounts

for the transfer atĢ2 � 25, while the transfer to the¹1–1º�mode accounts for the

transfer atĢ2 ¡ 25. In the bu�er layer, the forced¹0–1º�mode thus tends to transfer

its energy to a mode that is twice periodic in the spanwise direction; the induced

streak splits into two branches, which can be seen in Figures 5.15(a, b). In the

outer region, the nonlinear energy transfer favors the¹1–1º�mode, suggesting that

the induced streak breaks up along the streamwise direction. This is seen in Figures

5.15(c, d), which show the streak meandering but not splitting into two branches

as forĢ2 = 16. We note that the transfer from the¹0–1º�mode to the¹0–2º�mode

is due to the self-interaction of the actuated mode, and the termD̂¹0–� 1º is squared

in the expression for^" ¹0–1º ¹0–2º (equation 5.11). This along with the fact that the

energy transfer to the¹0–2º�mode is predominant in the near-wall region explains

the increased sensitivity of the energy transfer time scale� Ctrans to Wfor Ģ2 � 25

(Figure 5.9(d)). More speci�cally, a higher ofWdisproportionately intensi�es the

transfer of energy to the¹0–2º�mode, causing the nonlinear transfer of energy near
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(a) (b)

(c) (d)

Figure 5.16: Nonlinear energy transfer from the „0� 1”–mode to unforced modes,
broken down by streamwise (blue ��), wall-normal (�˛) and spanwise (��) con-
tributions. The cases plotted are (a, c) W = 2% and (b, d) W = 10%. Plots (a)
and (b) represent the contributions to the total nonlinear energy transport from the
„0� 1”–mode, with the black line representing the sum of the contributions; plots
(c, d) represent the transfer to the „0� 2”– and „1� 1”–modes, denoted by „� � � ” and
„��”, respectively.

the wall to occur earlier—closer to the focus of "̂ „0�1” „0� 2”—and decreasing �Ctrans.

Mechanism of nonlinear energy transfer
To shed light on the mechanism of this nonlinear energy transfer, we split the nonlin-
ear transfer "̂ „0�1” „B1� B3” into the terms that, respectively, reflect the contributions
of the streamwise, spanwise, and wall-normal nonlinear advection. Specifically, in
order to study the nonlinear energy transfer from a mode „=1� =3” due to stream-
wise nonlinear advection—henceforth referred to as NLT1 ("NonLinear Transfer,
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(a) (b)

(c) (d)

Figure 5.17: Nonlinear energy transfer from the „0� 1”–mode split by NLT2 and
NLT3 contributions: (a, b) �"̂ „0�1”2 and (c, d) �"̂ „0�1”3 . The cases shown are for

(a,c) W = 2% and (b,d) W = 10%. The black lines are contours of jD̂„0�1”1 j2�2 and
represent 10%� 25%� 50%� 75%, and 90% of the maximum value across G2 and C.

G1")—we define "̂ „=1�=3”
1 „B1� B3” as

"̂
„=1�=3”
1 „B1� B3” := �2Re

(
D̂
„�=1��=3”
8

dmD8
mG1

„B1�B3”

D̂
„=1�B1�=3�B3”
1

)
� (5.14)

We similarly define "̂2 and "̂3 to study NLT2 and NLT3, the nonlinear energy
transfer due to wall-normal and spanwise gradients self-advection, respectively.

Figure 5.16 shows that the energy transfer due to the coupling with the spanwise
velocity component dominates the total energy transfer to other scales, even before
the growth of the injected mode and after the mode completely decays for C ¡ 2.
During the growth of the injected mode, the NLT3 term grows significantly more
than the transfer due to self-advection in the streamwise and wall-normal directions.


