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ABSTRACT

Superconducting quantum circuits based on Josephson junctions are one of the most
promising platforms for future quantum information processing. Tens of super-
conducting quantum bits have been integrated on a single chip with performances
exceeding the most advanced classical computers. However, these new quantum
machines operate at microwave frequencies, which have enormous thermal noise
and photon loss at room temperature. This fundamentally limits the future appli-
cation of this technology in distributed quantum computing and quantum networks.
Conversely, optical photons are an ideal information carrier as the photon loss is
extremely small in fibers and the thermal noise is negligible at room temperature.
Therefore, a quantum transducer that converts between microwave and optical fre-
quencies at the single-photon level is of great importance.
This thesis is centered on building such chip-scale interfaces with rare-earth ion
(REI) doped crystals. First, we focus on developing a theoretical understanding
of microwave-to-optical transducers. Based on coupled mode theories, we derive
a clean theoretical result of the on-resonance transduction model. This allows us
to condense the relevant material properties for transduction into a single param-
eter, effective j„2” , describing the strength of the non-linearities provided by the
rare-earth ion materials. Next, we designed, fabricated, and measured the chip
under cryogenic temperatures, where percent-level efficiency and single-photon
level of added noise referred to the input is achieved. To further demonstrate the
unique advantage of atom-based platforms, we perform two transducer interference
experiments, showing the scalability and capacity towards transducer-assisted re-
mote entanglement of superconducting quantum bits. Lastly, with large microwave
cooperativities achieved, we observe novel quantum electrodynamics enabled by
controllable initialization of the excited-state spin system. By initializing the spins
into spin-down and spin-up states, we observe collectively induced transparency and
periodic superradiant emissions, respectively. Simulations are developed to explain
the experimental results.
These results establish REI doped crystals as a highly competitive platform for
microwave-optical quantum interfaces and pave the way toward remote transducer-
assisted entanglement of superconducting quantum machines.
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1

C h a p t e r 1

INTRODUCTION

Quantum information science, rooted in the foundational principles of quantum

mechanics, computer science, and information theory, is driving a transformative

shift toward building quantum machines capable of solving complex real-world

problems across a broad range of �elds. Quantum computing, as one of the �eld's

most promising branches, has attracted signi�cant scienti�c and �nancial resources

over the past two decades. A notable quantum computing platform is based on

superconducting circuits with Josephson junction, which has been largely explored

and led to a milestone in 2019 with the demonstration of quantum supremacy � a

quantum machine performing a speci�c task order-of-magnitude faster than most

powerful classical computers. To fully harness the potential of quantum machines,

it is essential to integrate superconducting systems into quantum networks, enabling

connections between remote quantum systems. Within this framework, a quantum

transducer capable of converting between microwave and optical �elds will play an

essential role in such hybrid networks, where the information can be processed at

high speeds in the microwave domain and transmitted with high �delity through

optical channels. This thesis presents my research work on developing on-chip

quantum transducers that convert between microwave and optical �elds with solid-

state spin ensembles.

This chapter will introduce the concept of quantum computing and quantum net-

works as the motivation of the thesis. It will be followed by a discussion of quantum

transduction and the current state-of-the-art. Lastly, there will be a brief introduction

of rare-earth ion doped crystals in the context of quantum information science.

1.1 Concept of quantum computing

Quantum computing, proposed by Prof. Richard Feynman in 1980s [1], leverages

quantum mechanics to tackle problems beyond the reach of classical computation.

The �rst question to consider is: why is quantum computing so powerful? A

short answer is because nature itself operates according to quantum mechanical

principles. A quantum system is inherently more complex than a classical one.

For example, a system with 330 quantum bits (qubits) would require a vector with

dimension2330 � 10100 to fully describe its state � a number vastly exceeding the
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estimated number of atoms in the visible universe. The immense complexity arises

from the unique properties of the qubit: each qubit can exist in a superposition state

and can entangle with other qubits, creating correlations that cannot be represented

classically. Mathematically, the state of a qubit can be represented as:

jk i = cos
\
2

j0i ¸ 48qsin
\
2

j1i (1.1)

up to a global phase factor. Here, the statej0i or j1i is an eigenstate of the

measurement, meaning there iscos2 \
2 probability to measure 0 orsin2 \

2 probability

to measure 1. With a fully entangled state from a n-qubit system, the system vector

will be 2= dimension where each parameter is a complex number, therefore leading

to 2=¸ 1 � 2 real parameters1.

One prominent example of quantum computing's potential is Shor's algorithm [2]

for integer factoring, which can �nd the prime factors of an integer in polynomial

time � a vast contrast to the current most e�cient classical algorithm which does it in

sub-exponential time [3]. However, quantum computing is not a universal solution.

Identifying problems that are classically hard but tractable with quantum resources

remains an active research area.

Today, quantum processors have scaled up to hundreds of qubits on a single chip,

marking a signi�cant milestone with the demonstration of quantum supremacy [4],

where a quantum processor outperformed a classical supercomputer by orders of

magnitude for a speci�c task. While this task itself may not have immediate practical

applications, its demonstration marks the potential of quantum computing and drives

the community to develop larger-scale systems with reduced computational errors.

1.2 Quantum networks

To further leverage quantum advantage, one approach is to create a quantum network

[5], conceptually similar to the current internet, where diverse quantum systems can

be interconnected. In this framework, information station � quantum nodes need to

be established at di�erent locations, and information transfer � quantum channels

needs to be developed to facilitate secure communications between the nodes. Such

a network would enable quantum secure communication [6] by distributing entan-

glement across nodes, as well as distributed quantum computing [7] where not all

qubits are housed on a single chip or in a single location. Hence, entangled states
1Each complex number needs two real parameters to describe. The total state will be normalized

up to a global phase factor, leading to2=¸ 1 � 2.
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can be shared among local quantum devices to collectively perform computational

tasks.

On the quantum channel side, it would require high-�delity quantum signal trans-

mission, meaning low loss and low noise. Optical photons are a great information

carrier, as photons in the telecom band through optical �bers experience little loss at

room temperature2 and optical frequencies have high enough energy to overcome

room-temperature thermal noise (\ l >? � : 1) ). Currently, people have demon-

strated the distribution of entangled photon pairs across metropolitan distances [8].

On the quantum node side, �nding and developing optical emitters for quantum

nodes are an active research area, where defects in diamond [9, 10], trapped ions

[11, 12] and rare-earth ion doped crystals [13, 14] are extensively studied for single-

photon sources and entanglement generation.

Superconducting quantum circuits[15], though operating at microwave frequencies,

are also attractive due to its outstanding computation capacities. Integrating these

circuits into quantum nodes will be of great signi�cance towards distributed quan-

tum computing. However, the corresponding quantum channels for the microwave

photons (typically gigahertz (GHz)) needs to be developed as the photons would

su�er greatly from photon loss3 and thermal noise (\ l <F � : 1) ) at room tem-

perature. One idea to solve this issue is to build a cryogenic microwave link for

microwave photon transmission, hence towards a local network. At low tempera-

tures, photon loss can be signi�cantly suppressed by using microwave waveguides or

superconducting cables. The millikelvin temperature will at the same time suppress

the thermal noise to be negligible. Pioneering works on this direction demonstrate

local cryogenic quantum networks built over tens of meters and loophole-free Bell

inequality has been tested to fully prove the channel capacity [16, 17]. Another

solution is to build a transducer that could convert between microwave photons and

optical photons. This would enable superconducting circuits with the existing de-

veloped optical networks and hence extend the capabilities of quantum computing.

A schematic is shown in Fig. 1.1.

1.3 Quantum transduction

As motivated above, quantum transduction would enable superconducting qubits

with an access to optical photons. On one hand, this could bring quantum informa-
20.2 dB/km from a �ber datasheet on Thorlabs website.
30.3 dB/m from a datasheet of a coax cable on Pasternack website, three orders of magnitude

higher than an optical photon.
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Figure 1.1: Superconducting qubits inside optical quantum networks. A
schematic for integrate superconducting qubits with quantum transducers, where
optical photons will be utilized for information transfer. MW: Microwave. OP:
Optics.

tion outside the ultra-cold environment to room temperature transmission. On the

other hand, by reversing the process, one would also be able to drive superconduct-

ing qubits via optical photons, which would not only reduce the complexity of bulky

microwave cables inside a dilution refrigerator, but also signi�cantly decrease the

thermal load from the microwave coaxial cables.

Figure of merits

To build such transducers for useful tasks, there are a few �gure-of-merits that one

would like to optimize [18, 19]. I will summarize the key requirements here and

discuss them one by one:

1. E�ciency

2. Added noise

3. Bandwidth

4. Scalability

5. Synchronization

First, e�ciency is de�ned as[ = # >DC
# 8=

. It describes in photon number bases how

many output photons there are compared to the number of input photons. The input
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and output could either be microwave or optical photons, as the transducer should

be bidirectional. Unit e�ciency would mean getting one optical photon per input

microwave photon and vice versa. One thing worth noting is that, the e�ciency at the

single-photon level is relevant metric. Sometimes the e�ciency listed in literature

is not measured at the single-photon level. This is �ne as long as the e�ciency does

not change with the input strength. However, if there are parasitic absorptions in

the system, the e�ciency would change at di�erent input powers. This is analagous

to the quality factor (Q) measurement of a superconducting resonator, lower power

could give lower Q as one needs to saturate the other bathes (two-level systems,

quasiparticles, etc.) �rst. Therefore, the e�ciency at the single photon level would

be quite informative as that will be the number for actual usage.

Second, the added noise describes the noise generated along the transduction pro-

cess. There are di�erent terms used here that one should be cautious of. The

noise referred to the output (RTO) and the noise referred to the input (RTI) are

totally di�erent. Noise referred to the output describes the number of noisy photons

measured just at the output port, whereas noise referred to the input describes the

number of noisy photons at the input port, such that the process generated the noise

on the output port from these RTI noise. Mathematically, the di�erence is

# 033–')$ = # <40BDA4

# 033–') � = # <40BDA4• [ ) # 033–') � � [ = # <40BDA4

(1.2)

where # <40BDA4describes the measured noise from any detection method and[

describes the transduction e�ciency. As shown in the equation, by dividing the

e�ciency from the total measured noise, one would get e�ectively the noise on

the input side. This is important, as when performing the actual tasks, one would

like to convert a single microwave photon to a single optical photon (for example).

Therefore, added noise referred to the input will tell you what the signal-to-noise

ratio is in this case, in terms of e�ectively how many noisy input microwave photons

exist at the input port when sending in the single coherent microwave photon. There-

fore, # 033–'�) would be the characteristic that one should care about. Speci�cally,

considering a microwave-to-optical transduction case, a single microwave photon

will have a temporal width when sending into the device. Assume a single optical

photon detector is used to measure the transduced optical photon. In this case, the
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e�ciency and added noise will be

[ = ¹' >= � ' > 5 5ºXC•1 = ¹' >= � ' > 5 5ºXC

# 033–') � =
' > 5 5XC

[
=

' > 5 5

' >= � ' > 5 5

(1.3)

where' >=–> 5 5describes the photon count rate on the single photon detector with

microwave photon input turned on or o�. Therefore, by sending in a single mi-

crowave photon into the transducer, one would learn the system e�ciency at the

single photon level and the added noise referred to the input by analyzing the signal

strength and the signal-to-noise ratio. One thing worth mentioning is that, this is

usually not trivial to implement. On one side, there is always some noise �ux on

the detection side (e.g., dark counts) that might not related to the transducer by

itself. If the e�ciency is too low, then one could get a large number of# 033–') � by

dividing a small e�ciency. This is not necessarily true to represent the transducer

performance, as it is originated from the detection method. Therefore, one needs to

carefully calibrate the measured noise source to con�rm this is truly coming from

the transducer, but not other components. On the other side, an optical pump is usu-

ally required to perform transduction (e.g., to bridge the energy di�erence between

microwave and optics). The optical pump will usually be in the same spatial and

temporal mode as the transduced optical photons. To only measure the transduced

optical photons, one needs to have an ultra-strong and narrow optical �lter system,

to attenuate the optical pump that is typically a few GHz away by� 80 � 140dB,

depending on the system e�ciency. For one example of using such an optical �lter,

I recommend this thesis [20] for detailed descriptions.

A natural question here is: what is the requirement for the noise? As mentioned

above, noise referred to the input describes the signal-to-noise ratio of a single input

microwave photon. Therefore, for any quantum operation, one wants# 033–') � to

be at the very least smaller than 1, such that the desired signal is higher than the

noisy part. In other words, this serves as a prerequisite for transduction �delity to

be higher than 50%. For actual quantum error-corrected computational tasks, this

should be below the error threshold (e.g.,� 0.1% for surface code [21]).

Third, the bandwidth describes how narrow the temporal width of an input can be

such that the transducer can capture it and convert it to the other frequency domain

without losing the information (e.g., a lower e�ciency). In the frequency domain,

these two are related as:

�, = � 5 =
1
� C

(1.4)
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where higher bandwidth would allow a shorter pulse to be converted. Higher

bandwidth is desirable, as it would allow faster operations compared to the qubit

coherence time. Another advantage of higher bandwidth is that it could also help

overcome the detection system noise. A shorter detection window e�ectively lowers

the noisy photon getting detected and hence lowers the systematic noise. Lastly,

a higher bandwidth would also allow a shorter optical pump pulse to appear on

the transducer, which will lower the noise intrinsically as less heating would be

generated. With less heating, one would be able to operate the system with a

higher repetition rate, hence increasing the entanglement generation rate from the

transducers.

Fourth, the scalability of the transducer re�ects its potential for large-scale produc-

tion and integration with superconducting qubit platforms. As the cooling power

of a dilution refrigerator is limited, a bulky transducer setup would consume more

cooling power and hence increase the fridge temperature. An ideal case would be

an on-chip transducer that could be fabricated with the qubit on a single chip. But

this inevitably brings optical photons directly to qubits, which could have adverse

e�ects on the qubit performance. This is still an active research area on how to better

shield the qubit from the optical photons. But in general, an on-chip transducer is

preferred due to its small footprint and corresponding less required cooling power.

Fifth, the synchronization describes whether transducers from multiple productions

would operate at the same frequency. The ability to convert between microwave

and optical �elds is important, but if the conversion happens at di�erent frequencies

for each transducer, it posts anther frequency-matching problem to solve before

actual tasks for entanglement generation. One typical entanglement generation

protocol is based on the heralding of a single photon. This relies on the photon

indistinguishability between the two optical paths such that the information will

coherently interfere with each other to establish entanglement. For lots of the current

transduction platforms, which will be discussed later, the operation frequencies are

determined from design and fabrication. Even for the same design and fabrication

in di�erent rounds, the resultant frequency will be di�erent due to fabrication

disorder. One solution is to post-tune the optical part of the device to manually

satisfy the frequency matching condition. This has been demonstrated at least

for one of the platforms [22] but it would complicate the fabrication process by

another step and hence lower the yield and potentially lower the quality factors.

Similarly, one could also post-shift the optical photon frequency via another quantum
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frequency conversion step between optical ranges. This is achievable via commercial

products. Depending on the technical e�orts, this may or may not be a bottleneck

that �nally limits the transducer performance (e.g., a 50% e�ciency between optical

ranges will put a ceiling of the total transducer e�ciency to 50%). In addition

to the post-tuning, a passive design can be considered as well. For atom-based

systems, as the transduction process are based on atomic transitions, the operation

frequencies are naturally lock the atomic transitions and hence the same for di�erent

transducers. This solves the problem fundamentally. But one thing that needs to be

mentioned is that this transfers the frequency-matching problem to the fabrication

side. Speci�cally, as the systems are operated with atoms, the cavities used for

enhancing the light-matter interactions need to be on-resonance with the atom. This

sets requirements on the fabrication side, where the frequency of each cavities needs

to be either fabricated relatively precisely or actively tunable to make it on-resonance.

There are other aspects that need to be considered as well. Some of them are

obvious that is not covered above. For example, the transduction process needs to

be coherent to preserve the quantum information. Combining a single microwave

photon detector (this by itself is also non-trivial) with a single optical photon source

is not coherent, and hence losing the point of doing this. The transducer needs

to operate in cryogenic environments, and at millikelvin temperatures for single-

digit GHz transducers. As qubits are operated there and microwave photons are

preserved in this low temperature environment, the conversion process should also

happen in the same circumstance. Some platforms works at higher temperatures

(e.g., room temperature [23]) needs further investigation to move into the cryogenic

environment for actual usage.

As discussed above, there are lots of aspects to consider for an ideal quantum

transducer, and hence there is not a clear choice for the 'best' platform, motivating

the transduction community to explore di�erent systems and di�erent designs. For

readers who are interested in further details, I recommend these two review papers

[18, 19].

Transduction platforms

To achieve the conversion between microwave �elds and optical �elds, one needs

to engineer a coupling directly or e�ectively between them. A general transducer

can be understood as a two port device, as shown in Fig. 1.2. Speci�cally, the
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Figure 1.2:Schematic for a general transducer between microwave and optical
�elds. A transducer is generally a two-port device with four scattering parameters.
The optical/microwave �eld interacts with mode a/b atl >/l ` frequency. The
coupling between the two �elds can be direct or via intermediate stages, creating
a coupling64> directly or e�ectively. M2O: Microwave-to-optical transduction.
O2M: Optical-to-microwave transduction.

Hamiltonian should have a beam-splitter term as:

H 4 5 5= \ 64>0y1 ¸ �•2• (1.5)

where64> describes the coupling strength between the two �elds, a and b are the

annihilation operators for optical and microwave �elds. Various platforms have been

theoretically proposed and experimentally studied. Here, I will go through the three

most studied platforms and discuss the principles one by one:

1. Electro-optic system

2. Mechanics-based system

3. Atom-based system

First, the electro-optic system utilizes the nonlinearity of the material to directly

couple microwave with optics. For example, with the Pockels e�ect where the

refractive index of a material is linearly dependent with the applied voltage, one

would apply an AC voltage at GHz frequency. This will imprint a rapid-phase

shift on the input optical phase and generate sidebands. Hence, a commercial

electro-optical modulator is technically a microwave-to-optical transducer. But the

e�ciency is quite low as the+c is typically high. Since it utilizes the direct coupling

between the microwave and optical system, the physics is relatively straightforward

to understand. There are groups working on this platform [24�27]. As of writing

the best on-chip result is [25], where 15% internal e�ciency is measured, but added
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noise is not calibrated yet. By moving the system from an on-chip to a bulk setup,

8.7 % e�ciency with 0.16 added noise has been achieved [24]. Further by using

the spontaneous parametric down conversion (SPDC) process, microwave-optical

entanglement has been demonstrated [28] via this platform.

Second, the mechanics-based system utilizes phonon as an intermediate stage be-

tween microwave and optics to realize the coupling between the �elds. There are

at least two di�erent categories: piezo-electricity and electro-mechanics. By a

piezo-electric material, the microwave photons can be directly coupled to reso-

nant phonons. Next, the phonon could be converted to optical photons via opto-

mechanical coupling due to radiation pressure [29]. For example, if readers are

familiar with a piezoelectric element (piezo), one could think about a piezo attached

to an optical cavity. Typically this is one way to realize a scannable Fabry-Perot

cavity. Assuming the piezo can operate at high enough frequencies, one can apply

a microwave signal to the piezo, e�ectively modulating the cavity length, and hence

generating a sideband of the optical pump into the cavity. Hence, an acousto-optical

modulator is also a microwave to optical transducer via acoustics. Systems with this

piezo-electric platform have demonstrated results with percent-level e�ciencies and

single-photon level noise [30�34]. One ground-breaking experiment with this plat-

form presented direct coupling of a superconducting qubit to a piezo-mechanical

transducer, where the Rabi �opping of the qubit was detected via single optical

photon detectors [30]. There are also experiments using SPDC process, where mi-

crowave and optical entangled photon pairs have been measured [35] and time-bin

qubits based on two sequential SPDC photon pairs has been studied [36].

Another category here is based on electro-mechanical coupling. The idea behind

is a vibrating capacitor, where electrical signals can be coupled to phonons via this

element. A phonon converted to a photon can again be realized via opto-mechanical

coupling. A bulk setup has been achieved �rst by this group [37, 38], where

high e�ciency up to � 50% was measured. However, since the membrane used

operates at MHz frequency, the thermal occupancy is high even at low temperatures.

Therefore, feed-forward protocols were utilized in this system to demonstrate down

to 3 noisy photons referred to the input. This system has also been coupled to a

superconduting qubit [39] via a modular approach. By separating the qubit and the

transducer setup, optical heating of the qubit is negligible, hence qubit operations

could be done together with transduction. An on-chip version of this type of

interaction has recently been realized in [40, 41]. By designing everything out of
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silicon, they avoid the piezo-electric material via heterogeneous chip architecture,

potentially towards ultra-coherent mechanical quality factors. This device measured

quantum-level noise with percent-level e�ciency, as well as achieving 20% with

higher noise. The advantage of this type of system is that the mechanical system

can be ground-state cooled. Due to the strong coupling with microwave circuits,

one can cool the mechanical mode (typically the dominant thermal bath) with the

cold microwave bath. Utilizing this technique, the paper shows the percent-level

e�ciency with quantum-level noise under CW operation, improving the repetition

rate to being limited by the bandwidth of the system instead of the repetition rates.

Lastly, the atom-based system, similar to the mechanics-based system, achieves

an e�ective coupling via atomic couplings. Since atoms or ions can have both

microwave and optical transitions, each atom can e�ectively serve as a non-linearity.

Therefore, by using an ensemble of atoms or ions, typically ranging from thousands

to billions, the e�ective non-linearity will go up due to the collective enhancement

from the ensemble. Here, Rydberg atoms [23, 42�44] and solid-state defects [45�

47] have been studied for the transduction purposes. For Rydberg atoms, since

atoms are trapped and typically coupled to 3D cavities, the setup would be relatively

bulky and multiple lasers are required to operate the system. With strong dipole

moments and coherent atomic states,50 � 80%e�ciency has been achieved at 4K

or room temperature. The room temperature experiment needs further investigation

towards cold temperature for coverting a real quantum microwave signal. The 4K

realization requires qubits operating at millimeter-wave (hundreds of GHz), which

is an active research area [48].

For solid-state defect systems, most of the research e�orts are in rare-earth ion

(REI) doped crystals. The reason is that REIs have narrow inhomogeneities in both

the optical and microwave domains, with stable and coherent transitions at high

concentrations, compared to other solid-state systems such as nitrogen-vacancy

centers in diamond. Similar to the various platforms discussed above, bulk and

on-chip setups have been studied here as well. For bulk setups, people have used

cylindrical REI-doped crystals to �t inside a microwave loop-gap cavity and an

optical Fabry-Perot cavity. E�ciency up to10� 5 has been demonstrated but the

added noise is yet to be calibrated [45]. The limitation for the bulk setup is the drive

Rabi frequency is small, as the optical beam radius is large and REIs typically have

weak 4f-4f optical transitions. Sending higher optical pump power generates a trade-

o� between atomic cooperativity and material heating. For on-chip platforms, the
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Figure 1.3:Rare-earth elements in the periodic table and their electronic struc-
tures. Rare-earth ions have transitions have a partially �lled 4f electronic shell
which is shielded by the outer 5s and 5p orbits. This results in weakly allowed, but
highly coherent intra-4f shell transitions.

chip utilizes superconducting microwave resonators and photonic crystal cavities.

The photonic modes can either be directly inside the material from a suspended

structure, or evanescently coupled from a hybrid system [49�52]. The highest

e�ciency that has been achieved is10� 7 [46, 53]. However the added noise could

not be measured accurately due to the low e�ciency. The shortcomings and other

details of previous on-chip REI-based demonstrations will be discussed in Chapter

4.

As discussed in the �gure of merits section, the uniqueness of atom-based system

is the natural frequency matching. This is an important aspect for entanglement

generation between remote superconducting qubits. Also, with enough concen-

trations, REI systems would present an ultra-strong e�ective non-linearity for the

transduction process (more than 4 orders of magnitude higher than LiNbO3 [54]).

Meanwhile, since REIs are already doped inside the crystal, one can fabricate any

structures on the chip with a small footprint, advantageous for scalability. Lastly,

REI-based quantum technologies have �ourished across multiple areas which will

be discussed in the next section. These reasons make REIs a promising and com-

petitive platform among others. Further details will be discussed in Chapter 3 for

theory and Chapter 6 for measurements.

1.4 Rare-earth ions platform

The rare-earth elements are highlighted in Fig. 1.3. After the atoms get ionized

to 3¸ charge, the electronic structures are shown on the right of Fig. 1.3. The

optical transitions are between 4f to 4f orbitals. This is abnormal as typically this
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is electric-dipole forbidden. However, by doping the rare-earth ions in crystals,

the surrounding crystal environment, speci�cally the crystal �eld, will Stark shift

the energy levels as well as mix di�erent orbitals together [55]. One example

is Er:YVO4, where theoretical calculations have shown how the di�erent orbitals

are mixed into di�erent energy levels [56]. This level mixing allows the 4f to 4f

transition to be dipole allowed, even though the represented angular momentum of

the energy levels is unchanged (� ! = 0). This gives unique advantages to the REI

system. Since the transitions are 4f to 4f, the �lled electron shells outside 4f (5s

and 5p) will shield the inner transitions, such that the 4f electronic states are highly

coherent and the 4f to 4f transitions are highly radiative (less phonon coupling).

However, this also comes with other e�ects. One is the weak transition dipole

moments which is based on the level mixture. The other is that atomic properties

such as transition frequency, dipole moments, and inhomogeneity can vary from

crystal to crystal even with the same dopants, unlike in free atoms or ions.

There have been lots of studies on REI-doped materials, and a general �nding is

that REIs have narrow inhomogeneities in both the optical and microwave domains

[57]. For example, erbium-doped crystals have typically around hundreds of MHz

optical inhomogeneities (180 MHz for Er:YVO4, 500 MHz for Er:YSO) and tens

of MHz spin inhomogeneities (60 MHz for Er:YVO4, 10 MHz for Er:YSO) [58�

60]. Another �nding is that REIs typically have long coherence times. A six-hour

coherence time has been achieved with151Eu3¸ :Y2SiO5 at a zero �rst-order Zeeman

(ZEFOZ) point of a hyper�ne transition [61]. A 30 ms spin coherence time has

been measured with171Yb3¸ :YVO4 under a Carr-Purcell-Meiboom-Gill (CPMG)

sequence [13]. Meanwhile, since REIs are doped in crystals, one can do micro-

and nano-fabrication with it [49, 62�64]. This gives the REIs an access to small

mode volume on-chip cavities, necessary for Purcell enhancement [13] and can

lead to many-body physics studies [65]. With these on-chip technologies, REI-

based quantum technologies have �ourished across multiple areas including single

photon sources [14], quantum memories [66, 67], and entanglement generation

[68]. A necessary demand arises for a seamless link between various REI-based

technologies and other leading microwave quantum platforms.

1.5 Outline of the thesis

With the above introduction covering the concept of quantum computing, quantum

networks, quantum transduction, and REI systems, this thesis is focused on building

an on-chip microwave-to-optical transducer at single photon level with REIs.
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Chapter 2 will discuss the energy levels of rare-earth ion doped crystals. One would

get the LSJ levels from the electronic structure and apply group theory to calculate

the selection rules between di�erent levels. Speci�c examples will be discussed.

Chapter 3 will focus on the theory of transduction using REIs. Speci�cally, an

on-resonance regime with simple and intuitive equations will be derived to under-

stand the system performance. From there, an e�ectivej ¹2º non-linearity will be

extracted to fully represent the REI material properties in terms of transduction.

Meanwhile, an adiabatic model for o�-resonance regime will be discussed.

Chapter 4 will go through the previous REI-based on-chip transducers. The design

and measurement results for each individual demonstration are discussed and con-

clusions are drawn for future improvements.

Chapter 5 will introduce the latest design, by learning from the shortcomings of pre-

vious designs. The microwave and optical part will be discussed and the fabrication

for each part will be described as well.

Chapter 6 describes all the experimental work for measuring the transducer. After

going through the experimental setup, the e�ciency and added noise will be mea-

sured. Detailed calibrations are performed in both microwave and optical detection

methods. With these performance, photon interference between two independent

transducers are measured. Finally, summaries and future improvements are dis-

cussed.

Chapter 7 explores another aspect of the transducer � what if a blue sideband is sent

to the device rather than a red sideband. Novel physical phenomena will be dis-

cussed such as collectively-induced transparency and periodic synchronized pulsing

in both microwave and optical domains.

Chapter 8 will summarize the thesis and point toward future directions with REI

platforms for quantum technologies.
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C h a p t e r 2

RARE-EARTH IONS DOPED IN CRYSTALS

Here I will talk about the electronic con�guration and derive the LSJ levels using

Hund's rule. Next, I will cover how to use group theory to do the relevant calculations

in REI crystals. Speci�cally, how to label an energy level with an irreducible

representation and the selection rules. After a general methodology discussion, I

will give two examples, Er3¸ :YVO4 and171Yb3¸ :YVO4. Both of them have� 23

symmetry. The zero-nuclear spin erbium will be calculated and the selection rules

under Zeeman splitting will be discussed via crystal �eld quantum number.171Yb

has a nuclear spin 1/2, so hyper�ne interactions need to be considered. I will

cover both the group theory approach of the electron-nuclear hybridization and an

analytical result from solving the� � � � ( Hamiltonian. This tutorial helps one

understand the atomic energy levels of REI-doped crystals and the corresponding

selection rules, setting up for the system control in the later experimental sections.

2.1 Electronic con�guration

Here I will discuss the electronic structure and the LSJ quantum number of a rare-

earth ion using Hund's rules. First, the electron con�guration of rare earth elements

are generally:

'� # : »-4 ¼45# 6B2 (2.1)

where the 4f electrons will accumulate up to 14 along the Lanthanide series. When

doped into solids, the rare-earth ion will usually lose three electrons and be in a

positive charge 3 state:

'� � 3¸
# : »-4 ¼45# � 1• (2.2)

For example, the electron con�guration of an erbium free atom is»-4 ¼45126B2.

After becoming an ion in a crystal host, the electron con�guration is»-4 ¼4511.

Then, we can apply Hund's rules to �nd the ground state angular momentum. In

short, Hund's rule speci�es that the ground state should have an electronic structure

that features a maximum spin S index and an angular momentum L index. Also, for

a less than half-�lled electron shell, the energy increases with a higher J, whereas

for an over half-�lled electron shell, the energy decreases with a higher J.

With this, we can check the ground state level of erbium ions. Erbium ions have
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Figure 2.1:Electron con�guration and energy level ordering of di�erent REIs.
Due to Hund's rule, REIs with the same S and L momentum will have a di�erent
energy ordering for J depending on whether the 4f shell is more than half-�lled or
not. Energy spacing is not to scale.

11 f-electrons. The f shell has L=3, with 7 di�erent orbitals corresponding to

< ; = 0–� 1–� 2–� 3. Following Hund's rule to maximize S and L, we obtain:

�A 3¸ : "# "# "# "# " " " (2.3)

where 4 pairs of electrons �ll 4 orbitals and the remaining 3 electrons are aligned in

the same direction. This gives( = 3•2 and! = 3 ¸ 2 ¸ 1 = 6. Lastly, since it �lled

more than a half-shell, the energy decreases with a higher J. Therefore, the ground

state energy level will be

�A 3¸ :4 �15•2• (2.4)

The same arguments can be applied to neodymium, whose ionic electronic con�g-

uration is»-4 ¼453. This gives the same( = 3•2 and ! = 6. However, since it

has a less than half-�lled electron shell, the ground state level is the one with the

smallest J. This gives the ground level for Nd3¸ as4�9•2. The same procedures can

also applied to ytterbium ion (Yb3¸ and Ce3¸ ). Results are summarized in the Fig.

2.1.

Following the energy ordering of the LSJ levels, the level degeneracy will be lifted

by the crystal �eld splitting. However, for rare-earth ions with an odd number of

electrons in the 4f shell, the 'Kramers' theorem' [69] results in each crystal �eld

level being a doublet. This is particularly useful as this doublet can be tuned via

an external magnetic �eld, forming an e�ective spin-1/2 system. This e�ective spin

can be used for applications in quantum information processing due to its unique

spin properties. Also, depending on the nuclear spin of the isotope, the levels will

be further split under electron-nuclear interactions.
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Figure 2.2:A general energy level diagram of (a) erbium ions and (b) ytterbium
ions. Both of them are Kramers ions as the f-shell electron number is odd. Here,
erbium with zero-nuclear spin is considered to show the Zeeman e�ect, whereas
ytterbium with 1/2-nuclear spin is considered to show hyper�ne splitting.

Finally, with the crystal �eld lifting the degeneracy, hyper�ne splitting, and the

external magnetic �eld to split the e�ective spin-1/2 levels further, all the levels are

then non-degenerate as shown in Fig. 2.2

2.2 Group theory calculation

Here I will focus on how to use group theory to represent each energy level and

further calculate selection rules between di�erent energy levels.

First, the group here refers to the site symmetry of the REIs after substituting

ions in a material. For example, in Er3¸ :YVO4, yttrium is substituted by erbium,

where the site symmetry is� 23. Further, because the erbium has e�ective electron

spins, the group that needs to be considered is the� 23 double group. After the site

symmetry is known, one can �nd the group character table and learn each irreducible

representation. I recommend the following book [70] for all thirty-two point group

properties. Here I will use� 23 double group for demonstration purposes, as this

will be used in the next two subsections for calculation. With the character table,

one can calculate the character of a rotational operation at anglek for a LSJ level

using the following equation:

j 9¹k º =
sin»¹9¸ 1•2ºk ¼

sin k
2

(2.5)

wherek is the rotation angle of each operation. For example,k = c for a � 2

operation. f operation hask = c, but also has a spatial inversion P (-1 for an

odd number of 4f electrons).( 4 operation hasc•2 and a spacial inversion. With

the characters calculated for each group operation, one can decompose it under the
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� 23 E E' S4 E'S4 C2I / E'C2I C2G–H/ E'C2G–H f 1–2 / E' f 1–2

� 1 1 1 1 1 1 1 1
� 2 1 1 1 1 1 -1 -1
� 3 1 1 -1 -1 1 1 -1
� 4 1 1 -1 -1 1 -1 1
� 5 2 2 0 0 -2 0 0
� 6 2 -2

p
2 -

p
2 0 0 0

� 7 2 -2 -
p

2
p

2 0 0 0

Table 2.1: Character table for D23 double group.

bases of all the group irreducible representations and hence �nd the irreducible

representations of the energy levels:

j 9¹
�!
k º = � : 1 � •••� � : ; • (2.6)

We note that this decomposition can also be found in the compatibility table in [70].

� operator means a sum of individual characters of all: ; irreducible representations.

Then, one can calculate the irreducible representation of the electric and magnetic

dipole moment, which is equivalent to an L=1 operator and the electric dipole has

spatial inversion, but the magnetic dipole does not. This is also represented in the

group compatibility table with electric dipole as� �
1 and magnetic dipole as� ¸

1.

Finally, we consider the selection rules. In quantum mechanics, one performs the

state integral to see if the result is nonzero to learn if a transition is allowed:
¹

k �
5$ ) k 833A< 0 (2.7)

wherek 5 –8labels the �nal and initial quantum state, respectively, and$ ) is the

transition operator. The idea is similar in group theory, but instead we must check if

the multiplication of the irreducible representations contains the identity operation:

� �
5 
 � 9� 9 
 � 8 ë � 1 (2.8)

where� 8 is the irreducible representation of the initial state.� 9� 9 is the decom-

position of the transition operator into its irreducible representations.� �
5 is the

complex conjugate irreducible representation of the �nal state.
 operator means a

multiplication of individual characters between the two irreducible representations.

From the books [71] and [72], this selection rule is equivalent to

� �
5 
 � 8 ë � 9� 9• (2.9)
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With all of the above results, one should be able to use the character table and the

compatibility table to perform the group theory calculation for REI-doped crystals.

Next, I will give two examples of the materials I have worked with.

2.3 Example of Er3¸ :YVO 4

From the above electronic structure calculation, we know Er3¸ will have � = 15•2

for the ground state and� = 13•2 for the excited state. So �rst, we use equation 2.5

to decompose the energy levels into irreducible representations as shown in table

2.2.

J Equation E(k = 2c) C2(k = c) f (%– k= c) S4(%– k= c
2)

15/2 sin»8k ¼
B8=»k

2 ¼
16 0 0 0

13/2 sin»7k ¼
B8=»k

2 ¼
14 0 0

p
2

Table 2.2: Character table of di�erent J.

From this, we can get

� � =15•2 = 4� 6 � 4� 7

� � =13•2 = 4� 6 � 3� 7•
(2.10)

We note that this calculation result can also be found in the compatibility table

shown in the book [70]. We then know the/ 1 and. 1 levels will be either� 6 or � 7.

For the transition dipole moment, one can calculate it based on a J = 1 format, as

summarized in table 2.3

J Equation E(k = 2c) C2(k = c) f (%– k= c) S4(%– k= c
2)

1 (ED, P=-1)
B8=»3k

2 ¼

B8=»k
2 ¼

3 -1 1 -1

1 (MD, P=1)
B8=»3k

2 ¼

B8=»k
2 ¼

3 -1 -1 1

Table 2.3: Character table of transition dipole moment in� 23.

This decomposes the electric dipole and magnetic dipole selection rules into:

� � � = � 4 � � 5

� " � = � 2 � � 5•
(2.11)

Speci�cally, we note� ¹� 2º = � ¹� 4º = 1 and � ¹� 5º = 2 from table 2.1. This

means� 2 and � 4 are both one-dimensional representations, corresponding toc
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polarization, whereas� 5 is a two-dimensional representation, corresponding tof

polarization. Therefore, we get a summary of the correspondence between the tran-

sition dipole selection rules and the individual irreducible representations, shown in

Table 2.4.

Dipole moment c f
ED � 4 � 5

MD � 5 � 2

Table 2.4: One-to-one correspondence between transition dipole moment selection
rule and irreducible representation.

Finally, we can apply these selection rules to the state of� 6 and� 7. As an example,

I will show how to use equation 2.9 to perform this calculation between� 6 and� 7.

We �rst write down the characters of� 6 and � �
7. Note that in� 23 group, all the

characters are real, so� �
7 = � 7. We next multiply each character together and get

another character vector row here. Then by doing the character decomposition, we

can �nd what this multiplication consists of. Since it contains a� 4 and � 5, that

means the transition is allowed viac � � , c " � , andf � � . Each procedure is shown

in table 2.5.

� 23 E E' S4 E'S4 C2I / E'C2I C2G–H/ E'C2G–H f 1–2 / E' f 1–2

� 6 2 -2
p

2 -
p

2 0 0 0
� 7 2 -2 -

p
2

p
2 0 0 0

� 6 
 � 7 4 4 -2 -2 0 0 0
� 3 � � 4 � � 5 4 4 -2 -2 0 0 0

Table 2.5: Example of a selection rule calculation between� 6 and� 7.

By performing this calculation between di�erent pairs, we �nally have a table for

all allowed transitions between� 6 and� 7.

Levels � 6 � 7

� 6 f " � – f � � – c" � c � � – c" � – f � �

� 7 c � � – c" � – f � � f " � – f � � – c" �

Table 2.6: Summary of all allowed transitions between� 6 and� 7 in � 23.

We note these results agree with this paper [73], where the authors perform the same

calculation in Er3¸ :YPO4 with the same� 23 symmetry. Also, this book [72] gives

electric-dipole selection rule tables for a few di�erent groups, which could also be
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Figure 2.3: Er3¸ :YVO 4 energy levels and selection rules.(a) The energy-level
diagram of Er3¸ :YVO4 at zero applied magnetic �eld. (b) Partial diagram of
Er3¸ :YVO4 crystal �eld and Zeeman levels with the crystal �eld quantum number
and the selection rules under external magnetic �eld along the crystal symmetry
c-axis (� 32•• 2). c andf indicate� 02•• 2 and� 02•• 0 polarization.

Figure 2.4: The high-resolution optical transmission spectrum of 140 ppm
Er3¸ :YVO 4. (a) and (b) show the optical transmission spectrum of Z1-Y1 and
Z1-Y2, respectively, at an applied �eld of 90 mT at 1 K. The blue line labelsc
polarization and the black line labelsf polarization.

helpful. One small thing worth mentioning is that thec andf are all referred to

the input electric �eld. c here means� •• 2 andf means� •• 0, where c and a are

crystal axes.

These results are already useful for understanding the zero-�eld optical spectro-

scopic results. To further understand the selection rules under Zeeman splitting,

one needs to know the crystal �eld quantum number of each individual level. As
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after Zeeman splitting, the single degenerate transition will split into four transitions

based on the di�erence in the g-factors between the ground and excited state spin.

The selection rules of these four transitions can also be addressed with the tool of

crystal �eld quantum number. By looking into this paper [56], we learn/ 1 is � 7, . 1

is � 7 and. 2 is � 6. Checking with book [72], we found that� 6 corresponds tò = � 1
2

and� 7 corresponds tò = � 3
2, where` labels the crystal �eld quantum number.

Each irreducible representation corresponds to a pair of positive and negative` , as

� 6–7 are two-dimensional for a spin-1/2 system. With this and the selection rules

using` in this paper [74], one can get the full selection rule picture under Zeeman

splitting, as shown in Fig. 2.3.

With these calculations, one can perform optical spectroscopy on Er3¸ :YVO4 at

di�erent magnetic �elds. Based on the experimental data at di�erent polarizations,

one can �nd a con�guration where all the selection rules are met with each level

corresponding to a crystal �eld quantum number. We note there will be two con�g-

urations satisfying this, up to a global factor of -1 (e.g., add a minus sign to all the

crystal �eld quantum numbers together).

2.4 Example of171Yb3¸ :YVO 4

Now I will talk about the application of group theory calculation in171Yb3¸ :YVO4.

Speci�cally, here171Yb3¸ has a nuclear spin 1/2. Another hyper�ne splitting term

� � � � ( needs to be considered. In group theory language, the electronic states need

to 
 another nuclear spin 1/2 irreducible representation.

Following the logic explained above, we again �rst �nd the electronic state of the

energy levels. From the electronic con�guration,171Yb3¸ will have 2� 7•2 as the

ground state and2� 5•2 as the excited state. One can perform the calculation using

equation 2.5 or check the group compatibility table. We follow the table in [70] and

found� 6 and� 7 are the irreducible representations to use. The nuclear spin 1/2 will

behave as� 6 (� ¸
1•2). Therefore, the hybridized electron-nuclear state will be:

� 6 
 � 6 = � 1 � � 2 � � 5

� 7 
 � 6 = � 3 � � 4 � � 5•
(2.12)

We note that� 5 corresponds to the doubly degenerate state. In the electron (j"i )

- nuclear (j*i ) language, it corresponds toj"*i and j#+i state. Also,� 1 and � 3

behaves as� 0, which corresponds to1p
2
¹j"+i � j#*iº . And � 2 as well as� 4 behave

as� 1, which corresponds to1p
2
¹j"+i ¸ j#*iº . And � 2. This is summarized in table

2.7.



23

Figure 2.5:Optical transmission spectrum of 140 ppm Er3¸ :YVO 4 at various
magnetic �eld. (a) and (b) show the magnetic �eld ramp of Z1-Y1 and Z1-Y2
transmission spectra withf andc polarization, respectively. The red dashed lines
are the �tting from the e�ective spin Hamiltonian. (c) and (d) show the transmission
spectra as a magnetic �eld of 75 mT rotated from parallel to the crystal c- axis to
parallel with crystal a-axis. The red dashed lines are the �tting from the e�ective
spin Hamiltonian.

Irreducible representationElectron-nuclear wavefunction
� 1,� 3

1p
2
¹j"+i � j#*iº

� 2,� 4
1p
2
¹j"+i ¸ j#*iº

� 5 j"*i andj#+i

Table 2.7: Irreducible representation to electron-nuclear wavefunction for
171Yb3¸ :YVO4.

Since the group is still� 23, we re-use the electric dipole and magnetic dipole

correspondence results from the erbium calculation in table 2.6. We then calculate

the electric dipole and magnetic dipole selection rule between all� 8, shown in table

2.8 and table 2.9.
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ED � 1 � 2 � 3 � 4 � 5

� 1 c f
� 2 c f
� 3 c f
� 4 c f
� 5 f f f f c

Table 2.8: Electric dipole selection rule between di�erent� 8 in 171Yb3¸ :YVO4.

MD � 1 � 2 � 3 � 4 � 5

� 1 f c
� 2 f c
� 3 f c
� 4 f c
� 5 c c c c f

Table 2.9: Magnetic dipole selection rule between di�erent� 8 in 171Yb3¸ :YVO4.

We note these two tables are symmetric and the transitions are between two levels,

unrelated to the ordering. Therefore, we can just focus on half of them. From

electric dipole calculations, there are totally fourf transitions and threec transitions,

whereas in the magnetic dipole calculation, there are threef transitions and fourc

transitions.

We can compare the above calculations with experimental data and gather more

information. First, we observe fourf transitions and threec transitions in the

experiment. This indicates the ground state and excited state must be one� 6 and

one � 7, not the same representation. Also, this means the electric dipole is what

we observed. Furthermore, as experimentally the transition between� 5 and� 5 are

easy to identify (will split into four transitions under external magnetic �eld), there

are onlyc transitions allowed from the measurement. This again supports the fact

that the magnetic dipole moment might be zero or negligible. For these reasons,

we neglect the magnetic dipole contribution in the later calculations and consider

the ground state as� 7 and excited state as� 6 (the reverse is the same as we only

consider transitions connected by two levels).

With the above conclusions, we can draw the171Yb3¸ :YVO4 energy levels with

irreducible representation and allowed transitions properly labeled. This agrees

with the experimental measurements pretty well, as initially measured in [75]. Since
171Yb3¸ :YVO4 only has electron spin 1/2 and nuclear spin 1/2, the Hamiltonian is

relatively simple. From this book [55], there is already an analytical equation
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Figure 2.6: Energy levels of171Yb3¸ :YVO 4 with group theory labelling and
allowed transitions Each level is labeled by both the irreducible representation in
� 23 group and also the electron-nuclear wavefunction.

derived from solving the Hamiltonian with an external magnetic �eld along c-axis.

Here I further simplify the results from the book, assuming nuclear spin is 1/2 and

zero-�eld. With these assumptions, one gets:

� = �
1
4

� •• �
1
2

»� 2
•• < 2

� ¸ � 2
? ¹1 � < 2

� º¼1•2 (2.13)

where � •• and � ? are the elements in the A tensor (H = � � � � ( ). < � is the

magnetic quantum number of the combined angular momentum (� = ( ¸ � ). Two

spin 1/2 systems will combine to a spin-1 and spin-0 system, which corresponds to

the four di�erent hybridized functions. Therefore, we get

j� = 1– <� = 1i : � =
� ••

4

j� = 1– <� = � 1i : � =
� ••

4

j� = ¹1–0º– <� = 0i : � =
� � •• � 2� ?

4
•

(2.14)

We see that the twoj"*i and j#+i are degenerate. The energy of the two< � = 0

states needs to be assigned based on the sign of� •• and� ? .
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C h a p t e r 3

TRANSDUCTION THEORY

In this chapter, I will discuss the transduction theory in detail. A perfect model will

include everything (both cavity modes and each individual atom) and solve all of

the individual di�erential equations together. However, this is numerically intensive

and lacks intuition. Below, I will discuss two models, capturing the physics of the

transduction process in two di�erent regimes. One is originally presented in [76]

and the other is adapted from a general mode coupling theory [77] as presented in the

supplementary information of our work [78]. Then, examples will be given to show

how to use the tool to solve the electro-optical system, the piezo-opto-mechanical

system and the atomics system. Towards the end, since there are di�erent atomic

regimes to be work with, we have a discussion on the di�erence between them.

Finally, an important parameter, the e�ectivej ¹2º will be derived, based on the

e�ciency equation derived here.

3.1 General method

In the quantum picture, a transduction process is basically a beam-splitter Hamil-

tonian between the two modes. Following the description in [77], let us consider a

system consisting of a microwave mode (1– 1y), an optical mode (0– 0y), and N other

intermediate modes (< 8– <y
8). The whole system conceptually forms a chain where

each mode is coupled to its two neighbors via a beam splitter Hamiltonian:

H =\ l ", 1y1 ¸ \ l $%0y0 ¸ � 8\ l 8<
y
8< 8

¸ \ 61¹1y< 1 ¸ < y
11º ¸ � 8\ 68¹<

y
8< 8̧ 1 ¸ < y

8̧ 1< 8º ¸ \ 60¹0y< = ¸ < y
=0º

(3.1)

wherel ", and l $% are the microwave and optical mode frequencies and6: 's

are the mode coupling strengths between di�erent modes. First, if there is no

intermediate mode, the modes are only microwave and optics. This simpli�es back

to a direct microwave-optical coupling via an electro-optic material. Second, the

mode coupling forms a chain and only couples to its nearest two neighbors is also

experimentally reasonable. Typically, a mode can be supported by the geometry of

a material, which can at the same time be the building blocks of another mode (e.g.,

electromechanical[41] and optomechanical[30] e�ect).

With this Hamiltonian, we use input-output theory to solve the mode dynamics.
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Figure 3.1:A general mode coupling mode for transduction calculation.Each
mode couples to nearest neighbors via beam-splitter Hamiltonian.

Writing each mode in vector format, we have:

¤: ¹Cº = %:¹Cº ¸ & 8=¹Cº

F�4A4 :¹Cº = ¹0– <1– •••– <# – 1º)

 8=¹Cº = ¹ � 4GC– �8=C– " 1– •••– "# – �4GC– �8=Cº)

 >DC¹Cº = & ) : ¹Cº �  8=¹Cº

(3.2)

where � 8=–>DCand � 8=–>DCare the microwave and optical input output �elds," 8's

are the input intermediate �elds. 8=–>DCis a collective vector of all the relevant

input output �elds. With these notations, one can solve the dynamics in frequency

domain, where all of the useful information is contained in the scattering matrix:

 >DC»l ¼= ( »l ¼ 8=»l ¼

F�4A4 (»l ¼= & ) »� 8l� # ¸ 2 � %¼� 1& � � # ¸ 4

(3.3)

where� 9 is the identity matrix of dimension j.

Electro-optic system

Here we use the above generalized mode coupling theory to calculate the transduc-

tion process of an electro-optic (EO) system. For the EO system, we have

%=

 
� ^>•2 864>

864> � ^4•2

!

& =

 p
^>–4GC

p
^>–8=C 0 0

0 0
p

^4–4GC
p

^4–8=C

! (3.4)

where ^8 is the total dissipation rates of the resonators and64> is the coupling

strength between the microwave and optical mode. The e�ciency is the S-parameter

connecting the two output ports of the microwave and optics, which is:

[ < 2> = j( ¹1–3ºj2 = j( ¹3–1ºj2 = [ >[ 4
4� 4>

¹1 ¸ � 4>º2
(3.5)
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where[ 8 = ^8–4GC
^8

is the extraction factor of microwave or optical resonator.� 4> = 462
4>

^4^>

is the cooperativity. As the system should behave reciprocally, the conversion

e�ciency from microwave-to-optical and optical-to-microwave should be the same,

which is captured in the formalism asj( ¹1–3ºj2 = j( ¹3–1ºj2. Clearly, the system

reaches unit e�ciency when� 4> = 1 and [ 8 = 1. This is called the impedance

matching condition. The e�ciency will not keep increasing with an increased

coupling after the matching point. Intuitively, when the coupling is much higher

than the decay rate of the mode, one can think about the mode conversion keeps

going on between the microwave and optics, back and forth, but not have enough

time to emit out. Therefore, the e�ciency is only optimized when the conversion

speed matches the emission speed. In the language of all the parameters, that means

the coupling induced conversion speed462
4>

^4
is equal to the emission rate of the

optical cavity^>, which is the same as� 4> = 1.

The scattering matrix is also useful to understand the noise process. Considering

there are some noise photons in the microwave port, one can calculate how many

noisy optical photons get converted through the process. As the noise is incoherent,

one can add up the noise from di�erent sources. For example, considering there

are=4 noisy photons in the microwave waveguide and=8 noisy photons from the

intrinsic microwave bath (e.g., quasiparticle environment), the noise contribution

will be:

=> = =C�–4̧ =C�–8

= j( ¹1–3ºj2=4 ¸ j ( ¹1–4ºj2=8•
(3.6)

The noisy photons just populated in the optical modes are usually ignored, as optical

frequencies are much higher than the room temperature, where the thermal popu-

lation is negligible (\ l >? � : 1) ). This above equation links the experimentally

measured optical photons to the source of the noisy microwave photons. From this,

one can get a key parameter called - added noise referred to the input as:

=033–') � =
=>

[ < 2>

=
j( ¹1–3ºj2=4 ¸ j ( ¹1–4ºj2=8

j( ¹1–3ºj2

=033–') � = =4 ¸
^4–8=C

^4–4GC
=8•

(3.7)

The above result is quite meaningful. First, the added noise referred to the input is

the key parameter to describe whether the system operates at the single-photon level

(`quantum regime') or not, as it divides the e�ciency away. Second, the �rst part of
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the result is=4 which is the same as the number of coherent microwave photons sent

into the waveguide for conversion. The next part is^4–8=C
^4–4GC

=8, as one can not directly

send photons into the intrinsic bath, but the di�erence is only the^ ratio factor.

Piezo-opto-mechanical system

Similarly, we can derive the transduction dynamics in a piezo-optomechanical sys-

tem via this mode coupling theory. We note that the Hamiltonian of the optome-

chanical coupling is parametric (e.g.,0y0¹< ¸ < yº). One needs to �rst consider a

red-detuned optical pump to reduce it to a beamsplitter Hamiltonian. Details can be

found in [29]. With these assumptions, one gets:

%=
©
­
­
«

� ^>•2 86>< 0

86>< � ^< •2 864<

0 864< � ^4•2

ª
®
®
¬

& =
©
­
­
«

p
^>–4GC

p
^>–8=C 0 0 0

0 0
p

^< 0 0

0 0 0
p

^4–4GC
p

^4–8=C

ª
®
®
¬

(3.8)

where6>< is the coupling strength between the optical and mechanical mode,64<

is the coupling strength between the microwave and mechanical mode. With this,

one can calculate the e�ciency as:

[ < 2> = j( ¹1–4ºj2 = j( ¹4–1ºj2

= [ >[ 4
4� >< � 4<

¹1 ¸ � >< ¸ � 4<º2

(3.9)

where� >< = 462
><

^>^<
is the optomechanical cooperativity and� 4< = 462

4<
^4^<

is the piezo-

electric cooperativity. Notice again that here the impedance matching condition

appears again. The conversion e�ciency will be low if only one of the cooperativities

is increased while the other one is �xed. The optimal condition is when the� >< =

� 4< � 1. The physical intuition behind this is also clear. First, one needs to have

� 4< = � >< such that the process between the two stages is connected fully, otherwise

the coherence will be converted back and forth in one stage but not transferred to

the next one. Second, the mechanical mode is simply an intermediate stage that

connects the microwave and optical modes. Any coherence that leaks out at this

stage through mechanical dissipation is harmful. Therefore, one wants the coupling

induced conversion speed in each stage to be much higher than the mechanical

decay rate, as462
4<

^4
� ^< and 462

><
^>

� ^< . These two requirements together give
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� >< = � 4< � 1.

The amount of noise can also extracted from the S matrix. Assuming all of the noise

sources are independent and incoherent with respect to each other, then we have

=> = j( ¹1–4ºj2=4–4GÇj ( ¹1–5ºj2=4–8=Çj ( ¹1–3ºj2=<

) =033–') � =
=>

[ < 2>

= =4–4GÇ
^4–8=C

^4–4GC
=4–8=Ç

1
[ 4� 4<

=<

(3.10)

where=< is the thermal occupancy in the mechanical mode. The �rst two terms are

the same as the electro-optic system. The last term is a new term introduced by the

mechanical mode. As mechanical devices are typically suspended by design, this

term is normally the dominant thermal contribution. However, as the e�ciency is

referred to the microwave input, the=< can be suppressed by the strong coopera-

tivity between the microwave and mechanical modes, which can be understood as

mechanical cooling from the cold microwave resonator.

3.2 Atomic on-resonance regime

Based on the method discussed in `General Method', we adapted it into the atomic

system with reasonable assumptions as shown below.

Setup of the problem

The system Hamiltonian with both microwave and optical cavity-ion coupling is:

H =\ l >–20y0 ¸ \ l 4–21y1 ¸
Õ

:

� 6–:f 66–: ¸
Õ

:

� 41–:f 4141–: ¸
Õ

:

� 42–:f 4242–:

¸
Õ

:

\ 6>–:¹0yf �
>–: ¸ �•2•º ¸

Õ

:

\ 64–:¹1yf �
B–:¸ �•2•º

¸
Õ

:

\
 : ¹f �
?–: ¸ �•2•º

(3.11)

where0 is the optical mode at frequencyl >–2, 1 is the microwave mode at frequency

l 4–2, � are the energies of the level denoted in the subscript,6 are the optical or

microwave coupling rates,
 is the pump Rabi frequency, andf are the atomic

operators for the transition denoted in the subscript (e.g.f �
?–: = j6i h41j for the k-th
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atom). Implementing the Heisenberg equations of motion, we get

¤0 = �
8
\

»0–H¼= � 8l >–20 �
^>

2
0 � 8

Õ

:

6>–:f �
>–:

¸
p

^>–4GC08=–4GC¸
p

^>–8=C08=–8=C

¤f �
>–: = �

8
\

»f �
>–:–H¼= � 8l >–:f �

>–: �
W>

2
f �

>–:

� 86>–:¹f 66–: � f 4242–:º0 ¸ 8
 : f �
B–:� 864–:f �

?–:1

¤f �
B–:= �

8
\

»f �
B–:–H¼= � 8l B–:f �

B–:�
WB

2
f �

B–:

� 864–:¹f 4141–: � f 4242–:º1 ¸ 8
 : f �
>–: � 86>–:f ¸

?–:0

¤1 = �
8
\

»1–H¼= � 8l 4–21 �
^4

2
1 � 8

Õ

:

64–:f �
B–:

¸
p

^4–4GC18=–4GC¸
p

^4–8=C18=–8=C–

(3.12)

where we introduceWand ^, the atomic dephasing rates and cavity decay rates,

respectively. Here, we make two assumptions for simplicity: (1) We assumeh0f 88i =

h0i hf 88i , where quantum correlations have been ignored [65]. (2) We ignore the

last terms for¤f �
¹B–>º–:, as they simply impose a frequency shift that does not a�ect

the conversion process (e.g.0 � f �
> – f ¸

?0 � f �
B).

With the above assumptions, we can rewrite the di�erential equations into a matrix

with the following de�nitions:

+< = ¹0– f �
>–1–� � �– f �

>–:– f �
B–1–� � �– f �

B–:– 1º)

+<–8== ¹08=–4GC– 08=–8=C–0–� � �–0–0–� � �–0– 18=–4GC– 18=–8=Cº)

+<–>DC= ¹0>DC–4GC– 0>DC–8=C–0–� � �–0–0–� � �–0– 1>DC–4GC– 1>DC–8=Cº)

(3.13)

where+< is a vector with2: ¸ 2 elements,+<–8=•>DCis a vector with2: ¸ 4 elements.

Next we rewrite the system dynamics in the frequency domain, going into the

rotating frame of the input optical and microwave frequencies, and use the input-

output formalism. The equations of motion will become:

¤+< = �+ < ¸ �+ <–8=

+<–>DC= � ) +< � +<–8=

+<–>DC= (+ <–8=

( = � ) »� 8l� 2: ¸ 2 � ¼� 1� � �2: ¸ 4–

(3.14)

where�3 is the d-dimensional identity matrix. The system can then be solved via

matrix operations, and the conversion e�ciency is the relevant matrix element of

the total scattering matrix S (e.g.,[ " 2$ = j( 1–5j2).
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Single atom case

To gain some physical intuition, we start by just considering a single atom:

� =

©
­
­
­
­
­
«

� 8X>2 � ^>
2 � 86> 0 0

� 86>¹=6 � =42º � 8X> � W>
2 8
 0

0 8
 � 8X4 � WB
2 � 864¹=41 � =42º

0 0 � 864 � 8X4–2�
^4
2

ª
®
®
®
®
®
¬

� =

©
­
­
­
­
­
«

p
^>–4GC

p
^>–8=C0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0
p

^4–4GC
p

^4–8=C

ª
®
®
®
®
®
¬

•

(3.15)

Setting the detunings to zero, we obtain the microwave to optical conversion e�-

ciency as:

[ " 2$ = j( 1–5j2 =
^>–4GC

^>

^4–4GC

^4

=41 � =42

=6 � =42

4� 4–B� >–B� 0–B

»¹1 ¸ � 4–Bº¹1 ¸ � >–Bº ¸ � 0–B¼2

=
^>–4GC

^>

^4–4GC

^4

=41 � =42

=6 � =42

� 4–B

1 ¸ � 4–B

4 � �
0

0–B

¹1 ¸ � 0
0–Bº2

� >–B

1 ¸ � >–B
–

(3.16)

where the cooperativity is the single-atom cooperativity with dephasing rateWin

the denominators (� >–B=
462

> ¹=6 � =42º
^>W>

, � 4–B=
462

4¹=41� =42º
^4W4

, � 0–B= 4
 2

W>W4
). �

0

0–Bis again

the modi�ed atomic cooperativity with¹1 ¸ � 4–Bº¹1 ¸ � >–Bº in the denominator.

The �rst two terms are the external coupling rates of each resonator. The third term

appears due to the fermionic nature of the atoms, and depends on the population

distribution between the three energy levels. However, if the optical pumping is

strong enough such that it equalizes the pump transition (=6 = =41 = 1
2, =42 = 0), the

third term goes to unity. This makes sense since in this scenario, the population of

the two fermionic modes (optical and spin) are equivalent and their e�ects cancel

each other out. The remaining three terms involving the cooperativities are the

e�ciencies which can be understood as the three stages as shown in the left part of

Fig. 3.2: a microwave photon to spin coherence, spin coherence to optical coherence

(same as electro-optics), and optical coherence to an optical photon.

Also, since the microwave coplanar waveguide connects to the resonator with rate

^4–4GCand the resonator internal reservoir contributes with rate^4–8=C, the contribution
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Figure 3.2: Conversion diagram for single-atom and multi-atom case.In the
multi-atom case, each atom can individually couple to the resonator mode, but the
mode only couples to the entire ensemble.

to the microwave noise from the resonator thermal reservoir is:

# <40BDA43= j( ¹1–5ºj2# F6 ¸ j ( ¹1–6ºj2#A4B–8=C

# 033–') � =
# <40BDA43

[
= # F6 ¸

j( ¹1–6ºj2

j( ¹1–5ºj2
#A4B–8=C

= # F6 ¸
^4–8=C

^4–4GC
#A4B–8=C•

(3.17)

Multiple atoms case

Now we consider the more general ensemble case, where there are multiple atoms

that can each individually couple to the optical and microwave resonator mode.

However, as we have ignored quantum correlations and consider only the atoms as a

collective, the resonator couples to the total contribution of the ensemble, illustrated

in the right part of Fig. 3.2. In this case, the matrix can be rewritten as:

� =

©
­
­
­
­
­
­
­
­
­
­
­
­
­
­
«

� 8 X>2 � ^>
2 � 86>–1 � � � � 86>–:

� 86>–1¹=6–1 � =42–1º � 8 X>–1 � W>
2 8
 1

� � � � � � � � �

� 86>–: ¹=6–: � =42–: º � 8 X>–: � W>
2 8
 :

8
 1 � 8 X4–1 � W4
2 � 864–1¹=41–1 � =42–1º

� � � � � � � � �

8
 : � 8 X4–: � W4
2 � 864–: ¹=41–: � =42–: º

� 864–1 � � � � 864–: � 8 X42 � ^4
2

ª
®
®
®
®
®
®
®
®
®
®
®
®
®
®
¬

� =

©
­
­
­
­
­
­
­
­
­
­
­
­
­
­
«

p
^>–4GC

p
^>–8=C

0

� � �

0

0

� � �

0
p

^4–4GC
p

^4–8=C

ª
®
®
®
®
®
®
®
®
®
®
®
®
®
®
¬

(3.18)
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where A is a¹2: ¸ 2º � ¹ 2: ¸ 2º matrix and B is a¹2: ¸ 2º � ¹ 2: ¸ 4º matrix.

To get a sense of the analytical form of the conversion e�ciency, we can consider

just two identical atoms. Then, A will be a6 � 6 matrix and B a6 � 8 matrix.

Assuming no detunings again, the matrix will become:

� =

©
­
­
­
­
­
­
­
­
­
­
­
«

� ^>
2 � 86>p

2
� 86>p

2

� 86>p
2
¹=6 � =42º � W>•2 8


� 86>p
2
¹=6 � =42º � W0•2 8


8
 � W4•2 � 864p
2
¹=41 � =42º

8
 � W4•2 � 864p
2
¹=41 � =42º

� 864p
2

� 864p
2

� ^4
2

ª
®
®
®
®
®
®
®
®
®
®
®
¬

� =

©
­
­
­
­
­
­
­
­
­
­
«

p
^>–4GC

p
^>–8=C

0

0

0

0
p

^4–4GC
p

^4–8=C

ª
®
®
®
®
®
®
®
®
®
®
¬

(3.19)

where we have added a factor of1p
2

to 6> and 64 to conserve the total coupling

strength (6>–C>C=
q Í

862
>–8). Then, the e�ciency is:

[ " 2$ = j( 1–7j2 =
^>–4GC

^>

^4–4GC

^4

=41 � =42

=6 � =42

4� 4� >� 0

»¹1 ¸ � 4º¹1 ¸ � >º ¸ � 0¼2
– (3.20)

where the cooperativities are now ensemble cooperativities, and the coupling

strength in the numerator is the sum of squares of the individual coupling strengths.

Similarly, the added noise referred to the input can be found as:

# 033–') � =
# <40BDA43

[
= # F6 ¸

j( ¹1–8ºj2

j( ¹1–7ºj2
#A4B–8=C

= # F6 ¸
^4–8=C

^4–4GC
#A4B–8=C•

(3.21)

These results are exactly the same as the single atom case due to the symmetry of

the S-matrix. Increasing the number of atoms will yield the same results. This

indicates that atoms with the same properties (detunings, coupling strengths) can

be considered as a single atom with coupling strength equal to ensemble coupling

strength to solve the conversion process.
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Figure 3.3:Multi-atom simulations. (a) The convergence test. Parameters used
are the same parameters used in the main experiment presented in Fig. 6.2, but with
zero spin detuning. Each simulation is repeated 1000 times and the error bars re�ect
the �nite sampling. (b) Comparison between data, multi-atom simulation and the
single-atom equation. For the multi-atom simulation, each point consists of 200
atoms and is averaged over 1000 simulations from which error bars are calculated.

For a large number of atoms with inhomogeneities, deriving an analytical expression

becomes intractable, and numerical simulations must be implemented. To do this,

we �rst assign a random optical and microwave detuning to each atom from a

Gaussian distribution with width equal to the respective inhomogeneous linewidths.

Additionally, random horizontal and vertical coordinates are assigned taking into

account a Gaussian distribution based on the optical beam radius. Therefore, from

the beam edge to the center, a corresponding optical and microwave coupling strength

can be assigned to each sampled atom using the Gaussian beam pro�le and simulated

microwave mode pro�le. Since we have billions of atoms, we cannot simulate each

atom individually. Instead, we group the atoms with similar properties together to

reduce the total number of calculated atoms. In doing so, we perform a convergence

test to see how many groups of atoms we must sample in order for the result to

converge. As shown in Fig. 3.3a, around 100 atoms su�ciently capture the system

behavior.

Finally, we compare the multi-atom simulation with the single-atom simulation

with the same parameters used in the experiments. As shown in Fig. 3.3b, the

results are similar and overlap within a factor of 2. This validates the usage of

the simple, single-atom equation as discussed earlier. However, it is worth noting

that these two simulations need not necessarily agree with each other. This is

because the single-atom equation uses ensemble cooperativity with inhomogeneous

linewidth instead of atomic dephasing in the denominator, which is technically an

approximation. Speci�cally, when the homogeneous linewidth of each individual
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atom (equivalently,) 2) is much narrower than the inhomogeneous linewidth, the

result of the single-atom equation deviates from the multi-atom results, due to the

fact that the more accurate multi-atom case only addresses a narrow subset of the

ensemble. In this case, the denominator of the ensemble cooperativity should be

modi�ed to include a contribution from both the homogeneous and inhomogeneous

linewidths. In our case, the homogeneous and inhomogeneous linewidths di�er by

a factor of 40, where the single equation and multi-atom results still agree with each

other.

3.3 Atomic adiabatic regime

We note there is also an atomic adiabatic regime originally proposed in [76]. Al-

though so far experiments have operated with small cooperativities and hence are

captured by the atomic on-resonance model, the adiabatic model results in clean and

intuitive expressions. The comparison between the two regimes will be discussed

in the next section. Here I will describe this adiabatic calculation using the excited

state spins.

Setup of the problem

The system Hamiltonian to start with is the same as calculated in 3.11 in the on-

resonance regime:

H =\ l >–20y0 ¸ \ l 4–21y1 ¸
Õ

:

� 6–:f 66–: ¸
Õ

:

� 41–:f 4141–: ¸
Õ

:

� 42–:f 4242–:

¸
Õ

:

\ 6>–:¹0yf �
>–: ¸ �•2•º ¸

Õ

:

\ 64–:¹1yf �
B–:¸ �•2•º

¸
Õ

:

\
 : ¹f �
?–: ¸ �•2•º•

(3.22)

Then we calculate the dynamics of each relevant operator in the Heisenberg picture:

¤0 =
8
\

»H– 0¼= � 8l >–20 �
^>

2
0 � 8� 6>–:f �

>–:

¤1 = � 8l 4–21 � 8� 64–:f �
B–:�

^4

2
1 �

p
^4–2� 8=

¤f �
>–: = � 8l 42–6f �

>–: ¸ 86>–:¹=42–: � =6–:º0 � 864–:f �
?–:1 ¸ 8
 : f �

B–:

¤f �
?–: = � 8l 41–6f �

?–: ¸ 86>–:f ¸
B–:0 � 864–:1yf �

>–: ¸ 8
 : ¹=41–: � =6–:º

¤f �
B–:= � 8l 42–41f

�
B–:� 86>–:f ¸

?–:0 ¸ 864–:¹=42–: � =41–:º1 ¸ 8
 : f �
>–:•

(3.23)
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Calculation via Integral

We can apply the rate equation approximation to carry out the integral of each

equation. For example, to learn the optical �eld0, we need to calculatef �
>–:,

which can then be used to directly link to optical �eld0 via either rate equation

approximation or by adiabatically eliminating the cavity. To �ndf >–:, we need to

�nd f �
?–: andf �

B–:, which can integral out. Therefore, we get

f �
>–: �

64–:
 :

X42–:¸ X?
¹
=42–: � =41–:

X42–:
�

=41–: � =6–:

X?–:
º1 ¸ ¹ 8l ¸ � º0• (3.24)

We note that there are two di�erent terms here. The �rst term is linear with

microwave �eld 1. This term is useful asf �
>–: will be plugged into the equation

of optical �eld 0, which will �nally become 0 = "1 term, where M is just a

complicated parameter from the system. This is the beam-splitter Hamiltonian

e�ectively connecting mode0 and mode1. The second term is not useful, as I only

write it generally as¹8l ¸ � º. The reason is that this term is linear with mode0,

which will �nally become a frequency shift/mode broadening term, not contributing

to the beam-splitter Hamiltonian.

With the equation off �
>–:, one can get the optical mode0:

0 = �
� 86>–:

� 8X>2–:¸ ^>•2
f �

>–:

= �
6>–:64–:
 :

¹8X42–:¸ 8X?º¹8X>2–: � ^>•2º
¹
=41–: � =6–:

X?–:
�

=42–: � =41–:

X42–:
º1•

(3.25)

Similarly, with the same method, one can get the mode1 equation via calculating

f �
B–::

1 = �
� 6>–:64–:
 :

¹8X42–:� ^4•2º¹8X>2–: � 8X?–:º
¹
=6–: � =41–:

X?–:
¸

=42–: � =6–:

X>2–:
º0

�

p
^4–2•2

8¹X4–: � X42–:º ¸ ^4•2
� 8=•

(3.26)

We note there are many detunings and it might introduce confusions to readers. For

clarity, all the detuning de�nitions are as follows:

X>2–: = l 42–6–:� l >–2

X42–:= l 42–41–: � l 4–2

X?–: = l 41–6–:� l ?

X>–: = l 42–6–:� l >

X4–: = l 42–41–: � l 4

l > = l 4 ¸ l ?•

(3.27)
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All the cavity-related detunings are referred to the cavity frequenciesl >•4–2. All the

other detunings are referred to the input microwave/pump frequenciesl 4• ?. The last

equation from above is energy conservation, where we label the transduced optical

photon frequency asl >.

To further simplify the prefactors in the equations, we now assume the microwave

input frequency is on-resonance with the microwave cavity frequency (l 4 = l 4–2),

the optical output frequency is on-resonance with the optical cavity frequency

(l > = l >–2). And further assume the optical detuning (usually a few optical in-

homogeneous linewidth) is much larger than the microwave detuning (usually a few

spin inhomogeneous linewidth). This is valid for171. 1 3¸ : .+$ 4 where the spin

linewidth is only� 100 kHz where the optical linewidth is� 100 MHz. Also, this

will eliminate the detuning di�erence between each atom, as the detuning is much

large than the inhomogeneous linewidths. With these assumptions, one can then get

a much simpler version of the equation:

0 = �
� 6>–:64–:
 :

¹8X>2 � ^>•2º8X>–:

=42–: � =41–:

X4
1

1 = �
� 6>–:64–:
 :

¹8X42 � ^4•2º8X4–:

=42–: � =41–:

X>
0 �

p
^4–2•2

^4•2
� 8=•

(3.28)

With this, one can get the e�ciency equation as

[ =
� y

>DC� >DC

� y
8=� 8=

=
^>–20y0

� y
8=� 8=

= [ 0[ 1
16j( j2^>^4

j4( 2 ¸ ^>^4j2

= [ 0[ 1
4' 2

j1 ¸ ' 2j2

F�4A4 ( = �
6>–:64–:
 :

X>X4
¹=42–: � =41–:º

0=3 ' =
2(

p
^>^4

•

(3.29)

This recovers back the adiabatic result as shown in [76]. However, one main

di�erence is that there is a population di�erence term in parameter S,=42 � =41, that

does not appear in the result using ground state spins. The reason is that under the

adiabatic approximation of ground state spins, all the populations are originally in

the ground state=6 = 1. This makes all the relevant population di�erence terms

to 1 as=6 � =41 = 1 and=6 � =42 = 1. The factor of 1 will not show up, therefore

the population di�erence terms are hidden. One thing should be acknowledged is
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Figure 3.4:Diagrams of adiabatic regimes.(a) Diagram using ground state spin
and (b) using excited state spin. One can understand the excited state spin case is
exactly the ground state but with the energy �ipped.

that this type of integral calculation is messy. The reader should remember how

many assumptions we need to have, to reach this �nal clean results. Also, lots of

frequency shifts and cavity-broadening terms are neglected as it does not contribute

to the e�ective beam-splitter Hamiltonian.

Below, I will discuss another easier method to get the adiabatic results and capture

some important frequency shift terms back.

Calculation via Optical Bloch Equation

We notice that the optical �eld a is only coupled viaf �
> (equivalentlyd6–42) and

the microwave �eld is only coupled viaf �
B (equivalentlyd41–42). Therefore, it is

enough to calculate the e�ciency as long as we learn the equation ofd6–42 and

d41–42. To achieve this, one can perform the optical block equation and calculate the

steady-state solution:

¤d6–42 = 0 = 8X>d6–42 � 8 � � ¹=42 � =6º ¸ 8� � d6–41 � 8
 d41–42

¤d41–42 = 0 = 8X4d41–42 ¸ 8 � � d41–6� 8� � ¹=42 � =41º � 8
 d6–42•
(3.30)

Here, we take� = 6>0 and� = 641 to assume they are actual steady-state values

instead of operators. Also, we neglect the term that consists ofd6–41 or d41–6 as

the pump coherence is generally small in the adiabatic limit (e.g., pump is far o�-

resonance).
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Under the above adiabatic limit, we can then solved6–42 andd41–42 as:

d6–42 =
1

X>X4
»� � X4¹=42 � =6º ¸ � � 
 ¹=42 � =41º¼

d41–42 =
1

X>X4
»� � ¹=42 � =41º
 ¸ � � X>¹=42 � =41º¼•

(3.31)

Combined with the input-output equations in steady state, one gets:

0 = � 8X2>0 � 8(1¹=42 � =41º � 8l 00¹=42 � =6º �
^>

2
0

0 = � 8X241 � 8(0¹=42 � =6º � 8l 10¹=42 � =41º �
^4

2
1 �

p
^1–2� 8=

�4A4 ( = �
6>64

X>X4

•

(3.32)

Here, we capture two frequency shifting terms due to the ion-cavity coupling as

l 0 = � 62
>

X>
andl 1 = � 62

4
X4

. We notice the S de�nition does not contain any population

di�erence term here, so we can clearly write it down in the full equation now. From

the above equation, one can plug the �rst into the second one, and get the e�ciency

equation as:
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(3.33)

where we use[ 4� B?8=to label this is the adiabatic result using the excited state spins.

The above result is quite meaningful. First, if we take=42 = 1 and=41 = =6 = 0, this

simply recovers the normal adiabatic equation where all the population di�erence

terms disappear. This means the excited state calculation is exactly the same as the

ground state calculation, by inverting the system up to down (e.g., �ip any subscript

of 42 into 6 and vice versa). Because the Hamiltonian is the same, any mode

coupling is also the same, but only up a negative sign in energy to �ip the whole

diagram. Second, following what we have discussed, the ground state adiabatic

regime calculation can be then easily derived from the excited-state result above,

with the interchange of=42 , =6 as:
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(3.34)
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where we use[ 6� B?8=to label this is the adiabatic result using the ground state spins,

separating from the excited state spin result.

Now the population di�erence terms are captured well. Readers should be able to

derive the result in [76] using 3.34. One thing worth noting is that in 3.33, even if

it is in the adiabatic regime, one always needs to do on-resonance optical pumping

to put populations in the excited state spin manifold. Ideally, the populations are all

in =42, as it is a full inversion of the ground state condition. However, this might

trigger superradiance e�ect if the microwave cooperativity is large enough. This

e�ect is observed in the experiment and will be discussed in Section 8 in detail.

Here we �nish all the theoretical calculations of the transduction process in the

on-resonance regime and adiabatic regime. Clearly, there are di�erences between

the two regimes and also di�erences between the choice of using ground state spin

or excited state spin. Below we will have a brief discussion on the di�erence.

3.4 Comparison of transduction schemes

The on-resonance regime vs adiabatic regime

First with excited state spins, one always needs to do on-resonance optical initial-

ization to initiate the system non-linearity. Then, with large optical and microwave

cooperativities (� � 1), the adiabatic regime is great as it puts a loose requirement

on the pump rabi frequency. However, if the platform does not have large microwave

and optical cooperativities (e.g.,� � 1), then the largest transduction signal will be

on-resonance with the transitions, where the detuning will only hurt the system as

it drives weaker. Meanwhile, the on-resonance regime has a stronger requirement

on the pump rabi drive: to reach 100% e�ciency, one needs not only� 4– � > � 1,

but also� 0 = � 4 � � > � 1. This is technically di�cult to achieve and could also

introduce high noise as the pump power increases. It is fair to say that when all the

cooperativities are� 1, the on-resonance case is best, as the e�ciency is� 20%.

But with further improvements in cooperativity, the adiabatic regime is preferable

as noise can potentially be reduced.

The choice between ground state spins and excited state spins

There is a trade-o� between the two options. With ground state spins, any imperfec-

tion in mode overlap between the microwave and optical �elds will result in parasitic

spins. These parasitic spins are spins that only absorb microwave photons but do

not contribute to the transduction process as they are not exposed to the optical

pump. This is a critical issue for single-photon level transduction, as the parasitic
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spins will put a hard cap on the e�ciency in the single-photon regime. Meanwhile,

for excited state spins, only the ions being optically excited can interact with the

microwave photon. Therefore, the parasitic spins are inherently avoided. However,

the drawback is the requirement of optical initialization at the beginning, to initiate

the system non-linearity. This can lead to extra heating of the system, hurting the

noise performance. But with a thinner crystal, the initialization pulse can be shorter,

and the noise generated by the initialization pulse could potentially be small and not

be a problem for the noise.

3.5 E�ective j ¹2º calculation

Here we derive the e�ectivej ¹2º nonlinearity of a three-level REI system. We

start with the transduction e�ciency of an electro-optical (EO) system in the low

cooperativity regime:

[ =
4� 4>

¹1 ¸ � 4>º2
� 4� 4>• (3.35)

Similarly, in the low cooperativity regime, the atomic system e�ciency is

[ =
4� 4� >� 0
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� 4� 4� >� 0• (3.36)

Therefore, an e�ective� 4> = � 4� 0� > can be found, which leads to an e�ective

coupling rate as
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The EO coupling rate is related to the material non-linearity as [79, 80]

�6 4> = j ¹2º+0n0� >� ?� <F 2 (3.38)

where+0 is the mode volume,� >/� <F is the amplitude of the quantized opti-

cal/microwave �eld, and� ? is the pump �eld strength. Inserting the above equation

into the e�ective EO coupling rate, one �nds
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where3 is the electric dipole moment for each optical transition and` is the spin

magnetic dipole moment. This should be compared to thej ¹2º of EO materials.

Also, given the relationship between64> andj ¹2º, one can �nd an equation linking

j ¹2º to e�ciency in low cooperativity regime as
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Figure 3.5:E�ective j ¹2º among di�erent REI materials. [1] Er:YSO data comes
from [45]. [2] Er:YVO data comes from [58]. [3] Yb:YVO data is from this thesis
and our paper [78].

where %? is the pump power,̂ ? is the optical cavity decay rate at the pump

frequency,+C is the transduction zone volume, and* < ¹* >º is the energy fraction

of microwave (optical) resonator inside+C. The above equation is meaningful as it

indicates the e�ciency changes quadratically with the non-linearityj ¹2º. Therefore,

with a stronger non-linearity, requirements on the quality factors of both microwave

and optical resonators are less stringent.

One can also extract thej ¹2º non-linearity from measurements, which is

j ¹2º
4G?=

d32` B?8=

4� 2n02

p
[^ 4^>

6>–C>C64–C>C

(3.41)

where the parameters in the second term can all be independently measured.

We note thisj ¹2º is only an e�ective calculation number. Since the spin linewidth

is too narrow, this nonlinearity is only valid within a narrow window (� spin

inhomogeneity). Therefore, this may not be that useful for other nonlinear physics

applications. However, for the transduction process, as long as there is a strong

nonlinearity within the transduciton bandwidth (here, is determined by the spin

linewidth), the process will work with whatever nonlinearity is inside this frequency

range, without caring what is the nonlinearity outside this range. In other words,

this is the transduction nonlinearity, that is concentrated around the spin transitions.

Lastly, one can gather the informations for di�erent REI materials and compare the

j ¹2º
4 5 5, as shown in Fig. 3.5
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C h a p t e r 4

PREVIOUS REI-BASED ON-CHIP TRANSDUCERS

Before we dive into the new designs of a microwave-to-optical transducer based on

rare-earth ion crystals, learning how the previous transducers work and what the

shortcomings of each di�erent design are is valuable. Here, I will go through the

previous on-chip designs and measurements.

4.1 Previous on-chip design v1

The �rst version of the device we have been working on is shown in Fig. 4.1 [53].

The microwave driving is from a coplanar waveguide made from gold. On the

optical side, the waveguide is directly fabricated from focus-ion-beam milling out

of the rare-earth ion doped crystal (171Yb3¸ :YVO4). The physics is straight-forward,

but the operation e�ciency[ � 10� 13 is quite low. The main reasons are three-fold:

First, there are no microwave and optical resonators to enhance the light-matter

interaction. The optical part is a waveguide directly inside the nanobeam. On the

microwave side, the CPW drives a large portion of the chip, where the mode overlap

between the driving volume and the nanobeam volume is tiny.

Second, the chip is operated at a �nite magnetic �eld. This will broaden the spin

linewidth and hence lower the microwave and atomic cooperativity. This leads

to a smaller e�ciency as well. The reason for a �nite magnetic �eld is that the

three-level system used to do transduction protocol needs a magnetic �eld to break

the forbidden transition due to the selection rule. Details can be found in the

supplementary information of the paper [53]. If the system usesc-polarization

(� •• 2 � 0G8B), then a magnetic �eld is needed due to a forbidden transition at zero-

�eld. If the system usesf - polarization (� •• 0 � 0G8B) and only can optically access

to one type off betweenf G and f H, phase cancellation will happen. Hence, a

magnetic �eld is needed to split the levels and avoid signal cancellation.

Third, the optical nanobeam limits the optical pump power that can be sent into the

device. This is because the nanobeam is a suspended structure and YVO and an

insulating material, so the heat capacity is also not great at low temperatures. Since

the pump will be absorbed by the ions, the heat generated heat can only dissipated

via the two connecting bridge on the side. In the paper [53], the pump power used

is only ` W-level due to this reason.
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Figure 4.1: Previous design v1. The device consists of a coplanar waveguide
(CPW) for microwave driving and a nanobeam optical waveguide for optical access.
The CPW is fabricated out of Au. The nanobeam is fabricated from focus ion beam
milling. The substrate is ytterbium-171 doped in yttrium orthovanadate crystal.
More details can be found in [53].

4.2 Previous on-chip design v2

Learning from the �rst version of the device, the second device we have worked on

aims to solve the heating issue and move the optical wavelength to the telecom-band.

The device is shown in Fig. 4.2 [46]. The microwave side has a lumped-element res-

onator that capacitively couples to a CPW with an external coupling rate determined

by the gap distance. The optical side has a photonic crystal cavity fabricated out of

amorphous silicon (a-Si). Two photonic crystal mirrors are designed and fabricated

to de�ne a Fabry-Perot optical mode with the free-spectral range determined by the

distance between the two mirror areas. More design and measurement details can

be found in Dr. Jake Rochman's thesis [20]. Here, I will broadly discuss the result

and what we can learn from this version of the device.

In this work, the REI-material used is Er:YVO4, where the spins for the microwave

interface are from the electronic spin states, not the electron-nuclear hyper�ne tran-

sition. Therefore, to match the electron spin frequency to the microwave resonator

frequency, an external magnetic �eld is utilized to Zeeman split the electronic state.

Due to this reason, the spin transition linewidth is naturally broad (� 65 MHz)

contrasting to the hyper�ne transition linewidth of typically sub MHz. With this in

mind, the e�ciency achieved with this design is[ = 5 � 10� 8, where the internal

e�ciency is around [ 8=C= 10� 5 due to the non-ideal optical/microwave resonator

couplings and optical grating coupler e�ciency. The e�ciency is largely improved

from the �rst version design by �ve orders of magnitude. But it is still far away

from any further applications with the transducers. The main limiting factor here is
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three-fold:

First, the microwave and optical mode overlap is small. Intuitively, the microwave

wavelength is on the order of centimeters, whereas the optical wavelength is on

the order of micrometers. Speci�cally, the optical mode is con�ned inside the a-Si

waveguide, which the penetration is on the order of optical wavelength. Although

the microwave �eld here is on-chip, the penetration depth is not the microwave

wavelength scaling, but it will still spread out over 10` m level both horizontally

and vertically. This primarily limits the number of atoms that are actually involved

in the transduction process. In other words, the actual microwave cooperativity is

much smaller than measured numbers. In the paper [46], although we measured

� 4=340 with the ground state spin. The actual used cooperativity is estimated as

� 0.1 due to this huge mode mismatching reason.

Second, the REI-material used here is Er:YVO4. Though it is a promising REI-

material for transduction, it has a few orders of magnitude lower e�ective second-

order non-linearity for the transduction process (see Section 3.5) than171Yb3¸ :YVO4.

The main reason for the smallerj ¹2º
4 5 5is from the fact of using an electronic spin

instead of the electron-nuclear type transition. The spin inhomogeneity is65 MHz

compared to160kHz, signi�cantly lowering both� 4 and� 0 and hence decreasing

the e�ciency of the whole conversion process.

Third, there is a large factor between total e�ciency (5 � 10� 8) and the internal

e�ciency ( 10� 5). This comes from the non-ideal couplings from both resonators

and the optical grating coupler. This is mostly an engineering problem in the design

and fabrication. But as the fabrication on both the microwave and optical sides

require high quality factors, over-coupled regimes and near-unity e�ciency on the

grating coupler side, the yield of the production will inevitably become low due to

the complexity from the fabrication side.

4.3 Previous on-chip design v3

With the previous experience in mind, I start to work with materials with highj ¹2º

and also avoid utilizing the evanescent coupling on the optical side. This leads

to combining the idea of a nanobeam optical resonator with microwave resonators

together. With this idea, the chip is shown in Fig. 4.3 (unpublished). The microwave

resonator is similar as the previous lumped-element design, but now with a U-shape

inductor to surround the nanobeam for increasing the move overlap. On the optical

part, learning from the worse evanescent coupling from hybrid systems, now the

mode is fully inside the171Yb3¸ :YVO4 crystal. The nanobeam is either with a
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Figure 4.2: Previous design v2. The device consists of a lumped-element mi-
crowave resonator and photonic crystal cavity on top of doped in yttrium orthovana-
date crystal. More details can be found in [46]

Figure 4.3:Previous design v3.The device consists of a nanobeam with either an
optical waveguide or photon crystal cavity. A microwave resonator is formed by an
interdigitated capacitor and a U-shape inductor. The whole pattern is on top of the
yttrium-171 orthovanadate crystal.

photonic crystal mirror on the very end or with the full photonic crystal cavity

milled on the whole nanobeam. The two preparations are because milling the full

photonic crystal on a long suspended nanobeam is technically low-yield. It usually

destroys the nanobeam due to the strong torque during milling. Another di�culty

here is the double frequency matching on the optical and microwave sides. As the

REI-material used here is with electron-nuclear typer transition, the frequencies are

�xed. However, tuning both microwave and optical cavities in the current design are

almost impossible. The way we have is the gas-tuning method. A layer of nitrogen

will condense on top of the chip such that it changes the refractive index and hence

shifts the mode frequency. Here, this gas-tuning can only bring one resonator on

resonance, but not together. However, we can still investigate the system e�ciency

and see if this is a promising way to move forward with enough engineering e�orts.

With the above discussions in mind, some calibration and measurements will be
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discussed below. Unlike the former two designs where the results could be found

in each paper, the result of this design is unpublished. First, the device calibration

results are shown in Fig. 4.4. After gas-tuning the optical resonator, the microwave

resonance is at 3.56GHz with Q around 16k, about 1000 times spin inhomogeneity

detuned from the excited state spin transition. At this large detuning, the coupling

to ground state spin will happen at round 17 milli-Tesla as a 45-cut171Yb3¸ :YVO4

is used. By tuning the current to a pair of superconducting coils around the device,

an anti-crossing coupling pattern appears on the microwave resonance, showing the

ensemble ground-state spin coupling. A �tting pattern of this anti-crossing has been

calculated which gives the spin ensemble coupling strength as 2.2MHz. This is

about what we expect. A quick calculation is to compare with the previous on-chip

device v2, where an ensemble coupling strength as 105 MHz is measured. Based on

the g-factor di�erences, concentration di�erences and the angle misalignment due

to the 45-cut, the ensemble coupling strength here is expected to be 3.7MHz. This

is within a factor of 2 from the measurement results. However, as the ground state

spin gets coupled here is not a ZEFOZ (zero �rst-order-Zeeman) transition, the spin

inhomogeneity is much larger. A 70 MHz linewidth is extracted from the �tting,

contrasting to a 200 kHz linewidth of the excited state spin clock transition. This

number is also within the expectation, as again in the previous on-chip device v2, the

spin transition used is with 65 MHz inhomogeneity, also not a ZEFOZ transition. On

the optical side, the optical photonic crystal cavity after gas-tuning shows a quality

factor of 3K. However, as the device is a long suspended nanobeam, the heating is

quite signi�cant. An optical inhomogeneity measured inside the nanobeam is 560

MHz with ` W level optical power, contrasting to the 120 MHz linewidth measured

from a cold bulk sample.

Having the optical and microwave resonator ready, the microwave-to-optical trans-

duction signals are shown in Fig. 4.5. Even though the resonator is 1000 times the

inhomogeneity detuned from the excited-state spin transition, transduction signal

is still measured clearly from the excited-state spin at 3.37GHz. However, as the

nanobeam can only access one type off transitions optically, The signal only hap-

pens at a �nite magnetic �eld, which is a trade-o� between the spin inhomogeneity

and the separation from phase cancellation (see Supplementary materials of [53])

for more information). A simulation curve of this excited-state spin transition at

di�erent magnetic �elds is plotted on top of the measurement results. The overlap

proves that the signal is from the excited-state spins. However, since the transduction

happened at some magnetic �eld, the spin linewidth will be broadened inevitably
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Figure 4.4:Previous design v3 calibration.(a) Microwave resonator transmission
measurement at di�erent external magnetic �eld. An anti-crossing happens when
the resonator is aligned with the ground-state spin transition. (b) The �tted coupling
pattern, showing the ensemble coupling strength as 2.2 MHz and ground-state spin
inhomogeneity as 70 MHz. (c) The optical spectrum after gas tuning, showing the
photonic mode with quality factor� 3000.

Figure 4.5: Previous design v3 results. (a) Microwave-to-optical transduction
signal at the di�erent external magnetic �elds and input microwave frequencies.
The red dashed line represents a simulation curve, calculating the spin transition
frequency. (b) The spin inhomogeneity at di�erent magnetic �eld, measured from
the transduction signal in (a). (c) The measured transduction e�ciency at di�erent
input pump powers.

to a few MHz level. Lastly, the transduction e�ciencies are calibrated at di�erent

pump powers, shown in Fig. 4.5(c). The blue line represents the raw measurement

results without any shifting or extrapolation. Based on the detuning we know, we

can then calculate the expected e�ciency if the resonator is on-resonance with the

spin transition frequency. This is shown in the red line, where an expectation of10� 8

e�ciency is expected at around 10 nW laser power to the device (after an estimate

of the 45 coupler e�ciency and the kappa ratio of the cavity). The dashed green

line represents an extrapolation of the red line trend, which arrives at 1% e�ciency

at 1 mW pump power in the device.
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With these results presented, a conclusion can be drawn here that this design is still

not promising. The reasons are three-fold.

First, the suspended nanobeam structure fundamentally limits the pump power to the

device. As we saw from the pump power dependence measurements, the e�ciency

are promising if 1 mW pump power can be sent in. However, the heat dissipation

is not ideal as there are only two connecting ports on each side for cooling down

the long nanobeam. Optical inhomogeneities are measured to be broad with` W

level before the device. The heating issue also will be present in the added noise

property. As the e�ciency is low, the added noise is not measured but is expected

to be high. One solution to the heating problem is to �ll in the milled trench with

some materials such that the nanobeam is more thermally connected. One thought

would be a spin-on glass, which has a smaller refractive index than YVO4. However

details need to be explored as the nanobeam will be unlikely to survive under the

spin-coating process.

Second, the nanobeam only gives access to a singlef transition. This limits the

operation to be with a �nite external magnetic �eld, instead of a true zero-�eld

operation. On the other side, the spin inhomogeneity will be broadened to a few

MHz, which then losing the point of utilizing the narrow spin inhomogeneity, or

equivalently largej ¹2º, for the conversion process. A solution for this would be to

use an a-cut crystal such that the twof polarizations can be driven and collected

together, but the oscillating magnetic �eld from the planar microwave resonator for

the spin driving will be perpendicular to the allowed transition direction, hence, not

working for this design.

Third, the microwave and optical resonance can not be tuned individually. From the

data, the extrapolation and signal shifting by taking out the detuning factor shows 1%

at 1 mW pump power, which looks promising. But the fact is the resonator is 1000

times spin inhomogeneity detuned from the actual spin transition frequency. More

fabrication can be done to �nally have a device with the correct microwave resonator

frequency after gas-tuning, but the yield will be quite low. Another thought would

be to post-tuning the microwave resonator frequency via a permanent way, such as

shortening the capacitor length via focus ion beam milling. This should be doable

in principle, but only a few chances at most, as the wire-bonding to the coplanar

waveguide area is limited and each time the wires need to be cut o�.
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4.4 Motivation to the next generation device

Based on all the previous iterations shown in the above sections, we learn the sus-

pended nanobeam structure is not ideal due to the limited cooling channel to the

device. The hybrid device is also not ideal as the mode overlap from the evanescent

coupling is very small, limiting the total number of REIs used in the conversion

process. Better on-chip photonic structures are required, such as having an optical

mode directly inside the REI material but not suspended. However, the fabrication

methods that can be done will REI-materials are limited. On one side, there is still

no published result on how to etch the usual host material (e.g., YSO and YVO). On

the other side, there is no thin �lm of REI material commercially available. So all

fabricated structures are from a bulk chip.

Therefore, instead of diving into the on-chip photonic mode limited by the fabrica-

tion methods currently, switching to a free-space optical mode would be bene�cial.

Because the structure will not rely on any suspended structure or evanescent cou-

pling, the optical mode will be large to match the microwave mode. One would also

get access to bothf polarizations by using a c-cut crystal and shining light in and

out via the z-axis. In the future, incorporating an optical cavity is also doable as

many groups in the world have demonstrated free-space optical cavities with REI-

systems [45, 81, 82]. On the microwave side, we can still use the on-chip microwave

resonator and coupling to the optical illumination area via a surrounding inductor

to maximize the mode overlap.

With these thoughts, in the next chapter, I will focus on the next-generation device

using free-space optical mode.
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C h a p t e r 5

NEW GENERATION TRANSDUCERS: DESIGN AND
CALIBRATION

Here I will go through the design and calibrations in the microwave and optical

domain of the new device. This is mostly adapted from the supplementary materials

of our paper [78].

As discussed in the previous chapter, a free-space optical mode is chosen to work

with instead of an on-chip photonic mode. With this, the fabrication process of the

new chip design is largely simpli�ed, which only consists of one layer of electron-

beam lithography.

5.1 The microwave part

Design and fabrication

We start with a c-cut171Yb3¸ :YVO4 chip with 500` m thickness. A c-cut crystal

will allow us to drive the spin transition withf I polarization and also to access both

f -polarized optically. For the fabrication, 150 nm niobium is sputtered on top of the

chip. The microwave resonator is fabricated based on the niobium layer with MaN-

2403, which is then transferred to a 25 nm evaporated aluminum layer after lift-o�.

The aluminum behaves as a hard mask for the subsequent dry etch of niobium by

reactive-ion etching in SF6+Ar chemistry. The aluminum is �nally removed with

wet etch in aluminum etchant and hydro�uoric acid. The microwave resonator

consists of an interdigitated capacitor and a circle-shaped inductor, as shown in Fig.

5.1. The capacitor is made by 10` m wide niobium �ngers and the inductor is made

by 1 ` m thin niobium wire. As the spin couples to the oscillating magnetic �eld,

the circle-shaped inductor is used to con�ne the magnetic �eld and surround the

optical mode. We notice the microwave is a single-port device, where a coplanar

waveguide is directly connected to the shunt capacitor via a coupling capacitance.

In this manner, we can change the coupling capacitance and hence making the

resonator to be over-coupled regime for better microwave power injection to the

resonator.

Meanwhile, the resonator aims to couple the excited-state spin transition at 3.3685

GHz. To make the resonance correct, other than fabricating the device to be roughly

around the frequency, we also controllably shift the resonance frequency up closer
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Figure 5.1: The microwave part of the new transducer. (a) The microwave
resonator on top of171Yb3¸ :YVO4 chip. (b) Relevant energy levels for transduction.
The microwave resonator aims to couple the excited-state spin transition between
j41i and j42i . (c) The microwave resonator calibration. At cold temperatures and
no optical pumping, a bare resonator lineshape is measured with&C= 1.1K.

to our spin frequency after measuring once at base temperature. We used a Ga¸

focused ion-beam to mill parts of the interdigitated capacitor �ngers away, which

changed the shunt capacitance and thus the resonance frequency. The niobium layer

is 150 nm, here we mill 250 nm to deterministically break the capacitor �nger. A

SEM picture of this focus ion beam (FIB) milling the capacitor is shown in Fig. 5.2.

One can always run the simulation and �nd the exact length to cut on the capacitor

for a precise frequency shifting. Here, a rough guidance for the milling is from the

relationship between the capacitor �nger length and the resonator frequency. We

found about -6 MHz per̀ m in our design with a �xed 25 capacitor �nger pairs and

30 ` m inductor radius. The minus sign comes from the fact that a larger capacitor

leads to a lower resonator frequency. Therefore, if we plan to shift the resonance by

20 MHz, then totally the capacitor needs to be shorter by� 3.3 ` m, corresponding

to 3.3� 50=167` m on a single capacitor �nger. Experimentally, we only did a few

times of this type of shifting and reached the correct frequency. With the limited

number of data points, we found cutting 200` m of the capacitor �nger corresponds

to 18 MHz and 400̀ m corresponds to 42 MHz shifting, which roughly agrees with

the quick calculation.

Another thing to mention is the quality factor before and after the FIB. The starting

internal quality factors are already low, only a few thousand due to either a not

prefect niobium �lm stress or the etcher condition. So we did not observe a clear

change of the internal Q before and after this permanent tuning.
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Figure 5.2: Tuning the resonance via focus ion beam milling.A SEM picture
illustrating a capacitor �nger after milled by Ga¸ focus ion beam, to shift the
resonator frequency.

Simulation

As mentioned before, each resonator has an interdigitated capacitor formed by 25

capacitor �nger pairs with 570 um in length and an inductor formed by a 1 um

wide line with a 30 um bending radius. We simulate the microwave resonator

mode pro�le as shown in Fig. 5.3. The coupling strength is almost constant within

the 20 um beam radius (Fig. 5.3b). To get an estimate of the e�ective crystal

length participating in transduction, we consider a cuto� at half of the cooperativity

(� � 862
4–8), where the center position shows� 8 ` m penetration depth (Fig. 5.3d).

Out of the total magnetic �eld energy along all directions,� 0.27% of it is con�ned

inside a 20̀ m-radius 8̀ m depth cylinder. In reality, there are complications due to

the optical reabsorption of the crystal. Even with 8` m thickness, the reabsorption

is � 35%. This roughly balances the 50% cuto� of the magnetic energy. Without

unraveling the balance between the microwave mode cut-o� and reabsorption, we

�nd that using this 8` m e�ective length in the simulations predicts the system

behaviors well.

To calculate the ensemble coupling strength, we need to integrate all the atoms

that couple to the microwave �eld. Although the single-atom coupling strength

is inversely proportional to the mode volume of a cavity, the ensemble coupling

strength is only related to the energy con�nement ratio inside the REI material.

Speci�cally, the total coupling strength goes as:

62
4–C>C=

Õ

8

62
8 (5.1)
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Figure 5.3: Microwave resonator mode simulation. (a) Top view showing the
out-of-plane oscillating magnetic �eld, which couples to the excited state spin
transition. (b) A horizontal cut through the center of the circular inductor, showing
the coupling strength at each position on the diameter. (c) A vertical 2D plot showing
the penetrating magnetic �eld strength through the center of the circular inductor.
Note that there is no magnetic �eld along the z-axis right under the inductor as it is
purely along the x-axis. (d) The cuto� depth for half of the ensemble cooperativity
(� � 862

4–8).

where the single spin coupling strength is

68 =

r
l 4` 0

2\
` B?8=

1
p

+0

� 8p
¹j� 8j2º<0G

(5.2)

and ` 0 is the vacuum permeability. Putting the above equation into the ensemble

equation and converting the discrete sums to integrals,

62
4–C>C=

l 4` 0

2\
` 2

B?8=d[ (5.3)

where we de�ne the ratio of the resonator energy con�nement to the transduction

material[ as,

[ =

¯
<0C� 23+

¯
+C>C

j� j23+
• (5.4)

Apart from material properties, we �nd that the total ensemble spin-resonator cou-

pling strength is only related to the energy con�nement ratio, which has been
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