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BOLTED TIMDRER JOXWLS

Io Imbtroduction

Tn & bolted timber joint the stress in the wood under the
bolt is not uniformg om the contrary, high stress coneentrations
oceur at the edges of the timbers. The mere slender the bolt
the greater is the stress eoncentration.and the smaller the
portion of the lenzth of holt over whieh the actual bearing is
distributed, Tests sendueted at the Foregt Produets Laboratery
have revealed the existenee of a relaticaship between the 1ength_'
to diameber ratio of tge bolt and the prspertien&l limit of the
average bearing value of the wood. The tests indieated ﬁhat
the aversge proportional limit stress (stress at which the slip
of the joinﬁ_ceases to be proportienai to the applied load)
dasreases with iﬁcreasing length 4o dianmecter ratios, Therefore
gafe unifofm deaign stresses, based on the average propertional
limit gtress, nust decreass with inercasing length to dismeter
ratios,. | _

Tt 45 the purpose of the following discussion to determine -
canalytically the relationship between the stress distribution
in bolibed joints and the elastise properties of the ﬁolﬁ and the

Wwond. e

II. Deflsction Curve of a Beam on an Elastie Foundation
The action of a bolt in s timber Joint is that of a beam

on an elastic¢ foundation. That is, bobth the bending strength

El

of the bolt and the elastiec properties of the wood nmust bhe



gonsidered,
Consider a beam on an elastie foundation, with coordinate

axes as shown. The bending moment 11 is taken as positive when

JWX

it produces ugwa:ﬂ goncavity, and faf such bending 5%% is
negative when the eocordinste oxes are directed as indicated
cbove, Hence the differential equation of the deflectien

curve is £7 ;‘,’%—wﬁ/. Differentiating both members of the
cquation twise, there results £7 %rf , in which g denotes
the intensity of the load acting on the beam. Now consider

the been to be imbedded along its entire length in a material
eovable of exerting both dovmward and upward ferees on it.

It vwill be acsumed that when the beam is defleeted the 1ntensity
of the continuous reaction at every sectior is proportional

to the déflectioﬁ at that section. Hence.the intensity of the
Jond acting on the beam may be expressed as ky, where k is the
modulus of the foundation. k denotes the nmagnitude of the con-
tinuoug, reaction per unit of length of the beam per unit of
defleetion, f‘or an unloaded pertion of the beam, the enly force
zebing on thé'beam is the continuous reasction. Therefore the
differeﬁtial equation of the defleetion curve of g bean on an

. elastic foundation is

4
EIS%=ky .



o Bom
The general solution of this differential equation may be

represented as follows:

y= s/‘nb’z(C, sinhi3x + C, coa/),é’z,) + cos[:‘z(C, smhRBx+ Cy co.r/u(?x)

YK
where 3= YaFT .

to be determined from the known eonditions at eertaln points

» and Cy, CGp, C3, C4 are arbitrary constants

of the beam,
The deflection curve will first be esta.hlished for two

fundamental types of loading: 1} a concentrated loed applied

at the end of a beam, and 2} & bending meoment apolied at the

end ¢f a.beam., TFor other eonditlons of leading the deflectlon

gurve will be found by superpositien,
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Buba ibvtlﬂ" theose esonstants in the originel ecuntion, there
zecsults the following exprescsion for the deflesetion curve of

- 2BP sinhsL cosBx coshB(L-x) —sinRL coshBxcosB(L-x)
J I’s SinA28L -~ siniBL

MOC///////////// X
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Y

Ok | 24°
Q. EI‘% :=‘M=-Mo ¥ c,=-—-—,;:6- o

b. gyd ).r=1. D Creo8BL coshRL +CpcosBLsinhL ~Cy $imR3L cosh AL

=~ CysmnAL smnhiL =0
) O=0 . C2=C3 ’

C. D’X

J 5 : : .
d. o 3),( ) =L LG (¢06/3L s/nhBL~sinRLco JA/SA)* ¢ (con@l coshBL - ://ldtsméﬂl,’
~C3(s/nALsinhBL+b0sBLcoshBL) =G (smBLeoshBL+cosBLsinhRBL) = O

C? = Cs 26 /%(.:m/;é’l coshBL +3inBLcosbL
K

L f e 28°M, [ sinh BL+ s/n*GL
J/ﬂA%L ‘/ﬁ7ﬂl ) 4 K ’/,)4 ’ﬂ‘ - J'//) :Al
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suoaeituving these constants in the orlginal equeti on, tie

e 2
yET /((:/.”‘iﬂ:ﬁ?{"s/h ’ﬁ'l} [J‘//}A/ﬂ €o0sBx sinhR(L-X)=SinhBL SInBx coshB(L~x)

+ $InRBL coshBX sin Rl ) = SinRL sinhBx cosBL -x)]
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By superposiition, uning the esunition for case 1, the following

exvression iz obbtoined Low the deflection curve of the besnms

. E8P cosh Bx cos@(L-x)+cosBx coshB(L-x)
b _ SinhRL + Sin AL
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By superposit’ov, using the ecuation for esgse 2, there results

the folloing copression for the dellection curve of the beam:

- 283°Mo
J "~ K(sinhRBL*sinBL)

[J/h/éﬁx co§sRB(L-x) = coshBx $1n3(L-x)

+eosBx SIAR(L-X) = sinx cos/)/a?(z-x)]
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III. Bolted Joint wiith Steel Splice Flates
Apguning thet the bolt fits tightly in the hole so that
hoth an uvpreed end a downward resstion may'be developed, the
shove squntions can be applied to the deflection curve of the

bolt in o  ~lted Hisber Joint,

1P

P

Since the thiekness of the splice plates is smell relative
%0 that of the nain timber9 and sinee the defermation of the
gplice plates under the bolt 1s negligible in somparison te
that of the weood, this case nmay be censidaréa to be that of a
besm with concentrated loads applied at its extremities.  If
P denotes the tension force in the central member of the joint,
a load of P/2 vill be transmitﬁed to the axﬁremities of the bholt
in the eentral member by the splice plates, The deflestion of
the bolt at any section at a distance x from the edge of the
gentral nembsr is |

_RBP  coshBx €08 BlL-x) + cosBxcoshB(L-X)
JE A’ \ SINHBL + $/in ABL
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The nogmitude of the continuous reaction per unit of length
at any seﬁtibn iz equal %o k tines the deflection at thot
saﬁtien, Tlence the unit stress in bearing under the bolt

is equal to ky/d, where & is the diameter of the bolt.

‘If the load were uniformly distfibuted over the length of the
" bolbt, the unit streseg in bearing would be P/Id. It follows
that the ratio of éhe actual bearing stress at any section

to the average bearing stress is equal %o ¥ly/P.

“actual stress _ ALy "'(A’L) coshRBxcosB(L-x) + cosQBx coshB(L-x)
average stress = P S/nhRL + sin L

Since ﬂ=\7}_2‘-"‘; y where E and I are the modulus of elas-
5lcity and noment of inertia of the bels, respectively, Tor
a given length and dismeber of bolt AL is a eonstant., In -
following paragraph it is shown that k is a funetion of the

riodulus of elastieity of the wood and is independent of the

. md? K L
dismeter of the bolt, Furthermore, since T=07 s BLELSOYF

Thot 18, @4 is directly proportiondl to the L/d Tatic of the
bolt, Henee the following diseussion will be in terms of AL,
since this term is the more general and may be applied to

any speeles of woed and to any strength bolt.

On sheet 10 are plotted aizrves showing the distribution
of atressa 'along the length of the holt for various values of
AL, The"curves are symmetrieal cbout the center line of the
tinbexr ma:cfo@r. For smgll values of BL (hense small values of |

the L/d ratio) the stress is cubetantially wniformg for



Bl

hipher values of AL there are hich stress eoncenbrations ab
the edzes of the binbere TFeor values of BL 4 and abwe‘ 2
reversal of stress oeeurs. Hense 1t may be seen"shza‘t for

»

the hisher volues of AL the askunl heering is c?.isztrj.‘eut@d
aver enly a2 omall vertiorn of the length of the boli, Thece
gurves olse represert the reletive deflections of 1;1"9 volt.

On sheet 11 is plotted o curve showing the variatica
of the mexinum stress, oceurring a2t the sdge of the timber,
with 8L, Tor values of BL of ¥ and higher, the maximum
gtress inereases in direet Drcperticn with GL.

It iz of interest te npte hew the bending moment in
the bolt varies with AL, -An’ ea:e:p; esgion for the bhending

moment at any sechbion is ag fellews:

_ P _sinABx sinB(L=k) +sinBx sinh B (LX)
23 SInARBL + Sin ABL

M-—[.lo/xg

The minus sign results from the chosen direction of the
coordinate axes, The ratio of the bending moment to

PL, neglecting the minue sign, is exvressed in terms of G4

73.91’)8 °
M_ 1 s3hhBE s/nBU-X)+sinBx sinhB{L-x)
PL  24L SInARL + $/nABL

On sheetv L2 are plotted curves showing the variation in
bending nmoment along the length of the belt for various

velues of BLe Az BL inerveases, the point of moximum moment



“0-
arovroaghes the edge of the timber., TFor high values of GL
(16 ond cbove) a reversal of berding moment ceeurs, bubt the
magritude of the negative iloment 1z sl and eannot be shown
due o the scale of the dlagroame The eurve on sheed 15 shows
how the maximm bending moment deoreases with inoreasing

vaiues ol Gl

IV, Dolted Jeint with Woed Splice Plates
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Sinece the bending of the bolt 1n the gide member must be

congldered, and sinee the foundntlon 1z discentinbous at the
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edged of bhe central timber, this case must be_broken dovm
inbo Hhat of dwe veparote beams asg shown above. The bending
noment in the bolt, M, at the edge of the eentral tinber,
ner be debermined by the prineiple of eombinuisy. That is,
asguning rotetion ol the side members is prevented, the slops
of the deflection curve of the bolt at tge point of discenti=-
rnodty mmet be the sane for the two beans,

For the senter timber,

_RBP coshBxcosBlL-x)+cosBxcoshB{L-X)

')7»/2' K SinkBL +$/nAL

23°Ms sinh3x co.m(t-x) ~coshBxemAll-X) ¥eosox SInhB(L~x)~sinBxcoshB(L-X)

I’ K $/nh BL + 917 BL

n 2 . ] .
o) - & [P(:mm ~5/inhBL) +48 M, (cos 8L~ coshiL))
dz IX=0 K(me AL+ e/nAL) _

For the gide tinbers,

AP sinhFcosnrcoshB(5-x)-sinScoshBxcosn(F-x)

}'P/?" '3 _ _;,’,,/,831-_‘”,2621.
223*M. : g , o
== : _° - 10L Sinh ‘g'écoa Bx :mﬁﬂ(ﬁ"t)‘://)b -g'ésmé’xco.réd(f‘tt)
Mo~ K(shh*Zk-sin 2)

. L4 ’ o .
t e FeoshBx enB( % -x) - ain %‘" sihhBxcos (% -x)]

oy - B2
ax) "k (JIIM *9¢ :m‘ﬂ) [ 18M> (’”’A cosh B -:,—- + .r//) 209 2‘)

x=0
: —P(S/l)b r) +J/'n2%é)]




Bquating these twe expressions fer the slope at the veint of
diseontinuity, the velue of My is as follows:

P $nhRL sin’ -'%1: +$/nBL sink ¢ '%‘I"
g (J/}Mﬁz +$/n L) 2¥(coshBL-cosm)(coshBL+ cos BL-2)

M,=

For small ﬁalues‘of,GL , the above equation should result in
the same expression fer My as for the case of uniform stress
distribution. For very small angles the sine and sinh ave
aqual to the'angla, and the eosine and cosh are equal to 1,

-Haking this 3ubstitutien, the above equation ra&‘ges Yo
M, = PL/8, vhich i3 scorrect fer uniforn stress distributien.

On sheet 17 is plotited a cur#e showing the variation of
Mg with values of 8. TFer walues of G/ above §, M, is equel
Yo zero, Toking a free body diagram of the aide memﬁer and
the porticn of the bolt within the side member, if the only
forces zoting on the free body are the tensiom ferce P/2,

the shear in the hols P/2, »nd M, then My mist be equal to
PL/8. Asswming no rétatien of the gide menmbar, Mg iz less
than'EL/B for the higher values of GL ; hense there must be
othar forces aeting on the side member. This problem is
discusged im o later paragra@h.

As before, the ratio of the .sotual bearing stress to the
averzge bearing stress is equal to kLy/P for both the center
and side timber, This ratio Ter the two members is similar
%0 that for the ease of steel splliee plates, being in terms of

AL ¢ The curves 4R sheet 18 show the variation of stress



=) B
along the bolt for various values of BL. Thess eurves slearly
indicate the high stress concentration at the edges of the

- nmenbers and denenstrate that the setual bearing is distributed

over only a small portion of the bolt length for higher values

ofRL .

V. Determuination of k, the Medulus of the Weod

The modulus of the wood may be approximated analytically
b7 songidering the deformation of an eslastie body under diract
bearing stress, Uonsider the case in which a uniform pressure
of p lbs. per sq.‘inch is applied over a width & seoross the
gurface of a semi-infinite plate, for which ecase an expression

for the defleetion of the plate has been developedX

" m Y | Y
T 7|~p /6. .
o, S Tgeine
A 0, .
X X2
4 4%

This ease nay be applied o the bearing of the bolt in a timber
if it be considered thaﬁ Tthe beering ctress is distributed to
the wood on o plane through the senter of the bolf. Let 4
represent the dlamecter of the bolt and b the width of the

timber through whieh the bolt is inserted.

¥ Formulns for Stress and Strain, by Raymond J. Reark, p. 246
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deflection I’éla’sive te a remote point A a distahce @ from
- the edge of the loaded area

™

V = Poisgson's ratio

n

a) At any point €3 oubzide of loaded areea,

2
y:n‘—ﬁ.—[(a’f'X)/Dje;,%’x-: —x,/oyeix’)"‘} Pd( £

A% the edge of the timber, X, = -‘-’%i , and

=2 [(459) oge £5 - (45 d}/"fe ]*/"d#—z’)

-

b) At any peint inside the loaded aresa,

y= ”E[(d x,)/o]ea, z, +X2/oye }*,ba’( )

At the center of the bolt, x2=—'g- , and

¢) Ji=d defleebion at center of holt relative to the edge of
the member

= —%[(bi-o/)/oje(é +d) - (6~d))o.9¢(6 -d) "Za//ojeo/]
Letting b = nd,

Jh = ;—";—Zf[(n*/)/oj (n+t) -(n -/)/oy(n-/)]

Ovelf the erdinary range of values of n, from 5 to 15, the



=20
variatien of y, is small, and the average ‘walus ever this
range 48 Y, £%¥! « TFrom the definition of the wodulus of

the wood, it follows that -

Py

- £
Vi 2

Sinee the equations smployed in this derivation are based upon
an homsgeneoué, elastically isotronie body, and ginge wood is
neither homogeneous nor isetropie, it is umderstood that the
above expression for the medulus'cf the wood is merely an

‘approxination.

v, Determination of Allswable Average Bearing Stress

| For the oase of a bolted joint with steel splice plates,
the maxinunm defleetion, whieh eoeurs at the sdge of the ﬁimber,
is siven Py

=ﬁl° coshABL+ecosRL
Imax. K SinhBL + $in AL

Also, the maximum bearing stress under the bolt is given by

s o Kima

=

mox.” o

Hence, if the maximum bearing stress be fixed, the allowable
load on the joint is '

—fe /D) SinhBL+sinAL
P 6‘9”""9( B/ coshaL + cos BL

Sinee the average bearing stress is equal to P/Ld, it follows



=00
thet the alloweble average bearing stress, s, is

= Smax. _SinhRL + S$1nRL
T 4L CoshAL +cosBL

Tor design purposes it is necessary to express the allowable
bearing stress in terms of the L/d ratio of the bolt. Consider
the ease of a bolted joint with steel splice plates loaded
parallel to the grain, using Douglas Fir (eoast region).

EW = 1.2 X ].D'6 1bs. per sg. ineh, Bonx * 1300 lbs. per =8q.
ineh, =and Eg *‘29 x-lo6 1bs. per sq, inch. Hence k,'the modulus
of the wood, is equal to E,/2 = 0.6 x 106 1bs, ﬁer sq, ineh.

4
3L =/.'50|/t—fr~ {-fj-) _

20,575
S . / J'/M.6'7'§ +-.s'/'n.d'7‘§‘
Smax. -5751 cosh. 6‘77“-‘;'% cos. 6'7-3‘-'-

This ratic of the allowable uniform stress to the basic stress
is plotted ageinst the L/d ratio on sheet 23, It may be seen
that the allowable stress drops off rapidly with increasing
L/4 ratios. The reduotion of the basic stress recommended by
ﬁhe Forect Produets Laboratory is less ghan that indicated by
this theoretieal eurve. This diserepansy may be due to three
faetors: 1) #he bolt aebueslly does not Fit tighfly in ﬁhe

Simbers 2) the deterriined modulus of‘the wood is {neorresct;



T

2

and 3) the meximum edge stress at whieh the slip of the joint

£

soanos o be proportional %o the applied lead dees not eorres-
pond %o the propertional limit stress of the weed itself,
Howevey, if the theoretieal surve be aﬁjusted at ene point,
the remaining portion of the curve ¢losely follows the Ferést
Praduats_daboratcry recommendations,

If the joint‘is ;oaaed parpandiocular te the grain of the
wood,. this theeretieai app¥oach fails. In this case the wood
f£ivers under the bolt are placed in tension, thus affording
greater bearing capaeity than nermal. The bearing capaelty
is related to the width of the bolt, henoe the modulus of the
wood 15 met independent of the diameter of the bolt.

Vi, Tension in the Belt
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I vas stated that under the actiom of the tensiom im the
in the member, the shgar in the bolt, and M,, the zide member
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Y.
Az not in eouilidbrium for bigh L/d retles. This is due to the
fach thot for hish L/d ratios My 4s not equsl te PL/C. 4
portion of the excoss noment is dalken up by bending of bthe
side member, and the remainder is btaken by the éeﬂgien in the
bolt and ecompression bebween the side and cemtral mermbor, If
© 1t be sssumed that bending of the zlde mewber is neglieiﬁlg,
the magnitude of the %enslen in the belt may be determineé.

A9 18 the dezign practiée, let.the diztenes frem th

holt to the end of the eeniral mexber be egual to ¥d. Assune
that the intensity of the compressive atress varies linearly
irom the Belt to the snd of the eentral member., Lot L/& = Ry

and QOJPL = By

The curve on sheet 25 shews how the fencsion im the bolh varies
with the L/d radie. It is understeed that due to bepding of
the merber itself the tensioa in the bolt is less than dhat

indicated by the above expression,
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