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ABSTRACT

In this thesis, we study multiple radi@LE° systems a family of random
multi-curve systems in a simply-connected domajmwith marked boundary points
[1—eee—=I2 m and a marked interior poir@where parametér j 0 measures the
randomness of the system. We also study the multiple radial SLE(0) systems as the
deterministic limit of multiple radial SLE) systems.

As a consequence of domain Markov property and conformal invariance, we derive
that a multiple radial SLEY) system is characterized by a conformally covariant
partition function satisfying the null vector equations a second-order PDE system.
On the other hand, using the Coulomb gas method inspired by conformal eld
theory, we construct four types of solutions to the null vector equations, which can
be classi ed according to topological link patterns.

We construct the multiple radial SLE(0) systems from stationary relations by heuris-
tically taking the classical limit of partition functions &s! 0. By constructing

the eld integrals of motion for the Loewner dynamics, we show that the traces
of multiple radial SLE(0) systems are the horizontal trajectories of an equivalence
class of quadratic di erentials. These trajectories have limiting ends at the growth
points and form a radial link pattern.

The stationary relations connect the classi cation of multiple radial SLE(0) sys-
tems to the enumeration of critical points of the master function of trigopnometric
Knizhnik-Zamolodchikov (KZ) equations.

For~ i O, the partition functions of multiple radial SLEY systems correspond

to eigenstates of the quantum Calogero-Sutherland (CS) Hamiltonian beyond the
fermionic states. In the deterministic case*of 0, we show that the Loewner dy-
namics with a common parametrization of capacity form a special class of classical
CS systems, restricted to a submanifold of phase space de ned by the Lax matrix.



PUBLISHED CONTENT AND CONTRIBUTIONS

Makarov, Nikolai and Jiaxin Zhang (2025&lultiple radial SLE() and quantum
Calogero-Sutherland systerarXiv: 2505.14762 [math.PR]. url : https:
/larxiv.org/abs/2505.14762
J. Zhang formulated the main de nitions, proved all the theorems, and wrote the
entire manuscript.

(2025b). Multiple radial SLE(0) and classical Calogero-Sutherland SystaiXiv:
2410.21544 [math.PR] . url : https://arxiv.org/abs/2410.21544

J. Zhang formulated the main de nitions, proved all the theorems, and wrote the
entire manuscript.

Zhang, Jiaxin (2025aMultiple chordal SLE{) and quantum Calogero-Moser sys-
tem arXiv: 2505.16093 [math.PR] . url : https://arxiv.org/abs/2505.
16093
J. Zhang formulated the main de nitions, proved all the theorems, and wrote the
entire manuscript.

(2025b). Multiple chordal SLE(0) and classical Calogero-Moser systanXiv:
2505.17129 [math.PR] . url : https://arxiv.org/abs/2505.17129

J. Zhang formulated the main de nitions, proved all the theorems, and wrote the
entire manuscript.



Vi

TABLE OF CONTENTS
Acknowledgements . . . . . ... e ii
Abstract . . . . . . \Y
Published Content and Contributions . . . . . . .. ... ... ... ..... Y%
TableofContents . . . . . . . . . . . . . .. .. %
Listof lllustrations . . . . . . . . . . .. . Vil
Nomenclature . . . . . . . . . X
Chapter I: Introduction . . . . . . . . . ... ... e 1
1.1 Backgroundand mainresults . . .. ... ... ... .. ...... 1
1.2 Multiple radial SLEf) systemswiti*j O . . ... ... ... ... 2
1.3 Multiple radial SLE(O) systems . . . . . . .. .. ... ....... 9
1.4 Relations to classical Calegero-Sutherland systems . . . . . ... .. 16
Chapter Il: Coulomb gas correlation and ratioffal ™ . . . ... ... .. 18
2.1 Schramm Loewner evolutions . . . . .. ... ... ... ...... 18
2.2 Coulomb gas correlation on Riemann sphere . . . . . .. ... ... 20
2.3 Coulomb gas correlation in a simply connected domain . . . . . .. 22
2.4 Rationall! ~»2%. . ... .. . .. .. 25
2.5 Classical limit of Coulomb gas correlation . . . ... ... .. ... 28
2.6 Rational! o2%. .. .. ... . .. ... 30
Chapter Ill: Commutation relations and conformal invariance for multiple
SLEsystems . . . . . . ... 33
3.1 Transformation of Loewner ow under coordinate change . . . . .. 33

3.2 Local commutation relation and null vector equationd jnOcase . 36
3.3 Local commutation relation and null vector equation® m0case . 53

Chapter IV: Conformal eld theory for multiple SLEf . . . . . .. ... .. 57
4.1 Vertex operators and level two degeneracy equations . . . . . .. .. 57
Chapter V: Coulomb gas solutions to the null vector equations . . . . . . .. 61
5.1 Coulomb gas correlation and Coulomb gasintegral . . . . . .. ... 61
5.2 Classicationandlinkpattern . . . . .. .. ... .. ........ 68
Chapter VI: Multiple radial SLE(O) system . . . . . . .. ... ... ..... 84
6.1 Classical Limit of the Multiple Radial SLE( System . . . . . . .. 84
6.2 Stationary Relations Imply Commutation Relations inthe0 Case 85
6.3 Residue-free quadratic di erentials with prescribed zeros . . . . . . 87
6.4 Field integral of motion and horizontal trajectories as owlines . . . 98
6.5 Classical limit of martingale observables* . . . .. ... ... ... 106
6.6 Enumerative algebraic geometry and link pattern* . . . . . ... .. 109
6.7 Examples: underscreening . . . . . . . . ... 111
6.8 Examples: overscreening . . . . . . .. ..o 113
Chapter VII: Multiple radial SLE(0) system withspin . . . . . ... .. ... 116

7.1 Residue-free quadratic di erentials with prescribed zeros . . . . .. 116



Vil

7.2 Field integral of motion and horizontal trajectories as ow lines . . . 117
7.3 Classical limit of martingale observables* . . . .. ... ... ... 119
7.4 Examples: spin. . . . ... 121
Chapter VIII: Relations to Calogero-Sutherland system . . . .. .. ... .. 125
8.1 Multiple radial SLE(0) and classical Calogero-Sutherland system . . 125
8.2 Null vector equations and quantum Calogero-Sutherland system . . . 131

Bibliography . . . . . . . . e 134



Number Page
1.1 Multiple radial SLE{) systemsirD . . . .. ... .. ... ..... 2
1.2 Multipleradial SLE®)inD . . . .. ... ... ... ........ 2
1.3 Localization of multiple radial SLEf . . . . . . ... ... .. ... 3
1.4 Integrated— 2 (yellow points) along two Pochhammer contour . . . 7
2.1 ChordalSLEY)2:- =0 b,121 0° @2 =0 .......... 27
2.2 RadialSLEf)2: =0 b,11 0° @2 =1 @.......... 27
5.1 The Pochhammer contourtlg-I°: a commutator loop arounig

andlg . . .. 64
5.1 Exampleil1—b—k—L with 2 screening chargds—b . . . . . . . .. 70
6.1 |1:8|2: . 112
6.2 11=81l,= 8by= 1. .. ... ... .. .. ... 112
6.3 |.=428"3_ =012, ... ... . ... .. 112
6.4 1. =473 =012y = 1....... .. .. ... ... ... 112
6.5 I.=42.184_-=0123. .. ... ... . ... 113
6.6 |.=42.184_=0123 ;=1 ................. 113
6.7 1. =44 21234 =1Lbb=1............... 113
6.8 |.=42.184_-=0123 = 1................. 113
6.1 I1=1 b= 1.. ... .. . . . 114
6.2 1,=81,= 8b1=1,92_= 1....p._ ................ 114
6.3 1.=4283p= 3 2= 3 2 ... ... 115
6.4 |. =45683 p =42 & 115
6.5 |. =42.1°¢84 b =8 b,z complex conjugates . . . . .. ...... 115
6.6 |.=42.0B84 p g2 L 115
71 === 4 ... . e 121
7.2 ==L =4. . . 121
7.3 ==2,<=0,[= 4 .. . . e 122
74 ==2,<=1,[= 4. .. . . @ e 122
75 ==3,<=0,[= 4. .. . . . 122
76 ==3,<=L11[= 4 .. . . . e 122
77 ==4,<=0,[= 4 ... . . @ e 123
78 ==4,<=1,[= 4 ... . . @ e 123

viii

LIST OF ILLUSTRATIONS






NOMENCLATURE

A, SLE parameter measuring the roughness of the SLE curve.
E»XQ/~ CFT correlation function involving product of eldX.

L 9.  Null vector di erential operator acting ohg.

Oy 3% Chiral vertex operator with background cha#gand charge in CFT.
Z1)°. Partition function of the multiple SLE] system.

0.  Charge at SLE growth point, de ned ify= Pra

1.  Background charge in Coulomb gas formalishs pW Prz

2. Central charge in CFT, de ned &%= w.

Conformal dimension of the eld associated to the SLE growth point with

charge0 de ned by = &

-1\®, Quantum Calogero Sutherland Hamiltonian with paramater &.

Charge Relation. 2010, 1° = 1, relating vertex chargé and background charge
1in Coulomb gas formalism.

Neutrality Condition *NC4°. Total charge of a divisor i&1.



Chapter 1

INTRODUCTION

1.1 Background and main results

The Schramm-Loewner evolution SU/B(with ~ j 0is a one-parameter family of
random conformally invariant curves in the plane describing interfaces within con-
formally invariant systems arising from statistical physics, as introduced in Schramm
(2000), Lawler, Schramm, and Werner (2004), Smirnov (2006), Schramm (2006),
and Schramm and She eld (2009). Conformal eld theory (CFT), a quantum eld
theory invariant under conformal transformations, is also widely used to study crit-
ical phenomena, see J. L. Cardy (1996) and Friedrich and Kalkkinen (2004). SLE
and the multiple SLE systems can be coupled to conformal eld theories (CFT)
through the SLE-CFT correspondence, which serves as a powerful tool for pre-
dicting phenomena and computing important quantities of 8).B0d multiple
SLE(") systems from the CFT perspective, as demonstrated in references like Bauer
and Bernard (2003), J. L. Cardy (2003), Friedrich and Werner (2003), Friedrich
and Kalkkinen (2004), Dubédat (2015), and E. Peltola (2019). The parameter
measures the roughness of these fractal curves and determines the central charge
2170 = 137" Bo1g N0« 2 of the associated CFT.

In most recent years, there has been tremendous interest in multiple chord&) SLE(
systems, as discussed in Dubédat (2006), Kozdron and Lawler (2007), Lawler (2009),
S. Flores and Kleban (2015a), E. Peltola and Wu (2019), and Eveliina Peltola and H.
Wang (2020). In contrast, multiple radial SI/Eystems have been less explored,
with notable contributions including Healey and Lawler (2021), Y. Wang and Wu
(2024), Nikolai Makarov and Zhang (2025b), and Nikolai Makarov and Zhang
(2025a) and discussions in physics literature such as J. Cardy (2004), Doyon and
J. Cardy (2007), Simmons et al. (2011), and S. M. Flores, Kleban, and Zi (2012).

The core principle throughout our study of the multiple radial S)Eystem is
the SLE-CFT correspondence. SLE and multiple SLE systems can be coupled to a
conformal eld in two key aspects:

~ The level-two degeneracy equations for the conformal elds coincide with the
null vector equations for the SLE partition functions.
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" The correlation functions of the conformal elds serve as martingale observ-
ables for the SLE processes.

1.2 Multiple radial SLE( ") systems with™ j O

Figure 1.1: Multiple radial SLEY) sys-Figure 1.2: Multiple radial SLEY) in D
tems inD

In a simply connected domain with boundary pointd 1— b— ¢ ¢ e —=land a marked
interior point @ we de ne alocal multiple radial SLEf) systemas a compatible
family of probability measures
1% l—*2—...—.__m

P D@
on =-tuples of continuous, non-self-crossing curves starting frgmithin a local-
ization neighborhootl g none of which contain@® A more precise characterization
of these measures is provided in De nition 1.2.1 and De nition 1.2.2.

De nition 1.2.1 (Localization of Measures)Let ( C be a simply connected
domain with an interior marked poirld 2 . Letl;—b—<**—=Ildenote distinct
prime ends ofn , and let* 1—*,— ¢ ¢ ¢«—*be closed neighborhoods bf— b—¢ ¢ *—=I

in  such that:

“*xg\ *g=: foralll 8Y9 =

" None of the g contain the interior point@

We consider the measures

Pl* l_*z_. . .____*0
1

1—b—see=t-@
de ned on=-tuples of unparametrized continuous curves in Each curve] %
begins atl gand exits* galmost surely.
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A family of such measures indexed by di erent choice4 gf-*,—« ¢« —* is called
compatibleif forall * ¢ * g, the measure

l_*z_. ee_30

P et @

is obtained by restricting the curves under

1x 0_x0_q40_B0

1 2 =
P et @

to the portions of the curves that remain inside the subdontayisefore their rst
exit.

Figure 1.3: Localization of multiple radial SLEY

Similar to the chordal case, multiple radial SKEEystems are characterized by
conformal invariance, the domain Markov property, and absolute continuity to
independent standard SUB((see Y. Wang and Wu (2024)).

De nition 1.2.2 (Local multiple radial SLEY)). The locally commuting-radial
SLE\° is a compatible family of measures

l_*z_o o030

1%
P et @

on =tuples of continuous, non-self-crossing curva8’—\\’—e««« W for all
simply connected domains with marked pointg|1— b—e ¢« =+ @and target sets
* —*,—eee_ These measures satisfy the following conditions:

(i) Conformalinvariance If i : !  %is a conformal map, then the pullback
measure satis es

1j 1% 10_j1% ,0_see ljr _00 _

1% l_*z_...___*O
-— - [ ]
10 1110 1] Omeea | Oj1@° T ' 1 ;|;—b—eeemtD
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It su cestodescribe the measurewhén; | 1— b—eee—+ @@= 1D; | 1— h— e ¢ ¢ =10°,
The de nition for arbitrary  with a marked interior pointacan then be ex-
tended by pulling back via a conformal equivalemce ! D mapping@to

0.

(i) Domain Markov property Let WY—\W'—eee %/ Pi;.ff;,'fi@ and
parametrizaV'¥ by their own capacity ild. For stoppingtimes= 1G—&-++ =
de ne

&

W = W nw? ~ Dn WY

=% gnW, A
9 9 )0—@-/4
o1

S0-6Ys S0-G/s

" - b_ .
Then, conditionally on the initial segments,.; ng@a we have

s~ 5~ 04—~ 0
10 20 —0 1= 2 =
WE MW —ee oW P - o
W =

(iii) Absolute continuity with respectto independent SE(Let WY'—\W'—e e o W/

*0

Pi;.f_z;',zm Letl @ = 48\9'C| the capacity-parametrized Loewner driving

functionC7! \ ¢'C for W? satis es

doe="7rd ge, 141) 1@ do-
\.1C \ 4@ (1.2.1)

d\.1C = cot — 5 dC- x 9-

where ¢! are independent standard Brownian motions, dn#) © are 2
functions on the chamber

X::fl\l—\g—---—:‘?2R:j\1\"(\2\"( \"(\:V\leCg-

The domain Markov property implies that one can sequentially map out the curves
V\:lglg%using 61@8), or perform the mappings in reverse order. The resulting image
has the same distribution regardless of the order. This property is known as the

commutation relation or reparametrization symmetry (see Section 3.2).

In the following, we study how commutation relations and conformal invariance
impose constraints on the drift terrigt) °.

We study the multiple radial SLE) systems by exploring the following two aspects:

~ Commutation relations and conformal invariance;



"~ Solution space of the null vector equations.

Extending the results in Dubédat (2007) on commutation relations (see also Y. Wang
and Wu (2024) for the two radial case), we derive analogous commutation relations
for multiple radial SLEs in the unit disR with |1 = 48— = 48%_eee__|= 48- 2

nD and one additional marked poi@= 0, see section 3.2. The family of measure

Py ,—....p Of @ multiple radial SLEf) system is encoded by a partition function
k1)0:fl\j—p—eee - 2 R™| \i1Y\oY oo V\:Y\lh 2cg! Rjo.

Theorem 1.2.3.For a local multiple radial SLEf) system in the unit disk with
boundary pointd; = 484—}, = 48%_eee_|= 48 and a marked point a@= 0,
there exists a positive partition functidrt) © such that the drift termi g in equation
(1.2.1) satis es

1g= ’\%— O 1 2—eee—=¢ (1.2.2)
Moreover,k 1) © satis es the null vector equation
A\ O \ \ 6 C) 1
“mk . cot — %k, 1 - ——  k k=0 (123)
2 A -2 \g\g
o8 x84 -2

for some constant.

Furthermore, there exists a real constdnsuch that for al\ 2 R,

kK1\q, \—eee—) \0=4 N K1\ ;—eee_be (1.2.4)

Conversely, given a positive partition functikh) ° that satis es both the null vector
equation (1.2.3) and the rotation invariance condition (1.2.4), we de ne the multiple
radial Loewner chain as a normalized conformal ng= 621°. The evolution o8¢
is governed by the following Loewner equation with the initial condi@igti® = I :

¢ 1 1C . 6210

0= 1C641°0————— 110 =|e
WO agChl e 6

For the covering map ¢1°, de ned by48 ¢!° = 6248%, the evolution is given by

G 10 \gC
i &1°= aqlCcot éfg — o=
*1

The driving function$ ¢!C, for 9= 1—e«++—2Vv0lve as



logk)e O \o \. _
%30, aiCcot >~ 3¢ P73 o
9

3\9= aslC®
:<9

where. = 1a;—e e+ —Qis a set of measurable functions, eagh »0-1° ! » 0-1°.

The process &1° thus de nes a local multiple radial SLE) system.

Proof. Thisis asummary of results derived from Theorem 3.2.1 and Theorem 3.2.2,
which establish the commutation relations and conformal covariance properties of
the partition functiork .

A signi cant di erence between the multiple radial SLE)(systems and standard
multiple chordal SLE) systems arises when we study their conformal invariance
properties. Although the multiple radial SLB(systems are conformally invariant,

the partition functions in its corresponding equivalence classes do not necessarily
exhibit conformal covariance when we have an extra marked point.

We de ne two partition functions aequivalentif and only if they induce iden-
tical multiple chordal SLEY) systems. Equivalent partition functions di er by a
multiplicative function 5.

k=51 k- (1.2.5)

where 51[F is an arbitrary positive real smooth function depending on the marked
interior pointDA simple example that violates conformal covariance is wbHD?

is not conformally covariant. However, within each equivalence class, it is still
possible to nd at least one conformally covariant partition function.

Theorem 1.2.4.For a multiple radial SLE{) system with= SLEs starting at
I\ j—\p—eee—% 2 X71) %2 and a marked poinD 2 D not necessarily xed ab:

(i) Two partition function& andk areequivalentif they di er by a multiplicative
factor 51DF:
R = 5D k-
where 51[F is a smooth, positive function Bf Under this equivalenc& and
k induce identical multiple radial SLEJ systems.

(i) Within the equivalence class of partition functions, we can chéogesatisfy
conformal covariance. UndegZI Aut'De, k transforms as:
S
K1\j—eoe—-\ D= gL giDP- " giD  klgl\ 1O—ee e 1f0—gDPOe
&1
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(i) The choice of a conformally covariant partition function is not unique. Let:
5P = RadDHoV = 18D D°Y- W2 R

Then for any conformally covariark, K = 5[ k yields an equivalent
solution with:
iy = 1@ Ue

Following S. Flores and Kleban (2015b) on solution space of the null vector equa-
tions for partition functions of multiple chordal SLE( we construct four types of
solutions to the null vector equations and Ward's identities for partition functions of
multiple radial SLE() via Coulomb gas integral method in conformal eld theory.

Choosing chargesgfor 92 12—+« +—gand chargeg for: 2 f1-2—ee++—g; the
following trigonometric Coulomb gas integral plays a crucial role in the theory of
multiple radial SLE:

Ya Ya o _\9 \8f8f9 o Zs ZAQAQBO 7 \894\f8

sin sin sin

18Y9= 2 1 AYB< 2

le dZ .

Al

18
1A

The integration variableZ;— 2—« « « <Zare integrated along multiple contours
corresponding to various topological link patterns. A detailed explanation can be
found in Section 5.2.

Figure 1.4: Integrat&;— 2 (yellow points) along two Pochhammer contour

Theorem 1.2.5.The following four types of Coulomb gas integrals (see de nitionsin
Section 5.2) solve the null vector equatidn2.3)and the rotation equatio(B.2.2)
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(1) For any link patternU 2 1%1=—< with<—-=2 Zand1l < 5, the
Coulomb gas integral ;%) © de ned in (5.2) solves the null vector equation

(1.2.3)with
1 1= 2<02

2/\
and the rotation equatio(B.2.2)with| = 0.

(2) For any link patternU 2 1%1=—<, with<—-=2 27,1 < g, and=even,
the corresponding Coulomb gas integrmé<_£1) °de nedin (5.2.20) solve
the null vector equatiofl.2.3)with

[EY
1
N
N
Nl >

2/\
and the rotation equatio(3.2.2)with| = 0.

(3) For any link patternU 2 1%1=—< with<—-=2 Zand1l < >, the
Coulomb gas integral ;1) — P solves the null vector equatidgf.2.3)with

1= 2<02 1 [2
AN

and the rotation equatio(B.2.2)with

[l: 2<0
f.

(4) For any link patternU 2 1%!==°, with = even, the Coulomb gas integral
L §*) ° solves the null vector equatidfh.2.3)with

16 NO1IN 20
= T

and the rotation equatio(B3.2.2)with| = 0.

Here,Udenotes the integration contour, afd=— < represents the set of all possi-
ble multiple integration contours withboundary points and integration variables.
The abbreviation% stands for link pattern, which is de ned in Section 5.2.

We will discuss the linear independence of these solutions in our forthcoming
work. Understanding the complete classi cation of the solution space to the null
vector equations and rotation equation remains an intriguing open question. The
classi cation of the multiple radial SLE) systems can be reduced to studying the
positive solutions to the null vector equations and rotation equations.
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Notably, in Y. Wang and Wu (2024), the authors introduce the following chordal
SLE weighted by the conformal radius. This type of solutions can also be realized
by screening. The corresponding partition function is given by

Z U1\ 1—\0 = 1sint\ « 200 E, »CRIDNVY Yv/a

In Remark 5.2.5, we explain how this type of solution weighted by the conformal
radius corresponds to a sum of terms of the forthJHl) - .

1.3 Multiple radial SLE(O) systems
We treat multiple radial SLE curves as natural geometric objects without reference
to multiple radial SLE{) systems.

The de ning properties of this ensemble of curves are geometric commutation and
conformal invariance.

De nition 1.3.1. Let W—-+e++—Vde simple disjoint smooth curves starting from
fl1— b— e« *—=gwhich are=distinct points counterclockwise on the unit cira®.

(i) Each curve can be individually generated by a Loewner chain. In angular
coordinate, letl g = 48, then the Loewner equation for the covering map
2o of 610 (i.e. 42 c!®° = 62489) is given by
ale \gC

m &1° = cotlfo— ol° = |- (1.3.1)

and the driving function ¢'C evolve as

A glC=* g | 20— plC—ose—gtC—2++—=}C dC
d\.!C=cot \.!C \gC +2 dC-x 9

where* ¢1)©: X! Ris assumed to be smooth in the chamber

X::fl\l—\g—"'—:\’2R:j\1v\zv"'V\:Y\1, 2Cg'

(i) The curves geometrically commute, meaning that the same collection of curves
can be generated by applying the individual Loewner chains in any chosen
order. For example, we can rst map ou@%using 1@8), then mapping out

18) 19) . .
G V\{D_@%, or vice versa. The images are the same regardless of the order

in which we map out the curves.
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(i) Each curveW is Mobius invariant inD. This means that ¥\ is the curve
generated by a Loewner ow and initial dajg then its imagey W under a
conformal automorphism of D is, up to a time change, generated by the same
ow with initial data q1) © = 1q 1\ 12—« * «—% -°°. Our de nition for multiple
radial SLE(O) can be naturally extended to an arbitrary simply-connected
domain with a marked interior poinDvia a conformal uniformizing map
g: ! D,sendingDtoO.

Under these dynamics, the driving functiogtC evolves according to o) ©, while
the points\ . 1C, for : < 9 follow the Loewner chain generated by C. We de ne
a di erential operator corresponding to the cuMégby

e o O V.oV
Mog=* o) %y, cot
1 <9

m_ 9:1_000_20

For”™ = 0, we can also derive the commutation relations for the generistaysee
Section 3.3 for details.

Theorem 1.3.2.Let W——+++—-\ide simple curves that are generated by Loewner

ows and Ul?o : X* 1 Ris 2 smooth. We de ne the di erential operator

v .
Mog=%*gmn, ..gCOtl— om. If the curves locally geometrically commute, then

the vector eldsM g satisfy the commutation relations.

»Mg-M gV Mg M ¢ (1.3.2)

sin1e Lo
Moreover, under the additional assumption thgt . = m* gfor all 9—; then there

exists a smooth functiod?!) © such that* ¢ = myU . The commutation relations
hold forL ¢if and only if there exists a common constarguch that

@) @)
* 2 cotl\: L9 __3 - (1.3.3)
9, 5 : oo 3.
:<9 <9 &SIt = ——

NI =

However, it is important to emphasize a key distinction between the ¢aged

and” = 0: in the case® = 0, the conditionany* . = m* g are not consequences

of the commutation relations. These conditions are equivalent to the existence of a
smooth potential functio!)°: X=! R such that

* 9= mU -
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where the chambet™ is de ned by

X::fl\l—\z—"’—:\’ZR:j\]_Y\zY"’Y\:Y\]_# 2cg-

If we view the multiple radialSLE'(Q° system as the classical limit of a random
multiple radialSLE° system, then for the latter, we have shown that the drift term

14') © takes the form
mlogZ?t)°
1 10 = A z

9') e
whereZ?')° is a positive function satisfying the null vector equations. The idea is
that, as®! 0, the limit

Hmozl ) o" = ut)e
exists (at least for suitably chosen partition functions).

Therefore, we typically assume the existence of such a potéritie? with* o1) © =
mU1) ° when de ning a multiple radiaBLE(0° system.

This observation also suggests that, in fact, not all multiple reégli#'0° systems
admit a quantization or arise as classical limits of random mul8plg*° systems.

Extending the methods in Alberts et al. (2020), we establish the theory of the
multiple radial SLEQ) systems. We investigate the structure of the multiple radial
SLE(0) from four di erent perspectives:

~ Stationary relations and critical points of master functions;

" Traces as horizontal trajectories of quadratic di erentials forming link pat-
terns;

~ Enumeration and classi cation;

~ Relations to classical Calogero-Sutherland system.

We construct multiple radial SLE(0O) systems through stationary relations. We
heuristically demonstrate how stationary relations naturally emerge when normal-
izing the partition function for the multiple radial SLE(system as* ! 0, as
discussed in Section 6.1.

De nition 1.3.3 (Stationary relations)Letz = 11— b— ¢ « e =g be distinct points on
the unit circle, and let = fby— b— e« e <lgbe a set of involution-symmetric marked
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points. In the unit dislD, the stationary relations are given by

Qz
N
@)

4 = 2<,2_ o L
b 1s° b b’ b O T2 <o (13.4)

In angular coordinates, settingg = 4%% for 8 = 1-2—eee—andb. = 48% for
. = 12—+« +—<ghe stationary relations take the form

G 7\ 0 7
cot — > > = 2cot = ZZ — =l 2-eee—<e (1.3.5)
<

1

Based on the stationary relations, we now de ne the multiple radial SLE(0) systems.

De nition 1.3.4 (Multiple radial SLE(0) Loewner chain)Given boundary points
z=fl1— b—*+—=gon the unit circle, a marked interior poi= 0, and involution-
symmetric screening chargéls;— b— ¢ « « <lg that solve thestationary relations we
de ne the multiple radial SLE(0) Loewner chain as follows:

Let. = la;—e+++—=2Abe a set of parametrizations for the capacity, where each
ag: M-1°! » 0-1° is assumed to be measurable.

In the unit diskD with D= 0, we de ne the multiple radial SLE(0) Loewner chain
as a normalized conformal mdje= 621°, with the initial condition6p!1° = | and
the evolution given by the Loewner equation

nagscuo—é alescllolgle’ ecl®
s o | o'C  621°

SICENE (1.3.6)

The Loewner chain for the covering mag!° = 8logl6242° is given by

G dlo \ge B
i &° = aq!C cot — - ol =1e (1.3.7)

1

The driving function$ ¢'C, for 9= 1—« « « —®Vv0lve according to

~

1y_0 O \
&y = agl(‘zM , a. 1Ccot 9 - (1.3.8)
m\g .
1<9
where the multiple radial SLE(0) master function is de ned by
O \q \. O G G _
Z1)-o:= si? 2 sif 2% sin“\'zZ .

1 9Y: = 1 BYC< =1 ;=1
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The logarithmic derivative oZ* ) — © with respect to\ g (treating) and' as
independent variables) is given by

M:O cot o \: 2O cot

m\g <9 2 ; \g Z

(1.3.10)

for 9= 1-eee—The ow mapb6¢cis well-de ned up to the rst timeg at which
lot@ =1.21Cforsomel 9 Y : = Foreachl 2 C,the proces€C7! 621°is
well-de ned up to the timgy * g, whereg is the rst time at which621° = | g!C.

The hull associated with this Loewner chain is denoted by

n o]
c= 12D:g C-

Remark 1.3.5. The above de nition of the multiple radslE*0° system is dynamic

and local. It allows us to de ne such a system for arbitrary initial con gurations

of involution-symmetric/ , without assuming the stationary relations. WHhen
satis es the stationary relations, we will show that, for any parametrizati@®)

the traces are horizontal trajectories of a quadratic di ere&itllo— 3P, as stated

in Theorem 1.3.7. This gives us an alternative perspective on the reparametrization
symmetry (commutation relations) in the cédse 0.

To characterize the traces of multiple radial SLE(0) systems, we introduce a class of
guadratic di erentials, denote@ D 2°, with prescribed zeros at= fl ;— b— e ¢ ¢ =§.

These quadratic di erentials are de ned on the Riemann sphere and exhibit involu-
tion symmetry.

De nition 1.3.6 (Quadratic di erentials with prescribed zerot)etz = fl ;—b—e e+ =9
be distinct points on the unit circle. The class of quadratic di erentials, denoted by
QDZ.

1. symmetric under the involutidn = % meaning

&1 013] 02 = g1]03|%

2. distinct zeros atl1— b—¢ ¢« =g}, each of order 2.

3. distinct nite poles aff b;—« « « <Igy, each of order 4, and the residues vanish
(Residue-free condition):

p——
Reg,t &1°31°=0- for 9= 1—-eee—<o
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4. polesoforder, 2 2< atthe marked point8andl . This ensures the total
di erence between the number of zeros and polesdis

Here, the polegby—+ ¢ ¢ <y are nite, meaning they do not coincide withor 1 .
The quadratic di erential& *1° 2 QD*z° must take the following form:

~ ~

e Y= 1,2
guo==t iy =2 X .

L N P—— ,
By considering the primitive of 11° = &11°3l, we nd that the residue-free
quadratic di erentials are natural generalization of rational functions, speci cally
designed to address the monodromy at O; see section (6.3).

The geometry of the horizontal trajectories of a quadratic di eredtidP 2 QD12°
is described as follows.

In the main theorem (1.3.7), we show that the traces of the multiple radial SLE(O)
systems correspond precisely to the horizontal trajectories of the class of residue-free
guadratic di erentials& 11° 2 QD z° with limiting ends atz = fl ;— b—e***—=0.

Theorem 1.3.7.Letz = fl1— b—* ¢« =g be distinct growth points on the unit circle
and screening chargels = fby—b— e+ —<ly involution symmetric and solve the
stationary relations.

There exists ai&1° 2 QD% with/ as poles ana as zeros, the hulls cgener-
ated by the Loewner ows with parametrizatioAC are subsets of the horizontal
trajectories of& 11°312 with limiting ends atz, up to any timeCbefore the collisions
of any poles or critical points. Up to any such time

&1° 6.2 QDR

wherez'C is the location of the critical points at tim@under the multiple radial
Loewner ow with parametrization1C.

The key ingredient in the proof of theorem (1.3.7) is the integral of motion for the
Loewner ows. This integral of motion, denoted i1°, arises as the classical
limit of a martingale observable inspired by conformal eld theory.

Theorem 1.3.8.In the unit diskD, let | ;— b—***—=Ibe distinct growth points on
nD. For eachl 2 D, de ne the following:
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' b2
10 = | -
_ . 0 5
cl = 1 0 . 1(00
C1'|0:412< =0 0 9a9'B® 3B 66'02< = 2168]"002’!\ =1 6C1| I C
<
A 9:116d.|0 bgl @04
_ . < 102
2« = ° agmap . =10 1C

0

#dlo= 1@ dI°o=4 G 0% =2
=1
;:=116C,1| o . 1(902

<9:116d_| o b91(9°4 *

Then, 1C, JdI° and#Zl1°are eldintegrals of motion on the intervad— g* g° for
the multiple radial SLE(O) Loewner ows with parametrizatiagtC, 9= 1—eee—=

Remark 1.3.9#21° is a eld integral of motion for arbitrary initial positions of
screening charges even without assuming stationary relations. The stationary
relations imply the existence of a quadratic di erentgatl®312 2 QD!Z°; see
Theorem 1.3.7.

A detailed explanation of this construction can be found in Section 6.5. This
approach can also be extended to various multiple SLE systems. For the systematic
and rigorous study of such conformal eld theories, please refer to Kang and N.
Makarov (2013) and N-G. Kang and N. Makarov (2021).

The closure of horizontal trajectories&t1° 2 QD?*z° with limiting ends at zeros
fl1—b—e e+ —=gformradial topological link patterns, see theorem (6.3.5) for detailed
proof and section 6.7 and section 6.8 for gures illustrating the traces of the multiple
radial SLE(O) systems.

The classi cation of multiple radial SLE)] is linked to the enumeration of the
master function for trigopnometric KZ equations. This connection touches on a rich
and intricate area of enumerative geometry.

As shown in Scherbak (2002a), Scherbak (2002b), and Scherbak and Varchenko
(2003), these studies establish connections between the space of critical points and
tensor products of Verma modules and other algebraic structures, providing deeper
insights into the monodromy of the KZ equations. They also demonstrate that the
critical points of the master function can be interpreted as solutions to the Bethe
Ansatz equations, thereby linking the study of KZ equations with integrable systems.
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Furthermore, when all;— b—e+++—=llie on the real line, it is shown in Mukhin,
Tarasov, and Varchenko (2009) that the enumeration of these critical points is
equivalent to the real Shapiro-Shapiro conjecture in real enumerative geometry.

This is part of our ongoing research, and based on Mukhin and Varchenko (2008), we
propose several illuminating conjectures about the enumeration problem in section
6.6.

1.4 Relations to classical Calegero-Sutherland systems

From the Hamiltonian point of view, we show that the multiple radial SLE(O)
Loewner growing with common parametrization of capacity (ag:C = 1) are a
special type of classical Calogero-Sutherland system.

Thestationary relations can be interpreted as initial conditions for the particles and
= gquadratic null vector equations aqull vector Hamiltonians, which are related

to the classical Calegro-Sutherland Hamiltonian via the lax pair. Furthermore,
these null vector Hamiltonians induce commuting Hamiltonian ows along the
submanifolds de ned as the intersection of their level sets.

Theorem 1.4.1.From a dynamical system perspective, the driving functions of
multiple radial SLE(0) systems are given by

~

@)
W=*gl)0 cot
:<9

\g

where* gsatis es the quadratic null vector equation for a constant

~ ~

1., © Voo O
Lo T et i ten = a4
2 1<9 2 :<928iﬂ2 92:
(i) By introducing the momentum functi@n, de ned as
0 \g
?9=%* 9, t - (1.4.2)
:<9

we can reformulate the multiple radial SLE(0) system as a Calogero-Sutherland
system. The momenturg satis es the null vector Hamiltonian equation:
1, 0 6 0 o
H91)_p0:§?9 ?9, 7. Dy, %5, 2 8. =
9

:<9 Lo<e 1<

C 3= 10
2
(1.4.3)

1N
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I i . . .
The total null vector Hamiltoniatd = gH gis equivalent to the classical
Calogero-Sutherland Hamiltonian:

6 ?2 6 4 =1=2 10
H = 79 — - —5 (1.4.4)
9 1 9y: =sinf =5

(i) The commutation relations between di erent growth pairs are expressed in
terms of the Poisson bracket:

HoH. :i H. Hg-e (1.4.5)

%.

Consequently, the vector ows, ,induced by the Hamiltoniart$ gcommute
along the submanifold# ,:

#2= 1)—p°:Hg')—p°=2-orall 9 (1.4.6)

This relationship is a classical analog of the relation between multiple (@dial”°

and quantum Calogero-Sutherland system, rst discovered in Doyon and J. Cardy
(2007). Notably, in the* j O case, the solutions to the null vector PDE system in
section 5.2 yield eigenstates of the quantum Calogero-Sutherland system beyond the
eigenstates built upon the fermionic ground states.
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Chapter 2

COULOMB GAS CORRELATION AND RATIONAL (! 7o

2.1 Schramm Loewner evolutions

In this section, we brie y recall the basic de ntions and properties of the chordal
and radial SLE. We will describe the radial Loewner chaibinwhereD = fl 2

Cjjl jY 1gand chordal Loewner chain 4 = fIm2I°; Og.

De nition 2.1.1 (Conformal radius) The conformal radius of a simply connected
domain with respectto a point 2 , de ned as

CR: —P:=j5%0%—

where5: D ! is a conformal map from the open unit diBkonto  with
510°=1.

De nition 2.1.2 (Capacity inD). For any compact subset of D such thatDn is
simply connected and contains O , &t be the unique conformal mdpn ! D
such that6 10° = 0and6°10°; 0. The conformal radius ddn is

CR:Dn ©°:= 62100 1o

The capacity of is
capt °=10g6°10°= log CRDn — Q%

De nition 2.1.3 (Capacity inH). For any compact subset H such thatHn is
a simply connected domain. The half-plane capacity of a hu#l the quantity

hcap ©:= lim 156 H1° 1%

where6 : Hn ! H is the unique conformal map satisfying the hydrodynamic

normalization6tl°=1,$ I asl!1

De nition 2.1.4 (Radial Loewner chain)Let6csatis es the radial Loewner equation

0 — oei\c> 6C}|0 1]0 —
b 1° = 621 N 610 = |- (2.1.1)
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whereC7! \ cis real continuous and called the driving function. Letbe the set of
pointsl in D such that the solutioBg!1° blows up before or at tim€ cis called
the radial SLE hull driven by g

Radial Loewner chain in arbitrary simply connected domaif C with a marked
interior pointD2 , is de ned via a conformal map from onto sending O td.

De nition 2.1.5 (Radial SLE()). For ~ 0, the radial SLE() is the random
Loewner chain irD from 1 to O driven by:

\c= Px c (2.1.2)

where cis the standard Brownian motion.

De nition 2.1.6 (Characterization of radial SLE)The radial SLE is a family
P!D; Z-0° of probability measures on curvgs: »0-1° | D with [10° = Z
and parametrized by capacity satis es the following properties:

" (Conformal invariance) For alD 2 R, let dpt1° = €9 be the rotation map
D! D, the pullback measurd,P'D; Z-0° = P'D; 4 8%Z-0°. From this, we
may extend the de nitiont®* ; 0— ®in any simply connected domainwith
an interior marked poinD by pulling back using a uniformizing conformal
map ! D sendingDto O.

(Domain Markov property) given an initial segméiiO— &of the radialSLE~

curveW P! ;G-%up to a stopping timg, the conditional law of\g-1°

is the lawP?! n g; Wg°-0° of theSLE~ curve in the complement of the hull
g from the tipWg° to O.

" (Re ectionsymmetry) Lét: | 7! | be the complex conjugation, thehZ -0°
] P1Z¢°.

De nition 2.1.7 (Chordal Loewner chain)Let 6¢ satis es the chordal Loewner
equation

2
|o= _ 110 = |— 2.1.
1= e pig @ (2.1.3)
whereC7! bcis continuous and called the driving function. Legbe the set of
pointsl in H such that the solutioBg!1° blows up before or at tim€ cis called

the chordal SLE hull driven blgc
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Chordal Loewner chain in arbitrary simply connected domairgf CfromOto 1,
is de ned via a uniformizing conformal map fromontoH sending0 to 0 and 1 to
1.

De nition 2.1.8 (Chordal SLE()). For ~ 0, the chordal SLEY) is the random
Loewner chain irH fromQOto 1 driven by

bc= c (2.1.4)
where cis the standard Brownian motion.

De nition 2.1.9 (Characterization of Chordal SLEChordal SLE is a family of
probability measures on curv@H; 0— 2[ : »0-1% ! Hwith[10° = 0—[t1° =1
and parametrized by capacity satis es the following properties:

" (Conformal invarianceX!l® 2 Aut'H°, the pullback measurd P10—2 =
P1H; d10°- d1°°. From this, we may extend the de nition of BH; | 1— b°
in any simply connected domainwith two boundary points;— b by pulling
back using a uniformizing conformal map! H sendingl; to 0 andl; to
1.

" (Domain Markov property) given an initial segmétit0— ¢/of theSLE~ curve
W P! ;G-%Hup to a stopping timg, the conditional law ofAg-1° is the
law P n 4; Wg°-H of the SLE~ curve in the complement of the hull
from the tipWg° to H

2.2 Coulomb gas correlation on Riemann sphere

To de ne more general SLE processes beyond the chordal and radial SLEs, we
introduce the concept of Coulomb gas correlations. These correlations serve as
partition functions for various SLE processes and play a central role in conformal
eld theory.

We de ne the Coulomb gas correlations as the (holomorphic) di erentials with
conformal dimensionsg = f 5-2 f ol atl g (including in nity) and with values
O
lg I. "= 1928k

9Y:
lo—| <1

in the identity chart ofC and the chart 7! 1el atinnity. If f of . 8 2Z, the
Coulomb gas di erential is multi-valued; in this case, we choose a single-valued
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branch. After explaining this de nition, we prove that under the neutrality condition,
f 9 = 21, the Coulomb gas correlation functions are conformally invariant with
respect to the Mobius group ARe.

De nition 2.2.1 (Di erential). A local coordinate chart on a Riemann surfate
isaconformalmam :* ! g**° Conanopensubsét of” . A dierential
5is an assignment of a smooth functibbkq® : q* © ! C to each local chart
g:* ! g*™° 5isadierential of conformal dimensions — _Yif for any two
overlapping chartg] and ; we have:

igkge =1 ®- 07 15 Kkqge— (2.2.1)

where =q g l:q* \ *01 qgi* \ *9jsthe transition map.

De nition 2.2.2 (Neutrality Condition) A divisor2 : B! Rissaidto satisfy the
neutrality conditiontNC?° if 1

2 =21- (2.2.2)
for somel 2 R. In the context oELEx, the parameted is related to® | 0 by
r— r _
8 N
1= ~ E. (223)

De nition 2.2.3 (Coulomb gas correlations for a divisor on the Riemann sphere)
Let the divisor o)
2 = f 9 |9—

where |9 ;1 is a nite set of distinct points o&. The Coulomb gas correlation
11032 Yis a di erential of conformal dimensiongat | g, given by

—
ON

_9=_1 f 9 f 91— (2.2.4)

™|

where_;f °=% f1 1f 2 C°whose value is given by

o fof .
11052 V= lg 1. % — (2.2.5)
9Y:
where the product is taken over all nitggandl ..

This de nes a holomorphic function afon the con guration space

Gistinet = Z= tl1—eee=02C lg<I. for9<: -



22

In general, the function is multivalued, and one must choose a single-valued branch
for each factortl g 1.°7 9" except in special cases where B} are integers. If

all f gare even integers, the function becomes single-valued and independent of the
ordering of the product. In the special case wherge= 1 for all 9 the correlation
function coincides with the Vandermonde determinant.

Theorem 2.2.4(see N-G. Kang and N. Makarov (2021) thm (2.2)nder the
neutrality conditiontNC,°, the di erentials 11032 ¥are Mobius invariant or€C.

2.3 Coulomb gas correlation in a simply connected domain
In this section, we de ne the Coulomb gas correlation di erential in a simply
connected domain.

De nition 2.3.1 (Symmetric Riemann surfacej symmetric Riemann surface is a
pair 1(— @ consisting of a Riemann surfa¢eand an anticonformal involutio®on

(. The latter means tha®: (! ( is an anti-analytic map witt® 9= id (the
identity map).

The principal example for us is the symmetric Riemann surface obtained by taking
the Schottky double of a simply connected domain domain. The construction of this
is brie y as follows. (See section 2.2, Schi er and Spencer (1954), I11.3E, Ahlfors
and Sario (1960) for details.)

De nition 2.3.2 (Schottky double)Let ( C be a simply connected domain@
with = m consisting of prime ends. Take copyf andweld and ~together
along so that a compact topological surface®®4 = [ [ ~is obtained. If
| 2 let ~denote the corresponding point on Then an involutior@on  >P1i4

is de ned by
gl1°=F and

g =1 forl 2 -
Rlo=1| forl 2 -

The conformal structure on will be the opposite to that on, which means that
the function~7! T serves as a local variable of, and 9becomes anti-analytic.

For?2m ,letq:* | g °be alocal boundary chart a?, let* be the
corresponding subset ifT, theng:* ~! q%*is alocal chart at Then we



23

can de ne a local charg for ~P%4 at boundary point? by

Thus, the conformal structure on >P14 inherited fromC, extends in a natural

>D1:4

way across to a conformal structure on all of >P1i4, This makes into a

symmetric Riemann sphere.

For example, we identif? with the Schottky double &f or that of D. Then the
corresponding involutio®is 94 : 1 7! | =1for = Hand$ : 1 7! | = 1| for
= D.

De nition 2.3.3 (Double divisor) Suppose is a simply connected domain (
Co.

A double divisof2: -2 °is a pair of divisor in

o ¢]
2: = f’g |g—2 = fg |9' (2.3.1)

We introduce an equivalence relation for double divisors:

22, 252, (2.3.2)

if and only if
2;.,2,=25,2, >=me (2.3.3)

Thus, we may choose a representatde from each equivalence class that is
supportedin ,i.e..f g =0iflg2m .

De nition 2.3.4. Suppose is a simply connected domain ( C°, letm be its
Carathéodory boundary (prime ends) and consider the Schottky dpubledouble,
which equips with the canonical involutign ] : (! (=171 .

Then, for a double divisdi2: =2 ©, we de ne the associated divisor on the Schottky
double( by o)

2=2-,2 — where 2 = fgq Ig (2.3.4)
and eachl ;denotes the image o§ under the canonical involutiohof (. Accord-
ingly, 2 is the pushforward o2 under].
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De nition 2.3.5 (Neutrality condition) A double divisort2.-2 © satis es the
neutrality conditiontNC,° if

2= 2. 2 =21. (2.3.5)

De nition 2.3.6 (Coulomb gas correlation for a double divisor in a simply connected
domain) For a double divisort2:-—=2 ©° let2 =2, 2 be its corresponding
divisor in the Schottky doublé, we de ne the Coulomb gas correlation of the
double divisort2: =2 ©° by

2:2 12:= (R (2.3.6)

We often omit the subscripts- (to simplify the notations.

If the double divisort2:- -2 © satis es the neutrality conditiofrNC,°, then the
Coulomb gas correlatign fungtion >2--2 ¥is a well-de ned di erential on ,
with conformal weights_-i—_o at each point ¢ 2

If 1 92 m , then the di erential is with respect to a boundary chart: that is, a local
conformal map from a neighborhood lofin  to the upper half-planéi, sending

| 9to a boundary point oH. The derivativam, is then de ned as the holomorphic
derivative in this local coordinate.

1f , 02 11: 02
9 9
9= _1 fy 5~ fel= o=_1fo >— fole (2.3.7)

By conformal invariance of the Coulomb gas correlation di erentigl»2 %on
the Riemann sphere under Mdbius transformation, the Coulomb gas correlation
di erential » -2 Y4Z°isinvariant under DC °.

Theorem 2.3.7(see N-G. Kang and N. Makarov (2021) thm (2.4)nder the
neutrality conditiontNC,°, the value of the di erential y »2-—2 ¥in the identity
chart ofH (and the chart 7! 1<l atin nity) is given by

O -— O
H 2’—2 = |9 I: 9 |9 I: :
9Y: 9—:

where the products are taken over nikgandl ..
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Example 2.3.8.We have

(i) if 2 =0, then (up to a phase)
5

W20 = lg I tel
9v:
(i) if 2 =2.,then (up to a phase)
h _i ) _2 06 2
W2:2. = g 1 Tetg o el 2Imlg ' ;
9Y: Imlgj O
(iii) if 2 = 2., then (up to a phase)
h L o) _2 06 2
T PR P PO 2Imlg 'Y
9Y: Imlgj O

where the products are taken over nikgandl ..

Theorem 2.3.9(see N-G. Kang and N. Makarov (2021) thm (2.5)nder the
neutrality conditiontNC,°, the value of the di erential p »2-—2 ¥in the identity
chart of D is given by

O )
b 2:2 = lg 1. "8 g g, Tel 1 1g. = (2.3.9)
9Y: 9—:

where the product is taken over nilgyandl ..

2.4 Rational(! 2%

De nition 2.4.1 (Rational SLE) In the unit diskD, let4®' 2 nD be the growth point,
and letDy = 484—p = 48%—eee_ D= 48- 2 D be marked points. The symmetric
double divisort2: —2. ° assigns a charge distribution off' andf D— B— ¢ * » —[D),
where2: =0 48\, ' fg Dgand2 =2.j , satisfying the neutrality condition
# 1)

We de ne therationa{! ~»2 ¥4.oewner chain as a random normalized conformal
map6c= 6¢1°, with initial conditions6pt1° = | and6X0° = 4 € The evolution of
6c1° is governed by the Loewner di erential equation:

48\1(‘3 6(9" o]

na,6é|0:66'|048\1@ 6é|0_

@1|° = e
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Let &I° be the covering map @219, i.e., 48 ¢!° = 62480, The evolution of &1°
is described by:
e \1C

e &1° = cot — - oll®=|e

The driving function 1C evolves according to:

mlogZ*\° Y

3\1C = 3C "3
m\ 4 c

where the partition function
O \g \. o O
Z1)°=  sin > '
av: 9

43f o f1\ o, (2.4.1)

isdenedin (2.4.1).

The ow map6eis well-de ned up to the rst timay at whichZ:C = 6&F° for some
F in the support o . For eachl 2 C, the proces€7! 6¢1° is wgll-de ned up p
g " g, whereg isthe rsttime atwhict6&1° = 48'C. Denote c= 1 2H:g C
as the hull associated with this Loewner chain.

Furthermore, the law of the rational SLE)(Loewner chain is invariant under
Mobius transformations AtD® (up to a time change), due to the conformal invari-
ance of the Coulomb gas correlation. Consequently, we de ne ratidnak»2 ¥in
any simply connected domainby pulling back via a conformal magp: ! D.

In de nition (2.4.1), we de ne the rational SLE from the perspective of the partition
function. This approach helps us to understand the SLE within the framework of
conformal eld theory and can be naturally extended to various settings, including
multiple SLE{*) systems.

Example 2.4.2.Double divisor for chordal and radiabLE**— &, whereb denotes
the growth point andls the marked boundary point (in the chordal case) or interior
point (in the radial case).

In addition to the aforementioned de nition, another widely used equivalent is
known as SLEf,d). We prove the equivalence between ratigital ~»2 -2 ¥Yand
SLE(*,d) in the following theorem.
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Figure 2.1: Chordal SLEj 2- =0 b, Figure 2.2: Radial SLE) 2- =0 b
127 0° @2 =0 11 0° @2 =1 @

5

De nition 2.4.3 (Radial SLE(-d). Let b be the growth point on the unit circle,

d let ~
and le &
1= dop,, fo X, f1 X

*1

be a divisor ong, wheredg 2 C, and the divisorl is symmetric under inversion,
i.e.,

11°=1 '— forall | 2 B
iz

We sayl satis es the neutrality condition fadBLE*"— @ if
1
1=" 6

. De ne the radial SLE**—b4° Loewner chain by

bl 6Z1°

e oae- 0= (2.4.2)

mbe1° = 631°

Letbi@ = 48VC Dy = 48@and <1° be the covering map @21° (i.e. Jl1° =
68:48°) | then the Loewner di erential equation ford1° is given by

o] 1
ng ¢1° = cot <1 > e o'l®=1- (2.4.3)
the driving function 1C evolves as
0 e @'
\1C= p"3 C. dgcotlT@% (2.4.4)

9

Note that although the lifts df*C in universal cover are not unique, di erent lifts
lead to the same di erential equation fog 1 ° by periodicitycottl , :c©° = cottl?,
c 27
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i _
Theorem 2.4.4.Forasymmetricdoubledivis@: =0 b, fgDgand2 =2.]

e . - I
satisfying neutrality conditior®{ 1), letl = ;:1 dg Dgwheredg = 120°f . Then
two de nitions(! 22 ¥Yand SLE(- d are equivalent.

Proof. The equivalence in one chart can be veri ed by directly computing the
drift term in the Loewner equation. The conformal invarianc&bE!"— @ under

the neutrality condition# 1), where the divisorl consists of real charges, is
established in Schramm and D. Wilson (2005). Moreover, their argument extends
naturally to the case where the chardesre complex.

2.5 Classical limit of Coulomb gas correlation

Now, we extend our de nition of Coulomb gas correlationte 0 by normalizing
the Coulomb gas correlation.

De nition 2.5.1 (Normalized Coulomb gas correlations for a divisor on the Riemann
sphere) Let the divisor &
2 = f 9 |g—

where |9 ;1 is a nite set of distinct points of. The normalized Coulomb gas
correlation »2 ¥is a di erential of conformal dimensiongat | g by

Let ffo=f2 2f 1f 2Ro

9= _1fg f§, 2fg (2.5.1)
whose value is given by
&
RYs  lg 1. A (2.5.2)
9v:

where the product is taken over all nitggandl ..

Remark 2.5.2. The norm%lized Coulomb gas correlation can be viewed as taking the
A1 0limit of the divisor 272, the Coulomb gas correlation function;o»2 ¥4,
and conformal dimensiof_q.

De nition 2.5.3 (Neutrality condition) A divisor2 : &1 R satis es the neutrality
condition if 1

2= 2 (2.5.3)
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Theorem 2.5.4.Under the neutrality condition 2 = 2, the normalized Coulomb
gas correlation di erentials »2 ¥are Mobius invariant orC.

Proof. By direct computation, similar to theej 0 case.

De nition 2.5.5 (Coulomb gas correlation for a double divisor in a simply connected
domain) For a double divisort2:- =2 ©° let2 = 2., 2 be its corresponding
divisor in the Schottky doublé, we de ne the Coulomb gas correlation of the
double divisort2- -2 ©° by:

2:2 12:= (R% (2.5.4)

We often omit the subscripts- (to simplify the notations.
If the double divisof2- -2 © satis es the neutrality,condition, then>2- -2 s

a well-de ned di erential with conformal dimensions -~ 4 atlo.

1f ,902 1f 902
_o=_ fg > L2 g— og=_fo > , 2f ge (2.5.5)

By conformal invariance of the Coulomb gas correlation di erentigl>»2 %on
the Riemann sphere under Mébius transformation, the Coulomb gas correlation
di erential » =2 Y4Z°isinvariant under DC °.

De nition 2.5.6 (Neutrality condition) A double divisort2:- -2 °© satis es the
neutrality condition if

2= 2, 2 = 2 (2.5.6)
Theorem 2.5.7.Under the neutrality condition 2 , 2 = 2, the value of
the di erential y»2:-2 ¥%in the identity chart oH (and the charl 7! 1| at
in nity) is given by

2 uf g

H 2°—2 = log I. - (2.5.7)

where the products are taken over nikgandl ..
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Theorem 2.5.8.Under the neutrality condition 2- , 2 = 2, the value of the
dierential p»2--2 Y¥in the identity chart oD is given by
O O
D 2:2 = lg 1. e gg g el 1 1g. %" _ (258)
9Y: 9-:

where the product is taken over nilgyandl ..

2.6 Rational(! o»2%a

De nition 2.6.1 (RationalSLEy). In the unit diskD, let 4" 2 nD be the growth
point, and letD— B—e+++—D2 D be marked points. A symmetric double divisor
12.-2 ©assigns a charge distribution off' andf D,—« « »— B, where

0 _
2:=0 48, fgDg and 2 =2.jp—
=1

and the total charge satis es the neutrality conditior2 = 2.

We de ne the rationalSLEy»2 YaALoewner chain as a normalized conformal map

621° with initial conditions6p1° = | and 620° = 4 € The evolution obcis
governed by the Loewner di erential equation:
48\1C2 . 6('}|°
mbt° = 6C1|O—48\1e 6c}I°_ BLI0 = |

In the angular coordinate, letd1° be the covering map @&1° de ned by4® ¢!° =
6448 Then Z1° evolves according to

IO 1
ne &1° = cot clT\@ —  olo=]e

The driving function *C evolves according to
mlogZt)©°

3\1C =
m\

3Ce
where the Coulomb gas partition function is
O \ 9 \ fof. O
Zt)°= sin > :
9Y: 9

437 oo f1%\o, (2.6.1)

The ow 6¢is well-de ned up to the rst timeg at whichF1C = 62F° for someF
in the support o2 . For eachl 2 D, the proces€7! 6&1° is well-de ned up to

g * g, whereg is the rst time such tha621° = 48VC. Denote
n )
c= 12D:g C
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as the hull associated with the Loewner chain.

Furthermore, the rationaBLEy Loewner chain is invariant under Mdbius trans-
formations inAut'D° (up to a time reparameterization), due to the conformal
invariance of the Coulomb gas correlation. Consequently, ratidlaEy»2 ¥4n
any simply connected domainis de ned by pulling back via a conformal map
q: ! D.

In de nition (2.6.1), we introduce the de nition of! »V~/as a natural extension
of (! ~»W&ito » = 0. The main ingredient in our de nition is the normalized
Coulomb gas as the partition function.

Now, we introduce another widely used de nition SIE1° which is a natural
extension of SLEM-1° to » = 0. We prove the equivalence between rational
(! om®¥%¥and SLEO-1°in the end.

. . I
De nition 2.6.2 ( SLE0-1°). LetF be the growth pointonDandl = g ; dgXp,,
foO,f1 1 beadivisor or€ thatis symmetric under involution, i.&11° = 11”'7o
foralll and 1= 6. De ne the radialSLEXO- F-1° Loewner chain by

Fi1C, 621°
=621 ————— @L°=I- 2.6.2
Be1° = 6¢1° T g aem @ (2.6.2)
where the driving functiofk :C evolves as
O edDg, Fic

BRI =F1C d ROC =g 2.6.3
. %aDe FiC 0 ( )

In the angular coordinater 1@ = 48VC andDg!@ = 48@C |et I° be the covering
conformal map 06210 (i.e. 48 ¢!® = 6480,

Then the Loewner di erential equation foi1° is

0 —_—
ne &1° = coth”T\Co— otlo = I—12 H- (2.6.4)
where the driving functiohcevolves as
0 \c @cC
o= dgcoﬂ%o— @P° = Ge (2.6.5)

9
Theorem 2.6.3.For an involution symmettic divis& = F, = 5., f o | gsatisfying
neutrality condition 2 = 2, letl =2 ;lf 9 lgthen 1 = 6 and two
de nitions (! o ¥Yand SLEQ- g are equivalent.
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Proof. The equivalence in one chart can be veri ed by directly computing the
drift term in the Loewner equation. The conformal invarianc&bE!"— @ under

the neutrality condition# 1), where the divisorl consists of real charges, is
established in Schramm and D. Wilson (2005). Moreover, their argument extends
naturally to the case where the chardeare complex.
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Chapter 3

COMMUTATION RELATIONS AND CONFORMAL
INVARIANCE FOR MULTIPLE SLE SYSTEMS

3.1 Transformation of Loewner ow under coordinate change

In this section we show that the Loewner chain of a curve, when viewed in a
di erent coordinate chart, is a time reparametrization of the Loewner chain in the
standard coordinate chart but with di erent initial conditions. This result serves as
a preliminary step towards understanding the local commutation relations and the
conformal invariance of multiple SLE) systems.

Let us brie y review how Loewner chains transform under coordinate changes.

Theorem 3.1.1(Deterministic Loewner chain under coordinate changeangular
(trigonometric) coordinates, suppo%®0° =\ 2 R and let the marked points be
\1—p—eee-\2 C. Let WC be the curve generated by the deterministic Loewner
chain:

o — C1|0 \C _ . o) 00
g ¢1°=cot ——— - W= 110\ g d\0—eeed\ 20— (3.1.1)

with initial condition gtl1° =1 and\g =\, wherel : R C~! Ris asmooth
vector eld.

Letg: N ! H be a conformal map de ned on a neighborhoddof\ such that
W0-)¥2 N andg!nN\ R° R. De ne the image curv@C := g*WC®° for
C2 »0-)Yand let®cdenote the conformal map associated viéo— &

De ne the conformal coordinate change

— 1
c=€c g -

Then the image conformal mé&j!| ° satis es the evolution equation:
[

edlo e~
n€1° = cot C”Tec 81\(9 - €ollo = |- (3.1.2)

where the new driving function is

Bc=€c g NEe= A B=gl\o
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Moreover, the curv@C is parameterized so that its unit disk capacity satis es

1
C

hcap@w0— &% 2f 1C—  where f 1C:= 81\ B°2 3Be (3.1.3)
0

Proof. See Section 4.6.2 in Lawler (2005).

Theorem 3.1.2(Stochastic Loewner chain under coordinate chang§eppose the
driving function\ cevolves according to the stochastic di erential equation

3\c="R3 ¢ 100G Q\o—eee—d\ 0 3C— (3.1.4)

where cis standard Brownian motion, and¢:= €¢ ¢ Cl is the conformal
coordinate change de ned as in Theorem 3.1.1.

De ne the transformed driving function
e(;:: (f'\ &—

and introduce the reparameterized time

1
C

BC:= j I\?3De
0

Then the proceses:= gp!\ep® satis es the following SDE:

00 1\ o

P 1\g cp'\1%—cee—p\° A6 cpl'B
3Fg= "3 3B 3B+(3.1.5
B B> 85)1\ Bo £} 2 » 88)1\ Bol/% ( )

Proof. We apply I1t6's formula to the composed procéss= J\¢®. Using the
chain rule for semimartingales:

3e= iy GNEIC W@\, 5 P@3Mic

N
“im @0 @3C M@ PR3 ¢ 1ilg @\ j0meee—@\03C > Beace

From Proposition 4.43 in Lawler (2005), we use the identity
g ON@= 3 Zhee

Substituting into the equation:
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N

= NEPRZ o W@ @ po—eee—@\03C 5 3 M\ e3C

N
= %\epﬂs c, W EINg A\ 0—eee_3\ 003C 76 N\ e3C.

Now, we reparameterize time Vi2aC = OCj 91\ °j?30D Under this change of time,
we obtain the transformed SDE fBg by dividing all drift and di usion terms by
- QL -,
j a\er

00 1\ O
_ 10N\ g  apll{O—ees—_qmpl| _00 A6 \g

3= A3 5, o 0P 1 N 3B 5 —goar o 3B
cp 'B » op'\E

Remark 3.1.3. By Theorem 3.1.2, under a conformal coordinate clpnige drift
term in the marginal law transforms apee-Schwarzian formSpeci cally, if the
driving function satis es
3\c= pxs c, 1\ ®3C-
then the driftl transforms undeg as
N

1\0= g\ gignee, 67 1log g\ o0

Here,® is the drift in the image coordinate = g\ °, and the second term is the
pre-Schwarzian derivative of

Corollary 3.1.4. Let W Wbe two hulls starting a#®®2 nD and 4852 nD with
capacitynand2n, let6, be the normalized map removig@ndr= hcapg6, WC°,
then we have:

_ Y 2
Proof. Locally, we can de ne &1° = 8I0916C148'°°. Then from the Loewner
. 0 _ Q1fFo . . . 0 _ Y
equation,ng #F° = W which implies $*H =1 PR >1Yo,

By applying conformal transformation,* H, we get |

Y

—_— 2 [ ]
sinzlGTHo S

¥=2nt J1Hp? | >ipeo =2y 1
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3.2 Local commutation relation and null vector equations in® j 0 case

In this section, we explore how the commutation relations (reparametrization sym-
metry) and conformal invariance impose constraints on the drift tdgfs- D and
equivalently impose constraints on the partition functdiz— D derived fromlg.

The pioneering work on commutation relations was done in Dubédat (2007). The
author studied the commutation relations for multiple SLEs in the upper half
planeH with = growth pointsl—b—*++—=12 R and< additional marked points
D—D-ec*=[X2R.

We extend this Dubedat's commutation argument to the case where there are
growth pointd 1— b—e ¢ * =12 nD and one interior marked poibt2 D; see theorem
(3.2.1) and (3.2.5).

The commutation relations in the unit diBkwith the marked poin@ are partially
studied in Dubédat (2007) and Y. Wang and Wu (2024).

A signi cant di erence between the multiple radial and standard chordal 3).E(
systems (with no marked points) arises when we study their conformal invariance
properties. Although the multiple radial SL/B(systems are conformally invariant,
their corresponding partition functions form equivalence classes that do not neces-
sarily exhibit conformal covariance. However, within each equivalence class, it is
still possible to nd at least one conformally covariant partition function.

Theorem 3.2.1(Commutation Relations fdd = 0). In the unit diskD, consider=
radial SLEs starting a#i®\i— 82—« « « 84 2 nD, with a marked interior poinD= 0.

(i) Letthe in nitesimal di usion generators be

A O

\g \g
M8=—ng& 181\1—\2—"’—:\)”8, cot
2 o8 2

whereng = m,. If the = SLESs locally commute, the associated in nitesimal
generators satisfy

»MgM /&= P IMg M e
sin? -2

There exists a positive functidt) ©, de ned onX~1) °, such that the drift
term satis es

1g') © = “nglogk—
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andk satis es the null vector equations:

A0 g 6 O 1

En@g R cot 9 8 n§( R 1 ~ ﬁk gl\ gok =0
o8 o8 4SirP -2

(3.2.1)
for 8= 12— « « — with undetermined functionsg?\ ¢°.

(i) Byanalyzing the asymptotic behavior of two adjacent growth paigaad\ g 1
(with no marked points between them), we further deduce ghet = g 12\ °.
Consequently, if all growth points are consecutive with no marked points
between them, there exists a common functi§ such that

o= ;o= = _1o.

Theorem 3.2.2(Conformal Invariance under AUD-0°). For a rotation mapd,,
the drift term1g!) © is invariant underd, , i.e.,

18: Qg d\'

(i) The function *\°in the null vector equation (3.2.1) is rotation-invariant, and
there exists a real constantsuch that

0= . (3.2.2)

(i) There exists a real constaht such that, for al\ 2 R,
k1\q, \—eee—) \0=4 N K1\ ;—eee_¥e (3.2.3)

Remark 3.2.3. Combining Theorem (3.2.1) with Theorem (3.2.2), we conclude that
a multiple radialSLE!"° system with xedD = 0 is characterized by a partition
function that satis es the null vector equations (3.2.1) with a constaartd has a
rotation constani .

Remark 3.2.4. The drift ternigt\1—e¢++—=% is 2c-periodic and therefore well-
de ned on the unit circle(®. However, forl < 0, the partition functiork is
not 2c-periodic, making it multivalued o and well-de ned only on the real line
R, the universal cover qf?.

Thus, forl < 0, the conformal invariance of partition functions requires the use of
the group@ut!D-0° with a group action ofRR.
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The discussion on commutation relations above extend to arbiDayD, as
described in the following theorem.

Theorem 3.2.5(Commutation Relations fdp 2 D). In the unit diskD, let = radial
SLEs start ag®1— 4%+« 84 2 nD, with a marked interior poinD< O.

() For D= 48E |et the in nitesimal di usion generators be

A o
M= 5ms 1g')—Dng,  cot
x8

\g

\g \g E \g
nb_, 2

E _
cot ng, cot mee

If the = SLESs locally commute, the generators satisfy

1
»MgM V&= ﬁll\/l g M e
sig 2.8

2

There exists a partition functiok®) — D such that the drift termigt) — D is
given by
1g") — DB = "mglogk—

andk satis es the null vector equations:
~ " ~ #
A O 2 2 — O 1
81\8_D K = 0e

= K k, 1

>l o

1 02 *
*<8 *<8 Vo \g

(i) By analyzing the asymptotics of adjacent poingsnd\g 1, we deduce that
g\-D = g11\-D. If all points are consecutive, there exists a common
function \—D such that

N-D= N\-D= = 1\-Ds

Now, we discuss howuttDP-invariance imposes constraints on the drift terms of a
multiple radial SLE{) system and how to choose a conformally covariant partition
function representative within its equivalence class.

De nition 3.2.6. The conformal groupAuttD® satis es the following properties
(see Lang (1985)):

" AuttDe is isomorphic td%(! 21R°. Each elemeng 2 AutD° can be written
as
gll°=)e dt°-
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whered, 11° = 48 and) g!1° = £,

Geometrically, AutD® is an (-bundle overH, and it naturally acts on
mD (! by extending the conformal maps to the boundary.

" The universal coveBut!D° is isomorphic to{! 21R°. Each elemeng 2
But!De° can be decomposed as

g=)e \—
where\ 2 R, and \ represents addition by onR.

Geometrically8uttD° is anR-bundle oveH, and it naturally acts orR, the
universal cover of 1.

ForG2 R, \1@=0G, \.
For E2 D, there exists a uniqugd G Y ¢ such that®"=) 2486,

Theorem 3.2.7.Letg 2 Aut'D°. The drift term1!) —Dis a pre-Schwarzian form,
satisfying

AN

1 0,
> logg

6
1ls=g%s g,

(i) There exists a smooth functiortg—B: But'D® D! Rsuch that

N 66
o loggMg = 1g-B-
8

logk log*k g°,

where satis es the functional equation

'ag-B= ‘g-¢'D°, ‘gD (3.2.4)
(i) There exists a rotation constaht such that

L\ =P = |\e (3.2.5)

If | =0, AutlD° su ces to describe conformal invariance, andreduces to
amapAut'D® D! R.

(iif) Suppose 1lg—Pand »,'g—Bcorrespond to partition functionks, andk .
If their rotation constant$ 1 = | ,, then there exists a functi&iD’ such that

k2 = 61? k]_'
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(iv) For g 2 ButlD®, letgl¥ = E Decompos@=)g \ )p', whereD-R D

and\ 2 R. Using the relation$ 3:0¥ = 1j1q2 and) 20°=1 j B2 dene

. 2Re_1[p°
1 j EZ _

2= 4 2\ Im_1D°,
1D

go.l. D_lD’gOl D7_1_D) =

Then L
1g-P=log AD-CPD ~ —

satisfy the functional equation (3.2.4), with rotation constant Im®_1[r°.

Remark 3.2.8. Combining Theorem (3.2.5) with Theorem (3.2.7), we show that a
multiple radialSLE!"° system withD 2 D is described by a conformally covariant
partition function that satis es the null vector equations (3.2.1) with a constant

. The partition function has a rotation constdntand a non-unique conformal
dimension [, with| = =1 1[P° Moreover, two distinct conformally covariant
solutions di er by a multiplicative factor corresponding to a power of the conformal
radius.

Proof of theorem (3.2.1) and theorem (3.2.5he derivations of the commutation
relations forD = 0 and arbitraryD < 0 are similar. We mainly discuss the case
D< 0. The proof forD= 0 can be obtained by simply ignoring tiedependence
and related derivatives in the drift and di usion generators sidee0 is xed by
the Loewner ow.

(i) We rstfocus on the growth of two hulls from a speci ¢ pair of growth points.
Consider the following scenario: we grow two hulls freffand4®Hon the
boundaryD and relabel the remaining growth points4 the marked point
D= 48

Lemma 3.2.9.1n the angular coordinate, suppose two radial SLE hulls start
from G— B2 R with marked point$1— b— ¢ * * =12 R and marked interior point
D2 D. If D= 0is a marked point, we simply omit it sinbe= Ois xed by the
Loewner ow. LetM ; andM »

A Heg O lg G E G E G-
Mq= Erra;g 11G—H “ng, cott ony, cott -2 °ng, cot — ng, cot — 13
1

A GH O 1gH E H E H-

Mo = érmH, I'G—H-Snmy, cot

ong, cott
&1

o cot —— cot ——
5 n, > N, > e



41
be the in nitesimal di usion generators of two SLE hulls, whegs= m..

If two SLEs commute, then the associated in nitesimal generators satisfy

»M]_—M 2]/4: @”\A 2 M ]_0' (326)
Moreover, there exists a positive functikhG— H— D such that
ek MK
1=N—-T="r—"
k k

andk satis es the null vector equations

I —
goot ek | cot B %mk | cot EC mk | cot EC mk

1 —
WT—GO’ 1lG—q k—O

oot ronge | con&romk | cot E mk | cot B mk

—_lo

5

>lo

% S
, 1
% STk
1 —
: N 1 mﬁs 5 21H—q k - O
(3.2.7)

Proof. Consider a Loewner chain g_gg o1 With @ double time index. The

associated conformal equivalence égecWe also assume thatz_= pgg|
oclfB B-C C1B-@2 T, theniBQ T.

Letf *resp.g° be a stopping time in the Itration generated bygg 1ggo,7 *

resp.  ociqger - LetalsoT? = fiB-C: 1B, f~C, g° 2 Tgand

0 — 0 . . .
B-GpegTo = Of-g Bf-GgN B-Cc. Then g 1210 is distributed as
a stoppedLEAL1°, i.e an SLE driven by

3@= pKS B, 1 G gttP—ecegllP—oe-22F 3C-
where gis the covering map of Loewner map, (i.e. 4% #'!" = 654%°).

Likewise 2 - is distributed as a stopp@&@LExt1°, i.e an SLE driven

0-C,
by:
_Pis- ~ ~ 84 P
3H:— "3 C, T c}@—ld—"'—c”go—"'— 3C-
where ~cis the covering map dbc(i.e. 458"° = —14800),

Here — ~are standard Brownian motiongg® —6¢° are the associated con-
formal equivalencesl-T are some smooth, translation invariant functions.

Note that
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1(_?B_ Bl'-P_..._Bl|80_...Re1 BlE)0_|m1 BlE)OO

is a Markov process with semigrodpand in nitesimal generato 1. Sim-
ilarly,

LO—eseclP—eseRe P Am I

is a Markov process with semigro&pand in nitesimal generatoi ».

We denote & Hthe unit disk capacity of hulls growing 4t%nd4®t and con-
siderthe stoppingtime =inf B: © pg 0% —-g=inf C " ¢ 0,
where0®=Y-0=2Y.

We are interested in the SLE hult_g. There are two natural ways to evolve
from the initial con guration ggto tg:

via ogo! fo! tg,

orvia oo! og! fg.
We describe both paths using in nitesimal capacity expansions:

() Runthe rstSLE (i.e.SLEA11°) fromtheinitial con guratioltG— H—o eg—es%
until it accumulates capacity. Then, independently run the second
SLE (i.e.,SLE~t1°) in the transformed domai®,'1D°, stopping when
it reaches capacit®Y, measured in the original unit disk. Ley and ~¢
be the conformal maps removing the corresponding hulls, centefed at
andH respectively. De neq = ¢y as the normalized composition
map. Then expand

E -y
up to second order ilY. This expansion describes, in distribution, the
evolution from ogto o, and thento ¢_g.

(i) Begin by running the second SLE (i.eSLEA*1°) until it reaches ca-
pacity 2Y. Then, run the rst SLE (i.e.SLE~*1°) independently in the
transformed domaiBs*1D°, stopping when it accumulates capacity
Let =y and v be the conformal maps removing the hullskbéand G
respectively, and de ng = y 7. Then expand

E Nl A
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up to second order iN. This describes the evolution frompgto o4
and then to ¢_g.

Note that under the conformal magp, the capacity ois not2n According

to lemma (3.1.4), the capacity is given by
!
Y

¥=2Y 1 m,

> Y2 e (3.2.8)

Now, let be atest functioR™2%2! R, and2 j 0be some constant and let

F =1G—H-seg—sbs2E
FO= 1. \—GlHP—ceeGllP—ooeBEPO . (3.2.9)
FO= 6yl =eeBy ByllP—ce6y 6y1F

We consider the conditional expectation ofF % with respect td-.

Er 1F®jpo=fp1 1F®jFGFo=o4FE18y jFP1FO
Y2
=%WE 1, W1, =M{ 1F® 1Fo=04& 1Fo > Y2
2 21 %
2
Yo, Y o 2Y2
SMi 1,2v1 S7CT —

1, M,

22
M2, EM%, 2M 1M

1
2

1. YIM1, 2M° Y?

> Y2

5

If we rst grow a hull atH then atG one gets instead

22
M2, EM%, 2M oM 1

1
2

2

1. Y!IM 1, 2M° Y? W|\/|1 1Fe > Y2 .
SI -

Hence, the commutation condition reads

»M1-M Y= M2 M 1% (3.2.10)

sinleTGO
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After simpli cations, one gets

1
»M1-MYs ——=M1 M 2°= "mI “myl mgy
sirf1 5%

[
Hea O W E G E G-—
, cott oml, cott 8°nglb cot —— ml, cot —— ngl
2 8 2 2 2
#
Tmpl 1 COSIGTH) e fmnl ng
’ 23ir?1HTG°’ 4sirr°’167H° 2 ’
G o & E G E G-—
cott Honml‘, cot1—8°ngr cot —— mI, cot ——— mT
2 8 2 2 2
#

N

lrel, — ki SN P
’ 25ir121HTG°’ 4sir?1HTG° 2

So, the commutation condition reduces to three di erential conditions involv-

inglandT.
"mel "yl =0
G S H I E G E G-
cott > ol , cot > 8°n31, cot — ngl, cot — nel
8
1 cog & o T S
., 2sit1 %" 4sip1 8o & Zmd =0 .
G H G |
cott——omyT", cott 8°ngl“
2 8 2
1ngT r COSIHTGO mnoe° - d=0
* 2siftl% 4sipiB% 56C =
(3.2.11)
Now, from the rst equation, one can write
ek mK
1=nr—"tT="r_"
k k

for some non-vanishing functiok (at least locally). The smoothness bf
andT implies the smoothness &f. It turns out that the second equation now

writes
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N I'
Mk, gcottiSTongk | cottSomk,
k

g

cot &X' mk, cot EF mk, 1 8
k

k
T2, CHp &
4sirf1=0
®— e
_ O

=

Symmetrically, the last equation is
N |
sned . gcotts %k | cott L omk

"y

k
EG EG ~ 6 k
. cot = rTEk N cot 5 nEk N 1 2 m_
k ®=0
It turns out that two equations now write
A C H G E G E G-
& , cott-2 °ngk , cot! omk , cot —— nmk , cot —— mK
2 8 2 '2 2 2
6 1 '
S 4S|r?1HTGo 1'Gz-D k=0
A o G E G E G-
=ik cott =2 °mk . coft! H"rrak cot —— mk ., cot —— k
2 8 I2 2 2
6 1
s 1 ~ 45“-?1(3"'0’ 2 Hz-D k =0e
(3.2.12)

Let us now begin our discussion on the multiple radial SYEfstems with
= distinct growth pointg®i— 42—« e+« 84 We want to grow= in nitesimal
hulls at4%s, 8= 12—+ ++—=We can either grow a hull y, at 4%%, and then
another one a48" in the perturbed domaibn vg OF proceed in any order.
The coherence condition is that these procedures yield the same result.

We grow two SLE hulls from g-\g, 8< 9and treat the rest as marked points.
By lemma (3.2.9), the commutation relation between two SLEs implies that
the in nitesimal generator satis es

1

»MB—M 91/4: W\BT\QOJ-M 9 M 80‘ (3213)
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By expanding (3.2.6), we derive that
“nglg "mlg=0 (3.2.14)
foralll 8Y 9 =
Since the chamber
X= D=fl\;—p—eeeAP2R™ Dj\1Y\p,YeeeYVLY\; 2c-D2Dg

is simply connected (contractible). Equations (3.2.14) imply that we can
integrate the di erential form g¢1g') — B3\ g with respect td 1—p— ¢+ =\
Stoke's theorem implies that this integral is path-independent. Consequently,
there exists a positive functidat) — DB such that

14)-DB = A% (3.2.15)
and the null vector equations
A O Vo Vo \ E \ E \g —
—mK cotl'—8°mk . cotluon"gk, cot ——8 ngk , cot 8 mek
2 _ 2 2 2 2
1 <8-9 |
6 1
1 -~ — P g)-DP k=0
 4sirf12-%0
A O (P \g \ E E G-
MK , cott — 90mk , cott 8 9°n§< , cot \s ngk , cot E G mek
2 _ 2 2
1 <8-9 |
1
.1 g — . 9)-D k=0
- 4 sinf1-2-%0
(3.2.16)
We may write the rst equation in (3.2.16) as
A0y \o \ E \ E \g —
—mK cotl'—somk . cothOrrgk , cot 8 ngk , cot 8 mek
2 _ 2 2 2 2
1 <8-9 |
6 1
= 1 - — -D k-
VFEEATICRILY
(3.2.17)
where gdoes not depend dng. Since integrability conditions hold for all
9< 8 by subtractingalll & —%_—— terms, we obtain

4sint —5



(ii)

~

A O

2 1 <8-9

6 1
- A 4sirfrie oo’ s\e-D K

where g= g'\g-Donly depends ohgandD.

: \g \ E
—mK . cotl\'—2\8°mk . cotlgTBOm;k , cot

2

\g

a7

E
mk , cot

(3.2.18)

Lemma 3.2.10.For adjacent growth point$s—H2 R (no marked points
fl1—b—ee*e—=fare betweercandH. If the system

§

3

i

mek . goott’t%ngk | cotLmk, 1
i

muk . gcot®romk | cottSFemk | 1

Nl> NI >

Sl Slo

1 —
WT_GO’ 116—q k—O

1 —
Wb 21H—q k—O

(3.2.19)

admits a non-vanishing solutidn, then: functions 1— » can be written as

11G9= 1G-% ,'H-9= !H-q.

Proof. The problemis now to nd functions;— » such that the above system
has solutions. So assume that we are given », and a non-vanishing

solutionk of this system. Let:

A~ 0 G H G
Li1=-mg cott 8 °ng, cott——"°ny,
2 . 2
Lo=5muy o= LY cotlTH"rr@,

8

1

1

(o3}

>|

>l o

1
4sirfrE%
1 [ ]

Thenk isannihilated by all operatorsinthe leftideal generatetlby, °-L >,
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including in particular their commutator:

1
L=x1, 1-L2, 2% szlc;kblll—l, 1° Lo, 2%°
1 1 0o 1 1 1/,0 ' 2°
=» 1L oY% m La L 2°,%»L1— 2% »ly— 1% m
R !
HGg ©O lg G E G E G-
= cott——°ny, cott -2 °m, cot —— mk , cot — mk
2 8 2 2 2 |
H I, H E H E H—,
cott ong, cott—~ °mg, cot — ngk , cot — mk 1
8
4t 2°,
’ sinzlGTHo

L isanoperatoroforder 0, itis afunction. Siricek © = Ofor a non-vanishing
k, L must vanish identically.

Note that if the two growth point&and Hare adjacent (no marked points

fl1—b—ee++—=f are betweerGandH, we consider the pole df atG=H

The second-order pole must vanish, this impliggG—9= 1G—% ,*H-9=
1H-9 for a common function.

By applying lemma (3.2.10) to adjacémtand\ g 1, we obtain that the function
g\-D = g "\-Dforeachl 8 = 1, whichimplies the existence of a
common function 1\-D.

We have already established the commutation relations and now we consider how
conformal invariance imposes constraints on the drift term and partition functions.

The rst case is the AUD-0° invariance of the multiple radial SLEY with a
marked poinD= 0.

Proof of theorem (3.2.2)For a multiple radial SLEY) system with marked point
D= 0. Note that by rotation invariance of the drift tertg under a rotatiory, the
functionslgt\ 1— \o—* » « =¥ satisify

1\ 1—p—eee—=R=1g\7;, O—p,6 O—cee=\ Q°

for 8= 1-2—eee—=



49

(i) By equation (3.2.18), fob= 0, we simply omit theD-dependence and related
derivatives we obtain that

o mk O Vg \gmk 6 O 1
\@= -—— cott — 1 - _—
2 k 9 2 k "y 4Sinzl%3°
N C) \9 \8 6 C) 1
= _1 120 t 0] 1 - .
> nels, 1g . co 9 A 4Sinzl\92\80

(3.2.20)

The rotation invariance dfg') °©implies the rotation invariance of\ §. Thus,
must be a constant.

(i) Since 1g= "“mglog*k?®, by the rotation invariance dfg, for rotation transfor-
mationdp:
mtlogtk® log*k dp©° = Oe

for 8= 1-2— e+ +—=Thus, independent df;—\r,—**+—=\ We obtain that there
exists a function 10°: R! R such that

log*k® logk dp®= 10°e
Since for0— 12 R, satis es the Cauchy functional equation

100, 11°0= 10, 1°%

5

The only solution for the Cauchy functional equation is linear. Thus, there
existsl 2 R.
10° = 10-

By di erentiating with respect td,

@)
nk = Ike

8

Proof of theorem (3.2.7).

(i) Note that by corollary (3.1.3), under a conformal nga@ Aut*D®°, the drift
term1gt\ 1—b—e ¢ e -\ Dtransforms as
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N

6
1g=g"\ Pl o°, tlog g™\ o0

Sincelg= "mglogtk°
N
Arglogtk® = /\901\ fmalogik ¢° . 6 5 1log 901\ 8000

which implies
~ !
N 6 O

o logtg™\¢#° =0

m logk® log*k ¢@°,
8

for 8= 1-2— ¢+ +—~Thus, independent of variableg—\o— ¢ ¢ * =\

We obtain that there exists a function; Aut!H® H! C such that

A O
2/\

|Oglg0.|.\ 800 = 1g_ D
8

log*k® log*k ¢@°,

By direct computation and the chain rule, we can show that

~n g0
1glg2_ D= |Oglk0 Ioglk glgzo . 2/\6 Iogllglgzoo.l.\ 800
8
=logk® log’k @°, log'k @° log'k ch@p°
N 6 O N 6 O
. on |Oglg§)1\ £0 o |oglg](-)1921\ 00
8 8

= 'q-9'D°, 'gp—De
(i) By the functional equation (3.2.4) arigl= 0 is the xed point of the addition
transformation \ 11°, we obtain that

! \1,\2_8: ! \17™ \218)O, ! \2_8: ! \1_8, ! \2_8'

This is a Cauchy functional equation, the only solution is linear, thus there
exists real constant such that

1 \—8=WV\e

(i) Let E= gD, let) p be the conformal map:

I D
1 DI

then by the functional equation (3.2.4), we obtain that

)otl°=

g0-P= g)g ) ID-p0°=  g)p0° g)e \-0°= g)e0° g)p0°, 14
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for 8= 1-2. we de ne
5 = 1Y)p0° o) p0°

Now, supposégare corresponding partition functions. By the de nition of
function 1g—DB kgsatis es the following functional equation
N
2/\

logtkg logtks P, logig®l 0= glg—P» (3.2.21)

9

Subtracting two equations, we obtain that

K1 Ki ¢
logt—° |ogt——=°= 51 G5i[¥ 1] | 50\e
g Ky g kK, g .ol 2
Then ifl 1:| 2
K1 ki g
logt—° logt———=9°= G® 5i[F.
g ) J ko g

which is equivalent to
k2 = 2451D)k 1°

thus
61> = 24>
where2 i 0.
Now we verify that 1g—Bde ned in satisfy the functional equation (3.2.4).

LetE= @D, F =g @',
gz:)E \2 ) D

gl:)F \1 )E
dh ®=)F \1\, ) D

then
1jFp
s -D=2Re_D°log 102 21\ 1, \2°lImt_1pPo
. .2
lg—g@iD°= 1g—E=2Re_°log 11 Jj FEJJZ 2\1lmi_1Dr°
1§
lp-P= g-E=2Re_1D°log 1D 2\ oIm?t_1[POe

Combining above three equations, we obtain that

1g1g2_D: 191_91[))0 S 192—B' (3222)
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Theorem (Restatement of Theorem 1.2.4or a multiple radial SLEf) system
with = SLEs starting at\ 1—\—e*e*—=% 2 X71)° and a marked poinD 2 D not
necessarily xed a0:

(i) Two partition functions andk are equivalentif they di er by a multiplicative
factor 5tD:
k= 5D k-
where 5![F is a smooth, positive function Bf Under this equivalencé and
k induce identical multiple radial SLEJ systems.

(i) Within the equivalence class of partition functions, we can chéogesatisfy
conformal covariance. Undeg 2 Aut'D®°, k transforms as:
|

G . i
kl\ 1_0001\_D: gol\ 8062_/\ golD)_lD)ng)_ D)k 1gl\ 10_...Jg:0_gD)O.
&1

(i) The choice of a conformally covariant partition function is not unique. Let:
5P = tRadD-HoV = 18D D°Y- W2 R

Then for any conformally covariark, E = 5!’ k yields an equivalent
solution with:
i =_1P, Ue

Proof of Theorem (1.2.4)For a multiple radial SLEY) system with partition func-
tion k) — B, we proceed as follows

(i) By equation (3.2.14), the drift term in the marginal law for multiple radial
SLE(") systems is given by
1g= "nylogtk °e
If two partition functions di er by a multiplicative functiorb'D’.
k= 5D k-

where 5'1F is an arbitrary positive real smooth function depending on the
marked interior poinD. Note that

1g= "mylog*k°® = "mylogiR® = Eg

Thusk andk induce identical multiple radial SLE) system.
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(i) Let| be the corresponding rotation constant. De ne:
.. !
G 6 1 1po
KN\g=p—eee¥0®= )7 )pD-7) gD -0 k) pl\ 1%t 20— o o pf\ 2~ D
&1

Here,k-andk share the same rotation constantBYy (iii) of Theorem (3.2.7),

there exists a functio®!® such that
k= 51 ke
(i) Since 5'1? is given by:
5ipp =11 j D%l

whereU is the conformal dimension, we conclude that the partition function:
11 j 07 k

has conformal dimensiontl? | U.

3.3 Local commutation relation and null vector equations in™ = 0 case
Proof of theorem 1.3.2To study the commutation relations, we focus on growing
two hulls from growth point€5— Eind relabeling other points as marked points

The de nition of commutation implies that for su ciently smaB— C Q the normal-
izing map for the hulW»0— & [W¥»0— Bis the composition of the Loewner maps for
each individual hulW»0— &or W»0— Bawhen applied in either order. In removing
W>»0- &we are considering the coordinate changg:which leads to

B
f &% hcap'vy»0- B = . qCQ-DolwmonD— (3.3.1)

whereHD’ is the position oHat timeD. In this caseEf_z‘Eﬁ B 1-C 2_15 With
this notation in hand, commutation implies that

c-B e B-C _
2_f1-2 - 1_f2—1 2-8

On the left-hand side the driving function rst evolves according to the dynamics
of L gfor Cunits of time and theh yfor f f_z‘%nits of time. The right-hand side is
analogous. These Loewner maps can be the same only if the driving function move
to the same position when the maps are applied in either order. In our setup, the



54

motion of the driving functions is fully determined by the motion of the points in
S0 a necessary condition for these maps to be the same is that

4 22 g0 6 = 4 230 e gBM (3.3.2)

whereC7! 4 denotes the ow map corresponding to the dynamits The
commutation relation (1.3.2), as we now explain, is a straightforward consequence

of this identity. From (3.3.1) we obtain
!

0 C
C-B ?@- - 0 -
R S
sinP1-S-to

where the constants in the error terms may depen@amdH Now use the above
to expand (3.3.2) in powers &andC and compare coe cients oBCwe obtain the
desired commutation relations for generators

1
-~ 1 Oe
»MeM Ve S 162” My M Z (3.3.3)

Expanding the in nitesimal commutation relation:

1
MM s, S Mg M =

" 2 #
copt G O H lgmt 1mt 2 * g 3cog &P "
2 mG 2 mG 2 mG ’ 2sitiB%  2siP1Sfe
o H
conl_HhmH © coplleoMms  1nt ¢? T H 3co$5 me
2 mH 2 mH 2 mH"* zsir?lHTGo Zsir?’lHTGO
(3.3.9)

The right hand side of (3.3.4) equal@mplies the null vector equations

§ 1« é geott '8 Gox o copnHCox _3 11G—9 =0
2 G 2 : 2 > 2sifioo
1x 2 118 Hox 1 G Hox 3 1 (335)
; 5 Hs COt 2 8. cot o G, m N 2 H—q = O'
2

Note thatmy* . = m* gdo not naturally follow from the commutation relation. This
condition is equivalent to the existence of a functidh) © such that

* 9: n'bul)o.
U : X= ! Rissmooth in the chamber

X==f1\—pseeR 2RTj\; Y\, Veeo VLV \;, 2cg
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Lemma 3.3.1. Suppose there exists such thatt ¢ = mU , then for adjacenG—H
(no marked points are betwe&H), if the system

212 COtllsTG” 8, COET™ p, sepirs . 1169 =0 336
2 1x2 " goonlefor g conSlox — e, 2'H-9 =0° (5:36)
2 H» 2 8 2 G i s 2

2 SlnleO

admits anon-vanishing solution, then the functiogis » can be writtenas1:G-9=
1G4 ,H-9= 1H-9

De ne two operatord. 1,L » by:

*G 0 ls G H G 3
Li=— cott °mg, cot! ° —_—
1= 5 ns, . > ng, 5 MK ZSiI‘FlHZGO
*H 0 ls H, G H 3
Lo=— cott—— cott——° —
2= 5 my, . 5 na, 5 n Zsinzlezl-b

U1)%isannihilated by all operators inthe leftideal generatetlby, 1°-L o, »°,
including in particular their commutator:

1
L=x1, 112, 2% szl(_;_pblll—l, 1° o2, 2°°
& 2 I 5 I

H G G H I H

= cot? ony, cott-2 °m »IH-9 cot! ong, cott - m 1G9
2 g 2 2 g 2

4t

sirP1& o

The operatoL is an operator of order 0, and a function that must vanish identically.

If G— Hre adjacent (no marked points are betw&éh consider the pole df atG=
H The second-order pole must vanish, and this implig&-4= 1G-%4 1H-9=
1H-9 for some function .

Let us return to the proof of the theorem (1.3.2) for multiple radial SLE(0) systems
with = distinct growth pointd; = 484— = 48%_eee_|= 48-

We grow two SLEs from g-\g, 8< 9and treat the rest as marked points denoted by
l.

The commutation relation between two SLEs implies that the in nitesimal generator

satis es 1
sinf1-£-20
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and the null vector equations

i
% %*§> : Cotll:z\so*: . COtl%io* 9, ﬁ’ gz =0
|’ 2sinft ——
E %* %’ : Cot1|;2\90* - Cot1\82\90* 8. ﬁ . o\gZ% =0
: sirf1 =
(3.3.8)
We may write the rst equation in (3.3.8) as
0 I\ \g \ 3
* 2 : Box 9 Box _ —
- cott——Box . cott 9= ———— g\gPe (3.3.9)
2 8 s 2 B 2 . \g \g
: 2 sirf1-5,-%

By the integrability condition theorem (3.3.1)g*\ g~ P does not depend O,

Since integrability conditions hold for a < § by subtracting allz_—rf’wq term,
sinFt ——"°
we obtain that i

~ ~

O \g \g S 3
82= cott > 0% 9= ﬁ 81\ 80° (3310)
9 9 28”’?1—2 0

*

1
2

where g= g\ & only depends ohsg

Moreover, by the integrability conditiong= g for every pairofl 8 = 1,
thisimplies 1 = ,=eee= _=

1\ O — 1* 2 O 1\ ° \80* © 3
\8 - 58 cot 9 _—\\'
2 9 2 9<825|r121 92 8o

Rotation invariance of gand* gimplies that 1\ must also be rotation invariant
and thus a constant. This completes the proof of the theorem (1.3.2).

(3.3.11)
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Chapter 4

CONFORMAL FIELD THEORY FOR MULTIPLE SLEf)

4.1 Vertex operators and level two degeneracy equations

From the perspective of conformal eld theory (CFT), we derive the null vector
equations, also known as the level-two degeneracy equations. This derivation relies
on the SLE-CFT correspondence, which describes the coupling between multiple
radial SLE(*) and conformal eld theory. For further reference on such conformal
eld theories, please refer to Kang and N. Makarov (2013) and N-G. Kang and N.
Makarov (2021)

De nition 4.1.1 (Vertex Operator) Given a modi ed Gaussian free eld » with
background chargé satisfying neutrality conditior{ 1) and a charge distribution
3 = 909 |gsatisfying neutrality condition (), we de ne thevertex operator
Ox>3%as the OPE-exponential of the chiral bosonic éd,,»3%

110»# R 31/44 8 :#»31/4_

Oy »3Yi=
#> 4 110))#1/4

(4.1.1)

i _ _ . :
where ,>3%i=" 909 3l is the chiral bosonic eld and denotes Wick order-
ing.
Its expectation value yields
E» QY 2> 3
» > °
¢ 110»#1/4

De nition 4.1.2 (Current Field) Given a modi ed Gaussian free eld 4 with
background chargé, thecurrent eld 41°is de ned as the holomorphic derivative

#11°:=8m 4110
De nition 4.1.3 (Virasoro Field) TheVirasoro eld) 41°, also called the stress-

energy tensor, is de ned in terms of the current eld as

1
)#1|0:: é #1|O #1|0, 81rn#1|0_
Letf —gandf! -gdenote the modes of the current elg¢ and the Virasoro eld

) # In F4 theory, respectively:
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1 Ya Ya
C

_ 1 _
0= — 17 |97 7dz— Lijo:=_— 17 |o=1y 17047 (4.1.2
2Cc8 1o # 2€8 10 )# ( )

Recall that a eld- is called Virasoro primary it is a di erential and if- is in
the family F4. It is well known that- in Fy is Virasoro primary if and only if
.- =1_.- =0forall= 1and

| 1- =m-—
| 1__: m__
(4.1.3)
!0- = _-—
| O__: e

for some numbers and_ . (These numbers are called conformal dimensions of
- .) See Kang and N. Makarov (2013), Proposition 7.5 for this.

De nition 4.1.4. A Virasoro primary eld - is called current primary if - =
=- =0forall= 1land

o- = 8f-— 0'_:8_'_

for some numbert andf (These numbers are charges-of) It is well known
that current primary elds with speci ¢ charges satisfy the level two degeneracy
equations.

Theorem 4.1.5.For a current primary eldO in Fy with chargesf—f at |, we
have
I pte [ 22° 0=0

if 2f 11, fo=1land[ = 5.

Proof. See Kang and N. Makarov, 2013, Proposition 11.2.

We now derive BPZ equations (Belavin-Polyakov-Zamolodchikov equations) on the
Riemann sphere with background charges

#=1 D, 1 D

, whereD is the conjugation ob.
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_ q_
Givenl = pg 2 let0 = 2 be one of the solutions to the quadratic equation
2GG, 1° = 1for Gand letO\*1° O 29110:= 00 || g¥s
o)
3= Qo lo
i
with the neutrality conditiofNCy° : 0, go=0.

Theorem 4.1.6.1f | 8 supp# [ suppg, then for any tensor produety of elds - ¢
in Fx, we have in th&-uniformization,

1
—NFEOV!I®Xy = E) \LI°EOH %Xy, EL: OI°Xy (4.1.4)
202" 3

where the vector eld | is given by: |1Z° = 1«1  Z°in the identity chart ofC
and the Lie derivative operatdr : . does not apply to the-variable (In generall
means that we di erentiate with respectliqg- except for poles df).

Proof. See Kang and N. Makarov, 2013, Theorem 10.9.

Theorem 4.1.7(Expanded Level-Two Degeneracy Equation fo¥l®). Let 0 =
2+~ and assume the neutrality conditi@Co) for 3. Let

0= E Oytl° —

whereOytl°is a current primary eld of charg® atl in the Coulomb gas formalism.

Then 1]° satis es the following second-order di erential equation:

A O m
110 = -9 Fo 110

4" o M 1271 g
_1101f DO _1101f D0 12

* 1 Dp2° 1 D921 DU D°

1|0

f2 o
where_g= 110lf P = 79 f o1, and similarly for_:101f pP— 1101f p°.

Proof. This follows from Theorem 4.1.6 wit 1.
1
ﬁnfEO\/llo = E)ViI°OtI°, L: EOVIo-

we evaluate each term separately.
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From the Lie derivative:
6]

L: EOvIo= => ™ Eouilo
it o T2 T g
lolf 0 10110
=2 b v o B gopup
T I D
1olf (0] 10110
“r-o _n ®_ EoIo

1] D92 1 D

From the expectation of the stress-energy tensor:

E 1I0__110110 _110110 12
) 3. T per T Du Do

Adding both contributions and using1® = EO\!I° yields the claimed equation.

Remark 4.1.8. Let g= 20o0rf 9= 210, 1°suchthat ¢=1. Then

(4.1.5)
lg I 19

which is in a closed form fof . By choosing appropriate closed contougssuch

as the Pochhammer contour, to integratsvith respect td o, the right-hand side
of (4.1.5) integrates to 0 along Consequently, the variablgis eliminated. This
procedure to generate a new correlation function is referred to as screening.
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Chapter 5

COULOMB GAS SOLUTIONS TO THE NULL VECTOR
EQUATIONS

5.1 Coulomb gas correlation and Coulomb gas integral
Recall that the Coulomb gas correlation di erential associated with a diAser
o1 f o loonthe Riemann sphefeis given by

o)
1o YE g | ofdi_ (5.1.1)
9v:

where the product is taken over all nilgyandl ..

De nition 5.1.1 (Monodromy of Coulomb Gas Correlation Di erentiall.et2 =
o1 9 I obe adivisor orC with associated Coulomb gas correlation di erential
O
1o Ve 1lg |.ofdfre
9Y:

This function is multivalued due to the presence of non-integer exponents. Its
multivaluedness is described by thenodromy representati@mising from analytic
continuation around branch points.

To illustrate the basic mechanism, consider the case2. Then
Y3 2271 PR PULELES

which is analytic inl1 on C n fl,g. If we analytically continue this function as
|, travels once counterclockwise arouhgl the function picks up a multiplicative
factor of4208ff 2,

Thus, the monodromy representation
d: 011Cnflzg—ll° I C- d 2024208f1f2

captures how the function changes under analytic continuation around the singu-
larity at I o, where 5 is the loop encircling ».

I _
In general, for2 = 5,f g Ig the function .12 %is analytic inl; on Cn
flo—eee—f. The fundamental group1'C n flo—eee—f-L° is the free group
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generated by loops g encircling eachl g (9 = 2—<+++Jj=and the monodromy
representation

d:cilCnfly—ese=f°! C— ¢ & =4%80f0

describes the multiplicative factor acquired byjo»2 Yavhenl 1 loops aroundl g
once in the counterclockwise direction.

De nition 5.1.2 (Screening Charge)let 2 be a con guration of charges on the
Riemann sphere, and let.10»2 ¥denote the associated Coulomb gas correlation
di erential. The conformal dimension of a charge 2 C inserted at a point g is

de ned by

f 2
2
The condition_11f © = 1 characterizes special charges whose insertions yield

integrands of weight1-0°. Solving this quadratic equation yields two solutions:

1 o= f1e (5.1.2)

f = 20— f=210, 1°

A chargeg 2 f 20-210, 1°gis called ascreening chargeConsider a divisor of
the form o) o)

2 = f8 |8, Jo bg— (5.1.3)
8 9

wheref gog are screening charges inserted at positidigg.

The resulting Coulomb gas di erential on the Riemann spt&ie given by

O O O
1102 ViE g | 9of o o g b of &9 1hg . 099 — (5.1.4)
8Y9 8—: 9Y:

where the products range over all distinct pairs of points.

Since eachyg satises _11g¢s° = 1, the dierential 11032 ¥3bg transforms as a
holomorphic 1-form in each variables. This allows for the de nition of contour
integrals of the form 1

110»2 1/8b1 3b<—
where is a suitable multidimensional integration cycle avoiding branch points.

This procedure is known asreeningand it plays a fundamental role in the Coulomb
gas formalism. By integrating out screening charges, one obtains new correlation
functions that are conformally covariant and satisfy null vector di erential equa-
tions, as required by conformal eld theory.
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We now consider the simplest nontrivial case involving a single screening dmarge
The corresponding Coulomb gas correlation di erential takes the form
o) o)
o VE g 1 PTFe 11y pof (5.1.5)
8Y9 9
wheref| ggare xed insertion points with chargds$ ¢g, andg is the charge at the
variable pointb.

Let : »0-1% ! Cnfl—e*+—=f be a path with basepoirtp = 0°. Due
to the non-integer exponents, the integrand is multivaluel, iand its analytic
continuation along depends on the monodromy of the branches. Consequently,

even if is a closed loop, the contour integral
1

110 » Y3b

is not necessarily single-valued and may depend on the homotopy classlafive
to the chosen branch &.

This multivaluedness necessitates a more re ned homological framework: the inte-
gration should be understood in the contextwisted homologywhere chains are
equipped with local system coe cients determined by the monodromy representa-
tion of the integrand. In this setting, valid integration cycles are twisted 1-cycles,
which keep track of the phase accumulated during analytic continuation.

A canonical example of such an integration path is Bechhammer contour

1lg-I®, which loops around two branch poinitg and | g alternately. Though
homologically trivial in ordinary homology, this contour generates a nontrivial
class in twisted homology and yields a well-de ned integral. These twisted cycles
form the natural domain of integration for Coulomb gas di erentials with screening
charges.

De nition 5.1.3 (Pochhammer Contour).etfl ;—b—e++—=8§ Chbedistinct points.
The punctured plan€nfl 1—« « « —=gis homotopy equivalent to a bouquetdircles,
a1 ( 1, and its fundamental group is the free group:

c11Can1—----=g° ;lz—

generated by simple loops encircling each puncturégin the positive (counter-
clockwise) direction.
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ThePochhammer contowssociated with a pair of pointd g- I¢° is de ned as the
commutator of the generatorgand g

Ug-I®:= g g gt gl (5.1.6)

Geometrically, this contour rst winds around, then around g, and then retraces
both loops in reverse order.

Although tlg- I is null-homologous in ordinary homology, it typically represents

a nontrivial class intwisted homologywhere chains are valued in a local system
determined by the monodromy of a multivalued function. Such contours are essential
for de ning well-posed integrals of Coulomb gas correlation di erentials, which
exhibit nontrivial monodromy around insertion points.

Figure 5.1: The Pochhammer contoutl g- I°: a commutator loop arounigand
l o

We now analyze the role of the Pochhammer contour in de ning single-valued
integrals of multivalued Coulomb gas di erentials.

By de nition, the Pochhammer contour!lg-I° .= g ¢ 81 91 is a commutator
of simple loops g garoundlgandl g, respectively. Since the winding numbers
of a loop and its inverse cancel, the total winding number éfg-I° around any
puncture vanishes:

wind? tlg-Il—1°=0- forall : =1—eee—=e (5.1.7)
In particular, lg-I¢° encircles neithergnorl gin total:
wind! g IP— K = wind! lg-IL—Ig® = Oe (5.1.8)

As a consequence, when the integrand is of the form

G
110))2 = 1] ) bof 9
=1
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the analytic continuation of:1032 ¥along *lg-I° returns to the original branch,
and the monodromy along this loop is trivial:

di i IP0 = 1e (5.1.9)

Theorem 5.1.4(Base Point Independencd)et =  tlg-I® be a Pochhammer

contour, and let?p = 0° denote its base point. Then the integral
1

110»2 Y¥3b (5110)

is independent of the choice of base pdigt

Proof. Let ?8 be another base point, and 1&be a path from?8 to ?o. De ne the
conjugated loop °=W W, Since the integrand is single-valued alongand
d* °=1, we have 1 1

1102 ¥Y3b = 1702 Y3

0

Hence the integral is independent of the base point.

Remark 5.1.5. The Pochhammer contour is a canonical example of a nontrivial
twisted cycle, but the base point independence property extends to any closed
contour satisfying:

(i) wind! —I°=0forall: =1-eee==

(i)  represents a nontrivial class in the twisted homology group.

Underthese conditions,lies inthe twisted homology group; *Cnfl 1— ¢ ¢ e =g, C4°,
whereCy is the rank-one local system determined by the monodromy representation
d of the integrand.

This framework generalizes naturally to the case @itreening chargdg—e ¢ * <b
In that setting, the integration domain is the product @Wvisted cycles ; <,
with each glyingin 11Cnfli—eee—t C4° and chosen, for instance, as pairwise

non-intersecting Pochhammer contours. The resulting integral
1 1

110))2 1/8b_|_ 3kk (5111)

1 <

de nes a well-posed conformally covariant correlation function.
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Theorem 5,1.6(Conformal Invariance of the Coulomb Gas Integrdlpt 2 =
a8 ls, ;:1 Jg bgbe a divisor on the Riemann sph@ewhere each screening
chargegyg 2 f 20-2'0, 1°gis chosen so that its conformal dimension satis es
_1tg =1 Let :C! € be aMbbius transformation, and de ne

G G
Zg:= b- 12°:= fg UL, Qg9 Zo
&1 o1

Then the Coulomb gas integral transforms covariantly undes

& ! Ya Ya
01|80_11f & 1o» 12°V87  3Z = 1o V3 3be—

8:1 1 0
(5.1.12)

where 1 ° denotes the image of the integration contownder .

Each di erential 3Zytransforms a8Zy= %bg 3bg, and since 11gP = 1, the inte-
grand. 1102 %3y 3k is invariant under pullback by, up to the multiplicative
factor g %1£-1'"¢ determined by the insertion points.

Proof. The conformal invariance of the Coulomb gas integral naturally comes from

the conformal invariance of the Coulomb gas correlation di erential.
" I !
O O
11092 ViE Oup -8 Ophg 110 » 120V, (5.1.13)
8 9

SinceZg= 1bg’, then3bg = %ﬁio,we have

B} I,
e Y
O'LI 80_9 110 » 12 01/8&322 XX SZ =
Ya® 37 Ya (5.1.14)
110 ))21/4—’[7 = 110 »2]/8b_|_3b2"'3b
9 Olbgo
2 2
Corollary5.1.7. The Coulomb gasintegrdl* z° = S A1z 03 oo+ 3h

A1z °is a Coulomb gas correlation function of conformal dimensigr _g'f &
at I g, and screening chargds of conformal dimensiof.
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satisfy the following conformal Ward's indentities:

" #
G
m, JT 22 =0-
&1
#
G
lgm,, _gf J12=0- (5.1.15)
&1
#
G
12m,, 2 g flg J1 22=0e
&1

Proof. The Ward identities follow from the invariance of the Coulomb gas integral
J1 Z° under Mébius transformations. Consider the following three one-parameter
families of conformal maps:

I
1. nl
which correspond to translations, dilations, and special conformal transformations,

110 190 130
1]0 = 1j]0=1 0 1]0 =
n I - I 5 n_ n I - 1, n I_ n | -

respectively.

By Theorem 5.1.6, the Coulomb gas integral transforms covariantly under Mdbius
maps: ) !
G
01|80_8 J1 ,1290=]J1 20%
&1
Taking the derivative with respect toatn = 0, we obtain in nitesimal constraints

corresponding to conformal Ward identities.

" Translation: For ;t1° =1, n, we have 0o =1, so:

3 11y neeees] =00

3n n=0
By the chain rule, this gives:
G
MgJ® 2% = 0O
g1
" Dilation: For n1°=11_ r°l, we have %[°=1_ n, so:
y !
3 G
— 11, -8 J111 n°Z% =0e
3N a1
Di erentiating yields:
G
|gn|18§ 8 J1 22 =0e
&1
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- - —
Shearing: For ytl° = Tap We compute

1
Gjo=_ = 1 2nl, >n°—  ,1° | nl? >ip%
11 nloz2 : :

Plugging into the covariance relation and di erentiating gives:

~

12m,, 2 dg J1 22=0e
&1

This establishes the three global conformal Ward identities in (5.1.15).

5.2 Classi cation and link pattern
Throughout this section, we modify the notation by setling = Dandl- > =D.
Asusual,le; YIo Yeee YL ;Y-

: L i -
We begin by considering the char@e = &;,2]: 9 |gand the Coulomb gas
correlation:

:@’<
110»21/4: 1|1—"‘-:}|2’<°: |9 |8
8Y9

fef o

Our strategy is to choose tlfig (i.e., the charges associated with the divisor in the
, f2
Coulomb gas correlation) such thatfor 8 =,and _g¢= 79 f ol:

ﬁn& G m _9 m 1 m o
4 °° o8 lg lg 1 [£2 2 =1 Ig" -2 g
#
=1 =2
1]_ |802 1]_ |802 (5'2'1)
=03, <
= mlooo_
::53
q_ 2 A
Theorem 5.2.1. (i) If we choosef = 0= 4,and_g= % 01 = 5 for
f2 .
1 9 = and g= 79 folfor=,1 9 =, 2 then we obtain the

following null vector equation:
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nﬁ G m 16  N0eOA m
> 1. | o2

<9| lg g Tl o
m 2 =1 —=.2 (5.2.2)
l=2 lo =1 | 2 M=o | 2
=03, < 1] 0
1_ooo_=|< 2
- m 1o
:::’3 : 9

for all 9 2 f1-2—e+++—g= Thus, we attain the desired form (5.2.1) for all
92 f1-2—eee—g=

Currently, the number of screening chargesand the values of . = 20
orf. =210, 1°for: 2 f=, 3—= 4—eee—=<  2gremain unspeci ed.
The charged - 1 = T= are chosen such th& = gof 9 |gsatises the
neutrality condition ¢ 1).

@i f==2.,<=: 1 and we chooség=0forall 92 f1-2—eee—=1g,
==21 O0,andthesignof. = 20forall: 2 f=, 1-= 2—eee—=<g,
then we have the following null vector equation 2 f1-2—ee+s—=1g

n - #
Anf ©1 m 16 N0eN
-nt, 5
4 - [P 1. |0
_:G 1m 1|l_..._:5|<o
- - : . 1= (5.2.3)
}_G 1 8 ~ @1| IB®< |- |C2 .
PR - PR O T P P
« &: -

Since the right-hand side of (5.2.3) consists of derivatives with respéct to
for: 2 f=, 1-= 2—eee—=<(g, we obtain the desired form (5.2.1) fO= =
as well. Therefore, the null vector equations are satis ed fordall 9 =

Then we will integraté= 3—<*+—=I> < on both sides of (5.2.1) around nonintersect-
ing closed contoursi—e« e+ — . On the left side, the integrand is a smooth function
of |;—ee+e—|c > because the contours do not intersect.

Integration on the right side is expected to give zero. To attain this, we carefully
choose the integration contour fbf 3—<+—|> <. A commonly used integration
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Figure 5.1: Examplel ;— b— k— |, with 2 screening chargds—b

contour is the Pochhammer contour encircling two polatand | 9, denoted by

le—1o .

Because either side of (5.2.1) is absolutely integrable on each path, we may perform
these integrations in any order according to Fubini's theorem. Integrating the right
side of (5.2.1) therefore gives zero. Finally, because the contours do not intersect,
we have su cient continuity to use the Leibniz rule of integration to exchange the
order of di erentiation and integration.on the left side of (5.2.1). (#fintersects @

butf »f @i O, then the contour integral is not improper. In this event, we may

still use the Leibniz rule to perform this last step as long as we may continuously
deform these contours so they do not intersect.) We, therefore, nd thatthe Coulomb
gas integrall := satis es the null vector equations (5.2.4).

The Coulomb gas integral! z— D satis es the following system of di erential
equations. For eac® = 1—+++—the functionJ! z—D satis es the null vector
equation:

(’} m 16 NOgo 2/\

4 b:<9 I: |9 1|: |902

nb nﬁ) _1101|:P _1101D0
"D lg°D lg D If2 1D |2

(5.2.4)
J1 72D = Qe

In addition,J satis es the following global conformal Ward identities, as given in
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Corollary (5.1.7):
" #

€
ms= nﬂ), nﬁ) Jl Z_B:O_
..§:1 4
G 6 N
|QT]]8§ ? s Dnjs _1101D)Db D ny s _1101D0D J17-D=0-
..§:1 4
€ A
13m,, ——lg , DM, 2_130'D°D, 1 D%’mp , 2 110'D°D J! z-P=0e
&1

(5.2.5)

Here, 110'P and_:701D ° denote the conformal weights of the screening charges
located aDandD , respectively. We also use the standard notatiorDferE, 8F
whereE- F2 R, the complex derivatives are given by

1 1
nh = Elnt 8m°— H = éerE, 8m°e

Next, we explain how to construdt* z— D by choosing the appropriate sets of in-
tegration contours. In what follows, we describe the choice of screening charges
and contours that give rise to four distinct types of screening solutions; see Theo-
rem 1.2.5. We conjecture that these screening solutions span the full solution space
to the null vector equations (5.2.4) and the Ward identities (5.2.5).

To proceed, we begin by introducing the notion of link patterns, which encode the
topological types of the integration contours.

To do this, let's begin by de ning the link patterns that characterize the topology of
integration contours.

De nition 5.2.2 (Radial Link Pattern) Givenz = f11— b—e * ¢« =g on the unit circle,
a radial link patterns a homotopy class (up to non-crossing deformation) of non-
intersecting curves in the unit disk, consisting of:

" < links (or arcs), each connecting a distinct pair of boundary points, and
" = 2< rays each connecting a boundary point to the origin.
Such a con guration is called eadial=— <-link, and the set of all such patterns is
denoted by P1=—<,

The number of such patterns is given by

jLPi=—<®j = <_ -
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Proof. Each radial*=—<-link pattern corresponds to a con guration sf non-
crossing arcs and 2< rays connecting marked pointg—ee++—=12 nD to the
origin. We describe such con gurations by a class of discrete functions encoding
their nesting structure.

De ne a function
5:72¢=72"' Z ¢

satisfying:

" j5G, 1° 5'@j=1forall G2 Z+=Z,

" min5=0.

Such functions are called periodic Dyck walks, and they encode a height pro le
along the circle, rising and falling in steps of, returning to the starting height, and
remaining non-negative throughout. Each local minimum at height O corresponds
to aray (i.e., a line from a boundary point to the origin), while each matching of an
up-step followed by a down-step corresponds to an arc.

For a radiall=— <-link, we require: - Exactly2< of the=positions to participate in
arcs (encoded by up/down steps), - The remairin@< steps form rays ( at local
minima).

To count such walks: - Choose tke positions (out of=) at which the rays will
attach to the origin each such position corresponds to a local minimum (a peak
that immediately rises or falls). - This uniquely determines the link structure (since
the rest must form a xed non-crossing matching@ef points). - Thus, the number

of such patterns is given by:

jLPi=—<®j = <_ .

De nition 5.2.3 (Chordal Link Pattern)Givenz = fl1—b—9**+—=¢ on the real
line, achordal link patterns a homotopy class (up to non-crossing deformation) of
non-intersecting curves in the upper half-plane, consisting of:

" < links, each connecting a distinct pair of boundary points, and

" = 2< rays each connecting a boundary point to in nity.
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Such a con guration is called ahordalt=— <-link, and the set of all such patterns
is denoted by P1=—<,

The number of such patterns is given by

iLPl=—<®j = - —
JLP 1= _ 3
for all integers= 2<.

Proof. Each1=—<-link corresponds to an increasing path Bf from 10-0° to
1= <—<9 using only steps to the righi-0° and upward0-1°, such that the path
never crosses the diagora+ H

Toreachl= <-—<° the path must take its nal step from either:

" 1= < 1-<, viaahorizontal step, or

" 1= <—< 19 viaa vertical step.

Since valid paths must stay strictly below the diagdaalH(except possibly at the
start), any valid path tb= <—<° must be built by extending a valid path to one of
these two predecessor points.

Therefore, the number of such paths satis es the recursion
3=_<= 3= 1-<, 3= 1< 1°

This completes the proof.

By part (ii) of Theorem 5.2.1, when all screening charges are takenftg b& for

1 8 = the null vector equations are satis ed provided the screening charges are
chosenfromthe sét 20210, 1°g and the total con guration satis es the neutrality
condition'# 1°. Thatis, each screening chafgefor: 2 f=, 3—eee—=< 29

may be assigned eithe20 or 210, 1°, independently, so long as the total sum of
charges i21.

" (Radial ground solutions) In the upper half pladewe assign charge to

| 1— b—' ° 0—:] Charge 20 to bl_o ° o?mnd Chal’gé D= f b = 1 1= §<00 to
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marked pointPandD to maintain neutrality condition (NG.

O O

(@

2 2 2
A]‘Il—'"—:‘l‘b—b—'..?b'D: |8 |90 |9 b: 20 bg b; 40
8Y9 9Y: .. 9Y:
© 011 =20 011 =50
1|8 DY > 1|8 Do 2
.9 9..
O 2011 =200 2011 =200
1b9 D 7 1b9 Do 2 .
9 9
(5.2.6)
In the unit diskD, if we setD= 0, then we have
o) ,0 ,O 2
lg—seebh-bseeB= g Ig° lg b % by b
8Y9 2% oy
© [0 = §<°°°O 2011 =20
8 9
9 9
(5.2.7)

N

(1) 1 20° 0= 2. bg=lgisasingular pointofthe typds 1o *;
(2) 1 20° 1 20°= 8. bg=bgis a singular point of of the typts bg %;

1= o 1= 0 . .
(3) 1 20° 11 2<00=222.Z p=Dandb=D are singular points
21= 2< 20 1= 2< 20

of the typethy D~ ~  andlbg Do,

In this case, fox 52—2 and at=—< radial link patternU, we can choose

? non-intersecting Pochhammer conto@s-Co— ¢ ¢ & surrounding pairs

of points (which correspond to links in a radial link pattern); see (5.2.2) to
integrate ~. We obtain

Ya Ya
JUST1R = eee A7/ 93h. o s 3o (5.2.8)
G Cc

In particular, if< = 0, we call » the fermionic ground solution.

Note that the charges BtandD are given byff p=fp =1 = foo, and

thus

1— 2<0202 12 1— 2<02 1N 402
_— ? = [ ]

1101 = 1701D° =
— —1 8 n 16"

The radial ground solutiod Ul<_§ satis es the null vector equations (5.2.4)
and Ward's identities (5.2.5) with aboveo1[? and_1101D°.
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" (Radial excited solutions) In the upper half pladewe assign charge to
| 1—b—ee*e—=] charge 20 to by—ee*e+—<band charge!0, 1°to Zj—e**-a

Then, we assign chargey =fp =1

1= 2<°0 2@0, 1°
-2

andD to maintain neutrality condition (NG.

O

A I1_..._=+<_)Q_b_...?b'z___z_..._@z—D:

to marked pointD

lg o * lo b 20° by b a0
(8)\"(9 9Y: S 9Y:
g Z 2010, 1° Zo Z 410, 102
Y: " 9Y:
& o
1|8 [pOfD 1|8 DoOfD (529)
o Ke)
1bg D 20fp 1b9 Do° 20f p
& 9.
129 D)210’ 1°f p 129 D0210’ 15
9 9
In the unit diskD, if we setD= 0, then we have
o) o) O
Allj—eee—fh—ph—eee-B= Is |go2 lg b 20° by b 40
%\?9 9\6 9V:
01 1= 2<°0¢ 2011 1= 2<% g
lg ’ by ’
9 9
(5.2.10)
(1) 1 20° 0= 2. bg=lgisasingular pointofthe typds 1o *;

(2) 1 20° 1 20°= 8. bg=hgis a singular point of of the typts bg %;

@)t 200 11 =20 @0, 10=222.Z @h=Dandb=D are
singular points of the typthy D>+ @andibg DO+ —.@
(4) 210, 10 11 =20 @0, 100= L& _=2< 2 p=pandb=D are

I e

11 @/\ 2< 11 @/\
7 B

2 2and1b8 Doz

=2< 2
2 .

singular points of the typdag [

For@= 1,z = Dandz = D are two singular points of degreé&-2=-2. We
have two choices for screening contours to integfate

=o0dd, Pochhammer contour!D— D surroundingdandD , however,
1

n3Z=0e
D-D
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= even, the circle *0-1 around0 with radiusn, this gives the excited
solution

Inthis case, fox == and a'=— < radial link patterrlJ, we can choose
? non-intersecting Pochhammer conto@s-Cy— e« <& surrounding
pairs of points (which correspond to links in a radial link pattern) to
integrate , we obtain
Ya Yo Ya
KyT710:= ees Az 03h e++3p3Z° (5.2.11)
G C< 10-8

In particular, if? = 0, we call » the fermionic excited solution.

Note that the charges BtandD are given byf p=f p = M.
1= 2< 202 1n go2
1 ollj) = 1 olDo = > 2
—1 — an 16"

The radial excited solutiok "~ satis es the null vector equations (5.2.4)
and Ward's identities (5.2.5) with aboveo'[? and_1101D °.

For@ 2, sinceDandD are the only singular points for screening charges,
it is impossible to choose two non-intersecting contourd I 2—« * * -4

We refer to it as aadial excited statdecause introducing a screening charge
of * 0, 1° leaves the conformal weight & unchanged, while producing a
Virasoro descendant rather than a new primary eld.

(Radial ground solutions with spin) In the upper half plané&i, we assign
chargeQ to | ;— b—e+++—=] charge 20 to b;—e**—<b Then, we assign charge
fp=1 =20 804, -7 =29 80 marked pointdandD to

maintain neutrality condition (NQ.

"Alll_ooo_z-l-"@—b—"'?b'B__:

O oZO 20ZO 402
lg Ig lg b bs b
8"(9 9Y: A 9YV:
1= 2<90 80 1= 2<°0 8[0

1'8 D)Oll To 1|8 D 0011 > S TO (5212)
o} %0

1pg P 201 =3 T apy po 01— e

9 9

In the unit diskD, if we setD= 0, then we have
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Alll_..._:'l_li_b_...?ﬁz

O 0? O 202 O 402
lg 1o lg Db b b
8Y9 9y: av:
O 1= 2<°0 8|0 O 1= 2<°0 8|0
(0t —=— 2o b, 20"t =52 o
8 9
9 9

(5.2.13)

(1) * 20° 0= #%. bg=1gis asingular point of the typess | 4
(2) 1 20° 1 20°= 8 by= hyis a singular point of of the typd  bP*

- 0 = 0 i i
(3) 1= 2<%00 _ 2= 2<, 20 = ingular points
2= 2< 2° 2t= 2<,2°

of the typetby D>~ andibg D° 7 —

In this case, for? 52_2 and al=—? radial link patternU, we can choose

? non-intersecting Pochhammer conto@s-Co— ¢« S, surrounding pairs

of points (which correspond to links in a radial link pattern), see (5.2.2) to
integrate , we obtain

Ya Ya
JU1<_=_T120 = XX} Alz—/ 03b< ...3@. (5214)
G (o8
Note that the charges @ andD are given byfp = 1 =350 80
£ oo =20 80
D — 2 R 7.
1= 92« 02()2 2 1= 92« 02 1A go2
_1pelP = 2< . 8[0 1— = 2<, 8 4
8 2 Vi (A
eipo= T 25 807 17 1= 2< g7 in 4%
- 8 2 47 (A

The radial ground solution with spip, JJ<_=_? satis es the null vector

equations (5.2.4) and Ward's identities (5.2.5) with abaye'[ and_1101D °©

As shown in theorem (5.2.1), if we attach cha@édor |—eee—=I; and21 O

for 1,, where= = 2:. This corresponds to the charge distribution for multiple
chordal SLE() as discussed in S. Flores and Kleban (2015b). In this case, we can
only assign charge20 to the: 1 screening charges and assign no spiB-aD
otherwise, the null vector equationlatwill generally not be satis ed.
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" (Chordal solutions) In the upper half plaidewe assign chard@to | 1.— b—e e+ =11
and charg@l 0tol,, charge 20to byj—eee<bwhere==2: ,< =: 1,
then assign the chardey=f p = 0.

O @) @)
02 202 402
Allj—eee~|1—ph—h—eee<b D= lg lg log b by b
8"(9 9Y: 9Y:
1|8 |200121 Qe 1b9 |2° 20121 0°
8 9

(5.2.15)

1 20° 0= 2. bg=1Igisasingular point of the typeos 19 *';

1200 121 0° =12 2 bg=1,is a singular point of the type
12

hy 12°7 2
1 200 1 20° =& hg= hgis a singular point of the typths beP*.

In this case, for at2:—:° chordal link pattern, we choose = : 1
non-intersecting Pochhammer conto@s-Cy—¢ € ; surrounding pairs

of points except, (which correspond to links in a chordal link pattern not
connected td ) see S. Flores and Kleban (2015b) for detailed explanation.

We obtain:
YVa YVa
Lyt = A1z 03h jeee3fe (5.2.16)

Note that the charges BtandD are givenbyf p=fp =0

_1101|:P = _1101D 0=

The chordal solutiord Ul<"£ satis es the null vector equations (5.2.4) and Ward's
identities (525) with above: 101X and_1101D°.

We can also construct the Coulomb gas integral solutions in angular coordinates.
Consider the following Coulomb gas correlation in the angular coordinate

O g 1. ff
Hy—b—eee=| 0= sin
1 9Y: =<

Then, similar computations show the following.
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Theorem 5.2.4.1f we choosd g= 0= 2— _9:%2 01=%7— 1 9 =
then we have
2\ (N) © |. | 16 AN0eA a
SMg. lcot — e - I Pl SLLIE NP
1<9 28if\2 '29
" «
o< . g (5.2.17)
= m cot Hi—b—eee—=lc 2°
::’1
1 A |
on = 27, E@ o Hi—b—eee=lc 2°

for all 92 f1-2—e++—g= The number of screening charges = 20 is given by?,
and the number of screening chardes= 210, 1°is given by@with< =? @

Now, we Coulomb gas integral solutions based on the theorem (5.2.4).

~ Radial ground solutions:

o g Vg ¥ O 73 OGO\ 7y ™
Ay 0= sin sin sin

1 8Y9= Z 1 8Y9< 2 &1 %1 Z
(5.2.18)

In this case, fox 52—2 and at=—< radial link patternU, we can choose
? non-intersecting Pochhammer conto@s-Co— ¢ ¢ *&. surrounding pairs
of points (which correspond to links in a radial link pattern); see (5.2.2) to

integrate ~. We obtain
Ya Ya

JUST0= eee A1) 03Z eee3p (5.2.19)
C Cc
By integration formula (5.2.4)J U1<_£1) 0 satis es the null vector equations
(1.2.3) with constant
16 non 20 1 1= 2<02
e
and the conformal dimension @is given by
1= 2< 0202 12 1= 2< 02 1N 402
8 2 & 16

The rotation constarit = 0
¢;

1100 =

mIg 0= 0

1
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~ Radial excited solutions:

. , ) ,
-°= ° sin\8 LR N oo sin\8 2% ®
18Y9= 2 18Y9< 2 &1 o1 2

12« = 20
G . \g | 2
Sin—
&1

(5.2.20)

In this case, fox 52—2 and at=—< radial link patternU, we can choose
? non-intersecting Pochhammer conto@s-Co— ¢ ¢ & surrounding pairs
of points (which correspond to links in a radial link pattern) to integrate
Z)— 4—++*—=Zand a vertical line from to , 2c8to integratel (which
corresponds to a circle surrounds the origin), we obtain

Ya Yo 1 2c8

KL1J<_-_01)0 = ooe ’\1)_I 03L '..3Z3|. (5221)
G (O

By integration formula (5.2.4)J J<"§1) © satis es the null vector equations
(1.2.3) with constant

16 NO 1IN 20
= T
and conformal dimension &tis given by

_110° 4100 = > 2

1— 2<02 1N 402
L]

_110100 =

an ISA
The rotation constart = 0O,
(~} 1< -0
mKy™ 1) °=0e
o=1

Radial ground solutions with spjn

0 \g \ O 26,00 G \g Zp ¥
) o= 15in -2 200° 1in 2 Z0ut? sin 82 °
18Y9= 1 8Y9< g1 o1
G 2 G
47\8 4 [0°Z9,
&1 o1
(5.2.22)

In this case, fof? 52—2 and a givert=— ?radial link patterrlJ, we can choose
? non-intersecting Pochhammer conto@sC,— ¢ * *S,, each surrounding a



81

pair of points corresponding to a link in the radial link pattern (see (5.2.2)).
Integrating ~ along these contours, we obtain
Ya Ya

JJ<_=_f1)0 = ) cee . /\1)—' 032< ..o3Zo (5223)
1

By integration formula (5.2.4)] U1<":‘f1) 0 satis es the null vector equations
(1.2.3) with constant

1g ANoin 20 1= 92go02 1)[2
e

and conformal dimension &tis given by

1= 2< 8 [02 1IN go2

1 0100 =
-1 an 16"

The rotation constant = L=2<°

f} 2<0

<= 1= lc =
md < fye = [73 b=ty
1
Chordal solutions, for=2: and< =: 1:
O \g \g® O Zy *°
A\ j—eee\1—\H—f—eee 7= sin 82 ° sin28 °
18Y9= 1 8Y9<
G G \s Zo 20261 \g | 0121 Q°
sin > sin
&1 %=1 &1
& \o | o0
sin .
o1
(5.2.24)
In this case, for a2:—:° chordal link pattern, we choose = : 1

non-intersecting Pochhammer conto@s-Cy—e¢ <€ ; surrounding pairs
of points except, (which correspond to links in a chordal link pattern not
connected td,); see S. Flores and Kleban (2015b) for detailed explanation.
We obtain

Ya YVa

Ll:Jl)o = eee ,\1)—' 032 l"‘BZ‘ (5225)
G C 1
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By rewriting the chordal null vector equations in angular coordinatg) °©
satis es the null vector equations (1.2.3) with constant

16 NO1IN 20

8/\

16 NOIN 20

o 10 40

and conformal dimension &tis given by
_110° =0

The rotation constant = 0,
é -
m gt) © = O

o1
Remark 5.2.5. In Y. Wang and Wu (2024), the authors de ne the following Chordal
SLE weighted by the conformal radius. The corresponding partition function is
given by

Z 1\ 10 = 1simt\ « 200 E\ »CRIDNVW Y/

where\ =\; \,, CR!D n\W denotes the conformal radius of the domBin Was
seen from the origin, anB, denotes the expectation with respect to the lawvof

It is shown in Schramm, She eld, and D. B. Wilson (2009) and Y. Wang and
Wu (2024) that this partition function satis es the null vector equation (3.2.1) with

constant
15 ANOIA D0

an U
and is rotation invariant.

For radial ground solution with spin if == 2< (=is the number of growth points
and< the number of screening charges) then in fh¢t—=1 is rotation invariant
and independent of the value [of

(} 2< o

an 1<—:—f1) o [ 1= _ J 1<_:_f1) 0=

*F1

This function also satis es the null vector equation (3.2.1) with conformal dimen-
sion:

1= 2< 802 1A go2
1'% = . 8 -
47 1"

16 NOIN 20

an -

= 2<02 1, (%1, [2

1*0° 1100 = oA Ton T T on
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In the special case where = 2 and< = 1, there are two distinct topological
link patterns that correspond to two screening solutions denoted gby" and
Z £1\° =Z £1ZC \o, ThenZ£ L Z £ is rotation invariant and interchangeable.

We match the constant by setting

16 ANoin 20 2
- U = i [_.

8/\ 2/\ > 2A
The uniqueness lemma (lemma Al in Y. Wang and Wu (2024)) implies that there
exists a constar:

[ [ = .
Z,,Z5=2y
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Chapter 6

MULTIPLE RADIAL SLE(0) SYSTEM

6.1 Classical Limit of the Multiple Radial SLE(”") System

In this section, we construct multiple rad@LEQ° systems as classical limits of
the multiple radialSLE"° systems in the regimé ! 0. Our construction is
self-contained and does not rely on the rigorous resolution of the limiting proce-
dure; rather, it is motivated by variational principles arising from the Coulomb gas
formalism and the method of steepest descent.

A key object in this setting is thgtationary relation which emerges naturally from
the asymptotic normalization of partition functions. For a multiple rag8iaE'"°
system with= marked boundary pointsy = 4% on nD, the drift term1gt) © of the
driving function satis es

m
18)° = A L JogZ1 ) o
') e gzt)

whereZ! ) ° is a positive solution to the system of null vector equations (see equa-
tion (1.2.3)).

To obtain a meaningful limitas! 0, one must suitably renormalize the partition
function. For a well-choseR! ) °, we expect the limiZ! ) °" to exist and be nite
as™! 0.

Recall that the Coulomb gas integral solutions associated with a link pattera

given by 1, A

Juh)°= A1)=°3Z  34- (6.1.1)
o) o8
where » is theSLE® master function (see de nition (5.2.18)), and the contours

Cy— ¢« «C are non-intersecting Pochhammer contours. The partition funétion
is a linear combination of such integrals.

Applying the method of steepest descent heuristically, we consider the asymptotic
behavior: 1, 1, A

lim Z*)°" = |im 1)oxg (6.1.2)

ALQ N0 g C
where 1) - °is theSLE(Q° master function (see de nition (1.3.9)). In this limit,

the integral is asymptotically dominated by the contribution from critical points of
1)~ ©°,i.e., the points where the gradient with respect t@nishes.
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This leads to the following conjecture, which provides the foundation for the deter-
ministic structure of th&LEQ° system:

Conjecture 6.1.1. Ldtibe a link pattern and (') ° the corresponding pure partition
function. Then, in the classical limit! 0, the quantityZ yt) °" converges to the
evaluation of the master function at a critical point:

lim Z ) of= 1)_ro_ (6.1.3)
where' is a critical point of theSLE*Q° master function 1) — ©.

6.2 Stationary Relations Imply Commutation Relations in the® = 0 Case

Our construction of the multiple radi&LE!0° system treats the positions of the
screening chargésand the marked boundary poirztas part of a coupled dynamical
system. In this formulation, the stationary relations are imposed as constraints on
the initial con guration of the screening charges.

In this section, we show that the stationary relations determine a partition func-
tion Z1)°, depending only on the boundary dgtaand that the associated drift
vector eld * g = mylogZ satis es the™ = 0 null vector equations as well as the
conformal Ward identities. Consequently, the induced evolution @ nes a dy-
namical system compatible with the structure of multifleE!0° as speci ed in

De nition (1.3.1).

Theorem 6.2.1.Letz = fl;—eee—=f nD be distinct boundary points, and let

| = fly—eee=ly D denote the positions of screening charges. In angular
coordinates, writd g = 48 andb. = 48% for 9= 1—ese—= = 1—eee—<Assume
that' ="' 1)%is a smooth solution of the stationary relations.

De ne the partition function

Z1)° = 0 sin? o V. © sirP &) )" v sin 4 Yo 29°
2 2

1 9Y: = 1 BYC< &1 ;=1

ThenZt) °is smooth, strictly positive, and invariant under global rotation.

De ne the drift vector eldU =logZ?!)°, and let

m O g\ & g zyo
g\ = — = cot 9 ; 2 COtg—’)'

m\g <9 2 =1 2

*
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Then eaclr g is real-valued and satis es the following second-order di erential
identity:

O Voo O 3 19« =02 1
* %’ Cot . * | = —e (621)

1<9 2 . ;<92$ir12 \92\: 2 ©2

NI =

Theorem 6.2.2(Ward Identity) The drift components satisfy the constraint
G
* 9= 00
o1

Proof of Theorem 6.2.1The functionZ* ) © is manifestly positive for distinct real
\ g, and thez 1) ° occurring in complex conjugate pairs preserve real-valuedness of
the logarithmic derivative.

Smoothness follows from the fact tHek) ° solves the stationary relations, and hence
depends smoothly op by the implicit function theorem. Direct computation of
mylogZ vyields:

@) \q \. G \
mylogZ =  cot 0 U , 2 cot % \o
:<9 &1
G G \. Z mz 0 Z Zg mZ m3
2 cot > ’ —\’,4 cot ’2 \’ \ .
1=1 ;=1 Mo 1 ye< Ml M

Applying the stationary relation

~

G \. Z O yA
cot '2 - =2 cot ’ZZB
=1 B<;

one sees that the last two terms cancel, yieldigiggZ =* gas claimed.

To derive the null vector identity (6.2.1), de ne

O \g \. G \g
Dg:=*g cot > = 2 cot

:<9 =1

A lengthy but straightforward computation (using trigopnometric identities and the
stationary relation again) shows that:

b2 O Ve, O 3 1< =2 ]
9

5

* = —e

1<9 . ;<925ir12 \92\: 2 "2

NIl =
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Proof of Theorem 6.2.2Summing overyields:

& O o\ O66
* 9= cot 2 cot

1 X &1 ;=1

The rst term vanishes by antisymmetry. For the second term, switching the order
of summation and using the stationary relation again, we nd:

G © z z
*9= 4 cot '2 - =0-
=1 1:Y; <

since each term appears with opposite sign in thepaiP® and?*;— °.

6.3 Residue-free quadratic di erentials with prescribed zeros

The locus of real rational functions characterizes the traces of multiple chordal
SLE(0) systems. However, in the radial case, rational functions alone are insu cient
to fully describe these traces.

To address this limitation, we introduce an equivalence class of residue-free quadratic
di erentials (De nition 1.3.6), denoted by) D*z°. This extended class is designed
to capture the behavior near the origin.

De nition 1 (Restatement of de nition (1.3.6)Letz = fl1— b—e**—=g be distinct
points on the unit circle. The class of quadratic di erentials, denote@Iy* z°.

1. symmetric under the involutidn = % meaning
&1l °13] 02 = &1|°3]2%

2. distinct zeros atl ;— b—e * =4, each of order 2.

3. distinct nite poles aff b;—« « <y, each of order 4, and the residues vanish
(Residue-free condition):

P
Reg,! &L1°319=0- for 9= 1—ees—<o

4. polesof order, 2 2< atthe marked point8andl . This ensures the total
di erence between the number of zeros and polesdis

Here, the polesb;— ¢« e <lgare nite, meaning they do not coincide wifhor 1 .
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A key analytical condition is that the associated di erenti& *1° 31 is residue-free
at each pole, which turns out to be equivalent to the stationary relations introduced
in Section 6.2.

Theorem 6.3.1(Stationary Relations and Residue-Free Conditidrje following
statements are equivalent:

1. The pointd are symmetric under the involutidn = 3, and the zerogz on

the unit circle satisfy the stationary relations.

1
|

2. There exists a quadratic di erentia 11°31%2 2 QD2 with zeros atz and
poles at/ .

Proof of Theorem 6.3.1We prove the equivalence by analyzing the structure of the
associated quadratic di erential. The result follows from the following structural
lemma.

Lemma 6.3.2.Let= landz=fly;—eee=f§ nD be distinct points on the unit
circle. Then the following statements hold:

(i) Up to a real constant multiple, an§*1° 312 2 QD2 admits the factorized

form A =
[ I - 5
<1b2 oe1'l 1
1jo = =1 ™ < =2 7
&1l —4=7| I —— TS
o=1'9 =1 :

where/ = fby—e e+ —<lg consists of distinct points i€ n f0-1g symmetric
under inversion 7! 1el.

(i) The square roop&ll°takes the form
) [
P b oy st IS
&1|o_e|1:: I < 1] b_oz.
9:1|9 =1 -

Nl

. - P——r .
If the polesh. are pairwise distinct, then &11° has a Laurent expansion
near eachb. :

p .
110 — :
&’ 11 poz* | b

. (holomorphic terms)
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where )
| _

_ = .1p |90

1. <51 &~ 91

=p 2 I b b2 (6.3.1)
> 1 O 1 : < 1a

= @? 2 2 ® (6.3.2)
«9:1 b: |9 < b: b b:

(i) The condition thatp &11° 3l has vanishing residue at each pdieis equiva-

lentto . = Oforall: = 1—e««+—<whichinturnis equivalent to the stationary
relations.

Proof of Lemma 6.3.2. (i) The global structure o&1° 31 is determined by its
zeros and poles: - double zerozatpoles of order four dt, - and behavior at
| =0andl =1 ensuring that the total degree of the meromorphic di erential
onkis 4.

Thus, we may write:

= 1] | P2
&1o= |1 13:1—9.
- 1 b4

The involution symmetry o& underl 7! 1eI implies

1
&re=& o | 4
Computing both sides, we nd
T_
= 02
gio="14%< =14 2 o'l Tdl

' :<:111 H|o4.
Matching powers of givesl =2< = 2. Comparing constants yields
T
< =1 7 :=1 b:
__=(real constant)t 1° F——-
o1l

(i) From the explicit form of&*1°, the square root is:

__ I I
&io= <zt ]

T

-

. | [
with constant = b;-IO

O.
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Near each polé. , the functionp &11° has a second-order pole and therefore
expands as:

p&1|o: : . BLlo—

11 pbo2* 1 b
where6 is holomorphic neab. . This expansion implies:

p&1I°1I b.o?= . .1l b.°, 61° b 0%

5

Di erentiating both sides and evaluating bt b. gives:

|
3 r]O&llt)ll bo2 .
3l S

Substituting the explicit form of &1° yields the claimed expressions for

and .
(iii) By de nition, Res, p&1I°3I = .. Hence, the condition tha&1°31? is
residue-free is equivalent to. = O for all : . Equation (6.3.1) shows that

these conditions coincide with the stationary relations.

Combining items (ii) and (iii), we conclude that the residue-free condition is equiv-
alent to the stationary relations, and hence Theorem 6.3.1 follows.

To further understand the structure of residue-free quadratic di erentials in the class
QD12 we associate to each such di erential a multivalued analytic functiti?
with nontrivial monodromy at the origin.

For any&11°31% 2 QD!2, there exists a (locally de ned) primitive 1I° of
&11°, unique up to a real additive constant, which is involution symmetric and

meromorphic away fronh = 0. The nontriviality of the monodromy arourid= O

re ects the multivalued nature ofl°.

Theorem 6.3.3.Letz=fl;—b—eee—=f D be distinct boundary points, and let
&11°312 2 QD2 be aresidue-free quadratic di erential. Then:

" If =is even, there exists a unique (up to real additive constant)
o="1° 8Aogl-

where' 11°is a rational function an® 2 R, such that:
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1. 1l%isinvolution symmetric,i.e.,tl ©= 1|°wherel = lel,
2. &11°3]2=1 000232

3. the nite critical points of are exactlyz.

" If =is odd, there exists a unique

1]0 = p|_' 1|0

where' 11°is a rational function, such that;

1. 1%isinvolution symmetric,
2. &103[2=1 OQjo023|2

3. the nite critical points of are exactlyz.

Although 11°is multivalued, the critical points where®1° = 0 are well de ned,
since: -for t1°="1]° 82ogl, all branches di er by multiples c2c82so %|°
is single-valued, - for tI° = pP 1|°, branches di er by sign, so ®I° di ers by
sign as well.

The odd= case can be reduced to the even case by passing to the double cover via

the change of variable = 7.

Proof. Let&1°312 2 QD12 with poles/ = fby—e e+ —ly. Then by Lemma 6.3.2,
we have: 1

= 1 (o]
P pr el
< 1 b; 02
for some constant 2 C.
. P—— . —
Case 1l:=even,2< = Inthis case, &!1° has a pole at = 0, and its primitive

119 must contain a logarithmic singularity:
1o="11° 8Aogl-

with * 11° rational. Since all residues vanish by the stationary relations, the only
possible monodromy arises from the logarithmic term, and involution symmetry of
implies that2 2 R.

: . : P—0
Case 2:=even,2< j = . Here,l = 0is a removable singularity or zero oi&*1°,
so its primitive 11° is a single-valued rational function:

10 = ' 1]0_
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again involution symmetric and with critical pointsat

Case 3:=odd. Let| = ? and de ne

I
- 1 (o}
1P Id

p _ < = l ~
&!°31=2D ¥ ! iy b o 3D-
| { }
3:(1D2°

This de nes a rational 1-forng :D?° 3Don the double cover. Since the residues at
all pE vanish, and the form is even I we also have zero residue @t= 0.

Therefore, the primitive of 1D?° can be written as
1

(1D3D=D ' 1DFo-
with ' rational. Returning té = D7, we obtain
110 = p|_' 10—
as desired.

Lemma6.3.4.Let 1l°bethe multivalued analytic function associated to a residue-
free quadratic di erential&t1°312 2 QD*2°. Then its real locus

1 o:=f12Cj °2Rg
is well de ned as a subset & n fOg, despite the multivaluedness ofl°.

Proof. We consider the two cases according to the parity. of

Case 1: =even. In this case, tI° ="' 1|° 82ogl, where' 1I° is rational and
2 2 R. Sincelog! is multivalued, *1°is naturally de ned on the universal cover
of Cnf0g. Letd:\ 7! 48 be the covering map, and de ne the lifted function

eno.= 18- 1480 2\,

Then
€1\  2c°=€no 2c2e

Since the shift is real, the conditid®t\ © 2 R is preserved under translation By.
Therefore, the real locus

1eo:=f\ 2 Rjene° 2 Rg
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is invariant undek 7! \ | 2c. As the projectiord?\ ° = 4%\ s also2c-periodic, the

image !t °:=d! 1€0° (CnfOgiswell de ned.

Case 2:=odd. In this case, 11° = pP 110 where' 1° is rational. The square
root introduces a two-sheeted branch structure. As before, weftifthe universal
cover usingd\° = 48\, and de ne

el\o — p4_8\l 148\0 = 48\'2! 148\0.

This satis es
el\ , CO - el\O_ el\ , 200 - el\O.

Hence the real locus1€° := f\ 2 R j €1\° 2 Rgis 2c-periodic, and its image
underd de nes a well-de ned subset! °© CnfOg.

Next, we characterize the geometry of the horizontal trajectorie 9312 2
QD1z.

Theorem 6.3.5.Letz = f11— b—¢ ¢ *—={) be distinct points on the unit circle. Con-
sider a quadratic di erential& *1° 2 QD*z° de ned by

I < b2 ! 3:11| |902

_ 7 =1t 2< = 2%

110 = 1
&1 17&'9' < pe

wheref b;— ¢ ¢ « <Ig are involution-symmetric nite poles &?*1°, andb. < 0-1 for
P = lP—eee—<

The horizontal trajectories o&*1°, denoted as !&°, are the trajectories of
&11°312 2 QD2 that with limiting ends at the zerod ;—b—<**—=8 These
trajectories satisfy the following properties:

(1) If 2< =, the trajectories '&° form a topological radial link pattern in
LP1=—<,

(2) If 2< j =, the trajectories 1&° form a topological radial link pattern in
LPi=—= <o,

To prepare for this, we rst introduce some fundamental concepts from the theory
of quadratic di erentials.

De nition 6.3.6. For a quadratic di erential&1°312 on a Riemann surfacg, we
denote the zeros and simple pole&dé1° by set and poles of order at least 2 by
set
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De nition 6.3.7 (F-set) A set on a Riemann surfacg is called an -set (with
respect to& 11°312 if any trajectory of&11°312 which meets lies entirely in

De nition 6.3.8 (Inner closure) By the inner closure of a set on we mean the
interior of the closure of the set. The inner closure of a setill be denoted by".

In the following four de nitions, we understand in each céde be a nite oriented
Riemann surface’ 1°312 to be a quadratic di erential of.

De nition 6.3.9 (End domain) An end domain U (relative & *1°312)) is amaximal
connected open-set on( with the properties:

() U contains no critical point o&1°312.

(i) U is swept out by trajectories af*1°312 each of which has a limiting end
point in each of its possible senses at a given poiim

(iii) U is mapped by 1° = 1&1]°°*23| conformally onto an upper or lower
half-plane.

De nition 6.3.10 (Strip domain) A strip domain* (relative to &1°312) is a
maximal connected open-set on( with the properties:

() U contains no critical point o&*1°312,

(i) U is swept out by trajectories & 11°312 each of which has at one pointin
in the one sense a limiting end point and at another (possibly coincident)
point in inthe other sense a limiting end point.

(i) Uis mappedby t1°=1&1[°°1*23| conformally onto astri® YIm Y 1,
a, b are nite real numbers) Y 1.

De nition 6.3.11 (Circle domain) A circle domain* (relative to &1°31? is a
maximal connected openset on( with the properties:

() U contains a single double pole of &11°31?,

(i) * is swept out by trajectories &f11°312 each of which is a Jordan curve
separating from the boundary o8,
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(iif) For a suitably chosen purely imaginary constant c the function

1

F=exp 2 1&1[001°23]
extended to have the value zero amaps U conformally onto a circlg=j Y ',
going into the poinf = 0.
De nition 6.3.12 (Ring domain) A ring domain* (relative to &1°312? is a
maximal connected open-set on( with the properties:
(i) * contains no critical point o&*1°312.
(i) * is swept out by trajectories &*1°312 each of which is a Jordan curve.

(iii) for a suitably chosen purely imaginary constéatithe function

1

F=exp 2 1&1[001°23]

maps* conformally onto a circular ring
AYiFiYAIOYAYA°.

In Jenkins (2012) thm 3.5, the author proves a general result for positive quadratic
di erentials on nite Riemann surfacé. In our setting, we only need to consider a
special cas¢ = & where all guadratic di erentials are positive.

Theorem 6.3.13(Basic Structure Theorem, thm 3.5 in Jenkins (2012t ( be

a Riemann sphere anfi1l°312 a quadratic di erential on( where we exclude
the following possibilities and all con gurations obtained from them by conformal
equivalence:

() Sthel-sphere&t1°312 = 3|2,

(i) Sthel-sphere&tl°312= 48B8|%|2 Ureal, positive.

Let 1&° denote the union of all trajectories which have a limiting end point at a
point of (see de nition (6.3.6). Then
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M ( 1&° consists of a nite number of end, strip, circle and ring domains,

(i) Each such domain is bounded by a nite number of trajectories together with
the points at which the latter meet; every boundary component of such a
domain contains a point of ; for a strip domain the two boundary elements
arising from points of (see de nition (6.3.6)) divide the boundary into two
parts on each of which is a point of,

(iii) Everypole of&11°312of order< greater than two has a neighborhood covered
by the inner closure of 2 end domains and a nite number (possibly zero)
of strip domains,

(iv) Every pole o&11°31? of order two has a neighborhood covered by the inner
closure of a nite number of strip domains or has a neighborhood contained
in a circle domain,

(v) The inner closurd 1&° of 1&°isan -set consisting of a nite number of
domains on( each with a nite number (possibly zero) of boundary compo-
nents,

(vi) Each boundary component of such a domain is a piecewise analytic curve
composed of trajectories and their limiting end points in

Proof of Theorem 6.3.5We characterize the geometry of&° by considering the
following cases:

(i) Case=even,2< Y =: Thepoleso&!l°atOandl areoforder, 2 2< 4.
By the basic structure theorem (Theorem 6.3.13), the comple@mntl&o
consists of a nite collection of end, strip, circle, and ring domains.

We rst show that there can be no strip or ring domains. Eoit° 312 2

QD2 by Lemma 6.3.3 and 6.3.4, the functioil® = &11°3| takes
real values on 1&°. Hence, 1°cannot map a domain to a strip or aring
domain, because in such cases the imaginary Ipart takes two di erent
values orm*, contradicting the level line structure.

Moreover, since the pole order &t= 0 is at least4, there are no circle
domains either. Thus, all domains are end domains. We denote the nite ones
by f* —*,—eee—gg, bounded away fron® and1 , and the in nite ones by
f+1—H—e e whose closures contathor 1 .
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For each nite domairf g the map *1° sends it to the upper or lower half-
plane and extends continuously to the boundary. Therefore, there must be a
poleb. onm*g and each pole lies on the boundary of exactly two adjacent
nite domains. Since there are exacHy polesfb;—b—-e++—ly, we have

B= 2< nite domains.

Each* gis bounded by disjoint arcs connecting pairs of zéigs ¢ * « =¢. By
involution symmetry, there are such domains i, giving exactly< arcs in
1&° connecting< pairs of zeros.

Since the pole at = Ois of order=, 2 2<, by Theorem 6.3.13 there are
= 2< in nite domains with closure containin@, and by symmetryz: 2<
domains containing , soC= 2= 2<°,

Hence, 1&° consists ok arcs connecting pairs of zeros and 2< trajec-
tories ending a0, whose tangents are equally spaced at ang¥§§. This
de nes a radial=— < link pattern.

(i) Case=-even,== 2<: In this case, the poles &!1° atOandl are both of
order2. Again, by Theorem 6.3.18 n 1&° consists of end, strip, circle,
and ring domains.

As before, we exclude the possibility of strip or ring domains using Lem-
mas 6.3.3 and 6.3.4, sincé|° takes real values on!&° and cannot map
to such domains.

With pole order exactly, there is precisely one circle domain centere@,at
and by symmetry, one 4t. The remaining domains are end domains.

Let the end domains big 1— e« « —3g, each bounded away frofhandl1 . By
the same argument as before, each domain boundary containsa, zole
we again ndB= 2< such domains.

By involution symmetry, half of these lie iD, giving < arcs in &° con-
necting< pairs of zeros. Thus,*&° forms a radialk=— < link pattern.

(i) Case=even,2< j =: In this case, by Theorem 6.3.3, the primitivél° =
&1*1° 3l is a rational function.

The degree of tI1°atOis< 5 j 0, sothe real locus® °is regular near

0. There ar< =trajectories ending &, with limiting tangents forming
equal angles ofZ°—.

Hence, ! °forms aradial=—= <°link pattern.
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(iv) Case= odd: In this case, the primitive of &*1° takes the form 1|° =
&1°3| = p]“ 11°, where' 1° s rational.
Passing to the double covert|2?° = |' 1|20 s rational. The degree oft|2°
atOisj2< =j, sothere arg2= 4<trajectories ending &L

Projecting back, * 11°° hasj= 2<] trajectories ending &, with tangents
: 2

forming equal angleﬁ.

Therefore, if= j 2<, 1 ©forms a radial=—< link pattern; if= Y 2<, it

forms a radial=—= <? link pattern.

6.4 Field integral of motion and horizontal trajectories as ow lines

In this section, we show that the traces of a multiple radial SLE(0) system coincide
with the horizontal trajectories &11°31% 2 QD*2° with ends atf | ;—b—e** =
(which are double zeros &f11°).

From the dynamical point of view, the key ingredient in our proof of the main
theorem (1.3.7) is the eld of integral of motions for the multiple radial Loewner
ow. This eld integral of motion can be heuristically derived as the classical limit
of a martingale observable constructed via conformal eld theory, see section 6.5.

Lemma 6.4.1.Letl— b—e**—=Ibe distinct growth points in the unit circleD, and
let by— b— e« « e <bbe marked points. L& 1° be the solution to the multiple radial
Loewner equation with a driving measure supportedf bgtCg, and assume that
only the 9th curve is growing, that isg!C = 1anda. :C =0for: < 9

De ne the following quantities fot 2 D:

I
A ;:1b91(92
C=d=17c"
:=1|3 C

T _
= 2
§ C,L|0=41 2< =0C6(fl|°2< = 2168”002? ;:116C1|° |.1Qo (6.4.1)

;:116C1| o b91@°4_

#21°= 1C 10

Then, for eachh 2 D, the quantity# &1° is constant on the time intervad—g” g°,
whereg is the rst timeCat which6dF° = | g1C for someF 2 fhby;—e e+ —<ly, andg
is the rst time such tha621° =1 o!C.



Proof. Proof of lemma (6.4.1)

By the Loewner equation, the following identities hold:

~ ~

3lge O apleC. 1iC 20 | 1(9I91@,b;1(9
3C ., I Ige ° °Tbic IgC
1 1 1

3l. G: P [:C, I. G_:<9

3C ~ T TldC I.1@

3h1@ 14C . b1@

C _piele =P

3C " T14C blC

By substituting above equations in%og%, we obtain that

G G
log 1€=2 loghb 1C logl.1C
=1 =1

3log 1(9_2(3 3logh1C G 3logl otC
3C -, 3C o1 3C

_25 g, be O i1ge 1.:¢ O g, 1.1C

| {z

9aE
= Qe

;:1'91(9 b;l(B’:<9Igl(‘3 I;1(9’:<9I;1(‘3 [ otC

99

(6.4.2)
(6.4.3)
O |ge, biC
bIiC [oC
}
(6.4.4)

We denote the sum in the second line of the equation (6.4.4) BE. After

simplifying, it is clear that the sum ®C = 0.

Again, by Loewner equation, the following identities hold

36c1° _ 6(}|°' oiC, 621°
3C |1 641°
3log62l° 141G, 6c 2l 4Che
3C 1¢C 6c° gC 62
3log6dle _ 141C, 621°
3C 1@ 6dI°

310g1621°06¢@  2621°1'1C  621°1621°, 141CO 6c1°

3C gl@ 682 1@ 62192 * |gC 6C1I°.

(6.4.5)



100

1.1 0o 1otC, I.1C [ otC, 6¢1°
3log'l.lC 621° _ 1 1I;109 r 6310 o'C, 6c1°
3C l. 6¢ [otC |.1C [otC  671°
B [ otCL g!C, |.1C° 6¢ <9
T gC B3I I |G |¢C 62I°
3log*b.1C 6(}I°°: 1 . 1o!C, bC 6C1I0I91€2,6C‘LI°0
3C b 6c ' 14C blC | 'C  621°
B [g'Cl g!C, b1CO 6c
T 1@ BEI0HIC [gIC0’ |lC 6c1°
3logl o!C  61°° O |ge. I1.1C O [o:C, b1C [ otC, 621°
99 ch®__ 1 Qo 222~ o7 a2~ 6é|oua
. 3C ['C  6¢c ,<9I;1G [ otC , biC 14C [:C  6¢c
. « : ) -
(6.4.6)
C G
log d1°= 12< =°Cl2< = 2°log6d!®, 210gt6%1%° 2  logi6dl® 1.1C° 4  logl6d!® bgl®°
=1 =1
(6.4.7)
By substituting equations (6.4.6) into equation (6.4.7),
ol otC, 621° [1C, 6¢ 21 o1 C6¢

12< = 12<

~

G 1(O1] .1 _1(00
sl0g aI° o |G C, 1.1C 6c
e Tk glC 6211 1C 14C°° 14C 6210
G 1 q O 1ge, 1.2¢ O 16, b1C
4 —— Hge 22~ o jge
o 16C 6 °0 i€ 1gC bIC [4C
« <9 ; '
| {z
gl|o

(6.4.8)
We denote the sum on the right hand side of (6.4.8)§iy°. By direct computations
we obtain that all terms canceled out,

I 1°
3log cl° _ 31I°:0
3C

which implies
3log#c1° 3log C 3log Jl1°

3C 3C * 3C O

1o!C  621°° [g!C 6¢c° gC 682 °

0| otC ., 6c1°a
| 1C 6¢
}_|
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Theorem (Restatement of theorem 1.3.8lih the unit diskD, let 11— b—¢++—=Ibe
distinct growth points omD. For eachl 2 D, de ne the following:

_ e bC
18: 127—

::1|:le T
i : 2
C}IOZ412< =0 OC gang)SB 6(fl|°2< = 216%'002'[ ::116é|0 |;1GO
A ;:116¢l|° gt @4

o e e
#C1|0: 1@ d‘lo:4 < = 9&95’3849::17I1(96Cl|02< _,
T = > =10
168l|002? S t6dle | ee

<9:116C,1| o b91(9°4 *

Then, 1C, &I1° and#ZI1°are eldintegrals of motion onthe intervad— g" g° for
the multiple radial SLE(O) Loewner ows with parametrizatiagt®C, 9= 1—eee—=

Proof of theorem (1.3.8)Note that foralC parametrization

naﬁcqozez a1@66|°M— @1|0:|_
9 IgiC  6&1°
=1
§3|9le_ale@p Lelde. e 25 ael9C, biCs O e e 9C. e
3c P77 YT 1q4cc YVbie 1g4c@ % FIie 14C
- «<9 ; ' - <9

3be O 14C . b1C

L = 1 bl >
§ 3¢ -, ¢ % pie
36. O | 1C . 621°
36c_ ag'C 6C1|09’—Cl0

3¢ IiC 641
3log6zle O ru 19C, B 215C6e

3C 77 14C 6c UGG 662
3logegle O e 1C. 61°

3 777 14C 62l
3log621o.60 O e 26019 1C 0 (e BCI06CI0, 1@ 6el°

3C T, CTuge 602 Y Hgl@ 63192 * [giC 62I°
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logth 1 o1 O |4, b1C | 6@ | B3I
309b@ 6c1°° _ 2 hie 2o P 610 . 6¢
“b 6, I9C b1C I9'C  6a1°
L
. 5. 6do, blg b6c = O o | 1@ gl@ , b1E° 6c
;07 Tg@ BiCoUgC 68, 00 TgC 6dI®BIC 14C°° IgC 6410
3|ogllgle 6l 1 O ge. 1.:¢ O 1 :C . b1C
9 le 9 gl
BECES e Ige © °Tpic Ige
« .
|1e 6&1° 0 1, 1.1C |1e 621°
9 ¢ , 1 2 1C | 4@ Io'C, I 9 ¢
CIeC 60 T9C 6c._, i 19¢ Clgc 6

By plugging in these identities, we obtain that
3log C _ G

1 910 =
3C aqlC C=0

=1

~

3log ¢lo _©

10 10 =

1

3log#dl° _ G a 1e?)log#éallo B
_—_— 9 _— -
3C o1 3C

#21%is a eld integral of motion for arbitrary initial positions of screening charges
/ even without assuming stationary relations. The stationary relations imply the
existence of a quadratic di erenti&l1°31%2 2 QD*2°, see Theorem 1.3.7.

The integral of motion is motivated by a martingale observable in conformal eld
theory. For a eldX in the OPE family v,

E»XQO/Va
E»Q/a

is a martingale observable whe®g is a vertex eld. In our situation, we choode

to be the chiral vertex eld and take the classical limit’as 0. The martingale
observable degenerates to the integral of motion. We will discuss the construction
of the eld X in Section 6.5.

E»XYs=

P—— :
In the proof of Theorem 1.3.7, we also need to considgg 1° as a eld integral
of motion. However, an obstacle arises in the expression

- T_
-, cl _ = 1 ) . 1(00
1< Zo 9ag'® 3B 6C1I0< 5 168”0? <;:1 6C1'| | C B

PFaio=4"< 70
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Nl

where the tern21°< z 1 becomes multivalued whenis an odd integer, thus
#21°is in fact not well de ned. To resolve this technical problem, we introduce
the angular coordinate.

Corollary 6.4.2. In the angular coordinate, by changing variables, et= 484,
I. =48 and &I° be the covering map @21° (i.e., 48 ¢'° = 62480). For each
| 2 H, we de ne:

_ [ o
i _—=1 48 o 48\; 1
l48'< 1° die %L|048C1|0'|\ )

< |0 8710 2"
o1 48 ¢ 48%

Nl

»
®
@]
N
Nl

0=61j0 — 0=610 0=61)0
#2610 = 0= 076y )
1 I

T < jezic
1< %0 0 gang)3BA =1 4&<

=4
- P

= 8 A|° 1
o1 4 foa 48\_ C
12 c1° O1jog8 g o
c I < 48 c1° 482_;1(9 2
=1
(6.4.9)

Then, %61@, 2™®110 and#2™®11° are eld integrals of motion on the interval
»0—g” g° for the multiple radial SLE(O) Loewner ows with parametrizatiagtC,
O=1—9eee_=

Nl

Theorem (Restatement of theorem (1.3.7)et z = fl1—b—9++—={f be distinct
growth points on the unit circle and screening charbes fb,— b— ¢ ¢ e <lg involu-
tion symmetric and solve the stationary relations.

There exists ai&1° 2 QD% with/ as poles ana as zeros, the hulls cgener-
ated by the Loewner ows with parametrizatioAC are subsets of the horizontal
trajectories of& 11°312 with limiting ends atz, up to any timeCbefore the collisions
of any poles or critical points. Up to any such time

&° 6.2 QDo
wherez'C is the location of the critical points at tim€under the multiple radial
Loewner ow with parametrizationC.

Proof of Theorem (1.3.7)We rst prove that&11° 6t is in QD1 z:Ce.

Since atC= 0, the screening chargésare assumed to be involution symmetric and
solve the stationary relations, stationary relations- residue free theorem guarantees
the existence of a&1°312 2 QD1z10°° with / 10° as poles an@'0° as zeros.
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Moreover,&q!1° factors as

A ~

I I 2
<_, b21oe | 1gt0°
=V 2< = 2 =1 .
&Ollo — ‘le < i Z 1 1 04 (6.4.10)
o=1'9 T b0

Using the integral of motio#1°, we have

([ N P )
- b21@ § o O ~ =, 6210 |4
#l0 :129:17'14 2< = 2 7 qag 5’35’6(2:< = 21|01681|002€ <9=1

Ell: C ; < 16410 6cth. 004

| < = 2

L T2 | Hy
= 47':_1 |2 T %% >l = #2110

¢1|910° .1 b o4

(6.4.11)

- cl
Denote the constantt@ = 4" < 2 1o 029'B3B

Let &= 6.1, and since the above holds everywhere evaluate5g &t to obtain

I < 2 = 2
‘21@‘[ %=1 :1 |2< =2, %1 I 1o'C
1.1 b <1 gth, 04
7 ' =5 ' (6.4.12)
| < e T B0 12
== |02 8¢S = 21104 = Q0% 1RO
E):1|9100¥l < | S tEO zo* ® ’
The left-hand side is exactly
T_
. o | 1oC
IR — 5= 1C&C 0 (6.4.13)
::11| 6C1b; 00
we obtain that
Y P
“10'4Bpe! &E1°° = '4Bpig! &gl R0 = 0e (6.4.14)

The stationary relations a& = 0 give the last equality. Thus, the residue-free
condition holds, and clearly, the involution symmetry/ofis preserved, which
implies&!1° 6.1 2 QD1z:Ce.

Finally, we prove that the hull cis a subset of the horizontal trajectoriestdfl °312
with limiting ends af | ;— b— ¢ « « =§. By theorem (8.3.4), equivalently, we can show
that cis a subset of the real locus of thél° = &*1°3I (which is well de ned

as shown in lemma (6.3.4)).
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Note that *1°is a multivalued function. To deal with the multi-valuedness, let
dil° = 48! be the exponential covering map, and we consi@gi® the lifting map

of 621° (i.e. 48 ¢!° = 6348%). We denote the lifting of 1° by ~11°, which is now

a single-valued function, and the lifting &c1° by &21° = &J4%°4%13| the
lifting of the hull cby

By the integral of motion in angular coordinate (6.4.2)

I« jszic [
: = 148d1°  48\1@
#8_61|0 t 1@+ 9:14 48< 3 1o dlI° %1|048c1I°i :=114 4 °
- \, 10 < 148 21°  48%'Co2
L s . syt el AEE
< 482i0° L= 8 g8
— o1 4 48< 3 I8l =4 AT — 407610,
= T ' S 148 g8E002 O
=1
(6.4.15)
Let B= Cl, and since the above holds everywhere evaluated# Ht to obtain
] ]
q < 8zZiC = 181 48\ 1Co
“1E &‘C'L|°=‘1(‘3A 9:14 48‘< % l°|48|’|‘ 2214 4
o e "< 1481 8%'Co2
i ::14 z ol
< 48710 = smio 48100
_ =t 48< 5 R BEIcy =1 A0 1ijo
I .:_148\;210° ' S LBRIC f8E0P02
= p&01&}|oo1&}|000
:1-1H.'1|0000.
(6.4.16)

Y
Since " 1C is a real constant,2B}1°° is the primitive of &Z1° (up to a real
multiplicative constant). It su ces to show thatcis the real locus of™|°

Recall thabcis the unique conformal map frobn contoD with the hydrodynamic

normalization. Therefor&d1° maps the subsetcto nD and &1° maps the subset
~to the real line.

. . . P—— o
Since "1B21°°is the primitive of &¢1° (up to a real multiplicative constant), the
real line is part of the real locus'B#1°°. Since &1° maps the subset:to the real
line, it follows that ~is a subset of the real locus of1°.

Remark 6.4.3. The underlying principle is that ®#£1° 2 QD?2°, the function
Sbllo admits a local meromorphic primitive id n fOg. As a result, the residues
of &?*I1° at all nonzero poles must vanish.
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When the poles are distinct from the critical points, this principle manifests alge-
braically as thestationary relation However, when a pole coincides with a critical
oint (in which case the pole must be of order two), the partial fraction expansion of
&11° becomes more intricate, and so does the associated algebra. Nevertheless,
the same fundamental principle continues to govern the structure.

Example 6.4.4.The traces of-braids multiple SLE(O) ifD.

Proof. For =-braids multiple radial SLE(O)x = 0, and there are no poles, thus
&11°312is given by 3
e
&Ue=21=2 | g
o1
The=-braids multiple SLE(0) hastrajectories with limiting ends dt= 0, and with

limiting tangential directions that form an equél with each other.

2 (6.4.17)

6.5 Classical limit of martingale observables*
In this section, we discuss how the eld integral of motion is heuristically derived as
the classical limit of martingale observables constructed via conformal eld theory.

Based on the SLE-CFT correspondence, the multiple radial ‘§ldyétem can be
coupled to a conformal eld theory. We will construct this conformal eld theory
using vertex operators, following the approach in Kang and N. Makarov (2013) and
N-G. Kang and N. Makarov (2021).

. i .
De nition 6.5.1 (Vertex operator)For a background chargé = . V. @ with the
neutrality conditiontNC1° and divisor3 = ggg | g with the neutrality condition
INCq°. We de ne the vertex operat@y»3vas

108, #4 g gy,

L=
OpBi= —

(6.5.1)

i
where :»3%= g9 : |g isthe chirdal bosonic eld and is the wick product.

De nition 6.5.2 (=-leg operator with screening charge§onsider the following
charge distribution on the Riemann sphere.

#=1%, 1x
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G G = 2« = 2
= 0X,  20% 100X I

=1 =1 2 2

<
°0 X

The=-leg operator with screening chargésand background chargé is given by
the OPE exponential:

1081, # g 50,

Op» Ve
#ALTE 110»#]/4

(6.5.2)
For each link pattert, we can choose closed conto@s- « « «G&- along which we
may integrate the variables to screen the vertex elds. L8tbe the screening
operator. We de ne the screening operation as

Ya Ya
SUO# »311/4: oo O# ))311/6, (6.5.3)
o] C
We integrate the correlation functi®@Oy»3: Y= 1z ©°, the conformal dimension
is 1 at the/ points, i.e. since 11 20° = 1. This leads to the partition function for
the corresponding multiple radial SL/B(system:

Va Va

JULZ0 = ESUOwBiY=  ses A1z 930 ese 3 (6.5.4)
C C-

Theorem 6.5.3(Martingale observable)For any tensor product of elds in the
OPE familyFx of 4,

v aoo EISU0m3%°
ES 0w ¥s ©

(6.5.5)

is a local martingale, wheréd1° is the Loewner map for multiple radial SL(
system associated thy1z° = ESOy»31Y4

Remark 6.5.4. The structure of multiple radBLE*"° systems is not yet fully
understood. We do not provide a rigorous justi cation of this theorem in this paper,
nor is the validity of our results dependent on this. In particular, the integral of
motion used in our arguments can be directly veri ed independently.

Moreover, the Martingale Observable Theorem can be extended to linear combina-

tions of screening elds of the form

O
SOy = f uSuOy»31%+
u
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where eaclsy corresponds to a distinct choice of integration contours associated
with a link patternU, andf y 2 R are real coe cients.

Corollary 6.5.5. Let the divisor3, = 5X L X , X, where the parameter

f =3 andinsert = Oy»3,Y4

ES Oy 31V @34
" No= k6! 6.5.6
¢ ESOu3%  © (6.5.6)
is local martingale wheréd 1 ° is the Loewner map for multiple radial SLE(System

associated t@ ~12° = ESOy;»31 %

Explicit computation shows that

Ya Ya

ESUOBYEm E  eoo  Op31Yu@B%s

. ) G C .

/4 /4 O 02 O 402 O: 202
— ceo 1] 8 | 90 1b8 b O |8 bg
5 G C-1 gyg= 1 8Y9< &1 &1
= 2 f =2 f =
P o L A P L L
9

1 |90f0 11 po 2f0 j6°10°j2—111> 2,20 Lo
Va YVa
E oo O# »311/4
G C-
Ya Ya 'e)

o & .
— cee 1|8 |9002 1b8 b0402 |8 bg 20
o G Ql(,js\“(g: 1 8Y9< &1 o1
011 =20 2011 2500 f1q = 2<(p 1 2 11 25 =qo
g™ 2 b, R e I il (o o eI
9

Conjecture 6.5.6. A8 ! 0, the contour integral concentrate on the critical points
of the master function.

2 2
E . eee | Op»3Yu@»3HYa
#a10 =" = lim * cH° = fim G G
- MO B L eee OB
I . 1 0 po (6.5.7)
= j6%0°j < m:gf ; 1601I°l—‘1 -
. 1 9=1 bg

where/ solve thestationary relations. This is exactly the integral of motiad 1°
in the proof of the theorem.
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" cHCis al_;1f °-0° di erential with respect tol, where_;1f © = ;1,1 By

taking the limit* ! O, lim~ o_11f © =1, and thus' !I°is a (1,0) di erential.

Remark 6.5.7. The integral of motighd1° can be veri ed through direct compu-
tation. This heuristic argument provides valuable insight and motivation for con-
structing the integral of motion. It is worth noting that our paper is self-consistent
and does not depend on the detailed clari cation of the classical limits.

6.6 Enumerative algebraic geometry and link pattern*

In this section, we propose several illuminating conjectures for the classi cation of
the quadratic di erentia*1°312 2 QD*z° and equivalently the critical points of
the trigonometric KZ equations:

In the chordal setting, multiple chord8LE*Q0° systems have been constructed and
analyzed in detail by Eveliina Peltola and H. Wang (2020), and the corresponding
stationary (commutation) relations have been completely solved and classi ed in
Scherbak and Varchenko (2003), Scherbak (2002a), and Scherbak (2002b). Moti-
vated by these results, we propose the following conjectures concerning the structure
of multiple radialSLE*Q° systems.

Conjecture 6.6.1 even). Let&11°312 2 QD2 be an involution symmetric
meromorphic quadratic di erential witkr simple zeros located on the unit circle
(with even=) and< poles. Then, up to multiplication by a nonzero real constant,
the horizontal trajectory *&° with limiting ends atz satis es:

" (Underscreening) I 3, then 1&° consists ok disjoint arcs connecting
distinct pairs of zeros, forming a radied— <-link. For each such link pattern,
there exists a unique di erentid&l 2 QD1 2° (up to scaling) whose horizontal
trajectories form this pattern.

" (Overscreening) Iﬁz—l < = then 1&° consists o= < disjoint arcs
connecting pairs of zeros, forming a radia—= <?©°-link. For each such
link pattern, there exists a continuous family of di erent&al2 QD*2° (up
to scaling) whose horizontal trajectories form this pattern.

" (Upper bound) If< j =, there exists no such quadratic di erenti@l 2
QDZ.

Conjecture 6.6.20dd). Let& *1° 312 2 QD! 2 be an involution symmetric mero-
morphic quadratic di erential with= simple zeros located on the unit circle (with
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odd =) and< poles. Then, up to multiplication by a nonzero real constant, the
horizontal trajectory 1&° with limiting ends atz satis es:

" (Underscreening) I&€ 3, then &° consists ok disjoint arcs connecting
distinct pairs of zeros, forming a radied— <-link. For each such link pattern,
there exists a unique di erentid&l 2 QD1 2° (up to scaling) whose horizontal
trajectories form this pattern.

" (Overscreening) Iﬁz—l < = then '&° consists o= < disjoint arcs
connecting pairs of zeros, forming a radial- = <°-link. For each such link
pattern, there exists a unique di erenti&l 2 QD*z° (up to scaling) whose
horizontal trajectories form this pattern.

" (Upper bound) If< j =, there exists no such quadratic di erenti@l 2
QD1z.

Remark 6.6.3. Wher is an even integer, in the overscreening cas#,°312 =

* 0102312 where' 11°is an involution symmetric rational function wittes critical
points. In this case, the continuous family of solutions can be obtained by post-
composition with Mobius transformations.

We can equivalently reformulate our conjectures concerning the critical points of
the master functions.

Conjecture 6.6.4. For genericon the unit circle, critical point¢ of the master
function «_2tz-/°are involution symmetric.

Conjecture 6.6.5< even). For generiz on the unit circle:

" (Underscreening) K 5, < =tz °has exactly!%!=—<jisolated critical
points.

" (Overscreening) Iﬁz—l < =, 274 °has non-isolated critical points.

| |
Let 1= by 2= Dbdgeee= =b b be the standard symmetric

functions ofby— ¢+ +—<b DenoteC* the space with coordinateg—ee*—.
Then written in symmetric coordinates—* ¢ * —, the critical points consist
of j!%1=—= <9jstraight lines in the spade".

" (Upperbound) Ik j =, <_2tz- °has no critical points.
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Conjecture 6.6.6<0dd). For/ and generiz on the unit circle:

" (Underscreening) kK 5, < 2z °hasj!%=—<jisolated critical points.

" (Overscreening) Ifiz.—1 < = <«=74° hasj!%'=—= <] isolated
critical points.

" (Upperbound) Ik j =, <_2*z- ° has no critical points.

6.7 Examples: underscreening
In this section, we provide a series of gures to illustrate the trace con gurations
arising from various multiple radi@LE*0° systems.

For multiple radial SLE(0) system with growth poirgsand screening chargeés
the corresponding quadratic di erential is given by
I b2 I - 1| | .02
gog|2= 2t 2 = 24—3|2
=1 I b
Lemma 6.7.1.Given&!1° 2 QD12° associate to it a vector eldg, on € de ned
by

1
1]0 —
Ee 1 ﬁm (6.7.1)
where . b T_ 0 g
N = et | =1 :
&%= pF——I" 2
- bg°?

The ow lines ofk= Eg !1° are the horizontal trajectories & *1°312.

Remark 6.7.2. This lemma provides an elementary way to plot the horizontal trajec-
tories of&11°312.

In the following gures, the zeros are marked in red, the poles in yellow, and the
marked poinD= 0in green.

Figure 6.1 ==2-<=1-k =8-4= 8 The SLE(0) curves connett andl to
the origin. 0
&te=gl2% @i @

Figure 6.2 ==2-<=1-h =8-4 = 8-p= 1 The SLE(O) curve connectg
andl », and does not surround the origin.

I I

S
& =8l s
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Figure 6.1:1;, =81,= 8 Figure 6.2:11=81,= 8by= 1
Figure 6.3:1. = 4%¢8+3_ : = 012 Figure 6.4:1. = 4%¢8=3_ : = 012,
bp= 1

Figure 6.3 == 3-<=0. The SLE(O) curves connect all threeto the origin.

PR =872 g0y %y g%

Figure 6.4 == 3—<=1, with poleb= 1. The SLE(0) curves conneti andl 3,
and connect to 0.

1 01 2c8301 4c8 30
Sifog ¥2tl 10U 4% 4

1] 102

Figure 6.5 ==4-<=0. All I. are connected to the origin.

12- 10
&11° =8| 3 1| 42.,10840
:=0

Figure 6.6. == 4—<=1, with poleb = 1. The SLE(0) curves connekts andl 4 to
0, and connedt; to | .

I 3 1] 412:,100840

Pis_ g2_:0
&i°o= 8 T
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Figure 6.5: 1. = 4'%.1%84_ . = Figure 6.6: 1. = 4'2.1°c84_ . =
0123 0123,b; =1

Figure 6.7: |. = 4¢®4_. = Figure 6.8: 1. = 4'2.1c84_ . =
1234,b=1b= 1 0123, b= 1

Figure 6.7 == 4-<=2,1. = 42%.Y°84 ph = 1B = 1. The SLE(0) curves

connectl ;1 andl 4, andl, andl 3.

I 3 1] 4122,1°C8'40

p—_ 1 =0
&11° = 8l 1] 1021] 102

P—p— P—p—
Figure 6.8 ==4-<=2,|. = 42.7°84 p = 2 "3-p= 2, 3. The

SLE(O) curves connedg andl 4 to 0, and connedt; to I ».

I 3 1] 4122,100840
&°=8l1—p==5 P&
1| 2 3021) 2. 302

6.8 Examples: overscreening
Let us recall the de nition of the trace quadratic di erential

De nition 2. Restatement of de nition (1.3.6)

Let z = fl;— b—ee*—=g be distinct points on the unit circle, a class of quadratic
di erentials with prescribed zeros denoted QD Z°:
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