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ABSTRACT

In this thesis, we study multiple radialSLE¹^º systems �a family of random

multi-curve systems in a simply-connected domain
 , with marked boundary points

I 1– • • • – I= 2 m
 and a marked interior point@, where parameter̂ ¡ 0 measures the

randomness of the system. We also study the multiple radial SLE(0) systems as the

deterministic limit of multiple radial SLE(̂) systems.

As a consequence of domain Markov property and conformal invariance, we derive

that a multiple radial SLE(̂) system is characterized by a conformally covariant

partition function satisfying the null vector equations�a second-order PDE system.

On the other hand, using the Coulomb gas method inspired by conformal �eld

theory, we construct four types of solutions to the null vector equations, which can

be classi�ed according to topological link patterns.

We construct the multiple radial SLE(0) systems from stationary relations by heuris-

tically taking the classical limit of partition functions as^ ! 0. By constructing

the �eld integrals of motion for the Loewner dynamics, we show that the traces

of multiple radial SLE(0) systems are the horizontal trajectories of an equivalence

class of quadratic di�erentials. These trajectories have limiting ends at the growth

points and form a radial link pattern.

The stationary relations connect the classi�cation of multiple radial SLE(0) sys-

tems to the enumeration of critical points of the master function of trigonometric

Knizhnik-Zamolodchikov (KZ) equations.

For ^ ¡ 0, the partition functions of multiple radial SLE(^) systems correspond

to eigenstates of the quantum Calogero-Sutherland (CS) Hamiltonian beyond the

fermionic states. In the deterministic case of^ = 0, we show that the Loewner dy-

namics with a common parametrization of capacity form a special class of classical

CS systems, restricted to a submanifold of phase space de�ned by the Lax matrix.
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1.3 Multiple radial SLE(0) systems . . . . . . . . . . . . . . . . . . . . 9
1.4 Relations to classical Calegero-Sutherland systems . . . . . . . . . . 16

Chapter II: Coulomb gas correlation and rational(!� ¹^º . . . . . . . . . . . 18
2.1 Schramm Loewner evolutions . . . . . . . . . . . . . . . . . . . . . 18
2.2 Coulomb gas correlation on Riemann sphere . . . . . . . . . . . . . 20
2.3 Coulomb gas correlation in a simply connected domain . . . . . . . 22
2.4 Rational(!� ^»2 ¼. . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5 Classical limit of Coulomb gas correlation . . . . . . . . . . . . . . 28
2.6 Rational(!� 0»2 ¼. . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Chapter III: Commutation relations and conformal invariance for multiple
SLE systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.1 Transformation of Loewner �ow under coordinate change . . . . . . 33
3.2 Local commutation relation and null vector equations in^ ¡ 0 case . 36
3.3 Local commutation relation and null vector equations in^ = 0 case . 53

Chapter IV: Conformal �eld theory for multiple SLE(^) . . . . . . . . . . . . 57
4.1 Vertex operators and level two degeneracy equations . . . . . . . . . 57

Chapter V: Coulomb gas solutions to the null vector equations . . . . . . . . 61
5.1 Coulomb gas correlation and Coulomb gas integral . . . . . . . . . . 61
5.2 Classi�cation and link pattern . . . . . . . . . . . . . . . . . . . . . 68

Chapter VI: Multiple radial SLE(0) system . . . . . . . . . . . . . . . . . . . 84
6.1 Classical Limit of the Multiple Radial SLE(^) System . . . . . . . . 84
6.2 Stationary Relations Imply Commutation Relations in the^ = 0 Case 85
6.3 Residue-free quadratic di�erentials with prescribed zeros . . . . . . 87
6.4 Field integral of motion and horizontal trajectories as �ow lines . . . 98
6.5 Classical limit of martingale observables* . . . . . . . . . . . . . . 106
6.6 Enumerative algebraic geometry and link pattern* . . . . . . . . . . 109
6.7 Examples: underscreening . . . . . . . . . . . . . . . . . . . . . . . 111
6.8 Examples: overscreening . . . . . . . . . . . . . . . . . . . . . . . 113

Chapter VII: Multiple radial SLE(0) system with spin . . . . . . . . . . . . . 116
7.1 Residue-free quadratic di�erentials with prescribed zeros . . . . . . 116



vii

7.2 Field integral of motion and horizontal trajectories as �ow lines . . . 117
7.3 Classical limit of martingale observables* . . . . . . . . . . . . . . 119
7.4 Examples: spin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Chapter VIII: Relations to Calogero-Sutherland system . . . . . . . . . . . . 125
8.1 Multiple radial SLE(0) and classical Calogero-Sutherland system . . 125
8.2 Null vector equations and quantum Calogero-Sutherland system . . . 131

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134



viii

LIST OF ILLUSTRATIONS

Number Page

1.1 Multiple radial SLE(̂) systems inD . . . . . . . . . . . . . . . . . . 2

1.2 Multiple radial SLE(̂) in D . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Localization of multiple radial SLE(^) . . . . . . . . . . . . . . . . . 3

1.4 IntegrateZ1– Z2 (yellow points) along two Pochhammer contour . . . 7

2.1 Chordal SLE(̂) 2 ¸ = 0 � b ¸ ¹ 21 � 0º � @, 2 � = 0 . . . . . . . . . . 27

2.2 Radial SLE(̂) 2 ¸ = 0 � b ¸ ¹ 1 � 0º � @, 2 � = 1 � @ . . . . . . . . . . 27

5.1 The Pochhammer contour� ¹I 8– I9º: a commutator loop aroundI 8

andI 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.1 Example:I 1– I2– I3– I4 with 2 screening chargesb1– b2 . . . . . . . . . 70

6.1 I 1 = 8, I 2 = � 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.2 I 1 = 8, I 2 = � 8, b1 = � 1 . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.3 I : = 42c8:•3– : = 0–1–2 . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.4 I : = 42c8:•3– : = 0–1–2, b1 = � 1 . . . . . . . . . . . . . . . . . . . . 112

6.5 I : = 4¹2: ¸ 1ºc8•4– : = 0–1–2–3 . . . . . . . . . . . . . . . . . . . . . . 113

6.6 I : = 4¹2: ¸ 1ºc8•4– : = 0–1–2–3, b1 = 1 . . . . . . . . . . . . . . . . . 113

6.7 I : = 4:c8•4– : = 1–2–3–4, b1 = 1, b2 = � 1 . . . . . . . . . . . . . . . 113

6.8 I : = 4¹2: ¸ 1ºc8•4– : = 0–1–2–3, b1 = � 1 . . . . . . . . . . . . . . . . . 113

6.1 I 1 = 1, b1 = � 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.2 I 1 = 8, I 2 = � 8, b1 = 1, b2 = � 1 . . . . . . . . . . . . . . . . . . . . . 114

6.3 I : = 42:c8•3, b1 = � 3
2 ¸

p
5

2 , b2 = � 3
2 �

p
5

2 . . . . . . . . . . . . . . . 115

6.4 I : = 42:c8•3, b: = 4¹2: � 1ºc8•3 . . . . . . . . . . . . . . . . . . . . . . 115

6.5 I : = 4¹2: ¸ 1ºc8•4, b1 = 8, b2–3 complex conjugates . . . . . . . . . . . . 115

6.6 I : = 4¹2: ¸ 1ºc8•4, b: = 4:c8•2 . . . . . . . . . . . . . . . . . . . . . . 115

7.1 = = 1, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2 = = 1, [ = 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

7.3 = = 2, < = 0, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.4 = = 2, < = 1, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.5 = = 3, < = 0, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.6 = = 3, < = 1, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 122

7.7 = = 4, < = 0, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.8 = = 4, < = 1, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 123



ix

7.9 = = 4, < = 2, [ = � 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.10 = = 4, < = 2, [ = � 1 . . . . . . . . . . . . . . . . . . . . . . . . . . 123



x

NOMENCLATURE

^. SLE parameter measuring the roughness of the SLE curve.

E»XOV¼. CFT correlation function involving product of �eldsX.

L 9. Null vector di�erential operator acting on\ 9.

O# »3¼. Chiral vertex operator with background charge# and charge3 in CFT.

Z¹ ) º. Partition function of the multiple SLE(^) system.

0. Charge at SLE growth point, de�ned by0 =
p

^•2.

1. Background charge in Coulomb gas formalism,1 =
p

8•^ �
p

^•2.

2. Central charge in CFT, de�ned by2 = ¹3^� 8º¹6� ^º
2^ .

� . Conformal dimension of the �eld associated to the SLE growth point with
charge0 de�ned by � = 6� ^

2^ .

� =¹Vº. Quantum Calogero�Sutherland Hamiltonian with parameterV = 8
^ .

Charge Relation. 20¹0 ¸ 1º = 1, relating vertex charge0 and background charge
1 in Coulomb gas formalism.

Neutrality Condition ¹NC1º. Total charge of a divisor is21.
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C h a p t e r 1

INTRODUCTION

1.1 Background and main results

The Schramm-Loewner evolution SLE(^) with ^ ¡ 0 is a one-parameter family of

random conformally invariant curves in the plane describing interfaces within con-

formally invariant systems arising from statistical physics, as introduced in Schramm

(2000), Lawler, Schramm, and Werner (2004), Smirnov (2006), Schramm (2006),

and Schramm and She�eld (2009). Conformal �eld theory (CFT), a quantum �eld

theory invariant under conformal transformations, is also widely used to study crit-

ical phenomena, see J. L. Cardy (1996) and Friedrich and Kalkkinen (2004). SLE

and the multiple SLE systems can be coupled to conformal �eld theories (CFT)

through the SLE-CFT correspondence, which serves as a powerful tool for pre-

dicting phenomena and computing important quantities of SLE(^) and multiple

SLE(̂ ) systems from the CFT perspective, as demonstrated in references like Bauer

and Bernard (2003), J. L. Cardy (2003), Friedrich and Werner (2003), Friedrich

and Kalkkinen (2004), Dubédat (2015), and E. Peltola (2019). The parameter^

measures the roughness of these fractal curves and determines the central charge

2¹^º = ¹3^ � 8º¹6 � ^º•2^ of the associated CFT.

In most recent years, there has been tremendous interest in multiple chordal SLE(^)

systems, as discussed in Dubédat (2006), Kozdron and Lawler (2007), Lawler (2009),

S. Flores and Kleban (2015a), E. Peltola and Wu (2019), and Eveliina Peltola and H.

Wang (2020). In contrast, multiple radial SLE(^) systems have been less explored,

with notable contributions including Healey and Lawler (2021), Y. Wang and Wu

(2024), Nikolai Makarov and Zhang (2025b), and Nikolai Makarov and Zhang

(2025a) and discussions in physics literature such as J. Cardy (2004), Doyon and

J. Cardy (2007), Simmons et al. (2011), and S. M. Flores, Kleban, and Zi� (2012).

The core principle throughout our study of the multiple radial SLE(^) system is

the SLE-CFT correspondence. SLE and multiple SLE systems can be coupled to a

conformal �eld in two key aspects:

ˆ The level-two degeneracy equations for the conformal �elds coincide with the

null vector equations for the SLE partition functions.
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ˆ The correlation functions of the conformal �elds serve as martingale observ-

ables for the SLE processes.

1.2 Multiple radial SLE( ^) systems with^ ¡ 0

Figure 1.1: Multiple radial SLE(̂) sys-
tems inD

Figure 1.2: Multiple radial SLE(̂) in D

In a simply connected domain
 with boundary pointsI 1– I2– • • • – I= and a marked

interior point@, we de�ne alocal multiple radial SLE(̂) systemas a compatible

family of probability measures

P¹* 1–*2–•••–*=º
¹
 ;I 1–I2–•••–I=–@º

on =-tuples of continuous, non-self-crossing curves starting fromI 8 within a local-

ization neighborhood* 8, none of which contains@. A more precise characterization

of these measures is provided in De�nition 1.2.1 and De�nition 1.2.2.

De�nition 1.2.1 (Localization of Measures). Let 
 ( C be a simply connected

domain with an interior marked pointD 2 
 . Let I 1– I2– • • • – I= denote distinct

prime ends ofm
 , and let* 1– *2– • • • – *= be closed neighborhoods ofI 1– I2– • • • – I=

in 
 such that:

ˆ * 8 \ * 9 = ; for all 1 � 8 Ÿ 9� =,

ˆ None of the* 9 contain the interior point@.

We consider the measures

P¹* 1–*2–•••–*=º
¹
 ;I 1–I2–•••–I=–@º

de�ned on=-tuples of unparametrized continuous curves in
 . Each curve[ ¹ 9º

begins atI 9 and exits* 9 almost surely.
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A family of such measures indexed by di�erent choices of¹* 1– *2– • • • – *=º is called

compatibleif for all * 9 � * 0
9, the measure

P¹* 1–*2–•••–*=º
¹
 ;I 1–I2–•••–I=–@º

is obtained by restricting the curves under

P¹* 0
1–*0

2–•••–*0=º
¹
 ;I 1–I2–•••–I=–@º

to the portions of the curves that remain inside the subdomains* 9 before their �rst

exit.

Figure 1.3: Localization of multiple radial SLE(^)

Similar to the chordal case, multiple radial SLE(^) systems are characterized by

conformal invariance, the domain Markov property, and absolute continuity to

independent standard SLE(^) (see Y. Wang and Wu (2024)).

De�nition 1.2.2 (Local multiple radial SLE(̂)). The locally commuting=-radial

SLE¹^º is a compatible family of measures

P¹* 1–*2–•••–*=º
¹
 ;I 1–I2–•••–I=–@º

on =-tuples of continuous, non-self-crossing curves
�
W¹1º– W¹2º– • • • – W¹=º

�
for all

simply connected domains
 with marked points¹I 1– I2– • • • – I=– @º and target sets

¹* 1– *2– • • • – *=º. These measures satisfy the following conditions:

(i) Conformal invariance: If i : 
 ! 
 0 is a conformal map, then the pullback

measure satis�es

i � P¹i ¹* 1º–i ¹* 2º–•••–i¹* =ºº
¹
 0;i ¹I 1º–i ¹I 2º–•••–i¹I =º–i ¹@ºº = P¹* 1–*2–•••–*=º

¹
 ;I 1–I2–•••–I=–Dº•
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It su�ces to describe the measure when¹
 ; I 1– I2– • • • – I=– @º = ¹D; I 1– I2– • • • – I=–0º.

The de�nition for arbitrary
 with a marked interior point@can then be ex-

tended by pulling back via a conformal equivalencei : 
 ! D mapping@to

0.

(ii) Domain Markov property: Let
�
W¹1º– W¹2º– • • • – W¹=º

�
� P¹* 1–*2–•••–*=º

¹D;I 1–I2–•••–I=–@º, and

parametrizeW¹ 9º by their own capacity inD. For stopping timest = ¹C1– C2– • • • – C=º,

de�ne

~* 9 = * 9 n W¹ 9º
»0–C9¼

– ~W¹ 9º = W¹ 9º n W¹ 9º
»0–C9¼

– ~
 = D n
=Ø

9=1

W¹ 9º
»0–C9¼

•

Then, conditionally on the initial segments
Ð =

9=1 W¹ 9º
»0–C9¼

, we have

�
~W¹1º–~W¹2º– • • • –~W¹=º

�
� P¹ ~* 1–~* 2–•••–~* =º�

~
 ;W¹1º
C1

–W¹2º
C2

–•••–W¹=º
C= –@

� •

(iii) Absolute continuity with respect to independent SLE(^): Let
�
W¹1º– W¹2º– • • • – W¹=º

�
�

P¹* 1–*2–•••–*=º
¹D;I 1–I2–•••–I=–0º. LetI 9¹Cº = 48\9¹Cº, the capacity-parametrized Loewner driving

functionC7! \ 9¹Cº for W¹ 9º satis�es

d\ 9¹Cº =
p

^ d� 9¹Cº ¸ 19 ¹) ¹Cºº dC–

d\ : ¹Cº = cot
�
\ : ¹Cº � \ 9¹Cº

2

�
dC– :< 9–

(1.2.1)

where� 9¹Cº are independent standard Brownian motions, and19¹) º are � 2

functions on the chamber

X= = f ¹\ 1– \2– • • • – \=º 2 R= j \ 1 Ÿ \ 2 Ÿ � � � Ÿ \ = Ÿ \ 1 ¸ 2cg•

The domain Markov property implies that one can sequentially map out the curves

W¹8º
»0–C8¼

using6¹8º
C8 , or perform the mappings in reverse order. The resulting image

has the same distribution regardless of the order. This property is known as the

commutation relation or reparametrization symmetry (see Section 3.2).

In the following, we study how commutation relations and conformal invariance

impose constraints on the drift terms19¹) º.

We study the multiple radial SLE(^) systems by exploring the following two aspects:

ˆ Commutation relations and conformal invariance;
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ˆ Solution space of the null vector equations.

Extending the results in Dubédat (2007) on commutation relations (see also Y. Wang

and Wu (2024) for the two radial case), we derive analogous commutation relations

for multiple radial SLEs in the unit diskD with I 1 = 48\1– I2 = 48\2– • • • – I= = 48\= 2

mD and one additional marked point@= 0, see section 3.2. The family of measure

P¹\ 1–•••–\=º of a multiple radial SLE(̂) system is encoded by a partition function

k ¹) º : f¹ \ 1– \2– • • • – \=º 2 R= j \ 1 Ÿ \ 2 Ÿ • • • Ÿ \= Ÿ \ 1 ¸ 2cg ! R¡ 0.

Theorem 1.2.3.For a local multiple radial SLE(̂) system in the unit diskD with

boundary pointsI 1 = 48\1– I2 = 48\2– • • • – I= = 48\= and a marked point at@= 0,

there exists a positive partition functionk ¹) º such that the drift term19 in equation

(1.2.1) satis�es

19 = ^
m9k
k

– 9= 1–2– • • • – =• (1.2.2)

Moreover,k ¹) º satis�es the null vector equation

^
2

m88k ¸
Õ

9<8

cot
�
\ 9 � \ 8

2

�
m8k ¸

�
1 �

6
^

� Õ

9<8

1

4 sin2
�

\ 9� \ 8

2

� k � �k = 0– (1.2.3)

for some constant� .

Furthermore, there exists a real constantl such that for all\ 2 R,

k ¹\ 1 ¸ \– • • • – \= ¸ \ º = 4� l\ k ¹\ 1– • • • – \=º• (1.2.4)

Conversely, given a positive partition functionk ¹) º that satis�es both the null vector

equation (1.2.3) and the rotation invariance condition (1.2.4), we de�ne the multiple

radial Loewner chain as a normalized conformal map6C= 6C¹I º. The evolution of6C

is governed by the following Loewner equation with the initial condition60¹I º = I :

mC6C¹I º =
=Õ

9=1

a9¹Cº6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

– 60¹I º = I•

For the covering map� C¹I º, de�ned by48�C¹I º = 6C¹48Iº, the evolution is given by

mC� C¹I º =
=Õ

9=1

a9¹Cº cot
�
� C¹I º � \ 9¹Cº

2

�
– �0¹I º = I•

The driving functions\ 9¹Cº, for 9= 1– • • • – =, evolve as
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3\ 9 = a9¹Cº
m9 logk ¹) º

m\9
3Ç

Õ

: < 9

a: ¹Cº cot
�
\ 9 � \ :

2

�
3Ç

p
^3� C–

where. = ¹a1– • • • – a=º is a set of measurable functions, eacha8 : »0–1º ! » 0–1º .

The process� C¹I º thus de�nes a local multiple radial SLE(^) system.

Proof. This is a summary of results derived from Theorem 3.2.1 and Theorem 3.2.2,

which establish the commutation relations and conformal covariance properties of

the partition functionk . �

A signi�cant di�erence between the multiple radial SLE(^) systems and standard

multiple chordal SLE(̂) systems arises when we study their conformal invariance

properties. Although the multiple radial SLE(^) systems are conformally invariant,

the partition functions in its corresponding equivalence classes do not necessarily

exhibit conformal covariance when we have an extra marked point.

We de�ne two partition functions asequivalentif and only if they induce iden-

tical multiple chordal SLE(̂) systems. Equivalent partition functions di�er by a

multiplicative function5¹Dº.
~k = 5¹Dº � k– (1.2.5)

where 5¹Dº is an arbitrary positive real smooth function depending on the marked

interior pointDA simple example that violates conformal covariance is when5¹Dº

is not conformally covariant. However, within each equivalence class, it is still

possible to �nd at least one conformally covariant partition function.

Theorem 1.2.4. For a multiple radial SLE(̂) system with= SLEs starting at

¹\ 1– \2– • • • – \=º 2 X=¹) º and a marked pointD2 D not necessarily �xed at0:

(i) Two partition functionsek andk areequivalentif they di�er by a multiplicative

factor 5¹Dº:
ek = 5¹Dº � k–

where5¹Dº is a smooth, positive function ofD. Under this equivalence,ek and

k induce identical multiple radial SLE(^) systems.

(ii) Within the equivalence class of partition functions, we can choosek to satisfy

conformal covariance. Underg 2 Aut¹Dº, k transforms as:

k ¹\ 1– • • • – \=– Dº =

 
=Ö

8=1

g0¹\ 8º
6� ^
2^

!

g0¹Dº_¹Dºg0¹Dº
_¹Dº

k ¹g¹\ 1º– • • • – g¹\ =º– g¹Dºº•
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(iii) The choice of a conformally covariant partition function is not unique. Let:

5¹Dº = ¹Rad¹D–HººU = ¹8¹D� DººU– U2 R•

Then for any conformally covariantk , ek = 5¹Dº � k yields an equivalent

solution with:
e_¹Dº = _¹Dº ¸ U•

Following S. Flores and Kleban (2015b) on solution space of the null vector equa-

tions for partition functions of multiple chordal SLE(^), we construct four types of

solutions to the null vector equations and Ward's identities for partition functions of

multiple radial SLE(̂ ) via Coulomb gas integral method in conformal �eld theory.

Choosing chargesf 9 for 92 f1–2– • • • – =gand chargesg: for : 2 f 1–2– • • • – <g, the

following trigonometric Coulomb gas integral plays a crucial role in the theory of

multiple radial SLE:

¼
� � �

¼

�

Ö

1� 8Ÿ 9� =

�
sin

\ 9 � \ 8

2

� f 8f 9 Ö

1� AŸB� <

�
sin

ZB � ZA

2

� gAgB Ö

1� 8� =
1� A� <

�
sin

ZA � \ 8

2

� gAf 8

dZ1 � � � dZ< •

The integration variablesZ1– Z2– • • • – Z< are integrated along multiple contours� ,

corresponding to various topological link patterns. A detailed explanation can be

found in Section 5.2.

Figure 1.4: IntegrateZ1– Z2 (yellow points) along two Pochhammer contour

Theorem 1.2.5.The following four types of Coulomb gas integrals (see de�nitions in

Section 5.2) solve the null vector equation(1.2.3)and the rotation equation(3.2.2):
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(1) For any link patternU 2 !%¹=– <º, with <– = 2 Z and 1 � < � =
2, the

Coulomb gas integralJ =–<
U ¹) º de�ned in (5.2) solves the null vector equation

(1.2.3)with

� =
1 � ¹ = � 2< º2

2^
–

and the rotation equation(3.2.2)with l = 0.

(2) For any link patternU 2 !%¹=– <º, with <– =2 Z, 1 � < � =
2, and= even,

the corresponding Coulomb gas integralsK ¹<–=º
U ¹) º de�ned in (5.2.20) solve

the null vector equation(1.2.3)with

� =
1 �

�
= � 2< ¸ ^

2

� 2

2^
–

and the rotation equation(3.2.2)with l = 0.

(3) For any link patternU 2 !%¹=– <º, with <– = 2 Z and 1 � < � =
2, the

Coulomb gas integralJ =–<
U ¹) – [º solves the null vector equation(1.2.3)with

� = �
¹= � 2< º2

2^
¸

1 ¸ [ 2

2^
–

and the rotation equation(3.2.2)with

l =
[ ¹= � 2< º

^
•

(4) For any link patternU 2 !%¹=–=
2º, with = even, the Coulomb gas integral

L =
U¹) º solves the null vector equation(1.2.3)with

� =
¹6 � ^º¹^ � 2º

8^
–

and the rotation equation(3.2.2)with l = 0.

Here,Udenotes the integration contour, and!%¹=– <º represents the set of all possi-

ble multiple integration contours with=boundary points and< integration variables.

The abbreviation!% stands for link pattern, which is de�ned in Section 5.2.

We will discuss the linear independence of these solutions in our forthcoming

work. Understanding the complete classi�cation of the solution space to the null

vector equations and rotation equation remains an intriguing open question. The

classi�cation of the multiple radial SLE(̂) systems can be reduced to studying the

positive solutions to the null vector equations and rotation equations.
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Notably, in Y. Wang and Wu (2024), the authors introduce the following chordal

SLE weighted by the conformal radius. This type of solutions can also be realized

by screening. The corresponding partition function is given by

Z U ¹\ 1– \2º = ¹sin¹\ •2ºº
^ � 6

^ E\ »CR¹DnWº� U¼•

In Remark 5.2.5, we explain how this type of solution�weighted by the conformal

radius�corresponds to a sum of terms of the formJ 2–1
U ¹) – [º.

1.3 Multiple radial SLE(0) systems

We treat multiple radial SLE(0) curves as natural geometric objects without reference

to multiple radial SLE(̂) systems.

The de�ning properties of this ensemble of curves are geometric commutation and

conformal invariance.

De�nition 1.3.1. Let W1– • • • – W= be simple disjoint smooth curves starting from

f I 1– I2– • • • – I=gwhich are= distinct points counterclockwise on the unit circlemD.

(i) Each curve can be individually generated by a Loewner chain. In angular

coordinate, letI 9 = 48\9, then the Loewner equation for the covering map

� C¹I º of 6C¹I º (i.e. 48�C¹I º = 6C¹48Iº) is given by

mC� C¹I º = cot¹
� C¹I º � \ 9¹Cº

2
º– �0¹I º = I– (1.3.1)

and the driving function\ 9¹Cº evolve as

(
d\ 9¹Cº = * 9

�
\ 1¹Cº– \2¹Cº– • • • – \9¹Cº– • • • – \=¹Cº

�
dC

d\ : ¹Cº = cot
� �

\ : ¹Cº � \ 9¹Cº
�
•2

�
dC– :< 9

–

where* 9¹) º : X= ! R is assumed to be smooth in the chamber

X= = f ¹\ 1– \2– • • • – \=º 2 R= j \ 1 Ÿ \ 2 Ÿ • • • Ÿ \= Ÿ \ 1 ¸ 2cg•

(ii) The curves geometrically commute, meaning that the same collection of curves

can be generated by applying the individual Loewner chains in any chosen

order. For example, we can �rst map outW¹8º
»0–C8¼

using� ¹8º
C8 , then mapping out

� ¹8º
C8

�
W¹ 9º

»0–C9¼

�
, or vice versa. The images are the same regardless of the order

in which we map out the curves.



10

(iii) Each curveW9 is Möbius invariant inD. This means that ifW9 is the curve

generated by a Loewner �ow and initial data) , then its imageq
�
W9

�
under a

conformal automorphismq ofD is, up to a time change, generated by the same

�ow with initial data q¹) º = ¹q ¹\ 1º – • • • – q¹\ =ºº. Our de�nition for multiple

radial SLE(0) can be naturally extended to an arbitrary simply-connected

domain
 with a marked interior pointDvia a conformal uniformizing map

q : 
 ! D, sendingDto 0.

Under these dynamics, the driving function\ 9¹Cº evolves according to* 9¹) º, while

the points\ : ¹Cº, for : < 9, follow the Loewner chain generated by\ 9¹Cº. We de�ne

a di�erential operator corresponding to the curveW9 by

M 9 = * 9¹) ºm9 ¸
Õ

: < 9

cot
�
\ : � \ 9

2

�
m: – 9= 1– • • • – =•

For ^ = 0, we can also derive the commutation relations for the generatorsM 9; see

Section 3.3 for details.

Theorem 1.3.2.Let W1– • • • – W= be simple curves that are generated by Loewner

�ows and U¹ ) º : X= ! R is � 2 smooth. We de�ne the di�erential operator

M 9 = * 9m9¸
Í

: < 9cot¹ \ : � \ 9

2 ºm: . If the curves locally geometrically commute, then

the vector �eldsM 9 satisfy the commutation relations.

»M8–M 9¼=
1

sin2¹ \ 8� \ 9

2 º
¹M 9 � M 8º (1.3.2)

Moreover, under the additional assumption thatm9* : = m: * 9 for all 9– :, then there

exists a smooth functionU¹ ) º such that* 9 = m9U . The commutation relations

hold for L 9 if and only if there exists a common constant� such that

1
2

* 2
9 ¸

Õ

: < 9

cot¹
\ : � \ 9

2
º* : �

Õ

: < 9

3

2 sin2 ¹ \ 9� \ :

2 º
= � (1.3.3)

However, it is important to emphasize a key distinction between the cases^ ¡ 0

and^ = 0: in the casê = 0, the conditionsm9* : = m: * 9 are not consequences

of the commutation relations. These conditions are equivalent to the existence of a

smooth potential functionU¹ ) º : X= ! R such that

* 9 = m9U –
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where the chamberX= is de�ned by

X= = f ¹\ 1– \2– • • • – \=º 2 R= j \ 1 Ÿ \ 2 Ÿ • • • Ÿ \= Ÿ \ 1 ¸ 2cg•

If we view the multiple radialSLE¹0º system as the classical limit of a random

multiple radialSLE¹^º system, then for the latter, we have shown that the drift term

19¹) º takes the form

19¹) º = ^
mlogZ¹ ) º

m\9
–

whereZ¹ ) º is a positive function satisfying the null vector equations. The idea is

that, aŝ ! 0, the limit

lim
^! 0

Z¹ ) º^ = U¹ ) º

exists (at least for suitably chosen partition functions).

Therefore, we typically assume the existence of such a potentialU¹ ) º with * 9¹) º =

m9U¹ ) º when de�ning a multiple radialSLE¹0º system.

This observation also suggests that, in fact, not all multiple radialSLE¹0º systems

admit a quantization or arise as classical limits of random multipleSLE¹^º systems.

Extending the methods in Alberts et al. (2020), we establish the theory of the

multiple radial SLE(0) systems. We investigate the structure of the multiple radial

SLE(0) from four di�erent perspectives:

ˆ Stationary relations and critical points of master functions;

ˆ Traces as horizontal trajectories of quadratic di�erentials forming link pat-

terns;

ˆ Enumeration and classi�cation;

ˆ Relations to classical Calogero-Sutherland system.

We construct multiple radial SLE(0) systems through stationary relations. We

heuristically demonstrate how stationary relations naturally emerge when normal-

izing the partition function for the multiple radial SLE(^) system aŝ ! 0, as

discussed in Section 6.1.

De�nition 1.3.3 (Stationary relations). Let z = f I 1– I2– • • • – I=gbe distinct points on

the unit circle, and let/ = f b1– b2– • • • – b< gbe a set of involution-symmetric marked
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points. In the unit diskD, the stationary relations are given by

�
=Õ

9=1

2
b: � I 9

¸
Õ

;<:

4
b: � b;

¸
= � 2< ¸ 2

b:
= 0– : = 1–2– • • • – <• (1.3.4)

In angular coordinates, settingI 8 = 48\8 for 8 = 1–2– • • • – =and b: = 48Z: for

: = 1–2– • • • – <, the stationary relations take the form

=Õ

9=1

cot
�
Z: � \ 9

2

�
=

Õ

;<:

2 cot
�
Z: � Z;

2

�
– : = 1–2– • • • – <• (1.3.5)

Based on the stationary relations, we now de�ne the multiple radial SLE(0) systems.

De�nition 1.3.4 (Multiple radial SLE(0) Loewner chain). Given boundary points

z = f I 1– I2– • • • – I=gon the unit circle, a marked interior pointD= 0, and involution-

symmetric screening chargesf b1– b2– • • • – b< gthat solve thestationary relations, we

de�ne the multiple radial SLE(0) Loewner chain as follows:

Let . = ¹a1– • • • – a=º be a set of parametrizations for the capacity, where each

a8 : »0–1º ! » 0–1º is assumed to be measurable.

In the unit diskD with D = 0, we de�ne the multiple radial SLE(0) Loewner chain

as a normalized conformal map6C= 6C¹I º, with the initial condition60¹I º = I and

the evolution given by the Loewner equation

mC6C¹I º =
=Õ

9=1

a9¹Cº6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

– 60¹I º = I• (1.3.6)

The Loewner chain for the covering map� C¹I º = � 8log¹6C¹48Iºº is given by

mC� C¹I º =
=Õ

9=1

a9¹Cº cot
�
� C¹I º � \ 9¹Cº

2

�
– �0¹I º = I• (1.3.7)

The driving functions\ 9¹Cº, for 9= 1– • • • – =, evolve according to

¤\ 9 = a9¹Cº
mlogZ¹ ) –' º

m\9
¸

Õ

: < 9

a: ¹Cº cot
�
\ 9 � \ :

2

�
– (1.3.8)

where the multiple radial SLE(0) master function is de�ned by

Z¹ ) –' º :=
Ö

1� 9Ÿ:� =

sin2
�
\ 9 � \ :

2

� Ö

1� BŸC� <

sin8
�
ZB � ZC

2

� =Ö

: =1

<Ö

;=1

sin� 4
�
\ : � Z;

2

�
•

(1.3.9)



13

The logarithmic derivative ofZ¹ ) –' º with respect to\ 9 (treating ) and ' as

independent variables) is given by

mZ¹ ) –' º
m\9

=
Õ

: < 9

cot
�
\ 9 � \ :

2

�
� 2

Õ

;

cot
�

2
\ 9 � Z;

�
(1.3.10)

for 9 = 1– • • • – =, The �ow map6C is well-de�ned up to the �rst timeg at which

I 9¹Cº = I : ¹Cº for some1 � 9 Ÿ : � =. For eachI 2 C, the processC7! 6C¹I º is

well-de�ned up to the timegI ^ g, wheregI is the �rst time at which6C¹I º = I 9¹Cº.

The hull associated with this Loewner chain is denoted by

 C=
n
I 2 D : gI � C

o
•

Remark 1.3.5. The above de�nition of the multiple radialSLE¹0º system is dynamic

and local. It allows us to de�ne such a system for arbitrary initial con�gurations

of involution-symmetric/ , without assuming the stationary relations. When/

satis�es the stationary relations, we will show that, for any parametrization. ¹Cº,

the traces are horizontal trajectories of a quadratic di�erential& ¹I º– 3I2, as stated

in Theorem 1.3.7. This gives us an alternative perspective on the reparametrization

symmetry (commutation relations) in the case^ = 0.

To characterize the traces of multiple radial SLE(0) systems, we introduce a class of

quadratic di�erentials, denotedQD¹ zº, with prescribed zeros atz = f I 1– I2– • • • – I=g.

These quadratic di�erentials are de�ned on the Riemann sphere and exhibit involu-

tion symmetry.

De�nition 1.3.6 (Quadratic di�erentials with prescribed zeros). Letz = f I 1– I2– • • • – I=g

be distinct points on the unit circle. The class of quadratic di�erentials, denoted by

QD¹ zº.

1. symmetric under the involutionI � = 1
�I , meaning

& ¹I � º¹3I � º2 = & ¹I º3I2•

2. distinct zeros atf I 1– I2– • • • – I=g, each of order 2.

3. distinct �nite poles atf b1– • • • – b< g, each of order 4, and the residues vanish

(Residue-free condition):

Resb9¹
p

& ¹I º3Iº = 0– for 9= 1– • • • – <•
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4. poles of order=¸ 2� 2< at the marked points0 and1 . This ensures the total

di�erence between the number of zeros and poles is� 4.

Here, the polesf b1– • • • – b< g are �nite, meaning they do not coincide with0 or 1 .

The quadratic di�erential& ¹I º 2 QD¹zº must take the following form:

& ¹I º =

Î <
: =1 b2

:Î =
9=1 I 9

I 2< � =� 2

Î =
9=1

�
I � I 9

� 2

Î <
: =1 ¹I � b: º4

•

By considering the primitive of� ¹I º =
¯ p

& ¹I º3I, we �nd that the residue-free

quadratic di�erentials are natural generalization of rational functions, speci�cally

designed to address the monodromy at 0; see section (6.3).

The geometry of the horizontal trajectories of a quadratic di�erential& ¹I º 2 QD¹zº

is described as follows.

In the main theorem (1.3.7), we show that the traces of the multiple radial SLE(0)

systems correspond precisely to the horizontal trajectories of the class of residue-free

quadratic di�erentials& ¹I º 2 QD¹zº with limiting ends atz = f I 1– I2– • • • – I=g.

Theorem 1.3.7.Let z = f I 1– I2– • • • – I=gbe distinct growth points on the unit circle

and screening chargesb = f b1– b2– • • • – b< g involution symmetric and solve the

stationary relations.

There exists an& ¹I º 2 QD¹zº with / as poles andz as zeros, the hulls Cgener-

ated by the Loewner �ows with parametrization. ¹Cº are subsets of the horizontal

trajectories of& ¹I º3I2 with limiting ends atz, up to any timeCbefore the collisions

of any poles or critical points. Up to any such time

& ¹I º � 6� 1
C 2 QD¹z¹Cºº•

wherez¹Cº is the location of the critical points at timeCunder the multiple radial

Loewner �ow with parametrization. ¹Cº.

The key ingredient in the proof of theorem (1.3.7) is the integral of motion for the

Loewner �ows. This integral of motion, denoted by# C¹I º, arises as the classical

limit of a martingale observable inspired by conformal �eld theory.

Theorem 1.3.8.In the unit diskD, let I 1– I2– • • • – I= be distinct growth points on

mD. For eachI 2 D, de�ne the following:
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8>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>
:

� ¹Cº =

Î <
9=1 b2

: ¹Cº
Î =

: =1 I : ¹Cº
–

� C¹I º = 4
�¹ 2< � =º

� ¯ C
0

Í
9a9¹Bº 3B

�

6C¹I º2< � =� 2¹60
C¹I ºº2

Î =
: =1¹6C¹I º � I : ¹Cºº2

Î <
9=1¹6C¹I º � b9¹Cºº4

–

# C¹I º = � ¹Cº� C¹I º = 4
�¹ 2< � =º

� ¯ C
0

Í
9a9¹Bº 3B

� Î <
9=1 b: ¹Cº2

Î =
: =1 I : ¹Cº

6C¹I º2< � =� 2

¹60
C¹I ºº2

Î =
: =1¹6C¹I º � I : ¹Cºº2

Î <
9=1¹6C¹I º � b9¹Cºº4

•

Then,� ¹Cº, � C¹I º, and# C¹I º are �eld integrals of motion on the interval»0– gĈ gº for

the multiple radial SLE(0) Loewner �ows with parametrizationa9¹Cº, 9= 1– • • • – =.

Remark 1.3.9.# C¹I º is a �eld integral of motion for arbitrary initial positions of

screening charges/ even without assuming stationary relations. The stationary

relations imply the existence of a quadratic di�erential& ¹I º3I2 2 QD¹zº; see

Theorem 1.3.7.

A detailed explanation of this construction can be found in Section 6.5. This

approach can also be extended to various multiple SLE systems. For the systematic

and rigorous study of such conformal �eld theories, please refer to Kang and N.

Makarov (2013) and N-G. Kang and N. Makarov (2021).

The closure of horizontal trajectories of& ¹I º 2 QD¹zº with limiting ends at zeros

f I 1– I2– • • • – I=gform radial topological link patterns, see theorem (6.3.5) for detailed

proof and section 6.7 and section 6.8 for �gures illustrating the traces of the multiple

radial SLE(0) systems.

The classi�cation of multiple radial SLE(0) is linked to the enumeration of the

master function for trigonometric KZ equations. This connection touches on a rich

and intricate area of enumerative geometry.

As shown in Scherbak (2002a), Scherbak (2002b), and Scherbak and Varchenko

(2003), these studies establish connections between the space of critical points and

tensor products of Verma modules and other algebraic structures, providing deeper

insights into the monodromy of the KZ equations. They also demonstrate that the

critical points of the master function can be interpreted as solutions to the Bethe

Ansatz equations, thereby linking the study of KZ equations with integrable systems.
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Furthermore, when allI 1– I2– • • • – I= lie on the real line, it is shown in Mukhin,

Tarasov, and Varchenko (2009) that the enumeration of these critical points is

equivalent to the real Shapiro-Shapiro conjecture in real enumerative geometry.

This is part of our ongoing research, and based on Mukhin and Varchenko (2008), we

propose several illuminating conjectures about the enumeration problem in section

6.6.

1.4 Relations to classical Calegero-Sutherland systems

From the Hamiltonian point of view, we show that the multiple radial SLE(0)

Loewner growing with common parametrization of capacity (i.e.a9¹Cº = 1) are a

special type of classical Calogero-Sutherland system.

Thestationary relationscan be interpreted as initial conditions for the particles and

= quadratic null vector equations as= null vector Hamiltonians, which are related

to the classical Calegro-Sutherland Hamiltonian via the lax pair. Furthermore,

these null vector Hamiltonians induce commuting Hamiltonian �ows along the

submanifolds de�ned as the intersection of their level sets.

Theorem 1.4.1.From a dynamical system perspective, the driving functions of

multiple radial SLE(0) systems are given by

¤\ 9 = * 9¹) º ¸
Õ

: < 9

cot
�
\ 9 � \ :

2

�
–

where* 9 satis�es the quadratic null vector equation for a constant� :

1
2

* 2
9 ¸

Õ

: < 9

cot
�
\ : � \ 9

2

�
* : �

Õ

: < 9

3

2 sin2
�

\ 9� \ :

2

� = �• (1.4.1)

(i) By introducing the momentum function?9, de�ned as

?9 = * 9 ¸
Õ

: < 9

cot
�
\ 9 � \ :

2

�
– (1.4.2)

we can reformulate the multiple radial SLE(0) system as a Calogero-Sutherland

system. The momentum?9 satis�es the null vector Hamiltonian equation:

H 9¹) –pº =
1
2

?2
9�

Õ

: < 9

�
?9 ¸ ?:

�
59 :¸

Õ

:

Õ

;<:

59 : 59;� 2
Õ

: < 9

52
9 : = � �

3¹= � 1º
2

� � 2
=� 1•

(1.4.3)
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The total null vector HamiltonianH =
Í

9H 9 is equivalent to the classical

Calogero-Sutherland Hamiltonian:

H =
Õ

9

?2
9

2
�

Õ

1� 9Ÿ:� =

4

sin2
�

\ 9� \ :

2

� = =� �
=¹=2 � 1º

6
• (1.4.4)

(ii) The commutation relations between di�erent growth pairs are expressed in

terms of the Poisson bracket:

�
H 9–H :

	
=

1

52
9 :

�
H : � H 9

�
• (1.4.5)

Consequently, the vector �ows- H 9 induced by the HamiltoniansH 9commute

along the submanifolds# 2:

# 2 =
�
¹) –pº : H 9¹) –pº = 2–for all 9

	
• (1.4.6)

This relationship is a classical analog of the relation between multiple radial(!� ¹^º

and quantum Calogero-Sutherland system, �rst discovered in Doyon and J. Cardy

(2007). Notably, in thê ¡ 0 case, the solutions to the null vector PDE system in

section 5.2 yield eigenstates of the quantum Calogero-Sutherland system beyond the

eigenstates built upon the fermionic ground states.
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C h a p t e r 2

COULOMB GAS CORRELATION AND RATIONAL(!� ¹^º

2.1 Schramm Loewner evolutions

In this section, we brie�y recall the basic de�ntions and properties of the chordal

and radial SLE. We will describe the radial Loewner chain inD, whereD = f I 2

CjjI jŸ 1gand chordal Loewner chain inH = f Im¹I º ¡ 0g.

De�nition 2.1.1 (Conformal radius). The conformal radius of a simply connected

domain
 with respect to a pointI 2 
 , de�ned as

CR¹
 – Iº := j 50¹0ºj –

where 5 : D ! 
 is a conformal map from the open unit diskD onto 
 with

5¹0º = I .

De�nition 2.1.2 (Capacity inD). For any compact subset of D such thatDn is

simply connected and contains 0 , let6 be the unique conformal mapDn ! D

such that6 ¹0º = 0 and60
 ¹0º ¡ 0 . The conformal radius ofDn is

CR¹Dn º :=
�
60

 ¹0º
� � 1 •

The capacity of is

cap¹ º = log60
 ¹0º = � log CR¹Dn – 0º•

De�nition 2.1.3 (Capacity inH). For any compact subset � H such thatHn is

a simply connected domain. The half-plane capacity of a hull is the quantity

hcap¹ º := lim
I !1

I »6 ¹I º � I ¼,

where6 : Hn ! H is the unique conformal map satisfying the hydrodynamic

normalization6¹I º = I ¸ $
�

1
I

�
asI ! 1 .

De�nition 2.1.4 (Radial Loewner chain). Let6Csatis�es the radial Loewner equation

mC6C¹I º = 6C¹I º
ei\ C ¸ 6C¹I º
ei\ C � 6C¹I º

– 60¹I º = I– (2.1.1)
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whereC7! \ Cis real continuous and called the driving function. Let Cbe the set of

pointsI in D such that the solution6B¹I º blows up before or at timeC.  Cis called

the radial SLE hull driven by\ C.

Radial Loewner chain in arbitrary simply connected domain
 ( C with a marked

interior pointD2 � , is de�ned via a conformal map fromD onto
 sending 0 toD.

De�nition 2.1.5 (Radial SLE(̂ )). For ^ � 0, the radial SLE(̂) is the random

Loewner chain inD from1 to 0 driven by:

\ C=
p

^� C– (2.1.2)

where� Cis the standard Brownian motion.

De�nition 2.1.6 (Characterization of radial SLE). The radial SLE is a family

P¹D; Z–0º of probability measures on curves[ : »0–1º ! D with [ ¹0º = Z

and parametrized by capacity satis�es the following properties:

ˆ (Conformal invariance) For all0 2 R, let d0¹I º = ei0I be the rotation map

D ! D, the pullback measured�
0P¹D; Z–0º = P¹D; 4� 80Z–0º. From this, we

may extend the de�nition toP¹
 ; 0– 1º in any simply connected domain
 with

an interior marked pointDby pulling back using a uniformizing conformal

map
 ! D sendingDto 0.

ˆ (Domain Markov property) given an initial segmentW»0– g¼of the radialSLE^

curveW� P¹
 ; G– Hº up to a stopping timeg, the conditional law ofW»g–1º

is the lawP¹
 n g; W¹gº–0º of theSLE^ curve in the complement of the hull

 g from the tipW¹gº to 0.

ˆ (Re�ection symmetry) Let] : I 7! �I be the complex conjugation, thenP¹Z–0º �

]� P¹Z–0º.

De�nition 2.1.7 (Chordal Loewner chain). Let 6C satis�es the chordal Loewner

equation

mC6C¹I º =
2

6C¹I º � b¹Cº
– 60¹I º = I– (2.1.3)

whereC7! bC is continuous and called the driving function. Let Cbe the set of

pointsI in H such that the solution6B¹I º blows up before or at timeC.  Cis called

the chordal SLE hull driven bybC
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Chordal Loewner chain in arbitrary simply connected domain
 ( C from 0 to 1,

is de�ned via a uniformizing conformal map from
 ontoH sending0 to 0 and1 to

1 .

De�nition 2.1.8 (Chordal SLE(̂ )). For ^ � 0, the chordal SLE(̂) is the random

Loewner chain inH from0 to 1 driven by

bC=
p

^� C– (2.1.4)

where� Cis the standard Brownian motion.

De�nition 2.1.9 (Characterization of Chordal SLE). Chordal SLE is a family of

probability measures on curvesP¹H; 0– 1º [ : »0–1¼ ! H with [ ¹0º = 0– [¹1º = 1

and parametrized by capacity satis�es the following properties:

ˆ (Conformal invariance)d¹I º 2 Aut¹Hº, the pullback measured� P¹0– 1º =

P¹H; d¹0º– d¹1ºº. From this, we may extend the de�nition of toP¹H; I 1– I2º

in any simply connected domain
 with two boundary pointsI 1– I2 by pulling

back using a uniformizing conformal map
 ! H sendingI 1 to 0 and I 2 to

1.

ˆ (Domain Markov property) given an initial segmentW»0– g¼of theSLE^ curve

W� P¹
 ; G– Hº up to a stopping timeg, the conditional law ofW»g–1º is the

law P¹
 n g; W¹gº– Hº of theSLE^ curve in the complement of the hull g

from the tipW¹gº to H.

2.2 Coulomb gas correlation on Riemann sphere

To de�ne more general SLE processes beyond the chordal and radial SLEs, we

introduce the concept of Coulomb gas correlations. These correlations serve as

partition functions for various SLE processes and play a central role in conformal

�eld theory.

We de�ne the Coulomb gas correlations as the (holomorphic) di�erentials with

conformal dimensions_9 = f 2
9•2 � f 91 at I 9 (including in�nity) and with values

Ö

9Ÿ:
I 9–I: <1

�
I 9 � I :

� f 9f : –
�
I 9 2 bC

�

in the identity chart ofC and the chartI 7! � 1• I at in�nity. If f 9f : 8 2Z, the

Coulomb gas di�erential is multi-valued; in this case, we choose a single-valued
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branch. After explaining this de�nition, we prove that under the neutrality condition,
Í

f 9 = 21, the Coulomb gas correlation functions are conformally invariant with

respect to the Möbius group Aut¹bCº.

De�nition 2.2.1 (Di�erential) . A local coordinate chart on a Riemann surface"

is a conformal mapq : * ! q¹* º � C on an open subset* of " . A di�erential

5 is an assignment of a smooth function¹ 5kqº : q¹* º ! C to each local chart

q : * ! q¹* º. 5 is a di�erential of conformal dimensions»_– _� ¼if for any two

overlapping chartsq and ~q, we have:

¹ 5kqº = ¹� 0º_
�
� 0

� _�
¹ ~5 � � k ~qº– (2.2.1)

where� = ~q � q� 1 : q¹* \ ~* º ! ~q¹* \ ~* º is the transition map.

De�nition 2.2.2 (Neutrality Condition). A divisor2 : bC ! R is said to satisfy the

neutrality condition¹NCº1 if ¹
2 = 21– (2.2.2)

for some1 2 R. In the context ofSLE^, the parameter1 is related to^ ¡ 0 by

1 =

r
8
^

�

r
^
2

• (2.2.3)

De�nition 2.2.3 (Coulomb gas correlations for a divisor on the Riemann sphere).

Let the divisor

2 =
Õ

f 9 � I 9–

where
�
I 9

	 =
9=1 is a �nite set of distinct points onbC. The Coulomb gas correlation

� ¹1º»2 ¼is a di�erential of conformal dimension_9 at I 9, given by

_9 = _1
�
f 9

�
�

f 2
9

2
� f 91– (2.2.4)

where_1¹f º = f 2

2 � f1 ¹f 2 Cº whose value is given by

� ¹1º»2 ¼=
Ö

9Ÿ:

�
I 9 � I :

� f 9f : – (2.2.5)

where the product is taken over all �niteI 9 andI : .

This de�nes a holomorphic function ofz on the con�guration space

C=
distinct =

�
z = ¹I 1– • • • – I=º 2 C=

�
� I 9 < I : for 9< :

	
•
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In general, the function is multivalued, and one must choose a single-valued branch

for each factor¹I 9 � I : ºf 9f : , except in special cases where allf 9 are integers. If

all f 9 are even integers, the function becomes single-valued and independent of the

ordering of the product. In the special case wheref 9 = 1 for all 9, the correlation

function coincides with the Vandermonde determinant.

Theorem 2.2.4(see N-G. Kang and N. Makarov (2021) thm (2.2)). Under the

neutrality condition¹NC1º, the di�erentials� ¹1º»2 ¼are Möbius invariant on̂C.

2.3 Coulomb gas correlation in a simply connected domain

In this section, we de�ne the Coulomb gas correlation di�erential in a simply

connected domain.

De�nition 2.3.1 (Symmetric Riemann surface). A symmetric Riemann surface is a

pair ¹(– 9º consisting of a Riemann surface( and an anticonformal involution9on

( . The latter means that9 : ( ! ( is an anti-analytic map with9� 9 = id (the

identity map).

The principal example for us is the symmetric Riemann surface obtained by taking

the Schottky double of a simply connected domain domain. The construction of this

is brie�y as follows. (See section 2.2, Schi�er and Spencer (1954), II.3E, Ahlfors

and Sario (1960) for details.)

De�nition 2.3.2 (Schottky double). Let 
 ( C be a simply connected domain inC

with � = m
 consisting of prime ends. Take copy~
 of 
 and weld
 and ~
 together

along� so that a compact topological surface
 �>D1;4 = 
 [ � [ ~
 is obtained. If

I 2 
 let ~I denote the corresponding point on~
 . Then an involution9on 
 �>D1;4

is de�ned by
9¹I º = ~I and

9¹ ~I º = I for I 2 
 –

9¹I º = I for I 2 � •

The conformal structure on~
 will be the opposite to that on
 , which means that

the function~I 7! I serves as a local variable on~
 , and 9becomes anti-analytic.

For ? 2 m
 , let q : * � 
 ! q¹* º be a local boundary chart at?, let ~* be the

corresponding subset in~
 , then ~q : ~* � ~
 ! q¹ ~* º is a local chart at ~?. Then we
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can de�ne a local chartg for 
 �>D1;4 at boundary point? by

g¹I º =

(
q¹I º– I2 *

q¹I º– I2 ~*•

Thus, the conformal structure on
 �>D1;4, inherited fromC, extends in a natural

way across� to a conformal structure on all of
 �>D1;4. This makes
 �>D1;4 into a

symmetric Riemann sphere.

For example, we identifybC with the Schottky double ofH or that of D. Then the

corresponding involution9is 9H : I 7! I � = �I for 
 = H and 9D : I 7! I � = 1• �I for


 = D.

De�nition 2.3.3 (Double divisor). Suppose
 is a simply connected domain¹
 (

Cº.

A double divisor¹2 ¸ –2 � º is a pair of divisor in


2 ¸ =
Õ

f ¸
9 � I 9–2 � =

Õ
f �

9 � I 9• (2.3.1)

We introduce an equivalence relation for double divisors:

�
2 ¸

1 –2 �
1

�
�

�
2 ¸

2 –2 �
2

�
(2.3.2)

if and only if

2 ¸
1 ¸ 2 �

1 = 2 ¸
2 ¸ 2 �

2 >= m
 • (2.3.3)

Thus, we may choose a representative2 � from each equivalence class that is

supported in
 , i.e., f �
9 = 0 if I 9 2 m
 .

De�nition 2.3.4. Suppose
 is a simply connected domain¹
 ( Cº, let m
 be its

Carathéodory boundary (prime ends) and consider the Schottky double( = 
 double,

which equips with the canonical involution] � ]
 : ( ! (– I 7! I � .

Then, for a double divisor¹2 ¸ –2 � º, we de�ne the associated divisor on the Schottky

double( by

2 = 2 ¸ ¸ 2 �
� – where 2 �

� :=
Õ

f �
9 � I �

9– (2.3.4)

and eachI �
9 denotes the image ofI 9 under the canonical involution] of ( . Accord-

ingly, 2 �
� is the pushforward of2 � under].
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De�nition 2.3.5 (Neutrality condition). A double divisor¹2 ¸ –2 � º satis�es the

neutrality condition¹NC1º if
¹

2 =
¹

2 ¸ ¸
¹

2 � = 21• (2.3.5)

De�nition 2.3.6 (Coulomb gas correlation for a double divisor in a simply connected

domain). For a double divisor¹2 ¸ –2 � º, let 2 = 2 ¸ ¸ 2 �
� be its corresponding

divisor in the Schottky double( , we de�ne the Coulomb gas correlation of the

double divisor¹2 ¸ –2 � º by

� 

�
2 ¸ –2 � �

¹zº := � ( »2 ¼• (2.3.6)

We often omit the subscripts
 – ( to simplify the notations.

If the double divisor¹2 ¸ –2 � º satis�es the neutrality condition¹NC1º, then the

Coulomb gas correlation function� 
 »2 ¸ –2 � ¼is a well-de�ned di�erential on
 ,

with conformal weights
h
_¸

9– _�9
i

at each pointI 9 2 
 .

If I 9 2 m
 , then the di�erential is with respect to a boundary chart: that is, a local

conformal map from a neighborhood ofI 9 in 
 to the upper half-planeH, sending

I 9 to a boundary point ofH. The derivativemI 9 is then de�ned as the holomorphic

derivative in this local coordinate.

_¸
9 = _1

�
f ¸

9

�
�

¹f ¸
9º2

2
� f ¸

91– _�9 = _1
�
f 9

�
�

¹f �
9º2

2
� f �

9 1• (2.3.7)

By conformal invariance of the Coulomb gas correlation di�erential� ( »2 ¼on

the Riemann sphere under Möbius transformation, the Coulomb gas correlation

di�erential � 
 »2 ¸ –2 � ¼¹zº is invariant under�DC¹
 º.

Theorem 2.3.7(see N-G. Kang and N. Makarov (2021) thm (2.4)). Under the

neutrality condition¹NC1º, the value of the di�erential� H »2 ¸ –2 � ¼in the identity

chart ofH (and the chartI 7! � 1• I at in�nity) is given by

� H
�
2 ¸ –2 � �

=
Ö

9Ÿ:

�
I 9 � I :

� f ¸
9f ¸

:
�
�I 9 � �I :

� f �
9 f �

:
Ö

9–:

�
I 9 � �I :

� f ¸
9f �

8 – (2.3.8)

where the products are taken over �niteI 9 andI : .
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Example 2.3.8.We have

(i) if 2 � = 0, then (up to a phase)

� H
�
2 ¸ –0

�
=

Ö

9Ÿ:

�
I 9 � I :

� f ¸
9f ¸

: ;

(ii) if 2 � = 2 ¸ , then (up to a phase)

� H

h
2 ¸ –2 ¸

i
=

Ö

9Ÿ:

�
�
�
�
�
I 9 � I :

� f ¸
9f ¸

:
�
I 9 � �I :

� f ¸
9f ¸

:

�
�
�
�

2 Ö

Im I 9¡ 0

�
2 Im I 9

�
�
�
�f ¸

9

�
�
�
2

;

(iii) if 2 � = � 2 ¸ , then (up to a phase)

� H

h
2 ¸ –� 2 ¸

i
=

Ö

9Ÿ:

�
�
�
�
�
I 9 � I :

� f ¸
9f ¸

:
�
I 9 � I :

� � f ¸
9f ¸

:

�
�
�
�

2 Ö

Im I 9¡ 0

�
2 Im I 9

� �
�
�
�f ¸

9

�
�
�
2

•

where the products are taken over �niteI 9 andI : .

Theorem 2.3.9(see N-G. Kang and N. Makarov (2021) thm (2.5)). Under the

neutrality condition¹NC1º, the value of the di�erential� D »2 ¸ –2 � ¼in the identity

chart ofD is given by

� D
�
2 ¸ –2 � �

=
Ö

9Ÿ:

�
I 9 � I :

� f ¸
9f ¸

:
�
�I 9 � �I :

� f �
9 f �

:
Ö

9–:

�
1 � I 9�I :

� f ¸
9f �

: – (2.3.9)

where the product is taken over �niteI 9 andI : .

2.4 Rational (!� ^»2 ¼

De�nition 2.4.1 (Rational SLE). In the unit diskD, let48\ 2 mD be the growth point,

and letD1 = 48\1– D2 = 48\2– • • • – D: = 48\= 2 D be marked points. The symmetric

double divisor¹2 ¸ –2 � º assigns a charge distribution on48\ and f D1– D2– • • • – D< g,

where2 ¸ = 0 � 48\ ¸
Í

f 9 � D9 and2 � = 2 ¸ j
 , satisfying the neutrality condition

(#� 1).

We de�ne the rational(!� ^»2 ¼Loewner chain as a random normalized conformal

map6C= 6C¹I º, with initial conditions60¹I º = I and60
C¹0º = 4� C. The evolution of

6C¹I º is governed by the Loewner di�erential equation:

mC6C¹I º = 6C¹I º
48\¹Cº ¸ 6C¹I º
48\¹Cº � 6C¹I º

– 60¹I º = I•
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Let � C¹I º be the covering map of6C¹I º, i.e.,48�C¹I º = 6C¹48Iº. The evolution of� C¹I º

is described by:

mC� C¹I º = cot
�
� C¹I º � \ ¹Cº

2

�
– �0¹I º = I•

The driving function\ ¹Cº evolves according to:

3\ ¹Cº =
mlogZ¹ \ º

m\
3Ç

p
^ 3� C–

where the partition function

Z¹ ) º =
Ö

9Ÿ:

sin
�
\ 9 � \ :

2

� f 9f : Ö

9

4
8
2 f 9¹f 0� f 1 º\ 9• (2.4.1)

is de�ned in (2.4.1).

The �ow map6Cis well-de�ned up to the �rst timeg at whichZ¹Cº = 6C¹Fº for some

F in the support of2 . For eachI 2 C, the processC7! 6C¹I º is well-de�ned up to

gI ^ g, wheregI is the �rst time at which6C¹I º = 48\¹Cº. Denote C=
n
I 2 H : gI � C

o

as the hull associated with this Loewner chain.

Furthermore, the law of the rational SLE(^) Loewner chain is invariant under

Möbius transformations Aut¹Dº (up to a time change), due to the conformal invari-

ance of the Coulomb gas correlation. Consequently, we de�ne rational(!� ^»2 ¼in

any simply connected domain
 by pulling back via a conformal mapq : 
 ! D.

In de�nition (2.4.1), we de�ne the rational SLE from the perspective of the partition

function. This approach helps us to understand the SLE within the framework of

conformal �eld theory and can be naturally extended to various settings, including

multiple SLE(̂ ) systems.

Example 2.4.2.Double divisor for chordal and radialSLE¹^– dº, whereb denotes

the growth point and@is the marked boundary point (in the chordal case) or interior

point (in the radial case).

In addition to the aforementioned de�nition, another widely used equivalent is

known as SLE(̂,d). We prove the equivalence between rational(!� ^»2 ¸ –2 � ¼and

SLE(̂ ,d) in the following theorem.
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Figure 2.1: Chordal SLE(̂) 2 ¸ = 0 � b ¸
¹21 � 0º � @, 2 � = 0

Figure 2.2: Radial SLE(̂) 2 ¸ = 0 � b ¸
¹1 � 0º � @, 2 � = 1 � @

De�nition 2.4.3 (Radial SLE(̂ – d)). Let b be the growth point on the unit circle,

and let

1 =
=Õ

9=1

d9XD9 ¸ f 0 � X0 ¸ f 1 � X1

be a divisor onbC, whered9 2 C, and the divisor1 is symmetric under inversion,

i.e.,

1¹I º = 1
�

I
jI j2

�
for all I 2 bC•

We say1 satis�es the neutrality condition forSLE¹^– dº if
¹

1 = ^ � 6•

. De�ne the radialSLE¹^– b–1º Loewner chain by

mC6C¹I º = 6C¹I º
b¹Cº ¸ 6C¹I º
b¹Cº � 6C¹I º

– 60¹I º = I• (2.4.2)

Let b¹Cº = 48\¹Cº, D9 = 48@9 and � C¹I º be the covering map of6C¹I º (i.e. � C¹I º =

6C¹48Iº) , then the Loewner di�erential equation for� C¹I º is given by

mC� C¹I º = cot¹
� C¹I º � \ ¹Cº

2
º– �0¹I º = I– (2.4.3)

the driving function\ ¹Cº evolves as

3\ ¹Cº =
p

^3� C¸
Õ

9

d9cot¹
\ ¹Cº � @9¹Cº

2
º• (2.4.4)

Note that although the lifts of\ ¹Cº in universal cover are not unique, di�erent lifts

lead to the same di�erential equation for� C¹I º by periodicitycot¹I ¸ :c º = cot¹I º,

: 2 Z.
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Theorem 2.4.4.For a symmetric double divisor2 ¸ = 0�b¸
Í

f 9�D9and2 � = 2 ¸ j

satisfying neutrality condition (#� 1), let 1 =

Í <
9=1 d9�D9whered9 = ¹^0ºf 9. Then

two de�nitions(!� ^»2 ¸ –2 � ¼and SLE(̂ – d) are equivalent.

Proof. The equivalence in one chart can be veri�ed by directly computing the

drift term in the Loewner equation. The conformal invariance ofSLE¹^– dº under

the neutrality condition (#� 1), where the divisor1 consists of real charges, is

established in Schramm and D. Wilson (2005). Moreover, their argument extends

naturally to the case where the charges1 are complex. �

2.5 Classical limit of Coulomb gas correlation

Now, we extend our de�nition of Coulomb gas correlation to^ = 0 by normalizing

the Coulomb gas correlation.

De�nition 2.5.1 (Normalized Coulomb gas correlations for a divisor on the Riemann

sphere). Let the divisor

2 =
Õ

f 9 � I 9–

where
�
I 9

	 =
9=1 is a �nite set of distinct points onbC. The normalized Coulomb gas

correlation� »2 ¼is a di�erential of conformal dimension_9 at I 9 by

Let_¹f º = f 2 ¸ 2f ¹f 2 Rº.

_9 = _1
�
f 9

�
� f 2

9 ¸ 2f 9– (2.5.1)

whose value is given by

� »2 ¼=
Ö

9Ÿ:

�
I 9 � I :

� 2f 9f : – (2.5.2)

where the product is taken over all �niteI 9 andI : .

Remark 2.5.2. The normalized Coulomb gas correlation can be viewed as taking the

^ ! 0 limit of the divisor
p

2^2 , the Coulomb gas correlation function� ¹1º»2 ¼̂,

and conformal dimension̂_9.

De�nition 2.5.3 (Neutrality condition). A divisor2 : bC ! R satis�es the neutrality

condition if ¹
2 = � 2• (2.5.3)
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Theorem 2.5.4.Under the neutrality condition
¯

2 = � 2, the normalized Coulomb

gas correlation di�erentials� »2 ¼are Möbius invariant on̂C.

Proof. By direct computation, similar to thê ¡ 0 case. �

De�nition 2.5.5 (Coulomb gas correlation for a double divisor in a simply connected

domain). For a double divisor¹2 ¸ –2 � º, let 2 = 2 ¸ ¸ 2 �
� be its corresponding

divisor in the Schottky double( , we de�ne the Coulomb gas correlation of the

double divisor¹2 ¸ –2 � º by:

� 

�
2 ¸ –2 � �

¹zº := � ( »2 ¼• (2.5.4)

We often omit the subscripts
 – ( to simplify the notations.

If the double divisor¹2 ¸ –2 � º satis�es the neutrality condition, then� »2 ¸ –2 � ¼is

a well-de�ned di�erential with conformal dimensions
h
_¸

9– _�9
i
at I 9.

_¸
9 = _

�
f ¸

9

�
�

¹f ¸
9º2

2
¸ 2f ¸

9– _�9 = _
�
f 9

�
�

¹f �
9º2

2
¸ 2f �

9 • (2.5.5)

By conformal invariance of the Coulomb gas correlation di�erential� ( »2 ¼on

the Riemann sphere under Möbius transformation, the Coulomb gas correlation

di�erential � 
 »2 ¸ –2 � ¼¹zº is invariant under�DC¹
 º.

De�nition 2.5.6 (Neutrality condition). A double divisor¹2 ¸ –2 � º satis�es the

neutrality condition if
¹

2 =
¹

2 ¸ ¸
¹

2 � = � 2• (2.5.6)

Theorem 2.5.7.Under the neutrality condition
¯

2 ¸ ¸
¯

2 � = � 2 , the value of

the di�erential � H »2 ¸ –2 � ¼in the identity chart ofH (and the chartI 7! � 1• I at

in�nity) is given by

� H
�
2 ¸ –2 � �

=
Ö

9Ÿ:

�
I 9 � I :

� 2f ¸
9f ¸

:
�
�I 9 � �I :

� 2f �
9 f �

:
Ö

9–:

�
I 9 � �I :

� 2f ¸
9f �

8 – (2.5.7)

where the products are taken over �niteI 9 andI : .
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Theorem 2.5.8.Under the neutrality condition
¯

2 ¸ ¸
¯

2 � = � 2, the value of the

di�erential � D »2 ¸ –2 � ¼in the identity chart ofD is given by

� D
�
2 ¸ –2 � �

=
Ö

9Ÿ:

�
I 9 � I :

� 2f ¸
9f ¸

:
�
�I 9 � �I :

� 2f �
9 f �

:
Ö

9–:

�
1 � I 9�I :

� 2f ¸
9f �

: – (2.5.8)

where the product is taken over �niteI 9 andI : .

2.6 Rational (!� 0»2 ¼

De�nition 2.6.1 (RationalSLE0). In the unit diskD, let 48\ 2 mD be the growth

point, and letD1– D2– • • • – D< 2 D be marked points. A symmetric double divisor

¹2 ¸ –2 � º assigns a charge distribution on48\ andf D1– • • • – D: g, where

2 ¸ = 0 � 48\ ¸
:Õ

9=1

f 9 � D9– and 2 � = 2 ¸ jD–

and the total charge satis�es the neutrality condition
¯

2 = � 2.

We de�ne the rationalSLE0»2 ¼Loewner chain as a normalized conformal map

6C¹I º with initial conditions60¹I º = I and 60
C¹0º = 4� C. The evolution of6C is

governed by the Loewner di�erential equation:

mC6C¹I º = 6C¹I º
48\¹Cº ¸ 6C¹I º
48\¹Cº � 6C¹I º

– 60¹I º = I•

In the angular coordinate, let� C¹I º be the covering map of6C¹I º de�ned by48�C¹I º =

6C¹48Iº. Then� C¹I º evolves according to

mC� C¹I º = cot
�
� C¹I º � \ ¹Cº

2

�
– �0¹I º = I•

The driving function\ ¹Cº evolves according to

3\ ¹Cº =
mlogZ¹ ) º

m\
3C•

where the Coulomb gas partition function is

Z¹ ) º =
Ö

9Ÿ:

sin
�
\ 9 � \ :

2

� f 9f :

�
Ö

9

4
8
2 f 9¹f 0� f 1 º\ 9• (2.6.1)

The �ow 6Cis well-de�ned up to the �rst timeg at whichF ¹Cº = 6C¹Fº for someF

in the support of2 . For eachI 2 D, the processC7! 6C¹I º is well-de�ned up to

gI ^ g, wheregI is the �rst time such that6C¹I º = 48\¹Cº. Denote

 C=
n
I 2 D : gI � C

o
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as the hull associated with the Loewner chain.

Furthermore, the rationalSLE0 Loewner chain is invariant under Möbius trans-

formations inAut¹Dº (up to a time reparameterization), due to the conformal

invariance of the Coulomb gas correlation. Consequently, rationalSLE0»2 ¼in

any simply connected domain
 is de�ned by pulling back via a conformal map

q : 
 ! D.

In de�nition (2.6.1), we introduce the de�nition of(!� 0»V¼as a natural extension

of (!� ^»V¼to ^ = 0. The main ingredient in our de�nition is the normalized

Coulomb gas as the partition function.

Now, we introduce another widely used de�nition SLE¹0–1º which is a natural

extension of SLE¹^–1º to ^ = 0. We prove the equivalence between rational

(!� 0»2 ¼and SLE¹0–1º in the end.

De�nition 2.6.2 ( SLE¹0–1º). LetF be the growth point onmD and1 =
Í =

8=1 d9XD9¸

f 0�0¸ f 1 �1 be a divisor onbCthat is symmetric under involution, i.e.1¹I º = 1¹ I
jI j2 º

for all I and
¯

1 = � 6. De�ne the radialSLE¹0– F–1º Loewner chain by

mC6C¹I º = 6C¹I º
F ¹Cº ¸ 6C¹I º
F ¹Cº � 6C¹I º

– 60¹I º = I– (2.6.2)

where the driving functionF ¹Cº evolves as

¤F ¹Cº = F ¹Cº
Õ

9

d9
6C¹D9º ¸ F ¹Cº
6C¹D9º � F ¹Cº

– I¹0º = I 0• (2.6.3)

In the angular coordinate,F ¹Cº = 48\¹Cº andD9¹Cº = 48@9¹Cº, let � C¹I º be the covering

conformal map of6C¹I º (i.e. 48�C¹I º = 6C¹48Iºº.

Then the Loewner di�erential equation for� C¹I º is

mC� C¹I º = cot¹
� C¹I º � \ C

2
º– �0¹I º = I– I 2 H– (2.6.4)

where the driving function\ Cevolves as

¤\ C=
Õ

9

d9cot¹
\ C� @9¹Cº

2
º– G¹0º = G0• (2.6.5)

Theorem 2.6.3.For an involution symmetric divisor2 = F ¸
Í <

9=1 f 9� I 9satisfying

neutrality condition
¯

2 = � 2, let 1 = 2
Í <

9=1 f 9 � I 9, then
¯

1 = � 6 and two

de�nitions (!� 0»f ¼and SLE(0– d) are equivalent.
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Proof. The equivalence in one chart can be veri�ed by directly computing the

drift term in the Loewner equation. The conformal invariance ofSLE¹^– dº under

the neutrality condition (#� 1), where the divisor1 consists of real charges, is

established in Schramm and D. Wilson (2005). Moreover, their argument extends

naturally to the case where the charges1 are complex. �
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C h a p t e r 3

COMMUTATION RELATIONS AND CONFORMAL
INVARIANCE FOR MULTIPLE SLE SYSTEMS

3.1 Transformation of Loewner �ow under coordinate change

In this section we show that the Loewner chain of a curve, when viewed in a

di�erent coordinate chart, is a time reparametrization of the Loewner chain in the

standard coordinate chart but with di�erent initial conditions. This result serves as

a preliminary step towards understanding the local commutation relations and the

conformal invariance of multiple SLE(^) systems.

Let us brie�y review how Loewner chains transform under coordinate changes.

Theorem 3.1.1(Deterministic Loewner chain under coordinate change). In angular

(trigonometric) coordinates, supposeW¹0º = \ 2 R and let the marked points be

\ 1– \2– • • • – \= 2 C. Let W¹Cº be the curve generated by the deterministic Loewner

chain:

mC� C¹I º = cot
�
� C¹I º � \ C

2

�
– ¤\ C= 1 ¹\ C; � C¹\ 1º– • • • – �C¹\ =ºº – (3.1.1)

with initial condition � 0¹I º = I and \ 0 = \ , where1 : R � C= ! R is a smooth

vector �eld.

Let g : N ! H be a conformal map de�ned on a neighborhoodN of \ such that

W»0– )¼ � N and g¹mN \ Rº � R. De�ne the image curveeW¹Cº := g¹W¹Cºº for

C2 »0– )¼, and lete� Cdenote the conformal map associated witheW»0– C¼.

De�ne the conformal coordinate change

	 C:= e� C� g � � � 1
C •

Then the image conformal mape� C¹I º satis�es the evolution equation:

mCe� C¹I º = cot

 
e� C¹I º � e\ C

2

!

�
�
	 0

C¹\ Cº
� 2 – e� 0¹I º = I– (3.1.2)

where the new driving function is

e\ C:= e� C� g � � � 1
C ¹\ Cº = 	 C¹\ Cº– e\ 0 = g¹\ º•
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Moreover, the curveeW¹Cº is parameterized so that its unit disk capacity satis�es

hcap¹eW»0– C¼º= 2f ¹Cº– where f ¹Cº :=
¹ C

0

�
�	 0

B¹\ Bº
�
�2 3B• (3.1.3)

Proof. See Section 4.6.2 in Lawler (2005). �

Theorem 3.1.2(Stochastic Loewner chain under coordinate change). Suppose the

driving function\ Cevolves according to the stochastic di�erential equation

3\ C=
p

^ 3� C¸ 1 ¹\ C; 	 C¹\ 1º– • • • –	 C¹\ =ºº 3C– (3.1.4)

where� C is standard Brownian motion, and	 C := e� C� g � � � 1
C is the conformal

coordinate change de�ned as in Theorem 3.1.1.

De�ne the transformed driving function

e\ C:= 	 C¹\ Cº–

and introduce the reparameterized time

B¹Cº :=
¹ C

0
j	 0

D¹\ Dº j2 3D•

Then the processe\ B := 	 C¹Bº ¹\ C¹Bºº satis�es the following SDE:

3e\ B =
p

^ 3� B̧
1

�
\ B; 	 C¹Bº ¹\ 1º– • • • –	 C¹Bº ¹\ =º

�

	 0
C¹Bº ¹\ Bº

3B̧
^ � 6

2
�

	 00
C¹Bº ¹\ Bº

»	 0
C¹Bº ¹\ Bº¼2

3B•(3.1.5)

Proof. We apply Itô's formula to the composed processe\ C = 	 C¹\ Cº. Using the

chain rule for semimartingales:

3e\ C= ¹mC	 Cº¹\ Cº 3Ç 	 0
C¹\ Cº 3\ C¸

1
2

	 00
C¹\ Cº 3h\ i C

= ¹mC	 Cº¹\ Cº 3Ç 	 0
C¹\ Cº

�p
^ 3� C¸ 1¹\ C; 	 C¹\ 1º– • • • –	 C¹\ =ºº 3C

�
¸

^
2

	 00
C¹\ Cº 3C•

From Proposition 4.43 in Lawler (2005), we use the identity

¹mC	 Cº¹\ Cº = � 3	 00
C¹\ Cº•

Substituting into the equation:
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3e\ C= 	 0
C¹\ Cº

p
^ 3� C¸ 	 0

C¹\ Cº1¹\ C; 	 C¹\ 1º– • • • –	 C¹\ =ºº 3Ç
� ^
2

� 3
�

	 00
C¹\ Cº 3C

= 	 0
C¹\ Cº

p
^ 3� C¸ 	 0

C¹\ Cº1¹\ C; 	 C¹\ 1º– • • • –	 C¹\ =ºº 3Ç
^ � 6

2
	 00

C¹\ Cº 3C•

Now, we reparameterize time viaB¹Cº =
¯ C
0 j	 0

D¹\ Dº j23D. Under this change of time,

we obtain the transformed SDE fore\ B by dividing all drift and di�usion terms by

j	 0
C¹\ Cº j:

3e\ B =
p

^ 3� B¸
1¹\ B; 	 C¹Bº ¹\ 1º– • • • –	 C¹Bº ¹\ =ºº

	 0
C¹Bº ¹\ Bº

3B¸
^ � 6

2
�

	 00
C¹Bº ¹\ Bº

»	 0
C¹Bº ¹\ Bº¼2

3B•

�

Remark 3.1.3. By Theorem 3.1.2, under a conformal coordinate changeg, the drift

term in the marginal law transforms as apre-Schwarzian form. Speci�cally, if the

driving function satis�es

3\ C=
p

^ 3� C¸ 1¹\ Cº 3C–

then the drift1 transforms underg as

1¹\ º = g0¹\ º � e1¹g¹\ ºº ¸
6 � ^

2
� ¹logg0¹\ ºº0•

Here,e1 is the drift in the image coordinatee\ = g¹\ º, and the second term is the

pre-Schwarzian derivative ofg.

Corollary 3.1.4. Let W, ~Wbe two hulls starting at48G2 mD and 48H2 mD with

capacitynand2n, let6n be the normalized map removingWand ~n = hcap¹6n� W¹Cºº,

then we have:

~Y= 2Y

 

1 �
Y

sin2¹ G� H
2 º

!

¸ >
�
Y2

�
• (3.1.6)

Proof. Locally, we can de�ne� C¹I º = � 8log¹6C¹48Iºº. Then from the Loewner

equation,mC� 0
C¹Fº = � � 0

C¹Fº

2 sin2
�

� C¹F º � GC
2

� , which implies� 0
Y¹Hº = 1 � Y

2 sin2¹ H� G
2 º

¸ >¹Yº.

By applying conformal transformation� n¹Hº, we get

~Y= 2n¹� 0
n¹Hº2 ¸ >¹nºº = 2Y

 

1 �
Y

sin2¹ G� H
2 º

!

¸ >
�
Y2

�
•

�
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3.2 Local commutation relation and null vector equations in^ ¡ 0 case

In this section, we explore how the commutation relations (reparametrization sym-

metry) and conformal invariance impose constraints on the drift terms19¹z– Dº and

equivalently impose constraints on the partition functionk ¹z– Dº derived from19.

The pioneering work on commutation relations was done in Dubédat (2007). The

author studied the commutation relations for multiple SLEs in the upper half

planeH with = growth pointsI 1– I2– • • • – I= 2 R and< additional marked points

D1– D2– • • • – D< 2 R.

We extend this Dubedat's commutation argument to the case where there are=

growth pointsI 1– I2– • • • – I= 2 mD and one interior marked pointD2 D; see theorem

(3.2.1) and (3.2.5).

The commutation relations in the unit diskD with the marked point0 are partially

studied in Dubédat (2007) and Y. Wang and Wu (2024).

A signi�cant di�erence between the multiple radial and standard chordal SLE(^)

systems (with no marked points) arises when we study their conformal invariance

properties. Although the multiple radial SLE(^) systems are conformally invariant,

their corresponding partition functions form equivalence classes that do not neces-

sarily exhibit conformal covariance. However, within each equivalence class, it is

still possible to �nd at least one conformally covariant partition function.

Theorem 3.2.1(Commutation Relations forD= 0). In the unit diskD, consider=

radial SLEs starting at48\1– 48\2– • • • – 48\= 2 mD, with a marked interior pointD= 0.

(i) Let the in�nitesimal di�usion generators be

M 8 =
^
2

m88̧ 18¹\ 1– \2– • • • – \=ºm8¸
Õ

9<8

cot
�
\ 9 � \ 8

2

�
m9–

wherem8 = m\ 8. If the = SLEs locally commute, the associated in�nitesimal

generators satisfy

»M8–M 9¼=
1

sin2
�

\ 9� \ 8

2

� ¹M 9 � M 8º•

There exists a positive functionk ¹) º, de�ned onX=¹) º, such that the drift

term satis�es

18¹) º = ^m8logk–
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andk satis�es the null vector equations:

^
2

m88k ¸
Õ

9<8

cot
�
\ 9 � \ 8

2

�
m8k ¸

�
1 �

6
^

� Õ

9<8

1

4 sin2
�

\ 9� \ 8

2

� k � � 9¹\ 9ºk = 0–

(3.2.1)

for 8= 1–2– • • • – =, with undetermined functions� 9¹\ 9º.

(ii) By analyzing the asymptotic behavior of two adjacent growth points\ 8and\ 8̧ 1

(with no marked points between them), we further deduce that� 8¹\ º = � 8̧ 1¹\ º.

Consequently, if all growth points are consecutive with no marked points

between them, there exists a common function� ¹\ º such that

� ¹\ º = � 1¹\ º = � � � = � =¹\ º•

Theorem 3.2.2(Conformal Invariance under Aut¹D–0º). For a rotation mapd\ ,

the drift term18¹) º is invariant underd\ , i.e.,

18 = e18 � d\ •

(i) The function� ¹\ º in the null vector equation (3.2.1) is rotation-invariant, and

there exists a real constant� such that

� ¹\ º = �• (3.2.2)

(ii) There exists a real constantl such that, for all\ 2 R,

k ¹\ 1 ¸ \– • • • – \= ¸ \ º = 4� l\ k ¹\ 1– • • • – \=º• (3.2.3)

Remark 3.2.3. Combining Theorem (3.2.1) with Theorem (3.2.2), we conclude that

a multiple radialSLE¹^º system with �xedD = 0 is characterized by a partition

function that satis�es the null vector equations (3.2.1) with a constant� and has a

rotation constantl .

Remark 3.2.4. The drift term18¹\ 1– • • • – \=º is 2c-periodic and therefore well-

de�ned on the unit circle( 1. However, forl < 0, the partition functionk is

not2c-periodic, making it multivalued on( 1 and well-de�ned only on the real line

R, the universal cover of( 1.

Thus, forl < 0, the conformal invariance of partition functions requires the use of

the groupgAut¹D–0º with a group action onR.
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The discussion on commutation relations above extend to arbitraryD 2 D, as

described in the following theorem.

Theorem 3.2.5(Commutation Relations forD2 D). In the unit diskD, let = radial

SLEs start at48\1– 48\2– • • • – 48\= 2 mD, with a marked interior pointD< 0.

(i) For D= 48E, let the in�nitesimal di�usion generators be

M 8 =
^
2

m88̧ 18¹) – Dºm8̧

Õ

9<8

cot
�
\ 9 � \ 8

2

�
m9¸ cot

�
E� \ 8

2

�
mE¸ cot

�
E� \ 8

2

�
mE•

If the = SLEs locally commute, the generators satisfy

»M8–M 9¼=
1

sin2
�

\ 9� \ 8

2

� ¹M 9 � M 8º•

There exists a partition functionk ¹) – Dº such that the drift term18¹) – Dº is

given by

18¹) – Dº = ^m8logk–

andk satis�es the null vector equations:

^
2

m88k ¸
Õ

9<8

2
\ 9 � \ 8

m8k ¸
2

E� \ 8
mEk ¸

2
E� \ 8

mEk ¸

" �
1 �

6
^

� Õ

9<8

1
¹\ 9 � \ 8º2

¸ � 8¹\ 8– Dº

#

k = 0•

(ii) By analyzing the asymptotics of adjacent points\ 8 and \ 8̧ 1, we deduce that

� 8¹\– Dº = � 8̧ 1¹\– Dº. If all points are consecutive, there exists a common

function� ¹\– Dº such that

� ¹\– Dº = � 1¹\– Dº = � � � = � =¹\– Dº•

Now, we discuss howAut¹Dº-invariance imposes constraints on the drift terms of a

multiple radial SLE(̂ ) system and how to choose a conformally covariant partition

function representative within its equivalence class.

De�nition 3.2.6. The conformal groupAut¹Dº satis�es the following properties

(see Lang (1985)):

ˆ Aut¹Dº is isomorphic to%(! 2¹Rº. Each elementg 2 Aut¹Dº can be written

as

g¹I º = ) E � d\ ¹I º–
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whered\ ¹I º = 48\I and) E¹I º = I � E
1� EI.

Geometrically,Aut¹Dº is an ( 1-bundle overH, and it naturally acts on

mD � ( 1 by extending the conformal maps to the boundary.

ˆ The universal covergAut¹Dº is isomorphic tof(! 2¹Rº. Each elementg 2
gAut¹Dº can be decomposed as

g = ) E � � \ –

where\ 2 R, and � \ represents addition by\ onR.

Geometrically,gAut¹Dº is anR-bundle overH, and it naturally acts onR, the

universal cover of( 1.

� For G2 R, � \ ¹Gº = G¸ \ .

� For E2 D, there exists a uniquejH� Gj Ÿ c such that48H= ) E¹48Gº.

Theorem 3.2.7.Let g 2 Aut¹Dº. The drift term1¹) – Dº is a pre-Schwarzian form,

satisfying

18 = g0e18 � g ¸
6 � ^

2
¹logg0º0•

(i) There exists a smooth function� ¹g– Dº : gAut¹Dº � D ! R such that

logk � log¹k � gº ¸
^ � 6
2^

Õ

8

logg0¹\ 8º = � ¹g– Dº–

where� satis�es the functional equation

� ¹g1g2– Dº = � ¹g1– g2¹Dºº ¸ � ¹g2– Dº• (3.2.4)

(ii) There exists a rotation constantl such that

� ¹ � \ –0º = l\• (3.2.5)

If l = 0, Aut¹Dº su�ces to describe conformal invariance, and� reduces to

a mapAut¹Dº � D ! R.

(iii) Suppose� 1¹g– Dº and � 2¹g– Dº correspond to partition functionsk 1 andk 2.

If their rotation constantsl 1 = l 2, then there exists a function6¹Dº such that

k 2 = 6¹Dº � k 1•
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(iv) For g 2 gAut¹Dº, let g¹Dº = E. Decomposeg = ) E � � \ � ) � 1
D , whereD– E2 D

and\ 2 R. Using the relations) 0
D¹Dº = 1

1�j Dj2 and) 0
E¹0º = 1 � j Ej2, de�ne

g0¹Dº_¹Dºg0¹Dº
_¹Dº

:=
�
1 � j Ej2

1 � j Dj2

� 2 Re¹_¹Dºº

4� 2\ Im¹_¹Dºº•

Then

� ¹g– Dº = log
�
g0¹Dº_¹Dºg0¹Dº

_¹Dº
�

–

satisfy the functional equation (3.2.4), with rotation constantl = Im¹_¹Dºº.

Remark 3.2.8. Combining Theorem (3.2.5) with Theorem (3.2.7), we show that a

multiple radialSLE¹^º system withD 2 D is described by a conformally covariant

partition function that satis�es the null vector equations (3.2.1) with a constant

� . The partition function has a rotation constantl and a non-unique conformal

dimension_¹Dº, with l = =¹ _¹Dºº. Moreover, two distinct conformally covariant

solutions di�er by a multiplicative factor corresponding to a power of the conformal

radius.

Proof of theorem (3.2.1) and theorem (3.2.5).The derivations of the commutation

relations forD = 0 and arbitraryD < 0 are similar. We mainly discuss the case

D < 0. The proof forD = 0 can be obtained by simply ignoring theD-dependence

and related derivatives in the drift and di�usion generators sinceD = 0 is �xed by

the Loewner �ow.

(i) We �rst focus on the growth of two hulls from a speci�c pair of growth points.

Consider the following scenario: we grow two hulls from48Gand48Hon the

boundarymD and relabel the remaining growth points as48I9 the marked point

D= 48E.

Lemma 3.2.9. In the angular coordinate, suppose two radial SLE hulls start

fromG– H2 R with marked pointsI 1– I2– • • • – I= 2 R and marked interior point

D2 D. If D= 0 is a marked point, we simply omit it sinceD= 0 is �xed by the

Loewner �ow. LetM 1 andM 2

M 1 =
^
2

mGĢ 1¹G– H • • •ºmG¸ cot¹
H� G

2
ºmH¸

=Õ

8=1

cot¹
I 8 � G

2
ºm8¸ cot

� E� G
2

�
mE ¸ cot

�
E� G

2

�
mE

M 2 =
^
2

mHḨ ~1¹G– H– • • •ºmH¸ cot¹
G� H

2
ºmG¸

=Õ

8=1

cot¹
I 8 � H

2
ºm8¸ cot

� E� H
2

�
mE ¸ cot

�
E� H

2

�
mE
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be the in�nitesimal di�usion generators of two SLE hulls, wherem8 = mI 8.

If two SLEs commute, then the associated in�nitesimal generators satisfy

»M1–M 2¼=
1

sin2¹ H� G
2 º

¹M 2 � M 1º• (3.2.6)

Moreover, there exists a positive functionk ¹G– H–z– Dº such that

1 = ^
mGk
k

–~1 = ^
mHk
k

andk satis�es the null vector equations

8>>>>>>>><

>>>>>>>>
:

^
2mGGk ¸

Í
8cot¹ I 8� G

2 ºm8k ¸ cot¹ H� G
2 ºmHk ¸ cot

� E� G
2

�
mEk ¸ cot

�
E� G
2

�
mEk

¸
� �

1 � 6
^

�
1

4 sin2¹ H� G
2 º

¸ � 1¹G– Iº
�

k = 0

^
2mHHk ¸

Í
8cot¹ I 8� H

2 ºm8k ¸ cot¹ G� H
2 ºmGk ¸ cot

� E� H
2

�
mEk ¸ cot

�
E� H

2

�
mEk

¸
� �

1 � 6
^

�
1

4 sin2¹ G� H
2 º

¸ � 2¹H– Iº
�

k = 0

•

(3.2.7)

Proof. Consider a Loewner chain
�
 B–C

�
¹B–Cº2T with a double time index. The

associated conformal equivalence are6B–C. We also assume that B–C=  B–0 [

 0–C. If B� B0– C� C0–¹B0– C0º 2 T , then¹B– Cº 2 T .

Let f ¹ resp.gº be a stopping time in the �ltration generated by
�
 B–0

�
¹B–0º2T ¹

resp.
�
 0–C

�
¹0–Cº2T

�
. Let also T 0 = f¹ B– Cº : ¹B¸ f– C¸ gº 2 T g and

�
 0

B–C
�

¹B–Cº2T 0 =
�
6f–g

�
 B̧ f–Ç gn B–C

� �
. Then

�
 0

B–0

�

¹B–0º2T 0
is distributed as

a stoppedSLE^¹1º, i.e an SLE driven by

3GB =
p

^3� B¸ 1
�
GB– �B¹Hº– • • • – �B¹I 8º – • • • – 48�B¹Eº

�
3C–

where� B is the covering map of Loewner map6B, (i.e. 48�B¹I º = 6B¹48Iº).

Likewise
�
 0

0–C

�

¹0–Cº2T 0
is distributed as a stoppedSLE~̂¹ ~1º , i.e an SLE driven

by:

3HC=
p

^3 ~� C¸ ~1
�
~� C¹Gº– HC– • • • –~� C¹I 8º – • • • – 48~� C¹Eº

�
3C–

where~� Cis the covering map of~6C(i.e. 48~� B¹I º = ~� B¹48Iº).

Here�– ~� are standard Brownian motions,¹6Bº –¹ ~6Cº are the associated con-

formal equivalences,1–~1 are some smooth, translation invariant functions.

Note that
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¹GB– �B¹Hº– • • • – �B¹I 8º – • • • –Re¹� B¹Eºº –Im ¹� B¹Eººº

is a Markov process with semigroup%and in�nitesimal generatorM 1. Sim-

ilarly,

� ~� C¹Gº– HC– • • • –~� C¹I 8º – • • • –Re
� ~� C¹Eº

�
–Im

� ~� C¹Eº
� �

is a Markov process with semigroup& and in�nitesimal generatorM 2.

We denote� G– �Hthe unit disk capacity of hulls growing at48Gand48H, and con-

sider the stopping timef = inf
�
B: � G �

 B–0
�

� 0G�
– g= inf

�
C: � H �

 0–C
�

� 0H�
,

where0G= Y– 0H = 2Y.

We are interested in the SLE hull f–g. There are two natural ways to evolve

from the initial con�guration 0–0 to  f–g:

� via  0–0 !  f–0 !  f–g,

� or via  0–0 !  0–g!  f–g.

We describe both paths using in�nitesimal capacity expansions:

(i) Run the �rst SLE (i.e.,SLE^¹1º) from the initial con�guration¹G– H– • • • – I8– • • •º

until it accumulates capacityY. Then, independently run the second

SLE (i.e.,SLE^¹ ~1º) in the transformed domain6� 1
Y ¹Dº, stopping when

it reaches capacity2Y, measured in the original unit disk. Let� Y and~� ~Y

be the conformal maps removing the corresponding hulls, centered atG

andH, respectively. De�neq = ~� ~Y � � Y as the normalized composition

map. Then expand

E
�
�

� ~� ~Y¹- Yº–~. ~Y
� �

up to second order inY. This expansion describes, in distribution, the

evolution from 0–0 to  f–0, and then to f–g.

(ii) Begin by running the second SLE (i.e.,SLE^¹ ~1º) until it reaches ca-

pacity2Y. Then, run the �rst SLE (i.e.,SLE^¹1º) independently in the

transformed domain~6� 1
Y ¹Dº, stopping when it accumulates capacityY.

Let ~� Y and � ~Y be the conformal maps removing the hulls atHandG,

respectively, and de�neq = � ~Y � ~� Y. Then expand

E
�
�

�
� ~Y¹ ~- Yº– .~Y

� �
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up to second order inY. This describes the evolution from 0–0 to  0–g,

and then to f–g.

Note that under the conformal map� n, the capacity of~Wis not2n. According

to lemma (3.1.4), the capacity is given by

~Y= 2Y

 

1 �
Y

sin2¹ G� H
2 º

!

¸ >
�
Y2

�
• (3.2.8)

Now, let � be a test functionR=¸ 2–2 ! R , and2 ¡ 0 be some constant and let

F = ¹G– H– • • • – I8– • • • – Eº

F0 = ¹- Y– 6Y¹Hº– • • • 6Y ¹I 8º – • • • – 6Y ¹Eºº

F00=
�
~6~Y ¹- Yº –~. ~Y– • • •~6~Y � 6Y ¹I 8º – • • • –~6~Y � 6Y ¹Eº

�
• (3.2.9)

We consider the conditional expectation of� ¹F00º with respect toF.

E ¹� ¹F00º j Fº = E ¹� ¹F00º jF0j Fº = %YE ¹& ~Y� j F0º ¹Fº

= %YE
��

1 ¸ YM 1 ¸
Y2

2
M 2

1

�
� ¹F0º

�
¹Fº = %Y&

2Y
�
1� Y

sin2¹ G� H
2 º

� � ¹Fº ¸ >
�
Y2

�

=
�
1 ¸ YM 1 ¸

Y2

2
M 2

1

�  

1 ¸ 2Y

 

1 �
Y

sin2¹ G� H
2 º

!

M 2 ¸
22Y2

2
M 2

2

!

� ¹Fº ¸ >
�
Y2

�

=

 

1 ¸ Y¹M 1 ¸ 2M 2º ¸ Y2

 
1
2

M 2
1 ¸

22

2
M 2

2 ¸ 2M 1M 2 �
2

sin2¹ G� H
2 º

M 2

! !

� ¹Fº

¸ >
�
Y2

�

If we �rst grow a hull at H, then atG, one gets instead
 

1 ¸ Y¹M 1 ¸ 2M 2º ¸ Y2

 
1
2

M 2
1 ¸

22

2
M 2

2 ¸ 2M 2M 1 �
2

sin2¹ G� H
2 º

M 1

! !

� ¹Fº¸ >
�
Y2

�
•

Hence, the commutation condition reads

»M1–M 2¼=
1

sin2¹ H� G
2 º

¹M 2 � M 1º• (3.2.10)
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After simpli�cations, one gets

»M1–M 2¼ ¸
1

sin2¹ H� G
2 º

¹M 1 � M 2º =
�
^mG~1 � ^mH1

�
mGH

¸

"

cot¹
H� G

2
ºmG1 ¸

Õ

8

cot¹
H� I 8

2
ºm81 ¸ cot

� E� G
2

�
mE1 ¸ cot

�
E� G

2

�
mE1

� ~1mH1 ¸
1

2 sin2¹ H� G
2 º

¸
cos¹ G� H

2 º

4 sin3¹ G� H
2 º

¹^ � 6º �
^
2

mHH1

#

mG

�

"

cot¹
G� H

2
ºmH~1 ¸

Õ

8

cot¹
G� I 8

2
ºm8~1 � cot

� E� G
2

�
mE~1 ¸ cot

�
E� G

2

�
mE~1

� 1mG~1 ¸
~1

2 sin2¹ H� G
2 º

¸
cos¹ H� G

2 º

4 sin3¹ H� G
2 º

¹^ � 6º �
^
2

mGG~1

#

mH

•

So, the commutation condition reduces to three di�erential conditions involv-

ing 1 and ~1.

8>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>
:

^mG~1 � ^mH1 = 0

cot¹
H� G

2
ºmG1 ¸

Õ

8

cot¹
H� I 8

2
ºm81 ¸ cot

� E� G
2

�
mE1 ¸ cot

�
E� G

2

�
mE1

� ~1mH1 ¸
1

2 sin2¹ H� G
2 º

¸
cos¹ G� H

2 º

4 sin3¹ G� H
2 º

¹^ � 6º �
^
2

mHH1 = 0

cot¹
G� H

2
ºmH~1 ¸

Õ

8

cot¹
G� I 8

2
ºm8~1

� 1mG~1 ¸
~1

2 sin2¹ H� G
2 º

¸
cos¹ H� G

2 º

4 sin3¹ H� G
2 º

¹^ � 6º �
^
2

mGG~1 = 0

•

(3.2.11)

Now, from the �rst equation, one can write

1 = ^
mGk
k

–~1 = ^
mHk
k

for some non-vanishing functionk (at least locally). The smoothness of1

and ~1 implies the smoothness ofk . It turns out that the second equation now

writes
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^mG

 
^
2mHHk ¸

Í
8cot¹ I 8� H

2 ºm8k ¸ cot¹ G� H
2 ºmGk ¸

k

cot
� E� H

2

�
mEk ¸ cot

�
E� H

2

�
mEk ¸

�
1 � 6

^

�
k

4 sin2¹ G� H
2 º

k

ª
®
®
¬

= 0•

Symmetrically, the last equation is

^mH

 
^
2mGGk ¸

Í
8cot¹ I 8� G

2 ºm8k ¸ cot¹ H� G
2 ºmHk

k

¸ cot
� E� G

2

�
mEk ¸ cot

�
E� G
2

�
mEk ¸

�
1 � 6

^

�
k

4 sin2¹ H� G
2 º

k

ª
®
®
¬

= 0

It turns out that two equations now write

8>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>
:

^
2

mGGk ¸
Õ

8

cot¹
I 8 � G

2
ºm8k ¸ cot¹

H� G
2

ºmHk ¸ cot
� E� G

2

�
mEk ¸ cot

�
E� G

2

�
mEk

¸

 �
1 �

6
^

�
1

4 sin2¹ H� G
2 º

¸ � 1¹G–z– Dº

!

k = 0

^
2

mHHk ¸
Õ

8

cot¹
I 8 � H

2
ºm8k ¸ cot¹

G� H
2

ºmGk ¸ cot
� E� G

2

�
mEk ¸ cot

�
E� G

2

�
mEk

¸

 �
1 �

6
^

�
1

4 sin2¹ G� H
2 º

¸ � 2¹H–z– Dº

!

k = 0•

(3.2.12)

�

Let us now begin our discussion on the multiple radial SLE(^) systems with

= distinct growth points48\1– 48\2– • • • – 48\=. We want to grow= in�nitesimal

hulls at48\8, 8= 1–2– • • • – =. We can either grow a hull Y8 at 48\8, and then

another one at48\9 in the perturbed domainDn Y8, or proceed in any order.

The coherence condition is that these procedures yield the same result.

We grow two SLE hulls from\ 8– \9, 8< 9and treat the rest as marked points.

By lemma (3.2.9), the commutation relation between two SLEs implies that

the in�nitesimal generator satis�es

»M8–M 9¼=
1

sin2¹ \ 8� \ 9

2 º
¹M 9 � M 8º• (3.2.13)
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By expanding (3.2.6), we derive that

^m819 � ^m918 = 0 (3.2.14)

for all 1 � 8 Ÿ 9� =.

Since the chamber

X=� D = f ¹\ 1– \2– • • • – \=– Dº 2 R= � D j \ 1 Ÿ \ 2 Ÿ • • • Ÿ \= Ÿ \ 1 ¸ 2c– D2 Dg

is simply connected (contractible). Equations (3.2.14) imply that we can

integrate the di�erential form
Í

919¹) – Dº3\ 9 with respect to\ 1– \2– • • • – \=.

Stoke's theorem implies that this integral is path-independent. Consequently,

there exists a positive functionk ¹) – Dº such that

18¹) – Dº = ^
m8k
k

(3.2.15)

and the null vector equations

8>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>
:

^
2

m88k ¸
Õ

: <8– 9

cot¹
\ : � \ 8

2
ºm: k ¸ cot¹

\ 9 � \ 8

2
ºm9k ¸ cot

�
E� \ 8

2

�
mEk ¸ cot

�
E� \ 8

2

�
mEk

¸

 �
1 �

6
^

�
1

4 sin2¹ \ 9� \ 8

2 º
¸ � 8¹) – Dº

!

k = 0

^
2

m9 9k ¸
Õ

: <8– 9

cot¹
\ : � \ 9

2
ºm: k ¸ cot¹

\ 8 � \ 9

2
ºm8k ¸ cot

�
E� \ 8

2

�
mEk ¸ cot

�
E� G

2

�
mEk

¸

 �
1 �

6
^

�
1

4 sin2¹ \ 8� \ 9

2 º
¸ � 9¹) – Dº

!

k = 0•

(3.2.16)

We may write the �rst equation in (3.2.16) as

^
2

m88k ¸
Õ

: <8– 9

cot¹
\ : � \ 8

2
ºm: k ¸ cot¹

\ 9 � \ 8

2
ºm9k ¸ cot

�
E� \ 8

2

�
mEk ¸ cot

�
E� \ 8

2

�
mEk

= �

 �
1 �

6
^

�
1

4 sin2¹ \ 9� \ 8

2 º
¸ � 8¹) – Dº

!

k–

(3.2.17)

where� 8 does not depend on\ 9. Since integrability conditions hold for all

9< 8, by subtracting all
�
1 � 6

^

�
1

4 sin2
� \ 9� \ 8

2

� terms, we obtain
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^
2

m88k ¸
Õ

: <8– 9

cot¹
\ : � \ 8

2
ºm: k ¸ cot¹

\ 9 � \ 8

2
ºm9k ¸ cot

�
E� \ 8

2

�
mEk ¸ cot

�
E� \ 8

2

�
mEk

= �

 �
1 �

6
^

�
1

4 sin2¹ \ 9� \ 8

2 º
¸ � 8¹\ 8– Dº

!

k

(3.2.18)

where� 8 = � 8¹\ 8– Dº only depends on\ 8andD.

(ii)

Lemma 3.2.10.For adjacent growth pointsG– H2 R (no marked points

f I 1– I2– • • • – I=gare betweenGandH). If the system

8>><

>>
:

^
2mGGk ¸

Í
8cot¹ I 8� G

2 ºm8k ¸ cot¹ H� G
2 ºmHk ¸

� �
1 � 6

^

�
1

4 sin2¹ H� G
2 º

¸ � 1¹G– Iº
�

k = 0

^
2mHHk ¸

Í
8cot¹ I 8� H

2 ºm8k ¸ cot¹ G� H
2 ºmGk ¸

� �
1 � 6

^

�
1

4 sin2¹ G� H
2 º

¸ � 2¹H– Iº
�

k = 0

(3.2.19)

admits a non-vanishing solutionk , then: functions� 1– �2 can be written as

� 1¹G– Iº = � ¹G– Iº– �2¹H– Iº = � ¹H– Iº.

Proof. The problem is now to �nd functions� 1– �2 such that the above system

has solutions. So assume that we are given� 1– �2, and a non-vanishing

solutionk of this system. Let:

L 1 =
^
2

mGĢ

Õ

8

cot¹
I 8 � G

2
ºm8¸ cot¹

H� G
2

ºmH¸
�
1 �

6
^

�
1

4 sin2¹ H� G
2 º

L 2 =
^
2

mHḨ

Õ

8

cot¹
I 8 � H

2
ºm8¸ cot¹

G� H
2

ºmG¸
�
1 �

6
^

�
1

4 sin2¹ G� H
2 º

•

Thenk is annihilated by all operators in the left ideal generated by¹L 1 ¸ � 1º –¹L 2 ¸ � 2º,
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including in particular their commutator:

L = »L 1 ¸ � 1–L 2 ¸ � 2¼̧
1

sin2¹ G� H
2 º

¹¹L 1 ¸ � 1º � ¹L 2 ¸ � 2ºº

= »L 1–L 2¼̧
1

sin2¹ G� H
2 º

¹L 1 � L 2º ¸ ¹»L 1– �2¼ � »L2– �1¼º ¸
¹� 1 � � 2º

sin2¹ G� H
2 º

=

 

cot¹
H� G

2
ºmH¸

Õ

8

cot¹
I 8 � G

2
ºm8¸ cot

� E� G
2

�
mEk ¸ cot

�
E� G

2

�
mEk

!

� 2

�

 

cot¹
G� H

2
ºmG¸

Õ

8

cot¹
I 1 � H

2
ºm8¸ cot

� E� H
2

�
mEk ¸ cot

�
E� H

2

�
mEk

!

� 1

¸
4 ¹� 1 � � 2º

sin2¹ G� H
2 º

•

L is an operator of order 0, it is a function. SinceL¹ k º = 0for a non-vanishing

k , L must vanish identically.

Note that if the two growth pointsGand Hare adjacent (no marked points

f I 1– I2– • • • – I=g are betweenGand H), we consider the pole ofL at G= H.

The second-order pole must vanish, this implies� 1¹G– Iº = � ¹G– Iº– �2¹H– Iº =

� ¹H– Iº for a common function� . �

By applying lemma (3.2.10) to adjacent\ 8and\ 8̧ 1, we obtain that the function

� 8¹\– Dº = � 8̧ 1¹\– Dº for each1 � 8� = � 1, which implies the existence of a

common function� ¹\– Dº.

�

We have already established the commutation relations and now we consider how

conformal invariance imposes constraints on the drift term and partition functions.

The �rst case is the Aut¹D–0º invariance of the multiple radial SLE(^) with a

marked pointD= 0.

Proof of theorem (3.2.2).For a multiple radial SLE(̂) system with marked point

D= 0. Note that by rotation invariance of the drift term18, under a rotationd0, the

functions18¹\ 1– \2– • • • – \=º satisify

18¹\ 1– \2– • • • – \=º = 18¹\ 1 ¸ 0– \2 ¸ 0– • • • – \= ¸ 0º

for 8= 1–2– • • • – =.
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(i) By equation (3.2.18), forD= 0, we simply omit theD-dependence and related

derivatives we obtain that

� ¹\ 8º = �
^
2

m88k
k

�
Õ

9

cot¹
\ 9 � \ 8

2
º
m9k
k

�
�
1 �

6
^

� Õ

9

1

4 sin2¹ \ 9� \ 8

2 º

= �
^
2

¹m818¸ 12
8º �

Õ

9

cot¹
\ 9 � \ 8

2
º19 �

�
1 �

6
^

� Õ

9

1

4 sin2¹ \ 9� \ 8

2 º
•

(3.2.20)

The rotation invariance of18¹) º implies the rotation invariance of� ¹\ 8º. Thus,

� must be a constant.

(ii) Since 18 = ^m8log¹k º, by the rotation invariance of18, for rotation transfor-

mationd0:

m8¹log¹k º � log¹k � d0ºº = 0•

for 8= 1–2– • • • – =. Thus, independent of\ 1– \2– • • • – \=. We obtain that there

exists a function� ¹0º : R ! R such that

log¹k º � log¹k � d0º = � ¹0º•

Since for0– 12 R, � satis�es the Cauchy functional equation

� ¹0º ¸ � ¹1º = � ¹0 ¸ 1º•

The only solution for the Cauchy functional equation is linear. Thus, there

existsl 2 R.

� ¹0º = l0•

By di�erentiating with respect to0,

Õ

8

m8k = lk•

�

Proof of theorem (3.2.7).

(i) Note that by corollary (3.1.3), under a conformal mapg 2 Aut¹Dº, the drift

term18¹\ 1– \2– • • • – \=– Dº transforms as
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18 = g0¹\ 8º ¹18 � gº ¸
6 � ^

2
¹logg0¹\ 8ºº

0•

Since18 = ^m8log¹k º

^m8log¹k º = ^g0¹\ 8ºm8log¹k � gº ¸
6 � ^

2
¹logg0¹\ 8ºº

0

which implies

m8

 

log¹k º � log¹k � gº ¸
^ � 6
2^

Õ

8

log¹g0¹\ 8ºº

!

= 0

for 8= 1–2– • • • – =. Thus, independent of variables\ 1– \2– • • • – \=.

We obtain that there exists a function� : Aut¹Hº � H ! C such that

log¹k º � log¹k � gº ¸
^ � 6
2^

Õ

8

log¹g0¹\ 8ºº = � ¹g– Dº•

By direct computation and the chain rule, we can show that

� ¹g1g2– Dº = log¹k º � log¹k � g1g2º ¸
^ � 6
2^

Õ

8

log¹¹g1g2º0¹\ 8ºº

= log¹k º � log¹k � g2º ¸ log¹k � g2º � log¹k � g1g2º

¸
^ � 6
2^

Õ

8

log¹g0
2¹\ 8ºº ¸

^ � 6
2^

Õ

8

log¹g0
1¹g2¹\ 8ººº

= � ¹g1– g2¹Dºº ¸ � ¹g2– Dº•

(ii) By the functional equation (3.2.4) andD= 0 is the �xed point of the addition

transformation� \ ¹I º, we obtain that

� ¹ � \ 1¸ \ 2– 8º = � ¹ � \ 1– � \ 2 ¹8ºº ¸ � ¹ � \ 2– 8º = � ¹ � \ 1– 8º ¸ � ¹ � \ 2– 8º•

This is a Cauchy functional equation, the only solution is linear, thus there

exists real constantVsuch that

� ¹ � \ – 8º = V\•

(iii) Let E= g¹Dº, let ) D be the conformal map:

) D¹I º =
I � D
1 � DI

then by the functional equation (3.2.4), we obtain that

� 8¹g– Dº = � 8¹) E� � \ � ) � 1D– )D¹0ºº = � � 8¹) D–0º¸ � 8¹) E� � \ –0º = � 8¹) E–0º� � 8¹) D–0º¸ l 8\
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for 8= 1–2. we de�ne

5¹Dº = � 1¹) D–0º � � 2¹) D–0º•

Now, supposek 8 are corresponding partition functions. By the de�nition of

function� ¹g– Dº, k 8satis�es the following functional equation

log¹k 8º � log¹k 8 � gº ¸
^ � 6
2^

Õ

9

log¹g0¹I 9ºº = � 8¹g– Dº• (3.2.21)

Subtracting two equations, we obtain that

log¹
k 1

k 2
º � log¹

k 1 � g
k 2 � g

º = 5¹Eº � 5¹Dº ¸ ¹ l 1 � l 2º\•

Then if l 1 = l 2

log¹
k 1

k 2
º � log¹

k 1 � g
k 2 � g

º = 5¹Eº � 5¹Dº•

which is equivalent to

k 2 = 245¹Dºk 1•

thus

6¹Dº = 245¹Dº•

where2 ¡ 0.

(iv) Now we verify that� ¹g– Dº de�ned in satisfy the functional equation (3.2.4).

Let E= g2¹Dº, F = g1 � g2¹Dº,

g2 = ) E � � \ 2 � ) � D

g1 = ) F � � \ 1 � ) � E

g1 � g2 = ) F � � \ 1¸ \ 2 � ) � D

then

� ¹g1 � g2– Dº = 2 Re¹_¹Dºº log
�
1 � j F j2

1 � j Dj2

�
� 2¹\ 1 ¸ \ 2ºIm¹_¹Dºº

� ¹g1– g2¹Dºº = � ¹g1– Eº = 2 Re¹_¹Dºº log
�
1 � j F j2

1 � j Ej2

�
� 2\ 1Im¹_¹Dºº

� ¹g2– Dº = � ¹g1– Eº = 2 Re¹_¹Dºº log
�
1 � j Ej2

1 � j Dj2

�
� 2\ 2Im¹_¹Dºº•

Combining above three equations, we obtain that

� ¹g1g2– Dº = � ¹g1– g2¹Dºº ¸ � ¹g2– Dº• (3.2.22)
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�

Theorem (Restatement of Theorem 1.2.4). For a multiple radial SLE(̂) system

with = SLEs starting at¹\ 1– \2– • • • – \=º 2 X=¹) º and a marked pointD 2 D not

necessarily �xed at0:

(i) Two partition functionsek andk areequivalentif they di�er by a multiplicative

factor 5¹Dº:
ek = 5¹Dº � k–

where5¹Dº is a smooth, positive function ofD. Under this equivalence,ek and

k induce identical multiple radial SLE(^) systems.

(ii) Within the equivalence class of partition functions, we can choosek to satisfy

conformal covariance. Underg 2 Aut¹Dº, k transforms as:

k ¹\ 1– • • • – \=– Dº =

 
=Ö

8=1

g0¹\ 8º
6� ^
2^

!

g0¹Dº_¹Dºg0¹Dº
_¹Dº

k ¹g¹\ 1º– • • • – g¹\ =º– g¹Dºº•

(iii) The choice of a conformally covariant partition function is not unique. Let:

5¹Dº = ¹Rad¹D–HººU = ¹8¹D� DººU– U2 R•

Then for any conformally covariantk , ek = 5¹Dº � k yields an equivalent

solution with:
e_¹Dº = _¹Dº ¸ U•

Proof of Theorem (1.2.4).For a multiple radial SLE(̂) system with partition func-

tion k ¹) – Dº, we proceed as follows

(i) By equation (3.2.14), the drift term in the marginal law for multiple radial

SLE(̂ ) systems is given by

18 = ^m9 log¹k º•

If two partition functions di�er by a multiplicative function5¹Dº.

~k = 5¹Dº � k–

where 5¹Dº is an arbitrary positive real smooth function depending on the

marked interior pointD. Note that

18 = ^m9 log¹k º = ^m9 log¹ek º = e18•

Thusek andk induce identical multiple radial SLE(^) system.
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(ii) Let l be the corresponding rotation constant. De�ne:

k ¹\ 1– \2– • • • – \=–0º =

 
=Ö

8=1

) 0
D¹\ 8º

6� ^
2^

!

) 0
D¹Dº_¹Dº) 0

D¹D� º_¹D� º ~k ¹) D¹\ 1º– )D¹\ 2º– • • • – )D¹\ =º– Dº •

Here, ~k andk share the same rotation constantl . By (iii) of Theorem (3.2.7),

there exists a function5¹Dº such that

~k = 5¹Dº � k•

(iii) Since 5¹Dº is given by:

5¹Dº = ¹1 � j Dj2ºU–

whereU is the conformal dimension, we conclude that the partition function:

¹1 � j Dj2ºU � k

has conformal dimension_¹Dº ¸ U.

�

3.3 Local commutation relation and null vector equations in^ = 0 case

Proof of theorem 1.3.2.To study the commutation relations, we focus on growing

two hulls from growth pointsG– Hand relabeling other points as marked pointsz.

The de�nition of commutation implies that for su�ciently smallB– C ¡0 the normal-

izing map for the hullW1»0– C¼ [W2»0– B¼is the composition of the Loewner maps for

each individual hullW1»0– C¼or W2»0– B¼, when applied in either order. In removing

W1»0– C¼we are considering the coordinate change� 1–C, which leads to

f C–B
1–2 = hcap¹ ~W2»0– B¼º =

¹ B

0

�
5C–D
1–2

� 0
¹H¹Dºº2 3D– (3.3.1)

whereH¹Dº is the position ofHat timeD. In this case5C–B
1–2 = ~� 2–B� � 1–C� � � 1

2–B. With

this notation in hand, commutation implies that

� 2–f C–B
1–2

� � 1–C= � 1–f B–C
2–1

� � 2–B•

On the left-hand side the driving function �rst evolves according to the dynamics

of L G for Cunits of time and thenL H for f C–B
1–2 units of time. The right-hand side is

analogous. These Loewner maps can be the same only if the driving function move

to the same position when the maps are applied in either order. In our setup, the
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motion of the driving functions is fully determined by the motion of the points in\ ,

so a necessary condition for these maps to be the same is that

4f C–B
1–2M H4CM G = 4f B–C

2–1M G4BM H– (3.3.2)

whereC7! 4CM denotes the �ow map corresponding to the dynamicsM . The

commutation relation (1.3.2), as we now explain, is a straightforward consequence

of this identity. From (3.3.1) we obtain

f C–B
1–2 = B

��
5C–0
1–2

� 0
¹Hº ¸ $ ¹Bº

�
= B

�
� 0

1–C¹Gº ¸ $ ¹Bº
�

= B

 

1 �
C

sin2¹ G� H
2 º

¸ >¹Cº ¸ $ ¹Bº

!

= B�
BC

sin2¹ \ G� \ H

2 º
¸ >¹BCº ¸ $

�
B2

� –

where the constants in the error terms may depend onGandH. Now use the above

to expand (3.3.2) in powers ofBandC, and compare coe�cients ofBC, we obtain the

desired commutation relations for generators

»MG–M H¼=
1

sin2¹ G� H
2 º

¹M H � M Gº• (3.3.3)

Expanding the in�nitesimal commutation relation:

»MG–M H¼ ¸
1

sin2¹ H� G
2 º

¹M G� M Hº =

"

cot¹
H� G

2
º
m*G

mG
¸

Õ

8

cot¹
H� I 8

2
º
m*8

mG
�

1
2

m¹* Hº2

mG
¸

* G

2 sin2¹ H� G
2 º

�
3 cos¹ G� H

2 º

2 sin3¹ G� H
2 º

#

mG

�

"

cot¹
G� H

2
º
m*H

mH
¸

Õ

8

cot¹
G� I 8

2
º
m*8

mH
�

1
2

m¹* Gº2

mH
¸

* H

2 sin2¹ H� G
2 º

�
3 cos¹ H� G

2 º

2 sin3¹ H� G
2 º

#

mH•

(3.3.4)

The right hand side of (3.3.4) equal to0 implies the null vector equations

8>><

>>
:

1
2* 2

G ¸
Í

8cot¹ I 8� G
2 º* 8¸ cot¹ H� G

2 º* H¸
�
� 3

2 sin2¹ H� G
2 º

¸ � 1¹G– Iº
�

= 0

1
2* 2

H ¸
Í

8cot¹ I 8� H
2 º* 8¸ cot¹ G� H

2 º* G¸
�
� 3

2 sin2¹ H� G
2 º

¸ � 2¹H– Iº
�

= 0•
(3.3.5)

Note thatm9* : = m: * 9 do not naturally follow from the commutation relation. This

condition is equivalent to the existence of a functionU¹ ) º such that

* 9 = m9U¹ ) º•

U : X= ! R is smooth in the chamber

X= = f ¹\ 1– \2– • • • – \=º 2 R= j \ 1 Ÿ \ 2 Ÿ • • • Ÿ \= Ÿ \ 1 ¸ 2cg
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Lemma 3.3.1.Suppose there existsU such that* 9 = m9U , then for adjacentG– H

(no marked points are betweenG,H), if the system

8>><

>>
:

1
2* 2

G ¸
Í

8cot¹ I 8� G
2 º* 8¸ cot¹ H� G

2 º* H¸
�
� 3

2 sin2¹ H� G
2 º

¸ � 1¹G– Iº
�

= 0

1
2* 2

H ¸
Í

8cot¹ I 8� H
2 º* 8¸ cot¹ G� H

2 º* G¸
�
� 3

2 sin2¹ H� G
2 º

¸ � 2¹H– Iº
�

= 0•
(3.3.6)

admits a non-vanishing solution, then the functions� 1– �2 can be written as� 1¹G– Iº =

� ¹G– Iº– �2¹H– Iº = � ¹H– Iº

De�ne two operatorsL 1,L 2 by:

L 1 =
* G

2
mG¸

Õ

8

cot¹
I 8 � G

2
ºm8¸ cot¹

H� G
2

ºmH �
3

2 sin2¹ H� G
2 º

L 2 =
* H

2
mH¸

Õ

8

cot¹
I 8 � H

2
ºm8¸ cot¹

G� H
2

ºmG�
3

2 sin2¹ G� H
2 º

•

U¹ ) º is annihilated by all operators in the left ideal generated by¹L 1¸ � 1º–¹L 2¸ � 2º,

including in particular their commutator:

L = »L 1 ¸ � 1–L 2 ¸ � 2¼̧
1

sin2¹ G� H
2 º

¹¹L 1 ¸ � 1º � ¹L 2 ¸ � 2ºº

=

  

cot¹
H� G

2
ºmH¸

Õ

8

cot¹
I 8 � G

2
ºm8

!

� 2¹H– Iº �

 

cot¹
G� H

2
ºmG¸

Õ

8

cot¹
I 1 � H

2
ºm8

!

� 1¹G– Iº

!

¸
4 ¹� 1 � � 2º

sin2¹ G� H
2 º

•

The operatorL is an operator of order 0, and a function that must vanish identically.

If G– Hare adjacent (no marked points are betweenG,H), consider the pole ofL atG=

H. The second-order pole must vanish, and this implies� 1¹G– Iº = � ¹G– Iº– �2¹H– Iº =

� ¹H– Iº for some function� .

Let us return to the proof of the theorem (1.3.2) for multiple radial SLE(0) systems

with = distinct growth pointsI 1 = 48\1– I2 = 48\2– • • • – I= = 48\=.

We grow two SLEs from\ 8– \9, 8< 9and treat the rest as marked points denoted by

I .

The commutation relation between two SLEs implies that the in�nitesimal generator

satis�es

»M8–M 9¼=
1

sin2¹ \ 8� \ 9

2 º
¹M 9 � M 8º (3.3.7)
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and the null vector equations

8>>>><

>>>>
:

1
2* 2

8 ¸
Í

: cot¹ I : � \ 8
2 º* : ¸ cot¹ \ 9� \ 8

2 º* 9 ¸
�

3

2 sin2¹
\ 9� \ 8

2 º
¸ � 8¹\ 8–zº

�
= 0

1
2* 2

9 ¸
Í

: cot¹ I : � \ 9

2 º* : ¸ cot¹ \ 8� \ 9

2 º* 8¸
�

3

2 sin2¹
\ 8� \ 9

2 º
¸ � 9¹\ 9–zº

�
= 0•

(3.3.8)

We may write the �rst equation in (3.3.8) as

1
2

* 2
8 ¸

Õ

:

cot¹
I : � \ 8

2
º* : ¸ cot¹

\ 9 � \ 8

2
º* 9 = �

3

2 sin2¹ \ 9� \ 8

2 º
� � 8¹\ 8– Iº• (3.3.9)

By the integrability condition theorem (3.3.1),� 8¹\ 8– Iº does not depend on\ 9,

Since integrability conditions hold for all9< 8, by subtracting all 3

2 sin2¹
\ 9� \ 8

2 º
term,

we obtain that

1
2

* 2
8 ¸

Õ

9

cot¹
\ 9 � \ 8

2
º* 9 = �

Õ

9

3

2 sin2¹ \ 9� \ 8

2 º
� � 8¹\ 8º• (3.3.10)

where� 8 = � 8¹\ 8º only depends on\ 8.

Moreover, by the integrability condition,� 8 = � 8̧ 1 for every pair of1 � 8� = � 1,

this implies� 1 = � 2 = • • •= � = = � .

� ¹\ 8º = �
1
2

* 2
8 �

Õ

9

cot¹
\ 9 � \ 8

2
º* 9 �

Õ

9<8

3

2 sin2¹ \ 9� \ 8

2 º
• (3.3.11)

Rotation invariance of* 8 and* 9 implies that� ¹\ 8º must also be rotation invariant

and thus a constant. This completes the proof of the theorem (1.3.2).

�
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C h a p t e r 4

CONFORMAL FIELD THEORY FOR MULTIPLE SLE(̂)

4.1 Vertex operators and level two degeneracy equations

From the perspective of conformal �eld theory (CFT), we derive the null vector

equations, also known as the level-two degeneracy equations. This derivation relies

on the SLE-CFT correspondence, which describes the coupling between multiple

radial SLE(̂ ) and conformal �eld theory. For further reference on such conformal

�eld theories, please refer to Kang and N. Makarov (2013) and N-G. Kang and N.

Makarov (2021)

De�nition 4.1.1 (Vertex Operator). Given a modi�ed Gaussian free �eld� # with

background charge# satisfying neutrality condition (#� 1) and a charge distribution

3 =
Í

9g9 � I 9 satisfying neutrality condition (#� 0), we de�ne thevertex operator

O# »3¼as the OPE-exponential of the chiral bosonic �eld8� ¸
# »3¼:

O# »3¼:=
� ¹1º»# ¸ 3¼

� ¹1º»#¼
4� 8� ¸

# »3¼– (4.1.1)

where� ¸
# »3¼:=

Í
9g9� ¸

# ¹I 9º is the chiral bosonic �eld and� denotes Wick order-

ing.

Its expectation value yields

E»O# »3¼¼=
� ¹1º»# ¸ 3¼

� ¹1º»#¼
•

De�nition 4.1.2 (Current Field). Given a modi�ed Gaussian free �eld� # with

background charge#, thecurrent �eld � # ¹I º is de�ned as the holomorphic derivative

� # ¹I º := 8 m� # ¹I º•

De�nition 4.1.3 (Virasoro Field). TheVirasoro �eld ) # ¹I º, also called the stress-

energy tensor, is de�ned in terms of the current �eld as

) # ¹I º := �
1
2

� # ¹I º � � # ¹I º ¸ 81 m�# ¹I º–

Let f � =g andf ! =g denote the modes of the current �eld� # and the Virasoro �eld

) # in F# theory, respectively:
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� =¹I º :=
1

2c8

¼

¹I º
¹Z � I º=� # ¹ZºdZ– !=¹I º :=

1
2c8

¼

¹I º
¹Z � I º=¸ 1) # ¹ZºdZ (4.1.2)

Recall that a �eld- is called Virasoro primary if- is a di�erential and if - is in

the family F#. It is well known that- in F# is Virasoro primary if and only if

! =- = ! = �- = 0 for all = � 1 and

! � 1- = m-–

! � 1- = m-–

! 0- = _-–

! 0- = _� -•

(4.1.3)

for some numbers_ and_� . (These numbers are called conformal dimensions of

- .) See Kang and N. Makarov (2013), Proposition 7.5 for this.

De�nition 4.1.4. A Virasoro primary �eld - is called current primary if� =- =

� = �- = 0 for all = � 1 and

� 0- = � 8f-– � 0- = 8f � -

for some numbersf and f � (These numbers are charges of- .) It is well known

that current primary �elds with speci�c charges satisfy the level two degeneracy

equations.

Theorem 4.1.5.For a current primary �eld O in FV with chargesf– f � at I , we

have �
! � 2¹I º ¸ [! 2

� 1¹I º
�

O = 0

if 2f ¹1 ¸ f º = 1 and[ = � 1
2f 2 .

Proof. See Kang and N. Makarov, 2013, Proposition 11.2. �

We now derive BPZ equations (Belavin-Polyakov-Zamolodchikov equations) on the

Riemann sphere with background charges

# = 1 � D¸ 1 � D�

, whereD� is the conjugation ofD.
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Given 1 =
p ^

8 �
q

2
^ , let 0 =

q
2
^ be one of the solutions to the quadratic equation

2G¹G¸ 1º = 1 for Gand letOV¹I º � O ¹0–gº
V ¹I º := O# »0 � I ¸ g¼

3 =
Õ

g9 � I 9

with the neutrality condition¹NC0º : 0 ¸
Í

g9 = 0.

Theorem 4.1.6.If I 8 supp# [ suppg, then for any tensor productX# of �elds - 9

in F#, we have in thebC-uniformization,

1
202

m2
I EOV¹I ºXV = E) V¹I ºEOV¹I ºXV ¸ E �L ¸

: I
OV¹I ºXV (4.1.4)

where the vector �eld: I is given by: I ¹Zº = 1•¹ I � Zº in the identity chart ofC

and the Lie derivative operator�L ¸
: G

does not apply to theI -variable (In general, �L ¸
E

means that we di�erentiate with respect toL ¸
E except for poles ofE).

Proof. See Kang and N. Makarov, 2013, Theorem 10.9. �

Theorem 4.1.7(Expanded Level-Two Degeneracy Equation for� ¹I º). Let 0 =
p

2•^ and assume the neutrality condition(NC0) for 3. Let

� ¹I º := E
�
OV¹I º

�
–

whereOV¹I º is a current primary �eld of charge0 at I in the Coulomb gas formalism.

Then� ¹I º satis�es the following second-order di�erential equation:

^
4

m2
I � ¹I º =

Õ

9

�
_9

¹I � I 9º2
¸

mI 9

I � I 9

�
� ¹I º

¸
�
_¹1º ¹f Dº

¹I � Dº2
¸

_¹1º ¹f D� º

¹I � D� º2
¸

12

¹I � Dº¹I � D� º

�
� ¹I º

¸
�

mD

I � D
¸

mD�

I � D�

�
� ¹I º–

where_9 = _¹1º ¹f 9º =
f 2

9

2 � f 91, and similarly for_¹1º ¹f Dº– _¹1º ¹f D� º.

Proof. This follows from Theorem 4.1.6 withX � 1.

1
202

m2
I EOV¹I º = E) V¹I ºOV¹I º ¸ �L ¸

: I
EOV¹I º–

we evaluate each term separately.
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From the Lie derivative:

�L ¸
: I

EOV¹I º =
Õ

9

�
_9

¹I � I 9º2
¸

mI 9

I � I 9

�
EOV¹I º

¸
�
_¹1º ¹f Dº � _¹1º ¹1º

¹I � Dº2
¸

mD

I � D

�
EOV¹I º

¸
�
_¹1º ¹f D� º � _¹1º ¹1º

¹I � D� º2
¸

mD�

I � D�

�
EOV¹I º•

From the expectation of the stress-energy tensor:

E) # ¹I º =
_¹1º ¹1º

¹I � Dº2
¸

_¹1º ¹1º

¹I � D� º2
¸

12

¹I � Dº¹I � D� º
•

Adding both contributions and using� ¹I º = EOV¹I º yields the claimed equation.

�

Remark 4.1.8. Letf 9 = � 20 or f 9 = 2¹0 ¸ 1º such that_9 = 1. Then
 

_9
�
I � I 9

� 2
¸

m9

I � I 9

!

� = m9

�
�

I � I 9

�
(4.1.5)

which is in a closed form forI 9. By choosing appropriate closed contours� , such

as the Pochhammer contour, to integrate� with respect toI 9, the right-hand side

of (4.1.5) integrates to 0 along� . Consequently, the variableI 9 is eliminated. This

procedure to generate a new correlation function is referred to as screening.
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C h a p t e r 5

COULOMB GAS SOLUTIONS TO THE NULL VECTOR
EQUATIONS

5.1 Coulomb gas correlation and Coulomb gas integral

Recall that the Coulomb gas correlation di�erential associated with a divisor2 =
Í =

9=1 f 9 � I 9 on the Riemann spherêC is given by

� ¹1º»2 ¼=
Ö

9Ÿ:

¹I 9 � I : ºf 9f : – (5.1.1)

where the product is taken over all �niteI 9 andI : .

De�nition 5.1.1 (Monodromy of Coulomb Gas Correlation Di�erential). Let 2 =
Í =

9=1 f 9 � I 9 be a divisor onC with associated Coulomb gas correlation di�erential

� ¹1º»2 ¼=
Ö

9Ÿ:

¹I 9 � I : ºf 9f : •

This function is multivalued due to the presence of non-integer exponents. Its

multivaluedness is described by themonodromy representationarising from analytic

continuation around branch points.

To illustrate the basic mechanism, consider the case= = 2. Then

� ¹1º»2 ¼= ¹I 1 � I 2ºf 1f 2–

which is analytic inI 1 on C n fI 2g. If we analytically continue this function as

I 1 travels once counterclockwise aroundI 2, the function picks up a multiplicative

factor of42c8f1f 2.

Thus, the monodromy representation

d : c1¹C n fI 2g– I1º �! C� – d¹� 2º = 42c8f1f 2

captures how the function changes under analytic continuation around the singu-

larity at I 2, where� 2 is the loop encirclingI 2.

In general, for2 =
Í =

9=1 f 9 � I 9, the function� ¹1º»2 ¼is analytic in I 1 on C n

f I 2– • • • – I=g. The fundamental groupc1¹C n fI 2– • • • – I=g– I1º is the free group
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generated by loops� 9 encircling eachI 9 (9 = 2– • • • – =), and the monodromy

representation

d : c1¹C n fI 2– • • • – I=gº ! C� – d¹� 9º = 42c8f1f 9

describes the multiplicative factor acquired by� ¹1º»2 ¼whenI 1 loops aroundI 9

once in the counterclockwise direction.

De�nition 5.1.2 (Screening Charge). Let 2 be a con�guration of charges on the

Riemann sphere, and let� ¹1º»2 ¼denote the associated Coulomb gas correlation

di�erential. The conformal dimension of a chargef 2 C inserted at a pointI 9 is

de�ned by

_1¹f º =
f 2

2
� f1• (5.1.2)

The condition_1¹f º = 1 characterizes special charges whose insertions yield

integrands of weight¹1–0º. Solving this quadratic equation yields two solutions:

f = � 20– f = 2¹0 ¸ 1º•

A chargeg 2 f� 20–2¹0 ¸ 1ºg is called ascreening charge. Consider a divisor of

the form

2 =
Õ

8

f 8 � I 8¸
Õ

9

g9 � b9– (5.1.3)

wheref g9gare screening charges inserted at positionsf b9g.

The resulting Coulomb gas di�erential on the Riemann sphereĈ is given by

� ¹1º»2 ¼=
Ö

8Ÿ 9

¹I 8 � I 9ºf 8f 9
Ö

8–:

¹I 8 � b: ºf 8g:
Ö

9Ÿ:

¹b9 � b: ºg9g: – (5.1.4)

where the products range over all distinct pairs of points.

Since eachg9 satis�es _1¹g9º = 1, the di�erential � ¹1º»2 ¼3b9 transforms as a

holomorphic 1-form in each variableb9. This allows for the de�nition of contour

integrals of the form ¹

�
� ¹1º»2 ¼3b1 � � � 3b< –

where� is a suitable multidimensional integration cycle avoiding branch points.

This procedure is known asscreening, and it plays a fundamental role in the Coulomb

gas formalism. By integrating out screening charges, one obtains new correlation

functions that are conformally covariant and satisfy null vector di�erential equa-

tions, as required by conformal �eld theory.
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We now consider the simplest nontrivial case involving a single screening chargeb.

The corresponding Coulomb gas correlation di�erential takes the form

� ¹1º»2 ¼=
Ö

8Ÿ 9

¹I 8 � I 9ºf 8f 9
Ö

9

¹I 9 � bºf 9g– (5.1.5)

wheref I 9g are �xed insertion points with chargesf f 9g, andg is the charge at the

variable pointb.

Let � : »0–1¼ ! C n fI 1– • • • – I=g be a path with basepoint?0 = � ¹0º. Due

to the non-integer exponents, the integrand is multivalued inb, and its analytic

continuation along� depends on the monodromy of the branches. Consequently,

even if � is a closed loop, the contour integral
¹

�
� ¹1º»2 ¼3b

is not necessarily single-valued and may depend on the homotopy class of� relative

to the chosen branch at?0.

This multivaluedness necessitates a more re�ned homological framework: the inte-

gration should be understood in the context oftwisted homology, where chains are

equipped with local system coe�cients determined by the monodromy representa-

tion of the integrand. In this setting, valid integration cycles are twisted 1-cycles,

which keep track of the phase accumulated during analytic continuation.

A canonical example of such an integration path is thePochhammer contour

� ¹I 8– I9º, which loops around two branch pointsI 8 and I 9 alternately. Though

homologically trivial in ordinary homology, this contour generates a nontrivial

class in twisted homology and yields a well-de�ned integral. These twisted cycles

form the natural domain of integration for Coulomb gas di�erentials with screening

charges.

De�nition 5.1.3 (Pochhammer Contour). Letf I 1– I2– • • • – I=g � Cbe distinct points.

The punctured planeCnfI 1– • • • – I=gis homotopy equivalent to a bouquet of=circles,
Ô=

8=1 ( 1, and its fundamental group is the free group:

c1 ¹C n fI 1– • • • – I=gº � � =
8=1Z–

generated by simple loops� 8 encircling each punctureI 8 in the positive (counter-

clockwise) direction.
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ThePochhammer contourassociated with a pair of points¹I 8– I9º is de�ned as the

commutator of the generators� 8and� 9:

� ¹I 8– I9º := � 8� 9� � 1
8 � � 1

9 • (5.1.6)

Geometrically, this contour �rst winds aroundI 8, then aroundI 9, and then retraces

both loops in reverse order.

Although� ¹I 8– I9º is null-homologous in ordinary homology, it typically represents

a nontrivial class intwisted homology, where chains are valued in a local system

determined by the monodromy of a multivalued function. Such contours are essential

for de�ning well-posed integrals of Coulomb gas correlation di�erentials, which

exhibit nontrivial monodromy around insertion points.

Figure 5.1: The Pochhammer contour� ¹I 8– I9º: a commutator loop aroundI 8 and
I 9.

We now analyze the role of the Pochhammer contour in de�ning single-valued

integrals of multivalued Coulomb gas di�erentials.

By de�nition, the Pochhammer contour� ¹I 8– I9º := � 8� 9� � 1
8 � � 1

9 is a commutator

of simple loops� 8, � 9 aroundI 8 andI 9, respectively. Since the winding numbers

of a loop and its inverse cancel, the total winding number of� ¹I 8– I9º around any

puncture vanishes:

wind¹� ¹I 8– I9º– I: º = 0– for all : = 1– • • • – =• (5.1.7)

In particular,� ¹I 8– I9º encircles neitherI 8nor I 9 in total:

wind¹� ¹I 8– I9º– I8º = wind¹� ¹I 8– I9º– I9º = 0• (5.1.8)

As a consequence, when the integrand is of the form

� ¹1º»2 ¼=
=Ö

: =1

¹I : � bºf : g–
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the analytic continuation of� ¹1º»2 ¼along� ¹I 8– I9º returns to the original branch,

and the monodromy along this loop is trivial:

d¹� ¹I 8– I9ºº = 1• (5.1.9)

Theorem 5.1.4(Base Point Independence). Let � = � ¹I 8– I9º be a Pochhammer

contour, and let?0 = � ¹0º denote its base point. Then the integral
¹

�
� ¹1º»2 ¼3b (5.1.10)

is independent of the choice of base point?0.

Proof. Let ?0
0 be another base point, and letWbe a path from?0

0 to ?0. De�ne the

conjugated loop� 0 = W� � � W� 1. Since the integrand is single-valued along� , and

d¹� º = 1, we have ¹

� 0
� ¹1º»2 ¼3b =

¹

�
� ¹1º»2 ¼3b•

Hence the integral is independent of the base point. �

Remark 5.1.5. The Pochhammer contour is a canonical example of a nontrivial

twisted cycle, but the base point independence property extends to any closed

contour� satisfying:

(i) wind¹� – I: º = 0 for all : = 1– • • • – =;

(ii) � represents a nontrivial class in the twisted homology group.

Under these conditions,� lies in the twisted homology group� 1¹CnfI 1– • • • – I=g; Cdº,

whereCd is the rank-one local system determined by the monodromy representation

d of the integrand.

This framework generalizes naturally to the case of< screening chargesb1– • • • – b< .

In that setting, the integration domain is the product of< twisted cycles� 1�� � �� � < ,

with each� 9 lying in � 1¹Cn fI 1– • • • – I=g; Cdº and chosen, for instance, as pairwise

non-intersecting Pochhammer contours. The resulting integral
¹

� 1

� � �
¹

� <

� ¹1º»2 ¼3b1 � � � 3b< (5.1.11)

de�nes a well-posed conformally covariant correlation function.
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Theorem 5.1.6(Conformal Invariance of the Coulomb Gas Integral). Let 2 =
Í =

8=1 f 8� I 8¸
Í <

9=1 g9� b9be a divisor on the Riemann sphereĈ, where each screening

chargeg9 2 f� 20–2¹0 ¸ 1ºg is chosen so that its conformal dimension satis�es

_1¹g9º = 1. Let � : Ĉ ! Ĉ be a Möbius transformation, and de�ne

Z9 := � ¹b9º– �¹2 º :=
=Õ

8=1

f 8 � � ¹I 8º ¸
<Õ

9=1

g9 � Z9•

Then the Coulomb gas integral transforms covariantly under� as
 

=Ö

8=1

� 0¹I 8º_1 ¹f 8º

! ¼

� ¹� º
� ¹1º»� ¹2 º¼3Z1 � � � 3Z< =

¼

�
� ¹1º»2 ¼3b1 � � � 3b< –

(5.1.12)

where� ¹� º denotes the image of the integration contour� under� .

Each di�erential3Z9 transforms as3Z9 = � 0¹b9º 3b9, and since_1¹g9º = 1, the inte-

grand� ¹1º»2 ¼3b1 � � � 3b< is invariant under pullback by� , up to the multiplicative

factor
Î

8� 0¹I 8º_1 ¹f 8º determined by the insertion points.

Proof. The conformal invariance of the Coulomb gas integral naturally comes from

the conformal invariance of the Coulomb gas correlation di�erential.

� ¹1º»2 ¼=

 
Ö

8

� 0¹I 8º_8

!  
Ö

9

� 0¹b9º

!

� ¹1º »� ¹2 º¼ (5.1.13)

SinceZ9 = � ¹b9º, then3b9 = 3Z9

� 0¹b9º
, we have

 
Ö

8

� 0¹I 8º_9

! ¼

� ¹� º
� ¹1º »� ¹2 º¼3Z13Z2 • • • 3Z< =

¼

�
� ¹1º »2 ¼

3Z
� Î

9 � 0¹b9º
� =

¼

�
� ¹1º »2 ¼3b13b2 • • • 3b<

(5.1.14)

�

Corollary 5.1.7. The Coulomb gas integralJ ¹ zº =
²

C1
• • •

²
C<

� ^¹z–/ º3b< • • • 3b1

� ^¹z–/ º is a Coulomb gas correlation function of conformal dimension_8 = _8¹f 8º

at I 8, and screening chargesb9 of conformal dimension1.
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satisfy the following conformal Ward's indentities:
"

=Õ

8=1

mI 8

#

J ¹ zº = 0–

"
=Õ

8=1

�
I 8mI 8 ¸ _8¹f 8º

�
#

J ¹ zº = 0–

"
=Õ

8=1

�
I 2
8mI 8 ¸ 2_8¹f 8ºI 8

�
#

J ¹ zº = 0•

(5.1.15)

Proof. The Ward identities follow from the invariance of the Coulomb gas integral

J ¹ zº under Möbius transformations. Consider the following three one-parameter

families of conformal maps:

� ¹1º
n ¹I º = I ¸ n– �¹2º

n ¹I º = ¹1 ¸ nºI– � ¹3º
n ¹I º =

I
1 ¸ n I

–

which correspond to translations, dilations, and special conformal transformations,

respectively.

By Theorem 5.1.6, the Coulomb gas integral transforms covariantly under Möbius

maps:  
=Ö

8=1

� 0¹I 8º_8

!

J ¹ � n¹zºº = J ¹ zº•

Taking the derivative with respect ton at n = 0, we obtain in�nitesimal constraints

corresponding to conformal Ward identities.

ˆ Translation: For� n¹I º = I ¸ n, we have� 0¹I º = 1, so:

3
3n

�
�
�
�
n=0

J ¹ I 1 ¸ n– • • • – I= ¸ nº = 0•

By the chain rule, this gives:
=Õ

8=1

mI 8J ¹ zº = 0•

ˆ Dilation: For � n¹I º = ¹1 ¸ nºI , we have� 0¹I º = 1 ¸ n, so:

3
3n

�
�
�
�
n=0

 
=Ö

8=1

¹1 ¸ nº_8 � J ¹¹ 1 ¸ nºzº

!

= 0•

Di�erentiating yields:
=Õ

8=1

�
I 8mI 8 ¸ _8

�
J ¹ zº = 0•
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ˆ Shearing: For� n¹I º = I
1¸ n I, we compute

� 0¹I º =
1

¹1 ¸ n Iº2
� 1 � 2nI ¸ >¹nº– �n¹I º � I � n I2 ¸ >¹nº•

Plugging into the covariance relation and di�erentiating gives:

=Õ

8=1

�
I 2
8mI 8 ¸ 2_8I 8

�
J ¹ zº = 0•

This establishes the three global conformal Ward identities in (5.1.15). �

5.2 Classi�cation and link pattern

Throughout this section, we modify the notation by settingI =¸ 1 = DandI =¸ 2 = D� .

As usual, letI 1 Ÿ I2 Ÿ • • • Ÿ I=� 1 Ÿ I=.

We begin by considering the charge2 =
Í =¸ < ¸ 2

9=1 f 9 � I 9 and the Coulomb gas

correlation:

� ¹1º»2 ¼= � ¹I 1– • • • – I=¸ 2¸ < º =
=¸ 2¸ <Ö

8Ÿ 9

�
I 9 � I 8

� f 8f 9 •

Our strategy is to choose thef 8 (i.e., the charges associated with the divisor in the

Coulomb gas correlation) such that for1 � 8� =, and_9 =
f 2

9

2 � f 91:

"
^
4

m2
8 ¸

=Õ

9<8

�
m9

I 9 � I 8
�

_9

¹I 9 � I 8º2

�
¸

m=¸ 1

I =¸ 1 � I 8
¸

m=¸ 2

I =¸ 2 � I 8

�
_=¸ 1

¹I =¸ 1 � I 8º2
�

_=¸ 2

¹I =¸ 2 � I 8º2

#

�

=
=¸ 2¸ <Õ

: ==¸ 3

m: ¹• • •º–

(5.2.1)

Theorem 5.2.1. (i) If we choosef 9 = 0 =
q

2
^ , and _9 = 02

2 � 01 = 6� ^
2^ for

1 � 9 � =, and_9 =
f 2

9

2 � f 91 for = ¸ 1 � 9 � = ¸ 2, then we obtain the

following null vector equation:
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2
6
6
6
6
4

^
4

m2
9 ¸

=Õ

: < 9

�
m:

I : � I 9
�

¹6 � ^º•2^
¹I : � I 9º2

�
¸

m=¸ 1

I =¸ 1 � I 9

¸
m=¸ 2

I =¸ 2 � I 9
�

_=¸ 1

¹I =¸ 1 � I 9º2
�

_=¸ 2

¹I =¸ 2 � I 9º2

�
�

=
=¸ 2¸ <Õ

: ==¸ 3

m:

�
�

� ¹I 1– • • • – I=¸ < ¸ 2º
I : � I 9

�

(5.2.2)

for all 9 2 f1–2– • • • – =g. Thus, we attain the desired form (5.2.1) for all

92 f1–2– • • • – =g.

Currently, the number of screening charges< and the values off : = 20

or f : = 2¹0 ¸ 1º for : 2 f = ¸ 3– =̧ 4– • • • – =̧< ¸ 2g remain unspeci�ed.

The chargesf =¸ 1 = f =¸ 2 are chosen such that2 =
Í

9 f 9 � I 9 satis�es the

neutrality condition (#� 1).

(ii) If = = 2: , < = : � 1, and we choosef 9 = 0 for all 9 2 f1–2– • • • – =� 1g,

f = = 21 � 0, and the sign off : = � 20 for all : 2 f = ¸ 1– =̧ 2– • • • – =̧< g,

then we have the following null vector equation for92 f1–2– • • • – =� 1g:

"
^
4

m2
= ¸

=� 1Õ

: =1

�
m:

I : � I =
�

¹6 � ^º•2^
¹I : � I =º2

� #

�

=
=¸ < � 1Õ

: ==¸ 1

m:

�
�

� ¹I 1– • • • – I=¸ < º
I : � I =

�

¸
1
2

=¸ < � 1Õ

: ==¸ 1

m:

2
6
6
6
6
6
4

8 � ^
I : � I =

©
­
­
«

=� 1Ö

B=1

I : � I B

I = � I B

=¸ <Ö

C==¸ 1
C<:

�
I = � I C

I : � I C

� 2ª
®
®
¬

�

3
7
7
7
7
7
5

•

(5.2.3)

Since the right-hand side of (5.2.3) consists of derivatives with respect toI :

for : 2 f = ¸ 1– =̧ 2– • • • – =̧< g, we obtain the desired form (5.2.1) for9= =

as well. Therefore, the null vector equations are satis�ed for all1 � 9 � =.

Then we will integrateI =¸ 3– • • • – I=¸ 2¸ < on both sides of (5.2.1) around nonintersect-

ing closed contours� 1– • • • –� < . On the left side, the integrand is a smooth function

of I 1– • • • – I=¸ < ¸ 2 because the contours do not intersect.

Integration on the right side is expected to give zero. To attain this, we carefully

choose the integration contour forI =¸ 3– • • • – I=¸ 2¸ < . A commonly used integration
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Figure 5.1: Example:I 1– I2– I3– I4 with 2 screening chargesb1– b2

contour is the Pochhammer contour encircling two pointsI 8 and I 9, denoted by

�
�
I 8– I9

�
.

Because either side of (5.2.1) is absolutely integrable on each path, we may perform

these integrations in any order according to Fubini's theorem. Integrating the right

side of (5.2.1) therefore gives zero. Finally, because the contours do not intersect,

we have su�cient continuity to use the Leibniz rule of integration to exchange the

order of di�erentiation and integration on the left side of (5.2.1). (If� ? intersects� @

but f ?f @¡ 0, then the contour integral
²

� is not improper. In this event, we may

still use the Leibniz rule to perform this last step as long as we may continuously

deform these contours so they do not intersect.) We, therefore, �nd that the Coulomb

gas integralJ :=
²

� satis�es the null vector equations (5.2.4).

The Coulomb gas integralJ ¹ z– Dº satis�es the following system of di�erential

equations. For each9 = 1– • • • – =, the functionJ ¹ z– Dº satis�es the null vector

equation:

2
6
6
6
6
4

^
4

m2
9 ¸

=Õ

: < 9

�
m:

I : � I 9
�

¹6 � ^º•2^
¹I : � I 9º2

�

¸
mD

D� I 9
¸

mD�

D� � I 9
�

_¹1º ¹Dº

¹D� I 9º2
�

_¹1º ¹D� º

¹D� � I 9º2

�
J ¹ z– Dº = 0•

(5.2.4)

In addition,J satis�es the following global conformal Ward identities, as given in
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Corollary (5.1.7):
"

=Õ

8=1

mI 8 ¸ mD ¸ mD�

#

J ¹ z– Dº = 0–

"
=Õ

8=1

�
I 8mI 8 ¸

6 � ^
2^

�
¸ DmD ¸ _¹1º ¹DºD¸ D� mD� ¸ _¹1º ¹D

� ºD�

#

J ¹ z– Dº = 0–

"
=Õ

8=1

�
I 2
8mI 8 ¸

6 � ^
^

I 8

�
¸ D2mD ¸ 2_¹1º ¹DºD¸ ¹ D� º2mD� ¸ 2_¹1º ¹D

� ºD�

#

J ¹ z– Dº = 0•

(5.2.5)

Here,_¹1º ¹Dº and_¹1º ¹D� º denote the conformal weights of the screening charges

located atDandD� , respectively. We also use the standard notation, forD= E¸ 8F,

whereE– F2 R, the complex derivatives are given by

mD =
1
2

¹mE � 8mF º– mD� =
1
2

¹mE ¸ 8mF º•

Next, we explain how to constructJ ¹ z– Dº by choosing the appropriate sets of in-

tegration contours. In what follows, we describe the choice of screening charges

and contours that give rise to four distinct types of screening solutions; see Theo-

rem 1.2.5. We conjecture that these screening solutions span the full solution space

to the null vector equations (5.2.4) and the Ward identities (5.2.5).

To proceed, we begin by introducing the notion of link patterns, which encode the

topological types of the integration contours.

To do this, let's begin by de�ning the link patterns that characterize the topology of

integration contours.

De�nition 5.2.2 (Radial Link Pattern). Givenz = f I 1– I2– • • • – I=gon the unit circle,

a radial link patternis a homotopy class (up to non-crossing deformation) of non-

intersecting curves in the unit disk, consisting of:

ˆ < links (or arcs), each connecting a distinct pair of boundary points, and

ˆ = � 2< rays, each connecting a boundary point to the origin.

Such a con�guration is called aradial ¹=– <º-link, and the set of all such patterns is

denoted byLP¹=– <º.

The number of such patterns is given by

jLP¹=– <ºj =
�
=
<

�
–
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Proof. Each radial¹=– <º-link pattern corresponds to a con�guration of< non-

crossing arcs and= � 2< rays connecting marked pointsI 1– • • • – I= 2 mD to the

origin. We describe such con�gurations by a class of discrete functions encoding

their nesting structure.

De�ne a function

5 : Z•=Z ! Z� 0

satisfying:

ˆ j 5¹G¸ 1º � 5¹Gºj = 1 for all G2 Z•=Z,

ˆ min 5 = 0.

Such functions are called periodic Dyck walks, and they encode a height pro�le

along the circle, rising and falling in steps of� 1, returning to the starting height, and

remaining non-negative throughout. Each local minimum at height 0 corresponds

to a ray (i.e., a line from a boundary point to the origin), while each matching of an

up-step followed by a down-step corresponds to an arc.

For a radial¹=– <º-link, we require: - Exactly2< of the= positions to participate in

arcs (encoded by up/down steps), - The remaining=� 2< steps form rays (�at local

minima).

To count such walks: - Choose the< positions (out of=) at which the rays will

attach to the origin � each such position corresponds to a local minimum (a peak

that immediately rises or falls). - This uniquely determines the link structure (since

the rest must form a �xed non-crossing matching of2< points). - Thus, the number

of such patterns is given by:

jLP¹=– <ºj =
�
=
<

�
•

�

De�nition 5.2.3 (Chordal Link Pattern). Given z = f I 1– I2– • • • – I=g on the real

line, achordal link patternis a homotopy class (up to non-crossing deformation) of

non-intersecting curves in the upper half-plane, consisting of:

ˆ < links, each connecting a distinct pair of boundary points, and

ˆ = � 2< rays, each connecting a boundary point to in�nity.
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Such a con�guration is called achordal¹=– <º-link, and the set of all such patterns

is denoted byLP¹=– <º.

The number of such patterns is given by

jLP¹=– <ºj =
�

=
< ¸ 1

�
�

�
=
<

�
–

for all integers= � 2< .

Proof. Each ¹=– <º-link corresponds to an increasing path onZ2 from ¹0–0º to

¹= � <– <º, using only steps to the right¹1–0º and upward¹0–1º, such that the path

never crosses the diagonalG= H.

To reach¹= � <– <º, the path must take its �nal step from either:

ˆ ¹= � < � 1– <º, via a horizontal step, or

ˆ ¹= � <– < � 1º, via a vertical step.

Since valid paths must stay strictly below the diagonalG= H(except possibly at the

start), any valid path to¹= � <– <º must be built by extending a valid path to one of

these two predecessor points.

Therefore, the number of such paths satis�es the recursion

3=–< = 3=� 1–< ¸ 3=� 1–<� 1•

This completes the proof. �

By part (ii) of Theorem 5.2.1, when all screening charges are taken to bef 8 = 0 for

1 � 8� =, the null vector equations are satis�ed provided the screening charges are

chosen from the setf� 20–2¹0¸ 1ºg, and the total con�guration satis�es the neutrality

condition¹#� 1º. That is, each screening chargef : for : 2 f = ¸ 3– • • • – =̧< ¸ 2g

may be assigned either� 20 or 2¹0 ¸ 1º, independently, so long as the total sum of

charges is21.

ˆ (Radial ground solutions) In the upper half planeH, we assign charge0 to

I 1– I2– • • • – I=, charge� 20 to b1– • • • – b< and chargef D = f D� = 1 � ¹=� 2< º0
2 to
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marked pointsDandD� to maintain neutrality condition (NC1).

� ^ ¹I 1– • • • – I=– b1– b2– • • • – b< – Dº =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9

¹I 8 � Dº0¹1� ¹=� 2< º0
2 º

Ö

9

¹I 8 � D� º0¹1� ¹=� 2< º0
2 º

Ö

9

¹b9 � Dº� 20¹1� ¹=� 2< º0
2 º

Ö

9

¹b9 � D� º� 20¹1� ¹=� 2< º0
2 º•

(5.2.6)

In the unit diskD, if we setD= 0, then we have

� ^ ¹I 1– • • • – I=– b1– b2– • • • – b< º =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9

I
0¹1� ¹=� 2< º0

2 º
8

Ö

9

b
� 20¹1� ¹=� 2< º0

2 º
9

(5.2.7)

(1) ¹� 20º � 0 = � 4
^ . b8 = I 9 is a singular point of the type

�
b8 � I 9

� � 4• ^;

(2) ¹� 20º � ¹� 20º = 8
^ . b8 = b9 is a singular point of of the type¹b8 � b9º

8
^ ;

(3) ¹� 20º � ¹1 � ¹=� 2< º0
2 º = 2¹=� 2< ¸ 2º

^ . b = Dandb = D� are singular points

of the type¹b8 � Dº
2¹=� 2< ¸ 2º

^ and¹b8 � D� º
2¹=� 2< ¸ 2º

^ .

In this case, for< � =¸ 2
2 and a¹=– <º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C< surrounding pairs

of points (which correspond to links in a radial link pattern); see (5.2.2) to

integrate� ^. We obtain

J ¹<–=º
U ¹zº :=

¼

C1

• • •
¼

C<

� ^¹z–/ º3b< • • • 3b1• (5.2.8)

In particular, if< = 0, we call� ^ the fermionic ground solution.

Note that the charges atDandD� are given byf D = f D� = 1 � ¹=� 2< º0
2 , and

thus

_¹1º ¹Dº = _¹1º ¹D
� º =

¹= � 2< º202

8
�

12

2
=

¹= � 2< º2

4^
�

¹^ � 4º2

16̂
•

The radial ground solutionJ ¹<–=º
U satis�es the null vector equations (5.2.4)

and Ward's identities (5.2.5) with above_¹1º ¹Dº and_¹1º ¹D� º.
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ˆ (Radial excited solutions) In the upper half planeH, we assign charge0 to

I 1– I2– • • • – I=, charge� 20 to b1– • • • – b< and charge2¹0 ¸ 1º to Z1– • • • – Z@.

Then, we assign chargef D = f D� = 1 � ¹=� 2< º0¸ 2@¹0¸ 1º
2 to marked pointsD

andD� to maintain neutrality condition (NC1).

� ^
�
I 1– • • • – I=– b1– b2– • • • – b< – Z1– Z2– • • • – Z@– D

�
=

Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9Ÿ:

�
I 9 � Z:

� 20¹0¸ 1º
Ö

9Ÿ:

�
Z9 � Z:

� 4¹0¸ 1º2

Ö

9

¹I 8 � Dº0f D
Ö

9

¹I 8 � D� º0f D�

Ö

9

¹b9 � Dº� 20f D
Ö

9

¹b9 � D� º� 20f D�

Ö

9

¹Z9 � Dº2¹0¸ 1ºf D
Ö

9

¹Z9 � D� º2¹0¸ 1ºf D� •

(5.2.9)

In the unit diskD, if we setD= 0, then we have

� ^ ¹I 1– • • • – I=– b1– b2– • • • – b< º =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9

I
0¹1� ¹=� 2< º0

2 º
8

Ö

9

b
� 20¹1� ¹=� 2< º0

2 º
9

(5.2.10)

(1) ¹� 20º � 0 = � 4
^ . b8 = I 9 is a singular point of the type

�
b8 � I 9

� � 4• ^;

(2) ¹� 20º � ¹� 20º = 8
^ . b8 = b9 is a singular point of of the type¹b8 � b9º

8
^ ;

(3) ¹� 20º � ¹1 � ¹=� 2< º0
2 � @¹0 ¸ 1ºº = 2¹=� 2< ¸ 2º

^ ¸ @. b = Dandb = D� are

singular points of the type¹b8 � Dº
2¹=� 2< ¸ 2º

^ ¸ @and¹b8 � D� º
2¹=� 2< ¸ 2º

^ ¸ @;

(4) 2¹0¸ 1º � ¹1� ¹=� 2< º0
2 � @¹0¸ 1ºº = ¹1� @º^

4 ¸ � =¸ 2< � 2
2 . b = Dandb = D� are

singular points of the type¹b8� Dº
¹1� @º^

4 ¸ � =¸ 2< � 2
2 and¹b8� D� º

¹1� @º^
4 ¸ � =¸ 2< � 2

2 .

For @= 1, Z1 = DandZ1 = D� are two singular points of degree� =¸ 2< � 2
2 . We

have two choices for screening contours to integrateZ1

� = odd, Pochhammer contour� ¹D– D� º surroundingDandD� , however,
¹

� ¹D–D� º
� ^3Z= 0•
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� = even, the circle� ¹0– nº around0 with radiusn, this gives the excited

solution

In this case, for< � =¸ 2
2 and a¹=– <º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C< surrounding

pairs of points (which correspond to links in a radial link pattern) to

integrate� ^, we obtain

K ¹<–=º
U ¹zº :=

¼

C1

• • •
¼

C<

¼

� ¹0–nº
� ^¹z–/ º3b< • • • 3b13Z1• (5.2.11)

In particular, if? = 0, we call� ^ the fermionic excited solution.

Note that the charges atDandD� are given byf D = f D� = ¹2< � =� 2º0
2 .

_¹1º ¹Dº = _¹1º ¹D
� º =

¹= � 2< ¸ ^
2º2

4^
�

¹^ � 4º2

16̂

The radial excited solutionK ¹<–=º
U satis�es the null vector equations (5.2.4)

and Ward's identities (5.2.5) with above_¹1º ¹Dº and_¹1º ¹D� º.

For @� 2, sinceDandD� are the only singular points for screening charges,

it is impossible to choose two non-intersecting contours forf Z1– Z2– • • • – Z@g.

We refer to it as aradial excited statebecause introducing a screening charge

of �¹ 0 ¸ 1º leaves the conformal weight atI 8 unchanged, while producing a

Virasoro descendant rather than a new primary �eld.

ˆ (Radial ground solutions with spin[ ) In the upper half planeH, we assign

charge0 to I 1– I2– • • • – I=, charge� 20 to b1– • • • – b< . Then, we assign charge

f D = 1 � ¹=� 2< º0
2 � 8[0

2 , f D� = 1 � ¹=� 2< º0
2 ¸ 8[0

2 to marked pointsDandD� to

maintain neutrality condition (NC1).

� ^ ¹I 1– • • • – I=– b1– b2– • • • – b< – Dº =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9

¹I 8 � Dº0¹1� ¹=� 2< º0
2 � 8[0

2 º
Ö

9

¹I 8 � D� º0¹1� ¹=� 2< º0
2 ¸ 8[0

2 º

Ö

9

¹b9 � Dº� 20¹1� ¹=� 2< º0
2 � 8[0

2 º
Ö

9

¹b9 � D� º� 20¹1� ¹=� 2< º0
2 ¸ 8[0

2 º

(5.2.12)

In the unit diskD, if we setD= 0, then we have
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� ^ ¹I 1– • • • – I=– b1– b2– • • • – b< º =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

9

I
0¹1� ¹=� 2< º0

2 � 8[0
2 º

8

Ö

9

b
� 20¹1� ¹=� 2< º0

2 ¸ 8[0
2 º

9

(5.2.13)

(1) ¹� 20º � 0 = � 4
^ . b8 = I 9 is a singular point of the type

�
b8 � I 9

� � 4• ^.

(2) ¹� 20º � ¹� 20º = 8
^ . b8 = b9 is a singular point of of the type¹b8 � b9º

8
^

(3) ¹� 20º � ¹1 � ¹=� 2< º0
2 º = 2¹=� 2< ¸ 2º

^ . b = Dandb = D� are singular points

of the type¹b8 � Dº
2¹=� 2< ¸ 2º

^ and¹b8 � D� º
2¹=� 2< ¸ 2º

^

In this case, for? � =¸ 2
2 and a¹=– ?º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C? surrounding pairs

of points (which correspond to links in a radial link pattern), see (5.2.2) to

integrate� ^, we obtain

J ¹<–=–[º
U ¹zº :=

¼

C1

• • •
¼

C<

� ^¹z–/ º3b< • • • 3b1• (5.2.14)

Note that the charges atD and D� are given byf D = 1 � ¹=� 2< º0
2 � 8[0

2 ,

f D� = 1 � ¹=� 2< º0
2 ¸ 8[0

2 .

_¹1º ¹Dº =
¹= � 2< ¸ 8[º202

8
�

12

2
=

¹= � 2< ¸ 8[º2

4^
�

¹^ � 4º2

16̂

_¹1º ¹D
� º =

¹= � 2< � 8[º202

8
�

12

2
=

¹= � 2< � 8[º2

4^
�

¹^ � 4º2

16̂

The radial ground solution with spin[ , J ¹<–=–[º
U satis�es the null vector

equations (5.2.4) and Ward's identities (5.2.5) with above_¹1º ¹Dº and_¹1º ¹D� º

As shown in theorem (5.2.1), if we attach charge0 for I 1– • • • – I=� 1 and 21 � 0

for I 2, where= = 2: . This corresponds to the charge distribution for multiple

chordal SLE(̂ ) as discussed in S. Flores and Kleban (2015b). In this case, we can

only assign charge� 20 to the: � 1 screening charges and assign no spin atD– D� ;

otherwise, the null vector equation atI 2 will generally not be satis�ed.
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ˆ (Chordal solutions) In the upper half planeH, we assign charge0 to I 1– I2– • • • – I=� 1

and charge21 � 0 to I 2, charge� 20 to b1– • • • – b< , where= = 2: , < = : � 1,

then assign the chargef D = f D� = 0.

� ^ ¹I 1– • • • – I=� 1– I2– b1– • • • – b< – Dº =
Ö

8Ÿ 9

�
I 8 � I 9

� 02 Ö

9Ÿ:

�
I 9 � b:

� � 202 Ö

9Ÿ:

�
b9 � b:

� 402

Ö

8

¹I 8 � I 2º0¹21� 0º
Ö

9

¹b9 � I 2º� 20¹21� 0º

(5.2.15)

� ¹� 20º � 0 = � 4
^ . b8 = I 9 is a singular point of the type

�
b8 � I 9

� � 4• ^;

� ¹� 20º � ¹21 � 0º = 12
^ � 2. b8 = I 2 is a singular point of the type

¹b8 � I 2º
12
^ � 2;

� ¹� 20º � ¹� 20º = 8
^ . b8 = b9 is a singular point of the type¹b8 � b9º

8
^ .

In this case, for a¹2:– :º chordal link pattern, we choose< = : � 1

non-intersecting Pochhammer contoursC1–C2– • • • –C: � 1 surrounding pairs

of points exceptI 2 (which correspond to links in a chordal link pattern not

connected toI 2) see S. Flores and Kleban (2015b) for detailed explanation.

We obtain:

L =
U¹zº :=

¼

C1

• • •
¼

C: � 1

� ^¹z–/ º3b: � 1 • • • 3b1• (5.2.16)

Note that the charges atDandD� are given byf D = f D� = 0

_¹1º ¹Dº = _¹1º ¹D
� º = 0•

The chordal solutionJ ¹<–=º
U satis�es the null vector equations (5.2.4) and Ward's

identities (5.2.5) with above_¹1º ¹Dº and_¹1º ¹D� º.

We can also construct the Coulomb gas integral solutions in angular coordinates.

Consider the following Coulomb gas correlation in the angular coordinate

� ¹I 1– I2– • • • – I=¸ < º =
Ö

1� 9Ÿ:� =¸ <

�
sin

I 9 � I :

2

� f 9f :
•

Then, similar computations show the following.
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Theorem 5.2.4.If we choosef 9 = 0 =
q

2
^– _9 = 02

2 � 01 = 6� ^
2^ – 1 � 9 � =

then we have

2
6
6
6
6
6
4

^
2

m2
9 ¸

Õ

: < 9

©
­
­
«

cot
� I : � I 9

2

�
m: �

¹6 � ^º•2^

2 sin2
�

I : � I 9

2

�
ª
®
®
¬

3
7
7
7
7
7
5

� ¹I 1– I2– • • • – I=¸ < ¸ 2º

=
=¸ <Õ

: ==¸ 1

m:

�
cot

� I : � I 9

2

�
� ¹I 1– I2– • • • – I=¸ < ¸ 2º

�

�
�

1
2^

�
= � 2? ¸

^
2

@
� 2

�
1
2^

�
� ¹I 1– I2– • • • – I=¸ < ¸ 2º

(5.2.17)

for all 9 2 f1–2– • • • – =g. The number of screening chargesf : = 20 is given by?,

and the number of screening chargesf : = 2¹0 ¸ 1º is given by@, with < = ? ¸ @.

Now, we Coulomb gas integral solutions based on the theorem (5.2.4).

ˆ Radial ground solutions:

� ^¹) –' º =
Ö

1� 8Ÿ 9� =

�
sin

\ 8 � \ 9

2

� 02 Ö

1� 8Ÿ 9� <

�
sin

Z8 � Z9

2

� 402 =Ö

8=1

<Ö

9=1

�
sin

\ 8 � Z9

2

� � 202

•

(5.2.18)

In this case, for< � =¸ 2
2 and a¹=– <º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C< surrounding pairs

of points (which correspond to links in a radial link pattern); see (5.2.2) to

integrate� ^. We obtain

J ¹<–=º
U ¹) º :=

¼

C1

• • •
¼

C<

� ^¹) –' º3Z< • • • 3Z1• (5.2.19)

By integration formula (5.2.4),J ¹<–=º
U ¹) º satis�es the null vector equations

(1.2.3) with constant

� =
¹6 � ^º¹^ � 2º

8^
� _1¹0º � _1¹0º =

1 � ¹ = � 2< º2

2^
and the conformal dimension at0 is given by

_1¹0º =
¹= � 2< º202

8
�

12

2
=

¹= � 2< º2

4^
�

¹^ � 4º2

16̂
•

The rotation constantl = 0
=Õ

9=1

m9J
¹<–=º

U ¹) º = 0•
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ˆ Radial excited solutions:

� ^¹) –' º =
Ö

1� 8Ÿ 9� =

�
sin

\ 8 � \ 9

2

� 02 Ö

1� 8Ÿ 9� <

�
sin

Z8 � Z9

2

� 402 =Ö

8=1

<Ö

9=1

�
sin

\ 8 � Z9

2

� � 202

=Ö

8=1

�
sin

\ 8 � l
2

� ¹2< � =� 2º
2

•

(5.2.20)

In this case, for< � =¸ 2
2 and a¹=– <º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C< surrounding pairs

of points (which correspond to links in a radial link pattern) to integrate

Z1– Z2– • • • – Z< and a vertical line from� to � ¸ 2c8 to integratel (which

corresponds to a circle surrounds the origin), we obtain

K ¹<–=º
U ¹) º :=

¼

C1

• • •
¼

C<

¹ � ¸ 2c8

�
� ^¹) –' º3Z< • • • 3Z13l• (5.2.21)

By integration formula (5.2.4),J ¹<–=º
U ¹) º satis�es the null vector equations

(1.2.3) with constant

� =
¹6 � ^º¹^ � 2º

8^
� _1¹0º � _1¹0º =

1 � ¹ = � 2< ¸ ^
2º2

2^
and conformal dimension at0 is given by

_¹1º ¹0º =
¹= � 2< º2

4^
�

¹^ � 4º2

16̂
•

The rotation constantl = 0,

=Õ

9=1

m9K
¹<–=º
U ¹) º = 0•

ˆ Radial ground solutions with spin[ :

� ^¹) –' º =
Ö

1� 8Ÿ 9� =

¹sin
\ 8 � \ 9

2
º02

Ö

1� 8Ÿ 9� <

¹sin
Z8 � Z9

2
º402

=Ö

8=1

<Ö

9=1

�
sin

\ 8 � Z9

2

� � 202

=Ö

8=1

4
[0 2

2 \ 8

<Ö

9=1

4� [0 2Z9•

(5.2.22)

In this case, for? � =¸ 2
2 and a given¹=– ?º radial link patternU, we can choose

? non-intersecting Pochhammer contoursC1–C2– • • • –C?, each surrounding a
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pair of points corresponding to a link in the radial link pattern (see (5.2.2)).

Integrating� ^ along these contours, we obtain

J ¹<–=–[º
U ¹) º :=

¼

C1

• • •
¼

C<

� ^¹) –' º 3Z< • • • 3Z1• (5.2.23)

By integration formula (5.2.4),J ¹<–=–[º
U ¹) º satis�es the null vector equations

(1.2.3) with constant

� =
¹6 � ^º¹^ � 2º

8^
� _1¹0º � _1¹0º = �

¹= � 2< º2

2^
¸

1 ¸ [ 2

2^

and conformal dimension at0 is given by

_¹1º ¹0º =
¹= � 2< ¸ 8[º2

4^
�

¹^ � 4º2

16̂
•

The rotation constantl = [ ¹=� 2< º
^ ,

=Õ

9=1

m9J
¹<–=–[º

U ¹) º =
[ ¹= � 2< º

^
J ¹<–=–[º

U ¹) º•

ˆ Chordal solutions, for= = 2: and< = : � 1:

� ^¹\ 1– • • • – \=� 1– \2– Z1– • • • – Z< º =
Ö

1� 8Ÿ 9� =

�
sin

\ 8 � \ 9

2

� 02 Ö

1� 8Ÿ 9� <

�
sin

Z8 � Z9

2

� 402

=Ö

8=1

<Ö

9=1

�
sin

\ 8 � Z9

2

� � 202 =� 1Ö

8=1

�
sin

\ 8 � l
2

� 0¹21� 0º

<Ö

9=1

�
sin

\ 8 � l
2

� � 20¹21� 0º

•

(5.2.24)

In this case, for a¹2:– :º chordal link pattern, we choose< = : � 1

non-intersecting Pochhammer contoursC1–C2– • • • –C: � 1 surrounding pairs

of points exceptI 2 (which correspond to links in a chordal link pattern not

connected toI 2); see S. Flores and Kleban (2015b) for detailed explanation.

We obtain

L =
U¹) º :=

¼

C1

• • •
¼

C: � 1

� ^¹) –' º3Z: � 1 • • • 3Z1• (5.2.25)
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By rewriting the chordal null vector equations in angular coordinate,JU¹) º

satis�es the null vector equations (1.2.3) with constant

� =
¹6 � ^º¹^ � 2º

8^
� _1¹0º � _1¹0º =

¹6 � ^º¹^ � 2º
8^

and conformal dimension at0 is given by

_1¹0º = 0•

The rotation constantl = 0,

=Õ

9=1

m9L =
U¹) º = 0•

Remark 5.2.5. In Y. Wang and Wu (2024), the authors de�ne the following Chordal

SLE weighted by the conformal radius. The corresponding partition function is

given by

Z U ¹\ 1– \2º = ¹sin¹\ •2ºº
^ � 6

^ E\ »CR¹DnWº� U¼–

where\ = \ 1 � \ 2, CR¹D nWº denotes the conformal radius of the domainD nWas

seen from the origin, andE\ denotes the expectation with respect to the law ofW.

It is shown in Schramm, She�eld, and D. B. Wilson (2009) and Y. Wang and

Wu (2024) that this partition function satis�es the null vector equation (3.2.1) with

constant

� =
¹6 � ^º¹^ � 2º

8^
� U

and is rotation invariant.

For radial ground solution with spin[ , if = = 2< (= is the number of growth points

and< the number of screening charges) then in factJ ¹<–=–[º is rotation invariant

and independent of the value of[ :

=Õ

9=1

m9J ¹<–=–[º ¹) º =
[ ¹= � 2< º

^
J ¹<–=–[º ¹) º = 0•

This function also satis�es the null vector equation (3.2.1) with conformal dimen-

sion:

_1¹0º =
¹= � 2< ¸ 8[º2

4^
�

¹^ � 4º2

16̂
–

� =
¹6 � ^º¹^ � 2º

8^
� _1¹0º � _1¹0º = �

¹= � 2< º2

2^
¸

1 ¸ [ 2

2^
=

1 ¸ [ 2

2^
•
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In the special case where= = 2 and < = 1, there are two distinct topological

link patterns that correspond to two screening solutions denoted byZ [
1 ¹\ º and

Z [
2 ¹\ º = Z [

1 ¹2c � \ º. ThenZ [
1 ¸ Z [

2 is rotation invariant and interchangeable.

We match the constant by setting

¹6 � ^º¹^ � 2º
8^

� U =
1
2^

¸
[ 2

2^
•

The uniqueness lemma (lemma A1 in Y. Wang and Wu (2024)) implies that there

exists a constant2:

Z [
1 ¸ Z [

2 = 2Z U•
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C h a p t e r 6

MULTIPLE RADIAL SLE(0) SYSTEM

6.1 Classical Limit of the Multiple Radial SLE(^) System

In this section, we construct multiple radialSLE¹0º systems as classical limits of

the multiple radialSLE¹^º systems in the regimê ! 0. Our construction is

self-contained and does not rely on the rigorous resolution of the limiting proce-

dure; rather, it is motivated by variational principles arising from the Coulomb gas

formalism and the method of steepest descent.

A key object in this setting is thestationary relation, which emerges naturally from

the asymptotic normalization of partition functions. For a multiple radialSLE¹^º

system with= marked boundary pointsI 9 = 48\9 on mD, the drift term19¹) º of the

driving function satis�es

19¹) º = ^
m

m\9
logZ¹ ) º–

whereZ¹ ) º is a positive solution to the system of null vector equations (see equa-

tion (1.2.3)).

To obtain a meaningful limit aŝ ! 0, one must suitably renormalize the partition

function. For a well-chosenZ¹ ) º, we expect the limitZ¹ ) º^ to exist and be �nite

as^ ! 0.

Recall that the Coulomb gas integral solutions associated with a link patternU are

given by

JU¹) º =
¼

C1

� � �
¼

C<

� ^¹) –' º 3Z< � � � 3Z1– (6.1.1)

where� ^ is theSLE¹^º master function (see de�nition (5.2.18)), and the contours

C1– • • • –C< are non-intersecting Pochhammer contours. The partition functionZ¹ ) º

is a linear combination of such integrals.

Applying the method of steepest descent heuristically, we consider the asymptotic

behavior:

lim
^! 0

Z¹ ) º^ = lim
^! 0

�¼

C1

� � �
¼

C<

� ¹) –' º
1
^ 3'

� ^

– (6.1.2)

where� ¹) –' º is theSLE¹0º master function (see de�nition (1.3.9)). In this limit,

the integral is asymptotically dominated by the contribution from critical points of

� ¹) –' º, i.e., the points where the gradient with respect to' vanishes.
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This leads to the following conjecture, which provides the foundation for the deter-

ministic structure of theSLE¹0º system:

Conjecture 6.1.1. LetUbe a link pattern andZ U¹) º the corresponding pure partition

function. Then, in the classical limit̂ ! 0, the quantityZ U¹) º^ converges to the

evaluation of the master function at a critical point:

lim
^! 0

Z U¹) º^ = � ¹) –' º– (6.1.3)

where' is a critical point of theSLE¹0º master function� ¹) –' º.

6.2 Stationary Relations Imply Commutation Relations in the^ = 0 Case

Our construction of the multiple radialSLE¹0º system treats the positions of the

screening charges/ and the marked boundary pointszas part of a coupled dynamical

system. In this formulation, the stationary relations are imposed as constraints on

the initial con�guration of the screening charges.

In this section, we show that the stationary relations determine a partition func-

tion Z¹ ) º, depending only on the boundary data) , and that the associated drift

vector �eld * 9 = m9 logZ satis�es the^ = 0 null vector equations as well as the

conformal Ward identities. Consequently, the induced evolution of) de�nes a dy-

namical system compatible with the structure of multipleSLE¹0º as speci�ed in

De�nition (1.3.1).

Theorem 6.2.1.Let z = f I 1– • • • – I=g � mD be distinct boundary points, and let

/ = f b1– • • • – b< g � D denote the positions of screening charges. In angular

coordinates, writeI 9 = 48\9 andb: = 48Z: for 9 = 1– • • • – =, : = 1– • • • – <. Assume

that ' = ' ¹) º is a smooth solution of the stationary relations.

De�ne the partition function

Z¹ ) º :=
Ö

1� 9Ÿ:� =

sin2
�
\ 9 � \ :

2

� Ö

1� BŸC� <

sin8
�
ZB¹) º � ZC¹) º

2

� =Ö

9=1

<Ö

;=1

sin� 4
�
\ 9 � Z; ¹) º

2

�
•

ThenZ¹ ) º is smooth, strictly positive, and invariant under global rotation.

De�ne the drift vector �eldU = logZ¹ ) º, and let

* 9 :=
mU
m\9

=
Õ

: < 9

cot
�
\ 9 � \ :

2

�
� 2

<Õ

;=1

cot
�
\ 9 � Z; ¹) º

2

�
•
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Then each* 9 is real-valued and satis�es the following second-order di�erential

identity:

1
2

* 2
9 ¸

Õ

: < 9

cot
�
\ : � \ 9

2

�
* : �

Õ

: < 9

3

2 sin2
�

\ 9� \ :

2

� = �
¹2< � =º2

2
¸

1
2

• (6.2.1)

Theorem 6.2.2(Ward Identity). The drift components satisfy the constraint

=Õ

9=1

* 9 = 0•

Proof of Theorem 6.2.1.The functionZ¹ ) º is manifestly positive for distinct real

\ 9, and theZ: ¹) º occurring in complex conjugate pairs preserve real-valuedness of

the logarithmic derivative.

Smoothness follows from the fact that' ¹) º solves the stationary relations, and hence

depends smoothly on) by the implicit function theorem. Direct computation of

m9 logZ yields:

m9 logZ =
Õ

: < 9

cot
�
\ 9 � \ :

2

�
¸ 2

<Õ

8=1

cot
�
Z8 � \ 9

2

�

¸ 2
=Õ

: =1

<Õ

;=1

cot
�
\ : � Z;

2

�
mZ;
m\9

¸ 4
Õ

1� ;ŸB� <

cot
�
Z; � ZB

2

� �
mZ;
m\9

�
mZB
m\9

�
•

Applying the stationary relation

=Õ

: =1

cot
�
\ : � Z;

2

�
= 2

Õ

B<;

cot
�
Z; � ZB

2

�
–

one sees that the last two terms cancel, yieldingm9 logZ = * 9 as claimed.

To derive the null vector identity (6.2.1), de�ne

D9 := * 9 �
Õ

: < 9

cot
�
\ 9 � \ :

2

�
= � 2

<Õ

;=1

cot
�
\ 9 � Z;

2

�
•

A lengthy but straightforward computation (using trigonometric identities and the

stationary relation again) shows that:

1
2

* 2
9 ¸

Õ

: < 9

cot
�
\ : � \ 9

2

�
* : �

Õ

: < 9

3

2 sin2
�

\ 9� \ :

2

� = �
¹2< � =º2

2
¸

1
2

•

�
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Proof of Theorem 6.2.2.Summing over9yields:

=Õ

9=1

* 9 =
Õ

9<:

cot
�
\ 9 � \ :

2

�
� 2

=Õ

9=1

<Õ

;=1

cot
�
\ 9 � Z;

2

�
•

The �rst term vanishes by antisymmetry. For the second term, switching the order

of summation and using the stationary relation again, we �nd:

=Õ

9=1

* 9 = � 4
Õ

1� :Ÿ; � <

cot
�
Z: � Z;

2

�
= 0–

since each term appears with opposite sign in the pair¹:– ;º and¹;– :º. �

6.3 Residue-free quadratic di�erentials with prescribed zeros

The locus of real rational functions characterizes the traces of multiple chordal

SLE(0) systems. However, in the radial case, rational functions alone are insu�cient

to fully describe these traces.

To address this limitation, we introduce an equivalence class of residue-free quadratic

di�erentials (De�nition 1.3.6), denoted byQD¹ zº. This extended class is designed

to capture the behavior near the origin.

De�nition 1 (Restatement of de�nition (1.3.6)). Let z = f I 1– I2– • • • – I=gbe distinct

points on the unit circle. The class of quadratic di�erentials, denoted byQD¹ zº.

1. symmetric under the involutionI � = 1
�I , meaning

& ¹I � º¹3I � º2 = & ¹I º3I2•

2. distinct zeros atf I 1– I2– • • • – I=g, each of order 2.

3. distinct �nite poles atf b1– • • • – b< g, each of order 4, and the residues vanish

(Residue-free condition):

Resb9¹
p

& ¹I º3Iº = 0– for 9= 1– • • • – <•

4. poles of order=¸ 2� 2< at the marked points0 and1 . This ensures the total

di�erence between the number of zeros and poles is� 4.

Here, the polesf b1– • • • – b< gare �nite, meaning they do not coincide with0 or 1 .
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A key analytical condition is that the associated di�erential
p

& ¹I º 3I is residue-free

at each pole, which turns out to be equivalent to the stationary relations introduced

in Section 6.2.

Theorem 6.3.1(Stationary Relations and Residue-Free Condition). The following

statements are equivalent:

1. The points/ are symmetric under the involutionI � = 1
�I , and the zerosz on

the unit circle satisfy the stationary relations.

2. There exists a quadratic di�erential& ¹I º3I2 2 QD¹zº with zeros atz and

poles at/ .

Proof of Theorem 6.3.1.We prove the equivalence by analyzing the structure of the

associated quadratic di�erential. The result follows from the following structural

lemma.

Lemma 6.3.2.Let = � 1 and z = f I 1– • • • – I=g � mD be distinct points on the unit

circle. Then the following statements hold:

(i) Up to a real constant multiple, any& ¹I º 3I2 2 QD¹zº admits the factorized

form

& ¹I º =

Î <
: =1 b2

:Î =
9=1 I 9

� I 2< � =� 2 �

Î =
9=1¹I � I 9º2

Î <
: =1¹I � b: º4

–

where/ = f b1– • • • – b< g consists of distinct points inC n f0–1g symmetric

under inversionI 7! 1• �I .

(ii) The square root
p

& ¹I º takes the form

p
& ¹I º =

Î <
: =1 b:

q Î =
9=1 I 9

� I < � =
2 � 1 �

Î =
9=1¹I � I 9º

Î <
: =1¹I � b: º2

•

If the polesb: are pairwise distinct, then
p

& ¹I º has a Laurent expansion

near eachb: :

p
& ¹I º =

� :

¹I � b: º2
¸

� :

I � b:
¸ (holomorphic terms)–
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where

� : = b
< � =

2 � 1
: �

Î =
9=1¹b: � I 9º

Î
;<: ¹b: � b;º2

– (6.3.1)

� : = � : � ©
­
«

=Õ

9=1

1
b: � I 9

� 2
Õ

;<:

1
b: � b;

�
=
2 � < ¸ 1

b:

ª
®
¬

• (6.3.2)

(iii) The condition that
p

& ¹I º 3I has vanishing residue at each poleb: is equiva-

lent to� : = 0for all : = 1– • • • – <, which in turn is equivalent to the stationary

relations.

Proof of Lemma 6.3.2. (i) The global structure of& ¹I º 3I2 is determined by its

zeros and poles: - double zeros atz, - poles of order four at/ , - and behavior at

I = 0 andI = 1 ensuring that the total degree of the meromorphic di�erential

onbC is � 4.

Thus, we may write:

& ¹I º = _I 1 �

Î =
9=1¹I � I 9º2

Î <
: =1¹I � b: º4

•

The involution symmetry of& underI 7! 1• �I implies

& ¹I º = &
�
1
�I

�
� I � 4•

Computing both sides, we �nd

& ¹I º = _I4< � 2=� 1� 4 �

Î =
9=1¹1 � I 9I º2

Î <
: =1¹1 � b: I º4

•

Matching powers ofI gives1 = 2< � = � 2. Comparing constants yields

_ = (real constant)� ¹� 1º2< � =� 1 �

Î <
: =1 b2

:Î =
9=1 I 9

•

(ii) From the explicit form of& ¹I º, the square root is:

p
& ¹I º = � � I < � =

2 � 1 �

Î =
9=1¹I � I 9º

Î <
: =1¹I � b: º2

–

with constant� =
Î

b: •
p Î

I 9.
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Near each poleb: , the function
p

& ¹I º has a second-order pole and therefore

expands as:
p

& ¹I º =
� :

¹I � b: º2
¸

� :

I � b:
¸ 6¹I º–

where6 is holomorphic nearb: . This expansion implies:

p
& ¹I º¹I � b: º2 = � : ¸ � : ¹I � b: º ¸ 6¹I º¹I � b: º2•

Di�erentiating both sides and evaluating atI = b: gives:

� : =
3
3I

hp
& ¹I º¹I � b: º2

i �
�
�
�
I =b:

•

Substituting the explicit form of
p

& ¹I º yields the claimed expressions for� :

and� : .

(iii) By de�nition, Resb:

p
& ¹I º 3I = � : . Hence, the condition that& ¹I º 3I2 is

residue-free is equivalent to� : = 0 for all : . Equation (6.3.1) shows that

these conditions coincide with the stationary relations.

�

Combining items (ii) and (iii), we conclude that the residue-free condition is equiv-

alent to the stationary relations, and hence Theorem 6.3.1 follows. �

To further understand the structure of residue-free quadratic di�erentials in the class

QD¹ zº, we associate to each such di�erential a multivalued analytic function� ¹I º

with nontrivial monodromy at the origin.

For any & ¹I º 3I2 2 QD¹zº, there exists a (locally de�ned) primitive� ¹I º of
p

& ¹I º, unique up to a real additive constant, which is involution symmetric and

meromorphic away fromI = 0. The nontriviality of the monodromy aroundI = 0

re�ects the multivalued nature of� ¹I º.

Theorem 6.3.3.Let z = f I 1– I2– • • • – I=g � mD be distinct boundary points, and let

& ¹I º 3I2 2 QD¹zº be a residue-free quadratic di�erential. Then:

ˆ If = is even, there exists a unique (up to real additive constant)

� ¹I º = ' ¹I º ¸ 82log I–

where' ¹I º is a rational function and2 2 R, such that:
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1. � ¹I º is involution symmetric, i.e.,� ¹I � º = � ¹I º whereI � = 1• �I ,

2. & ¹I º 3I2 = ¹� 0¹I ºº2 3I2,

3. the �nite critical points of� are exactlyz.

ˆ If = is odd, there exists a unique

� ¹I º =
p

I' ¹I º–

where' ¹I º is a rational function, such that:

1. � ¹I º is involution symmetric,

2. & ¹I º 3I2 = ¹� 0¹I ºº2 3I2,

3. the �nite critical points of� are exactlyz.

Although� ¹I º is multivalued, the critical points where� 0¹I º = 0 are well de�ned,

since: - for� ¹I º = ' ¹I º ¸ 82log I , all branches di�er by multiples of2c82, so� 0¹I º

is single-valued, - for� ¹I º =
p

I' ¹I º, branches di�er by sign, so� 0¹I º di�ers by

sign as well.

The odd-= case can be reduced to the even case by passing to the double cover via

the change of variableI = D2.

Proof. Let & ¹I º 3I2 2 QD¹zº with poles/ = f b1– • • • – b< g. Then by Lemma 6.3.2,

we have:
p

& ¹I º = � � I < � =
2 � 1 �

Î =
9=1¹I � I 9º

Î <
: =1¹I � b: º2

–

for some constant� 2 C.

Case 1:= even,2< � =. In this case,
p

& ¹I º has a pole atI = 0, and its primitive

� ¹I º must contain a logarithmic singularity:

� ¹I º = ' ¹I º ¸ 82log I–

with ' ¹I º rational. Since all residues vanish by the stationary relations, the only

possible monodromy arises from the logarithmic term, and involution symmetry of

� implies that2 2 R.

Case 2:= even,2< ¡ = . Here,I = 0 is a removable singularity or zero of
p

& ¹I º,

so its primitive� ¹I º is a single-valued rational function:

� ¹I º = ' ¹I º–
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again involution symmetric and with critical points atz.

Case 3:= odd. Let I = D2 and de�ne

p
& ¹I º 3I = 2D� D2< � =� 1 �

Î =
9=1¹D2 � I 9º

Î <
: =1¹D2 � b: º2

|                             {z                             }
:=( ¹D2º

3D•

This de�nes a rational 1-form( ¹D2º 3Don the double cover. Since the residues at

all �
p

b: vanish, and the form is even inD, we also have zero residue atD = 0.

Therefore, the primitive of( ¹D2º can be written as
¹

( ¹D2º 3D= D� ' ¹D2º–

with ' rational. Returning toI = D2, we obtain

� ¹I º =
p

I' ¹I º–

as desired. �

Lemma 6.3.4.Let� ¹I º be the multivalued analytic function associated to a residue-

free quadratic di�erential& ¹I º 3I2 2 QD¹zº. Then its real locus

� ¹� º := f I 2 C j � ¹I º 2 bRg

is well de�ned as a subset ofC n f0g, despite the multivaluedness of� ¹I º.

Proof. We consider the two cases according to the parity of=.

Case 1: = even. In this case,� ¹I º = ' ¹I º ¸ 82log I , where' ¹I º is rational and

2 2 R. Sincelog I is multivalued,� ¹I º is naturally de�ned on the universal cover

of C n f0g. Let d : \ 7! 48\ be the covering map, and de�ne the lifted function

e� ¹\ º := � ¹48\º = ' ¹48\º � 2\•

Then
e� ¹\ ¸ 2cº = e� ¹\ º � 2c2•

Since the shift is real, the conditione� ¹\ º 2 bR is preserved under translation by2c.

Therefore, the real locus

� ¹ e� º := f \ 2 R j e� ¹\ º 2 bRg
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is invariant under\ 7! \ ¸ 2c. As the projectiond¹\ º = 48\ is also2c-periodic, the

image� ¹� º := d¹� ¹ e� ºº � C n f0g is well de�ned.

Case 2: = odd. In this case,� ¹I º =
p

I' ¹I º, where' ¹I º is rational. The square

root introduces a two-sheeted branch structure. As before, we lift� to the universal

cover usingd¹\ º = 48\, and de�ne

e� ¹\ º =
p

48\ ' ¹48\º = 48\•2' ¹48\º•

This satis�es
e� ¹\ ¸ cº = � e� ¹\ º– e� ¹\ ¸ 2cº = e� ¹\ º•

Hence the real locus� ¹ e� º := f \ 2 R j e� ¹\ º 2 bRg is 2c-periodic, and its image

underd de�nes a well-de�ned subset� ¹� º � C n f0g. �

Next, we characterize the geometry of the horizontal trajectories of& ¹I º3I2 2

QD¹ zº.

Theorem 6.3.5.Let z = f I 1– I2– • • • – I=g be distinct points on the unit circle. Con-

sider a quadratic di�erential& ¹I º 2 QD¹zº de�ned by

& ¹I º =

Î <
: =1 b2

:Î =
9=1 I 9

I 2< � =� 2

Î =
9=1¹I � I 9º2

Î <
: =1¹I � b: º4

–

wheref b1– • • • – b< gare involution-symmetric �nite poles of& ¹I º, andb: < 0–1 for

: = 1–2– • • • – <.

The horizontal trajectories of& ¹I º, denoted as� ¹&º, are the trajectories of

& ¹I º3I2 2 QD¹zº that with limiting ends at the zerosf I 1– I2– • • • – I=g. These

trajectories satisfy the following properties:

(1) If 2< � =, the trajectories� ¹&º form a topological radial link pattern in

LP¹=– <º.

(2) If 2< ¡ = , the trajectories� ¹&º form a topological radial link pattern in

LP¹=– =� < º.

To prepare for this, we �rst introduce some fundamental concepts from the theory

of quadratic di�erentials.

De�nition 6.3.6. For a quadratic di�erential& ¹I º3I2 on a Riemann surface( , we

denote the zeros and simple poles of& ¹I º by set� and poles of order at least 2 by

set� .
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De�nition 6.3.7 (F-set). A set on a Riemann surface( is called an� -set (with

respect to& ¹I º3I2�
if any trajectory of& ¹I º3I2 which meets lies entirely in .

De�nition 6.3.8 (Inner closure). By the inner closure of a set on< we mean the

interior of the closure of the set. The inner closure of a set will be denoted by^ .

In the following four de�nitions, we understand in each case( to be a �nite oriented

Riemann surface,& ¹I º3I2 to be a quadratic di�erential on( .

De�nition 6.3.9 (End domain). An end domain U (relative to& ¹I º3I2)) is a maximal

connected open� -set on( with the properties:

(i) U contains no critical point of& ¹I º3I2.

(ii) U is swept out by trajectories of& ¹I º3I2 each of which has a limiting end

point in each of its possible senses at a given point� in � .

(iii) U is mapped by� ¹I º =
¯

¹& ¹I ºº1•23I conformally onto an upper or lower

half-plane.

De�nition 6.3.10 (Strip domain). A strip domain* (relative to & ¹I º3I2) is a

maximal connected open� -set on( with the properties:

(i) U contains no critical point of& ¹I º3I2.

(ii) U is swept out by trajectories of& ¹I º3I2 each of which has at one point� in

� in the one sense a limiting end point and at another (possibly coincident)

point � in � in the other sense a limiting end point.

(iii) U is mapped by� ¹I º =
¯

¹& ¹I ºº1•23I conformally onto a strip0 Ÿ Im� Ÿ 1 ,

a, b are �nite real numbers,0 Ÿ 1.

De�nition 6.3.11 (Circle domain). A circle domain* (relative to & ¹I º3I2�
is a

maximal connected open� -set on( with the properties:

(i) U contains a single double pole� of & ¹I º3I2,

(ii) * � � is swept out by trajectories of& ¹I º3I2 each of which is a Jordan curve

separating� from the boundary ofS,
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(iii) For a suitably chosen purely imaginary constant c the function

F = exp
�
2

¹
¹& ¹I ºº1•23I

�

extended to have the value zero at� maps U conformally onto a circlejF j Ÿ ' , �

going into the pointF = 0.

De�nition 6.3.12 (Ring domain). A ring domain* (relative to & ¹I º3I2�
is a

maximal connected open� -set on( with the properties:

(i) * contains no critical point of& ¹I º3I2.

(ii) * is swept out by trajectories of& ¹I º3I2 each of which is a Jordan curve.

(iii) for a suitably chosen purely imaginary constant2 the function

F = exp
�
2

¹
¹& ¹I ºº1•23I

�

maps* conformally onto a circular ring

A1 Ÿ jF j Ÿ A2 ¹0 Ÿ A1 Ÿ A2º •

In Jenkins (2012) thm 3.5, the author proves a general result for positive quadratic

di�erentials on �nite Riemann surface( . In our setting, we only need to consider a

special case( = bC where all quadratic di�erentials are positive.

Theorem 6.3.13(Basic Structure Theorem, thm 3.5 in Jenkins (2012)). Let ( be

a Riemann sphere and& ¹I º3I2 a quadratic di�erential on ( where we exclude

the following possibilities and all con�gurations obtained from them by conformal

equivalence:

(i) S theI -sphere,& ¹I º3I2 = 3I2.

(ii) S theI -sphere,& ¹I º3I2 =  4 8G3I2• I 2, U real,  positive.

Let � ¹&º denote the union of all trajectories which have a limiting end point at a

point of� (see de�nition (6.3.6). Then
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(i) ( � � ¹&º consists of a �nite number of end, strip, circle and ring domains,

(ii) Each such domain is bounded by a �nite number of trajectories together with

the points at which the latter meet; every boundary component of such a

domain contains a point of� ; for a strip domain the two boundary elements

arising from points of� (see de�nition (6.3.6)) divide the boundary into two

parts on each of which is a point of� ,

(iii) Every pole of& ¹I º3I2 of order< greater than two has a neighborhood covered

by the inner closure of< � 2 end domains and a �nite number (possibly zero)

of strip domains,

(iv) Every pole of& ¹I º3I2 of order two has a neighborhood covered by the inner

closure of a �nite number of strip domains or has a neighborhood contained

in a circle domain,

(v) The inner closure[� ¹&º of � ¹&º is an � -set consisting of a �nite number of

domains on( each with a �nite number (possibly zero) of boundary compo-

nents,

(vi) Each boundary component of such a domain is a piecewise analytic curve

composed of trajectories and their limiting end points in� .

Proof of Theorem 6.3.5.We characterize the geometry of� ¹&º by considering the

following cases:

(i) Case=even,2< Ÿ =: The poles of& ¹I º at0and1 are of order=¸ 2� 2< � 4.

By the basic structure theorem (Theorem 6.3.13), the complementbC n � ¹&º

consists of a �nite collection of end, strip, circle, and ring domains.

We �rst show that there can be no strip or ring domains. For& ¹I º 3I2 2

QD¹ zº, by Lemma 6.3.3 and 6.3.4, the function� ¹I º =
¯ p

& ¹I º 3I takes

real values on� ¹&º. Hence,� ¹I º cannot map a domain* to a strip or a ring

domain, because in such cases the imaginary partIm � takes two di�erent

values onm*, contradicting the level line structure.

Moreover, since the pole order atI = 0 is at least4, there are no circle

domains either. Thus, all domains are end domains. We denote the �nite ones

by f * 1– *2– • • • – *Bg, bounded away from0 and1 , and the in�nite ones by

f+1–+2– • • • –+Cg, whose closures contain0 or 1 .
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For each �nite domain* 8, the map� ¹I º sends it to the upper or lower half-

plane and extends continuously to the boundary. Therefore, there must be a

poleb; on m*8, and each poleb; lies on the boundary of exactly two adjacent

�nite domains. Since there are exactly< poles f b1– b2– • • • – b< g, we have

B= 2< �nite domains.

Each* 8is bounded by disjoint arcs connecting pairs of zerosf I 1– • • • – I=g. By

involution symmetry, there are< such domains inD, giving exactly< arcs in

� ¹&º connecting< pairs of zeros.

Since the pole atI = 0 is of order= ¸ 2 � 2< , by Theorem 6.3.13 there are

= � 2< in�nite domains with closure containing0, and by symmetry,= � 2<

domains containing1 , soC= 2¹= � 2< º.

Hence,� ¹&º consists of< arcs connecting pairs of zeros and= � 2< trajec-

tories ending at0, whose tangents are equally spaced at angles2c
=� 2< . This

de�nes a radial¹=– <º link pattern.

(ii) Case= even,= = 2< : In this case, the poles of& ¹I º at 0 and1 are both of

order2. Again, by Theorem 6.3.13,bC n � ¹&º consists of end, strip, circle,

and ring domains.

As before, we exclude the possibility of strip or ring domains using Lem-

mas 6.3.3 and 6.3.4, since� ¹I º takes real values on� ¹&º and cannot map*

to such domains.

With pole order exactly2, there is precisely one circle domain centered at0,

and by symmetry, one at1 . The remaining domains are end domains.

Let the end domains bef * 1– • • • – *Bg, each bounded away from0 and1 . By

the same argument as before, each domain boundary contains a poleb; , and

we again �ndB= 2< such domains.

By involution symmetry, half of these lie inD, giving < arcs in� ¹&º con-

necting< pairs of zeros. Thus,� ¹&º forms a radial¹=– <º link pattern.

(iii) Case= even,2< ¡ = : In this case, by Theorem 6.3.3, the primitive� ¹I º =
¯ p

& ¹I º 3I is a rational function.

The degree of� ¹I º at 0 is < � =
2 ¡ 0, so the real locus� ¹� º is regular near

0. There are2< � = trajectories ending at0, with limiting tangents forming

equal angles of 2c
2< � =.

Hence,� ¹� º forms a radial¹=– =� < º link pattern.
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(iv) Case= odd: In this case, the primitive of
p

& ¹I º takes the form� ¹I º =
¯ p

& ¹I º 3I =
p

I' ¹I º, where' ¹I º is rational.

Passing to the double cover,� ¹I 2º = I' ¹I 2º is rational. The degree of� ¹I 2º

at0 is j2< � =j, so there arej2= � 4< j trajectories ending at0.

Projecting back,� ¹� ¹I ºº hasj= � 2< j trajectories ending at0, with tangents

forming equal angles 2c
j=� 2< j .

Therefore, if= ¡ 2< , � ¹� º forms a radial¹=– <º link pattern; if = Ÿ 2< , it

forms a radial¹=– =� < º link pattern.

�

6.4 Field integral of motion and horizontal trajectories as �ow lines

In this section, we show that the traces of a multiple radial SLE(0) system coincide

with the horizontal trajectories of& ¹I º3I2 2 QD¹zº with ends atf I 1– I2– • • • – I=g

(which are double zeros of& ¹I º).

From the dynamical point of view, the key ingredient in our proof of the main

theorem (1.3.7) is the �eld of integral of motions for the multiple radial Loewner

�ow. This �eld integral of motion can be heuristically derived as the classical limit

of a martingale observable constructed via conformal �eld theory, see section 6.5.

Lemma 6.4.1.Let I 1– I2– • • • – I= be distinct growth points in the unit circlemD, and

let b1– b2– • • • – b< be marked points. Let6C¹I º be the solution to the multiple radial

Loewner equation with a driving measure supported onf I 9¹Cºg, and assume that

only the9-th curve is growing, that is,a9¹Cº = 1 anda: ¹Cº = 0 for : < 9.

De�ne the following quantities forI 2 D:

8>>>>>>>>><

>>>>>>>>>
:

� ¹Cº =

Î <
9=1 b9¹Cº2

Î =
: =1 I : ¹Cº

–

� C¹I º = 4�¹ 2< � =ºC6C¹I º2< � =� 2 ¹60
C¹I ºº2

Î =
: =1¹6C¹I º � I : ¹Cºº2

Î <
9=1¹6C¹I º � b9¹Cºº4

–

# C¹I º = � ¹Cº � � C¹I º•

(6.4.1)

Then, for eachI 2 D, the quantity# C¹I º is constant on the time interval»0– gI ^ gº,

whereg is the �rst timeCat which6C¹Fº = I 9¹Cº for someF 2 f b1– • • • – b< g, andgI

is the �rst time such that6C¹I º = I 9¹Cº.
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Proof. Proof of lemma (6.4.1)

By the Loewner equation, the following identities hold:

8>>>>>>>>>><

>>>>>>>>>>
:

3I 9¹Cº
3C

=
Õ

: < 9

I 9¹Cº
I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 2
Õ

;

I 9¹Cº
I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

3I : ¹Cº
3C

= I : ¹Cº
I 9¹Cº ¸ I : ¹Cº
I 9¹Cº � I : ¹Cº

– : < 9

3b; ¹Cº
3C

= b; ¹Cº
I 9¹Cº ¸ b; ¹Cº
I 9¹Cº � b; ¹Cº

(6.4.2)

By substituting above equations into3 log � ¹Cº
3C , we obtain that

log � ¹Cº = 2
<Õ

9=1

logb: ¹Cº �
=Õ

: =1

log I : ¹Cº (6.4.3)

3 log � ¹Cº
3C

= 2
<Õ

;=1

3 logb; ¹Cº
3C

�
=Õ

9=1

3 log I 9¹Cº
3C

= 2
<Õ

;=1

I 9¹Cº ¸ b; ¹Cº
I 9¹Cº � b; ¹Cº

¸
Õ

: < 9

I 9¹Cº ¸ I : ¹Cº
I 9¹Cº � I : ¹Cº

¸
Õ

: < 9

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 2
Õ

;

I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

|                                                                                                     {z                                                                                                     }
� 9¹Cº

= 0•
(6.4.4)

We denote the sum in the second line of the equation (6.4.4) by� 9¹Cº. After

simplifying, it is clear that the sum� 9¹Cº = 0.

Again, by Loewner equation, the following identities hold

8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>
:

36C¹I º
3C

= 6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

3 log60
C¹I º

3C
=

I 9¹Cº ¸ 6C

I 9¹Cº � 6C
¸

2I 9¹Cº6C

¹I 9¹Cº � 6Cº2

3 log6C¹I º
3C

=
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

3 log¹60
C¹I º•6Cº

3C
=

26C¹I ºI 9¹Cº

¹I 9¹Cº � 6Cº2
=

6C¹I º¹6C¹I º ¸ I 9¹Cºº

¹I 9¹Cº � 6C¹I ºº2
¸

6C¹I º
I 9¹Cº � 6C¹I º

•

(6.4.5)
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8>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>
:

3 log¹I : ¹Cº � 6C¹I ºº
3C

=
1

I : � 6C
¹I : ¹Cº

I 9¹Cº ¸ I : ¹Cº
I 9¹Cº � I : ¹Cº

� 6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

º

= �
I 9¹Cº¹I 9¹Cº ¸ I : ¹Cºº

¹I 9¹Cº � 6C¹I ºº¹I : ¹Cº � I 9¹Cºº
¸

6C

I 9¹Cº � 6C¹I º
– : < 9

3 log¹b; ¹Cº � 6C¹I ºº
3C

=
1

b; � 6C
¹b; ¹Cº

I 9¹Cº ¸ b; ¹Cº
I 9¹Cº � b; ¹Cº

� 6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

º

= �
I 9¹Cº¹I 9¹Cº ¸ b; ¹Cºº

¹I 9¹Cº � 6C¹I ºº¹b; ¹Cº � I 9¹Cºº
¸

6C

I 9¹Cº � 6C¹I º
–

3 log¹I 9¹Cº � 6C¹I ºº
3C

=
1

I 9¹Cº � 6C

©
­
«

I 9¹Cº
Õ

: < 9

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 2
Õ

;

I 9¹Cº
I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

� 6C¹I º
I 9¹Cº ¸ 6C¹I º

I 9¹Cº � 6C

ª
®
¬

•

(6.4.6)

log � C¹I º = �¹ 2< � =ºÇ¹ 2< � =� 2º log6C¹I º¸ 2 log¹60
C¹I ºº¸ 2

=Õ

: =1

log¹6C¹I º� I : ¹Cºº� 4
<Õ

9=1

log¹6C¹I º� b9¹Cºº

(6.4.7)

By substituting equations (6.4.6) into equation (6.4.7),

3 log � C¹I º
3C

=

� ¹ 2< � =º ¸ ¹ 2< � = � 2º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

¸ 2
�
I 9¹Cº ¸ 6C

I 9¹Cº � 6C
¸

2I 9¹Cº6C

¹I 9¹Cº � 6Cº2

�
¸

¸ 2
=Õ

: =1

�
�

I 9¹Cº¹I 9¹Cº ¸ I : ¹Cºº
¹I 9¹Cº � 6C¹I ºº¹I : ¹Cº � I 9¹Cºº

¸
6C

I 9¹Cº � 6C¹I º

�

� 4
<Õ

9=1

1
I 9¹Cº � 6C

©
­
«

I 9¹Cº
Õ

: < 9

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 2
Õ

;

I 9¹Cº
I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

� 6C¹I º
I 9¹Cº ¸ 6C¹I º

I 9¹Cº � 6C

ª
®
¬|                                                                                                                      {z                                                                                                                      }

� 9
C¹I º

(6.4.8)

We denote the sum on the right hand side of (6.4.8) by� 9
C¹I º. By direct computations

we obtain that all terms canceled out,

3 log � C¹I º
3C

= � 9
C¹I º = 0

which implies
3 log # C¹I º

3C
=

3 log � ¹Cº
3C

¸
3 log � C¹I º

3C
= 0•

�
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Theorem (Restatement of theorem 1.3.8 ). In the unit diskD, let I 1– I2– • • • – I= be

distinct growth points onmD. For eachI 2 D, de�ne the following:

8>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>
:

� ¹Cº =

Î <
9=1 b2

: ¹Cº
Î =

: =1 I : ¹Cº
–

� C¹I º = 4
�¹ 2< � =º

� ¯ C
0

Í
9a9¹Bº 3B

�

6C¹I º2< � =� 2¹60
C¹I ºº2

Î =
: =1¹6C¹I º � I : ¹Cºº2

Î <
9=1¹6C¹I º � b9¹Cºº4

–

# C¹I º = � ¹Cº� C¹I º = 4
�¹ 2< � =º

� ¯ C
0

Í
9a9¹Bº 3B

� Î <
9=1 b: ¹Cº2

Î =
: =1 I : ¹Cº

6C¹I º2< � =� 2

¹60
C¹I ºº2

Î =
: =1¹6C¹I º � I : ¹Cºº2

Î <
9=1¹6C¹I º � b9¹Cºº4

•

Then,� ¹Cº, � C¹I º, and# C¹I º are �eld integrals of motion on the interval»0– gI ^ gº for

the multiple radial SLE(0) Loewner �ows with parametrizationa9¹Cº, 9= 1– • • • – =.

Proof of theorem (1.3.8).Note that fora¹Cº parametrization

mC6C¹I º =
=Õ

9=1

a9¹Cº6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

– 60¹I º = I–

8>>>>>>><

>>>>>>>
:

3I 9¹Cº
3C

= a9¹Cº
©
­
«

Õ

: < 9

I 9¹Cº
I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

¸ 2
Õ

;

I 9¹Cº
I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

ª
®
¬

¸
Õ

: < 9

a: ¹Cº
�
I 9¹Cº

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

�

3b; ¹Cº
3C

=
Õ

9

a9¹Cº
�
b; ¹Cº

I 9¹Cº ¸ b; ¹Cº
I 9¹Cº � b; ¹Cº

� •

8>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>
:

36C

3C
=

Õ

9

a9¹Cº
�
6C¹I º

I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

�

3 log60
C¹I º

3C
=

Õ

9

a9¹Cº
�
I 9¹Cº ¸ 6C

I 9¹Cº � 6C
¸

2I 9¹Cº6C

¹I 9¹Cº � 6Cº2

�

3 log6C¹I º
3C

=
Õ

9

a9¹Cº
�
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

�

3 log¹60
C¹I º•6Cº

3C
=

Õ

9

a9¹Cº
26C¹I ºI 9¹Cº

¹I 9¹Cº � 6Cº2
=

Õ

9=1

a9¹Cº
�
6C¹I º¹6C¹I º ¸ I 9¹Cºº

¹I 9¹Cº � 6C¹I ºº2
¸

6C¹I º
I 9¹Cº � 6C¹I º

�
•
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8>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>
:

3 log¹b; ¹Cº � 6C¹I ºº
3C

=
1

b; � 6C

Õ

9

a9¹Cº
�
b; ¹Cº

I 9¹Cº ¸ b; ¹Cº
I 9¹Cº � b; ¹Cº

� 6C¹I º
I 9¹Cº ¸ 6C¹I º
I 9¹Cº � 6C¹I º

�

=
Õ

9

a9¹Cº

 
I 2

9 ¸ 6CI 9 ¸ b; I 9 � b;6C

¹I 9¹Cº � b; ¹Cºº¹I 9¹Cº � 6Cº

!

=
Õ

9

a9¹Cº
�
�

I 9¹Cº¹I 9¹Cº ¸ b; ¹Cºº
¹I 9¹Cº � 6C¹I ºº¹b; ¹Cº � I 9¹Cºº

¸
6C

I 9¹Cº � 6C¹I º

�

3 log¹I 9¹Cº � 6C¹I ºº
3C

=
1

I 9¹Cº � 6C
a9¹Cº

©
­
«

I 9¹Cº
Õ

: < 9

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 2
Õ

;

I 9¹Cº
I 9¹Cº ¸ b; ¹Cº
b; ¹Cº � I 9¹Cº

� 6C
I 9¹Cº ¸ 6C¹I º

I 9¹Cº � 6C

�
¸

1
I 9¹Cº � 6C

Õ

: < 9

a: ¹Cº
�
I 9¹Cº

I 9¹Cº ¸ I : ¹Cº
I : ¹Cº � I 9¹Cº

� 6C
I 9¹Cº ¸ 6C¹I º

I 9¹Cº � 6C

�
•

By plugging in these identities, we obtain that

3 log � ¹Cº
3C

=
=Õ

9=1

a9¹Cº� 9¹Cº = 0

3 log � C¹I º
3C

=
=Õ

9=1

a9¹Cº� 9
C¹I º = 0

3 log # C¹I º
3C

=
=Õ

9=1

a9¹Cº
3 log # 9

C¹I º
3C

= 0•

�

# C¹I º is a �eld integral of motion for arbitrary initial positions of screening charges

/ even without assuming stationary relations. The stationary relations imply the

existence of a quadratic di�erential& ¹I º3I2 2 QD¹zº, see Theorem 1.3.7.

The integral of motion is motivated by a martingale observable in conformal �eld

theory. For a �eldX in the OPE family� V,

Ê»X¼:=
E»XOV¼
E»OV¼

is a martingale observable whereOV is a vertex �eld. In our situation, we chooseX

to be the chiral vertex �eld and take the classical limit as^ ! 0. The martingale

observable degenerates to the integral of motion. We will discuss the construction

of the �eld X in Section 6.5.

In the proof of Theorem 1.3.7, we also need to consider
p

# C¹I º as a �eld integral

of motion. However, an obstacle arises in the expression

p
# C¹I º = 4

�¹ < � =
2 º

� ¯ C
0

Í
9a9¹Bº 3B

�

6C¹I º< � =
2 � 1 60

C¹I º

Î =
: =1¹6C¹I º � I : ¹Cºº

Î <
9=1¹6C¹I º � b9¹Cºº2

–
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where the term6C¹I º< � =
2 � 1 becomes multivalued when= is an odd integer, thus

p
# C¹I º is in fact not well de�ned. To resolve this technical problem, we introduce

the angular coordinate.

Corollary 6.4.2. In the angular coordinate, by changing variables, letb: = 48Z: ,

I : = 48\: , and � C¹I º be the covering map of6C¹I º (i.e., 48�C¹I º = 6C¹48Iº). For each

I 2 H, we de�ne:

8>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>
:

� 0=6¹Cº =

Î <
9=1 48Z: ¹Cº

Î =
: =1 48

\ : ¹Cº
2

–

� 0=6
C ¹I º = 4

�¹ < � =
2 º

� ¯ C
0

Í
9a9¹Bº 3B

�

6C¹I º< � =
2 � 148¹< � =

2 � 1º� C¹I º � 0
C¹I º48�C¹I º

Î =
: =1

�
48�C¹I º � 48\: ¹Cº

�

Î <
9=1

�
48�C¹I º � 48Z9¹Cº

� 2
–

# 0=6
C ¹I º = � 0=6¹Cº� 0=6

C ¹I º

= 4
�¹ < � =

2 º
� ¯ C

0

Í
9a9¹Bº 3B

� Î <
9=1 48Z: ¹Cº

Î =
: =1 48

\ : ¹Cº
2

48¹< � =
2 � 1º� C¹I º � 0

C¹I º48�C¹I º

Î =
: =1

�
48�C¹I º � 48\: ¹Cº

�

Î <
9=1

�
48�C¹I º � 48Z9¹Cº

� 2
•

(6.4.9)

Then, � 0=6¹Cº, � 0=6
C ¹I º, and # 0=6

C ¹I º are �eld integrals of motion on the interval

»0– gI ^ gº for the multiple radial SLE(0) Loewner �ows with parametrizationa9¹Cº,

9= 1– • • • – =.

Theorem (Restatement of theorem (1.3.7)). Let z = f I 1– I2– • • • – I=g be distinct

growth points on the unit circle and screening chargesb = f b1– b2– • • • – b< g involu-

tion symmetric and solve the stationary relations.

There exists an& ¹I º 2 QD¹zº with / as poles andz as zeros, the hulls Cgener-

ated by the Loewner �ows with parametrization. ¹Cº are subsets of the horizontal

trajectories of& ¹I º3I2 with limiting ends atz, up to any timeCbefore the collisions

of any poles or critical points. Up to any such time

& ¹I º � 6� 1
C 2 QD¹z¹Cºº•

wherez¹Cº is the location of the critical points at timeCunder the multiple radial

Loewner �ow with parametrization. ¹Cº.

Proof of Theorem (1.3.7).We �rst prove that& ¹I º � 6� 1
C is in QD¹ z¹Cºº.

Since atC= 0, the screening charges/ are assumed to be involution symmetric and

solve the stationary relations, stationary relations- residue free theorem guarantees

the existence of an&0¹I º3I2 2 QD¹z¹0ºº with / ¹0º as poles andz¹0º as zeros.
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Moreover,&0¹I º factors as

&0¹I º =

Î <
: =1 b2

: ¹0º
Î =

9=1 I 9¹0º
I 2< � =� 2

Î =
9=1

�
I � I 9¹0º

� 2

Î <
: =1 ¹I � b: ¹0ºº4

• (6.4.10)

Using the integral of motion# t¹I º, we have

# C¹I º =

Î <
9=1 b2

: ¹Cº
Î =

: =1 I : ¹Cº
4�¹ 2< � =� 2º¹

¯ C
0

Í
9a9¹Bº3Bº62< � =� 2

C ¹I º¹60
C¹I ºº2

Î =
9=1

�
6C¹I º � I 9¹Cº

� 2

Î <
: =1 ¹6C¹I º � 6C¹b: ºº4

=

Î <
: =1 b2

: ¹0º
Î =

9=1 I 9¹0º
I 2< � =� 2

Î =
9=1

�
I � H9

� 2

Î <
: =1 ¹I � b: º4

= # 0¹I º•

(6.4.11)

Denote the constant` ¹Cº = 4�¹ < � =
2 � 1º¹

¯ C
0

Í
9a9¹Bº3Bº.

Let 5C= 6� 1
C , and since the above holds everywhere evaluate it at5C¹I º to obtain

` 2¹Cº

Î <
9=1 b2

: ¹Cº
Î =

: =1 I : ¹Cº
I 2< � =� 2

Î =
9=1

�
I � I 9¹Cº

� 2

Î <
: =1 ¹I � 6C¹b: ºº4

=

Î <
: =1 b2

: ¹0º
Î =

9=1 I 9¹0º
50
C¹I º2 52< � =� 2

C ¹I º

Î =
9=1

�
5C¹I º � I 9

� 2

Î <
: =1 ¹ 5C¹I º � ZCº4

= 50
C¹I º2&0 ¹ 5C¹I ºº •

(6.4.12)

The left-hand side is exactly

` 2¹CºI < � =
2 � 1

Î =
9=1

�
I � I 9¹Cº

�

Î <
: =1 ¹I � 6C¹b: ºº2

= ` ¹Cº&C¹I º• (6.4.13)

we obtain that

� ` ¹Cº'4Bb¹Cº ¹
p

&C¹I ºº = '4Bb¹0º ¹
p

&0¹ 5C¹I ºº = 0• (6.4.14)

The stationary relations atC= 0 give the last equality. Thus, the residue-free

condition holds, and clearly, the involution symmetry of/ is preserved, which

implies& ¹I º � 6� 1
C 2 QD¹z¹Cºº.

Finally, we prove that the hull Cis a subset of the horizontal trajectories of& ¹I º3I2

with limiting ends atf I 1– I2– • • • – I=g. By theorem (6.3.4), equivalently, we can show

that Cis a subset of the real locus of the� ¹I º =
¯ p

& ¹I º3I (which is well de�ned

as shown in lemma (6.3.4)).
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Note that� ¹I º is a multivalued function. To deal with the multi-valuedness, let

d¹I º = 48I be the exponential covering map, and we consider� C¹I º the lifting map

of 6C¹I º (i.e. 48�C¹I º = 6C¹48Iº). We denote the lifting of� ¹I º by ~� ¹I º, which is now

a single-valued function, and the lifting of&C¹I º by ~&C¹I º = � &C¹48Iº428I3I, the

lifting of the hull  Cby ~ C.

By the integral of motion in angular coordinate (6.4.2)

# 0=6
C ¹I º =` ¹Cº

Î <
9=1 48Z: ¹Cº

Î =
: =1 48

\ : ¹Cº
2

48¹< � =
2 � 1º� C¹I º � 0

C¹I º48�C¹I º
Î =

: =1¹48�C¹I º � 48\: ¹Cºº
Î <

9=1¹48�C¹I º � 48Z9¹Cºº2

=

Î <
9=1 48Z: ¹0º

Î =
: =1 48

\ : ¹0º
2

48¹< � =
2 � 1ºI 48I

Î =
: =1¹48I � 48\: ¹0ºº

Î <
9=1¹48I � 48Z9¹0ºº2

= # 0=6
0 ¹I º•

(6.4.15)

Let BC= � � 1
C , and since the above holds everywhere evaluate it atBC¹I º to obtain

` ¹Cº
q

~&C¹I º = ` ¹Cº

Î <
9=1 48Z: ¹Cº

Î =
: =1 48

\ : ¹Cº
2

48¹< � =
2 � 1ºI 48I

Î =
: =1¹48I � 48\: ¹Cºº

Î <
9=1¹48I � 48Z9¹Cºº2

=

Î <
9=1 48Z: ¹0º

Î =
: =1 48

\ : ¹0º
2

48¹< � =
2 � 1ºBC¹I º48BC¹I º

Î =
: =1¹48BC¹I º � 48\: ¹0ºº

Î <
9=1¹48BC¹I º � 48Z9¹0ºº2

¹� � 1
C ¹I ºº0

=
p

&0¹BC¹I ºº¹BC¹I ºº0

= ¹ ~� ¹BC¹I ººº0•
(6.4.16)

Since ` ¹Cº is a real constant,~� ¹BC¹I ºº is the primitive of
p

~&C¹I º (up to a real

multiplicative constant). It su�ces to show that~ Cis the real locus of~� ¹I º

Recall that6Cis the unique conformal map fromDn ContoD with the hydrodynamic

normalization. Therefore,6C¹I º maps the subset Cto mD and� C¹I º maps the subset
~ Cto the real line.

Since ~� ¹BC¹I ºº is the primitive of
p

~&C¹I º (up to a real multiplicative constant), the

real line is part of the real locus~� ¹BC¹I ºº. Since� C¹I º maps the subset~ Cto the real

line, it follows that ~ Cis a subset of the real locus of~� ¹I º. �

Remark 6.4.3. The underlying principle is that for& ¹I º 2 QD¹zº, the function
p

& ¹I º admits a local meromorphic primitive inD n f0g. As a result, the residues

of
p

& ¹I º at all nonzero poles must vanish.
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When the poles are distinct from the critical points, this principle manifests alge-

braically as thestationary relation. However, when a pole coincides with a critical

point (in which case the pole must be of order two), the partial fraction expansion of
p

& ¹I º becomes more intricate, and so does the associated algebra. Nevertheless,

the same fundamental principle continues to govern the structure.

Example 6.4.4.The traces of=-braids multiple SLE(0) inD.

Proof. For =-braids multiple radial SLE(0),< = 0, and there are no poles, thus

& ¹I º3I2 is given by

& ¹I º = 2I� =� 2
=Ö

9=1

�
I � I 9

� 2 (6.4.17)

The=-braids multiple SLE(0) has= trajectories with limiting ends atI = 0, and with

limiting tangential directions that form an equal2c
= with each other.

�

6.5 Classical limit of martingale observables*

In this section, we discuss how the �eld integral of motion is heuristically derived as

the classical limit of martingale observables constructed via conformal �eld theory.

Based on the SLE-CFT correspondence, the multiple radial SLE(^) system can be

coupled to a conformal �eld theory. We will construct this conformal �eld theory

using vertex operators, following the approach in Kang and N. Makarov (2013) and

N-G. Kang and N. Makarov (2021).

De�nition 6.5.1 (Vertex operator). For a background charge# =
Í

: V: �@: with the

neutrality condition¹NC1º and divisor3 =
Í

9g9 � I 9 with the neutrality condition

¹NC0º. We de�ne the vertex operatorO# »3¼as

O# »3¼:=
� ¹1º»3 ¸ #¼

� ¹1º»#¼
4� 8� ¸ »3¼• (6.5.1)

where� ¸ »3¼:=
Í

g9� ¸ �
I 9

�
is the chirdal bosonic �eld and� is the wick product.

De�nition 6.5.2 (=-leg operator with screening charges). Consider the following

charge distribution on the Riemann sphere.

# = 1X0 ¸ 1X1
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31 =
=Õ

9=1

0XI 9 �
<Õ

: =1

20Xb: � ¹
= � 2<

2
º0X0 � ¹

= � 2<
2

º0 X1

The=-leg operator with screening charges/ and background charge# is given by

the OPE exponential:

O# »31¼=
� ¹1º»31 ¸ #¼

� ¹1º»#¼
e� 8� »31¼• (6.5.2)

For each link patternU, we can choose closed contoursC1– • • • –C= along which we

may integrate the/ variables to screen the vertex �elds. LetS be the screening

operator. We de�ne the screening operation as

SUO# »31¼=
¼

C1

• • •
¼

C=

O# »31¼• (6.5.3)

We integrate the correlation functionEO# »31¼= � ^¹z–/ º, the conformal dimension

is 1 at the/ points, i.e. since_1¹� 20º = 1. This leads to the partition function for

the corresponding multiple radial SLE(^) system:

JU¹zº := ESUO# »31¼=
¼

C1

• • •
¼

C=

� ^¹z–/ º3b= • • • 3b1• (6.5.4)

Theorem 6.5.3(Martingale observable). For any tensor product- of �elds in the

OPE familyF# of � #,

" C¹- º =
E¹SUO# »31¼- º

ESUO# »31¼
k6� 1

C (6.5.5)

is a local martingale, where6C¹I º is the Loewner map for multiple radial SLE(^)

system associated toJU¹zº = ESO# »31¼

Remark 6.5.4. The structure of multiple radialSLE¹^º systems is not yet fully

understood. We do not provide a rigorous justi�cation of this theorem in this paper,

nor is the validity of our results dependent on this. In particular, the integral of

motion used in our arguments can be directly veri�ed independently.

Moreover, the Martingale Observable Theorem can be extended to linear combina-

tions of screening �elds of the form

SO# :=
Õ

U

f U SUO# »31¼–
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where eachSU corresponds to a distinct choice of integration contours associated

with a link patternU, andf U 2 R are real coe�cients.

Corollary 6.5.5. Let the divisor32 = � f
2 X0 � f

2 X1 ¸ fX I where the parameter

f = 1
0 , and insert- = O# »32¼

" C–¹̂I º =
ESO# »31¼O# »32¼

ESO# »31¼
k6� 1

C (6.5.6)

is local martingale where6C¹I º is the Loewner map for multiple radial SLE(^) system

associated toZ ^¹zº = ESO# »31¼.

Explicit computation shows that

ESUOV»31¼= E
¼

C1

• • •
¼

C=

O# »31¼O# »32¼

=
¼

C1

• • •
¼

C=

Ö

1� 8Ÿ 9� =

¹I 8 � I 9º02
Ö

1� 8Ÿ 9� <

¹b8 � b9º402
=Ö

8=1

<Ö

9=1

�
I 8 � b9

� � 202

Ö

9

I
0¹1� =� 2<

2 0� f
2 º

9

Ö

:

b
� 20¹1� =� 2<

2 0� f
2 º

: I f ¹1� =� 2<
2 0º60¹I 9º_1 ¹0º60¹I º_1 ¹f º

¹I � I 9ºf0 ¹I � b: º� 2f0 j60¹0ºj2_1 ¹1¸ 2< � =
2 0� f

2 º

E
¼

C1

• • •
¼

C=

O# »31¼

=
¼

C1

• • •
¼

C=

Ö

1� 8Ÿ 9� =

¹I 8 � I 9º02
Ö

1� 8Ÿ 9� <

¹b8 � b9º402
=Ö

8=1

<Ö

9=1

�
I 8 � b9

� � 202

Ö

9

I
0¹1� =� 2<

2 º
9

Ö

:

b
� 20¹1� =� 2<

2 0º
: I f ¹1� =� 2<

2 0º60¹I 9º_1 ¹0º j60¹0ºj2_1 ¹1� 2< � =
2 0º•

Conjecture 6.5.6. Aŝ ! 0, the contour integral concentrate on the critical points

of the master function.

# C¹I º =" C–0¹I º = lim
^! 0

" C–¹̂I º = lim
^! 0

E
²

C1
• • •

²
C=

O# »31¼O# »32¼

E
²

C1
• • •

²
C=

O# »31¼

= j60¹0ºj�¹ < � =
2 º

Î <
9=1 b:

p Î =
: =1 I :

I < � =
2 � 160¹I º

Î =
: =1¹I � I : º

Î <
9=1¹I � b9º2

–

(6.5.7)

where/ solve thestationary relations. This is exactly the integral of motion# C¹I º

in the proof of the theorem.
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" C–¹̂I º is a ¹_1¹f º–0º di�erential with respect toI , where_1¹f º = 1
202 � 1

0 . By

taking the limit^ ! 0, lim^! 0 _1¹f º = 1, and thus" C–0¹I º is a (1,0) di�erential.

Remark 6.5.7. The integral of motion# C¹I º can be veri�ed through direct compu-

tation. This heuristic argument provides valuable insight and motivation for con-

structing the integral of motion. It is worth noting that our paper is self-consistent

and does not depend on the detailed clari�cation of the classical limits.

6.6 Enumerative algebraic geometry and link pattern*

In this section, we propose several illuminating conjectures for the classi�cation of

the quadratic di�erential& ¹I º3I2 2 QD¹zº and equivalently the critical points of

the trigonometric KZ equations:

In the chordal setting, multiple chordalSLE¹0º systems have been constructed and

analyzed in detail by Eveliina Peltola and H. Wang (2020), and the corresponding

stationary (commutation) relations have been completely solved and classi�ed in

Scherbak and Varchenko (2003), Scherbak (2002a), and Scherbak (2002b). Moti-

vated by these results, we propose the following conjectures concerning the structure

of multiple radialSLE¹0º systems.

Conjecture 6.6.1 (= even). Let& ¹I º 3I2 2 QD¹zº be an involution symmetric

meromorphic quadratic di�erential with= simple zeros located on the unit circle

(with even=) and< poles. Then, up to multiplication by a nonzero real constant,

the horizontal trajectory� ¹&º with limiting ends atz satis�es:

ˆ (Underscreening) If< � =
2, then� ¹&º consists of< disjoint arcs connecting

distinct pairs of zeros, forming a radial¹=– <º-link. For each such link pattern,

there exists a unique di�erential& 2 QD¹zº (up to scaling) whose horizontal

trajectories form this pattern.

ˆ (Overscreening) If=¸ 1
2 � < � =, then� ¹&º consists of= � < disjoint arcs

connecting pairs of zeros, forming a radial¹=– =� < º-link. For each such

link pattern, there exists a continuous family of di�erential& 2 QD¹zº (up

to scaling) whose horizontal trajectories form this pattern.

ˆ (Upper bound) If< ¡ = , there exists no such quadratic di�erential& 2

QD¹ zº.

Conjecture 6.6.2 (= odd). Let& ¹I º 3I2 2 QD¹zº be an involution symmetric mero-

morphic quadratic di�erential with= simple zeros located on the unit circle (with
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odd =) and < poles. Then, up to multiplication by a nonzero real constant, the

horizontal trajectory� ¹&º with limiting ends atz satis�es:

ˆ (Underscreening) If< � =
2, then� ¹&º consists of< disjoint arcs connecting

distinct pairs of zeros, forming a radial¹=– <º-link. For each such link pattern,

there exists a unique di�erential& 2 QD¹zº (up to scaling) whose horizontal

trajectories form this pattern.

ˆ (Overscreening) If=¸ 1
2 � < � =, then� ¹&º consists of= � < disjoint arcs

connecting pairs of zeros, forming a radial¹=– =� < º-link. For each such link

pattern, there exists a unique di�erential& 2 QD¹zº (up to scaling) whose

horizontal trajectories form this pattern.

ˆ (Upper bound) If< ¡ = , there exists no such quadratic di�erential& 2

QD¹ zº.

Remark 6.6.3. When= is an even integer, in the overscreening case,& ¹I º3I2 =

' 0¹I º23I2, where' ¹I º is an involution symmetric rational function withzas critical

points. In this case, the continuous family of solutions can be obtained by post-

composition with Möbius transformations.

We can equivalently reformulate our conjectures concerning the critical points of

the master functions.

Conjecture 6.6.4. For genericz on the unit circle, critical points/ of the master

function� <–=¹z–/ º are involution symmetric.

Conjecture 6.6.5 (= even). For genericz on the unit circle:

ˆ (Underscreening) If< � =
2, � <–=¹z–/ º has exactlyj!%¹=– <ºj isolated critical

points.

ˆ (Overscreening) If=¸ 1
2 � < � =, � <–=¹z–/ º has non-isolated critical points.

Let _1 =
Í

b8– _2 =
Í

b8b9– • • • – _< = b1 � � � b< be the standard symmetric

functions ofb1– • • • – b< . DenoteC<
_ the space with coordinates_1– • • • – _< .

Then written in symmetric coordinates_1– • • • – _< , the critical points consist

of j!%¹=– =� < ºj straight lines in the spaceC<
_ .

ˆ (Upperbound) If< ¡ = , � <–=¹z–/ º has no critical points.
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Conjecture 6.6.6 (= odd). For/ and genericz on the unit circle:

ˆ (Underscreening) If< � =
2, � <–=¹z–/ º hasj!%¹=– <ºj isolated critical points.

ˆ (Overscreening) If=¸ 1
2 � < � =, � <–=¹z–/ º has j!%¹=– =� < ºj isolated

critical points.

ˆ (Upperbound) If< ¡ = , � <–=¹z–/ º has no critical points.

6.7 Examples: underscreening

In this section, we provide a series of �gures to illustrate the trace con�gurations

arising from various multiple radialSLE¹0º systems.

For multiple radial SLE(0) system with growth pointsz and screening charges/ ,

the corresponding quadratic di�erential is given by

& ¹I º3I2 =

Î <
9=1 b2

:Î =
: =1 I :

I 2< � =� 2
Î =

: =1¹I � I : º2

Î <
9=1¹I � b9º4

3I2•

Lemma 6.7.1.Given& ¹I º 2 QD¹zº associate to it a vector �eldE& on bC de�ned

by

E& ¹I º =
1

p
& ¹I º

(6.7.1)

where
p

& ¹I º =

Î <
9=1 b:

p Î =
: =1 I :

I < � =
2 � 1

Î =
: =1¹I � I : º

Î <
9=1¹I � b9º2

The �ow lines of¤I = E& ¹I º are the horizontal trajectories of& ¹I º3I2.

Remark 6.7.2. This lemma provides an elementary way to plot the horizontal trajec-

tories of& ¹I º3I2.

In the following �gures, the zeros are marked in red, the poles in yellow, and the

marked pointD= 0 in green.

Figure 6.1: = = 2– < = 1– I1 = 8– I2 = � 8. The SLE(0) curves connectI 1 andI 2 to

the origin.
p

& ¹I º = 8I� 2¹I � 8º¹I ¸ 8º

Figure 6.2: = = 2– < = 1– I1 = 8– I2 = � 8– b1 = 1. The SLE(0) curve connectsI 1

andI 2, and does not surround the origin.

p
& ¹I º = 8I� 1 ¹I � 8º¹I ¸ 8º

¹I � 1º2
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Figure 6.1:I 1 = 8, I 2 = � 8 Figure 6.2:I 1 = 8, I 2 = � 8, b1 = � 1

Figure 6.3:I : = 42c8:•3– : = 0–1–2 Figure 6.4:I : = 42c8:•3– : = 0–1–2,
b1 = � 1

Figure 6.3: = = 3– < = 0. The SLE(0) curves connect all threeI : to the origin.

p
& ¹I º = 8I� 5•2¹I � 1º¹I � 42c8•3º¹I � 44c8•3º

Figure 6.4: = = 3– < = 1, with poleb = � 1. The SLE(0) curves connectI 2 andI 3,

and connectI 1 to 0.

p
& ¹I º = 8I� 3•2 ¹I � 1º¹I � 42c8•3º¹I � 44c8•3º

¹I � 1º2

Figure 6.5: = = 4– < = 0. All I : are connected to the origin.

p
& ¹I º = 8I� 3

3Ö

: =0

¹I � 4¹2: ¸ 1ºc8•4º

Figure 6.6: = = 4– < = 1, with poleb = 1. The SLE(0) curves connectI 3 andI 4 to

0, and connectI 1 to I 2.

p
& ¹I º = � 8I� 2

Î 3
: =0¹I � 4¹2: ¸ 1ºc8•4º

¹I � 1º2
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Figure 6.5: I : = 4¹2: ¸ 1ºc8•4– : =
0–1–2–3

Figure 6.6: I : = 4¹2: ¸ 1ºc8•4– : =
0–1–2–3, b1 = 1

Figure 6.7: I : = 4:c8•4– : =
1–2–3–4, b1 = 1, b2 = � 1

Figure 6.8: I : = 4¹2: ¸ 1ºc8•4– : =
0–1–2–3, b1 = � 1

Figure 6.7: = = 4– < = 2, I : = 4¹2: ¸ 1ºc8•4, b1 = � 1– b2 = 1. The SLE(0) curves

connectI 1 andI 4, andI 2 andI 3.

p
& ¹I º = 8I� 1

Î 3
: =0¹I � 4¹2: ¸ 1ºc8•4º

¹I � 1º2¹I ¸ 1º2

Figure 6.8: = = 4– < = 2, I : = 4¹2: ¸ 1ºc8•4, b1 =
p

2 �
p

3– b2 =
p

2 ¸
p

3. The

SLE(0) curves connectI 3 andI 4 to 0, and connectI 1 to I 2.

p
& ¹I º = 8I� 1

Î 3
: =0¹I � 4¹2: ¸ 1ºc8•4º

¹I �
p

2 �
p

3º2¹I �
p

2 ¸
p

3º2

6.8 Examples: overscreening

Let us recall the de�nition of the trace quadratic di�erential

De�nition 2. Restatement of de�nition (1.3.6)

Let z = f I 1– I2– • • • – I=g be distinct points on the unit circle, a class of quadratic

di�erentials with prescribed zeros denoted byQD¹ zº:
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