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ABSTRACT

Modeling near-wall and roughness sublayer turbulence using physics-based methods
remains a topic of paramount importance, since most engineering-relevant flows are
turbulent and most surfaces are not smooth. While today there exists a wide range
of empirical, data-driven modeling approaches for turbulence, these methods are
limited because fully resolved turbulence data remains expensive to generate and
burdensome to store and analyze. Therefore, the ability to predict out-of-sample
is important, and since data-driven methods struggle to extrapolate, developing
physics-based approximations that give useful, inexpensive predictions remains
necessary. Yet the complexity of near-wall turbulence makes developing theoret-
ical models difficult. This thesis tackles two main challenges. First, methods for
reduced order modeling of the sensitivity of turbulence to multiscale, engineering-
relevant roughness geometries are developed. In particular, a physics-based method
for incorporating a drag-scaled, Reynolds-decomposed volume penalization into
resolvent analysis yields a linear reduced order model that gives computationally in-
expensive estimates for roughness sublayer fluctuations and dispersive stresses given
a surface geometry and the mean flow profile in a rough wall channel flow. Then,
an iterative method is developed to predict the mean flow profile, equivalent sand
grain roughness, and Hama roughness function that utilizes the discovered relation-
ship between the fluctuations and the mean flow. That model yields a closed-loop
system for predicting roughness sublayer turbulence and the mean response given
only a scan of the roughness geometry and a bulk Reynolds number in a rough wall
channel flow. Second, a methodology for generating spatiotemporal representations
of near-wall turbulence with very few degrees of freedom is developed. It utilizes
a coarse-graining approach to reduce the number of modes required to describe a
turbulent flow, selection criteria for picking descriptive modes, and Reynolds num-
ber scaling to provide predictions for an out-of-sample, higher Reynolds number
flow. A spatiotemporal representation is generated, and results from Piomelli et al.
that incorporate the modal representation into the wall layer of a wall modeled large
eddy simulation are presented. Overall, this thesis contributes new reduced order
modeling approaches that make use of physics-based insights to tackle outstanding

problems in the prediction of near-wall and roughness sublayer turbulence.
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Chapter 1

INTRODUCTION

1.1 Motivation

Turbulence is in the tempestuous swirling of gases inside a star, oil gushing through
a pipeline, and the wind passing over an airplane wing; it is ubiquitous in uid
ows of universal signi cance and human relevance. Anyone who has experienced

a bumpy ride in a commercial aircraft is aware of the e ects of clear air turbulence
that occurs on an atmospheric scale. However, even when the aircraft is in calm air
and the passengers are comfortable, turbulence on a smaller scale still occurs close
to the surfaces of the wing, tail, and body of the aircraft. The character of this near-
wall turbulence is sensitive to any roughness on the surface that arises from various
sources, including manufacturing processes, corrosion, biofouling, ice accretion,
and by design (Kadivar et al., 2021). Near-wall turbulence enhances mixing and
momentum transport near those surfaces, and is responsible for an increase in drag
of up to 50% for a modern airliner (Marusic, Mathis, et al., 2010).

Due to the universality and profound impact of turbulence in nature and engineering
applications, scientists and engineers have devoted themselves to its study for over
a century. Yet a complete understanding of turbulence remains elusive. The noto-
rious intractability of turbulence can be understood by considering the governing
equations of uid motion, the Navier-Stokes equations (NSE).

In the Newtonian, incompressible ows considered in this thesis, the NSE enforce
conservation of mass and momentum. These equations are nonlinear, which means
that the interaction between di erent scales of motion is important for the system.
Furthermore, the range of scales represented in turbulent ows is enormous. That
separation of scales is captured by the Reynolds number, which is the ratio between
inertial and viscous forces. Below a critical Reynolds number, the ow remains
laminar. However, above that critical Reynolds number, the ow transitions to
turbulence (Reynolds, 1883). For aerospace vehicles, the range of scales that must
be considered ranges from the micrometer scale of near-wall motions and surface
roughness to the tens or hundreds of meters that characterize the aerodynamic body
shape, which is a scale separatio$¢10® 10°). For high Reynolds number ows
relevant to engineering and geophysical applications, a full- delity evaluation of the
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exact Navier-Stokes equations that resolves all the relevant scales is intractable for
modern and foreseeable computational power.

Despite the fact that directly solving for the turbulent ow is impractical in many
circumstances, there remains an ever-present need to provide information about the
turbulence in systems of human relevance. Therefore, turbulence research is con-
cerned with the development of modeling approaches that replace some or all of
the delity of the full NSE with simpli ed relations and equations that approximate
turbulence or ow quantities of interest. Turbulence research also involves develop-
ing and applying methods for analyzing and understanding the observed structure of
turbulent ows. Most of these methods rely on the key observation that while turbu-
lence can be usefully understood as stochastic, it also contains coherent structures
(Kline et al., 1967; Brown and Roshko, 1974). Furthermore, these structures appear
to have an organized distribution of sizes and display self-similarity. Townsend,
1976 codi ed this in his attached eddy hypothesis, which models turbulence using
hierarchies of geometrically self-similar eddies. The attached eddy idea is powerful
and has been pro tably implemented to model turbulent stresses (Perry and Chong,
1982; Moarref, Sharma, et al., 2014).

The existence of dominant coherent structures in turbulence has prompted a high
degree of interest in reduced order modeling of turbulence. These methods are
based on the description of high-dimensional systems and/or data as the sum of
weighted basis functions called modes, which can be determined based on data
or governing equations. These modal decompositions are attractive for describing
phenomena in which dominant structures or trends exist, because it is reasonable to
expect that only a corresponding subset of the possible basis functions is strongly
represented. It is possible then to construct reduced-order models of physical
phenomena by considering only the dominant subset of basis functions. These
approaches can achieve a great degree of freedom reduction, which can lead to
increased computational e ciency and model interpretability. Therefore, the study
of how to determine modes, which modes are active, and how to model their weights
in turbulent ows is a topic of interest to the scienti c community.

Reduced order models can be roughly classi ed into physics-based and data-driven
approaches, although aspects based on observation and physical intuition pervade
both types of models. The distinction is related to how the modes and their weights
are determined. The proper orthogonal decomposition (POD) and its implemen-
tation in wave number space, spectral POD (SPOD), are examples of data-driven
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methods where weights and modes are determined from data (Lumley, 1970; Towne
etal., 2018). Resolvent analysis is an equation-based method that determines modes
from the linearized Navier-Stokes equations and an exact relation for the weights
(McKeon and Sharma, 2010). The two types of models are useful in particular
scenarios. When data is abundant and accurate governing equations are not known,
data-driven models are a natural choice. When data is scarce but the governing
equations describe the system well, physics-based approaches o er more general-
izable results. Since fully-resolved data for turbulence is challenging to generate
and burdensome to store and share, there remains a strong need for physics-based
reduced order modeling techniques that give more universal insights.

Surface roughness adds another layer to the modeling challenge posed by classi-
cal wall-bounded turbulence, which is signi cant given the ubiquity of roughness
in engineering ows. Despite decades of study, there is no comprehensive the-
ory for the sensitivity of turbulence and ow quantities of interest to features of
the surface roughness. In lieu of this, scientists have devised a plethora of em-
pirical approximations and machine-learning models using data from experiments
and geometry-resolving simulations, as well as physics-based models applicable to
idealized geometries. Given the extreme expense of performing simulations and
experiments at Reynolds numbers in the fully rough regime across the whole range
of conceivable surface geometries, it is fair to ask if reduced order modeling tech-
niques for roughness can contribute to deeper understanding and modeling of this
problem.

The present thesis contributes to the development and application of reduced-order
modeling methods for analyzing and predicting near-wall and roughness sublayer
turbulence. First, a physics-based reduced order modeling framework is developed
that yields a linear transfer function relating a multiscale, engineering-relevant
roughness geometry to the spatially-varying turbulent ow response in the roughness
sublayer. That framework is used to provide quantitatively reasonable predictions
for the response of turbulent uctuations, stresses, mean ow pro le, and drag to a
particular surface geometry, given minimal empirical assumptions. This approach
models the spatially-varying ow sensitivity to features of the surface roughness,
yielding physical insights into rough wall ows that are not provided by empirical
models that seek only the mean or drag response from roughness statistics or spectra.
Second, a method is developed for coarse-graining spatiotemporal representations
of near-wall turbulence which greatly reduces the degrees of freedom required to



describe turbulent motions.

1.2 Similarity and modeling of roughness in wall-bounded turbulent ows

The turbulent ow over surface roughness can no longer be parameterized by the
Reynolds number alone, since the geometrical features of the roughness geometry
a ect the drag and set the scales of the observed turbulent motions. However,
important behavioral similarities are observed between smooth and rough wall-
bounded turbulent ows that are foundational for historical and present modeling

e orts.

Nikuradse, 1933 conducts a systematic study of sand grain roughness with di er-
ent grain sizes and Reynolds numbers and observes that both smooth and rough
pipe ows scale with the friction velocitypy and uid viscosity a, the mean ow

pro les are similar in the outer layer far from the wall, and the friction factor be-
comes constant above a certain Reynolds number. Colebrook, 1939 introduces the
equivalent sand grain roughness which is a hydrodynamic quantity that relates

a given surface roughness to the grain dimension of the sand grain roughness that
produces the same friction factor or drag at a given Reynolds number. Hama, 1954
introduces the shift between the smooth and rough wall mean ow pro les for ows
observing outer layer similarity at a given Reynolds numbé&r;. That shift can

also be interpreted as a change in the virtual origin of the 8yalthere if statistics

are plotted againdtt 3, the pro les of the mean and statistics collapse in the outer
layer (Chung et al., 2021). For fully rough, zero pressure gradient @axsn be

taken as the centroid of the drag force (Jackson, 1981). Oftentirges? *, or 3

are quantities of interest for engineers in a rough wall ow, as they characterize the
response of the mean ow pro le to a rough geometry as compared with a smooth
wall, assuming outer layer similarity.

Outer layer similarity can be observed in the mean ow and second-order statistics,
and is expected to hold for a su cient separation between the roughness saate

outer length scales of the ow{ Jiménez, 2004 provides the guidelie & 50for

ows that are expected to respect outer layer similarity. In ows that respect outer
similarity, the e ects of roughness are con ned to the roughness sublayer, a region
of the ow that extends to approximately=2 5: (Raupach, 1981). In ows over
obstacles wher¥ : . 500r where long length scales in the streamwise or spanwise
directions are present, roughness e ects can be expected to extend through the outer
region.
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In many engineering contexts at high Reynolds number, the scales of roughness are
small with relation to the outer scales of uid motion, so outer similarity is respected.
Therefore, this thesis considers only turbulent ows over surface roughness with
outer similarity. In these ows, the turbulence in the outer region feels the presence
of the surface roughness only indirectly, through the drag and scales of motion
set in the roughness sublayer. Meanwhile, the roughness sublayer turbulence that
determines the drag and roughness scales depends spatially on the speci c geometric
attributes of the surface roughness.

Many e orts for modeling the e ects on turbulence over realistic, multiscale surface
geometries bypass the details of the spatially-varying roughness sublayer uctuations
and focus instead on directly predicting the drag-related ow quantitfeand/or

* * given statistics and spectral information about the roughness using empirical
models. There is a large body of literature on the development of tted equations
to relate surface statistics to roughness ow parameters, which is well reviewed
by Flack and Chung, 2022. Due to the diculty inherent in discovering truly
generalizable tted equations, several e orts have been made to link surface statistics
and spectral information to roughness ow parameters by training neural networks
(Aghaei Jouybari et al., 2021; S. Lee et al., 2022; Yang et al., 2023). These methods
are useful for predicting drag for rough surfaces without considering the complex,
spatially-varying turbulent ow response in the roughness sublayer. However, as
with all data-driven methods, generalizing outside the training dataset remains an
issue.

For modeling the mean ow pro le, Bornhoft, 2024 and Brereton and Yuan, 2018
give empirically- tted relations between the statistics of the roughness gimithe
shape of the mean ow pro le for use in WMLES. These methods are practical for
usage in a wall model, but do not provide a method for predicti§igvhich is an
input to the analysis.

Therefore, it remains desirable to develop more generalizable models, and it is
natural to seek model forms that more directly encode the physics that link roughness
features to the drag response through modeling the roughness sublayer uctuations
and their spatially-varying e ects. However, the complexity of turbulent motions
observed over realistic roughness geometries has made theoretical development
extremely challenging. One promising physics-based e ort is the wind shade model
of Meneveau et al., 2024 that uses minimal empirical assumptions to link surface
features of realistic roughness to the resulting drag.
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For modeling turbulent uctuations and stresses arising from surface roughness,
recent studies have focused on idealized or ltered roughness geometries, with the
goal of identifying important scales and patterns that can be generalized to realistic
surfaces. Mejia-Alvarez and Christensen, 2010 fabricates 3D-printed low order rep-
resentations of a wind turbine roughness using subsets of POD modes and compares
their performance in wind tunnel testing. A 16 mode POD representation is found
to produce similar stresses as the original 383 mode surface, indicating that only
certain geometric scales contribute to the drag response. Studies of Fourier- Itered
roughness are also suggestive of the importance of di erent scales in determining
the ow response (Alves Portela et al., 2021). Morgan, 2019 studied sinusoidal
roughness in a wind tunnel, nding a linear response in the time averaged eld and
suggesting that the ow over realistic surfaces may be determined by superposing
the ow responses to a linear combination of simple roughness geometries.

None of these models provide predictions for a realistic roughness. Therefore, there
remains a need for a generalizable, inexpensive model that predicts the sensitivity
of the spatially-varying turbulent uctuations and drag response to features of a
multiscale, realistic roughness geometry. Also, the question of whether linear
trends can be used to give quantitatively useful predictions is unanswered by these
studies. The present thesis tackles these challenges.

1.3 Reduced order modeling of turbulence

Reduced order models are based on spatiotemporal representations of turbulence
consisting of the superposition of weighted modes, each embodying di erent spatial
and temporal scales. There exists a wide variety of data-driven and physics-based
methods to determine modes and weights that describe turbulence.

The Fourier transform is a rational choice for analyzing ows with homogeneous
directions; for the ows considered in this thesis, the Fourier transform is taken in
the homogeneous streamwise and spanwise directions, resulting in Fourier modes
parameterized by wave number that are coherent in the wall-normal direction. This
technique can be applied to the governing equations as well as the data.

Data-driven methods for generating modal representations include POD, SPOD, and
DMD (Lumley, 1970; Schmid, 2010). POD seeks a set of modes that optimally cap-
ture the variance of an ensemble of ow data, while DMD gives modes that optimally
describe the dynamic motions of the ow. SPOD is the spatiotemporal counterpart
of POD for a statistically stationary ow, giving converged spatiotemporal modes at



Figure 1.1: Resolvent analysis.

each frequency. These methods, and particularly SPOD, are data-intensive because
they rely on many realizations of a ow to obtain converged mode shapes.

Resolvent analysis of the NSE, developed by McKeon and Sharma, 2010 provides a
physics-based method for generating e cient, descriptive modal bases for turbulent
ows. Resolvent analysis is an exact expression of the NSE linearized about the
turbulent mean and forced with the nonlinear term in the uctuations. It can
be understood as a self-sustaining, closed-loop system consisting of the resolvent
operator, which serves as a transfer function relating the endogenous forcing from
the nonlinear term to the ow response, as illustrated in Figure 1.1. For the ows

in this thesis, resolvent analysis is derived from the NSE Fourier transformed in
time and the homogeneous streamwise and spanwise directions. In this case, for a
given wave number, the resolvent operator relates the forcing at that wave number
to the response at the same wave number. Taking the SVD of the resolvent operator
yields response modes, gains, and forcing modes. The resolvent operator has been
shown to be low rank at wave numbers where turbulence is energetic, meaning
that the rst (few) SVD modes have much larger gains than those of the remaining
modes. Therefore, resolvent response modes are a reasonable choice for developing
a low-rank basis for reconstructing or modeling the ow response. The projection
of the nonlinearity onto the forcing modes gives an exact expression for the mode
weights. However, exact calculation of the weights requires the loop to be closed,
which is challenging to implement. Approximate treatments of the weights can
give approximate solutions, and in this way resolvent analysis successfully provides
low order models for turbulent spectra (Moarref, Sharma, et al., 2013; Moarref,
Jovanovi¢, et al., 2014). An advantageous aspect of using a resolvent mode basis for
describing turbulent ows is the potential applicability of Reynolds number scalings
for resolvent modes and singular values developed by Moarref, Sharma, et al., 2013,
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as well as for resolvent weights that represent self-sustaining turbulence and agree
with classical turbulence theories such as the attached eddy hypothesis by Moarref,
Sharma, et al., 2014. Therefore, from weighted resolvent mode bases, it should be
possible to develop predictions that apply in other turbulent ows, and this thesis
begins some preliminary work in this direction.

Resolvent analysis has been extended to accommodate non-spatially uniform bound-
ary conditions, including linearized velocity-pressure conditions for compliant walls
(Luhar et al., 2015; Huynh et al., 2021), velocity conditions for opposition control
(Toedtli, Luhar, etal., 2019; Toedtli, Yu, et al., 2020), and perforated surfaces (Jafari
etal., 2023). For modeling roughness, Chavarin and Luhar, 2020 develops a volume
penalization method using a permeability function that drives the velocities to 0 in
the solid region and is set to 0 in the uid region, and applies the method to stream-
wise riblets. Flynn et al., 2024 has developed an approach to represent roughness
using a projection-based immersed boundary method and applied it to a sinusoidal
roughness. All the resolvent analysis methods developed for roughness rely on
the solution of wave-number-coupled systems, and have therefore been limited to
systems that can be well described by a single wave number and its harmonics.

SPOD and resolvent analysis are closely connected. For uncorrelated forcing,

SPOD and resolvent modes are equivalent, and to obtain the best reconstruction of
the SPOD statistics using resolvent modes, resolvent weights must be determined by
the best projection onto the SPOD modes using a statistical rather than deterministic
understanding of the weights (Towne et al., 2018).

1.4 Thesis Outline

Chapter 2 introduces methods for relating velocity and pressure uctuations to drag
forces in rough wall-bounded ows, resolvent analysis, and spectral proper orthog-
onal decomposition. Chapter 3 analyzes linear trends observed in resolvent mode
representations of the temporally-averaged, spatially-varying roughness sublayer
uctuations in the presence of surface roughness, and shows what drag-related quan-
tities are captured by these representations. Chapter 4 develops a drag-normalized,
Reynolds-decomposed treatment of resolvent analysis with volume penalization
(RAVP) to predict roughness sublayer uctuations and dispersive stresses given a
mean ow pro le and a surface scan of an engineering-relevant, multiscale rough-
ness in achannel ow. Chapter 5 details a modeling approach that predicts the mean
ow pro le and drag response given a surface roughness geometry in a channel
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ow with a given bulk Reynolds number, using an iterative framework that lever-
ages the link between the mean ow pro le, surface scan, and dispersive stresses
encoded in RAVP. Chapter 6 introduces a framework for constructing data-driven
reduced-order models of turbulent uctuations at high Reynolds numbers from re-
solvent representations constructed using data collected at computationally-feasible
Reynolds numbers. Finally, Chapter 7 draws conclusions and identi es pathways
for future research.
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Chapter 2

METHODS

2.1 Averaging operators and the triple decomposition for rough wall ow

When considering the temporally-averaged turbulent ow over surface roughness,
spatial variation is readily observed. Therefore, spatial and temporal averaging must
be considered separately.

Intrinsic, super cial, and planar spatial averages

First, de ne the area occupied by uid at a particutdheightto be s. The domain

area at thabtheightis ¢c=!g ! . Then, the intrinsic average of a ow quantity
@G— H-)-én be written .
h@ (HHG is @G-H-)3€ (2.1)
5
The super cial average can then be v;ritten
h@g(H)G ic @G-H-)3€ (2.2)
5

Note that both averages are computed with integrals over the area occupied by uid.

The plane average is the usual de nition,

Z
1

h@g,(H-)G — @G-H-)3€ (2.3)
C
When there is no roughness, all these averages are observed to collapse because
c= sinthis case.
Triple decomposition for rough wall ow quantities

The Reynolds decomposition decomposes a turbulent ow into a mean and uc-
tuations about that mean. Here, the ow quantity is decomposed into a temporal
average and temporal uctuations,

@G~ H-)-=0@G- Hj+ @G- H-)~C (2.4)

In a smooth wall turbulent channel ow, the temporal average does not vary in the
streamwise or spanwise directiorG), so the temporal average is equal to the



11

spatiotemporal average@ = @ However, in a rough wall turbulent channel ow,
the temporal average has spatial variatid®, 6 @ The temporal average can be
further decomposed into the spatiotemporal average and wake eld,

@G- Hy# @ (H + @G- Hy-| (25)
which leads to the triple decomposition,
@G- H-)=0®@ (H + @G- H @G- H-)~C (2.6)
Also, de ne the sum of wake eld and temporal uctuations,
@G- H-)=GgG— H}+ A G-H-)-C (2.7)
so that the following holds:
@G-H-)=0@(H + @{G-H-)-C (2.8)

2.2 Fourier transform

The Fourier transform in time and the streamwise and spanwise directions is natural
for the streamwise- and spanwise-homogeneous ows studied in this thesis. The
Fourier transform pair used is

Zl Zl Zl
@H: 1) = @G- H-)4& &1 1€©)3G313C
zt z1 z1 (2.9)
@G- H-)=C @H : o 1)4T 1 193: 33l
1 1 1

2.3 Resolvent analysis
Begin with the incompressible, Newtonian Navier-Stokes equations. Time is nondi-
mensionalized by 0y, spatial coordinates by, pressure byj[%, and velocity by
Dy.
mlg mR_ m? 1 nfhy

D9— = —t
MG me 4ymenG (2.10)
mI@ — 0
mg

Apply the Reynolds decompositiofx—= Ha@ (H + @{x-§ and take the spa-

tiotemporal average,

mif Moy @O dm?

e De mG L I e (2.11)
(i +2% 1 nf(Dy +E§‘3

mg ‘43 m@nG
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* +

Dy mHy Doomg)_ mh‘?i+ 1 rr?m;'.
me = °mG = mg 4 gM@NG
Subtract the spatiotemporally averaged equation to obtain the equations for the

uctuations, assuming thd& = Hi =0,

* +1
P, P, B 1 m®_ @
et D e T e T mane me- Pme  Pmg

mig_
me

(2.12)

(2.13)

Take the Fourier transform in time and the homogeneous spatial direGeml
of the NSE to obtain, noting that mi & P

A
1 3D
8l +8¢ciD — D+ E+8:c?=
¢F gy 3H c?= 18
?
8l +8: gD 4i E+%_|:
1 g (2.14)
8l +8gHD — P+8;72=5
4q
3E
8P+ -+8,F=0-
D T
where
D)dm§e 2.15
Q’ 9 mG ( )
Then, the resolvent formulation in primitive variables is written
" # o# #! " #
0 I Lk r I
= 8l f- 2.16
? 0 r> 0 0 ( )
| {z }
ResolvenH2 C*#H 3#H
where
8ch +'4 gl ny DI
Lk, 8clD +'4 gl
8D +'4 1
(2.17)

: 5
r, gfty— o, gz— f, a57-
A @
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or in the shorter form "

=H fe (2.18)

Using the SVDH = Pg‘zlf K gq{,, a modal representation can be written for the
velocity uctuations,
n # ﬁ
4} . :
= fokoo Where jg= qof (2.19)
2
o1

2.4 SPOD
In this section, SPOD is derived following the procedure of Nekkanti and Schmidt,
2021. Calculating SPOD begins with a time series of data arranged into columns
gs = q(@ where8= 1—ese—=In this thesis, the data is already transformed in the
spatial homogeneous directior@dand|. From this time series, a snapshot matrix
is constructed,

Q= grQo—c*g= * (2.20)
The energy of each snapshot is expressed in terms of a spatial inner product over

the domain of interest ,
Z

kaké= lo-gic= g (G)W/(Qq(GHEG— (2.21)

where, is a positive de nite Hermitian weight matrix. SPOD determines optimal

modes in the sense of the space-time inner product for statistically stationary data,
Z, Z
kaks zhogic 4 (GW(G(G-aGdC: (2.22)

Then, blocks of the Fourier-transformed data are assembled,
h [
Q() = qg- )_q(2 )_...q-(::S)SC. (223)

Each block is considered to be a statistically independent realization of the ow. A
Hamming window is applied to each block to reduce the spectral leakage,

F(8+1) = 054 046 COS

— for 8= 0-1—eee—5c 1e (2.24)
=55C
Then, the discrete Fourier transform is taken on each windowed block,

n 0
ds)=F F(9a5 - (2.25)
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to create the Fourier—transformed data matrix,
Q()— q( )_q( ) ...é-(SSC_ (226)

Wherqu) denotes the -th Fourier realisation at th&th discrete frequency. Then,
for each frequency, the matrix
h i

Q= 47a0—eeg ™ (2.27)
is constructed. From this matrix, the SPOD modes,and energies,, can be
computed as the eigenvectors and eigenvalues of the cross-spectral density (CSD)
tensorS = Q;Q; . The snapshot approach is taken for e ciency, since the number
of spatial degrees of freedoagreatly exceeds the number of realizations,

LQWQ_ = (2.28)

h
Then, the coe cients . = h(l) HZ) XX —(‘H ) that expand the SPOD modes in
terms of the Fourier reallzatlons are used to recover the SPOD modes,

—pe—0, , % (2.29)

The matrices . = diag .(1)—_.(2)—"°—.1=_1“0 , Where by conventiog?l) _.(2)
1 1 I H 1

T and = W- @_cee 7% contain the SPOD energies and

modes, respectively.

Reconstructing data in the frequency domain using SPOD
Then, SPOD can be used to reconstruct the data in the frequency domain. The
original realizations of the Fourier transform at each frequercan be written

Q= A- (2.30)
whereA. is the matrix of expansion coe cients:
A=PE 12 = wo. (2.13)
The structure of , dropping the notation, is
0 0 0o, ..
a=g o T (2.14)

0=1;: 1 O=1;: 2 O=1;: =15
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The coe cients in  cant be used to reconstruct a speci ¢ Fourier realization from
the SPOD modes. Also, they can be used to expand an SPOD mode in terms of the
Fourier realizations,
=11=1°QA. b (2.31)
Then, the Fourier-transformed data of théh block can be reconstructed as
! ! !
: X X X
At) = 0g. @ - Og. @ —eee— (g @ (2.32)
8 ;=1 8 ;=2 8 ;==55
and the original data in the-th blocks can be recovered using the inverse Fourier
transform, accounting for the window weight,
ST SRR
s’ = —=F ~ 3’ (2.33)
9 F(9) 9
Equivalence between SPOD and resolvent modes for uncorrelated forcing
For uncorrelated forcing, SPOD and resolvent modes are identical (Towne et al.,
2018). This can be observed by writing the cross spectral density tensor at a given

frequency, dropping thenotation,
S=E»4g¢ Y (2.34)

Expanding in terms of resolvent modesgainsf , and weightg yields

X X
S= Kof of . K:(jo.— (2.35)
91 :=1
where
(jgj;:Ejgj: ° (236)
Then,
X
S=  _99 g
o=1
3 (2.37)

X
= Kof of K:(jg.°
=1:=1

For the case where the resolvent weights are uncorrelated from one agpther
" oXg: Where’ gis a scalar. Then,

(2.38)



16

By orthogonality, the sets of SPOD and resolvent modes are identical when ranked
in descending order byg andf S‘ g respectively. If g = 1 for every 9 then the
ordering of the two sets is identical aﬁ@ = gandkg= g

2.5 Datasets
Channel DNS with sand grain roughness in the fully rough regime
This dataset is extensively applied in Ch. 3, 4, and 5. The temporal average
computed over 50 eddy turnover times from a DNS of a channel ow over sand
grain roughness in the fully rough regime is provided by Hantsis and Piomelli, 2020.
The code solves the Navier-Stokes equations using a second-order accurate central
di erence in space on a staggered mesh (Keating et al., 2004). A second-order
accurate semi-implicit time advancement method is used, where Crank-Nicolson is
used for the wall-normal di usive terms and low-storage third-order Runge-Kutta
is applied to the remaining terms. The Poisson equation is solved using an e cient
Fourier transform solver. The roughness is modeled using an immersed-boundary
method (IBM) based on the volume of uid fraction (VOF) approach. The VOF
I takes on values between and includid@nd 1 in the solid and uid regions
respectively. Fractional values bfare achieved when the surface intersects a grid
cell. The form of the IBM force is given as
PG-Hy|

dG—H}# —C(l i (G—Hy+ (2.39)
wherellgthe predicted velocity, andCs the time step. This force is used to correct
the velocity to O inside of the roughness.

The bottom and top roughness surfaces are mirrored across the channel centerline.
The sand grain roughness consists of randomly oriented ellipsoids with semjaxes
1+4: , and2: , where: = 004X (Scotti, 2006). In the fully rough regimeg 1<6:

for this geometry. The simulation is run at a constdni = 21-400. The domain

has dimensiong! - !~ !)) = (6X-2:064X-3X), where the choice of y = 2:064X
instead of the conventionaly = 2Xis made to account for blockage e ects. The
simulation parameters are documented in Table 2.1.

Type Method : X 4, D, X 'gX 1| X #c #nq #1 | G Hg I°
Sand grain DNS  0.04 1745 0.0814 6 2.064 3 1024 530 5102 0.84 10.2

Table 2.1: Simulation parameters
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Figure 2.1: Surface roughness geometry.

2.6 Relating terms in the mean momentum balance to wake eld uctuations
Inthe mean momentum balance (here, velocity normalizé&d bgpatial coordinates

by X) for a smooth wall ow as depicted in Figure 2.2, the mean ow gradient is

balanced by the Reynolds stress,
&' = L o - (2.40)
74 3H 3H iz}
pressure gradient | {Z }

. Reynolds stress
mean ow gradient

The mean momentum balance for rough wall ow, shown in Figure 2.3, adds addi-

Figure 2.2: Mean momentum balance for smooth wall ow.

tional terms: pressure and viscous drag forces on the surface roughness elements,
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as well as a dispersive stress,

3 3D, .
h ig= o1 a—r |B{:Z@}B f]{gas + I{Z?? + |{Z}5 (2.41)

stochastic stressdispersive stress pressure force Vviscous force

The pressure and viscous forces can be related to wake eld uctuations and the

Figure 2.3: Mean momentum balance for rough wall ow for the case of sand grain
roughness.

mean ow, using relations derived by taking the super cial average of the Navier-
Stokes equations in a rough wall ow where the surface geometry is represented
using the volume of uid fraction (Yuan and Piomelli, 2014). The pressure force is
calculated by

= — - 2.42
5= e, (2.42)
and the viscous force by
m nbB 3 3 32
| {z ¥l z | {z
¥y % 23

2.7 Relationship between the IBM force and the pressure and viscous drag
forces

The sum of the viscous and pressure drag at a given location and time is equal to the

streamwise body force imposed by the IBM Yuan, 2015. That body force is given

by z,

5(G-13€ . 1(G-H-)3iE (2.44)
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Figure 2.4: (left) The breakdown of the drag forseto the pressuré®, and viscous
contributionsg,. (right) The components of the viscous drggoriginating from
the streamwise velocity wake eldg, and two mean-dependent terrfs and .

for the channel ow considered in this thesis, given outer scaled spatial variables
and velocities. Therefore, DE
& =5+ (2.45)

Therefore, to calculate the plane- and time-averaged streamwise bodySpece]
5 are calculated from the pseudopressure, the wake eld, and the mean ow pro le.

2.8 Calculation of the pressure wake eld and drag forces from velocity source
terms

The contributions to the time averaged pressure can be broken down into source

terms in the Poisson equation.

velogity terms
? w2 H e
1H?i + 79 = O
mene T meng | DByt A H% e

fast dispersive stochastic

IBM force

Thereis afast source thatinvolves the interaction of the mean pro le and uctuations.
There is also a source involving just the wake eld uctuations and another based
on the time-averaged stochastic stress. The boundary forcing also contributes.

When the pressures associated with these quantities are plotted for the sand grain
roughness in Figure 2.5, it is observed that the boundary force contribution dom-
inates. Of the velocity terms, the major contribution comes from the dispersive
source. All of the curves have the same shape, indicating that there is value to
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Figure 2.5: The drag force arising from the pseudopressure and contributions from
the di erent source terms.

calculating the pressure from any known source, since it can lead to a full esti-
mate of the force if the relative magnitude of that contribution can be predicted.
The least contribution is from the stochastic source, which makes sense since the
stochastic uctuations do not have a strong presence within the roughness itself.
The fast source also does not contribute much because the mean is small within the
roughness.

The drag force from the pressure calculated from the dispersive source is denoted

_ i
>; = me . (2.46)

where?s = ?3 H73i and

nf nf
2= —0 _ Bpy . 2.47
meng > m@nG (2:47)
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Chapter 3

LINEAR TRENDS IN MODAL RECONSTRUCTIONS OF WAKE
FIELD TURBULENCE

3.1 Introduction

Surface roughness induces a spatial variation in the temporally averaged ow near
the wall, known as the wake eld. In this chapter, modal reconstructions of wake
eld turbulence over a sand grain roughness in channel ow are constructed using
resolvent modes calculated with smooth and rough wall mean ows at the same fric-
tion Reynolds number, and weights computed to provide a best t to the data. The
modes are constructed using no-slip and no-penetration boundary conditions at the
bottom and top of the domain, so that knowledge of the surface roughness geometry
enters only through the weights and not into the resolvent mode basis. Inspired
by the study of reduced representations of surface roughness by Mejia-Alvarez and
Christensen, 2010, the e ect of di erent truncations of the wave numbers most
highly represented in the surface roughness and di erent numbers of retained resol-
vent modes are investigated to inform the choices made when calculating resolvent
mode reconstructions. These reconstructions are analyzed to evaluate the e cacy
of describing the wake eld and forcing terms in the mean momentum balance
using resolvent modes computed with and without knowledge of the rough wall
mean ow. The ability of the wake eld representations, in conjunction with the
original mean, to represent the original roughness surface using isosurfaces of ow
metrics is evaluated. Modes of the wake eld and surface roughness are compared,
revealing average magnitude and phase relationships which could inform modeling.
Inspired by these observed trends, the validity of a linear ansatz which relates the
roughness geometry and the weights is evaluated.

3.2 Wake eld reconstructions using resolvent modes

Dataset

This analysis utilizes the wake eld velocity, mean ow, and pressure data calculated
from the temporal average of a DNS dataset of periodic channel ow with sand grain
roughness on both walls at ¢ = 1745 documented in Sec. 2.5. The wake eld

is calculated by subtracting the intrinsic averdge= u Hii), and averaging top

and bottom. Since the wake eld does not extend past the channel centerline, and



22

the roughness surface is mirrored top and bottom, it is justi able to treat the top and
bottom temporally-averaged ows as independent instances of the same ow. The
averaging operation used is

(G- Hy-# 05 X)(G— Hy+ D(G2:064 H-Ya
E(G— H)y-# 05 »HG— H)- | §{G2:064 H-)}s (3.1)
F(G— H)-# 05 »F (G— H)}+ F(G2+064 H—)Jvs

where the di erence for averaging accounts for the sign di erence between the
wall-normal uctuations at the bottom and top (mirrored) surfaces.

Resolvent mode reconstructions
The wake eld is Fourier-transformed in the homogeneous streamwiaad span-
wise : | directions. Each wake eld Fourier mode, denotdg—:,), is recon-
structed using the sum of weighted resolvent modes computed to correspond to that
wave number as documented in Table 3.1. The resolvent is computed on a 400 point
Chebyshev grid de ned ok} 41 2 [ 1-1], which maps tdH X2 [0-2+064] by the
equation

20

H 64
$< = —2 (l—h 41t 1)0 (32)

Base ows

The resolvent modes are calculated using two choices of base ogat 1745

a smooth wall mean pro le modeled using a Cess empirical eddy viscosity with
parameters = 254 and” = 0-426 and a rough wall mean pro le from the data,
mapped to the domain using Eq. 3.2 (Cess, 1958). No-slip and no-penetration
boundary conditions are enforced at the top and bottom of the domain. The choices
of base ow and wave numbers considered are outlined in Table 3.1. For the case
SM and RM, the wave number for which the resolvent is calculated matches the wave
number of the wake eld mode. For the case SMC, a choice is made to calculate
the resolvent modes with a convecting velocity corresponding to the height where
the dispersive stresses are expected to peakXt 0404. This choice localizes the
peak amplitudes of the resolvent modes, and is investigated to determine whether
this basis is more e cient at modeling the wake eld data.

Choosing the rough wall mean is most consistent with the derivation of the resolvent

analysis. Choosing the smooth wall mean is motivated by the desire to analyze and
predict the wake eld as the ow response given a surface roughness and the

nominally smooth wall mean ow, without knowledge of the rough wall mean.
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Designation Description "4 4 '4 4 G L 2
SM Smooth wall mean 1745 36940 | :g ', 0
RM Rough wall mean 1745 2M00| :g ‘i, 0
SMC Smooth wall mean + e ective convecting velocifyl745 36940 | : g :1, D (H=004)

Table 3.1: Base ow and wave number choice for considered cases

Surface roughness wave number selection

In the study of Mejia-Alvarez and Christensen, 2010, the POD modes in a reduced
representation of a surface roughness were included based on the variance captured
in each POD mode. In a similar manner, the present study considers reduced
representations of the surface geometry created by retainirfgtheave numbers

k = (: g—11,) most strongly represented in the roughn&s3-)l by mode amplitude

JA g~ 1,)], out of a maximum offcsco= 26 10° wave numbers. That wave
number setis denotdd. In this analysis, only positive streamwise wave numbers are
considered, while both positive and negative spanwise wave numbers are retained.
The set is sorted in decreasing order of roughness mode amplitude and written as

K = kokiko— K¢, ,wherejAko)j j Aki)j I AKsg -

Figure 3.1 depicts the actual appearance of the Itered surface for selected values
of #x . As the number of wave numbers is increased, the Itered roughness start to
more strongly resemble the original rough surface. Visu#lly,= 4 10%is nearly
indistinguishable from the original surface.

To understand how these surfaces di er statistically, Figure 3.2 displays how the
root-mean-squared (RMS) heighi<g skewnesg g:, kurtosis(.p, and e ective
slope ( statistics of the surface roughness de ned in Eq. 3.5-3.8 vary #iih

The RMS height and e ective slope of the roughness increase until approximately
#k = 10* out of #csco= 26 10° possible wave numbers before leveling o .
The skewness is near 0 until aroufid = 10°, whereupon the skewness increases
until around#x = 4 10° before relaxing to a nal value neatx = 10°. This
suggests that there is a band of wave numbers f#gn+ 10° 4 10 that make the
major contribution to the skewness metric. Meanwhile, the kurtosis peaks before
reaching#x = 107, and then gradually decreases to a nal value rear= 1.

This suggests that di erent scales destructively interfere to determine the kurtosis
of the full surface. The correlation coe cient computed between the two surfaces,
calculated as

_Covp-4

Corr(As— A= (3.3)

T A A
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Figure 3.1: Zoomed views of (a) original roughness geometry and lItered versions
where#g is (b)4 10% (c)10% (d)5 103 (e)1C3 and (f)10°.

increases to approximately 1#g = 10*. The 2-norm error, calculated as

q —
A b g
ErrAe—A= +—p—p—- (3.4)
%

decreases to roughll0%at #x = 10%, but takes untiktx  #c>cdo achievel%
error.

When the statistics for the Itered surface that most resembles the original surface,
#x =4 10% are considered in Figure 3.2, it is notable that this surface falls in
the region where thei_g (B, (:p and ( statistics have either leveled o or are
relaxing to the values of the un ltered surface. Ti#g = 10* and#x =5 10°
surfaces still visually and statistically resemble the un Itered surface #khe 10°
and#y = 107 surfaces do not match visually, and in particular their skewness values
are not close to the original surface. The trends observed#yitisuggest that at
least#x = 10* wave numbers are required to capture the character and statistics of
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the surface. Also, di erent di erent bands of wave numbers contribute to di erent
surface statistics; major contributions to the skewness occur betiteen 10°
and10*, while wave numbers less tha®® make contributions to the RMS height,
kurtosis, and e ective slope. For further analysis, casestior= 4 10* and

#x = 10* are considered.

"B E
A<B= A Pig o (3.5)
1 D . 3E
(B: = .3 A th| (36)
" A<B Gl
1 D . 4E
( D — 4 A th| (37)
" A<B Gl
mA
(= me. (3.8)

Figure 3.2: Statistics of Itered roughness as a function of number of modes retained
#k . The statistics are (a) RMS height, (b) skewness, (c) kurtosis, (d) e ective
slope, (e) correlation coe cient between the un Iltered and ltered roughness, and
(f) normalized error computed between the un Itered and Itered roughness.

Figure 3.3 depicts the variation ir§ predicted for Itered surfaces using several
correlations from the literature, as well as the reference value for the un Itered
surface1%6: * = 112 These plots suggest that the band of wave numbers between
#x  10°to10* contribute strongly to the predicted. This can be likely attributed
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Figure 3.3: Equivalent sand grain roughness values predicted for Itered sur-
faces using various correlations from literature (Abdelaziz et al., 2024; Flack and
Schultz, 2010; Flack, Schultz, and Barros, 2020; Forooghi et al., 2017; Kuwata and
Kawaguchi, 2019).

to their functional dependence on skewness, which has principal contributions from
this same band of wave numbers. The correlations of (Flack, Schultz, and Barros,
2020) and (Abdelaziz et al., 2024) are particularly interesting, since they match the
reference value most closely while having di erent functional forms. The Flack
correlation depends on RMS height and skewness, and is written as
B
- A<B

= 2:48(1 +( ;)" (3.9)
for surfaces with( g: | 0. The Abdelaziz correlation depends on skewness, RMS
height, and e ective slope, and is written as

‘B = 7465 00013 g. + 2490 ( -+ 9e404%70%s: ( (3.10)

I A<B

Here, it seems thatk  10% captures the drag-contributing scales, so:th&alue
predicted for the Itered surface matches that of the full surface, with the exception
of the Forooghi case. In these regions, the correlations have attened out in this
regime, and adding more wave numbers does not change the predicted result.

Figure 3.4 depicts the dispersive stresses, calculated by lItering the wake eld by
retaining the same wave numbers as in the ltered roughness. Of particular interest
is theBH stress due to its contribution to the mean momentum balance, and it is
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accurately captured withk = 10*. This is a ected by the counteracting trends
observed in the streamwise and wall normal velocities #ith at some values of

#k Y #cscothe dispersivéBB actually exceeds the total contribution while the
hEE stress is under-represented. It is worth noting that this does not necessarily
depict the response observed in a channel ow over such a Itered surface. This
analysis is simply a way to determine how many wave numbers are required to
represent a statistic of interest.

Figure 3.4: Dispersive (a) streamwise, (b) wall-normal, (c) spanwise, and (d) shear
stresses for wake elds Itered to retain di ererty wave numbers.

Number of retained resolvent modes

At each wave number, the resolvent modes form a complete basis for the velocity
response observed at that wave number. With increasing number of resolvent modes
retained at each wave number, the quality of reconstruction should improve since
the resolvent modes are orthogonal. Since it remained computationally practical
to retain as many as 50 SVD modes out of 400 possible, the number of modes
retained in the analysis is 50. Also, since the wake eld is symmetric top and
bottom, and channel resolvent modes exist in symmetric and anti-symmetric pairs,
the anti-symmetric modes are disregarded in this analysis, so e ectively 25 resolvent
modes per wave number are used.
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Determining weights

The weights for the modes are computed such that the reconstruction best matches
the Fourier coe cients of the wake eld with respect to the spatial inner product,
X§ = arg(minko K kXKkS, — (3.11)
k

where The reconstruction for the wake eld is computed as

X
ub = k kKXo (3.12)
k2K

The approach for reconstructing the wake eld over sand grain roughness is presented
graphically in Figure 3.5.

Figure 3.5: The process for computing a reduced order reconstruction of the wake
eld using resolvent modes given a choice of base ow and the data wake eld.

3.3 Statistics, error analysis, and physical appearance of wake eld recon-
structions
In Figure 3.6, the velocity components of the data wake eld, Itered components,
and the SMC resolvent mode reconstruction are comparedfor 10-000. The
reconstructions reproduce the general magnitude and spatial variation in the uctu-
ations. The streamwise and spanwise velocities from the Itered data and resolvent
mode reconstructions agree well. The resolvent mode reconstructions somewhat
underestimate the magnitude of the wall-normal velocity uctuations, and there are
areas where the sign of the uctuations di ers between the ltered and resolvent
mode reconstructions. An example is né@rX—1 X= (0:25-05). The resolvent
mode reconstructions also capture areas of recirculation where the velocity behind
roughness elements is higher near the roughness crest but lowdd a€amwhich
are important form drag-inducing features.

Correlation and error metrics are de ned to measure how well the reconstructions
reproduce the wake eld ltered data. Figure 3.7 shows the correlation coe cient
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computed using Eq. 3.13 between the ltered wake eld data and the reconstructions
for the velocity components and dispersive shear stress as those quantities vary with
H X computed over all uid points.

Cov®sHB (H)
f Bs(Hf B (H

The value of the correlation coe cient is high below the roughness crest for the SM
and RM cases. The SMC case does not correlate well belot= 0402, which

can be attributed to the localization of these modes due to the imposed convecting
velocity. The correlation coe cient decreases away from the wall for all cases.

Corr(H Bs—F) = (3.13)

Figure 3.7: Correlation coe cient between Itered wake eld and resolvent re-
constructions for (a) streamwise velocity, (b) wall-normal velocity, (c) spanwise
velocity, and (d) shear stress.

r

—
|

Bs(H B’
ErracgH Bs—) = ——" (3.14)
Bx(H

Figure 3.8 depicts the intrinsically-averaged error normalized by the root-mean-
square (RMS) of the uctuations computed using Eq. 3.14 varying with wall-
normal locationH X It is observed that the RMS-normalized error metric is a
relatively unforgiving metric, as it takes on large values betw&@% to around
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90%even though the reconstructions match the data well in magnitude, qualitative
appearance, and by correlation coe cient. The RMS-normalized error generally
takes on minimum values beneath the roughness crest before increasing above
the roughness. The RMS-normalized error can be large when the RMS of the
uctuations is low, which results in high error values above the roughness crest
where the dispersive stresses are small. The RMS-normalized error is relatively low
for the streamwise component within the roughness crest for the SM and RM cases,
but higher neaHH = 0 for the SMC case, which agrees with the trends observed
in the correlation coe cient. The RMS-normalized errors for the spanwise and
wall-normal velocity components are higher, since their uctuation magnitudes are
smaller.

Figure 3.8: Error normalized by RMS between Itered wake eld and resolvent
reconstructions for (a) streamwise velocity, (b) wall-normal velocity, (c) spanwise
velocity, and (d) shear stress.

r

—
=

BB B’
max@s(H) minBs(H)

Figure 3.9 depicts the intrinsically-averaged error normalized by di erence between
the maximum and minimum value (peak-to-peak value) of the uctuations, com-
puted using Eq. 3.15. This metric appears to be more forgiving, taking on values
of 10% or less, and better re ects the reasonable correlation and agreement be-
tween the data and the reconstructions. The max-min normalized error is small

Errao(H BsH) = (3.15)
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throughout the domain, though the SMC case shows higher error than the SM and
RM cases close téi= 0. The max-min normalized error trends slightly upwards
above the roughness crest, but far less than in the RMS-normalized error. The error
observed in the SMC case is slightly higher than for the other modal bases close to
H= 0, matching the trend observed in the RMS-normalized error and the correlation
coe cent.

Figure 3.9: Error with max-min normalization between Itered wake eld and
resolvent reconstructions for (a) streamwise velocity, (b) wall-normal velocity, (c)
spanwise velocity, and (d) shear stress.

Figure 3.10 depicts the statistics of the wake eld reconstructions. The reconstruc-
tions reproduce the streamwise dispersive stress well in all cases. The SMC case
underestimates the data closeHe 0 due to the localization of the modes induced

by the imposed convecting velocity, in agreement with the trend observed in the
correlation and error metrics. For the wall-normal dispersive stress, the best recon-
struction is given by the SM modes, while the RM and SMC modes underestimate
this component. For the spanwise dispersive stress, the SMC reconstruction is near
0 where the peak of the Itered stress is located, while the other reconstructions
approximate the data more closely. Thig&H gterm, which contributes to the mean
momentum balance, is reasonably well captured by all three reconstructions, though
with a slight underestimation. This can be rationally attributed to the underestima-
tion of theEcomponent since thBcomponent is generally reconstructed well. The
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relative success in capturiri@s g means that a resolvent mode basis can capture
at least part of the contribution to the mean stress balance, which is promising for
resolvent mode-based reduced order models.

Figure 3.10: Dispersive stresses from Itered wake eld and resolvent reconstruc-
tions for (a) streamwise, (b) wall-normal, (c) spanwise, and (d) shear components.

3.4 Representation of wake eld forcing terms in mean momentum balance

The wake eld pressure and velocity contribute strongly to the pressure and viscous
drag forces in the mean momentum balance. The wall-normal integrals of the forc-
ing components computed from the Itered data and resolvent reconstructions are
compared in Figure 3.11. The forcing components originating from the dispersive
source term5,,, and the wake eld u velocitys, are reasonably well represented

by the resolvent mode reconstructions, as calculated in Sec. 2.8 and Sec. 2.6,
respectively. The peak forcing term magnitudes from the resolvent reconstructions
are somewhat underestimated, but the pro le shapes match reasonably well. To
improve these estimations, a multiplicative factor could be employed.

3.5 Surface representations from wake eld representations + the rough wall
mean

The wake eld reconstructions are built using resolvent modes which respect the

no-slip condition at the bottom and top planes of the domain, and information about
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Figure 3.11: Forcing terms reproduced by the resolvent mode reconstructions of the
wake eld.

the surface roughness enters through the mode weights, which are determined by
projecting wake eld data onto the modes. The wake eld has values throughout the
domain, including where the volume fraction of uid is 0, i.e. within the roughness
geometry, which makes this possible. Therefore, it is important to evaluate how
well the spatially varying time average reconstructions, constructed by summing the
rough wall mean and the wake eld reconstructions, reproduce the location of the
surface geometry.

Here, three methods for de ning a surface using isosurfaces of ow data metrics are
de ned and tested on the un Itered temporal average for di erent isovalues. Then,
the performance of the metrics for thigx = 10000 case are tested. Finally, the
performance of the isosurfaces from resolvent reconstructions is evaluated.

Isosurfaces of time averaged data

There are several physically justi able metrics of the time averaged velocity for
which isosurfaces provide reasonable estimates for the surface geometry. The most
intuitive conditions areD = E = F = 0, since there should be no-slip and no-
penetration at the surface. In practice, a small positive isovalue of the metric, such
asD" = nwheren  $ (1) in inner units, works better than takiiy= 0, as the
resulting surface geometries become more noisy. FurtherrBbre,nor F* = n

do not produce meaningful results since the wall normal and spanwise-varying
velocity data are highly multivalued, taking on near-zero values at possibly many
y-coordinates for each (x,z) location. Taking the lowest y-coordinate corresponding
to D" = 1, by contrast, yields a meaningful result. It depicts an isosurface which
rides over the top of the roughness geometry and over recirculation regions in the
ow, as depicted in the side view of Figure 3.12. This analysis is similar to the
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blanketing layer analysis of Busse et al., 2017, which considers a higher isovalue of
D' = 5. The present study considers only lower values which give isosurfaces

that more closely approximate the roughness geometry, while Busse et al., 2017
considers the e ective ow response felt slightly above the roughness.

Figure 3.12: An xy slice of the temporal average and surface roughness. The quivers
indicate the streamwise and spanwise ow directions. The color contour depicts
where the time averaged streamwise velocity is positive (red) and negative (blue).
The isosurface contour in this particular xy slice is also plotted.

The presence of recirculation regions motivates the evaluation of an alternative
choice of velocity metric. While using the isosurface @ = n is limited to
capturing the y-coordinates where ow is moving slowly in the positive streamwise
direction, using an isosurface ji¥ j= ntheoretically permits the discovery of points
where ow is moving slowly in the negative streamwise direction, as is possible at
the bottom of recirculation bubbles, closer to the original roughness surface. This
could give an isosurface that hugs the surface geometry more closely.

Another interesting metric is velocity magnituge, j= P D + B + F** = n. This
metric provides a way of incorporating the information provided by the spanwise
and wall-normal velocities into a metric dominated by the streamwise velocity. The
velocity magnitude also has the capacity to position an isosurface where the ow
is moving weakly in the negative streamwise and negative wall-normal directions,
which should be closer to the original roughness surface. This is re ected in Figure
3.12.

Figure 3.13 shows zoomed-in 3D views of the corresponding surfaces, which qual-
itatively supports the assertion that ffi#j= 1 andju’j= 1 surfaces reproduce the
original surface roughness more closely thafj= 1, which renders the smoothest
surface by riding over the recirculation regions.

Figure 3.14 (a-d) compares the rms height, skewness, kurtosis, and e ective slope
statistics for the roughness surface with the values calculated for the isosurfaces as a
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Figure 3.13: (a) Original roughness surface compared with isosurfaceHfh),
(c)D" =1, and (d)T" =1.

Figure 3.14: Statistics of isosurfaces of metrics from original time averaged data,
compared with those of the original roughness surface. The statistics are (a) RMS
height, (b) skewness, (c) kurtosis, (d) e ective slope, (e) correlation coe cient
between the isosurfaces and original roughness, and (f) normalized error computed
between the isosurfaces and original roughness.

function of the metric isovalue. Generally, with decreasing value of the isovalue, the
statistics of the isosurfaces approach the actual values from the original roughness.
Isovalues as low as 0.1 in plus units generate meaningful isosurfaces. At higher
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values of the isovalue, the isosurfaces generally align with each other. This makes
sense because there should no longer be recirculation regions at the wall-normal
locations which correspond to these isovalues. Moreover, the contributions of
spanwise and wall-normal velocities ought to be dominated by that of the streamwise
velocity at this height as well, so the actual values of the metrics themselves should
collapse. The statistics of isosurfaces calculated usinithiapproach the statistics

of the original roughness more quickly than §B&j metric. Both of the magnitude
metrics outperform th®" metric in this regard. The a<pstatistic is recovered
almost exactly at low isovalues. The skewness is best represented wilhi the
metric up until the lowest isovalue plotted. The kurtosis is represented less well by
theD" metric at low isovalues, while the magnitude metrics approximately recover
the original surface value. It seems that the magnitude isosurfaces can capture
the rms height, kurtosis, and e ective slope reasonably well, while skewness is
more challenging. Figure 3.14 (e-f) plots the correlation coe cient and normalized
error calculated by comparing the original surface and the isosurfacesjuTjhe
isosurfaces most closely correlate to the original roughness and show the least error
for low isovalues. In this regard, the isosurface$@f show a similar but slower
trend towards matching the original roughness well, though the performance of the
two magnitude metrics is similar at the lowest isovalue. Dhenetric does not go
towards a high correlation coe cient or low error value, because it cannot account
for even a small negative value as seen in recirculation regions.

Figure 3.15: Equivalent sand grain roughness predicted for original roughness and
isosurfaces of time averaged data by (a) Flack, Schultz, and Barros, 2020 and (b)
Abdelaziz et al., 2024 correlations.

Figure 3.15 plots the predicted values of sand grain roughness for the surfaces using
the correlations given by (Flack, Schultz, and Barros, 2020) and (Abdelaziz et al.,
2024). For both correlations at the the lowest isovalue, the prediction for sand grain
roughness given by the magnitude isosurfaces is higher and closer to the original
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surface value than that of ti isosurfaces. The (Abdelaziz et al., 2024) correlation
seems to approach the prediction for the original surface more quickly than the
(Flack, Schultz, and Barros, 2020) correlation. Thisis attributable to the dependence
on e ective slope explicitly contained in the (Abdelaziz et al., 2024) correlation,
which is not captured in the (Flack, Schultz, and Barros, 2020) correlation. It is
likely that in this fully rough regime, since pressure drag dominates and e ective
slope increases with frontal area, the e ective slope is a good metric for inclusion
in a drag correlation. The fact that the isosurfaces capture statistics including the
e ective slope as well as the equivalent sand grain roughness reasonably well raises
hope that the surfaces represented by the isosurfaces could be useful surrogates for
the actual roughness.

Isosurfaces of Itered time average

Then, these metrics are tested in the ltered case, to evaluate the importance of
small scales in calculating the isosurfaces, and plots are show#kfor 40000
Figures 3.16 and 3.17 show side and zoomed 3D views of the surface, demonstrating
that the appearance of the di erent isosurfaces in the ltered case is similar to that
observed for the un Itered case. The trends observed in the statistics and predicted
sand grain roughness identi ed in the un ltered case are mostly replicated for a
su ciently large #x . Here,#x = 40000 which is still only 15% of the original

wave numbers. Itis further noted that the isovalues chosen cannot be as small when
computing isosurfaces ofthe Itered data as those chosen for the un ltered data. This
indicates that the delity of capturing very small velocity values is not as good in
the ltered case. This is demonstrated in Figure 3.18 (e-f), where it is observed that
at the smallest isovalue of 0.1 in inner units, the correlation between the isosurfaces
and the ltered roughness surface suddenly drops while the normalized error is near
1. Therefore, a choice is made not to plot the statistics in Figure 3.18 (a-d) for that
isovalue, since they are spurious. The magnitude isosurfaces once again capture the
trends in rms height, kurtosis, and e ective slope reasonably well, but the issues
with recovering the skewness are exacerbated.

Isosurfaces of resolvent reconstructions

Finally, the ability of the resolvent reconstructions to replicate the trends observed in
the isosurfaces of metrics calculated from the Itered and original temporal averages
is evaluated. The trends can be summarized by comparing the isosurfaces from the
Itered data and the resolvent reconstructions.
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Figure 3.16: An xy slice of the ltered temporal average and Itered roughness for
#x = 40000 The quivers indicate the streamwise and spanwise ow directions.
The color contour depicts where the time averaged streamwise velocity is positive
(red) and negative (blue). The isosurface contour in this particular xy slice is also
plotted.

Figure 3.17: (a) Filtered roughness surface compared with isosurfaces of Itered
velocity data (bD' =1, (¢) D" =1,and (d)U" = 1

In Figure 3.20, the zoomed views are provided forfhes 1isosurfaces. All three
resolvent reconstructions reproduce the appearance of the reference isosurface from
the Itered data reasonably well. In Figure 3.21, the statistics, correlation coe cient,
and normalized error between the isosurfaces from the ltered data and the resolvent
reconstructions are plotted. The RM statistics match those of the reference best.
The SM statistics also behave well except at the lowest isovalue plotted. The SMC
statistics demonstrate high error particularly at low isovalues. In Figure 3.22, the
expected equivalent sand grain roughness is compared. Intuitively, the SM and RM
predicted: § shows good agreement with the reference, while the SMC case shows
poor agreement because of the disagreement in the statistics.
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Figure 3.18: Statistics of isosurfaces of metrics calculated from Itered data, com-
pared with that of the Itered roughness surface. The statistics are (a) RMS height,
(b) skewness, (c) kurtosis, (d) e ective slope, (e) correlation coe cient between the
isosurfaces and ltered roughness, and (f) normalized error computed between the
isosurfaces and Itered roughness.

Figure 3.19: Equivalent sand grain roughness predicted for isosurfaces of Itered
velocity and Itered surface by (a) Flack, Schultz, and Barros, 2020 and (b) Abde-
laziz et al., 2024 correlations.

3.6 Linear trends observed in the wake eld representations

In this section, the wake eld velocity Fourier modes and surface roughness Fourier
modes are compared, to determine if there are trends observable across wavenumber
space which can inform modeling. The analysisis focused onthe wavenumbersinthe
set which are most represented in the roughness by magnitude. The circular mean
of the phase di erence between a wake eld mode velocity compoBghik) and
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Figure 3.20.D" = lisosurfaces for (a) Itered data, (b) SM reconstruction, (c) SMC
reconstruction, and (d) RM reconstruction.

Figure 3.21: Statistics of isosurfaces of metrics calculated from the ltered data and
resolvent mode reconstructions. The statistics are (a) RMS height, (b) skewness, (c)
kurtosis, (d) e ective slope, (e) correlation coe cient between the isosurfaces and
Itered roughness, and (f) normalized error computed between the isosurfaces and
Itered roughness.

the corresponding roughness ma¥k) is written as the argument of the resultant
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Figure 3.22: Equivalent sand grain roughness predicted for isosurfaces of the ltered
data and resolvent mode reconstructions by (a) Flack, Schultz, and Barros, 2020 and
(b) Abdelaziz et al., 2024 correlations.

' = expl®sDyHk) 6AK)YL
|

X
\gH = arg expi8s Py H k) 6AK)YCe (3.16)
k2
Its variance, de ned a§ j ' j, is written
X
Var» \dH¥= 1 expi8B Py H k) 6AK)Y4% (3.17)
k2

The average magnitude ratio betwgBsH k)j andA(K) is de ned as

o 1 X IBHKL
T

(3.18)

In Figure 3.23(a), \g and its standard deviation are plotted as functiondHof

The streamwise velocity mode is out of phase with the roughness mode below the
roughness crest, and approximately in phase above the roughness crest. The physical
analogy is having a faster streamwise velocity uctuation between bumps. The wall-
normal velocity switches between being roughty 2andc 2 out of phase with the
roughness at  60. This is akin to a slight upwards velocity uctuation upstream

of a bump, and a slight negative velocity uctuation downstream of the bump. The
spanwise velocity is in phase kf has positive spanwise wavenumber and out

of phase if: | is negative. Essentially, if @ g-:) wave is canted towards the rst
guadrant on §G-)igrid, then the spanwise velocity wave is positive, and if the wave

is canted towards the fourth quadrant then the spanwise velocity wave is positive.

In Figure 3.23(b)," gand its interquartile range are plotted. Once again, distinct
mean trends are detectable, although the interquartile range is large particularly in
the case of the streamwise component.
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(@)

(b)

Figure 3.23: (a) Phase &-E- relative toA #x = 10000(4%). (b) Magnitude of
D-E-F relative toA
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The existence of these linear trends, which seem to hold on a wavenumber-by-
wavenumber basis in a multiscale roughness geometry, suggests that a linear mod-
eling framework for the wake eld is potentially useful.

3.7 Proposed modeling methodology using resolvent modes and its challenges
The average linear relationships identi ed between the roughness and wake eld
velocity modes suggest that a linear ansatz for modeling the wake eld uctuations
could be useful. One possible linear model for the wake eld uctuations is formed
as

D(H = X AK) expi8 \ £« (3.19)

k2

This model form assumes that the average linear relationships are su cient to
give predictions of the wake eld mode shape (magnitude and wall-normal phase
variation) and phase alignment (phase with respect to a reference) when applied
across the included wavenumbers.

The resulting wake eld from this model form is not necessarily physical; it is not
divergence-free by construction. An improvement to the modeling methodology is
made by determining the mode shape using the sum of weighted resolvent modes,
which is divergence-free by construction. Here, a linear ansatz is developed that
permits the building of a model using resolvent modes, leveraging the interpretation
that the resolvent mode weights contain the in uence of the roughness.

For each wave number, the resolvent mode gains and singular values are written as
linearly related to the roughness through a complex coe ciefitas in
faj1 by
: =2: LA (3.20)
#l#
then the wake eld can be represented as
#
b K gboA (3.21)
90oA -
'?XSOBC o1

This linear ansatz reduces the problem of modeling the wake eld using resolvent
modes to modelingpg, which captures how strongly each resolvent mode is forced

by the roughness and the phase alignment of the modes with respect to the roughness
modes.
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To investigate this modeling methodology, the valuebg¥éire calculated from the
best t weights determined for the resolvent mode reconstructions,

fo§
A
and thejA-weighted average computed over the wave numbeK setused for the
model,by. The weighted average and standard deviations of the magnitude and
phase ofb, for each resolvent mode is plotted in Figure 3.24 for the RM case.
These plots show a promising strong collapse of the magnitude with small standard
deviation, but relatively large standard deviation for the phase, which poses issues
for modeling. Also, while the trend in the magnitudes w&thppears to be a curve
which could be modeled, there is not a clearly discernable trend in the phase with
9 To investigate the linear ansatz in the case of the smooth wall mean, Figure 3.25

b =

- (3.22)

Figure 3.24:jA-weighted mean and standard deviatiorbofalues obtained from
j ¢ tto data for RM case.

shows the trend itbg for the SM case. In this case, the magnitude and phase are
scattered and do not necessarily show an organized trend. For the SM and RM cases,
it might be possible to model the phase by considering alternating values &f

though this is not explored in the present work. This suggests that to reconstruct
wake eld modes, additional resolvent modes act in a constructive and destructive
manner, leveraging the opposing phase angles to generate the correct mode shape.
It is also noted that while the magnitudelafin the RM case approach8gjuickly

with increasing9, that favorable trend is not as strong in the SM case. In the
SMC case, the magnitude and phasegdippears more organized and amenable to
modeling than those of the RM or SM cases, with the magnitude goifgatioh
increasing9and a smaller alternating trend in the phase. This is due to the wall-
normal localization of the SMC modes, which is arti cially imposed by the e ective
convecting velocity. This wall-normal localization reduces the need for resolvent
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Figure 3.25:jA-weighted mean and standard deviatiorbofalues obtained from
j ¢ tto data for SM case.

modes to add destructively and constructively when optimally reconstructing the
wake eld modes. This highlights that the SMC basis may be desirable from a
modeling perspective, even though the SMC basis does not necessarily provide a
superior reconstruction to the SM and RM cases.

Figure 3.26:]A-weighted mean and standard deviatiorbofalues obtained from
j ¢ tto data for SMC case.

For each of these cases, the model baset omalues is calculated to evaluate
whether these trends are su cient to model the wake eld. The correlation co-
e cient between the Itered and modeled wake eld is plotted in Figure 3.27.
The correlation coe cient always has a low value of less than 0.4, indicating that
the modeled wake eld does not correlate well with the Itered wake eld at any
wall-normal location. Figure 3.28 plots the RMS-normalized error, which is on
the order of 100% between the modeled and Itered wake elds, suggesting that
the agreement between the model and data is poor. Figure 3.29 plots the max-min
normalized error. This error metric takes on value$% to 30%, but generally
exceedsl0% This is notable because the best t reconstructions from Sec. have
max-min normalized error values of less thHEI%4 suggesting that values for this
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Figure 3.27: Correlation coe cient between the Itered and modeled wake elds
for the (a) streamwise velocity, (b) wall-normal velocity, (c) spanwise velocity, and
(d) shear stress.

Figure 3.28: Error normalized by RMS between the modeled and Itered wake elds
for the (a) streamwise velocity, (b) wall-normal velocity, (c) spanwise velocity, and
(d) shear stress.



48

error metric of abovel 0% suggest poor agreement. Figure 3.30 shows that the

Figure 3.29: Error with max-min normalization between the modeled and Itered
wake elds for the (a) streamwise velocity, (b) wall-normal velocity, (c) spanwise
velocity, and (d) shear stress.

wake eld statistics are generally not well captured by the model. The models for
the wall-normal dispersive stress show some qualitative agreement, with the SMC
model qualitatively capturing the shape reasonably well. However, the magnitude
is underestimated. The agreement for the streamwise velocity component is poor,
so the shear dispersive stress is not predicted well. The shape of the spanwise
stress is somewhat predicted by the SM and RM models, and the peak agreement
is reasonable for the RM model. The SMC model does not perform well for the
spanwise stress. Overall, while the modeling framework is logical and produces
a divergence-free eld by construction, a successful model closure for generating
usable predictions of uctuations and dispersive stresses has not been achieved here.
One challenging aspect is that the model depends on training a large nunidger of
parameters. While mean trends in theparameters across wave number space
are easily recognized, using average values obyparameters proves insu cient

in this analysis to model the uctuations e ectively. It is possible that there are
trends across wave number space which could be incorporated to improve the model
form. To successfully close this modeling framework, improvements to the model-
ing method for the weights must be found from the data analysis. It is also unclear
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Figure 3.30: Dispersive stresses of the modeled and Itered wake elds.

how trends learned from analysis of the sand grain roughness hold in the turbu-
lent ows over other surface geometries. Therefore, it is unclear how to improve
this modeling approach to predict wake eld and dispersive uctuations over other
surface geometries.

3.8 Summary

In this chapter, modal reconstructions of the wake eld using resolvent modes
are analyzed for their capacity to serve as surrogates for the original wake eld and
roughness geometry. The resolvent mode bases (SM, SMC, and RM) are constructed
using smooth and rough wall mean pro les, in which the e ect of the roughness
enters only through the mode weights. All three reconstructions reproduce the
general appearance of the wake eld velocities, dispersive statistics of velocity and
pressure, and the shapes of the forcing terms in the mean momentum equation. When
the rough wall mean is added to the reconstructions, isosurfaces of metrics computed
from the resulting temporal average reconstruction are shown to be similar to the
original roughness. These results demonstrate that a resolvent mode representation
built using modes calculated with standard boundary conditions and a di erent mean
than in the original data, with information about the roughness entering through the
weights, can still reproduce information about the original rough surface.



50

Comparison of the wake eld and surface roughness modes reveals a phase alignment
in the ow induced by the roughness. This demonstrates that linear trends exist in
the data which can inform modeling approaches. Inspired by this, a linear ansatz
is taken to relate the resolvent mode weights and the roughness through a complex
coe cient by learned from data. The trendshg are analyzed and used to evaluate

the resulting modeling framework. However, the wake eld model does not provide
usable estimates of wake eld uctuations and dispersive stresses, indicating that the
average trends identi ed from the data are insu cient to model the ow response.

The di culties associated with this modeling approach suggest that an alternative
to data-driven methods for analyzing the weights is desirable, which is the subject
of the next chapter.
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Chapter 4

REDUCED ORDER MODEL FOR ROUGHNESS SUBLAYER
FLUCTUATIONS OVER MULTISCALE ROUGHNESS USING
RESOLVENT ANALYSIS

4.1 Introduction

In this chapter, a reduced order modeling method for roughness sublayer turbu-
lent uctuations over engineering-relevant multiscale roughness is formulated using
resolvent analysis with volume penalization (RAVP). The model accepts an inner-
scaled mean ow prole and a scan of the roughness geometry as inputs, and
outputs quantitatively useful predictions of spatiotemporal uctuations and disper-
sive stresses. The key innovations in this development are a drag-scaled approach
for determining the magnitude of the penalizing term required to produce physically
meaningful uctuations, and the Reynolds decomposition of the volume penalizing
term that allows the model to be evaluated inexpensively on a wave number by wave
number basis. The volume penalization model results in good agreement between
leading resolvent modes and data, and introduces a geometry-dependent forcing
term which determines mode weights. Here, the method is applied to model the
wake eld uctuations observed in fully rough turbulent channel ows over sand-
grain roughness as a proxy for engineering-type roughness at di erent Reynolds
numbers, and compared with results from DNS and LES.

4.2 Mathematical description of RAVP

Governing equations

RAVP is developed from the Navier-Stokes equations formed with a drag tenm
which depends on an encoding of the roughness geomeémyd the uid velocity

u. depends on the roughness geometry expressed as the volume of uid fraction
(VOF) i (G—H}-&nd a real-valued magnitude parametefg, which is closed to
normalize the integral of the drag term.

With physical variables denoted by the superscrjghe governing equations are
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formed as:

(4.1)

= <dl i]°
Then, the governing equations are nondimensionalized such that velocity is nor-
malized byDy, spatial dimensions b} time by X 0y, pressure b;d[%, and by

doy X,

mu 1
—+Uuru=r ?+—r% U
mC ‘4 g
ru=0 (4.2)

= <odl ]

The volume fraction of uid representation of a roughness surface
Any surface speci ed as a height function which depends on spatial coordinates,
e.g. AG-)lin a Cartesian grid, has a unique VOF representaiid@— H)-11n a
continuous 3D space, this is expressed mathematically that for any point,

i (G- H)+ % He Ao (4.3)

21 HG-)lj A(G-)p

The discretization of a computational grid means that the VOF of a grid cell centered
at(G- I b can be betweeandl, depending on how the roughness surf&€a-)l
intersects the grid cell. The grid cells which have a VOF betw@amd 1 are
important when solving the DNS with IBM which generated the reference dataset
(Hantsis and Piomelli, 2020). However, when computing statistics on the uid
domain only, a strict VOF approach is used, where any cell with 1 is set to
I =0, such that when an average is taken over a uid quantity multiplied,lmnly
data in cells which do not contain any of the solid are considered. The strict VOF
approach is also taken for the results presented for RAVP in this chapter.

Using the mean momentum equation to close the magnitude parameter

The driving principle for closing the magnitude parameter is that the integral in 'y
of the resulting double-averaged drag term in the mean momentum equation should
approachl in inner units. For the IBM scheme of the reference data, written with
the spatial variables in outer units and velocities in inner units, this results in

. Z,D E
1 3ig e
— DB ., HBHg+ 3¥=H 1- 4.4
'44 3H B st 3 (4-4)
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where 5 is the IBM force (Brereton and Yuan, 2018). Ak 0, the following
trends are observed:

31D
|
3H 0
DB ! 0 (4.5)
I’%B' Qe

This is because near the bottom and top of the domain, roughness occupies most of
the grid so that the uid is nearly static. With these trends, the mean momentum
equation can simplify ati= 0to

Z1D E
5 3H= 1. (4.6)
0 Gl
The mean momentum equation of RAVP computed by plane averaging is
1 31D v
T, 3HB DB, Mg, Hh Dg3H=H 1- (4.7)

taking into account that the plane average of a ow quantity is equal to the super cial
average when that quantityGsnside the roughness, $bi = HDigand DE =
DB . This gives the similar condition that

Zl
h Dig3H =1 (4.8)
0
Taking the form of in Eq. 4.2 yields the condition that
Zy
<oc M iigMg hBg 3H=1. (4.9)
H

While the meartDi gandi are inputs to the analysiBremains unknown. However,
if h~Bi g,is considered small, then a simpli ed condition can be written for a scalar

<0G
1

M g Dig3H

<06= R (4.10)

H
Fora <ocwhich varies withH tuned sgchethat the plane-averaged pro le matches
the IBM pro le from the reference data% of the <ogparameter can be deter-
mined by D E
3 Gl

<06(H = m‘ (4.11)
By de nition, this version of the parameter also normalizes the magnitude achieved
by the drag term integral &= 0. The resulting force pro les for a scalar<gg and

<oc(H are compared to the IBM force in Figure 4.1.
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Figure 4.1: (a) The plane-averaged drag term from the IBM simulation, RAVP with
ascalar <o, and RAVP with a <oc(H tuned to match the IBM force. (b) Drag
terms integrated in y normalize to 1 at the bottom and top of the domain.

Derivation of RAVP

The uctuations and volume penalization term are Reynolds-decomposed with re-
spect to the plane average. This is consistent with taking the Fourier analysis of
the data over all values within the domain, including inside cells where the volume

fraction is O.
= h iGI
(4.12)
u®=u Hiig-
so the equations for the uctuations are written,
00
: _ 1 . _
L Hig ru®+u®r Wig —r2u%r 2% h igu®=f ~Hig d
mC g
D E
f= uru u%y®o
Gl
- ~00  ~
d= u b g
r u%=0.
(4.13)
Then, assuming thdl g = Hig= 0, RAVP is written
" # R #l"#
& I Lxk D r I A s
» 8l 0 > 0 f "Hig+d - (4.14)
I {z }

ResolventH 2 C*#*H 3#H
e
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where
82(;”] B+I4 gl n’ml’DB
8(;|’D B+ I4- gl
8:Gh:j B+ I4- gl
iagh ig,
diagh ig (4.15)
diagh ig
e Y
_|2| :é :|2_ 0, - f‘y 3 -
3
or in the shorter form "
4}
=H f "Hig+8 « (4.16)
? e
Using the SVDH = Pg:lf K gq{,, a modal representation can be written
e e
% ee
@ X A
=  fokg 9 where jg— qgi‘ Hig+d e (4.17)
? g1 ee

Itis observed that the drag term changes the modes from RAVP as compared to those
from conventional resolvent analysis. Also, two additional terms in the equation for
the weights appear. First, a wave number-dependent component of the forcing term
appears,” Hii g This term is of particular interest since it is known from the inputs

to RAVP, andhiig Itis nonzero only in the case of the wake eld uctuations
wherel = 0. The second term relates to the interaction between the wake eld
uctuations and spatial variation of the roughness geometry, and is not known prior
to the evaluation of the method.

Numerical details of the resolvent analysis presented

For the comparisons made in this chapter, the resolvent operators are computed on a
200 point Chebyshev gridde ned dth 41 2 [ 1-1], which mapstdd X2 [0-2:064]

by Eg. 3.2, as in Ch. 3. The reconstructions and model are calculated using the
leading 25 symmetric resolvent modes.

RAVP for predicting wake eld uctuations
With modeling assumptions and simpli cations, RAVP can provide predictions for
turbulent uctuations given the mean and roughness geometry.
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For wake eld uctuations(: g6 0-: 6 0—| = 0), the " Hii term is known, while
f and @ are unclosed. A model for predicting the wake eld uctuations can be

formed by assuming that the unclosed terms are small, yielding

" H#
n X

. . Ny —-
» f ko , where j , qg i e (4.18)

*=1€ e e e e

This model assumes that the wake eld can be well modeled using a sum of resolvent
modes computed at wave numbdrg—:-0) which are linearly excited by the
corresponding roughness modé: & :1). In this analysis, results are given using
this assumption. Figure 4.2 depicts this model.

Figure 4.2: RAVP with linear excitation forms a model for the uctuations given
the mean ow and the surface geometry.

It is important to note that this form cannot account for the possibility that rough-
ness modes can also excite responses at harmonics of that roughness mode, e.g.
(= - F:1-0) where=g-F 2 Z* are positive integers greater than 0. This phe-
nomenon can only be accounted for throdhh

This form also does not account for the possibility thatould be large. The
e ectiveness of these assumptions is evaluated in the subsequent results.

RAVP for convecting uctuations

For predicting convecting uctuations whetg 0, the " Hiigterm is inactive.
Therefore, the convecting modes can only be forced through the action of the
nonlinear termf and the interaction between convecting modes and roughness
modes4.

4.3 Datasets for validation

The dataset considered in this section contains the mean ow and dispersive stress
pro les, roughness geometries, and temporally averaged velocity data from a DNS
simulation of a channel ow with sand grain roughness on both top and bottom
walls. The roughness is represented using a volume of uid fraction IBM Hantsis,



57

2022. The ow is inthe fully rough regime. This dataset is fully detailed in Section
2.5, and key parameters are reproduced here for convenience.

Case| Geometry| : X ! gX !} X | Method '44 '4,
1 SG6x3 |0.04 6 3 DNS 1745 21,400

Table 4.1: Sand grain roughness case for RAVP validation.

4.4 Evaluating the capability of RAVP modes to represent data modes

The predictive capacity of the RAVP modes is evaluated by computing the projection
coe cient of data modes onto the basis modes. The projection coe cidat mode

& on a basis consisting of modkes throughk 4 with respect to some inner product

hi and associated norkkis de ned as

Wa-k #) , (4.19)
Wtakes on a value between 1, which denotes that the data modes can be perfectly
described by a weighted sum of the basis modes, and 0, which denotes that the basis
cannot describe the data modes.

In this section, three sets of resolvent modes are compared as documented in Table
4.2.

Case | Description ‘4 4

RA-s | Smooth wall modeled mean 1745
RA-r | Rough wall data mean 1745
RAVP | Rough wall data mean + volume penalizatioh745

Table 4.2: Resolvent analysis cases.

To determine where in wave number space the modes are energetic, a measure of
mode kinetic energy is used,
Z,
(k) = . JB(K)jP+E(K)j2+P(K)j> 3He (4.20)

Figure 4.3 depicts the projection coe cient for the data onto the rst symmetric
mode for resolvent analysis for the RA-s, RA-r, and RAVP cases. Both the RA-r and
RAVP results show regions of wave number space where the projection coe cientis
high, while the RA-s projection coe cient is relatively low throughout wavenumber
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space. RA-r performs better, and in particular there is a region at low streamwise
wavenumber where the projection coe cient is particularly high, indicating that

the rst mode describes the data very well. RAVP also has reasonable rst mode
performance across wavenumber space. The overlaid contour shows where the mode
kinetic energy isL0% of the observed maximum across wave number space. The
contour di erentiates between an energetic interior region (smadler;) and a less
energetic outer region (largee-:). The RA-r and RAVP bases perform well in

the energetic region of wave number space, which is most relevant for modeling.

Figure 4.3: Spectra of the projection coe cient for the wake eld data onto the
rst symmetric resolvent mode for resolvent analysis with (a) smooth mean, (b)
rough mean, (c) rough mean and volume penalization (RAVP). The overlaid contour
indicates where the wake eld TKE 80% of its maximum.

Figure 4.4 depicts the projection coe cient for the rst through fourth symmetric
modes. The additional 3 modes improve the performance of all cases, and it can be
expected with additional modes that the projection coe cient will improve due to
orthogonality.

To clarify what is responsible for the higher projection coe cient values demon-
strated by RAVP, a single data wake eld mode is compared with the leading
resolvent mode from RA-s, RA-r, and RAVP in Figure 4.5. The wall-normal local-
ization of the RA-s mode is lower than that of the RA-r mode, showcasing the e ect
of the di erent mean pro les to shift the location of peak response inlthe 0
modes. The addition of theh ig,terms in the RAVP operator results in a further
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Figure 4.4: Spectra of the projection coe cient for the wake eld data onto the rst
through fourth symmetric resolvent modes for resolvent analysis with (a) smooth
mean, (b) rough mean, and (c) rough mean with volume penalization (RAVP).

shift in the location of the peak for all components, which helps the RAVP modes
to describe the data more e ectively.

Figure 4.5: Mode shape comparison between wake eld and RA-s, RA-r, and RAVP
mode shapes. The mode shapes are normalized by their maxioamponent
magnitude.

Overall, this analysis highlights that the RAVP response mode basis is e ective for
describing the wake eld response.
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4.5 Evaluation of RAVP-predicted weights

To evaluate the ability of the forcing modes to capture the RAVP-modeled forcing,
the projection coe cient of the forcing term” HJ g onto the rst forcing mode is
plotted in Figure 4.6. The projection coe cient of the forcing onto the rst forcing

Figure 4.6: Spectra of the projection coe cient for the RAVP forcing term onto the
rst symmetric resolvent forcing mode for (a) RA-s, (b) RA-r, and (c) RAVP.

mode is stronger for RA-r and RAVP than RA-s. The projection coe cient of the
forcing on the leading forcing modes is smaller than that of the wake eld onto the
leading response modes depicted in Figure 4.3. This is reasonable due to the low-
rank nature of the resolvent operator, where the linear ampli cation of the leading
mode often dominates that of the subsequent modes in the SVD expansion.

Figure 4.7 depicts the projection coe cient of the forcing onto the rst eight forcing
modes. For large portions of wave number space, the forcing bases provided by
RA-r and RAVP can describe the forcing well. It is notable that the projection
coe cient for RA-r, and to a greater extent RAVP, remains small for low streamwise
wave numbers, indicating that the resolvent forcing basis is somehow ine cient at
these low wave numbers.

Now that the ability of the RAVP forcing mode basis to describe the RAVP forcing
has been evaluated, the question remains as to whether that projection results in
reasonable values for the weights. To evaluate the e cacy of the RAVP model
form for the weights, magnitude spectra of the reconstruction (best- t) weights and
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Figure 4.7: Spectra of the projection coe cient for the RAVP forcing term onto the
rst symmetric resolvent forcing mode for (a) RA-s, (b) RA-r, and (c) RAVP.

modeled weights for the rst three symmetric RAVP modes are compared in Figure
4.8. The reconstruction weights are computed in the same manner as in Section 3.2.

Qualitatively, the modeled weights reproduce the trends in the best-t weights,
although the modeled weights generally have smaller magnitude. This trend is
exacerbated at larger wave numbers, or smaller scales. The agreement between the
best- t and modeled weights also decreases from the rst to third resolvent modes,
indicating that the ability of the modeled weights to force modes further down the
SVD decreases.

4.6 Predictions of wake eld uctuations from RAVP

The ability of RAVP to model aspects of the wake eld uctuations and statistics

is examined here by comparing between the low-pass Itered wake eld over sand
grain roughness and the predictions given by RAVP calculated over that same set of
wave numbers,

=2 2 [0-64]
-6 (4.21)
—L 2 6464
-|
where :g= 105and :, = 2009. From a total oftg #, = 512 256 wave

numbersp4 128wave numbers are considered in this analysis.
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Figure 4.8: Spectra of the (left) best jtg and (right) RAVP modeledl ¢ weights
for (a-b) 9=1, (c-d) 9= 2, (e-f) 9= 3.

Figure 4.9 compares the visual appearance of the Itered, RAVP-reconstructed, and
RAVP-modeled wake eld uctuations for the velocity componentd-aiX= 003,

which is approximately halfway between the lowest and highest points of the rough-
ness geometry. Visually, the reconstruction and Itered data agree well for all
three components. The prediction provided by RAVP shows promising qualitative
agreement with the data for all three components, suggesting that the weights model
captures at least some of the phase relationship between the velocity and roughness
modes. The low streamwise velocity downstream of roughness elements and high
streamwise velocity between elements is predicted by this model. Also, the model
predicts the upwards wall-normal velocity behind roughness elements which occurs
due to recirculation reasonably well. Comparing the spanwise velocity elds indi-
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cates that the turning of the ow around roughness elements is somewhat captured.

The predicted magnitude of uctuations is slightly lower than the data for all three
velocity components, though predominantly in the wall-normal and spanwise com-
ponents. For the wall-normal velocity component, the shape of the response is well
predicted, but the model struggles to reproduce areas of particularly high or low
velocity. The spanwise component has the least promising agreement, suggesting
that the model does not enforce the horizontal turning of the ow as e ectively.
The areas of low streamwise velocity downstream of the roughness elements pre-
dicted by the model are somewhat elongated compared to the data. It is possible
that the model over-predicts the velocity decrease induced by a particular roughness
element. Furthermore, the model does not predict well the more intuitive upwards
velocity often observed in front of roughness elements.

These di erences are quanti ed in Figure 4.10 which plots the spatially-varying
normalized residual,» of the reconstruction and model with respect to the ltered
data atH X= 0403, normalized by the peak-to-peak value of the ltered data. The
de nition of the normalized residual is given as

I(H Ds(H

422 HDs=D = max Ds(H  min Ds(H ) (4-22)

The normalized residual has directionality, assuming values between -1 and 1 corre-
sponding to underestimation and overestimation compared to the data, respectively.
The reconstruction has a small residual for all three components. The residual mag-
nitude of the modeled velocity is less than 1 across the domain for all components.
The streamwise residual has the most activity, while the wall-normal and spanwise
residuals have notable magnitudes only in certain locations. The streamwise residual
of the model is often positive within and immediately downstream of the roughness
elements, where the streamwise wake eld velocity is negative due to the volume
penalization. In extended regions of uid downstream of roughness elements, the
streamwise residual is often negative since the model predicts longer regions of
lower velocity than exists in the data. The wall-normal residual illustrates that the
model does not predict particularly strong wall-normal uctuations that are some-
times observed next to (at similar streamwise coordi@adebut adjacent spanwise
coordinatel X) roughness elements. These regions correspond approximately to
where the spanwise uctuations are not as well estimated, suggesting that modeling
errors in the wall-normal and spanwise components are possibly correlated.
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