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ABSTRACT

The detonation driver is a device for generating the strong shock waves used in
high-enthalpy hypersonic flow research facilities. The dynamic production of high-
pressure and high-temperature driver gas has several advantages for shock-tube per-
formance, however the unsteady gas dynamics of detonation waves also introduces

several challenges. These are investigated here analytically and experimentally.

For forward-mode operation, where the detonation propagates into the shock-tube
diaphragm, the detonation Taylor wave attenuates the driven shock, and a model
is needed to predict the resulting shock dynamics. This is accomplished by first
analyzing the problem of plane shock decay generally. A new approximate solution
is formulated for the classic piston start-stop problem and shown to be a significant
advancement over predecessors. This result is applied to the shock decay from a
detonation driver, and a two-parameter model is fit to simulation data, yielding a

method for predicting shock trajectories from shock-tube initial conditions.

A small-scale shock tube is designed and constructed using a detonation driver that is
operable in both the forward and reverse mode. A transparent driven section is used
with large field-of-view shadowgraphy to perform novel time-resolved shock speed
measurements. These are used to calibrate the decay model for a forward-mode
driver and enable unique observations of shock-speed oscillations, resulting from
diaphragm rupture and detonation initiation processes. Results are also obtained for

shock tube operation with a conventional high-pressure helium driver.

The gradients and fluctuations in post-shock flows are characterized using a het-
erodyne focused laser interferometer, a new instrument with advanced capabilities
for measuring large phase changes with high resolution. As a development upon
the FLDI, spatial filtering characteristics are preserved, and both differential and
absolute phase data are acquired simultaneously, enabling a new technique for mea-
surement of gas densities. The instrument is developed, experimentally validated,
and then used to probe detonation-driven shock tube flows, achieving phase mea-
surements of over 100 radians with milliradian resolution in a 10 MHz bandwidth.
Results from forward-mode operation find that a hydrogen-oxygen driver produces
remarkably disturbance-free flows. For reverse-mode operation, the amplitude of
flow oscillations is found to be positively correlated with the contact-surface sound-

speed ratio, and frequencies are consistent with first-order lateral acoustic waves.
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Chapter 1

INTRODUCTION

1.1 Motivation

The shock tube is a laboratory apparatus used to generate plane shock waves in gases.
Its basic construction and operation are simple: two coaxial pipes are separated by
a diaphragm, where one is lled with a desired test gas, and the other is pressurized
until the diaphragm ruptures. The high-pressure gas rapidly expands into the other
pipe section, compressing the test gas through a shock wave that is driven down the
length of the tube. The shock wave impulsively heats, compresses, and accelerates
the test gas, and this ability to rapidly do work gives the shock tube its unique utility.

Shock tubes nd widespread application in uid dynamics and chemical physics re-
search, and, in particular, shock-tube-based facilities are some of the only laboratory
methods capable of reproducing at scale the high ow velocities seen in hypersonic
ight. Relevant ows are characterized not only by high Mach numbers but also
by high total enthalpies, which produce a complex coupling between the ow and
molecular processes like chemical dissociation and vibrational relaxation. Ground
testing capabilities are essential for investigating these physics, and the impulsive
operation of a shock tube is leveraged in order to attain the enormous powers needed
to generate these ows. Advancing shock-tube technology for these applications is
therefore a major and continuing area for research.

1.1.1 Hypervelocity Flow Research Facilities

Hypervelocity ow research facilities build upon the basic shock tube with primarily
two designs (Hornung, 2010). In re ected shock tunnels, the primary shock wave is
re ected atthe shock-tube end, generating a high-pressure high-temperature stagnant
gas volume that is subsequently accelerated in a steady expansion through a nozzle
to high velocities. The very high temperatures in the stagnated gas volume lead to
oxygen dissociation and the formation of nitric oxide. Subsequent expansion through
the nozzle causes the gas thermodynamic state to freeze at some composition
distinct from air. This is a facility-speci ¢ e ect and can be signi cant (Olivier,
2016), illustrating the importance of experimental research in di erent types of
facilities.
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These issues are substantially mitigated in an expansion tube because the shocked
test gas is never stagnated prior to reaching the test section. In an expansion tube, the
shock tube is connected to a third coaxial pipe section at an even lower pressure, so
that acceleration to hypervelocity is instead achieved through an unsteady expansion.

After its rst development (Trimpi, 1962), widespread use of expansion tubes was
hampered by observations of noisy, unusable free-stream test ows (Nor eet et al.,
1966). Paull and Stalker (1992) analyzed the transmission and propagation of
acoustic perturbations in these ows and identi ed the importance of the primary
contact-surface sound-speed ratio, which gives guidance on how to tune facility op-
erating conditions. Conclusions from this work have been employed to successfully
operate several expansion tubes (Dufrene et al., 2007, Dufrene, 2013).

Paull and Stalker considered the acoustic wave perturbations to originate from the
driver, arguing that observations of structured test ow perturbations with dominant
frequencies are the result of frequency focusing from a possibly broadband noise
source. Other than originating from the driver, Paull and Stalker do not identify
the generating mechanism of acoustic waves, however this is essential in order to
develop engineering strategies for mitigating them.

Diaphragm techniques are an example of another important engineering trade when
designing and operating expansion tubes. Large diameter facilities require thick
metal diaphragms to withstand initial pressures. Rupture is violent and produces
a signi cant portion of the audible noise during facility operation, as discussed by
Erdos and Bakos (1994). Additionally, diaphragms are prone to shed particulate
into the ow during rupture. The particulate is accelerated to high velocities and
can be exceedingly damaging, leading to o -axis operation in some of the largest
facilities (Dufrene, 2013), which reduces the advantages of having a large area core
ow.

Free-stream noise and diaphragm considerations are tied to the shock-tube driver
technology employed. Di erent techniques exist to obtain the high performances
required for these research facilities.

1.1.2 Driver Technologies

Generation of strong shocks at relevant pressures requires a high-performance driver.
Shock-tube performance is almost entirely driven by the ratio of driver and test gas
sound speeds. Since the testgasis xed by application, driver technologies endeavor
to maximize driver gas sound speeds. At any temperature, the gas with the highest
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sound speed is hydrogen. However, high-pressure hydrogen poses serious hazards
since it is highly ammable in air. Consequently, the vast majority of shock-tube
research employs helium.

The main strategy for increasing driver gas sound speeds is to heat the gas to raise its
temperature. Some facilities use helium or hydrogen and statically heat it (MacLean
et al., 2010). In free-piston-driven facilities, a piston is used to adiabatically com-
press the driver gas to high pressure and temperature (Stalker, 1967). A third
technique is to heat the gas via combustion.

To obtain the highest sound speeds, combustion-heated drivers employ hydrogen-
oxygen driver mixtures, however these are sensitive and prone to transition to deto-
nation. In early work on combustion drivers, Hertzberg and Smith (1954) observed
that when diaphragms were weak resulting shock waves were anomalously strong,
likely a consequence of incipient detonation. Nagamatsu and Martin (1959) highly
diluted their hydrogen-oxygen mixture with helium to suppress transition to det-
onation. However, instead of suppressing it, a detonation wave can intentionally
be initiated, and the very large pressures and temperatures generated can be taken
advantage of to drive strong shocks. This is the detonation driver.

Detonation drivers are attractive as a method for mitigating some of the nega-
tive diaphragm e ects discussed above. Detonations are fast (2-3 km/s), and so
high pressures and temperatures are generated dynamically. Consequently, in the
detonation-driven facility, the shock-tube diaphragm only has to withstand the pres-
sure di erence prior to initiation, approximately 3-5% of the detonation pressure.
This enables the use of thinner diaphragms.

Since the detonation driver only requires fuel and oxygen, dependence on helium
is eliminated. This is a major advantage since helium is a scarce resource with
growing demand and rising price (Kramer, 2023). Shock tube facilities typically
do not employ any methods for helium recapture, and so experiments using large
guantities can be prohibitively expensive.

Detonation driver gasis very hot (4000-5000 K), and only cools modestly through the
shock-tube isentropic expansion (2000 K). Consequently, sound-speed ratios across
detonation-driven shock tube contact surfaces are large (Lawson and Austin, 2018),
and so the theory by Paull and Stalker (1992) indicates the possibility for free-stream
noise issues in expansion tube applications. Operation of a large-scale detonation-
driven expansion tube has indeed shown signi cant test- ow unsteadiness (Jiang



et al., 2015).

The motivation for this work is to investigate the detonation driver as a method for
generation of strong shocks in an expansion tube research facility. Expansion tube
technology is important for the research of hypervelocity ows, complementing
capabilities provided by other facilities to access di erent ow conditions but also

to cross-validate results and eliminate doubts from facility-speci c e ects. Use of
the detonation driver for an expansion tube is attractive for its high-performance
capabilities and possible elimination of some diaphragm concerns. However, the
quality of ows generated needs to be investigated given known challenges of
expansion tubes.

1.2 The Detonation-Driven Shock Tube

The phenomenology of gaseous detonation waves will be brie y presented rst be-

fore returning to their application in shock-tube drivers. In a detonation driver, the

detonation wave is used as a tool to do work. Consequently, the following presen-
tation will be cursory. Key references to the historical development of detonation

theory are given by Fickett and Davis (1979) and Lee (2008).

A detonation wave is a coupled shock and combustion wave that can propagate
through a premixed volume of fuel and oxidizer. Energy release from exothermic
reactions in the shock-heated medium supplies the work required to push the shock
forward. The Chapman-Jouguet (CJ) condition states that the detonation wave will
propagate at the speed which drives the post-shock ow sonic in the shock- xed
frame. From this condition and the medium's energy release, a detonation wave
speed can be calculated that accurately models the behavior of real detonations.

Chemical reactions require a nite time to progress, and these establish the intrinsic
length scales of a detonation wave. For a steady theoretically one-dimensional
structure, the reaction zone formed behind a shock is described by the ZND model,
after Zel'dovich, von Neumann, and Déring. For a detonation propagating at the CJ
speed, the ZND structure terminates at the CJ state.

It was discovered experimentally that detonation waves in gases do not propagate as
predicted by one-dimensional theory, exhibiting a rich variety of di erent behaviors.
Chemical reaction rates are highly sensitive to post-shock temperatures, and this
coupling between reaction rates and detonation shock speed provides a mechanism
for instability. The e ect of the unstable detonation structure is to give it a length
scale distinct from but correlated with predictions by one-dimensional theory.
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Detonation length scales become important when they are comparable to those
of geometric con nement, namely tube diameters. These length scales are often
quanti ed by a detonation cell size. This metric is imprecise, given the highly
variable detonation structure depending upon gas chemistry, thermodynamics, and
geometric con nement. However, for cell sizes much less than tube diameters, a
spanwise average of the detonation wave can be modeled again as approximately
one-dimensional.

The gas processed by a detonation wave exits the reaction zone with a high velocity.
In a closed tube, the end caps do not allow any gas ow and so establish zero-
velocity boundary conditions. In order to match this boundary condition, high
velocity detonation products must be brought to a halt. This is accomplished
by an unsteady expansion, known as the Taylor-Zel'dovich (TZ) wave, which is
approximately self-similar.

From the above elements, an ideal one-dimensional model can be formed for the

detonation wave propagating in tubes. Figure 1.1 illustrates this structure. The wave

propagating at the CJ speed is followed by a very small reaction zone that terminates

at the CJ state. The TZ wave expands detonation products and extends over roughly
half of the distance the wave has propagated.

Figure 1.1: Ideal one-dimensional structure of a plane detonation wave propagating
in a closed tube.

In a detonation driver, the detonation wave can be initiated to propagate either
forward into the shock-tube diaphragm, or in the reverse direction away from the
diaphragm. These distinguish the two operation modes, and space-time diagrams
for each illustrate the wave dynamics in Figure 1.2.



Figure 1.2: Space-time diagrams of shock tube operation with an (a) forward-mode
and (b) reverse-mode detonation driver. Coordinates are nondimensionalized using
the driver length! , and CJ speed,c.

In the forward mode, detonation reaction zone length scales are small, and so
transients from the nite reaction zone structure are con ned to early time, which
is also substantially in uenced by diaphragm rupture e ects. Neglecting these
early-time e ects, the shock-tube can be modeled as if it is driven by the CJ state.
However, the CJ state is the head of the TZ wave, which immediately transmits
through the contact surface and interacts with the driven shock, causing its strength
to decay from the beginning of its formation.

In the reverse-mode, the detonation is initiated at the diaphragm and propagates
upstream. The backwards propagating detonation drives the shock-tube by isentrop-
ically expanding the CJ state through an extended TZ wave to a positive velocity.
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Upon impact with the driver end wall, the detonation and TZ wave re ect a shock
that accelerates through the TZ wave and overtakes the primary shock at later time.
In this con guration, the driven shock is theoretically steady but of weaker strength
relative to the initial speed attained with the forward mode.

As with conventional shock-tube techniques, the initial shock speed can be obtained
from a pressure-velocity diagram. Figure 1.3 shows that the only di erence between
the forward and reverse mode is the sign of the CJ gas velocity, i.e., it is positive for
a forward-mode driver and negative for a reverse-mode driver. For perfect gases,
this is shown by the detonation-driven shock tube equation,
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whereWis the ratio of speci ¢ heat capacitie8,is the sound speed, arids is the

driven shock Mach number. Subscript 1 denotes the driven gas, and subscript 42
denotes the CJ state, which is distinguished from the unburnt driver gas, denoted in
this work by subscript 41. Equation (1.1) is the same as for a typical shock tube with
the addition of the' 4, term in the denominator, which is the local Mach number

of the ow, Dy*042, WhereD s the lab-frame gas velocity. Initial shock speeds
obtained from a detonation driver can be calculated for perfect gases from (1.1) and
for real gases from numerical calculation of the pressure-velocity diagram.

The detonation driver is nota new technique and has seen relatively recent widespread
adoption in several large-scale hypersonic ow research facilities. Next, the prior
work on detonation drivers will be reviewed.

1.3 Review of Prior Work on Detonation Drivers

The earliest work on the use of detonation waves in a shock-tube driver was by Bird
(1957). Bird identi ed each operation mode and highlighted some of the challenges
posed by the unsteady wave interactions.

Following Bird, there were a few experimental studies of detonation drivers. Wal-

dron (1958) spark ignited hydrogen-oxygen mixtures at the diaphragm and reported
measurements of large shock attenuation, despite using a form of reverse-mode
operation. Coates and Gaydon (1965) investigated a method for mitigating shock



Figure 1.3: Pressure-velocity diagram for initial wave interactions in a detonation-
driven shock tube.

attenuation using an auxiliary light-gas driver to shock initiate detonation in forward-
mode operation. The contact surface from this auxiliary driver provides a means
of supporting the detonation and thereby shortening or eliminating the TZ wave.
Additionally, if the shock wave was su ciently weak that the reactants did not ignite,
then upon impact with the secondary diaphragm a detonation was promptly initiated
and propagated upstream. This is a novel form of reverse-mode operation. Lee
(1967) also performed experiments with a reverse-mode detonation driver, instead
initiating the detonation using an exploding bridge wire at the diaphragm.

Attenuation by the TZ wave was a known problem for forward-mode operation,
however Balcerzak and Johnson (1966) recognized that the driver could be made
su ciently long to reduce the signi cance of shock attenuation. They used the
method of characteristics to analyze forward-mode detonation-driven expansion
tube operation and concluded that the magnitude of unsteadiness during a facility's
test ow could be made negligible.

Following this early work, there was little development on detonation drivers until
Yu et al. (1992) presented the rst use of a detonation-driven re ected-shock tunnel,
TH2 at RWTH Aachen University. The facility employs a reverse-mode detonation
driver, where detonation is initiated in a separate tube that launches the wave trans-
versely into the diaphragm. They presented results for hydrogen-oxygen mixtures at
1 MPa, and discuss operation at higher pressure. Such signi cant detonation pres-
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sures posed serious structural concerns, and so a low-pressure damping section was
added to the upstream end of the driver. This damping section is now a common fea-
ture on other reverse-mode-driven facilities. Additional work on detonation-driven
TH2 is described by Gronig et al. (1998) and Olivier (2016).

After Bakos and Erdos (1995) investigated methods for improving the performance
of the 6-in diameter expansion tube HYPULSE at GABthe facility was up-
graded for operation with a forward-mode detonation driver using shock-initiation
of hydrogen-oxygen-helium mixtures. Bakos et al. (1996) presented an experi-
mental and computational study of detonation-driven HYPULSE in expansion tube
mode. Instead of totally eliminating the TZ wave, they noted that it could be used to
compensate for the viscous pressure rise resulting from shock-tube boundary layers.
This study demonstrated the performance gain by transitioning from a traditional
light-gas driver to a detonation driver, enabling operation with higher test gas pres-
sures, greatly increasing the total pressures achievable in test ows. The facility was
later operated also as a detonation-driven re ected shock tunnel (Erdos et al., 1997).
Driver-gas contamination is important for re ected-shock tunnels, and detonation
driver considerations were studied by Chue et al. (2003).

Stuessy et al. (1998) presented a 6-in diameter detonation-driven re ected-shock
tunnel at the University of Texas at Arlington. After exploring spark initiation, they
modi ed the facility to use shock initation, also identifying the potential gain by
eliminating the TZ wave. They used hydrogen-oxygen with pressures up to 8 atm.
These results are combined with those from GASL by Lu et al. (2000) and further
expanded upon by Lu and Wilson (2003). Later, Peace and Lu (2018a) explored
the initial shock speed transmitted by a forward-mode detonation, and Jayamani and
Lu (2022) investigated attenuation by viscous e ects and heat transfer in a small-
diameter (19 mm) shock tube. A variant on the shock-initiated detonation driver is
to use an auxiliary reverse-mode detonation driver. This was studied by Chen et al.
(2004).

Signi cant work on detonation drivers has been performed at the Chinese Academy
of Sciences (CAS), culminating in the construction of several large-scale research
facilities, all employing detonation driver techniques. Beginning with early work
at CAS, Hongru (1999) reviewed detonation driver techniques, and identi ed that
forward-mode decay could be reduced by increasing the driver length. Experiments
were presented for a driver-driven length ratio of 0.8 with an additional area con-

1The facility is now at Purdue University.



10

traction at the diaphragm, and it was concluded that shock attenuation could be
su ciently reduced for useful application of forward-mode operation. Jiang et al.
(2002) further investigated area-change geometries to mitigate TZ wave decay both
computationally and experimentally. They determined the optimal geometry to be
a cavity ring: a large divergence upstream of the diaphragm where the detonation
expands and re ects in upon itself, leading to a transient rise in pressure that reduces
the mean gradients behind the detonation. These results were discussed further by
Jiang et al. (2007) and Jiang et al. (2011) for application in the JF-10 re ected-shock
tunnel. The JF-10 driver implements the cavity ring with three sections of varied
diameter and length. The main driver is 150 mm in diameter, opens up to 300 mm in
the cavity ring, and then reduces to 100 mm prior to the primary diaphragm (Jiang
and Yu, 2016). The driver is over 6-m long and operated with 3 MPa pressures.

Jiang et al. (2015) applied the cavity ring concept to the expansion tube JF-16 using
hydrogen-oxygen mixtures up to 1.5 MPa. They found signi cant test ow noise
and attributed it to the contact-surface sound-speed ratio, referencing the theory by
Paull and Stalker (1992). JF-16 uses a large area ratio, reducing from 150-mm in
the driver to 68-mm in the driven section.

Jiang and Yu (2016) reviewed detonation driven facilities at the Chinese Academy
of Sciences including the huge JF-12 re ected-shock tunnel. JF-12 uses a 99-m
long reverse-mode detonation driver with a 400-mm inner diameter. They describe
operation using 3.0 MPa of acetylene-oxygen or 3.5 MPa of hydrogen-oxygen for
di erent shot conditions. A new facility, JF-22, with similar size and methods to
JF-12 has been built to access conditions at higher Mach numbers and ight altitudes
(Hu et al., 2025).

With large initial driver pressures, metal diaphragms are still required, and Zhao
et al. (2005) found forward-mode operation often led to diaphragm fragmentation.
This was controlled using a clever technique of initiating the detonation at the
diaphragm to open it just prior to arrival of the forward-running detonation, miti-
gating diaphragm fragmentation from detonation impact. Yamanaka et al. (2002)
used lower driver pressures and investigated di erent diaphragm materials includ-
ing scored copper. Mylar was found to perform the best, followed by deeply-scored
copper.

The detonation driver has now been in regular use for the operation of hypersonic
research facilities for over 30 years. Both the forward-mode and reverse-mode
driver are used, where shock attenuation from forward-mode operation has been
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mitigated with three strategies: large driver-to-driven section length ratios to stretch
the TZ wave, shock-initiation of the detonation with an auxiliary driver to shorten
the TZ wave, and a cavity-ring geometry upstream of the diaphragm to raise TZ
wave pressures from shock re ection. The majority of these facilities have been
re ected-shock tunnels, except for HYPULSE and JF-16, and in almost all cases
hydrogen is the driver fuel of choice due to its high sound speed. There are several
areas for further research to advance detonation driver technology particularly with
applications toward expansion tube facilities.

1.4 Areas for Further Research

1.4.1 Detonation-Driven Shock Decay

As is now well-established, the forward-mode detonation driver generates a decay-
ing shock wave. Prior work has focused on engineering strategies for reducing this
attenuation with an auxiliary driver or area-change geometry. Shock-initiation rein-
troduces many of the undesirable traits of light-gas drivers, like thick diaphragms
with particulate ejection. Performance of the facility is then limited to the per-
formance of the light-gas driver instead of the detonation driver. The area-change
geometries investigated by Jiang et al. (2002) pose a di erent challenge. The shock
re ection process produces signi cant strong transverse shocks in the driver gas.
Although Jiang et al. (2002) report that their re ected-shock tunnel ows were stable
and free from oscillations, their simulations do clearly show the strong perturbations
expected from intuition. These are a major concern for application to expansion
tubes.

Although there are engineering solutions and substantial facility calibrations, the
elementary gas dynamics of plane shock decay from these drivers has not been
modeled. Plane shock decay is a historic problem in gas dynamics and can be
reduced to the classic piston start-stop problem, where a piston impulsively drives
a shock, and then impulsively stops generating a centered expansion wave. These
waves interact, and the plane shock decays. This is a challenging analytical problem
for strong shocks because the ow is non-homentropic and non-self-similar. A
solution to this problem provides direct insight to the motion of plane shocks in a
detonation-driven facility. Although this is of interest purely as a novel problem

in uid dynamics, an e cient analytical model has basic utility in the design and
operation of these facilities, e.g., in the consideration of alternative driver gas
mixtures. Developing these models is one objective of this thesis.
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1.4.2 Shock Speed Measurement

Models for shock motion need to be compared against experimental measurements.
Measurements of shock speed are a cornerstone of shock-tube techniques, since
shock speed is the critical quantity that characterizes a shock-tube's performance.
All guantities that describe the post-shock ow can be calculated from knowledge

of the shock speed. Accurate measurement of shock speeds is therefore essential to
their use in shock tubes.

Ideal shock-tube theory predicts that shock waves are exactly steady, and so theoret-
ically only two measurements of the shock's time-of-arrival at two known positions
are required to determine the shock speed. This has translated into the actual prac-
tice of using a small number of time-of-arrival gauges to discretely sample shock
position and estimate shock speed. A time-of-arrival gauge is anything with a
fast response to the shock arrival. Pressure transducers, ion gauges, and thin- Im
gauges are common examples. From shock arrival times, a mean shock speed can
be measured for the position halfway between the gauges. This measurement can be
accurate even for a decaying shock wave, however measurement resolution is coarse.
Increased measurement resolution is important when considering a decaying shock
wave, since now the acceleration must be captured.

Over the history of shock-tube research, many sources of shock unsteadiness have
been identi ed, such as from shock-tube boundary layers (Mirels, 1957) and nite
diaphragm opening times (White, 1958). Consequently, it is common practice to
use a linear array of time-of-arrival gauges, from which the rate of shock attenuation
can be estimated. This has proven important for the calibration of many shock-
tube facilities (Petersen and Hanson, 2001). However, the decaying shock from
a detonation-driver is expected to exhibit stronger and time-varying attenuation,
slowing by 50% within a few driver lengths. To obtain accurate measurements of
these trajectories, improved resolution is required.

The only method known to the author for high-resolution shock-speed measure-
ments along the length of a shock tube is a microwave velocimeter. The technique
requires shocks of su cient strength to ionize the gas. This produces a surface that
microwaves coupled into the shock tube can re ect from. Blum and Dunn (1966)
present an early example measuring the Doppler shift of re ected waves and give
references to earlier work. The technique has found recent use by Dufrene (2013)
and Straede et al. (2024) for measurements in expansion tubes. Haloua et al. (2000)
used the technique to observe galloping detonations, another re ective surface. For
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shock waves in inert gases with modest strengths, gases are not ionized and this
technigue cannot be used. Indeed, an important virtue of the expansion tube is the
ability to preserve the gas composition, motivating use of reduced shock speeds.

High-resolution detonation speed measurements are made using streak cameras,
where a one-dimensional image is streaked across a photosensitive medium at high
speed. This is possible because detonation fronts are highly luminous, so streak
images show this emission on e ectively a space-time diagram. In another technique,
Crane et al. (2022) were able to nely sample detonation position using an array of
ber-coupled photodetectors mounted to a transparent detonation tube. Inert shocks
do not radiate strongly and so do not have this advantage.

Visualization techniques, like schlieren or shadowgraphy, can be employed to image
shock motion. High-resolution measurements of shock speed enabled Damazo and
Shepherd (2017) to make unigue observations of unexpectedly high-speed shocks
from normal detonation re ection. Typical implementations of these techniques are
in facility test sections, which allow for optical transmission, and so some adaptation
is required to use visualization methods along the length of a shock tube.

With an application toward capturing the dynamics of detonation-driven shock
waves, another major objective for this thesis is to develop a technique to perform
high-resolution shock speed measurements.

1.4.3 Advanced Interferometric Techniques

Shock speeds only give information on the immediate post-shock ow. The gradients
and uctuations in the ow following the shock are what is actually important
regarding a facility's test ow, particularly with respect to the expansion tube.
Measurement of these quantities requires di erent techniques.

There are many di erent diagnostics used to characterize shock tube ows. Wall-
mounted pressure transducers are ubiquitous but often give low- delity results due
to facility vibrations. Pitot probes are essential to characterizing free-stream ows,
and there have been recent advances with static pressure probes (Yu et al., 2024).
Laser absorption spectroscopy techniques are uniquely capable of measuring gas
compositions, temperatures, pressures, and even velocities (Hanson et al., 2016).
However, interferometric techniques are uniquely sensitive to the acoustic perturba-
tions of interest in expansion tubes and in this work.

The Focused Laser Di erential Interferometer (FLDI) is a laser diagnostic currently
in widespread use. First developed by Smeets and George (1973), it was popularized
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by Parziale et al. (2012), who used it to measure free-stream noise and boundary
layer disturbances in the T5 free-piston re ected-shock tunnel. The instrument is
easy to align and vibration insensitive, immediately setting it apart from many other
interferometric techniques. The focused beams provide a low-pass ltering e ect
enabling improved sensitivity at the focus with some resistance to boundary layer
ows along test section walls. However, signal-to-noise ratios are limited by free-
stream densities, which can be low in expansion tubes. Inthese applications, Lawson
(2021) identi ed laser noise to be a major obstacle for improved measurements.

A powerful optical technique is to use heterodyne interferometry. Interference
between two beams with di erentfrequencies produces a signal at the beat frequency,
the di erence between the two optical frequencies. Detection of this heterodyne
signal can be performed in frequency bands free from laser noise, totally eliminating
this as an issue. Additionally, new signal processing methods are possible, enabling
direct phase measurement. This gives the potentialdeolutgphase measurements
instead ofdi erential measurements. Advancing interferometric techniques by
employing heterodyne detection and applying the instrument for measurements of
detonation-driven shock tube ows is another major objective for this work.

1.5 Outline
In this chapter, the motivation, background, and objectives for this thesis were
detailed.

In Chapter 2, the problem of plane shock decay is analyzed generally. A new model
is formulated for this classic problem, validated against numerical simulations, and
shown to predict shock motion with accuracy much improved upon prior work.
These results are used in Chapter 3 to model the shock decay from forward-mode
detonation drivers. The decay model is formulated from perfect-gas simulations but
is shown to remain accurate for more general thermodynamics of real gases.

Chapter 4 presents the experimental facility and methods used to make time-resolved
shock-speed measurements. Chapter 5 presents measurements of shock speed from
forward-mode, reverse-mode, and helium-driven operation. Novel results include
the ability to perform frequency analysis of shock speeds and unigue observations
of shock speed oscillations.

In Chapter 6, the theory and methods used to construct a heterodyne focused laser
interferometer are discussed, and the instrument's response is validated against a
set of experiments. The heterodyne technique enables new high-resolution mea-
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surements of density perturbations, and results from interrogating detonation-driven
post-shock ows are presented in Chapter 7.

Finally, conclusions and areas for future work are given in Chapter 8.
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Chapter 2

DECAY OF PLANE SHOCK WAVES IN EQUILIBRIUM FLOWS

Schoe er, D. T. and Shepherd, J. E. (2024). Decay of plane shock waves in
equilibrium ows. Under consideration for J. Fluid Mech.

Shock decay is fundamental to numerous problems in uid mechanics, resulting
from either the geometric or unsteady expansion of the post-shock ow. Geomet-
ric e ects have been famously modeled by Whitham's geometric shock dynamics
(Whitham, 1999, Chapter 8). However, predicting shock decay from the interaction
with an unsteady wave in a general medium remains a challenging problem to de-
scribe analytically because a shock’'s motion is coupled with the post-shock ow.
Predictive models for this wave interaction are important because it is fundamental
to many problems in shock wave physics. In detonation physics, it is essential to the
unsteady shock front of gaseous detonations (Jackson and Short, 2013), to critical
phenomena like minimum ignition energy (Eckett et al., 2000), and to the operation
of detonation-driven shock tubes (Jiang et al., 2002). The interaction causes the
shock attenuation in experiments using yer plates (Fowles, 1960) and laser-driven
shocks (Cottet and Romain, 1982). Application of geometric methods to problems
like spherical blast wave propagation is substantially complicated by the unsteady
wave interaction (Best, 1991). The interaction of an unsteady expansion with a
shock is isolated for plane shock waves in equilibrium ows, and so this problem is
the focus of this chapter. With modern computational methods it is straightforward
to directly simulate these one-dimensional shock dynamics, however, analytical
methods remain essential for physical insight, time-e cient solutions, and analysis
of experimental and computational data.

Many shock propagation theories have been developed over nearly a hundred years
of research. A common analytical approach is to specify the conservation equations
to the shock discontinuity and combine them with the Rankine-Hugoniot equations.
A single equation can be derived, and early formulations by Cassen and Stanton
(1948) and Chen and Gurtin (1971) showed how shock acceleration is determined
by the balance of the post-shock pressure gradient with geometric divergence or
chemical reaction, respectively. The resulting equation is often unnamed but some-
times referred to as the shock-change equation (Fickett and Davis, 1979) or as
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singular surface theory (Wright, 1976). A family of shock-change equations can be
derived that relate shock acceleration to a derivative of any post-shock ow variable
(Radulescu, 2020).

For one-dimensional equilibrium ows, predicting a shock's motion from these
equations requires an additional condition on the post-shock ow, and this condition
is typically what distinguishes di erent shock propagation theories and determines
their accuracy for a given problem. Taylor (1939) developed a rst theory by
approximating the post-shock pressure gradient as constant. Chandrasekhar (1943)
obtained a solution for weak shock pulses by assuming the velocity and sound speed
to be spatially linear. Friedrichs (1948) rst solved the problem of a weak plane
shock decayed by a centered expansion in a perfect gas. This speci ¢ problem has
seen signi cant attention since it is the simplest formulation for a shock decayed
by an unsteady wave. Burnside and Mackie (1965) speci cally analyzed the initial
decay rate of the shock. Ardavan-Rhad (1970) and Sharma et al. (1987) developed
models also assuming linearity of the post-shock velocity distribution. Fowles
(1960) derives a similar theory to Friedrichs using a Murnaghan equation of state.
For general one-dimensional shocks (planar, cylindrical, and spherical), Brinkley
and Kirkwood (1947) derived a second-order shock propagation equation using a
condition on the similarity of shock energy over time. Many other theories have
come from e orts to model the non-self-similar motion of blast waves when the
shock strength is nite and the upstream pressure is nonzero. These theories are not
reviewed here but are described in monographs by Korobeinikov (1991), Sachdev
(2004), and Lee (2016), which also discuss some of the other theories above.

The shock-change equation formalism was also used by Chester (1954), Chisnell
(1957), and Whitham (1958) to model the e ect of a nonuniform upstream medium
on a shock's motion, particularly due to quasi-one-dimensional area changes. They
neglected the coupling between the shock's motion and the post-shock ow, which
is equivalent to assuming that allincoming characteristics originate from aregion

of uniform ow. Whitham developed the theory into his shock dynamics (Whitham,
1999, Chapter 8) and identi ed that the method's fundamental assumption is

Mm%, dOord=0 (2.1)

at the shock front, whe®is the pressurg] is the densityQ is the sound speed, and
Dis the particle velocity. The approximation has enabled expedient and reasonably
accurate estimation of shock motion for a wide range of problems. However,
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for problems with rapid geometric expansion, such as in blast waves and shock
di raction (Skews, 1967), coupling with the post-shock ow cannot be ignored
and so the accuracy of (2.1) is worse. The e ect of incoming disturbances on
Chester-Chisnell-Whitham (CCW) theory was studied by Rozaciszewski (1960),
Oshima et al. (1965), and Yousaf (1974, 1982), addiocmethods (Ridoux et al.,
2019) have been developed to remedy this issue for numerical implementations of
geometric shock dynamics (Henshaw et al., 1986). Best (1991) sought to include
the e ect of incoming disturbances by extending the approximation (2.1) to higher
orders.

Shock propagation theories are not limited to approximations on rst-order post-
shock derivatives but can be formulated for any higher-order derivative. If a shock-
change equation is derived for each term in the series expansion of a dependent
variable, then an in nite hierarchy of equations can be obtained, and truncation of
the series expansion provides a su cient condition to solve all lower-order equations.
Friedlander (1958) presents this theory in detail for sound pulses, where higher-order
equations provide corrections to geometric acoustics. Similarly, since geometric
shock dynamics is obtained from (2.1), Best (1991) derived higher-order corrections
using a series expansion in terms of

ng 1%, dOrd>® = Oe (2.2)

An alternative approach is given by Sharma and Radha (1994), who use a series
expansion in space of the post-shock pressure, so that truncation atsdgven

by

NE%= Oe (2.3)

Although arbitrarily higher-order shock propagation equations can be derived, en-
abling in principle arbitrarily accurate solutions, the utility of these methods is lim-
ited because higher-order equations become exceedingly cumbersome to derive and
the accuracy achievable at any given order is not clear. Additionally, higher-order
equations require initial conditions at every lower order. These initial conditions
cannot be arbitrary, since they must be compatible with a series expansion of a
solution to the governing equations. Obtaining these initial conditions is itself a

di cult problem.

The di culty of these higher-order theories is highlighted for the problem of plane
shock decay. Plane shock waves in a uniform medium can only decay from the
interaction with a simple wave, which entirely determines the resulting shock motion.
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In the simplest case, the wave is self-similar and centered, and a space-time diagram
for the interaction with a shock is shown in Figure 2.1. The shock interaction
generates a wave propagating along characteristics, which perturbs the post-
shock ow from purely the incident simple wave. For an arbitrary ow varial,

the perturbed quantity in the post-shock ow can be written simply as

@@, @"- (2.4)

where@ is given by the unperturbed incident simple wave @d is the pertur-
bation. An in nite hierarchy of shock-change equations can be obtained by a series
expansion of@at the shock front. The series expansion can be truncated to solve
the system of equations, however this introduces truncation error not only from the
perturbation, but also the incident wave. Instead, if only the series expansion for the
perturbation is truncated,

nE@" = 0- (2.5)

then the system of equations can be solved including the e ect of the unperturbed
simple wave at all orders. The problem is then reduced to identifying the appropriate
variable to use fo@and obtaining initial conditions for the perturbed wave. The
subject of this chapter is the development, implementation, and validation of this
theory for the decay of plane shocks.

Figure 2.1: Space-time diagram of a shock decayed by a centered expansion wave.
This diagram was generated from numerical simulation results presented later in
this work for a Mach 3 shock and isentropic expon@fit 1«4. - g is the shock's

initial distance from the origin, and is the upstream sound speed.
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Since shock wave phenomena are important in many diverse media, an important
point is that theories using the shock-change equation formalism can be derived for
a general equation of state. This has been used before by some authors. Brinkley
and Kirkwood (1947) derive their theory for a general equation of state, Best (1991)
implements a Tait equation of state, and Singh and Arora (2021) applied Sharma &
Radha's theory to a van der Waals gas. However, most prior work only considers
a perfect gas model. The theory presented in this chapter is derived for a general
equation of state.

The structure of this chapter is as follows. In Section 2.1, the problem of a shock
decayed by an arbitrary simple wave is formulated. From analysis of the simple
wave motion, it will be shown that an optimal truncation term is the second gradient
of velocity, Dz which is identically zero throughout a centered expansion in a
perfect gas. The shock-change equationOggis derived in Section 2.2. The
derivation is developed by de ning coe cients for each rst-order shock-change
equation, which enables a compact presentation of the second-order results. The
second-order ordinary di erential equation and strong and weak shock solutions are
discussed in Section 2.3. In order to implement the shock decay model for any given
simple wave interaction, the initial shock decay rate is required. A solution for the
perturbed initial condition is given in Section 2.4. Finally, Section 2.5 presents the
major results of this chapter, where the present model is compared with numerical
simulations and several prior theories.

2.1 Formulation
An initially steady plane shock wave decays when overtaken by a simple expansion
wave. The properties of the expansion wave determine the rate of decay of the shock
over time. Any simple wave can be modeled as having originated from the motion
of some piston. If a piston impulsively accelerates to sji@ehd impulsively stops
after timeg,, then a shock with spe€d is driven ahead of a centered expansion
wave that overtakes the shock at later time. Figure 2.1 depicts the resulting space-
time diagram for a Mach 3 shock, where the time when the piston staps &
Coordinates are scaled by the shock position when the piston stops, which is given
by

-0=Y0 DOge (2.6)
The space-time diagram shows the characteristics of the re ected wave. The
particle path drawn intersects the point at which the shock begins decaying and
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so bounds the region of nonuniform entropy behind the shock. The nonuniform
entropy and re ected wave perturb the incident simple wave.

The theory of simple waves is discussed in many books, e.g., Thompson (1972) and
Landau and Lifshitz (1987). The equations describing any simple wave for a general
equation of state are

G= 1D, 0!’°C, 5D’- 2.7)

do -
dD —1:0 on  characteristics (2.8)

where 5'[F is some function that satis es the boundary conditions given by the
piston motion and is the fundamental derivative of gas dynamics (Thompson,
1971).

If the piston is impulsively stopped, then all characteristics are centered at the
stopping point and (2.7) becomes

G= 1D, 0!D°Cs (2.9)

Equation (2.9) is also obtained asymptotically from (2.7 sl , because on
a given - characteristic5![® is constant and so becomes much smaller than
1D, 0DP°C Using (2.8), the velocity gradient in the centered wave is given by

1

which shows thalsis spatially uniform, except for any variation in If the medium
is a perfect gas, ther= 1W, 1°+2 is constant, wher®\is the ratio of speci ¢ heat
capacities, and the rst and second velocity gradients are
2
De= W, 1°C
Dsg= Oe (2.12)

The second gradienBsg is exactly zero everywhere throughout the wave. From
(2.8), it is straightforward to show that the second gradient of sound spPggds

also zero everywhere. Second order derivatives of all other dependent variables are
nonzero. The temperature, pressure, and density throughout the wave are given by

(2.11)

2

) =)o 020 -
2w

%= % 030 . (2.13)
2

d=dy 2 " _
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where the subscrifil denotes a reference state in the isentropic ow. For values of
Wwhere= = 2W!W 1°is an integer, then the lowest-order gradient} o¥4 and
d to vanish are

g =0- (2.14)
n& 1%= 0- (2.15)
ng 1d=0e (2.16)

ForW= 53, == 5, and forW= 75, = = 7. In Best's truncation term (2.2), partial
derivatives with respect to time are used. For all second order derivatives, including
mixed partials, onlfbs@andOg@are zero. This can be seen by suitably di erentiating
(2.9) and (2.13).

For a centered expansion in a perfect dass;andOgccan only be nonzero behind

a decaying shock due to the perturbation by re ected waves. The proposed model
is to neglect this perturbation and apilyc= O at the shock, which is a su cient
condition to obtain a second-order shock propagation equation. TheDggm
chosen ovebgdue to the simpler derivation and because it is continuous through
jumps in the entropy gradient, such as across the particle path in gure 1.2. Note
that this model is only applied in the limit approaching the shock position from
behind, and so it is independent of discontinuitie®iy e.g., at the head of the

re ected wave.

For an arbitrary simple wave in a general medidlgg< 0, and so this variation
must be accounted for. If is not constant, then

=TG- T - (2.17)

wherengy is the variation of with the equilibrium sound speed at constant entropy.
For many cases, (2.17) may be su ciently small that it can be neglected, for example,
this will be shown for equilibrium air. In cases where this approximation cannot
be made, then thBsgn the unperturbed incident wave must be evaluated for each
characteristic.

If the piston slows to a halt monotonically but its motion is otherwise general, then
DsandDsare given by
1
C 5D

m
— 1 10Cc s 2.19
o, , D& (2.19)

Ds= (2.18)

Do
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and, for a perfect gas,

Dse_ e,

DA W 1°G2, 5%p
By neglecting only the perturbation t@s;gby re ected waves, the unperturbed
value given by (2.20) can still be used to evaluBigsat the shock. However, as
discussed previously, the simple wave from a general piston deceleration rapidly
approaches the self-similar centered expansion as time advances. So, an additional
approximation is to still applfzc= 0 at the shock and use (2.20) to estimate the
additional induced error. This is equivalent to approximating the incident simple
wave as a centered expansion with an equivalent initial velocity grabigmthich
determines the initial shock decay rate.

(2.20)

The tendency toward a self-similar solution is a feature of many uid mechanics
problems, including shock propagation. Strong decaying shocks over su ciently
large time approach a self-similar limit described by Zel'dovich and Raizer (1967).
In this limit, Dsgagain equals zero, including behind the decaying shock, even
if Dsg< O initially from a general piston motion and the re ected perturbation.
Uniformity of the velocity gradient in self-similar ows is a property discussed by
Pert (1980) and motivated the work by Sharma et al. (1987). Indeed, Chandrasekhar
(1943) and Ardavan-Rhad (1970) both also use similar models. The di erence here
is that Dsgis assumed to be zero only at the shock front, and no assumptions are
made about the ow further behind the shock.

This shock decay model will be compared with numerical simulations to test the
three factors that caudgsgto deviate from zero. First, simulations of shocks
decayed by a centered expansion in a perfect gas will evaluate the magnitude of the
perturbation by the shock interaction, sir[ég; = O exactly. Second, simulations of
shocks decayed by a centered expansion in equilibrium air will provide one example
of a general equation of state that signi cantly departs from a perfect gas. Third,
simulations of shocks decayed by the simple wave generated from the constant
deceleration of the piston will examine the departure fﬁifé: 0.

2.2 Shock-Change Equations

The aim of the following derivation s to obtain the shock-change equation that relates
plane shock motion with post-shock valuedat; Aspects of the derivation appear

in many previous articles, including recent work (Radulescu, 2020). However, other
than the main results, a useful feature of the present derivation is the formulation
of coe cients for each shock-change equation. These coe cients can be evaluated
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independent of any problem and provide a substantially more compact approach for
deriving higher-order shock-change equations for a general equation of state. In this
work, equilibrium ow is speci ed throughout because nonequilibrium phenomena,
such as vibrational relaxation or exothermic chemical reaction, are also coupled
with the shock motion. These e ects are included in many shock-change equation
derivations (Fickett and Davis, 1979, Sharma and Radha, 1994), however they are
beyond the scope of the present work. Equilibrium ow assumes that the time scale
of these phenomena is either much greater or smaller than characteristic ow time
scales. Vincenti and Kruger (1965) describe equilibrium ows in detail.

The equations of motion for equilibrium ow in one dimension, neglecting di usion
of mass, momentum, and energy, are

Dd mD_

R)’ HG_ 0 (2.21)
DD 1m%

De dmG (2.22)
D% _,Dd
— — = 2.2
DC 0 DC (2.23)

where0 is the equilibrium sound speed. An equation of state closes the system and
can be speci ed generally, for example,@s 01%-—® It is useful as a rst step to
combine the continuity and energy equation, which gives

D% mD

e dozﬁG: Oe (2.24)
Consider a shock propagating with spé&et® and position+ *C into an otherwise
uniform ow with conditions given byDy, %, andd;, where subscript 1 denotes the
upstream state. The derivation in the case of a nonuniform upstream ow is given by
Schoe er and Shepherd (2023). Although the shock is unsteady, the discontinuous
jump in ow variables can still be found by control volume analysis and is given
instantaneously at all time by the Rankine-Hugoniot equations,

doF2 = diF1— (2.25)
%, dF5="9%, diF3- (2.26)
2, F2e2= | F22- (2.27)

where subscript 2 denotes the post-shock staiethe enthalpy, an#& is the ow
velocity in the shock- xed frame, i.efF =* D With an equation of state, the
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Rankine-Hugoniot equations can be solved for the post-shock state, where each
guantity can be written generally as

F2=F2'F1—%-d°-
% = %'F1—%-d°-
dz = d2*F1—%-d°- (2.28)
02 = 021%—@°-
= 02'F1—%-d°°
AssumingD; = 0, thenF; =* 1C. SinceF; =* 1Cis not constant, the post-shock
guantities are varying with time, and so the ow is nonuniform. The resulting

gradients behind the shock are described by the conservation equations, (2.22) and
(2.24), evaluated at the shock discontinuity, i.e.,

Db 1m% _
DC,’ d, mG,
2 G2MG (2.29)
D% 2MD = Qe
DC,* 2 2mG,

The time-variation of any post-shock variable can be obtained by di erentiating
(2.28), e.qg., for the post-shock pressure,
d% m9¢
d_g - m_é’*m@_
where*®1C s the shock acceleration. The partial derivative coe cient is only a
function of the shock Hugoniot and instantaneous shock speed. The time derivative
of the post-shock quantitye is equivalent to a total derivative of the eld variable
evaluated at the shock's positioitt- 1C-€ i.e.,
d% m% m%
@ - me CmG,
This derivative is analogous to the material derivative in the conservation equations
and so is referred to here as a shock derivative. Material derivatives can be expressed
in terms of shock derivatives by

(2.30)

(2.31)

D d m
i - 1 * O___ o
DC, dC D mG (2.32)
Applying (2.32) to the (2.29) gives
>, * 0 Yoz _
aGc° D Doz, & 0-

0% (2.33)

7’ * 00 2 -
ic D Y2, 0205052 = 0—
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where subscript notation has been adopted for partial di erentiation. The equa-
tions can now be combined to eliminate either the pressure or velocity gradient.
Eliminating the pressure gradient and simplifying gives

ac’ dZFZR , 0205[Dga = 0- (2.34)
where
:
[=1 > (2.35)
02

The shock derivatives can be expanded in terms of the shock acceleration by di er-
entiating (2.28) as shown in (2.30). Equation (2.34) becomes

0,
L Mm% r,M2 (2.36)

2T 0 mRC O %mA

This result can be expressed compactly as

Dea= "2 (2.37)

where"® =*% 0, and

0. me . me
dzog[ mhk * 2 2mFl

(2.38)

The coe cient is dimensionless and only a function of the shock Hugoniot.
Equation (2.37) represents one of a family of shock-change equations that relate
rst-order derivatives of post-shock ow variables with the shock acceleration. All
rst-order shock-change equations can be expressed similarly in terms of a coe cient
multiplying the shock acceleration to give any post-shock ow derivative.

Shock-change equations for all other post-shock ow derivatives can be derived using
(2.37). The equation for the pressure gradient can be derived from the momentum

equation (2.22),
1 m%»  dy DD
d]_O]_ mGZ B d]_O]_ DC2

d2 dDz mD
—

di0, dC  °mG, (2.39)
= % m_B E "g
d]_ mk 01

—_— ||Q_

where isthe corresponding coe cient for the pressure gradient. The shock-change
equation for the density gradient can be obtained from (2.21) and is
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0; md —

amG, (2.40)
01 ma
= OlmFl’ dy (2.41)

With and , coe cients for any other thermodynamic quantities can be derived
using the equation of state. For example, the sound speed gradient is given by

mO _ 4
e, (2.42)
= dlolﬂo dl mo

o, Oy, " (2.43)

where the partial derivative coe cients are thermodynamic functions.

All of the above are rst-order shock-change equations. By di erentiating the
conservation equations, a similar procedure of substitution can be used to obtain
higher-order shock-change equations. The gradients of (2.22) and (2.24) are

m DD 1m%
mGDC dmG (2.49)
m D% >omD _
me o ¥ me 70 (2.49)
Expanding the derivatives gives
1 1
Deg 05, DRe s, §%e 0 (2.46)
%e D%, D% dd0’Ds, 2d00dDs, d0°Dse= O- (2.47)
and by re-expressing time derivatives as shock derivatives we have
dDs 1 1
— F —d, ~Yse 2.4
ic Doa 3 g%, %= 0 (2.48)
Gc FY%a D%, dd°Ds, 2d00d%s, d0°Dec= Or (2.49)

Eliminating %z cgives a single equation,

d%;

dDs F 0 0
ac dFE’ dFD& adG/Qs, D%

. dd0’Ds, 2d00d:, 1 d0? dF%°Dge= 0e (2.50)
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The shock derivatives of post-shock gradients can be found from di erentiating the
rst-order shock-change equations, i.e.,

1 dO/Q;Q. — 0'52 "¥

4,0, dC (2.51)
dDs2 g2 ¥

—== O " 2.52

= , (252)

where"¥ is the second time derivative of the shock Mach number, dhand °

are
o_d o_d

. (2.53)

Q
o

Therefore, by replacing all post-shock gradients with their corresponding shock-
change equation and grouping terms, equation (2.50) can be simply expressed as

¥, 0210 1Ds@=0- (2.54)

where and! are second-order shock-change coe cients given by

2
— 0 0 2 ﬂu
d3
03 d,0
,O—g ,2ﬁ 1 v ol (255)
1
2
| = d202[1 . " 0 l. (256)
0,02

Similar to the rst-order results, and! are dimensionless and valid for an arbitrary
equation of state, where the only assumption has been that the ow is in thermo-
dynamic equilibrium. Equation (2.54) is the desired second-order shock-change
equation forDs g

Sharma and Radha (1994) instead formulate a second-order shock-change equation
in terms of%;gand Best (1991) usar! %, dOR?. These equations can be derived
using (2.54). To obtain the equation &, (2.54) is substituted into (2.48), which

gives upon simpli cation

Yo
¥ o2 #—ﬁf =0- (2.57)
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where the coe cients are

0 n dL 2 d_%
5 d2| 5 d%
= i (2.58)
*ody!
" 1
# = g—i ) 3—;— . (2.59)

The coe cients for Best's formulation are more complex and therefore derived
separately in Appendix A.2.5.

For a perfect gas, the equation of state is given by the ideal gas law, and the heat
capacities are constant. All of the shock-change coe cients can be re-expressed as
functions of only" andW Some of the coe cients are given here explicitly,

2 3?21
= Witr T (2.60)
o1 2 10 213" 2 10
= : d (2.61)
W 10" 2, 2 1\M 101" 2 10
21W, 10" 213tW 10" 4 1 W 3" 2 21\ 200
= : : : (2.62)
i 2 1011\ 1jo" 2’ 203
_ o 3v W 7ot 4 10tW, 10" 2 3W, 13 5
T 12 qoii7\ 5o 4 D1\ 5O 2 \N/ 30_ (2.63)
W, 101" 2 10211\ 1o 2 20
| = : : (2.64)

217W 50" 4 41w, 5°" 2 2W, 6
The coe cient for the sound speed gradient, can be obtained from (2.43) using
the perfect gas equation of state,

0=" W (2.65)

Using the above formulae, Figure 2.2 plots the coe cients for varyingand W
Except for , all of the coe cients are uniformly negative. crosses zero for
some value of andW which means that when a shock decays through this Mach
number, the sound speed gradient changes sign from negative to positive. Except
for !, all of the coe cients exhibit an inverse dependence 'bn tending toward
negative in nity as" ! 1. Thisis, of course, partially a consequence of how we
have chosen to de ne the coe cients. They could have instead been de ned so that
their product with the a ow gradient gives the shock acceleration. In Figure 2.2(e),
the inverse dependence ofon" is particularly striking, with curves for di ereritV
nearly indistinguishable. To see this better} is plotted in Figure 2.3, illustrating
that it is nearly linear in its dependence 'bnwith slopes converging ds ! 1.
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Figure 2.2: Shock-change coe cients in a perfect gas for a rande @ndWwW

Figure 2.3: lforarange of andw

2.3 Shock Decay Model

For a known incident simple wave, the unperturbed second velocity grddf@.lgt

can be used to close the shock-change equation (2.54) and solve for the shock Mach
number time evolution. As discussed in Section DIG%_: 0 exactly for centered
expansion waves in a perfect gas and can be applied as a model for arbitrary simple
waves with a general equation of state. By applying this to (2.54), then the following
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shock propagation equation is obtained

ll¥ IIQZ — 0_
0P =" - (2.66)
Q100 = "DO_
where = 1" ©js given by (2.55) for a general equation of state and (2.63) for

a perfect gas. The system of equations (2.66) describes an initial value problem,
which can be numerically integrated for known initial conditions and equation of
state to obtain the solutich 1C.

For a perfect gas, the near linear behavior of in Figure 2.3 suggests approxi-
mating it as

- (2.67)

where 1" o°is the value of at the initial condition. With this approximation,
(2.66) can be integrated analytically, and the solution is

1
11, VewU
"1 1 "gy 1

X@= —— = \k - = .
"o 1 "o 1 Mot 1°,1

X =
(2.68)

The solution has the functional form of a power law, where the expobest
determined by the function. Vis the initial shock decay rate and provides the time
scale for the shock’s evolution.

The shock decay model (2.66) was integrated for a range of initial shock Mach
numbers andVusing a fourth order Runge-Kutta scheme. The results are shown
in Figure 2.4 with the power-law approximation (2.68), where the time coordinate
is scaled by the initial shock acceleration. Compared with numerically integrating
(2.66), the approximate solution (2.68) is reasonably accurate with errors larger
for increasingWand" o. For"” o = 10andl W 53, the error given by the
approximate solution wheK = 0+ is less than 1.4%, and whet= 02 it is less

than 4.7%. Values for the power law expondtare plotted in Figure 2.5.

The shock acceleration can be obtained by di erentiating (2.68) and is

ng V

"o 1 11, vewul (2.69)
wmot 1 C
gj = " 1 = v 5 U. (2'70)
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Figure 2.4: Shock decay model and its power-law approximate solution for a perfect
gas with (a)W= 12, (b) W= 14, and (c)W= 1+6.

Figure 2.5: Variation irdwith " andW

The time scale of local unsteadiness for a particle processed by the decaying shock
is given bygy. Equation (2.70) shows thag increases linearly with time as the
shock decays.

The weak shock limit fotJ is obtained from a series expansion abbyt= 1 and is
1 n 4
U= 5> $11" g 10%0 (2.71)

The leading-order term is the 1/2 power that is well known to be the solution for
weak shock decay from Friedrichs (1948). Notably, this approximation is good to
four orders int" o 1° and independent oV

The strong shock limitls" ¢! 0, gives

W 5 .
U amw - B0 2.72)
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where in this casX=" " gandV="F" .

The power-law approximation has important correspondence with self-similar the-
ories. Self-similar solutions typically apply in some asymptotic limit for a given
problem (Barenblatt and Zel'dovich, 1972). For strong shocks, in the limit of large
time, whenVe€U 1, the typical formulation of self-similar shock propagation is
obtained,

N O (2.73)

where otVe P YandUis interpreted as the similarity exponent. In our model,

U for strong shocks is given by (2.72), which provides a good approximation for the
similarity exponents reported by Zel'dovich and Raizer (1967) for the problem of an
impulsive load (note that the exponent is de ned di erently here). The agreementis
not surprising since the self-similar solution result®#x= 0, so the assumptions

of the present model will yield exact results for such cases. This suggests that the
general formulation for could be used to obtain similarity exponents for other

eqguations of state by examining the limit'of ! 1

2.4 Initial Shock Decay Rate

When a simple wave rst overtakes an initially steady shock, then the initial shock
acceleration,"?, is required to implement the shock decay model (2.66). This
guantity is not generally known and must be estimated. Rough estimates can be
obtained by using a rst-order shock-change equation with a gradient in the incident
simple wave, however the rst-order gradient is instantaneously perturbed by the
interaction. A clear illustration of this is to compare the velocity and pressure
gradients for a given shock acceleration, which cannot simultaneously match the
gradients in the simple wave. The ratio of the pressure gradient to the velocity
gradient in the incident simple wave is

1 % dy0,
— === 2.74
d10; D d10; (2.74)
and the ratio behind a shock is
1 %
B . 2.75
d101 Ds (2.79)

These two quantities are generally not equal. For moderate strength shocks in gases
withl W 53 then
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which increases for greatér and smalleWV Clearly, both the pressure and velocity
gradients behind a decaying shock wave cannot be simultaneously matched to the
incident gradients of a simple wave. The wave re ected by the interaction is
necessary to match ow gradients with the values given by shock-change equations.
The initial gradients are perturbations of the incident values.

The perturbed post-shock state can be modeled as

D: DlOO . DllO_
%= %O 04r—

where superscripgtl® terms describe the incident simple wave, and superstt¥pt
terms describe the perturbation by the re ected wdYand%are the ow variables
in the general region behind the shock. The approximation isDfat D' and
%% %%, Then, to leading order, the: characteristic equation is (Landau and
Lifshitz, 1987, Y104)

(2.77)

m m o %
— 1D%® 0% — DY ——_ =0- 2.78
mC 5 mG 5 leOolOO ( )
and so gradients along characteristics are given by
110 0/110 0/110 mdoooloo
ot ° = 0e (2.79)
di°0*®  1g0°Qi0°02  mG

When the simple wave initially overtakes the shock, the re ected wave only perturbs
the derivatives of post-shock ow variables, so that at the shock

110
=0-
Dflo (2.80)
% =0-
and (2.79) becomes
o %
—— =0 2.81

The perturbation (2.77) can be applied to the shock-change equations, giving

"0 =DJ, Do (2.82)
di01 "% =%, , Yt (2.83)

From a  characteristic through the simple wave, the unperturbed gradients are
related by
®
Yose

DY == =0. 2.84
62 4,0, 0 (2.84)
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Equations (2.81) and (2.84) can be used to eliminate the pressure gradient terms
from (2.83), which gives

di01 "= d0,'D% Dayo- (2.85)

and (2.85) can be combined with (2.82) to eliminate the perturbation [ﬁin,‘l’he

result is
=t m-p%. (2.86)

For a given simple wave incident upon a shock with initial velocity gradDéﬁtthe
shock-change equation (2.86) can be used to compute the initial shock acceleration,
where the resulting velocity and pressure gradients are consistent with an acoustic
perturbation to the incident simple wave. It is convenient to express (2.86) with a

new coe cient,
d109

? d202
the inverse of which is plotted in gure 2.6 for a perfect gas with variddis

1
=3 _ (2.87)

Figure 2.6: 1forarange of andW

Equation (2.86) can be used to calculate the initial shock decay\fatie, ned by
(2.68). For a centered wave in a perfect gﬁGQ; is given by (2.11), wher€is the
time when the wave rst intersects the shock. Figure 2.7 pltits variouswW

2.5 Numerical Simulations

2.5.1 Methods

Numerical simulations were performed using the open-source nite-volume CFD
toolbox OpenFOAM-9 (Greenshields, 2021) and the solvers implemented in the
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Figure 2.7: Variation iivwith " andW whereV s given by (2.68).

library blastFoam-5 (Heylmun et al., 2021). The equations of motion are solved in
conservative form, so that the tracked variabled dreD-g4 Fluxes are interpolated
using the scheme by Kurganov et al. (2001) and limited using the functions by
van Albada et al. (1997) and van Leer (1974). Second-order Runge-Kutta time
integration was used. Various validation cases are included in the blastFoam library,
including the relevant test problem of interacting blast waves from Woodward and
Colella (1984).

For simulations of centered expansion waves, the initial condition corresponds with
the time when the piston impulsively stofss 0, as described in section 2.1. At
this time, post-shock conditions f8f ) , andD are uniform from the left domain
boundary,G = 0, up to the shock position & = 1. A zero velocity boundary
condition atG= 0 causes a centered expansion to form as time advances.

For all simulations, the grid resolution wass 10° cells per unit length, i.e., the
initial distance of the shock from the left boundary. Time steps were adjusted to
preserve a maximum Courant number of 0.25. Time steps were written to le at a
rate adjusted based on the expected initial shock acceleration. The criterion chosen
wasV C= 0001, where Cis the sampling interval. Simulations were run until
shocks had decayed to approximat&ly 0«4. The domain lengths were adjusted
accordingly. Typical simulation domains wee 10* cells with3 10° time steps
written to le. A grid-resolution study including post-processing methods was
performed for" = 10 andW= 1+4 for resolutions up to 1Oper unit length and

con rmed grid independence of the results.

Shock speeds were measured from simulation results using a cross-correlation al-
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gorithm. For every pair of sampled time steps, the cross-correlation of the pressure
gradient was computed, and the resulting correlation peak provides an estimate for
the shock displacement. Because the numerical shock pro le approximates an error
function, pressure gradients and their cross correlation are accurately modeled by
a Gaussian. Hence, the computed cross-correlations were t to a Gaussian of the
form

51® = 0el'® @ (2.88)

where0, 1, andG are t parameters.(y provides a sub-grid-resolution estimate

for the shock displacement. This algorithm was chosen for giving much less noisy
data than, for example, computing the shock speed from the post-shock pressure or
directly di erentiating shock position data. Figure 2.8 illustrates the algorithm. In
(a), two pressure gradients are shown, and their cross-correlation is tto a Gaussian
in (b).

Figure 2.8: Example of shock displacement calculation using cross correlation of
pressure gradients.

In order to quantify residual terms in the second-order shock-change equation (2.54),
it was necessary to computé, which requires numerically di erentiating twice.

This is prone to signi cant noise, so a smoothing algorithm was employed. Data for

" were smoothed using the Whitaker smoother as described by Eilers (2003). This
algorithm was chosen because it does not require interpolation at domain boundaries
and so distortion is reduced when compared to other common smoothers. Distortion
is nonetheless nonzero, so for estimation of the initial shock accelerdipa,cubic
polynomial was t to the rst 100 points of , and its derivative was evaluated at

the time when the shock begins decaying.
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The decay model (2.66) was solved numerically using a fourth-order Runge-Kutta
integrator, where’™®, was computed using (2.86). For perfect gas calculations,

is given by (2.63). For calculations of strong shock waves in equilibrium air,

is given by (2.55), and all shock-change coe cients were computed using Cantera
(Goodwin et al., 2021) and the Shock and Detonation Toolbox (Kao et al., 2020).
This was done by computing the equilibrium post-shock state for a range of shock
speeds, and numerically di erentiating the resulting data.

Thermodynamics for equilibrium air composed of 21%adnd 79% N were com-
puted with Cantera using the ninth-order polynomials given by McBride et al. (2002)
including ionic species. For implementation of equilibrium air in OpenFOAM, the
equation of state was speci ed using tabular look-up methods available in blast-
Foam, wheré&band) are given in terms of tabular data dfand4. The data tables
were generated using Cantera.

2.5.2 Centered Expansion in a Perfect Gas

The time evolution of velocity, pressure, and their gradients is shown in gure 2.9
for a representative case withg = 7 and W= 1+4. Artifacts in the gradients

at the shock front were eliminated by downsampling the data by a factor of ve
before computing the gradient. The leftmost contour corresponds to a time just
before the expansion wave is incident upon the shock, and subsequent contours are
after the shock has begun decaying. The interaction re ects a left-propagating wave
along characteristics, which introduces kinks in the velocity and pressure pro les.
Although not obvious from (a) and (c), they are apparent in the velocity and pressure
gradients in (b) and (d) as step discontinuities. This discontinuity propagates along
the leading characteristic of the re ected wave and in (b) is not to be mistaken for a
small numerical artifact that is apparentin early pro les. The pressure gradientin (d)
shows a kink between the step discontinuity and the shock front, which corresponds
to the particle path that bounds the region of nonuniform entropy. These features in
both the velocity and pressure pro les are clearly weak compared with the gradients
introduced by the incident centered wave, which is consistent with the claim made
in section 2.4 that they can be modeled as perturbations.

The initial shock acceleratioti%, was measured from simulation results and com-
pared with the value predicted using three estimates. The relative error of these
three estimates is shown in gure 2.10 for three value$\aihd" o ranging from

1.5 to 10, where the relative error is given Bpest "“osim 1. As discussed in
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Figure 2.9: Early evolution of velocity, pressure, and their gradients fpr= 7
andW= 1+4. The leftmost pro le corresponds 6= 0381 W just prior to wave
incidence, and C= 0127 Whbetween each subsequent pro le.

section 2.4,D160; and O/gg’; are the velocity and pressure gradients in the incident
centered expansion, unperturbed by the re ected wave from the interaction with the
shock. Using these quantities and their shock-change equations directly introduces
signi cant error for smalWand large' o. The method described in section 2.4 uses
the shock-change coe cient, , that takes into account the e ect of a weak acoustic
perturbation and is e ectively an average of the two other methods. The result is
that D;o;. is a consistently more accurate prediction'8f. The average error is
uniformly 0.5%, and this is attributed in part to the numerical methods.

In Figure 2.11 results from a simulation forp = 3 andW= 1+4 are used to evaluate

the accuracy of various theories from prior work including the new model given
by (2.66). Solutions by Chandrasekhar (1943), Brinkley and Kirkwood (1947),
Friedrichs (1948), Sharma et al. (1987), Best (1991), and Sharma and Radha (1994)
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Figure 2.10: Estimates ¢, using shock-change equations with unperturbed gra-
dients in incident simple wave compared with values measured from numerical
simulations.

are plotted. Details on implementation of these theories are described in Appendix
A.2. It is important to note that, except for Friedrichs (1948) and Sharma et al.

(1987), all theories require the initial shock acceleration to be known, so the solu-
tion (2.86) was used for this. Clearly, the present model is most accurate, nearly
indistinguishable from the simulation results. Theories by Chandrasekhar (1943)
and Brinkley and Kirkwood (1947) are both also quite accurate, and so they are com-
pared with the present model and simulation results for a stronger sheck,7,

in Figure 2.12. In this case, the other models begin to diverge from the simulation
results, but the present model still closely agrees.

The present model is compared to three simulation cases in Figure 2.13 yvitt8,

" 0=6,and" o = 9for W= 1+4. The time-evolution of the relative error between
the model and simulation, given Bymoger " sim 1, is shown in (b). Shock decay

is slightly faster for the model, such that errors are uniformly negative:' lor 3,

it appears that the error approaches a constant value, buyfer6 and™ o = 9it

is still increasing in magnitude. Although the duration in time of each simulation is
not the same, they capture the same amount of shock decaie4.

Since errors are largest at nal simulation time, they are plotted in Figure 2.14 for all
simulated cases. The dependencé\ds shown with additional data for o = 7 in

(b). Error is larger for smallewWand increasing o. For shock decay up t&= 04,
error forW= 12 is less than 3%, error foV= 14 is less than 2%, and error for
W= 16 is less than 1%. Fdr o = 7, error is nearly 7% fokV= 101,

Other than the estimate ftffy, the only assumption in the model is tiaiz = 0, and
so the nonzero errors in Figure 2.14 illustrate that this is not exactly true. Although
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Figure 2.11: Comparison of various theories for the decay'op& 3 andW= 14
shock with simulation results and our model.

Figure 2.12: Comparison for the decay of @ = 7 andW= 14 shock.

Dse-= 0in the initial centered expansion, the interaction with the shock generates
a perturbation to the ow resulting in a nonzero value Bz. The shock-change
equation forDs@_(2.54) is analytically exact, and so can be used to compute the
magnitude of the perturbation from simulation data. In Figure 2.15, the terms of
(2.54) are plotted for the simulation casg = 7 andW= 14, where is computed
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Figure 2.13: Time-evolution of (d) from numerical simulations and model pre-
dictions and (b) model error. All cases are W= 1+4.

Figure 2.14: Relative error in model prediction for at end of simulated time,
corresponding tX = 0«4. Dependence olVis shown with more data in (b) for
"o0=7.

using the simulated . In (a),"¥ and "2 are nearly indistinguishable. From
(2.54), their di erence is the residual terfy!D e, which is plotted in (b) and
shows a small nonzero value initially, before rapidly decreasing to near zero. The
initial magnitude of the terms in (a) is roughly twenty times greater than the initial
value in (b), which shows that the perturbation is small compared to the terms in (a)
and illustrates why the approximati@ = 0 produces such accurate predictions

of the shock propagation.

The exact shock-change equation (2.54) can be reformulated to obtain a small
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Figure 2.15: Terms from second-order shock-change equation (2.54) evaluated from
simulation data fot' o = 7 W= 1+4, where quantities are nondimensionalized using
time scale- g*0;.

parameter in terms s,

¥, "e21l P =0- (2.89)
IDea
n=0;— > (2.90)

Now, the modeDs@_= 0 can be considered the limit of 1. The maximum
value forn is at timeC= 0 when the perturbation is strongest. This is estimated
from simulation data and plotted in Figure 2.16, which shows thiatlargest for
decreasingVand increasing o, consistent with the errors in Figure 2.14.

Figure 2.16: Maximum value of, which quanti es the perturbation by the re ected
wave.

In contrast, for the analogous formulations used by Best (1991) and Sharma and
Radha (1994), where the equivalent residual term is de nedy¥:, dOR?® and
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% respectively, the residual term is never small because the gradients are never
small in the incident simple wave, regardless of the re ected perturbation. For
example, the equation 6l z_is

¥, "9, =0 (2.91)
2 ¢
a= Yo, (2.92)
dl[%z

In a centered expansion in a perfect gase_at the head of the wave is given by

Yo W 1do

= —— "Dk, 2.93

dy 2 dp Déz ( )

Neglecting the perturbation by the re ected wave, thenWs 7¢5 and" =5,
i = 537, whereas for th&z_formulationn = 0, exactly.

2.5.3 Centered Expansion in Equilibrium Air

Figure 2.17 shows calculations of the shock-change coe cients relevant to the decay
model, and ,for" upto20. In(a) *remains roughly linear. In (b), !
diverges signi cantly from\W= 14, indicating that for a giveﬁ}lgoo, the initial shock
decay rate is greater in equilibrium air.

Figure 2.17: Shock-change coe cients *and ! for shock Mach numbers up to
20 in aW= 1+4 gas and in equilibrium air initially at 50 kPa, 300 K air (21% &nd
79% Np).

Simulations were performed for three shock Mach numbers (5, 10, and 15) in air
initially at 50 kPa and 300 K. In Figure 2.18(a), the shock Hugoniot and isentrope are
plotted. Also shown is the chemically frozen Hugoniot. Figure 2.18(b) shows the
tabular data foed d— 4, where%is normalized by the chemically frozen pressure,
%, at the samal and4. The shock Hugoniot and isentropes are also plotted in
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Figure 2.18(b), where the area bounded by the curves contains all thermodynamic
states accessed by the simulated ow.

Figure 2.18: Thermodynamics for simulations of shocks in equilibrium air. (a)
shock Hugoniots and isentropes, (b) contours of tabular dat&ofer %4 d— 4.
Abbreviations fr and eq denote chemically frozen and equilibrium, respectively.

Results from numerical simulations are compared with model predictions in Figure
2.19. The time-evolution of the shock Mach number is shown in (a), (b), and (c),
and the relative error is shown in (d). The model accuracy is excellent with error
less than 1% for both ¢ = 5and" ¢ = 10cases and less than 2% fog = 15. This
clearly shows that the model is e ective even for equations of state very di erent
from a perfect gas. Results fav= 14 are also shown for comparison. The large
error can be attributed to the discrepancy irt shown in 2.17(b).

The power-law approximation can also be applied for problems with general equa-
tions of state, where 1" ° is computed accordingly. Figure 2.20 showsndV

for " upto20. The non-monotonic behavior &fas" g increases is due to the
sequential e ects of vibrational excitation, chemical dissociation, and ionization in
equilibrium air. Similar behavior can be observed from plot$\Henderson and
Menart, 2008).

The interaction with the centered wave for equilibrium air did not introduce a larger
perturbation to the incoming simple wave than for a perfect gas. As discussed in
2.1, the other source for nonzdbg.is in variation of on - characteristics in the
simple wave. andO;ny are plotted in gure 2.21 along the post-shock isentrope
ofthe" o = 15case. These values can be used with (2.54) to estimate the maximum
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Figure 2.19: Comparison between numerical simulations and model predictions for
strong shocks in equilibrium air initially at 50 kPa and 300 K.

Figure 2.20: Parameters for power-law approximation of decay model for equilib-
rium air at 50 kPa and 300 K.

n, wheren s given by

(2.94)
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For" o =15 ! 2 = 2¢6. Then, using the maximum values shown in gure
2.21 for andOymy givesn <014 So, for equilibrium air at these conditions,
the e ect of nonconstant is negligible, and the model assumption tbatz. 0
holds.

Figure 2.21: Variation of (a) and (b)O1np along" o = 15 post-shock isentrope,
whereE, is the post-shock speci ¢ volume.

2.5.4 Simple Wave from the Constant Deceleration of a Piston in a Perfect
Gas

If the piston does not impulsively stop, but instead slows at a gradual rate, then

a non-self-similar simple wave is generated. If the piston slows with a constant

acceleration to a halt, then the piston velocly,and position,- p, over time are

given by the piecewise expressions

C
30 C & §D2—2gs C &

— (2.95)

whereg; is the time when the piston is fully stopped. The solution for the simple
wave is given by (2.7), wherBtD’ is obtained from the piston path. The procedure

is demonstrated for an exponential piston by Zel'dovich and Raizer (1967), however
in that case the result is implicit. For a constant-deceleration piston, all quantities
can be found explicitly throughout the wave. At the piston féxe,Eand so

5L = - 1GE° 1 E, O!POCE- (2.96)

where time is expressed in terms of the piston speedd=eg!l EBEDX°. Fora
perfect gas, the sound speed is given by

w1
0r =

D DO, 0— (2.97)
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and so (2.96) can be simpli ed to obtain the general expressiorbfeP in the

simple wave,
|

Dogs D? W1_ W1 D
1 = — J— > —_— ()
50=2 1 o 5D 5 D0 1 g (299)

With 510, D:G-°Ghroughout the simple wave can be obtained from (2.7),
D _ 1 0, W1C

D VB 2W g
1 wWi1c? G C 0,C 0, °2
= » — 2 Ww— = 1w 102Z 22 .(2099
‘w 2a "be @ Dg D 2%

The sound speed can be obtained from (2.97), and other quantities follow from
isentropic relations.

The velocity gradientd; andDs g are found by di erentiating (2.99). The result
for Dscan be simply expressed as

DD WeR- (2.100)

which is valid throughout the wave.

With the additional time scalay, a single additional dimensionless variable dis-
tinguishes resulting shock motions givenfoy= g g,, whereg, is the duration of

the constant velocity phase of the piston motion. f=dr 0, a centered expansion
wave is obtained. Fdr ! 1 | there is no initial steady phase of the piston motion,
and the shock is formed decaying at the piston face. In this limit, the maximum
value forDsat the shock is &= 0 and given by

0105 V\&
= - 2.101
Déz 02 ( )

which can be used to estimatdrom the exact shock-change equation and is equal
to

n= ~1. (2.102)

For" o = 7andW= 1+4, n = 061, which is clearly not small and shows that the
general piston motion introduces a signi cant deviation fromEae.= 0 model.

For decreasing , there is more time for the simple wave to approach the linear-
velocity pro le of a centered expansion, and so igz-= 0 model accuracy is
expected to increase. For larder whereDs_is non-negligible, we can still use
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the value in the unperturbed wave and neglect the disturbance by re ected waves.
In this case, (2.100) is used in the shock-change equation (2.54). Instead of directly
computing the velocity gradient, it is estimated using its shock-change equation and
the value for the shock acceleratidi; @-is then approximated by

Doe= Wg "%D (2.103)

which enables (2.54) to be solved as a second-order initial value problem. The
initial shock acceleration is still given by (2.86), where the velocity gradient at the
head of the unperturbed wave is
1

DY = %@, %gs . (2.104)
In order to numerically simulate the shock decay by these simple waves, three cases
for a shock with" ¢ = 7 andW= 1«4 were considered with values &f = 025,
f = 05, andf = 1+0. The simulation was initialized using data computed from
the above formulae. For all cases, the initial condition was chosen for a time before
the wave is incident upon the shock. The initial conditions are shown in gure 2.22.
Forf = 05 andf = 025, the piston velocity is not zero at the beginning of the
simulation. For these cases, the left boundary condition is set to the constant piston
velocity at the beginning of the simulation, so that the piston is no longer slowing.
Characteristics from the wall do not reach the shock within simulation time.

Results from numerical simulations are plotted with the model prediction in gure
2.23. Subplots (a), (b), and (c) show that, as expectefd,iasreases the agreement
with the Ds@_= 0 model decreases. Accordingly, subplots (d), (e), and (f) show
that the error increases. Also plotted in gure 2.23 are the model results from using
the unperturbed value &k .in the incident simple wave, which was approximated
using (2.103). This achieves less than 2% error for all cases, which is similar to
the error in section 2.5.2 for o = 7 andW= 1¢4. These results show that even for
non-self-similar simple waves, the shock-propagation model obtained by neglecting
only perturbations to the incident second velocity gradient remains accurate.

2.6 Summary

A model for the decay of plane shock waves in equilibrium ows with an arbitrary
equation of state was formulated using a shock-change equation for the second
velocity gradient behind the shocKsg In contrast to prior work, instead of
neglecting all higher-order gradients, only the perturbation to those gradients by
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Figure 2.22: Initial (a) particle velocity and (b) pressure for simulations of shock
decay by the simple wave from a constant-deceleration pistori for= 7 and

W= 144,

Figure 2.23: Time evolution of (a,b,c) shock speed and (d,e,f) model ertopfer7
andW= 14 shocks decayed by the simple wave from a constant-deceleration piston

for three values of the scale parameter,

the shock interaction is neglected. For centered expansion waves in a perfect gas,
Ds= 0 exactly throughout the wave, and therefore also behind a decaying shock
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if the perturbation is neglected. Comparison with numerical simulations showed
that these perturbations are indeed su ciently small to obtain accurate solutions
for the shock trajectory. For a general equation of stB¢g;< 0 in the incident
simple wave due to variation in the fundamental derivative of gas dynamié¢xr

a centered wave in equilibrium air, it was shown that this variation is small, and
Dsc= 0 remains an accurate model even for a Mach 15 shock. For an arbitrary
simple wave Dsc< 0 and must be accounted for. This can still be accomplished
by neglecting the perturbation from the shock interaction, which was shown to be
e ective for the simple wave generated by the constant deceleration of a piston in
a perfect gas. Since simple waves converge to a self-similar solution, then in some
caseds = 0 can still be used for arbitrary simple waves and remains a good initial
estimate.

The value of the analytical results obtained in this chapter is in their generality
and simple formulation. The model can be readily implemented through numerical
solution of a simple ordinary di erential equation (2.66), wheras given for an
arbitrary equation of state in (2.55) and for a perfect gas in (2.63). The initial shock
acceleration can be computed from (2.86), wr[é?éis the velocity gradient in the
incident simple wave, which is given by (2.10). A useful result from this analysis is
an approximate power-law formulation, which remains accurate even for cases with
strong shocks in equilibrium air. Although not detailed in this article, the model can
be used for shocks in media with irreversible endothermic or exothermic reactions,
such as overdriven detonation waves. An example of this is described in Appendix
A.
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Chapter 3

MODELING FORWARD-MODE DETONATION-DRIVEN
SHOCK DECAY

Schoe er, D. T. and Shepherd, J. E. (2023). Decay of shock waves in detonation-
driven shock tubes. 184th International Symposium on Shock Waves, Volume 2:
Applications 1 Springer Singapore.

An essential characteristic of forward-mode detonation drivers is that the nonuni-
form driver gas causes the driven shock wave to decay from the beginning of its
formation. Prediction of shock decay is important not only to properly choose the
shock's strength for processing the test gas, but also because the decaying shock
introduces unsteadiness in the post-shock ow, which can pose serious limitations
for facilities where the test gas is meant to simulate some steady, hypervelocity
ow. Nonetheless, unsteady shock waves may be used if the time scale of their
unsteadiness is su ciently large compared to a facility's test time. This is deter-
mined in practice by experimentally characterizing a given facility or by numerical
simulation. Expedient methods for estimating performance are important, and so a
model is needed to predict detonation-driven shock decay.

In Chapter 2 it was shown that the motion of plane shock waves acted upon by
simple waves can be accurately approximated by a power law. In this chapter, this
result will be applied to the problem of shock decay from a forward-mode detonation
driver. A model problem will be formulated, and numerically simulated for a range
of independent variables. The problem is rst simulated assuming both driver and
test gases are perfect, i.e., with constant heat capacities. This will be shown to
be accurate for modeling detonation products, however the approximation is not so
good for shocks in air. These inaccuracies will be addressed using simulations with
thermally equilibrated air including a nite-rate reaction model.

3.1 Problem Formulation

The intrinsically multidimensional cellular detonation structure can be modeled as

a one-dimensional reaction zone in a spanwise mean, terminating in the equilibrium
Chapman-Jouguet (CJ) state. Behind the CJ state is an unsteady expansion wave,
known as the Taylor-Zel'dovich (TZ) wave when self-similar. Two length scales are
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present in this formulation of the one-dimensional detonation wave: the reaction
zone width and the detonation propagation distance, i.e., the driver length. The
reaction zone width scales with some characteristic detonation cell size, which
is typically small compared to the driver length for all pressures and mixtures of
interest here. So, the reaction zone may be neglected from analysis, and the CJ-TZ
detonation structure remains. Additionally, wall e ects like viscous attenuation
and heat transfer are neglected, which is appropriate for su ciently small driver
length-to-diameter ratios (Radulescu and Hanson, 2005).

The initial condition for the detonation-driven shock tube, as modeled here, is when
the CJ state is incident with the contact surface separating shock tube sections, as
shown in Figure 3.1. The typical enumeration of shock tube gas states is used here
with a modi cation to also describe relevant states in the detonation driver, which
are the initial, unreacted gas stdte the CJ statd2, and the TZ wave plateau state

43. These subscripts are used throughout, particularly for the CJ state. The strategy
taken in this work is to numerically simulate the evolution of this initial condition.

Figure 3.1: Initial conditions for the simpli ed model in terms of pressure, tempera-
ture, velocity, and mole fractions for detonation driver gag;, and inert shock tube
gas, - inert, Where enumeratiod2 and43 identi es the CJ and TZ-plateau states,
respectively.

The problem will rst be modeled assuming the detonation products and inert
driven-section test gas to be perfect gases. The temperatures are so high in fuel-
oxygen detonation products that chemical reactions remain much faster than uid
mechanic length scales, such that ows can be accurately modeled as in chemical
equilibrium (Cooper, 2004). The specic heat capacity ratio for the detonation
products can therefore be de ned using the equilibrium conditions of the CJ state
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Figure 3.2: (a) rarefaction wave curves and (b) isentropes for detonation products
from stoichiometric mixtures of ethylene-oxygen initially at 300 K and two initial
pressures of 50 and 100 kPa.

and is calculated here by
W2 = d4205,0 Ya2 — 3.1)

whereQg; is the equilibrium sound speed. A single value\Wds remains accurate
throughout subsequent isentropic expansion of the CJ state. Rarefaction wave
curves and isentropes are plotted in Figure 3.2 for equilibrium and perfect gas
calculations and show that (3.1) is accurate. All calculations are performed using
the Shock and Detonation Toolbox (Kao et al., 2020). Note that the mean molecular
weight of the gas changes as equilibrium is maintained through the expansion.
Consequently, temperatures calculated using the perfect-gas model are incorrect.
However, since density and pressure are accurately modeled on the isentrope and
chemical equilibrium is assumed, the uid dynamics are una ected.

Strong shocks in air and other non-monatomic gases produce signi cant relaxation of
internal energy modes and possibly dissociation, and so the perfect-gas model is not
generally reliable. Nonetheless, the perfect-gas model is simple, facilitates analysis
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with a reduced number of independent variables, and provides essential insight into
the gas dynamics. Results from perfect-gas simulations will be analyzed rst, then
evaluated against those with non-constant heat capacities and a nite-rate reaction
model.

The simpli ed model problem has six independent, dimensionless variables de-
scribing all conditions. They are

%o O , 42
a2 22 . L4z _ 3.2
% 0 a— W W - (3.2)

which are, respectively, the pressure ratio, the sound speed ratio, the local CJ Mach
number in the lab-frame, the CJ gas speci ¢ heat ratio, the driven gas speci ¢ heat
ratio, and the ratio of molecular weights. The only additional variable not presentin
typical shock tube analysis'iss» = Duo* 042, Which quanti es the driver gas velocity

in the lab-frame. The molecular weight ratio is only included as it is necessary to
compute the temperature, which is unimportant for the present problem. Because
of the self-similar TZ wave, all length scales can be normalized by the driver length.
The nonuniformity from the TZ wave is a result of the boundary conditions and does
not require any additional variables to describe.

All quantities in (3.2) were independently investigated here. A base parameter set
is used throughout the study to vary parameters about. Quantities for the base case
are

Y 042

% = 200- 0_1 = 37— 42 = 085-

Wo = 114~ W= 14— 22 =079-
1 1

which were chosen to be values typical for stoichiometric ethylene-oxygen at stan-
dard temperature and pressure and air driven gas, although they are typical for other
mixtures as well. The initial condition given by the base case is shown in Figure 3.1.

(3.3)

The primary variables considered for shock tube operation were the pressure ratio
and sound speed ratio. Quantitieg, andW> are only determined by the detona-
tion gas mixture, and typical values for many mixtures ‘ai 2 »08-0+85%and

W, 2 »le1-1+2%, To illustrate this, Table 3.1 lists values fory, andW, calculated

for various mixtures. The only parameter for the inert shock tube gas is

Although the evolution of the initial condition is numerically simulated, the initial
speed of the driven shock can be directly computed using a pressure-velocity dia-
gram. Because of the nonzero gas velocity, either a rarefaction or shock may be
re ected from the contact surface interaction, determined by the position of the CJ
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Table 3.1: Examples of perfect gas parameters for equilibrium detonation products

mixture a2 Wb
CoHy, 302 0.85 1.14
CoHs, 30,, 4Ar 0.83 1.16
2H,, Oy 0.84 1.13
4H,, O, 0.82 1.15

state relative to the shock curve. The boundary dividing these wave re ections is
de ned by when%, = % andDy, = D,. For the present independent variables, this

occurs when the following is satis ed
o 02 1 Omrr% 1
=2 = . (3.4)

00 W W 1
2 T104004 10 1
ZW Q2°7/q 5

All simulation cases were chosen to be on the side of the boundary where an
expansion is re ected. Cases used to examine the e ect of only pressure and sound
speed ratios are plotted with the wave-re ection boundary in Figure 3.3. The initial
shock Mach number, o, is given by the detonation-driven shock-tube equation
(1.1).

Figure 3.3: Map of variables for simulation cases examining the combined e ects
of pressure and sound speed ratios. All are located to the right of the boundary
de ning re ection of expansion or shock waves at the diaphragm'fqp = 085,

Wy = 1414, andW = 1+4.

In order to characterize the decaying shock wave, the power law formulation derived
in Chapter 2 for the strong shock limit is used. Therefore, the decay paraiieter,
is de ned by the time-varying shock Mach number:C, normalized by its initial
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speed,' o, i.e.,
n 1@
X=—— (3.5)
0

The weak shock formulation is more accurate for some conditions, however subse-
guent model formulae are more complicated.

The shock propagation law is
X= 1 (3.6)
11, vew!Y
whereVis the positive initial decay rat&,= %), and normalizes the time variable.
The exponentU, characterizes the shape of the trajectory. Larger valudg of
correspond with faster decay for a given value\of Both parameters determine
the rate of shock decay and hence the magnitude of unsteadiness generated in the

post-shock ow.

In Chapter 2, the power law (3.6) was derived for the strong shock limit of (2.66),
whereV was de ned by the incident simple wave ahidwas de ned only by the
shock Mach number. This model arose from neglecting perturbations to the second
velocity gradientDs e, which is zero for centered waves. When considering non-
self-similar wavesDsz @< 0, and so the decay model was modi ed to incorporate
this nonzero term. The simple wave that decays the forward-mode detonation-driven
shock is not centered due to the interaction with the left-propagating wave generated
at the diaphragm. The shock is decayed immediately upon formation, and so there
is no time for the transmitted simple wave to propagate and approach self-similarity
again. Therefore, analytical treatment of this problem requires incorporating the
e ect of Dse-< 0. The strategy taken in this work is to instead use (3.6) to t
simulation data.

3.2 Simulation Methods

Evolution of the detonation-driven shock tube initial condition was directly simu-
lated using the same methods as those described in Chapter 2 with minor di erences.
Perfect gas simulations used OpenFOAM-7 and blastFoam-4, whereas reactive cal-
culations used OpenFOAM-9 and blastFoam-5.

3.2.1 Perfect Gas
Simulations were performed using variables normalized by the inert shock tube gas
initial state, i.e.,

% _ )~ B o GBref S

U= —— = DE— ,=— G - G —-- 3.7
7 )i Bt v 1 = r &9
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whereBes = P "Jie, 1, '~is the universal gas constafft,s the driver length, and

the tilde identi es dimensional quantities. Simulation results are reported below
using the same normalizations except for the reference velocity, where the sound
speeds, is used instead. The sound speed Brgdare related by1*Ber = pW,

hence simulation time is reported with a square-iydactor.

For a given set of shock tube variables, the initial condition was computed separately,
discretely sampled, and mapped onto a uniform simulation grid, from which the
simulation was initiated. All simulation cases were run until the major features
of the shock evolution were developed, typicaliy, 3-OpW. Time steps were
sampled every C= 0-001° W.

The driven shock Mach number was computed in post-processing at each sampled
time step using the post-shock pressure and the perfect gas shock jump equation.
Numerically di erentiating discrete simulation data is prone to introducing large
errors and then necessitates substantial use of smoothing algorithms. For perfect-gas
calculations, the post-shock pressure was used to calculate the shock Mach number,
a repeatable technigue that minimizes use of smoothing methods and reduces the
error introduced into computed quantities. The time evolution of the shock velocity
exhibits several kinks, which were identi ed using the large spikes in the second
derivative of shock velocity after smoothing the data with a Savitzky-Golay lter.

No smoothing is otherwise applied to the shock Mach number results presented
below.

Numerical simulations and post-processing algorithms were both veri ed for grid
independence using the base case with grid resolutiohsldf, 2 10, and4 10°

cells per driver length. All simulations presented here @eti0® cells per driver
length, and the shock tube length was varied depending on the case so that all shocks
reached similar points in their evolution. Total cell count for each case ranged from

4 10°to8 104

Results from thirty six simulations are described below, which examined the in-
uence of all independent variables. Primary focus was on the e ect of pres-
sure and sound speed ratios, and the twenty seven pertaining simulation variables
are shown in Figure 3.3. Sensitivity of the base case to other variables was ex-
amined with cases wherdy 2 flel-1¢14-12g, " 42 2 f08-0.825-085g, and

W 2 f1e2—1+3-14-15-1+66g.
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3.2.2 Reacting Gas

As shown above in Section 3.1, the perfect-gas model remains accurate for fuel-
oxygen detonation products. Simulations are therefore simpli ed by only consider-
ing real gas e ects in the shocked driven section test gas.

Chemical reaction introduces additional length scales, and so results are not as
readily nondimensionalized. For these problems, a driver length of 0.5 m is used,
which is similar to the driver length used in experiments discussed later in this work.
The perfect-gas study is general, while reacting gas calculations are performed to
check model accuracy for conditions relevant to later experiments. As such, typical
driver conditions are calculated for 50 or 100 kPa of stoichiometric ethylene-oxygen.

In this work, shocks up to roughly s = 8 are considered, where dissociation time
scales become small relative to those of a typical shock tube. The initial detonation-
driven shock speed can still be calculated for equilibrium ows by solving for
the pressure and velocity equilibrium condition numerically using, e.g., the Shock
and Detonation Toolbox. This is su cient to calculate the initial shock speed for
forward-mode operation.

To prepare initial conditions, all thermodynamic and shock wave calculations are
performed using Cantera (Goodwin et al., 2021) and the Shock and Detonation
Toolbox (Kao et al., 2020). Both Cantera calculations and OpenFOAM simulations
use the NASA-7 polynomial data (McBride et al., 1993). For shocks in air (21% O
79% Np), nite-rate kinetics tabulated by Johnston and Brandis (2014) are used.

Using NASA-7 polynomials to compute heat capacities assumes the gas to be in
vibrational equilibrium. No calculations were performed that modeled nite-rate
relaxation of these modes.

3.3 Results: Shock Decay

3.3.1 Perfect Gas

The time evolution of the driven shock Mach number for the base set of independent
variables (3.3) is shown in Figure 3.4. The Mach number continuously decays from
the initial speed to an apparently quasi-steady plateau period, after which the shock
continues to decay further. These three periods of the shock Mach number evolution
were obtained in all simulations.

A space-time diagram of the base simulation case was computed by directly in-
tegrating along the characteristics. The result is shown in Figure 3.5, where the
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Figure 3.4: Time evolution of driven shock Mach number for simulation of base
case.

re ection of characteristics at the end wall and shock front are tracked. Charac-
teristic re ections at the contact surface are important but not included here. The
space-time diagram illustrates the origin of the three regions of the shock Mach
number evolution shown in Figure 3.4. The shock initially decays from attenuation
by the transmitted TZ wave. However, since the TZ wave is nite, once the nal
characteristic intersects the shock, a region of approximately steady propagation is
reached. After su cient time, the centered expansion wave from the initial contact
surface interaction re ects from the driver end wall and catches up with the shock
wave, which causes it to decay further.

Figure 3.5: Space-time diagram generated from integration along characteristics of
simulation data for the base parameter set.

The shock Mach number is only approximately steady during the plateau period
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between the rst and second phases of decay. The variation that does occur is
substantially smaller than the variation during periods of shock decay, such that the
plateau period is comparably steady. Unsteadiness in this period results from wave
interaction with the contact surface. The shock Mach number in this period can
be accurately approximated using the detonation-driven shock tube equation for the
reverse-moddriver. This is because the plateau propagation period is driven by the
TZ wave plateau state. Isentropic expansion of the TZ-wave gas is just a continuation
of the isentropic expansion from the CJ state. This is only an approximate solution
for the forward-mode plateau state because derivation of requires that the post-
shock state is homentropic, which is not true due to the prior wave decay. -The
characteristic drawn from the contact surface to the plateau-state shock does not
have a constant Riemann invariant. Pressure and velocity are also not necessarily
uniform in this region due to the compression wave re ected by a decaying shock.
These e ects are nonetheless weak, and Figure 3.6 shows that the approximation
provides an accurate prediction for the mean shock Mach number in this region for
all simulation cases.

Figure 3.6: (a) Comparison of the mean shock Mach number in the plateau region
from numerical simulationsl:f"‘pi, with the result from the model, p, given by
(1.1) for the reverse-mode driver. Residuals are shown in (b).

Even for moderate pressure ratios, the quasi-steady plateau period is only reached
after the shock has traveled several driver lengths. Reverse-mode detonation drivers
utilize this condition by initiating the detonation at the diaphragm and reducing the

e ective TZ wave or driver length. It is unrealistic to access this plateau period

in forward-mode operation without using shock initiation to shorten the TZ wave
(Bakos et al., 1996). Therefore, in order to otherwise use the forward-mode driver,
the driven shock wave during its initial period of decay must be exploited, which
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requires a characterization of its decay properties.

The shock decay parameter (3.5) in the rst period of shock decay was t to the
propagation law (3.6) for all simulation cases, and both the t and its residuals are
shown in Figure 3.7. The root-mean-square error between data and t across all
simulations is7 10 4, proving the propagation law to describe the shock decay
exceptionally well. The conclusions from this are several-fold. Foremost, the
decaying shock propagates according to a power law in time as formulated by (3.6)
to within some negligible error. There are only two properties of this propagation:
the power-law exponent), and the time scale or initial decay raie,The tting of
simulation data to (3.6) therefore provides measurements of these quabltaied,

V, which may be used to examine e ects of independent variables on the resulting
shock decay.

Figure 3.7: (a) The shock decay parameter (3.5) for all simulation cases is plotted
against a tto the propagation law (3.6) with corresponding residuals plotted in (b),
where residuals arg * 1, Ve Y,

The shock decay propertidgandV, for simulations where the pressure and sound
speed ratios were varied together are plotted against multivariate correlations in
Figure 3.8. The ts are

V=0814 — —= 3.8
% 01 (3.8)

_ logl%+%° 152 2 10/ o OO 042001 2415
U= 4216 log 1% %° , 6317 - (3.9)

The power-law exponent), could be separated into a linear combination of in-
dependent functions of the pressure and sound speed ratios. Dependence on the
sound speed ratio could be linearly t, but a more complicated dependence on the
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pressure ratio required a cubic t to the logarithm. Although cumbersome and not
theoretically motivated, the functional form was chosen because it e ectively ts
the data. The pressure ratio dependence exhibits a maximdapeta 160
Increasing the pressure ratio further decre&selecreasing the sound speed ratio
decreaseb.

The correlation forV in Figure 3.8(b) shows that the initial decay rate increases
strongly with increasing the sound speed ratio and decreases with increasing the
pressure ratio. This is important for facility operation. In order to reduce unsteadi-
ness in the test gas it is desired to reduce the decay rate of the shock wave. This can
be done by increasing the pressure ratio and decreasing the sound speed ratio, which
has the double e ect of reducing the exponddtand decreasing the initial decay
rate, V. Dependence o¥/ on the sound speed ratio is particularly strong, nearly
guadratic. For example, a reduction of sound speed ratio from 3.7 to 3 reduces the
initial decay rate by 30%. Since the shock Mach number is directly proportional to
both the pressure and sound speed ratios, the ratios can be varied to preserve the
same shock Mach number while decreasing the shock unsteadiness.

Figure 3.8: Shock decay properties plotted against multivariate correlations with
pressure and sound speed ratios, wiigre log %2 %4°.

The other three independent variables of interes\Vgr&\,, and" 4». Figure 3.9
plotsUandVfor simulation cases where the base case is perturbed about these three
variables independently. For all, the variation in botandVis small, less than 3%

for the variable ranges tested, which con rms that the e ects of pressure and sound
speed ratios are primary. A single simulation case with unity molecular weight
ratio was performed to con rm its irrelevance to the present problem. Results were
identical to the base case, except in the temperature variable, as expected.
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Figure 3.9: Decay properties from sensitivity study of secondary independent vari-
ables, where each quantity was varied individually about the base case.

Since the shock speed in the plateau period can be predicted using (1.1), then the
decay model can be used to estimate the time or position when the decaying shock
reaches the plateau period. A comparison between results using model formulae
and simulations is shown in Figure 3.10, illustrating that for the majority of cases
the model is accurate. Note that distance is normalized by the driver length.

Figure 3.10: Comparison of distance along driven section when shock reaches
plateau period calculated using model formulae and from simulations.

3.3.2 Reacting Gas

The decay model above can now be compared against calculations for air with a
non-constant heat capacity and nite-rate reactions. Results from simulations are
shown in Figure 3.11 for four shot conditions, where the air pressure is varied
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Figure 3.11: Comparison of shock decay model with numerical simulations includ-
ing nite-rate dissociation in the air test gas. The decay model assumes chemically
frozen ow.

and % = 50 kPa for all cases. Also shown in Figure 3.11 are predictions from
the shock decay model described above, where the initial shock speed is computed
using the chemically-frozen shock Hugoniot (vibrational equilibrium), and the decay
parameterd/andU are evaluated using the perfect-gas correlations (3.9). Relative
model errors, given by smodef " ssim 1, are shown in (b).

These results show that the decay model remains accurate, even for shocks in real
gases for the conditions examined here. The chemically-frozen initial shock speed
and Hugoniot were chosen because they were more accurate than if chemical-
equilibrium was assumed. Consequently, the chemically-frozen Hugoniot is used
for all shock decay calculations below. For stronger shocks, dissociation e ects
likely become more signi cant and may need to be incorporated.

3.4 Results: Post-Shock Flow

The bulk of this work has so far focused exclusively on the shock propagation
itself. However, the ow behind the shock is what is of interest for all shock-tube
applications. An important consequence of using a decaying shock is that the post-
shock ow has nonuniform temperature and density even in the plateau period. To
show these e ects, results from a single simulation are considered heé¥g fer50

kPa ethylene-oxygen ar¥d = 5 kPa air. Based on above results, these calculations
were performed assuming air to be chemically frozen (vibrationally equilibrated).

Figure 3.12 shows a space-time diagram with color map correspondoyg t® d;°.
The shock is easily identi able as the crisp diagonal boundary. The contact surface is
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visible following the shock as a negative jump in density. Four red lines are plotted,
which correspond to the axial position where pressure and density are plotted in
Figure 3.13(a) and (b), respectively.

Figure 3.12: Space-time diagram with color corresponding Vatiide d,° for
simulation with%; = 50 kPa ethylene-oxygefda = 5 kPa air.

Pressure and density pro les show the post-shock ow as the shock decays toward
the plateau period. The plateau is evident from the pressure data as a region of
constant pressure that is overtaking the shock. The contact surface lies within this
plateau period. As shown in (b), shocked air in this plateau period does not have

uniform density, because each particle path was processed by a shock with di erent
strength. The kink in th& = 30 pro le shows the boundary de ned by the last

TZ wave characteristic. These results are relevant to designs using shock-initiated
detonation, which attempt to shorten or eliminate the TZ wave. If there is any shock

decay, then there will be a region of nonuniform entropy, regardless of whether the

shock subsequently reaches a period of steady propagation.

3.5 Implications of Shock Decay Model

From comparison with simulation results, the shock decay model, in particular the
power-law formulation, has been shown to be highly useful for predicting the time

evolution of shock speed. There are several implications from these results that will
be discussed below.
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Figure 3.13: Pressure and density pro les at various axial positions for simulation
with %3 = 50 kPa ethylene-oxygea = 5 kPa air.

3.5.1 Shock Decay Formulae

At this point, it is useful to present some formulae that result from the shock decay
model. The shock acceleration is given by

" Vo VX

T olpU 1 U

E 1, \\//cuo 1. VeU 3.10)
_ - = .U_

" 71, Veu vX

which gives the interesting result that the time scale de ned by the local decay rate,
g =1 "%" o lincreases with time as

1 C

==, = 3.11
T (3.11)

0]

Many shock-change coe cients vary linearly with for strong shocks, hence (3.11)
indicates that the corresponding gradients are decreasing {ike Equation (3.11)
provides the time scale for the post-shock unsteadiness when the shock has processed
the relevant region of the test gas.
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The model relates shock speed with time, but it can be integrated to be reformulated
in terms of shock position, ,

1 Vv W11 WP
X= 1, —U— - (3.12)
U "o
which shows that the spatial decay rate is scaled by

Shock tubes are calibrated based on the shock wave that ultimately processes the
test gas. In expansion tubes and shock tunnels, this is only a small volume of gas at

the end of the shock tube. Hence, it is useful to consider the shock properties at this

position. For a shock-tube with lengths and driver length 3, the shock wave at

the output of the shock tube is described by

1 UVlg YtV
R 0 15 Til—: L4 (313)

Equation (3.13) can be used to calcul&drom (3.10).

3.5.2 Reducing the Decay Rate

Shock unsteadiness is directly proportionaMarl he time scale of the initial decay

rate scales with the driver length. So, the simplest strategy for reducing shock decay
is to use a driver as long as possible.

As mentioned above, another method for reducihig to reduce042°01. Since

the test gas is xed, this requires reducing the CJ state sound speed. This can be
accomplished in practice by diluting the driver mixture with a heavy gas. However,
the detonation reaction zone is highly sensitive to post-shock temperatures, and
dilution with a gas that has even a modest heat capacity can signi cantly impact
detonation stability. Lower detonation temperatures lead to increased reaction zone
lengths and larger detonation cells. Hence, signi cant dilution with, e.g.piN

CO, could render the mixture undetonable. Noble gases can be used to dilute driver
mixtures since they are monatomic and so have minimal heat capacity. Contenders
are argon, krypton, and xenon.

Figure 3.14 shows calculations for ethylene-oxygen detonations with various amounts
of these diluents. As expected, gé&nd N cause a rapid increase in induction-zone
length, whereas it is only modestly a ected by noble gas dilution. Krypton and
xenon are by far the most e ective at reducing sound speeds. Unfortunately, these
gases are quite rare and expensive. This leaves only argon as a viable diluent. 50%
argon dilution of ethylene-oxygen results in a modest 15% reduction of the CJ sound
speed. If krypton could be used, then 50% dilution would result in a 34% reduction.
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Figure 3.14: Calculations of ZND induction zone length and CJ sound speed for 1
bar of CoH4 , 30, with various diluents. Sound speed data in (b) are normalized
by the undiluted CJ valu€y.

3.5.3 Driver Mixture E ects

The performance of di erent driver mixtures can be investigated using the decay
model. Prior work has largely focused only on the initial condition. Thisisinaccurate
because it does not capture the rate at which a given shock will decay. These
calculations were performed for four mixture€,Hy , 30;, 2H, , Oy, CoHy

302, 4Ar, andCyH4, 30, , 4Kr. Pressures were varied to examine several e ects.
Results from these calculations are shown in Figure 3.15, where trajectories are
calculated up to the predicted plateau-state shock speed and are plotted against the
spatial coordinate. Note that the normalization!hyis included explicitly in the

axis label for clarity, but this is no di erent from the dimensionlessariable used
above. All cases use a const&fmt pressure of 10 kPa air. TH#éy; pressure is
adjusted for each set of calculations. These pressures are listed in Table 3.2.

In (a), initial driver pressures are constant and equal to 100 kPa. Undiluted ethylene-
oxygen produces the strongest shock. Dilution reduces the CJ sound speed and
pressure and therefore shocks are initially weaker. The shock for the hydrogen case
decays rapidly, crossing trajectories for both diluted ethylene c&gressures

are important to consider as they determine the diaphragms required to stand o
initial pressure di erences. Thinner diaphragms are possible for ethylene mixtures
over hydrogen mixtures, because initial pressures are lower.

In (b), initial driver pressures are adjusted so that the CJ pres¥yds the same
for each mixture, approximately 3.31 MPa. This is most relevant to considering a
given facility's peak operating pressure, since structural loading to determined by
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Figure 3.15: Calculations of forward-mode detonation-driven shock decay for four
driver mixtures. Each subplot shows calculations for di erégt pressures.

the CJ pressure and not initial pressures. With its greater sound speed, the hydrogen
mixtures drives a notably stronger shock, but it decays toward the undiluted ethylene
trajectory.

In (c), driver pressures are adjusted so that the initial shock Mach nuthbers

the same for each. This was approximatély = 8. This comparison shows
clearly the e ects of di erent values foK. The hydrogen case decays more rapidly
than the diluted-ethylene cases. What is also striking about these calculations is the
enormous increase in gas required to compensate for dilution. From Table 3.2, the
argon-diluted pressure must be more than doubled to obtain the same initial shock
speed. However, this is compensated for by the reduced decay.

In (d), driver pressures are adjusted so that the decayed shock Mach number at a
position- ¢! 3 = 2 is the same for each case. This is meant to model a shock tube
with a driven-to-driver length ratio of 2. Hence, these calculations are the ones most
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relevant to real shock-tube operation.

Table 3.2: Values o%q1 corresponding with calculations in Figure 3.15

mixture ()% (kPa) (b)%;1 (kPa) ()% (kPa) (d)%; (kPa)
CoHa . 30; 100 100 100 100
2H, . O, 100 174 118 151

CoHa . 30, 4Ar 100 126 205 162

CoHa . 30, 4Kr 100 126 445 247

3.6 Summary & Conclusions

In this chapter, the strong-shock power law formulation derived previously was
applied to empirically t perfect-gas numerical simulation data. Exceptional agree-
ment was found for all conditions simulated. Multivariate correlations were used
to relate the propagation law t parameters to key independent variables, nhamely
the pressure and sound speed ratios. This model was shown to remain accurate for
simulations including air with a non-constant heat capacity and nite-rate reactions.

The decay model was used to investigate various driver mixtures. Hydrogen mixtures

with their elevated sound speed produce the highestinitial performance for a forward-

mode detonation driver. However, the subsequent shock decay must be taken into
account, since the high sound speed results in more rapid decay.

Driver dilution with a heavy gas was considered to reduce sound speeds and thereby
reduce expected decay rates. Argon is the only realistic contender, unless krypton
or xenon can be obtained a ordably. Calculations show that heavy gas dilution does
reduce decay rates, however, at the cost of requiring incréaggatessures.

An important consideration is to minimize the initial pressure di erence across the
diaphragm. For lower pressures, thinner diaphragms can be used, and this could
possibly be advantageous. In these cases, hydrocarbon mixtures are preferred over
hydrogen, as was demonstrated here with ethylene. Minimally, this shows the utility
of using driver gases other than hydrogen, which has been the focus of prior work
almost exclusively. For laboratory experiments, it is convenient to use I&er
pressures because of typical instrumentation ranges and safety. Consequently, the
majority of experiments in this work used ethylene as the driver fuel.
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Chapter 4

TIME-RESOLVED SHOCK SPEED MEASUREMENTS:
METHODS

A small-scale shock tube was constructed to experimentally characterize the shock
waves generated by a detonation driver in both forward-mode and reverse-mode
operation. The shock tube was constructed to also enable operation with a con-
ventional high-pressure helium driver for comparison with the detonation driver.
This chapter presents the facility and the methods used to perform time-resolved
shock speed measurements. These new techniques were employed so that the shock
acceleration behavior could be con dently compared with shock decay modeling.
Additionally, the method is able to resolve frequency behavior in the shock motion,
providing new insight into these dynamics in shock tubes. Results from this study
are presented in the next chapter.

4.1 GALCIT Unsteady Shock Tube (GUST)

The shock tube constructed for the present experiments is diagrammed in Figure
4.1. The shock tube has a continuous 76.2-mm inner diameter with a driver length
of 438.6 mm and driven-section length just over 2 m. The driven section uses
a transparent o -the-shelf polycarbonate tube with a 6.35-mm wall thickness and
0.76-mm internal diameter tolerance. The extruded plastic surface was su ciently
smooth to directly seal against with O-rings. The detonation driver and diaphragm
closure were rigidly mounted to an I-beam, so that detonation thrust forces were not
transmitted to the polycarbonate tube.

Figure 4.1 shows the position of two pressure transducers on either side of the
diaphragm. These sensors (PCB piezotronics 113B26) were digitized at 14 bit and
2.5 MS/s (NI PXI-6133). The driver-side transducer was used for timing and to
characterize the incident detonation wave.

The driver initiates detonation in the main tube by implosion of an annular wave
formed in outer channels. This detonation imploder was built and extensively
characterized in several previous studies (Grunthaner et al., 2001, Jackson, 2005,
Jackson and Shepherd, 2007). Diagrammed in Figure 4.2, the driver is composed
of concentric aluminum tubes with channels milled on the outer surface of the
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Figure 4.1: Diagram of detonation-driven shock tube with transparent polycarbonate
driven section.

inner tube. The detonable mixture is ignited in the outer channels where obstacles
facilitate transition to detonation, and the channels uniformly spread the wave into
an annular detonation. Figure 4.2(c) shows the inner sleeve unwrapped. At one end,
the detonation exits the outer channels and is redirected into the inner core where the
detonation implodes, transitions to a plane wave, and propagates down the length
of the driver. The driver could be ipped so that the detonation imploded either at
the upstream end wall or at the shock tube diaphragm, enabling either forward or
reverse-mode operation.

After evacuating to less than 100 mTorr, the driver mixture was prepared using the
method of partial pressures and mixed with a recirculating pump for 2 minutes.
Three driver mixtures were used in the present work: stoichiometric ethylene-
oxygen, hydrogen-oxygen, and ethylene-oxygen diluted with 50% argon. High-
purity synthetic air (20.91% &) was used as the driven section test gas for the
majority of shots. For other test gases, an additional recirculating pump was used
to mix the driven section for 2 minutes.

Static Il pressures were measured using transducers with 0.5% reading accuracy
and nominal variation typically within 10 Pa of the set point. Temperatures in
the driver and driven section were recorded using K-type thermocouples. Driver
temperature typically rose a few degrees over the course of several shots, so that
the mean temperature was 235with standard deviation 0.C. Driven-section
temperatures were typically 22@.
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Figure 4.2: Diagram of detonation driver. Detonation is initiated and shaped in
channels of inner sleeve, which is shown unwrapped in (c).

Mylar diaphragms were used for all detonation driver experiments. Three diaphragm
thicknesses were used: 12.7, 25.4, and 508 The driver was also operated as a
high-pressure helium driver, where it was pressurized with helium until diaphragm
rupture. 1100-O aluminum was used for these diaphragms with 0.15-mm and 0.30-
mm thicknesses. Diaphragms were not scored and a knife-blade cutter was not used,
however good shot-to-shot repeatability was still obtained. A Heise 300 psig dial
gauge was used to measure driver pressure for these experiments.

Over the course of the several hundred shots performed in GUST, a regular ob-
servation has been the signi cance of damage from Mylar diaphragm particulate.
Although diaphragms were thin, signi cant particulate is generated by diaphragm
rupture, and particulate is accelerated to high velocities. The stainless-steel plug at
the shock-tube end is signi cantly pitted from impact of this particulate.

In Appendix G, all engineering drawings for this facility and other components are
included. A schematic of the facility's gas supply system is also included.
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4.2 Detonation Speed Measurement

The detonation driver design included a component to make detonation speed mea-
surements. A pair of ber-coupled optical ports, spaced by 25.4 mm, viewed the
inside diameter through 1-mm diameter apertures. Fibers routed detonation lumi-
nosity to a pair of photodetectors, the signals from which were used to estimate
detonation time-of- ight. Figure 4.3 illustrates the setup.

The 1-mm apertures were made from center drilling set screws that could be ad-
vanced ush with the tube inside diameter. It was found that covering the aperture
with Kapton tape was su cient to prevent the detonation from propagating through
the 1-mm hole. This was important for obtaining crisp signals. Usually, the tape had
to be replaced every few shots especially for higher pressure conditions. Multimode
bers with a 1-mm core (Thorlabs M35L01) were used to improve transmission to
the two ampli ed photodetectors (Thorlabs PDA100A).

Figure 4.3: Diagram of closely-spaced ber-coupled optical ports for measuring
detonation time-of-arrival.

Photodetector signals were passed through an analog 20'kdmi@r Bessel high-
pass lter (Krohn-Hite 3384) to e ectively di erentiate the signal, giving sharper
pulses. The pulses were then digitized (LeCroy 44Xs-A). Detonation time-of-arrival
was identi ed from 50% of the pulse rise time. Figure 4.4 shows an example of
these signals. The ringing after the pulse is from the Iter's step response as well as
uctuations in luminosity.

Figure 4.5 shows examples of detonation speed measurements for the driver mixtures
considered. Detonations were typically observed to propagate within 2% of the CJ
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Figure 4.4: Example of photodetector (PD) signals in (a) and ltered signal pulses
in (b) used to measure detonation speed.

speed. There is greater scatter for hydrogen data. This is partly suspected to be from
the greater CJ speed (2.8 km/s for hydrogen-oxygen vs 2.3 km/s for ethylene-oxygen).
Shots where a larger deviation from CJ speed was observed were repeated. In all
experiments performed in GUST, no sensitivity to variations in detonation speed
was observed. These measurements nonetheless provided a useful veri cation of
detonation driver operation.

Figure 4.5: Detonation speed measurements for three driver mixtures.



77

4.3 Shadowgraphy Methods

4.3.1 Optical Setup

Shock propagation along the tube was recorded using high-speed shadowgraphy
with a eld-of-view (FOV) just over 500-mm wide. Shadowgraphy was chosen for

its high sensitivity to shock waves and its modest requirements for optical quality,
which was important for visualization through the polycarbonate tube. The setup,
diagrammed in Figure 4.6, was built on rails so that it could be translated along the
tube length.

Figure 4.6: Diagram of large eld-of-view shadowgraphy setup.

The light sources used were a pair of ash lamps (Elinchrom D-Lite 4) which
generated approximately 1 ms of broadband white light in a 400 J ash. Only
a small section of the ring-shaped ash tube was used by positioning a 6.35-mm
diameter aperture directly in front of a portion of the tube. Light from the rest of
the ash tube was obstructed from entering the system.

Each ash lamp was collimated by a 279.4-mm square Fresnel lens with 609.6-mm
focal lengths (Edmund Optics 32-691). Just after the 6.35-mm aperture, a 50-mm
focal length lens was used to increase the system's numerical aperture and increase
throughput. Collimated light was transmitted through the polycarbonate tube and
was incident on a viewing screen located less than 15 mm from the tube. The
viewing screen was a 220-grit sandblasted acrylic panel.

The viewing screen was recorded by a high-speed camera (Phantom v2512) using
an 85-mm Nikon lens. The camera was con gured to use a 128(Qixel FOV

along the tube centerline with a 830 kfps framing rate and a 265 ns exposure. Figure
4.7 shows a large FOV image of the polycarbonate tube and a 450-mm scale, used
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for spatial calibration. The narrow FOV used for high-speed imaging along the
tube centerline is highlighted. The dark vertical band down the middle is due to
non-focusing margins of the Fresnel lenses. More details regarding the calibration
of this optical setup are described in Appendix B.

Figure 4.7: Example full eld-of-view shadowgraph, showing width of polycarbon-
ate tube and narrow measurement FOV.

Optical throughput was found to be important for competing with the luminosity
of detonation products, which otherwise worsened shadowgraph contrast. Filtering
this emission was not an option because the spectrum emitted by luminous detona-
tion products and diaphragm material substantially overlapped with the ash lamp
spectrum. Spectra were acquired for both the ash lamps and detonation products
using an Ocean Optics FX spectrometer and are given in Appendix B.

Some issues were encountered with electrical pickup from the high-frequency circuit
used to ionize and ash the ash tube. This issue was eliminated by using G-10
optical posts for the aperture and 50-mm lens.

Geometric distortion is a known challenge of quantitative shadowgraphy (Settles,
2001). The construction implemented here minimizes distortion by locating the
viewing screen directly adjacent to the tube. Due to the nite source size and
collimation by Fresnel lenses, which exhibit strong chromatic aberration, the depth
of eld is small with resolution decreasing from 2.0 Ip/mm on the near side of
the tube to 0.9 Ip/mm on the far side of the tube, relative to the screen. This was
measured with a USAF 1951 target without the polycarbonate tube in place. With
the polycarbonate tube, resolution is decreased further to 0.5 Ip/mm and varies
along the tube length and degree of degradation. The polycarbonate tube required
replacement roughly every 100 shots due to optical degradation. Mylar diaphragm
debris would either scratch or stick to the inner surface, and the high temperatures
from shock re ection blackened the end of the tube over time.
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4.3.2 Post-Processing Algorithm

The shadowgraphy videos were post-processed to obtain measurements of shock
position and speed. Each frame was background subtracted and vertically averaged.
The signals were then Itered in space and time to eliminate signal from detonation-
product luminosity and diaphragm fragments. Inter-frame displacements of the
shock shadow signal were measured using the peak from signal cross-correlation.
Sub-pixel correlation peaks were estimated using the three-point-Gaussian t, com-
monly used in digital particle-image velocimetry (Willert and Gharib, 1991). The
above post-processing steps are illustrated in Figure 4.8 and the code used to imple-
ment this algorithm is reproduced in Appendix B.

The resulting displacements for each frame pair give the shock speed over time in
units of pixels per frame. These were transformed to laboratory coordinates using
a spatial calibration of the viewing screen and the camera framing rate. After the
algorithm was applied, data were resampled to a uniform grid. The signals showed
signi cant high-frequency noise, and so time-series data are Savitzky-Golay Itered
with fourth-order polynomials and 25 points per window, e ectively a 55 kHz low-
pass lter (Schafer, 2011). Figure 4.9 shows an example of raw and Itered signals
obtained from one shot using the above post-processing algorithm. Uncertainty
bounds are also shown which are described in the next section.

4.3.3 Uncertainty Analysis
Shock speed measurement uncertainty comes from two sources: geometric accuracy
of shadowgraphs and the post-processing algorithm.

Shock shadowgraphs are assumed to be one-to-one between their position on the
viewing screen and the shock's actual position in the shock tube. Geometric accuracy
is limited by the optical components, including distortion by the polycarbonate tube,
and their alignment. A calibration plate with 37 1.27-mm wide vertical grid lines,
spaced 6.35-mm apart, was placed in the narrow measurement FOV, and the position
of grid line shadows was compared with the true geometric positions on the plate.
This was used to align the optical setup so that the average magni cation was unity,
however there was some variation across each lens with a maximum deviation of
roughly 1%. This also includes uncertainty in the screen's spatial calibration.

Processing shock shadowgraph movies into speed measurements introduces error
from the signal-to-noise ratio, the nite resolution, and variability in the signal
shape. This was estimated by simulating the signal processing algorithm.
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Figure 4.8: Post-processing steps to obtain frame-to-frame shock displacement. (a)
shows exemplary pair of shock shadowgraph frames. (b) shows the signals from
vertically averaging and ltering the frames. (c) shows the signals' cross-correlation
and sub-pixel peak estimate.

Figure 4.9: Example of raw and low-pass Itered shock speed signal obtained from
post-processing algorithm. Uncertainty bounds are also shown.

A simulated shock is assumed to propagate through the shadowgraph eld of view
at a constant speeds. The shock shadowgraph image was modeled as the rst
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derivative of a Gaussian,

1IG G° 1G Q)OZ, BZ

1G-Bo?G

normalized so that G, B—B¢°G:  , where isthe amplitude an8determines

the signal width. The function is evaluated on a 1280 pixel grid. As the shock
travels through the tube with speg&d, the position of the shadowgraph translates
as@ =* ;C The parameteBdetermines the width of the signal, where the average
from experimental data was 2.4 pixels, ranging from 1.2 to 3.6. Measurement
signals were normalized by the bit depth and background subtracted, resulting in
signal amplitudes ranging from 0.02 to 0.08loise in each pixel was experimentally
measured and is modeled as additive white Gaussian noise with a variance of 0.0015.

The post-processing algorithm was simulated for a range of constant shock speeds,
where variation in the signal amplitude and width was modeled by sampling from

a uniform distribution for each simulated frame. The initial sub-pixel position of
the shock was also varied for each iteration. For each spedd) iterations were
performed. Resulting histograms of algorithm error were not normally distributed,
so empirical cumulative distribution functions (eCDFs) were generated for each
shock speed, and a 95% algorithm uncertainty bound was chosen. Figure 4.10
shows example eCDFs in (a) and values of the uncertainty bound for each simulated
shock speed in (b), ranging from 0.5 km/s to 3 km/s. There is variability, so the
algorithm uncertainty is bounded at 20 m/s for all shock speeds.

The combination of the above sources of uncertainty gives the following expression
for error in reported shock speed measurements

n=001" g, 20 mrs— (4.2)

where deviations from the true shock speeds in 95% of measurements are expected
to lie within this bound. Other sources of uncertainty like variation in detonation
speed are negligible in comparison and so are neglected.

Measurement error in facility pressures and temperatures also contributes uncer-
tainty to predictions using the ideal one-dimensional model described above. Due
to generally small variation in the model expondustpnly error in" sg andVwas
considered. The net e ect on these quantities was calculated to be less than 0.5%
for the conditions tested here.

1This shows the shock shadowgraph contrasts achieved with this technique.
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Figure 4.10: (a) eCDFs for two shock speeds. (b) 95% algorithm error bound from
eCDFs.

4.4 \eri cation

4.4.1 Repeatability

In order to investigate many shot conditions, results from only one experiment for a
given condition and tube axial position are used. This was found to be acceptable
because of good shot-to-shot repeatability. From a set of six shots at the same con-
dition and axial position, a standard deviation of 10 m/s was obtained. This includes
the algorithm error described above. Si2teis within the algorithm bound, shot-
to-shot variation is within known uncertainty. Repeatability was regularly veri ed

for other shot conditions during the progression of experiments.

4.4.2 Increased Spatial Resolution

The nominal shadowgraphy con guration used a wide FOV with 0.41 mm/px reso-
lution. The example shadowgraphs in Figure 4.8 show that the shock is imaged on
only a small number of pixels. To verify the shock structure was being su ciently
resolved, data were acquired for a narrow FOV con guration with 0.15 mm/px res-
olution. Figure 4.12 shows a comparison between shadowgraph signals obtained
using the nominal wide FOV and a narrow FOV. The lower spatial resolution result-
ing from the wide FOV is shown to be su cient at resolving the signals.
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Figure 4.11: Shock speed measurements from six shots at the same condition.

Figure 4.12: Shock shadowgraph signals from wide and narrow elds of view.

4.4.3 Shock Shape & Motion

The measurement examples above show uctuating shadowgraph signals and shock
speeds, which were features of all experimental data. Shadowgraph signals regu-
larly bifurcated, showing two dark or bright bands, instead of the typical Gaussian-
derivative shape associated with shock shadowgraphs. The cross-correlation algo-
rithm accurately measures displacement of a static signal, but it must be considered
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how these signal shape uctuations a ect shock speed measurements. This will be
addressed in this section.

Figure 1.2 shows these signal uctuations in detail from one shot. (a) and (c) are
constructed as space-time diagrams with signals incremented vertically with time.
Datain (c) follow directly after datain (a). The un Itered shock speed measurements
using the cross-correlation algorithm for the selection of frames in (a) and (c) are
shown in (b) and (d), respectively, as the black line on top of shock speed from
the entire record in red. The shadowgraph signals in (a) initially show two positive
peaks, where one peak propagates to the right through the signal. By the last frame
in (a), the typical Gaussian-derivative shape is attained again, which persists until
roughly 94" s in (c). Over this time period, the shock speed measurement shows
a phase of acceleration and deceleration superimposed on the background shock
decay.

The shock-speed oscillations are not merely a consequence of using the cross-
correlation algorithm on a varying signal. Figure 4.14 shows a comparison with
shock speed measured by tracking the signal minimum. The signal minimum, or
the darkest position of the shadow, can be used to identify a single position for
the shock. The peak-tracking method gives a noisier measurement, however both
algorithms capture the same oscillatory behavior with a period of roughlys75

The ne motion in the shock shadow signals is believed to be from uctuations

in the shock shape. Figure 4.16 shows large FOV shadowgraphs that captured the
full tube diameter. The shadowgraphs are background subtracted and have their
contrast stretched (the saturation is from the luminous detonation products). The

shock shadow is curved, most clearly seen in (b), and this curvature varies with time.

A curved shock can produce the shadowgraph signal uctuations observed above.
Shadowgraphy is sensitive to the second derivative of changes in the medium's
refractive indexs, and the resulting change in optical intensitan be approximated

as (Merzkirch, 1987)

. nf
— — _— 1pg=2dl - 4.3
whereGandHde ne the plane normal to the ray path, which propagates along the
| -axis for small de ections. Since/ d, the shadowgraph obtained from a density
eld can be simulated by taking the second derivative normal to the optical axis and

then integrating along the optical axis. This was done for some simple shock shapes



85

Figure 4.13: Shadowgraph frames are plotted as space-time diagrams in (a) and (c)
with speed measurements from corresponding frames in (b) and (d), respectively.
Shock speed from the entire record is plotted in red and from the frame selection in
black.

shown in Figure 4.16. The domain of high densitys de ned using a constant
radius of curvature, and, in order to give the shock a nite thickness, the density
elds were passed through a Gaussian lter. The shadowgraphs obtained from these
density elds are shown in (d-f). The expected Gaussian derivative appears in (d),
however the signal is distorted in (e) and (f) from the shock curvature. The convex
shock in (c) is most similar to the shock's appearance in Figure 4.15. As the shock
curvature deviates from zero, the shock shadow signal therefore appears to split and
recombine. Whether the two peaks are positive or negative also indicates if the
shock is concave (negative) or convex (positive).
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Figure 4.14: Comparison of shock-speed measurement using two post-processing
algorithms.

Figure 4.15: Large FOV frames showing curved shock.

Itis believed that the shadow signal uctuations are a consequence of these variations
in shock shape, and the uctuations introduce some structure to the shock speed
measurements using the cross-correlation algorithm. To assess the impact on mea-
surements, the cross-correlation algorithm was applied to simulated shadowgraph
signals from a shock with constant mean speed and oscillatory curvature. Figure
4.17(a) compares a simulated and experimental shadowgraph signal for a time with
peak shock curvature, illustrating that the simulation provides a reasonable model
for the observed shadowgraph signals. The curvature was simulated to oscillate
sinusoidally with a period of 75s, similar to what is shown in Figure 4.13, and the
simulated signal was propagated with a constant speed of 2 km/s. Figure 4.17(b)
shows the resulting simulated shock speed measurement plotted with the speed of
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Figure 4.16: Simulated shadowgraphs of at and curved shocks. Density color map
in (a-c) with corresponding shadowgraphs in (d-f).

the curved shock's apex. Clearly, the sinusoidal variation in shock curvature, and
therefore oscillations in the shadowgraph signal, introduces a perturbation to the
measured shock speed. The perturbation is in-phase with the curvature oscillation,
however it is not sinusoidal and does not show the same amplitude as the apex
speed. This illustrates that frequency analysis of shock speed measurements gives
useful insight into the shock dynamics, however care must be taken in interpreting
the amplitude of these oscillations.

These simulations show the limitations of identifying a single shock speed for the
dynamics of real shocks in a shock tube. A single shock speed only completely
de nes the dynamics for a shock with constant curvature. Real shocks, however,
may exhibit more complicated dynamics with surfaces that change shape over time,
and so a single shock speed is an incomplete description. The present experimental
methods are capable of capturing the temporal variation of shock speeds, enabling
new insight into these dynamics.
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Figure 4.17: (a) Comparison between simulated and experimental shadowgraph sig-
nals. (b) Shock-speed measurement using cross-correlation algorithm for simulated
shadowgraph signals with sinusoidal variation in shock curvature.

4.5 Summary

In order to make high-resolution shock speed measurements, a shadowgraphy tech-
nigue was devised for shock visualization through the transparent driven section of
a shock-tube. The facility, GUST, and the technique were presented in this chapter,
and shock-speed measurement accuracy was quanti ed. Some representative data
were used to verify methods. In particular, measurements for a single shot con-
dition were shown to be highly repeatable. Wide FOV shadowgraph signals were
compared with those with increased spatial resolution, illustrating that the imag-
ing resolution used is su cient. Finally, perturbations to the shadowgraph signal
were shown to be consistent with a time-varying shock curvature, and simulated
signals were used to show that these signal perturbations introduce corresponding
perturbations to shock-speed measurements. These results illustrate the challenge
of identifying a single shock speed for the dynamics of a shock with time-varying
curvature, however the present techniques may still be used to make measurements
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of the periodicity of these shock oscillations.

In the next chapter, results from applying this technique toward the measurement of
detonation-driven shock waves will be presented.
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Chapter 5

TIME-RESOLVED SHOCK SPEED MEASUREMENTS:
RESULTS & ANALYSIS

In this chapter, time-resolved shock speed measurements using the shadowgraphy
technigue described in Chapter 4 are presented. Shot conditions used for these exper-
iments are tabulated in Appendix B. Experiments were performed using a forward-
mode detonation driver, reverse-mode detonation driver, and a high-pressure helium
driver. Results are from a total of 132 individual experiments, comprising 39 distinct
shot conditions. Pressures, diaphragm thicknesses, and driver mixtures were varied.
Three mixtures were used for the detonation driver corresponding to a nominal mix-
ture (GH4+30,), a high-sound-speed mixture (2HD,), and a low-sound-speed
mixture (GH4+30,+4Ar).

Experimental results are compared throughout this chapter with model predictions.
For forward-mode results, calculations use the decay model presented in Chapter 3.
For reverse-mode and helium-driven conditions, only the initial shock Mach number
is calculated. For all of these, the test gas is assumed chemically frozen. Model
parameters are given with tabulated shot conditions in Appendix B.

5.1 Results: Forward-Mode Detonation Driver

5.1.1 Diaphragm Rupture

In the forward-mode driver, the detonation propagates downstream and strikes the
shock tube diaphragm, which ruptures and leads to shock formation. The resulting
unsteady shock motion is established by the initial condition of the detonation at
the diaphragm. This condition is important to examine, S0 pressure measurements
from the transducer directly upstream of the diaphragm in the driver are rst brie y
presented.

The pressure measurements are shown in Figure 5.1 for three diaphragm thicknesses
and compared with the TZ wave at the transducer position, which is annotated in
Figure 4.1. The rst jump in pressure is from the incident detonation, followed by
decay from the TZ wave, and then there is a second jump in pressure. This second
jump is consistent with a shock re ected from the diaphragm when the detonation
makes impact. The density of the solid material is greater than the CJ state by two
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to three orders of magnitude, so that a shock is always re ected.

Figure 5.1: Pressure measurements showing detonation striking diaphragm. Tran-
sucer is 38.1-mm upstream of the diaphragm. Conditions are 50 kR#daf GO..

The high pressures from the shocked detonation products cause diaphragm fragmen-
tation, and the forces accelerate the diaphragm downstream. Thinner diaphragms
are lighter and accelerate faster, resulting in a more rapid expansion of the driver gas
and so a faster attenuation of the re ected shock. Therefore, for thinner diaphragms,
the re ected shock is observed later in time at a weaker magnitude, as shown in
Figure 5.1. Additionally, pressure data are clearly consistent with the TZ wave prior
to arrival of the re ected shock, which indicates that over this time scale boundary
layer e ects are negligible. This is important because is means that the isentropic
detonation pro le can be used to compute shock-tube initial conditions, neglecting
diaphragm e ects.

5.1.2 Pressure Ratio

Shock-tube performance is typically tuned by adjusting the pressure ratio. For the

forward-mode detonation driver, both the initial shock speed and decay rate are
a ected. Shock speed measurements for six pressure ratios are shown in Figure
5.2, increasing from (a) to (f), where the driver pressure was a constant 50 kPa for
all cases and the driven section pressure was varied. Also plotted are predictions
from the decay model. As expected, signi cant shock decay is observed in all cases.
Generally good agreement with the model is obtained for lower pressure ratios,

however agreement worsens as the pressure ratio increases.

The mean ratio of shock speed measurements with model calculations, given by

*
sexp

2=

- (5.1)

*
s+nodel
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Figure 5.2: Forward-mode detonation-driven shock speed measurements for various
pressure ratios, where unburnt driver pressu¥ais= 50kPa for all cases and driven
section pressuréap, is varied. All cases use a8, , 30, driver mixture and 12.7

“m Mylar diaphragm. The ideal shock decay model is shown by the black line in
each subplot.

guanti es deviations from the ideal theory. This is calculated only for data in the
initial decay period, i.e., with velocities above the predicted steady shock speed in
the plateau period. Note that (5.1) is calculated using the time-series data, since this
is more consistent with the decay model. Value<ftor each pressure ratio above
are plotted in Figure 5.3, where uncertainty in both measurements and model are
combined. Clearly, the deviation from the ideal model cannot be accounted for by
measurement uncertainty. The t shown is

% *

2 0059 — | 0927 (5.2)
%

Although mean error in the model is not negligible, it predicts the shock decay rate
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Figure 5.3: Mean ratio of shock speed measurement to ideal madelr each
pressure ratio in Figure 5.2.

reasonably well, s@ can be used as a correction to the shock decay model,

2*
oy (5.3)
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where (5.4) is the decay model in spatial coordinates from (3.12). Figure 5.4 shows
the experimental data replotted with the calibrated model using (5.4).

5.1.3 Diaphragm E ects

Figure 5.5 shows the e ect of Mylar diaphragm thickness on shock speed measure-
ments in (a) and on the space-time diagram in (b). As the diaphragm thickness
increases, the measured shock speeds are uniformly reduced, deviating further from
the ideal model. The space-time diagram shows that the increased diaphragm thick-
ness results in a delay in shock arrival time, indicating that the thicker diaphragms
increase the shock formation time.

Similar results were obtained for two other pressure ratios, and the 2dto

these conditions is shown in Figure 5.6. As the diaphragm thickness increases,
2 deviates further from unity for all three pressure ratios. Data for each pressure
ratio are t to lines and extrapolated to zero diaphragm thickness. The nonzero
intercepts indicate that there is potentially an additional e ect responsible for the

model discrepancy. The intercepts are not much greater than the values fom.2.7
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Figure 5.4: Forward-mode detonation-driven shock speed measurements compared
with calibrated model.

Figure 5.5: E ect of diaphragm thickness on (a) shock speed and (b) space-time
diagram. All conditions uséa; = 50kPa GH4, 30, driver gas anda = 65 kPa
air driven-section gas.

diaphragms, suggesting that insigni cant improvement is obtained from using even
thinner diaphragms.
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Figure 5.6: E ect of diaphragm thickness @nifor three pressure ratios. Dashed
curves are linear ts.

Non-ideal diaphragm e ects are due to its shape, mass, and strength. Diaphragm
opening times are typically related to its mass. Figure 5.7 shows shock speed
measurements for six shot conditions, where three pressure ratios are tested at higher
absolute pressures. The diaphragm thickness is also scaled, so that the expected
force per diaphragm mass is constant. The results for each pressure ratio are on top
of each other, indicating that for conditions with matched diaphragm dynamics the
model discrepancy is the same.

Figure 5.7: E ect of absolute pressure with scaled diaphragm thickness.
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5.1.4 Driver Mixture

Figure 5.8 compares shock speed measurements in (a) and space-time diagrams in
(b) for three driver mixtures, where the driver pressure and shock tube pressure
ratios were chosen to produce the same CJ pressure and initial shock Mach number,
and hence similar diaphragm dynamics. Since the initial shock speed should be
similar, the subsequent shock motion shows the e ect of the driver gas sound speed.
The hydrogen-oxygen mixture has a high sound speed and so a larger initial decay
rate,V, resulting in more rapid decay overall. In contrast, the argon-diluted mixture
has a lower sound speed and so lower overall shock decay. These observations are
consistent with model predictions.

Figure 5.8: E ect of driver gas mixture on forward-mode detonation-driven (a)
shock speeds and (b) space-time diagrams. Conditions are chosen so that ideal
initial shock speed and CJ pressure are the same for the three cases. Conditions are
numbers 13, 19, and 22 from Table B.1.

Because of the faster shock decay generated by the hydrogen-oxygen mixture, the
ideal model predicts that the shock should reach the steady speed phase much earlier
in the measurement region. This is shown in Figure 5.9. The experimental shock
decay follows the model decay until the model reaches the steady shock speed, where
the experiment shows that the shock continues decaying well below the steady shock
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speed. The steady shock speed in this region is determined by the TZ wave plateau
state, which is not in uenced by diaphragm e ects. Shock decay below this speed
indicates other e ects, namely wall heat transfer and viscous attenuation.

Figure 5.9: Comparison of experiment and model for hydrogen-oxygen driver, where
%, = 87kPa,% = 32212 kPa, and diaphragm thickness is 25m.

5.1.5 Time-Frequency Analysis

The time-resolved shock speed measurements in this work enable observations of
higher-frequency shock motion. In many of the above plots there is clearly an
oscillatory component to the shock speed, particularly for the higher pressure ratios
in Figure 5.2.

To analyze these frequencies, the shock speed measurements are high-pass Itered
(HPF) using a Savitzky-Golay Iter with a 4 kHz cut-o (4th order polynomials

with a window of 325 samples). High frequencies were passed by subtracting the
Savitzky-Golay ltered signal from the un ltered signal. This is not necessary for
spectral analysis, but useful for visualizing the time-series oscillations.

Signals exhibit time-varying frequencies and amplitudes, so a coarse time-frequency
analysis is implemented. For the condition in Figure 5.2(d), the signal record
is segmented into thirds, and a periodogram is computed for each third using a
Hann window. Periodograms are estimates of the power spectrum (Oppenheim and
Schafer, 2010), and here they are computed using SciPy (Virtanen et al., 2020).
Record lengths are too short to a ord any useful averaging.

The segmented signal and corresponding estimates of power spectral density (PSD)
are plotted in Figure 5.10(a) and (b), respectively. There is a prominent peak
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frequency that decreases with time, which is plotted in (c). The discrete Fourier
transform (DFT) resolution is used for the peak frequency error bounds. Also plotted
in (c) is the characteristic frequency of an acoustic plane wave propagating along
the tube diameter in the post-shock ow. This frequenc@4s3, where0; is the
post-shock sound speed aBds the tube diameter. Figure 5.10(c) shows that the
measured frequencies are consistently higher than this acoustic frequency.

Figure 5.10: Time-frequency analysis of data from Figure 5.2(d). (a) shows high-

pass ltered signal, segmented into thirds. (b) shows periodograms of these seg-
ments using a Hann window. (c) shows PSD peak frequency over time, and (d)
shows signal amplitude in 50 kHz bandwidth over time.

The signal amplitude is evaluated by integrating Figure 5.10(b) up to 50 kHz. Signal
above 50 kHz was averaged to obtain a noise spectral density. This calculation
is performed on the signal without the low-pass Itering used for plots of time
variation. The root-mean square (RMS) signal amplitudes are plotted over time in
Figure 5.10(d). The signal in (a) is not sinusoidal and more closely resembles a
sawtooth waveform, for which the peak amplitude is related to the RMS value by a
factor ofpé. Applying this factor to (d) gives peak shock oscillation amplitudes of
nearly 100 m/s, as observed in (a).

If the periodogram is calculated instead for the entire record, then the peak frequency
obtained is an average of those in (c). This is useful for comparing oscillation
frequencies between shot conditions. Figure 5.11 shows these peak frequencies for
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the di erent pressure ratio conditions. Periodograms for these conditions are given
in Appendix B. The peak frequency clearly increases as the pressure ratio increases,
and the trend follows that of the reference frequencies give@,b$, illustrating

the dependence on post-shock sound speed.

Figure 5.11: Peak frequencies from periodograms computed for entire shock speed
records.

5.1.6 Diaphragm Bulge

A principal source for the shock speed oscillations in the above results was identi ed
to be the bulging of plastic diaphragms. This was rst identi ed by observing that
oscillation amplitude is reduced by using thicker diaphragms for the same shot
condition. However, if the thicker diaphragm was statically pre-loaded to a much
higher initial pressure di erence and therefore plastically stretched, then the initial
diaphragm bulge was increased and higher oscillations in the shock speed were
observed again.

A straight-forward remedy for this issue is to mechanically support the diaphragm
with a rigid cross of thin at plates. A photograph of this is shown in Figure 5.12,
where the plates are 1.27-mm thick stainless steel. Unlike diaphragm cutters, these
plates must be su ciently blunt to not prematurely tear the diaphragm.

The e ect of mechanically supporting the diaphragm is shown in Figure 5.13. The
spectra in (b) are computed only for the rst third of each record. The RMS signal
amplitude in the rst third of the record i833 131 m/s and22s5 14«0 m/s

for the unsupported and supported diaphragms respectively. Clearly, mechanically
supporting the diaphragm substantially reduces the large amplitude oscillations in
shock speed. An additional advantage of supporting the diaphragm is that it reduces
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Figure 5.12: Photograph of rigid cross of thin at plates used to mechanically
support plastic diaphragms to prevent bulging.

the initial static diaphragm loading and hence enables even thinner diaphragms to
be used.

Figure 5.13: E ect of mechanically supporting diaphragm on (a) high-pass ltered
shock speed signals and (b) power spectra computed from rst third of signals in

().

Diaphragms were found to bulge quite substantially. This was measured by removing
the driven section and pressurizing the driver with a diaphragm in place. The
diaphragm de ection was measured with a laser tape measure, and the results are
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shown in Figure 5.14. For most typical shock-tube conditions, the diaphragm is
bulging 10-15 mm, roughly 30% of the tube radius.

Figure 5.14: De ection of Mylar diaphragms with varied thicknesses from driver
pressurization.

5.2 Results: Reverse-Mode Detonation Driver

In the reverse-mode driver, the detonation is initiated at the diaphragm and prop-
agates upstream, driving an ideally steady shock in the test gas. In this work, the
detonation is initiated at the diaphragm by imploding an annular detonation formed
in channels external to the main tube inner diameter.

5.2.1 Pressure Ratio

Results for six pressure ratios are shown in Figure 5.15, where the driver pressure
is constant and the driven-section pressure is varied. As expected, the shocks are
approximately steady, exhibiting substantially less decay than from the forward-
mode driver. A new feature of these measurements seen in (a) through (d) is a jump
in shock speed resulting from the arrival of the shock re ected by the detonation
when it impacts the upstream driver end wall. The TZ wave also re ects and
attenuates the re ected shock. So after being overtaken by the re ected shock, the
primary shock is also decaying.

For lower pressure ratios in Figure 5.15(a) and (b), agreement with predictions
given by ideal theory is excellent. As the pressure ratio increases, the shocks are
observed to be slower than as predicted and there is nonzero shock attenuation. The
e ective shock attenuation is calculated by tting the data with a line that intersects
the ideal value at the diaphragm position. The slope of this line is normalized by
the calculated shock speed and plotted in Figure 5.16. Attenuation per meter shows
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Figure 5.15: Reverse-mode detonation-driven shock speed measurements for vari-
ous pressure ratios. Driver gas isHz , 30, and diaphragm thickness is 25./n
for all cases.

an inverse dependence with pressure ratio, increasing rapidly for lower values and
slower for larger values, approaching nearly 5% per meter. This attenuation likely
illustrates wall boundary layer e ects.

Similar to results from the forward-mode driver, signi cant oscillation is observed

in shock speed measurements, particularly for higher pressure ratios. By inspection,
oscillation amplitudes are larger at early time, but analysis shows that peak frequen-
cies are constant throughout the measurement record. The dominant frequency is
therefore estimated using periodograms with a Hann window of the entire record
length prior to re ected shock arrival. The dominant frequency from Figure 5.15(b)
through (f) is plotted in Figure 5.17. The characteristic transverse acoustic fre-
guency,02¢ 3, is also plotted. The observed frequencies are uniformly much higher
than0,+ 3 with a ratio varying from 1.2 to 1.4.
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Figure 5.16: Shock speed fractional attenuation per unit meter calculated from slope
of measurement ts.

Figure 5.17: Peak frequencies obtained from power spectra of pressure-ratio data.

5.2.2 Diaphragm E ects

Diaphragm e ects are shown in Figure 5.18, where the nominal pressure ratio is
constant but the diaphragm-inertia conditions are varied. Although the frequency
content appears qualitatively di erent, the overall shock speed and attenuation per
meter is approximately the same for the four conditions. In (d), the diaphragm is

mechanically supported as described for the forward-mode driver. Interestingly,
the oscillatory component appears to be improved by this, indicating that for the

reverse-mode the shock oscillations are not originating from the diaphragm bulge.
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Figure 5.18: Diaphragm e ects on shock speed for constant pressure ratio. All cases
use a GH, , 30, driver mixture.

5.2.3 Driver Mixture

Driver mixture e ects are shown in Figure 5.19 for one pressure ratio. The re ected
shock is seen to arrive earlier for the hydrogen-oxygen mixture and later for the
argon-diluted mixture, as expected from the di erent detonation speeds and driver
gas sound speeds. For the hydrogen-oxygen case, the shock appears to be slower
than expected from ideal theory with more rapid attenuation.

Periodograms for the three cases are shown in Figure 5.200psthplotted as a
vertical line. The variation D, 3 between the three cases is small enough to lie
within the thickness of the single plotted line. The spectra show that as the driver
gas sound speed increases, the oscillation frequency increases, departing further
from 0,¢3. The ratio of the dominant frequency wify 3 is plotted in Figure

5.21 against the sound speed rdlipe 0, for two pressure ratios, illustrating the
frequency-dependence on driver gas sound speed.
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Figure 5.19: E ect of driver mixture on driven shock speed, where each case uses
100 kPa driver gas and 10 kPa air driven-section gas.

Figure 5.20: Periodograms from driver-mixture data in Figure 5.19.

Since shock speed oscillation frequency is increased for greater driver gas sound
speeds, but otherwise not a ected by diaphragm conditions, the oscillations in
reverse-mode shocks are suspected to originate from the detonation initiation pro-
cess. Jackson (2005) showed that very high peak pressures are obtained from
detonation implosion. Some component of the re ected shocks inevitably transmit
into the driven gas. The dependence on driver gas sound speed indicates either that
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Figure 5.21: Ratio of peak frequencies from shock speed power spectra with char-
acteristic transverse frequen@ge 3. Data are shown for three driver mixtures and
two pressure ratios, where driver mixtures are plotted using the sound speed ratio,
042°0;. 042 is the CJ state sound speed.

the speed of the implosion process a ects the transmitted disturbance frequency or
that the higher sound speed transmits a stronger wave.

5.2.4 TestGas

Figure 5.22 shows the e ect of varied test gas composition, where argon and an
argon-helium mixture were examined. Argon has a lower sound speed than air,
however its high post-shock temperatures give it a higher sound speed than for air.
The nominal post-shock sound speeds are 718 m/s for air, 910 m/s for argon, and
1,120 m/s for 0.5Ar+0.5He. The peak frequency from periodograms is shown to

trend towardD,* 3 as0, increases.

5.3 Results: Helium Driver

Observations of shock oscillations from both forward and reverse-mode detonation
driver operation motivated investigation of the typical unheated high-pressure he-
lium driver. Shock speed measurements, predicted shock speeds, and correspond-
ing power spectra are plotted in Figure 5.23 for the two shot conditions studied.
Shock speed measurements in (a) show that the shock accelerates from early time,
overshoots the predicted shock speed, then decays below it. These dynamics are
consistent with the classic analysis of diaphragm-opening e ects by White (1958).

Data are noisier than for the detonation driver, so power spectra are estimated using
Welch's method (Welch, 1967) with a Hann window, where each averaged segment
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Figure 5.22: Shock speed measurements and power spectral densities for various
test gases. The black line in (d-f) corresponds \Bi#3.

is half the record length. The power spectra in Figure 5.23(b) show some frequency
content around the transverse acoustic frequefigy3, but the amplitudes are
much smaller than any observed from the detonation driver. RMS signal amplitudes
are computed by integrating the PSD up to 50 kHz andlds® 118 m/s and

198 127 m/s for%e% = 1062 and2192, respectively. The uncertainty value

is the RMS noise amplitude over the signal bandwidth, which shows that the RMS
signal amplitudes are only slightly greater than the measurement noise.

5.4 Discussion

Comparison between experimental shock speed measurements and predictions from
ideal one-dimensional inviscid shock tube theory showed that theory overpredicts
shock speeds for larger pressure ratios in both the forward and reverse-mode driver.
Interpretation of forward-mode results are complicated by interactions with the
TZ wave. In particular, diaphragm thickness e ects were shown to be signi cant.
However, extrapolation to zero diaphragm thickness showed a residual discrepancy



108

Figure 5.23: Measurements of shock speed using unheated high-pressure helium
driver for two pressure ratios in (a). Both cases Use 5 kPa, and the black lines
denote predicted shock speeds. (b) shows power spectra estimates using Welch's
method, where the black lines are the acoustic frequengie8, corresponding

with the lines in (a).

with the ideal model that was larger for increasing pressure ratios. For reverse-mode
drivers, steady attenuation per meter also increased with increasing pressure ratio,
which is a well-known e ect from wall boundary layers. Although the experimental

TZ wave was shown to be consistent with an isentropic expansion, wall e ects
becomes more signi cant with increasing time. Attenuation from wall e ects may
not be separable from experimental results due to the much greater decay by the
transmitted TZ wave. The variable that was not studied in this investigation was the
driver length-to-diameter ratio, which would help uncouple sources of shock decay.

Large oscillations in the shock speed were observed for both the forward and reverse
mode driver. Shock oscillations are signi cant because they are directly related
to acoustic perturbations behind the shock and hence acoustic noise in a facility's
test ow. The amplitude of these oscillations decreased as the shock propagated
away from the diaphragm, indicating some attenuation. However, for larger pressure
ratios where oscillations are more signi cant the attenuation is reduced.

Acoustic disturbances behind primary shocks are particularly important for expan-
sion tubes, which motivated the study by Paull and Stalker (1992). They concluded
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that transverse or lateral acoustic waves were the culprit of test ow noise, and
examined the transmission of these waves into the test gas from an unde ned source
in the driver. The ratio of sound speeds across the contact sudtaée, was iden-

ti ed as a controlling factor for transmission. The high-temperatures of detonation
products results in large sound speeds, even after isentropic expansion to the contact
surface state. For all shot conditions in this chafier0, i 1.

The origin of the shock oscillations observed in this work cannot be unambiguously
identi ed. However, they were shown to be substantially a ected by the bulging
diaphragm for the forward-mode driver, which could be mitigated by mechanically
supporting the diaphragm to prevent it from bulging. Post-shock ow perturbations
from diaphragm bulge have been investigated before (Daru and Damion, 1995).
Hornung and Quirk (1998) showed that another e ect is to distort the contact
surface.

Diaphragm bulge was not found to be important for the reverse-mode. Instead,

a likely source for these oscillations is the detonation initiation process. For the
reverse-mode operation, the detonation is imploded directly at the diaphragm plane,
generating very large transverse pressure transients (Jackson and Shepherd, 2007).
It was shown that the frequency of shock oscillation normalize@-Jey increased

for increasing CJ sound speed (or the CJ speed, itself). Normalizatin Byakes

into account variation in the post-shock sound speed, so these trends illustrate the
dependence of measured frequencies on driver conditions.

No remedy was identi ed for the reverse-mode driver, since initiation at the di-
aphragm is fundamental to the driver's operation. Detonation wave implosion is
possibly especially prone to exciting these shock oscillations. However, the trans-
verse detonation tubes used for initiation in other facilities (Yu et al., 1992, Zhao
et al., 2005) likely also introduce transverse waves. Itis important to note that these
shock oscillations are only observable in the present shock tube due to the high-
frequency shock speed measurement technique employed. In other facilities, these
oscillations may be present and go unobserved due to typically coarse measurements
using time-of-arrival gauges.

Conventional shock tubes with high-pressure helium drivers also have bulging di-
aphragms, and so shock oscillations for this driver operation were also investigated.
It was found that the oscillation amplitude was comparable to measurement noise.
To compare this with detonation drivers, RMS shock speed oscillation amplitudes
are collected below in Table 5.1 for conditions with roughly 1.45 km/s shock speeds.
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These results show that the forward-mode driver with supported diaphragm is nearly
as quiet as the conventional high-pressure helium driver.

Table 5.1: Comparison of RMS shock speed oscillation amplitudes between driver
techniques

driver technique RMS shock oscillation (m/s)
forward-mode detonation driver 533 131
forwa_rd-m_ode detonation driver 2265 1440

with diaphragm support
reverse-mode detonation driver 323 166
helium driver 198 127

A nal point is to consider the spacing of time-of-arrival gauges necessary to

resolve the frequencies observed here. For a steady shock with spediae

e ective sampling rate obtained by an array of sensors with spacg * ¢ G

In one representative shot, a roughly 1.6 km/s shock was observed to have 12 kHz

oscillations. Consider this to be at the Nyquist frequency of the sensor array. Then,
Gmust be less than 6.6 cm in order to resolve these oscillations. Sensors spaced

2-cm apart would give roughly six samples per period of oscillation. Over a 1.5-m

long measurement region, this would require 75 sensors.

5.5 Conclusions

A unique method of using shadowgraphy through a polycarbonate shock tube enabled
high-resolution measurements of shock speeds along the entire driven section length.
Diaphragm e ects were identi ed, and overall performance could be calibrated
against model calculations. With a correction factor, the forward-mode shock decay
model presented in Chapter 3 was shown to be accurate. An important consequence
of this is that it can be used to estimate shock unsteadiness for a given facility and
shot condition.

Time-resolved shock speed measurements enabled original observations of shock
speed frequency content. Conventional time-of-arrival shock speed measurements
only coarsely sample shock position, and so the present work'’s ability to perform
spectral analysis of shock speed is unique. Shock speed oscillations are important
considerations for assessing the quality of ows generated by a shock tube, and
perturbations from these oscillations should be observable in the post-shock ow.
Methods for interrogating the post-shock ow is the subject of the next chapter.
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Chapter 6

HETERODYNE FOCUSED LASER INTERFEROMETER:
THEORY, METHODS, AND VALIDATION

Optical interferometry is an exceptionally sensitive method for interrogating trans-
parent media. When coherent light transmits through a variable density gas ow,
the light wave is phase modulated. By interfering this signal beam with a refer-
ence beam, the phase modulation of the electric eld is converted to amplitude
modulation of the optical intensity, something measurable with a photosensitive
detector.

Like shadowgraphy and schlieren, interferometry is a historic method for inves-
tigating shock-tubes ows. Although earlier applications to compressible ows
exist, Bleakney et al. (1949) provide one of the rst uses of an interferometer in

a shock tube. Interferometric measurement of density jumps across shock waves
is particularly challenging due to the very large density gradients in shocks caus-
ing apparently discrete fringe shifts in interferograms. The pioneering work by
Bleakney et al. (1949) included a method of overcoming this by transmitting the
signal beam obliquely through the test section so that the resulting fringes remained
continuous through the widened shock front. This technique was extensively used
by Blackman (1956), Matthews (1959), and Alpher and White (1959a,b) to measure
relaxation and reaction rates behind shock waves. Interferometric measurements
make up a large portion of the empirical data used in the famous study of relaxation
rates by Millikan and White (1963). Results from White's shock-tube interferometry
also include the rst observations of the cellular and turbulent structure of gaseous
detonations (White, 1961).

Early uses of shock-tube interferometry employed simple constructions with only the
requisite optical components: beam splitting elements, mirrors, lenses, a spatially-
Itered light source, and Im. Experimental applications of the basic technique
have grown enormously with the advent of new technologies like the laser, digital
electronics, and ber optics. Advances in electronics have enabled a new kind of
interferometry where beams are not imaged but rather focused onto a single detector,
the optical power is converted to electrical current, and the signal is digitized at high
speed with modern oscilloscopes. Phase modulation is measured as a time-varying
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signal instead of from the spatial modulation of fringes in an image. This application
extends far beyond scienti ¢ research and makes up many of the sensors used in
modern technologies, where it is often no longer referred to as interferometry but
rathercoherent detectianTelecommunications technologies make up a signi cant
portion of these applications. In uid dynamics applications, the great advantage of
this technique is the improved bandwidth and signal-to-noise ratio over photography
of nite fringe diagrams. Additionally, tightly focused laser beams can enable much
greater spatial resolution or at least spatial selectivity. However, the challenge is
that the temporal signal cannot be phase unwrapped as with a nite fringe diagram.
Shock-tube ows often generate very large fringe shifts, making an interferometer
signal nearly useless in these cases as the ability to invert the signal to density is
completely lost by rapid phase wrapping.

The challenge of phase wrapping is greatly reduced in the casdi efantial laser
interferometer. If the signal and reference beams instead both transmit through the
shock-tube ow and are spatially displaced by a length scale that is small compared
to those of the ow, then the rapid phase change from large density gradients occurs
in both beams, so that only their di erence is detected. This is the technique
employed in the Focused Laser Di erential Interferometer (FLDI), which has found
recent widespread use in hypersonic ow research facilities. The instrument was
developed by Smeets and George (1973) but was only recently popularized by
Parziale et al. (2012). The operation of FLDI was analyzed in greater detail by
Schmidt and Shepherd (2015) and then extensively by Lawson and Austin (2023).
Lenses are used to focus the beam at a desired position in the test ow and then
refocus the beam onto a photodetector. By locating a pair of Wollaston prisms
at the focal planes of each focusing lens, the transmitted beam is split into two
closely-spaced parallel beams and then recombined. Wollaston prisms are a kind of
polarizing beam spilitter, and so the phase modulation in each signal beam is carried
by orthogonal polarizations. Subsequent transmission of the recombined beams
through a linear polarizer causes the two signal beams to interfere, so that the beam
optical intensity is now modulated by the di erential phase signal.

FLDI is a powerful technique with several advantages. The common beam paths
eliminate a signi cant amount of common-mode noise such as from vibration but
also low-frequency uid motion such as from ambient air currents. Construction
and alignment is much simpler than with other interferometers, which has certainly
aided its widespread adoption. The di erential signal enables use of high-speed
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photodetectors and therefore measurements of signals with large bandwidths. By
focusing the beams, the frequency response of the interferometer is spatially dis-
tributed, so that high frequencies are passed at the focus while being suppressed
at boundaries. The typical use for FLDI is to make measurements of density uc-
tuations in some test ow. High bandwidths enable spectral technigues, allowing
both measurements of signal amplitude and frequency. A common adaptation to the
instrument is to incorporate additional beam splitting elements to create additional
foci pairs and therefore additional measurement locations (Gillespie et al., 2022,
Hameed et al., 2020).

As a laboratory instrument using coherent detection the theoretical signal-to-noise
ratio of FLDI is limited only by shot noise from the photocurrent. Laser power is
typically not a restriction, so shot noise can be made to greatly exceed thermal John-
son noise in detection circuits. To the author's knowledge, there are no documented
examples of this being accomplished due to nearly all implementations of FLDI
containing a signi cant degree of laser intensity noise. This limitation was iden-

ti ed by Lawson (2021) as an important avenue for future improvements to FLDI.
Overcoming this challenge is especially important for applications in low-density
ows, such as those generated in expansion tubes, where signals are weak.

An alternative method of coherent detection is to interfere the signal beam with
one at a di erent optical frequency, known aptical heterodyne detectipdistin-
guished from homodyne detection where signal and references frequencies are the
same. If the optical frequency di erence is in radio-frequency (RF) or microwave
bandwidths, then detection of the optical intensity returns an alternating current at
this frequency di erence. This is the phenomenon of beat formation from mixing
two frequencies. Information contained in the phase modulation of the optical signal
beam is converted to phase modulation of the heterodyne signal. This is a key dif-
ference from prior interferometric techniques: phase information is not converted to
amplitude modulation. Instead, the phase signal can be measured directly, enabling
powerful signal processing technigues to unwrap large phase changes. Additionally,
the beat frequency can be chosen so that heterodyne detection is performed in a
quiet band far from amplitude noise sources. Since typical laser noise is less than
10 MHz, heterodyne detection in RF bandwidths provides a possible method for
eliminating SNR limitations of FLDI. These advantages motivated the present work
to apply heterodyne detection to FLDI.

Optical heterodyne detection grew out of the heterodyne techniques used for RF
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communication and is merely the same principles applied to optical frequencies.
Beat formation from optical frequencies was rst reported by Forrester et al. (1955),
but McMurtry and Siegman (1962) were the rst to use a laser. As examples,
early work used the technique to investigate atmospheric turbulence (Fried, 1967,
Goldstein et al., 1965), measure surface vibrations (Massey, 1968, Whitman et al.,
1968), and probe plasmas (Jacobson and Call, 1978, Kristal and Peterson, 1976).
See NASA (1980) for a history and other early work. In condensed shock physics,
the VISAR technique employs heterodyne detection using the beat formed by mix-
ing with a doppler-shifted re ected beam (Strand et al., 2006). In Laser-Induced
Thermal Acoustics (LITA) (Cummings, 1995) and similar techniques (Jakobs et al.,
2023, Sander et al., 2022) the signal beam is scattered from an opto-acoustic grating,
incurring a Doppler frequency shift. By interfering the Doppler-shifted signal beam
with a reference beam, coherent heterodyne detection is used to also obtain ow
velocity measurements. Frequency-modulated spectroscopy (Lenth, 1983, Philippe
and Hanson, 1993) generates alternating signals that can be demodulated using RF
techniques, however this is not coherent heterodyne detection.

Examples of heterodyne interferometry used to make direct phase measurements in
uid dynamics are sparse. Authors at Bethel University implemented a heterodyne
interferometer to investigate the gas dynamics in a Ping-Pong Cannon (Olson
et al., 2006, Peterson et al., 2005) and in an under-expanded jet (Fredrick et al.,
2015). Recently, Choudhary et al. (2024) applied heterodyne techniques to a focused
interferometer, where signal beams were imaged on a high-speed detector.

In this work, a heterodyne focused laser interferometer is constructed, validated, and
employed to interrogate the post-shock ow in a detonation-driven shock tube. The
instrument uses the same construction as the FLDI, however heterodyne detection
enables both di erential and absolute phase measurements. With some caveats, the
instrument overcomes limitations of phase wrapping with some measurements in
this work spanning nearly 1@0adians. Di erential signal-to-noise ratios were not
improved beyond the conventional FLDI, however, while developing the heterodyne
instrument, an alternative method for improving FLDI SNR was investigated using
balanced detection. Described in Appendix C, this simple method is shown to
produce shot-noise limited measurements with an astounding 30 dB increase in
SNR.

In this chapter, essential background is established before the heterodyne focused
laser interferometer is presented. A set of experiments were performed to validate
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its operation, and these are discussed here. Results are reported from using the
interferometer in GUST in the next chapter.

6.1 Theory

6.1.1 Governing Equations

Interference of two beams of coherent light with a common polarization is a conse-
guence of the wave nature of light. If the wavefronts, identi ed by spatial contours
of constant phase, are not exactly coincident, then regions of constructive and de-
structive interference produce fringes, and the resulting fringe pattern encodes this
wavefront variation.

Wavefront perturbations result from spatial variation of the wave speed. The speed
of light, E propagating through a dielectric medium is reduced from its vacuum
speedp, by a factor=, i.e.,

NN

E=Z. (6.1)

= is known as the index of refraction and is an intrinsic property of the medium.
Since2is a constant, optical wavefronts are perturbed when they propagate through
variations in=.

The propagation of light is described by Maxwell's equations (Born and Wolf,
1999). In a homogeneous dielectric medium, free of charge and currents, Maxwell's
equations can be combined to obtain the wave equation,

1
2 —_ = j—
r’eE ZngE=0 (6.2)

whereE is the vector electric eld. For linearly-polarized monochromatic light with
frequencyl , the scalar electric eld can be given as

1x— €= E1x04 °/C. (6.3)
Substitution into the wave equation gives
12 20E=Q- (6.4)

where: = 2ce_and__ is the wavelength of light in the medium. Equation (6.4) is
the Helmholtz equation.

6.1.2 Gaussian Beam Propagation
Real laser beams are often modeled as Gaussian beams, an important solution to
the Helmholtz equation. Milonni and Eberly (2010) give a derivation, however the
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key steps and assumptions are simple and will be summarized here. Consider a
beamlike solution to the Helmholtz equation

Eix° = Egtxe4®! — (6.5)

where the beam propagates along thaxis. Substituting (6.5) into (6.4) and
applying the paraxial approximation, then the paraxial wave equation is obtained,

ng, nf, 29:m Eoix°=0-¢ (6.6)

The Gaussian beam parameters can be derived by assuming a Gaussian intensity
pro le for Eo, i.e., consider

Eolxo = 4 921@> H2°'2@|°49?|° _ (67)

where is the eld amplitude. The required functior@!° and ?11° are to be
determined by substitution into (6.6). The results are

1 9 !
@lo_ 1 llo 5 CF1|02 - (6'8)
(o} F i1]o0
49?| - F1(I)04 9itle _ (69)

where' 11° is the radius of curvature of the wavefroRtt|° is the beam radiug; g
is the beam waist radius where! 1, andi 1°is the Guoy phase, given by

i 119 =tan 11]e| O (6.10)
lo is the Rayleigh range,
cF3
lg= —2 — (6.11)
and the beam radius is given by -
q_——
Fi°=Fg 1, 1212+ (6.12)

So, putting it all together, the scalar electric eld for a Gaussian beam is given by

_ Fo 9:1@, Hoe2' 110 ;1 & HOsF11°2 , 9j1]° ,9:] , 9IC
Ix—€C= m4 : 4> 4 °""474 J (6.13)

Photosensitive detectors respond to the optical intensity. For a paraxial beam, the
optical intensity is given by

- %hj 2i - (6.14)
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whereny is the permittivity of free space. All detectors have some nite response
time, and so the angled brackets denote a short-time average over a period large
compared to the period of the optical oscillation. In other words, the theoretical
optical intensity is convolved with the impulse response of the detector (Hobbs,
2008). Then, the intensity of a Gaussian beam is

190 — OF(Z) 21@, HooF 1|02
xX¥ = m4 ? - (615)

where ¢ = =2npj j%*2.

As a solution to the wave equation, the Gaussian beam scalar eld equation includes
the essential e ects of di raction, which is responsible for the expanding beam
radius.

The Gaussian beam is paraxial, however focused laser interferometers often operate
at larger numerical apertures, so it is worth verifying this remains a reasonable
approximation. This was studied by Nemoto (1990), who showed th&igof 4

the paraxial Gaussian beam remains a good approximation. E&32nm, then

this gives a minimum beam waist radius of 0.3th. In the present work, the
minimum radius used was 5.1, which is much more than this limit.

The Gaussian beam is merely the lowest-order mode of a more general solution
to the paraxial wave equation. Real lasers rarely propagate as perfect Gaussian
beams because some energy occupies higher-order modes, leading them to di ract
at steeper angles than pure Gaussian beams. There are many beam quality metrics
that quantify this, but a simple one is the?, de ned by

\ =" 2 ecFp-— (6.16)

where\ is the measured beam divergence andFg is the diraction-limited

beam divergence. It 2 = 1 then the beam is perfectly Gaussian. In modern
interferometry, high-quality lasers are typically used with small, near uhity
values. For example, a common speci cation"i Y 1+¢1. However, even a

" 2 = 1¢] can lead to a much wider beam than expected. If need bé, thean be
incorporated into beam propagation calculations by using it to scale the wavelength.
This was not necessary in the present work as the laser used was measured to have
an" 2 102

The signal beam of an interferometer transmits through a region of nonuniform
index. If these index perturbations are large, then the nonhomogeneous Helmholtz
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equation must be solved to obtain the eld propagation. Powerful and simple
computational methods exist for performing these beam propagation calculations
(Feit and Fleck, 1978). However, for this work, index perturbations are considered
su ciently small that wavefront propagation is negligibly a ected, and therefore the
Gaussian beam may be used. Thisis appropriate for many gas dynamics applications,
but not for cases with strong density gradients such as in shock waves.

6.1.3 Phase, Index, and Density

Phase perturbations are accumulated continuously as the wavefront propagates.
In a homogeneous medium, wavefronts propagate along trajectories everywhere
orthogonal to the wavefront surface. These paths provide an interpretation for
the rays of a Gaussian beam. Rays are typically an arti ce of geometric optics
where the optical wavelength is assumed to be in nitesimal. The result is that
in a homogeneous medium, rays are straight lines. However, Gaussian beams, as
solutions to the Helmholtz equation, include the essential physics of di raction,
which causes focused beams to form waists, something not described by ray optics.

Integration along ray paths is often used to formulate the accumulated phase change
from propagation through a nonuniform index eld. For a ray path with arc length

parametrized by the accumulated phase change from an index perturbation is
1

|
g Jo= x =1x° dB — (6.17)
_ 0

where! is the total arc lengthgq is the initial phase, and is the wavelength of
light in the ambient medium.

For the Gaussian beam, the same formalism can be used where instead of considering
straight rays, the integration paths are contours that are everywhere perpendicular
to wavefront surfaces (Born and Wolf, 1999). Near the optical axis, these contours
are hyperbolas given by

F1|0
Al = Ay . (6.18)
Fo
For small anglesB I, and (6.17) becomes
1 .
2c
QAL °-\-% Qqo=— =LA \—? dl — (6.19)

where cylindrical coordinates are now used, &hf and; de ne the coordinates of
the detector plane.
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The phenomenon of image inversion through a focus, a result from geometric optics,
is not accounted for by assuming hyperbolic ray paths. Lawson (2021) included
image inversion in a numerical solution by arti cially rotating the domain ifor

I i 0. Inthe present work, only index elds that are symmetric aboutltle0

plane are considered. Since the index perturbations are assumed weak enough to
not de ects rays and there are no apertures to clip the beam, there is no e ect on the
result by neglecting image inversion. Hence, (6.19) can be used to compute phase
changes along Gaussian beam ray paths.

The refractive index of a dielectric medium is determined by intrinsic material
properties and its density. In gases, the refractive index is small, 1, and is
accurately modeled as directly proportional to the gas density,

= 1= d- (620)

where is the Gladstone-Dale constant.is particular to a given molecule, and so
the index of a gas mixture withh constituents is given by
G
= 1= gdg* (6.21)
8
It is useful to de ne a single Gladstone-Dale constant for a given mixture. From
(6.20) and (6.21) this is

€]
mix = 88— (6.22)
8

where. gis the constituent's mass fraction angis de ned in terms of the mass
density. Tabulated data for many gases are given by Gardiner et al. (1981), which
was used in this work with Cantera and Shock and Detonation Toolbox calculations
to determine values for pix.

The variable gas density in a shock-tube ow causes a nonuniform index eld. As

a Gaussian beam propagates through this nonhomegenous medium, its wavefront
incurs an integral phase change given by (6.19). The key assumption is that density
and therefore index changes are su ciently small that ray paths remain unperturbed.

The action of an interferometer is to convert the phase modulation of the wavefront
into amplitude modulation of intensity. This is coherent detection.
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6.1.4 Coherent Detection
In an interferometer, the signal beam is combined with a reference beam by linear
superposition,

sig, ref = Esig!X— o9 sigG Gsigx—€ . E refx— o9 refG Qrer'x-€ _ (6.23)

whereqsig'x— Candqres*x— Care each given by (6.19).

Photosensitive detectors, like Im, photodiodes, and the retina, respond to optical
intensity. Assuming the incident beam is nearly normal to the detector face and the
numerical aperture of the beam is small (Hobbs, 2008), then the optical intensity is
given by (6.14). The intensity of the interfering electric elds (6.23) is

:2[@

x-€= Thl Sig s refJ.2i -
_ :2@ 1= .2 iE ) NE.. TTE i L L (6 24)
) JEsigl” . JE vef]”, 2JEsigl]Erefjcos® IC |, gq'x-@ - )
p——
= 52in rzef, 2 sig ref COSt IC . qlx—@ .

Equation (6.24) shows how phase modulation of the electric eld is converted to
amplitude modulation of the optical intensity, wheradescribes detector plane
coordinates.

The electrical current produced by a photodetector is proportional to the total optical

power,% obtained from integrating intensity over the detector area, i.e.,
1

8C/ %WCe= 1x—€d o (6.25)
det

8C is the current resulting from photon conversion, often referred to as the pho-
tocurrent. The proportionality constant is referred to as the detector's responsitivity,
R, sotha8C = R%C. Responsivity isa gure of merit for a speci ¢ photodetector
construction and is a function of wavelength. For reference, the silicon photodiodes
used throughout this work have a typical responsivity of 0.25 A/W at 532 nm, where
the power here refers to incident optical power.

In most interferometers, the two beams have the same frequencyl ard). This

is referred to ahomodynedetection. If the phase is spatially modulated, then
the intensity eld displays fringes. Phase unwrapping requires capturing the fringe
pattern, so if these fringes are integrated over the detector plane, then this information
is lost. When using photodetectors to record the total optical power, interferometers
are aligned for in nite fringe so that the resting phase eld is spatially uniform.
Additionally, beams are typically assumed much smaller than uid perturbations,
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so that fringes are not formed andj*x—€= q*C. Considering phase spatial
variation is important for determining an instrument's exact response and will be
revisted later.

Therefore, applying (6.25) to (6.24) for homodyne detection gives the alternating
current (AC) signal, 0
&clC =2 §jg8ercost L0 (6.26)

Current is then converted to voltage with a transimpedance ampli er or terminating
resistance. g can be obtained by inverting (6.26). This is accomplished in practice
by calibrating the instrument, so that the voltage signal is given by

EaclC = cost qiC° (6.27)

where is a calibration factor. Thus, the inverted phase change is

1
d*C=cos? Eac’C

- (6.28)
whereEace 2 »0-d4Clearly, ifj qj i ¢, then this information is lost and cannot

be recovered by the inversion (6.28). This is referred fohase wrappingFurther-

more, since near the phase-wrapping boundaries the signal derivative goes to zero,
the phase signal-to-noise ratio becomes poor. This constrains a homodyne measure-
ment to an even smaller acceptable range of phase changes. Another consequence
of the phase-to-amplitude signal conversion is that the phase signal is inseparable
from other variations in amplitude such as from laser noise.

If instead the two interferometer beams have di erent optical frequencies, then the

signal photocurrent has a constant frequency given by their di erenice, This

is heterodynedetection. The phase informatiomqC now modulates this new

frequency, referred to as the carrier frequency. There are several advantages. First,
| can be chosen to enable detection in more desirable, less-noisy bandwidths.

More importantly, the phase of the heterodyne signal can be measured directly

without any inversion.

6.1.5 Frequnecy Down Conversion

For a heterodyne signal in an RF bandwidth, consider a reference signal with
the same carrier frequendy,1 This reference signal is referred to as the Local
Oscillator (LO).

The denoting optical frequency di erence is dropped here.
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The most simple phase-measurement system is mix the RF signal with the LO.
Mixers are circuit elements and perform the function of signal multiplication. The
output is referred to as the Intermediate Frequency (IF) and is

(iF = (rr(Lo —

(6.29)
= 1CcosIC , g*C°cosgIC® —

where 1C andq!C are the amplitude and phase modulatior( gf. The LO is
assumed to have unity amplitude and zero phase. From trigonometry,

1 1
(F= > 1CcostqlCe, > 'Ccos’2lC, q'C- (6.30)

So, the e ect of an ideal mixer is to generate two signals with frequencies given by
the sum and di erence of the RF and LO frequencieq. gfis now low-pass Itered
with cuto frequencyl » Y 2| , then the resulting signal is

1
(IFLPF = > 1Ccos'qlCO . (6.31)

This signal processing architecture is often illustrated in block diagrams as shown
in Figure 6.1.

Figure 6.1: Block diagram of frequency down converter.

The above example illustrates frequency down conversion to baseband, the frequency
band containing the phase modulation. Mixer down conversion is ubiquitous in
RF engineering applications, e.g., it is the technique used to convert frequency-
modulated radio to audible frequencies. The RF and LO frequencies do not need
to be the same, and the system is often used in receivers to down convert very high
frequencies to lower bandwidths that are still RF. Likewise, the mixer is often used
for up conversion, necessary for transmission.

If (reis the signal obtained from a heterodyne interferometer, then frequency down
conversion can be used to obtain the signal phase in the form of (6.31). However,
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all of the same issues of phase wrapping and amplitude discrimination are present
in this output. Heterodyne detection can be performed in quiet bandwidths, but
with only this signal processing system the advantages are limited. With only a
slightly more complicated system, much more information can be extracted from
the heterodyne signal. This is known as IQ demodulation.

6.1.6 1Q Demodulation

IQ demodulation is a signal processing method used to obtain the in-phase (1)
and quadrature (Q) components of a signal. The signal acquired using only down
conversion is merely the in-phase component. With an additional signal path,
the signal quadrature component can be obtained, enabling powerful and simple
methods for extracting the desired signal information like phase and amplitude
modulation.

To obtain the signal quadrature component, the key additional step is to phase delay
the LO by one quadrature, i.€0 , before frequency down conversion. To see how
this works, consider the simple example above again, where now the LO has a phase
delay. Then, the mixer output is

(iIF = (re(LO —
= 1CcosIC , gC°cosIC 20—

= 1CcogIC, gLCOsintiCO — (6.32)
:% 1@sintgl @O % 1@sin12IC , qlCP .
After low-pass ltering, the quadrature component is obtained,
1 .
&C=3 1CsiniqiCoe (6.33)

Clearly, the quadrature component is merely the in-phase component with a quadra-
ture phase di erence. If both the in-phase and quadrature components are extracted,
then the signal can now be constructed as

(1= 1C, 9&C - (6.34)
= 1c4%4C. (6.35)

The phasor representation in (6.35) illustrates how the IQ data enable the amplitude
and phase modulation to be separated and independently measured. They are given
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simply by

qlC = tan 11&1Cs 1C° - (6.36)
P
1IG= 12, &IC2e (6.37)

Itis in this sense that heterodyne detection and subsequent IQ demodulation enables
direct phase measurement. The block diagram illustrating this system is shown in
Figure 6.2.

Figure 6.2: Block diagram of 1Q demodulator.

Typically in interferometry phase wrapping occurs evenadians. Equation (6.36)
increases this limit t@c because, althougifan'@® is de ned forG2 * c+2-c2°,

the sign of&*C can be used to identify the quadrant on the phase plane. This
signed inverse tangent is implemented in a variety of computational tools as the
arctan2 function, and the NumPy version is used in this work (Harris et al., 2020).
An essential consequence of these phase data is that wrapp2egiratrements
results in discrete jumps in the signal, identi cation of which is simple, and since
the direction of phase change is known, the wrapped signal can be unwrapped using
only a simple algorithm. In this work, the NumPy algoritumwrapis used. Figure

6.3 illustrates how this works. The true signal is

gC = 3c cosCeO « (6.38)

The amplitude is uniformly unity. The in-phase and quadrature components are then
given by

1@ = <1 494Co _

230 = 1494, (6.39)
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Figure 6.3 shows true phase variation, the inverted in-phase component, the inverted
phase usingrctan2 , and the unwrapped signal. The distinct jumps in the inverted

IQ data are apparent, enabling the unwrapping algorithm. The phase information
clearly cannot be recovered using only the in-phase component. An additional
important point seen from Figure 6.3 is that the unwrapped IQ data cannot recover
the initial phase, and so the unwrapped phase signal is displaced. So some additional
information is required to correct for this shift, such as the phase signal amplitude
or initial condition.

Figure 6.3: lllustration of phase unwrapping using IQ data.

Heterodyne detection enables using IQ demodulation to obtain IQ data, however 1Q
data can also be obtained using other methods. A clever technique is to introduce
the quadrature delayptically in the reference beam of an interferometer. One way

to do this is to use a quarter wave plate, which delays one polarization component
of the reference beam by one quadrature. Interference in a polarizing beam splitter
generates two signals, the in-phase and quadrature components. An interferometer
of this type is described by Hogenboom and DiMarzio (1998). Another approach is
to use an imaging interferometer and introduce the quadrature delay spatially in the
reference beam. This is the approach used recently by Wang and Mazumdar (2021)
to make index measurements through shock waves.

6.1.7 Amplitude and Phase Noise
Given an RF signal measured with some noise power spectral density, an important
guestion is how does this signal noise determine the noise of the 1Q demodulated
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signal and the phase and amplitude data.

By mixing the RF and LO signals, a process of ideal multiplication, the power
spectra of each signal are convolved. For simplicity, assume that the SNR of the RF
signal is much worse than the SNR of the LO, such that the LO noise power can be
neglected and the noise characteristics of the in-phase and quadrature components
are driven by the RF signal. Then the SNR of the 1Q data is the same as that of the
incoming RF signal.

Given IQ data with some SNR, the objective is to determine the SNR of the phase
and amplitude data. Goodman (2015) presents a solution using concepts of random
phasor sums, and this analysis is repeated here. Consalet& to be Gaussian
random variables with means and" g and a common variande?. The phasor

de ned by and&,

9&= 4 %9— (6.40)

5

can be separated into the sum of a constant phasor and a random phasor,

. 9&=B, 04°' - (6.41)

q
whereBis the constant phasor with amplitude 2, "2 and phas¢an 1* g+ ©.
Without loss of generality, the constant phasor phase can be set to zero by taking
" & = 0. The joint probability density function fd and\ is (Goodman, 2015)

0 10cos\ B2 10sin\°?

? 10—V =
p 0-¥ 2Clc2exp > 2

- (6.42)

assuming 2 ! c-¢&&and0 j 0. Goodman (2015) gives the marginal densities for
0 and\, which are complicated for general valuesBfWorth noting is that the
marginal density foD is known as the Rician distribution, often discussed in other
relevant applications (Papoulis and Pillai, 2002). In the liBiit f , the marginal
distributions can approximated as

10 B2

1
? 10° — - 6.43
P=exp (6.43)
. 22
? 1\° B —exp T (6.44)
2c 2

where: = Bf . Thus, the essential result is that for IQ data with a su ciently large
SNR,B f , the marginal densities for the amplitude and phase data are normally
distributed around the constant phasor that is given by the mean 1Q data. The
amplitude variance is equal to the variance of the 1Q data, and the phase variance
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is equal tof 2« B, i.e., the phase-noise oor is equal 18SNR of the IQ data. For
example, if a heterodyne signal is measured with an SNR of 100 dB/Hz, then the
phase-noise oor is0 10 raeHz. To obtain microradian resolution in a 1 MHz
bandwidth requires IQ data, and therefore photodector signals, with an SNR of more
than 180 dB.

This was simulated by generating synthetic signals with white band-limited Gaussian
noise. A bandwidthy, center frequencyy, RMS carrier powef4, record length

#, sampling rategs, and signal-to-noise ratiSNRwere chosen. For digital signals,

the resolution bandwidth (RBW) is given ldy) where) is the sampling period.
Welch's method is used to compute the power spectral density, so the RBW is instead
given by the size of each averaging segmént i.e.,RBW = 1e# g

The root-mean-square noise amplitude is
r—

_ Bw
fg= SNR (6.45)
The noise-free signal is given by
o J—
(»=Y&E 2%sSim2c == 5 (6.46)

White Gaussian nois€, »=Y;is generated by drawirty samples from a zero-mean
normal distribution with arbitrary variancd.»>=and "»=Vare band-pass Itered
with -3 dB cuto frequencies given by Sw and %, Sw. The band-limited
Gaussian noise is now scaled to obtain the correct noise power,

BL= §—— BL® (6.47)

The noised signal is now obtained by the sum,

(Y& (sL> 2, BV (6.48)

The resulting PSD for the noised signal is shown in Figure 6.4 using the following
parameters: = 200MHz, # = 125 Mpts, w = 40 MHz, 5= 625 GS/s, and
SNR=80dB/Hz. The PSD is shown in dBc, which is

dBc=10lo A . (6.49)
- glO (yQ '
Using the above procedure, synthetic IQ data were generated for a range of SNRs.
The resulting histograms are scaled and plotted together in Figure 6.5. This shows
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Figure 6.4: Power spectral density of synthetic signal with band-limited Gaussian
noise and 80 dB SNR.

that the amplitude noise in 1Q data results in a point cloud in the 1Q-plane.
Resolution of amplitude and phase measurements is determined by the diameter of
the cloud. Figure 6.6 compares phase noise measured from simulated signals with
the value expected from the random phasor analysis above.

Figure 6.5: Histograms of IQ data calculated from simulated signals with four
di erent SNRs.

The above results assume that IQ data only contain band-limited additive Gaussian
white noise. This models noise in real band-limited circuits, such as shot noise.
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Figure 6.6: Phase noise from 1Q data with band-limited additive Gaussian noise.

However, other noise sources may not be additive, Gaussian, or white. Therefore,
the above results provide estimates for only theimumexpected measurement
noise. A particular challenge for the heterodyne system that does not exist for the
typical homodyne interferometer is sensitivity of LO phase noise.

6.1.8 Small-Signal Response

Previously, when analyzing the conversion of phase modulation to optical intensity,
it was assumed that spatial variation in the phase eld is su ciently small as to
be neglected. Including these e ects are essential for understanding aspects of the
focused laser interferometer used in this work. Here, index perturbations are still
assumed su ciently small that Gaussian beam propagation is preserved. Hence,
this analysis gives the small-signal response of the interferometer.

Settles and Fulghum (2016), Schmidt and Shepherd (2015), and Lawson (2021) all
analyze the optical response of an FLDI, with Lawson (2021) providing the most
comprehensive investigation. The result from this work is a transfer function that
relates harmonic plane waves in the refractive index,

=1G-°G cos:G IC,i°- (6.50)
to the integrated optical phase signal,
= 1:ogintIC  i©e (6.51)

: andl are the wavenumber and frequency describing the index plane wave and are

related by

L
- (6.52)
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whereEis the plane wave speed. The functioh; °, can then be used to invert mea-
surements of phase into units of refractive index or density, using the Gladstone-Dale
constant. For plane waves in uid ows, there are three families of characteristics
on which the signal can travel, , °, and . The wave speeds for these cases are

D 0,D andD, 0.

With heterodyne detection and 1Q demodulation,ghsolutgphase response can be
measured, and therefore a corresponding small-signal transfer function is required.
Derivation of this is a simple variation on the work by Lawson (2021), and so
will not be detailed here. Lawson's analysis is more general, including plane wave
propagation at angles relative to the beam axis and foci orientation. These e ects
are not considered here, and plane waves are assumed to propagate perpendicular to
the beam axis and perpendicular to the plane de ned by the FLDI foci.

The transfer functions for di erential and absolute signals are
!

8 2c¢52F, Fa:2 . . G
gi °=——exp — erf p=—— sin — - (6.53)
! ;2 8 2 2F 2

1 8 2¢52F, F2:2 G
pl:0== —— “ex erf .= - 6.54
abs- =3 _, P T8 2" 2cF 659

where_, is the optical wavelength ands the domain half length, i.el, = 2;. The
correspondence between (6.53) and (6.54) is obvious, and we nd that

i N €

A —2gin = & (6.55)

abs 2
For high wavenumbers, the sine term i) causes signal aliasing and the expo-
nential term causes the signal amplitude to roll o . This is not a useful region of
bandwidth. We can consider small wavenumbers in the following limits,

G Fa:2 .

G T R T 6.56
2 8 2 2cFy (6.56)

If these limits are satis ed, then the transfer functions can be given to rst order as

d = 2—C! G- (6.57)
!
2c

abs= —!* (6.58)

These are, of course, only equal whenG= 1.
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Figure 6.7 plots the full transfer functions, (6.53) and (6.54), with the rst-order
limits, (6.57) and (6.58). The absolute response has a uniform pass band, while the
di erential response shows low frequency roll o. This roll-o is a consequence

of the di erentiation. If the di erential signal is instead compared with the phase
derivative then the transfer function shows a at pass band (Schmidt and Shepherd,
2015). The FLDI gives a measurement of the spatial index gradients. Gradients are,
of course, directly proportional to frequencies. So, di erential signal amplitudes
are reduced for longer frequencies. This is the behavior shown in Figure 6.7 and by
(6.57).

Figure 6.7: Comparison of absolute and di erential focused laser interferometer
transfer functions, using parameter6= 90 "m,Fo =6 m,_, = 532nm, and
;=381 mm.

The absolute signal transfer function illustrates that the interferometer response is a
low-pass lter. A -3 dB cuto can be derived by solving
abs': 2°

3 dB=20log 2+ . (6.59)
Note that decibels are typically de ned for signal powers, and so the logarithm
is multiplied by 20 instead of 10: , was solved numerically for relevant optical
parametersp = 6 "m, ; =532nm,! = 7622 mm, and G= 90 m) and
converted to frequenc using the dispersion relation (6.52). In this work, shock
Mach numbers of interest range are 2 »?—10% For simplicity, consider only air
shocks withw= 1«4 and0; = 345m/s. Assume index plane waves are traveling on
incoming - characteristics. Sindg, , 0, varies approximately linearly with g,
the interferometer response -3 dB cut-o frequency can be approximated by

5 02" giMHZO e (6.60)
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So, for a" g = 5shock, = 1 MHz. The cut-o frequency can be increased
by using a less focused beam. For example, for a @dbeam waist, the cut-o
frequency is approximately 0:8 MHz.

The above transfer functions do not describe the spatial selectivity of a focused
interferometer, since the index perturbation is assumed to uniformly!spHrihe
perturbation is instead con ned to a small region alonglthaais, then the response
depends upon the local beam diameter. This e ect was examined by Schmidt and
Shepherd (2015) by considering the index eld perturbation to be

Z1G-12€ sint:G IC, i°%l 1°— (6.61)

whereXis the Dirac delta function anl is the index perturbation's position. The
relevant transfer function is
. 2|:2
Fl:%=exp 5 (6.62)
whereF is the local beam radius. £ 1: ° behaves as a rst-order low-pass Iter with

-3 dB cut-o given by s

oF = 166 -
’ oA 66 (6.63)

If _is the wavelength of the index plane wave, then 3<8F. Put simply, beam
focusing only begins signi cantly rolling o higher frequencies when wavelengths
are less than 50% of the beam diameter. Therefore, for index perturbations local to
the focus, by reducing the beam waist the cut-o frequency increases. Itis in this
manner that the focused interferometer achieves spatial selectivity.

Throughout the following work it will be assumed that phase signals are uniformly
distributed spanwise, so that the response functions (6.53) and (6.54) may be used.

A nal pointis that, for a signi cant portion of the bandwidth of interest, the absolute
phase signal has a response orders of magnitude greater than the di erential signal.
There is fundamentally no additional information obtained from using the di erential
signal. The advantages come from implementation with real optics where, for
example, vibration sensitivity can be a major challenge. Since the di erential signal
is only redundant with a weaker response, all of the work in the following chapter
employs only the absolute phase signal.
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6.2 Methods

6.2.1 Electro-Optical System

The complete heterodyne focused laser interferometer (HFLI) is diagrammed in
Figure 6.8, where all components are labeled except for three mirrors. Optical and
electrical components are tabulated in Appendix D.

Figure 6.8: Diagram of heterodyne focused laser interferometer.

The overall construction is one of a Mach-Zehnder interferometer, where the refer-
ence beam is ber coupled. The signal beam path is transmitted through a typical
FLDI, where the only missing component is a linear polarizer at the output of WP2.
The FLDI beams carry phase modulation in orthogonal polarization states. These
signals are subsequently split again by a polarizing beam splitter (PBS) and coher-
ently detected by interfering them with the reference beam. The reference beam is
frequency shifted by 200 MHz by a ber-coupled acousto-optic modulator (AOM),

so that the coherent detection is heterodyne. The detector signals are high-pass
Itered (HPF), ampli ed using Low-Noise Ampli ers (LNA), and nally digitized

by the oscilloscope.

The AOM is driven by a 1 W, 200 MHz RF source. The RF power is split, sending
roughly 0.5 W to the AOM. The other half is attenuated (-23 dB) and then also
digitized by the oscilloscope. The measured insertion loss of the AOM is minimized
in the 0.5 W range, so splitting the source power leads to no loss in performance.

Three signals are acquired: two signals from heterodyne detection of the signal
beams and an LO reference signal. Any pair of these signals can be IQ demodulated
to measure the phase and amplitude modulation of the optical signals. It must be
emphasized thatthe FLDI beams are notinterfered, rather each is detected separately.
The signal of the FLDI, i.e., the di erential phase, is recovered by 1Q demodulating
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the heterodyne signals with each other. If the heterodyne signal is demodulated with
the LO, then the absolute phase and amplitude modulations are measured.

There are many details to the electro-optical system and its nal performance that
required signi cant e ort to make it all work. Throughout this process, Hobbs
(2008) proved an indispensable resource. Some of the instrument details will be
described here, but additional information is given in Appendix D.

By far, the most troublesome subsystem was coupling the reference beam into the
polarization-maintaining (PM) ber. A Thorlabs FiberPort (PAF2-A4A) was used

for this, which has ve degrees of freedom for adjustment. The L7 is a 300 mm
plano-convex lens and was necessary to collimate the laser, or at least place the
beam waist behind the FiberPort, in order to achieve good coupling e ciency. The
beam splitter was mounted on a tip-tilt kinematic and one translation stage. From
an initially unfocused FiberPort, alignment was performed in stages beginning with
a 105" m multimode ber, stepping down to a 25m ber, and nally the single-

mode PM ber (Thorlabs P3-488PM-FC). Not including ber insertion losses,
typical alignment could achieve 80-90% coupling e ciency.

PM ber does not polarize the input beam, instead polarization modes are uncoupled
by large stress-induced birefringence in the ber core. If light is coupled into both
axes of a PM ber, then each polarization rapidly loses phase coherence, and if any
light jumps modes, e.g., from vibration, then there is interference. Since there is
only a single mode for the electric eld to propagate inthe ber, then there is perfect
spatial coherence between any beams combined in the ber, and so immediate
interference. This leads to signi cant conversion of phase modulation to amplitude
modulation, and therefore e ectively noise in the output beam. It is important to
ensure that the input beam is linearly polarized and accurately aligned with the PM
ber axis to mitigate some of these e ects. Hobbs (2008) gives a procedure for this
using a half-wave plate (HWP) to rotate the input polarization, while monitoring
the output with a detector and linear polarizer, aligned perpendicular to the ber
axis. The HWP and output polarizer are iteratively adjusted to minimize the output
power. For much of the present work, an additional linear polarizer was located after
the beam splitter (BS). Polarizers are lossy and so to increase signal level during
shock-tube experiments it was later removed.

At some point during the development of the instrument it was identi ed that
the AOM was damaged, leading to a much greater insertion loss than given by the
speci cation sheet. The maximum insertion loss was measuredto be 7.2 dB, whereas



135

the calibration data sheet reported a 1.74 dB insertion loss. Some of this loss is from
the ber connectors, but this is at most 2 dB. The most likely source for damage is
the AOM ber itself. Given the time constraints of completing development of this
instrument and employing it for shock-tube measurements, work proceeded with the
damaged unit.

Another challenge from using a ber-coupled reference beam was that the reference
signal phase was not steady, and instead drifted quite signi cantly over time. This
was identi ed to be from the ber itself by realigning the system as a homodyne
free-space Mach-Zehnder interferometer. Using a ber for the reference beam path
was in part motivated by the success of the nite-fringe interferometer built by
Jones (2021). A partial explanation for the present instrument's comparatively large
drift is that operating an interferometer at zero-fringe with coherent detection is
inherently much more sensitive.

Asigni cantadvantage from using a ber-coupled reference beam was that the AOM
could be easily short circuited by just directly connecting the input and output PM
bers and thereby converting the instrument into a homodyne interferometer. This
proved essential for alignment, since fringes are only visible by eye with a homodyne
system. When heterodyne, fringes are ickering at 200 MHz, and so the output beam
appears uniform. Fringes signi cantly reduce the signal amplitude, so even if the
instrument is only slightly out of alignment a signal might not be observable on the
oscilloscope. There is then no way to know whether PBS adjustment is improving
alignment, and adjustments are performed blind. By short-circuiting the AOM and
operating the instrument as a homodyne system, fringes are observable by eye. A
ip mirror located before L5 was used to redirect a portion of the beam and monitor
alignment. Furthermore, it was only in this homodyne con guration that beam
aberrations became apparent.

As a homodyne interferometer, it was identi ed that the beams transmitted through
the FLDI optics incur signi cant spherical aberration. FLDI uses a focused beam,
so the larger numerical apertures cause greater sensitivity to e ects of real optics
like abberations. Spherical aberrations were reduced by replacing the FLDI lenses
with achromatic doublets. L2a and L2b are a pair of 300 mm doublets, and the lens
system they form has a focal length of 150 mm with near zero spherical aberration.
Appendix D gives more details on this.

The pair of linear polarizers, LP1 and LP2, serve an essential function. Polarizing
beam splitters re ect s- and transmit p-polarization components, regardless of the
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beam input plane. Therefore, the reference beam and signal beam polarizations are
orthogonal at the output of the PBS. The linear polarizers, LP1 and LP2, are aligned
at 45 to rotate the polarizations and cause interference. Without the polarizers,
fringes might still be observable but with terrible contrast.

The two detectors used in this work are reverse-biased photodiodes (Thorlabs
DET10A). The BNC output of the detectors is terminated at 5t convert the
photocurrent to a voltage and impedance match the input of the RG58 coaxial ca-
ble. Because of the DC component from coherent detection, the 200 MHz RF
signals are sitting on a positive constant DC value, which is eliminated by the HPFs.
The LNAs amplify the signal with minimal reduction in SNR. Initially, ampli ed
high-bandwidth detectors (Thorlabs PDAO15A2) were employed. However, these
detectors were found to be remarkably noisy. Additionally, the photodiode active
area was very small, requiring an extremely sensitive alignment. Using a pair of
DET10A detectors with external RF ampli cation was found to be superior in every
way. Some issues were encountered with RF pickup from the 200 MHz source. A
possible remedy for this would be to build the detectors and bring the &dmi-

nation closer to the photodiode. When the system was operated in homodyne, the
detector signals were ampli ed using a baseband low-noise preampli er (Stanford
Research SR560).

The AOM and RF system are designed for 200 MHz, which is a su ciently low
frequency that the signals could be directly digitized using a high-speed oscilloscope.
This work used a Tek MSO44B with a maximum sample rate of 6.25 GS/s and
bandwidth of 500 MHz. The oscilloscope was run at its maximum sample rate, so
the main limitation of this approach is record length and le sizes. With a maximum
record length of 62.5 Mpts, the maximum measurement duration was 10 ms. For
four signals (three RF signals and the trigger), this generates roughly 5 GB of data.
Signi cant subsequent digital signal processing is required, so minimizing the le
size was important for e ciency. Fortunately, shock-tube experiments are short, so
only 2-ms record lengths were used for almost all experiments. If the AOM and
RF system were operating at a higher frequency, then direct digitization and signal
processing may not be viable, and an analog system would have to be used for 1Q
demodulation.

A nal point is that the interferometer can be quickly converted to a conventional
FLDI by installing a linear polarizer at the output of WP2 and a detector at the
focus of L3. This does not require any alignment adjustment except translation of
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WP2 so that the FLDI is resting at a half fringe. Conventional FLDI measurements
were performed for the validation experiments presented in this chapter using this
technique.

6.2.2 Digital Signal Processing

Phase measurements were performed by implementing 1Q demodulation digitally
as a software algorithm. In digital IQ demodulation, there is no power loss from
splitting a signal (it is literally copied), and there is no additional noise added from
subsequent electronics. Analog electronics all have a Noise Figure (NF), which is
the magnitude the SNR is reduced. The NF of digital IQ demodulation is zero.
Signal multiplication is achieved by straightforward multiplication of the discrete
signals at each sampled time. The important steps in digital IQ demodulation are
the algorithms chosen to implement a quadrature phase delay in the LO and the
low-pass Iter employed.

Since the center frequency of the RF signal and the sampling rate of the digitizer are
not necessarily even multiples of each other, the signal cannot be truncated by some
number of samples to achieve a quadrature delay. One possibility is that the signal
is linearly interpolated to a new time base with the correct shift. The method chosen
in this work is to construct a linear-time-invariant phase-delay Iter and apply it

to the Fourier transform of the signal. Inversion of the signal back to the time
domain returns a signal with the desired phase delay. Pei and Lai (2012) present the
phase-delay Iter employed in this work. The lter is
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where s the fractional sample delay. For sampling r&eand time delay, then
= . For input signal( »=Y%then the delayed output is
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whereF andF ! denote the discrete-Fourier transform (DFT) and inverse DFT,
respectively. This algorithm preserves the amplitude spectrum exactly, and only
changes the phase data of the signal.

After frequency multiplication, the frequency sum component must be Itered.
Many algorithms exist for low-passing ltering digital signals. The method cho-
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sen here is to use an in nite-impulse response (IIR) Butterworth lIter in cas-
caded second-order sections, implemented forward and backward. These lters are
straightforward to employ using SciPy (Virtanen et al., 2020). The cascaded second-
order sections construction enables stable high-order lters to be used. Applying the
Iter forward and then to the reversed signal is a clever technique of digital signal
processing that cancels the phase delay of IIR Iters. Hence, unlike analog lters,
these Iters give signals with a zero phase change. These methods are discussed in
common digital signal processing textbooks (Oppenheim and Schafer, 2010). The
Python program used to implement these signal-processing steps is reproduced in
Appendix D.

The disadvantage of using digital techniques is that the entire sigdalarriermust

be digitized. The 200 MHz carrier frequency itself contains no useful information,
but the digitizer dynamic range must be lled by the carrier instead of the small
signal. As a consequence, the e ective number of bits available to acquire the
desired signal is reduced, and loss of resolution can reduce SNR. Because of these
considerations, an analog 1Q demodulation system was constructed and tested. This
work is discussed in Appendix D. For the present signals and electronics, no SNR
improvement was found by using analog techniques, since the noise gure of analog
components is much more signi cant. However, an important bene t of using an
analog system is that the digitizer can be operated at a lower sampling rate, so that
longer duration measurements can be performed. The present system was limited
to milliseconds, which is appropriate for shock-tube applications.

6.2.3 Noise Performance

The noise oor of the instrument is illustrated in Figure 6.9 by two sets of power
spectra. In (a), the spectrum of the heterodyne signal from detector D1 is compared
with background signals from shuttering the laser and the oscilloscope. The oscil-
loscope noise oor is measured by terminating the input externally at,58hich

is the output impedance of the LNAs. (a) shows that the signal noise is signi -
cantly greater than the limitations of the oscilloscope digitizer. The small di erence
between the oscilloscope and the laser o signal is from the noise output from
the detectors and LNAs. The noise source in the heterodyne signal is apparent by
comparison with the LO in (b). The LO is the reference 200 MHz signal split from
the AOM RF driver. In order to compare these signals, their spectra are plotted in
dBc units, which properly scales each signal relative to the carrier power. (b) shows
that the power spectra of the detector signal and LO are approximately the same,
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indicating that the noise is coming from the 200 MHz RF source itself. This is
particularly true forsyw 1 MHz. For higher bandwidths, there is additional noise
apparent in the detector signal. The origin is unclear, but the author suspects this
comes from RF pickup in the detectors or RF re ections between the photodiode
and 50 termination. For most of the spectrum the LO appears to be the primary
contributor. Although not shown in Figure 6.9, if the resolution is increased, it is
clear that LO noise is not so signi cant for low frequencies, less than 10 kHz. This

is consistent with the unstable signals discussed above, which are suspected to come
from the ber.

Figure 6.9: Power spectra compare heterodyne signal from detector D1 with back-
ground signals in (a) and the local oscillator (LO) in (b).

An important question is how does measurement noise depend upon the sampling
rate. This was tested with results plotted in Figure 6.10, showing that the minimum
phase noise is obtained with the highest sampling rate possible. It is possible that
an even greater sampling rate could further reduce signal noise.

The ultimate noise oor obtained with the instrument varied depending upon align-
ment. In particular loss of fringe visiblity due to spherical aberration when using
smaller beam waists (higher NA) reduced detector SNR and therefore increased the
phase noise oor. For the measurements presented in this chapter, typical values
for the noise oor in the 10 kHz to 10 MHz band was 1 mradldr 3 racP/Hz.
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Figure 6.10: RMS phase noise measurements in 10 kHz to 10 MHz band for various
sampling rates. 6.25 GS/s is the maximum speed of the Tek MSO44B.

The data in Figure 6.10 show an example where the noise oor was 0.9 mrad. For
comparison, the FLDI using balanced detection described in Appendix C achieved
anoise oorof6 10 ' rad/Hz in a 1 MHz bandwidti2

Figure 6.11 shows typical absolute and di erential signals, both the time series in
(a) and spectrum in (b). A 10 MHz low-pass Iter was used to process these data.
Most signi cant to observe is the behavior of the absolute signal: it is not steady.
This was acquired with the interferometer at rest on an vibration-isolating optical
table and room air conditioning o . Unfortunately this is the typical behavior of the
instrument. The reference ber seems to be a leading contributor to this signal drift.
The drift was random, and analysis over long time records sHevasfrequency
dependence. In the present work, this is not a signi cant limitation because shock-
tube signals ar®110?° rad and data are analyzed over less than )@vhere drift

is expected to be about 20 mrad.

6.3 Validation

6.3.1 Small-Signal Response

The small-signal response of the HFLI was tested using an ultrasonic transducer to
generate a constant source of weak acoustic waves. The methods and equipment
used are the same as those used by Lawson (2021).

Figure 6.12 shows measurements of the ultrasonic source operated at 100 kHz. The

2|n terms of RMS resolution, the HFLI achieves about 0.3 mrad in a 1 MHz bandwidth versus 8
" rad with balanced detection.
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Figure 6.11: Typical phase signals for resting interferometer.

HFLI signals are demodulated to obtain di erential and absolute phase signals,
and these measurements are compared with those from a conventional FLDI. The
time-series signals are shown in (a) and the power-spectral densities in (b). Clearly,
the di erential HFLI and the conventional FLDI produce the same signals with
slightly di erent noise characteristics. This con rms that digitally demodulating
heterodyne signals is equivalentto directly interfering the optical signals. In contrast,
the absolute HFLI signal has a much greater magnitude @l isut of phase with

the di erential signals. This is consistent with the small-signal response functions
discussed above.

The ultrasonic source was swept over a range of frequencies from 30 kHz to 100
kHz, and the absolute and di erential signal amplitudes were ratioed. Amplitudes
were measured from the power spectral densities using a at-top window. The
results are plotted in Figure 6.13 and compared with the analytical expression. Good
agreement is obtained. Deviations are possibly from wave propagation components
along the beam axis.

6.3.2 Dynamic Response

The dynamic response of the interferometer to a large index gradients was tested by
sending weak shocks through the signal beam pair using an open-ended shock tube.
The shock tube was constructed from 0.75-inch diameter iron pipe. The driver was
built from an 8-inch nipple and a tee, in which a 100-psi dial pressure gauge was
installed. The driven section was built from a 12-inch nipple, where the end pipe
threads were cut 0 and the end was squared. The diaphragm was clamped between
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Figure 6.12: Comparison of measurements of 100 kHz ultrasonic waves using a
conventional FLDI, the di erential HFLI, and absolute HFLI.

Figure 6.13: Ratio of di erential to absolute phase signals comparing measurements
with analytical result (6.55).

the tapered faces of a pipe union. Two thicknesses of 1100-O aluminum sheet were
used for diaphragms to generate two shot conditions: 0.7 mil and 2.0 mil, which
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ruptured at 16 psi and 54 psi, respectively. Nitrogen was used as the driver gas.
Data were collected for two positions of the interferometer beam pairs relative to
the shock-tube exit: 2.5 mm and 10 mm. Figure 6.14 shows a diagram of the setup.

Figure 6.14: Diagram of open-ended shock-tube experimental setup for validating
HFLI dynamic response.

First, di erential phase measurements using a conventional FLDI and the HFLI are
compared in Figure 6.15. All data are for the 54-psi shot condition. (b) and (d) show
detail of the shock response in (a) and (c), respectively. The long-time small-signal
response of the FLDI and HFLI measurements are consistent, as expected. There
is clearly discrepancy in the shock response. There are two factors causing this
di erence. First, large phase changes, such as the peaks above 6 radians, cause
phase wrapping which can only be recovered by the HFLI but not the FLDI. Second,
the large density gradients in the shock distort the signal beam. Signals obtained
from interfering these distorted beams together, as with the conventional FLDI, are
likely di erent than those obtained from subtracting the two signals obtained from
interfering the distorted beams with undistorted reference beams, as with the HFLI.

Absolute phase measurements from four shots at the 54-psi condition are shown in
Figure 6.16. The signals range over 50 radians illustrating the unwrapping capability
of the heterodyne technique. (a) shows the signals unwrapped and zeroed based on
their initial value before the shock arrives. (b) zooms in on the shock arrival in these
signals. There is clearly inconsistency between these shots, but more signi cantly
the theoretical shock speed should produce a roughly 50 radian jump in phase.
This is not observed, providing a rst indication of the interferometer's inability to
measure phase change through shocks. Assuming that the remainder of the signal
is viable, (c) shows them zeroed by the maximum signal value. In this case, the
signals collapse and show good repeatability.
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Figure 6.15: Comparison between di erential phase measurements from a con-
ventional and heterodyne FLDI for 54-psi condition. (a) and (b) correspond with
3 =25 mm, (c) and (d) correspond with= 10 mm.

A partial explanation for the interferometer's apparent inability to track phase
changes through shocks is found from inspecting the signal amplitudes. Figure
6.17 shows heterodyne signal amplitudes over 1 ms in (a) and tlseshock re-
sponse in (b). Amplitude is normalized by the pre-shock stationary value. When the
shock arrives, a sharp downward spike is observed in the amplitude data, showing
that the shock causes the signal amplitude to decrease near zero. This amplitude
reduction indicates some distortion to the signal beams. Recall from Chapter 4 the
image obtained from a shock propagating through a beam of collimated light. Strong
refractive e ects produce a shadow and focused band of light. When transmitting
through a focused laser beam, the wavefront is distorted and the beam path could be
steered out of alignment with the reference beam producing fringes. Fringes aver-
aged over the detector signi cantly reduce heterodyne signal amplitudes. It appears
then that the present interferometer cannot be used to measure phase continuously
through large jumps in refractive index.

In order to validate the absolute phase signals, numerical simulations were performed
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Figure 6.16: Unwrapped phase signals from four shots at 54-psi condition and
3 = 25 mm. Each subplot show the same data, however in (a) the phase signals are
zeroed by their initial values, the shock response is shown in (b), and (c) shows the
phase signals zeroed by the maximum.

to model the two shot conditions. The same simulation methods as those used in
Chapters 2 and 3 are employed here: OpenFOAM-9 (Greenshields, 2021) and
blastFoam-5 (Heylmun et al., 2021). A coarse grid was generated based on the
measured inner and outer diameters of the pipe: 21.9 mm and 27.2 mm, respectively.
The domain was axisymmetric with the pipe protruding 43.8 mm and with a 87.6-
mm high clear area above the pipe. The domain radius was 87.6 mm. The initial grid
contained uniformly 1.825 mm cells. BlastFoam's adaptive mesh re nement with
four levels of re ned was used to obtain a minimum cell size of 0.11 mm. Only the
shock in air was modeled without any driver gas or contact surface. Air was modeled
as inviscid and a perfect gas. Representative time steps from the two simulations
are shown in Figure 6.18. The primary features are the shock, which di racts out
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