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SUMMARY

A study of the basic mechanism of dielectrlc recovery
of power frequency arcs in alr is reported. The particular
are studied is that of a standard 8 inch rod gap conducting
300 or 800 amperes crest for 1/2 cycle of a 80 cycle per
second current.

The temperature of the arc space and the variation of
the arc temperature with time are measured. The temperature
is measu;ed by spectrographic and velocity of sound tech-
nigues. The temperature at current zero 1s 5000 degrees
Kelvin. The temperature is 720 degrees K., 77 milliseconds
after current zero and 415 degrees K. 196 mllliseconds
after current zero.

The temperatu?e is correlated to the dielectrlc strength
during the recovery period. During the recovery period the
arc space is at atmospheric pressure. The gas density is
reduced due to the high temperatures existing in the arc
space. Evidence i1s given that the low gas density 1s the
major factor causing the reduced dielectric strength.

Residual ions In the arc space also conbtribute to
reducing the dielcctric streongth. A criterion for recovery
breakdown is given including the effect of the residual
ions. The lon density after current zero decreases due

to electron recombination wlth a recombination coefficient

= 2,0x 1077 cubic centimeter per ion-second. The loss

of ions by diffuslon appears negligible,



Introduction

The rates at which large air gaps recover dielectric
strength after the conductlon of power frequency currents
are of prime lmportance to the electrical trarsmission
engineer. A fundamental understanding of the varlous
factors affenting the recovery mechanism is also important.

The dielectric recovery period can be separated into
regions of two distinectly different phenomena. Immediately
after current zero the strength of the arc space is affected
by both the density of the gas and the density of the
residual ions in the arc space. Later, after suffilcient
decrease of lon density, the dielectric strength of the gas
is determined primarily by the gas density. The term
dlelectric strength as applled here to the gas with apprec-
iable ion density when the gas is a conductor is taken to
mean that critical value of applied voltage above which the
conductance ol the gas lncreases untll a stable conducting
state is reached or below which the conductance decreases
until a stable insulating state is reached. Since the gas
density can bo debermined from the temperature, knowledge
of the variation of the temperature with time in the arc
space 1s lmportant in segregating the recovery period into
the above mentioned regions.

Temperature measurements of the hot gases of the arc
space of 1/2 cycle, 300 and 800 ampere crest, 6 ineh arc
discharges between steel electrodes are described in this

thesis. The results for the 800 ampere, 1/2 cycle discharge
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may be summarized briefly as follows. The temverature
at current zero is 5000° K. and the rate of decrease at
current zerc 1s approximately 10° degrees K. per second,
The temperature is 720° K. 77 milliseconds after current
zero and 415° L. 196 milliseconds after current zero.
After some 60 milliseconds of recovery tims the dielectric
strength can be accounted for solely by the gas density.
Throughout the recovery vneriod the low gas density is a
major factor contributing to the low dielectric strength.
Residual ions effect a reductbion in the dielectric strength
for recovery times shorter than 60 millisecornds. A criter-
ion for recovery strength is applied to the veriod during
which the lon density 1g appreciable irn order to compute
the 1lon density during tnis periocd. The variation of the
iorn density indicates that the loss of ions is due to
recombination with a recombination coefficient of oKX=
2.0 X lO°9 cublc centimeter per ion-second. The loss of
ions by diffuslon from the open gap appears negligible.

Dielectric recovery rates of large air gaps are
important to electrical transmission engineers irn deter-
mining the minimum reclosing times of reclosing circuit
breakers. When faults occur on transmission systems, the
tie between generating center and load center is weakened;
the transfer reactance is increased, and thus less power is
transferred. Since governors are inherently relatively
siow, the machines at the generating center accelerate
while those near the load center decelerate; and the system

begins to lose synchronism. HMinimizing the effect of the
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fault on the stability of the system requires botn quick
isolation of fthe faulted section and qulck reinsertion of
the faulted sectlicon alter the fault has recovered. The
smount of power thet can be transuitted reliably - that is,
with assurance that the system remains in synchronism after
a fault occurs - 1s dependent on both the sveed of the
relay and circuiﬁ breaker operation and the circult breaker
reclosure time. With recent developments in high-speed
reclosing eirecuit breakers, the dielectric recovery of the
faulted arc space 1s important in deternining the minimum
pernissible reclosure time.

wost dlelectric recovery data taken in the past are
from short arcs for which electrode effects play a predom-

s

inant role.” Such data are applicable to determining the

s

relgniticn or extinction characteristics of alternating
current arcs as those at circult breaker contacts. Data
on the recovery characterlisllcs ol large power arcs 1n
long gaps are rather meager. Some data have been obtained

indirectly from staged tests on actual systems where

e

mininum time of reclosure was obtained by test (3, 4).:
Since the availability of power systems for such staged
tests 1s defiritely limited, laboratory metnods have been

develcped, DBolsseau, Wyman, and Skeats obtained dirsect

% For excellent discussions of the definitions of and the
difference in the extinctlon of the short and long arc, see
references 1 and 2. For all numbered references see the
bibliography at the end of this thesis.
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reclosure data from tests on system models {5). Although
these tests gave excellent results regarding the probability
of successful reclosure, basic information on the variation
of recovery with the many impocrtant factors involved could
rnot be obtained because many of these factors could not be
controlled. weCanr, Conner, and Ellis ceveloped a test
tecnnique whereby recovery characteristics cculd be deter-
mired in the laboratory (6). This technique allowed
control of most of these influencing factors. luch direct
recovery information could be obtalned with relative ease.
ticCann, Conner, and Ellis cobtained rather extensive data
on arcs up to 300 amperes In air gaps up to 11 inchos long.
Eliis has presented more data obtained 0y tne same technique
(7). Although these data are empirical in nature, they are
directly applicable to a fundamental study of the recovery
process slnce so many factors were controlled. Since it
1s recognized that a basic understanding of the recovery
mecnanism snould ve lmportant to the engineer, the funda-
mental study of this thesis was undertaken. The reseszrch
complements the work of wcCann, Conner, and Ellis which was
performed in the California Institute of Technology High
Potential Laboratory.

knowledgo of the decay of the temperalure of tne pases
i the arc space after current extinction is basic in such
a fundamental study. nnowledge of the temperature should
nelp explain the importance of the effects of

(1) Tne Cegree of ilonization in the arc



5

space and 1lts variation inecluding the relatiwve

effects of diffusion and recowbination.

(2) The variation of the ionizing coeffi-

clents
effect
in the

The purpose

for the second breakdown Including the
of the reduced density of the hot gases
arc space.

of the research reported in this paper was to

determine the variation of the temperature in the arc space

and to correlate thils temperature to dielectric recovery.

The particular arc space studied was that of a standard

6 inch rod gap during and after conduction for 1/2 cycle

of 300 and 800 ampere crest, 60 cps, current.

The temperatures of electric arcs have been determined

by spectrographic techniques (8, 9) and by velocity of

sound measurements (10). DBoth of these techniques were

employed for the research of this paper. Time resolved

temperatures of damped electric sparks have previcusly

been determined by the speclrographlce technique (11).
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Syrectrographic Determination of Temperature

Apparatus and Test Technigue. The research was per-

formed on an arc in a standard rod gap, 6 inches long with
1/2 inch square steel electrodes. The apparatus and method
of obtaining gap breakdown with subsequent controlled 1/2
cycle power follow current has been described in previocus
reports (6, 7). A schematic block diagram of this experi-
ment is shown as Fig, 1. DEefore a test shot, 2500 volt,
60 cps potential was applied to the gap G. The surge
generator was tripped from the phase controlled pulse
circuit at the proper phase to cause sinuscidal power
currcnt to follow the surge generator breakdown of the
test gap and stand-off gap G. The current was cut-off after
1/2 cycle by bias applied to ignitrons in the power circuit.
Tre ignitron bias econtrol cirecuit operation was initiated
by a pulse picked up through Cl’ a porcelain insulatcr.
The magnitude of the arc current was controlled by the
reactor X. The low pass filter shown at the gap G pro-
tected the power equipment from the surge pulse. For
detailed description of this circuit including schematic
dlagrams of the circuits showi as boxes in Fig. 1 see refer-
ences 6 or 7.

The spectrograph was exposed to the luminous gases of
the arc space for a time corresponding to 20 electrical
degrees, 926 microseconds, through a slot cut in a disc D,
The disc D was rotated by a 4-pole synchronous motor M. The

synchronous motor was supplied voltage from a phase shifter;
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and the particular time, over a 2 cycle period, during which
the spectrograph was exbosed was determined by the phase
gnifter setiling,

The phase controlled trip pulse was cobitained from a
peaking transformer supplied by a selsyn phase shifter,
The peaking transformer output was sharpened by additional
circuitry. This pulse was applied to the plate of a 2D21
thyratron, A cam operated switch on the motor shaft
supplied a square wave blas to the control grid of the 2D21.
The surge generator was tripped when this plate pulse
appeared with zero bias and was not tripped when the bias
was negative. Thils allowed the surge generator to be tripped
only when the disc slot was over a particular pair of poles.
See Flg. 2. Whether or not the motor had synchronized on
the correct pole could be determined from a lissajous
figure on an oscilloscope with 60 cps voltage and the cam
switch output connected to its plates, Nagnetic oscillo-
graphs were taken of all shots of arc current and the cam
switch output to assure that the spectrograph was exposed
at the desired instant,

The arc was focused on the specectrograph slit by a
2 1/2 inch diameter glass lens such that the image size at
the slit was 1/3 the object size. The gpeclirograph was a
Hilger instrument with a Littrow type mounting. The disper-
sion of the blue lines used was 150 A° per inch, The
spectrum observed was the line specirum of the neutral

iron atow,
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Since 1t was Important that the relative intensities
of the varicus iron lines be measured accurately, much time
was spent developing the photographic photometry technique.
Lach photographic nlate was calibrated in per cent trans-
mission as determined by a recording micrcdensitometer
versus relative intensity. The densitometer was used to
plot the calibration and to scale the lines. The exposure
for calibration of tne spectrograph plate was obtained by
placing a calibrated step weakener (a coated glass plate
of known steps of per cent transmission) at the slit and
illuminating the slit uniformly.

Since each plabe was callbraled, errors waich may
arise from the differences in the development of different
plates were eliminated. The step weakener used was made
from very fine grain Kodak 649 plate with steps of varying
degrees of exposure. Thls weakener of silver on glass is
not achromatic but was considered so over the small portion
of spectrum used; namely, 4202 A° to 4529 A°. The step
weakener was calibrated by means of the inverse square law,.
An exposure thrcugh the step weakener was compared with
exposures at varying distances from a point Hg source.

The Hg 435¢ A° line was used for this calibration.

Bach spectrographic plate was calibrated by a flash of
light of the same time duration as the arc exposures. Thus,
errors due to the emulsion reciprocity law failure were
eliminated. The arc and rotating disc with its slot were

used for this calibrating exposure. Unlform exposure of the
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PHOTOGRAPH OF EQUIPMENT USED FOR
SPECTROGRAPHIC TECHNIQUE SHOWING
TEST GAP, LENS, MOTOR AND DISC, AND
SPECTROGRAPH. THE TUBE FOR
CALIBRATION EXPOSURES IS SHOWN ON
THE TABLE.
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spectrograph slit was obtained by removing the lens while
the arc was confined to the inside of a 3/4 inch I.D.,
1 3/4 inch 0.D. fiber tube with a 3/4 inch by 3 inch
window, The light frow this window was used for the
calibration. Since this window was 64 inches from the glit,
quite uniforw lllumlnatlon of the s8lit was obtained. It
was found tnat the loss of intensity caused by the removal
of the lens could be compensated for by inserting a small
#36 copper wire in the tube for ennanced emission during
calibration. Separate electrodes were used during calib-
ration to prevent contamination of the test electrodes with
copper. The micro-densitomcter calibration tracings were
taken along some line near thne center of thne spectrum used.
In order to facilitate tracing along this line, a slit
opening as large as 0.60 mm. was used for calibration
exposures.

For thne test spectrograums, the slit openings usgsed were
as large as allowed by the dispersion of the spectrograph
wilthout causing objectionable blending of lines; namely,
0.12 to 0,18 mw., Thus a microdensitometer slit which was
large compared to the euwulsion grain size could be used;
consequently, variations of the tracings due to grain size
were minlmlzed. With this slit opening the central inten-
81ty could be used as the intensity of the line.

Kodak 50 and Kodak Panatomic X plates were used. The
Fapatomlc X plales were uwore desirable; however, the supply

was limited. DMNost of the data were taken from Kodak 50
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plates. During development, the developer tray was agl-
tated by rocking to give even develoonment and reduce the
Eberhardt effect.

Spectrograms taken during the time of actual power
current flow gave sufficlent exposure in a single shot;
nowever, the light intensity of the iron spectrum in the
after-glow decreased so rapidly after current zero that for
sufficient exposure of the plates multiple shots had to be
superimposed. Sultable exposures were obtalned with 10
shots 10 degrees after current zero and with 30 shots 180
degrees after current zero. Calibrations were made with

Liie same nunber of shots as used for test exposures.
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Ineory of leuperature Deteruination, If tae atoms

[hrosctuAna

of 2 @as are tnermal.y excited so taat sowe of tie elec-
tronic energy statee otuer than tiac grournd state are
populated, tre wgas emits a line spectrum. Each line is the
result of transitions of tne atoms frow ore particular state
or erergy level to anotuer particular erergy level of lower
energy. In tnernal excltation tne excitatlorn is due to
coilisions of tue gag particles, The intensity of a line
relative to t.oe intensity of anotuer line devends upon tae
vemperature ¢f tne source, At low tenperature tnere will
be very few atows 1n excited states. With an increase in
tewmperature tue number in tne algher states will increase,
and nence, tae rate of transitions frow the algaer states
Wwill increase. If tne "oscillator strengtas™ (sometines
called "f-vaiues" or "transition probabilities") are known
ard toe relatlive intensities of the lirses can be ucasured,
tuae relallve poovulalblon dernsitles O Liae VAr1Oous energy
levels can te couwputed., Couversely, 1f tae pooulation
densities are know:, tne irtensities can be predicted. In
the nlgh pressurc electrical arc discharze atous are excited
rot only uy collisions wilbta otner atous bul wita electrons;
nowever, Ornsteln, kannkopf, and others have saowr: that in
the Dlgn pressure arc tae electron temperature and gas
tenperature are essentlally tae sane (&, 9).

T1e iror spectrum 1s very rich in lines. The "f-

¥

values” of mary of tne irorn lines save been seasured (12, 13).

Ifne welnhod used aere 1s to assume thnal the povulation
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densities are given approximately by the idaxwell-Boltzman

aistribution with the tempsrature unknown. Then

: -E, - E_)/kT
(1) Hn/gp = (8, /g, )€ (B, )/

wnere Ni is the number of atoms in level 1 whose statistical

weight 1s g; and whose excitation potential is E;y. T is the
temperature., k 1s Boltzman's constant.

The oscillator strength T 1s defined by

(2) I = (pn/em) &nfan b Sic

where 1 1s the intensity of frequency O and & 1s a constant
given by

)
i o= 8”2 e“ n
mec 9

If Bg. 2 1s substltuted in Eq. 1, there results
(3) logro (L/epf,n 0%) = const. - 5040E,/T

where L is the relative intensity of the lire whose upper
level 1a K, in volts. If ocoints for & rumber of lines are

nlotted

10{313 {l/gnfzam DS) versus h‘n:

the result should be a straight line with a slope
m = T 5040/T,

The lines which were usec are listed in Tacle 1. The



16
f-values are those of R. B. Bing and A. 5. King and of
W. W. Carter (12, 13). The values for E, were obtained

from Henry N. Russell and Charlotte E. Moore (15).
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lable 1

List of Iron Lines Used in Temperature Determination

)N gf logy, (A%/gf) E_
4202.0 890 7.08 4.44
4206.,7 0.50 11.09 2.99
4216,2 2.14 10.54 2.94
4219.4 25800 6.46 6.50
4222.2 1320 7.76 5.38
4227 .4 22300 6.53 6.25
4231 .5 11000 6.54 6.17
4233.6 2790 7.43 5.40
4235,9 4620 7.22 5.35
4238.8 11100 8.84 6,30
4247 .4 9880 6.89 6.28
4260.5 8130 6.98 5.30
4282.4 2280 7.54 5.06
4294.1 380 8.52 4,37
4299.2 2120 7.57 5.30
4307.9 3300 7.38 4,43
4325.8 3800 7.33 4.46
4375,9 4.4 10.28 2.83
4383.6 5800 7.16 4,31
4404,8 3000 7.45 4.37
4415.1 1000 7.94 4,41
4427.3 4.5 10.30 2.85
4447 .7 709 8.09 5.00
4454, 4 2470 7.55 5.60
4459.1 1070 7.92 4,95
4476,0 2000 7.56 5.60
4494.6 1240 7.86 4.95

4528.7 2100 7.98 4,90
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Results. A typical spectrogram is shown as Fip. 4.
Fig. 5 snhows a typical microdensitometer tracing; the cali-
bration tracing is included. The calibration curve of Fig.
5 shows percent densi%ometar reading versus relative inten-
slty. Two examoles of the temperature determination curves
are shown as Fig. 7 and Fig. 8. 8 is the tine in electrical
degrees measured from the start of the power current. The
results of the spectrographic measurements are shown in
Figs. 9a and 9b. Little cnange in temperature was expected
as tne spectrograph was focused at different points along
the arc. This was observed. It was ovserved that after
current zero the lntenslity decreased more rapicdly from
regions near the electrodes than from the gap center. The
electrodes tend to cool the gas surrounding them.

With the spectrograpn focused in the center of the gap,
the iron spectrum was not observed until after approximately
o5 electrical degrees of current conduction. Images of the
iron lines could be observed much earlier in tune half-cycle
of current conduction with the spectrograph focused near
either electrode. With the spectrograph focused 5 inches
from the ground electrode, tne spectrum was observed alfter
25 electrical degrees. This time lag was probably due to the
finite tlme required for the iron vapor to evaporate and
travel to the center of tue gap with a velocity of approx-
lmately 3.6 x 10°% cm. per second. lany of the spectrograms
taken during the [lrst quarter cycle of current conduction

exhibited a pronounced continuous background. Plg. 10 shows
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a spectrogram with this contlinuum., This continuum could
be due to pressure broadening and blending of the many iron
lines, for the pressures must be very great during the rirst
few milliseconds of conduction. The explosive nature of the
discharge could result in discrete particles of iron being
blown out of the electrodes with a resulting black body
type of emission from these particles. The continuum is
most probably due to the pressure broadening for the back=-
ground does appear as very broad 'lines! or bands.

The size of the luminous reglon as observed on the
spectrograms agrees with observatlions made with 3000 frame
per second motion pictures reported by McCann, Conner, and
Ellis and by Ellis, ZEarly in the period of conduction the
diameter of the core 1s small compared to its dimensions
after several milliseconds of conduction. Core sizes are
known to be a function of the pressure. After the arc
develops, 1t eXxpands radlally reaching diameters of several
inches. The photographs of Ellis show little change in shape
of the luminous region after current zero except that due to
the coolling of the hol gas,

Due to the rapid decrease in the intensity of the iron
lines with time, plate exposures were difficult to obtain
at appreciable times after current zeroc; i.e. & milli-
seconds or 1/2 cycle after current zero. A velocity of sound
technique was used to determine the temperature at these
times. This technique and the results obtained are discussed

in the next sections.
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Velocity of Sound Measurements

Theory and Technigue. The velocity of sound in a

gas 1s inversely proportional to the square root of the
gas denslty and proportional to the square root of pressure;
v o (P//O )_L/Z oC TI/E
There are limitations to the use of the above expressions.
When the sound intensity is very great, the velocity is a
funiction of that intensity. At very high temperature the
gas may dissociate so that the veloeity as a funection of
the temperature depends on the degree of dissoclation.
These factors have been investigated by Suits (10) who used
the velocity of sound measurements in arcs as a measure of
the arc temperatd;e. The method of Suits was used here %o
obtain temperature measurements long after current zero.

The technique of Suits can be described briefly as
follows. The voltage across a low-current, high-voltage,
atmospheric pressure dlscharge changes abruptly when a
gsound disturbance passes through the discharge if the
sound disturbance has a sufficlently steep front. The
theory of the operation of this receiver is not known. A
possible explanation could be based on the fact that the
voltage across such a high-voltage, low-current, high-pres-
sure discharge variss greatly with pressure. An increase
in pressure causes an increase in voltage. Another possible
explanation could be that the sound wave disturbs the 'high-
field' region near the cathode, Suits used such a dis-

charge as a recelver {microphone). The advantages of
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using this recelver are that 1t can be placed directly in
or very near the arc region and that the response 1s fast.
Sults discharged a condenser through a gap in the arc
stream to produce the steep front explosion required for
the velocity of sound measurement. The difference in tinme
between the condenser discharge and the change 1n receiver
voltage was observed on an osclllograph screen.

This technique was used here to determine densities and
temperatures in the arc space after current zero; it could
be used at times for which the spectrographic method could
not be used. A schematic diagram of the experiment is
shown as Fig. 11.

With 2500 volt, 60 cps potential applied to stand-off
gap Go, surge generator No. 1 was fired at the proper
vhase for subsequent sinusoidal current power follow through
gaps Gy and Go.  Gaps Gg and Gg were broken down by the
surge generator. Capacitor C,, charged to 50 kv, discharged
through Ry producing the low-current discharge through
recelver gap G5. The power current flow was limited to
1/2 cycle by bilas controls in the ignitron igriter circuit.
The voltage of receiver gap Gy was applied to the vertical
plates of a Westinghouse cathode ray oscillograph through a
high resistance voltage divider and 15 feet of RHG34U cable.
The cable capacity and high resistance divider prevented
the short time duration, high potential output from surge
generator No., 1 from belng applled to the oscillograph. At

a predetermined time after the first surge generator was
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tripped, the second surge generator was fired. The time
delay circult conslisted of a gated ten-stage binary counter
which counted cycles of an audio oscillator. The gate was
initiated from a pulse picked up from the first surge
generator. The time delay was determined by the audio
oscillator frequency. After a count of 1024 cycles, a
45 kv pulse was formed and applied to the center ball of
gaep Gz. Surge generator No. 2 was then discharged through
gaps Gz and G4. The sweep of the cathode ray oscillograph
was triggered at the same time. The high-current discharge
of C2 through gap G4 produced the steep front sound wave
required for the sound velocity measurement. The sound wave
then traversed the gap space, and its arrival at the recsiver
gap could be observed on the oscillograph sweep.

Condenser Co, 1.0 microfarads, was charged to 90 kv.
The inductance of its discharge loop was kept at the minimum
possible value. Sound gaps G4 and G5 were placed as close
as possible to the test gap; however, there were limita-
tions. If G4 were placed too close, Cp would be discharged
when surge generator No. 1 was dischargod. If rccelver gap
Gg were placed too near the arc space, the voltage across
Gg would be disturbed by the motion of the gases in the test
gap. <The receiver gap was placed in a 3/8" I.D. x 5/8" 0.D.
bakelite tube. The recelver gap was placed 5/8 inch from
the end of this tube. This tube was attached to the hot
electrode of the test gap. The tube helped shield the

recelver gap from the test gap gases. The recelver gap was
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7/8 inch from the end of the electrode rod. The receiver
gap was 0.07 inches long. The sound gap Gy was 3/8 inch
long. The sound gap was located 1-3/4 inches back from the
end of the ground electrode and 1-1/4 inches away.

Because the sound gap and recelver gap could not be
placed directly in the test gap, the sound traveled through
relatively cold gases at each end of the arc space. With
Fhe half-cycle of current malntained at 800 amperes crest,
data was taken for gap lengths of 4,5,6,7, and 8 inches.

A curve was plotted of sound travel time versus distance
traveled., The slope of this curve was taken as ilnversely
proportlonal to the sound veloclty. The end effects were
compensated for in thils way.

When the sound intensity is very great, the velocity
of sound is a function of that intensity. Such abnormal
velocities were observed. These abnormal velocities were
found to be dissipated after 4 inches of travel from the
sound gap. After 8 inches of travel the velocity was meas-
ured, without the power current discharge, and found to be
13.2 inches per millisecond within 2%. The abnormal
velocity near the sound gap could be, and was, included as
part of the end effects.

Results of the Velocity of Sound Measurements. A

typlical set of test oscillograms is shown as Fig. 13. The
oscillograph sensitivity is 250 x 2 volts per centimeter.
The results of scaling such a set of oscillograms are

plotted on Fig. 14. Considerable spread can be observed in
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the points plotted. This spread of points is not due to
the test technigue but to the condition and configuration
of the arc space gases. This was checked by tests with no
arc discharge. Then, the observed spread of points was
less than 10 microseconds while the veloclty was measured
within 2% of the accepted value. This velocity was
measured 6 to 12 inches from the sound gap after the
abnormal velocitles had dissipated. By working with the
slope of the time versus distance curve, compensation was
supplied for the end effects including these abrnormal
velocities. Suits (10) shows that these shock waves tend
to be refracted out of the reglon of hot gases, |

Representative values of temperature and density were
obtained by drawing a curve through the average time of
sound lravel for sach gap length. On Flg. 14 all of the
points should be plotted at distances marked by the heavy
vertical lines. The average times are indicated by the
heavy horlzonlal llnes. The veloclty of sound was taken
as inversely proportional to the slope of the straight
line drawn through these points.

It should be understood thal Lhe gases ol Lhe arc
space are by no means homogeneous in density. Values of
density exist in the arc space which are greater than and
less thawn the value oblalned by thls method. Indeed, all
effects that cen be mentloned tend to lower the estimate
of temperature and increase the estimate of density obtained

in this way. It should be euphaslized Lhal no two arcs are
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the same. Ellis obtaipned high speed motion pictures of
many arcs which show much wvarilation of the luminous cloud
shape. The tortuous expansion of the arc leaves the hot
gases in very irregular shapes which may or may not lie
along the direction of sound travel for a particular shot.
otudies of the pictures of Ellis indicate that the sound
in traversing the gap may pass through some reglons of gas
which have been heated wvery little. Now as the space 1ls
not homogeneous in density, slower velocitles are emphasized
when the average 1ls determined. If the sourd in traversing
8 inches travels 4 inches at 13.3 inches/millisecond and
4 inches at 40 inches/millisecond, the average velocity is
8 inches in 0.4 milliseconds - 20 inches/millisecond which
is nearer 13.3 than 40. The hot gases refract the sound
waves and slope the front of the wave so that the earliest
disturbance at the receiver may not be recorded. Such
effects all indicate that there are regions in the arc
space at temperatures greater than those dstermined by
this method.

At one value of time delay, many shots were taken in
the hopo that the distribution of points {(minimum travel
times) would lead to a better estimate of the highest temper-
atures in the region. Although the results were incon-
clusive, they are shown as Fig, 15,

The results of thls study are listed in the following
table, Table 2.
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Application of Hesults to Dielectric Hecovery

Effect of Alr Density on Recovery Dielectric Strength.

linen the arc 1s initlated, temperatures in the core are very
high due to electrical energy converted into heat in the arc.
Immediately after the arc is initiated, pressure in and
around the arc core 1s very great. The hot gas of the arc
reglon expands until the region 1s at atmospheric pressure.
These readjustments and changes in pressure should occur
with volocitics of the ordor of 1.1 feot/millisecond, the
speed of sound. One would then expect the pressure to be
atmospherlc pressure after a few milliseconds of conduc-
tion and during the recovery perlod. Then the air density
is given Dby

(5) P = Pa Ta/T

where /Aja and Ta are the density and temperature of the

alr at normal room temperature.#

Paschen's Law roughly governs practically all spark-
breakdown phenomena, In all of the usual derivations of
Paschen's Law the essentlial meaning of (Pd) in sparking
lies in the number of molecules per centimeter length of
electron travel that are encountered by the electron.

This number depends primarily on the gas density rather than
the gas pressure. Paschen's Law should be stated that the
spark-~breakdown voltage is a function of (/DG) rather than

(Pd). The relative variation of breakdown with density

# The effect of gas dissociation on this equation is
discussed later.
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'can be determined by varying the pressure at constant
temperature. The variation so determined can be used when
the temperature varies at constant pressure.

Fig, 16 shows a curve of critical flashover of a 6
inch rod gap plotted as a function of pressure at room

temperature. The abscissa can be plotted as relative

density (/94/3a) where g/jéﬁja) = 1.0 corresponds to 760

mm. pressure, room temperature. Thls curve was obtained
in the laboratory from tests using a positive 1 1/2 x

40 microsecond impulse voltage. The 6 inch rod gap was
placed in an evacuated chamber 18 inches high and 18 inches
in dlamster.

Fig. 17 shows the variation of temperature as determined
by the average veloclty of sound and by spectrographic meas-
urcmonts {extrapolated). The recovery voltages, which
would exist 1f all factors except the reduced air density
were negligible, are also plotted on Fig, 17. These
curves were obtained from the equivalent alr densities, as
given by Eq. 5, and the curve of breakdown voltage versus
density. OUn the same figure, these curves are compared with
the actual dlelectric recovery values as determined by the
two surge technique of McCann, Conner, and Ellis. The
curve is from data reported by Ellls (7). Since the
specbrographic measurements indicate the temperature of the
hottest portions of the arc space, and since the cooler
portions influence the average veloclty more than the hot

portions; the curves indicate that after something like
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60 milliseconds the low recovery strength 1s accounted for
entirely by the density of the arc space gases. DBefore
this time, the low density represents a major factor in
reducing the recovery voltage; however, some other mechan-
ism must be active.

There is evidence of there being other factors impor-
tant to the recovery process, Firstly, the reduced air
density can account for most of the reduction in dielectric
strength but not a8ll. The critical spark breakdown of the
6 inch rod gap for the gas denslty corresponding to 5000°
K. at atmospheric pressure 1s 21 kv, Immedlately after
current zero the dielectric strength increases from a value
of the order of the arc burning voltage. For a recovery
time delay of 4.5 milliseconds KcCann, Conner, and Ellis
measured a recovery strength of 5 kv. Secondly, there are
the slow breakdowns or 'long-tail' flashovers reported by
MecCann, Conner, and Ellis, Fig. 18 shows typlcal oscillo-
grams of flashovors and full waves abt various recovery
time delays from tests performed by Ellis. These oscillo-
grams are all from tests on a 6 inch gap with power current
of 800 amperes, 1/2 cycle. The !long-tail'! flashovers
were observed on all tests with recovery time delays of
52 mllliseconds and less. Some were observed on the shots
of 52 milliseconds time delay. In general, as the recovery
time delay increased, the length of tail decreased.

Studies of the effect of temperature, other than the

effect of reduced alr density, on the lonizing coefficients
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of the Townsend sparking theory indicate that the dielectric
strength shortly alter current zero is not given by this
theory. (See Loeb (16) for a discussion of the Townsend
theory.) One might think that the presernce of iron vapor
would influence the lionizing coefficients as the ioniza-
ticn potentlial of l1ron is relatively low; however, calcula-
tions of Bults (10) showing that tne metallic vapor pressure
i arcs is only of tne order of 10"6 atuwospheres invali-
date this hypothesis, The effect of temperature on the
first lonizing coefficlent ig discussed in more detail in
Appendlx B,

The spark has been defined "as an unstable and discon-
Linuous occurrence marking the transition from one more or
less stable condition of current between electrodes in a
gas to anotier one," The 'long-tail' flashovers are not of
this discontinuous nature. After considerable time delay,
the discontinuous spark appears; then the dielectric strength
is accounted for ontirely by the reduced air density, The
change in the breakdown 'long-talls' can be rnoted as the
purely sparking condition 1s approached, Evidently the
recovery dielectric strengtn depends on boin the gas density
and the residual lon density in the gap., An acceptable
recovery criterion due to Sleplan 1s given below, It is
sugzested here that the recovery voltage ia determined by
tals criterion unless the value given by tnis criterion is
greater than tine sparking potential of the gas al the

exlsting gas density,
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The Recovery Criterion of Slepian and the Effect of

the Hesidual Ions in the Gap. After the arc has exting-

ulshed, the gases of the arc space stlll constitute a
conductive reglon due to the residual ions. There should
be some critical voltage, for each ilnstant alfter current
zero, which 18 required to maintain conduction. In the are
itself, the conductive state due to the nigh vopulation of
ions is maintained by thermal ionization; the thermal energy
is obtained from the conversion of electrical energy into
neat in the arc. The average molecular energy is much less
than the ilonization potential; however, the collisions are
so Trequent that those molecules that do have sufficlent
energy produce lonlzatlon. One may refer here to the equa-
tlon of Saha which glves the degree of ionization as a
function of temperature for a gas in equilibrium. This
suggests a criterion for the critical voltage menticned
above.

Consider a region of hot ionized gas in the arc space
with a thermal energy content per unlt volume w. With no
applied field, the gas cools, and the ion density decreases
due to recombination and diffusion., If an electric field
1s applied, the resulting flow of ions constitutes conduc~
tion current. ZElectrical energy is then converted into heat
in the gas. If the electrical power input to the gap region
1s more than sufficilent to supply the losses by convection,
conducblon, and radlation; the thermal energy increases.

The temperature thus increases with a resulting increase in
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ionization. The increase in ion density with the sustained
fleld results in an lncreased power input with a subsequent
rise in tempsrature, stc. This instabllliy results lun the
reestablishment of the arc., A field that is sufficient to

re-establish the arc can be obtained from
(6) P Ddw/dt),

where p. is the electrical power input per unit volume and
dw/dt)o is the rate of loss of thermal energy per unit
volume by conduction, convection, and radiation at current
Zero.

The power input to tho geap space from the slectrical
circult is

o

E+J

Pg
or simply

(7) Pe

where X is the fleld intensity, e 1s the electron or ion

X({npeK, X + n_ekK_X)

charge, n is the ion density, and K 1s the ion mobility.

At the temperatures exlsting in the arc space soon
after current zero, electron attachment and negative ion
formation 1s highly improbable. Since electron mobility
1s much greater than ion mobility, Eq. 7 in Eg. 6 gives
(8) X® nely > aw/dt),

Loeb (16) gives the Compton electron mobility eqnation

in convenient form as

_ 1.825 x 108 A\ (760/P)(T/275)(300)

(9) %, = '
© (t +[1 + 5.71 x 100, A B3002(X/P) 2] 1/2} E
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where )\O is the electron mean free path at 273° X and
760 mu Hg., M, is the gas molecular weight, P is the pressure,

and X 1is the fleld strength in esu, If P = 760, A, = 5.64

e

x 1079 cm., and My = 20,4

« = 1.87 x 105 71/2

(10)
© {} + 1 +5.67 x 108 x 2] 1/2)1/2

2313

For 5.67 x 10° X 2 31,

(11) K, = 2.17 x 104 10/2 x ~1/2

The rate of loss of energy per cubic centimeter is

estimated in Appendix A as

(12) (aw/at), = (aw/dT)(dT/at), = 1.87 x 10° cgs
If this value is substituted in Ea. 8, there results

(13) X = 4.02 x 107 €§%99)1/5(%)2/5

for the dielectric recovery field strength at short tine
intervals after current zero. Since there is no information
available which can be used in computing the ion density as
a function of time, Eq. 13 can not be used for computing
recovery dielectric strengths; however, the equation can be
used to give information regarding the ion density. The
order of magnitude of the electron density and its variation

can be computed from Eq. 13, the dielectric recovery voltage,

%  lMuch of the air is dissociated at these temperatures,
The value K, 1s dependent on M, only as Mgl/
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and the extrapolated temperature curves of Fig. 17. The
results of this calculation are given in the table below
and plotted on Fig. 18. The average field strength was

used for X,
Table 3

The Electron Density as a Function of Time after Current Zero

t X T n
#Milliseconds esu og cc'l
« 10
10 3,34 4100 4,60%10
20 5.62 3450 2.50x10%g
30 7 .34 2950 1.68x107 ¢
40 8.90 2500 1.36x10

The loss of ion or electron density by recombination

is determined by the equation

dn/dt = - o n®
and 1ts solution

n = n,/(1 - ngt)
Ifr n, is very large, then after appreciable time

n =1/t
The electron density determined above in Table 3 varies very
approximately as 1/« t where e = 2,0x10"Y. As stated before,
electron attachment to neutral atoms and subsequent recom-
bination with positive lons ( & 2 10’6 for this recombina-
tion process) 1s not likely to occur at very high temperature.
The recombination during the recovery pericd is electron

recombination which is alsoc an improbable process as three
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body collisions are required. Electron recombination
coefficients of & = 10710 have been reported by Kenty
(17) and Mohler (18). These values were found for electron
recombination with metalllic ions at low vapor pressures.
The value of & should be a function of the presgssure as
well as the partial pressure of other gases present as the
probability of three body collisions Increases with the
pressure. Values of o for electron recombination with
non-metallic ions of the order of ©< = 10°° have been
reported (19).

From the data available, it may be concluded that the
variation of electron denslity 1s due to recombination, and
n = 1/¢t may be substituted in Eg. 13. At lower tempera-
tures electron attachment is possible and the electrons
disappear some 1000 times as fast. The possibllity that
the variation of lon density computed above 1s due to the
diffusion of ions from the open arc space 1s investigated in
Appendix C. The study of Appendix C supports the conclusion
that the variation is due to electron volume recombination.

If in Eq. 8 the arc burning voltage is taken as 300
voelts or 1 esu, the losses are taken as 1.873108 ergs/
second/cc, and Ke is computed from Eg. 9; the electron
density in the arc can be calculated and is n_ = 6.5x10%%

0

per cc. This value agrees with values estimated elsewheres;

Loeb (16) refers to values from O.6x1012 per cc to lOl:5 -

1014 per cc.



53

Conclusion

Evidence has been given that the recovery of dielec-
tric strength of arc spaces after conduction of power
frequency currents of the order of 800 amperes depends on
the variation of both the density of the gas and the degree
of fonization. After some 60 milliseconds of recovery time
for the 800 ampere, 1/2 cycle, 6 inch arc the dielectric
strength can be accounted for solely by the gas density.
Throug

g
2

hout the recovery periocd the low gas density is a
major factor contributing to the low dielectric strength.
Residual ions effect a reduction in the strength for
recovery btimes shorter than 60 milliseconds. The reduction
in dielectric strength due to the residual lons 1In the gap
depends on a race between the delonizing agent, recombina-
tion, and the lonlizing agent, the applied field. HNow, a
low value of applled voltage can also act as a delonizing
agent by removal of the lons; therefore, one may speculate
that, at short times after current zerc, the measured dielec-
tric strengths should also be a function of the wave-form
of Lhe applled vollage. The duta of dcCunn, Conner, and
Ellis were taken with a 1-1/2 x 40 microsecond test surge.
It is estimated that for the critical voltages they observed
that the time for an electron bto traverse the gap is of the
order of 3 microseconds.

An analysis for estimating the variation of temperature
with time has not been Iincluded due to a lack of knowledge

of how much of the energy stored In the arc space is
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converted to translational kinetic energy as the temperature
decays. Such an analysis should include the variation of

tne alr thermal conductivity with temperature; the conduct-
ivity varies approximately as the square root of the tempera-
ture for constant pressure. An upper limit for an estimation
ol the distance that the nhot gases rise out of the gap due

to buoyancy or convection can be obtained from s = 1/2 gt2

where t 1s the time and g 1s the acceleration of gravity.
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Aopendix A

Estimation of the Energy Content of the Arc Spacs

In order to apply Slepian's criterion to the recovery

of a long gap after current conduction, an estimation of
the energy loss per cublc centimeter per second 1s required.
During the conduction period, the gases of the arc space are
heated. The gases expand; and, at the high temperatures
thet exlst, the gases dissociate. The calculations of this
apoendix determine the energy content per cubic centimeter
as a functlon of the gas temperature including
(1) The translational kinetic energy of N,
On, N and 0.
(2) The energy of rotation and vibration of
Ng and 0o,
(3) The work of expansion.
The data used for the computation include the specific

heats of No and 05 as given in the International Critical

Tables. These are

6.98 + 1.51x10"%T + 6.7x10-8T2

8t

Cp

Cp = 6.732 + 2.88x107%T + 5.3x1078T2 cal/mole/oy

for Ng and 02, respectively, where T is in degrees Kelvin.
Above 3000° K information was taken from a paper of Suits
and Poritzky glving Cp of Ny and O, and the degree of
dissoclation of oxygen and nitrogen as & funcitlon of temper-

ature of the alr mixture at atmospheric pressure (20). The
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information of Suits and Poritzky is given in the following
table. P  represents the partial pressure of O as a fraction
of an atmosphere.
All of the energies computed are the energies above
that required at 300° X. The average nealt content per

particle ol Ng and Us 18 given by

4.19x107 u//’ ,
W, = Ze=Zfny CpdT - kT ergs
h I 500 ¢

where N, is Avogadro's number, k is Boltzman's constant,
and wy, 1s in ergs. The integrals were taken graphically
from the curves shown as Fig. 20. The average heat content
per particle of N and O 1s given by

Wy, = % kT

The heat input to account for dissociation of the dissociated

particles 1ls
wg = 1.6x10712(Va)
2

ergs per particle of N or O where Vg is the potential of
dlssociation in electron volts. The total heat content per

cublec centimeter 1s then

: ~-12
- 19,273 1.6x10 r .
Wp = 2.705x10 €"T”)<?E§ Wthj + '_”ET””““-;EQ VdiP;}erés/cc

El

. , 19,2731, . . y
Here 2£.705x10 f~T~)Pj gives the number of particles of gas
J per cublc centimeter where Pj is its partial pressure 1in

. o . . g .
atmospheres. Lochschmidt's number is 2./05x101“. The first

sum 1s taken over gll four gases while the second 1s taken
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over N and O only.

The results of the above calculations are given in
Table 5. Also included is the energy required for the work
of expansion

wp = P AV =P (1 - 250
for each cubic centimeter at temperature T where P is
1.015xl06 dynes/ cmg. These quantities are plotted as
Fig. 21.

At 5000° K, the slope of Wy ot Wy ls 1.87x10° ergs/cc/ K.
Immediately after current zero, the temperature of the arc
space was observed to change approximately 105 degrees/
second. The power input required to maintain conduction

can be estimated as
dw - 8
dt)o = 1.87x10 ergs/sec./cc.

" The total amount of energy supplied to the 800 ampere,
1/2 cyele arc discharge is 1,925 joules. This value was

determined by graphically integrating

W o= fpdt = /ivgdt

where the values of current 1 and gap voltage were taken

from osclllograms.
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Table 4

Variation of Specific Heat of N, and O, and Legree of

t Atmospheric Pressure as Functions

-

Dissociation of Alr

of Temperature

T CPyo  CPFgy  Fyg Py Pos Pq

ox cal/mole

5000 8.86 9.11 C.767 0.00085 0.1l82 0.0506
3500 8.93 9.22 0.717 0.0038 0.108 0.1707
4000 8.99 9.33 0.657 0.0214 0.0377 00,2835
4500 9.04 9.44 0.593 0,077 0.0087 0.322
5C00 0.08 0.55 0.489 0.1976& 0.00192 0.3l2

5500 0,340 0.38 0.00 0.28
6000 0.190 0.56 0.00 0.25
Table 5

Energy Content per Cubic Centimeter of Air at Temperature

T, Atmospheric Pressure Above That Energy at 300°K

T W W? Wp + Wip
Oy Joules/cc Joules/cec Joules/ce
300 0.00 0.00 0.0

500 0.03%4 0.0405 0.0799
1000 0.1372 0,071 0.2082
1500 0.1871 0.081 0.2681
2000 0.2103 0.086 0.296
2500 0.2272 0.0892 0.316
3000 0.2894 0.0913 0.371
3500 0.3958 0.0925 0.488
4000 0.4737 0.0938 U.0b68
4500 0.5355 0.0945 0,630
5000 0.6177 0.0952 0.7129
5500 0.7197 0.0889 C.816

6000 0.8l81 0.,0963 0,911



- SELUOTYO N

e

FIOR




+

by

IV

oo

FER CUBIG CENTDETER

i 300 DEG




6l
Appendix B

Discussion of the Variation of the First Townsend Ionizing

Coefficient with Tempsraturs

For convenience, consider a pure gas which is diatomic
at normal temperature and appreciably dissoclated at high
temperature, say 3000° K. A good expresgslon for the flrst
ionizing coefficlent of the pure diatomic gas 1s given
below. The formula is due to v. Engel and Steenbeck (See
Loeb (16) pg. 368) and can be written in the following

form for constant pressure

o= 2.42x106V5a(Ta/T) ‘i'll YT?Vi 2.11 {r'vy
i € 2 A, T/Ta) 41 + s xg(rms)

Here, V, 1s the lonization potential of the gas, T is the

gas temperature with value Ta at normal temperature, Aﬁ
is the electron mean free path at temperature Ty, X 1is the
field strength, f is the fractional loss of electron energy
on collision, a is a constant of the gas, and oC 1s the
ionizing coefflclent in lonizations per unit length.

As long as the gas 1s purely diatomic, all quantities
in the above equation are constant except the mean free path
Aa(T/Ta). This is a variation of e with gas density and
has already been accounted for by the use of Fig. 16. When

the gas 1s appreclably dissociated, the mear free path is
no longer given by Aa(T/Ta); however, since X appears in
the exponent, it 1s difficult to see how this could account
for a change in X at sparking of more than a factor of two,

This follows since the Townsend sparking criterion (See Loeb
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{16) pg. 409) is so very much more dependent on e than

the second cosfficient Y -

z

The value f should chnange with changes 1in tne molecular

£

e different for

oy

nature of the gas. Tne value of f should
the diatomic gas than for the dissociated gas. Tnils is

true because 0of tne larger number of excltations made possible
by the rotational and vibrational states. As mentioned
before, since X appears in the exponent, small variations

in f can Dbe coumpensated by even smwaller changes in X.

Although the varlations mentioned above do exist, it is
doubtful that they could account for the actual range of
varlatlon of the recovery dielectric strength alter tne
change with density has been considered. Also, sparking
discharges are not of the 'long-tail' variety shown in Fig,
18. BEvidently, the recovery dleleclrlc sirength and 1its
varlation depend on the gas dernsilty and the residual ion

density.
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Appendix C

The Diffusion of Ions in the Arc Space During Recovery

The diffusion of a gas or of lons in a field free

region 1is governed by the diffusion equation

P2 =3n
(1) D V*n ==

where n 1s the density and D is the diffusion cosfficient
{16). For the case of ion diffusion, the reglon can not

be field free unless the density of positive and negative
ions are the same. If thils 1s the case and, say, the
negative carrlers have the greater diffusion coefficient,
thelr motion wlll be retarded by space charge flelds;

i.e. the faster negative ions will ald the diffusion of the
heavier positive lons wnile the negative lon diffusion will
be retarded. The diffusion of the ions is then ;ependent

on the amblpolar diffusion coefficlent
(2) D= (D,K_ + DK)/(K, + E)

Consider the following simplified pleture as applying
in the case of diffusion from the arc core durlng the
recovery period. In cylindrical coordinates, the lon
denslty 1s a function of the radius and time only. At time
t = 0, the denslty is constant n = ng for r <r, and n = 0

for r > rye.

Then,

(3) L2 (28 -12n
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If Eg, 3 is solved by taking

n = Rir) T(%)

in Eq. 3 and separating variables, there results

1 gR(r) , a°R(r) 4T (%)
r dr dre -1 dt . -y®
(4) R{r) D T(%)

where y is an undetermined constant. From Eq. 4, 1t is

observed that a general solution of Eq, 3 is

&
“Dve
(5) n= f yely) € V5 (ag)ay

Since Eg. 5 must hold for all &, the boundary conditions
at t = 0 and the Fourier-Bessel integral allow the deter-

mination of f(y). The Fourier-Bessel integral states

0
(8) f{u) = uép thfvu)[-J/::;(y)Jn(vy)dy;] dv

On substitution of the boundary conditions and Egq. 5 in

BEq. &, there results

r
£lu) =./éﬁ OvJO(vu)nOdv
or
- 4
{(7) f{u) = G% rou Jlﬁruu)

Eg. 7 in EBg. 5 glves the required solution

-Dy“t
(@) %5 =./én Ty (roy) T (5 )€ 7Y Vale y)
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The ion concenbtration 1s greatest on the axls r = 0 where
oo N £
e’ _Il_=/ -Dy“t _
(o) ng 5 Iy ({ryy) € alr_y)

Watson {(21) gives the definite integral

e 2. o <
_p £ .._..,2 2
(10) /05 Jy(e<Cg)at = —'/—2:“77;-'— € °p Il/z(%g»—)

While Smythe (22) shows

{(11) 11/2(0) = !/ﬁ%r sinh 0

If Eg., 10 and Eg. 11 are used to evaluate the integral of

Eg. 9, there results

2

¢ T°

(12) ‘;}— =1 . ¢ '("‘ﬁ“got)
9]

In order to substitute numbers in Bq. 12, consider Eq.

2 and
Zg.t = He = K- ]
b ~ 7 ° oo (see Loeb, pg. 170)
Then
. ZHE~De
P ® K K-

and since K_ > K, , D =2D, . Now

p = 0.815 C
+ 3

where ) 1s the mean free path and C is the rms velocity.

At 4800°K., D = 12 cgs. With an original current of 800
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amperes crest and a current density of approximately 10

2

£ 225 so

amperes per sguare Qeatimeter, r
(13) n/ng £ 1 - ¢ 250/t

if t is expressed in milliseconds. On the basis of Eq.

13 it may be concluded that the diffusion is negligible

during the recovery of the large open power arc in air.
Without restriction to a particular coordinate system,

consider the expression for the mean sguare of the distance

of the particles from the origin
Nr? = jg~nr2d9”

Irf Eg. 1 i1s substituted in this equation, the resulting
equation may be integrated with the ald of the Green's

Theorem whence

d_ 2 = gD

at *

Upon substitution of numbers, the seame conclusion as above

results.
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