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n . y ’ . ’ : . g . )
Iet £35 X I - E be a conbinuomg, resl-=valued function oun

I b i s s w s
for n > 1. Then for every +t € I there £8 & subset 4, X %

s x 1!

of the n-sphere s Xt with the foilowing properiiess

1) f(At Xt)s= k, dindepsndent of x €4, .

"

i1) A, Xt iz connocted.

113 (Sn X%) = (At X t) huas no component containing more than

. a bl
half the n=dinensiongl measure of 3 X %o

be)

iv) For uny measure-pregerving honsosorphisms 2, of 3 X 4

o

A, Xt contains the imsge of at leusd one of itz points.

%
o 1 R - .
(cego A, X t containg a pair of auntipodul peints of S X &

t

v kﬁ varies continuounsly with te

" 1 T . e
Further, if ngg » FE iz o contimious rsal=valusd function dofined

,F&-u

o

on & torus, then there is a connected, non=contractible subsed o

1221

on which g 18 constant,
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LEVEL SETS ON SPHERES

Definitions and nobation. E® denotes Puclidean n-gpace, or the spucs of

, s no,_ ., . s P , Lt
n real wvuriubles.e 8 iz the zed 5 =)x = LR 2N +1;§x [
n+i
g 2 — . b | n { 0
and le = Z (:s:,i) = 1} , the n—sphere suwbedded in B 4 I'=4xjx € B

i=i

. o wll e
0L €1 1= 15230 oee n} s the unit cube of B, and the faces

xg

of these sets n 4is assumed to te greater thun 1 unless othervise
indicated. The measure used on S is the ordinary measure normulized
80 that the measure of Sn is 1. In the derivations to follow, I[i{A)
denotes the meusurc of & sgt A and in each cagse the symbol 13 used, the
set A is either open or closed and 1s therefore measuratls. For ény sot
Ag F(A) 3s the boundary of A and 8 = 4 the complesent of 4 in S
The notation f£3X »Y for s funciion £ defined on a set X with

image in a set Y carries also the implication that £ is continuous
with respect to the relevant topologzy, which in all cases will be Yhad

one induced by the meitric. d{a,b) i3 the distance fros & te by

d(asd) s the distanse from the point & to the 30 Ap d{s) is the

diamster of the st A

e

The zpuce T o the ftorus, is glven by ths produeh of two clircles
or one=gphered. I1ts undversal coveriang space is the
ko) E2 2 % ] N 3739 » g91a & &
For converdence pi:E =T 4 the projection map will nmap the wall square

2 2 . —— g .
I of E~ with opposite faces identifiec¢ exactly once ontc T o All

)

gpaces considered are locally cornmected, und thus the couponents of any

open set are open ([2), page 45). 7This last will be use. freely without
reference as willl the fact thal any opan set has a denuserable number

:

of couponeniss.



B

Iet O b2 an open subset of 8 witn components O,
i
n

(3 = 1229 oee » nj such that each 0, bas complement 5 = 0, containing

one and, obviouslys only one component ¥, with M(7, ) > /2. It will

be sstablished that, under this assusmptlon, there 18 a componsnt, 4y of
2 9
n o ol %
8 = 0y vhose complenenty 5 = Ay contains no conponent with msasure
greater thun one~half, Any sel contulning such a conponenty 4, will be said
to possesa "property P, Thus it will bs established that if © ig an

a

5 12 B,
open: subset of 8, then either 0 or = 0 hags property P

P, .
LEMMA 13 Let O be an open connectod subset of S ,n > fs If A i3 4
t of 3O :
component of 3 = Oy then
1) A i3 closed and connected.
C‘n i £ e 3 . ) 3
i1} S5 =4 is open und connccted.
a2 -, n 5 3 . -
31i31) F{a) = F(8 - A) is counscied.
Proofs i) A 1 closed and comnegted by virtus of being a component

of a closed sot.
P c L A
i1) S = A is open bzecause A is closed. wilder ({21,
. cd N ik . L o
Theoren 911y page 21) shows that § = A is connected.

133) The proof of 1ilj 1s the culainstion of ths argusent on

PPe 47=60 of Wildsr [2].

3 : s ol s
LEMMA 23 Let © be an open subset of S not posssssing property P

“"»:3 o

Then corrasponding {o sach component, G p 0F Dy there is a uuf“hﬁ
o 4l On 1, 3 JASOBUre 2 @ e EN ¥ 3 bzt £
component, Ty0 08 5 - 0, Wwkose measure 1g greater than ons=half,

For 41 # 5 one of the following muat nolds



1) -7, ¢3% -7,
i 3
i) stem, g5 -1,
111) (8% - ?3)/}xs“ -T.)=8
et

Proof: Oi and Oj ure open, connacted, snd disjoint. Ey lewma 1
oo . . , ’ PE PP N T i
" -7, and 5 = T, are connscied. Oj’ being connsgted and disjoint

i

“
from Oy, les In a zingle component of 3 - 0,

, ' e AT
1) Suppose that component is Tye Then 0, O T, == 57=7, C8
g o “

n S 3 i =
S - Ti’ beling conuected, lles in soms compoaent of S5 = Gjo

Cudia

Suppose this component ig Tj. Then S =7

(s® - Ti)/\(Sﬂ - Tj) = f. Otherulss (37 - T,)NT, = # and
n n
- C5%aq .
S fi S S lj
2) The other possibility is that O0,NT, =f. Then T, < g” - O,
o < o o

But T, 4is connected and lles in a single coaponent of

i

n b e g wrdne S
8" = 0,. But M(T,) > i/2 end (7.} > 1/2 indicate that
o

J

d
camponent wust be T,o Henes T, ST, ani &5 =7,¢ 8

€50

establishing the laima,
Al

I
i
el

i=1

n e
0, CS =7, and the O

Sow let OV = = Tgo OCloarly O' 2 Op aluce for csach i,

) are tne canpounsnts of O 0O' is the uwudon of
.f.n R -

open sets, 8 - Ti’ and 13 therefore open. ILet OV = \U X, wherc the
i=1

. - S i
'e 3ince esach ST = T, 1is conuscled 1t must

4§
o

€ia

Xj are the components of O

be ontirely contalned in o single X,. Hence each X, Is tue unlon of
J o
n_ .

the 5 = Iy containad in ite



vy
pE s

LEMA 33 Suppose 3 =7, "and 3
o
contained in the sams component ‘{k of 9'. Then there is an integer 1,
14} n

such that § = Tl containg both 5" -7, aml 3 = Tjo

oofs Assums there 18 no such 4, Iodt ¥ be tac wideon of alil

51

n

©“

T n . . et
= T which contain §” = T,s Clearly none of thoss interscets § = 7,
a3 .

fude

by lemma 2, Led 8 be an urc connscting x €3 =7, %o y &S =7

such that S lies in X , which is opon and connected and therefore
o

arcwise connecied. S must intersect P(T). Let p & SNF(TJ.

n g % 3 il
PES - Tq for some q, 4s dosy some nsighborhood of

hood also containg a point 3 of T by wirtue of p

n " H n
But 2 €8 =T forsomwe m where 8§ =T 28 =T, S3ince 5 =
&3 Fi] 4 &4
3 n ‘ : ] 5 Pl
and S =7 q intersect, one nust contaein the other from lemaos Ze In

3

n . 3 . ;
either cagse, however, 3 =T C 7T, 5Sub then p & Te But p i3 & boundury
q

point of the open set T and as such cannot belong Yo T. This contradice

tion establishes the lemua,

LEMA 43 Eaeh XL can be exprsssed ag a countable expanding union of

n 5% 44 i
sets S = .60 each subset containg «ll the preceding).

i

Eroof:s From the remarks rpreceding lemma 3y 1t Is ssen that sach X can

P
[) oy

be expressed as the ordered union of the 37 = 7, contained in 3t. Lot

=
3

(<]
= U S" - Ti be such a repressniation. A subunion of this unlow iz
~

i=1 E

% 7 s n ~ o .wn oo Y - By
chosen as followss Let L= g = Ty L =8 = Tj for k > 1 where
= -
1) 1s the smallest mumber for waich 357 -7, 28% |1, . nou
P g)
] k=1

0
consider =\ 1, Since I I for all ke J_ = Fo,
: I 1&.} k* oMk = e v Iy =L, e ¥
=



S S o
any x & Xk thers is a smallest number j§, for which x ¢ 8§ = o
L3
[>.v]
n q i - yon .. mn- 7 S N8
Suppose S - T, Q?éfn‘ LV Clearly &8 = T, must be gisjoint fron
J k=i o
Jng where n 1z the largest number for whleh & < Jo Then there is
33 . ¢ des &
: \ n L n .
a first number pe for which §° = Tp containg hoth 8" =T, and

n . . B . o R
o Bt then S = Tp is neither contained in nor disgjoint

from Jf where r is the greatest nunbsr for which i < p- Hanees

"‘n-’;" = & ."{l-",: Thar =
§'=1,29, =1, sd § =T =1, . Therefors, J UI = Ko

r’-»c

Hotice algo that tho above argument iz velid for the case where there

are only a finite nunber of Ik

aqual to the last Ik' This completes the proof of lewna 4.

9 and that in this casge, in faci, Xk is

- n . : -
How each 5 = X, is either one of the T, or is expressible
& o . :

the decrsasing interseection of a countuble nunber of T, which are

closed and comnected. By lemma 348 of page 80 of Wilder [2]y, § =X

i3 connected. Then for each i, xi and 3 = Xi ere connacted, which

dmpliss, by lemma 1, thut F(Xi) is camechted.

n n n 5 bl 2 ]
THEOREY 13 8 - 0' =39S \v}(S -T,)=8 = \bj X, Iz connected.
.- L::‘ an
n P =54 ) 3
Proof: Suppose S = O' ig not comnschtod. Then S = O' = AUB uhere

A and B are disjoint, non=empiy, and relutively closed in the closed

. n ; e
= 0% anc hencs closed in S~, Since sach X, haa connected

set, S
boundury, each Xi has its boundury entirely in & or sentirely in B.

- . n . ) \ , , - . N
Then congider S = a'UB' where A' = /.U kJ X0 ¢:f{j§3% 'Y - A}

i
el ©
and B EuUX9u {J’F(a)(l } A' and B' wre closede
jed

° n 2 x‘ ‘ . 3 3. % 1
Hence 3 is not conuectod. Thizs contradiction extablishes the theorss,
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YN s § o a5 ~ E & o s e e B S T
THEOREM 23 In any partiltion of 57 into an opon set O and its

s
[}

complemsnt 37 = 0y thoere is a componanity &y ©F edther O or 37 =
o ag, i oo -0 . . s 4 ! : 3
with the propaerty that & = 4 hag no cauponont wiilh measurs oxceeding

one=half (i.e. wither 0 or 3 = 0 has property e

Proofs Suppose 0 does not have property P. lemnas 2, 3 and 4 and

theorem 1 were all derived from this hypothesis. Thus 0, which 1s open

n -
and contains O, has a connsectad couplement S = Q' which must therefore

s b . " ol -
belong to & single couponent A of 3 = 0. Buty, A2 S =0 => 3=AC 0,

g ) "
Hence each component of 3 = A& must be contulnsd in @ gsingile compenent
of 0's The components of 0O' are the }:k vhich are expunding unions of

the Ii for sach of which }-i(Ii) £ 1/2. The expanding union of open

sete with measure no greater than one-=half hag measure no greater than cone=

half [3]. fThus for each Ik, .E(Xp) < i/2, Honce s = 0 has propardy Po

: . , . | " A
THEOREM 3: Let A be a closed commechbed subsel of S§° having propsriy Po
: - i 0, :
Then for any neasure-nreserving hongomorphign 238 ~» S, thars 38 a

2 A

point x £ 4 for which a(x) e A.

Proof: Suppose A and B are closed connscted sels of U with property

Po They cannot be disjoint. For asuppose they nrej then A C 2‘319 &

n 4 n v e ; ,
coppensnt of 8 -« B3 and, by lerma 1y 5 =5 i Fes in iy @ gomponant
o 2 . i "} s o ——— (‘n 2 2 e po— 2 § - g
of 8§ = i4e 4 1o closed => 58" = 4 i open == iq is open und,

aimdlurly, B.' is open ==> &7 = 4, 15 closed. But 5 -~ 3, C A, compined

PR

i B = T : Ry o ” T . vi Fors .
with the ahove implies that #(5 5 = }.§1) < M\h1 o  Houever, ”{‘”‘i‘} < i/a

G

2 = A 1 3 3 (‘lll £ 5 o 1 s
since has property Py and- M(Ars > (3 - 51)3 1/2¢ “hus “(A‘i" > i/

which is lwpossible sines A has proporty Po Hence A and R zoet,



How consider g(A)e It has property P because g 1s a reasurs-preserving
hongonorphisz. It iz also closes and comnscted. Tnersfore {(A;N4 7 B

- 7 = oerf~ ! v o < ¥ i fmey
17 y ¢ g{AjNiy then ¥y = glx}e vhere x £ 4 and o{x) £ 4.

5

DEFINITIONs - wmetric gpace X will Te csliled "diamsler cvivisible" if
for every € > (Op there is an open set 0§ K such that no conponent of

either 0 or ¥ = 0 has point ssi dimieter greater than €.
! N —

LEMA 58 Pucllidean j=space, £ 4 is dilameter divisible,

Froof: By construction.

THFOREM 4: Let £31S” = X be a continuous function, whers K 4is any
disneter divisible space. Then for one and only one k € X, f-q (i)

hag preperty P

Proof:s For each n,; there 1s an opsn aet OHE K such that both EJn

and K - On have ccmponents of dismeter leass than 1/n. i‘-i (On} is an
open set on S0, Fither £ (O ) or iis complemsut has property P. Thus
thore is « connected set A with i‘(An} < 0 or :‘.‘(Aﬁ) CK = Q, such

' that §° - An containg components of measure noat grsatsr than onsg=nuli,
f(An) is comnected, by virtue of belng the continuous lmaze of & connaetad

sat, and must beleong to a singlo component of Cﬂ or K = Qro Thsrefere
i

diameter (f(Aq)) < 1/ne Lt x £ A . The seguence { :z:wX has a

a ¢!
4 " n o s . . ,
1indt point x € 8. Let £(x} =k, and let B be the component of
1 +ains 3 - o TVa 1.1 3 1 i ¥ fo
(!(‘} containing x, wheve K = 3 ila(k,1) =%t o fwary 13 has
d i [¥Y ed
proparty P because The sequence B_,l is @ devrsusing sequencs of zeis

andy in adaitiong B ?_ A for arbitrarily larie ne
il

] ta

)
5 é)
pal
j<te
&

closed and connectsd (Wilder [2], puge 80, lemma 3.8). Alse :’.‘(‘r}) = it



- e

for suppose g € B has ;::"(3;1} = kg o Then d(kgsk) = p # 0 ang

for sufficlently large n, 1/m < p = e £ B'n' Furthernorey & has

1 i

, : B_ .
property Fe For guppose B is a coaponent of 8 = 3, Ielt e B .
M - - L g
For n>n,x £ B,e Denote by C, the component of S = B, containing
ot o

%o Theny, if § >4, G, C¢, or c,ﬁf\c;j = g, TFurthermore, oy the

J
argument of lemwma 3, B‘ = \‘j Ci. Hence, by Malmos [3],
" ‘ 4=n
)
Z-é(E‘) = 1im M(Ci) < 1/2. Suppose B' hus property P and f£(B') = k'

N~ ,
for some k's Then from the proof of thoorem 3 we see that BNARE # ﬁ

and for x € BNB'y £(x) = k' = k.

COROLLARY 1: Let f£38" = K be a continuous function where K is Gy

diameter divisible space. Then there is a set A ¢ S° such that

i) A 1s connscted.

34} f£(A) =k for some k € Ko

ii1i) o component of S® = &4 hus nmeasure greater than one=half,
iv) For any ngn - 3% uhich is a noasure=preserving housonorpnisi,

there is & point x € & such that z(x) € A,
Proof: This combines theorems 3 and 4.

The theorem of Johnson [4] established &)y 1i), iv) of
corollary 1 for the case whers g is the antipodal map of S, His
!

proof, commmicated to me privately, follows the saws lires as sore

pimilar theoreus of Sorgenfrey {51,

COROLLARY 2: E" 48 not dismeter divisible for n > e



-0 -

n 5] g - -
Proof: ILet f£:8 =»E yn > i, be given by 1(:*-:,3 9 ¥ p0009% 9 =
(xipxzpooo. xn). Then no inverse lmage of a point of E3 contains

more than two points and hence none has property Pe

COROLLARY 3: let £18%X I' » E' be a continucus real=valued function

defined on 8" X [0,1)e 7hen for each 4% & [0,1), there is & connected

get At X © which has property P with respeet to ths n-sphere s"x %

ard such that £(xyt) =r, for all x ¢ A, « Furthermore r, iz a

t
continuous function of 1.

Proof: Only the continuity of v, is non=obvious. Let d((x,i 9*2;.;)’9(5{?9*%;9 Ji

t
= d(z{1 9x2) + Itz - t‘ii’ Then £ being continuouz on a compact space
migt be uniformly contimaous. Given & > Qp there exicts 4  sueh that
d((x1 gt1}w(ngt2}) < § = lf(xggta} - f(xi,tﬁi < ¢ for urbitrary

(1{1 gt1). Lot i’i}z - t,x < S o Than thers oxists =x such thub

(x,t1) € At‘l X t, and (xgtz) £ A":,, X tz. But then, fz{%‘ - rb1§ =

i8]

if(x,t1 } = £x, tg)! < £ by uniform comitimuilty. Thus r, i1s a continuous
1Y

fanction of %o

n i , .
COROLLARY 4:¢ Ist £38 X I - M bs conbinuous vwhere M 318 any moiric

space. Lot € be a compact cldésed set which separates He I
n \ 3 ,
£(8° X 0) S ¢ am £(s" x 1, € ¢. where C, and C, are different
= &

e o~ K kel & )
components of M = Cp, then for some % ¢ it £{(8" X %) intersecis C

on & seb with property P.



o 10 =

Proofs Define gsif = el by

Qo x el
glx) = 9 a(x,eClp x &G,
qﬁ(x,G)g X é Cs C,

&

Then gf 4e continuous and satisfics the couditions of Corollary 3.

But Ty < Q ry > 0 =2 there =xisis % sguch that r, = Co

LEMA 63 Tet O be an open set in the unit n=cube I° of Fop 1 > fo

Then either O or I' = 0 connects a pair of opposite faces of ¥

Proofs It suffices to conaiéer 129 the unit squars in Eg. All higher
dimensional cases follow by taking « cross sectione. The lerma will be
proved by shcwing‘that its falsity duplies the falsity of corollary 2
above. Iet O be an open set in the unit squars in E2 guch that neither
0 nor 12 = 0 connects opposits faces of

1%, Reflect O about all edges of tw

aquares datermined by ithe integers uniil

all its images in the square

(090)9 (O.I’l)p (ngn)g (1’1’0) are obtained,

Ths accampanying figure illustrates thlas

construction for n = 3, Let O and

its imapges be denoted by 0's 0O' is

open and 1ts complement is closed.

Thres cases are possible for each con~

porent A of .0 and I% = Q,
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1) A intersects no faces of 7% . Then no refiection of A
intersects a 1line determined by an integer.

2) A intersects one face of 12. Then whon reilected about that
face an extension of & 1is obitainsd. The components which
include reflections of A cunnot, howsver, lie in more than
two adjacent 1 X 1 squares in the n X n 3quars.

3) A intersects two adjacent faces of 12 . Then the corresponding

components in the n X n square lie in a 2 X 2 square.

Since each component in the n X n square rmust come from a single
component in the unit square subdivision, the components of O' and its
complement must have diameter < 21/5 o The n X n zguars can now be
linearly shrunk to the unit square preserving the decomposition into (F
and its complement, Bubt, in the nevw decompogition of the unii squure
- e

4 ) VA n :

the diameter of each comporect 1s bounded by = o The truth of

this for arbitrary n contradicits corollary 2.

. n 1 . 1 o
IEMMA 7¢ Tor any £1I1 = E s 0 > 1, there exists r € B such that

f°1(r) connects opposite faces of I .

Proof: It again suffices to conzider 12. Since L' iz dlameter
divisibley given n, there is On(; E‘ gsuch that gvery component of
On and of E1 - Qn has diamster < % o For svery ny there is a
component A of f1 (0n) or of ¢~ (E1 - Gﬁ} connecting opposite
faces of I . Ac in the proof of theorsm 4 {;XAR o X, £ An has a

limit point x for which f£{z; = r. B » the component of the seb

i 5 1 § " - : £5
{?ﬂr - g £{y) <r + 5 containing x, containg Ar for arbitrarily
4



[+ <]
large Xe. B = (‘\ Bn connsets opposite faess of 2 and fs) =
n=1

as in the proof of theoreir je

THEOREY 5: For A, By and 4 X B compacit, arcwise connected topologleal

1

spaces, and f3A 4'31, Z:B -» E1 and hsA X B3 -+ F' having the propsriy
that the range ¢f h ig contained in both the range of [ and the
rangs of gy there exist a € A and b € R such that

£(a) = g(b) = hiasbje.

Proof: Sinee all sgpaces under consideration are compact, maxina and

minima of £, g and h must exist. Let

h = min (h(asb))s by = max (hasbil,
ach agh
beB bed
£ = nin £(a), f1 = max £{a),
°  aer ach
B, = min g(bjy, and gy = max g{b) .
beB bel
Further, let f(ai) = fi’ g(bi} - 1 = 0y1. There are urcs cournseiling,

respectively a, and a4 in Ay and be and b1 in 5. Along sach

I

of these arces, thers is & lagt time ithe value ho is asstmed and &
firast subsequent time h1 is assumed by the appropriuate funcition. Let

F(t1), G(tz), Qs t, < 1, be paramstrisations respeciively of the sube

3
arc joining the points a, and aB of A found above for which
fa,) =h  and £(a,) = hgy and of the submarc joining b, and b
2 o 3 i 2 3
for which g(bz) = h0 and g(bB) = hi' For every tig 0= ti < 1,



h, S £(F(3,0) Sy asd ho < g(G(b)) S by with the loft hend

£

e)

equalities holding only fer t, = 0 and the right, for ¢, = 1.
Consider the function ﬁ(t1,t9):Ig » B 5 given Ly
Blioty) = £(F(84)) = g{6(t,))e B satisfios £(0,0) = B(1,1) = O,

¢(t3,0) >0 for t, > 0 ﬁ{t?,l) <0 for B <1, g{0st,) < 0 for

1
t, > 0p and g(1st,) > 0 for t, < 1o By lemma 7, thers is a real
o] _
S, [ ¢-1 o . o o e8] - & s e £ g
number 1y such that (r} connects opposite aides of I s The
above inegqualities indicate that r = 0 I8 the only » which can
connect, and further that £ (0 connscts (0,0 %o {1,i}. Tauas

there i3 a connected set ¥ on which f(F(t1}} = g(G(tZ}} "

h(F(t1},G(t2)) is defined and contimious on K. For &, = &, = O

v

h(F(0), G(0))

£(r(0)) = h, by construction, and for 4, =1, =1,
a(F(1), G(12) < £(F(1)) = hy . THence, for some (t1,t2} £ Ky

,g(F(t1}, G(tz)) = f(F(t1)) = g(G(tg)) for otherwise the sets for which
h>f and h < f would disconneet {(0,0) fram (1,1} in K. Lst

g = F(t1)o b = G(tz) and the theoren is estublishad.

THROREM 6 If £:7 =+ & 18 any continuous real-valusd function definsd

’> L 3
S o ° &g . o~ 5 % 5
on the torus T , and f1 is the indueced fuaction on B, the universal

o)

covering spuce for T° defined by f1(x} = f(p(x)) where x ¢ E° and

]

< 2 2

o e . i & . = . & oA
psE = 7% ig the projection function for the covering space E , then

there is a connected set A € E” on which f1 1s constunt such that
L has infinite point=sel diameter.

-

Proof: f1 reatricted to an n X n by n squre of B connects
opposite faces by lema 7. Howsver, f1 i3 deubly periodic with

£, (:Tf1 + 1 }.;é) = f(x1, X5} = f(.}‘?r‘s X, + 1). Honoce, Tor any n, there

&



(g

is & poirt . lying on one of the (0e0)s (0p1 and

N, i b 5 i % . . A
{040} {140} such that x is comnested by f1 to a point ot distance
n from x o The seguence x (( has & 1imlt point s for which

n ) o]
f1(x0) =r_ . Denots by R e the scb which is the camponesnt of
¢

(r0 + &) in the disk of radius n, with center X vhich conbalng
x o Then R = (/\\ jid is a connected set contaludng x_ on
(o] n Rek& [+}
wirleh f1 is cons wm‘c, and hag diametor al lesst n, as in the proof

-1
of theorsw 4. Thus the componsnt of fi (r@) containing 3 has
O

diameter &t least n Lor every .

SR WA oLl LN ' -y « - o 2 s =
THEOREM 7: TFor uny connected, closed subsed of Ty the following ure

equivalents .
i) A is not contractikle in T .,
3ii) Every e-neighborhoed of A contuins a horotopically non=

trivial cycle of T .

-1, 2 : oy ;
() CE” contains a component of infinite point set

fto
pdo
b
A

P

diameter,.

Procf: The proof iz cyelie,

1) ==> 34} Agsume 41} iz falze., Thern there i

A%, of A which contains no non=trivial cycles. A%, belu
connscted, is arcwiss commectade Then A¥  can e liflel o

P < _ \ 5 .
4% CE° by some contimuious Junch £fs [1). £{a%) 4is contractible.

1

Iet FeA®¥ X I - E  bLe guch & contraction. Thon (ea® Y I - 72

-
a8

given by G(xet) = p F(f(x)st) £Ls o contraction of A%, AC A% g

v

honee. A i3 also contractible in contradiction to

et
S
o



=

Ut
]

11) => ili). This follows immedilately upon application ef the
proof of thecrem & to the function which iz 0 on A and distance
. i ’ ol ——

{frow A elsewhers, after noticing that p (4%} 1s infinitc

if A% contains a non=trivial cycla.

i3i) == 1), The second homotopy covering theoren is used

- 1.2

([6)s puge 54). Assume A is contractible. Let fA X I -7

be a contraction of A vwhers, for convenience, f{xs1) = x and

29
&

T(x50) = k. Lot k be any point of Z° for which p(k} = ke

Then £ 14 - ool s Ziven by fo(x) =k is & map such that © is

a homotopy of p fo ‘e Then by the homotopy covering tueorem, there
is a homotopy £34 X I1 - Ez for which p £(xet) = T(x,%)

For t = 1, then, we have that £|4 X 1 %8s o honsouorphiss of

A. But A 1is compact and the conmponents of p=1 (A) are £(A X 1)
and its translates by integers (from all of which 1t is distinct
by virtue of f|A X 1 being one io one). Thus p°1 (A) has no

infinite componentsy conlrary to assumpiion.

. 2 1 . 1 o
COROLLARY 5: Given any £:7° = E', there exisiz r_ ¢ B such thad

-1 -
4 (ro) containg & non=contractibie couoponsnie
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