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ABSTRACT

Using a precision two orystal xeray spectrometer, the K, lines of
molybdenum end tungsten and the (310) planes of quartsz were studied
primarily for the purpose of calibrating the curved orystel gavma ray
spectrometer, designed and bullt by J» We Ko D\é&ond, 80 a8 to help provide
a precision linkage betwesn the geamma and zeroy rogions. Absolute
determinations of the Bragg angles for oKy, snd WEy, reflected from the
(310) plenes of guarts sre desoribed. These were underteken (1) %o
standardize the' tungsten K speetémn with higher acouracy in terms of the
Siesbahn xeray soale of wavelengths, and (2) to yield on this scals e
precision determination of the grating constent of the quartz (310) planes.
The wavelength for the WH o, line was found to be

Mgy, - = 2084575 * 0,008 z,ue (Siegbahn scale)
The prating copstant. of the quarts (310.) planes was determined o.a
dygo = 1177,837 £ 0,020 x.u, (Siogbehn scale)

The reflecting properties of the (310) planes of quartz in the
unstressed condition were measured experimentally in the wavelength
range 0.1288 <A< 0,710% and a ocomparison made to the results calculated
from the theoretlical diffraction patterns for the partiouler quarte crystals
useds It was found that the integrated reflecting power did not decreese
with the first -powér of the wavelength (as predicted by theory), but to a
power slightly less than unity. This result dii‘fer.s.frcm the work of
David A+ Lind who fouﬁd that the integrated réfleating power decreased as
2 for an identical quartsz plate to the onss used here, tut in the
stressed condition as found in the cufved crystal spectrometor,

The development of a xenon filled Geiger ooun{':ar is presenteds This

counter was used as @ highly effioient detector of the x-rays.
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PART I

INTRODUCTION

The accuracy of & curved orystal focussing spectrometer is dee
| termined, in part, by the asccuracy of the wavelength standard used
to calibrate the instrument, or the grating constant of the orystal
planes usede Gcr;erally both are desired.

The two meter ocurved cerystal fooussing spectrometer designed
end built by J. W, M.. Dubond (1) for-use in the gamma ray region employs
the (310) planes of quartz. .‘rheae quartz planes are three inches
square and 1 mm thick; they wer:e ohosen because of their strength,
and beéauae their (310) planes have moderateiy good reflecting power
-and & lattice spaoing of only 1.17?2. This small specing gives large
dispersion, which is desirable when the spectrometer is used in the
gamme ray regions Beoat;ae of the large dispersion ;'h is nof mechane
ieally desirable to build the instrument large enough to include the
MoK lim, which is very a'ccurately known, for a wavelength standerd.
The WK 1 line is used instead.

This study is concerned with (1) an accurate deternmination of
the WK ; line end the (310) grating spaq:lng of quarte for calibreting
" the curved orystal gamme ray speotrometer; and (2) a measurement of
the properties of the diffraction pattern from the (310) planes of |
quartz (in the unstressed conditiocn) in the wavelength renge O. 1230 <
A S 0.7102. The reflecting power of & orystal in important when the
problem of intensitiss is oonsidered for the curved cr},rs_tal spectroms
eter used in the gamme ray region. Thess quartities are determined

by the method of the two erystal xeray spsotrometer. The crystal
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plates tested are presunably identical to the ones used in the gamma
ray spectrometer, having been cut from the same block of quertze
The reflscting power vse A of one of the plates has been measured
by David A. Lird{2) in the stressed condition as found in the curved
orystal spectrometer. The reflecting power vse A studied here is
to give additional information to the curved crystalvstudy to help
determine whether or not the mechanism of reflection is altered when
the crystal is ourved.

Part II will treat the theory of reflection frdm plane, unstressed;
perfeét erystalsy and also plane, unstressed orystals with one dis-
order, the mosaic crystaly this is usually the most important type
of disorder.

Part III will treat the theory of the two orystal xeray spectrome

eters As will be shown there, it is impossible, with the method used,
to cbtain the single orystal diffraction pattern from the result of
the two orystal x-ray speotrometer, The method will be to use the
theoretical diffraction patterns of a single crystel and from these
derive the theoretical results for the two orystal xzeray spectrometer.
These will be compared to the sxperimental resultse

Part IV troats the experimental apparatus and method.

?art V discusses the resulits for wavelength doterminatibn of the
Tungsten K“l line, and the determination of the grating constant for
the (310) planes of quarts.

Part VI discusses the two orystel xzeray diffraction patterns obe
tained and gives a comparison 4o the diffraction patterns expected

from theorye.
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PART 11

X=RAY DIFFRACTION IN CRYSTALS

It has been shown by meny investigators that orystals vary cone
siderably in the degree to which they approach a perfeet orystale
By & perfect orystal is meant one in which the atomic periodicity is
continued with no interruptions over the extent of the crystals The
degree of perfectness of a orystal can be determined by comparing its
x-ray diffraotion pattern with theory. Investigations have found only
a few crystals that show good agreemsnt(s)t(4) and then only for A
greater than 0.71034 The accepted reason for the majority of none
conformity with the theory of a perfect orystal is that disorders exist
within the orystals These disorders are usually classified as sube
stitution or displacement. By substitution is meant the change of the
scattering power of & given etonie site, generally by occupation by a
foreign atom, By_diaplaoamen‘b is meant that the scattering sites are
not periodic but ere displaced. Small differences of eleotronic cone
figuration from atom to atom are neglected. Thermal mot.{on adds with
Compton scattering %o increase background scattering. The disorder
that is aseribed to most of the discrepancy is that of the mosaio
structure. This type of orystal is' composed of many small perfect
orystal blocks whose directions deviate slightly from the mean.

The diffraction of xe-rays from perfeot and mosaic crystals will
be considered heree. The method will follow essentially that of
Zachariasen, (8) 1 v, Lave,(6) and Brilloutn, ("’

The daveloi:ment will not be rigorous as this is found in the

texts citeds The method will be te outline the steps so that the



e
terms in the resulting diffraction equation will be'defined and can
be usede The perfect erystal is treated first and then e tended to

the mosalc structure.

RECIPROCAL LATTICE

It has been found that the use of a reciprocal lattice greatly
simplifies the problem of diffractions In the direet lattice
B, = LyEy + Loy + Lg8y
gives the position of the lattice points where Ly, Lp, Ly are integers
and 8y, 8y, 8z give the directions of the three cblique ooordinates
and their magnitude gives the length of the sides of the parallelopiped
forming the unit celle A point within the unit cell is given by
| T=xa) + X8y + X8y
whore Ix4] < le The equation of a orystal fece is given by
‘h111+hézz+hsxaok¢0 |
where the ratics hythoshg ere called the Miller indices written
(hy hy. hg)e The unit normel to this face, drewn éuhrards is given
Yy

= 3 where B, = hb, + + hgby 2.1
Up Tiﬁii Bp = 1By + hgBp + hgby

which defines the set of reciprocal vectors 31, by, Bg where
% .,f?izrégi.,faz..fﬁi::Q;L., ,.fﬁa:,zgl.
(Byaza3) (81883) (aya83)
(8,8,8,) is the volume of the unit cell, and

8 {e Jek
8s.b, =
jbk Jki J=k
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For the particular sequences of planes (Hl Hy H3) the zormal to

this sequence is By = H;b, + Hpby + Hyb; and the spacing between planos

is dﬁ --l'g%l- ¢ Thus for each sequence of planes in thea dirsct lattice
there exists a veotor By based on the reciprocal vectors By, by, b
The assembly of points given by the vectors Eh corragponding te all
the sequences of planes in the direct lattice is called the reciprocal

latticee

PERICDIC FUNCT IONS

Because the veriation of a physical property from point to point

in a orystal is periodic, a function representing such & property must
satisfy

R(xyxoxz) ® 2A(xy + Ly Xy + Lp, X3 + Lg) 2,2 .
A convenient method of repregsentation is by expanding the function
in a Fourier series -

oo «1217(H,x, + + Hgiiz)

1% + Haxp 53

Sxyzpxg) = 212 S mymy0

where 9 is usually complex. Beosuse 3’3'5:; = B4y this can be written

2F) = aﬂe'izm“'?) 2,3

For ! n?-c»l.lEI +L232 +L3'53.

By =Byt + LyHy + Loy + Ly = Bg-T + integer
and the conditiom of BEqg. 2.2 is satisfied.
The coefficients of the Fourier series are determined by multie.
plying Eqs 2.3 by e and integrating over the unit cell. This
is possible because of the orthoganality of the exponential functiong,
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. 127(Bg.r
G = ,}fssei BaTyy 2.4
v

If the function that is expanded by the Fourler series is real,
then {rom Eq. 2.4 % = QH* where ﬁ means ‘Hl. .Bz. ‘Hs end “Hﬁ is

the complex conjugate of Sige

LAUE VECTCR EQUATION

For a2 one dimensional grating the condition for diffrection exe

pressed in vestor form is &y CEBI - k) = H) where &, is the spacing,

X = % U, is incident wave vector, end Iy 8%'53 the diffracted wave
vector and Hy l1s an integer. For a three dimensional grating there
are three such equations, where the general form is given by

E -E =5 2.5
By = Hyb; + Hyb, + Hgbg, and is the normal to the diffrecting planes.
This is called the Laue vector equations As Iyl = |%| a% o By
bigsects the obtuse angle between the two wave veotorsy end as EH is
normal to the diffracting planes, then each wave vector makes equal
angles with the diffracting planes., Taking the absolute megnitude of
each side of Eqe 2.5 gives Bragg's equation

nA = 24 8in O
If the cloged triangle defined by Ege 2,5 1is constructed in the ree
oiprocal lattice, a aphere cen be constructed with redius Ifolni
witlh the wvector .Eo ternmineting et the origin of the reciprocal lattioce;
866 Fize 1 (pe 7)e If the sphere passes through a reciprosal 1éttica
point, thers is & correspending By for that point and Eq. 2.5 is satise

_ fiedo A diffrection maximum then exists. There ere many veristions
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Sphere of reflection

Fige 1o A section of the reciprocal lattice with origin at O,

and with the direction of the incident x-ray beam as PO. When the
sphere of refleoction passes through a lattice point &s showm, a
diffraction maximum exists.
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possible to pet diffraction maxime., The sphere of reflection can be
increased or decreased in size by changing the wavelength, for itg
rediug is |§%| =-§ s or the position of the sphere cen be rotated
about the origin of the reeciprocal lattice by changing the direction
of E;. In either cese a diffraction maximum will occur when the
sphere passes through a reciprocal lattice peint, In tlis study the
magnitude of E%-is held constant end its direction will heve only one

degree of freedoms

SCATTERING OF X~RAYS

Before disoussing the interference produced by the crystal, the
scattering by the elementary processes will be outlinede There ars
many types of seattering of x-rays by substaences, but the only type
of interest here is that scattering done ecoherently. If an electron
which is held to an atom is caused to oseillete by & plene wave of
monochromatic x-rays, the scattered intensity is givem by the classical
J. J. Thomson formule

e2 1+ e0820

© mo

The polarizability & g, Which is the dipole moment induced per unit -

I

o = 1

field, is

R

aece;:g

vhere @ is the scatbering angle and R is that distance from elsotron
to the point of observations ‘

If the entire atom is considered, and the restoringz forces and
interaction bstwsen sleotrons neglected, then the instantaneous amplie

tude of scattering is given by
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o is.
Ea‘l‘.om = EOZ-O J : 2'6, i

'where Ee is the scattered emplitude of a single eleotron and the summa.

tion adds up the phﬁaes from the electrons in the atoms The phase is
iniportant as the wavelength of x-rays is of the order of magnitude of
the size of the atome But, as the electrons are in continual motion
in the atom, to obtain the coherent term of the scattering Eq., 2.6
must be averaged over the variable positions of the electrons giving

the mean amplitudev of soattering as E, , = E, %4)3

' is.F
where CP j = / 03a rJdv
and a~Jdv is the probability of finding the jth electron in volume

" 18
element dv;and . Looh ® 1o |§ ¢J|
The atomic socattering power is defined as
fo = Z¢3
¥

When the binding force and a damping term are taken into consideration

these results are modified to

¢
¢ et
*1-(23)_-15%

~where W, = 212), 7/, is the impressed frequency; and Wy = mej whers

1/3’ is the characteristio frequency for the jth °lootrop. This classical

pioture needs modification to satisfy the quantum mechanical piocture

of the atome This adaptation hag been carried out by H. Hénl(s‘) .giving
EmZ g+ Fyvimy) = +%(F3 +imy) 27

where ¥ and 7 are the contributions from anomalous scattering and

their importance dsepends on the nearness of the frequency of the ine

cident x-rays to the oritical x-rays absorption edges of the atome
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The explicit form of ¥ 3 and 7) 4 as developed by Honl will be p.esenved

later.

STRUCTURE FACTOR

The structure factor, F, is defined in terms of the unit cell,
It is the ratio of the resulting emplitude of scattering from the
atoms in the unit cell in a given direction to that of a single elece
trone - _

F n;fkeis.rk 2.8
£y, is the structure factor per atom as defined by Eqe. 2.7, and the
exponential term gives the proper phese for each kth atom when scate
toring is observed at a particular directiom; s = 2u(k - ko) ard is
the bissctor of the obtuse angle between incident and scattering wave
vectorsy 'i"k is the position vector of each atom in the unit cell, When
calculating the structure factor FH for a pertioular set of diffracting
plenes s = 2iBg, The polarizability is now given by

A w2y (1+§ 3+ 17 45 2.9
iy
where (1 + ¥4 + 17 4) is the term due to anomalous dispersion and is
the same as in Eqe 2.7 and
24(F) = Zoakci - ) 2,10
is the electron distribution function of type ] in the unit cell, and

q

0";: is the distribution function for type j eleoctron in the kth atoms

DYNAMICAL THEORY OF X~RAY DIFFRACTION

The dynamical theory of x-ray soattering includes the sffects of
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abgorption and the interactionm betwsen the incident and scattered
radiation which are negleoted in the simple theory of diffraction,
It is to be pointed out that there is a distinet difference in the
system where no diffraction takes place and when there is diffraction.
In the second ocase the intermal incident wave and the diffracted waves
form a coupled system, and the solution for this coupled system results
in a set of linear equations (the number depending on the number of
diffracted waves); the simultaneous solution of these equations defines
the possible "modes” due to the couplingy that is, the permitied values
for (1) the index of refraction for the internal incident and diffracted
waves end (2) the corresponding retio of the amplitudes of the internal
incident and diffracted wavese.

The method of solving the problem of finding the energy in the
diffracted wave as é funotion of the direction of the incident weve
requires three steps; (1) joining the phase of the internal end exe
ternal incident waves at the incident boundary, (2) finding the pere
mitted values for the index of refraction and the corresponding ampli«
tude ratios for the internal incident and diffracted waves consistent
with the coupled system, and (3) applying the boundary conditions for
the particular use and shapé of the crystal.s Let the external incident
wave vector be k,°, and the internal inoident and diffracted wave
vectors be g, end —éE' Joining the incident waves at & planse boundary

N

£ivos

. k8
@°=E° + Kon

where the magnitudes of Q—o and Y°° are related by the index of ree
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fraction 1 + 84 Bg = kol + 8y)e 1 is the unit vector normel to
the crystal face pointing iu, and ¥ , is the direction cosine of the
external incident wave vector X% Inside the crystal Laue's veotor
equation is @y = G, + By oombining this equation with the ome for

@o above gives

_ k,6q _
€xa BE: % :'oo o + By 2.1

Thus whén the permitted values of O, ere lnown the internal diffracted
wave vector is determined,
When no diffraction takes place &g = % Vo (see Eqe 2.13) where
1 “‘%"3’0 is the everage measured index of refraction, When diffraction
takes place the possible values of 8y are determined by the conditions
of self consistency betwsen internal incident and diffractod waves.
Inside the crystal the differsntial equation for the displecement

veotor obtained from Maxwell’s equation is

- _ = 280
Tx(IzD)mad 2012
€ :E 3t§

where the megnetic permeability is assumed to be unity and the current
density is sero. The dielectric constant, £ , is related to the
polarizebility per unit volume, o( , by

v
& =1+--%.;—5:1+4~:to<
. Rt

where o« 18 small, A8 o 18 peoriodic, having the same peried as the

lattice, 47X is expanded in ‘the Fourier series

¥ = dne aEHZq;K,'i?‘“Fﬁ'? ‘2413

and

mi-

~ 1 « ¥, The displacomen’ vector can also be expanded inko
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a Fourier series which represents the internal incident wave and any
Mber of diffracted waves. _
B azﬂﬁgﬂi{%‘b - 120}y T | Lk
Substitution of Eqs.2.13 and 2,14 in Eq. 2.12 gives & set of linear
homogeneous equations which represent the self consistenocy be{:wean
inoident and diffracted waves, When there is only one FH gsatisfied
in the Laue vector equation this set reduces to two equations., For
a nonetrivial solution of the ratio of amplitudes to exist requires
(280 = ¥o)(20g = Vo) = Vlyr sin®X 2,16
and the nonetrivial solution is
Dy 20 = Yo

where 1 + &, and 1 + 5& are the refraotive indices of incident and
diffracted waves and are related by Eqe 2.11e Ege 2.15 is quadratic
in §, and gives
6y sl fy'ns +m}
sef " {to-rtVars
°

q and £ ere defined later and &, h%\% for no diffraction, K is
the angle between D, and G, Xll-g»whon D, is normal to the plane
containing 'é o &nd EH (normal poleriszation) o.ndXitg. - 20 when in
the plens of '@ o and é g (parallel polarization).

There sre, then, possible two incident and two diffractsd waves. —
Suppose the bounderies are plane and parallel, and the ﬁiffrac-‘tad
wave leaves the face opposite the face the incident wave enters, The
boundary conditions are: At n-T = 0 the normal components of the
dinplaoemént vectors and tangential components of the electric ve.etors :

must be continuous across the boundary. As the dielectric constant



wldm

is approximately unity

Do* + D" = EB° nr=0
The diffracted wave must vanish at the incident boundary

Dg' +Dg" =0 AF =0
Afb the exit hcundar& the intensities are equated going aoross,

Setisfying these conditions the diff‘raatiog equation obtained

is ‘

‘Irﬁ'e' ba I%l 2 KO.FOt 31!12 (‘W) + Siﬂh‘z (8’)

h . ;él 2,18

Iy is the intensity of the external diffracted wave and I, is the
intensity of the extermal incident wave.

n-§)
n.%’ YH

' ¥o and Yy are the directiom cosines of incident and diffracted waves
b = 4] for the diffraoting planes ﬁormal to the erystgl face.
b = =1 for the diffracting planes parallel to the face.
K = 1 for normal polerizetion |
. K = oos 29‘1‘0:' Mllel polarization

u+ iwS A/q + 52 s‘:‘uke-;?-
. \ °
g ,
q = bEY, tmd (1l + LR
Hwﬂ | T o IH -]
o ni}.iﬁc +'.g.°< t, = thickness of crystal plate
% 2(0g = 9)sin 20g g 1s the Bragg angle for reflsotion

Vg ond VR are determined by the method of Ege 2.4 from Eqse 2.13
and 2.9.»
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DIFFRACTION EQUATION FOR THE (810) PLANES OF QUARTZ

The orystals are optically flet plates 1 mm thiék end the (310)

diffracting planes are normal ‘to"the face (b = +1), For orystals
that have an inversicn center Vg'= Wy and Yl = Vg z. whereby the
caloulaticns are somewhat simplifiedy quarts does not heve an inversion
center and so both terms must be osloulateds The oont/x_fibutions due
to anomalous scattering are insluded, For these oryéials the variables
in the diffraction equation are

a = Kyl

3= (0, - 0)sin 20,
At oach wavelength q is constant and the diffrsction pattern is meae
sured using es the independent varisble the angular devistion (O = ©)
of the incident wave vectar from the position given by Bragz's cone
dition of reflections To be able to compare theory with sxperiment
Vg and Wy must be caloulated for each wevelength, =This is deme in
the following:

When ancmalous dispersion is present

| ?"""4"”“'2'2(1*?3 + 47 4)i4 2,17
from Eq. 2.8, So ¥ oan be written ¥ = ¥t + 1¥® where both ¥ end {*
are real and oan be represented by Pourier series . .
v. " Zx ﬁx_'.«-_iz%' r
-12 ‘T
v ..zg *g" "En ¥
~and V' and V" are both complex, thus

Vg = (V' + 2y *) + 100" + 2¥5,")
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Vg = Chgp' = 2¥gg') + 100" —2¥g")
where the condition that if ¥' and " ere real \J' = ¥r*®, ¥g" = 4%"*

and H means -B,, =, -Hg is usede So
V= (P - R 2 [t ]

: 2 5 5 .
" '\y L] +$ h_a- 13 2.18
"~ H’B"z{l - '\%" .21 [% H&;ﬁal gﬁi Hi ]}

= H‘B'lz{-l -XK2e 4 zic}
where X and ¢ are defined by comparing to the presceding equetion,

Using the method of Eqe 2.4 and substituting for the values of ' end

¥ from Eqs. 2.15 end 2,9 the walues for \'Vﬂ' and WE" are
: 12187

2 4218 T |

Subgtitubing for gj defined b:\f Eq. 2010

! = %,g?%: 1+ Fj)j‘% a—jk(';_ -;k)eizmg-rdv

REL e 2 3 JZ oG - Fe e

- 4 E 2 .- £
Mulbiplying the inbegrend of each by s~ 2'PH Tkg'*™BH Tk gng intere
changing the order of the two finite summations gives

' w ATel 1218y
A AL R

" "-4‘5702 b x| JL2BH Tk
- T
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wﬁmre 4’31‘ ufa* EF - T, )emtgﬁﬁ? - ?k)dv.
The magnitude of the terms (1 + ?3)4,3 and ”lj¢;j are calouw
lated using the results of Honl(e) who has derived the oxpressions
fcr § 3 end g 4 for the two _eleotrcm in the K shell as

20 2 1 1 lox
‘2?'[ {(1- (leegh-;?‘)«m(z::a + x 105{ }

- n27e=® ([ ax?
NS S {(1 2P (1 - A)g}

where x t% and A depends on the kind of atom end has been determined

by Hénle
In Appendix B 2§=K and 27y have bm caloulated for the range
of wavelength 0.1238 < A € 0,710k Both 2{ g and 27 g deorease with
decreasing wavelength.

For x = 0.710& 27k s 0,067 and 25 g = 0,091, 48 2%y 1s small
compared to fk the ¢ 4 terms are dropped. The anoma.lous terns are
very much less for the L type eleotron and so only the contribution
from the K electrons need be considered. Thus | |

Ty=0 j=K, L, M ato.
78 JI=X
3™ { s :
0 J =i, Meooato.
and %he values for ﬁﬁ' and V" bacm |
' g2 S
ko ;‘v;;.“f; 2 g ¢xk°m$n.ﬂ
whers »_ ¢ Jk‘ = f‘k°. The maximum velue of 9613‘ will be when \ is large
oompared to the radii of the K shell eleotrons, snd the contribution
of the two electrons edd in phase 8o ¢Kk = / a‘xkdv = 1 75&3‘ <1
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for shorter wavelengthse Using tho maxiwum valus, which is & fairly

good approximetion for the wevelerngth. uased, there resiltss

q;n! = ;::: ZfLO 121‘531}

2 .
419 k i2
W o= 23S o % TEg“'k
Vmo, K
These summations are caloulated in Appendix B, giving for A = 0.7102

W' = -1‘1"-9;2-%. -10,49 + 1 18,68

W = -41‘&' 1
m,,z

and Vg = -‘%%{-10.60 + 1 18.60]

W= -'ﬁf“;v {-10.38 - 18.76}.

Referring to Eqs. 2.18

{.o.o'rr +1 o.nz}

X = 6,99 x 1072

o = 6,98 x 108
X and ¢ both decroase as A decroasese 8o

1. X%
and then
Yy = & Vgl 2 {1 + 210} 2,19
Reforring now to the variables contained in the diffraction Eqe 2.16
and gefining y as y QW
v+ iws K% |02 {1+ 219 +y2bK2 |Va'| 2
A i T {1+ it}

where 0 has been shown to be smalle and defining A as
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A = ek || Be = YK |%'|_%9; 2420

v+iw=-§\/1+y2 {1+1;-i—-;—2-}
av-A\’l + y@

cA

iy

2.21
2

The variation of A with the thickness of the orystal is given 'by AA . A%

Thus for A large the oorresponding change in A% for a. .2. change in A
will be of the order of the irregularities in the orystal thickness
from point to point, The crystal plates ussd in this oxperiment were
1 mn thick and for A = 0,7108, A = 40, The term sin®A\[1 + y2 in

EQs 2.21 changes from O to 1 when A tg.. The corresponding change
in the orystal thickness would be Aty .® 3 x 10™ om, which is of the
order of magnitude of the irregularities in the orystal faces. Since
810241 + y2 oscillates rapidly between O and 1 from point to point
on the cmaﬁl face, it 1s replaced by its average value %.

When oA is small sinh® ._...?.‘.A....;za. can be replaced by the first
V1 +

term in its series expansiecm, For the quartz orystals used in this
° °
experiment at A = 0,710A, oA = 0,277 and at A = 0,2084,04 = 0,00678.

With an error of 1 per cent and less in the wavelength range 0,123 <

£ 0.7108
8 mz cA °2A2

With these approximations the diffraction equation (Ege 2.21)

H2.
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for the particuler orystals used in this experiment beoomes

%
I o~ e 20242

- Qa + ) 2,22
1,° 201 +3°) 1490 ,

The exponential term gives the true absorption of che teawm in passing
through the orystal. The term in oA gives the effest of the ancmalous |
soattering on the diffraction patterns When Ho™ 0 and cA = O the
diffrection pattern is just that of & witchs The ochange in the shape
of the diffraction pattern when the value of oA is changed i‘rc&n 0 to
0,277 (the maximum value for the mvelengﬂi range used in this study)

18 illustrated in Fige 2 (ps 21)s The peak values of the ourves differ
by only 16.4 per oemt. As y ﬁweaséu the two ourves rapidly epprossh
ml; others A useful featurq of this diffraction curve, that will

be used later, is that it is eymmetrical about y = O. |

PROPERTIES OF THE DMGTIOH PATTERN TO BE COMPARED T0 EXPERIMENT

At any ouns wavelength the deteotor (countsr) that measures the
e 28\ d:lffraotion from the orystael measures the power received,
' Pg = IpSp, where SK is the orossectional area of the beam, and the
external inoident power is P, = 1,%8, So
g Imsg Im¥m- W1 I
'F;' 160'5'; 1.° %o I,’T 1°
for b = 1 (diffraction planes normal to faces of the erystél). The

area under the curves of .;'E. vse £ ® (@ =« @), where € is the angular
°
deviation from the Bragg angle, is called the integrated reflecting

power and is given by
O m g - O ' ‘
Ry fﬁ: d( v ) | 2423
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eg '
\Ksi % (310) diffracting planes of
— quartz.

By 0.l cm.
)

oA = 0,277 (A = 0,710%)

A = 0 (A= 0.3208)

i } ) | 1 | 1 ) N 1 g
whe8 who0 =32 =led =lof =0.8 O  0e8 1668 2.4 3.2 4.0 448

Fige 2o The top illustration shows schematically the diffraction of an
x-ray beam for the tremsmission case and for the crystals used in this
studye. The lower illustration shows the ratio of the power of the
diffrected beam to that of the incident beam as a function of the
anguler deviation of the 1noident ray from Bragg's angle, g,

(y = (6g = 8) sin 29% l) for the particular crystals and range of
wavelengths used in This s udy.
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This, with the half width at half mex, wg; end f’%i‘_’_{ , the ~atio of
the peek value of the diffraction equation to theopmr in thu incident
beam, are the usual quantities compared with experimsnt.

The veriable y defined by

(°B - 0) sin 208
T | 2.24

i
IR
is used in place of £ for calculations because of its convenience,

80

sin 205
B{ wnggkw 2.25
From Eqe 2.22
+
Rﬂy"f oi‘,2(14» 1+2°2A2)dy
+
RY = e~ ﬁg%,-g,g (1 + o2a%) 2,26

0
For the wavelength range 0.1204 < A < 0. 7108, 042 hes e maximum value
o
of 0.0767 at A = 0,710A, The ratio of the power received by the dee
tector at the peak of diffraction ourve to that of the inocident besm

is given by
\]
.I.,%.(.(l). = o™ Ag';g% (+ zoza"')

° 2,27
4oto { 0.564 A= 0.710%

=e” " X

06500 A = 0,208%
The half width at half meximum L2 (measured in the same dimensionless

unite as y) is given by
Pa(:x) o1 Mlo)
7%,

2,2
w o \/._........2_52 (1 +.._.....2.2°:y )=1 2.28
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where wy' is the solution for cA = 03

0094 for A = 0.7104
Wy W : o
00,9995 for A = 0.208A

These results are used in Part III in calculating the theoretical

rooking curves for the two crystal xe-ray spectrometer.

MOSAIC CRYSTAL

For the two quart: corystals desoribed here, the width of the
experimental diffraction curves obtained by the two orystal spectrome
eter are only about twice that predicted by the theory. Then if a
mosaio structure is to be considered the distribution funetion for
the directions of these blocks must have a half width of the order

of magnitude of the width of the diffraction pattern. Let
2

A
= e 2> 2.29

W(Do) =
be the distribution function for the direotion of the small orystal
blocks from the mean, end let the reflecting power of a layer 4T in
the orystal be 04T, For a given inoident angle @ with the crysgtal
face, the glancing angle will be different for each of the small blocks,
say @ +A o Thus for a single layer of bdlocks of thickness t, inside
the orystal o
cr-é-fww)-;'l(o-onw)da 230

) ©
where .;g. is the dii‘i‘r—aa;tion pattern for a single orystale

As the beam travels through the orystal it is continually losing
energy by true ebsorption and diffraction, end gaining energy from
multiereflection, At a distance T in the orystal, the equations giving

the increase or loss in power for the incident and diffreacted beams are
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T
4G, = = 4@, .%,; - TP AT + AT

dﬁn = -/406’3 -%3;- - 076’Ed'f + o-,éi‘odff

The boundary conditions are
(1) = & (0) T=0
,6)3(0) =0 . Tw=mQ
The solution is

L) o (LR 4T .
e w T Tostan (o1,)
T, is the thickness of the crystals Eq. 2e 31 can be expanded in‘ho

2.31

" the form 1

. & ' o
: m . 0 6 0.!0(1 - 0"T° + 3 (0'!0) (¢T°) + ooo) 2032
 The integrated reflecting power for the entire orystal is then

é?n ' |
whioh can be calculatad when G given by Ege 2430 is known., When the

thickness (t,) of the small blocks is small so that A nx.J}H.J.f.?. <1
» o
_ the diffraction Eqs 2,21 beoomes '

Py 2 ainz : ' |
- = A ——-%X 2434
P ] ) § L ]

° (ay)’
To smooth out the interference fringes this is replaced by a function

having the same aree and the same value at y.ﬂl o
: Pu A
H/- 2 -#
F;a—A -} ¢ ) 2436

Substituting Eqs. 2,36 and 2.29 in Eq. 2.30 gives

- .h242 .02(5: +A)2

211_..,
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2 8in 20p .2
hz = 1 $ 2 8&_
ome = (KWHI .
By the method of completing the square of the exponent

2022
o mBe he + 2 2,36

where

where 2 '
A%(t,)

t,1 02 |02 +02

Substitubing this in Eqe 2.52 end the result in Ege 2.33 and performing

the integration gives for the integrated reflecting power of the mosaie

erystal

o 4’*_9._2{ od K? o2 |Fa| } T 21782 1 . 5,3

L 0 1- ""'"""""- T (X X 2.5?
g me™ ;;'z;‘m Sl (- TR L n 0 s )
where

* 5 - TobohES {92 | Fgl 1
% oosEOB me® T V1 + 34,.2?%5

T8 increases linearly with tge For T B small compared to 1, so that
only the first term of Eq, 2,37 is needed, R y® is independent of
thickness of the mosalc blocks, ., 8nd of the standard deviation, 7] ,
of the distribution function W(A ), but is proportional to A%, As

t is increased, T,B bscomes largsr and the dependence of.o@HO on
tos” » and higher power of 22 enter. Eqs 2037 is good as long as

%I%I —%?‘- <<l that is, small primery extinction, Primsry exe

tinotion is the loss of energy in passing through a single block,

For the case A =1 the solution becomes rather complicated. For a
single orystal Zaohariaaen(s) showg that ny increases almost linearly
with A until A ~ 1 where it has the valﬁe of 2 (same dimensionless

units as y) and then oseillates about RHV = 1,6 a3 A inoreases., The



=26
smplitudes of the first oscillatiorn are about 50 per cent of the mean
but deoresase fairly rapidly as A increasnse For A 7 1 the diffraction
‘pattern, Eq. 2,22, must be used for the bloocks, and results approach
that for & parfgc‘!: orystal, ,

As |[¥g| is proportional to A%, A is proportional to A, Thus
primary extinotion deoreases with X or tg. Depending om the other
conatents Eqe 2,37 should becoms more valid as A\ decreases., -

The above results show & marked difference between a perfect
ocrystal and an ideal mosaic orystal (TB <<1l)e The integrated re-
fleoting power, Rge, for a perfect orystel veries as M for an idesl
mosaiec orystal the integrated refled’aing powet.«a 39. varies as kz.
But if A =1 or greater (larger blooks) the theory for a mosaie orystal
is 6mplioated3 therefore, by comparing the width end peak values of
the diffraction pattern with perfect srystal theory, ome can obtain
an estimate of the perfeth;ess of the orystalse
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PART III
THEQORY OF THE TWO CRYSTAL X-RAY SPECTROMETER

The theory of the two ‘orystal x-ray sgpoctrometer has besen worked
out by Sohwersschild,(®) spencer,(10) Laue,(11) smith,(32) ang pudond, (13)
The texts by Compton snd Allison§}%) and Zachariasen(5) have also
bsen used extens‘ivaly in presenting the theory of the two crystal
spectrometer. The present work involves the transmission of the dife
fracted beam through the orystal and ig slightly different from the
usual case of reflection from cleavage planes.

Fige 3 (pe 28) shows & schematic arrangement of the x-rey tube,
the two orystals with their diffracting planes normal to the faces
(greatly exezgerated) mounted on the spectrometer, and the detectors
When crystal A is set for Bragg reflection for a particuler wavelength,
orystal B can be set in two}poaitions for Bragg reflection (see Fig.
3). These two positions have an angular separation of 20, where © is the .
glanoing angle for Bregg refleotion that the incident bsam makes with
the diffracting planes. _

The case where the diffracting plenes ere parallel or nearly parallel
is oalled the "parallel" position. It will be shown that when orystal
A ig stationary and orystal B is rotated off parallelism, the resulting
plot of the power received by the detector vs. the angular sotting
of orystal B is dependent only on the properties of the crystals and .
not on the spectral distribution of the radiation or the goecmetry of
the slit systems This ourve is called a two orystal "parellel" rocking
ourve. ’

As the single orystal diffraction pattoern camnot be derived from
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Fig. 3. Schematic illustration of the two crystal x-ray spectrometer -
employing the (310) plames (transmission case) of two idemticel quarts
plates, 1 mm, thick, The full lines show the gemeral position for +the
parallel rocking curve. The dotted lines show the position for the
antiparallel rocking curve. The slits or stops are at S end S'. The
xenon-filled counter is at C.
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the two orystal experimental "parallel®™ rocking curve, the perfectness
of the crystals cen be deotermined by comparing the experimental two
orystal "parallel" curve with the two orystal "parallel™ rocking ourves
caloulated from the single crystal theoretical diffrection ?attern.

Rotating crystal B through 20 from parallelism with crystal A
gives the position of orystal B called the antiparallel positions
i% will be shown that the power received by the detsctor as crystel
'B is rotated through small engles for this arrengement, is a function -
primarily of the spectral distribution of the xerays and requires only
a minor correction due to the diffrastion patterns of the orystals
and the vertical divergence of the xeray beams

When corystal A is set to diffract e particular wavelength such
as the K ; line, 20 for this line can be determined by measuring angular
gseparation of the settings of c¢rystal B for the parallel and antiperallel
positionss If the value of 28 for two lines is debermined, using the
same orystals in each case, and the wevelength of one cf the lincs is
known aocurafély, then an accureate determinetion cer be made of the
unknown wavelength, This is done in this study by using the MoKwj
line es a standerd and determining the WKy j line. Using an accurately |
knowm wevelength and 20 as mesasured above, the grating spacing of the

diffracting orystal can be measured using Brazg's law of reflection.

GENERAL THEORY OF THE TWO CRYSTAL SPECTROMETER

The case that will be considered is for perfect orystals, where
the x-ray source is far enocugh sway from the orystals so that the ine

cident waves are plane waves, and the diffracting area of eorystal
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(of dismeter D messured normal to the diffrecting planes) is large
compared to the wavelength so that %’ (the angulay measure of the Fraune
hofer diffraction pattern from the finite rogion of scattering) is
vory much less than the diffraction pattern of the orystals, With
these conditions the method of rays will be used.
Let the central ray for Figs. ¢ (pe 31) and 5 (p. 32) satisfy
Bragg'!s law at orystal A
Ao = 24 sin O S 3.1
Since slits are used to confine the beam, there is consequently vertical
7 and horizontel divergence in the beam. If .a neighboring ray makes an
angle d® with the central ray (it mey have both horizont;l and vertical
divergence), it will be Bragg reflscted only if ite wavelength differs
.féom the central ray by
d\ = 24 cos @pde
Thus. if this ray of wavelength \ is to be Bragg reflected, it must
make a glanoing angle, measured normal to the diffracting plenes, of

O + 2o tan gy | 5.2
Consider now a rey that has :Eontal_divargenoo o and vertiéal
divergence ¢ measured with reference to the central ray. It has been
nhown(m) »(15) that for ¢ and o small, the glancing angle ueasured
in a plene normal to the lattice pianes erd inocluding the ray is

Op +% = .%.2. ten 6y . 3e8
In Part II it was shown that the diffraotion pattern of a crystal is
a function of the deviation of the glaneing angle from Brazg®'s condie
tion of reflection, This deviatien utb orystal 4, for the ray having

vertical and horizontel divergence, is just the difference between



(310) plenes of
crystal B~

85 +g-9,§.me3

2
og +6 -%..ta.neB
+ (es - 90)

(310) planes of
crystal A

Fige 4. Goeometry of the diffrected
ray, for the two crystal x-r
spectrometer in the "parallel® position
showing vertical and horizontal
divergence (¢ ¥ol) of the rey. The
(310) planes showm here are normal to
the crystal faces, Only the upper half
of the crystal planes are showne



(310) planes of crystal B

ep -e-%‘z’canea
<

(310) plenes
of crystal A

Fige 5. Geometry of the diffracted rey for
the two crystal x-ray spectrometer in the
"antiparallel” position showing vertical and
horigzontal divergence (¢ end« ) of the raye
The (310) planes of quartz shown here are
normel to the crystal faces. Only the upper
half of the crystal planes are showne
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Egse 3¢3 and 3.2, whioh is

x-.%.moe Tmog Bud

The intensity of this ray after diffraction from orystal A is then

Ig(A - )‘o) (e( %-tanoa %&tm%) 3.5

The glanoing angle of scatﬁering. Ogs 18 related to the glancing ine
cident angle, 9, measured from the diffracting planes as followss
8g = 0g(A) ~b[® -0 () 3.6

Lot orystsl B deviateA by an angle ¢ from satisfying Bragg's cone
dition of reflection for the oentre;i ray (A= )y, « = ¢ =0); Q |
is positive for clockwise rotatione

The glaneing angle of soattering, 0g, of the ray leaving the
lattice planes of orystel A of wavelength A and vertical and horizcntal
divergence ¢ emd « is |

Me X e LN W
O‘.(GB'}Tmoa)ob(O( .-%-tanGB-TtanOB) Se 7
Lot & reference line (see_Figs. 4 (pe 31) and 5 (ps 32)) be drewm for
whioh ol =0, ¢ = #, It will make a glanoing angle @, measured
in s plane normal to the lattioo phmes and including the ray, of
= OB T tan 05 3.8
The devistion of the general rey from this reference line will be
X- 2 2 ' x-
OGaOOa—-gl-?-tan%+%g tan %-b[ﬁ( -%ﬁ- tan %.-—-%?-meﬁ] 3¢9
Referring to Figs. 4 (p. 31) and 6 (p. 82) it is seen that the glaneing
angle this soattered ray from crystal A mekee with the lattice planes
of orystel B will be different for the parsllel end entiparallel cases

Por the parallel cases

*See Appendix Ce
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Referring to Fige ¢ (p. 31), for a rotation O of crystal B the
reference line will meke a glanoing angle of
% - ¢ -#tmes | . B0
with tﬁo planes of orystal Be Thus the glanoing angle for the partioular
rey under consideration on orystal B will be
ango.%z-‘ban&a'f(ﬂa- o) 361l

whioh is

\ _ _
% - ¢- & tan ea+[l€.‘;m OB+%?.tan %-b«-‘l;.m S

--x—.i';tan 95)}

3¢12

For thq antiparallel cases.
Referring to Fig, 6 -(p. 32), the reference line will make a glanoing

angle of
¢ 2
O +@ « -y~ tan 3,13
with the planes of orystal Be The ray in question now makes & glansing
angle of .
@2 ‘ | .
O +¢ -Ttanﬁa—(eg-%) . 3414
which is |

2 A $2 ¢2
%4‘@.{2— tan OB- T tan 984-2— tan OB-'h(OQ OT tan %
, i 316
Thus the general result is obtained for the glenoing angle with the
planes of orystal B of this rey of wavelength A, with vertioal and
horigontal divergensce 4’ and £ , and for either parallel or antiparallel
case (orystal B is rotated through angle ¢ froam engular setting for

Bragg's law of reflection for the cenmtral ray)s



oaz(s-‘f;. tan oat[}_'x:& tan 93+f;; tan oB-b(x-?; tan 6

RL ye

where the upper signs are for the "parallel" case and the lower for

3016

the "antiparallel”, If this ray of wavelength A is to satisfy Bragg's

condition of reflection it must make & glancing angle of

98+¥;°)‘°tanoa 3.17

with the planes of orystal B, The angular devietion of the ray of

wavelength A from condition of Braegg reflection is just the difference
between Eqs. 3416 and 3,17 which is
¢2 ' O VI +|A=2 ¢2 ¢2
- - o 4' - xw
#¢ -5 tan 8 ___x.o-_tanea ko*c:amoﬁ - ten 8- b(X =Ly tan &
" 3018
-—%‘ltanes)}
The intensity of this ray after reflection from orystal A and crystal
B is then I (A = Ay) <& (s i X )
i8 en - - an - an X
o LV g ten @ -~ tan G

Ig 2 Ae 2o Ae Ao 2
T;(:-Q-?-z— ten %—Tm%t{—v tan QB*%— ta.nQB Se 19

. i .
- b(a(—%— ten 95-3‘_69. tan GB)})

with the convention of signs as befores

PARALLEL CASE

The above case treats both crystals as being identical. If not,
then diffraction pattern and @g will be different for each crystal
in the derivation abéve. The case is general as the diffracting planes
can make any angle with the two parallel faces of the crystale The

specific case for these planes to be normal to the crystal faces (b = +1)
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will now be treateds For b = +1 Eqe 3.19 reduces to

IO(‘A" k Ii: &-?t QB- X:"tan 05)-—-(-%-'3("‘%2-}6&11 GB +l:$o-tan OB) 3420

For e particular setting @ and for normal polarization of the incident
beam, the ratio of the power diffracted from orystal B to that imcident
on crystal B will be

P(@) ‘ 3421

o f // Io(x-xoh-«-%'can 95-‘1;;'*”1 %)x(-e-«%m os«'—r;van Op JaMiga
sH f/7 Io()«-).a)—-(x -g.tan g Ttan Q) dXdfax

where SB and SH' are the orossectional aree of the incident and diffracted

beams at orystal Be It is assumed that the intensity is unifiorm in areal

oxtent over the operation of the system defined by the slitsse For b =1,
2 A=
snysngl. ot € = o(-%_tanea .Ttanég. Then

[[ oA = &,)U (¢) (-Q-e)dE]dkM’
ff Io(h = Ag) [-i:(e)de]dxdgb

I .
As -I.g (€) = 0 excopt in & very short range, the limits of integration
0

are oxtended to Yoo, As @ and A are constant over the integration
o0

oo
I; I I '
on o thon |/ B (e) B (e¢ - )ac aa [ E(€)ac vooame tnde-
._/.oIo 1y L
pendent of A and ¢ 3 so ol

In H
/0(6)7;(-@ £)dg

o0

P(Q)* , 3423
/ -f-:-(é)dc

Thug the P( @) curve is independent of the height or width of the

P(g) =

3,22

8lits or the spectral distribution of the radietion employeds This

agssumes thet the variation of the diffraction patiern with wavelength
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is small over the range of wavelengths allowed to Le transmitted by

the slits,.

QUANTITIES TO BE COMPARED TO EXPER IMERT

In the normal operation of the two orystal spactrometer as used
here, both parallel and normel polarized components (represented by
supersoripts) of the x-ray beam enter the dateotors The ratio of the
power received by the detestor to that iacident on erystal B now bew

comss
P pIH o Ig el oIn nIH
/I: Py w=(£) :(-re) + Pg-f;(é)‘:(c'@-é‘)]

/ P PIy o B
P, " E)+ PQE‘(E) d€

The integrated reflecting power for tho two orystal spectrometer

3e24

is defined as w

R".JM“@

where R 1s the srea under the "normeliszed® two orystal rocking curve

as defined by Eq. 5,24, Thus
OOP P PI | n ny n _

P 91 n ny
/eﬂ[ png(gn p{,:,_%(s)]ae

This can be simplified by examining the repeated integral in the numere

3026

ator
H H . ,
- o - P I
The order of integration can he inberchanged as T'" .............2. and thus

the integrend satisfies the conditions for such an interchenge.
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f”o‘f’ (=g e)ae]dg-u/ <5)U—-(-@ s)ae] ag

-

.a
Ig
but f-... “@ =& 48 = (e&) d€ and is independent of
T (~e-¢) f-g; ) P @

being the aree under the diffraction curve. So

a0

,[U (6)-5(% 8)64d§ flo(c“)ae ./__1.1.(,5)“

o LZ
and
P | p ]2 n [n ]2
-Po[ Rg® + Py RKO
R e 3426
& PORH 'Q'PORH

I
where RHO ‘/{-(E) d€ ag defined by Eqe 2,23,

<0
If the wavelength used is not too close to Ayjn» defined by

Apin = l"% (V 18 the voltage applied across the xeray tube), the radis-

tion oen be considered unpolarized, and P, = PP, = -29.. EQe 3426 now
’oeoomas [pang] 2 nRHO]
R = 3427
"rg® + "rg®
From Eqe 225 this is written in terms of Rﬁy

L mog?] % ¢ ooa? 2op [ 7e?] 2
8in 205{”}'&3‘/4»003 20g pRn}'}

Ry = o .ﬁ_"%?:‘lg[l+°2a2]

R =

5.28

From Eqge 2,26

end so for easch polarization

DRB}':. .f_.g...‘?.ﬂ[l.;./p],?gnyze- §:°§[1+[“cosz205]

and
Aobo o2 a IF‘HI} A [1 + cos? 208 + 2/, 2 (1 + cost 26p)
% BR= mee 2 V ) ©o8 85 | 1 + cos 20y +/ 4 2(1+3033 20 ) Bhs

where [, = cA (E=1) is defined by Eqs. 2.18 and 2.20 and is the term

due to anomalous gcatteringe
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Do

The peak value of the P( @) curve is

Liﬂ(s) i +f[ ]as
P(0) = 222 T

4+ P

3¢ 30
RH

since ;f}, ( €) is symmetrical ebout & = 0, From Ege. 2.25 this becomes
° .
in terms of the variable Y

f [nT- (y)] dy + cos ?-Osf[ (.v)_l zdy
"Ry + cos 205 PRy

(y) from Eqse 2.26 and 2,22

P(0) =

Substituting for Ry and H
T

fo¥o 1 | 1+ cos 28y +~g,ﬂ 02 (1 + cos® 283)
P(0)e = %o - = K3
1 + cos 20y + /G (1 + cos® 26g)

3431

The half width at half meximm, Wg, for the two crystel "parallel”
rocking curve is determined by doubling the helf width of the diffrace
tion pattern for the case of & single cryshale This is justified be=
cause the theoretical diffraction pattern of the single orystal given
by Eqe 2.22 deviates from a witech by only about § per cent at A = 0, 7103
and & negligible amount et A = 0,210, In Appendix D it is shown that
the result of the fold of two witches is another witoh whose half
width et half meximum is the sum of the half width of the two witches
being folded. Thus, let Wy bs the half width of the two corystal "parallel”

rocking curves then

EIVANRS

Wo = 2w° = 8in 203

Substituting the value of

24 e2 |FH|
Wo & { == e ———t Gos &g\
¥ T me? ¥ [

from Eq. 2,28

1
2(1 +,€°20084 eg) -1 v 5. 32
1+ 2}020034 N

Wy

- Mot oto ,
Re 30 s P(0)e Yo » and W, are caloulated as a function of wave=
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length in Appendix F. These three quantities are used in comparing
the theoretical two orystal "parallel” rocking ourves with the exe
perimental "parallel” rooking curvess In Part VI the caloulations
for these three quantities are presented and compared with the experi-

menfal resultse

ANTIPARALLEL CASE

Referring to Eq. 3,19 and the sign convention, in the anbtiperallel

cage the intensity of the beam after reflection from both orystals is

Lot a( ¢ ,\) n%im o +ﬁ-’tﬁm @3« The ratio of the power dif-

frected from crystel B to the incident power on it now becomes, for

normal polarisation,

A ¢«

ff/ Io(A= Na);-g(o(-a(C#.L))%(q A wda(P,\) ddgpdr
f/yf Tolk = ”0);1':'("‘ - a(@,\) dXdgdhr

where l?ﬂ( @) moans the antiparallel case. Here a single variable cane-

333

P@) =

not be defined to include all terms in ¢ , o, and A to be the same
in both arguments of the numerator. Ths integox;ation on X ocan be pere
formed in the denominator, and the result :ls/ }I% (€) d€ eand is
independent of a(@ ,\), which merely displac.eog the curve; its area
remains essentially the samee Let

£ ; L« a(P,\)

Eom @ = 2a(P,))

Eg+ &y = ¢ +X = 3a( f,\)
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and Eqe 3,33, using the same argument es before %to exisnd the nsge

gration limits to $ e , becomes
Ao
[[ Io(\ - xo)[f ;o (EI)T (52 + £1) d&']] a ¢ar

ffﬁo(x- o) amx-[[o.ﬁ (€4) del]

I I

When _IE is an even function,-fl-l- (€)= ..I.I.!. (= £), (whieh is so for the
I o 0

case under consideration, see EQ. 2.22); the term in the brackets is

30 3¢

PH( @) =

st the two oryst? parallel“ rocking curve (see Eqs 3.23)0 So
[ Io (A= A) P (8 - 2a(¢,A)) ) 4 ¢

P(G) =2 7,[ flo —y dk] oy 3436
L

whsre ¥

)'0 2 3’6&2199
@-zaw.x)a{m(e- ¢tan°a>-<x~q =

{X—(x-xo} 2 ten Og

Lot Io(A = Ag) be a spectral line and let the vertical slit jews be

wide enough so that Ig(A = Ag)— O &t the edges so thet the limits
‘ofv integrafion become & 00 , It has also been shown from experiment .
and theory that I (A « Ay) for line spectira of the heavy elements is
e witche The parallel rocking curve is also a witche The result of
the integration of Eq. 3,35 gives another witeh (see Appendix D).

Io(A = Ag) and P(E£3) can be written in terms of quantities used above

™ Io(l - )'o) - s}
L1 =ng)ax |, A xo)?-
S [Y
g | I2
P(&z) = = -
1+(€‘§-§- %“Eﬁf;xg ten 05)° 34 (A= x:é..x)

&
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whereoﬂg—éa—nl‘-ﬁx kS = (8. 4’21:8:105}-5-1:-}%50-5.

30 from Appendix D

MIA!I . ¢MAX. ¢
1 2% L] d¢ o 4
+# a+o 2 29 2 ¢ T ) 5
Bt 1oy Tt o P e o fy
(a +o
Dropping the term in 4% in the integrend
P 226’%&11053 423ten08'g'
0

g8 ) 2

1+m‘ 1+-(-;-%:)-2- 1+.{£:.3.2.
Thus by making the assumption that the spectral distribution of an
x-ray line is a witch, then the vertical divergence affects only the
emplitude end not the shaps of the antiparallel rocking ourve,if terms
in ¢2 oen be dropped, where the orystals are used in transmission and
vthe diffracting planes are normal to the crystal facese The width
of fhe B (@) owrve differs from the Io(A « Ay) ourve by the half
width being incrsased by the half width (g) of the parallsl rocking

ourvase
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PART IV

EXPERIMENTAL APPARATUS

Components of the experimental system are: fthe xeray tubtes and
its filament and high voltage supply, the two orystel speotromster,

and the detector of the x-rayse.

X-RAY BQUIPMENT

The molybdenum and tungsten xerey tubsg used for the determinae
tion of the wavelength of the WKy line were also usod to determine
the characteristics of the two orystal ®parallel™ rooking curves in
thé wavelength renge 0.120% & A € 0.720%. The high voltage for the
molybdenum tube was auppl:léd by & Wappler rectified, filtered high
voltage supplye A Phillips reotified high voltege source was used with
the tungsten tubee

In both the wavelength determination and the diffraction pattern
cheracteristics vs, wavelength study, it is desirable to hold the power
su§p1y congtante Prom the Dushman thermionie emission equation it can
be shown that a 1 per cent change in the filament current can ceuse
a 10 per cent change in the emission current, whioch ghows the desire
ability of holding filament voltege constante The filament volbage
was stabilized by o saturable core voltage stabilizef. This worked
very well as long a8 no large abrupt voltage changes occourred in the
supply line, The expense of stabilising the high voltage supply was
too great to Justify use in this exporiment. Maintaining the high

voltage constant was done manually.
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TWO CRYSTAL X-RAY SPECTROMETER

The suocess in achieving the high acouraoy in tho W« g wa_velength
determination, desoribed in the next part, was made possible by the
high.praoicion of the two crystal x-ray spectrometer duﬂiégno'd and
built by Duond. (16) It has the ability to reproduce angular sebtings
to about 1/4 of a second of are over as large angles of rotation a8
180% The instrument is capable of great flexibility, The instrument
is shown in fig. 6 (pe 45)e¢ The axis of the spectrometer table coine
cides with the exis for orystal helder, pivot A, The axis of orystel
holdér B moves wi'b'h the apeotx;omoter table about pivot A, The axis
for the detector arm and cradle coincides with the axis of eorystal
holder Bs The gears were so designod that when al) four drives are
ooupled together the proper relationship for Bragg reflection is always
satisfieds In this study the detsctor arm and orystal B were ocoupled
togetheres Crystal A is stationary. Thus when a rooking curve was
measured, the detector moved twice as fast as orystal B so as always
to satisfy Bragg's condition of reflection. In the oonstruction of
the two orystal spectrometer, the worm gesrs driving the crystal pivots
wén lapped to reduce errors and the finiil errors in the readings were
‘determined by optical methods.(16) The error graphs are shown in Fige
7 (pe 468)e As the widths of the rocking curves obtained in the parallel
and antiparallel positions are of the magnitude of a minute of arc
and less, it ia seen from the correvtion curves that the variation
of the correction over this range is very small., When measuring 20
to determine Mgy« 1 the ocorrections were consequently made only to

the center position of the cbserved rocking curvese
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ig. 6. Two crystal x-ray spectrometer showing crystal
holders A and B, gear drives, clutches coupling the upuer and
lower worm wheel drives, and cradle for holding the detectcr,.
[Copied from DuMond and Marlow, R.S.I. 8, 112 (1937)]
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The quarts ¢rys1;a15 used in this study were optically flat plates
1 mn thick with the (810) diffrecting plenes normal to the face. Great
cé;x'e w!m token in mounbing the orystals se that no meschaniocal s't:z;aina
would be intyoduced causing curveture of the orystala, This was donse
by & three point support., Small tension springs were used to maintain
contact of the orystal with these three pointse

The proper aligmuent of the speotrometer and x-rey beam is very
important for this precision studys The spectrometer was conveniently
sonstructed so that the £lat top portion (ses Fige 6 (p. 46)) was
maohined fairly accurately perpendicular te the axes of the pivots
A and B, which are very accurately parsllels Thus these axes are
easily made vertiocal by the uas of the leveling sorews on the feet
of the apeeﬁmter and & high sensitive level on the teble tope The
fases of the axyn'tals were made vertioal by the use of a lavel telee
soope with a Gauss ayopim. The éeut:ers of the orystels were then
made to coincide with axes of the pivois A ‘and Be To fasilitate finde |
ing the positions of the orystalas for Bragg reflection of the K&y line,
the zero readings far the orystels, when théir faces are parallel snd
when ¢he x-ray beam passes over the crystal piwots, A end B, was de=-
termined. This was done by estedlishing by means of tramnels and
plumbebiocbs a horisontal perpendioular bisector of the axes A and Be
The telessope of an cptical speotrometer whioch has e Gaugs eyepiece
was then adjusted 5o that ites axis of rotafion (adjusted to be vertical)
wes an this disector, With the belescope pointed ab eash crystal faoe
the angle which the normal to each orystal made with the biseotor was
determineds This was done by rotating both the telescope and crystal
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until thé cross hairs in the Gguss eyepiooce were reflected baeok into
the .t‘eleeoopo. The angle of rotation of the telescope was read and
the orystal rotated back through the same amount to its zero setting,
The xwray tube and slits were then adjusted so that the x-ray beam
passed horisontally over the axes of both pivots A and B,

It is very important that the diffraoting planes shall be parallsl
to their axes of rotation and vertieale In the present Laue or trang. .
mission case with & quarte lamina these planes are not optically ace
oessible as reflscting surfaces, If they are not parﬂlei to their
~exes of rotatiom, then for cach vertically diverging ray a different
setting of crystal B relative %o crystel A is required for the ray
to be Bragg reflected at beth orystals. This has the effect of broaden.
ing the rocking ourves. This faot was used m'th.e proooai of making
the diffracting plenes parallel. The first step in this process was
to take a Laue photograph of the d1ffracted beam from the (310) planes
'vof_tho_ quertz orystals of a very anall xeray target with e narrow slit
" in fromt of the orystal, the film being placed 240 oms behind the erystal,
then to rotate the orystal through 1809 and take a&othw photograph
on the same £ilm, The horisental perpendiouler distance of the photo-
_graphic images from the projestion of the inoident besm (approximately
127 am) and the vertical displacsment of the photographic images (48 mm)
from each other were measured. The angle that the orystal planss made
with 'ﬁ;. vertical axis of rotation was then calsulatede A lever arm
agd tangent sorew oomnegcted to the orystel holder was used to mect
the direstion of the orystel piam-. The amount of correcticn was
determined by use of s telescops and ssals, and @ smell mirrer sttached ,
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to the eorystel holders. The photographic images were about 34 mm
in size and were not sharp, making it péasible t0 locate the dirsetion
of the orystel pleanes only within several minutes of ere., The error
in meking the axes A and B vertical was also of the seme magnitude.
The seoond step was to rum a parallel rocking ourve and then rotate
orystal B 180° and repeat the rune The narrower ourve for orystal
B in these two positions ocorresponded to “bhe cése where the diffrasting
planes for orystals A and B were more nearly parallels Crystal B wes
then set in the position for the broeder parallelerocking curve, and
the directionsof the diffracting plenesof both orystals A and B were
then roteted by a small emcunt, but in opposite direotiona, 80 &g to
make both nore nmearly vertiocal end et the seme time coincide with the
pivot axis. The process was then repeated until the narrowest parallele
rocking ourve wag obtaineds |

The vertical slit jaws determine the r#ngs of wavelengths that
ere able to pﬁaa through the system in the "parallel position® roeking
ourve studies. As the diffraction pattern of the crystals is only
of the order of two seconds of m.v sach ray of wavelength A from the
xnfay tube must satisfy Bragg's law of reflection to be transmittede
Ii‘ the central ray of wavelength A, is Bragg reflected then the ray
of-wavelength A must make en angle &€ with the oex'wra; ray to be Bragg
reflected, where € al‘i;l‘; o 9y ¢ This ie shown by Fige 8 (p. 60)e
At each angle £ a different wa#eleng'bh is Bragg reflected., As the
angle of incidence oquaia the angle of reflsction (@ = eg) 8ll the
reays from a given point Ty at the target focal spot ocome to a foous

at Tl'where 0T, = OTM The defining slits were looated midway between
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the orystal pivots A and B, As seen from Fig. 8 (p. 50), this slit
has an effective image at S'' and 5", The range in wavelengths passed
was determined by the engle that the slit at $'" subteris at T,. The
8lit width was 4 mm and after the width of ths target focal spot wag
teken into consideration the aperture of the detector was made larger
than the width of the beam at the detector.

The vertical height of the detaetor opening was 1 om, The verti;cal
dimension of the focal spot of the xeray t'argot wags 1 om for the molyb-

denum tube and 0,5 om for the tungsten tube, X-ray target to deteotor

= 169 ome So
Ak $2 14 tan 9
0. 710 39,6 x 1078 0.64 seconds of aro
04208 22,2 x 1078 0.10 seconds of are

DETECTION (F X~RAYS

Previous iork wifh this two crystal xeray spectromster incorporated
an 1& chamber and a d.ce amplifier using the Barth circuit as desoribed
by Penieke (17) Sush & system has two dissdventages) the drift of the
deo, amplifier, and ths minimum background determined by the detecting
n;;pmtus itself, This background arises chiefly from the grid lesk
current of the electrometer tube, Johnsen noise in the gzrid resistor
and alpha partioles coming from the sides of the ion chamber, Such
a system for detection works satisfactorily when working with line
speotra, but if points on the (much wealﬁer) cocntinuous spectrum are
desired for study, the background of this detector prohibits 1ts usee

The problems for this study were to inorease the power output
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of the x=-ray tube, to increase thé sensitivity of detection, and to
reduce the backgrounds The power output wes limited by the type of
x=ray tube and power supply aveilables A xenon fil;ed Geiger oounter
 was therefore developed to increase the retio of peask to baskground
roadings. Several articles in the literature have reported unsuoccesse
ful etbempts in oonstructing xenon counters. A Geiger counter aem
desirable becauss .lthere are no problems of stability and the baokground
is external to the detectore It has é nminor disadvantage of a finite
lifetime of three to four months of daily use. Xenon is desirable

in this range of wavelengths as its absorption is considerably greater
then argon and other gases uged in Geliger counters. The counter can
thus be made smell, reducing the cosmic ray background and still maine
tain highienaitivity. A comparison of the sensitivity for the same
presauro of argon and xenon is shown in Fig. 9 (pe 53)e

A crossection of the Geiger tube is shown in Pig. 10 (p. 54).
| It is the usual Bell type counter, but longer. The body is of eoppers
The inside was bored and the corner in the end opposite the window
weas rou:dded to facilitate claaning‘for refillings The 7 mil‘,_ tungs’con,
center oanduetc;r was brought in through a standard EKovareglags<Kovar
seal, which was soldered in place with silver<copper euﬁéctic.. 'i’ho ;
senter conductor was terminated in a amall glass bead. The 1 mil
eluninum window was sealed to the body by & continucus lead gasket
(diamond shape in crossection) between the Al window and the copper
body; pressure on the gasket was maintained by a stainless steel ring
bo],{:ed to the copper body by six bolte and spring loc:k“mhora-
Considersble difficulty was encountered at first in obtaining e
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Fige 9 Calculated absorption of xerays in a 3 inch path of xenon and
argon, both at a pressure of 10 cm. of Hge Assuming that this
ebsorption is primarily by the photoslectric process, thess curves
give efficiencies of the counter for these two gases.
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Fige 10 Xenon Geiger tube and lead housing. Componentss (1) stainless

steel ring demp, (2) 1 mil Al window, (3) continuous lead gasket,

(4) copper plate with 1 cm x 2 om window to support Al window, (5) solid

copper body, (6) 7 mil +tungsten wire terminated in small glass bead,

~ (7) Kovar-glass-Kovar seal and insuletor, (8) copper pumping snd filling
tube, (9) 1lead disk with 1 cm x 1 cm window, (10) lead housing split

in halves along center line, and (11) 6+ 3 inch lead snout which reduces

the solid angle in which the counter reoeives rediation, thus reducing

background, -
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flat plateau in & plot of the counting rate vs. voltage applisd te
the Geiger tube, Cleaning the copper cathode with nitric eeid and
distilled water would result in a\gcod counter when filled with argon,
but not with xenon. About 2«3 per ocent petroleum éthar was used asg
& quench gas,

The following technique was finally developed in which very satige
factory xzemon filled eountefa _ci‘v 10 om pressure and 2«3 per cent petro-
loum either weres obtained. The method of cleaning the tube by baking
in hydrogen could not be used beceuse of the low melting point of lead
and aluminum, The method of ¢leaning used wag to oclean the center
conductor by 8.0. electrolysis with scdium hydroxide, the copper cathode
by beking in hydrogen and the alunimm windew with soap and distilled,

- water, The parts were then assembled as qui&kly as possibdble and put
G e, v system for 24 hourse Outgassing was aided by gentle
. heatinge Such a procedure has always resulted in & good counter with
a 1007 plateau at 1300-1400 volts, end a lifetime of three to four
monthe daily use. An interesting feature was observed that on refilling.
if' only the cathode or ancde slone was: oleaned, the refilled counter
would not éperato. Bach refill consists of reboring the cathode and
replecing the anode, The difficulty enoountered by others in eone
structing & xenon counter seems.to lie in the greater sensitivity of
xsnon to the surface conditions of the cathode and ancde, and also
sccording to Korff£(18) the quench gas must have an ionisation potential
lower than that of xenone |
. The purpcse of the quensch gas is to eliminate spurious counts
caused by photosleotrons and sscondary eleotrons emitted from the metal
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surfaces, Most hesvy organio molecules heve essentially continucus
absorption bands to the ultra-viclet radiation produced in Geiger
counterse They also have & high probability of decomposing when X
oited by this ultra-violet radistion. Thus they sbsorb the photon
prodused in the ion sheath thus preventing a spurious oount, When
the xemon ion xﬁaches the cathode, it may liberate a secondary eleéo
tron whioh can alsc cause & spuriocus count, If & hesvy organie
nolecule fhat has en ionization pofen‘cial lesg then that for mcm
(12.087) is used as a quench gas, an electron transfer oan meoompsny
@& collision botween xenon and the organic molecules chAwhou the
orgenico ion approeaches the cathode it oan oapture an elestron, but
instead of ite excitation energy producing e seoondary electron from
‘the wall causing a spurious oount, the heavy orgenic excited molecule
decomposese Part of the fractiocns in pstrolelm/?g;:r fonization po=-
tentials below 12407 allowing this electren transfere

Ti’xe rs;sponae of the oounter vs, intensity of the xwray beam enter=
ing it is shown in Pig. 12 (p. B9)e In this plot the xeray spsotrome
eter was set for the MoKy wavelength and the log (countaeporatwoe
minutes) plotted vs. number of 11 mil eluminum absorbsrs in the path
of the x-ra& beame |

Comparing the rocking eurves obtained using the ion chamber and
d.0, amplifier to those obtained using the xemon counter showed & gain
in the ratio of peak to background roading of sbout 100 times

A one inoh lead housing end 1/8 inoh lesd enout shown in Fige
10 {p. 54) roduee& the coamic and Xeray background to ebout 20 6spens
Fote thet the small dimensions of the counter make the use of this
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lead shielding much less cumbersome than would be the case for an
ion sharmber setwups

The high wvoltage supply amd the guench eircuit for the xsnom
counter are shown in Pige 11 (p. 87)s The quench eironit is the Nehere
Pickering typse The resistence in the RC ciroult (C is the capacitance
to ground) regulates the time for the charge to leak off the Geiger
tube after it has firedy and thus the time the voltege on the Geiger
tube is held at its threshold value, Holding ths voltage down allows
the discharge inside the Geiger.zubo to bs noutralized withovt pro-
dueing spurious counts, This cathode-follower type cireuit converts
a high impedance line to one of low impedance and thus permits the use
of e long transmission line between the Geiger tube and quench cirsuit
and the scaler. Thé nsgative pulss from the output of the quensh cire
ouit is fed to a one stage amplifier and the posiﬁiva oubput pulsse from
the emplifier is fed to the scalor. The scaler(19) nas a scale of

64 end drives s “Cyolotron Specialties" counters
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Fige 12, Typicel plot of log of counts in two minutes vs., number of
ebsorbers in the path of the beam used for detormining P; (power in the
"straight through® beam). Plots such as th}\s one indicated when the
voltage was too high so that wavelengths of & were being transmitted in
second order reflection for then & plot similer to the aebove would no
longer be a straight linees These also show the linearity of the xenon
Gelger counter over the range of counting retes usede.
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 PART V

EXPERIMENTAL RESULTS (A)

Wavelength Determination of the Tungsten Ky 1 ¥~rey Line.
Grating Spacing of the (310) Planes of Querts,.

Shapes of the MoK« j and WEKx j X-ray Linege

WAVELENGTH AND GRATING CONSTANT DETERM INATION

The wavelength of the tungsten Ko, line is determined by compare
ing with the molybdenum Ky linee The MoK 4 line has been determined
with such precision that it can be considered as the standard for the
S8ieghaln scalees When Bmgjg's' law of reflection is satisfied in the
firet order

A=2d sin @ , 4.1
The Koy notation is thet of Siegbehn referring to the Ke~Ly;; transie
tion. By uging the same orystals end experimental set-up to measure
the glencing engle for Bragg reflection, @, for both lines, the waves
length in terms of the wavelength of the MoKy y line is
_. 8in Byy 1 o
Mroy = Mok EEY e .
As described in prévious parts, 8 can be measured by determining the
engular soparaotion of the centers of the "pa;'allel" and "antiparallel®
rocking ourves of a o orystal spectromster. To reduce the errors
of the worm wheels, sevarai positions of the wheels were useds It is
soen from Pige 3 (p. 28) that orystel A cen diffract the hoam either
to the right or the left by rotating erystael A through 20, For either
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position of orystel A, two positions of orystal B are ponsible for
diffraction in both "parallel” and "antiperallel" positions, which
ere just 1809 aparte Thus there ars two pbaitiona of orystal B when
the beam is diffracted to right or left from orystal A, Using all
four positions utilizes different portions of the worm wheel and so
different corrections for the readings. Such a method reduces the
instrumentaticn error. Each run oconsists of a measurement of the
Rparallel” and “antiperallel® rocking curves. In Pige 6 (pe 45) items
(30) end (31) are welghts attached to the geared wheels to take the
beoklash out of the gears. For sach run crystal B, together with the
detector, was moved somewhat beyond its position for the "parallel"
and "antiparallel® rocking curves and in such & direction that when
returning erystal B to make the setting the weight is lifted by the
erystel pivot wheel. This method keeps 'any backlash in the gears to
e minimum as orystal B is moved consesutively through the "parallel®
and "antiparallel® roocking ourvese

Fige 13 (pe 62) shows typical "perallel™ and “antiparallel" runs
for the molybdenum and tﬁngsten Ex1 lines. ,

Table I (pe 63) gives the results of the @ determinations. The
oorrections were taken from the graph of Fige 7 (pe 46)e

Using the value for the wavelength of the MoKy 1ine(20) ag

Mok . = 707,831 xeu, (Siegbahn scals)

and the angles given in Table I, the wavelength for the WKe(l line

is
’w}:« " m 208,576 & 0.008 x.u. (Biegbahn scals)

Using MNeox «1 above and Suox «1 given in Teble I, the grating constant
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Fig. 132. Typical two crystal spectrometer rocking curve

of molybdenum Ko , line (run No. 2) reflected from (310)
planes of quartz in first-order, parallel and antiparallel
positions. The ordinate numbers on the parallel and anti-
parallel rocking curves give the number of counts in two
minutes. The vertical heights of the rectangular dots on the
antiparallel curve are indicative of the uncertainty o?
counting (square root of total counts). On the parallel
rocking curve the statistical uncertainty is not thus shown.
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Figs 13b. Typical two crystal spectrometer rocking curve
of tungsten Keg , line (run No. 2) reflected from (310) planes
of quartz in first order, parallel, and antiparallel positions.
The ordinate numbers on the parallel rocking curve give the
number of counts in two minutes, those on the antiparallel
curve the number in five minutes. The vertical heights of the
rectangular dots on the antiparallel curve are indicative of
the statistical uncertainty of counting (square root of total
counts). -On the parallel rocking curve the statistical

ncertainty is not thus shown.
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for the (310) planes of quarts is
d = 1177.705 Xeus (Siegbahn ‘scale).
The room temperature during experiment was 22° & 1° ¢, Correcting
to 18° C, the usually accepted atandaéd. by epplying the thermel exe
pansion ooafficient(z?') of 14.5 x 1070 per degree ¢ for expension
norma)l to the optic axis gives
| %Manmﬁmtmmza.
This agrees well with work by Ingelstam who obtaige.xd K'm“l = 208,671 xeue (22)

and d » 1177.6 x.u.(zs)

ERRORS DUE TO INDEX OF REFRACTIOH

When the diffracting planes ere normal to the orystal faces the
index of refraction ‘hag no effect on the ebove resultse For, if AY
and G' are the wavelength and Bregg angle ingide the éryatal, A end
@ outside, and P is ths index of refraction, n\! = 24 gin @' inside
- e bt AEEE |
oxd there results

BN L 2dsin @
Vol :
If now the diffracting planes meke a small angle K with the normel

" to the crystal faces, it is shown in Appendix E that the ocorrection
for A when the angle 2¢ is measured by determining the engular separee
tion between the "parallel” and "antiparallel” rooling ourves is

.6 ain® « }
*]

co X Qol
From the owrved crystal spectrometer work it was determined that

A= 2d sin%g{ 1+

. (23)
&« = 1% thersfore cos o ~ 5 S sin?x = 3,04 x 10"4 and 6=3,28 x 10’67\2
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(when A\ is in Angstrom units)e

For the WE., line
A =24 .m%‘;{l + 4,14 x_m'l-;g

For the MoK,y line

A= 2d am%‘; {1 + 6412 x 10"1°}

The error dus to the index of refraction is negligidble compared

to the experimental error. |

THE ERROR DUE TO VERTICAL DIVERGENCE COF X.RAY BRAM

As shown in Part III the vertical divergence introduces no error
in the parallel position. It has been shown experimentally by Allisan(15)
that for ¢ in the range 4 x 1075 0 1 x 10™% vertical divergence has
no appreciable effect on position and shape of the entiparallel rocking
ourvee The usual practice is to keasp .%.2. tan GB equal to about 1/2

second of arc or less (see p. 51).

SHAPE OF THE Koy LINE FOR Mo AND W

It was shown in Part III that the shepe of the rooking ourve

in the "antiparallel" position was essentially that of the spectral
lines Egqe 3.3% shows that if the vertiéal divergence in the x~ray

beam is small, then the antiparallel rocking ocurve will be a witch,
provided the spectral line amd the parallel rocking curve are witchess
For & perfect crystel the theoretical parallel rocking curve is essene
tially e witch, but it is also so narrow comparsd to the line width
that. it will have a small effect in distorting the shepe of the spectral

line. A test of Ege 3,37 was made by plotting a witch on top of the
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experimental entiparallel rocking curves for the runs in Table I
(po 63), using the half width and peak values of the experimental
data (two of the experimental antiparallel rocking curves are shown
in Pig. 13 (p.' 62))e The calculated curves of a witch fitted very
nicely the axperimental points. It is thus ocnecluded thaet the shape
of the spoctral lines of MoKy and WK 4 are essentially that of a
witch,

The width et half maximum is used for comparing line widthse
The width of the spesctral line is very nearly the difference between
the hallf widths of the antiparallel and parallel rocking curves (see
Eqe 3.37). These resulis are given in Table II (p. 67). Wo*rand Ww
are the full widths 2% half maximum of the antiparallel and parallel
ro'cking ourves. The conversion fram angular rotation of eorystal B to
wavelengtns is obtained from Eqe 3.33. The wavelength that will be
selacted by both orystals for a particular setting @ of crystal B
will be that one which will make both arguments im the numsrator zere
in Eq. 3.33, thus L/ T tan €5, neglecting ¢2 termse

Compton and Anison(M) PPe 7422748, in a sumery of data give
"AX for the line width of MoK,y 05 Co29 Xeus and A\ for WExy @8
0e15 xeue HMost of the earlier measurements were made with calcite
whose dispersion is about & third that of the (310) planes of quarts
and whose parallel ”ocking curve widths are usually 3 to § times thet
of the guartz ussed here. From this consideration the results given
here should be closer to the trus shape of the Mo and W Ko 4 lines

than any of these earlier workse
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TABLE II

K 3 line widths at half maximume

MoKy W, W,
QW °H
antiparallel parallel : WQH' = %oy
Run Xo. (sec, of arc) (sec. of arc) (sec, of arc)
1 48,8 303 4565
2 4869 3¢5 45,4
3 49,3 36 B 45,8
& 48,0 2.9 45,1
) 5Ce 4 37 4647
6 49,6 4,0 45,5
7 48,0 3 7 484 3

Average wvalue of the full width a% half meximum for the MoK« 1
line = 4806” * 0.3"
= 0,248 3 0,0017 x. ue

WK

1
"oy "o, W, '
antiparalle}l parallel € = Oy
Run No. (sec, of arc) (sec, of are) (sec. of arc)

2 87.4 268 24,6
3 27.1 2.8 24,5
4 27.7 2.8 24,9
& 27.7 2.6 2601
6 294 3.2 ' 26,2
7 29.4 2.8 26,8

Average velus of the full width et half meximum for the WEx 1
line | = 25,3" & 0,33"

= 0143 s 040018 =xo uo
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PART VI

EXPERIMENTAL RESULTS (B)

Comparison of the Theoretical and Experimental Diffraction

Patferna from the (310) Planes of Quarts.

In Part III it was shown that the rocking curves obtained by the
two orystal spectrometer in the "parallel®™ position depended only upon
the nature of the two orystals and not upon the spectrel distribution
of the redistion, or the height or width of the slits defining the
xersy beam, It was shown thers that there is a difference in the dif-
fraction pattern for the normal and paraj.lal polarizations., In this |
study the detector measures both polarizations aimiltaneéu'sly, so the
parallel rocoking curve camot be unfolded to obtein the single erystal
diffraction pattern, If only one polarization is econsidered, it is
sti1l impossible te obtain from the two orystal parellel rocking curves
the single ctyatal’dirfracticnlpsttern. It wés shown by Laue(11) that
if the two ecrystal "parallel” rooking curve P(B) is symmetriocal [('b = .l)
for plenss paulloltto the orystel face ] » then only if it can be as-

' uinno’d that the single orystal diffraction pattern is symmstriocal, is
1t possible to find the singls orystal diffraction patterns by an unw
folding method such as the use of Fourler Transformse But this ase
ompéion defeats the original purposees For the transmission case and
the diffraating planee normsl to the facs (b = +1) the situation is
worse because P(@ ) is not symmetrical unless the single crystal dife
fraction patterns are symmetricale This arises from the fact that

save for the median ray the angle of insidencse on the orystal planes



is not equal to the angle of reflection (see Eqe %€, From EQe %.43

p(g)n'“ > = 6.1

— o0
Ig Iy
_w-i;-(e)-i;(e -&)dE
P-p) =

/‘-ff‘-(e)de

Only if Io H(g) = Ii (=€) is P(@) P(«@)e It is, therefore, nocese
sery to compare the two crystal “parallel” rocking curves calculated
from the singlé crystal theory with the experimental rocking curvsese
This avoids meking assumptions about the inaccessible single orystal
diffraction patterne

The two orystal "parallel" rocking ourves arc "normelized” by
dividing the measured curve by the power incident on orystal B. The
properties of this "nomalized" curve that are compared with theory
ares R, the area under the "normalized" ourvey P(0), its peak value
and Wy, its half width at half meximum. In Part III these quentities
were derived from the theoretical single crystal diffrection patterns
given by Eq. 222 for the particuler set of quartz plates used in this
studye They are:

o¥o al FH|} A 1+ 008° 20 + E/oz (1+ cost 20g)
Re ¥o g 8.2
° {'—5 2 g 1+cos 265+ joz (1« eosf203)

6.3

oo, [(1+cos 268) +3 47 (1+cos'3 20p)
P(0)e i o
(1 + cog 205) +jo"' (1 + coa 203;



2(1 + 4,2 costoq ) z

& 24 o \FH\
o= 2wg & {—=— 57— ©°°s ez A - 1
® u ‘n;f : 1+ 2/02 003405

where 1 o is the term due to the contribution from enomaloug scatbtering

2 |Fy|
jo'°[°§-rr‘ i to“?&)"—ég

6.4

mo®
and ¢ is defined by Eg. 2.18,

The results of the calculations for these three quantitiés are
tebulebed in Appendix Fo It is shown there that £ % is negligible
except for A = O, 7102 and A = O, 5302.

As will be shown in the results, the charascteristics of the
“parallel®™ rocking curve mey very by as much es 30 per cent depending
on the particular portion of the crystal testeds In arriving at the
theoretical "parallel® rocking owve it was essumed that the diffrace

tion petterns of both crystals were identical. For the case where they

were not the sams and for onl;g ong polarization

A
/-Ig-(é)-gi(-e-e‘)dc

P(@}w~‘°'10 oo IA
f -ig-(e)d_e
0

where Llhe supersci*ipta refor to crystals A and Be If the bean is being
rei'lected from different parts of the crystals for each wavelength
setting and the diffraction patiern varies from point to point on the
crystal, then a study of the P(@ ) curve vs., wavelength mey be mise
leading. The v&riation in diffrection properties of the orystael from
point to point mey overshedow the wavelengfh trende |

The section of the crystals directly above the pivote A end B
and at a hoight defined by the vertical slit system was chosen to be

studied ag a function of Ae The x-ray beam was approximately 4 mm



o7le

wide and b ma high at crvsbal B, Adjustmert of the spectrometsy so
that the diffracted beams vassed over the desired points waes accome
plished as follows: The horisontal defining slits S (ses Fige 3 (p.
28)) were sot so thet their center was on the line joining pivots
A and By over pivot B was suspended a plwumbebob by a 1/2 rm lead wirss
Fhotogrephs were teken of the Ky diffracted boam from orystal 4 just
after passing through slits 8 and then behind the lead wire which ls
directly over the exis of piwvot Bo This gave the pesition of the beam
with regpect to the speotrometore The relative positioﬁs of c:ya%&l
A and the spectrometer teble were then adjusted until the boam passed
over the two pivebs A and B %o within e 1/2 mm, Thua to seleot a wavee
length on the continuous spsotrum the gears of the spedtrometer table
were coupled to those of crystal A so thet the table moved twice as |
fagt ag crystal A, and orystal A rotated to & new position with respect
to the incident beam, The new setting of crystal A relative to the
setting for the Ket; line gzawe the wawvelength of the central ray for
the new settinge

Béoausa of the horisontal divergence of the beam defined by the
slita, radiation passing through the spectrometer is not monoshromatic.
Thg spread in wevelengths for points on the continuous spectrum was cale
culated by using Bregg's lew and the mwasured horisontal divergence of
the besm a8 shown in Part IV and Fige 8 (pe 50)s The slits were wide
anough to allow the K,y o doublet to pess, As the intensity of the line
spectra used was 8o much greater than neighboring points on the conw
tinuocus spectrum, the spread in wavelengthe for the Kd], line tabuiated

ig just the doublet separatiocne
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The techniqus used far measuring a "parallel® rocking curve was
as followss The wavelength wes selected as given aboves The "window"
ourve of the counter was then measured. This was done by moving the
counter, which rests ir the cradle of the spectrometer (see Fig, 6
(ps 45)), and cbgerving the counting rete; first, with orystel B set
near the "parallel® roeking ocurve peaks and, socond, with orvstal B
énly e few secords bsyond positiome for eny diffraotion. This locates
the positions for the counter when measuring (1) the "parellel® rocking
curve and (2) the "straight through" boem needed for "normalizing” the
curve, The "straight through" beem is the incident beam on orystal B
less the absorpbion in orystal B,

As the maximum sounting rate of a Geiger counter and sealing
oiroizits is limited, the power in the "straight through" beam was
measured by extrapolating a plot of the log of the counting rate vse
the number of ahsorbers in the incident beem (aeieéted %o have the

same thickness) %o zerc absérbez'se The orrors in this extrapolation
are increased as the power in the "streizht through" beam is increased
bescause the disbtancs of extrapolation bsocmes longere But the errors
in measuring the rocking curve are decreased on increasing the power in
the incident heeme It wes found that the least error would result when
the imtensity of tho "straight through” beam was adjusted so that the
extrapolated point for no absorberaz was chout double the maximum value
the detector was capable of hendling., This latter value was usually
around 7000 Cepome

For a given run the power in the "straight through" beam was

measured, then the parallel rocking ocurve, and then the power in the
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.izicidenb bean again measureds Doubling the points in the "streight
through" beam determination helps make the "straight through" beam
extrapclation more accurate, and algo indicates the stabilibty of th
xeray gource during the rune See Fig. 12, p. 59.

For each wavelength several runs were made for the two possible
"parallel” positions of orystal B Let one be called (8510), then &
rotation of 180° pives (B10)s As the "straight through” beam multipiied
by o o“:o is equal to the insident beam on orystal B, measured quentie

oto Loto
ties RSy, and P(0)e Yo ocan be comparsd with thecry without dstere
mining the true absorption of the beam in passing through crysial B,

Fige 14 (pe 74) shows representative "parallel™ reckings at five
different wavelengths, A typioal set of calculstions that were mede
for emch "parallel” rocking curve measured is shown in Appendix G,

The calculated results for the observed "parallel® rocking ocurves are
tabulated in Appendix He

In Table III (p. 76) vhe average values {rom the experimentsl
rogulte are tabulated with the caloulated grantities derived from Eqs.
e, 645 and Gese The rosulis for Re o‘:o vSe A from bo(;h theory and
experiment are plotted in Fige 15 (p. 76).

As the diffrcetion patterns are very narrow, it was difficuld
to determine the peek value of the curves accurately, The smallest
interval of angular rotvation of orystal B was 1/4 sec. and as the full
widthl et half meximum was two seconds amd less the peak position did
not always correspond to angular setting of orystel B, The veriation
in determining P(0) was sometimes as high as 10 per ocent, This did

not affect tho half width vory much az the sides of the curve are
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relatively steepe The arca was measured by a planimeters Five de=
torminabions of the eroa were made for each owrve with & "probable®
error of less than 0,37 per cexte

The date in Table IV (p. 78) show that moving the x-ray beam 6 ma
along the froe of orystal B ocan ohange the characteristiocs of the two
oerystal rocking ourve by as much as 30 per cents Reforring to Fige 15
(p; 76) %he wo points for A £ 0.253 wore determined with the tungsten
xw-ray tube. For the three points A ) 0.26% & molybdenum tube wes usede
The imability to adjust the diffracted beam so thet it passes over
exactly the same points of both crystalsi and B when elther xeray tube
was used may aagom!; for the irregularity belween these two sebs of
datte

Prom Pige 16 (p. 78) it is scen that the measured integrated re-
flecting power for thsese orystels does not decresse as fast ag that
predicted by the theory. Reforring to EQs. 8.2, 6.3 and 6.4, the terms
in the brackets are due %o the anomalb&w disporgion and the effect of
the two 'erystal speotrometer on the single cryatal diffrection patterns.
In Appendix F it is shown that the numericel value of these brackets
is very moerly equal to unity. Thus the integreted reflscting power
a3 measured by the two orystel spectrometer is essentielly that of e
single crystale

In Part II it was shown that for a mosale orystal of smell bloocks
whose dimension g < 3.0'3 om, the integrated reflecting power should
decreass with wavelength eaccording %o hg. This is ncﬁ: the case heree
In Table III (p. 75) it is seen that the results from theory and experi-

ment are fairly closs for A ® 0.7104 but for shorter wavelencth, the
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results ¢f the perfaect orystal theory for tho integrated reflecting
power and half width decrease more rapidly then the experimental ree
sults. It is also noted that the values of the normalised peaks of

the "parallel” rocking curves are lower than the calculated values.

These fects might be explained by a structure in the orystal come

posed of fairly lerge dlecks whose anguler deviation is very small,
For the long wevelengths the width of the diffraction pattern for a
perfect orystal is largsr than the engular deviation of the blocks,
end the orystel ag a whole actz very neerly like o perfeoct crystal.
‘For shorter wavelengths the width of the diffrection pattern approaches
the seme magnitude &8 the angular deviation in the orientation of the
blocks, Thus the resulting width and intesrated reflecting power would
not deorease es fast as prodi&bed by the theory of & perfect crys‘bal
for the pattern becomes dominated by the anguler devietion in the orien-
| tation of the blockse Tho peak of the curve is thus lower them predicted
by theory as the diffracted power is spread over e lerger angular rengse

© 8uoh & structure would also indicats variation of the "parellel”
rooking curves from point to peint on the crystals and also slight
irregularitiea*‘ on the side of the parallel. rocking curves which were
observed to chenge as the boam was moved to }d'ifi‘erenb perts of orystal
B |

The resulis of this experimsnt show that the inbegroted reflecting

powsr and half width of the diffrection pattern for the (310) planes

of quartz are not proportional to the first power of the wevelength aas

*Jubsldiary refleoctions werc &180 observed symmetriocelly placed
cbout the (310) parallel position rocking ourves., A study was made
of these reflections as a funotion of wavelength (see Appendix I),
but et present they are unexplaineds
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prediocted by theory but are proporticonal to a pmé of the MIBngth
slightly less than unity., These resulis are entirely different from
thows found by David & Lind{®) who observed thet the integrated re=
flecting power for a cryatal, cut from the seme block as the two used‘
‘here, but in the stressed condition es found in the ocurved orystel

gamma ray spectrometer, decreased as N
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APPENDIX A,
Tho following celouletions for the volume of the unit call and ths
_ factor ‘
structure/for the (310) planes of quartz used the orystal structure data

from Brill, Bermann, end Peters(25)

& Volume of the unit cell,.

Quartz has & hexagonal orystal structure with the unit cell as

123
|
|
|

A
\
«

Ay -aa
Y

L

a,..

V = (ejapeg) = “1‘2‘8[ l+coscl) 008X 5 008 3 = coszo(l -cog,‘a_gogys:l—é'
8y = 8y 4,908 &
ag ® 5,393 &
%1 = 4(52.35) - 900)0050(1 W)
g = X (d),8;) = 90%,cosXp = 0
°(3 € 4(%.‘1) = 1209, cosX g = -—%

32
g

fhe

V= (44908)2 x 5,393 [1 -
veuz

‘be Structure factor of the (210) planes of quartse
(Terms due to snomalous digpersion not included here)

P = Sep o2 (B Fy)

ok zf}?: ez'z‘:;(hlxl + hpxo + hzxz)
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fg is the stomic structure factor (no snomslous dispersion) for the

kth atom of the unit celle The position vector of the kth etom is

: e = x3f)+ xp83 4 xgds
and By = hyB;y + haby+ habg
‘Using Bj*dj ® 835 and (hihghg) ® (310)

Be®y = 33+ 1xp+ Ox3

The unit c¢ell conteing 3 Si atoms end 6 O atomse

so Fg ® 3 2‘31 2 TLBxL+xg) | 2 2rrildn)+35)

X1, X2 X3 wore determined from Brill, Hermsnn, Petors(25) datas

ue 0.465‘.1‘.005
x 8 04415 +,003
y ® 06272 +,008
z ® 0120 +,002
" a8 shown in the following tablese

For the 3 Silcon atonss

2a By
Atom Noe x1,Xp,%3 x xp Xg Bped, (in degrees)
1 éu.o.o) 0466 O 0 1395 142°
2 4,3,1/3) “0e465 <0465 o333  =1,860 . =309,50
3 (0,u,2/3) 0 04466 4867 04468 1679
For the 6 Oxygen atomss | .
K - , - 2¢r By 3y
Atom Noe  X1,%p,X3 x] xp xg - Byery (in degrees)
1 Xo V2 0e4lS 06272 04120 1517 1860
2 V=E,%,1/3 2 =0e143 =0.416 04453 «0.844 =303 659
8 Fox=y,2/3 8 =0e272 0.143 0,787  0.673 -2420
4 =y, F,8 Oeldd 04272 04120 0,157 56459
5 VoXy2/3wg 00272 04415 0,547  1.281 83,10
6 R, y=X,1/8 = g =041 «0,143 04213 ~1,388

T2 BB 53 oo (2 BygeRy) +A(sin 2 BpeRy)

“159050



=35
For Sits

_Atom Noe Cos(2 ﬂiﬂ.-ﬂs) sin{2mn EH'—ﬁE)

1 =oT788 «616
e «636 o772
3 o974 0225

Sai o2 T1(aRe) o 1) 10641 1,613

For Oxygen: -
Atom Foe cos(2TBgeR,) sin(2w Byemy)

1 ~e 996 =105
2 «552 834
3 - 0460 - «B83
4 «562 <834
5 ¢120 #993
6 -e 766 =643

2o ST R & 11,006 +1 20776

From Compton and Allison(m) Pe 781
£33 ® 6489
rg = 2,73
Therefore
Fg 8 «10449 +i1 18.68

‘FH' = 214
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APPENDIX B.
Caloulations of the Fourier Coeffiocients VH' and 'LV'H“. See pe 16

of texts 5 .
Vgt - AR2 1 T (e eaf )Tt P

muzv

From H5nl{8) the values of 2 £ and 2M for the K shell electrons are
: 7. ~41q4.2 w2 53 lex
2
2§:K= ; \4:: ].n]l-?g‘rL_)s(Z 4 X ln‘ \ }

279"'4 478 - xB

2Mg 5 \Ti-a)2 Ti-ap

where x ® X% The oritical absorption‘edges for the L, M «== otc, shells are
8o much greater then the wevelengths used that the anomalous contribution
from these electrons is neglecteds Using the results of Honl the

following table was oamlculateds

AB == emg 2Fx =N x 2

«710 00108 040670 Q6091 0.0302 «00608 0121
530 " 060787 040376 00063 0002256 " #00352 o052

0320  0.0476  0,0139 00,0136 +00124
211  0,03183 0400590 0400898 4000525
.123  0.,0188  0,00252 0.00528  +000224
51(A = 0,276, Mg = 6,752) o(a® 0430, Ay ® 23.58)

Sumning over each type of atom glives

gt e - 4ne? 1[2781? ELEICIL W 2’(02_

mWwa v

avi(ﬁn';k)]

Y L | [a-t-i'b
m Wot ¥ ]

The summations are celoulated in Appendix A.
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NR) . b o x108  x=x16® Xx 10t
710 =0.0815 0125 6498 6499 - 4848
B30 =0.,0485  0,0708 3,90 3,91 1603
2320 =0,0169  0,0237 1435 1436 1485
o211 =0.00717  0.0110  0.618 0.618 04376
J128  =000296  0.00488 04259 06260 040676
Where |

W, ' - 47102 1 (-10449 +1 18.68); ¥ terns neglected compared to
m woz' V

¢ = Var Vg + Vo U/
'k

W;”|

-W:I/

|

Ro
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APPENDIX G,

Relationship between the angle of scattering arnd the angle;gncidenca
for an x=-ray beam diffracted by a orystal with plane parallel faces,

‘The siﬁple laue symaetrical transmission cas; is given as an
examples The condition f&r constructive interference inside the crystal
when the incident beam deviates slightly from Bragg's condition of
reflection is given by Laue's vector eguation

€y =G+ By

where §, and @ y (the inoident end diffrected wave vectors inside the
orystal) do not necessarily meke the same engle with Bge Let the
incident ray outside the orystal make an angle © with respect to the
“diffraction planes (for this special case the normal to the face of thé
orystal and the diffracting planes are parallel), The sosttering angle
is measured with respect to the orystel planes at the emerging face.
The corresponding angles & and g, inside the orystel, ere measured

similarly; see the following sketohs

The angles of incidence and seattering are given by

Bye @ & Bpefo+ BeBy

@r bin &5+ (¢ sin ol » By
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For the symmetrical Laue case Bp = 2 k sin 8p, 8y is msesured

outgide the crystals ko is the magnitude of the wave vector cutside
the orystal, and is related to the wave vectors inside the orystel Sy
tho indices of refrsctiome. The index of refraction is not necessarily
the same for the incident and diffracted waves inside the erystal when
diffraotion ocours (see Part II).

"Bp Tk, (1+8g)

o 3 kg (1+ 8,)
So (1 + 8g) sin 8 + (1 +8,) sin 6'® 2 sin &y
Using Snellt's lew

| Koe 1y 8) e 802

gin 85 + sin €@ » 2 sin O3

OR | 2 sin 82,29 oos Le.a,z;ﬁ).t 2 sin Op

aropping (9 = 9)2 torms _ ;

‘ sin -‘Q&%‘—g}- 8 sin 6p
or B ® 205 = 6
For the genseral case where the diffrasting planes making some angle with .
the normal to the surface of the corystals Zachariasen(s) glves for 64

' s = 6g~b (0 ~ 63)
b 15 defined in Part II; b ® +1 for the diffrasting planes normal to
the surface end b » =1 for 'chga planes parallel to the surfaces
The angle of incidence is equal to the angle of scattering §n1y

whon § =@p or b ® =1,
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APPENDIX D,
Fold of two witchese

The problem is to integrate
: (- =]

U y) f £1(x) ¢ fp(x-y)dy
where £i(x) = I_l ~”l fg(x) s _I2
L% 1 ==
‘a7 TZ

I(y) = IlIzazbaf L * 1 dx
a%+ x@ b
+ (xo=
S EE

(4

= I3Ipa%b? f Ax+ B cx+ D M ax
al+ x4 b2+ (z—y)
ad - -]
whore A oo B

B - ’ b2+§2 o ﬂ?'

b2+a3+y2] 2 . 422

C gy2 = (b2 - 82)
il [ba-f-ai-ﬁ-)é—]—z - 482b8

202) A 1 V7 B Cy . D
I(y) ® I;T,e%%¢ A 1n __8° ._ Z

- 00
® I;I,0%02 {O(for y finite)+ [%@%L,;%]n}
Substituting for B, C, and D,

i(y) = I1Ipab 'L

2
&40 1"(;‘..‘.1{}

The fold of two witches gives another witch, whose half width is the

sum of the half widths of the two witches folded together.
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APPENDIX E.
Index of fefraction correction to B;-a z's iaw.
let the diffrao‘bing; planes make & small angle with the normal
to the oi'ystal faces as shown in the figure belows. The angle betwsen
orystal settings for Bragg reflsotion in the parallel and antiparcllel

positions for the crystal x-raey spectrometer will be (81+8p)

- i e

Ro M
N gf/'“
ol

; Ki.reotion of (310) planes with respect to
orystal faces.

¥hen Bragz's lew of reflection is satisfied inside the erystal
A& 24 sin @' Eel
The index of refrection is related to the wavelengths and sine

of the angles 6 and @ by

- A 5iné
N 8‘.7\'_.'l----------snley Ee2

ed cosgs 2028 (1 - £)
From Bqe Eel 87 is related to )\ by
A= uX ® 124 sin 6" ® u 24 sin(@~)
where o' = e+« |
A\ & 2d [sin gcos + cos§,sin o(]/i,-u
Miking the substitutions from Ee2

)

A=2a[ sin (err-():){ 1 - £ sin )} Ee3

)\' 24 | - 8in®q cos™ 4 s8ine( co8 8y (1 =
[ % T 14 cos? 81

cos 83(sin(81+«]
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The relation connecting 85 and X where
g = Q 2 = «,is similarly

® 2d ein(0o =)L 1 sin
A= 24 sin(e ){L AR Bed

Adding Bgse Eed and Eed gives

2\ = 24 {Biﬂ(éli‘*) + 811’1(82 -of )-\- 8 ginec(. 1 -1 )}
cos 8g cos 93

)

2h=2d {2 SinMcos(el - 9
2 2

letf =

Ssina (cos 87 = cos B2)
+ s
cog%0

81 ~ 82

6 + 8
sin  gin L T 72 g4
2>\-2d{zsm3“.2_.9§.cos (¢ +) = 29 S = sn¢}

0o8® ©
A® 2 ¢in 81+62 Joos ($+) - § sin X sind EeB
2 cos? @

From the figure
82 == 8, +

or cos(Bz = o) & cos (€1 +). Expahding; and using

cos ¢ g/—i—eos e Q- co&;‘!;z 8)

008 Bp cosX +s8in@ o sin« = cés@l voseX = sing@l sin

cos
~ sin 8; sinX

éoae 1.8 cosX + sin €, sindk ® 8 (1«2 cosX
2 ( m) o sin cos &) ( —TEI)

cos 8, cosol4sin By sind = § cosd mcosgeos o - 5in®, sind=- LcosX
cos 92 d cos 8

cos 8g cos ©

= cos(8g -d)+eos(91+&) t-§ coso([-—-i—— - --:-L--—i—‘k

2 sinm sin (ﬁ:—?‘-‘-d) = (-008 82 > OB 91) cogeX
2 2 0845

2 sin 89+8, 8 = 0
: 8in _-2_.....;
g sin &1 *;92 sin (e'; & 4ol ) 8 = cos 2 2

0088 e
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Seo sin (P+) & « § o058 sind
cos®

-§ 008X sin ¢

8in @ cose¢ +c089 sinx 3
¢ 4 cog® 8

sin (cosxX 4 008%) = = cos P sinX

Mo co8® 8
U
$ = 10;4small,cospx 1
80 8
sindo « anel(1 - S ' Eo6
4’ ¢ cos8 9)

coa(P+e< ) ® {_1 - gin’ (4’4"*)}é s 1-%3-’{-—?’%‘-’-‘-% %o (1-88)24....

2
coa(P+) 1 - § goset TanZol EeT
cos? @

Substituting Egse EeS and E«6 in liqe Be7 gives

=) ] ;
A ® 23 sinf 1:92) {1+5_§£*..:‘!.. } Ee8

cos cos? ©
a3 Bragz's equation and the correction term due to index of refraction
when the diffracting plenes make a small angle ® to the normal 4o the

erystel faces.



APPE.NDIX Fo
Jeleulations of Re:’i?%2 ” P(G)e xo » Wg from the theoretical
results derived ia Part III.
| Atomie and crystal coustanbs used ares
;_:;. = 2,82 x 1013 ome
d = 1,177 x 10~8 cms  (310) lattice spacinge
|Pgl = 2144 , structure factor. -
V = 112 x 10724 om®, velume of the unit aell.
to = 0410 om , thiokness of the orystal plaetes.
ae HAnomaleous scattering contribution term
Ly» ci(k = 1) |
¢ has been calculated in Appendix Be

ARwl)® (%2 '%‘*A;ﬁ"@g B 53,5 5_0%—55

}\(2) cos 6p AKX w 1) e x 10° fol cA(K & 1) /Z,a '

+710 964 = 39.73 6498 0277 0,0767
«530 974 2901 3490 0113 0.0128
«320 0991 17.3 1,36 0e0234 06000647
211 0996 1l.18 04813 0.00688 "~ 040000471
123 | 4999 660 0259 0.00171 0,00000292

be Integrated reflecting power as measured by the two orystal specirometers

93 4 1Fgl N 1+cos® 2e§+z,€,a (1+cos* 2 &p)
moe 2 cos 8g | 1+cos 2 O + 0,2 (1+c0s5 2 6p)

' 2
140052 205 +2 £,(1+ cos® 2 6p
let £plo ) P
ot r(0p,4) [1 +cos 2 8 + 1,‘(14-00352 ep

2 g
o2 .L.ﬂ_} 81745

md



“90" .‘tb

NA) soseg  fplesd,) Re' ¥ x 109

710 #9504 - o877 2430
«530 974 0964 1.66
«320 «991 «980 1.00
«211 «996 0984 0.657
0123 *3J98 2997 0.389

Ce Ratio of the peak of the two orystal "narallel™ rocking ourve to the

power of the beam incident on erystal Be

pote
P(0)e ¥» w % |1+oc08 E3+3/4 25 (140083 2 eg)
l1+cos 2 85 + 42 (1+oc0s® 2 op)

« 3 £p(dp. L,)

Keote
NR)  fpleg,4)  P(o)e ¥o
o710 +987 «248
«530 0299 02498
320 1,00 260
o211 1400 «250
® 123 1000 .250

Se Half width et half meximunm of the Hwo crystal perallel rocking curvese

4,848 17'5;2 v 1+2,¢,cos463

8 geconds of are

- 201+ 2% (oot &) .
Let £, (65, £,) s[ P T 1

Bl

2& ea E » 403
M m?

}\0&) cos 8p &(eﬁl jo ) WA( 889 )

o710 + 964 «942 +530
330 o974 «990 o424
330 991 1,00 264
o211 598 1,00 172

J128 .99 1,00 «103
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APPENDIX Goe
}‘oto /3’-&
Sample saleulations for Re ¥, , P(0)eo ¥ , and Wg from the
oxperinontal detae

The two orystal "perallel"” rocking curves were plotted on large

millimeter graph paper (75 cm wide) with the definitions as follow:

A ® erea of "parallel” rocking ourve in om®
M & gounts/min per om (ordinate)

¥ 8 seconds of are por cm (abscissa)

Py ® counts/nin in "straight through" beam

1 secénd of arc ® 44848 xz 10"0 pediens

Then ' HheZo AxMxNx 44848 x 10=6
Re ¥ #
Py
om? x counts 1 x sesonmds of arc x radians
s mn em om seconds of are
counts/nin
& rodians

" Por the first run, Noe. I, Position I of crystal B, in Appendix G
il = 200- Qomrbe/awa win per om
N = 2 seoonds ol urc/om
The area wes mossured with a planimeter. ' Its reedings read twice

the areas

Arpa measuremnsnts

jpind‘
Run Yoo aa a :;12' +378 £

2
1 TT e 0y
2 T7e5 21
3 78 ol4:
4 7900 «98
& TCed 014

3904 1.58 873X 0.25 m 4216



v
iverage 2A B 78,00+ ,28%
A ® 33,04 cm t +28%
Fro: Fige 12,71.59 , By = /é0,0DO CeDelme

From the “parallel® trocl:in:g; curve
Holte

P %, = 5054=80

(0)e ¥ ._.P.i.._

Po(0) = 2497+ 60 ® 2557
UHT

Moo
Re %o ® 2,52 x 10™8 redims

4
P(o)e&rf 8 ,167

Ws % 1,10 seconds of arc.
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£PPENDIX He

K RESA

s oo ott
Experimental results for Re ¥ , P(0)e ¥ , ond Wg,

Position 1 of ecrystal B Position 2 of crystal B
(.310) ’ . (310)

Run Aste hoCoO HAelo

Noe A (X) Reﬂ‘ 106 P{O)eﬂ 2 Ualseo) Ro %106 P(O)eﬁ%’; Wig{sec)
1 .7102,0020 2452 0167 1,10 2485 0164 1e3
2 2e64 o177 1,10 2689 0157 1025
3 ¢530 ': 00074: 1,97 137 1.05 ' 212 2136 162
s, R 24086 ¢130 1635 2611 «136 1,2
5 ¢320 1.0076 1,54 0115 1.2 1,58 111 lel
6 1,46 «116 1.0 1,43 2110 0495
7 #2111 ,002 1420 0118 «85 1,54 «123 «86
8 1027 1114 «85 1669 0122 101
9 1033 «123 73 1,65 0131 0.8
10 1.38 0136 0e70 :

11 ,123 £,0084 0091 +103 070 087 «910 0e75
iz . 0481 o115 0480 1,21 087 1.00
13 Qo094 «127 0650

Experimentel results of moving the diffracted x~ray beam from
orystal A to differsnt positions on orystal Be A = «7108%, Ad is the

horizontal displacement of the beam from the exis of orystal Be

Position(l o§ crystal B Position 2 o§ orystal B
,3 O ,-—’-t‘ ‘t‘ 510 -t‘
Ad(mm) Reé.‘P(o)e . _lig(ssc) Ree'z?aéP(o)e%s Wg (so<.
3 2,40 o177 Ce 90 2,856 108 1.2
3 2482 «172 1.10 -
=3 3436 «188 1445 2462 #1855 148
-3 3e22 0185 1.5 244 L1562 1.2

-1 2044 «160 1,25
"1 2051 0159 1.25
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APPEEDIX 14

Qoservetions on smltiple "parallel® rocking curves.

During the process of finding the parallﬂi positions of crystals
A and B for the (310) planes, it was observed that for a given wavolength
condipions for diffraction oocurred for several positions of crystal B
®off parallsl® from the parallel setting for the (310) planess Thess
"off parallel” roeking ourves were symmnetrical about the yérallel
. rocking curve for the (310) planes, (let us call the center position),
that is, if one "off parallel® rocking curva.was found at a certalin
- angular rotetion of crystal B from the cenber position, a similar
"off parallel® rocking curve would be found by rotating erystal B through
the same aengle from the center position in “the opposite directions When
two "off parallel® rocking curves occurred on one side, the second was
at twice the angular rotation of orystal B from the center position es
was the first "off parallel®™ rocking ourvee The third was just three
times; etes The number inoreased as the wavelength decreaseds.

'“The amazing part was that on rotating either orystel A or crystal B
through 1800 the angular spacing bgtﬁeen these "off parallel® rocking
ourves chengede. For one combination of orystels A and B the spacing was
approximately 38" and in the other it wes 8'57% Let arrows give the

directions of orystals A and B as showns

C |

Fize ILele



«100=

43 long ws the arrows point im opposité direotions (inward or putward )
the spaoing hobwosn the positions of the "off perallel’ rocking curvos
‘remainé& the semes Bubt now 1f the arrows point in the sams direction
the‘spacing chenges %o the other #alue.

| A cereful stndj wes made of o lerge angular region eﬁ both zides
of the ceﬁ%ral position for several wavelengthse Thé region vhere the
Hofd paraliel" rocking curve disappeared on roversing eithor crystal A
or B was carefully stﬁdied and nothing was ohsafve& above backgroﬁnd.

"The followiny teble gives She observed positions of erystul B for

paralleliam of the (310) planocs with erystel A, and the poégtions of
‘qrystal B for‘%he49bserved forf p&rallei" rockliag curvese The megnitude
of the péaks of these roclking ourves is elso ziven Lut can'only be
coumpared &l éagh wavelength as the sensiiivity of the counber changes
}with wévelength ehd'tﬁs x=ray beam intenaibty was ﬁoé the sams for the
fdiffbrent‘wavelengths.

The effect of these mmltiple perallel positions was eliminated in
ﬁﬁe;waﬁeleng%h determination given in Part V. 4s the "antiparal;el“
rockihg curve iz 2' or arc or‘less, the errengement to give the 9' spacing
7§as‘always usede ﬁﬁan'crystai 3 wes rotated 180° to select‘a:new setting
"of the worm wheel erystal 4 was rotated 1809 so thet the gt spacing

still existed,
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