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Abstract 

The central objective of computational protein design is to develop computational 

techniques for selecting amino acid sequences that fold into proteins with desired 

structures and functions. The work described here is directed toward addressing issues 

that arise in the development of computational methods for the design of solvent-exposed 

portions of beta-sheets. However, it is also demonstrated that the results of these 

investigations extend beyond specific secondary structures and in fact provide a means to 

address a broad spectrum of design problems. Computational issues arise from the fact 

that when constructing a representation of protein sequence space for analysis, significant 

concessions must be made with respect to the physical model and the search criteria in 

order to ensure that the calculation remains tractable. One of the limiting factors driving 

these concessions is the sheer number of combinations of amino acid identities and 

configurations that must be evaluated. We have therefore pursued the development and 

refinement of high-performance combinatorial search algorithms in order to better enable 

improvement of computational methods. The consequent algorithmic work consists of 

enhancement strategies based on combining optimization methods and instilling within 

them heuristics that manifest specialized knowledge of protein design problems. The 

results are significant performance enhancements for the well-established Dead-End 

Elimination algorithm, as well as two new algorithmic approaches, dubbed Branch and 

Terminate and Hybrid Rotamer Optimization. 



Acknowledgements 

Abstract 

Table of Contents 

List of Figures and Tables 

Chapter 1: Introduction 

X 

Table of Contents 

Chapter 2: Energy Functions for Protein Design 

Chapter 3: Computational Design of p-sheet Surfaces 

Chapter 4: Radical Performance Improvements for Algorithms 

Based on the Dead-End Elimination theorem 

Chapter 5: Branch and Terminate: A Combinatorial 

Optimization Algorithm for Protein Design 

Chapter 6: Hybrid Algorithms for Rotamer Optimization 

Chapter 7: Combinatorial Optimization in Computational 

Protein Design 

Appendix A:Experimental Analysis of Residues Interacting 

with p-turns 

Appendix B: Conversion of Computational Protein Design Tools 

for Z-score Optimization 

Ill 

lX 

X 

XI 

1-1 

11-1 

111-1 

N-1 

V-1 

VI-1 

Vll-1 

A-1 

B-1 



XI 

List of Figures and Tables 

Figures 
Figure II-1 Example of non-physical hydrogen bond geometry II-14 

Figure II-2 Buried and exposed surface area between interacting rotamers II-16 

Figure III-1 Statistically determined !3-sheet propensity energies III-15 

Figure III-2 Exponential scaling of propensity energies III-17 

Figure III-3 Predicted interactions for designed !3-sheet surface sequences III-19 

Figure III-4 Normalized CD temperature scans of designed sequences III-21 

Figure III-5 Propensity scale vs. melting temperature for designed sequences III-23 

Figure IV-1 Representations of quantities used to construct speed enhancements IV-22 

Figure IV-2 Crossing of energy profiles that satisfy the comparison of extrema IV-24 

Figure IV-3 Increase in calculation speed from paralellization IV-27 

Figure V-1 Combinatorial tree V-32 

Figure V-2 Total optimization time vs. level of termination depth V-34 

Figure V-3 Optimization time vs. value of sorting factor V-36 

Figure V-4 Optimization times of the combination of B&T and DEE algorithms V-39 

Figure VI-1 Comparison of self-energies and bounding energies VI-17 

Figure VI-2 Performance of energy-threshold based HARO VI-19 

Figure VI-3 Comparison of rankings by self-energies and bounding energies VI-21 

Figure VI-4 Performance of ranking-based HARO VI-23 

Figure VI-5 Dependence of HARO accuracy and time on np VI-25 

Figure VI-6 Performance of HERO VI-27 

Figure A-1 Wild-type tum interaction between Asp-46 and Ala-48 A-4 



Xll 

Tables 
Chapter III, Table 1 Summary of designed ~-sheet surface sequences III-14 

Chapter N , Table 1 Observed speed enhancements for three structural classes N-20 

Chapter N, Table 2 Effect of magic bullet doubles on subsequent calculations N-21 

Chapter V, Table 1 B&T benchmark times V-31 

Appendix A, Table 1 Thermal stabilities of mutants position 46 of protein G A-3 



Chapter I 

Introduction 

Computational protein design has made startling strides in recent years. Several 

groups have demonstrated that stable, well-behaved proteins can be engineered in silico, 

using a variety of computational approaches. (See [ 1] and [2] for a review.) The 

motivations that have been driving the development of computational approaches to 

protein design are twofold. First is the expected promise of a general-purpose 

computational tool that can provide a sequence for any desired protein structure. Such a 

tool would make it possible to design proteins "to order," heralding a new era of bio­

nanotechnology, in which the virtually unlimited number of applications in 

biotechnology, medicine, and industry that have been lying in wait could finally be 

fulfilled. The second, and perhaps more profound motivation, is the potential for the 

development of such a design tool to provide deeper insight into the principle nature of 

the sequence-structure relationship. 

Attainment of both goals 1s dependent on ongomg refinement of design 

techniques. This refinement is most reliably approached through the union of simulation 

and experiment, in which computational strategies are systematically tested, refined, and 

are then validated through quantitative assessment of the physical properties of designed 

proteins [3]. The hope is that the quality of the design approach may be gradually 

improved through iterative refinement of computational techniques with feedback from 

experiment. 

Given this framework for development, choices concerning the refinement of the 

computational method may be divided into three areas. The first area concerns the way 
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in which the protein design problem is represented, and is referred to here as the model. 

There are many possible implementations of the model, both in terms of the physical 

description and in terms of the types of constraints and liberties one may impose upon it. 

However, the state of the art for most groups is to use models with a full atomic­

representation of the protein. Except for a few specialized cases [ 4, 5], the models do not 

allow for flexibility in the protein backbone, but side chain flexibility is incorporated by 

selecting amino acid rotamers from a library of discrete side chain conformations [ 6]. 

High-resolution atomic coordinates are used, which imparts generality to the model, in 

that arbitrary protein folds may be represented. If necessary, one may use rotamer 

libraries with different levels of resolution. Independent of the choice of library, the 

choices of amino acids may be restricted for particular positions, or one may impose 

sequence coupling between residue positions. Such a model provides a general, albeit 

rigid, framework within which an enormous variety of design problems may be 

described. 

The second, and currently, the most significant aspect of computational protein 

design that is targeted for refinement is the energy expression [7]. The energy expression 

provides a quantitative assay capable of comparing the relative fitness of different amino 

acid sequences with respect to the desired target protein fold . Presently, sequences are 

judged by submitting their chemical and geometric information for evaluation by the 

energy expression. The energy expression is typically composed of potential functions 

based on traditional molecular mechanics and dynamics force fields. It also often 

includes additional non-physical potentials designed to account for other quantities 

suspected to be important for protein design, such as those that help prevent the selection 
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of sequences that might adopt other, undesired folds (as for negative design). The key to 

fine-tuning the energy expression is to find the proper balance of all the component 

potential energy terms. Communication with experiment provides a reliable mechanism 

through which the proper balance may be discovered. 

The remaining area targeted for refinement is the search strategy. For small 

design problems, the best amino acid sequence may be determined simply by applying 

the energy expression to all possible sequence combinations and selecting the one with 

the lowest energy. However, because of the size of the search grows exponentially with 

the size of the design problem, a more sophisticated search strategy is necessary, which 

takes the form of a search algorithm. Using various algorithms, it is often possible to find 

good amino acid sequences without evaluating all possible amino acid combinations. 

Moreover, it is sometimes possible to find the sequence ranked best by the energy 

expression. (See [8] for a review.) 

Although the three aspects of the computational method are quite distinct from 

one another, they are significantly coupled in implementation. It is often the case that 

refinements in one area necessitate change in another. Fundamentally, the 

interdependence may be ascribed to the practical limits of computing power. Currently, 

prospects for a computer that can precisely compute the folding of an amino acid 

sequence into a protein have only begun to appear on the distant horizon [9]. A computer 

that could perform this computation for all possible amino acid sequences is, accordingly, 

much further away. Fortunately, it appears that such extreme computing resources are 

not necessary in order to achieve successful protein design. However, preliminary design 

successes have relied on making significant concessions. The limits on computational 
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speed have limited options regarding search strategies, which in tum have imposed 

significant restrictions on both the model and the energy expression. 

Due to this interdependence, improvement of the model and energy expression 

can often only be accommodated through enhancement of the search strategy. For 

example, if it were to be determined that a more detailed rotamer library was necessary to 

address some class of design problem, an associated improvement in the search strategy 

would also be necessary to accommodate the increase in combinatorial complexity. In 

this representative case, progress in development is essentially limited by the search 

strategy. As a result, discovery of refinement techniques that may be applied to search 

algorithms are of central importance to computational protein design. 

This dissertation describes a set of algorithmic enhancements motivated by 

challenges encountered in designing solvent exposed residues of p-sheets. Chapter 2 

provides an overview of the current state of the art with respect to energy expressions 

used in protein design, and suggests some areas in need of further refinement. Chapter 3 

describes the first attempt to apply computational techniques to the design of p-sheet 

residues on protein surfaces. 

Combinatorial optimization difficulties seemingly particular to p-sheet surfaces 

motivated investigation into methods of developing new algorithms as well as refining 

algorithms already in use. Chapter IV describes several significant enhancements that 

may be applied to algorithms based on the Dead-End Elimination theorem, and 

Chapter V describes the development of a new search algorithm based on the Branch­

and-Bound technique, which we have dubbed Branch-and-Terminate. 
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An unexpected finding that arose from these investigations was that although the 

algorithmic developments were primarily motivated by difficulties with p-sheets, the 

resulting methods in fact had general implications for optimization of all types of 

secondary structure. We found that large and difficult optimization problems 

inaddressable by any known individual algorithm became tractable when treated with a 

combination of optimization techniques. At first, this combination took the form of serial 

application, as described in the latter part of Chapter V. Motivated by the effectiveness 

of this approach, we investigated the prospects for combining the algorithms at a deeper 

level, effectively fusing them into one algorithm. The results, as described in Chapter VI, 

are two versions of a very effective hybrid algorithm, one approximate and one exact. 

The successes of these efforts toward algorithmic development and refinement 

provide the basis for some general conclusions about the application of combinatorial 

algorithms to protein design problems. Such observations, as summarized in Chapter 

VII, may be useful for the continuing development of search algorithms for protein 

design, and they may also have extensions to other unsolved combinatorial search 

problems in biology, such as the protein structure prediction problem. 

In summary, the algorithmic discoveries described here illustrate maJor 

improvements in the ways that computing power may be harnessed for protein design. 

As a result, researchers in the field have had the ability to enhance both the model and the 

energy expression without being restricted to improvements in computing hardware. 

Looking forward, future algorithmic enhancements, especially when combined with 

future improvements in computer hardware, hold the promise of freeing the remaining 
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computational aspects from current practical restrictions, thereby enabling them to be 

fine-tuned to address the outstanding problems of computational protein design. 
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Chapter II 

Energy Functions for Protein Design 

The text of this chapter is adapted from a published manuscript that was coauthored with 
Shannon A. Marshall and Professor Stephen L. Mayo. 

D. B. Gordon, S. A. Marshall, and S. L Mayo. Curr. Opin. 
Struct. Biol. 1999 9 (4) 509-513 

Introduction 
Computational protein design is a general, closed-loop approach for finding the 

optimal sequence of amino acids for a desired protein fold [ 1]. A potential energy 

function that represents the dominant factors , as well as the subtleties, of protein stability 

is used to predict the energy of each possible amino acid sequence on a target protein 

structure. Current design efforts have used fixed protein backbones as target structures, 

with two notable exceptions [2, 3, 4]. Atomic level detail is introduced by using 

statistically significant sidechain conformations, called rotamers [5] , to represent the 

flexibility of each amino acid. A variety of stochastic and deterministic search algorithms 

[6] are then used to find the optimal combination of amino acid sidechain rotamers on the 

target structure as ranked by the potential energy function. Finally, the experimentally 

determined stability and structure of designed proteins are analyzed and rational 

improvements to the potential function are implemented. 

The purpose of this review is to discuss the development of protein design force 

fields and to survey the potential energy terms that have been used thus far. The terms 

fall into five broad categories. First, we discuss the energies describing packing between 

atoms that are not covalently bonded. Nonbonded polar interactions are considered next. 

We briefly survey internal coordinate energies, and finally examine solvation and 
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entropy, which are computed differently than in typical molecular mechanics force fields. 

Force Field Requirements 
Protein design presents a demanding task for a potential energy function. Design 

potentials must be sensitive to subtle changes in amino acid identity that are known to 

perturb the experimental stability of proteins. However, design force fields should not be 

overly sensitive to small variations in rotamer geometry, since discrete rotamers are used 

to model sidechain conformations. The force field also must be compatible with the 

computational requirements of protein design. For example, most search algorithms 

demand that energy terms be pairwise decomposable, and design problems with large 

combinatorial complexity require energy terms that can be calculated quickly. 

Because the energies produced by design potentials are intended to correlate with 

the free energy of folding, the force field must also model the unfolded state as well as the 

folded state. Experimental and theoretical studies [7] indicate that unfolded proteins can 

sometimes have residual structure, and mutations may alter the properties of the unfolded 

state ensemble. However, in design calculations, the unfolded state is commonly 

assumed to have no residual structure: nonbonded interactions between sidechains are 

considered to be insignificant, the sidechains are assumed to be fully solvated, all 

rotamers are modeled as being equally probable, and all sequences in the unfolded state 

are isoenergetic. 

Due to the demands posed by protein design, force fields that are widely used to 

perform molecular mechanics calculations, such as CHARMM [8] , AMBER [9-10] , and 

DREIDING [11], are not necessarily appropriate for design. Similarly, statistically 

derived pair potentials that are quite effective in structure compatibility studies [12] do 
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not manifest the structural sensitivity necessary for protein design. Instead, new force 

fields must be developed for protein design that properly balance each factor described by 

the potential energy function. Over the past few years, the first force fields tailored for 

design have been constructed. However, very few potential energy terms have been used 

in these force fields, and even fewer have been evaluated through comparison of design 

predictions and experimental results. Future progress in protein design force fields will 

be realized by continued systematic experimental validation of the terms comprising the 

potential function. 

van der Waals 
Packing specificity is critical for protein design. For protein core calculations, 

which comprise the majority of design studies, a force field that models only packing 

specificity is sufficient to design well-folded proteins [13-16]. Although packing can be 

evaluated exclusively with interatomic distance restraints [17], most design programs 

utilize a van der Waals potential. This potential provides a physical basis for sidechain 

packing specificity, thereby favoring native-like folded states with well-organized cores 

and selecting against disordered or molten globule states. The van der Waals energy is 

typically calculated with a Lennard-Jones 12--6 expression. 

(1) 

The interatomic distance, R, is computed from atomic coordinates. The equilibrium radii, 

Ro, and well-depths, Do, are parameters that are defined within each force field. 

Two examinations of van der Waals parameters underscore the need to tune 

molecular mechanics potential functions for protein design. Lazar and coworkers [ 16] 
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compared the predictive ability of variations of Hagler and AMBER van der Waals 

parameters for a set of ubiquitin variants with redesigned cores. United atom parameters 

from AMBER95 were markedly superior to the other variations when used in conjunction 

with a detailed rotamer library. Dahiyat and Mayo [15] generated sequences by 

systematically varying the scale of the atomic radii, based on the DREIDING parameter 

set and using rotamers with explicit hydrogen atoms. Scaling the radii by a factor of 0.90 

achieved the optimal balance between packing specificity and hydrophobic collapse, as 

represented by a salvation term ( discussed in a later section). 

Hydrogen Bonding 
Because the majority of computational protein design studies have focused on 

protein cores, electrostatic and hydrogen bonding terms have not been as thoroughly 

validated by experiment. Nevertheless, initial forays have proven these terms useful for 

the design of helical surfaces [ 18] and for full sequence design [ 19]. 

Hydrogen bonds are typically represented with an angle-dependent, 12-10 

hydrogen bond potential, 

(2) 

where Ro is the equilibrium distance, Do is the well depth, and R is the interatomic 

distance between donor and acceptor heavy atoms. The angle dependence term, F(0), is 

typically cos4 0, where 0 is the donor-hydrogen-acceptor angle. 

We have observed that calculations performed with the above potential will allow 

rotameric arrangements with non-physical hydrogen bond geometries, as shown in 

figure II-1. To circumvent this problem, we employ more restrictive hybridization-



II-5 
dependent angle-dependence terms that enforce reasonable geometries [ 18). 

sp3 donor - sp3 acceptor F = cos 2 0cos 2 (¢-109.5) 8 > 90°, <J>-109.5° < 90° (3) 

sp3 donor - sp2 acceptor F = cos 2 0cos 2 ¢ <I> > 90° (4) 

sp2 donor - sp3 acceptor F = cos4 0 (5) 

2 2 sp donor - sp acceptor F = cos2 0cos2 (max[¢,<p]) (6) 

The angles ¢ and <prefer to the hydrogen-acceptor-base angle (where the base is the atom 

covalently attached to the acceptor) and the angle of between the normals of the planes 

defined by the six atoms attached to the two sp2 centers, respectively. 

A potential energy term based on the above equations allows only physically 

reasonable sidechain/sidechain and sidechain/backbone hydrogen bonds. Unfortunately, 

using a highly restrictive energy term in combination with a discrete rotamer library 

causes the force field to predict poor energies for some sequences that may actually form 

good hydrogen bond interactions. 

Electrostatics 
The role of electrostatics in protein stability is subject to debate. At moderate 

temperatures, favorable electrostatic interactions are not thought to be strong enough to 

compensate for the energy of desolvation [20). In more extreme conditions, however, salt 

bridges may stabilize proteins [21-22]. Moreover, electrostatics may play a more 

significant role in defining the specificity, rather than the stability, of folding and of 

functional interactions [23-26). 
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Computational protein design efforts have not yet developed an electrostatic term 

intended to represent these considerations. Rather, electrostatics are used sparingly, 

primarily to guard against destabilizing interactions between like-charged residues. The 

simplest treatment of electrostatic interactions is based on Coulomb's Law, which 

describes the energy of two charges, Qi and Q1, separated by distance, R, in a medium 

with dielectric constant, £ . 

Ee1,, - 322.0637( Q;_, J (7) 

We use a distance-attenuated version of Coulomb's law with an effective dielectric 

constant value of 40R and partial atomic charges that give a total coulombic energy of 

approximately + / -1 kcal/mol for the interaction between juxtaposed charged residues. 

Thus, electrostatic contributions to the total energy are only significant when charged 

atoms are in close proximity. In sharp contrast, electrostatic energy is often the largest 

contributor to the total energy in potentials used for molecular mechanics and dynamics 

calculations. 

Internal Coordinate Terms 
Typical molecular mechanics force fields have terms that evaluate bonds, angles, 

torsions, and inversions among atoms that are covalently attached. These internal 

coordinate or "bonded" energies must be considered when generating rotamers or 

modifying the protein backbone, and have been used for protein design in some cases [ 4, 

16]. The usefulness of these terms for design, however, has not been rigorously 

demonstrated. Since rotamers derived from statistical analysis of protein structure 

databases generally have good internal coordinate energies, many design potential 

functions do not include them at all. 
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Salvation 

Because the hydrophobic effect drives protein folding [27] , modeling salvation 

effects is critical for a protein design force field. However, the computational expense of 

explicitly modeling protein/solvent interactions for all sequences under consideration is 

prohibitively expensive. Therefore, several groups have employed approximate methods 

utilizing octanol-water and gas-water free energy of transfer data for each amino acid 

[28-29]. The experimentally measured free energies of transfer are correlated with the 

molecular surface area [30] , shown in figure II-2. These energies are either used directly 

for residues in the protein core [31] or they are scaled by the change in sol vent exposed 

surface area associated with protein folding [14, 32]. 

The energy required to transfer a sidechain from a solvated, unfolded protein to a 

partially or completely desolvated position in the folded protein is not necessarily the 

same as the transfer energy from water to gas or a nonpolar solvent. But, the approximate 

linear relationship between transfer energy and change in surface area should be correct 

for both cases. Dahiyat and Mayo [14] determined the optimal values for polar and 

nonpolar atomic salvation parameters by fitting to the experimentally determined stability 

of designed proteins. Inclusion of a hydrophobic burial benefit and a polar burial penalty 

in the protein design force field provides a significant improvement in predictive power 

compared to a force field with only a van der Waals term. 

Two other considerations have affected the formulation of a protein design 

salvation potential. First, a negative design term that penalizes exposure of nonpolar 

surface area is sometimes used [15, 33]. Although nonpolar exposure should not 

destabilize a protein, it can lead to aggregation or misfolding. Therefore, a nonpolar 

exposure penalty is required to limit the amount of exposed nonpolar surface area at 

boundary and surface positions [34]. Second, many optimization algorithms require that 

energy terms be pairwise decomposable, but pairwise calculation of buried surface areas 
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leads to significant overcounting. Street and Mayo have developed a pairwise expression 

with one scalable parameter that closely reproduces both the true buried area and the true 

exposed solvent accessible surface areas [35]. 

Entropy 
A simple entropy term is sometimes incorporated into protein design potential 

functions [31 , 32] . The change in sidechain entropy upon folding is modeled as the 

change in number of rotatable bonds, making the assumption that conformational 

freedom is completely restricted in the folded state. The unfolded state entropies are 

calculated either by assuming that all rotamers are equally populated or by fitting to semi­

empirical estimates [36]. Inclusion of an entropy term based on the number of rotatable 

bonds did not significantly improve correlation between predicted and observed stabilities 

of the GCN4-pl coiled coil core [14]. This simple model for entropy may have failed 

because it neglects residual sidechain entropy in folded proteins, as well as possible 

residual structure in the unfolded state. 

Looking Forward 
Protein design force fields have been successful, in part, because of their 

stringency. Restrictive functions such as the van der Waals and the hybridization­

dependent hydrogen-bond potential, in particular, result in a very high rejection rate, and 

a significant false-negative rate. Fortunately, many design force fields also show a low 

false-positive rate. Therefore, sequences that are selected in protein design studies tend to 

fold properly, even though many other equally acceptable sequences are rejected. 

Because of the high false-negative rate, potential functions derived through 

protein design efforts may not be suitable for folding studies. To gam a 
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deepemderstanding of the determinants of protein stability, it is therefore important to 

lower the false-negative rate. Softening of the restrictive potentials could result in design 

models that more accurately describe the fundamental relationship between sequence, 

structure, and stability. 
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Figure II-1: An example of a non-physical hydrogen bond geometry that can be selected 

when a hydrogen bond potential dependent only on 0 is used for protein design. A more 

restrictive hydrogen bond potential, described in equations 2 through 6, correctly predicts 

that no favorable interaction is present because ¢ = 90°. 
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Figure II-2: (a) Unfolded or reference exposed surface areas for two sidechain rotamers. 

(b) Folded exposed surface area for the rotamer pair. (c) Buried surface area for the 

rotamer pair, which is calculated by subtracting (b) from (a). 
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Chapter III 

Computational Design of ~-sheet Surfaces 

Abstract 

We have investigated the utility of incorporating secondary-structure propensity 

and a hydrogen-bond potential into the computational design of p-sheet surfaces. 

Success in the design of a-helical surfaces suggests that side chain placement algorithms 

can be applied to solvent-exposed residues by adding a hydrogen-bond potential to the 

energy expression. However, unlike helices, many of the large polar or charged residues 

favored by such energy expressions are known to destabilize p-sheets. To compensate, 

statistically-derived propensity energies were incorporated into a sequence selection 

algorithm based on the Dead End Elimination Theorem. Twelve surface-exposed p-sheet 

positions of the immunoglobulin-binding domain of streptococcal protein-G were 

redesigned using energy potentials in which the contribution of P-sheet propensity was 

systematically incremented. The resulting designed proteins were obtained via bacterial 

expression and characterized by circular dichroism and NMR spectroscopy. The 

designed proteins all folded reversibly, with melting temperatures ranging from 29 °C to 

67 °C. Proteins designed with highly scaled propensity had significantly higher melting 

temperatures than those designed with lower propensity, though they had fewer predicted 

inter-residue electrostatic interactions. However, none of the designed proteins 

approached the thermal stability of the wild type protein. We conclude that propensity 

and conventional electrostatic considerations are both critical for the design of P-sheet 
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surfaces, but also that they are insufficient for the reproduction of native-like stability, 

even when used together. 

Introduction 

Several groups have reported approaches to protein design using computational 

methods to find amino acid sequences that adopt the conformation of a desired protein 

fold [1-5]. In general, these techniques have been applied only to the cores of proteins, 

for which packing and hydrophobic burial considerations are dominant. On protein 

surfaces, however, interactions between side chains are different than in protein cores. 

To begin with, side chains make fewer contacts. This is because neighboring side chains 

are spaced further from each other than they are in protein cores, and they are often 

oriented pointing in the same direction or even away from one other. Moreover, surface 

residues may interact with the accessible solvent molecules, which are typically regarded 

as excluded in core design calculations. 

Due to the reduced number of inter-residue contacts, packing interactions cannot 

impart the same restrictions on sequence that they do for protein core design calculations. 

Therefore, the contributions from other physical forces, such as those arising from 

electrostatic interactions or potential interactions with the solvent, are not overwhelmed 

by packing energies. As a result, inaccuracies in the representation of such energetic 

considerations have a more significant impact on the quality of the sequence prediction 

method. Therefore, careful refinement of the energy potential is likely to be necessary. 

Our first step toward such refinement has been to enhance the representation of 

electrostatic interactions with the addition of a hybridization dependent hydrogen-bond 
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potential into our prev10us sconng function. An energy express10n containing this 

potential has been successfully applied to the design of surface positions of a-helices [ 6]. 

However, we have anticipated that additional considerations may arise when extending 

this approach to the design of p-sheet surfaces. 

The prospects for accurate sequence prediction of the energy expression may be 

judged through comparison of its predictions to known trends in the composition of the 

different types of secondary structure. A convenient quantity for comparison is the 

intrinsic secondary-structure propensity of amino acids towards a-helices and p-sheets. 

There is good agreement between intrinsic propensity scales derived both from statistical 

studies [7] and host-guest studies on various model systems [8-11] . These studies have 

established that p-sheets have clear preferences for amino acid composition. 

In its form as applied to helical surface design, the energy expression exhibits a 

bias toward large and polar or charged amino acids, since they can more easily participate 

in packing and electrostatic interactions re?arded by the van der Waals and electrostatic 

potentials. The result is a serendipitous bias toward amino acids that have high helical 

propensity, which aids helical surface design. Unfortunately, the bias has the side effect 

of discriminating against amino acids that have high p-sheet propensity, such as small p­

branched residues like Thr or Ile, in favor of amino acids thought to disrupt p-sheets, 

such as Asp. To compensate for this bias, we chose to incorporate p-sheet propensities 

directly into the energy expression. 

To find the proper balance between propensity and electrostatic interactions, we 

calculated sequences covering a range of relative weightings of electrostatic and 

propensity considerations. The resulting designed sequences varied from consisting 
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almost entirely of high-propensity amino acids to others consisting mostly of hydrogen-

bond and ion-pair forming side chains. 

Method 

Propensities 

Intrinsic propensities have been calculated by host-gue~ studies on a zinc-finger 

peptide [10] and in different host environment on the surface of protein-G [8, 9, 11]. The 

propensity values for studies with host sites on non-edge strands host-sites correlate 

closely with each other, but not with energies from the edge strand study. The difference 

is attributed to differences in tertiary context that are not presently well defined. Thus 

there are several different data sets from which to select propensity energies. 

Munoz and Serrano [7] have produced a set of intrinsic propensities from a 

statistical survey of the protein database. Pseudo energies were calculated from the 

fraction of residues having <j) and \j/ angles consistent with ~-strand conformations (see 

figure III-1 ). This set of propensities was selected for incorporation into the energy 

expression because it was derived without bias toward any specific protein, and it showed 

good agreement with the experimental scales. 

To make it possible to emphasize the differences in propensity when necessary, 

an exponential form was used for incorporation into the energy expression, 

(1) 

where ~G0 is the statistically-derived ~-sheet propensity and N~ is the scale factor used to 

control the relative contribution of the propensity energy to the overall energy. The scale 
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is normalized by subtracting the propensity of the most preferred amino acid for P-sheets, 

Val. Thus the value of Np may be considered as the extent to which non-valine residues 

are penalized for occupying the P-sheet surface (see figure III-2). To determine the best 
d 

value for the scale factor Np, the calculation was repeated for different values of Np 

ranging from 0.0 to 4.0. 

Calculation 

The 56-residue immunoglobulin-binding domain of streptococcal protein-G [12] 

(PDB id: lpga) was selected as the model system for this study. The protein consists of 

four P-strands that create a cradle for a single a-helix. The P-sheet surface was 

considered a good system for design because it is provides a template for a potentially 

extensive system of interactions, yet it is relatively isolated from the rest of the protein. 

Sequences were computed for twelve of the fourteen solvent-exposed P-sheet positions 

arranged in a 3-residue by 4-residue array. 

Coordinates for the structure 1 pga were obtained from the Protein Data Bank and 

were used as the template for all calculations. Rotamers were selected from a backbone 

dependent library [13]. For each value of Np, an algorithm based on the Dead End 

Elimination theorem [14] was used to determine the best possible arrangement of 

hydrophilic rotamers for the twelve designed positions on the P-sheet surface (positions 

4, 6, 8, 13, 15, 17, 42, 44, 46, 51, 53, and 55). Propensities were only applied to positions 

that were flanked on either side by residues also in P-sheet conformations (positions 4, 6, 

15, 17, 44, and 53). A Lennard-Jones 12-6 potential using atom radii scaled by 0.9 and 

well-depths from the DEEIDING force-field [15] was used to represent packing, and 
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electrostatic interactions were implemented using a weak coulombic potential and a 

hybridization-dependent hydrogen-bond potential as described in [6]. 

Protein Expression & Purification 

Genes for the designed sequences were obtained through successive applications 

of inverse PCR [ 16] and QuickChange™ (Stratagene) techniques to the wild-type gene in 

a pAED-4 vector (courtesy Dan Minor). Proteins were expressed in BL21DES E. Coli 

and extracted by freeze-thaw [17]. Crude extracts were mixed with equal volumes of 

acetonitrile and the precipitants were removed by centrifugation. The supernatant was 

concentrated and then purified by reverse phase HPLC on a Vydac C8 column. The 

purified proteins were then lyophilized and stored at -20 °C. 

CDandNMR 

To measure stability and to confirm native-like structure, designed proteins were 

studied by CD and NMR. CD spectra were measured on an Aviv 62DS spectrometer at 

pH 5.0 in 50 mM phosphate. Themial melts were performed in the same buffer with 

2.0°C increments. NMR samples were prepared in the same buffer in 90/10 H20/D20 on 

a Varian Unityplus 600 MHz spectrometer. 

Results 

Calculations covering a range of values of Np produced six different amino acid 

sequences (See Table 1 ). Designed sequences had between one and five amino acids in 

common with the wild-type sequence, and they maintained approximately the same 
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charge balance in each case. Calculation results ranged from sequences having few 

residues with good 0-sheet propensity and many modeled electrostatic interactions, to 

sequences with high threonine content and few modeled electrostatic interactions (see 

figure III-3). As Np was increased, more threonines were selected, which were too short 

to participate in most inter-strand interactions. 

All sequences had native-like CD spectra and folded reversibly, with melting 

temperatures ranging from 36°C to 67°C (See figure III-4). The sequences calculated 

with high propensity (s12_1.4 & s12_2.0) were significantly more stable than the other 

sequences (see figure III-5). Well-dispersed NMR spectra were observed for s12_1.1 and 

s12_1.3 at low temperatures, demonstrating ordered structure even for the least stable 

proteins ( data not shown). 

Discussion 

Although the designed sequences did not exhibit native-like stability, a few 

general trends may be inferred from the dependence of stabilities on the weighting of the 

force-field. First, with respect to the competing drives toward interaction-forming 

residues and high-propensity residues, it is clear that both considerations can contribute 

to protein stability. This is evidenced by the observed rise in melting temperatures 

toward the Np extremes, as each consideration precludes the other. Sequences sl2_1.3, 

s 12 1. 1, and s 12 0.0 get progressively more stable as the number of pair interactions - -

mcreases. Similarly, increasing numbers of threonine residues stabilize sequences 

s12_1.4, s12_1.9, and s12_2.0. 
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Secondly, it appears that when confronted with the choice, residues with high 

propensity are better able to stabilize P-sheet surfaces than are residues that form inter­

residue interactions. This is demonstrated by the large gap in thermal stability (20°C) 

between the most stable proteins at either Np extreme (see figure III-5). This suggests 

that design strategies might need to weigh propensities more heavily than electrostatic 

pamng. 

Third, it 1s clear that even when considered together, propensity and pa1r 

interactions supply insufficient criteria for the design of sequences that approach or 

exceed native-like stability in the context of our computational design method. This 

could be due to any of a number of possible shortcomings of the method, concerning both 

the energy expression and the representation of the protein. 

One concern is that inaccuracies of the electrostatic and hydrogen-bond potentials 

are causing the technique to erroneously discard critical interactions. Of particular 

concern is the occasional loss of interactions between P-sheet side chains and the 

backbone atoms of neighboring turns. These interactions may be critically important for 

stability because they involve a stabilizing side chain-backbone interaction, which is not 

thought to incur the same cost of loss of entropy as a similar side chain-side chain 

interaction [18]. To test the sensitivity of the turns to P-sheet residues, we analyzed 

several point mutants (see Appendix A). Based on this work, as well as on the known 

stability of host sites for propensity that disrupt the same positions [9], we believe that P­

sheet residues potentially involved with turns may need to be designed independently of 

the remainder of the sheet, or at least with special attention paid to the nearby tum. 
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Also pertaining to the energy expression, it may be necessary to add additional 

potential terms to better approximate the complex physics on the protein surface. For 

example, it may help to quantitatively incorporate the context effects described by Minor 

and Kim [9] in terms of hydrophobic burial and exposure. Moreover, it has been 

suggested [ 19] that hydrophobic interactions of the surfaces of proteins can have 

stabilizing effects. Further motivation comes from the presence of a hydrophobic 

isoleucine at position 6 in the wild-type sequence, as well as from a host-guest study [20] 

in which this position was successfully replaced by various other hydrophobic side 

chains. 

Since the time that the work presented here was completed, we have used both 

suggestions above in conjunction with a Z-score approach to optimize an energy 

expression for ~-sheet surfaces [21]. In the new study, an energy expression that includes 

hydrophobic burial and exposure terms is optimized on eight ~-sheet positions that do not 

neighbor turns. Proteins designed using the newer approach are more stable than the 

proteins designed here, validating these two suggestions. However, even these proteins 

do not achieve native-like thermal stability. 

Two remaining issues may be useful for consideration in future design work. 

First is that the presence of networks of electrostatic interactions may provide more 

significant contributions to thermal stability than groups of electrostatic pairs. A side 

chain involved in a network obtains multiple electrostatic benefits, but it is penalized only 

once for entropy loss. Therefore, sequences that favor the formation of networks may 

derive greater stability from electrostatics than those that do not. Unfortunately, in its 

current form, the pair-wise representation of the model, in conjunction with the 



III-10 
restrictions imposed by the DEE algorithm, prevent the direct detection of hydrogen bond 

networks. Other search algorithms, however, such as branch-and-bound algorithms, may 

be modified to overcome this obstacle. 

Related to the concern that interactions may too complex to be captured by simple 

two-body expressions is the reality that side chains on protein surfaces are much less 

ordered than those in protein cores. It is therefore reasonable to question the validity of 

representing the amino acids on a protein surface with single rotamers. While it has not 

been demonstrated that the lack of side-chain motion in the model is an important 

obstacle to computational P-sheet design, it may be worthwhile to consider a flexible­

rotamer model [22] approach to attempt to capture some of the disordered nature of 

solvent-exposed side chains. 

Conclusions 

We have demonstrated that introduction of either a hydrogen-bond potential or an 

explicit representation of intrinsic P-sheet propensity may be used to compute P-sheet 

surface sequences that produce well-behaved proteins. However, these considerations 

compete with one another, and when both are weighted equally, proteins with low 

thermal stability result. Moreover, even the most stable of the designed proteins does not 

approach the thermal stability of the wild-type protein. As a result, it is clear that new 

considerations and approaches are necessary to appropriately tune computational design 

methods for the design of P-sheet surfaces. 
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Table I. Summary of designed sequences. 

Sequence position 

Scale Protein 4 6 8 13 15 17 42 44 46 51 53 55 

0.0 - 1.1 s12 - 0.0 K+ Q K+ E- E- Q D- Q K+ T E- R+ 

1.1-1.2 s12 - 1.1 K+ T K+ E- Q Q D- Q K+ T E- R+ 

1. 3 s12 - 1. 3 T T K+ E- Q T D- Q K+ T E- R+ 

1.4-1.8 s12 - 1. 4 T T K+ E- Q T D- Q D- T T R+ 

1. 9 s12 - 1. 9 T T K+ E- Q T D- T D- T T R+ 

2.0-4.0 s12 2 . 0 T T K+ E- T T D- T D- T T R+ -

lwild Type I K+ N K+ E- T E- T D- T T T 

Protein Charge #Thr #Bonds Tm [ o c] 

s12 - 0.0 0 1 7 41 

s12 1.1 +1 2 7 36 -

s12 - 1. 3 0 4 6 29 

s12 1. 4 -1 5 6 61 -

s12 1. 9 -1 6 5 -
-

s12 2.0 -1 7 4 67 -

I wild Type I -1 5 5 86 
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Figure III-1: Propensity pseudoenergies, as calculated by Munoz & Serrano. Pro line 

(2.61 kcal/mol) is omitted for clarity. 
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Figure III-2: Illustration of how penalty energies based on the propensities in figure III-1 

are scaled by Np. 
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Figure III-3: Schematic diagrams of predicted interactions for designed sequences. The 

wild-type interaction schematic is shown for reference. The interactions observed in 

these predicted structures were used to determine the values for Table 1. 
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Figure III-4: Temperature Melts: Normalized CD melt data for designed (3-surface 

sequences. The ellipticities were monitored at 218 nm, and Tm values were calculated 

from the maxima of the derivatives. 



100 

.......... 
~ 0 .......... 
>, 80 ...... 
(.) 

...... 
Q. 

w 60 ,_ 
ro 
0 
~ 

40 '"O 
Q) 
N 

ro 
E 20 ,_ 
0 z 

' 
, , , , , , 

III-22 

' , 

' , , 
' ' ' ' , 

' , 
I , 

' I , , 
' 
' 

--­,--

20 40 60 80 

Temperature [°C] 



IIl-23 

Figure III-5: Propensity Scale vs. Melting Temperature: Lines span intervals of Np for 

which the calculation produced the same sequences. Curves are drawn to suggest the 

trends of increasing number of high-propensity residues (right) and increasing number of 

inter-residue electrostatic interactions (left). 
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Chapter IV 

Radical Performance Enhancements for Algorithms Based on the 
Dead-End Elimination Theorem 

The text of this chapter is adapted from a published manuscript that was coauthored with Professor 
Stephen L. Mayo. 

D. B. Gordon and S. L. Mayo; J. Comp. Chem. 1998. 19 (13) 1505-1514 

Abstract 
Recent advances in protein design have demonstrated the effectiveness of 

algorithms based on the Dead-End Elimination theorem. The algorithms solve the 

combinatorial problem of finding the optimal placement of side chains for a set of 

backbone coordinates. Though powerful tools, these algorithms have severe limitations 

when the number of rotamers is large. This is due to the high-order time-dependence of 

the aspect of the calculation that deals with rotamer doubles. We present three 

independent algorithmic enhancements that significantly increase the speed of the doubles 

computation. These methods work by using quantities that are inexpensive to compute to 

forecast which expensive calculations are worthwhile. One of the methods, the 

comparison of extrema, is derived from theory, and the remaining two, the magic bullet 

and the qrs and quv metrics, are based on empirical observation of the distribution of 

energies. When used together, these methods effect an overall speed improvement of as 

much as a factor of 47, and for the doubles aspect of the calculation, a factor of 95. 

Together, these enhancements extend the envelope of inverse-folding to larger proteins by 

making formerly intractable calculations attainable in reasonable computer time. 
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Introduction 
The accurate placement of side chains on a specified main chain template is of 

central importance to protein design and protein homology modeling. This placement is 

typically simplified through discretization of the conformational freedom of side chains 

into statistically significant representative conformations called rotamers [1,2]. 

Nevertheless, the sheer number of rotameric combinations makes exhaustive searches of 

all arrangements computationally intractable. The Dead-End Elimination (DEE) theorem 

proposed by Desmet et al. [3] solves this problem by providing an effective means of 

pruning rotamers from the available combinatorial space. 

Several enhancements have been proposed since the DEE theorem was first 

described. Fuzzy-End Elimination [4] and improved forms of the elimination criteria [5] 

extend the utility of the theorem to more difficult problems. De Maeyer et al. [6] have 

demonstrated that the calculation speed can be increased by simultaneously implementing 

an energy threshold and a more detailed rotamer library. Together, these enhancements 

have enabled homology calculations for proteins as large as 250 residues. 

These techniques, in conjunction with systematically derived energy expressions , 

have been used to perform inverse protein folding, that is, protein design. The 

hydrophobic cores of coiled-coil [7] and a+(3 proteins [8] have been successfully 

redesigned, as have a-helical surfaces [9]. Recently, Dahiyat and Mayo [ 1 OJ have 

employed the DEE theorem in the complete redesign of an entire 28-residue motif. 

Design calculations are significantly more computationally intensive than 

homology calculations on proteins of the same size. This is due to a high-order time 

dependence on the number of allowed rotamers per residue position. Design calculations 
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suffer because rotamers from several different amino acids are possible at each position. 

We present three speed enhancements that make much larger design calculations 

attainable in reasonable computer time. 

Background 
The strength of the DEE theorem is that it can determine that a particular rotamer 

cannot exist in the global minimum energy conformation (GMEC) without any prior 

knowledge of the GMEC. A rotamer determined to be incompatible with the minimum 

energy conformation is termed "dead-ending," and is eliminated from further 

consideration. The GMEC is then attained through iterative elimination of dead-ending 

rotamers until only a single rotamer remains at each residue position. 

To eliminate a rotamer, one must show that there exists another rotamer that 

contributes less energy to the GMEC than the candidate rotamer. This is accomplished 

by finding a rotamer that is lower in energy than the candidate in all possible 

configurations of the system. The DEE criterion proposed by Desmet et al. [3] confirms 

the lower energy for all configurations by checking if, for some residue position, i, the 

minimum energy of the candidate rotamer to be eliminated, ir, is greater than the 

maximum energy of another rotamer, i1: 

(1) 

The quantity E(ir) is the interaction energy of the rotamer ir with the template. The 

energy of interaction between two rotamers ir and}s is denoted E(iJs)- Thus the minimum 
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and maximum energies for all configurations are expressed on the left and right sides of 

the criterion, respectively. 

There can be cases, however, in which the energy profile of a candidate rotamer 

may be higher than a reference in all conformations, but its minimum may be lower in 

energy than the maximum of the other rotamer. Although the candidate rotamer should 

be eliminated, the pair will be overlooked by the above elimination criterion. To treat 

this case, as well as higher order cases, Goldstein [5] proposed a form of the criterion of 

arbitrary order. The zeroth order form refers to the criterion proposed by Desmet et al. 

Goldstein describes a more sensitive, first-order form of the criterion that also detects the 

special case described above. 

E(i, )-E(() + Imin[E(i,.J, )-E(i),)] > 0 .. s 
j,J*' 

(2) 

This criterion checks that the energy profiles of two rotamers do not cross by verifying 

that the minimum energy difference upon substitution of any rotamer for the candidate 

rotamer is always greater than zero. 

In practice, the calculation typically reaches a point at which no more rotamers 

can be eliminated by the above criterion. Lasters and Desmet [4] describe how the 

calculation can be continued by finding pairs of rotamers, called doubles, that cannot 

coexist in the GMEC. The variation is obtained by tailoring the zeroth-order criterion (1) 

to search for dead-ending pairs: 

where 
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&([iJ, ]) = E(i,. )+E(}, )+E(i,.JJ 

and 

The Goldstein elimination criterion can also be extended to doubles: 

&([i,.JJ)-&([i11 JJ) + L min[&([iJ, ],k, )-&([i11 jJ,kJ] > 0 
k,k""J*' 

(4) 

In contrast to singles eliminated by criterion (1), it is possible that one of the individual 

rotamers that constitutes a dead-ending pair may exist in the GMEC, so the rotamers 

cannot be eliminated. However, as a unit, dead-ending pairs can be excluded when 

evaluating the minima in criteria (1) and (2) in subsequent singles calculations, enabling 

the elimination of more rotamers . Additionally, dead-ending pairs may be eliminated 

upon residue unification [ 11] in which a "super-residue" is constructed from all possible 

rotamer pairs for two positions. The super-residue is treated as a single residue for the 

remainder of the calculation. 

Calculation Speed 
Dead-End Elimination calculations filter through enormous numbers of 

combinations of sequences with remarkable speed when there are few rotamers per 

residue position. However, calculations proceed more slowly as the number of rotamers 

increases. This is of primary concern in protein design applications, in which each 

position has rotamers from many amino acids, often totaling hundreds of rotamers. 

Additionally, super-residues formed through unification also contribute large numbers of 

rotamers. The calculation is slowed in part because more rotamers need to be eliminated. 



IV-6 

More importantly, however, is that the time to execute each iteration is significantly 

lengthened, because of a fourth-order dependence on the number of rotamers per residue 

position. 

To clarify this fourth-order dependence, it is convenient to define a comparison 

matrix. To exhaustively search for all dead-ending rotamers at a residue position i, it is 

necessary to compare every rotamer to every other rotamer available at i. In the 

comparison matrix, each column corresponds to a particular rotamer, ir, as a candidate for 

elimination, and each row corresponds to one of the possible reference rotamers i1. If 

there are n rotamers at position i, then an exhaustive search of (n2-n) matrix elements is 

necessary. Such a matrix is evaluated for each of the p positions that may be represented 

by i. 

The computational bottlenecks, however, are the evaluation of the minimum on 

the left side and the maximum on the right side of the elimination criterion. The 

calculation of each extremum requires computation for n rotamers at each of the other 

residue positions j. For the zeroth-order criterion (1), the same extrema can be used 

repeatedly within each row or column, and therefore they need only be computed once. 

The calculation time therefore scales proportionally to the number of rotamers and 

positions, nxp. However, when the first-order criterion (2) is invoked, the minimum 

operator is applied to the rotamer pair, and therefore must be repeated for each matrix 

element. Therefore, an exhaustive search using the Goldstein variation scales as n2xp. 

The problem is exacerbated when performing doubles elimination. An ids pair 

submitted to evaluation by criterion (3) will have n2 combinations, as will the i1Jv pair to 
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which it is compared. Thus the dimension of the comparison matrix is n2x(n2 
- 1 ), and 

such a matrix is constructed for each of the possible ½xpx(p-1) i-j doubles. As with 

zeroth-order singles, it is only necessary to evaluate the extrema once for each row and 

column, and so the calculation scales as n2xp 2
. However, when it becomes necessary to 

progress to criterion (4), a computationally expensive calculation must be performed for 

every matrix element. Therefore, first-order doubles iterations scale as n4xp2
. 

Performance analysis of our implementation of the DEE algorithm shows that the 

computation of the first-order doubles criterion ( 4) dominates the overall calculation time. 

For example, a doubles calculation with 100 rotamers at each position requires the 

evaluation of 108 matrix elements. At a typical evaluation rate of I 04 comparisons per 

second, the zeroth-order calculation will take p 2 seconds, but the computation of an entire 

matrix for first-order doubles will take p 2 hours. 

Optimization 
Minima and Maxima 

The actual number of dead-ending pairs found when using the first-order doubles 

criterion is much smaller than the number of comparison matrix elements. The 

calculation could be made much faster if there were a way to predict which matrix 

elements were likely to be dead-ending, which would then be confirmed with the DEE 

criterion. Our approach is to prejudge matrix elements by utilizing the minima and 

maxima precalculated for the zeroth-order calculation. For convenience we define 

&max ([iJ, ])=&([iJ, ])+ L max&([i,J, ],kJ 
k,;,i,;,; 

1 
(5) 
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&min ([i,Js]) = &([i,Js]) + L min&([i,Js ],k,) 
k*i*} 

1 
(6) 

&max ([i11Jv]) = &([i11 Jv]) + L max&([i11 JJ,k1) 
k*i*} 

1 
(7) 

&min([i11Jv])=&([i11JJ)+ L min&([i11 }J,k1 ) 

k*I*} I 

(8) 

These quantities are illustrated on energy profiles in figure IV-I. As previously stated, 

the calculation of these extrema scales as n2
, rather than as n 4, because the values are the 

same for an entire row or column of the matrix. 

Magic Bullet 
It is important to emphasize that it is not necessary to discover all possible dead-

ending-pairs in the matrix. Although more would be preferable, it is only necessary to 

find a sufficient number to enable successful elimination in the next singles iteration. It is 

therefore reasonable to sacrifice the discovery of some pairs to gain calculation speed. 

Inspection of the energy distributions in sample matrices has revealed that an i,Jv 

pair that dead-end eliminates a particular ids pair can also eliminate other ids pairs. In 

fact, there are often a few i,Jv pairs, which we call "magic bullets," that eliminate a 

significant number of pairs. We have found that one of the most potent magic bullets is 

the pair for which the maximum interaction energy, &max([i,Jv}), is least. We refer to this 

pair as [izJv} mb• 

Our first speed enhancement is to evaluate the first-order doubles calculation for 

only the matrix elements in the row corresponding to the [iziiv)mb pair. The discovery of 

[iziiv) mb is an n2 calculation, and the application of criterion (4) to the single row of the 
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matrix corresponding this rotamer pair is another n2 calculation, so the calculation time is 

small in comparison to a full first-order doubles calculation. In practice, this calculation 

produces a large number of dead-ending pairs, often enough to proceed to the next 

iteration of singles elimination without any further searching of the doubles matrix. 

The magic bullet first-order calculation will also discover all dead-ending pairs 

that would be discovered by the zeroth-order calculation, thereby making it unnecessary. 

This stems from the fact that &max([i,Jv} mb) must be less than or equal to any &max([i,jv}) 

that would successfully eliminate a pair by the zeroth-order criterion. 

Comparison of Extrema 
When the magic bullet doubles calculation fails to produce any more dead-ending 

pairs, it is necessary to evaluate the full doubles matrix. However, we observe that the 

remaining doubles that satisfy the first-order doubles criterion are sparse on the matrix. 

Therefore, many matrix elements must be searched to find a relatively small number of 

dead-ending pairs. The search odds can be improved, however, by using the minima and 

maxima precomputed earlier to isolate regions of the matrix for which the probability of 

finding a dead-ending pair is greater. 

We employ a comparison of extrema to effectively reduce the matrix by a factor 

of four. Matrix elements that satisfy either of the following criteria are skipped: 

(9) 

or 

(10) 
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Figure IV-2 illustrates schematically that when either of these conditions are met, the 

energy profiles necessarily cross (see appendix for proof). We can therefore be certain 

that the corresponding matrix element will not be dead-ending. 

Because the matrix is symmetrical, half of its elements will satisfy the first 

inequality (9), and half of those remaining will satisfy the other inequality (10). These 

three quarters of the matrix need not be subjected to the evaluation of criterion ( 4 ), 

resulting in a theoretical speed enhancement of a factor of four. 

Proof of Comparison of Extrema 
To simplify the presentation, we show the proof for a singles calculation. Consider a 

pair of rotamers ir and i1 for which we observed that 

which means 

E(i, )+ I:minE(i1.j5 )<E(i1 )+ I:minE(iJ,) 
s . s 

J J 

Rearranging we obtain 

E(i,)-E(i1 )+ I:m}nE(i,J, )- I:m}nE(iiJs)<O 
j J 

Let m be the selection of rotamer s for each position j that minimizes E(iJ5). By 

definition, then, 

LE(i,Jm) = Lm}nE(i,Js) 
j J 

Now, since 

L,E(i,Jm) 2:: I,minE(iiJs) 
. . s 

J J 



IV-11 

we have 

j j 

Because m is the same in both pairwise energy expressions, we may write 

E(i, )- E(i1) + I[E(i,Jm )- E((Jm )}; 0 
j 

This shows that there must exist a configuration, m, for which the energy difference is 

negative upon substitution of it for ir. Since the minimum difference upon substitution 

must be less than or equal to any particular difference, 

Imin[E(iJ,)-E((J, )}; I[E(i,}111 )-E((j11,)] 
s 

j j 

Substituting the minimum difference yields 

E(i,)-E(i,) + Imin[E(i,.J, )-E(iJJ}; 0 
s 

j 

Thus, given that the initial comparison of minima is satisfied, the minimum difference 

must be less than zero. Therefore, it cannot eliminate ir by first-order elimination. By 

analogy, the same condition can be derived when the maximum energy of i1 exceeds the 

maximum of ir. The proofs are analogous for doubles calculation, confirming the 

conditions described above. 

"q" metrics 
Our last enhancement refines the search of the remaining quarter of the matrix. 

We accomplish this by constructing a metric from the precomputed extrema to detect 

those matrix elements likely to result in a dead-ending pair. 
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A metric was found through analysis of matrices from different sample 

optimizations. We searched for combinations of the extrema that predicted the likelihood 

that a matrix element would produce a dead-ending pair. Interval sizes ( see figure IV-1) 

for each pair were computed from differences of the extrema. The size of the overlap of 

the ids and i1Jv intervals were also computed, as well as the difference between the 

minima and the difference between the maxima. Combinations of these quantities as well 

as the lone extrema were tested for their ability to produce the occurrence of dead-ending 

pairs. Also, because some of the maxima were very large, the quantities were also 

compared logarithmically. 

Most of the combinations exhibited the ability to predict dead-ending matrix 

elements to varying degrees. The best metrics were the fractional interval overlap with 

respect to each pair. We refer to these quotients as qrs and quv • 

intervaloverlap &max ([i11 JJ)-&min ([i,Js]) 

q rs = interval ([i,J, }) = &max ([i,/, ])- &min ([i,Js]) 

intervaloverlap &max ([il/JV ])- &min ([i,Js]) 

q"" = interval([i,,J., }) = &111ax ([i11 JJ)-&min([i11J., ]) 

(11) 

(12) 

These metrics were selected because they had values for which the ratio of the total 

occurrence to the occurrence of dead-ending matrix elements was lower than any other 

metric. For example, we observe that there are very few (~2%) matrix elements for 

which q,s > 0.98, yet these elements produce as many as 40% of all of the dead-ending 

pairs. We only apply the first-order doubles criterion to those doubles for which 

q,s > 0.98 and quv < 0.99. 
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The sample data analyses predict that by using these two metrics, we may find as 

many as half of the dead-ending elements by evaluating only two to five percent of the 

reduced matrix. However, we do not expect to observe the full theoretical enhancement 

because the analysis does not account for redundant eliminations of a pair. 

Method 
Energy Expression 

The energy expression consists of van-der-Waals, electrostatic, and solvation 

terms. For van-der-Waals, a Lennard-Jones 6-12 potential is used, with radii scaled [8] 

by a factor of 0.9. A distance-dependent electrostatic term and a hybridization-dependent 

hydrogen-bonding term were used [9]. Solvation effects are approximated from 

hydrophobic surface area burial [7, 1 OJ. Atom radii and hydrogen-bond well depths are 

based on the DREIDING force-field [12]. 

Algorithm 
The basic algorithm was implemented as described in the background section of 

this paper. Residue unification [ 11] was performed when first-order doubles failed to 

facilitate subsequent singles iterations, by clustering the pair of positions that produced 

the largest fraction of dead-ending pairs. Rotamers are selected from a backbone 

dependent library [ 13]. 

The three speed enhancements were added sequentially. First, calculations were 

performed using the original algorithm. Next, magic bullet doubles were substituted for 

the zeroth-order doubles calculation. Then a filter implementing the comparison of 
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extrema was added to the first-order doubles calculation. Last, the qrs and quv metrics 

were added as a final filter to the first-order doubles calculation. 

For each calculation, the total CPU time was recorded, as well as the portion of 

that time spent performing first-order doubles. The time required for the initial first-order 

doubles was also measured. All calculations were performed on a single RlOOOO CPU of 

a Silicon Graphics Origin 2000 server. 

Benchmark Cases 
It was necessary to test the generality of the speed enhancements, since their 

viability is, in part, dependent on the distribution of energies. Therefore, three sequence 

optimization problems representative of different protein structural classes were selected. 

To test a-helical surfaces, the coiled-coil GCN4-pl [9,14] was used. The twelve residues 

occupying b, c, or f locations in the heptad repeat were optimized allowing each position 

to have the identity of any of the hydrophilic amino acids (D, E, N, Q, K, R, S, T, A, and 

H). There were 8.5x 1026 rotameric combinations. 

The structure of the p 1 domain [ 15] of streptococcal protein G was used to test the 

applicability of the enhancements to protein cores and p-sheet surfaces. For the former, 

13 positions in the core and at the boundary (3, 5, 7, 26, 30, 33, 34, 37, 43, 50, 52, 54, 56) 

were optimized from the 2.4x 1023 combinations of hydrophobic rotamers (A, F, I, L, M, 

V, W, Y). For the p-sheet surface, 12 positions (4, 6, 8, 13, 15, 17, 42, 44, 46, 51, 53, 55) 

were optimized from the 1.8x1026 combinations of hydrophilic rotamers. 
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Results 
The calculation times for the three benchmark cases are shown in Table I. The 

enhancements collectively increase the calculation speed by more than an order of 

magnitude. In some cases, the overall speed increase is nearly a factor of 50, and the 

speed enhancement for first-order doubles calculations is a factor of 95. All algorithms 

produce the same solutions for each optimization problem. 

The evaluation times of the initial first-order doubles calculations are used as 

predictors of the speed enhancement for large calculations. It is not feasible to directly 

measure the speed enhancement for very large problems, due to the prohibitive 

calculation times for their references. Additionally, the overall enhancement is increased 

for calculations of large size, due to the larger fraction of the calculation dedicated to the 

evaluation of large doubles matrices. We therefore focus analysis on the calculation 

times of the earliest encountered large doubles matrix, though the trends are exhibited by 

the other performance measures as well. 

Similar enhancements were observed for all three structural classes. The 

fluctuations in time improvement are apparently related to the overall difficulty of the 

optimizations. Harder calculations, such as those involving only the weakly interacting 

surface residues of p-sheets, derive the greatest enhancement. 

The employment of the magic bullet imparts a speed enhancement factor of 1.3 to 

2.9, depending on the nature of the optimization problem. As desired, the enhancement 

enables the calculation to progress through several additional iterations before requiring 

the invocation of a full first-order doubles round. The size of the problem is therefore 

reduced for subsequent expensive doubles calculations. (See Table II.) 
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The observed benefit of the companson of extrema exceeds the theoretical 

enhancement for all the test cases. This is a by-product of an implementation detail that 

prevents redundant eliminations. It is unnecessary to search remaining iziv pairs after one 

is found that eliminates a particular iJs, so calculations for i,Js pairs that are eliminated 

require less computation time than those that are not. The comparison of extrema filter 

reduces the relative number of ids pairs that require comparison against all i1Jv pairs, 

thereby further speeding the calculation. 

Last, the combination of the metrics qrs and quv is observed to work well for the 

different cases, increasing the speed of the preliminary doubles calculation by an 

additional factor of 5 to 8. Coupled with the similarity of trends observed in the initial 

matrix analysis, we conclude that the selected metrics, qrs and quv, are effective for all 

structural classes. 

Conclusions 
We have demonstrated the effectiveness of three enhancements for algorithms 

based on the Dead-End Elimination theorem. When used in concert, these techniques 

reduce the calculation time of the slowest parts of the algorithm by nearly two orders of 

magnitude in some cases. We observe that all the techniques are effective for 

optimizations of different protein structural classes, and that the speed enhancements 

increase with the difficulty of the problem. 

The increase in computational speed has dramatic consequences. Previously 

unattainable calculations for large protein systems are now tractable in reasonable 

computer time. 



IV-17 

Moreover, the evaluation of a large, well-defined matrix lends itself to easy 

computational parallelization. We have coupled these enhancements with parallelization 

of the doubles matrix on a 32 CPU Silicon Graphics Origin 2000, and have observed that 

total calculation times scale nearly ideally with the number of processors used (see figure 

IV-3). This coupling has enabled us to perform calculations in one day that previously 

would have taken years. 

The successes of the magic-bullet and metric methods suggest that there is fertile 

ground in the area of optimization based on empirical observation. More sophisticated 

metrics may yet exist to better predict which first-order doubles calculations are 

worthwhile. 
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Figure IV-1: Schematic representation of the quantities defined in Eq. (5-8) that are used 

to construct speed enhancements. The minima and maxima are utilized directly to find 

the [i,Jv} mb pair and for the comparison of extrema. The differences between the 

quantities, denoted with arrows, are used to construct the qrs and quv metrics. 
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Figure IV-2 : These graphs illustrate that the energy profiles of pairs must cross if they 

satisfy the comparison of extrema of inequalities (9) in figure IV-2a, and (10) in figure 

IV-2b. One may therefore determine beforehand that these pairs cannot be eliminated by 

the first-order criterion. 
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Figure IV-3: Increase in calculation speed from parallelization. Times were tabulated for 

a single first-order doubles iteration during the optimization of the 12 ~-sheet surface 

positions of protien G, allowing all amino acid identities, except proline, at all positions. 

Speed factors are computed relative to the calculation time on a single CPU. 
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Chapter V 

Branch and Terminate: A Combinatorial 
Optimization Algorithm for Protein Design 

The text of this chapter is adapted from a published manuscript that was coauthored with 
Professor Stephen L. Mayo. 

D. B. Gordon and S. L. Mayo; Struture Fold. Des. 1999. 7 (9) 1089-1098 

Abstract 

Background: Several deterministic and stochastic combinatorial optimization algorithms 

have been applied to computational protein design and homology modeling. However, as 

structural targets get larger, it has become necessary to find more powerful methods to 

address the increased combinatorial complexity. 

Results: We present a new deterministic combinatorial search algorithm, called "Branch 

and Terminate," (B&T) derived from the Branch-and-Bound search method. The B&T 

approach is based on the construction of an efficient, but very restrictive bounding 

expression, which is used for the search of a combinatorial tree representing the protein 

system. The bounding expression is used both to determine the optimal organization of 

the tree and to perform a highly effective pruning procedure named "termination." For 

some calculations, the B&T method rivals the current deterministic standard, Dead-End 

Elimination (DEE), sometimes finding the solution up to 21 times faster. A more 

significant feature of B&T algorithm is that it can provide an efficient way to complete 
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the optimization of problems that have been partially reduced by a DEE algorithm. 

Conclusions: The B&T algorithm is an effective optimization algorithm when used 

alone. Moreover, it can increase the problem size limit of amino acid side chain 

placement calculations, such as protein design, by completing DEE optimizations that 

reach a point at which the DEE criteria become inefficient. Together the two algorithms 

make it possible to find solutions to problems that are intractable by either algorithm 

alone. 

Introduction 
Significant advances in protein design [ 1,2] and protein side chain homology 

modeling [3] have arisen from the application of optimization algorithms and specialized 

potentials to the side chain placement problem. In these calculations, one searches for the 

set of side chain conformations that produce the global minimum energy conformation 

(GMEC) for the given protein backbone. The energies of side chain interactions are 

evaluated using empirically based energy potentials, and to reduce the complexity of the 

calculation, the set of possible side chain orientations is discretized into statistically 

representative conformations called rotamers [ 4,5] . 

The search for the optimal selection of side-chain rotamers for a specified protein 

fold is necessarily a combinatorial optimization problem; an exhaustive search through all 

combinations is intractable. As such, the problem has been approached by several 

different methods, including Monte Carlo [6,7] and simulated annealing [8], mean-field 

[9,10], and Dead-End Elimination (DEE) [11-14]. In particular, DEE methods have 
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emerged as powerful tools for more difficult protein design calculations, in which the 

optimal side chains are selected from rotamers of many different amino acids [ 1,2]. 

There are optimizations, however, for which DEE algorithms are not sufficient, 

due to either the nature of their energy distributions or their sheer size. For example, the 

optimization of long hydrophilic side chains on P-sheets is typically composed of large 

numbers of rotamers with interaction energies that are very small in magnitude. DEE is 

able to reduce the combinatorial size of the problem significantly at the outset, but soon 

after, elimination becomes inefficient, relying entirely on computationally expensive DEE 

doubles calculations [ 12, 14]. This behavior is also observed in the later stages of very 

large calculations, when after several rounds of unification [ 15] further eliminations 

become difficult and the number of super-rotamers at super-residue positions becomes 

very large. To complete such calculations, a technique consisting of exhaustive 

combinatorial build-up aided by DEE has been described [3]. However, since the 

effectiveness of the elimination criteria is poor in these cases, it is advantageous to 

construct a method that is not dependent on them. 

To address these difficult optimization problems, we have developed an enhanced 

version of a Branch-and-Bound (B&B) algorithm [16] that we have dubbed "Branch-and­

Terminate" (B&T). B&B algorithms comprise a sub-class of backtrack algorithms that 

utilize information about costs (or energies) of complete and partial solutions. Backtrack 

algorithms are commonly used in atomic-level simulations to construct self-avoiding 

chains, and they have been used in protein design to engineer metal binding sites into 

proteins [ 17]. 

B&B algorithms are commonly applied to theoretical combinatorial and 
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scheduling problems, and more recently to combinatorial problems of structural biology 

ranging from sequence alignment [ 18] and structural comparison [ 19], to macromolecular 

packing [20], ligand design [21], and recently, protein tertiary structure prediction [22]. 

Toward the study of protein side-chains, Samudrala and Moult [23] have described a 

graph-theoretic approach to the closely related problem of comparative modeling, in 

which they represent the search as a clique-finding problem, which they solve using a 

B&B algorithm. In addition, Leach and Lemon [24] have used a B&B algorithm ( called 

"A*") to explore the conformational energy surface of protein side-chains. 

It is straightforward to formulate the side chain optimization problem for direct 

optimization by a B&B algorithm. All that is necessary is to describe the problem as a 

search of a combinatorial tree where one searches for the single path through the branches 

that corresponds to the GMEC set of rotamers. The B&B algorithm is effective because 

it simultaneously prunes the tree while searching; each branch is tested with a quantitative 

bounding expression before being searched. 

In implementing a B&B algorithm for side chain selection, we have incorporated 

some novel algorithmic techniques that increase the optimization speed dramatically. 

First, we describe a bounding function that maximizes the efficiency of pruning for 

problems in which the total energy can be decomposed into interactions between pairs of 

rotamers. We also describe a process we call "termination," in which we use the 

bounding function to deterministically remove rotamers at all amino acid positions, 

thereby reducing the overall size of the tree before searching. Termination is additionally 

effective when performed at every level of recursion of the search, sometimes increasing 

the overall speed of the optimization by an order of magnitude. Last, we demonstrate 
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how the energetic information produced by the termination process can be used to 

determine the optimal search order for the remainder of the tree. Because termination 

effectively replaces the usual bounding process, the resulting breadth-first algorithm is 

called "Branch-and-Terminate." We also describe a variation of the B&T method that 

can rapidly find approximate solutions close to the GMEC. 

The description of the Branch-and-Terminate algorithm that follows is tailored for 

rotamer selection, but the algorithm is in fact generalizable to any combinatorial 

optimization problem in which all the interactions energies are pa1rw1se and pre­

computable. The bounding expression we describe is similarly general. 

Although the B&T algorithm can be used by itself, greater benefit can often be 

obtained by using it in concert with a DEE algorithm. Together, the algorithms can solve 

optimization problems much more quickly than either can accomplish alone. This may 

make it possible to quickly find the GMEC for protein design problems that were 

previously insoluble by either algorithm. 

Results 

Branch and Bound 
When a combinatorial tree 1s used to describe the side chain optimization 

problem, the root of the tree is placed at the top, and branches extend downward. Each 

level of depth of the tree corresponds to an amino acid position, and each node represents 

a particular rotamer choice at that position. (See figure V-1.) Thus a path that extends all 

the way from the tree root through all levels of branches to a leaf describes a complete 

rotamer sequence. The problem, then, is to search for the path corresponding to the 
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sequence with the lowest energy. 

A partial path from the root describes a rotamer sequence that is incompletely 

specified. Alternatively, the path can be interpreted physically as specifying a unique 

composite rotamer, or "super-rotamer" that occupies a subset of the amino acid positions. 

Extending the path deeper into the tree corresponds to appending additional rotamers to 

the super-rotamer, which can be repeated until all positions are specified. According to 

this interpretation, a full search of the tree would entail the construction of all possible 

super-rotamers to completion. 

It is often possible, however, to determine that a particular partially-specified 

super-rotamer is not part of the GMEC. In such a case, it is unnecessary to explore any 

combinations that would result from building up the super-rotamer further. Applied 

recursively, such observations prune sub-trees from nodes throughout the tree, thereby 

enabling an exhaustive search without complete enumeration of all possible super-

rotamers. 

The pruning determination is accomplished by comparing a lower energy bound 

for the partially-specified rotamer sequence to a known reference energy. Given a 

reference energy of any plausible sequence, it must be true that the energy of the GMEC 

is less than or equal to the energy of any plausible sequence. 

E GMEC ~ E,eference (1) 

One may therefore deduce that the global minimum does not contain a particular super­

rotamer upon observing that the energy E super.best of the sequence resulting from optimal 

completion of the candidate super-rotamer is greater than the reference energy. 
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E super, best > E reference (2) 

Finding the optimal completing sequence, however, can be as difficult as the original 

problem, so we instead construct an expression for a lower energy bound, E super,bound· The 

expression is constructed to compute an inexpensive lower energy bound based on the 

partially specified sequence, as well as on the rotamers that are available at the 

unspecified positions. By definition, the bound must satisfy the inequality, 

E .rnper, best 2: E .l'llper, bound (3) 

With this quantity in hand, we may prune any sub-tree for which we observe that the 

lower bound is greater than the reference energy. 

E super, bound > E reference (4) 

This is the bounding criterion. The Branch-and-Bound algorithm consists of an 

exhaustive traversal of the combinatorial tree, applying this criterion to each node as it is 

encountered. Whenever the search produces a complete path with an energy lower than 

the current reference energy, the reference energy is updated. This way, the effectiveness 

of the bounding criterion is increased over the course of the optimization. Moreover, 

upon completion of the search, the reference energy is the global minimum energy. The 

corresponding sequence is also stored during each update, which produces the 

corresponding GMEC. 

Bounding Expression 
The successful implementation of a B&B type of algorithm depends largely on the 
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construction of the bounding expression. A bounding expression that is very stringent 

will produce lower bounds that are high in energy, and therefore will result in more sub­

trees that can be pruned by the bounding criterion. The size of the resulting tree will be 

smaller than one pruned by a less stringent expression, and the search will be faster. It is 

therefore important to design the bounding expression to most fully utilize the sequence 

information available. 

On the other hand, stringency is obtained at the cost of time. A maximally 

stringent bound might prune all sub-trees except for the one containing the global 

minimum, but it would take an impractical amount of time to compute. It is therefore 

also necessary to temper stringency with speed considerations in order to obtain a 

bounding expression that is properly balanced for efficient searching. 

We describe the construction of such a bounding expression in the Materials and 

Methods section. Given a partially constructed super-rotamer and the available rotamers 

at the remaining positions, the approach is to utilize the corresponding energetic 

information as fully as possible while keeping the computational order of the bounding 

expression constant. The result is a novel, highly-effective bounding expression that 

provides the basis for the remaining B&T techniques. 

The form of the resulting expression has an additional advantage; it isolates those 

parts of the expression that are identical for rotamers on the same level of a sub-tree. 

Thus it is possible to further increase the efficiency of the search by precomputing these 

shared quantities as each group of nodes is encountered, rather than redundantly 

evaluating the entire bounding expression for every unique node. This method is 

described in the Materials and Methods section. 
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Termination 
The enhancements of the B&T algorithm relative to the B&B method are based on 

a process called "termination." Because all the pairwise interactions are precomputab le, 

the organization of the combinatorial tree is arbitrary (i.e., there is no specific order to 

which different amino acid positions must be assigned to different levels of the tree). 

However, organization of the tree can have a significant influence on the speed of the 

calculation. For example, a greater reduction in the size of the search is derived from 

pruning a branch at the root of the tree rather than pruning a branch closer to the leaves. 

Placing a branch at the leaves that would be pruned if placed at the root would be 

inefficient because the same pruning step would necessarily be repeated for every leaf. 

In fact , it commonly occurs that all amino acid positions have some rotamers that 

could be pruned if placed at the root of the tree. To circumvent the potential loss of 

efficiency, we implement a pre-processing procedure before determining the tree 

organization. This procedure consists of temporarily considering each amino acid 

position to be at the root level and checking if any of its rotamers can be immediately 

pruned. All rotamers pruned from root positions may be completely discarded for the 

remainder of the optimization, and are dubbed "terminated" to reflect this fact. The result 

is an overall reduction of the tree size prior to searching, making the optimization faster. 

The selection of the word "terminate" is intended to be contrasted with 

"eliminate," which is used to describe rotamers that are analogously discarded by using 

the DEE criterion. Indeed, many of the same rotamers are discarded. As with DEE, 

termination may be performed iteratively until no further rotamers are terminated. 



V-10 
Iterative termination is executed as the preprocessing step before search of the tree. 

Recursive Termination 
Although termination serves as an effective preprocessing step, the hallmark of 

the B&T algorithm is that termination is employed at every level of recursion. At any 

point of the search, the rotamers defined at levels above the level of the current amino­

acid position may be considered a root comprised of a single, partially specified super-

rotamer. Termination, then, consists of temporarily considering each of the rotamers at 

all the remaining positions as candidates for the next appendage of the super-rotamer and 

applying the bounding criterion to each one. All rotamers terminated this way may be 

discarded from the optimization of the sub-tree with this partially specified super-rotamer 

root. 

In contrast, the recursive step in a B&B search consists of application of the 

bounding criterion to the rotamers at only one amino acid position. The benefits of the 

extra reductions in the sizes of sub-trees far outweigh the costs of calculation of extra 

bounds for termination. The resulting increase in efficiency makes the B&T search 

significantly faster than a similarly constructed B&B search. 

Figure V-2 illustrates the benefit of performing termination at every level of 

recursion. By varying the depth to which recursive termination is applied in place of 

conventional bounding, it is clearly demonstrated that the extra pruning effects significant 

reductions in overall search time. 

We have observed that it is not necessary to perform iterative termination at every 

level of recursion, unlike termination preprocessing. A single iteration per branch 
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generally yields the best performance. 

Search Order 
When traversing the combinatorial tree, it is necessary to determine (1) the order 

in which to explore rotamers at each position, and (2) the sequence in which to explore 

the different positions. For both cases, we utilize the bounding energies calculated for 

each rotamer during termination. 

We have observed an empirical correlation between low bounding energy and 

membership in the GMEC. Therefore, the rotamers at each position are searched in order 

of increasing bounding energy. Conducting the search in this way increases the chance 

that solutions close to the GMEC are found quickly, thereby providing stringent reference 

energies early in the calculation. 

With respect to the ordering of the different positions, we construct a heuristic 

based on both the termination bounding energies and the size of the rotamer lists. In a 

conventional tree search, the positions should be organized in order of increasing number 

of rotamers per position in order to minimize the total number of nodes in the tree. 

However, in a B&T search, there are other organization schemes that favor high-level 

pruning by termination, which reduce the tree size more significantly. We use the 

bounding energy of the top-ranked (lowest bounding energy) rotamer at each position to 

indicate which positions are likely to restrict the rest of the system, and consequently 

favor high-level termination if placed at the super-rotamer root. Because the minimum 

operators at a node are applied over a set including the subset corresponding to the sub­

tree nodes, bounding energies of sub-tree nodes must be higher than or equal to their 
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parent nodes. Therefore, placing positions with high lowest-energies at the top of the tree 

promotes high bounding energies for their descendents. Since the rotamer lists of a sub­

tree can be significantly different than those of its parent, residue ordering is performed at 

every level of recursion depth. 

We have observed that an optimal ordering can be obtained by combining 

energetic and list-size sorting criteria using the following heuristic. Positions are sorted 

in descending order according to a rank index, as computed by the expression, 

1 E -E . 
Rank Index = (1- /)--- + J top top, mm 

1 + ln N E top ,max - Etop ,min 

(5) 

where N is the number of rotamers at the position, E10P is the bounding energy of the top-

ranked rotamer of that position, and Eiop,min and E,op,max are the minimum and maximum 

top-ranked bounding energies of all positions, respectively. The expression 1/(1 +lnN) is 

constructed to produce an attenuated weighting inversely proportional to the number of 

rotamers that evaluates to unity when N= 1. The quantity f is selected to control the 

relative weighting of the two criteria. A value of zero for f corresponds to sort based 

entirely on the number of residues per position, and a value of one produces a ranking 

based entirely on bounding energies. 

Approximate Algorithm 
A solution that is very close to the GMEC sequence can be found very rapidly by 

usmg an approximate variation of the B&T method. Approximate calculations are 

particularly useful for providing a fast way to obtain low reference energies for exact 

B&T optimizations. Moreover, the approximate calculation is often sufficient to produce 

the GMEC energy. 
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The approximation is based on the observation that the GMEC rotamers are often 

among those with the lowest termination bounding energies according to the bounding 

expression (Eq. 21 in Materials and Methods). This indicates that the bounding 

expression has predictive properties. To rapidly find an approximate solution, the ranked 

rotamer lists are arbitrarily truncated after the pre-processing termination step, and the 

B&T search is conducted on the abbreviated set of rotamers. 

A more reliable solution can be found by repeating the approximate optimization 

with more lenient truncation, using the solution from the preceding run for the initial 

reference energy. 

DEE Preprocessing 
Perhaps the most practical use of the B&T algorithm is to complement DEE when 

dealing with optimization problems that are too difficult to solve using either algorithm 

alone. In such cases, the algorithms are used in succession. DEE is used to eliminate 

rotamers and to perform unification until the optimization reaches iterations that are 

inefficient. Inefficiency typically occurs after several unifications when the total number 

of rotamers and unified super-rotamers gets very large (>5000) and very few eliminations 

result even from lengthy Goldstein doubles calculations. At this stage, the DEE 

optimization is aborted, and the state information is transferred to a B&T implementation. 

Rotamer lists and energy tables are transferred directly, including references to unified 

super-rotamers, which are transparently represented as ordinary rotamers in the B&T 

algorithm. 

An additional performance improvement is obtained by also passing the list of 
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dead-ending pairs (DEP). DEP's are pairs of rotamers (or super-rotamers) whose 

members cannot simultaneously exist in the GMEC. These pairs may therefore be safely 

omitted from the minimum operators in Eq. 21 (see Materials and Methods). 

Benchmarks 
To assess the generality of the B&T approach, different incarnations of the 

algorithm were applied to benchmark problems representing different structural classes, 

as described in Materials and Methods. Optimization times were heavily dependent on 

the sorting heuristic, as shown in figure V-3. The performance improvement, as 

measured by dividing the total optimization times, ranged from a factor of three for the 

p-sheet case to a factor of over forty for the "mixed" case. Remarkably, very similar 

values of the sorting factor f produced the fastest optimization times for all structural 

classes. Initially, values at intervals of 0.1 were tested, but since all benchmark cases 

exhibited minima near f = 0.1, values at intervals of 0.01 were sampled near this value. 

At this level of refinement, the different cases had different optimal sorting factor values, 

but a value off= 0.08 was close to optimal for all of them. We also observe that 

optimizations with the fastest times had the fewest nodes in their pruned combinatorial 

trees. 

The total calculation times for the benchmarks using a sorting factor of 0.08 are 

competitive compared to times of a highly optimized DEE algorithm, and are 

significantly faster than the optimized B&B search (Table 1). For the P-sheet surface and 

the small core-boundary calculations, the B&T method is approximately twenty times 

faster than DEE. For the mixed case, it is nearly eight times faster. For the a-helical 
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case, however, the B&T method is more than two times slower. This is likely a reflection 

of the linear topological arrangement of the system, in which it difficult to select positions 

to place at the tree root that both restrict large parts of the system and are themselves 

restricted. 

The approximate form of the algorithm proved to be exceptionally effective. For 

the four cases above, B&T calculations that used only the 30 top-ranked rotamers at each 

position all took less than fifteen seconds and produced the correct GMEC solutions. For 

the more difficult core-boundary case, the calculation took five minutes, and also 

produced the correct GMEC solution. For this case, a more aggressive calculation using 

only the top 15 rotamers at each position took 25 seconds and produced a solution whose 

energy was in error by less than 1 %. This energy was used as the initial bound for the 

remaining calculations on the system. 

To illustrate the potential for combining DEE and B&T methods by way of DEE 

preprocessing, we selected a problem computable by either algorithm to enable us to 

perform quantitative comparisons. In practice, however, the technique is applied to 

problems that are not currently computable in reasonable computer time by either 

algorithm, for which the benefit is obviously much greater. Figure V-4 illustrates the 

total calculation times partitioned into DEE and B&T times for optimization of the 

difficult benchmark consisting of core and boundary residues. The calculations differ in 

the amount of time allotted to DEE reduction before completion with the B&T algorithm. 

At the best timing, the combined algorithms complete the optimization eight times faster 

than DEE alone. Moreover, we have observed that, in practice, the B&T method is 

generally effective on completing large problems that DEE can reduce to as high as 1030 



V-16 
remammg sequences. 

Discussion 

We have described a deterministic search method for rotamer optimization and 

have demonstrated that for some cases it is as fast as the current standard algorithm for 

protein design, and that for other cases it is much faster. The success of the Branch-and­

Terminate method rests on the construction of a novel pairwise bounding expression, 

which is used both to perform termination and to supply energetic information with 

which to determine the search order. Although the algorithm is tailored to protein 

systems, it is generalizable to any problem that can be similarly described. 

Although the B&T algorithm is quite effective when used alone, it is perhaps 

more important that it increases the problem size limit of DEE calculations by providing 

an efficient way to complete optimizations for which elimination criteria have become 

less effective at removing rotamers. This makes it possible to perform optimizations on 

larger proteins and on systems with large numbers of interacting residues. 

The size limit may be raised even higher once the limitations of the approximate 

form of the algorithm become better understood. For the benchmark cases, the 

approximate algorithm found the GMEC solutions up to a thousand times faster than 

either of the exact methods. Even the DEE implementation to which the B&T method is 

compared incorporates some conservative approximations in the form of high energy 

threshold rejection (HETR) criteria [3]. Analogous techniques may provide a way to 

construct a faster, approximate B&T algorithm with a clearly defined accuracy. Along 

the same line of reasoning, truncation based on bounding energies might be an effective 
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replacement for HETR cutoffs in DEE. 

There is also room for improvement in the heuristic for determining search order. 

Heuristics that are even more effective may exist that make use of structural information, 

in addition to energetics and size considerations. 

In addition, we are currently exploring features of the B&T algorithm that are 

common to all backtrack searches. First, it is possible to exhaustively sample the amino 

acid and rotamer sequence space near the GMEC. This is accomplished by modifying the 

algorithm so that it refrains from lowering the initial minimum energy upon finding low 

energy combinations [24] . The result is a full enumeration of all sequences with energies 

below the specified initial minimum energy, provided that this energy is close enough to 

the GMEC energy that the calculation remains tractable. 

Also, it is straightforward to adapt backtrack algorithms for parallel computation 

by dispatching branches to different computational nodes. We observe a scaling 

efficiency between 60%-80%, depending on the type of problem. Another advantage of 

the tree representation is that it makes it possible to estimate how much time the 

optimization will require. This is accomplished using a well-known tree estimation 

technique [25] in which statistics are compiled for random sample trajectories through the 

tree. This has helped us to predict when it is best to transfer DEE problems to B&T for 

completion. 

In practice, we believe that the best way to use the B&T method is to first attempt 

to optimize a problem using DEE. Upon observing that DEE begins to produce very few 

eliminations or dead-ending pairs, the state information should be transferred to an 

approximate form of the B&T algorithm. Using the energy from this calculation as the 
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initial upper bound, the approximate algorithm may be repeated again with successively 

more conservative truncations. The final energy should then be used as the initial bound 

for the exact B&T calculation. 

Biological Implications 

Protein design and protein homology calculations typically use combinatorial 

optimization algorithms to compute the optimal placement of amino acid side chain 

rotamers on protein backbones. The capabilities of exhaustive search algorithms are 

currently limited by protein size and energy landscapes. The Branch and Terminate 

variation of the Branch and Bound search algorithm described here provides a way to 

optimize these problems, both alone and used in conjunction with well established 

algorithms based on the Dead End Elimination theorem. 

Materials and Methods 

Benchmark Cases 

We test the generality of the algorithm by applying it to a suite of optimization 

problems representative of different protein structural classes. Rotamers were selected 

from a backbone dependent library [26]. To test a-helical surface positions, the 12 

residues occupying the b, c, and f locations in the heptad repeat of one helix of the coiled­

cold GCN4-pl dimer [27] were optimized from the set of rotamers corresponding to 

hydrophilic amino acids (A, D, E, H, K, N, Q, R, S, and T). There were 9.1 x 1022 

rotameric combinations. 
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The p 1 domain of streptococcal protein G [28] was used for the remaining cases. 

As a representative of core and boundary optimization problems, a subset of positions 

determined to be in the core and boundary according to our residue classification scheme 

(positions 3, 5, 7, 12, 23, 25, 26, 30, 34, 43, 45, 52, 54) were optimized from the 

3.4 x 1025 combinations of hydrophobic rotamers (amino acids A, F, I, L, M, V, W, and 

Y). For P-sheet surfaces, a subset of the P-sheet surface residues (positions 4, 6, 15, 17, 

42, 44, 53, 55) were optimized from the 4.9 x 10 17 combinations of hydrophilic rotamers. 

To represent problems consisting of a mixture of different structural types, 

including turns, we also included the optimization of the residues containing any atoms 

within 10 A of the side-chain atoms of Val 21. Of these 14, the core residues (positions 

3, 20, 36) were allowed to have any of the hydrophobic identities, the surface residues 

(positions 2, 19, 21, 22, 24) had hydrophilic identities, and the remaining boundary 

residues (positions 1, 18, 23, 25, 27, 29) were selected from a group of hydrophilic and 

hydrophobic residues, excluding methionine (amino acids A, D, E, F, H, I, K, L, N, Q, R, 

S, T, V, W, and Y). There were 1.3 x 1029 possible rotameric combinations. 

The most difficult benchmark consisted of all 18 non-glycine core and boundary 

residues [2]. The core residues (positions 3, 5, 7, 20, 26, 30, 34, 39, 52, 54) were selected 

from the set of hydrophobic amino acids, and the boundary residues (positions 1, 12, 23, 

33, 37, 45, 50, 56) were selected from the composite list of hydrophilic and hydrophobic 

residues. There were 1.9 x 1034 possible rotameric combinations. 

Energy Expression 

We employ an energy expression that consists of van der Waals, electrostatic, and 
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salvation terms. For van der Waals, a Lennard-Jones 6-12 potential was used, with radii 

scaled by a factor of 0.9 [29]. Electrostatics were computed using a distance dependent 

dielectric and a hybridization-dependent hydrogen-bonding term [30]. Salvation effects 

were approximated from hydrophobic surface area burial [31]. Atom radii and hydrogen­

bond well depths were based on the DREIDING force-field [32]. 

Calculation 

For reference, calculation times were recorded usmg a fully optimized DEE 

algorithm incorporating high energy threshold reduction (HETR) [3], and magic bullets 

and other doubles optimizations [ 14]. Calculations were also performed using an 

enhanced B&B implementation that employed the efficient bounding criteria and 

termination preprocessing. 

For the first three benchmark cases, all calculations were performed using an 

initial upper bound of 0.0 kcal/mol, since our energy expression typically results in 

optimal sequences with negative energies. For the remaining two cases, initial bounds 

were obtained by first running the approximate version of the algorithm, in which the 

rotamer lists were truncated to the 15 rotamers with the lowest bounding energies at each 

residue position. These provided initial bounds of -153.0 and -250.0 kcal/mol, 

respectively. 

The generality of the sorting criteria was demonstrated by performing 

optimizations with values off in Eq. 5 ranging from Oto 1. 

To illustrate the reliability of the approximate form of the algorithm, 

optimizations were also performed using only the top 30 rotamers at each position as 
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ranked after a single round of termination. 

The larger benchmark problem consisting of core and boundary residues was used 

to demonstrate how DEE and B&T methods can work in concert. The problem was 

optimized using a DEE algorithm, and upon every reduction of complexity by at least an 

order of magnitude, the state of the diminished problem was recorded. A B&T algorithm 

was used to complete the calculation for each reduced state. The calculations were 

performed using the optimal sorting factor as determined from the previous benchmarks. 

For all calculations, the total CPU time was recorded, as well as the portions of 

that time spent performing termination preprocessing and the actual recursive search. 

The total number of nodes comprising the final pruned tree was also recorded by tallying 

the number of nodes remaining after termination at every level of recursion. Calculations 

were performed on a single Rl 0000 CPU of a Silicon Graphics Origin 2000. 

Pairwise Bounding Expression 

This section describes the construction of a stringent expression for a lower bound 

for a system composed only of one and two-body interactions in terms of both a partially 

specified sequence and the set of rotamers available at its unspecified positions. 

For a system consisting only of two-body interactions, the total potential energy 

can be expressed as the sum of energies between all pairs. 

n - 1 n 

£total= L LE(i,j) = LLE(i,j) (6) 
i=I J=i+I i j 

J>i 

In a protein, i and j refer to amino-acid positions, and E(i,j) is energy of interaction 

between amino-acids at those positions. 
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A protein system also consists of single-body interactions. Because each body is 

an amino-acid side chain at a particular position on the protein backbone, there is an 

energy contribution both from side chain interactions with other side chains as well as 

interactions with the protein template scaffolding. Both energies of interaction depend on 

the side chain position, amino acid identity, and configuration. Thus the total potential 

energy can be expressed, 

Etotal = LE(ic,template)+ LLE(ic,JJ (7) 
I j 

j > I 

where c is a position-specific index describing a side chain rotamer of a particular amino 

acid type and configuration. 

For the purposes of deriving an expression for a lower bound, it is desirable to 

alter the indices to allow redundancy. 

£ 10131 = LE(ic, template)+½ LLE(ic,JJ (8) 
I J 

}"'' 

To ensure that the bounding expression satisfies the condition m Eq. 3, we use the 

following inequalities: 

min[E(i,, template)]~ E(ig, template) 
r 

(9) 

and 

(10) 

in which the indices r and s refer to all of the possible rotamers available at each position, 

and the minimum operator selects the single rotamer that minimizes the sub-expression. 

The index g denotes the rotamer found at the specified position in the global minimum 
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combination. A simple expression for the lower bound is therefore obtained by summing 

minimal interaction energies between positions by discovering minimal rotamer-pairs. 

E ~~:,nd = L min[E(i, , template)]+½ I min Imin[E(i,,J, )] 
r r . s 

i I j 

(11) 

1*' 

The derivation above represents a genenc strategy for producing a bounding 

expression from any total energy expression. For example, more restrictive bounds can 

be obtained from energy expressions that sum over three or four-body interactions. 

However, the computational cost to implement such bounds on a protein system is very 

high. Fortunately, there are variations of Eq. 7 that are equivalent in terms of 

computational cost yet yield better bounds. 

An alternative way to express the total energy of the system is to distribute the 

template energies into the pair calculation. Given an energy quantity for a pair of 

rotamers, 

E . (i . ) = E(ic, template)+ E(jc, template)+ E((,JJ 
patr C ' j C 2 p _ 2 2 (12) 

in which p is the number of amino acid positions, the total energy can be expressed as 

£total = LLEpair(ic,Jc) (13) 
I j 

J*i 

which, in tum, can be used to produce the following bounding expression: 

(14) 

Because the mm1ma must be evaluated with respect to single-body and pa1r 

energies simultaneously, this bounding expression is necessarily greater than or equal to 
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the express10n m Eq. 11. Therefore, the new bound is more restrictive. The 

computational requirements for both expressions, however, are of the same order. Each 

requires n2p 2 calculations, where n is the average number of available rotamers per 

position, and p is the number of positions. 

One can derive a lower bound that is even more restrictive by performing an 

expansion of Eq. 13 before applying the minimization operators. When testing a 

particular node during traversal of the combinatorial tree, the positions corresponding to 

nodes above ( and including) the current node have uniquely specified rotamers, whereas 

the remaining, deeper nodes are not yet uniquely specified. The set of all amino acid 

positions can therefore be decomposed into two subsets, fixed (F) and variable (V). Eq. 

13 can be rewritten, 

£total = L I£pair (ic ,JJ 
1e{F,V} je{F,V} 

J"'- i 

Next, we expand the summation. 

ieF jeF 
)"'-1 

(15) 

Application of the minimum operators to this expression would yield a bounding 

expression equivalent to Eq. 14. To increase the stringency, we utilize the inequality, 

min LE pair (i,Js) ~ I min E pair(i,Js) 
r . . r 

(17) 
J J 

The middle two terms of Eq. 16 differ only in their indices, and are therefore equivalent 

to one another. However, there is a difference once the minimum operators are applied, 

since the rotamers of the fixed subset (F) will restrict the selection of the minimum 
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energy rotamer pair for the minimized third term, but not for the second. Therefore, we 

reverse the order of the summation for the second term and combine it with the third term 

to make use of (17) such that the minimum will be as large as possible. 

1eF JEF 
j,;,i 

,ev 1eF ieV JEV 
);t, / 

Now we apply the minimum operators to all sums over positions that are not uniquely 

specified. 

E~~;.nd = L LEpai,(ir,Js) + 2L min LEpai,(ir ,i s) + I min I min Epai,(ir ,JJ (19) 
1eF jeF ieV r jeF ieV r JEV s 

j# j# 

To achieve further stringency, we rearrange Eq. 18 before applying the minimum 

operators. 

£ 1olal = LLEpai,(ic,JJ+ L{2I£pai,(ic,Jc)+ I£pai,(ic,Jc)} (20) 
i eF 1eF ,ev 1eF 1eV 

)# )*I 

From which we obtain, 

£~~:;~~ = LLEpai,(i,,J, )+ Imin{2L£pai,(i,, } 5 )+ Imin[Epai,(ir,Js)]} (21) 
1eF JeF ieV r JeF jeV s 

J"'' )1' 1 

The expression is generalizable to any system consisting only of two-body interactions 

such that the total energy of the system can be expressed as in Eq. 13. 

Efficient Implementation of Bounding Expression 

The computational cost of evaluating Eq. 21 is proportional to p 2n2
, where pis the 

number of positions and n is the average number of rotamers at each position. When 
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performing termination, the bound is evaluated for all pn rotamers, so that the total 

calculation order for a round of termination is p3n3
. 

Termination consists of evaluating the bounding expression for rotamers at all the 

unspecified positions. Therefore, a position is temporarily considered a member of set F 

while its rotamers are being evaluated. Since the expensive second term of the final 

summation is dependent only on V, its possible values may be precomputed for all 

rotamers ir once per position and placed into a table for lookup during the evaluation of 

Eq. (21). 

The cost of performing p 2n2 calculations for assembling the table for the 

termination of all p positions scales as p 3n2
. The bounding expression now only requires 

order pn calculations for each of the pn times it is performed, for an overall order of /n2
. 

The overall calculation time therefore scales approximately as p3n2
, which is nearly n 

times faster than the direct implementation. Since n is often as large as 100-200, the 

speed increase can be drastic. 
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Table 1. 

Benchmark Times 

Benchmark Cases 

small C-Ba a-surface ~-surface Mixture 

Total Times [min] 

DEEb 177.4 2.2 40.5 101.6 

B&Bc 70.7 294.8 44.4 544.9 

B&Te 8.4 6.1 2.1 13.0 

B& T Component Times [min] 

Preprocessing 0.1 0.1 0.1 0.4 

Search 8.3 6.0 2.0 12.4 

Approximation1 0.2 

B&T Total Nodes 3829 1697 1546 845 

•Refers to the benchmark comprised of a small set of core and boundary positions. 

bDEE was performed using the speed enhancements in [13) and [14] . 

Core-Bounda~ 

1154.0 

>30000d 

745.8 

0.6 

744.8 

0.4 

34634 

cThe B&B algorithm uses the novel bounding expression and includes termination preprocessing. 
dFor the difficult Core-Boundary case, the incomplete B&B optimization was aborted after 30,000 minutes . 

eTotal B&T time is computed of as the sum of the approximation, preprocessing, and search times. 

rAn approximate B&T algorithm was used to obtain initial bounds for the Mixture and difficult Core­
Boundary cases. These calculations used only the top 30 rotamers at each position according to their 
bounding energy. 
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Figure V-1: Schematic of combinatorial tree representing a side chain optimization 

problem. Four positions, numbered 1-4 are represented, each having either two or three 

rotameric choices. A complete rotameric arrangement can be described according to the 

nodes in the tree that specify a path to the lowest level. Search time may be reduced if it 

can be determined that a partial arrangement, as represented by a partial path through the 

tree, cannot have any sub-branches that describe the GMEC. In such a case the sub­

branches need not be searched (grayed branches). 
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Figure V-2: Total optimization time vs. level of depth in the combinatorial tree to which 

the termination procedure was recursively applied for a 12 residue optimization. A 

termination depth of zero corresponds to a standard Branch-and-Bound algorithm that 

uses the novel bounding expression and includes a single termination preprocessing step. 

A termination depth of 12 corresponds to a calculation that employs termination instead 

of bounding at every opportunity. 
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Figure V-3: Total optimization time vs. value of sorting factor for the (a) mixed 

structural type and (b) ~-sheet surface benchmark cases. Sorting is determined by the 

value of the factorf in Eq. 5. The cases exhibit different dependencies on the value of the 

sorting factor, but both have minima in the vicinity off= 0.08. This trend is observed for 

all cases (not shown). 
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Figure V-4: Optimization times resulting from the combination of B&T (hashed bars) 

and DEE (solid bars) algorithms. The bars on the extreme left and right of the figure are 

the times for lone B&T and DEE optimization, respectively. The remaining bars are the 

cumulative B&T and DEE optimization times when the two algorithms are used in 

success10n. The sudden jumps in DEE times arise from lengthy Goldstein doubles 

calculations. 
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Chapter VI 

Hybrid Algorithms for Rotamer Optimization 

This chapter summarizes ongoing work performed in collaboration with Professor Niles 
A. Pierce and Professor Stephen L. Mayo. 

Abstract 
In developing combinatorial optimization algorithms for protein design, we have 

observed that using multiple algorithms in series to treat optimization problems can 

dramatically reduce the required search time. Motivated by these observed performance 

enhancements, we sought to determine the utility of combining search methods at a 

deeper level by assembling algorithmic elements and operations from multiple methods 

into a hybrid algorithm. This exploration has yielded two new algorithms, which we 

refer to as Hybrid Exact Rotamer Optimization (HERO) and Hybrid Approximate 

Rotamer Optimization (HARO). 

Introduction 
Computational protein design is concerned with developing a set of quantitative 

search criteria that can be used to evaluate the compatibility of amino acid sequences 

with the protein backbones of design targets [ 1]. The set of search criteria typically takes 

the form of an energy expression comprised of potential energy terms inspired by 

traditional molecular mechanics and dynamics force fields [2]. Often the energy 

expression also includes additional, non-physical terms, which are also thought to be 

important for protein design. Design consists of finding the amino acid sequence most 

compatible with the target fold according to the energy expression. 
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The number of possible amino acid sequences is exponentially dependent on the 

number of designed positions. For small protein design problems, the number of possible 

sequences may be relatively small. In such cases, it may be feasible to find the optimal 

sequence by enumerating all amino acid combinations. However, for the majority of 

design calculations, the number of combinations is far larger than can be fully 

enumerated in a reasonable amount of time. The number is further amplified by the 

inclusion of side chain flexibility, which is implemented by subdividing amino acids into 

statistically significant rotamer conformations [3, 4]. For these larger problems, it is 

necessary to employ a combinatorial search algorithm to find the best sequences without 

explicit evaluation of every possible sequence [ 5]. 

To this end, several combinatorial search strategies have been applied to protein 

design. These search algorithms may be broadly categorized as being either approximate 

or exact. Emergent approximate algorithms for protein design include Monte Carlo (MC) 

[6, 7], genetic algorithms (GA) [9], and self-consistent mean field (MF) approaches [10, 

11]. Exact algorithms have been largely based on the Dead-End Elimination theorem 

(DEE) [12-16], and have been successfully used for large high-resolution protein design 

problems. In our laboratory, the tree search algorithm Branch-and-Terminate (B&T) is 

also used [ 17], primarily to extend the utility of DEE to the exact solution of larger 

problems. 

When an exact algorithm completes its search, it produces the ammo acid 

sequence that best satisfies the energy expression. In terms of searching the energy 

landscape of sequence space, this sequence corresponds to the global minimum energy 

conformation (GMEC). The limitation of exact algorithms is that they are not guaranteed 
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to complete their search within reasonable amounts of computer time. Conversely, 

approximate algorithms enable control over their execution time, but cannot guarantee 

discovery of the GMEC. Rather, they find local minima on the energy landscape, which 

may or may not correspond to the GMEC. 

Because the accuracy of approximate search algorithms cannot be known a priori, 

it has been important to develop exact algorithms both to avoid ambiguities in 

interpreting design results and to validate approximate methods. Computational protein 

design relies on using experimental feedback from designed sequences in order to refine 

the search criteria, so it is critical that sequences accurately represent all the features of 

the energy expression. Otherwise, refinement of the search criteria may erroneously 

reflect artifacts of the optimization process rather than the energy expression. This issue 

is most directly circumvented by using exact search algorithms. A source of furthur 

motivation stems from the fact that approximate algorithms may also represent the energy 

expression accurately, but whether an approximate algorithm has this quality can only be 

definitively determined by comparative validation with an exact algorithm. We have 

recently described such an evaluation of several approximate methods [ 18]. 

To accommodate protein design problems as they increase in complexity, the 

exact DEE algorithm has undergone several refinements since its introduction as a tool 

for homology modeling. The original embodiment outlines the basic algorithmic 

approach, which consists of the iterative dead-end elimination of both individual rotamers 

[12] and pairs of rotamers [13], and the occasional unification of pairs of rotamers into 

super-rotamers [19]. Goldstein [14] showed that original DEE criterion was in fact a 

special case of a more general expression, and that higher order elimination criteria could 
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achieve more effective rotamer elimination. To address the increased time demands 

incurred by using the Goldstein elimination criteria, particularly for eliminating pairs of 

rotamers, we developed metrics [ 16] to increase the efficiency of their application. 

Recently, an additional, more sophisticated method for applying the elimination criteria 

to individual rotamers has been described, using a technique called conformational 

splitting [20]. 

Concurrently with these DEE refinements, conventional tree-search algorithms 

also have been developed for protein design, based on Branch-and-Bound (B&B) 

approaches [17, 21]. B&B search consists of incremental assembly of a rotamer 

sequence, coupled with backtracking upon determination that the partial sequence cannot 

be completed to form the GMEC. This determination is accomplished through use of a 

quantitative bounding expression, which is constructed to compute a lower energy bound 

on the possible ways of completing a partially assembled sequence. Our group has 

focused on an implementation of the Branch-and-Bound approach called Branch-and­

Terminate. Among the enhancements over standard breadth-first B&B is the recursive 

application of the bounding criterion to all rotamers at all positions as a preprocessing 

step. This procedure is dubbed "termination" because like "elimination," rotamers 

removed via this mechanism are certain not to be members of the GMEC. 

Despite the similarity, dead-end elimination criteria and bounding criteria remove 

rotamers using fundamentally different principles. A bounding criterion removes a 

rotamer by comparing the lower energy bound of possible sequences containing it to the 

total energy of a known reference sequence. The DEE criteria, on the other hand, attempt 

to show that one rotamer is preferred over another in all circumstances. This type of 
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operation 1s an example of a "dominance relation" [22]. Dominance relations in 

combinatorial search focus on relationships between alternatives, rather than comparison 

of choices to a reference state. In the case of DEE, rotamers are removed by finding 

others that "dominate" them in all circumstances. Dominance relations are commonly 

used in tree-search algorithms in conjunction with, and sometimes instead of, bounding 

criteria. Lasters et al. [ 15] describe such a search for rotamer placement using only DEE 

criteria, which they call "combinatorial build-up." In our hands, however, DEE 

dominance criteria did not perform as well in tree-search as BAT bounding criteria. 

Motivated by the success of bounding criteria in the context of the BAT 

algorithm, we sought to determine the utility of transplanting bounding criteria into the 

DEE algorithm. As with the DEE dominance criteria, bounding criteria may be used to 

eliminate both individual rotamers and pairs of rotamers. Thus they can provide the same 

types of information as conventional DEE criteria. Since the bounding criteria use 

different measures than dominance, they have the potential to augment the DEE 

reductions and enhance the performance of the algorithm. However, bounding criteria 

also require an additional item of information for their application: the energy of a 

reference sequence to which bounding energies may be compared. An approximate 

algorithm such as a stochastic MC search may be used to determine this reference energy 

since it need only be close to the GMEC. 

With these tools in hand, we have constructed a new algorithm that unifies the 

most effective optimization strategies from DEE, B&T, and MC search methods. We 

refer to the approach as the Hybrid Rotamer Optimization method (HRO). 
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In experimenting with different HRO implementations, two interesting variations 

have emerged, one exact (HERO) and one approximate (HARO). As described below, 

the exact HERO implementation exhibits significant improvement in optimization speed 

as compared to DEE. Moreover, it is able to solve problems that were previously 

intractable for DEE. The approximate HARO variation is interesting because of its speed 

and accuracy on problems inaddressable by any known exact algorithm. For the majority 

of test cases, the approximate HARO algorithm finds the GMEC sequence, as determined 

by an exact algorithm, in a fraction of the search time. Moreover, for problems presently 

too difficult to be addressed by exact algorithms, the approximate HERO implementation 

often finds lower energies than other approximate algorithms. 

Descriptions of both the exact HERO and approximate HARO algorithms follow. 

However, the exact HERO algorithm is currently still under development in collaboration 

with Dr. Niles Pierce. Therefore, the description presented here will be limited to its 

underlying algorithmic principles and initial observations. 

Bounding Expression 
Bounding expressions are used in tree search algorithms to assess whether a 

branch of a tree, corresponding to a fixed arrangement of rotamers at a subset of the 

residue positions, may be pruned [22]. Pruning a branch close to the root of the tree 

saves considerable search time by determining that it is unnecessary to individually 

examine any of the leaves emanating from the branch. Such examination would 

correspond to evaluating all the combinations of rotamer arrangements that share the 

fixed subset of rotamers. Making the determination that exhaustive examination is 

unnecessary is accomplished by first computing an underestimate of the best energy that 
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could be obtained in the context of the fixed rotameric arrangement usmg optimal 

selection of rotamers at the remaining residue positions. The estimated energy, which is 

interpreted as a lower bound, is then compared to the energy of a reference sequence. In 

the event that the lower bound is higher than the reference energy, 

£ bound > £ reference (1) 

it can be known with certainty that the arrangement of fixed rotamers do not comprise a 

subset of the rotamers found in the GMEC. 

There are many possible ways of constructing an expression to compute the lower 

energy bound for a given set of rotamers. The expression that yields the best 

performance in the B&T algorithm requires the definition of the quantity Epair, 

E (. . )- E(ir ,template)+E(j1.,template) E(i,,/1 ) 

pair z,.,J, ------------+ 
2p-2 2 

(2) 

where E(ir, template) and E(is, template) are the energies of interaction between the 

template and rotamers r at position i and s at position i, respectively, and E(ir, is) is the 

interaction energy between the two rotamers. The quantity p is the total number of 

residue positions involved in optimization, and is necessary to normalize the Epair 

energies. The bounding expression is: 

£bound = L LE pair (ir, iJ + Lmin{2 LE pair (i,,i, ) + L min[Epair (ir, i s ) 1} (3) 
iEF JEF tEV r J EF JEV s 

J*' J*i 

The set of residue positions F are those that contain the fixed set of rotamers under 

scrutiny. The remaining positions, V, are considered as variable. In all cases, the "min" 

operator 1s used to find the rotamer that mm1m1zes the energy of the specified 

subexpression. 
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To use the bounding expression in the context of a DEE algorithm, all that is 

necessary is to tailor it so that it may be simply applied to either individual rotamers or 

pairs of rotamers. This is accomplished by considering the set F as consisting of only 

one or two fixed rotamers . For the case of an individual rotamer t at a position k, the 

expression 1s 

E~~:~~ = L m}n{2Epair (i, ,k1 ) + L m}n[Epair (i, ,J, ) ]} 
, ,,,k l"'' 

)"'k 

(4) 

where i andj refer to all positions that are not k. As with B&T, these expressions are best 

implemented by first precomputing the possible values for the second subexpression 

inside the large summation since the values are invariant for different rotamers t at 

position k. To test a pair ofrotamers k1 and mu, the expression is 

Ei::;nd = 2Epa;, (kt'm,J+ L m}n{2Epai,(i,. ,k/)+2Epai,(i,, m,, )+ L mlin[Epai,(i,.,J.,)]}(5) 
i#k#m J,t,k,t,m 

J,t,i 

where, like the expression for single rotamers, i and j are indexes to all variable positions, 

which are all positions that are not k or m. Similarly, the final subexpression is invariant 

with selection of rotamers t and u for a single pair of positions k and m, and may be 

precomputed for better efficiency. 

HARO Results 
Threshold by Bounding Energy 

The philosophy behind the HARO algorithm may be understood in terms of a 

previously described method of enhancing DEE performance. De Mayer et al. [15] 
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described an operation called high-energy threshold reduction (HETR), which provided a 

means to quickly remove a large number of rotamers unlikely to be members of the 

GMEC. This was accomplished by applying a high-energy cutoff relative to the self­

energy of the lowest-energy rotamer at each position. Although the technique introduces 

the possibility for error into the algorithm, it was deemed safe when used in conjunction 

with a highly detailed rotamer library. 

Indeed, we have observed that with the selection of a threshold energy that is 

sufficiently high, DEE with HETR applied to both rotamers and pairs of rotamers is fast 

and accurate. The calculation time may be reduced by lowering the threshold, but at the 

expense of a possible loss of accuracy. There is typically a critical threshold value under 

which the calculation runs quickly, but does not produce the correct answer. 

The inaccuracies of the HETR approach become significant when addressing 

optimization problems that are difficult or very large. In such cases, the DEE algorithm 

often cannot be made to converge unless unreliable threshold values are employed. To 

understand this behavior, the HETR approach may be interpreted as using the self­

energies of candidate rotamers as metrics to predict their likelihood of participation in the 

GMEC. Inaccuracies arise from the fact that interaction energies between side chains 

may overshadow self-energies, preventing them from acting as a reliable indicator of 

GMEC membership. 

It would therefore be desirable to construct a metric that could more reliably 

predict whether a particular rotamer has prospects for membership in the GMEC. With 

such a tool, more aggressive thresholds could be applied, potentially making it possible to 

solve larger and harder optimization problems. To this end, we have already observed 
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empirically that the bounding criteria have predictive properties, which serve as the basis 

for the approximate B&T algorithm [17]. In fact, for some small problems, we have 

observed that the top-ranked rotamers according to the bounding expression are the 

GMEC rotamers. Therefore, by substituting bounding energies for self-energies as more 

reliable metrics for HETR, it should be possible to apply more aggressive cutoffs. 

The potential benefit of using bounding energies instead of self-energies for 

approximating the likelihood of GMEC membership may be inferred from figure VI-1. 

A significant number of rotamers with low self-energies have high bounding energies. 

As a result, although there is a weak correlation between the two metrics, there is 

significant enough skew that similar threshold values (20 kcal/mol in the figure) result in 

significantly different levels of reduction. Because bounding energies include self­

energies as well as information about possible interactions with other positions, the set of 

rotamers that survive the bounding energy threshold is significantly smaller, but is at the 

same time likely to be comprised of better guesses. 

Because the HARO algorithm is approximate, its utility is best evaluated in 

comparison to other approximate algorithms. To be useful, HARO needs to demonstrate 

advantages over other approximate algorithms for cases that are too large or difficult for 

exact algorithms. We therefore selected a benchmark case representing a search size 

greater than 10 100
, which we have thus far been unable to search with any exact 

algorithm. 

For this benchmark, the results of substituting bounding energies for HETR 

operations are shown in figure VI-2. Although there are threshold values that enable the 

HARO algorithm to achieve convergence in a short amount of time, the resulting energies 
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are much higher than those produced by MC search, which also takes significantly less 

time. Although the energies produced by HARO improve as the threshold is increased, it 

does not appear that the algorithm in this form will be able to compete with MC. 

Threshold by Rank 
The HARO approach is improved by altering the way in which the threshold is 

implemented. As illustrated in figure VI-3, there is an even greater disparity between 

predicted rankings by bounding energies and self-energies than there is between the 

energies themselves. This is because the distribution of energies is not uniform, 

particularly in the case of bounding energies. 

To incorporate ranking information into the cutoff, two additional quantities are 

required. We define a preservation fraction h and a minimum number of rotamers to 

preserve np. At the beginning of the optimization, and after every round of unification, 

the rotamers are ranked according to their bounding energies, and a fraction _[p of the 

rotamers are preserved, while the remaining fraction 1-fp are discarded for the remainder 

of the calculation. However, in the case that at least np rotamers would not remain, the 

top np rotamers are preserved instead, and the rest are discarded. This prevents the 

premature reduction to a single rotamer based solely on approximate rankings. To 

account for the increased representation required by super-residues formed by 

unification, the value of np is scaled at each residue or super-residue position by the 

number of constituent residues. 

The result of using the more sophisticated rotamer selection scheme on the 

difficult benchmark case is illustrated in figure VI-4. Here, the HARO algorithm is 

demonstrated to be faster and more accurate than the other approximate algorithms, 
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finding a lower energy than was found by any other algorithm, and in less time. 

Moreover, this computation achieved such accuracy even though it employed fairly 

aggressive values of n p and fp. HARO therefore has the advantage that the accuracy of 

the calculation may be improved by increasing the values of these parameters. The 

relative increases in search time and accuracy for the difficult benchmark case are 

illustrated in figure VI-5 . 

HERO Results 
Although the exact HERO algorithm employs bounding energies, it uses them for 

a very different purpose than the HARO does. The HERO technique is based on the 

observation that with repeated rounds of unification, the number of rotamer pairs that can 

be terminated using the bounding expression increases. Coincidentally, the number of 

pairs capable of being bounded often becomes significant at the same point in the 

optimization at which the number of new dead-ending pairs, as determined by doubles 

DEE criteria, becomes small. Thus the bounding criteria can provide a significant way to 

augment the list of rotamer pairs that cannot exist in the GMEC. As additional benefit, 

the time dependence of the doubles bounding condition on the number of positions and 

rotamers is different than DEE Goldstein doubles, making it a significantly faster 

calculation in many instances. 

Proper use of a bounding expression requires a low reference energy to which 

bounding energies may be compared. Because the reference energy may be approximate, 

an MC search will suffice, and MC has the additional advantage that it can find good 

reference energies relatively quickly. We have therefore inserted a short MC search into 

the algorithm that is performed before every iteration of bounding pairs. As more 
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rotamers are eliminated by other criteria, the quality of the MC reference energy 

calculation improves, thereby increasing the efficacy of the following computation of 

bounding pairs. 

The resulting hybrid algorithm is capable of addressing problems of size and 

complexity that have not been addressable with any known exact algorithm or 

combination of exact algorithms. Figure VI-6 illustrates one such calculation for which 

there has been no exact solution found. The search time is compared to a highly 

optimized DEE algorithm. 

Conclusions 
We have demonstrated that elements from different combinatorial search methods 

can be combined to produce new algorithms that outperform previous optimization 

approaches. In particular, two algorithms have been validated, one exact and one 

approximate. The exact algorithm, HERO, has been shown to be able to determine the 

optimal solution for problems previously insoluble by other known algorithms. For 

problems too difficult to be optimized exactly, the approximate algorithm, HARO, has 

demonstrated the ability to find approximate solutions faster and with better accuracy 

than other known approximate methods. Due to the success of these initial explorations, 

we believe that there is great opportunity for further development as methods for 

algorithmic hybridization are refined in the future. 
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Figure VI-1: Comparison of self-energy and bounding energies for a set of 1800 

rotamers. The highlighted regions delimit rotamers that would be accepted by a 20 

kcal/mo! cutoff by self energy (S) and lower bounding energy (LB). The darker region of 

overlap highlights rotamers that would be accepted by either metric. The lower bound 

avoids unnecessary inclusion of rotamers that have low self-energies but are nevertheless 

poor choices according to their bounding energies. 
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Figure VI-2: Performance of energy-threshold based HARO compared to other 

approximate algorithms for a large benchmark calculation. DEE refers to a DEE 

algorithm using a low HETR cutoff for singles and pairs. MCQ refers to a quenched 

simulated annealing Monte Carlo algorithm. The LBE captions denote the threshold 

energy used for each HARO calculation. 
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Figure VI-4: Performance of ranking-based HARO compared to other approximate 

algorithms. DEE and MCQ are as described in figure VI-2. The genetic algorithm (GA) 

and self-consistent mean field calculations were performed as described in [ 18]. The 

HARO calculation is performed using a /p of 0.5 and a np of 20 rotamers. The total 

calculation time is 22 minutes. 
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Figure VI-5: Dependence of HARO accuracy and time on np. The number of rotamers 

retained at each position, scaled according to super-rotamer construction as described in 

the text, is incremented by ten rotamers for each calculation. The energy produced by the 

calculation is denoted by each point. There was no observed improvement when np was 

set to more than 30 rotamers, which may be an indication that GMEC was found. 
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Figure VI-6: HERO performance on a problem insoluble by a highly optimized DEE 

implementation as described in [18]. Optimization was performed on 37 core residues of 

a designed leucine-rich repeat backbone (Courtesy Niles Pierce and Possu Huang). 
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Chapter VII 

Combinatorial Opti1nization in Computational Protein Design 

This chapter briefly summarizes general conclusions regarding the development and 
refinement of combinatorial algorithms for protein design. 

The combinatorial optimization work presented in the previous chapters of this 

dissertation provides the basis for some general conclusions about the application of 

combinatorial algorithms to protein design problems. Such observations may be useful 

for the continuing development of search algorithms for protein design, and they may 

have extensions to other unsolved combinatorial search problems in biology, such as the 

protein structure prediction problem. 

The first observation is that the performance of standard "off the shelf' algorithms 

may be enhanced by several orders of magnitude by tuning them to the class of 

optimization problems at hand. The fact that algorithms can be tuned for specific tasks is 

not a new finding, but refinement methods are difficult to generalize because they are 

heavily case-dependent. However, the techniques described here may be useful in 

inspiring insight into the refinement of future algorithms. It has been demonstrated in the 

previous chapters that refinement is accomplished in large part by imparting knowledge 

about the protein system to the algorithm. For example, the knowledge can take the form 

of heuristics for algorithmic decision-making, such as the metrics described in Chapter 

IV or the sorting factor described in Chapter V. The construction of these heuristics is 

based on trends in energetic distributions or problem structure observed in other protein 

design problems. 
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The second, almost self-evident observation 1s that problems of the same 

complexity may be very different in terms of optimization difficulty, as indicated by the 

time required for search. We believe that the disparities are due to differences in both the 

features of the landscapes and the organizations of the problems. However, there is a 

suggestion based on this work that the perceived difficulty of a problem instance is 

heavily algorithm dependent. While it is feasible that there exist instances of problems 

that are universally hard for all algorithms, for many problems, the choice of algorithm 

overshadows the intrinsic difficulty of the problem. For example, we have encountered 

cases in which a problem than cannot be solved by DEE can be solved by B&T. We 

have also found cases in which the situation is reversed. 

The important corollary to this observation of algorithmic dependence is that 

different types of problems are best addressed by different types of algorithms. While it 

may be obvious that the corollary applies to optimization problems that are very different 

from one another, it is important to emphasize that it also applies to similar instances of 

problems within the same class. In the case of the protein design class of problems, 

instances that differ by as little as the protein secondary structure they represent are often 

best optimized by completely different algorithms. 

As a consequence of the fact that closely related problems may require different 

algorithms, it is sometimes the case that over the course of its optimization, a single 

problem instance may go through phases that are best addressed by different algorithms. 

This phenomenon is best illustrated in the latter part of Chapter V, which describes how 

DEE and BAT algorithms may be applied to a problem in series. It remains an 

outstanding problem to find a way to determine a priori when an optimization problem is 
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best transplanted from one algorithm to another. Nevertheless, it has been repeatedly 

observed in our laboratory that a multifaceted algorithmic approach is the best way to 

address problems that are very difficult. 

One way the ambiguity regarding the most effective application of different 

algorithms may be addressed is by merging optimization techniques at a deeper 

algorithmic level. The ideal would be to construct a "master" algorithm that would 

dispatch different optimization techniques as necessary to treat the problem appropriately 

at each stage of optimization. The successes of Hybrid Rotamer Optimization methods 

described in Chapter 6 validate the growing potential of such an approach. 

Looking forward, the future prospects of combinatorial optimization m 

computational protein design will likely be based largely on the refinement methods and 

hybrid and serial approaches described here. In the short term, there may be significant 

opportunity to impart greater intelligence to the HERO algorithm in order to try to attain 

the "master" algorithm ideal. Regardless of the particular form of future algorithms, it 

will be interesting to see what new strategies for algorithmic improvement emerge, as 

will be discovering how the current strategies may be applied to other combinatorial 

problems in biology. 



Appendix A 

Experimental Analysis of Residues Interacting with P-tums 

In the course of analyzing computed amino acid sequences for p-sheet surfaces, it 

was necessary to assess the importance of certain individual side-chain interactions. In 

particular, we suspected that amino acids involved in interactions with turns might have 

significant impact on the stability. 

The four strands that comprise the p-sheet of protein G may be grouped into two 

pairs of p-strands, each connected by a p-turn. In the crystal structure, side-chains on the 

p-sheet surface interact with backbone atoms of the turn. In particular, Lys 13 forms a 

hydrogen bond with the carbonyl group of residue 10 in the first turn, and in the second 

turn, Asp 46 forms a hydrogen bond with the amide hydrogen of residue 48, and Thr 51 

acts as both as a hydrogen bond donor and acceptor for the side chains at positions 49 and 

50. 

Side chain placement calculations did not always reproduce these native 

interactions. In particular, other acidic residues were selected for position 46, and the 

Lys at position 13 was often replaced by a non-similar amino acid, such as Glu. To 

assess the impact of these substitutions on the stability of the molecule, we performed 

mutagenesis at positions 8, 13, and 46, and measured the melting temperatures of the 

resulting mutants. 

To examine the interaction involving Lys 13, two mutants were made, Kl3E and 

Kl3E-N8K. The double mutant was selected because it was produced by number of 

computations due to the predicted 8-13 salt-bridge interaction. The thermal stabilities of 
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the two mutants were 75 °C and 83 °C, respectively, demonstrating some recovery of 

thermal stability with the introduction of the residue with a compensating charge. 

The native side chain-to-backbone interaction of Asp46 is illustrated in figure 

A-1. Three mutants were studied at this position: D46E, D46N, and D46Q. One would 

expect that any difference in stability between Asp and Asn would be evidence of the 

importance of charge on the side-chain, since the two amino acids may occupy the same 

conformations and form the same hydrogen bonds. Analogously, the D46E mutation 

probes the importance of the geometry of the interaction, since the overall charge and 

functionality are preserved, but the conformation must be altered to accommodate the 

extra methylene unit. Finally, the D46Q mutant provided a means to assess the additivity 

of the effects of charge and geometry. 

The melting temperatures of the mutants at position 46 are shown in Table A-1. 

As anticipated, all mutations are destabilizing, but to different extents. It appears that 

while both the charge and geometry are both important, the difficulties associated with 

accommodating an extra methylene unit are slightly more significant. Also, the 

destabilizations appear to be roughly additive. 
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Table A-1. Thermal stabilities of mutations at position 46 of protein G (lpga). 

Mutant 

D (wt) 

D46E 

D46N 

D46Q 

Tm [0 C] 

83 

81 

79 

71 
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Figure A-1: Wild-type turn interaction of Asp-46 with neighboring (3-turn. Structure 

coordinates are taken from PDB entry 1 pga. 
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Appendix B 

Conversion of Computational Protein Design Tools for Z-score 
Optimization 

Note: This appendix summarizes unpublished details of the implementation ofZ-score 
optimization tools used to optimize sequences for solvent-exposed b-sheet residues. The 

results of this work are currently in press in Phys Rev. Lett. 

It has been demonstrated in lattice models that it is possible to optimize an energy 

expression for protein design by tuning its parameters to maximize its disposition toward 

sequences known to be stable over random sequences. The preference of an energy 

expression toward a known stable sequence is referred to as the Z-score, and is measured 

in units of standard deviation from the average energy of all sequences. The wild-type 

sequence is used as the known stable sequence, and the average and standard deviation 

are computed by sampling a test set of random sequences. 

Street et al. proposed that tools used for computational protein design with full­

atom representation might be used to test if the Z-score technique may be extended from 

lattice models to real proteins. The most straightforward implementation would entail 

generating a list of random sequences including a sequence known to be stable, and 

performing a side chain placement calculation on each one. The calculation would entail 

computing the interaction matrix and using a combinatorial search algorithm to determine 

the global minimum configuration and the associated energy of each sequence. All the 

necessary statistical information could be readily assembled for tuning force field 

parameters once all the sequences have been evaluated in this way. 

Unfortunately, the straightforward approach is prohibitively slow in practice, due 

mainly to two effects. First is the significant comprehensive time spent reading and 
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writing information to the computer disk. For each calculation, necessary input/output 

operations include loading a large rotamer library into memory, writing the energy matrix 

to disk, and loading the energy matrix back into memory for combinatorial optimization. 

The second problem is that the computation of the energy matrix itself can be slow, 

particularly when including a surface-area based solvation term. The total calculation 

time for a single eight-residue sequence, when performed this way, takes on the order of 

10 minutes. Therefore, canvassing a thousand sequences requires approximately a week 

of computer time. 

We recognized that a large part of this time is spent performing redundant 

operations. By making two types of changes to the computational methodology, we were 

able to reorganize the flow of information to reduce the redundancy. The resulting 

reduction in calculation time is dramatic. 

The first change was to compute a single energy matrix that would contain all the 

necessary information for all the sequences being studied, thereby eliminating 

redundancy in two aspects of the calculation: Repeatedly loading the same rotamer 

library into memory, and computing the same interactions between side chains that are 

the same on different random sequences. The implementation consisted of two elements. 

The first element consisted of computing the energy matrix as would be done for a 

protein design problem, rather than a homology modeling problem, by allowing all amino 

acid types represented in the set of random sequences at every residue position. The 

second step was to modify the combinatorial optimization software to load the energy 

matrix once, and to then allow the repeated specification of sequences, for which the 

program would temporarily discard all the unnecessary elements of energy matrix. 



B-3 
Optimization of the Z-score of the wild-type sequence was performed by iterative 

modification of the energy expression. The second major change was directed at 

speeding up the time required to compute the interaction matrix for any energy 

expression by eliminating the need to recompute all interactions after every modification. 

The critical observation was that differences between energy expressions amount only to 

altered weightings of the potential energy terms; the unscaled energy contributions from 

different energy terms remain unchanged from iteration to iteration. It is therefore only 

necessary to compute the energy contributions of each the individual terms once. To 

make use of this observation, it was necessary to construct mechanisms to store the 

unscaled energy terms and assemble them back into a complete energy expression with 

an arbitrary set of weightings. This was implemented by storing a file for each term of 

the energy expression structured much like the overall interaction matrix, and by adding 

the ability to the optimization program to read a set of these files and assemble them 

according to parameters supplied at search time. 

The unscaled energy terms were assembled into total interaction energies at the 

time of optimization using the following equation: 

E(i) = Evdw+HB (i) 

+Ab"r(·)xs 
np 1 np 

e 

+ k X A exp (i) XS 
np np 

A bur(') 
- pol l X S pol 

+ 10.Q'Js,S (i) - 1.0 (1) 

One noteworthy caveat concerns the hydrogen bond potential. To work around 

interdependence of the hydrogen-bond potential and the polar hydrogen burial term, the 
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hydrogen-bonding energy is explicitly included with the Van der Waals energy. It is 

scaled at the time of optimization by subtracting a correction term normalized by the 

default hydrogen bond well depth. The same treatment is applied to the polar hydrogen 

burial energy as well. 

The form of the reassembly is the same for rotamer-rotamer energies. 




