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AWTBAa.t 

The ettecta of e.zirmthal 1nhomogone1 ties in the magnetic gu:lcU ng 

fields of batatrons end synchrotl'Ons, and of non-linear terms 1n the 

equations of iootion of the particles havo been investigated in detail, 

with particular eDlJWlSis on their in.fluence during injection. '!'he prin­

cipal objective baa bean to determine uhether these effects may provide 

an explanation of the success of the injection proceaa, and whether by 

appropriate adjastments they may be used to enhance its eff'ectiveness, 

by inducing a resonant behavior of a favorable nature. It is concluded 

that those effects alone cannot explain the observed injection phenomena, 

and that it is very ~:f'fioult to use magnetic inhomogeneities to produce 

favorable ef'fec .. ,s. An 0A-planation has been tound. for the satisi'actory 

performance of' some accelerators 1n which unfa~rable resonant effects 

have been predicted by other workers. 

An additiona.l study of' the electromagnetic interactions of' the 

electrons has yielded a more satisfactory description ot the injection 

process. 'these rasults, 'Which fDlq be discuased 1n terms of space charge 

and self'•inductance effects, extend and clarify the recent suggestions 

of lerst, and provide quantitative estimates 0£ the effects responsible 

for tho success of injection. 
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Im'RODUCl'IOI 

This thesis constitutes a study of the process of injecting 

electrons into betat.rons(l,2,J) and synchrotrons(4, 5, 6, 7). These 

recently invented accelerators have already become illlportsnt tools 

for exploring the nature of high-energy interactions among ftmda­

mental particles. One of the moat irapcrtant and interesting tasks 

facing both experimental and theoretical physicists todq is that ot 

investigating and understanding these intere.ctiona, and there.fore a 

considerable number of such aeceJ.erator~ have been designed am b?.tllt 

in rapid succession, each with a gr:-eater output energy than that of 

its predecessors. Electrons are now being accelerated to an energr or 

100, l'ilillion electron vol ts by betatrons and to 300 fiev. by- oynchrotrons; 

accelerators now being do~igned will have output energies in the 

billion elect.ron volt range. Almost all aspects or these machines are 

now well understood theoretically, the principal exception being the 

nature of the injecrt.ion process. 

In this section we shall first ex:plain the basic principles 

on which these acoolerator:3 operata. We ahall then discuss the imp;,r­

tance o~ understanding the injection process, and formulate the general 

JU"()blems to ba solved. The objectives set for the present study are 

noxt motivated and described, and !,}le results are summarized. 

The research to ba dascri'be!l separatea naturally into t1110 parts. 

In Sect.ion II we deal with the problem~ determining the motion of' a 

single electron under the assumption that the other electrons simultaneously 

Pl"esent have a negll.gibly small innuence on its. behavior, while Section 

III eon:taina an account of the interaction effects neglected in S~tion II. 
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To make the text of these sections more readable, we have placed all 

lengthy mathematlcal derivations 1n an appendix, which therefore consti­

tutes an imPQrtant part of this thesis. 

'!l. &sie Pringiplss • 9.£ ~ Betatr:9n . sad Synchrotron • 

The betatron, or induction electron accelerator, was invanted 

by Kerst<1) in 1941. It is ,mique among particle accelerators 1n that 
' / 

the electric field providing the accelerating force is produced b;r the 

change otmagne-Uc flux through the ,eirculer electron orbit, in accordance 

with Faraday's law of eilectromagnetio induction. The electrons are , 

held in their circular path by the magnetic field whose changing flux 

accelerates them. The field at the oi-bit and the flux through it increase 

togethor during the accelerat-ion. It can easily be shown that if 

whore ~ is the f:t:w: through the orb1 i and B
0 

1s the magnetic indu~tion 

at the orbit, then tho orbit radius R will' remain constant independent 

of the electron mass and velocity even in the range of extremely rel.a• 

tivistic energies. The integrated .f'orm of this eqW'ltion, 

is known acs the betatron fiux oondition; it expreases the tact that the 

space t;ivel"aga of the magnetic field over the orbit area must be t'4ce 

the fiald at the orbit at all times during the accelsration if the 

orbit is not to shrink or expand. The electron orbits are made stable 

against small displacements by magnetie .focusing f'orcea<8) due to tho 

space dependence 0£ the magnetic field in the neighborhood of the orbit; 
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these forces will be considered 1n detail further on. 

The electrons circ-!lla.te 1n an avaouated toroidal accelerating 

chamber (usually referred to as a doughnut) contain.ing an injection gun 

to su:pply eleetrons. The doughnut is plaeed in a magnetic field pl"O­

duced by an iron core electromagnet having pole i,1e~l3 care-full~ shaped 

to provide I148gftatic focusing and central flux 1-rs adjusted to satisfy 

the flux condition. These components are indicated in Fig. 1. 'l"he 

~t is reoonated with a capacitor bank at a low f'requeney (usually 

sixty cycles por s ,econd), the losses being supplied by an external 
! 

povrer source~ A group of electrons are accelerated during a porti~ 

o£ es.oh cycle, produoing a pulsed high-energy output beam. During each 

trip around the doughnut an electron gains an amount of' energy in 

electron vol ts equal to the instantaneous voJ:ta.ge which \'rould be induced 

by the changing flux in a. sinp.,lo turn of wire placed at the orbit posi­

tion. l'he electron beam itself' thus cons'l:,itutes the seoonda.:t'-7 eeil o£ 

a transformer. 

'fhe sequence of events in each cycle is shown in Fig. 2a. The 

alootl"on gun i s pu.lsed with a voltage ol" the order of 50 kilovolts for 

about t-tiiO microseoond.s, at a t.ime in the cycle when the magnetic .field 

is weak but increasing. 'l'he eleetrons are injac~ nearly tangentially, 

at approximately constant energy. If the injection energy 1a exactly 

constant , :t.he first ones injected will enter too weak a magnetic field 

and strike the outer wall, but as -the fil:)ld 1•ises there is a finite 

but short interval during which they are accepted, into orbits lying 

vd thin the doughnut. A:ft.er this interval-, tha field will eurve. newly 

injected electrons too rapidly and they will strike the inner wall. An 

nttampt is usually made to shape the inj eetion pulse so that it lies ·.rl thin 
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FIGURE 

BETATRON COMPONENTS 

C Energizing coils G Injecting gun 

D Glass accelerating chamber P Magnet pole piece 

F Central flux bars Y Magnet yoke for flux return 

Lines with arrows denote magnetic flux 

Shaded areas are laminated iron 

Black dot denotes equilibrium orbit 
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FIGURE 2 a 

BETATRON OPERATING CYCLES 
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the limits of' acceptance for a longer ti.me; this is indicated in Fig. 2b. 

The accepted electrons are accelerated continuously as long as tho field 

increases and the betatron flu.,.,: condition is maintained. i'lhep' they have 

attained 'tho desired energy, the orbit wq be deflected inward into a 

metal target, or outward into the rear of the gun which act.s as a target, 

by one of a variety of methods which all depend on invalidating the .flux 

condition at the proper time. lf the orbit is not deflected, the field 

rdll reach its uximum and decrease again, end the@l.ec.trons will be 

decelerated by the reverse effect. 

Since the aleotrons are undergoing a centripetal acceleration, 

they will radiate away □ome of ·t.ho energy imparted to them. This radia­

tion loss is large enough to be important only for electron energies in 

e.xca3s of 100 Mev., bey0nd which its effect becomes -equivalent to a 

failure of the flux oondition, since the net.. energy gain per turn is 

no longer sufficient to maintain a constant orbit radius~ Tbe orbit 

will then sl'lTink into the inller doughnut wall. Since the radiation loss 
, 

inereases as the cube of tho electron energy,. this e.f.fect sets a.n upper 

limit to the energy attainable in a betatron. 

Acceleration to higher energies is made possible by the principle 

of phase stability, which was discover(~ independently by McMillan{4) 

and Vekalar(5) in 1945. Consider a charged particle moving in a circle 

in a magnetic field, and passing ones each revolution., through an aooolerat = 

ing gap aaroas which is impressed an a1ternating voltage. The particle 

gains or losea an a!llOunt of energy dependent on the phase of this voltage 

at the tims of eaeh crossing. If the period of the gap voltage is1 equal 

to too time of one revolution, one possible motion $,a tha'tt in which the 

particle always crosses when the gap voltage is passing through zero. 
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Mcfillan and Vekslar showed that the rr..otion Wi t..b crossings at this 

phase is s table~ • that ia,- particles started off 1lith slightl-7 

diffm-ent energies will tend_ to loae energy at the gap when their 

snsrgy is too great., and vice varsa. This comes about bacauae or 

the interdependence of ra.:.Utl.3, velocity, and time of rotation. • In 

consegu:mce, these particles execute slow oscillations., both in. phase . 

and in radius, about the stable values.. Such particles are said to be 

locked :in synchronism with the a.lt.~ting frequency oft.he gap. 

It this frequency, or the magnetie field stren€(""11, is slowly 

varied, the particles will tend to do whatever is needed to maintain 

this synchronism. In the synchrotron the magnetic field is slowly 

increased, while the accelarat,ing frequency is held oonstant. The 
' 

electrons ·then find it neces.sa.ry to gain energy from the gap, on the 

average, in order to ro.r.aain synchronized. If the 1nas:natic field is 

fixed., the oscillation about the phase of zero voltage is analogous 

to tho motion of a simple pendulum about its 11 est point; the effect 

of slowl;y changing the field is analogous to tha introduction of a 

constant tol·que so that the pendulum's stabla position is displaced. 

The energy loat to radiation does not upset this scheme but lllere~ intro­

duces an additional shift in the stable phase, just suft'icierrt;; ·to PfO""' 

vide tor the compensating energy gain. 

The- .frequency of the oscillating olectrie field in a synchro'Gron 

is v/2 rr r, where v is the electron's velocity and r the _ radius of the 

circle in lihich it moves; thus if the velocity is to ic.crease co11aiden.bly 

during acceleration, this frequency wa·t ba appropriately mod,.uatad or 

provioion lllUSt bo made to allo11 .for the oorrespqnding increase in radius. 

As it is desirable to avoid both of these alternatives, synchrotron 
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aee-oleration nrdBt suu-t ~t an electron energy of over one Mev., since 

above this energy an elootron•a velocity is nearly thaJ~ of light. For 

this reason, following the st1ggastion of Pollock ( 9), it bas bocome 

eomnon p:raotioo to operate a synchrotron as e.. betatron in the f"b-et 

stm.ge of acceleration. The central flux bars Ci:1,l"eying the betatron 

flux are -eons~oted so as to sat"P..rate early in the cyelo, when ·the 

elect.."'Otl energy is around one Mev .. ; no f'u:rthm:- inoreaso ill central nux 

occurs although 'the field at the orbit eontinues to rise. ; .. t thi.s 

time the o.ocillating e1oe-t..ric field is turned on., • and accompl.ishea the 

rest of t.he acooloration w.,.11.Uo operatmg at oonstant fr~qv.oney as 

described above. The beaza. may be brought inward by shutting off the 

accelerating voltago viha."1 the d0s.i.red en.ergs is reaclled. This sequence 

of ev~.ritAB is flhown in Fig. 3, together with a diagram indicating tho 

urr~ of the prineipal oomponents of a synchrotron. 

The basio prine1ples of oneration described atove have been 

wl. verif'isd lr.1 many e:q:,eriment3 s, and no betatron or synchrot...-voon thus 

far oonstructed has failed to f'uncti@n, in spite of the f~ct that the 

v&2rious models differ oonsida.~ahly ill doeign and oonstrncticn. Hcweveri 

when a nsw machi..'l'le is f"~st oparated9 its high ,mf->.rgy output fa usually 

ze:-o. The operators va::cy all nossibla gun pel°al:laters (s~ch as ;gtm. 

position Md orientation, and ;_:mlso shape, height a..'Pld t:'l . .tdng) and adjust. 

the raa,.3t1ot1c field sha-oo by shimming the central flax oors and bj .. vary• 

ing the cm-x-ent.."3 indu.cad by the cha..11g:i.11g field in variou.<J coils at,taohed 

to tho pole pieces, until u beam is first dotaete.d. This procedure may 

require weeks or months of' continual a."Cpe.riment.a.tion of a more or less 

ran~ sort, although it has recently "been fon.Tld pomdblo t,o shorten it 
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FIGURE 3 

SYNCH ROT RON OPERATING CYCLE 
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by 01:iernting tho magnet; with reduced excitation during the search for 

a beam. When once located, the beam is maxi.mized by repea'tied adjw-..--t• 

ment of all parameters; these adjustments greatly increase th~ original 

output. 

The difficulties 1n adjusting a new machin3 ~ cent.ared about 

the initial establl.sb..1;1ent. of a stable circulating curr~ of electrons~ 

ninoo once a emTent 1e \Yell established there is notbin.z to hinder 

of the ostablitw.1oont of this current. A complete understanding of t..lle 

process oould be ~ .luabl$ .for several :reasons. First, it might lead 
I ' 

to methods for more quickly and efficiently e..dju.,,'3ting & raaohine for 

ma..~inum output. Saeond, and mo~e important, it might augg,"e~t mctr-,.ods 

for greatly inereasing the in:t-.."'llsi ty of the high-energy output beam 

aoove that non attainable by empirical adJust.menta., Third9 and :l)l?..rho.ps 

most impori'..ent of all, such an understanding might provide aeg;.ll"ance 

that a nm, machine csn he made to ·oork; the crucial requirements for· 

' sueeass.ful injection are mt known, and at present there io no guarante-t:1 

that they ,dll oo satia.t'led in future accelerat.ora merely booause they 

ean be met in 07J.sting ones. 

In these eceele:re:l:ors en electron Il'lllSt f"ollott an a9µroximately 

circular path for a very large numbar of revolutiona, mid the f'u.Yldamental 

question .imllerii cl'tely . ar ises es to hou !t ms;!f avoid a oollision with t1'1ie ,,. 

rear of the injecting structure at the end of its fi!st revolution. The 

original theory describing the orbits followed.by electrons in a betatron, ; 

developed b;y Kerst and Sei-ber(8)., provided au explanation cf how this 

misruap could ~ postponed for several revolutions. Their conclusions 

were based on the equations of motion of' a single electron in an axially 
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symmetric :field. By the usual technique of linearizing the equations 

for study of small oscillations-,about 3teady motion, they showed that 

small radial and vertical oscUla.tions, about an instantaneous cirela* 

of radius appropriate to the momentum cf the electron, we.re each 

sinusoidal, with frequencies . resp,-actively (l -n)'¼ and n½ timea tha 

rotation fraqu<mey. Here n ia the exponent in the expression for the 

vertical comPonent of the ma~{natic field as a f'u.nction of radial dis­

tance in th8 neighborhood of the orb,it ( Bz cc: r-n); it must l ie 1n the 

range O< n < 1 if tbe orbit is to be stable against both vertical and 

radial diaplaeements. The effect.s of these oscillations ma,y- be 

visualized by' plotting the vertical displacement from the instantanoous 

circle against the radial displacement, with the azimuthal angle as 

the parameter of the curve. The resulting Lissa1ous figure, of course, 

doea not ahow the motion around the instantaneous circle; this motion 

can be indicated by plaoing dots along the curve at the successive 

positions where the electron paasa.s the gun as it traverses the curve. 

Thia is shown in Fig. 4a., drawn for n = 2/3 with arbitrarily chosen 

initial conditions. In this example the electron will make seven 

revolutions bef"ore enoount-sr:tng the gun. 

Karst and Sarber alao showed the axistenoe ·or tuo damping 

effects, due to the time variation of the maanetic field. The oacilla• 

tiona about the instantaneous circle are d-"Jr:lped., and t.he instantanoo11s 

circle slowly approaches thei equilibrium orbit defined by the beta~on 

* In discussing the linearized vroblem we shall adhere to the termino• 
logy of Kerst and Sarber. They define the radius r 1 of the instant.a• 
neous circle to be that satisfying mv = er1 B (rJ; it i.ill be 
different for w..oot.l'>Qna of diff'er(m.t momenta t; 'f.he same field. The 
eguilibriui:a orbit,. of rs.diu.g R, is defined by ·the field alone; it is 
the circle tor which tbs betatron f'lu.x condition is satisi'ied. 
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FIGURE 4a 

LISSAJOUS FIGURE SHOWING KERST-SERBER OSCILLATIONS 
DRAWN FOR n = _g_ 3 
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FIGURE 4 b 

EFFECTS OF ADIABATIC DAMPING 

a1=-» Y» c/:'\ c /:'\c /=:s / 
x l "'-J "'-J 'C_.,;I "'-J '(__/ ri 

NO DAMPING 
R 

Radius 

"'-7 "--7 "--7 '------7° '-......7" f j 

EFFECT OF DAMPING ON a 
R 

~ C C C 

~~'C../~s Z~s zL>< 2,-r-ri 

C C C 

- <..> R 
COMBINED EFFECTS 

ri = radius of instantaneous circle 1 R = radius of equilibrium orbit 

Damping greatly exaggerated 



l3 

nux condition. QuantitativeJ.;r,- they pi-oved that 

and 

in "i'.r...e non-rela~iViStie energy region; here a. denotes the WT.lPll­

tude of ei·t.aer osciD.atim19 ~. the difi'eroooe r 1 - a bet.ween the radU. 

of the instantaneous and equilibrium circl.es, and Ethe electron's 
' I 

kinetic energy o The eftects ot this damping in various caae.'3 are 

on the 11.aaajcu.a f'~'7llt"e is to slowly traruuate it ·t.oward the equilibrium 

eirole while ahrinkiue its linear dimensions at half the rate of vans-

It the dal'!lping i3 negli.f,ctiblo» it is clear that afte!- sevo.~ 

revolutions the electron will return to the imediate vicinity of the 

injection point,, collide m.th the rear of the gun, and be lost. This 

is made even l'IIOre ce..-tain by ·the ta,rt. that it will .spend a larger 

traction of i~ time near the crests of its radial oscillations 9 ~here 

the g-~ obstructs it.a patJ1, ·than near ite instantaneous circle. 

Karf.rt•s o:d.ginal betatron{l) was design:3'1 to avoid this difficulty by 

u.t.ilizing th6 damping, which oo.s . mad@ large by choosing low injection 

energy ( /V 200 e.v.) and high energy gain per turn (,..., 25 e.v.). It 

was C&l.culated that this dantping t:ould be suf'i"ieient to avoid colli­

sions wit..\1 tha rear of tha gung e.nd that the injection energr would 

still be high enough to prevent excessive loss 0£ eleetrons by see.ttaring 

from the residual gas iD the doughnut. However~ $iqx1rim.enta with thia 

macllinc showed th.at the yield increased rapidly with increase of injec­

tion Gl?)8l'gy over t.ha available :range ( to 600 e. v. h this is in direct 

contra.diet.ion to the theory described above, since the per cent energy 
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gain per ·t.ti:rn, e.nd hanc~ the drunpiz1,1, decroa::1es with increasing injection 

onerg;r. In aubseqt1.antly col)f;ltr11cted accelerators<2.J,6, 7) it h~s been 

found that still ~ter injoetion energies further iluprove the yield,. 

Present machinea inj eet e.t the highest enm·gioo their guns will st,and 

without. arcing over; these are in th~ viei.ttlty of 50 Kev., where the 

alootrons do- in f0ct nia:nage to at1oid collisions with the gr.m tor hundreds 

of revolutions. No entirely sat,ist'actn1·y expl:;nai::.ion of thb injection 

The .fraction of ,inj~cted electrons nhieh e$O&Pt:! s11c..>i collisions 

ia not largoi> even in the be~t-adjmrtoo runc.hinss. In a typicsl aooelsra• 

tor, about one electron in fix'ty to one hundred men.a.gas- to m1.ccensfu.ll3' 

oomplete two tl".iz-ds o£ its first circuit, the rest being lo~t by colli• 

sion with the. d01.1,glmut .?alls, due to tho rather large divergence c,f the 

beam ei'li tt0d by the in;; r.wt,ion ~ ( which Ii'rtW't oo compact sc as t.o offer 

o.s &1t1ll an o1x:rtrn-cting cross-sectional area as po:,sible). Of them~ 

which :3urviV<3 the fir.st revqlution, all bu:t. one in t,10nty or so a:;e soon 

J.ost, many of thsm µresmnably to the ~ear of tha gun, ~hen a ra.achine 16 

ftna.lly a.cl.justed fctr o},J'.t,i.lmmi output. However, it taka-s 1oont.h.a of manipu­

lation to raise, this proportion from an initial valu.eo~ perhap~- one 1n 

1~ ~ '!'he initial eoat or th~a machines is &0 high that it would be 

worth oons1ders.ble study to raiae it to one 1n five, but it 'is probably 

more important to gain assurance that it can he improV•;i)d from. one in 10' 

to at lea.at one in 100, say~ in a nn machine; if this could net be done, 

the ~t.:lrs initial oost might be \tasted. 

The amottnt of circulating current which can be est.n·t>lished 

* These data were supplied by Dr. R. V ~ Lsngmid r o 
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probably depends on a groat number. of factors. Among these are the 

injection enargy and current; the shape, duration, and timing of the 
I 

injoction pulae; the space and time dependence of the magnet.to field., 

including eddy current and hysteresis ettacta and azimuthal inbomo• 

ge.neities; the position, orientation, and design o~ the gun; the con• 

duetivity of the coating on the inside of the doughnut, and the resia• 

tance between 1 t and ground. A complete theory of' the inj action process 

would include an evaluation or the influence of each of these £actors 

on output; the-most 1m:portant requirement of a successful theory is 

that it should explain the mechanism which allows even a few electrons 

to clear the gun. 

J. !l>Y.vatiop., Description, and s,m&Y of the Present Stm 

The adjustment of the a.simuthal variation of the magnetic field 

has al.ways seemed to be an essential part of the procedure for obtain­

ing and mald.miaing the out.put of those aecelerators<7,lo). For this 

reason it was ~elt that a detailed investigation of the effect of a.21-
, I 

_ w.rr..hal inhomogeneities 1n the magnetic field would be worth while, since 

only the nrat-ordar ettects of such deviations of the field from axial 

symmetr)' have been considered by other workers. Those deviations may 

not be small relative to the main fteld at tho -orbit at injection time. 

The main ·nold is approximat~ 1.07 <X:-ev ./ R me'ter) gauss for non­

relativistic injection energies; at 50 Kev., this is about 25 gauss tor 

Et • 0.3 mo, and still less tor larger accelerators. The deviations have 

bean measured on various magnets (lO) and have been found to be as large 

as six gauss. They aro duo to eddy current and hysteresis effects and 

to aaymraetries 1n the magnet structure {yokes, cavities for instramenta­

tion, etc.). They will play a much small,_errole later 1n the cycle, 
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as the main fiald gradually- rises to t~evarel thousand ga:ass. 

An investigation ot the effects of such inhomogeneities on 

those electron orbits whioh lie in the plane or symmetry was initiated 

by Davis and ~(ll). They invented a magnetic field with azi­

muthal !nhomogoneitie.s* which et first sight showed poasibllity of 

greatly aiding the electrons in mit1sing the gun. It wass arranged to 

mak0 the time of one rruli.w. oscillation twiee that of. one i~t-wolution, 

evori olcsGr examination indicated that this phase wa3 un,3table a.,d 

tarJ1led to :3hii't to a stable Ytu.ue at uh:ich the amplitude ~ doubled 

at'ter f!!ltery two revolut'i.on::> .. 

i,}ection II of the µi•osent. study forms a continuation and exten­

sion of. ·:~hsir inve;ztiga.tion, i.'l ,1hich the j)rincipal obj(.)etiv•a ha.-::; bean 

tc a.naly00 th.e possibility of' e;-?'oiding thiei dif.ficul'tys, in order to 

waa finally reaahoo that this difficult:, is inherent in tho sit~tion, 

ttJ achieve this objective. '¥he saraa concllwion applies t-0 atte:Jpts to 

utilize the effee:c:-:; of non-linGar terms in the equation;;; of motion for 

the su.e pul'pose. In oota'blirming th~ -rooul't$, tho oonoopt of t.ba 

I 

* This field bad a constant lr;lrge value of n averywhare insicla t,he in• 
~tantaneous ciz-cle and 5/'l of tha way W:'Ound outside (meastll"ed l"rom 
the gun in the direction of niot.ion of' the elootrona), and a oonstan·t 
small ve.lu0 outside t..l-iis eirole over the remainL"lJ 2/7 of' t.hs range 
in azimuth. 

' 
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that thia divergence is always zero, at least to too degree of 8.pproxi­

mation justified. by the mathematical method$J used; this state of .affairs 

is inoonsist.P..nt with at;tairuwnt of the desired result. 

Another objective of this part of the :rosiearch was to ascertain 

whether or not tna success of 'l:,he injection process in 4):rlating ma.chines 

could be related to ef".focts d-:.:.e to th0 r,1·asence of axial inho?>K>genoitiea. 
I 

The rasul ts iudioot.e that the inhomogooeitil:1s probably- never nla_y 'a. 

favorable role 1n the p-rocasa, but. t..~at ·they may hinder it w.m,aiderably 

by ;Jroduei.ng forced oscillations and r'3sonant effects, unless they are 

rather Snl8ll mid ?roperly adjusted., It . seeias likel~• that all of tha 

empirical field adjuat.mentst which have been found necessary in.obtain• 

ing and increasing output 9 only sorv0 to ~ease or elind..nate these 

hindering effects. Thia reaearch uncovered no reason why a machine 

whose field ha~ inhomo~--eneities shou.ld f\mction bet·ter than one with 

an srlally symtllatrio field. 

In spite ot these negative conclusions, the in~estigation haa 

cast light on the general bahavior of aeoe,lerators in whioh th~ rP..riods 

of free and forced oo-eillations are commanaura'ble. Theoretical studies 

by previous workers(l.2,:13) have led them to the concl.ttSion that the 

oscillations in such machines would be divergent; the present research. 

hQS provided ~"1 ~lan.ation of the obaansd fact. that these aooslerators 

may tnncticm satiSfaotori'.cy. It has also led to oonclu.sions concerning 

which inhon10geneities, ~nd in particular which ?ha,ses of these inbomo• 

ge:neities with re:1pect to ·the inject ion gu.n_. are haraflll to aatisf'actor;t 

injection in aystams tihe..."'e Buch oommenam--abilitiea ex:Lst_, 

These concl..uaions a.re all baaed on an invootigation of the orbits 

of single electrons in a specified magnetic field wi~bout taking into 
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moving 1n these orbits. It. was originally intended t,o anelyza those 

interactions only t o t ho axt ent of discoverin6 1n what ~ay'J they ~uuld 

modify tho paramaters entering into tho single-el ectron study. In view 

of th8 conclusions stated above, however, i 't see.mod that t.hese effects 

mu.st be of decisive im:port1:1nca in the injec·:;1on process, as was first 

suggested by Korst(l4). His recently proposed explanation cf injec• 

tion is based on some of the orf'ects due to thase interact.ions. Section 

III of the present work con3ista of some calculations concerning theae 

eff'ecta, vhich show their importance in an analysis of the injection 

problem. Except for the work of Kerst (l,l4) and Blewett (lS), nothing 

concerning them has thus far been published. 

The study of interaction effects described in Section III is 

divided into two parts, dealing with time-independent effects end time­

det>andant ettects, respect! vely. The first part treats the ef'f'ecta of 

electrostatic and electromagnetic aotiona of a circulating beam of 

electrons on itself. Some qualitative conclusions are drawn concerning 

the probable distl'ibution of current and charge within the beam, and 

expressions are derived giving the maxim'Wll amount of charge and cmTEmt 

which can be held by the F.OO.t:,"Iletic focusing forces against its own se1£­

repulsion, as a function of injection energy and other machine parameters. 

There is also indicated a way of includ1ng the etrects of' an assumed 

space charge distribution in the equations of motion of an individual 

electron. 

The second part contains a discussion of the probable magnitude of 

the circulating current as n .function of time during the injection 

period, and the effects on orbit locations and oscillation amplitudes 

of changes in this magnitude. It is found that the effects of space 
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charge repulsion and selt•inductance or the beam are not of great~ 

different orders of magnitude, and that both are enhanced by locating 

the gun near a point of radial instability and by filling the doughnut 

as tull of electrons a.: possible. Finally, means are discussed by 

which these effects may result in trapping a fraction ot the beam 1n 

atable orbital) for e. variety of _assumptions as to gun location and 

relative magn.1 tudes of the eti"ects. These ara shown to be consistent 

m.th various oxper1mental discoveries conceming the injection process. 

The p.""incipal contribution of this part is t,o extend and clarify 
(14) 

the remarks ot Kerst , to obtain somewhat more quantitative esti-

mates of tho cagnitudes of the effects described b,y him, and to discuss 

in greater detail the importance of those interaction ettects 1n accom­

pliahing the injection process. 
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II 

SINGLE RtECTRON CALOlJLaTIOE 

1. Bguatiftons of Mot.ipa 

Certain aiJllplif'ieations are pos2i~le in investigating t..he 

motion 0£ an electron in a betatron or synchrotron rmer the tilae of 

injection • .A.s all e.;dsting synchrotrons use betatron starting, we 

have not considered the oscillating electric f1ald in analyzing the 

injection proceasJ the injection problams in both types of accelera­

tors are the sarae and may be studied together. The transition fi-om 

betatron to synahrotnm action has been studied by several workers(l6,l7,l8,l9) 

and bas been shown to be quitG afflcioot. Studies of injection with the 

electric field t'UZ"1'10d on have been publis..'l-ted only fer proton synchro• 

vona(20.2l) hit are probably applicable to electron accelerators T'lith 

appropriate modif'icatiOl.13. 

The magnetic field is of course increasing with time, but the 

characteristic period fixing tlv: time-scale of the motion of tha elec­

tron in its orbit11 and ot the oflcillationa about the stable orbit, is 

the t,ime of ona rotation around t,b.e doughnut; the fractional inCJ.•ease 

of t he magnetic field in this t,ime is oxtremel;r small. -It ia a well• 

knom p.i.-inciple of mn:Jchanics that if' a param@ter of a ayatem undergoes 

such a slow (adiabatic) change• the ef:feota 0£ the change may be easily 

predicted, provided that the motion for no change is known .. In taet, 

if angle and action variables are employed, the effects ar~l:3 jt13t ·Ghose 

which leave the action variable invariant to t ,ht: adiabatic change. For 

tbia reason, the t.ime variation ot the. magnetio field oEtnd ·l:J.le pl""esenoo 

of the conoomitant electric fiolcl s-upplying the betatron accelerating 

:foo:•ca ~ be neglected in irtudying t he orbits . 'their effects can be 
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included ,at a later stage,. since Kerst and Serbar(S) have already 

shown that they merely provide damping for the .free oscillations9 and 

cause the instantaneous circles about which these oacillatiorw occur 

to converge toward the eq1.lilibrium orbit. • As was mentioned above, the 

inhomogeneities will be adiabatically decreasing with respaot to the 

slowly rising main f'iald, and this relative time variation =q also be 

neglected. The orbit problatn is then reduced to the study o.f the motion 

or an electron in a specified time-independent magnetic field, provided 

the af'foota due to the ::,resence and interaction o:t many electrons rtJl:Ji3' 

be negleoted. 

We sholl describe ·the motion by ref erenca to a cylindrical 

polar ooordinate system (r, e, ;a) 1n which the ideal orbit satisfying 

the betatron flux condition, called the equilibrium orbit, is defined 

by z • o, r ~ a (a oonatant). The equation o:t motion in vector form is .. r =-(e/.)v X Bin M.K.S. rational units, where the elootron has rest. 

ma.ss llo, mass m : aof(l -,2/o2)½, velocity v, eharge -e = • \el$ and 

- -+ position vector r; Bis the magnetic induction and c 1a the velocity 

0£ light. Since the accsleration 1a normal to the velocity, the ma~-

tude of tho velocity ia a com:rta.nt of the motion. This can _be oonvenient.l.y 

used to eliminate \he time from the- dif.ferential equations of motion., 

replacing it by the azimuthal angle .as the independent variable, while 

swilt.aneously reducing the ntl'llber of equations from three to t.m. In 

order to study small oscillations about steady motion, vra shall expross 

. r ~d ~ -in terms of' the new variables ~ • (r - R)/R, "S = z/a, sincG 

these dimena~nlaao ooordilfates are small with respect to unity for all 

:points within the doughnut. If B
3 

has the value B0 at every point on 

tho equilibrium circle, then V = BoaR/m is the velocity a particle muat 
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have to undergo S---~ady motion in this orbit. (We choose e to ba 

positive: thus B3 is positive for electrons and would bo negative if' 

protons were considered). We define o,,. = (v • · V) /v; the electrons will 

iimtediately st.rike t.he doughnut walls unless vis clooe to V, and hence , 

~., will be ve17 small with ros"!)oot t.-0 unity. We shall_ e::qxrass Dz as 

B0 ~ z , and similarly- for th-e other field eoaPonents; Br = B0 ~,. , and 

Be = B0 ~• • In the appendix it is shown that, when the equations of 

motion are written out. in cylindrical ooordinat.es, t.he time eliminated., 

and the new notations introduced, the following equa•c.iona result: 

Here primes denote di.ff'arentiations with respect to 8 and 

Thm1a equations are rigorously correct, and are seen~ 'be non-

linear fbr oven the simplest magnetic fields. Their oom.pla:d ty is 

greatly increased by the azinrut..ha.1 variation or the ~ 's, the apooifi­

cation of which we now consider. 

2. Des:ql"iR,1;,c1,29 of the Magnetic fieJ.d 

The desired ma<Jnatic .:N.•3ld is approximately or the form 

~ oc: r-n; Ker.st and Sarb(~(B) have shown that unlass O < n < l the 

orbits are unstable in the lineo.ri2ed equations of .first e.ppro.,"!imation. 

An inspection or the general equations of motion above will shov that 

if Sr-= Be: 0 in the plane z = o, it is possible to have a motion con-

;ahall expand ~ in this plane about i t..s v&lue on the eqiJ.ilibrium orbit 



as a power series 1n e , w.i th coefficients which are Fourtar series 

in 9 , as follows: 

Here the A's and ~ •s are real constants, with ~o : 1, A01 = •n, 

and o<.
0
k: o., in order to obtain the correct form 0£ field in first 

order. We shall show later that, the high frequencr" components of the 

azimuthal inbomogeneit.ies (those l'iith large j) play a minor role, and 

may often be neglected. On phyaieal.grounds they should be quite smell 
' , 

tmless the magnet structure varies abruptly at certain azimuths. From. 

qiralitative considerations, w~ may assUille that no component of the azi­

muthal inbolllOgeneitias ,-dll approach the total field in magnitude; 

hence all of the Ajk with j -:/: 0 will be somewhat lesa than tmi ty. 

In the more general case, we must specify all three components 

of the field. We set 

sim:Ua:t' expressions will hold for Bxs and Be, with coefficients Cjkt 

and D jkl , respectively. Here j, k, and ..t are int.agers lying in the 

ranges indicated on the summation sign.a: i 2 = •l. 'l.'he A's, C's, and 

D1s are complex constants; the (3 'swill be real if we require that 

AjkJ and A .. jk.t ba complex C011jugates, and similarly £or the C's and D1a. 

Here we obtain a field having the correct form in first order 

by setting Aooo: 1, A.010 = -n, C000 = D000 : o. Maxwell's equations 
... 

tor a static field require that the divergence of B !llUSt vanish~ and 

* Hencef-orth we write "frequency" for 11angulal" fre.queney with respect 
to ea. 
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that the curl of B must also vanish if we neglect the magne~ic field 

due to the circulating electrons. Thes_e two cond+ ti(;>ns impose inter­

relationships among the three components or the magnetic field. The 

simplest such relation requires that, if Bz : B0 (l•n f) to first order 

in f and ! , then ~ = B0 (-n! ) to the, same order; thus we ~t have 

Aoi,o • c001 • We ahal1 have little occasion to deal with the other 

requirements imposed on the constant coefficients by Maxwell's equations; 

they are developed in the appendix. HerG again the terms with large 

IJI are lass important, and we' ~ al.so 838ume t.h&t the constant 

coefficient.a whose j -:/= 0 will be somewhat less than i~. 

A determination of the order of magnitude of those A and C 

coef.ficients whoae j = 0 is not so easy to make. These terms depend on 

the shane of the a.'tlally symmetric part ~ the magnetic .field as a ftmc­

tion of (' and ! at considerable distances trom the equilibrium circle 1 

where the field is c~"Ylllg more .rapidly than in its vicinity. Sven at 

these distances ~ and 'S are still much less than unity, and tharatore 

the coefficients of rather high powers of them will be very large if 

these changes are at all sudden. As long as the oscillations are con­

fined to a region in which the .f'iold follows the law ~cc r-n fairly 

closely, the neoessity for consideration of such terms does not arise. 

Fig. 5a shows a typical gr-a,ph of log B against log r in the plane z: O, 

as measured oxperimentally(22) on a halt-scale model; Fig. 5b is the 

corresponding graph of Dz as a function of'~. It is apparent that if 

the oscillations are confined to the region AA', the fiel~ may be quite 

closely a:;'.rproximat.ed by the second-degree aurve shown on Fig. 5b in 

dotted lines, which coincides with the w.act solid-line curve in this 

region. Howeveri to get a reasonabl,.y good fit everywhere within the 
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FIGURE 5a 
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limits of stability CC', on-3 i.mwt use an expression containiri..g very 

high pooors o;f' ~ ,, such as the one g1 von on the fi3ure having a term 

in ~ lO and shot.>111 in dashed lines . The detal"mination of the limits of 

stability is discussed in tb.e follo~ng paragraphs. In our ap:)1"'04ima-

tion ~,roooduros we shall treat higher-order ooofficiezrt,.s on 'Ghe assump­

't,ion t hat the ·terms in . w,hich they appear are not greater than • those of 

lowest crdaT, &"1d in many cc.3es e.re considerably omaller. 

TheTe are tao im~t.ant reasons for treating tho too-dimensional 

motion 1n ·the plane m :.s Osi which was r.,.--entir.med above .. From a mathm11a• 

tical point of views> a singl e differential equation is much fJaait:i;r.- to 

miszing the gm i s p.."'1..mar:U.y t,.hat of properly cout-rollinF; t.he r&dial 

outer edge cf t..1-ie do~.1:)-"lnnt 1n its plane cf aymet..--ny (although m~lchines 

oan be made to work m. th tho g-.m in alIOOst ~ poai tion (2J) ) • 

Ja. Ax-tsJ.J..y s~:amtric £l.9J,sl 

i . ~-1 k~.ASqlu.!;i9J1 

The si!llplest general motion is that in an axially symmetric 

This is most simpl.v done by put tin;; the eqoo.t,ions of motion in Hamil tonia.11 

form and noting that the canonical mom8lltum p
6 

conjugat-o to the azimuthal 

ooo:rdinate 8 iis a oonsta.nt of the mot,ion. We will give only the too-

sional mot,ioo lat.or in this section, and extood it still further L11 Sec­

tion IIIo In the app.~J.;~ it is show:n that t.h0 two-dimensional solution is 
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Hera r 1 is the injection radius and ¢1 the angle between the direction 

of injection and the tangent to the circler: rI at the injection 
I 

poi'Qt, ii is the constant velocity of the electron, and t 1 the twz of 

injection; tis the time at which the radius is r; x and y ai-0 integra­

tion variables. This integral is a.7lalogous to that giving rise to the 

inverse 0ine function; 
. .·. x.., 1 

aw (1i- tI) =) (1--x2-/a2 )-
2

a.;g, • 

rr 

To tact, if the integral b6 expressed in terms of ·~ , and only constant 

and .first power terms in ~ retained ill ~ z' it r~ucoo to an inte~a.l 

of this form. This result may also "be w.ri t-l;en 

i,: :!" v [ 1-,,-2 [ r
1 

eos ¢I T (V/vR) f r x r ._(x)dx ]2 J ½ 
r 

I 

The radial velooi ty is zero at the ra.dil 3; max and r min which satisfy 

r = r cos ¢ + (V/vH) f r x ~ (x)dx . I I . E r . 
. I 

If no such values of 2· exist., the electron will monotonicaliy depa..~ 

fr-om t he equilibrium radius and be lost. IT the initial conditions 

a~a such that rmax and rmin exist, t.hen the electron will oscillete 

between these extremes if r ~ 0 at r max· and •r > 0 at r min. As shown in 

the appendj;tg these conditions becomo 

~ (r ) , vl1./Vr _
11

_ • 

\ Z min , l)U.U . 

For an electron wi·th v = V ~ t.he l imits of i~al. stability are 

U.."li t::, for R<. r <. r max and less than unity for x, min ~ r <. n~ This :result may 

aloo be derived from elementary arguments abou-t centripetal acceleration. 
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Ta.king logarit,hms, log Bz(r )-log B3 (R) = -(log r - log R), giving 

rise to the straight line of slope -1 on the logarithmic gTaph of' Fig. 5a; 

t.11is criti cal line makes clear the geometric si1Jnificance of this condi­

tion in 1.ocat,ing the outer limit, of radial stubili ty C 1 • In discussing 
\ 

the two-diillansional problem it must be borne in mind that8 in the 3Xam.ple 

chosen, the condition of vertical stability will impose a more stringent 

inner limit than· t.ha.t given by this condition; the v01~ical osci1Jaiions 

are unstable inside the radius at which dDz/dr = o, denoted by Con the 

figtu-e. If the field continued to rise with decreasing r, however, the 

inner limit would be given by the inner i..'1tersection of t.hc straigM; 

line and the actual field cu..7"\l'e. For all electron wi t11 v -:j:. V, the cri ti­

oal line will still have slope •1 but will pass through the field curve 

at the radius r 1 corresponding to tha iP..sta.~taneous circle appropriate 

to this velocity, . def'ined b"J r 13!<3 (r 1 )/RB
2 

(H) :: v/V. 

Since the radial velocity differs only in sign for outward and 

inwa:rd motion.<:J, the oscillation will be symmetric about an extreme point 

and can be represented by a Fourier cosine ~eries d)out such a µoint; 

this is cha!'acteristic of all conservative oscillating systems. By a 

conservative system we mean here one whose coordinate acceleration (in 

this case, i-') is a function of the coordinate only~ so that a time-inde­

pendent potential .f\mction for the motion of' this coordinate can be 

defined. Here, this potential f'unction is • 

l1(r) : (mv2 /:!ii2r2) [ (r:rR" /V)eos ¢I • f r x ~ • (x)dx] 
2 

; 

3:r 

the equation fol" radial motion i s than 
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and t,he energy 00113.eitvation equation in 

as can ean:tly be ve:rifiGd u:r dif'f eror1t,iation. 'the radial motion is 

that of a p8z,t.ie1e in a potential 1.1ell whose shap0 and extent depend 

on its injection radiw3, velocity, and directionit an wsll as on the 

st t,hs outer field. edge CO!'responds to a loweri..,g o.f the wall of the 

t4toJ1:1tiaJ. we11, ff4 1·iomng & particle with lB.rge &Glplitude to spend a 

Fig. 6 VJi1icl1 i s &.:a1~1 to corr 3spond to th0 field il].ust.J?a.ted in Fig. 5. 

The ,~ell shape i s a so-r.oJ~vab.at cofil','.)licated function of the pa.,-:-am,3te1·s 

This can be satisfied for r =~I= R, v cos ¢I= V; t he:-efore we have 

chosen to i llustrate t.ri~.:, wall fol" thiG condition., s ince an ol0ct1 .. on can 

be µicturoo. aa being injected ct. ar7.y t)Oi.rit along its ixi.th . The group 

of olcc'.;.rcns ·oo ;1'hicll ·thia uell oorrespond:a eonaisto of tl103e vhose 

azilli-uthal velocit y oomporn~nt is V at the 1~ime tha;y cross the circle 

r: R. 

Various a:oplicat1.ons of this analysis can be mado. For or.ample, 

if only constant and linP.ar tcrr.u.:;i in ~ z ( ~ ) are of importance, it_ ia 

shown in. the upPE;ndix ·t:r.at, tho extromos o.f r:10t,ion for any given inject,ion 

oond.i tions are i];i V&"'l by 
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FIGURE 6 
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f:\11:: : 
0

(1-ri({~v -:t[c,-~)r..~~-l(l-1\)A.,. P~ ... ~; ➔,,-~) ¢;]¼·]. 

Here ~ z :: 1- n e , and oos ¢I has boon aet equal to 1-¢1
2/2. To 

include the effect of the ne.½:t highest order term in ~ one mu.st 
' z 

solve a cubic equation, or resort to graphical or numerical methods. 

It is aloo possibJ.e to 'all:'i te en. integral for 9 as a >run.ction of r. 

However, the principal vaJ.ue of this whole t.Teatment lies in the 

establishment of the conditions under which the radial motion ie 

oscillatory,• and of the .fact that it is conservative in the sen.'3e de­

fined aoove. It ~ be thought at first :Jight that, ,since ~ ' and 'S • 

apPear in the general dif ferential equations deriv"Cd earlier, t.t,ey • 

might, provide damping of the oscillations. In general, though, they 

enter in such a way that their roles are siruilar to those played by 

' the coordinates.. In tho present cs ~e 11 where we deal onJ.y with ~ ', 

it always occurs to 2n even ryowe:i:, :whereas dai-npi."lg can only arise 

from terms odd in e t Ol' of t..rie form ~ I. ) ~ / I · 
ii . Suoe~ssive 4Yorlroatio111 ~ 

Ntwerioal integration i s reqttlred to determine the quantitative 

effects of the higher orde:r- terms in ~ z and the nonlinear terms in 

the differential equation from t.he expressions given above. Therefore, 

we shall now obtain a solution by successive approximations, which will 

converge fairly rapidly if these higher order terms are small enotl.f.,ho 

Set.ting '5 : ~ 8 = ~ 0 ~ ~ r = °.~ s,etting il.jk • 0 for j / o, and e.-scpanding 

the right, side of the dit.f erential equation for ~ as a function of Q 

in pi;,wers of f and f • , we obtain 
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112.: i (1+ 3.Av); 

If" we- neglsct; the non-linear t erms ~ we will have the Kerst-Sarber 

ainuaoidal oscillations toking place with a frequency of o.p-proximately 
i1,. 

(l-n) 2 • The dependence of the frequency and equilibrium radius on .61r 

is also exhibited. We see that, if' If I <. 0.1 inside the don-1:;hnut, 

}; ,:, r.'.\i°'.,;.ft have .A" < 0 . 02 fur n = 3/4 ~nd "' o.oJ for n = 2/3, f'or elee­

trons which are to avoid -'<.he wallG . i'ie may evaluate the effects of 

the non-linear terms by the method described on page 219 oZ Minorsky's 

The calculations are given in the appendix. Tl1e resu.1 ts, 

to third o:rder in t he s1'!ltUl quantiti ~~s t>- and c- , are: 
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The ~eulation may be carried to any order desired. 

The am:p-lituda of the nth harmonic of the waveform is thus sho:wn 

of 11 to be :a order a. • The .frequency is shifted by an amount -proportipnal 

to a.. 2 . even if v : V ( whoo c = 0) J it is shifted to first order in the • 

difference v - V. As wan noted earlier, if the oscillations m~and 

into a region where the field is ehanging rapidly, some of the .Aok tor 

large k may ·be very large; the higher harmonics need not be small in 

this 00.'381 and the .f'raque:ney shift may be large also. Although the 
I 

wavefom for ~ ao a function of 0 will not be the same as that for e 

as e. .flmction of time, it will be very similar; the radial velocity 

is alway,-.J such ~ small part of the tota.l velocity that 0 i ncreases 

nearly linearly 'l"iit.h time. The strong higher hsrmonica and the large 

frequency shift distort the wavcforta and lengthen its period as illus• 

trat.ed .in Fig. 6 . 

If the magnetic field is r>erpandieular to the plane of the orbit 

but not a."l:ially symmetric, Hamil ton's canoni.ool equations no longer lead 

to a simple solu.t,ion, for too reasollf;. Fir::it, the canonical momentum 

Pe iB no longer e oonst.8.l'l't 0£ the motion; second, the vector potential 

of such a field wiJJ. have a non-vanishing radial component, so that the 

canonical momentam Pr is no longer saply mr but involves Ar.as ilell. 

The canonical equations reduce to the ordina..7 equaM.ons of motion; 

therefore we shall troo.t this motion by use of our differential equation 

for f' as a function of 80 

Expanding this equation in powers of ~ and f ' , and inserting 

the power series e.:·•cpression for ~ z developed earlier, we have 
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2 
whE!l:'O (,,) = l - n • (2-n) Aj)" ; A1 , Az, I3i, B2, etc. , were defined 

in the preceding peragrarm,s . We have mentioned eai"ller that in the 

physical situations of interest, the quantities f , A v' a.'1d AJk(j f 0) 

will be considerably less than unity. We shall first see what can be 
' 

leai.""ned 1:JtJ linearizing the equation. Keeping only first order t,erms 

1n these sma.21 quantities• we have 

00 

c ,, + eJ ~ ~ 4 - ~A· 
\ \ V ist JC 

\'ihcse solution is 

where o. and cS aTe integration constants . 

Thi s result i s of considerable inroo1~t;anc,J._, s ince it shows 

that t he first - order effect of th1.1 inhomogenei"i:iies i s to sui'>Or:i.mµose 

(18\ 
forcad. oscillations on ths free osc:i.lll,tiona. Bohm and Foley- 1 have 

~btained a s imilar r\3Sul t; thoy ,)oint out that it can 'be used to obt,ain 

a..l'l. estimate of the max:1,mum allow.:1ble inhomogeneities if the orbit,s are 

not to bo forced into the doughnut wa.Us, and f'u.rther note JGl'w.t no simple 

reoonan.oeif can oeeur, sinea "' 2 <- l. Goward(2S) lias 31.so obtaimlcl and 

diseusaed this result and its bearing oa the injection problem. However, 

he did not seem t..o recognize t..b.at the simplest interpretation is . to r~~ 

the f'o.rcad oscillations a.9 defining a nett equili'm-1Wl1 orbit, distorted 
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f'rom circular shape and ~ct3d with respect to the pole pieces, a.bout 

miah the f're-a oscillations take pl.see. i'tben viewed from this stand­

point• it is clear that the exist.ence of the forced oscillations con­

tributes 1-l?thing ess~tially new to the injection situation in the 

.fi.rst-o-rder aquatians since the problem of hitting th.a gun is the sam@ 
. , 

whether the free oscillationG take place about a circular orbit or a 
. , 

diatorled one. lfow~er, i f the AjO coefficient s are under su.f'ficiently 

accurate oonti'ol, they afford a means of dodging obstacles other than 

the gm, or otherm.se modifying the position of tho eqn:llibrium orbit. 

The effect of the resonance denominators is to d~ease the 1 

influence of the forcing terms of higher frequency, as was stated 

earlier. Even at this stage, it seems plausible that e major part 

o:f the empirical adjustment of the ·W1gne:H c field requir~ to make a 

macltlne f'unct,io11 may consist of al.t aring the ooa1."i'icients .AjO sw:."'f'icientJ.y 

so th~t the new distoo;"t.ed equllibl"ium orbit lies reasonably near the 

center of' the doughnut's aper ture a.tall azimuths. Ref'erence was made 

El-3-1"".'lier to data illlQlting that the inhomogeneities may be es mu.ch as a 

third o! t he tot al field a.t injecti on , ,..ool T E1spo:ading to valooB oi: the 

assume that the aperture extends radially for distances of the order 
I 

lfl = Ool• Int.his case~ even if the phase angles oft.he inhomogeneities 

are most f'e.v-orably disposed,. ':JC mtW t havs "\o <- 0.025, ¾o "- 0.1'7, and 

A
30 

~ 0.42, il1 order ·that the equilibrium orbit will be confined to the 

eanter hall' of the doughnut's radial aperture., Furthermore, if -the 

µ1ases aro sueh that this orbit passes the gun at a considerable distance, 

the f'ree oscillations will have an excsssiv~ amplit,ude a.."ld will be apt 

to cause collisions with the wall if the equilibrium orbit appz'Oaches 

it at some other ad.mtrth. This is oorne out by the el!lPirioal f&ct that 
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the output of a machine may be illlproved by adj usting the azimuth or 

the injecting gun with respect to the pole pi eces . 

ii. . Mathieu-Hill Eguatioy; Re@onmiee and Di vergenqp of.' 

OsqillatiqM 

If' we retain also the terms of next lovest. order and bring 

terms linear in e to tha left, wa have 

This has the form of' a 'Hill eqnationit ,. with an inhom'!>geneous term. 

By introducing the disj1lacement. x from the distorted equ.ilibrium 

orbit, defined by 

which is still an inhomogeneous Hill equation; however, the inhomoge­

neous tarm is no-w of second order in the AjO and e:.. v- , rather than f'irst 

order as above . li" we neglect this torm and consi der the effect of a 

single tr~,iancy component only~ setting Aj'k = 0 for j • :/ j , we 

obtain 

x''+ [w1--• ,[~4J•0 ~"s'(je+c1J"') +A./,cos(Je+ol.;,)~]x ~o. 

'l'his ia a ?~thieu equnt1Cl1(26) 9 whose f'orm l'!JEJ.Y be simplified by intro­

ducing new parameters o. mid i , and a new variable s, through the 
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de.fi.nitions 

a. = , 

Inserting t-heae, we obtain 

which ri>1cLachnml( 26} takes as the canonical .form of tho JAathieu. equation. 

:3inoe the kmt,hieu •3quation is a linaar second ordar differen­

t ial equ.ation1 i ta general aolut,ion i s an arbitrary linear combination 

of t.m linearly indep;Slldant solutions. It is well know that it is 
of a Mathieu equation 

possible to choo@e these t-w fund.amen tal solutions/ in such a viay that 

each solution consists of a product of too factors, one of which is an 

exponential !unction of~ antl the ot.her a pax-iodic .function cf z; the 
!}1:ve the same -:, eriod as t he coefficient, 

,a.-..i_odie f"'cto~ ~l\ii~~~, while t.he exr-onential 
of t he t wo solut ions , 

factoi~&/ di.:ffsr a..?Uy in ·the sign of tho ax:-ponent. For certain ranges 

of the p&ra!!letnrs a. an.d q, t,he exponents are imaginary and the solu­

tions are neither positively no1.· negatively cl.nl"1Im. For othor ra.?tges, 

the rJxponm:rts tU'.'e oomplex, so ·thnt one oolu-tion oontaina a.11 ex-ponantiall,y 

decreasing factor and the other a rising factor t.ending axpootmtia.lly 

to ini'inity; the c~- solution of the equation i s then ~stable 01· 

divergentp- e,,.erce!)t, fur very spaci.al initial conditions. The regions of 

stability and instability 1n the a-q plane have been comput.ed, plotted, 

and discussed by sevez.•al ,;ri ters {2i+126;27). 
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tio.n of the stability plot* shows tr.at the solution will be r:table 

uule.ss a. is near unity,. which can occu-r only for j = l and w 2 ~ ¾, 

cor:responding to 11 ~ 3/4. For i:,hese va.lJtes the o3cillstions ara unstable 

if GL lies within tt.te l imits givel'l byff 

I f q i s smeJ.1 enough so that we may retain onlj 'the linee.r term, ilie 
I 

os cillat-ions ar~ ·unstable if \J/4 - n \" (q/4 I• We may interpret this 

geomet.rieally, t1.Sing ·the def'ini tion of q . If we r egard Ajk 812d. o(. jk 

➔ 
as spooL.~g the l~~ and azi muth angle of a vector .Ajlt in plane 

polal" coordinates, then I g/4 \ = ½ j ~~" + 7. 11 I , and ·the motion 

ii:, unsta.bla in this approximati on only it n differs .fl.--om 3/ 4 by l Gss 

·than this amount.. Tha in-stability o.ccm"s booe:use ·the ratio of rotation 

f'rsquuncy to osoillation frequeney is n.em•ly two t-o one i.f w z. ½, 

giving ris-e to the phenomenon of subhal·m!..mic r-et'3onance, which we shall 

discuss in detail fart.her on. 

It, may bo m<,nt ioned that t h0 behavior o:f.' electrons in the in­

vented f iel d of Datls a."ld Langmuir( ll), oitad ero.·lit>..J.', may be under­

stood on the basis of the ~thieu. equ.at.,ion . Rapidly docr0asing ampli-

tudes occu;r wb.on the injection initial co:nditiorui are s uch t he'.:. onl7 

the c::q::ionentially damp.rxl solut ion is inv·olved. Ii' t,ho initial condi• 

·ticns are slightly eJ. t<)red, a component of the rising soluti on will be 

introduced; i t will e·,;ontually do:minat•.:l the m..?tion. If the parameters 

o.. .and q ert~ sucll that there i s no exfX)nenti~:lly rising factor in one 

solution, t.hera will bo no falling term in the o"'Gher one and hence no 

* Retsrencs 26, Fig. S(A), p. 40. 
* Ibid., P• 16, Jk.ts, (2) and (3). 
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i:»asibility or aiding injection in this way. 

The instability \11hich may oecur here represents a special ease 

of' the general conclusions of Dennirx:>n and Berl1n(l2}. They pointed 

out that when commensurab111ties occur between any two of the three 

characteristic .frequencies (of rotation., radial oscillation, and verti-

cal oscilla·tion), sea,-11.ar terms will appear 1n a successive approrl.mations 

traat.ment of the equat ions of' mot.ion which will result in a continual 

increase in the ampl1 tude of oscillation. This type of behavior has 

long baen known in celestial. mechanics, and has been studied extensively 

in recent years by tr.Sa oft.he new methods ~f non.-linear m.echmd.cs. 

Minorsky(.24) cl.assi.fies t..l-ie present SXSillple as external ·subharmonic re­

sonance· of order one-half; the period of the ex-tern.ally applied forcing 

oscillation is half that of t.he·free ~adial oscillation, since the 

electron taakes ·two :rotations in the time required for one free oscilla-

tion if' w : f. Dennison and Berlin have also noted that, for increasingly 

higb~rtler subharmonic reoommces (oorreaponding to larger commoosur­

ability 1n·Gagers r and s, ~ere w : (l-n)½ ~ r/s) the rate o.f build-up 

of the smplit.ude of c.saillation is progressively slower. 
' 

E. Courant<13J has discussed the n = J/4 resonance at cozwider-

able langGh, by different although equivalent methods, based on the 

linoorizad equations. His inclusion of the effect of the synehrot.ron 

osoillationa due to the oscillating electric accelerating field compli• 

cates the mathematics but does not alter his conclusion, which is that 

machines with n ~ 3/4 will oot operate successfully unless A_io ~ 0.001. 

Dennison and Berlin also conclude that this and other critical values 

0£ n should ha a.voided in order to prevent a divergence of the oscilla­

tions due to the secular terms . These conclusions conflict with the 
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experimen+.& f'aot that 1reveral machines have bean designed to have 

n e..-metly 3/4; these machines are operating satis£actor11y, and the 

problems of getting th0m int.io operation have not seemed to be qll2li-
1 

tatively different from those with machines having noncrit-ioal n values. 

In fact, Kerst has constructed a betatron containing amd.lliary coils 

by means of vmich he is able to vary n continuoU3ly over almost the 

entire stable ranga(28), and has fotmd no peculiarities of behavior in 

the vicinity of the aritiool values*. We shall offer an explanat;ion of 

these observed facts, based on the investigations described below. 

Thus far we have only investigated linearized equations of 

the motion in an a:d.ally varying field. It is a general characte:dstic 

of such equations that if a solution is initially diVe!"gent its ampli• 

tu.de will continue to grow beyond any bound. In a physical problem• 

however-, tho non-linear terms neglected in linearizing the equatiom 

be~..n to play ap-::>reciable role3 after the anrpli tude has inCl"aased autti• 

ciently. These terms may act to modify' the character of the motion oon­

aiderably, and, in particular, may perbapa prevent the amplitude from 

rising beyond a certain point. We have already seen that, the only sttb­

harioonic resonance apµearing in the ll..11ear theory is that of order one­

hali'; higher-orde:r fractional (subharmonic) resonances are nonlineo.r 

phenomena in our omblem. 

To make ftn-thar progress, then, we must consider a nonlinear 

dittorential equation wit h periodic coefficie..'lts. In discussing the 

two-dmeooional motion in an a:dally sy.l!l.!J.etl'°ie .field we uere able to 

* Priva~o oommunication f'.rom nr. R.V. Langmuir. 
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solve a non-H.near equat.1.on with constant coefficients by successive 

app....'P>O::d..11ud;ioos~ ai,d to f eel confid~t of the convergence of our proce­

du..~ beeause cf the e!3tablishment of t,he stability and conservative 

rua:ture of 'the mot.iQn ~J U$0 of liamiJ:ton I s canoniool equation.0 0 Even 

in the absa'l'lce of rn.tch as.~ranee, ru1 ir.m:'.?Oction of the result would 

rtiil.ke its converg,:nee seam ".,>lau.sible if none of' the hi~-order coeffi­

cients mre e.-;tc"9ptiooally l&'-ge (although Poiiica.l'e*, has shown by an 

were abl'-3 tl.:i U3e t.he results of many earlier Horkers pertaining to "t.i"le 

solution;,; of li..1t1ear ~uations •d th periodic eoeff'ioients (Ma:thieu-1:-li.ll 

type) VJhich. 11 while complicated; are 1>1011-tmderstood; the successive 

&}}protlrn2t.ion methods unad in discu:Jsing til6m have bee.'1. proved conver• 

gent . Howev'er I there e..ust.'3 no eeneral thoo:ry of non-linear equ.atioo3 

oz- sime of error involved in te'1.0 e.·•r:t~1ting met.hod2 of app:l'orlmate solu­

tion of such equat,ionG m-e impoasible to es·tab1iah rigoroMly and 0v0..n 
\ 

difficult ·to deterrni.vie a,)~tel.y in apecial cases . The best oo can 

features of such sys-'c.ema and to oe.leulute their magni tr.ides e:pJ'.Y!'oximtelyJ 

th0 dstai1.£! of the motion t'.1."e ustw,lly too · complicated to f'ollol'J accrura:te.q. 

SevelA.-a.1 wchniqU?...s for ascertaining the app.ro::dmate etteets of 

·the non-linear PtJtiodic terms huve O>i-)Sn investigated. The roost ::;atis• 

facto?y one seems to be t,ha-;~ developed by the Russian mathematieiaM 

Iu•ylott and Bogoliuboi'f". Thi::i method is extensively discussed by llinorsky 



in his tm:i\24) . It may . be applied to di.ffert.:mtial equations of the 

mere f is periodio in the L"ldependet-it variable Q and ama1J. oor.spared 

~olution is 

in ·this a:ppro:id..mntion oo a.loo have 

'!fdhero o.. and ~ are arbit.rarJ oonstantG <lc-oenden-t on the intitial 

oond:ltions. Ne take t.hese as t.ht1 gsnerating sol·(1tion.r:1 i).•o,,,,_ whi ch a 

solution of the COti!',)lete equation is to be ob'tained by cllo~ing o.. and 

o -to WJri appropr:w·t.eiy V4it,h ~. .Replooing CJ r by au arbi ~J w 

for greator general:!.. ty:, antl ero.~~•ine, th!"ough (in the appendix) the 

ctandl.:Jrd operations cf the method. of variation of paramei·terst> wei obtain 

the follmtlng two first orde:r different.id eq~.wt,ions for a.. and 6 

which are rigoirousJ.y equivalent t o t he single original second ord;ar 

eqi:.W.tion, i.11 a wey similar to that in 1.'.hich the Hamiltonian equations 

1ooy r 0place t.te La;iF.angiml equ.ations in analy'iiical mechanics: 
l. J.. 

W,- -W • I , • 

a /.::l, : w s,k, ? ,o, (> - ;:::; f ( ac1>s ¢ J - ~a S!Ji /J., e) s, 1i cp 
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however, we note that, if w ia chosen ve'r";f neax- to "'r' ·the rateii of 

ch.tu1ge of o.... and b wit.b. :respect to Q wil l be very small, and, becau:Je 

of the trlgonbmctric da,anoonce on s, will be rapidly os.cillating •. !be 

a:0proximatio11 r rooodu..re consists of assuming that a. and b will be 

nearly- .cor1stant o~r a ~d, replaeing t..':tem by t ,hei r average value3 

a. and S on the rtght sides., and averaging these terms ovt!!r s compl ete 
_, 
a. and. r• , the ratos of' change of the average 

})C'.Trut.¼)te!-:J in f, a..'ld w-111 oo neriedic L'l ~ sinee ~ entsers only through 

trigor-..ometrie ±'I.motions of st We shaJ.1 postpone a detailed ·!;reatme.-it 

of 'Ule e.r"'feets of this aver:.1erJ1g approxiaation, first discussing oome 

a£ the prlncipal o::msequences of applying this mothotl to our equation: 

~ cos ¢ :!!or ~ , - c..> ~ sin 9) for ~ ', and mul tiplyi."lg by sill ¢, they 

will oo of ·th.e ·.fom Cf.)S r $1 sin i> ¢ with -1' alweys odd (because pt 

alvmys ocOUi.-s raised to an oven power) . ~ • tor.ms lw.vo an average 

value of se.."?O . However, theme containing ~ to an odd p::,woZ' will con ... 

t .ri1:rat.0 to l •, booause ·t,.he substitutions, and raul-1:.i pliootion by cos - • 

f- I ,J d . ' V wing them to the f'o:rm oos $, sin ,,,, with both f- and oven • . 

Since these te.t"ula are everywhere ;,osi tive, their averages cannot vanish. 

Such e. term do@!S not i.'l.vol ve f bti.t docs contain ( f- .,. ,> - 2) J:):JTIOX-S 

cf ~ {because evaey term i s imut ipli oo by - 1/(ii w)) . The lowooi:, value 
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·tb.es0 ~t-r.ow terms, corres~ndin,e to an axially symrootrle .fj.eld, • we 

obtain a shirt .in fi-equency proportional -to the square .of the a.mplitooe, 

b,xt no c.h3D.ge in the amp).i tude, in ag;t>ooment with Q'!.ll' ear ller i'ind .. i.ngs. 

, However I we do not obt.ain 00.7f information about t.he higher harmonies 

of 'the ooeillati.on by' t.his teehn..1.que. 

The seoond•row terms depending explicitly on 0, will lead to 

exp1·essions of the fo~ cos- P- ¢ sin v ¢ cos [ -6, ( cf> -~-) + .i.] , whore 9 

ha;?; been replaced by :., ( <p • ~ ) ; !"- , zJ , and j are in-t,egers. If w 

is not a ra.t,ional number , the periods of the different trlgooomotrie 

fa.ct.ors are inoommensm"B.ble, GllC1. the long-time average o.f the term will 

oo 2ero o However, ue have made provi3ion .for mi arbitrary choice of c.J ~ 

re:ruricted only in that it must be quit.e near to '-" r, the nat.1B'al fre• 

queney if r = o . 'l'ht?>..re will always be . many rati onal n':.rilbers i'!.tlf'llllng 

this condition~ and ~ m.11 now indicate the considerations detarai.ni...'l'lg 

The typical te.i"rn ·above .till be multiplied by ( f' ;-v. • 2) 

pooors of ii a..nrl by _r:--.n Ajk. If we asmne that w : r/a, a rat,ionru. 

prop.3r f-raction L"'l lo~est t(~nl!S, then oo may de~se the term into 

Co:, ( I +_ _, I + j s ) A,. 
fi I I'\ f,- _P - r 'f-' ~ 

and mere f- • and v ' have the same parity oo ~ and 1' , reopooti vel:,. 

The average values of such tel'ID.S are always zero eJr;:ceµt when the a~gument 

of the cosine is ze.ro; this l .. Bt.JUires t.hat (js/r) be an integer~ and henoo 

that j oo e ruultiple of r ., r,foii: if we assum,3 j • mr, mere m ia s positive 

int,ege&-, w have a non-vanishing average only if' f ' ± ]) ' :t l"1 s = O o 
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For giwoo ~a.ad$, the terms of 1.offl3st order in ii. for which this can 

~ satia:.tioo are t,liiose in which f- • : p ~ -;> ' s ;J , and f- t- ,J : ma. 

Sinoo a i!B at least unity, the lowest J;l0\1V8?' of a.. in the ar..i,rasaions 

a:p~t.e a· gi "iJ'OO w r oore and more closely by rational fractions., 

both rands inaroo.se ~ether; the contributions become~ small due 

~ the ~ ~~ of the small qua..~ti ty ci: , and are due only to lugh­

fraq'ilim,eyr COllll)OltEmts of the f i eld ( w1 th re~ to 9) because of the 
I 

w ... the first t6l"M in :;:.-

a. ' ad b • will be large, and the orlgjnal assumption on mdeb. the 

averaging process ~s based m..11 become inV8lld. Although we have not 

dari,roo a unique el"i~""ion for selecting r and a , vs will postrons a 

di~icn of l!ela!fb,Y ~a and merely state here that no tmo reoo-,, 

~ of pt"actical interest overlap, so that for any given w r it is 

al'flqS cl.6ar tmi.ch resonance, 1.r an::y9 1£ of ~. 

arising ~ -~ in the second line of our £ al~ ~ to produce 

au ulM.matel;y diwr@m't ~vi.or si ndl&"::' to that in thf;) ·tmstable 

tional to thw av~es e:.t oos 14 ¢ sin .,; ¢ ooa ( ~ ¢ - s ~ + "'- ) ffll:1 

09s _µ. + 
1 

- sin tJ- i , ooa { s r/J - sf + 04. ) , roopecti~ly,, wi'ier.o f-4. + " = s, 
•. v-' -

and v iB alw-.eys odd. The average -waluoo of these are (•l) ~ :rs sin ( s ~ - ol) 
l ' 

v -' -
and (-1) ~ 2''°5 oos ( si-t1... ), respac'M.vely. _, 

- di; 
but thooeJP wa soo that 8 ' : 0 and ~ 6 < O 

j) :tndicating that this i.s a :r~ble e:quillbdnm value 



4"-. 

of S ; but at this value, ci ' ' is positive, and the csciJ_lations "rill 

I c· ~) . d:iverf:."e . I!' wo stro:-t with ~ = s °' • ~ , we will have a decreasing 

Ct , but tbis value of , :i.s un,stable, and the slightest shif't will 

start 1 t moving to~ard the ra.11ge in ~hieh a: inoreaeefJ. This behavior 

i3 Ju:Jt that ot -the '.t..'1:::table i ia:i;hiet1 solutions describod a.hove. 

which arc independent o.f S , ~ alt'3l' this si tu.uticn, and that higher 

o:der terms than the onos hor~ cono:1dered. must be t ,eken into account to 

loa..-n mat, if anythine, l:tni ts the motion "1:1hich is uns"~blc on the basis 

cf tbDse tarwS alone. It is diffiei.il.t to vi:3•.w.lize the ef'fe~s of' these 

various t13ros rroo t.11.e m.athemat,ical formul..&!':? , so we now describe a geo­

metrical rep!'esentation of t .... 1-io so1utio,,"1n which enables one to obtain an 

overall \7iew of all poseible lllC.ltions in aTJ.y partic1.1.lar ease. 

ii. !;J'lslle ]J.~~ -~-1ill~,!r __ P-~o'?~l:t1~§! 

Since the averaging a~n~ximation yields e.~essions fo:r 2L • and 

f ' (&.9 functions of 0:, 'f , ai."'ld the constant parameters) -ahic.h are perio­

dic 1n b , it is poc.sible tc l'"~mresant the approximate behavior of the sys­

tm ~· moan~ of traj ec-tories dra1m on a cylindrical surface constituting 

a two-dimoo3ional plmse :3paca. Th<) rep:resentati ... .re point of the syst.em 

-movas a.long soms -~ajectory in this a:,ace, wbich constitutes a -plot of a.. 

{mea3ttred P3Tall0l to the ruds o:r the cylinder) against S (msasuroo. a.round 

the cylinder); tha coraponant:::1 of' the 1>01nt1s velocity are 0: • ep.d , 9 • 

au.oh a r0pNssntation is ap:proY.imate in that the hig~.f'requency fluctua­

tions of a. ' and 6 ', having boon averaged out, do not, a~. "B;=f 

* the exact solution could be represented in the same way in an ~ - S 
surfaee, of course; however, the representative Point would hot have 
a unique veloeity at a given point. of the space because oft.he eitplicit 
dooendooca of a.• end S • on 8. 
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iMpeeting tho family o!t all posaib.le t.l"ajootories one can obtain 

~letely around the cylinder (pel.,,iodic trajectr.):ries of ·the firi:~t k:L"ld) 

ood ·~se uhich do .. pasi3ing ~·o•v•~ a11 vtlu.e,s of 'f f:i-om O t.o 2 rr ,., ~ :] ~ 

t ,.,_ J ,, 

~tino;i;•sJcyV ·'• •' ; w-a a.hr.11 oot ro}'.Xi)at the discussion he]'.'e. It has l1eoo 
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ithile unstahl.e ones become scu:rcas . 'l'he simplest saddle points behave 

like points of ntsgna:tion, ¥kt..i.1e others ~ represent the oonfi.uenee of 

a simple saddle point and a nodal point,. A vortex rx,int }:!,..as vo.rtioi ty 

but, DO oource or sink. 

Strictly speaking, a. and ~ are not the i;>-roper coordinates 

for a phase space, since they are not oononically. oonjuga:te; i.f ·t.b.e angle 

variable 6 is used, its conjugate momentum i s t,he action A, which is 

pro:p:n-t!onal to 

of the symmetry of the resulting f'ormul.as for ~ • and S 1 ; in obtaining 

a picr..m-e of the trajectories, it does not maiiter what power of a_ i s 

plotted linearly. t>iew-ert.helass, we shall derive an interesting resul~ 

by introducing A: ct.2 (the value of the proportionality oonatant ts 

immaterial in what follows) • '1.ne oompone.nts of the veloci. ty vector ot 

a repreBentat1ve pcint moving in an A - & sm-tace are A' and S '. 

'l'he oource strength 1'6'.i'.' wiit area £or the flow o.f' trajectories i s than 
Jt9I Jf I 

the divergence J,9 + )tf of this vaetor. It is proved in the 
' Jf 

a-ppencU:,,;;: that this diverge~ee is rigorously equal to -
Jr' 

• This 

shows at once that., if' the function £ i s i.nd.ependent of f • ~ the flow 

is di'V'a!."'geaeeless and «',nt.ains uei theT sources OT ainks*. This is ~quiva­

lent to saying t-hat the flow ia that of an in.compressible fluid. No 

£oca1 er · not'itll points ~ occur, and all traj ector1etJ will be e1 ther 

closed and periodie, 01" aayt."'J)totic (coming from and going ·to infinity), 

as wuld be axpected in oonservative systems; a saddle poin•t represents 

a point of stagnation. If f is independent of G and oontains only ,;,.;\.C'. 

even powe~ of f 1 { as in two•dim~sional motion in an a.dally sym;netz'io 

field) ·Ulen every term of ~ will take the f orm cos fA- ¢ sin ,> ¢ 

* lfoo volocit.y, being assumed small, OO..'lllOt b.<acome in.i.""inita as at a 
point oou:roo with finite .flow. 



af'ter mibstitu.ting, where f- and JJ are integers , with v alweya 

odd; the average value of such a W'Ill is zero:. Since 

• &R
1 

di
1 

_ JI/' Jf' -= * , 
JR + ;f = JR + J b - Jf , , the aivergsnee 1n t he 

will vanish and the abov0 conclusions still apply, in agreooient with 

our earlier treatment o£ this case. If f contains ti."igonoiaetri? terms 

in et and if ·!;he radial oseillation: frequency w is OOfiWellSurable with 

-:if 
the rota.Uon frequency, it mrq hap.pen that c> e,. does not vat4sh every-

wero; heire the ab.,ve oonclusiO"as fail to app13' ~ but we will show that 

te?'i!IS oontrib> .. tting a non-vanishing divergeace are of highar orde:J? than 

that· to which our app.roxim1rliion procedure is valid. The significance 

of di vergeneeles.s flow will be disc-!lssed ftrlher on$ w...liere we will 

apply this concept to the pn>blem of dodging the gun. 

Tha results obtained so far ma:y be su..inmarizoo by the aquat.ions 
, 1, ..,. - s-1. • ( c ) 

ci.1 li. = ", a. s 1 ~ 50 - "'- + higher o~ tsrms i!r et. from 2nd line of t, 
-, _s~ . - , 
~ = K, a. c P s ( s 1 - D{) + higher orde'i" terms in ci. from 2nd line oS: f, 

+ higher oroer terms in (l. fE>om lc3t line of t. 

Here IS, is a certain linear oombiniition of the Ar ,k in which 

- 2 2; 2 k : o, 1, • 0 
• (s-1): K

0 
is 1n-oportional to wr - r ~ a , ~ ia a. 

certain llnoo.r comhimr',;ion of J3i_ and B2, and ()I... is a deter-iained oonstent. . 

L~ of' t he ei:3sontisl f0ature1; of tht3 3itua.tion mey oo learned from a 

st,udy of the J:aw.se plo·ts o~ these equations, u:sing only the terr'.l.S given 

We now wish to indicate ·the desira.bili ty o:f applying this method 

to a somewr,.a:t dif.f6I"ent equationo '1110 e.eouracy of: the !Wthod depends on 

the sw.ru.1n~ss of the ftmction Z with res)?Set t.o p , out the r given 



above cont.ain3 t oroo of first ordel" in the Aj o and 1:::,. v which are 

inde~ ndent of e and (? ' , so t hat the method b0comes 'invalid .f'oz­

oacillations of very small ampli tu.de. By introdacing e.s e. now varieblo 

the radial displacement. from the distorted equ.ilihl"i um orbit (as was 

done earllet .. to obtain a smaller inhom,ogeneous t0ri:a in the f-iathi0u•Hill 
( 

equat.ion) , 1r1a m.ay- eliminate from f those .firnt-orde.r foreL11g terms which 

are independent of' both ~ and ~ 1 • 'I'he resulting equation iG s imilar 

to that. diacu::med abo~e, but is uorc complex, in 'that on t}1e r:tght 

s ide e hJ I'Gplacod by a more involved 0xµt"eSBion, . consist,ing 0£ the 

new variable plt.13 a ffl:>u.riel" series in e, and si!.llilarly for ~ ' . Bow­

ev,:,,...r, it can be expanded and put into the same for::A a.a the simpler 

eqmtion. S1m11ar equations for a.' and 6 • will result , dLDfering 

only in that the K' a and o<.. will ba mors complicated functions of -~e 

parameterse 'fhe evaluation of the K's is discussed in the appendix. 

In treating these equations , we set s r;;- - d.... a x .for brevity. 

In this discussion, 1r1a shall neglect the terms not written explicitly. 

If' 'J_ = '2 : o, the trajectories are straight lines parallel to t,he x 

or & axis, winding around the cylinder with constant velocity I\, inde­

)endent of J1,he amplitude; ,tj}ie system executea isochronoua s imple harmonic 

motion with angular frequency (r/s) +- K
0

• If K:J_ = Oj) but K2 # o, the 

system i s stlll simple harmonic but no longer isochronousJ the velocity­

along a straight- lino trajectory depends on the amplitude of oscillation, 

- 2 and the ~-rular frequency oooones (r /a) + K
0 

-\- K
2 

a. o These oases are 

sim,,_ule and easily understood. 

lf ':,_ =I=- Oi> we hav-0 a more corapl:i.cated situation. The dif'f'erentiru. 

equation of the traj ootoey becomes 
- c/.. X I L '2.-5 lf-5 J o..s ----=- = --=--x • (k 0 /K,)Zi -r(K✓1<,)ii + cos X ; 

~a.. Sti,,. 
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tha general solution of this dif.f'erantial equation is 

, 

where C i o t.ha arbitrary constant of integration. If~:~= o, 

we obtain ci. 5 
: a~ • sac x, which lea.els to the traj ootories ot 

Fig. 7, describing the eventually unstable motion ohar-aeteristic of 

subharmonic resonancatt. It is difficult to determine the modii'icatiom 

introduced by the ter.a,3 in K
0 

and '1 directly f'.rom th<:, integrated 
\ 

equation of the trajectocy, btrt a qualitative picture can be g.ainod 

in the .following manner. We first detor:!irl.ne tJ:1e a!)1woxiuw.tie po:rl.-

tions of the 1.inas alDng which: i.' = 0 and those along which i 1 = O; 

their intersections mre the singular points. · Tha signs of a. 1 and r 1 

are next dat-ermined in ench of the regions i nto which these lin0s diVido 

the surface• and the t.t-ajeotorias may t han be sketchoo in, with the aid 

of the m0thod of i soclines it neceso.acy. The nature of ea.ch singu.lari ty 

is usually evident from this procoduro; it can be easily determined by 

use of the theorem of Liapounott'~* 1n most doubt±'u.1 caseo. We can 

find the magttltud.s of the velocity at various points and in."3ert arrows 

the motion of the reP',l .. esoot,ativa point along a. tzajectory. 

It s- = 21 conesponding to n ~ 3/ 4, and if K;i : o, we find 

that as I~ \ increases from z&-o, the diagi._am of Fig. 7 shif'ts to 

the form of fig. 8 until ~ ~ \ = \ Ki I , beyond 

* The higher-order terms in a ' may ul t imatel;}" limit this motion even 
if K... : ~ : o, although this oaeura at too large an amplitude to be 
pbyslcally u.i;eful in · all ca.sos which have been investigated; . the va­
lldi ty of high.-order et£oots int.his appronmation i s doubtful in 
aey ea-se. 

a Reference .24~ p. 51. 
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~hiclt polut the asymptotic trajee-'liOl'ioo disappear and we ob+--ain the 

periodic traj ectories of the second ld.nd shown µl Fig. 9. We obtain 

.from this tlle width of the frequency range in whi ch· the free oscilla­

tion is locked in s;ynclironiem with the forcing oscille.tioo.; for freqwm­

ci.es wt.side this range the oscillation has slipped out cf synchronism• 

and the divergent resonant affect disal?:)eara . If K
0 

= 0 b'J.t ~ :/= o, 

we may solve for a 2 , obteimng 

I< [ • +.I 2,. ,-] 
-' - ~$ X - l cos x -+- C , 
~ 

where c• is an arbitrary constant; this is plotted in Fig. 10. We see 
, 

that, while 2£ ~ beeome very large if It, is B.mall , it \l1il1 newer oo-
,;, 

COOl0 :inf1ni te;. tb3 axistonoo of the freqnency shi i't i c; proportional 

to ii 2 is sufficient to des ~ y the resonance eventually., even if the 

system is precisely in tho oonter of the :r-eoona.nt range .for small smpli• 

tudes . Of coin-aa? if ~ is St:lall, thia tlil\V not occur until a:. .is mo 

largt3 as to invalidate t...l-1.e a-p,ro1;::imations used. In the garuilZ'al case we 

may have a variety of typeH of ooha.Vior, depending on the relative magni• 

tudes of the K' s; all of these are similar to those already discussed 

e:«lapt wen K
0 

and ~ are of opposi ta s i gn and I K 
0

1 ,. 2 \ Kj_ I , in which 

case we fil9¥ get trajectories l ike t.¾ose of Fig. ll. 

If s : J , and K,) • o, ge find that ~ 1 is ot invariable sign .., 

unless I a. I > \ K~!Xi \ ; this noons that, th.e resonant effect will only 

ooeur f'or oscillat ions of' amplitude gt>ea.tel" than this critical ampllt.uda, 

'lk"hiah is equi val.ant to saying t.ha't, the width of tho resonance range is pro­

:porti o:ool "1JO the amplitude~ ~stead of' being constant as it is for s ~ 2 . 

This situation is sho'Mn by the phase diagram in F'i.g. 12. We can oow GOO 

W'i'fJ! t.he only subharmonic resonance appearing 1n the llnaar .thoory was that 
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of o..~ cme•helf'; in higher fra.ational orde.ras, the reeozwnee affect 

vanishoo as the amplit~ approaches zero. In general, the width of 

the resorum.oo rimge will be proportional to a: s-2, as is indica:too 

in Fig. :U. F'rool this figure it is elear that, tor moderate:cy- larg-d 

~ the resonant ranges decrease very rapidly with inCJ.."easing values of 

s. Eves if ~ = o, the frequency shift px"portional to .:i 2 may become 

lar.ge enough to das+...roy- -the resonaneeo 

Jdo ~€}A~9i yhe 1jotio:i;u ,Satiqfactpry Qooratws j.p. Spite 

2f R~m 

We are now in a position t.o describe qualitatively the general 

behavio~ of srucll a system.. lie have ~~ that the non•linoor terms 

present G'iron with an a.dally symaetrie field are responsible for two 

af'feetsi the intro<t<1etion of higher harmonies of the .rtmd.Mtental 

fi'equaney (which are progressively amaller if' the coaf'ficieats of high 

~d~ te.rms are not too large) P and the shifting of ttds f'requoocy m.:th 

inm>oosing amplitudta of the princip&l oseiliation. ·Pro,a the · ilatbieu-Bill 

equation we i'ound that the -terms with periodie ooeffi.ciieDts c:aused the 

appearancs of divez'gant oscillations when the :f'requancie• o£ .forced and 

free oscillations ~e nearl,y eoD'illleDsurable. We have fotmd both. typ,3s 

of behavior in our mor0 gal'leral equation; some mu1 tiple o.f ~e ftmda­

menta.1 .free fl-equaney will resonate with OOJae forcing term~ \iue to a 

its aapll tuikll.. This will 03.1.We a change in the free -~0queoo'J and all 
' 

tudG i s deatroyoo. 3ince •thg highcoorder reso!lQ?loos are very narrow and 

e.,'W,,.""'t, e very weak inf.l.uence on the amplituda, they ere relatively t1.Uilll.~t, 
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as is cl.ear from an inspection of Fig. lJ. 

One of the iJ:iportant results of this study is the thooz-etieal 

explanation, on tb.ooe grountls~ of the experimental observation that 

machines ~ function wel.1 1n spi ta of commensurabillt,iea . ~e have 

seen t..hat the f'requ.e.ncy may vary quite strongly with amplitude if' tlle 

field d~Jiates considerably f'..ro-m a linear dependence on (> • A reso­

nimoo which iis ha.'V'll.ful at one ampli.tude me;, essily disappear at anothex-9 

oouooially ii' the de~.:..&t.ions, .fi>o!n axial symmetry are not large. We ri!U.St 

remember that~ in addition to the effects described abova~ the Kerst­

S~be:i." damping and the 1;sdiabatic dooreaae of t.he inhomogeneities relative 

·too the ·total field "tioth oork agaL'lst e;o;y diverga.~ce of the oseillation.o. 

Also, the circulating elaetron C'lll"'l'"ent produces electric ruid magnetic 

fields which change t.he effective valu-e of n. All o.f these considera­

tions raako i t s eem plausible that resona.7.lce effects m.ll interfsTe {1it,,h 

proper ape.ration only in part.icula.1"' si•tuations which have a low probabi ... 

lity of being realbed by empirical adjuatment.s . The only potentially 

danga.~ns reoonnnoe is that of order one half; even here it seams likely 

that the t.re.jectories mBJf be similar to thoae o:f Figs. 9, 10, or ll 

rat.he.!' th&n to t,he unfavorable ones of Figs. 7 and 8. I t 'iJJ1!L3" be., however 11 

that the .observed escape from stable orbits of some of the electrons 

tl-ll"'Ottghout the aooeleration eycle* of the General Electric Company's 

70 Mev .. synehrotron(7)9 in which n:: 3/4, is due to this resonance effect, 

M f'ir3t suggested by Courant(D). 

It does not seem worth while to continue a study of the equation 

goV€'..rn.ing motion in t,he plane of symmetey in its full genarall ty 11 siucs 

* Pz-ivate ooxmmUlrlcation fl'"Om Dr. R. V. Langmuir. 
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trajectories passing t,hrough the area corresponding to the injection . 
\ 

conditums would flow downwaro. toward a sink of som.e sort .at ismaller 

such a sink can occur only i.f the divergence of the now of trajeat.ories 

is negative in t,his region. If it 1B zero~ t.he flow is that of an 

inoompressibl~ fluid, and representative pointa may not aceumulate any• 

be either alosed or asymptotic (coming f.i.~11 and going to infinity). The 

cri Lic,)i trajaotories leading to a saddJ.e point ( which is a point of atag­

nation in thh, case) are exceptions~ but even infini tesi.mally neighbor­

ing trajectories will eventually lead awe:y again. Therefore a. neeeasar;v 

condition that a grOU!Y or trajectories shall drop dom ·t.o small 

values and nevor return to th61r original amplit~as is th.at the !'low 

shall not be e~erywhere divergence.less. 

That this is not a sllf'ficient condition may be seen as follows. 

Suppose that the trajectories, or lines oftiow~ be drawn with such a 
I I 

spacing that the flow pe:r unit time acrosG a ,line-olemsnt of the phase 

plane is given by the nwr1lH91" of lines passing ·through it times the 

oomponoo.t o:t the velocity at that p0int normal ·to th0 lin&"elemant. 

Then the existence of a non-vanishing divergence illi98D.S that the lines of 

flow are not conserved; in a. 1·eµrssentation cori-taini..'lg a discz-ete nwriber 

of lines s, certain lines ~uld have to terminate or start ahr1.iptly. How­

ever i 'a?Q" particular representative point will continue to mow onward 

along its trajectory- through ·the region (except st a singular poin:!. 

where ·the valoci ty ia zero) regardless of wha-Gher neighboring fictit ious 

lines are required to t.31:'minate oi· start; the number of real particles 

will remain ooru;tant. A auf:ticl.ent. condition for oocurrence o.f' the deairoo 
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.situation is that the flow bainvard at every point of a eloaed curve 

surrounding the region within which we wish the trajecto:cy to remain; 

this requires that the area. integral of the divergonce ·over this region 

be negative and that the region oontain e.t less~t one stable focal or 

nodal point.-. 

It is easy to show that the flow due to the terms thus far con­

sidered will always be di vergenceless. Expressing our results in terms 

' of we have 

_, _, 
)fl def 

and the di vergencs Ji • -t- ){ 

- °" ) + higher order, 

2.. 

- °' ) + X: ,.. K 0:. + higher order, 
o l 

: O to the order o:£ terms wri tum e..-..;:-

pllcitly. Thus we must bring in higher order terms to obtain a non­

vanishing divergence, for any order resonance. Wa will ' show later that 

our appl"Odmation procedure will not ,roperly account i'or the influence 

of these higher order terms; however, it will be instructive to inv'esti• 

gate their effet.-'ts under the assumption that the proeedare is valid. It 

can be easily shown that the nan terms in the equations will contain two 

mora powera 0£ ii , and aro therefore much smallei·. Fa:r s = 2, the 

lowest-order- tor:m inf leading to a non-vanishing divergence is 

~ e' a. coo ( 8 ,.. ct ' ) ; its contribution to Zi / ii will be of' the fol'fll: 
2,. -

K.3 a sin (2 b - °' • }., llhare x:
3 

and ~, are determined t\ulctions c,£ the 

coefficients; there is no corresponding contribution to 'f . If we neglect 

~e terms in K
0 

and¾ which produce the frequency shift, we are led 

* Compare with Bendixson•s First Theorem {the "negative crit.erion°), 
Refers.nee 24, page 77. 



to ooosider· the equations 

0. / a, : I< 
1 
~ j .... ( ~ f -. ,l) -t )< $ ci 1. S I~ ( ~ S -,l ) ; r :: }< 1 COS ( ~ S - o() • 

- • 

Setting 2 $ - c,(. = x end "' - "' • :s ~ , we· have • 1 • O a;long the lines 
+ 'It , _, _t.. { ) 

Xo • - -;: , and C\. = 0 along the lines K1 sin x • -K3 a.. sin x -\- t . . . 

- 2 t<, 
The singular points where these lines intersect are at a.

0 
: • 

K3 c..os E • 

If we set ii: : ci0 + f , x = x
0 

+ 'l. , and ex;pand .about the singal.&r points, 

keeping only f'irst powers, we obtain 

r , = + =< k, f =+" ( ~J a:~ s , ~ ' ) t : a.. r .. b t. ; 

( I = + ~ I<, l = <'. 1 1- J.1 • 

Using the theorem of Li~pounof'f*, wa find .that the roots 3:i. and s2 of 

tha characteristic equation s2 •(a + d)S + (ad - be} = 0 art~ 

s1 :: s2 = + 2K1; since we have real roots of the same sign, the s~~ar 

~ints are both nodal points, one being stable and the other unstable. 

It a stable nedBl point eould oo producad at a value of' a: l ess than 

that at inj action, the desired rasul ts might be achieved. However, t,o 

do this the· quantity 'J/(K.3 cos c ) must be l!lade very small, sey less 
? 

than 10- ..;.i. For reasonable value..c, of the ooef.ficients this quantity 

turns out to eoITespond to values of a 0 v.drl.ch are_ much too large. This 

is because i 3 ia a eoetticiant of a higher order term ·t.h,m K1, end would 

not be exr;>e.eted to ba mo.re than a thousand times as great as K1 • Ii' it 

were, our appro::r.imation prot...edure would have little cha.nee of yielding 

meaningful. results. If ':i_ is too small, the electrons will not move awey 

:f'rom t.he gun fast enough at ·IJle start. The other terms not yet considered 

would make it even more difficult to obtain such a nodal point in the 

correct region; the ellects of vertical oscillation and interaction of 

many eleetrops would further complicate the situation. Therefore it' 

* Reforenee 24, p. 51. 



seems thoroughly i.rllpract,ical to depend on au.ch an effect for sstis.factory 

Thus far we have not taken the Kerst-Sarber adiabatic damping 

into aacotmt explicitly .. I t , is easy to show that its eumulative effect 

on the S!ll)')litnde would not reeome decisive until after 3everal lnmdred 
' ' 

revolutions. Since d a. / a. =-t dE/E in the non-relat;iViatio energy 

' n, I ( ~11"Eo )-1 range, we nave ~ = - ~ T + e , where c- is the energy gain per 

turn, and E • Ee + !~ . If gun clearance requires a/4o = 0.9;, say, 

we must rely on other means ot att.aSning it until Q/2 1'"' z 0.22Ec/ E • 

If E
0 

- 50 Kev. and , ~ ;o v . per turn, t.hia is abou.t 220 ravo1utiona. 

Bowever 6 we tm:f get more detailed information about the affacts of thig 

damping on the behavior at a resonance by including it directly in the 

equation for ii • / a: . The term I<ci to be subtracted '£003' be approximat~ 

over the range of: intel"•3st., by € /(8 1r ·E
0

)' ~ 4 x 10-5 for the values 

given above. It can be increased by raising the energy gain per turn, 

but will probably never exaood 10•4 for injection energies of the order 

of 50 Kev. 
/ 

We shall briefiy consider the effects oi: this term on some of 

the 00."1StJ discussed earlier. Its general effect i s to introduce a constant 

negative div0rgenoo into the .flow 1'.>a.ttern, theroby allowing nodal or focal 

points to exist mere none wore previously allowed. Sinr;::a the divergence 

is very small9 the rate of' approach to these points is too slow to be 

helpful in avoiding the gun. If',¾= o, we have 

a.'; ii • Ki_ sin x - Id ; 

~ • = K1 6os ~ + Ko • 

I£ \ K
0 

\ > \ K1 I , we have a oontinuou.s decrease of runpli t u.de super-

imposed on the plot ?f Fig. 9; "!,j}ie average damping is the same as U there 
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were no reaonance. I£ / Ko l < l~I P thB trajectori es of Fig. 7 are 
,. 2 •. 2 2 

qualitatively unaltered es long ag K1 > K
0 

+ Kd .. If the inequality 

is revei>sed, z10 find 2 stable nodal point at a = o, x • eos-1( -Ko,/K1 h 

l I 2 2 2 . -4 
hm~ver, to obtain Ko l <. K:J and¾ < K

0 
+ Kd tor Kd ~ lO 

requires an e:.rlre1nely &alicat.e adjustment of the K's uhich wou.1d be 

impos:aiible in -prac't,ioo, and the rate of deereaae of ii is st,ill too si'llall 

to he].µ in missing the gun . If ¾ ':f o, m find th.at tho vortex points 

of Figs. 10 and ll become stable focal poi..1ti3 t01,1ard which t..lJ.Gi tr&joc­

tories ~iral ::i lowly inward. The e:pproaeh is very i;lo'i')] since Kd is so 

sraall. The higher order t~'l'ill disci .. 'ti:med earlier in connect ion with 

di vargence raay al tor the posit,ion and sti•e.,gtJi of m1<".h a s ink., while 

higkmr oz·d.Gr torms in the i"reqnmwy shift may be of sufficient. import&lcG 

t.o move the st.able ;)Oint to an u.nf'uv.o.rable po~ition or dentroy it. In 

any event~ the damping is 1,;00 small to be of use in expla:L'l'ling or aiding 

These difficulties may oo displayoo more exJlicitly in a.nalyt.1- . 

ecil form . Leii ur:i eonsidex• the s ituat,ion illu.<Jtrated in .Fig. 7, with 
' 

s = 2. If we accept the conclu~ion that the flo\1 of trajeetories is 

divergenceless in t,hc lowest appro:,dmation., '!.>ihich oa.n be calculu:ted and 

e.I<:f)erl..l:ilantally cont.rolled with r easonable aceuracy, we have 

a 2. : { const • ) sec ( 2 S - oi ) , 

if m neglect ·tho adiabatic d&mpirigo It, is rJho~n in tho appe,..ndi;:,r. that 

'by substit,u.t.ing this i.n the difi\il"ential equations for a'. 1 • and & ' and 

integrating wi ·th respect. to 0 'one obtains 
' • 

2Ki!i9 s2,· b -2K18 
-
- .,,,_2 (' • 

... .w. o 
O 

e ; + oo 
O 

e - . • 

This holds if "' : 1l" /2, corre.B~')Onding ~ inj eotion at th0 most fa:vor­

able nhasa, et • which all trajfJCt,orios _ar,'l dropping tlom. Here 2f O is 
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the initial ami,:,litude of oscillation, g iV<?-n by ci

0 
: e I sec & 

0
; and 

tan 6 0 : -2 tan ¢1/ ~ 1, where ~ I is the injection radius and ¢r is 

t he a.~gle between the actual direction of injection and that for a tan­

gentially injected elsctron. It is al.so shown thet. inclu.~ion of the 

adiabatic dam.ping leads to the following 8olution: 

f 2 2K e 2 -2K19 J Ls.in ~ 
0 

e l -t- cos o O a -

genaities. :nill b0 discussed later • . Let us now invaBtiga:w the co11,3equencea 

of having Ki less t.han aoou:t 10•4. 

Fii,.st, eV0.lll the moat s t,:rongly &uped ~L:,ctron3 ( ·tho6_<a ·~d th 

5 
0 

: 0) will require N revolutions . . 0 

given by 

to clear ·the gun, where N i s 
C 

the inequality holding if K:i. <. Kd &"3 is here assumed: ~ d i s the value 

of e at the inside adge of th0 gun. For ~ cf ~I :: 0 . 95, und Ka. : 10•4~ 

we ol:rtai.n N
0 

> 40 1.•avolu.tionrJ. 'l'his i s i.av..cll t.oo great tc hslp injection, 

evbn if allowance be made for sort10 assiu'~ncei i"rc.2:i t ho vcrtie3.l oscilla­

tions a,<) indioat,cd· in Fig. 4,a. t' c1' ~ I 01woot be p,J.Bhed mu.ch uearer to 

unity than the valtre ,;~iven; i'o:c a machine ·dt,h P.. = JO cru.. This allows 

only 1.5 ild.lli.m:,rt,::r botween the:; inj,3ction point a.net tho im1e1· edge o'f 

'the gun. Second, ths • width of t;ho resonant range ot r~id:tal oscillation 

f'requeneies 1s di...,,,,,'3etly ;,ropor tional to K1 , so iGha t for small IS_ an ez:­

tre.:nezy minute change i.1'1 th.la i'requancy d11 :rcmov,:; it f r om the ..-esonant 
_, 

range . In .fa.ct, if Ki: 10 4, c1 shif't o.f only Ooaz/:, will destroy the 

re..90nanc0. It sooillS llJ!)r-actieal to r ely 0-n an effocrt wh.I 1!h is oo senai• 
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t,ively dependant on the oara:rr,J·ter;1 i.uvolved. 

'l'he changes introduced by a smaller i'requency chift, ~thich 

convert the trajectories of Fig. 7 into thosa of Fig. 8 , throu.gh 11, 

it Y1ould br:, vary difficult to control t.he sizes o! t,he var:l-::>116 K's and 

the values of the "' 's -orecisaly enm1e.,h to tV'JDtu»c that t..ho desil~ed con• 

ture from and lack of evo;1·~1.w.l r etu.1•11 t o t::10 m·iginal ampli tu.do v;ill 

ru:ise. 

An irs.port~nt conclusion of. this :Jt ,tdy fa: the~ef01~,}, that the 

int :rodu.eed by the vertical o;:,clllationB und by i:t1hn."action effects , make 

it impraeM.cc1l to ::."'ely on magnetic i.nhomogonei t:i..e:J -;'~rd.ch are ral@ti vely 

M.m,J-1.."1.tls-pendent tc aid in th,3 inj ect.,ion cf..' electrons irrto a niachine 

whose param.etsr:: e;r,e in t he ra.ng0:.:. asstwl:::d in t his discru:islon. 'l'he l-0weat­

order ef'foots which have bc:~n ~,1c-J.lated here arc 1-miversn}.l,y m1favorabla; 

lated accurately by extensiv'.:l numoricnl ,coirqutat ion. It b 110:(, certain 

trN.iY p-"dl"an1eter5 v.-oulcl raquir~ critical adj ua t.mcn t which migtrt ::,rove to be 

There rema.i.n-s ,the possibility t.1.at t!-10 i.nhomogenoitias might bs 

maintained by appro;)!·iate av:nlliary coils and rapidly elimina:'t>od when 

the trajeetorie~ had fall0,n t.o adequately low values of o... • Ii' this 

oou1d be done 6 thers would be no :need to restrict ~ to such :3raaJ.l values. 
J, 

An \1Pl3el" lillli t on K..L is i!ni»sed by the oondi tion th~t the most pcc>rl.7 
' 
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damped first-injected electrons must not return to the gun until the 

last-injected electron.shave cleared it . . A lowei- limit on~ 1a imposed 

by the condition that an appreciable fraction of' all electrons must clear 

the gtm within a few revolutions. In examini~ these conditions we 

shall neglect t he adiabatic damping. 

W0 shall again COD.Bider the situation illustrated in Fig. 7, 

with e : 2 end ex : TI" /2. It in shown in the appendix that an ele~tron 

will r eturn to i ts or1ginal amplitude art.er I\ revolutions, where 

1fi. = ( :.t TT I\ I r I) o,; ) k \' I cot ¢i: ' . 

Of course, when the initial amplitude i s regained, the wave cres'ta will 

not be near the azimuth of the g.m, but rather about 1T /2 radians ~way 

from i t . However, thsir amplitudes are rising here as rapidly as they 

were fall'ing naar the gun, and the electrons m.11 soon strike the dough­

nut walls at this admuth. It is also shown that an electron will be 

clear of the gun after about lie revolutions , where 

Ne : (2 Tr K, f 1 
lo.,9 I f 1/ec i 

for electrons having ¢I= 0; Be is slightly larger for olectrona 

injected not quite tangentially. 

It wa rely entirely on control of the radial oscillation to escape 

collisions t1ith the gun, rie must have Ne less than two re1Jt>lutions, because 

of the syncbronisu . However 1 1·t can be shown that He me;?" be increased to as 

much aa ten revolutions for electrons with ·the largest vertioo.1 ampli tudas 

if the gun occupies less than one third of the available vertical clearance. 

Since we wish to attain a considerable imp~ovement in injection etticiency 

we shall :require that N0 be less than four revolutions, in order not to de­

pend too heavily on the vertical oscillat ion. We must also require that 1\,, 

be greater than a hundred revolutions, since one revolution takes place in 

about 10-8 sec. and inJection proceeds for a time of t,he order of 10-6 sec. 

From the equ..ationa above 
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we ~ then det0:rmir.w the radial divergence of thor:.10 electrons which 

cmild sucCBssru.lly miss the gun by this mechanism: 

r ' I (' Pc. )N7Nc. 
Ul.k (/)r : ~ DI -;, · 

1'>11.lll \ \ r • 

Taking ? I : 0.111 (! d e I : 0.95, ~ = 150, and H0 : 4, we have 

sl!m.ax ~ 25 ', which is e veey small angular spread. Fu.t.-ther, it would 

bo necessa.,..7 to 1·educe the inhomogeneity from mar.imum to nearly zero in 

(150-100) = 50 revolutions, OT one half ildcro-aecondo In addition, the 

value of~ specif'ied by the choice of values above is 2 x 10-31' and 

the radial oscillation frequency must be adjusted to within 0.4% in 

order for the ettoct to exist at all. Therefore this procedure seems 

equally i.Bpnwtical*, and we conclude that an explanation or injection 

phenomena and a met.hod for improVing injection efficiency must be sought 

along other lines. We will show in Section III that the ef'f'ects due to 

·the interact.ion of many electrons have an important bearing on ooth. 

4. I_broo-D:imenpiopal j;;tion 

If tho magnotio f'ield is axially s~e-tric, it is po:Jsible ·t.o 

genorsJ.i.~3 thG ;oreatment given oarller for ootion in the plane of symmetry, 

obte.i.nin,3 a potential f\mct,ion U(r,z) such that d(mr)/dt = - ~ U/ J r and 

d(mi:)/d·t = - cl U/ ,1 z. Aft?..r obtaining this result by the simple method 

presented belc'ft', t,he writr~r disoovered that a special case of it had been 

derived earlioT °b"J Ga.na(29 )$ who uGed a more complicated procedure. 

'fhe Hamilt onian for an electron v.1. th charge - e moving in an 

axially symmetric mtlf,>'ll.Gtic field is 

?l 't[ r~ ·t (r-'r6 + eAe)L + f.~] J 

wher<?.: Ag= A8(r,z) is the asinuthal component of the vector potential • 

.. ~ Sse, hotrevcrsi ·l;he note in the appendix on time-varying inhomogeneities. 
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The I-iamiltonlan equat:lons ·daf'.ining the canonical momenta are 

)~ • 
fr/""- ; --:::: ... = op,. 

~ii • 
( ~ + efleJ/m; - : e = 

Jfe 
d-,t . 

p.i/m. ~ z = 
J Pz. . 

From these ue obtain 

Pr = ~ ; p0 = m-26 -- erAG ;- p3 = ms ,. 

here aub-9cri:pts I danot,e initial or injection values. We detine 

rz0I • v oos ¢r_, where vis the velocity of the electron. It iB easy 

to show that the vector potential Ae(r.s} : ~ (r,.z)/21rr, where 
I 

~ (r,a) is the total nm:: of magnetic ind'l.lCtion passing upwerd through 

a surfsoe bounded by the circ.lc (r,~). (The f'lt12t through any surface 

hav.J.ng tbia boun<i.2rJ 1s tho same, si..tiea the divergence o£ the induation 

ia zero.) The oont.ral .flux i c through the sar.faoe bounded by t.be 
-2. 

circle (R.o) is equal to 21'rRB0 ,, since this 1~ 'the betatron tluz oondi• 

ti.on which defines R.. Dy inserting these values, and re~ing t.hat 

mV = + 1\,aR, we obtain our potential function 1n the follodng tom: 

ti(r,s) : (ll/2)(v./4?1rBJh-j2 ~ k f c t ~ (r,s) - ~ (r1,.m1)] 
2 

, • 

miere k • (rxv eos ¢x)/Jiv). In the special case discussed by Gans, k ::s .1, 

r 1 = R, sI a o, and the potential function becoo&ee 
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!J(r, z) : (m/2) 6;~n-r3c,af[gi(r,:zy,-.J2.. 

All interesting feature of this pc1.ential is that it is valid even 

it the magne~c .tiald is changing' in tiloo • . 'fha potential function is t.hen 

no longer time-independent,. but the equations for radie.1 and vertical motion 

are still given correctly' by the aimple formulas above, as shown by Gans. 

The dependence of 9 on thla is given by the equation Pe = constant. The 

equations are even valid if the particle's energy is in the rele.tivistic 

region i!here its mass is vary.lng mith tima; the mass variation can be 

found from the equation 

-A:: + (~/c2)( p A&l~t) , 

as · shoffll by Dennison and Barlla(l2). 

Thia rem:il.1. sllows one to determine the region of stability in a 

genersl ya;:,. . The ioot1on is stable everym.wre w1 thin the region where U 

is blcroosing with in<reasing ooperture •• from 1t.s minimum at the instanta­

nooua cit'cle. This rigorously qorreot 1110thod, based on the work of Gans ~ 

does not seem to be Trell lmom. His µaper appea.."'>ed in the first volume 

ef tha new publication ~eitf;Qbn~ ~ ]ht~w:mmg 1n 1946, but Coward 

and Wilkins(.30} 1n 19,48 -were still tt~ing the criterion t.hat (r/B3 )(d.az/dr) 

should lie between sero and mrl.ty in the region within 11hich both vertical 

and radial oaoillf.ltions e.ro stable. Their plotted resuJ.ts do not appear 

to oo sr.rtirely consistent with the method above, eapooially near the edges 

In !-)rl.neiple, this result enables one to determine the ettecta of 

all nonlJ.nearities if' the field is axially ~c. We are able to 

visuallse the radial and vertical motion in terms ot a mass-point mving 

w.tthout trict~n on a sarfaea whose height above an r-z plane is ti(r,0), 

under the influence or a constant force acting dowilard toward t..~ia plane. 
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In the linear approximation, this potential surface is an elliptical 

parabaloido The gradual growth of the potential function in time provides 

the adiabatic damping mentioned earlier. If the damping is negl.1gibq 

small, \le see that an ~lectron will eventually return to the gun, as 

shown in l'ig. 4£;.. However, if its motion extends into a region where the 

shape of the potential well is no longer parabaloidal, ito radial and 

vartiool displacements need not ba sinusoidal, end their periods m.ay 

ditt'er from t;hose ealculated from the linearized theory; the t.ask o£ 

determining bow many revo1tri;ions a.re required to re~ to the gun una.ar 

these conditions is very difficult indeed. 

To avoid tedious repetition, we will not discuss in detail the 

general motion in the preaenca of axial inhomogeneities, but will only 

point out the important f'eatures and indicate the techniques by which 

the calculations can be perfored. This procedure is suggested by the 

rosults obtained above, which showed that in tho t~-dimensional. problem 

no useful 1~esul ts can be obtained by utilizing the inhomogeneities, and 

by tho conclusions to be presented lat,er concerning interaction effects, 

which cast doubt on the validity of the single-particle approximation 

in practioal acceleratorso 

If the various parameters are s.me.11 enough to justify approximations 

of the type usad above, it is ossy to show that the appearance of interest­

ing deviations frora the simple oinuso1dal behavior 0£ the fir:.;t approxiraa­

tion depends on the a,"Cistance of near-commensurabili ties between at lea.at 

two of t ho three charaateristic .frequencies (of re.dial oscillation, vertical 

oscillation, and rotation). A oomensurability may be represented in the 

form 

where r, a 11 and t &r'o positive or negative integers or sero. Ii' the:::,e 
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integers are not small• the resulting resonances are weak, slow to act, 

and easily deatroyed by 3111all .frequency shifts due to the dependence ot 

the oscillation frequencies on amplitude. Consequently we shall consider 

only the a1.mplost eases, where none of these integers er..ceeds two.- We 

may write our condition as one on n; r 41~ -+ a fn + t = o. 

'fhe reiml.ting resonances may be tabulated as follows: 

½{l-¼i7) l/5 ' 9/25 ½ J..6/25 3/4 4/5 j{l-+ iJf7) n t 

~ 2 l 0 2 1 l -1 2 2 2. -2 
I 

s -2 -2 2 -1 2 -l 2 l 0 -1 2 

t -J. 0 -1 -1 i-2 0 -1 -2 -1 0 -1 

Since ~ta:'ons and synchrotrons ars usu.ally designed with½~ n <. 4/5, 

we shall consider onq the four resonances in this range and the resonance 

at n = 0.2, \lhich is similar to that at n • 0.8 and ia of interest in 

cyclotrons. The resonance at n = 3/4 does not involve the vertical 

oscillation and has already bean discussed above. Those at n = 1/5, 

½, mid 4/5 do not involve the rotat.ion frequency, and 1n these cases 

the effects .of axial .1.nhoaogeneities will cancel out over a few revolu­

tions and thus mey- be neglected in studying the 1nterpley of the t\1110 

oscillations. At n : 16/25, there are important interactio~ only 1vith 

the .f'irst and second Fourier components of' the field :, w<i'.l ~ neglect the 

otharse 
I 

Consid8?'ing first an axially symmetric .fi9ld, we expand the general 

equations of motion obtained earlier, keeping terms through second order 

in ~ and ~ and their .first derivatives. We may take D000 :: o, since 

no current loops through end aroUll(l the equilibrium circle. Also,. 

C000 : o, since it is the first term 1n t.he e:,cpension of the field 
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B = BroC r about r • R, and no field of thi s f orm will be present. 

TTe mey alwya make Aooi equal tQ zero by prcner choice of the plane 

z =. o. Setting A~• 0 and making use of tho interrelations between the 

coefficients derived in the appendix to e..~ess the CI s and D • s in tsrms 

of the A's, we obtain 
,,. A ( A ?. '1. I .,. I / ~ I . • I \> +(,-tt)r :.- o,,er-;- ~>1-l· ozo)~-t&~+Aoao)-S-"i~'-;:~-+1-11~~1~ora,r; 

-s"-+ ~s = -iA011e· ➔ ;:Ao,/f1. -t~(A~lO-h.)e~ -+e'1'-thi1J..,,. ordel", 

. ( "1 ) These equations are of the type studied eu.."tensively by Beth .)_ • 

He has published s lengthy and thorough discussion 0£ the behavior of the 

solution of such equations in a wide variaty of C&Jas. In first approxi­

:nation, the equations are equivalent to those of two simple harmonic 

oseillators, with angular .t'requ.enoies (1-n)½.tmd n½, respectively. The 

non-linear tea·U&S on the right renresent perturbations and couplings 

betwoon them. Each oscillator haB a kinetic and a potential energy, whose 

sum would oo a const-ant or its motion in the abr.:Jenea of the non-linear 

termso Bath finds that, if the freguencies aro commensurable, the principal. 

effect or the non-linear terms is to eause an interchange of these total 

energies between the two oscillators, the sum of the total energies being 

eonaerved. In general the int erehange i s cyclic, so that the energy 

given np by one vibrtation tc the other will ultimately be returned to it; . 

however, for certain critical values of tho parameters there may be _an 

asymptotic approach to a particular partition of the energy among the difi"er­

ent vi brat.ions. He notes tm general ·types of behavior, which he calls 

t11ibrat.ionl! and r1genaral motion"; t hese correspond to what we have called 

periodicitias of the first and second kiuds, respectively. 

If the amplitudes- of radial and vertical oscillations a.re denot.ed 

by a. and b, respectively, the energy conservation equation becomes 
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(l•n)a.. 2 2 
+ n'b :: c2 , a constant 

to a good spprorlmationj since t..l-ie sprlng conntants of the equivalent 

oscillators are proportional to (l ... n) and n, respectively. If the 

energy t.ranst'er f'r"om one mode to the other and back were oompl.ete, the 

beam would have an elliptical cross-soot.ion in the long tims average, 

with the ratio of radial to vertioal semi•mtas being [ n/(1-n) J ·k~ 
Incidentally, Kerst and Sar•ber{S) have pointed out that this ratio 

would eventually be attained even if' the boo.in were origi.nally con.fined 

to the e-(.JU.illbrium orbit, booause of random soatt&-ing from the residual 

gas molecules in the doughnut which tends to produce an equipartitioa 

of energy between the tm oscillations. 

The method of Krylo.ff and Bogolluboff, generalized to two coupled 

equations, has been applied to these equations by the writer, wi:th 

results which confirm those of Beth and have the additional advantage 

of a.ll.orlng a rap_~sentation in a two-dimensional ~ase space like that 

used above wi:'Gh a sin.:Jle equation. This is possible because the energy 

conservation equation determines one amplitude for any value of the othar, 

and the dL.~erential phase equations ,all depend on trigonometric functions 

&hose arg,.JIOOllts are the same linear combination of the two pha.oo angles, 

as w.Ul be seen balow. 

We \dll only svmmarise . the a.11alysia hero, since the generali ~ation 

to ~ equations is quite obvious. As. before, we set ~: a. cos ( cJ,/l +c\J, 

-S= b cos (wsQ +S 5 ), and lt1 ·the same prooodu.re obtain four first-order 

equat:1003, for 2[1 , i•, &r', and Sz' . For n z 4/;, these are 

a'/ti. = I<, J, si~ (;,,fr--S1) ; 

T,'; "f, = -.; K,( a1/ b) s ,-~ ( ~ ~ .. - ~ z..) ., 

K~ ~ K,b co.s (.:zrY-$J. ')-(f?/,).)(a-o/s) J 

~~ = * I<. (a.;, )eos (~i ~ -l/) -t (u/~) (x- Y~-) : 
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vjJ.sre Ki : i[ Aoii . Tald.ng the quotient of the first two equations , 

we get a di -t 4bdb = O; · integrating., a 2 + 4i,2 = ,i, e. constant, in 

agraement with our ooerg,J conservation equa·liion above. By introducing 

A : a.. 2 and B : i,2 , it may easily be verified that the divergence 

Setting 

_, _, -, _, 
);:J J B Ji,. );

2 ;y-+-=--+- -f----o 
A J B ) i,. J tf'z. - " 

f : ¢, we have z 

These oquations rn.ay be used to obtain a phase plot of b ~ainst. fi» f'rom 

which the essential features of the motion can be detcroined. '1'he di.ff'er­

ent1al eqt.urtion of the trojeetOTies .ia 

i_i. ::: Ii _ ( :1 ~ - :, - ' ) cos t/, 
d r c, -'l" > s ,~ 4' 

where y = 2b/c and k = 2(5n - 4)/aOllc. The general solution of ·hhi,s 

<lti'feTantiul equation u 

in which D is t.he arbitrar;, constr-.nt of i.ntagration. The t,.rujeeto:.ries 
l 

are or ·~he fo rm shomi in Fig. 14. 'fht;)l'e cil"'e two qualitatively different 

cases, accordir~ to ,1hether \ k \ ~ 2, as indicated on the . figure. The 

' 
central vortex point moves up from y = J""f t.o y = l as I kl increases 

from O to 2, and is not present for largfil' / k [ • the outer vol"tex point -
• . ' 

at ¢ = 1r movoo dow,"1 i'rom y = 3-:r to y • o as l k I increa0es from zero to 

infini t.y. The analysis beoo:..aes invalid very near y :: 0, since ¢1 gr,ows 

nithout bound as y dinioi.shos. 

A.a bef"ore, th~ awe.root possibility of quickly trena.forming t.h.e 

radial oscillation energy into thut of vertical oscillHtion a.".ld. holding 
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FIGURE 14 
Drawn for k = I 
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I kl >2 Drawn for k = 4 
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I 

C (1-/)sin cp; cp'= 5
8

2 
A011 c[(3y-/)coscp-~; 

cos cp = ~y + D [y ( l-y2TI 
-I 

-
and interchange a and b. 
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it there to avoid the gun i s ci rcumvented by the d1vergeneeless character 

cf the plot, which brings cf back ·to its original value af"ter a sllort time .. 

For n z 1/5, we obtain 
--a. 

a.1~ b 
S\.k. ( ~,. -2.~i} ; - K,-=--

a.. 

1;t : 4 K, a: s,"' ( .& .. - .t ~ z.) 
_, 

'11,. ' ,S ( I) 
',. : I'<, r ~s c r,. -:t ~~ > -~ }\_-~ 

-, 
- -) is- · ') ~1. -: - "'t )(, a. ·co~ ( i y -::t ~ :&. + 1 ( )\. - ' ~ 

' 
where 1t.i : .f's A • Taking the quotient of the first too A.-.uati ons, . - 8 020 • - ~ 

we get 4 i da.• bdb = O; integrating,. 4 a.2 +- b2 = c2 , a constant, again 

agreeing with tl1e energy conservation equat ion. The divergence vanishes 

- - -2 ? -2 
an be.fore. Setting Sr - 2 ~ z : i,4 and b : er - 4 Cl , we have 

(i 
1 

: - \< 1 ( C 1- - 'f a:_" ) 5 I~ q> _; 

These equations oocollle i dentical with thos e for n s 4/5 if one replaces 

a by b, Aooo by A
011

, and (n - 1/5} by (n • 4/5) . The ·sam0 phase µlots of 

Fig. 14 th~:fore represent thi s motion when properly interprated. 

It ia interesting to note that the results of this method$ to the 

order of terms explicitly written above, denand on di.tteront terms in the 

dif ferential. equation:3 for different resonances. In particular, if 

n = l/5 corresponding to wrf "'z = 2, only the terms in -s2 and ~•2 in 

the first equation and those in ~ ~ and ~• ~ • in the seeon.d contributei 

but U n : 4/5, for w rf w8 = ½, only the term in e 'S 1n the first. equati on 

and that in r 2 in the second do so . None of these termn contri bute to the 

ot~ resonances, whicll ill der>a-nd on ·higher order terms . However, in our 

problem., the coefficient Aon or the terms affecting the n= 4/5 resonance 

will be very amall . aince it deponda on the asymmetry about the planes: o, 
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, 
while the coei"ficient A020 affe~ting the n = l/5 resonance may be quite 

large. Thia resonance is of no interest in betatrons 'but, is the only 

serious resonance to be encountered in a cycl otron, and is thought to 

be responsible fur the disappearance of i ts beam02 ) at the radius ,:here 

this value of n is reached. In fact, the phase plot shows that the majo­

rity of traject-::>ries do- pass through small v~l aes ot ci , corresponding 

' 
to large verti cal atn,')litude31 which may well cause the observed ef.fect 

because of the sr..ull ver:ticaJ. dee clearanc.e 1n cyolot..rons. 

We have now on1y to dis cuss the n = 16/25 resonence . The first• 

order equatiomJ will bo of the form 
-~ 

a.'./ii: K4 ~ s1~(~~~-f .. -.(,.)-+ 1.4. b s,;.,(;1~,. +f:.- ~ .. ) 
bjb :. k'1, ~ s,~ ( 2 ,z.-S,. - •z) +- L-. t ,,~ (~f,. -t-r~- ~~) 

-~ , - - - ( 1<, ) r~ =-}(4,~ eos ('--~z.-S,.-~,,.) ' -t Lit b ~.s(i~,..+i,.,- ~.,)-1<:, )\.- :is 
0,, 

_, ~~ - - \ ( '" ) 
& z = l<h b ~5 ( ~f:.-I,. - clz) -t l1, y ec,s (.tS,.+J-z-- ~~) + c'1 h- ;-s-- ,. 

where Ka, , ~ , oL r' and °'z do;o<md 012 the ampliJc1lde;1 and phases of 

thol'!e :i.nhomogen$ities r-iith I j \ • 1 , whiJ.•~ La , 1tJ , ~ r and ~ m- depend 

on those _ with \J \ :a 2; 01 = - 5/6 and c2- :: 5/8. Tho situation hare is 

very complicated since there are t-no essentially distinct ~esoncnt ef'fects 

acting simultaneously, each du,3 to a different Fourier_comoon0nt of the 

inhomogeneit1.es o Evan if one assu.TJes that only a single CO!lt)Onent e."dsts , 

the 3:im;ilifica-tions of the above paragraph disappear and ono musi deal 

with a four-diraensional p:io.se :JJ)ace. I'here i3 110 longer a conaervation 

of energy in the oscillat:ton;3 since ·bh0 magnGtic field may :3Upply onel"gy 

longer de:,end on trigonometric functions of the same arcr.lment as thay do above~ 

b,-3oa,use of the a.rbitrarJ ?hazes of ·the inhomogenei ties. HowoverJ> the diver-
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gence ie zero evon in this .case. In principle, these equations oould 

be investigated :further if' they were of 3U--Pi'icient interest to justify 

the labor involved. 

·we shall close ·this discussion of the motion in three di:mantions 

with a few geners.1 remarks. First, the -S equation contains ordinary 

, trigonometric forcing terms i.vi the Cj like thosa in the A. .i_l'}. the 
00 JCO 

e equation, whosa first-order effect, i s to fil.stort the orbit out of the 

plane z = O. As before, the lcw-fr equ!)ncy components ara the most ei".f'ootive 

because of' the resonanca denominators· in the .forced :.mlution. If these 

e~e.fficients are too h :rge, thia distorted equilibrium orbit will int,ersect 

·t.:he top or bottom of the doughnut aperture. Strictly·, these t srmrj in t.h-e 

first-order solution should be r ,:movad from the right J.ide bafore applying 

t'he a:::roroximat1on method, as was done bef'oz-e for tho radial forei.llg terr.as, 

by defining a new ooordinate int.ho vertical direction meru3ured .from the 

distorted orbito 'Ihe right s icle may then be rearranged into the same form 

as that discussed above, but with more complicated ooei'ficients, and the 

method th.en ap9lied. The results will not be of a qualitatively different 

character. 

Se-cond, the method used above is e3santially an a-ppro:d.mation 

of first order in the small quant i th-~s , f and ! , in which we have con­

sidered only the lowest""Ol'der terms giving non~anishing contributions. 

While the method will also give ths contributions o:? higher-order terms 

if carried out as a ureaoribed routine, it is not cleer that these terms 

axe correctly taken into ac-count, t-:d. thout including the corrected low-order 

solution in so!lle way 1n such a highor approximation. Since the objective 

of the presen·t s tudy has been to deterllline whether the inbomogenei ties and 

ef'feets of non-linearities could be uaed to aid in injection, we shall not 

investigate the problems of a ne:x-t approximation in detail; our oo-nclusion 
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is that the knsast-order term.,'3 load to unfavorable e:f'f eot.BJ> and i·I; seams 

unreasonable from the sta."ldpoint of .fuasibllity to depend on hig~dar 

modifications to reverse tr.is general trend. There is evoo oomo dou.bt 

about the qua.nt:ttati ve valldi ty of' the first approximation used here U 

some o£ the hig.~er coefficients w1 th j • 0 are large enough to intro­

duce stn>ng higher bl~oo of the .t'l'oo oscillations. These ma-tters e:re 

considered in greater da'tail in the following p.:u .. agra~. 
' , 

·Fina~, ws ·my point out that all of the reoonanoos dise\lssoo 

in this section ~ non-linear phenomena, and tend to vanish as the m1qi't1• 

tudes of oscillatiaa c:lilunish. The adiabatic damping will probably 

compote successfully with e.J.l but the stron.geat of them 1n the circular 

accelerators considered hare. In two,- and fow.-soetion r~ootract accelea."a• 

tors (.3.3) a however" the highei? Fourioo." oomponen-t. . .1 of the field mil be 
( ' (' y::_36\ 

much stronger and these resonances may be 120re serious .)4, .;, J• 

5. Pipew,m;los qt tiw 4pprgx1met1gn •~ Used 

It has boon pointed out ahow that the lack of a theory of ncn-

linear equations whose ooefi'icient.."3 ai .. e periodic 1n the independent 

and time of ~Jalldity of theil" s.pproxi.Mte oolutione, no mattet> by what 

msarL'1 they are obta:lned.. To be sure, thesa dif'f~oulties appear even with 

non-linear equations having constant ooef'ficianta, auah as we obtai.nsd 

for the ootion in an &r..ially symmet.ri.c tieldo However, sueitJessive appcoxi• 

mation procedures for auch equations based on the Hamiltonian equations as 
{.37 -::s) a start:l.Dg point, have been developed by several writ.ors ,..,, ; these 

ca.nt10t al:~qs be proved to oonverge in genet>al*, but give rasults in 

agreement with experiJAent and are clearly convergent in parlioular eases to 
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which they are a!)plied~ There is an e;rtensi-ve litt>.ratu:rs* in this f.'ic;,ld_. 

motivated for many years largely by the problems 0£ celestial mechanics. 

In contrast, approximate analytical methods £'or non-linear equations with 

poriodic coefficients ren~ined praetically Me.xolored until oom'P(1rative:cy­

recently, and in general, do not provide a systematic regime .for obtaining 

approxiaations of higher or-Jer than the first. 

It r1JJB:3 oo asked why ne hnve replaced t ime by a.:aimuthal. angle as 

the independent va?iable, \lben by retaining it we could have t2ade uae of 

the Hamiltonian for~am, and at the same time could have avoided the 

pro bl.em of coefficients periodic in tJ1e independent variable. Thers are 

seve.ral r0a..<,0ns f'or our choice. First, and foremost, iH9 ware interc,;r~~d 

in ·the nroblem of dodging the injection gun, which is located at. a fiJ,:ed 

value of s. Even if we had obtained all ~Ghree coordinates as !\motions 

of time, a cor.11plicatoo substitution would have been required t,o determine 

the values of r and z e.,ach 'time t he electron '\fflS at the azimuth 0£ the gun. 

Second, the Hamiltonian method Toquirea til0 specUicdtion of the vectol'­

pctential, rather than t.he magnotic field strength.$ which are directly 

measurable. 'l'he determination of th~:; .iTectD:r p:>t.entials con•oo_ponding to 

·the complicated fields of interest is not a s imple matter. 'l'hird, the 

availablo oonsts.n:t of the motion is much more efficiently used in our 
I 

!ilethod, b'y reducing the number of' differential equations from tbr,ao to 

two; the oonsw.ncy ot the Hamilt.onian function does not, lead easily t.o a 

similarly essent,ial simplil'ioation in t,he canonical equations of motion, 

owing to its involved de:?endenoo on the coordinates. 

Our equat,ions are rigorously correct up to t,he point at which the 

characteristic averaging appro.1,.-ia5,tions of the Kryloff-Bogoli ·1boft method 
• ' 

-£· A eomprehensive bibliography is given in Reference 37. 
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are ma.de. We raay obtain some information -about its accuracy by' examin-

ing the ettects ot this averaging. For simplicity, we will consider only 

the solution of' a singla second-order equation. First, let us assu.me that 

all terms to be averaged depend explicitly on 8; we shall identit;r these 

as terms or type I. Each 13 then of tbe 'form 

cosr(we+i). ,~ 0(we+~)~s(j9"'--i) 

and ls 0£ order ~ + b' • 2 in the amplitude ~ • The os~llating p~ 

of such terms can be decomposed into single trigonometric funations of 

the i'orm !~~ l c~ ± ,,)"' ~ j J e, where )4 = p , ,, ~ r , and ~ and ,z) 

have the same parity a.s ~ and ( , raspecti~ely. Recalling that thas.e 

terms contribtlte to the rates or change or log a. and & , we now wish 

to ex.amine tb.cd.r µeriods of oscillation. Those with periods small with 

respect to the time :requir~d fo'J? d. to change appreciably will be correctly 

taken into account in a f'irst-o-rder approximation by averaging, as their _ 

averages are zero, whet'Elle.8 those requiring much longer than the time of 

interest :1n our . prob1em ( which we may talce to be several. hundred revolu­

tions) to oseillate once had best be acoountad for by taking their initial 

values throughout. Those with intermediat,e periods cannot be correctly 

included by either method. The, number of revolations 1n a period ia 

l ( )A- ± 1') w ± ~ ]- 1 
_; hence, if this bracket is very small., we must 

take the initi~ valu.o, while if it is very large, we mu.st average. This 

point of view makes clear the significance o£ selecting the proper w near 

the unperturbed . w>. • By choosing it so that the very small brackets r 
become 2ero, the initial valuas of these terms ~come identical vdth their 

average values, and the averaging approximation may be applied to all terms 

indiscriminately, leading to the routine prescription givan earlier. The 

errora involved will depend on the te~ whose periods are then of large 
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or intermediate magnitude, oorresponding to nearby resonances. 

To consider the 'possibility of overla1)pin.g resonances, assume • 

n is exactly that required to produce a resonance ot order.r/s, i.e., 

i i-n' : r/s. Then the resonant. terms arise fi'om the average of the tri­

gonometric functions co.s l ()4- ti,) : -~) e in which ( )"- ~ zJ ) : ks, and •. 

j • 'kr, whara k is a posi'tive integer, giving eos o, whose average 1~ 

unity. A nearby resonance is one with differ€"..Ilt integers ( r' "± ,, / ) : s I 

and j 1 = r• for which r•/s' is not a integral multiple of r/s, but :for 

which r~/s' z r/s so that the frequeney of the corresponding trigonometric 

terms is very 3mal1. t1e oan eaaily prove t.11at tha smallest possible 

value of this frequency is 1/s. Its frequency will be 

{s•r/s) - r• : (s•r-r•s)/s. '1'he smallest possible value of tho zn.imerator 

(other than zero, which has been ruled out) ia unity; ·therefore the result 

is proved. It shows that the largest possible number of revolutions re­

quired for any other term to undergo one oscillation is s. Sinoe .oux­

interest is confined to resonances of smalls, :we coneluda that there will 

never be any terms with intermediate periods, and the justification of the 

averaging procedure is OOJU?lete, ?rovided that the perturbing terms ere 

indesd small as originally asswaed. Between every two resonances of interest 

·there 1s a frequency int-arval in which the resonant effects dissapµear. 

It is hard to determine, except by numerical methods in special 

cases, what errors are introduced by the rapidly varying terms which are 

averaged to zero 1n t,he first approxim£>tion, but we can show that they will 

be at least one order of magxu.tude smaller than the effscts predicted from 

the lowest order non-vanishing terms. Suppose that in the first approxi ... 

ma.ti.on a.. is decreasing by a .small fraction 'I° per revolution; 

a., ~ a. 0 l\ - ~ ]• Then the largest possible averaged-out term 1n a..'/"--



is that of lowest (z$2'0) _ order in Cl. , say q cos ~ 8, whore g is one 

of the coefficients a~swned small of first 01•dar w1 th respect to unity$ 

&nd c5?. > es •l. Sttbotituting the first~rd.er v~ue o-£ a. , we have as a 
. e 

second approximation. Jaa,: tto L, - ~ 1 ~ to~ J'l, e A.e, which in~ 

grates to Cla ~ a·0 [1-+ ! sik- &1.,e - ~(9s1~ Jl.9 • I- c.6S~Q)], 

and a z a.1 + a2 .. Cons idering only the sac-Illar term, we see that. it . con­

tributes 8. fractional error of ~ <.. pqa per remut;on, which ia small 

of first order ooarpered wi·Gh the original rate of change, for the maall 

s values of interest. Therefore it will only affect the" higher ordez­

terms on which we have plae:ed little reliance 1n this ~ork. Tha next 

order perturbing ~.m will e.ont~ln another factor a. lihicb will make its 
, -

efteota small by another order of magnitude. tie have shown here, however, 

that our method is really only an approxi.!uation oj first. order in the small 

quantities involved. 

Let U.') now assume that none o£ the non ... linaar terms contain 0 sx­

plici t.l;r; we shall identify these as thrms of type II. We find that our 

method will give only ll. trequenoy shift, and will supply no informa·tion 

about ·the high@r harioonics of the ire.a oscillation. 'l'hi~ brings out again 

the fact that the Dlethod ·is sasential.ly an app.-oximation of the first order 
' 

ill the tund.am~nta.l ampli tude a.; we have already discovered by t.he method 

used earlier that the uplitude of the nth harmonic is o£ order a.n. 

The.ref'ore our method u notappro:?l,"'iate in problems where the higher har­

monics are or considerable importance. uhe.ther this is the C$Se oz• not 

may be ascertained by t his othGr method. If they are not, small, the cal­

culation of resonance ettects will become inaccurat,e, for the .following , 

reason. To haye a resonance of order r/s, we must have a term of type I 

in= r of order .s•l ·· in . ·p' and •: ~ 9 • 1 according to our formalismi to produce 



the requisite sth harmonic of the unperturbed £rea oscillation frequency. 

However, if the terms of type n are large enough to produce this harmonic 

with appreciable strength in absence of' type I terms, 'taliey will resonate 

iii.th typ.a I. terms of order lower than the ( s•l )st in general, and our 

calculation will overlook these contributions. This ean most eaaily be 

sean by reg{lrding the type I terms as producing a small perturbation on 

the lmown solution of an equat ion ha,ring only type II terms. For example, 

s. resonance of order 1/J a.i.~ses from· a type I term in f! 2 oos 0~ which 

becomes - :_ (~cos 1 y2. eo s ~ c.o ~ e : - 1
8;;: cos ('i { -e) = - 7 . howev0r, 

• 2 ~e · 
if e: a. COS~ -t-Ca.. ~S 3 , '00 may also get a contribution from e. type 

I term 1n s1 cos e, vhich becomes ____ _ 

1 ( e -i. ~e) 6 (b5 ~ ~ - ~ cos (3 ~ -a) -:. - ~ . - ~ a.~s 3 -t Cd. c.es 3 cos a If !> 4 ' 

and if c is o:f order unity, this contribution 1s of equal im:po:rtanes .. 

It would not have been included had we replaced ~ b;y 

,our general method requires. c will only be of · order unity if the 

coefficients of the t ype I.I terms are not smallo 

We may sum up by saying thl!! t if we have only type II terms, 

an iterat:ion met.hod can be used fora higher order approximations, while 

if' we have only ty-ye I terms no such general method exists and eacb case 

must be specially investigated:; if' we have terms of bo¥1 types, the situ.a• 
' 

tion is even raora complicated. We ha.ye bean satisfied with the lowest 

approximation roince it has given us a qualitative description of the 

phenomena to be eXpected. The problem of developing general !4ethods of 

highar apJ.'ll"li)Ximation would seem to be 8Uf.f'iciently difi'icult to justify 

a thesis in mathematics, and has not been attempted. here. 
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III 

Hff :ER.b..CT ION EFFt.C'I'S 

The ettects due to interactions e.mong the man;y electrons simul­

taneously occupying the doughnut i'JB.Y be oonveniootly divitled into tro 

parts, the time-independent effects due~ the mere presence of th0 elec­

trons, and those ettoots produced by a change in their number with time. 

The discussion of the time-independent ef.fects nill a&'Ve to orii'}n"t our 

tMnldng and to indicat0 the orders of magnitude which ar-.a im.portant in 

the prob.lem. It will also lead us naturally into the consideration of 

t:i..!:!e-dependont effecta which, as 11m shall see, turn out to be very 

i.ruportant in understanding the injection process. 

In this section 'ifie shall SDS-i;Jllle ·tho magnetic .f'iold to be axially 

symmetric so a.a ·to simplify as much as poasible the treatment of' the inter­

action ef'taots, which are very dU".ficult t.o evaluate accurately even with 

this sir-Jpllfication. However, we shall not oo.nfine ourselves to a llnooriaed 

treatfilent throughout, as some of the effects duo to deviations of t,he mng­

netie field from tho desired linear iJpa.ee dependence at ·the edges of the 

orbit region will be shown to provide an e.v.:plana:tion of certain empirical 

facts v.lhich have oot hi:therto bsan satisfactorily accounted for. 

1. Time-Independent Ettoots 
Let ua suppos e that a large number of elect,rons have been suecess-­

f'ully injected in-'oo en wdally symmetric betatron field, and have in some 

manner avoided the g{Jl19 which has been r emoved, leaving them cil-culating 

without obstacles in their path. Let us further suppose that the magnetic 

field bu ooen fh;:ed in time, so as to produce oo electric e.cce.lerating 

field9 and that a perfect vacuum has been attained so that gas scattering 

can be neglected. This eypot.hetieru. situation should then be a stable ·one, 
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in which all the electrons would continue to circulate 1ndefin1tei,-• 
.. 

Bow is the motion of an indifldual electron in this situation influenced 

by the others, and how will the electrons ultimately distribute them.salves? 

ArtT indivldus.1 electron will of com.-se be in!.'luenced l:zy' the 

, aleotrie and magnetic fields of the others, as WGll as by the external. 

field.. However, the alsct...~c and magnetic fields whieh dotemine the 

trHjeetoriea are determined by the distribntion of currarrt; and crw.rget 

that is, by tt"l:e trajectories. Thus we have a situation sindJ.a:t- t.,o that 

treated by the self-~,0n~ist0nt field method in atoru.c structure problems. 

Here we find it n e c ,'?;:181117 t0 j_nt.roduce neveral simplifying assumptions 

in order to ob'tsin ~ qualitative picture of ·mat can b'3 expootedo 

An estimate of thi£ sort was first obtained by Kerst(l). His 

object was. to determine the aa:rlmum amount of charge which could be 

held within a doughnut of s9ecified aperture by t.he magnetic focusing 

forces • again.at the ei'fect.'3 of sµace charge repulsion. We shall use our 

notation in describing his work. He assumed that the e:ii."ternal. magnetic 

field 1n the ?lane of symmetry followed the relation B:t: • Bo (l • ne ) , 

and negl.ooted terms denandiag on higher µ;>wars of e . He also used 

wbnt we shall re.far to as th.a infinite straight wire a.r,proximation. 

This consists of as8Ullling that the electrostatic field of the electrons 

can be calculated as a function of distance from the cantor or the beam 

by regarditig the beam as an infinite circular cylinder of radius R (! b 

whose total eh~,ge }'.181" mit length is the aamo a.s thnt in the NfU: toroidal 

boom, and whoso· ·charge diatri~ution is uniform tbn>ughout the cylinder. 

The center of the bea.'ll wa.s assumed to be at r = a, the e-quilihrium orbit. 

f b is called the relative radial aperture. 

The electric field inside an infinite iDliformly eluirged cylinder 
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ia proportional to the distance from its center, while the field out-

side varies inversely with distance, as is known trom elementary electro­

statics. If the total charge in the beam i9 Q., the charge P":ll" unit 

le_ngth of our cylinder is Q/(21TR). The field inside is then given by 

Qf/(41r2 E
0
R

2 (2 1/), while that outside is Q/(411 2
E

0
~~), in M.K.S. _ 

rational units; E O = 8.85 x 10·12 farad p,o,--r meter. The radie.l magnetic 

focusing force on an electron can easily be shoffll to be given b;y 

mv2( l .. n • } e /R, in the linear approrlnwtion, while the vertica.1 focus- _ 

L"'lg fores is mv2'n 5 /R. -S ince the radial focusing force is weaker than 
I 

the vertical force fOl' n > i, Kerst equated the space charge repulsive force 

to the m.agn~tio 1•estoring force on an electron a.t. the out.er edge of the 

beam in the plane or symmetry, to find out how mttch charge was required 

, to neutra.llze tha focusing force in this plane. By carrying this out, 

we obtain 

Since mV =- B
0
eR, this may be vritter:i 

The corresponding circulating current I = - QV/(2 '(I' R), if we define it 

to be posi~ive, and 1s given by 

BR y2 ,2 
I= 2n-(1-n)-A- 2 fb , 

fo C' 

in - -2 - 4 
S C6 f: 0 ro • C ; / O - x 10-7 henry per meter. Kerst also 

pointed out that the magnetic field dua to the circulating current 

~duees a self'•f'ocuaing action on the br.:mm which tends to count&rac.t the ; 
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electrostatic da.t'ocuaing. This force is (V/c)2 times aa great as the 

electrostatic force; as he was interested in injection energies in the 

non-relativistic region• he neglected the magnetic self-focusing force. 

His .further analysie inwlvoo. reference to the adiabatic damping 11echanism 

which was believed at that time to b0 respcnsible for the success cf the 

injection process. Since this m long3.r seems likely, we shall not 

include these rosu.H,s here. His statement that the space charge tores 

will be less than the focusing force ave:cywhaz-e inside the beam if ths 

tro are equal and opposite a.t the edge is incorrect under the ,,s3Ui!lpt.ions 

made; since beth are directly pro;>ortional to the distance from the center, 

they will be equal in magnitude inside, in the plane of sym!l2etry» if 

they balance at, the ed-ze. Outside the beam, of course, the focusing 

force continues to increaae while the space charge :force falls off. 

A oonsiderably moro refined treatment of this problem ns given 

by Blo\tett(l5), who sought to find that electron distribution for which 

both radial and vertical forces on an el.0ctron anywhere within tha beam 

would vanish. This situation ffl:>uld be expected to occur in pr-acticc only 

aft.er tho adiabatic G.6112Pi."lg had acted for a 1onG enough time to cor..press 

the ooam, both radially and vertically, into the smallerrt cross-sectional 

area oon:'1istont with the &"Dtmt of charge present. Blewett•.s calcula• 

ti9ns were intended to a:ot>ly to this easel' and were made in cormcetion 

with a discussion of radiation loss, which is appreciable only at energies 

above about 100 !bv., t'Jhere the damping i.:, essentially complete. He used 

his r-:::sultn to determine the aotunl area and shape of the ooam for a given 

total charge or CUJ.-ren~.;, but also noticed that his result couJ.d be used, 

like that of Kerst above, to obtain an up-per limit on the amount or charge 

which could be held in tho doughnut at injection timeo 
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Blewett carried out his calculations for a particular value 

of n, namely, n = 3/4. We shall outline them here, having generalized 

them to arbitrary n and expressed them in our units. We first show 

that the magnetic self-.foc11sing forces are less than the olectrostatic 

· 2 
forces by a factor (V/c) . Applying ~mell's equations in the vicinity 

of the oquilibriun orbit by regarding ~ , -:$ , and 9 as cartesian 

coordinates, we have 
I 

_, ( dB_; 
;id~) ?•<SV; 

cJ B; 
+ 

d 'Bz 0 - - :=. ; 

R oe d~ ) -s 

l ( cJf; 
I ~ de; ~€~ o. ~) -::. 

::, 
. - --

- --- -+ 6\; ~ :>~ a~ R )~ ) S 

Here we hnvc chosen to represent thp charge per unit vollll'!le in coulombs 

per cubic meter by cr" , having already denoted our diticnsionless radial 

coordinate by e . The field strengths vd th primes are t,hose due to the 

charge and current in the beam. These equations imply that 

' E ' B =J.J.cV r. 
Z / 0 0 

The components of force are 

, F : e(£ z z ' VB:r ) 

in view of the relations above, thes0 become 

. 
' 

• , 

We now assume a linear space dependence ot the magnetic field as 

above and equate the forces; 
v1. 

'Y"'t-: (,-I'\) e ::: -ec; ( t--V-7c.~ ') , 

~L.n., -S -= -e E'~(1-V/'c'1.'). 
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The electrostatic f'ield.s insid~ the beam er-~ therefore giil"elt by 

t w..Y,,_(,-)\)\ 'BV (i-11.)R ; 
tr -= - e R ( r -V/"c. ... ) -== - 6 ( I --Vo/ c....,) 

· By the same simplifications Poisson's equation in .the vioinity ·of' the 

equilibrium orbit becom.es 

The application of Ma.:x:wel.l • a aqua tions and of Poisson• s equation in this 

TJ8Y is equivalent to neglecting tho curvature of the beam# and consti­

tutes a generalization of tho inf'inite straight wire appr.oxi.m6tion to 

wires of ellipt1cal cross-section. '.Che charge density turns out to ·oe 

uniform over the beam, with the value 

The boundary of the beam will. ba an equ.ipot.enti&l, and therefore has 

the equation 

2 2 
(l - n) \ + n 5 = constant.. 

The beam will have an elliptical cross-section, the ratio of verti~ to 
J. 

boriaontal axes being f(l- n)/n] 2
• Thia result is ploesing, since 

circular beams would not fit into most doughnuts, whose vertical clearance 

is la05 ~ the radial clearance by about this tac.tor. 

. } ];,. 2 The aross-seotione.l area of the beam is 1it{l -n}/n ~ ~ b , 

where € b is the relative radial as)erlure defined earlier. The total 

charge .will be given by 

, Q : ~ (21'" R) n-&2-( I ~ >\..) ~-~ b2 :: - 2 1" 2 6 OBbR2V ( t ~ K.) ½ ( l - v2/ c2 f 1 ~ t • 
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'!'he corre ff:Y.:mding circulatfug cur.rant, defi ned as a positive quantity, is 

+..hen 

t 
It i :J possible tc. expr•.:'!ns thi2 mro...""imt'!!!l circulating cm:Tent as a f u.nct:)..on 

of ·\ho lnj 0ction \f'Ol tae1J E, the relati V9 radial i :1ertux·o ~ bll and th0 

m~c;nc:i;ic f'rJ.1-off' Dera,not':lr n. Dy a et.:oaightJ"o~:prd u:: e of th0 um.ml 

2 
whore Ee, = a

0
c = 5ll Kev. lielative apertures range from 0.07 for 

large machinesD)to Oo22 for small ones(J9). For n::: J/4, wa obtain 

tha following u._oper linaits on the circulating current; 

E (Kav.) I (.Amp.) 

\'b : 0.08 fb -0.20 -
1 0.0038 0.024 

10 0.12 c.77 

30 o.66 4.1 

50 1.5 9.2 

70 2.4 l r... . _, . 

;oo 78. 490. 
, 

10.,\) 340. 2100. 
. 

Of' greater interest, perhaps, is the estimated. upper llmit on the total 

charge Q, uhicil by the relativistic relations can be o...,q>ressed as 



'l'he following table shows that this upper limit is the same., for a 

given injection energy, within a factor of three for a wide variety of 

existing accelerators. 

MA.CIWiE Final Q(COulo) X 
Energy R n 

eb 
168 for E = 

Oaav.) (meters) 40 lev. 

lerst•s First Betatron(l) 2.2 0.075 2/3 0.28 6.5 

• lerst' s Secald Betatron<2 ) 20 0.19 3/4 0.13 2.9 

Big. G.E. Betatron(.3) 100 0.84 3/4 o.c:n 3.7 

British Synchrotron(6) 30 0.10 7/10 0.205 4.1+ 

G.E. Synchrotron(?) 70 0.293 3/4 0.10 2.6 

Model.(28) for 300 Mev. 70 0.26 1/2 0.07 2.0 

Illinois Betatron 

G.&.Biased Betatron(J9) 50 0.292 3/4 0.096 2.4 

G.i.IndustrJ.al :&tatron (J9) 10 0.133 3/4 0.22 5.8 

-
These accelerat,ors could never hold more than about 1ol1 el ectrono 

of 40 Kev. energy, even nnde!' the most ideal conditions. 

It is hard to d0tormine accurately the act.ma1 nu11bGr of elcatrons 

which are acoolel"at~d to high energies; tho only published measurcm~nts* 

are those or Bess and Hanson(40), made on the 22 Mcv. betn.tron<2) at 

* Estimatea<JJ.) based on measurement of thermal radiation from the 
beam of" the G.E. synchrotron indicated that about 1o8 electrons were 
acealeratod per cycle in this machine. 
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Illinois. They f'ound that, under .favorable conditions, .aa many as 

5.6 x 109 electrons struck the target per cycle. of operation,. with an 

error of less than ten per cent. The upper lilllit for this machine at 

1-'Gs injection onergy(2 ) of 20 Kev. is 1.:37 x 10-8 coulombs, or 8.6 x 1olO 

electrons, according to the formula above; thus this accelerator seems to 

be operating at about seven por cent of its ideal capacity at this 

injection energy. It would probably be very hard to increase its per• 

forms.nee greatly by err;- m.aans nhatevor, if the injection energy remains 

unchanged. 

It ia easy to see that a space-charge saturated beam with t.he 

elliptical cross-section and uni.form density derived above is stable. 

If the eharge density is infinitesimally incrooaad in one part of the 

beam and con-aspondingly decreased in anothGr so as to keep the tottl 

charge constant, the forces thereby created are always directed so as 

to res-tore the uniform distribution of charge. The effect of this uni­

form distribution on the potential U(r,2) in which an individual particle 

moves is to make it exactJ.y conatant over tho an•iiire area of the beam, 

by subtracting off an elliptic paraboloid potential identical to the 

magnetic rentoring potential in this region. This makes the potential 

well flat-bottomed, a...-1d all the electrons are assumed to have t1ceJ1 

brought to rest in it,. so as to lie evenly distribu:ted on the bottom. 

The details of the behavior of such a. bee..ra might form an interest-
/ •,.,'J. 

ing subject for further study. The roam will h\\e a variety of normal 
, ..... 

modes o:f oscillation, each with a characteristic f'requency ·.and a particular 

effect on the beam's shape. We shall illustrate this by demon::rti .. ating 

the a,"'dstence of a normal mode in which the density remains uniform in 

space but oscillates sinusoidally in tillle with a frequency equal to that 



of rotation around the doughnut:· This ooda oan be discussed easily 

because it involves no analysis of the electrostatic effects of a. non­

unif"orm charge density. If the charge density is uniform, the radial 

and vertical forces on an electron are given by 

where o- is 'the charge density defined above, for which both forces 
() ' 

l7aniah. The radial and vsrt.ieal motion of tho electrons can be tr(.~Y'...d 
. . 

a.'3 that of a t wo-dimensional non-viscous fluid with the equation of 

state p = o, subject to the body forooa given above. The hyd..~csl 

equation of motion, in Euler's form, can be reduced to 

where ~n = {Re I Rs) is the velocity in a plane through the axis of -eyi::matry o:f the system, and the components o£ F are given above. The 

charge density and velocity a1·e also subject to the equation of cont,inu:l.ty, 

which can be written as 

We assume that 6"' = u 0 { 1 ~ E sin w t), vmere t.. ia the inf:1.nitesimru. 

magnitude of'. the relative density change, and w its engular i"re(p.umcy. 

Su¥1tuting in ·t.he equation of oonti..t1ui ty, and neglecting tams in . c 2, 

w have 

Bence f' -= - <-0 E. ~5 Wt _f 1 ( ~, :f ) ,, s = - W € (,0$ Wt f 2-( ~-- ~) .> 

){, Id ~ t- Jf1. Id j ::: i . 

a.Yl,d. 



Substituting in the equations of motion, and again neglecting terms 

ot order E 2, we obtain 

0./(c.s·,·~wt)f, = (V1/R'2.)(esi'1<-~-t)( 1 -I-\J~; 

w-i..(e- s,.:.._ wt) f 1 ==(V, .. /R.'2,)(E 'i>i~wt),\1\.5' • 

We find that the three equations above can be satisfied if and only if 

thus µroving the statefilent made. above. To find the direction 0£ the 
➔ 

veetor Vn for an::, electron, draw through it an ellipse concentric 

with the elliptical bou.ndar-J of the berua and having th.e same eccentricity. 

The norinal to this ellipse et the point in question has tihe direction of 

V:t . This can oo shown as ~ollowa. The slope of v8 in the f - "$ 

plunc is n .:f /( l - n} e . The equation of the ellipse is 

( 1-:- n) ~

2
+ n5

2 : constant; its slope is d5 /d\ = -(1- n)\ /n ~, -which is the negative reciprocal of the slope ot vn. 

To consider other mod0s, a more general expression for the force, 

applicable to non-tmiform charge distributions, is needed. To study 

larger oscillationn, terms in E 2 must be included. Vie have not investi­

gated this problem .further, as it has little bearing on the injection 

problam. 

We have f'ound it uaai'ul to develop an expression for tho motion 

o£ an electron in an a:d.ally symmetric mngnetic field, which 1neludaa 

the forces due to other electrons, and is more general than those of 

Xe:rst and Blewett. It assumes only that the charge distribution is also 

axially eym.matric. The Har.tll tonian function for the eloo~-on ia 

1/ = .:l.'Yl"-[ Pr2 , t- Pz2 -t- (Pif-l + eAgi2]+(-e')c/ (l-v2/o2), 
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where Ae is the vector r:,ot.ential of the externel magnetic field., and 1J 

is the electrostatic ~ar potential. of the space charge. T~e factor 

;..? 2 
( l • v-/c ) account.a for the magnetic se1£•foeusing action of' the beam, 

e.s show above. If V and Ae are independent of 9, p
9 

is still a 

constant of the li10tion. By a repetition of the operations performed 

earlier, it is easy to show that the radial and vertical motion has a 

p,tential ftmction, such that 

d(mf )/dt = • d U(r,z)/ c> r ; 

'.'Ind U
0 

is the petential function de?"ived earlier for tha motion of a 

oiugls claotron alone. We shall make use of thia result later on. 

The greatest difficulty in using this equation ia the deta..""mina• 

t,ion of ·t:110 actual charge distribution which Jro.duces the pot0.i.;ial o/ • 

If the !lWmbar oif electrons is less than thnt reqw.red to fill tho beam, 
I 

the po·cential well will no longer b0 f'lat•bottomod, and tha distribution 

of electrons will depend on the initial conditions. If the:re are so 

f ew of th~ th.at their interactions iaay ba naglocted, and ii' we assume 

s linear external field ~ation as \'Je did above, each electron will 

execute a Lissajous figure, like that shown in Fig. 4a, in the potential 

Uc• Its contribution to the charge density a- { ~ , '$ ) in an element. 

d f d j mil be inversely proportional to its velocl. t;y Vn ( f , :5 } in the 

e • S plane_ and direct4' proportional to the area-element d f d ~ since 

on the average it will cross &11 elements ot equal area vdth equal 

frequency. (This is true bee.a.use a non-commensura~le Lissa.'jow.:1 figure 
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will cover 1 ts r ectangle with 111:miform density".) If we assume that 

all electrons have as their instantanootW circle -the equilibrium orbit 

of radius R, the resulting cmrge den~i ty m.ll be symmetric j.n e and 

in -S , and can be represent,sd e.s follows: 

(S"( , ') oej~b(Jb N(p.,..,-r~) &e- Js--~ 
\ ) f j; [ ( l - ") ( ~~ - () ~ ~ ( 5.::_ - !~)] 

where N ( f m•. j n,)d t' ril J m i s the number of electrons injected in sueh 

a t#aY that their radial a~d vertical ampli tudos are ootween f m and 

~ Ill -+ d ~ tn.' a.,d between ) m and ) m + d S m, rctrpectiv0ly. If sor.:ie 

or th,,, r-..J.actrons are oscilla.ting about; other ins'tlintaneous circlee, a 

more general rotrj~ession is required. Theaa int-9grals are so complicated 

that the results of an attempt to evaluate them for specified injection 

conditions would not be WOZ'th the laoor i nvolved. In particular the 

si..inple and logical 8$Sumption that N is constant over a rectungular 

region of tha f - '5 plane 3lld zero elsawhere m.akos tbe second inte-

g:ra tion quite inwlved~ 

It ~d.11 be noticed that the 1n·t.egx-and C...."'Utains iu-t;egrable sin­

gularities at the four corners of the Lissajous _rectangle. These will 

be smoothed somewhat by any reaoonable assumption about N. If injecti on 

is from outside the eguiliht-i um orbit in the plane of syr..amotry i the two 

singulm-i ties on the inside will be .further smoothed if· ·t.here is a 

distribution over ~:tons inatant,aneous circles. Howeve.1" $ a qua.li tati vs 

consideration of these singttlnrities, supplemented by some rough nnmeriool 

calculation~, has led. us to b~~ liev~ that the electron density may trind , 

t,o be somm-mat higher near the gun tJian elsewhere, undar normal injection 

conditions. The density over the re~air.der of the beam can probably be 

taken as uniform to .firnt a:11p1•oximat,ion. 
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If the injection conditions are such as to produce a uniform 

distribution, this muu1sis will remain valid as more electrons a:r;-e 

injected, since the electrostatic potential function will be an elliptic 

paraboloid like that of the &a.gnetic restoring .force, but of opposite 

~gn, and smaller. The net potential is theb' algebraic SUDl, and will 

also be paraboloidal, so that the radial and vertical oscillations will 

still be sinuooidal, giVing rise t,o the Lissajous motion aasumed abo-ve, 

but with ditt~ent periods. If t.he injection condi tiOJl:3 aro oontµiually 

adjusted for uniform distribution as the charge graduaUy increases,. tha 

' doughtnut will fill up unii'or.a.:l.y to the limiting density derived earliar. 

If the injection conditions are such as to produce a non-

uniform charge distribution, as mil generally be the ca.Be, the net 

pot.ential will gradually become distorted as tho total chaJ'ge increases, 

thereby altering the distribution which was assumed in calculating it. 

~ stated above, it would be very difficult to determine the self-consis­

tent distribution of charge for given initial conditions. From qualitative 

considerations, one can see that as the total charge approaches the u~ 

limit, electrons will be accepted on.l.7,into those regions where the charge 

density is lagging bahind, since e.fter tbe slopes of the two potential 

:functions become equal and opposite in any region, .the net restoring force 

vanishes ther-a . If the density is lower near the center at .this stage, 

it mq te difficult to raise it by injecting from a gun at the outside. 

In the linear a-pprox.il!lllt.ion, the net potential function for 

uniform chargE-, distribution is of t he form 

( l • ~ - / <S" o) [ ( l - n ) \ 2 + n -S 2 ] , 

miero er 
O 

is th-a upper limit on charge density deri'vad earlier. From 
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t.his we see that t he trequ .. ~mcies o-r both radial and ve.rtictl oscillations 

ar-g reduced by the_ prese11ce of othar elect..roruJ,- in the l"atio (l • 0-/ 0"'
0 

)½. 

We 'm8!: t:ioned above that tha charg.3 dsnsi ty at high e:®rgies has been 

obs,3rv~d to be as litteh as seven per osnt of th.a t,4ooret1cal upper l1m1 t; 

it is believed to be as web as ten. times «1a great as t."iia during injee­

tion(l4). Th~rofore this frequency shift can be very large, and -provides 

a oonvincing argument against a:tJ.7 attempt t.o obtain very large circ-ale.ting 

eurrenta by relying on the resonant phenomena diaoussed 1n section II.•. 

It a.loo affords a satis fying ex'.(::;J.anation of t,he failure to observe poor 

performance in c,cc~lerators hav-'.mg Vc}lues of n which ~'OuJ.d produce a re­

sonance if this effect w~e abs1'imt. A reoo:nanoo vrould tond to reduce the 

charge densit;y by spreading the berun out, and would thereby shift the 

f'requency -0£ oscillation on.t of the re.sonant. 1·ange. 

We shall close thii; discussion of time•inde-pendent ef'focts by 

r.ointing out an advantage of u,sing e, l&.rge injection energy. Fi."·on t;hs • 

e:c-_p:..~esslon derived earli~ for ~ . ve .foUD.d the rllaXimum charge to be pro­

portional to 

-t { l + i;> (2 + i:> a f(E) 

.for a given aceelerator, where E0 : 5ll Eev. It the U1echaniam which 

allows some electrons to miss the gun sa'1es an equal fraction of them at 

any injection energy, than the number of electrons aucceastully accelerated 

to high energy should vary directly with the inJection en.erg if it is 

1n the non-relativistic range, provided a plentiiul. supp~ of electrons 

is available. It is observed(39) that the outp-a.t varies as the 1.25 

power of the injection energy unde;i: these conditions, which indicates 

that the efficiency of the mechanism is also enhanced by increasing the 
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component of the 1ii,Ject1on velocity, which date..~ the instantaneous 

circle. Sines the electrons inl}~cted at a given voltage have va.ryi.Dg 

aaimtbal velocity components, they v_ill mt all oscillet~ about the 

same instantaneous circle. Also, • t.4e radius o£ en ins-tantanaous circle 

eonespond!ng to a particular azimuthal velocity :ta a rap1dl.y varyil3g 

function of time .du.ring the injection period~ Thus the eff ectiveneoo of 

1nject1on will depend quite sensitively on the degree to which the shape 

of the voltage pulse to the gun, as a function of .tima, matehes the 

~tmloe band of energies shown in Fig • .2b. 

Sebwarta(4'2) has mnda an enal7sis of one aspect of this mateh.ing. 

Be assl.llOOd that th~ injection energy 13 constan-t, corresponding t.o e. 

square-wave voltage pulse" and that the wm was located directly above 

the equilibrium orbit. Ha considered only motien in the plane or 

S)llmstry and neglected interaction e.ffeat.s and vertical oscillations. 

Under t.heee assumptions he calculated, tabu.leted, and plotted the time 

ot acceptance, and the fraction of injected electrons t'ihich are accepted 

6:5 a function of M.ma during the aoooptanee interval, for different values 

or n and E, m>.d for both biased and ordinary betstrons. He concluded that 

injection would b-e moat efficient f'or low n, high i, and a biased betatron. 

These eonelusi.ons are oo obvious from qualitative reasoning that th3 calcu­

lations soomoom.ewhai. unnecessary~ As n is decreased, the difference batl1efm 

the radii of the in&hantaneous circle and the equilibrium orbit for a 

gi van velocity de.feet is al~o decreased; we shorted earlier that 

r 1 - R = {v-V}/ ~l • n )v J to f'irs't or•dor. As E is incroasoo, the accep­

tance interval also increases, us is ol;vi.OUf:1 f1'0m an inspection of Fig. 2b. 

Tha field in a biased betatron is increasing more slowly at injection 

than that in an ordinary b0tatron, as is made clear in Fig. 2a, and tberefcra 
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the acceptance L"lterval m.ll be correspondingly wider. 'fhe advantage to 

oo gained by a properly shaped, voltage pu:loe seems to be much gre~tar than 

a:.v gs.in one might mske b:J changing n or by changing to a biased betatron. 

The gain of .thi~ sort resulting from a large increase in injection energy 

me.y perhaps be offset by the g:reat~r taohnieal diffieultiee. of properly 

shaping the pulse. AJ.:though t he trppropriat,e injection energ;r va2·ioa 

parabolicf).11y 'With time for non-relativistic energies, it becom0e a 

linear function in th..0 rehtivisttc range$ so that the possibility of 

fu:i.-"ther increase in injection interval disappears. 

1f thars is no gun-avoiding meeh~nisr.i., the lifetimo of a r:1uccess­

f'ully injected electron 'i!iill devend on the number of oscillations it 

makes be.fore hitting -the gun.. In the example illustrffted in Fig. 4a, 

tli..i ;3 r equ ... i.r0c about f'our rad:tal os cillations, corresponding to seven 

r ,:,volut ions. One cen only estimrtG the r.1ecm nm'lber of :revol.ut,ions .ii 

±.'er an average electron. It, de!1ends 'Principally on t,he :Pha?e of' tho 

i•adial oscillation at injection and on i ts f'roqucncy, which i 8 a m--iction 

of n, ·t.he spacu-chang~ de,;'J.ni ty, and the am:,J.ituda or oscillation. (The 

d9pendence on amplitude is illustrated in Fig. 6.) It tlso depends on· 

·the vartice.1 o;Joillatioo frequenc:9', if there i t:i t,he poss:J.bili't;y of going 

chargn el.fects , M will he 2 if n:: J/4, e.nd if the vertical oscillat iomi 

are unabJ.a l"<> help in incre_asing it. For any other n, M will be consider­

ably larger . 'lie have shown t hat t,he e.ff'ects of too rapid field fall-off 

' thereby GendL--ig to ftu-t.hr~r :increasrt .;J tn general. 

1st us assum,o tha·i.; the gun successfully injects a consti.-nt elllTent 

i into oooopta.ble orbits during t,he injeotion interval. The circulating 
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current I will than rise to a value of about Mi in the time required 

for M revolut ions, on these simple assumptions. This is because each 

injected electron m.ll be counted M times before it is lost. The 

current will then remain constant until injection stops, after which 

it will drop to zero u'tar -another M revolutions if no gun-avoiding 

effect acts. It i s know that, in any case, t.here is present for a 

short time a considerably larger circulating current than that finally 

trapped in stable orbits and accelerated to high energy. We thus have 

to consider the effects· o:f a large rise of circulating curr·ont and a sub• 

sequent decrease of the saroo order of magnitude. Now· it may be that a 

rising current produces effects, not as yet considered, which act to 

raise the 11 o:f electrons already present, to a larger value or even to 

very great values, etf'acti.valy saving the!!l indefinitely. If the reveJ:"se 
• I 

effects of a f"alling eu..-rent tail to completely oounteract, this advantage, 

tbeee effects may then provide an explanation of the 5Uceess of the injec­

tion process . On the othar hand_, ·the e.ff'oot.s or a rising current m,eq- be 

unfavorable~ but not sufficiently so to unduly decrease I. In this case~ 

the opposite effects of the subsequent. decrease 1n current may provide 

just the saving influenca required to trap part of the beam 1n stable 

orbits. 

Thesa ef:fects were first considered by Karst(l4). 
! 

It, is qwuita-

, tively clear that the circulating current loop has self-inductance,_ and 

that an increase in curroo.t must produce a back electroootive force 

tending to ,slow down the electrons, while a decrease will produce an 

accelerating force. It i s also clear that changing the number of eleo­

trons in the beam will change the magnetic and· electrostatic actions of 

t.ho beam on itself. Kerst discussed the change 1n orbit radius in t erms 
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of the electrostatic and magnetic energy associated with the beam, 

and ~so me~tioned the ~ge 1n electrogtatic self'-repuloion., without 

indicating how to calculate it. In the remainder of this para.graph 

we shall briefl.1' summarize his conclusions. He asserts that the electro­

me.gnetie and electrostatic energy o~ the baam is rising during tho aarly 

stage of injection. H; is foi~ed at the expense of the kinetic energy 

of the electrons, thn,<J slowing t-hem dOffll so that they sp:1.m1 inwards, . 

thereby avoid.ulg the gun ~ it is outside the 01•bita.1 radius. However, 

if' the gun is inside, he invokes the reverse ef.f'ect, starting with 
-

max:l.mnm circulating current. A/3 the current deoreasea, its electro-

magnetic energy is returned to. the beam, speeding up the electrons oo 

that they spiral outwards to avoid the gun. For either pc,sition of the 

gun., the decreaaing space charge repulsion associated wi tb a .falling 

current 1.s stated to provide damping of the oscillat ions.. 

These aonsiderations led Kerst to propose the florbit oontraetorft 

aa a deviae for shrinld.ng the orbi tn quickly inward so as to avoid en 

e.."'tternal gun. This device consists of a sin.,1la turn of wire above and 

one below the orbit, outside the doughnut, through which a rising pulse 

. of current is passed during injection. '!he affect ot the magnetic field' 

of' these currents is similar to that of the beam on itself, and has been 

found to be beneficial in raising the outr,ut of badly performing accelera­

tors, although it has proved t.o be of lesser value in increasing ~e out-
• ' 

put, of r.ell-a.djust.ed maohines. 1'he increase 1n yield rcsul t ing from uae 
' 

of this arrangement depends a'trongl;y on the injector current and on the 
, ' 

conditiol4 of the accelerator. Adams(43) states that fltha circuit, should 

certainly be disconnected "!i!hen attempting to diagnose the ills of a betatron". 

There are three objections which may be raised against Kerst's 



106 

trastmont of the3e e:ffecta. • First.,. he computes the change ;ln electro­

magnetic energy in terms of the i."!duetance of a single turn of wire 

placed at the electron orbit, but arrives at this value by a.otual.ly 

inserting a t.<i.ro and measuring its inductance. 'rho result of su.ch ;.:. 

measuren.ient will no doubt be very sensi tivo to the i'reque~ey at 11,hich 

it is me.de• since the degree of penetratiGnof magnetic flux through 

the conducting coating of the doughnut and into the iron pole pieces 

•;till be very dif'fsr?-l'lt .at different frequencies. '1'he relevant periods 

are coa:,a.rsbla to the time of cttrrent rise ·or fall, _ perhaps half a 

L.ucro~eoond or 00 9 while most induct,t:mee bridges operate at a few hundred 
I 

or thousand cycles pe!" ~econd. Therefore t,here m.ay ba s.ome doubt as to 

th0 co:r".eeatnern::i of the numerical "'P.tlues he uses . 

Sscond, it would be more sa.tisfae-t,ory to exhibit 1n detail the 

forces actin,g on the electrons; the energy arguments as stated by Kerst 

arc difficult to Vieualize in terms of these forces. 

Third., and oost serious, i s the inoompleteness of: an e:1,.-planation 

which can b0 made to jrcvide effects of e ither sign at will. Fer injection 

ll1 circulating .:currant in not considered, while for inside injection., 

which is ampirically known t o r1ork, tho initial ef'foot of spiralling in 

due to a rising e:u.rrent is ignorf~d. Finally-, the undampi..'lg ef.f'ect of 

i11cr0twing spac0 cbmge r epulsion a t the start i s not mentioned, although 

t he r everse ef'f'ect i s stated to be of considerable importance. 

He shall now describe t'tome inve~1tigations undertaken t,o elucidate 

some of thc:se points . They are r ath€!r idealized and incomplete but se;iilve 

to indi~rt,o orders o:t nm.gnitude which ore important. We sh&ll f'ind it 

oonveniont, to make the follom.ng ~ssumptions 1n this rough analysis. First,, 

we shall eon.sider only rc.-dial di.spL3crnnents in the plane z = o. Seoond~ 
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we shall assumB that tho eirculating charge occupies a toroidal region 

of ciI'C"J.lal' crosa-section v:i th u.ni.f.'om density; we shall take th-s l'"&.dius 

of this cro~s-section t o be small compared te the orbit, radius. Fin.ally, 

we will neglect the influence of· the ('.,onducting doughnut coat~ and of 

tJle iron pole pieces on ·the dist ribution of fl1ix due to the circulating 

current.. Some of ti1ese assumptions are not jU.3ti.£iable., but tho resulting 

csl.oulations sre inti:mde-0. zw:;roly ·to be illustrative and not qu.ar..t ita:tively 

accurato. Certain ot,hii:r assumptions aTo diseuss~d as t.h0y e.nter. 

We ste.rt wit.h the,) e:x-?res: .. ion, tlevGloped earlier in thi s section, 

foT the motion oi' &n elect ron in s.n a:dally symr.letric magnetic fie.ld in 

a l"clgiou c.xmt~ir.d.n,,g u.n axially aymmetric distribution of s i ml le.rly moving 

charges. Foz, mot,ion in ·the pltu10 z = Oi ',¥0 he.ve 

½mr2 + U(r) : constant ; 

U(r) 

'V(r) = -J~ r ( r) dr . 

Here E. r i s the radial electrostatic field oft.he circulating electrons, 

while rI and 9\ are values at inject.ion or at some d,hor arbitrary point. 

lfe shall choose this point to be at an extr€3--.21e value rm ,(llner0 m ma:r- stand 

for either mru::imum or mil:dinum).. At, smm a point, ¢ : 0 and r : O, ao that 

the conHts.nt iilajl' b-e evaluated to give 

y', v-' Li - ,e (~ ::~') {~,(,) Jt· -{ ~ + ~r 1,: ~•( -<)Jf] 
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If in this a......-oression we substitute the new variable ? = ( r •R)/R., 

wa obtain 

.'2-... (.£)~ri_ :2.e (1-V/c. ... }f fE ('-!) Rl~ - ) l+f .... t, (V/v-) (\, +'3J~2.(1)J;r./4]. 
~ _ R L """ L>'... e-'(" , v-J- l , ~ r , -r r Je_.... J , 

here ~ s and E r are regarded as functions of ~ , represented by y as 

a no~ vru.-is.ble of integrt;,tion . ,,..sf.n.mling the charge per unit ,rol~ () 

to ba a function 0£ f alono, and illliru~ thi~ infinite ::rwridght wi.Ye 

appro:d.mation, we have 

rc,here 1._ is a ne.rw vuriable of in tac~tion. Finally 

We may use this emresaion to deter,mine tbs change in the maximum 

or min:hmm relative radial excursion f & ret.~l ting from changes in the 

pei.rameters which determine 1·1:;. A ehnnge in charge density cr- tri.11 ei'foot 

f m directly through i ts aic:,licl.t appearance 1n the above expression, and 

also indirectly through elootromagnetia induction, the etteot of' which will 

be to C".hange t.he osrt.icle Vl".::lloci ty v in this e.x,orassion. 'l'heoo two changea 

nroduce different affects on tl..i.e radial oscillation. l'he direct ettoot of' 

changing er- is t{I alter the e:ffectlw "spring constantn of the radial oscilla­

tion, while a change of v moves th*1 whole ragion of oscillation radially 

inward or outward, by trannla.ting the position of the entire potential well 

{with consequ.ent changes in H,s shape if non-linear effects are c::mBidered) •. 
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Ideally, 008 trould compu"GC the direct effect of a change in er- by cal cu.­

la ting the s.ction,i given by A = p I ti Je = A( ~ av 0- ), and set its 

variation equ.a1 ""c;,o ZEII"O £or adiabatic changes, thus obtaining the 

• oonneetioo ootweoo ..6~ and A.em• Actually, this i s not feasible mialyti-

eally • unless a- is constant ruid ~ z is a linear function of f • Sinoo 

00 msh to nhow quali-tatively the effect of a nonlinearity in f zSI we 

shall compute the r rciaul t o.f" suddenly changing this "spring constant" 

instaa.d of doing so adiabatically. If t he motion wmrc sim.plo harmonic, 

this error ooulcl be p:ropcrly oorrectoo for by reducing -~c resulting 

r elative aoplltu.de chango by onf;,-half. We shall assumo that, tho same 

factor is a;,proJ~imately a1rpllcable he:ee. 

The oa.ue remarks apply in some measure to a variation in v, but, 

due to its different etteet on t,he mot,ion, the factor one-half will not 

be needed 1n this case. If the potential well of a simple harmonic oocilla­

tox be suddenly t,ranslatoo. e small amotmt at t.i.½e momont t,he oscillating 

pa"f'ticle i.s at tho bottc□ of t,he weJ..19 the resulting effect on the extre111es 

of oscillation is the same as if the oo-11 had been e.diabGtically translated 

by th0 saruo szoount. As we shall porforo. our sudden change at this point, 9 

no oonection factor i s required. 

Suppose "ljh.at, as an olectron -pa.socs tru.-ough f! = o, the am:nmt of 

s:.:,ac0 charge is sudden].y changed from 0- ( 1) to O' ( >z )(1 +AI/I), where 

I de.notes the ruocm .. 'lt of circulating currant ll whil0 v is suddenly changed 

from th0 valtte V to V +Av. The insuintanoous velocity ~ m.lJ. remain 

tho same, but t he ma.:,:.m.MI! (or minimum) radial excursion 'iii1ill ebanee from 

~ m to ~ 
11 

-+ A ~ m. It is ostablishod in tho appendix that this change 
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Ls given b:, 

• 

For the circular ohar.ge distribution assumed, 

tmera Q{y) is the charge inside a toroidal region of eross-seetiona.l 

r,di.us ~. Since this charge is mcving with veloei ty v, w have 

v-Q('1) 
I(y) : - ~rrR ' 

wh&re I is defined to be a po,li ti ve current, and 

'2- • 
:;urR v-

If" er is independent of ~ and has the constant value 0'"0 out to 

~ • f m' as we. shall aosume to simplify the co~utation, we have 

= -

and 
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Thus the ooetf'icient ot 4 I/I becomes 

e[1-Y/c,~) I( R'""' 
~1r€o Yt\ V3 

since = 
,.., 

f 0 ef- and mV II B0 aR. We def'ine 

the implication of this definition will be examined later. 

It can easily be shown that, to f'irat order 1n e , the ooetti• 

cient of A ~/v is equal to 2 ~ m1 independent or ~ z. We now define 

~ z( f m) ■ l - n8 ~ mJ this determines n8 as the "e.ftec-tive n" at 

e • e m' and allows us to consider non-linear functions ~ z(f ) • It 

should be noted that the value of n
8 

will in general be different tor 

f Ill :: F max than tor ~ m = e min. Mloo. all these substitutions have 

been int;roduced., and 6. I/I renl.8.cad by ½ 4 I/I to convert to the adia­

batic result, we obtain 

I '2.. 4r AV--
't ec T +:;ie-. tF" 

~;2. ( I - rte) f ,:- - \:) 
To un<lers·te.nd '.the meaning of the denomi.."la i:.or of the right side., 

and the definition o.t' e C, \"10 recall that.? for a beam cf circular ar'OSS"" 

soot,ion ( which implied n = tr) we found that the maximum amount of current 

which could oo hold inside a radius f: : f m. was 
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hence E: c 
2

/ e a 2 • I/I'IJJl')X, and f 
O 

is the smallest relative radial 

aperture into which a currant I could be compressed. For n =½,our 

denominator becomes ~ .1/( 1 • f O 
2 / f .,1/), which shows that this d~­

minator is just pro:portional to the difference between the crurrent 

actually present and that which could be present 1n the same doughnut. 

We 'ii'J£J.Y expect this result ·to hold appro:d,m.ately in our present more 

general case also, even with non~ronstant er ( ~) and non-linear 

~ :a ( f ) . We shall d~te this b-actional .filling f'actor by t, so that 

in general we mq write the denominatoz- as 2( 1 - n
8

)( 1- t) ~ m2• W0 

then have 

; 

the first part or our analysis is now complete, and we 'turn to an 

appt"O:d.mate determination of A v/v, the .fractional change in particle 

velocity produ.cad by electromagnetic induction when the amount of beam 

current is changed. 

To compute the relation between velocity change and current change, 

we f'irst consider two circular current ele!llenta of radii R(l + p ) and 

R(l + ~ ;- x ), coa.'l:ial and lying in parallel planes separated by a distance 

Ry. We assums ~ , x, and y to be small compared to unity. The flux 

through one due to a negative current of magnitude I in the other is gi-ven 

by ,p = - DJ, where Mis their rwtual inductance. This can be worked 

out ap~umately by uae of the formulas given in reference 44, chapters 

7 and 8. In M.K.S. rational units, we have 
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whexe I and E are complete elliptic integrals, and 

Fork -::- l , we ha.ve JC ~ log (8/ ~ x_2, + .j, ) and E ~ 1 , so t.ha.t 

Th2i electromoti'<:iG force around one f ilament due to mi increase .6. I of 

the magnitude of t,he current in tho ct.her in a ti.file A t is given by 

an.1 the oorrespanding tangential electric f i eld E. T i s given ey 

E T = (e .m. f . )/(2 1l' a ) . 

The force F T is obtained from . 

i\ : ( - e) <E T : A (lliW)/A t , 

Jl..u e__ L I ] . oo that A v ~ - 1-- - A I log , , + (log 8 - 2 ) . -;.11" YY\. • , x~+ 1 '-
► 

Also , {log 8 - 2) ~ o.·os, which is· negligible oompered wit,b the .first 

term tor small x and y . 

We now need to find the total effect on any particular current 

element due to all the elements in the boom. If the beam has uniform 

current density over an area A in the ~ - ~ plane, we then have 

f( .Roa f;i-+ 
1
~· JxJr 

n , 

were 4 I is now ·t.ho total change of CU1Tent and the x - y ooordinate 

system has its orlgin at the el ement at which .6. v i s being evalua tad. 
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It z1hould be noted that this coITI?utation, gives only that effect on the 

beam which i s due to electromagnetic induction; tho effects due to the 

existence of magnetic fi,zlds of the variou.<s elements (a.CJ ~pposed to those 

due 't.o thoir change) Brt3 inch~ed in the earlier <iomr,-J.tation of electro• 

static defocusing and asnoob:::.ed lllb.g-aetio s elf-focus ing of the beam. 

The in·tegral above i s diff i i.'ml t t,o evaluate_ in ~one:ral, but for 

easily 1~orked out . Firnt con:-:iider an 0lemt,nt at the center . By s simple 

integration, we find that 

the circula.r beam. Aft~,r sevu1"al tTen:i:foJ:r1mtion.s ,md an integration , 

by ;,arts, we obtain 

{45) 
'l'he definite int egral is fotmd t,o ha'\/'e the valu,e 

p b :: 0 .1, we shall lliH~ th~~ h,t ter value foz: all e l ement,s , dnce each 

p;;irticlo s oi:mda thB greates t fraction of it~ tim,:.; nec.r the outs ide. It 

se0.lllS probable th~t t hi n value r.ill bf.: a,:iproz..imately cor:::eet for bea.ru.a of 

ot,her shapes a.s well. Since tho t:llec"i,;rona of int.0rest ere tho~e with the 

large.st amplitudes, vre shall oet f b = \ f- \. 
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If we replace E7 
0
2 by its value in terms of I, replace v by 

B0 aR/iil1 and insert om- result for AV in the expression for Afro/ f m 

derived above, we obtain 
... / '1.-

/-Y/ G 

The r emainder of this section will ba devoted to a discussion of this 

equation and its implica'tions. 

Fir-dtg it should be pointed out that, due to. the several assump­

tions made in deriving this result, each tem in the numerator should 

be multi plied by some correction factor. The first term represents the 

effect on the radial "spring constant" of changing the amount of cirC'il­

lating charge and current; its numerioal. coefficient depends on the 

actual beam shape and on the charge distribution within it, which were 

taken as cireular and constant, respectively, in this derivation. The 

second term represents the effect on the radial equilibrium point of a 

change in particle vel?city due to the electromagnetic self-inductance 

of t he beem; i ts numerical coefficient depends on the influence of pole 

pieces and doughnut walls on the distribution of flu."{ due to the beam, 

as wall as on tho approximations made in the derivation above. 

Ne.sct; we shall e:r,amine the signs of the two terms in each possible 

ce.se. If we are interest.ed in injecting from outside tho equilibrium 

orbit, e m will stand for th~ maximum value of ~ , and will be positive; 

conversely, for inside inj action, f m will mean the minimum value of (? , 

and will lJ.3 negative. In either case we will use the value or n6 which 

applies to the vicinity of tho gun. For outside injection, a positive 

L:. ~ m mul.d be tmfe.vorableD moving the extreme out toward the gun, while 

foT inside injection a positive Arm would assist 1n clearing the gun. 
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It will, be noted that the first term., reprasent.ing a damping 

ettoot., will move ~ 
8 

away from the cent3r of the doughnut toward the 
I . 

gun for either sign of e m ( that is, f'or either outside or inside inj ac-

tion) for a rising ourrent, while the second term,roprasentd.ng a trans­

lation of the entire oscillation, will move ~ • inward toward the center • \ 

of the orbit for either sign of f m and riS:ing current. If the current 

is falling, both ef'toots are reversed. We recall that I was defined as a 

Positive quantit.y, representing the magnitude or the circulating current. 

Since the tm terms have opposite signs f'or injection from outside 

(the moat usual arrangement)., it is of interest to estimate their relative 

magnitudes. The first term in the numerator is very large at low injec• 

tion energies and falls a.a injection energy increases; it has the values 

1.5 at 40 Kev., and 0.75 at~• Kev. The aecond _term is somewhat smaller, 

being 0.23 for (! m = 9.1 and 0.15 ~or t; m = 0.05. However, as pointed 

out aoove, it is entirely possible that the numerical ooITections mentioned 

above~ be such as to reverse the inequality, or to bring about a can­

cellation at a particular injection energy. At least we may conclude 

that these two ettects are not of ontirely different orders of magnitude 

for parameters in the ranges considered here._ 

Next, we shall consider the denominator. 'l'he reason for dependence 

on the factor 1- n
8 

is fairly evident, as this factor is proportional to 

the slope of the potential surface at the injection point. If' this slope 

is very f'lat, corresponding to a value of n
8 

near to tmity, a very small 

ohange in enel"gy- will produce a large O...'lfl1.'lge in ampli tu.de~ An inspection 

of Pig. 6 near p = 0.15, where n
0 

= 1, may aid in Visualizing this situa­

tion. Thia feature is well--confirrned exparlm?nt&lly; a number of workers 

(see., for exam:ple, re.feronce 7) have found that accelerator outptrl; 

increased continuouslJ" as the gun waa withdrawn toward the point :where 
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Tha impo!"'-i.,ance of the factor ( 1- r) will doubtleoo va:ry greatly 

from one accelerator t,o another. One would expect. f to increase as the 

available gun current incz-eaaes, and to thereby enhanoo 'ti'1e suoeess of 

injection. This conclusion is also borne oat by experienoe(J-9). Also 

it is knovm(4J) tha.; ii' the douglmut is being wall-filloo. Kerst•s orbit 

contractor is l.'l8ed~ J.e ss than if f ia slAf'-0.l. An i mportant <.'Onsecj11ence 

of' the p1"esence of 1;his t0r£!1 l c;.\ that the change of ~ m pe:i. .. (.rut ch~e 

of ci..llTsnt is not indey>endent, of the value of the current; this circum•. 

stance will play a part in our disCUDsion of the non-cancellation of 

1"ising anr:.~ falling curr(;mt effects. 

We have mentioned earlier that J.aiAge cun .. en·t s axiat for a short 

time du.ring injection, so that f may approach fairly near .t,:::, unity. 

'fhar0 is abundant e}:.periment~J.. evidence indicat ing that best performance 

b attained when the doughnut is well-filled by ciroulating electrons 

during injection. 

The presence of the factor BoJt., which iG equul to rw/e, in the 

denor.rl.nator indicates th6.t the amount of current required to produce a. 

givon er.toot on the orbits i s directly proportional t o thB moment.tw at 

injection, except f o,~ t .he ex-plioi tly written dependence in th-3 f'irst 

term in the numerator. However, th~ amount oi' charge required to produce 

a givet:1 effect i s indeoe:n.dent o:r i njection mCJQBn'l:,nm, a."'Ccept for this terr.n., 

and varies only as the particle mass , so that it is essentially cons tant 

at non-relativistic injection 0norgies. Thus the fraction of' total retain­

able charge r equired to produce a given effect through t,h.e first term 

is essentially independent of inj action enf3rgy a t low snergi-~s, while 

ths fi'itct,ion required for a second-term e..ffect. deer0aaos linearly wit,h 
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increasing injection energy. We may conclude that, as higher and higb.0r 

injection cne:ri;iez a:-e used, effect's due to electro:ci.agnetie induction: 

will bacome increasingly pre-;,ow.1er~nt over space charge eff ect-s. 

I.n addition. to tho effects included· in the eq·:1.ation u.udcr _Jis­

cussion, ~e shall mention uguin ths atliabct!c damping di~covered lq • 

Korst and Serber(S). ilthough this damping is too ~inall ·to bo of rrrJ.eh 

help if the factor ( l - n eH l - f) is re.asonabl;r l.arge, it can assume 

conaiderablc importanco if either n
8 

or f is near unity. This effect 

d.iffGrs from thosl? deue."lding on a change L.'1 circulat,ing cur:r·ent in that 

it is always of a favorable natm·8, for any- gu..'l loca:tion. Tlnm it. also 

uasists in explaining th~ lack of ca:.ncellation of rising and falling 

current eff,.}cts. 

We now turn to a qJJalitative ,discussion of po1:;.sible injection 

m,achanisms, f'or outsic.e and in.side e-..ms, ba~ed on the effects d~sc-.ribed 

aboVf~. ilthough e. more analytical approaeh would be possible, it is felt 

that. th:; follo7:ing treatment. adequately indicates the various possibilities. 

First we shall as;:.a.1m:::; that. the gun is outside t1?-a orbit, and that 

th3 first tern. pr0dor.d.nat;...:,s ove:i:.• t,he second. l~i cl~ctrcris a.re inj ect 0d, 

the cillTont rises, causing the oscillu.tions to grow. Thir, will reduce the 

average lifetime of the el8ctrons, but 01e:y not reduce it rapidzy enough 

to cocr_pp...llsat,e for those eontinUA.1.ly being injec·ted until rath0r late in 

the injection pu.l:.;e. Thus t:he cu..1-Tent will be rising at a decreasing rate 

during this period. The adiabatic damping may beccme more impo:rt.E.int us 

f approaches uni·cy-11 thus t-:m<ling t.o :-;ave some of the ls.tor injected electrons 

which would otherwise have been lost. Finally, the iJ:lj oction voltage no 

longer matches JGhe acceptenea volt.age, and· c.f'fectivf.l injection ceases. 

There will then be a rapid drop in cu ... -rcnt, as. the small lifetime of elec-
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trons whtne amplitude has bean incras.sed r1uddenly, bogimi t,0 take its 

t.◊ll. At thi::; tim,3 the favorable rever::;e ettoot is at its greatest 

aagnitude, and is being aided lrJ the &.diabatic damping D..or.t effectively. 

'By tho ti.mo a ce1·t ain .f'ra-ction cf thl; tot,al curr1:?:nt ha.a been J.os:·t, all 

r emaining eloctrons ars &l.mpod doom L~to utc.lbl0 m•bi't;s rduch are pi'..:Jrm&•' 

nnntly clear of ,thG gu."l. 

The sam~ oxolan.ation an:.'lli0s t.o injoction from inside tho orbit. 

Hm,evor, in this case, ths t wo t&!'l4, ad<l, tending to 6'1.ve a bigger effect; 

on the other hand, !le is not. apt tc be s:3 near t,o unit-y, t,imd.ir4,; to give 

a smaller ,3.ffeet. Th)) ceneral rae,;;ures of t he explanation remain valid 

in £31 thar case. 

We :.hall n&:.ccti considf;r a casG ;,1hich seom;; sor.10wh&t l ,;;.;;;;, likely on 

the basis of t,he nw:1Grical ·v<'.J.:.103 o.f the ~ :;r;,1;; st:-J ted abo,,e, \:.-1.rt. ;·:hieh 

cannot ~'Jc ruled on.t, en acc,Junt c,f the unknown corx,ection factors m.ulti­

plyLrig ea.ch. Ass~c t.hat inj Get.ion is .f'rom outside, and t,hat the second 

t'8rm is lo1"g0r than th0 :fir·st. Th;:m ss inj sction proceeds, each electron 

m.ll be shiftod. i.'1't1&'d away frorn tho gun. ~bst of thc,sa, injected at an 

.et;rly ct&g8 ·m.11 be progressively aided by this machaniam un.ti1 they attain 

0'."bit;:: entir~ly clear of the gun, osp0cis.lly ;dnce the mech&"li~:.m b,.3comes 

mor(i effective as tha circulr.tir.,r, current incraases. Finally, the injec-

t:lon of electron~ with pro;)cr YoJ.oci tios cease::;. Scne of tho last•injected 

cl~ctronz 'Ifill be lost, and the r everse mechanism, being most ef.rective 

~t, this f."ltnge, Nill bring out others t.o be :.ost. 'the cumulative build-up 

of' this unfav-orable t :.mdancy fr. hov:ev1.~r op:,o.sed by the adiabatic damping 

and thercfors fa not alJlc t-~ ~mplDt:)ly rtivorse the sit.uation; th<J earliest 

injectsd electrons, vsith thS) f'J:n.allast. amplitudes, ara nevar brought all the 

way out to tho gun. In this case there is a special reason for trying to 

lengthen the tirac of effactivo injection by appropriately shaping the 
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voltage pulse to the g"llll. It h r clear 'that, lengthening t.he time avail• 

able for tho slO\'Jly gr·oning . .field t.o prod'4lcc damping will increase the 

diff ei~anae bot,noen th.e initial favorable ~feet· end the final uuf'avorable 

one- . 

This aocouut .con-ts.ins one intoresti.1.1€ f eaturc, nrune-'+-Y, ~ e:-. ::ue.na­

t;ion of why the final output of an accelaratcr raight incl'eass fi..star than 

linearly with incr~msing inject.ion voltug;11 U3 has beon cb;:.~;itved09 ) on 

accelorators wit,h outside inj,:,ctors. It is not knc.m. 1'.nctlmr e uimilar 

effect is observed with an in$itle injoctcr., af, this ·r.ypc of injection ia 

les::i frequen·tly used and has be-en l ass thoroughly studi,ed. ~re have seen 

that a linear increase (in the non-relativistic rangE-l of inje.ction energies) 

might be oxpzctud due to tht-) nuj31bcr of olect.r-on;; requirod to fill the 

doughnut . (Actually this i;:; increasing as t,h-E 1.1 rxn,er at it) K1::N.). In 

the ease just described, the eff'scti Veness of _tha injection fll".;chanism 

depends on the diffor('>..nce bet.men the two. terms discm1sed above., tho 

smaller one of ,,:hich is a decreasing function of injection energy .3.0 that 

the net affect increases as inj.ection. energy increases. On tho other hand, 

this change may be small coiilparcd r1ith others, as for tlX.SLlple, the infiuenco 

of greater currents or higher voltages on tho elect,ron optics of tho injoo-

•:..ion gun. 

Finally, we 1r~ill con:3ider inj oct,ion fi·oni t.he inside, ·d th the s econd 

·term again predoninating. In thi::; case the two t,err,1~ again add awl the 

effect. i3 unfa,,orablc: as tho current ~isea. As in the firot case discussed, 

however, the doughnut may becom,:i fairly full before tho br~~ak-ev2.11 point 

is roochod, and frou that tiue on, ':,he loss of part cf the current will' 

help t,o navo tho re::it. The mochv.nimns of injection discussed above are 

consistent with various e~"'P"~rimental obncrvations concerning the in.fluence 



121 

of const.rict0d apertures a'1d lo1;7er,:,d injection current on output, all 

of i»hich 3e-am to indicate that,, in tho absenco of orbit ccntr·octor coils, 

an acoolei·atar operates best when condition;;, 2ro favorable to completely­

filling tha doughnut with charge during tJoue pai·t. of -t.ho injection period. 

Tl-1tw it in concluded t,hat, although t.he ori'gL"lal ?'..ll'po~e of t.he investi­

g& t ion de.3cribsd in this t,hesis wau th-e study of the effects of a:;d.muthel 

:Jnhomogeneities in t,he magnetic field, the result has been an increased 

understanding of the effects -iithich play an import~t, pa.rt in the injec­

tion process. 
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APPENDIX 

1. Equations or Motion 

Using the notation e::--.1>lained on page 21, the ponderoootive 

equation 
➔ ~ ~ 

r : -(e/m) v x B 

becomes 

•• re + 2r& :: • {e/m)(zBr - r-Bz) 

.. 
z = .. 

in cylindrical polar coordinst.eo, uhore di.f'ferentiations with respect 

to t;i,oo arc denoted by dc"i;3. The negt.lti ~rn sign occurs because of the 

cl oct:t•rJZl 1s nc,gativc charge - e = - /a) • Since the force is normal to 

the voloci ty » v2 : i.2 + z-2e2 + 22 : constant. Introducing e a.l'ld J 

through t,he definitions r !l R( 1 + e ) , z !!! R ~ , where R ia a oonstant 

lenzth, wo ob·tain 

circular motion 71i th radius R in a constant, fiold B0 o Regarding f and 5 

as functions of 8, tre have t2_ :::: \[ 8(t)J SJ 

5 • .5'8, e: e"s2 -t- e'@, and ~ c 5 us2 

• 
) :;: °SL e(-t, )] ; hence ~ • es, 

.. 
~ :s-'Sii \1110 1·0 µt•:imrs oooote 
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differentiations with respect to Q. Inserting these into the four 

equations above, we obtain 

( ! \'l.. [ ,'l- '2-- t'I..] • ~ t t V: R J -:::: t + ( 1 + \ J -+ 5 e = cons ah :, 

m1m .. e f r : Bxfl3
0

, and similarly for ~ Q and ~ 2 • Defining 

/l v !'! (v- V)/v,, w 0 have VJR = ( l - A v)(v/n) ~ Inserting ·lihis value 

in t he f'i!'e-t t hr ee equations, substituting V/R : ;-- re ,2 + (1 +e )2 + 512] ts 
{abbrertat od ao ( 1 ~ e ) x.le, where Y: 1 + ( \ •2 + 512 )/( 1 "1' e )2 ) from 

- •2 
t ho i'ou..,.-th, a.'1.d di vidine u-,r e , we hav0 

Solving the second of these equations f'or 9/0 2 " substituting in the 

oth~r tsoo, and rearranging, we obtain 



as given on page 22. 

2. Relations ADopg Coefficients Determined bz Jlaxy~ell•s &luations 

Maxwell's equations tor a static magnetic tield require that 
-. -+ - ➔ 
V • B = 0 and also that V 1<. B • 0 if we neglect the aagnotic field due 

to the circulating electrons , as mentioned on pages 2.3 and 24. In cylin­

drical coordinates, these equations era: 

dBi- Br + !-. ,H30 + » + 7° t" jB 

' 
dB~ di30 r a e- - J z. :::. 0 

,. 0 

IntroduciJlg (J and j by the dei"ini tiona r ■ R( l + e ) and 3 iiii R ) , 

where R is constant, these become: 

c1Be ( \/ a8r ~ ~) = 0 
Bi- -t ;;e -+ I -t-f JL Jf oJ 

;; B-i. ;}Be 
;;e -(1-rf)T-5 ==-o 

dBt- df3.,_ 
~ - df ,:. o 

JBr d/30 
Be - ;) e + C 1 1- f) ;;; f == O 
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We represent the field components~ 

where Ajk.t : A* •jk o._ and similarly for C jkR and D jki ; A000 ~ l, 

12 • -1, and J, k, and 1 are integers. We ahall denote the triple 

sum by f , and shall use the convention that Ajk.e • C jk..e = 0 Jk..e • 0 

for k < o, J. < o, or both. Inserting these into the equations above, 

and relabeling so as to obtain the same powers of ~ and "f 1n each 

term, we obtain 

Since these equations must hold for all values of ~ , 3 , and 9, each 

square bracket aust vanish separately.. We th9refore have the toll.owing 

scheme: 

('te1r,)(cjhi ~cJ,Jf+,,,') +(t-t-1)(AJ~~-,
1

-R+, +flj,tt/t-i) 

~ -ti) (~~Je-~J+, +·1\n.,,(+,) 

c h+t)( AJ:;'"';' >-c1.,-,J( cj)~, t+1} 

( I?+,) (bJ·k~ ~ DJ;#+~ p) 

+ c.;"b. -:..o 
J J >?,,(, 

- i j A {'RI.. :: 0 

-==o 
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By setting k • k + l and 1 = 1 - l 1n the second equation, substi­

tuting the result into the fourth~ replacing J b,y ). + 1., and multi­

plying this expression by 1 /ij P vre obtain the third equation, thus 

showing that any one of' the last three ia redundant and~ be omitted. 

There is no interrelation of coefficients with different j. 

I:f we assume that t.he seven ~efficients AJoo' Cjoo' 0
300

,, AJOl' 

AjlO' and A.1ll' and Aj20 are givenp we thereby determine all the oth0r 

alenren cootticioots nth this j for which k +.,R_ ~ 2p as follows: 

cjlO = - cjOO - AjOl - ij DjOO 

CjOl:: AjlO 

Djll : ij{AjlO - CjOO) + D JOO 

Dj20: -i-iJ (3Cj00 -rAJOl) -t- {l+ ½J2)DJOO 

Cjll • 2Aj20 

c.120 = ; ij D300 -t ½(AjOl - Ajll) + (1 + ½.12)c jOO 

Cj02 • ½ A.fll 

Aj02: - ½ ~- Aj20 + t j2 AjOO 
, J10 

For the terms l11th j : o, we have assumed A000 = 1, A010 = - n. iJe can 

always mak('3 Aooi : 0 by proper cho i ce of the plane z = O. 'ii e my' take 
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D
000 

= 0 because none of the current causing the field vill ~p through 

the circu.lar electron path; 0000 = 0 since it represents the first term 
. ' 

1n the expansion or a field Br CC' r-1 about r • R, and no such field will 

be present., We then have only two remaining arbitrary constants, Aon 
and Ao2o, determining the axially symmetric field to second ordar 1n E' 

and ~ • The above equations then yield 

Cool= - n 

'l'hese results are tued in deriving the second-order equations for motion 

in three dimensions in an a.r..ially symmetric field, given on page 73 • 

.3. Motion in Tw PPmd-ons trom the Hwu1lton1an Equations 

'l'he Hamiltonian f'unction for an electJ.•on with charge • a moving 

I - ➔ 2 in a time-independent magnetic field is 'lf . = 2 YI'\. It=> + eA \ , in M.K.S. 
➔ ➔ 

rational 'tmits, where p 15 the oanonical mouentum vector and A i s the 

vector pot.entis.l. If' Bz. = B
0 

• 0 in the plane z • o, a particle whose 

initial velocity is in this plane will n6t leave it. If the magnetic field 

is a..nall.y symmetric, we have 
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B z ,: ( V »: At : -;:- :r r r A e ( d] ., 

Ar=A~-=O_; A0 (1-)= ~1;62 (x)dX 

1n this plane; xis an integration variable. In plane polar coordinates, 

The Hamiltonian equations of motion are 

The last two merely serve to define pr and p 
9 

given above; since 

B is independent ot e, Pe is a constant of the motion. 

where subscripts I denote values at injection. From t.hia, 

8 • (P8 +- erAe)/uzr
2

; from the conservation ot energy, r2 + r2e2 = ,1- = 
COn.9tant. Combining these, j_.2 • v2 - (Pe+ erA9)2/ul-r2. 
Nov 

hence 

P9 t- er.le = llll"r2e1 - e t r:rA9(r1) - rAg(r)] 

:: mr1
2e1 + e lr x B z(x)dx ; 

r.r 
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Since V/R = eBo/m and ri,r • v cos ¢r, where ¢1 is the angle between 

the direction of injection and the tangent to the circler• r1 at 

the injection pointg ·this may be written 

the result given on page 26; y is another variable of integration. 

To find the conditions under which oscillations will ocour, we 

• first find whether radii rma,x and rmin e:dst at which r • o, as 
• 

indicated in the text. 'l'hen, differentiating the expres sion for r and 

• setting r = o, we obtain the result 

which is valid at r • rmax or rm1n• It then follows that there will 

be a restoring force 1£ 

as atat.ed on page 27. 

To find the limits of motion in the case where ~ z{I") may ba 
• 

apprw...imated as r z : 1 - n(r - R)/R = l - n \ , we set r = O, 

o~~ining 

+ 

expressing this in terms of f s, we have 



f ,..Q.,~ 

1 +- f ~ a ( 1 + el)( 1 - ~I/) + ~ 1 '»\i" (1 + y)(l -ny)<\f, 
. e.z: 

where we assume cos ¢1 i s near unity; y i s an in-t;egration variable. 

We have defined V/v ■ l - A 'if; ::lnt egz-ating9 expanding 11 dropping third 

order to:rms in t he srr;,s:111 quanti t i es f, f I' ¢
1 

and Av' and simplify­

ing, we obtain 

-= 0 . 

Solving this quadratic equation, the final r osult is 

as stated on page 31. 

To obtain an integral for 0 ass. function of r, we note that 

0 

Since we have found 0 as a function of r , wo may write at once that 

r 

4. 'fjathod of Succeimiye Approximations ;tor B§+dial f4gt1$ln in AA 
Ax:lplly S,zmmetric Fielg 

• 

This m,r~hod i s dos .::.1:'ib:;d i.n R,3f ,'3r ence 24, § 70 . We shall only 

summari ze i t hore. The equation '\"je wish to treat, has the form 
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the coefficients A1 , A
2

, 8i/ B
2

, ---- are given on page 32. The 

method , 1B applicable to any equation of this form in which E:1 
1 appears 

only to even J,X>wers, as long as the right side is small .with respect 

to oi ther t.erm on the left. This can be arranged in our problem by 

first introducing a new independent variable 

to elimina'Ge tho constant term in /l. v; ua llO\"l find that every term on 

·t.he right of t-lle equation for x is of second or higher order in x and 

E. , whose ranges in the physical problem at hand extend from zero to 

values small compared with Wlity. Hence wa can introduce S , a para­

meter of smallness, by setting x ii S 7s ~ E !! ~ 1_ , where 5 and 1._ 

are assumed to be of' order unity or less. By introducing the abbrevia-

tion w 2 ■ l - n •(2 - n) A , and cance.lling out one factor S , our r V 

equation becomes 

which is of the type desired if the A's are of order unity, the B's of 
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order & ·l i> and so fort.ho However, in the procedure to be followed 
• • 

in the present instance it is assumed that all of these ccei'ticiGnts 

are of order unity or less. 

Since w have previously determined that the solution of our 

equation is a periodic oscillation symmetric about an extreme point, 

and therefore representable b;r a Fourier cosine series, we postulate 

here that the solution i s g ( £ 8 .+ ¢) = a( -y), with a."lgUlar traguency 

J?,, to be determined, and erbi trary phase f6 11 Changing variablea, 

, where dots denote differentiations 

with respect to 'Y • We then have 

°" DO 

W0 now set·z( --r-) • L d D zn< -i-- ) and ~ .2 = z a nJ?.n2
P am require 

~=o ~~o 

that m11( 1"' 1-- 2'1l") = Zn{ '1-' ) and that ~(O) = 0 for all n ~ O. In solving 

tor the sn by successive approximation we will find that secular terms 

(increasing linearly ,vith ,y ) ~ill appear unless we require that 3n 

shall contain no term in cos "'t' f'or n ~ 1. 

Zero order Egu.ation: 

O· , 
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where 

~ == ~ ({(A, +w; A2.) + 1,1-A, ; 

F, = a_ft,1"-t- ~za. A,; F-;.:::. ±a.'2,{A,-w~A~). 

By setting F1 • o, we find that ~ 2 • - 2 t A1 • z1 is 

then determined by aolving the remaining equationJ 
F.. F,_ 

2 1 -;:: c,)r.,_ - 3w/· (O'S ~ 't' • 

second Order Equation: 

fly' substituting for z
0 

and 8l, and collecting terras, the 

. right side may be written in the .form G

0 
+ G

1 

cos 1" + G

2

cos21"" + 

G ... cos31" • 
.:J 

Setting °i = o, we obtain 

n'Z.- __ ::i.1-1,Fo+ ,4,F2. ~AF. - 1 'l.B 2 a.."l.. 2 B 
dlo.,__ - w,,.-z... 3w/· + 3 2 2. 'ta. ,-31 BJ - '-f <Jr 2.. • 

The solution for z
2 

may then be written as 
r G-3 
\Jo G--.._ 2 

Z = ,, ... - - cos1.1' - Ol<,)r'l-G05)i, .. ....,, jlu,,.-z. a 

By combining our resulta thus far, setting & = l, and returning 

to the original nota-tion, we obtain the results given on page 32. The 

convergence of these series now depends on the smsJJn9ss of the constants 

C1.. and E • 
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5. lli3rj,vation of Formulas tor o...' and o' 

The soluti~n of the dif'f'erential equation 

in which f'(8) has the properties stated on page 42ll may be represented 

by the expression 

In tact, an additional constraint on the relation between a. and S 

me.y be imposed, such that 

By ditterentiating the expression for ~ and equating this to the 

assumed expression for f ', we see that this constraint lilplies that 

0... t 006 ¢ : $ t CL Sin ~ o 

By ditterentiating the assumed expression for e' again, and inserting 

this on the lef't side of the ditterential equation, we obtain 

If we substitute for ~ • in terms of o.. • on the left, replace f and 

~ 8 by their assumed expressions on the right, and solve for a•/ o... , 

we obtain 

a....' 
a.. 

-:: 

On the other hand, if we substitute for Q I in terms of S', we obtain 
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'l.. ..,_ 

C' I= c.:>,- -w c.os2 ,,1.. _ -' f( O..GoS <f -WO... s1..,_,c/:, 8) Gos: ~ 
0 w 't' a.w .1 -' 

These two first order equations are now equivalent to, and may replace 

the original second o!"der equation, as indicated on page 42. 

6. Proof of the Divergence Theorem 

The theorem to be proved may be stated as follows. If the solu-

t ion to the differential equation ~ " ---t-- w r 2 ~ • f( ~ , \ • , 8) be 

represented in the form ~ = ~ A(0) oos L w 8 + S (e)} , and if it alao be 

required that A(8) end S (8) be such that ~' = - {,.)mi} sin tJ e * ~ (8)], 

then ) A 1 
/;) A "" c"l cS '/ J ~ !: d f / J f ' . 

11e have obtained formulas for 0-. • and s I in the precsdi..11g soot ion 

of the appendi;< . By dittorentiating them, we obtain 

Since A : a... 2 
9 A' = 2. a.o...' • 2.A½ a..• ; therefore 

JA I 
I 

Y. Ja..' da... a. 
-=- At ... + 2A .... 

,Jc,._ .JA )A 

I c)a._ I a' Ja.. 
I 

,::l.. 

==- + - -+ 
1-li ... Ja.. /'.A, ,) a_ 

Thus 

and 

, 
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as stated on page 48, which proves the theorem. 

7. Evaluation of the I's 

In thia section we wish to indicate how to determine the constants 

10, K:t• and K
2 

introduced on page 1+9 which result fi'om the application of 

the equations for CL 9 and 5 • introduced on page 42 to the differential 

equation oa page 4.3, using the averaging procedure described on that page. 

We shall work out the results 1n detail for the approach 1n which the 

method is applied directl.7, .t'or the two caoea s: 2 ands• J (where 

w • r/s), and then indicate the modifications which arise if the equation 

to be solved is that for rootion about the distorted equilim-ium orbit, 

as mentioned on pages 34, 36, and 50 • . In the course of the investigation 

described in this thesis, a large mwber of very general calculationa of 

such coefficients have been made. However, there seems to be no point 

in including them here, since the computations are straight.forward but 

very tedious, and the rasulting expressions are extramel,Y mivieldly 

because of their generality. Also, in the application of these techniques 

to a situation of practical interest, it would be fairly easy to ascertain 

which of the Ajk coefficients were important; it would then be as simple 

to carry out the derivations afresh, keeping only theoe terms, as it 

would be to specieli2e general results to this case. In fact, the best 

technique in a particular situation might differ from that discussed here 

if certain higher order coefficients were known to be large, as ment.ioned 

on page 84. 

For direct application to the equation on page 43, we will consider 

the terms in the first and second rows sep&-ately as was done in the text. 

The first row terms with odd powers of f contribute only to ~ ' ; all 

other first row terms average out, as pointed out on page 43. This contri-
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bution to ~' :i through second order in o.. , is 

.. 5..w 

since ( cos4 ~),...,... = 3/8 and ( si.n2 ¢ co/ ¢) = 1/8. Therefore 
A ... ,, Ava 

The values of B1 and B2 are given on pege 32. 

We may evaluate Ifo immediately from the formula for <5 ° on page 42. 

The correspcnding term in the formula for a. 1 averages to zero. In 

evaluating the contributions of ter ms in the second row, we need to know 

the value of the in·liager a. For s = 2 » we see from the general formulas 

on page 49 that the contributions of lowest order are independent or o.. • 

By oocpanding the terms in this row, we find tha·t these are given by 

the average valuas of 

00 ' 

2 i-</~,,.. f": a L 2AJOcoa(j0 -+olJO)-tAj1cos(J8 -" 0\Jl)]cos ~ :- ~, 

where the sine is taken for 2i • / a and the cosine for & '. Also, 

8 : c.o •1 (¢ - J ), v,hich gives 2(¢ - ~ ) for s : 2. Inserting thisi, expand­

ing the trigonometric functions, neglecting Av compared with unity since 

the Ajk are assumed to be small of first order, and averaging out certain 

torms by inspection, we obtain 
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2 ~, { AjO [ cos 2j vf ~~-;2¢coa(2j ~ - cf. JO)+ sin 2j9/ ~~~ 2¢sin(2j $ - o<'.10 ) J 
j::. I 

~ ~Jl [_ cos 2j Ill f;i2¢eos(2j :i" - ~ j 1 ) + sin2J!,l' ~~ 21,l'sin (2J I - "'Jl) l } , 
We see that all terms with j f 1 disappear when averaged r1ith respect to 

~, leaving 

' . -
A s '"- (2 5 • o( ) + ~ c;; r I'- (2 E • ol. ) : K 'S ~.... (2 ~ • ex ) 

lQ Co S 10 -U Co S 11 1 C" o S 

as the final result. 1S_ and c;,(_ are mos·t simply evaluated by the graphical 

construction which follows . 

This result should be compared w:tth that on ~e 38 obtained from the 

i\aathieu equation. It will ba seen that I 11_\ 13 the same as the quantity 

\ o/ 4 / deri vad there. 

If s • 3, r may- be eit,her l or 2, and tho lowest order contribu­

tions of second-row terms contain one power of a.. . By similar manipula­

tions, we f'ind tha·t only terms with j = r contribute; the result is 
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o<. ) 2A s~,... 
- ro + rl cos 

IS_ and d-.... can again b l:3 evaluated by a geometrical cons t:ruction. 

For other values of rand Sp sirailar results can bG obtained. 

Tho higher-order terms iahich are merely indicated. on ,age 49 r.iay also 

be evaltv.:ited1 although it is :pointed out on page 84 t...}iat these tcrm3 are 

net necesoo..ri 1y t aken int-0 account correctly by the formalism adopted 

here . Howevor, if some of t.he Ajk coeff'icients are large, different 

:procedures can easily be devised for obtaining a first approximation to 

t heir inf'111enc0 on tha motion. 

One such nroce1ure whi ch should be a.pDlicd, if any of the Ajo iii.th 

small j arf, apprectBble, i s ·l;o eliminate the lowest order effect of these 

t erms by ;:,olving for the motion aoout a dis torted equilibri um or bit. The 

reaoons for doi.7lr{ t his are di11oussad on pages 36 and 50. The dif.fercntfal 

equation may b-a wri tten in the form 



ii" we neglect ,6.v compared with mdty. The second and third lines 

of this ro-..--pression are now of order e 2, Ajk ~ , and higher orders. 

Neglecting them for the moment, the solution for the distorted orbit 

~o (e) = 

It we denote the displacoment from this orbit by- x, we have 

and the differential equation satis.fied by xis 

X
11
+ w:-x::: ,A, (x+(of" +Ai{X1+\11'f""-+ B, (x+e.,/+ Bl-(X+fo)(x'+e/)7--t __ _ 

DC! 00 

- l Ii- ~c x+~o) 4 --· J f ~ 4.;~ (-x +(o) \os( je +~:i\q.). 

We now proceed to appJ.¥ the method m>.der discussion to this equation. 

It is clear that, 1n principle, the right side can be mul.tipJ.ied out 

and rearranged to bring it into the t"orm of the original equation. How­

ever, the coetticients vill then be much more oomplloated functions of 

the original parameters, and it seems unnecessary to _evaluate them in 

detail here. We w1ll merely give the lowest-order reauJ.ts for the case 

r/s = ½, .Li y = o, tor comparison with those of the simpler case. 
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~ • A10 [ l - ( ~ "'1_ + ~ ~ sin (2 'r - °'io> t- ½Au_ sin (2 I - ex u> ; 

. ~'= 'io ~1- ( ; _Ai 1- ~ )]cos (2~ - <>< 10) -+-½Au_ cos (2f - o(ll) 

'the value of~ is given on page 32. ifo see that E;z is the same as 

before but ad.di t!onal terms appear in 'o and ':i_. The complex! ty of 

these expressions increases rapidly for larger sand for higher-order 

s. Deppiepce or ()scill@tion Amplitude on e 
For tho situation discussed on page 64, we have 

a. 2 • (const.) soo (2 ~ - o1. ) , 

and .from tbs reoults on page 49 we obtain the dirtarantial equations 

ss.tiafied by ci and ~ as functions of 8 1n this case (as illustrated 

in Fig. 7), in which le) : ~ : 0: 

a.'/<i • 'i sin (2 f - cJ- ) ; 

_, -
d • Ki cos (2 ~ • ex ) . 

The second of these can be integrated at once, to give 

-
sin (2 ~ - ol ) = C 

41(,e 
e -

Ce ~1<,e-+ 
• , 

the valus of the integration constant C is determined by the condition 
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that 6 = & c, at, 9 = 0 to be 

C s 
-+ s ~-I-\. ( 2. ~ .. - ol) 

I - SIi-\. ( '2!b- oL..") 

from this we obtain 
~ 1.,e ,.1- Y-z. 

Q. 2 • (const,) ,sec(2 ~ - o1.) = (c,,st)[I -(~:_.,.::) J 

• (const.) ½ cc½ a2118 + c-i e ·2119 ) . 

1 

In the situation or :interc~t, ol = tr /2 and c1f • tan & 
0

• In this 

ca.s91 if' we require that a I! o.. 0 at 9 = 0 1 the constant ru'il.St have 

the T alue 2 sin ! 
0 

cos 8 
0 

; we then obtain 

as stated on page 64. 

If tho adiabatic danr_)ing t &rm .li3 cusaed on page 63 is included, 

we have 

If we make the substitution a (6) = f(0)e -Ka.9 , we find that. 

so that .t(e) is the same a3 CL (9) for the C!.l.Ge without da'nping; thore-

- \ 2K 9 
(().../a,,) 2 : Ls1n2 & 

0
e 1 + 2 r -2K19] cos ,:) • e 

0 



as stated on page 65. 

To determine the number of revolutions required tor an electron 

to regain its original amplitude, with _~d = o, we note .from Fig. 7 that 

the curves a.re symmetric about their minima, determine the number of 

re'90lut1ons to the minimum, and double it. Carrying this out, 

-where 811 denotes the value of 8 at which o.. reaches a minimum. Solving 

for em, we obtaJn 
-l 

em = {21:J_) ,e of ) cot f O \ • 

The number of :revolutions •r required to return to the original amplitude 

is given by 

and l cot & 
0 

j is found from page 65 to have the value I½ ~ I cot ¢, I \ J 

hence 

1\- = (2 1T Ki )-1 
Q o CJ-- \ ½ ~ I cot ¢ I \ , 

1;t.S stated on page 67. 

If t
1 

: O, then f 
O 

= o, a. o = ~ I' and ().. : 

Therefore a. = after 1f revolutionsj where 
C 

the other result quoted on page 67. 

9. Sy.dden A.PPW£1matJ.on for Char.ge in osrUJation Amplitude 

It was sho\m on page 108 that the radial velocity of an electron 



could be expressed by the equation 

This expression gives e as a function 0£ ~ , ~ m' a- , and v. 

0ur approximation consists or equating ~ L o, e m' ~ , v1 and 

f [ o, ~ 11 -+ A~ 
11

, er- (1 -t- A I/I), V + 1:,, v , expanding, retaining 

only first powers of A ~ m' A I, ruid A v, and determining the rela• 

tion connecting t hese three changes. 

Carrying this out in detail, we first obtain 

By evaluating the integrals over infinitesimal ranges in the u.~ual way, 

esncelling where possible, and ex;,anding, ne obtain 



145 

R&arrooi3,in5 and. uu.ltip~ by i'-/v2-, this becomes 

as stated on page 110. 

10. Iota on Tillle-Varying Inhog.ogeneities 

After the text was prepared in firial form, an article(46) 

appeared describing the successful application of a rapidly varying 

inhomogeneity to the procass of injection, in precisely the way which 

'tJaS considered on pages 66 to 68 of this thesis . However, the accelerator 

used had an air cor ~ magnet, r ath-3r ·t-.han an iron core. one as was considered 

in the !)resent work. It is probably easier to change quickly the form. of 

an air core f'ield than that of an iron core one. 



U.6 

'.t'hcso oxp3r~ental r•esul·;:,;:;. seem to agree with the analysis. In 

particular, it was found that (l) the switching-off time of the inhomo­

geneity is critical t,o about a microsecond; (2) a very rapid fall-off ia 

desirable (a decay ti.me of 5 x 10-8 second was UDed); (J) the effect is 

very sensit,ive to a cllange or t,h0 value of n by as, little a.s o.Ol; (4) 

the azimuthal inhomoger.eit,y ::1u;:;t be completely removud; illld ( 5) the 

scheme is successful for a va.riaty of gun positions and for small relative 

ap--,rd ;uros. All of these fea·tu.r e ;;; a:r0 predicted by our alliily.:;io c,f lihis 

There is as yet no indication of the rJlative merits of this 

injection scheme as compared ~1th the more conventional one, because 

the accelerator 1n question has propertic3 which have made it thus far 

impossible to obtain an accelerated qeam by the usual technique. We 

still believe that it will be very difficult, i.f not im~)Ossible, to 

increase the output, of a well adjusted accelerat.,or by changing over to 

a scheme of this kind. 
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