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ABSTRACT

The effects of ezimuthal inhomogeneities in the magnetic guiding
fields of betatrons and synchrotrons, and of non-linear terms in the
equations of motion of the particles havo been investigated in detail,
with particular emphasis on their influence during injection., The prin-
cipal cbisctive has been to determine whether these effects may provide
an explanation of the success of the injoction process, and whether by
appropriate adjustments they may be used to enhance its effectiveness,
by induecing a resonant behavior of a favorable mature. It is concluded
that these effects alone camnot explain the observed injection phenomena,
and that 1t is very difficult Yo use magnetic inhomogeneitieé to produce
favorable cffects. An explanation has been found for the satisfactory
performence of some accelerators in which unfavorable resonant effects
have been predicted by other workers.

An additiona’ study of the electromagnetic interactions of the
clectrons has yielded a more satisfactory description of the injection
processe These resulis, which may be discussed in %terms of space charge
and self-inductance effects, extend and clarify the recent suggestions
of Kerst, and provide quantitative estimates of the effects responsible
for the success of injection.
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IRTRODUCTION

Thias thesis constituies a study of the process of injecting

slactrons into be‘b&trona(l’ 2,3) (455,6,7) "

end synchrotrons These
racently invented seccelerators have already become lmportant tools
for exploring the nature of high-energy interactions among funda~
mental particles. One of the most important and interssting tasks
facing both experimental and theoretical physicists today is that of
investigating and understending these intersctions, and thévefore a
considerable number of auch accelerators have been designed and built
in rapid succession, sach with a greater output emergy than that of
ita predecessors. Blectrons are now being accelarated to an energy of
100 million electron volts by betatrons end to 300 Hev., by synchrotrons;
accelerators now being designed will have owbpwit energies in the \
billion slectron volt range. Almost ail aspects of these machines are
now wsll undsrasiood theoretically, the ;n'incipkl exception being the
nature of ths injection procsas.

In this section we shall first explain the basic principles
~ on which thess sceslerators operatas. We shall then discuss the impor-
tance of zmcliarstanding the injection process, and formulate the genersl
problems o be solved. Tﬁa objectives set for the present study are
next motivated and deseribed, and the results are summarized.

The research to bs describedl separstes naturally into two perts.
In Section II we deal with the problem of determining the motion of &
alngle clectron under the assumption that the other electrons similtencously
present Igave ‘a negligibly small influence on ite behavior, while Section

III contains an account of the interaction effects neglected in Section II.



2

To make the text of these sections more readable, we have placed all
longthy mathematicel derivations in an appendix, which therefore conszti-
tutes an important nuxt of this thesis.

The betatren, or ﬁllduc?:ion- electron accelerator, was invented
by Kerst{l) in 1941, It is unique among particle acoslerators in that
the electric fisld providing the accelerating force is pmd;:ced by the
change of magnetic flux through the ecircular electron orbit, in accordance
with Farsday's law of eleb‘tm:aa@etic indueticn, The elscirons are |
held in their cireular path by the magnetic field whose changing flux
accelerates them, The fisld at the orbit and the flux through it increase
together during the acceleration. It can easily be shown that if

a$/at = 22 a8 /at

. where § is the flux through the orbit and B, 1s the magnetic induction
at the orbit, then the orbit radius R will remain conztsn® independent
of the slectron mass and veloecity evan in the range of extremely rela-

tivistic energics. The integrated form of this eguationm,

B (L) = 27E° B, (%)

45 ¥nown as the betatron flux condition; it expresses the fact that the
space aversgs of the magnetic field over the orbit ares must be twice
the fisld at the orbit at all times during the acceleration if the

orbit is not to shrink or expand. Ths electron orbits are made stable
against smell displecements by magnetie focusing forces(8> due to the
space dependence of the magnetic field in the neighborhcod of the orbit;
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these foreces will be considered in detail further on,

Thé electrons circulate in an evacuasted toroidal accelerating
chamber (usually referred to as a doughnut) contsining an injection gun
to supply eleetrons, The doughnut is placed in a magmetie field pro-
dused by an iron core eleotramagﬁet having pole pleess earefully shaped
te provide magnstic focusing and centwral flux bars adjusted to satisfy
the flux condition. These compconents are indicated in Fig. 1. The
megnet is resonated with a capacitor bank at a low ffequenqy (ususlly

six%y cycles per second}, the losses being supplied by am external
powsr source. A group of electrons are accalera£ed during a partio@

of sach cycls, producing a pulsed high-energy oulput beem. During each
trip around the doughnut an elsciron gains an smount of energy in
electron volis equal to the insianlaneous voltage which would be induced
by the changing flux in s single twrn of wire placed at the orbit posi-
tion, <The electron beam itself thus coamstitutes the secondary coil of
a transformer. _

The soguence of evenis in sach cyecle is shown in Fig, 28. The
slectron gun is pulsed with a voltage of the order of 50 kilovolts for
about two microseconds, a% a time in the cycle when the'magn@tie field
is weak but increesing. ‘The electrons are injaétg& nearly btengenbially,
at approximastely cbnstant enargy. I the injection energy is exactly
" constant, the firat ones injected will enter too weak a magnetic field
and gtrilke the outer wall, but as the Tield rises there is a finite
but short interval during which they are accepted into orbits lying
within the d@aghnat. After this interval, the field will cuwrve newly
injected elecirons too rapidly and they will strike the inner wall, 4n
attempt is usually made Yo shspe the injection pulse so that it lies within
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Field at orbit
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FIGURE 2a
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the limits of acceptance for a longer time; this is indicated in Fig. 2b.
The accepted electrons are accelerated continuously as long as the field
increeses and the betatron flux condition is meintained, Vhep they have
attained ‘the desired emas;'gr, the orbit may be deflacted inward into &
metal target, or outward into the rear of the gun which acts as a target,
by one of a variety of methods which all depend on invalidating the flux
condition at the proper time. If the orbit is not deflected, the field
will reach its maximam and decrease ageain, end the electrons will bs
decelerated by the reverse effeoct, \

Since the olsctrons are undergoing a centripetal acceleration,
they will radiate away some of the energy imparted to them. 7This radie-
tion loss is large enough to be importent only for electron energies in
excezs of 100 Mev., beyond which 1ts effect becomes eguivalent %o a
failure of the flu?r condition, since the net, energy gain per turn is
no longer sufficient to maintain a constant orbit radius, The orbit
will then shrink into the inner doughnuit wall., Since the radiation loss
incresses as the cube of the electron energy, this effect set;s an upper
1limit to the energy attainable in & betatron.

Aeceleration to higher emergies is made posaible by the principle
of phase stability, which was discovered independently by Medillan(4)
snd Voksler(5) in 1945, Consider a charged perticle moving in a cirele
in & magnetic Pield, and pessing once sach revolution through an accelerat-
ing gap acreoas which is lopressed an aliernating voltage. The particle
gains or losea an amcunt of energy dependent on the phass of this voliage
at the time of sach crossing. If the period of the gap voltage is'equal
to the time of one revolution, one poasible motion %{s that in which the
particle always crosses when the gap voltage is passing through zero.



dcdillan and Vekslor showed that the wotion with cro3sings at this
phass i3 stablsy ~that ias, particles started off with sllwhtly
difforent encrgies will tend to lose energy at the gap when their
snergy 1s tos greail, and vice versa., This comes about bacause of

the interdepsndence of radﬁ&s, velocivy, and time of rotation. Im
conseqguanea, these particles execute slow oscillationas,both in pha;é
and in redius, about the stabls values, Such particles are said to be
locked in ayﬁehronism with the alfernating frequency of the gap. |

If this freguency, or the magnetic field strength, is slowly
- veried, the particles will tend to do whatever is needed to maintain
this synchronism. In the synchrotron the uwagnetic fisld is slowly
increased, while the accelerating freguency is held constant., The
elactrenn then find 1t necessary to gain energy from the gap, on the
avsrage, in order %o reuain synchronized., If the magnetic field is
fixed, the oscillation about the phase of zero voltage is analogous
to the motion of a asimple pendulum about its rest point; the effect
of slowly changing the field is analogous to the introduction of &
constant torque so that the pgndulum's atable position is displaced,

The energy loslt to radiation does not upset this scheme but merely intro-
duces an additional shift in the stable phase, Jjust sufficient tc pro-
vide for the compmasating enargy gain,

The freguency of the oseillating electric field in a synchrotran
is v/2 mr, where v is the slectron's velocity and r the radius of the
circle in which it moves; thus if the velocity is to increase considerably
during acceleration, this frequency must bs appropriately modulated or
prévision mist bo made to allow for the correspoanding increase in redius.

A3 iV is desirable tc avold both of these alternatives, synchrotron
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czoleretion must start et :m electron energy of over ons Hev,, since
above this energy an elsctron's velccilty is nearly that of light. For
this reason, following the suggesiion of Pollock(g), i% has becone
comnom practice to operale a gynchrotron ac a belatron in the first
stege of acceleration. 7he conbtral {lux bars carrying the vetatron
flux are constructod so as lo saturete early in the cycle, when the
alectron energy is around one Hev.; no furdther imreaée in central {lux
ocawxrs although the £ield at the orblt continucs to rise. at this
time the oscillating eloctric £ield is turned on, and accompliches the
rest of the acceloration while operating at consiont frequency as
described above, The bean may be trought snward by shutting off the
accelerating vollage when the deéix‘ed enerzy is reached. This sequence
of eventa is shown in Fig. 3, together with a diagram indicating the

/

aerrangenent of the principal components of a synchrotron.

The besis »rinciples of oneration desoribed a;:,ove have haon
woll verifisd by'many exmeriments, and no betatron or synchrotren thus
far conasbructed has failed to flmctién, in s;::ﬁ.e; of the fact that the
various models differ considerably in desizn and constructicn. However,
when 2 new machine is first 6para‘c.e<39 s high energy culput is usually
zeve, The oparatcé's vary all nossible gun parameters {(such as 3tm
position and orisntetlon, and pulse shape, height ané timing) and adjust
the magnetic £1a1d shanae by shimming the ceniral flux bars and by vary=
ing the currenta induced by the changing field in various colils attached
to the nele pieces, until o beam is first detected, This procedure may
regquire meka or months of coniinuel exnerimentation of a more or less

 randem sort, although it has recently been fomnd poecsiblo e shorten it
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FIGURE 3
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by operating the magned with reducsed excilation during the search for
& beam, Uhen onee located, the besm is mexinmized by repeated adjuste
ment of 21l porameberg; these edjustuments greatly increase the original
outpat,. ‘ |

The difficuliies in aﬁjmtﬁz@ a new machine are centered about
the initial establishment of a ztable circulating cman‘%. of elecltrons,
oinee once a currendt 4s well entablished there is nothing %o hinder
its ecseleration, The injection nrocess consists, in the hroadest sense,
cf the esteblishasnt of this ezzrzjan'b. A complele undsrstanding of the
process would bé veluabls for soveral reasons. First, it might lead
to methods for mors quickly and efficianﬁly adjusting e nachine for
maxiom owbpub., Second, snd more importent, £t might suggedt acthods
for greatly incressing the inmtensity of the high-enecrgy outpubt bean
above that now ebtbainable by empirieal adjustments., Third; and porhaps
mosb impmétan’b of all, such an understanding might provide assurance
that a now machine csn be made to work; the eruciel reguirememts for
suceagsiul mjsétifzm are ot mown, end at present there 15 no guarantes
thet they will be satisfied in fubure accclerators merely becsuse they
can be met in existing onez,

In thess seceleraters sn electron must follow an anproxisadely
cdreular path for a very large muber of revolwtlons, and the fundamental
question immediately orises as toc how 1t may avoid a collision with the
rear of the injecting strueture at the end of its first revolution. The
original theory describing the orbits followed by electreoms in a betatron, .
developed by Kerst and Serber(8), provided an explenstion of how this
mishap could be postpon;ad for several revolutions, Thelr comelucions

wore based on the equations of noiion of a single sleciren in an axially
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symmetric field. By the ususl teehnique of linearizing the eguations
for study of small oacillaﬁiopsuabout steady wotion, they showed that
omall radial and vertical oscillations, sbout an instantaneous circle*
of radius appropriate to tha mnméhtum of the elaciron, wers each
gsinuscidal, with f?equencias'rasﬁectiVely (1 ~n}% and n% timez the
rotation freguency. Here n is the.axgonent in the expression for the
vertical component of the magnetic field as a fwnction of radial qlse
tance in the neighborhood of the orbis ( B, o< r'n); it must lie in the
range 0<n<l if the orbit is to be steble agsinst both vertical and
radial displasements. The offects of these oscillstions may be
visualized by plotting the vertical displacement from the instantanscus
cirele against the radial displacement, with the azlmutbal angle as
the parameter of the curve. The resulding Lissagous figurs, of cowrse,
does not show the motion arownd the instantanecus circle; this motion
can be indicated by placing dots'along the curve at the suceessive
positions where the elsclron passes the gun as it traverses the curvs.
This is shown in Fig. 4a, dramn for n = 2/3 with arbitrarily chosen
initial conditions. In this example the electron Qill make seven
rovolutions befors encountering the gum. }
Rerst and Serber also showed the existence of two damping
effects, due to the time variation of the magnetic field., The oscilla-
tions about the instantaneous circle are despad, end the inatantaneous

eircle slowly approaches the equilibrinm orbit deifined by the betatron

% In discussing the lineariged »roblem we shall adhers to the termino=
logy of Kerst and Serber. They define the radius ry of the instante-
neous cirele %o be that satisfying mv = er; B_(r,); it will be
different for alactrons of differcent mcmen%a ¥n %hs same field., The
squilibrium erbit, of radius R, is defined by the field alone; it is
the circle for which the bstatron flux condition is satiafied,
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FIGURE 4a
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flux condition., Quantitatively, they proved that
As/e z o(}) oE/B and A x/x e~} AE/E

in the non=-relativistic emergy region; hers o denotes thoe azmpii=-

tade of either osciliation, x the differsncs ry; = & betwoen the radil
of the Instanteneous and equilibrium circles, and E the electron's
kinotie casrgy. The effects oif?l’uhis damping in various cases are

showh §a Fig. 4b, vhers the danping is wrestly exacgerated. I4s effact
on the Liasa,}afma figure is %o slowly Wwanslate it toward the equilibrium
eireis while shrinidng its linear dimsnsions at half the rate of trans-
lation, \

If the damping is negligible, 1t is clear tbéﬁ after savaral
revoiutions the electren will return %o the immediate vicinity of the
injection roint, collide with the rear of the gun, and be lost. This
is mads even more certain by the fach that it will spend a 1§rgar
fraction ei‘ its time near the crests ef its radial oscillations, where
the gun chatructs itc path, than near its instantaneous circle,

Karstls original be%atz'omu) wes designed to avoid.‘cyhis difficuity by
utilizing the demping, which was mede largs by choosing low injection
energy {~ 200 s.¥.) and high energy sain per turn (~ 25 @.v.). It

was emlcnlated that this demping would be sufficient to avoid colli-
slons with the rear of the guny, end that the injection energy mulé

still be high enough to prevent sxeessive loss of electrons by scattering
from the residusl gas in the doughnut, However, experimenita with this
machine showed that the yield inereased rapidly with inerease of injee-
tion energy over the available range (to 600 e.v.); this is in direect
contradiction %o the '&heory-described above, since the per cent energy
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galn per turn, end hence the damping, decrsases with increasing injection
anergy. In subsequently constructed accelerators (2,3,6,7) it hos been
found that still greater injection cnergiss further m;;;rcve the yield,
Pregent machines injeet et ihe highesﬁ anorgics their guns will stand
without arcing over; these zre in thz vieinity of 30 Kev., where the
Rerst=terber damping is cozmpletoly inadsmuate o oxpiain how soms
alsctrons do in fact manege 10 avoid cellisions with the gun for hundreds
of revolutions., HNe entdroly satisfaclory explanation of this injocbhion
.phemmamn hap thus far appoeared. |

The fraction of injected eleetrons which escare such ccllisions
is not large, even in the begt-adjusted mochines, In a typical accelerge
tor, about one clectron in fifty to one hundred menages to successDdly
complote twe thirds of itz first cireudt, the rest being lost by colliie
glon with the doughmut wmalls, dus to the rather largs divergence of the
boam enitted by the ing actiém gun (which most be compact so as Zo offer
as smnll sn obatrueting eross-sectional area ss possiblel. OF those
which survive the First revolution, all but one in twenty or sc apre soon
loot, neny of them mreswsably to the rear of the gun, when a machine is
fina'ily adjusted for optimm output. However, it tekes monihs of menipu-
lation %o raise thie rroportion from ap initlal valve of perheps one in
165", The initial cost of these machines is so high thet it would be
worth considerzile study to raise it So one in five, bud it is probably
nore fmportant to gein sssurance that it can ve improved from cone in 105
to at leasst one in 100, say, in a new machine; if this could nol be done,
the éntire initial coat might be wasted,

The ameunt of eirenlating current which can be estadlished

Pd

# These data were supplied by Dr. R. ¥, Langauir,
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probably depends on 2 great number of factors., Among these are the
injcction energy\ and current; the shape, duration, and timing of the
injection pulse; the space and time dependence of the magnetic fiesld,
including eddy current and hysterssis effects and azimuthal inhomo-
geneities; the position, orientation, and design of the gun; the con=-
ductivity of the coating on the inside of the doughmui, and the resis-
tance betwoen it and ground. A complete theory of the injesction process |
would include an evaluation of the influence of each of these factcrs
on outpub; the most important regquirement of a sucecessful theory is
that it should explain the mechanism which allows even a few electrons
%o clear the gun, |

3

The adjustment of the azimuthal varietion of the magnetic field
has always seemed to be sn essential part of the procedure for obtain-
ing and mexinizing the output of those accelerators{??10), For this
reason it was felt that a detdiled investigation of the effect of azi-
mzthal inhomogeneities &n the magnetic field would be worth while, since
only the first-order effects of such deviations of the field from axial
symmetry have been considered by other workers, These deviations may
not be small relative tc the main field at the orbit at injoction time.
The main Piold is approximately 1,07 (@W‘/ R meter) gauss for non-
relativistic injection energies; at 50 Kev., this is about 25 gauss for
E = 0,3 m,, and sti1l less for larger aceelerators. The deviations have
been measursd on various magnots(10) and have bsen found to be as large
&8 8ix gauss, They are due to eddy curremt and hysteresis effects and
to asymmeilries in the magnet structure (yokes, cavities for instrumenta-
tion, étc.j. They will play a much smaller role later in the cycle,
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as the main fisld gradually rises to several thonsand gauss.

An investigation of the effects of such inhomogeneities on
those elsctron orbits which lie in the plane of symmetry was initiated
by Davia and Lengauirlll), They invented a magaetic field wiih asi-
muthel inhomogemeitieca® which et first sigh»‘&. showed poasibility of
greatly aiding the electrons in misaing the gan. It wag arranged to
maks the time of one redisl osciliation tﬁee that of one revolution,
&% such o thase relative 4o the inhomogoneities that the aﬁgliﬁud@
of the free eselllation was halved after avzry twe revelubions. How=
evar, cleser examination indlcated that this phaszs was wastable and
tendod to shifd to 2 stahle walue at which the ampliﬁudﬁ; was douldled
aftor every two revolubtions,

Section II of the vresant study forms a contianation and exten-
slon of Their inveziigetion; in uwhich tha principal objoctive hus been
- to analyzo the poosibility of avoiding thiz difficully, in order %o
wake usa of sueck inhomogensilisy o increape the iz;g;ac‘tiozz aofficicnoy.
AfSer garofully considering a veriety of mechaniams, the conclusion
was finally zsached that this difficulty ilc inherent in the situation,
end thei 1% iz impracticel o rely on adjusiusnt of ths inhomogumoities
%0 achieve this cbjective. The sans conelusion applies to atbenpis to
utilize the effects of non-lincar terms in ths squations of wmotion for
the saxs purposc. In esdublishing thes: results, the concept df the
Tlow of particle traejectorien in a phass spaco and a gbudy of its diver-

genec hag played an importent part., In pariiculer, 1Y has been proved

#* This field had a consbant lerze value of n everywhers inside the im-
stantensous cirele and 5/7 of the way arcund ouiside (measured from
the gun in the direction of motion of the elestrons), and a constant
small value outside %his circls over the reuaining 2/7 of ths range
in azim)‘:th.
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that this divergence is always ssro, at least to the degree of approxi-
sation justified by the mathemntical methods used; this state of affairs
is inconsistent with atiaineent of the desired vesult,

Another objoctive of this nart of the research was m ascertain
whether or not the success of the injection orocess in exiasting machines
ceuld’ be related to effects due Yo the nrezence of axial inhomogeneities.
The results indicate that the inhozogsneitlies nrobably never nlay a
favorabls role in the process;, but thet thoy may hinder it comsiderably
by nrodueing forced oscillstions and resonent effects, | uless bhey are
rather smsll and sreperly adjusted, It ssems 15.&81,%; that 811 of the
oapiriesl field adjustments, which heve been found necessary in eobdain-~
ing and incressing oulput, only sorve to deooreage or eliminsdbe these
hindering effocts, This research uncoversd no resson why a machine
whose field hes inhomogensities should fimeftion better then one with
an axially symmetric field.

In spite of these negetive conclusions, the investigation has
cast 1ight on the general behavior of accslerators in which the nerleds
of free and foreed oscillaticns are commsnsurable. Theoretical studies
by previous workam(m’w) have led them ta the mml;mion that the
oselllations in such machines would be divergent; the oresent ‘res@arch.
has wmviﬁed an gxrolanation of the obssrved fact thad thosse aceslarators
maz;; finction satisfactorily. It has slso led to conclusions éonefarnizxg
which inhomogeneities, and in perticular which phases of these inhomo~
geneitise with respect to the injociicn gua, are harmful o satisfectory
injection ‘in systens where such comnengurebilities exis;t',

These conclusions are all based on an investigetion of the orbits
of single electrons in a specified magnetle field without taking into

aceount the interactiona smone the large number of electrons simmltaneously
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moving in these orbits. It was originally intended %o analyze thess
interactions only %c the sxbtent of discovering in what ways they would
wodify the parameters entering into the single=-elesetron study. In view
of the conclusions stated above, however, it scemed that these offocts
mist ba of decisive imporitsnce in the injecvion process, as was first
suggested by Kerst{14) | mHig recently preposed sxplanation of injec-
tion is based on some of the effects due to these interactions. Section
III of the present work consisis of some calculations concerning these
effects, which show their importance in an analysis of the injection
problem. Except for the work of Kerst(l’u) and Blewett(w) s nothing
concerniny them has thus far been published.

The study of intsraction effects deseribed in Section IIT is
divided into two parts, dealing with time-independent effects and time-
depnendent effects, respsctively. The first part treats the effects of
elsctrostatic and electromagnctic actions of a circulating beam of
clectrons on itself. Some gualitative conclusions are drawn coacerning
the probable distribution of current and charge within the beam, and
sxpressions arc dorived giving thec maximum amount of charge and current
which can be held by the magnetic focusing forces sgainst its own self=-
repulsion, as a functicn of injection energy and cther machine parameters.
There iz also indicated a way of including the effects of an assumed
spacs charge distribution in the equations of motion of an individual
electron,

The second part contains a discussion of the probable magnitude of
the circulating current as a function of time during the injection
period, and the cffects on orbit locations and oscillation amplitudes
of changes in this magnitude, It is found that the effects of space
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chargs repulsion snd self-inductance of the beam are not. of greatly
different orders of magnitude, and that both are enhanced by locating
the gun near a point of radiai instability and by f£illing the doughnut
as full of eloctrons ac possible, Finally, means are discussed by
which thess offects may result In trapping a fraction of the beam in
ateble orbits, for & variety of assumptions as to gun locetion end
relative magnitudes of the effects., These are shomm to be consistent
with various oxperimental discoveries concerning the injection process.
The principal coniribution of this part is to extend and clarify
ths remarks of Kerst(u), %o obtain somevhat more quantitative esti-
mates of the magnitudes of the offects described by him, and %o discuss
in greater detall the importance of those intoraction effects in accom-

plishing the injection proeess.
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II
SIHGLE SLECTRON GALGULATIONS

Cortain simplificationz are possible in investigating the
motion of an elestron in & betatron or syn;:hrotroa neer the time of
injection., As all exisding synchrotrons use betatron starting, we
have not considered the oseillating elactric £ield in analyzing the
injection processy the injeciion problems in both types of scocelera=~
tors are the same and may be studied together., The transiiion from
betatron to synchrotron action has been atu;iied by asveral vorkers{16,17,18,19)
and has been shown to be quibs effisient. Studies of injection with the
olectric £isld twrned on have been published only for proton synchro-
tronal20s2L) mat are probably anplicable tc electron acceleresiors with
appromiats modifications,

The magnetic field is of course increasing with time, tut the
cheracteristic period fixing th: time-scale of the motion of the elee-
tron in its orbit, and of the oscilietions about the stable orbit, is
the time of one rotation around the doughnuit; the frectionel increase
of the magnetic £isld in this time is oxtremely small, It iz a wolle
known principle of mochanics that if a parameter of a aystem undergoes
such & slow {adiabalic) changs, the effects of the change may be easily
predicted, provided that the motion for no change is known. In faet,
if engle and action varisbles sre employed, the sffecis are just those
which lcave the action variable invariant to ks adiabatic change. For
this reason, the time wvariatiom of the magnetic f&éld snd the presence
of the comecomitant wlectric fiecld supplying the betatron accelerating

fores may be neglacted in studying tie orbils, Their effects can be
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included pt a later stage, since Kerst and 3erbeaz'(8) have alresady

shown that they merely provide damping for the firse oscillations, and
cause the instantaneous circles about which thess oscillations oceour

to ;:onvarge toward the egquilibrium orbit, A4s was mentioned above, the
inhomogeneities will be adisbatically decreasing with reapsct to the
slowly rising main field, and this relative time variastion may also be
neglected., The orbit problem is then reduced to the study of the motion
of an electron in a apecified time-independent magnetdc field; provided
the affectz due to the nresence and interaction of many slectrons may
be neglected.

We shall describe the motion by reference to & cylindrieal
polazr cocordinate system (r, 8, z) in which the ideal orbit satisfying
the betatron flux condition, called the equilibriun orbit, is defined
by 2 =2 0, r = R {(a conatant), The equation of motion in vector form is
% 2-(e/m)¥ x B in H.K.3. rational units, nhere the eloctron has rest
mass m,, mass @ = m /(1 ~v2/02)§', velocity ¥, charge -e = ~ lel, and
position vector T; B is the magnetie induction and ¢ is the velocity
of light. Since the acosleration is normal to the velocity, the magni-
tude of the velocity is a constant of the motion, This can be conveniently
used to eliminate the time from the diffarential equations of motion,
replacing it by the azimuthal angle as the independent variable, while
simltansously re&ucing the number of equations from three to two. In
order to study small oscilletlons ébout steady motion, we shall express
. gnd z-in terms of the new variables @5 (r - R)/R, '§ = 3/R, since
thoese éimensionless coordinstes are small with respeet to umity for all
points within the doughmut, If Bg has the value B, ab every point on
tho equilibrium circle, then V = ByaR/m is the velocity a particle must



22

have to undergo stesdy motion in this orbit. (We chocze & to bs
positive: +thus B, is positlive for electrons and would be negative if
protons were considered), We define o,% (v = ¥!/y; the elestrons will
immediately strike the doughnut walis unless v is cloce o V, and he,m';e
A, will be very small with respect to mmity., ®e shall express By as
B, By 9 and similarly for the other field components; By = B g.,, s and
By = B, Bo* In the appendix it Is shown thal, vhen ths equations of
motion are written oult in cylindricel coordinstes, the time eliminsled,

and the new nobtations iatroduced, the following eguations results .

e” = (1+Q) + (I-A-,H—)?[(Hg)"g'@e “ elfl@r -zefz-f-(l-o-(:f} @z] *;ze'z/(we);
g = (I-AV)R['(H{SEI(SO - (’IYIFZ + {‘3"'* (H-Q)"g @r] -&:.(a'g'/cu(’).
Hore nrimes denote differentiations with respscl to 8 and

x= L+ (3 /).

These oquations are rigorously correct, and are seen %o be non-
linear or oven the simplsst magneiic fields. Their compliexily is
greatly incrsased by thev azimathal variatioé of the 8 's, the specifi-
cation of which we now consider,

The desired magmetic field is apnroximately of ths form
B, oc %3 Kerst and Sarber(®) have shomn that unless 0< n <1 the
orbits are unsisble in the lincarized equations of first epprocimation,
An inspection of the general eguations of mo'hion ehove will show thab
if%sge 2 0 in the plane 2z = 0, 1% is possible to have a motion con-
finsed to this plane, a3 a special cass. In discussing this case; we

shall expand B, in this plane about its value on the equililtriunm orbid



as a power series in e » with coefficients which are Fourier series

in 8 ; as follows:

BoBpz =B, Z L Ay o os(jovayy,),

Here the A's end & 's are real constants, with 4 = 1, Ay = -n,
and ocek = 0, in order to cbtain the correct form of field in first
order. We shall show later that the high frequency* components of the
azimuthal inhomogeneitises (thoze with large j) play a minor role, and
may often be neglected. On physical grounds they shn;xld be quite small
unless the magnet structure varies abruptly at‘. certain azihutlm. Fron
qualitative considerations, we may assums that no component of the azi-
mithal inhomogeneities will approach the total field in megnitude;
henee all of the Ay with § == O ?wiil be somewhat less than unity.
In the more genersl case, we must specifly all three components
of the fisld, We set
A e k4
B:=B,8.= B°J§a,,z,:, g—;AiM e 0% ;
similar expressions will hold for B, and Bo, with coefficients C k¢
and Dy o 5 Tespectively. Here j, k, and £ are integers lying in the
ranges indicated on the sumuation signs: 3% = <1, The A's, C's, and
D's are complex conshbants; the @ 's will be real if we require that
Ajkﬂ and Avjkt be complex conjugates, and siuﬁl;arly for the C's and D's,
Here wo obtain a field having the correct form in first order
by setting A,,, = 1, 301 2 =n, Cgop = Dgge = 0s Hexwell's equations

for a static field reguire that the divergence of B must vanish, and

* Henceforth we write %frequency” for #angular frequency with respect
to &%,
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that the ewrl of B must also vanish if we neglect the magaetic f£ield

due %o the cireulating electrons. These two conditions impose inter-
relationships among the three components of the magnetic field. The
simplest such relation requires that, if B, = B, (l-n ¢) to first order
in ¢ and §, then By = By(-n¥ ) to the seme order; thus we mist have
8310 ® Cpoy - We shall heve 1ittle occasion to deal with the other
requirements imposed on the comstant coefficients by Haxwell's equationsg
they are developed in the appendix, Hers again the terms with large

| §J| are less important, and we may also assume that the constant
coefficicnts whose J # 0 will be somewhat less than #.

2 determination of the order of magnitude of those A and ¢
coafficients whose j = O is not s0 easy to make, These terms depend on
the shano of the axially symaetric part of the msgnetic field as a func-
tion of ¢ and ¢ at considerable distances from the equilibrium circle,
vhere the field is changing more.rapidly than in its vieiniiy. Even at
these distances ¢ and § are still much less than unity, and therefore
the cosfficients of rather high powers of them will be very large if
‘bhesé changes are at all sudden. As long as the cscillations are con-
fined to & reglon in which the field follows the law B, C r? fairly
closely, the necessity for consideration of such terms does not arise,
Fig. 5a shows a typlcal graph of log B against log r in the pleme 3 = O,
as measured merimeﬁtally(zz) on a half-scals mcdel; Fig. 5b is the
corresponding graph of B, as a funciion of @ » It is appavent that if
the oscillations are confined to the region 4A', the field may be quite
closely approximated by the second-degree ourve shown on Fig, 5b in
dotted lines, which coincides with the exact solid-line curve in this

ragion, However, tc geot a reasonably good fil sverywhere within the
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limi%s of stability CC?, on> must use an expression condaining very
high powers of ¢ ., such as the onc given on th@ fizure having e term
in QIO end shom in deshod 1ines, The determination of the limits of
stabliidty iz discussed in the following paragraphs. In our apnroxima=
tion vrocedurcs we shall treat higher-order coofficisnis on the assuap-
tion that the terms in which they appezr are not greater than those of
lowest order; and in many ccses ere considerably smeller,

3. Heblon In the Flane of Sysmotwy |

There ere twe importent rezsons for itreating the itwo-dimensional

motion in the plans g % O, which was meniioned above, From a mathoma=
viesl point of view, a single differential equaticn is much casier %O
discuss than & nalr of counled souaticnsy vhysically, the nroblsm of
missing the gum is primarily that of nroperly contrelling the redial
oscillations, since the bost position for the gun seems lo bz near the
cuter edge of the dounchmat iv i%3 plane of symmeotry (althouch machines
can be made te work with tho gm in almost any position'®),
e, Axially Swweotric Fioid

i. Hemilionien Solution

The simplest genaral motion 1s that in an exially symetrie
field, as in this case, the solutica can be reduced to guadratures,
Thiz is moad simply done Wy pubtting the equations of motion in Hamilicndian
forn and noting that the canonical momentuﬁ g conjugato to the asimuthal
cocrdinate 6 i3 s constant of the motion. Ve will glve cnly the two-
di@aa&iemal solution hors, but we will goneralisze it %o threo=dinen=
sional motion lator im this section, and extend it still further in See-

%ion III, In the appandix it io showr that the twe-dimensicnal solution is

v(t=ty) :j\: {lty'z [rI €03 ﬁI + (V/oR) Jy x e g(x)&x] 2} & dy.
I Ty



27
Here ry is the injection radius and ;JI the angle between the dircction
of injsoction and the tangent to the cirele r = rr at the injection
|

pointy v is the constanl veloeity of the elecliron; and i, the tine of

I
injectiony ¥ is the tims si which the radins is r3 x ané 7 are integra-
iton verisbles. This integral is analogous to that giving rise to the
inverss sine funcliong

5y

aw (t—%I) =j (1—x2/a2)-§dx "

£z
In fact, if ths integral bo expressed im terms of Q » and only constant
and first power terms in Q rotained in @z’ it re@ucas to an integral

of this form, This result may alse be writben

r =t 'z?{ 1o © [TI cos ¢Z+ (v/vR) g x ?E(X)dx] ;

r
I

Ths radisl velocity is zaro at the redil r, . and r_. which satisfy

in

r
= vy cos yﬁl_-t- (v/¥) '(r % en(x}gx \
‘ I

If no such values of r exist, the slectron will monotonically depart
from the equilibwium radius and be loste If the initial conditions
ere such that r - and Tnin exist, then the electron will oscilietbe

betwoen these extremes if r < 0 8% - and >0 at rm:ln' As shown in

the appendix, thesc conditions becoms

) > v /e T < TR/
@ z(rm};l N m}{; @5( min) ) min.

For an clectron with v 3 ¥, the lirits of radial stability are
the points at which rBg{r)/BB,(R) = 1; this quantity is groater thanm
unity for R r<ry,  and less than unily for z,;,<r<L. This rosult nay

alzso be derived from clementery arguments aboul centripotal acceleration,
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Taking logarithms, log B {r)-log Bgi(k) = =(log r - log R), giving

rise %o the straight line of slope =1 on the logarithumic graph of Fig. Sa;
This cribical line‘makes clear the geoametric significance of this condi-
tion in locating the outer limit of radial stability C'. In discussing
the two~dimensionsl problem it must be borno in mind that, in the example
chosan, the condilion of vertical stabilifty will impose a mére stringent
inner limit than that given by this condition; the vaertical osciliations
are unstable inside the radius at which dB,/&r = O, denoted by C on the
figare, If tho {ield continued %o rise with decreasing r, howaver, the
inner limit would be given by ths inmmer interssction of the siraight

line end the actusl fisld curve. For an clectron with v # V, the oriti-
gal line will still have slops =1 but will pass through the field curve
at the radius ry cerrespondiné.to thé instantancous circle appropriaste

to this velocity, defined by =,3 (ri)/RB (&) = v/¥.

Sinca the radial velocity differs only in sign for outward and
inward motions, the oscillation will be symsetric about an exitreme point
and can be represented by a Fourier cosine series sbout such a pointg
this is characteristio of ell conservative oscillalting oystums. By a
conservative gystem we mean hers one whose coordinste accelerauzon {in
this case, T} is a function of the coordinete only, so that o time-inde-
penden’ potential fumction for the motion of this cocrdinate can be

defined, Here, this potential function ig

xr 2
Br) = (WV>/2Rr?) [(rIRv/V)cas s +‘{ :«:?s{x)dx] 3

r

‘I

the egquation for radisl moticn is then

(m®)/at = -au/ar ,
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and ‘the energy conasrvation equation is

-

2°/2 + U 2 mw*/2 = constant,

9
%}

can easily be verified by differontiation. The radisl moticn is
“?,ha';‘j of a perilele in a polential well whose shepe and extent depend
on i%s injecltion radius, vae ?z,a\,ivy, and dirsciion, 23 wsll as on the
form of ths magnoitic £isld. The too-repid decreass of {ield strengbh
a% the ouler £ield adge corrssgponds o & lowering of the wall of the
cobontial well, allewing a narticle with large amplitude to spend 8
longer %ime in this regicm, thus flattening ths cresis of 1is wavelorm
and lengbhening ita veried of oscilletion, These effects are chown in
Pig. & vhich iz drown o corraspond to the field illustrasted in Fiz. 5.
The well shepe iz a somevhat commlicated Punction of the peramaters

Ty V&‘!I, and v, Ibs boblom nead not be at » s R, even AP v = ¥; 1% is

-
i

locabed ot tho radius which satisfiss

{Wlﬁ&)eoa Q’{I FR J‘ e {x)ax 2 (r/fa )‘2 e (e}
“1

This can be satisfied for r = v, %R, v cos #; = V; thorefore we have
chosen %o illuatrate the wall for this conditlon, =zince an olectron can
bz pictured as being injecied 2t any noint along its neth, The group
of clectrons to which this well corresponds congists of those vhoss
azimuthal veloelty compeonent is ¥V abt the time thsy cross the cirels
r =R,

Various anﬂ‘tiwticn. ef this anslyais can be mede., For oxample,
if only constant and lincar tovws in @ 4t Q} are of importance, it is

shom in the appendix that ths extromos of motion for any ziven injection

conditions are given by
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: ‘ * . 2 '/"
max. = (l-n)-‘{Au-'-’-'[(l-ﬂ) Q:fz(l-n)A, P *A:*(t-'\) . ] ; .

men,

Heve g 5 = 1=np, and cos ﬁl’ has boen seb egual to 1-¢x2/2. To
include the effect of the next highest ovrder term in % 5 one mush
golve a cublc equation, or resort % graphical or numerical methods,
It is alsc pessible to wite en integral for & as a function of r,
Howaver, the principal value of this vhole twreatment lies in the
establishuent of the conditions under which the radisl motion is
oseillatory, and of the fact that it is conservative in the sense de-
fined shove. It may be thought at first sight that, since p'and §*
eppear in the general differontial equations derived eerlier, 4hey
might provide damping of the osecillations. In general, though, they
enter in such 2 way that their roles are similar t¢ thoss played by
the coordingtes. In the present cs98, vhere we deal only v;ith e ‘s
it always occurs "oob an even nower, whereas damping can only arise
from terms odd in e ' or of the form ?I] e”.

- & A

Nomerical integration is requlred to determine the guantitative
effeots of the higher order tsras in @ , and the nonlinear terms ia
the diffsrential equation from the(expressians .given above, Thersfore,
we shall now oblein a solutlon by successive epproximations, which will
converge fairly rapidly if these higher crder terms are cmall enough.
Setting ¥ = S' = g% @ = 0, ootiing Ay ® 0 for J#0, and expending
the right | gide of the diffaerential squation for Q as a function of @

in powers of e and e', we obtain

e"+{1-n-(z~n)A‘Je'= a, +Al€z+,41€’,'+3/€3-¢ 3(;(0’,'+ C'/el";

cz C"'P/,' & C3€'¥ + Terms oF order es-ancl higher where
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A= (1-8)an-1-A,,) , A= 2(1+34,) ;

B, =(I-A,,)(n—-2AM—A“) , BaT ;I-[B”("Av);"f'] 3

C, = -(r-a) (A 1240 A0),Co= £ [4-3R0n(-a,)] , 2 -3 Ci-4,)

If we negloct the non=linear terms, we will have the RersteSerber
simusoidal oseillations tuking place with a frequency of anproximately
{1—«1)%”. The dopendencs of the freguency and equilibrium radius on &,
ic also exhibited. We see that, if |p| < 0,1 inside the dotichnut,

pe et have Ay < 0.02 for n = 3/4 and < €.03 for n = 2/3, for clec-
trons which are %o avoid the walls. Vo may evaluate *thé effacts of
the nom-lincar terms by the method described on pege 219 of iinorsky's
£ xtiz‘%}. The ealoulstions ere pgiven in the aprendix, The resulbs,

te third order in the small gquantitiss o amd € , ars:
Q = ec-q-a.ms'r'-beosg'r’-—cepsBr«r-»»-,
wvhere T~ 7 L6

Q= wro2¢eA, “61(2&+3B,> e [’:A',. +(w,-4

+ ?w,’A: + 30, B:.] + B8 ppded in @ and € ;

W, F I=n=(2-n) A, and €T A,/ u};

A: (24,

b = -— ) +6[‘,,_ 33,)"‘ ‘9‘7‘3 order
a3 2 |
c ’W -“—’}(AI'J“—‘;‘A;)(A‘"":AJ «3(3, "0:3;)]* 4“4 order;

e e Slhon) oS4 [ £(H st +
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The cpleulstion may be carried to eny order desired.

The emplitude of the n™® harmonie of the waveform is thus shown
%0 be % order a2, The frequency ia shifted by an azount proportional
to a2 even 3£ v = V (whan € = 0); 1t is shifted to first order in the
differonce v = V. As was noted earlier, if the oscillations extend
into a region where the field is changing rapidly, some of the Aok for
large k may be very largse; the higher harmonics need not bs small in
this case, and the freguency shift aay bef large alsc., Although the
wavelora for ¢ as & function of 6 will not be the same as that for @
as & function of time, it will be very similar; the radial velocity
is alweys such a small part of the totel velocity that @ inereases
nearly lineerly with time., The strong higher harmonies and the large

frequency chift distort the waveform and lengthen its period ag illus=

tratad in Hgo 60

If the magnetic f£i2ld is nerpendicular to the plane of the orbit
but not axially aymmetrie, Hamilion's canonical equations no longer lead
%o a gimple solution, for ¥w reasonsz, First, the canonical momentum
Bg iz no longoer o constant of the motion; second, the vector potential
of such 2 £ield will have o non-vanishing radial component, so that the
canonicel momentum i, i3 no lenger simply o bub involves 4, as well,
The canonical eguations reduee %o ‘uhe ordinery equations of motion;
therefore we shall trest this motion by use of cur differential eguation
for g as e function of 8.

Bxvanding this eguation in powers of Q and e' » and inseriing

the power series expression for (3 i devoloped earlier, we have
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” = ey 2 ~," 3 ' * e oy |y
prwe=4a, Aip "'A’f o B,(a.'*B(.(, +

T (=4 ap e;*’%fﬁ* %(’ﬂ*'" ZZ Ain C Cos(Ja'*‘( ),

J:/ hz0

whese w?

=l =n-=(2n}a,; 4, A5 By, By, ebe., were defined

in the oreceding paragraghs., We have mentioned ecariier that in the
vhysieel situations of interest, the quantities P, A , and & jk{j # 0)
will ?38 conciderably less than unity. We shall first see what can be
learned by linearizing the equation. Keeping only first order teras

in these smell quantities, we have

J3t

Pll"""?(’zA Z’A cos (jo+d,,),

whose solulion is )
A,,'o cos(j© +yo)

(’=737,+,,'=, Jr—w® *acos(werd),

where a znd § srs integrsztion eons‘cantﬂ.‘

1. Forced Oselllaticns and the Distorted Zguilibrium Oriuil

This result 1s of considerable imsortance, aince it shows
that the firgt=order effsct of the inhomogeneities is o supsrimpose
forcad oscillabions on the free oscillotiona., Bohm and Foldy(lg) have
chlained a similar resull; thoy noint ocut thel it can he uzed %o obtaln
an asdimate of ha, nmaximum allowable inhomogesnelties if the orbiis are
net to be forced into the doughnut wells, and ﬁmthgr note that no simple

. 2
resonances can oceur, since w?< ;i Gomrd( 5)

haz also obtained and
discussed this result and its hearing on the injection oroblem. Howewver,
he did not seem %o recognize that the simplest intarpretation is to regard

the forced oscillistions as defining a new oquilibrium orbit, distorted
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from eireular shape and fixed uith respsct to the pole pleces, aboul
which the free oacillations take plate. When wiewed from this stand-
point, 1% is clear that the existence of the forced oscillations con=
tributes nothing essentially new te the injeciion situation in the
first=crder eguations since ths problem of hititing the gun is ths seme
vhether the free oscillstions taks place about a circular orbli or a
distoz*tedl one. However, if the Aj o coefficients ars under sufficiently
aceurate control, they afford s means of dodging obstacles cther than
the gm, or otherwlse modifying the posiltion of the eqguilibrium orbit.

The effect of the resonance denominators is to decrease the '
influence of the foreing terms of higher' frequency, as was gstated
earlier. Bven at this stage, it sesms plausible that & major part
of the empiriecal adjustment of the magnellc field regquired tc make a
machine funcition may consisht of altaering the coefficients & j0 sulficiently
so that the new distorted equilibeium orbit lies reasonably near the
canter of the donghmut's aperiure at all azimuths. Refersnce was made
earlier to data sheowing thet the Iinhomogeneities may be as much s8 &
third of ths toial fisld al injection, corresponding to velues ci the
A,jﬂ up tc D.3. Ve may take as typical valuss n=3/4, wzz%, and
assume that the aperture exbends radially for distances of the order
]el = 0,1, In this case, oven if the phese angles of .the inhamogéneiti@s
are most Lfevorably disposed, we musi have 319< 0,025, Aaofﬁ..l?, and
1139< 0042, in order that the sguilibrium orbii will be confined to the
eenter half of the doughnut's radiel aperture. PFurthermore, if the
thases are such that this orbit passes the gun at a considerable disbance,
the free oselllations will have an exesssive amplitude and will be apt
to cause eollisions with the wall 12 the equilibrium crbit approaches
it abt some cther azimyth, This is borne out by the empirical fact that
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the output of a machine may be improved by sdjusting the azimath of

the injeeting gun with respect to the pole pleces.

If we rebain also the terms of next lowsst order and bring
terms linwar in p %o the ieft, we have

o0

e.,-r[‘.,'\- -ri:" 2A,, Cbs(jo t;) +,4J-‘cos(3a +\,($')He =A, Z /" Cés(se *di,),

J-l

This has the form of a 'Hill squation®, with an inhomogensous term.
By introduecing the displacesment x from the distorted equilibrium
orbit, defined by

Ao cos(je +ets)

X-e""—' Z’ 2. )

J—w

weo obtain X -r[w"-t Z{M- cas(jeu(' )+,4;,cos(jeu;,)§]x =

A X 4. Cos‘(e*d )

d=l

whieh Is still an inhomogensous Hill eguation; however, the inhomoge~
neous term is now of second ordar in the AjO and A, , rather than {irst
order as above, If we naglect this term and consider the effect of &

single fresusncy coamponent only by sebiing A

g EofrgtEy, ve

obtain
X” + [“.’1—"'-{2 ’44'06;;‘:&].9 "'“’4‘0) + 'av'/ cos(‘jen{;,)f ]X =&

This is a Hethien equation'2®)  whose form may be simplifisd by intro-
dueing new paramcliers a and ¢ , and a new vevriable s, through the

Ses, for azampls, Refarence 26, Chapter VI,
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@afiniﬁions
as 4w/j* | z= j(0-6,) /2 ,
2A,, cos Ay t A Cos d;, = - “;jl«; Cos j 8, ,
24, simd; + A siad;, = & J,.?- six j 6, ,

 Inserting these, we obtain

2
"(2—2"& + (a-2gcos2z)x =0,
(26)
wvhich Helachnen'“"’ tekes as the csnonical form of the dathisu equation,
Since the HMathien equetion is a linsar second order 2ifferen=-
tial equation, i%s general aoluﬁion is an arbitrary linear combination
of two linesrly independent solutioms. It is well known that it i3
of a Mathieu squation
oossible to choose these twe fundamental solutions/in such a way that
each solution consists of a product of two factors, one of which is an
oxponential function of z and the other a periodic function ¢f z3 the
have the same peried as the coefficient,
neriodic factory iﬁmmmm, while the amnential
of the two solutions
factors/differ only in the sign of the exvonent. For certain ranges
of the perametors @ and g, the exponents are imaginary and the solu-
tiong are ne i:her positiveoly nor negatively damped. For other ranges,
'abhe suponemts ave complex, so thul one solulion eontveins an axponentially
decraasing f’a@&mr and the other a rising factor tending exponentislly
%o infinity; the (gewremafl solution of the equation is then unstable or
divasrgent, exeeot for very special initial conditions., The regions of
stabllity and instability in the a-q plane have been computed, ploited,
2/ ‘
and discnssed by several wri‘:,ars(“/"’gé’zﬂ .

2
Since 0 <w "< 1, the range of & in our nroblem is 0L a< 43

alse, we may asswie |q< § for ressonsbls values of the Ajpe 4n examing=
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tion of the stability nlot® shows that the solubtion will be sntable

mless a is nsar unity, which can occur cnly for j = 1 and w?x =
corresponding %o n x 3/4, For theze walues the ozelllations arc unsteble
if a lies within the limits given hy*#

_ L2 _ 4 .3 d i _
a=/%g 58 Fos% ~TFsct r -,

If ¢ is small encugh sc thel we may retain only the lianser term, the
/
oscillations are unstsble if |3/4 - n|« [o/s;l We may interpret this
geomatrically, using the definition of q., If we regard ﬁ‘jk and o
-’

a2 specilyling the length and szimuth angle of a vestor A;}'k‘.

oz = & |08 o ’ :
polar coordinates, thenm lq,/,,\ =23 ],Q.A,o * A, l s and the motlon

jk
in plane

is wnstable in thia approximation cnly if n differs from 3/4 by loss
than this amount, The instability occurs becanss the rabtic of rotatiom
frequoncy to oseillation freguency is nearly two to one 1f W= §
giving vise bto the phenomenon of subharmonle resonance,; which we shall |
diseuss in detail farther om.

It mey bs moniloned that the behavior of elecltrons in the in-
vented field of Davis and L&Zl@lmir(ll>, ogited earlier, may be under-
stood on the basis of the datnlen equaticn, Hapidly docrsasing amplii-
tudes occur whenm the injection initial conditions are such that citly
the exponentially dampad solution is involvad, If the initial condi=-

%~

wlons ars slightly

=4

Jtersed, a component of the rising solution will be

et
o)

introduced; 1% will eventually dominate the motion., If the paraweters
@ and g are such that there is no exponentis:rly rising factor in one

golubion, thers will be ne falling term in the other one and henece no

# Refavence 26, Fig. 8{4), p. 40.
#%  Ibld., p. 16, Egs, {2) aend (3).
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poasibility of aiding injeciion in this way.

The instability which may oecur here reprssen’ts a special case
of the general conclusions of Dennicon and Berli.n(lzls . Thay pointed
out that when commensurabilities ocour between any two of the three
characteristic frequenciea (of rotation, redisl oseillslion, and verti-
eal oscillation), secnlar terams will”appear in a successive approximetions
treatment of the sguations of motion which will result in a continusl
increase in the amplitude of escillation., This type of behavior has
long been kmown in celestial mechanics, and has bzen studied extensively
in recent yeai‘s by use of the new methods of non-linear mechamies,
Iéimrsm(z‘!“) clagaifies the present exemple as externsl ‘subharmonic ro=
sonance’ of order one=~half; the period of the externslly spplied forecing
oseillation is half that of ths free radial oscillation, since the
slectron makes two rolations in the time required for one fres cscilla-
tion if W = 4, Dennison and Berlin T that, for increasingly
higher-order subharmonie regonances (eorresponding to larger commensur-
ability integers r end s, vhare @ = (l-n)éz r/s) the rete of build-up
of the amplitude of nacillation is progressively slower, .

B, Courant‘®3) has discussed the n = 3// resonence at consider=
able langth, by different although equivelent methods, based on the
linsarized equations. His inclusion of the effect of the synchrotron
oscillations due to the cseillating electric accelerating ficld compli-
cates the mathematies but does not alter his conclusion, which is that
machines with n ¥ 3/4 will not operate successfully unless 4y < 0,001,
Dennison and Berlin also conclude that this and other critical velues
of n should be avoided in order to prevent a divergence of the oscilla=-
tiona due Yo the secular terms. These conclusions conflict with the
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experimential fact that zeveral machines heve been designed to have
n exactly 3/4; these machines are operating sastisfactorily, and the
problems of getting them into operatioq have not seemed to be quali-
tatively different from those with machines having noneritical n values.
In fact, Xerst has constructed a betatron containing amxilliery coils
by means of which he is able to vary n continuously over almost the
entire stable ranget?8), and has found no peculiaritics of behavior in
~ the vicinity of the critical values¥. te shall oi“f:gr an explanation of
these observed facta, based on the investigations deseribed below.
3e. Investization of the Genersl Hon-Lincar Rquation

Thus far we have cnly investigated linearlzed equationsz of
the motion in en axially varying fisld. It is a general characteristic
of such eguations that if a solutien is initially divergent its ampli~
tude will continue to grow beyond any bound. In a physical problem,
however, thc non=~linear terms nsglected in linserlzing the equations
oegin to play avpreciable roles after the amlitude has increaged suffi=-
ciently, Thess terms may act to modify the characler of the motion con=-
siderably,'and, in particular, may perhaps prevent the amplitude from
rising bayond a certain point, We havé already seen that the only sub-
harmonic resonance anpesring in the linear theory is that of order one=
half; higher-order fractional (subharmonic) resonances are noalinear
' phenonena in our probles,

To make further progress, then, we must consider a nonlinear
difforential equation with periddic coefficients. lIn diseussing the
two=dinensional motion in an axlally symaetric fiold we were able to

# Private communication from r. H.¥. Langmuir,
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scive a non-lineav equat-ioﬁ éii'.h ‘cons;ﬁant eoeafi‘icients by sucoessive
eppro:dmations, snd $o fesl confident of the convergencs of our prote=
dure besauss of the establishment of the stability and congervative
astura of the motion by use of Hamilton's cancnicel equaticns, ZEven

in the sbsence of muzch assurancs, an inosection of the result would

wake ite convergenes sesm vlausible if none of the high-or&er cooffi-
clents wore excepbticnally larpe (although Foincare® has shown by an
exaaple that such spproximsiiens nosed not always converge). Alsc, we
were ablo o uze the resulis of many earlier asorkers pertaining to the
solutiens of linear @quatinns g:ith neriodic meff;cwnw { fathicu=~Hill
type) which, whilc commlicated; sre well=umderstood; the suceessive
epproximetion metheds used in dlgcuazsing them have bsen proved conver=
gente. However, thore exisis no general theory of non=linear equations
with periodic coefficiente®™,; and the convergence, time of walidity,

or size of crror involved in the exlsiing methods of approximabe solu=
tion of such equations are impossible o establlish rigorously and even
Aifficalt to determine anproxinately in special cases. The best we ean
do with oxisting enalytic tochnigues iz to ascertain some of the typleal
Poatures of such gystems and %0 calculaote thelr magnitudes epproximately;
tho detellis of the modion eve ususlly too complicated to follow accurately.

Several technmiques for aseertaeining the approxinaste effects of
ho non~linear poricdic terms have been Investigated. The most satise
Tactory ‘one scoms to be that developed by the Russian nathematicians
Kreyloff and Bogeliunbolf. This method is extensively discussed by #norsky

See Rafersnce 24, p. 210, Ch, XIX,
4% Lec. eit., Ch., XIX,
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in his vaxtd®), Tt may be amplied to differential equations of the

type
QN+ co,,”e = ‘f'( (J,Ql, e)

vhere £ is periedic in ths indepondent veriable @ and snall compered
to the terms on the left, In first anproximation, noglecting £, ths

solubion is

= a cos(w,o+8)

in this spproximstion we also have

]

p - wra sin (0,0 +S)

there a and § are arbitrary constants devenden® on the intitial
conditicns. ULe take these as the gonerating solutions {rom which a
solution of the commlste equabtion is to bo sb'%saﬁned by glicwing o and
§ to very soproprietely with €, Replacing o ., by an arbitrary o

Por greater senaralily, and ecarrying throush (in the appendix} the
standard operstions of the methed of varistion of paramsiers, wa obtain
the following two first order differentiel sgnations for a and §
which are rigorously egulvalent %o the single original sccond order
squstion, in a way aimilsy %o that in which the Hamiltonisn equations

way replace the Lagranglan egustions in anelytical mechenics:
4 a),."—-w" ‘ ] < .
Ala, = 5 smgeosd - 0 -f(acos g -wasmp 0)sin

§! = “"”'""Lcos*¢j - — ~F(a.cos¢,"cda. s #J 6) CQS%

(23} Qo

%@?8¢Ew8+80

It is impossible to molve Chese sguations rigorously in general;

i



43

howsver, we note that, 1f « is chosen very near %o W, the retos of
chenge of & and § with resnect to @ will be vér:y omall, and, becauss
of the trigonbuetric dependsnce on 8, will be repidly escillating. - The
anproxination nrocedurs congists of assuming that a and § will be
negrly eonchant ovaer a mriod; replacing them by their average valnes

A and § on the right sides, and averaging these terms over s complebe
noriod in 6, %o obtain & and §', the mtrias of change of the average
values. Those rates of change will be fumetions of &, 3 » end conptant
nereneters in £, and will be reriedic in § singe 3 enters only through
trigononetric Dmetions of @, We shall postpone a detallesd treatment
of the effects of this averaging epproximcetion, first discussing some
of the principal conasguences of applying this mth@d to our equation:

e”-l»a)‘,"e = A, +A,(>l+/4,,€;z+ B,eB+ B ce’z“' ”””
= (= )C‘*“ze GL_‘,,E"_‘,atq.--)ZZAkeCOS(JB-H:( )

i kzo

Wo seo that the terms in the first row, which are indepondendt
of 8, will mot conbwibuts to a'/ &, since, after substitudting
Ctéos # Jor @y = @« sin g for o', and miltiplying by sin §, they
m:.‘ii te of the form cos M P ein? § with ¥ alwsys odd {because et
always cccurs raised %o an oven powar). Juch torms have an sverage
velus of éem. Howewer, thooe containing e 10 an 0dd power will com-
twribabe o § ¥, bocause the osubstitutions, and multéplication by cos f,
Wing them %o the form oos ™ §f sin” §, with both # and ¥ even..
Since these horas are overywhere posiltive, thelr aversges cannot v.mish.
Such & tern does nob involve § bud docs combain ( Mt Y =2} pouers
of A (because overy term is muliiplied by -i/(Twj). The lowosi value

ef {p+? =2 vhich cceurs here iz 2. Therefore, if we consider only
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these firsi-row terms, corrsspending Yo an exially symmetric ficld, we
obtain a shift in Lfrequency pmxmrti@al te the square of the amplitude,
Wt no change in the amplitnde, in agreement with cur earler findings.
Howsver, we do not obbain any information shout the higher harmonies
of the oscilliation Yy this techniqus.

The second=row terms depsnding explicitly on 8, will lead %o
oxpressions of the form cos ~ ff sin” # cos [%(953) + -(), whore @
hac beem replaced by 5($-§) 3 M 5 7 , and § sre indegers. If @
i3 not a rational number, the periods of the dii?erent trigonomotric
factors ave incommensureble, and the long-bime averagze of the term will
B2 2610, However, we have made provision for an arbi‘trary cholce of w4
restricted only in thet 4% must be quite near to @, the natursl fre-
quency if £ =2 0, There will elways be many redional mmbers fulfilling
this eondidion, and we will now indicate the considerations deteraining
our choles,

The typlesl term-shove will be muitdplied by (am +7 =2}
povors of & and by an Agk' I? we asoume that @ = 2/3, a rational
- proper fracticn in leowest terms, thén we msy decompose the berm into
single trigonometris terns of the form

¥ (Wt x ),
vhere I
/ul < M, Vs D,

and whers /«9 and p % hove the same varity as u end ¥ , respectively.
The average values of such terms are always zero excent when the argunent
»€ the cosine is sero; this reguires that (Js/r) be an integer, and hence
that § bo e maltiple of =, Hew if we agsume § » mr, where m i3 & positive

intoger, wo havs e non=vanishing average only if '/u'i » tms=0 ,
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For givon m and s, %e terms of lowest ordar in 4 for which Shis cam
bo satisfied are those in which w'z u, p'=), and Iu-r:’ = ma,
Since m is ab least unity, tho lowest power of 4 in the expressions
for A/& and §' erising from such %erms will be the (8-2) powse.
' Ve therefore comclude that we should chocse for «w a rational mmber
near w. whick is the ratio of gmgll integers rémis. If we try o
approcinate a'w given « g, more and more closely by rational fractions,
both r an::l‘ 3 incroase togethersy the conitributions become wery small due -
% tho high powss of the small quandity & , and are due only %o high-
frequaney componente of the fisld (with respset to 8) becazz/ae of the
largo value of ¥, If we do nob take ¢ near “’w the first terms ia
a® and &% will be large, and ths original assumption on which the
averaging process was based will bocome invelid, Although we have nob
darived a wiigue criterion for selecting r and s, we will postpons &

3 and merely state here that mo two reso~
nanees of m@%ieal intarest overlap, so that for any given W, it is
always clser which resonance, if any, ir of importance.
To shall new show that the lowegt-order terms fn &' snd 69
arising from terms in the second line of our £ always Yend to producs
sn ultimately divargent behavicr similar to that in the unstable
region of the Mathiam equaition., These lowest-order t&m@‘ are -
$iémal %o the aversges of cos ~ P ein ¥ ¢ cos (sp-S§ +oC) end
cos“*' @ 5in®"' ¢ cos (s - 8§ +el}, respestively, mitere Mo+ 7 = 8,
ard P i3 always odd. The sverage values of these are '(fvl) 2 270 sin (sg— - )

o _ .
end (=1) = 2% oo ( s§-« ), respectively. I we neglect all terms

98 ] - Y
but these, we sec that § 'z Oand 55 <O whem § : s (xtX)

for ‘%’ ?‘;2" , indicating that this is a stable equilibrivm value
N .



cr § ; but at this wvalue, @' is nositive, and the oscillations will
diverge, If wo stort with & = (= ‘5,‘) , we will heve a decreasing
@ , but this value of S ig unsteble, and the slightest shift will
start it moving toward the renge in which & increases.. This bshavior
is Just that of the unstable iiethieu solubtions deseribed alove,

It is important %o note thot the other terma 4n @' and S 9,
which are independent of s s may alber this situation, and that higher
order terms than the onmes hore conaidered must be taken into accouni to
iearm what, if anything, lim the motion which is unstsllc on the baals

of those terus aloms. IV is difficult %o visuslize the effects of thess
various %erns from the nathems*ical formulss, 3o we now describe & goo=
metaical represenbation of tho gsolutions which enables ons to cb’t.ain an
overall view of 2ll possible motions in any particular case,

1i. Fhese zig and thedr Proverties

Since the avereging sporoximation ylalds expressions for a ' and

8 ' {z3 Puncilons of @ s & , and the constanit parameters) mhich are perio-

dic 4n § , 4% is possihls to revrocent the approximate behavicr of the sys-
ten b mean3 of trajectories drawm on a cylindrical surface constituting

a Ywo=-dinonsional phass space. The rensresentative point of the system
moves along soms trajectory ia this avacs, which constitutes a nlot of &
{measured parallicl to %he axis of the cylinder) against g {neasurad grotmd
the cylinder)s; the components of tho point's velocity are a ¥ and [ L
Juch a roprosentation is approximate in that the highrfrequency fluctua=-

tiong of a ' end § %, having been averagsd out, do not appear®*, By

% The exact solution could be represented in the ssme wey in en & = §
surface, of course; however, the representative point would hot have
a wmigue velocity at a given point of the space because of the explicit
donendence of a' end §' on 8.
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inspeeting the family of all possible trajectories omc can obtain
a plevare of ke various bypes of behavior which way rouult frea all
possible seta of initial conditicus,

A number of gemersl promeriies of such & - § phase plots
zgy bo easlly deduced. FHo %wo trajectories may 69055 exeapt at a
roint at which ths vsleeldy of the representaiive peint is sere, simce
the siope of a Wwajectory is unlquely d@harmine&‘eVaryahe?e axcerd ab
those singular poinds,  Closed %raj%btarieg, ropresenbing pericdic
motion, nsy be ssparated intc two classes, those which do mod wind
_eampl@%@ly around the cylinder (periodic trajectories of the first kind)

and those which do, passing through all values of § from QoM

3

,_.
w

{periodic trejectoriss of the second kind). Those of the first kind
correcpond Yo motlions ian vhich the free cselllation is lodkaed $n syn=
chronian with the foreing freguency, whilse thoss of the second kind

resresent {res-rmming oscillations which sre out of sypchronism, Bone

closed trajectories of warious sorbs ave alse posoible., ke define

%

critical trajoctories as those separating regions in which the trajse-

orics exhibit qualitebively diffcrent behavier,

ol

The topology of wajoebories in the rhage planc dspends strongly
on the ioeation and nature of the singnisy poinis, Uhe alsslest of vhich
zay be classified as vorte: points, saddls points, glable and unstable
foesl poinis, and steble and unstable nodal pelate. The behavier of
tfajesﬁariaa nesr these singulsr points is exbtensively discussed by
ﬁiﬂ@rskyékiig we shell nod ropeat the discussion here, It has bean
halpful in this work %o regard tho trsjeciories as‘ru??eﬁenting stroom=
1inco of two-dimenaionsl fluid flow, From this point of visw, stable

focal ond model points becowe sinks with end without vorticiiy, respoctively,

v
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vhile unstable ones bscome scurces. %he simplest saddle points behave

1like points of ctagnation, while others may represent the confluence ¢f
a simple zaddle point and a nodal poinmt., A vortex point has vorticity
but no sowree or sink,

Strictly soeaking, a and § are mot the pmber coordinates
for a phage spacs, since they are not canonically conjugate; if the angle
varisble § i used, its conjugate momenbum is the action A, which is
proportional to a~, However, the use of a is praferablec here bocause
of the symastry of the resuliing formlas for at end § 's in obtaining
a picture of the trajectories, it does not metter whabt power of a is
plotted linearly. Hovertheless, we shall derive an interesting result
by introducing & = &> (the value of the proportionality constent is
immaterial in what follows), <“he componends of the velocity wector of
2 rspresentative voint moving in an A = § pgurface arc A' and § 7',

The source strength per wit area for the flow of trajectories is then

28/ ‘
the divergence 55 + j—% of this vector. It is proved in the
Ty ‘
appendix that this divergenecs is rigorously equal to 3{’, +« This

ghows at onee that, if the Dunction £ is indevnendent of e ', the flow

is diverpenceless and contains neither sources or ainks®, This is equiva=
lent to saying that the flow &5 that of an incompressible fimid. Mo '
focal or nedal points may ocour, end ell trajectorics will be eiiher
closed and pericdic, or sgyuptotic (coming from and going to infinity),

a3 would be axvected in conserwative systems; a saddle point represents

e point of stagnstion., If £ is independent of & and containg only v
even powers of o ' (as in two-dimensional motion in an axially symmelric
£1s1d) then every torm of if will take the form cos » § sin ¥

% The volocily, belng assumed small, cannot bocome infinites ag at a
point souree with finite fiow,
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afber substitubing, where M and 7Y are integers, with ? always

odd; the average value of such a berm is zero:; Sinece

oA, 38 AT = N e
37 ToF % o Tis Jo' ? the divergence in the 4 = § plens

|

will venigh and the above conclusiong still aﬁply, in egreoment with
our earlier treatuent of this case, II f contains trigonometric terams
in 8, and if the radial sseillation frequenc;y_;_ w is commensursghie with
the rotation fyreguency, it mey hanpen thal ‘3%' does not vanlish every-
where; hers the aboves conclusions fail %o apply, bubt we will show that
terms comtribuiing o non-vanishing divergence are of higher order than
that to which our aporoximation procedure is valid., The significance
of divergenceless fiow will be discusssed further on, where we will
apply this aonéept to the pwoblem of dodging the gun.

134, Diagugsion an

Tho rogulis obtained so far way be summarized by the eguations

=l /e = S- . C -
a/a=Ka" sin (s§-4) + higher ordsr terms in 4 Zrom 2nd line of £,

- S~ P ¢
$§ = K, & cos(s§-a) + higher order terms in & from 2nd lins of 2,

-2 -
* X, + K@ + higher order Serms in & Lfrom 1st lino of £,

Harsa Kl i & corbain linecar combination of ths A b 3¢ in which
- ° o e ¢ ¢ 5 k| % 2/ &
k=0, 1, {s=1}); ¥, is proportional to w,” =r"/s7, K, is a

cartain linear cozbinzbion of }31 and Bz

Hany of the essontial festures of the situation may be learned from o

s and A is a dobermined constent,

study of the phase vlols of these sguablons, uwging conly the terms given
cxplicitly above,

Ho now wish to indieste the desirability of enpliying this mothod
to o somewhat different oguation. The sccuracy of the method depends on

the smalliness of the fHumetion £ with respect o [ bub the £ given



above conbains torms of {irst order in the A Jo and A ¥ which are
indepcndent of e and e ', so that the method becomss 'invalid for
osciilations of very small ampiitude. By introducing as a now varisble
the radiel displacenent from the distorted equilibrimm crbit (as was
dons oarliaz' to obtain a smellor inhomogeneous term in t-’:e Hathieu=-Hill
eqmtion); we nay eliminate from £ thoss first-order forcing terus which
are independent of both e and e ', The resulting eguation i3 similar
to that discussed above, bub is more complex, in thalt cn the right
side e is replaced by a more involved exprsssion, comsisting of the
new variable plus a FPourler series in &, and similarly for p'. How-
ever, it can be expanded and put into the same forn as the simpler
equation. Similar equations for &' and § ' will result, differing
caly in that the K's end o will be more complicated functions of ithe
parancters, The owvaluation of the K's is discussed in ths appendix,

In treating these egualtions, we set s§€ = o # x for breviiy.
In this discussion, we shall neglect the terms not written explicitly.
Iz Kl = KZ = 0, the trajectories are streight lines parallel to the X
or § axis, winding eround the cylinder with constant velocity K inde-
sendent of the amplitude; the system executes isochronous simple harmonic
potion with an;gular frequency (r/s) + K. If K, =0, but K, # O, the
systen is still simple harmonic but no longer isochroncusy the velocity
along a straight-linc trajectory depends on the amplituds of oscillation,
and the angular freouency bocones (r/s) + K, - K2 a 20 These cases are
simpie end easily understood,

Iz Kl # 0, we havo s more comdlicated situation, The differential
equation of the trajestory becomes

—_ JX __‘_. . —=S _¥-5 )
%Zi = siX [(KO/Kn)a +(Kof/K)a +cch] 3
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ths gonersl solubion of this diffarential egustion is

2~-S

s Ko — _4-s C
Cos x =— 7 =T -

a * s
a'S

x|z

2,
4

where C ic the arbitrary constant of integretion. If K, = K, = 0,
we obteln &= a:m * see x, which leads to the trajectories of
Fig. 7, deseribing the eventually unstable motion charscteristic of
gubharmonic resonance®, IL is difficult to determine the modifications
intreduced by the terms in Ko and Kl directly from ’tm; integrated
equabion of the trajectory, bub a qualitadive pictare can be gained
in the following menner, e first determine the approximate posi-
tions of the lines along which Z' = O and thoso along which §' = O3
their intersections erc the pingular poinds.. The signs of &' and  §
ere next determined in esch of the roglons into which these lines divide
the surfece, and the twrajectorises may then be sketched in, with the aid
of the nethod of leoclines if necessary. The nature oi"‘ each singalarity
is usually evident from this pruvcoduroy it can be essily determined by
use of the theorem of Iispoumoff** in most doubtful cases. We can
find the magnitude of the veoloclly at various points and inseri arrows
vhose aige is proportionsal tc the welocity, as an aid in visualizing
the motion of the reopgresentetive point along & txajsctory.

If 5 = 2, corresponding to n %3/4, end if K, = 0, we find
that es |E,| increases from zero, the dlagram of Fig. 7 shifts to
the fora of Fig. 8 wmatil (K| = |k | , beyond

# The higher-order terms in & ' may wliimaetely limit this motion even
if Kg = = 0, although this oseurs at Yoo large an amplitude %o be
vhys ael% useful in all cascs which haye been investigated;. the va-
1idity of highep-order effocts in this aproximation is doubtiul in
any eass. '

#*% Refercnes 24; Pe 5.
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wi:ich point the asymptotie trajeclories disappear and we obbain the

pericdic trajectories of the second kind shown in Fig. 9. We obtain
from this the Mdﬁh of the frequency ranze in which the free oacilla~
tion is locked in synchronism with the forelng oscilletion; for froquen=
cies oubside this range the oscilleticn has slipped out of gynchr

and the divergent resonant effect disepoears. If X = C but X, # 0,

we nay solve for a 2, ebteining

a = }'ﬁ[—mx *Yos* +c’ ] s
2

whare C' iz an arbitrary constants this is plotted im Fig. 10. Ve ges
that, whilo & may becoma very levge if K, io smell, 1% wfil nover be-
coae infinites the exigiones of the freguency shift o proportional
o a® is sufficient to destroy the resonance eventually, even if the
syster is pre.ciéaly in tho center ¢f the resonant range for small ampli=
tudes, OF course, if K, is suall, this mey not cceur wntil a is =0
largs as to inwvali ate the aporoximations used. In the general case we
may have a wariety of types of behavior, depending on the relative magni-
tudes of the K'sy all of these are simlilar to those alresdy discussed
except shen K and K, ave of opposite sign and IKGI > 2 \E{l] » in which
case we nay got Wrajectories like those of Fig. . \
If 5 = 3, and K, ® 0, we find that § ! is of invariable sign
wnless |a| > \Ké/ﬁ\ ; thiz means that the rosonant effect will only
cecur for oseillations of amplitiude greater than thiz criticel smplitude,
vhich iz eguivalent %c saying that the widih of the resonance rangs 1s pro-
rortional Yo the amplitude, instead of being constant as it is for s = 2,
Teis situaticn iz shown Ly the phage diagram in Fig. 12, Ue can now see
why the only subbarmonic rescnance appsaring in the linear theory was that
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of prder cme-half; in higher fractional orders, the resonance @ff@c%
venishes as the amplitude spproaches zero, In geperal, the widih of

the resonance renge will bo proportiomel t¢ & 5%, as is indieated

in Fig. 13. From this figure it is clear that, for moderately large |
inhonogeneities end for the small 's of physicel interest, ths widths
of the resonand ranges decrease very rapidly with inereasing values of

8. Even 1f K = 0, the frequemcy sbift proportienal to &2 may become

large enough %o destroy the resonansce.

%o are now in a position ‘bo ’desariba gualitatively the general
behavicr of such & sysbem. Wo have seon thet the non=lincar terms
prosent oven with an axially symmetric field are responaible for two
effoctas the introduction of higher harmonies of the fundamental
fraguoney (which ars progressively smaller if the soefficiemis of high
order terms are not too largs), and the shifting of this frequency with
incresging amplitude of the principsl escilliabion. From the Mathieu-Hill
aguation we found that the terms with periodic coefficients caused the
appearancs of divergent oscillations when the frequencies of forced and
free oscillations wers nearly commensurasble, We have found both types
of bohevior in our more gameral equationy some mulitinls of the funda~
nmental free frequency will resomate éit;h some foreing term, dus W a
near-comcnsurabllity, and thus will give rise to & opotdmual change im
its amplitude, This will eause a ehaage in the f:-me. froqueney and all
its harmonics, wntil the resomance responsible for the inerease in ampli-
tude is ées%my o 3ince the high-order rescnances aere very narvow and

oxert a very weaek influence on the amplitude, they are relatively unimportent,
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as is clear from an inspection of Fig. 13.

One of the important results of this study is the theoretical
sxplaéatim, cn these gcdtmé.s, of the experimental observation that
aschines asy function well in spite of commensurabilities, ¥e have
seen that the frequency mey vary quite strongly with amplitude if the
£eld deviates conasiderably from & linear dependence on (7 » & Tego-
nancg whick is haraful at one amplitude mmy é&sily diseppear at another,

‘ ssvnecially if the deviations from axial gymmelry arec not large., We must
remsmber that, in addition to the effects described above, the Kerste
Serber damping and the sdisbatic deorease of the inhomogeneities relative
to the tobal field both work against any divergence of the eseillationa.
Also, the circulating elscitron current produces electric and magnetic
fields which change the effegtive walue of n., All of thess considera-~
tions malkc i%t soom plausible that resonance effects will interfere with
proper cooration only in particulsr situstions which have a low probabi=
1i%y of being realized by empiricel edjustments. The only pobentially
dangeroug resonance iz that of order one half; evwen hers it seems likely
that the trejectories may be similar to those of Figs. 9, 10, or 11
rather than to the unfavorable ones of Figs. 7 and 8, It may be, however,
that %the obsorved escape from stable orbits of some of the electrons
throughout the acgelaration cycle®* of the General Electric Company's

T Mev. synchratz'on(?) s in which n = 3/4, is due to this resonance effect,
as Pirst suggested by Cmmant,(n).

Tt does not seen worth whils to continue a study of the egnation

governing motion in the plane of symmetry in itz full genarality, since

{

# Private communieation from Dr, R. V. Langmuir,
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W3

she somrogimstion nrocedmes o he fellowed and the torms be bo singled
gub fgr fupther study deoend on the magnitudes of the vericus constents,.
which can only o determined by extoncive moasurcacnts on a particaiar

wachine, W2 ghall e conbtent ab thisz polint with the general deseription

above, and now twn Yo a discussion of the possibllity of dhoo: ,im &

tain inhouogensities in such @ way that the chence of avoiding celliisions

with the mm is greatly increased,

\

3a. The Peoblam of Usine the Inhonoronsiliss to @,5} Anjoobicn

To aid in incrsasing the in.;;‘ gedion efficioncy, the inhomogensibtios
meat roduce bhe amplitude of fr2eo oscillstion by en amoumt aulficiont
mize the gm within o fow rovolubtions, and hold it below this weluo for
several humdeod rovelwidons o untll the Korate=d sorbar doeping hag had
snough i ': to btake over this Dunction. In terms of the phase nlotsy
thiz means that o ¢lushor of rourosenitedbive podnts initially in a regionm
of the phase nlane heving finitc ares, corrsgponding Yo cloctrons injested
under siwilse indtial conditions, wust all folleow trajoctorices which
rapidiy dron down toward smallor O valuss wad roxain below thelr
initial walues for a rather lony tius., I3 iz clesr tha% pericdis tra-
jectories of the zecond kind (corrosponding te & lack of synchronisaion

3

bebtwoen radlal osciliation and rotetion) erc unouitalle for this pursose,

& <

&

singo they will return to Sheir oripinal awpliindes too rapidly, in
goneral, Thorefore, 1t is nocsssary to consider only situations in which
synchronism mz-:iz;ﬁa. @ have both euperimendal end analytieal ovidencs
that 1% iz Jifficndt Yo naintain this conditicn, duse to the dopendance
‘of the free froquancy on amslitieds, Ve will therefore consider cnly the

trengest Poconenco, shem o =X %s this should be the most oasily
maintainod,

A dosirvable shate of affalrs would bo that in which 211 of bthe
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trajectories passing through ithe area caz‘raspondf\.ng to the injection.
conditions would flow downward towerd & sink of soms sort st smsller
amplituds, from wh;se neighborhoad ihey would never depari. Howsver,
such a sink can ococur only if the divergencs of the :’.‘loz; of trajectories
is nezative in this regilen. If it is sero, the flow is that of am
incompraossible {iuid, end representative poials may not accumalate any-
© ghere, bubt mugt flow in and out at agual vabes; all trajsctories must
be either closed or asyzptotic (coming from and golag to .infiniﬁy). The
eriticd %rajectories leading to a saddle point (which is a vpoint of sbage
nation in this case) are exespitions, but even infinitesimally neighbore
ing trajectories will ovenbually lead eway sgain. Therefore a necessary
condition that a grouy of trajectories shall drop down to small

values and never return to thelr original amplitudes is that ths flow
shall not be everywheré divergencaless,

That thiz is not a sulficient condition may be seen as follows.

Supposs that the trajectories; or lines offiow, be dramm wi:hh such a
spacing that the flow per unit time across s line-clement of the phase
plane iz given hy the number of lines passing through it timea the
component of the veloeity at that point normal to the line-clement,

Then the existence of a non=vanishing divergence meens that the linss of
flow are no‘t: conzerved; in a representation eontalning e digerete nm
of lines, ceriain ‘lines would have to terminate or start shruptly., Howe
ever, any particular representalive poiﬁt will continue to move onward
aleng i%s trajectory through the region {excent at a singular point
| vhere the velocilty is zero) regardlass of whether neighboring fietitious
lineé are z‘equire& %0 berainate or start; the number of real varticles

will remain constant. 4 sufficient econdition for oocurrence of the desirsed
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situation iz that the flow_ bz inward at every point of a closed curve
surrounding the region within which we wish the trajectory tc remain;
this requires that the ares integral of the divergence over this region
be negative and that the ragion contain al least one stable ifveal or
nodal point®,

It is sasy to show that the flow due to the terms thus far con-
sidered will elways be divergsnceless. Expressing our results in terms

of A= 22, we heve

Z'=2KJ_I§& sin (s § =« )} + higher order,

’ cos (sf - )+ K‘)* xla‘+ higher ordsr,

E‘ s &J_K
A, |

and the divergence 5;- * )§ =0 ‘%o the order of terms written ex-
plicitly. Thus we must bring in highor order terms to obtain a non=-
vanishing divergence, for any crder resonance, We will show later that
our approximation nrocsdure will not »roperly sceount for the influence
of these higher order terms; however, it will be instructive to investi-
gate their effects undar the assumpition that the procedure is valid, It
can be easily shown that the next terms in the equations will contain two
more powers of & , and are therafore much smaller. For s = 2, the
lowest-ordsr tera in £ lesading %o a non-vanishing divergence is
o @ cos (8+a'); its contribution to 3d/Z will be of the form

K; @ sin (2§ -at), where K; and o aro determined functions of the

>
cosfficients; there is no corresponding contribution to § . If we neglest

the tarms in K end K, which produce the frequency shift, we are led

* Compare with Rendixson's First Theorem (the "negative criterion®),
Reference 24, page 77.
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o conzider the equations :
a'/x Wy st Ll §'z K, cos (28-a)
&/a = Kisin(a§-u) + Ksd s (28-') 3 8 = T .
Se’tﬁngzs-o(zxand X =Xt =&  we have $t = 0 along the lines

—

+ T - ‘. , =
%, = I T , and a = O along the lines X; sin x = =K; a gin {x ~¢€ }.
- K
The gsingular points vhere these lines initersect ars at a°2= - —
K3 cCos €
Ifwoset A= Q, +§ , x = x +y , and expand about the singuler points,
keeping only first powers, we obtain _

{

Z: ;QK"( ’—.'.Cf +Adv(.

Using the thecrem of Liepounoff*, we find that the roots Sl and 5, of

2
the chavacteristic equation S°«(a + 4)5 + (ad = be) = O are

8, 85, = ¥ 2E&y; since we Nave real rools of the pame sign, the singular
points are both nedal. points, one being stable and the c;ther unstable,
If a stable nodal point eoul,.d bo pmducgad at a value of & l=ss than

that at inﬁectien, the desired results might be echieved. However, o

de this the quantily x:,_/i;x3 cos € ) mist be made very amall, say less

than 10”2, For reasonable values of the coefficients this quantity

turns out %o correspond to values of Q, which are much too large. This

1 because K; 1s a coefficiont of a higher order term than Ky, and would
not bs expected to be more than a thousand times Qs great as Kqe If 1%
wers, our approximetion precedure would have 1ittle chence of yielding
meaningfal resuits, I El is Yoo small, the electrons will not move awey
from the gun fesht enough at the start. The other terms not yet considared
would make it even more difficult to obtain such a nodal point in the
correch region; the effects of vertical eécillation and fnteraction of

many electrons would further complicate the situation. %Therefors it

* Reforence 24, p. 5.



seens thoroughly impractical %o depend on such an effsct for satisfactory
injection,

Thus far we have not taken the Xerst-Serber adisbatic damping
into account explicitly. I% 3.;3 sasy to chow that its cumulative effect
on the amlituds would not become docisive mtil aftcr several mmdred
revolutions., Sinecz da/a \ =-+ d&/E in the non-relativistic enecrgy

’

; -1
rangs, W8 have % = = i(a—‘g—g ed 9) s ®here ¢ is the energy gain per

turn, and E = B, + j—%, o If gm clearance requires a/a, = 0.95, say,
we must rely on oﬁw means of attaining it watil 62T = 0.22E /€ .
If B, ~ 50 Kev, end € ~ 50 v. per fburn, this is about 220 revolutions,
Bowever, wo may get more uebdiled information about the effacts of this
damping on tﬁa behavior at a resomance by including it direetly in the
equation for @'/ & . The %eram Kq to be subtracted may be approximated,
over the renge of intersat, by € /(8 1)'-30)\25 4 z 10™% for the values
given aboves It can be increased. by raising the energy gain per turn,
bub will orobably nover excsed 1074 for injection energics of the order
of 50 Kev, ’

te shall bwiefly consider the effects of this tera on some of
the ceses discussed earlier. Its general effeet is to introduce a constant
negative divargence into the fiow patiern, thareby allowing modal or focal
noindks to exist where none were nrevionaly allowed, Singe the divergence
is very small, ﬁl';e rate of approach to thesze points iz too slow to be

helpful in evoiding the gun. If K, = 0, we have

Z;/&"KlSinx-Kd %
"5%5' :Kléos.‘z‘l'Ko.

CIf \Kc\ > \Kll s wo have o contimuous decrsaze of amplitude super=-

imposed on the plot of Fig. 9; the average damping is the same as if there

\
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were no resonsmes. If |K,) < lKl' , the trajeciories of Fig. 7 &re
saalitnbivaly umaThared 88 lony &2 Kla - Kf + K. If the inoquality
is reversed, wo find & stable nodal polnt st & = 0, x = cos™L(-K /K )3
howavsr, to obtéia || flxﬂ and Eig-< 562 + Kdg for Ky ~ 1074
reguirss an oxtremsly delicate a&j&sﬁmn’t of the K's which would be
impossible in practice, and the ratc of decrease of A is s%iil oo small
to help in missing the gm. If K, # 0, we find that the vortex points
of Figa, 10 and 1l becoas stable focal points toward which the trajec-
tories spirel slowly inward, The adproach is very slow sincs K iskso
szall, The higher order terms discussed esrlicr in connechion with
divergonce may altor tho noaitiun‘and strength of such a gink, while
highsr corder Yerus in the freguency shift msy be of sufficient i&ﬁmrtance
to move the stable neiat to .-:zn wnievorable nosition or destroy it. Im
any evenby the damning is oo small to be of use in sxplaining or siding
injegtion, ‘

Those difficulties mey bs displayed more exslicitly in analyti-
cal form. Lot us consider $he situation illustrated in Flg. 7, wit?
s 2 2, If we aceerl the concluaion thet the flow of trajeeﬁeries is
divergenceless in %he lowest anproximation, which can be calculubed and
experiucntally controlled with roasonaeble accuracy, wse have

Y =
A =z {consb.) sec (28 -« ),

if we negleet the adiabatic damping, It is shown in tho appendix that
by substituting this in the differential oquations for T ' and § Y and
integrating with respeet %o 8 one obtains

2iq® ) ~dEsd

25 | " & l’

== 2 _ 2
(a/ao) = pin” 6 o s~ e .

This helds 1f « = T/2, corresronding % injection at the most fawvor-

able phess, at which all trajectorics are dropping down. Here E'G is
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the initial ampiitude of oscillation, given by El'.o z P 7 8e¢ § 5o and

tan § , = =2 tan #y/ Qs where Qg is the injection radius and gr is
the angle between the actusl dirccltion of injectiocn and that for a tan=-
gontiglly injeeted elactron, Ib is also shown thet inclusion of the

adiabatic damping leads o the following solubion:

(Z/ 5.'0)2 s [siz’z‘?’g o o PN " e-QKla] anzxdg ;
This resuli shows that all the oscillatlons will dlverge uniess Al < Kgs
or vnloss the rosonance is destroyed bulore they strike The gun or the
doughmut well, The labber possibilily, requiring tino-dependent inhoumo=
gensitles, will bo discussed laber.  lei us now lnvestigalc the consegquences
of having K, less than aboul 1074,

First, svan the most sivongly deuped slscirong (bhoss with

§ , = 0) will require H |, revolutions %o clear the gunm, whers N, is

s ALY YA
¢ 7 Tar(K,+Ka) 4T Kd ’

ths inequality holding 4if K, < K; a3 19 here assused: Q4 $s the value
of ¢ at the inside adge of the gun. For e c/ QI s 0,95, and Ky = 10™4,
we oblein ¥, > 40 rovolutions, 1his is uoech tec grealb to Lslp imjsction,
sveon if allowancs be made for some assistance from the veriical oseilla-
tlons as indicated in Fig. 4a. @ o/Qp twmobt be pushed wuch wearer to
undty then bhe value giveny fuor a machine with B = 30 cu. Thls allows
only 1.5 aillimsbtor bebscen bhe injscilon point and the imnner edge of
the gm. OSecond, the width of ths rescnent range of radiel oscillation
frequeneias is direetly nroporiional to Xy, 80 Thal for small Kl an ex-
trencly minubte change in this frequency »111 removs it from the resonant
rengs. In fact, if K, = 1074, o shif% of only 0.02% will destrcy the

rescnance, Ib seens impracticel %o rely on an eoffect which i3 sc sonsi-
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tively dependant on the saramsters involved.

The changes inlroduced by a smaller ffequency shift, which
convert the trajectories of Fig, 7 into these of Fig. 8 through 11,
de not essentially =modify the situation., I hones for satisfactory
injection gre pimned on any narticuler configwration of Srajsctories
it would be very difficuld to control the sizss of the various X's and
- the values of the o '3 orecisely enough to sssure that the desiraed con=
figuoration is rezlized, cnd the sans inconzlzdency beitween rapid denar-

ture from snd lack of eventusl return to the orizinal emplitude will

ariso,
An l1mrortend coneclusion of this study is, therefors, that the ‘
difficuitiag deseribod above, together with the additional coaplications

introduced by the verticel ocscillations and by interscibicn effects, make
it impractical do roly on magnetic inhomogenelidiss dhich ars relatively
time~indapsndent 4o ald in *the injeciion ¢f electrouns into s sachine
whose paramsters ere ia the ranges assumed in this discussion., The lowest-
order effects which have boen calcoulated heve are wniverssily mafavorableog
the modifications »roduced by the hizher-ordsr terns can only ve caleu~
latad aceuratelyvby extensive numnrioal.camﬁuﬁation;. It i3 not certain
that they couid sver be éa&e Lo produce the desived resuliy 1P they could,
many parancters would raquire'criﬁical adjustuent which might nrove %o be
exmerinentally fmmogsible,

Thare romains the posszibility thet the inhomogeneities might bs
maindeined by eopronwrilate auwrilliary colls and rapidly eliminatod when
the trajoctories had fallen %o adequately low values of & , If this
could be dons, thers would be nc need Lo restrict Ki %o such small values.

An upper 1isit on Kl iz imposed by the conditien that the most noorly
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damped first-injocted olectrons must not return to the gun until the
last-injected elscirons have cleared it. A lower limit on 5 is imposed
by the condition that an appreciable fraction of all slectrons must cleser
the gun within a few revolutions. In examining thess conditions we
shall neglect the adiabatic damping.

Wie shall again consider the situation illustrated in Fig. 7,
with 8 2 2 end X = /2, It iz shown in the appendix that en electron
will return to its original amplitude after N, revolutions, where

B, = (awh, )" Loy |7 Qrcol & |
Of course, when the initial amplitude is regained, the wave cresits will
not be near the azimth of the gun, but rather about /2 radians away
from 1%, However, their amplitudes are rising here as rapidly as they
were falling near the gun, and the electrons will soon strike the dough-
nut walls at this asimuth. It is also chown that en electron will be
clear of the gun after about Hp rewolutions, whare

Ng = (27K,)" Loy | Ps/. |
for electrons heving @y = 0 ; H, is slightly larger for clectrons
injected not quits tangentially.,

If wo rely entirsly on conirol of the radiel oscillation Yo escape
collisions with thse gun, we must have N loss than two revolutions,; because
of the synchronism, Houever, i% can be shown that N; may be increased to as
much as ten revolubions for electrons with the largest vertical amplitudes
if the gm occupies less than onz third of the available vertical clearance,
Since we wish to attain a considerable improvement in injection efficiency
wa shall require that N, be less than four revolutions, in order not to de-
pend too hoavily on the verticel osciliation. We must also reguire that N
be greater then e hundred revolutions, since one revolultion takes place in
about 10°8 sec. and injection proceeds for a Lime of the ordsr of 1076 sec,
From the equations asbove
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we may then determine the radial divergence of those electrons which
could successfully miss the gun by this mechanisms
lan Pr,, = 3Cr (%)NV/M
Taking p g = 0.1, ?c/f,’xga’%’ R, = 150, and N, = 4, we have
gimax = 25, which is a very smell anguler spread. Further, it would

be necessary e reduce the inhomogeneity from maximuwm o nearly zero in
(150-100) = 50 revolutions, or one half micro-second. In additicn, the
valus of K, specified by the choice of valuos above is 2 x 1073, and
the radial cseillation freguency must be adjusted to within 0,49 in
ordsr for the effoet Yo exist at all, Therefors this procedure secms
equelly impractical™, end we concludse that an explanation of injection
phenonens énd e method for improving injection efficiency must be sought
along other linaes, We will show in Section III that the effects due to
the interaction of many electrons have an important bearing on both,

dre

If the megnetic £ield is axielly symmetriec, it is possible to
generalize the treastment given carlisr for motion in the plane of symmeiry,
obtaining a potential fumciion U(r,z) such that d(mr)/dt = = 2 U/>r and
d(uz)/at = = 3T/ 5. 4fter obbaining this result by the simple mothod
presented below, the wrilter discovermed that a special case of it had been
derived eariior by Gana(zg}s who used a more complicated procedure.

The Hamiltonian for an slectron with cherge = e moving in an
axially syatietric magnotic field is

M “’%[ ’9; + (r")vg +€A6}L+ f:] 3 |
where Ay = Ag(r,z} is the asimuthal component of the vector potentisal.

* See, however, the note in the appendix on time-varying inhomogensities.
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The Hamlltonlan equations defining the canonical momenta ave

Q¥ _ .. ,

af'.- r = Pr/m 3

¥ s _ |
’5};: e = (f”-e‘l'e/qe)/m;
S

Proa these we obtain

przmi;pgam'aé-emg;pssmé.

The other Hamilicnian eqma%icms yiald

U
—5—%{': r’k( V‘)— &r[am(\oe"eg>:’ ; 5
B he A (]2

, -% = [’9:0.‘. F6= constast = ”‘rl' e.z - erIA@(G'ZI)j

here suhsmvma I denote mitial or injection values. Ve define
z’IéIsvwsﬁl, whore v ic the veloeity of the elestron. It 15 easy
%o show that the voctor potontial Ag(rys) = @(x-,z)/mrr, where

d (r,3) 15 the total flux of magnotic induction passing unwe.rd through

a surface bounded by the circle (r,n). (The flux through any surfsce
having this boundary is the sams, since the divarémc:e of the induction
is zero.) The cemitral flux 63 through ths surface bounded by the
circle (R,0) &s equal %o 2‘“'};8 s Since this is the bebatron flux condi~ -
$3on which defines R, Iy inserting these velues, end remembering that
a¥ = + B,oR, wa‘ob‘bain our potential function in the following form:

Beys) = (w2} [T Bael (kT «Orye) - § (rppap] ?

where k = (ryv cos ﬁx)kﬂ. In the special case diseussed by Gangy, k = 1,
ry = R; sp ¥ 0, and the poteniial function becomes
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ur,2) = (a2l #Bcaf[ﬂi(r, z)/r]".

An interesting feature of this potential is that it is valdd even
if the magnetie fiocld is changing in %ims. The potential function is then
no longer time-independent, but the equations for radisl and vertical moticn
are gtill givem correctly by the simple formulas above, as shown by Gans.
The depandence of & en time is given by the equation pg = constant. The
equations ere even valid if the particle's energy is in the relstivistic
region where its 'mass is varying with time; the mass veriation can be
found from the eguation

‘ o= + (or8/e®)( 08g/0%) ,

as shown by Dennison end Barlin{12),

This result allows cane to dotermine ths reglon of stability in =
genewsl way.  The mobtlion is stable everyvhere within the rogion where U
is momasmg with increasing deperture from 4te nminfmum at the ingtante-
necus circle, This rigummly corract mothod, based on the work of Gans,
does not seom to be well known., His naper appeared in the first volume
of the new publiication Zeltschrift fir Heturforpch
and Wkins?0) 4 1948 were st411 using the ariterion that (r/B,)(dB./dr)

ung in 1946, bub Goward

should lie botween sero and mnity in the region within which both vertical
end redial oscillations ere steble, Their plotted results do not sppear
te; be endirely consistent with the method above, especlally near tho edges
of the gtable rogion.

In prineciple, this result enables one to detormine the effects of
all nonlineesrities if the field is aexially symmolric. Uie are able %0 )
visualize the radial and vertical motion in terms of a mass-point moving
without friction on a surface whose height above an r-3 plane iz Wz,s),
wnder the inTiuenecs of a constant force acting downward toward thig plans,
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In the linear approximetion, this potential surface is an elliﬁtical
parabaloid, The gradual growth of the potential function in time provides
the adisbatic damping mentioned earlier. If the damping is negligibly
small, we see that an electron will eventually return to the gun, as
shown in Fig, 4a. However, if its motion extends intc a reglon where the
shepe of tho potential well is no longer perabaloidal, its radial end
vertical displacements need not bs sifiusoidal, eand their periods may
differ from those calculated from the linearized theory; the task of
determining how many rovolutions ere required to reburn %o the gun under
these conditions 13 very difficult indsed.

To avold tedious repotition, we will not discuss in detail the
general mobtion in the presence of axisl Inhomogeneities, but will only
point out the im‘oortant features and indicate the techniques by which
the calculations can be perfored. This procedure is suggested by the
resulbs obtained abowve, which showed that in thé two=-dimensional problem
no useful results can bo obtained by utilizing the inhomogenesities, and
by tho conclusions to be nresented later concerning interaction effecis,
which cast doubt on the validity of the single=particle approximetion
in practical accelerators,

I? the various parameoders are smell cnough to justify approximations
of the typc used above, it is eassy Lo show thet the appearance of interest-
ing deviations from the simple sinusoidal behavior of the first epproxina-
tion depends on the existence of near-commensurabilities between at least
two of the three characteristic frequencies (of radial oscilletion, vertical
oscillation, end rotation). A commensurebility mey be represented in the

form

rwr+sw5+twe=0,

where r, 8, and % arc positive or negative inilegers or szero., If these
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integers are not small, the resulting resonances are weak, slow to act,
and easlly destroyed by small frequency shifis dus to thoe dependsnce of
the osecillation freguencies on amplitude., Consequently we shall consider
only the simplest cases, wherc none of these integers sxceeds two. We
may write cur condition as one on nj rﬁ.:: + 8Yyn +t =0,

The re:ilting resonances may be tabulated as follows:

p | H1=4V7) | 1/5 | | 9/25 | & | 16/25 | 3/4 | 4/5 | Bi+ &TT)

by 2 1| ol 2111 <12 2 2 -2
8 -2 «2 | 2|=1|2 -1 211 0 -3, 2
13 - 0 | =1|=1}k2| 0 | =L|=2| =1 ¢ -1

8ince betatrons and synchrotvons are usually designed with £ < n < 4/5,
we shall comsider only the four resonances in this renge and the resonance
at n = 0,2, which iz similar to that at n = 0.8 and {3 of interest in
eyelotrons. The resonance at n = 3/4 does not involve the wertical
oscillation and has already been discussed abovs. Those abt n = 1/5,

é-,‘ end 4/5 do not involve the rotation frequency, end in these cases

the effects of axial inhomogeneities will cancel out over a few revolu=
ticnzg and thus mey be neglected in studying the interplay of the two
oscillations, At n = 16/25, there ave important interections caly with
the first and second Fourier components of the field: sc nay neglect the
others,

Considering first an axlally symuetrle Fisld, we expand the gemeral
equations of motion obtained earlier, keeping terms through second order
in e and § end their first derivatives. We may take D, = 0, since
no ecwrrent loops through end around the equilibrium e¢irele, Also,

Cooo = Oy since it is the first term in the expension of the field
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B = BpoC rt about r = R, and no field of this forn will be oresent.

Yie may slways mske A‘OOI agual %o zero by vroder cholee of the plane
gz = 0, Setting A,= O and meking use of the interrelations between the
coofficients derived in the appendix to sxpress the C's and D's in tarms
of ths A's, we obtain
?”"' ("‘")e = = Aou es * (2’1"'Aozo) E”.‘* (§+A°2°) ‘S’l'" %Q't ';'.3’1“"‘11’""'&'”
74 S = zAp 43R + 2(Ags™m) @S +p's + higher order,

These squations are of the type studisd extensively by Bethu 1).
He has published 2 lengthy and thorough discus-sicn of the behavior of the
solution of such sguations in a wide variety of cases., In first approxi-
mation, the egquations are equivalent %o those of two simple harmonie
oseillators, with engular frequencies (1—#)%‘md n‘?‘"“, rospectively. The
non=linear %erus on the right reoresent perturbations and couplings
between them., Bach oseillator has a kinetic and & potential energy, whose
sus would be a constant of itz motion in the azbsence of the non-linear
tormz, Beth finds that, ’if the fregquencies are commensurable, the principal
effeet of the non=-linsar terms is to cause an interchange of these total
enargies between the two oseillators, the sum of the total energies being
conserved, In genersl the inberchange is cyciic, so that the energy
given ur by one vibration tc the other will ultimately be returned %o ib;.
however, for cortain critical valuea of the parameters there may be an
asymptotic approach o a perticular partition of the energy among 'shé differ-
ent vibrations, He notes two general t:me,_z of behavior, which he calls
“Iibtration” and "general mobion"; these correspond %o what we have called
pericdicitiss of the first and second kinds, respectively,

If the amplitudes of radial and vertical oscillations are denoted

-—

by a and -5 s Tespectively, the energy conservation equation bscomes
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(1n)3% 4+ 1B = o~ » 8 constant
| to a good approximation, since tho spring constents of the equivalent
oscillators are proporticnal to (l-n} and n, respeciively. If the
energy tranasfer from ons mode to the othsr andlbaek were complete, the
beam would have an elliptical cross-geghtion in the long i;im@ average,
with the ratio of radial to vertical semi-axes being [n/ (l*n)] %.
Incidentally, Kerst and Serber'®) have pointed out that this ratio
would eventually bs abialned evon if the bean ware originelly eonfin@ﬁ
to the eguilibrium orbit, boeause of rsndom scattering from the reéidzzal ’
gas molecules in the douzhaut which tends to produce an oquipartition
of enorgy between the two oscillations,

The ﬁaemd of Eryloff and Bogoliuboff, generalized to two coupled
equations, has boen applicd to these equations by the writer, with
results which confirm those of Both and have the additional advantbagd
of gllowing & representadtion in a two-dimensional phase snace iike that
used above with & single eguation. This is possible because the energy
conservation equation determines one amplituds for any value of the other,
and the differential rhase squationa all depea& on trigonomsiric funciions
whose erguments are the sane linesr combdnation of the Ywo phase angles,
as will be seen helow.

, We will only summarize the analysis herc, since the generalisation
to b oguations is quite obvious. A4s before, we set @ = acos {cﬂge +8?), |
$= beos (w8 +8,), and ly the same rocedurc obtain four first-order
squations, for X', &', §p', and §,' . For nx 4/5, these sve

5,'/5, = K,-l; sin (af,.-g,) ; |
v/ b zik(@/i)s (28,-8,)
§0 . KB cos(28.-5,)- (55/)(n-%5)

S! - LK (E5)as (28 -5) + () (w75
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where :.!5: Telking tha quotient of the first %wo equations
e Xy % fﬂll . 5 W8 4 . quanLonss
we got ada +4bdb = 0; indegrating, @2 + 4% = ¢, 2 constant, in
agrsaenent with our energy conservation equalion above. By introducing
2=23a2 anaB =R » it may easily be werified that the divergence
-~y " -—f —
24‘*'39- "'aff 4.>£z =0
0" B )5 0% ’

Satting a?:c‘g-{ﬂz, am:l2$—r- rz=¢,mhava
B = -3k (F=4F) sing
- 2
g'= t K (Rb--%—) cos @ - 5-ZE~ {n = 4/5).

These equations may be used to obbein a phase plot of b against , from
which the essential features of tho Rotion can he deternined., The differ-

ential eguation of the trojectories is
dE _ k- (3y-y7)cos §
dy ) (/-7’)Slis¢
whers y = 23/9 and k = 2(5n = 4}/kellc. the gemeral solution of this

2

differantial Qquation is

S
in miich D ig the arbitrary constan® of integration., The trajsctories
are of the form shomm in Fig. 14. There ars two qualitaﬁivély different
cases, according o wicther |k| £ 2, as indicated on the figure, The
centrsl vortex polnt moves up from y = 3’§’to v = 1as |k| increases
from O to 2, and is not present for larger |k|. Yhe outer vortex point.
at § = ™ moves down from y = 37% yls 0 as | k| inereases from zero to
infinity. The anelysis becowes invalid very near y = U, since §' grows
without bound as y diminishes.

As before, thke apparent pnossibility of quickly trenaforming the

radial oscillation energy intc that of vertical oseillation and helding
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|k | <2 Drawn for k=|
—_—0\ =
N\—
SN (<
= AN\ -
O/ \ N~ y/ S~ |
k| >2 Drown for k = 4

For n= %:y:—z—%,62+462:C2, k=2 AOII_C
2 2 =
y'= =25 Ao ClIy*)sin g ¢ =5 Aoy C[(3y-y")cos ¢ -,
-1
cos ¢ = ?k; + D[V( l'yz)_J

|
For n= % replace AO”by-lZ—AOZO , (5n=4) by (5n-1),

and interchange a and b.
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it there %o aveid the gun is circumvented by the divergenceless character
of the plot, which brings & back to its original value after a short time.
For n ~ 1/5, we obtain

a'/i = = K‘-%:— Sl.w(gr '2-8-1)
B/F = 4K & s (§-35)
f‘: - K‘% ws (§,-25.) "g‘%'b“' ;:)
St 4T e (LAl (n-p),

~where K, = -:Iéz AOZO o Taking the quotient of the first two equations,
we goeb 4Lada«~ bab = 0; integrating, 4 az + 5% = 02, a constant, again
agreeing with the energy conservation equation. The divergence vanishes
as before., Setiing S-r = 2§s = @ and '52 zc? - 422, we have

o - K, (c*-4T) sin @

' - s e
¢ K‘<11&~%)Cos ¢ - —g(w—s} )

"

These equations becoms identical with those for n = 4/5 if one replaces
ad by b, A020 by AOJJ.’ and (n = 1/5) by (n = 4/5). The same phass plots of
Fig, 14 therefore represent this motion when properly interproted.

It is interesting to note that the results of this methed, to the
order of lerms explicitly written above, devend on differont terms in the
differaential squations for different resonances. In particular, if
n = 1/5 corresponding to Wp/w, = 2, only the terms in €2 and $'2 in
the first equation and those in @< and Q' ¢! in the second contribute;
but if n = 4/5, for w./w, 3 &, only the term in oy in the first equation
and that in e R in the second do 5o, None of these teruns contribute to the
other resonances, which 211 depend on higher order terms. However, in our
problem, the coefficient Agyy of the terms affecting the n = 4/5 resonance

will bs very small since it deponds on the agymmetry about the plane z 2 0
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while the coefficient 4. affeg‘tﬁng the n = 1/5 resonance may be quite
large., This resonance is of no interest in betatrons bub is the only
serious resonance o be encountered in a cyclotron, and is thought to
be responsible for the disavpesrance of its beamuz) at the radius where
this value of n is reached. In fact, the phase plot shows that the majo-
rity of itrajectories do pass through small valuss of @, corregpondmg
b6 large vertieal 'amplitudaa, which may well cause the ohserved effect
because of the smell vertical dee clearance in cyclotrons,

We have now anly %o discuss the n = 16/25 resonence. The f.‘ﬁ.rst-
order ecuaetions will e of the form

e 2

C-l.‘/az KQ"'b—' slk(;’?z*gv'd,) * L,'E SIL(aS-,. +fz- g,)

a
r'/t = Kb ; SI;\» (z—s.“'s:'dz) * Lb %S,L (Zsr +Sz-- @")
7’ b = & & T +$ ¢, (n- I
£ ek B Gy e ke B (el Tun 036051

-t

c_C ar Tt 1
§2:= K, b cas (ng'sr-dz) + Lber";—cos (28-+8 - (3,_) +C, (n— a/;),

vhere Xy , By 5 o 5, and &, dooend on the amplitudes and pheses of

those imhomogonsities with |] |= 1, while L, , Iy s @r and (33' depend
on those’with \j\ 220 == 5/6 and o, 2 5/8. Tho situaticn hers i3
very complicated since Shers are two sasentislly dlstinct resonznt offects
acting simalbancously, each dus to a different Fowrler comsonent of the
inhomozeneidics. Dven if one assumes thal only a single component exists,
the simnlifications of the sbove paragraph disappear and one must deal
with a four-dinensgional phase snace, 'fhaz:e is no longar a coascrvation
of energy in %the oscillations since the magnetic fleld nay supply cnergy
toror take it from either vibralion. me differontial phase equations no
longer depend on trigonometric functions of the same argumesnt as thoy do above,

bacause of the arbitrary shases of the inhomogeneities. However, the diver=-
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gence is zerc even in this case. In orinciple, these eguations eould
be investigeted further if they wers of sufficient interest to justify
the labor invelved.\

e shall close this discuseion of the motion in thres dimensions
with & few genersl remarks., First, the § equation contains ordinsry
trigonometric foreing torms in the € 500 1ike thoss in ths re.jcc in the

P eguation, whoso first-order effect is to Qistort the orbit cut of the
plene z = 8, 4As before, the lew-frequeoney componsnis ers the most effective
because of the rescnance denominzstors in the foreced nolution, If thesa
ecoafficients are too lsrge, the distorted equilinium orbit will intersect
the top or botton of the doughnut apsrture. Strictly, these terms in the
first=crder sclubtion ahmlzlé be renoved from the right side before applying
the goproximebtlon method, =3 was done b»afqm for the redisl forecing terms,
by defining & new ccordinate in the verticsl direction measured from the
dlstorted orvit. The right side may them be rearrangesd intoc the same form
aé that discussed above, but with more complicated ccefficients, and the
pathod then apslied. The resulits will not be of & gualitatively different
character, |

Second, the method used ebove i3 essentlally an appro:dm&tionl
of first order in the small quantitics o and § , in which we bave con=
sidered only the lowesi~order iterms giving non-vanishing contributions.
tthile the mothod will alsc give ths con’tri&zticma of highere-order terms
12 carried out as a nrescribed routine, it is mot clear that theso terms
are corroctly taken into account without including the corrected low-order
solution in zome way in such a higher apiroximation. Since the objective
of the present ghudy vhaa been to determine whether the inhomogeneities and
aeffeets of non-linearities could be uzed to aild in injection, we shall not

investigate the problems of a next approximation in detail; cur conclusion
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is that the lowest-order terms lead to unfavorable offects, and it soems

unreasonablo from the standpoint of foasibility to depend on hishor-crdar

modifications to reverse this general trend. There is even some doubt
about the gquantitative validity of the first approzimation used hers if
some of the high-order coofficisnts with § = 8 are large encugh % intro~
duse strong higher harmonies of ths free osecillations, These madters are
considered in greater detail in the’fcllomg paragramig.

‘Finally, we may poind out that all of the reschnences disdussed
in thds soection ore non-linear pheonomena, snd %end to wanish as tho ampli-
tudss of cseillation diminish, The adiéh&tic damping will probably
compote suecessfully with all bub The strongest of them in the ciroular
accelsrators considered here, In two~ and four-gection racetrack éacelém‘a*-
*i;m"-a(3 3) » bowever, the higher Fourier componenis of the field will be

; . s P 3\
much gtroager and thess resonances mey be more sermwa(%’ﬁ’%’ .

- 1% has been pointed oub above that tho lack of a thecry of noos
linear equations whose coofficients are periodic in the independent
varisble makes it difficult to discuse the size of ervor, convergence,
end time of validity of thelr spproximedbe solutionz, no matter by what
means thoy are obtained, To be sure, thsse @ifficultics appsar oven with
non=lincar equaticons having constsnt coefficients, such as we obiained
for the motion in an axielly symmsterie f£ield, However, sucfessive approxi-
mation procedures for such equations baged on the Hemiltonian equationz as
& stariing point, have been d@%ioped by several zari%crsw 7538) ; these
cannot always be proved Go mvergé in general®, bub give resulits in
agreement with experiment and are cicarly convergent in particular cases to

* Ses Referance 37, § 198, and Reference 38, p. 584.
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which they are anplied, Thers is an exbonsive literature® in this field,

notivated for man:,r years lergely by the nroblems of celestial mechanies.
In contrast, approximate anslytical methods for non-linsar equations with
periodic coefficients rerained oractically mexoclored until comperatively
recently, snd in general, do not provide e systematic regime for obbteining
apiroximations of higher order then the firasi,

It may bs asked wshy we h&ve replaced time by agzlumthal angle as
the independent v:;z*iable, whoen by retaining it we could have made use of
the Hamiltonian fez'malis&, and at the same Lime could have avoided the
problem of coefficienta periodic in the independent variable, Thers ave
saveral reasons for our choice. First, and foremost, we were intercsied
in the oroblem of dodging the injection gun, which iz located at a fixed
value of 8, Even if we had obiained all three coordinates as functions
of time, a couplicated substituilon would have been reguired to detormine
the values of v and g ezch tims the electron was ait the azimuth of the gun,
3econd, bho Hamiltonlan method requires the spseificaticn of the vector
potential, rather than the magnotic field J‘brengtns whica asre directly
measurabls, The determination of the vector potentials correspounding to
the complicated fields of inderest is not a simple matier. 7Third, the
available constant of the wmoticn is muchl more efficiently used in owr
nethod,; by reducing the mumber of differentisl equations from thrse %o
twop the constency of the Hamiltonian function does not leed easily to a
similarly essemtial simmlificdtion in the canonical eguations of motion,
cuing to its invelved devnandence on the coordinatea.

Cur equetions are rigorously correet up to the point =% which the

characteristic averaging soproximstions of the Kryleif-Bogoli boff methed

# A comprehensive bibliography is given in Referenca 37,
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are made. We may obbain some informatien about its accuracy by exemine

ing the effects of this averaging. For simplicity, we will consider only
the solution of a singls second~order eqﬁation. Pirst, let us assume thab
all terms to be averaged depend explicitly on @ we shall identify these
as terms of type I. Bach L3 then of the form
cos P(me +S)' sﬁa’(we+§) cos(39+.z)

and is of order @»,zr = 2 in the amplitude & . The escillating parts

of such terms can be decomposad into single {rigonometric functions of

the form f;’; V‘f*t”)“’ il\] e, where u< B, V< ¥ , and /u and ¥
have the same narity as (3 and ¥ , respsctively. Recalling that these
torms contribute to the rates of change of log a and § , we now wish

to examine their veriods of oscillation. Those with neriods small with
regpect to the time required for 4 to change anprecilably will be correctly
taken into aceount in & ﬁrst-ord;ar approximation by averaging, as their
averages ore zero, whereas those requiring much longer than the time of
interest in our problem (which we may take to be several hundred revolu-
tions) to oseillate once had best be accounted for by taking their initial
values throughout. Those with mt_eermediate paeriods cannot be correctly
included by either method, The number of revolutions in a period is

{ (/gil))w % ]-‘ 3 hence, if this tracket is very small, we must
take the initial value, while if it is very large, we must average. This
point of viow mekes clear the significence of selecting the propsr w near
the mnperturbed . w’r‘ By chooging it so thet the very small brackels
hecome zaro, the initial values of these terms become identical with their
aversge values, and the averaging approximstion may be applied to all terms
inddseriminately, leading to the routine preseription given carlier. The

errors involved will depend on the terms whose periods are then of large



_ 83
or iﬁtermedia‘he magnitude, corresponding to nearby resonances.

To congider the posaibility of overlapplng resonsnces, gssume
n is exactly that required to produce a rescnance of order r/s, i.s.,
ﬁ: = r/a. Then the resonant terms arise from the average of the tri-
gonometric functions Cosl(/oil’)"‘:-:;] 6 in which (/u.‘-’ V) = ks, and
J =k, whore k is a positive integer, giving cos O, whose average is
unity. A nearby resonence is one with different integers ( w'% 9 ! )' = gt
and j' = »' for which r'/s' is not a integral multiple of r/s, but for
which r'/s' ¥ r/s sc thst the frequency of the corresponding trigonometric
terms is very smell, e can easily orove that the smasllest possible
value of this frequency is 1/s. Its frequez;cy will be
{s'r/s) = r' = (s'r-r's)/s. The smallest possible valus of the pumerator
{other than zero, which has been rulsd out) is unity; therefore ths result
is vroved. 1%t shows that the largest possible number of reveiutions re=-
quired for any othsr term to undergo one oscillation is s, Since our
interest is confined to réaonaness of small s, we conc}.ude that there will
never be any terms with intermediate periods, and the justification of ths
averaging procedures is complelte, vrovided that the perturbing terms eve
indeed small as origi.naily assumed. DBetween every two resonances of interest
there is a froquency interval in which the resonant effects dissappear.

It is hard to determine, except by numerical methods in special
cases, what errors are introduced by the rapidly varying terms which are
averaged to zero in the first approximstion, but we can show that they will
be at least one order of magnitude smaller then the effocts predicted from
the lowest order non-vanishing terms. Suppose that In the first approxi-
mation 4 is decreasing by a small fraction p per revolution;

a, x&, [\ ~ ’;—2]. Then the iargeét possible averaged-out term in at/a
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is that of lowest (zero) order ia a s 9ay g eés 58, where g 13 one
of the coefficienis assumed small of first order with respect to unity,
and & > s”l. Substituting the first-order value of Q& , we have as &
second approximation . ‘:(a1 za, [l - Efﬂ’l f cos & o 46, which inte-
grates to A, = a, [l + E?a:""” O - l;_%(es‘;. o i1~ us&o)] ’
and & aq + 8y Conzidering only the secular term, we see that i% con~
tributes & fractional error of %’ < pPgs per revnlut;.on, which is smell
of firat order comparsd with the original rate of changs, for ths sasll
s values of interest. Therefore it will only affect the’ higher ordesr
torns on which we have plafed 1ittle relisnce in this work, The next
order perturbing term will eontuin ancther facter a which will meke its
effects s9mall by am‘thxar oraaz‘ of magnitude. WHe havé shown here, however,
that our method is really only an epproximstion of first order in the small
guentitiss involved,

et us now assuns r'bhat none of the non-=linear teras ‘oon“-bain € ox~
plicitly; we shall identify these as tbrms of type II. We {ind that our
method will give only a freguency shift, and ‘wm supply no informetion
about the higher harmonics of the free oseillation. This brings out again
the fact that the method is essentlally an approximat{ion oi the first order
in the fundamental amplitude @ §j we have already discovered by the methnd
used earlisr that the amplitude of the nth harmonic is of order a=.
Therefore cur method is not appropriebe in problems whers the higher har-
monics are of consideorable importance. ihether this is the case or not
nay be ascertained by this other method., If they are not small, the cal-
culstion of resonance effects will become inaccurale, for the foﬂoﬁag )
reason, 10 Lave a resonance of order r/s, we must have a term of type I

in' £ of order s=1-in 'e’and* Qq' s according to our formalismg, to produce

\
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the requisite sth harmonic of the umperturbed free oscillation frequency.
Eamr, if the terms of type II are large enough to produce this harmonic
with apprecieble strength in abs_ance of type I terms, they will resonate
with iype I terms of order lower than the ( s=1 )st in general, and our
calculetion will overlock these contributions, This can most easily be
sesn by regaerding the tyse I terus as producing a small perturbation on
the Inown sclution of an equation having only typs II terms. Fo;' exampla,

s rescnance of order 1/3 arises from a type I torm in 92 cos 8, which

bocomas — 3 (acos © )icos & cos® == 2% co5 (32-0) =- 2. howeyor
a P 8 3 8 » ’

e
if e:acos-?fca.zwsa"g’ s We may also get a comtribution from a type

I term in Qmae,uhichbeeomea

365 ) 3QZ
3 Q 2 20 é = - —00 c _ - - —
—Z(a%ssfc&('os“‘s Yeos 5 ¢ 8 > 5(3_3 o) 4

and 1f ¢ is of order unity, this contribution is of squal importancs.
It would not have been included had we replaced p by a@cos § » B8
our general method reguires. ¢ will only be of order unity if the
casfficients of the type IX terms are not small,

~ ¥e may sum up by saying iiet if we have only type II teras,
an iteration method can be used for higher order approximations, while
if we have 6n1y type I terms no such general method exiats and each case
mast be speeislly investigated; if we have teras of both types, the situa-
tion is even more complicated., We ﬂave beon satisfied with the lowesd
approxination since it has given us a qualitative deseription of the
phonomena to be expected. The problem of dgveioping general ucthods of
higher aprroximation would seem to be sufficiently difficult to Justify

a thesis in mathematics, and has not been atbempted hore.
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INPERACT IO E]

The effects dus %o interactions among the many eiectrons simi-
tancously occupying the doughmut may be convenienily divided into two
parts, tho time-independent offeechs due %o the mere presence of the elsg-
trons, and those offects produced by a change in their nusber with tims.
The discuaszion of the time-indepsndent effects will serve to orisnt cur
thinking and ‘¢ indicatec the orders of magnitude which are imporiant in
the problem. It will also lead us naturally into the consideration of
time=-denendent effects which, as we shall ses, turn oul %o be wvery
importent in tﬁlﬁmstandﬁ.ng the injection process.

In this section we shall asnsume the megnetic ficld to be axially
symmetric so as to simplify os such as possible the treatment of the inter-
action effechs, which a 7o very difficult to evaluatc sccurately oven with
this simplification. Howewer, we shall not confine ourselves to a lineariszed
treatuen’ throughoub, as some of the effects dus to devistions of the mag-
netic field from the d@s'ir@d lincar space dependence ab the edges of the
orbit rogion will be shown to provide an explanation of certain empiriecal

facts vhich have not hitherto been satiafactorily accounted for.

Iet us suppose that a large number of clecirons have been csuccesse
fmlly injected inte en axially symmetric betatroa field, and have in some
manner avoided the gun, which has been removed, leaving them circulating
without obstacles in their path. Let us further suppose that the magnetic
£ield has been fixed in time, so as o produce no eleciric accelerating
£ield, and thad a perfect vacuun has been attained so that gas scatliering
can bo nogleeted. This hypothetical situation should then be a siable ome,
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in which all the eleetrons would continue to circulate indefinitely.
How is the motion of an indiv¥idual electron in this situation :{nfiuaneed
by the others, and how will the elée‘trons ultimately distribute thamsalve:e?

Anyy individusl electron will of course be :mﬂueneéd by the
- 8lectrie and magnotic fields of the others, as well as by the external
field, Wsr, the slsetric and magnetic fiel&ri which dotermine the
trajectories are determined by the distrimtion of current and charge,
that is, by the trajectories, Thus we have a siwuation similar %o ﬁh&t
treated by the self-conaistent fisld method in stomic structure wroblwms.
Here we find it neceagary tc introduce seversl simplifving assumptions
in order to obtain a qualitative picture of whet can be expected.

£n sstinmato of this sort was first obtained by Kerstl), His
ob;jec‘b was o deteramine the maximm ammm'i; of charge which ecould be
held within e doughmut of avecifisd aperture by the megnetic focusing
forees against the effeocts of space charge repulsion. We shall use our
notation in describing his work. He assumed that the external magnetic
fiecld in the plane of symaetry fdllomd the relation B, = Bo(1 = nE ),
and negleeted terns denanding on highsr powers of g o He alaé uzed
shat we shall refer Yo ags the infinite astraight wire approximation.
Thic consists of essuming that the sleectrostatic field of the electrons
can be ealeulsted as e function of distance from the center of the beam
by regarding the beam as en infinite cirmzlar‘ eylinder of radius R Oy
whose total charge per vnit length is the same as that in the real toroidal
bsam, and whose eharge distribution is wniform throughout the cylinder,
The center of the beam was assumed %o be abr = = B, the equilibrium orbit.
eb is ealled the reletive radial aperture, N

The elsctric field inside en infinits uniformly charged cylinder
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is proportionsl to the distancs from its center, while the field out-
side veries inversely with distancs, as is known from elementary electro-
staties, If the total charge in the beam is Q, the charge per unit
length of our cylinder is Q/{2(TR). The field inside is them given by
Qp/(4TPe B0y7), while that outeide 1s Q4T 7e B2 Q), in kS,
rational mnits; ¢ , = 8.85 x 10™12 Parad per meter. The radiel magnetic
focusing force on en electron can sasily be shown %o bs given by

oW 1en) e/nv, in the linear approximation, while the vertical focus=
ing fores is o¥n ¢ /R, ince the radial focusing foree is weaker %han
the vertical fores for n> i, Kerst eqz»‘zat.ed the space cherge repulsive force
to the magnstic restoring force on an olectron at the outer edge of the
beam in the plane of syametry, to find out how much charge was required

. Yo peutrelize the focuasing force in this plane, By carrying this out,

we obtain

- 2 2
Q= fwr eomﬂvz(l'n)Qb /e .
Since mV = B eR, this may be written
- 2 2 2
Q== 4T EOBOB“V(l- n)Qb
The corresponding circulating current I = - QV/(2TR), if we define it

to be posibtive, and is given by

BR
I=20(1l-n)—2 & 0y s

}o ea'
- -2 - .
agines eo/xo..c 3 /“0"4 x107hem'ypsrmeter. Kerst zlso
pointed out that the magnotic ficld due to the cireulating current

rroduces a self-foeusing action on the besm which tends %o counteract the '
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electrostatic defocusing, This foree is (Y/e.-.)2 times as great as the
slectrostatic force; &s he was interested in injection energies in the
non-rolativistic roglon, he neglected the magnetic self-focusing force.
His further enalysis involved reference to the adiabatic damping mecheniasm
which was belicved at that time to be responsible for the success cf the
injection process. Sincs this no longsr seems likeiy, we shall mot
include these resulis hers. His statement that the space charge forcs
will be less than the focusing force everywhere inside the beam if tﬁe
two are equal and opposite at the edge is incorrect under the assumptions
mades since both are dirceitly provdortional te the distance from thz center,
they will be eguel in msgnitude inside, in fche plane of symmetry, if
they balance at the edge. Outside the beamy, of courss, the foc*asiné
force continues to incresase while the space charge force falls off,

&4 considerably morc refined treatment of this problem was given
by Blowett{15), wio cought to find thet clectron distributlon for which
both radial and vertical forces on an electron anyvwhere within the beam
would vanish., This situation would be expecisd to occur in praciicoe only
afber the adiabatic damping hed scted for a long enough time Lo compress
the beem, both radially and vertically, into the smallest crossesectionsal
area conzizstont with the amount of charge oresent, Blewettls calcula=-
tiong wers intended to apnly to this case, and were made in conncction
with a discussion of radiation loss, which is sppreciablis only at energics
above ebout 100 Mev., vhere the damping is essentially completc. He used
his resulic to debermins the actual area and shape of the beam for a glven
total cherge or currenit, but also noticed that hig result could bs used,
1iks that of Kerst above, tw obtain an upper limit on the amount of charge
which could be held in the doughmut ab injection time,
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Blewett carried out his calculations for s particular value
ol ny namely, n = 3/4L. We shall outline ihem here, having generalized
them to arbitrary n and expressed them in our units. We first show
thaet the magnetic self-focusing foreces arc less than the slectrostatic
forces by a factor (V/E)z. Applying iaxwell's equations in the vicinity
of the equilibriun orbit by regarding <> > X and 8 as cartesian

coordinates, we heve

’

| /0B, 2B, 2Br 28 | o,
— Z "2 _ r = OG'-V.- = >
R(be de > J! * 2¢ )8

' t s &, __Dgz’ -
T A - B v s
R\ De 28 N

Here we hove chosen to represent the chargs per unit volume in coulombs
ner cubiec meter by 6, having already denoted our dimensionless radial
coordinate by e . The field strengths with primes are those due to the

charge and current in the bsam, These equations imply that

' ' ' '
Bl‘ 3"/“-060785 s Bﬁ -/ioeovcsr o

The componcnis of force are
[ ] 1 ?
Fr-e(gr'-mz) 5 Fz::e(gz VB, ) ;
in view of the relations above, thess becons

Fo=ol,(1-V3/®) ;5 B, =ef,'(1-V/A),

We now assums a linear space dependence of the magnetic fisld as
above and equate the forees;
v ' i -
‘Y—i&;— (:—-y\)e = —eE,_(l-\/'7° X s

s = e BLVTE)
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The slectrostatic fislds inside the boan ere thersfore given by

} W\—Vk(““)e RV (\—H)Q .
Y 2 R U s B

¢ MVL____V\_f;‘_ __Bv,___yi__ .
£ 7R Govvens T 5T v

By the same simplifications Poisson's equation in the vicinity of the
equilibrium orbit becomes

_"(&la-_b_é’_z.t)z'c;:“B"v__l?_;) .
R{2e >3 €, R (1-V7%<

The application of iaxwell's eguations and of Poisson's equstion in this
way is equivalent to neglecting the curveturé of the besm, and consti-
tutes a generalization of the infinite straight wire approximstion to
wires of elliptical cross-ssction., %The charge density turns out to be
miforn over the beam, with tYhe value

g = - R(I—-V't/c.,')

The boundary of the beam will be an eguipotential, and therefore has

the equation
{1-n) 62 + n 52 = constant,

The beam will have an ellipiical aross-section, the ratio of verticsl to
horizontsl axes being {(1 - n)/n] %. This result is ploesing, since
cireular beams would not £it into most doughnuts, whose vertical clesarance
is loss than the radial clearance by sbout this factor.

The cross=sectionsl area of the beam ig Tr&(l-n)/n} Jge é -
whefe Y is the velative radiel aperture defined earlier. Ths total

charge wiil be given by
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 The corrsgonding circulating curvent, defined as & positive quamtity, is

then , , N
Qv _ . B.R ( |—&«.)/7~ V/c* (":’-
[=-Zr =" (%) 72w R

A
IS 4: possible to express this meimm eireulating cucrent as a function
of the injsction woltags B, the relative radial eoerturo Qps and the
nzgnetie £211-0ff neranctsr n, Py a sbraightforvard wse of the usual

relativistic relations between mass, velocity, ond energy, we cbbain

3, v
1= TEE[EE R () e

where Eo = mocz = 511 Kev. DRhelative apertures range from 0.07 for

large maehineaw)'bo 0.22 for small ones(39>. For n = 3/4, we obtain

ths following updper limits on the circeuleting current;

E (Kav.) I (4mp.)
Py = 0.08 Q1 = 0.20
3 - 0,0038 0.024
i0 Ul12 Ge77
30 0,66 bel
50 1.5 9.2
70 Redy 15,
500 78, 490.
lE;CO 340G, 2100,

0f greater interest, perheps, iz the estimated upper 1limit on the total
charge Q, which by the relativistic relations can bo axpressed as
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[+ E)rE)(52) Red

The following table shows that this upper limit is the same, for a

given injection energy, within a factor of three for a wide variety of

existing accelsrators.

Q(eoul;) z

MACHIHE Final
&e#v'g (mezera) * Co igs xggx: "

Kerst's Pirst Betatron(l) 2.2 | 0,075 | 2/3| 0,28 6.5
Kerst's Second Betatron'?) 20 | 0.9 | 3/4| 0.3 2.9
Big. G.E. Betatron'’) 100 | 0.84 | 3/4| 0.07 3.7
Pritish Syncm'otron(é) 30 0.10 7/10| 0.205 JANA
G.E. Synchrotronl?) 70 0.293 | 3/4| 0,10 2.6
Hoda1(28) £or 300 Mev. 70 | 0.26 |1/2|0.07| 2.0
Iilinois Betatron

G.E.Biased Betatron{3?) 50 | 0.292 | 3/4] 0.096| 2.4
G.E.Indusmametatmog) 10 0.133 | 3/4| 0.22 5.8

Theaa acesleratorz could never hold more than about II.O11 clectrons

of 40 Kev. energy, even under the most ideal conditions.

It i3 hard to dotermins accurately the actnal nuaber of electrons

which are accalerated to high energies; tho only published measurcmonts¥*

are those of Bess and Hanson(l"o), made on the 22 Mev. betatron(z) ab

* Estimatesu‘l) bagsed on moasurement of thermel radiation from the
beem of the G.E. synchrotron indicated that about 108 electrons were
accaleratod per cycle in this machine,
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Dlinocis, They found that, under favorable conditions, as many as
5.6 x 107 electrons struck the target per cycle of operation, with an
error of less than ten ner cent., The uppsr Hlmit for this machine at

its injection energy(z) of 20 Kev, is 1,37 x 10'8

cowlombs, or 8,6 x 1010
electrons, according to the formula ebovey thus this accelerator seems to
be operating at about seven ner cent of its ideal capacity at this
injection energy. It would probably be very hard to increase its per-
fbrﬁance greatly by any means whatever, 1f the Injection emergy remains
wnchenged,

I% 45 easy to see that a space-charge saturated beam with the
allintical cross~section and mniform dengity derived above is stable.

If the charge &ensity.ié infinitegimally increased in one part of the
bean and correspondingly deereased in another so as %o keep the totel
charge constani, the forces thorshy created are always directed so as

%o restore the uniform distribution of cherge. The effect of this uni-
form distribution on the potential U(r,z) in which an individﬁal particle
moves is to make it exactly constant over the entire area of the beanm, |
by sub£racting off an eiliptic paraholoid potantial identical to the
magnebtiec restoring potential in this region. This nmakes the poiential
well flat-botiomed, and all the electrbng sre assumed Yo have Tcan
brought to rest in it, soc as to lie evenly distributed on the boeltom,

The details of the behavior of auch a beau mnight form au interest-
ing subject for further study. The beam will ﬁg%e a variety of normal |
modes of oscillation, each with a éharacteristic frequency and & particular
effect on tﬁe beam'a shage. te shall illustrate this by demonatrating
the axdstsnce of 2 normel mode in which the density remains miform in
space bub oseillates simisoldally in time with a frequency equal te thatb
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of rotation around the doughnut, This mode can be discussed easily
because 1t involves no snalysis of the electrostatic effects of a non-
uniform charge density. If the charge density is uniform, the radiel

and verticel forces on an eleciron are given by
mV o 0 E-2VTE Vne,
F,.:-—’é‘(a“l)(‘““\?’ 1—_:’." R (G‘o 1‘> S

vherse 0’0 is thae chargs density defined above, for which both forces
vanish, The redisl and wr’(.ies;l motion of the electrons can be treated
85 that of a two-dimensionsl non-viscous fluid with the equation of

state p = 0, subjeet to the body forces given ebove., The hydrodynemical

equation of motion, in Euler's form, can be reduced to

ghere Q’n = (Ré, R<) is the veloeity in a plane through the axis of
gycmetry of the system, and the componenbs of F are given above, The
chargs de;zsity and velocity are alsc subjeet to the equation of continuidy,
which can be written as

X T (ru.) =0O.
= b (cun)

e assume thad ¢ = G“Q(l + ¢ sinw$), where € is the mﬁnitesizaal
megnitude of ithe relative density change, and w its engular frsgusncy.
Subgtituting in the aquation of contimuity, and neglecting terms in € 2,

we have

. T
.G, wE cos wt 4—6‘0(%-% <% 3%):0

Hencs é-_- = we.o’aswt f,{(,g>, .g - - we cos wt ‘F,_(Q,ﬁ) , and
X, /op + /0% =4,



Substituting in the equations of motion, and sgein neglecting terms
of order ¢ 2, we obtain
Cui(é S\I‘s«. wt) ‘Fl = (VZ/R’L)(E Siw w't)(s —V\) e z

i L5 s aiB ] T =(VL/R7'>(€sfn_wt>'V\.'S.
Yo find that the three eguations above can be satisfied if and only if
£, #(1-a)¢, £,2ng, and WR = VM2,

thus proving the statement made above. To find the direction of the
vector ;n for any electron, draw through it an ellipse eoncentric

with the elliptiecal boundary of the beam and having the sane eccentricity.
The normal Yo this ellipse et the point in questicon has the direction of
;’ + Thic can be shown as follows. The glope of ?n in the @ ~§
plene isne/(1-n) e . The equation of the ellipse is

(17 n)92+ njg = constant; its slope is dj/dg = -(1 -n)@ /n <
which is the negetive recimwocal of the slope of V., .

To consider other modes, a more general expression for the force,
appliceble to non-uniform charge disiributions, is needed. To study
larger oseillations, terms in € 2 must be included. We have not investi-
gated this problem further, ag it has lititle bearing on the injsction
problan, |

%e have found 1t useful to develop an expression for the motion
of an eiectron in en axially symmstvric magnetic fisld, which includes
the forces duc to othsr eleetrons, and is more general than those of
Kerst and Blewett. It assumes only that the charge distribution is alss

arislly symmadric., The Hemiltonian funciion for the electron is

W s ot e gt v el -/,
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where Ay is the vector potential of the external magnetic fisld, and U
iz the elecirostatic scalar potentiael of the space charge. Tlge factor
(1- Vz/q‘?) acecounts for the magnetic self-focusing sction of the beam,
as shomn above. If U end Ay are indemndentofa, Pe 13 still = |
consbant of the motion., By a repetition of the opereilons performed
‘earlier, it iz easy Yo show that the radisl and vertical motion has a
potential fumetion, such that

) /at = ~2U(r,z)/d T ;
d(nz)/dt ® - 20(r,z)/0 5 ;
Wr,z) = Ub(r,'z) - el {r,zj{1- VQ/'ez),

and Uc is the potential fDunction derived esriisr for ths moticom of a
slugis clactron aione. e shall maeke use of thia result later on.
Tho greatest difficuliy in using this eqﬁ#‘tiﬂﬂ iz the determina-

tion of the actusl charge distribution which oproduces the potendial V.,
I? the musber of slectrons is less than that reguired to fill the beam,
the potontial well will no longsr be flat-bottomed, and the distribui':ion
of slectrons will depend on the initial conditions. If thers ave so
few of then u@t their interactions msy bs negloclied, and if ws assume |
a linsar axtcrnal ficld veriation as we did above, cach electron will
execube a Lissajous figre, like thal shown in Fig. 4a, in the potential
Up. Its contribution to the charge demsity G (¢, ; in en element
dpd g will be inversely proportional te its velocity vn( ¢, 5 ) in the
e - ¢ plane and directly progortionsl to the area-clement d p dg since
on the average it will cross all elcments of equal aree with egual

f’raqaaan. (This is trus because a non—comnenswafble Lissajows fipgure
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will cover its rsctangle with "umiform density’.) If we sssume that
2}l electrons have as their instentansous circle the oquilibrium orbid
of radins R, the resulting chorgs density will be symmetric in p and
in ¢ , and ean be representsd as followa:
()b :fb ' d A
s(£,8) °C WPy o) T E 0 e
(C-m) (g ) « n ($2-59)]
whors N ( ews 3§ m)rl fmd Sp 18 the mumber of electrons injected in such

a way that their radial and vertical amplitudes are botuesn em and
Pa™ dg po &nd bebwesn € . and  Spu+ 4S5, rospectively. If some

of the elsetrons are oscillating aboul other inatantancous circles, a
morse gensral exwossion is reguired., Theae izgtsgrals are so complicated
that the results of an attempt to evsluade then for speeified injection
mndiéians would not be worth the labor involvad. In particular the
simple and loglesl assumption that ¥ is constant over a ractangular
region of the g =S niang and goro elaoowherc makes the sscond inte-
gration quite involved,

It will bs nobliced that the intdgrznd coniains integrable sin-
gularitiss at the four corners of the Lissajous rectangle, These will
be smoothed somewhat by any reasonable assumpbion about N, If injection
is from ouiside the eguilihrium orbit in the plane of syumetry, the two
slngulerities on the inside will be further smoothed if there is 2
distribution over various instantaneous cireles, However, a gualitative
consideration of these singularities, supplementod by some rough numerical
calculationc, has led us "rn balieve that ;bhe electron denzity may tend
to be somewhat higher near the gun than slsevhers, under normel injecition
conditions, The density over ths remainder of the beam can probably be

taken ag wmiform Ho first approximalion,
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If the injection conditions are such as to produce a uniform
distribution, this analysis will remain valid as more clectrons ars
injeeted, since the electrostatic potential function will be an elliptic
peraboloid like that of the magnetic restoring force, but of opposite
sign, and smeller. The net potential is their algebraic sum, and will
alzo be peraboloidal, so that the radlal and vertical oscillatfons will
still be sinuscidal, giving rise to the Iissajous motion assumed abové,
but with different periods. If the injection conditions are esntinually
adjusted for wmiform distribution eas the charge gradually increases, ths
doughtnut %111 £i11 up wniforuly to the limiting density derived earlier.

IZ the injection conditions are sguch as %o produce a non-
aniform chargs distrﬂ;uﬁion » 88 will generally be the case, the netb
potential willl gradually become distorted as the total cherge increasea,
thereby altering the distribution which was assumed in celoulating it.,
As stated sbove, 1t would be very diffienlt to determins the self-consis-
tent distribution of charge for glven initial conditions. From qualitative
considerations, one ean ses that as the total charge approaches the upper
limit, electrons will be accepted only into those regions where the charge
density is lagging bshind, Jsince after the slopes of the im potential
functions beecome equel aend opposite in any region,. the nst restoring force
vanishes there. If the demsity is lower near the eenter at this stage,
it may bte difficullt to raise i% by injecting from a gun at the outside,

T e Tooear approximetion, the not potential function for

mifora charge digtribution is of %he form
(1-6/5) [(1-n)p*+as?],

where G % is the upper 1imit on cherge density derived earliier, From
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this we see that the freguencises of both radisl and werilcel cascillations
are reduced by the presence of othar electrons, in the ratio (1-0/0 o )%.
¥e monbtioned shove that the chargs denslity at high emergies has bsen
obaserved to be as much as seven per cent of the theoretieal upper limit;
it iz believed to be as much as ten times as grea,t; as thic during injec-
tioa(u'). Therofore this frequency shift can be very large, and provides
a convineing arpunsnt egainst any attempt to cbbain very large circalating
currents by relying on the resonant phsnomena discussed in Seetion IX.

It elsc affords a nalicfying explanstion of the failure 1o observe poor
perfornanee in sccelerators having values of n which would produce a re-
sonaﬁee 1 this effoct were absent, A resonance would tond toc reduce the
él&rge density by svpreading the beam oul, and would thereby chifi the
froquenty of osci}.latian oud of the resonant vange,

We shall close this diseussion of time-indspendent effects by
rointing out an advantage of using 2 lerge injection energy. Froa the'
expresslon derived sarlier for Q, we found the maximum charge %o be pro-
nortional to

' |
“%; (1+ )2+ %;) = ¢(g)

for a given accelerator, whare F, = 511 Kev. If tho wmechanism which
allows some slecirons to miss the gun saves an egual fraction of them at
any :!.njection. energy, then the number of clsctrons succeszfully accelera_ted
to high emergy should vary direetly with the injoction energy if it is

in the non-relativistic raenge, provided a plentiful supply of elecirons

1s availsble, It is observed>®) that the output veries as the 1.25

power of the m}}ecﬁien emergy under these conditions, which indicates

that the efficiency of the mechanism is also enhanced by increasing the
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conponsnt ef the injection velocity; which determines the instantancous
. eircle. Since the slectrons ;}.nﬁ'geted at @ given voltage have varying
azimathal veloeity components, they will mot all oscillate aboub the
same instentaneous eirele. Also, the radius of sn instantaneous eirecle
corresponding %o & particular asimuthel veloeity is & repldly varying
function of time durimg the injection period, Thus the effectiveness of
injection will depend quite sensitively on the degree to which the shape
of the voltege pulse to the gun, as & funciion of tims, ma{.ches the
acseptance band of energies shown in Fig, 2b,

Schmartzs(&) has made an analysis of one aspect of this metching.
He assumed that the injecilon energy is constant, corrssponding to a
squars-wave veltage pulse, and that the gm was located dircetly abovs
the egullibrium orbit. He considered only motiecn in the plane of
symmetry and neglecled interaction effects and vertical oscillations.,
Under these azsumpiions he ealculabed, tebulated, and plotted the time
of acéapta’.nce, and the fraction of injected electrons which are accepted
as a function of time during the acceplancs interval, for different values
of n and B, and for both biased and ordinary betatrons., He concluded that
injection would be most efficient for lew n, high E, and a bissed bstatron.
These eonclusions are so obvious from gualitative rcasondng that the caleu~
lations scewr. s:ome;uhat unnecessaery. As n is deeresased, the difference belwesn
the radii of She inshantaneous cirele and the equilibriws orbit for a
given veloeldy defect is also decreased; we showsd esrlier that
rs=R = (v=-¥)/ [{1 - n)v] %o first order. As B is increased, the acoep-
tance interval also inereases, as is ovwvious from amr inspsction of Fig. 2b.
The field in a biased betetron is incressing more clowly at injection
than that in an ordinary ;betatron, as is made clear in Fig. 2a, and therefore
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the acceptance interval will bs correspondingly wider. The adwantage to
be galned by a properly shapad voltage pulse seemz %o be much greater than
any gain one might meks by changéng n or by changing % a blased belalron.
The gein of this sort resulting from e large increase in injection onergy
may perhaps be offset by the greétgr tachnical difficulties of properly
shaping the pulse. Although the appropriste injeetion snergy varios
parabolieplly with time for nonm-relativistic energies, it becomes &
linecar functieon in the relstivistie renge, so that the possibility of
further incresse in injection interval disanpears.

If there is no gun-gvolding mechanisnm, the lgfetima of a successe
fully injected electron will denend on the nmmber of oseilletions it
makss befors hiitbting the.gun. In the example f{llustreted in Fig. 4a,
this reguirer about four redisl oscilletions, corresponding Yo seven
rovolutions, On: can only eshimstc the meen number of revolubicns M
for an average elecltron. It denends nrincipally on the phase of the
radiel ogcillaltion at iImjection and on iie frequeney, which is a function
of n, the spacs=-changs denaity, and the ammlituds of cseillation, (The
dsnendence on amplitude is illustrated in Fig, 6.) It alsc depends om-
the verdicel onscillation freguency, if there is the possibility of going
over o uader the gpmn. In the linesr soproximction, negleeting space
charge effects, 4 will be 2 if n = 3/4, end if the vertical cscillations
are unablé to help in incressing it, For any other m, # will be consider-
ably larger. #e have sh0w§ that the affects of Yoo rapid field fall-off
at the edge mud of gpacs charge both slow down the radial oscillaticns,
tﬁereby-aan&img to further increase i in genersl.

let us agsume that the gun successfully injects a constant current

i into accoplable orblits during the injection intervel. The cireulating
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current T will then rise to a value of sbout Mi in the time required

for ¥ revolutions, on these simple assumpbions., This is because each
injected electron will be counted M times bofore it is lost, The

current will then remain constant until injection stops, after which

it will drop %o merc after anothor M revolutions if nmo sun=avoiding
effect acts, It is known that, in any case, there is present for a

short tims a considerably larger circulating current than that finslly
tranped in stable orbitas and aceelerated to high energy. We thus have

to conzider the effects of a large rise of circulating current and & sub-
sequent decrease of the same order of magnitude, Now it may be that a
rising current préduoea gffects, nol as yet considered, which act to
raige the H of eléctrons .alraady present to a larger value or éVan o
vory great velues, effectively saving them indefinitely. If the reverse
affects of a falling ecurrent fail to completely counteract this advantage,
these effects may then provide an explenation of the sucecess of the injsc-
tion process. On the other hend, the effectas ofl a rising current msy be
wmfavorable, but not sufficiently so to unduly decrease #. In this ecase,
the opposlis effects of the subsequent decrease im current may provide
just the saving influsnce required %o trap part of the bear in stable

- orbits,.

(4 14 15 quarite-

These effects were first considered by Kerst
tively clear that the circulating current loop has self-inductance, and
that an increase in curront must produce & back eleotromotive force
tonding %o slow down the electrons, while a decrease will produce an
accelarating force. It is alsc clear that changing the mmber of slec-
trons in the beam will change the 'magneﬁic and electrostatic actions of

the bean on 1tself, Kerst discussed the change in orbit radius in terms
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of the clectrostabtic and msgnetic energy associated with the beanm,

and also mentioned the change in alectz;ostatie self-ropulaion, without
indicating how to calculate it. In the remainder of this paragreoh

we shall briefly summsrize hls conclusions. He asserts that the electro-
megnetic end olechtrostatic energy of the beam is rising during the sarly
stage of injection., It is formed gt the expense —Qf the kinstic energy
of the clectrona, thus alowing them down so tha‘lb tﬁey spiral inwards, .
thereby avoiding the gun if it is outiside the orbitel radius., However,
if the gun is inside, he invokes the reverse effect, starting with
meximm cirealating B . decreases, its clectro-
magnetic energy iz returned to the beam, spseding up the electrons so
that they spiral outwards o avoid the gun, For either position of the
gun, the decreasing space chargs repulsion assocliated with a falling
current is steted %o provide damping of the oseillationa.

These considerations led Earsd to nropose the "orbit contractor®
as s device for shrinking the orbiits guickly inward so as to avoid an
external gun, This device consists of a szinzle turn of wire abovs and
one below the orbit, outsids the doughmut, through which a rising pulse
of current is passed during injection. The effect of the magnetic fisld
of these currentz is similar to that of the beam on itself, and has been
found to be beneficial in raising tho oubtput of badly performing accelera-
tors, although it has proved 1o be of lssser value in increasing the oud-
put of welleadjustod machines, 7The increage in yield resulting frgm use
of this arrtmgement depends s‘hmnbly on the injector current and on the
condition of the sccelerstor. Adans(43) gtates that ©the circuit should
certainly be disconnected when attempiing to diagnose the ills of a betatron.

There are three objeebionz which may be raised egainat Kergt's
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treatmont of these effecta, First, he computes the change in electro-
megnatic energy in terms of the induciance of a single turn of wire
placed at the electron orbit, but arrives at this value by actually
inserting = wire and measuring its inductanes. The result of such o
measurenent will no doubt be very sensitive to the frequency at which
it is mede, since the depree of penetratien of magnetic flux through
the conducting costing of the doughnmult and inio the iron pole pleces
will be very diffsrent at different frequencles. The relevant periods
ere comparable to the time of current rise or fall, perheps half a
nicrosscond or so, while most inductance bridges overate at a few hundred
or thousand cycles mér seccné. Therefore there msy be some doubt as %o
the correctnens of the numerical values he uses.

3scond, 1% would be more scibisfactory to exhkibit in detail the
forces acting on the eleétrons; the energy arguments as stated by Eerst
are difficult do viewmalize in terms of these forees,

Third, and most serious, is the incompleteness of an explenstion
~which can bo made %o »rovide effects of elther sign at will, Fer injeetion
frow cutslds, the reverse effect of spiralling outward during & reduction
in ciraulating currant ic not considered, whils for inside injection,
which is empiricelly knovn %o vork, the initlal effect of spirelling in
~due to & rising current is ignored. Finally,‘fhe undanping effect of
incra&sing apace chengs repulsion &% the start is not mentioned, zlthough
the reverse effect 1c stated to he of considerabls importance,
| Tlo shall now describe some investigstions underteken o slucidate
some of thesec points. They sre rather idealized and Iincomplete but serve
to indlcate orders of magnitude which ere important. We shsll £ind 1%
conveniont to make the following asswmptions in this rough anslysis. Firsh,

we shall consider only radial displacements in the plane z =z U, Second,
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we shall assume that the circulating charge occupies & toroidal region
o circzﬁ.ar crosg-section with u.nLom uenui Wy we shell take the redius
of this cross-ssction to be small compared to the orbit radius. Finally,
we will negleet the influence of the conducting doughnut coating and of
the iron pole pieces on the distribution of flux due to the circulating
current,. Some of these assumptions are not justifiabis, but the resulting
caleulations are inbonded wmersliy o be iilmt-rative and nob guantitabiveldy
scvarato, Certain obhsr assumpliions ave discussed as lhoy enler.

Ve glart with the e,;pre ssion, developsd earlisr in this section,
for the wotion of sn eleciron in an axially symmetvric megnetic field in
& region containing an axially symmeteric distribution of simllerly moving

cnarges. For giobion in the pluns 3 = 0, we have

v " * 2/.2 5
Br) 5 —oi [&EU—C05¢I /x@lmix] ~e (1=-VV/U () s
I

"
V() = —fér (r} dr .

Here & p is the radisl electrostatic ficld of the ecirculating elechrons,
while r; and ﬁ{I are values st injection or at some cther arbitrary point.
¥e shaell choose this point to be ab an extreme value Ty (?ﬁ‘l@l‘u 2 aay atand
for either mesimum or minizum). A% such & point @ = 0 and © = G, so that

the constant may be evaluatod to give

Ki _ :ze(l V/c. [{ (r)dr - _,__. ¥ Xéz(x)&‘% ]
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If in this expression we oubs‘tituta the new variable o= = {(r=R) /k,
we obtain

e AR e ]

here ¢ o and £ p e regarded as functions of Qs represented by ¥y as
a new veriable of integrstion. assuming the charge per unit volume ©
to be a function of e alons, and using the infinite glraigid wire

sporozinsiion, we have
(e w(n) R
3
E r(y) = eoﬁg 'Z k{_
where v ic a nes voriable of integration. Finally

a reil, e (1-Ve Ry f T _{em VA(L
N =(—R") [ B /S‘Q_'—’Z’—J %jrzq(qw‘l {He HQS@ +3)e1<‘3)dﬂ}]

E, MV

P~

We may use this exoression to determine the change in tho mexinuam
or minimm relative radial excursion @, resuliing from changes in the
veramcbers which deteruwine it, 4 change in charge density o will effoect
€ direetly through its expnlicit appaara;ice in the above expression, and
also indirsctly through elsctromagnetic induction, the effcet of which will
be to change the verticle walocity v in this az:araae;imn. These two chenges
oroduce differsnt offescts on the redial oscillation. <he direet effect of
changing 0 iz to alter the effectlive Yspring constant® of the radial oﬁcﬁi’i.a‘-
tion, while a change of v moves the whole region of oscillation radially
inward or cubwsrd, by translating the position of the entire potentiel well

(with comsequent changes in its shape if non-linear effscts are considerad).
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Ideally, onc would compube tho direct effect of a chanze im G by caleu~
lating the action, given by 4 = 9§} Ql Ae = A( P mo o ), and ast its
variation equal te zerc for adiabatic changes, thus obltaining the |

" conncetion botween A and AP e Actually, this is not feasible analyti-
eally unleas G iz constant and ® s is a lincer function of P e Since
we wish to show gualitatively the effect of a nonlinearity in (s go WE
shall commute the result of suddenly changing this "spring conctanbt®
instcad of doing so adiabatically, If the motion were simple hermonic,
this error would bs properly corrseted for by reducing the resulting .
relative amplitude change by one-half, ke shall assumc t .t the same
factor is anprozimately applicable hers.

The saue remarks apply in some measure to a variation in v, but,
due to its difforent offeet on the moltion, the factor one-half will noi
be neoded in this case. If the potential well of a simple harmonic csellia-
tor be suddenly wranslated a small amound at the momant the csciilabing
pardicle is ab the bollonm of the well, the resulting effect on the extremes
of oseillation is the seme ag if the well had been adiabetically translated
by the sawo amount., As we shall perform our sudden change at this point,
no correetion factor is reguired,

Suprose that, as an clectron pasgses through g = 0, the amount of
space charge is suddenly changed from & (v} to o (n)(Z + A I/1), where
I denotes the amount of circulating current, while v is suddenly changed
from he value V 40 V+ A v, The instantancous velocity ? will remain
the same, bub the macimem (or minimum) radiel excursion will change from
Q m o Ca ~ 4 Q me It is established in the appendix that this change
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is given by

[ae(l V/C‘)Rf GC'O&’L ltmit CM(*)&-._((’»J}} ._g___ ]

eom'V'

L {|+[>m J (4+q)e<«3)o\43§ S('*“\’@z(w“‘*&]

_ [uc»—w SR &j chm ]Ax
T

EMV*

For the cirecnlar chayge distribution assumed,
v QC tp
f rLG(\\M 27k awR °
whers Q(y) is ths chergs inzide & tt:mida_l region of cross-sectional

radius Ry. Since this charge is moving with veloeity v, we have

. U'Q(j)
y) = - arrR

wnere I is defined to be a vositive current, and

% T (4)
. dy = -
~£ bt amR v

If o ds indenendent of n and has the constent velue O, out to

Q s ﬁm’ as we shall assume to simplify the computation, we have

‘ ¢ («3 _ (S,%L
— of{o%: an® 2

} w,fofmég’t(ﬁ&»l - %Q: . 1Ge)
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Thus the coefficient of A I/I becomes

_ peTlem) Tlpm) |~V7o

6’(\—1/’"/&) I((m) L I(e \
= e ¥ ™

2AmE,MV3 I /c am B, R Ve e
since ¢ o + = /Locz and =V = B eR, We define

Q: = /—i——L‘ a4
B, R V/e
the implication of this definition will be exemined later.

It can easily be shown that, to first order in e s the coeffi=~
cient of A v/v is equal to 2 @ go independent of @ . We now define
Q z( em) g1 -~-n, e n thls determines n, as the "effective n" at

P = p y» and allows us o consider non=linear functions e Z(e Yo It
should be noted that the walue of ngy will in general be different for
6 - F — than for P ® (D nin® then all these substitutions have
been introduced, and A I/I renlaced by & AI/I to convert to the adia-

batic result, we obtain

To understand vhe aseaning of the denominator of the right side,
and the definition ol (J oo W recall that, for a beam of circular cross=
section (which implied n = ) wo found thet the maximum emount of current

waich eould Be held inside a radius (J = (Jm was

]

TRR ¥/ o,
Imm(— /uo )—\f/c ’
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hence o o/ 0 o = /T, and O 15 the suallest relative radial
aperturs into which a current I could be compressed. For m = 3, our
denominator becomes ¢ mz( l-p 02/ e:) » which shows thet this d@-
minator is just proporticnal %o the difference between the current
actually present and that which conld be present in the sams doughnutb.
We may expect this result to hold approximately in our presaent more
general case also, even with non-constant o ( e) and non=linsar

e a(f )e TWe shall denote this fractional filling factor by f, o thab
in general wo mey write the demonimstor a3 2(1=n )(1- £) sz. Yo

then have
I 2 AT AU
Agm__ §€°?+D‘Q“V’ .
o 2(1-ne X1 =) B

the first part of our analysis is now complete, and we turn to an
spmroxinate determination of A v/v, the fractional change in particle
velocity produced by electromagnetic induction when the amount of beam
current is changed.

| To compute the relation belween velocity change and current change,
we £irst consider two circular curront elements of radii R(1 + ¢ ) and
R(1 + ¢ + =), coaxial and lying in parsllel planes separated by a distance
By, We assume e s X, and ¥ to be small compared to unity., The flux
through one due to a negative current of magnitude I in the other is given
by & = - IM, vhere ¥ is their mutual inductance. This can be worked
out approximately by use of the formumlas given in reference 44, chaplers
7 and 8, In M.K.3. rational units, we have

> Al 3.2 - %
1 o e m{(1- 3PR) - BR)]
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vhere K and E are complete eiliptic integrals, and
¥~ 1 -fg(x2 + yz).

For k~ 1, we have K = log (8/4 §+y2)andﬁ"~’ 1, so that

¢ =~ - 4RI K.J.o 5 2
it ol ¢
Thz cl@c‘bmmotir;e force around one filament dus to an inerease AI of
the megnitude of the current in the cthor in a time A % iz given by
em.f. z2=-2% /oy,
and the corresrponding tangeatial cleoetric field &£ 7 is given by

& T ® (e.m.f.)/(2 ™ R).

The forece F.is cobtained from

Fs(-0&qz Alaw)/ay ,
o €

l
.o that Avy &~ * e m AT [log(;:_—:;;-v + {log 8 =2 )l.
Also, (log 8 = 2) 2 0,08, which 1s nogligible compared with tho First

tern for small x end Yo
o now need to £ind the total effect on any particular current
clement duc to all the elements in the beam, If the beaa has uniform

current densilty over an area A in the e=3 plane, we then have
' _
[y = ardy
Ay - A Sar A i
' an ffah(okj
A

where A I is now the total changs of current and the x = y coordinate

>

system has its origin ab the element at which A v is being evaluated,
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I% should be noted that this computaiion gives only that offeet on the
beam which is due to clectromagnetic induction; tho effects due to the
existence of magnebic fields of the various slements (as copposed to thoue
due to their change) are included in the earlior computation of clectro=
static défocusing end assoolatod magnotie self-focusing of the beam.

The integral sbove is difficuld to evalusie in gensrael, but for
a bean of circvlar crozgessciion of radius Re B two simple cases are
gasily worked out, First consider an clemsnt at the center, By & sinple

integration, we find that
t 1
e — =
; ==t & AT ( d b= g
UZehT'ev amw m 0‘3 Qb 1>

We have alnro svaluated the intesral for an oloment ab the outoside =dge of
pé)
the circuler beam., Afber several trenzformeticns and an integration
I

by oarts, we obtain

1

Sh; 4 A‘j) .

:,/_‘L%A}.'Ooailgb'*q%j q

edqe PR L 15)

(45)

Vi /

7 =
The definite intepral 1z found to have the value —-log 2 hence

AU —— /ff &AT,QOB‘@ .

d%e ar ™

\

Ag these bwo cases ere extropea, and dilfer by only 30 per cent for

Py ® 0.1, we shall use the latter velue for all c¢lements, since cach
pariicle spends the greatest fraction of its time nesr the ocutside. Ib
seams probable thad this value will be soprozimaiely correcet for beams of
o"&hér shapes 83 well. Sinece ﬁhe electrons of intersst are those with the

lergest smplitudes, we shell set £y, = | e“‘\ "
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If we replace e c2 by its value in terms of I, replace v by
B,eR/n, end insert owr result for Av in the expression for Aap o P

derived above, we obltaln

[—'V’7<;L I e
e —ves T Pm o Je "‘__\____ &.9~,§7,
Qe o e "rTB.R
2N 2(1-ne)(1 =) U T

The remainder of this section will be devoted tc a discussion of this
equation and its implications,

First, it should be pointed out that, due to the several assump-
tions mads in deriving this result, each term in the numerator should
be multiplied by some correction factor. The first term represents the
effect on the radial “gpring constant™ of changing the amount of circu-
lating charge and current; its numerieal coefficient depends on the
actual bean shapc and on the charge distribution within it, which were
taken as circular and econstant, respectively, in this derivation. The
second term represents the effect on the radial equilibrium point of a
change in particle velocity due to the electromagnetic self-inductance
of the beamy i%s numerical coefficient depends on the influence of pole
pleces and doughnut walls om the distribution of flux due to the beam,
as well as on the anproximations made in the derivation above,

Hext we shall examine the signs of the two terms in each possible
casa, If we are interested in injecting from outside the equilibrium
orblt, 0 . will stand for thc? maximun value of 0 , and will be posltive;
sconversely, for inside injection, On will mean the minimum value of o ,
and will be negative. In either case we will use the value of n, which
appliss to the vicinity of the gun., For outside injection, a positive |
APy would be unfavorable, moving the extreme out toward the gun, while
for inside injection a positive AP would asgsist in clearing the gum,.
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It will be noted that the first term, representing a damping
effoct, will move O p avey from the center of the doughnut toward the
gun for either sign of P u (thst s, for either cutside or inside injec-
tion) for a rising current, while the second term,representing a trans-
lation of the entire oscillation, will move O 5 inward toward the center
of the o:é‘bi'b for either cign of e a and riging current, If the current
is falling, both effects are reversed. ¥e recall that I was defined as a
positive quantily, representing the magnitude of the circulating current.

Since the &wo terms have oppocite signs for injection frem outside

the moét usual arrangement), it iz of interest to estimate thé:!.r relative
magnitudes. The first term in the numerator is very large at low injec-
tion energies and falls as injection energy increases; it has the valuss
1¢5 at 40 Kev., and 0.75 at ae Kev. The second term is somewhat smaller,
being 0,22 for o = 0,1 and FO.lS for e a s 0,05, ﬁowevcr, 23 pointed
out above, it is entirely possible that the numerical correetions mentioned
above may be such as o reverse the inequality, or to bring about a can-
cellation &t a particular injecction energy. At least we may conclude

that these two effects are not of ontirely different orders of magnitude
for parameters in the rangéa considered here,

Next, we shall consider the demominator. The reason for dependence
on ths factor 1 - ng is Pairly evident, as this factor is proportional to
the slope of the potential sm‘fgca at the injection point., If this slope
is very flat, corresponding to a value of n, near to wunity, a very small
change in energy will producs a large chenge in amplitude., An inspection
of Pig. 6 near p = 0,15, where ny = 1, may aid in visualizing this situa-
tion, This feature 1s well=-confirmed experimentally; a mumber of workers
(see, for example, refercnce 7) have found that accelerator output
increased continuocusly as the gnm was withdrawn toward the point where



1i7

The importancs of the factor (1~ £) will doubtlsss vary greatly
from one accelerator Lo another. One would expect £ to increase as the
avallsbls gun current increases,; and to therehy enhancs the suceess of
injection, This conelusion iz also borne out by experianca(w ). also
it is knmm(u) that if the doughnut is bveing well-filled, Kerst's orbid
coatractor is needsd less than L€ £ is smell, An deportant conseguence
of the presence of thiz tera 1z bthalt the change of @ m per walt change
of current is not indensndent of the value of the current; this circum=
stance will play a psrd in our discussion of the non-canéanatiort of
rising end falling current effocts,

jie have menticned earlier that large currents exist for a short
time during injeetion, so thet £ may approach feirly near %o wity.

There is abundant exnerimentel evidence indicaiting that best performance

' is attained when the doughnut is well-filled by circulating elsectrons
during injection, |

| Ihe presence of the factor ByR, which iz equal to mv/e, in the
denoninator indicates thet the amount of curremt requirsd to produce a
given effect on the orbits is directly garopofbional to the momentum ab
injecticn, except fur the explicitly written dependence in the first

tern in the mumerator. However, the amount of charge required %o produce
a given effect is independant of Iinjecction momentum, excent for this term,
and varies only as the particle mazs, zo that it is essentially constant
at non-relativistic injection cnergles, Thus the fraction of total retain-
able charge rsguired to produce a given effect through the firat term

is epsentisglly independent cof injeclticn energy at low snergiss, whils

the frechion required for a second-term effect decreases linearly with
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increazing injection energy. Ws mey conclude thet, as higher and higher
injection energies~are used, effecte due ito eleciromegnetic induction
will bocome inecreasingly preponderant over gpace charge effects,

In addition to the effects included in the equabion under dis-
cussion, we shall menbion again ths adiabaiic damping discovered ﬁy ‘
Kerst and Serber(a). Although this desming is too uamall Yo be of mueh
help if the factor (1.~zza)(l = £} is reasonsbly lerge, it can assume
conolderables iuportancs if either n, or £ is near uvnity, This effect
diffors from thosc denending on & change in circulating current in that
it is aiwsys of a favorable nature, for any gun locatien. Thus it also
assists in expleining the lack of cancellation of rising and falling
current offazctg,

Ve now turn % 2 qualitative discussion of possible injection

o4

mechanisms, for outslde and inside guns, based on the affects doseribed

above, Although & mors snalyticsl approasch would be possible, it is felt

that %hc following treatument adequately indicates the various possibilities.
Firsgt we chall ascume thet the gun is outside tha orbit, and that

tha first term predomins¥es over the second., A elosctrons arc injesctad,

the curront risesg, causing the cscillations to grow. This wlll reduce the

avérage lifeﬁima of the slectrons, but zsy mot reduce it repidly cnough

t¢ compensate for those conitimaslly being injectsd until rather late in

the injection pulze, Thus ths curreni will be rising at a decyreasing rats

during this period. The adiabatic damping may beccame more importent as

£ epproaches unity, thus tending %o savs soﬁe of the later injected elcctrons

which would otherwise have besn logt, Finally, the injection veoliage mo

longer meiches the acceptance voltage, snd offective injection ceases.

There will then be a rapid drop in current, as the small lifetime of elec-
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trons whose amplitude has hoon incrsssed asuddsnly begins o take.its
toll, At this time the favorabls reverse effect is abt its greatest
magnitude, and iz belng alded by the adiabatic damping most effectively.
By the time s certain fractlon of the total currcnt hes been lozt, all
remaining eloctreons arc damped dosm into stebls orblits which are porme=
nently clear of the gun.

The sanc exnlanation amlics te injection from inzide the orbit.
Hovwever, in this oase, thas two herms add, tending to give a bigger offect;
on the obther hand, Ay is not apt 4o be as near to undly, ténding o give
2 smaller affect. Th2 ceneral fecitures of the sxplanaticn remain valid
in sithsr cags.

We shall next congidsr a cass which seems somewhat lass likely on
the basis of the mumerical valaca of the Wwrams stated above, wub nqich
cannot bs ruled oul, on’aecount of the unknown corvection factors muliti-
plyingAeach. Assune that injection is from oulside, and thet the second
term is lerger than ths first, Then as injection proceeds, ¢ach cleectron
will Ye shiftod inwerd eway from the gun. ost of these injeclied at an
serly stege will be orogressivsly aided by this mschanism until they attain
orbite entirely clear of the gun, ospsclally since the mschanism bsecomes
more effsetive as the circulsting current increasss. Finelly, the injec-
tlon of cleetrons with oroner welocitics ceases. Scome of the last-injected
elactronz #111 be loast, and the reverse mechanism, being most sffective
gt this stege, will bring oub others to be lost. The cumulative build-up
of this unfavofable tondency is howewer opposed by the adiabatic damping
and thereforz 1s nod able o completoly rovorse the situation; the earliest

injeected alectrens, with %

r3

amallast amplitudes, are never brought all the
way out to the gun. In this case there is a speciel reason for irying to
lengthen the time of effsctive injection by epproprietely shaping the
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voltage pulse %o the gun. IV iz clesr that le gthening the time avail=~
eble for the siowly growing ficld to pma{zcc damping will increase the
differsnes bobtwoen the initial favorable effect end the (inel unfavorable
one,

This account conteins ohe interesting feature, namely, an enplane-
tion of way the final ouﬁﬁut of an accelerator might increasc fester then
Iineardy with increassing injeciion vollegs, as has been Gbsgrved{39) on
accelarators with outeids inj*ctoru. It is nol known wmohether & similer
affect iz observed with an inside injector, as this Lype of 1nj ction 1a
less freaguensly used and has been lsss thoroughly studied. e heve seen
that a linsar increase (in the non-relativistic range of injsction cnergles)
right be expected duc to the nupber of clectrons requirsd to £ill the
doughnuiv. (Actually this iz increasing as the 1,1 power at 40 Kev.,). In
the ease just described, the offectiveness of the injection mechanism
depends on the difference between the two. terms discuzsed above, the
smeller one of which is a decreasing function of injection snergy so that
the net effsct increases as injectioa energy increases, On the ubbﬁr hend,

change may be smell compared with others,las for exeample, the influence
of sreeber currents or higher voliages on the eleelron optics of ths injoc-
tion @

Finally, we will consider injection from the ins side, with the second
term again predominating. Im this cass the two Yeruws agein add and the
eflect iz unfavorabls as the current rises. hs in the first case digecussed,
however, the doughnul may becoms falirly full bafore Lhe bresk-even point
is reached, and froz that tiﬁe on, the loss of part of the current will-

help %o save tho rest. The moechonisms of Injection discussed abovs are

conaistent with various euperimental obscorvations concerning the influence
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of constrictsd apertures and lowerad injection eurrent onm outpub, all

of which seem %o indicale thav, in the ebsenco of orbit conirucior coils,
an accelerator opzzr;ates bost when conditions ere favorable tw compietsely
£iiling the doughnut with charge during sous psrd of ihe injectlon perlod.
Zaus 4% iz concluded that, although the original purposs of the investi-
geuion doscribed in this thesis was the study of the effects of azimuthal
inhomogeneities in the magnetlc field, the result has been ém inersased
underastanding of the effects which play an important part in the injse-

bion processe.



APPENDIX
1.
Using the notation explained on page 21, the ponderomotive
equation
T = -(e/m) v x B
becomes T -r6R = - (e/m}(réBz - 3,)
™6 + 216 = - (@/m)(éBr - ©B,)

- (o/m)(3By = reB,)

ta s
88

in eylindrical nolar coordinstez, where differentiations with respect
Yo bime arc denoted by dets. The negetive sign occurs because of the
sinetron's nogative charge =e = = |e| . Jince the force is normel %o
the velocity, v = #2 + 776% + §° = constant. Introducing ¢ and §
through the definitions r® R{1 + Q Jo 3= R <€y where R is a constant
lencth, we obtain

e -Q o )&

- (a/m) \_(, 1 «p )8, - 8]

(0 +p)6+ 206z-(e/m)| 5B, - o3, ]

.

- (o,fm'}K éﬂg -1 +re )éﬁx.]

P 2

(WR)* e % + (1 «0)

We define V= Bosﬂ/m o thus deternining the velocity V appropriate w
circular motion with radlus R in 2 constant {isld By. Regarding o and §
as functions of 8, we have 0 = (A[@{t}j s §= S[e(ﬁ}] s hence .Q = '8,

Ss= '8, é: e"é‘?’ + €'§9 and ‘S 8 S“é‘?' € 3'5, whore primos donote
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differentiations with respect to 8. Inserting these into the four

equations ebove, we obtain
06" p'E —(1+ 8 = - (WR| (1) . - ¥ o] &
(1+0)8 <208 = ~(v/R\[$'er- ¢ pa]é
$'E « 5’8 =~ (VR ¢pe- (9 pi]b
(v/RY = [ Q’L € (1+ Y+ 8 "]6" = constant ,
where By* B x,/BO, and similarly for 6o and ez Defining
A, & (v-V)/v, wo bave V/& = (1= A_)(v/R). Inserting this valuo

in tho first tirec oquations, substituting VR = +[o'2 « (1+0)2 «5'2] %

(ebbroviated as (1 + @ )K§89 where X = 1+ (Q'z e 5'2)/(1 +p )2 ) from
o

the Sourth, and dividing by © , we have
o p'8/6% = (1) (-1 E () - 5'60]
(1+0)8/8 +2¢"=- (- (e K [5'0e - 00

3"+ 5'6/8 *—*(f*Au)(He)X"‘[e‘@Q—(,+(:3(sr].

TR A
Solving the second of these eguations for €/6~ , substituting im the

other two, and rearr gs we obtein



e/l = /+€ +(/—AV)X‘/7-[(H~€)~§'(58 + e'g’@r —{Q"L-}- (H-e)?@’_] +2Q"z/(,+e)

/1

s = (1- ,\X'/‘ [—-(H-Q) @'@ & ‘(“IS‘F{"iS'L*‘('*(’Y} (3.-] +2 e'g'/(u»(ﬂ)

as given on page 22,
2.

Haxwell's equations for a static magnetic fisld require that

V*B =20 and also that V xB 3 0 if wo neglect the magnotic field due

to the circulating clectrons, as mentioned on pages 23 and 24.

In cylin-
drical coordinates, these eguations ares

138 3B -5
o8- “%% o
Be . Be-24% -0

Introduelng o and 4§ by the definitions r@R(l+p)endzsR Y ,

where R is constant, these become:

)B,- BBL _
Bt ~*(l+(°3( 55 )= 0
9B ~(1+p) 5% =0
5B, _ 3B
2% o0
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We represent the fisld components by
i _ oo H k 2
B B30 2 Ape™ s
oo ) : k Q
.Bo.?Z'ZI C‘kze"ee f

: ‘R‘ * a
where Ajkl A -k o and aimi;arly for cjk( and Djkz 3 Ao 2 1,
125 -1, and j, k, end { are integers. We shall demote the triple
sum by ;[,’ , and shall use the convention that Ajkf = cjk! = Djk£ =0
for k< 0, {4 < 0, or both., Inserting these into the equations above,
and relabeling so as o obtain the same powers of Q and 3 in each

term, weo obtein |
[ Jk/z “ 4 Dipg + (Fe) Cias 0 *RCig U+ Y A T A, €+r] c‘Jefl%jgo
[‘J Aipp ~(£+)(D i des D per, h;}}é’émf kgz =0
{(!w)CJ ko ~ (B2 )As e:)e‘d“ koL

ye K 4
ID " Cine +<kw)bJ',kf‘J0 +hbjhl’] (96 ¢ =0 |

Since these equations must hold for all values of 6 » § » and €, each

square bracket must venish separately. We therefore have the following
schemes

(k«-()(cjhz * J,kw,D *(4+0) (AJ,k-:,)eﬂ */?J',,,/H) + 1 Dipy =
@1') (DJ,k—LIw ¥ J,h,1+r> Ty Aj\u S0

(Red( Appu )~ (2)( C o) =0

(k+l>(bd'k( * J,Iw,P) ~ijCspe =0



By settingk mk + 1 and { = / = 1 in the second eguation, substi=
tuting the result into the fourthy replacing / by L+ 1, and multi-
plying this expression by £/ij, we cbtain the third equationm, thus
showing that any one of the last three is redundant and mey be omitted.
There is no interrelation of coefficients with different j.
If we assume that the seven coefficients A

ﬁ 100’ chO jOO’ &me
ars given, we thereby determine all the other

» D
Ajlo’ and Ajll’ and Ajzo
oleven coefficionts with this j for which k +A £ 2, as follows:

Djl@ 8 = D,jO@ + 4] cj03

Dyon = 4 A0

€501 = 4410

o
E
1]
&
oy
(N
rd
§
(@]
-
—+
(=}

= - =42

©
i

joz = ¥13 45m
lel 2 2%20

._3- '3-‘ - ‘.&‘ 2

Cj02 * = A1
) 2
i T ‘Ajm-f‘é'j 300
~ dle

For the terms with § = O, we have assumed A = 1, 45,4 % =B, Wo can

always make AOOI = 0 by proper choice of the plane g & 0. We may take
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D - = G beceuse none of ths current causing the field will loop through

the circuler electron pathg Gooo = O sinece it ropresents the first term _
in the expansioéx of a field B, °C r~1 about r = R, and no such fiéld will
be present. We then have only two remeining arbitrary constantis, doy1
and Ay, determining the axially symmetric field to second order im p
and § . The above equations then yileld

L)
1]

D

oz0 = Poo1 ® P11 = Poag ¥ Pooz = Couo = ©

£
b
S

(2]
&
0

#
tope
&
B

Thege results are used in deriving the second-order eguations for motion

in three dimensions in an axially symmetric field, given on page 73.

3. Hotion in Two Dimensions e _Hamiltondan Eoustion:

The Bamiltoniau function for an electron with charge - ¢ moving
in a time-independent magnetic ficld is % = 7. |p + ek | %, in M.K.5.
rational wnits, whoers 3 is the canonical momzentum vector and K is the
vector potential, If B, = Be 2 0 in the plane z = O, a particle whose
initial velocity is in this plane will not leave it. If the magnetic fleld

is axially symmetric, we have



in this plane; x ic an integration variable. In plane poler coordinates,
! 2 ..
W o 1m[pl‘ + (r lpe * 359)2] = $mv? = constant,
Pp » m.. » pe - mzé = erAB.

The Hamiltonian equations of motion are
97’( . _)_2 - o ")W s e—a—{ = :
jo *"Pe s 2r T TPrs 0pa =€ L opr

The last two merely serve to defins p - and P, given sbove; since

8
H is independent of 6, Pg is a constant of the motion.

Dg * cogst.ant. =Py = mrlzéI - erlit6 (rI),

where subscripts I demote values at injection., From this,
é 2 (I’9 + erAB)/ng from the conservation of energy, 2 & rZé.? 2
constent, Combining these, r< = v2 = (P + erh )2/mzr2

Now

Py ¢ arhg = a2y - o [ rpag(ey) - ragle)]

-
mr 28y + e fr x B g(x)ax ;
I

hence

. '/,_
° “ I
rs i‘[v— - rf’r + g—B— XE (%BJXE ] :
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Since V/R = eBy/a end T, = ¥ cos frs where @y is the angle botween

the direction of injection and the tangent to the circle r = r; at

I
the injection point, this may be written

. ’ r /
° + rICOS¢I_ _\L X ¢ )Ax 2] * =
T V|- { - + rRr (5: ® E H
£

integrating and setting r = ry ab t = %,

rI —‘/-;.
p 2
w(t = tg) -f [;~ g ricosdy + ;‘%j x‘a,mdx}] dy 5
r r

the result given on page 263 v is another variable of integration.

To £ind the conditions under which oscillations will ocour, we
firet find whethor radii vy, and rj, exist at whichr = 0, as
indicated in the text. Then, differentiating the expression for r and

setting rs 0, we obtain the result

Pe () [1-we o/ ],

which ic valid et v = Puox OF Fpine It then follows that there will
be a restoring force if

@ a(rgax) > VR/(Vrpyy) end 6 a(Fuin) < wr/(Ve . )

as statsd on pags 27.

To f£ind thz limits of motion in the case where e 4{7) may be
approximated as @ z=1=n(r- R)/Rzl-n 6 , we seb r =0,
obtaining

Vima x
'V‘ min
r sr.o08 P + —s— % (x)ax ;
I I v R 14 4
% o e

expressing this in terms of f » We have
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Min

1w Qg = (1ep (- i) + EL . (1+ 7)(L -ny)ay,

where we assume cos _QI is near unity; y is an integration variable,

o have dofined V/v m 1 = A _; integraling, ecxpanding, dropping third
order torms in the arall quantities 0, Qo ﬁI and A _, and simplify-
ing, we obtein

K=
2AyP1 - Pz

A\ 2 o
—___———ﬂ-——_’- —

2 Q. v TR e.r_ A O

PYV\*‘ - | - YAt Ritas

\ Min
Solving this guadratic squation, the final rosult is

2 I/_L
max = _"___ {Avii(\-“\‘e; —1(\-»\3A,el +A7;.-(\-V\3¢1:] &,
-n

Wi

as stated on page 31.
To obtain an integral for & as & function of r, we note that

! ::1"/6 =(°-1'292)§/é .

o
Since we have found @ as a functlon of r, we may write al once that

.
rosfs Lj"“ o
i { ; + - Ry rzx()z(x)dx)? q

I

rrcos ¢, AVA 3 2 a
l B {
r [ Yy ‘*.U_R%f&x@,(ﬂdxj]

be

This method i3 describod in Rofersnce 24, § 7C., We shall only

summarize it here. The equation we wish to treat has the form
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e“k[_l-n-(z-n)Av‘le:Av*Ang‘k- A.?.Q'z +Blts
12 ’ 2 12 '
* Bz Q(D + Cl QA ~+ CZQ Q - 03 Q 4 Lt |

the coefficients 4, AZ’ Bl, 82, =-=== gre given on page 32. The
mothod is applicable to any eguation of this form in which o : eppears
only %o even powers, as long as the right side is small with resvect
to either term on the left. This can be arranged in our }problem by
first introdueing a new independent wariable

x B € -Av/[1~n-{2-n)Av] = G-E

to eliminate tho constent term in A _; we now find that every term on
the right of the equation for x is of second or higher order in x and
€ , whose ranges in the physical problem at hand extsnd from gero o
values suall compered with unity, Hence we can introduce § , a para-
meter of smallness, by setting z& S¢, € = SY& s where ¢ and |
are assumed to be of order unity or less. By introducing the abbrevie-
tion w rz ml=-n=2- n)Av, and cancelling out onme factor § , our

equation becomes

flrorg = S{M (5o A g+ SIB,(E\’@? B.(sens”]

< s (st T gg"]“f”? ’

which is of the type desired if the A's are of order unity, the B's of
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order § "1 , and so forth, However, in the procedure to be followed
in the px'esmént instance it is assumed that all of thess coefficicnte
are of order unity or less,

Since we have previously determined that the solution of our
equation is a periodic oscillation symmetric aboul an extreme point,
and thsrefore representable by a Fourier cosine series, we postulate
here that the solution is 5 (R 8+ @) = a(+), with angular freguency
J& to be determined, and erbitrary phase §, Changing variablea,

X
2L se /

EY= Q7 and g - 72, vhore dots denote differentiations

with respect ¢ T . We then have
5 e wrz = s{[A,(zmw?.‘Aj] . ;[B, (2on) * & Bz [+ - }

oo n . o0
Yo now set-z( 1) = nZ: § z,( ) and DR "Z_:L § n&nzp and require
that g,( 7T+ 27) = z,(+) and that 2,(0) = C for all n> 0. In solving
for the z, by successive approximation we will find that seculer terms
(increasing linearly with + ) will appear unless we require tha® z,

shall contain no term in cos v for n > 1.

i 2 s z .z
CA:(Z‘ +Z‘\ = —.‘R’( Z'Q —J’Al(ZO*VZ.\ +w:-Az_zo
< 2 2
=a, 8, ™ *A aTcost 2 a A wst +9TA * wra A st

= FE,* F anT % E tos 2,
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where
o=z a (A cel A+ A
Fo=adt/+ayah; R=2d(A-«rA.),
By setting F, ® 0, we find that 52,,12 = =2y 4. % is
then detormined by solving the remaining equationg
zZ, = Zo—;:‘ = 3%2405 2T.

nd Order Equations
. ’- e . .
G| Bt lis) = ~Q5T -7 w2, (2,40)2, vR @A 22

+(5212/42.2: ¥ B‘ (z°+7)3 + w‘_?- Bz(zo+’\>.zo .
By substituting for z, and 35 and collscting terms, the

- right side may be written in the form Gj+ G,co87 + G, cos27 +

1 2
G.,cos3T .
>
Setting Gl = 0, we obtain
Afe  AF 2, .3 a”

Qo == 2 Sor 3R GLB, 3B, G o7 B,

The solution for z2 may then be writien as
G
&y Gy i
Z,% on T 3pa 02T T o Go8ST

whers

A,F;. A/F" (™ (A
G, = n “ax Ay Gr A AA T 3B,

G, = gl% na*A A +34a’B,

L AR S 1 .3
G, -3a5h +FaAR «xa*(B,-wiB,).,

By combining our results thus far, setting § = 1, and returning
to the original notation, we obtain the results given on page 32. The
convergence of these series now depends on the smallness of the constants

a and €
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5. Derivation of Formulss for &' and &
The solutlon of the differentlial equation

plrwre = f(pele) s .
in which £(8) has the properties stated on page 42, may be represented

by the expressicn

E’ = a(e) COs[o.)e w—S(e):[ = a(e) Cos dCe) .

In fact, an additional constraint on the relation between a and &

may be imposed, such that

6' = - ﬁ«)&(@» S_I"“' d(@) -

By differentiating the expression for P and equating this to the

assumed expression for P ', we ses that this consitraini implies that
a'eoz Pz s'a ainf .

By differentiating the assumed expression for ¢ ' again, and inserting
this on the left side of the differential equation; we obtain

(er-wL—wS‘)ac°5 sﬂ - wa! 5‘1;‘_¢ - —F(CJCIJ 9) )

If we substitute for ' in terms of a' on tho left, replace ¢ and

P ! by their assuned expressions on the right, and solve for atfa ,

we obtain
a' w:‘whs,kgécosqﬂ —!:N"%l(ac“qg,—waslkqhe)ak¢.
a. w

On the other hend, if we substitute for a' in terms of §', we obbtain
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%N .
§'= ety - facws b, ~wasing o) cos F .

)

These two first order equations are now eguivalent to, and may réplace
the original socond ordsr sguation, as indicated on nage 42.
6. Proof of the Divergence Theorem

The theorem toc be proved may be stated as follows. If the solu-
tion to the differontiel equation o +w R o =f( ¢, ¢'s8) bo
ropresented in the form ¢ = {a(8) cos|w 8 +§ ()] , and if it also be
roquired that A(8) end § () be such that ¢ = - w{a(e) staue «S (8)],
then JA'/o 4 +~ 28'/3S = affég'.

fie have obtained formulas for o ' and § ' in the pnreceding section

of the appendiz, By diffcrentiating them, we obtain

27:.{ _ ;:w smq‘cosq{ ij{ %C ces¢ — “)jil.ﬂ‘flqs}s'.‘k ¢’5

da
%55_ . W - 5;n¢@5¢ - — X—i—%a‘snk¢ = %}awcosq&]ms% +;£ S .

Since A = &g’ Av =2 2q4' = 2A% a' 3 therefore

AT & 4 da' d=

JA - /4?1_ + 2.4 2 A
2l L del _ oal ox
A/-a_ Ja a 2a

Thus

Y A D O
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as stalted on page 48, which proves the theorem,
7. Evaluation of the K's

In this sectlon we wish to indicate how to determine the constanis
Kg, Kl’ and K2 introduced on page 49 which result from the application of
. the equations for a. ! and &' introduced on page 42 to the diffarential
equation on page 43, using the averaging procedure desm'ibéd ok that page.
Ve shall work out the results in detall for the approach in which the
method is applied directly, for the two cases s = 2 and s » 3 (where
w = r/s), end then indicate the modifications which arise if the equation
%o bs solved is thal for motion about the distorted equilibrium orbiti,
as mentioned on pages 34, 36, and 50. In the cowrse of the investigation
described in this thesis; a large number of very general calculations of
such coefficients have been made, However, there seems %o be no point
in including them here, since the computations are straightforward but
very tedious, and the resulling expressions are extremely unwieldly
because of their generality. Also, in the application of these techaiques
to a situation of practical interest, it would be fairly sasy to ascertain

which of the A, coefficients were important; it would then be as simple

k
to carry out t:e derivations afresh, keeping only these terms, as it
would be to specialize general resulits to this case. In fact, the best
technique in a particuler situation might differ from that discussed here
if certain higher order coefficients were known %o be large, as mentioned
on page 84.

For direct application to the eguation on page 43, we will consider
the terms in the first and second rows separaiely as was done In the text,
The first row terms with odd powers of & contribute onlyv‘to B ': all

other first row terms average out, as pointed out on page /3. This contri-
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bution to §', through second order in o , ia

- El:)_ {[Bl(aoos g)> + B,( @ cos #)(~ & sin mg] cos ﬁ/;és%

\ /3 W -
== (5 m + 5 5)a2,
since (cos? ¢f) Ave = 3/8 and (sin® ¢ - mAve = 1/8, Therefore
|
K2= -é_w_(BBl + szz) .

The values of By and B, are given on pege 32.

Ve may evaluate ‘{O impediately from the formulas for ¢§' on page 42.

A Wy =™ 2 e 2 _ 2
K()= R (cos mAve 2w (wr <)

The corresponding term in the formula for a ' averages to zsro. In
evaluating the contributions of terms in the second row, we neced to know
the valus of the integer s. For s = 2, we see from the general formzla;
on page 49 that the contributions of lowest order are independemt of «.
By expanding the terms in this row, we find that these are glven by

the average values of

b= A d _ , S
2 ————%—'— JZ? a [ZAJOcos(jB +°<jO)+AJ]_°°s(Je *okjl)]cos g it g,

vhere the sine is taken for a4 '/ @ and the cosine for §'., Also,

8= w™F -5 ), which gifres 2(f =S ) for s = 2, Inserting this, expand-
ing ths trigonometric functions, neglecting A . compared with unity since
the Ajk are assumed to be small of first order, and averaging out certein

torms by inspection, we obtain



=}

2 Z {Ajo[cca 239/ CoS2fheos(2)F = o) + sin 259 S offsin(2) § - )]

Sin

5 %Ajli cos 2§ P 2Pcos(2j S = otjl) + sin23¢g f’;; 2@sin(2j 5 - djl)] } .

We see that ell terms with j7 1 disappear when averaged with respect to
@, leaving

St < Sth (o T~
Byosim (RS =ty ) v B, S (28 ~u ) 2K LT (RS - )

Cos il 1cos

as the final result. Ki ant « arec most simply evaluated by the graphical
construction which follows,

This result should be compered with that on page 38 obtained from the
dethien equation., It will be seen that | Kll is the same &3 the gquantity
| a/4| derived there.

If ¢ 2 3, r may be either 1 or 2, and the lowest order contribu-
tions of second-row terms conbain one power of A . By similar manipula-

tions, we find that only terms with J = r contribubte; the result is
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. i[(, -2/ S (3T - Y+ 245" (3 -«
§. r |77 o Cos ro’ T g cos B5 - rl

)

™ 3 - — Sin <
ra S (35—t ) | 2R A TN (B8 -x).

K.1 and A can egain be evalustod by a zeometrical construction.

Por octher walues of r and g, similar resulls can be oblained,

The higher-order terms vhich are mercly indicated on nage 49 may also
be evaluated, although it is pointed out on page 84 that these torms are
net necessarily taken inlto account correctly by the formalism adopted
hers, However, if some of the Ajk coefficients are large, different
procedurss can easily be devised for obtaining a first approximation to
their influence on “he motion,

Cne such orocedure which should be applied, if any of dhe AJO with
small § are apprecisble, is to eliminate the lowest order effect of these
Yerms by solving for the motion shoul a distorted eguilibrium orbit. The
reacsons for doins this are dizcussed on pages 36 and 50, The differentisl

equation may be writben in the form



seores - Sl
+/4;(31 *Azflz M 8, 62 e 816(”1“’ -
"(/ +2(>+ '--—3?:,‘ %Z‘ AJ')'{ ekCOS(SG*O(_‘,pJ,

if we neglect A _ compared with unity. The second and third lines
of this expression are now of order ez, Ajk Q » and higher orders.
Neglecting them for the moment, the soluiion for the distorted orbit
0o 12 | . /]
| ou(0) = i v & Tz cos(er i),
i Wr

If we denote the displacement from this orbit by x, we have

Q:x-&-go,

and the differontial equation satisfisd by x is

X rxs A (xeel” + An (el + B, (1) B (ropd (g V-
X_**MH@A*--]ZZ_: ik x+(\c<>s(3e+o(dh\

We now proceed to apply the method under discussion to this equation.

It is clear that, in principle, the right side can be mmltiplied out
and rearranged to bring it into the form of the originel squation, fiow-
ever, the coefficients will then be much more complicated functions of
the original peramsters, and it seems unnecessary %o evaluate them in
detail here., We will mersly give the lowest-order resulis for the case

r/s 2%, A, =0, for comarison with those of the simpler case.
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T ehpl-(2a+4 Jotn (@5 - ¢ ) rfa; stn (25 = why ) 3

§I= Amil- (;‘L—~A1+ "3" )]oos (Zg - °<10) +%Au cos (25 - o(n)

2qL.
2 Zn +4B) a2~ 2B 3 o
R e R e
J - Ti
_é_{B'Z(“” C 2 A« 2 A s i)
d=A J—-"

+ Ao A cos (om <) ]
The valus of %’ is given on page 32. Ve see that x2 is the sanme as
before but additional terms appear in IO and xl. The complexity of
these expressions increases rapldly for larger s and for higher-order

torns,

For the situation discussed on page 64, we have
2 @ (eonst,) see (2 S - )s

and from the recults on page 49 we obtain the diffarsntial equations
setisfied by 4 and & as functions of 8 in this case (as 1llustrated
in Pig. 7), in which K = K, = 0:

4/ ek sin (28 - +);
§'akcos (25 =~ ).

The second of these can be integrated at once, to give

4K,©
Ce =~ |
Ce*"®
the value of the integration constent C is determined by the condition

sin{2 § - o )=

we



thatgzé"oa*ug::o%ohe

s | +S$‘v\.(2s,—oﬂ
I —sin(28,-)

From this we ohbbain
qk\e kA
o 18 T Ce !
2= = (const,.) see{2 S = o ) = (const)| )~ coFe,
= (const.) ¥ (C“% o2K18 . 72 o~K18) |

In the situation of intercst, of = 7,2 and C¥ » tan § _. In this
caz3, if we reguire that @ = &  at & = 0, the constant must have

the value 2 sin § o ©08 S o 5 e thenm obtein

(@/a)2 » gin § Oelee . cos~ § Qez"le8 :

as stated on page 64.
I? the adiabatic damsing term (lscusced on page 63 is inciuded,

we have

@/di = K sin (28 = o) =K ;

s'= K, cos (25 = &) ,
If ve meke the substitution a(8) = f’(@)e.xde , we find that
£1/f 3 Ky sin (28 - &),

so thet £(8) 15 the same as A (8) for ths case without damping; there-

fore when damning i3 present,

(2/2)% = {Sinz $ 082K19 + cos® § 56_21{18] oK



as steted on page 65.
To determine the number of revolutions rsquired for an electron

to regain its original amplituds, with .xd = 0, we note from Fig., 7 that

the curves are symmetric about their minime, determine the number of

revolutions to the minimum, and double it. Carrying this out,
ﬁ( 5‘/ 5:0 )2/d9 - 2}%[31112 5 Oelegn - 0082506-'2319‘.] - 0 ,

where 8, denotes the value of @ at which a reaches a minimum, Solving

for 8, , we obtain

8, = (2!1).1 ,009 | eot So\ .

The numbsr of revolutions N, required to roturn to the original amplitude
is given by '

N, =28./(2),

and | cot So] is found from page 65 to have the value [%elcotqﬁx\;

hence

Kr=(21TKl)-1 Qog.\;%*elcotSbI\ s

as stated on page 67.

- = =K+ 8
63 ¢I=O,then § o =0 o= Qpand &=0 e 1°

Therefore 4 = Qc after Kc revolutions, where

B, =8 /(2m) = (211’51).1903 \ Q]_/mee] s

the other result quoted on page 67.

It was shown on page 108 that the radial velocity of an electron
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could be exprossed by the equation

2 U\ e(1-V7/AR CA«,, $Pm
- 9] S2 ffon-5  fl sf]

This expression gives p as a function of @ 9 Qp 0, andv,
Our approximation consists of equating e E O, Pos ,VI
é [o, Pa * APy T (L +a I/I), V+ A v , expanding, retaining
| only first powers of AE ’ AT, end A v, and determining the rela-
tion connceting these thres changes.,

Carrying this out in detail, we first obtain

\;g: L 2e(i- V/C‘)f _iqu(ﬂ&l Rz{l-k'em J (1+9) Pz(w\‘l‘&%

~ ,J-A(.. '3—
A~V aan 3 (1-v7N [Py ; d J() AT AP
,_?( > j_____dvb _;L 016‘61) e+ % .}6 ) A

&,m em

z

O
T R A

20

.,.‘-(-A()m N (’vx
‘fC (:+@ez(‘;).ﬁ?*—fj(rw)@d‘;)dg% .
6”‘ o

By evaluating the integrals over infinitesimal ranges in the usual way,

cancelling where possible, and exvanding, we obtain
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-+ é;u.j (|+g)(57.<'3)<4*;] .

Rearrsnging and uulitiplying by B?/Vz, this becomes

ae(i-V7/RY @}
éomV"' 01

(@&1—2@.\& = (1+0) Qz(ﬁqﬂ %—t

= — 2 [I — { | +€-.~-£()2|-3} G,_(on\‘agi—— j‘f"\(\w 5}\@1(0‘301‘3] _A_NJUT“

m ¢+
_ ;te(:-v"“/cl)RY() o_t}f . A]ez
{ €,mV > . ¢ o'( e d i

as stated on page 110,
10.  Hote on Time-Varying Inhomogeneities

After the text was prepared in final form, an article(éb)
appeared describing the successful application of a rapidly varying
inhomogeneity to the process of injection, in preecisely the way which
was considered on pages 66 to 68 of this thesis. However, the accelarator
used hed an air core magnel, rather then en iron core one asz was considered
in the present work. It is probably easier to change gquickly the form of .

an alr core field than that of an iron core one,
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These ciporisental rosulus seem Lo agree with the analysis. In
particular, it was found that (1) the switching-off time of the inhomo-
goneity is critical to about a microsecond; (2) a very rapid fall-off is
desirable (a decay time of 5 x 10~8 second was used); (3) the effect is
very sensitive to a change of the value of n by as little az 0.01; (4)
the azimuthal inhousogereity auss be completely removad; and (5) the
schemez is successful for a varicty of gun positlons and for small relative
aperturos. 4ll of these features ars predicted by our analysis of tids
probloa,.

There is as yst no indication of the rolative merits of this
injection scheme as comparcd with the more conveniional one, because
the accelerator in question has propsrties which have maée it thus far
imposaible to obtain an accelerated beam by the usual technique. Ve
gtill believe that it will ve very difficult, if not impossible, to
increase the output of a well adjusted acceleravor by changing over to

a scheme of this kind.
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