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ABSTRACT

The rheological behavior of Brownian electrorheological (ER) fluids is studied
as a model for flocculated colloidal dispersions. The ER fluid has the advantages
that the interparticle potential energy can be varied by simply changing the applied
field strength, and the microstructure consists of essentially linear chains of particles
aligned with the field direction. Studies of the quiescent suspension structure find a
dispersed region, an equilibrium flocculated region, and a kinetically flocculated region
for low, moderate, and large attractive potential well depths, U, /kT, respectively.
Under simple shear flow, the suspension has a high-shear-rate Newtonian viscosity
and a shear thinning viscosity at lower shear rates. For moderate attractive potential
well depths the suspension has a low-shear viscosity that scales as exp(Upin/kT).
Furthermore, the low-shear limiting behavior is seen at shear rates that scale as
exp(—Unmin/kT). The first normal stress difference is also presented. It was found
that due to the electric field the suspension structure is anisotropic with respect to
the compressional axis, and the first normal stress difference does not decay with the
shear rate as it does for Brownian hard-spheres, but approaches a low-shear limiting
value.

A theory is proposed that makes use of the time scale of diffusion for aggregated
particles out of their mutual potential well, 7 ~ (a?/D)(kT/Upmin) exp(Umin/kT),
much in the spirit of the Eyring theory, to describe the rheology of the flocculated
dispersion. Here a is the particle radius and D is the diffusivity of an isolated particle.

When the shear rate is non-dimensionalized by 7, the reduced viscosity data for all
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field strengths collapse onto a single universal curve. Although we use a relatively
small monolayer suspension, our simulation results compare well to the limited exper-
imental and theoretical work on Brownian ER suspensions. The scaling relationship
for the low-shear viscosity has also been evidenced in other studies of flocculated
dispersions.

The model is tested for its general applicability by a study of the rheology of
a three-dimensional flocculated dispersion with an isotropic potential by molecular
dynamics simulation and by analysis of experimental data obtained independently by
Buscall, McGowan & Morton-Jones for a depletion flocculated dispersion. In both
cases the suspension has a low-shear viscosity that scales exponentially with the pair
potential well depth, and the low-shear limiting behavior was observed at a shear rate
that scales inverse exponentially with the pair potential well depth, U;,/kT. The
reduced viscosity data collapse onto a single curve when plotted as a function of the
shear rate non-dimensionalized by the escape time scale, and the model was found to

predict the reduced curves.
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1. INTRODUCTION 2

Aggregating colloidal suspensions exhibit a wide range of rheological behavior from
thick gels to thin pastes. As with Brownian hard-sphere suspensions, the solids con-
centration plays an important role in the suspension dynamics, but in addition, the
nature and strength of the particle interaction forces add a crucial dimension. Aggre-
gation is generally referred to as a non-equilibrium process that converts individually
dispersed particles into a disordered solid. The disordered solid can be either a floccu-
lated suspension consisting of highly porous, weakly aggregated flocs, or a coagulant
where the flocs are more closely packed (Russel, Saville & Schowalter 1989). Ag-
gregated suspensions are also delineated according to the strength of the attractive
interaction potential between particles (Buscall, McGowan & Morton-Jones 1993).
For example, suspensions that have an attractive particle potential well depth, U,,n,
greater than 5 — 10k7T" are said to be flocculated, while suspensions with Uy,;p, ~ 1 -
5kT undergo an equilibrium phase separation where the suspended particles rearrange
by diffusion into the structure of lowest energy and are not classified as flocculated.
This is not a clear distinction, however, since given enough time all suspensions should
tend toward equilibrium. In this work, a flocculated or aggregated suspension is taken
to be a suspension of particles that form a connected volume spanning network and
includes so-called equilibrium phases as long as the resulting structure spans the
suspension volume.

There are a wide variety of ways to induce flocculation. For example, depletion
flocculation is achieved by adding a non-adsorbing polymer to a suspension of hard

spheres. Polymer molecules are excluded from the region between a pair of particles by
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steric effects. Generally, the osmotic pressure increases with polymer concentration,
and integration of this normal force over the surface of a particle yields the net force
on the particle. The associated decrease of polymer in the gap between two particles
produces a lower osmotic pressure and an attractive force that can be represented as
an interparticle potential (Russel, Saville & Schowalter 1989).

Regardless of the flocculation method, however, suspensions with similar parti-
cle interaction potentials behave similarly. Weakly aggregating suspensions (5k7T <
Upmin < 20kT) exhibit non-Newtonian behavior; they typically have low- and high-
shear-rate viscosities, and shear thin at intermediate shear rates (Buscall et al. 1993,;
Melrose & Heyes 1993). Suspensions with U,,;, well above 20kT also shear thin
and have a high-shear-rate viscosity, but do not show a low-shear viscosity, at least
over experimentally accessible scales (Buscall et al. 1982); they are Bingham plastics
with an apparent dynamic yield stress. The rheology literature abounds with models
for flocculated suspensions. Most are phenomenological and offer little insight into
the underlying physics of the suspension dynamics (Tanner 1985). For example, the
Bingham and Casson models often used to fit data for fluids that show an apparent
yield stress are not predictive and do not apply to all flocculated suspensions. A
basic microstructural approach incorporating the physics of particle interactions and
dynamics is needed and is the focus of this work.

Since the dynamics of the flocculated dispersion are complex, study of idealized
situations facilitates understanding key factors. In Chapter 2, the rheological behavior

of Brownian Electrorheological fluids is studied as a model for flocculated colloidal
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dispersions. The ER fluid has the advantages that the interparticle potential energy
can be varied by simply changing the applied field strength, and the microstructure
consists of essentially linear chains of particles aligned with the field direction. With
this idealized model, the suspension dynamics can be studied as a function of the three
forces at work in the ER suspension: polarization forces due to the applied electric
field, Brownian forces due to thermal effects, and viscous forces due to the applied
shear. Under simple shear flow, the suspension has a high-shear-rate Newtonian
viscosity and a shear thinning viscosity at lower shear rates. For moderate attractive
potential well depths, U,,;»/kT, the suspension has a low-shear viscosity that scales
as exp(Upmin/kT). Furthermore, the low-shear limiting behavior is seen at shear rates
that scale as exp(—Upin/kT). A simple scaling argument is used to explain the low-
shear-rate viscosity scaling. An escape time, first developed by Kramers (1940), is
introduced that gives the time scale of escape from a potential well of depth Uy, /kT
with U,in > kT. A new dimensionless shear rate can be defined as the ratio of
the escape time and the time scale of shear, and when the viscosity data obtained
is re-plotted as a function of the new reduced shear rate, a single universal curve is
obtained. Although there have been previous discussions on the escape time as it
relates to weakly aggregated suspension dynamics (De Rooij et al. 1993, Potanin et
al. 1995), this is the first work to scale the shear rate with the escape time to produce
a universal curve for Electrorheological fluids and weakly flocculated suspensions in
general.

In Chapter 3, a model is proposed that makes use of the time scale of diffusion



1. INTRODUCTION 3

for aggregated particles out of their mutual potential well, 7 ~ (a?/D)(kT/Umin)
exp(Umin/kT), much in the spirit of the Eyring theory. Here a is the particle radius
and D is the diffusivity of an isolated particle. The model not only predicts the
low-shear-rate viscosity but also the suspension viscosity over a wide range of shear
rates. The predicted equation for the suspension viscosity is seen to fit the universal
curve found in Chapter 2 for ER fluids with one adjustable parameter.

In Chapter 4, the model is tested for its general applicability, first by using simu-
lations with an isotropic attractive potential, and second by using experimental data
from Buscall et al. (1993) for depletion flocculated suspensions at moderate concen-
trations. Again, the viscosity data can be reduced to a single curve by using the shear
rate reduced by the escape time, and the predicted viscosity relation from the model
presented in Chapter 3 holds.

Chapter 5 briefly summarizes the main points and suggests further areas to explore

on this topic.



Chapter 2

Brownian Electrorheological fluids
as a model for flocculated
dispersions
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2.1 Introduction

A wide variety of ways to induce flocculation are detailed in Russel, Saville & Schowal-
ter’s (1989) Colloidal Dispersions. Regardless of the flocculation method, however,
suspensions with similar particle interaction potentials behave similarly. For this work
we use a suspension of polarizable particles in a non-conducting dielectric liquid form-
ing an Electrorheological (ER) fluid. Winslow (1949) first noted that an electric field
across a suspension of cornstarch in water thickens the fluid and that the viscosity
of the fluid scaled with the square of the applied electric field. Potential applications
for these tunable viscosity fluids range from liquid shocks for magnetically levitated
trains (Technology Edge 1992), to dampeners for buildings to protect against earth-
quakes (R. C. Ehrgott & S. F. Masri 1994). The key to the ER effect is the difference
in the polarizability of the particles and the suspending fluid. Applying an electric
field across the suspension induces particle dipoles, and there is a net attraction be-
tween particles whose surfaces are oppositely charged and a net repulsion between
particles whose surfaces are similarly charged, resulting in particle chaining along the
field direction. (A difference in electrical conductivity between particles and fluid can
have an analogous effect in AC electric fields). This electrically induced structure is
responsible for the increased viscosities noted in ER fluids. A completely analogous
situation occurs in magnetorheological (MR) fluids, where the magnetic permeability
mismatch between particles and fluid leads to the same phenomena (Bossis et al.
1990).

In its simplest form, the ER pair potential is the sum of the attractive electrostatic
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potential and a hard-sphere repulsion:

u(r,0) | o ; , if r < 2a
KT | -a(%) 3es b=l jfr500 [

where A = mea®(3€)*/kT. Here 6 is the angle between the electric field vector and
the vector connecting two particle centers, 7 = 2a is contact between the particles of
radii a, and € is the dielectric constant of the fluid, £ is the magnitude of the electric
field, and 8 = (e, — €)/(€p + 2¢) measures the dielectric mismatch between fluid and
particle. For point dipoles aligned along the field direction A gives the potential well
depth, Upin/kT.

The ER fluid structure and dynamics are governed by the interplay of polarization,
thermal, and viscous forces due separately to the applied field, fluctuations of the
solvent particles, and the imposed flow, respectively. The characteristic interparticle

interaction forces for an ER fluid are:

Force Scale

Thermal kT /a
Polarization | 12mea®(BE)?
Viscous 6mna®y

where k is the Boltzmann constant, T' is the temperature, 7 is the solvent viscosity,
and % is the magnitude of the shear rate. The relative importance of these forces are

given by the dimensionless groups:
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Group Ratio Scale

A polarization/thermal | wea3(8E)?/kT
Pe viscous/thermal 6mna®y/kT
Ma | viscous/polarization | n7y/2e (BE)?

defining the Peclet, Pe, and Mason, Ma, numbers. Note that the Peclet and Ma-
son numbers are not independent; their ratio is simply 12A. We shall discuss the
suspension behavior primarily in terms of Ma and A.

The nature of the static, non-sheared, structure of an ER fluid varies with A, the
relative strengths of the polarization and Brownian forces. Brownian forces tend to
disrupt the chaining effect of the electric field, and when dominant, disperse the sus-
pended particles. As Brownian motion becomes less important — as A increases — the
attractive electrostatic forces form chains aligned along the electric field direction.
Thus, by simply changing the applied field strength, an ER fluid can be a disordered
suspension, a flocculated suspension, or a solid. In short, the relatively simple struc-
ture and the ease with which its pair potential can be manipulated makes the ER
fluid an ideal model for studies on flocculated suspensions.

The interplay of polarization, viscous, and Brownian forces gives rise to a wide
variety of rheological behavior in ER fluids. At moderate volume fraction and at large
A, shear forces gradually degrade the cell spanning network resulting in shear thinning
(Marshall, Zukoski & Goodwin 1989; Bonnecaze & Brady 1992a). At low shear rates
the suspension viscosity scales inversely with shear rate, which is consistent with the

existence of a dynamic yield stress. Although Bonnecaze & Brady (1992b) showed
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that in the limit of no Brownian forces (1/A = 0) the suspension has a dynamic
yield stress, there has not been a similar study for large but finite A, and it has
simply been assumed that these ER suspensions have a dynamic yield stress. At high
shear rates, the particle network is completely destroyed and the suspension viscosity
approaches that of the bare suspension with no field applied. Marshall et al. (1989)
found that the Mason number collapses the viscosity data for different temperatures,
shear rates, and field strengths onto a single curve, i.e., at high field strengths the
suspension rheology is described by only Ma and ¢, the suspension volume fraction.

Efforts to make neutrally buoyant ER fluids have turned the focus to smaller
particles and thus smaller A, but there is limited rheological data in this regime.
Studies for 30 < A < 2000 (Halsey, Martin & Adolf 1992; Melrose 1992) indicate no
yield stress; at low shear rates the suspension shear thins with its viscosity scaling

® where « is less than 1. On the other hand, simulations on a 0.16 volume

as y~
fraction suspension (Sun & Tao 1995) showed a low-shear viscosity for A < 90 and a
yield stress for A = 90, their maximum A. Rheological studies for A < 30 were done
only at low volume fractions, ¢ = 0.16 (Sun & Tao 1995), where the suspension is
not flocculated. Contrary to the behavior at high A, for finite A the Mason number
is not sufficient to collapse the rheological response onto a single curve as it does not
include thermal effects.

There is still no clear picture of the low-shear-rate behavior of ER fluids, partic-

ularly when flocculated at moderate but finite A. It remains to be seen if they have

a dynamic yield stress as for 1/X = 0 suspensions (Bonnecaze & Brady 1992b), or if
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they have a low shear viscosity similar to Brownian hard-sphere suspensions, A = 0
(Phung 1993), or dispersed ER suspensions, A ~ O(1) (Sun & Tao 1995). This is a
crucial issue for ER fluids and the answer will have far reaching consequences. The
yield stress is often an important design parameter for several potential applications.
The ER valve, for example, designed to control flow, is required to sustain a stress.
In addition, this question — whether there is a yield stress or a low-shear viscosity — is
of generic importance as it will aid in understanding the flow behavior of flocculated
suspensions generally.

Clearly, additional rheological data for smaller A and a wider range of Mason
numbers are needed. To this end, Stokesian Dynamics simulations have been used to
calculate the suspension viscosity for a wide range of A and Ma, with area fraction
¢4, the ratio of the projected area of the particles to the area of the cell, of 0.4. By the
two-thirds rule, an area fraction of 0.4 is equivalent to a volume fraction of 0.27, and
is above the minimum volume fraction necessary for an aggregated network to form.
Simulations in the absence of shear show that flocculation occurs at A ~ 4. We note
that all values of A\ defining the boundary between regions of different behavior are
approximate; a more accurate determination requires large system sizes. For smaller
A, the suspension forms particle chains that align along the field direction but do not
span the cell; here we find a low-shear viscosity that can be predicted by considering a
regular perturbation to the equilibrium structure. For 4 < A < 10 the chains span the
cell and aggregate to form thicker clusters with a hexagonal lattice structure. Here we

find a low-shear viscosity that scales exponentially with the pair potential well depth.
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A simple argument based on viscoelastic theory is used to explain this scaling. In
addition, the low shear limiting behavior is observed when 4 < (D/a?)\e™*, where
D = kT/6mna is the diffusivity of an isolated Brownian particle. Above A ~ 10,
the suspension consists of a network of flocs made up of strands aligned along the
field direction. The flocculated structures formed also have a hexagonal order but
there are vacancies within the lattice. Over the shear rate range accessible in our
simulations, 2 - 107% < Ma < 1073, we find neither a dynamic yield stress nor a low

(07

shear viscosity; instead the viscosity scales approximately as Ma~%, where « varies

from 0.9 to 1. It is argued, however, based on theoretical considerations, that these
suspensions should also show a low-shear viscosity when 4 < (D/a?)\e™>.

The first normal stress difference, antisymmetric sress, and the short- and long-
time diffusivities are also studied to complete the dynamical picture for ER suspen-
sions. Here again the results are discussed in term of the delineated regimes. The
results for the first normal stress difference are unusual in that due to the anisotropy
of ER suspensions with respect to the compressional and extensional axes, the first
normal stress difference does not vanish as the shear rate vanishes. Also, the suspen-
sion stress is antisymmetric due to the electrostatic force and X, # ¥,,. The results

for the polarization contribution to X, are also presented. The short- and long- time

diffusivities collaborate the structural findings.
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2.2 Simulation Method

The Stokesian Dynamics method with Brownian motion is detailed elsewhere (Bossis
& Brady 1987, 1989; Phung 1993; Phung, Brady & Bossis 1996), so only the important
features will be discussed here. For N rigid, neutrally buoyant particles suspended
in an incompressible fluid of density p and viscosity 7, the motion of the particles is

governed by the coupled N-body Langevin equation:

dU
m'E:FH‘i‘FB‘*‘FP, (21)

where U is the particle’s translational /rotational velocity vector, m is its mass/moment
of inertia tensor, F¥ is the hydrodynamic force, FZ is the Brownian force, and F¥
is the interparticle force. For colloidal particles the viscous forces dominate the in-
ertial forces (Re = pya?/n < 1) such that the fluid dynamics is described by Stokes

equations; thus the hydrodynamic force is given by
FH = _RFU Y (U - <U>) + RFE s <E>, (22)

where (U) is the imposed flow at infinity evaluated at the particle centers and (E) is
the symmetric part of the velocity gradient tensor. The tensors Rpy and Rpg are
the particle configuration-dependent hydrodynamic resistance tensors that relate the
hydrodynamic force and torque on the particles to their motion relative to the fluid
and to the imposed shear flow, respectively.
The Brownian force comes from the thermal fluctuations in the fluid and is char-
acterized by
(FPY=0 and (FP(0)F2(t)) = 2kTRpyé(t), (2.3)
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where the angle brackets denote an ensemble average. The amplitude of the correla-
tion of FZ at time 0 and time ¢ comes from the fluctuation-dissipation theorem for
the N-body system.

The electrostatic interparticle force is calculated by the method of Bonnecaze &
Brady (1992a). Starting with the electrostatic energy density, U, for a system of non-
charged polarizable particles in an electric field, the force on each particle is given as

the derivative of the energy with respect to position:

o OUX) 1[0
Fr=- Oxq 2 (aXaSE.é‘). (24)

Here U(x) is the electrostatic energy density, x, is the position vector of particle «,
Sg the induced particle dipole, and £ is the applied electric field times a unit vector
of length N, where N is the number of particles. There is the linear relationship

between the charge and induced dipole, and the potential and electric field:

(8)-cor(2)- (& &)(2). oo

which defines the grand capacitance tensor C(x), that couples the charge and dipole
to the potential and electric field in the same manner that the resistance tensor
couples the force to the velocity for Stokes flow. The subscripts on the tensors C
relate the charge q or dipole Sg to the electrostatic potential ® or the electric field

&. For charge free particles forming an ER fluid,
Sp=C(x)- € =(Cse-Cpg - Coe — Cse) - £. (2.6)

The grand capacitance tensor is purely geometric, depending only on the particle

configuration and the particle to fluid dielectric ratio. Combining equations (2.4) and
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(2.5), the interparticle force is given by the quadratic form

o 1. 0C(z)
X _-550 OXq

. (2.7)

Finally, combining Equations (2.2) through (2.7), and the condition that the iner-
tial forces are negligible, Equation (2.1) is integrated to obtain the evolution equation

for the particle positions,
Ax = Pe ((U)+ Ry} - [Rre : (B) + Ma™'FF]) At+V Ry, At+X(At), (2.8)

where Ax is the change in particle position over a time step of At. The last term,
X(At), is a random displacement due to Brownian motion that has zero mean and

covariance given by the inverse of the resistance tensor:
(X)=0 and (X(At)X(At))=2Rp At (2.9)

Here, x has been made non dimensional by a,t by a?/D, the hydrodynamic forces
by 6mna?y and the electrostatic force by 12mea?(3€)%. The parameters Ma and Pe
are the dimensionless ratio of the viscous to polarization forces and the viscous to
thermal forces, respectively, as discussed in the introduction. Both can be expressed
as ratios of time scales: Ma = Tpgr/7v and Pe = /7y, where Tpr = 1/(2¢(8E)?)
gives the time of aggregation due to the polarization forces, 7 = 1/% gives the time
scale of the shear flow, and 75 = a?/D, gives the time scale of diffusion of an isolated
Brownian particle.

Equation (2.8) is the core of the simulation and is used to follow the motion of N

particles given their initial configuration. The dependence on Pe and Ma in Equation
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(2.8) can be replaced with either Pe and A, or Ma and A, as A = Pe/(12Ma). We
shall generally present results in terms of Ma and A, although any two dimensionless
groups could be used. In addition to Ma and A, the dynamics depends on the volume
fraction ¢ and the relative dielectric constant ratio €,/e;.

For rheology, the suspension bulk stress is needed, and is given by
(o) = — (p) I + 2n(E) — nkTT + n[(SH) + (SB) + (SF)). (2.10)

Here, (o) is the macroscopic average stress tensor, (p) is a constant denoting the
pressure in the incompressible medium, 27 (E) is the deviatoric stress contribution
from the fluid, —nmkTT is the isotropic stress associated with the thermal energy of
the Brownian particles; I is the isotropic tensor, and n is the number density of
particles. The stresses (S¥), (SB), and (SP) are associated with hydrodynamics,
Brownian motion, and the electrostatic interparticle interactions, respectively, and in

dimensional form are

<SH> = —(RSU - R;wllj : RFE . RSE> . <E>, (211)
(8B) = —kTV-(Rsv-Rib), (2.12)
(") = —((Rsv-Rpy +xI)-FF). (2.13)

The hydrodynamic stress is the added mechanical or contact stress due to the
resistance of the rigid particles to local deformation of the fluid. The Brownian
stress is a thermodynamic stress that results from the deformation of the equilibrium
structure. The interparticle stress has two components. The first component, Rgy -

R;}J -FF | comes from the velocity field generated by particle motion arising from the
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interparticle forces, and is hydrodynamic in origin. The second term, xI - F¥ | is the
direct contribution to the bulk stress from interparticle forces; it is of the same form as
occurs in molecular systems. Note that the interparticle stress may be antisymmetric
for ER fluids due to the anisotropic potential.

The hydrodynamic stress is always positive and scales with the largest length
cubed. In contrast, the Brownian and interparticle stresses can be positive or negative
depending on the microstructure. When the polarization forces dominate, particles
form chains or clusters along the field direction that tilt, strain, and eventually break
under shear. The imposed shear flow pulls the chained particles apart along the
extensional axis, while the polarization force opposes the fluid and keeps the particles
aggregated, resulting in a positive contribution to the stress. The Brownian force,
on the other hand, pushes particles apart along the extensional axis resulting in
a negative Brownian stress. When the Brownian or viscous force dominates, the
interparticle and Brownian stresses are opposite in sign to those in the previous case.
Shearing clusters particles along the compressive axis, which is opposed by Brownian
forces resulting in a positive Brownian contribution to the stress. In contrast, the
polarization force acts with the fluid to push particles together resulting in a negative
contribution to the bulk stress.

The relative viscosity of the suspension is defined by the ratio of the yz component
of the bulk stress to the yz component of the bulk rate of strain, with the imposed

linear shear flow (U,) = 4y. In dimensionless form,

me =1+ + 07 4= 4+ 9P, (2.14)
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where the superscripts H and B indicate the hydrodynamic and Brownian contribu-
tions, respectively. The superscripts SP and xF indicate contributions from the first
and second terms in the interparticle stress (Eq. (2.13)), respectively.

The hydrodynamic resistance and electrostatic capacitance tensors are constructed
by incorporating both near-field lubrication and far-field many-body interactions as

outlined in Phung, Brady & Bossis (1996) and Bonnecaze & Brady (1992a).

2.3 Results and Discussion

The method outlined above was applied to an unbounded monolayer of monodisperse
dielectric particles with an electric field in the y-direction and shearing in the -
direction, as illustrated in figure 2.1. We used a monolayer because this reduces the
simulation time but still captures the essential physics of an ER suspension. Indeed,
Bonnecaze & Brady’s (1992a) Stokesian Dynamics monolayer simulations in the non-
Brownian limit compared quantitatively to experiments. An unbounded suspension
is simulated by periodically replicated 25 identical spherical particles in a square cell
forming a 0.4 area fraction suspension. The dielectric constant ratio was €,/e = 4,
giving 3 = 1/2. The time step used varied from 0.001 to 2 - 107°. The equilibrium
structure formation for 0 < A < oo was studied, monitoring the electrostatic energy
to assure steady state. The suspension viscosity was studied for 0 < A < 10'? and
5-107% < Ma < oco. In this case, steady state was determined by monitoring the

time average viscosity and ensuring that the cell completed at least one strain.
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2.3.1 The Suspension Structure

The suspension energy, U(z) (see Eq. 2.4), at steady state is plotted as a function
of X in figure 2.2. The energy of the initial dispersed configuration generated by
Monte Carlo methods is arbitrarily set to 0. The plot shows that the suspension
energy approaches an asymptope at A = 5.8, where the particles have ordered into a
single cluster with an hexagonal lattice order as seen in figure 2.3(b). For A > 5.8,
the suspension energy is slightly lower; in this case the lattice formed is incomplete
with vacancies, and continued simulations did not anneal the open structures (figure
2.3(c)). (figure 2.3(c)).

To quantify the orientational and positional order of the suspension, we use the

order parameters

1.2
s =% 3 et (2.15)

J

where b, 2 are unit vectors along and 60° relative to the field direction, respectively,
and the sum is over all particle pairs. Therefore p; measures formation of chains
along the field direction and p, measures aggregation of these chains into a hexagonal
lattice structure. A hexagonal lattice has p; = p, = 1, while a dispersed random
suspension has vanishing order parameters. Thus, p; provides a measure of particles
in contact aligned with the field, and p, measures the aggregation of chains.

Figure 2.4 shows p; 2 as functions of A\. Note that p; is non-zero for A > 0.8; re-
gardless of the magnitude, an applied field introduces anisotropy into the suspension
structure. For A = 0.8, the pair-distribution function at contact parallel and per-

pendicular to the applied field are g;(2) = 5.7 and g, (2) = 1.9, respectively, which
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should be compared with ¢g(2) = 3.2 in the absence of the applied field, indicating
that there is a preference for particles in contact to align with the field and a deficit of
particles in contact perpendicular to the field. The resulting structure is reminiscent
of the weakly anisotropic structures predicted by Hayter & Pynn (1982) and more
recently by Xu & Hass (1993). Treating the particles as point dipoles, Hayter & Pynn
used the mean spherical approximation to express the equilibrium pair distribution
as a series of Legendre polynomials with non-zero even terms. They used only the
first two terms to calculate the pair-distribution function for small A\. Xu & Hass
improved on this method by retaining an additional term in the expansion for the
pair-distribution function. Both groups found a small repulsion at contact perpen-
dicular to the field direction — g, (2) < 1 — for a comparable volume fraction of 0.2
for Hayter & Pynn’s work (as detailed in Adriani & Gast 1988) and 0.25 for Xu &
Hass’s work, which is not seen in these simulations. This difference may be a result
of the point-dipole approximation used in their theories, which overestimates particle
repulsion near contact as compared with our multipolar interactions.

From figure 2.4 two critical equilibrium transitions can be identified. The first
occurs at A = 1.6 where p; increases rapidly, indicating chaining along the field
direction. The second transition occurs at A ~ 4 where p, increases, indicating
aggregation of chains. At A = 5.8, the particles are roughly ordered into a single
cluster with a hexagonal lattice structure (figure 2.3b). Note that p; and p, are not
identically 1 because the particles continue to fluctuate within the lattice structure.

Also note that the periodic boundary conditions preclude addition of more particles
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to the cluster so we cannot determine the characteristic width of these structures.
Indeed, that they form a single cell-spanning cluster is likely to be an artifact of
the simulation box size and/or number of particles. Simulations with 50 particles at
the same area fraction formed two separate cell-spanning clusters, each two to three
particles thick and each with a hexagonal lattice structure as seen in figure 2.5.

For A > 10, the suspension forms a cell spanning network with a hexagonal order
but with vacancies within the lattice, defining a third, kinetic, transition. This “kinet-
ically” frozen state has also been observed experimentally (Klingenberg et al. 1991)
and with simulations at large to infinite A (Bonnecaze & Brady 1992a; Melrose 1992).
Rearrangement within the structure requires particles to overcome their mutual at-
tractive potential wells, which occurs with a frequency that scales as (D/a?)\e™*
(Kramers 1940, Chandrasekhar 1943), such that the open structures may anneal given
sufficient time. However, the simulations indicated no change in the microstructure
or order after a dimensionless time of 2, corresponding to approximately 12 seconds,
using typical values for a, T, and 7. For most applications the microstructure set-up
time is a few seconds, and for all practical purposes the suspension does not achieve
its maximum order.

Similar phase behavior has been observed in magnetorheological systems both
experimentally (Liu et al. 1993; Hwang & Wu 1993) and numerically (Tao 1993).
Using simulated annealing methods, Tao found that a 3D, 0.15 volume fraction sus-
pension remained relatively disordered for A < 3. For 3 < A < 7 the particles formed

randomly distributed chains and remained separated at steady state. For A > 7
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the particles formed randomly distributed chains that subsequently aggregated into a
BCT lattice cluster. He did not find a kinetically arrested structure since the Monte
Carlo method he used assumes equilibrium. Liu et al.! performed experiments with
monodisperse ferrofluid emulsion droplets 0.55um in diameter in an aqueous solution
forming volume fractions from 0.03 to 0.13. Structure formation was probed with op-
tical microscopy and light scattering. They found that the particles first ordered into
chains at A = 1.5, and, depending on the volume fraction, the chains either remained
separated or aggregated to form columns upon a further increase in A\. For A > 10,
the suspension aggregated kinetically and formed an open structure.

Hwang & Wu (1993) used small angle light scattering to study structure formation
in an aqueous suspension of 1um diameter magnetic particles for volume fractions up
to 10% subjected to a magnetic field. They identified two transition field strengths,
Hey and Heg. Below Hep the suspension was a disordered liquid, for Hop < H <
Heo, the particles assembled into randomly spaced chains along the field direction,
and for H > Ho these chains aggregated into ordered structures. They also found a
kinetically aggregated region for H > H~o where the particles formed a gel with no
long-range order. Both transition fields were found to be volume fraction dependent;
Hei decayed with the volume fraction to the —% power, while Heo decayed as the
volume fraction to the —% power. At the highest volume fraction studied, ¢ = 0.1,
the single chain regime was vanishingly small. From Hwang & Wu’s reported field

strengths, we estimate that the suspension formed aggregated columns at A =~ 1 and

1Liu et al. defined X as the ratio of the dipole energy at contact along the field direction to the
thermal energy, which is the same definition used here.
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a kinetic gel at A ~ 58.

In summary, from simulations we find that flocculation occurs above A =~ 4.
Within the flocculated region, there is an equilibrium flocculated regime, 4 < A < 10,
where particles order into an hexagonal structure, and a kinetically aggregated regime
for A above 10 where the suspension forms a hexagonal lattice structure with vacancies

within the lattice.

2.3.2 The Suspension Dynamics: Self Diffusivities

Although not a general consideration for ER fluids, the short- and long-time self
diffusivities are presented here for completeness. The short- and long-time diffusivities
are calculated for the suspension without flow. Both generally differ from the isolated
diffusivity, Dy, because the random path a particle takes is hindered by its interactions
with neighboring particles.

The short-time self-diffusivity, D§, measures the average instantaneous mobility

of a particle and is given by an average over all configurations as
D§ = (Dy;) no sum on 1, (2.16)

where the N-particle diffusivity tensor is D = kTR, in dimensional form. Due to
lubrication forces, a pair of particles closely spaced move for short times as a single
larger particle resulting in a decrease in their mobility, and thus D§ reflects changes
in the local microstructure.

In figure 2.6 the short-time self-diffusivities in the x and y directions are plotted

for 0.8 < A < 1000. Corresponding data for 0.8 < A < 8.3-10!2 are given in table 2.1.
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The short-time self-diffusivity decreases with A and is anisotropic in the dispersed
and equilibrium flocculated regimes. In the dispersed regime, A < 4, D§ varies very
little with A, decreasing from 0.567 to 0.489. Here, the mobility is anisotropic with
D,,, up to 30% smaller than D,,. This is consistent with the findings discussed in the
previous section; small pairs of particles aligned along the field direction are formed
and move at short times as a single rod-like particle in the y direction, resulting in a
decreased mobility in the field or y direction.

In the equilibrium flocculated regime, 4 < A < 10, the mobility is also anisotropic,
Dy, is up to 26% smaller than D, but somewhat less so than in the dispersed regime.
As the chains begin to aggregate to form thicker clusters, the diffusivity in the x di-
rection begins to decrease and the short-time self-diffusivity becomes less anisotopic.
As discussed in the previous section, although flocculated, particles continue to fluc-
tuate within a structured hexagonal lattice. Due to the lubrication forces, the cell
spanning chains move along the field direction as a single rod-like particle with a
smaller diffusivity. Since the clusters are not tightly packed along the x direction,
particles are free to move at short times as single particles along the transverse di-
rection. On the other hand, in the kinetically flocculated regime, the mobility is only
slightly anisotropic. Here, although the structure is kinetically arrested and does not
form a hexagonal lattice, the particles are more tightly packed in the transverse or x
direction (compared to the equilibrium flocculated regime) and have limited mobility
in both the x and y directions.

The short-time rotational diffusivities are plotted in figure 2.7 and show trends



2. BROWNIAN ER FLUIDS AS A MODEL 25

similar to the averaged translational short-time diffusivity.

On a large time scale, particles must move past their surrounding neighbors,
deforming the local microstructure. At sufficiently long times a steady state is
reached and the mean square particle displacement again grows linearly in time, i.e.,
(y2(t)) = 2D5 t; (x%(t)) = 2D%,t, and the long-time self-diffusivity can be determined
from the average of the mean square displacement in the x and y directions. Due to
the exponentially large escape time scale for flocculated ER fluids, however, determi-
nation of the long-time self-diffusivity is statistically difficult for any but the weakest
potential, i.e., A < 4 the dispersed regime, and so only these results are presented.

In figure 2.8 the long-time self-diffusivity is plotted as a function of A for A < 4.
The corresponding data can be found in table 2.2. Since a particle has to deform
its local surroundings to diffuse at long times, the long-time self diffusivity is smaller
than its short-time counterpart. Brady (1994) predicted a long-time self-diffusivity
that scales inversely with the pair potential at contact. This scaling is in agreement

with our results as the long-time self-diffusivity scales inversely with g(2) for A < 4.

2.3.3 The Suspension Dynamics: Viscosities

Figure 2.9 shows the simulation results for the relative suspension viscosity as a func-
tion of Ma for A from 0.8 to 10'?; Bonnecaze and Brady’s (1992) results for A = oo
are included for comparison. The corresponding data are given in tables 2.3 to 2.6.
The individual contributions (cf. Eq. (2.14)) are given in tables B.1 through B.3 in
Appendix B. At large A the interparticle force contribution dominates, while at large

Ma the hydrodynamic contribution dominates. The Brownian and interparticle con-
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tributions oppose each other as discussed in section II. When viscous forces dominate,
Ma > 1, the suspension has a shear viscosity equal to the bare suspension viscosity,
regardless of \. Thus as Ma — oo hydrodynamics alone determine the suspension
behavior. As the shear rate or Ma decreases, the suspension viscosity increases, as
both polarization and thermal forces become important; the viscosity now depends

on A as well as Ma.

Dispersed regime: A\ < 4

In the dispersed regime, A < 4, the suspension viscosity shear thins, as one would
expect from the analogous behavior of hard-sphere suspensions (Van der Werff & de
Kruif 1989; Phung, Brady & Bossis 1996). The low-shear viscosity is found to scale
exponentially with the pair potential well depth and can be estimated by regular per-
turbation theory, similar to that for hard spheres by Brady (1993), for a square well
fluid by Bergenholtz & Wagner (1994), or for dilute suspensions of “sticky” spheres
(Russel 1984; Cichocki & Felderhof 1990). The method, detailed in Appendix A,
models the particle distribution as Boltzmann and neglects all anisotropy in the sus-
pension structure. Also, hydrodynamics are ignored and only the interparticle force
contribution to the stress is calculated. A more rigorous analysis can be employed
(Brady 1993), but this approximate method suffices to show the source of the ex-
ponential relationship between the low-shear viscosity and the pair potential well
depth. The low-shear viscosity scales as the equilibrium pair-distribution function

at contact times the perturbation to the structure caused by flow. The equilibrium
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pair-distribution in turn behaves as g =~ gyg e*, where gyg is the hard-sphere value;
hence the exponential scaling of the viscosity with A comes directly from the change
in the equilibrium pair-distribution with the electric field. A plot of 7y as a function
A

of A (figure 2.10) shows that the simple approximate theory predicts that 79 ~ e

due to g(2) increasing as e*.

Equilibrium flocculated regime: 4 < A < 10

In the equilibrium flocculated regime, 4 < A < 10, a low-shear viscosity is seen in
figure 2.9 as Ma — 0 whose magnitude also scales exponentially with A as shown
in figure 2.11. The exponential relationship between the low-shear viscosity and the
pair potential is remarkably similar to Buscall et al.’s (1993) observation in concen-
trated, depletion flocculated, dispersions (as detailed in Chapter 4). Buscall et al.’s
suspension consisted of a non aqueous polymer latex in a low-aromatic white spirit
flocculated by adding a soluble non-adsorbing polymer, and the apparent pair poten-
tial well depth was varied by changing the soluble polymer concentration. They found
that the low-shear viscosity increased exponentially with the potential well depth for
well depths from 27T to 25kT.

We also see that the shear rate at which shear thinning first occurs scales inversely
with the exponential of A as shown in figure 2.12, i.e., the low-shear-rate asymptote
is reached for shear rates that decrease exponentially as e 188*. The critical Mason
number, Ma,, that marks the transition from shear thinning to the low-shear viscosity

plateau for 4 < A < 10 was determined from the intercept of the lines 7, = 79 and
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nr ~ Ma~! in the shear thinning region. In reality, the transition occurs over a
range of Mason numbers and the viscosity was not seen to shear thin as Ma~! for
A < 10. Since we were unable to distinguish between the transition and the true
shear thinning regions, we assumed a scaling similar to the scaling for very large to
infinite A\. The ratio of the diffusion time out of a potential well 7 to the shear time
1/ yields a new dimensionless shear rate (Ya?/DA) e*. When (ya?/D)) e* < 1, the
suspension dynamics are diffusion limited in the same manner that 4a%/D < 1 marks
the diffusion limited dynamics for Brownian hard-spheres.

The perturbation method used to estimate the low-shear viscosity for A < 4 will
not suffice for larger A because the suspension structure cannot be described in a
simple pair-wise manner. To illustrate this, the pair-distribution function at contact,
g(2), is plotted as a function of A in figure 2.13 and clearly shows that g(2) scales
exponentially with A only for A < 4. Above A\ =~ 4, g(2) approaches a constant
asymptote as the suspension has formed a cell-spanning network.

To predict the low-shear viscosity in this region of A\, we note from linear vis-
coelastic theory that for a solid-like structure 7 is given by the product of the shear

modulus and a time scale of relaxation, 7 (Ferry 1980):
o = G()T. (217)

The shear modulus can be estimated by applying a small strain, 7, to the suspension,
and Is given by the ratio of the stress, ¥,,, to the strain in the limit v approaches

Zero:

. Eya}
Go = lim - (2.18)
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Since we are simply interested in the scaling behavior of the stress, we represent
the network as a single chain of particles aligned along the field direction (see figure
2.14) to which a small strain is applied. The major contribution to the stress is from
the electrostatic restoring force attempting to realign the strained structure with the
electric field. The stress is antisymmetric in ER fluids because of the noncentral
polarization forces, and the modulus is properly a tensor. Here we use the restoring
force associated with the straining chain to estimate the modulus (Klingenberg &
Zukoski 1990; Kraynik, Bonnecaze & Brady 1991).

The stress is dominated by electrostatic forces,

1 NN .
IS ~o7 > (xa—x5)Fip, (2.19)
a=1p=1

where F(I;ﬁ is the electrostatic force on particle a due to particle 4. We approximate

the stress in a pairwise manner from nearest neighbors only, yielding
Y = —nrip FL,. (2.20)

From the interparticle force as the derivative of the pair potential evaluated for two
particles contacting each other oriented at an angle 6 relative to the field direction,

we have
_KT

P =2
Yy (L3

9 | 5
¢/\8—ﬂ_ sin 6 cos 0 (1 — b cos 0) . (2.21)
For small strains v = # < 1 and the modulus is given by

G0a3 9
e = (2.22)




2. BROWNIAN ER FLUIDS AS A MODEL 30

To estimate the relaxation time, 7, we note that the strained structure relaxes
when particles diffuse out of their mutual potential wells. This diffusive time is much
slower than the isolated particle diffusion time, a?/D, as a particle must overcome the
high potential barrier. Kramers (1940) showed (see also Hanggi et al. 1990, Potanin
et al. 1995) that two particles in a mutual potential well of depth Uy, /kT > 1 will
escape on a time of order (a?/D)(kT/Upmin)eVnn/*T  where we have estimated the
second derivative of the potential energy at equilibrium and barrier points as simply
Upin/a?; it is this time scale that will determine the low-shear viscosity for ER and

other flocculated dispersions. Thus, with Uy, /kT = X in the prefactor, we have
no ~ ngelmn/kT. (2.23)

The potential well depth U,,;,/kT characterizing the escape time differs from
A because of two factors. First, the dimensionless ratio A gives the pair potential
well depth along the field direction assuming isolated point dipoles, and is a good
approximation for dilute suspensions with weak interactions. However, for the volume
fraction and field strengths of interest here, the particles cannot be treated simply
as isolated point dipoles. As evidenced by the equilibrium structure studies, the
suspension consists of particle aggregates, and since the induced particle dipole is
proportional to the local electric field rather than the applied external electric field,
neighboring particles will affect the pair potential. The potential well depth between
two particles in contact can be estimated from the suspension energy, u(r, ) discussed

in the introduction, with the induced particle dipole Sg defined in section II replacing
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the isolated point dipole
Udipote = Sg + T + Sg, (2.24)

where T is the dipole-dipole interaction:

T=21 (5 - @) | (2.25)

T3 e
The average potential minimum is obtained by averaging Ug;poe over all the particle
pairs in the suspension, and is depicted as a function of A in figure 2.15. Note that
Udipole /KT is indeed proportional to A, but is enhanced due to the presence of other
particles. Below the flocculation point, A gives a good estimate of the potential well
depth. When flocculated, however, neighboring particles further enhance the pair
potential and Ugipore /KT scales as 4.5\.

The second factor influencing the potential well depth is the dependence of the
interparticle potential on the relative orientation of the particle pair to the applied
electric field. A particle is more likely to escape from its potential well if it is oriented
relative to its neighbor with a significant component perpendicular to the applied
field where the potential is actually repulsive. This angular dependence leads to a de-
crease in the value of the potential barrier over the enhanced dipole value Ugipore /KT
Further, the network structure itself influences the detailed form of the potential well.
Thus, while U,,;,/kT must be proportional to A, it is not precisely equal to A, and

should depend on the detailed network structure formed. Hence we write

= B(¢)A, (2.26)

and find the coefficient § by fitting (2.23) to the experimental data. The data for
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1.57X

the low-shear viscosity yields 7y/n7 = 0.16 e , as shown in figure (2.11). Thus,

(=~ 1.57, and the difference between the prefactor, 0.16, and the modulus estimate,
shows that the characteristic escape time is quantitatively estimated by 0.42 e!°7*,
The difference between the 1.57 factor in the exponent for the low-shear viscosity and
the 1.88 factor for the transition shear rate for the low shear thinning behavior is a
result of the approximate method used to estimate Ma..

The ratio of the diffusion time out of a potential well 7 to the shear time 1/4
yields a new dimensionless shear rate (¥a?/D)) e*. The reduced viscosity defined as
(" —"00)/ (M0 —Neo) is plotted as a function of the new reduced shear rate (a?/D\)e* in
figure 2.16. When the shear rate is rescaled with the escape time, 7, the data collapse
onto a single curve. The data for A = 2.5 and 3.3 also fit the curve as the low-shear
viscosity here was also seen to scale exponentially with A. When (¥a?/D)) e* < 1,
the suspension dynamics are diffusion limited in the same manner that ya?/D < 1
marks the diffusion limited dynamics for Brownian hard-spheres, and the low-shear
viscosity is seen.

Note that the low-shear viscosity scales as e* in both the dispersed and equilib-
rium flocculated regime, but for different reasons. At small A the low-shear viscosity
increase with A comes from the pair-distribution function at contact which scales as
e*; the relaxation time is still the bare diffusion time a?/D, however. Once the floc-
culated network has formed, the pair distribution function at contact is independent

of A, the relaxation time is the escape time (a?/D))e*, and the viscosity is now set
y

by this escape time.
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Kinetically aggregated regime: A\ > 10

In the kinetically aggregated regime, A > 10, there is a gradual transition from
the high-shear-rate Newtonian behavior to shear thinning as Ma decreases. For

@ where « varies from

2:1075 < Ma < 1073, the suspension viscosity behaves as Ma~
0.9 for A = 100, to 1 when A = 10'? as shown in table 3. Although for A > 1 Brownian
forces are small compared to polarization forces, Ma is not sufficient to collapse the
data over the entire range of shear rate (see figure 2.9). Instead, the viscosity increases
with A at any given Ma below 0.1. At low Ma, neither a low-shear viscosity nor a
dynamic yield stress is evident; the low Ma limit has not yet been reached. As
discussed above, the low shear limiting behavior occurs when (Ya2/D)) eUmin/*T < 1,
a very strict requirement for large A\. At present, simulations for smaller Mason

numbers are computationally prohibitive, but these suspensions should show a low-

shear viscosity.

Comparison to other work

Our simulation results compare well to those of other investigators. Melrose (1992)
examined the rheology of an idealized 0.3 volume fraction suspension in the Brownian
regime using Brownian dynamics. He neglected all hydrodynamic interactions and
modeled the interactions between spheres as a summation of electric point dipoles
with a soft core repulsive interaction that scales as r=3%, where r is the center to
center separation between particles. These simplifications enabled him to model a

3D system. Although this is an advantage since it allows observation of structural
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variations along all three spatial directions, the method is accurate only in the dilute
limit, at low shear rates, and for low field strengths. In the range studied, 1073 <
Ma < 107!, Melrose found a shear thinning viscosity that scales as Ma~% where
a < 1, and that the Mason number does not collapse the data onto a single curve.
By the two-thirds rule, our 0.4 area fraction is equivalent to a 0.27 volume fraction
and allows comparison to his 0.31 volume fraction studies. figure 2.17 shows that the
results compare qualitatively well. Quantitatively, however, Melrose’s viscosities are
slightly lower in the region of Ma he studied. Note that Melrose’s simulations do not
explore the low Ma limit and therefore one cannot conclude from his work whether
or not there is a low-shear limiting viscosity.

Halsey et al. (1992) studied experimentally a monodisperse 0.1 volume fraction
suspension of silica spheres 0.75 micrometers in diameter. They estimated their Mason
number (= 47Ma) by assigning 1 to the shear rate where a suspension with an
applied field of 4000 V/cm has a suspension viscosity equal to the bare suspension
viscosity. Here, we estimate Ma from their reported particle size, shear rates, and
field strengths. They did not report values for the dielectric constants of the solvent
methyl-cyclohexanol and silica spheres, so we use 15 for the solvent (cyclohexanol has
a dielectric constant of 15 at 25°C (CRC handbook of Chemistry and Physics 1993))
and 4 for the silica spheres. It is estimated that Ma varies from 0.01 for a shear rate of
0.157! to 1.0 for a shear rate of 10s~!. Halsey et al. found a power law dependence of
the viscosity with the shear rate, n ~ 7%, where a ranged from 0.93 to 0.68 for fields

from 10% V/em to 4-10% V/em, respectively, or in dimensionless terms, A on the order
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of 102 to 10%. Figure 2.18 compares their A = 10? results with our A = 83 results.
Note that Halsey et al.’s experiments were done at Mason numbers larger than those
we used to determine the scaling of the low-shear viscosity, accounting for the higher
than expected —0.68 slope they reported. Nonetheless, the good comparison between
our simulations and Halsey et al.’s experimental results is encouraging.
Unfortunately, there are no data for A < 30 with which to compare our results.
Sun & Tao’s (1995) 0.16 volume fraction simulations do not allow a quantitative
comparison. The transition A for flocculation is a function of volume fraction and
Sun & Tao’s suspension remained dispersed for A < 30. Qualitatively, however, they
also noted a low-shear viscosity when the suspension remained dispersed that scaled

exponentially with A in agreement with our results for A < 4.

2.3.4 The Suspension Dynamics: First Normal Stress Differ-
ence

For anisotropic fluids like ER fluids, the suspension viscosity is insufficient to com-

pletely characterize the suspension rheology, and the normal stress differences,
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are also needed. Since the normal stresses are not usually design parameters for ER
fluids, they are rarely reported. Liang & Xu (1994) reported negative first normal
stress difference for fluids with A ~ O(10°%) and Mason numbers from approximately

0.1 to 107%. Within the shear rates studied, they found that N; is independent of
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both the shear rate and particle size, and that it scales as the square of the field
strength. In short, N;/2¢(8E)? is constant for A ~ O(10%) and 10~° < Ma < 0.1.
Bonnecaze (1991) using Stokesian Dynamics also found negative first normal stress
differences for the non-Brownian limit, 1/A = 0, with N;/2¢(8FE)? independent of
Ma for 1074 < Ma < 1.

A negative first normal stress difference represents a compressive stress along the
streamlines of a shear flow and a tendency to pull the rheometer plates together,
and have been found in lyotropic liquid crystals and certain liquid crystal polymers
(Chaffey & Porter 1985). On the other hand, concentrated Brownian hard-sphere
suspensions are shown to have a positive first normal stress difference by theoretical
considerations (Brady & Vicic 1995) and supported by simulations (Phung et al.
1996). Simulations of Brownian hard-sphere suspensions at modest volume fractions
¢ ~ 0.4 show a positive first normal stress difference at low shear rates that decays
as 4% as 4 — 0. As the shear rate increases, N, becomes negative and decreases to a
constant negative value as ¥ — oco. The sign change is attributed to the hydrodynamic
contribution to the stress.

Next, our simulations results for N; are presented. Note that the ¥,, component
of the stress is not calculated for a monolayer suspension so N, cannot be computed.
We find that for the dispersed suspension, A < 4, N;/2¢(BE)? is positive and inde-
pendent of Ma for 1072 < Ma < 0.1. For the equilibrium flocculated suspension,
4 < X\ < 10, N1/2¢(BE)? is positive and independent of Ma for 5-107% < Ma < 0.1.

The results for the kinetically aggregated regime, A > 10, are difficult to interpret.
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Generally, computational determination of N; is difficult due to large fluctuations in
the suspension structure. The results at large A\ are particularly sensitive. Nonethe-
less, we find that N; is negative for A = 8.3-10'2 and Ma < 0.01, which is consistent
with both Liang and Xu (1994) and Bonnecaze (1991) results. For A = 8.3 - 102, N,
is negative mainly because it is dominated by the negative contribution from the rate
of strain or hydrodynamic stress. This is contrary to the dispersed and equilibrium
flocculated cases, where at low and moderate shear rate, /Ny is dominated by the

interparticle and Brownian stresses.

Results and Discussion

Figure 2.19 shows the first normal stress difference non-dimensionalized by 77 as a
function of Ma for X\ from 0.8 to 8.3 - 10'2. The corresponding data are given in
tables 2.8 to 2.10. Data for the individual components can be found in tables B.4 to
B.6 in Appendix B. For Ma > 1.0, where viscous forces dominate, N;/n7 appears to
be negative for all A (tables 2.8 to 2.10), similar to the behavior of Brownian hard-
spheres. However, due to the large statistical uncertainties in Ny /n% for Ma > 0.1 as
seen in tables 2.8 to 2.10, these results are not conclusive. As Ma decreases, N; /7%
becomes increasingly positive and appears to be a function of .

Of primary interest is the low-shear-rate limiting behavior. A non-zero first normal
stress difference results from an asymmetry along the compressive and extensional
axes. For Brownian hard-spheres, the asymmetry is induced by shear, and only when

the shear rate or Pe is non-zero is the symmetry along the compressive axis broken.
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On the other hand, for ER suspensions, even without shear, there is an asymmetry
with respect to the compressive axis. The particles form chains aligned along the
field direction, and this gives rise to a non-zero first normal stress difference. An ER
suspension is expected to have a non-zero first normal stress difference as ¥ — 0 and
this is borne out by our simulations.

At low shear rates N;/n7¥ scales as 1/Ma, perhaps more clearly seen in figure
2.20 where N; is non-dimensionalized electrostatically by 2¢(8E)?; N;/2¢(BE)? ap-
proaches a constant as Ma — 0 for A < 10. The low-shear first normal stress

difference depends on A and will be discussed next within the delineated regimes.

The Dispersed regime: A < 4

For Ma < 0.1, Ny /17y scales as 1/Ma, or converéely, N,/2¢(BE)? is independent of
Ma. This behavior is markedly different from that of Brownian hard-spheres where
N, scales as 42 as ¥ — 0. In addition, the simulations indicate that the low-shear limit
of the first nomal stress difference is independent of A, and does not approach 0 as
A — 0. A look at the individual contributions from Brownian motion, hydrodynamics,
and electrostatics offers more insight into the overall behavior of Nj.

Figure 2.21 shows that the xF contribution is negative for all A studied, its magni-
tude increases as Ma decreases, and it approaches a low-shear asymptote as Ma — 0,
i.e., as Ma — 0, N1/2¢(BE)? is a constant. The low-shear value of NF¥ scales ez-
ponentially with A (figure 2.22) and with the pair potential well depth. This result

should not be surprising. As discussed in Appendix A, the XF' stress scales as the pair
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distribution function at contact., ¢(2), which in turn scales as e*. The xF contribution
is negative because the ¥, stress dominates at low-shear rates due to the attraction
along the field direction of the electrostatic force.

Both the Brownian and SP contributions oppose the xF contribution, acting
similar to an interparticle repulsive force. Their sum is plotted in figure 2.21 and
their contribution exactly mirrors the xF stress. The magnitude of the low-shear

SP*B also scales exponentially with A due to the scaling with g(2).

limiting value of N
The sum of the SP and Brownian contributions is positive as the repulsive interaction
acts opposite to the attractive electrostatic force to push particles apart.

The hydrodynamic stress is negative for all Ma studied. It is much smaller than

the sum of the xF, B, SP contributions at low Ma but dominates at large Ma.

Equilibrium flocculated regime: 4 < A < 10

In the equilibrium flocculated regime, 4 < A\ < 10, N1/2¢(BE)? is constant for Ma <
10~* (figure 2.20). As shown in figure 2.24, the xF contribution is negative for all
Ma and approaches a low-shear limiting value as Ma — 0. Unlike in the dispersed
regime, however, the low-shear value is independent of A (see figure 2.22).

To predict the low-shear N¥¥ for 4 < A < 10, the particle network is again
represented as a single chain of particles aligned along the field direction to which a
small strain is applied. The xF contribution to the first normal stress difference is
simply

N

N = —nd (TapFs — YapFy) - (2.29)
a,
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From the interparticle force as the derivative of the pair potential evaluated for two
particles contacting each other oriented at an angle 6 relative to the field direction,
we have

NP = —%gﬁ)\; (sin2 6 (1 — 5cos® 9) — cos® 6 (3 — 5cos® 9)) , (2.30)

™

which for small strains, lim # — 0, becomes

TF
N = —?Cf)/\z, (2.31)
or
N&F g
—— = ——, 2.32
2¢(BE)? 87r¢ 532}

Thus we estimate that N¥¥'/2¢(8E)? ~ ¢ as ¥ — 0 and does not depend on ¥ or A,
assuming the particles remain chained. This is supported by our simulation results.

The xF contribution to N; is balanced by the sum of the SP and the Brownian
contributions. Similar to the behavior in the dispersed regime, Brownian forces act to
oppose the attractive polarization force resulting in a positive contribution to the first
normal stress difference. Note also that the low-shear limiting N+ is independent
of A.

Figure 2.25 shows N{!/n¥ as a function of Ma. The hydrodynamic contribution is
negative for all Ma, decreases as Ma decreases and reaches a minimum at intermedi-
ate shear rates. It finally increases for Ma < 107*. A minimum in N{ is not seen in
the dispersed regime and in Brownian hard-sphere suspensions and can be explained
qualitatively by looking at the behavior in the two extremes of shear. Recall that

N measures the hydrodynamic contribution for the rate of strain of the fluid on the
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particles. At low shear rates when the suspension is flocculated, we can consider the
suspension as a strained chain along the extensional axis. As the shear flow pulls the
particles in the chain apart, fluid has to be sucked into the gap between the particles,
i.e., the pressure decreases in the gap between the particles resulting in an attractive
“force” and a negative first normal stress difference, in a manner similar to depletion
flocculation when the soluble dissolved polymer is forced from the gap between two
particles. Thus the magnitude of N /iy will increase with the osmotic pressure in
the gap and should scale as AMa as ¥ — 0 (Jeffrey, Morris & Brady 1993). At the
other extreme, at high shear rates when the suspension is dispersed, the first normal
stress difference scales as 77y, or Ny/n% is a constant. Theoretically, the first normal
stress difference for Brownian hard spheres should be zero at very large shear rates as
the structure is isotropic with respect to the compressional and extensional axes. For
particles with a repulsive force, the first normal stress difference is non-zero but small
at very large shear rates since there is some residual anisotropy with respect to the
compressional and extensional axes due to the shear (Morris 1996). The behavior for
particles with an attractive force is unclear. Calculations of the first normal stress dif-
ference at very high shear rates require proper resolution of the hydrodynamic forces
in a very thin boundary layer around the particle (Morris 1996). The large errors for
N; at high shear rates (table 2.9) suggest that it may not be possible to accurately
determine N; as Ma — oo under the simulation conditions employed in this study.
Our physical picture so far shows — N, /ny ~ Any at low shear rates and —N; /ny ~

constant at high shear rates. As the suspension moves between these two extremes,
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a minimum is produced.

For low to moderate shear rates, Ma < 0.1, the Brownian and SP stress domi-
nate and the total first normal stress difference is positive. When Ma is very large,
the hydrodynamic contribution dominates. To illustrate this, the contributions from
the interparticle and Brownian forces as well as the hydrodynamic contribution are

plotted for A = 8.3 in figure 2.26.

Kinetically aggregated regime: \ > 10

Determination of N; is computationally difficult due to the large fluctuations in the
suspension structure, particularly at low shear rates and large A. In the kinetic regime,
A > 10, it is statistically difficult to extract a low-shear limiting normal stress from
our data. As shown in figure 2.27, there is no apparent plateau, neither at small nor
large Ma, especially when the large statistical errors are taken into account (see table
2.10). For A = 8.3-10'2, N; is negative for all Ma studied, and for A = 8.3 - 105,
N, appears to oscillate from positive to negative over the entire range of Ma. The
xF contribution is very similar to that for 4 < A < 10, the equilibrium flocculated
regime, and in fact, the scaling analysis presented in the previous section should
apply here as well. As shown in figure 2.28, N /2¢(BE)? has a low-shear plateau
that is approximately independent of A for 10 < A < 8.3 - 10'2. The sum of the
SP and Brownian contributions, Ni'* ™5 (figure 2.28) balances the xF contribution.

The hydrodynamic contribution, however, is proportionally larger for A = 8.3 - 10!2

resulting in a negative N; for all Mason numbers studied (figure 2.29).
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Although the large uncertainties in the results makes quantitative comparisons
to experiments unfeasible, qualitatively, the negative first normal stress difference
at very large \ agrees with Liang and Xu’s (1993) experimental results. Liang and
Xu studied a suspension of polyacrylonitrile (PAN) spheres of average diameter 5um
in a silicone oil forming volume fractions of 0.19,0.3, and 0.4. They did not report
dielectric constants for the PAN or the silicone oil so corresponding A and Ma cannot
be determined with any certainty. However, using typical values for €, and € of 2 and
10 respectively (Gast & Zukoski 1989), we estimate that X is of order 10 and that
Ma varies from 0.1 to O(10~%). Our simulations find a negative first normal stress
difference for A = 8.3 - 10'2 and Ma < 0.01 which is consistent with Liang and Xu’s

results.

2.3.5 The Suspension Dynamics: Antisymmetric Stress

The stress is antisymmetric in ER fluids because of the non-central polarization forces,
and generally, ¥£,, # ¥X,;. In this section, the results for 255 are presented for
completeness. Figures 2.30 through 2.32 give plots of ¥21"/2¢(8E)? as a function of
Ma. Corresponding data can be found in tables 2.11 through 2.13.

We find that at high shear rates, Ma > 1, Ziff is negative for all A studied. The
antisymmetric stress corresponds to a net torque exerted on the material. There is
no torque on an individual spherical particle, but there is a net torque on a strained
chain of particles. To understand the behavior, we take a simple pair-wise approach
and calculate the zy component of the stress as a function of the angle of orientation

of a particle pair. From the interparticle force as the derivative of the pair potential
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evaluated for two particles contacting each other oriented at an angle 6 relative to

the field direction, we have

yoF
Ty . 2
e (BE) x ¢sinf cosf (3 — 5cos 9) : (2.33)

Figure 2.33 shows a schematic of the regions of orientation where Eﬁg changes sign
from positive to negative. The contribution from pairs in sections 2, 3,6, and 7 are
larger than pairs in sections 1,4, 5, and 8.

For all A, at high shear rates when the suspension is dispersed, the shear flow
tends to align the particles along the compressional axis, and results in a negative
contribution to the zy stress. As an example, a plot of g(2,6), averaged over the
entire simulation, as a function of € is shown in figure 2.34, and shows a preference
of pairs aligned in section 8 where the 225 is negative.

As the shear rate decreases, ¥2[" is a strong function of A. In the dispersed
regime, A < 3.3, Eﬁg is negative and approaches an asymptote at low shear rates.
Unfortunately, a plot of g(2,8) offers very little explanation in this case (figure 2.35).
The structure seems symmetric about the electric field direction which would yield
zero zy stress. However, a slight asymmetry due to the shear could result in a negative
contribution to 3. In contrast to the negative X3 for A < 3.3, for A = 3.3, £I" is
positive at intermediate shear rates. The small chains formed at A = 3.3 rotate in a
clockwise direction due to the shear flow and so a typical particle pair lies in section
1 yielding a positive Eﬁf (similar to the behavior seen for the equilibrium flocculated
regime at moderate shear rates described below.)

In the flocculated regimes, 2;’/,5 is positive at moderate shear rates, 5-107° <
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Ma < 1, as shown in figures 2.31 and 2.32. To understand the behavior of 255 in
these regimes, we again turn to figure 2.33 that gives a schematic of the sign changes
for a particle pair as a function of orientation relative to the electric field. Under
flow, the particle chains become strained and tend to lie mainly in the first quadrant,
resulting in a positive contribution to Eﬁfj (figure 2.36). For A =4.2,5, and5.8, the zy
component of the stress becomes negative at low shear rates. Again, unfortunately the
9(2,0) plots shed little light on this phenomenon; as seen in figure 2.37, the structure
is roughly hexagonal (note the four small peaks at 60°, 120° 210°, and 330°), and
symmetric about the electric field direction, which should result in 225 identically 0.
However, small a asymmetry due to the flow, not easily discernible in figure 2.37, can

result in a negative X7

2.4 Conclusions

In this chapter, we presented the results of a study of the dynamics and structure
of dielectrically interacting particles forming an ER fluid. The nature of the static,
non-sheared structure is governed by A, the ratio of the polarization to Brownian
forces, which equals the pair potential well-depth for point dipoles in contact aligned
along the field. We found that a 0.4 area fraction suspension remains dispersed when
A < 4. Here the short-time diffusivity was found to be anisotropic with D,, smaller
than D,,. This is due to the formation of pairs of particles along the field direction
that translate for short times in the y direction as a single rod decreasing the mobility

in the y direction. The long-time diffusivity was found to scale inversely with the pair
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distribution function at contact in agreement with the predictions by Brady (1994).
For 4 < A < 10, there is an equilibrium flocculated regime where particles order into
a hexagonal structure. Here the short-time diffusivity is smaller than that for the
dispersed regime due to the formation of larger clusters. The diffusivity is slightly
less anisotropic than in the dispersed regime since clusters are now formed in the
x direction as well as along the field or y direction. For A > 10, the suspension is
kinetically flocculated. The short-time diffusivity here is only slightly anisotropic as
the close packed structure severely decreases mobilities in both the x and y directions.
The long relaxation times for the flocculated regimes, A > 4, precluded determination
of a long-time diffusivity.

The suspension viscosity was described in terms of A and the Mason number,
Ma, that gives the ratio of the viscous to polarization forces. Both the dispersed
and weakly flocculated suspensions, A < 10, have a low-shear viscosity that scales
exponentially with A but for different reasons. In the dispersed regime, A < 4, the
scaling can be predicted from a regular perturbation analysis of the equilibrium struc-
ture. The low-shear viscosity scales with the equilibrium pair-distribution function
at contact, which in turn scales as gy g €, where gy is the hard-sphere value.

In the equilibrium flocculated regime, 4 < A < 10, a simple model based on
linear viscoelastic theory shows that the low-shear viscosity is given as the product
of the shear modulus and a relaxation time. The major contribution to the stress
comes from the polarization forces and thus the shear modulus scales as A. It is

the relaxation time scale that is responsible for the exponential scaling of the low-
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shear viscosity; since the particles are aggregated, the time scale for escape from their
mutual potential wells is the time scale (a?/D))eV=»/*¥T  The attractive potential
well depth, U, /kT, scales with but is not precisely A for two reasons. Firstly, the
induced particle dipole has contributions from neighboring particles, an effect that
is accounted for in the simulation but is not captured with the isolated point dipole
model. Secondly, the electrostatic potential is orientation dependent. Particle pairs
at an angle to the electric field have a lower potential well depth compared to particle
pairs aligned along the field, and will escape preferentially. Thus we found that the

157X in the equilibrium flocculated

low-shear viscosity obeys the curve 79/n = 0.16 e
regime.

The ratio of the escape time and the shear time scale gives a new dimensionless
number, (¥a?/D\)e*, and the low-shear viscosity is observed when 4 < (D/a?) e~ 188},
When the reduced viscosity is plotted as a function of the new shear rate, a single
universal curve is obtained. For A > 10, we did not see a low-shear viscosity, but
the shear rates we were able to achieve were not low enough to observe the low-shear
limiting behavior.

Results for the first normal stress difference and xy stress were also presented.
Due to the anisotropy of the ER suspension, the first normal stress difference does
not decay with the shear rate. In the dispersed regime, A < 4, the first normal stress
difference is positive and independent of the Mason number for 102 < Ma < 0.1. For

the equilibrium flocculated suspension, 4 < A < 10, the first normal stress difference is

also positive and approaches a non-zero low-shear limit that is independent of A. For
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both the dispersed and equilibrium flocculated suspensions, there is a hydrodynamic
dominated regime for Ma > 0.1 where N; appears to be negative. For the kinetically
aggregated regime, A > 10, large fluctuations in the suspension structure precludes
quantitative analysis of the results. We do, however, find that the first normal stress
difference is negative for A = 8.3 - 102 and Ma < 0.01, which is consistent with the
experimental results of Liang and Xu (1994) and the simulation results of Bonnecaze

(1991).
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2.5 Tables

Table 2.1: The short-time and rotational diffusivities for 0.8 < X < 8.3 - 10'2.

[ 2 ] Doy | D, | D [ Dy ]
0.8 | 0.580 £0.017 | 0.554 +0.022 | 0.567 + 0.022 [ 0.795 =+ 0.029
1.7 ] 0.583+0.021 | 0.532+0.023 | 0.558 £ 0.019 | 0.773 + 0.029
2.5 | 0.564+0.022| 0.475+0.023 | 0.51940.02 | 0.713 & 0.033
3.3 | 0.551+0.033 | 0.427 +£0.028 | 0.489 +0.028 | 0.672 + 0.038
4.2 1 0.519+0.054 | 0.366 +0.044 | 0.442 + 0.048 | 0.600 =+ 0.057
50 | 0.497 £0.028 | 0.361 + 0.0287 | 0.429 + 0.027 | 0.569 + 0.045
58 | 0.321+0.062 | 0.246+0.02 | 0.283 +0.041 | 0.324 + 0.036
8.3 |0.362+0.035 | 0.267 +0.022 | 0.314 +0.028 | 0.441 + 0.038
17.0 | 0.341+0.012 | 0.258 +0.008 | 0.299 +0.01 | 0.393 + 0.021

83.0 |0.3214+0.062 | 0.24640.02 | 0.283 4 0.041 | 0.324 + 0.036
830 | 0.264 +0.068 | 0.231+0.020 | 0.247 +0.044 | 0.240 + 0.035
8.3-10° | 0.237 +0.060 | 0.226 4+ 0.020 | 0.231 +0.040 | 0.141 + 0.029
8.3-10'2 | 0.228 £ 0.042 | 0.216 £ 0.003 | 0.222 4 0.022 | 0.118 & 0.021

49
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Table 2.2: The long-time diffusivity for the dispersed regime, A < 4.

LA

D5

0.8

1.7

2.5

3.3

0.583 £ 0.055

0.540 £ 0.220

0.367 £ 0.157

0.348 £ 0.126

20
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Table 2.3: The suspension viscosity for the dispersed regime, A < 4.0. Statistical
information is omitted where sampling is insufficient to produce meaningful standard

deviations.

| Ma |
0.8 1.7 2.5 3.3
1074 20.4
0.0002 3.7540.1 5.5 15.7 £13.5
0.001 2.55 327 | 59+26| 18.6+7.9
0.005 444+11| 7.0+43
001 [260+23| 23+15 |36+15| 44+1.7
01 | 24+02 | 26+05 [26+02| 25+0.2
1.0 | 23401 | 23401 |234+0.1]| 23+0.2
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Table 2.4: The suspension viscosity for the equilibrium flocculated regime 4 < A < 10.
Statistical information is omitted where sampling is insufficient to produce meaningful
standard deviations.

[ Ma |
4.2 5.0 5.8 8.3
5-107° 1870
2-107° | 211+ 12.0 | 359 4 144 | 1250 4 136 | 1310 = 342
107% | 127+21.9 | 250 +£48.8 | 292 +17.0 | 353 £+20.9
0.0002 | 72.1+£9.3 | 134+ 18.6 | 155 +424
0.001 | 30.2+3.8|37.0+22 | 45.6+9.3 | 46.6 £4.9
0.01 42+16 | 59%+21 12221 10.2+0.3
0.1 2503 | 25+0.3 20102 26+04
1.0 231+0.1 2.3x0.1 2.3 x0.1 23+0.1
10 23+0.1 23:£0.1 23x0.1 23%0.1
100 22=0.1 23:0.1 23+0.1 23 0.1
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Table 2.5: The suspension viscosity for the kinetically flocculated regime, A > 10.

[ Ma | A i
17 83.0 830 8.3-10° 8.3-10'
2-1075 | 1487 £ 108 | 1990 + 123 | 2620 & 173 | 2500 & 747 | 7260 % 2430
1074 389 +154 | 594 £70.1 | 582 £ 27.6 | 696 £ 92.7 | 1160 £ 122
0.0005 92.6
0.001 |449+16.7| 83.4+£12 | 91.24+1.1 | 125+ 319 | 195+63.5
0.005 23.1£6.7
0.01 144+03 | 189+21 | 20419 | 23.9+£3.5
0.05 3.6 0.5
0.1 3.0x£0.6 34+0.1 3.5+£0.3 3.8x£0.1
0.5 23+0.1
1.0 23+0.114 | 2.3%0.1 2.34£0.1 2301 24401
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Table 2.6: The suspension viscosity for A = oo (Bonnecaze and Brady (1992a)).

| Ma | A=o0 |

104 | 1250 £ 60.8

0.0002 | 544 +£29.8

0.001 | 1204 20.1

0.01 2214+ 1.1

0.1 3.43+£0.1

1.0 24+0.1
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Table 2.7: Exponents for the viscosity dependence for 2-107° < Ma < 1073.

A A
00 1.0
8.3-102 | 1.0
8.3-10° | 0.9
830 0.9
83 0.9
8.3 0.9
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o6

Table 2.8: The suspension first normal stress difference for the dispersed regime,
A < 4. Statistical information is omitted where sampling is insufficient to produce
meaningful standard deviations.

| Ma_ |
0.8 1.7 2.5 3.3
1074 300
0.0002 175 £18.0 156 150 +£19.5
0.001 39.1 28.9 29.0 + 16.6 34 £ 5.58
0.005 721+14 5.15+10.4
0.01 2.55 £0.525 3.30 £ 0.045 2.28£5.0 3.84 +£4.74
0.1 0.369 £ 0.020 0.261 £ 0.360 0.228 +£0.437 | 0.083 £0.414
1.0 —0.047 £ 0.230 | —0.015 £ 0.150 | 0.020 £ 0.210 0.024 + 0.250
10 —0.029 £ 0.199 | —0.092 + 0.237
100 —0.076 £ 0.248 | —0.072 £ 0.237
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Table 2.9: The suspension first normal stress difference for the equilirium flocculated

regime, 4 < A < 10. Statistical information is omitted where sampling is insufficient
to produce meaningful standard deviations.

[ Ma | X
4.2 5.0 5.8 8.3

510 20800

2-107° 2100 £ 313 4200 4+ 134 4700 £ 381 4800 £ 105
104 a0l 3 2.9 998 + 106 1010 £ 125 371 £ 78.5

0.0002 359 + 49.0 278 = 53.2 297 4+ 162

0.001 43.7 + 28.6 17.3 £13.0 21.5+125 47.2 +15.2
0.01 2.78 £ 5.08 1.66 &+ 5.58 1.31 +4.8 2.09 £0.18
0.1 —0.06 £ 0.567 | —0.045 £ 0.630 | —0.069 £ 0.490 | —0.155 £+ 0.343
1.0 0.024 + 0.294 0.018 £0.370 0.011 £0.278 —0.012 £ 0.27
10 —0.054 £0.243 | —0.06 £0.244 | —0.065 + 0.245 | —0.073 £ 0.246
100 —0.072 + 0.237 | —0.072 £ 0.237 | —0.071 + 0.237 | —0.071 £ 0.237
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Table 2.10: The suspension first normal stress difference for the kinetically flocculated
regime A > 10. Statistical information is omitted where sampling is insufficient to
produce meaningful standard deviations.

ﬁMa | A |
17 83.0 830 83.107° 8.3-10%2
2+10~5 6750 4490 3420 —2761 —6550
+3160 +2100 +2570 +2430 +4640

1074 402 £ 377 718 £ 421 239 £+ 993 543 £ 318 —450 £ 110
0.0005 2.3
0.001 29.1+£18.7 |36.6£22.7 | 59.0+14.1 | —26.1 £12.7 | —232 £+ 204

0.005 11.5£5.74

0.01 263+£1.08 |3.79+0.100 | 1.39+1.02 | 0.810 £6.97
0.05 0.589

+0.726
0.1 0.169 0.329 —-0.071 —0.986

+0.069 +0.517 +0.222 +0.420

0.5 —0.056

+0.305
1.0 —0.062 £0.31 —0.139 —0.149 —0.170 —0.536

+0.100 =011 10.221 +0.151
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Table 2.11: The xF contribution to o1, normalized by 7y for the dispersed regime
A < 4. Statistical information is omitted where sampling is insufficient to produce
meaningful standard deviations.

[ Ma |
0.8 13 2.5 3.3

1074 —136
0.0002 —67.5 £ 0.025 —79.d —62.7 289
0.001 -10.5 —11.0 —12.6 £ 3.00 9.17 £ 9.40
0.005 —1.36 £ 5.62 6.51 = 6.8

0.01 —1.50+0.019 | —2.20£0.024 | —0.400 &+ 1.00 1.53 £ 2.90

0.1 —0.180 £0.021 | —0.143 +£0.021 | 0.002+0.22 | —0.071 £0.170

1.0 —0.001 £0.024 | —0.019 £ 0.021 | —0.020 £ 0.023 | —0.020 £+ 0.030
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Table 2.12: The xF contribution to o5 normalized by 17 for the equilibrium floc-
culated regime 4 < A < 10. Statistical information is omitted where sampling is

insufficient to produce meaningful standard deviations.

r Ma
4.2 5.0 5.8 8.3
5« 107" -26700
2.-107° —580 + 89.8 —619 + 110 1540 £+ 275 1390 + 129
15~ 771 358 348 £+ 167 581 + 18.6 611 +112
0.0002 61.3+9.3 101 +79.9 223 £106
0.001 55.4 +2.70 46.7 £ 9.6 63.5 +22.8 3.7 £11.6
0.01 —0.730 £+ 3.40 5.12 +2.40 0.130 £+ 0.200 9.61 £0.12
0.1 —0.021 £0.300 | 0.006 £ 0.23 0.359 + 2.89 0.381 +0.010
1.0 —0.021 £ 0.033 | —0.020 £ 0.030 | —0.022 £+ 0.030 | —0.017 &+ 0.030
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Table 2.13: The xF contribution to ¢, normalized by 17 for the kinetically floccu-

lated regime A > 10. Statistical information is omitted where sampling is insufficient
to produce meaningful standard deviations.

L Ma, | A
17.0 83.0 830 8.3-10° 8.3 - 1012
2-107° | 3520 £ 871 | 3490 + 93.4 | 5250 + 87.9 | 3290 +993 | 2390 + 366
107% | 6644101 | 1060 +377 | 9894110 | 994+ 111 | 458 +57.7
0.0005 156
0.001 | 533449 | 125+389 | 125+56.2 | 1264+27.7 | 49.3 +4.90
0.005 | 23.8410.1
0.01 151 +£59 | 17.7+£24 | 17.2+29 | 8.07+20
0.05 | 1.45+0.53
0.1 0.382 4 0.38 | 0.403 +0.1 | 0.322 4 0.07 | 0.990 + 0.34
0.5 —0.025
+0.06
1.0 —0.018 —0.01 0.012 0.002 0.015
1.0 +0.04 +0.42 +0.003 +0.013 +0.023
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2.6 Figures

62
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AZ

Figure 2.1: Illustration of the monolayer used for the simulations. The electric field
is in the y-direction, while the velocity is in the z-direction with gradient in the
y-direction.
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Figure 2.2: The electrostatic energy of the suspension at steady state as a function of

the ratio of polarization to thermal forces, A. As the suspension forms chains aligned
with the field, the energy decreases. There is an asymptote above A = 5.8 where the
particles have aggregated into a single structure with a hexagonal lattice order. For
A > 5.8, the hexagonal structure has vacancies in the lattice.
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Figure 2.3: Clockwise from top left: instantaneous snapshots of the structure for
A =0, 5.8, and 17. At A = 0.8 few particles aggregate temporarily and align along
the field direction. At A = 5.8 all particles have aggregated into a single column with
a hexagonal lattice order but particles still fluctuate within the lattice. A further
increase in A results in the kinetically aggregated open structure.
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Figure 2.4: The order parameters p; and ps versus A; p; = p; = 1 for a hexagonal
lattice and zero for a random dispersion. For A > 0.8, p; is greater then 0 indicating
a preference for particle pairs to align along the field direction. An increase in p,
indicates coalescence of chains. For A > 10 both order parameters are approaching,
but less than, 1 because the structure is arrested in a kinetically controlled open

network.
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Figure 2.5: The steady state structure for A = 5.8 with 50 particles. The columns
have a hexagonal structure but have not coalesced into a single column.
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Figure 2.6: The xx and yy components of the short-time self diffusivity for 0.8 <
A < 1000. The short-time self diffusivity decreases with an increase in A, and is
anisotropic in the dispersed and equilibrium flocculated regimes.
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Figure 2.7: The short-time and rotational diffusivities Dy" as a function of \. D§ is
an average of the xx and yy components. In the dispersed regime, A < 4, D{ varies
very little with A, decreasing from 0.57 to 0.51. As X increases and the suspension
becomes flocculated, the short time diffusivity drops dramatically and approaches a
constant for A > 100 as the clusters become more tightly packed.
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Figure 2.8: The long-time diffusivity, DZ_, as a function of A for the dispersed regime.
Dg  is an average of the xx and yy components. The long-time diffusivity scales
inversely with the pair distribution function at contact in agreement with the predic-
tions by Brady (1994).
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Figure 2.9: The suspension viscosity relative to the solvent viscosity as a function of
Ma for 0.8 < A < 0co. The Mason number collapses the data only at very high shear

rates.
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Figure 2.10: The low-shear viscosity, no = 1 + ng + ngs + Ner, estimated from a
regular perturbation analysis of the equilibrium structure detailed in Appendix A,
evaluated for ¢ = 0.27. The polarization and hard-sphere viscosities are given by
equations (A.11) and (A.12), respectively, while the hydrodynamic viscosity is the
Einstein result ny = g¢. The exponential scaling of the low-shear viscosity for A < 4
comes from the change in the equilibrium pair-distribution with the electric field.
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Figure 2.11: The low-shear viscosity (Ma — 0) as a function of A for A\ < 10. The
magnitude of the low-shear viscosity scales exponentially with A. The line is the fit
for 4 < A < 6 and also fits A = 2.5 and 3.3.
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Figure 2.12: The critical Mason number, Ma,, that marks the transition from shear
thinning to the low-shear viscosity plateau for 3 < A < 10 as a function of A. Ma,
was determined from the intercept of the lines 1, = 9 and 1, ~ Ma~! in the shear
thinning region. In reality, the transition occurs over a range of Mason numbers and
the viscosity was not seen to shear thin as Ma~! for A < 10. Since we were unable to
distinguish between the transition and the true shear thinning regions, we assumed a
scaling similar to the scaling for very large to infinite A.
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Figure 2.13: The pair-distribution function at contact versus the pair potential well
depth. For A < 4, g(2) scales exponentially with A\ indicating that the suspension
has not flocculated. Above this A, however, g(2) saturates as the suspension becomes
flocculated. The dashed line gives the A = oo asymptote.
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Figure 2.14: Illustration of a strained chain. The electrostatic forces attempt to
realign the strained chain to its preferred orientation along the electric field direction.



2. BROWNIAN ER FLUIDS AS A MODEL 7

IllllIIll]Illlll[l!llllllllIIIIII]IIIIII|III|I|IIL

35

30

25

20

15

Udipole /KT

10

- — _48+452

A

NSRS NN A AN SN F R SRS NN

2 4 6 8 10

OJIIIllllllllllllllIlIllllIllIlIllllL

) =nea (B E)/ kT

Figure 2.15: The pair potential well depth Ug;poie/kT as a function of A\. For A < 4 the
point dipole approximation, A, provides a good estimate of the potential well depth.
Note the increase in the slope at A\ ~ 4; here the aggregated structure provides
enhancement beyond the point dipole limit. The point dipole approximation is one
of two factors that causes the potential well depth Up,;,,/kT that characterizes the
escape time to differ from A.
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Figure 2.16: The reduced viscosity as a function of the dimensionless shear rate
(4a?/DX) e*™. When the shear rate is rescaled with the escape time, 7, the data
collapses onto a single curve.
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Figure 2.17: Comparison of the Stokesian Dynamics simulations at an area fraction
of 0.4 with the Brownian Dynamics simulations of Melrose (1992) at volume fraction
0.1
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Figure 2.18: Comparison of simulation viscosities with the experiments of Halsey,
Martin & Adolf (1992). The straight line is from figure (2) of their paper and gives

their linear fit to the experimental data for an applied field of 400V /cm.
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Figure 2.19: The first normal stress difference non-dimensionalized by 7 as a function
of Ma. Note that for A = 8.3 - 102, —N; is plotted.



2. BROWNIAN ER FLUIDS AS A MODEL

0.15

0.10

0.05

N,/ 2e(BE)

-0.05

-0.10

82

B B S L B L B R B L
£ ’ i |
2
: » B ]
d bt ’ u X =
G TS TR
Dispersed Equilibrium ' ?
+ A=08 ® L=42
£ X A=1.7 A AL=50 |
q A=25b5 B L=58
7 k=33 ® AL=83
_llllll 1 1 lllllll 1 L lllllll 1 1 lllllll L L Illllll L L lllllll 1 1 ll_
10> 10* 107 10* 10" 10°
Ma

Figure 2.20: The first normal stress difference non-dimensionalized electrostatically
vs. Ma for A < 10. At low shear rates N;/(2¢(3E)?) is independent of Ma.
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Figure 2.21: The interparticle and Brownian contributions to the first normal stress
difference non-dimensionalized electrostatically vs. Ma for A < 4. The shaded sym-
bols are the zF contributions. The magnitude of the low-shear values of N¥¥ and
NZPFB scale exponentially with A.



2. BROWNIAN ER FLUIDS AS A MODEL 84

1 E I I | T
o |
A 4 |
8 ®
7t 2 & 1
6} _
o 5k ¢ A
)
=2 4 g
W
N
== '
e L
2k ¢ 1
L 2
0.1 I I I l 1
2 4 6 8 10
A

Figure 2.22: The low-shear first normal stress difference vs. A. For A < 4, the
low-shear normal stress difference scales exponentially with A since the stress is pro-
portional to g(2) which in turn scales as e*. Note that this gives the correct scaling
as A — 0; Ny(a®/kT) ~ Aexp(\), which vanishes as A\ — 0. For A > 4 the low-shear
first normal stress difference is independent of A.
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Figure 2.23: NFFHSP+B 19¢(BE)? and N[ /2¢(BE)? vs. Ma for A = 1.7. At low shear
rates the sum of xF, SP and B dominates and the first normal stress difference is
positive. At high shear rates when viscous forces dominate, the hydrodynamic stress
is the major contributor to the stress.
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Figure 2.24: The interparticle and Brownian contributions to the first normal stress
difference non-dimensionalized electrostatically vs. Ma for 4 < A < 10. The shaded
symbols are the zF contributions. Similar to the dispersed regime, N¥¥'is negative for
all Ma and approaches a low-shear-limiting value as Ma — 0. Unlike the dispersed
regime, however, the low-shear limiting value is independent of A.
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Figure 2.25: The hydrodynamic contribution to the first normal stress difference non-
dimensionalized by 17y vs. Ma for 4 < A < 10. The lines are drawn to guide the eye.
The hydrodynamic contribution is negative for all Ma, decreases as Ma decreases
and has a minimum at intermediate shear rates. It finally increases for Ma < 1074,
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Figure 2.26: NZFT5P+B 19¢(3E)? and N /2¢(BE)? vs. Ma for A = 8.3. At low shear
rates the sum of xF, SP and B dominates and the first normal stress difference is
positive. At high shear rates when viscous forces dominate, the hydrodynamic stress
is the major contributor to the stress.
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Figure 2.27: The first normal stress difference non-dimensionalized electrostatically
vs. Ma in the kinetically flocculated regime. Statistical uncertainties make it difficult
to determine a low- or high-shear plateau. For A = 8.3 - 10'2, N; is negative for all
Ma studied, and for A = 8.3 - 10°, N; appears to oscillate from positive to negative
over the entire range of Ma.
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Figure 2.28: The interparticle and Brownian contributions to the first normal stress
difference non-dimensionalized electrostatically vs. Ma in the kinetically flocculated
regime. The shaded symbols are the zF contributions. There is a low-shear plateau
that is independent of A for 10 < X < 8.3 - 10'2.
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Figure 2.29: NyFT5P+B /9¢(3E)? and N{T/2¢(BE)? vs. Ma for A = 8.3-10'2. At
all shear rates the hydrodynamic stress is the major contributor to N; and the first
normal stress difference is negative.
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Figure 2.33: A schematic of the regions of orientation where 255 changes sign from
positive to negative. The top graph is Eig for touching pairs as given in Eq. 2.33.
The contribution from pairs in sections 2, 3,6, and 7 (lower graph) are larger than
pairs in sections 1,4,5, and 8. The bottom graph shows a schematic of the sections
where Zg{f changes sign from positive to negative.
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Figure 2.34: g(2,0) averaged over the entire simulation as a function of 8 for A = 5.8
and Ma = 1. There is a preference for pairs aligned in section 8 where 255 is negative.
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Figure 2.35: g(2,0) averaged over the entire simulation as a function of # for A = 2.5
and Ma = 1073
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Figure 2.36: ¢(2,0) averaged over the entire simulation as a function of € for A = 5.8
and Ma = 1073. There is a preference for pairs aligned in section 1 where 235 is
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3.1 The Model

The concept of the escape time — the time to diffuse out of the potential minimum —
can be used to formulate a model for the viscosity of aggregating suspensions. The
model closely follows Glasstone et al.’s (1941) viscosity model for molecular liquids
and describes the suspension rheology in terms of the microscopic rearrangements
in the network structure. Similar ideas have been used by Potanin et al. (1995)
to model fractal flocs. At rest, a flocculated suspension consists of a network of
particles, each within a potential cage formed by its nearest neighbors as depicted
in figure 3.1. Rearrangement requires breaking a contact pair and forming a new
contact, i.e., hopping over a dimensionless distance I' relative to the particle size.
The activation energy barrier is on the order of the minimum in the pair potential.
For simplicity, the particle potential is represented as being symmetrical about the
hopping distance, i.e., the particle’s activated state is halfway between its initial and
final positions. Network rearrangement occurs as particles hop out of their potential
well on the time scale 7. Under static, non-stressed conditions, the initial and final
states are equally favorable so there is no net motion of the network; particles hop
back and forth with equal probability, and the suspension does not flow or shear.
Under an external stress, o, the suspension acquires an elastic energy density
ov/2e(BE)?, where v is the macroscopic strain. (The stress is appropriately non-
dimensionalized by 2¢(8E)? since the induced internal stress will be predominantly
electrostatic in origin and at equilibrium the induced internal stress is equal to the

applied stress.) On the microscopic scale the acquired energy resides in the pair-
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interaction potential such that the new energy barrier is given by

—Unin n 0a*T'V,
kT AT

(3.1)

where V; is the dimensionless volume of the particle pair and depends, as does T,
on the details of the network structure and how the macroscopic stress is distributed
locally on the microscale. For example, an affine deformation would have the mi-
croscopic strain, I', equal to the macroscopic strain . The dimensionless energy
+0a3TVy/AKT is the adjustment to the work done on a particle as it moves to the
top of the potential well with (positive sign) or against (negative sign) the shear
direction; the potential well becomes skewed as illustrated in figure 3.1. Unlike the
non-stressed case, however, there is now a favored state. The barrier from the strained
to relaxed state is smaller than the barrier from relaxed to strained state so that on
average, more particles will hop to the lower energy state resulting in a net shearing
motion along the stress direction with shear rate proportional to the net frequency

of forward jumps,

. D Unin __u,.. ;67 oadVyl oadVyl'
T T @A, kT © PN\ NT PN TTT (A3)

S min h .

where A, is a proportionality constant that depends on the network structure. Specif-
ically, after a pair contact is broken, reformation with another particle requires diffu-
sion not of an isolated particle (in which case Ay = 1 in Eq. (3.3)) but by diffusion
of a large floc structure. For example, in the case of an isolated strained ER chain,

when a pair in the center is broken, the top half reconnects with the image of the
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bottom half. The diffusion is thus of a rod, not a single particle, which scales as the
the cube of the rod length.

Although the relative hopping distance I' will depend on the suspension’s mi-
crostructure, e.g., densely packed flocs will result in a smaller I', its variation with A
(once the flocculated structure is formed) is not likely to be large (i.e., greater than

order 1). Thus we estimate that VoI' = F(¢), a function of ¢, and (3.3) gives for the

stress
g A 4 a2 kT
—0 ~ inh Ag—— Umin/ kT 4
kTU F(o) - ( *D Usiin © ' 84
or a viscosity
1 . ya® kT ,
n= Al (ql))—Ma sinh t (AQ——’YID —U . eUmm/kT> 5 (35)

where A;(¢) is a proportionality constant dependent on ¢.

With this model we recover naturally the dimensionless quantity
(%02 D)(kT /Upmin) €Umn/*T that gives the ratio of the time scale of diffusion out of
a potential well of depth U, /kT to the time scale of shear found in the previous
section to give the shear rate below which the low-shear viscosity was reached. From
(3.5) the low-shear viscosity is achieved when (¥a?/D)(kT/Upin) eUmn/*¥T < 1, and
(3.5) correctly predicts that n — 1o ~ eVmin/*¥T a5 4 — 0.

Up to now, only the interparticle force contribution to the viscosity has been dis-
cussed since it is assumed to be the major contributor. As 4 — oo, however, the
hydrodynamic stress dominates, and the high shear viscosity 7 is purely hydrody-

namic. Recalling Eq. (2.14), the suspension viscosity can be approximated as

M — oo = L+ +nF + 057 + 057 —nee mn2F + 077 ~ 2P, (3.6)
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neglecting the Brownian and interparticle force-flow contributions. Equation (3.6)
assumes 1+ ~ 7,,, which is true only in the limit of infinite shear rate. For finite
M a where clusters and chains are formed, the hydrodynamic viscosity is greater than
Neo- Nonetheless, as a first approximation we model the difference of n—7, neglecting
the contributions from Brownian forces and the flow caused by interparticle forces.

Thus we can write

- T]oo 1 . — ya?
7;70 _1777 = PR sinh ™! (Ag% 61'57)‘) : (3.7)
20, 2D

where exp(1.57\) has been substituted for exp(Ui,/kT) and A has been substituted
for Upin/kT in the prefactor.

Equation 3.7 with Ay = 8.8 fits the reduced curve for ER suspensions (figure
2.16) as shown in figure 3.2. The model and (3.7) should also apply for A > 10.
For example, for A = 17, (2.23) is used to estimate 7), the reduced viscosity is then
plotted as a function of (ya?/D\) €57, and fits onto the universal curve (figure
2.16). Similar transformations for A > 17 are possible, but for the shear rates studied
the reduced viscosity is too small to be plotted. Note that the data for A = 2.5 and
3.3 also fall on the universal curve; at low ), 7y scales as e* from the change in the

equilibrium pair-distribution function, but the characteristic time scale for this region

is a?/D.
3.2 Conclusions

In conclusion, a microstructural approach to describe the dynamics of flocculated

suspensions was presented. Unlike previous phenomenological models, it incorpo-
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rates the physics of the particle interactions and motion to provide a general, widely
applicable, and predictive model. In this model it was hypothesized that the net-
work rearrangement process of a flocculated suspension is rate activated. Under
stress or shear, the suspension flows when particles diffuse out of their mutual po-
tential wells, not on the bare particle diffusion time scale a?/D, but on the escape
time scale 7 ~ (a?/D)(kT/Upmin) €xp(Upin/kT). As a result, the relevant dimension-
less shear rate is the ratio of the escape time scale 7 to the time scale of shear, or
(¥a®/ D) (KT /Upnin) €Vmn/*T . Our numerical simulations on ER fluids verified this
hypothesis; when the shear rate was scaled with 7, a single universal curve was ob-
tained.

Finally, it is important to note that the distinction between flocculated suspensions
with an apparent yield stress and suspensions with a low-shear viscosity is an artificial
one. In theory, all flocculated suspensions, including ER fluids, will flow under stress
and show a low-shear viscosity. One example of this is that although we did not see
a low-shear viscosity for A = 17 over the range of Mason numbers used, the viscosity
data obey the universal curve described by Equation (3.7) when Equation (2.23) is
used to predict 79. Suspensions with larger A are also expected to have a low-shear

viscosity, but at exponentially small shear rates that may not be realized in practice.
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3.3 Figures
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Figure 3.1: Illustration of the pair potential for a flocculated suspension. The thick
lines denote the potential with no external stress, while the thin lines denote the
potential with an applied stress o. Rearrangement occurs when particle 1 hops a
distance of O(T').
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4.1 Introduction

The idealized two dimensional ER suspension provides a good starting point to test
the model predictions. However, the salient features of the model, namely, the mi-
crostructural rearrangements and the escape time, should apply to any flocculated
suspension. The work presented in this chapter aims to test the general applicability
of the network model and employs two methods to accomplish this goal. First, we
study a weakly flocculated suspension produced by an isotropic potential in three
dimensions by Brownian Dynamics simulation neglecting hydrodynamic interactions
and using simple pair-wise particle interactions. This is a highly simplified simulation
scheme, but the idea is to investigate qualitatively the rheology of a suspension in
three dimensions and a suspension without the anisotropy of the ER fluid. Second,
we re-analyze the experimental data obtained by Buscall, McGowan & Morton-Jones

(1993) for depletion flocculated suspensions.

4.2 Three-Dimensional Simulations With an Isotropic
Potential

4.2.1 The Simulation Method

The simulation method is adopted from Melrose and Heyes (1993). The method was
designed to mimic depletion flocculated suspensions but here it will be used simply as
a representative method to produce a flocculated network without directional forcing,.
Melrose and Heyes studied weakly aggregating suspensions at 0.3 volume fraction with

an emphasis on the suspension structure. They reported viscosities for the suspension
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with pair potential well depth 24k7 only. Here we study the suspension viscosity for
a suspension at 0.3 volume fraction with pair potential minima from 5k7T" to 40kT.
As for Electrorheological fluids, the motion of N particles suspended in a fluid of

density p and viscosity 7 is governed by the coupled N-body Langevin equation:

m-%—g=FH+FB+FP, (4.1)

where U is the particle’s translational /rotational velocity vector, m is its mass/moment
of inertia tensor, F¥ is the hydrodynamic force, F? is the Brownian force, and F?
is the interparticle force. Hydrodynamic interactions are neglected and the hydrody-

namic force is taken simply as Stokes drag,
F¥# = 6mna (U — (U)). (4.2)
The Brownian force is characterized as “white noise,”
(FP) = 0and (F?(0) F(t)) = 12mnakTT, (4.3)

where the angle brackets denote an ensemble average. To calculate the interparticle

force, we start with the interparticle depletion potential (Melrose & Heyes 1993),
U Tij —h 5 'rij> 1 ('rij)3
— = — —)—=(=) —A|H(L,r;; ;
KT ZJ(Q(L) +Q[L <2a 3 \2a (Lori), (4.4)

where L = 1+ a/2a, A = 2L3/3, « is the diameter, or radius of gyration, of the

polymer present at a volume fraction ¢, and H(L,;;) is the heaviside step function,

H(L,r,;j):{ 1 ifry; <2a+a }
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The interaction strength () varies with ¢, as

_ 3¢s
@= 2(a/2a)3’

(4.5)
and gives a measure of the polymer concentration and osmotic presure in the suspen-
sion due to the polymer. (Section 4.3 gives a more complete description of depletion
flocculation).

A value of 36 is used for n and is somewhat arbitrary. In general, a stiff repulsion
is preferred to capture the hard-sphere repulsive part of the potential. A value of 12
was found to yield artificially low potential minima and anomalous rheology results
(Melrose & Heyes 1993), while n = 36 does not produce these anomalities.

For a/2a = 1/11 and n = 36, ¢, = 0.26,0.4,0.51,0.7, and 1.0 give potential
minima of 5,10, 15, 24, and 40 respectively as shown in figure 4.1. There is a shift in
the particle core radius from 0.96 to 0.94 for U,,;, from 5kT to 40kT, respectively.
The effective volume fraction, taking the core diameter as the diameter at U,,n,
decreases slightly from the nominal 0.3 to 0.24 for U,,;, = 40kT but this should not

qualitatively affect the results.

The interparticle force can be calculated as

aF? ou
kKT~ or (46)
_ Q FattTactive 4 Frepulsive (47)
N2 .\ —37
_ _% [Lz - (72'—;) ] H(L,ri;) + 18 (;—;) , (4.8)

if r < 2aa, and Eq. (4.1) can be integrated to give

@ it 1 ]
Ax =P attr rep
x e [(U)+ PeF + PeF At + X(At), (4.9)
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where (X) = 0 and (X(At)X(At)) = 2IAt. Here, z has been made non-dimensional
by a and t by a?/D. The dimensionless parameter Pe/(Q) is a dimensionless shear rate
and plays a role similar to the Mason number, Ma, for ER fluids. However, unlike A
for ER fluids, @ is not a good estimate of U,,;,/kT as the particles are not true hard
spheres. For example, for a/2a = 1/11, n = 36, ¢s = 0.4, and @ = 798.6, the pair
potential well depth is 10k7T. Table 4.1 gives values for () with corresponding values
for Upnin/kT. Equation (4.9) is the core of the simulation and is used to follow the
motion of N particles given their initial configuration.
For the suspension rheology, the suspension stress is needed and can be calculated
as
1 NN
- Z > (x xp) (Fo4™ + FLF) . (4.10)
There is neither a hydrodynamic nor a Brownian contribution to the stress since
hydrodynamic interactions are neglected. The only contribution comes from the
interparticle force, i.e., the familiar xF stress. The relative viscosity of the suspension
is defined by the ratio of the yx component of the bulk stress to the yz component

of the bulk rate of strain, with the imposed flow (U,) = 4y. In dimensionless form
o xF
mr=1+z¢+n", (4.11)
where -g—qb is the Einstein contribution.

4.2.2 Results and Discussion

The method outlined above was applied to an unbounded 3D suspension of monodis-

persed particles with shear in the x-direction, shear gradient in the y-direction, and
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vorticity in the z-direction. The unbounded suspension is simulated by periodically
replicating 27 identical spherical particles in a cubic cell forming a 0.3 volume frac-
tion suspension. A spherical cut-off of 2a + « is used for both the attractive and
repulsive forces. The suspension viscosity is studied for 5 < Upn/kT < 40 and
2-107% < Pe < 100. Steady state was determined by monitoring the time average
viscosity.

For a suspension without shear, at a volume fraction of 0.3, and with a/2a =
1/10, a transition from fluid to flocculated is predicted at a polymer concentration
of ¢s ~ 0.15 and confirmed by experiment (Gast et al. 1983, 1986). Since we are
primarily interested in the flocculated suspension dynamics, a minimum ¢, of 0.26
and a/2a = 1/11 are used to yield a suspension with a pair potential minimum of
5kT. This suspension has been shown to be flocculated while quiescent and to remain
flocculated under low to moderate shear (Melrose & Heyes 1993). To further ensure
the potential range is outside the dispersed regime, the pair potential function at
contact, ¢g(2), is determined for the quiescent suspension and is plotted as a function
of Upin/kT in figure 4.2. For U,,;,, < 5kT the pair potential function at contact
scales exponentially with U, /kT. For Unin/kT > 5, however, g(2) saturates and
is roughly independent of U, /kT .

Figure 4.3 gives the suspension viscosity as a function of Pe/Q for 5 < Upnin/kT <
40. The corresponding data are given in table 4.2. At high shear rates, the viscosity
is Newtonian and independent of the particle potential minimum. As the shear rate

decreases, the viscosity increases and there is a shear thinning regime at intermediate
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shear rates. Of primary interest is the low-shear viscosity for Upin/kT = 5 and 10.
For Up,in/kT = 15, the viscosity appears to be approaching a low-shear plateau, while
for Upnin/kT = 24 and 40 the shear rates studied are not low enough to observe the
low-shear behavior. The low-shear viscosity for Up,;,/kT < 15 scales exponentially
with the pair potential well depth (figure 4.4), similar to the low-shear viscosity for
Brownian ER fluids discussed in Chapter 2. (Note that the value at U, /kT = 15 is
approximate as only the beginning of a plateau was seen for the shear rates studied).
In addition, the shear rate at which the low-shear limiting behavior occurs scales in-
versely with the exponential of the pair potential minimum as shown in figure 4.5, i.e.,
the low-shear-rate-asymptote is reached for shear rates that decrease exponentially as
e~ 0-76Umin/kT — The results for Upin/kT = 24 compare only qualitatively to Melrose
& Heyes’ results (1993). Melrose & Heyes found a lower limiting low-shear viscos-
ity, (15), at much higher shear rates, (Pe/Q =~ 1073). The reason for the difference
between their results and ours is unclear but we note that Melrose & Heyes used a
much larger system of 500 particles, and their shear rates were not as low as those
reported here.

To test the model presented in the previous chapter, the reduced viscosity is
plotted as a function of the reduced shear rate, Pe(kT/Uyin) exp(0.65Unin/kT), in
figure 4.6. Firstly, the data for U,,;, > 5kT collapse onto a single curve. The results
for U,in = 5KT do not fit the reduced curve well possibly because 55T marks the

approximate transition from dispersed to flocculated for this suspension. Secondly,
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the reduced curve has the same form as the predicted equation (3.7);

. 1 2 kT
n Ui . az = Slnh—l A2 ’Ya O 65Umin/kT (4 12)
o — Moo A2 i 60 65Umin/kT D Umzn

mwn

with the network dependent constant A; = 12.

4.3 Depletion Flocculated Suspensions by Buscall,
McGowan & Morton-Jones

Depletion flocculation is achieved by dissolving a non-adsorbing polymer in a disper-
sion. The nature of the interparticle potential depends on the interaction between the
polymer and the suspended particles. Interactions between the suspended particles at
separations less than the dissolved chain dimension drives the polymer from the gap.
Since the osmotic pressure is proportional to the polymer concentration (for dilute
polymer concentrations), and the integration of this normal force over the surface
yields the net force; there is now a deficit in the osmotic pressure and an attractive
force between the particles.

Buscall et al.’s suspension consisted of a non-aqueous polymer latex in a low-
aromatic white spirit flocculated by adding a soluble non-adsorbing polymer, and
the apparent pair potential well depth was varied by changing the soluble polymer
concentration. Once slip at the rheometer plates was eliminated, they found that
the low-shear viscosity increased exponentially with the potential well depth for well
depths from 2kT to 25kT. Buscall et al. estimated the apparent pair potential
associated with depletion flocculation using the Asakura & Oosawa equation (Asakura

& Oosawa 1954, Gast et al. 1983) and the results are reproduced here in figure 4.7.
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Figure 4.8 shows the apparent shear viscosity as a function of Pe(kT/U,;y) for
Upin/kT from 2 to 25. The dimensionless shear rate Pe(kT/U,.yn) is the ratio for
the time scale of aggregation due to the polymer to the time scale of shear, and plays
a similar role to the Mason number for ER fluids. The suspension viscosity reaches a
low-shear plateau similar to that seen for ER fluids and for suspensions with a general
isotropic potential as discussed in the previous section. The low-shear viscosity, taken
from Buscall et al.’s paper, scales exponentially with the pair potential minimum as

shown in figure 4.9, with
no = 7.5exp(0.55 Upnin/kT). (4.13)

Buscall and co-workers observed that the critical stress at which the low-shear
behavior is observed scales as the square of the polymer concentration. However, as
shown in figure 4.10, the critical shear rate at which the low-shear limiting behavior
is observed scales inverse exponentially with the pair potential well depth, suggesting
instead a linear dependence of the critical stress with the pair potential well depth
and the polymer concentration.

The reduced viscosity (7 — 700 )/ (10 — Moo) is plotted as a function of the reduced
shear rate Pe(kT/Umin) €xp(0.55U i, /kT) in figure 4.11, and a single curve is ob-
tained. Equation (4.13) was used to calculate 7.

The reduced curve has the same form as the predicted equation (3.7);

N—TNo _ 1 KT\ . 1 Ya? kT
Mo — Moo (AQM) (U , )smh Az D U... 00-55Umin/kT (4.14)
> D main min

with the network dependent constant A, = 15.
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4.4 Conclusions

In this chapter, the network model presented in Chapter 2 was tested for its general
applicability. This was accomplished by a study of the rheology of a three dimensional
flocculated dispersion with an isotropic potential by Brownian Dynamics simulation,
and by using the experimental results of a depletion flocculated suspension by Buscall
et al. (1993). In both cases there was a low-shear rate regime at shear rates that
scale inverse exponentially with the pair potential well depth, Up;,/kT. The low-
shear viscosity in this regime scaled exponentially with the pair potential well depth,
No ~ exp(Upin/kT). When the reduced viscosity was plotted as a function of the new
shear rate, Pe(kT/Umin) exp(BUmin/kT), the data collapsed onto a single curve that
can be described by the model with the network dependent constant A, = 12 for our
Brownian Dynamics simulations with an isotropic potential, and A, = 15 for Buscall
et al.’s data. This is further evidence that the model captures the essential features

of flocculated networks and can be used to describe flocculated dispersions generally.
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4.5 Tables

Table 4.1: The dimensionless parameter () and corresponding Uin/kT.

Q Umzn/kT
519 )
798.6 10
1018.2 15
1397.6 20
1996.5 40
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Table 4.2: The suspension viscosity for 5 < Uy, /kT < 40. Statistical information is
omitted where sampling is insufficient to produce meaningful standard deviations.

[ Pe | Upin /KT |
5 10 15 24 40
5.10~4 1720
10-3 106 1190 3470
51072 83.9+30.2 | 413 4209
0.01 754+735 | 75.2+£59.5 | 3884141 | 256+ 393
0.1 9.51+18.3 | 850+ 12.1 | 37.9+6.13 | 34.1+47
0.5 | 249429
10 | 247+211 | 283+ 1.56 | 4.00+2.03 | 3.99+5.03 | 7.86+0.41
10.0 | 1.85+0.12 | 1.96+0.23 | 2.1140.32 | 2.21+0.445 | 2.41 +0.81
100.0 | 1.79+0.024 | 1.79+0.031 | 1.81 +0.041 | 1.8240.06 | 1.85 +0.078
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Figure 4.1: The isotropic pair potential used for the simulations. There is a shift in
the particle core radius from 0.96 to 0.94 for U,,;, from 5KT' to 40kT" respectively that
causes a decrease in the particle volume fraction from 0.3 to 0.24 for U,,;,/kT = 40.
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Figure 4.2: The pair potential function at contact, g(2), vs. Upin/kT. For Upin <
5kT the pair potential function at contact scales exponentially with U,,,/kT. For
Umin/KT > 5, however, ¢(2) saturates and is independent of Uy /kT.
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Figure 4.3: The suspension viscosity as a function of Pe/Q) for 5 < Upin/kT <
40. At high shear rates, the viscosity is Newtonian and independent of the pair
potential minimum. As the shear rate decreases, the viscosity increases and has a
shear thinning regime at intermediate shear rates. There is a clear low-shear viscosity
for Upin/kT = 5 and 10. For Uy, /kT = 15, the viscosity appears to be approaching
a low-shear plateau, while for U,,;, = 24 and 40 the shear rates studied are not low

enough to observe the low-shear behavior.
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Figure 4.4: The low-shear viscosity as a function of the pair potential well depth. The
low-shear viscosity scales exponentially with the pair potential well depth similar to
the low-shear viscosity for Brownian ER fluids discussed in Chapter 2. The low-shear
viscosity at Unin/kT = 15 is approximate, as only the beginning of a plateau was
seen at the shear rate studied.
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Figure 4.5: The shear rate where the low-shear limiting behavior is seen as a function
of the pair potential well depth. We again see that the shear rate scales inversely
with the exponential of the pair potential minimum.
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Figure 4.6: The reduced viscosity as a function of the reduced shear rate. The data

collapse onto a single curve, and has the same form as the predicted equation (3.7),
with the network dependent constant A, = 12.
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Figure 4.7: The pair potential well depth as a function of the PIB concentration.
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Figure 4.8: The apparent shear viscosity as a function of Pe(kT/Uyin) for Upin/kT
from 10 to 25. The data points are taken from Buscall et al. (1993). The dimensionless
shear rate Pe(kT/Upiy) is the ratio for the time scale of aggregation due to the
polymer to the time scale of shear and plays a similar role to the Mason number
for ER fluids. The suspension viscosity reaches a low-shear plateau similar to that
observed for ER fluids and for suspension with a general isotropic potential discussed

in the previous section.
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Figure 4.9: The low-shear viscosity vs. the pair potential minimum for Buscall et al.’s
data. The low-shear viscosity scales exponentially with the pair potential minimum.
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Figure 4.10: The critical shear rate where the low-shear limiting behavior is observed
for Buscall et al.’s data. The shear rate scales inverse exponentially with the pair
potential well depth for Uy, /kT > 10.
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Figure 4.11: The reduced viscosity as a function of the reduced shear rate
Pe (kT /Upin) exp(0.55 Upin/kT). A single curve is obtained that has the same
form as the predicted curve (3.7), with the network dependent constant A, = 15.
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This thesis aims to elucidate the dynamic behavior of flocculated suspensions. To
this end, the rheological behavior of Electrorheological fluids was first studied as a
model suspension for flocculated colloidal dispersions using a molecular dynamic-
like simulation method, Stokesian Dynamics. The ER suspension was particularly
well suited as a model suspension as its interparticle potential can be varied easily
by simply changing the applied field strength. Also, the suspension microstructure
essentially consists of chains aligned along the field direction and facilitates correlation
between the suspension microstructure and the suspension dynamics.

Under simple shear flow the dispersed, A < 4, and weakly flocculated, 4 < A < 10,
ER suspension, have a low-shear viscosity that scales exponentially with A, but for
different reasons. When dispersed, the exponential scaling of the low-shear viscosity
with A\ comes from the pair distribution function which scales as e*, but the relaxation
time is the bare diffusion time, a?/D. This is not the case when the suspension is
flocculated. Previously, three times scales have been used to describe the dynamics
of flocculated ER fluids: 75, the Brownian time that gives the time of diffusion of
an isolated Brownian particle, Tgg, the electrostatic time that gives the time scale of
aggregation due the applied field, and 7y, the viscous time that gives the time scale of
shear. In fact, the time scale that proves most relevant to aggregated suspension is the
escape time first proposed by Kramers (1940), 7 ~ (a®/D)(kT/Upmin) €xp(Umin/kT).
The escape time gives the time for two particles in a mutual potential well of depth
Umin/ kT, with Upuin/kT > 1, to escape by diffusion from their well, and the suspen-

sion viscosity is now set by this escape time. The result is that the low-shear viscosity
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scales as e’.

A new dimensionless shear rate can be defined as (¥a?/ D) (kT /Upin) €xp(Upin/kT)
and replaces the Mason number as the dimensionless shear rate of choice for ER sus-
pensions. When the reduced viscosity is plotted as a function of this new shear-rate, a
single curve is produced. Although there have been previous discussions of the escape
time as it relates to weakly aggregated suspension dynamics, this is the first work
to scale the shear rate with the escape time scale to produce a universal curve for
Electrorheological fluids and weakly flocculated dispersions in general. The physical
significance of this new shear rate is simple. Just as 4a?/D ~ O(1) marks the transi-
tion from diffusion limited to shear dominated dynamics for Brownian hard-spheres,
(4a?/D)(kT /Upnin) €xp(Upin/kT) ~ O(1) marks the same transition for ﬂoccuiated
dispersions. When (¥a?/D)(kT/Upmin) €xp(Upmin/kT) < 1, particles hop out of their
mutual potential wells and network rearrangement occurs on the hopping time 7.

The concept of the escape time was extended to a general model for the rheology of
flocculated suspensions. Following the pioneering work of Glasstone et al. (1941) who
formulated a viscosity model for molecular liquids, the model takes a microstructural
approach and incorporates the physics of the particle interaction and dynamics to
produce a simple and effective, yet general method to model flocculated suspensions.
The results are encouraging. With only one adjustable parameter, A,, the model
describes the rheological behavior for not only the model ER suspensions, but also
for suspensions with a more complex morphology of aggregates in an isotropically

flocculated dispersion, by simulation and by experiments done independently by other
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researchers. The model captures the essential physics of the pair interaction potential
particularly influencing the suspension dynamics. Future efforts should be directed
at determining the effect of the particle volume fraction and network structure on the
suspension dynamics and the constant A,. This will require extensive characterization
of the floc structures formed and their evolution under shear.

Finally, this work suggests that the distinction between weakly flocculated sus-
pension and strongly flocculated ones (the border being approximately 20 kT) is an
artificial one. Even suspensions with pair potentials well above 20kT" are expected to
flow under small stresses or strains but at exponentially large time scales. These long
times scales make observation of the low-shear regime by experiments or by compu-
tation using the traditional molecular-dynamic type simulation methods unfeasible.
A novel method is needed to explore the low-shear behavior for strongly flocculated
suspensions and it is hoped that this work will inspire further investigations into

developing such a method.
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dispersed suspensions
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The equation governing the N-particle distribution is the Smoluckowski equation,

oPv .
W-{*V'JN——O, (Al)

where the probability flux jy is given by
jy =UPy +Rpy - (F¥ — kTVIn Py) Py, (A.2)

and represents, respectively, contributions from convection, the pair potential, and

diffusion. Small perturbations to the equilibrium structure are denoted by
Py = PR(1 = fn), (A.3)
and the particle flux becomes
jn = UPy(1- fv) — PyD - Vfy. (A.4)

In order to proceed analytically, an equation for the pair-distribution function P, is
obtained by integrating over N-2 particles. Following the method of Brady (1993),

we obtain to the first order in Pe,

9fs

Pl = Ve (D)3 P Voo ==V, (U By, (A-5)

where the angled brackets denote a conditional average with two particles fixed and f,
is the normalized disturbance, ( f2>g = Pef,. We have also neglected direct couplings
to a third particle in writing (A.5). The quantities (D,.)g and the (Ur)g are the
diffusivity and velocity of the particle pair, respectively. Neglecting all hydrodynamic

interactions, and anisotropy, and noting that the scalar function fo(r) = —(1/2) f(r)d-
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(E) - d, where d is the dimensionless separation vector between particle centers,

Equation (A.5) reduces to

1 d( ,df\ 6f  dlng
g(r)r2dr ( " d?") r2 " dr ’ (B}

where ¢(r) is the equilibrium pair-distribution function. For weakly aggregated sus-

pensions the pair-distribution function scales as the exponential of the pair potential,

gvﬁ):gHsam(A(%Q Eifﬁgtiﬁ), (A7)

for a dilute suspension. Again, for simplicity, we neglect any anisotropy in the struc-

ture and the potential, and use the infinite dilution value of 1 for gyg such that

g(r,0) =~ g(r) ~ exp </\ (%)3> , (A.8)

Substituting into Equation (A.6), the evolution equation for the pair-perturbation
function is
d’f 2df 24Xdf 6f 24N

oy mate i e Sl Sl (A4.9)

with boundary conditions

f~0 as r—> o0

4f

I = =2 at r=2

The first boundary condition ensures no disturbance far-away, while the second en-
sures no relative flux at the surface of contact of the two particles.
In the absence of hydrodynamic interactions, there is no contribution to the stress

from Brownian motion. The interparticle force, however, is now the sum of a hard
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sphere repulsion and the electrostatic force,
FF = %kT n 6(r — 2a) + FZR, (A.10)
The hard sphere contribution to the stress (xF) is

1
(xF)*® = —ianz/nné(r — 2a)g(r)dr,

= —anza/ nn g(r)dS,

r=2a

where n is the unit vector connecting two particle centers. The viscosity is now a

sum of the ER viscosity which, from Equation (71) in Brady (1993), becomes

00 1 g
2

27
NER = —€A¢2/ ;eﬁf(r)dr, (A.11)

with our expression for g(r), and the contribution from the hard-sphere repulsion,

which is identical to Equation (53) from Brady (1993),
9
NHs = gqs?e* f(2), (A.12)

where we have substituted Equation (A.8) evaluated at r = 2a for g(2) and the infinite
dilution diffusivity for the short-time diffusivity.

Equation (A.9) was solved numerically using a shooting method. The boundary
condition for r — oo was satisfied on 7 = 100a, and the results for f(2) are displayed
in figure A.1. Note that f(2) becomes negative for A > 2, such that the hard-sphere

contribution is negative while the ER contribution is positive.
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Figure A.1: The disturbance function f(2) as a function of A\. Note that f(2) be-
comes negative for increasingly attractive potential wells. This suggests an increase
in particle density at angular positions where for hard sphere suspensions there was
a depletion.
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For completeness the individual components of both the suspension viscosity and first

normal stress difference are reported here.
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Table B.1: The xF, SP and hydrodynamic contributions to the total suspension
viscosity for the dispersed regime, A < 4. Statistical information is omitted where

sampling is insufficient to produce meaningful standard deviations.

| A | Ma | "IH "BR r NXF NER |
0.8 | 0.001 1.3 3.15 -3.76 0.962
0.01 |1.3£0.03 0.6 £0.5 —0.5£0.8 0.2+0.3
0.1 1.3 4101 022+04 —0.1+0.3 0.04£0.1
1.0 1.2+ 0.08 0.05 £ 0.04 —0.03 £0.04 0.01 £0.01
1.7 10.0002 | 1.3£0.1 —-1.21+4.1 46+4.1 —2.0+£0.05
0.001 1.3 -5.04 9.12 -3.11
0.01 1.3+0.1 0.07 £ 0.2 —0.16 & 3.1 0.1£0.2
0.1 154 0.2 0.19+0.2 —0.054+0.1 0.01 £0.2
1.0 1.3 £0.06 0.03 £0.02 —0.03£0.04 0.02 £ 0.01
2.5 | 0.0002 1.3 -3.14 9.08 -3.23
0.001 | 1.4+0.05 —0.03£2.3 52+56 —-1.6+1.0
0.005 | 1.4 +3.46 —1.85+4.19 5.2 £8.48 —=1.2 4+ 3.53
0.01 1.3 1.3 —0.7+2.0 25+44 —0.033 £ 0.26
0.1 1.5 +£0.17 0.08 £0.19 0.06 £0.14 —0.07+£0.14
1.0 1.3 +£0.08 0.02 £0.02 —0.03 £0.04 0.02 £ 0.02
10 1.3=0.1 0.002 £ 0.002 —0.003 £ 0.005 0.001 + 0.002
100 1.3£0.1 | 0.0001 £ 0.0002 0+0 0£0
33| 107¢ 1.4 -46.3 68.1 -3.8
0.0002 | 1.4 +=0.05 —28.5+26.4 42.8 +46.6 -114+114
0.001 { 1.5+0.1 -20.6 £ 7.0 448 £15.9 —g.1 =k 1D
0.005 | 1.5£0.2 —5.1+44 14.7+£104 —5.0+2.3
0.01 1.5 0.2 —1.7+0.08 9.5 £0.3 -1.9+0.1
0.1 14+0.1 0.009 £ 0.1 0.07x£0.3 —0.008 £ 0.2
1.0 1.3 £0.08 0.02 £ 0.01 —0.03 £0.05 0.02 £ 0.02
10 1.3+0.1 0.001 £ 0.001 —0.002 £ 0.004 0.001 + 0.002
100 1.2+ 0.1 | —0.0001 £ 0.0002 | —0.0002 £ 0.0005 | 0.0001 £ 0.0003
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Table B.2: The xF, SP and hydrodynamic contributions to the total suspension
viscosity for the equilibrium flocculated regime, 4 < A < 10. Statistical information
is omitted where sampling is insufficient to produce meaningful standard deviations.

| A ]| Ma | nu | NBR | NXF [ NER |
421 2-10° 1.7 £ 0.05 —86.3 £93.5 421 + 100 —116 £ 31.4
1074 1.7+ 0.05 —191 £ 27.7 363 £ 57.7 —47.5 £ 8.2
0.0002 | 1.7 +0.05 —106 £19.3 213 + 32:6 —-37.5+4.1
0.001 1.9+ 0.05 —39.3+3.3 85.6 + 4.8 —18.9 £+ 2.2
0.01 1.44+0.1 —09+4+1.2 3.8+4.7 —-1.24+2.5
0.1 1.44+0.1 —0.02+0.1 0.13+0.4 —0.03£0.2
1.0 1.3+ 0.1 0.01 £ 0.01 —0.02 £ 0.05 0.02 +£0.02
10 1.31+0.1 0.001 + 0.001 —0.002 £+ 0.005 0.001 £ 0.002
100 1.3+£0.1 | 0.0001 £ 0.0001 | —0.0002 4 0.0005 | 0.0001 + 0.0003
50]2-107° 1.8+0.2 —351+4.5 715 4+ 149 —7.8+0.05
1074 2.0+0.2 —420 £+ 137 529 + 242 —55.9 £45.7
0.0002 2.0+0.2 —180 £ 17.5 386 £+ 65.6 —74.5 £ 29.7
0.001 1.8 £=0.2 —40.3 £ 8.5 96.2 + 8.8 —21.7+3.9
0.01 1.6£0.2 —28+1.6 9.7+3.6 —3.6+1.8
0.1 1.4 0.1 —0.03 £ 0.06 0.194+0.3 —0.75+0.4
1.0 1.3 £0.08 0.01 £0.01 —0.02 £0.05 0.02 £ 0.02
10 134 0.1 0.0007 £ .001 —0.002 £ 0.005 0.001 £ 0.003
100 1301 0+0 —0.0002 £ 0.0005 0£+0
58 |5-107° 2.0 1300 2400 -1830
2.107%] 2.3+0.05 —2100 + 248 3640 £ 388 —296 +4.4
1= 24+0.1 —652 £ 24.6 1130 £+ 39.0 —195 £ 2.7
0.0002 2.3 +02 —214 +70.0 436 + 151 —69.7 £+ 29.9
0.001 22403 —-53.9+154 121 4 30.4 —24.8 +£7.2
0.01 1.8 £0.3 =25+ 1.5 11.0+4.1 —41+1.9
0.1 1.56£0.1 —0.04 £0.12 0.26 = 0.69 —0.13+0.3
1.0 1.3 +0.09 0.008 £+ 0.007 —0.02 +0.05 0.01 £ 0.02
10 1.24+0.1 | 0.0006 £ 0.0009 | —0.002 £ 0.003 0.0009 £ 0.005
100 1.2+0.1 0+0 —0.0002 + 0.0005 Opm0
8312:10°| 22405 —1420 4+ 629 3070 £ 1170 —340 £ 49.0
1074 3.2 4+ 0.140 —543 + 221 1070 + 190 698 + 373
0.001 2.4 £ 0.7 —56.5 £+ 17.9 126.0 + 22.0 —27.0£5.60
0.01 2.9=2x0 —4.44+0.05 18.3 £ 1.50 —7.24+2.30
0.1 1.5 +0.01 —0.05 £0.01 0.42 +0.02 —0.24 £0.04
1.0 1.3 £0.09 0.005 £ 0.005 —0.02 £ 0.05 0.01 £0.02
10 1.2 £ 0.1 0.0004 £ 0 —0.002 £+ 0.005 0.0008 £ 0.003
100 1.24£0.1 0 0 0
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Table B.3: The xF, SP and hydrodynamic contributions to the total suspension
viscosity for the kinetic flocculated regime, 10 < A. Statistical information is omitted
where sampling is insufficient to produce meaningful standard deviations.

| 2 | Ma | nu | NBR | NXF | NER ]
17.0 2-10~°| 56+1.2 —2350 + 1110 5620 + 1550 —1800 + 541
10—+ 5.1 k0.8 —635 £ 83.0 1220 + 142 —205 £+ 93.5
0.0005 4.4 -95.7 265 -82.0
0.001 3.94: 0.3 —-39.2+7.1 113 +4.9 —33.9+18.6
0.005 51+ 1.7 —12.6 6.6 45.1 +13.9 —15.74+9.5
0.05 1.94+0.5 —0.2+0.1 2.3+0.9 —1.4+04

0.5 1.3 x0.1 0.003 £0.006 | —0.017£0.09 | 0.004 £ 0.05
1.0 1.3+0.11 | 0.003£0.003 | —0.02 £ 0.026 | 0.008 £ 0.057
83.0 2-107° | 11.5+£1.0 | —1390 + 93.2 5960 £ 25.7 | —2600 £ 190

10~4 13.7+£29 —524 £ 77 1650 + 258 —581 £ 246
0.001 129+ 1.6 —46.2 £4.5 181 +£13.1 —66.5 £+ 8.1
0.01 5.5£0.1 —-1.6+0.03 23.1+1.3 =13.6+ 0.9

0.1 1.8£0.2 —0.02 £ 0.003 0.82 £+ 0.06 —0.59 £ 0.05
1.0 1.340.24 | 3-107* £0.001 | —0.011 & 0.06 | 0.004 + 0.029

830 2.-107° | 39.4+1.9 —6T1 £ 13.7 906 £ 107 —5900 £ 50.8
104 38.0£0.8 —-143 £ 2.6 1930 £ 36.2 | —1240+ 73.0
0.001 18.0+1.1 —8.83 £ 0.3 217 £ 4.7 —136 + 5.6
0.01 9.8+0.8 —0.3£0.04 20.TE£3.5 —193+£22
0.1 22401 | —0.002 = 0.001 0.89 £0.1 —0.67 = 0.08
1.0 1.3 4+0.1 00 0.008 £ 0.002 | 0.002 £ 0.001

83-10° [2-107° | 45.0 £ 23.3 —0.99 0.3 2070 £411 | —2610 £+ 1130
107* | 84.1+16.8 | —0.37+0.07 1880 £+ 277 —1260 £ 250

0.001 | 38.1£6.6 | —0.02 4 0.004 216 £ 56.9 —130 + 32.1
0.01 12.6 £ 2.0 —0.0005 £ 0 210 +22 ~20.2 4 2.2
0.1 25+0.3 0+0 0.64 £0.2 —0.69 £ 0.1
1.0 1.3 x£0.1 0+0 —0.01 £0.02 | 0.006 £+ 0.01
8.3-10'2 | 2-107° | 2450 & 347 0 6240 £ 123 | —1430 £+ 1840
10~* | 496 + 36.7 0 1420 £ 108 —755 £ 123
0.001 | 125+£51.2 0 160 £ 16.1 =910+ 3.7
0.01 179+ 2.8 0 19.2+2.1 —143+14
0.1 2.67+0.8 0 0.63+£0.3 —0.55 £ 0.18
1.0 1.46 £ 0.2 0 —0.02 £ 0.01 | 0.005 £ 0.007
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Table B.4: The xF, SP and hydrodynamic contributions to the total suspension first
normal stress difference for the dispersed regime, 4 < A. Statistical information is
omitted where sampling is insufficient to produce meaningful standard deviations.

[ A ] Ma | NP ] NPE | N{F | NFE
0.8 | 0.001 0.019 66.9 -120 92.8
0.01 | —0.011+0.007 | 5.65+0.57 -12.1+0.6 9.01 + 0533
0.1 | —0.037+0.013 | 0.766 + 0.061 —1.31£0.09 0.950 + 0.031
1.0 —0.08 £0.19 0.06 £+ 0.094 —0.13+0.06 0.09 + 0.05
1.7 1 0.0002 | —0.025 + 0.006 456 + 28 —997 + 12 711+ 1
0.001 -0.063 97.0 -208 140
0.01 | —0.030+0.064 | 8.00 =+ 0.44 —18.5+0.6 13.8 +£0.2
0.1 —0.01 +£0.19 0.433 + 0.36 —1.12+0.56 1.10 +0.34
1.0 —0.04+0.14 0.05 £ 0.04 —0.121 + 0.07 0.10 + 0.05
2.510.0002 | —0.016 + 0.039 775+ 19.1 —1700 £ 28.9 1110 £+ 16.3
0.001 | —0.016 £ 0.05 131 + 10 —310 £ 12 208 + 4
0.005 | —0.189 + 0.39 28.9+11.6 —63.3+15.0 41.8+11.6
0.01 —0.22 +0.21 10.7 £ 5.9 —25.8 +8.0 17.6 £ 5.7
0.1 | —0.15940.193 | 0.687 + 0.346 —1.69 + 0.672 1.39 4 0.450
1.0 —0.009 + 0.21 0.047 £+ 0.03 —0.13+£0.08 0.115 + 0.06
10 —0.0334+0.2 | 0.005 =+ 0.004 —0.015+0.009 | 0.013 £ 0.009
100 | —0.076 £ 0.248 | 0.0004 4+ 0.0004 | —0.0014 + 0.0009 | 0.0013 + 0.001
3.3 1074 -0.125 2480 -5040 2860
0.0002 | —0.168 +0.164 | 1280 + 56.0 —2570 + 35.0 1440 + 20.0
0.001 | —0.562 £ 0.245 213 4+ 14.0 —454 + 22.0 276 + 13.0
0.005 | —0.653 + 0.54 32.9+14.3 —80.3 £22.2 53.2 +13.0
0.01 | —0.457 £0.32 11.2+4.3 —28.4+6.8 21.5+ 54
0.1 —0.134 +0.18 0.72 + 0.32 —2.07 £ 0.61 1.57 £ 0.45
1.0 —0.003+0.25 | 0.043 +0.03 —0.14 £ 0.09 0.13+0.07
10 | —0.093+0.236 | 0.004 + 0.002 —0.015+0.009 | 0.013 + 0.007
100 | —0.07 £0.237 | 0.0003 £+ 0.0003 | —0.002 +0.001 | 0.001 £ 0.001
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Table B.5: The xF, SP and hydrodynamic contributions to the total suspension first
normal stress difference for the equilibrium flocculated regime, 4 < A < 10. Statistical
information is omitted where sampling is insufficient to produce meaningful standard
deviations.

O W [ & 1 W T [ N
421 2-10° 0.153 4='0.07 22800 + 100 —35300 + 100 14600 4 300
1074 —0.739 £ 0.1 4360 £+ 44.0 —6888 4+ 100 3080 +10.0
0.0002 | —0.827 £ 0.126 2250 + 10.5 —3480 + 20.0 1590 + 58.5
0.001 —1.30 &+ 0.265 312+ 70.6 —577 £ 87.5 310 £46.0
0.01 —0.269 + 0.461 8.65 + 7.94 —29.8 +22.3 242 +27.3
0.1 —0.17 £ 0.351 0.56 + 0.057 —2.14+1.82 1.6 £0.142
1.0 —0.056 £ 0.28 0.028 £0.024 | —0.148 £0.173 | 0.13+0.02
10.0 —0.055 £ 0.242 | 0.003 £0.002 | —0.014 +0.010 | 0.013 £+ 0.009
100.0 | —0.072 £ 0.237 | 0.0003 4+ 0.0002 | —0.002 £ 0.001 | 0.001 £ 0.001
5012-107° | 0.097 £ 0.059 28400 % 420 —39700 £+ 100 | 15500 % 250
10-4 —1.77 £ 0.332 5210 + 2920 —7410 £+ 699 3200 £ 100
0.0002 —1.61+£0.11 2250 + 300 —3650 + 186 1680 4 64.5
0.001 —1.73 £ 0.426 330 £29.4 —673 £ 10.0 362 £+ 10.0
0.01 —0.943 + 0.49 117 £=-5:36 —36.0 £+ 36.5 26.9 + 8.35
0.1 —0.1714+0.24 0.52 +1.58 —2.14 £ 0.63 1.75 4+ 0.49
1.0 —0.003 +0.259 | 0.033 + 0.208 —0.154+0.094 | 0.13+£0.074
10.0 —0.061 =0.243 | 0.002 +£0.002 | —0.01540.010 | 0.013 £ 0.009
100.0 | —0.072 4 0.237 | 0.0002 £ 0.0002 | —0.002 4 0.001 | 0.001 £+ 0.001
58 |5-10"° 0.157 127000 -168000 61800
2.107% | —2.03 +0.235 29400 + 400 -40000 =4 200 15300 £ 100
16-* —3.02 +0.185 4930 + 140 —7530 £ 200 3610 £ 60
0.0002 | —2.07 +0.681 2390 + 300 —3680 + 50 1590 £+ 160
0.001 —2.52 +0.848 308 £ 44 —638 £47.0 354 + 39.0
0.01 —1.15£0.58 114451 —-37.3+104 28.3+ 7.5
0.1 —0.202 + 0.2 0.492 £+ 0.18 —2.25+0.53 1.89 +£0.48
1.0 —0.008 £ 0.27 0.029 £ 0.019 —0.15+0.094 | 0.144+0.076
10.0 —0.065 £ 0.242 | 0.002 £0.002 | —0.015+0.010 | 0.013 £ 0.009
100.0 —0.072 +0.237 | 0.0002 + 0.0002 | —0.002 4 0.001 | 0.001 £ 0.001
83[2.107°| —2.01+1.34 30700 4 1940 —42000 % 2400 | 16000 + 1050
10~4 —3.58 = 1.50 4713 £ 371 —8320 + 225 3990 £+ 64.0
0.001 —3.76 + 0.633 309 £ 15.0 —620 £ 50.0 362 + 250
0.01 —2.11 £ 0.045 11.8 £ 0.350 —41.2 +1.05 33.6 = 0.05
0.1 —0.2854+0.009 | 0.352 + 0.027 —2.244+0.015 | 2.01 & 0.005
1.0 —0.025 = 0.26 0.02 +0.013 —0.15+0.10 0.14 + 0.082
10.0 —0.075+0.245 | 0.002 +0.0001 | —0.015 4 0.010 | 0.013 = 0.009
100.0 | —0.071 +£0.237 | 0.0001 + 0.0002 | —0.002 £ 0.001 | 0.001 4+ 0.001
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Table B.6: The xF, SP and hydrodynamic contributions to the total suspension
first normal stress difference for the kinetic flocculated regime, A > 10. Statistical
information is omitted where sampling is insufficient to produce meaningful standard
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deviations.
IR D A Nl N N
17.0 | 2-107° —4.63+1.5 18500 + 635 | —34800 £ 3810 | 23100 + 1290
10~4 —6.54 +1.7 3840 + 355 —6850 £+ 723 3420 + 702
0.0005 -5.06 553 -1420 870
0.001 -3.92+1.0 259 +12.0 —611 + 38 386 + 67
0.005 —4.89+0.5 262424 —88.0+ 1.0 78.2 £ 5.5
0.05 —0.724 £ 0.438 | 0.531 :=0.168 | —3.99 + 1.54 4.77+1.27
0.5 —0.077 £0.303 | 0.024 +0.016 | —0.314 £ 0.165 | 0.310 £0.141
1.0 —0.061 £0.31 | 0.009 £ 0.008 | —0.152 +£0.01 | 0.140 £ 0.009
83.0 [2-107°| —11.7+0.75 9200 + 200 | —36400 + 2760 31700 £ 445
104 —21.94+0.7 1870 =75 —6500 £ 200 5370 4+ 300
0.001 —18.4 +0.89 145 & 2 —600 £+ 19 510+ 6
0.01 —4.89 4+ 0.37 2.39+0 —40.1 £0.7 451+14
0.1 —0.384 £0.08 | 0.04 £0.014 —-1.67+0 2.18 = 0.09
1.0 —0.121 £0.218 | 0.002 £ 0.001 | —0.162 +0.804 | 0.142+1.15
830 [2-107° —41.44+5.3 3260 + 757 | —32800 £ 1260 | 33000 % 3400
10~4 —53.8 +£9.7 663 + 20 —T7000 £ 790 6630 £ 170
0.001 —38.9+0.2 34.5+0.9 —653 £ 5 649 + 9
0.01 —8.83 + 1.48 0.428 +0.08 -32.7+1.3 4524+ 1.8
0.1 —0.256 £0.372 | 0.004 £ 0.003 | —1.67 £0.719 2.25 +0.737
1.0 —0.126 £ 0.008 | —0.0002 0 | —0.167 +0.01 | —0.144 +0.014
8.3
10% | 2-107° —71.0+2.5 4.454+0.16 | —35100 & 1780 | 32400 + 4210
1074 —123 £ 23.5 1.34 +0.38 —6596 + 235 7260 £ 93.9
0.001 —69.7 +12.9 0.06 £+ 0.02 —627 £+ 32.7 671 4+ 21.9
0.01 —11.5+2.1 0.0004 + 0 —35.4+3.9 48.5 + 3.25
0.1 —0.595 £ 0.331 0+0 —1.69+0.41 221 +0.51
1.0 —0.169 £ 0.236 0+0 —0.103 £ 0.049 | 0.102 £ 0.051
8.3
1012 | 2.107° —4050 + 33 0 —25300 £ 90 22800 4 4580
10—+ —680 £+ 125 0 —4900 £ 158 5130+ 175
0.001 —330 £ 221 0 —483 + 38 581 £ 28
0.01 —8.98 +4.92 0 -32.8+7.1 42.5+5.0
0.1 —0.816 £ 0.662 0 —1.82 +0.576 1.65 + 0.876
1.0 —0.306 £+ 0.182 0 —0.132 £+ 0.053 | —0.098 + 0.022




