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ABSTRACT

Laminar-turbulent transition prediction for boundary-layer flows is a pacing item
in engineering design. This work extends the one-way Navier Stokes (OWNS)
equations to support nonlinear interactions between waves of different frequencies
which enables nonlinear disturbance evolution in spatially-developing shear flows,
with the goal of predicting transition for a reduced computational cost relative to di-
rect numerical simulation (DNS). The OWNS approach linearizes the Navier-Stokes
equations about a user-specified equilibrium solution, and then evolves disturbances
to the equilibrium solution by solving a spatial initial-value problem in the frequency
domain. OWNS yields a reduced computational cost compared to global linear sta-
bility analysis, while also conferring numerous advantages over the parabolized
stability equations (PSE) that we seek to extend to nonlinear OWNS (NOWNS).
We validate NOWNS for two- and three-dimensional disturbances to a low-speed
Blasius boundary layer by comparing to DNS results from the literature. We further
demonstrate that NOWNS can be used to for transition prediction since it accurately
predicts the onset of laminar-turbulent transition in low-speed boundary-layer flows,
relative to DNS. Subsequently, we extend the approach to high-speed boundary-
layer flows, where we apply it to study oblique-wave breakdown of Mack’s first
and second modes. Finally, we formulate a greedy algorithm for choosing opti-
mal OWNS recursion parameters, which achieves rapid error convergence and a
net decrease in computational cost compared to previous approaches to recursion

parameter selection.
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Chapter 1

INTRODUCTION

1.1 Boundary-layer flows

In fluid flows, the boundary layer is a thin region near a solid surface, such as
an airplane wing, where viscous effects dominate.A flow is laminar if it flows in
parallel layers with no disruption between those layers, while it is turbulent if it
is characterized by abrupt changes to the flow. In aerospace design, delaying or
preventing laminar-turbulent transition is desirable, as turbulence increases skin
friction and heating. Despite extensive theoretical, experimental, and numerical

studies, controlling transition remains a challenge.

1.2 Governing equations
For low-speed boundary-layer flows, we formulate the governing equations in terms
of the specific volume, a, the velocity, U, and the pressure, ?. Then, the non-

dimensional, compressible Navier-Stokes equations for an ideal gas can be written

as
— a,r u=0 (1.1a)
u 1
— r?= r 1.1
©.ar?=oar g (1.1b)
? 1
— - W?,.r u’= ,—4,,W 1"»,ru”: g. (1.1¢)
2 2 ”
— ar-? ,2ra r?,7?r 1.1
T ,2ra , a (1.1d)
fOI‘ the stress tensor
2
g="*ru, ,ru” 30w (1.1e)

where © is the dynamic viscosity and ” is the bulk viscosity. We take the bulk
viscosity to be zero (* = 0) and we introduce the Reynolds number, the Prandtl

number, and the Blasius length scale
S
4= d1X,04 WA = 2911 X, = 16,
c - d x>
1 -1 171

Here a; denotes the free-stream specific volume, “; the free-stream dynamic

viscosity, 4 the free-stream thermal diffusivity, 2, 4 the free-stream specific heat
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capacity at constant pressure, and 04 the free-stream sound speed, while G, H, I,
correspond to the streamwise, transverse and spanwise directions, respectively. To
avoid confusion with the kinematic viscosity, we use the free-stream density, d4 , in
the definition of our dimensionless variables. At low Mach numbers, temperature
fluctuations are minimal, so we take the fluid properties (“, -, and 2-) to be constant.

Throughout this work, we also use the following dimensionless quantities:

_02%,6 _H _ 5 _ V5
‘1 XO d1*12 dl*l

14G

where 74 is the streamwise coordinate, is the temporal frequency, and 1 is the

spanwise wavenumber.

1.3 Laminar-turbulent transition in boundary-layer flows
We briefly review the developments in boundary-layer transition prediction and

introduce key definitions and concepts relevant to the transition process.

1.3.1 A Dbrief history of laminar-turbulent transition

Orr (1907) and Sommerfeld (1908) independently formulated a linear eigenvalue
problem, now known as the Orr—Sommerfeld (OS) equation, to study viscous in-
stabilities in two-dimensional (2D) parallel flows. Meanwhile, Prandtl (1904) hy-
pothesized the existence of the boundary layer and employed scaling arguments
to simplify the Navier—Stokes equations within this region. Building on Prandtl’s
theory, Blasius (1908) derived a similarity solution for the steady boundary layer
that develops on a semi-infinite flat plate aligned with a constant unidirectional flow.
Later, Tollmien (1929) and Schlichting (1933) independently solved the OS equa-
tion for the Blasius boundary-layer profile. Their analyses revealed the presence
of at most one unstable mode, now known as the Tollmien—Schlichting (TS) wave,
and enabled the prediction of the critical Reynolds number at which the TS wave

becomes unstable.

Early experiments attributed transition to high levels of freestream turbulence rather
than exponential growth of the TS wave, but Schubauer and Skramstad (1947)
confirmed the existence of TS waves by using damping screens to ensure low levels
of freestream turbulence, showing excellent agreement with theoretical predictions.
Schubauer and Skramstad initially investigated naturally occurring disturbances
from small freestream fluctuations, later introducing a vibrating ribbon to control
their frequency and amplitude. In a similar setup, Klebanoff et al. (1962) placed

evenly spaced tape strips along the plate’s leading edge to generate oblique waves
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at the same frequency as the fundamental TS wave. Although initially weaker,
these oblique waves interact with the TS wave, amplifying both themselves and
their higher harmonics. This interaction leads to the formation of aligned -vortex
structures, characteristic of the transition path now known as the fundamental (or K-
type, for Klebanoff) path. Similar experiments by Kachanov and Levchenko (1984)
identified the subharmonic path in which the oblique waves have half the temporal
frequency of the fundamental TS wave, while the -vortex structure is staggered
and transition is delayed relative to the fundamental path. Herbert (1988) developed
a secondary stability theory, using Floquet analysis, to study these transition paths,

so the subharmonic path is also called the H-type path after Herbert.

For high-speed boundary-layer flows, Mack (1984) identified unstable eigenmodes
now known as Mack modes. Mack’s first mode is the high-speed analog of the TS
wave, as both are viscous in nature. However, the TS wave is most unstable for
two-dimensional disturbances (V = 0), while Mack’s first mode is most unstable for
oblique disturbances (V < 0). Mack’s first mode is the primary disturbance leading
to transition for Mach numbers up to 4.5, while the higher Mack modes, which are
non-viscous, are the primary instabilities leading to transition for Mach numbers
higher than 4.5.

1.3.2 Notions of stability
Disturbances to the flow lead to flow instabilities, which can be classified either

as absolute or convective instabilities according to the definitions of Huerre and
Monkewitz (1985):

Definition 1.3.1 (absolute instability) Consider a disturbance introduced atx =0
and ( = 0, then it is an absolute instability if its amplitude grows as¢ ¥ 1 for all x.

Definition 1.3.2 (convective instability) Consider a disturbance introduced at x =
0 and( = 0, then it is a convective instability if it is swept away from x = 0 such that
the system returns to its unperturbed stateasC ¥ 1.

Figure 1.1 compares absolute and convective instabilities in the G  (-plane using
Figure 7.6 from Schmid and Henningson (2001). Note that the TS wave, and other
disturbances to boundary-layer flows, are convective in nature, so this work will

focus on these types of instabilities.



(b)

Figure 1.1: Sketch of convective and absolute stability from Figure 7.6 in Schmid and
Henningson (2001): (a) G ( plane diagram of an absolutely unstable disturbance;
(b) G ( plane diagram of a convectively unstable disturbance.

1.3.3 Types of disturbances
We divide disturbances into the following three categories: (i) modal, (ii) multi-

modal, and (iii) non-modal.

Definition 1.3.3 (modal disturbance) For aspecified frequency, a disturbance that
propagates in the streamwise direction with a well-defined streamwise wavelength.

Definition 1.3.4 (multi-modal instabilities) For a specified frequency, there are
multiple modal disturbances, each evolving with di [efient streamwise wavelengths.

Definition 1.3.5 (non-modal instabilities) The linearized Navier-Stokes operator
is non-normal so that its eigenvectors are not mutually orthogonal. Therefore, the
superposition of linearly stable modes can temporarily increase in magnitude, even
as each mode decays, leading to transient growth.

The TS wave is a modal disturbance, as illustrated in Figure 1.2, which shows
contours of the streamwise (D) and wall-normal (E) velocity disturbances. These
contours demonstrate that the TS wave evolves with a well-defined streamwise
wavelength, characteristic of a modal instability. Low-speed boundary-layer flows
typically experience only modal disturbances, while multi-modal disturbances are

characteristic of high-speed flows (Fedorov, 2011).

Figure 1.3 uses Figure 4.1 from Schmid and Henningson (2001) to illustrate transient
growth. Both vectors | and ; are decaying, but their superposition temporarily
grows in time due to the mutual non-orthogonality. Appendix J investigates transient

growth for low-speed boundary-layer flows.
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Figure 1.2: Contours of the D- and E-velocity disturbance contours for the 2D TS
wave, demonstrating that it evolves with a well-defined wavelength that is constant
in the streamwise direction.
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Figure 1.3: Figure 4.1 from Schmid and Henningson (2001) illustrating transient
growth due to non-orthogonal superposition of two decaying vectors.

1.3.4 Paths to transition for compressible boundary-layer flows

Initially disturbances enter the boundary-layer flow through a process known as re-
ceptivity, in which energy from the free stream enters and excites instability waves
inside the boundary layer (Morkovin, 1969). Following receptivity, there are multi-
ple paths to transition, as discussed by Morkovin et al. (1994). Figure 1.4 reproduces
Figure 1 from Fedorov (2011), adapted from Morkovin et al. (1994), which presents

the different transition paths. We summarize them as follows:

* Modal path: if the initial disturbances are sufficiently small, then modal growth
is the dominant growth mechanism, and the disturbances grow exponentially

before reaching triggering secondary instabilities and reaching the nonlinear
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Figure 1.4: Figure 1 from Fedorov (2011), adapted from Morkovin et al. (1994),
showing transition paths in boundary-layer flows.

regime.

* Transient path: if the modal disturbances are initially linearly stable, then
non-orthogonality can transient growth to increase disturbance amplitude
prior to reaching the region of the flow where the modal disturbances are
linearly unstable. If the transient growth is sufficiently large, then secondary

instabilities can be triggered without exponential growth.

* Bypass path: if the free-stream disturbances are sufficiently large, or if the
transient growth is sufficiently large, then bypass transition can be triggered,
where the nonlinear regime is reached directly (without exponential growth

and secondary instabilities).

This work will focus on the modal path to transition, while future work could

investigate transient growth.

1.4 Methods for hydrodynamic stability analysis
In hydrodynamic stabiltiy analysis we study the evolution of a time-varying distur-

bance, qo, to a time-invariant equilibrium solution, 4. Therefore, we decompose the
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flow into terms associated with  and q’, as described in appendix A, yielding the

stability equations (A.6), for the vector of primitive variablesq = ,a D E F ?”.

1.4.1 Locally-parallel linear stability theory

The theory developed by Tollmien and Schlichting is now known as locally-parallel
linear stability theory (LST). In LST, the flow is assumed locally parallel, meaning
the base flow does not vary in the streamwise direction (Mgq = mgeG = 0), and
the wall-normal velocity vanishes (E = 0), so the boundary-layer thickness remains
constant. We consider the spatial stability problem with the following wave-like

ansatz for the disturbance:
[2) G

q°,,G H1C( =q4,H" exp 8 u,G"3G6,8,vl (" (1.2)
Go

where ( is the eigenfunction, I the temporal frequency, U the streamwise wavenum-
ber, V the spanwise wavenumber, and G the streamwise coordinate. While stability
studies of low-speed boundary layers often express the streamwise location in terms

of > = 74, we use ”4g throughout this work.

Tollmien and Schlichting conducted temporal stability analysis, which assumes
that disturbances grow in time. However, disturbances to boundary-layer flows
grow in the streamwise direction, so later studies instead solved the spatial stability
problem. In this approach, the streamwise coordinate G, spanwise wavenumber V,
and temporal frequency I are specified, with V and I real-valued. The complex

streamwise wavenumber U and eigenfunction ¢,,6” must then satisfy
ug,c"=1,1vG6"q,6” (1.3)

where 1,1 V G” is the linear operator governing spatial stability. Disturbances are
unstable if Uy 0, stable if Uy j 0O, and neutrally stable if Uy = 0. The TS wave
exhibits two neutral stability points, termed branches I and II, and is stable except
within G 2 ,6; Gp;”. The growth of the TS wave amplitude is given by
In " = G Us,.G” 3G (1.4)
0 Go
where ,G” is the disturbance amplitude and ( is the disturbance amplitude at

branch I. Building on Tollmien and Schlichting’s initial work for incompressible
flows, Mack (1984) extended the theory to hypersonic boundary layers. We further
note that for H- and K-type transition, although LST can be used to predict the
growth of the TS and oblique waves separately, the growth of the oblique wave
is affected substantially by the TS wave. Therefore, Herbert (1988) introduced a

secondary stability theory, using Floquet analysis, to account for this effect.



1.4.2 Linear global stability analysis

LST is computationally efficient, but neglects history and non-parallel effects, which
can be included using linear global stability analysis (GSA). In GSA, we specify an
inlet disturbance at Gy, and/or a forcing function for G 2 »Gy, Goyt.., and solve for
the resulting disturbance. However, this approach entails high computational and
memory costs because a large linear system of equation, O,#; #y #|” must
be solved. Here #g, #y, and #| denote the resolution in G, H, and I, respectively.
Moreover, the disturbances associated with high-speed boundary-layer flows evolve
with short wavelength over long streamwise domains, so that global methods are

particularly expensive for these flows (Fedorov, 2011).

1.4.3 The Parabolized Stability Equations
The linear parabolized stability equations (PSE) also include history and non-parallel
effects, and entail much lower computational and memory costs than GSA (Bertolotti

et al., 1992). PSE uses a wavelike ansatz

flg “
q°,6 H1("=4q,6 Hra? 6o VO30 8,v1 IC

so that
0 flig

mg” _ mq B U.6"36 3 viI e

- = _1 BU G ”

mG mG 7 4% 4

m*q’ _  mu L TP TR S
—=§—q4,2U0— UG 4 G " "4

mG2 qu 7 mG q ’

where we have assumed that m?>§ mG> = 0. In addition, nonlinear analyses can be
performed using the nonlinear PSE (NPSE).

PSE has proven effective for boundary-layer flows (Bertolotti et al., 1992; Herbert,
1997; Paredes et al., 2015; Chang et al., 1993; Chang and Malik, 1994; Paredes
et al., 2016a; Joslin et al., 1993) and mixing layers (Day, 1999; Day et al., 2001).
However, to achieve a stable march, PSE relies on ad hoc regularization techniques
(Li and Malik, 1996; Li and Malik, 1997; Broadhurst and Sherwin, 2008) to suppress
(rather than eliminate) upstream-propagating waves. This introduces a minimum
step size requirement for numerical stability, which limits the streamwise resolution.
Furthermore, Towne et al. (2019) demonstrated that PSE is generally not accurate for
multi-modal disturbances because it can track only the most dominant disturbance,
and that the other disturbances are neither necessarily damped away, nor properly
evolved. While some studies have reported success when applying PSE to non-modal
disturbances (transient growth) (De Tullio et al., 2013; Paredes et al., 2016a; Hack
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and Moin, 2017), others have documented limitations and challenges (Cheung and
Lele, 2007; Rodriguez et al., 2018). Although PSE has been applied to hypersonic
boundary-layer flows (Pruett et al., 1995; Paredes et al., 2016b; Lakebrink et al.,
2017), such flows often feature multiple discrete modes and disturbance branches
that can synchronize, which proves challenging for PSE (Towne et al., 2019; Fedorov,
2011).

1.4.4 The One-Way Navier-Stokes equations

Towne and Colonius (2015) developed the linear One-Way Navier—Stokes (OWNS)
equations, which use recursive filtering to construct efficient and well-posed one-way
approximations to linear hyperbolic systems. This original formulation, now known
as OWNS outflow (OWNS-0), is based on non-reflective boundary conditions for
outflow boundaries and is limited to homogeneous (unforced) equations. To address
this, Towne et al. (2022) introduced OWNS projection (OWNS-P), which extends
the method to inhomogeneous (forced) equations. Subsequently, Zhu and Towne
(2023) developed OWNS recursive (OWNS-R), offering a more computationally

efficient approach for inhomogeneous equations compared to OWNS-P.

OWNS overcomes several limitations of the Parabolized Stability Equations (PSE),
particularly by correctly removing all upstream-traveling waves. As a result, it
avoids the minimum step-size requirement and accurately captures non-modal and
multi-modal instabilities (Towne et al., 2019). The method has been applied to
low-speed boundary-layer flows by Rigas et al. (2017a) and extended to high-speed
boundary-layer flows by Kamal et al. (2020).

1.4.5 Empirical methods for transition prediction

The linear methods discussed above can be combined with empirical correlations to
predict transition. For example, the 4% method (Smith et al., 1956; Van Ingen et al.,
1956) computes the #-factor

”G”
0

#= max In (1.5)

and predicts transition for # j 9. While effective for low-speed flows, the method

faces challenges for high-speed flows (Fedorov, 2011).

1.5 Frequency domain analysis
Time-marching, with finite difference discretization in the spanwise direction, allows

all frequencies and wavenumbers to be considered simultaneously, as long as they are
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resolved properly using a sufficiently refined grid and time step. If the disturbances
are periodic, then they can be represented using a Fourier series
.o
q’G H 1= G<=,G H 174V <K (1.6)
<= ""=—= #
where I and V are the fundamental frequency and fundamental wavenumber, respec-
tively. We do not discuss in detail conditions under which Fourier series converge,

but note that increasing *" and # will generally lead to a better approximation.

In flight and wind tunnel tests, multiple modes and frequencies are excited simulta-
neously, which broadband forcing can replicate. However, this complicates analysis
due to overlapping transition scenarios (e.g., oblique-wave breakdown, fundamental,
or subharmonic transition). Although not representative of experiments, selectively
forcing dominant instabilities at specific frequencies and spanwise wavenumbers
enables focused study of individual transitions. While NOWNS could be applied
to study periodic broadband disturbances, this would require many Fourier compo-
nents to converge. Instead, NOWNS is better suited for selective forcing of dominant
frequencies and wavenumbers. We demonstrate throughout this work that NOWNS
can rapidly and accurately simulate such transition scenarios. We further note that
NOWNS is well-suited to do so, compared to time domain analysis, since time
domain analysis must time march through a transient to reach to a periodic state,
which require small time-steps and many periods of the fundamental frequency to

achieve.

1.6 Outline of thesis

The goal of this work is to develop the nonlinear OWNS (NOWNS) procedure and
use it to predict laminar-turbulent transition for boundary-layer flows. Chapter 2
reviews OWNS-P and OWNS-R, while Chapter 3 extends OWNS-P to include non-
linear effects and validates it for low-speed boundary-layer flows. Chapter 5 applies
NOWNS to transition prediction for low-speed boundary-layer flows. Chapter 4 de-
velops a greedy algorithm for recursion parameter selection, which is demonstrated
for high-speed boundary-layer flows in Chapter 6. We make recommendations for

future work and concluding remarks in chapter 7.
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Chapter 2

ONE-WAY MARCHING OF LINEAR HYPERBOLIC
EQUATIONS

This section reviews the OWNS-P and OWNS-R formulations in preparation for
the exposition of NOWNS in Chapter 3, and for the greedy recursion parameter

selection algorithm in Chapter 4.

2.1 Introduction

Many physical phenomena, such as wave propagation, can be modeled by (linear)
systems of hyperbolic partial differential equations (PDEs), solvable either as time-
domain initial boundary value problems or frequency-domain elliptic boundary
value problems. When wave propagation is predominantly unidirectional, one-way
(parabolic) wave equations can be used to evolve the downstream-going solution.
For accuracy and well-posedness, the one-way equation must retain the downstream-

going waves, while not supporting any of the upstream-going waves.

One-way wave equations can be obtained by factoring the dispersion relation in
Fourier-Laplace space into upstream- and downstream-going factors, and then re-
taining only the downstream-going branch. Since the resulting equation contains
a square root of the Fourier-Laplace variables, the transformation back to physical
space results in a nonlocal integro-differential equation, which can be localized
using rational approximations of the square root (Lee et al., 2000). Although these
methods are accurate, well-posed, and efficient for simple wave equations (Trefethen
and Halpern, 1986; Halpern and Trefethen, 1988) such as the equations for geophys-
ical migration of seismic waves (Claerbout, 1976, 1985) and underwater acoustics
(Collins, 1989; Jensen et al., 1995), they can only be applied in cases where the
eigenvalues can be determined analytically, since the dispersion relation must be
factored analytically. Methods for one-way marching that do not depend on this
factorization have been developed by Guddati (2006) for acoustic and elastic wave

equations, and by Towne and Colonius (2015) for general hyperbolic systems.

To avoid factoring the dispersion relation, the method of Towne and Colonius first
discretizes the transverse directions, yielding a semi-discrete ordinary differential

equation (ODE) in the marching direction (2.7). An eigendecomposition of the
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discretized operator, "* in (2.7), then enables classification of its eigenvectors as
upstream- or downstream-going via Briggs’ criterion (Briggs, 1964), allowing con-
struction of a one-way equation. However, to avoid taking the eigendecomposition, a
recursive filter based on work by Givoli and Neta (2003) and Hagstrom and Warbur-
ton (2004) for non-reflective boundary conditions (NRBCs) at “outflow” boundaries
is used to construct an approximation to the one-way equation. The framework has
been extensively refined and generalized for the linearized Navier-Stokes equations
(Towne et al., 2022; Kamal et al., 2020, 2021, 2022; Rigas et al., 2017a). For
simplicity, we will refer to the general framework as the One-Way Navier-Stokes
(OWNYS) equations, but note that many of the techniques are broadly applicable to

other hyperbolic systems.

The OWNS projection method (OWNS-P) generalizes the approach to handle inho-
mogeneous (forced) equations (Towne et al., 2022). Both OWNS-O and OWNS-P
involve high computational costs compared to PSE, which motivated the develop-
ment of the more efficient OWNS recursive method (OWNS-R) (Zhu and Towne,
2023). We also note that a similar method, which uses recursive filters to approx-
imate the eigenvectors of "" for wave propagation in complex media, has been
developed by Rudel et al. (2022).

2.2 OWNS equations
Here we will develop the OWNS approach for a general linear system of hyperbolic

equations. First we note that a hyperbolic system is defined as in Definition 2.2.1.

Definition 2.2.1 (Hyperbolic system of first-order equations) Consider the follow-
ing system of first-order partial dilerential equations for # unknown functions
q’ =6/ 8%, d=q,6 y C"wherey 2 R® !and 3° 2 C!,R* R*” are once
continuously di [erentiable (nonlinear) functions:

3

mqo Moy On M o9 On
_’_3 ” ? _3 ” :0 2.1
mt = mG g 0= mGq a 21
We introduce the Jacobians
mglg mgl9
g = 9=1 # = (2.2)
mgi mgi

3
3
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and we say that (2.1) is hyperbolic if for all W, W3 2 R the matrix

Wy LWy 2, W3 3

has only real eigenvalues and is diagonalizable.

Consider the constant-coefficient hyperbolic system of equations

3 0
mg’  mg’ mq 0
i . . = f 2.3
mC mG - 9mHg a 2.3)
in 3 spatial-dimensions for ¢ 2R#* #with and defined asin (2.2), with

forcing function f 2 R# where f = f,G y (.

Remark 2.2.2 System (2.3) is a general first-order linear hyperbolic system of
equations. We delay writing explicit expressions for , ¢ and until Chapter 3
where we specialize the approach to the Navier-Stokes equations, for the operators
presented in Appendix A.

Applying finite differences (or other discretizations) in ,H, H3” yields
0 o 3
mq mq 0 0—
mC me = ,_,

for the difference operator . Since (2.3) is hyperbolic, we know that is diago-
nalizable with real eigenvalues ~ =) ) ! and eigenvectors ) !, which we use to

define the characteristic variables 5 =) q’. Next we write

m5 -mb5 3 m5 -
0 V] 9= »
me mG 1= mHy

5= f, (2.5)

where 3 =) ) !for9=2 3, =) ) ! and fq =) f. We assume that
" is non-singular (we treat the singular case in Appendix C) so that
n #

= - (2.6)

for #, #_ diagonal matrix _, with _ j Oand # # diagonal matrix

0, where #_, # = #. Taking a Laplace transform in time, and Fourier
transforms in space for § =2 3, we obtain
35

% B85, fq 2.7)
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where 5 and f represent 5 and fq, respectively, in the frequency domain, while

3
L I | T (2.8)
9=2
For the problems considered in this work, the matrix "* ,B" is diagonalizable, which
simplifies the exposition of the OWNS methodology. Therefore, we assume "",,B” to
be diagonalizable and note that the defective case is handled by Towne and Colonius
(2015).

We use Briggs’ criterion (Definition 2.2.3) to classify eigen-vectors as upstream- or
downstream-going, while Proposition 2.2.4 tells us that " ,B” has precisely #_ and

# downstream- and upstream-going eigenvalues.

Definition 2.2.3 (Briggs’ criterion) Consider a wave with complex wave-number
8U =8Uy UgforsomeB =80, [withreal I and[. Take [ ¥ 1, then according to
Briggs’ criterion, this wave is downstream-going if Uy ¥ 1., while it is upstream-
goingif Uy @ 1 (Briggs, 1964).

Proposition 2.2.4 For R,B” j 0, the matrix "",B” has precisely # and #
downstream- and upstream-going eigenvalues, respectively, according on Briggs’
criterion (Towne and Colonius, 2015).

Proof: The eigenvalues are the solutions to the characteristic equation

3
det, ~ !” 'det,"" 8U " =det, B 8y y U~ 7
9=2

The eigenvalues are continuous functions of B so taking the limit R,,B” ¥ 1 yields

#_ eigenvalues with 1 ,U” j O and # eigenvalues with 1,U” 0.

We then partition *" into upstream- and downstream-going blocks as
v o i
=+, + O + o+ (2.9)

where the columns of +_ 2 C# #. and+ 2 C# # the eigenvectors associated with
the downstream- and upstream-going eigenvalues of ", and we have dropped the
argument B for brevity. Next we introduce the coefficients 7, 2C* and7 2C#
such that

5=+7. ,+7 (2.10)
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while for notational convenience, we define
g =1 #oo0 =#_,1 # (2.11)

to denote indices associated with downstream- and upstream-going modes, respec-

tively.

2.2.1 Exact projection equations

OWNS-O (Towne and Colonius, 2015) has two notable drawbacks: (i) it does
not allow a forcing function, and (ii) it couples upstream- and downstream going
modes through 3+ 3G for flows that vary in the marching direction. These limita-
tions can be overcome by OWNS-P (Towne et al., 2022) and OWNS-R (Zhu and
Towne, 2023). Here we introduce the exact one-way projection approach, while
we subsequently introduce the approximations to this approach using OWNS-P and
OWNS-R. Definitions 2.2.5 and 2.2.8 introduce the exact projection matrix and
its associated one-way equations, while Proposition 2.2.10 demonstrates that these
one-way equations are consistent with the global equations, even for systems vary-
ing in the marching direction. This is in contrast to the OWNS-O approach, which
is consistent if and only if it is applied to constant coefficient systems (Towne and
Colonius, 2015).

Definition 2.2.5 We define the one-way projection matrix
" #

h i o N i
%=+ o+ T 4+ (2.12)
. 0o o
which partitions the solution into downstream- and upstream-going components as
- n # n #
UL N
20 o 5 > s
5=%q=%+t7= + + LT o=+ Kk, (2.13a)
’ 0o 0 7
h i n # n A #
N N A o o0 7 A
5%=» %.q=» %+7= + + o=+ 7, (2.13b)
’ 0 7
For brevity define " "
= - 0 (2.14)
0 0 '

sothat% =+ + I

Proposition 2.2.6 % is a projection matrix (Towne et al., 2022).
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Proof: We see that
W=+ + '+ + =4 4+ =y

where 2= | so that %2 = %, and (2.12) is a projection matrix by definition since

% = %?.
Proposition 2.2.7 % commutes with ** (Towne et al., 2022).

Proof: Diagonal matrices commute with each other so that = and

%' =+ + 1=+ 4+ 1l=ry

Definition 2.2.8 (exact one-way projection equations) The projection matrix, %,
can be used to obtain one-way equations

m5? .

e T %»" 50, . (2.15a)
m5Y .

o= % »* 5% 4. (2.15b)

for the downstream- and upstream-going modes, respectively (Towne et al., 2022).

Proposition 2.2.9 The exact one-way projection equations are well-posed as spatial
initial value problems according to the criterion of Kreiss (1970).

Proof: See the discussion by Towne and Colonius (2015) and Towne et al. (2022),
the criterion developed by Kreiss (1970), and the review by Higdon (1986).

Proposition 2.2.10 The exact one-way projection equations are consistent with the
global equations.

Proof: If 5% and 5% are solutions to (2.15a) and (2.15b), respectively, then sum-

ming these equations yields

m, 50, 50
mG

%»"E‘;O » 0., %,,,))"500 » 0.
" ghn 5! R 50, . %, »50 R 50, > 0

2 2

= "»50 R 500,” > 0
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so that 5° , 5% is a solution to Q2. If 5 is a solution to (2.7), then by linearity

m5 .

_: II5 R

mG g

m»%5. m» %5, . .
” — llo/ 0/ LB 0/" (yn
el s 05, %G, "", 'S, , "0

m5’ msY . .
e A R S

so that %5 and ,  %"5 are solutions to (2.15a) and (2.15b), respectively.

Remark 2.2.11 The exact OWNS projection framework can be re-interpreted using
a variational formulation, as shown in Appendix E.

2.2.2 Approximate projection using OWNS-P

To avoid taking the eigendecomposition of "*, OWNS-P uses a recursive filter to
approximate the projection matrix (2.12). Definition 2.2.12 introduces this recur-
sive filter, while Proposition 2.2.13 recasts it in a matrix form, where the matrix is
a projection matrix by Proposition 2.2.14. Proposition 2.2.15 provides a criterion
for OWNS-P convergence, while Proposition 2.2.16 provides a necessary condition
for convergent recursion parameters to exist. The error introduced by this approx-
imation is bounded in Proposition 2.2.17, while Proposition 2.2.20 shows that the

approximate projection matrix does not generally commute with *".

Definition 2.2.12 The action of % can be applied approximately using the OWNS-P
recursive filter

#y

5" =0 (2.16a)

U Bt e g s i =0 9= #y 1 (2.16b)
A - TR L (A (2.16¢)
A e I Y (2.16d)
5% =0 (2.16¢)

where V9 V?” are the recursion parameters and 5° the auxiliary variables for
9=0 #y 1 (Towne et al., 2022).

Proposition 2.2.13 The recursive filter (2.16) can be recast in matrix form

%oir, =+ sy Tt (2.17a)
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for " .
Tuy = Iy 1’; 7’ (2.17b)
where , which is a diagonal matrix
n #
0 ATV
= .= =1 # (2.17¢)
0 =0 Uz V
as shown by Towne et al. (2022).
Proof: See Appendix D.1.
Proposition 2.2.14 %, is a projection matrix (Towne, 2016).
Proof: Note that
%iv =+’#V ’#\1/+ 1+’#v ’#\1/+ 1=+’#V ’#\1/+ 1:%#\,
so that it is a projection matrix by definition.
Proposition 2.2.15 %, converges to % if and only if
#y 1. 9. . 0.
U< VjjUz vV
e LI b-o (2.18)

lim . 9. . 9.
ARl U< VU= V]
for all pairs ,U< U-" such that < =§--" and = =8> ~ (Towne et al., 2022).

Proof: See Appendix D.1.

Proposition 2.2.16 Recursion parameters such that %, converges to % exist if and

only if U« <U-forall < =8-"and==48". Inparticular, if #, # , then choose
Hy = #’ with
vV l=u. Vil<u. ==1  # 9=1 #

while if # # ., then choose #y = # with

Vil=u. Vl<uo ==#,1  # =1 #
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Proof: See Appendix D.1.

Proposition 2.2.17 (OWNS-P error bound) The error introduced by the OWNS-P
approximation is bounded by

K%, %k k+kk kk *kk+ ™ k, k+ '+ kk+ 'k, Otn®- (2.193)
fork kk kY nwhere
n=minfAk+ M+ k 2k+ 4+ k T2g- (2.19b)

for some small® i O such that® 1. Here we have used the Euclidean vector
norm

P— — .
kvkp = jBj2, ] B>~ v2C'- (2.19c¢)

and its induced matrix norm.

k ko =su — 2C" T— 2.19d
2 v<(§) kaZ ( )

where we have dropped the subscript for brevity, so khat= k k.

Proof: See Appendix D.1.

Proposition 2.2.18 If \(9 = U< for any downstream-going mode, it will be retained
accurately by the OWNS-P lter; ¥° = U for any upstream-going mode, it will be
removed.

Proof: See Appendix D.1.
Remark 2.2.19 Proposition 2.2.17 shows that the erréf4;, %k scales with
k kk kforsucientlysmallk kk k, while Proposition 2.2.18 shows itis

always possible to achieve zero error for any upstream- or downstream-going mode.

Proposition 2.2.20 %;, commutes withl if and only if' #\1/ = .
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Proof: If" \1/: . then

#

n — ] 1 1 1" [a— n -_—n pu— ]
Yr," =+ wy syt =%" ="% ="%4,°

If #i < , then’ #i is not diagonal and does not commute with so that
' #i < ' 4, and%:, does not commute with .

Remark 2.2.21 Proposition 2.2.14 establishes thg;, is a projection operator

for any choice of recursion parameters, while Proposition 2.2.20, in conjunction
with Proposition 2.2.15, establishes thég,, commutes withi if and only if the
recursion parameters are chosen such gt = %

Proposition 2.2.22 The error in treating’,, and" as if they commute is bounded
by

K%.," "%uk 2krkk Kk Tk k+ M+ K

2.20
Ck+ M+ k k+ kK k, Otn?e- (2.20)

fork kk kY nandnasin Proposition 2.2.17.
Proof: See Appendix D.1.

Remark 2.2.23 Although%, and" do not generally commute, the introduced by
treating them as if they commute is smakdb % kis small.

2.2.3 Approximate projection using OWNS-R

OWNS-R constructs approximations to (2.12), but with a reduced computational
cost relative to OWNS-P. De nition 2.2.24 presents the OWNS-R recursive lter.
Unlike OWNS-P, Proposition 2.2.27 shows that the resulting matrix is not generally
a projection, while Proposition 2.2.28 shows that it always commutes With
Proposition 2.2.30 provides a criterion for convergence, while Proposition 2.2.31
provides a necessary condition for convergent parameters to exist. While Zhu
and Towne (2023) suggested that the OWNS-P recursion parameters would also
work for OWNS-R, we show in Proposition 2.2.32 that this is not always true.
In addition, Proposition 2.2.38 shows that repeated applications of the OWNS-
R matrix leads to unbounded growth or decay unless the approximation is fully
converged. We then conclude by discussing the practical implementation of OWNS-
R in De nition 2.2.40 and Proposition 2.2.41.
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De nition 2.2.24 The action oPb6can be applied approximately using the matrix
%, =1, 2/°%- (2.21)
for
Gv
/= 1 8yor g\yol (2.22)
o1

where2 is a freely chosen parameter (Zhu and Towne, 2023).

Proposition 2.2.25 If we de ne the approximate eigenvalues
=1, 205 (2.23)

thenf%gl#'v0 =+ »,+ ! (Zhuand Towne, 2023).
Proof: See Appendix D.2

Remark 2.2.26 Zhu and Towne (2023) showed that seti@wg 0 gives ;:Vo =1,so

that the march is unstable since all upstream-going modes are retained. Similarly,
taking2!1 gives ;:Vo = 0, so that the march is stable but inaccurate. Therefore,
they recommend takirgy 1, and so we tak& = 1 for the rest of this paper.

Proposition 2.2.27 The matrix%:tlv0 is a projection matrix if and only if ;:Vo =1

1-

or . =0for: =l—eee—#
Vv

#

Proof: See Appendix D.2.

Proposition 2.2.28 The matrix%, ~ commutes witti for any choice of recursion
parameters.

Proof: Note that

'o 1' o
0 " = 1_ 1_ng _
@V =+ #y + =+ #V+ ="0p #y

since g, and are both diagonal matrices.

Remark 2.2.29 OWNS-P always produces a projection matrix (Proposition 2.2.14)
but it does not always commute with (Proposition 2.2.20). Conversely, OWNS-R
may not yield a projection matrix (Proposition 2.2.27) but it always commutes with
" (Proposition 2.2.28).
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Proposition 2.2.30 0/1%;\/0 converges tif and only if ;:Vo I 1for: =8° and

1

#:0 I Ofor: =8° (Zhu and Towne, 2023).

\

Proof: Clearly%, ' ! %ifand onlyif 4,! , while by de nition, *°=1
for: =8° and “°=0for: =8°,sothat 4, ! if and only if ;:Vo I 1for

- =8.° and ;:Vo! Ofor: =8°.

Proposition 2.2.31 Recursion parameters such th@ivo converges t&oexist if and

only if U< < U= for all pairs of< = 8-° and==8"° . In particular, choose
Vl=U- Vi<U- <-=8"- (2.24a)
Vi=U- Vi<lU- <=8 (2.24b)

Proof: See Appendix D.2.

Proposition 2.2.32 The minimal parameter set such th#g, = %for OWNS-P
(Proposition 2.2.16) yieId@@vo < %for OWNS-R.

Proof: If# Y# ,then#y=# ,with\V"1=UandV '<Ufor==8", and
for the upstream-going modes

-

1-0 g;]_lu: V90
#V -1 #’ lU Vgo 2' #) 1U Vgo < 0_ - -
o1 , 1 Y VY

sinceU. < VP for: =8° and9=8-°. Theno/é,t'v0 < %since ;:VO <Qfor: =8°.

Remark 2.2.33 Zhu and Towne (2023) claimed that the minimal parameter set
ensuring OWNS-P convergence also apply to OWNS-R, but Proposition 2.2.32
disproves this, while Proposition 2.2.31 identi es a di erent minimal set for OWNS-
R.

Proposition 2.2.34 The error introduced by OWNS-R is bounded by
k% % k max j2jk  kk 'k kfkk- 'k, Otn®-  (2.25)

wherek k-« kY nforsmalln j Osuchthatn 1 (Zhu and Towne, 2023).
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Proof: See Appendix D.2.

Proposition 2.2.35 If \(9 = Uc for any downstream-going mode, it will be retained
accurately by the OWNS-R lter; ¥° = U- for any upstream-going mode, it will be
removed.

Remark 2.2.36 Proposition 2.2.34 establishes that the error in introduced by
OWNS-R scales witmaxfjk _ k-k kgfor suciently small k kandk Kk,

while Proposition 2.2.18 shows it is always possible to achieve zero error for any
upstream- or downstream-going mode, while Proposition 2.2.18 shows it is always
possible to achieve zero error for any upstream- or downstream-going mode.

Remark 2.2.37 The OWNS-P error converges wikh  kk 'k, so that we have

convergence with eithét 'k =0or k _ k=0, while the OWNS-R error scales
withmaxfjk k& !kgsothatwe musthave 'k=k _k=0. Thus, OWNS-R

generally requires a larger and more carefully chosen parameter set.

Proposition 2.2.38 Repeated application @[;VO causes unbounded growth if;voj i
1 and decay to zero if ;:Voj Y 1forany: = 1-ee+—#Therefore, repeated appli-
=1

. . Vi . 1=0,_ .. 1< 0
cations introduce additional error unless#v Yiforall==8°,and #<V

(o]

forall < =8.°.
Proof: See Appendix D.2.

Remark 2.2.39 By Proposition 2.2.38%;\/0 should be applied only once for OWNS-
R to avoid solution blow-up or decay.

De nition 2.2.40 The action o\"/%v0 is applied to% by solving forS‘;V as

50 = %5“— (2.26a)
1 g\B9=1"  g\PoB9 1 g- ] eee_g (2.26b)
5%y = Diy— (2.26¢)
whereV® are de ned such that
Gv v BGv
2 W Vo= 1wy Ve iy v (2.26d)

*1 *1 *1
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Proposition 2.2.41 The action OP@'VO can be applied usin¢R.26)

Proof: See Appendix D.2.

Remark 2.2.42 In theory, the OWNS-R error decreases with increagiRgf both
k kandk 1k decrease. In practice, computingg numerically (e.qg., vi@oots
in MATLAB) introduces rounding errors that can prevent convergence.

2.3 Recursion parameter selection

Allthree OWNS formulations, as well as the method by Rudel et al., require selecting

a set ofrecursion parameterthat govern the convergence, stability, and accuracy of
the approximation. These parameters are, loosely speaking, estimates of key eigen-
values (or their branches) representing upstream and downstream modes. Previous
work has selected them heuristically, based on the Euler equations linearized about a
uniform ow Towne and Colonius (2015). We refer to this as kieairisticapproach,

and note that it avoids computing the eigenvalue$ ofout requires ow-specic

tuning (e.qg., di erent parameters for low- and high-speed boundary layers) and often
results in slow error convergence. We delay a more detailed discussion of recur-
sion parmaeter selection until Chapter 4, where we develop a greedy algorithm that
automates parameter selection, while also ensuring rapid convergence and stability.

2.4 Summary

We have presented the OWNS-P and OWNS-R formulations for hyperbolic equa-
tions. Whereas OWNS-P yields a projection matrix that generally does not commute
with " , OWNS-R yields a matrix that commutes with but is not generally a
projection. Although they can use similar recursion parameters, Proposition 2.2.32
shows that there exists parameter sets for which OWNS-P is converged while OWNS-
Ris not. In general, OWNS-R requires more careful parameter selection for stability
and accuracy. Finally, Proposition 2.2.18 and 2.2.35 show that it is always possible
to choose recursion parameters such that zero error is achieved for any upstream-
or downstream-going mode. We will show in Chapter 3 how the procedure can be
applied to the Navier-Stokes equations, and extended to include nonlinear e ects.
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Chapter 3

NONLINEAR OWNS METHODOLOGY

This chapter has been adapted from Sleeman et al. (2023), Sleeman et al. (2024b),
and Sleeman et al. (2025). Here we develop the NOWNS methodology and validate
it by comparing to direct numerical simulation (DNS) data for low-speed Blasius
boundary-layer ows. The OWNS-P approach presented in Chapter 2 was applied to
hyperbolic equations, but the Navier-Stokes equations are not hyperbolic, so we will
rst demonstrate how to apply one-way marching to the Navier-Stokes equations, as
done by Towne et al. (2022).

3.1 Linear OWNS

In Appendix A, we rewrite the Navier-Stokes equations (1.1) in operator form (A.6)

for the vector of primitive variableg = *ta— D— E— P~Where the nonlinear terms,
1q®, are de ned as in (A.4), while the linear operatbt, q°, is de ned as in (A.5).

To simplify the exposition, we temporarily neglect the streamwise di usion terms

by introducing the exogeneous forcing functiorF frorcing, fuiscouswhere

. n?q® n?q°

10 _
mGmH crd mGml

ntqP

0
o™ Géqoﬁ GH(

mG

fyiscous= Gq

represents streamwise di usion terms associated with the disturbance variable, while
frorcing IS an arbitrary forcing function. We then neglect the nonlinear term and re-
write equation (A.6) to obtain the linear stability equation

mg®

G o= Lrad’, fe (3.1)

Previous work OWNS has often neglectéghcousbecause this simpli es the pro-
cedure without signi cantly impacting its accuracy (Towne and Colonius, 2015;
Rigas et al., 2017a; Kamal et al., 2020), but we have found that this term impacts
more signi cantly the nonlinear calculation, as discussed in Appendix G.1, so we
re-introduce it (approximately) in Section 3.1.5.

In NOWNS, we consider a system of linear OWNS equations coupled together
through the nonlinear term, which acts as an inhomogeneous forcing function taking
the place off in(3.1). The OWNS-O approach (Towne and Colonius, 2015) supports
only homogeneous equations, so we must instead consider either the OWNS-P
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(Towne et al., 2022) or the OWNS-R (Zhu and Towne, 2023) approaches. OWNS-
R entails a reduced computational cost compared to OWNS-P, but we have found
OWNS-P to be more robust, so we use it to develop the NOWNS approach.

3.1.1 Semi-discrete equations

Throughout this work, we assume that our disturbances are periodic in the spanwise
direction with wavenumbeY and in time with frequency so that we can expand

our disturbances as Fourier series

~

q*G—H-9=C ° Ge=1G-H7=V! <IC7 (3.2)
<=1
In the linear case, all Fourier modes evolve independently, and we consider a single
disturbance of the form®G— H-9=a§:G-#4%=V! <IC° while we discretize in the
wall-normal direction using a 4th-order central nite di erences which we represent
using m mHOur semi-discrete linear operator is then

11g°=8l » H0°, HOo°% 8W 1g°, 1Q°% (3.3)
1° wde® 2, Vi 8V pigP=0- (3.4)
and we obtain
qu 0
St iy el G I f— (3.5)

a system of ODEs icomprising# g variables, wherét g = 5# y(#eg= 4#) in 3D
(2D), for the# ygrid points inH

3.1.2 Parabolization using the OWNS projection procedure

The above ODEs iGcontain components that propagate both upstream and down-
stream, and cannot be stably integrated without further intervention. Therefore, we
remove upstream e ects using a projection operator that we apply in the character-
istic variables5 =) g° where) are the eigenvectors ofg while =) o lare

the eigenvalues. Here we have dropped the arguipémt brevity. We transform

our equations to characteristic variables as

o F fye (3.6a)
with
1
F=)) 1) (%; (3.6b)

fu=) 1 (3.6¢)
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where ™ and Q denote the linear operator and forcing function in characteristic
variables, respectively. We then re-organize the diagonal magix

- 0 0
=80 ~ 01- (3.7)
0 0 "o

for the# positive eigenvalues | 0, the# negative eigenvalues Y 0, and
the #o zero eigenvaluesy = 0, where#o, # | # = #g For a boundary-layer

ow, ~=0atthe wall D= 0) or at a sonic pointd 2= 0). We further de ne
n # n #
- n #
0 5
~ - 55 _ R !-: 0 5\= _
0 - - 0 —— 5\0
# 0
FooF h ! fy
| - > — !"'0 = ro l"‘o — {21 = —
[ : fyo
and so that our equations become
1t}
~ —=F 5 o8, fo-— 3.8
e , T o%o, (3.8a)
0="ro 5 , MooB0, fqo— (3.8b)

which is a di erential algebraic equation (DAE) of index 1. We can use the algebraic
constraint (3.8b) to obtaiBy = r‘oé»!‘o g | ]((\;]_91/430 that we can re-write our
DAE as an ODE

rTg\ n
= 5 g (3.9)
for" = ~ 1y = 0!'"03!'"0 Yeand@ = ~ 1» - ol 0(])- 074

The upstream- and downstream-going modes of (3.9) can be determined based on
the eigenvalues df , according to Brigg's criterion from de nition 2.2.3 (Briggs,
1964) to introduce the projection operator from de nition 2.2.5, as described in
(Towne and Colonius, 2015; Towne et al., 2022). Then we obtain the linear OWNS
equation from de nition 2.2.8, yielding the equation for the downstream-going
solution

MY oor 80 g (3.10)

where we used th&band" commute, as shown by Towne et al. (2022).



28

3.1.3 Approximate projection operator

Exact OWNS is prone to numerical error and entails a high computational cost to
compute the eigenvalues and eigenvectors of the linear operator. Therefore, instead
apply the projection operator approximately using a recursive Iter (Towne and
Colonius, 2015; Towne et al., 2022). Whereas in de nition 2.2.12 we apply the
lter to the variabled, here we instead apply the lter to the residual. We de ne the
residualg® 15° = ~G1— » B P 05\0> f,(\q_ Yrandrplhs° = Y R !"'005\0, ]((\;I_g

based on (3.8), and following the approach of Towne et al. (Towne et al., 2022), we
can applyYapproximately to the residual using the recursive lIter

r =0 (3.11a)

i gVe o @ 1 gyTop 920 g=l-ese—p 1 (3.11h)
i 8\ op® 1 g\ op Poi g\ op (3.11c)
1Y = - (3.11d)

i V7 op® 1 gy R 9 =0 g=0-eee—# 1 (3.1le)
r#1° = 0— (3.11f)

wherery = 0 when the algebraic constraint (3.8b) is satis ed. We introduce the
vector auxiliary variablesty 2 C*a» and the approximate projection operators
% 2 CHawx #E 0f 2 Chax #ax 0 2 R* #ax where%r and % raux give the
right- and left-hand sides of (3.11), respectively, wisiggextractsi® from fhux as

r% = o The action of the approximate projection operator on the DAE (3.8)
can expressed compactly as

B
— = Y% (3.12a)

mG #
~la B0 oBY, f-Ya
Mo 57, FooBY, foo

0=rp 5%, Foody, foor (3.12c)

Y%rlaux= % (3.12b)

3.1.4 Fully-discrete equations
We de ne Z—1Z 2 R #aund ! #E, #aul andé‘z—f'g 2 C#e #ax sych that
0,
g OB
% 4L—

'o ' 00 0
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and
0
50 1
Be = S50 4— f,Y: Ya - 1.
q ](21-0
au ﬁw

Then, following the previous work on linear OWNS (Rigas et al., 2017a; Kamal
et al., 2020), we apply aBorder BDF scheme to obtain the linear OWNS equation
61
'z Zha 101/5\21: G 1° — otic® zgeticl i@ . {le G 1°_ (3.13)
=1
for : g = 1—e+++—@ where# s denotes the number of streamwise stations, wBile
denotes the order of the BDF scheme &td for ;g = 0—«++—B1 denotes the

marching coe cients.

3.1.5 Streamwise di usion terms

Following discretization in the wall-normal direction and trasnformation to charac-
teristic variables, our streamwise di usion terms become

A _ 8 _nd
g-viscous — G% GFG

for s6=) o¢ % =2 odls.)»c. oH .8VeH L and ~ =

) Gcgn)—l .)»G, GH , 8V Gﬂ%. We discretize the second-derivative using
a second-order backward di erence, while we discretize the rst-derivative using
the BDF scheme to obtain

0,10 o L0 61
., 10 _ - 5\1 > 25\1 N 5\1 1;0 - -1 ;o - 10
{:—viscous_ GG 1 32 2 Gs\l i El

;=0
and we add this term back into the fully-discrete OWNS equations (3.13).

3.2 Nonlinear OWNS

Whereas in nitesimal disturbances (in the linear case) evolve independently from
each other so that each Fourier mode can be considered separately, nite amplitude
disturbances (in the nonlinear case) are coupled through the nonlinear term. Since
it is not feasible to consider an in nite number of Fourier modes, we truncate the
Fourier (3.2) series

5 &
QG- H-#=C G- 477V! <IC° (3.14)

<= " = #
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resulting in2" | 1° 1 2# _ 1° Fourier modes. However, we require thgh

be real-valued, which yields the constraifi- = @<=, so that we need only
trackl" , 1° ® 2# 1° Fourier modes. We can additionally introduce a spanwise
symmetry condition, as described in Section 3.2.5, which further reduces the number
of modes tot" , 1° t # 1°.

The nonlinear terms in primitive variables*q®, are de ned in (A.4), and we
transform them to primitive variables in a way that mimics the transformation of the
linear terms, to obtain the nonlinear terms in characteristic variabtés, We use

our assumption of periodicity to obtain the Fourier series

~

o
Qo5 = No_B_g8=VI<ICo_ (3.15)
<= " == #
6 6
|~150 = |7 _15048=V1 <IC® (3.16)
<= " = #
6 G o]
fg = foocd®=V1 <IC% (3.17)
<= " == #

Note that§; is the forcing function in characteristic variables de ned in (3.6c). The
Fourier modes are mutually orthogonal, yielding the following system of equations:

b=
m<G—r“ “Ben, o150 fy o 8< 270 — 8=2Z4- (3.18)
forz. f G2z " G "gandZy f G2Z # G #g whereZisthe

set of all integers. We follow a procedure that mimics the linear OWNS approach
to obtain
nbo_..
mG

= Do=»"c280 - 0=1%67°% 8< 2Z.— 8=2Z4+  (3.19)

In the linear caseé%and” commute so that two one-way parabolic equations can
be solved to recover the full elliptic solution (Towne et al., 2022). However, this
property does not apply in the nonlinear case becausédtiees not commute

with the nonlinear term%g5 ° < %gy'%b © in general), so that (3.19) removes

the upstream e ect5% from the nonlinear term, and when we sum the upstream-
and downstream-going equations together, we do not recover the elliptic equation.
This is a reasonable choice for convective instabilities, where the disturbances travel
primarily in one direction, and we verifg posteriorithat we match closely DNS
results in the literature.
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3.2.1 Fully-discrete equations
Wede ne! 2. 2 R™e #aol* #e #an andB%_—f%__ 2 C*e #ax, asinthelinear case,
forall< 2 Z+ and=2 Z, and further introduce the nonlinear tetff. 2 C*& #aux
such that it mimics the de nition of the forcing functioﬁz_q Then we discretize
the rst-derivatives in both the linear and nonlinear terms using the BDF scheme
yielding the fully-discrete nonlinear system of equations

61

i zgiet Tofie et (el et (3.20)
=0

for< 2Z.,=2Zs,and: g= 1—eee—

3.2.2 Pseudo-spectral method

We employ a pseudo-spectral method whereby we solve our equations in Fourier
space, while we evaluate the nonlinear terms in physical space. Given the Fourier
coe cients B<- for < = O—eee2" and= = 0—ee+—#we can use the inverse
discrete Fourier transform (iDFT) to compute the solution in physical space as

N T

B 4RO IPem T, (31
<=0=0

for discrete times and spanwise locations associated with indise®-+« 2" and

; = O—eee2# respectively. Then, we can evaluate the nonlinear terms in physical
spacel<- = I15.-°, and employ the discrete Fourier transform (DFT) to compute
the Fourier components of the nonlinear terms as

o &
L = [og Bos: 20 1y Bomeiah, 10 (3.22)
<=0=0
for: = 0—eee2' and; = 0—e<2#. In practice, the DFT and iDFT are performed

using fast Fourier transform (FFT) libraries.

3.2.3 Nonlinear solution procedure and computational cost
We must ensure that the residual

. o @l o 1- -0 1- o 1- o 1- o 1- o
e al°_ ohe’ zgel al; re: Gl 5%:' G I K\zz- el f\é_éi’l (3.23)
;=0
is converged for every Fourier mode (2 Z+ and= 2 Z4) at every step of the
march ¢ g= 1— <+ +—&. We will use Newton's method to iteratively force the norm
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of the residual to zero in both an absolute and relative sense to a toleratébf
kréZe Pk

| I 1 o
# ‘e 1% 2
<=" = # k5\<= k

kréZe Py 10 10~ g ¥ 10 %

We concatenate the residual and solution vectors as

1.g 1° 1.g 1°
<-14# 1° <_1# 10
v L 1° H 1 1° H n
c-f § 7. lel- P 7 <=(Q-eee2—  (3.24)
g 1° g 1°
(\i—# 1 5\2—# 1
and
115 10 1 10
0 0
‘el =R 4 tel=Rp § 7. (3.25)
11 1° 14 1°
2" 2
In 2D with" = 1 we obtain
110 nr 110 1
o 01 10 01' 10 o 01 10 01' 10
v 110 L, - s _ 1,10 _ L, — s _
= g 7= B = &gv. 7= Y (3.26)
110 1 10 1,10 1 10
2 1 2 1

where we have used that

&1:,1°:r\zl:,1° 5\21:,10:5\21:,10 <i'"e

2" 1< 2" 1<
Using Newton's method, we obtain the Newton iterations

11 10—
m - . .
L L1 w10 f=0d—eeof 10— (3_27)
m .- ’

1:0_f.,

where we take 19 = for f 1.0 denoting the number of Newton iterations

at streamwise statian while the Jacobiam'**- *-fem ™. T isasde nedin (F.6).
Neglecting matrix blocks that are not on the diagonal, and writing the expression
for 3D disturbances, we obtain the Newton iterations

Q0 2 (TP ety g L 2 (3.08)

for < = "—eee_" == H_eee_fandf = 0_1_..._1f=10' It we negleCt
zt: | 1o-f i
00 , then we obtain

'z !Ai:’lo_fl/zl gLl o r\ilz:’lo_f_ (3.29)

for< = "—eee_" == #—eee_gandf = O-d-ese—f 1. To Solve (3.28)

or (3.29), we mimic the NPSE solution procedure (Bertolotti, 1991; Chang et al.,
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1993; Day, 1999): we take the lower-upper (LU) decompositiodf 2 rzi- Py,

to solve for 8%2-"1 then we update the nonlinear term, and repeat until the
residual is converged. We typically prefer solving (3.28) over (3.29) because it re-
duces the number of iterations to convergence, without increasing the computational
cost. Alternatively, if we accept a larger computational cost, then we can further
reduce the number of iterations by solving (3.27).

The linear OWNS system (3.13) comprisis, #aux = #g, 1 2# g, 1°#1 equations,
where# g scales with# 1y, so that the computational cost to solve this system using
a direct multifrontal solver (LU decomposition) scales@s# 3# 20, where0Q is a
problem dependent coe cient that depends on the sparsity pattern. Theoretically,
1Y 0 3and we typically observ®@ 15 for 2D problems and 2 for 3D
ones, see (Towne et al., 2022) for further details. The cost to integratetever
stations is therl® 1# g# # 0°, while a global method entails a cost@f# 2# °, so

that OWNS is more e cient for#1  #c The nonlinear OWNS system (3.20)
comprisest™ | 1° 12#  1° 1 #g. #,,° equations, and can be solved using
Newton's method (3.27), which entails a cost@f" %# %# 3# 2. However, this

cost can be reduced by instead solving (3.28) or (3.29), since we can perform the
LU decomposition os2'® 2 Mz 101/zseparately for each Fourier mode, yielding

a cost ofO1"## # 0°. Therefore, the cost to integrate the NOWNS equations is
O g'## G#3° using (3.28) or (3.29), while it increases @' O# O# J# 3°

for Newton's method (3.27), as compared to the @t 2" %# 9# %° for nonlinear
global methods.

Although (3.28) and (3.29) entail a lower computational cost, these methods fail

for strong nonlinearities and we must instead employ Newton's method (3.27). In

practice we implement a hybrid approach whereby we rst solve (3.28) to harness its
reduced computational cost, and then if more tRea0Q iterations have elapsed,

we switch to Newton's method to harness its better convergence properties. We
compare the performance of these three methods in Appendix G.3.

To reduce the computational cost of Newton's method, we re-use the LU factors from
the rstiteration as a pre-conditioner for the Generalized Minimal Residual Method
(GMRES), and we note that a similar procedure was performed for linear OWNS
in (Araya et al., 2022). We also tested the block-Jacobi relaxation method, which
entails a cost oD " ## 3#80, and although we found this approach converged
quickly in the early stages of the march, it failed as the nonlinearity grew stronger
and we did not pursue relaxation methods further.
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3.2.4 Special treatment of the zero-frequency modes

We have three options for obtaining a stable march for the zero-frequency modes, as
depicted in table 3.1. In the rst approach, which mimics how the zero-frequency
modes are handled by NPSE (Chang et al., 1993; Day, 1999), we neglect the stream-
wise pressure gradient) 3-»mGand the streamwise di usion termef@-*m&,
associated with the zero-frequency modes. However, in general we would prefer to
avoid neglecting terms, and to instead parabolize these equations using the OWNS
approach. In the second approach, we include the streamwise di usion terms (but
exclude the streamwise pressure gradient) associated with the zero-frequency modes,
and parabolize the equations for all modes using OWNS. This approach yields a
stable spatial march that agrees well with DNS, but o ers no advantages over the
rst approach: for all of the cases examined in this paper, neglecting the streamwise
di usion terms associated with the zero-frequency modes does not change substan-
tially the results of the NOWNS calculation. In the third approach, we include both
the streamwise di usion terms and the streamwise pressure gradient associated with
the zero-frequency modes. Although the OWNS approach yields a stable spatial
march, we have found that this approach produces inferior comparisons to DNS
solutions from the literature, as discussed in Appendix G.2.

We are applying NOWNS to boundary-layer ows where we wish to maintain zero
mean streamwise pressure gradient. The base ow has zero streamwise pressure
gradient, while the corrected mean ow will have zero streamwise pressure gradient

if m3=>mG= 0. In general, we will havan3->mG< O, but as long as it is
small, the streamwise pressure gradient of the corrected mean ow will be nearly
zero. It is possible that neglecting 3-mdeads to better agreement with the
zero mean streamwise pressure gradient condition, which is why we observe better
agreement with DNS. We further note that for ows with non-zero streamwise
pressure gradients, we will likely also wish to neglec®-» mG= 0 since the base

ow will have the desired streamwise pressure gradient.

In summary, including the streamwise pressure gradient for the zero-frequency
modes worsens agreement with DNS, while including the streamwise di usion
terms for the zero-frequency modes has nearly no impact on the solution. Since ne-
glecting these terms is more computationally e cient while still providing excellent
agreement with DNS, we recommend that these terms be neglected.
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| Includem?-+m@ | Includen?@-+m@&? | Parabolized using OWNS? Agreement with DNS?

1 No No No Yes
2 No Yes Yes Yes
3 Yes Yes Yes No

Table 3.1: Three approaches to parabolizing the zero-frequency modes

3.2.5 Spanwise symmetry
If the disturbances are symmetric, then we can enforce a symmetry condition to
reduce the number of equations fréth | 1° 1 2#  1°to " b 1° t #  1°

All variables have even-symmetrgd - = & _ 2 _ =10 _ E__=FE__
70 __ = 72 ), with the exception of thé=-velocity which has odd-symmetry
(P _= P

3.2.6 Boundary conditions

At the wall, we impose no-slip isothermal boundary conditidis{(E°= F°=) 0=

0) and solve for the speci ¢ volumeP, using the (nonlinear) continuity equation.
At the far- eld boundary, we impose 1D (i) inviscid Thompson characteristic
boundary conditions to minimize spurious numerical re ections (Thompson, 1987),
which we implement using the linearized boundary-layer ow equations.

Some previous work on NPSE has used similar characteristic far- eld boundary
conditions (Day, 1999). Chang et al. (1993) used the far- eld boundary condition
42_1Hna = 0 for <—=< 0. As the boundary layer must be allowed to grow in the
wall-normal direction (due to nonlinear interactions), they uﬁg- mH= 0 at Hnax

for the mean- ow distortion (MFD). The characteristic far- eld boundary conditions

are advantageous because they allow us to use the same boundary conditions for all
Fouriers modes, instead of handling the MFD as a separate case.

3.2.7 E ects of the mean- ow distortion

In NOWNS, the disturbances interact to excite the MFD, so that the corrected mean
ow, q, oo, di ers from the base ow,q. We have experimented with linearizing
about both the base ow and the corrected mean ow and found that it does not have a
large impact on the NOWNS calculation, as discussed in Appendix G.4. Linearizing
about the corrected mean ow increases the computational cost of NOWNS because
the projection operators change between iterations, since the MFD changes, so the
LU factorization must be updated. On the other hand, linearizing about the base ow
allows us to use the same LU factorization at each iteration because the base ow is
not a ected by changes in the MFD. Since it is more computationally e cient to
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linearize only about the base ow, we choose this approach moving forward.

3.2.8 Recursion parameters

The choice of recursion parameters is described in Sleeman et al. (2024b), and
matches the recursion parameters used by Rigas et al. (2017a), which are based on
the recursion parameters originally developed by Towne and Colonius (2015). We
brie y discuss our strategy for selecting the recursion parameters wher0 in
Appendix H.

3.2.9 Modeling errors

NOWNS removes upstream e ects, which introduces a modeling error, since the
real ow does allow waves to propagate in the upstream direction. We discuss
this modeling error and its e ect on the NOWNS methodology in more detail in
Section 5.4.2.

3.3 \Validation

We validate NOWNS by applying it to 2D and 3D Blasius boundary layer ows,
where the base ows are generated following the procedure outlined in Appendix B,
for which there are existing DNS and NPSE results in the literature. We choose a
Mach number oMa; = 01 to study ows near the incompressible limit. We refer

to modes according to their temporal frequency and their spanwise wave number
asl<—=2 where< refers to the frequency« = <l and=refers to the spanwise
wave numbelN- = =V. To be consistent with previous literature, we measure the
amplitude of disturbances as

1@ =2 - mﬁxj[ﬂ_zlG—‘Hi— (3.30a)
for
%1 < ===(0
2« == pé <=0-=<0==0-<< 0~ (3.30b)

_§2 otherwise

3.3.1 2D evolution of a Tollmien-Schlichting wave

We consider the test case developed by Bertolotti et al. (1992) which has been
widely used in the literature as a validation case for NPSE (Joslin et al., 1991; Joslin
et al., 1993; Paredes et al., 2015). This case examines the evolution of a Tollmien-
Schlichting (TS) wave excited at the inlet at a frequency 86 10 © and amplitude
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Figure 3.1: Amplitude ofPv.s. streamwise coordinatd, ¢ for 2D evolution of TS
wave.

[ﬂg)leP = 0-25% All other Fourier components initially have zero-amplitude and
are generated through nonlinear interactions with the TS wave. The grid extends
over the domaind g2 »6 10°-10°“andH2 »0-75Yavith 4000stations evenly
spaced inGand 150 grid points id with the majority of the grid points clustered
towards the wall, while the Fourier series is truncatetl at 5 temporal modes.

Figure 3.1 compares NOWNS to DNS and NPSElﬁﬁflG’, while theD and
E-velocity pro les for the MFD and TS waves are shown in Figure 3.2. Excellent
agreement is obtained; the discrepancy for the MFIE ofin be attributed to the
Dirichlet boundary conditions used in the DNS.

3.3.2 3D oblique-wave breakdown

Next we consider the oblique-wave breakdown case studied by Joslin et al. (1993),
where transition is initiated by two oblique waves with opposite wave angle. They
de ned two cases with small and large initial amplitude. In this section, for valida-
tion purposes, we consider the small amplitude case for which NPSE was previously
successful.

Oblique-wave breakdown has also been studied using both experiment and spatial
DNS by Berlin et al. (1999), while it was studied using NPSE for compressible
ows by Chang and Malik (1994). We further note that whereas fundamental and
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(a) Dvelocity for MFD (b) D-velocity for TS wave

(c) Evelocity for MFD (d) Evelocity for TS wave

Figure 3.2:D-andE-velocity pro les at streamwise coordinaié g= 7-80 10° for
2D evolution of TS wave.

subharmonic transition can be studied using Herbert's secondary stability theory
(Herbert, 1988), no such theory exists for oblique-wave breakdown, so that either
experiment or numerical simulation is necessary to study this transition scenario
(Joslin et al., 1993; Berlin et al., 1999).

The oblique waves have amplituﬂ%}lolQ)O = p§ 10 3 atthe inlet at a frequency
=86 10 °and spanwise wavenumbgr= 2¢9 10 3, while the grid extends

over the domaird g2 »2¢74 10P-6:08 10°YandH2 »0-75vwith 2-000stations

evenly spaced isand 150 grid points it while the Fourier series is truncated at

" =3and# = 4. Figure 3.3 compares NOWNS to DNS and NPSEIﬁf;;ﬁlG’,

while Figure 3.4 compares tlizvelocity pro les at'4 g= 469 10°; we see that

we have excellent agreement between the DNS and NOWNS results for all modes.
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Figure 3.3: Amplitude ofPv.s. streamwise coordinatd, ¢ for the small-amplitude
oblique-wave breakdown case at frequency 86 10 6, spanwise wavenumber

1=2.9 10 3, with initial amplitude offisy 1G° = 2 10 3.

3.4 Advantages of the NOWNS procedure
In this section, we apply NOWNS in three scenarios where NPSE is known to break
down, to demonstrate that NOWNS can succeed where NPSE fails.

3.4.1 High amplitude evolution of TS wave

It is well-known that NPSE can fail for su ciently strong nonlinearities (Day, 1999;
Towne et al., 2019). Here we consider a 2D test case from Scholten et al. (2024),
where we modify the validation case discussed in Section 3.3.1, such that we march
over the domaid g2 »l6 10°-859 10°Ywith 2663 stations evenly spaced in

G while the wall-normal domain remains the same as before, and the Fourier series
truncate at = 10temporal modes. Scholten et al. (2024) compute a high- delity
solution using a harmonic Navier-Stokes equation (HNSE) solver, and demonstrate
that NPSE agrees with HNSE with an inlet amplitudel;ﬁﬁ;}(?oo = 04%, but

that the NPSE march fails. In Figure Scholten et al. (2024), we plot the NOWNS
amplitudes against those from HNSE and demonstrate that NOWNS marches farther
than NPSE, while still being accurate, but that it too fails (by fail, we mean that the
Newton solver fails to converge). This highlights that NOWNS can march farther
than NPSE, while still being accurate, and that the failure of NPSE may not be
related to its minimum step-size requirement or the regularization techniques it uses
to suppress the upstream-going waves. As discussed in 3.2.3, the quasi-Newton
method is more computationally e cient than the full Newton's method, but takes
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(a) MFD (b) Oblique mode

(c) Vortex mode (d) First harmonic in

Figure 3.4:D-velocity pro les at streamwise coordinaté g = 469 10° for small-
amplitude oblique-wave breakdown.

more iterations to converge. In addition, the full Newton's method is more likely to
converge for stronger nonlinearities. In Figure 3.5, we indicate where each of the
the quasi-Newton and full Newton methods fail. Even without employing the full
Newton's method, NOWNS is able to march farther downstream than NPSE.

3.4.2 High amplitude oblique-wave breakdown

Here we apply NOWNS the high amplitude oblique-wave breakdown case studied by
Joslinetal. (1993). We modify the setup of Section 3.3.2 by increasing the amplitude
of the oblique wave at the inlet by a factor of 10055 1G° =" 12° 10 2, while

we change the streamwise domain so that it comprises 2,000 grid points over the
domain'd g2 »273529 10°4+9 10°%and the Fourier series are truncated at

" = # = 7. We plot the amplitudes of the-velocity as a function of streamwise

station in Figure 3.6. First we note that we have excellent agreement between the
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Figure 3.5: Amplitude ofPv.s. streamwise coordinatd, g for 2D evolution of TS
wave with I:ﬂ]lﬁle)O = 044%.

amplitudes predicted by NOWNS, NPSE, and DNS for the early stages of transition.
However, NPSE begins to fail towards the end of the domain, while NOWNS is able
to march all the way to the end of the DNS calculation. The DNS calculation is
under-resolved near the end of the domain (Joslin et al., 1993), which may explain
the discrepancy between the DNS and NOWNS calculations. We further note that
although the obliqgue-wavé1-1°, is initially the dominant instability, it is rapidly
overtaken by the vortex modé&)-2°, leading to streaks, which we observe in the
contour plots of theD-velocity O = D, ), shown Figure 3.7. The maximum
amplitude of the oblique-wave occursHit 255 (Figure 3.7a), while the maximum
amplitude of the vortex mode occurstét 131 (Figure 3.7b). We also note that the
QN solver fails before the NPSE solver. However, the NPSE calculation becomes
inaccurate earlier than the QN solver fails.

3.4.3 Low amplitude oblique-wave breakdown with random noise

Here we demonstrate for the low amplitude oblique wave breakdown case of Sec-
tion 3.3.2 that NOWNS is robust to random noise applied to the inlet boundary
condition. Given the eigenfunction from the locally parallel linear stability theory,
gLsT, We add random noiS@joise t0 Obtain the inlet condition st, Yénoise We
choose complex random noise such that

Bhoise = Chhoise-A. Sdnoise-8  CGhoise-Athoise8 U »0aur
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Figure 3.6: Amplitude of¥ v.s. streamwise coordinat&} g for high amplitude
oblique-wave breakdown.

whereU ,o_y,represents the uniform distribution over the inter@ ¥4 We then
normalize the noise to obtai@oise Such that the maximum amplitude of the
D-velocity noise is equal to the free-streddvelocity, * 1. We recall that the
amplitude ofgistis 2 10 3, and we choos®¥ = 2 10 °. In Figure 3.8, we
plot the pro le of theD andEvelocities, as well as the thermodynamic variables.
We see that the random noise has a relatively small e ect oibthelocity, and a
slightly more pronounced e ect on thigvelocity, while it has a larger impact on
the thermodynamic variables. Like tibevelocity pro le, the random noise has a
relatively small e ect on thé=-velocity pro le, so we omit this plot.

The NOWNS march succeeds even if we introduce large disturbances to the ve-
locity elds, but theD¥ amplitudes di er substantially from the noise-less case due
to the large perturbations. Therefore, we instead introduce relatively large random
disturbances to the thermodynamic variables, and relatively small ones to the ve-
locity eld. In Figure 3.9, we see that the amplitudes predicted by NOWNS for
the noisy inlet condition agree closely with those without noise. We also see that
although NPSE initially is able to accurately predict the evolution ofD4velocity
amplitudes, it eventually becomes inaccurate (especialﬁé’[)g;g andljl’1 40) before
failing. We also plot the contours of the real part of ixeand E-velocities of the
obliqgue wave, with and without noise in Figure 3.10. We see that despite the noisy
inlet condition, NOWNS evolves thB-velocity of the oblique wave such that it
matches closely the case without noise. On the other handikkcity is more
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(a) H= 255

(b) H= 1:31

Figure 3.7: Contours of the instantanedselocity for high amplitude oblique-
wave breakdown.
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Figure 3.8: Oblique-wave inlet boundary condition with and without random noise.

a ected by the numerical noise, yet we still obtain good qualitative agreement. The
other modes (e.g., the vortex mode) are evolved accurately by the NOWNS calcula-
tion with noisy inlet condition, and the contour plots with and without the numerical
noise are indistinguishable from each other, and so are not plotted here.

3.4.4 Blowing/suction strip

Blowing/suction strips are frequently used to study laminar-turbulent boundary
layer transition in low-speed boundary layer ows (Fasel et al., 1990; Rist and Fasel,
1995; Sayadi et al., 2013; Huai et al., 1997; Rigas et al., 2021). Here, we introduce
disturbances by specifying a non-zero wall-normal velocity suchBhdtE= 0° =

51G- -2 Cfor some function5'G—1<9@hat is periodic inCand 1. NPSE does

not support blowing/suction strips because they introduce non-modal disturbances,
demonstrating an advantage of NOWNS. However, we note that Herbert's second
stability theory yields an inlet boundary condition so that NPSE (and NOWNS)
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Figure 3.9: Amplitude of v.s. streamwise coordinat&} ¢ for low amplitude
oblique-wave breakdown with and without random noise.

Figure 3.10: Contour plots of tHe- andE velocities of the oblique wave, with and
without random noise.
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can be used to study fundamental (K-type) and subharmonic (H-type) transition
(Herbert, 1988, 1997).

Rist and Fasel (1995) used DNS with a blowing/suction strip to study K-type tran-
sition (Rist and Fasel, 1995), while similar studies were performed by Sayadi et al.
(2013) using DNS (Sayadi et al., 2013), and by Rigas et al. (2021) using a harmonic
balance method (HBM) (Rigas et al., 2021). The blowing/suction strip is given by

5:G—19€ 5 10 3sintIC°Rl@ | 13 10 *cosVIEG— (3.31a)
where
é 0- ‘4 '4 &GO
g o= LOL87H° 354378, 20280°- '4gG° V4 '4GGC
) % B 246&° 4e- '4GGOY 4 '4 GO
0- '468G° Y '4
(3.31b)
% > 46 4 GG°
4 3 , 0 . .
Bl'4 L = 3b*, 4b 454G Y 4s ‘434G 3310)
% 24 dG° '4dg- '48G°Y '4g '4JAG°
: 0- '43GO Y 4 g

for '4 GO = 13438 1P, '4 &GP = 15532 10°, G = G, G°2, and
b=14g '43G1'43G° '45G°. We choose = 110 106 and
1=0423 103with" =# =4, while the grid extends ove# ¢ 2 »1+33956
10°P—2+72 10°¥andH2 »0-60%with 1,300 stations itGand 100 grid points it

Figure 3.11 shows excellent agreement betweerDtlanplitudes of NOWNS and

the DNS of Rist and Fasel (1995) (Rist and Fasel, 1995). We note that in the
early stages of the march there is disagreement between the DNS and NOWNS
calculations because the blowing/suction strip causes upstream e ects that NOWNS
neglects by construction. However, these disturbances are convective in nature, and
the amplitudes predicted by NOWNS rapidly converge to those predicted by DNS
as the march progresses downstream.

3.5 Summary

In this chapter we developed the NOWNS approach and validated for low-speed
at-plate boundary-layer ows by comparing to DNS data in the literature for the
2D evolution of a TS, 3D obligue-wave breakdown, and a fundamental (K-type)
transition case. In addition, we demonstrated that NOWNS supports stronger non-
linearities than NPSE. For the 2D high amplitude evolution of a TS wave, we nd
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Figure 3.11: Amplitude ofPv.s. streamwise coordinatd, g for K-type transition

that the NOWNS march remains accurate until the point where the Newton solver
fails to converge, while for the 3D high amplitude oblique-wave breakdown case,
NOWNS marches all the way to the end of the DNS calculation. We also show that
NOWNS is robust to numerical noise in the inlet boundary-condition, and that a
blowing/suction strip can be used to introduce disturbances, which is advantageous
because blowing/suction strips are frequently used in DNS studies but cannot be
used in NPSE calculations.
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Chapter 4

A GREEDY APPROACH TO RECURSION PARAMETER
SELECTION

As discussed in Chapters 2 and 3, previous work on OWNS has chosen recursion
parameter$euristically, based on the Euler equations, linearized about a uniform
ow. This section proposes greedyalgorithm for recursion parameter selection,
and we demonstrate that it achieves rapid error convergence relative to the heuristic
approach for low-speed boundary-layer ows. This section is adapted from Sleeman
and Colonius (2025).

4.1 Greedy algorithm for recursion parameter selection

AssumingU< < U- for all < = 8-° and== 8°, propositions 2.2.16 and 2.2.31

de ne recursion parameter sets that ensure convergence. However, these sets are
large and require the eigenvalues of so previous work has used heuristic parameter
selection to avoid this eigendecomposition while maintaining stability and accuracy
with #y  #. Although it has been used successfully, heuristic selection converges
slowly, so we propose a greedy algorithm to accelerate convergence.

4.1.1 Objective function

9 _ £\ )9 - 9 _#v
We de neV” =fV — Vgand the recursion parameter sgt, f V Jg-o» as Well as
the functions

#@1.U Vg. #@1.U V9
T e Sl S e o @ia
o0 JU V] o0 U V]
and # 1
U Vil V9
j\lU<_u1 #VO J - gjj gj. (41b)
=0 JUc VU= V]
Then, by proposition 2.2.17 the OWNS-P error scales as
Jt 40 max JPU-U; 0=k  kk k- (4.1c)
<=8. —=
while by proposition 2.2.34 the OWNS-R error scales as
JU 40 max maxJ ile; 4 0-maxJ ilc; 4,0
<=8 =8 (4.1d)

=max k kk 'k



49

4.1.2 A summary of the greedy algorithm
By Propositions 2.2.17 and 2.2.34, the OWNS-P and OWNS-R errors scale linearly
with J1 » 2and] " °t 4 °for small values, respectively. Thus, for two recursion

110 120 110 . . 110 .
parameter sets#1 and #2 , We expect #1 to introduce less error i ! #1 oy
\% \% \% \%

Jt ;250. We seek 4, such thatl is minimized for#y  #, which is well-posed
as an optimization problem due to the continuity of the objective function (a quotient
of polynomials with a non-zero denominator). However, identifying the optimal set
is computationally intractable because we must consider
# 1 # !
B PRI B

combinations of recursion parameters, since we must chggseecursion pa-
rameters from the¢ downstream-going and the upstream-going eigenvalues.
Therefore, we use the greedy algorithm outlined in algorithm 1, which we brie y
summarize below, to choose quasi-optimal parameter sets.

Given a recursion parameter S€E cedy with #greedy\? #v, we can add two new
recursion parameteré\/#gree"y— Ve 10 reduce the error. We compute

<= arg 8rzgq>dj e} #geeq’— == arg Sgga}x\]" WL #greee
and choosd/’ 7% = U, andV'9** = U... This choice does not necessarily lead to
the optimal error decrease, but it locally eliminates the largest source.

Remark 4.1.1 Previous work on OWNS combined heuristic parameter selection
with mode-tracking, where important discrete modes (e.g., Kelvin-Helmholtz in free-
shear ows or Mack's second mode in high-speed boundary layers) were added to the
recursion parameter set to improve approximation accuracy (Towne and Colonius,
2015; Towne et al., 2022; Zhu and Towne, 2023). While previous methods manually
identi ed eigenvalues to track, the present work proposes an automatic approach
with minimal user intervention.

Remark 4.1.2 The greedy algorithm can be modi ed so that it is initialized with
user-speci ed recursion parameters instead of randomly chosen recursion parame-
ters. For example, choo$é’ corresponding to Mack's second mode, afdas the
upstream-going mode closest to the real axis.
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Algorithm 1 Greedy recursion parameter selection

W U for randomly choser = 8-°
W U for randomly choser = §°
f Vgwhere\ = f\V-Vg

#greedy
#greedy 1
Wh”e #greede #Vdo
< argmax _g.e J,\ U #greedyo
= argmax.g - J,\ 1U=1 #greedyo

\/#greedy f U<~—Lig

9 _#greedy
#geey 1 TV Oy

# greedy # greedy, 1
end while

4.1.3 Numerical stability of the recursive lter
OWNS solves equations of the form

1 g\es9l=1r gVeEO gz (0-eee—¢ 1o

If the exact solution is given by 1, then the rounding error introduced by solving
the linear system is bounded by

kB9 29Tk | gk 8V BST 1t 8y o8%
k29 1k k" 8V ox%%
n H 9 M
e gy okl BV KIBAT 8% VP VEjkE%k

ki 8V °A%
If \(9 = V9, thenk321 5% = Olnynac®, Wherennmach is machine epsilon, and
the error isOnac™t"  8\? °°. However, this error grows ejS{g V9j grows,
and accumulates fo® = O—see—g# 1. Therefore, it is preferable fgiv°® \(gj
to be small, so we re-order the recursion parameters suclj\{%éj \4 j\(gj and
VL Y jVofor 9= 1—eee—# 1. We further note that the error bounds and
objective functions do not depend on the order of the recursion parameters, so we
are free to re-order them, which is necessary when using greedy selection.

Remark 4.1.3 Heuristic parameter selection does not explicitly sort the recursion
parameters, but in practice they are chosen such that each pair has the same
magnitude V% | V).

4.1.4 Greedy algorithm and spatial marching
For systems wheré varies slowly inG the recursion parameters computed at the
inlet can be reused downstream. However, they generally need to be updated to
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keep the error low, which can be donetbgyckingthem as they evolve downstream,

as shown in algorithm 2. When the number of upstream- and downstream-going
characteristics changes, such as supersonic boundary-layer ows when the number
of subsonic and supersonic grid points changes, it can be advantageous (although
not necessary) to perform the greedy algorithm again to keep the error low.

Consider the recursion parameteri?vlo, at station8 1, which are eigenvalues

of " 8 T If the number of upstream- and downstream-going characteristics is the
same at statiors 1 and§ then giver' "®, the recursion parameters frorﬁﬁ/10 can

be used with, for example, MATLAB'gigs function to update to ;8;. For large,
sparsé€' , this is much less costly than solving for the complete eigenspectrum. If
the number of characteristics changes, the greedy algorithm is performed again, as
shown in algorithm 2.

Algorithm 2 Recursion parameter tracking

Compute#t ¥ and# %’

Compute ;1: using algorithm 1 with the eigenvalues'of *’

for 8= 2—eee—#do
Compute# ’18) and# '®
if #°°=#"°" then
for 9= 0o o —#do
\4 VP from ;Svlo
Computev9 by nding eigenvalue of' ‘% closest tov
Compute\/’9 by nding eigenvalue of' '® closest to?
V2o V- Vg
6?89 for 9 # 1
sy T Vg
else

Compute ;8\)/ using algorithm 1 with the eigenvalues'of®

end if
end for

415 Costtrade-o

OWNS avoids computing the eigendecompositiori oby using a recursive lter,
whereas the greedy algorithm selects recursion parameters based on these eigenval-
ues. While this may seem contradictory, the greedy approach can reduce the overall
computational cost by requiring fewer recursion parameters, thereby lowering the
cost of solving the OWNS system. Moreover, the full eigenspectrum is needed only
at a small number of stations, potentially just at the inlet, and the selected eigenval-
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ues can be e ciently updated birackingthem downstream. Moreover, as noted in
remark 4.1.1, this approach has previously been employed for eigenvalues chosen
manually by the user.

For linear calculations, OWNS-R can reduce computational cost relative to OWNS-
P, though selecting appropriate recursion parameters is more challenging. We
show that OWNS-P with greedy selection outperforms OWNS-P with heuristic
selection, and that OWNS-R with greedy selection is more e cient than both. In
optimization tasks, such as the resolvent analysis by Towne et al. (2022), the initial
cost of computing recursion parameters can be amortized over many optimization
iterations. For nonlinear calculations, we demonstrate that NOWNS with greedy
selection is more e cient than with heuristic selection.

Remark 4.1.4 This work focuses on ows with a single inhomogeneous direction
(normal). Computing the eigenvalues 'bf for ows with two inhomogeneous
directions (normal and spanwise) may not be feasible, making heuristic selection
the preferred method for these ows.

4.2 Demonstration of the greedy algorithm for a single station

Here we demonstrate the greedy algorithm for a two-dimensional (2D) subsonic
boundary-layer ow, where the disturbance frequency is 86 10 ©, while the
wall-normal extent isH 2 »0-75Ywith #y = 150 grid points, which matches the
parameters used by Bertolotti et al. (1992). For now, we focus only on comparing
the greedy and heuristic parametersfag = 16 10°. We show the following:

1. Greedy parameter selection yields a much more rapid convergence of the
objective functions for both OWNS-P and OWNS-R.

2. Heuristic parameter selection yields a stable march for OWNS-P, while the
same recursion parameters yield an unstable march for OWNS-R.

3. Rounding errors when computih’&for OWNS-R leadtoincreasing error with
increasing# v, while the OWNS-P error is zero to machine zero-precision.

4.2.1 Convergence of the objective function

Figure 4.1a shows that although thedecreases with increasisg, for both greedy

and heuristic parameter selection, it decreases far more rapidly for greedy selection
(although greedy selection leads to larger values dér small# ). In contrast, for
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(a) OWNS-P (b) OWNS-R

Figure 4.1: Convergence of the objective function for greedy and heuristic parameter
selection.

Figure 4.2: Convergence of the objective function, split into upstream- and
downstream-going components, for greedy and heuristic parameter selection.

OWNS-R, heuristic selection leads to an increasé in°, while greedy selection
leads to a rapid decrease. Figure 4.2 plots §otandJ" , showing that althoug®

is decreasing for heuristic selectioﬁ, is increasing, which causés’ ° to increase.
This highlights that OWNS-P will always have a lower error than OWNS-R small
k kandk 1k since

k kk ‘kVmaxk kk kg k kk kY1

Figure 4.3 shows the greedy and heuristic recursion parameter sétsg for20.

The greedy algorithm places parameters along the branches of acoustic and vortical
waves, focusing near the origin where the eigenvalues are closest, and uses the
discrete Tollmien-Schlichting (TS) wave as a recursion parameter. The heuristic
approach targets the same eigenvalues but is less e cient, with many parameters far
from their targets, which explains its slower convergence.
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(a) Heuristic (b) Greedy

Figure 4.3: Recursion parameters plotted against spectrum for heuristic and greedy
recursion parameter selection withy, = 20.

4.2.2 Stability of the march

All upstream-going modes must be removed for the march to be stable. Figure 4.4a
demonstrates for heuristic parameter selection%gatremoves all upstream-going
waves from" , while Figure 4.4b demonstrates thﬁivo does not. Fof = 0,

we observe that the OWNS-R spectrum has many eigenvalueswithY 0, and
taking[ = 1000allows us to verify that these are upstream-going modes according
to Briggs' criterion. Therefore, the exist parameter sets where the march is stable for
OWNS-P, but unstable for OWNS-R. Repeating this analysis with greedy selection
yields stable marches for both OWNS-P and OWNS-R.

Remark 4.2.1 Zhu and Towne (2023) noted that OWNS-P and OWNS-R approx-
imate thet and , respectively. Therefore, we expect OWNS-P to better remove
upstream-going modes since it makes no approximations tehich is consistent
with the above observations.

Remark 4.2.2 Figures 3 and 6 from Zhu and Towne (2023) show that the OWNS-
R operator removes all upstream-going modes for the dipole and jet test cases,
while Figure 10 suggests it still supports upstream-going modes for their supersonic
boundary-layer case. Thus, our observations in Figure 4.4b for the low-speed
boundary-layer ow align with those of Zhu and Towne (2023) for their supersonic
case.
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(a) OWNS-P#y = 20 (b) OWNS-R #y = 55

Figure 4.4: Comparison of OWNS spectrum with heuristic parameter selection for
[ = 0and[ = 100Q According to Briggs' criterion)t W° Y 0 for large values

of [ indicates a downstream-going mode. [For O, we wish to havd® L° 0

for the march to be stable. We achieve a stable march using OWNS-P, but not for
OWNS-R.

4.2.3 Accuracy of the projection operator
Consider a solutiod =+ 7 | + 7, where%® =+ 7' by de nition. We choose
random coe cients?' and compute the relative errors

KV » 7 + 7 Ya + 7K ko/givom-j’ L+ T Y+ Tk
kt 7,k B kv 7 K

(4.2)

for OWNS-P and OWNS-R, respectively. Similarly, we consider speci cally the
ability to retain only the TS wave and compute the relative errors

k% 571s 5tsk ko/ivo5Ts 5tsk

k5tsk k51sk (43)

Figure 4.5a shows for OWNS-P that greedy selection yields rapid error convergence,
and that machine zero precision is achieved at= 29, while heuristic selection
yields slow convergence. For OWNS-R, we observe that the error is large compared
to OWNS-P, and that although the error initially decreases with increasindt
begins to grow again arourtl, = 45for greedy selection anily = 55for heuristic.

Figures 4.5a and 4.5b show that whereas the OWNS-P projection error is (nearly)
a monotonically decreasing function #fy, the OWNS-R projection error is an
increasing function ofty for su ciently large values of#\ (#v 45and#y 55

for greedy and heuristic parameter selection, respectively). Figure 4.5b shows that
althoughJ " ° is decreasing rapidly for greedy selection, the projection error is
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Figure 4.5: Error convergence as a function of #y for OWNS-P and OWNS-R for
the 2D low-speed boundary-layer flow.

increasing due to rounding error when computing V', We demonstrate this in
Figure 4.6 by plotting an estimate for the relative error in the polynomial factor-
ization, which we compute by choosing random complex numbers 2. = 0. , §1.
with0. 1. 2» 1 1.for: =1 100 and computing the error in the polynomial

approximation as

i~ < Hy 9, < #v '] < #v 94
12 9:]”2: V 9:1”2: V 9:]u2: V, J

max “4.4)
=1 100 J < ;9#:\/1 ”2: Vg’, “ :#:V] 112: V?”j

Figure 4.6 shows that this error is an increasing function of #y, which explains
why adding more recursion parameters for sufficiently large values of #y increases,
rather than decreases the OWNS-R projection error. OWNS-R can lead to a reduced
computational cost relative to OWNS-P, but this is helpful only if the OWNS-R
march is stable and accurate. Therefore, future work should investigate how to
perform the polynomial factorization such that the effects of rounding errors on the

accuracy of the OWNS-R approximation are minimized.
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Figure 4.6: For OWNS-R, the error in computih’a increases with increasingy.

(a) OWNS-P (b) OWNS-R

Figure 4.7: Error convergence as a functior#gffor OWNS-P and OWNS-R for
the low-speed oblique wave case.

4.2.4 3D low-speed boundary-layer ow

We investigate the oblique-wave case studied by Joslin et al. (1993), with disturbance
frequency and wavenumber are= 86 10 ®andl = 0222 10 3, respectively, for

the wall-normal domaitd2 »0-60vwith #= 100at'4 g= 2¢74 10°. Figure 4.7

shows that greedy selection yields rapid convergence of the objective function and
projection error. Moreover, OWNS-P achieves machine-zero error#njth 24,

while OWNS-R does not, due to rounding errors in compuk’fﬁgWe further note

that the 3D case converges with fewer recursion parameters because the upstream-
and downstream-going branches are more widely separated than in the 2D case,
which makes it easier to choose recursion parameters that keegk botk and

k ksmall, as noted by Towne and Colonius (2015).
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4.3 Demonstration of the greedy algorithm for spatial marching

The greedy algorithm is advantageous because it yields a rapidly convergent OWNS
approximation without the need to manually choose ow-dependent recursion pa-
rameters. However, this requires that the eigenvaluésioé computed, which adds

a cost that is not present in the heuristic approach. Here we demonstrate that the
overall computational cost of spatial-marching using OWNS can be reduced using
the greedy selection (algorithm 1) and tracking (algorithm 2) procedures.

4.3.1 Linear calculation

We rst demonstrate, for the oblique-wave case studied by Joslin et al. (1993) and
discussed in Section 4.2.4, that greedy parameter selection reduces computational
cost in both linear and nonlinear calculations. The problem parameters remain the
same as before, and we consider the streamwise doh@j2 >2¢74-608vs 10°

with # s = 2000stations. We compare the number of recursion parameters required
for convergence and measure speed-up based on total wall-clock time, including all
steps of the greedy selection process.

Due to instability in OWNS-R with heuristic parameter selection for the linear
evolution of the oblique wave, we compare OWNS-P and OWNS-R with greedy
selection to OWNS-P with heuristic selection. To ensure meaningful comparisons,
we select#y as the smallest value that yields 10%, 1%, and 0.1% relative error
in the # -factor, measured against the OWNS-P greedy calculation#jtk: 30.

We choose to measure error using thdactor. Table 4.1 summarizes the data,
and shows that the speed-up of OWNS-R with greedy parameter selection is most
pronounced when the desired error is 1%, while for OWNS-P with greedy parameter
selection itis 0.1%. If a tight error tolerance is desired, then OWNS-P is preferable,
while OWNS-R is preferable for looser error tolerances. We further that the greedy
approach yields a net decrease in computational cost, despite the added cost of
computing the eigenvalues, as it allows convergence with fewer recursion parameters.

4.3.2 Nonlinear calculation

For the nonlinear calculations, we truncate the Fourier seriés at 3 temporal
and# = 4 spanwise modes, while we specify at the inlet that the oblique wave
has amplitud 1%1;10 = 2 103. We again selectty as the smallest value
for which the relative error in the -factor is 0.1% with respect to the reference
solution. For NOWNS, heuristic and greedy parameter selection refjyire 18
and#y = 6, respectively, resulting in a speed-up of 3.83 for the greedy approach
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#v Speed-up

Error| P-H P-G R-G| P-H P-G R-G
10% | 11 5 29 | 1.0 2.3 3.6
1% | 17 5 29 | 1.0 3.9 6.0

01%| 18 5 36| 1.0 4.2 4.9

Table 4.1: Speed-up achieved by using greedy parameter selection with OWNS-P
(P-G) and OWNS-R (R-G) relative to heuristic parameter selection with OWNS-P
(P-H) for di erent relative errors in the# -factor for the 3D low-speed boundary-
layer ow.

Figure 4.8: NOWNS for obligue-wave breakdown, comparing greedy and heuristic
recursion parameter selection witky = 6. Although NOWNS with greedy selection
is su ciently converged, heuristic selection is not, and the solution blows-up.

relative to the heuristic. Figure 4.8 compares solutions obtained using NOWNS
with both parameter selection methods using= 6. While greedy selection yields
a converged solution, the heuristic does not and the solution diverges.

4.4 Summary

We demonstrated that our proposed greedy algorithm can yield faster convergence
and a reduced computational cost, relative to heuristic parameter selection, for linear
and nonlinear stability analyses of boundary-layer ows. We have focused on ows
with a single inhomogeneous direction (the wall-normal direction), and we note that
the approach may not extend directly to ows with two inhomogeneous directions
(wall-normal and spanwise) due to the increased grid size. Future work should
explore how to adapt the greedy algorithm for such cases. Additionally, future
work should investigate the developmentaoposteriorierror estimates so that we

can estimate the error introduced by a recursion parameter set without needing to
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calculate the eigen-spectrum '0f, which may also make it possible to indirectly
implement the greedy algorithm without solving for the eigenvalué's of
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Chapter 5

THE NOWNS APPROACH FOR LOW-SPEED
BOUNDARY-LAYER TRANSITION PREDICTION

In Chapter 3 we demonstrated that NOWNS can replicate the K-type transition
scenario simulated using DNS by Rist and Fasel (1995). More recently, Sayadi
et al. (2013) computed the complete transition to turbulence for the H- and K-type
paths. We show that NOWNS matches theelocity amplitudes predicted by
Sayadi et al. (2013) in the early stages of transition, and that it is able to qualitatively
reproduce theiDvelocity contour plots demonstrating the aligned (staggered)
vortex structure that is characteristic of K-type (H-type) transition. The NOWNS
march fails before the ow becomes fully-turbulent, but we plot the mean skin
friction coe cient to demonstrate that NOWNS is able to accurately predict the
initial rise in skin-friction coe cient, relative to DNS, during the onset of laminar-
turbulent transition. This section is adapted from Sleeman et al. (2024a). We further
note that Fasel et al. (1990) and Rist and Fasel (1995) have previously compared
their DNS results to experimental results in the literature. Since we are applying
NOWNS to these DNS cases, we forego discussions of experimental results and
refer to Fasel et al. (1990) and Rist and Fasel (1995).

5.1 K-type transition

For K-type transition, we use the blowing/suction function speci ed in (3.31), which
corresponds to the function used in Rigas et al. (2021) and Rist and Fasel (1995).
However, to match the calculations of Sayadi et al. (2013), we modify the parameters
such that'4 gtG° = 136 10°, '4 &G° = 156 10°, = 110 10° and
1=0419 10 3to match Sayadi et al. (2013). We further chotse 4 temporal
modes and# = 8 spanwise modes, with 1,300 stations over the streamwise domain
'4 g2 ¥36 10°P-2¢73 10°%and 100 grid points in the wall-normal direction for

H2 »0-60Y

Figure 5.1 shows excellent agreement betweerDXramplitudes of NOWNS and

the DNS Sayadi et al. (2013), where the gray strip denotes the blowing/suction
strip. Recall that we refer to modes according to their temporal frequency and
their spanwise wave number &s— =, where< refers to the frequendy .« = <l

and = refers to the spanwise wave numbér = =V, while the amplitudes are
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Figure 5.1: Dtvelocity amplitudes for K-type transition, compared to the DNS
of Sayadi et al. (2013).

de ned as (3.30). We note that in the early stages of the march there is disagreement
between the DNS and NOWNS calculations because the blowing/suction strip causes
upstream e ects that NOWNS neglects by construction. However, these disturbances
are convective in nature, and the amplitudes predicted by NOWNS rapidly converge
to those predicted by DNS as the march progresses downstream. We also note that
Sayadi et al. (2013) do not plot tii amplitudes for the entire streamwise domain,
which is why the NOWNS amplitudes extend farther downstream. Figure 5.2 shows
the Dvelocity contours at* Xnet = 06, as in Sayadi et al. (2013). We observe

the aligned -vortex structure that is characteristic of K-type transition, and good
qualitative agreement with Sayadi et al. (2013).

5.2 H-type transition
For H-type transition we use the blowing/suction strip function

51G—12€ 15 10 3sint2IC°Rl@ , 15 10 °sintICOcosVIPRiG— (5.1)

where for5 @ de ned in (3.31b). We choosd ¢!G° = 165 10°and'4 ¢'G° =
181 10°, with2 =124 10 ®and1=0419 10 3. To match the parameters
of Sayadi et al. (2013), we choose = 8 temporal modes an# = 14 spanwise
modes, with 2,370 stations over the streamwise dordaig2 »165 10°-5¢16
10°%sand 100 grid points in the wall-normal direction f8Ir2 »0-60% As in the
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Figure 5.2:D-velocity contours ak Xpet = 06 for K-type transition, demonstrating
the aligned -vortex structure.

Figure 5.3: D*velocity amplitudes for H-type transition, compared to the DNS
of Sayadi et al. (2013).

K-type transition case, Figure 5.3 demonstrates that the amplitudes predicted by
NOWNS agree well with those from DNS, for the streamwise domain where DNS
results are available, while Figure 5.4 demonstrates the staggeredex structure
characteristic of H-type transition.
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Figure 5.4:D-velocity contours al Xt = 06 for H-type transition, demonstrating
the staggered -vortex structure.

5.3 Skin friction
Boundary-layer transition is characterized by a rapid rise of the skin friction drag. We
will measure the skin friction drag using the dimensionless skin-friction coe cient

_ O g=" mD
E= — & = —_
3_2L1* 1 024 a mH
whereg: is the wall shear stress. We rewrite this in terms of the dimensionless
variables as

2 . mD__a mD _.a *» mb 2 mD
¥ 02 mH X*;mH “La, mH Pz agemH
1 m X1 m 1 Gaiam 4 2Gem

5:

so that from NOWNS we obtain the time- and spanwise-averaged skin friction
coe cient as

1 1
11 ¢ LIWxY > mD 2°1) . Yoc® mD, Py
= p————dldC= p— > .
Save ) 2V ¢y | "4 &GP mI—C|i Y2 aG° mH

Next, the laminar value can be obtained from the Blasius solution, while we use the
turbulent correlation from White (2006). In summary, we plot the following skin
friction coe cients:

_ 21, Yoo’ mD, Pools _ 0664 _ 0455
S5ave — V—.4 2G° mH Stame = ﬁ_ﬂ Sturbe = IN210:06 4 o

Figure 5.5 compares these values against the DNS values from Sayadi et al. (2013),
and we see that for both H- and K-type transition NOWNS correctly predicts the
initial rise in the skin friction coe cient, but following the initial rise, the NOWNS
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Figure 5.5: Skin friction coe cient for K- and H-type transition, compared to the
DNS of Sayadi et al. (2013).

predicts a much more rapid growth than DNS, before eventually failing. When we
say the NOWNS march fails, we mean that the Newton solver fails to converge to
the desired error tolerance.

Transition is characterized by a rise in skin friction coe cient, in which it initially
overshoots the turbulent correlation, before converging to this value downstream
(see Figure 5.5). If NOWNS overshot the turbulent value before failing, we could
likely say that it predicted transition. However, NOWNS fails before reaching this
value, so it is not clear when we can say that it predicts transition.

5.4 Investigations into the failure of the NOWNS march

We discuss the root cause of NOWNS' failure, separating errors into modeling and
discretization errors. We also note that we say that NOWNS fails when the Newton's
method fails to converge. However, it becomes inaccurate before it fails, since the
skin friction coe cient no longer agrees with the value predicted by DNS. Even if
we modi ed the nonlinear solution method so it continued to converge, it would be
inaccurate.
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5.4.1 Discretization errors

Section 1.4.3 discusses PSE's minimum step-size requirement, which prevents it
from properly resolving all streamwise length scales, while also making it more
challenging for the nonlinear solver to converge. NOWNS does not have this
minimum step-size requirement, yet it still becomes inaccurate following the onset
of transition, before eventually failing (the Newton solver does not converge to the
desired error tolerance). This suggests that the minimum step-size requirement is
not necessarily the root cause of NPSE's failure, since taking arbitrarily small steps
using NOWNS still leads to failure.

To ensure that the failure is not due to a lack of resolution, we doubled the resolution
inGH" ,and#, and we found that the results did not change substantially. We also
performed the calculation without enforcing symmetry,jand again found that the
result did not change substantially. Prior to the development of the greedy algorithm
(see Chapter 4), we were concerned that the recursion parameters were not properly
tuned following the onset of transition, since they were originally developed for a
Blasius pro le. However, the greedy algorithm allows us to automatically choose
recursion parameters that achieve any desired error tolerance, even following the
onset of transition. Increasingy does not change the results substantially, so that
recursion parameter selection is also not likely the root cause of failure.

5.4.2 Modeling errors in NOWNS

Proposition 2.2.10 shows that the linear OWNS approach can evolve the upstream-
and downstream-going modes independently of each other, and recover the global
solution as the sum of the upstream- and downstream-going solutions. However,
this property is lost for the nonlinear equations, since we lose the e ect of the
upstream-going solution on the nonlinear term:

% 159, 5% < 05 150,

If k%> 189, 5%  15%1 ks small, then we expect NOWNS to be accurate, while
it becomes less accurate as this term becomes larger.

The 3D Euler equations have characterisiicB, D, D 2, andD, 2. For a subsonic
boundary-layer ow, we hav® j 0 andD Y2, so that

DPDD, 2i0- D 2VY0e

The OWNS approach removes upstream-going modes associated wihwhich
is a modeling error, since the NOWNS model is not consistent with ow it is
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trying to model. It is possible that modes associated with this characteristic are
important following the onset of transition, and that NOWNS cannot be accurate
since it neglects these upstream-going modes, which is a limitation of one-way
spatial-marching.

In linear OWNS, we linearize the projection operator about the base cpwin
contrast, for nonlinear OWNS we have the choice to linearize about either the
base ow or the corrected mean ovg , c‘tgo. Appendix G.4 compares these two
approaches for K-type transition and nds that it does not substantially a ect the
calculation. However, the mean ow distortion calculated by NOWNS neglects
upstream e ects by construction, which represents a modeling error. Therefore, it
is possible that the results would change more substantially if we linearized about
the mean ow computed using a global solver.

5.4.2.1 Negative upstream streamwise velocity

For Blasius boundary layers, th2velocity is downstream-going throughout the
whole domain, so thdD j 0 everywhere. In nonlinear calculations, we must also
consider the corrected mean oD, IZ%O, which arises due to nonlinear interactions

of the mean ow distortioan%o, with the base ow. For the cases considered in this
work, we nd that the corrected mean ow is also downstream-going throughout
the whole domainD , Dgo i 0, but that the ow can instantaneously have a
negativeD-velocity, D, I’ Y 0. For the 2D high-amplitude TS wave evolution from
Section 3.4.1, as well as the H- and K-type transition scenarios considered here, we
nd that the negativeD-velocity precedes the failure of the NOWNS march.

For the 2D case from Section 3.4.1, we nd that NOWNS is able to (accurately)
march farther downstream than NSPE before failing. In Section 3.4.2, we also
applied NOWNS to a large-amplitude oblique-wave breakdown case where NPSE
fails. We found that although NOWNS is not accurate compared to DNS, it is able
to march farther downstream than NPSE, and does not fail. We further note that
no negativeD-velocity is observed for this case. It appears that the failure of the
NOWNS march is correlated with instantane@ugelocities.

5.5 Summary

We have demonstrated that NOWNS accurately simulates the early stages of tran-
sition by matching thé>-velocity amplitudes predicted by DNS, while correctly
predicting the initial rise in the skin friction coe cient, showing that NOWNS can
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be used to predict transition onset analytically. Our investigation into the cause of
NOWNS' failure suggests that it is due to a modeling error, since NOWNS neglects
upstream e ects by construction. Future work should develop a criterion with which
to predict transition using NOWNS, and should consider potential modi cations to
the routine such that it can march farther downstream while matching accurately
DNS results.
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Chapter 6

NOWNS FOR STABILITY AND TRANSITION ANALYSIS OF
HIGH-SPEED BOUNDARY-LAYER FLOWS

This chapter presents the extension of NOWNS to high-speed ows, along with a
demonstration of the greedy algorithm from Chapter 4, and some of the results are
adapted from Sleeman and Colonius (2025).

High-speed boundary-layer transition is challenging to study experimentally using
wind and shock tunnel measurements because of the high noise levels (Schneider,
2001), while they are not necessarily representative of ight tests because free-
stream uctuations introduce higher amplitude disturbances than those typically
experienced in ight. Quiet tunnels can relieve some of these problems, but are
limited by the Reynolds number they can achieve. Therefore, NOWNS could be a
valuable tool for studying transition mechanisms in high-speed ows.

6.1 Governing equations

Whereas for low-speed ows we performed our analysis in terms of the primitive
variablesta-u— ?, for high-speed ows we will instead usa&l-u-)°, as was done

in (Kamal, 2023). The non-dimensional compressible Navier-Stokes equations for
an ideal gas can be written as

md

_ 1 0 —

mCr du® =0~ (6.1a)
u 1
J— 2= —

dC,r. 77 (6.1b)
) ? _ 1 ‘1o 1.

dZ?C C_%A'4r ;1) °r) ,,4g.ru (6.1c)

for the stress tensor (1.1e). We assume #aand 2, are constant, while is a
function of temperature according to Sutherland's law
S 1y o=n, ) ¥, (
)i ) L (
where( =1104K, sothat ;1) °©=" 1) °2,¢%A

- (6.2)

6.2 Demonstration of greedy algorithm for high-speed ows
We consider the Mach 4.5 boundary-layer ow over an adiabatic at plate studied
by Ma and Zhong (2003), which was used by Zhu and Towne (2023) as a validation
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case for the OWNS-R formulation. The ow conditions &rg = 4s5,); = 6515
K, ?; = 72844 Pa,%A= 072, and unit Reynolds numbé4 ; = d;* ;¢ ; =
72 10P m.

6.2.1 Error convergence at the domain inlet

First we compare the greedy and heuristic approachds@t 5625 10°, where
Figure 6.1 shows the convergence of the error as a functiotofor OWNS-

P and OWNS-R. We again observe that OWNS-P achieves machine zero error,
while OWNS-R does not. We also highlight that for OWNS-R only, we excluded
downstream-going eigenvalues wilthj 100from the selection procedure, which
improves the accuracy of the approximation. Excluding these modes does not
signi cantly a ect the accuracy of the approximation because they decay rapidly.
We also note that heuristic parameter selection does a better job of capturing Mack's
second mode (MM), which is the dominant instability for high-speed boundary-layer
ows. For low-speed ows, the eigenvalue associated with the TS wave is far (in
the complex plane) from the rest of the eigenvalues gfwhile for high-speed

ows, MM is close to the other eigenvalues. Therefore, the greedy algorithm does
not choose MM as a recursion parameter, explaining the slower convergence. In
contrast, Kamal (2023) places the heuristic recursion parameters such that many are
clustered near MM. As described in Remark 4.1.1, the user could specify MM as an
eigenvalue to track, improving the performance of the greedy approach.

6.2.2 Linear calculation for Mack's second mode

We use OWNS with greedy and heuristic recursion parameter selection to perform
a linear stability calculation of Mack's second mode over the streamwise domain
'4 g2 B625-12:1Y, 10° with #g = 4-500 streamwise stations. We compute the

# -factor based on the temperature disturbance and nd that the greedy approach
leads to a cost increase relative to heuristic recursion parameter selection.

The reference solution is the greedy OWNS-P calculation#4tk 20, and table 6.1

shows that heuristic recursion parameter selection generally converges with fewer
recursion parameters, which is consistent with our observations in section 6.2.1 that
the error in Mack's second mode converges more quickly using heuristic, rather than
greedy, parameter selection. Although greedy selection will generally achieve faster



71

(a) OWNS-P (b) OWNS-R

(c) OWNS-P, MM only (d) OWNS-R, MM only

Figure 6.1: Convergence of the error for greedy and heuristic parameter selection
for 2D high-speed boundary-layer ow.

#v Speed-up

Error | P-H P-G R-G| P-H P-G R-G
10% | 1 6 17 | 1.0 0.34 0.83
1% 1 6 21 | 1.0 0.34 0.83

0.1%| 2 7 22 | 1.0 0.32 0.82

Table 6.1: Speed-up achieved by using greedy parameter selection with OWNS-P
(P-G) and OWNS-R (R-G) relative to heuristic parameter selection with OWNS-P
(P-H) for di erent relative errors in théet -factor for the 2D high-speed boundary-
layer ow.

convergence, heuristic selection can be better when parameters are carefully chosen.
We note that if the greedy algorithm is initialized with Mack's second mode, then it
also converges withy = 1 for OWNS-P.

6.3 Extension of NOWNS to high-speed ows
Kamal et al. (2020) extended linear OWNS from low- to high-speed boundary-layer
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ows, and we follow a similar procedure for NOWNS.

6.3.1 Temperature-dependent uid properties

For the low-speed ows discussed in Chapters 3, 4, and 5, we assumed that the uid
properties were constant, while they are function of temperature for high-speed
ows. Let 1) °denote a temperature-dependent uid property, where) , ) °

In linear OWNS we take a Taylor series expansion ahoand discard all terms
higher than linear order to obtain

m
/o= 1y0 ___ 0 o1) @o, 6.3a
)= D0 1y, (6.3a)
However, we wish to retain these terms in NOWNS, so we instead write
m
/o= 1y0 _ 0 0ny_)®_ 6.3b
) )°, m))=)) . D) (6.3b)
for
Oy_\y®b - 1 ® 1o M 0, 6.3C
)-) ) L) ) m ):)) (6.3c)
As an example, we consider the quadratic product
m
g, g 1 ,)%=9qg ne° o o, g — )°
{3 z ™)AL
Discarded terms .
h Linear terms i
m
.a H)® —))_))O, ) ®
| M- }

Nonlinear terms
where terms without a disturbance variable are discarded (the base ow satis es the
governing equations), while terms that are higher than rst-order in the disturbance
variables are used only by nonlinear OWNS. Therefore, in the nonlinear calculation
(after simpli cation), we write

m
g, q® 9 ,)®=¢" 1°,q H)_)O
| z ™7y
Linear terms (6_4)
O _\® 0 1\ o 1\ 01
N LN N MR

Nonlinear terms

We can simplify further to obtain
g, q® 9 ,)%=q" H°,»q, g% »H° 1ok (6.5)

which matches the expression commonly employed in high-speed NPSE (Chang
et al., 1993; Chang and Malik, 1994).
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6.3.2 Linearizing about the corrected mean ow

In Chapter 3, we presented NOWNS for projection operators linearized about the
base ow,q. In Appendix G.4, we compared results for low-speed K-type transition
linearized about the base ow, and the corrected mean owj,, oo, and we found

that the di erence was not substantial. However, we might expect the di erence
to be more pronounced for high-speed ows because the number of upstream- and
downstream-going modes can be di erent épanddyo, as explained below.

The number of upstream- and downstream-going modes are determined by the
characteristics of 1g°

q q
DDDD W'-D, W)-

or 1d, doc®
q VAN q N\
D, DyoD, DyoD, Do D, Poo W's?) |, Yoo®D, Pho, W's?) , Yoo

For the low-speed ows considered in this work, the characteristics'@f and
1q. éo® have the same signs, sinbandPyy have the same sign aifh is small.
In contrast, for high-speed owgpo can grow large, so that

q q—
signtD  W's) °<signtD, Dyg  W'sY) , Yoo

Therefore, the base ow and corrected mean ow will have di erent numbers of
upstream- and downstream-going modes, and we might expect that linearizing about
the corrected mean ow instead of the base ow will have a larger impact than in
the low-speed cases. However, we nd again that the di erence between linearizing
aboutq anddyg is negligible for high-speed ows.

6.3.3 Disturbance amplitude
Whereas for low-speed ows we have measured disturbance amplitude in terms of
the Dvelocity, we will instead measure it in terms of the temperature as

< 2« = . .
ax 1@ = )—1 maxj) J_1G—%k (6.6a)
for
%1 < ===(0
2« -= pé <=0-=<0==0-<<0- (6.6b)

_§2 otherwise
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6.4 2D nonlinear evolution of Mack's second mode

We make the calculation from 6.2.2 nonlinear by specifying that Mack's second
mode has an amplitude of 10% based on the temperature disturbance, relative to the
free-stream value, while we truncate the Fourier serié's & 10, with #y = 12
recursion parameters chosen using the greedy algorithm. We plot the temperature
disturbance amplitudes for both the linear and nonlinear OWNS calculations in
Figure 6.2. We see that the two calculations initially match, but as the disturbances
grow, the linear calculation exhibits larger growth of the fundamental disturbance,
while the MFD grows substantially for the nonlinear calculation.

Figures 6.4a and 6.4b show that the heuristic parameter selection yields reasonable
temperature pro les for the MFD and fundamental disturbance, respectively. How-
ever, Figures 6.4c and 6.4e show that there are non-physical grid e ects present near
the sonic line for heuristic parameter selection, while these are not present when
greedy selection is used, as shown in Figures 6.4d and 6.4f. We additionally com-
pare the temperature pro les at the domain outlet for the rst and second harmonics
of Mack's second mode in Figure 6.5. Although heuristic parameter selection out-
performs greedy (in terms of computational cost) for the linear problem, the same
set of heuristic parameters do not work in the nonlinear case. As discussed above,
the high-speed heuristic recursion parameters have been tailored to track Mack's
second mode, but they do so at the expense of the other modes, and this e ect is
noticeable for the higher harmonics in nonlinear calculations.

Figure 6.3 compares the amplitudes computed when linearized about the base ow
to the amplitudes computed when linearized about the corrected mean ow. The
results are nearly indistinguishable, but this may be due to the small disturbance
amplitude.

6.5 Obligue breakdown of Mack's rst mode

While TS waves are most unstable fér= 0, Mack’s rst and second modes are
most unstable wheX < 0, so we extend our analysis to 3D disturbances. 3D distur-
bances to Mach 6 at-plate boundary-layer ows have been studied using DNS by
Leinemann et al. (2021) and Franko and Lele (2013). Both studies introduce distur-
bances using a blowing/suction strip. Both groups investigated oblique breakdown
of Mack's rst mode and fundamental transition for Mack's second mode, while
Franko and Lele (2013) additionally studied oblique breakdown of Mack's second



75

Figure 6.2: Temperature disturbance amplitudes for 2D nonlinear evolution of
Mack's second mode for a Mach 4.5 at-plate boundary-layer ow, computed using
NOWNS and compared to linear OWNS.

Figure 6.3: Comparison of temperature disturbance amplitudes for NOWNS calcu-
lation linearized about base ow and corrected mean ow for 2D nonlinear evolution
of Mack's second mode for a Mach 4.5 at-plate boundary-layer ow.

mode. We will use the conditions of Leinemann et al. (2021), where the free-stream
Mach number is' 1 = 6, the stagnation pressure and temperature are 956.3 kPa
and 420 K, respectively, while the unit Reynolds numbedis = 108224 1P«

m. We assume the uid to be a perfect gas witlx 14, while we also assume a
constanoA= 0-71. The dynamic viscosity is computed according to Sutherland's
law. Although both Leinemann et al. (2021) and Franko and Lele (2013) introduced
disturbances using a blowing/suction strip, which NOWNS can do, we will introduce
our disturbance using LST. The disturbance frequency iss 35kHz while the
spanwise wavenumber 6 = 330*m. We use a fourth-order Padé- lter (Gaitonde
and Visbal, 2000) witiJs = 0+3 to remove numerical oscillations. Increasing the
wall-normal resolution does not a ect the solution substantially, indicating that we
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(a) Heuristic) 0 (b) Heuristic)
(c) Heuristic) 2 (d) Greedy) ?
(€) Heuristic) ? (f) Greedy) J

Figure 6.4: Temperature contours for rst and second harmonic of Mack's second
mode with heuristic and greedy recursion parameter selection.
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Figure 6.5: Temperature pro les at domain outlet for rst and second harmonics of
Mack's second mode with heuristic and greedy recursion parameter selection.

Figure 6.6: Temperature disturbance amplitudes for small amplitude oblique break-
down of Mack's rst mode for Mach 6 at-plate boundary-layer ow.

have enough grid-points to resolve all physically-relevant waves.

6.5.1 Small amplitude

We consider rst a low-amplitude case, with an amplitude of 1.4% based on temper-
ature. The domain i& H2 »0015mM-055mYs 0 m-0:025 mYawvith #g= 2-500
and#y= 200 while we" = 3and# = 4 temporal and spanwise Fourier modes,
respectively, with#y = 12 recursion parameters chosen using the greedy algo-
rithm. We plot the disturbance amplitudes in Figure 6.6, where we observe that the
amplitude of the oblique wave grows more slowly in the nonlinear calculation, as
compared to the linear calculation. Additionally, the vortex méoe2° grows to

be the largest disturbance near the end of the domain. We nd that the di erence in
linearizing about the corrected mean ow instead of the base ow is negligible, and
so we do not compare the results.



