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ABSTRACT

The core idea of computational imaging is to supplement limited observable data
with human-imposed assumptions, or priors. One could formulate a prior as a sta-
tistical model or physics model of the object being imaged. However, incorporating
such assumptions in the imaging process poses computational challenges, includ-
ing efficiently expressing sophisticated priors, appropriately balancing priors with
observations, and gently enforcing physics constraints. This thesis addresses such
challenges with principled methods for bringing informative assumptions into com-
putational imaging. We emphasize applications in scientific imaging, and we focus
on two categories of priors as well as the intersection between them: data-driven

statistics and physics knowledge.

On the data-driven side, this thesis presents work on score-based priors, including
a posterior-estimation method and results of re-imagining the famous M87* black
hole from real data with score-based priors. On the physics-based side, we have
been able to tackle extremely under-determined imaging problems by enforcing
physics constraints, including performing single-viewpoint dynamic tomography
of emission near a black hole and characterizing interior material properties from
video. As a means towards integrating data-driven and physics-based assumptions,
we have developed a method to enforce physics constraints on generative models. In
this thesis, we explore each aforementioned project with an emphasis on technical
novelty and experimental validation on simulated and real data. By opening new
routes for bringing in both data-driven and physics-based assumptions, the methods
presented in this thesis enable visualizing scientific phenomena beyond the reach of

conventional sensors.
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Chapter 1

INTRODUCTION
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In the quest for scienti ¢ knowledge, seeing is believing. Whether it is viruses,
weather systems, or exoplanets, making the unseen visible helps inform, motivate,
and educate. Pushing the boundaries of imaging therefore goes hand-in-hand with
pushing the boundaries of scienti ¢ knowledge.

However, as the boundaries of science continue to expand, the demands on imaging
outpace the capabilities of direct imaging with sensors. Even though physical
sensors can capture some amount of data, that information is often incomplete,
highly corrupted, or both. For example, in astronomy, phenomena such as black
holes and exoplanets are so distant that telescopes on Earth are nowhere near large
enough to fully resolve them, leading to incomplete data. Furthermore, atmospheric
turbulence and sensor aberrations corrupt the little amount of data that is available.
To overcome the limitations of physical sensors, we need to Il in the missing
information. Computational imaging aims to visualize scienti c phenomena beyond
the reach of conventional cameras by incorporating additional assumptions about
the object being imaged.

As humans and scientists we often carry priors on images. We refer to imaging
assumptions as priors because they describe image characteristics that are expected
a priori, before any data is observed. These priors can range from the statistics of
natural images that most people observe to domain-speci ¢ scienti ¢ knowledge.
When imaging a black hole, for instance, we may wish to enforce spatial correlations
that would make the image appear similar to a natural photograph, or we may rather
make the image ta physics model of a black hole. As such, two powerful categories
of priors emerge: data-driven priors and physics-based priors. Data-driven priors
integrate the statistics of large-scale image datasets, while physics-based priors im-
pose constraints rooted in physical equations. Both categories require thoughtfully-
designed imaging algorithms that integrate prior knowledge with observed data in
a principled way. This thesis explores the two paradigms of data-driven priors and
physics-based priors, focusing on principled methods for applying them to scienti ¢
imaging problems.

Our work has established new avenues for leveraging data-driven and physics-based
priors. On the data-driven side, we developed a method for using di usion models,

a state-of-the-art type of generative model, as sophisticated data-driven priors for
general imaging problems [118, 116]. We applied this to image the M87* black hole
to target a wider range of imaging assumptions than previously possible [117]. On
the physics-based side, we developed a method for recovering the dynamic 3D gas



Figure 1.1: Venn diagram organizing the thesis chapters according to two paradigms
of priors for scienti c computational imaging. Both data-driven priors and physics-
based priors help overcome extreme limitations in observable data when it comes
to scienti c imaging.

around a black hole given only a single 2D viewpoint by making use of soft and hard
physics constraints. We also addressed problems in materials science with physics-
based optimization approaches for material characterization from videos [119, 242].
We even created an approach for merging the two paradigms of data-driven priors
and physics-based priors by enforcing physics constraints in deep generative models
[114]. Figure 1.1 organizes the chapters in this thesis into a Venn diagram of data-
driven and physics-based priors. Before covering these topics throughout the thesis,
this section covers background on how to formalize imaging as an inverse problem
in Section 1.0.1 and the di erent types of priors used in related work in Section
1.0.2.

1.0.1 Imaging as an inverse problem
Imaging can be framed as an inverse problem in which a hidden imageR
must be recovered from measuremgna R’ , where

y =5 %, ne (1.2)

Here 5: R | R is the forward model, andd 2 R" is the measurement
noise. The forward model is typically derived from knowledge of the physical
sensing system and describes how the underlying image gets transformed into a set
of measurements. Although the additive noise is not exactly known, we assume that
its statistics are known (often we assume thas a Gaussian random variable).



1.0.1.1 Bayesian inference

Bayesian imaging accounts for the uncertainty added by the measurement process
in Equation 1.1 by formulating a posterior distributi@ix j y°. By Bayes' rule,
the log-density of the prior comprises a likelihood term and a prior term:

log ?x jy°=log?ly jx°, log?'x°, const. (1.2)

5

The log-likelihood functiorlog ?1y j x° depends on the forward model and mea-
surement noise statistics, whereas the prior log-probability fundtigr?x® is
independent of the imaging task at hand. Gilemn?'y j x° andlog ?'x°, we can
use optimization or sampling techniques to nd images from the posterior.

MAP estimation Many imaging approaches are based on estimatingntheémum
a posteriori(MAP), which is the image that maximizes the log-posterior density:

Xmap = argmaxflog ?ty j x°, log ?'x°ge (1.3)
X

Often the prior takes the form of regularization, such as total variation (TV) [27],
maximum entropy [143], or L1 sparsity [59]. Equation 1.3 can be solved via
gradient-based optimization [250, 28].

Posterior sampling Often it would be better to sample from the image posterior
rather than solve for a single image. Posterior sampling o ers a greater diversity
of possible image reconstructions and supports downstream tasks like uncertainty
quanti cation. We can use established techniques for sampling from the posterior,
such as Markov chain Monte Carlo (MCMC) [55] or variational inference (VI) [40].
MCMC algorithms generate a Markov chain whose stationary distribution is the pos-
terior, but they are generally slow to converge for high-dimensional data like images.
VI instead approximates the posterior with a tractable distribution. The variational
distribution is usually parameterized to e ciently represent high-dimensional data
distributions. Our work on data-driven priors leverages VI [118, 116, 117].

1.0.2 Types of priors in previous work

Assuming a known likelihood, the challenge is de ning a prior onimages thatre ects
their complicated statistics. Traditional imaging uses handcrafted regularizers that
have simple analytical forms. With advances in deep learning, many methods have
been proposed that leverage either the implicit prior of a neural network or a deep
generative model as the prior.



1.0.2.1 Regqularizers

Regularization-based approaches enforce simple assumptions about natural images.
Examples include total variation (TV) and total squared variation (TSV) for spatial
smoothness [27, 45] and L1 norm for sparsity [59]. The weightings of these
regularizers are typically set by hand.

1.0.2.2 Data-driven priors

Classical examples of data-driven models are Gaussian mixture models [361, 362]
and independent components analysis (ICA) [31, 170]. These are simpli ed, data-
driven generative models of images, and since they have analytical probability func-
tions ?1x°, they can be easily incorporated as a prior in Equation 1.2. On the other
hand, deep-learned priors enable much more sophisticated image reconstruction.

Implicit deep priors End-to-end learning approaches involve training a neural
network on a paired dataset of images and measurements [248, 171, 343, 351,
350, 342, 263, 95, 94]. They are e ective when there is a su cient amount of
paired data and when measurements at inference time are not too di erent from
the training data. However, they require re-training for new tasks, and uncertainty
cannot be analyzed under the prior implicitly learned by the network. Bayesian
networks [127] can account for uncertainty, but they have not been demonstrated on
complicated posteriors. Deep Image Prior [311] showed that the inductive bias of
a convolutional neural network (CNN) can act as an implicit prior. Other methods
like Plug-and-Play (PnP) [316] and Regularization by Denoising (RED) [258] use
an image denoiser as an implicit regularizer to provide a point solution.

Data-driven generative models Deep generative models, including generative
adversarial networks (GANSs) [138] and variational autoencoders (VAES) [187, 255]
have proven e ective at generating visually impressive images, leading to some
approaches that solve inverse problems by nding a solution in the range of the
generative model that agrees with the measurements [43, 147, 148]. Flow-based
models like discrete normalizing ows [186, 101, 156, 140, 30, 100, 233] and
autoregressive ows[199, 136, 314, 244] support exact log-probability computation
[22] so can be easily plugged into Equation 1.2, but they are restricted to certain
network architectures and tend to not generalize well outside of training data [189,
233]. Diusion models [155, 188, 279, 239, 283] have recently emerged as the
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state-of-the-art in generative modeling [99] and have already been demonstrated as
e ective priors for solving inverse problems [355].

1.0.2.3 Physics-based priors

Any imaging method that makes use of physics knowledge, whether as a hard
constraint or soft constraint, can be viewed as using a physics-based prior. Unlike
with data-driven priors, physics knowledge often gets embedded into the imaging
process in ways besides plugging it in as a prior in the Bayesian formula (Equation
1.2). Here we list some broad approaches to incorporating physics.

Model- tting  Model- tting imposes hard physics constraints by tting parameters

of a physical model to observed measurements. This has been done for black-hole
imaging [8, 322, 132, 181, 344, 238] and is one of the most constraining ways to
approach imaging, as it requires de ning a model that can fully describe the object
being imaged and forces the reconstructed image to agree with that model even if
the observed measurements are imperfect.

Hard physics constraints Constraints can be enforced in optimization-based [48,
93] and sampling-based approaches [160] via feasible sets. For example, one can
propose candidate solutions that satisfy the desired physics equation [202]. When it
comes to deep-learning-based approaches, one approach is to build inductive biases
into the neural network to satisfy desired constraints [179]. For example, equivariant
neural networks [266, 133, 301] enforce symmetry constraints [15, 240, 190, 285,
49, 256, 265, 192, 227, 97, 338, 161, 341]. One can also modify the architecture
of di usion models to satisfy certain types of constraints [44, 165, 121, 215, 211,
122], such as those that can be characterized as a Riemannian manifold [44, 165]
or a convex constraint set [121, 211]. Such neural networks can be used to solve
inverse problems in an end-to-end manner or as deep generative priors.

Soft physics constraints For optimization-based approaches, the constraint can
be relaxed as an additional penalty term [34]. Physics-informed neural networks
(PINNSs) [254] are trained to solve inverse problems with an additional loss that
enforces physics as a soft constraint. Other approaches include adding constraint-
violating examples during training [137] and using reinforcement learning to align
pretrained models to reward functions that encourage satisfying constraints [290,
358].
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Chapter 2

SCORE-BASED DIFFUSION MODELS AS PRINCIPLED
PRIORS
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The inverse problem of imaging become more ill-posed as imaging sensors exceed
their limits, making priors even more crucical in the imaging process. When
many di erent images agree with observed measurements, a prior helps constrain
solutions according to desired image statistics. How to incorporate a sophisticated
prior, however, is not straightforward. In this chapter, we address the problem
of incorporating a rich prior into principled approaches to inverse problems by
leveraging a di usion model as a fully data-driven and powerful prior.

Previous methods pose a tradeo : principled methods require simple priors, while
deep-learned priors preclude precise analysis. On the principled side, recall that
Bayesian-inference methods model the posterior distribution of imagesndi-
tioned on measuremenys

?IX Jy°©/ ?ty jxO ?1xOe

This Bayesian framework supports a modular approach to inverse problems where
the likelihood?1y j x° is de ned by an expert based on knowledge of how mea-
surements are obtained, and the pféx° is de ned independently. Furthermore,

it allows for principled solutions. MAP estimation can be done by optimizing the
posterior probability. Posterior sampling can be done with MCMC or VI. But since
such methods require the value or gradier?bt°, they have been limited to simple
priors (e.g., Gaussian) and weighted regularizers (e.g., total variation). In practice,
the relative weights of the prior and likelihood terms are usually tuned by hand,
introducing a human bias that is unsatisfactory for scienti ¢ applications.

On the deep-learning side, solutions leveraging an implicit, deep-learned prior may
look convincing but do not lend themselves to principled analysis. For example,
a CNN can be trained in a supervised way to output images given measurements,
but its prior cannot be probed and does not generalize to new tasks. Previous work
showed how to condition a di usion model a type of generative model whose prior

is captured in a learned image denoiser on arbitrary measurements [79, 80, 77,
78, 139, 280, 284], but the methods depend on hand-tuned hyperparameters and
do not sample from a true posterior except in auspicious cases. To get the best of
both worlds (traditional Bayesian inference and modern deep learning), we need a
way to incorporate the expressive prior of a deep-learned model into a traditional,
principled Bayesian approach.

We propose employing a di usion model as the prior in Bayesian inference for
imaging. A score-based prioiis the distribution under a score-based di usion
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model [283], which is the most sophisticated type of generative model to-date
and has been proven to allow for exact probabilities (a feature under-explored in
practice). The main contribution of our work is establishing score-based priors as
an interface between modern deep-learning and traditional inverse problem-solving,
giving proven, principled approaches direct access to learned, rich priors. Under
our framework, we train a score-based prior once on a dataset of images. Paired
with any likelihood?1y j x°, this prior can be plugged into any inference algorithm
that uses the value or gradient of the posterior.

We rst present background on di usion models in Section 2.1. We then discuss a
di erent class of methods for solving inverse problems with di usion models and
their limitations in Section 2.2. In Section 2.3, we de ne and validate the log-
probability function of a score-based di usion model. In Section 2.4, we propose
an approach to use this log-probability function in a principled VI framework for
posterior estimation. In Section 2.5, we present results of posterior sampling for
various imaging problems. We propose a more e cient surrogate for the score-
based prior in Section 2.6, and we present results on improved e ciency and image
reconstruction with the surrogate in Section 2.7.
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Figure 2.1: An illustration of the di usion process. The forward-time SDE dictates
how to transform an image distributi@aaatC= 0into a noise distribution &=) .

The reverse-time SDE dictates how to transform the noise distriblidh - ©

into a clean image distributio®g that is indistinguishable froMyaia

2.1 Diusion Models

A di usion model transforms a simple distribution into a complex one, with image
generation usually done by gradually denoising a sample from a Gaussian distri-
bution until it becomes a clean image. Denoising di usion probabilistic models
(DDPMs) [277, 155] treat this transformation as a discrete-time process with a
xed number of denoising steps. Score-based di usion models [281] generalize to
continuous time. We present di usion models within the score-based framework.

2.1.1 Score-based di usion models

In the continuous-time setting, a stochastic di erential equation (SDE) describes
how the data distribution should look at each step of denoising. Each noise level
is associated with a di usion tim€ where a largeCcorresponds to more noise
present in the image. forward-time SDEle nes the di usion process of an image
x10° fromC=0to C=):

dx =f Ix—@&iC, 61Cdw— (2.1)

wherew 2 R denotes Brownian motior3'C 2 R is the di usion coe cient,
which controls the rate of noise increase; &id-€: R ! R is the drift coef-
cient, which controls the deterministic evolution &f'C. By de ning a stochastic
trajectoryfx 1Cgw.0-y, this SDE gives rise to a time-dependent probability distri-
bution ?g which is the marginal distribution of1Ce We construct * —€and6:C

so that if 79 = ?gata then?)  c.

Sampling an image frorf?y requires reversing the di usion process. Tieverse-
time SDE18] is given by

dx = fiIx—€ 61C%r 4 log 2dx° dC, 61Cdws (2.2)
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The problematic term hereiis; log ?¢x°, which is the (Stein) score af under?g

In words, undoing di usion is di cult because it requires knowing how to nudge
each perturbed distributioPccloser to the clean data distribution. Being the only
data-dependent component of this SDE, the score function is learned by a neural
networks x—€with parameters [283, 282]. Because eactcis ?g perturbed

by Gaussian noise, the time-dependent score model—Ccan be thought-of as

an image denoiser: it takes a noisy image as input and estimates the noise, and
Cindicates the level of noise applied. To sample a new image, a noise image
x1)° N1 0 4 °isdrawn whose nal stat&10° is given by solving the reverse-
time SDE with the assumption thatx—€ r  log ?dx°. If the score model is

well trained, then we can assume tigt  ?gata
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2.2 Related Work on Di usion Models for Inverse Problems

Many methods have been proposed to leverage pretrained di usion models as pri-
ors for inverse problems, but they operate within a completely di erent framework
than ours. These methods generally apply the denoising network within the di u-
sion model as an implicit prior, iteratively alternating between denoising steps and
measurement-consistency steps. This concept is similar to the idea of plug-and-
play (PnP) denoising priors [316] and regularization by denoising (RED) [258],
whereby a sequence of steps consisting of denoising and enforcement of measure-
ment consistency gradually transforms an initial guess of an image into a clean
image. Di usion models are preferable because they o er an alternative theoretical
framework for employing the denoiser while typically resulting in richer images
than a classical PNnP/RED approach.

We use the ternplug-and-play di usion priors(PnPDPSs) to refer to the class of
methods that use di usion models to solve inverse problems speci cally by incor-
porating both the measurement likelihood and the denoiser of the di usion model
in an iterative process (often according to the di usion SDE). In contrast, our ap-
proach directly optimizes the posterior probability that arises from the measurement
likelihood and the prior probability under the di usion model. A major limitation

of PnPDP methods is that they entail many hyperparameters that need to be tuned,
whereas our approach is hyperparameter-free.

In this section, we cover the three main categories of PnPDP methods: guidance-
based, variable splitting, and sequential Monte Carlo. To evaluate PnPDP methods
in a systematic and easily-extensible manner, we introduced a comprehensive bench-
marking framework known akwverseBench [355]. We also note that while this
chapter focuses on imaging, PNPDP methods have been applied to inverse problems
in physical sciences [355] and video inverse problems [349].

Guidance-based methods Arguably the most popular approach to solving inverse
problems with a pretrained di usion model is guidance-based methods [280, 326,
180, 260, 79, 98], which modify Equation 2.2 by adding a likelihood score term,

r x log ?dyjx°, along the di usion trajectory. However, guidance-based methods
are fundamentally limited due to the intractibility lofg ?dy jx 1C° [144]. Various
approximations have been proposed [284, 79, 280, 50], but as we show in this
chapter, they may lead to inaccurate estimations of the posterior.



14

Variable splitting Variable splitting is a widely-used strategy for solving regular-
ized optimization problems and conducting Bayesian inference [320, 72, 200]. The
core idea is to split the inference into two alternating steps [334, 360, 206, 278, 348,
339]. The rst step uses the forward model to update or sample in the neighborhood
of the most recent 1C. The second step runs unconditional inferenc&&n!C°,

which amounts to running Equation 2.2 for a small amount of time.

Sequential Monte Carlo Sequential Monte Carlo (SMC) methods draw samples
iteratively from a sequence of probability distributions. These methods represent
probability distributions by a set of particles with associated weights, which asymp-
totically converge to a target distribution following a sequence of proposal and
reweighting steps. Recent work extended SMC methods to the sequential di usion
sampling process [332, 306, 61, 103], enabling zero-shot posterior sampling with
di usion priors. However, these methods are typically applicable only to inverse
problems with linear forward models.



15

Figure 2.2: A score-based prior ihvgperparameter-free, probabilistic prior that

is alsoexpressive and data-driven Paired with a set of measurements, the prior
can be used for principled inference of a full posterior. In this example, a score-
based prior was trained on face images ( Prior shows samples from the learned
prior). The inverse problem is interferometic imaging of a synthetic black hole.
We simulated interferometric measurements from the actual telescope array used to
capture the rst black-hole image [7] and sampled images from the posterior via VI.
From the top to bottom row, the posterior stably moves away from the prior given
more constraining measurements. With measurements from only three telescopes,
the posterior shows strong in uence from the prior and contains images resembling
faces that are brighter on the left half. As more telescopes (measurements) are added,
the posterior reveals the ring-like structure of the underlying image. Our framework
nds the proper relative strengths of the prior and measurements automatically.

2.3 Score-based Priors

We propose score-based priors as di erentiable image priors that can be trained on
any dataset and employed for principled inverse imaging. For example, one can
learn a prior on face images by training a score medéx — €on the CelebA [213]
dataset of faces. Then one can model any posterior with a face prior by appealing
to the functionlog ? 1x°. See Figure 2.2 for an example of our method applied to
black-hole imaging with such a face prior.

2.3.1 Log-probability computation

Our method leverages previous work that shows how to compute image probabil-
ities under the score-based SDE framework [283]. Prior to our work, this feature
was mostly discussed in theory but not demonstrated in practice. In this section,
we discuss log-probability computation under a score-based di usion model and
empirically validate it.

Probability ow ODE  Computing probabilities requires inverting the sampling
process of a di usion model: the probability of an imagé0°® depends on the
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probability of thex?) © that would have resulted in that image through reverse
di usion. Thereis an ordinary di erential equation (ODE) known as girebability
ow ODE [283] that makes both the forward and reverse SDEs (Equations 2.1 and
2.2) invertible, inducing the same time-dependent probability distribugiebut
without Brownian motion. The ODE is the same forward and backward in time,
de ning a bijective mapping betwee®cand ?¢ for any two timesC-2Q@ »0-)v4
For a score moded 'x—€ r , log ?dx°, the learned probability ow ODE is
given by

%:f 1X—€ %61(925 IX—C=: f~1x— G (2.3)
Log-probability formula By the continuous-time change-of-variables formula
[71], the log-probability of an image = x 10° under the?q distribution is given by
the log-probability of 1) °© under the?y = ¢ Gaussian, plus a normalization factor
accounting for the change in probability density fred0° tox 1) °. We compute the

log-probability under the ODE (Equation 2.3) by solving an initial-value problem:
1

)
log ?0*x *0°° = logctx?t) °° r f~ix1C-a@iC- (2.4)
0

wherex10° = x. The divergence f~1x1C-€quanti es the instantaneous change
in log-probability ofx 1€ caused by applyin§f~ 1x 1C— €in either time direction. It
can be estimated with Hutchinson-Skilling estimation of the tracel&ff~1x 1C- €
[283]. We denote the log-probability function of a score-based prido@8 :=
log ?o.

2.3.2 Log-probability validation

In several experiments (Figures 2.3, 2.4, and 2.5), we compare a learned score-
based prior to a known ground-truth distribution. The ground-truth is a Gaussian
distribution of16 16grayscale images, whose mean and preconditioned covariance
were tto CelebA face images. The score model was trained on samples from this
Gaussian. Figure 2.3 shows our empirical analysis of log-probabilities under the
score-based prior versus the true prior. We verify accuracy on both in-distribution
and out-of-distribution images.

Gradients As many Bayesian-inference approaches requdiesgentiable prior,
we validate that the gradient function log ? 1x° provides more accurate gradients

1The implicit assumption is that the score model is well-trained suctPthat 2gata Where?gat
is the true distribution of the training data.
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Figure 2.3: Log-probabilities of the score-based prior vs. ground-truth. Black
line indicates perfect agreemenin-Distribution. The log-probabilities of 128
samples from the Gaussian ground-truth distribution were evaluated (shown as
scatter points). Score-based log-probabilities are strongly correlated with ground-
truth log-probabilities'(?  0498). Out-of-Distribution. The log-probabilities of

test images from CIFAR-10 (scaledi6 16) are shown. The score-based prior
generalizes well out of distribution.

Figure 2.4: ODE gradients vs. score-model outputs. Histogram shows density of
cosine distance between the estimated gradient and true gradient for 128 samples
from the ground-truth Gaussian. Heréx— G Q° is the score-model-approximated
gradient C= 04001 is actually used for numerical stability), amd log? x°is
computed numerically according to the probability ow ODE.

than the score modsl 'x—G 0° r  log ?9x°. Itis tempting to apply the score
model as a cheap gradient approximator since it is designed in theory as such, but
in practice, it does not generalize to out-of-distribution data. It is more reliable to
compute the gradient of the entire ODE solvéogf? 1x° with respect tox. Figure

2.4 shows that given samples from the ground-truth Gaussian, gradients computed
according to the ODE are closer to the true gradients (in terms of cosine similarity)
than score-model outputs. Figure 2.5 (appearing in Section 2.4) shows that using
score-model outputs as gradients leads to an incorrect posterior.
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2.4 Posterior Sampling with Score-based Priors

We accomplish posterior sampling by plugging the score-based prior into a VI
method. This both highlights the applicability of score-based priors to established
optimization methods and provides a solution to the open problem of posterior
sampling with di usion-model priors. In this section, we describe our chosen
approachPeep Probabilistic ImagingDPI), which converges faster than MCMC
and provides e cient sampling [288].

2.4.1 Main idea for posterior sampling

Our main idea for unlocking the rich prior of a di usion model is to remove the
concept of diusion and consider the prior as a xed distribution just like the
likelihood. This lets us directly model the posteriog ?x jy°.

As discussed in Section 2.2, guidance-based PnPDP methods face an intractable
time-dependent score function. Posterior reverse di usion requirepdlgsrior
score function

I vielog 2adx1C jy° =r sielog ?2dy j x1C°, s Ix1C-C

for all C2 »0-)¥4 The score model gives the prior score, but the likelihood score is
only de ned forC= 0. For every di usion timeG the true likelihood is de ned by

an intractable integral over atl*0°:
1

22y jx1C= ?1y j x10°°?1x 10° j X 1Cdx 10
x 10

To circumvent this challenge, previous methods either abandon the true measure-
ment uncertainty [74, 80, 77, 78, 139, 284, 3] or strongly approxirigte j x 1C°
[79, 173, 180, 280]. This necessitates hyperparameter(s) for determining the im-
portance of measurements versus the prior, making the estimated posterior more of
aconditionaldistribution rather than a principled posterior. Di erent hyperparam-
eter settings have drastic e ects on the estimated posterior: if measurements are
under-weighted, then the posterior is overly-biased toward the prior and may contain
misleading data; if measurements are over-weighted, then the samples may collapse
onto a subspace that does not make sense under the prior. Figure 2.16 in Sec-
tion 2.7 demonstrates that even with ideally-tuned hyperparameters (which require
knowledge of ground-truth), previous methods cannot capture the true posterior.



19

Figure 2.5: True vs. estimated posterior. Measurements are the 6.25% lowest DFT
spatial-frequencies of an image from the prior and have i.i.d. noisefwithjlj.

The true mean and variance were derived analytically since the prior is the Gaussian
ground-truth distribution, and the likelihood distribution is also Gaussian. The mean
and variance were estimated from 10240 samples.

2.4.2 Selected approach: variational inference with a normalizing ow

Our approach for directly modeling the posterior is rooted in VI. Following the
method proposed in DPI1[288], we de ne a family of distributig@svia a RealNVP
[101] normalizing ow with parameters , which we optimize to approximate the
desired posterior. For a score-based prior with parametehge objective is

zargmin . @k? 1 jy° (2.5)
=zargminEx @ log?ty jx° log? x°, log@*x° -

This objective includes the log-posterior and an entropy tétng »og @ X °%
which can be tractably computed under the RealNVP. During tting, the expectation
is Monte-Carlo approximated with a batch of samples from the RealNVP. The
absence of hyperparametersn Equation 2.5 is a feature of the score-based prior.
Because our prior is truly probabilistic, there is no need for a hand-tuned weight.

As evidence that our method correctly samples the posterior, Figure 2.5 compares
an estimated posterior to ground-truth. The score-based prior was trained on the
ground-truth Gaussian used in Section 2.3, and the task was to deblur an image from
the true prior. The estimated mean and covariance closely agree with the analytical
mean and covariance. Additionally, we nd that directly using the score-model
output leads to an incorrect posterior.

We note that accurate posterior sampling is dependent on accurate log-probabilities
in the rst place. We verify that log-probabilities under a score-based prior well-
approximate those under a ground-truth Gaussian prior in Figure 2.3, but log-
probabilities are di cult to validate for complex priors (which motivates our work).
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2.5 Results of Posterior Sampling with Score-based Priors

We validate our approach on several imaging tasks: denoising, a version of deblur-
ring, and interferometry. Interferometry is used for black-hole imaging (Figure 2.2)
and highlights the bene ts of score-based priors for scienti ¢ applications, which
call for exact posterior sampling given standalone priors to accurately quantify
uncertainty.

2.5.1 Baseline methods
We include comparisons to three PnPDP methods for posterior sampling with an
unconditional di usion model, described in the following paragraphs.

SDE+Proj [284] The imagex 1C is projected onto a measurement subspace at
eachCthroughout reverse di usion. A hyperparametedetermines measurement
weight. This approach is purported to give plausible solutions rather than exact
posterior samples. It is restricted to compressed-sensing linear inverse problems in
which the forward matrix has fewer rows than columns.

Score-based annealed Langevin dynamics (Score-ALD) [173]The authors pro-
pose ALD with approximate posterior scores:

A ly Ax?°
f2>\/%
A 1y Ax?°

Wherew is the log-likelihood gradient assuming linear measuremegnts (

r«log?dx jy° s ix-€C,

(2.6)

Ax ., n) and Gaussian nois@ ( Nt 0. —f2]« °). HereWkis a hyperparameter

for the weight of the log-likelihood term at st&p thus calling for a hand-tuned
approximation of the likelihood score at edClOne way to automatically adjust the
magnitude of the likelihood score is to renormalize it to have the same magnitude as
the prior score, which is what the authors do in their experiments. Without this trick,
we nd image posterior sampling highly sensitive to Mg&annealing schedule.

Di usion posterior sampling (DPS) [79] The authors propose an approximation
of log 2oty J X *C° throughout reverse di usion. A hyperparamt&rdetermines
the magnitude of the log-likelihood gradient at e&Bimilar to ALD, the authors
use a trick to determine the magnitude of the likelihood score, sedgrgZeky
51X1x 1C°%k where5is the forward model, angx 1C° := E>x 10° | X 1CY4
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Figure 2.6: Denoising with di erent priors. The data-driven priors (PCA-G, NF,
Ours) were trained on the CelebA training set in (a) and the CIFAR-10 training
set in (b). TV regularization weight is 0.000252CA-G is a Gaussian based on
the top 512 principal components of the training datl: is a RealNVP with 64

a ne-coupling layers. TV, PCA-G, and NF are relatively simple priors that do not
give rich posteriors. Score-based priddsifs) capture complex spatial correlations
(see sample quality and data-driven std. dev. maps).

2.5.2 Imaging inverse problems

There are two comparisons to perform: (1) score-based priors vs poitkesrand (2)

our posterior-sampling approach ¥nPDP methods(1) is done with a denoising
experiment, and (2) is done with a deblurring experiment, although the ndings are
not task-dependent. We then focus on black-hole imaging as an endeavor that could
bene t from score-based priors as tools in the scienti ¢ process.

2.5.2.1 Validation of prior (denoising)

We denoise images corrupted by i.i.d. Gaussian noise with a standard deviation
of f = 02 (20% of the dynamic range). Figure 2.6 shows denoised posteriors
given di erent priors: (1) TV regularization, (2) PCA-Gaussia®CA-G), (3)
RealNVP normalizing ow (NF), and (4) our score-based prior. DPI was used to
approximate the posterior for each prior except PCA-G, which has an analytical
Gaussian posterior.

Score-based priors provide more informative posteriors than traditional priors do.
This is re ected in sample quality: as Table 2.1 shows, the average SSIM and PSNR
of posterior samples are highest when using a score-based prior. Score-based priors
also provide richer posteriors: as shown by the empirical standard deviations in
Figure 2.6, our priors result in full posteriors with a data-driven uncertainty (e.g.,
uncertainty is higher on facial features like the eyes, ears, and hair of the CelebA
image, whereas other priors are more unaware of facial structure). The RealNVP
NF performed poorly as an image prior, perhaps because it struggles to generalize
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Prior CelebA | CIFAR | Same dataset Same dataset TV
Image (Ours) (Ours) | (PCA-G) (NF)
CelebA SSIM:0.88 | 0.71 0.76 0.31 0.53
PSNR:25.1| 21.6 20.5 11.3 17.4
CIFAR SSIM: 0.79| 0.85 0.74 0.22 0.57
PSNR: 19.0f 21.0 19.4 13.4 17.6

Table 2.1: Denoising metrics. Row refers to test image in Figure 2.6. Column refers
to prior used for denoising. Average SSIM and PSNR were computed across 128
posterior samples for each (test image, prior) pair. The correct score-based prior
(Ours) performs best for each test image, while even the incorrect score-based
prior performs well compared to the other priors.

to non-training images and thus leads to unstable optimization of the variational
posterior.

2.5.2.2 Validation of posterior sampling (deblurring)

We consider the task of reconstructing an image from measurements of the lowest
DFT spatial frequencies, which we call deblurring to simplify terminology. In our
experiments, we observed the lowest 6.25% DFT spatial frequencies with complex-
valued measurement noise with a standard deviatigf pE 1«0 ( 0.2% of the
magnitude of the zero-frequency component). Figures 2.7 and 2.8 show results
for a CelebA and CIFAR-10 source image, respectively, comparing our method,
Score-ALD, DPS, and SDE+Proj. We used the same two score models (one trained
on CelebA and one trained on CIFAR-10) for all methods. Our method outperforms
others in terms of MSE, PSNR, and SSIM (e.g., in Figure 2.7(a), our posterior
samples have an average PSNR of 24.75, while DPS, the best-performing method
in terms of PSNR, achieved an average of 20.37).

Our posterior sampling method is much more robust to mismatched priors than base-
lines are. Consider the CelebA prior applied to measurements of a CIFAR-10 image
in Figure 2.8(b). When the measurement weight in baselines is lower, they halluci-
nate faces, resulting in a posterior that lies within the prior. When it is higher, they
introduce unnatural artifacts to t the measurements. Hyperparameter-dependent
methods make it easy to mistakenly over-bias the prior or the measurements. With-
out access to a ground-truth, one cannot reliably interpret a posterior if it is not the
result of principled Bayesian inference.
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Figure 2.7: Deblurring (CelebA). Two samples from each method are shown. The
source is a CelebA test image (Original). Score-ALD uses the likelihood-gradient
renormalization trick(a) Using the correct prior. All methods recover plausible
posterior samples when the prior includes the true source image. With baselines,
posterior variance depends on the meas. weight, which is di cult to set without
knowing the ground-truth posteriofb) Using an incorrect prior. All methods
(expectedly) are not able to recover a face. But baseline methods introduce heavy
artifacts, while samples from Ours still look natural.

2.5.2.3 Interferometric imaging

The scienti ¢ venture of black-hole imaging calls for principled inference with priors
that are minimally hand-tuned. Radio interferometry is a technique for imaging
astronomical targets with high angular resolution by using a distributed array of
radio telescopes. An interferometer collects sparse spatial-frequency measurements
of the sky'simage. The Event Horizon Telescope (EHT) notably used this technique
to take the rstimage of a black hole [7]. In this work, we simulated interferometric
measurements from the EHT telescope array usingtlttien package [65]. These
simulated measurements contain thermal noise but exclude realistic atmospheric
noise that results in additional phase corruption. We discuss the EHT measurements
and forward model in-depth in Chapter 3 and Appendix A.

The rstimage of a black hole, while the result of carefully-obtained measurements
from the EHT array, was only possible with image priors (technically formulated
as regularizers). EHT scientists handcrafted many priors, each bringing di erent
biases to the image reconstruction. Only the common structure found between
these priors could be reliably interpreted, such as the diameter of the photon ring
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Figure 2.8: Deblurring (CIFAR-10)(a) Using the correct prior. For DPS and
SDE+Proj, both weights achieve plausible samples, but variance di ers drastically.
(b) Using an incorrect prior. ALD, DPS, and SDE+Proj with high meas. weight
struggle to produce natural images when faced with out-of-distribution measure-
ments. With lower meas. weight, DPS and SDE+Proj hallucinate faces. This is also
troubling since the posterior should not lie inside the prior in this case.

surrounding the black hole [7]. Score-based priors could streamline this process as
principled, hyperparameter-free priors that can be easily trained on di erent image
distributions. Plugged into the imaging algorithm, they provide a collection of
posteriors that incorporate di erent image statistics while maintaining measurement
consistency.

It is important to remember that a posterior existsday combination of a prior

and measurements, no matter how far the prior is from the source image. Faithfully
modeling the posterior that arises from a given prior is especially crucial in a task
like black-hole imaging. Since it is impossible to train a prior on real black holes,
any data-driven prior likely does not perfectly agree with the source image. Similar
to our deblurring experiments (Figures 2.7 and 2.8), Figure 2.9 highlights that
score-based priors are robust to mismatches between the prior and true underlying
distribution. Figure 2.9 shows results using score-based priors trained on CelebA
and CIFAR-10. The simulated measurements, from all ve telescopes in the array,
contain enough information for both priors to recover the underlying image structure.
We compare our results to those of Score-ALD and DPS (SDE+Proj does not support
this type of forward model} Unlike these methods, which introduce either prior-

2The EHT forward matrix has more rows than columns, but it is ill-conditioned because mea-
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Figure 2.9: Interferometric imaging of a synthetic black-hole image. Two random
samples from each method are shown (images are all shown with the same color
scale). Both baselines struggle to balance measurements and prior, hallucinating
faces in (a) and a car and horse in (b). Posterior samples become unstable as
meas. weight increases, as evidenced by the unnatural structures resulting from
the highest meas. weight in DPS. Regardless of meas. weight, variance of baseline
samples far exceeds ours (ALD max. std. dev. is 0.202; DPS max. std. devs. are
0.237, 0.242, 0.444, resp., as meas. weight increases; our max. std. dev. is 0.036).
Ours produces samples that agree with the true structure, automatically balancing
likelihood and prior.

related features (e.g., face) or unstructured artifacts (e.g., random pixels to agree
with measurements), our hyperparameter-free method automatically balances the
measurements and prior.

As shown in Figure 2.2, a score-based prior visibly a ects the posterior wherever
measurements are not su cient to constrain image structure. For instance, when
applying a score-based prior trained on CelebA, as measurements are removed,
more facial features appear in the posterior images. Given enough measurements,
the recovered structure in the posterior samples can be reliably analyzed for scienti ¢
interpretation. With our framework, it is also possible to train a collection of score-
based priors and look for common features between the posteriors that arise from the
di erent priors. These common features are more likely to re ect the true underlying
image. This idea is explored in Feng and Bouman [115], and we investigate it in-

surements are highly correlated.
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depth in Chapter 3.

2.5.3 Implementation details

Gaussian ground-truth distribution  The Gaussian distribution used for Figures
2.3,2.4,and 2.5isde ned fdt6 16 grayscale images. The mean and covariance
were t by expectation-maximization to images from the CelebA training set (each
image was rst center-cropped tbt40 140 and then rescaled th6 16). The
covariance was preconditined by addi®@1along the diagonal. Training data were
samples randomly drawn from the resulting Gaussian distribution.

Score model Allscore modelsthatwere trained 88 32images had an NCSN++
architecture [283] with 64 lters in the initial layer. The score model trained on
the Gaussian ground-truth distribution in Section 2.3.2 had 128 lIters in the initial
layer.

DPI implementation We adapted the PyTorch implementation of DPI [287] for
JAX/Flax. Forall presented results on image posterior sampling, we used a RealNVP
architecture with 64 a ne-coupling layers. The RealNVP was optimized with
stochastic gradient descent (SGD) with a batch size of 64. We used the Adam
optimizer with a learning rate of 0.0002 and clipped gradients to have norm 1.

DPI sampling Once optimized, the RealNVP can be sampled to obtain samples

from the approximate posterior. Occasionally the RealNVP produces a clearly out-
of-distribution sample, so we remove such outliers by discarding any sample with a
pixel value whose magnitude is greater tl2arAlthough not needed in most cases,

we applied this postprocessing step before computing statistics of DPI-estimated
posteriors.

DPI optimization time The main computational bottleneck is computing log-
probabilities for each batch. Since we use adaptive step-size controllers, the time
required for each SGD step is variable. In our experiments, we found it ranged
from 30 seconds/step to 200 seconds/step. The time required for each ODE solve
could also depend on the complexity of the distribution underlying the score-based
prior. For example, we found CelebA priors to be faster (about 50 seconds/step for
interferometric imaging experiments) and CIFAR-10 priors to be slower (about 200
seconds/step for deblurring a CIFAR-10 image, which was the slowest case). The
RealNVP generally converges within 5000 10000 SGD steps, although we ran the
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| Solver | kL'@?° (#) | NFE low. bound#) ||
Euler* (1st order) 0.848 4092
Heun (2nd order) 0.478 312
Bosh3 (3rd order) 0.453 81
Tsit5 (5th order) 0.521 255
Dopri5 (5th order) 0.284 65
Dopri8 (8th order) 0.422 1440

Table 2.2: KL divergence depending on the solver used for log-probability compu-
tation. Euler used a xed step-size af*4092 All other solvers used adaptive
step-sizing, with the number of function evaluations ( NFE ) calculated as the num-
ber of solver steps times the order of the solver. The KL divergence was estimated
from 512 samples from the ODE sampler.

optimization for 20000 50000 steps to be sure of convergence. We used v4-8 TPUs
to perform the optimization.

2.5.3.1 Computation of log-probability value and gradient

Log-probability estimation The two implementation decisions that most a ect
log-probability accuracy are: (1) which ODE solver to use and (2) how to estimate
the divergence in Equation 2.4. To deal with (1), our cagies Di rax [183], a JAX
library for di erential equations, to easily swap out solvers and adaptively select
time steps. As for (2), we use Hutchinson-Skilling estimation with multiple trace
estimators to reduce the variance of log-probability and gradient calculations. For
our experiments, we used 5th-order Runge-Kutta solvers [102, 307] and Hutchinson-
Skilling trace estimation [169, 276]. We approximated gradients with the continuous
adjoint method [183].

ODE solver Table 2.2 shows how di erent solvers a ect time-e ciency and KL
divergence to a ground-truth distribution. The ground-truth is the Gaussian distri-
bution used in Section 2.3.2. This suggests that Bogacki Shampine's 3/2 method
and Dormand Prince's 5/4 method o er a good balance between e ciency and
accuracy. Note, however, that score-based priors trained on di erent datasets may
show di erent trends. It is always a good idea to evaluate the runtime of di erent
solvers for a given score-based prior to nd the most e cient solver.

3Website:http://imaging.cms.caltech.edu/score_prior
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Figure 2.10: Mean and variance of log-probability values vs. number of trace
estimators. The score-based prior was t to the ground-truth Gaussian distribution
used in Main Sec. 3.2. For each number of trace estimators (1, 2, 4, 8, 16, 32, 64, or
128), 50 trials of log-probability estimation were done with di erent random seeds
(using the Dopri5 solver with adaptive step-sizing). The solid blue line indicates
the mean of these trials, and the shaded region indicates one std. dev. above and
below the mean. The solid green line shows the value resulting from exact trace
calculation. The evaluated image is inset. As more trace estimators are used, the
variance of the log-probability decreases.

Trace estimation For high-dimensional data, trace estimation is necessary to
estimate the divergence in Equation 2.4. This causes variance in the estimated
log-probabilities and gradients. Song et al. [283] used Hutchinson-Skilling with
one trace estimator, but we use multiple trace estimators to reduce variance. In
our implementation, the same trace estimators are applied to each image in a batch.
Figures 2.10 and 2.11 show the variance of densities and gradients, respectively,
depending on the number of trace estimators used.

Adjoint ODE To compute the exact gradient log ? x°, we would need to
backpropagate through the ODE solve. This is too memory-intensive, so we opt
for the continuous adjoint method [71, 183], which solves a secondary ODE that
gives the gradient of the idealized continuous-time primary ODE. This adjoint
method best balances our memory, speed, and accuracy requirements. Direct back-
propagation through the probability ow ODE could be possible with improved
gradient-checkpointing.
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Figure 2.11: Mean and variance 0§ log ? *x° with 10 vs. 50 trace estimators.
The score-based prior was trained 8 32 grayscale CelebA imagega) Test
imagex and gradient according to the learned score malél — € evaluated at

C= 0. (In reality, we setC= 10 3 for numerical stability and perturbed with

noise accordingly.) Since the test image was drawr as ?g, the score-model
output should equal the trug, log ? x°. (b) Results of estimating the gradient

r x log ?1x° with the probability ow ODE including trace estimation. For both

10 trace estimators and 50 trace estimators, 50 trials of gradient estimation were
done with the continuous adjoint method. Mean Grad. and Std. Dev. are the
average gradient and std. dev. of the gradient of all these runs. Cosine Dist. to
s Ix—G= 0° shows the histogram of the cosine distance between each gradient
estimate and the score-model output, which we consider to be ground-truth. The
results in (b) are evidence that trace estimation gives a good approximation of the
gradient in expectation, but using fewer trace estimates causes higher variance. With
10 trace estimates, the median relative std. dev. of the gradient is 16%. With 50
trace estimates, it is 8.6%. (Relative std. dev. is computgfl @s j.) Also note

that regions of highest variance are in the image background.
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2.6 E cient Surrogate Score-based Priors

A drawback of score-based priors is that computing the exact probability of animage
is computationally expensive. Even so, the VI approach is appealing because it o ers
the same theoretical guarantees as traditional VI. This can sometimes be worth the
computational cost for imaging applications in which measurements are expensive
or di cult to obtain (e.g., black-hole imaging [7], cryo-electron microscopy [106,
204], and X-ray crystallography [331, 226]). Still, it would be bene cial to have

an e cient surrogate for this approach that can be used in the development and
testing stages or simply to reduce computational costs. In this section, we propose
a surrogate score-based prior for e cient VI.

It turns out that computing the evidence lower bound (ELBO) of a score-based prior
[282, 155] is computationally e cient and feasible for high-dimensional images.
We propose to use this lower bound as a surrogate for the exact score-based prior.
In particular, we use the ELBO function as a substitute for the exact log-probability
function, and it can be plugged into any inference algorithm that requires the value
or gradient of the posterior log-density. For VI of an image posterior, we nd at
least two orders of magnitude in speedup of optimizing the variational distribution.
Furthermore, the surrogate approach reduces GPU memory requirements, as there
is no need to evaluate and backpropagate through an ODE.

2.6.1 Evidence lower bound of score-based priors

In Section 2.3 we evaluated image probabilities undefydistribution induced by

the probability ow ODE. We now denote th& distribution by ?°PE. To derive

the ELBO, we turn to the following reverse-time SDE using the approximate score:

dx = f Ix—€ 6!C%s x—€ dC, 61Cdw— (2.7)

which is the same as Equation 2.2, except thaitx— € replacesr x log ?dx°.
Sampling from the di usion model involves solving this approximate reverse-time
SDE, and it induces another distributionGst 0, which we denote a8SPE. Song

et al. [282] proved that i§ 1x—€ r 4 log ?dx—Cfor all C2 »0-)¥and?) = c,
then?OPE = 2SDE = 2, We assume that 'x—€ r  log ?2¢x— €for almost all

X 2R andC2 »0-)¥and that?) N2 0 °, sothat?°PE ?SPE 2.,

Song et al. [282] derived an ELBO, denotedl&SE, for ?SPE such thatl SPELx ©
log ?SPEx© for any proposed image. Essentially, this lower bound corresponds
to how well the di usion model is able to denoise a given image: animage with high
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probability under the di usion model is easy to denoise, whereas a low-probability
image is di cult.

The lower bound, or negative denoising score-matching loss [282], is de ned as
1

1 )
15PELX © 1= gy 1x0ix0 %0g C1X PV > 61C% 1CdC— (2.8)
0

where

1@ := Egpuxoxe ks L€ r yolog 20dx%j x°k5 (2.9)

kr xolog 2odx°j x°k5 %rxo fix>ee

Here 20¢x % j x° denotes the transition distribution frort0° = x to x 1@ = x°

For a drift coe cient that is linear inx, this transition distribution is Gaussian:
20dx%j x° = N1x® ULCx— VC@?| °. This means that the gradienjolog ?odx° j

x° is directly proportional to the Gaussian noise that is subtracted #®to get

x. Equation 2.8 is e cient to compute since we can evaluate it by adding Gaussian
noise tox without having to solve an initial-value problem as with the ODE. In fact,
Equation 2.8 is closely related to the denoising score-matching objective used to
train di usion models [283].

Intuitively, we can interpret Equation 2.8 as associating an image's probability with
how well the score moded could denoise that image if it underwent di usion.
This is represented by the rstterm ifC (Equation 2.9). To assess the probability
of an imagex, we perturb it with Gaussian noise to getand then ask the score
model to estimate the noise that was addeds MKx—€accurately estimates the
noise, therks :x%€ r yolog 2o¢x°j x°k3 is small, and the value afSPFix°
becomes larger. The remaining terms #C are normalizing factors independent
of , andEz, ixgxe M0gctx ®yaccounts for the probabilities of the noise images
x 1) © that could result fronx being entirely di used.

2.6.2 Approximating the posterior with VI
Recall from Section 2.4 that we would like to nd the variational distributi@n
that minimizes the KL divergence to the target posterior:

zargmin g l@k? 1 jy°° (2.10)

zargminEx @ log?ty jx° log?°PEixo log@ix°® «  (2.11)
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Now, to circumvent the computational challenges of evaluating the prior term
log ?°PE1x°, we replace it with the surrogate>PEix© to get the following ob-
jective:

=argminEx @ log?ly jx° 15PEixo Jog@ix° (2.12)

We can also think ol SPE as replacing the intractableg ?SPE in Equation 2.10.
Since log?SPE  1SDPE our surrogate objective minimizes the upper bound of
the KL divergence involvingSPE.

2.6.3 Implementation details

Evaluating 15PEix°  The formula for1SPEix° (Equation 2.8) contains a time
integral and expectation ovélodx® j x° that can be estimated with numerical
methods. Following Song et al. [282], we use importance sampling with time
samplesC ?1C for the time integral and Monte-Carlo approximation with noisy
imagesx® Nt UCx—VC?| ° for the expectation. The proposal distribution
?21C = \ﬁlgl was empirically veri ed to result in lower variance in the estimation
of 15PE1x0[282]. We take# ctime samples an#é, noise samples to approximate
the time integral and expectation ov&idx°j x°, respectively. In our experiments,

#c=#, = 1. We nd that increasing the number of time and noise samples does

not e ciently decrease variance in the estimated value gf5tx©.

Optimization We use SGD to optimize , Monte-Carlo-approximating the ex-
pectation in Equation 2.12 with a batchyof @ . EstimatinglSPEtx © has higher
variance than estimatirigg ?°PE1x°. For instance, in Figure 2.18°5PF1x© with

#c= 2048-# = 1 shows higher variance thdng ?°PEix© with 16 trace esti-
mators. A lower learning rate can help mitigate training instabilities caused by
variance. For example, in Figure 2.14b the learning rate with the exact prior was
0-0002 while the learning rate with the surrogate prior V@30001
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Figure 2.12: Computational e ciency of surrogate prior vs. exact prior. For each
image size, we estimated a posterior of images conditionetl eaccelerated MRI
measurements of a knee image, using a Gaussian distribution with diagonal covari-
ance as the variational distribution. The hardware was 4x NVIDIA RTX A6000.
The surrogate prior allows for VI of image sizes that are prohibitively large for the
exact prior. For image sizes supported by the exact prior, the surrogate improved
total optimization time by ovet20 while using less memory and scaling better
with image size. Image-Restoration Quality veri es that optimization with the
surrogate was done fairly, as the PSNR and SSIM of the converged posterior (aver-
aged over 128 samples) are at least as high as with the exact prior.

Image size| Surrogate Exact
16 16 0029 195
32 32 0038 419
64 64 0-090 123
128 128 | 0294 N/A

256 256 14115 N/A

Table 2.3: Iteration time [sec/step]. A step of gradient-based optimization of the
variational distribution is two to three orders of magnitude faster with the surrogate
prior.

2.7 Results with Surrogate Score-based Priors

We validate our approach with surrogate score-based priors on the tasks of acceler-
ated MRI, denoising, and reconstruction from low spatial frequencies (deblurring).
See Appendix B for details about the forward models.

2.7.1 E ciency improvements

In Table 2.3 and Figure 2.12, we quantify the e ciency improvements of the sur-
rogate prior for an accelerated MRI task at di erent image resolutions. We drew a
test image from the fastMRI knee dataset [345] and resizedli6to 16, 32 32,

64 64,128 128 and256 256. For each image size, we trained a score model
on images of the corresponding size from the fastMRI training set of single-coil
knee scans. We then optimized a Gaussian distribution with diagonal covariance
to approximate the posterior. The batch size wagor the surrogate andz2 for
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Figure 2.13: High-dimensional Bayesian inference with a surrogate score-based
prior. Here we show posterior samples for accelerated MR25f 256 knee
images, approximated via VI with a surrogate score-based prior. The rst row
shows reconstruction frod6 -reduced MRI measurements. The second row shows
reconstruction given mor&-space measurements, i4.-reduced MRI. Bayesian
imaging at this image resolution is computationally infeasible with the ODE-based
approach. Our proposed surrogate enables e cient yet principled inference with
di usion-model priors, resulting in inferred posteriors where the true image is within
three standard deviations of the posterior mean for 96% and 99% of the pixels for
16 - and4 -acceleration, respectively.

the exact prior (a smaller batch size was needed 64t 64 optimization into
GPU memory). Convergence was de ned via a minimum acceptable change in the
estimated posterior mean between optimization steps.

We nd at least two orders of magnitude in time improvement with the surrogate
prior. Table 2.3 compares the iteration time between the two priors. Figure 2.12
compares the total time it takes to optimize the variational distribution. The surrogate
also improves memory consumption, which in turn enables optimizing higher-
dimensional posteriors. Following standard practice, we just-in-time (JIT) compile
the optimization step to reduce time/step at the cost of GPU memory. Figure
2.12 shows how the surrogate prior signi cantly reduces memory requirements and
scales better with image size. The exact prior could only handle 64 t&4 before
exceeding GPU memory (we tested on 4x 48GB GPUs). While memory could
be reduced with a smaller batch size, this would make optimization more time-
consuming. On the other hand, our surrogate prior supports much larger images, as
we demonstrate in Figure 2.13 866 256 MRI with a Gaussian-approximated
posterior. This type of principled inference of high-dimensional image posteriors is
not practical with the exact score-based prior.

4Larger images may be feasible, but their larger memory footprint might restrict the possible
batch size and complexity of the variational distribution.



35

(a) Ground-truth (Gaussian) posterior. (b) Complex posteriors.

Figure 2.14: Estimated posteriors under surrogate vs. exact prior. For each task,
the variational distribution is a RealNVP, and the score model is the same between
both prior functions.(a) Both prior functions help recover the correct (Gaussian)
posterior. The score-based prior was trained on samples from a known Gaussian
distribution (originally tto 16 16 face images), and the measurements are the
lowest 6.25% spatial frequencies of a test image from the prior. Since the prior and
likelihood are both Gaussian, we know the ground-truth Gaussian postébipr.
Estimated posteriors for (i) denoising a CelebA image and (ii) denoising a CIFAR-
10 image. Std. dev. is averaged across the three color channels. The score-based
prior was trained on CelebA in (i) and CIFAR-10 in (ii). Both prior functions
result in comparable image quality; visual di erences appear mostly in the image
background.

2.7.2 Posterior estimation under surrogate versus exact

The surrogate priofSPE may not be an identical substitute for the exact prior
log ?°PE. Importantly, though, we verify in Figure 2.14a that both the surrogate
and exact prior recover a ground-truth Gaussian posterior derived from a Gaussian
likelihood and prior, using a RealNVP as the variational distribution. The score
model (used by both the surrogate and exact prior) was trained on samples from the
known prior.

Nonetheless, the surrogate could result in a di erent locally-optimal variational
posterior, particularly if the posterior leads to many local minima in the variational
objective. Figure 2.14b compares posteriors (with unknown true distributions)
approximated by a RealNVP under the surrogate versus exact prior. For each task
(CelebA denoising and CIFAR-10 denoising), both prior functions used the same
trained score model. We observe in these comparisons that most of the di erences
appear in the image background and that both priors result in a plausible mean
reconstruction and uncertainty.
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