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ABSTRACT

The core idea of computational imaging is to supplement limited observable data
with human-imposed assumptions, or priors. One could formulate a prior as a sta-
tistical model or physics model of the object being imaged. However, incorporating
such assumptions in the imaging process poses computational challenges, includ-
ing efficiently expressing sophisticated priors, appropriately balancing priors with
observations, and gently enforcing physics constraints. This thesis addresses such
challenges with principled methods for bringing informative assumptions into com-
putational imaging. We emphasize applications in scientific imaging, and we focus
on two categories of priors as well as the intersection between them: data-driven

statistics and physics knowledge.

On the data-driven side, this thesis presents work on score-based priors, including
a posterior-estimation method and results of re-imagining the famous M87* black
hole from real data with score-based priors. On the physics-based side, we have
been able to tackle extremely under-determined imaging problems by enforcing
physics constraints, including performing single-viewpoint dynamic tomography
of emission near a black hole and characterizing interior material properties from
video. As a means towards integrating data-driven and physics-based assumptions,
we have developed a method to enforce physics constraints on generative models. In
this thesis, we explore each aforementioned project with an emphasis on technical
novelty and experimental validation on simulated and real data. By opening new
routes for bringing in both data-driven and physics-based assumptions, the methods
presented in this thesis enable visualizing scientific phenomena beyond the reach of

conventional sensors.
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Chapter 1

INTRODUCTION



2

In the quest for scientific knowledge, seeing is believing. Whether it is viruses,
weather systems, or exoplanets, making the unseen visible helps inform, motivate,
and educate. Pushing the boundaries of imaging therefore goes hand-in-hand with

pushing the boundaries of scientific knowledge.

However, as the boundaries of science continue to expand, the demands on imaging
outpace the capabilities of direct imaging with sensors. Even though physical
sensors can capture some amount of data, that information is often incomplete,
highly corrupted, or both. For example, in astronomy, phenomena such as black
holes and exoplanets are so distant that telescopes on Earth are nowhere near large
enough to fully resolve them, leading to incomplete data. Furthermore, atmospheric
turbulence and sensor aberrations corrupt the little amount of data that is available.
To overcome the limitations of physical sensors, we need to fill in the missing
information. Computational imaging aims to visualize scientific phenomena beyond
the reach of conventional cameras by incorporating additional assumptions about

the object being imaged.

As humans and scientists we often carry priors on images. We refer to imaging
assumptions as priors because they describe image characteristics that are expected
a priori, before any data is observed. These priors can range from the statistics of
natural images that most people observe to domain-specific scientific knowledge.
When imaging a black hole, for instance, we may wish to enforce spatial correlations
that would make the image appear similar to a natural photograph, or we may rather
make the image fit a physics model of a black hole. As such, two powerful categories
of priors emerge: data-driven priors and physics-based priors. Data-driven priors
integrate the statistics of large-scale image datasets, while physics-based priors im-
pose constraints rooted in physical equations. Both categories require thoughtfully-
designed imaging algorithms that integrate prior knowledge with observed data in
a principled way. This thesis explores the two paradigms of data-driven priors and
physics-based priors, focusing on principled methods for applying them to scientific

imaging problems.

Our work has established new avenues for leveraging data-driven and physics-based
priors. On the data-driven side, we developed a method for using diffusion models,
a state-of-the-art type of generative model, as sophisticated data-driven priors for
general imaging problems [|118,|116]. We applied this to image the M87* black hole
to target a wider range of imaging assumptions than previously possible [117]. On

the physics-based side, we developed a method for recovering the dynamic 3D gas



Data-driven Priors Physics-based Priors

Chapter 4:
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Figure 1.1: Venn diagram organizing the thesis chapters according to two paradigms
of priors for scientific computational imaging. Both data-driven priors and physics-
based priors help overcome extreme limitations in observable data when it comes
to scientific imaging.

around a black hole given only a single 2D viewpoint by making use of soft and hard
physics constraints. We also addressed problems in materials science with physics-
based optimization approaches for material characterization from videos [119, 242].
We even created an approach for merging the two paradigms of data-driven priors
and physics-based priors by enforcing physics constraints in deep generative models
[114]. Figure organizes the chapters in this thesis into a Venn diagram of data-
driven and physics-based priors. Before covering these topics throughout the thesis,
this section covers background on how to formalize imaging as an inverse problem

in Section [[.0.T] and the different types of priors used in related work in Section

0.2

1.0.1 Imaging as an inverse problem

Imaging can be framed as an inverse problem in which a hidden image =* € RP

must be recovered from measurements y € R™, where

y=f(z") +n. (1.1)

Here f : RP — RM is the forward model, and n € R is the measurement
noise. The forward model is typically derived from knowledge of the physical
sensing system and describes how the underlying image gets transformed into a set
of measurements. Although the additive noise is not exactly known, we assume that

its statistics are known (often we assume that n is a Gaussian random variable).



1.0.1.1 Bayesian inference

Bayesian imaging accounts for the uncertainty added by the measurement process
in Equation [I.1] by formulating a posterior distribution p(x | y). By Bayes’ rule,
the log-density of the prior comprises a likelihood term and a prior term:

logp(x | y) =logp(y | ) +log p(x) + const. (1.2)

The log-likelihood function log p(y | x) depends on the forward model and mea-
surement noise statistics, whereas the prior log-probability function log p(x) is
independent of the imaging task at hand. Given log p(y | ) and log p(x), we can

use optimization or sampling techniques to find images from the posterior.

MAP estimation Many imaging approaches are based on estimating the maximum

a posteriori (MAP), which is the image that maximizes the log-posterior density:
xpap = arg max {log p(y | ) +log p(x)} . (1.3)

Often the prior takes the form of regularization, such as total variation (TV) [27],
maximum entropy [143]], or L1 sparsity [59]. Equation [I.3] can be solved via
gradient-based optimization [250, [28]].

Posterior sampling Often it would be better to sample from the image posterior
rather than solve for a single image. Posterior sampling offers a greater diversity
of possible image reconstructions and supports downstream tasks like uncertainty
quantification. We can use established techniques for sampling from the posterior,
such as Markov chain Monte Carlo (MCMC) [55]] or variational inference (VI) [40].
MCMC algorithms generate a Markov chain whose stationary distribution is the pos-
terior, but they are generally slow to converge for high-dimensional data like images.
VI instead approximates the posterior with a tractable distribution. The variational
distribution is usually parameterized to efficiently represent high-dimensional data

distributions. Our work on data-driven priors leverages VI [118,|116, 117].

1.0.2 Types of priors in previous work

Assuming a known likelihood, the challenge is defining a prior on images that reflects
their complicated statistics. Traditional imaging uses handcrafted regularizers that
have simple analytical forms. With advances in deep learning, many methods have
been proposed that leverage either the implicit prior of a neural network or a deep

generative model as the prior.



1.0.2.1 Regularizers

Regularization-based approaches enforce simple assumptions about natural images.
Examples include total variation (TV) and total squared variation (TSV) for spatial
smoothness [27, 45] and L1 norm for sparsity [59]. The weightings of these

regularizers are typically set by hand.

1.0.2.2 Data-driven priors

Classical examples of data-driven models are Gaussian mixture models [361, 362]
and independent components analysis (ICA) [31}|170]. These are simplified, data-
driven generative models of images, and since they have analytical probability func-
tions p(x), they can be easily incorporated as a prior in Equation On the other

hand, deep-learned priors enable much more sophisticated image reconstruction.

Implicit deep priors End-to-end learning approaches involve training a neural
network on a paired dataset of images and measurements [248| 171, 343, 351,
350, 342, 263} 95, 94|]. They are effective when there is a sufficient amount of
paired data and when measurements at inference time are not too different from
the training data. However, they require re-training for new tasks, and uncertainty
cannot be analyzed under the prior implicitly learned by the network. Bayesian
networks [[127] can account for uncertainty, but they have not been demonstrated on
complicated posteriors. Deep Image Prior [311]] showed that the inductive bias of
a convolutional neural network (CNN) can act as an implicit prior. Other methods
like Plug-and-Play (PnP) [316] and Regularization by Denoising (RED) [258]] use

an image denoiser as an implicit regularizer to provide a point solution.

Data-driven generative models Deep generative models, including generative
adversarial networks (GANs) [[138]] and variational autoencoders (VAEs) [[187,[255]]
have proven effective at generating visually impressive images, leading to some
approaches that solve inverse problems by finding a solution in the range of the
generative model that agrees with the measurements [43} |147, |148]. Flow-based
models like discrete normalizing flows [186, (101, 156, 140, {30, |100, 233] and
autoregressive flows [199,|136, 314}, 244] support exact log-probability computation
[22]] so can be easily plugged into Equation [I.2] but they are restricted to certain
network architectures and tend to not generalize well outside of training data [189,
233]]. Diffusion models [155] 188, 279, [239, [283]] have recently emerged as the
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state-of-the-art in generative modeling [99]] and have already been demonstrated as

effective priors for solving inverse problems [355]].

1.0.2.3 Physics-based priors

Any imaging method that makes use of physics knowledge, whether as a hard
constraint or soft constraint, can be viewed as using a physics-based prior. Unlike
with data-driven priors, physics knowledge often gets embedded into the imaging
process in ways besides plugging it in as a prior in the Bayesian formula (Equation

[I.2). Here we list some broad approaches to incorporating physics.

Model-fitting Model-fitting imposes hard physics constraints by fitting parameters
of a physical model to observed measurements. This has been done for black-hole
imaging [48, (322, 132, |181, 344} 238]] and is one of the most constraining ways to
approach imaging, as it requires defining a model that can fully describe the object
being imaged and forces the reconstructed image to agree with that model even if

the observed measurements are imperfect.

Hard physics constraints Constraints can be enforced in optimization-based [48,
93| and sampling-based approaches [[160] via feasible sets. For example, one can
propose candidate solutions that satisfy the desired physics equation [202]]. When it
comes to deep-learning-based approaches, one approach is to build inductive biases
into the neural network to satisfy desired constraints [[179]. For example, equivariant
neural networks [266, |133} 301]] enforce symmetry constraints [[15} 240, 190, 285,
49, 256, 265, (192, 227), 97, 338|161}, |341]. One can also modify the architecture
of diffusion models to satisfy certain types of constraints [44, |165, |121} 215} 211},
122]], such as those that can be characterized as a Riemannian manifold [44] |165]]
or a convex constraint set [[121, 211]]. Such neural networks can be used to solve

inverse problems in an end-to-end manner or as deep generative priors.

Soft physics constraints For optimization-based approaches, the constraint can
be relaxed as an additional penalty term [34]. Physics-informed neural networks
(PINNSs) [254] are trained to solve inverse problems with an additional loss that
enforces physics as a soft constraint. Other approaches include adding constraint-
violating examples during training [137] and using reinforcement learning to align
pretrained models to reward functions that encourage satisfying constraints [290,
358].



Part I

Data-driven Priors



Chapter 2

SCORE-BASED DIFFUSION MODELS AS PRINCIPLED
PRIORS
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The inverse problem of imaging become more ill-posed as imaging sensors exceed
their limits, making priors even more crucical in the imaging process. When
many different images agree with observed measurements, a prior helps constrain
solutions according to desired image statistics. How to incorporate a sophisticated
prior, however, is not straightforward. In this chapter, we address the problem
of incorporating a rich prior into principled approaches to inverse problems by

leveraging a diffusion model as a fully data-driven and powerful prior.

Previous methods pose a tradeoff: principled methods require simple priors, while
deep-learned priors preclude precise analysis. On the principled side, recall that
Bayesian-inference methods model the posterior distribution of images x condi-

tioned on measurements y:

p(x|y) «<pyl|x p(x).

This Bayesian framework supports a modular approach to inverse problems where
the likelihood p(y | ) is defined by an expert based on knowledge of how mea-
surements are obtained, and the prior p(x) is defined independently. Furthermore,
it allows for principled solutions. MAP estimation can be done by optimizing the
posterior probability. Posterior sampling can be done with MCMC or VI. But since
such methods require the value or gradient of p(x), they have been limited to simple
priors (e.g., Gaussian) and weighted regularizers (e.g., total variation). In practice,
the relative weights of the prior and likelihood terms are usually tuned by hand,

introducing a human bias that is unsatisfactory for scientific applications.

On the deep-learning side, solutions leveraging an implicit, deep-learned prior may
look convincing but do not lend themselves to principled analysis. For example,
a CNN can be trained in a supervised way to output images given measurements,
but its prior cannot be probed and does not generalize to new tasks. Previous work
showed how to condition a diffusion model—a type of generative model whose prior
is captured in a learned image denoiser—on arbitrary measurements [79, (80, [77,
78, (139, 280, 284], but the methods depend on hand-tuned hyperparameters and
do not sample from a true posterior except in auspicious cases. To get the best of
both worlds (traditional Bayesian inference and modern deep learning), we need a
way to incorporate the expressive prior of a deep-learned model into a traditional,

principled Bayesian approach.

We propose employing a diffusion model as the prior in Bayesian inference for

imaging. A score-based prior is the distribution under a score-based diffusion
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model [283]], which is the most sophisticated type of generative model to-date
and has been proven to allow for exact probabilities (a feature under-explored in
practice). The main contribution of our work is establishing score-based priors as
an interface between modern deep-learning and traditional inverse problem-solving,
giving proven, principled approaches direct access to learned, rich priors. Under
our framework, we train a score-based prior once on a dataset of images. Paired
with any likelihood p(y | «), this prior can be plugged into any inference algorithm

that uses the value or gradient of the posterior.

We first present background on diffusion models in Section[2.1] We then discuss a
different class of methods for solving inverse problems with diffusion models and
their limitations in Section 2.2] In Section [2.3] we define and validate the log-
probability function of a score-based diffusion model. In Section [2.4] we propose
an approach to use this log-probability function in a principled VI framework for
posterior estimation. In Section [2.5] we present results of posterior sampling for
various imaging problems. We propose a more efficient surrogate for the score-
based prior in Section[2.6] and we present results on improved efficiency and image

reconstruction with the surrogate in Section
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dx = [f(x,t) — g(t)*Vx logp:(x)] dt + g(t)dw

Figure 2.1: An illustration of the diffusion process. The forward-time SDE dictates
how to transform an image distribution pg,, att = 0 into a noise distributionat? = 7.
The reverse-time SDE dictates how to transform the noise distribution N (0p, Ip)
into a clean image distribution p that is indistinguishable from pgata.

2.1 Diffusion Models

A diffusion model transforms a simple distribution into a complex one, with image
generation usually done by gradually denoising a sample from a Gaussian distri-
bution until it becomes a clean image. Denoising diffusion probabilistic models
(DDPMs) treat this transformation as a discrete-time process with a
fixed number of denoising steps. Score-based diffusion models [281]] generalize to

continuous time. We present diffusion models within the score-based framework.

2.1.1 Score-based diffusion models

In the continuous-time setting, a stochastic differential equation (SDE) describes
how the data distribution should look at each step of denoising. Each noise level
is associated with a diffusion time ¢, where a larger ¢ corresponds to more noise
present in the image. A forward-time SDE defines the diffusion process of an image
x(0) fromz=0tot =T:

dx = f(x,r)dt + g(t)dw, 2.1)

where w € R” denotes Brownian motion; g(¢) € R is the diffusion coefficient,
which controls the rate of noise increase; and f(-,7) : RP? — RP is the drift coef-
ficient, which controls the deterministic evolution of x(#). By defining a stochastic
trajectory {x(t)},c[0,7], this SDE gives rise to a time-dependent probability distri-
bution p,, which is the marginal distribution of (7). We construct f(-, ) and g(¢)
so that if pg = pgat, then pr = 7.

Sampling an image from pg requires reversing the diffusion process. The reverse-
time SDE is given by

dz = [f(z,1) - g(t)*Vy log p,(z)] dt + g(¢)dw. (2.2)
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The problematic term here is V log p,(x), which is the (Stein) score of « under p;.
In words, undoing diffusion is difficult because it requires knowing how to nudge
each perturbed distribution p; closer to the clean data distribution. Being the only
data-dependent component of this SDE, the score function is learned by a neural
network sg(x,t) with parameters 0 [283] 282]. Because each p; is po perturbed
by Gaussian noise, the time-dependent score model sg(x,t) can be thought-of as
an image denoiser: it takes a noisy image as input and estimates the noise, and
t indicates the level of noise applied. To sample a new image, a noise image
x(T) ~ N(Op, Ip) is drawn whose final state 2(0) is given by solving the reverse-
time SDE with the assumption that sg(x,1) ~ V, log p,;(x). If the score model is

well trained, then we can assume that py = pgata-
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2.2 Related Work on Diffusion Models for Inverse Problems

Many methods have been proposed to leverage pretrained diffusion models as pri-
ors for inverse problems, but they operate within a completely different framework
than ours. These methods generally apply the denoising network within the diffu-
sion model as an implicit prior, iteratively alternating between denoising steps and
measurement-consistency steps. This concept is similar to the idea of “plug-and-
play” (PnP) denoising priors [316] and regularization by denoising (RED) [258]],
whereby a sequence of steps consisting of denoising and enforcement of measure-
ment consistency gradually transforms an initial guess of an image into a clean
image. Diffusion models are preferable because they offer an alternative theoretical
framework for employing the denoiser while typically resulting in richer images

than a classical PnP/RED approach.

We use the term plug-and-play diffusion priors (PnPDPs) to refer to the class of
methods that use diffusion models to solve inverse problems specifically by incor-
porating both the measurement likelihood and the denoiser of the diffusion model
in an iterative process (often according to the diffusion SDE). In contrast, our ap-
proach directly optimizes the posterior probability that arises from the measurement
likelihood and the prior probability under the diffusion model. A major limitation
of PnPDP methods is that they entail many hyperparameters that need to be tuned,
whereas our approach is hyperparameter-free.

In this section, we cover the three main categories of PnPDP methods: guidance-
based, variable splitting, and sequential Monte Carlo. To evaluate PnPDP methods
in a systematic and easily-extensible manner, we introduced a comprehensive bench-
marking framework known as INvERSEBENCH [355]]. We also note that while this
chapter focuses on imaging, PnPDP methods have been applied to inverse problems

in physical sciences [355]] and video inverse problems [349]].

Guidance-based methods Arguably the most popular approach to solving inverse
problems with a pretrained diffusion model is guidance-based methods [280, 326,
180, 260, [79. 98], which modify Equation [2.2] by adding a likelihood score term,
V. log p;(y|x), along the diffusion trajectory. However, guidance-based methods
are fundamentally limited due to the intractibility of log p,(y|x(¢)) [[144]. Various
approximations have been proposed [284} 79, 280, 50], but as we show in this
chapter, they may lead to inaccurate estimations of the posterior.
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Variable splitting Variable splitting is a widely-used strategy for solving regular-
ized optimization problems and conducting Bayesian inference 320, 72, 200]]. The
core idea is to split the inference into two alternating steps [334, 360, 206, 278,348,
339]]. The first step uses the forward model to update or sample in the neighborhood
of the most recent x(¢). The second step runs unconditional inference on p(x(?)),

which amounts to running Equation [2.2] for a small amount of time.

Sequential Monte Carlo Sequential Monte Carlo (SMC) methods draw samples
iteratively from a sequence of probability distributions. These methods represent
probability distributions by a set of particles with associated weights, which asymp-
totically converge to a target distribution following a sequence of proposal and
reweighting steps. Recent work extended SMC methods to the sequential diffusion
sampling process [332, 306, 61, [103]], enabling zero-shot posterior sampling with
diffusion priors. However, these methods are typically applicable only to inverse

problems with linear forward models.
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Figure 2.2: A score-based prior is a hyperparameter-free, probabilistic prior that
is also expressive and data-driven. Paired with a set of measurements, the prior
can be used for principled inference of a full posterior. In this example, a score-
based prior was trained on face images (“Prior” shows samples from the learned
prior). The inverse problem is interferometic imaging of a synthetic black hole.
We simulated interferometric measurements from the actual telescope array used to
capture the first black-hole image [7] and sampled images from the posterior via VI.
From the top to bottom row, the posterior stably moves away from the prior given
more constraining measurements. With measurements from only three telescopes,
the posterior shows strong influence from the prior and contains images resembling
faces that are brighter on the left half. As more telescopes (measurements) are added,
the posterior reveals the ring-like structure of the underlying image. Our framework
finds the proper relative strengths of the prior and measurements automatically.

2.3 Score-based Priors

We propose score-based priors as differentiable image priors that can be trained on
any dataset and employed for principled inverse imaging. For example, one can
learn a prior on face images by training a score model sg(x, t) on the CelebA [213]
dataset of faces. Then one can model any posterior with a face prior by appealing
to the function log pg(x). See Figure for an example of our method applied to

black-hole imaging with such a face prior.

2.3.1 Log-probability computation

Our method leverages previous work that shows how to compute image probabil-
ities under the score-based SDE framework [283]]. Prior to our work, this feature
was mostly discussed in theory but not demonstrated in practice. In this section,
we discuss log-probability computation under a score-based diffusion model and

empirically validate it.

Probability flow ODE Computing probabilities requires inverting the sampling

process of a diffusion model: the probability of an image (0) depends on the
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probability of the x(7T) that would have resulted in that image through reverse
diffusion. There is an ordinary differential equation (ODE) known as the probability
flow ODE [283] that makes both the forward and reverse SDEs (Equations 2.1 and
[2.2)) invertible, inducing the same time-dependent probability distribution p; but
without Brownian motion. The ODE is the same forward and backward in time,
defining a bijective mapping between p; and p, for any two times ¢,¢" € [0, T]E]
For a score model sg(x,1) ~ V,log p,(x), the learned probability flow ODE is
given by

& = F@0) - g8 s0(@0) = folw.1). (2.3)

Log-probability formula By the continuous-time change-of-variables formula
[71], the log-probability of an image = x(0) under the p( distribution is given by
the log-probability of «(7) under the py = m Gaussian, plus a normalization factor
accounting for the change in probability density from x(0) to (7"). We compute the
log-probability under the ODE (Equation [2.3) by solving an initial-value problem:

T
log po(x(0)) = log n((T)) + /0 V. Fole(0). 0)dr, 2.4)

where 2(0) = «. The divergence V - fo(x (1), 1) quantifies the instantaneous change
in log-probability of () caused by applying fg(x(z), ) in either time direction. It
can be estimated with Hutchinson-Skilling estimation of the trace of %(I) fo(x(1),1)

[283]. We denote the log-probability function of a score-based prior as log pg :=
log po.

2.3.2 Log-probability validation

In several experiments (Figures [2.3] [2.4] and [2.5), we compare a learned score-
based prior to a known ground-truth distribution. The ground-truth is a Gaussian
distribution of 16X 16 grayscale images, whose mean and preconditioned covariance
were fit to CelebA face images. The score model was trained on samples from this
Gaussian. Figure [2.3] shows our empirical analysis of log-probabilities under the
score-based prior versus the true prior. We verify accuracy on both in-distribution

and out-of-distribution images.

Gradients As many Bayesian-inference approaches require a differentiable prior,

we validate that the gradient function V,, log pg () provides more accurate gradients

'The implicit assumption is that the score model is well-trained such that pg ~ pgata, Where pgata
is the true distribution of the training data.
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Figure 2.3: Log-probabilities of the score-based prior vs. ground-truth. Black
line indicates perfect agreement. In-Distribution. The log-probabilities of 128
samples from the Gaussian ground-truth distribution were evaluated (shown as
scatter points). Score-based log-probabilities are strongly correlated with ground-
truth log-probabilities (R? ~ 0.98). Out-of-Distribution. The log-probabilities of
test images from CIFAR-10 (scaled to 16 X 16) are shown. The score-based prior
generalizes well out of distribution.
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Figure 2.4: ODE gradients vs. score-model outputs. Histogram shows density of
cosine distance between the estimated gradient and true gradient for 128 samples
from the ground-truth Gaussian. Here sg(x, t = 0) is the score-model-approximated
gradient (¢ = 0.001 is actually used for numerical stability), and V. log pg(x) is
computed numerically according to the probability flow ODE.

than the score model sg(x, 7 = 0) = V,log po(x). It is tempting to apply the score
model as a cheap gradient approximator since it is designed in theory as such, but
in practice, it does not generalize to out-of-distribution data. It is more reliable to
compute the gradient of the entire ODE solve of log pg(a) with respect to x. Figure
2.4/ shows that given samples from the ground-truth Gaussian, gradients computed
according to the ODE are closer to the true gradients (in terms of cosine similarity)
than score-model outputs. Figure [2.5] (appearing in Section [2.4)) shows that using

score-model outputs as gradients leads to an incorrect posterior.



18

2.4 Posterior Sampling with Score-based Priors

We accomplish posterior sampling by plugging the score-based prior into a VI
method. This both highlights the applicability of score-based priors to established
optimization methods and provides a solution to the open problem of posterior
sampling with diffusion-model priors. In this section, we describe our chosen
approach, Deep Probabilistic Imaging (DPI), which converges faster than MCMC
and provides efficient sampling [288]].

2.4.1 Main idea for posterior sampling
Our main idea for unlocking the rich prior of a diffusion model is to remove the
concept of diffusion and consider the prior as a fixed distribution just like the

likelihood. This lets us directly model the posterior log p(x|y).

As discussed in Section [2.2] guidance-based PnPDP methods face an intractable
time-dependent score function. Posterior reverse diffusion requires the posterior

score function

Ve logpi(x(t) | y) = V) logp:(y | (1)) + se(x(t), 1)

for all t € [0,T]. The score model gives the prior score, but the likelihood score is
only defined for # = 0. For every diffusion time ¢, the true likelihood is defined by

an intractable integral over all x(0):

pi(y | (1)) =/ p(y [ z(0))p(x(0) | z(1))dz(0).

x(0)

To circumvent this challenge, previous methods either abandon the true measure-
ment uncertainty [74, 80, (77, 78} 139, 284, 3] or strongly approximate p;(y | (t))
[79} 1173, 180, [280]. This necessitates hyperparameter(s) for determining the im-
portance of measurements versus the prior, making the estimated posterior more of
a conditional distribution rather than a principled posterior. Different hyperparam-
eter settings have drastic effects on the estimated posterior: if measurements are
under-weighted, then the posterior is overly-biased toward the prior and may contain
misleading data; if measurements are over-weighted, then the samples may collapse
onto a subspace that does not make sense under the prior. Figure [2.16]in Sec-
tion demonstrates that even with ideally-tuned hyperparameters (which require
knowledge of ground-truth), previous methods cannot capture the true posterior.
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Figure 2.5: True vs. estimated posterior. Measurements are the 6.25% lowest DFT
spatial-frequencies of an image from the prior and have i.i.d. noise with o = |1].
The true mean and variance were derived analytically since the prior is the Gaussian
ground-truth distribution, and the likelihood distribution is also Gaussian. The mean
and variance were estimated from 10240 samples.
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2.4.2 Selected approach: variational inference with a normalizing flow

Our approach for directly modeling the posterior is rooted in VI. Following the
method proposed in DPI [288], we define a family of distributions g via a ReaINVP
[101] normalizing flow with parameters ¢, which we optimize to approximate the

desired posterior. For a score-based prior with parameters 6, the objective is
¢ = argdr)nin Dxu (qollpe(- 1 y)) (2.5)
= arg;nin Eg~q, |~ log p(y | ) —log pg(x) +logge(x)] .

This objective includes the log-posterior and an entropy term, Eq- 4, [log g ()],
which can be tractably computed under the RealNVP. During fitting, the expectation
is Monte-Carlo approximated with a batch of samples from the RealNVP. The
absence of hyperparameters in Equation [2.5]is a feature of the score-based prior.
Because our prior is truly probabilistic, there is no need for a hand-tuned weight.

As evidence that our method correctly samples the posterior, Figure [2.5] compares
an estimated posterior to ground-truth. The score-based prior was trained on the
ground-truth Gaussian used in Section[2.3] and the task was to deblur an image from
the true prior. The estimated mean and covariance closely agree with the analytical
mean and covariance. Additionally, we find that directly using the score-model

output leads to an incorrect posterior.

We note that accurate posterior sampling is dependent on accurate log-probabilities
in the first place. We verify that log-probabilities under a score-based prior well-
approximate those under a ground-truth Gaussian prior in Figure 2.3] but log-

probabilities are difficult to validate for complex priors (which motivates our work).
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2.5 Results of Posterior Sampling with Score-based Priors

We validate our approach on several imaging tasks: denoising, a version of deblur-
ring, and interferometry. Interferometry is used for black-hole imaging (Figure [2.2))
and highlights the benefits of score-based priors for scientific applications, which
call for exact posterior sampling given standalone priors to accurately quantify

uncertainty.

2.5.1 Baseline methods
We include comparisons to three PnPDP methods for posterior sampling with an

unconditional diffusion model, described in the following paragraphs.

SDE+Proj [284] The image x(¢) is projected onto a measurement subspace at
each ¢ throughout reverse diffusion. A hyperparameter A determines measurement
weight. This approach is purported to give plausible solutions rather than exact
posterior samples. It is restricted to compressed-sensing linear inverse problems in

which the forward matrix has fewer rows than columns.

Score-based annealed Langevin dynamics (Score-ALD) [173] The authors pro-
pose ALD with approximate posterior scores:

A (y - Az)

, 2.6
p: (2.6)

Vzlog pi(x | y) = se(x,1) +
where %}‘?@ is the log-likelihood gradient assuming linear measurements (y =
Ax* +n) anél Gaussian noise (n ~ N(0y, 0%1)). Here v, is a hyperparameter
for the weight of the log-likelihood term at step ¢, thus calling for a hand-tuned
approximation of the likelihood score at each . One way to automatically adjust the
magnitude of the likelihood score is to renormalize it to have the same magnitude as
the prior score, which is what the authors do in their experiments. Without this trick,

we find image posterior sampling highly sensitive to the y; annealing schedule.

Diffusion posterior sampling (DPS) [79] The authors propose an approximation
of log po(y | x(¢)) throughout reverse diffusion. A hyperparamter {; determines
the magnitude of the log-likelihood gradient at each ¢. Similar to ALD, the authors
use a trick to determine the magnitude of the likelihood score, setting ; := /||y —
f(&(x(1)))||, where f is the forward model, and &(x(¢)) := E[x(0) | x(z)].
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Figure 2.6: Denoising with different priors. The data-driven priors (PCA-G, NF,
Ours) were trained on the CelebA training set in (a) and the CIFAR-10 training
set in (b). TV regularization weight is 0.00025. PCA-G is a Gaussian based on
the top 512 principal components of the training data. NF is a ReaNVP with 64
affine-coupling layers. TV, PCA-G, and NF are relatively simple priors that do not
give rich posteriors. Score-based priors (Ours) capture complex spatial correlations
(see sample quality and data-driven std. dev. maps).

2.5.2 Imaging inverse problems

There are two comparisons to perform: (1) score-based priors vs. other priors and (2)
our posterior-sampling approach vs. PnPDP methods. (1) is done with a denoising
experiment, and (2) is done with a deblurring experiment, although the findings are
not task-dependent. We then focus on black-hole imaging as an endeavor that could

benefit from score-based priors as tools in the scientific process.

2.5.2.1 Validation of prior (denoising)

We denoise images corrupted by i.i.d. Gaussian noise with a standard deviation
of o = 0.2 (20% of the dynamic range). Figure [2.6] shows denoised posteriors
given different priors: (1) TV regularization, (2) PCA-Gaussian (PCA-G), (3)
RealNVP normalizing flow (NF), and (4) our score-based prior. DPI was used to
approximate the posterior for each prior except PCA-G, which has an analytical

Gaussian posterior.

Score-based priors provide more informative posteriors than traditional priors do.
This is reflected in sample quality: as Table[2.T|shows, the average SSIM and PSNR
of posterior samples are highest when using a score-based prior. Score-based priors
also provide richer posteriors: as shown by the empirical standard deviations in
Figure [2.6] our priors result in full posteriors with a data-driven uncertainty (e.g.,
uncertainty is higher on facial features like the eyes, ears, and hair of the CelebA
image, whereas other priors are more unaware of facial structure). The RealNVP

NF performed poorly as an image prior, perhaps because it struggles to generalize
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Prior CelebA CIFAR | Same dataset | Same dataset TV
Image (Ours) (Ours) (PCA-G) (NF)
CelebA SSIM: 0.88 0.71 0.76 0.31 0.53
ee PSNR: 25.1 | 21.6 20.5 113 17.4
SSIM: 0.79 0.85 0.74 0.22 0.57
CIFAR PSNR: 19.0 | 21.0 194 13.4 17.6

Table 2.1: Denoising metrics. Row refers to test image in Figure Column refers
to prior used for denoising. Average SSIM and PSNR were computed across 128
posterior samples for each (test image, prior) pair. The “correct” score-based prior
(Ours) performs best for each test image, while even the “incorrect” score-based
prior performs well compared to the other priors.

to non-training images and thus leads to unstable optimization of the variational

posterior.

2.5.2.2 Validation of posterior sampling (deblurring)

We consider the task of reconstructing an image from measurements of the lowest
DFT spatial frequencies, which we call “deblurring” to simplify terminology. In our
experiments, we observed the lowest 6.25% DFT spatial frequencies with complex-
valued measurement noise with a standard deviation of |o-| = 1.0 (~0.2% of the
magnitude of the zero-frequency component). Figures and [2.8] show results
for a CelebA and CIFAR-10 source image, respectively, comparing our method,
Score-ALD, DPS, and SDE+Proj. We used the same two score models (one trained
on CelebA and one trained on CIFAR-10) for all methods. Our method outperforms
others in terms of MSE, PSNR, and SSIM (e.g., in Figure [2.7(a), our posterior
samples have an average PSNR of 24.75, while DPS, the best-performing method
in terms of PSNR, achieved an average of 20.37).

Our posterior sampling method is much more robust to mismatched priors than base-
lines are. Consider the CelebA prior applied to measurements of a CIFAR-10 image
in Figure [2.8((b). When the measurement weight in baselines is lower, they halluci-
nate faces, resulting in a posterior that lies within the prior. When it is higher, they
introduce unnatural artifacts to fit the measurements. Hyperparameter-dependent
methods make it easy to mistakenly over-bias the prior or the measurements. With-
out access to a ground-truth, one cannot reliably interpret a posterior if it is not the

result of principled Bayesian inference.
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(a) CelebA prior
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Figure 2.7: Deblurring (CelebA). Two samples from each method are shown. The
source is a CelebA test image (Original). Score-ALD uses the likelihood-gradient
renormalization trick. (a) Using the “correct” prior. All methods recover plausible
posterior samples when the prior includes the true source image. With baselines,
posterior variance depends on the meas. weight, which is difficult to set without
knowing the ground-truth posterior. (b) Using an “incorrect” prior. All methods
(expectedly) are not able to recover a face. But baseline methods introduce heavy
artifacts, while samples from Ours still look natural.

2.5.2.3 Interferometric imaging

The scientific venture of black-hole imaging calls for principled inference with priors
that are minimally hand-tuned. Radio interferometry is a technique for imaging
astronomical targets with high angular resolution by using a distributed array of
radio telescopes. An interferometer collects sparse spatial-frequency measurements
of the sky’s image. The Event Horizon Telescope (EHT) notably used this technique
to take the first image of a black hole [[7]]. In this work, we simulated interferometric
measurements from the EHT telescope array using the ehtim package [[65]. These
simulated measurements contain thermal noise but exclude realistic atmospheric
noise that results in additional phase corruption. We discuss the EHT measurements

and forward model in-depth in Chapter [3|and Appendix [A]

The first image of a black hole, while the result of carefully-obtained measurements
from the EHT array, was only possible with image priors (technically formulated
as regularizers). EHT scientists handcrafted many priors, each bringing different
biases to the image reconstruction. Only the common structure found between

these priors could be reliably interpreted, such as the diameter of the photon ring
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Figure 2.8: Deblurring (CIFAR-10). (a) Using the “correct” prior. For DPS and
SDE+Proj, both weights achieve plausible samples, but variance differs drastically.
(b) Using an ““incorrect” prior. ALD, DPS, and SDE+Proj with high meas. weight
struggle to produce natural images when faced with out-of-distribution measure-
ments. With lower meas. weight, DPS and SDE+Proj hallucinate faces. This is also
troubling since the posterior should not lie inside the prior in this case.

surrounding the black hole [[7]. Score-based priors could streamline this process as
principled, hyperparameter-free priors that can be easily trained on different image
distributions. Plugged into the imaging algorithm, they provide a collection of
posteriors that incorporate different image statistics while maintaining measurement

consistency.

It is important to remember that a posterior exists for any combination of a prior
and measurements, no matter how far the prior is from the source image. Faithfully
modeling the posterior that arises from a given prior is especially crucial in a task
like black-hole imaging. Since it is impossible to train a prior on real black holes,
any data-driven prior likely does not perfectly agree with the source image. Similar
to our deblurring experiments (Figures [2.7] and [2.8), Figure [2.9] highlights that
score-based priors are robust to mismatches between the prior and true underlying
distribution. Figure [2.9] shows results using score-based priors trained on CelebA
and CIFAR-10. The simulated measurements, from all five telescopes in the array,
contain enough information for both priors to recover the underlying image structure.
We compare our results to those of Score-ALD and DPS (SDE+Proj does not support
this type of forward model).El Unlike these methods, which introduce either prior-

2The EHT forward matrix has more rows than columns, but it is ill-conditioned because mea-
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Figure 2.9: Interferometric imaging of a synthetic black-hole image. Two random
samples from each method are shown (images are all shown with the same color
scale). Both baselines struggle to balance measurements and prior, hallucinating
faces in (a) and a car and horse in (b). Posterior samples become unstable as
meas. weight increases, as evidenced by the unnatural structures resulting from
the highest meas. weight in DPS. Regardless of meas. weight, variance of baseline
samples far exceeds ours (ALD max. std. dev. is 0.202; DPS max. std. devs. are
0.237, 0.242, 0.444, resp., as meas. weight increases; our max. std. dev. is 0.036).
Ours produces samples that agree with the true structure, automatically balancing
likelihood and prior.

related features (e.g., face) or unstructured artifacts (e.g., random pixels to agree
with measurements), our hyperparameter-free method automatically balances the

measurements and prior.

As shown in Figure [2.2] a score-based prior visibly affects the posterior wherever
measurements are not sufficient to constrain image structure. For instance, when
applying a score-based prior trained on CelebA, as measurements are removed,
more facial features appear in the posterior images. Given enough measurements,
the recovered structure in the posterior samples can be reliably analyzed for scientific
interpretation. With our framework, it is also possible to train a collection of score-
based priors and look for common features between the posteriors that arise from the
different priors. These common features are more likely to reflect the true underlying

image. This idea is explored in Feng and Bouman [115]], and we investigate it in-

surements are highly correlated.



26
depth in Chapter [3].

2.5.3 Implementation details

Gaussian ground-truth distribution The Gaussian distribution used for Figures
and [2.5]is defined for 16 x 16 grayscale images. The mean and covariance
were fit by expectation-maximization to images from the CelebA training set (each
image was first center-cropped to 140 x 140 and then rescaled to 16 X 16). The
covariance was preconditined by adding 0.01 along the diagonal. Training data were

samples randomly drawn from the resulting Gaussian distribution.

Score model All score models that were trained on 3232 images had an NCSN++
architecture [283|] with 64 filters in the initial layer. The score model trained on
the Gaussian ground-truth distribution in Section had 128 filters in the initial

layer.

DPI implementation We adapted the PyTorch implementation of DPI [287] for
JAX/Flax. For all presented results on image posterior sampling, we used a RealNVP
architecture with 64 affine-coupling layers. The RealNVP was optimized with
stochastic gradient descent (SGD) with a batch size of 64. We used the Adam
optimizer with a learning rate of 0.0002 and clipped gradients to have norm 1.

DPI sampling Once optimized, the RealNVP can be sampled to obtain samples
from the approximate posterior. Occasionally the ReaNVP produces a clearly out-
of-distribution sample, so we remove such outliers by discarding any sample with a
pixel value whose magnitude is greater than 2. Although not needed in most cases,
we applied this postprocessing step before computing statistics of DPI-estimated

posteriors.

DPI optimization time The main computational bottleneck is computing log-
probabilities for each batch. Since we use adaptive step-size controllers, the time
required for each SGD step is variable. In our experiments, we found it ranged
from 30 seconds/step to 200 seconds/step. The time required for each ODE solve
could also depend on the complexity of the distribution underlying the score-based
prior. For example, we found CelebA priors to be faster (about 50 seconds/step for
interferometric imaging experiments) and CIFAR-10 priors to be slower (about 200
seconds/step for deblurring a CIFAR-10 image, which was the slowest case). The
RealNVP generally converges within 5000—-10000 SGD steps, although we ran the
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H Solver \ Dxi(qllp) () \ NFE low. bound () H
Euler* (1st order) 0.848 4092
Heun (2nd order) 0.478 312
Bosh3 (3rd order) 0.453 81
Tsit5 (Sth order) 0.521 255
Dopri5 (5th order) 0.284 65
Dopri8 (8th order) 0.422 1440

Table 2.2: KL divergence depending on the solver used for log-probability compu-
tation. “Euler” used a fixed step-size of 1/4092. All other solvers used adaptive
step-sizing, with the number of function evaluations (“NFE”) calculated as the num-
ber of solver steps times the order of the solver. The KL divergence was estimated
from 512 samples from the ODE sampler.

optimization for 20000-50000 steps to be sure of convergence. We used v4-8 TPUs
to perform the optimization.

2.5.3.1 Computation of log-probability value and gradient

Log-probability estimation The two implementation decisions that most affect
log-probability accuracy are: (1) which ODE solver to use and (2) how to estimate
the divergence in Equation To deal with (1), our cod uses Diffrax [183], aJAX
library for differential equations, to easily swap out solvers and adaptively select
time steps. As for (2), we use Hutchinson-Skilling estimation with multiple trace
estimators to reduce the variance of log-probability and gradient calculations. For
our experiments, we used Sth-order Runge-Kutta solvers [102,|307] and Hutchinson-
Skilling trace estimation [[169}276]]. We approximated gradients with the continuous
adjoint method [[183]].

ODE solver Table [2.2] shows how different solvers affect time-efficiency and KL
divergence to a ground-truth distribution. The ground-truth is the Gaussian distri-
bution used in Section [2.3.2] This suggests that Bogacki—Shampine’s 3/2 method
and Dormand-Prince’s 5/4 method offer a good balance between efficiency and
accuracy. Note, however, that score-based priors trained on different datasets may
show different trends. It is always a good idea to evaluate the runtime of different

solvers for a given score-based prior to find the most efficient solver.

3Website: http://imaging.cms.caltech.edu/score_prior
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Figure 2.10: Mean and variance of log-probability values vs. number of trace
estimators. The score-based prior was fit to the ground-truth Gaussian distribution
used in Main Sec. 3.2. For each number of trace estimators (1, 2, 4, 8, 16, 32, 64, or
128), 50 trials of log-probability estimation were done with different random seeds
(using the Dopri5 solver with adaptive step-sizing). The solid blue line indicates
the mean of these trials, and the shaded region indicates one std. dev. above and
below the mean. The solid green line shows the value resulting from exact trace
calculation. The evaluated image is inset. As more trace estimators are used, the
variance of the log-probability decreases.

Trace estimation For high-dimensional data, trace estimation is necessary to
estimate the divergence in Equation [2.4] This causes variance in the estimated
log-probabilities and gradients. Song et al. [283]] used Hutchinson-Skilling with
one trace estimator, but we use multiple trace estimators to reduce variance. In
our implementation, the same trace estimators are applied to each image in a batch.
Figures [2.10] and [2.11] show the variance of densities and gradients, respectively,

depending on the number of trace estimators used.

Adjoint ODE To compute the exact gradient V,log pg(x), we would need to
backpropagate through the ODE solve. This is too memory-intensive, so we opt
for the continuous adjoint method [71, [183]], which solves a secondary ODE that
gives the gradient of the idealized continuous-time primary ODE. This adjoint
method best balances our memory, speed, and accuracy requirements. Direct back-
propagation through the probability flow ODE could be possible with improved

gradient-checkpointing.
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Figure 2.11: Mean and variance of Vlog pg(x) with 10 vs. 50 trace estimators.
The score-based prior was trained on 32 X 32 grayscale CelebA images. (a) Test
image « and gradient according to the learned score model, sg(x, t), evaluated at
t = 0. (In reality, we set t = 107> for numerical stability and perturbed = with
noise accordingly.) Since the test image was drawn as * ~ po, the score-model
output should equal the true V. log pg(x). (b) Results of estimating the gradient
V. log p(x) with the probability flow ODE including trace estimation. For both
“10 trace estimators” and “50 trace estimators,” 50 trials of gradient estimation were
done with the continuous adjoint method. “Mean Grad.” and “Std. Dev.” are the
average gradient and std. dev. of the gradient of all these runs. “Cosine Dist. to
sg(x,t = 0)” shows the histogram of the cosine distance between each gradient
estimate and the score-model output, which we consider to be ground-truth. The
results in (b) are evidence that trace estimation gives a good approximation of the
gradient in expectation, but using fewer trace estimates causes higher variance. With
10 trace estimates, the median relative std. dev. of the gradient is 16%. With 50
trace estimates, it is 8.6%. (Relative std. dev. is computed as |o7|/|u|.) Also note
that regions of highest variance are in the image background.
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2.6 Efficient Surrogate Score-based Priors

A drawback of score-based priors is that computing the exact probability of an image
is computationally expensive. Even so, the VI approach is appealing because it offers
the same theoretical guarantees as traditional VI. This can sometimes be worth the
computational cost for imaging applications in which measurements are expensive
or difficult to obtain (e.g., black-hole imaging [7], cryo-electron microscopy [106),
204]], and X-ray crystallography [331} 226]]). Still, it would be beneficial to have
an efficient “surrogate” for this approach that can be used in the development and
testing stages or simply to reduce computational costs. In this section, we propose

a surrogate score-based prior for efficient VI.

It turns out that computing the evidence lower bound (ELBO) of a score-based prior
[282, [155] is computationally efficient and feasible for high-dimensional images.
We propose to use this lower bound as a surrogate for the exact score-based prior.
In particular, we use the ELBO function as a substitute for the exact log-probability
function, and it can be plugged into any inference algorithm that requires the value
or gradient of the posterior log-density. For VI of an image posterior, we find at
least two orders of magnitude in speedup of optimizing the variational distribution.
Furthermore, the surrogate approach reduces GPU memory requirements, as there

is no need to evaluate and backpropagate through an ODE.

2.6.1 Evidence lower bound of score-based priors
In Section2.3]we evaluated image probabilities under the p distribution induced by
the probability flow ODE. We now denote that p distribution by pQPE. To derive

the ELBO, we turn to the following reverse-time SDE using the approximate score:
de = [f(w.1) — g(t)*sg(x, )] dt + g(1)dw, 2.7)

which is the same as Equation except that sg(ax,?) replaces Vg log p;(x).
Sampling from the diffusion model involves solving this approximate reverse-time
SDE, and it induces another distribution at ¢+ = 0, which we denote as pgDE. Song
et al. [282] proved that if sg(x,t) = V, log p;(x,¢) for all t € [0,T] and py = 7,
then pgDE = pzDE = Pdata- We assume that sg(x, 1) = V, log p;(x, t) for almost all

x € R” and € [0,T] and that pr ~ N (0, I), so that pSPE ~ pEPE = pyy.

Song et al. [282] derived an ELBO, denoted as b3 F, for pSPE such that b3PE(x) <
log pgDE(w) for any proposed image x. Essentially, this lower bound corresponds

to how well the diffusion model is able to denoise a given image: an image with high
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probability under the diffusion model is easy to denoise, whereas a low-probability

image is difficult.

The lower bound, or negative “denoising score-matching loss” [282], is defined as

, I
bSPE(z) := By (arfar) [log ()] - 3 /0 g(1)?h(t)dt, (2.8)
where

h(t) := Bpy, (a/l) | I156(, 1) = Vo log por (2’ | )13 (2.9)

— |Var log por(” | )15 - Vo - f(2,0)].

g(1)?
Here po;(«’ | ) denotes the transition distribution from x(0) = x to x(¢) = x’.
For a drift coefficient that is linear in x, this transition distribution is Gaussian:
po(x’ | ) = N(2';a(t)x, B(¢)>I). This means that the gradient V. log po; (2’ |
x) is directly proportional to the Gaussian noise that is subtracted from x’ to get
x. Equation [2.§]is efficient to compute since we can evaluate it by adding Gaussian
noise to « without having to solve an initial-value problem as with the ODE. In fact,
Equation [2.§] is closely related to the denoising score-matching objective used to

train diffusion models [283]].

Intuitively, we can interpret Equation [2.8] as associating an image’s probability with
how well the score model sg could denoise that image if it underwent diffusion.
This is represented by the first term in /() (Equation[2.9). To assess the probability
of an image «, we perturb it with Gaussian noise to get &’ and then ask the score
model to estimate the noise that was added. If sg(x,t) accurately estimates the
noise, then ||sg(x’,t) — V4 log po; (x| a:)||% is small, and the value of szE(:Iz)
becomes larger. The remaining terms in /(¢) are normalizing factors independent
of 8, and E,; (z/|x) [log 7 (x’)] accounts for the probabilities of the noise images

a(T) that could result from x being entirely diffused.

2.6.2 Approximating the posterior with VI
Recall from Section [2.4] that we would like to find the variational distribution g

that minimizes the KL divergence to the target posterior:

@ = arg;lin Dxv(qgllpe(- | y)) (2.10)

= arg(;nin Bangy [— log p(y | ) — log pgDE(m) + log q¢(a:)] . (2.11)
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Now, to circumvent the computational challenges of evaluating the prior term
log pgDE(w), we replace it with the surrogate bgDE(w) to get the following ob-

jective:
o = argdr)nin Eaqq [— logp(y | ) — bgDE(a:) +log q¢(:c)] . (2.12)

We can also think of b3°F as replacing the intractable log p5P¥ in Equation

DE _szE

Since —log p3 , our surrogate objective minimizes the upper bound o
gDy 8 J pp

SDE

the KL divergence involving py

2.6.3 Implementation details

Evaluating bgDE(ac) The formula for bgDE(a:) (Equation contains a time
integral and expectation over po,(x’ | ) that can be estimated with numerical
methods. Following Song et al. [282], we use importance sampling with time
samples ¢t ~ p(t) for the time integral and Monte-Carlo approximation with noisy
images ' ~ N(a(t)x, 8(t)>I) for the expectation. The proposal distribution

2
p(t) = ﬁg(g;)z - was empirically verified to result in lower variance in the estimation

of bPF(x) [282]. We take N, time samples and N, noise samples to approximate
the time integral and expectation over po,(x’ | ), respectively. In our experiments,
N; = N, = 1. We find that increasing the number of time and noise samples does

not efficiently decrease variance in the estimated value of bgDE(a:).

Optimization We use SGD to optimize ¢, Monte-Carlo-approximating the ex-
pectation in Equation with a batch of @ ~ g4. Estimating bgDE(w) has higher

variance than estimating log pgP¥(x). For instance, in Figure 2.15| b5P"(x) with

ODE
0

mators. A lower learning rate can help mitigate training instabilities caused by

N; = 2048, N, = 1 shows higher variance than log p,~"(x) with 16 trace esti-

variance. For example, in Figure [2.14b] the learning rate with the exact prior was

0.0002, while the learning rate with the surrogate prior was 0.00001.
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Figure 2.12: Computational efficiency of surrogate prior vs. exact prior. For each
image size, we estimated a posterior of images conditioned on 4x-accelerated MRI
measurements of a knee image, using a Gaussian distribution with diagonal covari-
ance as the variational distribution. The hardware was 4x NVIDIA RTX A6000.
The surrogate prior allows for VI of image sizes that are prohibitively large for the
exact prior. For image sizes supported by the exact prior, the surrogate improved
total optimization time by over 120x while using less memory and scaling better
with image size. “Image-Restoration Quality” verifies that optimization with the
surrogate was done fairly, as the PSNR and SSIM of the converged posterior (aver-
aged over 128 samples) are at least as high as with the exact prior.

Image size | Surrogate | Exact
16 x 16 0.029 19.5
32 x32 0.038 41.9
64 x 64 0.090 123

128 x 128 0.294 N/A

256 x 256 1.115 N/A

Table 2.3: Iteration time [sec/step]. A step of gradient-based optimization of the
variational distribution is two to three orders of magnitude faster with the surrogate
prior.

2.7 Results with Surrogate Score-based Priors
We validate our approach with surrogate score-based priors on the tasks of acceler-
ated MRI, denoising, and reconstruction from low spatial frequencies (deblurring).

See Appendix [B|for details about the forward models.

2.7.1 Efficiency improvements

In Table [2.3] and Figure [2.12] we quantify the efficiency improvements of the sur-
rogate prior for an accelerated MRI task at different image resolutions. We drew a
test image from the fastMRI knee dataset [345]] and resized it to 16 X 16, 32 x 32,
64 x 64, 128 x 128, and 256 x 256. For each image size, we trained a score model
on images of the corresponding size from the fastMRI training set of single-coil
knee scans. We then optimized a Gaussian distribution with diagonal covariance

to approximate the posterior. The batch size was 64 for the surrogate and 32 for
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Figure 2.13: High-dimensional Bayesian inference with a surrogate score-based
prior. Here we show posterior samples for accelerated MRI of 256 x 256 knee
images, approximated via VI with a surrogate score-based prior. The first row
shows reconstruction from 16x-reduced MRI measurements. The second row shows
reconstruction given more k-space measurements, i.e., 4X-reduced MRI. Bayesian
imaging at this image resolution is computationally infeasible with the ODE-based
approach. Our proposed surrogate enables efficient yet principled inference with
diffusion-model priors, resulting in inferred posteriors where the true image is within
three standard deviations of the posterior mean for 96% and 99% of the pixels for
16x- and 4x-acceleration, respectively.

the exact prior (a smaller batch size was needed to fit 64 X 64 optimization into
GPU memory). Convergence was defined via a minimum acceptable change in the

estimated posterior mean between optimization steps.

We find at least two orders of magnitude in time improvement with the surrogate
prior. Table [2.3] compares the iteration time between the two priors. Figure 2.12]
compares the total time it takes to optimize the variational distribution. The surrogate
also improves memory consumption, which in turn enables optimizing higher-
dimensional posteriors. Following standard practice, we just-in-time (JIT) compile
the optimization step to reduce time/step at the cost of GPU memory. Figure
[2.12]shows how the surrogate prior significantly reduces memory requirements and
scales better with image size. The exact prior could only handle up to 64 x 64 before
exceeding GPU memory (we tested on 4x 48GB GPUs). While memory could
be reduced with a smaller batch size, this would make optimization more time-
consuming. On the other hand, our surrogate prior supports much larger images, as
we demonstrate in Figure for 256 x 25@ MRI with a Gaussian-approximated
posterior. This type of principled inference of high-dimensional image posteriors is

not practical with the exact score-based prior.

“Larger images may be feasible, but their larger memory footprint might restrict the possible
batch size and complexity of the variational distribution.
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Figure 2.14: Estimated posteriors under surrogate vs. exact prior. For each task,
the variational distribution is a RealNVP, and the score model is the same between
both prior functions. (a) Both prior functions help recover the correct (Gaussian)
posterior. The score-based prior was trained on samples from a known Gaussian
distribution (originally fit to 16 X 16 face images), and the measurements are the
lowest 6.25% spatial frequencies of a test image from the prior. Since the prior and
likelihood are both Gaussian, we know the ground-truth Gaussian posterior. (b)
Estimated posteriors for (i) denoising a CelebA image and (ii) denoising a CIFAR-
10 image. Std. dev. is averaged across the three color channels. The score-based
prior was trained on CelebA in (i) and CIFAR-10 in (i1). Both prior functions
result in comparable image quality; visual differences appear mostly in the image
background.

2.7.2 Posterior estimation under surrogate versus exact

The surrogate prior bgDE may not be an identical substitute for the exact prior
log pgPF. Importantly, though, we verify in Figure that both the surrogate
and exact prior recover a ground-truth Gaussian posterior derived from a Gaussian
likelihood and prior, using a RealNVP as the variational distribution. The score
model (used by both the surrogate and exact prior) was trained on samples from the

known prior.

Nonetheless, the surrogate could result in a different locally-optimal variational
posterior, particularly if the posterior leads to many local minima in the variational
objective. Figure [2.14b] compares posteriors (with unknown true distributions)
approximated by a ReaNVP under the surrogate versus exact prior. For each task
(CelebA denoising and CIFAR-10 denoising), both prior functions used the same
trained score model. We observe in these comparisons that most of the differences
appear in the image background and that both priors result in a plausible mean

reconstruction and uncertainty.
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Visualizing the bound gap throughout optimization helps shed light on why the
two priors converge to different solutions even with the same underlying score
model. Figure 2.15|shows probabilities of samples generated by g4 (in this case a
RealNVP) as optimization progresses. At each checkpoint of g4, we plot szE(:Iz)
versus log pgDE(w) for samples « ~ g4 coming from both the exact and surrogate
optimization of g,. We find that the surrogate is a valid bound for the ODE log-
density: byPE(x) < log pQPE(x) for all & ~ g4, except for some outliers due to
variance of bgDE(w). However, optimization follows a different trajectory depending
on the prior. With the surrogate, samples « ~ g tend toward a region where the
bound gap is small. Meanwhile, the exact prior follows a loss landscape whose
structure appears to be independent of the lower bound. Note that samples from
q¢ optimized under the exact prior obtain higher values of bgDE(a:) than samples
obtained under the surrogate. Figure[2.15|suggests that gradients under the surrogate
tend to push the g4 distribution along the boundary of equality between bgDE and
log pgDE. This constrains the path taken through gradient descent and subsequently
the converged solution.

2.7.3 Quality of posterior estimation with Bayesian vs. PnPDP approaches
As discussed in Section [2.2] many guidance-based PnPDP methods attempt to
sample from the posterior by incorporating measurements throughout the reverse
diffusion process of the diffusion model that has been trained on images from the
prior. Such approaches provide fast conditional sampling, but they may severely
mischaracterize the posterior. Although our approach also approximates the poste-
rior (due to using both a surrogate prior and a variational distribution), we find that
being grounded in VI helps us obtain a more accurate posterior and images that more
accurately reflect the true image than guidance-based PnPDP methods that make
ad-hoc approximations of the posterior. In the following experiments, we compare
to the same three baselines as in Section SDE+Proj [284]], Score-ALD [|173]],
and DPS [79]. Our approach is DPI with the surrogate prior.

2.7.3.1 Accuracy of posterior

A simple 2D example illustrates the accuracy gap between the PnPDP baselines and
our VI approach. We consider a bimodal posterior: the prior is a bimodal mixture-
of-Gaussians and the forward model a linear projection with Gaussian noise, making
the posterior a bimodal mixture-of-Gaussians. This setup lets us evaluate with a true

posterior and over a reasonable space of hyperparameters for the PnPDP baselines.
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Figure 2.15: bgDE(m) VS. logpgDE(a:) for samples © ~ g4 as optimization of
¢ progresses. The task is from Figure [2.14b{i). For each plot, we took 128
samples  ~ ¢4 and performed 20 estimates each of log pQPF (x) and b3 F ()
(approximated with N; = 2048 for reduced variance). The density map is a KDE
plot of all 128 - 20 = 2560 values; the 128 scatter points represent the mean
estimate for each x. The black line indicates perfect agreement between szE(m)

and log pgDE(a:). We expect all points to lie below this black line for szE to be

a lower bound. We find that bgDE(af:) < log pgDE(w) (up to variance error), but
the optimization progresses differently depending on the prior. Gradients under the
surrogate push g (x) along the black line to increase bgDE(:v) without exceeding

log pgDE(w). Optimization under the exact prior proceeds more freely, although

eventually achieves higher bgDE(w) at convergence. This visualization may help
explain differences in the posterior estimated with the surrogate vs. exact prior.

| KL (|) | time/optimization step (]) |

DPI + exact | 0.030 130 ms
DPI + surr. | 0.037 22 ms
DPS (oracle) | 0.064
Score-ALD (oracle) | 0.10
SDE+Proj (oracle) | 0.12

Table 2.4: Quantitative results for Figure A two-component Gaussian mixture
model (GMM) was fit to estimated samples to obtain a PDF. “Ours” achieves a
much lower KL div. (i.e., reverse KL from estimated posterior to true posterior) than
guidance-based PnPDP baselines at their best. Time/step for DPI optimization is
lower with our surrogate than with the exact score-based prior without sacrificing
much accuracy.
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Figure 2.16: Comparing our VI approach with a surrogate score-based prior to
baselines on a bimodal posterior. In this example, the prior is a bimodal mixture-of-
Gaussians, and the likelihood is Gaussian, making the posterior a bimodal mixture-
of-Gaussians (shown in “True”). Assuming access to the true prior score function,
we tested how well each method recovers the true posterior. Guidance-based PnPDP
methods depend on hand-tuned meas. weights. Even the meas. weight giving the
best KL divergence (‘“‘oracle”) does not rival using our hyperparameter-free VI
approach (“DPI + surr.”). Note that this “oracle” weight would not be accessible
in practice, as it is determined by comparing to the ground-truth posterior. The
baselines either (1) incorrectly place equal weight on both posterior modes or (2)
miss one of the modes. DPI with either the surrogate or the exact score-based prior
recovers the relative weights of both modes. (KL vs. meas. weight) Regardless of
hyperparameters, the PnPDP baselines do not reach our KL divergence.

We tested how well each of the methods could recover the ground-truth posterior
when given the true score function of the bimodal prior (thus avoiding potential error
caused by learning the score function). Figure [2.16] shows estimated probability
density functions (PDFs) for the evaluated methods. None of the PnPDP baselines
correctly recover the bimodal posterior for any hyperparameter value. In particular,
they struggle to find the correct balance between the two posterior modes—in the
best case, they incorrectly place equal weight on each mode; in the worst case, they
only recover one mode. Our VI approach with the exact or surrogate score-based
prior recovers both modes in correct proportion. As shown in Figure[2.16|and Table
even the best KL divergence obtained by the PnPDP baselines does not rival
that of VI with a score-based prior. We emphasize that the hyperparameter values
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Figure 2.17: Accelerated MRI. (a) For each accel. factor (4%, 8%, 16X), we estimated
posteriors for ten knee images measured at that accel. rate. For each method, we
computed the average PSNR and SSIM of 128 estimated posterior samples. The line
plot shows the average result across the ten tasks; the shaded region shows one std.
dev. above and below the average. (b) An example of 16x-accel. MRI. The cropped
region exemplifies how PnPDP baselines hallucinate more features than necessary.
(a) and (b) are evidence that a principled Bayesian approach can get closer to the
true image than previous unsupervised methods.

resulting in the “best” KL for PnPDP methods can only be found with knowledge
of the ground-truth, which is inaccessible in real-world scenarios. In contrast,
our method automatically finds a better KL divergence by following the Bayesian

formula.

2.7.3.2 Image-reconstruction quality

It would be reasonable to assume that the guidance-based PnPDP baselines we
consider, though less principled, may lead to better visual quality than a Bayesian
approach. However, we find that in addition to providing more reliable uncertainty,
our approach achieves higher-fidelity reconstructions. We note that similarity to a
ground-truth image does not indicate a correct posterior. Still, for a good prior, it

might be desirable for posterior samples to accurately recover the original image.

We performed multiple MRI tasks at different acceleration rates and compared
our approach to the PnPDP baselines, as well as a total variation (TV) baseline.

Implementations and hyperparameter settings for SDE+Proj and Score-ALD were
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provided by Song et al. [284]. For DPS, we followed the implementation of Chung

et al. [79]] and performed a hyperparameter search on an 8x-acceleration test image
to find the optimal PSNR. For the TV baseline, we performed DPI with TV regu-
larization with a regularization weight of 10° instead of the surrogate score-based

prior.

We simulated MRI at three acceleration factors for ten test images, resulting in
thirty posteriors to be estimated. As baseline implementations do not assume
measurement noise, we gave the baselines noiseless measurements and set a near-
zero measurement noise for our method. The test images were randomly drawn
from the fastMRI dataset and resized to 64 X 64. The score model sg was trained

on 64 x 64 fastMRI knee images and stayed fixed across all methods.

Our method achieves a marked improvement in PSNR and SSIM (Figure [2.17).
Across all acceleration factors and PnPDP baselines, our method improves PSNR
by between 2.7 and 8.5 dB. Even though our method and the PnPDP baselines
all use the same score model, restoration quality depends on how the prior is
used for inference; whereas baselines loosely approximate the posterior and involve
hyperparameters, our approach treats the diffusion model as a standalone prior in
Bayesian inference. Furthermore, Figure 2.17|confirms that a diffusion-model prior

far outperforms a traditional regularizer like TV.

2.7.4 Implementation details

For the sake of reproducibility, we detail the experimental setup behind each figure.
Some common implementation details are that the exact prior (log pgDE) was always
estimated with 16 trace estimators. The RealNVP had 32 affine-coupling layers
unless stated otherwise.

2.7.4.1 Variational distributions
We first describe the two types of variational distributions considered in our exper-

iments: a ReaINVP and a multivariate Gaussian with diagonal covariance.

RealNVP For images up to 64 x 64, we used 32 affine-coupling layers and set the
number of hidden neurons in the first layer to 1/8 of the image dimensionality (e.g.,
32-32-3/8 for 32 x 32 RGB images). We used batch normalization in the network.
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Gaussian The parameters of the diagonal-covariance Gaussian distribution were
the mean image and the pixel-wise standard deviation. We initialized the mean at
0.5 and the standard deviation at 0.1 for all pixels. We took the absolute value of

the standard deviation to construct the diagonal covariance matrix.

2.7.4.2 MRI efficiency experiment (Figure [2.12] Table

Score model For each image size, the score model was an NCSN++ architecture
with 64 filters in the first layer. It was trained with the VP SDE with By, = 0.1,

ﬁmax = 10.

Variational optimization For each task (i.e., each image size and prior), the
variational distribution was a multivariate Gaussian with diagonal covariance. The
batch size was 64, learning rate 0.0002, and gradient clip 1. A convergence criterion
based on the loss value is difficult to define due to high variance of the loss (we
used 1 time sample to estimate bg(x)). We defined a convergence criterion based
on the change in the mean of the variational distribution. Specifically, every 10000
steps, we evaluated a snapshot of the variational Gaussian and computed 6 =
|| Heurr — ,upreV” /| tprev|l, where pcyrr and pprey are the current and previous snapshot
means, respectively. If 6 < & for some threshold & two snapshots in a row, then
the optimization was considered converged. Since convergence rate depends on the

image size and the prior used, we set a different ¢ for each task:

* 16 X 16 (surrogate): € = 0.002

e 32 x 32 (surrogate): € = 0.003

* 64 X 64 (surrogate): € = 0.005

e 128 x 128 (surrogate): £ = 0.007
* 256 x 256 (surrogate): £ = 0.009
e 16 x 16 (exact): € = 0.0025

* 32 x 32 (exact): € =0.0027

¢ 64 X 64 (exact): € = 0.005

We were conservative in defining the convergence and checked that optimization
under the surrogate actually achieved better sample quality than optimization under
the exact prior (see Figure[2.12).
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Data The test image is from the fastMRI [345] single-coil knee test dataset and

was resized to 64 X 64 with antialiasing.

2.7.4.3 256x256 MRI examples (Figure 2.13)

The 4x-acceleration result is from the efficiency experiment (Figure [2.12] and Table
[2.3) on the 256 x 256 test image. The 16X-acceleration result came from a similar
setup, where the variational distribution was Gaussian with diagonal covariance.
Optimization was done with a batch size of 64, learning rate of 0.00001, and
gradient clip of 0.0002. We ran optimization for 270K steps (optimization for
4x-acceleration was done in 100K steps with the convergence criterion).

In the figure caption, we report that the true image is within three standard deviations
of the inferred posterior mean for 96% and 99% of the pixels for 16x- and 4x-
acceleration, respectively. This was computed based on the mean and standard
deviation of 128 samples from the inferred posterior. We find the same result when
using the exact mean and standard deviation of the inferred posterior: with respect
to the inferred posterior, the true image is within three standard deviations of the

mean for 96.7% and 99.0% of the pixels for 16x- and 4x-acceleration, respectively.

2.7.4.4 Ground-truth posterior (Figure

Data The mean and covariance of the ground-truth Gaussian prior were fit with
PCA (with 256 principal components) to training data from the CelebA dataset [213]].

The CelebA images were resized to 16 X 16 with antialiasing.

Score model The score model was based on the DDPM++ deep continuous archic-
tecture of Song et al. [283]] with 128 filters in the first layer. It was trained with the
VP SDE with Byin = 0.1 and Bpax = 20 for 100K steps.

Variational optimization The variational distribution was a ReaINVP. Under the
surrogate prior, optimization was done with a learning rate of 0.00005 and gradient
clip of 1. Under the exact prior, the learning rate was 0.0002 and gradient clip 1.
Both priors used a batch size of 64.

2.7.5 32x32 image denoising (Figure
Variational optimization For both CelebA denoising (i) and CIFAR-10 denoising

(i1), the variational distribution was a RealNVP. Optimization under the exact prior
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was done with a learning rate of 0.0002 and gradient clip of 1 for 20K steps.
Optimization under the surrogate prior was done with a learning rate of 0.00001
and gradient clip of 1. For CelebA, the batch size was 64, and training was done for
1.72M steps (convergence was probably achieved earlier, but we continued training
to be conservative). For CIFAR-10, the batch size was 128 and training was done
for 550K steps.

Score model For both (i) and (ii), the score model had an NCSN++ architecture
with 64 filters in the first layer. For the CelebA prior, it was trained with the
VP SDE with Bnin = 0.1 and Bnax = 20 and with images that were resized without
antialiasing. For the CIFAR-10 prior, it was trained with the VP SDE with B, = 0.1
and Bax = 10.

Data The CelebA and CIFAR-10 images are both 32 x 32. The CelebA image

was resized without antialiasing.

2.7.5.1 Bound gap (Figure

Visualization of the bound gap is shown for optimization of the RealNVP from
Fig2.14b{i) (i.e., 32 x 32 CelebA denoising). For the plots comparing the lower-
bound to the ODE log-probability, we used 2048 time samples to estimate bg(x).

2.7.5.2 Accuracy of posterior (Figure 2.16, Table 2.4)

Variational optimization For both the exact score-based prior and surrogate
score-based prior, the variational distribution was a RealNVP with 16 affine-
coupling layers, and it was optimized for 12K iterations with a batch size of 2560 and

learning rate of 107>, For the surrogate, bg(z) was approximated with N; = N, = 1.

Baselines For this 2D experiment, we implemented the diffusion-based base-
lines exactly according to their proposed algorithms. For SDE+Proj, we tested
the following values for the measurement weight A: linspace(0.001, 0.5,
num=100). For Score-ALD, we distilled all hyperparameters into one global hy-
perparameter 1/y7 and tested the following values for y7: linspace (100, 0.8,
num=100). For DPS, we tested the following values for the scale parameter (:
exp(linspace(log(0.001), log(0.15), num=100)).
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Evaluation Since the diffusion-based approaches only provide samples (not prob-
ability densities), we approximated the PDF from the estimated posterior samples.
For each method, we fit a two-component Gaussian mixture model (GMM) to 10000
samples. The reverse KL divergence was approximated with the log-density func-
tion of the fitted GMM and the log-density function of the true posterior, evaluated
on these 10000 samples.

2.7.5.3 Image-restoration metrics (Figure 2.17)

Score model The score model was the same as the one used for the 64 X 64 image
in the MRI efficiency experiment (Figure [2.12)).

Variational optimization The variational distribution was a ReaNVP. Optimiza-
tion was done with a learning rate of 0.00001 and gradient clip of 0.0002. We used
the same convergence criterion as the one used in the MRI efficiency experiment
with € = 0.005. The same convergence criterion was also used for the TV results
but with a maximum number of steps of 50000. The TV regularization weight was
10°.

Baseline hyperparameters For SDE+Proj, we used the projection CS solver
provided by Song et al. [284]] with the hyperparameters snr=0.517, coeff=1. For
Score-ALD, we used the 1langevin CS solver with the hyperparametersn_steps_each=3,
snr=0.212, projection_sigma_rate=0.713. For DPS, we used scale=0.5.
This was the best scale out of [10,1,0.9,0.5,0.3,0.1,0.001] for a test image in

terms of PSNR with respect to the true image.
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Chapter 3

BLACK-HOLE IMAGING UNDER DIFFERENT ASSUMPTIONS
WITH SCORE-BASED PRIORS
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In 2019, the Event Horizon Telescope (EHT) Collaboration obtained the first picture
of M87* through computational imaging methods [4, [7, 9] The published images
gave humans a glimpse of the shadow cast by the supermassive black hole [218|
109} 216] in the galaxy M87 based on data that EHT telescopes had collected in
2017 April [5} 6], and more recent images showed the persistence of the shadow
one year later [13]]. However, because measurements obtained from VLBI [81,302]
with EHT telescopes are corrupted and limited in number, image reconstruction
requires assumptions about plausible image statistics in order to constrain the space

of possible images.

Designing a prior is not a straightforward task, especially considering the absence of
true images of black holes. We address this problem with a principled strategy: we
collect a range of priors that each impose different visual biases and plug these priors
into the Bayesian imaging algorithm introduced in Section[2.6|along with EHT VLBI
data. Whereas the EHT Collaboration explored different imaging assumptions via
the use of different imaging pipelines (e.g., CLEAN [159, 270, [82, 268, 85, 273,
219] and regularized maximum-likelihood (RML) methods [46, 64, |12]), we explore
different priors within the same imaging pipeline. Our imaging approach allows us
to assess how visual characteristics and uncertainty, as quantified through a Bayesian

posterior, vary with the choice of prior.

Our goal is to move along the spectrum between strong constraints and weak con-
straints on the image. On one side of the spectrum lie model-fitting strategies, which
find the parameters of an underlying geometric [9} 317,232, 214, |289], physical [8|,
322,(132] 181}, (344, 238]], or statistical [224] model that best match the observations.
On the other side lie traditional imaging approaches using weak regularizers like TV
[11}/196] and maximum entropy [234]. However, each side has its own limitations:
model-fitting prevents discovering new features that cannot be explained by the
assumed model, whereas traditional regularizers struggle to produce visually rich
images. This motivates using score-based priors to obtain a diverse array of priors,
ranging from those akin to model-fitting (e.g., by assuming black-hole structure)
to those similar to weak regularizers (e.g., by assuming basic properties of natural

images).

With score-based priors, we achieve a collection of M87* images that all fit the
observed data but differ in certain visual characteristics. Specifically, we trained a
score-based prior on each of the following datasets: CIFAR-10 [195]] (generic natural
images), general relativistic magneto-hydrodynamic (GRMHD) simulations [329]],
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radially inefficient accretion flow (RIAF) simulations [54]], and CelebA [213]

(celebrity faces). We use our Bayesian imaging technique to apply each prior to the
MS87* observations, resulting in a collection of image posteriors. Each posterior is
a probability distribution of images conditioned on the M87* data but incorporating
a different prior. The visual biases of images from different posteriors are strikingly
different, yet the images share structure that is prior-invariant, such as the ring shape
and brightness asymmetry. We thus present two contributions based on our results:
(1) a collection of possible M87* images that humans can selectively interpret based
on their trust of the assumed biases and (2) analysis of which extracted black-hole

features are robust to the prior and can be reliably used in scientific analysis.

In this chapter, we first present background on EHT VLBI measurements in Section
and our method in Section[3.2] In Section[3.3] we validate the imaging approach
on simulated data using a collection of score-based priors ranging from weak biases
(e.g., a prior trained on generic natural images) to strong biases (e.g., a prior trained
on RIAF images). In Section we present image posteriors of M87* based on
the same collection of priors. Next, in Section @], we analyze the influence of the
prior on characteristic ring features, including diameter, width, and orientation, by

performing tests on both the simulated-data and M87* images.



48

3.1 EHT Measurements

The EHT performs VLBI with a global array of radio telescopes. Each pair of
telescopes i, j, known as a baseline, provides a Fourier measurement called a
visibility v;; [81, 347, 302]. However, the baselines only sparsely sample the
complex 2D Fourier plane, or (u,v) space. Moreover, the visibilities are affected

by thermal noise, station-dependent gain errors, and station-dependent phase errors
[6].

To overcome station-dependent errors, we use robust data products known as closure
quantities. A closure phase [|175] is given by a triplet of telescopes i, j, k and
computed as Z (v;;vkvki). A log closure amplitude [310] is given by a combination
|V‘:j||vk"’)|). We denote the set
|Vtk||v_]f|

of all linearly independent observed closure phases as y., € RNe and that of

of four telescopes i, j, k,{ and computed as log(

log closure amplitudes as Yiogca € RMogea In the case of visibilities with a high
signal-to-noise ratio (i.e., SNR > 1), closure phases and log closure amplitudes
approximately experience mean-zero Gaussian thermal noise [257) 39, 53] with
standard deviations o, € RNer and Ologea € RMogea respectively. We assume the
high-SNR setting. Conditioned on an image x, the measurement distribution can

be modeled as Gaussian with log likelihoods

1 2
logp(ycp | ) = P ”fcp(a:) - ycp||2 and (3.1)
20,
1 2
log p(Yiogea | T) = 5 || fiogea () — Yiogeall; » (3.2)
logca

where fcp and fiogca are nonlinear forward models. We note that the Gaussian noise
is not purely (statistically) independent, but it is approximately independent under
high-SNR visibilities or can be made independent under a linear transformation [39,
53,[21]]. Please refer to [ 13]] for a tutorial on EHT imaging. Appendix[A.T|provides
details about VLBI data products and their forward models.

It is possible to use the same imaging algorithm with visibility amplitudes instead
of log closure amplitudes. Visibility amplitudes, which have been used for other
imaging results [/, 224]], are more constraining than closure amplitudes, but they
require calibration according to assumptions such as station-dependent systematic
noise. In this work, we focus on using log closure amplitudes in order to avoid tuning
the calibration assumptions. The original M87* work includes reconstructions from

both types of data products for reference [7]].
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3.2 Method

To sample from an image posterior given EHT measurements and a score-based
prior, we use the method discussed in Section [2.6] with a measurement likelihood
based on closure quantities (Equation [3.1)). We optimize a slightly modified version
of the objective in Equation [2.12}

¢ = argdl)nin Ex%[ —10g p(Yep | &) — 108 p(Yrogea | T) — D" () (3.3)
+ (V(x) - 7)% +log q¢(w)].

We include a flux-constraint objective — (V(x) — V)z, where V() is the total flux
(i.e., the sum of the pixel values) of the image x and V is the target total flux,
because closure quantities do not constrain the total flux. We set V as the median
total flux of images sampled from the score-based prior pg and then scale posterior
images to the original total flux as measured in the zero-baseline visibility. Note
that since our priors were trained on compact centered images, we do not need an
explicit center-of-light constraint. We approximately solve Equation 3.3 with SGD,
iteratively Monte-Carlo approximating the KL upper bound with a batch of samples

from g and computing the gradient with respect to ¢.

Annealing the weight of the data-fit terms gradually from O to 1 helps prevent bad
local minima. Furthermore, optimization can be sensitive to the chosen target flux
V and data annealing schedule. We can mitigate this by making sure the diffusion
model has a median total flux that is close to the median total flux of the training
images. The data annealing may need to be tuned to achieve a local minimum at
which the posterior images exhibit characteristic features of the prior (e.g., posterior
images should be centered if all the training images for the prior are centered). Once
¢ is optimized, samples & ~ g4 can be efficiently obtained as approximate posterior
samples. The RealNVP occasionally outputs slightly negative pixel values, so we

clip samples to a minimum value of 0 to impose a positivity constraint.

3.2.1 Score-based priors used in this work
We focus on the following score-based priors, each trained on a dataset of images

assuming a 128 pas field of view (FOV). Figure [3.1| shows samples from each prior.
* The CIFAR-10 prior was trained on the CIFAR-10 [195] dataset of 32 X

32 images from 10 object classes (e.g., airplane, automobile, dog). We
used a training set of 45K grayscale images. The images were tapered on

the edges to incorporate assumptions of a black background and centered
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Figure 3.1: Samples from score-based priors used in this work.

object. A tapering effect was created by defining a binary mask with a center
square region of pixels set to 1 and everywhere else set to 0, then applying
a Gaussian blur kernel with a standard deviation of 8 pas, and then element-
wise multiplying the blurred mask with the image. The size of the taper was
randomly varied during training by randomly varying the size of the center
square region of the mask, resulting in a centered compact region of between
12.8 pas x 12.8 pnas and 83.2 pas X 83.2 nas.

* The GRMHD prior was trained on 100K images from GRMHD simula-
tions [329] of Sgr A* resized to 64 X 64 pixels. During training, the GRMHD
images were randomly flipped horizontally and randomly zoomed between
—16.7% (zoomed-in) and +14.5% (zoomed-out), thus varying the diameter of
the thin ring to be between 35 pas and 48 pas.

* The RIAF prior was trained on 9070 images of RIAF [54]] simulations. The
RIAF images were downloade with all available spin and inclination pa-
rameters and resized to 32 X 32. During training, they were also randomly
zoomed between —16.7% and +14.5%, randomly flipped horizontally, and
randomly rotated between —2m and +2.

* The CelebA prior was trained on the CelebA [213]] dataset of celebrity faces.
We used a training set of 160K images that were resized to 32 X 32. The same
tapering effect that was used for CIFAR-10 was applied. Although far from
a reasonable prior for astronomical images, a prior trained on faces helps us

see what happens when strong but probably incorrect assumptions are made.

The RIAF and GRMHD priors incorporate strong assumptions about a ring structure.
The CIFAR-10 and CelebA priors, on the other hand, do not assume any ring
structure or even the presence of an astronomical object. One might make the
following order of priors from weak to strong assumptions: CIFAR-10, GRMHD,

RIAF. The CelebA prior makes specific assumptions against our expectations.

"http://vlbiimaging.csail.mit.edu/myData


http://vlbiimaging.csail.mit.edu/myData
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3.3 Results with Simulated Data

We validate our imaging approach on simulated observations of synthetic source
images. Whereas previous work [7] had to validate on simulated data to calibrate
hyperparameters, the experiments presented in this section simply verify the efficacy

of our approach, which does not require hyperparameter-tuning.

Figure [3.2] shows results for a dataset of eight source images. Among the images
are validation images used in the original M87* imaging work [7] and two images
of an elliptical object used in the Sgr A* imaging work [10]. All observations were
simulated based on the April 6 observing array using code provided by Akiyama et
al. [[7]. We used closure phases and log closure amplitudes of the combined low-band
and high-band data and followed the same preprocessing steps as the eht-imaging
algorithm (assuming non-closing fractional systematic noise of 0.03), except we did
not add station-dependent systematic noise since we do not need to calibrate the
visibility amplitudes. Although imaging was done with a prior-dependent total flux
and either 32 X 32 or 64 x 64 pixels depending on the prior, we re-scale images to

have a total flux of 0.6 Jy and resize them to 128 x 128 for visualization.

The quality of image reconstruction heavily depends on the prior. For example, the
GRMHD reconstruction of GRMHD 1 appears more convincing than the GRMHD
reconstruction of the Double image in Figure On the other hand, the RML
methods used in previous EHT imaging efforts [7, [10] achieve overall cleaner re-
constructions of synthetic data. One reason for the better performance of those RML
methods is that they use regularization parameters chosen based on a calibration
dataset that is very similar to their test images. In contrast, we consider priors that
may be profoundly different from the true source image (e.g., CelebA prior applied
to the Double data). Another reason is that RML methods produce a mean image
that tends to be cleaner than individual posterior samples, which are shown in Figure
3.2l We emphasize that the goal of our work is not to achieve the cleanest or most
accurate reconstructions; rather, we aim to showcase the effects of different priors,
even when those priors might not lead to the best reconstruction due to mismatch
with the data.

Overall, the reconstructed images make sense according to the biases of the prior.
The CelebA prior introduces face-like features, especially when the ground-truth
source object is fairly “flat” (e.g., the Disk and Elliptical images), and it is the only
prior that leads to multimodal estimated posteriors. Images under the RIAF prior
are always centered and ring- or disk-like. The GRMHD prior always prefers the
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Figure 3.2: Image reconstructions from simulated data. A sample (one sample from
each mode if the posterior is bimodal) is shown from each estimated posterior. Qual-
itatively, the CIFAR-10 prior adds the least amount of bias, producing reasonable
reconstructions of each image in this dataset. The GRMHD prior strongly prefers
a centered ring in the image. The RIAF prior prefers a centered ring- or disk-like
structure in the image. The CelebA prior struggles to recover these source images,
in some cases adding face features, and it leads to the most multimodal posteriors.
However, it performs decently well on certain images like the Crescent and GRMHD
images. When the source image is known to be well-approximated by a GRMHD or
RIAF model, the more constrained GRMHD or RIAF prior may be the best choice.

presence of a thin ring at the center of the image. The CIFAR-10 prior imposes

weak biases and appears to assemble images from small, locally-smooth patches.

Table quantifies the performance of the various priors on each source image.
As in previous work [7, |10], we evaluate the normalized cross-correlation (NCC).
Since our approach does not explicitly constrain the center-of-light, we use a shift-
invariant NCC metric, which is computed as the maximum NCC between all shifted

versions of the reconstructed image and the ground-truth image. As expected, the



Image  CIFAR-10 GRMHD RIAF CelebA
Ring 0.95+0.009 0.98 +0.024 0.90 +£0.003 0.88 + 0.090
Crescent 0.85+0.019 0.96 +0.007 0.92 +0.005 0.95 + 0.007
Double 0.94 + 0.009 0.49 +£0.028 0.93 +£0.004 0.39 +0.130
Disk 0.95+0.007 0.59 £0.027 0.99 + 0.002 0.80 = 0.020
Elliptical 0.79 £ 0.037 0.50 £0.029 0.97 + 0.002 0.75 = 0.026
Point + Ell.  0.87 £ 0.022 0.58 + 0.031 0.68 +0.010 0.43 £ 0.026
GRMHD 1 0.84 +£0.015 0.86 +0.009 0.83 +£0.004 0.46 + 0.089
GRMHD 2 0.85+0.012 0.90 £0.003 0.85+0.006 0.77 +0.012

53

Table 3.1: Normalized cross-correlation (NCC) metrics for simulated data. The
avg. + std. dev. of the NCC metric for 128 samples from the posterior is reported
(highest NCC in each row is shown in bold). In general, the closer the prior is
to the ground-truth image, the closer its posterior samples are to the ground truth.
For example, the Ring, Crescent, and GRMHD images are best reconstructed with
the GRMHD prior, whereas non-ring-like images are poorly reconstructed with the
GRMHD prior. The CIFAR-10 prior may be the best “general-purpose” prior, giving
NCC values between about 0.80 and 0.95 across these images.

closer the prior is to the ground-truth image, the more accurately it recovers the
ground-truth image. For example, the GRMHD prior excels at recovering the Ring,
Crescent, and GRMHD images but struggles with the non-ring-like images. The
RIAF prior performs well on ring-like images and disk-like images. The CelebA
prior, unsurprisingly, performs poorly on this dataset of images. The CIFAR-10
prior does best compared to the other priors at recovering the non-ring-like images
(e.g., Double and Point+Elliptical). It performs generally well across all the source

images, suggesting that it serves as an effective “general-purpose” prior.

Tablequantiﬁes agreement with the simulated data using the reduced y? metric—
we note that it is not a true reduced y?> since we only incorporate image pixels as
degrees of freedom, but it is useful as a proxy metric of data consistency. There does
not appear to be a correlation between the y? statistics in Table and the NCC
statistics in Table[3.1] The results in Table [3.2] simply confirm data consistency of
the reconstructed images, as y> values are consistently less than 2 and often close to
1 (lower x? corresponds to more data consistency, and y? ~ 1 is considered a sign
of a good balance between data and prior). The RIAF prior results in the highest
x? values, perhaps because it is the most constraining prior. Overall, our tests on
simulated data confirm that the score-based priors impose the expected biases on

the image reconstruction while allowing for reasonable data consistency.
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Image Data Product CIFAR-10 GRMHD RIAF CelebA
Ring )(Czp 0.87+0.02 090+0.03 0.96+0.02 0.89+0.04
Xlzogca 0.72+0.03 0.75+0.05 1.04+0.06 0.72+0.03
Crescent Xgp 0.73+0.02 0.76 £0.02 0.84 £+0.03 0.73 +£0.02
Xlzogca 0.67£0.02 0.78£0.03 095+0.05 0.68+0.02
Double /\/Czp 096 £0.02 1.00+0.03 1.01 +£0.03 0.99+0.03
X120gca 0.77£0.02 0.81 +£0.04 131+0.08 0.84+£0.03
Disk )(Czp 1.82+0.04 1.83+0.05 1.80+0.03 1.81+0.05
)(lzogca 1.30+£0.04 156+0.14 1.41+0.04 1.42+0.06
Elliptical )(Czp 1.76 £ 0.04 176 £0.04 191 +£0.04 1.79+0.04
)(lzogca 144 +£0.03 1.64+0.06 1.64+0.05 143+0.03
Point + EII Xgp 1.22+0.02 121+0.02 142+0.04 1.24+0.02
)(lzogca 0.83+0.02 0.83+0.03 0.96+0.03 0.84 +0.02
GRMHD 1 Xgp 090+0.02 0.89+0.07 1.02+0.04 0.90+0.05
Xlzogca 0.72+0.03 0.70+0.03 1.08+0.07 0.83 £0.03
GRMHD 2 Xgp 0.59+£0.02 0.59+001 0.62+0.04 0.60+0.02
Xlzogca 0.51+0.02 0.56+0.03 1.01+0.08 0.53+0.02

Table 3.2: Data-consistency metrics (y2) for closure quantities of simulated data.
)(gp and )(120 oca AT€ the y? metrics for closure phases and log closure amplitudes,
respectively. The avg. + std. dev. of 128 samples from the estimated posterior is
reported. Lower y? is a sign of higher data consistency. x> ~ 1 is considered
an indication of a good balance between the observed data and the prior. The
Disk, Elliptical, and Point+Elliptical images are the most challenging cases for
these particular priors, as evidenced by the high y? values that indicate data-fitting
difficulty.

3.3.1 Characterizing the simulated-data posteriors

In addition to evaluating single samples from the posterior (Figure [3.2)), we can
assess aspects of the posterior distribution such as uncertainty and multimodality.
Figure [3.3] shows the mean and pixel-wise standard deviation of posteriors under
the CIFAR-10, GRMHD, and RIAF priors. We find that uncertainty decreases as
the prior becomes stronger. For a weak prior like CIFAR-10, which leads to high
posterior uncertainty, it can be helpful to consider the mean reconstruction instead

of noisier individual samples.

The CelebA prior leads to bimodal posteriors, which are characterized in Figure
3.4 We note that the number of modes in the estimated posterior may be due

to the variational family being used; in the future, a more expressive family of
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distributions parameterized through a better network architecture may identify more
modes. It is perhaps reassuring that a prior with such erroneous assumptions (i.e.,
that face statistics well describe these particular source images) is able to account
for mismatches with the data through a wider posterior. For example, for the
Ring, Double, and GRMHD 1 data, the posterior covers two modes, one of which
accurately recovers the ground-truth image.

Ring Crescent Double Elliptical

CIFAR-10

)

Brightness Temperature [10° K]

Figure 3.3: Mean and std. dev. of simulated-data posteriors. We find that uncertainty
decreases with a stronger prior (i.e., maximum std. dev. decreases from CIFAR-10
to GRMHD to RIAF). CIFAR-10 exhibits the most uncertainty given that it is the
most flexible of the priors. Compared to the individual samples in Figure [3.2] the
mean images appear much cleaner.

Ring Crescent Double Elliptical
89.1% 10.9% 5.5% 89.8% 10.2%

Mean

CelebA

Std. Dev.

Brightness Temperature [10° K]

Figure 3.4: Mean and std. dev. of simulated-data posteriors under the CelebA prior.
The CelebA prior is the only one that gives rise to bimodal posteriors. For each
posterior, a one- or two-component Gaussian mixture model (one for a single-mode
posterior and two for a bimodal posterior) was fit to 128 samples. The mean,
pixel-wise std. dev., and weight of each Gaussian component are shown. For the
Ring, Double, and GRMHD 1 data, one of the two modes is quite similar to the
ground-truth image, while the other is not.
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3.3.2 Biases of the CIFAR-10 prior

While CIFAR-10 represents a “generic” natural-image prior, the dataset itself still
contains biases. The CIFAR-10 dataset comprises upright images of animals and
man-made objects, which tend to exhibit horizontal or vertical lines. As Figure[3.54]
shows, the average log power spectrum of CIFAR-10 images has the most power in
the purely horizontal or vertical spatial frequencies. This preference for vertically-
or horizontally-oriented edges results in images of objects that look somewhat
rectangular instead of circular, even given measurements of a ring structure. See,
for example, the CIFAR-10 reconstructions from the Crescent and GRMHD 1 data
in Figures [3.2 and [3.3] or the April 10 and 11 CIFAR-10 reconstructions of M87*
in the following section. In Figure [3.5] we demonstrate on the Crescent data how
boxy artifacts can be mitigated with a prior trained on warped CIFAR-10 images or
a prior trained on images with a 1/ 2 spectral distribution. By distorting CIFAR-10
images with warped random affine transforms, we expect to reduce the presence of
straight lines by perturbing them to have more curvature. Alternatively, by randomly
sampling from a 1/ f2 spectral distribution, we create a dataset of images that follow
a simplified statistical model without any preference for straight lines.
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(a) Image statistics of CIFAR-10 and alternative natural- image datasets.
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(b) Crescent reconstructions under alternative natural-image priors.

Figure 3.5: Reducing the CIFAR-10 bias for horizontal/vertical lines. For example,
given simulated data of the Crescent image from Figure [3.2] this bias results in
posterior images containing a boxy object, even though the actual Crescent is a
ring without any straight edges. This is likely due to the statistics of the CIFAR-
10 dataset, which contains mostly man-made objects and animals. Such images
include many sharp corners and lines arising from boxy objects like cars, the legs of
standing animals, or horizon lines. Although CIFAR-10 is our choice of a generic
natural-image prior, it is possible to define an alternative natural-image prior with
less preference for horizontal/vertical lines. We tested a prior trained on CIFAR-
10 images that underwent warped random affine transforms and a prior trained on
32 x 32 images with power spectral density proportional to 1/f2 (since the power
spectra of natural images have been shown to follow a 1/ f“ trend, where f is the
spatial frequency in cycles per image [267], and « is typically between 1 and 3).
The CIFAR-10, Warped CIFAR-10, and 1/ f2 priors were all trained with the same
number of training images (45K), with the same tapering effect described in Section
3.2.1] and for the same number of iterations (100K). (a) Nine training samples and
the average log power spectrum of 10K training samples (without the taper) for
each prior. The average spectral power of CIFAR-10 images is relatively high in
the horizontal and vertical frequencies. Warping the CIFAR-10 images reduces the
preference for vertical frequencies, but a large presence of horizontal frequencies
remains (perhaps because horizons are still distinguishable after warping, as can be
seen in some of the training samples). The 1/f? noise images have isotropically-
distributed spectral power. (b) Results of imaging the Crescent simulated data under
the different priors. A posterior sample and the average of 128 posterior samples
are shown for each prior. With the regular CIFAR-10 prior, there is a sharp corner
at the top-right of the ring-like object that makes it look squarish. This artifact is
not present in the Warped CIFAR-10 or 1/ f? reconstructions.
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3.4 Results with Real M87* Data

We estimated image posteriors of M87* given the EHT observations from 2017
April. For each of the four observation days, we gathered the closure phases and log
closure amplitudes from the combined low-band and high-band public dataE] We

used the same data preprocessing and visualization steps as for the synthetic data.

Figure 3.6 shows a posterior sample for each of the observation days, under each
prior. The CIFAR-10 and CelebA priors, which incorporate no assumptions about
black holes, lead to images with a ring-like structure. The CelebA reconstructions
include some face-like details, especially for April 10, the day with the fewest
observations and thus the day whose image is least constrained by measurements.
Nonetheless, the fact that both the black-hole-agnostic priors recover ring shapes is
strong evidence of a ring-like structure in the measurements. It also reveals that
basic natural-image statistics shared by CIFAR-10 and CelebA may be sufficient to

retrieve the ring structure under a constrained FOV.

The GRMHD and RIAF priors lead to images with a well-defined ring structure.
The GRMHD prior is visually richer, encouraging a thin ring with wispy features
in the bright region of the ring. The RIAF prior constrains the image according to

a simplified geometric model without adding any lower-level details.

Table which reports reduced y? values, confirms that all the reconstructed
images are consistent with the EHT measurements. Across priors and observation
days, the y? values are < 1.5, which indicates fitting the measured data. As with the
simulated data, the RIAF prior struggles most to fit the data (most of its y? values
are greater than 1) because it imposes the most constraining black-hole model. The
rest of the priors tend to result in y? < 1, which means that they are flexible enough
to somewhat overfit the data and that any differences between their posteriors are

likely due to the visual biases of the priors that are not constrained by the data.

3.4.1 Characterizing the M87%* posteriors

Our imaging approach leads to single-mode M87* image posteriors, except for
some CelebA posteriors that are bimodal. Figure shows Gaussian fits of the
posteriors estimated under the CIFAR-10, GRMHD, and RIAF priors. Under all
these priors, the mean image shows a clear progression of the bright spot of the ring

moving counter-clockwise over the four observation days. The pixel-wise standard

"https://datacommons.cyverse.org/browse/iplant/home/shared/commons_repo/
curated/EHTC_FirstM87Results_Apr2019


https://datacommons.cyverse.org/browse/iplant/home/shared/commons_repo/curated/EHTC_FirstM87Results_Apr2019
https://datacommons.cyverse.org/browse/iplant/home/shared/commons_repo/curated/EHTC_FirstM87Results_Apr2019
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Figure 3.6: M87* posterior samples. A random posterior image is shown for each
observation day and prior. The CIFAR-10 prior was trained on images of everyday
objects and makes no assumptions of black-hole structure, yet it recovers a ring-like
structure for all four observation days. The GRMHD prior assumes a fluid-flow
model of black holes, which helps it recover visually-striking images of a thin ring
with wisps. The RIAF prior assumes a simplified crescent model of black holes,
which results in simplified crescent images of M87*. The CelebA prior was trained
on images of human faces, so its preferred images are presumably far away from
the true source image. Even with its incorrect and strong biases, the CelebA prior
recovers a ring-like structure, here favoring an eye from the face prior to explain the
ring. These images under various priors all fit the EHT observations but incorporate
different visual biases.

deviation shows areas of uncertainty around the mean. Similarly to our results with
simulated data, the results in Figure show that as the prior becomes stronger
(i.e., from CIFAR-10 to GRMHD to RIAF), the uncertainty goes down. Under the
CIFAR-10 and GRMHD priors there is uncertainty throughout the ring, whereas

under the RIAF prior uncertainty lies mainly along the edges of the ring.

Figure [3.§] visualizes the bimodal posteriors under the CelebA prior. Like with
CIFAR-10, the magnitude of the uncertainty is higher than that of the GRMHD and
RIAF priors. The presence of multiple modes further reflects higher uncertainty
under the CelebA prior, which makes sense for a prior that is so mismatched with

the observed data.



Image DataProduct CIFAR-10 ~GRMHD RIAF CelebA

April 5 )(Czp 0.80+0.03 0.83+0.15 1.27+0.06 0.80=+0.03
Xﬁ)gca 0.75+0.04 0.76 £0.09 1.50+0.10 0.71 £0.04

April 6 Xczp 092 +0.02 093+0.05 1.08+0.03 0.93=+0.03
Xlzogca 0.76 £ 0.02 0.74 +£0.04 1.00+0.05 0.80+0.06

April 10 Xgp 092+0.05 0.89+0.04 1.25+0.07 0.90+0.05
Xlzogca 0.73+£0.06 0.71 £0.04 135+0.12 0.72+£0.06

April 11 Xczp 1.09+£0.02 1.06+0.02 1.26+0.04 1.08+0.03
Xlzogca 0.69+0.04 0.65+0.04 1.01+0.06 0.65=+0.03
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Table 3.3: Data-consistency metrics (y2) for closure quantities of M87* data.

2 2
XCP and Xlogca

are the y? metrics for closure phases and log closure amplitudes,

respectively. The avg. + std. dev. of 128 samples from the estimated posterior is

reported. y? =

1 indicates a good balance between fitting the observed data and

fitting the prior. Lower y? means more data consistency. The RIAF prior leads
to the highest y? values, meaning the strength of this prior relative to the data is
strongest. This is probably because the RIAF model is the most constraining of the

priors.
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Figure 3.7: Mean and std. dev. of posterior samples. Like with the simulated data in
Figure [3.3] uncertainty decreases as the prior becomes stronger. Note that under the
CIFAR-10 prior the day with the most uncertainty is April 10, the day with the least
data. The stronger priors (i.e., GRMHD and RIAF) do not exhibit more uncertainty
for this day compared to other days.
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Figure 3.8: Bimodal M87* image posteriors under the CelebA prior. A two-
component Gaussian mixture model was fit to 128 posterior samples for April 5, 6,
and 10. The mean, std. dev., and weight of each Gaussian mixture component are
shown. The only single-mode posterior is for April 11, which is the day with the
most (u, v) coverage.

A feature that stands out in the CIFAR-10, GRMHD, and CelebA reconstructions is
a southwest region of extended flux outside the ring. It is especially noticeable in the
April 5 and 6 images. See, for example, the faint spot of brightness in the CIFAR-10
reconstructions and the faint wisp to the southwest in the GRMHD reconstructions
in Figures [3.6)and [3.7] A disconnected southwest region of brightness also appears
in both modes of the CelebA posterior on April 5 and in the second mode of the April
6 posterior in Figure Such a feature is not visible in the RIAF reconstructions.
With previous imaging results that only incorporated one prior, it would have been
difficult to conclude whether this feature was an artifact of imaging or a clue from the
data. Our results in Figures[3.7)and suggest that it is a prior-dependent feature,

with different priors placing different amounts of brightness in that southwest region.

To summarize our findings from the estimated M87* posteriors, the most notable
result is that all priors recover ring-like structure. The priors that do not assume
a black hole (i.e., CIFAR-10 and CelebA) exhibit most uncertainty in the posterior
and are most flexible with adding flux outside of the ring. The priors based on a
black-hole model (i.e., GRMHD and RIAF) reconstruct the clearest rings, with the
GRMHD prior providing the most visual detail. In general, the more constraining
the prior, the less uncertainty there is in the posterior, but the more potential there

is to overfit to prior assumptions.
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3.5 Extracted Ring Features

An important stage of analysis is to extract ring features from reconstructed images,
distilling any ring structure into a few parameters dictating its geometry and bright-
ness profile. In Akiyama et al. [[7, 9], the EHT Collaboration extracted, among
other quantities, the following characteristic ring features: diameter, width, orien-
tation, asymmetry, and fractional central brightness. It found the ring diameter and
orientation angle to be most consistent across imaging methods, with the other quan-
tities varying depending on the imaging pipeline. We focus on these characteristic

features and analyze the effect of the prior on them.

The diameter d indicates the full size of the ring and is calculated based on the
distance between the peak brightness and the ring center. The width w indicates
the thickness of the ring itself. The orientation angle n, measured east of north,
roughly indicates the radial position of most of the brightness. The azimuthal
asymmetry A, a measure of brightness asymmetry throughout the ring, roughly
indicates the magnitude of brightness at the measured orientation. The fractional
central brightness fc indicates how bright the interior of the ring is compared to
the ring itself and can be considered an inverse brightness contrast ratio. We use
the REx feature extraction algorithm [62] implemented in the eht-imaging library.
The parameters d and fc are measured the same way as in Akiyama et al. [[7]], but the
other features have slight differences (we default to the REx implementation rather
than the equations provided by Akiyama et al. [7]). Appendix[A.2]contains the exact
equations we used to compute these features. Figure[3.9helps visualize some of the

features.

3.5.1 Ring features of simulated-data reconstructions

We performed feature extraction on images from simulated data, focusing on the
source images with ring-like structure: Crescent, Ring, GRMHD 1, and GRMHD 2.
We analyzed the recovered posteriors under all the score-based priors but excluded
the non-ring-like samples from the CelebA posteriors for the Ring and GRMHD 1
data (see Figure[3.2] which shows that the second mode of the Ring posterior and the
first mode of the GRMHD 1 posterior do not have a ring-like structure). Figure[3.10]
shows all the extracted features and their error bars. In the following paragraphs,

we discuss each feature and its dependence (or lack thereof) on the prior.

Diameter All priors recover the diameter of the source image (within one standard

deviation from the mean extracted diameter). The only exception is that the RIAF
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Figure 3.9: Visualization of extracted ring features of M87* images. Shown is a
random sample (centered by REx) from each posterior for April 6. Parameter d
is the ring diameter; w is the ring width. Parameters rjer; and ryjene delimit the
radial FWHM used to estimate the orientation angle and asymmetry. Parameter
is the orientation angle measured east of north. The purple cross marks the location
of peak brightness. Asymmetry A and fractional central brightness fc are not
visualized. The green dashed circle demarcates the inner disk of radius 5 pas used
to define fc.

prior leads to a larger diameter for GRMHD 1. A possible explanation is that the
RIAF model is too strong of a prior for these data, as it must account for all the
flux in the image with a thick crescent (as evidenced by the relatively high extracted
diameter and width of the RIAF-reconstructed images). The RIAF prior also leads
to the highest y? values (Table , further evidence that it has difficulty fitting
the GRMHD 1 observations. On the other hand, the RIAF prior correctly recovers
the diameter and has lower y? values for the Ring and Crescent, two objects that
can be well-approximated with a RIAF model. Even though the diameter should be
well-constrained by the measurements, our results demonstrate how a strong-enough

prior may recover a ring structure but with an incorrect diameter.

The CIFAR-10 prior gives the most accurate mean diameter, although with greater
uncertainty than the GRMHD and RIAF priors. This makes sense, as the CIFAR-10
prior, in making the weakest assumptions, is most flexible with the image recon-
struction. The CelebA prior exhibits significantly high uncertainty for GRMHD 2,
perhaps because its recovered images have the least ring-like structure (Figure [3.2).
The GRMHD prior accurately recovers the diameter across all these ring-like data

and with relatively little uncertainty.

Width The ring width varies significantly with the prior, which supports previous
findings that the width is less well-constrained by the measurements than the diam-
eter is [7, [9]. The GRMHD prior recovers the thinnest rings as a result of being
trained on GRMHD images that exhibit thin rings.
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Figure 3.10: Extracted ring features of images reconstructed from simulated data.
The dotted line indicates the measured quantity of the ground-truth image, and the
shaded yellow region indicates the std. dev. as computed by REx (the orientation of
the Ring image was manually set to span 0° to 360°). For the score-based priors
(CIFAR, GRMHD, RIAF, CelebA), the mean was computed across the measured
quantities of 128 posterior samples. The std. dev. for all features except fractional
central brightness (fc) was computed as the square root of the average variance
across these samples. Since REx does not provide uncertainty for fc of a single
image, the fc error bars were computed as the std. dev. of the fc values of all posterior
samples. All choices of prior roughly recover the target diameter, orientation, and
asymmetry. The only exceptions are that the RIAF prior over-estimates the diameter
of GRMHD 1 (due to the difficulty of fitting GRMHD data to a strong RIAF prior)
and that the CelebA prior over-biases the orientation of GRMHD 2 (due to the
CelebA prior struggling to produce a strong ring structure with such data). The
width and fractional central brightness are particularly prior-dependent, with the
GRMHD prior providing consistently small values for these features. In contrast,
the RIAF prior prefers large widths and high fc values. Please see Figure [3.2] for
image samples.
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Orientation All priors recover the orientation angle of the source image, except
the CelebA prior given GRMHD 2 data. Like the high diameter uncertainty, this
may be due to the reconstructed images having relatively weak ring structure. As
can be seen in the two samples from this posterior in Figure [3.2] there is actually
some brightness outside of the ring-like area. These results further highlight that
strong and incorrect assumptions in the prior may inhibit correct recovery of ring
features that should be constrained by the observations. Besides this extreme case
of applying a CelebA prior to GRMHD data, the ring orientation appears to be
independent of the prior.

Asymmetry The brightness asymmetry appears to be fairly robust to the prior.
Again, the exception is the CelebA prior applied to the GRMHD 2 data, which can
be explained by the weak ring structure present in the CelebA-recovered images.
We note that for the Ring data, all priors produce a slight asymmetry even though
the ground-truth object has no asymmetry, which is unavoidable with most imaging

algorithms [7]].

Fractional central brightness This feature varies extremely with the prior, and
the original M87* imaging work also found that fc is not well-constrained by the
data [7]. The GRMHD prior recovers the lowest fractional central brightness for the
GRMHD observations. Along with smaller ring widths, these low fc values indicate
that using a well-matched GRMHD prior on GRMHD observations gives the benefit
of sharper images than could be obtained with a weaker prior like CIFAR-10.

3.5.1.1 Discussion

To summarize our results on simulated data, we find that the recovered ring diameter,
orientation angle, and asymmetry are fairly robust to the image prior, while the width
and fractional central brightness are tied to the prior. However, it is possible to overly
bias the diameter with an overly-biased prior. In particular, the RIAF prior applied
to observations of a GRMHD simulation with flux extending beyond the ring may be
too constraining and cause over-estimation of the diameter. Reassuringly, priors that
are less constraining or more accurate dependably recover the diameter, orientation,
and asymmetry. On the other hand, features like the ring width and fractional central

brightness can be adjusted by imposing different priors.
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3.5.2 Ring Features of M87* Reconstructions

Figure [3.11]and Table 3.4 show the results of feature extraction for the M87* image
reconstructions. Table[3.4]includes the results of using the eht-imaging algorithm
with fiducial parameters [/] for reference, although eht-imaging is not directly
comparable to our score-based priors since it utilizes hand-crafted regularizers as a
proxy for a prior and visibility amplitudes instead of closure amplitudes. Figure[3.9]
visualizes the ring features on April 6 reconstructions. We assumed ring structure
in all the posterior samples under the different score-based priors. As shown in
Figures [3.6]and [3.8] the CelebA images have the weakest ring structure, which may
have caused higher variance in the extracted features.

The CIFAR-10 prior recovers a mean diameter of 41.2 pas to 42.5 nas across the
four observations days. Accounting for error bars, all score-based priors agree on
a range of possible diameters. The diameters recovered by our score-based priors
are consistent with the diameter recovered by eht-imaging, although with slightly
higher means and larger error bars. Like with the simulated data, the RIAF prior
leads to relatively high diameters. Combined with the fact that the RIAF prior has
the highest y? values in Table this suggests that the RIAF model is likely too

constraining for M87%*.

The ring width depends on the prior, with the GRMHD prior resulting in the lowest
width (about 9 nas). The RIAF prior causes the largest width (about 20 pas), which
is only slightly larger than the width recovered by eht-imaging (about 16 pas, as
listed in Table [3.4)).

The orientation angle is consistent across the priors, roughly ranging from 150° on
April 5 to 170° on April 11. Like previous work, we find that both the diameter
and orientation angle have an upward trend over the observation days as brightness
shifts to the southwest [7, [9]].

The amount of asymmetry is also roughly consistent across the priors. Interestingly,
there is the most discrepancy between the priors in the April 10 reconstructions.
April 10 is the day with fewest observations, which may cause the brightness

asymmetry to be more flexible under the data.

As expected, the fractional central brightness varies significantly with the prior. As

with the simulated data, the GRMHD prior achieves the greatest brightness contrast.

Overall, the conclusions regarding the effects of priors on the M87* reconstructions

are consistent with the conclusions of previous analyses [7, 9] and our simulated-data
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Figure 3.11: Extracted ring features of M87* images. The means and error bars
were computed the same way as for Figure 3.10] The different priors (CIFAR,
GRMHD, RIAF, CelebA) all agree on the diameter, orientation, and asymmetry
up to error bars. There is some disagreement in asymmetry for April 10, which
is the day with fewest observations. We note a slight upward trend in diameter
and orientation angle over the observation days. The width and fractional central
brightness change with the prior, with the GRMHD prior providing the thinnest
rings and most brightness contrast. Please see Figure @ for image samples.

analysis. The diameter, orientation, and asymmetry are robust to the prior, although
some priors result in greater variability than others. There is a slight upward bias
in diameter from the RIAF prior, due to wider rings that account for all the flux in
one RIAF model. The most prior-dependent features are the width and fractional

central brightness.
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Feature Date  eht-imaging® CIFAR-10 GRMHD RIAF CelebA
Diameter [pas] April 5 393+1.6 412+5.7 415+24 40.5+5.1 43.0+6.6
April 6 395+1.5 412+53 412+22 426 +2.3 41.7 £ 8.1
April 10 405+13 415+6.5 412+2.0 44.0+238 55.0+15.8
April 11 41.1+12 425+53 424 +2.7 45.0+£22 442 +£52
Width [nas] April 5 163+ 1.5 13.3+3.9 89+37 20.8 £4.3 11.7+£34
April 6 162+ 1.0 124+ 34 9.1+35 19.7+4.2 15.1 £6.6
April 10 157+13 14.1 £43 10.0 £ 4.8 21.6 £4.1 17.5£8.8
April 11 15.6 + 0.9 124+ 3.0 93+4.0 18.5+3.1 13.1+4.0
Orientation [°] April 5 149.0 £ 4.0 163.5+11.9 1414 +184 147.0+13.0 1362+19.9
April 6 151.2+3.2 169.5+12.6 149.7+15.1 1520+16.8 156.8 +17.5
April 10 171.1 £ 3.4 1804 £10.8 1527 +189 1632+194 179.7+18.4
April 11 167.5 + 3.1 1822+ 11.7 1572+255 169.0+151 1620+11.3
Asymmetry April 5 0.25 £ 0.01 0.30 £ 0.05 025+0.08 023+£0.06 0.21+0.05
April 6 0.24 + 0.02 028+0.04 024+009 0.26+0.03 0.33 £0.07
April 10 0.23 £ 0.00 031+0.04 022+0.10 021+£0.02 035+0.05
April 11 0.20 + 0.01 025+0.04 021+0.11 022+0.02 0.26+0.03
F.C.B. April 5 0.07 0.07+£0.04  0.02 £0.01 0.16 + 0.05 0.01 £ 0.01
April 6 0.07 0.07+0.04 0.02+0.01 0.25 +0.03 0.09 = 0.07
April 10 0.04 0.13 £ 0.05 0.02 £ 0.01 0.26 + 0.03 0.21 £ 0.08
April 11 0.04 0.07 + 0.03 0.02 +0.01 023+0.02  0.08 £0.04

Table 3.4: Extracted ring features of M87* images, grouped by feature and date.
Each row shows the mean and standard deviation of the extracted value for one feature
on one observation date. *eht-imaging is a hand-crafted imaging algorithm and

not directly comparable to the data-driven priors.
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Despite our advances in black-hole imaging, 2D images are an incomplete snapshot
of the ultimate subject of interest: the dynamic 3D scene around a black hole. An
image is a complicated 2D projection of the 3D emissivity around the black hole and
thus may obscure important 3D structures. Moreover, a static image does not capture
the dynamic nature of the radiation-emitting material, which moves, appears, and
disappears over time. Visualizing the dynamic 3D emissivity field near a black hole
would push the boundaries of scientific knowledge by revealing previously-unseen

parts of the universe and informing new physics models.

In this chapter we consider the task of reconstructing the time-dependent 3D emis-
sivity field given only image-plane measurements. This can be framed as a single-
viewpoint 4D tomography problem, which is severely ill-posed. Unlike in traditional
tomography problems, which assume multiple viewpoints and a static source, we
only have access to the imaging plane of our viewpoint from Earth, and our source
evolves over time. Furthermore, the velocity field that dictates how matter moves
around the black hole is not perfectly known and becomes more variable as it gets
closer to the black hole. Another distinction from traditional tomography is that light
does not follow straight paths due to how black holes warp spacetime. The forward
model in our setting includes non-linear ray-tracing that accounts for gravitational

lensing, and it partially depends on the unknown velocity field.

Previously, Levis et al. [202]] proposed an approach based on hard physics constraints
to reconstruct dynamic 3D emission given EHT measurements. The approach,
known as BH-NeRF, reconstructs an initial 3D emissivity field and propagates it
according to a Keplerian velocity model. It does not account for new emission
over the time of imaging, and it does not allow for any deviations from Keplerian
dynamics. The method was used to perform the first 3D recovery of the gas around
a black hole [203]], specifically a flare near Sgr A*. However, it was only effective
in that setting because the flare was sufficiently far away from the black hole so
that its dynamics could be described as Keplerian, and it was suspected that no
new flares appeared during the observation time used for imaging. In contrast, we
target emission much closer to the black hole, where hot spots of emission appear
and disappear much more rapidly, and the velocity fluctuates much more from the

Keplerian model.

We propose an approach based on soft physics constraints that simultaneously
reconstructs the dynamic 3D emissivity field and the 3D velocity field. We represent

both fields as coordinate-based neural networks and optimize them according to a
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physics-informed loss. Specifically, a dynamics loss term ensures the dynamics
of the estimated emissivity are consistent with the estimated velocity, a velocity
term regularizes the estimated velocity according to a predefined (e.g., Keplerian)
velocity model, and the data-fit term incorporates gravitational lensing and velocity-
dependent redshift effects in the forward model. By reconstructing a 4D (i.e., time-
dependent 3D) field, we are able to account for new emissions. By enforcing physics
as a soft constraint, we are robust to differences between the assumed velocity field
and the real-world velocity field, which may include turbulence, radial infall and

outfall, and sub-Keplerian speeds.

In Section [4.1] we discuss related work in tomographic imaging and computational
methods. Section[.2] covers physics background needed to understand this chapter.
We then present our approach in Section 4.3]and results in Section[4.4] In Section

we discuss future directions for this work.
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4.1 Related Work

4.1.1 Tomography

Tomography is a type of inverse problem that aims to recover an object or structure
from its lower-dimensional projections, typically obtained as line integrals. A
common tomographic problem is reconstructing a 3D image from 2D projections
at multiple viewpoints, as in computed tomography [178] for medical imaging and
3D scene reconstruction from photos [229]. These settings, however, benefit from
linear ray-tracing, multiple viewpoints, and the assumption of a static source. In
our case, we work with curved light paths, a single viewpoint, and a dynamic
source. Essentially, we aim to solve a 4D tomography problem by recovering a

time-dependent 3D image.

Previous efforts in many scientific domains have dealt with problems related to non-
linear light paths. For example, imaging underwater environments [336], imaging
through the Earth’s atmosphere [201]], and imaging cosmological objects [[158] are
difficult due to refraction, scattering, and gravitational lensing, respectively. We
deal with curved light paths due to strong gravitational lensing, which is the effect
of curved spacetime around a black hole. In the context of astronomical imaging,
deprojecting galaxies [262, |354, 353] from 2D images is a common problem, but
the galaxies are usually parameterized as static, simple shapes. Previous work
recovered hot spots of emission around a black hole using EHT data [303,[203]], but
they assumed a simplified geometric model [[303]] or a simplified dynamics model
[202] for the hot spots. In contrast, we use a time-dependent neural network to

capture complicated features and dynamics.

4.1.2 Coordinate-based neural fields

Instead of representing a volume with a discretized representation such as a mesh or
voxel grid, we can represent it with a coordinate-based neural network. Coordinate-
based neural fields are parameter-efficient, continuous representations that use a
multilayer perceptron (MLP) to map from the coordinates of a point in space to the
value of the field at that point. They also benefit from the implicit regularization of
a neural network that leads to smoothness in the output field. They are commonly
used to represent solutions to inverse problems, where the weights of the MLP are
optimized to minimize a data-fit loss. For example, a neural radiance field (NeRF)
[229] is trained to represent a 3D scene that agrees with a sparse set of 2D views, thus
solving a 2D-to-3D tomography problem in which linear ray-tracing is done to form

2D images. Similar approaches have been developed for scientific imaging tasks,
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such as cryo-electron microscopy [356], MRI [298]], and computed tomography
[292].

Coordinate-based neural fields have also been applied to dynamic scenes. A straight-
forward approach is to add a time dimension to the input coordinates [[130, 335,207,
129]]. Another approach is to use one neural representation for the scene at the first
time frame and a second neural representation for the time-dependent deformation
[253, 305, 2477, 246[]. Our work combines both approaches by estimating both a
time-dependent emissivity field and a velocity field describing its dynamics. When
measurements are sparse, the main challenge is finding a temporal prior to describe
how points in space change across time. Previous methods regularized the deforma-
tion to be sparse or rigid [247,|305], while others imposed models highly specialized
to the object being reconstructed [202, 207, 249, 126]. We propose a way to impose
a soft constraint on the velocity field based on known physics.

We note that Gaussian splatting [[182] 217]] has emerged as an alternative efficient
and continuous representation. This approach represents a 3D density distribution
as a set of Gaussians with learnable position, scale, and orientation. Its main benefit
over coordinate-based neural networks is that rendering can be made extremely
efficient. However, the number of Gaussians needs to pre-defined, so it is unsuitable

for our setting, in which hot spots of emission may appear and disappear over time.

4.1.3 BH-NeRF

Our work is inspired by BH-NeRF [202]], which was used to obtain the first 3D
reconstruction of the gas around a black hole [203]]. BH-NeRF represents the initial
3D emissivity with a coordinate-based neural field, denoted as eo(x). It then prop-
agates the initial condition according to Keplerian orbital dynamics. The weights
of eq are optimized to minimize a data-fit loss with respect to time-dependent EHT
measurements. For a given time ¢, it propagates e according to Keplerian orbital
velocities to that time, passes it through the EHT forward model, and compares the

estimated measurements with the observed measurements at time .

BH-NeRF encounters two major limitations: (1) it cannot account for velocity that
is different from the assumed velocity model, and (2) it cannot account for emission
that appears and disappears over time. For (1), the Keplerian model assumes that
particles stay on circular orbits around the black hole. It does not account for infall
of material into the black hole, and it does not account for effects of turbulence or

dragging. Velocity becomes less and less Keplerian as we get closer to the black



75

hole, where high-energy effects and geodesic effects causing gas to fall into the
black hole become more prevalent. Furthermore, imposing the assumed velocity
model as a strong constraint makes it difficult to overcome modeling errors. For
(2), because BH-NeRF only estimates the initial 3D emissivity, it cannot account
for new emission appearing in the volume over time. Our work addresses these
limitations, recovering a time-dependent emissivity field and a velocity field. We
impose velocity as a soft constraint, meaning our method is robust to errors in the
assumed velocity model. Since our emissivity field is time-dependent, it can capture

new emission.
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4.2 Black-hole Emission Physics

Emission near a black hole can come from either inflowing plasma in an accretion
disk or outflowing plasma from a jet [2]. The plasma radiates, emitting photons
that travel through space. Compact bright emission spots, known as “flares” or “hot
spots,” arise when magnetic reconnection or overdensities of mass or magnetic field

strength create bursts of radiation [52].

How fluid moves and how its emission appears to an observer both depend on the
complicated physics near a black hole. A mathematical object known as a spacetime
metric captures the geometry of the warped spacetime around a black hole. It is
represented as a metric tensor g,,, which allows us to define distances between

points in spacetime, which are denoted as x*.

Preliminaries In general relativity, we work with contravariant (index-up) vec-
tors a and covariant (index-down) vectors a,. To lower indices, we multiply a

contravariant vector by the spacetime metric:
a, =gua . 4.1)
Conversely, to raise indices, we multiply a covariant vector by the inverse metric:
b* =g"b,. 4.2)

Here u,v € (0, 1,2, 3) are indices. We can compute dot products between pairs of

covariant and contravariant vectors:

3
a-b=a'b,=a,b" =) ab (4.3)
i=0
4.2.1 Fluid velocity

We denote the spherical velocity vector as v':

. dr do dg
i _ r 0 ¢\ _
v _(V’v’v)_(_dt’_dt’_dt)’ (4.4)

where (r, 8, ¢) are spherical coordinates, with r denoting the radius, 6 denoting the
polar angle, and ¢ denoting the azimuthal angle. In general relativity, we often work

with the four-velocity vector u*, which represents velocity relative to the proper

u#:(dr dr do dj):ut(l’vr’ve,vqﬁ), 4.5)

time T:

dr’dr’dr’ dr
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since u’ = dr/dr by definition. Note that ¢ and 7 are two different parameters relating
to a notion of time. The parameter ¢ is the coordinate time, or the time that the
observer at radius » — oo measures. The parameter 7 is the proper time, which is
what the particle moving with velocity u* measures. In our work, we estimate the
coordinate three-velocity v/. The four-velocity u* can be directly derived from 1’
via Equation 4.5] with

u' = S (4.6)
&it + 284V + gijviv/

to satisfy the normalization condition u#*u, = —1. Note that for an arbitrary choice
of components in v/, the square root in Equation may be undefined. In Section
M.2.1.2] we introduce another frame of reference that allows for arbitrary three-

velocities and is thus more numerically stable.

4.2.1.1 Velocity model

We would like a velocity model that accurately represents the dynamics near a
black hole. The simplest model is Keplerian orbital dynamics, which is only
reasonable outside of the innermost stable circular orbit (ISCO). Inside the ISCO,
matter plunges inward along geodesics, and even outside of the ISCO, motion is not
exactly Keplerian. For a more general velocity model, we turn to the velocity model
proposed by Cardenas-Avendafio, Lupsasca, and Zhu [60] for adaptive analytical
ray-tracing (AART), which accounts for sub-Keplerian velocity and infall.

The AART velocity model mixes two velocities: (1) a sub-Keplerian velocity de-
H H

infall” subkep
based on the Cunningham [87] model of Keplerian dynamics, which includes infall

noted by ué’ ubkep and (2) an infall velocity denoted by u The velocity u is

inside the ISCO. The velocity uﬁl ey Only represents infall due to geodesics, assum-

ing a particle that starts with zero velocity at radius infinity. The AART velocity
depends on a fixed spin a and mass M, and it is axially symmetric, meaning in the
u

subkep and
can be found in Appendix F of [63]]. In the rest of this section, we will refer

equatorial plane it only depends on the radius r. The exact formulae for u

u
Winfanl
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to the following common abbreviations in the Kerr metric:

A=r’+a*-2Mr, 4.7
> =r? +a’cos? o, (4.8)
2

8= (r2 + az) — ®Asin?6, (4.9)

2M
Q= v (4.10)

(r2 +a?)? - a?Asin” 0

¢ ¢

We define Qqupkep = :f“bkep " and Qjufan = “iptn ) The four-velocity components of

7 .
subkep (r) Winfall (r)

the general velocity model are given by

1+ FZ(AL)Z
W)= (P - 2(1 —a)? 1D
u' (r) = Britguprep + (1 = Br)tipgs (4.12)
u’(r) =0, (4.13)
u?(r) = u' (r) - (ByQuubkep + (1 = Bp)Qntant) - (4.14)

The parameters Sy, 8- € [0, 1] represent the relative magnitude of the sub-Keplerian
velocity in the angular and radial velocities, respectively. Notice that B4 = 5, = 1
corresponds to a purely sub-Keplerian model, whereas S5 = B, = 0 corresponds to
pure infall. The sub-Keplerianity parameter & = (0, 1] represents the ratio of the
fluid angular momentum to the Keplerian value. Therefore, for a fixed spin, mass,
and direction of orbit (i.e., prograde or retrograde), this general velocity model

depends only on the three parameters (£, B,, B¢).

4.2.1.2 Normal observer frame

In our work, we represent the velocity field as a coordinate-based neural network,
which may estimate unreasonable velocities that would cause the equation for u’
(Equation @ to be undefined. To avoid numerical errors, we instead estimate
velocities in the normal observer frame. In the normal observer frame, we denote

the three-velocity as ii'. The conversion from i’ to u* is given by
u' ==, (4.15)

W= il - (—)ﬁ", (4.16)
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where i is an index into (7, 6, ¢). The lapse @ and shift vector 3’ are defined as

/ 1
a = ?, (417)

g =-=. (4.18)

The Lorentz factor y > 1 can be computed from the normal-observer i’ as

y = 1 + gt (4.19)

The condition for the four-velocity to be physical is v > 1. In Boyer-Lindquist

coordinates in the Kerr spacetime, we have that

Zsin? 6
)y

> 2
Y1+ W)+ (u‘)) + (). (4.20)
By inspection, we can see that y?> > 1 for all u’. There may be numerical instabilities

when A — 0, which does happen at the horizon.

The conversion can be done in the other direction by solving for i given u* in
Equation Recall that u* can be determined from v/ by computing u’ according

to Equation 4.6

4.2.2 Image formation

The light captured on the image plane is the result of a complicated process that
depends on two main ingredients: the emissivity field and the velocity field. The
emissivity determines how much intensity is integrated along light paths, and the

velocity influences how much the intensity gets boosted along the way.

Emissivity The emissivity e is essentially the light intensity in 3D space. More
specifically, it quantifies the total electromagnetic energy per unit volume, per unit
time, per unit frequency, and per unit solid angle emitted in a region of space. It
depends on many characteristics, including the particle density, temperature, and
magnetic field strength of the plasma. We drop the dependence on the frequency
and direction and denote the emissivity field as a function of time and space: e(t, X),

where x = (x, y, 7).

Redshift Due to the Doppler effect, the frequency of light observed on the image

plane is different from that of the original emission. The velocity field dictates how
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the intensity of the light is boosted (in the case of redshift) or dimmed (in the case
of blueshift) as it travels to the observer. In other words, a source moving towards
us near the speed of light appears brighter, whereas a source moving away appears
dimmer. Assuming a photon energy of E = 1, the location-dependent redshift factor

g 1s computed as

E 1
= = 4.21
T (4.21)

where k, is the photon momentum vector. Itis related to the derivative of the photon

position x* (7) with respect to the Mino time 7:

dxt X
F = Ek'u = Zk# = Zg#yky (422)

assuming E = 1. For a given spin and mass of the black hole, the photon momentum

at every point in spacetime is fixed.

4.2.2.1 Radiative transfer and geodesic ray-tracing

Radiative transfer describes how light propagates through a medium, considering
factors such as emission, absorption, and scattering. Two additional complicating
factors arise when working with curved spacetime: (1) curved light paths and (2)
redshift. To make an image, we essentially have to integrate a general relativistic

radiative transfer (GRRT) equation along the curved light paths, known as geodesics.

We make two simplifying assumptions in the GRRT equation that have also been
made in previous work [202]. First, we assume that the attenuation of light due to
absorption and scattering is negligible, as is the case for EHT images [8]. Second, we
do not account for emission changing at relativistic speeds as the light ray propagates
at a finite speed [66, 96, 230]. With these assumptions, we can simply integrate the
emissivity along the ray paths that end at the image plane. Supposing a discretized
image plane with N x N pixels, let I, = (¢(s), X(s)) denote the geodesic that ends
at the n-th pixel, where s is the distance along the geodesic. The observed intensity

at the n-th pixel at time # can be computed as

() = / g2 (x)e(t, x)ds. (4.23)

n
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4.3 Method

4.3.1 Representing the emissivity and velocity fields

We represent both the emissivity and velocity fields with coordinate-based neural
networks. We denote the estimated emissivity and velocity by e(z,x) and i’ (x),

respectively. In particular,

e(t,x) = e(1,x;0,) = MLP (y ([£,x] ") ; 6.), (4.24)
i’ (x) = @' (x;6,) = MLP (y(x); 6,) (4.25)

where 0, and 0, denote the parameters of the neural networks. The positional
encoding v has been shown to improve the representation of high-dimensional
features [298]]. It is defined as

v(X) = [sin(x), cos(Xx),...,sin (2L_1X) , COS (2L_1x)]T , (4.26)

where the degree L determines the bandwidth of the interpolation kernel [172]
underlying the MLP (i.e., higher L allows for higher-frequency representations).
Note that i’ is the three-vector in the normal observer frame defined in Section
Figure [4.1] illustrates the optimization procedure for both networks, which
we detail in the following subsection.

4.3.2 Optimization
The loss function combines three terms: a data-fit loss, a dynamics loss, and velocity

regularization. We write it as follows:

L (e, lzi) = AdataLdata (e, ﬁi) + /ldynLdyn (e, ﬂi) + /lreg~£reg (ﬁl) . 4.27)

The data-fit loss encourages the emissivity network to fit the observed image-plane
video. Note that the forward model depends on the estimated velocity through the

redshift factor (Equation {.21]), so this loss term depends on both networks.

N¢
Loaa (e,@) = ) [T (e(t); ) - Loos (1) |2+ (4.28)
i=1

where N, is the number of time frames, Lo is the observed image-plane video, and
I is the forward model that ray-traces the 3D emissivity onto the 2D image plane.

More specifically, for an N X N image grid,

I(e(t;);il') = [p1(e(t;); @), ..., py2(e(ty);ii)], (4.29)
pu (e(t); i) = / g2 (x;i")e(t,x)ds, (4.30)
I,
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Figure 4.1: Method overview. For every time ¢, we optimize the emissivity network
e(t,x) and velocity network i’ (x) according to a data-fit loss, dynamics loss, and
velocity regularization. The data-fit loss makes sure that the estimated emission
video agrees with the observed emission video. It depends on the velocity network
through the redshift boosting factor. The dynamics loss connects both networks by
ensuring that the dynamics within the emissivity network agrees with the estimated
velocity model. Velocity regularization supervises the velocity network with an
assumed theoretical velocity model. All the loss terms are fully differentiable with
respect to the network weights.

where g (- ; ') is the redshift factor computed via Equation with the u* that is
derived from i, and T, = ((¢(s),Xx(s)) is the curved light path ending at the n-th

pixel.

The dynamics loss connects the emissivity and velocity networks by imposing a

soft velocity constraint on the emissivity dynamics. We define it as
Layn (e, ') = Ereauor) lle(r + M) — et + An)3, (4.31)

where At is a small time interval, and 7 is the total observation time. The propagated
emissivity as predicted by the velocity network is denoted by é(z + At), and it is

given by
é(t+Ar) =e(t,x—Xx(At)), (4.32)

where o
ﬁ:/.vWW@u»m. (4.33)
0

In words, é(r + At) propagates the predicted emissivity at time ¢ forward in time

by At, using the prediction of the velocity network. Equation [4.31] compares this
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to the actual emissivity field at time ¢ + Af, encouraging the time evolution in the

emissivity network to agree with the velocity network.

We incorporate an assumed theoretical velocity model via velocity regularization:
=i\ _ || (i i 2
‘Ereg(u ) = ||V (I/t ) - vassumed||2 > (4.34)

where we compute v; sumed 1rom the AART velocity model detailed in Section
4.2.1.1, and v' (@') is the three-velocity derived from the output of the velocity

network in the normal observer frame.

4.3.3 Simulating data

We parameterize hot spots in the same way as Levis et al. [202], where a hot spot
is either a Gaussian blob with a certain position and scale or a tube with a certain
position, length, and scale. We inject hot spots at different times throughout the
simulation, which lasts for a total time 7. We consider two types of simulations,

which we refer to as “simple” and “GRMHD-style.”

The simple approach is to define a total number of hot spots Nyogspor and introduce
the hot spots at evenly spaced time intervals. For each hot spot, we randomly
sample a radius r ~ U ([7min, max]) and scale o ~ U ([omin, Omax]). The hot spot
has probability 1/2 of being either a Gaussian blob or a tube. If it is a Gaussian blob,
then we randomly sample an azimuthal position ¢ ~ U ([0, 2x]). Ifitis a tube, then
we randomly sample an arc length ¢ ~ U ([0, 7/5]) and starting azimuthal position
¢o ~ U([0,27 - £]).

We developed a “GRMHD-style” approach such that the video would look similar
to a ray-traced GRMHD simulation [329]. At any given time, there is a certain
probability of a hot spot appearing in any location in the equatorial plane. The

probability of a hot spot appearing at a position (r, ¢) is equal to p,pg, where

0, r < Fmin
Pr = ) ’
1/r* r > rmn
and py = 0.03. Note that our model reflects the phenomenon that more hot-spot
activity occurs closer to the black hole. We discretize the time domain into N; time
frames, and at each frame, we flip a biased coin at each location in a discretized grid
on the equatorial plane to determine whether a hot spot appears there. Each hot spot

is a Gaussian blob with scale o = clip (m, Omin» a'max).
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Both the simple and GRMHD-style simulation approaches output a random set of
hot spots with certain injection times. We solve an ODE involving the injected hot
spots and the AART velocity (Section 4.2.1.1)) to determine the emissivity field at
every time 7. To form the video, we perform geodesic ray-tracing at every time
frame according to Equation with the AART redshift factor.
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4.4 Results

In this section we present results validating our method on simulated emission data.

4.4.1 Implementation

In our experiments, we used MLPs with 4 layers with ReLLU activations. Each
layer was 256 units wide in the emissivity network and 128 units wide in the
velocity network. We set the position-encoding degree as L = 3. We used the
Adam optimizer [185] with a polynomial learning-rate schedule going from 10~#
to 107 over 200K iterations and a batch size of 6. We set Agaa = 1, Adyn = 0.1,
and Ar = 0.01. Rather than use a fixed regularization weight, we started with
a regularization weight of 1 and exponentially decayed it t0 Az = 1076 during

optimization using the following weight-annealing function:
A(7) = Afinal + (Ainit — Afinat) - exp(=d - ©), (4.35)

where i is the iteration, and we set the decay rate to d = 0.001.

For the experiments presented in this section, we assumed a spin of a = 0.2,
inclination angle of 8, = 60°, and FOV of 20 M. We randomly sampled hot spots
with ryin = 7.5 and ryax = 8 and o7y = 0.25 and o7y = 0.75. We propagated them
according to the AART velocity model with & = 0.7 and 8, = B4 = 0.9. On the
measurement side, we discretized the image plane as a 128 X 128 pixel grid and took
64 equally-spaced frames across 1 hour of observation. We took the result after
180K optimization iterations. PSNR was calculated per-frame after normalizing

both the estimated and true emissivities to the range [0, 1].

Parameterization of velocity network The true velocity model is axially sym-
metric, and we can enforce this constraint on the velocity network by making it
only depend on the radius r. All the results in this section are based on an axially-
symmetric velocity network, except in Figure 4.3 in which we compare velocity

networks that depend on r, (r, 8), and (x, y, z).

4.4.2 Results with velocity mismatch

We performed an experiment in which we assumed a velocity with &€ = 1 and 3, =
By = 1 for the velocity regularization. Figure @ shows emissivity reconstructions
for the simple hot-spot simulation with a true velocity where ¢ = 0.7 and S, =
By = 0.9. When we do not include any velocity term in the optimization (i.e.,

Adyn = Areg = 0 and the only objective is data-fitting), the reconstruction includes
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Figure 4.2: Emissivity reconstructions with a mismatch in the assumed velocity
model. When not incorporating any velocity constraint, the emissivity network
introduces spurious hot spots (the red oval highlights an example) to fit the image-
plane measurements. BH-NeRF cannot overcome the velocity mismatch because it
enforces a Keplerian model as a hard constraint.

some spurious regions of emissivity that appear and disappear quickly. This is
because when the hot spots do not need to propagate according to a velocity model,
the emissivity network can easily introduce spurious hot spots to fit the data. We
note that the method without velocity supervision may suffer more with sparser

measurements.

We are also able to recover the true velocity even with an incorrect assumed velocity
model. Figure[d.3|compares the recovered radial velocity v" and azimuthal velocity
v? in the equatorial plane (§ = 7/2) to the true velocities. It accurately captures the
increasingly negative radial velocity as the radius r gets smaller, and it accurately
captures the dropoff in azimuthal velocity as r gets bigger. In contrast, BH-NeRF
assumes a fixed Keplerian velocity model that has zero radial velocity everywhere
and an inaccurate dropoff in azimuthal velocity. We note that our recovered velocity
is less accurate in regions of low emission signal, such as where there is little
emissivity to begin with at large radius and where there is less signal that gets

propagated to the image plane at small radius.

Figure {.3] also compares reconstructed velocities assuming different degrees of
freedom in the velocity network. As expected, the velocity network that only
depends on r has the most accurate velocity recovery, followed by the one that
depends on (r, ) and then the one that depends on (x, y, z). Table verifies that
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Figure 4.3: Velocity reconstructions with a mismatch in the assumed velocity model.
Here we compare three types of velocity networks, parameterized by r, (r, 6), and
(x,y,z), respectively. (a) shows the radial velocity v" and azimuthal velocity v¢ in
the equatorial plane (6 = /2). The BH-NeRF velocity is fixed and assumes v" = 0
everywhere and overestimates v¢ near the black hole. (b) plots v" and v¥ (averaged
azimuthally) versus r. The blue curve shows the assumed velocity, and the green
curve shows the true velocity. Despite being regularized according to the incorrect
assumed velocity, our method is able to recover a velocity closer to the true one.

the RMSE of the estimated velocity in the equatorial plane increases as the number
of degrees of freedom increases from 1 to 3 in the velocity network. In terms
of PSNR, the estimated emissivity does not change much between 1 and 2 DOFs,
but having 3 DOFs in the velocity network results in the least-accurate emissivity
reconstruction. It makes sense that enforcing a correct constraint on the velocity

network leads to better reconstruction overall.

GRMHD-style emissivity Ultimately, we would like for the method to work on
real data. We tested our method on a simulation based on our GRMHD-style hot-
spot model with the same velocity mismatch as before. The results are shown in
Figure 4.4] The PSNR of the reconstruction is overall lower than that of the simple
hot-spot reconstruction. This may because there are more and smaller hot spots in
this simulation that are difficult to represent with a coordinate-based neural network.
Still, our preliminary results serve as a proof-of-concept for applying our method to

real GRMHD ray-traced images and potentially real EHT data.
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Velocity MLP e Vi @=nr/2) v?(@=n/2)
coordinates PSNR (T) RMSE (}) RMSE (|)
(r) 41.58 0.042 0.007
(r,0) 41.67 0.046 0.022
(x,5,2) 40.60 0.052 0.015

Table 4.1: Comparing 1, 2, and 3 DOFs in the velocity network. The PSNR
of the full 4D emissivity field does not change much between the (r) and (r, 8)
parameterizations, but it decreases when the velocity network depends on three
DOFs. The RMSE of the v" and v? curves (which are plotted in Figure b))
increases with the number of DOFs in the velocity network.

Estimated

0.1 hr

0.3 hr

Figure 4.4: Reconstruction of GRMHD-like emissivity field.
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4.5 Discussion

In this chapter we proposed and validated a physics-informed approach to the highly
ill-posed problem of 4D black-hole emission tomography. Ultimately, the goal
is to use this type of method to do advance our scientific understanding of the
environments near real black holes. Future work involves extending this approach
to real EHT VLBI measurements, which brings about a couple more challenges:
(1) EHT measurements depend non-linearly on image-plane videos, making the
optimization landscape more complex, and (2) EHT measurements are sparse in
both the spatial-frequency and time domains. These challenges mean that the
measurements contain less information, so we might need to place more weight on

the velocity regularization to inform a reasonable solution.

We have already seen how our approach can be used to estimate the true velocity field
around a black hole, but it might be possible to estimate other physical characteristics
of the black hole such as its spin. Our optimization objective is fully differentiable
with respect to the spin associated with the assumed velocity model, so we could
treat the spin as an unknown parameter that we wish to optimize in conjunction with
the emissivity and velocity fields. Another approach would be to take the estimated
velocity field and find the spin that best explains it, assuming that the estimated

velocity field does not overfit the assumed one.

A long-term goal is to use our method to inform the design of future EHT arrays.
One way to do this is to treat the locations of a fixed set of EHT stations as parameters
and optimize them to achieve the best 4D reconstruction. In summary, our physics-
informed approach offers a lot of potential for analyzing the physical phenomena
near black holes, from imaging them in the first place to discovering characteristics
of the black holes themselves.



Chapter 5

VISUAL VIBRATION TOMOGRAPHY
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We now turn our attention from astronomy to materials science, for which physics-

based imaging methods also prove useful.

The subtle motions of objects around us are clues to their physical properties. Among
such properties are stiffness and density, which dictate how an object will respond
to environmental forces. As humans, we can vaguely characterize how stiff or heavy
a material is, such as when we infer that a rubber basketball will bounce higher than
a ceramic bowling ball by tapping on its surface. Most engineering applications,
however, require a greater level of detail, such as when an aeronautical engineer must
faithfully simulate how an airplane wing will react to wind turbulence. In computer
vision and graphics, a full characterization of an object’s material properties allows
one to faithfully simulate its behavior. These scenarios require non-destructive

testing (NDT) to obtain physical properties of the object without altering it.

We propose visual vibration tomography (VVT), a method to estimate material
properties of an object directly from vibration signals extracted from monocular
video. Much of NDT has focused on measuring vibrations to identify the presence
of defects in structures with a known geometry. However, NDT tools are not
generally used to determine the precise spatial distribution of physical properties in

objects with a heterogeneous interior structure.

We show that we can measure vibrations as sub-pixel motion in 2D video and
then use this motion to constrain 3D material-property estimation. Videos have
several advantages over existing NDT techniques: while contact sensors and laser
vibrometers take point measurements, videos offer spatially dense measurements of
surface vibrations. While laser vibrometers are expensive and specialized, cameras
are ubiquitous and general-purpose. While existing image-based techniques require
stereo cameras for 3D motion tracking, our method shows that in many cases, a

monocular view is all you need.

Our motivating insight is that, under fixed geometry, an object’s material properties
determine its motion. The inverse direction is also true: motion determines material
properties up to a scaling factor. If the motion is small, it can be decomposed into
independent modes at natural frequencies, lending itself to a concise mathematical
equation linking modes and material properties. This link lays the foundation for our
physics-constrained optimization approach. The key challenge of our task is to deal
with incomplete and 2D (as opposed to full-field) modes. Despite these challenges,
we show that we can estimate material properties from image-space motion and

recover full-field modes. Our work demonstrates how a physical equation (in this
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case, a fundamental equation from solid mechanics) is all we need to constrain a

severely ill-posed inverse problem.

In this chapter, we first review related work in Section [5.1] and the theoretical
relationship between modes and material properties in Section [5.2] In Section
we show how to extract image-space modes from video and recover material
properties. In Section [5.4] we demonstrate our approach on simulated data of 3D
geometries and discuss the effects of damping and model mismatch. Finally, in
Section[5.5] we present proof-of-concept experiments on real data, showing that we
are able to image the shape of unseen material inhomogeneities on drum heads and
the presence of a defect in a real 3D Jello cube. These experiments demonstrate

promise for the future of the approach in more challenging environments.
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5.1 Related Work

5.1.1 Material analysis from images and video

In computer vision, scene understanding is an important goal that includes, among
many tasks, characterization of materials. Previous work has estimated material
categories [210, 33, 269] and surface properties [272,|157] from images. In contrast
to static images, videos have been used to estimate material properties, although
these are often restricted to specific object categories, such as fabrics 35} 37, 325,
228, 47] and trees [324]]. Other work has inferred material properties from 3D
point clouds [323} |184] and known external forces [337]], but such measurements
are harder to obtain than a 2D video. “Visual vibrometry” [91, 92] uses a video’s
motion spectrum to estimate stiffness and damping of fabrics and rods. This is a
promising step towards a general approach for estimating material properties, but it
is restricted to homogenized properties. In a similar vein, others have used video
data to identify structural modes [70, 340, 149]. Davis et al. [90] and Davis, Chen,
and Durand [[89] demonstrated how to visualize image-space modes and use them

for plausible simulation.

5.1.2 Traditional NDT

NDT is an umbrella term for any technique that collects data of a material or structure
without damaging it. Usually, the goal is to identify defects or material inconsisten-
cies that would change the expected behavior of the object. Laser vibrometry [104]
and digital image correlation (DIC) [76] are popular tools for measuring surface
displacements. Laser vibrometry has been used to examine the integrity of building
structures [235] 259] and materials [108} 69]. DIC also has been used to identify
defects in 2D structures [286] 308, 112} 333| [151]]. Both laser vibrometry [220,
223]] and DIC [145/304] can be used for modal analysis, which involves identifying
modal frequencies and shapes of a structure. While usually regarded as a verifica-
tion tool rather than a means to directly infer material properties, recovered modal
information has been used to solve for homogenized material properties [91] 125].
However, to our knowledge, modal analysis has not been used to solve the more
challenging inverse problem of quantifying the heterogeneous properties addressed

in this work.
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Figure 5.1: Small changes in material properties affect motion. Here a small region
of a circular membrane becomes stiffer from “Original” to “Original + Defect.”
This change appears as a slight change in the mode shown. We propose using small
changes in observed modal motion to recover the locations and shapes of defects.

5.2 Background

5.2.1 Modal analysis

Every object has resonant, or natural, frequencies. At each resonant frequency, the
object vibrates periodically in a particular shape, called a mode. The vibration of a

linear elastic object can be decomposed into independent modes.

In the finite element method (FEM), we model an object as a mesh, composed of
elements that each take on material-property values. The mechanical properties that
determine an object’s vibration are Young’s modulus (E), Poisson’s ratio (v), and
density (p). The parameters E and v define the stiffness of connections between
vertices, while p defines the mass distribution. In this discretized model, the n X n
stiffness matrix K describes the stiffness between each pair of n total DOFs, and
the n X n mass matrix M describes the mass concentrated between each pair of
DOFs. A mode u and frequency w are an eigenvector-eigenvalue solution of the
generalized eigenvalue problem:

Ku=w’Mu. 5.1

As Figure [5.1] illustrates, a small change in material properties (within a fixed
geometry) results in a small change in modal motion. As most solid materials have
Poisson’s ratio = 0.3 [251], the principal properties affecting motion are Young’s
modulus, which determines K, and density, which determines M. Our method
is based on the insight that mode shapes on the surface of an object may reveal

internal spatial inhomogeneities in these properties.
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Figure 5.2: Visualizing the challenge of monocular material estimation. The gener-
alized eigenvalue equation (Equation [5.1)) defines the relationship between K, M
and U, w?. The matrix U has columns corresponding to modes and rows corre-
sponding to DOFs. The vector w? contains associated eigenvalues. We would like
to solve for K and M given partial information about U and w?.

5.2.2 Challenge of monocular material estimation
We begin by setting up a simplified version of the inverse problem. Assuming we
perfectly measure all modes u and frequencies w, then by Equation[5.1] we have the

following minimization problem:

K*,M" = argmin | KU - MUA||3, (5.2)

K.M
where U is the matrix whose columns are modes u, and A is the diagonal matrix
containing eigenvalues w?. For a known geometry, this is a convex problem with
respect to K and M. However, Equation [5.2] requires that we have access to all
3D modes and frequencies. In contrast, we will be working with experimentally-

observed, image-space modes, incurring the following challenges:

1. Unseen degrees of freedom (DOFs). We typically only observe a fraction of
an object. For example, when observing a 3D cube with a monocular camera,
one can see at most three of its sides, projected onto two directions of motion.
Consider an 8 x 8 x 8 cubic mesh, which has (8 + 1)? = 729 vertices. With
three directions of motion, it has 3 x 729 = 2187 total DOFs. But a single
monocular view of three sides of the cube can only observe 217 vertices,
moving in two directions of motion, amounting to 2 X 217 = 434 image-space
DOFs. This alone limits us to observing fewer than 20% of the full-field
DOFs for an 8 x 8 X 8 cube.

2. Unseen modes. Theoretically, for discrete meshes, there are as many modes
as there are DOFs. However, we can only capture modes at frequencies below

the Nyquist sampling rate of the camera, which is FPS/2.
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3. Noise. Aside from camera noise, there is noise from motion extraction,

particularly in non-textured regions.

Due to limited data, the problem of solving for K and M (Equation [5.2) is ill-
posed[] As Figure [5.2shows, observed data typically accounts for a tiny fraction of

the matrices involved.

For a known geometry and complete mode and eigenvalue information, K and M are fully
determined up to a scaling factor.
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Figure 5.3: VVT method overview. Starting with a video showing vibration of an
object, we extract the motion fields across time and then decompose this motion into
image-space modes. From the image-space modes sampled at visible mesh points,
we are able to recover a voxelized volume of the Young’s modulus and density
throughout the interior of the object.

5.3 Method

Our aim is to use motion features from a video to estimate material properties. This
involves two stages: (1) motion extraction and image-space mode identification,
and (2) solving for material properties that best match the observed image-space
modes. The input is a video of an object, of which a mesh is known, and we assume
that it is vibrating under linear elasticity (i.e., small motion). The output is two
3D images showing voxelized Young’s modulus and density values throughout the

object. Figure[5.3|shows an overview of the pipeline.

5.3.1 Extracting image-space modes from video

Motion extraction Since our approach relies on small, often imperceptible, mo-
tions, we need a way to extract sub-pixel motions from video. To quantify the
displacements, we use the phase-based approach of Wadhwa et al. [321], which
computes local phase shifts in a complex steerable pyramid [274] 275, 252]. This
method has the advantage over other tracking methods (e.g., optical flow) of being
robust to tiny motion, down to 0.001 pixel [91]. The phase shifts are converted to
pixel displacements using the approach proposed by Fleet and Jepson [123]. To
increase SNR, we filter out outlier pixels (i.e., top 1% of displacement magnitudes)
and then apply an amplitude-weighted Gaussian blur. The result of this step is a mo-
tion field for each frame, which quantifies the horizontal and vertical displacements

at each pixel relative to the first frame.
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Identifying image-space modes Modes are simply periodic motions occurring at
particular frequencies, so we would expect them to appear as peaks in the power
spectrum of motion amplitude. As is done in previous work that extracts image-
space modes [89, 90, |92], we perform a discrete Fourier transform on the motion
fields to analyze them in frequency space. To make this more concrete, let d, (f) =
dc(t,x,y) and dy(t) = d,(t,x,y) be the horizontal and vertical displacements,
respectively, at each pixel (x,y) at frame . The 1D FFT across time of these
displacement fields results in complex-valued czc(f) = El:c(f,x,y) and y,({) =
c@(é’,x, y), corresponding to frequencies f; = (FPS - £/T) Hz for ¢ € [1,T], where
T is the total number of frames. The motion power at frequency f is then defined as
H [c/l\x (), c/l\y ({)] Hi A peak ¢* in the power spectrum ideally corresponds to a natural
frequency fp+ and image-space mode defined by the horizontal-displacement image

d; =d;(x,y) =Re (c/i; (€%, x, y)) and vertical-displacement image dy = dj(x, y) =
Re (d, (",x,)).

Sampling image-space modes at mesh vertices To approximate the 3D-to-2D
projection matrix, a user manually identifies the pixel locations of several “reference”
mesh vertices, and P is the projection matrix that best maps the corresponding mesh
coordinates to the image. Using P, we map all of the mesh vertices from their 3D
coordinates to 2D image coordinates. We then sample each image-space mode at
the pixel locations of visible mesh vertices. For mode j, we construct a vector -y;
that contains the horizontal and vertical displacements of each mesh vertex at the
corresponding natural frequency. Supposing we observe g’ out of g mesh vertices,

the vector «y; has the form

v = [d;(xl, v1), d;(xl, V1) di(Xg, ygr), d;(xq/,yqr),O, .. ,O] T e R™,
(5.3)
where dy (x;, y;) and d§(x;, y;) are the horizontal and vertical (pixel) displacements,
respectively, of vertex i. Unseen vertices are assigned displacements of 0, and for

notational clarity, we position them at the end of the vector.

5.3.2 Estimating material properties

The matrices K and M are functions of Young’s modulus and density. While
typically expressed as global matrices, they can be decomposed into local matrices,
which scale linearly with local material properties. As a result, K and M can each
be written as a weighted sum of “unit” local matrices. Specifically, we voxelize the

volume containing the mesh so that each voxel contains a sub-collection of mesh
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elements. Given Young’s modulus w, and density v, for each voxel, we express the

global matrices as
K=Y wlK, and M=) v.M,, (5.4)
e=1 e=1

where K, and M, are “unit” local stiffness and mass matrices, which we assemble
using FEniCS [16], and m is the number of voxels. This allows us to represent K

and M as functions of vectors w, v € R™.

5.3.2.1 Optimization Formulation

Data-matching objective Suppose we have k modal observations, where 5; and
w; are the i-th observed image-space mode and natural frequency, respectively. We
would like to determine the voxel-wise Young’s modulus values w and density
values v that, when assembled into global stiffness and mass matrices, result in
3D modes u, . .., u; that agree with 4y, . . ., 4 when projected onto image-space.
Since we do not know the full-field 3D modes, we need to include them as decision
variables. Intuitively, the data-matching objective is to minimize ||Pu; — ;|| for

each i.

Regularization To make the solution well-defined, we choose to minimize the
total squared variation (TSV) of w and v, which encourages spatial smoothness.
Moreover, since we are estimating both stiffness and mass, the objective function
can become arbitrarily low if we do not constrain the range of material-property
values; this is because scaling K and M by a factor of s still satisfies the generalized
eigenvalue equation: (sK)u = w?(sM)u. To resolve this ambiguity, we choose
to minimize the deviation of w from a mean value w. Regardless of w, the relative
differences in w*, v* will not change, and for defect characterization, we generally

only care about relative changes. The resulting optimization problem is written as

k
. a ~ 12
w',v' = argmin iZuPM—%HQ (5.5)
Koigemmn s 0=l
w; €Ri=1,...k
2
P2 [l 2 [l Y 2 -

2m 2 2m 2 ~m

m m
st. K=Y wK,, M=) v.M, Ku=&;Mu,i=1,...k

e=1 e=1

where «,,, @,,, and «, are hyperparameters that balance the objective terms.
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5.3.2.2 Optimization strategy

As defined in Equation [5.6] we approximately solve Equation [5.5] via a dual for-
mulation of the problem. The eigen-constraints in Equation [5.5] are too strict to
enforce directly, so we incorporate them as quadratic penalties in the dual problem.
The weight of each penalty term is a dual variable, y;, and we apply dual ascent to

gradually increase these penalty weights.

k
i 1 —~ 2
w",v" = argmin { — Z Vi ||Ku,~ - a)l-zMui”2 (5.6)
KoMerm =
w R i=1,... .k

k m 2
g -5 S [l s S 5o (3 <o) |
- —
;T’l m ‘
st K = Z w, K, M = Z voM,.
e=1 e=1

Equation [5.6] is a non-convex problem, but it is quadratic with respect to w, v
for fixed wu;, and it is quadratic with respect to wu; for fixed w,v. Our procedure
is to iteratively compute the closed-form solution for U = [w;...wu;] and then
z = [wT,vT]|T, thereby minimizing the objective function at each step. We update

the dual variables according to

t+1 _ ¢t t+1, t+1 ~2 t+1, t+1
v =y | K gt - o M |

. (5.7)

where n > 0 is the dual-variable update rate. Once the decision variables have
converged, we output the minimizing solution z* = [w*T,v*T|T. Here w* and v*

are the voxel-wise estimated Young’s modulus and density values.
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5.4 Simulated Experiments
In this section, we test our approach on the simulated vibration of 3D cubes with
“defects,” and we discuss the practical concerns of complex geometries, model

mismatch, and damping.

5.4.1 Creating synthetic data

Cube model We model a cube as a 10 X 10 x 10 hexahedral mesh, similar to a
voxel grid. Each of the 1000 voxels is assigned a Young’s modulus and density
that correspond to either the primary material or a defect material. The material
properties are chosen to resemble Jello and clay, respectively (Ejeio = 9000 Pa,
Pijello = 1270kg m3, Eclay = 5 X 10° Pa, Peclay = 7620kg m~). We set a homoge-
neous Poisson’s ratio of v = 0.3 [251]].

Vibration animation Once the cube’s mesh and material properties have been
defined, we run a transient analysis in COMSOL [83], a commercial FEM software.
The analysis calculates the cube’s deformation over time given an initial condition.
We choose an initial condition that mimics “plucking” a corner of the cube (e.g., an
initial displacement vector of (0.5 cm, 0.5 cm, 0.5 cm) of the top-front corner) and
keep the bottom surface fixed. The resulting simulation represents free vibration
with a Dirichlet boundary condition. The simulation is 6 seconds long at 2000 FPS.
From the calculated displacements, we create an animation of the cube deforming
over time by plotting the motion of random points on the surface of the cube with
matplotlib [168].

5.4.2 Implementation and evaluation details

Mode selection We use scipy’s [319] peak-finder to automatically identify peaks
in the log-power spectrum of motion amplitude, as described in Section [5.3.1]
For a given simulation, this leads to around 20 to 30 selected peaks. Most peaks
correspond to either a true mode or a linear combination of true modes whose
frequencies fall in the same FFT frequency bin. However, a few peaks do not
correspond to a true mode; we include these false modes in the synthetic results to

best mimic analysis of real videos.

Inference cube mesh We infer on an 8 X 8 X 8 hexahedral mesh. Since the
simulations are done with a 10 X 10 X 10 mesh, our results indicate robustness to a

slight mesh mismatch. In the results presented, the simulation model and inference
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Figure 5.4: Reconstruction on two synthetic cubes with different defects. The given
motion-extracted image-space modes range from the 8 to 20 lowest extracted modes.
Normalized correlation generally increases as the number of modes increases. (b)
is more challenging because the defect is smaller and closer to the bottom of the
cube, where there is no motion.

model use linear elements.

Hyperparameters For every presented result from simulated data, e, = 10719,
@, = 1077, and w = 9000. Keeping these hyperparameters fixed, we ran a hy-
perparameter search on a dataset of 12 cubes with various defects to identify good
values for a, (Equation[5.6) and  (Equation[5.7). After testing all combinations of
ay, € {1,10,100,1000} and € {0.1,0.5, 1, 2, 5, 10}, we determined to set @, = 10
if the number of input modes is > 10; otherwise, @, = 1. The dual variables y; are
always initialized to 1, with n = 1. The decision variables w and v are initialized to
homogeneous values of 9000 Pa and 1270 kg m~3, respectively (the true values of

the primary material).

Evaluation Our method recovers relative changes in material properties (see Sec-
tion[5.3.2.1)). As such, the normalized 3D images of estimated Young’s modulus and
density should match the true normalized properties. We use normalized correlation

between the estimated image and ground-truth image as the reconstruction score.
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Figure 5.5: Reconstruction for the Stanford Bunny from (true) image-space modes.
Slices along the y-axis are shown.

Recon.

5.4.3 Results

Figure [5.4] shows results for two different cubes with defects appearing at different
locations. These results are obtained from noisy, motion-extracted image-space
modes. As more modes are observed, the inverse problem becomes better con-
strained, sharpening the image of the interior defect. Also note that a defect near
the top of the cube is easier to identify than one near the bottom. This is because

the base of the cube is fixed and thus provides less motion signal.

Complex geometry To demonstrate the approach on a more complex geometry,
Figure[5.5|shows a volumetric reconstruction of material properties for the Stanford
Bunny . We voxelize the volume containing the tetrahedral meslﬂ of the bunny
into an 8 X 8 X 8 grid and match each mesh element to the nearest voxel, resulting
in about 21 elements per voxel. 20 true image-space modes of the monocular view

of the bunny shown are used for this reconstruction.

We next consider some challenges that may arise with real-world data: geometric
mismatch and damping. More investigations into model mismatch are provided in

the supplementary material.

5.4.3.1 Geometric mismatch

Figure [5.6) shows what happens when the dimensions of the inference mesh do not
match the cube’s true dimensions. We gradually increase the length of the inferred
cube geometry in the x-direction from 1 to 1.4 times the true length. Scaling the

length in one direction results in a gradually degrading estimate of the defect size.

2The bunny surface mesh is from https://www.thingiverse.com/thing: 151081, and tetrahe-
dralization is done with TetWild ||


https://www.thingiverse.com/thing:151081

104

True 1x 1.1x 1.2x 1.3x 1.4x

Y YD ‘v ‘v @

L ‘v ‘v ‘¢ P

D ‘v ‘v 9 P

L ‘v ‘v ‘P P

O v ‘v ‘o9 P
$222%2%2
; @ v o <o WP

Figure 5.6: Geometric model mismatch. From 10 motion-extracted image-space
modes, we infer on a mesh of various incorrect geometries, extending the inferred
geometry width by a multiple of the true width. Results on Young’s modulus show
that some geometric mismatch can be accommodated.

However, even with 30% geometric error, we are still able to distinguish that there

is a defect located in the central region of the cube.

5.4.3.2 Damping

Real-world objects exhibit various types of damping, which can affect both the
frequencies and relative phases of their modes. To simulate damping, we incorporate
Rayleigh damping into our synthetic cubes. Our damping parameters were estimated
following the procedure outlined by Davis et al. [91], who fit a Lorentzian curve to a
peak in the motion power spectrum to estimate the damping ratio. We find that Jello
cubes exhibit significant damping: from a real video of one, we estimated critical
damping ratios of 0.01749 at 12.5 Hz and 0.01999 at 15.5 Hz.

Through realistic simulations in COMSOL, we find that damping poses the addi-
tional challenge of fewer observable modes. We can increase the number of observed
modes by extracting modes from multiple simulations with different initial condi-
tions. For example, “plucking” the top-back corner of a cube will cause slightly
different modal expression than “plucking” its top-front corner. Figure shows
reconstruction for damped cubes. From two different plucking conditions, we are
able to extract between 7 to 15 modes and use these modes to coarsely reconstruct
the defect.
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Figure 5.7: Reconstructions from two simulated damped cubes. Animations (3
seconds at 2000 FPS) of two different forcings are done: (1) a small initial dis-
placement of the cube’s top-front corner (‘“Top-Front Pluck™) and (2) a small initial
displacement of its top-back corner (“Top-Back Pluck™). Modes (marked as dots
on the line plot) are selected based on the log-power spectrum of motion amplitude.
Asymmetry plays a role in determining how many distinct modes are observable. As
a cube becomes more asymmetric in its material-property distribution, its repeated
eigenfrequencies become more separated. Since the defect in (b) is more off-center
than the defect in (a), more distinct modes are identifiable in those simulations. In
(a), with only 7 observed image-space modes, the reconstruction quality is consis-
tent with Figure[5.4] which shows only a coarse defect reconstruction when given 8
modes. (Note: in (b), although the number of observed modes is > 10, we show the
reconstruction for @, = 1 instead of 10.)
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Figure 5.8: Reconstruction from real videos of drums. The defects shown are a gel
bar, gel circle, acrylic circle, and two acrylic circles, applied to the underside of the
drum head. For each defect, we recorded a video of the drum pre- and post-defect.
One cannot see the defect in a video frame, but after applying our method, we were
able to image the defects as changes in stiffness and density. For each type of defect,
the “Before” and “After” material properties are plotted with the same normalized
colormap.

Stiffness

5.5 Real-world Experiments

To demonstrate the potential of our approach in the real world, we applied it to real
videos of drum heads and Jello cubes. With drum heads, we achieve reconstructions
that allow one to discern distinct defect shapes, providing a proof-of-concept for
defect discovery and characterization using our approach. The damping of 3D Jello
cubes poses a challenge for extracting enough image-space modes for high-fidelity

defect reconstruction; nonetheless, we are able to identify heterogeneity in the cube.

5.5.1 Real drums

We tested our method on a dataset of real drum heads, each altered with a defect
beneath the surface. The defects were created from two materials: nail hardening
gel (painted beneath the surface) or acrylic plastic circles (glued onto the bottom
of the surface). Although all DOFs of the 2D membrane are visible in the video,
solving for material properties is still ill-posed because we observe a limited number

of projected modes (see Figure[5.9).

Results Figure[5.8|shows estimated Young’s moduli and densities for various drum
heads, before and after defects were included. For both materials, the defect appears
as a bright region in stiffness. Interestingly, gel and acrylic appear differently in their
density estimations. For gel defects, there is a bright, filled region in the density

map that corresponds to a higher mass from the defect. For acrylic defects, this
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Figure 5.9: Extracted image-space modes from real videos of a drum, before and
after a defect was introduced. The defect shown here is a gel rectangle, which was
painted on the bottom of the drum head. Only vertical motion is shown.
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Figure 5.10: Extracted image-space modes from real videos of a Jello cube with an
interior clay defect (“Real”). The true image-space modes identified from a COM-
SOL simulation of a cube with a defect are shown for comparison (“Simulated”).
Each observed image-space mode has a corresponding simulated mode that appears
similar in both image-space and eigenfrequency.

change only appears on the edges of the defect. This is possibly because the acrylic
circles are much stiffer than gel, which bends along with the rubber membrane.
These results indicate that our proposed approach could be used to identify not just

the presence of a defect, but also its shape.

5.5.2 Real cubes

To gain further insight into practical challenges, we conducted an experiment on a
real Jello cube with an interior clay defect. This object is more challenging than the
drum membrane in two respects: (1) the high damping of Jello, perhaps due to its
water content, and (2) the large proportion of unseen DOFs in the cube geometry.
The cube had dimensions 4.9 cm x4.7 cmx4.5 cm, while the rectangular clay defect
was of size 2.2cm X 2.9cm X 1.4 cm. We recorded three videos of the cube under
different initial deformation conditions (e.g., in one video, we lifted and then quickly

released the top-front corner of the cube). Multiple videos allowed us to identify
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Figure 5.11: Reconstruction from real data vs. reconstructions from simulated data
of the defect cube and a homogeneous cube. All reconstructions use 6 image-space
modes and the same hyperparameters and are plotted with the same colormaps.
As Figure shows, there is a one-to-one correspondence between the modes
given for (a) and the modes given for (b). (a) is more similar to (b) than to (c),
indicating that with 6 modes, we can differentiate between a cube with a defect and
a homogeneous one.

more unique modes and average duplicate ones.

We created two COMSOL models that would be comparable to the real Jello cube:
one simulated cube had a clay defect and the other did not. The Young’s modulus
values of the Jello and clay were set so that the natural frequencies would agree with
those observed. The Rayleigh damping parameters were estimated following the
method mentioned in Section[5.4.3.2] As illustrated in Figure [5.10| the COMSOL
image-space modes of the simulated cube with a defect appear similar to those

captured from the real Jello cube.

Results Figure[5.11]shows the result of our approach applied to real video data of
the Jello cube. The reconstruction is obtained using six unique, motion-extracted
image-space modes. As expected based on our findings in Figures [5.4] and [5.7]
we are able to recover only a large-scale estimation of material properties with six
constraining modes. Still, it is very promising to have identified inhomogeneities in
areal 3D object with our method. We further compare this real-data reconstruction
to reconstructions obtained from simulated data of a homogeneous cube and one
with a defect, showing that we achieve a solution that resembles the solution for
the simulated defect cube more than it resembles the solution for the simulated

homogeneous cube (Figure [5.11).
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5.5.3 Experiment details

5.5.3.1 Drum experiment

Drum construction The drums were constructed by fixing a thin rubber sheet
over a 4"x4" PVC adaptor with a rubber band. We tested defects of two materials:
nail hardening gel and acrylic plastic circles. For each defect, we recorded a video
of the homogeneous drum before the defect was applied for comparison. We drew

a speckle pattern on the drum head for texture.

Vibration-capture setup Figure [5.12] shows a schematic of the setup. We taped
the drum onto an optical table, with the high-speed camera standing on the same
optical table. The excitation source was a PreSonus Sceptre S8 loudspeaker, which
sat on a platform separate from the optical table and was pointed at the drum. For
each video, we recorded the drum head’s vibration in response to a 3.5-second linear

frequency sweep (50 Hz to 1000 Hz) played by the speaker.

Figure 5.12: Experimental setup for real drums. Vibrations were induced by a
loudspeaker and recorded with a high-speed camera.

Video capture Our camera was a Phantom V1610 high-speed camera. Each video
was captured at 6000 FPS at an image resolution of 288 x 384. To reduce noise, we
averaged every two frames for a resulting temporal frequency of 3000 FPS. Note
that in Figure[5.9] the drums vibrate at frequencies below 120 Hz. While we chose
to first demonstrate our approach using a high-speed camera, where compression
and camera noise are less challenging, many modal frequencies can be captured on

a consumer camera.

Extracting image-space modes We found that in real videos, some level of man-

ual selection was necessary to verify peaks in the motion amplitude spectrum as
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modal motion. For instance, spurious camera motion would often appear as spikes
in the spectrum. Verification was done by visually inspecting the magnified motion
in the video at the frequency in question (following the method proposed in [321]).
We believe that in the future this step could be automated. The number of extracted

modes ranged from 12 to 31, depending on the video.

Inference details We modeled each drum as a triangular membrane mesh with
1530 linear elements and inferred material properties on a 20 X 20 pixel grid. In
the presented results, the hyperparameter values are a,, = 102, = 1, a,, = 0.1,
@, = 0.1, and w = 10°. The parameters w and v are initialized to uniform values
of 1 x 109 Pa and 1000 kg m~3, respectively, and reflect the estimated stiffness and

density of latex.

5.5.3.2 Jello cube experiment

Our inference model was a 10 X 10 X 10 hexadral mesh with linear elements. The
optimization hyperparameters were a,, = 0.1,7 = 1, a,, = 1071% @, = 1073, and
W = 10, 000. The parameters w and v were initialized to 10 000 Pa and 1500 kg m~3,

which are the estimated Young’s modulus and measured density values of Jello.
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5.6 Discussion

We have shown that it is possible to recover spatially-varying material properties of
3D objects from monocular video, even in regions unseen in the image. This can be
done by decomposing 2D surface motion into image-space modes, and then solving
for the Young’s modulus and density values that agree with the observed modes.
We demonstrated our method on synthetic and real-world data of objects ranging

from 2D drum heads to a 3D bunny.

Our results highlight that monocular videos are a simple, yet powerful, source of
data for understanding the physical properties of objects around us. We believe
that videos are a promising domain for further research into non-destructive testing,

turning everyday visual sensors into tools for material characterization.

5.6.1 Limitations
Our method assumes that materials are isotropic and linear elastic. Linear elasticity
is only satisfied if the object’s motion is small. Further, we assume that the geometry

is, at least roughly, known ahead of time (see Figure[5.6).

For now, we have validated our method with a high-speed camera. We have not
yet demonstrated the approach with consumer-grade cameras that bring additional
challenges such as image compression and noise. Generally, the hardware required
depends on the amplitude and frequencies of the modes. For large structures that
vibrate below 100 Hz [225] 193, 264], a smartphone camera theoretically provides
enough temporal frequency. Objects that vibrate more quickly require high-speed
cameras. Tricks such as temporal aliasing via a strobe may expand the capabilities
of a camera. We have shown one example of attaining simulation quality on a real
cube. Further work needs to be done to achieve consistent results across a variety

of objects, with additional camera views offering one simple possible solution.

The primary challenge with applying this technique to real-world objects is capturing
enough image-space modes to recover interior defects with high fidelity. Damping
causes a reduction in the number of modes that can be extracted. We demonstrated
that for damped Jello cubes, we could still recover some information from only six
image-space modes (Section[5.5.2). Even so, in many objects, damping will pose a
more significant challenge. In the future, acquiring more modal observations could

be solved by exciting modes through mechanical vibration tables.
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Chapter 6

VISUAL SURFACE WAVE ELASTOGRAPHY
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Figure 6.1: Estimating subsurface tissue properties of a human leg with VSWE.
From a video of surface wave motion, VSWE estimates the thickness and stiffness
of the soft tissue layer. In this example, we are able to recover the three different
thicknesses of the three regions highlighted on the leg. We also recover the stiffness
of the leg tissue, which does not change across the leg.

In the previous chapter, we analyzed global modes of surface motion to infer interior
material structure. In this chapter, we will see how the surface motion in a local
region of a large, complicated structure (e.g., a human body) can help us infer the

local depth and stiffness of the material.

How waves propagate on the surface of a medium reveals information about its
subsurface properties. For example, by watching how ocean waves evolve and break
as they near the shore, one can infer the rises and dips of the seafloor below [328]].
Waves can also be observed on the surfaces of biological systems. Imagine applying
a massage gun to your calf. The ripples on your skin convey information about the
underlying layers of fat, muscle, and bone. In fact there is a well-defined relationship
linking the thickness and stiffness of each layer to the wave propagation behavior.
We propose visual surface wave elastography (VSWE), a physics-based method to

estimate the thickness and stiffness of a medium from a video of waves on its surface.

We are primarily motivated by the task of biological tissue characterization, which
has broad applications including at-home health monitoring. For example, tu-
mors [162, [197]], musculoskeletal degeneration [315} [198, 318]], and liver disease
[135, 291] often lead to changes in tissue thickness or stiffness. However, existing
techniques for elastography (i.e., measuring tissue stiffness) require specialized ul-
trasound [330, [296] and sometimes magnetic resonance [222]] devices, along with
medical experts to operate the equipment |32}, 57]. We show that it is possible to ob-

tain coarse estimates of thickness and stiffness given surface waves measured with
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just a video camera. Another application is human computer interaction (HCI),
where visually inferring subsurface changes in muscle stiffness may unlock new
modes of gesture recognition. In biomechanics, many regions of the body are often
modeled as a series of layers of biological tissue, such as skin, muscle, or bone [20,
134]. Similarly, in this work, we model the medium as a layer of soft tissue with
unknown thickness and stiffness atop a layer of bone. We leverage the mathematical
relationship between the geometric and mechanical properties of the soft layer and

the wave propagation behavior of the medium.

The wave propagation behavior of a material is compactly described by a mathe-
matical object known as a dispersion relation. Under some common biomechanical
assumptions in our layer model (discussed further in Section [6.2.1)), the thickness
and stiffness of the soft layer fully determine the dispersion relation. The main idea
of our method is to find the thickness and stiffness values that lead to a dispersion
relation that matches the dispersion relation extracted from surface waves observed
in the video. Similarly to VVT in Chapter[5] VSWE demonstrates the effectiveness
of fitting to a physics model to solve an ill-posed material-characterization problem.

In this chapter, we first discuss related work on video-based and wave-based ma-
terial characterization in Section [6.1] and provide background on wave mechanics
in Section [6.2] We then describe in Section [6.3] our method, which consists of
taking a video of surface waves, extracting the dispersion relation from the video,
and then solving an optimization problem to find the best-fitting thickness and stiff-
ness parameters. In Section we validate our method on real and simulated
data, including real videos of gelatin-based phantoms that mimic biological tissue
and realistic simulations of a human leg. Section [6.6] provides details about our

experiments.
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6.1 Related Work

6.1.1 Video-based material characterization

Videos encode rich information about the environment and physical objects. For
example, previous work leveraged surface vibrations [90] or sound [120, [73] in
video to recover unknown information. For material characterization tasks, the way
an object moves in a video provides useful information about its physical properties.
Videos have been used to estimate material parameters of specific object classes,
such as fabrics [35 228, 47], rods [91, [92], and trees [324]], whose dynamics
are entirely visible. In contrast, VVT [119]] infers subsurface material properties.
Specifically, it recovers the spatially-varying stiffness and density throughout a 3D

object with known geometry by analyzing its global vibrational modes.

Surface waves have been under-utilized for video-based material characterization,
even though they can also be observed in video and contain useful information
about underlying physical properties. Our work shows how to leverage surface
waves in video to estimate geometric and mechanical properties. A surface-wave-
based approach is beneficial when one wishes to analyze local structure without
having to model the global structure, which may be complicated. In the case of
biological tissue characterization, for example, it would be impractical to model
the 3D vibrational modes of the entire human anatomy in order to estimate local
tissue properties. Our surface-wave-based approach circumvents the need to model
a complex geometry and solve for its global modes by targeting local regions where

we can analyze wave modes of a simpler geometry.

6.1.2 Wave-based material characterization

In general, wave-based imaging relies on an understanding of how physical char-
acteristics of interest affect wave propagation. For example, magnetic resonance
imaging [150] uses knowledge of how radio-frequency waves are absorbed and
re-emitted by different types of tissues in the body. Ultrasound techniques, which
are pervasive in non-destructive testing [[177]], medical imaging [23]], and wearable
technology [166]], use high-frequency mechanical bulk waves to characterize tissue
and locate features. Among tissue characterizaton techniques, transient elastogra-
phy [330], shear wave elastography [296], and magnetic resonance elastography
[222] leverage knowledge of bulk wave physics to estimate the elasticity of tissues
and organs. However, such methods often require not only high-end, expensive
equipment, but also trained medical specialists [32, |57], making regular screening

infeasible. In contrast, our work leverages surface waves, which are generally less
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expensive to observe than their bulk counterparts.

Although very different fields from our application of interest, geophysics and
seismic imaging provide insights into the possibility of using surface waves to infer
subsurface features [2435] 271}, 142, 208, [236]. Inspired by the success of surface-
wave methods in seismology, we propose to harness surface waves observed in
video to infer subsurface tissue properties. Whereas previous work [36] suggested
an approach using sensors sparsely placed on the skin, we leverage dense visual
data. Vision-based tissue characterization would enable the next generation of

health monitoring systems that take advantage of the ubiquity of visual sensors.
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6.2 Background

6.2.1 Dispersion relations

Just as sound waves can be expressed as the combination of simple harmonic
modes, waves traveling through any medium can be expressed as the combination
of wave modes of different spatial and temporal frequencies. A dispersion relation
compactly describes wave propagation by defining all the possible wave modes of
a medium. Specifically, it defines the wavevector and frequency of each possible
wave mode, where the wavevector and frequency indicate the spatial and temporal

rates of oscillation, respectively.

Mathematically, the dispersion relation can be determined by solving the harmonic
elastic wave equation (a PDE) subject to phase-shifted periodic boundary conditions.
Letx = [x,y, z] T denote the spatial location and u(x) = [u(x), v(X), w(x)]T denote
the displacement at Xx. Assuming an isotropic linear-elastic material, the harmonic

elastic wave equation can be written as
W M(u)(x) = K(u)(x)  VxeQ. (6.1)

Note that Equation [6.1]is the infinite-dimensional version of Equation [5.1] used for
VVT. The linear operators M and K represent the mass and stiffness of the medium.
The mass operator M depends on the density field p(x). The stiffness operator K
depends on the elastic modulus E(x) and Poisson’s ratio v(x). The eigenvector
solution u(x) and eigenfrequency w describe the shape and temporal frequency,
respectively, of the wave mode. The solutions also depend on the domain €2, which

in our case is parameterized by the thickness and length of the tissue layer.

When solving Equation [6.1} boundary conditions are necessary to impose real-
life assumptions of the physical system. In our setting, we assume that € is a finite
subregion of the full wave medium (e.g., a section of aleg). Furthermore, to simplify
our analysis, we target waves traveling in one direction (i.e., along the x direction).
This leads us to apply 1D periodic boundary conditions on the domain x € [0, a] to

impose the assumption that the wave medium continues past the boundary of €.

Specifically, we apply the Bloch-Floquet [[124, 41] (a.k.a. phase-shifted) periodic
boundary conditions, which define a boundary condition for every wavenumber
v € [0,7/a]. We note that in general y is a wavevector, but in the case of 1D
wave analysis, it is a wavenumber that indicates the number of wavelengths per unit

length. For a given 7y, the boundary condition is defined as

u(x=a,y,z) =ulx=0,y,z)e". (6.2)
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In words, the solution at one end (x = 0) only differs from the solution at the other

end (x = a) by the phase shift ya.

To compute a dispersion relation, we solve Equation [6. 1] subject to Equation [6.2]for
v € [0,7/a]. For each vy, we solve a generalized eigenvalue problem and obtain
multiple (w, u(x)) solution pairs. The dispersion relation is exactly the set of all w

solutions for every vy.

6.2.2 Assumptions for tissue characterization

For biological tissue characterization, we can model the medium as a layer of soft
tissue atop a hard bone layer, where the top layer has uniform thickness 7. We note
that throughout this work, we refer to the elastic modulus of the tissue as its stiffness.

We make several assumptions to reduce the complexity of the problem:

1. The soft layer has a uniform stiffness E(x) = E.

2. The density and Poisson’s ratio of the soft tissue are known. We set p =
1 gem™ [346] and v = 0.45 [174].

3. The bone is much stiffer than the soft tissue. This means neither the thickness
nor the exact stiffness of the bone layer matters, and we can model it as

motionless.

These assumptions are common in biomechanical analysis [20, 134]. Under these
assumptions, the stiffness operator K in Equation only depends on the elastic
modulus E (a.k.a. stiffness) of the soft tissue, and the spatial domain € on which
we solve Equation [6.1] only depends on the thickness 7. This mean we can fully
determine the dispersion relation based on 7" and E, so we denote the dispersion
relation as

D(T,E) = {wi(n}Y, Vye[0,x/al, (6.3)

where N is the number of branches, or the number of eigenvalue solutions computed
for Equation [6.1]

The dispersion relation is only concerned with the spatial (y) and temporal (w)
frequencies of the mode shapes rather than the mode shapes w(x) themselves. From
waves that express themselves, even in part, on the surface, we can extract spatial
and temporal frequency information to obtain a dispersion relation. Figure [6.2]

shows how the dispersion relation changes with the thickness and stiffness of the
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Figure 6.2: The dispersion relation depends on both the thickness and the stiffness
of the soft tissue. We show how the dispersion relation changes when the soft tissue
is made slightly thicker or slightly stiffer, with examples of the wave modes that are
embedded in each dispersion relation. Wave mode dynamics occurring beneath the
surface affect their expression on the surface.

soft tissue layer. Our method leverages the sensitivity of the dispersion relation to

small changes in these parameters.
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Figure 6.3: VSWE method overview. Given a video of the surface of the medium
of interest, we first extract motion fields in image-space. From these we extract the
observed dispersion relation, which dictates the spatial and temporal frequencies
of waves that travel through the medium. We solve a physics-based optimization
problem to estimate the thickness and stiffness values that lead to a theoretical
dispersion relation that best agrees with the observed dispersion relation.
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6.3 Method

This section describes the computational method of VSWE. The input is a video
of motion on the surface of the medium of interest, and the output is the estimated
thickness and stiffness of the medium. In between there are two broad stages:
(1) extracting a dispersion relation from the video and (2) solving for the tissue
properties that best agree with the observed dispersion relation. Figure [6.3|presents

an overview of the pipeline.

6.3.1 Extracting a dispersion relation from video

6.3.1.1 Motion extraction

The first step is to quantify the image-space displacements in the video. Similarly
to VVT in Chapter [5] we use phase-based motion processing [321]] to obtain the
image-space horizontal displacement d, (¢, x, y) and vertical displacement d (¢, x, y)
at each pixel (x, y) and video frame 7, where the displacements are relative to the

first frame. Note that x and y denote image-space coordinates here.

6.3.1.2 [Estimating the dispersion relation

We process the image-space surface displacements into a dispersion relation via the
fast Fourier transform (FFT). We assume that the waves are traveling in the horizontal
direction in image-space. For each row of pixels in the d,(z, x, y) video, we take
a 2D FFT, transforming the space dimension x to the wavenumber dimension 7y
and the time dimension ¢ to the frequency dimension w. That is, for the row
where y = y;, we convert the d,(¢,x,y = y;) signal to the complex-valued signal

&;(i) =d, (i) (y, w), whose magnitude gives the dispersion relation. To improve the
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Figure 6.4: Obtaining a dispersion relation from image-space motion. Here we
demonstrate with the vertical displacements taken from a real video of a gelatin
sample. Taking a 1D FFT across time for every pixel allows us to separate wave
modes by frequency (w). Taking another 1D FFT across space (in the X direction)
decomposes the wave modes into spatial frequencies (y). The result is a 2D FFT
representing the dispersion relation. We average the dispersion relations across
image rows and both displacement directions (& and V).

SNR, we average across all the rows and both displacement directions, resulting in

the observed dispersion relation D yg:

1 H
Dobs = ﬁ;(

where H is the number of rows in the image. Figure [6.4]illustrates this process,

du ()| +|dy (0

) , 6.4)

showing how the 2D FFT pulls out spatial and temporal frequency content.

The main challenge is that the observed dispersion relation likely does not fully
agree with the true theoretical dispersion relation of the medium. First of all,
it is incomplete: wave modes that do not prominently express on the surface or
require large amounts of energy to propagate may not appear strongly in the video,
and frequencies above the Nyquist sampling rate of the video cannot be captured.
Second of all, the extracted motion may be noisy due to camera noise or spurious
motion (from, e.g., lights flickering or rigid-body motion). VSWE has some margin
of error due to the discrepancy between the observed and true dispersion relations,
although we show in our experiments in Section [6.4.1] that it is sensitive to 5%
changes in the true parameters.

6.3.2 Estimating the thickness and stiffness

The next stage is to find the geometric and mechanical parameters that best explain
the observed dispersion relation. We do this via physics-based simulation and
optimization. For a given hypothesized thickness T and stiffness E, we employ

FEM to numerically compute the dispersion relation. We wrote specialized FEM
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code to do so eﬁiciently The goal is to maximize an objective function that rewards
similarity between D (T, E) and Dyps.

After testing various objective functions, we found that treating dispersion relations
as images and using SSIM [327] to work best. That is, we aim to maximize the
SSIM between the images of the observed and proposed dispersion relations. The
observed dispersion relation Dy, since it is derived via a 2D FFT, is already
represented as an image. However, the physics-based dispersion relation D(7, E)
is computed as a set of curves. We transform D (7, E) into an image Dy, (T, E) by
assigning intensities with a Gaussian kernel based on the distance from each (y, w)

pixel to the curves. Then we solve the following optimization problem:

T*, E* = argmax SSIM (Dhyp (T, E), Dobs) - (6.5)
T.E

We solve Equation[6.5|with a grid search over possible thickness and stiffness values,
although more efficient approaches can be taken for computationally demanding

settings.

'Our code is available at https://github.com/aco8ogren/tissue-dispersion.


https://github.com/aco8ogren/tissue-dispersion
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6.4 Experiments
We validate our approach on real and simulated data. We demonstrate remarkable
accuracy on real gelatin samples, and we demonstrate recovering spatially-varying

thickness and stiffness across a simulated 3D human leg.

6.4.1 Simulated plane strain

We created a two-layer tissue model in COMSOL [83] that would allow us to
simulate samples with ground-truth geometric and mechanical parameters. We set
stiffness values on the order of 10 kPa, which is a reasonable range for soft tissue
[107]. We simulated the model’s response to a chirp excitation signal applied to
the leftmost side of the surface of the sample. The simulations were done with
the plane-strain assumption, which allows for modeling 3D dynamics with only
two dimensions by assuming that strain is constant in the z direction. We used the

simulated horizontal and vertical displacements to obtain dispersion relations.

We tested the sensitivity of our method by applying slight changes to the true thick-
ness and stiffness of the simulated sample. That is, for a certain thickness and
stiffness, we can simulate samples assuming those parameters as well as pertur-
bations of those parameters and assess whether VSWE picks up on these slight
changes. As an experiment, we simulated samples at 5 distinct thicknesses and 4
distinct moduli. For each thickness-stiffness pair, we looked at 5% and 10% pertur-
bations of either parameter. This led to 9 clusters with 9 simulated samples each. As
Figure [6.5] shows, within each cluster, the estimated parameters track with changes

in the true parameters, even when the true parameters have changed by only 5%.

6.4.2 Real videos of gelatin-based phantoms

To test our method on real data, we created gelatin-based phantoms (i.e., samples
mimicking biological tissue) of varying thicknesses. We poured varying amounts
of gelatin (1000 mL, 1100 mL, and 1500 mL) into the same-sized container, leading
to three different thicknesses. We set the samples in the refrigerator for about 24
hours. Once they were set, we sprinkled garlic powder onto the samples to create

texture for motion extraction.

For each set sample, we measured the thickness with calipers, and we used rheometry
to obtain ground-truth stiffness values. To obtain videos, we applied a shaker at one
end of the sample to excite waves with a chirp signal and recorded the surface of the
sample with a high-speed camera at 600 FPS (each video was about four seconds

long). Figure[6.6shows pictures of the experiment setup.
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Figure 6.5: VSWE sensitivity analysis. We applied VSWE to plane-strain simula-
tions with a range of true thickness and stiffness values, along with slight perturba-
tions of those values. In each cluster, we perturbed the true parameters by +5% and
+10% from the central values and found that VSWE was sensitive to these changes.

high-speed
camera
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Figure 6.6: Real-world experiment setup. A shaker was applied on one side of
the gelatin-based phantom to excite waves in the medium. A high-speed camera,
zoomed in on the phantom’s surface, captured videos of the response to the shaker.
As the left picture shows, we took temperature recordings with a thermometer.

For each of the three samples, we took many rheometry measurements and videos
over the course of about one hour after removing the sample from the refrigerator.
In total we obtained about 60 videos per sample over time, each with corresponding
ground-truth parameters. Figure|6.7|shows the inferred parameters for each sample
and each point in time. Figure [6.7(a) shows that our method clearly identifies the
three different thicknesses of the samples. As a sample spends more time out of
the refrigerator, its temperature increases and its stiffness decreases. Figure [6.7(b)

shows that the estimated stiffness decreases accordingly with temperature.
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Figure 6.7: (a) Estimated thickness and stiffness for three phantoms over a
range of temperatures. The phantoms were produced with three different volumes
(1000 mL, 1100 mL, 1500 mL) of gelatin but set in the same-sized container, thus
generating three different thicknesses. The thickness of each sample was measured
with calipers. We produced a confidence interval of the ground-truth thickness by
taking the 0.2 and 0.8 quantiles of multiple calipers measurements. The VSWE-
estimated thickness consistently falls within the confidence interval. Note that while
each phantom was polymerized according to the same approximate recipe, slight
variations in the recipe, along with slightly different polymerization durations, led
to some variation in the stiffness across samples. The temperature changes occurred
as the samples spent more time at room temperature after being removed from the
fridge. (b) Estimated stiffness values for the thinnest sample over the same range
of temperatures. The ground-truth elastic modulus was measured with rheometry
over a similar temperature range. Because the modulus of hydrogels can depend on
both temperature and frequency [363]], the rheometry measurements show a different
stiffness range at each temperature. Note that the rheometry measurements were only
taken between 10 Hz to 100 Hz due to instrument limitations, while the excitation
signal ranged from 40 Hz to 200 Hz. This may explain some of the discrepancy
between VSWE and rheometry, especially for the colder (and thus stiffer) samples
which exhibit a stronger expression of higher-frequency wave dynamics. Regardless,
in each case, VSWE estimates the stiffness extremely well, within 1.2% error of the
rheometry range.
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6.4.3 3D human leg with spatially-varying thickness

As another step towards realism, we tested VSWE on a simulated female human
leg. The anatomical geometry of the leg was obtained as an STL file from the
dataset of Andreassen et al. [19], who created 3D models from the National Library
of Medicine’s Visible Human Project [300]. We simulated the leg’s response to a
chirp excitation applied on the leg in COMSOL, running a full 3D physics simulation
without any assumptions besides linear elasticity. For the sake of computational
feasibility, we ran the simulation on the lower half of the leg, which we refer to
as the calf region. To obtain dispersion relations, we considered the simulated
displacements in two directions: one tangent to the leg’s surface and one normal to

the leg’s surface.

We applied a sweeping window across the upper calf region, estimating the thickness
and modulus at each window location. Figure[6.8|shows how, as the window sweeps
around the leg, the inferred thickness changes. We computed the true thickness by
taking the distance from the point on the skin to the nearest point on the bone. This
results in a thickness distribution within the window, since the thickness changes
slightly in the lengthwise direction of the leg, as well. Figure[6.8|shows the inferred
thickness and the distribution of ground-truth thicknesses for each location of the
sweeping window. We find that the estimated thickness roughly agrees with the true
thickness distribution. There appears to be slightly more error near the edges of the
simulated domain, which may be due to boundary effects. While the physics-based
simulation in COMSOL is well-modeled in the interior of the domain, there may
be artifacts near the boundary of the domain, making it harder to infer the correct

tissue parameters near the boundary.

We also applied VSWE to three different windows in the lower calf region. Rather
than perform a sweep in this region, we chose to focus on three distinct windows
since there are three subregions in the lower calf area that have notably different
thicknesses, due to the tissue structure changing a lot near the ankle. As Figure
shows, the inferred thickness agrees with the true thickness distribution for each
subregion. Our method also recovered the constant stiffness throughout the calf, as
shown in Figure[6.1]

6.4.3.1 Objective function ablation

As mentioned in Section[6.3.2] we find that SSIM performs best for the optimization

objective function. This choice was crucial for obtaining acceptable results with
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Figure 6.8: 3D anatomical inference. Panel (a) shows the realistic 3D leg anatomy
(taken from the Visible Human Project [300]). We ran a full 3D simulation of the
leg’s response to a chirp excitation applied on the skin. The observed dispersion
relation, along with the optimization landscape and hypothesized dispersion relation
of the optimal parameters, is shown for two regions: one on the upper calf and one
on the lower calf near the ankle. Panel (b) shows results of sweeping an observation
window across a region of the upper calf. A ground-truth thickness distribution was
obtained by computing the distance from the skin to the nearest point on the bone
across the observation window. The VSWE-estimated thickness as the observation
window slides from left to right tracks with the changing thickness of the leg. Panel
(c) shows results for three distinct regions near the ankle. The VSWE estimations
reflect the drastically different thicknesses of these regions.

the 3D leg. Figure [6.9] shows the optimization landscape for different choices of
the objective function, demonstrated on both the upper calf simulation and a real
video of gelatin. We compare SSIM to the following objective functions: a curve-
based objective function, the negative MSE between the images, and the PSNR
between the images. The curve-based loss function goes through all the curves
(i.e., {wi(y)}f\; Yy € [0,7/a]) in (T, E) and integrates the values of the observed
dispersion relation Dy along the curves. Figure@ shows that SSIM leads to the

sharpest loss landscape and the most accurate estimated parameters.

6.5 Discussion

6.5.1 Practical considerations

VSWE’s performance depends on many factors, including the types of waves sup-
ported by the tissue, the quality of the observation, and the quality of the physics
model. One consideration is the resolution of the FEM mesh used to model physics,
as the element size determines the modeling accuracy and the smallest modeled

wavelength. Figure [6.10] shows that as the element size decreases, the estimated
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Figure 6.9: Ablation of optimization objective function. The optimization landscape
is shown for various objective functions, applied in two different scenarios. Each
landscape is visualized with its own color map limits, but bright yellow and dark
blue indicate high (good) and low (bad) objective values, respectively. SSIM gives
the sharpest optimization landscape. For the simulated upper calf, all the objective
functions besides SSIM lead to the wrong optimal parameters (cross hairs indicate
target parameters). Additionally, note how the simulated upper calf leads to a
blurrier dispersion relation and hence blurrier optimization landscapes than the real
gelatin sample, which has a simple geometry.
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VSWE-estimated parameters approach the true parameters used for the COMSOL
plane-strain simulation.
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Figure 6.11: Ablation of spatial extent of observation. Keeping all else fixed,
decreasing the spatial length L of the observation window degrades the quality of
the observed dispersion relation. A degraded dispersion relation in turn leads to a
fuzzy optimization landscape (see Figure @for an example).

parameters approach the true parameters.

Another consideration is that the spatial length L of the observation window deter-
mines the largest wavelength and the number of wavelengths that can be observed.
Figure shows how, keeping all else fixed, the FFT degrades as the observed

domain shrinks, which makes inference more challenging.

6.5.2 Characteristic numbers

In our ablation studies in Figure [6.1T] and Figure[6.10, we kept all other parameters
of the problem fixed. By changing other parameters (e.g., increasing the image
resolution, changing the range of frequencies in the excitation signal, or changing
the tissue thickness), we can overcome certain limitations. This leads us to introduce

characteristic numbers.

We can characterize the physical system and inference problem with characteristic
numbers (a.k.a. dimensionless numbers or 7—groups). Some characteristic numbers
reflect the observability of wave modes, such as 71 := yL, 1, := PPM/y, 13 1= wr,
and m4 := FPS/w, where PPM (pixels per meter) is the spatial sampling rate, FPS
is the temporal sampling rate, and 7 is the total observation time. Increasing ;4
improves VSWE’s performance by improving the quality of the FFT dispersionE]

Other characteristic numbers reflect the numerical accuracy of the FEM model

used to fit the observation, such as 75 := ),Le, where ¢ is the FEM element size.

Increasing s improves performance by ensuring that physics is well-modeled in the

?Remark: w and y are roughly coupled through the wavespeed ¢ ~ \/E/p ~ w/y of the tissue,
meaning that ;_; and m3_4 are related via the material properties.
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Figure 6.12: Leveraging similitude of characteristic numbers enables the application
of VSWE to extremely different parameter ranges. In this simulated example, we
show that by preserving the values of 71_¢, we see a similar observed signal from a
system with parameters 10X different than the primary ranges studied in this paper.
In particular, we rescaled the size of the observation window, the thickness of the
tissue, the spatial sampling rate, the total observation time, the frequency range of
the excitation, and the temporal sampling rate. Note that the observation window
on the right is smaller than that of the most degraded FFT in Figure [6.11] yet the
FFT here has not degraded.

parameter-fitting process.

Other characteristic numbers reflect the actual physics that are possible in the system.
For example, mg := yT conveys the “shallowness” of the wave, measuring how
significantly the stiff foundation affects the dynamics of a surface wave. It is
beneficial for mg to be neither too large nor too small. If 74 is too large, then waves
behave similarly to how they would in an infinitely-thick medium, making it difficult
to pinpoint the thickness. If mg is too small, waves above a certain wavelength will

not be permitted to exist, making it necessary to capture smaller wavelengthsE]

Understanding these characteristic numbers is important for extending the use of
VSWE to scenarios and applications with vastly different parameter ranges than
those studied in this paper, whether the objects are much larger or smaller, stiffer or

softer, denser or lighter, or exhibit dynamics at much higher or lower wavenumbers

3A small 7 explains why ocean waves break near the shore. It is also the reason that a
higher-frequency excitation was helpful for the very thin tissue near the ankle in Figure @
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or frequencies. In general, by preserving the values of these characteristic numbers

(e.g., by increasing FPS in coordination with w), we can preserve the performance
of VSWE.

Figure[6.12]provides an example of how to take advantage of characteristic numbers.
Specifically, we overcome the challenge of a smaller observed domain (as illustrated
in Figure[6.11)) by rescaling other parameters to preserve the relevant characteristic
numbers and thus maintain the quality of the observed dispersion relation. In general,
one should look to characteristic numbers as guidelines for adjusting system and/or
inference parameters in order to maintain the performance of VSWE across a variety

of scenarios.
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6.6 Experiment Details

In this section we give details about the runtime of VSWE, the optimization objective
functions that we tested, and details about the simulated experiments and real-world

experiments.

6.6.1 Runtime analysis

The primary computational cost of VSWE stems from calculating dispersion rela-
tions to fit observed data. To address this efficiently, we precomputed dispersion
relation datasets over grids of stiffness and thickness values suitable for soft tissue
characterization. These datasets can be reused for multiple fitting scenarios, elim-
inating the need for repeated dispersion calculations. Although employing more
efficient optimization methods than grid search would substantially reduce com-
putational cost, we provide representative runtimes below to illustrate the expense

associated with computing dispersion relations in this study.

In each dispersion dataset, there are several parameters that have bearing on the cost
to compute the dataset. For the computation of a dispersion dataset containing 12
eigenvalue branches and 60 wavenumber values, on a grid of 41 stiffness values (£) X
41 (T) thickness values, the runtime for various numbers of elements corresponding
to different element sizes e are tabulated below. Computations were performed on
an Intel Xeon CPU E5-2663 v3 with 20 cores, and all computations used less than 64
GB of memory. While we found e = 0.5, N¢je = 240 to be sufficient for reasonable
performance in our settings, using smaller e with higher N, may be desirable if

modeling higher frequency wave modes.

e ¢ = 0.5mm, N¢ = 240 had runtime of 157 s
* ¢ =0.25mm, N¢e = 960 had runtime of 470 s
e ¢ =0.125mm, Ny = 3840 had runtime of 3169 s

6.6.2 Optimization objective functions

Here we define the objective functions we considered when developing our approach.
Recall that Dy, is the observed FFT-derived dispersion relation. For a given
hypothesized (T, E) pair, D(T, E) is the physics-based dispersion relation, and
Dy (T, E) is the image version of D(T, E).

Curve-based objective function We define a simple and intuitive curve-based

objective function f.uve that assigns points for the observed dispersion relation



133

having high magnitude at the points that exist in the hypothesized physics-based
dispersion relation D(T, E) = {w(y) }i]\il‘v’y € [0,7/al:

N n/a
fcurve (Q(T’ E), Dobs) = Z A Dobs (')’a wi(y)) d’}’- (66)
i=1

Image-based objective functions To convert the dispersion relations from curve
format to image format, we assign pixel values with a Gaussian kernel based on the
distance from the pixel to any point on any of the curves. More precisely, the value

of a pixel located at point (¥im, Wim) is given by

—d?.
V(Wim, Yim) = €xp (—mz“‘) : (6.7)
200
where
dmin(a)im, yim) = I;’/ll{l (\/(wim - wi()’c))z + (yim - 76)2) 5 (6.8)

and w'.(y,.) denotes the dispersion relation in curve form on any band i, and o is a

parameter that controls the width of the curve once converted to image form.

We use standard definitions of MSE, PSNR, and SSIM [327]].

6.6.3 Simulated experiments
6.6.3.1 Sensitivity experiments (Figure

The simulated experiments in Figure [6.5] were simulated on a 30 cm domain and
used an observation window of 29.5 cm (the remaining 0.5 cm region was where the
input excitation was applied). The simulated duration was 1s and was equivalent
to the observed duration. Displacements were sampled at 1280 positions and 600

times, equating to sampling rates of ~ 4336 px/m and 600 FPS.

6.6.3.2 Mesh resolution ablation experiments (Figure [6.10)

The simulated experiments for the mesh size ablation study in Figure were
simulated on a 60 cm domain (unrealistic, but we chose this to be large so that domain
size was not a confounding factor) and used an observation window of 59.5 cm (the
remaining 0.5 cm region was where the input excitation was applied). The simulated
duration was 1 s and was equivalent to the observed duration. Displacements were
sampled at 1280 positions and 600 times, equating to sampling rates of ~ 2150 px/m
and 600 FPS.
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6.6.3.3 Observation length ablation experiments (Figure [6.11)

The simulated experiments for the ablation study where the spatial length of the
observed surface was ablated in Figure [6.1T| were simulated on a 30 cm domain and
used observation windows of varying sizes. Even though the spatial extent of the
observation changed, the spatial distance between sample points was maintained
constant at ~ 4336 px/m. The simulated duration was 1 s and was equivalent to the

observed duration. Displacements were sampled at 600 FPS.

6.6.3.4 Anatomical experiments (Figure [6.8)

The operational parameters of the simulated experiments in the anatomical section
were not as uniform as those from the plane-strain section, mainly due to the more
complicated nature of the geometry and the fact that simulation of the thin region near
the ankle required its own separate simulation due to computational cost reasons.

We provide details for each scenario and for the two transient simulations.

6.6.3.5 Anatomical simulations

Here we give the details of the two anatomical simulations.

Common between the two Many of the parameters are shared between the two
simulations. Both models prescribed E = 14.5kPa, p = 1000kgm™3, and v = 0.45
everywhere in the soft tissue, and they treated the bone interface as a fixed boundary.
Both models used low-reflecting boundary conditions on a segmented subsection
of the calf to avoid modeling the entire domain. Both models used a quadratic
tetrahedral finite element discretization, though with different element sizes. Both
models used an excitation region that spanned laterally across the outer surface of

the leg, with a length of 1.5 cm in the direction of wave propagation.

Simulation 1 simulated both the upper-calf and lower-calf regions to demonstrate
simultaneous inferences of these significantly different regions from a single ex-
citation. The prescribed chirp excitation was a smoothed chirp sweeping from
25 Hz to 200 Hz. This simulation used a target finite element (spatial) discretization
size of 3 mm. We used a physical timestep of 800 Hz and solved for a duration of 2 s.
The length of the simulated domain was about 27 cm with approximate cross-section

dimensions of about (2 cm to 5 cm) X (2 cm to 5 cm) with significant variance along
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the length. The model contained ~ 180, 000 elements and took 42 h 45 min to solve
on an Intel Xeon CPU E5-2663 with 20 cores.

Simulation 2 specifically simulated the lower-calf region near the ankle to demon-
strate inference in a region of the body where the soft tissue is much thinner and
varies significantly. The prescribed chirp excitation was a smoothed chirp sweep-
ing from 40 Hz to 400 Hz. This simulation used a target finite element (spatial)
discretization size of 2 mm. We used a physical timestep of 800 Hz and solved for
a duration of 0.5s. This timestep was likely a bit too coarse for the upper end of
the excitation frequency (400 Hz) in this simulation. The model used low-reflecting
boundary conditions on a segmented subsection of the lower-calf to avoid modeling
the entire domain. The length of the simulated domain was ~ 11 cm with approx-
imate cross-section dimensions of about (1.5cm to 4cm) X (1.5cm to 4 cm) with
significant variance along the length. The model contained ~ 130,000 elements
and took 5 h to solve on an Intel Xeon CPU E5-2663 with 20 cores.

The main difference between simulations 1 and 2 is that simulation 2 modeled
a thinner region of the body than simulation 1, so the waves in this region were
smaller in both space and time (i.e., higher wavenumbers and frequencies). Thus
finer spatial and temporal discretizations were needed, but over shorter spatial and
temporal observation windows. Additionally, the excitation frequency range was

approximately doubled.

6.6.3.6 Anatomical VSWE inferences

Figure [6.8(a) In this panel, two inferences are presented—one inference in the
upper calf and one in the lower calf. Both used simulation 1. In Figure [6.8|(a), the

upper calf inference used the following parameters:

* ~ 11.3 cm spatial observation window

45?2 spatial sample points

~ 4000 px/m spatial sample rate

2 s temporal observation window

1601 temporal sample points

800 FP temporal sample rate
In Figure [6.8](a), the lower calf inference used the following parameters:

* ~ 9.3 cm spatial observation window
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373 spatial sample points

~ 4000 px/m spatial sample rate

2 s temporal observation window

1601 temporal sample points

800 FPS temporal sample rate

Figure[6.8(b) This panel presents a series of inferences as an observation window
sweeps laterally across the upper calf, making an inference at each location in
the sweep. All inferences in this sweep used simulation 1. In Figure [6.§(b), the

inferences in the upper calf sweep used the following parameters:

* ~ 11.6 cm spatial observation window

463 spatial sample points

~ 4000 px/m spatial sample rate

2 s temporal observation window

1601 temporal sample points

800 FPS temporal sample rate

Figure6.8(c) Three inferences are presented in three different regions near the
ankle of significantly different thickness. All inferences in this panel used simulation

2. In Figure[6.8|(c), the inference on region 1 used the following parameters:

~ 9.1 cm spatial observation window

730 spatial sample points

~ 8000 px/m spatial sample rate

0.5 s temporal observation window

401 temporal sample points

800 FPS temporal sample rate
In Figure [6.8|(c), the inference on region 2 used the following parameters:

* ~ 6.9 cm spatial observation window

549 spatial sample points

~ 8000 px/m spatial sample rate

0.5 s temporal observation window

401 temporal sample points

800 FPS temporal sample rate

In Figure [6.8](c), the inference on region 3 used the following parameters:
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* ~ 3 cm spatial observation window

240 spatial sample points

~ 8000 px/m spatial sample rate

0.5 s temporal observation window

401 temporal sample points

800 FPS temporal sample rate

6.6.4 Real-world experiments
6.6.4.1 Real-world VSWE gelatin experiments

Camera Weused aPhantom V1610 high-speed camera. We operated it at 600 FPS
and a resolution of 96 x 1280 pixels (cropping was later applied before inputting
the videos to the VSWE pipeline). For our setup, this spatial resolution equates to
a spatial sampling rate of ~ 3840 px/m. Each video was taken in grayscale at a
bit-depth of 16 and then downsampled to a bit-depth of 8 before entering the VSWE
pipeline (for computational efficiency). Each video was originally ~ 8 s long but

trimmed to ~ 4 s before entering the VSWE pipeline.

Geometry The gelatin was polymerized in a glass baking dish with an interior
dimension of ~ 30 cm in length and 19 cm in width. Waves traveled in the 30 cm
direction, originating near one end of the glass baking dish and propagating length-
wise toward the other end. The excitation head attached to the shaker was ~ 10cm
in width. The camera was positioned ~ 1.2m from the gelatin surface, and the

viewing angle of the camera was at a ~ 30° angle with the surface.

Temperature measurements The gelatin was polymerized in a refrigerator ~ 8 °C
for ~ 24+3 h. After being removed from the refrigerator, the gelatin was immediately
textured with garlic powder and subsequently positioned in the camera’s line of sight
with the shaker applied to its surface. A Thermoworks Thermapen One thermometer
was used to measure temperature. The thermomenter was positioned such that the
probe was approximately halfway between the upper and lower surface of the gelatin,
a few centimeters from the edge of the glass baking dish. As often as the hardware
would allow (some amount of time is needed to write the video to disk), a video was

taken. For each video, the current time and temperature were recorded.
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6.6.4.2 Rheometry

Rheometry was used as the ground-truth measurement for the gelatin stiffness. Here,
we give more details on the rheometry setup. A rheometer is an expensive piece
of bench-top equipment that is meant to measure the stiffnesses and viscosities of
soft solids and fluids. These measured values are often dependent on temperature,
excitation frequency, humidity, and a variety of other factors, so high-end rheometers

often have built-in systems to control these variables.

Rheometers use material samples that are shaped like disks. Between this fact
and the price tag of a rheometer, they are unfit for the in vivo measurement tasks
that VSWE aims to perform, but they are helpful for benchmarking against a well-

established material measurement method in a controlled environment.

Polymerization All gelatin in this work was polymerized at a weight concentration
of 4%. We polymerized our gelatin samples directly on the rheometer with gelatin
taken directly from the gelatin samples prepared for the real-world VSWE gelatin
experiments. The gelatin samples were taken when it was in liquid state, just before
setting the remainder to polymerize in the refrigerator for the VSWE experiment. To
replicate the polymerization environment as exactly as possible, we set the rheometer
gelatin and the VSWE gelatin to polymerize at the same time (give or take a few
minutes) and took the VSWE videos concurrently with the rheometer measurements.
During polymerization, we set the rheometer stage to the same temperature as the
refrigerator. This way, we could ensure that both samples had the exact same amount

of time to polymerize and at the same temperature.

Stiffness measurements The rheometer measures the stiffness of the gelatin by
twisting the disk-shaped sample in a shearing motion, back and forth, at a prescribed
frequency. The deformation applied is small, so as not to damage the sample. In
our experiments we applied 7% shear strain. This measurement gives the shear
modulus G of the gelatin, which can then be converted to an elastic modulus E by
assuming a value for the Poisson’s ratio v. We assume v = 0.45, which is reasonable

for a hydrogel material like gelatin.

Sweep over frequency and temperature This stiffness measurement is repeated
over a grid of frequencies and temperatures, since frequency and temperature both
affect how stiffly the gelatin behaves. For each gelatin sample, the stiffness was

measured over the ranges of [10, 100] Hz and [5, 17] °C. These ranges were chosen
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to emulate the frequencies and temperatures observed in some preliminary VSWE
experiments; however, we should note that the rheometer was limited to not exceed
100 Hz, whereas the VSWE videos observed surface waves up to at least ~ 200 Hz.
The rheometry measurements indicate that the gelatin stiffens as excitation frequency
increases, though we have no ground-truth stiffness measurements from rheometry
in the range of [ 100, 200] Hz. This mismatch between frequency ranges may explain
why the VSWE inferences appear to be at the upper bound, or slightly above, the

rheometry measurements.

6.6.4.3 Excitation system

To excite the surface of the gelatin, we uploaded chirp waveforms to an Agilent
signal generator. The signal generator passed this signal to a B&K amplifier, which
then passed the signal to a B&K shaker. Finally, the shaker mechanically applied
the excitation to the surface of the gelatin.
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Chapter 7

NEURAL APPROXIMATE MIRROR MAPS FOR
CONSTRAINED GENERATIVE MODELS
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Until this chapter, we have focused on data-driven or physics-based methods in
isolation. However, many if not most scientific imaging problems would benefit
from both types of priors. We now explore the intersection between data-driven
and physics-based priors by looking at a method for obtaining physics-constrained

generative models.

Many data distributions follow a rule that is not visually obvious. For example,
videos of fluid flow obey a partial differential equation (PDE), but a human may
find it difficult to discern whether a video agrees with the prescribed PDE. We
can characterize such distributions as constrained distributions. Theoretically, a
generative model trained on a constrained image distribution should satisfy the
constraint, but in practice due to learning and sampling errors [88]], it may generate
visually-convincing images that break the rules. Ensuring constraint satisfaction
in spite of such errors would make generative models more reliable, including as

data-driven priors for solving inverse problems.

We focus on diffusion models, for which previous approaches for incorporating
constraints either restrict the type of constraint or do not scale well. Equivariant
[240], Riemannian [44, 165]], reflected [215] [121], log-barrier [[121], and mirror
[211] diffusion models are all restricted to certain types of constraints, such as
symmetry groups [240], Riemannian manifolds [44, 165]], or convex sets [[121),
211]]. Generally speaking, these restrictions are in the service of guaranteeing a
hard constraint, whereas a soft constraint offers flexibility and may be sufficient in
many scenarios. One could, for example, introduce a guidance term to encourage
constraint satisfaction during sampling [ 139,24, 352, but so far there does not exist
a principled framework to do so. Previous work suggested imposing a soft constraint
during training [88,|312] by estimating the clean image at every noisy diffusion step
and evaluating its constraint satisfaction. However, approximation [[105] of the
clean image from the intermediate noisy image is crude at high noise levels and
thus unsuitable for constraints that are sensitive to approximation error and noise,
such as a PDE constraint. Of course it is possible to penalize invalid generated
samples during or after training [[167]], but this approach relies on computationally-
expensive simulation steps. Instead, we aim for a flexible approach to impose general

constraints by construction.

Our goal is to find an invertible function that maps constrained images into an
unconstrained space so that a regular generative model can be trained in the uncon-

strained space and automatically satisfy the constraint through the inverse function.
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Figure 7.1: NAMM conceptual illustration. (a) Despite being trained on a data
distribution constrained to M, a regular diffusion model (DM) may generate samples
that violate the constraint. (b) We propose to learn a neural approximate mirror map
(NAMM) that entails a forward map g4 and inverse map fy. The forward map
transforms the constrained space into an unconstrained (“mirror”) space. Once
gs and fy, are learned, a mirror diffusion model (MDM) can be trained on the
pushforward of the data distribution through g4 and its samples mapped back to the
constrained space through fy,.

We propose neural approximate mirror maps (NAMMs), which bring the flexibility
of soft constraints into the principled framework of mirror diffusion models [211].
A mirror diffusion model (MDM) allows for training a completely unconstrained
diffusion model in a “mirror” space defined by a mirror map. Unconstrained samples
from the diffusion model are mapped back to the constrained space via an inverse
mirror map. However, invertible mirror maps are challenging or impossible to de-
rive in closed form for general constraints. We address this by jointly optimizing

two networks to approximate a mirror map and its inverse.

A NAMM encompasses a (forward) mirror map g4 and its approximate inverse map
fy. They are trained so that f, ~ gq‘al, and fy maps unconstrained points to the
constrained space (see Figure for a conceptual illustration). Our method works
for any constraint that has a differentiable function to quantify the distance from an
image to the constraint set. We parameterize g4 as the gradient of a strongly input-
convex neural network (ICNN) [[17] to satisfy invertibility. We train the NAMM
with a cycle-consistency loss [359] to ensure f,, ~ g¢‘1 and train the inverse map
with a constraint loss to ensure fy;, (X) is close to the constraint set for all X that we are
interested in (we define this formally in Section[7.2.1). An MDM can be trained on
the pushforward of the data distribution through g, and its generated samples can be
mapped to the constraint set via fy,. Although not inherently restricted to diffusion
models, our approach maintains the many advantages of diffusion models, including
expressive generation, simulation-free training [283]], and tractable computation of

probability densities [211]. One can also adapt existing PnPDP algorithms for the
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mirror space and enforce constraints with the inverse map.

This chapter presents a promising avenue towards incorporating physics constraints
into data-driven priors in a flexible and principled manner. In Section[7.1] we review
background and related work on constrained generative models. We then describe
our proposed method in Section We present our experimental results in Section
showing improved constraint satisfaction for various physics-based, geometric,
and semantic constraints. We also discuss ablation studies and adapt a popular
diffusion-based inverse solver to solve constrained inverse problems, in particular
data assimilation with PDE constraints. Sections and provide details about

our experiments and demonstrated constraints, respectively.
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7.1 Background

7.1.1 Constrained generative models

Explicitly incorporating a known constraint into a generative model poses benefits
such as data efficiency [[128, 26], generalization capabilities [[192], and feasibility
of samples [[137]. Some methods leverage equivariant neural networks [266, |133,
301]] for symmetry [15) 240, 190, 285, 49, 256, [265, [192| [227, 97, 338, 161,
341]] but do not generalize to other types of constraints or generative models [190,
285, 149, 256, 265|192, 227, [240, 338, (161}, [341, [97, [15]]. Previous methods for
constrained diffusion models [44, 165, 121} 215, [211] make strong assumptions
about the constraint, such as being characterized as a Riemannian manifold [44),
165]], having a well-defined reflection operator [215]] or projection operator [75], or
corresponding to a convex constraint set [[121, 211]]. Fishman et al. [122] proposed
a diffusion model that incorporates Metropolis-Hastings steps to work with general
constraints, but impractically high rejection rates may occur with constraints that

are challenging to satisfy, such as a PDE constraint.

An alternative approach is to introduce a soft constraint penalty when training the
generative model [128], 221, 168, 137, [88, 312]. However, evaluating the constraint
loss of generated samples during training may be prohibitively expensive. Instead,
one could add constraint-violating training examples [137], but it is often difficult
to procure useful negative examples. In contrast, our approach does not alter the

training objective of the generative model.

7.1.2 Mirror maps

For any convex constraint set C C R, one can define a mirror map that maps from
C toR?. This is done by defining a mirror potential ¢ : C — R that is continuously-
differentiable and strongly-convex [56, [297]. The mirror map is the gradient V¢ :
C — RY [211]. Every mirror map has an inverse (Vg)~! : R — C, which,
unlike the forward mirror map, is not necessarily the gradient of a strongly-convex
function 357, 297]. Mirror maps have been used for constrained optimization [29]
and sampling [163, 205, 211]. Although true mirror maps exist only for convex
constraints, we seek to generalize the concept to learn approximate mirror maps
to handle non-convex constraints. Recent work suggested learned mirror maps
for convex optimization [297]] and reinforcement learning [14]] but did not tackle
constrained generative modeling. Our work proposes a novel training objective for
learning mirror maps with the goal of constraining generative models to satisfy

arbitrary constraints.
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Figure 7.2: NAMM training illustration. Given data that lie on a constraint manifold
M (e.g., the hyperplane of images with the same total brightness), we jointly train
an approximate mirror map g and its approximate inverse f,,. After mapping data
T ~ Pdaa to the mirror space as gg(x), we perturb them with additive Gaussian
noise whose standard deviation can be anywhere between 0 and op,«x. The inverse
map fy is trained to map these perturbed samples back onto M.

7.2 Method

We now describe our method. We focus on diffusion models, but any generative
model can be trained in the learned mirror space (see Section[7.3.4]for results with a
VAE). We denote the constrained image distribution by pgaa and the (not necessarily
convex) constraint set by M C R¢. Images in the constrained and mirror spaces are
denoted by x and &, respectively. The pushforward of the data distribution pgat,

through a mirror map g is denoted by (g¢)ﬁ Ddata-

7.2.1 Learning the forward and inverse mirror maps
Let g4 and f, be the neural networks modeling the forward and inverse mirror
maps, respectively, where ¢ and 1) are their parameters. We formulate the following

learning problem:

¢*, " = arg I;I;in {-Ecycle (g¢a fzp) + /lconstr-ﬁconstr(gqﬁ, f'«p) + /lregR (g¢)}7 (7.1)
,

where Lyl encourages g4 and f, to be inverses of each other, L¢onsr €ncourages
S to map unconstrained points back to the constraint set, and R is a regularization
term to ensure a unique solution for the maps. Here Aconst, Areg € R0 are scalar

hyperparameters.

A true inverse mirror map satisfies cycle consistency and constraint satisfaction
on all of RY, so ideally fy (&) = g(;l(a”c) and fy(£) € M for all # € RY. But
since it would be computationally infeasible to optimize fy, over all possible points
in R¢, we instead optimize it over distributions that we would expect the inverse
map to face in practice in the context of generative models. That is, we only need

S to be valid for samples from an MDM trained on (g¢) yPdata> which we refer
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to as the mirror distribution. To make fy robust to learning/sampling error of
the MDM, we consider a sequence of noisy distributions in the mirror space, each
corresponding to adding Gaussian noise to samples from (g) 4P datas which, for a

maximum perturbation level op,x, we denote by

((96);Paua * N(0,0°D) . (7.2)

0 €[0,01max]
We train fy, to be a valid inverse mirror map only for points from these noisy mirror
distributions. Since we do not know a priori how much noise the MDM samples

will contain, we consider all possible noise levels up to oyax for robustness.

We define a cycle-consistency loss [359] that covers the forward and inverse di-
rections and evaluates the inverse direction for the entire sequence of distributions
defined in Equation[7.2}

~£cycle(g¢7’ f¢) = Ew”ﬁdata |:C - f¢ (g¢(a:))||1

¥ /0 B v [lgs(@) + 0z - 9o (Fulgs(@) +o2)|,] | 73)

Let £eonsir : R? — Ry be a differentiable constraint distance that measures the dis-
tance from an input image to the constraint set. We define the following constraint
loss to encourage fy, to map points from the noisy mirror distributions (Equation
to the constraint set:

Lconstr(gdn .ft/)) = Em~pdata [/0 Ez~N(0,I) [fconstr (f'l/l (g¢(:n) + O-Z))] do|.
(7.4)

To ensure a unique solution, we regularize g4 to be close to the identity function:

R(99) = Ea-pys. [l = 0@, | 7.5)

We use Monte-Carlo to approximate the expectations in the objective over the noisy
mirror distributions with o ~ U ([0, omax]) and solve Equation [7.1| with SGD.

Architecture We parameterize gy as the gradient of an ICNN following the im-
plementation of Tan et al. [297]]. For convex constraints, this satisfies the theoretical
requirement that g be the gradient of a strongly-convex function. Even for non-
convex constraints, this choice brings practical benefits, as we discuss in Section
We note that g4 is not a true mirror map since M is not assumed to be
convex, and g4 is defined on all of R¢ instead of just on M. We parameterize fu
as a ResNet-based CNN similar to the one used in CycleGAN [359].
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7.2.2 Learning the mirror diffusion model

Similarly to Liu et al. [211]], we train an MDM on the mirror distribution ( g(z,)ﬁ Pdata
and map its samples to the constrained space through f,,. In particular, we train a
score model sg with the following denoising score matching objective in the learned

mirror space (defined as the range of gy):
67 = arg min Et{ﬂ(f) E(0)~(99),paua B(0)](0) [||§0(i(f)’ 1)

~Va() log po ((1) | 93(0))||§]}, (7.6)

where &(0) ~ (gd))ﬁpdata is obtained as £(0) := g¢(x(0)) for £(0) ~ pgata-
Here po; denotes the transition kernel from &(0) to &(¢) under the diffusion SDE,
and A(t) € Ryq is a time-dependent weight. To sample new images, we sample
Z(T) ~ N(0, I), run reverse diffusion in the mirror space, and map the resulting

Z(0) to the constrained space via fy.

7.2.3 Finetuning the inverse mirror map

The inverse map f, is trained with samples from the noisy mirror distributions in
Equation but we ultimately wish to evaluate f,, with samples from the MDM.
To reduce the distribution shift, it may be helpful to finetune f,, with MDM samples.
We generate a training dataset of samples & from the MDM and then finetune the
inverse map to deal with such samples specifically. In the following finetuning
objective, we replace & ~ (g¢) ¢Pdata with & ~ pg, where pg is the distribution of
MDM samples in the mirror space:

P = argfin {Ex~pdm x - fy(ge(@))|,

+E:E~po

‘/0 . Ez~N(O,I) [ ”j toz - gd)(fd}(i' + U-z))”l"'/lconstrgconstr (.fdJ(i: + O—Z)) ]dO'] }
7.7)

Finetuning essentially tailors fy, to the MDM. The original objective assumes that
the MDM will sample Gaussian-perturbed images from the mirror distribution, but
in reality it samples from a slightly different distribution. As the ablation study
in Section [/.3.3| shows, finetuning is not an essential component of the method;
we suggest it as an optional step for when it is critical to optimize the constraint

distance.
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Figure 7.3: Improved constraint satisfaction with NAMMs. Samples from our
approach are nearly indistinguishable from baseline samples, yet there is a significant
difference in their distances from the constraint set. The baseline is a DM trained
on the original constrained dataset. Our approach is to train a NAMM and then an
MDM in the mirror space induced by g4. Samples are obtained by sampling from
the MDM and then passing samples through f,,. The histograms show normalized
constraint distances ¢ of 128 samples (normalized so that each constraint has a
maximum of 1 across the samples from both methods). Our results are from the
finetuned NAMM. For each constraint, we made sure that the DM was trained for
at least as long as the NAMM, MDM, and finetuned NAMM combined.

7.3 Results

We present experiments with constraints ranging from physics-based to semantic.
For the considered examples, our method achieves from 38% to as much as 96%
improvement in constraint satisfaction upon a vanilla DM trained on the same data
(see Table [7.1). The following paragraphs introduce the demonstrated constraints
¢. For each we consider an image dataset for which the constraint is physically

meaningful.

Total brightness In astronomical imaging, even if a source’s structure is unknown
a priori, its total brightness, or total flux, is often well constrained [7]. We define
{ux () as the absolute difference between Zflzl a; and the true total brightness. We
demonstrate with a dataset of 64 X 64 images of black-hole simulations [329] whose
pixel values sum to 120. While this constraint is a simple warmup example, generic

diffusion models perform surprisingly poorly on it.
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1D Burgers’ We consider Burgers’ equation [25, 58] for a 1D viscous fluid,
representing the discretized solution as an n, X n, image @, where n, and n, are
the numbers of grid points in space and time, respectively. The distance fyurgers ()
compares each 1D state in the image to the PDE solver’s output given the previous
state (based on Crank-Nicolson time-discretization [86, |183]]). The dataset consists
of 64 x 64 images of Crank-Nicolson solutions with Gaussian random fields as initial

conditions.

Divergence-free A time-dependent 2D velocity field w = wu(¢,x,y) is called
divergence-free or incompressible if V- u = 0. We define the constraint dis-
tance £gjy as the ¢!-norm of the divergence and demonstrate this constraint with 2D
Kolmogorov flows [67, 42, 261]]. We represent the trajectory of the 2D velocity,
discretized in space-time, as a two-channel (for both velocity components) image x
with the states appended sequentially. We used jax-cfd [191]] to generate trajecto-
ries of eight 64 X 64 states and appended them in a 2 X 4 pattern to create 128 X 256

images.

Periodic We consider images « that are periodic tilings of a unit cell. This type
of symmetry appears in materials science, such as when constructing metamaterials
out of unit cells [241]. We use a distance function periogic that compares all pairs
of tiles in the image and computes the average £!-norm of their differences. We
created a dataset of 64 X 64 images (composed of 32 x 32 unit cells tiled in a 2 x 2
fashion) using code from Ogren et al. [241].

Count Generative models can sometimes generate an incorrect number of objects
[243]. We formulate a differentiable count constraint by relying on a CNN to estimate
the count of a particular object in an image . Note that using a neural network leads
to a non-analytical and highly non-convex constraint. Letting fonn : R — R be
the trained counting CNN, we use the distance function £ oune() := | fonn(x) — €|
for a target count ¢. The dataset consists of 128 X 128 simulated images of exactly

eight (8) radio galaxies with background noise [34]].

7.3.1 Improved constraint satisfaction and training efficiency
First and foremost, we verify that our approach leads to better constraint satisfac-
tion than a vanilla diffusion model (DM). We evaluate constraint satisfaction by

computing the average constraint distance of generated samples. Since the con-
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Figure 7.4: NAMM training efficiency. For each method, we clocked the total
compute time during training (ignoring validation and I/O operations) and here plot
the mean =+ std. dev. of the constraint distances ¢ of 128 generated samples at each
checkpoint. The MDM training curve (“Ours w/o FT”) is offset by the time it took
to train the NAMM. The finetuning curve (“Ours”) is offset by the time it took to
train the NAMM and MDM and generate finetuning data. For most constraints, the
DM has consistently higher constraint distance without any sign of converging to the
same performance as that of the MDM. For the count constraint, the MDM performs
on par with the DM, but finetuning noticeably accelerates constraint satisfaction.
Each run was done on the same hardware (4x A100 GPUs).

straint distance is non-negative, an average constraint distance of O implies that the

constraint is satisfied almost surely.

For each constraint, we trained a NAMM on the corresponding dataset and then
trained an MDM on the pushforward of the dataset through the learned g,. We
show results from a finetuned NAMM, but as shown in Section finetuning is
often not necessary. The baseline DM was trained on the original dataset. Figure
highlights that MDM samples inverted through f, are much closer to the
constraint set than DM samples despite being visually indistinguishable. For the
total brightness, 1D Burgers’, divergence-free, and periodic constraints, there is a
significant gap between our distribution of constraint distances and the baseline’s.
The gap is smaller for the count constraint, which may be due to difficulties in

identifying and learning the mirror map for a highly non-convex constraint.

Furthermore, our approach achieves better constraint satisfaction in less training
time. In Figure we plot constraint satisfaction as a function of compute time,
comparing our approach (with and without finetuning) to the DM. Accounting for
the time it takes to train the NAMM, our MDM achieves much lower constraint
distances than the DM for the three physics-based constraints and the periodic
constraint, often reaching a level that the DM struggles to achieve. For the count
constraint, we find that finetuning is essential for improving constraint satisfaction,
and it is more time-efficient to finetune the inverse map than to continue training the
MDM.
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Figure 7.5: Data assimilation. We used the same finetuned NAMM, MDM, and
DM checkpoints as in Figure (a) Given noisy observations of the first eight
states, we sampled possible full trajectories of a 1D Burgers’ system. Our solutions
have smaller deviation from the PDE than samples obtained with DPS, even those of
constraint-guided DPS (CG-DPS). (b) The task is to infer the full Kolmogorov flow
from noisy observations of the first and last states. Our solution has significantly
less divergence.

7.3.2 Solving constrained inverse problems with mirror DPS

As discussed in Section [2.2] many PnPDP methods have been proposed to use a
pretrained diffusion model to sample images from the posterior distribution p(x |
y) «< p(y | )p(x), given measurements y € R™ and a diffusion-model prior
p(x). Most PnPDP methods can be adapted to the mirror space by evaluating the
measurement likelihood on inverted mirror images fy, (&) instead of on images x

in the original space. We demonstrate this approach with DPS [79].

In particular, we apply mirror DPS to data assimilation, an inverse problem that aims
to recover the hidden state of a dynamical system given imperfect observations of the
state. In Figure [7.5] we show results for data assimilation of a 1D Burgers’ system
and a divergence-free Kolmogorov flow given a few noisy state observations, which

can be essentially formulated as a denoise-and-inpaint problem. For each case,
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we used mirror DPS with the corresponding NAMM-based MDM. We include
two baselines: (1) vanilla DPS with the DM and (2) constraint-guided DPS (CG-
DPS) with the DM. The latter incorporates the constraint distance as an additional
likelihood term. As Figure [7.5|shows, our approach leads to notably less constraint

violation (i.e., less deviation from the PDE or less divergence) than both baselines.

7.3.3 Ablation studies

Finetuning Table|/.1|shows the improvement in constraint satisfaction after fine-
tuning fy, while also verifying that the generated distribution stays close to the true
data distribution. We use maximum mean discrepancy (MMD) [141] and Kernel
Inception Distance (KID) [38]] as measures of distance between distributions. MMD
evaluates distance in a feature space defined by a Gaussian kernel, and KID uses
Inception v3 [295] features. Finetuning does not notably change the distribution-
matching accuracy of the MDM and in some cases improves it while improving
constraint satisfaction. Compared to a vanilla DM, our approach before and after
finetuning does not lead to significantly different MMD and even gives better KID

while significantly improving constraint distance.

Total Brightness 1D Burgers’ Divergence-free Periodic Count
- CD () 0.49 +0.35 0.04 +0.01 1.57 +0.31 0.04 + 0.06 0.35+0.27
5 MMD(]) 0.1023+0.0131 0.1291 £0.0096  0.0781 +£0.0023  0.0758 + 0.0058  0.1978 + 0.0062
© KID () 0.0027 +0.0008 0.0022 + 0.0004 0.0058 + 0.0006  0.0014 + 0.0005 0.0570 + 0.0014
& CD () 220+ 1.61 0.45+0.03 6.96 + 0.27 1.04 £ 0.08 0.56 +£0.44
g MMD() 0.0956+0.0099 0.0621 +0.0091 0.0595 +0.0026  0.0533 +£0.0043  0.1276 + 0.0066
2 KID () 0.0462+0.0016 0.2308 +0.0028  0.0053 + 0.0007 0.0064 +0.0004 0.1084 + 0.0015

Table 7.1: Effect of NAMM finetuning. Constr. dist. (CD) = 100A¢onsee?- The
improvements in mean CD are (left to right, comparing “Ours” to “Baseline”): 78%,
910, 77%, 96%%0, 38% for five problems. For all metrics, mean + std. dev. is estimated
with 10000 samples. In terms of MMD/KID, finetuning does not significantly impact
distribution-matching accuracy but improves constraint distance. DM baseline
results are shown for comparison. According to MMD, the baseline gives better
distribution-matching accuracy; according to KID, our approach captures the true
data distribution better.

Constraint loss There are two hyperparameters for the constraint loss in Equation
Omax determines how much noise to add to samples from the mirror distribution,
and Acongr 18 the weight of the constraint loss. Intuitively, a higher oy« means that
the inverse map fy, must map larger regions of R< back to the constraint set, making
its learning objective more challenging. We would expect g4 to cooperate by

maintaining a reasonable SNR in the noisy mirror distributions. Figure [7.6] shows
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Omax = 0.001
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Figure 7.6: Effect of omax and Aconse, demonstrated with 1D Burgers’. First row:
as Omax increases (keeping Aconsr = 1.0), the mirror image g () for £ ~ pgata
increases in magnitude to maintain a similar SNR. Histograms show constraint
distances of 128 inverted MDM samples, normalized to have a maximum of 1
across samples from all three settings. Decreasing oax from 0.5 to 0.1 improves
the constraint distances, but further lowering oax to 0.001 causes them to go back
up. This indicates a tradeoff between robustness and performance of f. Second
row: as Aconsr increases (keeping omax = 0.1), g4 () does not change as much as
when increasing omax, but the constraint distances decrease (with a tradeoft in cycle
consistency). For all three settings, the same number of NAMM and MDM epochs
was used as in Figure |7L5|but without finetuning.

how increasing omax causes g () for € ~ pya to have larger magnitudes so that
the added noise will not hide the signal. However, setting oy, too high can worsen
constraint satisfaction, perhaps due to the challenge of mapping a larger region of
R? back to the constraint set. On the flip side, setting omax too low can worsen
constraint satisfaction because of poor robustness of f,. Meanwhile, increasing
Aconstr for the same o, leads to lower constraint distance, although there is a
tradeoff between constraint distance and cycle-consistency inherent in the NAMM
objective (Equation|/.1)).

Mirror map parameterization Figure compares parameterizing g4 as the
gradient of an ICNN versus as a ResNet-based CNN. We demonstrate how the mirror
space changes when parameterizing the forward map as a ResNet-based CNN. The
mirror space becomes less regularized, leading to worse constraint satisfaction of
the MDM, perhaps because the MDM struggles to learn a less-regularized mirror
space. Thus, even when the constraint is non-convex and there are no theoretical

reasons to use an ICNN, it may still be practically favorable.

7.3.4 NAMMs for constrained VAEs
Our approach is compatible with any generative model, not just diffusion models.

Once a NAMM is trained, any generative model can be trained in the learned mirror
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Figure 7.7: Architecture of gg4: gradient of ICNN vs. ResNet-based CNN. Both
approaches preserve visual structure in the mirror space, but the ResNet causes
irregularities, such as the patch circled in yellow. The histograms show the normal-
ized constraint distances ¢ of 128 inverted MDM samples (without finetuning). DM
histograms from Figure are shown for comparison. An ICNN leads to better
constraint satisfaction with fewer outliers. We trained the NAMM and MDM for
the same number of epochs as in Figure 7.3 without finetuning. We found that even
with finetuning, a ResNet-based forward map leads to worse constraint satisfaction
or noticeably worse visual quality of generated samples.

space and its samples mapped back to the constrained space via the learned inverse
mirror map. In this experiment, we apply our approach to training a VAE that
satisfies the divergence-free constraint, comparing a VAE trained in the learned

mirror space (“MVAE”) to a VAE trained in the original data space.

We trained a VAE in the mirror space induced by the learned mirror map that
was trained for the divergence-free constraint (without finetuning). We call this
the MVAE approach. As a baseline, we trained the same VAE architecture on the
original divergence-free data without transformation. We note that the same data
are used to train both the MVAE and VAE; the only difference is that the MVAE
is trained in the mirror space, while the VAE is trained in the original space. The

training procedure was otherwise the same for both the MVAE and VAE.

Figure [7.8] shows samples from the MVAE and VAE. We ensured that the total
training time of the MVAE did not exceed that of the VAE (on the same hardware, 4x
A100 GPUs). The VAE was trained for 3500 epochs, and the MVAE was trained for
600 epochs (following 100 epochs of NAMM training). Both approaches produce
visually similar samples, yet the images of the divergence field and histograms
for this constraint distance show that the MVAE leads to overall better constraint
satisfaction. Furthermore, in terms of MMD and KID, the MVAE distribution is

even closer to the true data distribution.
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Figure 7.8: Mirror VAE (MVAE) vs. VAE, demonstrated on the divergence-free
constraint. Baseline samples are obtained from a VAE trained in the original
space, while MVAE samples are obtained by sampling from a VAE trained in the
mirror space and then mapping those samples back to the original space via the
learned inverse mirror map. Three samples are shown (vorticity on the left and
divergence on the right) for each method. (Recall that each image consists of
eight state snapshots; here we have labeled the number of each snapshot.) The
vorticity fields show that the visual statistics of both generated distributions are
extremely similar, but the corresponding divergence fields are drastically different.
The MVAE samples are much closer to satisfying 0-divergence everywhere. As
further evidence, the histograms show that normalized constraint distances of MVAE
samples are significantly lower. We also report the mean + std. dev. constraint
distance (CD), computed as 1004¢onsief, as well as the MMD and KID. All three
metrics were estimated with 10000 generated and true samples. The MVAE leads to
improved constraint satisfaction and distribution-matching accuracy compared to a
vanilla VAE. This experiment demonstrates how a NAMM can be used to constrain
generative models besides diffusion models.
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7.4 Experiment Details

7.4.1 Implementation details

MDM score model For training the score model sg in the learned mirror space, we
followed the implementation of Song et al. [282]. We used the NCSN++ architecture
with 64 filters in the first layer and the VP SDE with S, = 0.1 and Bmax = 20.
Training was done using the Adam optimizer with a learning rate of 0.0002 and

gradient norm clipping with a threshold of 1.

NAMM For g4, we followed the implementation of the gradient of a strongly-
convex ICNN of Tan et al. [297], configuring the ICNN to be 0.9-strongly convex.
Following the settings of CycleGAN [359], f, was implemented as a ResNet-
based generator with 6 residual blocks and 32 filters in the last convolutional layer.
For all constraints except the divergence-free constraint, we had the ResNet-based
generator output the residual image (i.e., fy (£) = ResNet(&) + &). We found that
for the divergence-free constraint, a non-residual-based inverse map (i.e., fy (&) =
ResNet(&)) achieves better constraint loss. The NAMM was trained using Adam
optimizer with a learning rate of 0.001 for the divergence-free constraint and a

learning rate of 0.0002 for all other constraints.

Table[7.2] shows the hyperparameter choices for each constraint. The regularization
weight Ae; in the NAMM objective (Equation was fixed at 0.001. We used 3
ICNN layers for images 64 x 64 or smaller and 2 ICNN layers for images 128 x 128
or larger for the sake of efficiency. These hyperparameter values do not need to be
heavily tuned, as we chose these settings through a coarse parameter search (e.g.,

trying Aconser = 0.01 or 4 = 1 to see which would lead to reasonable loss curves).

Num. ICNN layers omax  Aconstr

Total Brightness 3 0.1 0.01
1D Burgers’ 3 0.1 1
Divergence-free 2 0.5 1
Periodic 3 0.1 1

Count 2 0.1 0.01

Table 7.2: NAMM hyperparameter values for each constraint in our experiments.

The main results shown in Figure were taken from the finetuned NAMM,
ensuring that the total training time of the NAMM, MDM, and finetuning did not
exceed the total training time of the baseline DM. While we kept track of the
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validation loss, this was not used to determine stopping time. We found that the
NAMM training and MDM training were not prone to overfitting, so we chose the
total number of epochs based on observing a reasonable level of convergence of the
loss curves. We found that some overfitting is possible during finetuning but did
not perform early stopping. All results were obtained from unseen test data because
we fed random samples from the MDM into the inverse map and made sure not
to use the same random seed as the one used to generate finetuning data. For all

constraints, we generated 12800 training examples from the MDM for finetuning.

Table[7.3]details the exact number of training epochs for each constraint. Figure
in Section [7.3|compares the constraint distances of our method without finetuning,

our method with finetuning, and the baseline DM as a function of compute time.

NAMM epochs
(before FT) MDM epochs FT epochs DM epochs
Total Brightness 30 200 1000 450
1D Burgers’ 100 300 700 1500
Divergence-free 100 700 500 2000
Periodic 50 300 1000 1000
Count 50 300 700 1500

Table 7.3: Number of training epochs of the NAMM, MDM, finetuning, and DM
used for the results in Figure These were chosen so that our method (including
the NAMM training, MDM training, finetuning data generation, and finetuning) did
not take longer to train than the DM.

Mirror map parameterization ablation study For the comparison of parameter-
izing the mirror map as the gradient of an ICNN versus as a ResNet-based generator
(Figure[7.7), we used a ResNet-based generator that outputs the residual image. This
means that the inverse mirror map was parameterized as a residual-based network
(fy (&) = ResNet(E;y) + &), and so was the ResNet-based forward mirror map
(gp(x) = ResNet(x; ¢) + ).

VAE We used a convolutional autoencoder architecture consisting of five convo-
lutional layers with GELU activation functions in the encoder and decoder. Our
implementation is borrowed from the autoencoder tutorial of Lippe [209]. We set
the number of latent dimensions to 128 and the number of features in the first layer
of the encoder to 64. For training, we followed the 5-VAE training objective [[153],

which consists of two terms: one to increase the likelihood of training data under
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Figure 7.9: Fixed o vs. integrating over [0, 0max]. The NAMM objective involves
optimizing f,, over the sequence of noisy mirror distributions defined in Equation
We compare this approach of integrating over o € [0, omax] to setting a fixed
noise standard deviation o = oy« 1in the context of the 1D Burgers’ constraint (here
Omax = 0.1). Both before and after finetuning, the constraint distances fyyrgers Of
inverted MDM samples are smaller if the NAMM was trained with varying o-. The
histograms show the constraint distances of 128 samples from each method.

the VAE probabilistic model and one to minimize the KL divergence from the latent
distribution to a Gaussian prior. The latter is weighted by a scalar § > 0. For
our purposes, the maximum-likelihood term corresponds to an MSE reconstruction
loss, and we set § = 0.001. We used Adam with a learning rate of 0.0002.

7.4.2 Data assimilation with mirror DPS

Following the original DPS [79], we use a hyperparameter { € R, to re-weight
the time-dependent measurement likelihood. Higher values of { impose greater
measurement consistency, but setting £ too high can cause instabilities and artifacts.
The data assimilation results in Figure used ¢ = 0.1 and constraint-guidance
weight equal to 200.

7.4.3 Measures of distance between distributions
74.3.1 MMD

The maximum mean discrepancy (MMD) between two distributions is computed
by embedding both distributions into a reproducing kernel Hilbert space (RKHS)
and using samples to estimate the resulting distance. We use the popular Gaussian
radial basis function (RBF) kernel to construct the RKHS, setting the length scale

o as

\/rnedian ({”az(") — :I:(j)”;}) /2, (7.8)

i.e., the square root of half the median of the pairwise squared Euclidean distances
in the dataset {a:(i) }?:1. This is a popular choice in previous work [51] and has been

theoretically and empirically justified [[131].
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Our MMD implementation is based on the code provided for the work of Sutherland
et al. [294]] [293]. We estimated mean and standard deviation empirically with 50
random subsets of 1, 000 samples from each dataset. The length scale was estimated
(Equation [7.8)) for each subset using the samples in the true subset. In total, the
generated and true datasets contained 10000 samples each. Held-out test images
were used as true samples for all constraints, except for total brightness (due to a

lack of test images in the dataset, training images were used for this constraint only).

7.4.3.2 KID

The Kernel Inception Distance (KID) between two distributions is based on the
Inception v3 features evaluated for samples from both distributions. Following
standard practice, we use the 2, 048-dimensional final average pooling features. The
KID is computed as the squared MMD (using a polynomial kernel) between the
two embedded distributions. It has several advantages over the Fréchet Inception
Distance (FID) [152]], including being unbiased and more sample-efficient [38]]. We
note, however, that the Inception network was trained on natural images, so both
KID and FID are not perfect metrics for the types of data we consider in this work,

such as physics-based simulation outputs.

KID evaluation is based on the gan-metrics-pytorch repository [[111], using the
same Inception v3 weights as those used in the official TensorFlow implementation
of FID [152]]. We evaluated KID with the same samples that were used for MMD.
Since the Inception network takes RGB images as input, we represented the samples
as grayscale images converted to RGB. For all the constraint datasets except for
the divergence-free Kolmogorov flows, we clipped the image pixel values to [0, 1]
before converting them to RGB. For the divergence-free data, we clipped the values

in the vorticity images to [—20, 20] and then rescaled this range to [0, 1].

7.4.3.3 FID

Although FID is a biased finite-sample estimator and heavily depends on the number
of samples, it is a popular metric for evaluating generative models. Table[7.4]reports
FID values in addition to the MMD and KID values in Table [Z1l We find that
the rankings of our method before finetuning, our method after finetuning, and the
baseline method are consistent with the rankings when using KID in Table
Again we note that FID and KID are based on Inception features that were tuned
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to natural images, so they are not the most reliable measures of distance between

distributions for these particular image datasets.

Total Brightness 1D Burgers’ Divergence-free Periodic Count

Ours w/o FT 5.02 3.36 2.21 2.26 24.18
Ours 4.58 2.04 3.97 1.99 37.65
Baseline 42.25 140.70 3.41 6.42 69.76

Table 7.4: FID values (|) associated with the comparisons in Table According to
FID, our approach consistently outperforms the baseline DM approach in matching
the true distribution. Finetuning even sometimes improves FID while improving
constraint satisfaction (see Table for constraint distances).

Our FID implementation is borrowed from the pytorch-fid codebase [231]]. Per
standard practice, we estimated FID with 50000 generated samples and 50000 true
samples. As was the case with MMD and KID, held-out test images were used as
true samples, except that training images were used for the total brightness data.
We pre-processed the samples for the Inception network in the same way we did for
KID.
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7.5 Constraint Details

This section provides details about each demonstrated constraint and its correspond-

ing dataset.

Total brightness The total brightness, or total flux, of a discrete image x € R? is
simply the sum of its pixel values: V(x) := Zlil x;. We use the constraint distance
function

tux () = |V () - V|,

where V € Ry is the target total brightness. The dataset used for this constraint
contains images from general relativistic magneto-hydrodynamic (GRMHD) simu-
lations [[329] of Sgr A* with a fixed field of view. The images (originally 400 x 400)
were resized to 64 X 64 pixels and rescaled to have a total flux of 120. The dataset

consists of 100, 000 training images and 100 validation images.

1D Burgers’ Burgers’ equation [25,|58] is a nonlinear PDE that is a useful model
for fluid mechanics. We consider the equation for a viscous fluid u = u(¢,x) in

one-dimensional space:

ot ”ax_vaxf

where u(0, x) is some initial condition ug(x), and v € R is the viscosity coefficient.

(7.9)

We use Crank-Nicolson [[86] to discretize and approximately solve Equation by
representing the solution on an n, X n; grid, where n, is the spatial discretization, and
n; is the number of snapshots in time. Given an n, Xn; image, we wish to verify that it
could be a solution to Equation [/.9| with the Crank-Nicolson discretization. Letting
x € R™*" denote the 2D image, we formulate the following distance function for
evaluating agreement with the Crank-Nicolson solver:

1 n;—2

DMl + 1] = fen(@l Dl
t=0

fburgers(w) = n 1
-

where fc_n : R™ — R" outputs the snapshot at the next time using Crank-
Nicolson, and Pythonic notation is used for simplicity. Note that a finite-differences
loss as proposed for PINNs [254]] would also work, but then our data would have
non-negligible constraint distances since Crank-Nicolson solutions do not strictly

follow a low-order finite-differences approximation.

Using a Crank-Nicolson solver [86] implemented with Diffrax [183]], we numerically

solved the 1D Burgers’ equation (Equation [7.9) with viscosity coefficient v = 0.5.
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The initial conditions were sampled from a Gaussian process based on a Matérn
kernel with smoothness parameter 1.5 and length scale equal to 1.0. We discretized
the spatiotemporal domain into a 64 x 64 grid covering the spatial extent x € [0, 10]
and time interval ¢ € [0, 8]. We ran Crank-Nicolson with a time step of Ar = 0.025
and saved every fifth step for a total of 64 snapshots. We followed this process
to create our 1D Burgers’ dataset of 10, 000 training images and 1,000 validation

images.

Divergence-free The study of fluid dynamics often involves incompressible, or

divergence-free, fluids. Letting w = u(x, y,t) be the time-dependent trajectory of
6ux + % —
ox dy

We assume an n, X n, spatial grid and represent trajectories as two-channel (for

a 2D velocity field, the divergence-free constraint says that V - u =

the two velocity components) images showing each n, X n, snapshot for a total of
n; snapshots. Such an image « has a corresponding image of the divergence field
div(zx), which has the same size as x and represents the divergence of the trajectory.

We formulate the following distance function that penalizes non-zero divergence:

Laiv () = ||div()]]; .

We created a dataset of Kolmogorov flows, which satisfy a Navier-Stokes PDE, to
demonstrate the divergence-free constraint. The Navier-Stokes PDEs are ubiquitous
in fields including fluid dynamics, mathematics, and climate modeling and have the

following form:

‘2—1;’ = —uVu+éV2u— %Vp+fV'u:O,

where u = u(x, y,t) is the 2D velocity field at spatial location (x, y) and time ¢,
Re is the Reynolds number, p is the density, p is the pressure field, and f is the
external forcing. Following Kochkov et al. [191] and Rozet and Louppe [261]], we
set Re = 10°, p = 1, and f corresponding to Kolmogorov forcing [67, 42] with
linear damping. We consider the spatial domain [0, 27]> with periodic boundary
conditions and discretize it into a 64 X 64 uniform grid. We used jax-cfd [191]
to randomly sample divergence-free, spectrally filtered initial conditions and then
solve the Navier-Stokes equations with the forward Euler integration method with
At = 0.01 time units. We saved a snapshot every 20 time units for a total of 8
snapshots in the time interval [3,4.6]. We represent the solution as a two-channel
128 x 256 image showing the snapshots in left-to-right order. In total, the dataset

consists of 10, 000 training images and 1, 000 validation images.
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Periodic Assuming the constraint that every image is a periodic tiling of njes unit

cells, we formulate the following constraint distance for a given image «:

Niiles 1 Niiles

fperiodic(m) = Z Z ||tl(m) - tj(m)”l ’
=1

e
-1 tiles

which compares each pair of tiles, where ¢;(ax) denotes the i-th tile in the image.
For our experiments, we consider 32 X 32 unit cells that are tiled in a 2 X 2 pattern
to create 64 x 64 images. Using the unit-cell generation code of Ogren et al. [241],

we created a dataset of 30, 000 training images and 300 validation images.

Count For the count constraint, we rely on a CNN to estimate the count of a
particular object. Letting fonn : R? — R be the trained counting CNN, we turn to

the following constraint distance function for a target count ¢:

5c0unt(w) = |fCNN(w) - El .

We demonstrate this constraint with astronomical images that contain a certain
number of galaxies. In particular, we simulated 128 x 128 images of radio galaxies
with background noise [84]], each of which has exactly eight (¢ = 8) galaxies with an
SNR > 15 dB. The dataset consists of 10, 000 training images and 1, 000 validation

images.

To train the counting CNN, we created a mixed dataset with images of 6,7, 8,9, or
10 galaxies that includes 10, 000 training images and 1, 000 validation images for
each of the five labels. The CNN architecture was adapted from a simple MNIST
classifier [1]] with two convolutional layers followed by two dense layers with ReLU
activations. The CNN was trained to minimize the mean squared error between the

real-valued estimated count and the ground-truth count.
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Chapter 8

CONCLUSION

As long as sensors fall short of capturing reality, priors are necessary to produce
images of reality. Even digital cameras, which many people believe to be near-
perfect sensors of the visual world, use an RGB color filter that captures just one
primary color in each pixel. This means that our digital photos depend on implicit
assumptions to interpolate the missing two colors in each pixel. As the gap between
sensors and reality grows even larger, as is the case in many scientific applications,
even stronger assumptions are required to fill in the holes in the data. However,
more holes in the data also means that more features in the image come from prior
assumptions rather than real observations. It is important to develop methods to

responsibly harness assumptions to identify reliable image features.

One way to responsibly harness imaging assumptions is to evaluate images under a
variety of priors rather than a single one. There are two main benefits of reconstruct-
ing images under multiple different priors: (1) we can identify image features that
are consistent across the priors and therefore reliable for scientific interpretation, and
(2) we offer people the option of choosing a preferred image based on which prior
they most believe. In Chapter 2] we proposed taking a fully data-driven approach,
leveraging score-based priors to flexibly and scalably incorporate a wider range of
image assumptions simply by changing the training dataset for the score-based prior.
Previously, with handcrafted regularizers and simple priors, it would have been in-
feasible to cover such a wide range of priors. In Chapter 3] we demonstrated our
approach by reconstructing images from the real EHT observations of M87* under
different assumptions of varying strengths, including a prior trained on images of
everyday objects, a prior trained on human faces, a prior trained black-hole fluid-
flow simulations, and a prior trained on a geometric model of black-hole accretion
disks. We found that some image features were robust to the prior, including the
appearance of a ring, the diameter of the ring, and the location of the bright spot.
Other details of the image were left to the interpretation of the prior. Although
there is no way to say which image most closely reflects reality (likely all of them
are far from reality), with our approach, people can imagine M87* under different
assumptions and choose to believe the picture that most closely aligns with their

prior beliefs, such as believing the GRMHD-based reconstruction if they fully trust
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the GRMHD model. At the same time, image features that persist regardless of the
prior should be indisputable.

Another way to responsibly harness imaging assumptions is by using priors that are
themselves indisputable. Physics-based priors are a great example of this since they
are rooted in well-verified physics equations and models. In Chapters [5|and [6] we
saw how our visual elastography methods, visual vibration tomography (VVT) and
visual surface wave elastography (VSWE), relied on solid mechanics theory to infer
subsurface material properties from limited surface measurements. The solutions
sought by VVT and VSWE satisfy equations that are generally accepted under
the assumption of linear elasticity. Even when the physics model is not known
for sure, it is possible to use assumed physics as a starting point and arrive at a
physics-informed solution. Chapter 4 on black-hole emission tomography provided
an example of this. We proposed a physics-informed approach that recovers both
the 4D emissivity field and 3D velocity field from single-viewpoint measurements,
whereby the velocity field is guided by an assumed velocity model but ultimately
describes the dynamics of the estimated emissivity field. This type of approach can
be used to arrive at more accurate velocity models and in turn more accurate physics

priors.

To make data-driven priors themselves more reliable, we saw in Chapter [/| how
to embed physics constraints into them. Many inverse problems, such as data
assimilation, are inherently constrained by some underlying physics equation but
would still benefit from the flexibility and scalability of data-driven priors. We pro-
posed neural approximate mirror maps (NAMMs) for flexibly imposing constraints,
including physics-based ones, on generative models as a means to obtaining physics-
constrained data-driven priors. We demonstrated how our method can be used to
solve inverse problems in a learned mirror space and obtain solutions that satisfy
soft physics constraints via a learned inverse mirror map. As we aim to image
more and more evasive scientific phenomena, it will be crucial to cleverly combine

data-driven and physics-based assumptions.

The vision of this thesis is to expand scientific knowledge beyond the limits imposed
by physical sensors by putting more power in the prior. Given that priors are often
unavoidable in the imaging process, we might as well use them to our advantage.
This thesis aims to provide scientists with the tools to impose whatever assumptions
they desire in order to both reliably interpret image reconstructions and update their

own assumptions.
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8.0.1 Future directions

With the continued advancement of generative artificial intelligence (Al), we will
inevitably aim to image more and more phenomena beyond the reach of physical
sensors, requiring more methods to ensure responsible use of the rich priors afforded
by generative Al. Although our work on score-based priors establishes a paradigm
shift from imaging under a single prior to imaging under multiple priors, there remain
challenges to fully realize this paradigm shift. One such challenge is to rigorously
discern which image features arise from the prior versus from the measurements. Our
study of extracted ring features in Chapter[3|required manually estimating parameters
under a specialized geometric model of the image. Instead, it may be possible to
automatically identify image features and categorize them as coming from the
prior or from the measurements. There are existing learning-based techniques
to identify large-scale image features that explain the uncertainty in the posterior
[237], but it would be beneficial to further decompose the posterior uncertainty into
a prior component and a measurement component. Such a method for uncertainty
visualization would help scientists better understand which parts of the image can

be reliably interpreted and which parts should be reserved for imagination.

Furthermore, there remain computational bottlenecks to applying multiple priors.
Using a single score-based prior requires gathering a training dataset for the score-
based diffusion model, training the score-based diffusion model, and then running
the inference algorithm. Training the diffusion model and running the inference
algorithm, which in our case requires optimizing a variational distribution, both
take a significant amount of time and computational resources. Creating a training
dataset can also be time- and resource-intensive, for example if it requires running
physics simulations. One promising step is to engineer software that automates and
expedites the process of creating training data, training the diffusion model with
an automatic early-stopping criterion, and applying the resulting prior to a chosen
inference algorithm. We could also imagine creating a meta posterior: a distribution
of posteriors under different priors. This would require users to define a set of priors
and offer a way to analyze uncertainty under the chosen set of priors. It may also
offer insights into which prior is most suited to the imaging task at hand, such as
by finding the prior that leads to the highest posterior probability. These are just a
few examples of ways to automatically reconstruct images and analyze uncertainty

under multiple priors.

Even with advances in generative Al, there will always be a place for physics-based
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priors. Physics knowledge is especially useful when there are limited data and
computational resources for training a fully data-driven prior. However, a challenge
is overcoming uncertainty in the chosen physics model. Our VVT and VSWE
approaches require a pre-defined physics equation, but it would be useful to be able
to update this equation to account for mismatches between the assumed physics and
reality (e.g., if the material is not linear-elastic or if the Poisson’s ratio is not exactly
correct). Our approach to black-hole emission tomography provides one example
of a way to simultaneously find the desired solution and update the assumed physics
model. A further benefit of this type of approach, which we did not explore in this
thesis, is that it is differentiable and thus allows for estimating unknown physical
parameters, such as the spin of the black hole. We can estimate such parameters
by jointly optimizing them along with the emissivity field and velocity field. By
approaching imaging problems in a physics-informed way, we can better update our

own understanding of physics.

The most promising avenue for many scientific imaging applications is to combine
data-driven and physics-based approaches. We believe that NAMMs are applicable
to many problems that entail physics constraints. For example, 3D protein imag-
ing with cryo-electron microscopy [356]] would benefit from symmetry constraints;
specifically, we could train a data-driven prior on 3D protein structures in a learned
mirror space to satisfy rotational symmetries and solve the inverse problem of 3D
protein reconstruction from multiple image-plane projections in the learned mirror
space. Seismic traveltime tomography [|176] would benefit from velocity constraints;
given traveltimes from multiple sources, we could inpaint the traveltime fields with
the constraint that the velocity fields must be consistent across all the sources and
derive the velocity field from the inpainted traveltimes. The inverse design of ma-
terials would benefit from manufacturability constraints; we could train a black-box
neural network to estimate how structurally sound and manufacturable a design is
and perform inverse design in a learned mirror space that maximizes manufactura-
bility. In all of these applications, the data-driven aspect allows for sophisticated
reconstructions while the physics-based aspect ensures physical plausibility of the

reconstructions.

Indeed, the intersection of data-driven and physics-based approaches offers exciting
opportunities to advance both Al and science. Many generative Al methods are cur-
rently fully data-driven and depend on seeing enough training data to learn implicit

physics. Instead, we can incorporate physics constraints in these methods to im-
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prove the data efficiency, generalizability, and physical plausibility of generative Al
For example, current methods for video generation, although impressive, still show
artifacts of implausible physical motion [212]. These artifacts can be overcome
by imposing basic physics principles, such as Newton’s laws of motion. This type
of approach provides an example of “Science for AL In the other direction, “Al
for Science,” we have already discussed how a physics-informed machine-learning
approach can help us update physics models. We can also consider how to discover
entirely new physics through physics-informed Al. Drawing inspiration from pre-
vious methods for equation discovery [110], it may be possible to simultaneously
train a NAMM and learn the underlying physics constraint. The long-term vision
of this thesis is to push the frontiers of Al and science by blending physics-based
and data-driven methods to solve challenging imaging problems. Combining the
worlds of machine learning and physics will allow computational imaging to better

aid scientific discovery.
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Appendix A

EHT IMAGING BACKGROUND
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A.1 VLBI Data Products

In this appendix, we provide background on the data products obtained with VLBI.
In VLBI, a network of radio telescopes collects spatial-frequency measurements of
the sky’s image. We denote the source image as /(x, y), where (x, y) are 2D spatial
coordinates. Each pair of telescopes is called a baseline and provides a Fourier
measurement called a visibility. The van Cittert-Zernike Theorem [81}, 347] states
that the ideal visibility v;.“j measured by the baseline b;; between telescopes i and j

is a single (u, v) measurement on the complex 2D Fourier plane [302]:

V= I(u,v) = / / 1(x, y)e 2Fiuom) qxdy. (A.1)

(Here i is used to denote the imaginary unit to avoid confusion with the telescope
index i.) The coordinates (u, v) (measured in wavelengths) are the projected baseline
orthogonal to the line of sight. An array of Ny telescopes, or stations, has (Aé‘)
independent baselines, each providing a visibility at each point in time.

In practice, ideal visibilities are corrupted due to multiple factors: (1) baseline-
dependent thermal noise, (2) station-dependent gain errors, and (3) station-dependent
phase errors. Baseline-dependent thermal noise is modeled as a Gaussian random
variable &;; ~ N (0, al.zj), where o7; is based on the system equivalent flux density
(SEFD) of each telescope: o;; o \/SEFD,- + SEFD;. The station-dependent gain

error g; arises from each telescope i using its own time-dependent 2 X2 Jones matrix

[146]. The station-dependent phase error ¢; arises from atmostpheric turbulence
that causes light to travel at different velocities toward each telescope [154, 194,
299]. Other sources of corruption, including polarization leakage and bandpass
errors, may introduce baseline-dependent errors, but they are slow-varying and as-
sumed to be removable with a priori calibration [65]. The measured visibility of

baseline b;; can be written as
vij = 8ig;e" "I + &, (A.2)

where all systematic errors (i.e., those besides thermal noise) are wrapped into

station-dependent gain/phase errors.

A.1.1 Closure quantities
Station-dependent errors are difficult to remove owing to the absence of corroborat-
ing information from other stations. Calibrating the measured visibilities calls for

an iterative self-calibration process that introduces many a priori assumptions and
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becomes infeasible at high telescope frequencies [65]]. An alternative avenue is to

use closure quantities that are unchanged by station-dependent errors.

Closure phases [175] are robust to station-dependent phase errors. They arise from
a data product known as the complex bispectrum, which is formed by multiplying

the three baselines within a triangle of telescopes i, j, k:

VijVikVki = (g g; e Vv + g ) (g gre IV e k) (gkgiei(¢k_¢f) Vii +8kl~)

(A.3)
:81'] e\ (9i=9)) pi(¢j=01) ,i(r— ¢)v* v]kvkz + €ijk (A.4)
= gijkv?jv;kvlii * Eijks (A.5)

where g;; is the thermal noise in the measured bispectrum. Importantly, Equation
equation [A.5]does not include any phase errors. Thus the closure phase is given by
the phase of the bispectrum and is robust to phase corruption. While the total number

of triplets in the telescope array is (]\gs), the total number of linearly independent

(M

independent closure phases can be formed by selecting one station as a reference

closure phases is N¢, = 1). To understand this number, see that the set of

and then creating the set of all triangles that contain that station. The resulting
closure phases are independent in that no one closure phase can be formed as a

linear combination of other closure phases.

Closure amplitudes [310]] address the issue of station-dependent gain errors. A

closure amplitude arises from a combination of four telescopes i, j, k, £:

ViiVe B (gzg] i(¢i- ¢’])v +8, ) (gkgge i(¢r— ¢{”)v +8k€)

_ . . (A.6)

_ | __ T ke (A.7)
gigjgkgfel(“”’"”k)€I(¢’_M"ik"jf N

o2i(dr=0,) _1J_KC l/ Ve

+ Eijkes (A.8)
lkvj€

where g;i¢ is the thermal noise in the closure amplitude. Equation @ does not

” k| is taken as the

depend on station-dependent gain errors, so the amplitude |

closure amplitude. In our work, we use the log of the closure amplitude. The

number of linearly independent log closure amplitudes is Niggca = (N “(1;5_3)).
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A.2 Ring Feature Extraction

We used the REx feature extraction algorithm [62] to compute the characteristic
features in Section [3.5] The diameter and fractional central brightness follow the
same formulae as in Akiyama et al. [[7]. Except for the fractional central brightness,
which is not included in REx, all features were computed exactly according to the
latest implementation of RExF_-] (as of 2023 October). The REx implementation
corresponds to slightly different equations for computing features than those given
in Akiyama et al. [/]. In this appendix, we will note any differences from the

equations used in Akiyama et al. [[7].

REx first pre-processes the image by blurring it with a 2 pas FWHM Gaussian
and re-gridding it to 160 x 160 pixels. It identifies the ring center based on the
image thresholded to 5% of the peak brightness, and then it computes characteristic
features. The characteristic features, which we define in the following paragraphs,
are all computed based on radial-angular profiles /(r, ) of the centered image,
where I(r, 6) is the brightness at radius r and azimuthal angle 8 from the measured
center. The profiles are interpolated over the domains r € [0, 50] pasand 6 € [0, 27|

radians.

The diameter d is measured as twice the mean radial distance of the peak brightness:
d=2 <rpk(9)>9€[072n] =2 <arg max /(r, 9)> , (A.9)

r 0e[0,27]
where (-)ge[0,2r] denotes the mean over the domain 6 € [0, 2xr]. The uncertainty of

the diameter is given as the corresponding standard deviation. This equation for d

exactly agrees with Equation (18) in Akiyama et al. [7/].

The width w is measured as the mean FWHM of radial slices:
w = (FWHM ((r, 6)))gc[0.27] - (A.10)

where FWHM(-) evaluates the FWHM of a 1D radial profile. The uncertainty is
computed as the corresponding standard deviation. Note that this is slightly different
from the expression for w given in Equation (20) in Akiyama et al. [7], which first

subtracts the mean flux outside the ring before estimating the width.

To measure the orientation angle, REx first estimates the FWHM of the mean radial

profile with zero-mean outside flux, defined as

FWHM (I(r) — Ior) »

"https://github.com/achael/eht-imaging/blob/main/ehtim/features/rex.py


https://github.com/achael/eht-imaging/blob/main/ehtim/features/rex.py
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where 1(r) = (I(r,0))pef02x] and Ifoor = (I(r =50, 0))gef02r)- Let Tiere and

Tright denote the minimum and maximum radii, respectively, of this FWHM. The
orientation angle is computed by finding the phase of the first angular mode of each
normalized angular profile I(r, ) at fixed r throughout the FWHM and then taking

the circular mean:

2 .
I(r,0)e?do
= <4 0 ) (A.11)

2r > '
0 I(r,0)do €[ Fieft> right]

The uncertainty of 7 is the corresponding circular standard deviation. The only
difference between this equation and Equation (21) in Akiyama et al. [[7/] comes
from rief; and rigne. In Akiyama et al. [7], rin = (d —w)/2 and roy = (d +w) /2 are
used instead.

The azimuthal asymmetry A is measured as the mean normalized amplitude of the

same first angular modes:

| < ST 1(r, 6)ei?da >
= 2r
0 I(r’ g)dg re [rleft,rright]

, (A.12)

and the uncertainty of A is the corresponding standard deviation. Once again, the
only difference from Equation (22) in Akiyama et al. [7]] is that rief, and ryjgn, are

used instead of rj, and rqyt.

We define the fractional central brightness fc (which is not included in REx) as the

ratio of an “interior’” mean flux to the mean flux along the ring:

(I(7,0)),¢[0.5).0¢[0.27]
C =
(1(d/2,0))ge(0.27]

Here the inside is defined as the inner disk of radius 5pas, and the outside is

(A.13)

defined as the region with radius larger than the measured radius d/2. There is no
uncertainty quantification for fc. This definition of fc exactly agrees with Equation
(23) in Akiyama et al. [[7].
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Appendix B

OTHER FORWARD MODELS
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In this appendix, we describe the forward models of the inverse problems explored
in Chapter [2} accelerated MRI, denoising, and reconstruction from low spatial

frequencies (“deblurring”). These tasks have linear forward models such that
y=Ax+n, n~N(O,0';I), (B.1)
with the corresponding log-likelihood function

1
log p(y | ) o« —— |ly — Az|}3. (B.2)
20

B.1 Accelerated MRI

Accelerated MRI collects sparse spatial-frequency measurements in k-space of an
underlying anatomical image. As the acceleration rate increases, the number of

measurements decreases. The forward model can be written as
y=MoF(z")+n, n~N(0,0c.l), (B.3)

where £ € CP and y € CM. The operator # denotes the 2D Fourier transform,
and M € {0, 1}? is a binary sampling mask that reduces the number of non-zero
measurements to M << D. Often o, is assumed to be small (e.g., corresponding
to an SNR of at least 30 dB). We use Poisson-disc sampling [313]] for the sampling
mask. 16x-acceleration, for example, corresponds to a sampling mask with only

1/16 nonzero elements.

Experimental setup In our experiments, we assumed that |0 | is 0.05% of the DC
(zero-frequency) amplitude. This corresponds to a maximum SNR of 40 dB. The
only exception is for comparison to baselines, since baseline methods do not account
for measurement noise. In this case, we let |o| = 0.1% of the DC amplitude along
the horizontal direction of the true image, which amounts to a very low level of

noise.

B.2 Denoising

The denoising forward model is simply
Yy=x+mn, n~N(0,0’§I), (B.4)

where € RP, and oy determines the level of i.i.d. Gaussian noise added to the

clean image to get y € RP.
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Experimental setup In our presented experiments on denoising, oy, = 0.2, which

is 20% of the dynamic range.

B.3 Deblurring

We refer to the task of reconstruction from the lowest spatial frequencies as deblur-

ring. The forward model is given by
y=Dxz+n, n~N(00,I), (B.5)

where x € CP,y € CM, and D € CM*P performs a 2D DFT with only the first M

DFT components.

Experimental setup In our presented experiments on deblurring, the measure-

ments are the lowest 6.25% of the DFT components, and || = 1.
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Appendix C

MECHANICS BACKGROUND
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C.1 Linear Elasticity and the Elastic Wave Equation

Linear elasticity is the theory that dictates how a solid moves when subjected to

external forces.

Momentum balance Within a solid body, material moves and displaces as a result
of stresses exerted by neighboring pieces of material and external forces applied to

the solid body. We can express this with Cauchy’s momentum balance
ptu=V-o+f, (C.1)

where p is density, and the vectors u, o, and f represent displacement, stress, and
body forces (respectively) in each of the three spatial directions. Note p, u, o, and f
are all taken to be functions of space (x). Cauchy’s momentum balance is essentially

the continuum mechanics version of Newton’s second law.

Linear-elastic constitutive law In general, if a body of material displaces non-
uniformly (such that w has a non-zero spatial gradient), stress (o) often develops
within the material (and in many cases acts as a restorative force to return the body
to some equilibrium configuration). The exact relationship between the spatial
gradient of displacement (often written compactly as strain, €) and stress o is called
a constitutive law, which is different for different classes of materials. In our work,

we restrict our studies to a linear-elastic constitutive law.

Linear elasticity proposes a constitutive law where the stress o (like a pressure, or
area-normalized force) that a piece of material feels is linearly proportional to the
strain € (the symmetrized spatial gradient of displacement) that the piece of material
is experiencing. It can be written more concisely if instead of elastic modulus £

and Poisson’s ratio v, we use the Lamé parameters u := ﬁ and A := (1+V)E(+2v):
oc=A(V-u)I+2ue, (C.2)

where € := }(Vu + Vu').

Elastic wave equation Substituting the linear-elastic constitutive law into Cauchy’s

momentum balance yields the elastic wave equation (a linear PDE problem where

one traditionally solves for u):
pit=(1+p) V(V-u) + uVu+f, (C.3)

which describes how elastic waves travel through linear elastic materials.
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C.2 Transient Analysis

Transient analysis means that time is being explicitly modeled. In transient simu-
lations, we solve Equation|C.3|for u(x, ) by some choice of time-stepping scheme.
Although these simulations are often more costly than their assumption-leveraging
counterparts (e.g., harmonic analysis, described in Appendix [C.3.1), they are able

to model very general situations with few restrictions and with high fidelity.

In our VVT and VSWE work, all of the simulated experiments used transient
analysis to represent the observed systems because we wanted the simulated material
behavior to involve as few simplifying assumptions as possible and match as closely

as possible with the behavior of real-world materials.

C.3 Bloch-Floquet Analysis

Bloch-Floquet (BF) analysis aims to reveal the natural wave modes of a system com-
prehensively, finding waves of every possible (y, w) frequency-wavevector pair. BF
analysis applies a time-harmonic assumption and BF periodic boundary conditions
(a spatially quasi-periodic assumption) to Equation|C.3] Each of these assumptions
is discussed in this section. In our VSWE experiments, all of the dispersion relations

computed to fit the observed dispersion relations used BF analysis.

C.3.1 Time-harmonic assumption
BF analysis is a subcategory of harmonic analysis, and as such it employs the same
time-harmonic assumption from harmonic analysis. The time-harmonic assumption

says the solution is harmonic (sinusoidal) in time, written as
w(x, 1) = up(x)e'’, (C.4)

where w represents the time frequency of the harmonic solution, and wug(x) is
explicitly not a function of time. In general, assuming the displacement field is a
harmonic function at frequency w only makes sense when the external forces applied

to the system are also harmonic functions at the same frequency. That is,
f(x,1) = fo(x)e'. (C.5)

In cases where we are looking for natural modes (e.g., in VSWE we look for natural
wave modes), we set external forces f; = 0. However, there are other situations
(e.g., in frequency-domain analysis, which is not used in this work) where non-zero

forcing would be appropriate. Applying the harmonic assumption in Equation [C.4]
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and assuming fy = 0, Equation|C.3|simplifies to

uViug + (A+p) V(V-ug) + pwuy = 0, (C.6)

which is a linear eigenvalue PDE, where u(x) is the eigenfunction (representing the
displacement field of the wave mode), w? is the eigenvalue, and w is the frequency

(a.k.a. eigenfrequency) of the wave mode.

C.3.2 Bloch-Floquet boundary conditions
Alongside the time-harmonic assumption, BF analysis also adopts a spatially quasi-
periodic assumption: that the solution field repeats from unit cell to unit cell, but

with a phase shift. This is imposed through BF periodic boundary conditions:
u(x + a,) = u(x) elran, n=1,...,c, (C.7)

where c is the spatial dimensionality of the problem (¢ = 1, 2, 3 is common for real-
world problems), a, is the size of the modeled material domain in each direction
(commonly known as a lattice vector), and = is the wavevector (as usual) which
defines the lengthscale of Bloch-Floquet periodicity in each direction. An intuitive
way to think about these boundary conditions is “the solution at one boundary is the
same as the solution at the opposite boundary, but with a phase shift prescribed by

the wavevector.”
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