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ABSTRACT 

The design procedure is discussed for the construction of 

a lens type beta ray spectrometer having a large solid angle 

and capable of focusing electrons with energies up to 20 Mev. 

The observed performance of the instrument is compared with 

theory. 

The application of beta ray spectroscopy to the energy 

determination of -f-rays by use of both the photoelectric and 

Compton effects is considered. The effects of converter thick­

ness and finite instrumental resolution are treated extensively. 

The analysis of the experimental data, employing these tech­

niques, leads to the determination of excited states in Li7 at 

476.7 ± 0.9 Kev; BlO at 713.8 .± 1.3 Kev; Ni60 at 1172.4 .±- 1.8 

and 1330. 9 ± 2.1 Kev; and c13 at 30.92,. ±. 12 Kev. 

The continuous beta spectra from the radioactive elements 

Li8 , B12 , and N13 were studied. The upper energy limits for 

these spectra were determined as 15.8 ± 0.1 Mev, 13.43 ± 0.06 

Mev, and 1.202 ± .005 Mev respectively. Experime~tal evidence 

is given to show that the beta decay of Li8 proceeds mainly to 

a broad excited state at,_ 3 Mev, the transitions to the ground 

state being estimated at less than 2 percent. Evidence for pos­

sible highly excited states in Be8 and 012 is presented and dis­

cussed. 
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I. SPECTROMETER DESIGN 

General Introduction 

Beta ray spectroscopy has proved to be a very useful tool 

in the investigation of nuclear processes and nuclear structure. 

In addition to the determination of the electron spectra in the 

/3 -decay disintegration of radioactive nuclei the ;8-ray spec­

trometer can also be used in the analysis of the secondary elec­

tron spectrum arising from the interaction of -f'-radiation and 

matter. Such an analysis can be made to give both theenergy 

and intensity of the -f'-radiation. Information concerning the 

lifetime of certain,( -ray emitting states in nuclei, although 

of a less precise nature, can also be obtained. The study of 

internal conversion electrons and pairs as well fall within the 

scope of investigation of the j -ray spectrometer. 

Since for most of the reactions of interest, intensity con­

siderations required a fairly large solid angle, it was decided 

to construct a lens type spectrometer of the type built by 

Deutsch, Elliott and Evans(l). Although the lens type of spec­

trometer has an ultimate resolution which is inferior to that 

of the best designed semi-circular instruments, when the main 

factor in the figure of merit is intensity, the larger solid 

angles available with lens type spectrometer are in its faW>r. 

In this respect also the lens type spectrometer compares favor­

ably with the various double focusing type spectrometers. 

In order to obtain the maximum flexibility in the shape of 

the focusing field, the spectrometer coil was constructed in 
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four separate units. Thus actually, the field shape may be 

varied continuously from the thin lens type of Deutsch, Elliott, 

and Evans through the uniform axial field of Witcher(2 ) to the 

11 U11 shaped field giving minimum spherical aberration discussed 

by K. Siegbahn(3 ), by merely adjusting the coil spacings ap­

propriately. No iron was used to form the magnetic fields in 

this design mainly to avoid the uncertain hysteresis effects 

inherent in instruments involving iron. Thus an obvious advan­

tage of the air circuit spectrometer is that the focusing coil 

current is directly proportional to the momentum of the observed 

particles while for the iron formed magnetic field spectrometer 

a magnetometer must be used to determine the momentum. The max­

imum energy electrons that could be focused with the coils most 

judiciously disposed was set at 20 Mev. With this field con­

figuration protons and alpha particles up to kinetic energies 

of 250 Kev or deuterons up to 125 Kev could also be focused. 

Theoretical Considerations 

The theory of the lens type spectrometer has been frequent­

ly discussed in the literature, with perhaps the most recent sur­

veys given by Zworykin et al( 4 ), and K. Siegbahn( 5 )_ Ontly the 

briefest discussion, mostly for orientation, will be given here. 

Consider an axially symmetric mag:n;etic field, the axis of sym­

metry being the Z-axis of Fig. la. Let r , 0 , and Z. be the co­

ordinates of an electron sheet S. Then for paraxial rays, the 

trajectory can be shown to be given by 
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~r »- ;/z{:Z) . r -
dz'" 4 {.J3f )2 (1) 

where fl (z) is the magnetic field along the axis at the :Z.. co-

ordinate of the sheet and 13f is the "momentum" , t he electron 

sheet is presumed to be monoenergetic. 

A typical "thin lens" type arrangement is shown in Fig. lb. 

For such configurations the source is located on the Z-axis at 

a point where the magnetic field is considerably reduced from 

its peak intensity, such that U/d »/ (Fig. lb). When the 

magnetic field is set high enough, electrons that pass through 

the spectrometer baffle opening will again cross the axis after 

following trajectories somewhat as shown in the figure, the ex­

act path being governed by equation (1). 

At this point it may prove instructive to give an approxi­

mate solution to eq. (1). Referring to Fig. lb, planes A and 

Bare located intersecting the Z axis at points where the mag-

netic field is small compared to its maximum intensity. Inte­

grating equation (1) from plane A to Bthere results 

E, 

(fi~ - {1~l =-4;(°)2 [r11(zJ,,/z ) (2) 

now under the prevailing conditions r is essentially a constant 

equal to t; in the interval A to B and may be taken outside the 

integral. Further the limits of integration may be taken as in-

See Appendix I. 
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definitely large in each extension. Thus equation (2) may be 

rewritten as 
oO 

(3) 

Equation (1) shows that since /l(z) is very small in the region 

from the source to plane A, and from plane B to the image the 

curvature of the trajectory is small, hence {1:;JA,:::::::, f4n c>< = o/u 
/dr) / lo/,. 

and (dZ, -:a ~ tt:1/1 18 ~ - / zr Then substituting these 

in equation (3) 

I -f I 
u ir 

00 

( 4) 

We thus see that this system behaves very much like the optical 

focusing of a thin lens, where it is customary to write 

_j_ -I- .!_ = _j_ 
11 r f 

provided one takes the focal length as 

/= foo#2(z)d':Z 
- "" 

(5) 

(6) 

An exact analysis can be carried out for certain field 

shapes. The field shape typicallycilserved may be approximately 

fitted by the equation 

1/(z) /4 (7) 

d 
where a= iz';µ _ 1 and t,( is the half width at half maximum. With 

If (z \ in this form, equation ( 1) becomes, letting X =-:. 
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r 
(8) 

with 

This equation has been trea.ted by Glaser (6 ) for the case ~=/ . 

As a first approximation when J(, -:/ I , substitute f,.. {l X in 

equation (8), there results when the right hand side is expanded 

in a power series 

(9) 

Then to the extent that the series inside the brackets is inde­

pendent of f(- this equation is of the same type as obtained with 

/A-= I . The first approximation then is to take the solution cf 
K2 

equation (8) with ~=/ , using for /<.z. the value -,,u-0 , and 

using the scale factor implied in the substitution J = 0 X • 

The convergence of the series in equation (9) has been discussed 

by Siegbahm( 5 ). While the expansions discussed in connection 

with equation (9) hold only for r < / ( Z of the order of d ), 
the region in which f > I is a comparatively weak field region 

and as equation (1) shows, has a relatively smaller effect in de­

termining the trajectories. It is of particular interest to note 

the limit which equation (7) approaches asj<~oo and d is held 

fixed. We take 

and 
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Then using L1Hospital 1 s rule 
I 

with 

finally then equation (7) becomes 

(zf 
)((~}-=- /4 e - b . 

Thus with this value of //(z.) equation (8) becomes if X= =lb 
;izl:/ 

and Koe = 4 {bf J .,_ > 

2 '2. ,, J I d r '2 -2x 2. / -z -r r k'I.. = - Kao e = - Koo /-2 X + z X + • • • . 

Thus again to a first approximation the solution to equation (8) 
z '2 

with }<=- I may be used, here however I<, is replaced by K 00 , al-

so noting the difference in the definition of X . 

The solution of equation ( 8) for ft= I may be carried out 

exactly (see Appendix II) giving 

r = s,: w { C, sm~J<,
2

f I{;,;} + C. cos {(K;2
-fl) ~ j} (10) 

with tAJ=arel1111X)-'Jl'<'tAJ<O) and C, and c'2. arbitrary constants. 

The "focal length11 which was given approximately by equa­

tion (6) as well as the location of the 11 focal plane", may be 

determined exactly for the field shape used here. Consider a 

paraxial ray entering from the left in Fig. lb at a distance f; 
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from the axis. Then for x ~ c,0 , w -.o hence we must take c; = o 

and C; = 
,; 

, where upon equation (10) becomes 

) -lT<N< 0 . (11) 

< 2 )A Equation (11) has zeros at ~ +I N = -)?7T or 

zn ci 11'11 
d = - ~ ( K/ + I ) 1/a ')? == ~ ~ 3 • • • • • )t /'l'l,tx ( 12) 

and >1 ,n(lx < ( K/ +I) 1/2. . 

In a practical case the baffles are set so that only the first 

zero is of interest. Then the location of the focal plane from 

the plane of symmetry (i.e. ~,co) is approximately for the 

general field shape of equation (7) 

_ - c.1ln (K ,.
7 

) 0 'I' Iµ. + I ,. 
(13) 

= - ctn __ r __ _ 
(K:, + I ) 1/1. 

We note that for a thin lens is positive, 

thus the paraxial rays entering at the left of Fig. lb are 

brought to a focus to the right of the plane of symmetry ( 2 = o ) . 

As the strength of the lens is increased 2/J,'- eventually becomes 
K2 I K~ 

zero (, -== .S ) and finally becomes negative ( =jf- > 3 ) . The 

conditions of equation (12) show that for a thin lens llmax = I , 

and thus paraxial rays cross the lens axis but once, however, as 

the lens becomes stronger many nodes appear, their number being 

given by 1'/ lf!~x• 
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To find the focal length for paraxial rays we use the 

analogy with the optical case and take 

=- _!_ SI l'l J? 7T 
d (K/+ I) Y:z. 

(14) 

1/z n ,,.. I 2 3 - • • 1.--1 < I Y'z ..LJ) 
J 1 /llfftfX ("1 7 • 

Thus for /7 ==I , the approximate focal length for the general 

field shape of equation (7) is 

(15) 

• 

Since by inspection of equations (13), and (15) and related equa­

tions it is seen that If nr l ';> I ~n~ I the location of the unit 

plane which is ~? - /4/l , is in all cases negative. Thus 

the object unit plane is located on the image side of the plane 

of symmetry (image space) and vice versa even for thin lens 

case, and in this respect differs from the usual optical case 

for thin symmetric convergirglenses. The location of the unit 

planes and focal planes is illustrated in Fig. lb. 

For completeness it should be observed that equation (7) 

substituted into equation (6) gives for )'-=- I to ~ = oc, 
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(16) 

using Stirling's approx-

./ _ -1,/ /J imation 

7100 - II,, z z /-.-,°"=------z=-c(r=i!/2.....,....'b)~.a.-;1.-rz- ~ t-; ff 
0 e T 1 

-oo 
z. 

While equation (15) when expanded for ~ <<I (i.e. a thin 

lens) gives 

fa= 2d 
7T I<,. 

I 

/2~ ~:2fz 
(17) 

fl/'= 7~2 2(2 
'I" 

I«>= 
2/:, 

71 K.! 

Thus the focal lengths predicted by equation (15) for a thin 

lens are too small by a factor 

(18) 

which gives f = I for j,<, =- I , and rapidly approaches f.{" for 

large~. While equation (15) is exact for the field shape 

;t = I and is probably a fair approximation for any~ and mod-
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erately thick lenses (i.e. U and V- comparable to d , since 

for such lenses the higher powers in the expansion of equation 

(9) are relatively less important and it is just here that the 

approximation lies) it would be expected that equations (6) and 

(16) should be more exact for the thin lens case. 

Finally then the thick lens formula to be used is 

I 
(19) 

where where U and 2i are the object and im-

age distances respectively measured from the plane of symmetry 

{ see Fig. lb). Thus when U. = zr (unit magnification) the II length11 

of the spectrometer is 

(20) 

This last equation may be combined with equations (13) and (15) 

to give 

(21) 

Design Procedure 

A. Vacwm Chamber and Accessories 

It was decided that for a reasonable field utilization, 

the best compromise between obtaining of a large solid angle and 

small aberration was to be had by using a spectJWmeter vacuum 
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chamber approximately 10 inches in diameter. Hard drawn brass 

seamless pump liner having an I. D. = 10,000 11 and a wall thick­

ness of .148 11 was commercially available, and was therefore 

used. A 48 11 long section of this tubing was used as the "vac­

uum box 11 in the series of experiments described later; a short­

er length of 36 11 was also available. 

The vacuum in the spectrometer must be hard enough to pre­

vent excessive scattering and energy loss of the electrons be­

ing focused. The curve of Fig. 2 gives the collision mean free 

pth for high energy electrons in air as a function of the pres­

sure. It will be observed that to have the mean free path 

greater than the length of the spectrograph requires a vacuum 

that is better than 2 x 10-4 mm Hg. A 2 11 diameter, 2 stage oil 

diffusion pump backed with a Megavac mechanical fore pump was 

used to obtain the desired vacuum. In some of the arrangements 

to be discussed the spectrometer vacuum system ~s connected to 

that of an electrostatic ao::el~ra,to~. The diffusion pump was ~on­

nected directly to the vacuum chamber by a short length of 2 11 

diameter brass tubing (see Fig. 3). The pump down time to ob­

tain a hard vacuum starting with a cold diffusion pump was about 

30 minutes. An air lock, see Fig. 3, was provided to permit a 

rapid change of target or source assemblies, it being but a mat­

ter of a few minutes to change sources by this device. The air 

lock unit was provided with a set of adjusting screws which per­

mitted one to change the position of the oo urae by small amounts 

to insure its accurate location. The end plate at the source 

end of the spectrometer contained a 3 11 diameter lucite window. 
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A small wattage bulb was sealed inside the spectrometer which 

could be used to illuminate the source assembly which in turn 

was readily visible through the end plate window. A small rod 

pointer which could be accurately relocated was used to indi­

cate where the target or source center should come. This point­

er could be swung into place or moved out of the way through a 

vacuum seal connection. With the pointer in place the air lock 

set screws could then be used to align the source. 

When the beam of the electrostatic accelerator was brought 

into the spectrograph to bombard the target in place, the axis 

of the spectrograph was carefully aligned with the direction 

of the beam. A small quartz disc with fine copper wire 11 cross 

hairs" could be swung into the target position by a lever exten­

sion through a vacuum gland. The arm holding the quartz disc 

and "cross hairs" was mounted on the source end of the center 

baffle slug. This disc was carefully centered on the spectro­

meter axis and permanently in place. When the fluorescent spot 

produced by the beam striking the quartz discs was centered in 

the cross hairs for both quartz discs, the beam and spectrometer 

were Judged to be coaxial. 

B. Focusing Coils 

The field coils were constructed in four separate sections 

as shown in Fig. 3 . in order to obtain a high degree of flexi­

bility in shape of the focusing field of the spectrometer. The 

highest energy electrons will be focused however when the four 

sections are used as the closest spaced unit, centered midway 
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between the source and the detecting window. When the obtain­

ing of the maximum converging power of the lens (minimum focal 

length) is not the prime consideration the coils may be separat­

ed and various field shapes can then be achieved. Since tre 

most adverse electrical and thermal conditions arise when the 

spectrograph is operated at its maximal converging power t.re 

design is considered for the case in which the four coils oper­

ate as a single unit. 

To obtain the highest converging power for the least expen­

diture of electrical power it is apparent that the axial length 

of the coil J (see Fig. 4) should be made as long as possible 

(up to a point J <L ) and that the radii "1?111111 and it' m,1x should 

be made as small as possible. Such a configuration will make 

the best use of the ampere turns in producing useful magnetic 

fields in the spectrometer itself. The versatility obtained by 

separating the coils is somewhat enhanced by keeping~ substan­

tially smaller than L . In the present design L is fixed at 

45 inches and R mm at 5.6 inches from the considerations of 

solid angle and aberrations. With L and Rmm thus determined 

a reasonable value for the length of the coil is£-::::;½; the 

actual value of/ in this design was taken as 20 inches. 

To a fair degree of approximation the field along the coil 

axis can be represented by: 
:i!.l. 

H (z) = !lo e - b ~ . 

From which it follows using Ampere's circuital law that 
00 

4 1rlv'i' =ffl(z)c:/Z =- llo/;fi 
/C) 

) 

-oo 

(22) 
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where N is the total number of turns in the coil and i the 

coil current in amperes while Ho is in gauss and b in centi­

meters. Using the thin lens approximation for unit magnifica-

tion from equation (6) 

L f.f lb (Bp/ 
= -4; = uz/oo -izz¼~ 

n(J e dz 
(23) 

-oo 

Combining this equation with equation (22) there results for 

the total ampere turns required 

!Vt'-= /(}.23fy~ 12/;r (24) 

where d - r===b==-- f ./41, z • 
It was proposed to use water cooling in the present design by 

having cooling pancakes distributed within the coil spaced f 

inches apart, see Fig. 4. With a current density of j amp/in2 

in the copper wire itself and a coil space factor .5 ( cross 

sectional area of copper per square inch of the winding) the 

power generated is: 

. z 
ur= sr; 

where r is the resistivity of copper (8.9 x 10-7 ohms- in at 

100°0). Then approximately (see Fig. 4 for coordinate system) 
% 

d T sr .z 
dx 2 :::: - 1<. I 

at equilibrium where T is the temperature and K is the effec­

tive thermal conductivity for the windir:g. The temperature dis-

tribution within the winding then is: 

T=-
• z. str .1 (x ~ xt) + 7: 

2 /<. 0 
(25) 
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and the difference in temperature between the hot spot and the 

cooling pancake is 
:z 

srt ·2 
g 1<. I (26) 

The actual difference in temperature will be somewhat greater 

than this amount when the number of layers of winding between 

the cooling pancakes is small rather than the continuum of dis­

tribution asswned in this treatment. An estimated value of I< 

which was later confirmed by a ~erformance test is K : 0.01 

watts/in°c for uniformly spaced double cotton covered round 

copper wire of diameter greater than AWG 12 with some impregna­

tion. Since S = 0.7 for such wir~ equation (26) gives 

(27) 

with f in inches and lm.;rx - 7; in degrees centigrade. With a 

cooling plate every inch and an so0 c temperature rise to the . 
hot spot, J = 3100 amps/in2 . If the overall coil space fac-

tor is €.. then in the notation of Fig. 4 the ampere turns are 

given by 

;V; = €// f R/1/~x - lfm111J . (28) 

Then since c/z ~ and it has been decided to take /-:::} , com­

bining equation (28) with equation (24) gives 

<:EjL [R111dx - 1<.mm j = 4. 60 Bf (29) 

Hence since j = 3100 amps/in2, L :: 45 inches, and K,m111 = 5.6 

inches a value of c = 0.4 requires that Rm~x = 16 . 8 inches in 
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order to focus 20 Mev. electrons (6.8 x 104 gauss-cm.). In 

the actual design ~mdx = 15 inches was used. The total power 

diesipated is 

(30) 

which corresponds to 46 K.W. under the present design condi­

tions. 

With an efficient design of the cooling pancake the tem­

perature 7; should be the mean between the exit and entrance 

temperature of the cooling water or 

7; :: 0n + Texrf 
z (31) 

Since the value of / mt:1x beyond which it is not safe to go is 

110°0 and since the design was for an so0 c rise, 7; = 3o0 c. 

With tap water being used for cooling 0n, = 15°0, hence 

Tex,/ = 45°c. Then the rate of flow of water must be 

/;/ersjsec (32) 

with W , the power generated in watts and the temperatures in 

degrees centigrade and where Wq is the power dissipated by 

radiation and convection to the air. Under actual performance 

only 39 K.W. peak power was required instead of the 46 K.W. 

calculated from equation (30). The dissipation of heat into 
-the air was estimated to be 1 K.W. for the peak heating by us-

ing Newton's law of cooling 

(33) 
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where T;, and 7; are the surface and room temperatures respec­

tively in degrees centigrade, in the present design Ts- 7;;::::: 3o"C 

while the total surface area is approximately 3500 in2 . Thus 

the rate of flow required under the actual operating conditions 

is F = 0.30 liters/sec. The water pressure head obtainable in 

the laboratory was 70 psi. The cooling pancakes were ~ade out 

or rolled down copper tubing as shown in Fig. 5. Each of the 

four units of the focusing coil was originally designed to 

have four cooling pancakes spaced every inch of actual winding. 

The separate spirals were connected in series on one plate 

while the pancakes (total of 16) were in turn connected in par­

allel to lower the water impedance. If necessary a large number 

of other ways of connecting the spirals and pancakes was avail­

able. The net water load for the arrangement used consisted of 

16 parallel sections of rolled down 5/16 11 0.D. copper tubing 

( ~ 0.110 x 0.300 11 inside dimensions) each approximately 4 

times 33, or 132 feet long. 

The pressure head for the required flow through such a sys­

tem may be readily calculated. The characteristic dimension or 

mean hydraulic diameter for such tubing is 

= 
2 X , I/ 0 X • 3CJO / 

-4, = O.lro/ 
. IO 

II 

and since the kinematic viscosity 7/ of water at 30°0 is 

8.6 x 10-S ft 2/sec, while the flow of 0.3 liters/sec requires 

a flow velocity of 7r:: 2.9 ft/sec, the Reynolds number R be-

comes 
2.9 X .It/ 7<- rd 4,S ></cJ 

4 - 3',~X/(}-6 X/2 = . - ]/ 
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Since this value is much larger than the critical Reynolds num­

ber of 1-2 x 103 the flow will be turbulent. From the point of 

view of getting an efficient cooling system where the pressure 

head available is large enough so as not to be a limiting fac­

tor turbulent flow is desirable. The relationship between the 

pressure head h, in f~et of water and the velocity of flow 

in feet per second is 

7/'-z. f 
/2 -= 2.f (!-f 1J, + Id -f Ps -f ~) + jo (34) 

with /;
0 

= head lost in entrance and exit pipes in feet 
of water. 

g = acceleration of gravity 32.2 ft/sec2 . 

f, = friction loss in entrance to the tubing _, L 

f = friction factor for the tubing. 

J = length of tubing. 

d = the hydraulic diameter. 

f 3 • friction loss at bends~ l per 90° bend. 

f 4 = friction loss at valves etc. 

The friction factor for smooth pipes and tubing is approximate­

ly given by the formula of Blazius 

I : ,3/t (35) 
:R.zs 

or may be obtained from various engineering books(?). The 

value of / in the present case is o. 022 while estimates of ~', 

<p3 , and <J>~ are 1, 12, and 5 respectively, and /,"::::: 15 feet, thus 

the head required is /2 = 46 feet or 20 psi. In the actual con­

struction only one unit had 4 pancakes the other three units 
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had 3 pancakes each, this load (higher impedance than used in 

the above calculations) gave a flow rate of .29 liters/sec at 

a 70 psi head. 

A generator capable of delivering 60 K.W. to a load of 1.0 

ohm was available to supply the power required. The wire size 

of the winding could therefore be calculated. It wasdecided 

that in addition to having the coil separated into four individ­

ual units each such unit should have four sub units, one between 

each pair of cooling pancakes, with all the electrical connec­

tions brought out. Number 6 AWG double cotton covered wire was 

readily available and proved to satisfy all the requirements. 

The winding scheme is illustDated in Fig. 6, and had 212 turns 

per sub unit or 848 turns per unit. The resistance of one 

half a sub unit is 0.26 ohms at 7o0 c, hence connecting the two 

halves of one sub unit in parallel gives 0.13 ohms. Connect-

ing all the subunits then in series gives a total resistance 

of 2,1 ohms. The copper wire was designed to run at a current 

density of 3100 amps/in2 and since the wire cross sectional 

area is .0206 in2 this gives a wire current of 65 amps or a 

generator current of 130 amps. Thus in spite of the impedance 

mismatch by a factor of two the required current can still be 

supplied by the generator operating at its rated terminal volt­

age. While winding the coils, two of them had copper-constan­

tan thermocouple junctions embedded near the expected hot spot 

region. The 4 subsections of each coil unit were held togeth­

er by an end plate assembly shown in Fig. ?. 
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To protect the coil against the high voltage stresses that 

would result if its current was inadvertantly interrupted while 

at a high value, a selenium oxide rectifier was placed directly 

across the coil with the polarity opposed to the supply voltage 

and with all the switches beyond the rectifier. Thus if the 

current from the supply is interrupted the polarity of the rec­

tifier is proper to permit a circulating current to flow between 

it and the coil until the energy stored in the magnetic field 

is dissipated. 

With the coil connected as described (i.e. paralleled sub­

units which are all in turn hooked in series), the inductance 

has been estimated at 0.70 henries. The requirements on the 

r ectifier unit are that it operate at a forward voltage of 250 

and block even at an inverse voltage of 250, take a maximum 

surge current of 130 amperes and dissipate a transient power 

represented by this peak current flowing for 40 milli- seconds. 

The spectrometer coil was supported on a large wooden cr.a­

dle based on some 4 x 4 beams. The vacuum chamber was also sup­

ported by this cradle through four legs which were adjustable 

in length. The adjustment of these lengths permitted the rela­

tive motion of the chamber with respect to the coils. The cra­

dle in turn was supported on a wooden frame, through the agency 

of four grease pads which had adjusting screws provided to fa­

cilitate making small adjustments in the position of the spec­

trometer as a whole. The frame legs consisted of jacks so that 

t he spectrometer could be raised or lowered and leveled. 
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C. Baffle System 

The spectrometer was provided with a series of baffles to 

lower the scattering within the vacuum chamber and to aid in 

defining the desired focused trajectories. A large fluted lead 

center slug was used to prevent direct radiation from entering 

th~ detector window. Various annular stops were provided as il­

lustrated in Fig. 3. Some of these stops were moveable by the 

agency of rods that extended through vacuum seals. A large set 

of square wire rings equally spaced were used to line the in­

side of the vacuum chamber wall near the central region (refer 

to Fig. 3) principally to lower the wall area "visible" from 

both the source and the detector window and thus lower scatter­

ing. A "paddle wheel 11 type baffle of the type discussed by 

Deutsch, Elliott and Evans was provided to select the positrons 

from the electrons. The fins of this baffle were along the 

helical paths of the desired trajectories. The pitch of the 

helical baffle could be adjusted through a vacuum seal. The 

transmission of this baffle to particles of the proper sign was 

approximately 70 percent while to those of the opposite sign it 

was very close to zero. 

While it was decided to have the source faravay from µ>s­

sible scattering material, a large amount of lead shielding was 

used around the detector window as shown in Fig. 3. The conic­

al aperture in the large lead shield in conjunction with a 

small adjustable conical lead plug were used to set the "ring 

focus 11 • The location of the ring focus was determined experi­

mentally. 
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D. Detector Unit 

A bell Jar counter of the type made by the Radiation Coun­

ter labs, Chicago, having a 1-1/16 inch diameter 1.5 mg/cm2 

mica window was used. In all the ring focus configurations the 

full counter aperture was utilized. These counters have a pla­

teau of approximately 200v and a dead time of the order of 200 

f' sec. 

The quench circuit used with this counter was of the mul­

tivibrator type discussed by Korff(S) and first devised by Get-

ting(g). This type quench circuit has numerous advantages. 

Among these may be listed: a low output impedance which enables 

one to use long leads from the quench unit to the scaling unit; 

the recovery time of the Geiger tube can be matched by adjust­

ing the circuit time constants; the output pulse is independent 

of the counter tube characteristics; the quench tubes operate 

only at normal voltages; the adjusting of the bias on the nor­

mally off tube givesa certain amount of discriminator action 

of the Schmitt type and helps cut down multiples. 

A standard scale of 16 scaling circuit of the type de­

signed by Higinbotham at Los Alamos Scientific Lab was used 

in conjunction with a mechanical counter. 

It is perhaps desirable at this point to make a slight di­

gression and review some of the criteria governing counter sta­

tistics. With the aid of these criteria and the known magni­

tude of the statistical errors that can be tolerated proper 

counting rates and scaling units can be selected. 

The derivation in Appendix III has lead to Poiss6nts law 
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which gives the probability that precisely N pulses be observed 

in the time interval f for random pulses having a long time 
I 

average rate lf = ~ . This expression is equation (34) of the 

Appendix 

(36) 

Consider a source of random pulses with a long time average 
- I N rate ll= z feeding into a perfect scaling circuit of scale 

(i.e. for every N pulses into this unit one output pulse appears), 

the output of which in turn goes to a mechanical counter of dead 

time t. Then the probability that one or more output pulses 

in addition to the reference pulse come within the dead time 

of the mechanical counter is: 

... 

or 

is the uniformly spaced pulse rate into the 

scaler at which the mechanical counter just jams 
"Nc0 • 

Ji,., = e-n. ~ (nN )1 _f_ 
IV ~ 'no JI j=N • 

(37) 

This is precisely the formula that comes up in telephone conges­

tion problems(lO). 

Constant error curves are given in Fig. 8 which illustrate 

the II smoothing action" of a scale of N circuit. For example , 

a mechanical counter which Just Jams at 100 pulses per se~ sup­

plied by an oscillator can count random pulses at a rate of only 
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1 per sec. for a loss of only 1% in the pulses recorded. If a 

perfect scale of 4 scaler is inserted between the source of ran­

dom pulses and the mechanical counter a 1% error in the pulses 

recorded is not reached until a long time average random count 

rate into the scaler is .23 x 4 x 100 (see Fig. 8) or 92 counts 

per sec. Thus by far the largest increase is due to the smooth-

ing of the statistics rather than the obvious factor of 4 

gained by the raising of 7'lo . 

For small N equation (37) is better written as 
J1 N-1 • 

7r _ e-110 N ~ (11N)J_1 
-"- IV - I - L 77 o JI 

" . 
for N = I this Just becomes 

n 
7J:: =- I - e - "'0 

I • 

(38) 

(39) 

The case of count loss inherent in the geiger counter itself 

which has a dead time -/:r
0 

= t~ can be treated using equation (39). 

If the true long time average count rate is J1 the counts lost 

per unit of time J11'1f ar.e J1 Z( or 

, - r -»i<) 
J1,,., = 11 ( ;- e 

hence the observed count rate lie. is 

- - -nlc. 
l1t = 11-/1171 = 71 e . (40) 

This enables n to be determined when a count rate 1'1c is ob­

served, if t, is known. In practice)'/ ic. is held small com­

pared to unity when equation (40) may be approximated since 

Yle ~ J1 as) 

-ii ic -7/c tc ..L ) 
J1c = /1 e ,;::::, J1 c' -= )'/ {;- 11c la 
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or finally 

(41) 

An interesting method for determining ic for a geiger count­

er is the so called "two source method". As the name of the me­

thod implies two radio active sources are required; first one 

source is brought near the counter, the other being at a very 

large distance, and the observed count rate½ is recorded, then 

the other source is brought near, the position of the first 

source and counter tube being held fixed and the observed count 

rate S is recorded, finally the first source is removed to a 

large distance again keeping the position of the counter tube 

and remaining source fixed, and the rate½ is recorded. Care 

must be taken that when the two sources are present the pres-

ence of one does not change the flux of particles from the other 

striking the counter by scattering or the additional conversion 

off-radiation in the shield of the other source for example. 

The natural background in the absence of the two sources J3 is 

recorded. Then with N, and Nz being the individual true count 

rates from sources #1 and #2 respectively, while No is the true 

background rate we have 

Cl = ( ) 
- ic (~+/l) 

Ii{;+ N0 e 

c2 - (N
2 

+ !Vo) e - t, (N2 +No) (42) 

s - (.Ni Iv'. N,) - t<= VV;+ Nz + N") 
1+ z+ (Je 

:B ;V, 
- tcNo 

: ~e • 
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With the count rates such that 

have approximately 

C; ~ /Vj-1 #" - Zc ( /41; + ;¼/'· 

~ = /½ -f I½, - ic (Nz +JV;,) 2. 

S ~ .N; f Alz + f¼ - i (! ( /Vt + N'-z_ -f l1f O ) 2. 

:s ~ I¼ - tc.N/ 

we 

(4J) 

~ r ~ - s - 1, - t"' [(/'I,+ /ti, + I✓• /-1- ;✓,, •- ( 11; + 11. t- ( 1Y, r /{,, t] 
~ ie. ( S-i.-1- 32_ <7/- C/) 

or finally 
(44) 

s-z. + -:s "L - ½ z - C'~ 2. 

In general, very good statistics must be obtained in determin-

ing the various rates since as formula (44) shows the small dif­

ferences between these rates are the important factors. This 

method gave a dead time of some 200fsec for the bell jar coun­

ters used throughout the experiments to be described. Esti­

mates of the desired rates on the counter showed that a scale 

of 16 was adequate to reduce the errors in mechanical record-

ing to a negligible quantity. 

E. Stray Field Compensation 

The spectrometer axis was along the magnetic meridian. 

Thus only the vertical component of the earth's field, which 

was measured as O. J :I: 0.1 gauss, was effective in producing 

a defocusing action. Various arrangements were used to compen­

sate this component of the earth's field; in the final version 
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a pair of large frame rectangular coils 46 11 x 88 11 suspended in 

parallel horizontal planes symmetricallyplaced with respect to 

the spectrometer and separated by 31 11 was used. Fields up to 

several gauss could be produced in the center of the coils. 

When the electrostatic accelerator beam was brought into the 

spectrometer a large analyzing and deflecting magnet some 7 

feet from the spectrometer had to be used, which produced a 

stray horizontal field roughly the order of the .1-.5 gauss. 

A set of large frame coils 41 11 x 60 11 separated 37 11 symmetrical­

ly placed was used to compensate this field. 

The remaining component of the earth's field which was a­

long the axis of the spectrometer required that a slight cor­

rection be made for the spectrometer momentum calibration. 

This point will be diseussed later. 

General Performance and Comparison with Them 

The magnetic field shape was calculated for the centered 

coil configuration using the expression 

!fa= ?l!.l1 frz + l)fe f 4,.,./t:1,_~ u{ 1 ~ _ 1,z- !.) J!;, fer,+/ tt; + &- I tf ~}l( 45 ) 

' /() tl 
2 l~+/a/~{i!-1/t/ \~ ' / C'1+Jt1,Z-1(z-fJ1vfJ' 

where fl=- II 
,;!(tlz-~) 

JV= total number of turns= 3390 

.J = length of coil = 20. 0 11 

a, = minimum radius, previously called J?,,,,11,, = 5. 711 

a2 = maximum radius, previously called l(711tflX = 15.0 11 
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i: • distance along the axis from the center of the 
coil, as before. 

l = the coil wire current, one half of the supply 
generator current for the electrical connec­
tions used. 

This expression is exact for a rectangular cross section coil 

as shown by Deutsch, Elliott and Evans(l). The half width at 

half maximum is 10.4 11 and the value of fia is 65.0 gauss per am­

pere. The field shape is plotted in Fig. 9 as well as the ap­

proximations for ? = I and /A-=- 00 • It will be seen that the 

Gaussian fit (fl=- o0) gives a fairly good match in the region 

where the 
f/4 
t = 76 

field is intense. The use of equation (22) gives 

/ f 
L /'1.4 

guass amp or o-=- ik 
2 

= 12.5 11 , which is not greatly 

in error and indicates the reliability of such design calcula­

tions. 

A series of exp~riments was done in which the point focus 

was used, the opening in front of the counter window being ,t- 11 

in diameter. The shield in which the window was cut was mov­

able through a vacuum seal, thus the source to detector window 

could be changed by small amounts. A stop was placed in the 

center of the spectrometer which permitted three narrow zones 

that were cut in this stop to illuminate the detector window, 

the zones were ½11 in radial extent and had mean radii of 2.62 11 , 

3. 88 11 , and 4. 87 11 • The sourc,e consisted of a thin deposit of 

TA 15 on a . 0005 11 Al foil. The generator supply currents re­

quired to focus the 11 F11 line (.Bf= 1385) are tabulated in Table 

A; the resolution was _, 2%. 
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TABLE A 

Zone Source to Window Distance 

Mean Radius 42.5 11 43.5 11 44.5 11 (Normal) 

4.87 11 ---- 3.035 2.998 

3.88 11 3.178 3.142 3.095 

2.62 11 3.285 3.240 3.195 

zero extrapolation 3.358 3.319 3.272 

The use of equation (21) permits the prediction of the gere:a­

tor current to focus the T/,B-Fline. For the source to win­

dow distance of 44.5 11 and d = 10.4 11 (see Fig. 9) the value of 

Keo is 1.095 which corresponds to a focusing field of~-= 95. 7 

gauss for the F line. This focusing field requires a coil cur­

rent of 1.48 amperes and a generator current twice this or 2.96 

amps., this is to be compared to the zero extrapolated value of 

the observed currents of 3.27 amperes. 

It is of some interest to plot the trajectory for parax-

ial rays in the present configuration as predicted by equation 

(10). With the value K~= 1.095 the curve of Fig. 10 results, 

where for comparison the trajectory for paraxial rays in a uni­

form field is also given. The values of 5 given on the figure, 

namely J : 1. 26 and [ , for the centered coils and the uni­

form field respectively, represent the extrapolation of the ini­

tial trajectories to the plane of symmetry of the spectrometer 

as i!.:: o (see Fig. 1). 

Equation (20) of Appendix I given below for convenience 



/.41 : 

~ ~=l •. 26 

'. 2
!1··- ~ . ..... ··- - .;..; ..... . ·· .··· · ···· ···· - ·· --ii ·······---·• -·· ···--- ······-- .... • •. ' ·· ... c • .:. _c'_ - ~ +- +--'---c·.- ··~ ~--··· " ••··--···~---- : ·-·--·- --- -- - - r--·--

! '✓ I I ( ' I 

:_ "- I ~· rr . • : :,: 
; ' ! c;=2 ·•· ' 
• ' ! ·•·. 

.RA:RAXIAL • RAYS 

I 
I ,.or----==::;:......:.:.··. .... -L ...... --·· ·-··-· -~,-·~ --~7::~· .. ~ ....... ~~~---·- -+-·---········ ··-· ·- ·· - -- -~-. - ···-· ···--r·· - · - ·- ····- ···· . . - .. . .. -·-· - -······· - ··-·· . 

1 , · 
I , .. 

l 
I 

. 8 ·-···--· -···---·---··· : ·--
:~:•i~'-·>. i • 

. . ,_ 

;·. -.. • 

i 

.6~· 
I 
! field 

I 

--·· · ·-- -···---· - -· · ·--

1.2 1.4 1.6 

1 
i 
i 
I 

1.8 2.0 

FIG. IQ 



-30-

(46) 

gives the change in focusing current caused by the aberrations 

for a mean zone radius r; . Since this expression was delt'i ve·d 

for the thin lens case more appropriately t; should be replaced 

by ? I'; , then if I.~ is the focusing current for paraxial rays . 
(i.e. r; = o) then the focusing current, for a general ray will 

be 

+ J J). (47) 

The data presented in Table A has been plotted in Fig. 11, show­

ing the focusing current required for a given zone t; as a 

function of I; z , with the source to window distance L as a 

parameter. The approximation to the curves by straight lines 

as predicted by equation (47) is seen to be quite satisfactory. 

The slope divided by the j'- intercept of the line for L = 44. 511 

is from Fig. 11 . - .00354 in- 2 while the value predicted by 

equation (47) is - .00415 in-2. 

The variation of focal current with the source to windll>w 

distance L can be obtained from equation (21) which for~= 00 

becomes 

(48) 

Using the value of 1.095 there = 16.2 inches 

per ampere of generator current while from Table A the observed 

variation is ~ 21 11 /amp. 
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The data presented in Table A can also be used to determine 

the location of the 11 ring focus" stop. The crossover points on 

the axis for the various zonal rays at the current setting which 

Just focuses the outer zone rays at 44.5 11 from the source as 

well as the approximate trajectories based on equation (10) are 

shown in Fig. 12. The relative location of the bell jar geiger 

counter and its window is also illustrated. The actual lead 

stops are not shown in this figure, but may be seen on Fig. 3. 

As a matter of interest the equivalent optical lens for the 

centered coil arrangement has been calculated, using the equa­

tions in Drude(ll). In the present notation 

n r~ 
- z(n-1) nr- d(n-1) 

= cl+/,;, - 11r:"1t(11-1) 

(49) 

where -n is the index of refraction and r is the radius of cur­

vature of the lens surface (taken as symmetric) with d the half 

axial lens thickness (taken as the half width at half maximum of 

the axial magnetic field). The result of these calculations is 

shown in Fig. 13 for )' =: oo and d = 10. 4 11 , and K_ = L 095. 

The index of refraction becomes n = l. 48, while the radius of 

curvature is r = 5.67 11 • The pertinent dimensions are given 

on the figure. 

The resolution obtained for the centered coil and ring fo­

cus arrangement was adjustable; however, the best over~l per­

formance was at 1.47 percent resolution, the corresponding solid 

angle being estimated at 0.5 percent of a sphere. The mean ac­

ceptance angle of the spectrometer for this configuration was 
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13°. The observed resolution consists partly of the spread 

produced by the source size and partly of the smearing caused 

by the spectrometer aperture geometry. The spread produced by 

the source for the thin lens approximation has been estimated 

by Cosslett<12 ) and Deutsch, Elliott and Evans and is given by 

the expression 
5 (50) 

where S is the source radius and /'; is the mean zonal radius. 

The usual internal conversion source used was .090 11 in radius 

which with ~ - 4. 0 11 makes the source contribution ,.._ . 45%, 

which means that most of the spread was produced by the instru­

ment itself. A more detailed discussion of the effect of 
(13) source size and instrument spread has been given by DuMond 

and Persico (U.4 ) as well as Deutsch, Elliott, and Evans. In ad­

dition to the centered coil configuration, experiments with the 

coils separated into two groups with various separations have 

been tried. Such configurations generally give a larger ratio 

of solid angle to resolution, by observed increases as much as 

a factor of 5. The maximum energy electrons which can be fo­

cused is considerably reduced, by as much as a factor of 2 for 

an extreme case. In general the alignment of the spectrometer 

becomes more critical and the source centering must be done 

very precisely. 

It will be seen (see equations (1), (8), and related equa­

tions) that for a fixed spectrometer stop geometry, source to 

window distance,and a given field shape, I<;" is determined and 
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hence the focusing current (through 1/4 ) must be proportional to 

the Bf of the focused electrons. In fact the focusing current 

will be proportional to J3f for any field shape provided only 

that ffo be strictly proportional to the focusing current. This 

is a great advantage of spectrometers not employing magnetic sub­

stances. The focusing current was determined by measuring the 

milli-volt drop across one of a set of carefully inter-calibrat­

ed manganin shunts. The inter-calibration of the shunts was 

better than O. 05%. The shunt drop was measured with a type K -

Leeds and Northrup potentiometer. The output of the potentio­

meter in addition to being indicated on a sensitive galvanometer 

was also used to supply a signal to the current regulator. The 

potentiometer output was transformed into a square wave by inter­

ruption at alow signal level employing a Western Electric sealed 

pressure relay. This square wave signal was amplified by approx­

imately 100 d!J and was used to control the output of a ½ K. W. 

amplidyne through a phase sensitive push pull amplifier stage 

using h L & /s. The amplidyne output in turn controlled the f:ti.eld 

of the 60 K.W. generator supplying the spectrometer current. Ap­

propriate feedback was used in the amplifier to improve the sta­

bility. The spectrometer current was thus held to better than 

2 parts in 10,000 on the average.* 

I am particularly indebted to C. Dougherty, w. Gibbs, and 
G. Downs for the design and construction of the regulating 
circuit. 



II. GAMMA RAY ENERGY DETERMINATIONS 

USING THE PHOTOELECTRIC EFFECT 

General Introduction 

A method which has become widely used in the determination 

of -Y -ray energies and intensities is the study of the second­

ary electron and positron spectra that -y' -rays give rise to 

when they are allowed to irradiate foils of various materials. 

Of these secondary processes the photoelectric effect is in 

principle perhaps the most suitable since it produces electron 

lines of intrinsically high homogeneity in momentum. To uti­

lize this effect it is necessary to make use of an instrument 

of fairly high resolution such as is available in the various 

forms of /3 -ray spectrographs. Intensity considerations then 

lead to the use of foils consisting of high atomic number ele­

ments and having thicknesses large enough to require a conside­

ration of the scattering and energy loss suffered by the photo 

conversion electrons in emerging from the foil. Even at best, 

however, the use of the photoelectric effect is limited to-I' -

rays having energies less than 4 Mev or so;both because of the 

unfavorably small cross sections at the higher energies and be­

cause of the increasing difficulty in resolving the photo elec­

tric lines from the Compton effect electrons. 

When monochromatic energy -f" -radiation irradiates a thin 

foil a certain amount of photo electric conversion of the'{­

radiation throughout the volume of the foil takes pllce. One 

J 
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such process is illustrated schematically in Fig. 14 as taking 

place at point b within the foil. The photo electron so pro­

duced will then emerge from the foil at some point C after hav­

ing followed a path h~ which will depend on the initial direc­

tion of emission of the electron and the amount of scattering 

it experiences along the path. If the -,Y -ray source and the 

converter are imagined to be discs placed concentrically with 

the axis of a lens type t8 -ray spectrograph and further if for 

the given magnetic field setting of the spectrograph the emerg­

ent electron has both the proper momentum and a trajectory that 

emerges at an angle C1c, with the spectrograph axis which is with­

in the angular acceptance of the instrument it will be detected. 

The spectrum of the electrons from the converter as a function 

of the momentum (i.e. a function of the magnetic field setting 

of the spectrometer) can then be obtained. The result may be 

somewhat as illustrated in Fig. 15. The line shape will depend 

on a number of important factors listed below: 

a. Nature of -1 -Ray Sources. 

b. The Photoelectric Conversion Process. 

c. Source and Converter Geometry. 

d. Scattering of Electrons in the Converter. 

e. Straggling and Energy Loss for Electrons Emerging 

from the Converter. 

f. Instrumental Resolution. 
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Nature of Gamma Ray Sources 

Since the lifetime of a nuclear state decaying by 1" -ray 

emission may be comparatively short for example 10-7 to about 

10-13 sec for dipole radiation, the ! -ray will have an intrin­

sic energy spread. Such 1' -ray widths are in general of the 

order of 100 ev to .01 ev or so and may be neglected for the 

present purposes. 

In a nuclear reaction in which a residual nucleus is left 

in an excited state the residual nucleus may have an appreci­

able velocity at the time when it decays by r -ray emission. 

The -f -ray that is emitted under these circumstances will have 

a Doppler shift in energy which will depend on the exact geom­

etry of the observation and any possible anisotropic correla­

tions inherent in the nuclear process itself. If the lifetime 

of the excited state is long enough the nucleus may trave~ on 

the average, a distance before emitting the -Y -ray which is a 

considerable part of its range, thus resulting in partial stop­

ping. This effect combined with the particular geometry em­

ployed in the target bombardment for the reaction will give 

rise to further complications. The effects encountered here 

are by no means negligible in all cases, however, they differ 

markedly enough from example to example to require individual 

treatment. 

The Photoelectric Conversion Process 

An electron ejected from an atomic system through the photo­

electric effect will have an angular correlation both with the 
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direction of propagation of the 1"-ray and the direction of 

polarization of the 'f"-ray. An expression for these angular 

correlations has been worked out by F. Sauter(l5 ) for the re­

lativistic case using the Born approxirna ti on ;?lr; Z « / where 

f3 = 11/c and <X-= 1} 7 . Thus even for -i,r:::::; C the distribution 

function is rigorous only for Z: <<20 or so, and although the 

interest here is in converter material with Z -;::.;1o this solution 

will be used to a first approximation. An integration of Sau­

ter's result over all directions of polarization consistent with 

a given direction of propagation gives the differential photo­

electric cross section as: 

where fJ is the angle between the direction .of propagation of the 

f -ray and of the electron. A plot of this function for photo 

electron kinetic energies £ of 0.0, 0.20, 0.50, and 1.00 Mev 

is given in Fig. 16. The various curves were normalized to give 

the same maximum cir. To a good first approximation the half 

angle 0 j/7- of a cone with the direction of propagat ion of t he 

f -ray as its axis which includes one half of the total number 

of photo electrons is given by the expression: 

(52) 

The maximum in the distribution occurs at a somewhat smaller 

angle as the following table indicates. 
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TABLE B 

E NEV. f3 0Yz. 0m11x 

0 0 90° 90° 

0.20 .695 46.0° .380 

0.50 .863 30.4° 25° 

1.00 .9411 19.7° 16.5° 

It will be seen then, by an examination of Fig. 16 and equation 

(52),that for high energy~ -radiation the photo-electrons are 

ejected to a larger and larger extent in a lobe in the forward 

direction, while the width of the lobe becomes progressively 

narrower as the -f'-ray energy is increased. 

Source and Converter Geometry 

In the analytical treatment which will be given later the 

concept of the surface brightness l for electron radiation from 

various portions of the surface area of a lamina of thickness 

dx into which the converter foil is imagined to be subdivided 

will prove useful. By analogy with the optical case the sur­

face brightness will be defined as the number of electrons emit­

ted per second per unit solid angle per unit of projected area 

of the surface. In the general case the brightness of a surface 

element may depend on the direction of observation with respect 

to the normal to the surface element. Consider the flux of ra­

diation per second c/L in the solid angle d.fl having an angle 

& with the emitting surface element c:/r illustrated in Fig. l ?a. 

Lett be the effective thick ~ess of the radiating matter, and 



r:, y 

t 

a 

L 

t '>-> \ 

SURFACE BRIGHTNESS 

L 

dn dn 

t 
t << >.., 

dcr, 

b 

r 

C 

FIG.1 7 

N 

da-2 

¼ 
oq 
~ 



-39-

let A be the mean free path for absorption of the radiation; 

then the effective volume of sources is, if t >> A : 

and hence for isotropic sources, 

(53) 

while from the definition of the surface brightness 

(54) 

consequently 

(55) 

Thus when i >>A , which is essentially the definition of a 

black body, the brightness is independ~nt of & or is said to 

obey Lambert's law. For the other limiting case i <<A , as 

illustrated in Fig. 17b, the effective volume of sources is: 

hence again for isotropic sources 

vt'L = ~ i t:lrdil (56) 

and consequently 

• (57) 

Thus when i <<- ~ the SJ. rface brightness is inversely proportion-
dL 

al to cos 6 , while the intensity of radiation d.fl.. is a con-

stant which is characteristic of isotropic radiators. 

The Ye total · absorption length in various materials far 

f -rays having energies between 0.5 and 10.0 m0 c2 is given in 

table C(lB) below. 
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TABLE C 

11¼()~~ ;{: A C1,1 

Jt 

AA~ 

0.5 ,,,...J .20 .92 3.5 

1 .59 1.4 4.6 

2 1.3 2.0 6. 3 

5 2.1 2.9 10. 

10 2.1 3. 5 13. 

* in centimeters 

Since in all the experiments considered later the effec­

tive thickness ¼s & over the range of angles & which is of 

consequence for the i' -ray sources used is much less than any 

of the A 's appearing in table C, the -f'-ray sources may be con­

sidered as isotropic radiators. The situation, however, is en­

tirely different for the source of conversion electrons and a 

detailed investigation of i(&) for these converters will be 

given later. 

It is of interest at this point to recall a well known 

reciprocity relation-ship from Optics. Consider the two differ­

ential areas cir; , and df; orientated at random illustrated in 

Fig. 17c; let r be the distance between these areas and &, and 

0~ be the angles r makes with the surface normals. Then if 

surface dt!i is radiating with a uniform surface brightness i(6;) , 

the flux per second falling on the element dtr; is: 

(58) 

where dJJ.., is the solid angle drz subtends at dr; . This may re 
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written as: 

dL2 =i(&,)C()s &; d~ d1;. ;()/&z. = ,(~) cos&
2 

d'~ /.12
2 

( 59 ) 

where d..fl. 2 is the solid angle surface ~Iii' subtends at d't1z . 

If on the other hand surfaced'~ were the one radiating with 

the same surface brightness that d~ had in the previous con­

sideration, the rate of fluxf.alling on dr; would be; 

hence 

dL 1 = i (&~) CPS 6'2 c/0z d _Q_z 

t(&✓)dL, =; (&z}dL., 

(60) 

(61) 

The concentric diec r-ray source converter combination 

discussed in the General Introduction is pictured in an iso­

metric view in Fig. 18. In the extreme case with /J'J/-- 00 ; 

and hence also very large photo electron energies, the scatter­

ing of the photo electron in the converter can be neglected and 

further the path of the electron may be considered collinear 

with that of the -f'-ray. In the case of the geometry of Fig. 

18, 6}:; &z = & and hence in equation (61) , dL 1 = dLz . 

Thus the surface area d1; of the r-ray source effective in 

the ejection of photo electrons from area c/~ of the converter 

into the solid angle d.11. having directions & and </; , is Just 

that included within the solid angle d .fl. at the -T-ray source 

as illustrated. The photo electron surface brightness of the 

converter at (f°' ~ ) in the direction ( ~ .1 ~ ) will be independent 

off for the range 123, and will be zero for values outside 

this range as Fig. 18 reveals. If the thickness of the conver­

ter dx is very small compared to the Ye absorption for the 

-f"-radiation then the photo electron surface brightness of the 
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p in range 123 
otherwise 

(62) 

where C is a parameter that depends only on the f -ray energy 

and intensity and the material of the converter. 

In Fig. 19 the intensity per unit area, I= t' (~; rf) ~dS ~ , 

for <p-= f is plotted as a function of 01 for various values of 

f . In addition to the extreme case E -1> co , but still ignor­

ing scattering, a rough sketch for E = . 5 Mev is included. 

The geometry illustrated is a typical experimental case drawn 

to a scale of x20. In the case illustrated, as in all other 

cases of interest here, the total converter thickness is very 

small compared to R 2 , the radius of the 1"'-ray source, and 

hence to a first approximation each lamina of thickness dX ,in­

to which the converter is imagined to be subdivided, is an ex­

act replica of any other lamina. 

For the case £ _,._ 00 and an acceptance angle 0o the con­

verter out to f 1=R2 -T-lan60 will have i (G'0 , <p) non vanish-

ing for any 9 while beyond f 11 = x>2 + Tf-c11'16, t ~o., cj>) 

will be zero for all f . For the entire range of ~ ( &o max = 30°) 

used in the experiments, T was often essentially zero and at 

most was approximately equal to 'R2 (see Fig. 14). Hence each 

lamina dx had essentially a uniform surface brightness out to 

f = "Rz. which was independent of p , beyond f ~ ~ 2 the surface 

brightness was essentially zero. For the case E finite the 

variation of surface brightness is more gradual and extends out 
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to a larger f . The case which turns out to be easiest to 

solve is the one in which the whole effective surface of1he 

lamina is considered to have a uniform brightness depending on­

ly on 0 . Ad.mi ttedly this approximation is not very accurate, 

but it will be taken as a reasonable first approximation. 

Scattering of Electrons in the Converter 

The behavior of electrons in penetrating matter is an ex­

tremely difficult problem to investigate theoretically. To 

simplify the investigation it is common to separate the various 

discernable effects and to treat them individually. This will 

be the approach used here. 

The photo electron originating at point b in Fig. 14, 

while traversing the path be in emerging from the converter, 

will in general undergo a comparatively large number of small 

angle elastic scatterings principally through its interaction 

with the nuclear Coulomb field of the converter atoms. To a 

( 1/:::z much smaller extent amplitude amounting to essentially ~ 

times the nuclear case) scattering will also occur from the in­

teractions with the extra- nuclear electronic structure of the 

atoms of the converter material. These collisions are, however, 

inelastic and give rise to an energy loss which is statistical 

in nature and depends markedly on the path length k,s . 
It is desirable at this point to consider the equation of 

state of a system of electrons in matter when only elastic scat­

tering is assumed to occur. Let the density of electrons in the 

s:ix dimensional coordinate and velocity space be f (r ti t) 
' - J - } ) 
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where r is the position vector and ti is a unit vector in the - ,,.__, 

direction of motion and t is the time. Thus for example the 

number of electxons having coordinates ranging from X to X+dx, 

.:f to jl-f d1 , ~ to z- -rdr and velocities ranging from ti; to 1/x+"'u;./ 

~ to V, -r dJ , Vz to 7li-fd1Ji is 

/(~Jr✓ ~✓ 71;,I 7/j-' ~~ i)Ad'y+~rxc/71 cl~ . 
Now / will vary with time due to the convection or drift from 

cell to cell in phase space and also due to the relatively dis­

continuous changes in velocity c aused by the scattering the elec­

trons undergo in the matter. The change in / due to drift may 

be written as 

If the terms involving the accelexation of the system are taken 

as zero, since it is assumed that there are no external fields 

present, the result may be written in a more compact form 

(63) 

Let ti' ( ~ '11" ) be the scattering cross section for deflecting an 

electron through an angle ex ' then r(~ r)d.Il is the probabili­

ty per scattering center that an electron get deflected into the 

solid angle ASL in a direction o<. with the original direction 

of motion. If IV is the number of scattering atoms per unit 

volume than in the time di 

/ (£, fl, -1 J N v-di// (cl, r M SL : / {£; g,t) /ii ir d 1,r ~ r) f IM d()i. 1 
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electrons are lost per unit cell in phase space while 

;Vrd'f 1 j(r1 ff, ;t)tr(~ V-) S/i10< c/cx~;8 
electrons are gained per unit cell in phase space. Fig. 20a il­

lustrates a scattering event accompanied by a change in direc­

tion of o< • Thus f will change due to scattering a net amount 

{!JjJs = ;VI/" ,ltj,r(c<, 71") 5'//'l IX[/ (c, !/ t) -j {!::, I,! 
1 
t)} ,,I« J;s . 

(64) 

Finally then combining equations (63) and (64) there results, 

This equation was first considered by L. Boltzmann (17) and is 

known as Boltzmann's equation of state. The scattering cross 

section tr (tX
1 

1.r) as developed in the theory of single scatter­

ing is large only for small angles o<.. and rapidly decreases as 

(X increases, hence to a first approximation <X will be consi-
/ 

dered as a small angle. Writ~ }! = Ji + ~ 

Now / (.C/l.: t) may be expanded in a Taylor expansion in powers 

of f:!!' on a unit sphere. Then 

where 

Integrating equation (65) over the azimuth f using equa-
2 z 

tion ( 66), only the terms in l1fx and ~ remain and there re-

sults 

,; -jf = -J! • r;,. f + 7r fl fl: + ft.;)!;( ct, 1i) (1- tdSIX) SI.II IX d o1. , 
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(67) 

(68) 

(69) 

Equation (69) which is correct up to fourth derivatives must be 

obeyed by all electron systems experiencing only elastic scat­

tering, quite irrespective of the geometry. 

Consider now an infini te plane slab of thickness 'Z illus­

trated in Fig. 20b, extending from X = tJ to X = Z' • Let / 

depend only on the phase space variables X and & , thus this 

requiree the distribution/ to be uniform over any surface X= )(. 

and !:!:, to be independent of the azimuth angle <p . Since equa­

tion (69) assumes no interaction between electron systems hav­

ing different velocities ?r, consider the systems to be hom­

geneous in velocity. Under steady state conditions,that is dy­

namic equilibrium * ;;; o , hence equation (69) becomes 

;- SI~& JI) (sin&#)- C'OS 0 ;;f = o 

or t( + col & -?J _ 3.. ~os & ~f = o ( 70) 
J& ,fl K. t?X 

This equation was first derived by Bothe(lB) and given careful 

consideration by him and also later by Bethe, Rose, and Smith(191 
Take the surface area cir at a depth X and consider the 

number of electrons per second entering the solid angle d.JL mak­

ing an angle & with the surface normal as in Fig. 20b, then 



-47-

But from the concept of surface brightness 

1% = i (x
1 
fJ) ~11s & /rd.fl 

hence 

But since 

(71) 

is a constant, equation (70) may be written as 

(72) 

Thus if the surface brightness at the surface, for example X = o, 

is known then equation (72) governs the propagation of this sur­

face brightness through the slab. 

As an interesting sidelight into the nature of equation .,,. 
( 72) consider the case in which & <<- z then 

/j I Jt. z Jt' 
J6-z - & J& - K t?X -0 

which has as a particular integral solution 

· I - 6/211::x 
t - 27TK.X e 

(73) 
) 

and corresponds to the transmission of a parallel beam of elec-

trans through a thin slab of thickness X , normalized to give 
olJ 

j i 27T& cl& Note that from equation (73) &2 is given by 

and hence 21<.. is just the mean square scattering angle for a 

unit thickness of slab; this is of course just what equation 
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(67) gives for small angle scattering. To find the total num-

ber of elect:ro ns within a cone of half angle fJ and having as 

(74) 

The term in the bracket being the transmission factor for the 

slab. The experimental results of many investigators,in fact, 

show that when such a mono-energetic parallel beam of electrons 

traverses thin foils the beam will become spread out having an 

angular distribution which is essentially Gaussian in nature( 20,Z!) 

The evaluation of the integral in equation (67) requires quite a 

degree of refinement in order to properly set the lower limit, 

which if taken as zero would cause the integral to diverge. The 

cutoff is obtained by considering the electron screening of the 

nuclear Coulomb potential. Using this cut off, Bothe derives 

an expression for K.. which he then compares with experiment 

through equations (73) and (74). By slightly readjusting the 

value of the cut off he obtained what might be called a semi-em­

pirical fit and gives 

where 

== K.o V + s11 Z / f x.' ra ~t:111s 
V(V+1i:,2-z) A . 

V • kinetic energy of electron in Kev 

X
1 = foil thickness in 10-4 cm. 

(75) 

f, A, and Z:. are the density, atomic weight and atomic num-

ber for the material of the foil. 

Values of K based on this formula are given in table D for 
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Thorium metal foils and various elecxron energies and foil thick-

nesses. 

TABLED 

E (mev) 

mils 0.10 0.20 0.40 0.60 1.0 2.0 4.0 6.0 10 .. 0 

.24 -- 64.5° 35.5° 25.3° 16.6° 9.2° 5.0° 3.4° 2.1° 

.55 -- -- 53.3° 38.0° 24.9° 13.8° 7.5° 5.2° 3.2° 

. 87 -- -- 67.2° 48.0° 31.4° 17.5° 9.5° 6.5° 4 .0° 

2.a -- -- · -- 85.5° 56.0° 31.1° 16.9° 11.SO 7.1° 

5.2 -- -- -- -- 77.0° 42.7° 23.2° 16.0° 7.8° 

To return to the more general case we note that equation 

(29) is separable; take l(X
1
&)-3(&)/t(x.) 

~ /-A t/g 2Cl ~ + C'o (7 H -1- 7Z eos & :.:J ==o 

then 

if,+«l,=o 
(76) 

whence h{x) = C' e-c<x (77) 

Bothe has noticed that in many experiments l (x~ f) is essen-

tially zero, hence he forced equation (76) to have the general 

boundary condition .:J (f) = 0 This leads to eigen values for 

the separation constant o(. say D(5 and the corresponding eigen 

functions _js (&) . Thus the general solution is 

00 

,· (&,x) ~ ?; C's:Js (&) e- {l{sJI. (78) 
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Bothe has shown that approximately 

__g, (~) ==- 2 c~s & (79) 

!Jz (&) ¢ 2 if- (~ cos 3&- 3 eos&) 

33 (&) ~ '{:~ (~3 c1oss& -7d C'eis
3
& + 1s C't:JS & ) . 

Hence if l. (X=-0.1&) is known 

in the functions !/s (&) , and 

then determined and i ( X.1 t9) 

(Fig. 20b) then it may be expanded 
I 

the ~ S of equation (78) are 

is then known. Note that be-

cause of the rapid damping of the solutions s~ 2-' t (x.,e) can 

be taken as simply 
. -/.~3K. )( 

l (x.
1 
&) ~ 2G e()s&e 

,2 
X,?:, 72 

(80) 

Bothe finds that this angular distribution fits experimental 

data well although the "mass absorption coefficient" f does 

not check experiment too well insofar as the Z. dependence is 

concerned, the absorption being less pronounced than indicated 

by O{,~ 
/f for the larger atomic numbers. 

Bethe, Rose, and Smith use a boundary condition which sim­

ply requires l (~&) to be finite for all & rather than the 

one used by Bothe who took i., { X.J f) =- 0 . The resulting eigen 

values for the less restricted boundary condition are 

_fX.s ==- 3.22. (s+ i J z. K , since even for S= I the solution 

is too rapidly attenuated,Bethe, Rose, and Smith suggest that 

the singular solution 

i (~ X) : (X -f-f ( Cos & - /::. X) 
(81) 
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be used along with the exponential solutions. A matching of 

the boundary conditions at the surface X = O is then used in 

determining the constants ex and f , for X ~ -:. the solu-

tion represented by equation (81) alone may be used. 

In the actual application of the scattering theory which 

will be made only electrons which have suffered comparatively 

small energy loss will be consider~d. As will be seen later 

the energy loss depends on the actual path length of the elec­

tron which in turn is affected by scattering. Thus electrons 

that suffer a large angular scattering will in general also 

travel greatly increased paths and thereby lose large amounts 

of energy before emerging from the converter. For this reason 

perhaps Bothe's boundary condition is to be preferred since it 

effectively supplies a sink for electrons having been scattered 

through large angles. 

Straggling and Energy Loss for Electrons Emerging from the 

Converter 

As has been mentioned.,fast electrons in moving through mat­

ter will lose energy mostly through the encounters they make 

with the electrons bound to the atoms of this material. In 

such encounters, however, the energy transfer is not uniquely 

determined, but is governed by quantum mechanical considerations. 

Thus even for electrons that have made a definite specified nwn­

ber of encounters the energy loss can only be given as a spec­

trum. When the average number of encounters characterized by 

a certain energy loss in traversing a certain thickness of ma-
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terial is comparatively small, there will be a considerable 

spread in the actual number of encounters for various electrons 

due to the statistical nature of this phenomenon. Both these 

phenomena combine then in preventing the association of a unique 

energy loss with a specified thickness. While for the motion 

of heavy particles (such as~ -particles, protons and deuterons) 

through matter it has been customary to refer only to the sta­

tistical fluctuations as 11 straggling11 , the term will be applied 

through what follows in a general sense to indicate the degree 

to which the energy loss and thickness cannot be correlated 

uniquely. 

A quantitative investigation, essentially combining the re­

sults of Landau< 22 ) and Bohr(23 ) on the most probable energy 

loss for a given thickness of material traversed, has been un-
• (24) 

dertaken by Christy and Cohen . They have shown that the 

most probable energy loss ~ per length of path X may be writ-

ten as 

where 

~ = € = f [/4 :. +/4 Fe3
- <1- rc)r,' + o.37] 

f2. 
C" - 71 I 

/ C - / -f 7/ 1/2 

(82) 

~ = '¼,~2 -= Bohr radius 

::- o/~ 

and 
2. "1 

~ i~ ~~ J :;)~ 

E t Mf,. A"-: total electron energy: n~~ 

.I = mean ionization potential = 13. 5 2 ev. 
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Equation (82) actuaJ.ly is an approximation in that it is assumed 

that ~ m" <72. >> rx >> I . Fig. 21 shows the most 

probable energy loss per unit path length E in Kev /mil for var­

ious thicknesses and electron kinetic energies in thorium metal. 

An effect which has so far not been considered is the in­

crease in X, the path length, due to the actual zig-zag nature 

of the electron motion caused by the scattering in the material. 

For an electron starting at a depth X within a thin foil, with 

its original direction being along the normal to the foil sur­

face, the actual path length,/ has been calculated by Christy 

and Cohen to be 

/ = - X,n /4 (! - :,,, ) 

(83) 

I 
with the notation the same as for equation (82) and ot== 137 • 

Figure 22 gives .f/x,,, as a function of X/4,,,. while Fig. 23 gives 

X111 as a function of the electron energy, for thorium metal. 

The nature of the approximations involved in the derivation of 

equation (83) make the correction for the path length reasamably 

reliable only if this correction is such that //x~ 2 . 

Since the electrons accepted within the solid angle of the 

spectrometer can start making a range of angles with the surface 

normal of the foil, the true length is further increased to 

~I= e:S & 

Here cos & should be some type of mean cosine for the range of 

initial angles under discussion. For high energy electrons this 
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mean is essentially cos ~ , where &" is the mean angle of ac­

ceptance of the spectrometer. To a first approximation then 

t!1 / (84) 
~ = c~s Go 

which can be assumed to be the same for all energy electrons. 

The classical experiments of White and Millington< 25 ) treat 

the problem of straggp.ng in energy loss for a wide range of elec­

tron energies in thin mica foils ranging in thickness for 2 - 15 
a 

mg/cm2• They find that to/fair degree of approximation the mono-

energetic line source of electrons is spread into a spectrum 

which has a universal shape factor. Thus if the distribution 

of electrons in the spectrum !J(X) is plotted as a function of 

the energy loss X, in units that give X: 29, for the most pro­

bable energy loss, the curve of Fig. 24 results, which is inde­

pendent of the absorbing foil thickness. 

Although they found indications of absorption for the thick­

er foils the experimental results were only able to confirm the 

order of magnitude of the absorption predicted by Bothe. They, 

as well as many other investigators,have found that the actual 

thickness to be associated with an absorbing foil is greater 

than its measured thickness. The results of White and Milling­

ton are in no essential variance with those predicted from equa­

tion (83). 

It should perhaps be pointed out that if the results of the 

White and Millington experiments are applied to a case in which 

the electrons originate throughout the volume of the absorbing 

foil (as for example in the case of photoelectric conversion in 
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a foil) an integration of g(x) properly normalized may be used 

as a first approximation in obtaining the spectrum, however, not 

without some error. In the volume source arrangement the elec­

tron distribution reaching the foil surface, from a thin lamina 

within the depth of the foil, will depend not only on the depth 

of this lamina (i.e. the thickness of foil which must be pene­

trated to arrive at the surface) but also on the amount of ma­

terial backing up this lamina through the phenomenon of back 

scattering. These experiments do not include this effect of 

back scattering. Further, while the curve of Fig. 24 may be of 

a universal nature for the range of foils covered in these ex­

periments it is clear that for both very thin and very thick 

absorbing foils this cannot be the case. For very thick foils 

the treatment based on a complete diffusion theory is known to 

be an accurate description and this gives results which are 

not in agreement with the idea of a universal curve. For very 

thin foils (foil thicknesses of Thorium say for which the most 

probable energy loss is less than,- 1 Kev) a finite number of 

electrons will succeed in penetrating the foil with zero ener­

gy loss. The number of such electrons will increase at a ra­

pid rate as the thickness is decreased in this range. The 

curve of Fig. 24 permits no electrons below 12 
'2'9" the most prob-

able energy loss and hence must be in error for such small 

thicknesses. 
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Instrumental Resolution 

All selective observational instruments reflect in the data 

the effects of their own resolution or stated in the usual termi-

nology such instruments give a result which is the 11 fold 11 of 

their own window curves into the distribution being observed. 

Let P{fi j) be the probability that an electron of momentum 

f directed at random with respect to the spectrograph axis be 

detected when the spectrograph current is set to;·. Let f(fJdj, 
be the number of electrons in the spectrum being observed that 

have momenta between f and f +df. Let the total number of 

electrons detected at the current setting j be F(.JJ . 

Due to the focusing property of the spectrograph, units may 

be introduced in which [ f] = f/J 
Then 

F(;') = 4? {j,j) j(f Jdf . (85) 

Now when the spectrum/ (ji) is a delta function as in the case 

of an internally converted -f'-ray which gives a line f -spec­

trum/ (j) may be taken as 

/ft) = ! <t-;.,) 
line. where fi is the momentum of the electron 

F(j) = ,{P{j,;) J (j-j.Jdj 
ry-') = I'(jo,;) . or 

Therefore: 

Experimentally it is observed that for the lens type f -ray 

spectrograph used and in the momentum range 1 - 10 kilo gauss­

cm. 
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(86) 

for such internally converted lines, where 

_n_ = solid angle of spectrograph 
A_ tr' 
~ - 21 ~ 2 

and r is defined as the instrument reso-

hence 

Thus 

being 

lution. 

LJj_ 7. 

-P(j,j): j;.. e- 2'>'/Ji. 

in general the spectrum of the data F(j) and the spectrum 

observed/{fJ are connected through the relationship 

F(;) = ¾ { e- ~1/ /(,PJ 1f' . (87) 

The experiments to be discussed later show the striking extent 

to which equation (86) fits the experimental observation for 

typical window curves, (see Figures 32 and 47). 

Now if L1 <<I and if l[fi).fL1 .:::<-j(j) then 
~df> °" (/-t>)-z 

F(;"J = ffr frJJ / e- ~·r ay, 
Introducing the variable X = f,iy· J ••• 11 ~ Ax 

(>() ,. 

F9)=j1;/;>t.jf e-x,;/x - fJ j /1/J (88) 
I -6~-ao 

Thus the spectrum f {J) and hence f (fJ can be obtained from F(j) 

with the aid of equation (88). 
°" 

Consider the integral / r:<J) 1· J then 
o I 
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Or 

Using the substitution _!I=- 1j ✓ there re-

sults 
oo I z 

il j[ / - --r ~1-1> / j 
~ -1?r -f je 4:r- 7 /r;,u;. 

The integral inside the braces converges and is only a function 

of L1 , hence may be set equal to T(LJ). Finally then 
00 

!T')f = -?;;(tj)ffr;,Jdf . (89) 

But /4/(f,Jdj is just the total intensity of the source, 
F(_1 J 

thus the area under the _J.;. curve is proportional to the 
I 

source strength. 

For small Ll , T (L1) may be readily evaluated since 

(90) 

This result of course could be obtained directly from equation 

(88). 

In all that has been said so far the source was assumed 

to be an isotropic radiator; if this is not the case, then since 

the spectrograph accepts only particles in the angular range 6!. 
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to &0 -1-d~ , the ratio of the total intensity to that within 

the solid angleJl must be known and the proper corrections 

made. 

It is convenient in some cases to obtain an inversion form­

ula, that is obtaining / (j) when F(/) is known, which is one 

degree of approximation better than that given in equation (88). 

As in the derivation of that equation assume L1 <.<-/ 

before equation (87) may be written 
C() (/- -p)z. 

nj-J = ¾ /=- ?,-ej• j(fJdj 
Introduce the substitution f- j =- Z. then 

, then as 

(91) 

now /(r+J) may be expanded in a Taylor series about j 
/ z /I f (z-,-;J =Jr;)+ z Jt;·J + : fr;)+ • .. • 

When this is substituted into equation (91) and integrated term 

by term there results, 

F(j) =lb!/;>+ ¥/1/ }+ ··-l . (92) 

We now ~( ') F(1) introduce the function Cf// -=- j , then 

4,f I </1 = /(;J+ f /1/J + • • • . 
) 

now since the second term in the right membrum is a small cor-

4~-{ij A.1//.) rection term, ~ 't' \, may be taken equal to / y) in this 
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term, hence 

(93) 

Thus while equation (87) may be viewed as the fold of the win­

dow curve into the primary distribution, equation (93) may be 

taken as the first approximation in the unfolding to obtain the 

primary spectrum. This approximation equation has been indicat­

ed by Owen and Primakoff(26 ). 

The Energy Spectrum of the Electrons from the Converter based 

on an Approximate Theoretical Treatment 

The discussion thus far has been in general terms with only 

occasional references to the problem of determining the observ­

able spectrum of the electrons produced by the photoelectric ef­

fect in foils of finite thickness. Because of the effects of 

scattering and straggling in the foil, the number of electrons 

emerging in a given energy interval will decrease as the energy 

loss increases, leading to a primary spectrum with a maximum 

value for zero energy loss, tailing off monotonically toward 

lower energies at a rate determined by the initial photo electron 

energy and the converter thickness and atomic number. The ob­

servation of such a distribution with an instrument of finite 

resolution will in general result in a shifting of the peak and 

extrapolated front edge of the curve by a magnitude depending on 

the resolution and on the exact shape of the spectrum. We shall 

now turn to specific attempts to account for these Effects. 
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Consider now that the foil illustrated in Fig. 20b is Just 

the photo electron converter discussed above, and further con­

sider only that part of the electron surface brightness at X= X 

due to the conversion off-rays within a thickness dx at X. 

This surface brightness will be taken as uniform over the sur­

face X = X and independent of X as has already been discussed. 

This surface brightness can then be expanded in terms of the 

functions Jts- (&) and then imagined to propogate to the surface 

X: 'Z where it will be assumed that only the first term of the 

series need be considered. Hence, 

(94) 

It will be assumed that the energy loss may be correctly taken 

into account by simply considering the energy these electrons 

will lose in penetrating the thickness 2'- X , rather than modi­

fying the differential equation (69). Further, if for the 

thicknesses of interest the straggling in energy loss is small 

compared to the most probable energy loss all the photoelectrons 

produced at the depth Z-X 0 with energies £ 0 will arrive at 

X = Z with an energy 

(95) 

where the functions ~ (Z'- x) and _L_ are the ones discussed z-x 
under the previous sections. 

Unfortunately this assumption that the straggling can be 

neglected even over a small range of foil thicknesses and elec-
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tron energies is not a very good one. For the time being, how­

ever, we shall proceed with this assumption to see what general 

conclusions result. We shall return to this point again later. 

The location of the peak of the observed photo- line with 

respect to £ 0 the energy of the photo electron just at ejection 

is of interest. The electrons in the spectrum immediately in 

the neighborhood of the maximum are those which have suffered 

a percentage loss in energy roughly of the order of the resolu­

tion of the instrument or less and hence will not have under-

gone extensive scattering in the converter. Hence the ,,/ 
z--x 

term may be taken as unity approximately, further E (e--x) may 

be replaced by a mean energy loss€,,, (,z;K), therefore 

dE ~ €mt9. #f'x . 
C11S " 

If for simplification we consider a shift in the origin of the 

distribution such that~= 0 and consider indefinitely thick 

foils,the number of electrons having energies between E and 

E + di£ in the primary spectrum is 
/,3$ Keo~~ E 

~n =-,1;re/ e €"' c/E --ft:t11&o t:l&o 
(96) 

) 

and the observed spectrum becomes 
. 2 

o (~-E,) 
IV- _LJz CtJ/lSI (tr.Sl. &.) · re I. 33:w,cos~E- 2 (1"2 /E - r r;: .1 1 11 

) c ~ 1. ( s7) 
-1:"~-00 

where rr is proportional to the instrument resolution and will 

be taken constant over the range of integration. 

Let W0 be the full width at half maximum of the window 

curve then writing 
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E=x 

/. 33 KI €.m etJ s 0o = f (98) 

2 r 2 =- • 3( o w/· 
equation (97) becomes, 

'Z 

o (X- X,) 

_!/(x,) - e,,,, jefx e - -~0 w: ,/x (99) 
• 

-co 

The plot of Fig. 25 shows !f as a function of X, in uni ts of W0 

//,Alo al /I for various values off in units of /r, . The v ue of~Nwas 

adjusted to give unity for the maximum value of the function :f • 

The high energy extrapolated edge Xe is determined by extending 

the slope at the point of inflection and is also shown in this 

figure. The largest value of this extrapolated edge occurs for 

the window curve itself, that is f = oo and has the value 

X~ -= . 8So , while the smallest value is ~<!o -=- . S 3 3 for 
W" 
the case f =- 0 . If we let VV represent the observed full width 

Xe /,Al . Wo/.w at half maximum, Fig. 26 gives /'r'# 0 as a function of /' • 

While the values of X~/w0 are limited to within a comparatuvely 

narrow range of values, the displacement of the peak X f> from the 
. x, 

peak of the window curve 'Mo = O , ranges from zero for f = o,() to 

an indefinitely large value for f == 0 • Fig. 27 shows X~V'lo as 

a function of ~Wo. 

It will be shown later after a somewhat more general treat-
the 

ment, that in /range of electron energies £ 0 from <Q. 2 to 1.,0 Mev 

and for instrument resolution widths less than about 5% the peak 

shift cannot exceed the half width at Ye of the maximum of the 
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window curve. This limit is quite insensitive to the exact 

shape of the primary distribution and depends only on the fact 

that the primary distribution which decreases monotonically 

from a maximum at zero energy loss to half intensity at a val­

ue corresponding roughly to th~ most probable energy loss in 

the "transport mean free path 11 • The transport mean free path 

is defined as the distance in which the root mean square scat­

tering angle becomes of the order of ¾ . 
It will be instructiva at this point to consider the other 

extreme case, namely that of 11 thin 11 converters. For thin con­

verters, in which the energy loss is small compared to the re­

solution width, Jensen, Laslett, and Pratt< 27 ) have pointed 

out that, if straggling is neglected, the primary distribution 

can be approximated by a rectangle of width equal to the aver­

age energy loss in the foil, and that the resulting peak shift 

is one-half this width. The straggling in energy loss due to 

the relatively infrequent close collision is as has been dis­

cussed, however, an appreciable factor, and will rave the effect 

of spreading the electron distribution on the low energy side. 

Since the average energy loss is heavily weighted by the smal 1 

fraction of electrons which have lost large amounts of energy 

and which thus will have little influence on the peak location, 

it would seem reasonable that the effective width of the dis­

tribution is better measured by the most probable energy loss, 

which gives more equitable weighting to the majority of the 

electrons. The importance of straggling effects even in the 
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region from 1 to 3 Mev may be judged from the fact that the 

most probable energy loss is about a factor of two lower than 

the average energy loss. 

As a slightly more refined calculation than has been car­

ried out so far the case of a finite thickness of converter 

may be considered. Returning to the case with the origin of 

the distribution at zero energy, we have,referring to equation 

(96), 

(100) 

The factor -f' has been introduced to permit an adjustment of 

the "absorption coefficient" to match the experimental results 

which will be considered later. Thus the following rew.lts 

will be taken as semi-empirical in nature with f to be appro­

priately adjusted. 

The most probable energy for the electrons originating from 

the extreme depth of the foil is 

(101) 
• 

Thus integrating equation (100) from E z to E 0 we have an ap­

proximation to the spectrum for a finite thickness of foil; 

this integral is 

Eo (£-E,)~ 
I _/Z t /, fl ) ( -/. 33 x.-Y ~4 ~&_ (Eo-E)- 2trz. (102) /'I= -;,=-11=,- t!aNS' < ~ JL.) &o '/ e en, d E . 

~ 
It will be expedient to introduce the parameter 
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Thus expanding and regrouping the exponent gives 

Eq I fi.2 (. -z) ~ -z ] e Jzj -ztrtLE-2 ~+"'-tr £+£;+2t><.r~ 
IY= r1r e c?IE 

~ 

Completing the square gives £ 
2 1. o I 2. 

ZC -0((!;,-E,) o<trf ---z[E-(€,+tXtrt)] JE N-=- - e e 2 e zd'" (7/, 

ff" E. 6r 
2 

now letting > =- E- (E=t + ~tr 2
) there results 

.) ,zr 
Eo --=tf £, +tx tr~) 

z -z z r 

/2" 
2(! - IX (£;,-E,) (>(. %tr j -y z.d f 

=- -e e e fi • 
E2 - (E, + otd'-z.) 

-rzr 

Finally this last equation may be readily integrated in terms 

of the error function to give 
'Z 

A'(~)= ('e_.,(e,,-1=;~ ~r { o/ t•.;{:;ctr')+ ey"("' :ftz-2;°''.)} . 
Here again I"' has been taken as constant over the range of inte­

gration, however, it will be considered as a function of E;,. 

Introducing the variables U , /AT, Z and collecting the various 

definitions, 

for Thorium 

ErfS// f~) Eo (~+/022) ~~ (103) 
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where the energy unit is the Kev and the unit of length is the 

mil and 100 ('flft') is the full width at half maximum of the 

window curve of the spectrometer expressed percentagewise, then 

we have 

The peak of this distribution is given by 

J#(w) -=CJ 
JN-

(104) 

or I z. 1 2 f 1 11 -(t<r-u) -(u-w -1- ~) ( 105) 
uii[ef__(w-u)-1 o/(1,1-w+z) ..- e -e 

1 
The shift of the peak from " is then .Ll: {z tr W . A 

I 
plot of UT as a function of U with Z as a parameter is given 

in Fig. 28 a and b . Note that for large Eo., that is U _.,. o,) 

equation (105) gives 

l,(lz= U12_2tlZ-f 2z or 

hence G(Z)[ /] 2' 
L1 = 2 ~ aos &o 

(106) 

which is Just the peak shift discussed under the II thin" foil ap-

proximation. 

For thick foils z--.. 00 , and hence equation (105) becomes 

u ff ( ey ('1<F'..u) rt}= e-(w-~uJ~ 
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now if 

whence 

or 

hence 

which implies 

• (107) 

Combining the definition of E from equation (82) with the def­

inition of U. from equation (103) 

The function within the bracket is very slowly energy depen­

dent hence as far as the energy dependence is concerned 

U = (essentially const) , /o/ )· E. SIi 
_, \ :µ, o + S' II 

For resolutions better than 5% and for energies~ in the 

range 0.2 - 1.0 Mev for thorium converter, the approximation 

that leads to equation (107) is fairly reliable and U. < fir- j 

hence Ll is always less than -{i r which is the half width at !le 

of the maximum of the window curve. Further, to the extent 

that the factor E:,,S-//s may be considered to be independent 
0 + II 
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of £ 0 , L1 is proportional to tr. Thus for thick converters 

the peak shift depends mostly on the instrument resolution. 

This result has also been obtained by Jensen, Laslett, and Pratt 

based on somewhat different qualitative arguments. 

To recapitulate then, the limiting cases for thick and 

thin converters are founded on general considerations and do 

not depend markedly on the exact form of the distribution of 

equation (100). The curves of Fig. 28 as applied to intermedi­

ate cases should be viewed essentially as a method of interpola­

tion between these extreme limits. In this connection the con­

stant~ is available for adjustment to match experimental data. 

Thus while the assumptions made in obtaining equation (100) may 

have seemed a little severe the applicability of the results is 

established. 

Another approach to the problem of accounting for the pri­

mary spectrum and thereby studying such effects as peak shift 

and extrapolated edge shift is to make use of the universal na­

ture of the straggling curves of White and Millington. Unfor­

tunately since this method cannot be applied analytically a 

numerical integration must be performed for each converter thick­

ness and each electron energy Eo. 

The procedure is to divide the converter into a number of 

laminae 0 of equal thickness. Assume that all the electrons pro­

duced within one such lamina originate at the center of the 

lamina and must traverse the remainder of the foil equal in 

thickness to d,, == (Jt-;) S where J is the laminar thick-
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ness and the ?'/ f/, lamina from the front face of the foil is under 

consideration. The most probable energy loss for ~ is then 

calculated and energy units in which X = 29 corresponds to this 

loss are taken, then 

1,33K ~ 

!/11 = c/2 g,,(x) <!= - CtJS&o >t 

represents the distribution from the 'Jt-fJ lamina. Here _;JN ()() 

is taken from Fig. 24 and Bethe's absorption factor has been 

used; d,, appears in the denominator to normalize !In (x) to unit 

area. The total primary distribution is then given by a smooth 

curve through 

z/i 
~ ,,,,,,, ( X) ..:I =- L--- .......,.o/.....,~ ;---,--1. )-(- e 

/!=I ~JI- --7. 0 

(108) 

As an example of this approach a foil thickness and energy 

have been selected which may be compared with experimental re­

sults later. A Thorium metal converter having a thickness of 

.0005 11 was taken and an electron energy£;,= 300 Kev used; the 

value of &" was 13°. The foil was divided into 10 equal lami­

nae. The curve in Fig. 29 shows tha resulting curves; the first 

few }fa, functions are given as well as the re!ul tant sum. The 

dotted curve is for the sum of the first 5 laminae only. More 

will be said of these curves later, under the section discus­

sing the experimental results. 

A type of diffusion theory which is useful in treating the 

problem of neutron slowing down theory( 2a) has been applied in 

a modified form to investigate the nature of the primary distri-
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bution for comparatively large energy losses. We define fas 

the number of electrons crossing energy£ per cm3 per sec. The 

Fermi age equation then governs the behavior of the electrons 

in their motion through the matter of the converter; this equa­

tion is 

.) 

which for a two dimensional problem simply gives 

(109) 

Here Xis the coordinate measured along the surface normal of 

the foil,the origin being taken at the extreme depth of the 

foil as illustrated in Fig. 30a; X = a gives the front face of 

the foil. The variable Z is the so called 11 age 11 given by 

~ 

Z= f t\sAA d£ 
E 3f E 

(110) 

where f is the number of collisions per second and ,,.\ 5 and A,( 

are the mean free paths for scattering and diffusion re spe c,t iv e-

ly. This last equation may be written approximately as, 
E"t, 

i: ~ 1 ~· dE 
~ 

As LiE L1E=~-£ {111) 
J'¾x 3 f)E/Jx 

) 

E 

We try the solution 

in equation {109) which gives upon separation of variables 

~ -+ ry = o 
2;L -f17.d =' 0 
i)Z ..J 

{112) 
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:z 
with - ,,Y as the separation constant. 

:J= ~e-~zz 

/"' A sin ix+ :S etJs--rx 

The solutions are 

(113) 

Now f = 0 at X = O , X = a hence 'J5 == o and t"'= ;)1, thus the 

general solution is 

• 

The physical processes ocouring within the converter are imag­

ined to consist firstly, in the uniform liberation of photo~­

electrons throughout the volume of the foil which then propa­

gate in accordance with Bothe 1 s multiple scattering formula to 

a mean distance As , secondly these electrons are then taken 

as diffusion sources and continue their existence as diffusion 

electrons. With this picture in mind, for Z-=- Z-o , 

(114) 

with 

I 
where Q is constant depending only on the -f-ray intensity and 

photoelectric cross-section. The processes involved may per­

haps be better visualized by referring to Fig. 30a. Thus 
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The actual density of electrons will result upon integration 

(116) 

As / I J with - Z ~ 3 X - X" which represents the II aging" in go-
/ 

ing from the primary source at X to the secondary source _at 

X0 • It is clear that since ~ represents the minimum aging 
3Z' / 32' 

Z > 7 0 hence Xo - As < X < X O + As provided the left 

membrumof th.isi.nequality is positive and the right rnembrum is 

less than a . A typical path of integration over dx0 is illus-

trated by the horizontal arrow in Fig. 30b. This figure also 

shows the [
JT)?'t. J 

behavior of the term ex/- ai. (~-?o) • The 

limits on the integral of equation (116) are 

{ 
xi+~ 

} Xo ll!A X 
As which ever is smaller 

a 

{ 
X

I 3c"' 

} Xo 111Ut 
- As which ever is larger 

0 

The gradient off at the surface X= d then gives the distribu­

tion of electrons desired, or 

(117) 

where it will be recalled, 
'¾ z _ As L1E 

a - 3tt2 Em 
. 
J 

here a mean value for the most probable energy loss t has been 

used. Thus!/ may be obtained as a function of L1 £, the energy 
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loss. The integration of equation (116) has been carried out, 

the algebraic complications are too great to reproduce here, 

and equation (117) applied for a = .0005 11 , Eo = 300 Kev, 

~ = 13°, € 111 = 16.7 Kev/mil and using Bothe's theory, 

The results are given in Fig. 31; they are expected to be reli­

able for energy losses in excess of €As = 4. 7 Kev. The ex­

pectation is that in the region of zero energy loss this theory 

is inapplicable. 

Before concluding this section rnn approximate treatments 

it would be desirable to investigate the possibility of find­

ing coordinates which would enable one to compare primary, that 

is unfolded, experimental spectra of widely different electron 

energies and foil thicknesses. For these purposes the univer­

sality of the White and Millington curve will be used, thus the 

results will not be expected to apply for very small energy 

losses, as discussed. The arguments presented will be in broad 

general terms. Again it will be supposed that the electron be­

havior within the matter of the converter can be thought of in 

terms of scattering and straggling in energy loss separately. 

Thus the primary distribution in depth dN, that is the number 

of electrons in the primary spectrum originating from a lamina 
J • xi 

Cl X at a depth X , will depend in some w.ay on / As due to scat-

tering absorption; here A5 = I. 3; k.. is the mean free path in 

Bethe's theory. While the solutions proposed by Bothe on the 
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one hand and Bethe, Rose, and Smith on the other hand do not 

agree as to the nature of the expression for div' they both a-

gree that it is a function of X/As. The effects of back scat-

tering would be expected to depend on a/As , where a is the foil 

thickness. Hence we take 

Again using the technique discussed un:ier the numerical inte­

gration of the White and Mill:ington curve, these dN electrons 

will experience energy loss and straggling resulting in an en­

ergy distribution 

(119) 

where €',,, is the mean most probable energy loss for the range 

of thickness of interest and ;6(= ,,t/X is the factor by 

vbich the scattering increases the path length. It will be 

recalled under the discussion of path length corrections that 

)' is a function of X/x,,,, however, X,,, is Just As up to some 

multiplicative constants, hence f( = /If ( ½s) • Inte-

grating equation (119) then gives the desired distribution, 
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Thus 

(120) 

We note that the functionF of equation (117) discussed under 
/ 

the slowing down theory depends on the same factors that F 
above does, namely/~ and a;~ s • Thus except for very small 

m s 
energy losses 

t . f ..1£ 
ion o € ;{ 

111 S 

the unfolded distributions when plotted as a func­

with a;As as parameters wou:J_d . give curves of 

a universal nature. 

Unfortunately as yet there is no adequate theory to proper­

ly take into consideration the distribution at very low energy 

losses l'.1£. This part of the distribution will be relegated 

to an empirical survey only. 

Experimental Results* 

The experimental work on the photoelectric effect and its 

application to the problem of determining -f'-ray energies was 

mainly done with two instrument configurations. Some work was 

done with only two focusing coils separated 29" on centers and 

spaced symmetrically with respect to the source anddetector 

window. The resolution used was 3.0% for this arrangement and 

~: 30°. Work of somewhat higher intrinsic accuracy was done 

using all four focusing coils in the centered configuration. 

For this arrangement a resolution of 1. 5% was used, and&"= 13° 

T-he solid angle was estimated to be 0.5% of a sphere. In both 

* Most of the results described here and in the next section 
have been taken from a paper; Hornyak, Lauritsen, and Ras­
mussen (to appear). 
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coil configurations the 48 11 length vacuum chamber described 

earler under the section on the design of the spectrometer was 

used. A more detailed account of the spectrometer structure 

can be found in that section, as well as a discussion of the 

current regulation. 

In some applications a vacuum connection to a 1.4 Mev. 

electrostatic accelerator enabled suitable targets at the source 

position to be bombarded by high energy protons or deuterons 

for the study of prompt and short lived radioactive gamma radi­

ation. Gamma rays produced at the source position ejected sec­

ondary electrons from a heavy element converter immediately ad­

jacent. The schematic diagram shown earler in Fig. 14 illus­

trates a typical source assembly. The source and converter 

were supported by a thin wire and the region around the source 

was completely free of scattering materials for a minimum of 

three inches. Particular care was taken to reproduce accurate­

ly the centering and axial locations of the sources as has been 

described previously and, wkile the diversity in the nature of 

the gamma ray sources required some variation in techniques, 

the geometry of the source assembly was standardized as much 

as possible. 

The internal parts of the spectrometer were centered with 

respect to the tube at assembly. Further adjustment of the ge­

ometrical alig:nment was made by moving the tube with respect 

to the axis of the coils in such a way as to maximize the ob-
P I 

served intensity of the high energy internal conversion X line 

("Bf= 10,000 gauss cm) of ThP. Stray lateral magnetic fields 
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were then compensated, by means of two large, mutually perpen­

dicular coils as dicussed before, to give maximum intensity for 

the comparatively low energy II F11 line from T/; C (Bf= 1385 gauss 

cm), the II I" line (Bf : 1750 gauss cm) being used aa an auxil­

iary check. It was observed that when the compensation was 

properly set, the instrument resolution was the same for all 

of the internal conversion lines. When the compensation was 

incorrect the first sign of maladjustment was a line bro~den­

ing and loss in intensity which was progressively worse the 

lower the line era.-gy. Only after a considerable amount of mal­

adjustment of the compensation were the line shapes asymmetric­

al or noticeably shifted. Because the component of stray field 

parallel to the spectrometer axis was not compensated, a small 

correction to the observed line position was made for the 1.5% 

resolution work. At the time when the lower resolution data 

was taken, this correction was not thought to be significant 

hence no measurement of this component of the stray field was 

made, nor was the direction of the focusing field recorded, 

thus later no correction could be made. The fact that this 

correction was not made is partly reflected in the higher prob­

ableer:ror attached to this data. For the high resolution ex­

periments, this correction is 

J"M. V. 
M. V, 

where S is the axial component of the stray field in gauss,'Bf 

the momentum of the line in gauss cm, and M. V. is the millivolt 

reading on the potentiometer indicating the spectrometer coil 
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current. Since in this experiment a value of S = 0.30 ± 0.1 

gauss was measured, the correction at 2000 gauss cm, for example, 

1·so-.: cf/ • v31o. 

At this point it will prove expedient to discuss the high­

er resolution experiments separately. When all this experiment­

al data has been presented we shall return to consider the 3.0'fo 

resolution experiments. 

In the final high resolution configuration, the spectro­

meter yielded a symmetric curve, with a shape well approximated 

by a Gaussian function (Fig. 32) of width at half maximum of 

1.52%. In general this width will depend on the instrument 

aperture arrangement and the source size. An investigation 

showed that for the range of source sizes used here, the line 

shapes were comparatively independent of source size. 

Internal conversion photoelectrons provide a particularly 

simple indication of the gamma ray energy, if the available in­

tensity is great enough to permit the use of a source of such 

thickness that the energy loss of the electrons may be ignored. 

In such cases, the observed electron distribution is simply the 

window or resolution curve of the instrument and the determina­

tion may be made directly in terms 0£ either the peak or tre ex­

trapolated edge positions. Comparison with a known line of the 

same character then provides the calibration. As an example of 

this technique, and for a calibration required for subsequent 

work, an intercomparison of the internal conversion lines of 
1ft 

the gamma radiation of Th D (X line) and Aa (K and L lines) 

was made. The former line was measured by Ellisl 39)in terms of 
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the I line for which he obtained an absolute value by measure­

ment of the magnetic field. Siegbahn(3o) measured the absolute 

values of the I and F lines by comparing the difference with X­

ray spectroscopic values and obtained momenta on the average 

0.11% lower than those given by Ellis. Taking the mean of the 

two I line determinations and using Ellis' X/I ratio, one ob­

tains a momentum value of 10,000±. 14 gauss cm, or 2.618 ± .004 

Mev for the gamma ray energy. •11-

A 1'11 
The gamma radiation of t,I has been measured in a curved 

crystal spectrometer by DuMond, Lind and Watson(3l) who give 

411.2± 0.1 kev for the energy, yielding values ofBf-= 2219.7 

gauss cm for the K conversion line and75f = 2502.1 gauss cm for 

the L line. The Kand L binding energies used here were deter­

mined from the critical absorption wave length table of Conpton 

and Allison(32 ). Since the L1 , 111 , and Lrrr lines were not re­

solved, a weighted mean value for the L shell energy was used. 

Table E gives the pertinent values for the elements used in 

these experiments. 

See Appendix IV. 
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TABLE E 

Kand L Shell Energies 

EK ELI E E1 III E1 
Element 1rr 

(kev) (kev) (kev) (kev) (kev) 

Thorium 109.8 20.5 19.? 16.3 20.1 

Lead 88.0 15.8 15.2 13.0 15.6 

Mercury 83.1 14.8 14.2 12.3 14.5 

Nickel 8.34 -- -- -- --

For the 11 X11 line measurements, sources of,_, 4 mm diameter 

of ThB were prepared by electrostatic collection from Tn gas 

on .0005 11 Al foils. The thin (essentially mono-molecular) de­

posits so obtained were covered by an additional layex of 

.0005 11 Al foil to prevent recoil Th0 11 nuclei from escaping. 

The Au198 source was plated from solution on a .0005 11 Cu foil 

and had a thickness of L~ss than 0.1 mg/cm2 .* The total activ­

ity of these sources was of the order of 20 )-'- curies. Typical 

curves obtained are reproduced in Fig. 32 and Fig. 33 and the 

resulting peak and edge calibration values in terms of milli­

volts drop across a standard shunt presented in Table F.** 

The indicated locations of the Xa and Xal lines in Fig.32 are 

I am indebted to the Atomic E£~rgy Comm~t3sion for their co­
operation in supplying the Au 8 and Co sources and to Mr. 
J.H. Sullivan for the chemical preparations involved in cer­
tain of the applications. 

** The focusing current for lines having momenta greater than 
4500 gauss cm was measured on a shunt having .13303 times 
the resistance of the standard shunt. 
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calculated from Ellis' data. The close agreement of the calib­

rations attests to the accura.cy of the rnethod and provides a 

relative check on the two independent standards.* 

Measurements were also made on the ThF and I lines, but 

the uncertainties in the stray magnetic field corrections limit­

ed the precision to about 0.5%. The values obtained were in a­

greement with the ratios quoted by Ellis within this accuracy. 

For gamma ray sources in which no appreciable internal con­

version occurs, photo electrons may be produced in an external 

converter of high atomic number as discussed before, using the 

arrangement of Fig. 14. To illustrate the effect of converter 

thickness on line shape at a comparatively low energy, experi­

mental curves of the K conversion in thorium foils of the 411.2 

kev gamma radiation of Au198 are shown in Fig. 34. The source 

used for this work consisted of a 1 mm square of activated Au 

foil. 001 11 thick placed on the back of a .030 11 copper absorber, 

to which were attached the thorium foils.** The copper absorb-

* If one uses the peak calibration for the Au198 to determine 
the X line value from this experiment, a value of 9998 gauss 
cm is obtained, corresponding to a gamma ray energy of 2.618 
Mev with a probable error of 4 kev. The corresponding extra­
polated edge value, which is in this case considered somewhat 
less reliable because of the overlapping with the Xa line, 
yieldsB,.o = 9989 gauss cm ot 2.615.± .006 Mev. This compari­
son has been recently repeated with a resolution of 1.0%, re­
sulting in a"Bp value of 9982 gauss cm for the X line peak 
or an energy of 2. 613± . 004 Mev. 

** Throughout this thesis the converter thickne·sses quoted in 
inches are nominal thicknesses. By weighing these have been 
determined to be: 
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E-y Ee 

Line (kev) (kev) 

ThD K 2618 ± 4 2530 

Au198 decay K 411. 2±. 1 328.l 
198 

Au decay L 411. 2 ±. 1 396.7 

TABLE F 

Calibration Lines 

Edge t 
Bf 

M.V. 

10,000. 211.10 * 

2,219.7 36.89 

2,502.1 52.90 

Peak 1 
M.V. 

208.64* 

46.32 

52.22 

Calibration**: 

t Corrected for axial component of stray field. 

(Bf/M.V.) 8 (Bf /M. V. )p 

47.370 47.92 
9 

47.33R 47. 92, 

47.29Q 47.91~ 

47. 34Q .± .03 47.925 .:l:: .03 

* Including 9 gauss om correction for cover foil; reduced to standard shunt readings. 

** ThD values weighted 3 x; mean of three runs given in table. 

I 
(X) 

t 
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er was used to suppress the continuous ;8 radiation. The ordi­

nates of the various curves have been adjusted only to the ex­

tent that backgrounds of the order of 30%, due partly to the 

tailing of the Land M lines at~ 51 M.v. and partly to general 

radiation, have been subtracted. The intensities plotted are 

for a constant source strength in all cases. 

Perhaps the most significant feature of these curves, from 

the standpoih~ of their usefulness in energy determinations is 

the observation that the intersection of the extrapolated front 

edge with the background is apparently independent of converter 

thickness. A similar set of curves for th~ 717 kev gamma radi­

ation from the reaction 13e9(e/n)E10
*is shown in Fig. 35. The 

curves of Fig. 36 illustrate the two high energy gamma rays ac-
/1 60 

companying the decay of ~o , where the background has not 

been subtracted.* In all cases the ext·rapolated edge values 

for the K conversion lines were found to be independent of con­

verter thickness to within about o.2%. Reference to Table G 
198 shows that the value of the Au gamma ray deduced from tte 

extrapolated edge agrees within 0.1 kev with the known value 

(using extrapolated edges of the internal conversion lines re­

ferred: to above for calibration). 

An inspection of the curve of Fig. 26 shows that observed 

lines having widths twice the resolution or more will have only 

* The cobalt curves were run with only .001 11 Cu absorber; the 
abnormal intensity of the L lines is due to the superposi­
tion on them of the internal conversion Klines, shifted by 
the energy loss in the absorber. 
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small variations in the location of the extrapolated edge. The 

calculated difference in the extrapolated edges for the .00025 11 

and .003 11 curves for thethorium converted Au198 radiation of 

Fig. 34 is 0.053 M.v., which is less than the experimental er­

ror. However, an absolute shift in the extrapolated edge, 

based on Fig. 2~ of 0.18 M.V. (2.0 kev) should have been ob­

served for the .0005 11 data of Au198. This discrepancy amounts 

to about 2.5 probable errors. An explanation of this discrep­

ancy will become clear presently. 

The height and location of the peaks and the magnitude of 

the low mergy side of the distributions, on the other hand, ar e 

clearly affected by changes in the converter thickness. Be-

tween the .00025 11 and the .0005 11 curves in Fig. 34, one observe 

an increase of intensity and a shift of the maximum toward low-

er energy. As compared with the expected peak for zero convert­

er thickness, the .00025 11 peak is shifted by 1.7 kev and the 

.0005 11 by 3.2 kev. For thicknesses greater than .0005 11 one ob­

serves no further shift or increase in peak intensity (the inten­

sity actually decreases somewhat because of the absorption of 

the gamma radiation) and only the lower energy tail seems to be 

affected. · 

In an effort to ascertain the primary distribution of the 

electrons emerging from the converter, some of the experimental 

curves of Fig. 34, Fig. 35,and Fig. 36 have been 11 unfolded11 , 

i.e., the effect of finite resolution removed. The method de­

scrj.bed under a previous section on instrument resolution was 
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used to obtain a first approximation. Further successive ap­

proximations were made, at each stage the window curve was fold­

ed into the "candidate" primary spectrum as a test. This pro­

cess was repeated until a satisfactory primary spectrum was ob­

tained. Although such a procedure cannot in general be expect­

ed to reveal changes occurring in intervals small compared to 

the resolution width (7.3 kev), in this case the unfolding was 

facilitated by the fact that the upper limit of the primary 

spectrum in each case was known. The location of the upper 

limit for the Au198 was determined from the known calibration 
/() -if /1 hd 

while upper limit for the B and ~o photolines was deter-

mined from the subsequent energy determinations. The curves of 

Fig. 37, which exhibit the inferred spectra for three converter 

thicknesses for Au198 , show that the number of electrons per 

unit momentum interval emerging from the converter drops very 

sharply in less than ,-..J 3 kev and thereafter falls more gradual­

ly at a rate depending on converter thickness. The ordinates 

in these curves are in the same (arbitrary) units as those of 

Fig. 34, to facilitate comparison. As a check on the reliabil­

ity of the inferred primary distribution, the .0005 11 converter 

curve was repeated at a resolution of 0.65%, using a smaller 

source, and introducing several other modifications in the spec­

trometer. The primary spectrum representing the best fit for 

the two resolutions is shown in Fig. 38, where the numerically 

integrated folds with gaussians of 0.65% and 1.5% are also 

shown, together with the experimental points. This inferred 
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distribution agrees well with the corresponding one in Fig. 37; 

the rapid change in slope of the curve is again very pronounced 

and permits a more accurate location of the break to be made as 

2.5 1 kev. Figure 39 shows the unfolded curve for the .0005" 
/tr"k 

converter thickness for the B f'-radiation, and Fig. 40 

C bO 
gives the inferred primary spectrum for o radiation and 

.001" converter. Again the ordinates of these curves have been 

kept the same as in Fig. 35 and Fig. 36 respectively. All the 

unfolded curves indicate that the area under the 11 spike 11 divid­

ed by the ordinate obtained by extrapolation of the slowly vary­

ing tail to zero energy loss is approximately independent of 

both the energy of the gamma ray and the thickness of the con­

verter. The existence of this large number of electrons with 

small energy loss accounts for the fact that the extrapolated 

edge is relatively independent of converter thickness. However, 

with a considerably broader window curve, one might expect the 

influence of the back slope to become relatively more important, 

resulting in a detectable edge shift. A detailed comparison of 

the unfolded experimental curve for .0005 11 converter and Au198 

radiation, with the various theories is made in Fig. 41. The 

curves were all normalized to give a constant area out to 

L'.1£ = 10 kev. The window curve is also given for comparison. 

It will be seen that the numerical integration of the White and 

Millington curves (smoothed out) and the curve based on the 

scattering absorption of Bothe's theory, coupled with a most 

probable energy loss associated with depth, are virtually co-
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incident. The free parameter -r' in this latter curve was taken 

as 0.85 to match the observed peak shifts, to be discussed la­

ter. While neither of these curves are in particular agreement 

with the observed curve, they are womewhat better than the spec­

trum predicted by the "slowing down theory". All that will be 

required of the curve based on the absorption theory is that it 

give the proper interpolation of the peak shift function between 

the two extreme limiting cases that have been discussed. In 

spite of the apparent lack of agreement with observation as to 

the exact nature of the spectrum this theory gives the desired 

interpolation adequately well. 

It is of some interest to investigate the extent to which 

the tails of the experimental inferred primary spectra (i.e. 

primary spectra with the "spikes" removed), can be represented 

as a set of universal curves. It will be recalled that theory 

was presented which indicated that if these spectra were plot­

ted as a function of 1~ with ~s as a parameter, such uni-
m s 

versal curves would result. Here a is the converter thickness, 

As the scattering mean free path, cm the most probable en­

ergy loss per unit length, while L:1£ is the energy loss for a 

specific portion of the spectrum. The various experimental 

curves of Fig. 42 are seen to interlace quite satisfactorily 

with <::1/~s increasing monotonically as the tailing becomes more 

pronounced. 

The behavior of the distribution as a function of energy 

was studied using K photo electrons produced in a .0005 11 thor­

ium foil by the following gamma rays: 
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(a) Au198 radiation (411.2 kev) - .030 11 Cu absorber and 

.0005 11 Th converter. 

(b) Li7* radiation (478 kev) - produced by bombardment 

of a Li target by protons: same absorber and con­

verter. 

(c) Annihilation radiation (510.8 kev) - from 10 min 

N13 produced by bombarding a .010 11 thick graphite 

target with deuterons; same absorber and converter. 

(d) B10* (717 kev) - produced in the reaction Be9 (dn)B10* 

by deuteron bombardment of an .004 11 Be target with 

the .0005 11 Th converter only. 

The observed spectra are illustrated in Fig. 4~ where the 

momentum scales have been adjusted by multiplication to bring 

the front edges into coincidence. The location Bfi:J3fo • 1.000 

corresponds to the true position of the photoelectron line, de­

termined absolutely for the Au198 radiation. In Table G, the 

gamma ray energies derived from the observed extrapolated front 

edges are presented, including the Co60 determinations from 

Fig. 36. 
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TABLE G 

K-Line Extrapolated Edge Determinations - .005 11 Thoril.,llll Converter 

resolution 1.5% 

'(-Ray Source 
M. V. M. V. t Bf ff Ee Ee+ Ek 

(current) (current) (Gauss-cm) (kev) (kev) 

Aul98 decay 44.34 44.48 2106.1 301.3 411. 1 .::b .6 

Li7* 50.28 50.42 2387.3 368.5 478. 3 ±. .7 

+ annihilation 53.07 53.21 2519.4 401.0 51. 0 . 8 ::l: .7 e 

BlO* 69.90 70.04 3316 . 3 606.9 716.7± LO 

co60 decay (a) 13.932 104.86 4965 1062-8 1172.5:f.2.5 

coso decay (b) 15.485 116.54 5518 1220.4 1330. 2± 2. 9 

t Values reduced to standard shunt readings, and corrected 
for axial component of stray fields by adding 0.14 M.V. 

j Using as a calibration Bf/M. V.:: 47.349 ± .03. 

An independent check on the consistency of the data and support 

for the as sumption that the extrapolated front edge does not, 

within the present uncert a inty, require correction for converter 

thickness is provided by the close agreement of the observed 

value of the annihilation radiation to the known figur e of 510.8 

kev(33 ) _ The probable errors indicated include estimates of 

uncertainties in matching the curve s and subtracting background 

in addition to such systematic errors as appear in current meas­

urement, source location>and stray field corrections. 

Examination of the curves of Fig. 43 shows that, as the 
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energy is increased, the tail of the distribution becomes less 

prominent compared to the resolution of the instrument, which 

is given by a constant width on this plot. The peak locations 

for the four curves are identical within the experimental error 

of about 0.1% and indicate a displacement downward of 0.66% in 

momentum. That the peaks coincide in this case is to some ex­

tent fortuitous; a thinner converter would be expected to give 

a relatively smaller shift at the higher energy (compare Fig. 

44). 

It would appear from these experiments that, as long as 

variations in source diameter sufficient to affect the window 

curve are avoided, the extrapolated edge determination is to 

be preferred because of its relative indeperrlence of converter 

thickness. However, in many practical cases, uncertainties in 

the background and the interference of neighboring lines may 

make ruch determinations more difficult than the location of 

the peak. 

As has already been pointed out, if peak values are to be 

used, allowance must be made for the converter effects. The 

corrections to be applied were roughly estimated from consider­

ation of the effect of folding the window curve into the charac­

teristic primary distribution. The limiting peak shift for 

"thin" converters is given in Fig. 44 by the dashed curves ex­

tending horizont~lly to the right. The limiting peak shift for 

"thick" converters is aloo given in Fig. 44, represented by the 

dashed diagonal line. The constant 4 required for the :interpo­

lation formula has been adjusted to fit the experimentally de-
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termined shifts for Au198 and annihilation radiation. 

The extent to vbich these effects are applicable may be 

seen, at least qualitatively>from the distributions of Fig.34 

and Fig. 37. Photo electrons that are produced at a depth with­

in the converter such that the most probable energy loss suf­

fered in emerging from the foil is less than approximately the 

resolution of the spectrometer will be the most effective in 

determining both the location and the intensity of the observed 

line peak. In the present case this amounts to energy losses 

less than 8 kev or a depth less than about .0003 11 of thorium. 

Thus it is observed that the increase of the peak intensity in 

going from .00025 11 to .0005 11 is comparatively slight although a 

shift in the location of the peak to a lower energy is awarent. 

Increasing the foil thickness beyond the ~esolution depth" 

should however materially increase the prominence of the tail 

just below the peak until a thickness comparable to the trans­

port mean free path is reached. The transport mean free path 

is estimated to be .0004 11 for this energy. After a thickness 

of the order of two or three times this value is reached, very 

few additional electrons are observed even in the tail. The 

"cut off" used in the theory is indicated in Fig. 37 for the 

.00025 11 foil thickness. The absence of any sharp discontinuity 

in the .00025 11 curve at this energy loss emphasizes the approx­

imate nature of the theory used. The ''cut off" is also given 

for the curves in Fig. 39 and Fig. 40. 

At this point it may be profitable to give an example of 

a case in which using a foil of thickness greater than the 
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11 saturation 11 thickness discussed above, results in an unfavor­

ably large relative background and thus a subsequent loss in 

precision. Figure 45 shows the conversion of the Co60 f' -radi­

ation in a .003 11 thorium foil, both including the large back­

ground. The shift in the peak location and the general distor­

tion are apparent in this figure. 

An illustration of a case in which it is difficult to sup­

press the background is shown in Fig. 46. Here the 2.62 Mev 

1'-radiation from ThD was converted in various thicknesses of 

thorium metal foils. Since this 1' - ray is very strongly in­

ternally converted, sufficient copper absorber must be added be­

tween the source and the converter to shift the location of the 

internal conversion line that penetrates the converter, and 

'Which would otherwise obscure the external conversion line. 

The use of too large a thickness of absorber must be avoided, 

however, otherwise a large Compton background is introduced. 

The thickness of copper absorber used was .005 11 , the curV:es of 

the fi gure are for .001 11 , - .003 11 , and .005 11 of thorium convert­

ers. 

In Table Hare presented the observed peak locations for 

the various gamma rays converted in .0005 11 of thorium discussed 

ea:djer, together with the estimated shift values .L1 (in paren-:­

theses) taken from Fig. 44. The peak shifts for the known 

lines are given along with the probable errors; these values 

are plotted in Fig. 44. 

Auxiliary check points, to test the reliability of the 
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TABLE H 

Peak Determinations, .0005 11 Thorium Converter, resolution 1.5%, 

M.V. M. V. t BF ff Ee Ee + EK L L1 E-( 1 -Ray Source Line 
(current) (current) (Gauss-cm) (kev) (kev) (kev) (kev) 

-

Au198 decay K 43.53 43.67 2092.9 298.2 408.0 3.2 411.2 
-

Li 7* K 49.36 49.50 2372.3 364.8 474.6 (3.8) 478.4 ±.q 

Au198 decay L 51.24 51.38 2462.4 386.9 407.0 4.2 411.2 

e+ annihilation K 52.10 52.24 2503.6 397.1 506.9 3.9 510.8 

BlO* K 68.63 68.77 3295.8 601.4 711.2 (4. 9) 716. 1 ± J.3 

co60 decay (a) K 13.718 103.26 4949. 1058-2 1168.0 (4.2) 1172. 2 :i:. 2,5 

0060 decay (b) K 15.275 114.96 5509. 1217. 8 1327.6 (4.0) 1131.6 ±, 2.q 
-

t Values reduced to standardlhunt reading, and corrected for axial com­
ponent of stray fields by adding 0.14 M.V. 

f Using as a calibration Bf /M.V. = 47.925 .± .03. 

I 
(() 
CJl 
; 
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shift curves of Fig. 44 can be obtained from the data relating 

both the "known" and "unknown" lines converted in foil thick­

nesses other than .0005". The uhknown 'f'-ray energies are de­

termined by using the data in Tables G and H for .0005 11 con­

verters, thus enabling one to calculate the shifts for the other 

foil thicknesses. Table I shows these values, also they have 

been plotted in Fig. 44. The agreement between the semi-empir­

ical curve and the experimental points is on the whole satis­

factory. 

While no great claim to precision can be made in the argu­

ments on which the peak shift corrections are based, a compar­

ison of the values of Table G with those of Table H indicates 

satisfactory agreement between the two sets of determinations. 
7;~ 

It may be remarked that in the case of the Li radiation, the 

fact that the line is bracketed between two known values makes 

the determination almost independent of the corrections ad­

duced above. For the Co60 , a direct extrapolation, ignoring 

the peak shift would lead to values about 6 kev higher than 

those quoted in Table H. 

We will now return to the experiments done with 3.0% reso­

lution. These experiments will not be described in great de­

tail, since in general this work is less precise than that car­

ried out at the higher resolution. In its final low resolu­

tion configuration, the spectrometer again yielded a symmetric 

window curve, with a shape well approximated by a Gaussian 

function (Fig. 47), of half width 3.ofo. The momentum calibra­

tion of the spectrometer for this configuration was determined 
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Au1ffi decay 
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co60decay (b) 

ThD* 

II 

II 

TABLE I 

Peak Shift Determinations for var~ous 1 -rays 
(K-Lines, resolution 1.5%) 

Foil M.V. lv1.V. f BP t Ee 
Thickness (Current) (Current) (Gauss cm) (Kev) 

.00025 43.66 43.80 2099.1 299.7 

.001 43.50 43.64 2091.4 297.9 

.003 43.50 43.64 2091.4 297.9 

. 00025 68.94 69.08 3310.7 605.4 

.001 68.44 68.58 3286.7 599.0 

.003 68 . 30 68.44 3280.0 597.2 

.001 13.690 103.05 4939. 1055.4 

.00.3 13.55 102.0 4888. 1041. 

.001 15.240 114.70 5497. 1214.4 

. 001 27.37 205.89 9867. 2491. 

.003 27.26 205.06 9828 2479. 

.005 26.96 202. 80 9719. 2447. 

EZ + E~, L E -f 
Kev (Kev) 

409.5 411.2 

407.7 411.2 

407.7 411.2 

715.2 716.4 

708.8 716.4 

707.0 716.4 

1165.2 1172.4 

1151. 1172.4 

1324.2 1330.9 

2601. 2618. 

2589. 2618. 

2557. 2618. 

t Values reduced to standard shunt reading, and corredted for axial 
component of stray fields by a dding 0.14 M.v. 

f Using as a calibration Bf /M.v. = 47.925 ± .03. 

Ll 
(kev) 

1.7.:1: .9 

3. 5.:1: 1.1 

3.5 :J: l.4 

l.2 :f: L5 

7.6 ~]. 7 

8.6 :J: 1.9 

7-2 :E: 3.3 

21 ± 7 

6.7.:1:3. 6 

17 :l: 9 

29 ± 8 
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from the internal conversion 11 F11 line (1.385.8 Gauss cm) shown 

in this figure. The resulting peak calibration is 55.17 :l::: .2 

Gauss cm per millivolt. As stated earlier no correction for 

the axial component of the stray fields was made, the magni­

tude of the correction that would have been appropriate was 

included as one of the sources of error. 

In general the sources used in these experiments were of 

the same size and assembly as the corresponding ones in the 

higher resolution work. A typical low energy thorium convert­

ed line is the one shown in Fig. 48, for the 1'-radiation from 

the excited state in Li7* for a .001 11 thick converter. While 

an example of a high energy line is shown in Fig. 49 for the 

-(-radiation from the excited state of c13* produced in the 

C ,2 ( ..1 -1, ) C 13 -1( reaction a r , the converter thickness was 

.003 11 • 

The results of the several measurements made with various 

f-rays and converter thicknesses, relating to peak determina­

tions, are given in Table J. The normalization of the interp­

olation expression for peak shifts based on the Au198 and an­

nihilation radiation points gave -r = 0.85, which is just the 

value obtained for the 1. 57~ resolution experiments. The ccurves 

of Fig. 50 show the peak shift correction as a fun:: tion of e­

lectron energy and converter thickness. The normalization 

points are plotted. The value of the shifts for the 11 unknown 11 

lines are taken from this figure and are given in Table J. 

The energy determinations for the B10* and Li7* ,Y-rays are 
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1 -Ray Source 

Aul98 decay 

II 

e+ annihilation 

II 

Li7* 

II 

B 10* 

II 

cl3* 

TABLE J 

Peak Determinations, resolution 3.0% 

Line Foil M.V. B(J ff Ee Ee + EK L Ll E-f' 
Thickness (Current) (Gauss cm) (Kev) (Kev) (Kev) (Kev) 

K .001 37.78 2084. 296 . 2 40&.0 5.2 1. 1.0 411.2 

L .001 44.41 2450. 383.8 403.9 7.3 ¾ 1.4 411.2 

K .001 45.00 2483. 391.9 501.7 9.1 :!:. l.9 510.8 

L . 001 51.63 2848 . 484.2 504 . 3 6.5 :¼; 2.5 510.8 

K .001 42.78 2360. 361.8 471.6 (5.8) 477.4 ± 1.4 

L . 001 49.42 2726. 453.0 473.l (7.4) 480.5 :I: 2.4 

K .001 59 . 56 3286. 598.8 708.6 (9 . 8) 718.4 ::l: 3.1 

K .003 58. 94 f 3252. 589.7 699.5 (11.l) 710.6 :!: 4 .0 

K . 003 207.32 t 11437. 2956 . 3066. (30.) 3096. :r 17 

t Values reduced to standard shunt reading, using a shunt r a tio of 
3.747. 

tr Using as a calibration 55.17 .± .2 Bf /M.V . 
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seen to be in good agreement with the values obtained in the 

higher resolution experiments. 

If the extrapolated edge calibration of 53.73 ± .2 gauss 

cm per millivolt, based on the window curve of Fig. 47, is used 

in conjunction with the extrapolated edge observed for the K -

line from the Au
198

-f -radiation, a value of Ee+EK. :. 408.9 ± 

1.0 kev results. Thus an extrapolated edge shift of 3.3 ::J:. 1.0 

kev is required, since this 'f-ray energy is known to be 411.2 

kev. The observed half width at full maximum for this line 

was 7.0%, hence using the curve of Fig. 26, an edge shift of 

2.5 kev would be expected. Thus as discussed before, when the 

window curve is broad enough to allow the back slope of the 

primary distribution to materially influence the observed spec­

trum near the front edge, an edge shift should appear. 

The Doppler Effect and the Determination of Level Energies 

In the cases of the Li7*, B10*, and c13* radiations, an 

appreciable correction for Doppler effect is involved in the 

determination of the energy of the excited state because of 

the center of mass motion. The shift associated with a center 

of mass velocity along the spectrometer V is, neglecting ef­

fects of order V;c-z and assuming isotropic disintegration, 

where cos & is the mean cosine of the angle between the spec­

trometer axis and the gamma rays producing plx:to electrons in 

the acceptance cone. An estimate of cos ~ can be made if the 
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scattering of the photoelectrons is neglected and if the angular 

distribution of the photoelectrons is simply taken to be a delta 

function at the angle 

with the direction of the gamma ray, where f3e is the velocity of 

the photoelectron in units of the velocity of light. Then for 

the geometry in question, with&~ the acceptance angle of the 

spectrometer 

Table K gives the calculations leading to the values of d , as­

awning that the residual nucleus has not been stopped before 

the emission of the gamma ray. 

Reaction 

Li7 (p p 1 ) Li 7* 
Be9 (d n)BlO* 

012(d p)Cl3* 

TABLE K 

Doppler Shifts 

Bombarding V 

Voltage (Mev) C 

1.05 .0059 

.96 .0058 

1.17 .0050 

J 
I)) 6;, cos& (kev) 

38.5° 13° .78 2.2 

27.1° 13° .86 3.6 

8.5° 30° .85 13. 

The scattering experienced by the photo electrons will in gen­

eral reduce the Doppler shift, since radiation emitted at large 

angles to the center of mass motion will contribute to the spec­

trwn. In an experimental comparison of the gamma ray from the 
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decay of Be7 with that accompanying the inelastic scattering 

of protons by 117 , the Doppler shift was found to be 1.6 kev(34 ) 

for the same geometrical arrangement used here. The calculated 

shift for BlO* has accordingly been reduced by the same propor­

tion in the computation of the final values, even though at 

this higher energy the scattering is certainly less important. 

However, it is felt that the scattering is sufficiently less 

pronounced at 3.0 Mev, so that the full calculated Doppler 

shift should be used for the c13* radiation. Table L presents 

the final values, using the means of Tables G and H, and ~n­

cluding the estimated Doppler shifts. 

TABLE L 

Gamma Ray and Excitation Energies 

Reaction 
E1 J Elevel 

(kev) (kev) (kev) 

Li7(p p I) Li 7* 478.3 :i:: .6 1.6 .:!: .7 476. 7 ±. .9 

Be9 (d n)BlO* 716.4 .::I: .8 2.6 :I: 1.0 t 713.8 ± 1.3 

Co60(fJ-)Ni60* (a) 1172.4 ± 1.8 0 1172.4 :t 1.8 

co60(~-)Ni60* (b) 1330. 9 .:i: 2.1 0 1330. 9 :J: 2.1 

cl2(d p)cl3* 3096. ± 17 13. ;i:: 5. 3083 ± 18 

t Taken as 1. 6 X 2 6 • 2.2 

The present value for the excited state of Li7 is slightly 

lower than the value 478.5:t. 1.5 kev given by Elliott and Belf35 ) 
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for B10 (n~ )Li7* but as the probable errors overlap, the dif­

ference is hardly significant. The Co60 values are about 20 

kev higher than those obtained by Jensen, Laslett and Pratt( 27 ); 

the reason for this discrepancy is not clear. A preliminary 

crystal spectrometer determination for these lines, kindly com­

municated to me by Professor DuMond and Dr. Lind is in good a­

greement with the values quoted here. 
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III. GAMMA RAY ENERGY DETERMINATIONS 

USING THE COMPTON EFFECT 

General Introduction 

For a given intensity of -f -radiation . from a source (i.e. 

number of quanta per second) and for a fixed thickness of photo­

electric converter the yield of photo electrons decreases rapid­

ly with an increase in the quantum energy. Heitler(lS) calcu­

lated the dependence of the integrated cross-section per electron 

for the K shell photoelectric effect, on the energy of the 1'­
quantum and the atomic number Z. of the converter atom. His re­

sults are illustrated in Fig. 51, where the unit of cross section 

<pq is taken as the Thomson scattering cross section. (Po= 

.657 x 10-
24 

cm2 or .657 barns). Curves for C, Al, Cu, Pb, and 

Th are given illustrating the rapid variation with Z, the vari­

ation being with the 5.0 power of Z. The total cross section 

per electron for Compton scattering is also shown in Fig. 51. 

An examination of this figure shows that the total cross section 

per atom for these two effects, for thorium becomes equal at ap­

proximatelyA'1= 400 Kev. Thus it would appear that while for 

'f"-ray energies below this energy the photoelectric effect gives 

a more intense secondary electron spectrum,harder f' -radiation 
Compton 

would be expected to give a more intense/secondary spectrum and 

hence would be a more useful phenomenon from which to determine 

'( -ray energies. However, it must be remembered that the secon­

dary spectrum from the photoelectric effect is a sharp line while 



-..... 
(.) 
Lu 
(/) 

I 
(/) 
(/) 
0 
a:: 

.8 -···· ·· 
I I 

., .. - ' j___ _ ___ , + -- . . -~ 

, I 
I 

i 
i 

i r 
I 

' 
i I I ' 

6 
I , 

(.) • >------·-+-----·---- ,I- -- - +---- • -,-t- r--+-7 

' I 

.2~ 

.01 .02 .05 

' I I I 

I I ' ' 
I , I 

L1 ~. 
I I 

, I 
I 

I i 

I 

. I 

i 
I 

I 
I 

I 
-----+----: 

I 

'I 
I 

i 
! 

• ·--1-- --
! 

.2 

I ! 

, t i -- -r · i 

.5 

TOTAL INTEGRATED 

CROSS -SECTION PER 

ELECTRON 

C (6) 
Al (13) 

Photoelectric 

- --, 

Effect , Cu (29) 
, Pb{82) 
• ~-....,, Th (90) 

i : I 
I : . ! 

i Ll 

-+----_J_ .. .l. ..... j' 
I ' 
i I .. 

! 
[ 

I ' 

Compton Scattering 
. I 
i : 

I 

I I 

' .. .. .. -- ·• · T .,... . i ""ti T t·· • • --- -

! ! 

! 
' -t-- - ' --- ----

. - .. ... :r:' • . :-0. -~- -------- ---- - ' --- - -' ---

2 5 10 50 

hv/m0 c2 GAMMA RAY ENERGY 

20 

FIG.51 



-105-

the Compton secondaries are distributed in a spectrum extending 

down to zero energy. It is true however that the Compton second­

ary electron spectrum which has its maximum at the maximum elec­

tron recoil energy becomes markedly sharper as the incident r­
ray energy is increased. Experimentally it is found that for 

instrument resolutions better than 5% the Compton effect abov..e 

about 4 Mevis better suited to the determination of r-ray en­

ergies. When it is intended to use the Compton effect it is of 

advantage to increase the contrast between the two effects by 

using a converter of atomic number of the order of Cu or less 

to prevent the overlapping of the weak photo line on the Compton 

distribution. 

Source and Converter Geometry 

The sources employed for hard 'f'-radiation when the energy 

determination is to be made employing the Compton effect gener­

ally consisted either of a thin target deposited on a copper con-

c/Z (' ~ -h) C'~.,,, verter or as in the case of the C7f r reaction 

a thick target. In this latter case graphite targets ranging 

in thickness from .002" to .016" and approximately 5/16" on a 

side were used. In general all sources consisted of converters 

having roughly a mean diameter of 3/8 11 in addition to any other 

specific target material. Since the beam spot on the target 

was of the order of . 080 11 in diameter, the t' -ray source may 

be considered as a point source placed on the back of a convert­

er of thickness t; see Fig . 52a. The incident f"-radiation 

is then i magined to produce recoil Compton electrons throughout 
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the volume of the converter. The Fig. 52b illustrates schemat­

ically the production of a Compton electron at point-P with:in 

the converter. The angle the incident -r-radiation make s with 

spectrometer axis is taken as (} while ~ and t,,J represent the 

angle of acceptance of the spectrometer and the angle the second­

ary electron makes with the direction of the incident -r'-radia­

tion. The azimuthal angle f completes the coordi nate designa­

tion of recoil electron trajectory. For a given incident ,'-ray 

energy the angle I() uniquely specifies the energy of the recoil 

electron. Hence for a given spectrometer current setting only 

the electrons with a specified Iv will have the appropriate mo­

mentum to meet the focusing condition while the setting of the 

spectrometer stops determines the trajectory angle &0 which these 

electrons must have in addition to the requirement on vu. It 

is supposed in these considerations that at the electron ener­

gies discussed and for the thickness and atomic number of the 

converter used, scatt ering of the Compton electrons is neglig ible. 

The probability then tha t a f"-ray per unit solid angle 

traveling in a direction & produces a recoil electron at an 

angle w per unit scilid angle when the differential cross section 

is -P(cosw) is 

dI =eo~~ • z1rcl(etJs&)· ?(cosv.J) d(cc,sw)a' / 
(121) 

where/Vis the density of electrons in the converter. In this 

expression the attenuation of the f"-ray flux due to absorption 

and scattering has been neglected. Now for the geometry de­

s-cribed 
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C't1s&11 - C()St<J c!os & -1- SIAW C'tJsf SJ/16' (122) 

Thus holding tAJ and & fixed 

c/(tt1S ~ j = - .SJJ'lt,1/ SI/I& SJ/1 Id'/ . (12.3) 

Equation (122) may be used to determine sin W sin & sin/ in 

terms of & , 6,, , and tu which together with equation (1 23 ) gives 

d'(cos &,,} = (feds (6,,-1AJ)- CdStf }~os &- cos(&~ +1u]} (i
24l 

and hence from equation (1) 

If we now let 
X= ~tJS& 

cl- ~tJS' (&'r, + tAJ) 

b ~ ~c,s(&
0 

-w) 

in equation (125) the result may be integrated as 
A, 

(126) 

d..l
1
- ,1;,-/(i ?(t.'tJSIAJ)d(ctJs~) d(cds~)/-==~=x===== 

1£x/ (x-a )(b-x) 

or d'J 1= 47i
2

Nf ?(t'~S-IAJ)d(eas w) d &tJs &&) ) 
i C'tJS (~"-f I,()) C.d 5 ( ~ - W ) 

(127) 

It should be mentioned that t he singularities in equation 

(127) correspond to a 7"-ray angle &-= [ which because of 

the assumption of no attenuation in connec tion with equation 

(121) produces this effect. Only the singularity W+ eiq-=- Z.'1T 

is phys ically realizable, but does not however play a pronounced 



-108-

role in the range of the distributions to be considered. 

The Compton Distribution, and ~xperimental Results 

To obtain the Compton electron distribution per unit moment­

um interval as a function of the momentum, 27T ?(C'tJS~)d(t!tJS:~) 

in equation (127) is replaced by the probability factor 7'(/)dj> 
derived from the Klein-Nishina formula in Appendix v. 

Thus using equations (57) and (59) from the Appendix we 

When the range of the angle~ accepted by the spectrometer is 

small equation (128) may be used directly to give the primary 

spectrum of electrons from the converter if energy loss and 

scattering for these electrons is neglected. When the range LI &0 

is large, fortunately equation (128) can be integrated giving 

// f712/lfr;, L(t'-rl)fd (vi-/_) 4i x -zf✓ '2.. 1 ( 2. 2. } 

dL - t;t (tJ1-1-/+2yfZf; /-f Cl-fl) f (d+1xa-1-1-1-2r) 

cos&, 

x fa/ x + { x~ - (l-f ;)+a}/ dj. (100) 

~osa, 

In obtaining the spectrum '1,j1 

or 1,j,' as a function of t,,,,x 
it is simpler to select values of a and use equation (129) to 

find _j__ while using either equation (128) or (130) to ob1ain 
'f>mdX 
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dII dI/1 

dp or ;;/p"" 
17 -p; = .3. 1 Mev) 

,:/II 
respectively. The spectrum dj; fort'= 6 (i.e. 

and 6a = 30° with L16,, small is plotted in Fig. 

53. The distribution has been arbitrarily normalized to give 

unity at P/pm~x =I. 

To a first approximation the effect of the finite converter 

thickness is to produce an energy loss approximately proportion­

al to the depth at which the Compton secondary electron is pro­

duced. This effect may be taken into account by folding a rec­

tangular curve into the distributions of equation (128) or (130), 

this rectangle having a width 

J 
(1.31) 

and unit area, where~ is the most probable energy loss per unit 

length. It will be remembered that E is actually a function of 

thickness and energy; as an approximation a mean value in the 

range of thicknesses and energy of interest should be used. For 

example E ~ 4.4 Kev/mil and 1f =.0016 t (with t in mils), 
r'lf1tlX 

for the graphite target and converter used in studying the ,r'-
/tlZ (d-h) C 13 ~ radiation from the L T reaction; here 

E,,,tlfx --== 2. 9 Mev and 

The primary spectrum must be further modified by the fold 

of the window curve of the spectrometer in order to obtain the 

observed distribution. It must be borne in mind that if the 

distribution over a wide range of momentum is required the abso­

lute resolution is proportional to the momentum of the electron 

that the spectrometer is set to focus. Fig. 54 shows the results 
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of folding a 3.0% resolution window curve , and energy loss curwes 

determined from equation (131) for various thicknesses of gra­

phites, into the spectrum of Fig. 53. The observed experimental 

points are also plotted. The height of the theoretical curves 

has been normalized to match the . 011 11 thi ckness data, also fmt!fx 

in millivolts reading on the potentiometer has been adjusted to 

match the high energy edge of the experimental points. 

The thickness of the graphite sources were determined by 

micrometer measurements and are hence subject to a fairly large 

uncertainty particularly for the thinner sources. The internal 

conversion pairs (3s) from this -,Y -ray start appearing at about 

40 M.V. and may account for the relatively slower tailing off 

of the experimental points on the low energy side of the peak 

in the distribution. While only an approximate value of fmax 

was required to predict the observed distribution,a re-evaluation 

of f 117~,x. as above can 

of the ~ -ray energy. 

be used to give an accurate determination 

The value of -Pmt:tx determined in this way 

is 54.1 .:l:. .20 M.V. or wi th the kno~n calibration of the spec-o 

trometer fro m the ThC internal conversion 11 F 11 line, ?m,rx = 

11,182 ::l:. 45 gauss cm. This momentum corresponds to a maximum 

kinetic energy -r;,,AX of 2 . 880 :J:; • 013 Mev. The -r"-ray energy is 

obtained by adding the value of L) given in equation (60) of 

the Appendix V to the maximum kinetic ene rgy of Compton second­

aries. The value of Ll as a function of the maximum kinetic 

energy Tmt!fx is given in Fig. 55. In ihe present case .Ll :. 234 

Mev thus /,~ : 3 .114 ± .014 Mev. This determination compares 
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favorably with the value of 3.096 .± .017 Mev determined from the 

photoelectric effect. The mean of these values gives 3.105 ::4: • 011 

Mev for the 1' -ray energy. Vlhen the Doppler shift of 13 .± 5 Kev 

is added, the value of the energy for the exc ited state in 

becomes .3 . 092 ± .01 2 Me v. This determination is in fair agree­

ment with the values obtained by experiments measuring the ener-

c/2 / _;i>) C'J* (37 ) gy of the proton groups in the reaction \Ci'!{ • 
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IV. CONTINUOUS BETA SPECTRA 

General Introduction 

The discovery of the formation of radioactive 118 was made 

by Crane, Delsasso, Fowler, and Lauritsen* by a cloud chamber 

study of the disintegration of lithium by deuterons. The thresh­

old reaction LI 7 
{ d}) L/ ~ Q = - fJ.20::i: .o3 (39 ) involved in the 

discovery is the only convenient way of preparing 118 with an 

electrostatic accelerator. The 118 decays with a half life of 

0.89 sec predominantly to a broad excited state in Be8 at approx­

imately .3 Mev., the transition to the ground state apparently be­

ing forbidden. The distribution of~ -particles arising from the 

subsequent breakup of the Be8 nucleus has been extensively stu­

died(.39). Cloud chamber investigations of thef -decay electron 

spectrum have been carried out. 

Radioactive B12 was discovered by E.o. Lawrence and R.L. 

Thornton employing the reaction '3 11 (dj>) r!>
1
z. • Again the(~) 

reaction is the only one available for the preparation of B12 

12 using an electrostatic accelerator. The decay of B , half life 

0.025 sec. proceeds to the ground state and possibly excited 

states in 012. 

cloud chambers. 

The /3 -decay spectrum has been studied using 

Both f -decay processes are of considerable interest in 

that they may shed some light on the level structure in the 

daughter nuclei and because of the large disintegration energies 

~ References appearing before Nov., 1947 are summarized in ref. 
(37). 
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involved. 

Experimental Method 

In the investigation of these /1 -spectra the four coils of 

the spectrograph were used together as a unit centered between 

the source and the detector window. The spectrograph stops 

were set for ring focusing with a resolution of 2.6%- The heli­

cal baffle was used to reduce spurious counts from electrons 

scattered by the spectrometer. Further precautions taken against 

scattering included the use of the baffles described earlier. 

The momentum calibration was obtained using the internally con­

verted "X" line. The compensation for the earth's magnetic 

field and other stray magnetic fields was checked at the end 

of the experiments. It was found that the compensation was sat­

isfactory down to the internally converted Th 11 I 11 line or approx­

imately 200 Kev. The beam from the electrostatic accelerator 

was brought directly into the vacuum chamber of the spectrome­

ter to bombard suj_table targets for the production of the radiG­

active elements. 

Partly to check the extent to which the effects of electron 

scattering within the spectrometer had been eliminated,the posi­

tron spectrum of N13 (half life 10.13 % .1 min) was run. The N13 

was prepared by bombarding with deuterons a thin soot target 

sandwiched between two layers of o.z mg/cm2 Be foil* employing 

the reaction C'2 (dp) N'3 
. The resulting momentum spectrum 

* I am indebted to Dr. H. Bradner of the University of Cali­
fornia for the Be foils. 
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after cosmic ray background has been subtracted is shown in Fi~. 

56. A background which is very slightly field sensitive and of 

the order of cosmic ray background is still left above the end 

point of the !3 -spectrum. This represents the amount of scattel\­

ing by the spectrometer and possibly some slight diffusion of 

the radioactive ni trogen from the target. In connection with 

this latter point an appreciable increase in background was ob­

served with non-sandwiched targets when the vacuum was allowed 

to rise to 10-Z mm by turning off the oil diffusion pump on the 

spectrometer. The half life observed for the sandwiched target 

was 10.05± .05 min thus indicating only slight diffusion of the 

radioactive nitrogen was present in this case. 

When the slight correction for the residu~l background is 

made the Kur~ plot of the data is seen in Fig. 57 to be linear 

from about 0.2 Mev kinetic energy to just below the end point. 

The curvature at the end point can be accounted for by thew~­

dow curve of the spectrometer. The shape of the low energy end 

of the spectrum is in good agreement with the work of Cook, Lan­

ger, Price, and Sampson( 4o). Table M gives the comparison of 

the end point observed in this experiment with other determina­

t i ons. 
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TABLE M 

End Point Date Ref. Observers 
Mev. 

( 1) 1.198.=1: 0.006 19.39 41 Lyman 

(2) 1. 218 .:I: 0.004 1940 42 Townsend 

( .3) 1.24 ± 0.02 1945 4.3 Si egbahn a nd Slatis 

(4) 1.25 .± 0.0.3 1948 40 Cook, Langer, Price 
and Sampson 

(5) 1.202 ± 0.005 1948 This Thesis 

In the exper iments on 118 and a12 the de uteron beam was 

per i odically i nterrupted and the detector counter circui t was 

arranged to count only when the beam was off the target. This 

technique wa s adopted to elimi nate the large neutron background 

from the prolific (dn) reactions accompanying both main reac­

tions and to eliminate background due to any prompt -Y-radiation. 

I n the Li8 experiment a motor drive n switch with a 2-sec. 

period wa s used to operate a mechanic al shutter which interrupt­

ed the beam for one second per cycle. The switch was a lso used 

to turn the recording circuit on a nd off. The sequence was care­

fully adjusted so that there was an adequate delay between the 

time when the beam was cut and the recordi ng circui ts turned on 

and a lso between the time when the recording circuits were turned 

off and the beam was allowed to strike the target. A schematic 

diagram .of the arrangement appears in Fig . 58. 

The shorter half life of a12 necessitated the use of an e­

lectrostatic deflector to i nterrupt the beam. For convenience 
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the already existing electrostatic analyzer plates(44 ) were used 

for this purpose. The beam was interrupted with a 1/60 sec 

period using the circuit diagram of Fig. 58. The same control 

voltage that switched a high voltage of 3000 volts on and off 

the deflector plates was used to operate a Rossi type coinci­

dence circuit thus gating the pulses coming from the detector 

geiger tube. Again the delay between the switching operations 

was carefully set. To insure the fact that no spurious counts 

were introduced by the various transient effects a careful 

check on the cosmic ray background was made both with and with­

out the electronic switch in operation. No extra counts were 

observed. The reproducibility of the switching cycle was checked 

and found to be satisfactory. 

Targets were prepared by evaporating thin deposits of 

lithium metal and B2o3 on foils. Preliminary experiments were 

made to find a suitable foil support. Although thin aluminum 

foil has ideal physical properties and introduces negligible 

28 A/ 27/-f:f>}Al/21 scattering, the 3 min Al formed by the reaction taj I 

seriously distorts the spectra below 3.3 Mev kinetic energy. 

Copper foil of 9 mg/cm2 thickness w~s found to be most conven­

ient. No detectable activity was found from a bare copper foil 

at the deuteron energies used in this experiment. Since the 

decay electrons had to traverse the Cu foil before being fo­

cused in the spectrograph a check was made on the effect of 

scattering in the foil by using a target consisting of thine­

vaporated lithium metal sandwiched between two 0.2 mg/cm2 Be 
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foils. A comparison of the low energy end of the Li8 spectrum 

for these two backings showed no perceptible difference above 

2000 J5f ( - 280 Kev); see Fig. 59. Below 2000.l>f for the Cu 

backing there are definite signs of scattering in the foil and 

of the presence of knock-on electrons ejected from the foil by 

the decay electrons. 

While for the N13 experiment the conveniently long half 

life of t-!13 permitted the electrostatic accelerator beam to be 

complettely shut off by removing the spray voltage during the 

run on the/ -spectrum. This was not the case for the much 

shorter lived Li8 and B12 . In these experiments the beam was 

interrupted as previously described but not turned off. During 

the off-target part of the cycle in each case the deuteron beam 

spent its energy against a quartz disc and thus produced acer­

tain amount of neutron and soft -r-ray intensity. The result­

ing background in the (3 -spectrum runs was of the order of cos­

mic ray background. This background was constantly checked dur­

ing the experiment and appropriate corrections were made in the 

data. 

Experimental Results 

The momentum spectrum of 118 is shown in Fig. 60 and that 

of B12 in Fig. 61. The spectrum of Fig. 60 has been compared 

with the experiment.al results of Bayley and Crane. The present 

curve is somewhat wider having a larger number of both low en­

ergy and high energy electrons relative to the number near the 

peak intensity. The peak intensity of the present curve occurs 
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at a slightly lower momentum. The agreement of the curve of 

Fig. 61 with the work of Bayley and Crane is far less favorable. 

The peak intensity of the present curve is at a considerably 

higher momentum and there are relatively many more high energy 

electrons. The present work and the results of Bayley and 

Crane should not however be considered in serious disagreement 

because of the large uncertainty attached to the cloud chamber 

data. 

The Kurie plot of the B12 spectrum is given in Fig. 62 and 

63. A straight line fits the higher energy end of the spectrum 
2 

quite well from a total electron energy of 12 m" (! to nearly 
z. 

the end point of 27. 30 ~ C . The slight tail Just at the high 

energy end of the spectrum can almost entirely be accounted for 

by the instrument resolution. The deviation of the plot from a 
z. 

straight line below a total energy of 12 m11 e. is very marked. 

The Kurie plot for the spectrum of 118 is shown in Figure 64 

and 65. It will be seen that there is no extensive linear por­

tion to the spectrum and in particular the deviation from lin­

earity in the neighborhood of the end point is much more pro­

nounced than for the B12 spectrum and cannot be ascribed to the 

instrumental resolution. As a first approximation the extraµ>• 

lation of the best straight line fit to the spectrum may be tak-
z. 

en as the II end point 11 • The value thus obtained is rv 25. 8 J?'f"(! 

(,.._, 12.7 Mev kinetic energy). Since the 118 - Be8 mass differ­

ence from Q calculations is known to be 15.98 Mev<37 ) the in­

dication is that the high energy transitions in the f -decay 
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of Li8 are predominantly to an excited state in Be8 at approxi­

mately (16.0 - 12.7: 3.3) Mev rather than to the ground state. 

The non-linearity of the Kurie plot in this region indicates 

that this level is rather broad. These observations are in good 

agreement with the existing knowledge from other experiments. 

The deviation from linearity of the spectrum below a total en­

ergy of 12 mp C~ as in the case for B12 is quite marked. 

Discussion of Results 

The disintegration scheme for Li8 is illustrated in Fig.66. 

The~ -particle distribution has been observed to extend up io 

£{)(-:: 7.75 Mev and to have a maximum intensity at 3.3 Mev.<39) 
(39) 

By the analysis of the~ -particle spectrum, Bonner et al 

found that the spectrum can best be accounted for by taking the 

major part of the (3 -decay to an excited state in Be8 at 3.1 

Mev having a width r-:: 0.8 Mev. There was also some indica­

tion that a broad state at 7-9 Mev may be concerned in the de­

cay scheme. The best estimate of theo( -particle spectrum is 

shown in Fig. 67 and is based primarily on the work of Bonner, 

Evans, Malich, and Risser below 2E0<.-z 6 Mev and on the work of 

Rumbaugh, Roberts, and Hafstad above 2 '=oe.-= 6 Mev. The two ex­

perimental curves were normalized in the region of 4 < 2£~<8 Mev. 

The electron decay spectrum can be predicted from the~ -partic­

le distribution by assuming that the latter gives the density r::i 

states available in Be8 for thef3 -transitions. This assumption 

is equivalent to stating that the principle mode of decay of the 

excited states in Be8 is by o< -particle emission and that --f-ra-
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diation can be neglected. The Fermi theory for allowed f -de­

cay then gives the electron distribution 
Q-Ee 

Ne(E,,)dEe = C!c/Eejl'I« (21=.,_![Q-ZE« -£J(£;-, )'-" Ee d (u:.,) (l.32 ) 

0 

z. 
where Ee is the total electron energy in uni ts of P14 <! and £1><. 

z 
is the kinetic energy of one o< -particle in units of 1'1'10 <! and Q 

is defined in Fig. 66 while N°' (2 £"°') is the t><. -particle distri­

bution of Fig. 67. 

Let !f= Ee and X-= 2 £ c<. then, <Sl-.!f 

tle(y )If= C _f (y~ 1 J~f q-y)'j;,}x),/x + j::..~x) x 'dx - z (6l-j,Jftv., (x)x ,Ix} 
() () 0 ( 133) 

and if f is the electron momentum in units of 

;,/f ,r. f ;ty ,;;-g , /-,. } Y2 f c• • :J = /4:1JjN11(x}dx +(lr',(x)x'Jx- z(Q:;)j'{.,(x) xdx (1.34) 

with 5= ,j / +/7 2 
• Equation (1''34) is in the form ideally 

suited for comparison with the Kurie plot of the experimental 

~ -spectrum. It is seen to involve only the quantity Q-j', 

the integral of !Vot (x) and its first and second moments. The 

integrals have been evaluated numerically based on Fig. 67 and 

the result is plotted on Fig. 64 and 65 as open circles and la­

belled 11 theory 11 • The value of Q which gave the best empirical 
2 8 4 fit was 32. 2 :I: O. 2 ~ ~ or a Li - 2He mass difference of 

15. 9 ±. .1 Mev, these values are to be compared with 32. 51 m0 <!1.. 

and 16.10 Mev, respectively obtained from reaction energies 

and mass values. The general agreement above a total energy 

of 12 lf/4 t 1 between the predicted and observed points is good 
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'I. except perhaps for a range of energies just above 26 1110 (? , cor-

responding to the o< -particle distribution below the peak at 

2E~ = 3.0 Mev, where the predicted values are too high. This 

discrepancy is somewhat further accentuated if the spectrometer 

window curve is folded into the predicted spectrum which has not 

been done in Fig. 65. This effect, however, is fairly small. 

Thus both the somewhat low value of Q and this slight discrep­

ancy in the shapes near the end point may perhaps be taken to 

indicate that the tx. -particle spectrum of Fig. 67 has relatively 

too many low energy particles. Bonner, et al. themselves sug­

gest that their spectrum over-estimates the number of low ener­

gy D< -particles due to experimental difficulties. 

An attempt has been made to determine the probability of 

f -decay to the ground state of Be8 . From the limit of error 

associated with the points Just at the end point where the spec­

trum merges with the background it is estimated that less than 

2% of the entire f -decay is to the ground state. A less cer­

tain estimate is that less than 5% of the/ -decay is to the 

-1'-ray emitting state at 4.8 Mev. 

The deviation of the observed spectrum from the predicted 
2. spectrum below 12 ~~ can be taken to indicate disintegraticns 

to high excited states which do not decay by~ -particle emis­

sion. The decompositbn of the spectrum shown in Fig. 64 gives 

about 10% of the f -transitions to narrow states at 9.7 ~ .3 and 

- l.:S Mev exci ta.t ion in Be8 . At present there is some evidence 

from other sources(37 ) for a level at approximately 9.8 Mev al­

though there is none for the higher excitation. 
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An alternative explanation of the discrepancy below 12 m0c~ 

may be that the (3 -trans i tion is of an unfavored nature. This 

could arise either by having the main bulk of the decay tot~ 

3.1 Mev level be of an allowed type a nd with - 2% of the decay 

to the ground state being of a forbidden type, or by having the 

decay to the 3.1 Mev level itself of an unfavored nature. An 

investigation of the first of these possibilities showed that 

a spectrum shape correction which varied more rapidly with en­

ergy in the low energy range than tha t for a second forbidden 

scalar interaction type transition(45 ) was necessary even if 

as much as.-.J 5% of the decay was to the ground state. In addi­

tion the width of the 3.1 Mev level would have to be taken much 

narrower than that indicated by the o< -spectrum. The correc­

tion in the second of the above possibilities is much more dif­

ficult to evaluate but may be more successful in giving a fit 

of the observed spectrum. 

The extrapolated end point of the Kurie plot for B12 gives 
z 

27.30 ± .10 m0t for the total energy or 13.43 ± .06 Mev kinet-

ic energy. This va lue is in good agreement with the value 

13.3± .5 Mev obtained by Hereford( 4B) using an absorption me­

thod to determine the end point energy. If the high energy end 

of the (3 -spectrum corresponds to a decay to the ground state 

of B12 then the above observed end point combined with the mass 

of c12 (47 ) gives 12.01827 ± .00009 amu. for the mass of B12 • 

From an analysis of the nuclear binding energies Barkas(4s)pre­

dicts a mass of 12.0188 amu. for B12 . Continuing with this as-
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sumption, if 5% of the /3 -decay is assumed to go to a narrow 

level in c1 2 at 7.1 ± .5 Mev ijnd possibly a broad or composite 

level at - 11. Mev, the observed non-linearity of the Kurie 
2. 

plot below 12 .m~ <! total energy can be accounted for. A decay 

of 5% or less to the 4 . .3 fflev level in c12 cannot be excluded. 

Again the lack of linearity of the Kurie plot below a total en-
2. 

ergy of 12 ~ e. may be due to an unfavored / -transition being 

involved rather than a complex decay scheme. 

Again using the observed end point as the decay energy to 

012 ,. 
the ground state of and the mass tables of Flugge and Mat-

tauch( 49 ) the Q of the react ion 13
11 
(d j;) 13

12 
is Q :. 1.12 

Mev . The early work of Cockcroft and Lewis (5o) indicated that 

the bombardment of boron targets with deuterons of . 55 Mev 

yielded no group with range greater than 2.7 cm indicating that 

the Q of this reaction is probably less than -- .9 Mev . Recent­

ly Hudspeth and Swann(Sl) claim to have determined the Q of 

this reaction to be Q =- .15 Mev thus giving a discrepancy of 

about 1.0 Mev. The determination of Q =- .15 Mev was based on 

both the analysis of the yield curve for Bl2 and the observa-

tion of the range of a particle group in a photographic plate 

ascribed to this reaction. Three possibilities suggest them­

selves to account for this discrepancy: First, since an unsep­

arated boron target was used the charged particles observed may 

belong to the reaction :B1
() ( d/) :5 11 * in which :E 11 

is left 

in a highly excited state; second, both the charged particles 
II /Z ii<. 

and the excitation function observed may be from a 75 {dj)75 
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reaction in which the Bl2 is excited to an energy of ~ LO Mev; 

third, the decay of Bl2 proceeds mainly to a level in c12 at 

~ LO Mev, the transition to the ground state being forbidden. 

In connection with the first possibility it should be mentioned 

that at a bombarding voltage of .6 Mev the yield of B12 from an 

unseparated target is,....,, 20 times( 5z) that of the 91 cm proton 

group going to the ground state of B11 ;this ought to afford a 

useful check on the origin of the short range group observed. 

Although no level in B11 is known in the region of 9 Mev excita­

tion which is required by assumption, this region has not been 

well surveyed. In connection with the second possibility it 

should be remarked that in all probability the level density 

in B12 even at low excitation energies ought to be quite high, 

thus there is no difficulty in supposing that the decay of the 

c13 compound nucleus is to a level in B12 at - 1.0 Mev which 

may successfully compete with the decay to the ground state of 

B12 . Finally in regards the third possibility it should be 

pointed out that from none of the other four reactions( 37 ) 

which lead to excited states in c12 is there any evidence for 

a level in c12 near 1.0 Mev. If, however, the discrepancy is 

resolved by this third possibility then the estimated energy 

of the excited states involved in the possible complex decay 

of Bl2 must be raised from 7 .1 to 8.1 Mev. and -11 to .- 12 

Mev. 
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APPENDIX I 

MAGNETIC LENS EQUATIONS AND ABERRATION CALCULATIONS 

A charged part i cle moving in a static magnetic field will 

experience no change in energy since the force is always perpen­

dicular to the line of motion. Thus the equations of motion 

for the relativistic case follow immediately from the non-rela­

tivistic case if the proper relativistic transverse mass is used. 

The equations of motion are using the notation of Fig. la 

mi. ==!Ir% r& 

J?'I ( ;· - r & 2) = - 2. r & llz 

;'J(r~&)= J {rllz -i:flrf 
l?1c1 

where mis the transverse mass J'J'/ = 
,; I- 1J"Z/(! 2. 

Hz are the radi.al and axial components of the f i eld 

(1) 

(2) 

(.3) 

, fl,- and 

at the par-

ticle position and the dot represents differenti ation with re­

spect to time. Now for an axially symmetric magnetic field the 

field component at any point off the axis may be expressed in 

terms of the axial component of the fiel d along the axis and its 

derivatives thus 

LI I ) d/. r1. II r+ IV 
r12 tr; Z = n(Z) - 4 II (Z)-f 64 II (~) + · · · 

/o/"r (r; z) = -{ ll)z) + .';
3
11//(i=J + ... 

I ) /o 
where - -== ;i;! • 

(4) 

Then equa tion (3) becomes, substituting (4) 
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3 erf r 111. r 11/ } / 
-I- me z (i!) - II If (Z)-1 • • • <?I Z. 

Multiplying the membrum on the right hand side by 1: and inte­

grating by parts gives 
'Z .., 

r 2& = :c ({ /1(2.)- /; /I?;!)+ ..• J + ~ 
Now since at distances far removed from the region of the field 

f/(z) and its derivatives vanish and since 

thus this equation becomes 

From equation {1) we have, using equation (5) 
'2 'Z. ., er 1 

i!.=-4m2ea. Jl(z)f/(z) -f ••• 

While from equation (2) 

(6) 

• 2. 

-- ero' r r /I J ·~ r -= - ,,,, c , JI (zJ - 7 II rz J -1 • • • + r& 
using (5) 

2 ~ 

• e f u/. ) r 11 1/(zJ r , /I J } = r& -;iiiZ - /7 c z + 4 II (i! J + .. • -1- 2 - /~ M rz .,. • • • 

and using (5) again 

;: ~-.;:.: 2 /l(rJ/ll(zJ-/i/{zJ+ •· • j (7) 

Now from the symmetry r::: j(z) is the trajectory or 
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and 

Since there is no change in energy 
•Z •~ 2.-2. 
2+r+r&=q 

(8) 

(9) 

(10) 

Hence equation (9) may be written, using equations (6),(7), and 

(10) as 

-.-f;e::~Jl(zJ(ll(zJ- {#(zJ + ll(z)(~/- r//(zdJ.- rll(z)j[ + • • -} 

dr 
=~dz,. 

the terms in the bracket 

and terms of this order and higher being neglected. Expressing 

~ in terms of the momentum D(° for the electrons give s 

-r!l(,d/;l(ci-f#'rz)fl/(z)(/f/-rfl(~)~-rll~)~ + •• ·} 

/-: zJr 
==-1(3()dz2- (12) 

The last three terms on the left hand side may be written,using 

the abbreviated notation as 
2. 1 // 2 t. // 4- ~ ' LI 2 / '2. z // 

.I-==rllr..,. -..u11//_ 112./2 rllr_rt?t(i:!J) rllr 
z r r11 r r r -1 2 - 2 c1z r,. + 2 
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Thus equation (12) becomes: 

-rJl(z) f ..Cifi~'J/111/r)f L 1 d (ll2cz) k) + r,.#(eJ. d~ 
2. (

4 <" :z. di r 2 dz 2 di!z. 

:: .f(:3"1)~1~ (13) 

The zero order equation 

t1f}-
dz2. = - (14) 

is the one usually given for paraxial rays. The use of equation 

(13) represents the first approximation for the aberration terms. 

Scherzer(53 ) has made extensive calculations of the aberrations ~ 

his results are in a different form however. Equation (14) has 

been treated to some extent in the main body of this thesis. 

A rough estimate of the order of magnitude of the aberra­

tions may be obtained by using equation (13). The zero order 

equation {14) can be used to simplify equation {13) by substL­

tuting in the l ast term on the left, there results 

Then for the thin lens approximation as in the body of the text 

multiply by d.z and integrate from plane A to B (see Fig. lb) 

then there results approximately 

(16) 
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The third term on the left vanishes at both limits since 

and comparing with equation (5) of the text 

.tJjA=-€/z 
and 'Z - «1 ( 1 7 ) 

€ = 1/,[ ,J' fo/;; ~• f /l~(i?Jdz -j/1(2J111zMz} 
1 1-DO -~ 

where L1_? is the change in focal length due to the aberrations. 

Equation (5) of the text shows that /~ e,1;;/ where i is the 

spectrometer current . Hence 

/

• 2 ./ {18) 
L1 I =-f-Al 

In a practical case / is fixed hence LJ j = L1 p -I .af.r = o 

Thus 
oO DO 

~ -ti~ - 5.· ~i 1/'(,z):1~-bM11(?},J;i.! 
2 ~ / 11

2
(zJdi!. 

{19) 

-oO 

here Lli is the change in focusing current to account for the 

aberrations . For a field shape II(~)-= ~ e -
2

/b.,_ and for -"the 

case of unit magnification L = "1 / , where L is the distance 

from the source t o t he window, there results 

{20) 
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APPENDIX I I 

PARAX IAL RAY TRAJECT ORIES 

The trajectori es for near paraxial rays for the field 

shape f'- = I discussed in the text has been carried out by 

Glaser(S) and is also presented by Zworykin et al( 4 ); this lat­

ter presentation will be followed here entirely. This solution 

is given here merely for the sake of completeness. Using the 

notation of the text in connection with equat i ons (7 ) and (8) 

d} & !/ ... -~----dx'l.. i (l+x2)2. 
(21) 

r 
where !f= a (note that for ,)(=I .1 d= d ); the other symbols as 

in the text. v;e now introduc e X-=: el )1 W where upon 

r/~x = d# dw d~ 2 
;;fx dN. Tx = - ~ 5111 W 

1,!fd} ~ ,&3 -: ;Jw-z sin w + 2 M' s111 w ~tJs w 
(22) 

Substituting this into equation (21) gives 

dz ~ 
d!a. -f 2 ~ I )'I w (11/: + K/5 = C) ( 2.3) 

Lett i ng 5 = u (w) zr(ur) .. ar give s 

d'¥_ d'!! d'r 
aw=- 7r;;?a,--rU AN 

d2J/ _ d2u d.,_rr du d'r 
tift,V-Z. - lr dwz + u ;;;;;Jz. + 2 dw. dt,tr · 

(24) 

Then equation (23) becomes 
2 

r 1J:, + {z f::; + z ir d11 wj :/::, +ff;:+ z j:; el.11 ur + x,' zr} u. ~ o, 
( 25) 
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tak i ng the coefficient of 

cir- f 
- dur-= tr t!T/'1 /AT 

with ?<J -z. < 7T 2. • Thus 

t1far}-= SI; tAr (26) 

and d'r 
d~-= - ~lnw- ~sC!. ur 

div-
dw?.. = ~sew- -1- z eln 2N" ese w-

(27) 

hence equation (25) becomes 

(28) 

This equat i on has the well known solut i on 

(29) 

Thus the required solution is , combining equations (26) and (29) 

r = 51; w (e, s111 f K, '-r t/'•w }-f c'2 ttJ sf K,'n) 4 w-J} (.30) 

with /A) = t:1r~ el/1 )( and t,Jz < 7T 2. 
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APPENDIX III 

COUNTER STATISTICS 

Consider an infinite sequence of pulses which are a random 

function of time~ take the time t to be zero at one such pulse 

taken as a reference. Let 11 = i be the long time average rate 

and let ?(t) be the probability that there is at least one 

pulse in the time interval 0- t . Then /- ?(x) is the prob­

ability that there are no pulses up to the time X. From the 

random nature of the events 1x will be the probability that one 

pulse occurs within the time interval dX . Thus 
t 

?(t} = / <1- -P(x)) ~>( ~ (31) 
0 

differentiating there results 

I 
Z'P(t)-=- l-7{t) 

hence 

= 

(.32) 

Now 7; (i) = I- P(t) is the probability that in the time inter­

val f no pulse is counted and in general let }; (t) be the prob-

ability the precisely N pulses will be counted in the time in­

terval f. Then t 
~(t) =- f~-t (x) lf-7a(t-x) . (3.3) 

0 

Since ~-/ (x) is the probability of /{- I pulses up to the 

time X , ttfx is the probability of a pulse at X within t:lx and z 
r; (i-x) is the probability for no further pulses beyond X. 



Now 

and 

now assume then 

hence by induction it follows tha t the assumed form is correct 

or 

(34) 

is the probability for precisely /V pulses in the time interval 

f. This rel a tionship is known as Poisson's law. 

For large N we may use St irlirg' s approximation 

whence equation (34) becomes . 

(.35) 

It is perhapo of some interest to note tha t if in addition 

N = Ff , we have letting f == )'J f - N 
_ _r 

2N !3 

lj.{'f) = -,'2;N (;+ 3N2 + •• - ) (36) 

which for small 1 gives essentially a Gaussian distribution. 
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APPENDIX IV 

TABLE FOR ELECTRON MOMENTUM AS A FUNCTION OF ENERGY 

When the kinetic energy W of an electron is expressed in 

Mev (absolute volts) the momentum 13f in gauss cm can · be obtained 

from the expression 

:z;f ~ ~
4 

/w(w+2m.c
2

) 

z. . 
where mQ C is the rest energy of the electron in Mev and C is 

the velocity of light in cm/sec. Using the atomic constant ta­

bles of DuMond and Cohen(,3,3) 

(37) 

The value of Bf is given in Table N for a range of energies from 

0.1 to 20 Mev; the first differences are alro tabulated to aid 

in interpolation. 
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Energy vs. Bf, Table N 

VI Bp 6Bp w Bp 6Bp 
(Mev) (Gauss cm) {Gauss cm) (Mev) (Gauss cm) (Gauss cm) 

.10000 1117.2 59.7 1..050 4920 • 176. 

. nooo 1176.9 57.8 1.100 5C96. 1760 

.12000 1234.7 56.1 1.150 5272. 175 . 
• 13000 1290.8 54.,~ 1.200 54/47. 
,l4000 1345.2 53.2 34,8 • 
• 15000 1398./4. 52.l 1.JOO 5795. 347 • 
• 16000 1450.5 1.400 6142. ,346. 

100,9 1.500 ~ 64r.:8_, 3/.;4 ~ 
.18000 1551.4 97.5 1.600 683;?. 343. 
.20000 1648.9 94.5 1.700 7175. 343 • 
• 22000 1743.4 92.l 1.800 7512'. )4._2 •. 
• 24,000 1835.5 90.1 1.900 7860 • .31 .. 1 . 
• 26000 1925.6 88.2 2.000 8201. 
• .28000 201,3.8 86.7 680. 
.30000 2100.5 85.2 2.200 8881. 678. 
.32000 2185.7 ~ .• o 2.400 9559. ·_677. 
• 34000 2269.7 82.9· 2.600 10236 • 676~ 
• .36000 2J52.6 81.9 2.800 10912 .. 675. 
• :,sooo 2434.5 81.0 3.000 11587. 
.40000 -2515.; 80.2 168,3. 
• 4.2000 .2595.7 79.11- 3.500 132700 163·0 • 
• 44000 2675.l 78.8 4.000 14950 • • 1678. 
.,46000 2753.9 78.1 1,...500 1662P,. ,1676. 

• .. 48000 2832.0 •• 77.6 5.000 18.304. '1675 •. 
• .50000 2909.6 77.1 5.500 19S'79. 1E73 • .. 
.52000 2986.7 76.5 6.000 21652. 1672 . -,. 
.54000 3063.2 76~2 6.500 233?..4. 167i.-.-. . • . ' 

• ,56000 31;9./4 75.7 7.000 24997. 1672. 
• 58000 3215.1 75.3 7.500 26669 • 1670~ 
.60000 ,3290.4 75.0 8.000 22\339. 
.62000 3365.4 74.6 .-. 3.)l,0.· -
.6400.0 3440.0 7/.,.3 9.000 31680. .J:340:. 
.66000 .3514 • .3 74.0 10.000 35020. 3340~ 
.68000 .3588.3 • 73.7 n.ooo 3E~J60& 33,{~0i. 

• 70000 3662.0 12~000 /-;,1'700 .. -3.340. 
18.3. 13.000 /450/4.C. J¾O •. 

• 7500 :3845 • 182. .14.000 48380. J:na. 
• 8000 4027. ·181 . 15.000 51710. • 3340~ 
• 8500 4208 • 179 .. 16.000 55050. 3'40. , 
• 9000 . 4387 • 178. 17.000 58390. 334:D. , 
.9500 4565. 178. 18.000 61730. :3330~ . 

1.0000 4743 .. 177. 19.000 65060. .331+0• 
20.000 62/400. 3330; 

. 
1c4 W(W + 1 021 t:~) 

~ 

Bf = ".;c~3r7r7-6· . . , .... .,)~ Gimss cm 
P -, . ✓ / : 
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APPENDIX V 

THEORETICAL COMPTON DISTRIBUTION 

An incident -1' -ray of energy /rl{, is imagined scattered 

through an angle E by a free electron and emerges with a re-

duced energy /J~ . The electron recoils at an angle W 

with a momentum f . The scattered intensi ty ,of Y -radiation 

per electron IE ( energy per unit solid angle per sec at an 

angle E ) is given by the Klein-Nishina formula for the Compton 

effect(lB) as 

(38) 

where L = incident intensity (energy per/cm2sec) 

r;, - e¼ 2. m,e 

r - /,~/moe 2 

Thus the probability that an incident quantum be scattered into 

a solid angle between the cone half angles E and E +dE is 

7(£/dc = 

27r.!R. z hU (1-1- ~os~)d (eds-£ )!If r -z.U-CtJ S 2 )z. } 
2. II~[!+ i(/-CtJs£)]3[ I (1-f~dS?.z )[!+y(/-Cd~E)j (.3g) 

Now since for every quantum scattered at an angle there is a 

recoil electron at an angle tu , we have 

(40) 

where 7>(t-u)dN is the probability per incident j"' quantum that 

a recoil electron appear within a solid angle between the cone 
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half angles tv and {A)~dt)) . It will be found useful to introduce 

the variable c:( defined as 

c:l= 
.J 

a-1 
C'cJS E = _c:1_-f_/ __ _ (41) 

Equation (40) may be extended then to 

(42) 

The equations of the conservation of momentum and energy for 

the Compton effect are 

K SJ/IE = I S/1'/W 

K 0 - K.cos E = j C'os v.J 

K.+ E = Ko+~ 

where relativistic units have been used with 

K~ ==- /;~ 

Kz = /2~ 

/' - mo e. z. 

p = electron momentum x C 

E = total electron energy. 

(43) 

(44) 

(45) 

Dividing the s quare of equation (43) by the square of equation 

(44) we have 

(46) 

while adding the square of these equations gives 

== K.. + K. - 2 J::.K.. 0 Cos E. 47 ? 7.. "'Z.. z ( ) 
Q • 

Solving equation (45) for E. , squaring and using the relation-

ship £'2- ~ / z... + r 1 
we have 

/-i.= K/ .. + ,K.,. _ 2 K.~t::. -2? + 2 Kcj'-- (48) 
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Equating equations (47) and (48) gives 

K = K(}/~--
~ + K 0 (f-COSF) 

(49) 

When this equation is used to eJ.iminate K. in equation (46) after 

considerable simplification there results 

Note that 

l-1- ('()S .E 
I- t!(JS E 

=c:t 

while using equations (49 and (41) gives 

(50) 

(51) 

(52) 

When equations (51), (52), and (41) are substituted into equa-

ti on ( 39) 7 (d) d a 
thus P(a)da = 

as a function of Cl and -r may be found, 

2 -rr ro '2. (i -f /_ a - 1 ) 2-+ 4 -r z. } ~ ( ) 
(t:1-1 i + 2 r J ~ ta --r i (t1+ ' ) f c1 + i + 2 r J a 53 

It now remains to find ff ; we proceed by substituting equa­

tion (49) into equation (48) which gives after simplification 

Finally, if the transformation equation (41) is used to elimi-

nate cos 2 we get 
,1/'z. 

-/2 = 21;µ, (( f'-f I) 2 -I- a J 
T {Cl-f/-f2J)L( • 

(54) 
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We note that when Cl =:1 o , f has its maximum value 

-/. 2~,µ(t-1-1) 
11IIAX c 21r + / 

thus 1,, 

j_ _ /(f+1)~u1]½(.2-r+1) 
?mAx- f t:1-f /-1-2 t] (-ft/) I -f 

(55) 

Differentiating equation (54) we get after simplification 

(56) 

In view of this equation, equation (53) becomes 

/r<rMf I: Yo. ~ .. 
2 lT t; z. r-1-1 -z.-f a] (/ +(- d-1 . \ + -4"1' ).,//, ( 57) 
-1J<. d-r 1-f 2-r+2-r2 J d-1-/ I (::1+1Xa+1+zrJtT· 
It is of importance to determine [t!tJS (&0 -IN) C'tJS (&o - w)]Yz. 
as a function of ~ , 1" , and d . We have 

~ fz r: , :z. • 1158) 
Le11s(&o-ftAJ)Cas(&o- a;J] = S/11~ Sil!~ L~tJl~e11ft<J - /j 

The use of equations (43), (49), (50), (54), and the transforma­

tion equation (41) results in 

r , z Jflz 
(et)s/4~"')c:t)s(0,-wJj: J/11#_ L (t+ r)t!of &_ -a . (59) 

" /(1-1-1') 2. +a j Yz. 

From equation (45) we have that the incident i'-ray energy 

minus the kinetic energy of the recoil electron is 

J:: K0 - (E-/") = K. 

For the maximum recoil electron energy £= '1T in equation (49) 

hence if Ll -== J max 

L1 _ Ko =-
- /-f 2-r 

(60) 
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