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ABSTRACT

The design procedure is discussed for the construction of
a lens type beta ray spectrometer having a large solid angle
and capable of focusing electrons with energies up to 320 Mev.
The observed performance of the instrument is compared with
theory.

The application of beta ray spectroscopy to the energy
determination of ﬂ/-rays by use of both the photoelectric and
Compton effects is considered. The effects of converter thick-
ness and finite instrumental resolution are treated extensively.
The analysis of the experimental data, employing these tech-
niques, leads to the determination of excited states in Li7 at

10 ot 715.8 + 1.3 Kev; Nit© at 1173.4 =+ 1.8

13

476.7 4+ 0.9 Kev; B
and 1330.9 4 3.1 Kev; and C at 3092. £ 13 Kev.
The continuous beta spectra from the radioactive elements

LiB, Blz, and le

were studied. The upper energy limits for
these spectra were determined as 15.8 =+ 0.1 Mev, 13.43 = 0.08
Mev, and 1.2028 £ .005 Mev respectively. Experimental evidence

is given to show that the beta decay of Li8

proceeds mainly to

a broad excited state at —~ 3 Mev, the transitions to the ground
state being estimated at less than 2 percent. Evidence for pos-
sible highly excited states in Be® and 018 is presented and dis-

cussed.
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I. SPECTROMETER DESIGN

General Introduction

Beta ray spectroscopy has proved to be a very useful tool
in the investigation of nuclear processes and nuclear structure.
In addition to the determination of the electron spectra in the
/3 -decay disintegration of radioactive nuclei the/e-ray spec-
trometer can also be used in the analysis of the secondary elec-
tron spectrum arising from the interaction of 7/—radiation and
matter. Such an analysis can be made to give both theenergy
and intensity of the 7/-radiation. Information concerning the
lifetime of certain TT'-ray emitting states in nuclei, although
of a less precise nature, can also be obtained. The study of
internal conversion electrons and pairs as well fall within the
scope of investigation of the/s -ray spectrometer.

Since for most of the reactions of interest, intensity con-
siderations required a fairly large solid angle, it was decided
to construct a lens type spectrometer of the type built by
Deutsch, Elliott and Evans(l). Although the lens type of spec=-
trometer has an ultimate resolution which is inferior to that
of the best designed semi-circular instruments, when the main
factor in the figure of merit is intensity, the larger solid
angles available with lens type spectrometer are in its favor.
In this respect also the lens type spectrometer compares favor-
ably with the various double focusing type spectrometers.

In order to obtain the maximum flexibility in the shape of

the focusing field, the spectrometer coil was constructed in



four separate units. Thus actually, the field shape may be
varied continuously from the thin lens type of Deutsch, Elliott,
and Evans through the uniform axial field of Witcher(z) to the
U shaped field giving minimum spherical aberration discussed
by K. Siegbahn(s), by merely adjusting the coil spacings ap-
propriately. No iron was used to form the magnetic fields in
this design mainly to avoid the uncertain hysteresis effects
inherent in instruments involving iron. Thus an obvious advan-
tage of the air circuit spectrometer is that the focusing coil
current is directly proportional to the momentum of the observed
particles while for the iron formed magnetic field spectrometer
a magnetometer must be used to determine the momentum. The max-
imum energy electrons that could be focused with the coils most
Judiciously disposed was set at 30 Mev. With this field con-

figuration protons and alpha particles up to kinetic energies

of 250 Kev or deuterons up to 135 Kev could also be focused.

Theoretical Considerations

The theory of the lens type spectrometer has been frequent-
ly discussed in the literature, with perhaps the most recent sur-
veys given by Umerykin et a10%), and T Siegbain®™?, omiy the
briefest discuséion, mostly for orientation, will be given here.
Consider an axially symmetric magnetic field, the axis of sym-
metry being the Z-axis of Fig. la. Let /', &, and Z be the co-
ordinates of an electron sheet f;. Then for paraxial rays, the

trajectory can be shown to be given by
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where //éz)is the magnetic field along the axis at the £ co-
ordinate of the sheet andlao is the "momentum". The electron
sheet is presumed to be monoenergetic.

A typical "thin lens" type arrangement is shown in Fig. lb.
For such configurations the source is located on the Z-axis at
a point where the magnetic field is considerably reduced from
its peak intensity, such that YA >/ (Fig. 1b). When the
magnetic field is set high enough, electrons that pass through
the spectrometer baffle opening will again cross the axis after
following trajectories somewhat as shown in the figure, the ex-
act path being governed by equation (1).

At this point it may prove instructive to give an approxi-
mate solution to eq. (1). Referring to Fig. 1b, planes A and
B are located intersecting the Z axis at points where the mag-
netic field is small compared to its maximum intensity. Inte=-

grating equation (1) from plane A to Bthere results

B
dr) (ﬂ?’) / / ’
(BL) - (22 - L— [rH @Az ) (2)
2
AZls \Az/, 4(3/0) /
now under the prevailing conditions /~ is essentially a constant

equal to /4 in the interval A to B and may be taken outside the

integral. Further the limits of integration may be taken as in-

% See Appendix I.
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definitely large in each extension. Thus equation (23) may be
rewritten as

%) (8]~

o0
4;"310), / H(Z) Az (5)
~ 00
Equation (1) shows that since //(2) is very small in the region
from the source to plane A, and from plane B to the image the
curvature of the trajectory is small, hence C%rj) ﬁ%acx = GZQ
and (;7—) =~ f%%/e 672’ o Then substituting these

in equation (3)

WA
A Ve 4{(3 )

//// Z2)AZ (4)

We thus see that this system behaves very much like the optical

focusing of a thin lens, where it is customary to write

/7,0 - L (5)

7&'7(

provided one takes the focal length as

rA
/_ 4 (Bp) (8)
2= [ 2 .
JALACILE
-e0
An exact analysis can be carried out for certain field
shapes. The field shape typically dserved may be approximately

fitted by the equation

AVKZ' _ LZLf (7)
' T ()T
where¢2=75§7ff7-'and.d(is the half width at half maximum. With

ﬁ/@Z\ in this form, equétion (1) becomes, letting X= =



dr __#a - gt
AK? 4(3/0)2 (1+X* ) ¥ A1+ X))~ (8)
. A S
th K, = > .
i #T 4 (Bo)

(6)

This equation has been treated by Glaser for the case/ﬁc=/ o
As a first approximation when 4 #/ , substitute }'-—/}? X in
equation (8), there results when the right hand side is expanded

in a power series

| Ar __ Ka . /) e? (9)

Fpm 25 G F ]
Then to the extent that the series inside the brackets is inde-
pendent of A this equation is of the same type as obtained with
/(=/. The first approximation then is to take the folutiontf
equation (8) with/a:=/ , using for K% the value Kk%;; , and
using the scale factor implied in the substitution-§7= vZT.X o
The convergence of the series in equation (9) has been discussed
by Siegbahm(5). While the expansions discussed in connection
with equation (9) hold only for ? <l (Z of the order of &),
the region in which §f>l is a comparatively weak field region
and as equation (1) shows, has a relatively smaller effect in de=-
termining the trajectories. It is of particular interest to note

the limit which equation (7) approaches aé/%—>ooand A is held

fixed. We take

=[0GS = [1+ & EH0)]”
Z) 2
Ly = /&//Za(z/( )]

and
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Then using L'Hospital's rule

- e (B A
. ~ , 74 ()2 - =
hence 05;40 /44{17 = (?Z?)/xﬁa,z
y i 2 2
(7h) A

or f= & with A='//4L,Z

finally then equation (7) becomes

H(E) =4 e~(2) ,

Thus with this value of //(Z—) equation (8) becomes if X = =/

2 _ 2 % i 4
Il kle ki [1maxezx ]

Thus again to a first approximation the solution to equation (8)
with M =/ may be used, here however ﬁﬁzis replaced by ﬁﬁ;, gl
so noting the difference in the definition of X.

The solution of equation (8) for A=/ may be carried out

exactly (see Appendix II) giving

/ 2 P 2 Ve
/""‘sm_w{c S/ﬂ[(K,H) w] + G C‘as[(K, +/)co] (10)

with w= a/‘c‘//p X, -T<wW<o , and () and ( arbitrary constants.

The "focal length" which was given approximately by equa-
tion (6) as well as the location of the "focal plane', may be
determined exactly for the field shape used here. Consider a

paraxial ray entering from the left in Fig. 1lb at a distance /]



P

from the axis. Then for X0, «W->0 hence we must take (=0
/o

and (, = 775;::777; , where upon equation (10) becomes
2
K, +/ w/
£_=5q/?g‘) ) —7<w< o, (11)
o (K*+1)7F smw
2 yl.
Equation (11) has zeros at (}Q-f/) W o= =77 or
Zy N7
A ==t (KZ+1)7= N =423 Mgy (12)

e Topax < (K/z*/)l/z .

In a practical case the baffles are set so that only the first
zero is of interest. Then the location of the focal plane from
the plane of symmetry (i.e. £Z=0 ) is approximately for the

general field shape of equation (7)

Zu - - ot —L ; 13
d/_//z‘—- (K/u% +/)/z (13)
Zio - -otn T

5 Ko +/1 )7 -

2
We note that for a thin lens (ﬁ%f << |>, ifoa. is positive,
thus the paraxial rays entering at the left of Fig. 1b are
brought to a focus to the right of the plane of symmetry (Z=0).
As the strength of the lens is increased 5374ewentually becomes
Zero (-/-<éf =3 ) and finally becomes negative (/—/Z_‘5 >3 ). The
condltlons of equation (12) show that for a thin lens 7Qme =/,
and thus paraxial rays cross the lens axis but once, however, as

the lens becomes stronger many nodes appear, their number being

given by 7, ..



To find the focal length for paraxial rays we use the

analogy with the optical case and take

7Z /ﬂz— Z 77
/g d St ,; = / (/(IZ L /)'/Z (14)

Yz
n=1/7,23 “ Mmax < (K/Z*/) .

Thus for / =/, the approximate focal length for the general
field shape of equation (7) is

= (SC 7

Kz 72
( 1 +/) -

#, - O5C 7
(2 4—/)'/z ’

e

Since by inspection of equations (13), and (15) and related equa-
tions it is seen that lj§7¢f> (25y4'the location of the unit
plane which is ifﬁu — 474?2 , is in all cases negative. Thus
the object unit plane is located on the image side of the plane
of symmetry (image space) and vice versa even for thin lens
case, and in this respect differs from the usual optical case
for thin symmetric convergirg lenses. The location of the unit
planes and focal planes is illustrated in Fig. 1b.

For completeness it should be observed that equation (7)
substituted into equation (8) gives for/{-—:/ to /( = 00

]§’= —4§2%€22 ao ¢1<Z __ = zz(;
et [l G E TS
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7[ 4(25,0) -2 K
2 P2l /[/+/Z/)]“/z TK: €

. A(Bo) 2 P enlen)l]
roomRaE L (RS TR g )

(18)

~ 4 rf‘ ﬁzr
]{/‘"'7/*,«/;2/“'2'
using Stirling's approx-

imation
408 b )
fro = sz/w O s e 12

2

While equation (15) when expanded for ;2# </ (i.e. a thin

lens) gives
2A
a (17)
Fo= Wzﬁ—
I 7/’/<= 2z
7{«” 77,<°,

Thus the focal lengths predicted by equation (15) for a thin

lens are too small by a factor

4"”;{,«—/ [(?/4)./] (18)
/o ;/'“ “Tu (4u)/

which gives /0=/ for /6'-‘/ , and rapidly approaches 777 for

large/% . While equation (15) is exact for the field shape

/(==/ and is probably a fair approximation for any//( and mod-
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erately thick lenses (i.e. & and 2~ comparable to &{', since
for such lenses the higher powers in the expansion of equation
(9) are relatively less important and it is just here that the
approximation lies) it would be expected that equations (8) and
(18) should be more exact for the thin lens case.
Finally then the thick lens formula to be used is
/ . / _ !
A + ﬁ//u V?‘ﬁ//u /&u
where é//u -‘=/7a -Z;u and where X and 2° are the object and im=-

(19)

age distances respectively measured from the plane of symmetry
(see Fig. 1lb). Thus when &= 7" (unit magnification) the "length"

of the spectrometer is

L,=2%=z§{/+z,/) (20)

This last equation may be combined with equations (13) and (15)

to give

- 24 7
Ly ;//77/”’72(/9«‘/“,4/)’/2 (21)

L,, =24 fan -2

2(,(: ././)’/z

Design Procedure

A. Vacuwum Chamber and Accessories
It was decided that for a reasonable field utilization,
the best compromise between obtaining of a large solid angle and

small aberration was to be had by using a spectrometer vacuum
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chamber approximately 10 inches in diameter. Hard drawn brass
seamless pump liner having an I.D. = 10,000" and a wall thick-
ness of .148" was commercially available, and was therefore
used. A 48" long section of this tubing was used as the "vac-
uum box" in the series of experiments described later; a short-
er length of 36" was also availahle.

The vacuum in the spectrometer must be hard enough tb pre-
vent excessive scattering and energy loss of the electrons be-
ing focused. The curve of Fig. 2 gives the collision mean free
rbh for high energy electrons in air as a function of the pres-
sure. It will be observed that to have the mean free path
greater than the length of the spectrograph requires a vacuum
that is better than 2 x 10~4 mm Hg. A 3" diameter, 3 stage oil
diffusion pump backed with a Megavac mechanical fore pump was
used to obtain the desired vacuum. In some of the arrangements
to be discussed the spectrometer vacuum system was connected to
that of an electrostatic ascelerator. The diffusion pump was ©on-
nected directly to the vacuum chamber by a short length of 3"
diameter brass tubing (see Fig. 3). The pump down time to ob-
tain a hard vacuum starting with a cold diffusion pump was about
30 minutes. An air lock, see Fig. 3, was provided to permit a
rapid change of target or source assemblies, it being but a mat-
ter of a few minutes to change sources by this device. The air
lock unit was provided with a set of adjusting screws which per-
mitted one to change the position of the source by small amounts

to insure its accurate location. The end plate at the source

end of the spectrometer contained a 3" diameter lucite window.
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A small wattage bulb was sealed inside the spectrometer which
could be used to illuminate the source assembly which in turn
was readily visible through the end plate window. A small rod
pointer which could be accurately relocated was used to indi-
cate where the target or source center should come. This point-
er could be swung into place or moved out of the way through a
vacuum seal connection. With the pointer in place the air lock
set screws could then be used to align the source.

When the beam of the electrostatic accelerator was brought
into the spectrograph to bombard the target in place, the axis
of the spectrograph was carefully aligned with the direction
of the beam. A small quartz disc with fine copper wire "cross
hairs" could be swung into the target position by a lever exten-
sion through a vacuum gland. The arm holding the quartz disc
and "cross hairs" was mounted on the source end of the center
baffle slug. This disc was carefully centered on the spectro-
meter axis and permanently in place. When the fluorescent spot
produced by the beam striking the quartz discs was centered in
the cross hairs for both quartz discs, the beam and spectrometer
were Jjudged to be coaxial.

B. Focusing Coils

The field coils were constructed in four separate sections
as shown in Fig. 3. in order to obtain a high degree of flexi-
bility in shape of the focusing field of the spectrometer. The
highest energy electrons will be focused however when the four

sections are used as the closest spaced unit, centered midway
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between the source and the detecting window. When the obtain-
ing of the maximum converging power of the lens (minimum focal
length) is not the prime consideration the coils may be separat-
ed and various field shapes can then be achieved. Since the
most adverse electrical and thermal conditions arise when the
spectrograph is operated at its maximal converging power the
design is considered for the case in which the four coils oper-
ate as a single unit.

To obtain the highest converging power for the least expen-
diture of electrical power it is apparent that the axial length
of the coil /?(see Fig. 4) should be made as long as possible
(up to a point X/<Z.) and that the radii 7?”%,and & wax should
be made as small as possible. Such a configuration will make
the best use of the ampere turns in producing useful magnetic
fields in the spectrometer itself. The versatility obtained by
separating the coils is somewhat enhanced by keeping /( substan-
tially smaller than Z.. In the present design.ﬁ. is fixed at
45 inches and 7%>wn at 5.6 inches from the considerations of
solid angle and aberrations. With L and ;Ea%w thus determined
a reasonable value for the length of the coil is /z L/Z‘. ;5 the
actual value of X? in this design was taken as 20 inches.

To a fair degree of approximation the field along the coil

axis can be represented by:
2

Z

Hiz)=H e b* .

From which it follows using Ampere's circuital law that

ﬂa.& - ///(z)/z = A6y (22)

- 00



SCHEMATIC FIELD GCOIL CROSS-SECTION

Cooling pancakes\k ¢ T_

\
Coil winding e
XIS
Rmax
Source $ Window
; Rmin /
| l I Z axis
|
I< - l B )—’
-
QR
= FIG. 4 8




T s

where /V is the total number of turns in the coil and ¢ the
coil current in amperes while /4 is in gauss and‘é in centi-
meters. Using the thin lens gpproximation for unit magnifica-

tion from equation (8)

. 8(Bp) _ AE) -
v AT T

Combining this equation with equation (223) there results for

the total ampere turns required
"= b ofz _ A
Ne =0 Bpy= Vo7 = 4.603/0 V7 (34)
where &{ = ———éi———~ .
1 bn 2

It was proposed to use water cooling in the present design by

having cooling pancakes distributed within the coil spaced ZL
inches apart, see Fig. 4. With a current density of‘f amp/in2
in the copper wire itself and a coil space factor S (cross
sectional area of copper per square inch of the winding) the
power generated is:

W= S/“/'z ”’”7%7/'/13

7

where 7/ is the resistivity of copper (8.9 x 107’ ohms-in at

100°C). Then approximately (see Fig. 4 for coordinate system)
2
AT __sr =
AX*? K
a2t equilibrium where / is the temperature and £ is the effec-

tive thermal conductivity for the winding. The temperature dis-

tribution within the winding then is:

yas Sa'f'z(xi_ x2) + 77 (25)

2K
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and the difference in temperature between the hot spot and the

cooling pancake is

2
Srt ;e
s %o = il Bk

(26)

The actual difference in temperature will be somewhat greater
than this amount when the number of layers of winding between
the cooling pancakes is small rather than the continuum of dis-
tribution assumed in this treatment. An e stimated value of K
which was later confirmed by a performance test is K= 0.01
watts/in®C for uniformly spaced double cotton covered round
copper wire of diameter greater than AWG 12 with some impregna-

tion. Since S = 0.7 for such wire, equation (28) gives

o 350.

S =N T empsnt )

with ZL in inches and ia;nx"7: in degrees centigrade. With a

cooling plate every inch and an 80°¢ temperature rise to the

hot spot, / = 3100 amps/inz. If the overall coil space fac=
tor is € +then in the notation of Fig. 4 the ampere turns are

given by
N = §7§//Zcx3mﬂx —';¥;Wﬂ./ : (28)

V4
Then since /”"’ (2 and it has been decided to take /zé‘- sy COM=

bining equation (28) with equation (24) gives

é/L [P/’MX - Z)ﬂm/ =4, éo _B/o (29)

Hence since /7 = 3100 amps/ing,.l. = 45 inches, and zawﬂ= 5.6

inches a value of € = 0.4 requires that X;Wm'= 16.8 inches in
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order to focus 20 Mev. electrons (6.8 x lO4 gauss-cm. ). In
the actual design X;wxz 15 inches was used. The total power

disipated is
W= //"V= //'zev/[f,;x R/ (30)

which corresponds to 46 K.W. under the present design condi-
tions,

With an efficient design of the cooling pancake the tem-
perature Z; should be the mean between the exit and entrance

temperature of the cooling water or

T+ Texi?
7: N -

(31)

Since the value of 7;ﬂx beyond which it is not safe to go is
110°C and since the design was for an 80°C rise, /o = 300C.
With tap water being used for cooling 76; = 15°C, hence
-7;m/ = 45°. Then the rate of flow of water must be
=4/?2-(-72{:/—7—) ///frs/sec (38)
m

with W, the power generated in watts and the temperatures in

degrees centigrade and where lW; is the power dissipated by
radiation and convection to the air. Under actual performance
only 39 K.W. peak power was required instead of the 46 K.W.
calculated from equation (30). The dissipation of heat into
the air was estimated to be 1 K.W. for the peak heating by us-
ing Newton's law of cooling

Wy = 75500 (To=Ta)  wattsfyr
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where 7;‘and 7; are the surface and room temperatures respec-
tively in degrees centigrade, in the present design /s-7, #30°C
while the total surface area is approximately 3500 inz. Thus
the rate of flow required under the actual operating conditions
is F = 0.30 liters/sec. The water pressure head obtainable in
the laboratory was 70 psi. The cooling pancakes were made out
or rolled down copper tubing as shown in Fig. 5. Each of the
four units of the focusing coil was originally designed to
have four cooling pancakes spaced every inch of actual winding.
The separate spirals were connected in series on one plate
while the pancakes (total of 18) were in turn connected in par-
allel to lower the water impedance. If necessary a large number
of other ways of connecting the spirals and pancakes was avail-
able. The net water load for the arrangement used consisted of
16 parallel sections of rolled down 5/18"0.D. copper tubing
(= 0.110 x 0.300" inside dimensions) each approximately 4
times 33, or 132 feet long.

The pressure head for the required flow through such a sys-

tem may be readily calculated. The characteristic dimension or

mean hydraulic diameter for such tubing is

zab 2x .10 x .300 y
- - — ./
A a+b 77 0./61

and since the kinematic viscosity 7 of water at 30°C is
8.8 x 1078 ftg/sec, while the flow of 0.3 liters/sec requires
a flow velocity of 77 = 3.9 ft/sec, the Reynolds number R ve-

comes

KD=M _ 29 x./u/
V4

4
$6xw0% x 2 4.5 %10
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Since this value is much larger than the critical Reynolds num-
ber of 1-3 x 10° the flow will be turbulent. From the point of
view of getting an efficient cooling system where the pressure
head available is large enough so as not to be a limiting fac-
tor turbulent flow is desirable. The relationship between the
pressure head ﬁ. in feet of water and the velocity of flow

in feet per second is

heZ (i drfhrdord)h o

with ,40 = head lost in entrance and exit pipes in feet
of water.

acceleration of gravity 33.3 ft/secz.

g
?

£
4

A

%% = friction loss at bends ~ 1 per 90° bend.

friction loss in entrance to the tubing ~ 1.

friction factor for the tubing.

length of tubing.

the hydraulic diameter.

fﬁ¢ = friction loss at valves etc.
The friction factor for smooth pipes and tubing is approximate-

ly given by the formula of Blazius
_—_3/;{5 (35)
za

or may be obtained from various engineering books(7). The

value of 7{ in the present case is 0.022 while estimates of ¢,
¢%, and gg;are 1, 13, and 5 respectively, and /é== 15 feet, thus
the head required is;é = 468 feet or 30 psi. In the actual con-

struction only one unit had 4 pancakes the other three units
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had 3 pancakes each, this load (higher impedance than used in
the above calculations) gave a flow rate of .39 liters/sec at
a 70 psi head.

A generator capable of delivering 60 K.W. to a load of 1.0
ohm was available to supply the power required. The wire size
of the winding could therefore be calculated. It wasdecided
that in addition to having the coil separated into four individe
ual units each such unit should have four sub units, one between
each pair of cooling pancakes, with all the electrical connec-
tions brought out. Number 6 AWG double cotton covered wire was
readily available and proved to satisfy all the requirements.
The winding scheme is illustrated in Fig. 6, and had 313 turns
per sub unit or 848 turns per unit. The resistance of one
half a sub unit is 0.36 ohms at 70°C, hence connecting the two
halves of one sub unit in parallel gives 0.13 ohms. Connect-
ing all the subunits then in series gives a total resistance
of 2.1 ohms. The copper wire was designed to run at a current
density of 3100 amps/ing and since the wire cross sectional
area is .0206 in® this gives a wire current of 65 amps or a
generator current of 130 amps. Thus in spite of the impedance
mismatch by a factor of two the required current can still be
supplied by the generator operating at its rated terminal volt-
age. While winding the coils, two of them had copper-constan-
tan thermocouple junctions embedded near the expected hot spot
region. The 4 subsections of each coil unit were held togeth-

er by an end plate assembly shown in Fig. 7.
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To protect the coil against the high voltage stresses that
would result if its current was inadvertently interrupted while
at a high value, a selenium oxide rectifier was placed directly
across the coil with the polarity opposed to the supply voltage
and with all the switches beyond the rectifier. Thus if the
current from the supply is interrupted the polarity of the rec-
tifier is proper to permit a circulating current to flow between
it and the coil until the energy stored in the magnetic field
is dissipated.

With the coil connected as described (i.e. paralleled sub-
units which are all in turn hooked in series), the inductance
has been estimated at 0.70 henries. The requirements on the
rectifier unit are that it operate at a forward voltage of 250
and block even at an inverse voltage of 250, take a maximum
surge current of 130 amperes and dissipate a transient power
represented by this peak current flowing for 40 milli-seconds.

The spectrometer coil was supported on a large wooden cra-
dle based on some 4 x 4 beams. The vacuum chamber was also sup-
ported by this cradle through four legs which were adjustable
in length. The adJustment of these lengths permitted the rela-
tive motion of the chamber with respect to the coils. The cra-
dle in turn was supported on a wooden frame, through the agency
of four grease pads which had adjusting screws provided to fa-
cilitate making small adjustments in the position of the spec-
trometer as a whole. The frame legs consisted of jacks so that

the spectrometer could be raised or lowered and leveled.
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C. Baffle System

The spectrometer was provided with a series of baffles to
lower the scattering within the vacuum chamber and to aid in
defining the desired focused trajectories. A large fluted lead
center slug was used to prevent direct radiation from entering
the detector window. Various annular stops were provided as il-
lustrated in Fig. 3. Some of these stops were moveable by the
agency of rods that extended through vacuum seals. A large set
of square wire rings equally spaced were used to line the in-
side of the vacuum chamber wall near the central region (refer
to Fig. 3) principally to lower the wall area "visible" from
both the source and the detector window and thus lower scatter-
ing. A "paddle wheel" type baffle of the type discussed by
Deutsch, Elliott and Evans was provided to select the positrons
from the electrons. The fins of this baffle were along the
helical paths of the desired trajectories. The pitch of the
helical baffle could be adjusted through a vacuum seal. The
transmission of this baffle to particles of the proper sign was
approximately 70 percent while to those of the opposite sign it
was very close to zero.

While it was decided to have the source far away from pos-
sible scattering material, a large amount of lead shielding was
used around the detector window as shown in Fig. 8. The conic-
al aperture in the large lead shield in conjunction with a
small adjustable conical lead plug were used to set the "ring
focus". The location of the ring focus was determined experi-

mentally.
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D. Detector Unit

A bell jar counter of the type made by the Radiation Coun-
ter labs, Chicago, having a 1-1/16 inch diameter 1.5 mg/cm2
mica window was used. In all the ring focus configurations the
full counter aperture was utilized. These counters have a pla-
teau of approximately BOOV and a dead time of the order of 300
M sec.

The quench circuit used with this counter was of the mul-
tivibrator type discussed by Korff(s) and first devised by Get-

ting(g). This type quench circuit has numerous advantages.
Among these may be listed: a low output impedance which enables
one to use long leads from the quench unit to the scaling unit;
the recovery time of the Geiger tube can be matched by adjust-
ing the circuit time constants; the output pulse is independeﬁt
of the counter tube characteristics; the quench tubes operate
only at normal voltages; the adjusting of the bias on the nor-
mally off tube givesa certain amount of discriminator action
of the Schmitt type and helps cut down multiples.

A standard scale of 16 scaling circuit of the type de-
signed by Higinbotham at Los Alamos Scientific Lab was used
in conjunction with a mechanical counter.

It is perhaps desirable at this point to make a slight di-
gression and revieﬁ some of the criteria governing counter sta-
tistics. With the aid of these criteria and the known magni-
tude of the statistical errors that can be tolerated proper
counting rates and scaling units can be selected.

The derivation in Appendix III has lead to Poisson's law
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which gives the probability that precisely'/v pulses be observed
in the time interval f for random pulses having a long time

/
average rate }7='§r . This expression is equation (34) of the

Appendix

z‘”e-%
R(i) =—/V_/Z—’V . (368)

Consider a source of random pulses with a long time average

rate 77:% feeding into a perfect scaling circuit of scale N
(i.e. for every /N pulsesinto this unit one output pulse appears),
the output of which in turn goes to a mechanical counter of dead
time 7 . Then the probability that one or more output pulses

ir addition to the reference pulse come within the dead time

of the mechanical counter is:

T = 75@)+ Tau () # Frga (2) 4 -+
2, 7/ /
or 2&’(2) = & 2'22:’ g}fj

/=N
Or if 2, = §! is the uniformly spaced pulse rate into the
scaler at which the mechanical counter just jams
ﬁ.Nw .
7 ANy !
Iy =e” 2 () 7 . (57)
A /!
This is precisely the formula that comes up in telephone conges-

tion problems(lo).

Constant error curves are given in Fig. & which illustrate
the "smoothing action" of a scale of N circuit. For example ,
a mechanical counter which Jjust Jams at 100 pulses per sec. sup-

plied by an oscillator can count random pulses at a rate of only
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1 per sec. for a loss of only 1% in the pulses recorded. If a
perfect scale of 4 scaler is inserted between the source of ran-
dom pulses and the mechanical counter a 1% error in the pulses
recorded is not reached until a long time average random count
rate into the scaler is .33 x 4 x 100 (see Fig. 8) or 92 counts
per sec. Thus by far the largest increase is due to the smooth-
ing of the statistics rather than the obvious factor of 4
gained by the raising of M, .

For small /V equation (37) is better written as

” N-1
/V J
7N /
Ly=/-¢C ( (38)
for =/ this just becomes
Zz
=7, (39)

Z = /-C .

/

The case of count loss inherent in the geiger counter itself

/
which has a dead time 77, = (. can be treated using equation (39).
If the true long time average count rate is 77 the counts lost

per unit of time 77, are 37i?: or

— —73;
~7(-e7")
hence the observed count rate Z. is

_ _ -7 40
”c=”_)7m=/7€ . ( )

This enables # to be determined when a count rate e is ob-
served, if fc is known. 1In practice2722 is held small com-

pared to unity when equation (40) may be approximated since

)?c’—“vi as

"iZ{C — *”czlc —
e =T = 7e =7 (1-77)
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or finally
T (14 0.7) . (41)

An interesting method for determining ZZ for a geiger count-
er is the so called "two source method". As the name of the me-
thod implies two radio active sources are required; first one
source is brought near the counter, the other being at a very
large distance, and the observed count rate Cz is recorded, then
the other source is brought near, the position of the first
source and counter tube being held fixed and the observed count
rate O is recorded, finally the first source is removed to a
large distance again keeping the position of the counter tube
and remaining source fixed, and the rate C; is recorded. Care
must be taken that when the two sources are present the pres-
ence of one does not change the flux of particles from the other
striking the counter by scattering or the additional conversion
of # -radiation in the shield of the other source for example.
The natural background in the absence of the two sources A is
recorded. Then with,A4 and Aé being the individual true count.
rates from sources #1 and #2 respectively, while ﬂ% is the true

background rate we have

_L N,
C, = (N+A,)e (K #1%)
_Z (Mo,
C, = (Ny+N,)e (Ko #A) (42)
o (W ) &I )

S
B« Ne Ze No
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With the count rates such that (N, # AN, #+ N, )l0 </  we

have approximately ,
G = NAN, =2 (W+ M)
(; z/%*/‘/o’zlc(Nz+M)z (43)
S = MAN AN, =T (N+ My + N,
5 No = ic/@éz

G+ G-S-B = Zlc[(/\fv‘/Vzv‘/\/o)zv‘/\/oz-(A/ﬁ/%)t (/sz/t/o)z/
~ 7 (5:‘ BLa-&F)

t

or finally
- c/*c’z“S—B (44)

Sz_}(_zz_qz_qz

In general, very good statistics must be obtained in determin-

é

ing the various rates since as formula (44) shows the small dif-
ferences between these rates are the important factors. This
method gave a dead time of some ZOO/tsec for the bell jar coun-
ters used throughout the experiments to be described. Esti-
mates of the desired rates on the counter showed that a scale
of 18 was adequate to reduce the errors in mechanical record-

ing to a negligible quantity.

E. BStray Field Compensation

The spectrometer axis was along the magnetic meridian.
Thus only the vertical component of the earth's field, which
was measured as 0.3 £ 0.1 gauss, was effective in producing
a defocusing action. Various arrangements were used to compen-

sate this component of the earth's field; in the final version
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a pair of large frame rectangular coils 468" x 88" suspended in
parallel horizontal planes symmetricallyplaced with respect to
the spectrometer and separated by 31" was used. Fields up to
several gauss could be produced in the center of the coils.
When the electrostatic accelerator beam was brought into the
spectrometer a large analyzing and deflecting magnet some 7
feet from the spectrometer had to be used, which produced a
stray horizontal field roughly the order of the .1-.5 gauss.
A set of large frame coils 41" x 60" separated 37" symmetrical-
ly placed was used to compensate this field.

The remaining component of the earth's field which was a-
long the axis of the spectrometer required that a slight cor-
rection be made for the spectrometer momentum calibration.

This point will be discussed later.

General Performance and Comparison with Theory

The magnetic field shape was calculated for the centered

coil configuration using the expression

| 2 w4
j@z%? (Z*{),& d+/d+(z+ /)/3/ ( )%’ dz-f/dz *(Z'Q.‘[)/ ](45)

a+|a+(z+ a,+/47+(z-£)]"

where A= ._JQL___
/(dz'd/)

/N = total number of turns = 3390

N

length of coil = 20.0"

= minimum radius, previously called fmm 5.7

S A
] [}

15.0"

= maximum radius, previously called Zimﬂx
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Z = distance along the axis from the center of the
coil, as before.

-

é = the coil wire current, one half of the supply
generator current for the electrical connec-
tions used.

This expression is exact for a rectangular cross section coil
as shown by Deutsch, Elliott and Evans(l). The half width at
half maximum is 10.4" and the value of fé is 85.0 gauss per am-
pere. The field shape is plotted in Fig. 9 as well as the ap-
proximations for /M=/ and ¢ = . It will be seen that the
Gaussian fit Q/(:oo) gives a fairly good match in the region

where the field is intense. The use of equation (232) gives

Ho /0.4
H = - = oL . 3
5 76 guass/amp for'b 77 = 12.5", which is not greatly

in error and indicates the reliability of such design calcula-
tions.

A series of experiments was done in which the point focus
was used, the opening in front of the counter window being T
in diameter. The shield in which the window was cut was mov-
able through a vacuum seal, thus the source to detector window
could be changed by small amounts. A stop was placed in the
center of the spectrometer which permitted three narrow zones
that were cut in this stop to illuminate the detector window,
the zones were %" in radial extent and had mean radii of 2.823",
3.88", and 4.87". The source consisted of a thin deposit of
7# B on a .0005" Al foil. The generator supply currents re-
quired to focus the "F" line C%0= 1385) are tabulated in Table

A; the resolution was ~ 2%.
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TABLE A
Zone Source to Window Distance
Mean Radius 42.5" 43,5 44,5" (Normal)
4.87" ———- 5(035 2.998
5.88" 3.178 3.142 3.095
2.623" 3.285 3240 3.195
zero extrapolation 3.558 3.319 3.873

The use of equation (21) permits the prediction of the gerera-
tor current to focus the 7AB-F line. For the source to win-
dow distance of 44.5" and A = 10.4" (see Fig. 9) the value of
Kew is 1.095 which corresponds to a focusing field of 4, = 95.7
gauss for the F line. This focusing field requires a coil cur-
rent of 1.48 amperes and a generator current twice this or 2.96
amps., this is to be compared to the zero extrapolated value of
the observed currents of 3.27 amperes.

It is of some interest to plot the trajectory for parax-
ial rays in the present configuration as predicted by edquation
(10). With the value Ko= 1.095 the curve of Fig. 10 results,
where for comparison the trajectory for paraxial rays in a2 uni-
form field is also given. The values of §' given on the figure,
namely ¥ = 1.26 and Z , for the centered coils and the uni-
form field respectively, represent the extrapolation of the ini-
tial trajectories to the plane of symmetry of the spectrometer
as Z =0 (see Fig. 1). |

Equation (20) of Appendix I given below for convenience
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%‘ A*/Ar 4_/ (48)

gives the change in focusing current caused by the aberrations
for a mean zone radius /, . Since this expression was derived
for the thin lens case more appropriately /7, should be replaced
by ﬁ;/; , then if Z; is the focusing current for paraxial rays
(i.e. /; = ¢ ) then the focusing current ¢ for a general ray will

be

(/‘ /.r“ >3 ]) a

The data presented in Table A has been plotted in Fig. 11, show-
ing the focusing current required for a given zone /, as g
function of /;z , wWith the source to window distance L as a
parameter. The approximation to the curves by straight lines
as predicted by equation (47) is seen to be quite satisfactory.
The slope divided by the j(—intercept of the line for Z~ = 44.5"
is from Fig. 11.— .00354 in~® while the value predicted by
equation (47) is — .00415 in~2.

The variation of focal current with the source to window

distance L can be obtained from equation (21) which for'/6(='”

becones
AL oo T b Keo 7 A Koo
Al T TRE41 )% T A Al (48)

AL
Using the value of Aw = 1.095 there results ;;; = 16.2 inches
per ampere of generator current while from Table A the observed

variation is ~ 21" /amp.
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The data presented in Table A can also be used to determine
the location of the "ring focus" stop. The crossover points on
the axis for the various zonal rays at the current setting which
Just focuses the outer zone rays at 44.5" from the source as
well as the approximate trajectories based on equation (10) are
shown in Fig. 12. The relative location of the bell jar geiger
counter and its window is also illustrated. The actual lead
stops are not shown in this figure, but may be seen on Fig. 3.

As a matter of interest theequivalent optical lens for the
centered coil arrangement has been calculated, using the equa-

tions in Drude(ll). In the present notation

2

Fu = ey T

W 2n-1) - (n-/)
_ rA

= d*//ﬂ"»rr-d(n-/)

where 2 1is the index of refraction and / is the radius of cur-

(49)

vature of the lens surface (taken as symmetric) with A the half
axial lens thickness (taken as the half width at half maximum of
the axial magnetic field). The result of these calculations is

shown in Fig. 13 for //=‘ 00 and ﬁ( = 10.4", and K= 1.095.

The index of refraction becomes 2 1.48, while the radius of
curvature is / = 5.87". The pertinent dimensions are given
on the figure.

The resolution obtained for the centered coil and ring fo-
cus arrangement was adjusteble; however, the best overall per-
formance was at 1.47 percent resolution, the corresponding solid

angle being estimated at 0.5 percent of a sphere. The mean ac-

ceptance angle of the spectrometer for this configuration was
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13°. The observed resolution consists partly of the spread

produced by the source size and partly of the smearing caused
by the spectrometer aperture geometry. The spread produced by
the source for the thin lens approximation has been estimated
by Cosslett(IZ) and Deutsch, Elliott and Evans and is given by

the expression

44}2?22 PO (50)

B 457
where S is the source radius and /, is the mean zonal radius.
The usual internal conversion source used was .090" in radius
which with /; = 4.0" makes the source contribution ﬂv'.45%,
which means that most of the spread was produced by the instru-
ment itself. A more detailed discussion of the effect of

source size and instrument spread has been given by DuMond(la)

(14)

and Persico as well as Deutsch, Elliott, and Evans. In ad-
dition to the centered coil configuration, experiments with the
coils separated into two groups with various separations have
been tried. Such configurations generally give a larger ratio
of solid angle to resolution, by observed increases as much as
a factor of 5. The maximum energy electrons which can be fo-
cused is considerably reduced, by as much as a factor of 2 for
an extreme case. In general the al ignment of the spectrometer
becomes more critical and the source centering must be done
very precisely.

It will be seen (see equations (1), (8), and related equa-
tions) that for a fixed spectrometer stop geometry, source to

window distance’and a given field shape, é;tis determined and
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henée the focusing current (through.ﬁﬁ ) must be proportional to
theZ%p of the focused electrons. In fact the focusing current
will be proportional toi%p for any field shape provided only
that ﬁ@ be strictly proportional to the focusing current. This
is a great advantage of spectrometers not employing magnetic sub-
stances. The focusing current was determined by measuring the
milli-volt drop across one of a set of carefully inter-calibrat-
ed manganin shunts. The inter-calibration of the shunts was
better than 0.05%. The shunt drop was measured with a type A -
Leeds and Northrup potentiometer. The output of the potentio-
meter in addition to being indicated on a sensitive galvanometer
was also used to supply a signal to the current regulator. The
potentiometer output was transformed into a square wave by inter-
ruption at alow signal level employing a Western Electric sealed
pressure relay. This square wave signal was amplified by approx-
imately 100 Ab and was used to control the output of a 3 K. W.
amplidyne through a phase sensitive push pull amplifier stage
using 6L¢ /5'. The amplidyne output in turn controlled the field
of the 60 K.W. generator supplying the spectrometer current. Ap-
propriate‘feedback was used in the amplifier to improve the sta-
bility. The spectrometer current was thus held to better than

2 parts in 10,000 on the average.*

%* I am particularly indebted to C. Dougherty, W. Gibbs, and
G. Downs for the design and construction of the regulating
circuit.



II. GAMMA RAY ENERGY DETERMINATIONS
USING THE PHOTOELECTRIC EFFECT

General Introduction

A method which has become widely used in the determination
of 7 -ray energies and intensities is the study of the second-
ary electron and positron spectra that 1/ -rays give rise to
when they are allowed to irradiate foils of various materials.
Of these secondary processes the photoelectric effect is in
principle perhaps the most suitable since it produces electron
lines of intrinsically high homogeneity in momentum. To uti-
lize this effect it is necessary to make use of an instrument
of fairly high resolution such as is available in the various
forms of/8 -ray spectrographs. Intensity considerations then
lead to the use of foils consisting of high atomic number ele-
ments and having thicknesses large enough to require a conside-
ration of the scattering and energy loss suffered by the photo
conversion electrons in emerging from the foil. Even at best,
however, the use of the photoelectric effect is limited to‘?y-
rays having energies less than 4 Mev or so;both because of the
unfavorably small cross sections at the higher energies and be-
cause of the increasing difficulty in resolving the photo elec-
tric lines from the Compton effect electrons.

When monochromatic energy ¥ -radiation irradiates a thin
foil a certain amount of photo electric conversion of the'7/—

radiation throughout the volume of the foil takes pkce. One
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such process is illustrated schematically in Fig. 14 as taking
place at point b within the foil. The photo electron so pro-
duced will then emerge from the foil at some point C after hav-
ing followed a path QS which will depend on the initial direc-
tion of emission of the electron and the amount of scattering
it experiences along the path. If the 1/ -ray source and the
converter are imagined to be discs placed concentrically with
the axis of a lens type /5 -ray spectrograph and further if for
the given magnetic field setting of the spectrograph the emerg-
ent electron has both the proper momentum and a trajectory that
emerges at an angle 6% with the spectrograph axis which is with-
in the angular acceptance of the instrument it will be detected.
The spectrum of the electrons from the converter as a function
of the momentum (i.e. a function of the magnetic field setting
of the spectrometer) can then be obtained. The result may be
somewhat as illustrated in Fig. 15. The line shape will depend
on a number of important factors listed below:

ae Nature of ¥ ~-Ray Sources.

b. The Photoelectric Conversion Process.

c. Source and Converter Geometry.

d. Scattering of Electrons in the Converter.

€. Straggling and Energy Loss for Electrons Emerging

from the Converter.

: Instrumental Resolution.
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Nature of Gamma Ray Sources

Since the lifetime of a nuclear state decaying by 7/-ray
emission may be comparatively short for example 10"7 to about
10-15 sec for dipole radiation, the 7 -ray will have an intrin-
sic energy spread. Such v i -ray widths are in general of the
order of 100 ev to .0l ev or so and may be neglected for the
present purposes.

In a nuclear reaction in which a residual nucleus is left
in an excited state the residual nucleus may have an appreci-
able velocity at the time when it decays by 7/ -ray emission.
The ¢ -ray that is emitted under these circumstances will have
a Doppler shift in energy which will depend on the exact geom-
etry of the observation and any possible anisotropic correla-
tions inherent in the nuclear process itself. If the lifetime
of the excited state is long enough the nucleus may travel, on
the average, a distance before emitting the ?/ -ray which is a
considerable part of its range, thus resulting in partial stop-
ping. This effect combined with the particular geometry em-
ployed in the target bombardment for the reaction will give
rise to further complications. The effects encountered here
are by no means negligible in all cases, however, they differ
markedly enough from example to example to require individual

treatment.

The Photoelectric Conversion Process

An electron ejected from an atomic system through the photo-

electric effect will have an angular correlation both with the
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direction of propagation of the 7/-ray and the direction of
polarization of the 7/-ray. An expression for these angular
correlations has been worked out by F. Sauter(ls) for the re-
lativistic case using the Born approximation-Zéggg—ég/where

B= Y% and M-A37 . Thus even for 7= C the distribution
function is rigorous only for Z <20 or so, and although the
interest here is in converter material with Z =% this solution
will be used to a first approximation. An integration of Sau-
ter's result over all directions of polarization consistent with

a given direction of propagation gives the differential photo-

electric cross section as:

. v /-p? 3(/1’/5)2/5 (51)
dr= constx _5_(’;74 =Ty A 19 ] g, (51

where é’is the angle between the direction of propagation of the
7’-ray and of the electron. A plot of this function for photo
electron kinetic energies £ of 0.0, 0.20, 0.50, and 1.00 Mev
is given in Fig. 16. The various curves were normalized to give
the same maximunm dér. To a good first approximation the half
angle 69}5 of a cone with the direction of propagation of the
Y -ray as its axis which includes one half of the total number
of photo electrons 1is given by the expression:

cos Oy, =B (52)
The maximum in the distribution occurs at a somewhat smaller

angle as the following table indicates.
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TABLE B

f?,vev, (5 6972 € max
0 0 90° 90°
0.20 | .6895 46.0° | 38°
0.50 .883 o W 25°
1.00 . 9411 19.7° 16.5°

It will be seen then, by an examination of Fig. 16 and equation
(52),that for high energy 7 -radiation the photo-electrons are
ejected to a larger and larger extent in a lobe in the forward
direction, while the width of the lobe becomes progressively

narrower as the 7/—ray energy is increased.

Source and Converter Geometry

In the analytical treatment which will be given later the
concept of the surface brightness é for electron radiation from
various portions of the surface area of a lamina of thickness
6{x into which the converter foil is imagined to be subdivided
will prove useful. By analogy with the optical case the sur-
face brightness will be defined as the number of electrons emit-
ted per second per unit solid angle per unit of projected area
of the surface. In the general case the brightness of a surface
element may depend on the direction of observation with respect
to the normal to the surface element. Consider the flux of ra-
diation per second.dﬁi in the solid angle 6111 having an angle
& with the emitting surface element 47/ illustrated in Fig. 17a.

Let f be the effective thickcess of the radiating matter, and
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let A be the mean free path for absorption of the radiation;

then the effective volume of sources is, if f >>,X s

A cos @ A1

and hence for isotropic sources,
AL = & cos & ArAQ (53)

while from the definition of the surface brightness

AL = (9) cosé Ar A (54)
consequently

(@)= xA

Thus when ZZX>A » Which is essentially the definition of a

(55)

black body, the brightness is independént of @ or is said to
obey Lambert's law. For the other limiting case f'4<A , as

illustrated in Fig. 17b, the effective volume of sources is:
rdr

hence again for isotropic sources

AL = &l drAQ (56)
and consequently

L(8) = z%éés . (57)

Thus when zf<<,4 the sarface brightness is inversely proportion-

AL
al to cos¢@ , while the intensity of radiationc;gz is a con-

stant which is characteristic of isotropic radiators.
The /& total absorption length in various materials for
2

7V;rays having energies between 0.5 and 10.0 m,c® is given in

table 0(18)  peiow.



TABLE C

/W//”o‘fz :b )\Cu* o
0.5 ~ .20 .92 3.5
1 .59 1.4 4.6
2 1.5 2.0 6.3
5 2.1 2.9 10.
10 3.1 3¢5 135,

% in centimeters

Since in all the experiments considered later the effec-
tive thickness %Si over the range of angles ¢ which is of
consequence for the 7 -ray sources used is much less than any
of the A's appearing in table C, the 7V~ray sources may be con-
sidered as isotropic radiators. The situation, however, is en-
tirely different for the source of conversion electrons and a
detailed investigation of ¢(4) for these converters will be
given later.

It is of interest at this point to recall a well known
reciprocity relationship from Optics. Consider the two differ-
ential areas 47, and ﬂgzorientated at random illustrated in
Fig. 17c; let /” be the distance between these areas and 62, and

&, be the angles /" makes with the surface normals. Then if
surface d@? is radiating with a uniform surface brightness 5ﬂ2),

the flux per second falling on the element éﬁ&' is:

dl,=i@)crs & A A1, (58)

where a/JZ/is the solid angle //3 subtends at //,’ . This may be
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written as:
Al y=ig) o5 4 sy L i lg) cos S, vy A1, (5O

where 61322 is the solid angle surface éﬂc subtends at &7 .
If on the other hand surface 6ﬂG were the one radiating with
the same surface brightness that 497 had in the previous con-

sideration, the rate of fluxfelling on //}' would be;
dl., =i(8.) cosé, dr; AN, (60)
(@)L, =¢(6,)AL, (61)

The concentric disc }'-ray source -- converter combination

hence

discussed in the General Introduction is pictured in an iso-
metric view in Fig. 18. In the extreme case with,ézxﬂ— o ;
and hence also very large photo electron energies, the scatter-
ing of the photo electron in the converter can be neglected and
further the path of the electron may be considered collinear
with that of the 7/-ray. In the case of the geometry of Fig.
18, §,= &, = @ and hence in equation (81) , dz, =dl2
Thus the surface area dﬂc of the 7’lray source effective in
the ejection of photo electrons from area 6797 of the converter
into the solid angle éﬁa-having directions & and gﬁ » is just
that included within the solid anglec#ﬂQ.at the 7V:ray source
as illustrated. The photo electron surface brightness of the
converter at (/0,55) in the direction (§ 95) will be independent
of ;5 for the range 133, and will be zero for values outside
this range as Fig. 18 reveals. If the thickness of the conver-
ter AX is very small compared to the IZ? absorption for the

4 -radiation then the photo electron surface brightness of the
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converter will be
C X

; S eio i 133 63
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where € is a parameter that depends only on the 7(-ray energy
and intensity and the material of the converter.

In Fig. 19 the intensity per unit area, Z = 1 (9,)¢) ¢os g
for 96==¢} is plotted as a function of 6% for various values of
/0 . In addition to the extreme case £ — °°, but still ignozr-
ing scattering, a rough sketch for £ = .5 Mev is included.

The geometry illustrated is a typical experimental case drawn
to a scale of x30. In the case illustrated, as in all other
cases of interest here, the total converter thickness is very
small compared to Kz, the radius of the 7 -ray source, and
hence to a first approximation each lamina of thickness&ﬂX,in—
to which the converter is imagined to be subdivided, is an ex-
act replica of any other lamina.

For the case £ > *° and an acceptance angle'é% the con-
verter out to /0/=I?Z‘T7‘dﬂ50 will have é(@,, 95) non vanish-
ing for any ;15 while beyond /0//= ?2 +7 Tan é, > é@o, ¢)
will be zero for all ¢ For the entire range of &, (&,max = 07
used in the experiments, 7 was often essentially zero and at
most was approximately equal to 2 (see Fig. 14). Hence each
lamina 6£X had essentially a uniform surface brightness out to
/0= Pz which was independent of % » beyond {02'» &, the surface
brightness was essentially zero. For the case £ finite the

variation of surface brightness is more gradual and extends out
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to a larger/o . The case which turns out to be easiest to
solve is the one in which the whole effective surface of the
lamina is considered to have a uniform brightness depending on-
ly on 6. Admittedly this approximation is not very accurate,

but it will be taken as a reasonable first approximation.

Scattering of Electrons in the Converter

The behavior of electrons in penetrating matter is an ex-
tremely difficult problem to investigate theoretically. To
simplify the investigation it is common to separate the various
discernable effects and to treat them individually. This will
be the approach used here.

The photo electron originating at point b in Fig. 14,
while traversing the path ég in emerging from the converter,
will in general undergo a comparatively large number of small
angle elastic scatterings principally through its interaction
with the nuclear Coulomb field of the converter atoms. To a
much smaller extent (amplitude amounting to essentially QCZ
times the nuclear case) scattering will also occur from the in-
teractions with the extra-nuclear electronic structure of the
atoms of the converter material. These collisions are, however,
inelastic and give rise to an energy loss which is statistical
in nature and depends markedly on the path length éS'.

It is desirable at this point to consider the equation of
state of a system of electrons in matter when only elastic scat-
tering is assumed to occur. Let the density of electrons in the

six dimensional coordinate and velocity space be 7[65351)5))
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where /= is the position vector and‘éf is a unit vector in the
direction of motion and f is the time. Thus for example the
number of electrons having coordinstes ranging from X to X ¢y,

g ‘to/+of7 Z to Z+AZ and velocities ranging from 7y to T/xf/f
’Z/jto W;-f/?/} y, 7z to 7—’)‘/”_ is

/[x% ¥, 7/ f}%rﬁ/y///?f /f ﬁ/z/’ .
NOW]/ will vary with tlme_due to the oonveotlon or drift from
cell to cell in phase space‘and also due to the relatively dis-
continuous changes in velocity czused by the scattering the elec-

trons undergo in the matter. The change in‘/(due to drift may

be written as

/A///”&i/”**i)’y{”%*% j"*"ayf-"/ 75«[2-42)/2‘-

If the terms involving the acceleration of the system are taken
as zero, since it is assumed that there are no external fields

present, the result may be written in a more compact form

(fd =~ 74 GfdA?. (62

Let d”(C% U ) be the scattering cross section for deflecting an
electron through an angle &, then 4QQ§?;&432is the probabili-
ty per scattering center that an electron get deflected into the
solid angle AL in a direction & with the original direction
of motion. If;A/ is the number of scattering atoms per unit

volume than in the time 4/2

Fo Nt 76 )AL~ 4,2) A/M//m 7)somet el
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electrons are lost per unit cell in phase space while

/
Nodt [ £(6,4,2)r67) sinu s
electrons are gained per unit cell in phase space. Fig. 20a il-

lustrates a scattering event accompanied by a change in direc-

tion of X . Thustf{will change due to scattering a net amount

(4f), —/sz/z‘/zr(« 7/')5'//7“[/-/(5” 2) /[~,~,Z‘)]/N¢¢3 (64)

Finally then combining equations (63) and (64) there results,

W'Jz‘ -—z{ (7/ //Vf(x V):ma[/(r,@/ Z) //(/ u ZI)]/“”% (85)

This equation was first considered by L. Boltzmann(17) and is
known as Boltzmann's equation of state. The scattering cross
section 44“(392C) as developed in the theory of single scatter-
ing is large only for small angles X and rapidly decreases as
X increases, hence to a first approximation &X will be consi-
dered as a small angle. Write ;’4/:,4{ + - with IW‘{=Z$/}'I%<</.
Now )/(7’4( f) may be expanded in a Taylor expansion in powers

~)Aa~)

of # on a unit sphere. Then

2 2(66)
27 Y
/[,g/z‘) /[[uz‘) x,;” + Wy 7?25[:* "2%{ +-2Lﬂf27’z;z+a§“.77/§;"‘j

where Wy = N"gd,f/@ , {()} = W"S//f/6

Integrating edquation (85) over the a21muth/€ using equa-
tion (66), only the terms in hf' and é{;' remain and there re-

sults

2—,’;’?=—5'\7r +7/V~vz/ 77 /r(o/r)(/—-coso();//mdx
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or letting
K=27r/V/f(A(,V/(/—-c'aSo()5mo< A (67)
«
and writing | / y
7? 2 23, g&_ 1
oz " ouy = 5mé 57 7955 ) 5 op* (68)
19 —_ y. s Ky
v =X V’/ = V“/ (69)

Equation (69) which is correct up to fourth derivatives must be
obeyed by all electron systems experiencing only elastic scat-
tering, quite irrespective of the geometry.

Consider now an infinite plane slab of thickness Z illus-
trated in Fig. 20b, extending from X=0 to X=77 . Let /[
depend only on the phase space variables X and & , thus this
requires the distribution)/ to be uniform over any surface X=X
and fé to be independent of the azimuth angle ¢ Since equa-
tion (B69) assumes no interaction between electron systems hav-
ing different velocities 7, consider the systems to be homo-
geneous in velocity. Under steady state conditions,that is dy-

namic equilibrbﬂn~%é'= O , hence equation (69) becomes

/
| /2<5/m9 56 (5mé 5)—6'059%= |
2 ) f
or ;?Z{,v’- 6'0716?g~— /—2-6056;{— o (70)

This equation was first derived by Bothe(la) and given careful

consideration by him and also later by Bethe, Rose, and Smlth(lg)
Take the surface area aﬂf at a depth X and consider the

number of electrons per second entering the solid angle &l mak-

ing an angle & with the surface normal as in Fig. 30b, then
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L2 reose A fx,0) A0

But from the concept of surface brightness

“/” =o(x,8) cos & Ardid
hence V/{x)@):—. 4()(,9) , (7]_)
But since is a constant, equation (70) may be written as
Qe
)ﬂZ+ Ca%ﬂ aé Keosaax o & (72)

Thus if the surface brightness at the surface, for example X=o,
is known then equation (72) governs the propagation of this sur-
face brightness through the slab.
As an interesting sidelight into the nature of equation
(72) consider the case in which €<<'27‘- then
e 12 z A

— — —

29 9 2% /<2X’

which has as a particular integral solution

Sl g (753
27 KX >
and corresponds to the transmission of a parallel beam of elec-
trons through a thin slab of thickness X , normalized to give
/3277'5! Aé . Note that from equation (73) &2 is given by
o - _—éz
gz:/_eze—sz 2 A = Z2X K
L 2T KX
and hence ZK is just the mean square scattering angle for a

unit thickness of slabj; this is of course just what equation
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(867) gives for small angle scattering. To find the total num-
ber of electrons within a cone of half angle @ =na having as

its axis the surface normal we have
2

@ g Py
=  ARX T2Kx
ﬂéﬂ:m/zm ex— 49 = ;/(/ e ™), (74)

The term in the bracket being the transmission factor for the
slab. The experimental results of many investigators,in fact,
show that when such a mono-energetic parallel beam of electrons
traverses thin foils the beam will become spread out having an
anglar distoibution which'is sssentially Gemssian in natupe’ 2981
The evaluation of the integral in equation (87) requires quite a
degree of refinement in order to properly set the lower limit,
which if taken as zero would cause the integral to diverge. The
cutoff is obtained by considering the electron screening of the
nuclear Coulomb potential. Using this cut off, Bothe derives
an expression for K which he then compares with experiment
through equations (73) and (74). By slightly readjusting the
value of the cut off he obtained what might be called a semi-em-
piricel fit and gives

kX =g SV 21/{”’( radyans (75)

V(V+7022) A

where YV = kinetic energy of electron in Kev

/
X = foil thickness in 10~% cm
(%/4, and Z are the density, atomic weight and atomic num-
ber for the material of the foil.

Values of K based on this formula are given in table D for
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Thorium metal foils and various electron energies and foil thick-

nesses.

TABLE D

E (mev)
mils | 0.10 | 0.20 | 0.40 | 0.60 | 1.0 | 2.0 | 4.0 | 8.0 |10.0
.24 | -- |84.5° |35.5° |25.3° |16.6°]| 9.2°| 5.0°| 3.4°| 2.1°
WBE | e | s 53.3° | 38.0° |24.9°|13.8°| 7.5°| 5.2°]| 3.2°
.87 - -~ 67.2° |48.0° |31.4°|17.5°| 9.5°| 6.5°| 4.0°
208 | == | == --  |85.5° |56.0°|31.1°|16.9° |11.8°| 7.1°
5.2 - - - - 77.0°(42.7°|23.2° |16.0° | 7.8°

To return to the more general case we note that equation
(29) is separable; take 2(X,8)= G(#) f(x)  then
2
% + cw‘éc;/ﬁi + Zosd - F=0

A -0 (7
whence é(x} =Ce x (77)

Bothe has noticed that in many experiments l 6@%?) is essen-
tially zero, hence he forced equation (768) to have the general
boundary condition_j?(gv =0 . This leads to eigen values for
the separation constant ® say 5 and the corresponding eigen

functions.jZQd?) . Thus the general solution is

. o — O X
2(gx) = SZ/ Gq@)e (78)
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Bothe has shown that approximately

&, =/33K  K=FI/ISK,6 6= 233K

j (9) = 2 (o5& (79)
Fa (8) = 2YZ (< cos*9 -3 cos)

Iz (6) = 7;2—; (63 o556 - 70 Cos’0 + 15 cos &) .

Hence if i(X‘—'Ojé') is known (Fig. 20b) then it may be expanded
in the functions:?}(@?, and the Cz/S of equation (78) are
then determined and e‘(X,ﬁ) is then known. Note that be-
cause of the rapid damping of the solutions §22 , Z(Xlé) can
be taken as simply

/33K X 2 (80)

,

(X 8) = 2C cosde X2 =

Bothe finds that this angular distribution fits experimental
data well although the "mass absorption coefficient" é%?> does
not check experiment too well insofar as the ig dependence is
concerned, the absorption being less pronounced than indicated
by gﬁﬁ for the larger atomic numbers.

Bethe, Rose, and Smith use a boundary condition which sim-
ply requires é(&gé) to be finite for all & rather than the

one used by Bothe who took é(x, ‘7zZ

=0 . The resulting eigen
values for the less restricted boundary condition are

K = 322 (S—/-;’*)ZK_ , since even for S=/ the solution
is too rapidly attenuated,Bethe, Rose, and Smith suggest that

the singular solution

z'(ﬁjx)=o<+/3 (cosé — Kx) kL)
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be used along with the exponential solutions. A matching of
the boundary conditions at the surface X=0 is then used in
determining the constants ¥ and (3 , for X2 % the solu-
tion represented by equation (81) alone may be used.

In the actual application of the scattering theory which
will be made only electrons which have suffered comparatively
small energy loss will be considered. As will be seen later
the energy loss depends on the actual path length of the elec-
tron which in turn is affected by scattering. Thus electrons
that suffer a large angular scattering will in general also
travel greatly increased paths and thereby lose large amounts
of energy before emerging from the converter. For this reason
perhaps Bothe's boundary condition is to be preferred since it

effectively supplies a sink for electrons having been scattered

through large angles.

Stragegling and Energy Loss for Electrons Emerging from the

Converter

As has been mentioned, fast electrons in moving through mat-
ter will lose energy mostly through the encounters they make
with the electrons bound to the atoms of this material. 1In
such encounters, however, the energy transfer is not uniquely
determined, but is governed by quantum mechanical considerations.
Thus even for electrons that have made a definite specified num-
ber of encounters the energy loss can only be given as a spec-
trum. When the average number of encounters characterized by

a certain energy loss in traversing a certain thickness of ma-
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terial is comparatively small, there will be a considerable
spread in the actual number of encounters for various electrons
due to the statistical nature of this phenomenon. Both these
phenomena combine then in preventing the association of a unique
energy loss with a specified thickness. While for the motion
of heavy particles (such as X -particles, protons and deuterons)
through matter it has been customary to refer only to the sta-
tistical fluctuations as "straggling", the term will be applied
through what follows in a general sense to indicate the degree
to which the energy loss and thickness can<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>