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ABSTRACT

Measurement of a neutron electric dipole moment (nEDM) is a sensitive probe of
CP-violating physics beyond the Standard Model. Such a measurement could pro-
vide clues as to the origins of the matter-antimatter asymmetry. Spin dressing is
a technique where an off-resonant oscillating magnetic field is applied to a spin or
ensemble of spins to modify their effective gyromagnetic ratio. This technique was
proposed for use in the neutron electric dipole moment experiment at the spallation
neutron source (NEDM@SNS) to increase statistical sensitivity and mitigate sys-
tematics. Here we present a comprehensive study of spin dressing in the context of

EDM measurement from theoretical, computational, and experimental perspectives.
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Chapter 1

INTRODUCTION

In this dissertation, we discuss the measurement of the neutron electric dipole mo-
ment (nEDM), and in particular an experimental technique called spin dressing
which may be used to improve the sensitivity of such a measurement. Spin dressing
refers to the application of an off-resonant AC magnetic field to a spin to modify
its gyromagnetic ratio. The nEDM experiment at the Spallation Neutron Source
(nEDM @SNS) proposes to use this technique to improve its statistical sensitivity
by a factor of two. The application of such a field presents a variety of oppor-
tunities and challenges, which we thoroughly explore in this work. In Chapter 2,
we introduce the concepts of CP violation and the baryon asymmetry, which are
the primary motivations for conducting measuring the nEDM. In Chapter 3, we
give an overview of past, present, and future efforts to measure the nEDM. We
describe the various components of the nEDM@SNS apparatus, which leverages
the properties of superfluid “He to greatly increase its sensitivity. When completed,
this experiment would provide a world-leading measurement of the nEDM. Chap-
ter 4 analyzes spin dressing from a theoretical perspective. In the first section of
this chapter, which is adapted from the article [TS22], we use time-dependent per-
turbation theory to derive expressions for the frequency shifts and relaxation rate
due to magnetic field fluctuations parallel to the dressing field directions. We then
discuss several mitigation strategies for this phenomenon. In the next section, we
introduce another way of mitigating this type of noise: magic dressing. This is a
modulation scheme that, if applied to an nEDM measurement, could insulate the
spins under study from fluctuations in the dressing field amplitude. We conclude
this chapter with an analysis of how magnetic field fluctuations could affect data
analysis for a nEDM measurement. In Chapter 5, we look at spin dressing from a
computational perspective. Simulating spin dressing requires numerical integrators
to handle strong time-varying magnetic fields, a situation which is unfavorable for
most conventional algorithms. We develop two methods, a Magnus expansion-based
integrator and a Floquet-Markov master equation (FMME)-based integrator, which
when applied to this problem can produce dramatic improvements in performance.
The analysis of the latter method has been published in Physical Review A [Tat25].
In Chapter 6, we use the spin-exchange optical pumping (SEOP) apparatus at Duke



2

to experimentally demonstrate the magic dressing scheme proposed in Chapter 4.
We find that applying the method results in enhanced transverse relaxation times,
even in the presence of an artificially large dressing field gradient. We conclude in
Chapter 7 with a summary of these results and a discussion of how these endeavors

might be continued into the future.



Chapter 2

CP VIOLATION AND THE BARYON ASYMMETRY

2.1 The Baryon Asymmetry (Or the Absence of an Anti-Elephant in the
Room)
A long-unsolved problem in physics is that of the baryon asymmetry of the universe
(BAU), also known as matter-antimatter asymmetry. The problem is thus: the
known laws of physics (general relativity and the Standard Model of particle physics)
indicate that the universe should have been created with nearly equal parts matter and
antimatter; yet measurements of the cosmos show that the observable universe today
contains almost exclusively matter, with very little antimatter. So where does this
imbalance come from? Sakharov [Sak] showed that three conditions are necessary

to cause a matter-antimatter asymmetry:

1. Baryon number violation,
2. Out-of-equilibrium interactions,

3. C- and CP-symmetry violation.

In the following sections, we discuss potential models that can satisfy these condi-
tions with particular attention to CP violation, as this is the condition that is most

relevant to a neutron electric dipole moment (nEDM) search.

2.2 Baryon Number Violation

Baryon number refers to the number of baryons minus the number of anti-baryons;
so for example, a set of three protons and two anti-protons would have a total baryon
number of one. Baryon number violation — the existence of processes which create
or destroy a baryon without an accompanying anti-baryon — is necessary in order to
produce more baryons than anti-baryons; after all, if the universe began with baryon
number B = 0, and baryon number were conserved, then the baryon number would
still be zero today, and there could be no matter-antimatter asymmetry. To date
no experimental evidence of baryon number violation has been found (though not
for lack of trying — see the efforts at Super-Kamiokande to observe proton decay,

for example [Tak+20]). Nonetheless, the electroweak sector of the Standard Model



4

contains a hypothetical “sphaleron” process which can turn three baryons into three
anti-leptons, or vice versa, conserving the difference between the baryon and lepton
numbers B — L. The energy scale for the sphaleron is thought to be of order 10
TeV [HK92], and so is suppressed at the energies accessible with modern particle
accelerator technology; however, in the temperatures of the early universe the process
could have been prevalent enough to play a significant role in the creation of the
BAU. One prominent model of baryogenesis — electroweak baryogenesis — uses the
sphaleron process to generate a baryon asymmetry. In electroweak baryogenesis,
the asymmetry is created at the electroweak phase transition, when “bubbles” of
broken electroweak symmetry form in a previously symmetric universe. In the
symmetric phase, the sphaleron process is no longer suppressed, and CP-violating
processes at the boundaries of the expanding bubbles of broken phase can create
a baryon excess inside of the bubbles, which could persist until the current day if
the rate of expansion is rapid enough [HS95]. An alternative model is leptogenesis,
where instead of creating a baryon asymmetry outright, a lepton asymmetry is
first created, and subsequently this asymmetry is transferred to the baryons via the
sphaleron process, which conserves B — L. A lepton asymmetry can arise from
the decay of heavy sterile neutrinos [DNNOS], a particle theorized to explain the

smallness of the neutrino masses.

2.3 Out-of-equilibrium Interactions

Even if a baryon asymmetry can be created, the asymmetry needs to persist until
the present day. For this to occur, these interactions must occur out of thermal
equilibrium, because in thermal equilibrium the processes which produce baryons
will be balanced by their respective reverse processes. More formally, this can be
shown by examining the baryon asymmetry at equilibrium. If we denote the thermal

average of the baryon number at temperature 7 = 1/ as (B)y, we have that

(B)r = Tr[exp(BH)B] (2.1
= Tr[(CPT)(CPT) ' exp(BH)B| (2.2)
= Tr[exp(BH)(CPT)B(CPT)™"] (2.3)
=—(B)r (2.4)

where we have used the fact that the Hamiltonian H commutes with the C PT operator
as required by the CPT theorem [Lud54], and that the CPT operator applied to the
baryon number reverses its sign. This derivation is taken from [TC04]. Both of

the aforementioned models (electroweak baryogenesis and leptogenesis) contain
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out-of-equilibrium processes, though not without some caveats. For electroweak
baryogenesis, whether this condition is met depends on whether the electroweak
phase transition is first- or second-order, with the Sakharov condition only being
satisfied in the former case [TC04]. This poses a problem, as lattice simulations
indicate that the transition is only first order for Higgs mass < 80 GeV [Far+94] —
far below the value of 126 GeV measured at the Large Hadron Collider [Aad+12].
With leptogenesis, the situation depends on how the rate of the lepton-asymmetry
generating interactions compares with the expansion rate of the universe at that time,
a more detailed discussion of which can be found in Chapter 4 of [DNNOS]. In
either case, it is clear that both proposals contain out-of-equilibrium interactions,
but it is a model-dependent question whether this departure from equilibrium takes

place in a way that could result in the asymmetry of the magnitude we see today.

2.4 C- and CP-Violation

Symmetries are a key concept in our modern understanding of physics. We of-
ten learn about symmetries when applied to geometric shapes; in this context, a
symmetry is a transformation that, when applied to an object, leaves that object
unchanged. For example, if we rotate a square clockwise by 90 degrees about its
center, this leaves the square in the same position as when we started. An object
may have multiple symmetries; for example, rotation by 180 degrees, or reflection
across a diagonal are also symmetries of the square. The concept of a symmetry in
physics is more general, as here we can apply transformations to the laws of physics
themselves. Symmetries come in two types: continuous and discrete. Continuous
symmetries include those such as time translation, spatial translation, or spatial
rotation. In the Standard Model of particle physics, three discrete symmetries play
a major role. These are charge conjugation (C) which replaces every particle with
its antiparticle; parity reversal (P) which reverses the direction of vector quantities;
and time-reversal (T) which reverses the direction of time. Regardless of what
form baryon number violation and out-of-thermal equilibrium dynamics take in our
model of baryogenesis, C- and CP-asymmetry are needed so that interactions which

produce a baryon excess are not canceled out by a reverse interaction.

2.4.1 Symmetry Breaking in the Standard Model
So the Sakharov conditions mandate that there be a violation of discrete symme-
try in the early universe. Could this symmetry violation be found in the Standard

Model? There is currently no experimental evidence of CP violation in the electro-
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magnetic force. The same is true for the strong force as well, though the situation
is more interesting. Theoretically, quantum chromodynamics (QCD) allows for a
CP-violating term, whose strength is characterized by a parameter 6. However, this
parameter is heavily constrained by measurements of the neutron electric dipole
moment (NnEDM). Naively, the 6 term in the QCD Lagrangian effects the way the
constituent quarks are arranged inside of the neutron, leading it to develop a dipole
moment. Theoretical calculations [PROO] show that this EDM is

d, =8 x10"'% cm. (2.5)

With current limits on the nEDM being d,, < 10~2%¢ cm, this constrains @ to be less
than of order 107'° [PR0O]. This is extremely small for a parameter that one would
naturally expect to be of order 1. This unnaturalness is known as the strong CP
problem, and has spurred advancements in the study of axions to attempt to resolve
it [Hoo19]. However, as of yet strong sector CP violation does not appear sufficient
to resolve the baryon asymmetry. Weak force parity violation was discovered ex-
perimentally as early as 1957, when C.S. Wu measured the beta decay asymmetry
in the decay of spin-polarized ®°Co [Wu+57], and shortly thereafter Garwin, Led-
erman, and Weinrich [GLW57] found that in the decay 7t — ,u*vu, the muon was
preferentially polarized along its direction of travel. These experiments indicated
that the weak interaction violated P, but for some time it was conjectured that the
weak interaction might be invariant under the joint transformation CP. It was not
until the work of Cronin and Fitch [Chr+64] that we had experimental confirmation
of CP violation in the weak interaction, specifically in the kaon system. Essentially,
they found that the weak eigenstate K, thought to be a CP-odd eigenstate, could
occasionally (with probability around 1/500) decay into the CP-even final state of
two pions. This implied that K; was actually a superposition of even and odd CP
eigenstates, proving that CP was indeed violated. The experimentally measured CP
violation in the quark sector is expressed in the Standard Model through a complex
phase in the Cabibbo-Kobayashi-Maskawa (CKM) matrix describing the mixing
between the quark flavors. However, it has been shown that the baryon asymmetry
generated by the CKM matrix is orders of magnitude lower than what is observed

cosmologically [Gav+94].

2.5 Electric Dipole Moments (EDMs) and CP Violation
The current situation is thus: we know there must be CP violation in order to

explain the baryon asymmetry of the universe (BAU), but calculations show that
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the CP violation in the Standard Model (through the CKM matrix) is insufficient to
generate the observed asymmetry. In light of this, a great variety of extensions to
the Standard Model have been proposed, such as supersymmetry (SUSY) [BLS11],
extended Higgs sector [Bra+12; OOR18], and Grand Unified Theories (GUTs)
[Ber02]. From the perspective of an experimentalist, these theories pose a challenge,
as they necessarily propose new interactions and particles at energy scales exceeding
what we can probe directly with current particle colliders. Fortunately, many
theories of beyond-the-Standard-Model (BSM) CP violation result in particles such
as the neutron or electron acquiring an EDM much larger than what the Standard
Model would predict. For reference, the nEDM resulting from the CKM matrix CP
violating phase is of the order 107! e cm, while the current upper bound on d,, is
10726 e cm, measured at the Paul Scherrer Institute (PSI) [Abe+20]. To see that an
EDM of an elementary particle violates CP, we need only examine the Hamiltonian
for this system. A neutron in a static electric and magnetic field has a Hamiltonian

of the form
2d,

h
where d,, is the nEDM, E and B are the electric and magnetic fields, respectively,

and S is the neutron spin vector. The term (§ E ) is T-odd (§ — —§ , E—SE ), and
so by the CPT theorem [Lud54], which says that the combined symmetry CPT holds

H=-=(5-E)-v(S-B), (2.6)

for all systems, this term must also violate CP. Thus observation of a nEDM would
be clear evidence of CP violating BSM physics, and conversely non-observation of
a nEDM would rule out certain extensions of the Standard Model — in fact, nEDM
measurements have already excluded a great number of such theories. As said by
Golub and Lamoreaux in 1994: “It is fair to say that the neutron EDM has ruled out
more theories (put forward to explain K decay) than any experiment in the history
of physics” [GL94]. Because of the promise these experiments hold in expanding
our understanding of how matter came to be, much effort has been expended over
the past decades to make increasingly precise measurements of the nEDM. In the
next section we detail some past, present, and future endeavors, with particular focus

on those making use of ultracold neutrons (UCNs).



Chapter 3

MEASURING AN NEDM

3.1 Ultracold Neutrons
3.1.1 Why UCN?

Improving the precision of a neutron electric dipole moment (nEDM) experiment is

a complex affair, but in essence there are three primary variables to consider:

1. The strength of the electric field. Higher is better.

2. The number of neutrons. More is better.

3. The length of measurement. Longer is better.
These considerations are summarized in the relation

/]
ET\/N

Where E is the magnitude of the electric field, 7 is the measurement time, N is

3.1

04, <

the number of neutrons, and we ignore O(1) constants. The advantage provided by
ultra-cold neutrons (UCN) is that they can be stored in materials, thus allowing for a
measurement of the nEDM that is constrained only by the inherent 5-decay lifetime
of the neutron (roughly 900 seconds). Contrast this with a beam experiment, where
a typical cold neutron beam may have neutron velocities of order 400 m/s. In this
case only very short observation times are possible, and 7 is limited by the length
of the beamline. Another less obvious benefit of using UCN is that it limits the
systematic shift caused by the motional magnetic field [LG09]. This is due to two
effects — first, the motional magnetic field is proportional to v X E, and so the
lower velocities involved with UCN diminish the strength of this term; second, if the
neutron trajectories are symmetrically distributed in velocity (as would be the case
in a UCN container), then the motional field experienced by neutrons going one way
will tend to cancel the field experienced by those traveling in the opposite direction.
This cancellation is incomplete, but it still helps to suppress this systematic effect.
Beam experiments have other advantages, such as having a large neutron flux, and
not needing a dedicated cryogenic storage vessel for the neutrons. Nonetheless, the

appeal of ultra-cold neutrons for nEDM measurement is clear.



Material Vet (neV)
Ni°8 335
BeO 261
Ni 252
Be 252
PTFE (Teflon) 123
dPMMA (deuterated Plexiglas) 180
dTPB (deuterated TPB) 157

Table 3.1: Effective Fermi potentials for some UCN bottle materials. Values for
non-deuterated materials are taken from [R G91]. Values for dAPMMA and dTPB
are calculated based on the scattering lengths given in [Sea92] using equation 3.2

3.1.2 Whatis a UCN, Anyway?

The defining property of the UCN is that it can be contained in a material bottle.
This means that at the material surface the UCN must experience total reflection
(i.e., reflection at any glancing angle #). For most materials, this amounts to speeds
less than around 8 m/s, or kinetic energies less than around 300 neV [Sun22]. At
these speeds, gravity becomes relevant to the neutron’s motion, as the gravitational

potential is approximately 1 neV/cm.

3.1.3 Reflection from Surfaces

The scattering of neutrons from matter is a rich subject, one which we cannot hope
to cover here. However, for UCN in particular, several simplifications are possible.
The fact that the neutron de Broglie wavelength is long relative to the nuclear radius
implies that we should primarily consider s-wave scattering, and the fact that the
wavelength is also longer than the distance between neighboring atoms in a material
means that we need not be concerned with diffraction effects. The net result of these
simplifications is that in many cases a homogeneous material looks to an incoming
UCN like an effective potential (also known as the Fermi Potential) [R G91]

27h?

m

V(r) =

[an(r)] (3.2)

where m is the neutron mass, a is the bound atom coherent scattering length, and
n(r) is the local density of the scatterer. This potential can alternately be viewed
as a wavelength-dependent index of refraction, and the phenomenon of neutron
reflection can then be seen as a kind of total internal reflection. Some common

materials for containing UCN and their Fermi potentials are shown in table 3.1.
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3.2 UCN Production

Several methods can be used to produce UCN. Neutron sources come primarily
in two varieties. The first of these are spallation sources, such as those at Los
Alamos, Argonne, Oak Ridge, or the European Spallation Source (ESS) currently
under construction. The second type are those that produce neutrons by fission
in a nuclear reactor. Whatever the method of production, neutrons are generally
produced with energies in the MeV range [R G91], and so must first be cooled before
UCN can be effectively produced. This is usually accomplished by a material called
a moderator, whose function is to repeatedly scatter the neutrons until thermal
equilibrium is reached. Common material choices for this include liquid hydrogen
and deuterium at 20K [R G91]. Ideally, the neutrons exiting the moderator would
be at thermal equilibrium with the moderator, though in general this will not be the
case, and the neutron velocity distribution following moderation will be determined
by a complicated function of the moderator condition and its scattering cross section
[R G91]. Nonetheless, once the neutrons have been cooled by the moderator, UCN
may be extracted in various ways. Some techniques include sending the neutrons
up a vertical tube, thus reducing the neutron velocity, or bouncing neutrons off of
moving surfaces. The UCN source at the Institut Laue-Langevin [Ste+86] employs
both of these techniques, having the cold neutrons exiting the moderator navigate
a curved vertical pipe, followed by a chamber with rotating blades. While these
methods can modify the phase space distribution of the neutrons to a form more
favorable for UCN experiments, they cannot increase the phase space density above
that which was originally present in the moderator. This is a consequence of
Liouville’s theorem, which states that phase space density is constant along particle
trajectories [LL80]. This limit was calculated by [R G91], and is given by
2 d, ( v )3/ 2

=0 3.3
PUCN KT (3.3)

3a
where T is the moderator temperature, @ = \/W with 7;, being the neutron
velocity pre-moderation (« is \/% times the neutron root mean squared speed),
V is the potential of the container walls, and @ is the neutron flux. In practice,
neutron losses will lead to UCN densities far below the value given in 3.3. To
increase the UCN density further, we must employ so-called superthermal UCN
production. Essentially, we need to engineer a situation in which thermal neutrons
can scatter into UCN, but the rate for the various loss processes (up-scattering,
absorption, wall losses, etc.) can be made very small. In such a case, the density of

UCN will build up until the production rate equals the loss rate. An ideal candidate
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—— Liquid Helium Dispersion

Free Neutron Dispersion
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Figure 3.1: Phonon dispersion curve (blue) [DB98] and free neutron dispersion
curve (orange). UCNs with energy near the intersection can be brought to rest by
scattering a single phonon.

for in-situ production of UCN is superfluid “He. In superfluid “He, the primary
excitations under consideration are phonons, whose dispersion relation is shown in
figure 3.1 (rotons can also be excited in the fluid, but these do not play a role in this
technique). Conservation of energy and momentum dictate that a neutron at rest can
only scatter a phonon if that phonon has a particular momentum and energy, given by
the intersection between the free neutron energy and the phonon dispersion curves.
This momentum turns out to correspond to 8.9 angstrom neutrons. Because the
number density of these phonons decreases exponentially as temperature decreases
[Wil67], the upscattering rate can be made almost arbitrarily small provided that the
superfluid bath can be sufficiently cooled. In addition, “He has virtually no neutron
absorption cross section, and has a lower UCN potential much smaller than most
wall materials [R G91]. This is the motivation behind nEDM@SNS’s in-situ UCN
production scheme. At the Spallation Neutron Source (SNS), nominal parameters
for the experiment would have achieved UCN densities of up to 150/cc, or about
9 x 10° total UCN [Ahm+19].

3.3 The State of nNEDM Experiments

Figure 3.2 shows the progress in nEDM measurements over the past several decades.
It is interesting to note that following the 1970s, nEDM measurements transitioned
from primarily beam experiments (applying an electric field to a beam of cold

neutrons) to UCN-based experiments. This is in large part due to a systematic
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Figure 3.2: nEDM 90% confidence level upper bound over time. The current limit
is shown as a dotted line. The Standard Model nEDM (not shown) is below the
bottom of the y-axis, at d,, = 103Yecm. Plot is taken from the 2022 Snowmass
proceedings [Ala+22].

effect known as the geometric phase effect, the v X E (pronounced “v cross E”)
effect, or the linear-in-E frequency shift. Essentially, neutrons moving through a
static electric field experience an effective magnetic field, and this magnetic field
— being linear in electric field strength — can mimic an electric dipole moment.
This effect is discussed further in the next chapter, as even though this phenomenon
is mitigated in UCN experiments due to the lower velocities involved, it is still the
dominant systematic effect. The current generation of nNEDM experiments are either
in R&D or currently underway at neutron sources around the world. These efforts

are summarized in table 3.2.

3.4 nEDM@SNS Experiment Overview
The (former) neutron electric dipole moment experiment at the Spallation Neutron
Source (NEDM @SNS experiment) proposes to measure the nEDM using the spin-

dependent capture cross section of neutrons on *He.

3.4.1 Measurement Principle
nEDM @SNS uses nuclear magnetic resonance (NMR) to measure the precession
frequency of the neutron in a static magnetic and electric field. Recall that the

Hamiltonian for a spin-1/2 particle in these fields is given by 2.6. If the electric
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Experiment : Facility 90% C.L. after Year for acquisition
' 300 live-days (10728 ¢ cm) (estimated)

Crystal: JPARC < 100 R&D
Beam: ESS <50 2030
PNPI: ILL <10 R&D
n2EDM: PSI <15 2026
PanEDM: ILL/Munich <30 2026
TUCAN: TRIUMF <20 2027
nEDM: LANL <30 2026
nEDM@SNS: ORNL <3 2031

Table 3.2: Proposed nEDM experiments, their approximate 90% confidence level
upper bound on the nEDM after 300 live-days of measurement, and their estimated
year for finishing data taking for this precision. Values taken from [Fil22].

and magnetic field are parallel (we use the convention where these fields are applied
along the Z axis) and the neutron’s spin vector is oriented perpendicular to these
fields, then this Hamiltonian results in the neutron spin vector precessing about the

electric and magnetic fields, with frequency given by

2d,

wo(E,B) = = E +vyB. 3.4)

The basis of an nEDM measurement is thus to look for a slight change in frequency
proportional to the electric field strength (in practice, one often reverses the direction
of the electric field in order to control for systematics, thus the relevant quantity is
wo(+E,B) —wo(-E,B) = %|E |, which is a quantity that is directly proportional
to the EDM d,). In most EDM experiments, this frequency measurement uses
the Ramsey technique, also known as the separated oscillatory fields technique
[Ram50]. With this method the spins start parallel to B and are tipped into the plane
of precession by application of a 71/2 pulse (the “oscillatory field” in the oscillatory
fields method). Then after waiting for a period of time 7', a second /2 pulse is
applied, and the polarization of the spins along the z axis is measured. By repeating
this experiment for different waiting times 7', one can build the characteristic Ramsey
fringes, from which the frequency can be inferred. nEDM@SNS uses a modified
version of the Ramsey technique owing to its unique method of observing the neutron
spin direction. With nEDM @SNS, a small number of 3He atoms (concentration of
~1071° relative to “He [Ahm+19]) occupy the same space as the neutrons. These
SHe atoms serve two purposes. First, they serve as a co-magnetometer. Because
the EDM interaction we seek to measure is so small compared to the magnetic field

interaction, we need very precise ways to stabilize and measure the magnetic field
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at the cell. *He has virtually no electric dipole moment owing to shielding of the
nucleus by its orbital electrons, and so its precession frequency will depend only on
the ambient magnetic field. Second, *He has a large neutron capture cross section,

and this cross section is highly spin-dependent. The capture rate is given by
I'oc1—P,P3c0s(60,3) 3.5

where P, and P; are the neutron and *He polarization, respectively, and 6,3 is the
angle between their spin vectors. From this equation we can see that the capture rate
is maximized when the spins are antiparallel and minimized when they are parallel.
The gyromagnetic ratio y3 of *He is roughly 1.1 times the gyromagnetic ratio of the
neutron y, (y3 = =2.03x 103 T~! s [Ahm+19], y, = —1.83x 108 T~! s [Gre+79]), so
when the two spins precess in the same magnetic field, the *He will precess roughly
10 percent faster. If we now monitor the capture rate, then we will observe a signal
which oscillates at a rate equal to the difference in precession in frequency between
the two species. Since *He has negligible EDM owing to Schiff screening [LE07],
change in this difference frequency proportional to an applied electric field would
be indication of a neutron EDM. This measurement technique is distinct from the
Ramsey method, as the neutron spins are continuously probed by the presence of
the *He atoms, rather than the neutron spins being probed only at the end of the
measurement period. This mode of operation is termed “free precession mode.” To
analyze data from free precession mode, the capture events can be binned into time
bins, and the resulting histogram can be fitted to a decaying sine wave (decaying
as neutrons undergo beta decay, lost to walls, absorbed by He, etc.). Comparing
the fitted frequency between events with reversed electric field then yields a result

proportional to the nEDM.

3.4.1.1 Critical spin dressing (CSD) mode — not frequency, but asymmetry

nEDM@SNS also has a secondary mode of operation using a technique called
spin dressing. An off-resonant sinusoidal magnetic field with amplitude B; and
frequency w is applied, which “dresses” the gyromagnetic ratios of the precessing
species (the neutron and *He). This situation has been analyzed theoretically [C
C69], and the factor by which the gyromagnetic ratio is modified was found to be
given by equation 3.6

Y =Jo(x)y (3.6)

B
x=12L (3.7)

w
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where Jj is the Bessel function of order zero, y is the undressed gyromagnetic
ratio, y’ is the dressed gyromagnetic ratio, and x is termed the dressing parameter.
Note that the dressing parameter will differ between the two species, and we use
subscripts n and 3 to differentiate between the two species; for example, x,, refers
to the neutron dressing parameter, while y3 refers to the *He gyromagnetic ratio.
Because these parameters differ, there exist values of B and w where the effective
gyromagnetic ratios y; and y, are equal. The measurement mode in which such a
magnetic field is applied is termed critical spin dressing (CSD) mode. This scenario
has a variety of advantages for NEDM measurement. First, key systematic effects,
in particular the geometric phase effect [Pen+04b; R GO8], differ between free
precession mode and CSD mode. Having a second measurement technique allows
for a more robust measurement. In addition, CSD gives us better control over the
relative angle between the two species. This is important because not all angles are
equal in terms of sensitivity to the nEDM. As an example, consider a case where
the neutron and *He spins are parallel. In this case, the capture cross section is
negligible, and so the uncertainty due to counting statistics will be large. If the
spins are antiparallel we get maximum counting statistics, but we have a different
problem: in this configuration the system is insensitive to small changes in 6,3,
because cos(8,3) has a local extremum at 6,,3 = 7. Furthermore, we must consider
the fact that when counting statistics are maximized, so are neutron losses to the
capture reaction. From balancing these three considerations — counting statistics,
phase sensitivity, and UCN losses — we can determine the optimal angle at which
to set 0,3. This angle was found to be 6,3 = 0.48 by Ahmed et al. [Ahm+19], and
the corresponding statistical sensitivity was found to be nearly twice that of free
precession mode (og, = 1.6 X 1028 e-cm versus 3.3 x 10728 e-cm). With CSD, the
angle between neutron and *He can be maintained at this angle, thus maximizing
sensitivity to the nEDM.

Whereas in free precession mode, the nEDM measurement is a frequency measure-
ment, in spin dressing mode it is an asymmetry measurement. Recall that in critical
dressing mode, the neutron and *He spins precess at the same rate. So assuming
zero nEDM and neglecting neutron losses, the capture rate signal would then be
constant in time. The measurement scheme proposed in [Ahm+19] is to modulate
the amplitude and/or frequency of the dressing field with short pulses, such that the

angle between the two spin species alternates between +¢g and —¢g. If we now
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reintroduce an nEDM d,,, then under a dressing field of amplitude B; and angular

frequency w, the angle 6,3 between the two species would behave as

2Jo(x)d,Et

On3(1) = o + h , (3.8)

where Jy(x,) is the Bessel function of order zero evaluated at x = y, B /w, and is
the factor by which the dressing field modifies the neutron gyromagnetic ratio. The

capture rate signal is proportional to 1 — cos(#), so for small d,, we find that

2Jo(x)d,Et sin(¢g)

1 —cos(0,3(t)) ~ 1 —cos(¢pg) £ -

(3.9)

The key point here is that the signal is asymmetric, with an asymmetry that grows
linearly with time at a rate proportional to d,. In [Ahm+19], it is assumed that
the uncertainty of this nEDM estimate would be dominated by counting statistics.
In section 4.3 we will additionally consider how the presence of time-dependent
magnetic field fluctuations, for example fluctuations from the spin dressing power

supply, affect the uncertainty and data analysis strategies.

3.4.2 Overview of the Apparatus

The experiment consists of several layers, much like a Matryoshka doll. I will
describe the innermost components first, as this is where the neutron EDM is
measured. The central detection system (CDS) contains a superfluid bath of “He,
with a small (~10719) concentration of *He. Ultracold neutrons (UCN) will be

produced by single-phonon downscattering of an 8.9 A beam of cold neutrons.

3.4.3 UCN Storage

The UCN must be stored in a vessel with a high Fermi potential and low neutron
loss cross section to ensure long storage times. In addition, the walls should be
non-magnetic so as not to disturb the homogeneity of the magnetic fields. To meet
these stringent requirements, nEDM@SNS will use a pair of PMMA (Plexiglass)
cells, each with dimensions 40 cm X 10 cm X 7.5 cm. The walls of the cells will be
coated with a thin layer of deuterated tetraphenyl butadiene (dTPB) in a deuterated
polystyrene (dPS) matrix [Ahm+19]. dPS has a high Fermi potential, and dTPB is
a wavelength-shifting dye which shifts the wavelength of the *He scintillation light
from 80 nm to a more manageable 400 nm for detection by the silicon photomultipli-
ers (SiPMs) [Ahm+19]. Here deuterated materials are necessary, as hydrogen has a
high cross section for UCN upscattering, leading to unwanted losses. Minimizing
UCN losses is doubly important for nNEDM@SNS, as a high loss rate limits the
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Figure 3.3: Full-scale prototype cell illuminated under UV light. Image from
[Leu25].

UCN density that can be accumulated at the start of a measurement run, as well as
causes UCN to be lost over the course of the ~1000 s measurement time. For these
reasons it is imperative that these losses be characterized and measured. To this end,
storage time measurements have been performed with a full-scale cell prototype,
shown in figure 3.3, to measure the UCN loss time with these materials. The most
recent value for storage lifetime was found to be (including losses due to beta decay)

Tg+cell = 370 + 20's, which is near the design goal of 7g,cein = 610 s [Leu25].

Once inside the nEDM @SNS cryostat, the pair of measurement cells will be filled
with superfluid liquid “He and cooled to a temperature ~0.4K, a choice which is the
result of attempting to optimize for several competing factors. For one, the phonon
density in the superfluid increases sharply with temperature, meaning that lower
temperatures will reduce UCN losses due to two-phonon scattering [Wil67]. On
the other hand, a key systematic effect for this experiment is the false EDM caused
by the presence of a magnetic field gradient coupled with an electric field. This
effect depends on the temperature of the superfluid through the mean free path of
the *He atoms between phonon collisions, but for reasonable parameters there exists
a temperature at which the false EDM is zero [A L06]. It should be noted though,
that because the exact behavior of this shift relies on unknown parameters — such
as the surface conditions of cell, it is likely that studies will need to be conducted

on the completed cell in order to determine the optimal temperature.
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3.4.4 Signal Detection

As noted in section 3.4.1, the rate of capture, and thus the rate of scintillation
photons following the capture reaction, is proportional to (1 — cos(6,3)), where 6,3
is the angle between the neutron and *He spin vectors. We thus need a detection
scheme to measure the instantaneous rate of this reaction. The capture reaction of
neutrons on “He releases 764 keV of energy into the superfluid bath (n+*He — p +
3H + 764 keV), producing several thousand photons with wavelength approximately
80nm [McK+04]. This is in the extreme ultraviolet (EUV) range, and would thus
be absorbed by almost any window material. Thus, the dTPB coating’s primary
purpose is to act as a wavelength-shifting dye, downconverting the 80nm scintillation
light to 400nm blue light [Ahm+19]. The light emitted is then captured by fiber optic
cables positioned on the sides of the measurement cells, from which the photons are

detected by silicon photomultipliers (SiPMs).

3.4.5 Electric Field System

Because sensitivity to an nEDM is proportional to the strength of the electric field,
it is beneficial to have the largest electric field magnitude possible. Here again, the
properties of liquid helium work in our favor, as the breakdown voltage of helium is
expected to be much higher than that of vacuum. With liquid helium, techniques to
maintain electric fields up to 100 kV/cm are being studied in various smaller-scale
apparatuses [Pha23]. Even if breakdown is prevented, producing such a field in the
first place also poses challenges. If high voltage is produced outside the cryogenic
system, a feedthrough will be needed. However, such a feedthrough would need to
be electrically insulated from the surrounding apparatus, while also being in thermal
contact with it. To circumvent this, nEDM@SNS will use a more modest voltage
outside the cryogenic system, and use a mechanical voltage multiplication system
called Cavallo’s multiplier [Cla+18] inside the cryogenic system to raise the voltage
to the desired value. Cavallo’s original design dates back to 1795 [Cav95], and uses
a moving plate to transfer charge between a (relatively) low voltage source to a fixed
pair of capacitor plates. This mechanism, in the proposed experimental design for
nEDM measurement, is shown in figure 3.4. The ground electrode surrounds the
two cells and, by repeated action of the moving electrode, charge is accumulated on

the central high-voltage electrode.
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Figure 3.4: 3D COMSOL simulation of the Cavallo voltage multiplier in the
nEDM@SNS central volume, in which the central electrode is charged to 650kV.
Figure copied from [Cla+18].
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Figure 3.5: Schematic of the inner magnet volume (IMV). G10 frame not shown.

3.4.6 Magnetic Field System

A diagram of the magnetic field system, comprised of the By coil, dressing coil,
shielding, and associated cryogenic vessel, is shown in figure 3.5. Within the
inner magnet volume (IMV), the outermost layer is the superconducting lead shield,
which is comprised of the side lead shield, the lead end caps, and the lead end plate.
Combined, these form a near-hermetic barrier which insulates the inner layers from
external magnetic field fluctuations. The lead end caps have an additional role,
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Figure 3.6: Partially wound By coil with G10 frame. Image from [Sun22].

as these act as magnetic mirrors, helping to maintain magnetic field uniformity;
essentially, this coil configuration mimics a coil of infinite length{Ahm+19]. The B
magnet itself is designed as an optimized cos(6) coil, with wires running vertically.
This coil must also be superconducting, as this ensures that its current is near-
constant in time when operating in persistent current mode. This coil provides a
uniform ~30 mG field that is orthogonal to the neutron beam direction, and which
serves as a holding field in which the neutrons and *He precess. This magnetic field
strength corresponds to a precession frequency of around 100 Hz for *He, or around
90 Hz for neutrons, values which were chosen to mitigate systematic frequency shifts
such as those studied in [Pig+15; Pig19], which depend on the Larmor frequency.
Just outside of the By coil is the Metglas flux return, which serves to further improve
uniformity. The By frame, which holds the wires for the magnet in place, must be
non-magnetic and capable of withstanding multiple cycles of cooling and warming.
We use G10 (also known as G-10 or garolite), a type of fiberglass, for this purpose
due to its low thermal contraction and known behavior at cryogenic temperatures.
Due to limitations on the size of G10 pieces that could be cut by the manufacturer,
each of the horizontal hoops of the frame needed to be constructed as twelve circular
arcs, which were then glued together with epoxy over the course of several months.
For more information on the construction process (and how it was done at Caltech
during a global pandemic), see [Sun22]. A picture of the completed B frame, with
wire partially wound, is shown in figure 3.6. Interior to By, and rotated at a 90-degree

angle so that its field points along the beam direction, is the dressing coil. This
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Figure 3.7: COMSOL model of the dressing coil used to simulate Joule heating due
to the dressing field.

coil serves two purposes: first, it provides the 7/2 pulse which tips the neutron and
3He spins into the plane of precession. Second, it supplies an oscillating 1 kHz sine
wave field with amplitude approximately 300 mG. The amplitude and frequency are
chosen so as to cause the neutrons and *He precess at the same frequency [Swa+18].
This is known as the critical dressing condition. A section of a COMSOL model of
this coil is shown in figure 3.7. The presence of the dressing field imposes a variety
of constraints on other systems in the apparatus — notably, the oscillating field
induces eddy currents in conductive materials, leading to Joule heating. To help
mitigate this, an eddy current shield made of copper-clad G10 is included between
the By and dressing coils to reduce heating in the Metglas flux return. The Joule
heating has been modeled extensively in COMSOL by C.M. Swank, and a sheet of
copper of thickness 34 pm was found to be sufficient to reduce the heat below the

heat budget for the cryogenic system.

Fabrication of the dressing frame and coil is similar to that of the B coil, except that
whereas the By coil used to springs to keep the wires under tension, in the dressing
coil each vertical wire sits in a channel cut into a piece of G10. The construction
and winding of the dressing coil has recently been completed, with field uniformity

tests underway.
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Chapter 4

SPIN DRESSING THEORY

Given the importance of critical spin dressing for the sensitivity of the nNEDM @SNS
experiment, it is vital to understand and address the effect that magnetic field noise
and field inhomogeneities have on this measurement mode. This chapter is split
into three sections. The first section (section 4.1) is adapted from a published paper
[TS22] studying the effects of noise on the critical dressing mode of the nEDM @ SNS
experiment, as well as developing ways to mitigate these effects. Beginning in
section 4.2, we develop an additional technique termed “magic dressing” which
can be used to measure an nEDM in a way that is insensitive to fluctuations in
the dressing field amplitude. In section 4.3, we conclude with a discussion of
data analysis techniques that may be employed to analyze spin dressing data in the

presence of magnetic field noise.

4.1 Quantum Control of Two Critically-Dressed Spin-1/2 Species

When a particle’s spin precessing in a static magnetic field is exposed to an off-
resonant oscillating orthogonal magnetic field, the effective gyromagnetic ratio of
the particle — and thus its precession frequency — is modified. This phenomenon is
known as spin dressing and was first studied theoretically in reference [PC65]. Spin
dressing is found to have applications across multiple sub-fields in quantum informa-
tion and fundamental physics, including increasing coherence time of free induction
decay (FID) in relatively large magnetic field gradients [Bev+19; Swa+18]. The use
of multiple dressing frequencies tuned to extend the coherence of atomic clocks in
field gradients was first reported in reference [KS15], whereas the authors of refer-
ence [BIS18] used this technique to mitigate Stark shifts. With multiple dressing
field directions, enhanced spin manipulation for quantum information is achievable,
and can even accelerate the effective Larmor precession; this is discussed in refer-
ences [Bev+20; Bev+22]. In reference [GL94], the authors found that critical spin
dressing (CSD), the simultaneous dressing of two spin species to the same Larmor
frequency, can be applied for a very sensitive measurement of the neutron electric
dipole moment (nEDM). A detailed investigation in reference [Ahm+19] found that
this technique would halve the statistical uncertainty of an nEDM measurement

compared to an analogous measurement using FID. Additionally, by modulating the
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parameters of CSD as described in references [GL94; Swa+18], systematic uncer-
tainty from phase fluctuations not associated with noise in the spin dressing field
(e.g., external magnetic field drifts) is significantly reduced even without correction
from a comagnetometer. For example, with modulation at the angular frequency
w;, phase accumulation from slow field drifts in the apparatus will be modified by
a factor ~ 1/+/w,, [Pap65].

In the nNEDM @SNS experiment ultracold neutrons (UCN) are confined to a pair of
acrylic (PMMA) measurement cells with dimensions Ly XL, XL, = 40x10.2x7.6 cm
in solution with polarized *He in superfluid *He. A large electrode sits between the
two cells which are sandwiched by ground electrodes on either side and provide a
large electric field of order 7.5 MV/m between each cell in the Z direction so the
electric field strength has opposite sign for each cell. A superconducting persistent
‘cos 6’ coil provides a static uniform magnetic field of magnitude By > 3 uT along
the Z direction and is the same in each cell. Inside the static field is a separate
audio frequency ‘cos 8’ coil which provides a dressing field with amplitude of up
to 100 uT oriented along the X direction. In between the static uniform field and
the dressing field is a copper shield, which limits interaction between the dressing
coil and the static field coil and acts as a flux return for the dressing field. To
determine the relative phase between the neutron and *He spins, nNEDM@SNS
detects the spin-dependent capture rate of neutrons on >He through the reaction
n+3He — 3H+ p + 764 keV. The critical dressing mode of the experiment
uses a strong oscillating magnetic field to dress gyromagnetic ratios of neutrons
and *He to the same value. This improves sensitivity to the nEDM by allowing
continuous operation at the most sensitive relative phase between the neutron and
SHe [Ahm+19] for a given 3He concentration. However, this mode of measurement
introduces additional noise, as current fluctuations in the spin dressing coil will lead
to fluctuating magnetic fields. These fluctuating magnetic fields can cause the spins

of neutrons and *He to drift apart over time.

Here, we use second-order time-dependent perturbation theory to assess the im-
plications of magnetic field fluctuations for precision measurements performed on
dressed spin systems, with particular emphasis on applying these results to mitigate
uncertainty in the critical dressing mode of the nNEDM @SNS experiment. In section
4.1.1, we introduce the relevant Hamiltonian for spin dressing for a spin-12 system.
In section 4.1.2, we apply time-dependent perturbation theory to this Hamiltonian to

compute the phase variance, frequency shift, and run-to-run variance of the capture



24

rate signal induced by a fluctuating dressing field. We express these results in terms
of the power spectrum of these fluctuations. In this section we also discuss the ab-
sence of run-to-run signal variance due to magnetic field gradients in either the static
uniform field or the dressing field. In section 4.1.3, we confirm these calculations by
numerical integration of the Bloch equations, and discuss the implications of these
results for the nNEDM @SNS experiment. Section 4.1.4 proposes several strategies
to mitigate dressing field fluctuations for the nEDM@SNS experiment. Finally, in
section 4.1.5, we introduce a new modulation scheme which can be used to combat
the dressing field noise addressed in the previous section, as well as enabling precise

control of dressed spins in the presence of magnetic field gradients.

4.1.1 Spin Dressing Hamiltonian
A spin-1/2 system with gyromagnetic ratio y precessing in a static uniform field
Bz and a strong oscillating magnetic dressing field B cos(wt)x (with By > By) is
described by the Hamiltonian

g 2 “o

H=wa'a+ Eax(a +a')+ 200'Z, 4.1)

where o, 0, and o, are the usual Pauli spin matrices, a’ and a are the raising and
lowering operators for the photon field, wog = y By is the undressed frequency of a

spin in a static uniform field, defined along Z, and €2 is a coupling constant given by

_ yBi
Q= YU 4.2)
where A = (n) is the average photon number. We are interested in how applying a
small fluctuating magnetic field 6 B(¢) with a known power spectrum would affect

the time evolution of an initial state [¢) under this Hamiltonian.

4.1.2 Theory

In the following section, we first outline a general framework to compute the expec-
tation value and variance of operators under small, time-dependent perturbations
to the Hamiltonian of section 4.1.1. We then use this framework to evaluate two
observables to second order for a magnetic fluctuation 6 B(#) which occurs par-
allel to the dressing field. These observables are the variance in phase for each
spin species, and the frequency shift for each spin species. For an experiment like
nEDM @SNS, these results can be used to estimate the sensitivity of dressed sys-
tems in the presence of field fluctuations. In deriving these formulae, we make no

assumption about the source of the fluctuations, and therefore these results apply
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equally whether the random magnetic field arises from current fluctuations in the
dressing coil or static magnetic field gradients coupled with the stochastic motion
of the spin species throughout the measurement cell. In the latter case, the power
spectrum of §B(#) may be calculated through the position-position autocorrelation
function, as in [SPG16]. In addition to these two observables, we also compute the
variance of the phase between two species that are exposed to the same fluctuating
magnetic field, as would be the case for current fluctuations. This is useful for
nEDM@SNS, as the capture rate of neutrons on helium-3 depends linearly on this

phase difference [Ahm+19].

4.1.2.1 Time-Dependent Perturbation Theory

Suppose that at time ¢ = 0, a system is in the state |(), and we wish to compute
the expectation value of some operator Ay at some future time . Given a time-
dependent perturbation V(z) to a Hamiltonian H, The time-evolution operator 7 (¢)

to second order in time-dependent perturbation theory is given by

t t t
T(t) =1 —i/ dr'v(t’) —/ / dr'de"vi(t)Vi(1")
0 0 Jo

+0(V3),

4.3)

where V; (1) = 'V (t)e™" is the perturbation evaluated in the interaction picture.
Thus, we need to compute (¥ (¢)| Ag ¢ (t)) = (ol T(t)TAT(¢) o), where A is
likewise evaluated in the interaction picture, i.e., A(t) = e"" Age™1".

If V(¢) is proportional to 6 B(t), then we can decompose V;(¢) as a sum of complex

exponentials as follows:
Vi() = (Z Qje " + QZe"‘”ﬂ) 5B(1), (4.4)
J

where Q; are time-independent operators. Provided that 6 B(f) has zero mean, the
terms of 7T AT which are linear in § B(¢) will vanish when we compute an expectation
value over functions 0 B(t). Therefore we need only consider the quadratic terms,

which can be decomposed as

t t
3000 [ar [ arerdntsnwsnan. @)
j,k 0 0
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where f(Q;, Q) is some operator which is a function of only Q;, Qx, and their
Hermitian conjugates. We now evaluate the expectation value of the integral over
functions 6 B(?).

[ . ’ . 17
/ dr’ / dt” e it &' (§B(t")6B(1")), (4.6)

0 0
t

= / dr’

0

’

tl
t

/ dt//e—i(wj—wk)(t’+l”)/2e—i(a)j+a)k)(l'—l")/2 <5B(l/)(5B(l”)> , 4.7)
0

1(rx _ . t=le=| - At At

- / die AVt / dAte M (sBl= +7|6B|-= +7]|)|, (4.8)
2 \Jo 0 2 2

1 2t . _ 0 o

%E( /0 dz‘e—’Aw) ( /0 dAte_’“’A’R(;B(At)), 4.9)

where in equation (4.8) we have made the variable substitutions

o=t (4.10)
2
Aw = w1 — wa, “4.11)
_ U+t ) )
t= 7 (integration variable), (4.12)
Ar =t —1” (integration variable), (4.13)
Rsg(At) = (6B(A1)SB(0)) . (4.14)

In equation (4.9), we assume that dB(¢) is stationary and has a short correlation
time compared to ¢, and so it is valid to replace the limit of the second integral with
infinity. The first integral in equation (4.9) only grows with time if Aw # 0, and
therefore any term where Aw # 0 can be neglected. From this, we conclude that
for the purpose of noise analysis, it is sufficient to consider the individual frequency
components of V;(¢) independently. Therefore, without loss of generality, we can
write

Vi(t) = (Qe ™ + Q7“6 B(1), (4.15)

T7AT can now be expressed in terms of Q and A to second order in V;:

t t
TYAT = A + / / dr'de" v (") AV, (1)
0 J0 (4.16)

—/ dt’/ dr"Vi(t" V(A + AV (£ )V (1),

0 0

= A+uu’ (QAQ* + QTAQ) —v(0'0A + AQ0)
- (00"A+ AQ7Q),

(4.17)
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where we have defined the integrals

t
u(t;w) = / dt'e™ " §B(1), (4.18)
0
t t, . ’ ”
v(t; w) = / dr’ / di" e 5Bt )6 B(1"). (4.19)
0 0
We can further simplify equation (4.17) by noting that
t t
v+ = / dr’ / dr” (e—"wAf+e+"wA’) 6B()oB(1"), (4.20)
0 0
t t
= / / dr'dt” e “MsB(t)6B(t"), 4.21)
0 0
=uu”. (4.22)

If we now collect the terms proportional to v and v*, we get
TTAT = A+[Q",[A,Q]]v +[Q.[A,Q"]]v". (4.23)

We can alternatively choose to collect terms proportional to Re(v) and Im(v), in

which case we get

TAT = A+ (10, [4,0"]] + [0, [4, Q1] ) Re(v)
+i[A,[Q7, Q] Im(v).

This allows us to calculate the expectation value of an operator A at time ¢ in the

(4.24)

interaction picture. In other cases, it may also be useful to calculate the variance of
A. In the NEDM @SNS experiment for example, variance in the capture rate signal,
which depends linearly on the dot product between neutron and *He spins, could
increase uncertainties in the nEDM measurement. In this particular case, we are
concerned not with the quantum mechanical variance of ¢ - ¢ (which is nonzero
even if the magnetic field has no fluctuations), but rather in how the magnetic field
perturbs the spin vectors classically. In other words, we wish to find the variance of
the quantum mechanical expectation value of ¢ - 0. We thus define the classical

variance of an operator A as

Vare (A) = ([(A) )55 = (A o517, (4.25)

where (-)sp denotes an average over random functions d B(¢), while (-) denotes a
quantum mechanical expectation value, i.e., (A) = (/| A [). A similar analysis as

was used to derive equation (4.17) yields, in the case that A is Hermitian,

Vare (TTAT) = 4 ([Q7, A]) ([A, Q]) Re(v). (4.26)
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These results can also be applied to a pair of non-interacting spin-1/2 systems through
use of the tensor product. Suppose that in the interaction picture the time-dependent

perturbations for each of the two spins are given by

Vi(D) = (Q1e7™™ + Q1™ )SB(1), (4.27)
Va(t) = (Q2e™™" + 01e™)6B(1). (4.28)

If we wish to compute the expectation value (A) from an initial state |¢), =

lW1)o ® |¥2)0, then we can apply equation (4.24) or (4.26) by substituting
0—->019hL+11®0», (4.29)

where /; and I, are identity operators.

Lastly, we express v in terms of the power spectrum S(w) of §B(¢). The power

spectrum is defined as

S(w) = / Oodte_i“”R(;B(t). (4.30)

(o)

From equation (4.9), we have

2t )
v(tw) = % (/0 df) (/0 dTe_inR(sB(T)), (4.31)

t * - o0 .
=— dTe_""T/ dw'S(w)e'T, (4.32)
2m 0 —o0
- L/ dw'S(o)) / dre!@ =), (4.33)
2 —oo 0
= L/ dw'S(w') (né(w’ -w) - : ) ; (4.34)
27 J oo W —w
1 . (o) ’
=t =8(w) - — / dow S (4.35)
2 21 J_o w —w

4.1.2.2 Initial State

An oscillating magnetic field corresponds quantum mechanically to a coherent
state, denoted by |@). A coherent state is an eigenstate of the lowering operator
with eigenvalue «. The average photon number in such a state is given by la|? =4,
and so we separate « into its magnitude and complex phase as @ = Ve, In the
appendix, it is shown that a complex phase of « is equivalent to a rotation of the

neutron and *He spins. The initial state in the following is taken to be

o) = |a) |s), (4.36)
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where |s) is the initial spin state, or if we are considering both the neutron and *He
spins,

lo) = la) [s1) [s2) . (4.37)

4.1.2.3 Computation of Matrix Elements

We now compute the Q operators (and thus V; (7)) for the spin dressing Hamiltonian
in the case where the time-dependent fluctuating magnetic field is parallel to x.
This calculation will proceed in two steps. We first apply a carefully chosen time-
independent unitary transform to the Hamiltonian in order to compute its eigenstates,
and then compute the matrix elements of the operator o, with respect to these states.
We then transform these matrix elements into the interaction picture by multiplying
each matrix element by the appropriate time-dependent phase factor. In the limit
where 4 > 1 and w > wy, the eigenstates and eigenvalues of the spin dressing

Hamiltonian can be found approximately by expressing H as H = Hy + H,, where

Q
Hy=wa'a+ EO-X(a + aT), (4.38)
H, = Zlo. (4.39)

As shown in [PC65], Hj can be diagonalized by considering each of the two eigen-
subspaces of o individually. The Hamiltonians of the two subspaces are given
by
LY. i
H.=wa'a+ Ee(a +a'), (4.40)

where € € {1, —1} corresponds to the eigenvalues of 0. The part of the Hamiltonian
contained in H, is diagonalized by applying the displacement operator D (eQ2/2w),

which is defined by its action on the raising and lower operators:

D'(m)aD(n) = a +1, (4.41)
D'(n) = D(-n). (4.42)

Explicitly, the displacement operator is given by

D(y) = "' e, (4.43)
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Note that while the definition of the displacement operator D (77) allows for complex
1, here we restrict our attention to the case where 7 is real. Applying this operator
to H and abbreviating D (eQ/2w) as D, yields

Q
D.H.D! = wD.a'aD! + %De(a +a"D! (4.44)

—w aT—Q a—§
B 2w 2w

4.4
eQ ( . EQ) (4.45)
+—la+a' — —
2 w
QZ
—wata - =, (4.46)
4w

From D, we can construct a unitary operator U, which applies D to the appropriate

eigensubspace of 0. Explicitly,

U=D (3) ) (44| 4 DT (3) =) (=l (4.47)
2w 2w

where |+,) are the eigenvectors of o.. Applying U to H yields,

QZ
UHoU" = wa'a - —. (4.48)
4w

We thus see that U diagonalizes Hy, and that the eigenstates of UHoU" are |n) |+.).

Meanwhile, H, in this basis becomes

UHUT =20

> (4.49)

D (2t i+ D5 1= o

For large photon number (1 > 1), the displacement operator can be approximated
in terms of Bessel functions. Reference [PC65] gives the matrix elements of D (1)
as

(n| D) In = q) = (n] "= |n - q) = J, (2 ). (4.50)

where J, is a Bessel function of the first kind with order g. From this we derive

D(p) ~ ) J,2qVA) In+q) (n]. 4.51)
n.q

With this approximation, the full Hamiltonian H in the displaced basis is
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UHU' = wa'a

+ ?JO(X)O-Z

- %Jl (x) (Z Iny (n+ 1| = [n+ 1) <n|) ioy (4.52)

n

+ 2 (x) (Z ) G +2] + [n +2) <nl) o

n

+0(q = 3),

where we have defined the spin dressing parameter x = 2QVA/w = yBi/w. In
reference [Swa+18], the matrix elements of various perturbations are calculated in
time-dependent perturbation theory. Here, we extend those results to the case where
wo may not be small compared to w by incorporating the first-order correction to the
eigenstates of UHU'. We first consider the energy correction. Let the eigenstates
of UHU be denoted by |m. Treating H, as a perturbation on Hy, the energies
of these states can be calculated to first order in wo/w using perturbation theory, as

in reference [PC65]. The energy shift is simply

Ens = EX) + (n (£, H |£,) |n) (4.53)
=nw + %Jo(x). (4.54)

H. thus lifts the degeneracy of |n) |+;) and leads to an effective Larmor frequency

w)y = woJo(x). We similarly derive the eigenstates of UHU T to first order in wg/w:

I, £2) = |n) |£2)

N @ (In= 1) |F2) + [n+ 1) |5.))
Jz(xc)uwo (4.55)
£ == (In = 2) [£) = In+2) |£2))
0]
+0(q > 3).

We can now calculate the matrix elements of various time-dependent perturbations
with respect to these eigenstates. For dressing field noise generated from fluctuations

in the current provided by the power supply, the only relevant operator is o7, provided
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the linearly polarized dressing field is homogeneous. Fortunately, o, is unchanged
by U, as Uo,U' = .. We obtain

—_— J1(x)wo
n, +|o|n’, £,) = £+ —"81 1w
< zl | z> w 1,|n—n’| (4.56)
+0(q > 3),
—_— J2(x)wo
, £ 'V F) = 0w £ —— 02 |n—w
(n, £, |ox|n’, ¥;) nn 20 2,|n—’| 4.57)

+0(q = 3).

We have truncated terms containing Bessel functions of order 3 or greater. From

these matrix elements, we can now evaluate the perturbation in the interaction

picture by computing the individual frequency components of ¢'VHU' ¢ o= iUHU'

using
. + ——
VRV = Z In, s){(n, s|e"“ns", (4.58)
n,s
. — . . + . +
where 7iw, ¢ is the energy of the state |n, s). Expanding e’VH#V g e VAU we get
UHU' _iUHU?
(UHU't o (—IUHU' _
S T sy slo sy s e, (4.59)
n,n’,s,s’

——

where Aw is the frequency difference between |n, s) and |n’,s’). Here we only

consider the leading-order term of each frequency component, so we make the
approximation that |n, s)(n’, 5’| = |n) |s) (n’| (s’|. With this approximation, we can
now write

e"UHU-I_’O'xe_"UHU” =W+w' (4.60)
where

s
W — _O__e—la)ol

J .
+0, Z [n—1) {(n| %e‘lw
8 4.61)
o 3l =2) (o 22 (it _ pmian-ai)
2w

+0(q = 3).

We can simplify this expression further. In the classical limit, we can make the

approximation that

a~ \/EZm— 1) (n|, (4.62)
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provided that A is large. Thus when applying operators of the form }}, |n — ¢) (n|

to a coherent state, we get

(Z n—q) <n|) ) ~ % @) (4.63)
=1 |a) . (4.64)

This allows us to replace the terms operating on the photon field in W with simple

phase factors. Thus,

. ’
W - _ O__e—lw()l

ol J1 (x)woe—iwt

w
(4.65)
Q20 J2(x)wo (emI@wap) _ gmiCw-u)r)
2w

+0(q = 3).

+ 0y

Each independent frequency term of W corresponds to a Q operator. In particular

for a perturbation 6 H (t) = 06 B(?), the corresponding Q operators are

Quy = -0, (4.66)

0,=2 (z))woaz, (4.67)
Oruvtar, = —ngzwo o, (4.68)
Qr0-uy, = JZ(ZXQ)) Lo, (4.69)

In writing these operators we have omitted any phase factors, as in both equations
(4.24) and (4.26), Q is always paired with QF, and so any phase factor will be

eliminated.

4.1.2.4 Explicit Calculation for Magnetic Field Fluctuations

Recalling that equation (4.24) allows us to calculate the expectation value of an
operator at any time in the interaction picture, and combining equations (4.24)
and (4.66-4.69), we can now explicitly compute the effects of fluctuations in the
amplitude and phase of the dressing field. As in [Swa+18], we compute the phase
variance and frequency shifts by taking the real and imaginary parts of <0'x + i0'y>
in the interaction picture (rotating frame) for a spin which starts in the +& direction
attime ¢t = 0, i.e., [o) = (|+.) +|—2))/V2. We will denote the rate of accumulation
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of phase variance as I'y and the frequency shift as éw. Given a perturbation
O0H(t) = yoB(t)oy /2, we obtain

d (o 2,
ry= - S5 = st
2
+(yJ1(x)a)0) S(w)
w 4.70)
2
+%(%) [S(2w—w6)+S(2w+w6)]
+0(q = 3),
_doy) P S(w)
ow = dr __E‘[oodww’—wé
1 (yh®wo\ [ .,
_E( 2w ) /_m dw'S(e) “.71)

1 1
X +
(w’—2w+w6 w’—2w—w6)
+0(q = 3).

We note that in the case where 0 B(¢) is different for spins in the same measurement
cell, as would be the case for magnetic field gradients, I'y may be regarded as the
transverse relaxation rate, i.e., I'y = 1/7>. Conversely, in the case where all neutrons
experience the same time-dependent magnetic field as would be the case for dressing
field fluctuations arising due to current fluctuations in the dressing coil, I'y represents
the run-to-run phase variation. Thatis, I'y = % Var(¢), where the variance is taken
over multiple runs of the experiment. While I'y and dw are quantities that are of
general importance in situations where precise control of the phase of dressed spins
is required, for nEDM @SNS we are particularly concerned with effects which can
perturb neutron-*He capture rate. This rate depends linearly on & - &%, so we would
like to compute the variance of this operator in order to find the run-to-run variance
in the signal rate, this time under the assumption that the neutrons and *He atoms
are exposed to the same magnetic field. However, the expectation values computed
from time-dependent perturbation theory are in the interaction picture, so to convert
these values to those actually observed in the lab frame we must find the variance
of UjUrel'or| - ope 1! U; U I Details of this calculation are found in section
4.1.8.5. Generically, this is a time-dependent operator having terms which oscillate
at frequencies that are sums of integer multiples of the dressing field frequency w
and the dressed Larmor precession frequency wj,. However, because capture signal

rates in the nEDM @SNS experiment are not sufficiently high to resolve oscillations
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at these frequencies, we consider only the time-independent component of this
operator. We can now calculate the variance in the capture rate due to a fluctuating
magnetic field. Let by = (1) (r = 0) and by = (%) (t = 0) be the Bloch vectors of

the neutron and *He atom at time 7 = 0. Then

1 L2
Vara (o - 02)(1) = 50 = 72| x (B x 5| S(wpr

42 (7111 (x1)wi —y2Jy (Xz)w2)2
w

N o 12
ﬁ(hxbﬁ‘ﬂwﬁ

N )
2x(mxbgjmew-w@+saw+w@p

2 2w
+0(q = 3).

L1 (7’112(?61)601 - )’212(962)6«)2)2

(4.72)

The first term in equation (4.72) represents the variance due to noise at the effective
Larmor frequency. However, if both spins start in the plane of precession, this term
will not contribute. The second term represents variance due to noise at the dressing
frequency, which unlike the first term is maximized if the spins start in the plane of
precession. The third term, like the first, is minimized when the spins start in the
plane of the precession and is generated from noise at twice the dressing frequency

shifted by the effective Larmor precession frequency.

Equation (4.72) may appear to suggest that if b, | = by, one could altogether eliminate
variance due to current fluctuations. However, under critical spin dressing the
quantity proportional to the nEDM is the relative phase between neutron and *He
spins, i.e., ¢2 — ¢ < d,. Meanwhile, the signal rate of nNEDM @SNS is linear in

o - 02, which is in turn related to the relative phase by

o - 03 = cos(¢2 — ¢1), 4.73)

provided both spins start in the plane of precession. Thus, setting ¢» = ¢ would
decrease sensitivity to an nEDM, as o1 -0, would no longer be sensitive to the relative
phase in this configuration. Furthermore, the variance of ¢, — ¢ is independent of
the starting phase of either spin. Again assuming both spins start in the plane of

precession,
£ (b1 x by) =sin(¢ = ¢1), (4.74)
The variance can be propagated using the Taylor expansion. We have,

Var. (o - o) ~ [sin(¢a — ¢1)|* Vare (¢2 — ¢1). (4.75)
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Therefore, in the plane of precession the phase of the spin of one species with
respect to the other spin species does not matter, and the variance in relative phase

will accumulate according to

Y1y (xD) w1 = y2J1 () ws |
w

Vare (¢2 — ¢1) = 2

S(w)t. (4.76)

In figure 4.1, we show the per-run frequency uncertainty due to noise in the dressing
field with a perfect band-pass around the dressing frequency, predicted by equation
(4.76). Explicitly, the frequency uncertainty is found by taking the square root of the
variance at a given time in the measurement to find the standard deviation of the phase
at that time, then dividing this phase uncertainty by the time in the measurement to
find the frequency uncertainty. The per-run sensitivity of nEDM@SNS according

to reference [Ahm+19] is also shown for comparison. If we define SNR to be
SNR = Psignal/Pnoise = (Asignal/Anoise)za (477)

where P is the power of the signal or noise and A is the corresponding amplitude, we
find that for 80 dB SNR, and a perfect band-pass filter around the dressing frequency,
the phase uncertainty is comparable in magnitude to the statistical sensitivity of
nEDM @SNS.

Lastly, we find an absence of run-to-run signal variance for neutrons and >He,
Var; (o, - 03), from magnetic fluctuations arising from motion in a static magnetic
gradient of any field along any direction, assuming that the gradient field does not
change from run to run. This is due to two effects: first, for each run o, - 03 is
averaged over many particles as each neutron and *He samples a different magnetic
field; and second, the neutron and *He trajectories are uncorrelated, and so equation
(4.72) (which is derived under the assumption that the neutron and *He are exposed
to the same field) does not apply. Instead, because these trajectories are uncorrelated,
the decay rate of the signal during a run can be computed from the relaxation rate of
each individual species using the formalism of reference [Swa+18]. The relaxation

rate and frequency shifts for each species are given by the expectation value of o:

Re((c)) = 1 — =, (4.78)
1

Im({oy)) = dwt. 4.79)
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Figure 4.1: Run-to-run uncertainty in the measured frequency due to dressing field
noise for 57 pT/VHz and 5.7 pT/vHz dressing field noise and a perfect band-pass
filter around the dressing frequency, calculated from equation (4.76). The predicted
per-run sensitivity for the nEDM@SNS, formulated from reference [Ahm+19],
is shown for comparison. It is shown that 57 pT/VHz dressing field noise will
significantly reduce the ultimate sensitivity of the measured frequency, while 5.7
pT/VHz dressing field noise is acceptable.

Therefore, keeping only terms to second order in magnetic gradients after computing

the expectation value of o and o, with the perturbed wave function we find
t t

Re({oy,) (0—,)) =1- & (4.80)

(02,) (023) = 0. (4.81)

Using the identity o, - 03 = 0, 0%, + Re(o,0-,), we derive

d{oy - 03) 1 __(L+i)~_i
dt cos(¢, — ¢3) L, T T,

Transverse relaxation, 7,, for both species can be calculated from reference [Swa+18].

(4.82)

Typically, because the trajectories of UCN are ballistic, and highly oscillatory in

the measurement cell resulting in significant motional narrowing, the contribution
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¢n3 ¢n Qn ¢3 93

0 -0.99650 1.81020 -1.00759 1.85511
n/4 -0.59186 1.84162 -1.40374 1.77373
m/2 -0.18485 1.83092 -1.78485 1.66284

Table 4.1: Optimized parameters for the starting position on the Bloch sphere for
neutrons and *He to achieve cosine dressing with a sine dressing field described in
section 4.1.2.5. ¢,;3 = ¢, — ¢3 is the relative azimuthal angle of the neutron and *He
that is desired during critical dressing, ¢, 3 and 6,, 3 are the absolute azimuthal angle
and absolute polar angle of the neutron and >He, respectively. When the neutron
and 3He start at these positions with sine dressing, the result is cosine dressing
dynamics for the respective relative phase ¢,3. All units are in radians. Values are
for the fiducial NEDM @SNS experiment parameters for critical dressing, where the
dressing field amplitude is 40.2497 uT oscillating at 1 kHz with a static uniform
field strength of 5.2 4T in the Z direction. Optimization of the fiducial nNEDM @SNS
parameters are discussed in reference [Ahm+19].

of the transverse relaxation of the neutron to the signal decay is small. This result
shows that there is no run-to-run phase fluctuation if gradients of all magnetic fields
remain the same run-to-run. Gradients in magnetic fields diminish the statistical
sensitivity by decreasing the coherence time of a single measurement, and the effect
is predictable without stochastic variations, contrary to the case with dressing field

amplitude fluctuations.

4.1.2.5 The feasibility of dressing with a cosine waveform

In order to minimize the variance in equation (4.72), both spins should start in the
plane of precession at + = 0. However, in deriving equation 4.72 we assumed a
magnetic field with a cosine dependence, i.e., B,(f) = Bjcos(wt). This poses a
problem, as such a dressing pulse would require an instantaneous change in magnetic
field at t = 0, which is impossible to achieve due to the inductance of the dressing
coil and limited slew rates of power supplies. Instead, the same dynamics can be
achieved with sine dressing, i.e., B¢(f) = B; sin(wt), by having the neutron and *He
spins start outside the plane of precession. The polar angle 6, 3 and absolute phase

¢n.3 of neutron and *He required at ¢ = 0 to achieve this are specified in table 4.1.

4.1.3 Simulation
The calculations in the previous section are verified by numerically integrating the

Bloch equations with an adaptive Runge-Kutta integrator. Ensembles of spins are
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simulated using the fiducial critical spin dressing parameters for the nEDM @ SNS
experiment (By ~ 40 uT, w ~ 27 x 1 kHz, w6 ~ 27 x 100 Hz), with the addition of a
noisy magnetic field with amplitude spectral density of 57 pT/VHz. This assumed
spectral density corresponds to a 0.01% rms variation in B over a bandwidth of
SkHz. While this is a reasonable figure for the power supplies being considered
for nNEDM @SNS, it should be noted that the noise power spectrum for the dressing
field will generally be peaked around the dressing field frequency, and therefore
S(w = 1kHz) may be significantly larger than the assumed value of 57 pT/VHz.
The noise power spectrum is varied by changing the cutoff frequency of a simulated
high-pass filter. In computing the theoretical values we assume that this high-pass
filter is ideal, so that

2
(57 pT/\/Hz) || > Weutoft

0 otherwise.

S(w) = (4.83)
We substitute this power spectrum into equations (4.70) and (4.71) to obtain the
theory line in figures 4.2 and 4.3. Figure 4.2 shows the simulated and theoretical
relaxation times for different values of the high-pass filter cutoff. As evidenced by a
sharp decrease in relaxation rate as the cutoff frequency is swept pass 27wj, and 27w,
T, depends only on the power spectral density at a set of discrete frequencies. Figure
4.3 compares the simulated and theoretical frequency shifts. The frequency shift
decreases logarithmically as the high-pass filter cutoff is increased past the dressed
Larmor frequency. Therefore, if a physical high-pass filter is employed to reduce the
run-to-run phase variation due to current fluctuations, its cutoff frequency should
be chosen to be well above the Larmor frequency in order to mitigate the frequency
shift. It should be noted however that for the case of NEDM@SNS experiment, a
frequency shift caused by current fluctuations can be corrected for by comparing
the signal from the two measurement cells for the same run, or by comparing the

signal after reversal of the electric field.

4.1.3.1 Discussion of Results

The results derived in section 4.1.2 and verified in section 4.1.3 apply generally to
any time-dependent magnetic field perturbation parallel to the dressing field. For
nEDM@SNS, these perturbations can arise primarily from two sources: current
fluctuations in the dressing coil, or gradients in the magnetic field coupled with
the random motion of neutrons and *He atoms in the measurement cells. We first

consider the case of current fluctuations, in which all spins are exposed to the
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Figure 4.2: Predicted and simulated values of I'y for various high-pass filter cutoffs.
The theory line is calculated from equations (4.70) and (4.83). Each simulated point
represents 200 neutrons. Note that cutoff values beyond the dressing frequency
(1000 Hz) are only achievable in simulation, and are shown here for comparison to
the theory.

same fluctuating magnetic field. As shown in figures 4.2 and 4.3, the effect of these
fluctuations can be separated into two components: the run-to-run variation in phase
caused by the stochastic nature of the fluctuations, and a systematic frequency shift.
The frequency shiftis relatively harmless for nEDM @SNS, as this shift is eliminated
by reversal of the electric field. However, the variation in phase over the course
of multiple runs can pose a problem, as this contributes directly to the statistical
uncertainty of the nEDM measurement, as evidenced by figure 4.1. Because the
phase accumulated by this effect varies from run to run, electric field reversal will
not nullify this effect. One could also attempt to correlate the scintillation signals
from each of the two measurement cells under the assumption that the perturbing
magnetic field is identical between the two cells. However, this approach also has
limitations, as we discuss in the following section. Especially problematic is noise
at the dressing field frequency, as the results of equation (4.72) indicate that the
primary contribution to phase variance for spins precessing in the plane orthogonal
to the static field comes from noise at this frequency. This is compounded with

the results from tests with the power supply used in section 4.1.4.2, which indicate
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Figure 4.3: Predicted and simulated frequency shifts, with magnetic field noise given
by equation (4.83), for various high-pass filter cutoffs. The theory line is calculated
from equations (4.71) and (4.83). Each simulated point represents 100,000 neutrons.

that the noise power spectrum is peaked around the dressing field frequency. Thus,
to reduce the statistical uncertainty caused by fluctuations in the dressing field, the

following section will explore several techniques to mitigate this type of noise.

4.1.4 Mitigation Strategies

The considerations in the previous sections show that fluctuations in the nEDM
signal due to current fluctuations in the dressing coil would arise primarily due to
the noise power spectrum at S(w), which corresponds to amplitude fluctuations in
the dressing field. We discuss two strategies to mitigate this effect. First, one can
leverage the fact that the two measurement cells of NEDM@SNS are exposed to
opposite electric fields in order to eliminate this effect during data postprocessing;
however, as we show, this approach has limitations when there are static field
gradients between the two cells. An alternative approach is to directly reduce S(w)
by applying feedback to the dressing coil in order to maintain the dressing field

amplitude close to its target value.
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4.1.4.1 Cross-Cell Correlation

In order to combat systematic effects, the nEDM@SNS experiment uses two mea-
surement cells which will be exposed to opposite electric fields [Ahm+19]. Under
the assumption that the magnetic field noise dB(#) is identical in the two cells, it
may be possible to correlate the effects of dressing field noise in the two cells and
thus eliminate its effect on the measurement of the neutron EDM. One confounding
factor for this strategy is the presence of static magnetic field gradients. Due to
imperfections in the static and dressing field coils, the dressed Larmor frequencies
between the two cells may differ by a small amount. In this case, the same noise field
0 B(t) may affect the two cells differently, hampering our ability to correlate the two
cells. In order to determine the correlations between the spins in different cells, we
compute the expectation value (7 - 0»), where 7| and 0 represent two spins of the
same species in opposite cells. Let w; and w; be the dressed Larmor frequencies in
the two cells. In this case, calculating the expectation value is complicated by the
fact that w; and w, may be very close in frequency, and thus we can no longer use
the approximation that cross-frequency terms may be neglected. These terms are
calculated in the appendix (section 4.1.8.1). The expectation value (7 - 73) is then

given by
- - 7 -
: =1-= 4.84
(F1-32) = 1= 58(@) |1 = =~ (4.84)

We see that decorrelation between the two cells may only be neglected if either S(@)

2 (t ~ sin(ZAa)t))

is small, or Awt remains small over the course of the experiment.

4.1.4.2 Feedback Control

In situations where decorrelation between the two cells is too large to apply the
strategy of the previous section, we can instead employ feedback control on the
dressing field. As we are primarily concerned with amplitude fluctuations in the
dressing field, we regard the instantaneous dressing amplitude as a constant ideal
value Bj jgeal, plus a small fluctuating § B (¢), so that the dressing field is given by
B(t) = (Bi.ideal + 0B1(1)) cos(wt). Under critical dressing, the phase accumulated
between the neutron and *He is, to first order in 0B (), proportional to the integral
of 6B () over time. Thus, one way to limit the impact of current fluctuations would
be to employ feedback control to minimize the deviation of this integral from a target
value. Using a Kepco four-quadrant 400 36-12 power supply and a DT9837A digital
signal analyzer, we demonstrate a proof-of-concept for using feedback control in
the nEDM @SNS experiment. The signal analyzer outputs a 1000 Hz sine wave,
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which we feed into the voltage control input of the power supply. The power supply
drives a cosine coil, at the center of which is a pickup coil. The voltage across
this pickup coil is measured by the signal analyzer, and the output of the signal
analyzer is adjusted based on this measurement using a digital PI loop to maintain
the integral of the signal amplitude near its target value. We then use the measured
fluctuating magnetic field to simulate the motion of neutron and 3He spins, using
the CODATA values for their gyromagnetic ratios [NIS]. The measured magnetic
field is postprocessed with a high-pass filter to remove lower-frequency noise, and a
single global scaling factor is applied to the field to replicate the CSD parameters of
the nEDM @SNS experiment. Figures 4.4 and 4.5 show the resulting rms deviation
of the relative phase shift between neutron and *He spins. In figure 4.5, we also plot
the phase accumulation estimated by applying equation (4.76) to the measured noise
power spectrum of the Kepco power supply. Assuming a 400 pT/VHz white noise
spectrum which is then high-pass filtered at 500 Hz, we can see that this approach
underestimates the actual phase accumulation. This indicates that, as expected, the
noise power spectrum is peaked around the dressing field frequency. Nonetheless,
these results show that introducing the feedback loop substantially reduces the run-
to-run phase variation caused by amplitude fluctuations in the dressing field. There
are a number of ways to implement this type of feedback loop in the nEDM @SNS
experiment. A simple scheme would be to place a shunt resistor in series with the
dressing coil to measure the current. Alternatively, pickup coils may be used, as
was done in this section. The advantage of this approach for nEDM@SNS is that
multiple pickup coils can be used to detect spatial inhomogeneities in the dressing
field. This latter approach also enables us to detect changes in the dressing field
that are not due to the current; for example, temperature fluctuations may affect the
conductivity of the copper flux return, which would in turn alter the dressing field

amplitude even if the current amplitude remains constant.

4.1.5 Robust Dressing

While feedback and cross-cell correlation can be employed to reduce the impact of
magnetic field fluctuations which are homogeneous across the measurement cells,
these strategies do not mitigate decoherence caused by magnetic field gradients in
either the static or dressing field. Thus, we now turn our attention to strategies
to amplify coherence times of systems undergoing fluctuating fields, particularly
in the presence of magnetic field gradients. The dressing scheme presented in

this section is a novel technique which, among other applications, can be used
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Figure 4.4: The root mean squared deviation of the angle between the neutron and
3He spins (¢,3) as a function of time, with dressing field powered by a Kepco four-
quadrant 400 36-12 power supply, for magnetic fields generated with (solid line)
and without (dashed line) feedback control. The dataset without feedback consists
of 28 runs, while the dataset with feedback consists of 50. Data are smoothed for
clarity.

to mitigate gradient decoherence of the dressed spins. In this scheme, we apply
modulation with angular frequency w,, to the dressing parameter x = yB;/w,
where w,, is faster than the dressed Larmor precession wj,. This differs from the
modulated CSD presented in references [GL94; Ahm+19; Swa+18] in that our
modulation frequency is much higher. We find that by tuning the rate and amplitude
of modulation in conjunction with the dressing parameters B and w so that there is
no phase accumulation in the lab frame, we can significantly decrease decoherence,
similar to what is found in references [KS15; BIS18; Bev+22]. In a system with
two spin species, these parameters can be selected such that both states on a short
timescale are rapidly oscillating but on average are effectively frozen in time with
respect to the lab frame. With this combination of fast oscillation and no phase
accumulation in the lab frame, quantum states become especially robust to field
fluctuations. On average, both spin species remain fixed on the Bloch sphere in the

lab frame for arbitrary long timescales limited by the coherence. This technique
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Figure 4.5: Phase standard deviation with feedback control applied from the field
powered by a Kepco four-quadrant 400 36-12 power supply (solid line). The rms
phase deviation rises for a period of less than five seconds, then appears to settle near
a fixed value. For comparison, the theoretical estimate (dotted line) is computed
assuming 400 pT/VHz noise high-pass-filtered at 500 Hz. Data are smoothed for
clarity.

may prove useful in storing quantum information by keeping the state static and

robust to electromagnetic fluctuations.

For the nEDM @SNS experiment, the extended coherence time afforded by robust
dressing is a valuable tool to rapidly identify and compensate for large magnetic
field gradients. The nEDM@SNS experiment is performed in a large cryogenic
apparatus; as such, modifications to the apparatus require a long dead time to allow
the apparatus to warm, and then cool to its operating temperature (T<500 mK). Thus,
it is crucial to be able to mitigate gradients in the measurement cell without the need
to make modifications to the apparatus. Aside from robust dressing, NEDM @SNS
has two techniques available to measure static magnetic field gradients. First, for
stray static field gradients in the precession volume, gradients can be determined by
the cryogenic probe array described in reference [NP14a]. This array consists of
39 fluxgate magnetometers which will reconstruct the magnetic field by fitting the
coeflicients of a harmonic scalar potential expansion to the magnetic field values

measured by the probes. However, if the ideal static uniform field is distorted by
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magnetic materials within the volume of interest, the probe array described will
not be sufficient to reconstruct the field due to the reconstruction condition that
there be no magnetic sources within the volume of interest. Second, gradients can
be determined by measuring transverse relaxation rates versus the applied field.
However, during the initial phases of the experiment, there may be static field
gradients large enough that the scintillation signal decays too quickly to be measured
effectively. Such gradients may be caused, for example, by an unknown nickel flash
(nickel coating) on an electric connection close to the measurement cell. In the
following sections we first outline a form of precession-free dressing which we
call robust dressing because it is particularly robust against relaxation and dressing
field noise. This is due to the fact that a spin undergoing robust dressing does not
accumulate phase in the lab frame, and remains fixed on the Bloch sphere. The longer
relaxation time of the robustly dressed system allows us to measure larger gradients
than would normally be possible. These results are similar to those obtained for
multiple field dressing in references [Bev+20; Bev+22]. While these references
consider dressing fields acting along multiple axes, here we limit ourselves to a
single dressing field in the £ direction, as is the case for NEDM @SNS experiment.
We apply this technique to find precession-free dressing for both *He and neutron

simultaneously, which we call robust critical dressing (RCD).

4.1.5.1 Description within the Bessel function approximation

The dressed system of a single species can be held at a value where no phase
accumulates in the lab frame, around the zero crossing of the Bessel function,
Jo(yBi/w) = 0. This is described in detail in reference [ZCA12] for a number of
multiple spin systems to achieve a Zeeman-insensitive optical clock atomic transi-
tion. Alternatively, the dressing parameter can be modulated between values that
achieve a system where no phase accumulation occurs in the lab frame. For example,

the effective absolute phase of the neutron is approximately

dn(1) =/t7nJo (y"il(t))Bodt- (4.85)
0

There are many possible choices for B (7). Here we choose Bj(f) to be a constant

plus a cosine of frequency w,,, so that

b (1) = / ynJo{ynB ! [x0+ﬂ(1+coswmr)]}30dt, (4.86)
0 w 2
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for dimensionless parameters xo and x;. Robust dressing is achieved when there is

no phase accumulation in the lab frame,

(¢n(2)) =0, (4.87)

parameters for which can be found numerically. The parameters required to achieve
robust dressing in simulations with cosine modulation can be estimated from equa-
tion (4.86) and (4.87) by integration of the modulation function over a modulation
period; moderate deviations from the values predicted analytically are expected due
to violation of the Landau-Zener approximation. This is described in the context
of spin dressing in reference [Eck+12]. It is found that the shorter the modulation
period, the further the RCD parameters deviate from the analytic prediction. In
the simple analytic formulation it is found that if xo = 1.2 and x; =~ 3.17 then
{(¢n(1)) = 0O (for both the neutron and *He.) Despite violation of the Landau-Zener
approximation, detailed simulations of the Bloch equation find a continuum of val-
ues for xo and x| that satisfy the robust dressing condition,{¢,(#)) = 0. Deviations
away from the average phase can be made small when w; < w;. The average
projection of the spin on the Bloch sphere remains fixed, with fluctuations on the

order of the modulation period and the instantaneous precession rate.

4.1.5.2 Robustness

Robust dressing suppresses transverse relaxation due to field fluctuations in B, and
B,. For B, this can be seen from the dressing approximation — the effective
gyromagnetic ratio under precession-free dressing is zero, and therefore the local
static field strength is irrelevant. Likewise, a variation in B, can be viewed as a
rotation of the static field, which in the case where the effective gyromagnetic ratio
is zero has no effect on the spins’ overall behavior. Thus, the only static gradients
and field offsets which contribute to the transverse relaxation rate are those in B,
along any direction. To analyze these, it is useful to consider a simplified model of

robust dressing.

4.1.5.3 An Intuitive Model of Robust Dressing

While we are not aware of any purely analytical solutions for the robust dressing field,
robust dressing has several properties that allow for a convenient approximation. We
have chosen the modulation frequency w,, such that it evenly divides the dressing

field frequency w. Thus, the pulse is periodic with frequency w,,, and its behavior is
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entirely defined by its action on a spin during the interval ¢t = 0 to ¢t = 27 /w,,. This
property allows us to analyze this pulse using Floquet theory, described in reference
[BNN77]. In short, Floquet’s theorem allows us to write the time evolution operator
of robust dressing as

T(1) = M(t)e™™, (4.88)

where M (t) is a unitary operator with period 27 /w,, and A is a time-independent

Hermitian operator. The operator, A, can then be written in the form

1 = -
A=-3yBur- 5. (4.89)

The overall rotation under robust dressing can thus be treated as arising due to an
effective magnetic field Begi. The effective magnetic field, Begi, can be computed by
numerical integration of the Bloch equations over a single period, or approximated

perturbatively as in references [Bev+20] and [Bev+22].

Numerically, we find that robust dressing corresponds to a weak (|yBeg| = 1 Hz)
magnetic field whose primary component is in the X direction. The precise orienta-

tion of Beg may be adjusted by careful selection of the robust dressing parameters.

In light of this, we analyze relaxation in the robust dressing scenario by treating
Beg as an effective static uniform field which lies along X and redefining 77 and 7;
accordingly. We also define ¢ to be the angle between the spin and X. A geometrical

representation of the robust dressed system for a neutron is shown in figure 4.6.

4.1.5.4 Robust dressing applications

Before presenting an analysis of relaxation under robust dressing, we describe
several applications of robust dressing for an nEDM search such as the nEDM @ SNS

experiment.

4.1.5.5 Gradient metrology through spin relaxation

Because the effects of gradients in By and B, along any direction are suppressed by
robust dressing, 7, is always much shorter than 77 for the nEDM @ SNS experiment’s
expected operating and initial commissioning conditions. This will lead to a fast
initial decay dominated by 7>, followed by a slower decay whose rate is given by 7.

In general, the polarization of spins decays as

P(t) = \/ e T cos? g + P2 (1) sin” ¢y, (4.90)
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Figure 4.6: A classical visualization of the neutron spin trajectory undergoing robust
dressing on the Bloch sphere in the laboratory frame, with arrows representing the
static uniform field, By, the dressing field, B, and the robust dressing effective field
Beﬂ".

where Pr, (t) is the component of the polarization transverse to X and ¢ is the value
of ¢ at the onset of robust dressing. The transition between fast and slow decay
then occurs at polarization Py ~ cos(¢p). This behavior can be applied for gradient
metrology, as a gradient in B, will cause the spins to relax quickly to a known
value, while robust dressing extends the coherence of the system from gradients in
B, or B;. For the nNEDM@SNS experiment, a static magnetic gradient of any field
transverse to the static uniform field direction along the dressing axis represents
the largest potential systematic effect by generating a frequency shift linear in the
applied electric field, as evidenced by references [Com91; Pen+04a; LGO5; A L06;
Clall; CM 12; Pig+15; SPG16; Swa+18]. If this precise gradient measurement
technique is used to feedback on magnetic gradient shimming, a powerful mitigation

strategy for this linear-in-E frequency shift is achieved.
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4.1.6 Relaxation under Robust Dressing

The longitudinal relaxation of the system can be decomposed into two contribu-
tions. One contribution arises from the Redfield-like longitudinal decay, which is
generated from field imperfections in B, and B, and which we compute by eval-
uating the system in the interaction picture, similar to the dual harmonic dressing
treatment provided by reference [Bev+22], but with the oscillating field in only the
X direction. A derivation is found in appendix 4.1.8.7. The model predicts relax-
ation to be extended beyond the 7} time found in reference [Red57; McG90] for
the corresponding static uniform field of the nEDM@SNS experiment’s operating
parameters, discussed in reference [Ahm+19]. This is because the integral over the
field correlation function is shifted in frequency according to the harmonics of the
dressing field and not the static uniform field as is the case in reference [Red57]. An
expansion of the spin’s reaction to the applied field into a Fourier series is used to

formulate the longitudinal relaxation rate. In the diffusion limit we find

1 2 (2 2
Ez)/ (Gy+GZ)D

2
—|‘2’”|2 , (4.91)
— n‘wy,
where a,, are the Fourier coeflicients of the series and are found numerically. This
result can be extended beyond the diffusion limit by using the spectrum of the

trajectory autocorrelation function; this is described in appendix 4.1.8.7.

An additional source of longitudinal relaxation arises from the field imperfections
in By, which generate longitudinal relaxation by rotating the local effective field off
of the x direction, resulting in a contribution of the effective field along y and/or z.

This in turn will cause relaxation according to

1 D

— ~ (G Lef) ——. (4.92)
T |BO,eff|2
B 2
~ ,}/2 (68235) G}zc D -, (493)
X |BO,eff

where G | o and B g refer to components of the effective gradient and magnetic
field orthogonal to the effective static uniform field Bo . Validity of this estimate
depends on the magnitude of gradients in B, in the cell. In particular, if L, is the
length of the cell along the x direction, then this approximation breaks down when
|GxLy/2| 2 |Bes| because the scaling of B, g with By becomes non-linear. The
longitudinal relaxation will not be proportional to G2, but will scale with a higher

power of G, due to the non-linearity in the effective field scaling. To find the exact
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scaling in closed form is difficult. However, it is found from simulations that the
robust dressing parameters can be tuned to mitigate this source of relaxation, even for
large gradients in B,. By tuning the robust critical dressing parameters to minimize
the relaxation rate, we can mitigate the contribution from the B, field imperfections
to the level of the contribution from the other field directions. With this optimized
tuning, the relaxation rate from this gradient returns to G2 scaling, implying a return
to the linear scaling of the effective field under optimized robust dressing. Due to the
ability to mitigate or increase relaxation by tuning the robust dressing parameters,

we find that this modulation technique is a useful form of quantum control.

In practice, because Maxwell’s equations require a gradient contribution in at least
two directions, this optimization procedure to minimize relaxation obtains dimin-
ishing returns when the relaxation from the gradient in B, becomes comparable in
magnitude to the relaxation contributed from gradients in B, and/or B;. Due to the
nonlinear scaling, and the precision of the robust dressing parameters required, we
expect that in the large gradient regime the relaxation from gradients in By can be
mitigated to parity with the contribution from B, and B,. However, in the small
gradient regime, where tuning need not be as precise, we may more easily find
optimized robust dressing parameters where the contribution from the gradient in

B, can be ignored. The prediction is formulated as

1 _ 2 2 2 2
7 =Cn.Gi+y (G2 +G*)D Zn:

|an|2

, (4.94)
nw?,
where Cyp, is determined from specifics of the parameters, but in general, it can be

estimated to be of magnitude

anlz

Cas, <¥*D ) ;7 (4.95)
n m

The relaxation from simulations of a linear gradient, where G, = dB,/dx =
—dBz/dz, is shown in figure 4.7 for all regimes of robust dressing, as well as
the theoretical prediction after optimization for both limits of Cyp, . The smallness
of B.g compared to By and the nonlinear dependence on G, lead naturally to three

different regimes depending on the magnitude of the G, gradient relative to Beg.

4.1.6.1 Small gradient regime

If |GyL,/2| < |Bes|, the magnetic field gradient across the cell is smaller in

magnitude than the effective static uniform field. The tuning of the parameters need
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not be terribly precise (6xo.1 ~ x0,1 X 1073) to achieve the 7} relaxation time shown
in equation (4.91). Additionally, the G, contribution to 77 may be found using the
effective magnetic field formalism using equation (4.92).

Similar to traditional NMR transverse relaxation, the RCD analog can be predicted
from references [Red57; McG90]; however, only gradients in By contribute signifi-

cantly. Thus, for the transverse polarization we find

Pr(t)=e B, (4.96)
where in the diffusion limit,
1 5, LY
— = _x 4.97
7, 7 Y*T20D (4.97)

Outside the diffusion limit, the transverse relaxation can be found from the spectrum

of the trajectory autocorrelation function at zero frequency.

4.1.6.2 Intermediate gradient regime

If |G,L,/2| ~ |Besl, then the gradient magnetic field nearly cancels Beg in a sig-
nificant portion of the cell. For untuned robust dressing parameters, the effective
magnetic field may have a nonzero B, ¢ component in this region, leading the local
magnetic field here to be misaligned with the x-axis. This drastically increases the
longitudinal relaxation rate for this gradient regime. While no theoretical predic-
tion exists for the dynamics of the spins in this regime, a thorough investigation is
presented in reference [SHD91]. The strong dependence of 71 on G, in the vicin-
ity of the intermediate gradient regime can be employed for gradient metrology.
Specifically, a gradient large enough to induce this regime could be identified by
measuring the 77 relaxation of the spin species under study. Although the gradients
in B, required to achieve this regime are a couple orders of magnitude larger than the
initial gradients expected at the onset of commissioning of the nEDM @SNS exper-
iment, they are in the realm of possibility if there is an unaccounted for magnetized
material — for example, a nickel flash (nickel coating) on an electrical connection,
or other unknown magnetic material close to the measurement cell. Note that while
precise (0xp.1 ~ Xo,1 X 1079) tuning of the robust dressing parameters can eliminate
the B, .4 component in the misaligned region, thus recovering the 77 of equation

(4.91), this is not required nor useful for gradient metrology.
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4.1.6.3 Large gradient regime

As |GyL,/2| becomes large compared to |B.g|, the region of low magnetic field
shrinks in volume, and the effect of misalignment becomes less significant. The
treatment of 7 and 77 is straightforward. Longitudinal relaxation can be computed
from equation (4.91). Transverse relaxation under gradients of this magnitude
behave according to the adiabatic regime described in reference [Pig+15], as the
spins dephase on a shorter timescale than the diffusion time. This results in a

relatively fast relaxation, given by

Pr(1) = sin(yGLyt/2), (4.98)

vG Lyt
G, L.t
:sinc(y Al ),

(4.99)

sin(x)

where sinc(x) = =

4.1.6.4 Robust dressing and dressing field noise

From the simple model that describes robust dressing, we expect that robust dressing
is also robust to fluctuations of the dressing field, because the integral of the total
phase accumulated on average is zero. In simulations of noise we find that after an
initial relaxation period on the timescale of the modulation frequency, the random
phase accumulation nearly ceases, and dressing field fluctuations arising from power
supply noise can typically be ignored with commercial linear amplifiers. The
polarization of a robust dressing waveform generated according to equation 4.86,
where By = 40.2497 uT and w,, = 27 X 200 rad/s with amplitude noise ranging
from 20 to 80 dB SNR is shown in figure 4.8. In that figure it is shown that at 20 dB
SNR, where the amplitude of the field noise is 10% of the amplitude of the pulse,
polarization can be observed for a long time, and the rate in equation (4.91) is still

achievable after an initial loss.

4.1.6.5 Robust critical dressing

There exists a non-trivial solution that satisfies the robust dressing conditions for
both the neutron and *He at the same time. Robust critical dressing is achieved

when

(dn) = (¢3) = 0. (4.100)
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Figure 4.7: Relaxation after optimization of robust dressing parameters for 200 Hz

robust dressing and a wide range of gradient magnitudes. The gradients in this

. . . . dB
simulation arise from the divergence theorem, = = —%.

1077

Table 4.2 shows optimized robust dressing parameters for the CODATA values of
the magnetic moments of the neutron and *He. We find that robust critical dressing
significantly reduces relaxation from field fluctuations in the static uniform field and
dressing fields.

Figure 4.9 shows a simulation of the robust critical dressing signal for w,, = 2r X
200 Hz in a large gradient, along with the theoretical estimation for robust critical
dressing based on

(o - 03) = P(z) exp

2
2,2 |an|
G:Dt ) —|. 4.101
73G? Z " ) (4.101)
We have ignored neutron relaxation in this prediction, as it is expected to be small
because neutrons exhibit strong motional narrowing. The applied gradient satisfies
Maxwell’s equations with dB./dz = —dBy/dx = 2 x 107>Bg/cm. For comparison,
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Figure 4.8: 1- Polarization for robust dressing modulated according to equation
4.86, where B = 40.2497 uT and w,, = 200 Hz, with simulated noise power varied
from 20 dB SNR to 80 dB SNR

unmodulated critical dressing is also simulated in the same gradient, and the signal

is found to decay rapidly compared to the robust case.

4.1.6.6 Mitigation of linear-in-E effects

Perhaps the most troublesome systematic effects of EDM experiments is the linear-
in-E frequency shift. The linear-in-E frequency shift arises from correlated fluc-
tuations due to the motion of the spin in magnetic field gradients perpendicular
to the applied static field, coupled with the v X E motional magnetic field arising
from the motion of the spin within the measurement cell. The effect can be de-
scribed from second order perturbation theory in terms of the spectrum of the spin’s
position-velocity correlation function. An abundance of detail concerning this shift
is presented by references [Com91; Pen+04a; LG05; A L06; Clal1; CM 12; Pig+15;
SPG16; Swa+18].
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wn/27 (Hz) X0 X \/<A933> (rad)
200 1.0470 3.1224 0.68
300 1.1005 3.6645 0.41
500 13290 3.4435 0.25

Table 4.2: Optimized parameters for robust critical dressing. All values are calcu-
lated for a static uniform field of 5.2 uT and amplitude modulation of a nominal
critical dressing field of 40.2497 uT oscillating at 1000 Hz.

Nominally for nEDM @SNS, the electric field is applied parallel to the static uniform
field. In this case, robust dressing cannot be used to detect an nEDM. However, if the
electric field is instead applied along X, robust critical dressing can be employed to
measure an nEDM and simultaneously mitigate linear-in-E frequency shifts arising
from the v X E motional magnetic field via the same mechanism that mitigates
the longitudinal relaxation; specifically, the response of the spin precession system
to magnetic field fluctuations is determined by the power spectrum of the noise
evaluated at integer multiples of the modulation frequency rather than at the Larmor
frequency. Due to the 1/w? dependence of the trajectory correlation functions in
this regime, described in reference [SPG16], the contribution to the linear-in-E

frequency shift is significantly mitigated.

4.1.7 Conclusion

In this work, we developed a model to evaluate the effect of magnetic field noise on
a critically dressed system of neutrons and *He atoms in the case where the Larmor
frequency is a non-negligible fraction of the dressing field frequency. Applying this
model to the case of magnetic field fluctuations parallel to the dressing field, we
find that the relaxation time is given by an infinite sum over the noise power spec-
trum evaluated at discrete frequencies, with higher frequency terms suppressed by
higher-order Bessel functions. For the purpose of calculating the impact of current
fluctuations in the dressing field coil, these results demonstrate that the primary
concern is amplitude fluctuations in the dressing field. These results were verified
by numerical integration of the Bloch equations.

With these results as motivation, we propose several strategies to increase coher-
ence and sensitivity for systems of dressed spins. Feedback control of the dressing
amplitude, for example, can substantially reduce the phase uncertainty in the pres-
ence of current fluctuations in the dressing field coil, while correlating the signal

rate from opposing cells allows for rejection of noise sources which are common
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Figure 4.9: Simulated signal for highly tuned RCD modulated at 200 Hz (red) and
CSD (green), with theoretical estimation for RCD (blue). The starting phase for
3He is ¢3 = /8, and it is the same for neutrons, ¢,, = 71/8. Signal is observable for
a long time in the RCD scenario, while the signal is indistinguishable from noise in
a traditional critical dressing scenario.

to both cells. We emphasize that while these strategies are proposed in the con-
text of the nEDM@SNS experiment, these techniques are generally applicable to
systems where precise control of dressed spins is required. Of particular interest
is robust dressing, which sets the effective Larmor frequency of each species to
zero by modulating the dressing field. This substantially reduces relaxation due to
magnetic field fluctuations, and effectively freezes a state in time which is useful
for extending the coherence of quantum information. Measuring the relaxation of a
robustly dressed system allows for precise determination and feedback on gradients
parallel to the dressing field, and thus can be applied as gradient metrology for
fundamental physics measurements which require a uniform magnetic field. For the
nEDM@SNS experiment, this effect can be leveraged to measure or shim relatively
large spatial gradients in a critically dressed system of neutrons and *He. Further-

more, robust dressing allows for mitigation of linear-in-E frequency shifts in EDM
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experiments where the electric field is chosen to be parallel to the dressing field.

4.1.8 Appendix to [TS22]
The calculations presented in the following sections are the appendix to the paper
[TS22], in which we work through the quantum mechanics formalism necessary to

derive the results in the article.

4.1.8.1 Near-Frequency Terms

Suppose V;(t) contains a pair of terms with frequencies w; and w; which are very
close in frequency, such that |w ;= a)k| ~ 1/t. Then the cross-frequency term can

no longer be neglected. Define the integral

t t
vk = / dr’ / di" e i K" (SB(1")SB(1")) . (4.102)
0 0

Using equation (4.9), v can be written in terms of the noise power spectrum as
—2iAwt . 0 /
e -1(1 i S(w”)
= | Z8(®) - — do'——|.
NS T iAw (2 (@) =22 [m - cD)

Then the cross terms of TTAT are

1t t
/ / dt/dt//(Qje—zwjt” + Q;elet”)A(le—twkt’ + Qielwkﬂ)
0 0
t t, . 7 . ’” . ’ . ’
_ / dl‘// dt//(Qje—zwjt + Q;elet )(le—lwkl + Qzelwkt )A
0 0

t t

_ / dt,/ dt//A(le—iwkt’ + Qzeiwk[')(Qje—iu)jt” + Q;eiwj[")

0 0
+(j e k)
= Q;AQ (vjk +vi,) + QTAQL (vij + V)
- 001 Av;, - Q10rAvy;

T *

— AQiQlvi; — AQLQ, vy,
+(j o k),
=v;1(Q;AQ} + Q1 AQ; — 010,;A - AQ;0))
+5 (QLAQT + 0TAQ) — 04014 - A0T01)
+(j & k),
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=vk[0].[A, 0;]]
+v3 [0k, [A, 01]]
+(j k).

4.1.8.2 Explicit Calculation for Case of Static Gradients
We first consider noise near the dressed Larmor frequency wy. Using Q; = %(TH
and Qx = 0, we get

2 2
o o Y Y
(01-07) =1 -7 (v1+v>1k+vz+v;)——4 (vzj+vkj+vjk+vj.k),

2 2 o
y _. vy sin(RAwt) _  _
-1-Z A St
~15(@) - 22 (),
2 .
Ve sin(2Awt)
=1-Z et
2S“”(t 20w

Next, we consider the contribution of noise near w, the dressing field frequency. In
this case, static gradients do not affect the time-dependence of the noise Hamiltonian
— that is, the frequency of the complex exponential ¢'“’ is unaffected by a change
in wq or By (see equation (4.1.2.3)). Therefore, there are no cross-frequency terms
to consider, and so noise near w which applies equally to both cells cannot cause

the spins between the two cells to decorrelate.

4.1.8.3 Transformation of the Signal Rate into the Interaction Picture

Computing the variance of o - 0% in the lab frame corresponds to computing the
variance of UUse''oy - ope™H! U; UlT in the interaction picture. We begin by

calculating U U, 0y - 0'2U§U1T.
From the definition of Uj,
Up = D(m/2) [+:) (el + DT (11/2) |=2) (=l » (4.103)
= %D(m/2)(l +03) + %D*(m/z)(l - ). (4.104)
The Pauli spin operators then transform as
Ui Ul = o, (4.105)
Uiy = 3(D0n) + D' () + 3D () = D (), (4106

1 . 1
Uio2U{ = 5(D(m) + D' (m))o; = 5i(D(m) = D' (1) 07y (4.107)
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So the observable o - o transforms as

UrUx (o1 - 02)U U = (U105 U}) (U2032U)) + Uy U)) (Ua0ry2U3) + (Ur o1 U (Ua 00 U3)

(4.108)
= 0%10%2 (4.109)
+ %(D(An) + D (A)) (oy10y2 + 0,10722) (4.110)
- S(D(A) = D (M) (031022 — 7210730). @.111)
where An =n; —ns.

Applying the approximation in equation (4.51), we have that

D(An) ~ Y Jy(x1 = x2) [n+q) (n]. (4.112)
n.q

For the fiducial n(EDM @SNS experimental parameters, the dressing parameters of

the neutrons and *He atoms are, respectively,

X, ~ —1.184,
x3 ~—1.317.

Because |x, — x3| is significantly smaller than 1, the magnitude of J,(x, — x3) is

small for |¢g| > 0. For example,

Jo(x, — x3) = 0.9956,
J1(x, —x3) = 0.0662,
Jo(x, —x3) = 0.0022.

We therefore make the approximation that
UiUs (o1 - ) USUT ~ oy - 0. (4.113)

Next, we need to compute eV g - e~ U where we define Hy = U2U1HUIU2T.
We make use of the identity
iAwt

= D nsus) (s sy, si saloroal, si, sy ) e,

’ ’
n,n’,s| 257552,55

—iHyt

MUl g .ome

(4.114)
where as before Aw is the frequency difference between the states |n, s, s») and

n’,s", s ). We make two simplifications to this expression. First, we are concerned
1’22
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with the time-averaged signal, and therefore we ignore any terms where Aw # 0.
Second, we consider only the leading-order terms in w6 /w, and therefore make
the approximation that |m> ~ |n)|s1)|s2). The expression in (4.114) then
becomes

Do Ay Isiy Isa) (' (s (s5] il (sl (sal o - ama ') |57 ) | s5)

’ 7
n,n’,s| »51552,5,

(elHUl‘O_1 . o_ze—lHUl) —
Aw=0

X 5n,n’5s1+sz,s’] +55 -

(4.115)
It turns out that (51| (52| (n| o -0% |n") |s’1> |s’2> = Oforn # n’,and for s1+s2 # 57 +5}.
Therefore,
(U102 e - e ™ ULU) =0y (4.116)
W=

4.1.8.4 Calculation of Variance

If arandom variable X can be written as a Taylor expansion in some small parameter

A, 1.e.,
X = Z 1Y, (4.117)
n=1

where Y,, are random variables, then to second order in A the variance of X is simply
Var(X) = A% Var(Y). Therefore, to compute the variance of T'AT we need only

compute the variance of the terms of 7TAT which are linear in §B(f). We get

t
Var (TTAT) = Var (1/ dr'Vi(t')A - AV,(t’)) , (4.118)
0

t
= Var, (i / d' (Qe ™" + QTe!®)A — A(Qe ™" + Q™) | 6B(1"),
0

(4.119)
= Var.; (i([Q, Alu + [QT, Alu®)). (4.120)
(4.121)
Using the fact that (u)sp = 0, we re-write this expression as
Vara (1°AT) = (|(10, Alu+ [0", Al )[') . (4.122)

= <(<[Q,A]>([A*,Q*])+([QT,A]),([AT,Q]))uu*>6B, (4.123)
=2 (([Q, A {[AT, Q1) + ([0, A]), ([AT, Q])) Re(v). (4.124)
If A is Hermitian, then this can be further simplified to

Vare (TTAT) = 4 ([Q7, A]) ([A, Q]) Re(v). (4.125)
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4.1.8.5 Signal Variance Calculation

For Q. = Lo+ Zo_,, we need to calculate

[T1 - T, 0-1] = 021000 — 0x102 +i(0y1070 — 01032). (4.126)
Then
- - V1 Y2 1 .
(0102, o1+ F0_2] = =(v1 —¥2) (071022 — 0x102 +i(0y 102 — 0;10y2)).
2 2 2
4.127)

Since &7 - 0 is Hermitian, we compute the magnitude squared of the above quantity
to find Var. (T7& - 5T):

Vara (T'61 - 2Ty, = 4 (107, A1) (1A, Quy]) Re(v), (4.128)
1 2 ’
= 5(71 —7)? ((%1%2 — 0102) + {oy1020 — 0p10y2) ) S(wy)t,
(4.129)
1 . R - ’
= = (y1 =722 E X {(F1) X (G2} S(w))t. (4.130)
2
For Q,, = 7‘]‘2(21)“” o1+ 72]‘2(22)‘“2 02, We get
[T1 - O, 021] = 2i(0x10y2 — Oy10%2). (4.131)
Then
- - yiJi(xDw y2J1(x2)w (il w1 = yaJi(x2)w,
g1 02, 2w o721+ 0w 02| =1 w (O-xlo—yZ_o_ylo_)ﬂ)-
4.132)
Thus
Var (T' 3 - 2T)., = 4{[Q1,, A]) ([A, Qu]) Re(v), (4.133)

_» (71J1 (x1w1 = y2J1(x2)wo

2
2
o ) <O'x10'y2_0-y10'x2> S(w)t,

(4.134)

_5 (7’1]1 (x1)w1 = y2J1(x2)w>
w

2
) 2+ {(31) X (T} S (W)t

(4.135)
4.1.8.6 Initial State of Magnetic Field

In this analysis, we assume that the magnetic field oscillates sinusoidally with

amplitude B;. However, this leaves some freedom in choosing the phase of magnetic
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field at time ¢+ = 0. A magnetic field B(t) = Bjcos(wt — ¢) corresponds to the
coherent state ‘ﬁei¢> where A is the average photon number. Because calculations
in this work take place in the displaced basis (which is obtained by applying the
unitary transformation U to operators in the lab frame), we must also apply U to the

initial state |@) |s). We first show that for || < 1 and |a| > 1,
D(n) |@) ~ ™ ) . (4.136)

We use the identity that for any complex numbers « and 7,

D(n)D(a) = " "D (a)D (7). (4.137)
Therefore,
D(n) |@) = D(n)D(a) |0}, (4.138)
= "D (@)D (1) |0Y, (4.139)
=D (@) |n) . (4.140)

Coherent states are given explicitly in terms of the Fock states by

) = 2 \’/7—_ (4.141)

For n < 1 all but the £ = 0 terms are small, and so we make the approximation

|7) =~ |0). From this we conclude that

D(n) |a) = "™ D () |0), (4.142)
~ 1T ) (4.143)

Now we examine what happens when we apply

U =D+ (£l + D) |=0) (=], (4.144)

where n = Q/2w to the state |a@) |s). We get

Ula)1s) = D) ) 1) (als) + D) ) |=2) (=5). (4.145)
= [} (¢ [+2) (hals) +7 =) (=i1s) ) (4.146)
= [} (¢ [#2) (ol + €7 =) (=4l 19 (4.147)
= |a) €7 |s). (4.148)

where 6 = Im(2n*@). We thus see that an initial phase ¢ corresponds to a rotation

by an angle 6 about the x axis.
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4.1.8.7 Robust dressing relaxation due to a relatively strong gradient field

The dynamics of the system can be described by
Up = <720y - e 02712y, (4.149)
where

t
x =i / Bi(t')dt'. (4.150)
0

Within this interaction picture we can write longitudinal relaxation as the decay rate

of (o), which is given by time-dependent perturbation theory as

t t
(O'X):l—yzRe{ / dr’ / dt” e iex(1) gl (1”) (6B(t’)5B(t”))}, (4.151)
0 0

where 6 B(¢) in this case represents fluctuations in either B, or By. In writing this
approximation, we have taken the static uniform field to be small, which allows us
to neglect the contribution to 77 relaxation from B,. The integral can be evaluated

in terms of the Fourier transform of ¢ 7#x()_ given by

e iex(t) = Z apeent (4.152)
n=—oo
where w,, is the modulation frequency. By the same reasoning as in section 4.1.2.1,

we need only consider terms that are the same frequency. Thus we get

t z’
<O-x> -1= ,)/2 RC{/ dl,/ dr’ Z |an|28inwm(ﬂ_;//) <5B(l/)5B(t”)>}, (4.153)
0 0 -
=1-2t Z |an2S (nwp). (4.154)
n

Therefore we get

1

1 2
- = % Z lanl?S (nwy), (4.155)
n

|an|

wmn)2 ’

2 2
~y (G +Gy)D (4.156)
2 T
where in the last step we took the diffusion approximation to evaluate S(nw,,). If the
system is not in the diffusion limit a more exact formulation can be implemented, for
example, the spectrum of the correlation function presented in reference [SPG16]

would allow accurate predictions from the ballistic through the diffusive regimes.
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4.2 Magic Dressing

We also investigate another approach to modulated dressing, termed “magic dress-
ing.” The concept is similar to that of the “magic wavelength” used to mitigate
the AC Stark shift for atoms in an optical lattice [Kat+03]. Unlike robust dress-
ing, where the objective is to maintain a polarized sample even in the presence of
large gradients, magic dressing aims to simultaneously address fluctuations in the

dressing and holding field.

4.2.1 Magic Dressing for a Single Species

For a single species (i.e., UCN or *He alone), This is accomplished by maintaining
a dressing amplitude and frequency such that the dressing parameter x = yB;/w is
near a local extremum of the zeroth-order Bessel function. In this case, the dressed
Larmor frequency is given by yBoJo(x). Thus by operating near an extremum of
Jo (or equivalently, a zero of J1), the precession frequency can be made insensitive
to small changes in x. The single-species magic dressing technique works both
in the case where the dressing field amplitude varies in space, as is the case for
inhomogeneities caused by inaccuracies in dressing coil construction, or time as
could be caused by fluctuations from the power supply controlling the current. This
technique was studied using the spin-exchange optical pumping (SEOP) apparatus
discussed in Chapter 6. As a cell containing both UCN and helium-3 was not
available at the time of writing, only single-species magic dressing is investigated

experimentally here.

4.2.2 Magic Dressing for Two Species

As described, magic dressing can only be used on one species at a time, as the zero
of the J; Bessel function will differ for two species with different gyromagnetic
ratios. Instead, one can apply a dressing field such that the difference between the
derivatives of the two Bessel functions is zero. In other words, we want

dw, dw;
dB; B dB;’

(4.157)

where w, and w3 are the dressed Larmor frequencies of the neutron and 3He,

respectively, given by

wn = YnBoJo(ynB1/w) (4.158)
w3 =y3BoJo(y3B1/w). (4.159)
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Figure 4.10: Relative precession frequency for neutron and *He as a function of
dressing amplitude (B1). Dressing amplitudes where the frequency shifts due to
changes in dressing amplitude are equal for neutron and *He are shown as dashed
and dotted lines.

The first two solutions (including the trivial solution, B; = 0), are shown in figure
4.10. Neither solution is useful as a dressing scheme on its own, as neither solution
corresponds to critical dressing, and so we cannot take advantage of the sensitivity

gains afforded by critical dressing.

However, if we modulate between the two solutions shown in figure 4.10, then we
can adjust the amount of time we spend at each solution to achieve both critical
and magic dressing. Because the Bessel function model is only an approximate
description of the dressed spin system [C C69], it is necessary to numerically
optimize a parametrized modulation function. We proceed in two steps: first, we
find a pulse shape for which the magic dressing condition is achieved (ignoring the
critical dressing condition). Then, we adjust the time interval between pulses in
order to achieve critical dressing. Because the B; field will be off between pulses
(and because x = 0 trivially satisfies the 4.157), this second step will not disturb the
magic dressing achieved in the first step. The modulation envelope is a smoothed

3t 2 n 1
— |sin|{—(r -4 —|=-=11l,
2ra (Sm(fi‘r( a)+6) 2)]}
(4.160)
where the parameters A, ¢, 7, and « are optimized for. A is the average amplitude

square wave, given by

A
Bpuise (1) = 0} sin(wt + ¢) {1 + tanh

of the B field, ¢ controls the relative phase between the modulation and the carrier
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Table 4.3: Optimized magic dressing parameters for neutron and *He, assuming a
dressing frequency of w = 1 kHz and a holding field strength of By = 50 mG

Parameter | Value | Units

A 1.1176 | Gauss
1) 1.3941

T 7.3122 ms
a 1.4754 ms

Trest 11.149 ms

wave, 7 controls the duration of the pulse, and @ controls the time taken to go
between the maximum and minimum amplitude. To optimize these parameters, we
must define an objective function. The objective function has three terms: first,
the deviation of the neutron spin vector out of the plane of precession; second, the
deviation of the *He spin vector out of the plane of precession; and third, a term
proportional to the derivative of the phase difference between the neutron and *He
with respect to dressing amplitude. The first two terms are computed by integrating
the Bloch equations and taking the z-component of the spin vectors at the end of the
simulation time. The final term is computed by running two additional simulations,
with slightly increased and slightly decreased dressing amplitude. In summary, the

objective function is given by
. _ A fud 2 A nd 2 T T 2
Obj(A, . 7.a) = (2-5)° + (2 33)> + [[UneUL, ~ Uy UL IR (4.161)

where &, and &% are the neutron and *He spin vectors at the end of the simulation
time, and the matrices U,,; (U,-) and Uz, (U3-) are the propagators for the neutron
and *He, simulated with a 1% larger (smaller) value for A. The operator || -
||? is the Frobenius norm. The optimization was conducted using the SAMIN()
simulated annealing algorithm available in the Optim.jl package in Julia, and the
Bloch equations were integrated with a custom-made Julia package. The optimized

parameter values are given in table 4.3.

With the pulse shape optimized, we next optimize the time between pulses e,
using binary search to ensure critical dressing. This is given by the parameter feg.

The final, periodic pulse sequence then has the form
By (1) = Bpulse(t Yo (trest + 7)) (4.162)

where a % b means to take the remainder of a when divided by b. The magnetic field
strength as a function of time is shown for 100 ms in figure 4.11. To confirm that

this pulse train reduces depolarization due to magnetic field amplitude fluctuations,
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Figure 4.11: Two-species modulated magic dressing pulse with optimized parame-
ters.
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Figure 4.12: Heatmap of the frequency difference between neutron and >He as
holding field strength and dressing amplitude are varied about the magic dressing
parameters.

we simulate neutrons and *He spin vectors over time for various perturbations in
Bj and B about the magic dressing parameters above. A heatmap of the frequency
difference for these perturbations is shown in figure 4.12. It is worth noting that near
the nominal magic dressing parameters (the center of the heatmap), the variation

with respect to B is quadratic, indicating that magic dressing has been achieved.

We can also compare the results of magic dressing with that of unmodulated critical

dressing. This comparison is shown in figure 4.13. Implementing magic dressing
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Figure 4.13: Comparison of the response of magic dressing and unmodulated critical
dressing to changes in the dressing field amplitude.

decreases the amplitude dependence of the frequency difference by several orders

of magnitude.

Unlike for robust dressing, the dressed Larmor frequency (and thus the effective
gyromagnetic ratio) for spins undergoing magic dressing is nonzero. Thus, two-
species magic dressing is suitable for an nEDM measurement when a comagnetome-
ter species is present, as is the case for NEDM@SNS [Ahm+19]. This allows one
to reap the benefits of critical dressing, while loosening the amplitude stability re-
quirement imposed on the dressing field. This can make it easier to procure a power
supply that can provide the necessary current. Should this technique be employed
for measurement, then the capture rate signal, being related to the angle between the
neutron and *He, will oscillate between two values as the dressing field oscillates
between the two solutions shown in 4.10. We illustrate this in figure 4.14. The dot
product makes a triangle wave in time, which is useful as this can be repurposed
as a modulation scheme of the type discussed in 3. If instead of modulating about
0,3 = n/2 we modulate around 6,3 = 0, then a nonzero nEDM would manifest as

signal asymmetry that grows linearly with time.

4.3 Considerations for Spin Dressing Data Analysis

As the datasets generated in the critical dressing mode differ substantially from
those in the free precession mode, different data analysis techniques will need to be
developed. In this section we explore some of the considerations in analyzing spin

dressing data in the case where magnetic field fluctuations are present.
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Figure 4.14: Dot product between the neutron and *He spin vectors undergoing
two-species magic dressing. The product is evaluated at integer multiples of the
magic dressing modulation period 7 + f.5, and the initial angle between the two
spin vectors is /2.

4.3.1 Magnetic Field Fluctuations as a Random Walk

Unlike the Poisson statistics from photon counting, fluctuations in magnetic field
amplitude affect the relative phase between the *He and neutron spin vectors, which
in turn leads to uncertainties that are proportional to the time integral of the fluctu-
ations. For example, adding a time-dependent magnetic field fluctuation AB(t) to

equation 3.8 results in

200(rn)dnEt /f

On3 (1) = o + 5 ; dt’ (ynJo(xn) = v3Jo(x3))AB(1'),  (4.163)

provided that AB(t) is slow enough that the Bessel function approximation is valid.
If we further assume that the fluctuations have mean zero and are uncorrelated on
time scales over which the asymmetry measurement takes place (~ 1 Hz [Ahm+19]),
we can treat the phase as having a random walk term. We thus consider a discrete

random walk y;, i =0... N, such that

yo=0 (4.164)
Yi=Yi-1+ d+ €; (4165)

where the random variables ¢; are independent and normally distributed with vari-

ance €2, i.e., & ~ N(0, €2). The variance of € is proportional to the variance of the

magnetic field fluctuations AB(t). Now suppose that at each time i, we perform a
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measurement z; of y;, and that these measurements are subject to Gaussian noise,

i.e.,

20=0 (4.166)
Zi=Yyit0; 4.167)

where o; ~ N (0, 0?). For the nNEDM@SNS experiment, where counting statistics
dominate, o2 should be proportional to the variance of the Poisson distribution. Our

task is to determine a weighting A; such that the estimator
d= ) hz (4.168)
i
estimates the true drift 4 with minimum uncertainty.

4.3.2 Matrix Formulation
This problem is easier if we work in terms of the difference of consecutive measure-

ments. Define
Xi=z—2z-1 , L€1...N. (4.169)

Then d is given by
d= ) an; (4.170)

i
where a; are a new set of coeflicients which can be related to A; via a linear

transformation. Clearly, if d is to be an estimator, it must satisfy

A

E[d] =d. (4.171)

Therefore
d=E) ax; 4.172)
=E ) aile = 21) (4.173)
:EZai(d+el-+0'i—0'i—1) (4.174)
=E) ad (4.175)

1= Z a;, (4.176)

i
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where we have used the fact that o; has zero mean. To minimize the uncertainty, we

minimize the variance of d.

2
E(d-d)?*= E(Z ai(& + o —ai_l)) 4.177)
l 2
-E (Z ai€ + Z(ai - al-+1)0',~) (4.178)
= ezzai2+0'22(a,- — a4 (4.179)

where we use the fact that the ¢; and o; are independent of each other (so that
Eleoj] =0 Vi, j). The objective then is to minimize the objective 4.179 subject
to the constraint 4.176. Equation 4.179 is a quadratic form, so we can express it as

a matrix multiplication. Define the matrices

(1 -1 o0
-1 2 -1
0 -1 2
U=
2 —1
-1 2
T
cz[l 1 1]
T
a:[al an] .

With these definitions, we need to solve the optimization problem

mina’ (0?U + €*1,)a (4.180)

st. cla=1, (4.181)

where [, is the n X n identity matrix. The optimal weighting can be found with
the method of Lagrange multipliers. The minimizing solution and corresponding

uncertainty are

3 (c2U + €*1,)" ¢
T (02U + €21,) " 1e
1
cI(o?U + e e

(4.182)

Var(d) =

(4.183)
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Figure 4.15: Optimal weights for selected values of @. The upper plot shows the
weights in the x; basis, while the lower shows the same weights in the z; basis.

Expressing the optimal weighting in this form allows for a straightforward method
to compute the nEDM sensitivity numerically for a given set of parameters. Further,
this method can be generalized to incorporate time-varying measurement noise
by allowing o> to depend on i in equation (4.179). Computing these weights is
equivalent to constructing a matched filter [Tur60]; the matrix (o>U + €21,) is just
the covariance matrix in the x; basis, and the vector ¢ can be viewed as the signal

template in this same basis.

Using equation 4.182, optimal weights are computed for some selected values of «,

with N = 1000. These are shown in figure 4.15. From the optimal weights in the
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Z; basis one can see that measurements later in the measurement period are heavily
weighted. This is a consequence of the so-called “lever-arm” effect, where later
measurements are more sensitive to the nEDM, owing to the fact that there will have

been more time for a linear-in-E phase to accumulate.

4.3.3 Continuum Limit

Next, we consider some limiting cases of the above results to obtain a quantitative
description of how magnetic field fluctuations affect nEDM spin dressing data
analysis. This will also allow for a more straightforward comparison with the results
of [Ahm+19]. While the inverse of (0->U+¢€21,,) is not trivial to compute analytically,
in the continuum limit (i.e., many asymmetry measurements) we can make some
progress. We expect this limit to be an appropriate description of the nEDM @SNS
critical spin dressing parameters, as the measurement time is nominally 1000s,
while the modulation period for forming the signal asymmetry is on the order of
1s. Let T be the duration of the random walk, and define Ar = T /N as the time
difference between consecutive measurements. In the limit of small Az (that is,

many measurements), we define the continuous version of our estimator

T

A~ 1
d=A_t ; a(t)x(t)dt, (4.184)

where x(7) is the difference between consecutive measurements as in the discrete

case. We approximate the summation in (4.179) as

Var(d) = o2 Z(ai —ais1)? + €2 Z a? (4.185)
= azAtZ(M)2+€—ZZa2 At (4.186)
- At At - ! '
T 2 2
da €
2 2
~ At | — — dt, 4.187
/0 7 (dt) T (4.187)

and likewise the constraint (4.176) becomes
1= Z a; (4.188)

Ta
~ [ —dt. 4.189
/oAt (4.189)

However in the continuous case, the drift d between consecutive measurements

becomes infinitesimal, and so it is more natural to consider an estimator for d/At
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— effectively the slope of the random walk. In that case we should take the

normalization condition to be

T
1:/ adt, (4.190)
0

This gives us a new optimization problem,

T d 2 2
) a €
mm/ oAt (—) + —a?
a Jo

dt 4.191

dt At ( )
T

s.t./ adt =1 (4.192)
0

We can solve this problem with calculus of variations. The corresponding La-
grangian is
2
L= (02D + %az +22(a - 1), (4.193)
where A is a Lagrange multiplier. Applying the Euler-Lagrange equation yields a
differential equation for a(¢):

0L doL
9= _ 29~ 4.194
da _ di da (4.154)
2
Z_r“ + 1= (2Ar)d. (4.195)

Examining the first and last rows of the matrix (02U +€21), we see that the boundary

conditions are

a0)=0 (4.196)
a(T) =0. (4.197)

Solving for a, we get

_ _ cosh(at/T)
a(t)=p (1 —cosh(a) ) (4.198)
where
a = Ne (4.199)
o

B = ! (4.200)

T(1 —tanh(e)/a)’
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The variance in d is then given by

. T e
Var(d) = / dt(o?Ar)a® + A—taz (4.201)
) a sinh(at/T) cosh(at/T) 2
=5 / di(oAr) (T cosh(a) ) Y, (1 ~ cosh(a) ) (4.202)
T 2
) sinh(at/T) cosh(at/T)

=p At/o dt( cosh(a) ) * (1 cosh(a) ) (4.203)

_ € _ tanh(a)
=B AtT (1 " ) (4.204)
— 6_2 4.205
=B (4:205)

We now consider the cases where either the magnetic field fluctuations (€) or the

counting statistics (0-) dominate the other.

1. e = 0.

Then @ — 0, and so

1 1
1 =—lim ————— 4.206
el—r{(l)’g T e-0 1 —tanh(a)/a ( )
1 1
= — lim (4.207)
Tes01-(a—-a3/3)/a
3
= — 4.208
Ta? ( )
302
= —. 4.209
TN2e2 ( )
And therefore )
~  30°At
lim Var(d) = . 4.21
lim ar(d) s (4.210)
2. 0 — 0.
Then @ — oo, and so |
1 = — 4211
Im B =7 “.211)
€2
1 Var(d) = 4.212
im ar(d) = TAr ( )

From this we see that in the ¢ — 0 limit, the squared uncertainty scales as 1/77>.
This is again a consequence of the “lever-arm” effect; extending the measurement
time does not only increase the number of measurements taken, but also later mea-

surements are more sensitive to the nEDM. For the o — 0 limit, phase accumulation
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hinders us instead, because the phase from the magnetic field fluctuations (recall
equation 4.163) also accumulates over time. This leads to 1/7 scaling. This suggests
that for very long measurements, magnetic field noise will begin to dominate over
counting statistics. It is unlikely that this effect will matter for By fluctuations, as the
By current is near-constant below the superconducting transition when in persistent
current mode [Ahm+19], but may be relevant for the B spin dressing field if the

power supply driving it causes drifts in amplitude over time.

In summary, the optimal estimator for d, the slope of the random walk process, is

given by
s 1T
d= % ; a(t)x(t)dt (4.213a)
3 cosh(at/T)
a = E (4.213¢)
o
1
= T = anh(a)j) (4.213d)
2
Var(d) = ﬁZ—t. (4.213¢)

4.3.4 Application to nEDM

Finally, we compare the results derived here with the estimates given by [Ahm+19].
We will work in the Chibane limit, where Ny — 0, eg — 0,I" — 0. We begin by
adding a random walk term to equation 2.19 of [Ahm+19]

2Jo(x)Ed,t

On3(1) = £o + ( -

+ W(t)) , (4.214)

where W () is a Brownian motion such that W(z) — W(s) ~ N(0,y*(t — s5)). The

time-dependent asymmetry then becomes

(NST;%) Psin ¢ I:ZJO(XC;ZC]ME'[[ + W(Z‘)] e Tt

Aas (1) = ™ : (4.215)

(Re2) e+ (X2 ) (1 = Pos go)e T + Ny

h
=g(t) \duti + —=W ()|, 4216
g()( I E ()) (4.216)
where I have defined
(fof) P sin ¢ [M] e Tt

, (4.217)

g(t) =
(

Noeg\ 1y, Noes _ -Tt; j
Tﬁ)e +\ (I —=Pcosgg)e' + Ng
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and the uncertainty on Ay is
1

2
oy = -
At [(N;)—;B) e Tt 4+ (N;;:‘) (1 —-Pcosgg)e ' + Np

(4.218)

The parameter we want to measure is d,,, so to make it easier to apply our previous

result, we define

B(t;) = A;Et(:)") =dt; + %W(r). (4.219)
The corresponding uncertainty on measurements of B is then
2
oh = ;ﬁ (4.220)
(Nf—;ﬁ) e Tl 4 (N;’—f) (1 — Pcos¢o)e i + Np
= 2 — . (4.221)
(N;;f) (P sin ¢g)? [M] e 2Tt Ay
(4.222)

Note that this differs from equation 2.28 of [Ahm+19] by a factor of 2, owing to
the fact that Az here is taken to be the duration of a complete modulation cycle (one

measurement at each of +¢g). In the Chibane limit, 0'123 becomes constant with time:

2
1

L
()

2 _
O-B_

1—Pcos¢0( h (4.223)

(Psin¢o)? | 270 (x.)|E]|

Now with the shuffling of parameters out of the way, we can apply our previous

result with the substitutions

o2 = o2 (4.224)

h

— . (4.225)
2Jo(xc)|E|

e - yzAt (

The uncertainty is then given by

Var(d,) = ( i )2 r , (4.226)
2JoE ] 1—tanh(a)/a
where
@ =TPsin ¢0\/ (ij3) — PICOS - (4.227)

We can also compare the variance predicted here to the “naive” variance, which
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Figure 4.16: nEDM Uncertainty for a single cell, single cycle, versus phase noise
due to power supply.

1e—325 EDM Uncertainty

200 { — Predicted Uncertainty
Naive Uncertainty

175 1

150 1

125 1

100

Ty (e-cm)

0.75 1

050 4

0.25 1

0.00 4

T T
0= 10# 103
Phase Noise (radians/vs)

Figure 4.17: Plot of naive and exact predictions of nEDM uncertainty.



80

Ratio, exact/naive

Ratio of Uncertainties

10— 10-* 103
Phase Noise after 1s {radians)

Figure 4.18: Ratio of predictions (naive/exact).

would just be the sum of the two limiting cases. That is,

2 2
. 302A¢
Var(d) ~ TE—AI + ‘TT—3 (4.228)

These comparisons are shown in figures 4.17 and 4.18.

Figure 4.16 shows the noise power at which the magnetic fluctuation effect becomes
comparable to the noise due to counting statistics, at around 10~*radians/+/s. From
figure 4.18, we see that the naive estimate of the variance, which simply adds the
two noise sources in quadrature, provides a result that is within 10% of the true
variance. From these results, it is clear that magnetic field fluctuations cannot be
neglected in the nEDM uncertainty, which underscores the importance of methods

that can mitigate this type of noise, particularly in regard to the dressing field.
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Chapter 5

SPIN INTEGRATION - COMPUTATIONAL TECHNIQUES

In this Chapter we discuss techniques for improving the speed or accuracy of nu-
merical integration techniques applied to solving for the time-dependence of a spin
under a (potentially time-varying) magnetic field. We will primarily deal with the
Bloch equation, R

‘;—? =y& x B(t) (5.1)
where ¢ is the 3-component Bloch vector corresponding to the spin and BZt) is the
magnetic field vector. In section 5.1, we discuss the use of the Magnus expansion
to accelerate the integration of the Bloch equation for individual spins. In section
5.2 we take a broader view, and develop an algorithm that can rapidly determine the
average behavior of ensembles of spins. This section is adapted from the article “The
semi-classical Floquet-Markov master equation for Monte Carlo spin integration,”

[Tat25].

5.1 Commutator-Free Exponential Time-Propagator (CFET) Method

The standard tool for integrating the Bloch equations are the Runge-Kutta methods.
These are a family of numerical integration schemes, all of which can be derived
from a table of coefficients with certain properties [WNHO93]. The simplest of these
is Euler’s method, which for a given time step At estimates the future vector as

x(t+ Ar) ~ X' (1) At + x(1). (5.2)

By repeatedly iterating this procedure, one acquires an estimate of the trajectory
x(t) over time. The time step Az can be made smaller until the desired accuracy is
reached. More sophisticated methods, such as the standard 4th order Runge-Kutta
method, improve the convergence by evaluating the derivative x’(¢) at points inside
the time interval (i.e., between ¢ and ¢ + Ar). This allows for larger steps to be taken
at the cost of computation time per step. Thus depending on the accuracy needed,
a method of suitable order should be chosen in order to maximize computational
efficiency. Generally, when smaller error is required, higher order methods will
yield better results. While the Runge-Kutta methods are an effective choice for

a variety of ordinary differential equations, further optimizations can be made in
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cases where the structure of the equations allows for additional knowledge about
the trajectory. In particular in the case of the Bloch equations (ignoring for now the
effect of relaxation), the time evolution of the spin vector ¢ is unitary, and therefore
the length of the spin vector never changes. We therefore consider a method using
the Magnus expansion [Bla+09], which intrinsically preserves the length of the spin

vector.

5.1.1 The Magnus Expansion

Consider a linear ODE giving the time dependence of a vector x(7):
x' (1) = A(t)x(¢) (5.3)

where A is some time-dependent matrix. The Magnus expansion gives the propa-
gator U(7) as
U(t) = 20 (5.4)

where the Q; () are time-ordered integrals of increasingly complicated commutators
of A. Here are the first few terms [Bla+09]:

Ql(f)=/0 dt1A(ty) (5.5)
mm=ldgéﬁmmmﬂmn (5.6)

%@=LdgAbglbemmummAmM+wmmmmmey
5.7

To construct a numerical integration scheme from 5.5, we must first re-write the
terms of Magnus expansion in some suitable polynomial basis, then find a procedure
to numerically approximate the coefficients in this basis. The authors of [AF11]

work in the basis of Legendre polynomials, which have the property

1
/ P (x)P,(x)dx = l2n +16,,1. (5.8)
0 .

If we now expand A(t) on a fixed interval [0, 6¢] in terms of the Legendre polyno-
mials, i.e.,
1 & t
A(f) = — AP_(—)+05zN+1. 5.9
(1) &;nHI& (6r%*1) (5.9)
It is important to note that the term A,, is of order 6¢", which will be important when

we plug this into the Magnus expansion.
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Now we can re-write each term of the Magnus expansion in terms of the coefficients

A;. For example,

ot
Ql(ét):/ dt1 A1) (5.10)
0
_L iAP (t—l) 5.11
_6tA lnl=1 e ot ( )
s 1
:Z( / dlenl_l(xl))Anl (5.12)
ni=1 0
= > 6n-10An, (5.13)
n1=1
= A, (5.14)
ot 131
92(51‘)2/ dl‘1/ dl‘z [A(tl),A(tz)] (5.15)

ot s
257 dt1/ dt, ZAmPnl () ZAnanz (2 )] (5.16)
2 Z (/ dX1/ dxy Py, - 1(X1)Pn2 I(XZ)) [AnpAnz] (5.17)

ni,n2

1
= —[41,42] (5.18)

and so on. The calculation of these terms was done in [AF11], the first few terms of

which are

Qo) = Ay - é[Al,AZ]
+ S TAL TAL AST] = 5[4, [A1, Aol + 55 (AL [A1, [An, Asl]] - 5542, A5)

+0(8t7). (5.19)

One can easily determine the order of a given nested commutator expression by
adding up the subscript indices on the A;, e.g., [A{[A1, A3]] is of order §7°. You

might notice that many commutators are missing. This is due to two facts:

1. Time-reversal symmetry (i.e., we demand that U(dt,0) = U(0, 6¢)~') ensures

that there are no even-order terms.
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2. The orthogonality of the Legendre polynomials causes a bunch of other com-
mutators to drop out. The condition for this to happen is if there is an index

ny which exceeds the sum of the others by 2 or more.

5.1.2 The Baker-Cambell-Hausdorff (BCH) Formula
The final ingredient in the Magnus CFET method is the BCH formula, which allows

one to combine exponentials. For two exponentials, the formula is:
1 1 1
exp(A) exp(B) = exp(A + B+ E[A’ B] + E[A’ [A, B]] — E[B’ [A,B]] +...].
(5.20)
A Magnus integrator then takes the form
U(5t) ~ l_[exp (Z ﬁjAj) (5.21)
i J
where f;; are coefficients chosen so that when the BCH formula is applied, it
reproduces the Magnus expansion to some order. The simplest case is the 2nd order

CFET, given by
UcF2:1(61) = exp (A1) (5.22)

which clearly reproduces the first term in the Magnus expansion, since A| = Q;(61).

The first non-trivial case is the 4th-order CFET with two exponentials.

Ucra2(61) = exp (f1,141 + f1242) exp (f1141 — fi242) . (5.23)

You might notice that there are four coeflicients, but only two are independent. This
is due to time-reversal symmetry. To solve for the two remaining coeflicients, we

invoke the BCH formula and compare with the Magnus expansion. We get:
Ucra2(61) = exp (2f1,1A1 + [fi1A1 + fi2dAs, fiiAl — fi2A2] + 0(5t5)) (5.24)
= exp (2£1141 = 211 fi2l A1, A2] +O(57)) (5.25)
Comparing with the Magnus expansion (equation 5.19), we see that we must take

fi1= (5.26)

fiz =

[ =] =

. 5.27
3 (5.27)
This is a bit of a special case, since there is only one solution for the coefficients.
Generally, there will be many more coefficients than constraints, and some opti-

mization can be done to try to find the best set of coeflicients.



85
5.1.3 Gauss Quadrature

Up until now, we have assumed that the terms in the Legendre polynomial expansion
(A1, Ag, ...) were known. But in general if we are integrating numerically, these
cannot be calculated exactly. Instead, we should estimate these terms using some
Gaussian quadrature. Gaussian quadrature is a technique that estimates an integral
of a function over an interval as a weighted sum over the function evaluated at a

number of sample points:

1 n
[ dif () > > wif(n) (5.28)

i=1
for some carefully chosen w; and ¢, the values for which you can find online in

various tables. The matrices A, are given by
1
A, =(2n- 1)6t/ A(x6t)Pp_1(x)dx (5.29)
0

which is an integral we can approximate with Gauss quadrature. However, we must
be careful to use a quadrature with high enough order (i.e., with enough sample
points) so that we do not compromise the desired accuracy of our integrator. As it
turns out, for an N-th order CFET, a quadrature with N/2 + 1 points is sufficient.
Thus for an 8th order integrator, we need only evaluate the function A(z) at 5 points.

Interestingly, there does not seem to be any reason that we could not use more than
the minimum required number of quadrature points (other than of course having to
do more computation). Thus, if we have already computed the 5-point quadrature
for the 8-th order CFET, we can reuse the same 5 evaluations of A(¢) (and thus the
same matrices A;) in order to compute a 6-th order CFET over the same time step.
This is the technique we use to construct the adaptive stepsize routine; we compare
the output of a 6th- and 8th-order CFET to estimate the local error.

5.1.4 Performance

The performance of the 8th-order CFET integrator for free precession mode and
critical spin dressing mode is shown in figures 5.1 and 5.2, respectively. For each
of these plots 2'* 3He spins were simulated for 10 seconds with an electric field
of 75kV cm™!. The temperature of the simulation was varied from 0.3K to 0.5K
to study the effect of the mean free path on the performance of the integrator.
The simulations are benchmarked against DOP853 [WNH93], a standard 8-th order
Runge-Kutta algorithm. All simulations were conducted on the Georgia Tech PACE
cluster [PAC17] using a single Nvidia A100 GPU node. As expected, increasing
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Figure 5.1: Performance of the 8th-order Magnus CFET integrator compared to
DOP853 for integrating the spins under free precession.
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Figure 5.2: Performance of the 8th-order Magnus CFET integrator compared to
DOP853 for integrating the spins in critical spin dressing mode.

the temperature, which shortens the mean free path, worsens the performance of all
integrators. Nonetheless, the Magnus CFET integrator outperforms DOP853 in all
cases, especially in the case of free precession, where the magnetic field is near-
constant. It should be noted that the speed of the Magnus CFET method depends
critically on the existence of an efficient method to compute the matrix exponentials
in 5.21. No such algorithm exists for matrices of arbitrary size, but in the 3 X 3 case
Rodrigues’ rotation formula allows us to perform these computations rapidly and

exactly.

We also investigate the behavior of the Magnus CFET integrator for fixed step size

(as opposed to the adaptive step size algorithm used for the previous plots). Here, we
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Figure 5.3: Error comparison of Magnus CFET, MagnusGLS8 (an integrator avail-
able in the DifferentialEquations.jl [RN17] library), and DOP853. The simulation
parameters used are the critical dressing parameters, with no gradients or electric
field applied.

compare three fixed step size integrators: the 8th-order Magnus CFET integrator,
an 8th-order Magnus integrator available in the DifferentialEquations.jl library of
the Julia programming language [RN17], and lastly DOP853 with fixed step size.
The comparison is shown in 5.3, and shows the Magnus CFET method results in a

significantly lower error at every step size.

5.2 The semi-classical Floquet-Markov Master Equation for Monte Carlo
Spin Integration

The section is adapted from the article “Semi-classical Floquet-Markov master equa-

tion for Monte Carlo spin integration,” [Tat25] for which I am the sole author. We

employ Floquet theory, which handles periodic differential equations, combined with

time-dependent perturbation theory to design an integrator that vastly outperforms

conventional Runge-Kutta integration for the case of time-periodic Hamiltonians.

5.2.1 Introduction

The search for physics beyond the Standard Model on the precision frontier ne-
cessitates an equally precise understanding of the uncertainties and systematics of
the measurement. For an experiment to measure a neutron electric dipole moment
(nEDM) for example, detailed knowledge of the systematic frequency shifts asso-
ciated with the electric field and magnetic field gradients is required [GL94]. This

is facilitated through extensive use of Monte Carlo simulations to investigate the
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impact of these effects on the experiment; for an nEDM experiment, this may be
done by simulating the Bloch equations for a large ensemble neutron spins and
observing the frequency shift in simulation. The standard approach for this is to use
a numerical integration algorithm such as Runge-Kutta [WNH93] to integrate the
Bloch equations for each simulated neutron. Computationally, this is challenging;
as the precision increases, so too does the number of simulated particles needed to
constrain the statistical uncertainty to the level of the experiment. This difficulty
is compounded when time-dependent (dressing) magnetic fields are applied, which
have the effect of drastically reducing the step size taken by numerical integrators.
Here we propose an alternative approach, which may provide significant gains in
performance in cases where the effects of magnetic gradients and electric fields
are relatively small. The strategy is to use the Floquet-Markov master equation
(FMME) [Blii+91], an equation which predicts the time evolution of a system sub-
ject to a time-periodic Hamiltonian perturbed by a small time-dependent noise term
with known power spectrum. Advances in GPU hardware allow this power spectrum

to be estimated efficiently with the Monte Carlo method.

5.2.2 Spin Physics and Frequency Shifts

Nuclear magnetic resonance (NMR)-based EDM experiments require at least two
fields: a static (time-independent) magnetic field, which causes the nuclear spin
to precess, and a strong electric field which modifies the precession frequency of
the nuclei when coupled to an EDM. There may additionally be a time-dependent
spin dressing magnetic field as was proposed for the nEDM experiment at the Spal-
lation Neutron Source (nEDM@SNS), which can be used to improve sensitivity
[Ahm+19]. Because an EDM measurement is a measurement of frequency, it is
necessary to exclude spurious sources of frequency shifts. These can arise due to
magnetic field gradients, as well as from velocity-dependent effects due to the pres-
ence of the electric field. These shifts can be broadly divided into three categories
— shifts which are quadratic in gradient magnitude, shifts which are quadratic
in electric field strength, and shifts which are linear in gradient and electric field
strength. The last shift, often referred to as the “geometric phase” or as the “vxE
effect,” poses a great challenge for EDM measurement, as being linear in electric
field strength, it can mimic a real EDM. This was first noted in [Pen+04b] and its
effect characterized for several important trap geometries in [LG0S5]. These shifts
have since been studied extensively, for example in [McG90], [Pig+15], [SPG16],

or [TS22]. However, several common scenarios still elude theoretical analysis —



89

for example, no analytic expression is known for the frequency shift for the case
where the spins undergo diffuse reflections from the walls of their cell, nor is there a
solution incorporating analytically the effects of gravity, which are relevant for ultra-
cold neutrons (UCNs). The crux of the difficulty here is in determining the power
spectrum of the fluctuating magnetic field, which depends on the correlation func-
tions of the particle trajectories. These correlation functions can only be determined
analytically in certain special cases. As aresult, significant effort has been expended
to study these shifts in simulation: for example, see [Pigl19], [Swa+18], or [Clal1].
These works motivate our search for a more efficient approach to integrating large

spin ensembles.

5.2.3 Floquet Theory and the Floquet-Markov Master Equation

Floquet theory describes the time evolution of a quantum system under a time-
periodic Hamiltonian in terms of quasi-energies and quasi-eigenstates, which are
the time-periodic analogues of the energies and eigenstates of a time-independent
Hamiltonian. Specifically, given a Hamiltonian for which H(t) = H(t+T), Floquet’s

theorem [Flo83; GHI8] states that solutions to Schrodinger’s equation have the form
¥(1) = ) caalt) (5.30)

= Z Ca €Xp(—i€t [R) Dy (1), (5.31)

where W, (¢) are the Floquet states, and ®,(¢) are the Floquet modes, which are
time-periodic, i.e., ®,(t) = ®,(t +T). €, are the quasi-energies. Note that the
quasi-energies are only defined up to multiples of 2772/T. The Floquet modes can
be computed numerically in several ways, but here we take the approach used in the
QuTIP Python Library [Lam+24], which is to diagonalize the one-period propagator
U(T). The Floquet modes evaluated at t = O are the eigenstates of the one-period
propagator. If one now adds a noise term to the Hamiltonian, the time evolution
will no longer be given by equation 5.30, but by working within the basis of Floquet
states, one can derive a master equation that describes the non-unitary evolution of
the density matrix to second order in the size of the noise term. After applying
the Born-Markov and rotating wave approximations as in Redfield theory [Red57;
S1i90] one arrives at the Floquet-Markov master equation (FMME) [Bl1i+91], which

has the form,
d

Eb;l; = Rabcd@’ (532)
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where p,;, is the density matrix in the basis of the Floquet modes, and R is a time-
independent tensor whose elements depend on the power spectrum S (w) of the noise
term and the Floquet diagonalization of the unperturbed Hamiltonian. In particular,
the relevant frequencies for calculating R4 are of the form A, gr = (€,—€p) /hi+kw,
with k an integer and w = 27/T. The set of relevant frequencies depends only on
the unperturbed Hamiltonian, while the power spectrum depends only on the noise
term. Thus, the FMME allows us to split the task of simulating an ensemble of
spins into two parts — first to compute the Floquet diagonalization, and second to

estimate the power spectrum of the noise term.

5.2.4 Floquet Diagonalization
The full derivation of the FMME formalism for this case is described in the ap-
pendix. Here we describe the Floquet diagonalization, wherein we find the Floquet
modes and quasi-energies, and with these determine the Fourier transforms of the
perturbation operators in the Floquet basis. Note that this need only be done once
for a given dressing pulse, regardless of how many particles are simulated. As stated
previously, the approach to finding the Floquet modes follows the method used by
QuTIP [Lam+24]. This algorithm uses the fact that the Floquet modes obey the
relation

U(T)®,(0) = exp(—i€, T /1) P, (0) (5.33)
where U(T) is the one-period propagator (assuming the period is T), ®,(0) is a
Floquet state at ¢ = 0, and ¢, is the corresponding quasi-energy. To find the Floquet
states, we begin by solving numerically the Schrodinger equation
dU(t)

dt

with initial condition U(0) = 1 to find U(T'). We then diagonalize U(T), taking the

eigenvectors to be ®,(0) and the phase of the eigenvalues to determine €,. From

in

= H(O)U (1) (5.34)

there we compute the tensor X, gy, the Fourier transform of the perturbing operators,
defined by

o

(@ (1)| o |Dp(r)) = Z e X it (5.35)

k=—o00
where o is the perturbing operator (for example, o is the Pauli spin matrix o, for a

noise magnetic field in the x direction). We can invert this relation to find X, g«

T
Xopk = /0 e "R (D, (1)| o |Dp(1)) dt/T. (5.36)
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To evaluate this expression, we must compute the Floquet modes evaluated at ¢,
rather than zero. The time evolution of the Floquet modes over the first period is
given by

@, (1) = "MU (1) Do (0), (5.37)

where U(?) is found by again integrating the Schrodinger equation numerically.
From this, we can evaluate the integral in equation 5.36 by dividing the time interval
from O to T into evenly spaced sub-intervals and approximating the integral as a
sum. Note that the Floquet diagonalization must be computed before the spectrum
estimation step, as the relevant frequencies are determined by the quasi-energies; in

particular, the relevant frequencies are of the form

Aopi = (€ — €g) /M + kw. (5.38)

Lastly, as the index k spans all integers, for the sake of computation a finite range
of k must be chosen. For this work we assume that the range =5 < k < 5 is
sufficient, as according to the analysis in [TS22], the contribution to frequency
shifts and relaxation for higher values of k (higher frequencies) are suppressed by
increasing orders of Bessel functions. For example, we would expect a suppression
of the k = 5 term relative to the k = 1 term by a factor (J5(x3)/J1(x3))?, where
x3 = y3B/w is the helium-3 spin dressing parameter. Here yj3 is the helium-3
gyromagnetic ratio, and B; and w are the dressing field amplitude and frequency,
respectively. For nEDM@SNS x3 is approximately 0.95 [Ahm+19], leading to a
suppression factor of ~ 2 x 107, Provided that the range of k is large enough to
ensure that further terms have a negligible impact on the simulated results, it is
beneficial to choose as small a range of k as possible, as increasing the range of
k increases the computational complexity of the method. However, depending on
the application other ranges may be chosen, for example if noise is known to be
concentrated around a specific frequency, or if the Larmor and dressing frequency

differ greatly from the parameters used here.

5.2.5 Spectrum Estimation

The standard technique for estimating the power spectrum from evenly-spaced sam-
ples is to use the periodogram, which is the magnitude-squared of the discrete Fourier
transform (DFT). In order to reduce variance of the estimate, rather than taking the
periodogram of one long time series, the periodograms of many shorter windows
of the time series are averaged. This is known as Bartlett’s method [Bar48]. As the

Floquet-Markov master equation only requires the power spectrum to be known at



92

specific discrete frequencies, we can tune the parameters of the periodogram so that
the output frequencies match those needed by the Floquet-Markov master equation.
We investigate two algorithms to compute the averaged periodograms — the first
is the Goertzel algorithm [Goe58], which is a two-stage filter that computes the
DFT at a given frequency. By operating several of these filters in parallel, one can
compute as many of the relevant frequencies as is desired. The second approach is
to use the fast Fourier transform (FFT). In this case, we simulate an ensemble of
particles and collect samples of the noise magnetic field at evenly spaced points in
time. We then, at regular intervals, take the FFT magnitude squared of the collected
samples. Notably, for both approaches the minimum window length is determined
by the desired frequency resolution, while the minimum sampling rate is determined
by Nyquist-Shannon sampling theorem [Sha49], which states that the sampling rate
must be at least twice the highest frequency component contained in the signal of

interest.

5.2.5.1 Complex Spectrum

One subtlety involved in this approach to spin integration is that we require not
the ordinary power spectrum, defined as the Fourier transform of the correlation
function but rather the complex power spectrum, defined as the one-sided Fourier
integral of the correlation function. In other words, whereas normally one works
with
o0 .
S(w) = / (H(t)H(t+ 1)) e "“"dt (5.39)

the FMME instead requires
J(w) = / (HOH(t+ 7)) e T dr. (5.40)
0

Of note is the fact that although S(w) is purely real, J(w) may in general be complex.
Without this modification, the FMME would not predict frequency shifts. Because
the complex spectrum is needed, both the Goertzel algorithm and FFT approaches
will need to be modified to estimate J(w) instead of S(w). For the Goertzel
algorithm, this is accomplished by maintaining a partial sum of J(w) in memory
which is updated after every step. This change preserves algorithm’s linear-in-time
complexity, though at the cost of significantly increased computation at each step.
To compute J(w) with the FFT algorithm we first compute the correlation function
(H(t)H(t + 7)) via an inverse Fourier transform, apply a mask in the time domain

to remove the negative-time component, then transform back to the the frequency
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domain to recover J(w). In the following sections we describe both algorithms and

their correspnding modifications in further detail.

5.2.5.2 Goertzel Algorithm

The Goertzel algorithm computes the DFT at a given frequency w in two stages.

Given samples x,, separated by time interval At, the first stage computes
Sp =X +2cos(wAL) s — Sp—2, (5.41)

and the second stage is
Vi =S — €N s, . (5.42)

Here s, is an intermediate sequence, used only to calculate y,. It can be shown that
v, 1s related to the DFT at frequency w, namely

n

Vn = eia)nAt Zxke_iwAtk~ (543)
k=0

Taking the magnitude squared of y, results in an estimate of the ordinary power

spectrum, which is given by the double summation

At At 0 v . —iwAs( i
S() ~ —lyal> == > > xjxpe MU, (5.44)
n 20150

whereas to obtain the complex spectrum we need to insert a Heaviside step function

into the double sum:

Af A .
J(w) ~ — xte MU~ k), 5.45
() ~ — ,E:o k§:0x]xke (J—k) (5.45)

where
1 x>0

Ox)=41/2 x=0
0 x < 0.
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Fortunately, the double sum in equation 5.44 can be computed efficiently by main-
taining the partial sum y,, in memory for each m. More concretely, we can re-write

the double-sum in equation 5.45. Defining a; = x;e @A/ we get

n n

At
J x — ; “0(j — .
(w) " Za]ZakH(] k) (5.46)
=0 k=0
At} O
~ =4 (—aj/2+Zak) (5.47)
=0 k=0
At o
~ 2N aj (-ay /2 ey (5.48)
n
=0
At~
N— ) XY —x?/Z. (5.49)
n =

From this we can define the partial sum of J(w) as J,,(w), whose recurrence is

given by

X2
Jm(w) = Jm—l(w) + YmXm — 7m (5.50)
J(w) = %];(a)). (5.51)

Combining the recurrence relations of equations 5.41, 5.42, and 5.50, we arrive at
an algorithm which computes the imaginary spectrum J(w) which is linear in time
and constant in memory usage. This process must be repeated for each frequency

w, and for each generated time series.

5.2.5.3 Fast Fourier Transform (FFT)

Alternatively, one can collect samples of the noise in an array, then take the FFT of

the array. Algorithmically, this corresponds to
S(w) = [FT[x][’, (5.52)

where X is the vector of noise samples xg, X1 . . . X,,, and FT is the Fourier transform.
Modern computer hardware allows us to improve the speed of this method by
computing multiple Fourier transforms in parallel. To do this, we collect an array of
vectors of noise samples, with each vector corresponding to a single particle in the
ensemble. Applying equation 5.52 then produces one spectrum estimate for each
particle. We can take the average of these spectra to obtain a more accurate estimate

of the noise power spectrum S(w). Once S(w) has been calculated, we can find the
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complex spectrum using the fact that the power spectrum is the Fourier transform
of the correlation function. We take the inverse Fourier transform, multiply by
the Heaviside step function in the time domain, then Fourier transform back to the

frequency domain. In other words, we compute

R(7) =FT ' [S(w)] (5.53)
J(w) = FT[O(1)R(7)]. (5.54)

These last two steps are performed only once per ensemble, after averaging over
the noise spectra of individual particles. One final complication with the FFT-
based method is that generally, the frequencies output by the Fourier transform
will not correspond exactly to those needed by the FMME. To remedy this, we use

nearest-neighbor interpolation to approximate intermediate values of the spectrum.

5.2.6 Acceleration with Graphics Processing Units (GPUs)

The next generation of nEDM experiments seek to measure the nEDM with better
than 1 x 10727 e-cm precision; nNEDM@SNS, for example, is projected to achieve
an ultimate statistical uncertainty of 3 x 10728 e-cm [Ahm+19]. This precision is
achieved in part by storing a large number of UCN for a time comparable to the
neutron beta decay lifetime of 877.8 s [Gon+21]. Simulating enough particles to
constrain frequency shifts to this level of precision requires on the order of millions
of particles, each one tracked for a thousand seconds to replicate the conditions of
the experiment under study. In the field of UCN, a variety of open source code pack-
ages have been developed which can integrate the Bloch equations along a particle’s
trajectory: for example starUCN [BD16], MCUCN [Zsil7], PENTrack [Sch+17],
Geant4 [Ago+03], and Kassiopeia [Fur+17]. While these software packages have a
variety of advantages in terms of simulating arbitrary geometries, material interac-
tions, or sophisticated wall reflection models, for the specific purpose of simulating
large ensembles of particles, generating particle trajectories serially will be too
time-consuming. To expedite this process, we leverage general-purpose graphical
processing unit (GPGPU) programming. Each GPU thread will be responsible for
tracking the trajectory of a single particle, sampling the magnetic field at even time
intervals along its path. This allows many particles to be simulated in parallel,
reducing the computation time by orders of magnitude at the cost of generality of
the simulation software. For the FFT approach, using GPUs offers an additional ad-
vantage, as in this case we can use existing CUDA libraries to efficiently perform the
requisite FFT and tensor reductions on NVIDIA GPUs. These libraries are cuFFT,
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which performs FFT; and cuTENSOR, which performs general tensor contractions
and reductions. For GPGPU programming, some additional optimizations may be
necessary to extract maximum performance out of GPU hardware; specifically, we
ensure that the tensor which contains the noise samples is arranged so that samples
collected consecutively in time are adjacent in memory, as the cuFFT library is
optimized for this data layout [NVI25]. Further optimizations were required for the

GPU-based particle trajectory tracking scheme, which are detailed in [Mor23].

5.2.7 Comparison with Theory

Once the complex spectrum J(w) has been estimated, extracting frequency shifts
from the FMME-based algorithms is straightforward; the FMME prescribes the
time evolution of the density matrix (see equations 5.84 and 5.100 for further
details), which can be numerically integrated to determine the density matrix at
the end of the simulation time. From there, the frequency shift can be computed
as the change in phase divided by the simulation time. To confirm that the output
of the FMME-based algorithms agree with the theoretical frequency shifts, we
compare with the analytical results found in [Pig+15] in the adiabatic limit for free
precession. We also benchmark these simulations against a standard Runge-Kutta
algorithm, Dormand-Prince 853 (DOP) [WNH93]. We show comparisons for B?
(figure 5.4), E 2 (figure 5.5), and linear-in-E (figure 5.6) frequency shifts. Table 5.1
in Appendix 5.2.11 lists the parameters used for these simulations. These parameters
model the motion of helium-3 atoms in a superfluid helium-4 bath including phonon
collisions, as would be relevant for an experiment such as nEDM @ SNS. We simulate
phonon collisions using the same model as in [SPG16], where the helium-3 velocity
is resampled from a Maxwell-Boltzmann distribution after each collision. Velocity
is otherwise constant between collisions. We find excellent agreement with the
analytical results for the B> and E? shifts, while we see slight discrepancies for
the linear-in-E shift for all three algorithms. We attribute this to the fact that the
linear-in-E shift is much smaller in magnitude than the B> and E? shifts for these
parameters, and any simulation of the linear-in-E shift necessarily also includes all
three types of shifts. Thus Monte Carlo simulations of this effect tend to have greater

uncertainties than those of the BZ and E? shifts.

Likewise, in figure 5.7 we compare the output of the FMME-based algorithms
with the results given by the theory in [TS22] for the spin dressing case. For this,
we apply a 1kHz sinusoidal magnetic field along the X direction with amplitude
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Figure 5.4: Comparison of DOP, FMME Goertzel, and FMME FFT methods with
theoretical predictions for the B? frequency shift in the adiabatic limit. The data

points for the three integrators overlap.
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Figure 5.5: Comparison of DOP, FMME Goertzel, and FMME FFT methods with
theoretical predictions for the E? frequency shift in the adiabatic limit. The data

points for the three integrators overlap.
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Figure 5.6: Comparison of DOP, FMME Goertzel, and FMME FFT methods with
theoretical predictions for the linear-in-E frequency shift in the adiabatic limit.
For these simulations the electric field is varied, while the gradient is fixed at
diz =3x107"9Tm!. A relatively small gradient was chosen to minimize the
effect of the B? shift in this calculation.

3.0 x 10> T. As the authors of [TS22] consider only perturbations along the
dressing field direction, only the B? shift can be treated theoretically.

5.2.7.1 Effect of Window Length

In cases where the characteristic correlation time of the system is sufficiently long,
the window length must be increased to fully capture the correlation function. This is
particularly import for estimating the B? shift, as in this case the relevant correlation
time is the time taken for the particles to diffuse across the cell, which for the
parameters used for these simulations is on the order of one second for helium-3
atoms (this time strongly depends on temperature). We illustrate this phenomenon in
figures 5.8 and 5.9, where we can see that decreasing the window length has the effect
of increasing the bias for the Floquet-based methods. The bias is suppressed as the
window length approaches the typical correlation time of the system. Notably, the
bias for the two methods at short window length differ significantly. We attribute this
to the fact that the two algorithms handle a spectrum with low frequency resolution

differently; the FFT method uses nearest-neighbor interpolation to fill in missing
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Figure 5.7: Comparison of DOP, FMME Goertzel, and FMME FFT methods with
theoretical predictions for the B frequency shift in the adiabatic limit for spin
dressing. The data points for the three integrators overlap.

frequencies, while the Goertzel method is more akin to taking the average of nearby

frequencies.

5.2.8 Performance

Figure 5.10 compares the performance of the Goertzel algorithm and FFT approach
with that of an adaptive Runge-Kutta integrator, DOP853. The parameters used for
performance testing are identical to those used for the theory comparison, except
that the dressing amplitude is 3.0 X 107> T, the dressing frequency is 1kHz, and
the window length is shortened to 0.1 seconds. Note that whereas the Runge-Kutta
integrator outputs the entire ensemble of spins, the FMME-based algorithms output
only the density matrix. For similar number of particles, the Goertzel algorithm-
based method outperforms the Runge-Kutta based approach, while the FFT-based
approach outperforms both. For the algorithms using the FMME, we found that
the main performance bottleneck was the collection of noise samples. Because of
this, the performance of the Goertzel algorithm method suffers somewhat as several
additional calculations must be made at each time step (see equation 5.50). Even
so, the number of calculations and function evaluations per step for both methods

is still far fewer than the number required for an eighth-order integrator such as
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Figure 5.8: The B? shift estimated by the Floquet Goertzel method varies with
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DOPS853. It is also noteworthy that while the Floquet Goertzel method is slower
than the Floquet FFT method, it uses much less memory; while the FFT method
must maintain an array of all noise samples collected in a time window, the Goertzel
method maintains only the variables y,, and J,, from equation 5.50 for each particle
and frequency. It is possible that for larger ensembles, the FFT method will need to

integrate in batches.
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£ Floquet Goertzel
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[ ]
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]
(] hd e
103 10*
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Figure 5.10: Comparison of time taken to simulate various numbers of particles
with DOP853, Floquet Goertzel method, or Floquet FFT method.

5.2.9 Conclusion

In this work, we developed a new method to integrate the Bloch equation for
large ensembles of spin-1/2 particles in a time-periodic magnetic field subject to
noise. Our approach is to use the Floquet-Markov Master Equation to divide the
problem of integrating a large number of differential equations into two subproblems:
first, to compute the Floquet states and quasi-energies of the (noise-free) periodic
Hamiltonian; and second, to compute the complex power spectrum of the noise. The
former is computationally trivial, while the second can be computed efficiently using

fast Fourier transform algorithms on modern hardware. To this end, we also adapt the
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Floquet-Markov master equation to the semi-classical case, in which the environment
noise is described by a classical correlation function rather than as a quantum
mechanical bath. While this algorithm is appliable in general to any quantum
system where both a periodic driving field and random fluctuations are present, it is
particularly well-suited to simulating the frequency shifts and relaxations which are
relevant to precision measurements experiments such as nNEDM @SNS. We compare
the results of the method when computing these frequency shifts both to a standard
Runge-Kutta integrator and theoretical results based on the work of [Pig+15], and
find good agreement with both. We additionally compare the runtime of the various
algorithms, and find an order-of-magnitude improvement over the standard Runge—
Kutta algorithm when using the FFT-based Floquet method, while the runtime

savings with the Goertzel algorithm-based Floquet method are more modest.
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5.2.11 Simulation Parameters
Table 5.1 lists the parameters used for comparisons with the theoretical frequency
shifts predicted by [Pig+15].
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Parameter Value Unit
B0 5.0x107° T
Dressing Amplitude 0 T
Dressing Frequency N/A Hz
Cell Dimensions 1.0x1.0x1.0 m
Particle Mass 1.20239 x 1072 | kg
Simulation Time 1.0 S
Window Length 1.0 S
Gyromagnetic Ratio | —2.038 x 108 | s7! T™!
Sampling Rate 104 Hz
Temperature 0.25 K
Wall diffusivity 0.0
Gravity 0.0 ms2

Table 5.1: Parameters used for comparisons with [Pig+15].

5.2.12 Floquet-Markov Master Equation Derivation
In this section, we derive the semi-classical Floquet-Markov master equation in-

cluding energy shifts. This derivation largely follows that in [Bli+91].

5.2.12.1 Von Neumann-Liouville Equation in the Floquet Basis

Consider a Hamiltonian
H(t) = Ho(?) + Hine(1), (5.55)

where Hy(t) is periodic and deterministic with period 7' = 27 /w, and Hiy(?) is a

stochastic component given by

Hin (1) = f(1)or (5.56)

for some (quantum-mechanical) operator o and some wide-sense stationary (WSS)

scalar stochastic process of zero mean f(7) whose autocorrelation is known.

We begin with the von Neumann-Liouville equation in the interaction picture:

dp

h
! dt

= [Hin(2), p] (5.57)

where p and Hiy¢ are the density matrix and Hamiltonian, each evaluated in the

interaction picture:

p(t) =UT(t)p()U(2) (5.58)
Hin(t) = UT (1) Hin (1) U (2). (5.59)
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The transformation to the interaction picture is given in the Floquet basis:

U(t) = D 7l [y (1)) (D4 (0)] (5.60)

a
where the |®, (7)) are the Floquet modes and the u, = €,/h are the frequencies
associated with the corresponding quasi-energies. We can expand the interaction

Hamiltonian in the Floquet basis, yielding
Hin(1) = U (1) f (1)U (1) (5.61)
= f (1) oin(2) (5.62)
= £(1) D W Dy (0)) (D ()| o [Dp (1)) (@p(O)],  (5.63)
a.f

where o (1) = UT(1)cU(¢) is o in the interaction picture.

Expanding the von Neumann-Liouville equation, we get:

dp 1 .
7 %[Hmt(t)’p(t)] (5.64)
1 ~ ~ 1 ! ’ 7 ’ ~ 0 )
= Hine (1), p(0) + E/O dt [Hint(f ), p(t )]] (5.65)
1 ~ ~ 1 ! ’ & 7 ’ ~7 )
=7 [Hint(f),P(O)] + W‘/O dt [Hint(t)’ [Hint(t ), p(t )]] . (5.66)
Substituting the expression in 5.62, this becomes
do t
L = FH 0105 O+ s [ ar FO0) lowto). o). 5011
(5.67)
= s [ R [ om0, 5O (5.68)
(ih)2 0 int\Z), | Oint P ) .

where in the second line we take the average over the functions f(¢) ({(f(¢)) ==
0,{(f(t)f(t)) = R(t —t')) and apply the Markov approximation, replacing 5(t’)
with §(¢). Next we introduce the Fourier transform X,g; of the matrix element
(@, (1)| o |Dy(1)), defined by

(@ (1) o |p(1)) = Z e X . (5.69)
k=—0c0
We can now write o () as
Tin(t) = Y WO D, (0)) (Dp(0)] Xap (5.70)
a,B.k
= > et [@,,(0)) (Dp(0)] Xaprs (5.71)

a,B.k
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where we have defined A, g = po — ppg + kw. Substituting into the von Neumann-

Liouville equation we obtain

dp _ 1
dt  (ih)?

[ R0y | 3 10,00 (@400 X,

a,B.k

Z oiBarprit’ |q>a,(0)><q>ﬂ’(0)|xw’ﬂ’k”ﬁ(t) . (5.72)
o Bk

Rearranging terms, we get

dp N ,
- tR t—t elA(lﬁkH'lA(z’ﬁ/k’t X X ) or s
dt (zh)2 / ( ) Z Z afkira’ 'k

a,B.k o' ,p k'

[194(0)) (©p(0)], [|Par (0)) (Pp (0)]. 5(1)]] . (5.73)
We now make use of some useful symmetries of A and X:

Awﬁk = _Aﬁw—k (5.74)
Xopk = Xpoi- (5.75)
Further note that since k’ ranges from —oo to +co, we are free to replace k” with —k’

in the sum. And since o’ and 8 each index over the same set (the Floquet states),

we can freely exchange o’ and 8’. Applying all of these changes, we get:

s _ - / dR(t—1) Y 3 etemtibapt X X7 (5.76)
di (lh) a,B.k o' Bk’
| ®p (0)) (@ (0)]. 5(1)] ]

1t
D, D, ke (/ drR(1 - 1)eBes ) (577
0

a,B.k o' Bk’
Xa,BkX;/ﬁ’k, [|®a(0)> <

(lh)2
(0)) (@o ()], 5(1)]]

We further apply the Markovian approximation, assuming that correlation times are

short compared to the measurement time. For particles confined to a container, the
typical timescales involved are the average time between collisions and the diffusion
time across a container. For example for the nominal parameters of the nEDM
experiment in [Ahm+19], the average collision time is on the order of milliseconds,

while the diffusion time is on the order of a second — both of which are much
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shorter than the proposed measurement time of 1000s. In such cases R(7) decays

quickly enough that we can replace the lower limit of integration with —co. Thus,

t t
/ di'R(t = 1) Do 171 o / d'R(t — 1')ePapric (=) (5.78)
0 —00
O .
— _/ dTR(T)elAn,ﬁ/k,T (579)
= / dTR(7)e e p kT (5.80)
0
= J(Aarpic) (5.81)

where we have defined J(w) = /OOO dtR(7)e'T as the one-sided Fourier transform
of the autocorrelation function. At this point, we can observe that J(w) is related to
what we refer to simply as the spectrum, defined as S(w) = /_ D:O dtR(7)e'“T. Notice

the integral goes from —oco to +co. Let us note some properties of J(w) and S(w):

S(w) is real and even (because it is the Fourier transform of R(7), which is

real and even).

J(w) =J (-w).

S(w) = J(w) +J*(w) =2Re[J(w)].

J(w) = 1S (w) - ’ =P / S gy (? denotes the Cauchy principal value).

0o W—-w

The first three identities can be seen directly from the definitions of J(w) and
S(w). The final identity can be derived either from the Kramers-Kronig relations,
or by using the Fourier transform of the Heaviside step function (i.e., J(w) =
/_ o; dt®(7)R(1)e'“T) along with the convolution theorem.

To simplify notation, we also introduce the operators

Top = [@4(0)) (@p(0)|. (5.82)

With this, our master equation has now simplified to

dt (zh)2 Z Z J(Awpir e Bapr—Ra ’,B’k')[Xa’BkX s [ B> [rﬁ,a,,ﬁ(t)”'

ﬁ k a/,ﬁl,k!
(5.83)
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Next, we need to apply a rotating wave approximation. The argument is that the
phase factor e!(Aasr=8a’s'k) ogcillates quickly, and thus can be neglected unless
Ao gk = Awpir. From the definition of A,pr = po — g + kw we can see that there

are two cases where these two frequencies are equal:

1. (a,B,k)=(a,B, k")
2. a=8,a =pk=k"
Some quantum systems may have additional degeneracies, but we will assume these

are the only ones. We tackle case 1 first. Assuming («, 8, k) = (@, 5, k"), the

master equation further simplifies to:

dp 1 _
d—’; = e LXZB:kJ(AaﬁkﬂXaﬁklz [Cag. [Tpan (1] ] (5-84)
== > Zop [Tap: [Tpas (1] (5.85)
@B

== Lap (Taah (1) + H()Tgp = Tapp()pa — Tpap()Tag)  (5.86)
a.p

where in the second line we perform the sum over k, and define
1 2
lop = - Z J(Aapi) | Xapr|™- (5.87)
k

Examining {,g, we see that {3 = { [*m’ i.e.,  is Hermitian. This matrix is related
to the matrix M,g given in [Blii+91]. For classical noise, we should take n,(w) =
5= >> 1. We obtain:

nh

1 2 2
Maop = - Z O(Aupi)S (Aapi) | Xapr|” +O(Agak) S (Apai) | Xpa| (5.88)

a,B,k
1 2 2
= D O(Aup) S(Aapi) | Xapi|” + O(~Aup) S(Aapi) | Xap|”  (5.89)
a,B.k
1 2
=5 D, S(Bap)|Xapi] (5.90)
a,B.k
=loptlap (5.91)

=lapt (B,a- (5.92)
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Notably, if we assume J(w) is purely real, which amounts to discarding the prin-
cipal part of the integral as they do in [Bli+91], then M,g and {,p are pro-
portional. We now examine the matrix elements of p, which we will define as
Oyo = (D, (0)| p |Ds(0)). Taking the matrix elements of both sides, we get

dpyo
dt

== Z gaﬁ (5vapa0' + pvﬁ5,60' - 6va5a0'pﬁ,6 - 61/,65/30'pww) (5.93)
.8

== Z {vﬂpwr - Z {ao-pva' + 51/0' Z gv,Bp,B,B + 51/0' Z gaap(za (594)
B @ B [

Bl (Z gva + {aro-) Pvo + Ovor (Z(gva + gwo-)paa) . (595)

We can put this expression into perhaps a more intuitive form if we split this equation

into the diagonal and off-diagonal cases: v = o and v # 0.

dpyy

dt - ;[g + gT]Vapcm’ - ;[g + fT]mva (5.96)
dpyo

Zf = (; Cya + gcw') Pyos VFO (5.97)

Finally, to match more closely with the notation in [Bli+91], we switch the labeling

of the indices.

dpaa

dt - ZV:[{ + éVT]‘WpVV - Zvl[g + {T]avpaa (5.98)
dpa

dtﬁ =~ (Z Lav + évvﬁ) Paops A F B (5.99)

In the case where @ = 8,0’ = 8,k = k’,a # o/, we have

o <m)z Z Bt Xaak Xy Taa [Torar SOT) . (5.100)

It is worth noting that A,.x = kw regardless of @, and that X,.r = X;a_k. Let us

now define the matrix

1 ; ,
bow = 2 Z](Aa,a,k)X(kaa,a,k a#a (5.101)
k

1
= D Tk) Xoar Xy @ # . (5.102)
k



109

Also, since we are summing only over terms with @ # @, we have that I'po [y =

'y o Taa = 0. Therefore we get

d O ~ ~
d_/t) = Z, fa'oz’ (Faapra’a/ + Fa/’a’pra/a) (5103)
ata
dpq
dtﬁ = faﬁpaﬂ + fﬁapﬂaf a* . (5.104)

5.2.12.2 Fields in Multiple Directions

Up until now we have considered only perturbations which apply to a single operator.
What if there are multiple operators involved (e.g. in the case of spin, multiple
magnetic fields)? Then there may be correlations between the perturbations for the

various operators.

Suppose now that our perturbation Hamiltonian is given by

Hin(1) = ) fO ()0 ?, (5.105)

where o) are operators, and the correlations between the ) (r) are given by a

covariance matrix R;;(7)

Riy(1) = (£ fD (- 1)). (5.106)
The perturbation Hamiltonian in the Floquet basis is then
Hi= ) e |@,(0)) (p(0)| O (1) X (5.107)
a.B.k,i
where .
(@ (1) eV |Dp() = > ™ X (5.108)
k=—o0

Following the derivation for the single field case, the master equation can now be

written as

dﬁ 1 i(A -A )ty (7) (j)x -
_— = .. -1 n a.B.k o' Bk J .
dt — (ih)? a;(ia’ﬁ,zk,jfz](Aaﬁk )e B Xaﬁan'ﬁ’k’ [Fa,B’ [Fﬁ(y ,p(l‘)” ,

(5.109)

where .
Jij(w) = / Rij(T)e“ dr. (5.110)
0



Once again, we specialize to two cases:
If (a,B8,k) = (', B, k"), then we can define the matrix
1 () 5 ()
éa,B = ﬁ Z Jij (Aaﬂk)Xalﬁanﬁgk
ki j
and the rest of the derivation proceeds as in Section 5.2.12.1.
Ifa=6,a=p,k=Kk,a+# d, then we can define the matrix
1 i) ()
'fﬁw” - ﬁ Z J’.’j(kw)xawkxa"a’k
ki j

and the rest of the derivation proceeds as in Section 5.2.12.1.

5.2.13 Cross-Spectrum Properties

Joy(w) = ‘/0 x(D)y(t+71)) e “Tdr

Joy(-) = /0 )y (1 +7)) €T = Ty (w)°

110

(5.111)

(5.112)

(5.113)

(5.114)

Jry(w) + T3 (w) = /000 x(@)y(t+71)y e ™"+ (y()x(t + 7)) ™ dr  (5.115)

%) . 0 |
= / (x(t)y(t + T)> e YT dr + / <y(t)x(t _ T)> e T g
0 —00

= /OO (x(H)y(t+71))y e “Tdr

Jry(@) + J5 () = Sy (w) |.

(5.116)

(5.117)

(5.118)
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Chapter 6

SEOP STUDIES OF SPIN DRESSING TECHNIQUES AT DUKE
UNIVERSITY

In light of spin dressing’s role in improving nEDM statistical sensitivity [Ahm+19],
and calculations (see Chapter 4) showing that critical spin dressing can be modified to
render the spin ensemble insensitive to fluctuations and inhomogeneities in dressing
field amplitude, it is pertinent to conduct experiments to verify the utility of these
new dressing techniques. Here we study the magic dressing concept outlined in
Chapter 4. Magic dressing insulates the spins from the effects of magnetic field
fluctuations or inhomogeneities, though in this case we restrict our attention to
inhomogeneities in the dressing field. Normally, such gradients would result in a
shorter transverse relaxation time 7>, i.e. the spin polarization would decay while
the dressing field is applied. In this context, magic dressing is achieved when
the amplitude of the dressing field is tuned to a value where polarization can be
maintained, even when gradients in the dressing field are large. To demonstrate
magic dressing experimentally, we use the spin exchange optical pumping (SEOP)
[WH97] apparatus at Duke to produce a sample of polarized *He. This chapter is
split into three parts: first, we describe the theory of SEOP; second, we detail the
measurement scheme and equipment used to perform magic dressing; and lastly, we
analyze the effect of the magic dressing on spins as an artificially added dressing

field gradient is applied.

6.1 Spin Exchange Optical Pumping (SEOP) Theory

SEOP is a technique for producing hyperpolarized spin samples, in this case *He.
Because *He itself in its electronic ground state is not directly amenable to optical
pumping, we instead polarize a species which is. Then the polarization can be
transferred from the electrons of the optically pumped species onto the *He nucleus
via collisions in the gas. For this application, we optically pump rubidium’s D1 line
(5%S, /2 = 52pP, /2) with circularly polarized 795 nm light. This process is shown
schematically in figure 6.1. The relevant parts of the Hamiltonian for an alkali atom

such as Rubidium will take the form

H=al -S+gusS;By+ ul,B,, 6.1)
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where the first term is the hyperfine interaction, the second term is the Zeeman
splitting, and the last is the interaction with the nuclear spin. Generally speaking,
the hyperfine interaction (v ~ O(GHz)) will dominate over the Zeeman splitting in
a weak field (v ~ O(10kHz)). However, due to motional broadening, the hyperfine
structure is not resolved [WH97].

With the rubidium optically pumped, its polarization is transferred to the nuclear
spin of 3He by collisions through a hyperfine-like interaction. This process is
quite slow, taking 12 or more hours for maximum polarization. The laser and oven
must stay on during this time, as the rubidium polarization must be replenished
to continue polarizing the *He. Once polarized, however, the spin polarization of
3He persists for quite some time, provided that a holding field of adequate strength
and uniformity is maintained. A variety of sources contribute to relaxation of the
accumulated He polarization, including helium-helium collisions, wall collisions,
and magnetic field gradients. Despite this, the longitudinal (77) relaxation time for
our cell was estimated to be ~12 hours. While theoretically *He and rubidium are the
only elements needed for SEOP, practically the performance of a cell is significantly
improved by the inclusion of two additional elements, which will be described in

the next sections.

6.1.1 Buffer Gas

Without a buffer gas, radiative decay of the rubidium in the 2P, /2 state would produce
unpolarized photons, resulting in radiation trapping which would cause relaxation
of the excited state [WH97]. To mitigate this effect, a small amount of nitrogen
(0.1 bar) [Dip19] is added to the SEOP cell, allowing the decay from %P, /2 to occur
without emission of a photon. Collisions with the buffer gas also mix the Zeeman

sublevels of the P states, a process known as collisional mixing.

6.1.2 Hybrid SEOP

In the cells that we used, the spin-exchange efficiency is further improved through
use of hybrid SEOP, wherein potassium is added to the cell. The spin-exchange
efficiency of rubidium with *He is roughly 2%, whereas the efficiency between
potassium and *He is 23% [Bab05]. Thus by introducing a sufficiently high pressure
of potassium into the SEOP cell, the spin polarization will be first transferred to
the potassium, and then transferred efficiently to the *He nuclear spins. In fact the
spin-exchange cross section between K and Rb is so large — around 200A2 [Bab05]

— that one can often assume that K and Rb are in spin equilibrium.
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Collisional Mixing
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(a) The SEOP cell. Rubidium metal (b) Box containing the SEOP cell, with
can be seen in the tip. manufacturing information.

The SEOP cell used for these studies is shown in figure 6.2a, along with the box
with its manufacturing information in figure 6.2b. The bulb of the cell measures
approximately 5 cm in diameter. Note that there are two cells in the “KellyK” series,
the first of which has a fill density of 1 amagat. We use only KellyK#2 here.

6.2 Description of SEOP Apparatus

We now describe the apparatus, and the various subsystems thereof, used to produce
polarized *He at Duke. These subsystems include the laser optics, the hot air system,
the By system, the dressing field (B1) system, the NMR electronics, and the SEOP
cell itself.
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Figure 6.2: Optics elements to produce two beams of circularly polarized light to
optically pump the rubidium vapor. The orientation of the three quarter-wave plates
was tuned by mounting a linear polarizing filter in the optics box in conjunction
with a laser power meter downstream.

6.2.1 Laser Optics

The optics used to produce circularly polarized light 795 nm laser light is shown
in figure 6.2 and is represented schematically in figure 6.3. The 60 W beam first
hits a beam diffuser (which ensures that the beam is spread across the entire cell).
The polarizing beamsplitter cube separates the two orthogonal components of po-
larization. The vertically polarized light passes through a quarter wave plate and
is subsequently circularly polarized. The horizontally polarized beam first passes
through a quarter wave plate twice (thus making it vertically polarized), and then
passes through a quarter wave plate to make it circularly polarized with the same

handedness as the other beam.

6.2.2 Heating System

For SEOP, a sufficient partial pressure of rubidium vapor must be maintained. The
house air system provides continuous air flow, which we regulate to roughly 10 psi.
The system has an interlock, which shuts off the air flow should the pressure drop
below a predefined set point, around 5 psi. The air flow then passes through three
OMEGA-brand AHP-7561 heaters which are mounted in series. Power to these
three heaters is controlled by three heater controllers, which in conjunction with an
RTD thermometer affixed to the inside of the oven, maintain an oven temperature

of 195 degrees Celsius. These heaters had to be replaced, as it was discovered that
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Figure 6.3: Schematic of optics used for the SEOP system. Having two beam paths
that converge at the cell allows us to utilize all 60 W of laser power. It is important
to ensure that both beams have the same handedness.

the system design had a flaw that caused the epoxy plug on these heaters to degrade
over time. Specifically, the inlet of these heaters are only rated for temperatures of
up to 121 degrees Celsius. Running the three heaters in series causes the epoxy
plug on the downstream heaters to deteriorate, eventually leading to air leaking out
of the heater tube. The new heaters are the same make and model as the old heaters,
but following this incident, the heating system was modified in two ways: first, the
oven was wrapped in insulating fabric, which reduced the heater power requirement;
second, instead of powering all three heaters, we run only two. This is only possible
because of the reduced heating requirement. Critically, in this configuration the
downstream heater (the one closest to the oven) must be powered, as otherwise the
inlet to this heater will be the hottest point in the system, and we run into the same

problem as before.

6.2.3 Magnetic Field System

Figures 6.4 shows a side view of the magnetic field system used for SEOP. The large
red coils provide a holding field parallel to the laser beam direction which produces
the Zeeman splitting in Rubidium. These coils are maintained at a constant current
of 3 A, corresponding to a field strength of approximately 6.3 G. Note that these
coils also serve as the BO field for subsequent NMR experiments, for which the
current is reduced to 0.91 A so that the *He Larmor frequency matches the pickup
coil resonance frequency. This corresponds to a field strength of 1.9 G. The circular

black coils shown in figure 6.4 are the shim coils, whose purpose is to cancel any
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Figure 6.4: Side view of magnetic field components used for in-situ NMR with the
SEOP system, with the oven shown in the center. The outer red coils are the By, the
circular black coils are shim coils, and the coils around the oven are the dressing
field coils.

DC field component parallel to the dressing field (more on this in section 6.6.1).
These coils are not active during SEOP, but are set to roughly 15 mA during spin

dressing experiments.

6.2.3.1 Dressing Coil Design

For previous tests with this SEOP system, an ex situ NMR system was used to
examine the *He polarization [Dip19]. After the cell was polarized, the oven would
be shut off, the cell allowed to cool, after which the cell could be transported. In
order to simplify this process, as well as to reduce the magnetic field gradients
caused by the small RF coil used in the ex situ system, a new set of gradient and
pickup coils were designed. Following the technique used by [Mag+10], a design
consisting of a set of four square coils was chosen for the dressing coils. Enforcing
symmetry on the model, the parameters varied were the side lengths of the coils, the
ratio of current between the inner and outer coils, and the separation between the

coils. With these parameters, we can numerically solve for the configuration that
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Parameter Value
Outer coil side length | 14.26 cm
Outer coil separation | 18.25 cm

Outer coil turns 19
Inner coil side length | 21.29 cm
Inner coil separation | 6.67 cm

Inner coil turns 27

Table 6.1: Optimized parameters used for dressing coil design. The actual design
parameters will differ from these slightly owing to the thickness of the coil wires.

Figure 6.5: One octant of the SEOP dressing coil, simulated in COMSOL with
arrows showing the magnetic field direction and magnitude. The sphere octant in
the lower right corner represents the SEOP cell.

will set the 2nd, 4th, and 6th order gradient of the magnetic field at the center of
the coils to be zero (the odd order gradients are zero by symmetry). The optimized
coil parameters are shown in table 6.1. The coils were simulated in COMSOL to
confirm that the gradients were within an acceptable range. The model is shown in
figure 6.5, and the variation of the magnetic field along the primary field direction

over the cell region was found to be less than 0.13%.

6.2.3.2 Dressing Coil Construction

As the spin dressing coil frame is exposed to AC magnetic fields, it must be non-
conductive. The initial prototype for these coils, 3D-printed from polylactic acid

(PLA), were found to deform when subjected to the high temperatures surrounding



118

Figure 6.6: Front view of the SEOP oven, showing the four square dressing coils
around in the oven.

the oven. This problem persisted even when the oven was wrapped with insulating
fabric. To combat this issue, the coils were reprinted using acrylonitrile butadiene
styrene (ABS), a plastic with a much higher glass transition temperature of approxi-
mately 105 degrees Celsius [MS16]. The struts which hold these ABS coils in place
are machined from acrylic (PMMA). The completed and wound dressing coils are
shown in figure 6.6. The inductance of the coil was measured to be 1.514 mH and
the resistance 1.39Q. A capacitor bank with capacitance 71.8 nF was placed in

series with the coil to tune its resonance frequency to 15 kHz.

6.2.3.3 Pickup Coil

In order to maximize signal while having a relatively low resonance frequency (as
the Larmor frequency for NMR for this system was intended to be on the order of
10 kHz), many turns were required for the pickup coil. We settled on using 2000

turns, hand-wound using the apparatus shown in figure 6.7b.

All components of the pickup coil must be able to withstand the oven’s maximum
temperature of 200 °C, so we used polyimide-coated magnet wire wound around

a custom-made PTFE spool. The resonance frequency of the coil turned out to
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(a) Section view of CAD model of (b) Coil winder used to wind
pickup coil spool the in-situ pickup coil for the
SEOP system.

Figure 6.7: Figures showing the design and construction of the pickup coil.
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Figure 6.8: Simplified diagram of electronics used for NMR in the SEOP Lab

be approximately 6.2 kHz, though this value varies slightly with temperature. All

measurements here are taken with the oven near room temperature.

6.2.4 SEOP and NMR Electronics

A diagram of the electronics used in these measurements is shown in figure 6.8.
Control of the dressing and tipping coils are handled by the Redstone NMR

system, which is shown in figure 6.10. The Redstone system has many features,

but for our purposes it is used as a combination arbitrary waveform generator and

data acquisition module. We control the Redstone through the associated software

interface(shown in figure 6.9). This software is called TNMR, and is distributed
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Figure 6.9: TNMR software interface, showing a sample FID signal.

Figure 6.10: Electronics cabinet, including the Redstone NMR system used to
perform data acquisition and arbitrary waveform generation. The LVC2016 amplifier
and SR560 pre-amplifier are at the top of the cabinet.
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by the same company, TecMag, that manufactures the Redstone system. Several
scripts were written which can communicate with TNMR, allowing for the process
of running and saving many NMR sequences to be automated. The Redstone can
produce up to two arbitrary waveforms with voltage in the range +1.6V. The
dressing field waveform is amplified by the AE Techron 8504 amplifier, a 4 kW
amplifier specialized to driving reactive loads. To further improve the performance
of the dressing coil system, a set of capacitors is placed in series with the dressing coil
to tune the resonance frequency near 15 kHz. A 0.2 Q resistor is also in series with
the dressing coil, and the voltage across this resistor, measured using a differential
probe, is used as a monitor for the current. For the tipping pulse, the reactive power
requirement is much lower because the operating frequency is lower (6.2kHz vs
15kHz), and because the amplitude is smaller. Thus, a LVC 2016 linear amplifier
is used instead. The pickup coil signal first passes through a preamplifier, which

applies a 0.3 kHz-30 kHz bandpass filter to reduce noise.

6.3 NMR Techniques

Two NMR techniques were used to study the *He spins in the SEOP lab. These are
adiabatic fast passage (AFP) and free induction decay (FID). To understand AFP,
it is most convenient to work within the rotating wave approximation, where an
oscillating field of constant amplitude becomes a static field. Consider a field (in

the lab frame) given by

t
Buan(¢) = BoZ + By sin ( / a)(t’)dt') % (6.2)
0

where we allow the frequency of the oscillating field w(t) to vary with time. Then

in the rotating frame, we get the effective field

Biot(1) = (B — w(1) /)2 + B1(1)%. (6.3)

By varying w(t), we can change the direction of the effective field Erot(t) from
+Z to —Z and vice versa. If this change happens slowly enough (adiabatically), the
spins will follow the time evolution of the effective magnetic field, and will flip their
polarization. A demonstration of the AFP applied to the SEOP cell is shown in
figure 6.11. In this test, we use a 0.5 s linear frequency ramp from 5 kHz to 8 kHz
immediately followed by a 0.5 s ramp back down to 5 kHz. Note that the AFP pulse

itself induces a response in the pickup coil, which has been subtracted in the bottom
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Figure 6.11: Pickup coil response during frequency sweep AFP applied to the SEOP
cell with polarized SHe (top) and unpolarized 3He (middle). The difference between
the two (bottom) is also shown.

figure of 6.11 in order to recover the spin polarization signal. As expected, the

signal is maximized when the AFP pulse is near the Larmor frequency of the spins.

In FID, we apply a /2 pulse or “tipping pulse” to a spin-polarized sample, causing
the spins to tip into the plane of precession. Then, using a pickup coil, the oscillation
and decay of the magnetic field of the sample is measured. A full 7/2 pulse
is appropriate where the timescale for polarizing the sample is short, as is the
case for water NMR. For the SEOP system, where polarization takes overnight, a
7/2 pulse would allow us only one measurement per day, which is far too slow.
Thus we instead use a small-angle tipping pulse, which tips the spins by a small
angle, allowing polarization to be maintained over several FID measurements. The
drawback to this is that the signal detected by the pickup coil will have a smaller
amplitude. Thus the angle Opp for the tipping pulse is a tradeoff between two
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Figure 6.12: Aluminum frame used for ambient field and By monitoring. Some of
the probe locations visible have been circled.

factors: the loss in polarization per FID, which is given by 1 — cos(6pp), and the
signal amplitude which is proportional to sin(frp). Generally smaller angles are
preferred, so long as the FID peak can be detected above the noise floor. This is
because for smaller angles, the loss in polarization is proportional to the square
of the angle, while the signal size is proportional to the angle; thus halving the
tipping pulse amplitude doubles the number of measurements one can take for a
given sample before the signal is below the noise floor. On the other hand, if one
is in a situation where little to no signal can be detected, it may be advantageous to

use a full 7/2 pulse, if only to diagnose any problems with the SEOP system.

6.4 By and Ambient Field Characterization
The T2 time of the cell in the absence of dressing fields depends on several factors,
including the diffusion time, geometry of the cell, and the static field gradient. We
measure this with an 8020 frame built inside the B coils. The field is monitored
by 12 single-axis fluxgate magnetic field probes. The frame with probes installed
is shown in figure 6.12. For the task of choosing where to place sensors, we
take inspiration from [NP14b] and [Man+18]. The former derives a set of basis
polynomials in Cartesian coordinates which can be used to decompose an arbitrary
magnetic field in free space. The polynomials we use are given in table 6.2. The
latter gives a procedure to pick a subset of sensor locations from a set of candidate
sensor locations. Specifically, given a set of candidate locations X;, where each
sensor measures the field along é; and a set of basis functions B (), we define the
sensitivity matrix S;;

Sij=B; (&) - é. (6.4)
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By (X) By(X) B (%)
0 0 1
-1 0 0
-X -y 2z
-3z 0 —3x
6x -6y 0
~3xz -3yz | =3(x?+y*>-27%)/2
3(3x2 +y?2 —4z%)/2 | 3xy —12xz
30xz -30yz I5(x —y)(x+y)
6y 6x 0

Table 6.2: Basis functions used for static field reconstruction.

dB. | dBy | dB.
dx | -185 | -4.0 | -16.0
dy | 4.0 | 167 0.0
dz | -16.0 | 0.0 | 1.8

Table 6.3: Ambient field gradient in pT m™'.

dB; | dB, | dB.
dx | 476 | 324 | -1739
dy | 324 | 117.0| 00
dz | -173.9 | 00 |-164.6

Table 6.4: By coil gradient in ptTm~! A~!,

The authors of [Man+18] prescribe that if n sensors are desired from the set of
candidates, then one should take the first n pivot columns [Eng97] in the QR
decomposition of the matrix SS”. This approach turns out to be a greedy algorithm
for maximizing the determinant of SS”, which intuitively should correspond to
better sensitivity to the basis function. At the least, maximizing the determinant

ensures that there are no linear dependencies among the sensor locations.

With the sensors placed at these locations, we measure the field at each of the sensor
locations for six different values of the By current ranging from —0.3 A to 0.2 A.
The current had to be limited to this range, as any larger would have saturated
the fluxgate probes. We then use the approach of [NP14b] to determine the basis
function coeflicients and reconstruct the field at the SEOP cell. A linear fit to the
field values with respect to current then gives the ambient field gradient and By coil

gradient. The final reconstructed gradient values are given in tables 6.3 and 6.4.
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Figure 6.13: Frequency response of the pickup coil located in the SEOP oven.

6.5 Polarization Estimate

While the T2 measurements in this chapter do not rely on the absolute polarization
of the cell, it is nonetheless useful to estimate the cell polarization for diagnostic
purposes. For this measurement, we mount a small calibration coil some distance
underneath the oven. By passing an oscillating current at a frequency near the
Larmor frequency *He (6.2 kHz, we can approximate the response of the pickup
coil to an external magnetic field. First, we need to determine the coupling between
the calibration coil and the pickup coil. As the pickup coil’s response depends
sharply on frequency, we sweep the driving frequency of the calibration coil, which
gives us the coupling for a range of frequencies near the Larmor frequency. This
measurement is shown in figure 6.13. We denote the response at a given temperature

and frequency as B(T, w), which has units of inverse amperes.

Next, since we generally use small-angle tipping pulses, the angle of the tipping
pulse must also be measured. We accomplish this by performing a series of tipping
pulses, one after another, on the same sample. After each tipping pulse, we take the
amplitude of the FID signal. Suppose that the FID signal after the nth tipping pulse
is A,. Then A,, can be approximated as

A, = Agcos(6)" (6.5)

where 6 is the tipping angle. This data is shown in figure 6.14. Fitting this data
to an exponential decay, we can determine the maximum response assuming a /2

pulse, given by An.x = Ap/sin(#). Next, based on the relative positions of the
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Figure 6.14: Amplitudes of a sequence of FID measurements, along with a fit to the
exponential decay in polarization. The angle is given in radians.

calibration coil, SEOP cell, and pickup coil, we can determine the ratio between the
pickup coil response induced by a given current in the calibration coil, and a given

magnetization in the SEOP cell. Concretely, the ratio is

‘/[-‘ Bcell(?; MO)
_/:4 Bcal(7, IO) ’

where M is the magnetization of the SEOP cell, assumed to be uniform; [ is the

R(My, Ip) = (6.6)

amplitude of the current in the calibration coil; Bee(7; Mp) is the magnetic field
produced by the SEOP cell at location 7; By is the magnetic field produced by the
calibration coil at location 7; and the integral is taken over the area of the pickup
coil. These quantities are simulated using Magpylib. We also need the density of
3He atoms in the SEOP cell. Fortunately, this was recorded on the box containing
the KellyK#2 cell when it was filled, and is 2 amagat (89.2 mol m~3).

Putting all of these quantities together, the polarization of the cell is given by

M
P=— 6.7)
PH3

_ AgR(My, Ip)

~ sin(0)8(T, w)’ ©8)

where p is the number density of *He (2 amagat) and 3 is the magnetic moment of

3He. This gives us a final polarization value of 30%.
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6.6 Demonstration of Magic Dressing

In this section we describe the successful demonstration of single-species magic
dressing at the Duke SEOP lab. To do this, we artificially apply a dressing field
gradient to the SEOP cell and show that a dressing field amplitude can be found
that, regardless of gradient magnitude, maximizes the 7 relaxation time of the
system. We conclude with a discussion of the role of magic dressing for a nEDM

measurement.

6.6.1 Dressed Tipping

One of the most pernicious difficulties in performing this measurement was a phe-
nomenon we term “dressed tipping.” This refers to the off-resonant excitation of the
spins due to a dressing pulse which occurs when the dressing field and the holding
field are not exactly orthogonal. This effect is most easily understood in terms of

effective magnetic fields. We consider a magnetic field of the form
B(t) = BoZ + 6BX + By sin(wt)X (6.9)

where ¢ B represents misalignment between the dressing and holding fields. Treating

0B as a perturbation, we find that this corresponds to the effective magnetic field
Beg (1) = J()(‘)/Bl/a))B()f + 0BX. (6.10)

The key point here is that as the Jy term approaches zero, the effective magnetic
field direction strays from Z. Thus, spins which are initially aligned along Z will
precess under the effective magnetic field and subsequently become depolarized if
the dressing field is suddenly removed. Two techniques were employed to mitigate
this phenomenon. First, dressing amplitudes that would put the system near the zero
of the Bessel function were avoided; and second, a pair of shim coils were used to
reduce the magnitude of the 6 B. The shim coils — the circular black coils shown
in figure 6.4 — provide a field in the £ direction, whose magnitude is adjusted at
the start of each measurement cycle to minimize the size of the dressed tipping
effect. For these calibration runs, no tipping pulse is used, as we want to isolate the
effect of the dressed tipping phenomenon. Figure 6.15 shows a sample calibration
figure. The necessary shim current was found to be relatively consistent from day
to day, only varying around 5 mA from day to day. The current regulator used
to adjust the shim current was fabricated by a Caltech postdoc, and are designed
with current stability as a top priority [Mor23]. The device can be controlled using
serial commands via a USB interface, which allowed for the calibration process to

be automated.
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Figure 6.15: Sample plot demonstrating the shim coil calibration process. The shim
coil current is adjusted until the size of the signal caused by the dressed tipping
effect is minimized.

6.6.2 Measurement Scheme
Even with the shim coils, the dressed tipping phenomenon discussed above still
manifests at larger dressing amplitudes. We thus use the following measurement

sequence to investigate magic dressing. The sequence consists of four subsequences:

1. Tipping Pulse, Rest, Acquire,
2. Rest, Dressing Pulse, Acquire,
3. Tipping Pulse, Rest, Acquire,

4. Tipping Pulse, Dressing Pulse, Acquire.

These four are repeated for each dressing amplitude under study. Subsequences
(1) and (3) serve as normalization runs for subsequences (2) and (4), respectively,
allowing us to account for the inevitable loss of polarization that occurs during
the course of the experiment. Subsequence (2) is used to cancel the effect of
dressed tipping; by subtracting the normalized signal acquired in step (2) from the
normalized signal acquired in step (4), we can isolate the impact that the dressing

pulse has on the spins that were tipped by the tipping pulse, and can eliminate the
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signal arising from spins that are tipped by the dressing pulse. This process is

summarized in equation 6.11.

Ay A
p="2_22 (6.11)

Az Ay
A(i_4y denote the amplitude from subsequences 1-4, respectively, and P is the
polarization remaining relative to the initially tipped sample (after the tipping pulse,

but before the dressing pulse).

6.6.3 Analysis of Magic Dressing Data

Here we detail the process for transforming the raw pickup coil signal to the 7> plots
shown in figures 6.16, 6.17, 6.18, 6.19, and 6.20. Each of these plots represents a
different dressing gradient applied to the SEOP cell. To apply an artificial gradient,
we place a pair of coils in anti-Helmholtz configuration outside of the oven and in
series with the dressing coil (see the red coils in figure 6.8). We can adjust the number
of turns in the anti-Helmholtz coil with a set of switches, and we can also reverse
its polarity, thus allowing us to reverse the sign of the dressing gradient applied to
the cell. The “reverse orientation” mentioned in the captions for the 7> plots refers
to reversing the polarity of the gradient coils on both sides of the oven. For each
gradient setting (defined by the number of turns and gradient coil polarity), we then
generate a 7 plot by performing the measurement scheme outlined in section 6.6.2
for each dressing field amplitude. Recall that a measurement sequence consists of
four subsequences, and each of these subsequences results in a pickup coil signal.
In all cases, the “amplitude” of a waveform is determined by taking the Fourier
transform of the data, finding the peak, and taking the average in a small window
around the peak. First, we take the signal from subsequence (2) and divide it by
the amplitude of subsequence (1). Likewise, we take the signal of subsequence (4)
and divide it by the amplitude of subsequence (3). We next subtract the normalized
signal (2) from the normalized signal (4). The final step is to take the amplitude
of the difference signal. This is what is plotted in the figures below, averaged over

multiple runs at the same dressing amplitude.

For the global fit, Monte Carlo integration is used to approximate the longitudinal
decay behavior of the *He spins. It is assumed that over the duration of the spin
dressing pulse (10 ms), the motion of the *He is negligible. This is justified because
the diffusion constant of *He at room temperature is approximately 1.759 cm?s™!
[Bur24], which over 10 ms corresponds to a rms change in position by only 0.13 cm.

The interior of the cell is approximated to be a 4 cm sphere, accounting for the
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thickness of the glass. We also account for the inhomogeneous response of the
pickup coil. This is approximated using the fact that the sensitivity of a pickup coil
to a dipole at a point in space is proportional to the strength of the magnetic field that
would be produced by a current through the pickup coil at that same point in space.
For a given current, we call this field Epickup(7) and model it using Magpylib. We
approximate the AC gradient near the center of the coil as being linear in position,
and we assume that the static gradient is negligible, as the 7; time of the SEOP
system without dressing is on the order of 1 second. We use the Bessel function
approximation to determine the phase shift caused by AC gradient. Putting this all

together, the cell polarization is given by

1 . L ity’B B\ - .
P(t):z'/dv (Bpickup(r)-y) exp[ Y 011(7 I)Gx-r] (6.12)
%4 w w

A= (6.13)

/dvgpickup(?) ’ 5)
|4

where the integral is taken over the SEOP cell volume V/, and the origin (¥ = (0, 0, 0))
is assumed to be the center of the cell. By and B; are the nominal holding field
and dressing field amplitudes at the center of the cell, the former determined by the
Larmor frequency and the latter determined based on the current measured across

-

the shim resistor in series with the dressing coil. G, is the vector AC gradient

9B 9B, B
dx ’ dy’ 0z

), which is modeled as a sum of two terms: a term independent of the
number of gradient coils, ébase, and a term proportional to the number of gradient
coils n, nécoil. ébase is a fitted parameter, while écoﬂ is modeled in Magpylib
based on the known coil dimensions. The reason for this is that ébase is intended
to model imperfections in the dressing coil construction which lead to gradients;
thus, its leading-order terms cannot be inferred from models of the dressing coil;
meanwhile, the leading-order gradient terms for the gradient coils are due to their

geometry.

For comparison, we also include a plot of a simpler 7, model, where the polarization

i1y’ B B
sinc (l 4 0J1 ()f 1) |G| Ax)
wn w

is given by

P(t) =

(6.14)

where |G| is a fitted parameter representing the average gradient magnitude, Ax is
the cell diameter, and sinc(x) is the sinc function, defined as sinc(x) = sin(x)/x.

For this model, rather than performing a global fit for data across different numbers



131

1.2

—— Fit
=== "Magic" Dressing Amplitude
—— Global Fit

® Data

1.0

0.8 1

0.6 1

0.4

Relative size of FID signal

0.2 1

0.0

Dressing Amplitude [arb]

Figure 6.16: Polarization of the *He spins after a 10-millisecond dressing pulse at
15kHz. Four gradient coils are active on each side of the other, each in reverse
orientation.

1.2
—— Fit

=== "Magic" Dressing Amplitude
—— Global Fit

® Data

1.0

0.8 1

0.6

0.4

Relative size of FID signal

0.2 1

0.0 T T T T T T T

Dressing Amplitude [arb]

Figure 6.17: Polarization of the *He spins after a 10-millisecond dressing pulse
at 15kHz. Two gradient coils are active on each side of the oven, each in reverse
orientation.

of gradient coil turns, we fit to each gradient coil setting individually. This gives us

a rough approximation of the gradient magnitude for each setting.
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Figure 6.18: Polarization of the *He spins after a 10-millisecond dressing pulse at
15 kHz. All gradient coils are disconnected.
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Figure 6.19: Polarization of the *He spins after a 10-millisecond dressing pulse at
15kHz. Two gradient coils are active on each side of the oven, each in standard
orientation.
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Figure 6.20: Polarization of the *He spins after a 10-millisecond dressing pulse at
15kHz. Four gradient coils are active on each side of the oven, each in standard
orientation.

6.6.4 Discussion of Results

From these plots, the effects of single-species magic dressing can be seen clearly.
The first feature to note is that the polarization of the sample, and thus the 7;
time, decreases as the dressing amplitude increases, at least for dressing amplitudes
less than around 2. This is consistent with the idea that that variations in the
effective gyromagnetic ratio caused by spatial inhomogeneities in the dressing field
amplitude — inhomogeneities that become proportionally larger as the dressing
field amplitude is increased — are responsible for transverse relaxation. Second,
at a particular magnitude for dressing amplitude corresponding to the first root of
the Bessel function of order one (J;(x)), nearly all of the polarization is recovered,
regardless of how many turns of the gradient coils are applied. This, in spite of the
fact that the spatial inhomogeneities should be significant at this amplitude, indicates

that the magic dressing condition has been achieved.

Lastly, we turn to the question of applying magic dressing for an nEDM measure-
ment. Considering the difficulties in dressing the SEOP system at amplitudes beyond
the first root of Jy(x), especially the dressed tipping phenomenon and the impedance
of a large spin dressing coil, it is unlikely that a scheme identical to this would be
practical for a project such as nEDM @SNS. The modification proposed in Chapter
4 resolves this issue, as the average dressing field amplitude is much lower (less than

the first root of Jy(x)). However, testing the modulation scheme of 4 would require
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both *He and neutrons and so is outside the scope of this work. Nonetheless, from
the experiments on single-species magic dressing, we can gain some insights into
how this technique might be implemented for an EDM measurement with a comag-
netometer species. A particular advantage of magic dressing is that the tuning of
parameters need not be terribly precise. By design, magic dressing ensures that the
behavior of the system is, to first order, independent of the amplitude of the dressing
field; as shown in the plots above, polarization near unity can be maintained even
when the amplitude differs from the “true” magic dressing parameters by a few
percent. Thus for an experiment, it may be sufficient to tune the magic dressing
parameters by artificially varying the amplitude of the dressing field, observing the
parameters for which this variation has the least impact on the precession frequency

between the two spin species under study.
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Chapter 7

CONCLUSION AND OUTLOOK

This dissertation presents an investigation and analysis of spin dressing, a technique
where an oscillating magnetic field is used to modify the effective gyromagnetic
ratio of a particle, with particular emphasis on the utility of this technique for neutron
electric dipole moment (nEDM) experiments such as nEDM @SNS. In chapter one,
we introduced the concepts of baryon asymmetry and CP violation, which are the
key motivations for performing a precise measurement of the nEDM. In chapter
two, we discussed nEDM experiments past, present, and future. We detailed some
of the considerations that go into making a next-generation nEDM experiment,
especially the use of ultra-cold neutrons (UCNs), which can be stored for hundreds
of seconds in suitably designed vessels. We also gave an overview of the design and
constructionnEDM @SNS, which will use a combination of UCN and superfluid “He
to achieve unprecedented sensitivity to the nEDM. In chapter three, we analyzed spin
dressing from a theoretical standpoint, considering how noise arising from spatial
inhomogeneities in the magnetic field or time-dependent field fluctuations could
affect the nNEDM @SNS experiment. We additionally developed two new modulation
schemes, robust dressing and magic dressing, which can be used either to diagnose
issues relating to magnetic field gradients or to improve statistical sensitivity of the
measurement. In chapter four, we address the computational challenge of performing
Monte Carlo simulations of the vast number of particles needed to assess systematics.
The presence of a spin dressing field dramatically increases the runtime of these
simulations, which motivates the development of two algorithms: the commutator-
free exponential time-propagator (CFET) method, which uses the Magnus expansion
to accurately approximate the time evolution of the spin vector over short time
intervals; and the Floquet-Markov master equation (FMME) algorithm, which uses
Floquet theory combined with time-dependent perturbation theory to approximate
the density matrix evolution based on an estimate of the noise power spectrum.
While these algorithms have seen use in other applications, here we introduce a
variety of optimizations and modifications to optimize their performance for the
task of computing frequency shifts and relaxation in spin dressing mode. Finally in
chapter six, we use the spin-exchange optical pumping (SEOP) apparatus at Duke to

produce a polarized sample of *He, and use this sample to experimentally verify the
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magic dressing technique explored theoretically in chapter three. We successfully
demonstrated that the magic dressing condition was achieved, as evidenced by
the extended transverse relaxation time for particular values of the dressing field

amplitude, even when a large dressing field gradient was applied.

While we aim for this to be a comprehensive analysis of spin dressing, science is
never truly done. In the following sections we offer some thoughts on the prospects
of the various projects discussed in the dissertation, and speculate about where

future investigations might look.

7.1 Spin Dressing Theory: What’s Next?

Given the analysis of noise in chapter 4 was primarily concerned with magnetic
field fluctuations in the direction parallel to the dressing field, a natural question to
ask is how these results may be extended to field fluctuations along all directions.
The calculations presented here relied on a particular cancellation of terms that
occurs when the perturbation is along the dressing field direction, and so the results
will likely be messier, but we expect that the general structure should be the same.
One avenue to tackle this problem may be to employ the Floquet-Markov master
equation, which was used in chapter 5 to develop a new spin-integration algorithm.
Some terms in the master equation, namely ¢ and £ (equations 5.87 and 5.101), may
be associated with the frequency shift and relaxation rate of the spins under study.
Invoking the Bessel function approximation in the Floquet basis diagonalization,
one could then derive a result that holds for all noise directions. This approach could
also be applied to more general dressing modulation schemes, provided that these
modulation schemes are periodic in time and that a suitable approximation can be

found for the diagonalization.

7.2 Bigger Computers, Faster Algorithms

Chapter 5 introuduced two algorithms that can dramatically speed up Monte Carlo
spin integration, especially for the case of spin dressing. The Magnus CFET method,
which uses the Magnus expansion, is intended as a drop-in replacement to standard
Runge-Kutta integrators. The main path we see to further optimize the Magnus
CFET method is to adjust the adaptive step size subroutine. Currently, this sub-
routine is nearly identical to that used by DOP853; thus, it is reasonable to expect
that by tuning the internal parameters we could obtain modest improvements in per-
formances. One could also consider using different CFET coeflicients; Alvermann

et. al. [AF11] used numerical root-finding to obtain a set of coefficients which are
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thought to have a small approximation error at eighth order, but due to the dimen-
sionality of the coefficient space a complete search was not possible. Therefore,
it is possible that a more favorable set of coefficients exists, but this is beyond the
scope of this work. The Floquet-Markov master equation (FMME) method, mean-
while, is intended to be used to determine the frequency shifts and relaxation rates
for large spin ensembles under time-periodic dressing fields. The FMME Goertzel
algorithm could be further optimized by weighting the noise power spectrum based
on how important a particular frequency component is to the final result. One could
imagine a scheme where additional noise samples (i.e., more particle trajectories)
are collected for the frequencies which have a large impact on the final result, thus
saving time on the frequencies that matter less. This is only possible with FMME
Goertzel because the Goertzel algorithm can compute the discrete Fourier transform
at arbitrary frequencies. For the FFT-based algorithm, the main bottleneck is the
collection of noise samples. The author is by no means of GPU programming,
and it is certainly possible that significant gains in performance could be made by

optimizing the memory use patterns during noise sample collection.

Finally, it is worth nothing that both methods (Magnus CFET and FMME), and
the spin-tracking software suite as a whole, could benefit from a more user-friendly
interface. Currently parameters are passed to these methods using a text file, which
is cumbersome and requires users to search for the names, permissible values, and
default values for simulation parameters. Ideally a graphical user interface could be
designed for this package. This could also help the significant work that has gone
into this software to reach a wider audience.

7.3 Further SEOP Studies

In chapter 6, we described the SEOP apparatus and used it to demonstrate magic
dressing for a single species. A natural next step would be to either attempt single-
species robust dressing or two-species magic dressing. For single-species robust
dressing on *He, the primary challenge will likely be the dressed tipping phe-
nomenon, which will cause the sample to depolarize before robust dressing can be
attempted. To mitigate this, a more complete set of shim coils may be helpful.
While the SEOP lab at Duke has a set of three field compensation coils exterior
to the By coils, these have fallen into disrepair and would need to be rewound; all
three coils are shorted to the aluminum frame around the SEOP system. Along
with this, a larger set of dressing coils to improve uniformity could be useful. The

size of the square dressing coils was primarily motivated by a desire to keep the
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inductance of the dressing coil low, but a suitable capacitor in series could allow a
larger dressing coil to be energized. This runs into another problem, however, as
robust dressing requires fast modulation of the dressing amplitude and/or frequency
(for example, modulating a 1 kHz sine wave at 200 Hz 4.2), which may be difficult
for a sharply resonant dressing circuit. It remains to be seen whether the power
supply in the SEOP lab is powerful enough to drive robust dressing at 15 kHz. For
two-species magic dressing, one would need a second species to precess alongside
3He, preferably neutrons. This is not possible with the current SEOP apparatus, but
could potentially be tested at the Systematic and Operational Studies Apparatus at
PULSTAR (SOS@PULSTAR) [Cia+25], which will have both neutrons and >He.

7.4 nEDMSF: Where We Stand

Despite the loss of funding from the Department of Energy, the nEDM @ SNS project
continues, though now under the name nEDMSF (SF for “super fluid”). Future ef-
forts will be focused on transitioning the project to operate using neutrons from
international sources. The directors of the Institut Laue Langevin (ILL) and the
European Spallation Source (ESS), in a letter sent to the Department of Energy and
the National Science Foundation, have proposed an international collaboration to
examine the feasibility of achieving nEDMSF’s goals at either the neutron source
currently at ILL in France, or the ESS, which is under construction in Sweden. Ef-
forts have been underway to investigate the venues best suited to leverage nEDMSF’s
unique measurement techniques. While the status of funding for nEDMSF is far
from certain, it is clear that the international scientific community recognizes the
value of this experiment and its potential to measure the nEDM with an unprece-
dented level of precision. This gives us hope that, in spite of the many setbacks,
the tremendous effort and innovation that has already gone into realizing nEDMSF

could continue into the future.
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