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ABSTRACT 

Three separate but somewhat related experiments having to do 

with the nonequilibrium properties of proximity coupled superconduct­

ing weak links are reported. 

The first experiment consisted of calibrated measurements of 

both the real and imaginary parts of the microwave impedance of proxi _ 

mity effect weak links. The impedance of a current-biased weak link 

was calculated analytically on the basis of several different theo­

retical models for the supercurrent Is and the quasi-particle current 

Iqp' and the results ~vere comp ared l"lith the experimental measurements. 

For de bias currents Id less than the critical current I , the meas-c C 

urements were consistent with the usual resistively shunted junction 

(RSJ) model. However, for Ide> Ic, the Fourier component of Is at 

the Josephson frequency was found to be less by a factor of 

'\., 0. 65 ± . l than would be expected from the RSJ mode 1, but consistent 

with the predictions of the phase-slip model. The phase-dependent 

part of the quasi-particle current, if it exists at all, was found to 

be no larger than 10% of the total quasi-particle current. 

In the second experiment a very small tunnel junction was used 

t°' inject quasi-particles directly into the center of a proximity 

effect weak link. It was found that the critical current Ic of the 

weak link was, over a wide range of experimental conditions, propor­

tional to exp(-alP), where P is the injection power and a is a con­

stant. This result was somewhat surprising since, on the basis of 
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simple heating or various microscopic theories, le would be expected 

to depend exponentially on the power itself. It was suggested that 

the order parameter inside the weak link is sufficiently small that 

the excitation of collective modes is more important than the excita­

tion of quasi-particles, and that the transverse collective modes are 

excited by the noise voltages produced by the injected power. 

The final experiment consisted of using a small tunnel junction 

as a probe of the nonequilibrium quasi-particle chemical potential µ qp 

inside a proximity effect weak link. The nonequilibrium value of llqp 

was produced by simultaneously passing a de bias current less than Ic 

and a microv-1ave current I through the weak link. For most values of . µ 

I
11 

the measured value of µqp ~vas proportional to the de supercurrent 

carried by the weak link, as reported in a similar experiment by Yu 

and Mercereau. In addition, for certain values of I , the measured 
µ 

value of µqp became a di~continuous function of the supercurrent. A 

physical mechanism which may be responsible for these effects was pro­

posed and the calculated value of µqp was found to be in qualitative 

agreement with the data, including the newly discovered discontinuities. 
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I NTRODUCTION 

This thesis describes an experimental investigation of some of 

the properties of superconductors under nonequilibriurn conditions. In 

particular, the properties of proximity coupled superconducting weak 

links, which are quantum interference devices similar to Josephson 

tunneling junctions, were studied under various nonequilibrium situa­

tions. Although superconductivity is reasonably \vell understood under 

equilibrium conditions, the nonequilibrium theory of superconductivity 

is still in an early stage of development. This is especially true 

for those cases in which electric fields exist inside the superconduc­

tor. An example of the need for further theoretical understanding of 

nonequilibrium superconductivity is the fact that, of the three exper­

iments described in this thesis, t1,10 gave results which were unexpected 

on the basis of the theory or models prevalent in the literature. The 

remaining experiment dealt with a situation for which no detailed 

theory has currently been \,1orked out, other than the model suggested 

in this thesis. In other \vords, there are many aspects of superconduc­

tivity which are not well understood, despite the great success of the 

BCS theory. 

Although the abstract and table of contents have already out­

lined the topics to be considered, a brief review may be useful here. 

Chapter I provides an intuitive account of the fundamental properties 

of superconductivity, with the introductory material necessary for the 

understanding of the rest of the thesis. (Those readers who are 

familiar with superconductivity are urged to skip Chapter I.) The 



-2-

remainder of the thesis describes three separate but somewhat related 

experiments. Chapter II describes the measurement and analytic cal­

culation of the microwave impedance of proximity effect weak links. 

Since the form of the impedance is strongly dependent on quantum 

mechanical effects, its measurement provides a great dea1 of physical 

information which cannot be obtained in any other way. (In addition, 

the impedance is important in various practical applications of these 

devices.) Chapter III describes an experiment in which quasi-particle 

excitations were injected into the weak link using a small tunnel 

junction. This perturbs the various properties of the weak link and 

the information obtained is relevant to the effects of nonequilibrium 

conditions in superconductors. In Chapter IV, the technique described 

in Chapter III is reversed; a tunnel junction is used as a probe of 

the nonequilibrium conditions which ordinarily exist in a proximity 

effect weak link during its normal operation. (The tunnel junction 

does not perturb the weak link in the experiment described in Chapter 

IV.) Although each chapter contains a summary of the results from 

that particular experiment, Chapter IV also contains a brief review 

of 1i-1hat information has been obtained from the thesis as a whole. 

Finally, Appendix A provides the mathematical calculations relevant 

to Chapter II, while Appendix B provides the calculations needed in 

Chapter IV. 
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I. HISTORICAL BACKGROUND AND INTRODUCTORY M,l\TERIAL 

l.l Introduction 

One of the major purposes of this thesis is to present technical 

details which would generally not be published in the literature. 

Consequently, Chapters II, III, and IV, as well as the appendices, do 

not contain a great deal of introductory material for the benefit of 

nonspecialists. Since it is customary to include a certain amount of 

such material, this chapter has been set off from the rest of the 

thesis to serve as such an introduction. Those readers who are famil­

iar i.-1ith superconductivity are urged to skip this chapter. 

All of the discussion in this chapter is intuitive and ex­

tremely nonrigorous. More complete and formal revie1r1s of the theory, 

as well as historical accounts, can be found in any of the theses by 

earlier graduate students (Ref. 1-6). This chapter differs somevthat 

from those of the earlier theses mentioned in that the emphasis here 

has been placed on intuitive explanation rather than historical docu­

mentation. It 1r1as assumed that such details are of little interest 

to readers who are not specialists in the field, and common knowledge 

to those who are. 

A secondary purpose of this chapter is to provide a discussion 

(however brief and simplified) of the nature of the so-called macro­

scopic wavefunction (order parameter)~ . As will be seen, many of 

the properties of a superconductor can be described by assuming that 
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the electrons are governed by such a wave function and then apply­

ing the methods of elementary quantum mechanics. The equations 

which result are extremely simple in nature; they are so simple, in 

fact, that they may appear to be naive or even absurd. Simple 

equations such as these appear throughout the thesis, making it es­

sential to discuss the nature of the mysterious v-1ave function'¥ 

1.2 The Macroscopic Wave Function (Order Parameter)'¥ 

Superconductivity is often referred to as a macroscopic quantum 

state. This is because many of the equilibrium properties of a 

superconductor may be phenomenologically described by assuming that 

all of the superconducting electrons are governed by a wave function 
+ ➔ 

'¥(R) v1hich is a function of position R. For example, the current 

carried by the superconductor may be found by applying the usual 

quantum mechanical current density operator to '¥ : 

(l. l) 

Here e* and m* are, respectively, twice the charge and twice the 

mass of an electron. The reason for the factors of two v-1i 11 become 

apparent shortly. 

The ~vave function '¥ is referred to as being macroscopic for 

several reasons. First of all, notice that '¥ is a function of 
+ 

only one position vector R. The electrons in any metal can be de-

scribed by a quantum mechanical wave function, but such wave func­

tions are ordinarily functions of all the coordinates 
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of all the electrons: The macroscopic 

wave function, hmvever, is defined as a function of position inside 

the superconductor. More import antly, the wave fun ction is coherent 

over macroscopi c distances . For example, if the t v-10 ends of a supe r­

conducting wire are brought together in the ri ght way, it is possibl e 
->-

to observe interference effects bet1,1een '¥ (R) in the two ends of the 

wire. This is analogous to the interference effects which can be ob­

serv~d if two beams of microwaves (or any other coherent waves) are 

brought together. The electrons in a normal wire do not show such 

interference effects because their wave function is coherent only 

over distances comparable to the mean free path. 

In addition to being coherent over macroscopic distances, the 

wave function '¥ can be seen to be quantum mechanical in nature as 

viell. For exampl e, if a su pe rconductor is formed into a loop, the 

continuity requirements on '¥ result in the quantization of the (con­

jugate) angular momentum of the superconducting e 1 ectrons. Further­

more, If' obeys a differential equation 11hich is similar in form to 

the Schrodinger equation. Thus in many respects a superconductor may 

be considered to be a coherent, macroscopic quantum state. Much of 

the excitement in this area of research results from this ability to 

observe and manipulate quantum effects on a macroscopic scale. 

Thus far some of the properties of'¥ have been described, but 

no reasons have been given why they are true. In fact, If' has not yet 

been properly defined nor has the question of how to calculate If' been 

discussed. As it turns out, If' is not really the quantum wave function 
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of anything. Thus the question of what'¥ is and how it is to be 

calculated needs further discussion. 

The concept of a macroscopic wave function was first intro­

duced (Ref. 7) in the phenomenological theory of G·inzburg and 

Landa u (GL), vlho referred to'¥ as the "comp lex order parameter". 

Their treatment consisted of an assumed expansion of the free energy 

of a superconductor near its transition temperature in terms of the 

parameter '¥ The exact physical nature of'¥ could not be under-

stood on the basis of their phenomenological theory. (The possibil­

ity of a macroscopic quantum state had earlier been suggested (Ref. 

8) by F. London . ) Their treatment did, however, give an explicit 

equation for the spatial dependence of'¥, known as the Ginzburg­

Landau equation 

( l. 2) 

➔ 

Here A is the electromagnetic vector potential and E* and s are con-

stants which can only be experimentally determined (in the context of 

the GL theory). Note the similarity to the Schrodinger equation if 

the second term is interpreted as a self-interaction potential energy. 

This equation "'1as used to make several ne\v physical predictions, in­

cluding the existence of Type II superconductors (Ref. 9). 

One obvious shortcoming of the GL theory ivas that it gave no 

physical interpretation to the mysterious wave function or order 

parameter'!'. Since that time, the physical nature of superconduc­

tivity has been satisfactorily explained by the microscopic pairing 
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theory (Ref. 10) of Bardeen, Cooper, and Schrieffer (BCS). The BCS 

theory is based on first principles (quantum mechanics) and gives 

an explicit equation for the actual wave function li/J> of the el ec­

trons. At absolute zero (Ref. 10) 

11!1> JI ( + V C * c* ,~ > ~ = uk k kt -k+ ~o 
k 

( l. 3) 

where I¢~> is the vacuum and c;t creates an electron in a Bloch state 
➔ 

of momentum k and spin up; uk and vk are constants explicitly deter-

. mined by the theory. Physically, at absolute zero uk and vk repre-
➔ 

sent the probability that the Bloch states of momentum k are, res-

pectively, unoccupied or occupied; vk does not abruptly drop to 

zero at the Fermi level even at absolute zero. 

A detailed understanding of the BCS theory is not necessary 

for the purposes of this chapter, and eq. (l.3) has been included 

only because it can be used to give a precise definition of the mac­

roscopic wave function (or order parameter) IJ'. An important quantity 

defined in the BCS theory is the energy gap ~k: 

( l. 4) 

where Vkt is the matrix element of the attractive electron-electron 

interaction which gives rise to the superconducting state. By the 

use of Green's function methods,Gor'kov (Ref . . 11) was able to show 

that (under certain conditions) the order parameter IJ' of the GL 

theory is equivalent to the energy gap parameter ~ , and to derive 
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eq. (1.2). (Under the appropriate approximations ,"1, k is independent 

of k . ) 

Thus eq. (l.4) serves as a rigorous but nonintuitive definition 

of'¥, and Gor1 kov 1s derivation proves the properties of 1 which have 

already been discussed. Cl ea rly, IJI is .Q_ot really the quantum wave 

function of anything. Nevertheless, many of the properties of a 

superconductor can be calculated as if it were. 

Before leaving the BCS theory, it should be pointed out that 

the magnitude of fl, can be shovm (Ref. 10) to be the minimum energy 

of an excited state of the system; thus the term energy gap. These 

excited states are many-body states rather than single-particle ex­

citations and are therefore called quasi-particles. Some effects of 

quasi-particles are studied in Chapters III and IV. Crudely speak­

ing, the magnitude of the macroscopic vrnve function (order parameter) 

1 measures the strength of the superconductivity, while its phase 

measures the relative phase of uk and vk in eq. (1.3). 

Equation (l.4) and Gor'kov's derivation have been taken as the 

rigorous definition of IJI and the proof of its properties. In order 

to obtain some insight into why a superconductor might be described 

by a macroscopic wave function IJI, a crude physical model will now 

be discussed. This model might be referred to as the point-particle 

boson model. (The author does not recall seeing this model explicitly 

written down any1vhere, but it is undoubtedly we1·1 knovm.) 

In the BCS theory, superconductivity is caused by an attractive 

interactio~ between electrons which causes them to form bound pairs 
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known historically (Ref. 12) as Cooper pairs. The electrons in a 

pair have opposite spin and so the net spin of a Cooper pair is 

zero; a Cooper pair is a boson. The binding energy of a pair turns 

out to be 26. (The factor of 2 arises from the fact that tv.JO quasi­

particles, a quasi-electron and a quasi-hole, are created when a 

Cooper pair is broken apart.) The point-particle boson model sim­

plifies (grossly) the situation by assuming that the binding energy 

of a pair is much larger than any other energy involved in the prob­

lem. In particular, it is assumed that the binding energy is so 

large that the radius of a Cooper pair is zero for all practical 

purposes. (The radius 1;1i 11 decrease ns the binding energy increases.) 

Furthermore, it is assumed that the Cooper pairs do not interact with 

each other, and they move as free particles inside the superconductor. 

From the point of view of this approximation, a superconductor 

consists of a box full of bosons. At low temperatures such bosons 

will undergo Bose-Einstein condensation into the ground state and so 
➔ 

are all described by a single wave function 4'(R). The electrical 

current wo uld be given by eq. (1.1), etc. Thus, the existence of 

bound Cooper pairs makes the macroscopic wave function 4' plausible 

at least. 4' can be viewed (although some1-'Jhat erroneously) as the 

wave function of the Cooper pair bosons. 

It should be immediately pointed out; ho\-'Jever, that the point­

particle boson model is at best a gross oversimplification. It would 

be quite correct if 6 were infinite, but in fact 6 is so small com­

pared to the Fermi energy EF (6 'v 2 meV, EF 'v l O eV) that the model has 
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little physical reality. Because 6 << EF' the radius of the Cooper 

pairs is larger than their separation; the electrons are still 

almost Fenni degenerate. In addition, the model does not take into 

account the existence of qua s i-particle excitations, which form the 

basis of Chapters III and IV. 

It might be wondered, then, if the point-particle boson model 

is of any use at all. Aside from providing an intuitive (and some­

what erroneous) physical interpretation of the order parameter \fl , 

it is also capable, as will be seen, of demonstrating many of the 

important features of the Josephson _effect which otherwise are rather 

nonintuitive. More importantly (in the author's opinion) the point­

particle boson model also demonstrates some of the main limitations 

of the GL theory. 

The Ginzburg-Landau theory is ~1/idely used to analyze many 

properties of superconductors, primarily because the more rigorous 

Green's function methods are too cumbersome to be of much use in 

many situations. But, for reasons which are beyond the scope of 

this chapter, the GL theory implicitly includes the assumption that 

the radius of the Cooper pair is negligibly small. To be more pre­

cise, if the radius of a Cooper pair is not negligible compared to 

all other relevant dimensions, the GL theory is invalid. 

For example~ if an electromagnetic field is applied which 

varies on a scale small compared to a Cooper pair radius, then the 

GL theory does nqt give the correct results (the Gor'kov derivation 
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becomes invalid) . The point-particle boson mode l helps keep these 

and other limitations of the GL theory in mind. This is especially 

important here, since the experiments in this thesis deal with situ­

ations \'Jhere the GL theory is frequently invalid for various reasons. 

Although too many words have probably already been devoted to 

the nature of \fl, there is one more equation ~,,hich is relevant to 

the question of the approximations involved in the point-particle 

boson model. At absolute zero, the BCS v,1ave function (Ref. 13) can 

be put ( Ref. 14) in the following (exact) form 

(1. 5) 

where ;i is the coordinate of the ;th electron and spin indices have 

been dropped. Here A is the antisymmetrization operator and <ti is 

the relative coordinate wave function of a Cooper pair, which is ex­

plicitly given by the BCS theory. Note that the same ¢ · appears for 

each pair of coordinates. If A v:ere ignored or had negligible effect 

then the wave function would be equivalent to that of Bose-condensed 

Cooper pairs. However, the effect of P. is not at all negligible; 

neglecting A is in some respects equivalent to assuming that the 

pairs are infinitely bound. 

This section would probably not be complete vJithout some ex­

planation of hmv a superconductor can carry a perpetual current. The 

reason has to do ~'iith the fact that \fl is determined by the motion of 

all the electrons; it is a kind of macroscopic average. If a super­

conducting wire is joined into a loop, then the continuity of \fl 
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requires that its phase change integrated once around the 1 oop be 

2Tin, \vhere n is an integer. If n is nonzero, the superconductor 

i s ca rryi ng a current. 

Now suppose that an electron in this wire col lides with an 

i rnpuri ty, is scattered by a cosmic ray, or in some other way has its 

motion changed. Since'¥ is a macroscopic average, the value of n 

cannot be changed by such an event and the displaced electron will 

eventually rel ax back to its original state, thus preserving the cur­

rent. This does not happen in a normal metal because the quantum 

phases are not coherent over macroscopic distances. Thus it is the 

long-range coherence of \l' , rather than the presence of an energy gap 

in the excitation spectrum (as is often erroneously as~umed) which 

gives rise to perpetual currents. 

The preceding comments on the nature of 1¥ might be summarized 

by saying that many properties of a superconductor are formally given 

by a macroscopic wave function'¥, even though 1¥ itself is clearly 

not a true quantum wave function. As will be discussed later in this 

chapter,'¥ has as much to do ~,,; th thermodynamics as it does quantum 

mechanics. Before pursuing this topic further, the properties of '¥ 

already discussed can be put to use to give an intuitive explanation 

of the Josephson effect. 

l .3 The Josephson Effect 

Th e Josephson effect (Ref. 15) is the name given to several 

phenomena which occur in the tunneling of electrons between two 
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superconductors separat ed by a thin region of insul ating material. 

The term is al so applied to si mil ar ph enomena ~-,hich occur in certain 

sup erconducting devices which do not employ tunneling as the basic 

means of charge transfer. For example, this thesis studies some of 

the properties of devices knovrn as proximity effect weak links. (These 

devices will be describ ed l ater in the chapter.) Proximity effect 

weak links are said to exhibit the Josephson effect, even though elec­

tron tunneling does not occur. In this section we will be concerned 

only with true tunneling phenomena, and will postpone a discussion of 

non-tunneling devices until the following section. 

Electron tunneling between two normal metals is a fairly simple 

and straightfon,ard phenomenon. One might vrnnder, th en, l\lhat makes 

tunneling betv,een two superconductors so different. First of all, the 

same kind of tunneling which occurs bet\-ieen tvm nonnal metals also oc­

curs bet\veen two superconductors. This type of tunneling (quasi­

particle current) was, in fact, studied extensively by Giaever (Ref. 

16) and others before Josephson's predictions had been made. This 

research formed the basis for Giaever's Nobel prize. Quasi-particle 

tunneling is essentially the same in superconductors as in normal 

metals except that the excitation spectrum for a superconductor is al­

tered by the presence of the energy gap. The Josephson effect has to 

do with some additional phenomena not found in normal metal tunneling 

and predicted by Josephson (Ref. 15) while he was still a graduate student. 

These predictions were initially met with great skepticism because of 

their unusual nature and because such effects had not been observed in 
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the work carried out by Giaever and others. This skepticism i s a 

good indication of the theoretical and experimental difficulties in­

vo 1 ved in any study of the Josephson effect. 

There are tv..ro features v1hi ch distinguish the Josephson effect 

from normal metal tunneling. First of all, a finite current v,1ill 

flmv at zero applied voltage. This tunneling supercurrent is remin­

iscent of the supercurrents which will flow in bulk superconductors. 

Secondly, the magnitude of the supercurrent goes as the square of 

the tunneling Hamiltonian (to be discussed), rather than as the fourth 

power as would be naively expected. This second property is really 

the crux of Josephson's contribution, since the first property is per­

haps not very surprising. 

An intuitive "derivation" of the Josephson effect wi 11 now be 

given, based on the point-particle boson model previously described. 

A more rigorous derivation (Ref. 15) using the correct BCS wave func­

tion shows that the essential features of the Josephson effect are not 

very sensitive to the exact fonn of the wave function. Thus our ap­

proximate model, crude as it is, will show the important qualitative 

features of the phenomenon. 

To begin, suppose that there are two boxes (in the spirit of 

sophomore quantum mechanics) each capable of confining a quantum 

particle, such as an electron. We can imagine each box to be con­

structed of a three-dimensional square well, the walls of the well 

consisting of a large but finite potential barrier. Since the height 

of the potential barrier is finite, the wave function of a particle 
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confined in one of the boxes will have an amplitude which is constant 

inside the well, but dropping off exponentially like e-Kx outside the 

well. Here x is the distance outside the 11ell and K is a constant 

calculated in the way familiar from elementary quantum mechanics. Let 

ljJL(x) denote such a wave function for a particle confined in a par­

ticular box (the one on the left), and l/JR(x) the corresponding wave 

function for a particle confined in the other box. 

If the tvw boxes are not an infinite distance apart, t.hen it 

is, of course, possible for a particle to tunnel from one box to the 

other. The exact kind of particle to be placed inside the box has not 

yet been specified; in order to be specific, they can be assumed for 

the time being to be electrons. (Later the turrneling of Cooper pair 

bosons v~ill be considered.) In order to calculate the rate of tunnel­

ing (current) from one box to the other, vJe must specify what 111ave 

function ljJ(x) describes the particle. The tunneling which occurs 

between two normal metals, as well as the tunneling studied by Giaever 

(quasi-particle tunneling) corresponds to a wave function of the form 

l/J(x) = l/JL(x) or lfJ(x) = l/JR(x). In other words, the particle is ini­

tially located in one box or the other. 

For a wave function of the form l)J(x) = ljJL(x), the transition 

rate to l/JR can be readily calculated by time-dependent perturbation 

theory. The result, of course, depends on the matrix element between 

the t\vo states which is readily sho1--rn to be prbportional toe-KL, \•/here 

Lis the separation of the two boxes. The current (transition rate) 

-KL)2 then goes as the matrix element squared, or (e . For rea 1 metals 



it is, of course, necessary to sum over occupied states from \.'1hich 

tunneling is possible, and over empty states into which tunneling 

can occur; then a net current flm,1s only v1hen an external voltage is 

applied. 

The Josephson effect, on the other hand, corresponds in this 
• 8 

simple model to initial states of the form "l)Jc(x) = a,[1J;L(x)+e 1 1pR(x)] 

where a is a normalization constant and e is an arbitrary phase 

angle. In a coherent state of this sort the particle does not initi-

a 1 ly occupy either box with certainty. The current in this type of 

state is most readily evaluated by directly substituting iJ;c(x) into the 

current operator of elementary quantum mechanics and evaluating the 

result at some point between the two boxes. (The current density 

which results is independent of position.) The calculation is quite 

straightforward and gives the result 

I = I sin 8 
S C 

(l. 6) 

where Is is the tunneling supercurrent and I is a constant propor-
C 

tional 
-KL 

toe . The algebraic details can be found in a slightly more 

general calculation carried out in the GL formal ism in Appendix B. 

Perhaps the most important thing to note about eq. (1.6) is that 

the tunneling current goes as e-KL, rather than the (e-KL) 2 obtained 

previously. Coherent tunneling of this sort always occurs with a 

lower power of the matrix element than does into~erent tunneling; this 

results from the coherence of the wave function 1p (x) and has nothing 
C 

to do with the nature of the actual particles involved. It might also 
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be pointed out that the derivation of eq. (l.6) does not involve 

the transition from one state to another, but represents the current 

carried in one particular state. 

The Josephson effect in this model results from the tunnel-ing 

of Cooper pairs. (As vlill be discussed shortly, the tunneling of 

pairs rather than single electrons is necessary to avoid the creation 

of quasi-particle excitations; it is still the coherent nature of 

superconductivity, rather than the structure of the pairs, which is 

important.) Let HT be the matrix element for single electron 

tunneling, which is proportional toe-KL The tunneling of a pair 

occurs in second order in HT since a quasi-particle excitation would 

be created on each side of the barrier if the two electrons making 

up a pair were to tunnel separately in first order. Since, in the 

absence of an applied voltage, there is no energy available for the 

production of quasi-particles, the tunneling must occur in second 

order \vith a virtual intermediate state. Thus the simplest picture 

of the Josephson effect is the tunneling of a Cooper pair with an 

effective matrix element Hi· Equation (l.6) still results if e-KL 

is replaced by the effective tunneling Hamiltonian Hi. Note that 

the tunneling supercurrent then goes as (e-KL) 2, rather than the 

(e-KL) 4 which might have been expected for incoherent tunneling. 

The tunneling between normal metals and the quasi-particle 

. . ( -KL)2 tunneling between superconductors are first order and go as e . 

The supercurrent, on the other hand, is a second order effect. But 

• • t • ' h t d • • ( -KL) 2 l since 1 1s conerent, t e supercurren en s up going as e a so. 
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sl'nce e-KL ,·s .... l 11 b f 1 an exLreme y sma num er or area tunnel junction, 

the supercurrent would have been unobservably small if this were 

not the case. Josephson's real contribution v,as the discovery of 

this fact. 

These intuitive remarks on the nature of the Josephson ef­

fect have been based on the approximation that the Cooper pairs are 

bound point particles. It has already been mentioned that this ap-· 

proximation is far from realistic. The correct results can be 

obtained by performing an analogous calculation using the correct 

wave functions provided by the BCS theory. At a temperature of abso-

1 ute zero and for zero applied voltage, the results obtained by 

rigorous means are identical to eq. (l.6), ~vhere e is the difference 

in the phase of the order parameter ~ from one side of the oxide 

barrier to the other. 

At finite voltages the presence of quasi-particles will con­

tribute to the current. Since all experiments are perfonned at 

finite temperature, some quasi-particles will al ,vays be present. (The 

probability of a quasi-particle state being occupied is given by the 

Fermi-Dirac distribution, since quasi-particles behave as fermions.) 

Additional quasi-particles will be created if the applied voltage is 

large enough to break apart the Cooper pairs. The current due to 

quasi-particles, Iqp' can be shovm (Ref. 15) to be given by 

(1. 7) 

where G1 and G2 are both functions of temperature and of v, the ap­

plied voltage. 
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The first term in eq. (1. 7) (incoherent quasi-particle current) 

is analogous to the tunneling current between normal metals, differ­

ing only in the density of states. The second term in eq. (l.7) 

(coherent or phase-dependent quasi-particle current ) depends on both 

the volta.ge and phase and has no analogy in normal metal tunneling. 

It has been described by Josephson as an interference between the 

ordinary quasi-particle current and the supercurrent. This phase­

dependent quasi-particle current has recently been the focus of con­

siderable interest because all experimental measurements (Refs. 17-20) 

of G2 (excluding this thesis) have given the opposite sign from that 

predicted by Josephson I s th eory . One of the purposes of Chapter I I 

is to describe a new measurement of G2. 

The time dependence of e , the phase difference across the 

bridge, can be shown (Ref. 15) to be given by 

de 2ev = df T (l.8) 

where e is the charge of the electron and ~11 is Planck's constant. 

In either our simplified point-particle boson picture, or the rigorous 

calculations of Josephson, eq. (l.8) results from the fact that the 

phase of a quantum system precesses at a rate proportional to its 

energy. (The factor of 2 comes from the fact that a Cooper pair has 

t~JO electronic charges.) For a nonzero DC voltage applied across the 

tunnel junction, eq. (l.8) can be integrated and inserted into eq. 

(l.6) to show that a sinusoidal supercurrent results at an angular 

frequency w given by 2ev = ,fiw . This is the so-called AC Josephson 
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effect (Re-f. 15) and 1t1ill be dealt 1>1ith extensively in Chapter II. 

Equations (l.6) and (l .7) together constitute the Josephson 

effect. Both of these equations were predicted in Josephson's 

original paper, which dealt primarily with tunnel junctions. As will 

be seen in the next section, similar effects occur in superconducting 

devices not employing tunneling, such as the proximity effect weak 

link. 

l. 4 The Proximity Effect 

If a normal metal is placed in contact with a superconducting 

metal, then the order parameter IJI does not irm,ediately drop to zero 

at the boundary of the normal metal. Instead, IJI drops off gradual l_y 

(Ref. 21) with distance into the normal metal. For example, if a cop­

per (normal) film is evaporated on top of a lead (superconducting) 

film, then various superconducting properties, such as the ability to 

carry a supercurrent, will exist some distance into the copper film. 

The distances involved may vary from 1000~ or less to lµ or more. 

This phenomenon is knm-1n as the proximity effect (Ref. 22). 

The proximity effect is ordinarily discussed in terms of the 

phenomenological GL theory, primarily because the more fundamental 

Green's function methods are frequently too cumbersome to be of use. 

Consequently, in this section the GL eq. (1.2) will be applied. Con­

sideration will be limited to the region well inside the normal metal 

where the magnitude of IJI is small. Under these conditions (!IJI! « l) 

eq. (l.2) can be linearized with negligible error and yields 
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( l. 9) 

Note that eq. (1.9) is identical in form to the Schrodinger 

equation for a single pa.rticle, and has exponentially decaying solu --

~ tions which are mathematically equivalent to those of a quantum 

mechanical particle tunneling into a lovJ potential barrier. For this 

reason the proximity effect is sometimes intuitively explained by 

assuming that ~ is actually a quantum wave function and that parti­

cles (Cooper pairs) are actually tunneling into the normal metal. The 

appropriate barrier height v✓0uld be on the order of the energy differ­

ence bet\veen a Cooper pair inside the normal metal as opposed to one 

inside the superconductor. An alternative 11 explanation 11 of the 

proximity effect is that the Cooper pairs have a lifetime inside the 

normal metal given by the uncertainty principle. They then 11 diffuse 11 

into the normal metal a distance given by the product of this lifetime 

and the Fermi velocity. 

The author does not find either of the above intuitive explana­

tions to be very satisfactory. This is because of the fact that the 

mean free path of the electrons is much smaller (at least for the 

experiments in this thesis) than the decay length of ~ . In fact, 

examples can be found in many branches of physics, including electro­

magnetism, optics, classical mechanics, and quantum mechanics~ of 

wave motions which propagate freely in one medium but which drop off 

exponentially in another adjoining medium. The cut-off frequency of 

a waveguide, for instance, sets a frequency below which the microwaves 
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are exponentially damped rather than propagating in the waveguide. 

The exponential decay length of the waves viill, in general, depend 

on how far the frequency is below the cut-off. 

The fact that eq. (l.9) has the same mathemat ·ical form as 

quantum-mechanical tunneling does not necessarily mean, however, 

that the physical origin of the proximity effect is any more closely 

related to tunneling than it is to the corresponding phenomena in 

mechanics, optics, or electromagnetism. Some insight into the true 

nature of the proximity effect can be obtained by the follm-Jing 

reasoning: If, for whatever reason, the electrons at some point P 

in a metal are in a superconducting state(~ t 0), then the elec­

trons at a nearby point P' will have a tendency to be in a super­

conducting state as well. This is because the electrons at P' can 

1011,er their free energy to some extent by the formation of Cooper 

pairs in conjunction with the electrons at P. The coupling of one 

point P to another point P' involves the formation of mutual bound 

pairs, and thermodynamics plays a large role. These features are 

not found in true quantum mechanical tunneling. The exponential 

decay length is ultimately determined by a balance between the 

kinetic energy 1t1hi ch ~-Joul d res ult for a rapidly changing ~ , and 

the slight energy reduction which could be obtained if the metal 

were in the normal state(~= 0). In any event, if the normal metal 

is actually a superconductor slightly above its transition tempera­

ture, then the exponential decay length becomes quite large. 
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The proximity effect, which has been intuitively discussed 

above, forms the basis for the operation of the so-called proximity 

effect weak link (Ref. 23). Such a weak link is formed by separat­

ing tvw superconducting metal films by a short length of normal 

metal film. By virtue of the proximity effect, the order parameter 

IJ' will then have an exponential tail coming into the normal region 

from the two superconducting regions on each side. The overlap of 

the two exponential tails in the center of the weak link gives rise 

to interference effects similar to those found in Josephson tunnel 

junctions. These interference effects are still referred to as the 

Josephson effect, and the existence of such effects not involving 

tunneling were in fact suggested in Josephson's original paper (Ref. 

15). 

Figure l.l shows the construction of a practical proximity 

effect weak link of the type actually used in the experimental work 

described in this thesis. A normal metal film, typically Ta, \'las 

evaporated on top of a sapphire substrate. A superconducting film, 

typically Nb, was then immediately evaporated on top of the first 

film before an oxide layer had the opportunity to form. Both films 

were on the order of 100~ thick. At the temperature at which the 

device is used, which is typically around 4°K, Nb is superconducting 

and Ta, which has a transition temperature Tc of approximately 3.8°K, 

is really a superconductor slightly above its T. As has already 
C 

been mentioned, th is causes the decay 1 ength of IJ' in the Ta to be 

relatively large. 
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Fig. 1. 1 Structure of a typical proximity effect weak link 
(not drawn to scale). 
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In order to remove the Nb over a small region as shown in the 

figure, a thin layer of photo-resist (PR) is first spun on top of 

the film using a centrifuge. PR is a photo-sensitive plastic which, 

after development, is removed where it has been exposed to light but 

remains intact else\'✓here. The PR covering those regions \I/here the 

Nb is to be removed are exposed and developed av.Jay using a micro­

scope exposure technique developed by earlier graduate students 

(Ref. 24). Basically, the technique consists of using an optical 

microscope working in reverse to greatly reduce the size of masks 

whem imaged onto the substrate. Since 0.5µ is near the limit of the 

resolution of an optical microscope, great care must be exercised in 

carrying out these procedures and the vwrk is tedious to say the 

least. 

Once the PR has been exposed and developed the metal which is 

uncovered may be etched av,;ay in several different ways. (The metal 

still covered by PR is protected and not affected by the etching 

process.) The standard procedure in the laboratory is to anodize 

the metal to a certain depth. Both Nb and Ta have the property that 

the thickness of metal converted to oxide by anodization is propor­

tional to the anodizing voltage; this allows accurate depth control. 

The aut:ior, h □v-iever, prefers to etch using an energetic beam of 

argon ions, which 11 sandblast 11 the metal away, so to speak. This 

process has better lateral resolution. 

Proximity _effect weak links such as the one shown in Fig. l. l 

exhibit many of the same properties as true tunnel junction Josephson 
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devices. The theory of their operation i s usually formulated in 

t erms of th e GL theory. Such a calculation, although generalized 

to include effects beyond the scope of the GL th eo ry, can be founct 

in Appencli x B. The results of such ca-I cul ati ons turn out to be very 

similar to those for true tunnel junctions because of the mathe­

matical similarity of eq. (l.9) to the Schrodinger equation. In 

particular, a supercurrent similar to eq. (1.6) results from these 

kinds of calculations. The quasi-particle currents, however, are 

experimentally found to be qualitatively different from those of a 

true tunnel junction. This topic is dealt with in Chapter II, where 

several explicit theoretical models for proximity effect 'rleak links 

are dis cussed. 

l. 5 Summary 

In this .chapter the description of superconductors in terms 

of a macroscopic wave function or order parameter~ has been intro­

duced. The nature of ~ , both in terms of the GL theory and the 

over-simplified point-particle boson model, has been discussed. The 

Josephson effect has been described for non-tunneling devices, such 

as the proximity .effect weak link, as well as for true tunnel junc­

tions. 

The remaining chapters will contain a much higher density of 

equations and a much lower density of words. Those readers who might 

be interested are reminded that a more complete and historical account 

of elementary topics in superconductivity, as they relate to the work 
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in this thesis, may be found in the introductory chapters of pre­

ceding graduate students (Refs. 1-6). The new text by Tinkham 

(Ref. 25) is an even better source of such information. 
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II. MICROWAVE IMPEDANCE OF SUPERCONDUCTING WEAK LINKS 

2. l Introduction 

In this chapter calibrated measurements of both the real and 

imaginary parts of the microv1ave impedance of proximity coupled super­

conducting weak links are described. The measurements are compared 

with analytic calculations based on several different theoretical 

models. Information obtained in this way is of a qualitatively differ­

ent nature than can be obtained from low frequency measurements. As 

will be seen, these measurements provide a sensitive test of various 

aspects of the theoretical models to be discussed. 

The chapter begins with a discussion of the usefulness df in­

formation obtained from high frequency measurements and a brief history 

of past vrnrk in this area. The experimental problems which prevented 

earlier measurements of this kind are briefly mentioned. The experi­

mental methods employed and the results obtained are described. 

Approximate mathematical solutions to the most prominent theoretical 

models used to describe proximity effect 1t1eak links are found and com­

pared with the data. Finally, conclusions regarding the validity or 

accuracy of the various models are dravm. 

Before going on to a discussion of the usefulness of high fre­

quency measurements, it should probably be pointed out that most of 

the material in this chapter has already been published in Refs. (1) 

and (2). The treatment here is similar but contains details not pub­

lished elsewhere. A few of the passages here are v,orded very nearly 
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the same as in the publishr:d accounts; there seemed to be no good 

reason to change v1hat ~-1as already a suitable description. 

Many fundamental properties of superconducting devices are 

not readily investigated at low frequencies for the simple reason 

that the impedance of superconductors (below the critical current) 

goes to zero in the zero frequE:ncy limit. For example, many of the 

basic properties of a transistor can be investigated by passing low 

frequency currents through its various leads and measuring the volt­

ages which are produced. Unfortunately, there is a wide range of 

current (any current belov1 the critical current) for \.'Jhich the 

analogous measurements performed on a superconductor yield no in­

formation at all; the voltage generated is zero, aside from that due 

to the uninteresting geometrical inductance. 

One way to avoid this problem is to operate at relatively 

large frequencies where the impedance of the superconducting device, 

even below the critical current I , is no longer immeasurably small. C , 

For proximity effect v1eak links this impedance takes the form of the 

well-known (theoretically) Josephson inductance, LJ, (Ref. 3). Most 

of the measurements reported in this chapter were performed at a 

frequency of'\, lO GHz, where the Josephson inductance for a critical 

current of 30µA corresponds to an impedance of 0.5 ohms. Since the 

quasi-particle conductivity of these devices typically corresponds 

to a resistance, RN' of 0.2 ohms, the effect~ due to LJ are relatively 

large and can be accurately measured and compared with theory. 
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Although the Josephson inductance is well known (theoreti­

cally), it may be worthwhile to describe briefly its physical origin. 

The supercurrent is, of course, a function of the quantum phase dif­

ference cp acrnss the weak link. (See, for example, eq. (2.4a) to 

be introduced belov-1.) If a micrmvave voltage is applied across the 

weak link, ¢ v-iill precess at micrm·rnve frequencies (see eq. (2.5b) 

belo1t1) and produce a supercurrent which also oscillates at micrm,1ave 

frequencies. The fact that a given voltage produces only a finite 

current means that the impedance of the device is nonzero. The de­

tails of this process are described briefly in Section 2.4 and cal­

culated in detail in Appendix A. For small voltages the response is 

linear and can be represented by an inductance in series with the 

path of the supercurrent. Physically, the phenomenon is (loosely) 

analogous to the voltage which would be required classically to ac­

celerate the electrons due to their inertial mass. 

One physical quantity 1:1hich may be directly investigated by 

a measurement of LJ is the sign and magnitude of the phase-dependent 

quasi-particle current predicted by Josephson (Ref. 3). This topic 

has recently been the focus of considerable attention because all 

previous measurements (Ref. 4-6) of this term have given a sign 

which is opposite to that predicted by theory. Part of the motiva­

tion for this experiment is to provide a new technique for the meas­

urement of this term for proximity effect weak links. 

The measurements of LJ which have been discussed above are 

relevant for de bias currents r
1 

less than Ic, in \•Jhich case the de 
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(time-averaged) voltage v across the weak link is zero. A second 

class of measurements which are qualitatively different from those 

already described result v1hen vis nonzero. The supercurrent then 

oscillates at a frequency wJ given by 2ev = 'hwJ (Ref. 3). If an ex­

ternal microwave current is applied at a frequency w \vhich is near 
µ 

wJ, then a strong interaction occurs betv1een the oscillating super-

• current and the externally applied microwave current. This interac­

tion -gives rise to the well-known step structure (Ref. 7), ~vhich is 

discussed briefly in Section 2.4 and ca1culated in detail in Appendix 

A. The mi cro1<-1ave impedance wi 11 show structure reflecting this inter­

action, and measurements of this structure give further information for 

comparison with the theoretical models. 

2.2 Experimental Method 

Before the experimental measurements can be described, the micro­

wave impedance of a weak link must be properly_ defined. This is not as 

trivial a problem as it may seem, since the definition of micrrn,,ave 

impedance is (ordinarily) arbitrary to a considerable extent. This 

difficulty can probably be most easily understood v1ith the aid of an 

example. 

Consider a standard rectangular X-band ~aveguide terminated with 

a short (that is, with a metal plate soldered across the end) but con­

taining some object O located a fe~" centimetel'S in front of the short. 

The standard definition (actually there are several) used by electrical 

engineers for the microwave impedance in such a case consists of a 
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formula i nvol vi ng the magnitude and phase of the reflected micro­

vJaves, relative to the incident micrmvaves. (This kind of formula 

is almost totally irrelevant to this experiment, and need not be 

given here.) The difficulty v,ith this kind of definition is that, 

although it is precise, it may not be related in a reasonable \vay 

to the properties of object 0. 

For example, the impedance Z defined in this ~vay will depend 

on the exact position and orientation of O within the waveguide. Z 

depends upon the size and shape of the waveguide as well as object 

0 itself. Furthermore, if O occupies a volume which is not small 

compared with the size of the waveguide itself, then the electric 

and magnetic fields and the current density within O viil 1 be non-

uni form. Thus Z defined in this way \•Jill reflect some sort of aver­

age of the properties of the various regions of O and of the 

waveguide i tse 1 f. Sarti ng out any useful information about O from 

a measurement of Z may be a formidable task, although the necessary 

calculations in principle can be performed. 

Proximity effect weak links are necessarily mounted on a 

bulky dielectric substrate with various irregularly shaped areas of 

superconducting film, indium blobs, normal metal lead wires, and 

plastic deposits nearby to complicate the measurement and interpre­

tation of Z. For reasons such as these the ,microwave impedance of 

proximity effect \,1eak links had never before been attempted, and 

calibrated measurements of the type reported in this thesis had never 

been made on any type of weak link structure. (See Ref. (8) for what 
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is probably the most simil ar previous measurement.) In order to 

carry out the measurements and analysis reported here, the microv,ave 

impedance had to be define d in a way which was more closely related 

to the properties of the device itself. 

Fortunatel y, the dimensions of a weak link itself are much 

smaller th an a \,1avelength of the microwaves. Therefore a definite 

voltage exists across the device and a definite current flows through 

it at each instant of time. This allows the microwave impedance Z to 

be defined to be the (complex) ratio of the mi crow ave voltage across 

the weak link to the microwave current flowing through the weak link . 

(Strictly speaking, the Fourier component of the current and voltage 

at the frequency of the externally applied microwave current drive 

are to be used in the definition.) This definition of Z, which is 

quite different from the standard electrical engineering definition, 

will be used throughout the remainder of the thesis. Z defined in 

this way is exactly what is measured by the experiment and what is 

calculated from the various theoretical models. 

Because of this different definition and because the problem 

is different in other ways, the standard methods used in microwave 

engineering or in electron spin resonance (ESR) ~-1ork were found to 

be qf little use. Consequently, most of the familiar techniques, 

such as the use of Smith charts, etc., will not be discussed here. 

The measurement of Z 1t1as made possible by the use of two very 

important techniques for simplifying the measurements and analysis. 

The first of these was the use of weak coupling between the weak link 
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and the electromagnetic field of the microwaves. This had the ef­

fect of linearizing the equations v1hich had to be dealt with in 

order to deduce Z from the signals detected. The second simplify­

ing technique was the use of a built-in calibration method which 

was an intrinsic part of the thin film structure. Both of these 

techniques will now be discussed in detail. 

The weak link was located near the center of a rectangular X­

band transmission cavity as indicated schematically in Fig. 2. la. 

The cavity ~•1as resonant in the TE 102 mode at a frequency of 9.69 GHz. 

In this mode the cavity is one \-vavelength long and so the electric 

field is zero at the center of the cavity. The ~'leak link was dis­

placed slightly from the position of zero electric field and 

oriented in such a way that the electric field was parallel to the 

usual direction of current flow in the weak link. This results in 

a capacitive coupling to the \veak link which is (deliberately) very 

weak. As will be seen, the exact position or orientation of the weak 

link does not affect the final results. 

An electric fie.Id Ei v,as incident upon one end of the resonant 

cavity as shm-vn in Fig. 2.la, where the arrmv denotes the direction 

of power flow, not the direction of the field itself. Some fraction 

of the incident power is transmitted through the cavity and gives 

rise to the transmitted electric field Et. As may be expected, Et 

depends to some extent on Z, the impedance of the weak link. The 

quantity actually measured is the (complex) ratio Et/Ei. The method 

used for measuring Et/Ei' as well as that for relating it to Z, will 
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Fig. 2. l Coupling of proximity effect weak link to microwave cav­
ity. (a) Incident and transmitted electric fields, 
-)- ➔ E; and Et. (The arrows represent the direction of power 
flow.) (b) One of several possible equivalent circuits. 
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be discussed later. 

Four lead wires were connected to the weak link so that a 

standard four-terminal resistance measurement could be made simul­

taneously with the microwave measurements. These wires were made 

of Al (Al is not superconducting at these temperatures) and were 

thermomechanically bonded to the superconducting film using a com­

mercial bonder. The more conventional method of attaching tinned 

leads with In contacts sometimes causes extraneous signals due to 

the superconducting joints, and so was avoided here. The wires were 

passed out of the cavity through a small hole in the cavity wall 

where the fields and currents are zero; this avoids large distortfons 

of the fields due to the lead wires. In addition, an external mag­

netic field could be applied and a de bias current passed through the 

i,-1eak link. As will be seen, the impedance of the lead ,,_,ires, etc. 

had no effect on the measured weak link impedance. 

An equivalent lo1:1 frequency circuit (Ref. 9) for the microwave 

cavity with ,,_,eak link coupled to it is shown in Fig. 2. lb. (Those 
.f 

readers whose intelligence is easily offended are advised not to look 

at Fig. 2.lb.) This particular equivalent circuit is not unique in 

the sense that many other circuits could just as well have been chosen. 

Here Cc and Le represent, respectively, the distributed capacitance 

and inductance of the cavity and determine its resonant frequency (to 

first order). R represents the dissipation of energy in the walls w 

of the cavity and Rs represents the loss of energy through the iris 

(hole) on the right. The e~ergy escaping through this iris gives 
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rise to Et and so the voltage vs is proportional to the siqnal 

(electric fi eld) measured by the detection system. Th e effe cts of 

the incident electric field E. are represented by the voltage v 
l , D" 

The power loss throu gh the iris on the l eft is negligible, since it 

is made much smaller than the one on the right. (This is the advan­

tage of using a transmission cavity; the left hand iris can be made 

as small as desired and nee d not be adjustable.) R and L represent 
D D 

the real and imaginary parts of Z as reflected into the tank circuit. 

(RD and L0 are usually -proportional, but not necessarily equal, to 

the real and imaginary parts of Z.) 

As will be seen, there is a limit to the ma ximum voltage which 

can be applied across the weak link and still have it function prop­

erly. Consequently, the maximum signal v1ould be obtained (by the 

usual impedance matching argument) if R were made negligible and R w s 

were set equal to RD. R can, indeed, be made negligible, but weak w ' 

coupling requires R << R. Thus the signal to noise ratio could be D s 
improved but at the expense of making the analysis nonlinear (which 

In these experiments R was kept much 
D 

smaller than Rs, and so the Q of the cavity was determined by the 

size of the exit iris. Typically, Q = 2000. 

Figure 2. lb is really not necessary for relating Z to Et/E;, 

and has been included mainly for the sake of completeness. (In 

particular, it is not necessary to know the relation between RD' L0 

and Z.) For weak coupling Et/Ei can simply be expanded in a Taylor 

series in Zand higher order terms dropped to obtain 
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( 2. l ) 

Here a and care complex constants (Jal >> JcZ[) which depend on the 

relative geometry of the cavity, the v1eak link, the lead wires, etc. 

In principle, a and c could be calculated, but in practice they can­

not. At this point the second s imp l ifyi ng technique, the internal 

calibration, is put to use. 

In this experiment only impedance changes were measured. For 

example, Z is a function of the de bias current I1 passing through 

the weak link. Thus it is possible to measure the impedance change 

(2.2) 

This does not result in any real loss of information, hm'/ever, 

because the limiting value of Z for large bias currents I1 is the 

same for all the theoretical models to be considered and can be used 

to relate the impedance changes to the impedance itself. 

The experiment , then, consisted of chopping I1 on and off 

(square wave modulation) at a frequency of 103 to 104Hz and measuring 

the resulting change in E/Ei. From eq. (2 .1) t..Z is then given by 

l t..Et 
t..Z(I ) = -- (2.3) l c E. 

l 

Before discussing how the calibration constant c was found, the detec­

tion system used to measure t..Et/Ei will be described. 

Both the amplitude and phase of the transmitted electric field 

Et \vere measured using the phase-locked heterodyne detection system 
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shown in Fig. 2.2. During the measurements E. v1as helrl constant and 
l 

served as the reference phase for Et. Si nee this type of circuit 

is more or less standard, it will be discussed only briefly. Basi­

cally, the circuit mixes the original 10 GHz signal down to 60 MHz 

and then again to de. The signal is mixed ti.vice so that the 1/f 

noise can be avoided in mixer #1, \1/here it would be a problem if the 

signal ~,,ere mixed all the way from 10 GHz to de. The part of the 

circuit drawn with dotted lines keeps track of the phase, so to speak, 

between the signal mixed to 60 MHz and the 60 MHz reference oscilla­

tor. This is accomplished by means of the feedback circuit. The 

phase shifter allov-,s the r eal or 1maginary part of Z to be measured, 

as will be described in connection with the calibration technique. 

The use of the circuit shown in Fig. 2.2 would have been straightfor­

ward except that it was not commercially purchased; all of the feed­

back loops, etc. v1ere made in the laboratory. 

The method used to determine the calibration constant c will 

now be discussed. From eq. (2.3) it can be seen that the value of c 

could be determined if a known value of impedance change could be 

produced and the resulting value of 6EiEi measured. A known value 

of t-.Z was produced in the fo 11 owing way: By passing a very large de 

current through the bridge, the bridge and a small region of the sur­

rounding superconducting film could be driven into the normal state. 

The measured de resistance Re of this region ·was made very large 

compared to that of the bridge alone (Re>> RN). The assumption was 

that t-.Z due to chopping this large de current was purely resistive 
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and equal to Rc. This provides a known value of Z for calibration 

purposes. 

This assumption was justifi ed because of the small dimens ions 

of this normal region, because of the smallness of effects due to its 

stray capacitance and inductance, and because of the fact th at th e 

conductivity of thin films is indep2ndent of frequency up to fre­

quencies beyond 10 GHz (Ref. 10). The accuracy of the calibration 

appears to be limited primarily by the conductance (shorting) due to 

the stray capacitance across R. Although the conductivity due to 
C 

stray capacitance is negligible compared to RN, it may not be entirel y 

negligible compared to Rc (Ref. 11). The major effect of this is to 

introduce a small error into the phase of the signals. 

By using the method described above, the value of c was deter­

mined to an accuracy v,hi ch was estimated to be 10 percent or better. 

This calibrated both the amplitude and phase of the signals measured 

during the remainder of the experiment. In actual practice the mic-

rm"t'ave phase shifter \•las used in such a v,ay that either the real or 

imaginary part of f.. Z could be directly recorded as a function of r1. 

The impedance of the lead wires or t he position of the bridge had no 

effect on the calibrated results since they did not change with r1. 

The fabrication of the proximity effect weak links used in this 

experiment is briefly described in Cha~ter I. The details of this 

fabrication process as well as their (well-kriown) de properties have 

been described in earlier publications by the Caltech low-temperature 

group (Ref. 12). The particular weak links studied in this chapter 

~'/ere constructed from a layered thin film composed of Ta and W (other 
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material s are us ed in Chapte rs III and IV). The len gth of the bridges 

in the direction of current flow 1vas typically about 0.5µ, the vJidth 

perpendi cul ar to the current flm•,/ ab out 12µ , an d the resi s tance in th e 

no rmal s tate, R~·J' ab out 0.2 oh ms. The \1/eakened sections \'Jere formed 

by anodi zation. (Argon ion s puttering 1,;1 as used for the devices of 

Chapters III and IV.) 

Other experimental techniques such as the measurement and regu­

lation of the He bath temperature, etc. are 1t1el l knm·m and used 

throughout the field of lrn't' t emperature physics. The particular tech­

niques used by the lm1 temperature group at Caltech are described in 

detail in the th es is by Palmer (Ref. 13). No special cryogenic or 

electromagnetic shielding techniques beyond thos e mentioned by Palmer 

were needed for the work described in this chapter. Later chapters do 

require some special techniques, which will be mentioned as the need 

arises. 

2.3 Experimental Results 

Measurements \vere carried out on several different devices fab­

ricated at intervals of several months. The results were essentially 

the same for all devices tested. Consequently, only the results for 

one particular device are shown in the thesis. This helps avoid con­

fusion over the exact value of the transition temperature, RN' etc. 

Some typical experimental results are shown in Figs. 2.3 and 

2~4. Figure 2.3a shows the usual de differential resistance (dV/dI) 

as a function of the ( unchopped) de bi as current I 1. A sma 11 micro­

wave current 12 was being driven through the weak link and produced 
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Fig . 2.3 Effects of the de bias current 11 on the impedance of 
a proximity effect weak link. (a) de differential re-

sistance, dV/dI. (b) Change in the real part of the 

microwave impedance, 6R. (c) Change in the imaginary 

part of the microwave impedance, 6X . 
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the familiar first step. An incomplete subharmonic step can also be 

seen. The microwave frequency cu /2rr was 9. 69 GHz. The temperature 
jJ 

was 2.85°K, and the critical current I was 38JJA. At this value of 
C 

I and w, the Josephson inductance, ~/2eI , corresoonds to an imped-e ]J C ' 

ance of 0.53 ohms, whereas RN for this particular bridge was 0.17 

ohms. The microwave current passing through the bridge has reduced 

the maximum zero-voltage de current by an amount 6Ic equal to 3.2µA. 

(The value of 6Ic can later be used to calculate the amplitude of 12, 

once a particular theoretical model has been chosen.) 

The experimental data in Fig. 2.3b (right-hand scale) show 

the change 6R in the real part R of the mi crov,ave impedance as a func­

tion of 11 for the same bridge and microwave current of Fig. 2.3a. 

Similarly, Fig. 2.3c (right-hand scale) shows the change 6X in the 

imaginary part X of the impedance. /\11 three curves measure different 

aspects of the same physical situation; Fig.2.3b was traced imme­

diately after tracing Fig. 2.3a, etc. (The dimensionless scales on 

the left-hand side of Figs. 2.3b and 2.3c will be explained later in 

connection with the theoretical analysis.) It should be emphasized 

here that 6R and 6X are directly determined quantities and that no 

theoretical assumptions have yet been made. The theoreti ca 1 curves 

(dashed and dotted lines) should be ignored for the present time. 

There are several qualitative comments which can be made 

about the data shown in Fig. 2.3 before discus~ing any of the theories. 

The region below the critical current (1 1 < Ic) is the region 1-.Jhere the 

effects of the Josephson inductance LJ are expected to be seen. Note that 
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6R increases as r1 approaches Ic, but that llR remains less than 

~0.02 ohms throughout this region. This is to be compared with the 

value of 0.17 ohms for RN" Thus the resistive impedance changes by 

only a small fraction of RN itself. (This feature will be crucial 

when comparing the various theories.) Note also that there is no 

abrupt jump in 6R when the critical current is reached. The reactive 

impedance 6X decreases with increasing 11 throughout this region but 

its magnitude also remains smaller than RN. The magnitude of 6X can 

be seen to be several times larger than the magnitude of 6R. 

Some qualitative comments can also be made about the structure 

seen near the first step. Near the first step 6R shows a structure 

which is antisymmetric about the center of the first step, whereas 6X 

is nearly symmetric. (The slight 1 ack of symmrtry seen in 6X can 

probably be blamed on the small phase error involved in the calibra­

tion method, as already discussed. It can be removed by a slight 

phase adjustment but it is probably more honest to leave it in.) It 

can be shown on the basis of any of the theoretical models to be dis­

cussed be low that, for a nonsynchronized bridge and I1 >> Ic, the real 

part of the microwave impedance approaches RN and the imaginary part 

approaches zero. Thus the data could have been plotted directly in 

terms of Rand X rather than 6R and 6X, if any of the models had been 

assumed to be correct. 

Keeping this in mind, the data shown in Fig. 2.3 can be dis­

cussed in terms of the impedance itself, rather than the changes in 

impedance. It can be seen that R drops (and then rises) near the 
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first step but never actually becomes negative for this value of 

Ic, since the constant background in RN corresponds to .17 ohms. 

Note that 6R very nearly fonns a straight line in between its rela­

tive maximum and minimum points near the step. If the micrm,1ave 

current is increased slightly above that used here, this line becomes 

even straighter. (In.Fig. 2.3b this line is slightly rounded due to 

thermal noise effects.) Similarly, X (as opposed to 6X) can be seen 

to be inductive for 11 < Ic, capacitive near the first step, and ap­

proximately zero elsewhere, since the constant background in X corre­

sponds to zero. For 11 > Ic and aw~y from the first step, both 6R 

and 6X are approximately constant. (The slm'lly rising background seen 

in llR ·is due to a small ('v0.01 ohm) change in RN itself as a function 

of I l. ) 

All the general features noted above can be qualitatively un­

derstood in terms of the calculations to be discussed below. It 

should probably be noted in passing that the signal to noise ratio 

can be greatly improved by increasing Ic (the signals are crudely 

proportional to RNic) but that the data shown here provide a better 

test of the various theoretical models than would be obt~ined for 

larger Ic. If desired, the signal to noise ratio can also be improved 

by increasing the coupling of the weak link to the fields in the cav­

ity. Although the data shm'in in Fig. 2.3 are too noisy to be 

aesthetically pleasing, they are more than sufficient for a comparison 

with the theories. 
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2.4 Th eoretical Models an d Th eir Ma t hemati cal Solution 

Several diffe rent theo retical models fo r proximity effect \AJeak 

lin ks have been proposed . What are probably t he mos t commonly ac­

cept ed and used theories l ea d to the follov1ing forms for the current­

phase relationshi p 

I = I sin cp + v/RN (2.4a) 
C 

I l (2.4b) = 2 I c ( l + cos ¢) + v / RN 

I = I sin ¢ + vo( l - cos ¢) (2.4c) 
C 

Here I is the total instantaneous current through the weak link, vis 

the instantaneous voltage across the weak lin k, and a is a constant 

related to RN" Equation 2.4a is just the current through an idea) 

Josephson junction shunted by a rasistor, and is the model most com­

monly used (because of its simplicity) to des cribe weak links of vari­

ous kinds (Refs . 14,15). Equation (2.4a) will be referred to as the 

resistivity shunted junction (RSJ) model. ~priori, eq. (2 . 4a) would 

seem to be the most naive of the three models. Equation (2.4b) was 

first empirically formulated (Ref. 16) to account for the experimentally 

observed excess supercurrents in the de characteristics of proximity 

effect weak links biased above the critical current. It was qualita­

tively explained (Ref. 17) on the basis of the phase slip model, and 

was later theoretically justified (Ref. 18) using time-dependent 

Ginzburg-Landau theory. Equation (2.4b) is not meant to be applied for 
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zero de voltages (1 1 < le). (The physical basis of the phase-slip 

model will be described in more detail shortly.) Equation (2.4c) 

is similar to eq. (2.4a) but includes a phase-dependent quasi­

particle current as predicted by Josephson (Ref. 3) in addition to 

the phase-independent quasi-particl e current of eq. (2.4a). Here 

the phase-dependent quasi-particle current has been chosen to be 

equal and opposite to the phase-independent quasi-particle current 

on the basis of recent experimental results (Refs. 4-6). It \•1ould 

be fair to say that (at least before the publication of the present 

experiment) eq. (2.4c) was generally considered to be the most accu­

rate and rigorous of the three theories or models. 

A comment about the inclusion of eq. (2.4c) in the analysis 

of this experiment must be made here. After the results of this ex­

periment were published (Ref. 2) the applicability of eq. (2.4c) to 

the analysis of this experiment was questioned for various reasons. 

Equation (2.4c) was included in the analysis of this experiment be­

cause it was extensively used in the literature, being applied to 

proximity effect vleak links as \'/ell as other types of devices. In 

fact, one of the first measurements of the coefficient of the phase­

dependent quasi-particle term (Ref. 5) was carried out using a 

proximity effect \'leak link. Furthermore, eq. (2.4c) 1t✓ as used \'lith 0 

taken to be independent of voltage in all of the previous measure­

ments of the phase-dependent quasi-particle term. Equation (2.4c) 

was included in the original publication of this experiment, and is 

included here, because it was used in the literature. The inclusion 
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of eq. (2.4c) was never meant to imply that the application of eq. 

(2.4c) to this experiment, that of Ref. (5), or any other experi­

ment for that matter, is correct, justified, or reasonable. (On 

the contrary, the original publication of this experiment riointed 

out that the use of eq. (2.4c) is not very reasonable, at least for 

proximity effect v,reak links.) The appropriateness of eq. (2.4c) 

will be discussed in more detail in Sections 2.5 and 2.6. 

The phase-slip model, eq. (2.4b),will be seen to be of special 

importance in this chapter, so it might be appropriate to describe 

its physical origin. Basically, the idea is (crudely) that a proxim­

ity effect weak ljnk might be more similar in some respects to a 

short, narrow superconducting wire than to a true tunnel junction 

Josephson device, or at least should shovJ some behavior in betv-1een 

that of a tunnel junction and a short, narrow wire. According to the 

simplest form of the phase-slip model, if a voltage is applied across 

a proximity effect weak link carrying no supercurrent, the electric 

field will continuously accelerate the superfluid until it reaches 

its critical velocity (critical current). At that point the kinetic 

energy of the superfluid has become so large that it is thermodynam­

ically favorable for the superconductor to be in the normal state 

(41 = O), and so \1Jithin a time TR the electrons will relax back into 

the normal state. Once the kinetic energy of the superfluid has been 

dissipated as heat by this process, the superconducting state (41 ¥ 0) 

is once again favorable and so the superfluid will quickly be reformed 

with ze,ro superfluid velocity. The electric field viill begin to 
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accelerate the superfluid once more, and the process is repeated 

over and over. This continuous acceleration, destruction, and 

subsequent regeneration of the superfluid is commonly referred to 

as a relaxation oscillation (Ref. 17). It is assumed that the 

destruction and regeneration of the superfluid takes place in a time 

period vJhich is negligible compared vJith the time required for the 

acceleration by the electric field . Thus a plot of the supercurrent 

as a function of time would be approximately a triangular waveform. 

The intuitive explanation given above can be made quantitative 

using the time-dependent GL theory (Ref. 18), which shov-1s that vari­

ations in the amplitude of, are important in addition to variations 

in the phase. One important feature which results is that, for given 

values of ¢Land ¢R,the phases on the left hand side and the right 

hand side, respectively, of the weak link, there may exist more than 

one solution for ,(x); the value of \7¢ integrated from one side to 

the other differs between these various solutions by n2n, where n 

is an integer. The relaxation process described above corresponds to 

a discontinuous change in n; hence the term phase-slip. (Note that 

, must go to zero at at least one point inside the weak link during 

the phase-slip process in order to maintain the continuity of 1 .) 

If n is small (on the order of one) then these quantized phase-slips 

give rise to effects similar to those observed in true tunnel junc­

tions. Since the time-average of the supercurrent for a triangular 

~vaveform is I /2, the phase-slip model predicts a nonzero de super-c 

current (referred to as the excess supercurrent) even for large 
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voltages. In addition, the nonsinusoidal waveform will reduce the 

amplitude of the Fourier component of Is at the Josephson frequency 

and also generate Fourier components at other frequencies. This ac­

counts for the factor of 1/2 in eq. (2.4b). As \'lill be seen later, 

some of these predictions of the phase slip model can be tested in 

this experJment. 

In addition to eq. (2.4), it was assumed that 

(2.5a) 

( 2. 5b) 

where r2 is the amplitude of the microwave current at angular frequency 

w , and e and f1 are, respectively, the charge of the electron and 
)J 

Planck's constant. Equation (2.5a) expresses the fact that the weak 

link is current biased; this assumption is physically justified at 

microwave frequencies by the impedance in series v.Jith the weak link 

due to the inductance of the current path leading to the weak link, and 

by the smallness of the stray capacitance shunting the bridge. Equa­

tion (2.5b) is well known from Josephson's original paper (Ref. 3). 

Equations (2.5a) and (2.5b), along with the choice of either 

eq. (2.4a), (2.4b), or (2.4c), completely determine the behavior of 

the weak link. The mathematical calculation of the microwave impedance 

of a current biased device based on thesP. equations is, unfortunately, 

made rather difficult by the nonlinearity of eq. (2.4). (The voltage 

biased case is trivial, since eq. (2.5b) can then be immediately 
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integrated.) No general analytic solution has ever been found. 

Digital computer calculations of the solution based on eq. (2.4a) 

for some specific cases have been published (Ref. 19). These digi­

tal solutions were not general enough to be of much use in the 

analysis of this experiment, and did not deal with eqs. (2.4b) or 

(2.4c). Some further computer calculations were carried out in the 

course of this work, but it was found that this method of analysis 

was prohibitively expensive. (For reasons which need not be dis­

cussed in detail, the peculiar nonlinearity of these equations 

causes the computer calculations to converge much more slowly than 

would normally be the case.) 

Fortunately, an approximate solution to these equations which 

was suitable for the analysis of the data was eventually worked out. 

This approximate solution will be outlined below and is carried out 

in detail in Appendix A. Several approximate treatments also exist 

in the literature (Ref. 20-23), some of which were brought to the 

attention of the author after the completion of this experiment. At 

least one of these treatments appears to be in error, and the others 

do not appear to be in a form suitable for use in this experiment. 

Due to the length and complexity of the solutions appearing in the 

literature, the author has not determined to what extent their 

methods of solution are similar to that used here. The method used 

by Volkov and Nad' (Ref. 23) to calculate the de properties of 1--1eak 

links based on eq. (2.4a) may be somewhat similar to the method to 

be described below. 
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A relatively simple solution to eqs. (2.4) and (2.5) can be 

found for the limiting case of small Ic and 12. The solutions for 

eqs. (2.4a), (2.4b), and (2. 4c ) are similar; in order to be precise 

and to avoid confusion, only the solution to eq. (2.4a) will be dis­

cussed. In particular, an approximate solution can be found if 

a<< l and S << l, where a and Sare defined by 

(2. 6a) 

(2.6b) 

(The inequality need not be strong.) For 11 < Ic, the results can be 

readily obtained by the use of first-order perturbation theory and 

consis~ of the well-known Josephson inductance. The details of this 

calculation are included in Appendix A and need not be discussed 

here. For 1
1 

> Ic, ho\'1ever, the situation is much more difficult. 

Attempts have been made (Ref. 20) to U$e perturbation theory in this 

situation as well, but straightforward perturbation theory is not ap­

propriate because the application of an arbitrarily small microwave 

current 61 2 will cause a change in phase 6¢ which can become arbitrar­

ily large as time progresses. Strai ghtfor\'1ard expansion in Fourier 

series is also not appropriate because the correct solution (see 

Appendix A) can be shown not to be a periodic function of time. 

The difficulty in finding a solution to _these equations arises 

from the nonlinearity and periodicity of the sine term in eq. (2.4a). 

A perturbation expansion would be valid if a suitable approximation 
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were to keep the argument of the sine term always small compared 

\vith 2n. This cannot be accompl-ished, however, except for the trivial 

case r1 < Ic already mentioned. Thi s problem can be avoided (with a 

certain amount of difficulty) by making a change of variables to ¢R 

defined by 

¢=¢-wt R µ 
(2. 7) 

Physically, ¢R represents the deviation of the quantum phase from the 

electromagnetic phase. The approximation to be described makes use 

of the fact that, near the first step, ¢R will be slowly varying (on 

the time scale of a microwave period T) for a<< l and B << l. 

Strictly speaking, the approximation is not valid at large distances 

from the step. But, as \'lill be sho\'m, the superconducting response 

is zero (Z = RN) far from the step so that this complication is of no 

importance. The results obtained become exact in the limit a+ 0 and 

B + 0. 

The method of solution consists of finding an approximate differ­

ential equation obeyed by ¢R \'lhich is more readily solved than the 

exact differential equation resulting from the substitution of eq. 

(2.7) into eqs. (2.4) and (2.5). This approximate differential equa­

tion is found by first calculating 6¢R' the change in ¢R from the 

beginning to end of one microwave period T Since 6¢R is small, the 

differential equation governing the calculation of 6¢R can be 

linearized and fairly easily solved to give an analytic solution for 

6¢R. Then d¢R/dt can be approximated by 6¢R/T. This approximation 
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is justifi ed because ¢R is slowly varying. (As ha s already been 

mentioned, the results are exact in the limit of small a and s ). The 

resulting approximate differential equation for ¢Rat the first step 

turns out to have exactly th2 same fonn as the equation obeyed by ¢ 

itself at the zero step with no micrm\faves applied. This analo gy had 

earlier been observed in the de calcul ations of Volkov and Nad' (Ref. 

23). (The author 1--,as nevertheless amazed by this analogy, since he 

was not aware of the work by Volkov and Nad' at the time these calcu­

lations were performed.) An analytic solution can then be found for 

this approximate differenti al equation in ¢R. 

The details of the calculations outlined above are included in 

Appendix A. For convenience, the final results for the mi crm'iave 

impedance based on eq. (2.4a) will be summarized here. Let v and u 
µ µ 

be defined as the time-averaged Fourier coefficients of v(t) at angu-

l ar frequency u) which are, respectively, in phase and out of phase µ 

with the external microwave current drive. (The time average must be 

taken since the solution is not a true periodic function of time and 

so the Fourier coefficients calculated over a few microwave periods 

will themselves be slowly varying functions of time. The experiment 

itself does measure just this time -average.) The microvJave imped-
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\vhere 

fl 

2eI [l - (I /I /J112 
C 1 C 

(2.9) 

= ±(RNI/w2)[(w~-w~) 1/2 - lw1 I J + RNI2 

for I w1 I > w2 

= 0 
(2. 10) 

where w
0 

= 2eRNI 1;-n, w = w -w and w = l aBw It should be 1 o µ' 2 2 µ 

mentioned once again that the above results correspond to the current-

phase relation of eq. (2.4a) (RSJ model), the other relations giving 

similar results. These solutions are in qualitative agreement with 

the computer calculations of Auracher and Van Duzer (Ref. 19). 

Equations (2.8), (2.9), and (2.10) give the impedances them­

selves. The impedance changes actually measured by the experiment can 

be found by direct substitution. For example, l-.R(I 1) = r2
1[vµ(I 1) -

v (O)], etc. As has already been mentioned, the measurement of imped­µ 

ance changes rather than the impedances themselves does not result in 

the loss of any physical information. 
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2.5 Comparison of Theory and Experiment 

In F·igs. 2.3b and 2.3c the results from eq. (2.4a) (RSLl model) 

are plotted \vith a dashed line. The results from eq. (2.4b) (phase­

slip model) are plotted with a dotted line. (The dotted line is some­

times obscured by the data.) The results of eq. (2.4c) have not been 

plotted fol' reasons to be discussed later. The phase-slip model is 

meant to be applied only for nonzero de voltages; therefore only eq. 

(2.4a) has been used for r1 < Ic. For convenience, the left-hand 

scales give the in and out of phase microwave voltages, 6v and 6u 
µ µ 

The only parameters in either theory are I , 6I , 
C C 

RN, and wµ, and all these parameters are directly measured so that the 

theory has not been fitted to the data in any way. (ill was used to 
C 

determine r
2 

as described in Appendix A; r
2 

obtained in this way vrns 

then used in eqs. (2.8), (2.9), and (2.10).) The only exception is 

that, to aid in comparison of the theories with the data, the current 

axis has been normalized slightly so as to put the step at exactly the 

right voltage corresponding to 9.69 GHz. 

First, it can be seen that either the RSJ model or the phase­

slip model gives results v1hich have the same general features as the 

data. The most obvious discrepancy is that at the first step, the RSJ 

model gives structures in both 6R and 6X which are too large by a 

factor of approximately two. The phase-slip model gives better agree­

ment in this region. Using the methods described in Appendix A, it can 

be shown that the cos cjJ in eq. (2.4b) (phase-slip model) can be 
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replaced by sin ¢ \'iith no chan ge in the structure observed at the 

first step. Thus the differences in the results of these t wo models 

at the first step are primarily due to the factor of l/2 in eq. (2.4b). 

Physically , the data indicate that the Fourier component of the 

supercurrent at angular frequency w (fa.C Josephson effect) is less 
µ 

than Ic by a factor f whose experimental value at this temperature 

is 0.65 ± 0. l. Equation (2. 4a) (RSJ model) predicts a value for f 

of l.0, eq. (2.4b) (phase-slip model) gives 0.5. (As has already been 

nEntioned, the phase-slip model gives a reduced Fourier component of 

I at the Josephson frequency because I is not a sinusoidal function s s 

of time.) There are many variations of the phase-slip model; one 

of them (Ref. 24) happens to predict a value of 0.65 for f which is 

in good agreement with the dat a. 

The exact value off measured in this experiment is probably 

not of great physical significance for several reasons. First, the 

values off predicted by various models, such as the phase-slip 

models, generally involve unrealistic approximations which cause the 

predicted value off to contain a great deal of uncertainty. Thus 

the agreement bet\,Jeen the measured value of f and the predict ion of 

Ref. (24) may well be fortuitous. Secondly, in this experiment a 

careful study of the temperature dependence off was not carried out. 

Since f may be a function of temperature (and thus critical current), 

the particular value of f measured here may not be of any great sig­

nificance. What is of significance is the fact that f is definitely 

less than unity, which rules out the RSJ model in favor of the phase-
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slip models. Physically, the results tend to support the idea that 

the supercurrent does not undergo pure sinusoidal oscillation, in 

agreement v,iith the results of the phase-slip model. 

There are some possible spurious experimental effects which 

might conceivably lower the measured value off and therefore need 

to be ruled out. First, the analytic solution of the theoretical 

models was only approximate. Care must be taken to insure that the 

values of a and Sare small enough so that the errors introduced are 

not significant. This v-ias verified experimentally by varying the 

microwave current drive and the critical current to be sure that the 

character of the results v1as not altered. The size of the errors 

introduced in this Hay could also be estimated analytically and ~,iere 

not found to seriously affect the measurement off. A related prob-

1 em has to do v.Jith the effects of thermal noise, which set the 1 ower 

limits on the magnitude of a. and S for vihich the measurements can be 

made. Because of the highly nonlinear nature of the equations, the 

effects of thermal noise cannot be calculated in a rigorous way 

(except by computer). However, a crude estimate of the effects of 

thermal noise can be obtained by various intuitive arguments. For 

example, . if Ic and r2 are both much larger than the noise currents, 

then the effects of noise should be negligible. Once again, the 

best check on the effects of noise was to experimentally vary I and 
C 

12 to determine if the character of the results had been altered. 

It was concluded that neither the neglect of higher order terms in 

the calculations nor of thermal noise effects could cause the observed 

reduction in f. 
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The stray capacitance of the ~,,eak link (Ref. 11) is approxi­

mately 100 times smaller than 1,-muld he required to produce the 

measured reduction inf and is therefore negligible. The effects 

of heating due to power dissipation in the weak link can easily be 

shown to increase exponentially in the step number squared. The 

observed amplitude of the higher steps can therefore be used to set 

an upper limit on heating effects at the first step. These effects 

were found to be too small to significantly reduce the measured 

value off. 

An obvious source of possible error in the measurement off is 

the method used to calibrate the impedance measurements. The nature 

of this calibration method and its principal limitation have already 

been discussed. An additional check on possible errors in the value 

off due to calibration error vvas made by putting the theoretical and 

experimental results in dimensionless form. Such a procedure makes 

the calibration irrelevant. It was found that no set of de param­

eters would give a theoretical curve based on the RSJ model (eq. 

(2.4a)) whose shape was the same as that observed. Yet another in­

dependent check on the experimental value off was made by measuring 

the maximum width of the first step. A value of 0.62± 0.05 was ob­

tained, which is in good agreement with the value already quoted. The 

preceding comments might be summarized by saying that no source of 

experimental error could be found \vhich would account for the ob­

served reduction off from that predicted by the RSJ model. 

In Fig. 2.4a a more detailed measurement of uµ in the Josephson 

inductance region (I 1 < Ic) is shown. For r1 < Ic the experimental 
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results are in reasonable agreement \vith the analysis based on the 

RSJ model, if the uncertainty in the micrmvave calibration and the 

possible effects of thermal noise are taken into account. There is 

a significant discrepancy, hm,,ever, just above I as the measured 
C 

value of uµ slowly rises to meet the theoretical calculation. 

Although the calculations carried out in Appendix A are only exact 

in the limit of small a and S, it can rigorously be shown on the 

basis of eq. (2.4a) or (2.4b) that u should be constant (zero) for 
µ _ 

r1 > Ic, provided that the weak link is not phase locked to the exter-

nal microwaves or their harmonics or subharmonics. No quantitative 

explanation has yet been found for the fact that the experimental uµ 

is not constant in this region; it does, hm.,,ever, seem quite possib .le 

that this effect is caused by the trans it ion from the RSJ model to 

the phase-slip model as the de voltage increases from zero at Ic. In 

other words, as the voltage increases the supercurrent starts to 

become nonsinusoidal, but the approximations made in the phase-slip 

model may not yet be valid. The smaller discrepancy below Ic (although 

wihtin the experimental uncertainty) may also be caused by the finite 

size of the microwave voltages being applied and the resulting non­

equilibrium situation, which for de voltages gives rise to the phase-

s l i p mo de 1 s . 

Some structure at the subharmonic step is indicated by the 

arrow in Fig. 2.4a. An attempt was made to explain this structure by 

adding harmonic terms such as sin 2cp or cos 2¢ to eq. (2.4a). (Such 

terms are expected, for example, on the basis of the phase-slip model.) 
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As reported in . the original publication of this work, to lowest order 

in a, such terms cause u to have a symmetric structure around the 
]J 

subharmonic step, whereas the data are antisymmetric. Subsequently, 

an interaction betv,een the sin¢ term and the sin 2¢ term (which is 

second order in a) has been discovered; it may be 1 arge enough to ex­

plain the observed symmetry. This topic is discussed in Appendix A. 

Finally, Fig. 2.4b shows the dependence of u on an external 
]J 

magnetic field. Here 11 was being chopped (square-wave modulated) 

from O to lOOµA and the external field was being slowly varied. 

Equivalent results vJere obtained by chopping the external field and 

s 1 owly varying I 1. The period and extent of the modulation shov,s 

effects of magnetic shielding due to the surrounding film, but is 

consistent with previous results (Ref. 12) on the magnetic field 

modulation of these devices. 

The pre~eding comments on the comparison of the RSJ model and 

the phase-slip model with the data might be summarized by saying that 

the RSJ model is in reasonable agreement ~11ith the data for 11 < Ic 

but in serious disagreement with the data for 11 > Ic. The phase-slip 

model is in apparent good agreement. The disagreement between the RSJ 

model and the data cannot be explained on the basis of any obvious 

experimental error. These results tend to substantiate the nonsinus­

oidal oscillation of I predicted by the phase slip model. A compari-s 

son with the phase-dependent quasi-particle theory (eq. (2.4c)) will 

now be made. 

The results calculated from the phase-dependent quasi-particle 

current model have not been plotted since they go off scale in Fig. 2.3. 
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The constant a was determined by assuming it independent of voltage, 

as was done in all previous measurements of this type (Refs. 4-6) 

and fitting to the I-V curve for large voltages. (/1.n alternative 

way of interpreting the dat a within the context of eq. (2.4c) \'Jill 

be discussed l ater; the same conclusions are reached in any event.) 

This requires a = 1/RN. The phase-dependent quasi-particle current 

then turns out to be much larger than the supercurrent for these low­

resistance devices at this value of lc, which causes the predictions 

of this theory to differ by an order of magnitude from the experimen­

tal results, both for r1 < Ic and at the first step. For exampl e , if 

eq. (2.4c) were correct, th en in going from r1 = 0 to I1 = Ic' l\ R 

would increase by 0. 17 ohms instead of the ~0.02 ohms observed . 

Similarly, l\X would change by 0.52 ohms instead of the less than 

0.05 ohms observed. The details of the calculations are included in 

Appendix A; there seems to be little point in discussing them here in 

view of the gross disagreement with the measurements. If the sign of 

the cos <t> term is reversed (so as to agree with the BCS predictions 

rath er than the previous experiments) the agreement is equally poor. 

Thus these measurements provide a rather sensitive test of 

the phase-dependent quasi-particle term. The experimental results 

may be summarized by saying that the phase-dependent quasi-particle 

current (in proximity effect weak links), if it exists at all, is no 

larger than 10 percent of the total quasi-particle current. When the 

experimental results are stated in that form they become independent 

of any particular model. Consequently, the question of whether or 
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not 0 should be taken to be constant or v,hether eq. (2.4c) should 

be applied at the first step, etc. become irrelevant. The phase­

dependent quasi-particle current (in this experiment) is simply im­

measurably small, for whatever reason. (A possible reason for this 

result is discussed in Section 2.6.) It should probably be imme­

diately pointed out, however, that these results do not contradict 

those previous measurements made on true tunnel junctions because 

of the fundamental differences bet~-.feen the two types of devices. 

They do, however, seem to be inconsistent with the present i nterpre­

tation of the de measurements of Falco et al. (Ref. 5). 

2.6 Conclusions 

It has been shown that for 11 < le the RSJ model is in rea­

sonable agreement with the data whereas the phase-dependent quasi­

particle current model is grossly incorrect. Thus what might have 

a priori appeared to be the most naive theory turned out to be much 

more accurate than the theory generally regarded as most rigorous. 

Physically, the results indicate that the phase-dependent quasi­

particle current, if it exists at all, is much smaller than the phase­

independent quasi-particle current (for proximity effect weak links). 

An intuitive explanation for this observation will now be offered. 

Since the energy gap inside the weak link (far from the 

superconducting boundaries) is extremely small, the properties of 

the material in this _region should to a first approximation be the 

same as those of a normal material. In particular, if an electric 
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fi el dis applied then a normal (quasi-particle) current should 

flow whose physical origin is, at least to a high degree of ac­

curacy, exactly the same as that of a current flowing through a 

copper wire at room temperature. This follows from the fact that, 

for energies large compared to 6, the quasi-particle excitations 

reduce to the usual single electron states of a normal metal. In 

other words, Ohm's law should prevail to a first approximation when 

6 « kT. 

In addition to the Ohm's l mv currents there wi 11 be s uperi m­

posed the effects of the small but nonzero order parameter. This 

will give rise to supercurrents and possibly (although it is far from 

obvious) phase-dependent quasi-part·icle currents as v1ell. The point 

is that in this experiment the Ohm's law current is much larger than 

any phase-dependent quasi-particle current which could reasonably be 

expected (in the author's opinion). In fact, the disagreement be­

b1een eq. (2.4c) and the data can, in principle, be made arbitrarily 

large by lowering the value of Ic. (The Ohm's law currents are 

roughly independent of temperature, whereas the cri ti cal current, 

and presumably any phase-dependent quasi-particle currents, decrease 

exponentially with temperature.) 

Some further comments might be made about the applicability 

of eq. (2.4c) to the first step. First of all, the arguments pre­

sented in the preceding paragraphs indicate that this question is 

probably of no significance for proximity effect weak links and 

really need not be considered in this thesis. Aside from that, the 
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rigorous calculations of l~erthamer (Ref. 25) and Harris (Ref. 26) 

for ideal tunnel junctions suggest that the use of eq. (2.4c) 

together with eq. (2.5) may not properly include the effects of 

photon absorption and emission at the step. The author, although 

not a theorist, is inclined to agree; the results of eq. (2.4c) 

have been included in the analysis of the step structure in Appen­

dix A mostly for the sake of completeness. Those readers who prefer 

to do so can simply ignore the disagreement with the data in this 

region. (The analysis for I1 < Ic is not affected by these argu­

ments.) 

Before leaving this topic, the author cannot resist including 

an intuitive comment about the nature of the current-phase relation. 

Any current-phase relation, such as eqs. (2.4a), (2.4b), or (2.4c), 

asserts that the supercurrent can be calculated at any instant, 

provided that the voltage has been integrated to give¢ at that 

instant. It can readily be seen that this information is not suffi­

cient to give a complete Fourier spectrum of the electromagnetic 

fields (the voltage v(t)) involved. Thus the energy of any photons 

present or created in the field is unknm,m. If the emission or ab­

sorption of photons is an important process (which it frequently is) 

then it would seem that~ current-phase relation should be suspected 

of giving incomplete results. In other words, assuming that the re­

sults are given by~ current-phase relation restricts the functional 

form of the results in a way which may not be of sufficient generality. 

The above arguments are, of course, equivalent to saying that the 

Heisenberg uncertainty principle relating 6E and 6t is being violated 
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by the form of the current-phase relations. These comments can be 

made more precise by simply pointing out, for example, that the 

rigorous results of Werthamer for true tunnel junctions (Ref. 25) 

do not have the form of a current-phase relation. This fact does 

not seem to be very generally appreciated. 

The comments of the preceding paragraph do not mean, of course , 

that the use of a macroscopic current-phase relation will always give 

the wrong result. They do, however, suggest that such relations 

should be used with a certain amount of caution. For example, it 

should not~ priori be assumed that the symmetry of the observed 

subharmonic step structure which has already been mentioned can 

necessarily be explained within the context of~ current-phase 

relation. 

2.7 Summary 

The chapter began by describing some of the \•Jays in which 

high-frequency measurements can yield information which cannot be 

obtained from lmv-frequency measurements. An experimental technique 

for the measurement of microv✓ave impedances was described which em­

ployed weak coupling and self-calibration. This technique allows 

many of the difficulties encountered in microv✓ ave measurements to be 

circumvented. The experimental measurements of the microwave imped­

ance of proximity effect weak links were the_n presented and discussed 

in a form which is independent of any theoretical assumptions. 

The most prominent theoretical models for proximity effect 

weak links were introduced and the impedance predicted by each of 
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them was calculated in Appendix A using an appropriate approximate 

method. It was found that the resistively shunted junction model 

was in reasonable agreement for de bias currents below the critical 

current, but showed discrepancies at the first step which could not 

be dismissed on the basis of experimental error. The phase-slip 

model, on the other hand, was in good agreement with the data at 

the first step. This result tends to support the prediction of the 

phase-slip model that the supercurrent does not oscillate in a 

purely sinusoidal fashion. This conclusion is significant because 

it shows that the behavior of proximity effect weak links is 

qualitatively different from that of true tunnel junctions. The 

theory including phase-dependent quasi-particle currents was found 

to be in gross disagreement with the data for all values of de cur­

rents. Physically, the phase-dependent quasi-particle current was 

found to be no larger than 10 percent of the total quasi-particle 

current. This result does not necessarily contradict previous 

measurements made on true tunnel junctions and appears to be 

physically reasonable for proximity effect weak links. It suggests 

that the quasi-particle current is carried by a proximity effect 

weak link in approximately the same way as is the case for a normal 

metal. 
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I I I. EXPERIMENTAL EFFECTS OF QUASI-PARTICLE INJECTION AND EXTRACTION 
IN PROXIMITY EFFECT WEAK LINKS 

3. l Introduction 

This chapter describes an experiment in which quasi-particle exci­

tations were injected directly into a proximity effect weak link. The 

quasi-particles were injected by means of a very small tunnel junction 

fabricated directly on top of the normal region of the weak link. The 

effects of the quasi-particle injection on various properties of the 

weak link, such as the critical current and first step vlidth, vtere then 

measured. 

The effects of nonequilibrium quasi-particle distributions in bulk 

superconductors have recently been the subject of considerable experi­

mental and theoretical interest. There are several reasons for this 

interest. First, most of the important superconducting parameters, such 

as the transition temperature, energy gap, and critical current density, 

are strongly dependent on the distribution of quasi-particles. For 

example, nonequilibrium quasi-particle distributions generated in various 

ways can sometimes raise the transition temperature T of a superconduc-. C 

tor above its equilibrium value (Refs. 1-6), although in general they 

tend to lower it. These effects may be of practical importance in cer­

tain applications. The relaxation times of the quasi-particles have been 

experimentally measured (Refs. 7-20) and are of theoretical interest 

(Refs. 21-25). Since nonequilibrium quasi-part_icle distributions inter­

fere with the operation of various types of 1--1eak link devices, these 

relaxation times are also of practical importance (Refs. 26,27). There 

are various dissipative processes which occur in the operation of large 
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superconducting magnets which limit their usefulness and impose design 

limitations. Once again, the nonequilibrium quasi-particles produced 

in these dissipative processes are of practical concern (Ref. 28). 

Finally, the phonons generated by the relaxation of the nonequilibrium 

quasi-particles provide a means of producing phonons of a given energy, 

and the inverse process provides a means of detecting phonons of a 

given energy. These methods are currently being used to study the in­

teraction of phonons with various physical systems (Refs. 29-43). 

Although several practical applications have been mentioned above, the 

study of the effects of nonequilibrium quasi-particle distributions 

is, of course, interesting and important in its mvn right. 

As can be seen, the effects of nonequilibrium quasi-partic1e 

distributions in bulk superconductors are being thoroughly studied, 

although a great deal of further work remains to be done. Unfortunately, 

most of the results for bulk superconductors are not directly applicable 

to proximity effect weak links, as wi1l be discussed later. However, 

the work done on bulk superconductors must be discussed in order to 

put the present experiment in perspective, and so the topics mentioned 

above will be reviewed in greater detail shortly. 

In contrast to the large amount of work carried out in bulk 

superconductors, relatively little work has been done on the effects of 

nonequilibrium quasi-particle distributions in weak links. This is due, 

at least in part, to the greater experimental and theoretical difficulty 

involved in studying such effects in weak links. However, even the 

small amount of work which has been carried out indicates that the 
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effects of nonequilibrium quasi-particle distributions in proximity 

effect \veak links are of practical as well as theoretical importance. 

One problem of interest has to do i.,-Jith the relatively lov-1 upper 

frequency limit on the operation of proximity effect weak links. 

Proximity effect \"leak links generally do not function well at frequen­

cies much beyond 50 GHz (Refs. 26, 44), whereas other types of l,1eak links 

(Ref. 45) will function well at frequencies of several thousand GHz. 

This lower operating frequency of proximity effect \.'leak links is believed 

to be due, at least in part (Ref. 26), to the energy dissipated in the 

device by the large voltages and currents required at these high operat­

ing frequencies. This energy is transferred to quasi-particle excita­

tions which in turn relax and transfer the energy to the metal lattice 

and substrate. Unfortunately, the detailed effects of such nonequil ib-

ri um situations are not well understood. 

As another example, the work by Palmer and Mercereau (Refs. 46, 

47) on large arrays of many closely-spaced proximity effect v,eak links 

seems to indicate the existence of coupling between adjacent weak links 

due to the generation of quasi-particles by one weak link and their sub­

sequent effect upon neighboring weak links. This interaction was 

observed to aid in the synchronization of the oscillating supercurrents and 

thus improved the performance of closely spaced arrays. The separation 

between neighboring weak links had to be less than ~lµ in order for 

this coupling to be effective. Similar work on two closely-spaced tin 

Dayem bridges by Jillie et al (Ref. 48), on the other hand, indicated a 

coupling mechanism due (presumably) to quasi-particle interactions which 
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tended to synchronize the two bridges out of phase with each other and 

so would degrade the performance of an array. (A Dayem bridae is a 

narrowed or constricted region of a superconducting film which shows 

quantum interference effects.) There is a clear need for a better un­

derstanding of the effects of nonequili brium quasi-particle distribu­

tions in weak links. 

The remainder of th is chapter begins with an introductory account 

of the current understanding of nonequil i b ri um effects in bulk supercon­

ductors. As has already been mentioned, most of this information is not 

directly applicable to the present experiment but is needed nevertheless 

as background information. The chapter then continues with a discussion 

of the method used to fabricate the dev·i ces studied. (Most of the work 

which had to be carried out in order to do this experiment had to do with 

the problem of finding a suitable means of fabricating the devices.) The 

special experimental techniques needed to make the measurements are 

described and the experimental results are presented. Unfortunately, no 

detailed theories which are applicable to these measurements currently 

exist in the literature. Consequently a simple model which might~ 

priori be expected (~n the basis of work done on bulk superconductors) 

to show the main features of the data is presented. It will be seen that 

the experimental data are in surprising disagreeMent with this simple 

model, and suggest that the fundamental processes involved are of a com­

pletely different nature than had previously been expected. Several 

possible explanations for this result are considered and ruled out for 

various reasons. One particular explanation is suggested which appears 
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to be consistent with the data. The differences between this experiment 

and those carried out on bulk superconductors and other types of vieak 

links will be discussed. 

3.2 Background Infomation 

A theoretical discussion of the effects of nonequilibrium quasi­

particle distributions in proximity effect vieak links vdll be postponed 

until Section 3.6. For the time being it should suffice to say that, if 

a bias voltage large compared to KT and 6 is applied across the tunnel 

junction, then electrons will tunnel into or out of the weak link region. 

(K is Boltzmann's constant and T is the temperature.) Regardless of 

whether an electron or a hole is created in the weak link region, the 

energy of the sys tern has been raised above that of the ground state. Thus 

both electrons and holes are excitations and the tunneling process can 

be thought of as the injection of excitations in either case. Crudely 

speaking, the injected energy might be expected to "heat up" the weak 

link region and in general reduce the critical current, etc. (since the 

critical current decreases exponentially with increasing temperature). 

The situation described above becomes more complicated when the 

energy of an excitation is comparable to the energy gap 6 . In that 

case the excitation is no longer a single-particle excited state of the 

type familiar from normal metals, but is instead a more complicated many­

body excitation known as a quas i-parti cl e. (As the excitation energy 

becomes large compared to 6, the quasi-electrons and quasi-holes reduce 

to the usual single-particle excitations.) Since 6 inside the weak link 

region is much smaller than KT (at least far from the superconducting 
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boundaries), this distinction is not of any importance for many pur­

poses and can usually be ignored in the \veak link region. HoVJever, 

some of the devices studied used Pb (a superconductor) as the other 

electro4e, of the tunnel junction (the geometry of the devices studied 
.• r.:,; 

will be ; discussed later) and so 6 is not negligible there. Although 

the nature of the excitations created in the Pb are usually of no in­

terest in this experiment, the gap in the excitation spectrum of the 

Pb does have some important effects. As will be discussed in Section 

3.6, the gap in the excitation spectrum of the Pb makes it possible, 

for bias voltages near 6Pb/e, to extract excitations from the weak link 

region. (In other \vords, the weak link region is 11 cooled off. 11
) Most 

of the measurements to be discussed were made with bias voltages much 

larger than 6Pb/e, so that even this complication can generally be ig­

nored in proximity effect weak links. 

The conditions of this experiment are such that most of the ex­

perimental and theoretical work which has been carried out on bulk 

superconductors is not directly applicable here. The reasons for this 

will be explained at length in Section 3.6. Nevertheless, it is neces­

sary to discuss the properties of nonequilibrium bulk superconductivity 

in some detail in order to provide a framework in which to describe the 

results of this experiment. (In addition, the discussion to be pre­

sented here will be needed for the analysis of the experiment to be 

described in Chapter IV.) As will be seen, th~ results of this experi­

ment are quite different from what 1-JOul d ~ priori have been expected. 

The surprising nature of these results cannot be appreciated without a 

thorough discussion of nonequilibrium bulk superconductivity. 
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There are several review articles on both the experimental 

study (Refs. 49,50) and theoretical understanding (Refs. 24,25) of 

nonequilibrium bulk superconductors. (Here the term "bulk" is meant 

to include thin films or any other macroscopically large volume of 

superconductor which is not part of a weak link device.) The discussion 

to be presented here is not meant to be a detailed revievJ of this field, 

but is only intended to provide an introduction to the major concepts 

involved for those readers viho are not al ready fami 1 i a r with them. 

First, it should be pointed out that the concepts and results 

to be discussed in this section have been rather thoroughly investigated 

and therefore can be considered to be 1\1el 1 known". For example, non­

equilibrium quasi-particle distributions in bulk superconductors have 

been generated by a variety of means, including direct injection by 

tunneling (Refs. 7-13,15), laser beam irradiation (Refs. 14,16-20), 

microwave irradiation (Refs. 1-3,5), phonon irradiation (Refs. 4,29-32), 

direct heating (Refs. 27,30), and a-particle bombardment (Ref. 51). The 

effects of the nonequilibrium quasi-particle distributions generated in 

these experiments were measured using a variety of techniques which 

need not be discussed here, but which generally involve tunnel junction 

probes (Refs. 4,7-13,15-17,19), resistance measurements (Refs. 1-3), 

microwave reflection properties (Ref. 18), or the spectrum of phonons 

emitted in the relaxation process (Refs. 29-35). (The list of references 

given above is far from complete.) Some of the experiments and theories 

referred to above v1il l be discussed in more detai 1 throughout this chap­

ter. In any event, the large number of experiments and theories listed 
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above all appear to be consistent with the physical picture of non­

equilibrium bulk superconductivity to be discussed be l m·1. . 

The term "quasi-particle", as has already been mentioned, is 

applied to the elementary excitations of the system. (It should be 

emphasized that quasi-particles are excited states of the system and 

not objects like baseballs or electrons.) Quasi-particles are 

described (or labeled) by a momentum~k and an energy Ek which are, 

respectively, the change in momentum and energy of the system due to 

the creation of such a quasi-particle excitation. The energy Ek of a 

quasi-particle of momentum hk can be shown to be (Ref. 52) 

E = r _2 + A2Jl/2 
k LEk Ll ( 3. l ) 

(This simple form must be generalized some~1Jhat in the more elaborate 

theories of superconductivity.) Here Ek is the energy of a Bloch 

state ( unperturbed by the superconducting i nte racti on) of momentum .,,,r'lk 

measured with respect to the Fermi energyµ. For a free electron gas 

Note that Ek defined by eq. (3. l) is always positive, even for values 

of k below the Fermi surface. This is consistent with the convention 

that quasi-holes will be considered to have a positive energy. Also, 

note that, for large values of IEkl' Ek ➔ IEki' so that the energy of 

a quasi-particle is the same as that of the corresponding Bloch state. 

The same is also true for the quasi-particle wave function. (The de­

tails of the wave function need not be discussed here.) This fact forms 
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the basis for the statement already made that quasi-particles 1t!ith 

Ek>> 6 reduce to the usual electrons and holes of a normal metal. 

Creation and annihilation operators for the quasi-particles can 

be formed (Ref. 53), and their properties are formally very similar to 

the usual creation and annihilation operators for electrons and holes 

in a normal metal. The excited states of the system can then be formed 

by operating on the ground state with these quasi-particle operators. 

The similarity of these operators to those of true electrons (particles) 

in normal metals forms the basis for the term quasi-particle. The ther­

mal distribution of the quasi-particles can be shown (Ref. 52) to obey 

Fermi-Dirac statistics, in the spirit of the Landau Fermi liquid theory 

(Ref. 54). To be more precise, the probability f(k) that a quasi-

pa rti cl e state of momentum tik is 11 occupi ed 11 
( that the corresponding 

creation operator has been applied to the ground state) is, under equil­

ibrium conditions, given by 

( 3. 3) 

The chemical potential µ does not appear in the equation above be­

cause all energies have been measured with respect toµ . 

Under nonequilibrium conditions it may be the case that f(k) cannot 

be described by any simple equation like eq. (3.3). However, under cer­

tain special situations to be discussed belmv, •it may be the case that 

eq. (3.3) is still approximately correct if Torµ are replaced by some 

effective values, T* orµ*. In order to discuss this possibility there 

are several concepts which need to be introduced. 
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First, quasi-particles with a given energy E can be divided into 

two groups, known as branches of the excitation spectrum (Ref. 55). 

Those \<Jith momentum tlk larger than the Fermi momentum 1ikF form one 

group and are said to lie on the upper branch. Those 1<Jith ilk < 1ikF 

are said to lie on the lm,;er branch. (Note that the absolute value of 

momentum, not its direction, is relevant here.) It is sometimes said 

that the situation in superconductors is totally different from that in 

normal metals, in the sense that a given energy E only corresponrls to 

one (absolute value of) momentum in a normal metal, whereas a supercon­

ductor has tvw different kinds of excitations (the two branches) for 

each value of E. This is not completely correct, however, because even 

in a normal metal an electron with k > kF can have the same excitation 

energy as an appropriate hole with k < kF , provided that all excita­

tion energies are chosen to be positive as has been done here. The point 

is, as has already been emphasized, that for E >> 6 the complicated 

quasi-electrons and quasi-holes reduce to the ordinary electrons and 

holes familiar from normal metals. It is only for E ~ 6 that the 

quasi-particles are linear combinations of single-particle states, and 

so the nature of the excitations and their related properties becomes some­

what confusing. (A great deal of confusion in this connection arises 

because of the fact that the usual BCS theory does not (formally) con­

serve the total number of electrons.) Whenever the concepts to be dis­

cussed below, such as branch imbalance, become confusing, the author 

recommends that the limit 6 + 0 be considered, in which case the re­

sults should reduce to those of a normal metal. 
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Under certain special conditions (to be discussed shortly) the 

quasi-particle distribution may be described by a generalization of 

Eq. (3.3), in v1hich the quasi-particles on the upper branch are (very 

nearly) in equilibrium with each other at the equilibrium temperature 

T and a chemical potential µ> . That is, 

(3.4) 

Similarly, the quasi-particles in the lower branch are governed by 

( 3. 5) 

In these equationsµ> need not equal µ<. Since all energies were de­

fined in eqs. (3. l) and (3.2) \vith respect to the Fermi level, µ> and 

µ< are measured from the Fermi level. As has already been pointed out, 

the justification of eqs. (3.4) and (3.5) for certain physical situa­

tions will be discussed shortly. 

If it should happen to be the case thatµ>=-µ<, then it is 

convenient to define µqp by 

(3.6) 

The value of µqp under these conditions will be referred to as the 

quasi-particle chemical potential because of the following analogy: 

In an intrinsic semiconductor the Fermi level µ will generally lie in 

the center, of the energy gap. If, however, the semiconductor is doped 
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in an appropriate -vrny, then the position of µ can be raised above the 

center of the gap. This causes an increased number of e 1 ectrons and 

a decreased number of holes. (Charge neutrality is maintained by the 

impurity ions.) If the distributions of the electrons and holes are 

to be described by eqs. (3.4) and (3.5), then clearlyµ> vJill be posi­

tive and µ< negative (in order that the number of holes decreases), if 

holes are taken to have positive energy. In addition, it \>Jill be ex­

pected that JJ> = -JJ<. As has already been mentioned, the quasi­

particles in a superconductor reduce to the usual electrons and holes 

for large energies, ~o that this analogy to a semiconductor suggests 

that µqp' as defined by eq. (3.6), does indeed correspond to what would 

ordinarily be considered the chemical potential of the quasi-particles. 

(The minus sign in eq. (3.6) arises from the convention that the ener­

gies of holes are positive.) 

Ifµ> t- -µ<' it is possible to define µqp in a more general way; 

for example, the chemical potential of a normal tunnel junction probe 

in equilibrium with the superconductor might provide such a definition. 

In this chapter µqp will only be considered to be defined ifµ>= -µ<. 

Once again, the physical conditions under which this occurs will .be dis­

cussed shortly. 

On the other hand, if it should happen to be the case that 

µ = µ , then it is convenient to defineµ* by 
> < 

µ* = µ = µ 
< > 

(3. 7) 

The variableµ* is sometimes also referred to as the quasi-particle 

chemical potential, which causes a certain amount of confusion between 



µ and µ*. qp In this thesis, the term quasi-particle chemical potential 

will always refer to µqp; µ* VJil l be referred to by symbol only. (Note 

that µqp andµ* are only defined under certain special conditions.) A 

positive value ofµ*, for example, corresponds to a larger number of both 

quasi-electrons and quasi-holes than would be the case under equilibrium. 

Once again, such conditions are believed to occur under certain physical 

situations to be described shortly. 

Finally, there are situations in which both branches of the quasi­

particles are (approximately) populated according to 

f(k) = (3.8) 

Here T* is an effective temperature which is different from the tempera­

ture of the substrate or metal lattice (phonons). 

An important concept in this chapter is the branch imbalance, Q, 

which can simply be taken to be the total number of excitations in the 

upper branch minus the total number in the lower branch (Ref. 55). In 

other words, Q is positive if there are more quasi-electrons than quasi-

holes. A moment 1 s reflection ~<Jill show that Q is related toµ defined qp 

a~ove, since raising µqp will increase the number. of quasi-electrons and 

decrease the number of quasi-holes. At this point it might be appropriate 

to point out that some authors prefer to use µqp' whereas others prefer 

to use Q. Still others feel that none of these .concepts are very appro­

priate, and prefer to vwrk entirely with f(k) itself. In particular, 

the concept of branch imbalance has been crititized on theoretical grounds 

(Ref. 56), since the arbitrary division of the quasi-particle excitations 
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into two groups appears to have little physical basis. (In a supercon­

ductor, even at absolute zero, there is no discontinuous change in the 

physics at the Femi surface, as there is in a normal metal.) This 

thesis will use the concepts introduced above, since they are currently 

being used by nearly all experimentalists and perhaps half of the 

theorists. (The remaining theorists are primarily concerned \'Ii th 

Green's function methods.) The physical situations under \'1hich the 

various approximate forms for f(k) described above are valid will now 

be discussed, along with an account of the various kinds of relaxation 

times which are important. 

First, consider a nonequilibrium situation in whichµ* has a 

positive value, so that there are more quasi-particles on both branches 

than would be the case under equilibrium conditions. Such a situation 

might be created by phonon or photon irradiation, which tends to popu­

late both branches equally. (Incident phonons or photons \\lith an energy 

greater than 26 can break a Cooper pair to form two quasi-particles.) 

The excess quasi-particles can then recombine to form pairs with a re­

laxation time -rR known as the recombination time. In a semiconductor, 

the analogous recombination process consists of an electron above the 

energy gap dropping down to fi 11 an empty state (hole) below the gap. In 

a superconductor, the end result can be thought of as the annihilation of 

two quasi-particles to form a Cooper pair. A phonon with a minimum 

energy of 26 is emitted in the process. The value of -rR is fairly inde­

pendent of temperature near the transition temperature (Ref. 49), where 

it has the value of 'v0. l5 nsec in Nb and 'v440 nsec in Al, for example 
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(Ref. 24). The value of TR is (approximately) invers ely proportional 

to the density of quasi-part icles. Thi s is because, crudely speak ing, 

two quasi-particles must "collide " in order for them to recombine to 

form a pair. The rate at \'1h ·i ch this occurs de pends on the density of 

quasi-particles. Because of the presence of an energy gap, the numbe r 

of thermally excited qu asi-particles decreases exponentially with de­

creasing temperature (at sufficiently lrnl./ temperatures), and TR can 

become quite 1 arge at l 0 111 temperatures. 

At very low temperatures TR becomes much larger than TT' the time 

required for the qu asi-particles to come into thermal (temperature) 

equilibrium with their environ ment (Refs. 49,57). (TT is essentially 

the quasi-particle inelastic scattering time.) Unde r these conditions 

the quasi-particles survive l ong enough to be thermalized before they 

recombine and are \'Jell described by the equilibrium temperature T and 

some value of the parameter µ*. Under static conditions i,,.1here quasi­

particles are being created at a fixed rate, the value ofµ* will depend 

on the value of the recombination time TR. A theory of this sort was 

developed by Owen and Scalapino (Ref. 22), and is known, appropriately 

enough, as theµ* model. It might be pointed out that the energy gap 6 

and the other parameters of the superconductor can be calculated easily, 

at least on a computer, once f(k) has been determined. The results of 

theµ* theory were found to be in good agreement with the results of 

various experiments, for example the laser experiment of Ref. (16). 

If, under the low temperature conditions described above, a high­

energy quasi-particle is created in the superconductor by some means, 
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such as phonon irradiation, then there is a definite sequence of events 

which takes place, leading to the relaxation of the superconductor 

toward its equilibrium state. The correctness of the sequence about 

to be discussed has been ~stablished by a large number of experiments 

(Refs. ~-, 5, 7- 19) . First, the quasi-particle relaxes to the energy gap 

edge by phonon emission. There is some evidence (Ref. 58) that this is 

essentially a one-step process, with the emission of a single, high­

energy phonon. The high energy phonon ( or phonons) created in this 

process decay primarily by the breaking of pairs, that is, the creation 

of tvrn quasi-part'icles, v-1hich requires a minimum energy of ?..6.. This 

assumes that the superconducting film is thick enough that the phonon 

does not simply escape into the substrate or He bath before decaying. 

The secondary quasi-particles created by this phonon decay process sub­

sequently relax to the gap edge, just as the original quasi-particle 

had done. This process is repeated until most of the energy of the 

original quasi-particle has been transferred to a large number of 

secondary quasi-particles, all with an energy near t,,. . The total number 

of quasi-particles created is then proportional to the initial energy of 

the original quasi-particle. This entire process is knovm as a cascade 

and is quite similar to the cosmic ray shm'lers of high energy physics. 

The quasi-particles which have relaxed to the gap edge then recom­

bine after a relatively long time TR to form pairs. If the original 

high energy quas i-parti cl es are cont1nuously being generated by some 

process (such as phonon irradiation), then a static condition will be 

reached in which there is an excess number of quasi-particles, oN , above 

the equilibrium value, N
0

. From the discussion given above, oN is 
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proportional to P, the power being dissipated in the superc6nductor. 

This is because the ultimate number of secondary quasi-particles vdth 

energy near 6 created from each primary quasi-particle of energy Eis 

proportional to E/6. In the µ* model, for low temperatures and smal 1 

6N, the change in the energy gap due to oN is proportional to oN and 

thus to the power dissipated. This fact will be crucial in the analy­

sis of the present experiment given in Section 3.6. 

There are several situations in which the results described 

above need to be modified. Fi rs t, at very low temperatures it is pos­

sible for oN to be made larger than N , a condition referred to as . 0 

over-injection. Since TR depends on the density of quasi-particles, 

its value then becomes a function of P and so the linear dependence of 

the energy gap change on Pis lost. A second complication arises if 

the energy distribution of the phonons is taken into account. Since 

the phonon distribution, as well as the quasi~particle distribution, 

may be altered by the nonequi l ibri um conditions, the quas i-parti cl es 

tend to thermally relax to the effective temperature T* of the phonons 

rather than the equilibrium temperature T. A theory incorporating 

these effects has been developed by Parker (Ref. 23) and is known as 

the T* model. At low temperatures the T* model also gives a linear 

dependence of the energy gap change on P (Ref. 49). Finally, at tem­

peratures near Tc the values of TR and TT become comparable, so that 

the quasi-particle distribution cannot be simply described as a quasi­

equilibrium state with some well-defined parameter likeµ* or T*. Under 

these conditions it is necessary to work with f(k) itself and the 
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calculations become much more involved . Such calculations have recently 

been carried out, for example, by Ch ang and Scalapino (Ref . 24). 

The discussion prese nted above is applicable to the case in which 

µ> = µ<, a situation created by phonon or photon irradiation. A differ­

ent situation results if the initial quasi-particles which are created 

lie primarily only on one branch. This res ults, for example, if the 

initial quasi-particles are inj ected by a tunnel junction biased at a 

voltage much larger than 6/e. The branch imbalance Q will then relax 

in a characteristic time TQ known as the branch mixing time. (TQ is 

roughly the amount of time required for a quasi-particle on on e branch 

to be scattered to the other branch.) In an isotropic, uniform super­

conductor branch mixing is forbidden for elastic process by the coherence 

factors (superconducting matrix elements). In addition, for inelastic 

processes the probability of a quasi-particle with a given energy being 

scattered to the opposite branch is roughly proportional to the energy 

gap 6 (Ref. 55). Because of this, the value of TQ calculated by Tinkham 

and Clarke (Ref. 55) diverges near Tc as 6(0)/6(T). (6(T) goes to zero 

at Tc·) This result should not be surprising, since branch mixing is 

forbidden in the normal state (6 = 0) by charge conservation. In a 

normal metal, branch mixing corresponds to the conversion of a hole into 

an electron, or vice versa. This is not the case in a superconductor 

for quasi-particle energies near 6 , \\/here the quasi-particles are linear 

combinations of electron and hole states. 

Near Tc, TT approaches a constant value (Ref. 49), which in Ta 

(the material of the weak link) is ~1.8 nsec (Ref. 24). Since TQ 
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di verges near Tc, the quas i-parti cl es on each branch wi 11 therefore be 

thermalized before undergoing branch mixing. Under these conditions, 

the quasi-particle distribution can, indeed, be described byµ> andµ< 

as in eqs. (3.4) and (3.5). In an elegant experiment by Clarke (Ref. 15) 

and theoretical analysis by Tinkham et al (Ref. 55), TQ was measured in 

Sn and found to diverge as l/6(T) as expected. To the author's knowl­

:~dg~, this is the only direct measurement of Tq• (It is a difficult 

.experiment.) Some related information about TQ was indirectly obtained 

by Skocpol, Beasley, and Tinkham (Ref. 59) from an experiment which in­

volved a measurement of the resistance of a "hot spot" in a tin strip . 

In this experiment, a current larger than the critical current of some 

localized region v1as passed through the tin strip, creating a localized 

nonequilibrium region. The relaxation time of the quasi-particles deter­

mined in this experiment did not diverge near Tc but remained fairly 

constant. This was somewhat surprising, since the most important delay 

in the relaxation of the quasi-particles might have been expected to be 

due to the large value of Tq• The reason for this result is perhaps not 

clear (Ref. 59), but in any event the experimental relaxation time for a 

quasi-particle distribution with a nonzero value of Q does not diverge 

near Tc if the experimental conditions are spatially inhomogeneous. This 

will be an important point in the analysis of the present experiment 

given in Section 3.6, where it will be argued that TQ and th~ other quasi­

particle 1 i fetimes remain finite near T . In the experiment to be 
C 

described in this chapter, it seems clear that the excess quasi-particles 

can diffuse away to a region with a relatively large value of 6 , so 
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that the effective value of TQ does not diverge, even if the local 

value of 6 i s very small. 

This concludes the int roductory remarks having to do 1;,i th non­

equi l ibri u~ quasi-particles in bulk superconductors. There are, how­

ever, some additional kinds of excitations in superconductors which 

are kno'trn as collective modes of the order parameter (o-r pair field) 

(Refs. 20, 56, 60-65). Crudely speaking, the order parameter f governs 

the motion of the "superfluid", while the existence of quasi-particles 

gives rise to a "normal fluid" which behaves in a v1ay which is similar 

to that of the electron gas in a normal metal. This so-called two­

fluid model was extensively used before the advent of the BCS theory, 

and is still used to some extent in connection wHh the phenomenolog­

ical Ginzburg-Landau theory. From the point of vie~v of the two-fluid 

model, a quasi-particle excitation can be thought of, very crudely, as 

the transfer of a "particle" from the superconducting phase to the 

normal phase. Although this interpretation is extremely crude, in any 

event the quasi-particles refer to the motion of a single "particle." 

The collective modes, on the other hand, correspond crudely to a bulk 

motion of the superfluid, somewhat similar to the waves on the surface 

of a large body of vrnter. The collective modes generally involve non­

equilibrium variations in the order parameter over characteristic 

lengths which are large compared to the atomic spacing. The intuitive 

discussion given above is rather naive and so .the collective modes will 

be described in more detail below. 

The collective modes can only be adequately dealt with by the 

use of Green's function methods, which are beyond the scope of this 
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thesis. Furthermore, according to a leading expert in the field of 

nonequilibriurn superconductivity, no Green's function method has yet 

been devised ~vhich treats this topic in a general way (Ref. 66). And 

finally, it would be fair to say that the existence of collective modes 

in superconductors has been more or less completely ignored by all but 

a very few authors. Only very recently has this topic received some in­

terest in the literature. For all these reasons, no rigorous account of 

the collective modes can be given here. 

The discussion in this thesis of the collective modes will be re­

stricted to the situation near Tc, where the lifetime TGL of these modes 

diverges like l/6(T) (Refs. 20, 56) , or in some cases like l/6(T) 2 

(Refs. 67-69 ). As has already been mentioned, the quasi-particle re­

laxation times remain fairly constant near Tc. (TQ can be shovm to be 

related to or included in TGL (Ref. 56), and will be ignored here.) Con­

sequently, TGL is much larger than the relaxation time of the quasi­

particles near T , so that the collective modes might be thought of as 
C 

variations in the magnitude of~ with the quasi-particles in equilibrium 

with the local value of 6. There are other modes in \vhich the phase of 

~ (or~) varies rather than its magnitude. Variations in the magnitude 

of~ are called longitudinal modes, and variations in the phase are called 

transverse modes (Ref. 56). 

As shown by Schmid and Schon (Ref. 56), the quasi-particle distri­

bution is described, under certain restricted conditions, by a Boltzmann-:­

like equation, while the pair field (order parameter~) is governed by a 

time-dependent generalization of the Ginzburg-Landau equation. Since 
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these t~-10 equations are coupled, it is perhaps more appropriate to 

speak in terms of the total relaxation time of the entire system under 

a given circumstance, rather than the separate relaxation times for the 

quasi-particles and \J1. Under the simplest conditions, the equation 

govern i n g \J1 is ( Ref. 6 8) : 

c)\jl __ l __ l_ [(1iv) 2 2 
--'-c--'--+ a 11 

- S''J\J1J ] \J1 8t - T 2a 11 2m 
GL 

(3.9) 

v~here a" and S" are the phenomenological constants which ordinarily ap­

pear in the usual Ginzburg-Landau theory. Under equilibrium conditions 

the term in the brackets is zero (from the usual Ginzburg-Landau eq~a­

tion) and so \J1 relaxes back to its equilibrium value with a relaxation 

time TGL" The value of TGL is ~1i/6 (Ref. 68) at low temperatures, 

which is on the order of l □- 12 sec, but diverges near T . The idea that \J1 
C 

should relax in such a way appears to have first been suggested by 

Tinkham (Ref. 67), who pointed out that TGL should be approximately equal 

to the time required for an electron to diffuse a distance of one coher­

ence length. (The coherence length , is roughly the sma1lest distance 

over which the phase of \J1 can vary by 2TT without causing the increased 

kinetic energy to give the superconducting state a higher free energy 

than the normal state. At low temperatures, is also roughly equal to 

the radius of a Cooper pair (Ref. 70).) The value of TGL can also be 

thought of as being due to the relaxation of the order parameter due to 

a generalized force equal to the derivative of the superconducting-

normal free energy difference v1ith respect to \J1 . This generalized force 

goes to zero at T . 
C 
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The collective modes will be seen to be important in attempting 

to understand the results of this experiment and v1ill be discus sed fur­

ther in Section 3.6. This con cludes the introductory remarks on non­

equilibrium effects in bulk superconductors. Before going on to discu ss 

the details of this experiment, it is appropriate to reviei,1 those in­

vestigations of nonequilibrium quasi-particle distributions in supercon­

ducting v,eak links v1hich have already been performed. To the author's 

knowledge, no measurements of the effects of quasi-particle injection 

in proximity effect weak links have previously been carried out. The 

experiment which superficially appears to be the most similar to the one 

described here is that of t✓ ong, Yeh, and Langenberg (Ref. 71). In the 

experiment of Wong et al a superconducting tin strip was locally heated 

by various means, including a tunneling current. Under certain con­

ditions this heating resulted in a "weak link" showing quantum interfer­

ence effects similar to those observed in tin Dayem bridges. (A Dayem 

bridge is a constricted or narrowed region of a superconducting film 

which shcMs quantum interference effects.) As wi 11 be discussed in 

Section 3.6, the e xperiment of Wong et al actually has very little 

physical similarity to the present experiment, and in any event does not 

provide a quantitative measurement of the parameters of interest in this 

chapter. In a similar experiment by Janik et al (Ref. 72) a "SQUID" was 

irradiated by a laser beam. (The reference cited does not describe the 

details of the device studied, except to say that it was a "SQUID", which 

is an acronym for superconducting quantum interference device.) Once 

again, there were no quantitative results, other than the observation 

that the critical current was reduced to some extent. 
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Perhaps the most thorough investigation of nonequilibrium ef-

fects in weak links is an experiment by Octavio, Skocpol, and Tinkham 

(Ref. 45) and its theoretical analysis by Tinkham et al (Ref. 27). The 

maximum frequency at \.vhich a variable-thickness Dayem bridge 1,,JOuld shm"1 

the AC Josephson effect was analyzed successfully using a simple heating 

model (to be discussed further in Section 3.6)}. Once again, this ex­

periment v1as physically very different from the present experiment. For 

example, the nonequilibrium region in the experiment by Octavio et al 

\'/as very small compared to a coherence length, whereas just the opposite 

was true in the present experiment; these and other differences \1/i 11 be 

discussed in Section 3.6. Finally, the experiment which is perhaps 

physically the most closely related to the experiment described in this 

cha.pter \vas a study of th~ effects of laser irradiation on a supercon­

ducting Al film recently carried out by Schuller and Gray (Ref. 20). 

Although this experiment was performed on a bulk superconductor rather 

than a weak link, it was a careful study of the relaxation effects very 

near Tc. As will be discussed in Section 3.6, these measurements have 

some relevance to the analysis of the present experiment. 

Although it may be obvious, it should perhaps be pointed out 

that this chapter is concerned with the effects of quasi-particle injec­

tion on the proximity effect. As a result, most of the experiments or 

theories described above are not directly applicable to the present ex­

periment. 

3.3 Fabrication Techniques 

It has already been pointed out that the search for a suitable 

means of fabricating the devices to be studied was the major difficulty 
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encountered in carrying out the vrnrk described in this chapter. Many 

different approaches to the problem were tried out over a considerable 

length of time. Testing each of these possible methods required the 

development of techniques and the construction of equipment which were 

essentially of no use in any of the other possible methods. After spend­

ing a certain amount of time and effort on any particular method, it was 

invariably found that a dead end had been reached, and that it was neces­

sary to start over with a completely different method. Eventually a 

method w~s found which was reasonably successful; it will be described 

in detail below. The unsuccessful methods 1,1ill not be discussed at all, 

since they appear to be of no use. 

The structure of the devices fabricated and studied in this chap­

ter is shown in Fig. 3.l~ which is not drawn to scale. Basically, the 

device consisted of a Nb/Ta proximity effect 1veak link (of the type dis­

cussed in Chapters I and II) separated by a thin layer of Nb oxide from 

a Pb electrode. The oxide formed an insulating barrier which allowed 

tunneling between the Pb and the Nb. The plastic layer restricted the 

tunneling to the weak link region itself. The thicknesses and other 

properties of the various layers shown in Fig. 3.1 will be specified 

below as the fabrication process is chronologically described. 

The fabrication process began with a ~1oog Nb film on top of a 

~2oog Ta film on a polished sapphire substrate. The two films were suc­

cessively evaporated in an ultra-high vacuum in.such a way that no oxide 

layer had the opportunity to form between the two films. The evaporation 

technique for these films has been reported elsewhere (Ref. 26). The 

films ultimately used in this experiment were no different from those 
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ordi narily used in our laboratory. 

The Nb/Ta film was first etched into the large scale pattern 

shm-Jn in Fig. 3.lb. The \veak link had not yet been formed, even though 

it is shown in the figure. The purpose of the calibration strip running 

parallel to the area where the \'leak link was to be fabricated will be 

discussed later. The areas to be protected during the etching procedure 

were covered with photoresistive plastic (PR) as described in Chapter I. 

The PR was removed to form the pattern shown by a combination of contact 

masking and microscope exposure. The etching process itself was first 

attempted using argon ion sputtering, but it was found that the super­

conducting properties of the films were destroyed by the heat generated 

during this process. Instead, the etching could successfully be accom­

plished using an RF-induced plasma of fluorcarbon-14 gas. The etching 

itself was due to the fluorine ions present in the discharge. The plasma 

was generated using a commercially available apparatus (Ref. 73) for that 

purpose. 

In order to obtain complete removal of the metal films it was found 

necessary to use a hi gh-po1t✓er plasma discharge vvhi ch tended to bake the 

PR onto the remaining film. This burned-on PR could be loosened by 

ultrasonic cleaning in acetone and then removed by gentle brushing with 

cotton blown free of abrasive grit. 

Once the metal had been etched into the large scale pattern shm-m, 

the entire film was covered with a thin layer 6f PR spun on with a cen­

trifuge. No equipment existed in the laboratory for the exact measure­

ment of the PR thickness, but it could be es ti mated at'\, 2ooot The oxide 
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1 ayer shown bet1,11een the Nb and the PR was the natural oxide layer ex ist­

ing on any Nb which has been exposed to the atmosphere. The PR was th en 

exposed and developed as described in Chapter I to leave a line whose 

v,ii dth v,ias approximately 0. 5µ . The 1t1idth of the Nb/Ta s trio left after 

the previous etching was ~30µ, so that a region of bare metal approxi­

mately 0.5µ by 30µ was left uncovered by the PR. This region formed the 

normal region of the pro xi mi ty effect weak link after the thickness of 

the Nb had been reduced as sho1tm in Fig. 3. la; it also formed one elec­

trode of the tunnel junction. 

The thickness of the Nb film was reduced by etching in an ener-

getic beam of argon ions. As has already been mentioned, this process 

tended to overheat the metal film; this was avoided by thermally anchor­

ing the sapphire substrate to a large Cu heat sink using vacuum grease. 

(The process normally used in the laboratory to form the v1eak link was 

anodization of the Nb into an oxide. This process could not be used in 

this experiment because the oxide layer left behind was much too thick 

to allow the formation of a useful tunnel junction. Argon ion sputter­

ing, hov1ever, does not cause the formation of such an oxide layer.) The 

argon ion sputtering was done using an apparatus constructed by D. Palmer, 

an earlier graduate student (Ref. 26). Unfortunately, the etching rate 

of this apparatus is not reproducible and varies greatly with position 

with respect to the center of the beam. It was thus necessary to monitor 

the amount of Nb metal \•Jhich had been removed as · the etching proceeded. 

This was accomplished by measuring the resistance of the calibration 

strip shown in Fig. 3.lb, whose center was located near the weak link and 

which was also being etched at the same time as the weak link. It was 
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empirically found that the desired amount of Nb had been removed when 

the four-terminal resistance of the calibration strip had increased by 

a factor of 2.5. This method was found to be even more reproducible 

than anodization; the transition temperature of the 'v1eak links formed 

in this 'v/ay could be controlled to within a fraction of a degree. 

After etching the weak link area, a thin oxide layer was formed 

by immediately admitting high-purity dry o2 gas to the same vacuum 

chamber where the etching had been done. Tunnel junctions with the de­

sired properties would be formed if the oxidation was allowed to con­

tinue for approximately 10 min, follml/ed imme diately by the evaporation 

of ~1000~ of Pb as shown in Fig. 3.la. Unfortunately, the evaporation 

of the Pb had to be carried out in a second vacuum chamber. Thus it was 

necessary to transfer the substrate as quickly as possible from one 

vacuum chamber to the other in order to minimize the length of exposure 

to the atmosphere. Since the atmosphere in Pasadena (the location of 

the laboratory) is highly polluted, this step in the fabrication process 

may (depending on the atmospheric conditions) greatly affect the resis­

tance and other properties of the tunnel junction. It would, of course, 

be highly desirable to perform the argon ion sputtering and the Pb 

evaporation in the same vacuum chamber, but this was not feasible using 

the equipment currently available in the laboratory. (Incidentally, 

the Pb electrode was actually formed using an alloy of 95% Pb/5% In, 

which is much more resistant to atmospheric corrosion than pure Pb, but 

~I/hi ch has superconducting properties very similar to pure Pb.) 
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3.4 Experimental Methods 

The experimental measurements consisted of passing an injection 

current IT through the tunnel junction and into the weak link; the 

critical current and maximum width of the first step were then meas­

ured as a function of Ir In the event that the resistance RT of the 

tunnel junction was a function of IT' then the voltage VT developed 

across the tunnel junction was also measured as a function of IT. The 

current bias circuit indicated schematically in Fig. 3.2b was used to 

inject IT into the weak link region and symmetrically extrac t half of 

it from each side of the weak link. The circles containing letters 

in Fig. 3.2 represent electrical contacts to the device. Voltage 

source v \\las actually a f\.,l.5 volt battery floating off ground; 

avoiding the use of an electronic pm-Jer supply minimizes ground loop 

problems and RF pick-up. R1 and R2 actual1y consisted of a large num­

ber of precision metal film resistors and appropriate switches arranged 

so that R1 = R2. Both R1 and R2 were always much 1 arger than Rr 

The four-terminal differential resistance, dV /di , of the v1eak w w 
1 ink was measured ih the · usual \-Jay by passing a 10 3Hz current It'/ through 

the leads marked I and Gin Fig. 3.2a, and measuring the voltage V w 

developed across the leads marked V and V1
• An electronic feedback 

circuit was built which automatically measured the full vii dth of the 

zero step, WO (which is twice the critical current), and the maximum 

full width of the first step, wl. (Through out this chapter w0 and w1 

will be used, rather than the critical current 1 
C 

and the half-width 

of the first step. This avoids any possible confusion or errors 
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involving factors of 2, which have sometimes appeared in the litera­

ture.) The values of w0 and w1 could be read on a digital voltmeter 

with an uncertainty of 'v0.5 µA or 'v l%, whichever is larger. The errors 

in w1 were sometimes larger than 1%, since the microwave drive which 

maximized v11 had to be determined manually. The Pb ground plane above 

the weak link also served to shield out any residual magnetic fields 

inside the dewar (the standard Pb bucket and µ-metal shields were, of 

course, used) to such an extent that critical currents stable to within 

l part in 300 for several hours were observed. The primary source of 

errors in the measurements was temperature variations in the He bath, 

which in turn were due to temperature variations in the laboratory room 

temperature. The room temperature would sometimes vary by over 25°F in 

less than one hour . 

The first attempts at measuring w0 and w1 v1ere made impossible 

by the trapping of fluxoids in the Pb film above the weak link. (Super­

conductors are capable of maintaining quantized .units of magnetic flux 

by means of circulating supercurrents.) Such flux trapping is caused 

by transient voltages due to electrostatic discharges, switching of 

chart recorder scales, etc. In addition, it was necessary to somehow 

eliminate all RF currents which might be picked up by the various lead 

wires and passed through the 'r'Jeak 1 ink. Although a screened room was 

available, it could not eliminate any RF or other noise generated by 

the experimental equipment itself and was therefore not used. The RF 

filters already in place at the bottom of the dewar were not sufficient 

to eliminate either of these problems, and so an elaborate filter system 
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was constructed for use in thi s experiment. This filter system \11ill 

now be described. 

First, the proximity effect weak link was completely enclose d 

in a metal "can" \11hich extended all the VJ ay from the bottom of the 

dewar to the top of the probe. The top portion of the probe (that part 

extending outside of the dewar) consisted of a large aluminum block 

into which had been machined many smaller compartments. Each of the 

seven lead vlires going drn-vn to the weak link first passed through three 

separate stages of RF filters, each of which was contained in a separate 

compartment of the Al block . (Actually, the re \.'Jere 5 stages of attenu­

ation altogether, due to the inductance of the lead \vires themselves.) 

Each stage of each RF filter consisted of an LC n filter containing 

three different RF chokes, since no single choke can be effective at all 

frequencies. The effectiveness of this RF filter could only be judged 

by the response of the weak link itself, since the weak link was by far 

the most sensitive detector of radiation available in the laboratory. 

The filter appeared to be quite effective, since w0 was quite stable 

and no step structure could be seen. The filter also completely elim­

inated all flux trapping; after installation of the new filter, not a 

single fluxoid was ever trapped. 

All other experimental techniques used in this experiment are 

the same as those described in the thesis by Palmer (Ref. 26). 

3.5 Experimental Results 

It has already been pointed out that no detailed theory exists in 

the literature which is applicable to the results of this experiment. In 
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addition, the results will be seen to be in disagreement with a simple 

model which would have been expected to be appropriate ( on the basis of 

the work carried out on bulk superconductors). Therefore, this chapter 

must to some extent simply present the experimental results without a 

detailed comparison with any theory. Hopefully, a suitable theory l'lill 

be available at some time in the future. 

First, it is necessary to describe the experimental characteris­

tics of the tunnel junctions which were fabricated. It is well known 

experi mentally that Nb oxide tunnel junctions show several features not 

found in ideal tunnel junctions; see, for example, Ref. (74). First, 

the tunneling resistance RT generally increases greatly as the tempera­

ture is lowered from room temp erature, whereas the resistance of an 

ideal tunnel junction increases by only a fev,1 percent. This suggests 

that the Nb oxide is similar to a semiconductor and that true tunnel-

ing only occurs when the temperature is low enough to "freeze-out" the 

charge carriers in the oxide. RT for the tunnel junctions used in this 

experiment generally increased by a factor of ~2.5 from room temperature 

to 77°K, and then only slightly from 77°K to 4°K. Second, and more 

important, the tunneling 1-V curves for Nb oxide junctions generally 

exhibit characteristics indicative of inelastic tunneling. These 

features include discontinuities in <l2v;dr 2 ( 11 kinks 11 in dV/dI) at 

voltages corresponding to the excitation energies of impurities included 

in the oxide (Ref. 75), and a general smearing out of the sharp features 

which normally are present due to the superconducting energy gap. The 

tunnel junctions used in this experiment generally showed several 
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"kinks" in dV/dI which are presumably due to ine lastic tunneling. The 

inelastic tunneling in Nb oxide tunn e l junctions is not very \vell un­

derstood theoretically, but may be due to surface states of the metal 

as ~'/e ll as oxide impurity states (Ref. 74). The interpretation of 

these characteristics is made difficult by the fact that Nb can form 

several different types of oxide. 

The tunnel junctions used in this experiment showed varying de­

grees of what is presumably inelastic tunneling. At low temperatures 

(6 >> KT) ideal superconducting-normal tunnel junctions show a much 

larger resistance for zero bias voltage than they do for voltages above 

the gap. This is because a minimum energy 6 is required to create a 

quasi-particle in the superconductor. The low temperature ratio of 

unbiased to biased resistance varied from ~100 to ~1 for the tunnel 

junctions used in this experiment, which indicates varying amounts of 

inelastic tunneling. (The possibility of metallic shorts will be ruled 

out belrn'i.) The essential features of the results of this experiment 

were not affected by the inelasticity, but there were some fine points 

which were altered. Consequently, when the experimental results are 

presented it \'Ii 11 be necessary to specify whether the results -v-iere for 

tunneling which was mostly elastic or highly inelastic. 

It is also necessary to discuss to vJhat extent metallic shorts may 

have been present in the tunnel junctions used. Those junctions having 

a high ratio of unbiased to biased resistance clearly had negligible 

shorting, but those ~vith a ratio near unity might be suspected of being 

shorted. First of all, if the oxidation time was increased, RT 
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invariably increased greatly, which suggests that shorts were not 

present. Secondly, any supercurrents observed were always less than 

l µA, which is not usually the case if metallic shorts are present. In 

addition, those junctions which miqht have been suspected of being 

shorted showed a tunneling resistance which was either constant or 

decreasing with increasing bias current, whereas shorted junctions 

would be expected to show an increasing resistance as the shorted re­

gion heats up. It has already been mentioned that RT always increased 

as Twas lowered from room temperature, whereas a distinguishing fea­

ture of shorts is a decreasing resistance. (It should probably be 

pointed out that the author has, unfortunately, had considerable ex­

perience with shorts in other experiments.) In addition, all of the 

experimental data were essentially the same from one junction to 

another, which indicates that if any shorts were present they did not 

have an appreciable effect on the results. Very few shorts would be 

expected ~priori in this experiment because of the very small surface . 

area of the junctions ('\Jl5 x l0- 12m2), the lack of defects in the films, 

and the physical strength of Nb oxide, Because of the reasons dis­

cussed above, it will be assumed throughout the rest of this chapter 

that no metallic shorts were present in any of the tunnel junctions. 

Because of the difficulty in reproducibly fabricating these de­

vices (most of which was due to air pollution), extensive measurements 

were made on only four separate devices out of the many which were 

actually fabricated and tested. Some typical experimental results are 

shown in Fig. 3.3, which is a plot of w0 (twice the critical current) 
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as a function of the quasi-particle injection current IT (at a fixed 

temperature). The bias voltage for this particular device was suffi­

ciently high, and the tunneling sufficiently inelastic, that RT was 

essentially constant over the range of IT shown in Fig. 3.3. The power 

dissipated by the tunnel junction, which will be of interest later, is 

therefore proportional to I~. The theoretical curve drawn through the 

data should be ignored for the present time, since it is desirable to 

first discuss the data independently of any theoretical assumptions. 

The most noticeable feature in Fig. 3.3 is the sharp peak or cusp at 

zero injection current. The sharpness of this cusp seems to be limited 

by the experimental uncertainty rather than by the phenomenon itself. 

Sorre of the devices tested showed some deviation from the shape of the 

data in Fig. 3.3. These deviations appear to have reasonable explana­

tions based on the parameters of those devices and will be discussed 

later. Figure 3.3 is, however, rather typical. Although the polarity 

of the injection current IT is evidently of no importance here, it was 

defined to be positive when the tunnel junction electrode (Pb) was at 

a positive electrostatic potential with respect to the weak link struc­

ture (Nb/Ta). 

Much more information can be obtained by studying the temperature 

dependence of the kind of data shown in Fig. 3.3. It was found that if 

w0 was normalized to its value w0 at IT= 0, then the data for critical 

currents varying by nearly two orders of maqnitude would all lie (ap­

proximately) on a universal curve as shown in Fig. 3.4. It should be 

pointed out that the deviations from this universal curve, although 
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Fig. 3.4 Full width of the zero step, w0, normalized to its value w~ 
for zero injection current IT as a function of IT at sev­
eral different temperatures. The circles, triangles, plus 
signs, x's, and diamonds correspond to values of w5 of 28, 
61, 158, 305, and 573 µA, respectively. 
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relatively small, are larger than the experimental uncertainties. The 

data shown in Fig. 3.4 correspond to values of w5 of 28, 61, 158, 305, 

and 573 µA. All the data points shown in this figure were taken on a 

single device, for which RT was essentially constant. The dependence 

of this kind of data on RT will be discussed later. The fact that the 

normalized values of w0 all roughly lie on a universal curve is sig­

nificant and will be discussed in Section 3.6. 

The data shown in Figs. 3.3 and 3.4, along with their dependence 

on RT (to be discussed shortly), form the most important experimental 

results of this chapter. There are some additional experimental re­

sults which are, in some sense, only fine points and not as important 

or useful as the results already presented. (The reason for the lesser 

importance of the remaining experimental results will be discussed in 

the theoretical analysis of Section 3.6.) Although the remaining ex­

perimental results are interesting, it may be useful to keep in mind 

that they are of lesser importance. 

The maximum full width of the first step, w1, is plotted in Fig. 

3.5 for the same five temperatures (and the same device) giving the 

data shown in the previous figure. Once again~ the data points have 

been normalized to wi, the value of w1 for IT= 0, and lie roughly on 

a universal curve. The step was produced by microwave radiation at a 

frequency of ~9.7 GHz (see Chapter II). Although it may not be imme­

diately obvious, the value of w1 generally falls off somewhat more 

slowly than the corresponding value of w0. Also, the values of w1 lie 

along their universal curve with somewhat less scatter than w0 (even 

though the experimental uncertainties in w0 are less than in w1). 
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w; for zero injection current Ir as a function of Ir at 
several different temperatures. The circles, triangles, 
plus signs, x's, and diamonds correspond to values of wi 
of 45, 58, 82, 106, and 127 µA, resrectively. 



-112-

Figure 3,6 shows L0, the position of the left edge of the zero 

step, and R0, the position of the right edge of the zero step, as func­

tions of IT. The zero step consists of the range of de bias currents 

through the weak link for which its differential resistance is zero. 

The choice of left and right is arbitrary, since the weak link is 

(presumably) symmetric about its center. Thus the lead wires to the 

device could have been reversed, with a subsequent reversal of the 

chart recorder tracing. Consequently, L0 and R0 can be defined more 

precisely as the two values of the de bi as current through the weak 

link at which the differential resistance of the weak link first be­

comes nonzero. The choice of which is labeled La and which Ra is ar­

bitrary. Some readers may find it useful to rotate Fig. 3.6 by 90°. 

In principle, Fig. 3.6 contains all the information contained in plots 

of w0, such as Fig. 3.3, since w0 = R0 - L0. Figure 3.6 does not, 

however, correspond to the same temperature as Fig. 3.3. Because of 

the steep slopes in Fig. 3,6, it is not easy to visualize w0 from a 

plot of L0 and R0; thus w0 has already been plotted separately. (In 

addition, w0 was actually measured separately, since that is more ac­

curate than subtracting L0 from R0.) On the other hand, plots of L0 

and R0 contain some information not contained in w0, such as the appar­

ent discontinuity in slope at IT= ±160 µA. It is somewhat surprising 

that this change in slope is not reflected very strongly in w0 itself. 

The values of L0 and R0 taken at di ffer.ent temperatures do not 

lie on any universal curve; at lower temperatures (larger Ic) the dis­

continuities in slope as well as the asymmetry for IT+ -IT tend to 

become smaller and smaller until they are no 
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Fig. 3.6 Left edge and right edge of the zero step, L0 and R0, as 
functions of the injection current_ IT. The temperature 
is fixed. 



-114-

longer noticeable for the lm•;est temperatures. The curves for smaller 

Ic than that shovm in Fig. 3.6, on the other hand, have features v✓hich 

are even more pronounced. The region between the slope discontinui­

ties very nearly becomes a straight line, intersected by a slowly 

curving line at an angle of approximately 90°. (Unfortunately, there 

is no room in the thesis for many more figures.) It may not be appar­

ent from Fig. 3.6 and should be pointed out, that L0 and R0 obey 

exactly, to within the experimental uncertainty, the symmetry 

L0(-IT) = -R0(IT). As i'lill be shown using a symmetry argument in Sec­

tion 3.6, the features seen in Fiq. 3.6 must be due to a slight asym­

metry in the tunnel junction injection with respect to the functional 

center of the weak link; that is, somewhat more than half of the 

quasi-particle current is injected on one particular side of the func­

tional center of the weak link. It should be emphasized that, for 

reasons to be discussed in Section 3.6, the measurements of L0 and R0 
are not as meaningful or useful as those of w0; if they are confusing~ 

they should perhaps be ignored. 

The final quantity measured in this experiment i'las L1 and R1, 

defined, respectively, as the left edge and right edge of the maximized 

first step. (The choice of L1 and R1 is arbitrary in much the same 

way as L0 and R0.) A typical set of measurements of L1 and R1 is shown 

in Fig. 3.7. Probably the most interesting feature in Fig. 3.7 is the 

barely noticeable 11 hump 11 at about 200 µA of injection current. Note 

that this feature is not symmetric under IT+ -IT' probably because the 

de bias current throuah the weak link serves to define a preferred 
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Fig. 3.7 Left edge and right edge of the first step, L1 and R1, as 
functions of the injection current IT. The temperature 
is fixed. 



direction; that is, it breaks the symmetry. This kind of asymmetry was 

not seen in L0 and R0. This asymmetrical feature disappears as Ic be­

comes much larger than that corresponding to Fig. 3.7, but the general 

curvature of Fig. 3.7 remains. 

As has already been mentioned, the measurements of w1, L0, R0, L1, 

and R1 are not as important or useful as the measurements of w0. The 

dependence of the reduction in w0 on the value of RT will be, however, 

quite important in the theoretical interpretation of the experimental 

results. For the purpose of discussing the dependence of the data on 

the value of RT, it will be convenient first to discuss the temperature 

dependence of Ic under equilibrium conditions (IT= 0). (This tempera­

ture dependence is the same as that of proximity effect weak 1 inks with 

no tunnel junction present.) For sufficiently small values of I , I is 
C C 

found empi ri ca lly to vary exponentially with temperature: 

I = I exp(-ST) 
C CO 

(3.10) 

Here Sis an empirical constant which has the value of ll.0°1f1 ± 10% for 

all the devices studied in this chapter. (The ten percent variation is 

from device to device.) A plot of the experimental value of ln Ic as a 

function of T for one of the devices is shown in Fig. 3.8; the devia­

tions from a straight line are due to experimental uncertainty in the 

temperature. Equation (3.10) can be understorid theoretically on the 

basis of the Ginzburg-Landau theory; see, for e_xample, the derivation 

of I given in Appendix Bin terms of the parameter K. The temperature 
C 

dependence of K can be found in Ref. (76). At larger values of Ic, the 
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exponential dependence on T gradually chanoes to a power lav, vthich cor­

responds to the temperature dependence of a bulk superconducting film. 

This implies that the "normal" region of the weak link has become super­

conducting in its own right, so that the proximity effect is no longer 

the dominant effect. The measurements in this chapter were restricted 

to the temperature range where I depends exponentially on temperature. 
C 

The dependence of the data on RT can probably be most easily de-

scribed by simply pointing out that wO is given reasonably well by the 

empirical relation 

(3.11) 

Here a is a constant which is the same for all values of temperature, IT, 

and RT, and for all those devices studied which showed reasonably elastic 

tunneling. (One particular device showed highly inelastic tunneling and 

its value of a was somewhat smaller than that of the other devices 

studied, as will be discussed shortly.) The empirical value of a is 

99°K/watt112 ± 15%. The inclusion of 8 in eq. (3.11) is somewhat arbi­

trary, since its value was the same to within 10% for all of the devices 

studied; its inclusion was suggested by the analysis to be presented in 

Section 3,6, and does improve the agreement with the data to some extent. 

The dimensions of a are such that a itself is not a very convenient 

parameter. From eq. (3. 11) it is ev·ident that wO depends exponentially 

on the square root of the power P dissipated by the tunneling process. 

(This fact will be very important in the interpretation of the results 

of this experiment given in Section 3.6.) It is convenient to define 
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P112 as the value of P which reduces w0 by a factor of two. The value 

of r112 was roughly (the factor of (3 is not included here) 0.4 ).lv/ for 

those devices showing reasonably elastic tunneling, and somewhat 

higher for inelastic tunneling, as mi9ht be expected. The value of 

(3~ was . 0067 , . 0067, and . 0073(MKS units) for the three devices 

showing reasonably elastic tunneling, and .034 for the device with 

highly inelastic tunneling , Since highly inelastic tunneling results 

in only some fraction of the total po't1er being dissipated in the weak 

link itself, it seems reasonable (or at least consistent) for s ✓r 112 
to have a ·1arger value in such a device. (Even for completely elastic 

tunneling, half the power is dissipated in the weak link and the other 

half in the Pb electrode.) Unfortunately, the tunneling in this par­

ticular device was so inelastic that the dV/dI curve could not be used 

to determine quantitatively the amount of inelasticity present. The 

values of RT at P = P112 for the four devices studied were 12K, 2K, 250 

and 50 ohms. This represents a reasonably large range of values of RT 

for which eq. (3. 11) is valid. The solid line drawn through the data 

in Fig, 3.3 is a plot of eq. (3.11), where the value of a in this par­

ticular instance was chosen using a least squares fit to the data in 

that figure. 

One very important experimental fact has to do with the relation 

between P112 , as measured in this experiment, and the reduction of the 

critical current by various other mechanisms \'lhich occur in the ordinary 

use of proximity effect weak 1 inks without tunnel junctions. For 

example, as discussed in Chapter II and calculated in Appendix A, the 
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maximum de supercurrent, I , in the presence of microwave radiation 
C 

is given by 

le= I J (2 ev /tiw) coo µo µ (3.12) 

Here I is the value of I for no microwave voltage, e is the charge 
CO C 

of the electron, v is the amplitude of the microwave voltage across µo 
the weak link,~ is Planck's constant, w /2TT is the frequency of the 

µ 

microwaves, and J is the zero order Bessel function. Experimentally, 
0 

Ic is found to agree reasonably well with eq. (3 . 12) for small values 

of vµo' but drops off rapidly at larger values. The value of vµo at 

which this drop-off occurs corresponds to a microwave power dissipa­

tion in the weak link which is roughly equal to P112 , as measured in 

this experiment. The comparison can only be approximate, since the 

~Jyatt effect tends to cause the 11 constant 11 I to be a weak function co 
of v . (The Wyatt effect (Refs. 1-6) is the enhancement of the super-µo 

conducting energy gap in the presence of microwave radiation, as 

briefly mentioned in Section 3.1.) Similar 11 heating 11 effects limit the 

maximum number of steps which can be observed in the presence of micro­

wave radiation (see Chapter II). Once again, the power dissipation at 

\'lhi ch the superconducting effects begin to fa 11 off is roughly equal 

to P112 . The fact that P112 is quite comparable to the power dissipa­

tion which reduces the critical current in these other situations sug­

gests that the same physical mechanism is responsible for the results 

in all these cases. 

It has already been mentioned that some of the devices studied 

showed some deviation from the results for w0 plotted in Fig. 3.3. 
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These deviations are not con sidered important (for reasons to be dis­

cussed shortly) and should not be allowed to cause any confusion. (These 

departures from the type of data shm-m in Fig. 3.3 will be discus sed 

primarily for the sake of completeness.) The most common departure 

from the kind of data shown in Fig. 3.3 occurred for large values of 

IT' where w0 sometimes fell off somewhat more slowly than would be ex­

pected from eq. (3.11). The sharp cusp feature at IT= 0, however, was 

unaltered in these cases. One possible experimental cause of this ef­

fect has to do with the possibility that the tunnel junction oxide may 

not be completely uniform over the entire surface area of the weak link. 

This would result in a distortion of the curve, especially for large 

values of IT. Another possibility is that this distortion is due to the 

presence of higher order terms in the theoretical analysis to be pre­

sented in Section 3.6. Since this possibility is theoretical rather 

than experimental, it seems more appropriate to defer any further dis­

cussion until Section 3.6. 

One particular device showed a plot of w0 which was qualitatively 

different from that~ the other devices. This is shown in Fig. 3.9. 

Although the data seem to show a cusp at IT= O, it is not as sharp as 

that of Fig. 3,3. The general shape of the curve is also not quite 

the same. The other properties of this device were also anomalous in 

the sense that its tunneling characteristics were reasonably elastic 

and its resistance was sufficiently low that the voltage across the 

tunnel junction was sometimes comparable to 6pb/e, where 6Pb is the 

energy gap in the Pb electrode. As will be discussed in Section 3.6, 
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Fig. 3.9 The full width of the zero step, w0, as a function of 
the injection current IT for a tunnel junction with low 
resistance (250 ohms) and elastic tunneling. 
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the combination of these two features can reasonably be expected to 

alter the shape of the data in a way which is consistent v1ith that ob­

served. 

Before going on to a theoretical discussion of the meaning of 

these results, it may be appropriate to summarize the most important 

experimental conclusions. Actually, the important experimental results 

are already summarized fairly well by eq. (3.11), which says that the 

reduction "in the critical current is exponential in the square roo_t of 

the injection power. (Note that this statement already contains the . 

nontrivial experimental result that wa(-IT) = wa(IT).) In addition, the 

power required to reduce I by 
C 

a factor of two by tunneling injection is 

approximately the same as that required to reduce I by other means, 
C 

such as power dissipation due to the passage of de or microwave currents 

through the weak link itself. There are also some additional experimen­

tal results, such as the structure in La and Ra, which will be seen to 

be of secondary importance and so are deliberately not summarized here. 

3.6 Theoretical Discussion 

It has already been pointed out that no detailed theory applicable 

to the results of this experiment currently exists in the literature. 

This is partly because the proximity effect is inherently more compli­

cated than bulk superconductivity, but there are other reasons as well 

(as will be discussed shortly). Although a simple quantitative model 

can be formulated which might be expected (on the basis of the theoreti­

cal and experimental work done on bulk superconductors) to give the 

general features of the data, it will be seen that the experimental 
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results are completely different from what would have been expected on the 

basis of that model. The cause of this disagreement appears to be more 

fundamental than just the mathemati ca 1 complexity of the proximity ef­

fect. In any event, for the reasons given above, the discussion in 

this section is necessarily of a descriptive, rather than a quantita-

tive nature. 

The role of the experimentalist, in some sense, is to gather 

data and to compare it with all the available theories. If no appro­

priate theory exists, or if the data are found to disagree with those 

theories which do exist, then the experimentalist should attempt to find 

an empirical relation which describes the data . Since such an empirical 

relation has already been found, this chapter should perhaps end at 

this point. However, there are some 11 obvious 11 explanations of the re­

sults of this experiment which can be ruled out by various arguments. It 

seems appropriate to discuss these plausible but unsuccessful explana­

tions here. In addition, there is one rather novel explanation of these 

results which does not appear to be ruled out by any simple arguments. 

This explanation is so novel that it has (apparently) not been thoroughly 

investigated by the theorists. As a result, it cannot be presented in 

a quantitative fashion but instead is only suggested as a possible explan­

ation. There is a tendency among graduate students not to include any 

11 intuitive 11 or 11 suggestive 11 interpretations of experimental results in 

theses, since they would prefer not to defend any imprecise statements. 

Despite these considerations, this novel interpretation of these results 

will be presented here, since, having specifically labeled them as a 



speculative suggestion, the author does not feel compelled to defend 

them in a rigorous, quantitative way. As will be seen, the ideas to 

be presented are at least consistent with common sense. 

The primary goal of this section will be to understand the 

physical mechanism which causes the dependence of w0 on IT to be given 

by eq. (3.11). The other experimental results of Section 3.5, such as 

the structure in L0 and R0, will only be considered once w0 itself is 

understood. The reasons for taking this approach will be explained 

shortly. This section is rather long and deals with a relatively 

large number of somewhat unrelated topics. Consequently, the section 

has been divided up into a number of subdivisions. The section begins 

by considering the reasons why the polarity of the injection current 

had no effect on the measurements of w0. The mechanism responsible 

for the removal of the injected charge is a related topic which is dis­

cussed along with the injection polarity. The local nature of the ex­

ponential decay length of the order parameter is then considered. 

Because the decay length is determined locally, the results of the ex­

periment described in this chapter can be expected to have a simpler 

form than would otherwise be the case. An attempt will then be made 

to interpret the results of this experiment on the basis of a simple 

heating model and various microscopic theories. It will be seen that 

the experimental results are fundamentally different than would be ex­

pected on the basis of these models or theories. It will then be sug­

gested that the experimental results may be due to the increased im­

portance of the excitation of collective modes or fluctuations, as 
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compared to the excitation of quasi-particles,due to the small mag­

nitude of the order parameter in the center of the 1t1eak link. Although 

this suggestion is not quantitative, it appears to be in agreement 

with the form of the data. The possibility of 11 cooling 11 rather than 

11 heating 11 the weak link under appropriate conditions is then consid­

ered. Finally, the degree of geometrical asymmetry of the devices 

studied and the conversion process of quasi-particles to pairs will 

be discussed; these effects cause the measurements of other param­

eters, such as L0 and R0, to be less useful or important than measure­

ments of w0. 

3.6~ Injection Polarity and the Charqe Removal Mechanism 

First of all, the fact that w0(IT) = w0(-IT) to within the ex­

perimental uncertainty should have perhaps been expected, since the 

theory of superconductivity is symmetric about the Fermi surface. In 

other words, quasi-electrons and quasi-holes play the same role in 

the BCS theory, so that it is not surprising that the results are the 

same for either polarity of the injection current. (This would appear 

to be true regardless of the actual mechanism responsible for the re­

duction in w0.) This argument breaks down if the weak link is not 

initially in equilibrium (even for IT= 0) and has an excess of quasi­

electrons as compared with quasi-holes (a condition of nonzero branch 

imbalance) or vice-versa; in this case the polarity of the injection 

current may be important, si nee the injection current wi 11 tend to ad,d 

or subtract from the quasi-particle imbalance already present. 

( Incidentally, a possible example of this is the asymmetric 11 bump 11 in 
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w1 barely visible in Fig. 3.7 and already discussed in Section 3.5. 

This feature may be the result of a branch imbalance caused by the de 

bias current through the weak link.) Since the weak link is in equili­

brium for IT= 0 in the measu0ements of w0, w0(IT) = w0(-IT) is to be 

expected. 

Next, it is crucial to note that IT does not simply subtract 

some fraction of itself from the maximum supercurrent which can be car­

ried by the weak link. To be more precise, the data does not have the 

form w0 = w; - f(IT), where f is some arbitrary function. In other 

words, the reduction in w0 is not due to the electrical current which 

necessarily flows in the 111eak link in order to carry the i.njected elec­

trons away. Instead, the reduction in w0 depends on RT as well. In 

fact, the reduction in critical current is frequently much larger than 

the injection current which causes it. Thus IT modulates w0 rather than 

subtracting from it. In addition, the function f might reasonably be 

expected to have the form f = cIT' where c is a constant; this form does 

not have a discontinuity in slope, as does the data. One fascinating 

but essentially irrelevant question (by experimental design) has to do 

with the exact mechanism by which the injected (or extracted) charge 

leaves (or enters) the weak link region. For example, under static 

(independent of time) situations, the injected charge might build up an 

electric field which removes the injected charge by Ohm's law. Or the 

injected charge might eventually be converted ~o Cooper pairs and leave 

the weak link region as a supercurrent. Regardless of how the charge 

leaves the area, the details of this process can be made irrelevant by 
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performing the experiment in the limit of large RT. In this limit 

whatever effects might be due to the charge removal mechanism become 

insignificant compared to the mechanism which depends on the injection 

power (or its square root). In other words, the form of eq. (3.11) 

shows experimentally that the method of charge removal (and its related 

current) has no significant effect on w0 for the experimental condi­

tions which were studied. (This is not true for the measurements of 

L0 and R0, and is one reason why their measurement is not as useful as 

that of w0; this topic will be discussed in some detail later in this 

section.) 

3.6b Local Nature of the Exponential Decay Length 

Before considering any specific models or theories, there is 

one topic of a general nature which needs to be considered. Theorists 

who are not very fami 1 i ar \vi th proximity effect weak 1 inks have some­

times expressed the following opinion about the results of this experi­

ment; the proximity effect weak link is spatially inhomogeneous, so 

that its properties, including the order parameter, quasi-particle 

distribution, etc. may be strong functions of position. Because of the 

nonlocal nature of superconductivity (superconducting properties are, 

crudely speaking, always averaged over a distance of one coherence 

length) it may appear to be very difficult to analyze theoretically 

the results of this experiment. Because of this, it is sometimes said 

that the results of this experiment would not be very surprising re­

gardless of what form they might have, since it is (evidently) diffi­

cult or impossible to predict what the results should be. In other 

words, the experimental conditions are sufficiently complicated that 
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the results may not be very useful. There are several reasons \'Jhy this 

opinion is not correct, and these reasons will now be discussed. 

As discussed in Chapter I (and explicitly calculated in Appendix 

B for a slightly more general case), the critical current Ic can be 

understood as being due to the overlap of two exponential "tails" of 

the order parameter, each dropping off into the normal metal from one 

edge of the weak link. When 1 is small enough for the Ginzburg-Landau 
-Kx equations to be linearized, 1 varies as e , where x is the distance 

into the normal metal and K is a constant. The value of K depends 

on the properties of the normal metal (such as its temperature or 

quasi-particle distribution) but is independent of position as long as 

the properties of the normal metal are uniform. Proximity effect weak 

links, as opposed to other kinds of weak links, have a very short elec­

tron mean fre~ path and the length of the weak link(~ 0.5µ) is much 

larger than the thickness of the metal film(~ 200~). In addition, 

the thermal contact to the sapphire substrate is very good (Ref. 26). 

As a result, nearly all the heat transfer is into the substrate rather 

than along the metal film, so that, to a first approximation, the tem­

perature 2 or quasi-particle distribution, should be independent of 

position. The short mean free path (comparea to the length of the weak 

link) also causes the value of K to be determined locally. (In the 

limit of a small mean free path, the theory of superconductivity becomes 

local, in the same sense that Maxwell 1s equations are local. The fact 

that the value of 1 in the center of the weak link is determined by its 

value in the superconducting regions adjacent to the weak link does not 

mean that the theory is nonlocal; for example, the fact that electric 
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fields depend on distant charge distributions does not mean that the 

theory of electromagnetism is nonlocal.) For these reasons, this ex­

periment can be thought of as measuring the effects on the constant K 

of the quasi-particle injection process. Since Kand the quasi­

particle distribution are spatially uniform and determined locally, 

the conditions of this experiment are actually quite homogeneous and 

well defined. In this respect experiments on weakly coupled (small 

critical current) proximity effect v,eak links are more controlled and 

subject to theoretical analysis than are experiments on other types of 

weak links . This is precisely the reason the results of this experi­

ment, such as eq, (3. 11), have such a simple form and are more quanti­

tative than 11 similar 11 experiments in other weak links (for example, 

that of Ref. (71)). 

In contrast to the local limit discussed above, the successful 

analysis of heating effects in variable-thickness tin Dayem bridges by 

Tinkham et al (Ref. 27) assumes the extreme nonlocal case, which is 

quite appropriate to that experiment. In the experiment analyzed by 

Tinkham et al, the region being 11 heated 11 is very small compared \vith a 

mean free path, whereas in the present experiment just the opposite is 

true. In either limiting case the analysis is simplified and the re­

sults are meaningful. In the experiment already discussed by Wong, Yeh, 

and Langenberg (Ref. 71) in which a superconducting tin strip was 

heated by various means, it is not clear that either of the simplifying 

limits described above are appropriate. (The experiment by Wong et al 

is probably, for other reasons, more similar to the experiment analyzed 
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by Tinkham than to the present experiment.) Because of this, the ex­

periment by Wong et al did not produce simple, quantitative results of 

the kind given by this experiment (for example, eq. (3.11)). In addi­

tion to the arguments given above, which have to do with the local and 

spatially independent nature of K, further arguments will be given 

shortly which indicate that certain types of results for this experiment 

would be "surprising'' even if the situation were inherently spatially 

inhomogeneous. These arguments have to do with the fact that the injec­

tion power is sufficiently low that the physical properties of the 

materials involved, such as their thermal conductivity, cannot change 

appreciably \•lith increasing injection power. This simplifying feature 

is also limited to experiments on proximity effect 1t1eak links. 

3.6c Simple Heating Model and Microscopic Theories 

As a first attempt at understanding the experimental results, it 

might be worthwhile to simply assume that the effect of the quasi­

particle injection is to heat (in a classical sense) the weak link and 

thereby raise its temperature. (The idea is to tentatively make this 

assumption and determine its consequences, since this kind of assumption 

has frequently been made in other experiments, as will be discussed 

shortly.) From a purely classical point of view, the temperature rise 

6T would be related to the power dissipated in the weak link region by 

oT = a Ip (3.13) 

Here a' is a constant related to the thermal conductivity into the sub­

strate or He bath, etc. The power dissipated is just 
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(3.14) 

This approach, which might be called the simple heating model (SHM), 

has several variations which have appeared in the literature. (The term 

11 simple heating 11 is used by some authors to mean that the phonons as 

well as the electrons are raised to a new effective temperature. In 

this chapter, the term 11 heating 11 is used in a more general sense without 

specifying the exact details of the electron and phonon dis tri buti ans.) 

For example, it has already been mentioned that Tinkham et al (Ref. 27) 

have used a model similar to the SHM to successfully calculate the ef­

fects of heating in tin Dayem bridges. Although the heating calcula­

tions of Tinkham et al were purely classical, various microscopic ap­

proaches (such as theµ* and T* models already discussed) give final 

results which are, for the purposes of this experiment, similar to the 

results of the SHM. These microscopic theories will be discussed 

shortly, after the consequences of the SHM for the conditions of this 

experiment have been examined. 

Given the temperature rise oT of eq. (3. 13), it is necessary to 

determine v1hat effect that will have on the value of the critical cur­

rent. Once again, the simplest assumption is that the critical current 

will have the value that it would have under equilibrium conditions at 

the new temperature. An equivalent assumption was also made in the cal­

culations of Tinkham et al (Ref. 27). As pointed out in Section 3.5, 

the critical current varies exponentially with temperature as given by 

eq. (3.10). Combining eqs. (3.10), (3.13), and (3, 14) gives 
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wo = w; exp(-a 'S Ii RT) (3. 15) 

Note that eq. (3.15) is a Gaussian in IT, which has the familiar bell­

shaped curve. The data in Fig. 3.3, however, have a sharp cusp which 

is quite different from the results of the SHM. From eq. (3.11), it can 

be seen that w0 depends exponential"ly on the square root of the injec­

tion power, rather than on the power itself as predicted by eq. (3 . 15). 

Although the SHM model may appear to be rather naive, it does 

give basically the same kind of results for bulk superconductors as the 

microscopic theories alre ady described in Section 3.2 . For example, 

both theµ* model and the T* model, as well as the SHM , give an energy 

gap change which fo r small values of Pis proportional to P. (Here the 

quasi-particle relaxation times discussed earlier have been assumed to 

be independent of P; the validity of this assumption will be discussed 

shortly.) It is this linear dependence on P which puts the SHM, theµ * 

and T* models, and essentially any other microscopic theory in disagree­

ment with the square-root dependence on P (for small values of P) ob­

served in this experiment . In facti the details of any of these theories 

become unimportant compared to this difference as to the power dependence. 

The fact that the SHM and theµ* and T* theories all give a linear de­

pendence on P forms the basis for the earlier statement that all these · 

models give results which are essentially the same for the purposes of 

this experiment. 

The linear dependence on P of all these models is a direct result 

of the cascade process described in Section 3.2. In this process, the 

energy of a primary quasi-particle is ultimately divided up among many 
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secondaries, so that the total number of quasi-particles created per 

unit time is proportional to P. Under static conditions, this gives 

rise to an excess number 6N of quasi-particles above the equilibrium 

value N0, where 6N is proportional to P. This is a rather fundamental 

result which is fairly independent of the details of any particular 

model. The problem now becomes one of understanding why the results 

of this experiment are so different from what appears to be an essen­

tial feature of nonequilibrium bulk superconductivity. To begin, 

there are several apparent explanations which can be ruled out imme­

diately by various arguments. These unsuccessful explanations will 

now be discussed. 

At first it might appear that the discrepancy between the SHM 

and the data could be easily understood by simply postulating that) 

for some reason, I really depends on the square root of the tempera-c 

ture in the center of the weak link, rather than on the temperature 

itself. This might be the case, for example, if part of the tempera­

ture dependence seen in Fig. 3.8 were due to the properties of the 

central part of the weak link, and the rest of the temperature 

dependence were due to the boundaries of the weak link where the 

superconducting metal joins the normal metal. Since the injection 

power primarily 11 heats up 11 the center of the weak link, it is con­

ceivable that w might therefore go as w0 exp(-as/f). However, any 

argument such as this can be seen to be totally incorrect for the 

following simple and fundamental reason: The change in temperature 

6T is small compared with the original temperature T0 (6T is at most 

a small fraction of a degree, judging from the observed reduction in 
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w0) and so the square root can be expanded in Taylor series to give 

✓T0 + 6T = ;r;11 + 6T/2T0). Thus one obtains a linear dependence on 

6T, even if a square-root dependence on Tis assumed. This gives the 

Gaussian curve, eq. (3.15), just as before. 

It should perhaps be apparent by now that the sort of argument 

presented above is of a rather general nature and rules out a great 

many explanations which might otherwise be plausible. To be more spec-

ific, suppose that w0 is some function f of the number of quasi-

particles N; w0 = f(N). Here f can be any reasonable (analytic) func-

tion whatsoever, including the square root. As long as the injection 

process changes N0, the initial number of quasi-particles, by a small 

amount 6N (which is evidently the case at these temperatures) then 

w0 U~ 0 + 6N) = f(N 0) + f 1 (N0)oN to a high degree of accuracy. In other 

words, w0 depends linearly on oN, regardless of the form off. For 

lack of a better term, the preceding argument will be referred to as 

the 11 linearization argument 11 throughout the remainder of this chapter. 

The difficulty -in explaining the results of this experiment have 

to do with the fact that the data shown in Fig. 3.3 are not analytic 

at IT = 0 (the cusp feature); this nor.analyticity comes from the square 

root function in eq. (3.11), which has a branch cut starting at zero. 

(Physically, of course, the data must eventually be rounded off due to 

thermal noise, etc., but that is beside the point.) As the lineariza­

tion argument shows, it is not easy to find pl.ausible explanations which 

avoid this difficulty. This is because most (and perhaps all) physical­

ly reasonable theories do not contain singularities in w0 as a function 

of Nat a nonzero value of N. This difficulty could be overcome by a 
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theory in v1hi ch w0 is an analytic function of N. but i'l is a non­

analytic function of P. For example, theµ * or T* models might be 

modified in such a way that w0 is linear in 8N for small values of 

8N , but that 8N somehow depends on the square root of the injection 

power. Three classes of explanations which (unsuccessfully) attempt 

to explain the data in this v✓ay v1ill nov, be discussed. 

The first class of explanations tries to interpret the results 

by assuming that somehow the cooling rate depends on IT or 8N; thus, 

a' in eq. (3.15) would become a function of IT. One example of such 

a possibility has to do with the fact that the relaxation time TR for 

the recombination of quasi-particles to pairs depends on the density 

of quasi-particles, as discussed in Section 3.2. This effect is 

routinely observed in injection experiments on bulk superconductors 

at l 01-1 temperatures 1 where the number of injected quasi-particles can 

be much larger than the number present in equilibrium (and is there­

fore known as over-injection). Since in this experiment 6 ~ KT (even 

in the bulk superconducting film outside the weak link), over­

injection is physically impossible and the linearization argument can 

immediately be seen to rule out this explanation. There are several 

other possible mechanisms in this class which give -a removal rate of 

quasi-particles which depends nonlinearly on the number present. Since 

they all appear to be ruled out by the linearization argument, they 

will not be mentioned here. 

The second class of explanations attempts to interpret the re­

sults by assuming that the volume of material being "heated up" by the 



-137-

injection pm·1er expands as IT increases; thus the increased power may 

be partially offset by the increased volume to be heated. First of 

all, the linear ization argument rul es out any significant change in 

the properties of the materials themselves due to 6N. Any change oc­

curring must there fore be due to a change ·j n the properties of the 

excess> nonequilibrium quasi-particles or phonons as their energy 

rises with the rising injection voltage. For example, the mean free 

path of the phonons might (although it is really physically unreason­

able) be proportional to their energy, so that they would travel fur-• 

ther into the sapphire substrate before depositing most of their 

energy. This is not ruled out by the linearization argument, but can 

be shown to give the result that oN is proportional to IT1(ITRT)s. 

More generally, the last term can be replaced hy an arbitrary power 

series expansion with no change in the results. The first factor IT 

·is unavoidable, since the energy deposited is always proportional to 

the number of quasi-particles injected, regardless of how far they or 

their secondary phonons travel. The second factor, (ITRT)E, includes 

any dependence on the injection voltage. The value of E depends on 

the details of the mechanism involved. But note that this result does 

not give 6N proportional to IP for~ choice of s, which appears to 

rule out all explanations of this sort. In other words, one cannot 

obtain the correct dependence on both IT and RT in this manner. Addi­

tionally, such dependences of the mean free path on energy seem physi­

cally unreasonable. 
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The third class of possible explanations argues that most of 

the energy given off in the decay of a quasi-particle immediately es­

capes from the weak link without generating additional quasi-particles. 

For example, the phonons created might have a high probability of 

propagating into t he sapphire substrate and essentially leaving the 

area, since the phonon mean free path in sapphire is very long. In this 

case the cascade process would be greatly altered. If pis the average 

number of secondary quas·i-particles produced in a quasi-particle decay, 

and l /q is the average fraction of the primary energy received by each 

secondary quasi-particle (p/q 2- 1), then it can readily be shmvn that 

the ultimate number of quasi-particles generated in the weak link by 

the cascade process is proportional to (IT)\ITRT)\ where 

y = ln(p)/ln(q). Once again, the first factor of IT is unavoidable and 

no choice of y gives cSr'J proporti ona 1 to IP. 

The three classes of possible explanations discussed above all 

seem to have the follov-ling characteristics in common: Since the injec­

tion current produces a value of 6N which is small compared to NO, the 

properties of the material itself cannot change appreciably. Conse­

quently, if any property (such as the thermal conductivity) changes, it 

must be a function of the energy of the injected quasi-particles, or 

the product (ITRT). Since 6N must also be proportional to IT (the 

injection rate), the final result must have the form 6N = ITf(ITRT). 

Here f is some function whose form is not important, since 6N cannot 

have the correct dependence on both IT and RT regardless of the choice 

off. (This can be seen by power series expansion.) It thus seems un­

likely that 6N could be proportional to the square root of the 
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injection power. This would appear to be the case, even though the 

three classes of explanations discussed above obviously do not include 

every conceivable mechanism. 

It thus appears unlikely that the SHM or theµ* or T* theori es 

can be brought into agreement with the data. This is because they all 

appear to require that w0 be linear in 6N , for small values of 6N, 

v1hereas it does not seem likely that 6N could be proportional to IP. 

Before going on to introduce a completely different theoretical approach 

to the problem, there is an additional experimental possibility which 

should be discussed. If the oxide thickness varies greatly as a func­

tion of position, then th e injection power density will also be a non­

uniform function of position 1</ithin the weak link. If this is the case, 

then a plot of w0 as a function of IT would have a different shape than 

it woul ct for a uni form power density. This might conceivably account 

for the fact that the data in Fig. 3.3 does not have the shape of a 

Gaussian curve. This possibility seems rather remote for the follovling 

reasons: First, even though it is difficult or impossible to experi­

mentally determine the degree of uniformity of the oxide, the experi­

mental fact that the shape of the results is the same for all oxide 

thicknesses (values of RT) suggests that variations in the oxide are 

not important. (This is because such problems with oxide nonuniformity 

generally are much worse for thinner oxide layers than thicker ones.) 

In addition, al though oxide non uniformity would distort the results, it 

does not seem likely that the distortion would produce data in such 

close agreement with eq. (3.11) as is evident in Fig. 3.3. (In other 

words, the data in Fig. 3.3 suggest that the form of eq. (3.11) is not 
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just coincidental.) Finally, if the discrepancy between these data 

and the SHi•l model ~vere to be dismissed on the basis of possible oxide 

nonuniformity, then all the previous quasi-particle injection experi­

ments on bulk superconductors should also be dismissed for the same 

reason. 

An analogous situation would arise if the weak link itself were 

spatially inhomogeneous. For example, the mechanical uncertainties in 

the fabrication process might cause the constant S to vary as a func­

tion of the position along the weak link. This might conceivably dis­

tort the data from a Gaussian to the sharply peaked function observed 

experimentally. Variations in S over distances much larger than the 

resolution of an optical microscope (~ 40□□R) are ruled out by the 

fact that the weak links appear uniform on that scale. Furthermore, 

the value of Bis reproducible from one weak link to the next, which 

suggests that Sis not much affected by any mechanical uncertainty in 

the fabrication process. It is much more difficult, however, to rule 

out the possibility that there are small 11 patches 11 in the film which 

are too small to be seen under the microscope, and which have different 

values of S and so might alter the shape of the data. (The average 

value of S over the area of a weak link need not vary from one weak 

link to the next, so the uniformity of the measured value of S does 

not rule out this possibility.) 

First of all, if such patches did existj then the temperature 

dependence of I would probably also be distorted from the pure expon­
c 

ential behavior seen in Fig. 3.8. The fact that these data form such 

a straight line suggests that such patches do not exist. In addition, 
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the nonlocality of the theory of superconductivity causes the proper­

ties of the superconducting material to be averaged over a distance 

of roughly one coherence length. Since the coherence length is a 

strong function of temperature near the transition temperature, the 

extent to which the effects of patches are important should vary vtith 

temperature. Because of this, the fact that eq. (3.11) agrees with 

the data over at least two orders of magnitude of critical current 

suggests that patches are not important. And, just as in the case of 

oxide nonuniformity, the form of the data plotted in Fiq. 3.3 does not 

appear to be accidental in nature. Finally, if patches are a source 

of error in this experiment, then they should also be a source of error 

in .the experiments carried out in bulk superconducting films. Conse­

quently, this chapter will proceed on the assumption that spatial in­

homogeneity in the oxide or the weak link itself is not the source of 

the discrepancy betv,een the data and what would be expected on the 

basis of the SHM or other theories of nonequilibrium bulk supercon­

ductors. 

3.6d Collective Modes and Fluctuations 

For the reasons mentioned above, it does not appear likely that 

the SHM or other theories of nonequilibrium quasi-particle distribu­

tions in bulk superconductors are capable of explaining the experimen­

tal data. Neither does it seem likely that this discrepancy could be 

due to spatial inhomogeneity of the oxide or weak link. At this point 

a totally different interpretation of the results will be suggested, 

in vihich it is assumed that the effects of oN itself are insignificantly 
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small. Instead, it will be proposed that the injection process in­

duces a certain amount of noise (random voltages) in the v1eak link 

region, which tends to excite the collective modes of the order param­

eter discussed briefly in Section 3.2. In particular, note that the 

noise introduced into the system will vary as the square root of the 

power, rather than the power itself. These ideas will be explained in 

greater detail shortly. As pointed out in Section 3.2, the collective 

modes have been generally ignored by most theorists and experimental­

ists. Consequently, the ideas about to be presented cannot be put in 

a quantitative form. It should therefore be emphasized that these 

ideas are meant to be a suggestion of a possible mechanism, and not a 

complete or rigorous theory. 

Only recently have the collective modes become of interest in the 

literature (Refs. 20,56,60-65). Actually, there is a very good reason 

why the collective modes have generally been ignored in most of the 

work on bulk superconductors. At relatively low temperatures, the 

characteristic relaxation time of the collective modes, TGL' is typi-

-l2 • l cally on the order of 10 sec, whereas TR varies from~ nsec to 

~soo nsec at the transition temperature T (depending on the material) 
C 

and increases exponentially with decreasing temperature (see Section 

3.2). Because TGL << TR' the departure from equilibrium due to the ex­

citation of collective modes is ordinarily completely negligible com­

pared with the excitation of quasi-particles . . In other words~ the 

order parameter is well described by its equilibrium value. Near Tc, 

however, the inequality TGL << TR will be reversed, since TGL diverges 
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at T v1hereas LR remains approximately constant in the vicinity of T . 
C C 

The transition from domination of the relaxation process by LR to dom-

ination by LGL is very abrupt (due to the very rapid increase in LGL) 

and has been observed in a very recent experiment by Schuller and Gray 

(Ref. 20). Their experiment, which cons ·isted of a careful study of the 

relaxation time of a superconducting film irradiated by a short laser 

pulse, showed that LGL begins to dominate the relaxation process at 

temperatures within about 1% (for the particular samples used in their 

experiment) of Tc. In the experiment described in this chapter, the 

energy gap in the weak link region is very small and corresponds to tem­

peratures in a bu.lk superconductor which are very near T. Consequently, 
C 

the excitation of collective modes might be expected to be of impor-

tance in this experiment. 

Very near Tc the thermal excitation of the collective modes ac­

tually dominates the pfoperties of the superconductor. These effects 

are known as fluctuations, and are famili ar in many physical systems 

other than superconductors. A recent (and readable) review of fluctu­

ation effects in superconductors is given in Ref. (77). (The literature 

on superconducting fluctuations generally does not use the term collec­

tive mode. This appears to be due to the fact that the theory of fluc­

tuations was developed phenomenologically before the theory of collective 

modes in its present form became of interest.) Crudely speaking~ these 

fl uctuati 011 effects arise because the free energy difference between the 

superconducting state and the normal state becomes quite small compared 

with KT for temperatures near Tc. Thus, if the metal is thought of as 
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being divided up into small regions about a coherence length on a side, 

any particular region can be expected to have a reasonable probability 

of being in either the superconducting state or the normal state. 

It may be useful to discuss the magnitude of these thermally ex­

cited fluctuations, since they are actually much more important than is 

ordinarily realized, For example, the difference in free energy, F0, 

at 0°K between the superconducting and normal states for a block of 

dirty Ta (the weak link material) one coherence length on a side is 

roughly 0.5 eV. Here the coherence length has been taken to be 300~, 

which is fairly typical for the films used in this experiment (Ref. 78). 

A coherence length is the relevant dimension here because of the fact 

that, if the value of 1 is perturbed locally, the perturbation will 

drop off over a distance of one coherence length (Ref. 79). (This min­

imizes the free energy and represents a compromise between kinetic 

energy and binding energy.) Thus the lowest energy fluctuations involve 

a volume of superconductor roughly one coherence length on a side. The 

probability of 1 being zero (normal state) in such a volume is roughly 

exp(-F0/KT). At 3°K, for example, KT is roughly equal to 0.3 meV, so 

ht h• b b'l· • • t 1 10-l20 (Th t ·t· t ta t 1s pro a 1 1ty 1s approx1ma e y . e rans, 10n empera-

ture of Ta is 'v4°K.) F will be reduced somewhat at 3°K from its value 

at 0°K, but the difference is not important here. There are some fluc­

tuation effects, such as the nonzero resistance af superconducting wires 

very near T, whose existence does require that~ go all the way to zero. 
C 

(This is necessary for the phase of~ to 11 slip 11 by 2n.) Such effects are 

small unless the temperature is very near T ; this situation gives the 
C 
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erroneous impression that a 11 fluctuation effects are negl i g·i b 1 e except 

very near T . 
C 

There are other fluctuation effects (for example, the thermal ex-

citation of the collective modes of interest in this experiment) for 

which it is not necessary for \J' to go all the v1ay to zero. It will be 

instructive to use the value of F0 given above to calculate the expected 

root-mean-square deviation, o\J'rms' in \J'. The value of o\J' can be es-rms 

timated by setting the free energy change oF due to o\J'rms equal to 

KT. The free energy change is most easily calculated by expanding the 

free energy in a Taylor series in o\J' (since o\J' << IJ'), and gives the re­

sult that oF is proportional to olJ'2 (There is no term linear in o\J' 

because the equilibrium value of \J' ~ by definition, causes F to be an 

extremum.) The result of such a simple calculation is (Ref. 80) equiv­

alent to 

(3.16) 

Here F is the free energy difference betv1een the superconducting and 

normal states at the temperature of interest. (This derivation is 

based on the Ginzburg-Landau theory and so is only valid near Tc or in 

dirty superconductors where the Ginzburg-Landau theory is applicable.) 

Solving for o\J'rms' using T = 3°K, and approximating F by its value at 

zero degrees gives 

(3.17) 

In other words, the value of \J' can be expected to vary by several per­

cent even for temperatures several degrees below Tc· (This fact does 
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not seem to be very generally appreciated.) Near Te the free enerqy 

difference between the norrna l and superconducting states becomes s i g­

ni fi can tly less than F0 (it goes to zero at Tc), and so the value of 

64' /4' becomes even larger until the inequality or << r is no rms rms 

longer valid. These effects have been observed in several experiments, 

the most dramatic of which is a measurement of the magnetic suscepti­

bility of superconducting aluminum powders carried out by Buhrman and 

Halperin (Ref. 81). For aluminum particles roughly 250~ in radius~ 

fluctuation effects dominated the susceptibility (o '¥~m/4'2 was not 

small) over a temperature range of about 10% of T. • The purpose of 
C 

this discussion is to show that fluctuation effects are not necessarily 

small (as might have been suspected from numbers like l □- 720 ) in the 

experiment described in this chapter. That is, the collective modes 

are likely to be thermally excited to a siqnificant extent, even under 

equilibrium conditions. 

A physical mechanism by which the quasi-particle injection process 

can excite the collective modes will now be discussed. If the voltage 

v(t) is measured between any two points in a metal, it will be found 

that, even under conditions of thermal equilibrium, v(t) will be non­

zero. The value of v(t) will be random in nature, have some root-mean­

square value vrms, and is generally known as noise. The injection of 

the quasi-particles almost certainly increases the value of vrms to 

some extent. (For example, the injection process itself might produce 

shot noise, and additional noise might be produced by the relaxation of 

the high-energy quasi-particles to states of lower energy.) The 
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transverse collective modes, which represent deviations in the phase 

off, are known theoretically to be coupled to voltages in the metal 

(Ref. 56). This seems quite reasonable, since voltages precess the 

phase of~, as evidenced by the AC Josephson effect . (See, for ex­

ample, the discussion of the Josephson inductance in Chapter II.) 

Consequently, the increase in v due to the injection of quasi-rms 
particles can be expected to excite the collective modes to a larger 

extent than would be the case under equilibrium conditions. The 

quasi-particle injection might also conceivably excite the collective 

modes by mechanisms other than the noise voltage, a possibility which 

will not be discussed here. 

The typical (or rms) noise voltage av due to the quasi-particle 

injection might be expected to be proportional to the square root of 

P, the injection power (at least under certain conditions). This can 

be seen by the following argument. Suppose that the 1th quasi-particle 

created by the cascade process (discussed in Section 3.2) produces a 

voltage ov1 between any two points. Provided that the ovi are random 

(independent), the total voltage change due to the injection process, 

given by av= I ovi, will not be oNov1, \'ihere oN is the total number 

of quasi-particles created by the cascade process. Instead, the ran-

dom voltages will tend to cancel each other out so that av is propor­

tional to i<SN, just as in an elementary random walk problem. This gives 

av proportional to the square root of P. (It should perhaps be 

pointed out that P should include all the forms of energy dissipation 

which create high-energy quasi-particles in the weak link. In particular, 
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the recombination phonons created in the Pb electrode may propagate 

into the weak link region and create additional quasi-particles.) 

There is one further reason why the excitation of collective 

modes can be expected to be more important in this experiment than in 

experiments on bulk superconductors. This has to do with the fact 

that the low impedance of a superconductor (zero impedance at zero 

frequency) tends to 11 short out 11 any noise voltage v For equil i-rms. 
brium conditions this is a rigorous consequence of Nyquist's theorem 

(Ref. 82); for noise voltages due to nonequilibrium effects, this 

result seems intuitively obvious. When the order parameter becomes 

very small (as it is in the weak link, for example) this 11 shorting 11 

process becomes less effective at any finite frequency. For example, 

Chapter II showed that at microwave frequencies the impedance of the 

weak link is nearly equal to its value in the normal state. Thus, at 

least at microwave frequencies, the noise voltages will be shorted to 

a much larger extent in a bulk superconductor than in the present ex­

periment. 

Several reasons have been given which suggest that the excita­

tion of collective modes may be much more important in this experiment 

than in bulk superconductors at low temperatures (where they are ig­

nored). First of all, TGL becomes large compared to TR, so that the 

density of collective modes will increase, even if the rate of excita­

tion of quasi-particles and collective modes stays the same as Tc is 

approached. Next, the free energy difference between the superconduct­

ing and normal state decreases as T approaches T, so that less energy 
C 
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is required to excite the collective modes (as evicienced by fluctuation 

effects). And finally, the noise voltages are not so effectively 

"shorted out 11 near T , so that the rate of excitation of the collective 
C . 

mcides might be expected to increase. Sufficiently close to T the ex­
c 

citation of collective modes might therefore reasonably be expected to 

dominate over the excitation of quasi-particles in the present experi­

ment. These intuitive remarks are not quantitative and as a result it 

is not possible to say with certainty that the excitation of the collec­

tive modes is the dominant effect, In this connection it might be use­

fu 1 to point out that P 1 /2 corresponds to an incident power density 

roughly 50 times more intense than ordinary sunlight, but that the tem­

perature of the weak link rises at most a small fraction of a degree. 

Such a situation might be expected to be very 11 noisy 11
• Since these 

ideas are not quantitative, it will simply be suogested that this ex­

periment is performed near enough to Tc that the excitation of collec­

tive modes by the introduction of noise is the dominant effect. 

At this point the assumption will (tentatively) be made that the 

excitation of the collective modes is the dominant effect in this exper­

iment. The consequences of this assumption will then be determined and 

compared to the experimental results. As discussed in Chapter I (and 

explicitly calculated in Appendix B for other purposes), under appropriate 

conditions Ic is given by 

-KL 
Ic = I e co 

(3.17) 

Here Ico is some constant, Lis the length of the weak link parallel to 
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the direction of current flov, ('\, 0.5µ), and K is a constant v,hich depends 

on the temperature. (The constant K 1,-1as discussed earlier in this sec­

tion.) K-l is the exponential decay length of the order parameter which, 

under appropriate conditions, drops off as e-Kx at the interface between 

a normal and a superconducting material. This is known as the proximity 

effect; xis the distance into the normal material. As discussed in­

tuitively in Chapter I, K can be considered to be a local function of 

the free energy difference F between the normal and superconducting 

states (as well as other parameters, such as the mean free path, which 

are not of interest here) in the 11 normal 11 region of the weak link. 

Although K can (presumably) be calculated theoretically (Ref. 76) 

it is sufficient here to simply assume that K is some unknown but analy­

tic function of F, K(F). (The theoretical calculations of K will not be 

considered here because, to the author's knowledge, none of these 

theories includes the effects of the collective modes.) The idea is 

that the excitation of collective modes should reduce F, just as the 

excitation of quasi-particles reduces F. If the change 8F in F due to 

the noise voltage 8v is small, K(F + 8F) can be approximated by 

K(F+8F) = K(F) + K' 8F (3.18) 

Here higher order terms have been neglected and K1 is dK(F)/dF. (This 

expansion is almost certainly valid since K(F) is expected to be analy­

tic at any nonzero value of F.) For sufficiently small values of 8v, 

the phase off is affected by 8v in a linear way (see Chapter II). It 

therefore seems reasonable (although far from certain) to assume that 
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the excitation rate of the collective modes is linear in 6v, and that 

6F is also linear in 6v. If this assumption is made, then for small 

values of 6v, K becomes a function of 6v: 

I< = K + s 6v 
0 (3. 19) 

Here Eis some constant and higher order terms in 6v have been dropped. 

It should be emphasized that eq. (3.19) is an expan~ion which seems 

reasonable but whose validity has certainly not been proven. Using the 

fact that 6v is proportional to the square root of the injection power, 

and combining eqs. (3.17) and (3.19) yields 

I = I' exp(-E 1 /r 2 R ) c co \i T T (3.20) 

-KL 
Here I' isa constantv1hich includes the factor e O, and E' is a con-

co 
stant which depends on s and the unknown constant of proportionality 

between 6v and IP. Note that eq. (3.20) is identical in form to the em­

pirical relation of eq. (3.11). Thus the assumptions made abovi, which 

have to do with the dominance of the excitation of collective modes and 

their effect on the free energy, are in qualitative agreement with the 

experimental data. 

It might be wondered why the linearization argument does not apply 

to the noise produced by the injection process, since a considerable 

amount of noise is present even under equilibrium conditions (IT= 0). 

The reason would have to be that the noise introduced can probably be 

characterized by a typical frequency wand a spatial dependence A 

(Fourier components) which are different from that characterizing the 
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equilibrium noise. For exampl e, if the injection voltage is much 

larger than KT (which it is) > then ~w may be much larger than KT; 

there is essentially no thermal noise at such a frequency and so the 

linearization argument does not apply. It might also be pointed out 

that the increase in noise is not necessarily equivalent to just add­

ing a few more photons to the system. This is because the most common 

forms of quantum electrodynamics deal with photons which describe 

radiation fields, and not static or quasi-static fields. If static 

fields (such as that from a charged metal sphere) are to be described 

by photons, then these photons evidently do not obey Bose-Einstein 

statistics. In other words, static fields resulting from charge and 

current distributions are calculated from Maxwell's equations, not 

thermodynamics. In any event , the voltage noise ov introduced by the 

injection process does not necessarily correspond to simply a change 

in the distribution of photons from its equilibrium value. 

It may be useful to summarize the intuitive ideas which have been 

suggested above. Several reasons were given which explain why it is 

possible for the excitation of collective modes to become more impor-

tant near Tc than the excitation of quasi-particles. These reasons 

include the divergence of the lifetime of the collective modes, the de­

crease in the free energy difference between the superconducting and 

normal states, and the decrease in the ability of the superfluid to 

11 short out" any noise voltages. The excitation of collective modes might 

be expected to 11 weaken 11 the superconducting state, just as is the case 

for the excitation of quasi-particles. Since the transverse collective 

modes are coupled to voltages,itwas further suggested that the excitation 
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of the collective modes is primarily due to the noise voltages produced 

by the quasi-particle injection. The dependence of the noise voltage on 

the square root of the injection pm•1er leads to a reduction in critical 

current which is in qualitative agreement with the experimental results. 

It should be pointed out that these ideas are expected to apply only to 

proximity effect weak links, where the short mean path of the elec­

trons causes the superconducting parameters to be determined locally. 

This is in contrast to the situation in variable-thickness tin Dayem 

bridges analyzed by Tinkham et al (Ref. 27), where the situation is 

highly nonlocal. In fact, in Tinkham's analysis the properties of 

the weak link are primarily determined by the superconducting region 

roughly one-half a coherence length away. The properties of this 

region are similar to those of a bul__t superconductor well belmv its 

Tc (the collective modes are not important), even though the tempera­

ture at the center of the weak link was calculated to be as high as 

70 °K . Thus the physical properties of proximity effect weak links 

are quite different from those of bulk superconductors or even other 

types of weak links, which is the probable reason for the surprising 

results of this experiment. It might also be pointed out that the 

ideas presented here also ~uggest that the temperature dependence of 

the critical current in proximity effect weak links under equilibrium 

conditions may also be dominated by fluctuation effects (rather than 

pair breaking), an idea which has apparently been ignored by the 

theorists. This concludes the discussion of a suggested mechanism for 

the reduction of I • the remainder of this section discusses some c' 

further points which are independent of the nature of the mechanism 
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involved. 

3.6e The Possibilitv of Quasi-Particle Extraction 

Regardless of what causes it, it has been experimentally es­

tablished that w0 depends exponentially on the square root of the 

injection power. A brief discussion will now be given of some of 

the "fine details'' mentioned in Section 3.Ll,, starting v1ith the anoma-­

lous shape of Fig. 3.9. The discussion of these details will be in­

dependent of the physical mechanism responsible for the dependence 

on the square root of the injected power. Experimentally, the device 

which produced these data was somewhat anomalous itself, in the sense 

that its tunneling characteristics vJere relatively elastic and, in 

addition, RT was much smaller than that of the other junctions show­

·ing reasonably elastic tunneling. \·Jhen RT is 11 small 11 and the tunnel­

ing is elastic, then the tunneling process can, under the appropriate 

bias conditions, remove excitations from the weak link, rather than 

inject them. This is illustrated schematically in Fig. 3~1 □ for the 

case of 6Pb >> kT. 

Figure 3.10 shov✓s the situation when the bias voltage is equal 

to 6Pb/e, where 6Pb is the gap in the Pb, not the weak link. (The gap 

in . the weak link has been assumed to be small compared to KT and is 

ignored.) Then the Fermi level µ of the weak link lines up against 
~'1 

the upper edge of the gap in the Pb excitation spectrum, as shown. 

(This drawing makes use of the so-called modified semiconductor model; 

if the true nature of the quasi-particle states in the Pb is included, 

the picture is more complicated but the results are the same.) Since 
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Fig. 3.10 Semiconductor model of the tunneling between the Pb elec­
trode and the weak link region, under conditions in which 
the weak link region may be "cooled" rather than "heated". 
(a) Extraction of electrons. (b) Extraction of holes. 
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6Pb >> KT (by assumption), the states above the band gap in the Pb 

are essentially empty, whereas the states up to approximately a dis-

tance KT aboveµ are partially occupied in the weak link. 
\;,' . Thus a 

net current flm,,s from the weak link into the empty states in the Pb. 

Since the particles removed from the weak link are excitations, the 

total energy of the v,ieak link is l0vvered. A 11 cooling 11 effect then 

results as electrons (not shown) come into the weak link region from 

the surrounding metal and absorb energy from the lattice as they take 

the place of the excitations which had been removed. A similar effect 

takes place when quasi-hole excitations tunnel out of the weak link 

as shown in Fig. 3.10b. Mechanisms similar to this have previously 

been suggested by Parmenter (Ref. 83) and elaborated upon by others 

(Ref. 84). 

The process becomes more complicated ~,1hen KT is not very small 

compared with 6Pb' v1hen the bias voltage does not exactly equal 6Pb/e, 

or ivhen the inelastic tunneling effectively 11 smears out 11 the energy 

gap of the Pb. Detailed calculations are not included here mostly 

because the results strongly depend on the details of the inelasticity 

in the tunneling. In particular, the inelasticity can reduce the 

cooling effect to such an extent that the effect becomes a reduction 

in the heating (as compared to what would be expected for 6pb = 0), 

rather than a net cooling. In addition, recombination phonons from 

the Pb can propagate into the weak link and further reduce the cool -

i ng effect. Thus it is not known quantitatively what effect this 

mechanism should have on the curve shown in Fig; 3.9, but in any event 
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the curve should be raised above the value expected from eq. (3. 11). 

The maximum cooling should occur at about IT= 7 JJA (this corresponds 

to a bias voltage equal to 6Pb/e), which is roughly the position of 

the worst anoma ly . For larger values of IT' the curve would be ex­

pected to be raised up by a more or less constant amount. This mech­

anism seems to provide a reasonable explanation for the shape of Fig. 

3.9, although its correctness cannot be firmly established without more 

quantitative analysis. This effect is not noticeable in the other 

devices tested because, in all cases, either the tunneling is much 

more inelastic, or the higher values of RT cause the bias voltage to 

be much larger than 6Pb/e for a reasonable injection power. 

3.6f Geometrical Symmetry and the Conversion of Quasi ­

Particles to Pairs · 

Some of the experi mental data presented in Section 3.5, such 

as the structure seen in L0 and R0, have been considered unimportant 

or unnecessarily confusing and have been consistently ignored th rough­

out this section. The reasons for ignoring these data will now be 

explained. The fact that L0(IT) i R0(IT) means that, in a plot of 

the differential resistance of the weak link as a function of the de 

bias current through the weak link, the position of the center of the 

zero step has been shifted in one di re ct ion. In other words, the 

critical current is not the same for the two directions of current flow 

through the weak link. This result would be ~mpossible if the weak 

link and tunnel junction were actually symmetric about the center of 

the weak link. Therefore, such symmetry is at best approximate. Note 
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that, if the injection process \vere symmetric, then the current re­

qui red to remove the injected electric charge 1-voul d be exactly zero 

at the center of the weak link, which is its weakest part, so to 

speak. (The order parameter is the smallest there.) The lack of 

symmetry produces a nonzero current of this type at the center of 

the v1eak link and is an unnecessary ( and probably undesi rab 1 e) com­

plication. Chapter IV describes some even stronger experimental 

evidence that the tunnel junction is not exactly symmetric. 

As alrea.dy mentioned in Section 3.5, the structure in L0 and 

R0 disappeared at large values of the critical current . This fact 

suggests that the structure in L0 and R0 may be due, at least in part, 

to a conv~rsion of some fraction of the injected charge into pairs 

(superfluid) at positions relatively far from the center of the weak 

link. The charge could then be carried away by a supercurrent, part 

of which would pas~ through the center of the weak link, since the 

tunnel junction is evidently not symmetric. At large values of Ic' 

this supercurrent used to carry away the injected charge ~voul d become 

_negligible compared to Ic; this would explain the disappearance of 

the structure in L0 and R0 for large values of Ic. If the center of 

the weak link can be thought of as being able to carry a fixed maxi­

mum amount of supercurrent, regardless of its origin, then the extra 

supercurrent needed to carry away the injected charge should shift 

the position of the zero step without affecting its width. In other 

words, this extra supercurrent due to the charge injection should add 

to I for one direction of current flow, and subtract an equal amount 
C 
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for the other direct·ion of current flmv. This is also in agreement 

with the data; w0 does not show the structure seen in L0 and R
0 

and 

the reduction in w0, as has already been discussed, is experimentally 

found to be independent of whatever mechanism removes the injected 

charge. 

The ideas just presented can be summarized by saying that both 

the apparent lack of symmetry of the data and the disappearance of 

the structure in L0 and R0 at large values of Ic s_uggest that this 

structure is due to a partial conversion of the injected charge to 

pairs. (This idea has not, of course, been proven.) Some fraction of 

the supercurrent which carries the injected charge away appears to 

pass th rough the center of the weak link in the same \·lay as any other 

supercurrent, and offsets the position of the zero step. These ideas 

also explain the symmetry L0(-IT) = -R0(IT). If this interpretation 

is correct, then the structures observed in L0 and R0 have more to do 

with the conversion process of _injected charge to . pairs than it does 

with the properties of the \'teak link itself. On this basis, these mea­

surements of L0 and R0 are not as important to the understanding of 

the operation of the weak link as are the measurements of w0. The 

structure seen in L0 and R0, in particular the discontinuities of 

slope, are still of interest. (These measurements may provide some 

information about the conversion process of quasi-particles to pairs 

under dynamic situations, or the interaction betv1een the quasi-particle 

current and the gradient of the phase of the order parameter to be 

suggested in Chapter IV.) However, in designing an experiment it is 
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desirable to eliminate as many variables as possible; this chapter has 

chosen to study w0 under condit-ions in which the removal of the in­

jected charge has no significant effect. Although the structure ob­

served in L0 and R0 is interesting in its own right, it is a topic 

which has been left for further experiments and analysis. 

3. 7 Summary and Canel us ions 

This chapter began by describing an experimental method by which 

quasi-particles could be directly injected into a proximity effect weak 

link using a very small tunnel junction biased with a voltage large 

compared with 6Pb/e . Under appropriate conditions, there is some evi­

dence that a net quasi-particle extraction can be accomplished as well 

(for a bias voltage comparable to 6Pb/e). For tunnel junction bias 

voltages large compared to 6Pb/e, it was found experimentally that the 

critical current reduction was exponential in the square root of the 

injection power. This result is valid over a relatively large range 

of (unperturbed) critical currents and tunnel junction resistances. 

The injection power required to reduce the critical current by _a factor 

of tlf;o was approximately 0.4 µ\~ for those devices showing reasonably 

elastic tunneling (and somewhat higher for those showing highly inelas­

tic tunneling). This value of injection power is quite comparable to 

the power dissipation which significantly reduces the critical current 

in the usual applications of proximity effect weak links, in which de 

or microwave voltages are applied directly across the weak link itself. 

This suggests that the same mechanism is responsible for the critical 

current reduction in all these cases. Several other experimental param-
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eters were also measured but were considered to be less important or 

useful than the reduction in critical current. 

It was pointed out that a simple heating model or a microscopic 

theory appl"icable to the usual nonequilibrium experiments in bulk super­

conductors (such as theµ* or T* theories) would be expected to give a 

dependence of the critical current which is exponential in the injected 

power itself, rather than its square root. This is a consequence of 

the fact that, in those theories, the effects on the superconducting 

properties are due to the production of an excess number of quasi­

particles by the cascade process described in Section 3.2. The cascade 

process gives an excess number of quasi-particles which is proportional 

to the injected power. Several possible mechanisms which might be 

capable of altering the results of these theories in such a 11ay as to 

bring them into agreement \'Jith the experimental results were considered. 

All of these explanations were found to be unacceptable for various . 

reasons. Although it is obviously impossible to consider every con­

ceivable mechanism of this sort, arguments were given which suggested 

that the discrepancy between the data and the conventional theories 

being applied to bulk superconductors is too fundamental to be explained 

by a simple modification of these theories. 

It was then suggested (not proven) that the effects observed 

experimentally are due to the excitation of the collective modes of the 

order parameter, rather than the excitation of quasi-particles. Very 

near the transition temperature, T ·, there are several reasons why the 
C 

effects of the excitation of collective modes might be expected to 
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dominate the effects due to the excitation of quasi-particles. First, 

the relaxation time of the collective modes becomes larger than that of 

the quasi-particles near T. In addition, the free energy difference 
C 

between the normal and superconducting states goes to zero at T , so 
C 

that less energy is required to excite the collective modes. And 

finally, the noise voltages to which the collective modes are expected 

to be coupled are not as efficiently shorted out by the superfluid near 

Tc· For these reasons, it \vas suggested that the noise voltages created 

by the injection process excite the collective modes, and that this ex­

citation reduces the critical current. Since the noise voltage should 

be proportional to the square root of the inj ection power, this assump­

tion leads to results which are in qualitative agreement with the data. 

It was also pointed out that this interpretation suggests (although it 

certainly does not prove) that the effects of fluctuations may dominate 

the behavior of proximity effect weak links even under equilibrium con­

ditions. Several fundamental differences between this experiment and 

those performed on bulk superconductors or other types of weak links were 

discussed. 

There is one conclusion of practical importance which perhaps 

can be dra\vn: If the interpretation given above is correct, it suggests 

that that the high frequency response of proximity effect weak links may 

not necessarily be improved by additional means of heat transfer between 

the weak link and its surroundings. Instead, the high frequency response 

may be limited by the generation of noise at the high currents and vol­

tages involved. This may or may not be improved by better heat transfer, 
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since such noise may exist even in the limit of infinite thermal con­

ductivity. In any event, such an improvement in the high frequency 

respons e mi ght be expected to go only as the square root of the in­

crease in heat transfer. 
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IV. MEASUREMENT OF QUASI-PARTICLE NONEQUILIBRIUM IN PROXIMITY EFFECT 

\tJEAK LINKS USING A TUNNEL JUNCTION PROBE 

4.1 Introduction 

In Chapter III a tunnel junction was used to perturb a proximity 

effect weak link (by injecting quasi-particl es) and the resulting 

changes in some of the properties of the 1veak link were measured. In 

this chapter an experiment is described in which a tunnel junction was 

used as a probe of some of the nonequilibrium properties of a proximity 

effect weak link which are intrinsically present whenever a finite 

voltage is applied across the weak link itself; the tunnel junction in 

these measurements constituted a negligible perturbation on the weak 

link. In particular, the change in chemical potential of the quasi­

particles inside the v1eak link caused by the application of a microwave 

voltage to the weak li nk was measured under situations where the de 

voltage was zero . 

Similar measurements made by Yu and Mercereau (Ref. 1) have re­

cently been reported, in which a direct ohmic contact to one edge of the 

weak link area was used as a probe. Since such an ohmic contact might 

be expected to gre-atly perturb the properties of the weak 1 ink, the 

interpretation of those experiments is perhaps not clear. One purpose 

of this experiment was to repeat the measurements of Yu et al (Ref. 1) 

using a tunnel junction probe which does not perturb the weak link. A 

second purpose of this chapter is to suggest a physical mechanism which 

might be responsible for the change in quasi-particle chemical potential 

observed, and to compare the results of calculations based on this 
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mechanism with the measurements. It was found that the experimental 

results obtained using a tunnel junction probe were similar to those 

observed by Yu et al, but contained additional fine structure not ob­

served in the previous work. The experimental measurements, including 

the new fine structure, were found to be in qualitative agreement with 

the calculations. 

The chapter begins with a brief review of related work in this 

area and of some of the properties of nonequilibrium quasi-particle 

distributions already discussed in Chapter III. The experimental 

methods employed and some possible sources of spurious results are dis­

cussed and ruled out. The experimental results are presented, followed 

by a discussion of a physical mechanism which might be responsible for 

the results obtained. Calculations based on this mechanism are carried 

out and compared with the experimental results. The calculations and 

the measurements will be seen to be in reasonably good agreement. 

Finally, the physical significance of the results will be considered. 

The basic properties of nonequilibrium quasi-particle distribu­

tions were described in some detail in Chapter III. Many of the con­

cepts introduced there will also be needed in this chapter. Those · 

readers who are not familiar with branch mixing or the various relaxa­

tion times of the quasi-particles are referred to Section 3.2 for a 

review, as well as a list of references to relevant theoretical and 

experimental work. There are a few additional topics which were not 

mentioned in Chapter III and will now be considered. A more detailed 

theoretical discussion will be postponed until Section 4.3. 
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If quasi-particles are injected into a certain volume of super­

conductor and pairs are extracted, a nonequilibrium condition is 

created because of the nonzero recombination tim2 TR required to convert 

quasi-particles to pairs or vice versa. If a branch imbalance is cre­

ated, the nonzero value of the branch mixing time TQ will also con­

tribute to the departure from equilibrium. The latter phenomenon was 

first observed in the experiments of Yu and Mercereau (Refs. 2-4), in 

which a small normal probe (ohmic contact) was placed at various posi­

tions near one of the superconducting-normal boundaries of a proximity 

effect weak link. At finite voltages, where a supercurrent flows up 

to the boundary and is converted into a normal (quasi-particle) current 

inside the weak link, it was found that the chemical potential µqp of 

the quasi-particles does not equal the chemical potential llp of the 

Cooper pairs for di stances up to a fe~v microns from the boundary. 

Crudely speaking, pairs tend to accumulate in that region While the 

number of quasi-particles is depleted because the finite value of TR 

(and to some extent TQ and the Ginzburg-Landau time TGL) slows down 

the conversion process of pairs into quasi-particles. Using time­

dependent Ginzburg-Landau theory (Ref. 5,6), it vias shm,rn that 

+ ->-
µ = a'V•j qp s ( 4. l ) 

+ 
\.'Jhere \ is the supercurrent density and a' is a constant proportional 

to the appropriate relaxation time. 

The essential correctness of this result v1as later confirmed in 

an experiment by Clarke (Ref. 7) in which quasi-particles were injected 



into a bulk superconduct ing film us ing a tunnel junction. In this . 

case the voltage measured could be shown (Ref. 8) to be proportional 

to the branch i mba l ance Q (which is related to µqp) maintained by the 

inj ection process. The two experiments were not comp letely equiva­

lent in that different relaxation pro cesses were involved. 

After this brief introduction, the experiment which forms the 

basis for this chapter can now be described. The experiment made use 

of the same kind of proximity effect weak links with tunnel junctions 

fabricated directly on top as were used in the measurements described 

in Chapter III. A thorou gh description of th e properties of these de­

vices was given in Chapter III and need not be repeated here. Th e 

only difference was that in thi s experiment it was, as will be dis­

cussed later, cru cial to have the tunneling resistance RT as low as 

possible (no larger than 'v50 ohms). If no current v1as passed through 

the tunnel junction its presence did not significantly affect the weak 

link. If, however, the tunnel junction was connected to one input of 

a high impedance amplifier the voltage VT measured would be equal to 

µ inside the weak link, since quasi-particle tunneling would bring qp 
the two electrodes into equilibrium with each other. (Pair tunneling 

did not occur because the junction was too small to maintain coherence.) · 

The second input to the amplifier (differential mode) was connected to 

the bulk superconducting film, which was in thermodynamic equilibrium. 

Thus the amplifier measured the difference between the value of µqp in 

the weak link and its value in the bulk film. Since µqp was defined 

with respect to the Fermi level (see Chapter III), its value in the 
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bulk film was zero. Consequently, the signal measured by the differen­

tial amplifier was equal to µqp itself in the weak link region. As will 

be explained shortly, the experiment consisted of measuring the change 

in µqp due to various physical processes. 

Since µqp may, in general, vary as a function of position inside 

the weak link, the measured value of v1 was actually a spatial average 

of µqp over the area covered by the tunnel junction probe. (As described 

in Chapter III, tunneling v-1as restricted to the "normal" region of the 

weak link.) For example, if a large de voltage vwas applied across the 

11eak link, µqp would vary (this is known theoretically) from zero at one 

end of the weak link to v at the other. In that case VT v.JOul d be ex­

pected to be approximately equal to v/2. It v,1as found experimentally 

that in such situations VT would differ from v/2 by anywhere from 1% to 

15% (from device to device), indicating that the functional center of 

the tunnel junction need not coincide exactly with the functional center 

of the weak link. Consequently, the spatial average of µqp was weighted 

by a function of position \vithin the \'leak link, 1--1here the weighting 

function \'/as evidently not completely uni form over the area of the weak 

link. It might be pointed out that a 1% asymmetry corresponded to a dis­

placement, of one center with respect to the other, of ~so~; it could not 

be determined whether the tunnel junction, the weak link, or both were 

actually responsible for the asymmetry observed. As it turns out, this 

geometrical asymmetry was quite useful because some of the nonequi l i brium 

quasi-particle distributions studied were expected (see Section 4.3) to 

be antisymmetric about the center of the weak link, so that the true spa­

tial average of µqp would have been zero. But due to the geometrical 
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asymmetry of the tunnel junction probe, it \•1as still possible to meu­

sure a nonzero value of VT which was proportional to the magnitude of 

the quasi-particle imbalance. (Because the exact form of the tunnel 

junction asymmetry could not be determined, the constant of proportion­

ality was not experimentally known.) Since the signals measured were 

al ways on the order of a fev1 nanovol ts, a reasonably large amount of 

asymmetry was not only useful but absolutely essential. (The analysis 

of Section 4.3 suggests that the previous experiment of Yu et al (Ref. 

l) would have given a null result if their normal metal probe did not 

in fact contain some degree of asymmetry.) It should also be pointed 

out that "ifµ 
0 

varied in time, say at micrm\lave frequencies, then VT 
qi 

as measured was actually the t ·ime-average and should perhaps be denoted 

Although there are a variety of situations 1,,hich can produce 

µqp i 0, the measurements reported in this chapter will be restricted 

to one particular source of quasi-particle nonequilibrium: A microwave 

current IJJ was driven through the \'leak link v,1hile a de bias current Ide 

was simultaneously passed through it, where I Ide! was less than the 

critical current Ic. The frequency w/2rr of the microv✓ aves v-rns in all 

cases 'v9. 7 GHz. In order that a lock-in detector could be used to 

measure VT' Ide vrns chopped (square-v,1ave modulated) at a frequency of 

5 to 10 Hz. The value of V,- measured vrns thus proportional to the 

change in the space and time averaged value of v , due to changing the qp 

de bias current from zero to Ide· Such low modulation frequencies are 

very inconvenient because of 1/f noise and various other experimental 
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reasons. The necessity of this low-frequency modulation will he dis­

cussed after the experimental results are presented in Section 4.2j 

since the possible sources of spurious results can be better under­

stood (and ruled out) after the nature of the results obtained have 

been discussed. For the present it v,ill suffice to say that the mea­

surements were far from trivial, and that the more sophisticated 

aspects of the experimental method will be discussed later in Section 

4.2. 

The measurements were made using the probe and RF filters de­

scribed in Chapter III; all other experimental techniques were the 

same as those described in the thesis by Palmer (Ref. 9). 

4.2 Experimental Measurements 

Before presenting the experimental results, it might be useful 

to mention briefly 1t1hy it is that VT can be nonzero, even 

I Ide I are both less than Ic. (In the actual measurements 

if I I I and 
]J 

I I I is 
]J 

frequently, but not always, less than I.) First of all, it v.ias estab­c 

lished in Chapter II that the micrm-1ave impedance Z of the v~eak link 

is nonzero even for I I I < I . Therefore, a microwave voltage 11Jil1 
]J C 

exist across the weak link and can be expected to produce some sort of 

nonequilibrium value of µqp· What is surprising is that the time 

average ofµ , and thus VT, is not zero even though the time average qp 
of the microwave voltage which produces it is zero. As will be shown 

in Section 4.3, there exists a rectification mechanism, dependent on 

the value of Ide' which can give a time-averaged nonequilibrium in µqp· 

As will be discussed later, a de current is necessary to break the 
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left-right symmetry of the device. 

A typical measurement of the tunnel junction voltage VT as a 

function of the de bias current throu gh the weak link, Ide' is shown 

in Fig. 4. l. (Th e microwave current was held at a fixed value v1hen 

t ak ing the data shm,rn here.) These data we re typical in the sense that 

a curve of this form would almost always result if the microwave cur­

rent IµO was chos en more or less at random. (IµO will be used to 

denote the amplitude of I (t).) The data reported by Yu et al (Ref. µ 

l) were essentially the same as that shown here; the additional fi~e 

structure observed in this experiment only occurred at very specific 

values of IµO and will be discussed shortly. The fine structure does 

not appear in Fig. 4. l. There are some very sharp noise spikes in Fi g. 

4.1 which v1ere caused by heavy electrical equipment operating some­

where in the vicinity of the laboratory. These spikes can be readily 

distinguished (by their shape) from the true signal or other sources 

of noise, and should be ignored. (The spikes disappeared late at 

night, on Sunday morning, etc.) 

Next, the position of the critical current can be readily dis­

tinguished by the fact that, when I Idcl becomes larger than Ic' the 

usual voltage drop across the weak 1 ink causes VT to go rapidly off 

scale. The values of VT for jidcl > Ic are of no interest in this 

experiment, and should also be ignored. It should perhaps be pointed 

out that the measured de voltage across the entire weak link, that is, 

between the two superconducting regi ans on each side, actually v-1as 

zero for jidcl ~ Ic' even though the voltage at the tunnel junction 
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probe was nonzero, as shown in Fig. 4. 1. Note that the polarity of 

VT for the dat a sho1tm here is just opposite vJhat v-JOuld be expected 

for an ohmic drop (I Ide! > le); both polarities were observed, how­

ever, as will be discussed shortly. When the irrelevant features are 

ignored, the data shown in Fig. 4.1 form a reasonab ly straight line, 

v✓ ith perhaps some curvature near the ends. Some data were taken v-1hi ch 

formed even straighter lines than those shown in Fig. 4.1, wher~as 

still other data formed lines v1hich ~I/ere more curved. Figure 4.1 is, 

however, rather typical. The dependt.:nce of the data on the value of 

IµO will be di scussed later. 

If the value of IµO was chosen at random, then occasionally a 

curve of the type shown in Fig. 4.2 would be obtained. It was deter­

mined empirically that such curves resulted when the value of IµO was 

in a narrow range near that value v✓ h ich reduced the critical current 

to its first minimum. (The critical current is expected to vary as 

the zero order Bessel function of a constant times Iµ 0 ; see eq. (4.9), 

below.) It \I/as also observed that the critical current did not go to 

zero for any value of IµO' but had nonzero minima where the usual 

Bessel function relation would have been expected to give a zero. The 

data shown in Fig. 4.2 seem to consist of three straight line segments 

separated by t\1/0 discontinuities. Small changes in \o vJOuld cause 

the position of these discontinuities to move a relatively large dis­

tance closer together or farther apart. Note ~hat the position of the 

two discontinuities is approximately symmetric about Ide= 0. The 

peculiar small-scale step-like structure seen in Fig. 4.2 is due to the 

use of a digital circuit to fix the value of Ide and should be ignored. 
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The kind of data shown in Fig. 4.3 was obtained even more rarely 

than that shown in Fig. 4.2, if the value of IµO was chosen more or 

less at random. Figure 4.3 is a degenerate case of Fig. 4.2, and re­

sulted if the value of IµO was adjusted in such a way that the two 

dis continuities of Fig. 4.2 just came together at Ide= 0. Then the 

data basically consisted of t.,..,o straight line segments separated by a 

single di sconti nui ty. ( The s 1 mvly curving regions near each end of 

the curve correspond to de bias currents larger than le, and should 

be ignored.) In addition to the three kinds of curves discussed so 

far, measurements of VT also yielded slightly curved line segments 

separated by zero, one, or t~vo discontinuities. For reasons which \•Jill 

become apparent in the theoretical discussion of Section 4.3, these 

di sconti nu ·i ti es 11/i 11 be referred to as 11 phase-jumps II throughout the 

remainder of this chapter. 

Figure 4.4 shows the dependence of the maximum value of VT (VT 

at I = I ) on the value of Iµ□· de c IµO itself could not be directly 

measured. Instead, the microwave pmver incident on the weak link 

could be varied using a precision attenuator, and IµO could later be 

related to the attenuator setting by observing the position of the 

minima in Ic (see Appendix A). The most outstanding feature in Fig. 

4.4 is an apparent discontinuity at IµO = 1.1 mA, which is near the 

first minimum in Ic. 

Now that the nature of the experimental results has been dis­

cussed, there are some further experimental details which need to be 

considered. (This discussion has to do ~-Jith the possibility of errors 
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in the measurements, and does not introduce any new data; those 

readers not interested in such details are advised to ao on to Sec-__, 

tion 4.3.) Although the data presented above are quite reproducible 

and clearly represent some sort of physical phenomenon, this thesis 

has not yet established that this phenomenon actually occurs in the 

weak link itself. For example, a small scratch going from one side 

of the superconducting film to the other might conceivably have pro­

duced discontinuities in VT if the scratch had a critical current near 

that of the weak link. Such possibilities need to be ruled out. 

This problem is made more acute by the fact that, of all the de­

vices fabricated and tested, only one particular device was found to 

be suitable for the measurements described in this chapter. The dif­

ficulties encountered in fabricating these devices have already been 

discussed in detail in Chapter III and this discussion need not be 

repeated here. For reasons to be explained shortly, it was necessary 

for the purposes of this experiment (but not that of Chapter III) that 

RT be as small as possible and also that RT be relatively independent 

of bias voltage (inelastic tunneling was preferred). Because of these 

restrictions only one device out of the large number fabricated was 

found to be acceptable. It would, of course, be desirable to repeat 

these measurements with a second device. However, it did not seem 

feasible to continue fabricating large numbers of devices using the 

equipment presently available in the laboratory. Consequently, an 

attempt wi 11 now be made to show that the phenomenon observed d·i d 

indeed occur in the weak link itself and not in a scratch or the tun­

nel junction, etc. Once this has been established it will be _argued 
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that the weak links (as opposed to the tunnel junctions) are highly 

reproducible and all have essentially the same properties, so that 

the measurements reported here can be assumed to be of a general 

nature, and not a property of this particular device. This assump­

tion is strengthened by the fact that similar results were obtained 

by Yu et al (Ref. l) and by the fact that the measurements, as will 

be seen, show an unmistakable similarity to the results of the calcu­

lations to be discussed in Section 4.3. 

The discussion of possible spurious signals will make use of 

the schematic diagrams shown in Fig. 4.5. The geometrical location 

of the various electrical connections to the device, which were made 

using tinned copper wire held in place with pressed In contacts, is 

shown in Fig. 4.5a. (The electrical contacts are represented by 

circles containing letters.) Note that each bulk superconducting re­

gion (for example, the Pb electrode) had two lead v1ire connections. 

Figure 4.5b illustrates schematically the connections between the 

device, the current drive, and the first-stage amplifier. Here RT 

represents the resistance of the tunnel junction, which might conceiv­

ably vary. R1 and R2 represent the internal impedance ('v50 K ohms 

each) of the amplifier. R1 and R2 represent external resistors (also 

50 K ohms) which could be switched into or out of the circuit so as to 

change the effective input impedance of the amplifier. (The reason 

for this will be explained later.) Note that the second input to the 

amplifier was connected to contact V' and so avoids the voltage drop 

due to Ide which was developed across the \'lire and contacts of connec­

tion G. The material between contact V' and the tveak link is super-
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conducting and so there is no voltage drop between those two points; 

this is the reason for attaching two lead wires to each bulk super­

conducting region. 

The most likely source of spurious signals is related to the 

fact that the joints between the In contacts and the tinned lead 

wires or superconducting film may have been superconducting and so 

have had a resistance 1,1hi ch changed v1henever their critical current 

was exceeded. Such a changing resistance 6R in series with contact 
C 

G would give rise to a voltage Id 6R which constitutes a common-mode 
C C 

signal to the amplifier. (A common-mode signal is one in which both 

inputs rise by equal amounts; a differential amplifier is designed to 

eliminate such signals.) Although this amplifier had high common-

mode rejection, such signals would not be entirely eliminated and 

might conceivably have .been responsible for the phase-jump structures 

observed. The problem was complicated by the fact that the common-mode 

voltage to one channel of the amplifier would be attenuated by a fac­

tor of (R1- RT)/R1, 1,,11hich reduces the common-mode .rejection. This 

would have been especially bothersome if RT were not constant in value, 

in addition to not being negligible compared to R1. 

The possibility of spurious signals due to the In contacts was 

completely ruled out by passing a large de current I I through each 

pair of lead wires connected to the same bulk superconducting region. 

For example, I' was injected into contact G ind extracted through con­

tact Vl. This had no effect on the weak link, since I' did not pass 

through the weak link, but would have drastically altered 6Rc. This 
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procedure was applied to all three pairs of connections and was ob­

served to have no effect on the measurements of\\. Note that this 

ruled out the possibility of any spurious signals occurring in the 

tinned lead wires, their external solder connections, etc., in addi­

tion to the In contacts themselves. To be more precise, the signals 

observed depended on Ide (they shov-1ed discontinuities at a. particular 

value of Ide) but not I', which proved that the signals originated 

somewhere in the superconducting film or in the device itself. Although 

this test was itself conclusive, any effects due to the In contacts 

were further ruled out by the procedures to be described below (which 

were carried out for other purposes). 

A second possible source of error considered was that due to 

inductive signals picked up on the amplifier lead wires. That is, 

modulating Ide produced changing magnetic fields which in turn gener­

ated voltages in the amplifier lead wires. First of all, VT became 

zero if IµO was set to zero. This immediately rules out inductive 

pick-up as the sole source of the signals measured. Inductive pick-up 

(11.Jhi ch is proportional to the modulation frequency) was further ruled 

out by reducing the modulation frequency of Ide by a factor of hvo, 

which v-1as observed to have no effect. (The measurements were carried 

out at a modulation frequency of 10 Hz for the purpose of eliminating 

inductive pick-up.) The possible complications in these arguments 

v1hich might have arisen if RT v1ere changing (modulated by Ide) 

and not completely negligible compared to R
1 

were ruled out by a proce­

dure to be discussed below. 
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A very unlikely source of spurious signals had to be considered 

because of the fact that the measurements were made on only one device. 

This was the possibility that a scratch in the Nb/Ta film functioned 

as a kind of weak link with a definite critical current. This possi­

bility was immediately ruled out by the fact that any signals due to a 

scratch would have had to appear at contact Vas well as at the tunnel 

junction. It is crucial in this regard to note that the hypothetical 

11 scratch 11 (~<Jhich the author has never observed) cannot be ruled out in 

the usual four-terminal measurements; only the presence of the tunnel 

junction probe allowed it to be ruled out here. 

It has been shown so far that the signals observed did not 

originate in the In contacts or a 11 scratch 11 in the superconducting 

film, etc. The only remaining possibility is that they originated in 

the weak link or the tunnel junction. This does not yet rule out the 

possibility of spurious signals, however, for the following reason: 

Suppose, hmvever unlikely it may seem, that RT was modulated by Ide or 

rJJ0. Suppose further that the entire Nb /Ta film v,as raised to some 

potential Ve, either by the voltage drop across contact Gorby induc­

tive pick-up (either of which is quite reasonable). In that case the 

common-mode signal V to one input of the amplifier would have been 
C 

reduced by a factor of (R1- RT)/R1, whereas the second input to the 

amplifier ',<JOuld be very nearly Ve. Since RT (hypothetically) depended 

on the value of I de or rJJ0 , the voltage difference between the tv10 

amplifier inputs, which was VcR1;R1, would also have varied. Such a 

voltage would have been accepted by the lock-in amplifier and could 
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have given ris e to a spurious signal which would have been a function 

of Ide or Iwo· A moment's reflection \,1ill shov-1 that this si gnal 

(V cRT/R1) corresponds to the voltage drop across RT due to the nonzero 

current IT = V /R1 which flows through the tunnel junction v,hen R
1 

is 

finite. Thus this kind of hypothetical, spurious signal corresponds 

to a voltage drop developed across RT, as opposed to the quasi-particle 

potential which the tunnel junction was designed to probe. In any 

event, a spurious signal of this kind would have been inversely propor­

tional to R1, the amplifier input impedance . By switching in resistors 

R1 and R~ , the effective input impedance of the amplifier was decreased 

by a factor of t\,10, which would have increased the size of such spuri­

ous signals by a factor of two. The fact that switching in R1 and R2 
had no effect on the measurements proves that the values of VT measured 

were not due to spurious signals of this sort. It also indicates that 

the nonzero value of RT/R1 does not complicate the discussion of other 

possible spurious effects already given above. 

Several of the possible sources of spurious effects discussed 

above depended upon the possibility of RT being modulated in some way. 

These possibilities were further ruled out by the fact that the data 

were taken with a device in which the tunneling was highly inelastic 

(see Chapter III) and consequently RT was quite independent of bias 

voltage. As a further check on the various possible spurious effects 

discussed above, the amplifier, which had a ccimmon-mode rejection ad­

justment, was deliberately unbalanced so as to increase any common-mode 

errors. This also had no effect on the data. 
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It has no\.'1 been established that the structure in VT originated 

in the weak link and not the tunnel junction, In contacts, scratches, 

etc. All the likely sources of spurious signals were ruled out by 

several independent arguments. The weak links, as opposed to the tun­

nel junctions, could be fabricated in a highly reproducible manner and 

so the data taken on this device can be assumed to be typical of all 

weak links. In addition, the data are similar to those reported by 

Yu et al (Ref. l), except for the fine structure observed here v1hich 

could easily have been overlooked (since it occurs only in a very 

narrow range of Iµ0) or destroyed (by the strong coupling to the ohmic 

contact) in their experiment. Furthermore, it will be seen that there 

are unmistakable similarities between the fine structure observed here 

and the calculations to be carried out in Section 4.3. For all of these 

reasons, it was decided that these measurements should be reported in 

this chapter, even though it would obviously be desirable to fabricate 

and test more devices if the proper equipment were available. Those 

readers who feel that these data should be ignored can certainly do 

so; the calculations to be presented in the next section can then be 

taken to be a theoretical prediction rather than a confirmation. 

4.3 Theory and Calculations 

First of all, there is some information aboutµ which can be qp 

obtained from the symmetry ( or ass urned symmet~y) of the weak 1 ink which 

is independent of any particular theoretical model. This argument can 

perhaps be somewhat confusing because I de breaks the symmetry, and so it 
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wi 11 be presented here in somev-,hat unnecessary detail. The aroument _, 

shows that any change 6µ inµ due to changing Ide from zero must qp qp 
be antisymmetric about the center of the weak link (and therefo re zero 

at the center). (Recall that VT measures only changes in µ . ) qp 
Suppose that an observer is looking at the weak link from the 

side with his eye in the plane of the substrate and film. Let the 

distance along the direction of current flow be z, with z = 0 at the 

center of the weak link. Suppose that a current Ide is flowing from 

left to right (in addition to the microwave current I ) and causes a 
µ 

6µqp which is symmetric; 6µqp(-z) = 6µqp(z). It is experimentally 

known that, if the direction of Ide were to be reversed, 6µqp would 

change sign. Now suppose that the observer changes his position so 

that he is looking at the \'-leak link from the other side. (Alterna­

tively, the observer could remain at the same position and turn him­

self upside dovm, assuming that he could continue to observe in that 

orientation.) The situation will be the same as before, except that 

the di rec ti on of current fl ow appears to have been reversed. This is 

because the properties of the weak link itself are symmetric. The 

observer can, if he likes, define a nev, coordinate system 2
1 as before, 

where z 1 = -z. 

The point is that the direction of current flow appears to have 

been reversed so that 6µqp must change sign. Since 6µqp ~\las assumed 

to be symmetric, it makes no difference 1vhether its argument is z or 

2 I• Consequently, the sign reversal gives 6µ (z) = -6µ (z), or qp qp 

6µqp(z) = O for all z. If a general form had been assumed for 6µqp(z), 
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it follows that the symmetric part would be zero and so 6µ must be qp 
antisymmetric about the center of the weak link. This result forms 

the basis for the comment already made that the observed value of VT 

must be dependent upon the tunnel junction being slightly off cen­

ter. Note that this argument makes use of the experimental fact that 

6µqp reverses sign when Ide is reversed; thus it depends on more than 

just the geometrical symmetry of the weak link. 

Before introducing the particular model which has been inves­

tigated in detail, it might be useful to discuss what general features 

any prospective theory would have to have in order to explain the 

data. First of all, the phenomenon involves nonequilibrium quasi­

particles, ~...;hich ma kes the standard Ginzburg-Landau theory more or 

less useless. From eq. (4. l) it can be seen that a nonzero value of 

µqp requires that the supercurrent density have a nonzero divergence . 

Under equilibrium conditions the supercurrent has zero divergence; 

thus the data indicate that the superfluid as well as the quasi­

particles must be in nonequilibrium. In particular, the Ginzburg­

Landau theory, as discussed in Chapter I, predicts that under equili­

brium conditions the amplitude of w drops off like ~-Kz into the weak 

link region from the strongly superconducting regions on each side of 

the weak link. (This form for w is only valid once the value of W has 

become small enough to linearize the Ginzburg-Landau equation.) Here 

K is a real constant discussed at some length in Chapter III and z is 

the distance into the normal region. In addition, the phase of these 

"exponential tails 11 is independent of position. It can readily be 
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shown (see Appendix B) that such a form for'¥ gives a supercurrent 

in the weak link region which has zero divergence (and soµ = O). qp 
(This argument does not apply to the super.conducting-normal boundary 

itself.) It might therefore be suspected that the form of the expon­

ential tail of '¥ must be altered in order to account for the phenomena 

observed. 

The particular model to be discussed here will suggest that the 

exponential tail coming in from the left-hand side of the weak link 

should have the form 

(4.2) 

where \f'L(z) is, more precisely, the order parameter induced in the weak 

link by the superconducting region on the left. (This form is only 

valid far enough av-,ay from the s uperconducti ng-norma l boundary that the 

Ginzburg-Landau equation has become linear.) Here '±'Lo is the order 

parameter in the bulk superconductor on the left (a complex constant), 

K is a real constant which determines the exponential decay length, 

z is the distance into the normal region, and ve is a parameter v-Jhich 

is also a real constant. An analogous equation gives \f'R(z), the order 

parameter induced in the weak link by the superconducting region on the 

right. The total order parameter \f'(z) in the weak link region is then 

just the sum \f'(z) = ll'R(z) + '±'L (z). Under equil ibriurn conditions, the 

standard Ginzburg-Landau theory gives .the parameter ve equal to zero. 

(In other words, the gradient in the phase of the exponential tails '±'L 

or '±'R is ordinarily zero.) As will be discussed in more detail shortly, 



-189-

the supercurrent calculated from this form for IJ' (z) in /J,ppendix B 

gives a supercurren.t v-lith a nonzero divergence as required, provided 

that the parameter VB is itself a weak function of z. 

Although ve is obviously the gradient in the phase of the ex­

ponential tail IJ' L (and also '±'R ), it is not the gradient in the phase 

of 4' itself. To be more precise, suppose that 4' is written in the 

form 4' = p(z) ei¢(z), where p and¢ are real. Then d¢/dz will, in 

general, not be zero, even if 90 = 0. This is because the phases of 

the complex constants '±' LO and '±'RO need not be equal. It is important 

to keep this distinction in mind, since, as was discussed in Chapter 

I, supercurrents are usually associated with nonzero gradients in the 

phase of 4' . Thus, even under equilibrium conditions, the gradient 

in the phase of 4' is not zero. (Recall that a supercurrent flowing 

in a superconductor aoes not constitute a nonequilibrium condition, even 

though a current in a normal metal always implies nonequilibrium.) The 

parameter 90 introduced here is not the same as the gradient in the 

phase of 4' . Because of the fact that 90 = 0 under the usual equili­

brium conditions, the idea that the gradient in the phase of '±'Lor '±'R 

(as opposed to 4' itself) is nonzero is a rather novel suggestion. It 

will be convenient to introduce 6¢ as the phase difference in 4' between 

one side of the weak link and the other. (¢ is essentially constant 

in the strongly superconducting regi ans on either side of the ~veak 

link.) In other wordsJ 6¢ is the difference in phase of the two com­

plex constants '±'Ro and '±' Lo· Note that 6¢ need not be zero, even if 

98 is zero; 6¢ and V0 are two completely independent variables, both 

of which affect the form of 4' 
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The idea that '-l'L(z), the exponential tail, might contain a 

gradient in its phase was first proposed by Yu et al (Refs. 3,10,ll) 

and used in an attempt to explain the Wyatt effect. The author first 

became interested in such a possibility when it occurred to him that 

eq. (4.2) might be justified using a generalized form of the BCS theory. 

(This was before the present experiment had begun.) In the model sug­

gested by Yu et al, the parameter VB was proportional to the time in­

tegral of the voltage, as might be expected from the phenomenqlogical 

London equations. (In the London theory, the superfluid v1as considered 

to be a classical fluid with no resistance to flow, so that the effect 

of an electric field would be to accelerate the superfluid; as a result, 

the superfluid velocity, and thus V0, would be 90 ° out of phase with 

the applied voltage.) The mechanism to be described here suggests that 

VB is proportional to the voltage itself; thus the physics is quite 

different. Before attempting to motivate eq. (4.2), it should be 

pointed out that the fact that eq. (4.2) will be seen to give results 

which are in agreement v1ith this experiment does not necessarily mean 

that other explanations might not do just as well. In fact, the 

author can think of several other mechanisms which might be appropriate. 

The decision was made to analyze the results of this experiment using 

eq. (4.2) mostly because the calculations which result are reasonably 

tractable. The question of other possible explanations will be dis­

cussed further at the end of this section. In particular, the model 

suggested by Yu et al can be shown to give results for this experiment 

which are the same as the mechanism to be described here, to within a 

constant. 
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The calculation of V1 based on the mechanism about to be dis­

cussed is, unfortunately, rather long and complicated. It appears to 

be impossible to take a difficult and complex analysis and make it look 

simple or transparent. For this reason, the remainder of this section 

can probably be read only with a certain amount of difficulty, even by 

an expert in this field. This is perhaps the case, even though the 

algebraic details are given only in Appendix a. The calculations con­

sist of a large number of essentially unrelated steps. In order to 

make the calculations as understandable as possible, an outline of all 

the various steps and the purpos~ of each will be given shortly. In 

addition, the text will explicitly point out when one step has been 

finished and the next is about to begin. This appears to be all that 

can be done in order to make the calculations as understandable as pos­

sible. Those readers who are not interested in the calculations can, 

of course, skip all but the final results. 

The analysis will begin with the assumption that, to a first 

approximation, the effect of the microwave voltage across the weak 1 ink 

is to displace the entire electron distribution in momentum space in 

accordance with Ohm 's law. An intuitive argument \'lill then be presented 

which suggests that such a displacement of the electrons causes a nonzero 

gradient in the phase of the exponential tails ~Land o/R (the parameter 

'78) 1t1hich vwuld otherwise not be present. This nonzero value of '78 will 

then be used to calculate a new relationship between the phase difference 

~¢ across the weak link (not to be confused with the parameter '78) and 

the supercurrent. This current-phase relationship will then be solved 
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to give VT a::; a function of the time-average of 6¢ , ¢0 , and the micro­

wave voltage across the weak link. (Although ¢0 might logically be 

written as 6¢0, the 6 will not be included; this is in accord with the 

standard notation used in thi s field.) The calculations would end at 

that point, except for the fact that the weak link is current biased, 

rather than voltage biased. Thus it is necessary to solve for ¢0 and 

the microwave voltage in terms of the de and microwave currents. 

Discontinuities in ¢0 as a function of the de bias current will then 

be shown to exist. This is due to a complex series of interactions 

based on the fact that the microwave impedance Z (discussed in Chapter 

II) is a function of ¢0. This situation is described by a set of non~ 

linear, coupled equations which must be systematically solved. These 

discontinuities in ¢0, combined .,,,,ith the expression for VT' v.Jill be 

seen to give results which are in reasonable agreement with the data. 

The nature of the various steps in the analysis outlined above should 

become clearer as the calculations proceed. 

The first step in the analysis is the suggestion of a possible 

physical mechanism which might be expected to produce a nonzero value 

of the parameter ve. In order to put the follov1ing discussion in per­

spective, it should be pointed out that the mechanism about to be sug­

gested is a ne\'.J idea in the sense that such effects are not contained 

in the usual BCS theory or ti me-dependent Gi nzburg-Landau theory. This 

mechanism is expected to be important only at the boundary betv-,een 

superconducting and normal metals under nonequilihrium conditions. 

Consequently, the ideas about to be discussed are not very closely 
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related to the usual properties of bulk, equilibrium superconductivity. 

In addition, it turns out that the results of the calculation of VT 

1t✓ ill depend on the form of 41 given in eq. (4.2), but are fairly insen­

sitive to the physical mechanism responsible for the value of ve. For 

this reason the mechanism about to be discussed is not essential to the 

analysis of the experiment; the agreement between the calculations and 

the measurements primarily indicates that the form of eq. (4.2) is 

correct, regardless of the mechanism responsible for ve . Consequently, 

the mechanism is not meant to be a unique explanation of the experimen­

tal results, and in some sense its discussion is not necessary for the 

remainder of the chapter. It is discussed here primarily because it is 

a novel idea which (to the author's knowledge) has not previously been 

considered in the literature. 

An attempt will now be made to show that eq. (4.2) is at least 

plausible, based on the nonequilibrium electron distribution shown 

schematically in Fig. 4.6. The solid circle shown in Fig. 4.6 is meant 

to represent the Fermi surface in momentum space under equilibrium con­

ditions. The dashed circle represents the electron distribution dis-
➔ 

placed a distanced from its equilibrium position by the effect of an 
➔ ➔ 

electric field E. (In this experiment, Eis produced by the microwave 

voltage across the weak link.) As discussed in Chapter II, the measure­

ments of the microwave impedance strongly suggest that, under 

appropriate conditions, the quas i-parti cl e conductivity at mi crovJave 

frequencies in the center of a proximity effect weak link is, to a 

first approximation, given by Ohm's law; any effects due to supercon­

ductivity appear to be superimposed on top of the ohmic current as a 
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small perturbation. Thus the value of the displacement~ is related 

by Ohm's law to the applied voltage. The basic concept behind the 

physical mechanism about to be suggested is that because the electron 

distribution is displaced in momentum space as shown in Fig. 4.6, the 

superconducting state has a tendency to form about this displaced dis­

tribution rather than the position of the equilibrium Fermi surface. 

This idea will now be discussed in some detail. 

Under equilibrium conditions, the superconducting wavefunction 

is built up out of momentum states chosen symmetrically about the Fermi 

surface. In fact, all the electron-electron interaction which is respon­

sible for the formation of Cooper pairs occurs \\Jithin a distance of the 

Fermi surface v-1hich corresponds roughly to an energy of 6 (the e~ergy 

gap parameter) above or belov1 the Fermi energy. If the overall electron 

distribution is displaced, as in Fig. 4.6, it seems likely that the 

superconducting state v1ould then have a tendency to be centered around 

the displaced Fermi surface in order to maintain the pairing interac-

tion (since that is the only region of momentum space where such pairing 

can occur). Since 6 << kT in the center of the weak link, the formation 

of Cooper pairs necessary for the construction of the superconducting 

state should constitute only a small pertut·bation on the distribution 

shown in Fig. 4.6, so that the overall distribution of electrons is 

still approximately given by Ohm's lav-1. By constructing the supercon­

ducting state centered around the displaced Fermi surface, the binding 

energy due to the formation of pairs can be increased (that is, main­

tained at its equilibrium value), but at the expense of the kinetic energy 
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which is made larger than would be the case if the superconducting 

state were centered around the position of the original equilibrium 

Fermi surface. Thus the free energy of the system might be expected 

to be minimized by a displacement of the superconducting state which 

represents a compromise bet~veen kinetic and binding energies. In 

other words, there may exist a self-consistent v,avefunction which 

minimizes the free energy, given the fact that the overall electron 

distribution has been displaced; such a wavefunction may correspond 

to a nonzero value of ve, since, as will be seen, ve i O displaces 

the superconducting state in momentum space. An attempt to make these 

ideas quantitative will be described shortly. 

A superconducting state which has been displaced in momentum 

space is equivalent, in a uniform, bulk superconductor, to the usual 

BCS wavefunction with a nonzero gradient in the phase, ve. It will be 

convenient to denote the usual BCS wavefunction corresponding to a 

constant gradient in the phase by 1/Jscs(ve). (At absolute zero, there 

are no quasi-particle excitations and a wavefunction with ve i 0 

simply corresponds to shifting the entire electron system over in 

momentum space, thus producing the usual supercurrent. At finite tem­

peratures the effect of ve i O is similar, although somewhat more com­

plicated due to the fact that the quasi-particle distribution is also 

altered.) In the usual BCS theory the free energy is minimized by 

1/Jscs(O), and nonzero values of ve only arise as a result of the appli­

cation of boundary conditions, such as is the case for a closed super­

conducting loop. The idea is that, for the electron distribution shown 



-197-

in Fig. 4.6, the free energy may well be minimized by a nonzero value 

of ve, even in the absence of boundary conditions (or, more specifi­

cally, when the boundary conditions on the v1avefunction are specified 

at a single plane, such as the superconducting-normal interface at 

one edge of the weak link). This would account for the extra phase 

gradient in eq. (4.2), as desired. (It should immediately be pointed 

out that the value of ve in a bulk superconductor is ordinarily fixed 

by the boundary conditions, so that these ideas do not directly apply 

to bulk superconductors. This will be discussed in more detail later.) 

Once again, an attempt will be made shortly to make these ideas more 

quantitative . . 

The me chanism proposed here assumes that the exponential tail of 

the order parameter (eq. (4.2), for example) 1tJill have that form v1hich 

minimizes the free energy. The ideas discussed above suggest that this 

occurs for ve t O, due to the displacement of the Fermi surface in ac­

cordance with Ohm's law. One apparent problem which needs to be dis­

cussed has to do with the fact that the electrostatic potential (when 

a voltage has been applied) varies as a function of position inside the 

exponential tail. This might be expected to cause the quantum phase to 

precess at different rates at different positions in accordance with 

Josephson's equation for the time dependence of the quantum phases (see 

eq. (4.17), below), thus continuously changing the value of ve away 

from that value which minimizes the free energy. This Josephson equa­

tion was meant to be applied to bulk superconducting regions in which 

the electrostatic potential is essentially constant throughout that 
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region. On the contrary, it is assumed here that the relaxation time 

of the superconducting state is so short that the actual superconduct­

ing state over the short distances involved in the weak link region 

is always (at l east approximately) the one which corresponds to the 

minimum free energy; as has already been suggested, this corresponds 

to a certain value of 90 t O and the phase is not expected to precess 

at different rates at different positions. This question will be dis­

cussed in greater detail when a comparison is made to the model pro­

posed by Yu et al (Re fs. 3,10,11). As ~vill be seen, the model 

proposed by Yu et al corresponds to the opposite limit, \'ihere depar:.. 

tures from equilibrium on the part of the superfluid give rise to the 

important effects. As has already been mentioned, the mechanism sug­

gested here also depends on the fact that the boundary conditions on 

YL or YR leave 90 a free parameter, which is not the case in a bulk 

superconductor. These topics will be discussed further at the end of 

th i s section . 

A physical mechanism has just been suggested which might be ex­

pected to give a nonzero value of the parameter 90 in eq. (4.2). It 

was assumed that an electric field has the effect of displacing the 

electron distribution in momentum space, and that the superconducting 

state which has the lowest free energy consistent vvith this displace­

ment corresponds to a nonzero value of the parameter 98. In addition, 

it was ass urned that the actual form of Y wi 11 be very nearly equal to 

that which minimizes the free energy. The author is currently involved 

in an attempt to make the preceding intuitive ideas quantitative by 

performing a modified BCS variational calculation, using the appropriate 
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microscopic wavefunctions. Th e approach is based upon the assumption 

that the quasi-particle dis t ribution is given by 

(4.3) 

➔ 

where f0(k) is the equilibrium (Fermi-Dirac) distribution; this is 

required by Ohm's lav,i. The variational form for the wavefunction is 

chosen to be tscs(ve), with ve considered a free parameter; the cor­

rect value of ve is found by minimizing the free energy which results. 

(Once again, the usual BCS treatment using the equilibrium distribution 
->-

f o ( k) gives ve = 0 for the minimum free energy.) The calculation is 

made algebraically feasible by assuming that dis small and lineariz­

ing. By use of an appropriate gauge transformation, the calculations 

can be cast in a form which is similar to the usual BCS calculation of 

the temperature-dependent penetration depth. Calculations of this sort 

are analogous to the theories described in Chapter III, in which non­

equilibrium quasi-particle distributions were found to affect the value 

of the energy gap 6. . In this particular instance, hmvever, the non­

equilibrium quasi-particle distribution is expected to change the value 

of the parameter ve. This generalized BCS calculation has not yet been 

finished, primarily because of some difficulties h~ving to do with the 
->-

fact that f(k) governs only the quasi-particles and not all the elec-

trons, as it does in a normal metal. There appear to be several ways 

of avoiding this difficul_ty, and it is hoped that this sort of calcula­

tion can eventually be completed. For the present time, however, the 

intuitive discussion presented above can only be considered to shm-1 the 
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plausibility of eq. (4.2) for the conditions of this exoeriment. 

For sma ll va"lues of d, the value of ve produced by the mechanism 

suggested above can be expected to be proportional to d, which in turn 
➔ 

is proportional to E or the voltage across the vJeak link. Since the 

ideas presented above are not quantitative, the exact dependence of th e 

parameter \/0 on position vJithin the weak link cannot be determined. In 

order that the necessary calculations can proceed, it was assumed that 

ve is approximately independent of position (a slmvly varying function 

of z). It should be emphasized that this assumption may be rather crude 

and has only been made for the sake of expediency. (The nature of this 

assumption is discussed more thoroughly in Appendix 8.) For this reason, 

as well as the fact that d was assumed to be small enough that ve is 

linear ind, the results of the calculations below should be expected to 

show only qualitative agreement with the data, especially for large 

microwave currents. (It was assumed by the author that a qualitative 

comparison with the data would be better than no comparison at all.) In 

any event, a physical mechanism which might produce a nonzero value of 

vein eq. (4.2) has nm,1 been suggested. The calculations given in 

Appendix B show that the supercurrent under these conditions has a non­

zero divergence, as required. This completes the first step in the 

analysis. Although the form of~ given by eq. (4.2) has not been de­

rived or proven in any rigorous way, the calculation of VT 'tJill continue, 

based on eq. (4.2). The idea is to determine the consequences of such 

a form for IP and to compare them vJith the data. As has been mentioned, 

the results of the calculation are fairly independent of the physical 
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mechanism responsible for the nonzero value of 'v0 . 

The next step in the analysis is to use the form of the order param­

eter shovm in eq. (4.2) to calcula.te the dependence of the supercurrent 

through the weak link on the phase difference 6¢ across the weak link. 

(Recall that 6¢ and VG are completely independe nt variables.) The non­

zero value of 90 gives rise to a modified current-phase relation. This 

calculation is straightforward and the details are given in Appendix B. 

The dominant (largest) term was found to give the result 

( 4. 4) 

Here I is the instantaneous suoercurrent, I is the usual critical cur-s • C 

rent (a constant), ¢Rand ¢Lare the phas es of the order parameter in 

the bulk superconducting regions on the right and left sides of the weak 

link, and Lis the l ength of th e weak link (~ 0.5µ); (¢ - ¢ = 6¢) R L • 

Once again, 90 is (approximately) independent of position but proportional 

to v, the instantaneous voltage across the weak link. 

Equation (4.4) has been interpreted as being a modification of the 

dependence of the supercurrent on the value of 6¢ (the current-phase 

relation). An alternative interpretation is to view 90 as changing the 

relation between the applied voltage and the 11 effecti ve 11 phase, v1hi le 

leaving the dependence of the supercurrent on the phase unaltered. 

Physically, what happens is that the gradient in the phase of the expon­

ential tails ~Land ~R (that is, 90) simply changes the phase difference 

beb-1een the ~vavefuncti ans at the point ( or points) where they interfere 

from their phase difference at the edges of the weak link. The basic 
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interference effect which produces the supercurrent i s unaltered. From 

this point of view it is the voltage-phase relation which has been al­

t ered, rather than the current -ph ase relation. However, 6¢ is defined 

as the phase difference between the superconducting regions at the 

edges of the weak link, not at the point where ~Land 1R interfere . 

(Actually, they interfere throughout the entire weak link region.) Thus 

6¢ is not altered by ve and so, strictly speaking, the voltage-phase 

re ·lation is not altered, since the word 11 phase 11 here means t.-.¢. Viewing 

the supercurrent as a function of the phase difference across the weak 

link, it is thus the current-phase relation which has been altered, 

although either interpretation has its advantages. 

The calculation (Appendix B) of the current-phase relation, eq. 

(4.4), completes this step in the analysis. Before going on to the next 

step it might be appropriate to comment on the nature of the results 

which would have been obtained if the model proposed by Yu et al (Refs. 

3,10,ll) had been used, rather than the mechanism suggested here. 

(Although Yu et al (Ref. l) recently published the results of an exper­

iment very similar to the one described in this chapter, they did not 

analyze the results using their previously published (Refs. 3,10,11) 

model.) Recall that the equations proposed by Yu et al require that 

the parameter ve be proportional to the time integral of the voltage 

v(t) across the weak link, whereas the mechanism discussed in this 

thesis gives ve proportional to v itself. Although the physical mech­

anism responsible for the final results in the tvw cases is totally 

different, the calculated form of VT for this experiment can be shown 
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to be the same to within a constant. (Since the calculations us ing the 

model by Yu et al are very simil ar to the calcu lations using the mechan­

ism proposed here, only the l atter v1in be carried out in detail below. 

The method is, hm11eve r , very easily general ·ized to th e other case .) Thi s 

is unfortunate, since this experiment is therefore unable to distinguish 

bet~-1een these h-10 mechanisms. The physical differences bet\-'teen the tvw 

mechanisms vrnu ld allovt them to be distinguished by other experiments, at 

least in principle, hm-Jever. The physical differences betvveen these tvrn 

mechanisms, as v1ell as the conditions under v1hich one or the other might 

be expected to domin ate, will be discussed in some detail at the end of 

this section. As has been pointed out, the results of the calculation of 

VT are fairly independent of the mechanism responsible for the nonzero 

value of ve , so that the experimental results should be viewed as a test 

of the form of eq. (4 .2 ), rather th an of any particular mechanism for 

The next step in the analysis is the use of eq. (4.4) to calculate 

the value of VT to be expected for the conditions of this experiment. It 

is convenient to define Ts( 178 ) as the value of the time-average of Is as 

a function of the parameter 178 As shown in Appendix B, the time-averaged 

divergence of the supercurrent (which is proportional to VT) is propor­

tional to [T (Ve) - T (O)]. A lengthy calculation of Ts as a function s s 

of 178 gives the following result for VT: 

• I . 2evo 
VT= ylc sin(¢o)[(Jo(s vO)- l) JO( -nu) ) 

oo k 2ev0 
+ 2 L (-l) J2k(s

1
vO) J2k(""llw)J 

k=l 
(4.5) 
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Here E' is defined by the relation LV0 = E'v, v
0 

is the amplitude of 

the microwave voltage, ¢0 is the time-averaged value of ¢R- ¢L (which 

is determined by the de bias current), y is a constant relating VT to 

µqp (the value of y depends on the asymmetry of the tunnel junction), 

w i s the frequency of the microwave voltage, and JN are Bessel functions 

of integer order. (¢0 should not be confused \•Jith the flux quantum 

h/2e, \vhich is sometimes denoted by cp
0
.) Note that VT is now given as 

a function of ¢0 and v0. 

It will be convenient to define x and y by 

.x = 2ev0/nw (4.6) 

(x and y are both dimensionless.) For y « l, eq. (4.5) can be ex-· 

paneled in power series (see Appendix B) to give 

2 
VT= - yic Y4 sin (cp0)[J0(x ) + J2(x)J (4.8) 

where terms of order y4 or higher have been dropped. Equation (4.8) 

probably looks rather peculiar (to an expert in this field) because J2 

appears to have been kept, v.1hereas higher order Bessel functions in x 

appear to have been dropped. It must be emphasized that eq. (4.8) is 

not an expansion in x; only these two Bessel functions remain in the 

calculations at this point, and the results are valid even for x >> l. 

This is important to keep in mind, since xis frequently larger than 

one in the experiments performed. In addition, not only is J2 not 

necessarily small compared to J0under such conditions, but most of the 
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intei·esting results will be seen to come from the J 2 term rather than 

the J0 term. Equation (4.8) has been left in its present form, even 

though the recurrence relations for Ressel functions give J
0

(x) + J
2

(x) 

= 2J
1 

(x)/X; this ~vas done to emphasize the fact that the tv-10 terms have 

different origins and that, beca use of the approximations made in the 

theory, . their coefficients may differ from unity. The present form 

~vill be seen to be useful for other reasons as well. Equation (4.8) 

g·ives VT in terms of the time-averaged phase difference, ¢
0

, and the 

amplitude of the microwave voltage, v0 . (Given v0, x and y are both 

immediately determined.) This concludes the present step in the analy­

sis. 

If the weak link were voltage biased rather than current biased, 

the analysis would now be finished. This is because v0 would then be a 

free parameter (its value could be experimentally fixed) and the value 

of ¢0 could be determined in a trivial ~vay from v0 and the de bias cur­

rent Ide' which is also a free parameter. ( cp0 could be determined 

directly from eq. (4.9), as will be discussed below.) However, the weak 

link is very nearly current biased at microwave frequencies, as \'las dis­

cussed in Chapter II. As a result, the independent parameters are Ide 

and IµO' rather than Ide and v0 . Thus, in order to evaluate eq. (4.8) 

for VT' it is necessary to solve for v0 and cp0 in terms of Ide and Iµo· 

This process, which turns out to be equivalent to solving a set of non­

linear coupled equations, will form the next step in the analysis. 

Before beginning the next step in the analysis, it may be useful 

to consider first those special conditions under which ¢0 and v0 can 
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immediately be determiiled from Ide and IµO w"ithout having to solve the 

full set of nonlinea r coupled equations. In fa ct, the only situation 

(for reason s to be discuss ed shortly) in which ¢0 and v0 cannot be im­

mediately determined occurs when v0 causes x to be near one of the zeros 

of J0(x). (In oth er words, if J0(2ev0/fic0 ) = 0.) In order to determine 

v0 from IµO' it is obviously necessary to kno\'1 the value of the micro­

wave impedance Z of the v,eak link. It was shown in Chapter II that, 

under appropriate conditions, Z is very nearly equal to RN' the resis­

tance of the weak link in the normal state, for bias currents l ess than 

the critical current. (This ·is true only under certain conditions, such 

as when the critical current is sufficiently small; these condition s are 

viell satisfied in the present experiment.) RN is a constant and can 

readily be determined from de measurements. If xis not too near one 

of the zeros of J0 , then it is an excellent approximation to simply 

take v0 = IµORW Having determined v0 , the value of ¢0 must now be 

determined. In order to determine ¢0 , it v1ill be necessary to find 

the relation betvieen the time-averaged supercurrent and ¢0 when a 

microwave voltage is applied across the v1rak link. Under these condi­

tions it is well-known (and explicitly calculated in Appendix B) that 

the maximum de supercurrent is limited by an effective critical curreht 

~ 
Ic given by Ic = IcJ

0
(x). In other words, the time-ave'raged supercur-

rent Ts is then given by 

(4.9) 

The experiments in this chapter were performed with zero de voltage 

across the weak link. This is only possible for IIdcl ..:S. le, and further 
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requires that Ide= Is (see Appen di x B) . Equ ati on (4.9) can then be 

-l solved for ¢0 , with the result that ¢0 = sin [Id~/IcJO(x)J. Here 

x, which is proportional to v0 , is known, since v0 has been approxi-

mated by RNI µ□• Both v0 and ¢0 have nmv been dete rmined from the in-

dependent parameters Ide and I for the µ0 special case of x not too 

near a zero of J0(x). 

The values of v0 and ¢0 determined above for x not too nea r a 

zero of J0 can nmv be used to evaluate VT from eq. (4.8). Note that, 

from eqs. (4.8) and (4.9), Ts and VT are both proportional to 

sin( ¢0), and so are proportional to each other if v0 and thus x and y 

do not vary "s i gni fi can t1y" as a function of <l>o · (This will be seen to 

be true _on.J.y if x is not too near a zero of Jo.) Thus a p 1 ot of v1 
as a function of Ts should be a s trai gh t line . The data shown in 

Fig. (4.l) are indeed a straight line, as ~vas the vast majority of the 

data observed in this experiment, and all of the data obierved in the 

previous experiment of Yu et al (Ref. l). Consequently, the sh ape of 

most of the data observed can be seen to be consistent with the model 

used in the calculations, without having to solve the coupled nonlinear 

equations. This simple situation, ho~vever, breaks down if xis too 

near a zero of J0(x), as might be suspected from the result obtained 

above, that ¢0 = sin-1[rdc/IcJ0(x)]. (This expression is not well de­

fined if J0(x) = O.) 

\~hen x is near one of the zeros of J0 , it is no longer suffi-

ciently accurate to assume that Z = RN. The reason for this is as 

follows: Suppose that the approximation V = 0 RNIµO causes a certain 
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error 8x in the value of x, which in turn causes an error 8J
0 

in J
0

. 

If xis far from any zero of J0, then the fractional error 8J
0
;J

0 
in 

J0 turns out to be sufficient ly small to allmv ¢0 to be accurately 

calculated from ¢0 = sin-1[Idc/IcJ0(x)J. The fractional errors in all 

the quantities of interest wi ll be small compa red to the quantities 

themselves and so the simple analysis outlined above is valid. How­

ever, as x approaches one of the zeros of J0, the fractional error 

8J0/J0 in J0 may become larger than unity if the approximation 

v0 = I 0RN is used. (The value of 8J 0 remains fairly constant as J0 µ . 

passes through zero.) Then the estimate of ¢0 and all the other param-

eters becomes highly inaccurate. Under these conditions it is neces­

sary to use a more accurate expression for Z vihich includes the depend­

ence of Z on ¢0. This causes the equations to become very nonlinear, 

as ¢0 becomes a function of itself, so to speak. The strong dependence 

of ¢0 on l/J0, and the dependence of J0 upon ¢0, leads to instabilities 

in the equations and multivalued solutions near the zeros of J0. These 

instabilities manifest themselves as the 11 phase-jumps 11 observed in 

Figs. 4.2 and 4.3, which are perhaps the most interesting experimental 

results. The explanation of these additional fine structures is the 

tour de force of the calculations presented here. (Incidentally, the 

calculations will show that xis never exactly equal to a zero of J0(x) 

for any value of Ide and Iµ 0; as a result, the equations never 

11 diverge 11 in the mathematical sense.) 

The next step (or several steps) in the analysis has to do with 

the problem of calculating v0 and ¢0 as functions of Ide and IµO when x 
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is reasonably close to a zero of J0(x). The analysis continues at this 

point by calculating the small but important deviation of Z from RN 

(which is quite straightforward). In Chapter II the Josephson induc­

tance v1as discussed at length and calculated for small microwave cur­

rents. In Appendix B this calculation is generalized to arbitrarily 

large values of IµO and gives the approximate result: 

(4.10) 

As explained in detail in Appendix 8, the remaining calculations in this 

chapter were carried out to lowest order in (RN/wLJ), which was assumed 

to be small (and is sma ll for the conditions of this experiment). Con­

sequently, all of the results presented here, for example eq. (4.10), 

retain only those terms in (RN/wLJ) v1hich are needed to give a f"inal 

result accurate to lowest order. The important feature of eq . (4 .10) 

is the cos(¢0) term, v1hich causes Z to be a (weak) function of ¢0. The 

impedance itself is equivalent to an inductance LJ in parallel with a 

resistance RN' As shown in Appendix B, the magnitude of Z (vvhich is all 

that is needed here) is 

(4.11) 

Since LJ is a function of ¢0, so is Z This concludes the calculation 

of the i mpedance in terms of the other parameters, so that Z can now be 

thought of as having been eliminated from the problem in favor of the 

other variables. 
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The next step in the analysis is the use of the calculated value 

of IZI to solve for the rnicro1'/ave voltage in terms of IµO' thus elimi""' 

natingv0 (or, equivalently, x, since xis proportional to v
0

) from the 

problem. Th e remaining equations will involve only ¢0 and the indepen­

dent parameters Ide and Iµo· The microwave voltage is eliminated using 

the equation 

V = 0 (4.12) 

and also eq. ( 4. 11 ) for I Z I • Because most of the equations, such as 

eq. (4.9) for Ts, involve x rather than v0 , it is more convenient to 

solve for x rather than v0. Since /ZI is nearly equal to RN' x is 

nearly equal to 

2eRN I O 
XO = µ nw (4.13) 

Equation (4.13) serves to define the quantity x0 , \vhich can be taken to 

be an independent parameter, replacing \ 10 . (That is, Ide and x0 can 

just as well be thought of as being experimentally fixed.) It will 

also be convenient to define 

(4.14) 

(4.15) 

Here E should not be confused with the £
1 already defined; E and E

1 are 

brn unrelated parameters. (Recall that E « 1 has already been assumed.) 

Since x0 , L0 , and E depend only bn IµO' they can be considered to be 

11 knovm. 11 As shmvn in P.ppendi x B, the dependence of Z on <lb leads to 
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the result 

Once again, this result is 9nly accurate to lowest order in E . 

Equation (4.l6l can now be used to eliminate x (and v0l from the prob~ 

lem, so that all the remaining equations involve only ¢0 and the inde­

pendent variables Ide and x0 (or Iµ0l. 

At this point x (and v0l has been eliminated, leaving equations 

in which ¢ is the only unknown. Before solving these equations for 0 . 

¢0 and evaluating VT (the equations of interest are generally cubic) 

it may be useful to consider the physical nature of these equations 

involving ¢0. This can best be accomplished by simply plotting the 

value of rs calculated in Appendix Bas a function of ¢0. (That is, 

eq. (4. l6l for x can be substituted into eq. (4.9l for rs, giving rs 

as a function of ¢0.l This is shown in Fig. 4.7, which consists of a 

sequence of plots of rs as a function of ¢0 for various values of x0. 

(Recall that x0 is proportional to IµO' and so can be considered to be 

experimentally fixed.) All the values of x0 are near z1, the first 

zer9 of J0, and increase monotonically from be ·1 ow z1 to above. These 

calculations were performed for the case of Ic = 300 µA, RN= .044 

ohms, and w = 6.04x10 10 rad/sec. 

Figure 4.7a shovvs the situation when x0 is far enough below z1 

(z1 = 2.4048) that the change in z (as ¢a varies) has only a small 

percentage effect on the value of J0(x) in eq. (4.9); in other words, 

rs varies roughly as sin(cp0), although the curve in Fig. 4.7a is 

already distorted somewhat from a true sine. In Fig. 4.7b, x0 has 
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gotten close enough to z1 that the variation in the microwave impedance 

as a function of ¢0 brings x (whi ch is proportional to IZ!) signifi­

cantly closer to z1 for ¢0 -- 90° than it was for ¢0 = 0°. Since Ts 

is proportional to J0(x), this displacement of x towards one of the 

zeros of J0 (x) reduces the value of Ts. (Note that the vertical scale 

here is 1 ess than i n the p re v i o us f i g u re due to the closeness to zl . ) 

This effect has become large enough to depress T s at ¢ = goo 
0 and 

cause the maximum superc urrent , I c' to occur at some value of ¢0 not 

equal to 90°. Note also that, although Ts is a single-valu~d function 

of ¢0, ¢
0 

is no longer a single-valued function of Ts. (In other 

words, Ts= Ide and is fixed by the experimental bias conditions; for 

a given value of Ts, there is now more than one possible value of ¢0.) 

The stability of these additional values of ¢0 for a given Ts \'lill be 

discus sed later. 

vJhat is happening is that, as x0 gets closer to z1 , the 

percentage change in J0 as ¢0 varies becomes larger and larger. As a 

result, the relatively small v a ri at i on i n I ZI as a function of ¢0 

becomes more and more important. In Fig. 4. 7c the reduction of Ts 

near ¢0 = 90° increases, until T goes s to zero at 90° in Fig. 4.7d, 

where XO= zl. (That is, Jo(x) in eq. (4.9) for Ts is zero at this 

value of ¢0.) In Fig. 4.7e x0 is now above z1 , so that, as ¢0 varies 

from 0° to 90°, x passes through ?i from below. In all the parts of 

Fig. 4.7, what has actually been plotted is the absolute value of Ts; 

for example, J 0 and Ts are actually negative at ¢0 = 90° in Fig. 4.7e. 

The absolute value has been plotted because a oositive value of T . s 

will be produced by a corresponding value of ¢0 in some other quadrant; 
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it was desirable to avo·id plotting all four quadrants of ¢0 here. (The 

fact that cp
0 

jumps from one quadrant to another in order to keep rs 

positive is a nuisance dealt with in Appen dix B but which is best ig­

nored here.) Note that Ic (maximum Is) still occurs at some value of 

¢0 t go

0
, but that ¢0 = go

0 is always an extremum, here a local maxi-

mum. 
~ 

In Fig. 4.7f, x0 is now sufficiently large that Ic (the maximum 

value cif Is) once aga·i n occurs at exactly go

0
• Note that Ts still has a 

relative maximum at some value of ¢0 t go

0
• As x0 increases further, 

this relative maximum becomes smaller and smaller (Fig. 4.7g) until it 

has disappeared altogether in Fig. 4. 7h. In Fig. 4.7h, x0 is so large 

that x never passes through z1 for the entire range of ¢0. Note, 

however, that the curve is still distorted from a true sine. 

The reader has probably surmised by nmv that the discontinuities 

or phase-jumps observed in the data are caused by the multivaluedness 

of ¢0 as a function of Ts. Note the (superficial) similarity between 

Fig. 4.7f and the V-I characteristics of an Isaki tunnel diode, a semi­

conductor device used for switching applications. Imagine that, for 

the conditions shown in Fig. 4.7f, T and ¢0 are both initially zero. 
. s 

If the value of Ts is increased (remember that Ts = Ide' the external 

de bias) eventually ¢0 will find itself in the position of having to 

jump over to the other branch in order to maintain the required value 

of Ts. Physically, what happens is that, in the region betv1een the 

points marked A and Bin Fig. 4.7f, I will not equal Id and so a vol-s - C 

tage v will exist across the device. This voltage will precess ¢0 

according to the Josephson equation (Ref. 12), 
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(4. n) 

This precession of ¢0 will continue until Is again equals Ide at 

point C. (Actually, ¢0 must jump all the way to a nevi quadrant, a 

complication which will be ignored here.) Similar reasoning (ex­

plained in detail in Appendix B) shovis that the region bet~~een A and 

B, ~~here dl/d¢0 < 0, is physically unstable. If the value of rs is 

now lo\A1ered, ¢0 1r1ill follov, the curve from C to B. (Once again, ¢
0 

will actually be in another quadrant; the interested reader is en­

couraged to sketch all four quadrants for himself.) It should be 

pointed out that, although dl/d¢0 is negative betvJeen A and B, there 

existJ3 a corresponding value of ¢0 in another quadrant which~ 

stable. Thus there are values of rs which correspond to three stable 

values of ¢0 . The long-term stabilHy of ¢0 on any particular branch 

will need to be discussed later. It is possible that ¢0 might spon­

taneously jump from one 11 stab l e 11 position to another due to noise. 

Before going on to discuss the effects on '\ of these discon­

tinuities in ¢0 (as a function of Ide), there are some more general 

topics 1,-1hich should be discussed. First of all, it might be wondered 

why these discontinuities had not been discovered in the past, since 

their occurrence is not limited to experiments whose purpose is to 

measure VT" (The discontinuous nature of ¢0 is due to the properties 

of the microwave impedance, and does not depend on quasi-particle 

nonequilibrium for its existence . ) This is partly because, in the 

usual de measurements, ¢
0 

is not directly observable. When ¢0 jumps 
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from one value to another, the value of Ts remains unchanged. (The 

phase-jumps are observable in this experiment only because of the J2 
term in eq . (4. 8); the tenn sin( ¢0)J0(x), \"lh·ich is all that aprears 

in eq. (4.9) for Ts,-is unchanged in a phase-jump.) In addition, the 

author was perhaps in a unique pas ition to think of these arguf71ents, 

since he had just finished the study of the micro1t1ave impedance de­

scribed in Chapter II before beginning this experiment. In any event, 

the discussion presented here does have some implications for meas­

urements of other v1eak link properties besides VT" In particular, the 

maximum supercurrent Ic for a turrent biased weak link no longer 

periodically passes through zero as the micrrn"!ave drive is va ried, 

as might have been expected from the simple Bessel function rel ation, 

eq. (4.9). This is shovm in Fig. 4.8, where Ic is plotted as a func­

tion of IµO' both for the current biased results obtained in Appendix 

Band for the usual Bessel function relation (voltage-biased or con­

stant Z). Here Ic was chosen to be 700 µA so as to increase the 

magnitude of the effects (which increase greatly as I increases.) I 
C C 

no longer goes to zero because, crudely speaking, ¢0 can (and will) 

adjust itself so as to avoid having x = z1, regardless of the value 

of x0. The mechanism responsible for this can be seen graphically in 

the sequence of diagrams in Fig. 4.7. Although the details of the 

calculation of I have been relegated to Appendix B, there are some 
C 

final results which should probably be summarized here. The first 

minimum of I , which will be designated I , occurs at a value of x0, 
C ~ • 

designated xOm' which can be found by finding the roots of a certain 
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Fig. 4. 8 Calculated effective de critical current, le, as a function 

of the amplitude of the microwave current,I 0. Results are 
shown for the case of a voltage-biased, as Mell ~s a current­
biased, proximity effect weak link with a critical current 
of 700 µA in the absence of radiation. 
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cubic equation. The results of this calculation have the surprisingly 

s imp l e form 

(4.18) 

~ 
I cm (4.19) 

Similar results can be derived for the other zeros of J
0

, but this chap­

ter will restrict itself to the structure near z
1

. Unfortunately, the 

existence of the \>Jyatt effect (v1hich is the enhancement of the constant 

I due to microwave radiation; see Chapter III) makes a quantitative 
C 

~ 
comparison of the value of I given by eq. (4.19) with the experimental cm 

~ 
data impossible. Hmvever, as has already been mentioned, I did, in fact, 

C 

never go to zero as a function of the microwave drive. Having paused to 

discuss the results for Ic, the calculation of VT will now be resumed. 

The next step in the analysis is the calculation of the range of 

values of x0 over which phase-jumps occur. This was done by setting 

dT/d¢0 = 0, \\lhich is the requirement for the existence of a relative 

maximum (or minimu~ at ¢0 f 90°, such as the one shown at point A in 

Fig. 4. 7f. (No phase-jumps can occur without the existence of such an 

extremum at some value of ¢0 other than 90°.) It was found that 

¢ = 90° is always an extremum. In addition, an extremum will occur at 
0 

some other value of ¢0, which will be designated¢; , if 

(4.20) 

* The value of ¢0 is given by 



(4.21) 

T has the value r* at cp* given by s C O' 

Jl ( zl) l l - L ( XO- z l ) ] 3 / 2 (4.22) 
~* 2 / XO 
I = E: xOic C 

3 

Incidentally, the value of Ic shown in Fig. 4.8 was calculated by taking 

the larger of i~ or IcJ0(x0), v1hich is the value of Ts at the other 

extremum, <lio = 90° . 

Having determined the range of x0 over which phase jumps can 

occur, the next step in the analysis is the determination of the number 

of solutions for ¢0 and the value of each for a given value of Ide and 

x0 (or 1i_10 ). There may be zero, one, t1vo, or three solutions for cp0; 

they are given by the roots of the fo 11 owing cubic equation 

0 (4.23) 

The solution to this cubic equation will be presented here, since there 

are so many equations in Appendix B that the results should be sum­

marized in the text; those readers who are not interested in even the 

final result are advised to skip these equations, as they do not give 

any physical understanding of the situation. It is convenient to define 



b = (4.25) 

b2 3 
- + a g - - -4 27 (4.26) 

If g > 0, then there is only one real root: 

(4.27) 

where A and Bare defined by 

(4.28) 

(4.29) 

For g < 0, there are three real roots given by 

¢01 = 
-l sin [2 ✓-a/3 cos (p'/3)] (4.30) 

¢02 = 
-l sin [2 ✓-a/3 cos(p'/3 + 120°)] ( 4. 31 ) 

¢03 = 
-l sin [2 ✓-a/3 cos(p'/3 + 240°)] (4.32) 

where p' is defined by 

-l -b / 3 p I = COS [ 2 / -a /2 7 J (4.33) 

In the above equations both branches of the arcsin function must be 

used, since the two branches are not physically equivalent. Thus up 

to six different values of ¢0 are found; however, half of them are 
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physically unstable and should be discarded. (Th e physfcally unstabl e 

solutions can be determined by evaluating dI
5
/d¢

0 
for each solution; 

see Appendix B for the r elevant formulas.) In additfon, if the magni­

tude of the argument of the arcs in is greater than one, those solutions 

must also be discarded. As a result , the number of physically accept­

able solutions may be zero, one, tl'✓ 0, or three. 

Having found all the solutions for ¢
0 

corresponding to a given 

value of Ide' there still r emains the question of which one of the solu~ 

tions actually determines the value of \\; or perhaps ¢o jumps from 

one solution to another as Ide is varied. (In other \•JOrds, the d·iscus­

sion presented in connection with points A, B, and C in Fig. 4.7f sug­

gests that VT may also be a multivalued function of I,, a condition 
ac 

referred to in the laboratory as hysteresis.) Fortunately, from the 

point of view of the analysis, · it was found experi rnenta l ly that very 

little hysteresis would result if the modulation frequency of Ide was 

sufficiently low('\, 10 Hz). If, on the othe r hand, the modulation fre­

quency ~\/as sufficiently high('\., 104Hz), then a noticeable amount of 

hysteresis was present. This indicates that the various 11 stable 11 

solutions for ¢
0 

are actually quasi-stable, and that transitions from 

one solution to another occur at a rate of somewhere between 101 to 

104 times per second. These transitions are almost certainly due to 

amplitude-modulated (AM) noise in the mi crow ave dr~ ve, or some other 

form of external noise, although a quantitativi analysis of this topic 

is made prohib'itively difficult by the nonlinearity of the equations 

involved. (Thermal noise is much too small to cause transitions 
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between the various solutions for ¢0.) Because of the transition 

rate mentioned above, it seemed reasonable to assume that all the 

possible values of ¢0 occur with equal likelihood. Th2refore, the 

calculated value of VT was taken to be the average corres oondi ng to 

all the possible 11 stable 11 solutions for ¢0. This assumption is al so 

expected to be of limited validity, and provides yet another reason 

to expect only qualitative agreement betv1een the data and the calcu­

l ations. The correctness of this assumption is substantiated by the 

resulting agreement with the data. All of the calculations necessary 

for the evaluation of VT exist in a closed, analytic form in Appendix 

B. Numerical evaluation of the resulting formulas is, as is probably 

evident, sufficiently tedious that it is best done by computer. The 

numerical evaluation of these formulas by computer is the final step 

in the calculation of VT. 

Figure 4.9 shm·1s the calculated results for VT as a functi on of 

Ide for the same sequence of values of x0 as was used in Fig. 4.7. In 

Fig . 4.9a, x0 is sufficiently far from z
1 

that VT is nearly a straight 

line. Such straight lines formed the bulk of the data. The calcula-

tions were done for the case I = 300 µA, w = 6.04 x 10
10rad/sec, and 

C 

RN= .044 ohms, which is (roughly) the same as that vihich produced 

the data shown in Figs. 4.1~ 4.2, and 4.3, and also the calculations 

in Fig. 4.7. Once again, the t,Jyatt effect makes the value of Ic un­

certain; unfortunately, the calculated results are strongly dependent 

on I . 
C 

Since this chapter is already longer than \<Jas intended, the pro-

gression of the various plots shown in Fig. 4.9 will not be described. 
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Fig. 4.9 (part I) Calculated value of the time-averaged potential of 
the tunnel junction probe, VT, as a function of the de bias 
current through the we ak link, Ide· (VT is normalized by an 
arbitrary constant.) The results are plotted for various 
values of the parameter x0, which is proportional to the amp­
litude of the mici~owave cu r rent. (Continued on next page.) 
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The interested reader can establish for himself the causal relation­

ship between each plot in Fig. 4.7 and the resulting phase-jumps in 

the corresponding plot of Fig. 4.9. Mathematically, the phase-jumps 

correspond to a change in the number of real roots of the cubic 

equation, eq. (4.23). The similarity betv-1een the data in Fig. 4.2 

and the calculations plotted in Fig. 4.9c should be pointed out, as 

well as the similarity between Figs. 4.3 and 4.9d. The horizontal 

axes should not be expected to agree because the calculations are 

p roport i ona 1 to r2 (through d and the vJyatt effect increases I by 
C C 

a factor of anywhere from 1.5 to 4.0 for the device studied here. 

(The Wyatt effect enhancement near the zeros of Jo cannot be readily 

determined.) Similarly, the scale of the vertical axis in the calcu­

lated results cannot be determined because of an undetermined constant 

in the analysis; VT has th erefore been normalized to a convenient 

constant. This does not result in any loss of information, since the 

experimental measurements are also multiplied by an unknown constant 

related to the degree of asymmetry of the tunnel junction. In any 

event, the shapes of the theory and data plots are surprisingly simi­

lar, considering the number of approximations made. Experimental 

results similar to each of the plots in Fig. 4.9 were obtained. 

The calculated dependence of the maximum value of VT (VT at 

Ic) on the microwave drive JµO is shown in Fig. 4.10. The most 

not"iceable features in Fig. 4.10 are the discontinuity in slope near 

IµO = 1 ma, followed by a discontinuity in VT itself. The discontinu-

ity in slope occurs ~'/hen the maximum supercurrent begins to 
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Fig. 4.10 Calculated value of the maximum time- averaged potential 
of t he tunnel junction probe VT as a function of the 
amplitude of the mi crow ave current drive, IµO. 
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correspond to a phase¢; which is not go 0
• * (¢0 decreases - continuously 

from go 0
, but its "velocity" dc'p~/dx0 changes discontinuously.) The dis­

continuity in -~'r itself occurs when¢; abruptly jumps back to go 0 again. 

This occurs when the two relative maxima shown in Fig. 4.7e become just 

equa 1 in magnitude. The data shown in Fig. 4. 4 contain a great deal of 

experimental uncertainty, but the discontinuity in VT can clearly be 

seen, as ~vell as the 11 fish-hook 11 structure just below it. It should be 

pointed out that the horizontal scales of these tv✓ 0 figures were not 

normalized to each other. (The horizontal scale in Fig. 4.4 was deter-

mined from the location of the minimainlc.) The fact that the dis-

continuity in VT occurs at the correct position is thus a genuine veri -

fication of the model used. (It is probably irrelevant but i nteresti nq 

nonetheless that all the calculations were in existence before the data 

curve, Fig. 4.4, so that the model actually was capable of predicting 

this aspect of the data in advance.) Aside from these hvo features, the 

two curves differ considerably, especially at large values of rJJ0. So 

many approximations have been introduced into the calculation by this 

point that it is probably not worthwhile to speculate on the cause of 

these discrepancies. In fact, it is some~•1hat surprising that the agree­

ment is as good as it is. 

The lengthy calculation of VT just concluded shows that the sug­

gested mechanism for producing a nonzero value of the parameter ve gives 

results which are in qualitative agreement with the data. At this point 

it is appropriate to consider the extent to which this agreement depends 

on the details of the mechanism suggested, and to what extent physical 
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mechanisms other than the one suggested here might equally well account 

for the data. In particular, the phys ical differences bet\-'1een the 

mechanism suggested here (which gives V0 proportional to v) and that 

proposed by Yu et al (v,hich gives V0 proportional to the time integ ral 

of v) should be discussed. As has already been pointed out, the equa­

tions proposed by Yu et al can be shovm to give results for VT v1hich 

are ·identical to thos e already obtained, to within a constant. Conse­

quently, this experiment is totally incapable of distinguishing between 

these two models. 

There are several reasons why the mechanism suggested here was 

used in the analysi s of this experiment, rath er than the equations pro­

posed by Yu et al. Yu et al proposed these equations several years ago 

(Refs. 3,10,11) so that the mechanism responsible for- such effects is 

(or should be) already \vell known in the literature. (Although the 

mechanism responsible for the equations proposed by Yu et al should be 

well known, the consequences of these equations, as just calculated , 

represent a ne\-11 result.) On the contrary, the mechanism proposed here 

has not (to the author's knowledge) been described elsewhere. In addi­

tion, the equations proposed by Yu et al, as will be discussed shortly, 

can be understood on the basis of a time-dependent generalization of 

the Gi nzburg-Landau theory (Refs. 13, 14 ) (see al so Chapter I I I). The 

results of their equations represent a departure from equilibrium (on 

the part of the superfluid) and so is largest w~en the Ginzburq-Landau 

relaxation time TGL is large compared with the other times in the prob­

lem. The author had intuitively felt for some time that proximity effect 
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\veak links 1-<1ere actually very nearly in equilibrium (at -least for 

small applied voltages) and so had deliberately searched for effects 

not included in the time-dependent Ginzburg-Landau (TDGL) equation. 

As has been pointed out, the mechanism suggested here is due to a 

strong adherence, on the part of the superfluid, to quasi-equilibrium 

and is largest when TGL is effectively zero. Thus these two mechanisms 

represent, in some sense, different limiting cases of the value of TGL" 

The physical conditions under which one or the other of these mechan­

isms might be expected to dominate will now be discussed. 

The new mechanism suggested in this chapter, which has to do 

with the displacement of the electron distribution in accordance with 

Ohm's law, has already been explained in some detail. At this point 

it may be useful to discuss the physical origin of the equations pro­

posed by Yu et al. This can best be understood in terms of the TDGL 

equation, which can be written in the form (Refs. 5,6) 

(4.34) 

Here n and r,, 2 were phenomenological constants in the Ginzburg-Landau 

theory v·Jhich can now be explicitly evaluated using the BCS theory. 

(Their value is not important here.) If the electron density is essen­

tially uniform as a function of position, thenµ can be taken to be 

equal to ev, where vis the voltage. Inside the weak link where w is 

small, the nl~l 2 term can be dropped. In addition, A= 0 in the prob­

lem of interest here. Under equilibrium conditions the term inside the 
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the brackets is zero (from the usual Ginzburg-Landau equations). If 

this term is assumed to be zero, or if TGL is so large that the ri ght­

hand side of eq. (4.34) is essentially zero, then the time dependence 

of 'l' can readily be found as a function of v. ( In a bulk superconduc­

tor, there may be some complications in this argument having to do with 

the fact that the temperature dependence of ( 2 can sometimes cancel 

the temperature dependence of l/TGL' so that it may not be reasonable 

to assume that the right-hand side of eq. (4.34) becomes negligibly 

small as 1GL becomes very large. In the proximity effect this is not 

the case, however, as both (2 and l/TGL decrease with increasing tern-

perature.) The result is that the local phase¢ of IJI precesses accord-

ing to the familiar (from Chapter II) Josephson relation 

8 at ¢(z,t) = 
2ev(z,t) 

'h (4.35) 

This is equivalent to eq. (4.17) except that here ¢(z,t) is the local 

phase of IJI. In the experiment described in this chapter, the micro­

wave voltage is a function of position within the weak link. Thus the 

phase, according to eq. (4.35) should precess at different rates at 

different positions along the exponential tail 'l'L(z). If the electric 

field Eis uniform, then the parameter ve vrnuld also be independent of 

position and proportional to the time-integral of v. This is consis­

tent with the form proposed for IJI by Yu et al, and can be seen to 

result in those cases where TGL is larger thari any other times in the 

problem. (Although the situation described above gives rise to a value 

of ve which is proportional to the time-integral of the voltage, it is 
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not entirely equivalent to the situation envisaged by Yu et al, whose 

original idea was that the (l - r,2"v2 )'-¥ term in eq. (4.34) should equal 

the 2i JJ/fl term.) 

Suppose, on the other hand, that TGL is very small compared to 

any other time in the problem. In particular, suppose that 1/TGL is so 

large that the term 2iµ/n becomes negligible compared to the right hand 

side of eq. (4.34) for even a small departure from equilibrium. Then 

the applied voltage will be unsuccessful in appreciably precessing the 

phase of 'I' , since any departure from equilibrium will be reflecte d in 

the right-hand side of the equation and will dominate the effects of v. 

In other words, the smaller the value of TGL' the less effective v will 

be in changing '-¥ from its equilibrium value . (Once again, in bulk 

superconductors, but not in the proximity effect , there may be some 

difficulties in this argument having to do with the temperature deoen-

dence of r,2 cancelling that of 1/TGL.) In this limit the mechanism in 

which ve is proportional to the time-integral of _v goes to zero and 'I' 

strongly adheres to its equilibrium value, as assumed in the new mechan­

ism for ve suggested in this chapter. The mechanism suggested in this 

chapter represents a change in the quasi-equilibrium state to v,,hich 'I' 

relaxes, as a result of the quasi-particle or normal current. This 

effect is not included in eq. (4.34) but corresponds to a coupling be­

tween the normal current and the supercurrent. In any event, it can be 

seen that the mechanism in which ve is proportional to the time-integral 

of v should dominate as TGL ➔ 00 , vihereas the new mechanism suggested 

here should dominate as TGL ->- 0. It vrnuld be of interest to estimate 

which of these mechanisms should be the larger under the conditions of this 
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experiment, despite the fact that the experi ment cannot ~i stinguish 

bet1veen the h·10 mechanisms. Unfortunately, this is not possible be­

cause of the fact that an appropriate value of TGL for the proximity 

effect is not, in the author's opinion, theoretically knmvn. In addi ­

tion, quantitative calculations of the new mechanism suggested here 

have not yet been finished. 

It has al ready been pointed out that the mechanism proposed in 

this chapter is not applicable to bulk superconductors, where th~ value 

of ve is essentially fixed by the boundary conditions on~. As a re­

sult, in bulk superconductors the value of VO is generally not equal to 

the value which would minimize the free energy in the absence of the 

boundary conditions. (That is, the free energy in bulk superconductors 

is minimized subject to the constraint of the applied boundary condi­

tions.) The proximity effect differs from this behavior in that the 

boundary conditions on either of the exponential tails, ~Land ~R' are 

applied only at one plane, so that ve is free to vary. It is also quite 

possible that the rate at which~ relaxes to its quasi-equilibrium value 

depends on the distances involved. (Even if the ideas suggested in this 

chapter were made quantitative (which is currently being attempted) they 

would not give the rate of relaxation.) In other words, the shorter the 

distances involved, the more likely it is that~ will be well described 

by that form v1hich minimized the free energy. Thus the mechanism 

described in this chapter is expected to apply to situations in which 

the relaxation time is short, the distances involved are small, and the 

boundary conditions are applied at a single plane. Othen'lise, the 
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equations propos ed by Yu et al would appear to be more ~ppropriate. 

As has been pointed out, both of th ese mechanisms predict essenti ally 

the same results for this experiment; these results are in qualitative 

agreement with the data. 

In view of the f act that these t 1,-.,o mechanisms cannot be experi -

mentally distinguished, it is appropriate to consider what, if any, 

specific conclusions can be drawn from this experiment. First, the 

agreement between either of these two models and the data provides some 

evidence that divergences of the supercurrent do exist inside the weak 

link and are dependent on the phase difference across the weak link. 

The exact nature of the mechanism responsible for these divergences 

cannot be determined from this experiment. On the other hand, the 

existence and expl anation of the phase-jumps (di scontinuous changes in 

¢0 ) appear to be well established . As an examination of the calcula­

tions outlined above will show, the phase-jumps result from the prop­

erties of the microwave impedance. Although they (presumably) occur 

even under equilibrium conditions, they can be observed, at least in 

this experiment, only by using the nonequilibrium quasi-particle chemi­

cal potential as a probe. 

4.4 Summary and Conclusions 

An experimental method v1as described in vthich a very small tunnel 

junction was used as a probe of the nonequilibrium chemical potential 

µqp of the qu asi-particles inside a proximity effect weak link. The 

probe 1,,1as used to measure the effects upon µ when a de bias current qp 
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less than the critical current was passed through the weak link at 

the same time that an external microwave current was being applied. 

The bulk of the experimental data shov-1ed that the value ofµ ~,as qp ' 

approximately proportional to the de bias current (supercurrent) car-

ried by the weak link, as previously reported by Yu et al (Ref. 1). 

In addition, it was found that, over a narrow range of microwave cur­

rent drive, µqp became a discontinuous function of the de bias current. 

These discontinuities in µqp' referred to as "phase-jumps", occurred 

for values of the microwave current near those values which minimized 

the critical current. The critical current was never completely reduced 

to zero by the applied microwave currents. 

A physical mechanism was suggested which assumes that, to a 

first approximation, the effect of the micrmvave voltage v,as to shift 

the entire electron distribution in accordance with Ohm's law. The 

microwave impedance measurements of Chapter II indicated that this is 

a reasonable assumption and that the superconducting effects can be 

considered to be a small perturbation on this behavior. It was further 

suggested that such a displacement of the electron distribution might 

be expected to cause a gradient in the phase (Ve) of the exponential 

tail of the order parameter which would othenvise not be present. The 

value of ve is expected to be proportional to the voltage for suffi­

ciently small voltages. This nonzero value of ve represents the state 

of lowest free energy, consistent with the diiplacement of the electron 

distribution as a whole. This condition is expected to exist in a 

proximity effect weak link, in which the distances involved are 
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comparable to a coherence length and the boundary conditions on the 

exponential "tail" of the order parameter are specified at only one 

plane. Other.vise, this gradient in the phase 1tJOuld not be a free 

parameter and could not be chosen so as to minimize the free energy. 

In a bulk superconductor the boundary conditions on the order param­

eter fix the gradient in the phase, so that this situation does not 

occur. (That is, the free energy in a bulk superconductor is minimized 

subject to the constraints introduced by the boundary conditions, v1hi ch 

fix the value of 1/0.) In addition, the order parameter ~vill not have 

that form which minimizes the free energy unless the relaxation time . 

of the superfluid is negligibly small. The opposite limit, in which 

the relaxation time is very long, gives rise to a value of 1/0 ~-1hich is 

proportional to the time integral of the voltage. This possibility was 

first suggested by Yu et al (Refs. 3,10,ll) and can be sho1,,m to give 

results which cannot be distinguished (on the basis of this experiment) 

from those of the mechanism suggested here. The mechanism suggested 

in this chapter corresponds to a coupling or interaction between the 

normal (or quasi-particle) current and the supercurrent. 

The mechanism described above was used to calculate the experi­

mentally measured voltage at the tunnel junction probe, VT' \'-lhich was 

proportional to the space and time average of µqp The calculation 

began by deriving a modified current-phase relation which includes the 

effects of a nonzero value of 1/0. This curren·t-phase relation v1as, in 

turn, used to calculate VT as a function of the time-averaged phase 

difference ¢0 across the weak link and the amplitude of the microwave 
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voltage v0 . Because the v✓eak link is current b·iased rather than voHage 

biased, the independent (experimentally fixed ) parameters in the calcu­

lation are the de bias current Id and the amolitude of the microwave 
C ' 

bias current, 1i_10 • Determining <Po and v0 in terms of Ide and IJJO is 

somewhat complicated by the fact that the microwave impedance Z is a 

function of <Po· This gives rise to a set of nonlinear coupled equations. 

The solution of these equations shmvs that ¢0 , and thus VT, is a dis­

continuous function of Ide· For this reason the discontinuities exper­

imentally observed in VT ~vere referred to as 11 phase-jumps; 11 

The results of the calculations described above were found to be 

in qualitative agreement vlith the data. The agreement was surprisingly 

good, especially with regard to the structure of the phase-jumps, con­

sidering the number of approximations made i~ the salculations. This 

agreement does not necessarily mean that either of these t1,10 mechanisms 

is physically correct, howev er, since there may very well exist other 

mechanisms which agree just as well with the data. This is because both 

the calculations and the experiment give results which are undetermined 

to within a constant. In addition, the structure of the phase-jumps is 

primarily determined by the properties of the micrmvave impedance and 

is some't1hat (although not entirely) insensitive to the mechanism respon­

sible for the quasi-particle nonequilibrium. The results of the experi­

ment clearly indicate, however, the existence of .a divergence of the 

supercurrent (by whatever mechanism) which is dependent on the phase 

difference across the weak link. The ideas presented in this chapter, 

if not the measurements, suggest that a coupling or interaction exists 

between the supercurrent and the quasi-particle (or normal) current under 
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appropriate conditions. 

In addition to the conclusions regarding the nonequilibrium 

effects discussed above, the observed structure of the phase-jumps 

clearly indicates the existence of some effects due to the properties 

of the microwave impedance which have not previously been appreciated. 

First of all, there are convincing experimental and theoretical reasons 

to believe that the interdependence of the microwave impedance and the 

quantum phase angle causes the time-averaged supercurrent not to have a 

purely sinusoidal dependence on the quantum phase angle, as is usually 

considered to be the case. The maximum time-averaged supercurrent does 

not ahvays occur v1hen the quantum phase difference is 90°, and does not 

go to zero anywhere as a function of the microwave current drive. In 

addition, there may be more than one value of the quantum phase v,hich 

produces a given value of the time-averaged supercurrent. Discontinuous 

transitions or 11 phase-jumps II can occur between these different so 1 uti ons 

for the quantum phase. All of these unusual and surprising properties 

result from the fact that the \.'leak link is actually current biased, 

rather than vol~age biased, as is usually assumed for the sake of simpli­

city. The results mentioned in this paragraph are basically equilibrium 

(or quasi-equilibrium) properties of proximity effect weak links and are 

mani fes tati ons of the Josephson inductance. Such phase-jumps presumably 

occur in the ordinary operation of proximity effect weak links but are 

generally not directly observable. The nonequi1ibrium quasi-particle 

distribution measured in this experiment serves as a probe of such effects. 

Since this is the last chapter in the thesis, it might be appro­

priate to include a discussion of what, in the author's opinion, is known 
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and what is not known about proximity effect weak links : Chapter II 

has shmvn that those properties of proximity effect weak links, such 

ai the Josephson inductance and microwave impedance,which occur under 

near equilibrium conditions and which are not directly related to non­

equilibrium phenomena, appear to be well described by a current-phase 

relation such as the phase-slip model. On the other hand, phenomena 

such as those described in Chapters III and IV, which are fundamentally 

nonequi1ibriurn in nature, do not appear to be very well understood and 

further theoretical and experimental work is called for. 

In this regard it is probably relevant to point out that the 

theory of bulk, equilibrium superconductivity has historically pro­

gressed through three stages of development: the phenomenological 

Gi nzburg-Landau theory, the microscopic BCS theory, and finally the 

Green's function approach, which is a generalization of the original BCS 

theory capable, among other things, of dealing with situations in v1hich 

spatial variations are important. Most of the work being carried out 

on proximity effect weak links (and most other types of v1eak links) has, 

in some respects, not progressed beyond the first stage of development, 

t~e Ginzburg-Landau phenomenological approach. (Although Green's func­

tion methods have been attempted, they have not, to the author's knowl-

edge, produced many significant results and in any event are not 

generally applied.) 

In fact, it is probably fair to say that the general state of 111eak 

link research has not yet reached even the Ginzburg-Landau stage of 

development, since many research groups are currently engaged in study­

ing the mathematical implications of the resistively shunted junction 
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(RSJ) model \1hen various capacitors, resistors, etc. are added to the 

equivalent circuit. As shown by the last three chapters of this 

thesis, there are physical processes occurring in proximity effect 

weak links which are not described by the RSJ model. Many of the at­

tempts which have been made to use a more realistic theoretical model 

than the RSJ model have been based on the phase-dependent quasi-particle 

current model, which Chapter II showed to be fundamentally incorrect 

for proximity effect weak links. Most of the remaining theoretical 

effort has been applied to the phase-slip model (or other nonlinear 

applications of the Ginzburg-Landau theory); unfortunately, the phase­

slip model is phenomenological, does not properly include any effects 

due to quasi-particle nonequilibrium, and (for reasons to be discussed 

in the next paragraph) is perhaps not applicable to proximity effect 

\'Jeak links in the \veak coupling limit. In fact, it might be concluded 

that many aspects of proximity effect weak links are not well under­

stood in any real sense. The specific reasons for this conclusion, 

based on the experimental results of this thesis, will now be described. 

First of all, Chapter II showed that the RSJ model and the phase­

dependent quasi-particle current model were incorrect for proximity 

effect weak links, but that the phase-slip model was in agreement with 

the data. In particular, the data showed that the amplitude of the oscil­

lating supercurrent is less than the critical current in the AC 

Josephson effect, as predicted by the phase-slip model. Although this 

tends to suggest that the phase-slip model is correct, the author would 

like to emphasize that there remains the possibility that some other 
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theory (vJhich may be undeveloped at the present time ) might al so agree 

~,1ith those measurements. The author emphas-izes this possibility for 

the follrn-.iing reason: The phase-slip model results from the (assumed) 

nonlinearity of the Ginzburg-Landau theory, and the catastrophic phase­

slips would not occur without this nonlinearity. For example, the 

calculations of the current-phase relation in Appendix [3 are identica·1 

to the Ginzburg-Landau theory (if the parameter ve is set to zero) for 

the case of weak coupling, 1,1here the Gi nzburg-Landau theory becomes 

linearized in the center of the weak lin k. If the calculations in 

Appendix Bare examined, it will be found that the phase difference in 

f (not to be confused with ve) does periodically change by 2TT, and that 

f indeed must go to zero at some point in the weak link in order for 

this to happen. (That is, the algebraic sum of the exponential tails 

fl and fR becomes zero, whereas ~Land ~R themselves do not change ex­

cept in phase.) It will also be found that, in the calculations of 

Appendix B, this 11 phase-slip 11 is not a catastrophic process involving 

the evolution of heat, does not require the 11 destruction 11 of the order 

parameter, and does not make the current-phase relation nonsinusoidal. 

The point is that all the salient features of the phase-slip model de­

pend on the nonlinearity of the equations involved, and it is not ob­

vious that a weakly coupled proximity effect weak link should, under 

all conditions, be inherently nonlinear. (For example, the calculations 

in Appendix B of the current-phase relation are quite linear.) On the 

contrary, the many orders of magnitude over which the critical current 

can vary exponentially strongly suggest that the equations governing the 
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weak link are indeed linear. (This tends to indicate tf)at the linear 

calculations in Appendix Bare appropriate.) Thus it is perhaps not 

obvious that the phase-si-ip model is always applicab·le to proximity 

effect weak links. It should, of course, be pointed out that there 

may exist some mechanism, of which the author is not a\'1are, 1;.1hich 

causes the behavior of proximity effect weak links to always be non­

linear (in contrast to Appendix B). Furthermore, the phase-slip model 

does, in any event, appear to be appropriate for strong coupling de­

vices such as Dayem bridges, proximity effect weak links with large 

critical currents, etc. 

Because of these theoretical considerations, it might.be sus­

pected that the reduction of the oscillating supercurrent in the AC 

Josephson effect observed in Chapter II might actually be caused by 

an interaction mechanism between the quasi-particle current and the 

supercurrent similar to the one outlined in this chapter, or by the 

unexpected importance of fluctuations and noise suggested by the re­

sults of Chapter III. Or perhaps none of these mechanisms is truly 

responsible for the results observed. In any event, further work is 

probably needed before these questions can be resolved. 

It might be useful to outline an approach that might be success­

ful in resolving the theoretical difficulties mentioned above. First 

of all, note that Chapters III and IV have concentrated on the region 

away from the s uperconduct i ng-norma l boundaries, and on the \•leak coupl -

ing limit; this linearizes the equations involved and gives 6 << kT. 

The purpose of this approach is to make the elaborate Green's function 
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methods unnecessary (by removing the strong spatial varfations), so that 

the problem can perhaps be treated through a simple generalization of 

the original BCS method as was attempted in the mechanism suggested in 

this chapter. If the theorists v,ere to consider this limit, it might 

be possible for them to deduce more about the physical processes occur­

ring in the weak link. The interaction mechanism between the quasi­

particle current and the supercurrent suggested in this chapter was in­

tended to be a first step in this direction . It is the author's feeling 

that this approach might lead to a detailed understanding of the excess 

s upercurren t phenomenon, the reduction of the os ci 11 at i ng s upercurrent 

in the AC Josephson effect, and any aspects of the Wyatt effect \'lhich 

may not be explained by the Eliashberg theory (Ref. 15). 

There are several difficulties involved with the approach out­

lined above. First, the results of Chapter III suggest that fluctuation 

effects or the excitation of collective modes might be more important 

than previously realized, and the inclusion of such effects may be a 

very difficult task. Second, the approach completely ignores the region 

near the superconducting-normal interface, where interesting and impor­

tant phenomena are known to occur. And finally, at high frequencies 

(large voltages), relaxation time effects may become important. The 

approach outlined above may be useful despite all these difficulties, 

since the same difficulties will occur in any other approach as well; 

the approach outlined here has the advantage of eliminating as many com­

plications as possible. Finally, the real difficulty which will have 

the biggest effect on the development of the necessary theory is the 
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fact that proximity effect ~veak links are extensively st-udied by only 

a few groups and have consequently been ignored to some extent by 

other workers in this field. This is especially unfortunate because 

of the fact that the approach outlined above is not applicable to Dayem 

bridges, etc. which are intrinsically nonlinear and not as reproducibly 

fabricated and tested as proximity effect 1t1eak links. This situation 

may improve in the future as the number of practical applications of 

proximity effect 1t1eak links increases. 
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APPENDIX A MICROWAVE IMPEDANCE CALCULATIONS 

A. l Introduction 

The purpose of this appendix is to calculate the microv.Ja ve imped­

ance Z of a current-biased weak link, as well as a few other related 

properti es, as outlined in Chapter II. First of all, the calculations 

will be done for the case of small microwave currents and small critical 

currents. In addition, most of the calculations will be carried out 

using the resistively shunted junction (RSJ) model; the only exception 

consists of one section which has been devoted to generalizing th e 

results obtained for the RSJ model to the other models describ ed in 

Chapter II. The notation used here wi ll be the same as that used in 

Chapter II, and the definition of variables already given in the text 

will sometimes not be repeated here. (It should be pointed out that 

the notation used in each chapter and its corresponding appendix, if 

there is one, may not be the same as that of other chapters; there are 

so many variables that it is difficult to avoid duplicating the use of 

some symbols.) Any physical arguments or discussions ~iven in the text 

will generally not be repeated here. 

The appendix begins with a calculatio0 of Z for the case of zero 

de voltage. As pointed out in the text, these calculations are straight­

forv,ard since ordinary perturbation theory can be used; Next, Z will 

be calculated for nonzero de voltages using th~ approximation method 

described in the text. The results obtained for the RSJ model v,ill 

then be generalized to include the other models dealt with in Chapter 
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II. The appendix concludes with a calculation of the ~ubharmonic 

step structure. 

A.2 Imgedance Calculation for Zero DC Voltage 

As discussed in Chapter II, the RSJ model for a current biased 

\'leak link gives rise to the following equations: 

I = IC s i n ( ¢ ) + v / RN (A. 1 ) 

I = I 1 + 12 sin(w t) (A.2) µ 

dcp - 2ev ( .~. 3) cit - fl 

where all the variables have already been defined in the text. All 

the calculations in this appendix, unless specifically stated other­

wise, are done for the approximate case of a<< l and S << l, where 

a = 

8 = 

2eRN I c 
iiw µ 

(A.4) 

(A. 5) 

In addition, this section assumes that II 1 I~ Ic, so that the de 

(time-averaged) voltage across the weak link is zero. 

There are several methods which could be used to solve this 

set of nonlinear equations. An attempt will be made throughout this 

appendix to use that method which gives the greatest physical insight 

into the problem. Frequently, as is the case here, the method of 

successive iteration (Ref. 1) appears to be most suitable. This 

method will now be used to calculate the Josephson inductance, LJ. 
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Physically, the requirement a<< 1 and S << 1 will be seen to 

cause the voltage across the weak link to be very nearly sinusoidal 

at frequ ency w . 
jJ 

(This is only true for II1 I ~ Ic' the case being 

considered in this section.) Thus the iteration can start with the 

approximation 

(A.6) 

where v0 and 8 are constants. This can be inse rted back into eq. (A.3) 

and integrated to obtain 

(A. 7) 

~vhere cfio is the constant of integration. ( cfio is actually deterrni ned 

by the value of I1.) With this value of cp , eq. (A.l) becomes 

(A.8) 

This can be expanded in Taylor series to give 

This expansion, in which terms of order (2ev0/1foJJJ)2 or higher have 

been dropped, is valid because, as will be shm•rn later, 2ev0/fluJJJ ~ a. 
Physically, S << 1 implies that the microwave voltage precesses cp by 

an amount small compared to 2n, so that eq. (A.l) can be linearized. 

(In other words, if the change in cp from its de value cfio is small, then 

sin(cp) can reasonably be expanded in Taylor series.) 
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If desired, eq. (A.9) could now be used to find the next ap­

proximation to v, and the whole process repeated until the required 

accuracy is obtained. Hmvever, the linear approximation already ob­

tained i s accurate enough for the purposes of this section. Note 

that eq. (A. 9) conta·i ns tivo currents at frequency wJJ; the v /RN term 

which is resistive, and the Iccos( ¢0) term which is 90° out of phase 

with the voltage and corresponds to an inductive impedance wµLJ given 

by (from the ratio of the voltage to current) 

(A.10) 

In other \vords, the current in eq. (A.9) is equivalent to that \·thich 

would pass through a resistor RN in parallel with an inductor LJ. The 

existence of this linear equivalent circuit is a direct consequence 

of the fact that, \vhen the deviation of¢ from ¢0 is small, all the 

equations can be linearized. 

Two assertions having to do with the effects of a « l and 

B « l were made in the analysis above, and they must now be shown 

to be consistent with the results obtained. (Alternatively, the solu­

tion obtained could simply be inserted back into the original equa­

tions to show that it does indeed satisfy the equations to a certain 

order in a and s .) Since the (approximate) results were equivalent 

to a resistor in parallel with an inductor, the passage of a microwave 

current r2 wi 11 generate a voltage v-1hi ch is, indeed, very nearly 

sinusoidal at frequency wµ' if") agreement with eq. (A.6). And since 

IZI ~ RN (although this is probably apparent, it is explicitly proven 
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in Appendix B), it follows that 2ev0/hwµ ~ B, as mentioned earlier. 

Physically, a<< l and B << l imply that voltages of IcRN or r2RN 

precess¢ by an amount small compared with 2n, so that the microwave 

response of the device is approximately linea r (for II 11 ~ Ic only). 

The Josephson indu ct ance LJ v1ill nmv be expressed in terms of 

the experimentally observable quantity 11 , rather than ¢0. As \•1ill 

be shmm shortly, the time-averaged supercurrent, Ts, is just 

I sin( ¢
0

), where t erms of order a2 or higher have again been dropped. C . 

This must equal r
1 

if~ is zero, as can be seen from the time average 

of eqs. (A.l) and (A.2). Thus sin( cp
0

) = I
1
/Ic, and eq. (A.10) can be 

rew ri t ten as 

(A.ll) 

where the identity cos 2 
( ¢

0
) = l - s i n2 

( ¢
0

) has been used. The imped­

ance itself is that of a resistor RN in parall el with inductor LJ, 

\vh i ch gives 

l l - l 
z = Cr+ -=-cJ 

N Jw J 
(A.12) 

This reduces to 

(A.13) 

This concludes the calculation of the microwave impedance for the case 
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This is a convenient point in the analysis to calculate the 

time-averaged supercurrent, Ts (also for the case I I1 I ~ Ic). (The re­

sult was also used in the preceding paragraph.) Thi s is most eas ily 

accomplished by re1\friting eq. (A.8) us ing the tr·igonometric identity 

for the sine of the sum of two terms , with the result that 

- I cos( ¢0) sin[x cos( w t + e)J C . µ (J\.14) 

Here x has been defined by 

X = (A.15) 

The trigonometric functions whose arguments are th emselves trigonomet­

ric functions can be exp anded using the generating function and related 

series for Bessel functions (Ref. 2) and give 

oo k 
Is= Icsin(¢0 )[J0 (x) + 2I (-1) J2k(x)cos(2k(wi/+0))] 

k=l 

- Iccos(¢O)[2kIO(-l)k J2k+l(x)cos((2k+l)(wµt + e))J (,'\.16) 

The time-average of eq. (A.16) is, by inspection, 

(A.17) 

Since JO(x) has a maximum value of l for x = 0, nonzero microwave vol­

tages reduce the effective critical current. Because x ~ S << l, JO 
can be expanded in Taylor series (Ref. 3) to give 
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where terms of order x4 or higher have been dropped. Thus the maximum 

zero-voltage de current is reduced by an amount 6Ic which is propor­

tional to v~. (Recall that x0 is proportional to v0.) As pointed out 

in the text, the measured value of 6 1 /I was used to dete rmine the 
C C 

value of 12. 

This concludes the calculation of the weak link properties of 

interest for the case where Jr 1J ~ Ic. These calculations were made 

straightfon,1ard (th e equations \'Jere linearized) by the fact that¢ is 

ah1ays very nearly eq ual to ¢0, a constant. The next section goes on 

to consider the inh erently nonlinear situation which results for 

A.3 Impedance Calculation for Nonzero DC Voltage 

A lengthy outline and intuitive explanation of the calculations 

in this section were given in the text and need not be repeated here. 

The goal of the calculation is to derive Z from eqs. (A.l) through 

(A.5), but in this section the time-averaged voltage is nonzero so that 

the deviation of¢ from ¢0 is generally not small (as it v1as in the pre­

vious section.) The calculation begins by defining 

(A.19) 

and making the change of variables from ¢(t) to y(t) given by 

(A.20) 
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where ¢Ro is a constant chosen to make y(t) = O at t = 0. Physically, 

w0 is the Josephson frequency of oscillation of the supercurrent in 

the limit of Ic ->- 0 and r2 ->- 0. For small values of a and S, y(t) 

\'fill be small compared v1ith 2-rr for _one micrmvave period (or perhaps for 

a few, but not indefinitely). This allmvs the equations in y to be 

linearized. (These linearized equations will be an excellent approxi-

mation for a few micrm-1ave periods only; the usefulness of this ap­

proach will be seen shortly.) 

From eqs. (A.3) and (A.20) 

• 2ev 
¢ ~ WO+ Y = T (A.21) 

where dots will be used to denote time derivatives. This equation can 

be solved for v as a function of y and inserted, along with eq. (A.20), 

into eqs. (A. 1) and (A. 2) to give 

(A.22) 

This equation can be expanded in Taylor series to give, to first order 

in y , 

(A.23) 

Note that, from the defin·ition of w0 , w01i/2eRN = r1, so that the two 

largest terms in eq. (A.23) cancel out. (This was the purpose of intro-
. 

ducing y.) Solving for y and using the definition of a and S yields 
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(A.24) 

Note the dependence of y on y itse lf, which will later be seen to be 

respons ible for the ph ase-lo ck ing v-1hich creates the first step. (Thi s 

section will restrict itself to the structure near the first step.) 

As outlined in Chapter II, the plan is to solve this approximate 

differential equation in y for y(T), the value of y(tl after one micro-

wave period. (T = 2n/w .) The usefulness of this has been explained 
µ 

in the text and will be apparent here shortly. Equation (A.24) is 

first order linear and therefore possesses an integrating factor A 

(Ref . 4). Although A can be (and was) found in a straightforward man­

ner, it is much easier to solve eq. (A.24) by successive iteration. 

Since a, S, and y are all small, the last term in eq. (A.24), v1hich 

is of order ay , is sma 11 er than the other h-10 terms. Thus the zero 

order approximation for y , which will be denoted y0 , can be found by 

(temporarily) dropping the last term in eq. (A.24) and integrating 

(A.25) 

This result for y can now be used in the last term of eq. (A.24) to 

obtain the next order approximation for y , denoted r1(t): 

• 
y1(t) = S wµ sin(wµt) - awµ sin(¢RO + w

0
t) 

- awµ cos( <PRo + w0t)[-S cos(wµt) ta cos( <j) RO+ w0t)J 

(A.26) 
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Although the iteration could be continued to obtain arbitrary 

accuracy (high er order terms 11ould also hav e to be kept in eq. (A.23) 

and belov-1), this result is accurate enough for the purposes of this 

appendix. Fortunately, eq. (A.26) need not be solved for y as a func­

tion of tirne, since all that ·is required is y(T); this can be ob­

tained by integrating eq. (A.26) from Oto T. The result is 

T 

y( T) = -f a2 w]J cos2 ( ¢Ro +. WO t) cit 

0 

T 

+ I w]J 0',(3 cos ( ¢Ro + (.1.)0 t) cos (w]J t) dt 

0 

(/1 .. 27) 

where the fact that y(O) = 0 has been used. The first integral in 

eq. (A.27) is independent of the microwave current and does not affect 

the structure of the step (it gives the usual shape of the I-V curve 

for I
2 

= 0); this term will be ignored here. The cos(¢R0+ w
0
t) term 

in the second integral can be expanded using trigonometric identities 

and the integral carried out. (Recall that w0 is very nearly equal 

to w near the first step for a « l and 8 << l.) The orthonormal i ty 
]J 

of the sine and cosine reduce the result to 

As pointed out in the text, the variable of interest is not y , 

but cpR' defined by 

(A.29) 
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Physically, <j)R is the difference between the quantum phase and the 

phase of the external microwave current drive. For a« land B « l, 

cpR is slowly varying near the first step (since the voltages corres­

ponding to I1RN and I2RN can change cp during one microwave period by 

only an amount which is small compared to 2n). Thus ¢R can be approx­

imated by fl. cp R/T, ~vhere fl.cpR is the change in ¢Rover one period T. 

From the definitions of ¢Randy 

( JI .. 30) 

Since ¢Ro is a constant, differentiation gives the change in <j)R over 

one period T as 

(A.31) 

The time derivative of <j) R is then approximately 

(A.32) 

where eq. (A.28) for fl.y has been used with the subscript on <j)R dropped 

(since ¢R; ¢Ro for one period). Strictly speaking this approximation, 

which is sometimes known as an adiabatic approximation, is not valid 

for values of IT which differ greatly from the value of 1
1 

at the cen­

ter of the step, but this is of no importance since the superconducting 

response is zero away from the step (Z - RN). Equation (A.32) would 

appear to be exact in the limit a+ 0, S + 0. 

Equation (A.32) can be cast in a somewhat more useful form by 

defining 
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wl = WO - cu 
).l 

(A.33) 

w2 
as 

= 2 WO (A.34) 

¢p = cp R - goo 
(A.35) 

Then the approxima te differential equation for ¢pis (from eq. (A.32): 

. 
¢p = wl - Wz sin ¢p (A. 36) 

This differential equation has exactly the same form as that for¢ 

its elf at the zero step (critical current) with no microwave current 

present. This can be seen by solving eqs. (A.l) an d (A.2) for v and 

inserting into eq. (A.3) to give 

(A. 37) 

where, in the equation above, r2 was set to zero. Both the terms in 

parentheses in eq. (A.37) have the dimensions of frequency, so that 

eqs. (A.36) and (A.37) have exactly the same form. This analogy be­

tween the first step and the zero step was (evidently) first pointed 

out in the de calculations of Volkov and Nad' (Ref. 5). (The author 

was not aware of the work by Volkov and Nad' at the time these calcula­

tions vJere done.) The solution to eq. (A.37) is \<Jell knovm in the 

literature (Ref . 6), since it deals with the de properties of \veak 

links. Only an outline and not the detai ls of its solution \vill be 

given here, since the algebra would occupy almost as much space as the 
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rest of this section. There are t1:10 different cas es which ~vill nm,, 

be conside red sep arately. 

First, there is a static solution, <Pp= 0, which corresponds 

to the condition of complete phase-lock beti;'Jeen the oscillating super­

current and the mi crmv~ve current drive. (This occurs in the central 

region of the step ·.-1h ere dv/ dI = 0.) Equation (P,. 36) then i mme-

di ate ly gives 

(A.38) 

It is convenient to define v and u as the time-averaged Fourier µ µ 

components of v(t) at frequency wµ which are, respectively, in phas r:: 

or out of phase 1t1ith the external micro1,11ave current drive. (The time­

average is required because v(t) is not, in general, a periodic func­

tion of time, so that its Fourier components are slowly varying 

functions of time.) That is, 

NT 

v = L f v(t) sin(w t) dt 
µ N-r µ 

0 

NT 

uµ = ~T f v(t) cos(wµt) dt 
0 

Here N is a large integer. 

(A.39) 

(A.40) 

Equations (A.l) and (A.2) can be solved for v(t) and yield 

(A.41) 

The definitions of ¢Rand ¢p can be used to eliminate ¢ in the equa­

tion above. The results reduce to 
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v(t) = -RNic cos( ¢p) cos(wµt) 

+ RN! sin( ¢p) sin(w t) + RNI 2 sin( w t) + I1R,
1 

(A.42) 
C µ I - µ 1' 

Using the results for sin( ¢p) in eq. (A.38), and the relation 

cos2(¢p) = l - sin2(¢p), the Fourier components are 

2 l/2 u =-RI [l - (w /w) ] 
µ N c l 2 

(A.43) 

(A.44) 

From the definition given in the text (in terms of the ratio of voltage 

to current), the real, R, and ima9inary, X, parts of Z are just 

(/l .. 45) 

X R (I /I )[l - (wl/w2)2Jl/2 = -, N c 2 (A.46) 

Once again, these solutions are for the case of ¢R = 0, which (from eq. 

(A.38)) occurs only for iw1 I < w2, which corresponds to the phase­

locked central part of the step. 
. 

The second case, where !w1 I > w2 and, as a result, ¢Rt 0, is 

much more complicated. Although the calculation will not be given 

here, eq. (A.36) can be solved for ¢p (see, for example, Ref.6) by 

making the change of variables D = ¢p and putting eq. (A.36) into the 

form 
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t w - D 

J Ddt=sin-1( 1 ) 
w2 

0 

(A.47) 

Differentiating both sides of the equation and rearranaing terms 

gives 

dD 
- - ---w-,-_--,-D_2_l~/=2 

D[l - (-) ] 
w2 

(A.48) 

This reduces the problem to an indefinite integral. As can be seen 

from eq. (A.42), the time-averaged values of sin(¢p) and cos( ¢p) are 

what is needed to calculate v and u After a considerable amount 
µ µ 

of algebra, it can be shown that (Ref. 6) 

(A.49) 

where the bar denotes the time average and the choice of± sign de­

pends on the sign of w,. From the original differential equation, 

eq. (A.36): 

(A.50) 

Combining eqs. (A.49) and (A.50) gives 

(A.51) 

From the symmetry of eq. (A.36) 

(A.52) 
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This can be seen from the fact t hat the value of ¢R is unaltered by 

the transformation ¢R ➔ -¢R' which re,verses the sign of sin( ¢R); thus 

the time-average of sin( ¢R) is zero. 

Using eqs. (A.51), (A.52), and (fl .. 42), the values of v and u 
µ µ 

can now be evaluated: 

u = 0 
µ 

(A.53) 

(A.54) 

Here the plus (minus) sign i s to be used for negative (positive) values 

of w1. Once again, this solution is for the case of lw1I > w2, which 

corresponds to incomplete phase-locking between the oscillating super­

current and the external microwave current drive. As before, 

R = vµ/I 2 and X = uµ/I 2. It should also be emphasized once again that 

these results are for the RSJ model, eq. (A.l). 

A.4 Generalization of Results to Other Models 

In order to avoid confusion, the calculations presented above 

were limited to the RSJ model, eq. (A. l). The purpose of this section 

is to show that the results can easily be generalized to the phase-slip 

model or the phase-dependent quasi-pa ~ticle current model, usually 

without having to perfonn any additional calculations. The phase-slip 

model will be treated first, followed by the phase-dependent quasi­

particle current model. 

In the phase-slip model, eq. (A.l) is replaced by 

I 
I= T (l +cos ¢)+ v/RN (A.55) 
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As pointed out in the text, this equation is only meant to be applied 

for nonzero de voltages, so that a calculation of LJ similar to that 

of Settion ·A.2 is not appropriate. Only the step structure remains 

to be calculated, as was done in Section A.3 for the RSJ model. It 

should be apparent that the first term on the right-hand side of eq. 

(A.55), the constant I /2, cannot give rise to microwave currents or 
C 

voltages and can therefore be ignored for the purposes of this appen-

dix. This term does affec t the location of the step as a function of 

r1, but even this effect goes to zero in the limit a<< l. Ic/2 

could be subtracted from 11, but this will not be done here iri order 

to be consistent with the fact that the rest of the calculations are 

lowest order in a. 2 The same comments can be made about the a term 

in eq. (A.27) , which was dropped for the same reason, even though it 

has the effect of slightly reducing the value of the de voltage across 

the weak link and changing the location of the step. 

Having dropped the constant I /2 term, the calculation of Z can 
C 

be carried out using the same kinds of techniques as were used in 

Section A.4. The res ults turn out to be exactly the same, with I 
C 

replaced by I /2. 
C 

Thus replacing sin(¢) by cos(¢) has no effect on 

the structure at the step, and the only difference between the RSJ 

model and the phase~slip model at the first step is the factor of 1/2 

in eq. (A.55). This calculation need not be worked out here (the 

author will admit that he actually did the calculation) because the 

results can be immediately obtained by making the change of variables 

¢* = ¢ + 90°, 1* = I /2. This reduces eq , (A.55) (with the constant 
C C 
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I /2 term dropped) to the same form as eq. (A.l), which proves that 
C 

the result for Z is the same, with I replaced by r* = I /2. This 
C C C 

concludes the discussion of the results for th e phase-slip model. 

In the pha se-dependent quasi-particle current model, eq. (A. I) 

is replaced with 

I= I sin ¢ + va[l - cos( ¢)] 
C 

(A.56) 

where a = 1/RN, as described in the text . Although this equation, in 

its present form, should perhaps not be applied at the step (see the 

text for a discussion), the structure in Z at the step will now be cal­

culated. (The predictions of this equation can be compared with the 

data reqardl ess of the theory's validity.) At the step, the value of 

v in eq. (A.56) is approximately given by 

(A. 57) 

If the terms linear in a and B are dropped ( t he validity of this 

will be examined shortly) then eq. (A. 56) can be re\1 ri tten as 

(A.58) 

where a = l /RN has been used . 

The first two terms in eq. (A.58) have been grouped together 

because their effects are the same, as can be seen by using the fol­

lowing change of vari ables: 
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¢* = -1 
tan (-I/Ic) + ¢ (A.59) 

I* = (12 + 12) l/2 
C C l (A.60) 

This puts eq. (A.58) in the form 

I= I~ sin¢*+ v/RN (A.61) 

v✓hich is identical to the form of eq. (A.l). Then the step structure 

would be the same as in the RSJ model and the formulas for Z would be 

correct if Ic were replaced by I~ However, if the term linear ins 

is included in eq. (A.57), it can readily be shm·m that the phase­

dependent quasi-particle current does not contribute to the phase-lock 

mechanism. Consequently, for the values of Ic and 11 shown in the text, 

this gives a step structure whose width is approximately the same but 

whose height is approximately ten times larger than was observed exper­

imentally. (In addition, the symmetry of \
1 

and uµ \'ioul d be reversed.) 

Although this analysis shmvs that eq. (A.56) is grossly incorrect at 

the first step, there are some possible theoretical reasons (discussed 

in the text) to believe that it should not be applied to this situation. 

The final task of this section is to calculate LJ using eq. 

(A.56) instead of eq. (A.l). Now the calculations can be linearized, 

as in Section A.2, so that they are straightforward. From the argu­

ments presented in Section A.2, it is known that, for a<< l and 

B « l, ¢ is not precessed very much from its time-average, ¢0. (This 

can be shown for eq. (A.56) in the same way that it v✓ as shown for 

eq. (A.l).) Thus¢ can be written as¢= ¢0 + o¢(t), where ocp (t) << 2n. 
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Dropping higher order terms, eq. (A.56) becomes 

(ft .. 62) 

Here the v cos( ¢0) term differs from v cos(¢) only by an amount 

which is higher order in v. (For small voltages, v6¢ is second order 

in v.) Since a= 1/RN and l - cos( ¢0) is independent of 6¢ or v, the 

following change of variables 

(A.63) 

reduces eq. (A .62) to 

I= IC sin( ¢)+ v/R~ (A.64) 

Once again, this result is identical in form to eq. (A.l), so that 

the formulas for Z or LJ are still correct if RN is replaced by R~. 

Note that R~ is sometimes very different from RN; in particular, 

R* ,h 0 N -+ oo as '+' Q -+ • This result , although mathematically correct, 

strikes the author as being physically unreasonable , It should be 

pointed out that this peculiar result can not be blamed on Josephson 

or any other theorist, since eq. (A.56) was empirically formulated 

by some experimentalists (Ref. 7). 

The expression for R~ given in eq. (A.63) can be used to evalu­

ate the formula for LJ given in Section A.2. As discussed in the 

text, these results also show order of magnitude discrepancies with 

the data. 



A.5 Calculation of Subharmonic Step Structure 

As indicated in the text, the structure at the subharmonic 

(where the Josephson frequency due to the de voltage is equal to half 

the microwave frequency wl-1) can be calculated if harmonic terms are 

present in the current-phase relation. Such terms are expected on the 

basis of the phase-slip model, for example. Thus eq. (A. l) should per­

haps be replaced with 

I= le sin( ¢)+ I~ sin(2¢) + v/RN (A.65) 

The case of l 1 
<< I will be con sidered here (primarily for mathemati-c C 

cal convenience). As has already been pointed out in the text, the 

results for Z to lowest order in a have just the opposite symmetry as 

the data. Such a calculation is completely analogous to that of 

Section A. 3 and will not be carried out here. Instead, a higher order 

calculation will be presented here which does give the correct sym­

metry. As wi 11 be seen, this higher order cal cul ati on can, in fact, 

give the largest contribution to Zif l 1 /I is sufficiently small 
- C C 

compared to a. Although there is no way of knowing whether or not 

this condition is satisfied in the experiment, the calculations will 

proceed by assuming that it is. The idea is to present a possible 

explanation for the symmetry observed at the subharmonic, even though 

it is not clear if the necessary conditions are actually met. 

In order to simplify the algebra, only the central portion of 

the step, where the phase-locking is complete, will be considered, 

although the results can be generalized to the rest of the step as 

well. Once again, the method of successive iteration will be used, 
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starting with the zero-order approximation for¢ 

¢ = w't (A.66) 0 

where w0 is defined by w0 = 2eRNil/h (w0; w/2). Here t has been 

chosen so that¢= 0 at t = 0. This necessitates rewriting the cur­

rent drive as 

(A.67) 

which replaces eq. (A.2). The reason for putting the initial phase 

in the microwave current) rather than¢, will become apparent 

shortly . Equations(A.65) and (A.67) can be solved for v(t): 

(A.68) 

Approximating wµ by 2w0, dropping the I~ term (which is higher order 

than needed at this point), and integrating eq. (A.3) (with v given 

by eq. (A.68» gives the next approximation for¢ : 

(A.69) 

The current can now be calculated by inserting this value of¢ into 

eq. (A.65) and expanding the trigonometric functions to yield 

I = Ic sin(w0t) 

- Blc cos(w0t) cos(2w0t) cos(e0) 

+ Bic cos(w0t) sin(2w0t) sin(e0) 
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+ 2a I cos(w0t) cos (wot) C 

+ I I sin(2w0t) 
C 

- 2S I I cos(2w0t) cos (2t00t) cos( e0) 
C 

+ 2S I I cos(2w0t) sin ( 2tu0 t) sin(e0) 
C 

+ 4a I I cos(2w0t) cos(w0t) 
C 

+ v/RN (A.70) 

As seen in Section A.3, the phase -locking is maintained by those terms 

whose time-average is nonzero and dependent upon the value of e0. The 

only such term in eq. (A.70) is the sixth, \'/hose time-average is 

r = -s r ~ cos ( e0) s (A, 71) 

It \'Ii 11 be convenient to define 

I = W() - w/2 wl (A.72) 

I = 
2eRNI~ 

a Two 
(A. 73) 

and 

I = W2 I B I a WQ (A.74) 

The primes are used only because similar symbols have already been used 

in Section A.3. Equation (A.65) can be written 

I = Is + v/RN (A. 75) 

and the time average of this, combined with the time-average of eq. 
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(A. 6 7) g i ve s 

(A.76) 

Note that the left-hand side of eqs. (A.75) and (A.76) differ by a sub­

script; eq. ( A. 76) 1 s perhaps obvious. Because the phase-lock has been 

assumed to be complete (l = w /2), the time-average of eq. (A.3), to-
ll 

gether v1ith eq. (A.71) and eq. (A.76) can be combined to give 

(A. 77) 

The steps leading to eq. (A.77) have not been discussed in much detail, 

since they are completely analogous to the derivation of eq. (A . 38). 

Note that the phase-lock has been produced by the I' term in eq. (A.65)~ 
C 

not the I term. 
C 

Now that the current is known as a function of time,. as well as 

e0 as a function of the de bias current, the Fourier components v~ and 

u' of the microwave voltage can be calculated. From eq. (A.75), 
ll 

v = RN(I - Is)' so that each of the supercurrent terms in eq. (A.70) can 

contribute to v. Those terms at frequencies other than 2w0 do not con­

tribute to v' and u' . Using trigonometric identities such as 
ll ll 

sin(x) cos(y) = [sin(x+y) + sin(x-y)]/2 2 it can readily be seen that 

the only component due to Ic at a frequency of 2w0,denoted by vSl.l, is 

from the fourth term in eq. (A.70): 

(A.78) 

Here the terms in I' have been ignored, since I 1 « le. Using eq. (A. 77) 
C C 
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the in and out of phase parts of (A.78) are found to be 

(A.79) 

(A.80) 

Note that the subharmonic step structure given by eqs. (A.79) and 

(A.80) is the same as that of the step itself, given by eqs. (A.43) 

and (A.44) , except that the roles of the real and imaginary parts have 

been interchanged and all the symmetries reversed. In addition, the 

magnitude of v' and u' has been reduced by an extra factor of a, µ µ 

making these results second order (I c is proportional to a . ) 

Actually, eq. (A.65) is not as general as possible and could have 

been replaced by 

I= Ic sin( ¢+ p) + I~ sin[2(¢ + p) + o] + v/RN (A.81) 

Note that the results of th~ calculation presented above corresponded to 

phase-locking due to I~ (since the Ic term will not cause~ locking 

at the subhannoni c), but that the voltages v' and u' \'/ere produced by 
µ µ 

I (since I » I'). 
C C C 

Therefore, eq. (A.81) will give the same result 

as before, except that Z will be multiplied by a phase factor which de-

pends on o. (In other words, the I' term fixes the relative phase be­e 
tween the osci 11 ati ng supercurrent and the mi crow ave current. S"ince 

the voltages are produced by the I term, the relative phase of the I 
C C 

and I~ terms determines the phase between the microwave current and the 

mi crow ave voltage. Changing the relative phase of the mi crow ave current 



-270-

and voltage is equivalent to multiplying Z by a phase factor.) For 

cS = mr/2, with nan integer, this simply interchanges the symmetry 

of v' and u'. The value of p has no effect on the structure of the 
).l ).l 

subharmonic step, just as replacing sin( ¢) by cos(¢) had no effect at 

the first step in Section A.4. 

This concludes the calculation of the structure in Z at the 

subharmonic step. The results may be summarized by saying that the 

higher harmonics (I' term) in the current-phase relation can cause 
C 

phase-locking to the external microwaves, but that the fundamental 

(I term) may still provide the largest microwave voltage (excluding 
C 

of course the voltage I2RN, which is of no interest). Under these 

conditions, the symmetries of the real and imaqinary parts of Z depend 

upon the relative phase between the fundamental and the higher harmon­

ics in the current-phase relation. 
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APPENDIX I3. CALCULATION OF QUP.S I-PARTICLE CHEM I CP.L POTENTIAL 

B. l Introduct ion 

The purpose of this appendix is to provide the details of the 

mathematical calculations outlined in Ch apte r IV. Th e calculations 

begin with a derivation of the modified current-phase relation based 

on the nonzero gradient in the phase, \/0 , of the exponential "tail'' of 

the order parameter. (The nonzero value of \/0 is assumed to be caused 

by the effects of the microwave electric field, as suggested in Chapter 

IV.) Th e nonequilibrium quasi-particle chemical potential is then cal­

culated from this modified current-phase relation as a function of the 

time-averaged quantum phase difference across the weak link, ¢0 , and 

the amplitude of the microwave voltage, vO. Because the weak link is 

current biased rath er than voltage biased, it is then necessary to solve 

for ¢0 and vO in terms of the independent (experimentally fixed) vari­

ables, Ide and Iµo· (Ide and IµO are, respectively, the de bias current 

and the amplitude of the rnicrm-1ave bias current.) The interdependence 

of the microvrnve impedance and ¢0 is discussed and is shm,m to cause ¢0 

to be a multivalued function of the de bias current Ide' The range of 

micrmvave currents over Hhich this occurs is calculated, and the value of 

¢0 as a function of Ide is used to evaluate the quasi-particle chemical 

potential. This gives rise to the discontinuities or "phase-jumps" ob­

served in Chapter IV. The stability of these multivalued solutions for 

¢0 is considered. The appendix ends with a calculation of the minimum 

value of the effective critical current (maximum de supercurrent) as a 

function of the microwave bias current. 
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The same notation wi ll be used in this appendix as was used in 

Chapter IV; the definition of variab l es given in the text will some­

times not be repeated here. Also, any phys·ical arguments or other dis­

cussions ~vhich have already appeared in Chapter IV \'till generally not 

be repeated. 

B.2 Derivation of Modified Current-Phase Relation 

From eq . (4.2), (Jeneralized to include the contribution from the 

superconducting region on the right, the order parameter is given by 

'f e 
0 

-Kz 
e 
i V0z 

+ IJ.I e 
0 

-K(L-z) i ¢0 i .Ve (z-L) 
I\ 

e e ( B. l ) 

where '-¥
0 

is a real constant, as are K, L, ve, ¢L' and ¢R . VO is pro­

portional to the app lied voltage. Here Lis the len gth of the weak 

link (~ 0.5µ), and ¢Land ¢Rare the phases in the bulk superconducting 

regions on the left and right sides of the weak link. The origin of 

coordinates has been chosen in such a way that z =Oat the left edge 

of the normal region of the weak link. Th e current is evaluated using 

th e operator 

-J~ = e *:n ( 'f*v'f 'f v'f* ) 
s 2m*i 

(B.2) 

(m* is twice the mass of an electron; see Chapter I.) The gradient of 

'f is 
K i ¢L i vez 

V\j/= (-K+i ve ) 1P
0

e-ze e 

i ¢ i ve (z-L) 
+ (K + i Ve ) 'f e-K(L-z) e Re 

0 
(B.3) 
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Substituting into the current operator gives 

(eti_ lj12 )-l . '-= 

2mi o J s 

-i¢ -i V0 z 
[ -Kz L e e e 

-K(L-z) -i¢R -i V0 (z-L) 
+ e e e J 

-Kz i cp l i 90 z -K(L-z) i qiR i V0(z-L) 
• [(-K+i VG )e e e + (K+i 'i78 ) e e e J 

- f,
7 

icpl i 'v0z -K(L-z) i qiR i V8 (z-L) 
[e '- e e + e e e J 

-Kz e-i¢L -iv0z -K(L-z) e-i¢R -i'i78(z-L) 
·[(-K-iVG)e e +(K-i'i70)e e J 

(B.4) 
Multiplying and combining t erms yields 

( B. 5) 

This can be reduced to 

(B.6) 
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Th e l ast term in eq. (B.6) is independent of the phase difference 

across the weak link and is of no intere.st in this experiment. Since it 

is proportional to the voltage across the 1-'Jeak link and independent of 

phase, it can be inclu ded in the usual quas i -particle current and wi)l 

be ignored throughout the rest of this aopend i x. (This term does have 

a nonzero divergence , but since it is indep2ndent of ( cp l- ¢R) its time 

average is zero.) The remaining terms can be rewritten as 

(B. 7) 

-KL vihere le is a constant proportiona·1 toe Is i s the supercurrent 

and is proportional to js. The first of these t1<10 terms can be shmvn 

to have the largest effect by assuming that VB L << l and expanding 

eq. (B. 7): 

(B.8) 

The ratio of the last tvv0 t e rms is LK, 1-'Jhich is large compared to one 

in the weak coupling limit being considered here. Thus th e second 

term in eq. (B. 7) can be dropped in favor of the first. (Alternatively, 

the second term could be incorporated in the first, since they both 

have the same form, as shmvn by eq. (B.8).) Finally, 
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Physically, if KL>> l, the l argest effect of VG i s to modulate the cur­

rent produ ced by the gradient in 4' v1hich is proportional to K. (The 

-Kz 
exponentia l factor e causes a large gradient in 4' .) The addit ional 

gradients in .\j/ due to v.e t O give rise to currents \•lh i ch are negli­

gibl e . 

B.3 Calculation of Noneq uilibrium Quas i-Parti cle Chemical Potential 

In thi s section the current-phase relation of eq . (B.9) v1 ill be 

used to calculate VT' the space and time average of µqp' as a function 
-)- ->-

of ¢
0 

an d v
0

. From eq. (4.1), JJ = a'V· j, v1here a' is a constant qp s 

proportional to the appropriate relaxation time. Consequently, this 

section begi ns by us ing eq. (B.9) to calculate the d·ive rg ence of the 

supercurrent. 

Note that Is given by eq. (B.9) i s independent of position if 

ve is really a constant (indep endent of z). The dependence on z of eq. 
-)- ->-

( B. l) has not been dropped but simply cancels out. Thus V • js = 0 if 

the parameter ve is independent of pos ition, as was assumed in the 

derivation of eq. (13.9). Recalling that Js is proportional to Is, eq. 

(B.8) can be written in vector form as 

(8.10) 

Here jc is a constant r e lated to Ic, and the last tenn in eq. (B.8) has 

been droppe d, as already discussed . (Althou gh this result is similar 

in form to the phase-dependent quasi-particle current discussed in 

Chapter II, its physical origin is quite different.) Taking the di­

vergence of eq. (8.10) gives 
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(8.11) 

➔ ->-
Before using this express ion for 9 • js to evaluate µqp' a comment must 

be made about the spatial dependence of 98 . As can be seen from eq. 
->- ->-

( B. ll), 9 • js and thus µ are idenbcally zero unl ess 90 is at l east qp 

a weak function of position. Since the spatial dependence of 98 could 

not be determined from the discussion given in the text, it will be 

necessary to assume th at 170 is a slov1l y vc1rying fun ction of position. 

(This assumption was also discussed in the text.) As will be seen 

shortly, it is still possible to calculate a great deal of information 

about VT even if the exact spatial dependence of 98 is unknown. Ho1t1-

ever, the calculations leading to eq. (8.9) tn~ated 90 as a constant; 

if 90 is not a con stant, then there will be additional terms in 94' 

v1hich \vill create additional terms in the final result for the current. 

If the spatial dependence of 98 is explicitly included in the calcula­

tion of the current- phase relation, eq, (B.9), it can readily be shovm 

that the final res ult is the same as that obtained for a constant value 

of 98 The pri mary re ason for this (there are additional reasons as 

well) is the fact that, as has already been mentioned, the main effect 

of 90 is to modulate the current which would exist for 90 = 0, rather 

than to create additional currents by creating additional gradients. 

(Recall that js is proportional to 4'*1.74' ; spatial variations in 90 will 

produce extra gradients in 4' and thus extra currents .) In other words, 

the effects of these additional gradients are negligible and so it is 

valid to treat 90 as a constant in the derivation of eq. (8.9). In 

order to simplify the algebra, 90 was considered to be a constant in 
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the derivation of eq. (B.9), even though ve v!ill nm,, be considered to 

be a slmv"ly vary·ing function of position. 

It will now be convenient to define 6js as the value of js given 

in eq . (B. 1O), minus its value if vG is set to zero. In other words, 

(8.12) 

Dividing eq. (B.11) by eq. (B.12) gives 

(8. 13) 

Th us the divergence of the supercurrent at any given value of z is pro­

portional to the total supercurrent minus the supercurrent for ve = 0. 

This seems reasonable, s ince only that part of the supercurrent which 

is due to setting vG i O can have a nonzero divergence. 

For small applied voltages, v, it seems reasonable to assume that 

the ratio [d(v0)/dz]/v0 is (at least to a first approximation) indepen ­

dent of v. This is equival ent to assuming that the shape of ve (z) is 

independent of v, while the magnitude of v0 increases in proportion to 

v. Actually, this assumption is already contained in the assumption 

that ve be linea r in v, \,Jhich requires that VG= f(z)v. Here f(z) is 

some arbitrary function of z. (This assertion can be proven by expanding 

ve in a Taylor series.) From this form of ve, it follm,Js that 

[d( Ve )/dz]/ve is indeed independent of v. Equation (B.13) can then be 

re~vrit ten as 



-278-

(B.14) 

where c(z) is a function of pos ition but indenendent of voltage. 

According to eq. (8 . 14), the divergence of the supercurrent is propor­

tional to the total supercurrent minus the supercurrent for ve = 0, 

where the const ant of proportionality is a function of position only. 

It might be rel evant to ask whether or not it would be meaningful 

to continue the calculations beyond thi s point, since, according to 

eq. (B.14), the results will depend upon the spatial dependence of ve. 

As has already been pointed out, nothing is known about this spatial 

dependen ce. The text has merely suggested a physical mechanism v1hich 

nright be expected to produce some value of ve , without giving any de­

tails of its spatial vari ation. As it turns out, a great deal of 

information can be obtained whi ch is independent of the exact form of 

V0. In fact, all the remaining calculations in this appendix are in­

dependent of the spatial form of ve except for a constant multiplying 

the results. The value of this constant cannot be determined experi­

mentally because of the unknown degree of asymmetry of the tunnel junc­

tion probe. Consequently, if the exact spatial dependence of \78 were 

known, the comparison between the analysis and the data would not yield 

any more information than can be obtained without such knowledge. For 

these reasons, the calculations of VT will continue, despite the fact 

that the exact form of VB(z) is not known. 
➔ ➔ 

The value of V • js given by eq. (8.14) can nm,i be used to find an 

expression for VT" Recalling that Is is proportional to\, and using 

the definition of oj , gives s 
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(B.15) 

Here y i s a constant which in cludes the spatial average of c(z) over 

the area covered by the tunnel junct ion probe. In writing down eq. 

(B.15), use v,as also made of the f act that µqp' and thu s V~, are pro-
··>- ->-

portion al to 1,1 • j s . The constant y al so includes the value of a ' in 

eq. ( 4. 1), as well as the constant relating Is to js. Unfortunately, 

the constant y cannot be dete rmined experi mentally or th eo ret ically 

from the work described in this th es is . (Th eo retically, the fun ction 

c(z) is unknmvn; experimentally, the asymmetry of the tunne l junction 

is unkn own so that the weighting function used in t he spatial average 

of c(z) can not be determined.) 

Equat ion (8 .15) gives VT as a function of the time-averaged 

supercurrent. Th e next step in the ana lysis is the calculation of the 

time-average of ls, Is' for an arbitrary value of ve . Th ese resuHs 

can then be used in eq. (8.15) to evaluate VT" 

The time average of eq. (B.9) will n □1" be calculated for a cur­

rent biased \veak link. Th at is, it wi 11 be ass urned ( as in Append ·i x A) 

th at 

I = I + v/R s N 

d ,+, , • 
_'+' = 2ev/h 
dt 

(B.16) 

(8.17) 

(8.18) 

Here I is the total instantaneous current, Ide is the de bias current, 

and IµO is the amplitude of the microwave bias current at frequency w; 
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¢ is the phase difference across the \•1eak link; ¢ := (j; R- <PL. Is is 

given by eq. (B.9). (Recall that ve ancl ¢ are tv,o unrelated param­

eters.) As pointed out in Chapter IV, ve is, in the model under con­

sideration, proportional to the appl ·ied voltage. Consequently, it will 

be convenient to define c ' by 

V8 L = c 'v ( B. 19) 

Because of the spatial variation of VS , c ' is also a weak function of 

position. This value of V0 L is to be inserted into eq. (B.9) for Is. 

As suggested in Appendix A, the easiest v1ay to treat the case 

of a current-biased 11veak link for jid I < I (for the approximate case 
C C 

to be considered here) is by the use of successive iteration, starting 

with the voltage-biased solution . Thus, to a first approximation, 

V = VO sin(tut) (B.2O) 

where vO is the amplitude of the micrmvave voltage across the weak 

link. (To be more precise, vO is the Fourier component of vat fre­

quency w .) As will be discussed in detail shortly, the microwave 

impedance is approximately equal to RN. Consequently, vO is approxi­

mately equal to IµORN' although deviations from this value will at 

times be extremely important. The calculations of this section wi ll be 

carried out in terms of vO, although the value of vO need not (and wi ll 

not) be determined until one of the later sections. It should also be 

pointed out that there may be additional (smaller) voltages at angular 

frequencies other than w As will also be shown in a later section, 

the approximate form for v given by eq. (B.2O) (which neglects voltages 
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at frequencies other than w) will be sufficiently accurate for the pur­

poses of this appendix. It might also be pointed out that eq . (8 .20) 

would be exact if the weak li nk were voltage biased rather than current 

biased at microwave frequencie s . Equation (B.20) would al so be exact if 

the microwave i mpedance were exact ly eq ual to RN, in which case there i s 

no distinction between current bias and voltage bias. 

Having approximated v by eq. (8.20), eq. (8.1 8) can immed iately be 

integrated to give 

2evo 
¢ = <p - --- cos (wt ) 0 ,tfw (8.21) 

Here ¢
0 

i s a constant of integration, which can be seen to be the time-

average of ¢. (Th e value of <Po is largely determined by the value of 

I de. Also, the symbol ¢
0 

should not be confused ~vith the flux quantum, 

h/2e, which is sometimes denoted ¢0.) If desired, eq. (8.21) could be 

put back into all the previous equations and the next approximation for 

v0 could be obtained by iteration . As has already been mentioned, eq. 

(8.21) gives all the accuracy required here. Puttin g eq. (8.21) into 

eq. (B.9) and using eq. (B. 19) gives 

(8.22) 

The sine of the term in brackets in eq. (8.22) can be expanded using 

the usual trigonometric identities to obtain 
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I /I = 
S C 

s i n <Po cos[c ' v0sin( wt )J 
2e vo 

cos[ fiw". cos (uJ t)] 

- sin sin[c 'v0sin( wt)J 
2evo 

¢0 sin [ --c-,,--ri cos ( uJ t) J 
lu 

- cos ¢0 s i n [ c ' v Os i n ( (u t ) J 
2ev0 

COS [liw COS ( uJ t ) ] 

- cos ¢0 cos[c ' v0sin(wt)J 
2evo 

s i n[--=riw" cos (wt ) J (R. 23 ) 

The trigonmetri c f unctions whose arguments are themse l ves tri gonometric 

functions can be further expanded using the generat i ng funct i on and 

associ ated series for Besse l functions (Ref . l): 

00 

00 

oo k 
• [2 I (-1) J2k+ l( x) cos (( 2k+ l) c0 t )J 

k=O 
co 

co k 
• [J0 (x) + 2 I (-1) J2k(x) cos (2kwt) ] 

k=l 
co 

co k 
• [2 I (-1) J2k+l (x) cos (( 2k+ l) ,.0t )] 

k=O 
(B.24 ) 



Here x has been defined by 

2evo 
X = -.,­

·nw 
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(B.25) 

Th e orthono rmality of the sine and cos ine can be used to deter­

mine (by inspection) the time-average of eq. (!3.24). The last three 

terms can be seen to contribute nothing and the first term gives 

(8.26) 

For the case of E1 v0 << l, this expression can be expanded in power 

series in s 1 v0, where the lmvest (non zero ) order turns out to be 

(E1 v0)2. This is also a convenient point in the calculation to sub­

tract off ~(O) in eq. (8.15) to evaluate VT: 

(B.27) 

Here use was made of the fact that JN( x) contains only terms of order 

xN or higher, and that J0(o) = l. For (s'v0) « l, J2(E 1 v0); (E'v0/;s 

and J0(E1 v0) = l - (E 1 v0)2/4 (Ref. 2). Equation (B.27) then reduces to 

(B.28) 
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Equation (B.2 8 ) gives \\ in terms of ¢0 end the m·icrO\vave 

voltage across the VJeak link. (From eq. (8.25), xis proportional to v
0

. ) 

It should be noted that the derivation of this equa tion is valid even 

for x > l. This concludes one logic al step in the analysis. If th i: 

weak link were voltage biased, rath er than current biased, th en x (or 

v
0

) would be an indepen dent experimental parameter and ¢
0 

could be 

readily calculated, thus determining VT" However, the fact that the 

microwave impedance (as will be discussed shortly) is a function of ¢
0

, 

and th e fact that the weak li nk is current biased, cause the evaluation 

of ¢
0 

and x in terms of I O and I, (the independent experimental param-
\1 cc 

ete rs) to be a difficult (or at least lengthy) task. This process is 

begun in the next section. 

B.4 Deoendence of Microwave Imoedance on Quantum Phase 

In order to determine v0 from IµO it is, by definition , necessary 

to knov-1 th e value of the microwave impedance. In this section some 

properties of the micrmvave impedance v,thich \,:e re not needed in Chapter 

II and not dealt with in Appendix A will be calculated. First, the 

Josephson inductance was cal culated in Appendix A only for the limit of 

very small micr0\'1ave voltages. This calculation nee ds to be generalized 

to th e case of reasonably large voltages. As before, suppose that the 

amplitude (Fourier component at frequency w) of the micrmvave voltage 

is v
0

, and that all other voltages across the weak link are negligible 

compared to v0 . (The self-consistency of this assumption will be ex­

amined shortly.) Then eq. (B.18) can be integrated to give 
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(8.29) 

(This is identical to eq. (B.21) but has been repeated here for the 

sake of completeness.) l;Jhen this result is inserted into eq . (B.9), 

the supercurrent which results i s 

(8.30) 

Here the term in ve has been dropped, s i nee its effects can be shown 

to be higher order inc:' than is necessary here. 

Equation (8.30) can be expanded using trigonometric and Besse l 

function ident iti es as in the previous section and yields 

oo k 
- I cos( ¢0 )[2 I (-1) J2k+l(x) cos((2k+l)wt)J 

C k=O 
(B. 31) 

Only the component I at frequency w is of interest here and is sw 

This corresponds to an inductive impedance wLJ = v0/Isw given by 

(8.33) 

In writing down eq. (8.33) the value of v0 was approximated by RN\io· 

As v1ill be seen, this approximation i s very good for the case of 
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IRN/wLJJ « l. However, there are times v,hen it \'lill be essential to 

use a more exact expression for v0 . Thro ughout the remainder of this 

appendix only those terms in RN/wLJ vli ll be kept \vhich are needed to 

give a f-inal result for VT v1hich ·is accurate to lov1est order in RN/wLJ. 

The most important feature in eq. (B. 33) is the dependence of LJ on 

¢0 . The deviation of v0 from R~,JIµO i s not important in eq. (8.33), 

although it will be i mportant elsewhere, and so v0 has been approxi­

mated by RNIµO in this equation. The remaining equations in this ap­

pendi x v-1i ll also keep only the necessary terms in RN / wLJ, genera ll y 

without emphas izing that this has been done. 

Th e quantity v.ihich will actually be needed throughout the_ re­

mainder of this appendix is the magnitude of the microwa ve impedance, 

Z. (Although Z is a complex number, the relative phase of the current 

and voltage is not important .) Equati ons (B.16), (B.17), and (8.32), 

which govern the currents passing through the weak lin k, are equiva­

lent to that of a circuit consisting of an inducto r LJ in parallel with 

a resistor RN. Consequent ly, 

z = l l -+--· 
RN j wl J 

(8.34) 

and 

I zJ = (8.35) 

Note that JZJ is always l ess than either RN or wLJ, as eipected. For 

RN « JwL), eq. ( B. 35) can be expanded to give 
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(8.36) 

At this point it is essential to note that, since LJ is a function of 

¢0 (see eq. (B.33)), IZi is also a function of ¢0. For RN «lwLJI, 

however, I Z! is only a weak function of ¢0. This \veak dependence of 

JZI on ¢0 will be crucial in understanding the origin of the phase­

jump structures in VT' Equation (B.36) shows that, for RN «lwLJi the 

other harmonics in eq. (B.31) do indeed give rise to voltages which 

are negligible compared to v0 (since Z = RN). Thus the assumption made 

in eq. (B.20) is seen to be se·lf-consistent. 

B.5 Ranqe of Multivalued Quantum Phase 

The task of solving for v0 (or, equivalently, x) and ¢0 in terms 

of Ide and IµO continues in this section. As shown in the previous 

section, !ZI is a function of ¢0. This will o.ive rise to a set of 

nonlinear coupled equations which need to be solved in order to obtain 

x and ¢0, and thereby VT. The method used to solve these equations is 

first to eliminate x as a variable by finding an equation which gives 

x as a function of ¢0 (and rµ 0). This leads to a nonlinear equation 

in ¢0 alone (considering IµO and Ide as known), \vhich can then be solved 

for ¢0. Although a computer program was written which was capable of 

solving these nonlinear equations exactlyi it is more instructive to 

solve them analytically. In addition, the model already contains 

enough approximations that there is little benefit in obtaining an 

exact nu~€rical solution. Consequently, this appendix (as has already 

been mentioned) only considers the case where RN <<JwLJ !,which allows an 
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approximate analytic solution even thouqh the equations remain non­

linear even then. 

First of all, if the microwave bias current gives a value of 

x which is not too near one of the zeros of J0(x), then a reasonable 

approximation is to take JZI = RN' so that v0 = IµORN. Equation 

(B.25) then gives x. From Appendix A the time-averaged supercurrent 

is given by 

(8.37) 

which can be solved for ¢0 (since Ide= Ts below the critical current). 

This value of ¢0, along with x~ can be inserted into eq. (8.28) to 

give \TT' The value of VT obtained will be a good approximation, since 

the percent change in the values of all the relevant parameters due to 

a slight error in the value of v0 will be small. Thus there is no 

difficulty in ca lcul ati ng VT for RN « lwLJ Ii f x is not too near a 

zero of J0(x). 

Suppose, however, that xis near z1, the first zero of J0(x). 

(This appendix will restrict itself to the structures near z1, although 

the results are easily generalized to include all of the zeros.) In 

that case, ¢0 becomes a very strong function of x (for a fixed value 

of Ide) because of the J0(x) term in eq. (B.37). In particular, the 

fractional error oJ0(x)/J0(x) which would result from setting 

v0 = RNIµO becomes very large as J0 approaches zero. (This was dis­

cussed in detail in the text.) In fact, the nonlinearity of the equa­

tions involved causes ¢0 to become a multivalued and discontinuous 
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function of 1i_10 and 1dc· A systematic approach to the solution of 

these equations for values of x near z1 will now be described. 

The first step is to find x as a function of ¢0 (considering 

\o as given.) From the definition given in eq. (B.25) 

2eJZI I 0 
X = µ 

1i w (B.38) 

where use has been made of the fact that v0 = JZI Iµo· (Eq. (B.38) is 

exact.) Using eq. (B.36) for z , this becomes 

2eIµORN 1 RN 2 
(B.39) X = 

·nw [ l - 2( wl} ] 

It 1,1ill be convenient to define the parameter x0 (v,hich is very nearly 

equal to x) by: 

x = 2e IµORN 
0 ' 11W 

(B.40) 

Then eq. (B.35) becomes 

(B.41) 

It will also be convenient to define L0 ands by 

(B.42) 

(8.43) 

Note that x0, L0, ands all depend on only IµO' and not ¢0, v0, etc., 

so that they can a 11 be considered to be "known. 11 Al so, reca 11 that 
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/c/ << l has already been assumed. (c and c' are independent parameters) 

both of which have been assumed to be small.) Substitution into eq. 

(B.41) gives 

(8.44) 

This equation, which gives x in terms of ¢0, will be extensively used 

throughout the rest of the appendix. Since x0 is proportional to IµO' 

x0 can be considered to be an independent parameter (experimentally 

fixed), replacing Iµo· In other words, x0 and IµO are, in some sense, 

equivalent parameters, just as x and v0 are in some sense equivalent. 

Near z1, J0 can be expanded in Taylor series to give 

(B.45) 

where the identity 

(8.46) 

has been used. Equations (8.44) and (8.45) can now be used to put all 

of the nonlinear relations v1hich have to be solved in terms of x0 and 

The range of values of x0 for which phase-jumps can occur will now 

be calculated. (The equations which will be derived will be useful for 

other purposes as well.) From Fig. 4.7 it can be seen that the neces-

sary requirement for phase-jumps to occur (or for ¢0 to be a multivalued 

function of Ts) is that dls/d¢0 = 0. This condition also gives the loca­

tion of the relative maxima in Ts, which will later be needed in order 
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to calculate the maxi mum de supercurrent, le' as a function of x0. 

Differentiating eq. (B.37) y i elds 

From eq. (8.44) 

dx = x
0

E
2 cos(¢

0
) sin (¢

0
) 

d¢o 

and using eq. (8.45), (B.46), and (B.47) gives 

(B.47) 

(B.48) 

le cos(¢0)(x-z1) J1(z 1)+ Icsin( ¢0 ) x0J1(z.1)/cos(¢0)sin(¢0) = o 

(8.49) 

This can be rewritten as 

(8.50) 

Note that eq. (B.50) is ah,ays satisfied for ¢0 = 90°, so that a rela­

tive maximum or minimum is always located there. 

An additional extremum will occur at ¢0 1 90° if 

(B.51) 

(from eq. (B.50)). Using eq. (8.44) to eliminate x in favor of ¢0 

gives 

(8.52) 
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* This equation can be solved to find ¢0, the value of ,¢0 at \,ihich an 

extremum occurs. The result is 

(8.53) 

Equation (8.53) gives ¢; as a function of the independent variable x0, 

which is defined in terms of 1i_10 through eq. (8.40). 

The range of values of x0 over which¢; has a real solution is 

given by the requirement that the argument of the square root in 

eq. (8.53) lie betv1een O and l, vihich yields 

(8.54) 

For this range of x0 , ¢0 v1ill be a multivalued function of rs= Ide' 

and phase-jumps \-.Jill give rise to the observed discontinuities in Vr 

At this point vJe digress a bit from the calculation of VT' since 

- -* the extremum value of I , denoted I (s i nee it may give the maximum 
S C 

effective supercurrent) can be found by substituting eqs. (8.53), 

(8.44), and (B.45) into eq. (B.37) for rs The result reduces to 

(8.55) 

where a considerable amount of algebraic manipulation has been omitted. 

From eq. (B.37), the value of rs at the extremum at ¢0 = 90° is given 

by 
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y1 = 
C 

(8.56) 

v1here eq. (B.45) has been used. The actual effective critical current 
~ 
I is then the large r of I* or 1 1

• This can be used to plot I as a 
C C C C 

function of x0 or IµO' such as is shm,m in Fig. 4.8. Since it is not 

possible for both eqs. (8.55) and (8.56) to be simultaneously zero, 

the effective critical current is never reduced to zero by any value 

of Iµo· Note that this result depends only on the properties of the 

microwave impedance, and so is not dependent on quasi-particle non­

equilibrium or the value of VG 

Having calculated the effective critical current as a function 

of IµO' vie nm,, return to the calculation of VT" 

B.6 Calculation of Quantum Phase as a Function of Supercurtent 

Equation (8.28) gives VT as a function of ¢0 and x, and eq. 

(B.44) g-ives x in terms of ¢0. Thus VT could be evaluated if ¢0 were 

determined. In this section ¢0 v1ill be calculated as a function of 

Ide for the range of values of x0 found in the preceding section. 

(Actually, these calculations are valid sufficiently close to z1 that 

J0(x) can be expanded in Taylor series; thus they are valid outsid9 

the region of phase-jumps as well.) The relevant equation is found by 

simply setting Ide= Ts, which is a function of ¢0. From eq. (B.37) 
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\Jhere eq. (8.45) has been used as \'Jell. Usin9 eq. (B.11-4) to eliP1inate 

x in favor of ¢0 gives 

(B.58) 

Replacing cos 2(¢0 ) by [l - sin2
(¢0)] and rearranging terms yields 

(8 . 59) 

The roots of this cubic equation give ¢0 as a function of Ide 

and x0 (the independent parameters). Standard formulas for the roots 

of cubic equations exist in math tables (see, for example, Ref. 3). It 

will be convenient to define 

a = (8.60) 

2 I I 
b cc = 

IcJl(zl)xoc 
2 (13.61) 

b2 a3 
g = --+-

4 27 (B.6?) 

There are h-10 cases, depending on the sign of g . (The degenerate case 

g = 0 can be included with the case for g < 0.) Only the real roots 

are of physical significance, and so the imaginary roots will be ig­

nored. 

For g > 0, it is convenient to define 

A - (rL 6 3) 
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(B.64) 

Here the -113 pmve r of a nr.(Jrttive number is Ltken to be minus the l/3 

pm-1er of its absolute valLH'~; in other 1-rnrds, the colllplex roots are ilJ­

nored. In th-is case there is only on e real root of the cub ·i c equation , 

given by 

-1 cp = sin (A+ 8) 
0 

(8.65) 

Both branches of arcsin must be taken, since the two branches are not 

pliysicany eq Lriv a ·l ent . Thus there are tv,o sofotions for cp 0 for 9 > 0 

(one of which will later be shown to be physically unstable). 

for g < 0, it w"ill be convenient to define 

(B.66) 

Then there are three roots of the cubic equation given by 

(B.6 7) 

(B.6 8) 

, -l[zj-=a (12 ' 2400)] cp03 = sin 3 cos 3-+ (R .69 ) 

Once again, both branches of arcsin must be used, giving six possihle 

values of cp0 , half of which will later be shown to be physically un­

stable. In addition, whenever the argument of the arcsin is greater 

than l or less than -1, those roots must be d-i s cardecl. Thus the actual 

nu11:b e r of solutions for cJ>o may be 0, l, 2, or 3. 
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8. 7 __ Stab ility of r-lultiv a·1_uE'd So lut ·ions 

Having so lved for <r0 , VT can nO\<J be eva luated us ing ecis . (13 .11- 4) 

ancl (13. 28 ). Firs t, hrn,,evc~r , it ·js rn~cessa r_y to cons ider t h~ s t ali "ility 

of the solut·ions for cp0 . 

!1s pointed out in the text, the solutions for qb are physically 

unstabl e if dT/clqi0 < 0. Th ·i s can be seen to he the case by supposing 

that ¢0 initially has exactly the ri ght value to make Ts = Ide in ec1. 

(3.37). Now suppose that the situation is slightly perturbed; for 

exc11npl e , Id e might be increac;e d slightly. Since rp0 cannot chan ge in ­

stantly (see eq. (8."18)), Ide Hi"ll exceed Ts and produ ce a pos ·itive 

voltage across the vieak lin k (in accord ance 1-·rith eqs. (B.16) and (B.17)). 

/~·1h ·ich then begins to increase tile value of ¢0. (The time dependence 

of cp0 is given by eq. (13.1 8).) If dT/dc~0 i s posit·ive, th en rs viill 

be increase d and eventually 'r'-Jill make up for th e chanqe in Ide· (The 

return to equilibrium can be shown to be an exponential decay in time 

of the quantity (Ide- "fs).) If, h011ever, ctr/dcp0 is negative, then 

tt1e voltage developed vJill cause T~ to decrease , making the difference 

betvJeen Ide and rs even l a rger. This further increases the voltage , 

etc., so that this case corresponds to an ins t ab ility. Thus solutions 

for ¢0 ~,1Hh df/dr~0 < 0 are physicall y unstable. 

From eq . ( B . 50) 

( f3. 70) 

Equation (8.44) can then be used to eliminate x in favor of x0 and ¢0 . 

Th e resulting express ion can be used to reject those so lut"ions for 
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vJhich d.l/d(/1
0 

< 0. Til e! evu lu ution of this forr11uL.1, c1s ,,-,e l I as al I th e 

oth e r formul as in the appendix, is sufficiently tedious that all th e 

cal culat ed graph s s hown ·i11 Chapter IV 1·1ere plotted h_y computer. 

Equation (13.2B) gave V1 as a function of 1/10 and x, both of vihicn 

have now bee n eva lu ated in tE~rrns of the indepen dent variables, I
O 

and 
]J . 

Ide· As pointed out in the text, there is reas on to believe that all 

of the s table solut ·ions for ¢0 are ecjual ·1_v l ike ·1y, so that VT vJas taken 

to be th e average corresponding to all the stable solutions for ~0 . 

Once again, the number of st21ble so'lutions vias counted and the average 

of Vr ~,1as taken 11 s i n(J a rrnnputr•r progr,un , cvPn though all th e ner,_~ssary 

forinulas exist in closed analytic form. 

Th ·is concludes the calculation of V7. as a function of I I and I 0 . cc p 

. Th e results have been plotted in the text. It 111i 0ht be po-inted out 

that the phase-jumps occur uh en th e numher of real, stable solutions for 

¢0 ch ang es from one integer to another. 

8.7 Calculation of Minimum Effective Critical Current 

The primary purpose of this appendix v1as to calculate VT as a 

function of Ide and IJJ0; this \vas co111pleted in th e previous section. The 

purpose of this las t section is to find an analytic expression for the 

minimum value of 1 , which i,.1il l be denoted I - , and the value of x0 C Clll 

which produces it, denoted x0m. I is the minimum value of the effec-cm 

tive de critical current whicl1 results from the application of a micro-

\vav e current. (For a voltaue biased weak link, 1 = 0.) Once again, cm 

the calculation given he re i s restri cted to the region nea r z1 , but th e 
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re s ults are eas ily genera Ii ze d to th e~ otlwr i'c r-o s of ,1
0

. 

Th e relation which det ermines x0 can most easi ly be understood Ill • 

by s i Ill[) ly noticin9 i 11 fi q. 4. 8 that t he rrri ni mum in I 
C 

occ urs 1·1h en 

r* 
·~ 

= I I • (See eqs. ( [ ) ; · r · ) ancl ( [3. ~6 ) . ) In other v1o rds, XOm co rres -) . JJ 
C C 

ponds to the point at v,hich the relative max imum ·in Ts at ¢0 -:/ 90° 

just equals the relative maximum at ¢0 = 90°. This result can also be 

shown more directly by considering the derivatives involved. Setting 
~ 
I*=I' gives 

C C 

(f3.71 ) 

It will be convenient to define 

( 8. 72) 

Then eq. (B. 71) reduces to 

(B.73) 

This cubic equation in 6 is more complicated than that of eq . 

(8.59) due to the presence of the 62 term. Its solution can, neverthe­
/ 

less, be found algebraically (Ref. 3). Only the final result is of in-

terest here, v1hich is 

o = l /8 (8.74) 

Substituting back into eq. (B.72) and using E « l (an assumption already 

made) gives 
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2 
x = z

1 
( l + t=::

8 
) 

Orn 

-

(8.75) 

The rnirri111u111 value of Ic is rnost easi"ly found by subst"itut ·ion of xOm 

-
into I ' vri th the result that C, 

i = Icz .
1 

J1(z 1) /;s cm (8.76) 

This gives the first minimum in the effective cr-itical current clue to 

microwave irradiation, which, for a current-biased weak link, is 

nonzero. Note th at this result depends only on the properties of 

the nricrmvave impedance and so is not dependent on quasi-particle 

nonequilibriurn or the value of 'i/0 

) 
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