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ABSTRACT 

The use of quasi-white test signals, i.e. physically realiz­

able signals that approximate the statistical properties of ideal white 

noise, in nonlinear system identification through the crosscorrelation 

technique is comprehensively studied. Important theoretical aspects 

of the subject are illustrated {c. g. the mathematical mechanisms of 

kernel estimation through crosscorrelation, the role of the several 

orthogonal functional series, the meaning of the corresponding kernels, 

the accuracy of the obtained truncated models etc. ), and useful tools 

for the actual application of the method are developed {e.g. analytical 

expressions for the kernel estimation errors, optimum test procedure 

etc. ). 

In addition to the widely known and used band-limited gaus­

sian white noise and pseudorandom signals based on m- sequences, a 

new family of quasi-white test signals is introduced and its properties 

are thoroughly studied. The various advantages and disadvantages of 

these three families of quasi-white signals are discussed independently 

as well as in a comparative perspective. The accuracy of the several 

estimated models is found to be comparable for all these families of 

quasi-white signals, with small differences pertaining to the specific 

system under study or random factors. The theoretical study is 

followed and confirmed by actual applications on computer simulated 

and physiological systems. 

The newly introduced family is simplifying, clarifying and 



-iv-

unifying the concept of the quasi-white signal in connection with its use 

in the crosscorrelation technique. 

Some special purpose tests are also presented, with one of 

them (the "general nonlinearity test") possessing the potentiality of a 

totally different identification method aiming at the Volterra kernels of 

the system. 
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CHAPTER I 

INTRODUCTION 

The perception of the surrounding phenomena as the observable 

expressions of a complex invisible machinery, which conceptually takes 

the form of a network of interconnected and interdependent variables, 

is fairly common and popular among physical scientists. The mechan­

istic view of the physical world and the causal chain of physical phenom­

ena evolvement seem also to be the common stand of physical sciences. 

In this regard, the system formalization of a physical relation comes 

as a natural and suitable approach, provided, of course, that the 

scientific means exist to tackle the problem under this formulation. 

This is the task of system science and the general frame in which the 

present dissertation places itself. 

The system conceptualization of the surrounding world has a 

philosophical quality that can hardly be bypassed. For this reason, the 

first two sections attempt to give a brief, concise account of the philos­

ophical ideas involved. We expect these philosophical inferences to be 

more or less argumental, but we also consider this philosophical framing 

an introductory necessity of the subject. 

1. 1 The .Philosophical Frame of System Conceptualization 

The knowledge that the human kind possesses is the whole of its 

organized and expressible experience. 

Experience is the natural result of the interaction between the 

human nervous system and the surrounding physical world. 

Man experiences the surrounding physical world through his 
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senses a nd e l a bora t e s on the obtained experience creating intellectual 

state s within his brain, which correspond to pieces of this experience. 

Furthe r, the human brain exhibits the natural ability of constructing 

relational inte llectual structur e s from these intellectual states, which 

depict the p e rceived experience at some area and level of conception. 

This is a self- cha nging function, in which the operator is the 

operand as well. The reason is that every n e w intellectual construc­

tion can be subsequently used to create the next intellectual structure. 

This process is naturally leading towards an intellectual depiction of 

the p e rceived physical experience, which serves best the natural pur­

pose of existe nce of the human intellect. We cannot state categorically 

what this natural purpose isr however, we know that it provokes the 

growth of these intellectual structures. In that respect, this is an 

evolutionary process, where the driving motor is a natural tendency 

of the human brain to increase and improve its intellectual structures. 

This process seems to be self- sustained in a monotonic course 

(within the limits posed by natural constraints of the carrying physical 

space) and exhibits the same basic characteristics of the evolution of 

species through natural selection. At the present stage of being, it 

seems that the evolution of the human intellectual capacity (that is, the 

whole of the intellectual structures in his brain) is a more rapidly self­

accelerated process than the evolution of species; nevertheless, this 

may be a temporary situation, reinforced by the contemporary param­

eters of the carrying environment . A striking realization here, is 

that whatever the conception of the evolution of human intelligence, 
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this conception is inevitably by itself still one more expression of the 

present stage of this same process. 

Being inescapably locked within the limits of our physical 

perceptual ability, we can do nothing more than play with the intellectual 

images of our subjective perception of the surrounding world. These 

intellectual images are the concepts, corresponding to the various 

pieces of experience that the human brain happened to elaborate upon, 

through the long journey of the human intellectual evolution. 

The concepts are intellectual images of the perceived informa­

tion through our senses from the surrounding physical world. From 

the natural process of forming these concepts, we can distinguish two 
: 

principal categories. The first category includes those concepts, which 

are self- existent as intellectual images of a perceived entity; while, 

the second category includes those concepts, which attain an intellectual 

content with respect to two or more perceived entities. For example, 

watching a brown shoe we fir st form the concept "shoe", then we want 

to elaborate more on this piece of perceived visual information and we 

form the concept "brown", then we make the intellectual conjunctJon 

that "the shoe is brown". The concept "is" does not attain any concep­

tual content by itself. But it does provide an intellectual link between 

the concepts: "shoe" and "brown". Therefore, it does have an intellec­

tual content with respect to these two concepts. Of course, there is a 

great variety of ways to analyze this piece of visual experience but, in 

any case, the brain will follow a similar pattern of formalization with 

concepts corresponding either to entities or relations. These are 
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r es p ect ive ly th e two cate go ries of c onc e pts. 

W e unde r s t a nd tha t this subject has a philosophical quality , in 

the s en se that truth cannot be rigorously proved but can only be por­

trayed a s such fr om a c ompo sition of indications that usually hold strong 

in the eye s of the beholder . Any formalization of this sort, is a practi­

cable way that a brain follows in order to handle the perceived informa­

tion. We can never claim that it reliably or uniquely maps an objectively 

and undeniably true physical order. 

In the following, we only use the assertion that concepts exist 

as intellectual images of pieces of experience, and that there are two 

categories of concepts, the entities and the relations. The entities are 

intellectually self- sustained; while the relations refer to two or more 

entities. 

It must be emphasized that this formalization corresponds to 

a certain state of human intelligence and consequently it has an inherent 

character of change. As the human intellectual capacity evolves, it is 

expected that a specific intellectual arrangement of entities and relations 

will be extended in number and complexity. 

For one more reason, the human brain possesses the natural 

ability of creating concepts, which do not correspond directly to pieces 

of physical experience ,- but they are the products of an intellectual pro­

cedure (abstraction) based upon the already existing concepts and 

structures within the brain. This results in a powerful intellectual 

capacity to conceptualize an entities-relations arrangement in a variety 

of ways by introducing abstract concepts. 
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On th e ba sis of this a bstractive capability, a single concept 

(e ntit y o r r e la tio n) m a y as well be intellectually analyzed in an inter­

conne cte d comple x of entitie s and relations. We call this property of 

the human intellect, "conceptual extensibility", and it must be empha­

sized that it is of fundamental importance in the system conceptualiza­

tion. 

1. 2 General Foundation of System Theory 

At a given point of the evolution of human intelligence, there 

is a concrete way in which the human experience is formally organized 

and expressed. This is the human knowledge at this point of time. 

The formal expression of this knowledge is done through the 

language. The basic structural (syntactical) elements of the language 

are the nouns, the adjectives and the verbs. In this regard, the nouns 

and adjectives correspond to the intellectual entities, that we discussed 

in the previous section, while the verbs correspond to the intellectual 

relations. 

The regular sentence has traditionally been the principal 

object of study in the language syntax. A regular sentence is the funda­

mental syntactical arrangement of the form: subject-verb- object. The 

subject and the object are members of the same grammatical groups. 

They are nouns or adjectives. 

In a similar way, the fundamental conceptual group of the form 

entity- relation-entity has traditionally been (either implicitly or explic­

itly) one of the principal objects of the study of physical experience. 
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Science, as the whole of the human methodical effort to study physical 

experience, is greatly concerned with problems of that conceptual form. 

At this point, we have to distinguish between two categories of 

relations. In order to do that, we first have to discuss the intellectual 

content of "change II and "dependence 11
• 

Change is a relational concept referring to two intellectual 

entities, which correspond to different pieces of experience, which 

exhibit a great amount of common characteristics in such a way, that 

the brain retains the common parts under the same concept; while 

creating another concept to relate intellectually these two different 

pieces of experience. For example, two different positions of a chair 

are two intellectual entities corresponding to two different pieces of 

visual experience. However, they both exhibit a great amount of com­

mon visual characteristics, which makes the brain (for reasons of its 

own natural economy, construction, organization and evolution) corres­

pond the same concept (chair) to the common experience parts; while 

forming a concept (position) to relate (change) these two different pieces 

of experience. Clearly, this new concept is a changeable concept, while 

the first one is unchangeable. It must be emphasized again that this is 

simply a conceptual formalization and not an objective physical order. 

The concept of dependence is formed from the perception of the 

relation between two changeable concepts. 

Having the concept of dependence, the two categories of rela­

tions can be easily defined: The first category includes the descriptive 

relations. These are defined as relations that do not have the character 
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of depe ndence. The second category includes the functional (this is not 

the mathematical notion of "functional") relations. These are defined as 

relations that have the character of dependence. Clearly, the functional 

relations can relate only changeable concepts. 

The study of the functional relations has traditionally been a 

great challenge of the human scientific thought. A basic question here 

is to what extent functional relations exist among existing concepts. 

Recalling the intellectual extensibility and the perceived continuity of 

the physical world, it is reasonable to accept a principle of universal 

interdependence, in the sense that there are relational links among all 

existing concepts, on the basis of the intellectual extensibility. Of 

course, the degree of this interdependence can vary very widely from 

one pair of interdependent concepts to another. In this regard, the 

totality of concepts (entities and relations) form a compact universal 

network, which corresponds to a given stage of human intelligence and 

intellectual extensibility. 

In this formalization there are two basic notions involved: the 

structural (expressed by a specific arrangement of entities and relations) 

and the operational(expressed by the specific kind of functional relations). 

Both of these notions compose a conceptual lattice of functional inter­

relations, which constitutes the arena of the system formalization. 

In this context, system theory develops as the scientific tool 

fur studying the functional relations among concepts. 
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1. 3 Th e System Formulation of a Problem 

The study of a functi.onal r e lation between two (or more) 

ch a ngeabl e concepts requires a formal and convenient way of describing 

the changing characteristics of these concepts. This is done by employ­

ing the concept of "measure" as the outcome of relating, in a special way 

called "measurement", the changeable concept with a proper unchangeable 

one. 

The measurement as an intellectual function of the human 

brain is connected to a natural quantitative sense that follows the ability 

of the brain to compare pieces of perceived information and arrange 

them in a certain order. In this way, we attain the very fundamental 

sense of time and space, and a variety of other quantitative (changeable) 

concepts. The measurement is an attempt to make a rigorous and 

formal description of one dimension of a quantitative concept. 

A very important realization is that every piece of experience 

refers to certain ordinates of space and time. The perception of 

change, on the other hand, requires two different pieces of experience. 

Therefore, a perceived change is associated with two sets of space and 

time ordinates. Because of this basic fact, a measure can be followed 

by an associated space or time ordinate. A quantitative description of 

a changeable concept which is given in terms of measures followed by 

the associated time ordinates will be called a signal. 

The signals are the observed quantities in the study of phen­

omena which obey the cause-and-effect scheme. The conceptual 

description of such a phenomenon is a functional relation. Thus, a 
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functi o nal r e lation a ppears in this case as an operator performing the 

transformation of some signals to others. This operator is called a 

system. 

In that sense, a system is the conductor of changes among 

signals that represent measures of changeable concepts in time. The 

direction of this conduction must be uniquely determined in each case. 

Of course, there may be a bidirectional interdependence between two 

concepts, but in that case, two systems must be employed (one for each 
1 

direction). A system is an operator, operating upon some signals, 

which we call input signals , to produce other signals , which we call output 

signals. 

A system being conceptually a relation can also be dependent on 

another concept. In this case, we are talking about a "parametric" 

system, while the system which exerts this parametric influence is 

called "regulatory". 

The activity of a regulatory system can be thought of as an 

additional input to the system; however, the distinction occurs because 

of the fact that the activity of a r e gulatory system is not directly related 

to an output of the system and, therefore, it is not participant in a causal 

scheme of change conduction. The effect of the regulatory activity takes 

place within the system itself and, therefore, the input-output system 

formulation does not take hold in this case. Of course, the entire 

arrangement of entities and relations in a certain situation is conceptual 

and, therefore, arbitrary on behalf of the human subject who studies the 

phenomenon. Nevertheless, the conceptualization of parametric and 
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regulatory systems seems acco rdant with our experience about the 

dynamics of the surrounding world and, consequently, it will be of prob­

able convenience 111 some cases. 

In Fig. 1. 3. 1, we show diagramatically a portion of a cone eptual 

network. Th e si gnals corresponding to the changeable concepts are 

shown as circles. The functional relations are shown as parallelograms 

accompanied by ar rows indicating the direction of the change conduction. 

The regulatory relation is shown as a rhombus. More specifically: 

Ci: is the input signal for system rij and the output signal for 

system r ji• 

Cf is the output signal for system rij and the input signal for 

system r ... 
Jl 

Ck: is the regulatory signal, i.e. the input of the regulatory 

system pk .. . 
lJ 

r .. : is the rightward system between C. and C., and it is a 
lj 1 J 

parametric system. 

r .. : is the leftward system between C. and C., and it is not a 
J 1 1 J 

parametric system. 

pk".: is the regulatory system of the parametric system r ... 
lJ lJ 

Recalling the principle of universal interdependence, we real-

ize that the group in Fig. 1. 3. 1, is just a piece from the universal com­

pact network. Nevertheless, the study of physical relations in practice 

requires the isolation of small segments of the universal network. This 

can be done easily (and practically reliably), because the interdependence 

among the concepts of interest and the rest of the universal network can 
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r-· 
I J 

r .. 
JI 

........... 
\ .................. 

' \ \ 
Fig. 1. 3 . 1 : P ortion of an entity-re lation conceptual 

n etwork 

r-· lj ~ 

C i <J:::::=C> X ( t ) 

C j <J:::::=C> y (t) 

r i j <J:::::=C> S 

Fig. 1. 3 . 2: Corrf'sponde nce betwee n a conceptual relation 

and an one-input / one- output system 
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be pra ctica lly elimina ted by designing the proper experiment and 

observa ti o na l e quipme nt. This is possible because the significant 

inte rde p e nde nces of a concept are usually limited in number. However, 

if the r e is r e maining obs e rva ble interdepe ndence with uncontrdlable or 

unknown fa ctors , we conside r it as external noise present in our obser­

vations. Proper methods have been designed to analyze the data in a 

case like that. 

In conclusion, the system formulation and solution of a problem 

follows the following basic steps : 

( 1) Determine the concepts of interest in your study and form 

the entity-relation network of them. Also, determine the 

concepts which have significant interdependence with the 

concepts of your network, and try to neutralize them as 

much as the practical considerations allow. 

(2) Perform any kind of experiment and analysis of the obtained 

data, which will give you an understanding of the existing 

functional relations. 

(3) Study the behavior of the network from the aspects of 

interest, on the basis of the achieved understanding of the 

existing functional relations. 

Therefore, the system formulation and solution of a problem 

comprises three basic steps. We call these steps: System analysis, 

identification and synthesis; in direct correspondence to the steps des­

cribed above. It must be noted that the system analysis usually extends 

into par t of the second ste p as well. In any case, the analysis is based 
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upon all the available information about the system and, in most of the 

cases, it takes the form of a hypothesis concerni ng the system structure 

(and basic functional features), which is to be tested through the identi­

fication and synthesis steps. 

For example, if the system under study is the mass- spring 

well- known mechanical system, then: 

(a) The concepts involved in the functional relation under study 

are the position of the mass and the applied force. 

(b) The input signal is the forcing function and the output signal 

is the position function (both functions of time). 

(c) The analysis step comprises the determination of the con­

cepts involved (as above) and the specification of a second­

order linear differential equation with constant coefficients 

as a reasonable formal description of the functional rela­

tion under study. 

(d) The identification step comprises the determination (or 

estimation) of the unknown coefficients of the differential 

equation. 

(e) The synthesis step comprises the study of the system 

response (mass position function) to a given forcing func­

tion, on the basis of the estimated differential equation 

(model), and in comparison to the actual experimental 

results. It also comprises the study of any interesting 

aspe cts of the system behavior (like stability, natural 

modes e tc.), and any other desirable utilization of the 
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achieve d knowledge about this functional rela tion. We must note, that 

this is a ve ry simple and WC' ll - studied phenomenon, and for this reason 

the ana lysis step occupies a dominant role. In other cases, less simple 

or studied than this, the identification step may have the dominant role. 

The study of complex systems (networks) is naturally the 

ultimate target of system science. Having in mind that the scientific 

course is one of building up from the simpler, well-studied cases to the 

more and more complex with small, s:tudious, systematic steps, we 

believe that the first fundamentally important step of system science is 

the thorough study of the elementary network, which comprises only the 

functional relation between two concepts (i.e. one input, one output 

system). (Fig. 1. 3. 2) 

The study of this fundamental case, with main emphasis on the 

identification problem, is the principal concern of the present dis serta­

tion. 

1. 4 An Outline of the Pre sent Dissertation 

The principal aim of the present dissertation is to provide a 

concis e and accurate account of the use of quasi-white test signals in 

nonlinear system ide ntification through crosscorrelation methods. 

In chapte r 2, we review the system identification problem, 

and particularly in connection with the Volterra-Wiener approach to 

that problem. Several important aspects of the Wiener white noise 

method are discussed. 

In chapter 3, we review the properties and the use of band-
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limite d gaussian white nois e and pseudorandom signals (based on m­

s eque nc e s) in nonlinear syste m identification. 

In chapte r 4, w e introduce a new family of quasi-white signals 

(CSRS) and w e discuss its properties and use in nonlinear system ident­

ification. A comparative discussion of the advantages and disadvantages 

of the seve ral quasi-white signals is also given. 

In chapter 5, we study and evaluate the several estimation 

errors that are committed in nonlinear system identification through the 

CSRS. 

In chapte r 6, w e discuss the overall management of errors 

occurring during the identification process. Several suggestions are 

made as to how the e ffect of these errors can be minimized, and an 

optimum ide ntification proc e dure is outlined. 

In c hapte r 7, w e pre s e nt two special techniques referring to 

important aspects of the nonlinear system identification process. The 

first t e chnique , in particular, appears to provide a potentiality for the 

developm e nt of a new comple te ide ntification method. 

In chapter 8, w e illustrate through computer simulated appli­

cations the use of CSRS in nonlinear system identification. 

In chapte r 9, we present the application of CSRS in the ident­

ification of a real physiological system. 

In chapter 10, we present a comparative study of the several 

quasi-white signals through computer simulated and real system appli­

cations. 
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CHAPTER II 

!DENT IFICATION OF A SYSTEM 

2. 1 The Syste m Ide ntific a tion Proble m 

In th e pr e vi ous cha pt e r, we introduced the system formalization 

as a c o nc e ptual c onstruction 0f a network involving the significant func-

tional relations among changeable concepts. A certain conceptual 

construction concerning a set of observable (directly or indirectly) 

phenomena is not unique. A variety of conceptual constructions can 

usually portray the same pie ce of physical experience. 

From all these various constructions, some tend to be prefer­

able to the others b e cause of two basic reasons. One is that some of 

them allow the utilization of the existing scientific tools to analyze 

themselves , whil e others do not. The other is our natural tendency 

towards maximum efficiency (least effort for the same return) , which 

leads to the maximum simplicity (according to some criteria) of the 

constructio n form. Thus, a certain construction form usually prevails 

and constitutes the system formulation of the observed phenomena. In 

any case, this conceptual construction, which takes the form of an entity­

relatio n n e twork, is create d on the basis of all available information 

concerning the conc e pts involved. 

After the entity- relation network is constructed, a proper 

formal description of it, is sought. The whole of formal descriptions 

of the functional relations and of the measure changeable entities, is 

containe d in the mathematical science. Thus, the available tools to 
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analyz e the entity-relation network are the existing mathematical tools. 

A for ma 1 mathematical description of the entity- relation network 

is called a mathematical model. The formulation of a mathematical model 

describing the functional relations among some concepts of interest, is 

the object of "systems analysis". The specific form that a mathematical 

model will take in a given case is a matter open to creativity. The mathe­

matical tools are finite in number and variety, however, the extent of 

creative com bi nation of some of them into new forms is virtually infinite. 

In any case, the constructed mathematical model involves a 

number of unknown parameters that have to be evaluated (estimated). 

The amount and the form of these parameters depend on the specific 

model formulation. Clearly, it is a great virtue of the model to have 

a few parameters in a simple form that allows their easy evaluation 

(estimation). 

This task of parameter evaluation ( estimation) is the "system 

identification problem". This problem, in connection with the Volterra­

Wiener model formulation is the principal subject of the present study. 

2.2 Methodology in System Identification 

The methodology of system identification crucially depends on 

the system analysis stage, because the analysis process determines the 

amount and the form of the parameters to be identified. 

Algebraic and differential equations have traditionally been the 

most popular forms of models to be used in the analysis stage. These 

forms are compact and fairly illustrative (in most of the cases) of the 
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mode li ze d r e lations. However, they usually require a fair amount of 

knowl e d ge concerning the entities and the relations involved. This 

-
knowle d ge is, in a lot of cases, available or can be obtained through 

observation and / or experimentation at various levels of structural 

complexity. However, there are even more cases where this kind of 

insight knowledge of the system structure is not available or cannot be 

obtained with the available means of data acquisition. This is the case 

where the system under study takes the form of a "black-box". 

A general state- space differential equation formulation can be 

used to modelize a black- box; however, in that case, the identification 

process becomes usually very complicated and involved. A reasonable 

approach, in the case of a black- box, is to use an expansion-type open 

form mathematical relation, which alleviates the strict structural 

requirement of a closed form input- output mathematical relation, by 

simply relating the projections of the input- output signals upon some 

standard functional modes. This is the basic idea of the Volterra-

Wiener approach which we will extensively discuss in the following. 

In the Volterra formulation the input- output mathematical rela­

tion is a multiple-integral series expansion, where the n-th order term 

(corresponding to the n-th order standard functional mode) is an n-t uple 

integral describing the interaction among n infinitesimal pieces of the 

input signal's past. In this perspective, the study of any input-output 

relation (which is representable by the Volterra series) attains a com­

mon functional pattern, unifying and simplifying the analysis stage of a 

great number of systems. 
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For a long time, the scientific effort was confined to the study 

of systems, which can be represented quite reliably only by the first 

functional mode of the Volterra series. These are the so-called linear 

systems, for which the principle of superposition holds. Of course, the 

liµ earity of a system is, in some cases, a reasonable approximation to 

an actual nonlinearity, in which the first functional mode is strongly 

predominant. However, the linear systems obviously constitute a 

special and limited class of systems. The study of linear systems has 

been very extensive, thorough and successful, with great achievements 

on the synthesis stage (control theory etc.). 

At the pre sent stage of scientific re search in system science, 

the most challenging subject is the study of the nonlinear systems. 

Evidently, the complexity and variety of nonlinear systems is overwhelm­

ing with respect to the linear ones, along with the difficulties and com­

plications encountered in their study. Because of the great variety of 

nonlinear systems, we are promptly forced to specialize on classes of 

them and study them successively on a step- by- step procedure. 

In the pre sent study, the approach that will be followed is the 

Volterra-Wiener one; because of the advantages that it provides in the 

analysis stage, and its generality and unification characters. This does 

not mean, of course, that this is an advantageous approach for all the 

cases; neither that a more general and advantageous approach cannot be 

designed. It simply seems to us as the most appropriate, at present, 

method to analyze and identify a wide class of nonlinear systems, which 

appear, with the present means of information acquisition, as black-
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boxes. 

2. 3 The V olte rra- Wiener Approach of Nonlinear System Identification 

C onside r the fundamental unit of an one- input/ one- output system 

(Fig. 1. 3. 2 ). The functional relation between the output y(t) and the 

input x(t) can be in general denoted with the mathematical notion of a 

"functional": 

y(t) = F[ x(t)] (2.3.1) 

The functional F is a mathematical operator operating on the values of 

the i'tll}ction x(t) to produce the values of the function y(t). In that 

respect, the functional F is a general mathematical description of the 

system S. Obviously, the system analysis and identification are directed 

towards the study of this functional, i, e, towards a more explicit expres­

sion of the functional relation F, which allows the evaluation (estimation) 

of the parameters involved. 

For a physical system S, the causality principle is the first 

instrument of the analysis process. Causality holds in all physical sys­

tems that do not exhibit autonomous ability to act in a way that is not 

completely dictated by the stimulus past. Under the causality principle, 

a system only reacts to external stimulation, in a way determined by 

the past (and pre sent) values of the stimulus. The causality principle 

is the formal expression of the deterministic cause-and- effect philos­

ophical viewpoint; a viewpoint, that is strongly supported by the observ­

able mechanistic outlook of physical phenomena. 

Therefore, for a physical system S, we accept that the response 
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y(t) dep e nds sol e ly upon th e past (and present) values of the stimulus 

x ( t ): 

y(t) = F[ x(t'); t':-=;t] (2. 3. 2) 

If only the present st imulus value affects the response at the present 

time, the system is called static. Apparently, the analysis and identifi­

cation of static syst e ms is a much simpler task than the analysis and 

identification of dynamic systems. Thus, the great challenge is the 

study of dynamic systems. There are also cases, where we cannot 

deterinine an invariant functional F, which governs the input- output 

relation for all times t. These are the hereditary systems, in which 

the relation is cha nging on the basis of the system history. 

Further, any explicit mathematical expression of the functional 

F has a c e rtain structural form involving a set of parameters and a set 

of constants. That certain structural form and the set of constants is 

the obj ec t of the analysis process. The set of parameters O is the object 

of the identification process, in which we seek to determine (estimate) 

these parameters. Therefore, we can use the notation: 

(2. 3. 3) 

to demonstrate the existence of the parameter set within the functional 

expression. It must be noted that the parameter set O is independent 

from the stimulus x(t), but it might be dependent (explicity) on time. 

In the second step of analysis, we confine ourselves to a 

class of systems, which exhibit the following three basic characteristics: 

( 1) They are stationary: i.e. their functional characteristics 

(formally represented as parameters in the explicit mathe-
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matical functional expression) do not change in time. In 

othe r words, the parameter set n (eqn. 2. 3. 3) is indepen­

dent of time for a stationary system. 

(2) They have finite memory: i.e. , the effect of a stimulus 

with finite energy on the response decays to arbitrarily 

small degree in finite time. This justifies the search for 

transfer functional description of the system, which is 

independent from the initial conditions. 

( 3) They are analytic: i.e. , their differential behavior of all 

orders is continuous within some domain of stimulus values. 

In the case of a system of this class, the corresponding func­

tional F can be expanded in a functional power series, as V. Volterra 

suggested [ 1 J. This functional power series is a series of multiple 

00 

6 L l (t) 
= n=O n 

and it is known as the Volterra series. The Volterra series can be 

thought of as the limiting case of Taylor series expansion of a function 

with multiple arguments, when the number of these arguments tends to 

infinity. These arguments, in the case of the Volterra series, are the 

values of the function x(t) (infinite in number), and every kernel 

kn(T 1 , ... , Tn) relates to then-th order derivative of the functional F. 

It must be noted that the kernels of a physical system are sym­

metric functions of their arguments, and they attain zero values for any 
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ncgati vc ;1 rgt1mc11t value. This is how causality is manifested mathe­

m atic;1 lly in the V olte rra series exp a nsion. 

The stationarity of the system is manifested by the indepen­

denc e of a ll k e rn e ls from time . 

The finit e memory is a characteristic relating to the conver-

gence of the functiona l series . It is known that if every t e rm I (t) of 
n 

the functional s e ries is absolutely bounded by a positive constant a 
n 

for all values oft in the domain of interest and the several a form a 
n 

uniformly convergent numer ical series, then the functional series is 

uniformly convergent as well (Weierstrass). That is, if there is a 

uniformly convergent numerical 

lln(t)I ~an 

series ~a , for which, 
n 

(2.3.5) 

for any n ~nd t; then the functional s e ries ~In(t) is also uniformly conver­

gent. Consequently, a sufficient condition for the uniform convergence 

of the Volte rra series is: 

lln(t) I = I J'."'. · ln kn(T 1, ••• , Tn)x(t-7 1) •.• x(t-7n)d71' .. d7n I• 
/".. fl kn(T I ' ••• • Tn) I I x{t-T1+ • I x(I-T n) I dTI ... dTn <an 

(2. 3. 6) 

for all n an d t (in the domain). Suppose now that the stimulus x(t) is 

also absolutely bounded: 

( for all t) (2.3. 7) 

then, the sufficient condition for uniform convergence becomes: 
00 00 

!·. · l I kn(Tl' ••• , T n) I dT1· •• dTn ~an/ Mn (2.3.8) 
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Th e r efo r e , th e finit e m emo ry c ondition can b e mathematically expressed 

as th e a bsolut e integrability of the kerne ls, in the way described by 

eqn. 2. 3. 8 , which guarantees the uniform convergence of the functional 

series. 

In cases where the stimulus x(t) is a random process and 

possibly not absolutely bounded (e.g. the case of a gaussian random 

process), the e xpressions above can be written in terms of the expected 

values of the random quantities involved: 
00 00 

IE[In(t)] I= IJ-. ·lkn(T 1, ... , Tn) E[x(t-T 1) ... x(t-Tn)]dT 1 , .. dTn1$ 

00 00 

f. .. J lk (Tl , ... ,T )I 
o o n n I¢ n ( t' Tl' • • • ' Tz} I dT 1 • • • dT n $ a 

n 
(2.3.9) 

where, cp (t, T 1 , ... , T ) is the n-th order autocorrelation function of 
n n 

the random process x (t). If the process x(t) is stationary then cp is 
n 

indepe ndent of time t. Consequently, in this case the uniform conver­

gence condition is written for the absolute bounds of the autocorrelation 

functions ( if they exist): 

I ¢ ( t, Tl ' ... , T ) I $R 
n n n 

00 00 

(for all t, T1 , ... , Tn) 

(2. 3. 10) 

f .. JI kn(Tl' •.. , Tn) ldTl ... dTn $an/R 
n 

(2 . 3.11) 

Again, the uniform convergence condition takes the form of an absolute 

integra bility condition for a ll k e rnels. 

The analyticity of the system is manifested by the existence 

of the functional d e rivatives of all orders, which are directly related 

to the kernels k . 
n 
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The set of ke rn e l s k cons titute s the parameter s e t of the sys­
n 

under this forrnulati o n. Therefore, the identific a tion task in this 

c ase consis t s of dete rminin g (es tima tin g ) these kernels . To our great 

dis a pp o inlrnent thi s is not a n ea sy t ask . A gene r a l m a thematical m e thod 

to d e t e rmin e ( csli1na t e ) th ese kernels is not yet availabl e . 

To fac ilita t e the ide ntification t as k, N. Wiener constructed a 

new fun c tional series, on th e basis of the V olterra serie s, in which the 

sever a l functional t e rrns are o rthogonal to one another for a gaussian 

white noise stimulus. ( 2] The Wi ene r series is equivalent to the 

Volterr a series but it spans more efficiently the function space (being 

orthogonal). The choice of the gaussian whit e noise (GWN) by Wiener 

was not acc identa l. Beside s the fac t tha t he was preoccupie d with GWN 

from his studies on B rownian motion, Wiener was regarding GWN as a 

unifor m blen d of a ll p o ssibl e signals and, therefore, he r ea soned that 

the testing of the system w ith GWN w o uld be an exhaustive one, pr o vid­

ing a complete p rofile of the behavior o f the syste m. On the other hand, 

GWN is a signal of extr eme variability, since any two samples of it are 

statistically inde pendent. Consequently, the pas sage of GWN through a 

system, which n a tur a lly ac ts as a correlator of successive input samples 

(if it has a nonzero memor y ), could reveal the p a ttern of the system 

behavior in t e rms of the correlation p a tt e rns among the output sample s. 

These are some i ntuitive jus tifications of the us e o f GWN a nd probably 

there can be found mo r e . The matter of the fact is that the GWN live d 

up to th e exp ec t a ti ons of its promoters,ano its ac tu a l us e in nonlinear 

system ide ntification justifi e d a ll thes e intuitive argu m ents . 
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The Wie ner functional series is constructed with Volterra-

type functionals, on the basis of a Gram-Schmidt-type orthogonalization 

procedur e , in such a way that any two Wiener functionals are orthogonal 

for x(t) being GWN. The Wiener series has the form: 
00 

y( t) = L G [h (T 
1

, ... , T ) ; x( t'), t' ~ t J 
n=O n n n 

O'.) 

=L G ( t) 
n 

n=O 

(2.3.9) 

where, G is the n-th order Wiener functional, being characterized 
n 

completely by the respective Wiener kernel hn(T
1

, ... , T ) and having 
n 

the structural form: 
n 

, ( - 1 )Tnzn! Pm 
m oo ( 2. 3. 10) 

G2n(t) - L... 2(n-m)!m!2m 
m=o 

I-.· lh2n(Tl' ••• 'T2n-2m' al' 0 1· ••• ' 

o , o ) x( t - T 
1 

) . . . x( t- T 
2 2 

) d T 
1 

. . . d T 
2 2 

d O 
1 

. . . d o 
m m n- m n- m rn 

n ro oo 

G2 +l(t) = L (-l)rn(2n+l)!Prn J. .. fh2 +l(Tl' ... ' T2 -2 +l' 01, 
n rn=O (2n-2m+l)!m!2rn o o n n m 

al, ••• , am' om)x(t-Tl) ••• x(t-T2n-2m+l)dT1· •• dT2n-2m+l 

d o 1 ... d cm ( 2. 3 . 11) 
The orthogonality of the Wiener functionals is manifested by the con-

dition: 

E [ G ( t) G ( t) ] = 0 
n m 

for any m I- n (2. 3. 12) 

According to eqn. (2. 3. 10), the n-th order Wiener functional is a linear 

combination of multiple integrals of order lower or equal to n. The 

parameter P, which appears in eqn. ( 2. 3. 10) is the power level of the 

GWN x(t), defined from its autocorrelation function: 

E[ x(t) x(t-T)] = P. 0 (T) (2. 3. 13) 
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We can make two interesting remarks on the structural form 

of the Wiener functionals: 

( 1) If we call "order II of each integral term the number of 

x(t- T.) factors that it contains, then every even order G-
1 

functional contains a "leading" integral term of the same 

order with the functional and several "following" integral 

terms of all the lower even orders. The analogous is true 

for the odd order G-funcFonals. 

(2) The "following" integral terms are simply subtracting the 

expected value of the contribution of all possible formations 

of diagonal points of the kernel in the "leading" integral 

term. 

The first four Wiener functionals are: 

G (t) = h 
0 0 

co 
G 1 (t) = J hl (Tl) x(t-Tl) dTl 

0 

co 

G2(t) = J Jh2(Tl' T2) x(t-Tl) x(t-T2) dTldT2 -
0 

(X) 

(X) 

(2. 3. 14) 

(2. 3. 15) 

P J h 2(T, T)dT 
0 

(2. 3. 16) 

G3(t) = J J Jh3(Tl' T2, T3) x(t-Tl) x(t-T2) x(t-T3) dTldT2dT3 
0 

(X) 

-3P ff h3(Tl' Tl' T2) x(t-T2) dTldT2 
0 

e. t. c. 

(2.3.17) 
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Evidently, the Wiener series is equivalent to the Volterra series; since 

they are both constructed by linear expressions of the same mathemat­

ical objects (the multiple homogeneous integrals) and they are both 

expansions of the same function (the system response y(t)). Conse­

quently, there is a unique analytical relation between the Volterra and 

the Wiener kernels of a system, as it is discussed in sec. 2. 5, which 

represents the transformation of the functional expansion basis. 

Notice that the Wiener series involves one more parameter, 

in addition to the system kernels: the power level P. This is because 

the Wiener serie s are constructed as to possess the special feature of 

orthogonality with respect to GWN, and the power level P determines 

the range of validity of this orthogonality in the function space, in much 

the same way that the domain of the independent variable determines the 

range of validity of the orthogonality of two functions. Why is orthogon­

ality so insistently pursued? There are three main reasons for that; 

just as in the case of function expansions. The first reason is that an 

orthogonal basis spans the space within the range of its validity more 

efficiently. Therefore, the Wiener series is expected to have stronger 

convergence than the Volterra series, for an arbitrarily chosen stimu­

lus signal; and consequently, it will provide expectedly (i.e. over a 

large number of signals )a better truncated model of the system. This 

does not exclude the possibility of a special case where the opposite is 

true. The second r ea son is that if the expansion basis is orthogonal 

then the truncated model can be extended to include higher order terms 

without affecting the already estimated (determined) terms. The third 
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reason is that the orthogonality enables us to estimate the system ker­

nels in a r e latively simple way (as it is discussed in the following); in 

the same way as the determination of the coordinates of a given vector 

is greatly simplified if the vector basis is orthogonal ( diagonalization 

of the coefficient matrix). 

This last advantage that orthogonality provides is especially 

important in the actual identification of nonlinear systems; since the 

determination ( or estimation) of the Volterra kernels of a system is an 

impossible task in the general case of a nonlinear system and with the 

present analytical and computational means, Nonetheless, the employ­

ment of the orthogonality property of the G- functionals allows, as is 

shown below, the relatively simple estimation of the system Wiener 

kernels. 

It must be noted that the GWN is not the only signal with respect 

to which the functional series can be orthogonalized. The orthogonaliza­

tion can be achieved for any other signal that possesses the proper auto­

correlation properties, For every such signal a corresponding set of 

kernels can be estimated (as discussed in chapters 3 and 4). 

Surprisingly enough, the basic idea of utilizing the orthogonal­

ity of the G- functionals to directly estimate the Wiener kernels, did not 

occur to Wiener. Wiener suggested a fairly complicated and cumber­

some method of expanding the kernels and the stimulus onto a basis of 

orthogonal functions, and then try to estimate the expansion coefficients, 

This method, though theoretically correct, did not give satisfactory 

results in actual applications; the main reason being the complexity, the 
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repetitious approximations and the computational length of the opera­

tions involve d. 

A few y ea rs lat e r, Y. W. Lee and M. Schetzen suggested the 

utilization of the orthogonality of the G-functionals, in order to estimate 

the Wi e ner k e rne ls of a system [3 J. This is called the "crosscorrela­

tion t e chnique" and simply requires the computation of crosscorrela­

tions betw ee n the response and the stimulus of the system. According 

to the crosscorrelation technique, then-th order Wiener kernel can be 

determin e d directly from the n-th order crosscorrelation: 

1 . I T 
h (Tl' T2'. • .. 'T ) = --n- Lim - s y(t)x(t-Tl)x(t-T2) ..... x(t-T )d t 

n n n'P 2T n • T ..... oo -T 

(2. 3. 18) 

Of course, in practice, only a finite record length can be used to esti­

mate these crosscorrelations; and consequently, we can only obtain an 

estimate of the kernel as: 

A l 
h (T1··••JT )=---

n n n!Pn 

1 

T-Tm 

T J y(t)x(t-T 1) ... x(t-T n)dt 

Tm (2. 3. 19) 

where , T = max [ T 1 , . . . , T ] . 
m n 

The expression above gives an estimate for the nondiagonal points, 

while to estimate the diagonal ones we must subtract from y(t) all the 

contributions of the G-functionals up to order (n-1) and cross correlate 

the resulting residue: 
( n) n- 1 

y(t) = y(t) - L (2. 3. 20) 

k=O 
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I\ 
h (T1·····T) n n 

1 ----
n!Pn 

Therefore, the crosscorrelation technique provides a straight­

forward method to estimate the Wiener kernels of a system, which can 

be tested with GWN stimulus. However, there are some practical 

restrictions imposed in the application of the method. These restric­

tions result from the unrealistic nature of the ideal GWN, as well as 

from experimental and computational considerations. We discuss 

these re structions imposed by reality in the following section. 

2.4 The Applicability of the Wiener Method 

The Wiener formulation of the nonlinear system identification 

problem, in connection with the eras scorrelat ion technique, provides 

a general, straightforward and powerful approach to a subject of broad 

interest. However, the generality and the elegance of the method was 

bound to be moderated in the actual applications by limitations imposed 

by reality. 

The very first reason for this, is that the GWN (for which the 

whole method has been de signed) is not a physically realizable signal; 

since it has an infinite frequency bandwidth and, consequently, infinite 

power. Thus, in actual applications of the method, we have to use an 

approximate signal which exhibits the properties of the GWN within a 

certain range of interest and up to a determinable degree. This was 

initially done by using a band- limited GWN. The band-limited GWN has 

a flat power spectrum up to a characteristic cut- off frequency, which 
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is determined so to cover the bandwidth of the system under test. The 

use of ba nd-limited GWN, instead of ideal GWN, introduces an estima­

tion error, which varies according to the specific characteristics of 

every actual case, and which, in general, represents a loss of high 

frequencies in our kernel estimates. 

A second practical restriction and source of estimation error 

in the application of the method is the finite record length. The exper­

imentation time and the data recording time are naturally finite. There­

fore, the stimulus and response records with which we compute the 

crosscorrelations are finite; and consequently, the averages are formed 

within some statistical error. This error, of course, is monotonically 

decreasing as the record length increases, and consequently, it can be 

supressed to a determinable degree. 

A third practical restriction is the extent of the truncated 

Wiener series 1n connection with the computational capacity required 

to estimate higher order kernels. The computation of the crosscorre­

lation estimates involves a great number of multiplications and additions; 

and this computational burden is rapidly increasing as we move to higher 

order kernels. Therefore, we usually confine ourselves to the estima­

tion of a few first terms of the Wiener series, which give a model of 

acceptable accuracy. This is the reason why the convergence pattern 

of the functional series is of great practical importance. 

A fourth practical restriction is the truncation of the gaus sian 

• distribution, since the actual stimulus signal cannot attain infinite values. 

The error resulting from this restriction is usually insignificant. 
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Besides all these practical restrictions in the application of 

the m e thod, there is a numbe r of limitations and errors associated with 

the nume rical operations involved and the capacity of the digital compu­

ter, tha t we are using to compute our estimates. We will discuss all 

these limitations a nd errors in chapter 3 and 5. 

2. 5 The Relation Between Wiener and Volterra Kernels 

The Wiene r series is equivalent to the Volterra series, 1n the 

sense that they both span the same function space. However, the Wiener 

kernels depend on the power level of the GWN with which they have been 

estima t e d.[6]The specific value of the power level determines the region 

of orthogonality of the -Wiener G-functionals. Therefore, a system is 

comple t e ly described either by the set of Volterra kernels, or by the set 

of the Wiener kernels plus the corresponding power level. In this sense, 

the s e t of Volterra kernels is equivalent to the set of Wiener kernels plus 

the corresponding power level: 

{h , P} 
n 

(2.5.1) 

Clearly, the overa ll model given by the Wiener series is independent 

of P, however, both the individual Wiener kernels and the G-functionals 

depend on P. The Volterra kernels, on the other hand, must be thought 

of as a set of invariant characteristics of the system. 

It must be emphasized that, in practice, we usually have to 

trunc a te the Wiener series and, consequently, the obtained model 

depends on P. This depende nce on Pis explicable in the sense that it 
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dete r mines the range of the stimulus values within which the corres­

ponding Wie ner s e rie s is orthogonal. 

The dependence of the Wiener kernels upon P can be nicely 

illustrate d through the analytical relations between the Volterra and the 

Wie ner kernels of a system. To this purpose, consider the Volterra 

series of a system: 

co oo n 
y(t) =' J. .. j k (T

1
, ... T ) TT x(t-T.)dT. L.... 0 n n 1 1 

(2.5.2) 

n=O i=l 

where, x(t) is GWN. 

The Wie ner kernels of the system can now be evaluated through the 

crosscorr e lation technique: 
co 2m! pm-n 

h 2 ( a , .. . 0
2 

) =' ----- J,oo J'oo 
. . . k2 ( Tl , Tl ' ... , T , 

n 1 n m~ 2n!(m-n)!2m-n m m-n 
0 0 

T m-n' al' ••• ' o2n)dT, ••• dT m-n (2. 5. 3) 

_ 
00 

(2m+l)!Pm-n J<X> Joo 
- ' '-----'------ • • • kz +1h1, T1, 
m4-n(2n+l)~(m-n)!2m-n o o m 

... ,T ,T ,o 1, ... , a 2 +l)dT 1, .. dT m-n m-n n m-n 
(2. 5. 4) 

Clearly, the even order Wiener kernels are polynomials in P with coef-

ficients depending on all the higher even order Volterra kernels. The 

analogous is true for the odd order Wiener kernels. 

The derived expressions (2. 5. 3) and (2. 5. 4) clearly state the 

fact of the dependence of the Wiener kernels and the G-functionals on 

P. Similar expressions can be derived for the Volterra kernels of the 

system in terms of the Wiener kernels and the respective power level 

P by collecting the appropriate terms from the G-functionals ( cf. eqns . 

2. 3 . 10 an d 2. 3.11). 
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One interesting implication of the derived relation between the 

Volterra and the Wiener kernels of the system is that the first order 

Wiener functional of a nonlinear system is, in general, different from 

the linear part of the system (first order Volterra functional) and it 

contains portions of the system nonlinearities. This demonstrates the 

efficiency of the Wiener representation, where even the first order 

functional term is probing into the nonlinear characteristics of the sys­

tem. 

We can also note that the impulse response of a nonlinear sys­

tem: 

(2. 5. 5) 

is distinctly different from either the first order Volterra kernel or the 

first order Wiener kernel (unlike the case of a linear system). 

2. 6 The Case of Nonzero Stimulus Average Level 

In a lot of practical applications, the necessity arises to use 

a stimulus signal, which cannot attain physically negative values. For 

example, if we want to study the behavior of part of the visual system 

of an insect under changes of light intensity, we have to use a stimulus 

signal (light intensity), which cannot attain physically negative values. 

In this case, the stimulus signal must have a nonzero average level, 

which we conventionally define to be our computational zero level. The 

question which arises in this case, is whether this is legitimate and 

what is the meaning of the obtained kernel estimates. 

To answer this question, we recall the analogy between the 
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Volterra series and the Taylor series expansion, discussed in Sec. 2. 3. 

As it is well known, the Taylor series can be written with respect to any 

reference point where the function is analytic. On the basis of the 

same argument the Volterra series expansion can be written with respect 

to any reference function, where the functional is analytic. One such 

function is a constant one (in our application the nonzero stimulus aver­

age level). Therefore, the computational reference to a conventional 

zero level is completely legitimate, as long as we stay within the region 

of analyticity of the functional at hand. 

Of course, the obtained kernel estimates depend on the chosen 

reference level (which is her e the average level of the stimulus), in 

the same way that the derivatives of a function depend on the specific 

value of the independent variable that is used as a reference point in 

the Taylor series expansion. Thus, the estimated Wiener kernels de­

pend on the functional derivatives at the chosen reference level. It is 

interesting to see the analytical relations between the Volterra kernels 

of a system corresponding to a nonzero reference level c { k c} and the 
n 

ones corresponding to the zero reference level { k } . Since: n 

oo 00 00 n 
y(t) = L J. .. Jkc (Tl' ... 'T ) n x(t-T,)dT, 

o o n n i= 1 1 1 
n=O 

OO 00 00 

=LJ • •• Jkh1·····T) n n 
n=0 o o 

n 
n [x(t-T.)+C ]dT. 

i= 1 1 1 

it follows that: 
C 

k (Tl' ... T ) n n 

(2.6.1) 
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Notice that there is some morphological similarity between this expres­

sion and the one d e scribing the relation between the Volterra and Wiener 

kernels; however, these expressions do not separate the odd from the 

even order kernels. 

Conclusively, in thos e practical applications, where the stim­

ulus signal is conventionally as signed a computational zero level, the 

obtained set of Wiener kernel estimates must be accompanied by the 

information of the value of this level (with respect to a global frame of 

reference) ; since the estimated model is good only for stimulus values 

referred to this reference level. 

At this point, we would like to express the far reaching thought 

that, possibly , a proper choice of a reference function (not necessarily 

constant) may result in a strongly convergent Volterra series for a 

given system, which has a weak convergence for the null reference 

function. 

2.7 The Multi-Input Case 

In a lot o f actual applications the system under study has more 

than one significant input. A subject of great interest is the study of 

the possible interactions between the several inputs; since, if there are 

no interactions each one of the inputs can be studied separately. 

In order to study this multi-input case, the Wiener method was 

properly extended by P. Z. Marmarelis, G.D. McCann and K. I. Naka 

to include functional terms which depict the possible interactions among 

infinitesimal portions of the several inputs [ 4, 5]. According to this 
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method, an aug m e nte d functi onal series is written, which has functional 

terms of the multiple integ r a l form that include all possible combina­

tions of interactions among infinitesimal portions of the several inputs. 

These augmented functionals are constructed orthogonal to one another 

for the several inputs being independent GWN. They turn out to have 

the form: (for an m- input syste m) 

Q [ h ;x
1
(t'), ... ,x (t'),t' st]= h (2. 7.1) 

o o m o 

0
1
[h ,h , ... ,h ;x

1
(t'), ... ,x (t'),t'st]= 

xl Xz xm m 
00 00 

= I hx (T)xl(t-T)dT + I hx (T)Xz(t-T)dT + ... + 
0 1 . 0 2 

00 

I h ( T )x ( t - T ) d T ( 2 . 7. 2 ) 
X m 

o m 

Ozllix X ,h , ... ,h xl(t'),xz(t'), ... ,xm(t'),t'st]= 
. 1 1 xlx2 xmxm 

00 00 

=JOI hxlxl (Tl,Tz)xl(t-Tl)xl(t-Tz)dTldTz - px1£hxlxl(T,T)dT 

Cl) 00 

+ tI hXzXz (Tl' Tz )xz(t-T 1 )xz(t-Tz )dT 1 dTz - p Xz l hxzx} T, T)dT 

+ ... 
00 

+ SOI hx X (Tl' Tz)xm(t-Tl)xm(t-Tz)dTldTz - PX 
mm m 

00 J h (T, T)dT 
X X 

o mm 
00 

+ J) hxlx2(Tl,T2)xl(t-Tl)xz(t-T2)dTldT2 + ••• 

00 

+tJ hx lx (Tl,Tz)Xm-l(t-Tl)xm(t-Tz)dTldTz(2.7.3) 
m- m 

e. t. c. 



where, P , ... , P are the power levels of the m independent GWN 
xl xm 

inputs x
1 
(t), ... , xm(t) respectively. Since, the 0-functionals are orth-

ogonal for independent GWN inputs, the estimation of the kernels can be 

done again through the crosscorrelation technique, in a way very similar 

to the one of the single input case. A certain kernel is now estimated 

by the crosscorrelation of the system output with the corresponding (to 

the kernel) inputs, after appropriate normalization with a factor involv­

ing the power levels of these inputs. For example, the second order 

cross-kernel h is obtained through the crosscorrelation technique 
xkxe 

as: 

where, P and P are the power levels of the independent GWN input 
xk xe 

xk(t) and xe(t) respectively. Notice that, unlike the self-kernels, the 

cross-kernels are not symmetric functions of their arguments and they 

describe the pattern of interaction among the respective inputs. 

It is apparent that the extension of the Wiener functional series 

to cover the multi-input case, is of great importance and usefulness in 

a variety of applications; since, it can be used to detect easily possible 

interactions among physical measures. 

Besides the multi-input case, the case of more than one inde­

pendent variable in the input-output measures appears as a challenging 

topic of study. Some notable work has been recently done towards 

that direction ( spatio-temporal system kernels) by S. Yasui and D. H. 

Fender [6]. 



-40-

CHAPTER III 

NONLINEAR SYSTEM IDENTIFICATION THROUGH BAND-LIMITED 

GAUSSIAN WHITE NOISE AND PSEUDORANDOM SIGNALS 

3. 1 Practical R e strictions of the Wiener Method and the Introduction 
of Quasi- White Signals 

As it was discussed in s e c. 2. 4 the actual application of the 

Wiener method is confronte d with a variety of problems. The main 

sources of problems are: the non- r e alizability of the white noise as 

a signal, the finit e record l e ngths and the computational burden of the 

crosscorr e lation technique . To overcome these problems, the scien­

tists r e sorte d to approximating signals which provided the biggest pos­

sible advantages with resp ect to the s e inherent practical restrictions of 

the method. 

Naturally , the first approximating signal that comes to mind is 

the band-limite d gaussian white noise, since it is physically realizable 

while still pr e s e rving the basic statistical properties of GWN. The 

band-limited gaussian white nois e is a gaussian random process with a 

flat pow e r spe ctrum ove r all fr e que nci e s low e r than a particular one, 

which is chosen so as to cover the bandwidth of the system under test. 

The autocorr e lation properti e s of this signal are fairly close to the ones 

of ideal gaussian white nois e ,and that allows its use as an approximating 

signal in the cr o sscorr e lation t e chnique . 

Beyond the probl e m of physical r e alizability , an important re­

maining practical probl e m is the r e quired long computations for the 
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statistical averages to form with tolerable d eviations. Because of this 

probl e m, seve ral scientists sugges t e d the us e of pseudorandom signals 

based on m- s e quenc e s. Thes e signals being periodic (and d e terministic 

in nature) were forming the d es irable second order autocorrelation func­

tion and all the odd or d e r ones in much shorter time, becaus e the y are 

constructed so that they eliminate the r e dundancy of a random signal; 

however, the higher even order autocorrelation functions exhibited in­

herent anomali e s, which could cause serious estimation errors 1n 

identification of systems with higher order nonlinearities. 

These two families of approximately white signals have been 

predominantly used so far in applications of the Wiener method in non­

linear system ide ntification. When we say "Wiener method" we mean 

the g eneral Wiener white-noise approach to the system identification 

problem in connection with the c ros scorrelation technique. The choice 

between the band-limited gaussian white noise and the pseudorandom 

signals is made in e ach specific case on the basis of their relative 

advantages and disadvantages , as discussed in the following sections. 

Understandably , the principal concerns of the users of the Wiener 

method are: (a) the reduction of the inevitable estimation error to the 

minimum possible within the existing practical limitations , and (b) the 

efficiency of the estimation procedure. 

In the following, we will call these approximating signals "quasi­

white", since they are not really white but they are used as such in 

applications of the Wiener m e thod. The use of the popular quasi-white 

families of band-limited gaussian white noise and pseudorandom signals 
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based on m-s eque nc e s will b e discuss e d in th e following sections 3. 2 

and 3. 3. 

Evidently , the construction of a new quasi-white signal is a 

matter of creative thinking and, the refore, the ir number is extensible. 

In fact , the major topic of the pres e nt dissertation is the introduction 

of a n e w family of quasi-white signals and the study of their properties 

in connection with nonlinea r system identification. Undoubtedly, the 

search for quasi-white signals with mor e and more suitable properties 

for given applications remains a challenging subject of the scientific 

effort in the field of system ide ntification. 

3. 2. The Band-Limited Gaussian White Noise (GWN) 

The band-limited gaussian white noise (hereafter denoted simply 

by GWN) was naturally, the first quasi-white signal to be employed in 

applications of the Wiener-crosscorrelation method. The GWN is the 

first approximate signal that comes to mind in an attempt to physically 

realiz e the ideal gaussian white nois e for which the whole theory had 

been d eveloped through the r emarkabl e work of a number of investiga­

tors [ 7, 8,9, 1cil. Successful applications of the GWN were delayed by 

several practical limitations and difficulties , and they finally took 

place mainly in the area of biological systems [ 11, 12, 13, 14, 15, 16, 

17 J. The succ e ssful application of GWN in biological systems identifi­

cation predicated the pote ntiali ty of the Wiener-crosscorr elation m e thod 

and it signaled its extension into other areas of scientific research [ 18, 

19] . 
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3. 2. 1 G e n e ral De scripti o n and G e n e ration of GWN 

Th e ba nd-limite d gaussia n white nois e is a gaussian random 

proc e ss with a r ec tangular pow e r spectrum (see Fig. 3. 2. 1), the band-

width B of which ought to cover the bandwidth of the system unde r test, 

if w e are to conside r it an approximate of the ideal gaussian white noise. 

The m e an of the GWN is z e ro and the variance is d e t e rmine d by the 

dynamic rang e within which w e want to test th e operation of the system 

at hand. Of cours e, in pra ctic e w e hav e to truncate the tails of the 

gaus sian distribution beyond a c e rtain numbe r of standard deviations 

( usually ± 3 O). In Fig. 3. 2. 1, an actual band-limited distribution-trun­

cated gaussian white nois e signal is shown, along with the correspond­

ing amplitude distribution. 

As it is discuss e d in s e c. 3. 2. 2 , this quasi-white signal pre­

serve s the basic autocorr e lation properties which allow it to be used in 

nonline ar syste m ide ntification in connection with the crosscorrelation 

technique. 

The g e n e ration of GWN in the laboratory is not a simple straight­

forward task . The r e is a vari e ty of m e thods that hav e been used so far, 

but the r e is no unive rsally acc e pte d g e n e ration method of general use. 

The s e methods rang e from filt e ring of natural sourc e s of approximately 

white nois e ( e .g. e l e ctr o n nois e in vacuum tube s, solid state diodes 

nois e, Zene r diode s, radioactive mate rials e tc.) to digital generation 

within the digital compute r. The basic disadvantage of natural sources 

is that the spe ctral d e !}Sity usually drops significantly at low fr eque n­

cies. S e v e ral t ec hnique s h a v e been propos e d to account for that 
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distribution-truncate d gaussian white noise 
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[ 20, 21]. 

A general digital generation method can be based upon a Fourier 

type of expansion: N 

x(t> = L 
n=l 

a sinnw t + b cosnw t 
n o n o 

o!:t!:T (3.2.1) 

where, a and b are independent gaussian random variables with zero 
n n 

mean and variance a 2
; and w is a fundamental frequency determined 

0 

by the specified record length T as: 

w = 2rr/T 
0 

(3. 2. 2) 

Clearly, this repr~sentation is approximate and valid only within the 

interval [ o, T J, since it is periodic outside of it. This generation 

method has the advantage of being analytically well-posed and general 

in the sense that it enables us to generate GWN of any desirable band­

width. Of course , it has also the disadvantage of possessing a discrete 

power spectrum instead of a continuous one, as well as employing the 

notion of the Fourier expansion which is inconsistent with the nature of 

a random process (aperiodic). 

In any case, the generation of GWN in the laboratory is not a 

trivial task and it always constitutes a problem to reckon with, a~cord­

ing to the practical requirements of the specific application at hand. 

3.2.2 Autocorrelation Properties of GWN and Application in Non­
linear System Identification 

Before we study the autocorrelationi properties of GWN, we 

must state concisely what the autocorrelation properties of a signal 

ought to be, in order to be considered quasi-white and, consequently, 
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usable in connection with the crosscorrelation technique. Also, in 

order to facilitate the discussion around the autocorrelation functions, 

we have to make some basic definitions concerning the argument space 

of these functions. 

Thus, consider the n-th order autocorrelation function of a 

stationary random signal x( t): 

(3.2.2) 

Consider the point (Tl, T2 ... T n) of the n-th dimensional space on which 

¢n is defined. If at least two of the arguments are identical, the point 

is called "diagonal". If all the arguments T. form exhaustively pairs 
l 

of identical values, the point is called "full-diagonal". If all the argu­

ments are different, the point is called "nondiagonal". Clearly, the 

odd order autocorrelation functions do not have any full- diagonal points. 

The white autocorrelation properties are those for which: (a) 

all the odd order autocorrelation functions are uniformly zero, and, 

(b) all the even order autocorrelation functions are zero everywhere 

except at the full- diagonal points. 

A quasi-white signal must approximately possess these white 

autocorrelation properties. The approximation is due to the following 

moderation of requirement (b): the values of the even order autocor­

relation functions of a quasi-white signal in the close neighborhood of 

the full-diagonal points ought to be much bigger than their values at the 

rest of the points of the space. 

Evidently, the value of any even order autocorrelation function 

of ideal white noise at the full-diagonal points must be infinite, so that 
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its inte gral over th e whol e argum e nt space is nonzero. This implies 

that the even order statistical moments of the ideal white noise are 

infinite, which is another manifestation of the infinite power and the 

physical unrealizability of this signal. Apparently, in the case of a 

quasi-white signal the value s of the even order autocorrelation func­

tions at the full-diagonal points are finite, and their integrals are also 

finite because of the moderation of requirement ( b) that was described 

above. 

Having defined the autocorrelation properties that a quasi-white 

signal must possess, the quasi-whiteness of GWN can be easily mani­

fested. We only need to recall two basic properties of gaus sian ran­

dom variables: ( 1) the expected value of the product of an odd number 

of gaussian random variables with zero mean is zero; (2) the expected 

value of the product of an even number of gaus sian random variables is 

equal to the sum of the products of the expected values of the products 

of all possible distinct pairs that can be formed. For example in the 

case of four gaus sian random variables: 

E[ x
1 

x
2

x
3

x
4 

J = E [x
1 

x
2 

J E [x
3

x
4

] + E[x
1 

x
3 

J E[x
2

x
4

] 

+ E[x
1 

x
4

] E[x
2

x
3 

J (3. 2. 3) 

This is the well known decomposition property of the gaussian random 

variables, and it plays a major role in the construction of the Wiener 

series. Evidently, the number of terms of this sum in the case of 2m 

gaussian random variables is 2m! 

m!2m 

The usefulness of this decomposition property in the case of the cross-
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correlation technique is gr e at. Clearly , the higher even order auto­

corre lation functions can b e e xpress e d in terms of only the second order 

autocorrelation function, as described by the decomposition property. 

On the othe r hand, the second order autocorrelation function of 

GWN is: (Fig . 3. 2. 1) 

sin(21rB \T
1

-T 2 \) 

21rB \T1 -T 2 I 

(3. 2. 4) 

where, B is the bandwidth of GWN and P its power level. Notice that 

the variance of the GWN is related to the bandwidth and the power level 

as: 

a 
2 

= 2PB (3. 2. 5) 

Clearly , the values of the second order autocorrelation function are 

concentrated in a principal lobe around the origin. The width of the 

principal lobe is 1/B and it is double the width of any of the side lobes. 

The side lobes have clearly much smaller height than the principal 

lobe. In fact, the k-th side lobe extended from I Tl -T 2 I = k/ 2B to 

IT1-T 2 \ = (k+l)/2B, attains its maximum for IT1-T 2 \ = (k+½)/2B and 

this maximum value is (- l)k • 2BP/(k+ ½ )Tr. Therefore, the ratio of 

the heights of the principal and the k-th side lobe is (absolutely): 

(k+ ½ )1r. 

In conclusion, the form of the second order autocorrelation 

function of GWN in combination with the decomposition property of the 

gaussian random variables guarantees the fulfillment of the quasi-white 

autocorrelation requirements, that were previously stated, and mani­

fests the quasi-white ness of GWN. 
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The quasi-whitene ss of GWN allows its us e in nonlin e ar system 

ide ntification in conne ction with th e crosscorr e lation t e chnique. The 

obtaine d kernel e stimate s are approximate ly the Wiener kernels of the 

system. This approximation is usually satisfactory, if the bandwidth of 

the GWN covers the syst e m bandwidt~ ; howe ver, several estimation 

errors exist , which make the k e rnel e stimates deviate from the exact 

Wiener kernels of the system. This subject is discussed in th e follow­

ing s e ction. 

3.2.3 Estimation Errors Using GWN in Nonlinear System Identifica­
tion 

In orde r to understand the sources of the estimation errors, we 

must study the mechanism with which the system kernels are estimated 

through the crosscorrelation technique. 

Consider, for example , the estimation of the first order kernel: 

1 
T 

T 
J y(t)x(t- o)dt 
0 

(3.2.5) 

For x(t) being GWN , the Wi ener func;tionals are only approximately 

orthogonal (becaus e of the finite bandwidth), and also, the time integra­

tions over the finite interval T does not assure the exact formation of 

the av e rag e s. Thus , w e have two kinds of approximate orthogonality 

error, which, however , are usually negligible in practice for suffic­

iently large bandwith and record length. 

Therefore, if we neglect the approximate orthogonality errors , 

we have: 

/\ ro T 
h

1
(o) =-

1 
._l J Jh

1
(T)x(t-T)x(t- O)dtdT 

P Too 
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00 /\ 

Jh/T)~ (0-T)dT 
0 

T 

= Tl Jx(t-T)x(t-O)dt 
0 

(3 . 2.6) 

(3.2.7) 

Clearly , ¢ 
2 

is an unbias e d and consistent estimate of ¢ 2 (as long as the 

stimulus does not vanish for these values of T and o), and its statistical 

deviation from ¢ 2 is due to the finite record length. Thus we have an 

estimation error of statistical nature which is due to the finite record 

length . Evidently, this error decreases monotonically as the record 

length increases and it becomes negligible for sufficiently long record. 

We can take an idea of the dependence of this error on the record 

length, by considering an infinite stimulus bandwidth and studying the 
I\ 

variance of h 
1 

: 
/\ 2 2 

Va r [ h 
1 

( o) ] = .El ~ 
1 

( o ) J - h 
1 

( o ) 

= _l _l r J~dT'h1 ( T)hl ( T ') sJ~ Lx( t-T)X( t- o)x( t' -T')x(t' - a) Jdtdt' 
p2 Tzo o o o 2 

-hl ( u ) 

(for g=t-t') 

(3.2.8) 

The first term is independent from o; while the second term depends on 

a. Clearly, the variance of the kernel estimate decreases monotoni­

cally as the record length increases , and it vanishes when T approaches 

infinity. This manifests the consistence of the kernel estimate in this 

case. 

The previously derived expressions for the statistical estima­

tion error due to the finite r e cord length are approximately valid in the 
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case of GWN,if its bandwidth is broad e nough with respect to the system 

bandwidth , so that its s e cond order autocorrelation function resembles 

satisfactorily a delta function and it performs the deconvolution with 

acceptabl e accuracy for the system at hand. In any case , some loss 

of hi gh fr eque n c i e s in the k e rn el e stimate will occur , which may or 

may not b e of practical impo rtanc e . It is important, however, to be 

awar e of this kind of e rror and also have an idea of its extent. To this 

purpos e, we will approximate ly e valuate this error in the following; 

assuming that the r e cord l e ngth is infinite, in order to simplify the 

derivations by eliminating the statistical error. Thus , we have: 

/\ 1 00 

E [ h l ( a) J = - J h l (T) ¢ 2 ( a - T) d T 
p 0 

= ~ J~l(T) 2PB sin(2irB(o-T)) dT 
o 2irB(o-T) 

(3.2.9) 

We expand h
1

(T) in a Taylor series about a: 

h 
1 
(T) = h 

1 
( a ) +- h / 

1
) ( a) (T- o ) + h / 

2
) ( a) (T- a / + h / 

3
) ( a )( T - a) 

3 

2 6 

+ . . . (3. 2. 10) 

Since, ¢
2 

is an e ven function, the integration over a symmetric inter-

val around a wili eliminate the odd order terms of the Taylor expan­

sion. Thus, considering a symmetric interval around a we have approx-

imately that: 

/\ l a+ R 
E[ h

1
(o)]=-:;;:- Jh

1
(T) 

a-R 

sin ( 2irB( o-T)) dT 

( 0 -T) 
(3.2.11) 

where, R is an arbitrary constant considerably larger than 1/B, but 

still within the range of validity of the Taylor expansion (analyticity 
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region). 

Finally, oo 
I\ 

E[h 1(o)l=¾-L 

( 2n) R 

hl(o) J 2n-l 
2

, I; ·sin(2TTBS)dS 
n. -R 

n=o co 
2 

=h (0) +-LC • 
1 TT n 

n=l 

where, R 

C = J s2n- l sin (2TTBS )di; 
n 

o 2n-l 2n-k- 1 

. -l k ! (2r 1
) (:B)kfl 

cos (2TTBR+k ~) 
2 

(3.2.12) 

(3. 2. 13) 

Clearly, the deconvolution error that we commit because of the finite 

stimulus bandwidth is: 

(3.2.14) 

where the coefficients C decrease rapidly as the bandwidth B of GWN 
n 

increases. (eqn. 3. 2. 13) Consequently, the deconvolution error can 

become negligible for a sufficiently broad stimulus bandwidth. 

For example, consider only the first term of the deconvolution 

error: 

1 ( 2) R 1 TT ] 
= - TT h 1( o) [ 2TTBcos (2TTBR) + ---2cos (2TTBR-fy) 

( 2TTB) 

(3. 2. 15) 

it depends on the second derivative of the kernel and vanishes when B 

approaches infinity. Similar arguments hold in the higher order kernel 

cases but the analytical expressions that describe them are much more 

involved. 
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In conclusion, the d e convolution error, which is due to the finite 

stimulus bandwidth, can b e come practically negligible if a sufficiently 

broad stimulus bandw1dth, with respect to the system bandwidth, is used. 

It must be emphasized, however, that we cannot extend in practice the 

stimulus bandwidth without cost; because, even though the increase of 

of the sf:imulrns bandwidth reduces the deconvolution error, it also 

enhances significantly the statistical fluctuation error. 

To illustrate the effect of the GWN bandwidth on the statistical 

fluctuation error, we will study the variance of a single sample s 
1 
(t, a ) 

of the crosscorrelation in the first order kernel case: 

co 
s 

1 
( t, a ) = J h 

1 
(T) x( t- T) x( t- a ) d T 

0 

(3. 2. 16) 

Of course, the kernel estimate is obtained as a time average over these 

T 
__ l_ J s

1
(t, a)dt 

PT 
0 

( 3. 2. 17) 

The derivations below are made for x(t) being band-limited gaussian 

white noise of bandwidth B: 
CO 00 

Var [s
1
(t, a)]= J Jh

1
(T)h

1
(T 1

) E[x(t-T)x(t-qx(t-T 1)x(t-a)]dTdT 1 

00 

- { J:; (T) E [ x( t- T) x( t- CT ) ] d T } 
2 

0 

= SJ hJT)h1(T') { ¢2(T-0)¢2(T'-0)+¢2(0)¢2(T-T') 
0 0 

+ ¢
2

(T- a)¢2(T'- a)} dTdT' 
00 00 

- J Jh
1
h)h 1(T 1)¢2(T-a)¢ 2(T 1 -a)dTdT' (3. 2. 18) 

0 0 
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co 2 
= ¢ 2(o) J fh 1h)h 1h')¢ 2h-T')dTdT' + [ Jh 1(T)¢ 2(G-T)dT] (3. 2. 18) 

CD CD 

00 0 

Consider now the Fourier transforms H
1 

and t 
2 

of h
1 

and ¢
2 

respec­

tively. Then, the expression for the variance becomes: 
B B 

2 
Var[s 1(t,CJ)]= 2BP

2 
f\H

1
(f)l

2 
df+P

2
[fH

1
(f)ej

2
lTfCJd£J 

-B -B (3. 2. 19) 

given that: 

t ( f) = { P for - B ~ f ~ B 
2 o for \ f \ > B (3. 2. 20) 

Recalling that the estimation of h
1 

( CJ) 
1
requires the normalization of the 

first order c ros scorrelation by 1 / P, we get approximately: ( disregard­

ing for the moment the dependence on T) 

/\ B 2 B ·2 f 2 
Var[h

1
(CJ)] ~2B • J\H

1
(f)I df+ [JH/f)eJ TT CJdf] (3.2.21) 

-B -B 

The first term of this expression is clearly increasing with B 

and it is independent from CJ; while, the second term depends on a and no 

general statement can be made on the way it depends on B. If the GWN 

bandwidth B is broad enough with respect to the system bandwidth, it is 

reasonable to expect that the first term of the expression for the vari­

ance (eqn. 3. 2. 21) will be much more sensitive to changes of B than the 

second term. Consequently, the pattern of dependence of the kernel 

estimate variance upon the GWN bandwidth will be predominantly deter­

mined by the first term, which indicates a monotonically increasing 

pattern. Notice also that the first term is an upper bound of the second 

term for every value of CJ, which means that the first term is also dom­

inant in the formation of the variance of the kernel estimate. 
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In conclusion , conside ring eqns. 3. 2. 13 and 3. 2. 21, which 

describe the depe nde nce of th e d e convolution and the statistical fluctu­

ation estimation e rrors on the GWN bandwidth, we come to the import­

ant realization that the overall effect of B upon the kerne l e stimation 

error is not monotonic. Unlike the effect of the record length, a change 

of the bandwidth triggers two antagonistic error producing mechanisms; 

the one relating to the statistical fluctuation error (cf. eqn. 3. 2 . 21) and 

the other relating to the deconvolution error (cf. eqn. 3. 2. 13). 

The existence of these two antagonistic mechanisms leads us to 

the expectation of an optimum value of B , for which the overall estima­

tion error becomes minimum. Unfortunately, we cannot suggest, at 

present, a systematic optimization procedure with which the optimum 

values of the test parameters can be determined; because of the great 

complexity of the relevant expressions, especially in the higher order 

kernel cases. Notice, however, that an analysis of that sort is feasible 

in the case of the quasi-white signals that are introduced in chapter 4, 

and an optimization procedure for the test parameters can be practic­

ably designed, as discussed in chapter 6. 

Another cause of estimation error in the case of GWN is the fact 

that the tails of the gaussian distribution are inevitably truncated, and 

this results in somewhat distorting the statistical properties of the 

gaus sian random signal. We will try here to give a quantitative idea of 

the error commited because of this truncation of the gaussian distribu­

tion. 

Consider the truncated signal x ':<(t) as the superposition of a non-
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truncated x(t) and an error signal E(t): 

x ':'( t) = x( t) + E ( t) 

where, 
lx(t) I ~A 0 if 

E (t) = A-x if x( t) >A 

-A-x if x(t) < -A 

and,± A are the truncation points of the distribution. 
- x,:,2 

Clearly, T 
e 

0 

if Ix>:'( t) I < A 

if Ix*( t) I > A 

erf(-A)· o(x'~+A) if x*(t) = ± A 

(3. 2 . 23) 

(3.2.24) 

(3. 2. 25) 

for unit variance. In this formulation, the truncation can be handled as 

input noise E (t). 

Let us study the first order kernel case (assuming infinite fre­

quency bandwidth to simplify the derivations): 

I\ l co 
h

1
(o) = ~ Jh

1
(T) E[x,:'(t-T)x':'(t-o)] dT 

0 co 

= + J h 1 (T) [ ¢ x) a - T) + 2 ¢ x E ( a - T) + ¢ EE( a- T) J d T ( 3 . 2. 2 6) 
0 

but, 

( 3 .• 2. 2 7) 
co 

¢xE(o -T) = P • o (0-T) J JxEPxE(x, E)dxdE 
-co 
co 2 

= p. 26 (o-T) J(Ax-x2)e-x /2dx 

.vz:;;: A 
(3. 2. 28) 

¢EE(o-T) = P • o (o-T) J~pE(E)dE= P. 
-oo 
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where, pEis the probability density of E(t) and P xE the joint probability 

density of E(t) and x(t). Consequently, 

I\ 
h

1
(o) = h

1
(o)[l+E(A)] (3.2.30) 

where E(A) is the percentage error due to the truncation: 

00 2 
E(A) = - 2- J (A 2 -x

2
) e -x / 2 dx 

vz; A 

(3.2.31) 

Evidently, for A greater than three standard deviations, the percentage 

error E(A) is negligible. It must be emphasized, however, that it is 

crucial for the truncation to be symmetric, otherwise significant errors 

may be induced by the odd order autocorrelation functions. 

The formulation of the truncation as an external noise signal in 

the input, allows the extension of the previous analysis to higher order 

kernel cases. Similar conclusions are derived there, but the analytical 

expressions become far more involved. 

In conclusion, the distribution truncation error is, in most cases, 

practically negligible, if the truncation point is chosen to be at least 

three standard deviations away from the mean and the truncation is sym­

metric. 

A last source of estimation error, that we will discuss here, 1s 

a disproportionality error of the kernel estimates which results from 

erroneous estimation of the power level of the stimulus used. Because 

of the erroneous estimation of the power level, there are deviations in 

the normalizing factors of the crosscorrelation estimates, which result 

in wrong scaling of the kernel estimates. This wrong scaling is increas­

ingly worse in the higher order kernel estimates, because in their nor-
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malizing factors the pow e r l e v e l participates raised in some power (i.e. 

Cn = 1/n! Pn) and conseque ntly the disproportionality erro r is magnified. 

To corr ect this e rror a final scaling adjustment procedure can be fol­

lowed for the several estimated Wiener functionals, as discussed in sec. 

6. 3. 

3.3 The Pseudorandom Signals Based on M - Sequences (PRS) 

The computational burden accompanying the use of GWN in con­

nection with the crosscorrelation t e chnique motivated several scientists 

to search fo r specially structured signals that would reduce the natural 

redundancy of the random quasi-white processes, while still preserving 

the quasi-white autocorrelation properties. 

This effort resulted in the introduction of the pseudorandom sig­

nals based on m- sequences, which are deterministic periodic signals 

with autocorrelation properties close to the quasi-white ones and of very 

high efficiency (very low redundancy). When we talk about redundancy 

here , we mean the repetition of identical waveform 1-1ortions throughout 

the signal. In addition to the high efficiency, the pseudo random signals 

have the advantage of easier and more reliable generation in the labora­

tory over the GWN. A furthe r important advantage of the pseudorandom 

signals is the fact that their second order autocorrelation function is 

exactly zero in the region outside the origin neighborhood and within, 

of course , some limits determined by the period of the signal ( since the 

autocorrelation functions ar e also p e riodic). This is an advantage over 

the random quasi-white signals, which e xhibit small nonzero values in 

this region of the ir second orde r autocorrelation function that cause the 
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discussed statistical fluctuation error. Nevertheless, the pseudoran­

dom signals exhibit significant imperfections in their higher even order 

autocorrelation functions, which spoil their superiority in the second 

order autocorrelation properties whenever the system possesses higher 

order nonlinearities. 

Evidently, the pseudorandom signals are most advantageous in 

identification of linear systems, while the presence of nonlinearities in 

the system makes the choice between the random and the pseudorandom 

quasi-white test signals a complex one, depending upon the specific 

characteristics of the case at hand. 

3. 3. 1 General Description and Generation of PRS 

The pseudorandom signals based on m- sequences (hereafter de­

noted by PRS) have a special stair-like form. (Fig. 3. 3. 1) They remain 

constant within small finite time intervals and they switch abruptly at 

all the time instants which are integer multiples of a fundamental time 

interval 6 t. 

The values which they attain are determined by a linear recur­

rence formula of the form: 

X. = al«) X. l ~ a 2 ® X. z$ ... E9 a ® X. 
1 1- 1- m 1-m 

(3. 3. I) 

where, all values a. and x. correspond to the elements of a specified 
J J 

Galois field with finite population number, and the operations (e,® } 

are defined in the proper way so as to be internal operations for this set of 

mathematical objects. For example, in the case of a binary pseudoran­

dom signal ( BPS) the Galois fipld has two elements, and consequently, 
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the operations CD and ®are defined modulo 2, so that the outcome of the 

recurrence formula (3. 3. 1) is also an element of the same Galois field. 

It is evident that a sequence [ x. }, which is constructed on the 
l 

basis of the linear recurrence formula (3. 3. 1), is periodic. The size 

of its period depends on the specific values of the coefficients a. and the 
J 

memory extent m of the recurrence formula (for a given Galois field). 

Among all the sequences [ x.} which are constructe d from the members 
l 

of a certain Galois field and with linear recurrence formulas of memory 
t 

extent (or order) m, there are some that have the maximum period. 

Evidently , this maximum period is ( t m -1), where t is the number of 

elements of the Galois field; since ,e,m is the number of all possible dis­

tinct arrangements with repetitions oft elements in strings of m, and 

the null string is excluded. 

These maximum period sequences are called m- sequences, and 

they correspond to a special choice of the coefficients [ a
1

, ... , am}. 

It was found that these special coefficients [a 
1

, ... , am} coincide with 

the coefficients of a primitive (or irreducible) polynomial of degree 

(m- 1) in the respective Galois field. [ 22 J Thus, we can always deter­

mine the number of elements t and the order of the recurrence formula 

m in such a way that we get an m- sequence with a desirable period 

(within the limitations posed by the integral nature oft and m). 

The initial string of m values of x. with which the construction of 
J 

the m- sequence originates is not of importance. Any initial string 

(except the null one) will give the same m-sequence (for a given set of 

coefficients a.) merely shifted. In the following section, we will dis-
J 
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cuss why the m- sequences exhibit the desirable properties that allow 

us to use them in nonlinear system identification in connection with the 

crosscorrelation technique. 

The generation of pseudorandom signals in the laboratory is a 

relatively simple task. Suppose we have decided upon the number of 

values that the signal will attain and the required maximum period ( i. e. 

the order of the linear recurrence formula 3. 3. 1). Now, we simply 

need to know the coefficients of a primitive polynomial of the specified 

degree in the respective Galois field. Suppose that such a primitive 

polynomial is found ( tables of such polynomials may be very helpful 

[23 ]). Then, we choose an initial string of values and we construct 

the corresponding m- sequence with a digital computer using the linear 

recurrence formula 3. 3. 1. The resulting sequence of numbers can 

subsequently be fed into a digital-to-analog transducer to generate the 

desired pseudorandom signal. 

More specialized pieces of hardware can also be used for more 

efficient generation. For example, a binary m- sequence can be gener­

ated through a digital shift-register generator , which is briefly des­

cribed below. (Fig. 3. 3. 2) The digital shift-register of n stages is a 

cascade of n flip-flops. Every flip-flop stores one binary "bit": 0 or 

1. At every pulse of a clock the content of each flip-flop is forwarded 

to its neighbor to the right. Simultaneously, an "exclusive OR" gate 

combines the bits of two proper stages and feeds the outcome back to 

the first stage and the process continues. The output bits of the "exclu­

sive OR" gate has been proven to constitute a binary pseudorandom m-
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0 1 1 0 1 CLOCK PULSE 1 

#1 #2 #3 #4 #5 
---------.o 

0 

1 
0 

0 1 

0 0 

0 

0 

0 

1 
LUS 
OR 

e. t. C. 

1 0 CLOCK PULSE 2 

1 1 CLOCK PULSE 3 

Bl NARY 
SEQUENCE 

0 

0 

1 

0 

0 

0 

e. t. C. 

Fig. 3. 3. 2: Sche matic r e prese n t a tion o f shift-r e gis te r ge n e rato r of 

a pseudorandom b inary s e quence 
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seque nc e . The p e riod of this s equence is determined by the number of 

stage s in the shift-registe r, as shown in Table 3. 3. 1, along with the 

order of the stage that provides ( besides the right most stage) the other 

input to the "exclusive OR" gate. 

3. 3. 2 Autocorrelation Properties of PRS and Application in Nonlinear 
System Identification 

The quasi-whiteness of a signal (and consequently its us e in con­

nection with the crosscorr e lation technique) is manifested through the 

proper autocorrelation properties, as they were stated in sec. 3. 2. 2. 

The pseudorandom • signals based on m-sequences (PRS) are exhibiting 

these proper autocorrelation properties within some reasonable approx­

imation. 

This is due to the shift-and-add property of the m- sequences 

[24 J. According to this property the product ( of the proper modulo) of 

any number of sequence elements is another sequence element: 

(3.3.2) 

where , .t depends on j
1

, j
2

, ... , jm but not on k. As a result of this 

shift-and-add property and the basic structural characteristics of the 

m-sequences (i.e. maximum period and antisymmetry), the odd order 

autocorrelation functions are uniformly zero everywhere and the even 

order ones approximate satisfactorily the quasi-whiteness require-

ments. 

It must be noted that a slight modification must be made on the 

m-sequences with even number of levels in order to rectify the antisym-



Numbe r of stages 
in shift- register 

5 

6 

7 

9 

10 

11 

15 

18 

20 

21 

22 

23 

25 

28 

31 
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TABLE 3 . 3. 1 

Orde r of gate-feeding 
stage in addition to the 

rightmost one 

2 

1 

1 or 3 

4 

3 

2 

1,4, or 7 

7 

3 

2 

1 

5 or 9 

3 or 7 

3 , 9,orl3 

3,6 , 7, or 13 

Sequence 
length in bi ts 

31 

63 

127 

511 

1,023 

2,047 

32,767 

262, 143 

1,048 , 575 

2,097, 151 

4,194,303 

8,388 , 607 

33,554,431 

268 , 435,455 

2,147 , 483,647 
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metric property. This slight modification has been illustrated, for 

example, by H. R. Simpson [ 25 J in the case of a binary m- sequence, 

and simply comprises the inversion of every other bit of them-sequence 

to obtain what he calls the corresponding n- sequence. This modifica­

tion results in doubling the period of the sequence, thus alleviating the 

cause of the problem; namely, the fact that the number of elements in 

one period of a sequence with even number of levels is odd. 

Because of the antisymmetric property, the odd order autocor­

relation functions are perfect (i.e. uniformly zero). Nevertheless, the 

even order autocorrelation functions of order higher than the second 

exhibit some serious imperfections (anomalies), which constitute an 

important topic of study and source of controversy about the use of PRS 

in nonlinear system identification. 

The second order autocorrelation function is ze;ro everywhere 

(within a period) except in the neighborhood of the origin where it is 

triangularly shaped, as shown in Fig. 3. 3. 3. This establishes the PRS 

as a very effective tool in linear system identification. However, the 

higher even order autocorrelation functions exhibit some anomalies dis­

tributed all around their argument space and, therefore, the effective­

ness of the PRS in nonlinear system identification is significantly re­

duced. E. P. Gyftopoulos and R. J. Hooper observed these anomalies 

[ 26, 27 J and H. A. Barker and R. Pradisthayon studied their origin and 

properties [28 J. They showed that these anomalies are due to existing 

linear relationships among the elements of the sequence, and their exact 

position and magnitude can be determined through a laborious algorithm 
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relating to polynomial division. In any case, these anomalies are 

prove d to b e inh e r e nt and ine vitabl e characte ristics of them-sequences, 

directly and tightly related to their deterministic nature and their mathe­

matical structure. 

These anomalies cause estimation errors whenever nonlineari­

ties are present. The magnitude of these estimation errors, as well as 

their relative severity (as compared to GWN) is still a subject unde r 

study. It is evident, however, that this depends on the specific system 

under study, as well as on the specific PRS or GWN which we happened 

to use. Barker et al studied several PRS (binary, ternary and quinary) 

trying to compare their relative virtues, and they determined some 

optimum PRS, according to a criterion of performance weighting the 

amount of exhibited anomalies [ 29 J. 

Despite the presence of anomalies, the PRS have been proven 

useful and efficient quasi-white signals, providing satisfactory results 

in some applications [ 30 , 31 , 32, 33]. Whether or not they should be 

preferable to other quasi-white signals depends on considerations of 

the specific case at hand. 

A very important point, which ought to be emphasized, is that 

the functional series, which are orthogonal with respect to a specific 

PRS, are slightly modified, as compared to the original Wiener series, 

in order to accorrrno:bte the moments of the PRS (which are different , in 

general, from the moments of GWN) . Consequently, the estimated ker­

nels by the use of a PRS are different from the Wiener or Volterra ker­

nels of the system and they are characteristic of the specific PRS and 
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the corresponding functional series. Of course, the overall model is 

equivalent to the Wiener or Volterra model; however, the individual 

kernels or functionals are different. As a result of this, if a truncated 

model is used to approximate the system (which is the usual case in 

practice) this model is differ e nt, in general, whenever the moments 

or the elementary step .1t of the PRS change. 

This is easily seen from the relations of the estimated kernels 

(in each case) with the Volterra kernels of the s>5tem. To illustrate 

this, let us consider the estimation of the zero order kernel h of the 
0 

zero-memory system: 

X 
y = e 

using a PRS: 

" h =E[exJ 
0 

00 

=""'E[xn J 
L.J n ! 
n=o 
ro m 

=L 2:~ 
n=o 

where, m
2

n is the Zn-th moment of the PRS. 

(3. 3. 3) 

(3.3.4) 

Similar expressions hold for all orders of kernels and for the 

finite memory systems. They clearly demonstrate the dependence of 

the estimated kernels upon the moments of the PRS used. Further, if 

we attempt to orthogonalize the functional series with respect to a cer­

tain PRS, in the same way that Wiener orthogonalized the functional 

series with respect to GWN, we will realize that the resulting orthogonal 
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functionals depend upon the even order moments of the respective PRS. 

Thus, both the kernels and the functionals depend upon the moments of 

the respective PRS. 

There are two basic ways in which the moments of a quasi-white 

signal can change. The one is by changing the probability distribution 

of the signal amplitude; the other is by simply scaling the signal ampli­

tudes with the same factor without changing the probability distribution. 

These two cases are physically distinct, because the first one results 

in change of the information content of the signal (according to Shannon's 

definition), while the second one leaves the information content invari..-

ant. 

We expect that these two distinct ways of changing the moments 

will have qualitatively different effects upon the corresponding functional 

series. This is a topic of great interest, since the structure and the 

convergence of the functional series is always a principal concern in the 

applications. We will study this subject more extensively in the follow­

ing chapters in regard to the family of the random quasi-white signals 

that are introduced in chapter 4. 

3.3.3 Estimation Errors Using PRS in Nonlinear System Identifica­
tion 

The PRS are periodic deterministic signals. Consequently, they 

do not exhibit any kind of statistical estimation error. However, they 

exhibit several other kinds of estimation error. 

( 1) Deconvolution error, i.e. the error due to the finite stimu­

lus bandwidth , which results in some loss of high frequencies during the 
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deconvolution process. B ecause of the stair-like form of PRS, the 

principal lobes of the even order autocorrelation functions have a pyra-

rnidal form. Thus, if we expand the corresponding kernel into a multi-

dimensional Taylor series we can analytically evaluate this deconvolu­

tion error e ( o
1

, ... , a ) for the n-th order kernel estimate: 
n n 

(3. 3. 5) 

where, i:\ tis the elementary step length of the PRS (Fig. 3. 3. 1) 

More details on the analytical evaluation of this error are given in sec. 

5. 1, in the analogous situation of a CSRS. This deconvolution error 

apparently becomes negligible for a sufficiently small i:\t (as compared 

to the system bandwidth). 

( 2) Autocorrelation anomalies error, i. e. the error induced by 

the anomalies present in the higher even order autocorrelation functions, 

as discussed in sec. 3. 3. 2. It is pres (' ntly very laborious to determine 

the actual magnitude of this error, and consequently it remains an indi­

vidual concern in each specific case. It is definitely the most serious 

kind of error in the use of PRS and the most significant drawback in 

their use in nonlinear system identification. Several methods have been 

suggested [ 29] and others can be devised, to reduce the effect of these 

anomalies; nevertheless, the overall appreciation of the situation is still 
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a matter of case-to-case personal judgment. 

(3) Finite transition time error, i.e. the error due to the finite 

response ( rising) time of the input transducer. This subject has been 

studied by K. R. Godfrey et al. for the case of a binary pseudorandom sig­

nal [ 34, 35 J. Their study suggests the negligibility of the resulting esti­

mation error in the case of reversible transitions (i.e. when the patterns 

of upward and downward transitions are similar), and for reasonably 

small response time of the transducer (as compared to the system band­

width). In conclusion, sufficient care must be taken of the transducer in 

order to make this kind of error negligible. 

Finally , there are approximate orthogonality errors, as in the 

case of GWN , which are usually negligible for all practical purposes. 

The erroneous power level and computational errors are just as des­

cribed later in the case of CSRS (cf. sec. 5. 4 and 5. 6). These errors 

become practically negligible under some easily implemented provisions 

described later in the case of CSRS. 
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CHAPTER IV 

THE FAMILY OF 

CONSTANT-SWITCHING-PACE SYMMETRIC RANDOM SIGNALS(CSRS) 

AND THEIR USE IN NONLINEAR SYSTEM IDENTIFICATION 

In the previous chapter we discussed the properties of two 

families of quasi-white signals that have been used so far in applications 

of the Wiener-crosscorrelation method. 

In this chapter, we will introduce a new family of quasi-white 

random signals, that can be used in connection with the crosscorrela­

tion technique for the identification of nonlinear systems. These new 

test signals combine the stair-like form of the PRS with the random 

character of GWN, and consequently, they exhibit a new blend of advant­

ages and disadvantages. 

We believe that the introducti_on of this new family of quasi­

white signals will contribute largely in the better understanding of the 

underlying mechanisms of the crosscorrelation technique and will pro­

vide significant advantages in several applications of the Wiener method 

over the quasi-white signals that have been used so far. 

4. 1 General Description and Generation of CSRS 

There are two basic defining characteristics of each member 

of the CSRS family: 

( 1) the value of the signal switches randomly and independently 

at all time instants which are integral multiples of an 
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elementary finite time interval M, attaining values 

according to a symmetric probability density function, 

and 

(2) the value of the signal remains constant between two suc­

cessive switching times. (Fig. 4. 1. 1) 

The fundamental time interval 6t is called the "step" of the 

CSRS and it directly determines the bandwidth of the signal. Evidently, 

when the step 6 t is decreasing, the bandwidth of the signal is increasing 

and it is asymptotically approximating the ideal white noise. The sym­

metric probability density function p(x) (with which a CSRS x(t) is gen­

erated) has zero mean, and consequently, all its odd order moments 

are zero. Additionally, the even order moments of p(x) ought to exit. 

This is a condition that is always satisfied in practice, since we must 

have a finite domain for the probability density function when we gener­

ate the signal in the laboratory. Similarly, the probability density func­

tion becomes, in practice, always discrete, when a digital computer is 

used to generate the signal. The limits of this discretization are 

posed by the word length of the computer. In theory, however, the 

mathematical definition of a CSRS allows the probability density p(x) to 

be continuous and of infinite domain, as long as the even order moments 

exist. 

The stair-like form of a CSRS is a feature compatible with the 

use of digital computers in data processing. The handling of continuous 

signals with digital computers requires their discretization through a 

constant rate sampling procedure; while the complete recovery of the 
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Constant-switching-pace Symmetric 
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Fi g . 4. 1. 1: Portion of a CSRS 

X(t+T)t 

X (t) r 
~9J ~LJ 
I I 
I I 

: T .. : 

: °o9J 
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Fig. 4. 1. 2: Illustration of the linear form of the aggregated 

value of a product of stair-like signals 
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original signal is not (in general) possible, unless the signal has a 

special form (stair-like, piecewise linear etc.). Thus, the inevitable 

discretization of a continuous signal within the digital computer leads 

naturally to the conception of a stair-like constant-switching-pace signal; 

eliminating the errors resulting from the discretization and assuring 

the complete recovery of the original signal. 

Clearly, the defining prescriptions of the CSRS family are 

fairly general and simple, providing the user with great flexibility in 

choosing the test signal that fits best the special considerations of a 

specific problem. In the following section, it will be shown that merely 

the statistical independence of any two steps of a CSRS, along with the 

fact that all the odd order moments of p(x) are zero and the even order 

ones exist, are sufficient to guarantee the quasi-whiteness of x(t) with­

in the frequency range posed by the specified step length L:i.t. 

4.2 The Autocorrelation Properties of CSRS 

In sec. 3. 2. 2, it was stated what the autocorrelation properties 

of a signal ought to be Jn order to consider it a quasi-white signal. In 

this section, we will show that the CSRS family possesses these auto-

correlation properties, and consequently, it can be used in nonlinear 

system identification through the cros scorrelation technique. 

At first, we note that every member of the CSRS family is by 

construction a stationary and ergodic process. For a given step length 

L:i.t and a proper probability distribution p(x), an ensemble of random 

processes x(t) is defined within the CSRS family. The ergodicity of x(t) 
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allows us to defin e the autocorrelation functions in both the temporal 

and the probabilistic sens e . Thus, the n-th order autocorrelation of 

x(t) is: 

¢ n (T 1, T 
2

, ... , T n) = E [ x( t- T 1) x( t-T 
2

) ... x( t-T n)] 

= Lim _l_ J T x( t- T 
1

) x( t- T 
2

) . . . x( t- T ) d t 
2T -T n 

T-+m (4. 2. 1) 

We will show that the autocorrelation functions, as defined by eqn. 

4. 2. 1 , are the ones of a quasi-white signal. First, let us consider 

only the values of the arguments T 
1

, T 
2

, ... , T n which are integral multi­

ples of b.t. In this case the several x(t-T 1 ),x(t-T2 ), ... ,x(t-Tn) are ran­

dom variables which are either statistically independent or completely 

identical (if their shifting times are equal). In order to facilitate the 

several derivations, let us make the following definitions: 

The n-th order moment of the random variable x, which follows 

the probability distribution p(x): 

9-i 
mn = J x p(x) dx ( 4. 2. 2) 

- Cl'.) 

The product of n time- shifted values of the random process x(t): 

P = x(t-T
1

) ... x(t-T ) 
n n 

( 4. 2. 3) 

The groups g
1

, g
2

, ... , gk of the factors x(t-Ti) of the product Pn' which 

are identical one to another, i.e., they have the same shift. The popu­

lation numbers n 1 , n 2 , ... , nk of the groups g 1 , g2 , ... , gk. Clearly: 

n = n l + n2 + . . . + nk ( 4. 2. 4) 

The subproducts of the members of each group g.: 
J 

TT . = x(t-T.
1

) x(t-T.
2

), .. x(t-T .. ) 
J J J JnJ 

Clearly: pn = TTl. TT2 ••••• ,rk (4.2.5) 
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Notice that the several TT. are statistically independent. A nodal point 
1 

is a point (T 1 , T2 , ... , T n) of the space, where the values of T1 , T2 , ... , T n 

are integral multiples of ~t. Order of a nodal point (T
1

, T
2

, ... , Tn) 

( or of the corresponding product p n) is the set (n 1 , n 2 , ... ,nk) of the 

population numbers of the correspond~ng groups g 1 , g 2 , ... , gk in the 

product Pn• Diagonal point is a point (T 1 , T2 , ... , Tn) for which at least 

two of the arguments are equal. Full-diagonal point is a point (T
1

, T
2

, 

... , T ) for which all the arguments form exhaustively pairs of equal 
n 

values. Simple diagonal is a diagonal point which is not full-diagonal. 

The rest of the points in the space are called nondiagonal. 

The following is the basic lemma of our derivations: Consider 

the population numbers n
1

, n
2

, ... , nk of the groups g
1

, g 2 , ... , gk of 

identical factors in the product: 

where x(t) is a CSRS and (T 1 , T2 , ... , Tn) is a nodal point of the n-dimen-

sional space. The expected value of P is zero if and only if at least 
n 

one of the n. 's is odd. 
1 

Proof: Consider the subproducts TT. as previously. Clearly: 
1 

Pn = TTl. TT2 •...• TTk 

Since the several TT. are statistically independent: 
1 

But E[TT.] 
1 

Therefore: E[p ] 
n 

=m n. 
1 

( 4. 2. 6) 

(4. 2. 7) 

( 4. 2. 8) 

Thus, if at least one n. is odd, then the corresponding moment m will 
1 ni 

be zero (since all the odd moments are zero) and subsequently: E[pn]=O. 
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Note tha t a ll th e e ve n o rde r m o m e nts a r e positive. Q. E. D. 

This basic l e mma m a nife sts the quasi-whit e n e ss of the m e mbers 

of the CSRS fa mily - - at l east at the nodal points - - b e cause it guaran­

tees that a ll the o dd orde r autocorrelation functions are u niformly z e ro, 

while the e ven orde r ones a r e nonzero only at the full-di agonal points, 

i.e., whe re the arguments form e xhaustive ly pairs of identical values. 

In practice, hoWf'\' c r, we always have finite length sample 

signals and none of the expressions in eqn. 4. 2. 1 can be actually eval­

uated. H e nce, w e are practica lly restricted in obtaining only an esti­

mate of the autocorrelation function, usua lly by time averaging, as: 

/\ 1 T 
¢. (Tl' T2' • • ·, T ) =--- f x(t-Tl)x(t-T2) ... x(t-Tn)dt (4. 2. 9) n n T-Tm 

Tm 
where T 1s the t e mporal length of the sample signal x(t) and 

Tm= max hl' T2, .•. 'TnJ. 
I\ 

The estimate ¢ ( T 1 , ... , T ) is a random variable itself and its statis-n n 

tical properties m ust be studied in order to achieve an understanding of 

the kernel e stimates obtained by the crosscorrelation technique. 

Consider again only the noda l points of the argument space of 
I\ I\ 

¢ n(T 1 , T2 , ... , Tn). Clearly the exp e cted value of¢n(T 1 , ... , Tn) is 

¢ ( T 
1

, ... , T ), which makes it an unbiased estimate. Also, the prob-
n n 

I\ 
ability limit of¢ (T

1
, ... , T ) is ¢ (T

1
, ... , T ), which makes it a con-

n n n n 
I\ 

sistent estimate. Now, l e t's look at the second moment of¢ (T 1 , ... , T ): 
2 TT n n 

E [ G n (T 1 , . . . , T n) J = 1 2 J J x( t- T 1 ) • . . . • x( t - T n) • x( t 1 
- T 1 ) • 

(T-Tm) Tm Tm 
... • x(t'-T )dtdt' 

n 

J
(T-T) 

x(t-T 1) • ... • x(t-Tn) • x(t-

X. = -( T - t) ( 4. 2. 10) 

T 1 + X.) • ••• • x( t-T n + X.) dtd\ 
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.vhere, :>-.. = t' - t. 

If the point (T 1 , T2 , ... , Tn) is not a full-diagonal point then the only full­

diagonal point among the points ( T 1 , T 2 , ... , T n' T 1 - :>-.., ... , T n - :>-..), for 

all the values of:>-.. which are integral multiples of 6t, is the one for :>-..=O. 

In this case, if the point (T 1 ,T2 , ... ,Tn) is of order (n 1,n2 , ... ,nk)' the 

point (T 1 , T2 , ... , Tn' T1 , T2 , ... , Tn) will be of order (2n 1 , 2n2 , ... , 2nk). 
I\ 

The expected value of ¢ n( T 1 , T 2 , ... , T n) for all the points which are not 

full-diagonal is zero. Therefore, the variance in this case becomes: 

( for 6 t <<Tm < < T) 

Var[~ (T
1
,T

2
,, .. ,T )]~~ • m

2 n n T n1 

Clearly, the variance at these points depends on their order. If the 

point (T
1

, T2 , ... , Tn) is full-diagonal, then all the values of:>-.., which 

are integral multiples of 6t, give full-diagonal points (T
1

, Tz, ... , Tn' 

Tl - >-., Tz - :>-.., ... , T n-:>-..) of several orders. An explicit and general 
I\ 

expression for the variance of <b (T
1

, ... , T ) cannot be derived because 
n n 

it depends on the relative position of the arguments. 

I\ 
In any case, the variance of <b ( T 

1
, ... , T ) at all the nodal 

n n 

points tends to zero asymptotically with the record length, and the 

I\ 
values of¢ (T

1
, ... , T ) tend to the ones determined by the basic lemma. 

n n 
I\ 

The study of the first two moments of¢ n(T
1

, T2 , ... , Tn) suffices for the 

description of its whole statistical behavior, because the probability dis­

/\ 
tribution of the values of ¢ n ( T 1 , T 

2
, ... , T n) at any nodal point ( T 1, T 2 , ... 

, T ) is approximately gaussian. n 

This can be easily seen by considering the way of actual evalu­

/\ 
ation of¢n(T

1
,T2 , ... ,Tn): 
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N 

A IL 
cpn(T1=k1· Llt, T2=k2· .1t, ... , Tn=kn· 6t) = ~k=l x(k 6t-kl.1t) 

• x(kl:!.t-k
2

l:!.t)• ... • x(kl:!.t-kn 6t) (4. 2. 12) 

where, T = N • l:!. t. 

Conside r one of the t e rms of the sum: 

(4.2.13) 

The s a mples x(kl:!.t-k .l:!.t) 
J 

are following the probability distribution 

p(x), a nd they are either statistically independent or complete l y ide ntical 

to one another (depending on whether their arguments (kl:!.t-k.l:!.t) are 
J 

respectively different or identical). For given (k 1 , k 2 , ... , kn)' the 

several v(k) are uncorrela t e d but not necessarily statistically indepen-

dent. Actually, v(k) and v(k':' ) can be statistically dependent if 

I k ,:, _ k I ~ max [k 
1

, k
2

, ... , kn J = L. 

Suppos e now we form the partial sums U( t) 
M-1 

U( t ) = L v( t + i • L) 

i=O 
where, e= l, 2, 3, ... , Land M = integer part of [N/L]. 

(4.2.14) 

The several terms of these partial sums are clearly statistically inde­

pendent and c o nsequently the Central Limit Theorem is applicable, 

dictating that, if M is sufficiently large, then each U( t) is approximately 

a gaussian random variable. It is also evident that all the U(.{)are uncor-

related. Therefore, since: L 

/\ 1 ' ¢ h 1, T 2 , . .. , T ) = -N L.. u(t) (4. 2. 15) 
n n {~ A 

and U(.{) are uncorr e lated gaussian random variables,¢ n(T 1 , T2 , ... , T n) 

is also a gaussian random variable. 

So far, our discussion has been limit e d to the nodal points o f 

the space. To compl e te our study we have to prove that the other points 
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of the space of the autocorrelation function have also the desirable 

values. To this purpose, w e only need to employ a basic property of 

the aggregated values of products of shifted stair-like signals. A stair­

like signal is one which remains constant during finite time intervals 

and jumps abruptly from one value level to another. It is a piecewise 

continuous time function and its first derivative is a series of impulses. 

Consider now this signal being shifted in time by T and form 

the product of the original and the shifted signal. The integral of this 

product over time ( it is shown in Fig. 4. 2. 1 for a binary stair-like 

signal) is a piecewise linear function of the shifting time with discon­

tinuous first derivatives at all the shifting times for which at least two 

of the jumping points coincide. The derivative remains constant between 

two successive points of discontinuity. Consider now n shifted stair-

like signals x(t-T 1 ), x(t-T 2 ), ... ,x(t-Tn). Form the product of them and 

integrate this product over time. Similar arguments hold in this gener­

alized case. The aggregate value is of first degree (sectionally linear) 

with respect to the shifting times T 
1

, T 2 , ... , T n' and subsequently it has 

piecewise continuous first order partial derivatives with constant values 

between two successive points of discontinuity (i.e., the partial deriva­

tives are stair-like functions). 

Employing this basic property of the stair-like functions, we 

I\ 
conclude that the (n + 1 )-dimensional surface ¢ (T 1 , ... , T ) is of first 

n n 

degree with respect to the arguments T1 , ... , Tn and its first order 

partial derivatives are stair-like functions. Employing also the fact 

that a point of derivative discontinuity appears at those shifting times 
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at which at l e ast two jumping p o ints of the signals coincide, we conclude 

that the locus of the points of d e rivative discontinuity are hyperplanes of 

the (n tl )- dimensional space determined by analytical relations of the 

form: 

T . - T . = k • tl.t 
l J 

(4. 2. 16) 

where i,j = 1, 2, ... ,n, and k is an integer (positive, negative or zero). 

Clearly, each of these hyperplanes is parallel to (n-1) of the (n+l) axes 

of the space. 

Notice that the nodal points of the space are in the cross sections 

of these hyperplanes, and consequently they are the apexes of the sur-

face To illustrate this, consider the aggregate value: 

(4.2.17) 

which is a four- dimensional surface. 

In Fig. 4 . 2. 2., the locus of the points of derivative discontinuity for a 

cross section of the space at 'T
3 

= 0 is shown with dotted line. 

I\ 
Therefore, the general morphology of a surface¢ (T

1
, ... , T ) 

n n 

appears to have apexes corresponding to the nodal points of the n-dimen-

sional space, interconnected with (n +l )- dimensional hyperplane seg­

ments. The dir e ct implication of this morphology is that the "extrema" 

I\ 
of the surface ¢ ( T 

1
, ... , T ) must be sought among its apexes (i.e. , 

n n 

among the nodal points). Thus, the stair-like form of the CSRS assures 

that the n-th order autocorrelation es timate is an (n+l )-dimensional 

surface of the described morphology. 

As a result of this morphology, the statistical behavior of the 
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(j+l)•Llf 
j •Ll t 

(j-l)·Llf 
0 

0 

0 

Fig. 4. 2. 2: Locus of derivative discontinuity points of 
I\ 
ct> 

3 
(TI , T 2 , 0 ). 

Fig . 4. 2. 3: Secon d or der autocorrelation function of 

a CSRS. 
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interme diate points is dete rmin e d by the statistical behavior of the 

neighboring nodal points through a multi- dimensional linear relation­

ship. Consequently, tfie o dd order autocorrelation functions of a CSRS 

are uniformly zero and the even order ones are zero everywhere except 

around the full-diagonal points, where they exhibit pyramoidal nonzero 

values. 

To illustrate this, we consider the second order autocorrelation 

for IT
1

-T
2

1 s 6t 

for IT
1
-T 2 I > 6t (4. 2. 18) 

We also show in Fig. 4. 2. 4 the form of the fourth order autocorrelation 

function¢ 
4

(T 1 , T 2 , o 1 , o 2 ) of a CSRS, for given values o 
1 

and o
2

. Notice 

the anticipated pyramoidal shape of the autocorrelation function surface. 

With this brief analysis, we have completed the study of the autocorrela­

tion properties of the CSRS family and its quasi-whiteness has been 

manifested. 

4. 3 The Us e of CSRS in N o nlinear System Identification 

In the previous s e ction, we established the quasi-whiteness of 

the CSRS family, which justifies their use of nonlinear system identifi­

cation through the crosscorrelation technique. The kernel estimates, 

that ar e obtained through the use of CSRS, correspond to a functional 

series which is different in structure from the Wiener series. This 

structural difference is due to the statistical properties of the CSRS, 

as expressed by the mome nts of the amplitude probability distribution, 
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Fig. 4. 2. 4: Pyramidal . forrn of the principal lobe of an 

autocorrelati on function 
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which are different from the on e s of GWN. 

Mor e sp e cifically, th e gaussian amplitude distribution possesses 

the important prope rtf of b e ing describable by only its first two moments. 

This, along with the decomposition property ( cf. sec. 3. 2. 2 }, results in 

great simplification of the e xpressions describing the orthogonal Wiener 

functionals. In th e genera l cas e of a CSRS, however, the complete des­

cription of the amplitude probability distribution requires all of its mo­

ments. This results in a certain complexity of the form of the CSRS 

orthogonal functionals. Nevertheless, the construction of the CSRS 

functionals is made routinely on the basis of an orthogonalization pro­

cedure similar to the one that was used in the construction of the Wiener 

series. It must be also noted that the orthogonality of the CSRS func­

tionals is only approximat e and based on the assumption that the band­

width of the respective CSRS is broad enough with respect to the system 

bandwidth so that the deconvolution takes place with acceptable accuracy. 

Evidently, the structural form of the CSRS functional series 

depends on the even order moments and the step length of the associated 

CSRS. In the special case where a gaus sian amplitude distribution is 

chosen for the CSRS, the CSRS functional series takes exactly the form 

of the Wiener _series, where the power level of the GWN is equal to the 

product of the second moment and the step length of the CSRS. Thus, 

it becomes clear that the CSRS functional series is a more general orth­

ogonal functional expansion than the Wiener series, extending the basic 

idea of orthogonal expansion using Volterra-type functionals throughout 

the space of symmetric pro bability distributions, in the pas sible 
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expense of more complexity in the functional expressions. The advant­

ages that such a generalization of the orthogonal functional series pro­

vides are the same as the ones of any optimization problem where the 

parameter space is augmented. The augmentation of the parameter 

space provides greater flexibility and allows the search (and usually the 

achievement) of new global maxima of the "gain function". This is ana­

lytically demonstrated through an example later in this section. 

It must be emphasized that, ~ven though each one of these func­

tional series represents a formally different description of the system, 

all of them are equivalent in the sense that they are functional expansions 

of the same response signal. What is generally different in all these 

functional series is the convergence pattern. As a result of this, the 

estimated truncated models, that we usually obtain in practice, give 

different accuracy in the model predicted response. 

The subject of the functional series convergence is apparently 

of great theoretical and practical interest, although it is also a subject 

of great analytical complexity. Later in this section, we study analyti­

cally the convergence of a first order model for a third order nonlinear 

system. This example will demonstrate the basic theoretical and prac­

tical aspects of interest, even though it is limited by the specific choice 

of system. 

In chapter 9, we will also give an illustration of the series con­

vergence, using several CSRS in computer simulated applications. 

The orthogonal functions that correspond to a CSRS have the 

form: ~' 
G 0 [g

0
;x(t'),t' ~t] = g

0 
(4.3.1) 
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00 

G/[g 1(T 1); x(t'), t's:t] J g 1 (T 1) x(t-T 1)dT 1 (4.3.2) 
,., 0 00 00 

Gz'[gz(T 1,Tz); x(t'),t's; t] ff gz(T 1•Tz) x(t-Tl) x(t-Tz)dT ldTz-
0 0 OO 

(mz6t) fgz(Tl'Tl)d-rl (4.3.3) 
0 

,:, 000000 

G 
3 

( g 3 ( T l , T 2 , T 3 ); x( t' ) , t' s: t] f f J g 3 ( T l , T 
2

, T 
3

) x( t- T l ) x( t-T z) x( t-T 
3 

) 
0000 000 

dT1dTzdT3 -3(mzt-it) JJg3(T1,T2,T2) x(t--r1)dT1dTz -[(ffi4/mz-3mz)l'it] 
0 0 

00 

J g3(T1, T1, Tl) x(t-T 1 )dTl (4. 3. 4) 
0 

etc. 

where, x(t) is a CSRS, ~tis its step length and m 2 , m
4

, etc. are the 

second, the fourth, • etc. moments of its amplitude probability density 

function p(x). 

The expressions become quite involved as we go to higher order 

functionals, but their derivation can be done routinely on the basis of a 

Gram-Schmidt type of orthogonalization procedure. 

Of course, the orthogonality of the G':'-functionals is only 

approximate, within the range of frequencies posed by the specified 

step length ~t. 

The power spectrum of a CSRS with step length ~t and second 

moment m 2 is shown in Fig. 4. 3. 1. Clearly, the bandwidth of the signal 

is inversely proportional to ~t, and it approaches the ideal white noise 

as ~t approaches zero (provided that the power level P = m
2

- ~t remains 

finite). Apparently, the degree of orthogonality of the G"~-functionals 

monotonically increases as ~t is decreased. However, for all practical 

purposes, it usually suffices that the bandwidth of the CSRS covers the 

bandwidth of the system under study. 
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<P(f) = p(sin 1rf 6t)
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1rf 6 t 
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-+-u 
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log <P(f) 

F 
1/6t 2/6t log f 

requency . 

Fig. 4. 3 . 1: . The pow e r spectrum of a CSRS 

f 
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N otic e tha t the b a sic structural form of the G ':<- functionals is 

the same as in the Wiene r G-functionals, i.e. the odd order functionals 

have all and only odd order integral terms of equal and lower order; 

and analogously the even order functionals have all and only even order 

integral terms of equal and lower order. Notice also that if a gaussian 

2 
probability density function is chosen for a CSRS, then m 4 = 3m2 and, 

consequently, G
3 

becomes exactly like the G
3 

Wiener functional, with 

power level P = m 2 • ~t. 

The actual procedure of the crosscorrelation technique is basic­

ally the same as ih the GWN case. That is, in order to estimate the 

n-th order kernel, we crosscorrelate the n-th order response residual 

with n time- shifted versions of the stimulus and we properly normalize 

the outcome: (cf. sec. 2. 3) 

~n(o1 , ... , on)= Cn· E[ y(n)(t) x(t-q) ... x(t-on)] 

where, n-1 
(n) ~ ,:, 

y (t)=y(t) - L...JGi [ gi(T 1 , ... , Ti); x(t 1), t•~ t] 
i==O 

and C is the proper normalizing factor. 
n 

(4. 3. 5) 

(4.3.6) 

In the case of GWN, the normalizing factor C 1s 1 /n!Pn, 
n 

where P is the power level of the GWN. In the case of CSRS, the nor-

malizing factor differ for the diagonal and nondiagonal points. For the 

nondiagonal points, the normalizing factor is just like in the GWN case: 

1 C =--­
n 

where, P = m 2 • ~t. 

(4.3.7) 

However, for the diagonal points the n:ormalizing factor depends on the 

order of the specific point. For this reason, it is impossible to give a 
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concise and gene ral expr e ss ion for the normalizing factors, which could 

cover all the diagona l points of all kernels. 

This is not a problem in practice, because we always confine 

ourselves in estimating the first few kernels (usually up to the second 

order) and thus we only need the normalizing factors for these limited 

cases. For example, in the second order case the normalizing factor 

can be easily evaluated on the basis of our knowledge about the form 

and structure of the autocorrelation functions of the CSRS. (cf. sec. 4. 2) 

Thus, the second order crosscorrelation gives: 

~
2

(a
1
,a

2
)=E[y(t) x(t-a1 ) x(t-az)] (4.3.8) 

= E[ c/ (t) x(t-a l) x(t-a2 )] 
00 

= J J g 2 ( T 1 , T 2 ) E [ x ( t - T 1 ) x ( t - T 2 ) x ( t - a1 ) x ( t - a 2 ) ] d T 
1 

d T 2 
0 00 

-(mz6 t) f gz(T ,T )dT • E[ x(t-al )x(t-oz)] 
0 

for the nondiagonal points 

= 
for the diagonal points 

Therefore the normalizing factors for the second order kernel are: 

Cz = { 1 / 2(m2 tit)
2 

for the nondiagonal points (4.3.9) 

2 2 
1 /(m4 -mz )·6t for the diagonal points (4. 3. 10) 

The d e termination of the appropriate normalizing factors for 

the diagonal points of othe r kernels will require basically the evaluation 

of the volume under the corresponding autocorrelation function surface. 

We will study now the relation between the Volterra and the 

CSRS kernels of a system. We will attempt an analytical approach in 

such a way that the role of the basic parameters affecting the estimated 

rnodel will be depicte d in the d e rived expressions. Our objective is to 
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demonstrate the d ependence of the CSRS kerne ls upon the moments and 

the ste p length of the specific CSRS that is us e d to estimate the kernels. 

The expre ssions that describe analytically the relation between 

the CSRS and the Volterra kernels of the system are very complicated in 

their generality. Since, ou r objective is to give simply a qualitative 

idea of the ex isting relation, we will confine ourselves to the nondiagonal 

points of the CSRS kernels and to general nonexplicit analytical expres-

sions. 

Thus, consider the Volte rra expansion of the system response: 
00 00 CX) 

y(t)=~ J···JkrJT 1, .•• ,Tn)x(t-T 1 ) ..• x(t-Tn)dT 1 ... dTn (4.3.11) 
n-0 

Let x(t) be a CSRS with a probability density p(x) and step length LH. 

Let us e valuate now the CSRS kernels through the crosscorrelation 

technique. The r esulting expressions for the CSRS kernels in terms of 

where, the index i is surrrni~ over all possible combinations of even pop­

ulation number groupings of (Z t -Zn) arguments. To each one of these 

combinations corr esponds a prope r coefficient C . , which depends on the 
1 

even order moments from the second up to the (Zt -Zn)-th one. The 

arguments of the Vo lterra kernels in the expressions also attain proper 

Values for each one of thes e combinations. The vectors a _(Zn) and 
1 
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(2-t -2n) 
Ti symbolize these argument arrangements, which are similar 

to the ones appe a ring in the relations between the Wiener and Volterra 

kernels (cf. sec. 2. 5). 

Clearly, the even order CSRS kernels depend on all the even 

order Volterra kernels of e qual or higher order (and analogously the 

odd order CSRS kernels), d e monstrating a notable similarity to the 

structure of the Wiener kernels. 

Another interesting remark is that the expressions (4. 3. 12) 

and (4. 3. 13) can be written as power series in ~t: 
00 

g2 (al' ... ' a2 )= .L 6t~n. f12n\al, ... , a2) (4. 3.14) 
n n ~=n n 

00 -t-n (2n+l) 
g2n+ 1 ( o l' ... ' a2n+ 1) = ,t~ 6 t • f .{, (al' ... ' a2n+ 1) ( 4. 3. 15) 

where, 

useful in studying the effect of changing ~t upon the estimated CSRS 

kernels and the corresponding functional series. For example, we can 

observe that for very small values of ~t the CSRS kernel of some order 

is mainly affected by the Volterra kernel of the same order, while the 

contribution of the higher o rder Volterra kernels is negligible. This 

may be utilized in order to estimate approximately Volterra kernels of 

the system. Also, informa tion about the order of nonlinearity of the 

system can be d e rived by proper utilization of eqns. 4. 3. 14 and 4. 3. 15 . 
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As an illustrative example on the parametric dependences of the 

CSRS functional series, consider a third order Volterra system (i.e. 

a system for which kn( T 1 , ... , T n) = 0 for any n > 3 ). The system re-

sponse to a CSRS x(t) is: (also consider k = 0). 
0 

CD CD 

y(t)=J kl (Tl)x(t-Tl)dTl+JJkZ(Tl, Tz)x(t-Tl)x(t-Tz)dTldTz+ 
0 0 

CD 

JJJk3(Tl, Tz, T3)x(t-Tl)x(t-Tz)x(t-T3)dTldTzdT3 (4. 3. 18) 
0 

and the CSRS kernels of the system are: 
oc 

g
0

=(m
2
6t)Jk2(T1 , T1)dT1 (4. 3. 19) 

g1 ( a1)=k1 ( a 1)+3(m 2 6 t) £ ½( a1 , Tl, T1)dT1 + [( ::-3m2)6 t J k 3 ( ''i • a1 , a1 ) 

(4.3.20) 
g2( 0 1· 0 2)=k2( 0 1' 0 2> 

(4.3.21) 

(4.3.22) 

Evidently, the second and third order CSRS kernels are ident­

ical to the Volterra ones because of the absence of nonlinearities of 

order higher than third. The zero order CSRS kernel depends upon the 

second order Volterra kernel, and the first order CSRS kernel depends 

upon the first and third order Volterra kernels in accordance with eqns. 

4.3.14 and4.3.15. 

The difference between the Volterra and the CSRS kernels of 

zero and first order indicates the fact that a CSRS functional of some 

order probes into the higher order Volterra functionals, thus providing 

a different span of the function space of the system response. This dif­

ferent span is expectedly more efficient for expanding the system 

response to a CSRS stimulus, because of the orthogonality of the CSRS 

functionals. 
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Recalling that the Volterra k e rnels constitute a nonparametric 

description of th e system (i. e . they d e pend only upon the functional 

derivatives of the system op e rator and not upon any stimulus character­

istics, like the power level e tc.) the expressions above state very elo­

quently the dependence of the CSRS kernels upon the even moments and 

the step length of the associated CSRS. 

If we generalize the concept of the power level so that we call 

the expression: 

p = m2 . t:.tn n n (4.3.23) 

the n-th order power level of a CSRS ; then we can generally state that 

the CSRS kernels depend up o n the power levels of all orders up to the 

order of nonlinearity of the system minus one. 

What is of importance in the system modelin g business, is the 

accur a cy (in the mean squar e sense) of the model predicted response 

to a given stirnulus. W e will study now the improvement of this accu -

racy wh e n we use a CSRS model, as opposed to a Volterra model of the 

same order. To study this , we will simply consider the zero order 

model of the system above. The m. s. error of the zero order Volterra 

model response is: 

(4. 3. 24) 

The m. s. error of the ze2o order CSRS model response is: 

\/= E{[y(t)-g0]} 

= E{y
2

(t) }+g!-2g
0 

• E{y(t)} (4.3.25) 

Therefore, the improvement in accuracy of the zero order model pre­

dicted response, using a CSRS model instead of a Volterra model, is : 
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= 2 g • E ( y( t) } - g 
2 

0 0 
(4.3.26) 

If x(t) is the CSRS stimulus with which the model was estimated 

2 
1 o = go 

co 2 
= {PtJk2(T 1,T

1
)dT 1 } ~o 

0 

(4. 3. 27) 

Therefore, we always have a positive (or zero) improvement in accu-

racy with the zero order CSRS model in predicting the system response 

to the CSRS stimulus. This improvement clearly depends on the first 

order power level of the CSRS stimulus. 

Let us study now this measure of improvement ( or deteriora­

tion) in the accuracy of the model predicted response to several other 

stimuli, when we are using the previous CSRS zero order model instead 

of the Volterra model of the same order. 
,:, 

If x(t) is another CSRS with first order power level P
1 

, then: 
co 

lo= pl [ 2P/- pl J. { Ik2(Tl, Tl)dTl }2 (4. 3. 28) 

Thus, we can have improvement or deterioration in the accuracy of the 

model response depending on the relative size of the power levels. A 

similar expression holds in the case of GWN, PRS or any other quasi­

white signal. 

If x(t) is an arbitrary signal, then: 
co CX) (X) 

i = p 1 J k 2 (T 1 T 1 ) d T 1 • { 2 J k 1 (T 1 ) ¢1 (T 1) d T 1 + 2 J J J k 3 (T 1 ' T 2 ' T 3) ~ (T l ' T 2' T 3) 
O O O 0 

(X) 

dT1dT 2 dT 3 + JJk2(T1 , T2) [202(T1 , T2)-P 1 • o (T
1
-T 2)]dT1dT 2 } (4. 3. 29) 
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wher e, 
1 T 

¢. ( Tl , . . . , T. ) = - J x( t- Tl) . . . x( t- T. ) d t ; i = 1 , 2, 3 
l l T O l 

(4.3.30) 

Eqn. 4. 3. 29 clearly demonstrates the fact that the improvement (or 

deterioration ) in this case depends upon the autocorrelation functions ¢. 
l 

of the stimulus. This fact leads us to a basic conclusion with respect 

to the system models that are obtained by using quasi-white signals: if 

we estimate the kernels of all existing orders in the system, then the 

obtained model is complete and capable to predict exactly (with some 

small numerical inaccuracies) the system response to any stimulus; 

however, if the obtained model is of lower order than the system (which 

is often the case in practice), then the performance of the model (in the 

m. s. error sense) depends crucially on the relation of the autocorrela­

tion functions of the stimulus with the ones of the associated quasi-white 

• signal. 

This basic conclusion is illustrated by computer simulated 

examples in sec. 8. 3 . 

Another important remark is that the improvement in accuracy 

of the zero order model in the considered example becomes maximum 

if and only if: 

E [ y (t)] = g
0 

(4.3.31) 

as it is evident from the derivatives: 

(4.3.32) 

(4. 3. 33) 

Thus, the improvement is max-imized in the case of the CSRS stimulus 
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with which the mode l was es timated (as it was expected), but this may 

also happen with other stimuli for which eqn. 4. 3. 31 holds. 

Evidently, for a given arbitrary stimulus there is always, in 

this case, a CSRS which gives the optimum zero order model. This 

CSRS 1s specified by its first order power level: 

pl= E [y(t)] 11:z(Tl,Tl)dTl (4. 3. 34) 

Of course, as the order of the system nonlinearity and of the 

model increases, the analytical expressions describing the dependence 

of the model accuracy upon the power levels of the CSRS become rapidly 

very complicated. However, the basic remark can be generalized to 

state that: for a given system and a given stimulus there are CSRS, 

specified by some values of generalized power levels, which give the 

model of a certain order with the highest accuracy in predicting the 

system response to the given stimulus. 

It must be emphasized that these optima CSRS are specified 

strictly and solely by their generalized power levels; as long as the 

stimulus frequency bandwidth remains broad enough so that the CSRS 

functional series can be considered approximately orthogonal. 

In order to illustrate a case where more power levels than the 

first or der one participate in d eter mining the accuracy of the CSRS 

model, consider the first order CSRS model of the previous system, 

where for simplification of the derivations we take: 

kl ( o 1) = h( cl l) 

kz(c11, (lz) = h(c\)h(az) 

k3(ol' oz, 03) = h(ol)h(o2)h(a3) 

(4. 3. 35) 

(4. 3. 36) 

(4. 3. 37) 
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The m. s. e rr o r of th e fir st o rde r Volterra model is: 

e ~ = E{[y(t) - £Wo 1)x(t-o 1)do 1]
2

} (4.3 . 38) 

The m. s. e rr o r of the first o rde r CSRS model is: 

) 
2 

= E{[y(t) - g
0 

- Jc;1(o1)x(t-o1)do
1
J2} (4. 3. 39) 

Therefore, the improvement in accuracy of the first order CSRS model 

is: (for the CSRS stimulus) 

. 2 c. 2 
1 1 = el - -.:::1 

where, 

= -{Fl(Pl)+ Fz(Pl) F(Pl,Pz) + F3(P1)•F
2
(Pl,P2)} 

(4.3.40) 

3 3 2 3 2 2 
F 1(P 1) = 9 a P

1 
+(Sa -18a )P

1 
-6a Pl 

[ 2 
Fz(Pl) = 6aPl +2(1-6a)Pl-2]b 

F 
3
(P 

1
) = (Pl -2)c 

Pz 
F(P 1, P 2) = - - 3P

1 pl 
(X) 

a= J h 2
(T)dT 

Oro 

b = J h4
(T)dT 

0 
(X) 

c = Jh
6

(T)dT 
0 

(4 . 3.41) 

(4. 3. 42) 

(4.3.43) 

(4. 3. 44) 

(4. 3. 45) 

(4.3.46) 

(4.3.47) 

Clearly, the accuracy of the first order CSRS model depends 

upon the first and second order power levels in this case; and the "depen­

dence is not monotonic like the accuracy of the zero order model (cf. 

eqn. 4. 3. 2 7 ). 

Trying to determine the extrema of the surface i 1 (P 1 , P 2 ), we 

can take (for derivation convenience) without loss of generality a = 1. 

Notice also that the positions of the extrema are invariant to scaling 

changes of the signal amplitude, which allows us to make the substitu-

tion: ( 4. 3. 48) 
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where changing >--. corresponds to changing probability distribution. With 

these simplifications, we get: 

il = - (c>--.
2

+ 6b>--.+9 )Pi+ (2c>--.
2

+10b>--.+13)P/+(2b>--.+6)P1 
(4.3.49) 

2 
where, o < c < b < 1; A> - 2; b < c . All these conditions are derived by 

using the Schwartz inequality. Notice that: 

2 
(c>--. +6b>---+9)>o (4.3.50) 

(2 c>--.
2

+10b>--.+13 )>o (4.3.51) 

(2b>--.+6) >o (4.3.52) 

for all values of b, c and A. 

Cons equently, for a given system (b, c) and a given probability distribu­

tion(>--.), the improvement in accuracy of the first order CSRS model is 

maximized for a single value of P 1, which is easily determined as the 

single positive root of the binomial: 

(4. 3. 53) 

The function i 1(P 1 ) is zero at P
1 

= o and has positive derivative (since 

2b>--.+6 > o ). As we increase P
1 

the function i
1 
(P

1
) rises monotonically 

to its maximum and subsequently it steadily declines to minus infinity. 

The fact that i 1 becomes increasingly negative for very large values of 

P 1 must not disturb us, since the second order functional term is prob­

ably compensating for that. Therefore, the efficacy of the first order 

(or any other order) model must be viewed within a certain limited range 

of values of the associated power levels, and not throughout the whole 

range from zero to infinity. 

Clearly, the position and the magnitude of the maximum 



-102-

improvement in accuracy of the first order CSRS model depend on the 

first and second order power levels independently. The actual determin­

ation of this maximum requires sizable calculations comprising the sol-

ution of the two variable algebraic system: 

3(cX.~6bX.+9)P
1

2
-2(2cX.

2
+10bX.+13)P

1
-(2bX.+6) = o 

2 
b(3P1 -5P1-l) 

X. = 
cP1 (P1 -2) (4. 3. 54) 

Evidently, the function i 1 (X., P
1

) exhibits several extrema; but 

we seek its global maximum. The exact position and magnitude of the 

global maximum in this case is not of interest in our study and, there­

fore, it is omitted. What is of great interest is the realization of the 

continuous way in which the variable parameters X. and P 1 determine 

this maximum. This implies that the acquisition of the optimum model 

in each case, strictly determines the power levels of the CSRS that 

ought to be used for the estimation of this model. This is our funda -

mental conclusion from all this discussion. Let us generalize and re­

state this fundamental conclusion: if we are given a system and the 

order of the CSRS model that is to be used in order to predict approxi­

mately the system response, then the re is a finite number of determin­

able sets of ge ,w r a lized power levels, which correspond to the CSRS 

stimuli that ought to be used to estimate the model with the highest pos­

sible accuracy. The space of signals within which these specific CSRS 

possess this optimal property is the space of all the quasi-white signals. 

The band-limited gaussian white noise (GWN) and the pseudo­

random signals (PRS) are included in this space because their corres­

ponding models are found as special cases within the CSRS models. 
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For example, in the case of GWN the corre spending model is similar 

to the CSRS model with A = 0, which simply manifests the statistical 

property of the gaussian distribution that all of its even moments are 

expressible in terms of the second order one. Thus, in the case of 

GWN the parameter space for the search of the maximum accuracy 

model reduces to one-dimensional. Consequently, the use of CSRS 

provides greater flexibility and the definite potentiality (if it is to be 

used) of achieving a model with higher accuracy in predicting the system 

response. This is certainly one of the principal virtues of the CSRS 

family in connection with their use in nonlinear system identification. 

4. 4 Discussion on Relative Advantages and Disadvantages of GWN, 

PRS and CSRS 

The quasi-white signals that have been used so far in nonlinear 

identification through the crosscorrelation technique are: the GWN, the 

PRS and the newly introduced CSRS. In the process of deciding which 

one of these signals is preferable in a specific application, one is faced 

with a complicated problem, because each one of these signals exhibits 

its own characteristic set of advantages and disadvantages. 

The appreciation of the relative advantages and disadvantages 

is a complex task and often highly subjective. Of course, there are 

some objective criteria that can be used in this relative appreciation; 

nevertheless, the special characteristics of a specific application can 

introduce a variety of influential factors in the decision making. 

For example, if a system is predominantly linear and the com-
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pd:ational burde n is a principal concern, then th e PRS are appar ently 

most a d vanta geous. Howe v e r , if ther e are significant highe r order non­

lineariti e s the n the PRS may do a fairly poor job, giving significantly 

erroneous k e rnel e stimate s (because of the anomalies in their higher 

even order autocorr e lation functions) . To mention a more singular but 

still possible situation , suppose that in order to generate the PRS we 

need a linear recurrence formula of such a high order that it is not 

given by the available tables, and we happen not to have the capacity to 

determine it by ourselves , then the generation of the PRS test signal 

becomes problematic. As another example, suppose the specific system 

under t e st has significant higher order nonlinearities and the computa­

tional burden is not a principal concern, then the CSRS are apparently 

most advantageous. 

Of course , the d e terminants of the decision making are usually 

not so simply and clearly outlined; and the whole decision making pro­

cess is a more complicated function, in which a variety of factors par­

ticipate, being appreciated by the human subject in a way that is not al­

ways free of errors or even psychological bias. 

To mention one of the most important factors, which can be 

possibly ignored (because of accidental ignorance or because of the 

present difficulty in determining the effectual pattern of this factor), we 

can refer to the different convergence patterns of the several functional 

series corresponding to each one of these signals. R e calling also the 

considerable number of test parameters ( stimulus bandwidth , record 

length etc.) that affP.ct the actual result of the identification procedure, 
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we ge t a good ide a of the complexity of the problem. 

In any case, sinc e w e are bound to make a choice , we might 

as w ell try to do the best out of what the practical conditions permit. 

To this end, we will discuss in the following the most basic considera­

tions that the inve stigator ought to have in mind in attempting to choose 

the test signal, that fits b e st (according to a limited number of basic 

criteria) his specific application. 

In review, the principal advantages and disadvantages of each 

one of these families of quasi-white signals are: 

(I) For the GWN 

The main advantages of the GWN derive from its gaussian 

nature and the fact that it has traditionally established a solid reputa­

tion among the users of the Wiener approach and the c ros scorrelation 

technique, so that more relevant literature can be found if wanted. Its 

gaussian nature secures the simplest and most elegant expressions for 

the orthogonal functional series (in this case the original Wiener series) 

and related matters (like r e lations between estimated kernels and 

Volterra kernels, the normalizing factors of the c ros scorrelation esti­

mates, etc. ) , simply because of the dee omposition property of the 

gaussian random variables (which allows all the higher even moments 

to be expressed in terms of the second one). Additionally, the GWN is 

a signal with rich information content and it expectedly provides a good 

model for a great variety of inputs. 

The main disadvantages of the GWN are: First, the actual 

generation of GWN in the laboratory is a relatively complex task with 
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respe ct to the strai ghtforwa rd wa y of ge n e rating PRS or CSRS. Se cond, 

the r e a r e som e impe r fec ti ons in the autocorr e lation functions due to 

the s i d e lob e s (cf. s e c. 3. 2. 2) and the truncation of the gaussian dis­

tribut i on . Third , the computational burden can b e come h eavy in order 

to r e duc e th e statistical fluctuation e rror down to an acceptable degree. 

Fourth , the e rror analysis is complicated by the inconvenient analytical 

form that the autocorrelation functions attain and the involved actual 

method of GWN g e neration. 

(II) For the PRS: 

The main advantag e s of the PRS are: First, they are gener­

ated in a r e lative ly simple way in the laboratory. S e cond, they require 

relatively sho rt r e cords in orde r to form the desirable autocorrelation 

• functions and cons equently , the y r e duce significantly the computational 

burde n. This r e duction b e com e s ev e n mor e dramatic when a binary or 

a ternary PRS is us e d,and we ar e exploiting the spe cial form of these 

signals using prope r pi e c e s of software and/ or hardware. 

The main disadvantag e s of the PRS are: First, they exhibit 

anomalies in the higher ( > 2) eve n orde r autocorrelation functions, 

which may induc e c onside rabl e e stimation errors if the system contains 

significant nonline ariti e s. S e cond, th e analytical e xpressions concern­

ing the corr e sponding functional series and related matters (i.e . rela­

tion of PRS k e rnels with Volte rra k e rne ls, normalizing factors of the 

crosscorre lation e stimate s etc.) ar e fairly complicated. Third, the 

error analysis is quite difficult , because of the involved and labo rious 

method with which the anomali e s can be determine d in position and 
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magnitude. 

(III) For the CSRS: 

Th e main advantages of the CSRS are: First, they are g ener­

ated in a simple way, easily implemente d in the laboratory. Second, 

their autocorrelation functions do not exhibit any deterministic kind of 

imperfections , within _the fr e que ncy limits posed by the signal bandwidth 

(which must cover th e system bandwidth). Third, the error analysis is 

greatly facilitated by the convenient form that the autocorrelation func­

tions attain and th e simple way of CSRS definition and gen e ration. 

Fourth, they provide the user with a wide variety and great flexibility 

in choosing the signal with the number of levels and probability distri­

bution that fits b e st the specific case at hand and provides the model 

with th e highes t accuracy (if pursued) . 

Th e main disadvantag e s of the CSRS are: First, they require 

fairly long records in order to r e duce the statistical fluctuation error 

down to acc e ptable limits , which result in heavy computational burden 

( as in the case of GWN). Howeve r , the computational burden can be 

conside rably r e duc e d by using binary or ternary CSRS and exploiting 

the special form of these signals employing proper pieces of hardware 

and/or software. S econd, the analytical expressions concerning the 

corresponding functional series and related matters (i.e. relation of 

CSRS kernels with Volterra k ern els, normalizing factors of the cross­

corr e lation estimates etc.) are fairly complicated. N eve rthe l e ss, they 

are a littl e simpler than in th e case of PRS, since it is easier to evalu­

ate the e ven order moments of the CSRS rather than the ones of the 
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pRS. 

Besides th e mention e d advantages and disadvantages of GWN, 

pRS and CSRS, th e re may b e other factors which become important in 

a specific situation becaus e of special experimental or computational 

(or other) considerations. Therefore, the choice of the proper test 

quasi-white signal in a spe cific case is still considerably a case-to­

case matter relying on subjective appreciation and relative weighing 

of a variety of effectual factors. 

In any case, we consider it essential for the prospective user 

of the c ros scorrelation method to know and consider seriously the 

mentioned principal advantages and disadvantages of the presently 

available quasi-white signals, as a basic necessary scientific approach 

in a task which retains still some artistic flavor. 
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CHAPTER V 

ESTIMATION ERRORS USING CSRS IN 

NONLINEAR SYSTEM IDENTIFICATION 

As it was discussed in sec. 2. 4, the actual application of the 

Wiener method encounters a variety of problems. The method, being 

theoretically general, elegant and powerful, is designed for a stimulus 

signal which is not physically realizable: the gaussian white noise. 

Therefore, we are promptly forced in practice to make use of quasi­

white signals, which approximate the ideal white noise within a range 

of tolerable error. 

The use of quasi-white signals, as well as the limited experi­

mental and computational capacity of the "finite time - finite machine" 

research, induc e s a variety of inevitable estimation errors in the non­

linear system identification through the Wiener method. It is a princi­

pal task in the study of the Wiener identification method to look into the 

error producing mechanisms and try to determine both the optimal test 

conditions of a specific application and the magnitude of the commited 

errors. 

In this section, we will study the several error producing 

mechanisms in the case of the CSRS. The main kinds of estimation 

errors , in the case of the CSRS, are: ( 1) The "deconvolution" error: 

this is due to the finite stimulus bandwidth and amounts to a loss of 

high frequencies in the kerne l estimates. ( 2) The "statistical fluctua­

tion" error: this is due to the finite record length and the random 
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natur e of the CSRS. It amounts to some random d e viations in the ker­

nel es timates . ( 3) Th e "approximate orthogonality" e rror: this refe rs 

to the approximate orthogonality of the CSRS functional s e ries, because 

of the finit e stimulus bandwidth a nd the finit e r e cord l e ngth. The finit e 

stimulus bandwidth makes the CSRS functional seri es only approximately 

orthogonal, whil e the finit e record length makes th e estimated function­

als only approximately orthogonal to one another. (4) The " erroneous 

pow er level" error: this is due to e rroneous estimation of the power 

level (and consequently of th e normalizing factors) and amounts to 

scalar distortion ( disproportionality) of the k e rnel e stimate s. ( 5) The 

"finite transition time" e rror: this is due to the finite r espons e time 

of the stimulus transduc e r and it usually am o unts to a small change of 

the power l evel. ( 6) Th e "computational" e rrors: these are due to 

the finite capacity of a digital computer and the digital proc e ssing of 

continuous data. The y usually amount to negligible deviations of the 

kernel estimates, if proper operational proc e dures are followed. 

In th e following, the m echanisms that ar e producing each of 

thes e kinds of estimation er rors will be studied, so as to suggest the opti­

mum proc e dur e which ought to be followed in every case in order to 

maximize the accuracy of the obtained system model. 

5. 1 The Deconvolution Error: ( 8 - e rror) 

In order to study the m ec hanism that is producing the d ec on­

voluti on e stimation e rror , we first have to r e vi ew the general d econvo­

lution mechanism with whi c h th e kerne ls are estimated from th e cross­

corr elation functions. 
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As an e xampl e , con sider the estimation of the first order 

kerne l from the first orde r crosscorrelation: (to simplify derivations, 

as sum e h ere an infinite r ec ord l e ngth). 

00 

= J h 
1 

(T) E [ x ( t-T) x ( t- o ) J dT 
0 

m 
= PJhl(T)o (o-T)dT = p. hl(o) (5.1.1) 

0 

wher e h
1

(T) is the first order Wiener kernel and x(t) is ideal white 

noise. Now, if x(t) is a CSRS, the second order autocorrelation func-

t i on is not a o -function but an approximating 
00 

~ 
1
(o) = Jh

1
(T)¢

2
(o-T)dT 

0 0 + ,:H 

J h
1
(T)[l- \o-T\]dT 

0 + 6 t at 

triangle ( Fig. 5. 2. la) : 

(5. 1. 2) 

Thus , the crosscorrelation expression takes the form of a convolution 

integral , wh e re one of the convolving functions has its significant 

values highly concentrated in a narrow area; therefur~, approaching the 

fo rm of an impulse function and subsequently poss essing the ability to 

d econvolve approxima-1:ely this convolution integral: 

(5. 1. 3) 

The deconvolution error that we intend to study here is 

exactly the d e viation of this approximation. To evaluate this error, we 

evaluate the exact convolution integ ral from eqn. 5. 1. 2. Assuming 

h1h) is analytic in the neighborhood of o , we expand it in a Taylor 

s eries: 
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00 

n=o 
Zn! (2n+l) (n+l) 

Therefore, 

/\ l CD 6t2n ( 2 ) 
h

1
(o) = ~ 

1
(o) = ~ -------'---- h n(o) 

(mz· 6 t) L.., Zn !(2n+l) (n+l) 1 
n=o 

(5.1.5) 

Notice that since ¢ 
2 

1s an even function, all the odd order terms vanish, 

so long as the kernel h
1 

is analytic within the interval [o-ti.t, o+ti.t]. 

In a lot of cases the kernel h
1 

( T) is not analytic at T=O. In 

these cases, ¢
2 

is not symmetric in the area of analyticity of h
1
(T), 

and consequently, the odd order terms of the Taylor series expansion 

do not vanish with the integration. More specifically, this is the case 

where o ~ a~ 6t, and the convolution integral gives then the estimate: 

/\ ro n 
h

1
(a) =~ a (A)~ h (n)(o) ; o~ o~ti.t 

L.J n n! 1 
(5. 1. 6) 

n=O 

where , 
~n+l n+2 

1 ( l)n---,-1\._,,-,--+(-l)n+l A • o~A= ,,...°t<l 
= (n+l)(n+Z) + - (n+l) (n+2) ' u 

(5.1.7) 

Therefore, special correctional procedure must be employed for the 

points of the initial region (o~ a.< ~t) of the kernel estimates. 
1 

The expressions become more involved in higher order ker-

nel cases; nevertheless, some basic remarks can be easily extended, 
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like: ( I) b ec aus e of the symm e try of the autocorrelation functions, 

only th e even order partial derivatives are included in the expressions 

(for the points outside th e initial region), ( 2) for sufficiently small~ t, 

the higher order terms d e cline very rapidly, and the second order 

terms becom e the principal error part, as: 

is: 

I\ 

h (o
1

, ... ,o) = h (o
1

, ... ,o) 
n n n n 

for Ok ~ ~ t ; k= 1 , 2, ... , n. 

n 2 
~t2 Lo hn(ol, ••• , on)" 

+--. 
12 o 0. o o . 

i, j, = 1 1 J 

(5. I. 8) 

The complete expression for then-th order kernel estimate 

CD 
I\ 
h (o

1
, ... ,o) 

n n 2m! 

m=O 

(5 : 1. 9) 

Ther e fore the deconvoluti o n error for the n-th order kernel estimate is: 

L

CD ~?m Ln ;,2mhn(o1,···,on) 
8(0, . . . ,0)= ------- ~ 

n 1 n 2m!(2m+l)(m+l) o o. . . . o. 
m=l JI J2rn 

j1•···,j2m= 1 

J• :s: J. :s: :s: J. 
1 2 • • • 2m 

k= 1, 2, ... , n) (5. 1. 10) 
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and, in first appr o ximati on , fo r L\t fa irly small: 

2 n 2 
8 ( a , . . . , a ) ~ ~ ~ 0 

h 0 ( 
0 1 , • • • , 0 n) 

n 1 n 12 L..ioo. 00· 
1 J 

i , j = 1 

i !S j 

(ok >-: .6t; k=l,2, . . . ,n) (5.1.11) 

For late r use, l e t us e stablish the notation: 

(5. 1. 12) 

wher e, m n 2m 
=~ At2m-2 ~cl hn(o1, ••• ,on) 

_ l 2m !(m+ 1)( 2m+ 1 )L.to CT . ... 0 CT . 
m- J1 J2m 

jl' ... j2m=l 

j 1 !S • • • !S j 2m 

(5. 1. 13) 

Clearly , Dh d e p e nds v e ry little on At , when At is much smaller than 
n 

one. So, whenev e r At is v e ry small, w e acc e pt approximately that: 

= _l_~n o2hn( o l ' ••• ' on) 
Dh ( CT l ' CT 2' ••• ' CT n) 

n 12 oo . oo. 

jl,j2=l 

j l !S j2 

JI J2 

(5. 1. 14) 

i.e. Dh 1s inde p e nde nt of At,for At in the range of values of practical 
n 

intere st. 

Notic e, howev e r , that the initial r e gion may disturb the 

square r e lation b e tween At and 8n. This is because in the initial r e gi on 

8n d e p e nds on At according to polynomial relation including all power s 

of At (cf. eqn. 5. 1. 6 ). F o r e xample, in the first orde r kernel case the 
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deconvolution error for the initial region (o ~ o<At) is: 

a (>, .. ) 
81(0) = [a

0
(>,)-iJh

1
(o)+a

1
(A)h(l)(o)· At +-2- h( 2)(o)At2 

2 

where A = o /At. 

Thus, 

(5. 1. 15) 

. 2 3 4 Dh (o) = f3 0 (o)+f3 1(o) At+f3 2( o) • At +f3
3
(o )At +f34 (o)~t + ... (5. 1. 16) 

1 

where, f3 0(o), f3 1(o), 13 3(0), f3 5(o), ... (and the rest of the odd order terms) 

are nonzero only when o ~ o < At. 

Therefore, the dependence of 8
1 

( o) on At becomes analyti­

cally complicated if the initial region is to be counted in. For this 

reason, it is suggested that, in practice, we compute the deconvolu­

tion error over the space of the kernel outside the initial region (i.e. 

o ~o. ~ At) , in order to keep the analytical relation between 0 and At 
1 n 

in the simple form described by eqn. 5. 1. 12. This point is essential 

in the design of the optimum test as discussed in sec. 6. 5. 

5. 2 The Statistical Fluctuation Error: ( E-errdr) 

In the previous section, the autocorrelation functions were 

computed as statistical averages. However, in practice , we hav e to 

compute the averages by integrating in time over finite time intervals. 

Thus, in practice, we can only attain an estimate of the autocorrela­

tion functions, as: 

(5 . 2.1) 
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Usually, the record length T is much longer than the memory of the 

system (and, subsequently, much bigger than Tm) and therefore we can 

write: 

(5. 2. 2) 

0 I\ 
This autocorrelation estimate ¢ is a random variable itself 

n 

(cf. sec. 4. 2) and, consequently, its convolution with a kernel will 

give a kernel estimate with random characteristics. Therefore, the 

kernel estimates, that we obtain in practice by averaging over finite 

records, are deviating randomly from the exact kernels. This random 

deviation of the kernel estimates constitutes the statistical fluctuation 

error. 

5. 2. 1 The Dependence of the Statistical Fluctuation Error on T and 
At. 

In the following, we will try to evaluate this error in the case 

of a CSRS stimulus. At first, let us study the first order kernel case: 

where, 

/\ 1 Q) A 
hl(o) = ----J hl(T)¢2(0-T)dT 

(m 2 At) o 
(5.2.3) 

/\ 1 T 
¢ 2( 0 -T) = ------Jx(t-T)x(t-o)dt 

T-max [ T, o J [ 
0 

J max , T 

1 T 
~ -r J x(t-T)x(t- o)dt since T> > a, T, (5. 2. 4) 

0 
I\ 

Every value of ¢ 
2

( 0-T) is a random variable with: 

I\ 
E[ ¢

2
(o-T)] = ~(0-T) (5. 2. 5) 

/\ l T T 
Var [ ¢

2 
( o - T) 1 = - J J E [ x( t- T) x( t- a) x( t'- T) x( t' - o ) J dt d t' 

T 2 o o 
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2 
- ¢2 (T- CT) 

At 2 
Tmz ( for T f:. CT) 

= 
At 2 
- (m -m ) 
T 4 2 

( for T = CT) ( 5. 2. 6) 

These expressions for the variance refer only to the nodal points ( G- T). 

and they are accurate unde r the condition that the memory of the studied 

system is much smaller than the record length T, and much bigger 

than the step length At. (At< < µ <<T) From the expression (5. 2. 6), 

we clearly see that the variance of the second order autocorrelation 

estimate is inversely proportional to the number of steps of the stimu­

lus signal. The same holds true for the higher order autocorrelation 

estimates. 

Consider now the "deviation function": 

which is the source of the statistical fluctuation error. Clearly, 

(5.2.8) 

We call these two integrals, the principal and the side part integral 

respectively. The principal part integral is deterministic, while the 

side part integral is random in nature. In order to evaluate the statis­

tical fluctuation error E 
1

, we simply have to evaluate the side part 

integral Is 
1

, which is the convolution of the deviation function r 
2 

with 

the kernel h 1 : ( see Fig. 5. 2. 1) 
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a 

T 

b 

I 

CT=.£•~ t 

Fig. 5. 2. 1: Convolution of 1st order kernel with: 
(a) 2nd order CSRS autocorrelation function, 

• (b) 2nd order CSRS autocorrelation estimate , 
(c) 2nd order CSRS deviation function. 
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(5.2.9) 

But first, we hav e to study the statistical structure of the devi­

ation function r 2 . To this purpose, notice that ¢ 2( a -T) is computed in 

practice as: 
I\ N 
¢ 2 ( (i-j)DT) = DTT I:x( (k-i)DT) x((k-j)DT) 

k=l 

( t=kDT, T=N· DT) (5. 2. 10) 

where, DT is the sampling inte rval, not necessarily equal to the step 

length ~t (usually ~tis an inte gral multiple of DT). Of course, 

x((k-i)DT) and x((k-j)DT} ar e uncorrelated for any k, as long as 

\(i-j)DT I ~ ~t. Also, for a giv e n pair (i, j), a great number of the pro­

ducts [ x ( ( k-i) DT) • x ( ( k- j) DT) J ar e statistically independent. Con­

sequently , the C e ntral Limit The or e m can be practically employed and 
I\ 

the distribution of each value of ¢
2 

is found to be approximately gaus-

sian. (cf. sec. 4. 2) In the c as e whe re i=j (diagonal points), the same 
I\ 

reasoning holds; and thus, all the values ¢ 2(kDT) , ar e found to be gaus-

sian random variables. 
I\ 

The s e v e ral ¢ 2(kDT) s eem to be statistically dependent, since 

they ar e constructe d with the s am e population of values x(iDT). How­

ever, they are uncorrelated, s inc e : 

E[ ¢ 2(kDT)¢ 2( tDT)] = ~ ~ E[ x( iDT)x((i+k) DT) x(jDT) 
1 

J x ( (j +t ) DT ) ] 

= 0 for k I ± t (5.2.11) 
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In conclusion, if we call dk the value s of the deviation func­

tion r 2 at the nodal points, then the several dk ( of one side of the sym­

metric deviation function) are found to be uncorrelated gaussian ran­

dom variables with zero mean and variance m 2 
2 

/N for kf o and 

2 
(m

4
-m

2 
)/N for k=o. (for N=T/ .6.t and T>> µ) 

In the following analysis, we will consider that the variance 

of d
0 

1s the same with the variance of all other dk. This approxima­

tion is not expect e d to cause significant errors while it facilitates 

greatly the d e rivations. 

Let us consider again the principal and the side part integrals 

(Fig. 5. 2. I) The principal part integral was evaluated in the previous 

section 5. 1. We will now evaluate the side part integral, which is, as 

exposed above ( eqn. 5. 2. 9), the source of the statistical fluctuation 

error. 

The deviation function r 2( 0-T) is a piecewise linear function, 

therefore, we first e valuate a portion ok of Is 1(o) integrating between 

two successive nodal points: 

Let, 

Then, 

(k+l).6.t I; I; 
o k = J h l ( I;) [ dk ( k + 1 - .6. t ) - dk + l ( k - .6. t ) ] d S 

k.6.t 

k.6.t 
H

1
(k) = Jh

1
( a )do 

-co 

k.6.t o 
G

1
(k) = J go)Jh

1
(}...)d>-. 

-co -co 

(5. 2. 12) 

(5. 2. 13) 

(5. 2. 14) 

(5.2.15) 
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where, 

(5. 2. 16) 

and since r 2(kAt) is symmetric about cr=t • At: 

M t-1 
1s1(cr) =:E 0k =:E (ok + 02t-k-l) 

k=o k=t-M (5. 2. 18) 

where M is the number of steps covering the memory of the kernel, i.e. 

M=µ/ At, and ok = o if k< o or k> M. Substituting the values of ok from 

eqn. 5. 2. 15 into eqn. 5. 2. 18, we have: 

where, 

and, 

M 
1s1(cr) =L "Yk. dt-k 

k=o 

co 

for k=l, ... , M 

for k=o 

~ 2 2m-l (2m) 
= ~ -2-, At hl (k. At) 
m= 1 m. 

(5. 2. 19) 

(5. 2. 20) 

(5.2.21) 

Clearly, for sufficiently small At, ~f is an estimate of the second 

derivative of G 1 (k), which is the kernel hi(k• A.ti Therefore, the depen­

dence of Ck on At is primarily dominated by a linear relation. The 

direct implication of this fact is that, if we define: 

(5. 2. 22) 
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then, M 

=At· L (5.2.23) 

k=o 

where, Sk depends mainly on h 1 and very slightly on At (for values of 

At reasonably small). 

Notice also that I ( a) is a gaussian random variable (as 
sl 

weighted sum of uncorrelated gaussian random variables) with: 

E[ I (a)]= o 
sl 

Var [ I ( a) J ~ q 
1

2 
( t , At) = 

s l . 

2 
At • 

(5. 2. 24) 

M 

2 "'""' 2 a d l • LJ Sk (5. 2. 25) 

k=o 

where, 
2 
ad 1s the variance of each n o dal point of the deviation function 

1 

2 
a d 

l 
=------

T 

Thus, we can write: 

where, 

2 (m2 • At) 2 
q 1 (t, At) = ----­

T 

M 

ch
1 

2
( t, At) = At •L sk 

2 

k=o 

(5. 2. 26) 

(5. 2. 27) 

(5. 2. 28) 

Notice that Ch
1 

2 
depends very slightly on ~t, for At fairly small, which 

is usually the case tn practice. 

Going back to eqn. 5. 2. 9, we see that the statistical fluctua­

tion error in the first order kernel case is a gaussian random variable 

with: 

(5. 2. 29) 
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Var [ f (O) ] = _L Ch 
2 

(-t, At) 
l T l 

a= -t • At (5. 2. 30) 

2 where C (-t, At) depends very slightly on At, for At<<µ, which is 
h1 

the case of practical interest. 

A much simpler but less rigorous way to arrive at the same 

result is by studying the statistical behavior of the deviation function. 

The side part integral is the convolution of the kernel (of some order) 

with the corresponding deviation function. The statistical character 

of the side part integral is attributed to the statistical character of the 

deviation function, since the kernel is a deterministic function. In that 

sense, the side part integral is a gaussian random variable produced 

by a weighted summation of uncorrelated gaus sian random variables 

(namely, the values of the deviation function at the nodal points). The 

weights in this summation depend on the kernel and on At. We are 

trying to determine the pattern of dependence of the side part integral 

on At. To this purpose, it is necessary to study the pattern of depen­

dence of the deviation function on At. After this is <lone, it is reason­

able to assert that the pattern of dependence of the side part integral 

on At is similar to the one of the deviation function on At. 

The side part integral, in the first order case, is a gaussian 

random variable with: 

and, 

Var [ Is i' a ) J= E { sJ h l (T) h l (T ') r 2 ( a -· T) r 2 ( a - T ') d T d T'} 

2 co 2 
£"a 1Atod 1 Jh 1 (T)dT 

0 

(5.2.31) 

(5. 2. 32) 
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E[r2(0-T)r2(0-T')]=co-l • -6.t od 
2 

• o(T-T') 
1 

(for -6.t << µ < < T) (5. 2. 33) 

where, o-
1 

is a constant of proportionality, which depends on the area 

under the parabolic principal lobe of E[ r 2(o-T)r 2(o-T')l 

Therefor e , the variance of the statistical fluctuation error 1s 

found again to b e approximately inde pendent from -6.t. 
CD 

2 al J 2 q 1 (o,~t)'.::::'.T h 1 (T) dT 
0 

(5.2.34) 

comparing expressi c,ns 5. 2. 30 and 5. 2. 34 , we see that: 

(5. 2. 35) 

2 
which implies that the depe nde nce of Ch on both a and -6.t 1s very weak, 

1 
for-6.t << µ<< T. 

In thes e two ways, we have illustrate d the dependence of the 

statistical fluctuation error on the important test parameters (record 

length and step l e ngth) , for the first order kerne l case . Unfortunately, 

these two ways of reasoning are not e asily extendible to th e higher 

order kernel cases. For this reason, a new approach has to be followed, 

which is e asily ext e ndibl e to the higher order k e rnel cases. 

This new approach is based upon the following basic remark: 

The side part integral is the convolution of the kernel with the corr e s­

ponding d eviation function. The convolution inte gral is a linear op e ra­

tion. Consequently, the gaussian random characteristics of the devia­

tion function ar e going to b e preserv e d, by this opera ti on. Thus, if 
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characteristics d e p e nd in som e way on a parameter, then the random 

characteristics of the convoluti on inte gral are going to depe nd on that 

param e ter in the same way. This is more evident in the case where 

the random function doe s not hav e any directionality, i.e. when the 

statistical properti e s of the convolution of this random function with 

any unitary (i.e. the integral of the square of the function is one) deter­

ministic function are th e same. 

According to eqns. 5. 2. 31 and 5. 2. 34 , the side part inte­

gral Is1 clearly b e l ongs to this category, since its gaussian statistical 

properties are complete ly described by the first two moments, and 

these moments are shown indepe ndent from At. 

Notice that this convolution integral is analogous to the inner 

product of a random and a deterministic unitary vector, in a linear 

vector space of infinite dimensionality. In this sense, the "random 

vector" r
2 

has spherical directionality, i.e. it does not exhibit any 

preferable directionality but it attains all directions with the same 

likelihood. The direct implication of this, is that the inner product of 

the "random vector" r
2 

with the diagonal vector (step function) can be 

used as a reliabl e indicator of the statistical behavior of the inner pro­

duct of r
2 

with any other deterministic unitary vector of the space. 

In conclusion, the parametric study of the statistical behavior 

of the side part inte gral can be interchanged, for the purposes of the 

Present analysis, with the study of the statistical behavior of the inte­

gral of the deviation function (inner product with the step function). 

Thus, for the first order case this quantity (hereafter called 
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µl 

R 2 = J r 2(}-.. )d>-. 
0 
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(5. 2. 36) 

where µ 1 is the first order memory of the system and r 2(>,.) is taken 

to be symmetric about zero. Since r 2 is piecewise linear, the evalu-

ation of the integral R 2 
(k+l)6t 

Uk = J r 2(>-.)d\. 

requires the evaluation of each linear portion: 

k=o. l,2, ... ,M 1-l; M
1
=µ1/6t. 

k6t (5. 2. 37) 

(5. 2. 38) 

Evaluating the integral in eqn. 5. 2. 3 7: 

(5. 2. 39) 

and the integrate d deviation becomes: 
M1- l M 1 

R2 =L Uk - L 6t • dk (5. 2. 40) 

k=o k=l 

Therefore, R
2 

is a gaussian random variable with: 

(5. 2. 41) 

Var[R
2

] = 6£2 od 
2 

M1 
1 

= (m2. 6t)
2 µl 

(5. 2. 42) 
T 

Note that the integrated deviation must be normalized by the normali­

zing factor of the respective order of kernel. Thus, finally: 

2 1 
q

1 
(o, 6t,T)~ T (5. 2. 43) 

So, we conclude again that the variance of the statistical fluctuation 
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error of first orde r is inde pende nt from .6.t. 

As we said befor e , this approach is easily e xtendible to the 

higher order kernel cas e s. For example, consider the second order 

case, The second order c ros scorrelation estimate at a nondiagonal 

point (o 1 , o2 ) is: 

where, 

/\ 1 T 
~

2
(o 

1
,o 2) =TJy(t)x(t-o

1
)x(t-o 2)dt 

0 

00 /\ 

= J J h2h1, T2)¢4(01-Tl' o 2-T2)dTldT2 (5.2.44) 
0 

T /\ l 
¢4(01-T1, o 2-T2) = T J x( t- T 

1
) x( t- T 

2
) x( t- o 1) x( t- o

2
) dt ( 5. 2. 4 5) 

0 

I\ 
The function ¢4 was discussed in sec. 4. 3, and it is a sectionally linear 

(with respect to Tl and T2) thre e dimensional surface, for a given point 

(o 
1

, o
2

). Introducing th e deviation function r
4

: 

I\ 
r4(01-Tl ,0 2-T2) = ¢4(01-Tl,02-T2) - ¢4(0}-T},02-T2) (5.2,45) 

we have: 
I\ co 

~ 2( 0 1· 0 2> = fJh2h1,Tz)¢4(o 1-T1, 0 2-T2)dT1dT2 
0 

00 

(5. 2. 47) 

Again, the side part int e gral Is 2( o 
1

, o 2) is the random part 
I\ 

of the crosscorrelation e stimate ~
2

(o 
1

, o
2

). In orde r to study the stat-

istical behavior of Is
2

, w e will simply study the statistical behavior of 

the integrated deviation: 
µ2 

R.1. = JJ r4(>-. 1, >-.7.)d>--1d>--7 (5. 2. 48) 
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wher e µ 
2 

is the s e cond orde r memory of the system and r 4 is sym­

metric about the diagonal. 

The deviation function r 
4 

consists of triangular plane segments, 

as indicated in Fig. 5. 2. 2. Let us denote the deviation values at the 

nodal points as: 

d. . = r
4

( iAt, J • .6.t) 
l, J 

(5. 2. 49) 

To evaluate the integral ( 5. 2. 48), we have to evaluate the integral over 

R 
each triangular plane segment. Let us denote by Di, j the triangular 

plane segment with its right angle at ( X. 1 = iAt , x. 2 = jAt) and on the 

left of its hypotenuse (analogously we define n¼, j). 

In this way, the deviation function for D. ~ is: ( Fig. 5. 2. 2) 
l, J 

X.2 - X. l X. X. 1 
r 4 (x. 1 , x.

2
) = [i-j+l +--- J d .. +[j-__f.__ ]d .. 1+[- -i Jd+l . 

.6.t lJ At l, J- At l ,J 

(5. 2. 50) 

(5. 2. 51) 

d .. (5. 2. 52) 
l, J 

In conclusion, R
4 

is a gaussian random variable with: 

(5. 2. 53) 
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/ / 
/ / 

/ 
/ 

i·6t (i+1)·6t 

Fig. 5. 2. 2: Triangular plane segment of fourth order 

deviation function 
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Var [ R J - .6t
4 

• a 2 
4 - dz 

:(mz • .6t)4 
(5. 2. 54) 

(5. 2. 55) 

Therefore, in the second order case, the variance of the statistical 

fluctuation error is inversely proportional to .6.t . 

It must be noted that for these derivations, a basic simplifying 

assumption is always made: that the variance of the deviation function 

at all the nodal points is the same; while, we saw in sec . 4. 3 that it 

depends on the order of the nodal point. This assumption is not expec­

ted to cause any significant distortion to the derived expressions and 

conclusions. 

Following the same basic steps, this approach can be extended 

to the n-th order case. There, the integrated deviation is: 
µn µn 

Rzn = J. · · J r2n(X.l, • • • 'X.n)dX.l. • • dX.n 
0 0 

Mn Mn n 
= L .. · L .6.t 

k =l k =l I n 

M =41/ .6.t 
n 

(5. 2. 56) 

where µn is then-th order memory of the system and r 2n(X. 1 , x.
2

, ... , 

X.n) a symmetric function with respect to the arguments (X.
1

, x. 2 , ... X.n). 

From eqn. 5. 2. 56 follows that R
2
n is a gaussian random variable with: 

E[ RZn] = o 

Var [ Rzn J = .6.t2n. a_ 2 Mn 
n 

(5. 2. 57) 
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Consequently, 

2 1 
qn (al' ••• , an' At, T) ~ T Atn-1 

(5. 2. 58) 

(5. 2. 59) 

(5. 2. 60) 

that is, the variance of the statistical fluctuation error, in then-th 

order case, is inversely proportional to the record length T and to the 

(n-1) -th power of the step length At. 

Of course, this is an approximate result, which illustrates 

the principal pattern of dependence of the statistical fluctuation error 

on T and At, in the cases where At<<µ <<T (which are the cases of 

interest in practice). Evidently, the exact pattern of dependence of 

q 
2 

on At is related to the specific kernel ( system) involved; however, n 

this is of secondary importance for all practical purposes, as it was 

previously illustrated in the first order kernel case. 

In general, it can be stated that the variance of the statistical 

fluctuation error in the n-th order kernel case and in all situations of 

practical interest (At <<µ<<T) is: 
2 

2 Chn (al' •.• , an' At) 
qn ( a 1, ... , an, At, T) = 1 T · Atn-

(5.2.61) 

where , the function Ch~ ( a 1, ... , on, At) depends very slightly on At. 

A special note must be made with respect to the zero order 
I\ 

kernel estimate g ; since the eqn. 5. 2. 61 does not hold in that case. 
0 

I\ 
The estimation error of g includes both deconvolution and statistical 

0 

fluctuation errors. The dependence of these errors upon the test 
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parameters At and T can b e studied with the help of the original Volterra 

series. 

Recalling that the estimation of the CSRS zero order kernel com­

prises simply the time averaging of the system response to the CSRS 
A 

stimulus, we reason that the mean square error of g is given by an 
0 

expression of the form: 

co 

=I: a o,n 
n=2 

co 
At2n + _Tl "" /3 

,LJ o,m 
m=l 

(5. 2. 62) 

where, the coefficients a depend on the even order partial deriva-
o, n 

tives of the even order Volterra kernels at the origin of the respective 

argument space, and the coefficients /3 depend on the Volterra ker-
o, m 

nels of all orders higher than zero. 

2 The pattern of dependence of q on At, as described by eqn. 
0 

5. 2. 62, is very complicated to allow any general conclusion which would 

be of practical usefulness. However, it is evident that, if At is very 

2 
small, then the primary dependence of q on At is linear. It must 

0 

be also noted here, that the accuracy of the zero order kernel estimate 

is usually of secondary importance in the applications. 

5.2.2 Conclusions and Discussion on the Statistical Fluctuation 
Error ( E - error) 

The E-error is due to the random fluctuations of the estimates 

of the autocorrelation functions, and consequently it is of statistical 

nature. The practical limitation that causes this error is the finite 

record length. The E-error is monotonically decreasing as the record 

length increases. However, the record length is not the only param-
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eter affecting the E - error. It was shown in the previous subsection, 

that the stimulus bandwidth is an even more crucial factor affecting 

this error in the higher orde r kernel estimates. The degree of this 

dependence increases rapidly with the order of the kernel estimate 

under study. 

The E - e rror at each point of the n-th order kernel estimate 

has b een found to be a gaussian random variable with zero mean and 

variance given by eqn. 5. 2. 61. The function c:n ( cr 1 , ... , cr n' At), 

that appears in eqn. 5. 2. 61, depends heavily on h and very slightly 
n 

on At (for all cases of practical interest, where At<<µ <<T). 

We can obtain an expression of the mean square E-error of 

the n-th order kernel estimate by int~grating q 
2

( cr 
1

, ... , cr ) over the 
n n 

whole memory space of the kernel: 
µn µn 

E: = J ... J q:(cr 1 , ... , crn' At)dcr 1 . .. dcrn 
0 0 

Bn( ~t) 
=------

where, 
Pn µn 

Bn(At) = J .. . J ch;(cr1, ... ,cr
0

,At)dcr
1 
... dcrn 

0 0 

(5. 2. 63) 

(5. 2. 64) 

Clearly, B (.6t) depends v e ry slightly on .D..t, in a way to be considered 
n 

constant for all practical purposes, as long as At remains in the range 

of values of interest. (At<<µ ) Of course, B is characteristic of 
n n 

the kernel h , and it also depends on the specified memory extent µ . n n 

5.3 The Approximate Orthogonality Errors 

There are two kinds of approximate orthogonality errors. The 



-134-

one refe rs to the approximate orthogonality of the c ,:, _functionals as 

they are constructe d (sec. 4. 3) and it is due to the finite stimulus band­

width. The othe r refers to the approximate orthogonality of the esti­

mated c ,:,_functionals, b e caus e of the finite records that are used in the 

estimation proc e dure ( c ros scorrelation technique). 

5. 3. 1 Approx imate Ortb_og onality Error Due to the Finite Stimulus 
Bandwidth: ( S - e rr o r) 

From the way that the c ,:, _functionals are constructed, it is 

evident that their orthogonality is complete only when the stimulus 

bandwidth is infinite (ideal white noise). In practice, of course, the 

bandwidth of a quasi-white signal is finite and the orthogonality of the 

G*-functionals (of order higher than one) holds only approximately. 

The degree of this approximation becomes higher as the stimulus band­

width becomes broader with respe ct to the sytem bandwidth. 

To illustrate the error· of this sort, let us consider the case 

of the second order G':C-functional: 
0) 

0) 

c;' (t) = ss g2(Tl' Tz)x(t-T1)x(t-Tz)dT1dT2 - (mz~t) Jgzh , T)dT 
0 0 

(5 . 3. 1) 

However, the e xact orthogonal form for the CSRS is: 
00 00 ,----, 

G ;' ( t) = J J g 2 (T 1 , T 2 ) x( t- T 1) x( t- T 2) d T 1 d T 2 - J Jg 2 (T 1 , T 2 ) ¢ 2 (T 2 - T 1) d T 1 d T z 
0 0 

(5. 3. 2) 

where, ¢ 
2 

is the second order autocorrelation function of the CSRS. 
r-, 

::❖: ,;c 
Thus, c 2 and G

2 
differ at the second integral term. 

,:, 
The second integral t e rm of G 2 can be written as: 
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(5.3.3) 

if we expand g2(T, T+~) in a Taylor series in the region of its analyticity. 

Since the interval of integration of~ is symmetric, the odd power terms 

of~ will vanish with the integration, and therefore: 

(5.3.4) 
0 =T 

Clearly, the approximate orthogonality error of first kind in 

the second order case is: 
CX) 

)'( r--;;;, 
S 2 = G; - G; = (m 2 

~ ~t2n 
~t) "L.J 2n!(2n+l \(n+l) J 

n= 1 ° 
<T= T 

(5.3.5) 

which obviously becomes negligible when ~t becomes very small (very 

broad stimulus bandwidth). Similar expressions can be derived for the 
,., 

higher order G' -functionals. 

5.3.2 Approximate Orthogonality Error Due to the Finite Record 
Length: ( r -error) 

,., 
The estimation of the G' -functionals through the crosscorrela-

tion technique is based upon the orthogonality of these functionals, 

expressed as: 

E[G; G~'J= o (m /; n) (5.3.6) 
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f{owever, the statistical av e rage is substituted, in practice, by a 

tirne av e rage ov e r a finit e tim e period. This has as a r e sult the incom­

plete formation of this av e rage, and subsequently some estimation error 

occurs in terms of remnants from the incomplete implementation of the 

orthogonality. 

For example, the estimation of the n-th order kernel involves 

the crosscorrelation: 
I\ T 

t (o
1

, . . . ,o) 
n n 

__ l Jy(t)x(t- 0
1

) ... x(t-o )dt 
T n 

0 

m 1 T ,_ 
=~T {c; [gm; x(t'),t'~tJx(t-0 1) . . . x(t-oJdt 

m=o (5.3.7) 

And the remnants of the incomplete orthogonality are of the form: 

1 T ,·-
o ) = - JG ,, [ g ; x( t') , t' !:: t J · x( t- CT 

1
) ... 

n Tom m 
r ( o

1 
... , 

n,m 

x( t- a ) d t ( m I n} ( 5. 3 . 8) 
n 

These remnants attain small nonzero values, which appear as estima­

tion errors in our n-th orde r kernel estimate. NoticP. that, because of 

the use of the residual respo nse in the crosscorrelation technique (cf. 

eqn. 4. 3. 5), the remnants r with m <n are very much smaller 
n,m 

than the ones with m > n. 

For illustrative purposes, l e t us study the r-error contribu-
,., 

tion of the leading integral t e rm of G ' : 
m 

T oo oo 
r' (o

1
, ... ,o) 

1 
JdtJ .. Jg (T

1
, ... ,T )x(t-T 1} .. x(t-T) 

n, m n T 
O O O 

m m rn 

Cl) CX) 

== J. .. Jg (T 1 , • .. , T ) q (T 1 , ... , T , o
1

, . . . o ) dT 
1 
... dT 

0 0 
m m n, m m n m (5. 3. 9) 
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where, 

qn, m(T 1 , . .. , Tm' o 1 , ... , on) = ~ Jx(t-T 1) ... x(t-T m)x(t-O 1) ... 

x(t- o )dt 
n 

(5.3.10) 

Clearly, q is an ( m+n)-th order autocorrelation estimate, and as 
n,m 

such, it has zero expected value and variance which depends on the 

order of the point (T
1

, ... , Tm' CY 
1

, ... , CY n). In any case, this variance 

is inversely proportional to the record length and it becomes practically 

negligible for sufficiently long records. 

It is very difficult to derive general and explicit expressions 

for the r-error commited in the estimation of then-th order kernel, 

which would hold for any CSRS; because of the complexity of descrip­

tion of the higher o rder autocorrelation functions in the general case 

of an arbitrary CSRS. However, a basic qualitative remark can be 

made: the mean square r-error depends upon the even order moments 

of the CSRS test signal and the integrals of the squares of the system 

kernels. 

5. 4 The Erroneous Power Levels Error 

As it was discussed in sec. 4. 3, the normalizing factors of the 

crosscorrelation estimates depend upon the even moments and the step 

length of the respective CSRS or, in other words, upon the generalized 

power levels of the CSRS (cf. eqn. 4. 3. 23). Consequently, the evalu­

ation of these normalizing factors requires the knowledge of the appro­

priate even moments and of the step length. 

This knowledge is either a priori possessed or it must be 
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obta in e d thro ugh e stimati on. In the case where it is "a priori" and 

accurately p o ss e ss e d (for example , in computer simulations where all 

the parameters ar e accurately known) , there is no additional estima­

tion error caus e d by the normalization proc e dure. However, in a lot 

of actual applications in the laboratory, some test parameters are not 

accurately known and they must be measured or estimated. 

In that cas e, m easurement or estimation errors in these param­

eters may induce a disproportionality estimation error in the kernel 

estimates due to the erroneous normalizing factors. An additional 

>',< 

error may result from the fact that the G -functionals of order higher 

than the first depend explicity upon the generalized power levels , which 

are possibly erroneously e stimated. 

To illustrate these two kinds of error, consider the case 

where we are trying to estimate the first order power level: 

P = m • At 1 2 
(5 . 4. 1) 

in the laboratory . The step length At can usually be measured with 

high accuracy , because it is e qual to the distance between two succes­

sive points of derivative discontinuity in the second order autocorrela­

tion function estimate . The measurement of the second moment m
2 

usually involves more inaccuracies , since an estimate of it , obtained 

as the mean squar e of the signal samples, exhibits a variance of signif-

icant magnitude . More specifically: 

N 

I: xiz 

i= 1 

A. 
E [m 2 J = m 

2 

T 
; N = I At (5. 4. 2) 

(5. 4. 3) 
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(5. 4. 4) 

(\ 

and m
2 

follows approximately a gaussian distributi on . Clearly, the 

accuracy o f this estimate incr e as e s as the number of steps in the signal 

incr eas e s. 

Anoth e r popular way of e stimation of the first order power 

level is by computing the inte gral of the second order autocorrelation 

function e stimate fr om T=-µ 
1 

to T=+µ 1 , where µ 
1 

is the first order 

memory e xtent of the syst e m. In this case the power level estimate is 

approximate ly a gaussian random variable with: (cf. eqns. 5. 2. 36, 

5.2.41, 5.2.42) 

I\ 
E[P

1
]=m

2
·.6t 

/\ 2 4 ~J 1 
Var [Pl]= (m 2 • b.t) -T-

(5 . 4. 5) 

(5.4.6) 

Notic e that the accuracy of the estimate improves as the record length 

increases . 

In th e first method of estimation the expected percentage 

error i s: 

E 
1 

(5.4.7) 

wher e , w e assum e that ~tis measured with complete accuracy. 

error ts: 

In the s ec ond m e tho d of e stimation the expected percentage 

E = --~ 
2 ~T (5.4 . 8) 

The disproporti onality p e rc e ntage error lT in then-th order 
n 

kernel e st imat e (fo r the n ondiagonal p o ints) , caus e d by a p e rcentage 
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irror E in the estimation of the first order power level is: 

1T n 

and, if nE << 1 (which is usually the case in practice), then: 

rr = nE n-

(5 . 4.9) 

(5.4.10) 

The effect of the erroneous estimation of the power levels upon 

the leading integral terms of the G,:,_functionals is apparently (percent­

age-wise) exactly the same with the disproportionality error. However, 

the effect upon the following integral terms is smaller, because of the 

presence of the power levels in the coefficients of these terms. 

5. 5 The Finite Transition Time Error 

The generation of the stimulus signal in the laboratory com­

prises two basic steps. In the first step, a string of proper numbers 

corresponding to the values of the CSRS at each step is generated by 

the digital computer. In the second step, this sequence of numbers is 

fed into a digital-to-analog transducer, which, in turn, generates an 

analog continuous signal in the physical dimensions required for the 

actual test of the system under study. 

Expectedly, the response (or rising) time of the transducer 

will be finite, because of some inevitable inertia of the driving system. 

Of course, this finite response time can be reduced down to a desirable 

degree by using the proper piece of hardware. The practical require­

ments concerning the response time of the transducer are set by the 

frequency bandwidth of the system under test. 
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In any case, the finit e response time results in finite transi-

tion time at the switching points of the signal. It can be stated right 

from the beginning that the practical effect of this finite transition time 

is negligible if the inverse of the transition time is greater than the fre­

quency bandwidth of the system under test. This is a practical require­

ment, which (in most of the cases) can be easily met, if we design and 

use the proper piece of hardware. 

Nevertheless , we will study a little more this effect for two 

general cases of practical interest: 

( 1) the reversible transitions 

(2) the irreversible transitions 

The reversibility of a transition is defined according to the patterns 

followed in an upwards or a downwards transition. If those patterns 

are the same the transition is called reversible, otherwise it is called 

irreversible. 

Conside r now the ideal ( i. e. zero rising time) CSRS stimulus 

~❖= 
x(t) and the actual output of a transducer x (t), which has finite revers-

ible transition times. Consider their difference as being an error sig-

nal: (Fig. 5. 5. 1) 

,:i: 
E ( t) = x( t) - x ( t) (5. 5. 1) 

Since the transition is assumed reversible, the operation of 

the transducer is described by the same differential equation both in up­

wards and downwards movements. This differential equation is usually 

linear with constant coeffici e nts, and with all its roots on the negative 
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X ( t) 

x*( t) 

E(t)= x(t)- x*(t) f 
Ak 

I 
I 

I 
I 
I 

I 
I 
I ---i---
1 
I 
I 
I 
I 
I 
I 

I 

k·6t (k+l)·6t t 

Fig. 5. 5. 1: Illustration of the error signal resulting from finite 

reversible transition time 
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real axis. 

For illustrative purposes, let us consider the very simple case 

where the operation of the transducer is described by the first order 

linear differential equation: 

T 
r 

dx,:,( t) + x,:,( t) = x( t) 
dt 

for k.6.t£t<(k+l).6.t (5.5.2) 

and T is the characteristic response time of the transducer, ch,>sen to 
r 

be much smaller than the step length .6.t. The solution of the differential 

equation (5. 5. 2) is, for every step of the CSRS signal x(t): 

x,:,(t) = [xk - xk+l] e -(t-k.6.t)/Tr + xk+l ;for k.6.tf:t <(k+l).6.t 

(5. 5. 3) 

where, xk is the constant value of x(t) for (k-1).6.t <t f:k.6.t. Notice that, 

since T <<.6.t, the error signal E(t) is practically zero for most of the 
r 

time. 

Let us study the error signal: 

-(t-k.6.t) /T 
E ( t) = [ xk+ 1 - xk J e r 

-(t-k.6.t)/T ; for k.6.t f: t <(k+l).6.t 
= A • e r 

k 
(5.5.4) 

Clearly, E(t) is a sequence of random pulse-like exponentials (see Fig. 

5. 5. 1). Their random character is attributed to their random height Ak. 

From the generation mechanism of the CSRS family ( namely, the statis­

tical independence of each step and the symmetric amplitude probability 

density function) it follows directly that the random amplitude Ak is dis­

tributed according to a symmetric probability density function q(A),which 

is the convolution integral of the amplitude probability density function 

P(:x) of the CSRS with itself. The mean of q(A) is zero and the variance 
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is double the variance of p(x). 

This brief analysis o f the error signal E(t) will enable us to 

study its autocorrelation properties, as well as its crosscorrelation 

with the ideal CSRS x(t) . The study of these properties is necessary 

for the appreciation of the effect of the finite transition time upon our 

kernel estimates, since we have to show that the quasi-whiteness is 
,., 

preserved in x' (t) to an acceptable degree. We have: 

* ,:, * 
¢ (Tl' ... , T ) = E [x ( t-T 1) •...• X ( t-T ) ] n n n 

n 

=L(~)sk,n(Tl' ••• ,Tn) 
k=o 

(5. 5. 5) 

where , 

x(t-Tk)· E(t-Tk+l) 

E(t-T )] (5.5.6) 
n 

At first, let us study the second order autocorrelation func-

tion of the error signal: 

1 T 
¢E E(T) = lim -J E (t) E(t-T)dt 

2T T ..... m -T 

(5. 5. 7) 

With the help of eqn. 5. 5. 4 we derive the values of¢ E E(T): (see Fig. 

5. 5. 2) 

[ 
-2(2~t-T)/T] 

1-e r for~t~\T\~26t 

e::o for \ T \ >26t (5. 5. 8) 
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m2 Tr [ -26t/TJ 1 - e r 
6t 

6t 26t 

m2 Tr [1-e -26t/Tr] 
26t 

"'XE(,) 

6t 26t 

r 

r 

Fig. 5. 5. 2: Second orde r autocorr e lation function of the error signal 

Fig. 5. 5. 3: Crosscorrelation function of the ideal and the error 
signal 
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for any T (5. 5. 9) 

Cons eque ntly, th e values o f this autocorrelation function become negli­

gible if the respons e tim e Tr of the transduc e r is chosen much smalle r 

than the ste p len gth .6.t. 

function: 

Similarly , we d e riv e the expressions for the crosscorrelation 

T 

= lim -
1
-fx(t)E(t-T)dt 

T ..... mZT_T 
(5. 5. 10) 

using eqn. 5. 5. 4 (s e e Fig. 5. 5. 3), in terms of the second moment of 

the CSRS m 2 , the ste p length .6.t and transducer response time Tr: 

mz Tr 
[ 

-(.6.t-T)/T] 
1- e r for O ~ T ~ .6.t 

.6. t 

m • T 
[zeT / Tr -.6.t/Tr] 

•xE(T) 
2 r 

= -1-e 
.6. t 

mz.Tr 
[ 

-At/T (T+At);T] 
e r -e r 

.6.t 

~ 0 

(5.5 . 11) 

We note again that: 

mz.Tr m2.Tr 
---- < ~xE(T) < ----

.6.t At 
for any T (5. 5. 12) 

Which implies that th e value s of this crosscorrelation b e come negligi­

ble, if T is chosen to be much smaller than .6.t. 
r 

From the study of th e autocorrelation and crosscorrelation 

Properti e s of E(t) and x(t) , w e derive that the functions Sk (T 1 , . . . T ) 
,n n 
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of eqn. 5. 5. 5 d o not d ev iat e significantly from th e quasi-white ness, 

sinc e th e ir non ze r o values r emain conc e ntrate d within diagonal strips 

with width of th e order of magnitude of At ( se e Figs. 5. 2. 2 and 5. 2. 3). 

In additi on t o that , it becam e ev ide nt fr om expressions ( 5. 5 . 9) and 

(5. 5. 12) that th e values of the functi ons s k, n(T 1 , ... , Tn)' fork < n, 

are much small e r than the values of th e function S (T 
1

, ... , T ) , if 
n, n n 

T is chosen to b e much smaller than At. 
r 

Thus, if we cho o s e T to be much smaller than At, then the 
r 

functions S k (T 1 , ... , T ) , for k < n, become practically negligible as ,n n 

compare d to S ( T 1 , ... , T ) . Consequently, eqn. 5. 5. 5 reduces n, n n 

approximately to: 

::❖::: 

¢n (T
1

, .. . ,T )~ S h
1

, ... ,T) = ¢ (T
1
,.,.,T) 

n n, n n n n 

Notic e that even if the functi ons S k ( for k< n) are not negligible the ,n 
,., 

quasi-whit e n es s o f x' (t) is n o t seriously affecte d. The only thing that 

is pro bably affec t e d in this case i s the value of the autocorrelation 

funct ion at the full-diagonal points. For this reason, spec ial care must 

be take n in o rder t o use the correct n o rmalizing factors; since they are 

crucially depending on the values of the autoc o rrelation functions at the 

full-diag onal p o ints. 

In the case of an irreversible transiti o n the differential equa­

tion which describ e s the operation of the transducer is n o t the same for 

upwards and downwards transitions. Apparently, this complicates the 

analytical derivati ons to a considerable degree. F o r this r e ason, we 

Will n o t atte mpt to deriv e analytical e xpr e ssi ons, but we will confine 
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ourselv e s to som e qualitative remarks: ( 1) The significant (note that 

we do n o t use in this cas e the word 11 nonzero 11
, that we used for the 

reversible transitions) values of the autocorrelation functions of the 

error signal will be concentrated within diagonal strips with width of 

the order of magnitude of ~t. The same is true for the crosscorrela­

tion functions of the CSRS and the error signal. (2) The values of 

these autocorrelation and crosscorrelation functions can become prac­

tically negligible, if both the response times (of upwards and down­

wards transitions) are chosen to be much smaller than .6.t. 

The valid1ty of these two remarks assures the preservation of 

>::: 
the quasi-whiteness of x (t) to a certain degree, which is definitely 

lower than in the reversible transitions case. 

Notice that in the case of irreversible transitions, the expected 

value of the error signal (as well as all its odd order moments) is not 

zero; while in the case of reversible transitions, it is zero (along with 

all its odd order moments). This is a clear indication of the fact that 

the case of irreversible transitions is disadvantageous, because it 

causes more significant deviations from the quasi-whiteness than the 

case of reversible transitions. 

Therefore, it is highly advisable that we pursue m our appli­

cations to have a transducer with reversible transitions. 

5.6 Computational Errors 

There are three main sources of computational errors in con­

nection with the crosscorrelation technique. These sources are: 

( 1) Discrete representation of continuous data 
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(2) Discrete inte gration in computing the crosscorrelations 

( 3) Num e rical round-off errors 

From these categories of computational errors, we will further dis­

cuss the first two as having some effect of practical interest; while the 

effect of the last category is, for all practical purposes, negligible, for 

the kind of digital computer that has been used in the present applica­

tions (PDP 11/45). 

5. 6. 1 Discrete Representation of Continuous Data 

The input and output signals, that we deal with in the present 

study, are continuous in time. However, the handling of any signal, as 

a dataset within a digital computer, requires the "digitalization" (or 

"discretization") of the signal, with which the continuous signal becomes 

a string of numbers. Thus, a continuous signal has to be sampled, at 

some proper sampling rate, and be represented thereafter within the 

digital computer as a discrete time series. This operation of "discret­

ization" involves several pitfalls, which have receivcri considerable 

attention in the literature. 

The most important of these pitfalls is the "aliasing problem". 

This problem is the natural consequence of the simple mathematical 

fact, that there is an infinite number of sinusoidal curves ( of different 

frequencies) which pass through a set of equidistant points of a line, 

when the fundamental distance between any two points is finite. ( Fig. 5. 6. 1) 

It is evident, that the several frequencies of these sinusoidal 

curves are integral multiples of a fundamental frequency: 

1 
fo = / 2d (5. 6. 1) 
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Fig. 5. 6. 3 : Illustra tion of the deviation between continuous 

integration and discrete summation 
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'fhis frequency 1s called the Nyquist frequency. Thus, if a finite samp­

}ing interval d is chosen t o sample a continuous signal the power of the 

signal at the frequencies higher than the Nyquist frequency will be 

folded back upon the power of the symmetric (with respect to the Nyquist 

frequency) frequencies of the power spectrum. (Fig. 5. 6. 2) 

This very well known and studied fact constitutes the main 

pitfall of discretizing a continuous signal. Obviously, if the sampling 

rate fs (i.e. the inverse of the sampling interval) is chosen to be greater 

than double the bandwidth B of the signal, then the aliasing effect is 

eliminated. Thus, we must always use in practice: 

f ~ 2B 
s (5.6.2) 

Of course , the bandwidth of a finite-length signal is not strictly 

finite, but there can be always determined a frequency for which the 

aggregate power of the signal at frequencies higher than that is consid­

ered practically negligible. This frequency is called, in practice, the 

bandwidth of the signal. 

Concluding this discussion, we state that a sufficiently high 

sampling rate will protect our discretization operation from the aliasing 

effect. 

Of course , after the discretization the original continuous sig­

nal cannot be completely recovered ( in general) but only approximated 

through some interpolation scheme. It is evident that in the case of a 

CSRS the full and complete recovery of the original continuous signal 

from the discrete dataset is possible. This is due to the special stair­

like form of the CSRS. Nevertheless, the aliasing problem can be 
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sever e , e v e n in the case of a CSRS, if the sampling rate is not suffic­

iently high. 

5. 6. 2 Discr e t e Integration Error 

The computation of a crosscorrelation for the e stimation of a 

kernel involv e s time integration of the product of the output signal with 

the proper numbe r of tim e -shift e d versions of the input signal: 

I\ T 

~ ( o
1

, ... ,o) =-1 
Jy(t)x(t- o

1
) • ... ·x(t-o )dt (5.6.3) 

n n T n 
0 

wher e T is the r e c ord l e ngth (take n constant in this case). 

For the r easons that w e e xplained previously, the input and 

output signals are availabl e within the computer only as discrete data­

sets. The r e for e , the integration can never be completely accurate. 

Howev e r, w e can conceivably achi e v e almost any spe cified degree of 

accuracy by using th e prope r inte rpolation-integration numerical pro­

cedur e . A pre r e quisite, of c o urse , for this is that the discrete repre­

sentation of the continuous signals is practically fr e e of the aliasing 

effect , and the accuracy capacity (word length, floating-point processor 

etc.) of the digital compute r that i s us e d conforms with the pursued 

degr ee of ove rall accuracy. 

In practical applicati o ns of the crosscorrelation technique the 

computational burden is, by the m e thod itself, very heavy, and conse­

quently w e try to keep the num e rical procedures that are used as simple 

and efficient as p o ssible. Thus, in the trade off b e tw een computational 

accuracy and ove rall effici e n c y of the method, the balancing point is 

Usually found on the side of simple numerical procedures with reason-
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able ( but not the be st possible) computational accuracy. 

The simplest integration procedure for the computation of the 

crosscorrelation with the discrete input and output datasets ( y.} and 
l 

(x.} is to compute the summation: ( consider the first order case as 
l 

an example) 
I\ N 

~l(k· Dt) = _l L Y· 
N i=l l 

• X. k 
1-

where, Dt is the sampling interval. 

(5.6.4) 

We will now evaluate the difference of the integral portions 

between (i-1) • Dt and i • Dt, obtained by the analytical and the numeri­

cal methods. (Fig. 5. 6. 3) The integral portion obtained by the simple 

numerical summation is: 

Dt I. = (z. 1 + z.) -
l 1- 1 2 

The integral portion obtained analytically is: 
iDt 

J . = J z(t)dt 
l 

(i- 1) Dt 

(i-½)Dt iDt 
= s zlt)dt + Jz dt)dt 

(i - 1 ) Dt (i -½ ) Dt 

(5.6.5) 

(5.6.6) 

where z 1(t) and z
1
lt) are two Taylor expansions of z(t) about zi- l and 

z. respectively: 
1 

( 2) ( 3) 
(1) zi-1 2 zi-1 3 

z. 
1

+z. 
1 

(z-z. 
1

)+ (z-z. 
1

) +---(z-z. 
1

) 
1- 1- 1- 2 1- 3! 1-

+ ••• 
(2) (3) 

(1) zi 2 zi 3 
= z.+z. (z-z.)+--(z-z.) +---(z-z.) + ... 

1 l l 2 l 3! l 

(5.6.7) 

(5.6.8) 



thus, ( n) 
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(n+l)! 

n=o 
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a::> z_(n) n+l 
L =~ (-l)n 1 (Dt/Z) 

2 L..,,, (n+l)! 
n=o 

(5. 6. 9) 

(5. 6. 10) 

Consequently, the difference between the numerical and the analytical 

outcome of the i-th integral portion is: 

D. = J. - I. 
1 1 1 

Q) 

=L 
n=l 

[ ( n) n ( n) J 
zi-1 +(-1) zi (Dt\n+l 

(n+l)! 2 / 
(5. 6. 11) 

Now, consider the total difference between the two integrals: (N is the 

number of samples in the dataset) 

and, 

N 

D=LDi 
i=l 

m N 

=L L 
m=l i=l 

2m 

T 
; N = /Dt 

Zz_(2m) 2m+l 

_1 (_p_2t) 
(2m+l) 

(2m) _ ~ (2m.) (j) (2m-j) 
z i - L..,,, J Yi xi - k 

j =o 

(5. 6. 12) 

(5. 6. 13) 

Clearly, the exact value of z_(Zm) (and consequently the value 
1 

of D) depends on the relative values of the derivatives of y(t) and x(t-T) 

at the sampling points, and the only general statement that can be made 

is that the difference D decreases very fast as Dt decreases. 

If x(t) is band-limited gaussian white noise then the values of 
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its derivatives at the sampling points are usually significant and, of 

course, they depend mainly on the bandwidth of the signal. On the 

other hand, the values of the derivatives of y(t) depend on the band­

widths of both the input x(t) and the system under test. 

Notice that if x(t) is a CSRS all its derivatives at the sampling 

points are zero! Consequently, the expression (5. 6. 13) for z.(
2
m) is 

1 

dramatically simplified: 

(5. 6. 14) 

and, in most of the cases, it is expected to be much smaller than in 

the case of gaussian white noise. One more reason for this, is that 

the values of the derivatives of y(t) are generally much smaller than 

the ones of x(t), because the bandwidth of x(t) is usually much bigger 

than the one of y( t). 

For all these reasons, the computational error resulting from 

the numerical integration is expected to be smaller in the case of x(t) 

being a CSRS rather than GWN. 

In most of the cases, the difference D (and consequently the 

computational error) is approximately proportional to the square of the 

sampling interval; since, the sampling interval Dt is always fairly 

small (for aliasing reasons) and therefore: 
N (2) N (2) 

Ds- L zi • Dt3 ::: nt2 · ( Dt L.2._) = Dt
2 

• const (5. 6. 15) 

i=l 12 i=l 12 

because, the number of samples N is inversely proportional to Dt (for 

a constant record length) and the values of z ( 
2

) at closely neighboring 
l 
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points are only slightly different . 

In conclusion, the basic factor affecting the numerical integra­

tion error is th e sampling interval. For sufficiently small sampling 

interval, this error becomes usually negligible for all practical pur­

poses. 
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CHAPTER VI 

ERROR MANAGEMENT AND DESIGN OF THE OPTIMUM TEST 

6. 1 General Error Management 

In chapter 5, we studied the several kinds of estimation error 

in the use of CSRS for nonlinear system identification in connection with 

the crosscorrelation technique. In this chapter, we will discuss the 

optimum strategy which ought to be followed in practical applications, 

in order to achieve the highest possible accuracy in our kernel estimates. 

In the previous chapter, we diagnosed eight main sources of 

estimation error. These are: 

( 1) The deconvolution error ( 8 -error) 

( 2) The statistical fluctuation error ( E-error) 

(3) The approximate orthogonality error due to the finite stim­
ulus bandwidth ( S -error) 

( 4) The approximate orthogonality error due to the finite 
record length ( r -error) 

( 5) The erroneous power levels error (lT-error) 

(6) The finite transition time error 

(7) The continuous signals discretization error 

(8) The discrete integration numerical error 

From all these categories of error, some can be neglected as 

insignificant in practical applications, some can be corrected, and the 

rest, which cannot be either corrected or neglected, can be optimized 

with respect to the controllable test parameters. 

Evidently, some errors can be neglected only if the controll-
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able test parameters attain values within a proper range. More specif­

ically: 

( a) 

( b) 

( c) 

( d) 

( e) 

( f) 

( g} 

The discrete integration error can be neglected, if the 
specified sampling interval Dt is sufficiently small. 
(cf. sec. 5. 6. 2) 

The discretization error can be neglected, if Dt is 
smaller than 1 / 2B, where B is the bandwidth of the 
system under study. (cf. sec. 5. 6. 1) 

The finite transition time error is similar to the erron­
eous power levels error (cf. sec. 5. 5) .. This error can 
be corrected to a great extent, provided that the trans­
itions are reversible, by computing the actual power 
levels corresponding to the imperfect experimental stim­
ulus signal. 

The erroneous power levels error, in the cases that it 
occurs (cf. sec. 5. 4), can be largely c .orrected by employ­
ing a final scaling procedure, which is presented in sec. 
6. 3. 

The approximate orthogonality error due to the finite 
record length ( r -error) can be usually neglected if the 
record length is reasonably long. However, if the record 
length happens to be fairly short (a case which is unlikely 
in practice), a final correctional procedure can be followed 
on the basis of the analysis made in sec. 5. 3. 2 to compen­
sate for part (at least) of the error commited. This pro­
cedure is expected to be quite cumbersome and inefficient 
with respect to the positive return that it brings, there­
fore, it is hardly suggested in practice. 

The approximate orthogonality error due to the finite stim­
ulus bandwidth ( !;-error) can be either corrected, on the 
basis of the analysis made in sec. 5. 3. 1, or neglected, if 
the step length At is sufficiently small. It must be noted 
that, like in the previous case of the t-error, this correc­
tional procedure is expected to be cumbersome and ineffi­
cient with respect to the achieved positive return. 

Finally, the statistical fluctuation error ( E-errbr} as well 
as the deconvolution error ( 8 -error) can neither be neg­
lected (in most cases) nor satisfactorily corrected. Of 
course, the 8-error can be somewhat corrected, on the 
basis of the analysis made in sec. 5. 1, by estimating the 
even order derivatives of the kernels from the original 
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k e rne l e stimate s , however, a short preliminary study of 
the num e rical probl ems involved pointe d to the limited 
e ffici e ncy of this corr ectional procedure. Also, the E­
e rro r can b e s om e what corrected by averaging several 
sample k e rne l e stimates, however the efficiency of this 
procedure is again low. 

Because of these reasons , the E and 8 errors mount to the 

principal types of estimation error, which have to be optimized with 

respect to the controllable test parameters (namely, the record length 

and the step length of the GSRS stimulus). This optimization procedure 

is illustrated in the following section, and i t is based upon the analysis 

made in secs. 5. 1 .and 5. 2. 

In conclusion, the basic test parameters (i.e. the record 

length T, the step length At and the sampling interval DT) are usually 

such that the most of the estimation errors diagnosed in chapter 5 can 

be neglected, for all practical purposes , in actual applications. The 

only types of estimation error that us'ually retain significant size are 

the E and 8 errors. Therefore , the optimization of the controllable 

test parameters At and T, which influence the E and 6 errors (cf. secs. 

5. 1 and 5. 2), in order to minimize the combined effect of these two 

estimation errors becomes the principal target of the error manage­

ment in the case of the CSRS. 

6.2 Optimization of E and 8 Errors - The Fundamental Error 
Equation 

As it was discussed in sec . 5. 1 , the 8-error is deterministic 

in nature and it is due to the finite stimulus bandwidth. It amounts to 

some loss of high frequencies in our kernel estimates. 
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The explicit expression of this error for the n-th order kernel 

estimate is: (the initial region is omitted) 

(6. 2. 1) 

where, 
O'.) n 

L 2m-2 L :::.2mh (O ) 
D ( At ) _ At o n 1, ••• ,0n 

h ~,ol, ... o -
n n 2m!(2m+l)(m+l) oo .... oo. 

m=l Jl J2m 

jr··· •~m =l 

jl ~ •.• ~j2m 
(6. 2. 2) 

Clearly, ~ depends very little on .D.t, since At attains in practice 
n 

fairly small values, and consequently: 

,.., 1 ~ o2hn(o l' ••• , on) 
Dh (o 1, ... , o )=-~ 

n n 12 oo. oo. 

jl'j2 = 1 

jl ~ j2 

J 1 J2 

(6.2.3) 

2 
Thus, the 0 error depends, in first approximation, on At and the 

n 

second partial derivatives of the kernel h . n 

On the other hand, as it was discussed in sec. 5. 2, the E-

error is random in nature and it is due to the finite record length. It 

amounts to random deviations of the kernel estimates, according to a 

gaussian probability law. The first two moments of the gaussian dis­

tribution of these deviations at the nodal points of the n-th order kernel 

are: E[E (o
1

, ... ,o)]=o 
n n 

(6. 2.4) 

2 1 2 
Var[E (o1, ... ,o )]~q (o1 , ... ,o) =---

1
ch (At,o1 , ... ,o) 

n n n n T· Atn- n n 

(6. 2. 5) 
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Again, it must be emphasized that ch! depends very slightly on At, for 

At being in the range of values of practical interest. 

Summing up these two errors, we end up with the following 

total estimation error of appreciable size in practical applications of 

the CSRS: 

6 ( o
1

, ... , a ) = 8 ( o-
1

, ... , a ) + E ( a 

1
, ... , a ) 

n n n n n n 
(6. 2. 6) 

Clearly, the total error 6 is a gaussian random variable with: 
n 

E [ 6 ( o-
1

, ... , a ) J = 8 ( o
1

, ... , a ) 
n n n n 

(6. 2. 7) 

2 
Var[o(o-

1
, ... ,o)]=q (o-

1
, ... ,o) 

n n n n 
(6. 2. 8) 

Consequently, the mean square error of then-th order kernel 

estimate is: 
µn µn 

Qn = J ... JE[o;(o 1, ... ,on)]do1 ... don 
0 0 

µn µn 

= J ... J 8:( o1, ... , on)do1 ... don 
0 0 

µn µn 

+ J ... J q:(a1, . . . , on)do-1 ... don 
0 0 

µn µn 

= At
4 

• J ... J nh_; (At, a 1 , ... , on)do 1 ... don 
0 0 

~ µn 

+ 1 
1 J ... Jch

2
(At,o 1, ... ,o )do-

1 
... do 

T· A tn- o o n n n 

B (At) 
= A (At). At4 + __ n _ __. 

n T· Atn-1 
(6. 2. 9) 

In the applications, At is always much smaller than the kernel 

memory, and for this range of values A and B become approximately n n 
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indepe ndent from At, thus: 

(6 . 2. 10) 

Notice, however, that A and B depend on the specified kernel memory 
n n 

µ . The equation above will be called "fundamental error equation" n 

(FEE) and it will constitute the principal instrument of the optimization 

procedure for At and T. 

The function Q d e scribed by the FEE has always a single min-n 

imum for An and Bn positive (which is actually the case) and for a given 

T. (Fig. 6. 2. 1) This single minimum is the optimum test position, 

corresponding to the optimum At (for a given T). 

The value of the optimum At can be easily determined analyti­

cally from FEE: 

[ 

(n-1) B ] 
(At ) = n 

opt n 4T A 

1 
/(n+3) 

(6.2.11) 

n 

and the resulting optimum m. s. error is: 

(Q ) = A(n+ 2)kn+3) · [(n-l)Bn]l/(n+3)+[4An](n-l);(n+3}. [Bn]41(nt3) 

opt n n 4 T n-1 T J 
(6. 2. 12) 

Of cours e , the e xpre ssions above ar e accurate only if the optimum At 

is in the neighborhood of very small At where A and B can be consid-n n 

ered approximately independent of At . Otherwise , the optimum At 

results as the solution in At of the equation: 

dA dB 
.6.tn+4. __ n_ + At . __ n_ + 4 Atn+3 A 

dAt T dAt n 

(n-l)B 
T n 

= o ( Ati o) 

(6.2.13) 
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Howev e r, we always anticipate, in practice, having such a 

range of At values that A and B are approximately constant with 
n n 

respect to At. In this case, it is evident from eqns. 6. 2. 11 and 6. 2. 12 

that the optimum At and the corresponding Q are monotonically de-
n 

creasing as Tis increasing (Fig. 6. 2. 2) . The continuous curve in 

Fig. 6. 2. 2 is the locus of the points [(At t) , (Q t) J of the plane for 
op n op n 

changing T. 

In the first order kernel case, the optimum At, as determined 

by eqn. 6. 2. 11, is zero. Of course, zero is not a realistic value, 

therefore At is determined in the first order case either by eqn. 6. 2. 13 

or by signal-to-noise ratio considerations. 

In the former case, eqn. 6. 2. 13 reduces for n=l to: 

4 dAl 3 1 dB! 
At -- + 4At • A 1 + = o 

dAt T dAt 
(6.2.14} 

and since the optimum At will be found in the range of very small values, 

the solution of eqn. 6. 2. 14 in At will be very close to the one of the 

equation: 

4At3 Al + I dBl - o 
T dAt 

(6. 2. 15) 

In the latter case, we note that the power level of any CSRS 

diminishes as At goes to zero, therefore in cases where external seri­

ously contaminating noise is present, the optimum At is determined as 

the minimum At for which the stimulus power level assures an accep­

table signal-to-noise ratio in the response of the system. 

Thus, we see- that in some cases factors relating to character­

istics of the experiment also participate in the determination of the 
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optimum test parameters. Apparently, one of the most important of 

these factors is the external noise. In most of the applications, the 

external noise is a serious source of error in our kernel estimates. 

The effect of the external noise will be discussed in sec. 6. 4. In that 

respect also, the crosscorrelation identification method appears to be 

most advantageous. 

Closing the discussion on the FEE, we want to point out that 

the optimum At is probably increasing as we move towards higher order 

kernel estimates. 

6. 3 Scaling Adjustment of Estimated Functional Terms 

It is expected that the final estimated model of the system will 

predict the system response within a certain deviation. This deviation 

is due to all kinds of estimation errors that we discussed in the previous 

sections. 

In this section, we will describe a simple mathematical pro­

cedure with which we can correct any substantial disproportionalities of 

the kernel estimates resulting mainly from erroneous power level and 

finite transition time errors. This mathematical procedure is simply 
,., 

an appropriate scalar weighting of the estimated G' -functionals, so that 

the mean square error of the model predicted response is minimized. 

* This is basically a least square fit procedure in the space of the G -

functionals. 

For example, let us consider the case of a second order CSRS 

model. From the crosscorrelation technique we have estimated the 
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CSRS k e rnels g
0

, g 1(T) , g2(T
1

, Tz), and now we want to minimize through 

a simple rescaling proc e dur e the mean square error of the model pre­
/\ 

dieted response y(t) with respect to the actual system response y(t) . 

Clearly: 
/\ I\ ,:, I\ ,:, I\ ,:, 
y(t) =G

O
+ G 

1
(t) + G

2
(t) 

co co 

= ~o+ J~l(T)x(t-T)dT+J J~Z(Tl' Tz)x(t-Tl)x(t-Tz) 
0 oco 

dT 1dT 2-P J~2(T, T)dT (6. 3. 1) 
0 

We are looking for the- scalars >-..
0

, >-..
1

, >-..
2 

for which: 

T . I\ I\ I\ 2 

q
2 

= f [y(t)->-..oG:->--1G;'(t)->--zG;(t)] dt (6. 3. 2) 
0 

becomes m1n1mum. 

From the linear spaces theory we know that these values of 

>--
0

, >-.. 1 , >-.. 2 are determined by solving the matrix equation: 

wher e 

/\ >:< /\ ,:c /\ ,:c /\ :❖: /\ :❖: /\ ,:c 
(G , G ) (Go,Gl) (Go,Gz) A. 

0 0 0 

/\ :❖: 

(Go' y) 
I\ I\ I\ I\ I\ I\ ,:::: ,:::: :❖: ,:c '>1C :,'<: 

(Gl,Go) (Gl,Gl) (G{,Gz) >--1 = 

I\ ,., 
(G {' y) 

/\ ,:::: /\ ,:c I\ ,:, /\ :❖: /\. ,:c /\. ,:c 
(Gz , Go) (Gz,Gl) (Gz , Gz) >--z (6 . 3 . 3) 

the symbol ( ) de notes inner product: 

T 
(f , g) = Jf(t)g(t)dt (6 . 3.4) 

0 

/\ ,:c 
Evide ntly, if the several G are orthogonal, then the solution 

n 
/\ ,:c 

However, the several G are not 
n 

exactly orthogonal because of the several estimation errors. Following 

this correctional procedure, we compensate for part of these errors and 
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primarily for the disproportionality errors ( cf. chapter 5). This pro­

cedur e aims at making the response residual orthogonal to the model 

response. According to the line ar spaces theory, this is the best lin­

ear fit (in the mean square error sense) of the model response that we 

can g e t. 

The matrix of eqn. 6. 3. 3 can be extended to the n-th order 

CSRS model case: 

/\ ,:, /\ ,:c /\ ::❖: /\ :❖: /\ >:< /\ ,:, 
(G , G ) (Go , Gl) (G , G ) 

0 0 o n 

/\ ,:c /\ ,:c 
(Gl,Go) 

/\ ,., /\ ,., 
(G 1',G{) 

/\ ,., /\ ,., 
(G{ , G~) 

and the final kernel e stimates are: 

I\. 
I\ 
g{Tl , ... ,T)= n n 

I\ 
A'g(Tl, ... , T) n n n 

6. 4 External Noi se Effe ct 

Al 
/\ >!< 

(Go' y) 

/\ ,:c 
Az ( G 1 'y) 

= 

A 
n 

(6.3.5) 

(6. 3. 6) 

The presence of external noise in the performance of a real 

system is usually a serious concern, because of the errors that it may 

induce in the identification process. In some systems, e.g. the biolog­

ical systems, the contaminating effect of the external noise is very sig-
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nificant and special care is required in the identification of the system. 

The Wiener formulation of the identification problem and the 

crosscorrelation technique provide a significant advantage in that 

respect, if the external noise has zero expected value. 

The external noise is a label under which we cover the contri­

bution of a great variety of external factors to the performance of our 

system. These factors are usually uncontrollable in a specific experi­

ment, and their total effect on the system has naturally a random char­

acter. There may be, however, external factors in some cases which 

have a dominant, distinguishable effect that attains a systematic char­

acter. In these cases, it is strongly suggested that those factors are 

identified and included in the system analysis as distinct inputs. Of 

course, this cannot always be done, because sometimes we are not able 

to identify or to · control those factors. In any case, as long as this 

external noise is independent from the stimulus, the crosscorrelation 

technique provides a great comfort from its hazardous effect. 

We can have noi~e present in the input or in the output of the 

system. It is shown here that the case of the input contaminating noise 

is much worse than the case of the output contaminating noise from the 

identification point of view. 

Consider the system S and the case of output contaminating 

noise (Fig. 6. 4. 1). Then, if the external output noise n(t) is indepen­

dent from x( t) and has average zero, the kernel estimates are not 

affected at all since: 
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n(t) 

x(t) (t: ) l v*(t) 

~ s r ~-----· 

Fig. 6. 4. 1: Output contaminating noise 

n( t) 

x(t) s y(t) 

Fig. 6. 4. 2: Input contaminating noise 
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~:( a 1, ... , on) = en· E [ [y(t)+n(t) J x(t- o1) ... x(t- on)] 

= C • E [y(t)x(t-0
1

) ... x(t-o )] 
n n 

I\ 
= g ( o

1
, ... , a ) 

n n 
(6.4.1) 

If n(t) has a nonzero average , then only the full-diagonal points of the 

even order k e rnels are affected to a degree described by eqn. 6. 4. 1. 

The indepe ndenc e of n(t) from x(t) is usually true in practice. 

Consider now the case of input contaminating noise (Fig. 6. 4. 2). 

Here things are far more complicated, because the orthogonality of the 
,., 

G' -functionals is obviously distorted, even if n(t) is independent from 

x(t) and has average zero. 

To illustrate that, consider the zero and the second order 

functionals: 
CX) 

E[G;' • G~' J = goJS g2h1, T2)E [[x(t-Tl)+n(t-Tl)] [x(t-T2)+n(t-T2) J] 
0 CX) 

dTldT2-go · p Jgzh,_T)dT 
CX) 

=go·.[! g2(Tl ' T2) · E[n(t-T1)n(t-T2)]dT1dT2 (6. 4. 2) 

which is, in general, nonzero. 

In conclusion, we state that the case of input contaminating 

external noise is far more hazardous than the case of output contamin-:­

ating external noise ; and on the other hand, the input noise is usually 

more controllable . Therefore, good care must be taken in order to be 

avoided up to the highest possible degree in the applications. 
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6.5 Design of the Optimum Test 

In this section, we will outline the basic steps of the procedure 

which ought to be followed in practical applications of the CSRS in non­

linear system identification. 

The very first task is the system formulation of the problem. 

We define the input and output measures so that the basic assumptions 

of the Volterra series expansion (cf. sec. 2. 3) are satisfied. A dis­

cussion on how to practically check the fulfillment of these assumptions 

is given in sec. 6. 5. I. 

After the problem has been formulated as an one input - one 

output Volterra system, our effort is directed towards determining the 

basic characteristics of the CSRS model to be estimated. These basic 

characteristics are: (a) the number of the CSRS functionals that are 

required in order to obtain an acceptable model for the system, (b) the 

extent of the memory of each one of the required kernels. 

The determination of these characteristics c:an be done by suc­

cessive trials, but a more systemati~ and rigorous method is discussed 

in chapter 7. The discussion of chapter 7 refers to the Volterra series 

of the system, but the conclusions can be extended to the CSRS series 

of the system on the basis of their relations as discussed in chapter 4. 

After the extent of the functional series and the memory of the 

individual kernels have been determined (within the scope of practical 

interest), our effort is directed towards determining the basic test par­

ameters: the record length T and the step length At; in such way that 
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the r e sulting m. s. error in our estimates 1s m1n1mum. This proced­

ure 1s discussed in sec. 6. 5. 2. 

Finally, an overall account of the performance of the optimum 

test is given in sec. 6. 5. 3 and the design of the optimum test is con­

cluded. 

6. 5. 1 Checking the Defining Characteristics of a Volterra System 

As we discussed in sec. 2. 3, the defining characteristics of 

a Volterra system are: (a) Stationarity (b) Finite-memory (c) Ana­

lyticity. 

The stationarity of a system can be checked through the statis­

tics of the system response to a stationary random stimulus. 

One practical way to do that is by using a stationary gaus sian 

random process as an input and then test the stationarity of the first 

two moments (i.e. the mean and the variance) of the output signal with 

a "run test". 

Of course, if the system is nonlinear the output signal is not, 

in general, a gaussian process, which means that we do not cover the 

whole statistical behavior of the signal by testing only the first two 

moments. However, the test of these two moments is the minimum 

requirement to establish the weak stationarity of the signal and, con­

sequently, of the system. 

The "run test'' is a special purpose statistical test, which 

applies in cases of stationarity testing. According to the "run test", 

given a random time series (x
1

, x
2 
... xn}, we form k groups of M 

successive values each, so that N = k· M. Then we compute a statistic 
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d. (like the sample mean or the sample variance etc.) from each one 
1 

of the k groups using its M samples. 

In this way, we have the sequence of the statistics [d
1

, d
2 
... 

dk}. We compute the median dm of the population [d
1 
... dk}, and the 

differences: 

f. 
1 

d. 
1 

d 
m 

1 = 1,2, ... ,k (6.5.1) 

Finally, we form the sequence of the signs (positive or negative) of 

these differences and we count the number of times the sign is changing 

in the sequence. This number plus one is the number of runs in the 

sequence . Then, we compare this number to the bounds given in the 

table 6. 5. 1, which are the bounds of a confidence interval that the 

hypothesis of stationarity of the time series, with respect to the statis­

tic d . , is not rejected. 
l 

The finite-memory of a system is mainly a matter of definition 

of the input and output measures; inasmuch as differentiation can . 

reduce the degree of a polynomial function. However, in some cases 

( e. g. undamped oscillatory memory), there is no proper definition of 

the input and output measures that gives a finite-memory system. We 

consider these cases very unusual in the physical world. 

In any case, the final manifestation of the finite-memory of 

the system is done through actual estimation and inspection of the sys­

tem kernels. 

The analyticity of a system cannot be, in general, easily 

checked. The failure of the Volterra, Wiener or CSRS functional 

series to give satisfactory, sensible or consistent results is always a 
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TABLE 6. 5. 1 

Confidence Bounds in 11 Run Test11 

Total number of Lower confidence Upper confidence 
statistics d. bound in number bound in number 

1 
of 11 runs 11 of 11 runs" 

10 2 10 

12 3 11 

14 3 13 

16 4 14 

18 5 15 

20 6 16 

22 7 17 

24 7 19 

26 8 20 

28 9 21 

30 10 22 

32 11 23 

34 11 25 

36 12 26 

38 13 27 

40 14 28 
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supporting indication of the nonanalyticity of the system. Therefore, 

the analyticity of a system is usually judged on the basis of the final 

performanc e of the e stimated system model. 

6. 5. 2 The Optimal Dete rmination of T and At 

The optimal determination of T and At is based mainly upon 

the fundamental error equation of sec. 6. 2. Notice that: 

T=a•N•At (6.5.2) 

where, N is the number of samples in the record and a the inverse of 

the number of samples per stimulus step. 

First, we determine the record length T. In this process, 

we distinguish two main cases: 

Cas e I: The experimentation time is limited by the nature of 

the spe cific syste m under study or by the specific experimentation pro­

cedur e ; while our computational capacity is practically unlimited. For 

example , the limited physical endurance of a nerve cell being probed 

by a m easurement electrode puts a strict limitation on the experiment­

ation time and, consequently, on the input-output data records. 

In this case, the r e cord length is determined at the maximum 

experimentation time, which gives reliable data. The determination of 

At the n follows , as the optimum value estimated with the help of the 

fundam e ntal error equation and the relevant discussion of sec . 6 . 2. 

This optimization procedure aims at the value of At which gives the 

least mean square for the combined E and 8 errors: (cf. sec. 6. 2) 

At
4 + 

B 
Q A 

n (6. 5. 3) = 
T · Atn- l n n 
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We assume that for all practical purposes, A and B are independent 
n n 

from At, in the range of At values of practical interest. 

Of course, the determination of the optimum .6.t in the n-th 

order kernel case requires the knowledge of the values of A and B . 
n n 

These two constants depend on the n-th order kernel. Apparently, 

there are a lot of ways to estimate these constants using the basic 

facts discussed in sec. 6. 2. In any case, we will have to utilize the 

different nature of the 8 and E errors (deterministic and random) in 

order to distinctly estimate A and B . We outline below a procedure 
n n 

of that sort. 

We perform k preliminary tests with independent CSRS stim­

uli of the same T 
1 

and At
1

. Of course, .6.t
1 

attains a value from the 

range of practical interest, as determined by the system bandwidth. 

The record length T 
1 

of these preliminary tests can be short, so that 

the experimental and computational burden is light. Actually, it is 

usually most practicable to obtain these k independent short records 

as segments of a single longer record. 

In any case, from each one of these k preliminary tests we 

estimate the n-th order kernel by crosscorrelation. According to sec. 

6. 2 we have: 

I\ 
h ( o

1
, ... , o ) =h ( o

1
, ... , o ) + 8 ( o

1
, ... , o ) + E ( o

1
, ... , o ) 

n n n n n n n n 

(6. 5. 4) 

where, 

(6. 5. 5) 
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and, E ( o
1

, ... , o ) is a gaus sian random variable with: 
n n 

E [ E ( o
1

, ... , o ) ] = o 
n n 

(6. 5. 6) 

(6. 5. 7) 
I\ 

From the k obtained kernel estimates (h }, we can estimate, 
ni 

for each point ( o
1

, ... , o ) , the mean and the variance of the random 
/\ n 

variable hn( o 1, ... , o ) : 
n k 

" 1 L " mh ( o
1

, ... , o ) = -k h ( o l, ... , o ) 
n . n ni n 

i= 1 

(6. 5. 8) 

k 
/\ 1 ~ I\ I\ 2 
vh(o1, ... ,0)= L.J 

n ~ (k-1) i=l 
[h ( o l ' ... , o )- mh ( o

1
, ... , o ) ] 

ni n n n 

Clearly, (cf. eqn. 6. 5. 4) 

mh ( o1, ... , o ) = h ( o1, ... , o ) + 8 ( o1, ... , o ) 
n n n n n n 

2 
vh ( o

1
, . . . , o ) = q ( o

1
, ... , o ) 

n n n n 

The estimation of B 1s now straightforward: 
n 

/\ 2 
ch ( o

1
, ... , o ) 

n n 

and finally: µn µn 

~n = J ... J ~h! ( o1 , ... , on)do r .. d_on 
0 0 

(6. 5. 9) 

(6. 5. 10) 

(6.5.11) 

(6.5.12) 

(6. 5. 13) 

For the estimation of An, we need another set of k preliminary 

tests with different step length ~t2 . From this second set, we obtain 
I\ ,·-

another estimate mh ~ of the mean of the n-th order kernel estimates. 
n 
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Subtracting thes e two estimate s of the mean, we obtain an estimate of 

I\ I\ ~, 
I\ 

Dhn ( 0 1' • • • ' 0 n) = 

mhn(o1 , ... , on)-mh~(o1 , ... , on) 

At l 
2 

- At2 

and finally: 
I\ 
A 

n 

µ.n µ.n 

= J. .. J ;h~(o1 , ... , on)do1 ... don 

0 0 

(6.5.14) 

(6. 5. 15) 

Now that the basic parameters A and B have been estimated, n n 

the fundamental e rror equation can be used to determine the optimum 

step l e ngth for the e stimation of the n-th order kernel of the system at 

hand. This actual d e termination can be done either graphically ( see 

Fig. 6 . 5. 1) or analytically ( see eqn. 6 . 2. 11). We discuss the graphi­

cal d e t e rmination of (At t) late r in this section. 
op n 

Cas e II: The e xpe rim e ntation time is not very limited and our 

principal practical r e striction now becomes the computational burden. 

In this case , o ur principal conc e rn is the number N of data points in 

the r e cord ( s ee eqn. 6. 5. 2) , and it is chosen to conform with our maxi­

mum computational capacity. 

The optimization proc e dure for At is now performed on the 

basis of the modified FEE: 

Q = A 
n n 

(6. 5. 16) 

The steps for the estimation of A and B are similar to the ones in 
n n 

case I, with some small modification~ in the formulae resulting from 

the substitution of T with (a· N· At). 



-180-

Afte r A and B have been estimated, the optimum value of A.t n n 

is dete rmine d again e ith e r graphically ( s e e Fig. 6. 5. 1) or analytically 

as: 

(A.t ) = [-n- . 
opt n 4a-N 

1 /(n+4) 
( 6. 5. 1 7) 

Notice that in the expression above, a is another determinable param­

ete r. For a given N , a determines the number of steps in the stimulus 

signal. Clearly, a can only attain values in the range between zero 

and 1. In most of the cases a is chosen to be 1/2 i.e. two sampling 

points per stimulus step, which is the case where the sampling rate is 

equal to the Nyquist frequency of the stimulus. 

How e ver, a can be possibly used to achieve the optimum solu­

tion which exhausts the remaining margins of computational capacity 

or experimentation time of the previous cases I and II; since, it is a 

regulating parameter between the number of samples and the number 

of stimulus ste ps (and consequently the record length). In other words, 

the optimum choice of a, which exhausts the possible margins of both 

the "quantities in scarcity" (namely, computational capacity and experi­

mentation time), is: 

(a ) = Tmax/N • (A.t ) 
opt n max opt n 

(6. 5. 18) 

wher e , Tmax and Nmax are determined by the practical limitations as 

discussed in cases I and II. It is also provided that: 

o < (a ) f: 1 ( 6. 5. 19) 
opt n 

where only the upper bound is of practical importance. 

If (aopt>n• as computed from eqn. 6. 5. 18, is bigger than 1, 
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the n the optimum fe asibl e choic e is 1. Of course in this case we en­

counte r significant aliasing problems. 

It must be noted that in most applications we have an under­

standing of which one is the principal practical limitation (the experi­

mentation time or the computational burden) without being able to 

determine both of the m quantitatively in a way that would allow the 

determination of (aopt)n through eqn. 6. 5. 18. Thus, we usually choose 

the value of a on a more or less arbitrary fashion from a seemingly 

reasonable range of values (usually from 1/4 to 1/2). 

The graphical determination of ( At t) is much simplified 
op n 

if logarithmic paper is used (Fig. 6. 5. 1). The optimum position is deter-

mined from the At value corresponding to the cross section of the E,-error 

and 0-error lines by properly scaling it with Kn=[4/(n-1)]
1

/(n+3 )_ 

The E- e rror line is d e scribed in the previously discussed two 

cases by the equations: 

Cas e I: logQ =logB -logT-( n-1) • logAt 
n n 

(6. 5. 20) 

Case II: logQ =logB -log(aN)-n• logAt 
n n 

(6. 5. 21) 

The 0 - e rror line is described by the same equation in both 

cases I and II: 

logQ =logA + 4· logAt ( 6. 5. 22) 
n n 

This graphical representation is very illustrative. Firstly, 

it illustrates clearly how (At t) is decreasing when Tis increasing. 
op n 

Secondly, it shows nicely the dependence of (At t) on the order n. 
op n 

Thirdly, it illustrates the role of An and Bn, and consequently, the 
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I 

I 
I 
I 
I 

..---arctan(4.0)1 
_a____ I 

line 

Case I: arctan (n-1) 
Case II: arctan (n) 

log[( 6 t opt) n/I<,,] log 6t 
Fig. 6. 5. 1: Illustration of graphical determination of 

/1 

,, 

" /1 
/ I 
/ I 

/ I 

--------yJ;-
1 I 
/ I 

' : ,_., 
'o 
I~ 
I ,, 
I QJ 

0 
ci) 

( Atopt)n 

Fig. 6. 5. 2: Illustration of the sensitivity of the deter­
mined ( .:t.topt )u-
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I\ I\ 
effect of small estimation errors of A and B upon the determination n n 

of(~t t). op n 

Suppose, for example, that we have an estimation error 6 

of logA in the case I; then, as it is shown geometrically in Fig. 6. 5. 2, 
n 

the induced error in the determination of log(At t) is E,;c= 6 
/(n+3) and 

op n 

towards the opposite direction (increase- dee rease). 

Similarly, if an estimation error 6 occurs to logB , then it can 
n 

be shown easily that, the induced error in the determination of log 

(At t) is again E_,= 6 /(n+3) but towards the same direction with 6. op n -,, 

lower 

case, 

6. 5. 3 

Therefore, the sensitivity of the determined (At t) seems 
op n 

in the higher order kernel cases, and its deviation is, in any 
I\ I\ 

smaller than the estimation error of A or B which causes it. 
n n 

An Overall Account of the Performance of the Optimum Test 

For a sufficiently long record length and a reasonable value 

of a ( ~ 1/2), we eliminate, for all practical purposes, the effect of 

the external noise and the computational errors due to aliasing and 

discrete integration. 

With the described procedure of the scaling adjustment of the 

estimated functional terms, we can practically eliminate any signifi­

cant error due to finite transition time ( reversible transitions) or 

erroneous power levels. 

The approximate orthogonality errors are usually negligible, 

for all practical purposes, and if greater accuracy is desired, the 

suggestions given in sec. 5. 3 can be followed. 
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Finally, the statistical fluctuation error and the deconvolution 

error are minimiz e d through the optimal determination of T and .6.t, as 

discussed in the previous section. In this way, the optimum test (in 

the m ean square error sense) is achieved, using CSRS for nonlinear 

system identification. 



-185-

CHAPTER VII 

SPECIAL TECHNIQUES FOR THE STUDY OF THE 

VOLTERRA SERIES CONVERGENCE AND THE 

KERNELS EFFECTIVE MEMORY EXTENT 

In this chapter, we present two special techniques which can 

be employed in the study of two aspects of particular practical interest 

in the crosscorrelation approach of nonlinear system indentification: 

the convergence of the system Volterra series and the effective memory 

extent of the system kernels. 

These two aspects are associated with two basic preliminary 

decisions that the user of the crosscorrelation method has to make. 

The one is the decision concerning the number of functional terms that 

are required to be estimated in order to achieve a system model of 

reasonable accuracy (in accordance, of course, with the possessed experi­

mental and computational capacity which may even make the actual 

identification of a system infeasible). The other decision concerns the 

extent to which the kernels have actually to be computed in order to 

modelize their significant effect (memory length). 

The computational time depends very drastically on this . extent 

of the computed kernel memory. In fact, if a constant sampling interval 

is used, the computational time is approximately proportional to the 

number of data points in one dimension raised to a power equal to the 
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order of the kernel. For e xample, if the memory length of the second 

order kernel is doubled, then the computational time is quadrupled. 

We will refer to the first technique as the "general nonlinearity 

test," because it is intended to allow the practical determination of the 

degree of system nonlinearity, in terms of the number of estimated 

functionals that are required to give a model of reasonable accuracy. 

We will refer to the second technique as the "memory extent test, 11 for 

obvious reasons. 

It must be noted that the first of these tests deals with the 

Volterra series, and the obtainable results concern the Volterra kernels 

and functionals of the system. It is understood that we can extend the 

conclusions derived for the system Volterra series to any other of the 

equivalent orthogonal series, on the basis of the discussed relations 

between the several functional series (cf. sec. 2. 5 and 4. 3). 

7. 1 The General Nonlinearity Test 

The general nonlinearity test (GNT) is a special purpose test 

aimed at examining the pattern of convergence of a system Volterra 

series, in order to allow the practical determination of a reasonable 

truncation point of the series. 

It is well understood that a chosen truncation point (i.e., the 

order of the model) of the Volterra series will cover any other 

orthogonal functional series; in the sense that any truncated orthogonal 

functional series of the same order will give, in general, better 

accuracy within the specified operational and frequency range. 

The GNT employs a special test signal (Fig. 7. 1. 1 ): 

x(t) 
-at 

= A • t • e u(t) (7.1.1) 
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X(t) = te -t 

t 
Fig. 7. 1. 1: Form of stimulus used in the general nonlinearity 

test (GNT). 

JW 

s- plane 

-~en 
I \ 

• • • • • • 0 
-na -2a -a 

Fig. 7. 1. 2: Pole diagram of the Laplace transform of the 
system response in the GNT. 
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where A and a are positive constants and u(t) is the step function: 

u(t) = { 
1 

0 t <O 

Clearly, x(t) is a deterministic signal of finite energy: 

The system response to this test signal is: 

CX) 

y(t) = L In (t) 
n=O 

where I (t) is the n-th order Volterra functional of the system: 
n 

CX) CX) 

(7. 1. 2) 

(7.1.3) 

(7. 1. 4) 

I (t) = r ... 
n Jo J

0 
kn ( T 1, ... , T n)x(t-T 1 ) x(t-T 2 ) ... x(t-T n)dT 1 ... dT n 

(7.1.5) 

If we call: 

X (t, Tl, ... , T ) = x(t-T 1 ) . .. x(t-T ) 
n n n 

(7.1.6) 

then, Xn is the only function that contains t within the functional 

I ( t). 
n 

But, 

Now, let us apply the one~sided Laplace transform: 

CX) 

CX) t \ 
Y(s) = S(y(t)} = J

0 
y(t)e-s dt = L 

n=O 

co 
r I (t)e - stdt 
Jo n 

(7 . 1.7) 

6 00 -st 00 00 
' 

00 -st 
L (s)= r I (t)e dt=J ... I' k (T1•····T )dT1···dT rx (t,T1•····T )e dt n Jo n o Jo n n nJo n n 

(7.1.8) 
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and, 
co 

6. I -st Q (s,T , ... ,T )= X (t,T1, . .. ,T )e dt 
n 1 n O n n 

(7.1.9) 

J,co ( n b n-1 +bO)e-(s+an)tdt t + 1 t + ... O n-

where T n = max[T 1, T2 , ... , T n] and the coefficients b 0 , b 1 , ... , bn 

depend on Tl , T2 , ... , T n in the well-known fashion (relations between 

roots and coefficients of rational polynomials): 

(7.1.10) 

where j 1,j 2 , ... ,jn-k attain the values 1, 2, ... , n. Consequently, 

Y(s) 
co en co 

= \ r ... r k (T1·····T )Q (s,T1·····T )dT1••odT 
.~ O Jo Jo n n n n n 

Let us evaluate now Q : 
n 

n 

a.I Ti 

Q ( ) A n 1=1 s, Tl, ... , T = • e 
n n 

but 

[
-• -(s+an)t I r 

j=O 

k 
= e -(s+an}Tn l, k! -.-, 

J· 
j=O 

_J ]t=c:n 

(s+an}k+l -j 
t = T n 

( s+an}k+ 1 -j 

(7.1.11) 

(7.1.12) 

(7.1.13) 

(for Re( s+an} > 0) 
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thus, 

n k 

Q ( ) =An. a(T1+ •.• +T )-(s+an)Tn I b I k! Tn s, T1 , ... T e n k ., ---=---=--
n n J· (s+an)k+l-j 

k=O j=O 

(7. 1. 14) 

Finally the expression for Y(s) becomes: 

(s+an)k+l -j 

(7. 1. 15) 

Clearly, the complex function Y(s) is analytic over the entire s-plane 

except at the points of the real axis: 

s = -na n = 0, 1, 2, ... (7.1.16) 

where it exhibits regular singularities (poles). This is the special 

feature that we are going to utilize in the GNT. 

Notice that the transformation L (s) of each one of the 
n 

Volterra functionals I (t) , is an analytic function over the entire s-plane 
n 

except at the point s = -na , where it exhibits a regular singularity 

(pole) (Fig. 7. 1. 2). If we take the Cauchy integral on a contour C 

which surrounds the pole at s = -na (and no other pole of Y(s) ), 

then the resulting residue will correspond only to L (s), while the 
n 

contribution of the other terms in the series will vanish. 

n 

In this way, we isolate one term of the series at a time by 

changing the contour of integration. The resulting residues can be 

used as indicators of the relative contribution of each one of the terms 

in the series, and, consequently, they provide a picture of the con­

vergence of the system Volterra series. 
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L e t us e valuate these residues. Consider the Cauchy integral 

around the contour C (Fig. 7. 1. 2): 
n 

and 

R == 
n 

R == _l_ ,I\ Y(s)ds == - 1-. _R-. Ln(s)ds 
n 2-rri :Y 2m :Y 

Cn Cn 

co co 
Anf fk ( )T a(Tlt ••• T) .• • T

1
, .. . ,T ·e n 

·o ·o n n n 

1 
n k k'b 

.\ , · -J.·,, k 
l l 2-rri 

k == Oj == O 

-(s+an)Tn 
~ e . 

( s+ant+l -J 
Cn 

(7.1.17) 

(7. 1. 18) 

and, because of the symmetry of k (T
1

, ... T ) we can write (accept-
n n 

ing conventionally that Tl > T2 2:,,, 2: T n): 

R == An I cofd (ld rn-ld k ( ) a(Tl+ ••• +T ) 
n • n ••. 0 T 1 Jo T 2 ••• ·h T n • n T 1' ••• ' T n T 1 e n • 

n k 

I I(-lt-j 

k = O j= O 
(

k) k-j 
j bk Tl (7.1.19) 

For convenience of notation let us call: 

(7 : 1. 20) 

Thus, 

co Tl T 
n 'f J rn-ld k ( )P ( ) a(Tl+ ••• +T) R =An. dT

1 
d-r:·•· T • T 1 , ... ,T T 1, ... ,T e n 

n ·o O 2 ·o n n n n n 

(7.1.21) 

• 
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The quantity R is characteristic of the n-th order Volterra 

n 

kernel of the system. - u also depends on the function p (T1, ... , T ) , 
n n 

which, however, is independent of the system. The function 

p (T
1

, ... , T ) depends only on the arguments T 1 , ... , T and con-
n n n 

sequently it is a weighting function invariant through different system 

tests. 

It must be noted that, in practice, the several arguments 

Tl, ... , T attain values from a finite domain [ 0, µ J , where µ is n · n n 

the effective memory of the n-th order kernel (which is a finite number 

for a finite-memory system). 

bounded by the quantity: 

Since, 

and 

Consequently, the function p is 
n 

(7. 1. 22) 

(7.1.23) 

(7. 1. 24) 

However, even if we do not allow ourselves to assume the 

finiteness (for all practical purposes) of µ , the function p is still n n 

bounded by the quantity (~ • T t+ 1 ) , where ~ is a finite positive 

constant appropriately chosen so that: 

n 

I (7.1.25) 

k=O 
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The ref ore, the residue 

exponential order: 

R exists if the kernel k is of 
n n 

(7.1.26) 

where M, e
1

, e 
2

, ... , en are the positive constants, and 

(7.1.27) 

We see then that the absolute integrability of k , as required 
n 

for the convergence of the series (cf. sec. 2. 3), is not sufficient to 

assure the existence of R ; but a stricter condition is required, as . n 

described by eqns. 7. 1. 26 and 7. 1. 27. 

We studied the conditions under which R exists. Now, we 
n 

will study one way in which the knowledge of R can be used to assist 
n 

the choice of the truncation point of the system functional series. 

To this end, we write eqn. 7.1.18 as: 

00 00 00 

R = J d Tl J d T2 ... J d T • k (Tl, •• '· , T ) • f3 (Tl' ••• , T ) n O O O n n n n n (7. 1. 28) 

where 

f3 ( T n (7. 1. 29) 

and 

Notice that the function f3n does not depend on the specific system 

under test, but it does depend on the parameters A and a of the 

specific stimulus used. 

As we will see later, the dependence of f3 on a attains 
n 

major importance in connection with a proposed identification 
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proc e dur e . In ge neral, the dependence of ~n on QI is more important 

than the dependence on A , because the former affects the directionality 

of ~ (if ~ is considered a vector of infinite components), while the 
n n 

latter has a simple scaling effect without affecting the directionality of 

~ . n 

Let us write: 

A( ) AnQl(T1+ ••• +T) ( ) 
t-' T1·····T = e n y T1·····T n n _ n n (7. 1. 30) 

where 
n k 

\ \ k-j(k) k-j+l 
y n ( T 1 ' • • • ' T n ) = L L ( -1 ) j bk T n (7.1.31) 

k=O j=O 

Clearly the function y does not depend either on the system or on the 
n 

stimulus used, but only on the order n . Thus, it is an invariant 

function, which can be evaluated once and forever and be used in all 

different applications. This facilitates the study of the dependence of 

~ on QI and A. n 

Viewing the functions k and ~ as generalized vectors of 
n n 

infinite c omponents, we can say that the residue R is the inner 
n 

product of two generalized vectors; the one of which depends on the 

system under study and the other on the stimulus used. 

Employing the Schwartz inequality we get: 

(7. 1. 32) 

This inequality involves the euclidean norms of two generalized vectors 

(7.1.33) 
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wher e , 

(7. 1. 34) 

~ 00 2 
= j ... J . k (Tl, ... , T )dTl ... dT 

0 0 n n n 
(7.1.35) 

00 00 2 
II f3 II = J ... J. f3 (Tl' • ... T )dTl ... dT 

n O O n n n 
(7.1.36) 

Finally, since the quantities II R \I and II f3 I\ are known n n 

(the first is computed from the contour integration and the other is 

given by ~qn. 7. 1. 29), a lower bound for II k II can be obtained as: n 

(7.1.37) 

This lower bound can be used as a reliable indicator in choosing the 

truncation point of the system functional series. 

Clearly, this indicator (being a lower bound) does not provide 

information about where we can truncate the series, but about where we 

II Rn\\ 
cannot do so. For e x ample, if the quantity ITT3Jf is of considerable 

size, then we know that we have to include the n-th order functional in 

our truncated model, since the n-th order kernel will be also sizeable. 

h I\ Rn I\ · li • bl h th" d On the other hand, if t e quantity I\ f3n \I 1s ne g gi e, t en 1s oes 

not nec e ssarily imply that the n-th order kernel is negligible. It may 

or may not be, since the inner product attains small values either 

because the vectors are small or because they are almost orthogonal. 

of f3 n 

This can be checked in 

(changing the parameter 
" 

some cases by changing the directionality 

. I\ Rn I\ 
a) and re - evaluating l\ f3nll If the 

new lower bound has changed significantly, then kn is probably not 
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neg ligible , but 13n and kn happened to be fairly "orthogonal. 11 Thus, 

in some cases, we can detect an accidental orthogonal arrangement 

between k and 13 . n n 

There is a more sophisticated and conclusive way to utilize 

the information obtained through the evaluated residues. Nonetheless, 

this new way is more involved and laborious. It aims at the actual 

evaluation of the system Volterra kernels through the information con­

tained in the residues. For this reason, its actual implementation could 

have far reaching consequences in the general approach of the identifica­

tion problem. 

The method is based on the expansion of the kernel k in an 
n 

appropriate basis of functions: 

ro M 

k (T1,···,T )=\ a.~ . (T1,···,T) ~\ a.~. (T1,···,T) n n L 1 1, n n L 1 1, n n 
i = l i=l (7.1.38) 

Then by evaluating the integrals: 

00 00 

P. = J ... J ~- (T1•····T )13 (T1·····T )dT1···dT (7.1.39) 
1, n O O 1, n n n n n 

We obtain a linear expression of the residue R in terms of the unknown 
n 

expansion coefficients a . (assuming that M terms of the expansion 
1 

suffice for a satisfactory accuracy): 

a .• p. 
l 1 1 n 

(7.1.40) 

i= 1 

Notice that the quantities R and [ p. } depend on the 
n 1,n 

parameter a of the stimulus signal. Thus, by changing a , we 

obtain M independent linear equations: 



M 

l R (a . ) = \ 
n J L 

i = 1 
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a . · p. (a.) ( 
l 1, n J i j = 1, 2, ... , M (7.1.41) 

which c an be solve d to obtain the values of the unknown coefficients 

(a.} . 
l 

In this way, we obtain an approximate of the kernel k in 
n 

terms of the expansion of eqn. 7. 1. 38, and up to a desirable degree 

of accuracy. Apparently, there are some computational problems 

associated with the proposed method; however, the achievable results 

are of such a great importance for the nonlinear system identification 

problem as to justify a sizable investment in the study and solution of 

the computational aspects of the method. 

7. 2 The Memory Extent Test 

This test is designed so as to allow the determination of the 

effective memory extent of the kernels of a system, before these 

kernels are actually estimated. These kernels may correspond to 

any of the quasi-white signals that we discussed in the previous 

chapters. 

This is of major importance in practical applications, because 

the memory length of an estimated kernel is a crucial factor affecting 

the computational burden. This becomes increasingly dramatic as we 

go to higher order kernels. 

In fact, for a certain sampling interval, the computational 

burden for the estimation of the n-th order kernel is approximately 

proportional to the n-th power of the computed kernel memory length. 

Therefore, it is evident that some a priori knowledge of the extent of 
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the ke rne ls e ffec tiv e memory can be of great practical usefulness, 

since it will optimize the us e of our computational capacity. 

The test is based upon the following analysis which involves 

the s ec ond order autocorrelation function of the system response to a 

quasi-white si g nal. We know that: 

(X) 

y(t) = L, G~ [hn; x(t'), t' < t] 
n=O 

(7. 2. 1) 

where, x(t) is a quasi-white stimulus signal and G~ are the corre­

sponding orthogonal functionals of the system under study. The second 

order autocorrelation function of the system response is: 

since, 

¢ (a) = E[ y(t) y(t-a)] 
yy 

00 

= \ E[ G ,:c(t) G ,:c(t-a)] 
nf:o n n 

if nf-m 

(7.2.2) 

(7.2.3) 

Let us now evaluate some of the first terms of the series on 

the ri ght hand side of eqn. 7. 2. 2 in the special case where the amplitude 

probability distribution of the quasi-white stimulus signal is gaussian. 

We consider this special case to simplify the derived analytical expres­

sions; however, our basic conclusions hold qualitative for any 

amplitude probability distribution. We can easily derive that: 
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00 

E[ Gt(t) Gt(t-o)] = P • J h 1 (T)h1 (T-o)dT 
0 

etc. 

where, P is the power level of the quasi-white signal. 

(7. 2. 4) 

(7.2.5) 

(7.2.6) 

(7.2.7) 

Extending our derivations to the n-th order functional , we 

get: 

00 00 

E[G':' (t)G ':' (t-o)]= n!Pn J. .. J h (T1,r.
2

, ... ,T )h (T
1
-o,T2-o, ... ,T -o)dT1dT

2 
.. . dT 

n n oon nn n n 

(7.2.8) 

This expression 7. 2. 8 along with eqn. 7. 2. 2 are the key formulas for 

the memory extent test. 

We have found that the second order autocorrelation function 

of the system response to a quasi-white stimulus with gaus sian 

amplitude distribution is: 

00 N 

¢ (a) =) 
yy ·-· 

A (a) • Pn ~ ) A (a) • Pn 
n w n 

(7. 2. 9) 

n=O n=O 

where, 

00 00 

A (a )= n! J ... Jh (T
1

, -r.
2

, ... T) h (T
1

-o, -r.2-o, ... , T-o)dT1dT2 , .. dT 
n O on n n n n 

(7. 2.10) 

Notice that the memory extent of the h is the same in all of its 
n 
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dimensions because of its symmetry. Consequently, if there is some 

finite e ffective memory µ for the kernel h , then the quantity 
n n 

A (o) for a> µ has to negligible, in exactly the same way that 
n n 

h (T
1

, ... , T ) is negligible for T. >µ . 
n n 1 n 

Therefore, for successive values of a we check which ones 

of the coefficients A (o) of the polynomial in P of eqn. 7. 2. 9 become 
n 

negligible. The least value of a for which A (o) becomes and remains 
n 

negligible (while o is increasing) determines the effective memory 

extent µ of the kernel h 
n n 

Of course, a practical problem of this method is the actual 

evaluation of the coefficients A (o) of the polynomial in P that 
n -

¢ (o) is for a given value of a. Two ways to approach this problem 
yy 

are by using the various methods of polynomial interpolation or by straight-

forward linear expansions on a basis of powers of P. 

Evidently, a reliable implementation of this method could 

also be used in connection with the problem of the functional series 

truncation by detecting no-memory system kernels. 
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CHA PT ER VIII 

COMPUTER SIMULATED APPLICATIONS OF THE CSRS 

IN NONLINEAR SYSTEM IDENTIFICATION 

In chapter 4, w e discussed the autocorrelation properties and 

the use uf the CSRS in nonlinear system identification in connection with 

the crosscorrelation technique. In that chapter, we presented the theo­

retical arguments that manifest the quasi-whiteness of the CSRS. 

In this chapter, we will illustrate the quasi-whiteness of the 

CSRS through the actual identification of computer simulated systems. 

In addition to that, we will illustrate several basic features of the CSRS 

test signals and several important aspects of their use in nonlinear sys­

tem identification (i.e. estimation errors, convergence of the CSRS 

functional series etc.) as they have been theoretically discussed through­

out the chapters 4, 5 and 6. 

8. 1 Illustration of Basic Features of CSRS Test Signals 

In this section, we will illustrate with the help of the computer 

(PDP 11/45) some basic features of the CSRS test signals. 

In this illustration, we will use members of the equirandom 

CSRS group. A multi-level CSRS is called equirandom, when it attains 

a finite number of discrete equidistant amplitude levels with the same 

probability. 

The basic features that we will illustrate in this section are: 

the form of the test signal; its amplitude histogram; its second order 

autocorrelation function estimate; and the histogram of the side values 
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(T > I .t..t \) of the au toe or relation estimate. The autocorrelation estimate 

has been obtained from a stimulus record of 6600 independent steps. 

Th e s e basic features of equirandom CSRS with number of levels: 

2, 3, 4, 8, 16 and 64 are shown in Fig. 8. 1. 1, 8. 1. 2, 8. 1. 3, 8. 1. 4, 8. 1. 5 

and 8. 1. 6. r e spe ctively. 

Notic e that the op e rational range is the same for all the se sig­

nals: [-A, +A J. Therefore, the second moment m 2 (and consequently 

the p ower level P =m 2 • .t..t) of them decreases as the number of levels 

increases. The explicit relation between the second moment m 2 and 

the number of levels M of an equirandom CSRS is: 

A 2 M+l 
m 2 =-3-·M-l (8. 1. 1) 

Clearly, this is a monotonically decreasing function of M, which asymp-
2 

totically approaches the value m
2

= {- (Fig. 8. 1. 7). The gradual 

decrease of the second moment (and the power level) is demonstrated 

in Figs. 8. 1. 1 through 8. 1. 6 by the gradual decrease of the peak of the 

corresponding autocorrelation estimates. 

Another interesting remark is that the histogram of the side 

values of the autocorrelation estimates ( i. e. the values of the deviation 

function r 2 introduced in sec. 5. 2 for T"to) is close to a gaussian dis­

tribution (as it was theoretically determined in sec. 4. 2). Naturally, 

the variance of these histograms is decreasing as the number of levels 

increases, since the second moment of the respective signals is also 

dee rea_sing ( cf. eqn. 5. 2. 6). According to eqn. 5. 2. 6 the variance is 

proportional to the square of the second moment. This is manifested 

by the findings of our computational analysis ( Fig. 8. 1. 8). 
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3- level equirandom CSRS 
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(a) Form of a 3-level equirandom CSRS. 
(b) Its amplitude histogram. 
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4- level equirandom CSRS 
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8-level equirandom CSRS 
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16- level equirandom CSRS 
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64-level equi random CSRS 
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Fig. 8. 1. 6: (a) Form of a 64-level equirandom CSRS. 
(b) It s amplitude histogram. 
(c) Its second order autocorrelation function 

estimate. 
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(d) Histogram of the side values (T>6t) of ©z(T). 
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Fi g . 8. 1. 7: D e pend e nc e of sec ond moment m
2 

of an equirandom 
CSRS with half operational range A upon the number 
of levels M. 

(standard deviation of r2(r)/(second moment of x( t) 

0.06 

0.05 • • • • • • 
0.04 

2 3 4 8 16 32 64 

Fi g . 8. 1. 8: Illustration of the dependence of the standard 
deviation of the autocorrelation estimate side 
values on the second moment of the CSRS. 

log2 M 
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It must b e emphasiz e d that th e smaller variance of the side 

auto c o rr e lati on value s in th e case of signals with a g11ceat number of 

l e v e ls, must n o t b e misr e ad as an advantage of these signals over the 

o n e s with f e w e r l e v e ls (from the statistical fluctuation point of view). 

What is of importance with respect to the statistical fluctuation error 

is the ratio of this varianc e to the e xpected peak value of the respec­

tive autocorrelation estimate. And this ratio is independent from the 

second moment (cf. eqns. 5. 2. 58 through 5. 2. 60). 

Another important remark concerning the side values of the 

autocorrelation e stimates is the fact that those values are uncorrelated. 

This is illustrate d in Fig. 8. 1. 9 by the autocorrelation of these side 

values for a ternary equirandom CSRS. The data set used had only 

200 sample points, thus the obtained graph demonstrates strongly the 

lack of correlation between the nodal side values. Notice the para­

bolic shape of the principal and the side lobes, which was theoretically 

anticipate d, as being the pr oduct of the linear segments of the autocor-

relati on e stimate . 

8. 2 Illustration of CSRS Kernel Estimates 

In this s e ction we will actually compute the first and second 

order k e rnel estimates of a computer simulated nonlinear system, 

using s e veral CSRS. This computer simulated nonlinear system has 

nonlinearities of all orders, so that possible deviations of the auto­

correlation functions of the several CSRS test signals from quasi-white­

ness would induce seri--ous estimation errors. This is an indirect but 
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A 

Autocorrelation of side values of ¢2 

Fi g . 8. 1. 9: Illustration of the lack of correlation between 
the nodal side values of the autocorrelation 
e stimates. 
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reliable way to che c k the quasi-whiteness of the autocorrelation 

fun c tions of the CSRS test signals and the validity of their use in 

nonlinear system id e ntifi cation. 

This actual computation of the several CSRS kernel estimates 

will a lso d e m onstrate the dependence of these kernels upon the moments 

and the step l e ngth o f the corresponding CSRS; and it will also illustrate 

th e form of the CSRS kerne ls as compared to the Wiener and Volterra 

k e rne ls of the system. 

The system that we will use in this illustration is the cascade 

of a linear and a zero-m emory nonlinear system, as shown in Fig. 

8. 2. 1. This system has nonlinearities of all orders. This becomes 

evident when we expand the function y(v)=e v in a Taylor series about 

v=o. 

The n-th order Volterra kernel of this system is: 

1 k (T
1

, .. . , T ) = -, • h(T 1)• h(T 2) ... • h(T ) 
n n n. n 

Cons e quently , its first and second order Wiener kernels are: 

h 1 (T 1) = a 1 • h( T 1) 

'h
2
h

1
, T

2
) = a

2
·h(T

1
)-h(T 2) 

wher e a
1

, a
2 

are scalars depending upon the power level P. 

(8. 2. 1) 

(8. 2. 2) 

(8.2.3) 

The first and second order kernels corresponding to a certain 

CSRS hav e the form: 
(X) 

gl(Tl) = L 

k=o 

(8. 2. 4) 
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s, 
r--------------- - --------~ 

x(t)-ov(t)._0t-y(t) 
L--------------------~ 

v(t) = Jg(,)x(t-r)dr y = e v 

Fig . 8 . 2. I: Casc a de nonliriear system of infinite order. 

. s, 
r----- ---- --- -------- - ---.. 

x(t) --f~v(tJ.0t-y(t) 
L--------------------~ 

v(t) = Jg(·r)x(t--r)dr y = v+v2+ v3 

Fig. 8. 3 . I: Casca de nonlinear system of third order. 

s, 
r------------ -------- - ---~ 

x(t)-ov(tJ...0t-y(t) 
L--------------------~ 

v(t) = J g(r)x(t-r)dr y = v+v2 

Fig. 8. 5. 1: Cascade no n.linea r system of second order. 
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co 

L 13;, k, t h~T 1)h1T 2) for IT 1 - T 2 I < .6. t 

k,t=l 
(8. 2. 5) 

and k, t attain those values for which (k+t) is even. The coefficients 
,., 

13 1 , k' 13 2 , k, t and 13~, k, t depend on the moments and the step length of 

the respective CSRS. 

Apparently, the expressions for the CSRS kernels are less ele­

gant than the ones for the Wiener kernels. The simplicity and the ele­

gance of the expressions of the Wiener kernels are due to the decom­

position property of the gaussian random variables (as it was discussed 

in sec. 3. 2), which results in relatively simple analytical relations 

among the moments of a gaussian random variable. 

In the case of the CSRS, however, the several moments of the 

amplitude probability density function p(x) may have any kind of relation, 

and consequently, the resulting analytical expressions are more compli­

cated - in their generality. 

We can also notice that the form of the CSRS kernels is gener­

ally different than the form of the Wiener or the Volterra kernels (which 

in this case, differ only by a scalar factor). 

Another thing to be noticed is the idiomorphic form of the CSRS 

kernels at the diagonal points (cf. eqn. 8. 2. 5). 

In the present illustration, we will use six equirandom CSRS 

(introduced in the previous section) of different number of levels, 
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namely 2, 3, 4, 8, 16, 64. All of this stimuli h ave half operational range 

A=l stimulus unit, step l e ngth ~t=. 3 s ec. and r e cord l e ngth T=4000 sec. 

The first and s e c o nd o rde r k e rn e l e stimates obtained by each 

one o i th e s e· C S R<; s timuli ar e sho.vn in Figs. 8. 2. 2 through 8. 2. 7. 

F or c omparison purposes th e first and second order Volterra kernels 

of the syste m ar e shown in Fig. 8. 2. 8. Notice the idiomorphic form 

of the CSRS s e cond o rde r kernels at the diagonal points and the distinc­

tion of the 2-l e v e ls cas e . 

From the Figs. 8. 2. 2 through 8. 2. 7, it is evident that the 

used CSRS stimuli possess the anticipate d quasi-white autocorrelation 

prope rties, and that the magnitude of the obtained kernel estimates 

depends on the moments of the respective test stimulus signal. Noting 

that a moment of any orde r of the used CSRS stimuli is monotonically 

decreasing with th e numbe r of levels of the signal, we verify the 

decreasing magnitude of the corresponding kernel estimates. 

As it was discussed in sec. 4. 3, different kernel estimates 

(in magnitude) would be obtained, if a stimulus with a different opera­

tional range or step length was used. To illustrate this point, the first 

and second order kernel estimates obtained through the use of a ternary 

equirandom signal with A=. 5, ~t=. 3 sec. and T=4000 sec. are shown in 

Fig. 8. 2. 9. Also, the first and second order kernel estimates obtained 

through the use of a ternary e quirandom signal with A=l, ~t=. 15 sec. 

and T=4000 sec. are shown in Fig. 8. 2. 10. Both of the se figures v e rify 

the anticipate d results; i.e., in both cases the magnitude of the respec­

tive kernels is changed according to eqns. 4. 3. 12 and 4. 3. 13. Notice 
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Fig. 8. 2. 2: First and second order kernel estimates 
obtained through the use of a 2- leve l 
equirandom CSRS. 
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Fig. 8. 2. 3: First and se c ond order kernel estimates 
obtained through the use of a 3 - level 
equirandom CSRS. 
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TI ME< SECONDS ) 

lNIM • -1 . 200[-01 
t- • e .5201! oo 
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Fig. 8. 2. 4: First and second order kernel estimates 
obtained through che use of a 4-level 
e guirandom CSRS. 
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8.0 

0. 0L_ ______________ -=::=:======::t 
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0.0 

5. 0 
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Fig. 8. 2. 5: First and second order kernel estimates 
obtained through the.,,use of a 8-level 
equirandom CSRS. 
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TIHE<SECONDS> 5. 0 
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,_ • 8.lll(J[ 110 
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Fig. 8. 2. 6: First and second order kernel estimates 
obtained through the use of a 16- leve 1 
equirandom CSRS. 
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TI ME( SECCJNOS) 

DUN• ◄ .000[-Ql 

DR • 5.920[ 00 
UIIC • 5.I00[--01 

0.S00E 01 

First and second order kernel estimates 
I 

obtained through the use of a 64-level 
equirandom CSRS. 
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Fig. 8. 2. 8: First and second order Volterra kernels 
of the system in Fig. 8. 2. 1. 
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Fig. 8. 2. 9: First and second order kernel estimates 
obtained through the use of a 3- level 
eg uirandom CSRS with reduced ope rational 
range. 
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Fig. 8. 2. 10: Fi.rst and second order kernel estimates 
obtained through the use of a 3-level 
equirandom CSRS with reduced step len gth. 
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that the power level in the first case 1s P=. 05, while in the second case 

it is P=. 10. 

8. 3 Study of the Accuracy of Truncated CSRS Estimated Models 

As we discussed in the previous section the several CSRS 

kernels depend on the moments and the step length of the respective 

CSRS stimulus with which they are estimated. 

As we also discussed in sec. 4. 3 the modified functional series 

depend themselves on the moments and the step length of the associated 

CSRS. 

Evidently, the convergence pattern of the modified functional 

series (and consequently the accuracy of the estimated truncated 

models) depends on the moments and the step length of the associated 

CSRS. It is a question of great practical interest in what way and to 

what extent the accuracy (always in the mean square error sense) of 

the model predicted responses is affected by the moments and the step 

length of the associated CSRS. We attempt to investigate this important 

point in this section by actually computing the accuracy of several 

model predicted responses and comparing the results. In the present 

study a third order nonlinear system has been considered, consisting 

of the cascade of a linear and a zero-memory nonlinear subsystem, as 

shown in Fig. 8. 3. 1. 
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The Volterra kernels of this system are: 

k
0 

= 0 

kl ( a1 ) = h( a1) 

kz(Ol,oz) = h(ol) h(r,z) 

k3(CT1, Oz, 03) = h(ol) h(Oz) h(03) 

kn(o1, ... , On)= 0 

(8. 3. 1) 

(8.3.2) 

(8.3.3) 

(8. 3. 4) 

(8.3.5) 

The zero, first and second order CSRS kernels of this system 

are (cf. sec. 4. 3): 

(8.3.6) 

(8. 3. 8) 

(8. 3. 9) 

n = 4, 5, ... (8.3.10) 

where 6t is the step length and m
2 

, m
4 

are the second and fourth 

moments of the associated CSRS. 

In our present study, we will use several equirandom CSRS 

(introduced in the previous sections), for which: 

(M+l )(3M
2 

-7) 

(M-1 / 

(8.3.11) 

(8. 3. 12) 



-227-

where, A is the half operational range and M is the number of the 

signal levels. 

We notice that the CSRS kernels of order higher than one are 

identical to the Volterra kernels of the system. This is due to the 

absence of nonlinearities higher than third order in the system. 

It must be remembered that the diagonal values of the CSRS 

kernels have been estimated from the respective crosscorrelations by 

using different normalizing factors than in the case of nondiagonal 

values (cf. sec. 4. 3). More specifically the diagonal values of the 

second order CSRS kernel have been normalized by the factor: 

:>'c: 1 
c' = ------

2 (m4-:r'n~}6tz 
(8.3.13) 

while the nondiagonal values of the same kernel have been normalized 

by the factor: 

C = 1 
2 

2(mz6t/ 
(8. 3. 14) 

These factors are derived by evaluating the crosscorrelation with the 

respective modified CSRS functional for diagonal and for nondiagonal 

points. Notice that in the special case of a binary signal (m4 = m~) the 

diagonal values are directly evaluated as: g2 (o,o) = 0 (cf. sec. 4. 3). 

In general, the normalizing factors of the diagonal values of the 

n-th order kernel may involve up to the Zn-th moment, while the nor­

malizing factor for the nondiagonal values only involves the second 

moment. 

The difference between the Volterra and CSRS kernels of zero 

and first order, manifests the different way in which the two functional 
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bases span the function space of the system responses. The Volterra 

functional series is an expansion based upon the functional derivatives 

of the system ope rator at the null function, while the CSRS functional 

series is a specially constructed expansion so to be orthogonal with 

respect to the associated CSRS. 

Evidently, the CSRS expansion is expected to have stronger 

convergence for stimuli that assimilate the associated CSRS. This is 

illustrated in Table 8. 3. 1 where the m. s. e. of first and second order 

Volterra and CSRS model responses to the corresponding CSRS stimuli 

are compared. 

Apparently, the CSRS models are spanning this function space 

more efficiently than the Volterra models; since (as indicated by eqns. 

8. 3. 6 and 8. 3. 7) the zero and first-order CSRS functionals are probing 

into the space of the second and third order Volterra functionals as well. 

The results shown in Table 8. 3. 1 were obtained by using 

equirandom CSRS with number of levels M = 2, 3, 4, 8, 16, 64 and 256. 

For all of these stimuli the step length was 6.t = . 3 sec, the sampling 

interval was DT = . 15 sec, the half operational range was A = 1 stimulus 

unit and the record length was T = 4000 sec. 

Notice that the decrease of the m. s. e. with the number of levels 

is not indicative of the "goodness" of the respective model but rather a 

logistic result due to the polynomial type of the zero-memory nonlinearity; 

because the polynomial operation tends to exaggerate the higher values, 

and the average squared magnitude of the signal that enters the zero­

memory nonlinearity relates to the signal power level, which, in turn, 

relates to the number of levels (for constant operational range and 

step length). 
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TABLE 8. 3. 1 

Percentage Mean Square Error of Model Predicted Responses 

Number of 
levels of 1st order 1st order 2nd order 2nd order 
CSRS CSRS Volterra CSRS Volterra 

Stimulus model model model model 

2 31. 62 74. 72 19.99 55. 12 

3 29.93 69.57 17.44 43.49 

4 27. 14 64. 18 15. 02 40.32 

8 26.38 59.61 12. 89 33.94 

16 27.41 58.52 
I 

12.33 30.99 

64 26. 1 7 55.62 11. 60 29.42 

256 26. 11 55. 31 11. 39 28.85 
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For this reason, we observe a decrease of the m. s. e. with 

increasing number of level s in both the CSRS and the Volterra models, 

even though it is milder in the case of the CSRS models. This happens 

because the CSRS models contain information from the third order 

Volterra functional as well, thus moderating the emphasis given to the 

higher signal values by the third degree term of the polynomial non­

linearity. 

Now that the difference in convergence between the CSRS and 

the Volterra functional series has been illustrated, the remaining 

important question is the relative accuracy of the several CSRS model 

responses to a stimulus other than the associated CSRS. In other words, 

given that our objective is to predict the system response to an arbitrary 

stimulus, what is the CSRS model that will give us the best accuracy. 

Obviously, a CSRS model depends on the moments and the step 

length of the associated CSRS, since the CSRS kernel estimates, which 

make up the model, depend themselves on these moments and this step 

length. 

The question thus becomes: what is the determining factor of 

the accuracy of the predicted response by a certain model to a given 

stimulus? 

It is evident that the less the introduction of the given stimulus 

distorts the orthogonal arrangement among the estimated CSRS func­

tionals, the better the accuracy of the model predicted response will be. 

Furthermore, the form of the CSRS functionals indicates that the 

11angle s '' (as defined in the theory of linear spaces from the inner 

product) between them depend on the autocorrelation functions of the 

stimulus involved. 
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Therefore , it is r e asona ble to assert that the accuracy of the 

predicted response by a certain CSRS model to a given stimulus depends 

upon the "proximity" of the autoc orrelation functions of the specific 

stimulus with the autocorrelation functions of the CSRS associated with 

the model. 

Apparently, if the system has up to n-th order nonlinearities, 

then only the autocorrelation functions of order up to the 2n-th affect 

the accuracy of the model predicted response. 

The term "proximity" in our stated conclusion is not rigorously 

defined here for any arbitrary stimulus. However, it is understood that 

the criterion of proximity should be based on a metric norm of integrated 

difference (for example, the integral of the absolute value of the dif­

ference of the respective autocorrelation functions). 

In any case, the reach of the present study is limited to a 

qualitative conclusion, which is valuable as an orientation instrument 

towards more advanced and detailed research on the subject that may 

follow. 

To illustrate our stated conclusion,we consider a band-limited 

gaussian white noise stimulus (GWN) of band width 3. 33 Hz and we com­

pute the m. s. e. of the second order CSRS model response from the 

previously estimated models. The standard deviation of the GWN is 

cr=l; therefore, its power level is P=.15 (cf. eqn. 3.2.22). 

Considering the fact that the system under test (Fig. 8. 3. 1) is 

of third order, we conclude that the principal determining factor of the 

11 proximity11 of the autocorrelation functions of the GWN with respect to 

the ones of the CSRS is the power level. Consequently, we expect the 
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least m. s. e. of the m ode l pr e di c t e d r e sponse in the case of a CSRS 

with powe r level c lose to . 15. In fa c t, the obtained r es ults v e rify our 

expectation, as shown in T a ble 8. 3. 2. 

To che ck this expe rime ntal result, the same series of experi­

ments is repeated after changing only the standard deviation of the GWN 

to cr=. 75. The power level of the GWN is now P=. 084 and the least 

m. s. e. occurs again in the case which is anticipated according to our 

basic conclul;lion (see Table 8. 3. 2). 

To reconfirm the same conclusion, we perform a series of 

experiments with several GWN stimuli of different power levels for 

the previously obtained model by using the binary equirandom signal. 

The obtained results are shown in Table 8. 3. 3 and they are in accordance 

with our basic cone lusion. 

To examine a case where the CSRS is not equirandom, we con­

sider a CSRS with 255 levels and a triangular amplitude distribution 

profile. The model corresponding to this CSRS is tested against the 

model corresponding to an equirandom CSRS with 256 levels for two 

different cases. In the first case, the two CSRS have the same 

operational range A= 1; while in the second case, they have the same 

power level P = . 1 (i . e. , the same second moment and step length). 

In both cases, they have the same step length 6t =. 3 sec. 

The two models are compared for a GWN stimulus of band­

width 3. 33 Hz and of several power levels. The results obtained in 

both cases are shown in Table 8. 3. 4 and they illustrate the basic 

assertion that the determining factor of the model accuracy with 

respect to a certain stimulus is the proximity of the autocorrelation 

functions (in this case the power levels) of the given stimulus and the 
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TABLE 8. 3. 2 

Percentage Mean Square Error of 2nd Order CSRS Model 

Predicted Response to GWN Stimulus 

Parameters of CSRS model Parameters of GWN stimulus>:< 

Number of levels Corresponding P= . 15 P= . 084 
of associated CSRS power level a = 1 a = . 75 

2 . 300 38.61 114. 60 

3 . 200 21.90 58.90 

4 . 166 16. 21 27.91 

8 . 128 16. 1 7 16. 91 

16 . 113 1 7. 18 13.67 

64 . 103 18.27 12.05 

256 . 100 18.52 11. 75 
I 

,:,p: power level of GWN. 

a: standard deviation of GWN. 
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TABLE 8. 3. 3 

Percentage Mean Square Error of Binary Eguirandom 

Model Response to Several GWN Stimuli 

Parameters of GWN stimulus M. s. e. of predicted response 

Standard deviation Power level by binary model with cor-
responding power level . 30 

. 75 . 084 114. 60 

1. 00 . 150 38.61 

1. 25 . 234 21. 82 

1. 50 . 337 24. 19 

1. 75 . 459 31. 95 

2.00 . 600 40.45 
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TABLE 8. 3. 4 

Percentage Mean Square Error of 2nd Order CSRS Model 

Predicted Response to GWN Stimulus 

For a Third Order Nonlinear System 

Mode ls estimated by Mode ls estimated by 
CSRS with the same CSRS with the same 

GWN stimulus operational range power level 
testing the model (A = 1) (P = . 1) 

Uniform Triangular Uniform Triangular 
Standard Power A.D.P. ,:, A.D.P. ,:, A. D. P. ,:, A.D.P. ,:, 
deviation level CSRS model CSRS model CSRS model CSRS model 

(P = . 100) (P= .050) (P = . 100) (P = . 100) 

. 25 . 001 113. 70 24. 59 113. 70 165.50 

. 50 . 037 30.33 6. 19 30. 33 43. 12 

. 75 . 084 11. 75 13. 1 7 11. 75 14. 15 

1. 00 .150 18. 52 27.47 18. 52 17.30 

*A. D. P. = Amplitude Distribution Profile. 
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CSRS associated with the model. 

In conclusion, a crucial factor in choosing optimally the CSRS 

test signal with which to identify a nonlinear system is the environment 

of stimuli to which the system is exposed during its lifetime. The 

optimal choice is a CSRS that has autocorrelation functions 11 proximal11 

to the ones of the stimuli with respect to which we seek an optimum (in 

the m. s. e. sense) model. 

This point has been repeatedly illustrated in the case of 

stochastic stimuli (see Tables 8. 3. 2, 8. 3. 3 and 8. 3. 4). Now, we will 

try to illustrate the same point in the case of deterministic stimuli. 

For example, consider a pulse stimulus and compute the m. s. e. 

of the model response for the models that were previously estimated (i.e. 

the second order CSRS model of the third order system of Fig. 8. 3. 1 ). 

Changes of the pulse height and duration are also considered and their 

effect on the m. s. e. of the model predicted response is studied. The 

obtained results are shown in Table 8. 3. 5 and they confirm our basic 

conclusion. A decreas_e of the height or the duration of the pulse results 

in the move of the least m. s. e. position at a model corresponding to a 

CSRS with larger number of levels (and, consequently, with smaller 

power level). 

Similar experiments are performe~ with sinusoidal stimuli of 

different amplitude and frequency. The obtained results are shown in 

Table 8. 3. 6, and they suggest once more our basic conclusion. A 

decrease of the amplitude or the period of the sinusoidal wave results 1n 

the move of the le:ast m. s. e. position at a model corresponding to a 

CSRS with larger number of levels (and, consequently, with smaller 

power level). 
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TABLE 8. 3. 5 

Percentage Mean Square Error of 2nd Order CSRS Model 

Predicted Response to Pulse Stimuli 

for a Third Orde r Nonlinear System 

M p H = 1 H = . 5 H= . 5 
D= 5 D = 5 D= 10 

2 . 300 26 . 50 5.77 2. 23 

3 . 200 . 26.71 5. 31 1. 94 

4 . 166 37 . 46 4.23 3.69 

8 . 128 38.59 5.67 5.53 

16 . 113 39.69 6. 90 6. 70 

64 . 103 41. 30 8. 33 8. 27 

M: number of levels of CSRS associated with the model. 

P: power level of CSRS associated with the model. 

H: pulse stimulus height. 

D: pulse stimulus duration. 
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TABLE 8. 3. 6 

Percentage Mean Square Error of 2nd Order CSRS Model 

Predicted Response to Sinusoidal Stimuli for a 

Third Order Nonlinear System 

M p F= .2 F = . 5 F =. 2 
A= 1 A = 1 A= . 75 

2 . 300 8. 13 493.8 43.94 

3 . 200 7.21 249.9 11. 93 

4 . 166 11. 85 162.6 6.04 

8 . 128 16. 15 94.63 4.79 

16 . 113 19.40 70. 12 5.86 

64 . 103 21. 94 53. 71 7.06 

M: number of levels of CSRS associated with the model. 

P: power level of CSRS associated with the model. 

F: sinusoidal stimulus frequency (in Hz). 

A: sinusoidal stimulus amplitude. 
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In both case s of the d e terministic stimuli a decrease in the 

energy of the si g nals results in bette r accuracy for the models 

associated with smaller powe r levels. This is in accordance with our 

basic conclusion on the accuracy of the model response to an arbitrary 

stimulus. 

8.4 Dependence of the Deconvolution and Statistical Fluctuation Errors 

upon the Record and the Step Length of the CSRS Test Signal 

In this section we will illustrate through computer simulated 

examples the dependence of the deconvolution (8-error) and statistical 

fluctuation (E: -error) estimation errors upon the record length T and 

the step length 6t of a CSRS test signal. These errors have been 

analytically evaluated in secs. 5. 1 and 5. 2, and the present illustra­

tion aims at the justification of the assumptions made throughout those 

derivations. 

Our special concern with these types of estimation errors 

springs from the fact that they determine in an actual case the optimum 

values of the two basic test parameters: the record length T and the 

step length 6t of the CSRS test signal. 

It is of great practical importance that the validity (within 

reasonably sm,all deviations) of the fundamental error equation 6. 2. 10 

is manifested, since the design of the optimum test heavily relies on 

that formula. 

At first, we illustrate the dependence of the 8 - error upon 

6t . Recalling eqn. 6. 2. 1 we have approximately: 

~ 2 ., 
8 (01, ... ,0 ) = 6t • Dh (01 , ... ,0) n n n n 

(8.4.1) 

where the approximation results from the assumption that Dhn does 
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not d e pe nd considerably upon 6t, for values of 6t of practical interest 

(i.e. , 6t small). Notice that this relation holds strictly for points out­

side the initial region (O-i2:::. 6t}, while for the points within the initial 

region the relation involves also terms of zero and first degree with 

respect to 6t (cf. sec. 5. 1 ). 

It has been also shown in sec. 5. 1, that for values of 6t of 

practical interest, Dhn de pends only on the second partial derivatives 

of the respective kernel (cf. eqn. 5. 1. 14). 

We illustrate this in Fig. 8. 4. 1 by plotting the deconvolution 

error of the first order kernel estimates of the system of Fig. 8. 3. 1 

versus the second derivative of the kernel. The three plots a, b and c 

correspond to kernel estimates obtained by using ternary equirandom 

test signals of half operational range A= 1, record length T = 8000 sec 

and step lengths 6t =. 30 sec, . 45 sec and . 60 sec respectively. 

The linear form of the plots validates the assumption of 

independence of Dh
1 

from 6t; and the slope of these lines demon­

strates the square relation between 81 and 6t. Notice that the initial 

regions of the kernels have been excluded from these plots. 

The dependence of the deconvolution error upon the second 

derivative and the step length can also be seen at the actual kernel 

estimates. It?- Fig. 8. 4. 2, the previously discussed first order kerne_l 

estimates are shown, along with the exact first order kernel of the 

system. It can be seen that the deviation of the estimates from the 

exact kernel is positive or negative according to whether the second 

derivative is positive or negative. However, this is not true in the 

initial region (0 < 6t} because of the derivative discontinuity of the 

kernel at the origin. Thus, the deviation of the estimates within the 

initial region is positive even though the second derivative is negative. 
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( second derivative of h1 (r)) 

Fig. 8. 4. 1: Illustration of the dependence of the deconvolution 
error on the kernel second derivative. 
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These simple illustrations demonstrate the va lidity of the 

assumptions made in co nnectio n wi th the d ec onvolution error in the 

de sign of the optimum test (s e c . 6. 5 ). 

In order to illustrate the dependence of the statistical flu c tua­

tion error upon the r ec ord l e ngth T , we compute the percentage m. s. e. 

of the first and s ec ond order ke rnel e stimates for several ternary 

equirandom stimuli with various record lengths. 

More spec ifically, all the ternary equirandom stimuli used 

have half operational range A = 1 and step length 6 t = . 15 sec. We 

compute the ave rage percentag e m. s. e . using six estimates for each 

one of three different record lengths: 500 sec, 1000 sec and 2000 sec. 

The obtained results are shown in Fig. 8. 4. 3 along with some 

represe nta ti ve kernel estimates, and they verify our expectatio ns. 

Notic e that the total estimation error can be approximately identified 

with the statistical fluctuation error because of the considerably small 

step length 6t = . 15 sec. 

In order to illustrate the dependence of the statistical fluctua­

tion error upon the step leng th, we follow the following procedure: 

(a) We obtain four independent k e rnel estimates of fir st and second 

order for each one of four different step lengths: . 15 sec, . 30 sec, 

. 45 s ec and . 60 sec; while keeping the length of each one of these 

records c onstant at 2000 sec. 

(b) We compute the integrate d squared differences between any two 

of the four kernel estimates of the same order and step length. 

Noti ce that these inte g rate d squared differences are quantities inde­

pendent from the deconvolution error and they only depend on the 

statistical fluctuation error. 

{c) We compute the average s of these quantities for each group cor-
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estimation er ror on the record length. 



-245-

6. 

o.oL_ ____________________ -==-~ 
o. 0 5. 0 

TIME<SECONOS) 

0 

0.0 0.SO0E 01 

Fig. 8. 4. 3b: First and s eco nd order kernel estimates 
obtained from a 500 sec long r eco rd. 



6 .0 

o. 0 

D 

uJ 
D 

fil 
D 

o. 0 

. _,,,, 
I 

o.o 

Fi g . 8. 4. 3c : 

-246 -

TI ME< SECONDS> 

/ 
/ / 

I 
/ 

DON • -11 . IDlt-Ol 
~ • '.!SJ!: 00 
llNt • I . Slll[-01 

5.0 

0.SO0E 01 

First and s ec ond o rder kernel estimate s 
obtaine d f rom a 1 000 s ec lon g r ec ord. 



6. O 

o. 0 

0 
w 
0 

5! 
0 

-247-

0. 0 Til1EC SECONDS> 

/ 

/ 

.... ,~-o, 
7.aa: 00 
7.IDDr:-01 

5. 0 

/ 

0.0 0.SO0E 01 

Fig. 8. 4. 3d: First and second order kernel estimates 
obtained from a 2000 s ec long record. 



-24 8-

responding to a spec ific s t e p le ng th. 

The obtaine d res u lts ar e shown in Fi g . 8. 4. 4, alon g with 

repre se ntative sec ond orde r k e rne l estimates, and the y demonstrate 

the antic ipate d depe ndence of the sta ti,stic al fluctuation error on the 

stimulus step length (cf. e qn. 6. 2. 10). 

With these simple illustrations, we demonstrated the validity 

of the approximating assumptions made in connection with the statis­

tical fluctuation error in the desi g n of the optimum test (sec. 6. 5). 

8. 5 Illustration of the Fundamental Error Equation Curves 

In this section, w e will illustrate the form of the fundamental 

error equation (FEE) curve s, whic h were discussed in sec. 6. 2, in an 

actual case of identification of a cnmputer simulated nonlinear system. 

To this purpose, w e consider a cascade system consisting of 

a linear subsystem followed by a second degree polynomial zero­

memory nonlinearity, as shown in Fig. 8. 5. 1 Our intention is to com­

pute the mean square error of the CSRS kernel estimates as a function 

of the t e st parameters 6t and T , and verify the analytical relation 

described by the FEE (cf. e qn. 6. 2. 10). 

We recall that the total estimation error for the n-th order 

kernel consists of two significant parts. The one is due to the deconvolu­

tion error and depends on 6t , and the other is due to the statistical 

fluctuation error and depe nds on 6t and T. The quantitative relation 

of all these is described by the FEE. 

In the present example, the system has up to second order non­

linearities. Therefore, · the m. s . e rror of the z e ro, first and second 

order kernel estimates must be used to determine the optimum test 

Parameters. In fact, the optimization procedure takes, in practi, ,' e , 
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the form of determining the optimum 6t for a given T (cf. sec. 6. 2). 

There arc two di s tin c t ways to do that. The one is to 

determine the optimum 6t by using the total estimation error for 

all the kernels. The other is to determine a different optimum 6t 

for each individual kernel estimate by using only the corresponding 

estimation error. It must be emphasized that in the second case 

(where we use stimuli with different 6t to estimate each one of the 

kernels) the operational ranges of the several stimuli must be adjusted 

in such a way that the power levels of all these stimuli are the same 

and, consequently, they can be used <;ompatibly in the same model. 

In Fig. 8. 5. 2, we show the results obtained by computer 

simulations of the system of Fig. 8. 5. 1, using ternary equirandom 

CSRS stimuli of several record lengths (T = 500, 1000 and 2000 sec) 

and step lengths (6t=. 15, . 30, . 45 and. 60 sec). The FEE curves for 

the zero, first and second order kernel estimates are shown along with 

the curve corresponding to the total estimation error. The total 

estimation error is computed as the weighted sum of the errors cor­

responding to the individual kernels: 

(8.5.1) 

where m 2 is the second moment of the CSRS stimulus (cf. eqn. 8. 6. 5). 

The data points corresponding to record lengths of 500 sec are 

computed as averages from eight independent kernel estimates. The 

data points· corresponding to record lengths of 1000 sec and 2000 sec are 

computed as averages from six and four independent kernel estimates 

respectively. This is justified on the basis of the fact that the statistical 

variation of the kernel estimates decreases as the corresponding stimulus 

record length increases. 
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The FEE curves shown in Fig. 8. 5. 2 illustrate the validity 

of the analytical relations derived in sec. 6. 2, within a degree of 

tolerable deviation due to the statistical fluctuation of the data points. 

8. 6 Determination of the Optimum Step and Record Length 

The determination of the optimum step and record length is 

done on the basis of the fundamental error equation (FEE), as it was 

discussed in secs. 6. 2 and 6. 5. 

According to the FEE, the knowledge of the constants A and 
n 

B of a given system suffices for the determination of the optimum pair 
n 

[6t, T], which provides the best (in them. s. e. sense) estirrate of the 

n-th order kernel of the system. Therefore, the determination of the 

optimum pair [6t, T] for the n-th order kernel estimate simply 

requires the determination (estimation) of the constants An and Bn. 

This is strictly true for kernel estimates of order higher than 

the first. In the case of the first order kernel, the use of the FEE in 

the simplified form of eqn. 6. 2. 10 would result in determining a zero 

optimum 6t . This is, of course, unrealistic because zero 6t implies 

zero power level for the signal. Consequently, we have to have, in 

practice, a finite nonzero 6t , which cannot be smaller than a lower 

bound determined by signal-to-noise ratio considerations of the specific 

system at hand. 

On the other hand, the "constants" A1 and B1 are not 

strictly constants. In sec. 6. 2, they were considered approximately 

constant for practical convenience, and this approximation is a valid 

one (for all practical purposes) as long as we deal with kernels of order 

higher than one. However, in the case of the first order kernel, and 

due to the absence of 6t from the denominator of the statistical fluctua-



-254-

tion error term, the sli ght d epe ndence of B1 on 6t assumes a con-

siderable importance in d e t e rmining the optimum 6t for a given T 

Thus, we can seek to determine in this case the optimum 

pair [6t, T] on the basis of the relations: 

(8. 6. 1) 

(8. 6. 2) 

Notice that the terms involving derivatives of A 1 have been deleted as 

being insignificant compared to the other two terms (cf. sec. 6. 2). The 

actual evaluation of the first and second partial derivatives of B1 with 

respect to 6t is not a very complicated task, as it is outlined in sec. 5.2. 

Of course, their evaluation is based on a kernel estimate instead of the 

exact kernel, and it is done numerically from finite differences, there­

fore, it involves several inaccuracies. However, these inaccuracies 

can be significantly reduced if proper care is taken in the evaluation 

procedure; in terms of a fairly accurate kernel estimate, a sufficiently 

small sampling interval and a good numerical differentiation procedure. 

Apparently, eqns. 8. 6. 1 and 8. 6. 2 may not yield a positive 

solution for 6t and then the optimum 6t is determined on the basis 

of signal-to-noise ratio considerations. 

In the case of the zero order kernel estimate, the FEE does 

not hold in the form of eqn. 6. 2. 1 O. As it was discussed in sec. 5. 2, 

the statistical fluctuation error for g0 depends upon 6t in a poly­

nomial fashion involving all powers of 6t of degree higher than zero. 

The deconvolution error has still the same form as in the FEE. 
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The study of the depe ndence of the g 0 estimation error upon 

6t becomes in practice quite involved, while its impact on the total 

error of the model is of secondary importance. For this reason, the 

determination of the optimum pair [6t, T J is done, in practice, 

without taking into consideration the estimation error of the zero order 

kernel. In any case, the analytical relations for that type of error are 

given in sec. 5. 2, and they can be utilized if a certain application 

requires so. 

A very important remark must be made in connection with the 

several optima 6t which correspond to the several individual kernels. 

As it was discussed in sec. 4. 3, the CSRS kernels depend on the moments 

and the step length of the respective CSRS stimulus. More specifically, 

if we call the expression: 

Pn = m • 6tn Zn (8. 6. 3) 

the "generalized n-th order power level" of a CSRS, then we can state 

that: the CSRS kernels depend upon the generalized power levels of 

the respective CSRS of all orders up to the order of nonlinearity that 

the system possesses. 

The implication of this fact, in connection with the different 

optima 6t that we can determine for each individual kernel of the 

system, is that we have to adjust the moments of our CSRS in such a 

way that the generalized power levels remain the same despite the 

changes of the step length. 

In other words, if different 6t are to be used to estimate 

the several kernels (which means that different stimuli and experiments 

must be performed in each case), then the probability density function 
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or the ope rationa l range of the CSRS must be modified in such a way that 

the required gene ralized power levels remain the same in all cases. 

This is absolutely necessary for the several kernel estimates to be 

compatible within the same model. 

Clearly, the simplest way to readjust the moments of the CSRS 

according to the changing step length is by simply multiplying the signal 

with a scalar: 

X. (t) 

13 = /(t) 
J 

=~ 6t. 
1 

(8. 6. 4) 

In that case, the operational ranges are different. If we want the 

operational ranges to be the same in all cases, then a more sophisti­

cated modification procedure is required regarding the probability 

distributions of the signals. Evidently, such a procedure would also 

depend on the order of nonlinearity of the specific system at hand. 

Because of the apparent complications of such a procedure, we usually 

use the same step length for all kernel estimates, if the operational 

range is needed to remain constant. 

Naturally, in that case, we determine the optimum pair [6t, T] 

from the total estimation error of all kernels in the model and not from 

the estimation error of individual kernels. 

It must be noted that the total estimation error must be com­

puted as a weighted sum of the estimation errors of the individual 

kernels. The weights of this sum reflect the actual contribution of the 

respective functional terms into the total model response. 
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Thus, in case we want to optimize the model response for a 

quasi-white stimulus, these wei ghts become some metric of the 

stimulus depend e nt part of each functional term. If a Euclidean metric 

is adopted, then the se wei ghts become: 

2 
X (t-T ) dTl ... dT 

n n 
(8.6.5) 

Evidently, the values of these wei ghts are expressible in terms of the 

second moment of the CS.RS stimulus x(t): 

To illustrate the determination of the optimum pair [ 6t, T J , 

we will follow the optimum test procedure for the system of Fig. 8. 5. 1 

under the requirement of having the same operational range (and con­

sequently the same step length) for all orders of kernels. Thus, the 

determination of the optimum pair [ 6t, T J will be done on the basis 

of the total estimation error. In fact, we will only consider the 

estimation errors of the first and second order functional terms; thus 

deleting the zero order term, which is of secondary importance and may 

complicate the optimization procedure because of its distinct pattern of 

dependence upon 6t (as previously discussed). 

In the evaluation of the total estimation error, the second 

order term will be weighted by m
2 

according to eqn. 8. 6. 6. Therefore, 

the total weighted estimation error in this case will be: 

(8. 6. 7) 
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And the optimum step leng th for a given record length T is: 

1 

[ 
m 2 B 2 ] s 

(6 t) opt = 4(A
1 

+ m
2 

· A
2

) · T (8. 6. 8) 

The optimization procedure aims at estimating the constants 

A
1 

, A
2 

, and B
2 

in this case. This can be done in a variety of ways, 

always based upon the form of the FEE and the nature of the deconvolu­

tion and statistical fluctuation error (cf. sec. 6. 2). 

In this illustration, we will consider the record length T as 

the quantity 11in scarcity" (cf. sec. 6. 5) and, consequently, the optimum 

6t will be determined from eqn. 8. 6. 8. 

The methods that we will use to estimate the constants A 1 , 

A2 and B
2 

in this example are more practicable than the general 

methods presented in sec. 6. 5. The estimation of A 1 and A2 requires 

the previous estimation of B 1 and B 2 respectively. 

The estimation of Bi: 

We compute the first order kernel estimates from several 

independent records of three different lengths. In this case, we used 

eight independent records of 500 sec long; six indepet1dent records of 

1000 sec long; and four independent records of 2000 sec long; with step 

length . 3 sec and half operational range 1 stimulus unit. 

For each group of kernel estimates of the same record length, 

we compute the integral of the squared difference of any two of them. 

We find the mean of these values and we consider it an 

estimate e1 of the quantity 2B
1 

/T. 

We map these estimates on a log ei-log T chart, and we draw 

a least squares fitted line with 45 degrees negative slope. This line is 
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a graphic approximation of the analytical relation: 

log i::1 = log (2B 1 ) - log T (8.6.9) 

which results from the FEE. 

Finally, w e estimate B
1 

from any convenient point of this 

line (see Fig. 8. 6. 1 ). Considering the point where i::1=. 01, we have 

T ~ 10400 and consequently: 

The estimation of B2: 

,.. 
B ~ 52 

1 

We compute the second order kernel estimates from the same 

records as previously, and we compute similarly the integrals of the 

squared differences of any two kernel estimates within each group. 

The mean of these values for each group is an estimate e2 of the 

quantity 2B 2 /T6.t. 

We map these values on a log i::2 -log T chart, and we draw a 

least squares fitted line with 45 degrees negative slope. This line is 

a graphic approximation of the analytical relation: 

(
2B 2 ) 

log i::2 =log 6t - log T (8.6.10) 

which results from the FEE. 

Finally, we estimate B 2 from any convenient point of this 

line ( see Fig. 8. 6. 2). Considering the point where i::2 =l, we have 

T ~ 4800 and consequently: :s
2 

~ 720 

The estimation of A 1: 

We compute four groups of first order kernel estimates 

corresponding to four different step lengths 6.t=. 15 sec, . 3 sec, 

. 45 sec and . 6 sec. Each group comprises four independent kernel 

estimates and the length of each independent record is T = 2000 sec. 

The half operational range is again A= 1 stimulus unit. 
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We compute the integ rals of the squared differences between 

any two members of the first and each one of the rest three groups 

successively; thus forming three (4X4) matrices of values. 

We compute the mean of the entries of each one of these three 

matrices. The computed means are: 

They correspond to estimates of the quantity: 

(8.6.11) 

in three different cases where p = 2, 3 and 4, respectively; while 

6t1 =. 15 sec and T = 2000 sec. This is following directly from the 

FEE. 

Now, using the value of B 1 that we previously estimated, we 

obtain three estimates of A
1 

from eqn. 8. 6. 11. Finally, we compute 

the average of these three estimates and take that average as an 

estimate of A 1 : 

Apparently, a graphical solution could be also employed by 

2 2 
drawing the line of the quantity µ versus ( 1- p ) (cf. eqn. 8. 6. 11 ). 

The estimation of Az: 

We repeat the same sequence of computations as before, using 

the second order kernel estimates. The obtained means of the entries 

of the three matrices are: 

µ 1 = 4. 54 

They correspond to estimates of the quantity: 

(l+ ..!._) p (8.6.12) 
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for thr e e different cases where f3 = 2, 3 and 4 respectively; and 

6t
1 

= . 15 sec, T = 2000 sec. This is again a direct derivation from 

the FEE. 

Using the value of B
2 

that we previously estimated, we 

obtain three estimates of A
2 

from eqn. 8. 6. 12. The average of 

these three estimates is taken to be an estimate of A2 : 

A graphical solution could be also employed (like in the case 

of A. 1 ) provided that the record length is also changed along with the 

step length, in such a way that the product (T • 6t) remains constant. 

Having estimated the constants A 1 , A 2 and B 2 , the deter­

mination of the optimum step length is a simple task using eqn. 8. 6. 8. 

In the present illustration 
2 

m
2 

= 3 and consequently: 

(6t) t ~ 1. 09 
op Tl /5 

Thus, the optima 6t for several record lengths are: 

T (sec) 

500 

1000 

2000 

4000 

8000 

(6t) t (sec) 
op 

. 314 

. 275 

. 238 

. 209 

. 181 

(8. 6. 13) 

It must be noted that the effect of the first order estimation 

error upon the determination of the optimum 6t is negligible, since 
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Al is two orders of magnitude smaller than A2 . In fact: 

58 

The outlined methods in this section for the determination of 

the optimum 6.t are not in any sense unique or most efficient. The 

statistical analysis of data is a wide discipline comprising a variety of 

advanced and sophisticated techniques, which can be possibly employed 

in this case to provide more efficient or more accurate procedures for 

the determination of the optimum 6.t. 

The basic idea presented in this section is the use of the FEE 

for the determination of the optimum 6.t. 

In fact, the term 11determination 11 is somewhat an exaggeration 

since the evaluated optimum 6.t is only an approximation based upon the 

obtained estimates of the constants A 1 , A2 and B 2 . Therefore, the 

material presented in this section must be regarded with a certain 

degree of statistical tolerance and granted the potentiality of procedural 

improvements. 
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CHAPTER IX 

APPLICATION OF CSRS IN PHYSIOLOGICAL SYSTEM IDENTIFICATION 

In this chapter, w e will illustrate the application of CSRS in 

identification of a real syste m. The system that we have chosen is a 

physiological one. More specifically, it is part of the visual neuron 

chain of the fly Calliphora Erythrocephala with white eyes. This sys­

tem exhibits the basic characteristics, which made the crosscorrela­

tion technique suitable for its identification; as it is discussed in the 

following section. 

9. 1 The Physiological Syste m: Light-Pote ntial Transducer in the 
Photorec e ptor Cell of Calliphora Erythrocephala 

The physiological system under study is the very initial por­

tion of a visual neuron chain, which operates as light-potential trans­

ducer in the photoreceptor cell 1-6 of the fly Calliphora Erythrocephala 

with white eyes [36 J. 

The input of the system is temporally varying light intensity 

applied upon the eye of the fly and the output is a slow (continuous) 

potential recorded in the photoreceptor cell body. 

The function of this system comprises the transformation of 

the photon energy to a slow potential through the isomerization of 

rhodopsin. Our effort aims at describing the functional characteristics 

of this physico-che mical proc e ss through mathe matical mode ls of the 

Volterra-Wiener type estimated by the use of CSRS. 
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This physico-chc rnical process tak e s place within the mem-

branes of microvilli, which constitute the rhabdomere of the photo­

receptor. The rhabdom e r e constitute s the site of the physiological 

processes tha t occur within the system. 

In this study, we do not utilize any information about the 

physiological or anatomical properties of the rhabdomere, but we 

attempt to describe its function by regarding the rhabdomere as a black­

box, and formulating the problem as a system identification one. 

In order to be able to employ the crosscorrelation technique 

in the identification of this system, we must show that the system sat­

isfies the three basic requirements of the Volterra series expansion 

(cf. sec. 2. 3); namely, the stationarity, finite-memory and analyticity 

requirements. 

As far as the stationarity of the system is concerned, we test 

the stationarity hypothesis using the "run test" for the system response 

to a stationary gaussian process, as described in sec. 6. 5. 1. The 

outcome of the test is that we do not reject the stationarity hypothesis; 

however, this does not mean that we confirm it either. In fact, we 

chose the Calliphora Erythrocephala with white eyes instead of the one 

with red eyes, in order to avoid possible significant nonstationarit_ies 

in the system behavior resulting from the presence of shielding pigment 

(light intensity adaptation). 

The finite-memory of the system is checked through the com­

putation of the autocorrelation of the system response to a quasi-white 

stimulus (cf. sec. 7. 2); and in a final check through the inspection of 

the system kernels themselves. 

The analyticity of the system is assumed on the basis of the 
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expectable differential smoothness of a physical system, and it can 

only be checke d indirectly through the obtained identification and syn­

thesis results. 

Finally, it is found that the chosen physiological system can 

be satisfactorily d e scribe d (within the testing stimulus range) by only 

a second order CSRS model, and conse quently the required computa­

tional burden for our study is of reasonable size. 

9.2 Estimated CSRS Mode ls of the Physiological System 

In this section, w e will illustrate the use of CSRS in the ide nti­

fication of nonlinear syste ms. The obtainment of "legitimate" system 

models through the use of CSRS (and in connection with the crosscorre­

lation technique) demonstrates the quasi-whiteness of the CSRS. The 

"legitimacy" of a system model is judged upon its ability to predict with 

satisfactory accuracy the respons e of the system to a given stimulus. 

The CSRS, that w e are going to use in this illustration, are six 

members of the equirandom CSRS group that we prebented in chapter 8. 

As a reminder: the members of this group are multi-level CSRS with 

a uniform probability distribution profile. These stimuli have various 

numbe rs of levels (namely, 2, 3, 4, 8, 16, 64 levels), the same operational 

range, th e same ste p length and the same record length. 

We stimulate the physiological system described in the pre­

vious s e ction with t e mporally varying light intensity stimuli modulate d 

in the CSRS fashion. We r e cord the respons e of the system and we 

compute the zero, first and second orde r kerne ls of the syste m unde r 

test. 
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The test parameters that we have used for all the stimuli are: 

Step length 

Record length 

Sampling interval 

Half operational range 

First order kernel memory 

.ti.t = . 005 sec. 

T = 100 sec. 

Dt = . 001 sec. 

A = 1. 85 Volts (measured 
through a photo-cell) 
µ.

1 
= . 05 sec. 

Second order kernel memory µ. 2 = . 05 sec. 

The obtained CSRS kernel estimates for the CSRS stimuli with 

2, 3, 4, 8, 16, 64 levels are shown in Fig. 9. 2. 1 through 9. 2. 6 respec­

tively, along with portions of the stimulus, the system response and the 

model predicted response. 

The corresponding m. s. errors of the model predicted 

responses are given in table 9. 2. 1. Clearly, the accuracy of all these 

estimated models is comparable, and the small differences in the cor­

responding m. s. errors of the model predicted responses are probably 

of statistical nature. 

An interesting remark is that the size of the CSRS kernel esti­

mates does not change significantly as the number of levels (and conse­

quently the generalized power levels) change. This indicates the minor 

role of higher than the second order nonlinearities in the system. 

Another important remark concerning the physiological system 

under study is that any cross section of a second order kernel estimate 

obtained through a quasi-white test signal with gaussian amplitude dis­

tribution along the T 
1 

or the -r 2 axis has a form similar to the first 

order kernel estimate, being simply multiplied by a negative scalar 
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(continued) 
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TABLE 9. 2. 1 

Number of levels 
of equirandom 
CSRS test signal 

2 

3 

4 

8 

16 

64 

Percentage m. s. e. 
of model predicted 
response to the 
respective stimulus 

11. 90% 

15. 67% 

16. 33% 

16. 12% 

11. 71% 

1o.95% 
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(see Fig. 9. 2. 7). 

This is strong evide nce that the physiological system under 

study can be formalized as a cascade of a linear subsystem followed 

by a zero-memory nonlinearity. In addition, we can state that the 

second derivative of the zero-memory nonlinearity at the origin is 

negative. 

If our assertion about the cascade arrangement of the system 

at hand is true, then we should be able to identify completely the zero­

memory nonlinearity by relating a properly phase- shifted sinusoidal 

stimulus with the system r e sponse to that sinusoidal stimulus. 

This is actually done in this case with a sinusoidal stimulus of 

frequency 2 Hz and amplitude 1. 80 Volts (voltage corresponding to 

light intensity measured through a photo-cell). The obtained results 

is shown in Fig. 9. 2. 8, and it reveals a convex zero- memory nonlin­

earity with negative second derivative (as it was predicted by the cross 

section of the estimated second order kernel). 

It must be emphasized that under the cascade arrangement 

the physiological system under study has been completely identified; 

since the linear subsystem is completely describable by its impulse 

response, which in turn is identifiable through the first order kernel 

estimate, and the zero-memory nonlinear subsystem is identified as 

demonstrated above ( Fig. 9. 2. 9). Thus, this special cascade formali­

zation of the system makes its complete identification a feasible and 

relatively simple task. 
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9. 3 Design of the Optimum Test 

In this section, we will design the optimum test for the physio­

logical system at hand by determining the optimum pair of test param- • 

eters [ T, Atl 

To this purpose, we follow a procedure similar to the one 

outlined in sec. 8. 6 for the computer simulated application. Our im­

mediate aim is to estimate the constants A
1

, A
2

, B
1

, and B
2

. 

In order to estimate the constants B 
1 

and B
2

, we consider a 

pair of experimental ternary equirandom CSRS stimulus-response 

records of 100 sec. long. The step length of the stimulus is . 005 sec., 

the half operational range 1. 59 Volts and the sampling interval . 001 

sec. 

By segmenting these records, we create three groups of inde-

pendent records of several lengths. More specifically: 

Group 1: 2 records of 50 sec. long 

Group 2: 4 records of 25 sec. long 

Group 3: 8 records of 12. 5 sec. long 

From each one of these records, we estimate the first and 

second order kernel of the system. Then, we compute the integrated 

squared difference between any two kernels of the same group and 

order. Finally, we compute the averages of these integrated squared 

differences for each one of the groups and orders of kernel. 

Using a graphical method, as demonstrated in sec. 8. 6, we 

estimate the constants B
1 

and B 2 , as it is shown in Figs. 9. 3. 1 and 

9. 3. 2 respectively. The obtained estimates are: 
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I\ 

B 1 = 3. 24 

I\ 
B 2 = 1. 68 

Using the method illustrated in sec. 8. 6, for step lengths At = 

. 002, . 004, . 006 and . 008 sec. and record length T = 100 sec., we 

also estimate the constants A
1 

and A
2

. The obtained estimates are: 

/\ 10 
A 1 = 2. 12· 10 

I\ 
A z = 8. 24 • 10 ll 

Now that the constants A 
1

, A
2 

and B
2 

have been estimated, the 

optimum At, for the record length T=l00 sec., can be estimated with 

the help of eqn. 8. 6. 8: (note that m 2 =1. 04) 

1/5 
(At) =[ (1.04)(1.68) ] 

opt L4oo(z. 12· 10 10+8. z4. 10 11 ) 

!::::: 1. 38· 10- 3 sec. 

The optimum step length as a function of the record length is: 

( T and At in sec.) (9. 3. 1) 

With the derivation of eqn. 9. 3. 1, the estimation of the opti­

mum test parameters T and At has been concluded for the physiological 

system under study. It must be reminded, however, that all these 

results must be viewed with a statistical perspective and the becoming 

tolerance. 
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CHAPTER X 

COMPARATIVE STUDY OF THE USE OF GWN, 

PRS AND CSRS IN NONLINEAR SYSTEM IDENTIFICATION 

In this chapter, we will illustrate through actual applications 

the relative efficiency of GWN , PRS and CSRS in nonlinear system 

identification. These actual applications include several computer 

simulated systems (sec. 10. 1) and a real physiological system (sec. 

10. 2). 

In sec. 4. 4, we discussed the relative advantages and disad­

vantages of GWN, PRS and CSRS on a theoretical basis. This chapter 

attempts to provide some examples illustrating the basic assertions 

made in that section. 

10. 1 Computer Simulated Applications of GWN, PRS and CSRS 

The systems that we consider in these computer simulated 

applications are the ones shown in Figs. 8. 5. 1, 8. 3. 1 and 8. 2. 1. 

We consider those systems, since they cover the main cases of system 

nonlinearities that are of interest in practice, given that we usually 

confine ourselves in estimating upto the second order kernel. 

More specifically, the system of Fig. 8. 5. 1 has up to second 

order nonlinearities; therefore, a complete model of it can be esti­

mated. 

The system of Fig. 8. 3. 1 has up to third order nonlinearities 

with the third order term b e ing of comparable size with the first and 

second order terms; thus, the incomplete second order model that is 



-290-

estimated will contain only part of the quantity corresponding to the 

third degree polynomial term (cf. sec. 8. 3), and the effectiveness of 

this probing into the third degree term depends upon the fourth order 

autocorrelation function ( recall that the fourth order autocorrelation 

function is the first one where the pseudorandom signals exhibit anom­

alies). 

Finally, the system of Fig. 8. 2. 1 has nonlinearities of all 

orders, while the size of the higher order terms is rapidly decreasing; 

thus, the incomplete second order model that is estimated will contain 

parts of the quantities corresponding to terms of all orders with the 

relative contribution decreasing as the order of the term is increasing. 

The test signals, that are used in these applications, have the 

appropriate characteristics that make them completely comparable 

from the system identification point of view. 

More specifically, they all have the same record length T= 

1968 sec. and sampling interval DT=. 15 sec. The record length cor­

responds to one period of a ternary pseudorandom signal being gener­

ated by an eighth order linear recurrence formula ( 3 
8 

- 1 =6560 steps) 

and having a step length ~t=. 3 sec. (6560 x. 3 = 1968 sec,). 

The CSRS family is represented in these applications by a 

ternary equirandom signal of the same record and step length with the 

pseudorandom ternary signal. The operational range for both the PRS 

and the CSRS is A=l stimulus unit. 

Due to the fact that the amplitude histogram of one period of 

the pseudorandom ternary signal has approximately uniform profile 
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(i.e. 2187 step values are +l's, 2187 step values are -l's and 2186 

step values are O's), the pseudorandom and the equirandom ternary 

test signals have approximately the same power level P=. 2. That 

makes them completely comparable from the system identification 

pointofview(cf. sec. 4.3). 

Things are a little more complicated trying to make the GWN 

comparable to the PRS and the CSRS. For one thing, there is no 

exact correspondence between the frequency bandwidths in the two 

cases. The power spectrum of the PRS and the CSRS is shown in Fig. 

4. 3. 1, and the frequency where it first vanishes in this application is 

3. 33 Hz. Thus, it is reasonable to take a bandwidth of approximately 

2. 5 Hz for the GWN test signal. For another thing, due to the different 

statistical moments of a gaussian and an equirandom ternary amplitude 

probability distribution, the requirement of having the same power 

level in all cases will force us to have an operational range for the 

GWN which is different than the one of PRS and CSRS. Thus, the appro­

priate operational range for the GWN is determined from the specified 

GWN bandwidth B=2. 5 Hz and power level P=. 2 (cf. eqn. 3. 2. 5). 

Summarizing the criteria that we used to determine the GWN, 

PRS and CSRS test signals, so that they are comparable from the sys­

tem identification point of view: ( 1) the same temporal record length; 

(2) the same number of sample points; (3) the same power level (of 

first order); and, ( 4) approximately the same frequency bandwidth. 

Apparently, the comparability criteria (3) and (4) allow a 

certain degree of arbitrariness, which in turn points to the approximate 



-292-

nature of this study. The suggested approximate prospect of this illus­

tration is further enhanced by the fact that the GWN and CSRS test sig­

nals are random in structure, and consequently they insert an additional 

degree of randomness in the obtained results. 

Notice that we selected the specific GWN and CSRS test signals, 

that have been used in this illustration, as the best performing ones 

from an ensemble of four randomly chosen sample signals in each case. 

Having described the test signals and the systems that are 

going to be used in the present illustration we proceed with presenting 

the obtained results. 

For the system of Fig. 8. 5. 1 ( second order nonlinearity): 

The percentage m. s. errors of the first order kernel estimates are: 

GWN: . 73% 

PRS: . 37% 

CSRS: . 67% 

The percentage m. s. errors of the second order kernel esti­

mates are: 

GWN: 

PRS: 

CSRS: 

These first and second order kernel estimates are shown in Figs. 10.1.l 

through 10. 1. 3. 

The percentage m. s. errors of the second order model pre­

dicted responses are: 



5. 0 

o. 0 

-0 

.... 
0 

fil 
0 

-293-

0.0 TIME< SECONDS) 

-2 . 100(-01 
1 ,910[ 00 
l ,I00[-01 

0,0 O.SOOE 01 

Fig. 10. 1. 1: First and second order GWN kernel estimates 
for system of Fig. 8. 5. 1. 
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Fig. 10. 1. 2: First and second order PRS kernel estimates 
for system of Fig. 8. 5. 1. 
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Fig. 10. 1. 3: F i rst and second order CSRS kernel estimates 
for sy s t rn1 uf Fig. 8. 5. 1. 
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GWN: 

PRS: 

CSRS: 

The perc e ntage m. s. errors of the second order model pre­

dicted responses to: ( 1) a pulse stimulus of height . 5 and duration 

10 sec.; (2) a sinusoidal stimulus of frequency . 2 Hz and amplitude l; 

and, (3) an arbitrary stimulus of 25 sec. long; are: 

Pulse stimulus Sinusoidal stimulus Arbitrary stimulus 

GWN: . 62 % 1.51 % . 47% 

PRS: . • 69 % 1. 13 % 1. 49 % 

CSRS: . 35 '% , 79 % . 12 'f; 

The model predicted responses to the arbitrary stimulus along with the 

system response are shown in Fig. 10. l. 4. 

The results above clearly demonstrate the deterioration of 

the PRS autocorrelation properties in the higher even order autocorre­

lation functions. The demonstrated difference between GWN and CSRS 

may be due to statistical variation relating to the specific sample sig­

nals that have been used. 

For the system of Fig. 8. 3. 1 (third order nonlinearity): 

The percentage m. s. errors of the second order kernel esti­

mates are: 

GWN: 

PRS: 

CSRS: 

The first and second order kernel estimates are shown in F i g. 10. 1. 5 
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through 10. 1. 7. 

The percentage m. s. errors of the second order model pre­

dicted responses are: 

GWN: 

PRS: 

CSRS: 

35. 02 % 

30.08% 

24. 88% 

The percentage m. s. errors of the second order model pre­

dicted responses to a pulse stimulus of height. 5 and duration 10 sec., 

and an arbitrary stimulus of 25 sec. long, are: 

Pulse stimulus Arbitrary stimulus 

GWN: 1. 99 % 19. 98 % 

PRS: 3. so % 14.92% 

CSRS: 2. 10 % 13.45% 

These model predicted responses to the arbitrary stimulus are shown 

in Fig. 10. 1. 8, along with the actual system response. 

For the system of Fig. 8. 2. l ( Exponential nonlinearity): 

The percentage m. s. errors of the first order model pre­

dicted responses are: 

GWN: 

PRS: 

CSRS: 

54. 33 '% 

33.31 1 

28. 48% 

The percentage m. s. errors of the second order model pre­

dicted responses are: 
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GWN: 

PRS: 

CSRS: 

26. so % 

l 1. 83 % 

9,02 % 
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The first and second order kernel estimates are shown in Fig. 10. l. 9 

through l O. l. 11. 

The percentage m. s. errors of the second order model pre­

dicted responses to the previous pulse and arbitrary stimuli are: 

Pulse stimulus Arbitrary stimulus 

GWN: 1. 90 % 8. sa 'f, 

PRS: . 83 % 4. 73 % 

CSRS: .77 % 4.07 % 

Thes e m odel predicted responses to the arbitrary stimulus are shown 

in Fig. 10. l. 12, al ong with the actual system response. 

The obtained results demonstrate beyond any statistical ( or 

other) co incidence the efficacy of the CSRS test signals in nonlinear sys­

tem identification and establish their non-inferiority (at least) with 

respect to GWN and PRS. 

10. 2 Application of GWN, PRS and CSRS in Identification of a .. 
Physiological System 

The physiolog ical system under test is again the photo-receptor 

of the fly Calliphora Erythrocephala (with white eyes), which was des-

cribed in sec. 9. 1. 

The test signals that are going to be used are again a ternary 

equirandom signal ( representing the CSRS family), a ternary pseudo­

random s i gnal (representing the PRS fam ily) and a GWN signal. 
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As in the previous section, all these test signals have the 

same record length T=l3. 12 sec. and sampling interval DT=. 001 sec. 

The step length of the PRS and the CSRS is taken 6t=. 002 sec. The 

bandwidth of the GWN is chosen B=250 Hz. The record length T=l3. 12 

sec. corresponds to one period of the previous ternary pseudorandom 

signal (cf. sec. 10. 1), which has 6560 steps. 

The obtained first and second order kernel estimates are 

shown in Fig. 10. 2. 1 through 10. 2. 3. The percentage m. s. errors of 

the second order model predicted responses are: 

GWN: 

PRS: 

CSRS: 

16.41% 

23. 03% 

22. 35 % 

Portions of these model predicted responses are shown in Fig. 10. 2. 4, 

along with the respective actual system responses. 

We repeat the same series of experiments and computations, 

taking records as long as two periods of the PRS (i.e. T=26. 24 sec.). 

The obtained m. s. errors of the second order model predicted responses 

are: 

GWN: 

PRS: 

CSRS: 

12. 76 % 

23. 03 % 

14. 39 % 

Note that the PRS kernel estimates and m. s. error of the model pre­

dicted response remain exactly the same no matter how many periods 

of the PRS are contained in the stimulus. This is, of course, theoreti­

cally anticipated; however, in a lot of actual applications, the accuracy 
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improves as w e increase the number of periods contained in the stimu­

lus signal, because the l ong e r record length allows for greater reduc­

tion of the effect of the external contaminating noise. Apparently, in 

the pr e sent case, the length of one period (T=l3. 12 sec.} suffices for 

the practical elimination of the external contaminating noise. 

Of course, the accuracy of the GWN and CSRS estimated model 

increases as we increase the record length. Let us repeat the same 

series of experiments and computations by taking records as long as 

four periods of the PRS (i.e. T=52. 48 sec.}. The obtained m. s. errors 

of the s econd order model predicted responses are: 

GWN: 

PRS: 

CSRS: 

10.93 % 

23. 03 % 

12. 55 % 

Finally, let us repeat the same series of experiments and 

computations by taking records as long as eight periods of the PRS (i.e. 

T = l04. 96 sec.}. The obtained m. s. errors of the second order model 

predicted responses are: 

GWN: 

PRS: 

CSRS: 

10.85 % 

23. 03 % 

5. 55 % 

The first and second order GWN and CSRS kernel estimates obtained in 

this last case (T = l04. 96 sec.} are shown in Figs. 10. 2. 5 and 10. 2. 6. 

Porti ons of the corresponding model predicted responses are shown in 

Fig . 10. 2. 7, along ~ith the respective actual system 

responses. 
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Once again the obtained results demonstrate the efficacy of the 

CSRS in nonlinear system identification and establish their non-inferi­

ority (at least) with respect to GWN and PRS. 

As it was discussed in sec. 4. 4, the CSRS family additionally 

possesses several advantages not directly relating to the accuracy of 

the estimated models, which are of considerable practical importance 

and usefulness (i.e. easy generation, simple analytical manipulation of 

their mathematical properties-optimum test design, etc.), and which 

may provide the critical edge for their use in nonlinear system identifi­

cation. 

The basic comparative conclusion concerning the use of GWN, 

PRS and CSRS in nonlinear system identification, which is derived from 

the findings of this chapter, is that the relative accuracy of the several 

estimated models depends usually more on factors which are not a 

priori prescriptible (like the random stimulus sample, unknown features 

of the system under test, arbitrarily chosen test parameters etc.) than 

on factors that are a priori prescriptible (like the type of the quasi-white 

signal, the record length, the experimentation time, the computational 

capacity etc.). As a result of this, it seems impossible to derive and 

state a simple general rule that can be employed in any given applica­

tion to point out the quasi-white signal which is most advantageous. 

In other words, the determination of the relative "goodness" of 

the several quasi-white signals in given applications is usually a close 

contest requiring an elaborate and sophisticated judgement on a case-to­

case basis. 
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It must be noted, however, that the CSRS provide a unifying 

general and systematic approach to the quasi-white test signal design 

problem; which, beyond the advantages in easy generation,. good auto 

correlation properties and optimum determination of test parameters, 

also allows the optimization of the estimated system model with r _espect 

to a given environment of stimuli by an appropriate choice of the testing 

CSRS amplitude probability distribution and step length. 

Important note: 

The accuracy of the kernel estimates that are given as illustra­

tions throughout chapters 8, 9, and 10, can be appreciably improved 

if the length of the record is increased accordingly. This is of course, 

desired when practical applications are being made of the method. 

Since the intent of the present work is to study the several sub­

jects pertinent to the "mathematics" of this specific identification 

method and not to provide accurate kernel estimates, we have used 

records of medium length, which give kernel estimates of reasonable 

accuracy without creating a heavy computational burden hardly justi­

fiable for a study of that sort. To partly compensate for this inten­

tional and justifiable deficiency of the given illustrations, we must 

note that in the case of the physiological system, that was used in 

chapters 9 and 10, them. s. error can be reduced down to the neigh­

borhood of 5 % if records of several hundreds seconds long are used. 
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