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ABSTRACT

The use of quasi-white test signals, i.e. physically realiz-
able signals that approximate the statistical properties of ideal white
noise, in nonlinear system identification through the crosscorrelation
technique is comprehensively studied. Important theoretical aspects
of the subject are illustrated (e.g. the mathematical mechanisms of
kernel estimation through crosscorrelation, the role of the several
orthogonal functional series, the meaning of the corresponding kernels,
the accuracy of the obtained truncated models etc. ), and useful tools
for the actual application of the method are developed (e.g. analytical
expressions for the kernel estimation errors, optimum test procedure
etc, ).

In addition to the widely known and used band-limited gaus-
sian white noise and pseudorandom signals based on m-sequences, a
new family of quasi-white test signals is introduced and its properties
are thoroughly studied. The various advantages and disadvantages of
these three families of quasi-white signals are discussed independently
as well as in a comparative perspective. The accuracy of the se.vera.l
estimated models is found to be comparable for all these families of
quasi-white signals, with small differences pertaining to the specific
system under study or random factors. The theoretical study is
followed and confirmed by actual applications on computer simulated
and physiological systems.

The newly introduced family is simplifying, clarifying and
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unifying the concept of the quasi-white signal in connection with its use
in the crosscorrelation technique.

Some special purpose tests are also presented, with one of
them (the ''general nonlinearity test') possessing the potentiality of a
totally different identification method aiming at the Volterra kernels of

the system.
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CHAPTER I

INTRODUCTION

The perception of the surrounding phenomena as the observable
expressions of a complex invisible machinery, which conceptually takes
the form of a network of interconnected and interdependent variables,
is fairly common and popular among physical scientists. The mechan-
istic view of the physical world and the causal chain of physical phenom-
ena evolvement seem also to be the common stand of physical sciences.
In this regard, the system formalization of a physical relation comes
as a natural and suitable approach, provided, of course, that the
scientific means exist to tackle the problem under this formulation.
This is the task of system science and the general frame in which the
present dissertation places itself.

The system conceptualization of the surrounding world has a
philosophical quality that can hardly be bypassed. For this reason, the
first two sections attempt to give a brief, concise account of the philos-
ophical ideas involved. We expect these philosophical inferences to be
more or less argumental, but we also consider this philosophical framing

an introductory necessity of the subject.

1.1 The Philosophical Frame of System Conceptualization

The knowledge that the human kind possesses is the whole of its
organized and expressible experience.

Experience is the natural result of the interaction between the
human nervous system and the surrounding physical world.

Man experiences the surrounding physical world through his



senses and elaborates on the obtained experience creating intellectual
states within his brain, which correspond to pieces of this experience.
Further, the human brain exhibits the natural ability of constructing
relational intellectual structures from these intellectual states, which
depict the perceived experience at some area and level of conception.
This is a self-changing function, in which the operator is the
operand as well. The reason is that every new intellectual construc-
tion can be subsequently used to create the next intellectual structure.
This process is naturally leading towards an intellectual depiction of
the perceived physiéal experience, which serves best the natural pur-
pose of existence of the human intellect. We cannot state categorically
what this natural purpose ist however, we know that it provokes the
growth of these intellectual structures. In that respect, this is an
evolutionary process, where the driving motor is a natural tendency
of the human brain to increase and improve its intellectual structures.
This process seems to be self-sustained in a monotonic course
(within the limits posed by natural constraints of the carrying physical
space) and exhibits the same basic characteristics of the evolution of
species through natural selection. At the present stage of being, it
seems that the evolution of the human intellectual capacity (that is, the
whole of the intellectual structures in his brain) is a more rapidly self-
accelerated process than the evolution of species; nevertheless, this
may be a temporary situation, reinforced by the contemporary param-
eters of the carrying environment . A striking realization here, is

that whatever the conception of the evolution of human intelligence,



this conception is inevitably by itself still one more expression of the
present stage of this same process.

Being inescapably locked within the limits of our physical
perceptual ability, we can do nothing more than play with the intellectual
images of our subjective perception of the surrounding world. These
intellectual images are the concepts, corresponding to the various
pieces of experience that the human brain happened to elaborate upon,
through the long journey of the human intellectual evolution.

The concepts are intellectual images of the perceived informa-
tion through our senses from the surrounding physical world. From
the natural process of forming these concepts, we can distinguish two
principal categories. The first category includes those concepts, which
are self-existent as intellectual images of a perceived entity; while,
the second category includes those concepts, which attain an intellectual
content with respect to two or more perceived entities. For example,
watching a brown shoe we first form the concept ''shoe'’, then we want
to elaborate more on this piece of perceived visual information and we
form the concept '"brown', then we make the intellectual conjunct}on
that 'the shoe is brown'. The concept '"is' does not attain any concep-
tual content by itself., But it does provide an intellectual link between
the concepts: '"shoe' and 'brown'. Therefore, it does have an intellec-
tual content with respect to these two concepts. Of course, there is a
great variety of ways to analyze this piece of visual experience but, in
any case, the brain will follow a similar pattern of formalization with

concepts corresponding either to entities or relations. These are



respectively the two categories of concepts.

We understand that this subject has a philosophical quality, in
the sense that truth cannot be rigorously proved but can only be por-
trayed as such from a composition of indications that usually hold strong
in the eyes of the beholder. Any formalization of this sort, is a practi-
cable way that a brain follows in order to handle the perceived informa-
tion. We can never claim that it reliably or uniquely maps an objectively
and undeniably true physical order.

In the following, we only use the assertion that concepts exist
as intellectual images of pieces of experience, and that there are two
categories of concepts,the entities and the relations. The entities are
intellectually self-sustained; while the relations refer to two or more
entities.

It must be emphasized that this formalization corresponds to
a certain state of human intelligence and consequently it has an inherent
character of change. As the human intellectual capacity evolves, it is
expected that a specific intellectual arrangement of entities and relations
will be extended in number and complexity.

For one more reason, the human brain possesses the natural
ability of creating concepts, which do not correspond directly to pieces
of physical experience,  but they are the products of an intellectual pro-
cedure (abstraction) based upon the already existing concepts and
structures within the brain., This results in a powerful intellectual
capacity to conceptualize an entities-relations arrangement in a variety

of ways by introducing abstract concepts.



On the basis of this abstractive capability, a single concept
(entity or relation) may as well be intellectually analyzed in an inter-
connected complex of entities and relations. We call this property of
the human intellect, ''conceptual extensibility', and it must be empha-
sized that it is of fundamental importance in the system conceptualiza-

tion.

1.2 General Foundation of System Theory

At a given point of the evolution of human intelligence, there
is a concrete way in which the human experience is formally organized
and expressed. This is the human knowledge at this point of time.

The formal expression of this knowledge is done through the
language. The basic structural (syntactical) elements of the language
are the nouns, the adjectives and the verbs. In this regard, the nouns
and adjectives correspond to the intellectual entities, that we discussed
in the previous section, while the verbs correspond to the intellectual
relations.

The regular sentence has traditionally been the principal
object of study in the language syntax. A regular sentence is the funda-
mental syntactical arrangement of the form: subject-verb-object. The
subject and the object are members of the same grammatical groups.
They are nouns or adjectives.

In a similar way, the fundamental conceptual group of the form
entity-relation-entity has traditionally been (either implicitly or explic-

itly) one of the principal objects of the study of physical experience.



Science, as the whole of the human methodical effort to study physical

experience, is greatly concerned with problems of that conceptual form.
At this point, we have to distinguish between two categories of

relations. In order to do that, we first have to discuss the intellectual

'""and '""dependence''.

content of ''change

Change is a relational concept referring to two intellectual
entities, which correspond to different pieces of experience, which
exhibit a great amount of common characteristics in such a way, that
the brain retains the common parts under the same concept; while
creating another concept to relate intellectually these two different
pieces of experience. For example, two different positions of a chair
are two intellectual entities corresponding to two different pieces of
visual experience., However, they both exhibit a great amount of com-
mon visual characteristics, which makes the brain (for reasons of its
own natural economy, construction, organization and evolution) corres-
pond the same concept (chair) to the common experience parts; while
forming a concept (position) to relate (change) these two different pieces
of experience. Clearly, this new concept is a changeable concept, while
the first one is unchangeable. It must be emphasized again that this is
simply a conceptual formalization and not an objective physical order.

The concept of dependence is formed from the perception of the
relation between two changeable concepts.

Having the concept of dependence, the two categories of rela-
tions can be easily defined: The first category includes the descriptive

relations., These are defined as relations that do not have the character



of dependence. The second category includes the functional (this is not
the mathematical notion of '"functional'') relations. These are defined as
relations that have the character of dependence. Clearly, the functional
relations can relate only changeable concepts.

The study of the functional relations has traditionally been a
great challenge of the human scientific thought. A basic question here
is to what extent functional relations exist among existing concepts.
Recalling the intellectual extensibility and the perceived continuity of
the physical world, it is reasonable to accept a principle of universal
interdependence, in the sense that there are relational links among all
existing concepts, on the basis of the intellectual extensibility. Of
course, the degree of this interdependence can vary very widely from
one pair of interdependent concepts to another. In this regard, the
totality of concepts (entities and relations) form a compact universal
network, which corresponds to a given stage of human intelligence and
intellectual extensibility.

In this formalization there are two basic notions involved: the
structural (expressed by a specific arrangement of entities and relations)
and the operational(expressed by the specific kind of functional relations).
Both of these notions compose a conceptual lattice of functional inter-
relations, which constitutes the arena of the system formalization.

In this context, system theory develops as the scientific tool

for studying the functional relations among concepts.



1.3 The System Formulation of a Problem

The study of a functional relation between two (or more)
changecable concepts requires a formal and convenient way of describing
the changing characteristics of these concepts. This is done by employ-
ing the concept of ''measure'' as the outcome of relating, in a special way
called ''measurement',the changeable concept with a proper unchangeable
one.

The measurement as an intellectual function of the human
brain is connected to a natural quantitative sense that follows the ability
of the brain to compare pieces of perceived information and arrange
them in a certain order. In this way, we attain the very fundamental
sense of time and space, and a variety of ofher quantitative (changeable)
concepts. The measurement is an attempt to make a rigorous and
formal description of one dimension of a quantitative concept.

A very important realization is that every piece of experience
refers to certain ordinates of space and time., The perception of
change, on the other hand, requires two different pieces of experience.
Therefore, a perceived change is associated with two sets of space and
time ordinates. Because of this basic fact, a measure can be followed
by an associated space or time ordinate. A quantitative description of
a changeable concept which is given in terms of measures followed by
the associated time ordinates will be called a signal.

The signals are the observed quantities in the study of phen-
omena which obey the cause-and-effect scheme. The conceptual

description of such a phenomenon is a functional relation. Thus, a



functional relation appears in this case as an operator performing the
transformation of some signals to others., This operator is called a
system.

In that sense, a system is the conductor of changes among
signals that represent measures of changeable concepts in time. The
direction of this conduction must be uniquely determined in each case,
Of course, there may be a bidirectional interdependence between two
concepts, but in that case, two systems must be employed (one for each
direction). A system is an operator, operating upon some signals,
which we call input signals,to produce other signals,which we call output
signals.

A system being conceptually a relation can also be dependent on
another concept. In this case, we are talking about a '"parametric"
system, while the system which exerts this parametric influence is
called ''regulatory''.

The activity of a regulatory system can be thought of as an
additional input to the system; however, the distinction occurs because
of the fact that the activity of a regulatory system is not directly related
to an output of the system and, therefore, it is not participant inAa causal
scheme of change conduction. The effect of the regulatory activity takes
place within the system itself and, therefore, the input-output system
formulation does not take hold in this case. Of course, the entire
arrangement of entities and relations in a certain situation is conceptual
and, therefore, arbitrary on behalf of the human subject who studies the

phenomenon. Nevertheless, the conceptualization of parametric and
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regulatory systems seems accordant with our experience about the
dynamics of the surrounding world and, consequently, it will be of prob-
able convenience in some cases.

In Fig. 1.3.1, we show diagramatically a portion of a conceptual
network. The signals corresponding to the changeable concepts are
shown as circles. The functional relations are shown as parallelograms
accompanied by arrows indicating the direction of the change conduction,
The regulatory relation is shown as a rhombus. More specifically:

C,: 1s the input signal for system Tij and the output signal for

systefn rji'
C.: is the output signal for system T and the input signal for
system rji'
C,: 1is the regulatory signal, i.e. the input of the regulatory
system pkij'
rij: is the rightward system between Ci and Cj’ and it is a
parametric system.
rji: is the leftward system between Ci and Cj’ and it is not a

parametric system.

pkij: is the regulatory system of the parametric system rij'

Recalling the principle of universal interdependence, we real-
ize that the group in Fig. 1.3.1, is just a piece from the universal com-
pact network, Nevertheless, the study of physical relations in practice
requires the isolation of small segments of the universal network., This
can be done easily (and practically reliably), because the interdependence

among the concepts of interest and the rest of the universal network can
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Fig. 1.3.1: Portion of an entity-relation conceptual

network

C) o () x (1) S y(t)

Ci <> X(T)

rij P> S

Fig. 1.3.2: Correspondence between a conceptual relation

and an one-input/one-output system
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be practically eliminated by designing the proper experiment and
observational equipment. This is possible because the significant
interdependences of a concept are usually limited in number. However,
if there is remaining observable interdependence with uncontrdlable or
unknown factors, we consider it as external noise present in our obser-
vations. Proper methods have been designed to analyze the data in a
case like that.

In conclusion, the system formulation and solution of a problem
follows the following basic steps:

(1) Determine the concepts of interest in your study and form
the entity-relation network of them. Also, determine the
concepts which have significant interdependence with the
concepts of your network, and try to neutralize them as
much as the practical considerations allow.

(2) Perform any kind of experiment and analysis of the obtained
data, which will give you an understanding of the existing
functional relations.

(3) Study the behavior of the network from the aspects of
interest, on the basis of the achieved understanding éf the
existing functional relations.

Therefore, the system formulation and solution of a problem
comprises three basic steps. We call these steps: System analysis,
identification and synthesis; in direct correspondence to the steps des-
cribed above. It must be noted that the system analysis usually extends

into part of the second step as well. In any case, the analysis is based
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upon all the available information about the system and, in most of the

cases, it takes the form of a hypothesis concerning the system structure

(and basic functional features), which is to be tested through the identi-

fication and synthesis steps.

For example, if the system under study is the mass-spring

well-known mechanical system, then:

(a) The concepts involved in the functional relation under study

(b)

(c)

(d)

(e)

are the position of the mass and the applied force.
The input signal is the forcing function and the output signal
is the position function (both functions of time).

The analysis step comprises the determination of the con-
cepts involved (as above) and the specification of a second-
order linear differential equation with constant coefficients
as a reasonable formal description of the functional rela-
tion under study.

The identification step comprises the determination (or
estimation) of the unknown coefficients of the differential
equation,

The synthesis step comprises the study of the systerﬁ
response (mass position function) to a given forcing func-
tion, on the basis of the estimated differential equation
(model), and in comparison to the actual experimental
results. It also comprises the study of any interesting
aspects of the system behavior (like stability, natural

modes etc. ), and any other desirable utilization of the
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achieved knowledge about this functional relation. We must note, that
this is a very simple and wecll-studied phenomenon, and for this reason
the analysis step occupies a dominant role. In other cases, less simple
or studied than this, the identification step may have the dominant role.

The study of complex systems (networks) is naturally the
ultimate target of system science. Having in mind that the scientific
course is one of building up from the simpler, well-studied cases to the
more and more complex with small, s:tudious, systematic steps, we
believe that the first fundamentally important step of system science is
the thorough study of the elementary network, which comprises only the
functional relation between two concepts (i. e. one input, one output
system). (Fig. 1.3.2)

The study of this fundamental case, with main emphasis on the
identification problem, is the principal concern of the present disserta-

tion,

1.4 An Outline of the Present Dissertation

The principal aim of the present dissertation is to provide a
concise and accurate account of the use of quasi-white test signals in
nonlinear system identification through crosscorrelation methods.

In chapter 2, we review the system identification problem,
and particularly in connection with the Volterra-Wiener approach to
that problem. Several important aspects of the Wiener white noise
method are discussed.

In chapter 3, we review the properties and the use of band-
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limited gaussian white noise and pseudorandom signals (based on m-
sequences) in nonlinear system identification.

In chapter 4, we introduce a new family of quasi-white signals
(CSRS) and we discuss its properties and use in nonlinear system ident-
ification. A comparative discussion of the advantages and disadvantages
of the several quasi-white signals is also given.

In chapter 5, we study and evaluate the several estimation
errors that are committed in nonlinear system identification through the
CSRS.

In chapter 6, we discuss the overall management of errors
occurring during the identification process. Several suggestions are
made as to how the effect of these errors can be minimized, and an
optimum identification procedure is outlined.

In chapter 7, we present two special techniques referring to
important aspects of the nonlinear system identification process. The
first technique, in particular, appears to provide a potentiality for the
development of a new complete identification method.

In chapter 8, we illustrate through computer simulated appli-
cations the use of CSRS in nonlinear system identification. |

In chapter 9, we present the application of CSRS in the ident-
ification of a real physiological system.

In chapter 10, we present a comparative study of the several
quasi-white signals through computer simulated and real system appli-

cations.
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CHAPTER 1II

IDENTIFICATION OF A SYSTEM

2.1 The System Identification Problem

In the previous chapter, we introduced the system formalization
as a conceptual construction of a network involving the significant func-
tional relations among changeable concepts. A certain conceptual
construction concerning a set of observable (directly or indirectly)
phenomena is not unique. A variety of conceptual constructions can
usually portray the same piece of physical experience.

From all these various constructions, some tend to be prefer-
able to the others because of two basic reasons. One is that some of
them allow the utilization of the existing scientific tools to analyze
themselves, while others do not. The other is our natural tendency
towards maximum efficiency (least effort for the same return), which
leads to the maximum simplicity (according to some criteria) of the
construction form. Thus, a certain construction form usually prevails
and constitutes the system formulatioﬁ of the observed phenomenq. In
any case, this conceptual construction, which takes the form of an entity-
relation network, is created on the basis of all available information
concerning the concepts involved.

After the entity-relation network is constructed, a proper
formal description of it, is sought. The whole of formal descriptions
of the functional relations and of the measure changeable entities, is

contained in the mathematical science. Thus, the available tools to
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analyze the entity-relation network are the existing mathematical tools.

A formal mathematical description of the entity-relation network
is called a mathematical model. The formulation of a mathematical model
describing the functional relations among some concepts of interest, is
the object of ''systems analysis'. The specific form that a mathematical
model will take in a given case is a matter open to creativity. The mathe-
matical tools are finite in number and variety, however, the extent of
creative combination of some of them into new forms is virtually infinite.

In any case, the constructed mathematical model involves a
number of unknown parameters that have to be evaluated (estimated).

The amount and the form of these parameters depend on the specific
model formulation., Clearly, it is a great virtue of the model to have
a few parameters in a simple form that allows their easy evaluation
(estimation).

This task of parameter evaluation (estimation) is the ''system
identification problem'. This problem, in connection with the Volterra-

Wiener model formulation is the principal subject of the present study.

2.2 Methodology in System Identification

The methodology of system identification crucially depends on
the system analysis stage, because the analysis process determines the
amount and the form of the parameters to be identified.

Algebraic and differential equations have traditionally been the
most popular forms of models to be used in the analysis stage. These

forms are compact and fairly illustrative (in most of the cases) of the
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modelized relations. However, they usually require a fair amount of
knowledge concerning the entities and the relations involved. This
knowledge is, in a lot of cases, available or can be obtained through
observation and/or experimentation at various levels of structural
complexity. However, there are even more cases where this kind of
insight knowledge of the system structure is not available or cannot be
obtained with the available means of data acquisition. This is the case
where the system under study takes the form of a '"'black-box''.

A general state-space differential equation formulation can be
used to modelize a black-box; however, in that case, the identification
process becomes usually very complicated and involved. A reasonable
approach, in the case of a black-box, is to use an expansion-type open
form mathematical relation, which alleviates the strict structural
requirement of a closed form input-output mathematical relation, by
simply relating the projections of the input-output signals upon some
standard functional modes. This is the basic idea of the Volterra-
Wiener approach which we will extensively discuss in the following.

In the Volterra formulation the input-output mathematical rela-
tion is a multiple-integral series expansion, where the n-th order term
(corresponding to the n-th order standard functional mode) is an n-tuple
integral describing the interaction among n infinitesimal pieces of the
input signal's past. In this perspective, the study of any input-output
relation (which is representable by the Volterra series) attains a com-
mon functional pattern, unifying and simplifying the analysis stage of a

great number of systems.
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For a long time, the scientific effort was confined to the study
of systems, which can be represented quite reliably only by the first
functional mode of the Volterra series. These are the so-called linear
systems, for which the principle of superposition holds. Of course, the
linearity of a system is, in some cases, a reasonable approximation to
an actual nonlinearity, in which the first functional mode is strongly
predominant. However, the linear systems obviously constitute a
special and limited class of systems. The study of linear systems has
been very extensive, thorough and successful, with great achievements
on the synthesis stage (control theory etc. ).

At the present stage of scientific research in system science,
the most challenging subject is the study of the nonlinear systems.
Evidently, the complexity and variety of nonlinear systems is overwhelm-
ing with respect to the linear ones, along with the difficulties and com-
plications encountered in their study. Because of the great variety of
nonlinear systems, we are promptly forced to specialize on classes of
them and study them successively on a step-by-step procedure.

In the present study, the approach that will be followed is the
Volterra-Wiener one; because of the advantages that it provides iﬁ the
analysis stage, and its generality and unification characters. This does
not mean, of course, that this is an advantageous approach for all the
cases; neither that a more general and advantageous approach cannot be
designed. It simply seems to us as the most appropriate, at present,
method to analyze and identify a wide class of nonlinear systems, which

appear, with the present means of information acquisition, as black-
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boxes.

2.3 The Volterra-Wiener Approach of Nonlinear System Identification

Consider the fundamental unit of an one-input/one-output system
(Fig. 1.3.2). The functional relation between the output y(t) and the
input x(t) can be in general denoted with the mathematical notion of a
"functional'":

y(t) = F[ x(t)] (2.3.1)
The functional F is a mathematical operator operating on the values of
the function x(t) to produce the values of the function y(t). In that
respect, the functional F is a general mathematical description of the
system S. Obviously, the system analysis and identification are directed
towards the study of this functional, i.e. towards a more explicit expres-
sion of the functional relation F, which allows the evaluation (estimation)
of the parameters involved.

For a physical system S, the causality principle is the first
instrument of the analysis process. Causality holds in all physical sys-
tems that do not exhibit autonomous ability to act in a way that is not
completely dictated by the stimulus past. Under the causality prihciple,
a system only reacts to external stimulation, in a way determined by
the past (and present) values of the stimulus. The causality principle
is the formal expression of the deterministic cause-and-effect philos-
ophical viewpoint; a viewpoint, that is strongly supported by the observ-
able mechanistic outlook of physical phenomena.

Therefore, for a physical system S, we accept that the response
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y(t) depends solely upon the past (and present) values of the stimulus
x(t):

y(t) = F[ x(t'); t'st] (2.3.2)
If only the present stimulus value affects the response at the present
time, the system is called static. Apparently, the analysis and identifi-
cation of static systems is a much simpler task than the analysis and
identification of dynamic systems. Thus, the great challenge is the
study of dynamic systems. There are also cases, where we cannot
determine an invariant functional F, which governs the input-output
relation for all times t. These are the hereditary systems, in which
the relation is changing on the basis of the system history.

Further, any explicit mathematical expression of the functional
F has a certain structural form involving a set of parameters and a set
of constants. That certain structural form and the set of constants is
the object of the analysis process. The set of parameters () is the object
of the identification process, in which we seek to determine (estimate)
these parameters. Therefore, we can use the notation:

y(t) = F[Q; x(t'), t'st] (2. 3.3)
to demonstrate the existence of the parameter set within the functional
expression. It must be noted that the parameter set {1 is independent
from the stimulus x(t), but it might be dependent (explicity) on time.

In the second step of analysis, we confine ourselves to a
class of systems, which exhibit the following three basic characteristics:
(1) They are stationary: i.e. their functional characteristics

(formally represented as parameters in the explicit mathe-
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matical functional expression) do not change in time. In
other words, the parameter set {1 (eqn. 2. 3. 3) is indepen-
dent of time for a stationary system.

(2) They have finite memory: i.e., the effect of a stimulus
with finite energy on the response decays to arbitrarily
small degree in finite time. This justifies the search for
transfer functional description of the system, which is
independent from the initial conditions.

(3) They are analytic: 1i.e., their differential behavior of all
orders is continuous within some domain of stimulus values.

In the case of a system of this class, the corresponding func-

tional F can be expanded in a functional power series, as V. Volterra
suggested [ 1]. This functional power series is a series of multiple

integrals of the form:
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and it is known as the Volterra series. The Volterra series can be
thought of as the limiting case of Taylor series expansion of a function
with multiple arguments, when the number of these arguments tends to
infinity, These arguments, in the case of the Volterra series, are the
values of the function x(t) (infinite in number), and every kernel
kn(Tl’ 5w Tn) relates to the n-th order derivative of the functional F.

It must be noted that the kernels of a physical system are sym-

metric functions of their arguments, and they attain zero values for any
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negative argument valuce. This is how causality is manifested mathe-
matically in the Volterra scries expansion,

The stationarity of the system is manifested by the indepen-
dence of all kernels from time.

The finite memory is a characteristic relating to the conver-
gence of the functional series. It is known that if every term In(t) of
the functional series is absolutely bounded by a positive constant a
for all values of t in the domain of interest and the several a form a
uniformly convergent numerical series, then the functional series is

uniformly convergent as well (Weierstrass). That is, if there is a

uniformly convergent numerical series Ean, for which,

I (t)]| <a (2. 3.5)
n n
for any n and t; then the functional series ZIn(t) is also uniformly conver-

gent, Consequently, a sufficient condition for the uniform convergence

of the Volterra series is:

(CD (9]
In(t)l PR Ty A IR CURE LN U
o @
| = = <
gi k(oo )| [xlter oo | xlt-r ) | dr o dr S

(2.3 6)

for all n and t (in the domain). Suppose now that the stimulus x(t) is
also absolutely bounded:

x(t)| =M ; (for all t) (2.3.7)

then, the sufficient condition for uniform convergence becomes:
@

7

<
kn(-rl,...,—rn) dTl"'dTn an/Mn (2.3.8)
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Thercfore, the finite memory condition can be mathematically expressed
as the absolute integrability of the kernels, in the way described by
eqn. 2.3.8 , which guarantees the uniform convergence of the functional
series.

In cases where the stimulus x(t) is a random process and
possibly not absolutely bounded (e. g. the case of a gaussian random
process), the expressions above can be written in terms of the expected

values of the random quantities involved:

© 00
Bl 03l 1o [t ) Bldter )l ) Jar o ar
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gE[)‘ K (rpoeenm ) 1B (6 7y v mdTy dr
(2.3n.9)
where, ¢n(t, Tys vee Tn) is the n-th order autocorrelation function of

the random process x(t). If the process x(t) is stationary then ¢n is
independent of time t. Consequently, in this case the uniform conver-
gence condition is written for the absolute bounds of the autocorrelation

functions (if they exist):

l¢n(t’T1’°"’Tn) lsRn (for all t, Tyr wees Tn)
(2.3.10)
(o0} a0
z["'Jlkn(Tl”"’Tn) ldv. . ar, <%n/p (2.3.11)
n

Again, the uniform convergence condition takes the form of an absolute
integrability condition for all kernels.

The analyticity of the system is manifested by the existence
of the functional derivatives of all orders, which are directly related

to the kernels kn.

<
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The set of kernels kn constitutes the parameter set of the sys-
tem, under this formulation. Therefore, the identification task in this
case consists of determining (estimating) these kernels. To our great
disappointment this is not an easy task. A general mathematical method
to determine (cstimate) these kernels is not yet available.

To facilitate the identification task, N, Wiener constructed a
new functional series, on the basis of the Volterra series, in which the
several functional terms are orthogonal to one another for a gaussian
white noise stimulus. | 2] The Wiener series is equivalent to the
Volterra series but it spans more efficiently the function space (being
orthogonal). The choice of the gaussian white noise (GWN) by Wiener
was not accidental. Besides the fact that he was preoccupied with GWN
from his studies on Brownian motion, Wiener was regarding GWN as a
uniform blend of all possible signals and, therefore, he reasoned that
the testing of the system with GWN would be an exhaustive one, provid-
ing a complete profile of the behavior of the system. On the other hand,
GWN is a signal of extreme variability, since any two samples of it are
statistically independent. Consequently, the passage of GWN through a
system, which naturally acts as a correlator of successive input samples
(if it has a nonzero memory), could reveal the pattern of the system
behavior in terms of the correlation pzitterns among the output samples.
These are some intuitive justifications of the use of GWN and probably
there can be found more. The matter of the fact is that the GWN lived
up to the expectations of its promoters,and its actual use in nonlinear

System identification justified all these intuitive arguments.
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The Wiener functional series is constructed with Volterra-
type functionals, on the basis of a Gram-Schmidt-type orthogonalization
procedure, in such a way that any two Wiener functionals are orthogonal

for x(t) being GWN. The Wiener series has the form:
0

y0) =2, G [h (v, .oor ) e, s t) (2.3.9)
(0 0]
= Z G_(t)
n
n=0

where, Gn is the n-th order Wiener functional, being characterized
completely by the respective Wiener kernel hn(Tl, «es; T ) and having
n

the structural form:

n Qo (00}
G. (1) :Z(-l)mZn! p™ [ fn, ] (2.3.10)
2n 2(n-m)!mizm g " ¢72n' "1 T2n-2m’ 71’ 917
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Om} Om)X(t"Tl). . .X(t-'rzn_zm)d-rl. .. den_zmd Ol' .. dom
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2l mZ::O(Zn-2m+1)!m12m o 02n+1 1 2n-2m+1 1
Oprvees Oy Oppd®lt=my)ewexltory ot 1) 97 - 8700 ot
doj...dq (2.3.11)

The orthogonality of the Wiener functionals is manifested by the con-
dition:

E[Gn(t)Gm(t)]: 0 for any m #£n (2.3.12)
According to eqn. (2.3.10), the n-th order Wiener functional is a linear
combination of multiple integrals of order lower or equal to n. The
parameter P, which appears in eqn.(2. 3. 10)is the power level of the
GWN x(t), defined from its autocorrelation function:

E[ x(t) x(t-1)] = P . 8 (1) (2.3.13)
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We can make two interesting remarks on the structural form
of the Wiener functionals:

(1) If we call "order'" of each integral term the number of
x(t--ri) factors that it contains, then every even order G-
functional contains a 'leading' integral term of the same
order with the functional and several '"following'' integral
terms of all the lower even orders. The analogous is true
for the odd order G-functionals.

(2) The '"following'' integral terms are simply subtracting the
expected value of the contribution of all possible formations

of diagonal points of the kernel in the 'leading'' integral

term.

The first four Wiener functionals are:

Gg(t) = h_ (2.3.14)
(e 0]

Gl(t)=6rhl(Tl)X(t-Tl)dTl (2.3.15)
(e 0]

o
G,(t) = afth(Tl, 7,) x(t-7) x(t-7,) dr,dr, - pth(T,T)dT

(2.3.16)
(0]

G3(t) = £ I.fh3(71’ To T3) x(t-‘rl) x(t—'rz) x(t—'r3) d'rld'rzd'r3

o)
-3Pj‘f h3(-rl,'rl,'rz)x(t-'r2) d'rld'r2 (2.3.17)
o

e.tics
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Evidently, the Wiener series is equivalent to the Volterra series; since
they are both constructed by linear expressions of the same mathemat-
ical objects (the multiple homogeneous integrals) and they are both
expansions of the same function (the system response y(t)). Conse-
quently, there is a unique analytical relation between the Volterra and
the Wiener kernels of a system, as it is discussed in sec. 2.5, which
represents the transformation of the functional expansion basis.

Notice that the Wiener series involves one more parameter,
in addition to the system kernels: the power level P. This is because
the Wiener series are constructed as to possess the special feature of
orthogonality with respect to GWN, and the power level P determines
the range of validity of this orthogonality in the function space, in much
the same way that the domain of the independent variable determines the
range of validity of the orthogonality of two functions. Why is orthogon-
ality so insistently pursued? There are three main reasons for that;
just as in the case of function expansions. The first reason is that an
orthogonal basis spans the space within the range of its validity more
efficiently. Therefore, the Wiener series is expected to have stronger
convergence than the Volterra series, for an arbitrarily chosen stimu-
lus signal; and consequently, it will provide expectedly (i.e. over a
large number of signals)a better truncated model of the system. This
does not exclude the possibility of a special case where the opposite is
true. The second reason is that if the expansion basis is orthogonal
then the truncated model can be extended to include higher order terms

without affecting the already estimated (determined) terms. The third
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reason is that the orthogonality enables us to estimate the system ker-
nels in a relatively simple way (as it is discussed in the following); in

the same way as the determination of the coordinates of a given vector
is greatly simplified if the vector basis is orthogonal (diagonalization

of the coefficient matrix).

This last advantage that orthogonality provides is especially
important in the actual identification of nonlinear systems; since the
determination (or estimation) of the Volterra kernels of a system is an
impossible task in the general case of a nonlinear system and with the
present analytical and computational means. Nonetheless, the employ-
ment of the orthogonality property of the G-functionals allows, as is
shown below, the relatively simple estimation of the system Wiener
kernels.

It must be noted that the GWN is not the only signal with respect
to which the functional series can be orthogonalized. The orthogonaliza-
tion can be achieved for any other signal that possesses the proper auto-
correlation properties. For every such signal a corresponding set of
kernels can be estimated (as discussed in chapters 3 and 4).

Surprisingly enough, the basic idea of utilizing the orthoéonal-
ity of the G-functionals to directly estimate the Wiener kernels, did not
occur to Wiener. Wiener suggested a fairly complicated and cumber-
some method of expanding the kernels and the stimulus onto a basis of
orthogonal functions, and then try to estimate the expansion coefficients.
This method, though theoretically correct, did not give satisfactory

results in actual applications; the main reason being the complexity, the
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repetitious approximations and the computational length of the opera-

tions involved.

A few years later, Y. W. Lee and M. Schetzen suggested the
utilization of the orthogonality of the G-functionals, in order to estimate
the Wiener kernels of a system [3]. This is called the '"crosscorrela-
tion technique' and simply requires the computation of crosscorrela-
tions between the response and the stimulus of the system. According
to the crosscorrelation technique, the n-th order Wiener kernel can be

determined directly from the n-th order crosscorrelation:

1
h (T TosenesT )= l Lim——l——j (t)x(t-7,)x(t-T,) x(t-T_)dt
ATy T ¥ Py annT_.oo T _%’ T To)eoon. Tn

- E[y(t)x(t——rl). cox(t-T )] (2.3.18)

Of course, in practice, only a finite record length can be used to esti-
mate these crosscorrelations; and consequently, we can only obtain an
estimate of the kernel as:

A 1 1 T
b {7y ensasT )= - ] ytoyx(t-r)). . cx{t-r )dt

n nlpn
$ T-T
e (2.3.19)

where, Tm = max [ Tireees 'rn].

The expression above gives an estimate for the nondiagonal points,
while to estimate the diagonal ones we: must subtract from y(t) all the
contributions of the G-functionals up to order (n-1) and crosscorrelate
the resulting residue:

(n) n-1
y(£) = y(6) - D" G [hylrppeee,med x(t)), t'st] (2. 3.20)

k=0
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n. T=T
m Tm {2.3.21)

Therefore, the crosscorrelation technique provides a straight-
forward method to estimate the Wiener kernels of a system, which can
be tested with GWN stimulus. However, there are some practical
restrictions imposed in the application of the method. These restric-
tions result from the unrealistic nature of the ideal GWN, as well as
from experimental and computational considerations. @ We discuss

these restructions imposed by reality in the following section.

2.4 The Applicability of the Wiener Method

The Wiener formulation of the nonlinear system identification
problem, in connection with the crosscorrelation technique, provides
a general, straightforward and powerful approach to a subject of broad
interest. However, the generality and the elegance of the method was
bound to be moderated in the actual applications by limitations imposed
by reality.

The very first reason for this, is that the GWN (for which the
whole method has been designed) is not a physically realizable sigﬁal;
since it has an infinite frequency bandwidth and, consequently, infinite
power, Thus, in actual applications of the method, we have to use an
approximate signal which exhibits the properties of the GWN within a
certain range of interest and up to a determinable degree. This was
initially done by using a band-limited GWN. The band-limited GWN has

a flat power spectrum up to a characteristic cut-off frequency, which
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is determined so to cover the bandwidth of the system under test. The
use of band-limited GWN, instead of ideal GWN, introduces an estima-
tion error, which varies according to the specific characteristics of
every actual case, and which, in general, represents a loss of high
frequencies in our kernel estimates.

A second practical restriction and source of estimation error
in the application of the method 1is the finite record length. The exper-
imentation time and the data recording time are naturally finite. There-
fore, the stimulus and response records with which we compute the
crosscorrelations are finite; and consequently, the averages are formed
within some statistical error. This error, of course, is monotonically
decreasing as the record length increases, and consequently, it can be
supressed to a determinable degree.

A third practical restriction is the extent of the truncated
Wiener series in connection with the computational capacity required
to estimate higher order kernels. The computation of the crosscorre-
lation estimates involves a great number of multiplications and additions;
and this computational burden is rapidly increasing as we move to higher
order kernels. Therefore, we usually confine ourselves to the estima-
tion of a few first terms of the Wiener series, which give a model of
acceptable accuracy. This is the reason why the convergence pattern
of the functional series is of great practical importance.

A fourth practical restriction is the truncation of the gaussian
distribution, since the actual stimulus signal cannot attain infinite values.

The error resulting from this restriction is usually insignificant.
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Besides all these practical restrictions in the application of
the method, there is a number of limitations and errors associated wi;ch
the numerical operations involved and the capacity of the digital compu-
ter, that we are using to compute our estimates. We will discuss all

these limitations and errors in chapter 3 and 5.

2.5 The Relation Between Wiener and Volterra Kernels

The Wiener series is equivalent to the Volterra series, in the
sense that they both span the same function space. However, the Wiener
kernels depend on the power level of the GWN with which they have been
estimated.[6]The specific value of the power level determines the region
of orthogonality of the Wiener G-functionals. Therefore, a system is
completely described either by the set of Volterra kernels, or by the set
of the Wiener kernels plus the corresponding power level. In this sense,
the set of Volterra kernels is equivalent to the set of Wiener kernels plus

the corresponding power level:

{k, )} o> {h: B] (2.5.1)
Clearly, the overall model given by the Wiener series is independent
of P, however, both the individual Wiener kernels and the G-functionals
depend on P. The Volterra kernels, on the other hand, must be thought
of as a set of invariant characteristics of the system.
It must be emphasized that, in practice, we usually have to
truncate the Wiener series and, consequently, the obtained model

depends on P. This dependence on P is explicable in the sense that it
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determines the range of the stimulus values within which the corres-
ponding Wiener series is orthogonal.

The dependence of the Wiener kernels upon P can be nicely
illustrated through the analytical relations between the Volterra and the
Wiener kernels of a system. To this purpose, consider the Volterra

series of a system:

oo n
[oo dk trpiir) @ xlt-r)ar, (2.5.2)

o
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y(t) =

M8

o
1

where, x(t) is GWN.
The Wiener kernels of the system can now be evaluated through the

crosscorrelation technique:
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(2.5.4)

Clearly, the even order Wiener kernels are polynomials in P with coef-
ficients depending on all the higher even order Volterra kernels. The
analogous is true for the odd order Wiener kernels. |

The derived expressions (2. 5. 3) and (2. 5. 4) clearly state the
fact of the dependence of the Wiener kernels and the G-functionals on
P. Similar expressions can be derived for the Volterra kernels of the
system in terms of the Wiener kernels and the respective power level
P by collecting the appropriate terms from the G-functionals (cf. egqns.

2.3.10 and 2. 3.11).
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One interesting implication of the derived relation between the
Volterra and the Wiener kernels of the system is that the first order
Wiener functional of a nonlinear system is, in general, different from
the linear part of the system (first order Volterra functional) and it
contains portions of the system nonlinearities, This demonstrates the
efficiency of the Wiener representation, where even the first order
functional term is probing into the nonlinear characteristics of the sys-
tem.

We can also note that the impulse response of a nonlinear sys-
tem:

p(t) = ko+ kl(t) ¥ kz(t, t) + k3(t, L) £ s (2. 5. 5)
is distinctly different from either the first order Volterra kernel or the

first order Wiener kernel (unlike the case of a linear system).

2.6 The Case of Nonzero Stimulus Average Level

In a lot of practical applications, the necessity arises to use
a stimulus signal, which cannot attain physically negative values. For
example, if we want to study the behavior of part of the visual system
of an insect under changes of light intensity, we have to use a stirﬁulus
signal (light intensity), which cannot attain physically negative values.
In this case, the stimulus signal must have a nonzero average level,
which we conventionally define to be our computational zero level. The
question which arises in this case, is whether this is legitimate and
what is the meaning of the obtained kernel estimates.

To answer this question, we recall the analogy between the
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Volterra series and the Taylor series expansion, discussed in Sec. 2. 3.
As it is well known, the Taylor series can be written with respect to any
reference point where the function is analytic. On the basis of the
same argument the Volterra series expansion can be written with respect
to any reference function, where the functional is analytic. One such
function is a constant one (in our application the nonzero stimulus aver-
age level). Therefore, the computational reference to a conventional
zero level is completely legitimate, as long as we stay within the region
of analyticity of the functional at hand.

Of course, the obtained kernel estimates depend on the chosen
reference level (which is here the average level of the stimulus), in
the same way that the derivatives of a function depend on the specific
value of the independent variable that is used as a reference point in
the Taylor series expansion. Thus, the estimated Wiener kernels de-
pend on the functional derivatives at the chosen reference level., It is
interesting to see the analytical relations between the Volterra kernels
of a system corresponding to a nonzero reference level c {knc} and the

ones corresponding to the zero reference level {kn}. Since:

n

DO o 00
y(t) :Z I ..J'kc ('rl, coes 1) I x(t-7.)dT.
0o o =1 &
§ ® oo 2
. Kk , I [x(t-7.)+C Jdr, o B
n:o£ (j)"n oy J ey ™ (2.6.1)
it follows that:
C foe) p gori (2 0
kn(Tl""Tn) ” Z(n) C* zE"'gdel"“’T -rn_*_l,...-r{/)d'rnJrl
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Notice that there is some morphological similarity between this expres-
sion and the one describing the relation between the Volterra and Wiener
kernels; however, these expressions do not separate the odd from the
even order kernels.

Conclusively, in those practical applications, where the stim-
ulus signal is. conventionally assigned a computational zero level, the
obtained set of Wiener kernel estimates must be accompanied by the
information of the value of this level (with respect to a global frame of
reference); since the estimated model is good only for stimulus values
referred to this reference level.

At this point, we would like to express the far reaching thought
that, possibly, a proper choice of a reference function (not necessarily
constant) may result in a strongly convergent Volterra series for a
given system, which has a weak convergence for the null reference

function.

2.7 The Multi-Input Case

In a lot of actual applications the system under study has more
than one significant input. A subject of great interest is the study of
the possible interactions between the several inputs; since, if there are
no interactions each one of the inputs can be studied separately.

In order to study this multi-input case,the Wiener method was
properly extended by P. Z. Marmarelis, G. D. McCann and K. I. Naka
to include functional terms which depict the possible interactions among

infinitesimal portions of the several inputs [ 4,5]. According to this
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method, an augmented functional series is written, which has functional
terms of the multiple integral form that include all possible combina-
tions of interactions among infinitesimal portions of the several inputs.
These augmented functionals are constructed orthogonal to one another
for the several inputs being independent GWN. They turn out to have
the form: (for an m-input system)

Q [hsx (¢, ...,x_(t'),t'st] =h (2.7.1)

Ql[ hxl, hxz,. ces hxm;xl(t'), eeenx (t')t's t] =
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m-1"m



1

where, Px TETY PX are the power levels of the m independent GWN
1 m
inputs xl(t), v W xm(t) respectively. Since, the Q-functionals are orth-

ogonal for independent GWN inputs, the estimation of the kernels can be
done again through the crosscorrelation technique, in a way very similar
to the one of the single input case. A certain kernel is now estimated
by the crosscorrelation of the system output with the corresponding (to
the kernel) inputs, after appropriate normalization with a factor involv-
ing the power levels of these inputs. For example, the second order
cross-kernel thXe is obtained through the crosscorrelation technique
as: '

hxkxe(o—l’ 0-2.) - ﬁ_

kxe

E [y(t)x, (t-0))x (t-0,)]

where, ka and PXe are the power levels of the independent GWN input
xk(t) and xe(t) respectively., Notice that, unlike the self-kernels, the
cross-kernels are not symmetric functions of their arguments and they
describe the pattern of interaction among the respective inputs.,

It is apparent that the extension of the Wiener functional series
to cover the multi-input case, is of great importance and usefulness in
a variety of applications; since, it can be used to detect easily possible
interactions among physical measures.

Besides the multi-input case, the case of more than one inde-
pendent variable in the input-output measures appears as a challenging
topic of study. Some notable work has been recently done towards

that direction (spatio-temporal system kernels) by S. Yasui and D. H.

Fender [6]. -
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CHAPTER III

NONLINEAR SYSTEM IDENTIFICATION THROUGH BAND-LIMITED

GAUSSIAN WHITE NOISE AND PSEUDORANDOM SIGNALS

3.1 Practical Restrictions of the Wiener Method and the Introduction
of Quasi- White Signals

As it was discussed in sec. 2.4 the actual application of the
Wiener method is confronted with a variety of problems. The main
sources of problems are: the non-realizability of the white noise as
a signal, the finite record lengths and the computational burden of the
crosscorrelation technique. To overcome these problems, the scien-
tists resorted to approximating signals which provided the biggest pos-
sible advantages with respect to these inherent practical restrictions of
the method.

Naturally, the first approximating signal that comes to mind is
the band-limited gaussian white noise, since it is physically realizable
while still preserving the basic statistical properties of GWN. The
band-limited gaussian white noise is a gaussian random process with a
flat power spectrum over all frequencies lower than a particular one,
which is chosen so as to cover the bandwidth of the system under test.
The autocorrelation properties of this signal are fairly close to the ones
of ideal gaussian white noise,and that allows its use as an approximating
signal in the crosscorrelation technique.

Beyond the problem of physical reaiizability, an important re-

maining practical problem is the required long computations for the
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statistical averages to form with tolerable deviations. Because of this
problem, several scientists suggested the use of pseudorandom signals
pased on m-sequences. These signals being periodic (and deterministic
in nature) were forming the desirable second order autocorrelation func-
tion and all the odd order ones in much shorter time, because they are
constructed so that they eliminate the redundancy of a random signal;
however, the higher even order autocorrelation functions exhibited in-
herent anomalies, which could cause serious estimation errors in
identification of systems with higher order nonlinearities.

These two families of approximately white signals have been
predominantly used so far in applications of the Wiener method in non-
linear system identification. When we say '""Wiener method'" we mean
the general Wiener white-noise approach to the system identification
problem in connection with the crosscorrelation technique. The choice
between the band-limited gaussian white noise and the pseudorandom
signals is made in each specific case on the basis of their relative
advantages and disadvantages, as discussed in the following sections.
Understandably, the principal concerns of the users of the Wiener
method are: (a) the reduction of the inevitable estimation error to the
minimum possible within the existing practical limitations, and (b) the
efficiency of the estimation procedure.

In the following, we will call these approximating signals ''quasi-
white", since they are not really white but they are used as such in
applications of the Wiener method. The use of the popular quasi-white

families of band-limited gaussian white noise and pseudorandom signals
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based on m-sequences will be discussed in the following sections 3. 2
and 3. 3.

Evidently, the construction of a new quasi-white signal is a
matter of creative thinking and, therefore, their number is extensible.
In fact, the major topic of the present dissertation is the introduction
of a new family of quasi-white signals and the study of their properties
in connection with nonlinear system identification. Undoubtedly, the
search for quasi-white signals with more and more suitable properties
for given applications remains a challenging subject of the scientific

effort in the field of system identification.

3.2 The Band-Limited Gaussian White Noise (GWN)

The band-limited gaussian white noise (hereafter denoted simply
by GWN) was naturally, the first quasi-white signal to be employed in
applications of the Wiener-crosscorrelation method. The GWN is the
first approximate signal that comes to mind in an attempt to physically
realize the ideal gaussian white noise for which the whole theory had
been developed through the remarkable work of a number of investiga-
tors [7,8,9,10. Successful applications of the GWN were delayed by
several practical limitations and difficulties, and they finally took
place mainly in the area of biological systems [11, 12,13, 14, 15, 16,
17]. The successful application of GWN in biological systems identifi-
cation predicated the potentiality of the Wiener-crosscorrelation method

and it signaled its extension into other areas of scientific research [18,

19 3.
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3.2.1 General Description and Generation of GWN

The band-limited gaussian white noise is a gaussian random
process with a rectangular power spectrum (see Fig. 3. 2.1), the band-
width B of which ought to cover the bandwidth of the system under test,
if we are to consider it an approximate of the ideal gaussian white noise.
The mean of the GWN is zero and the variance is determined by the
dynamic range within which we want to test the operation of the system
at hand. Of course, in practice we have to truncate the tails of the
gaussian distribution beyond a certain number of standard deviations
(usually £30). In ‘Fig. 3.2.1, an actual band-limited distribution-trun-
cated gaussian white noise signal is shown, along with the correspond-
ing amplitude distribution.

As it is discussed in sec. 3. 2.2, this quasi-white signal pre-
serves the basic autocorrelation properties which allow it to be used in
nonlinear system identification in connection with the crosscorrelation
technique.

The generation of GWN in the laboratory is not a simple straight-
forward task. There is a variety of methods that have been used so far,
but there is no universally accepted generation method of general use.
These methods range from filtering of natural sources of approximately
white noise (e. g. electron noise in vacuum tubes, solid state diodes
noise, Zener diodes, radioactive materials etc.) to digital generation
within the digital computer. The basic disadvantage of natural sources
is that the spectral density usually drops significantly at low frequen-

cies. Several techniques have been proposed to account for that
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Fig. 3.2.1: Basic mathematical features of the band-limited

distribution-truncated gaussian white noise
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(20,21].
A general digital generation method can be based upon a Fourier
type of expansion: N

x(t) = Z ansinnwot + bncosnwot ; 0Lt4£T (3.2.1)
n=1

where, a_ and bn are independent gaussian random variables with zero

: 2 . .
mean and variance 0 ; and w, is a fundamental frequency determined
by the specified record length T as:

w_=2m/T (3.2.2)

Clearly, this representation is approximate and valid only within the
interval [ o, T], since it is periodic outside of it. This generation
method has the advantage of being analytically well-posed and general
in the sense that it enables us to generate GWN of any desirable band-
width. Of course, it has also the disadvantage of possessing a discrete
power spectrum instead of a continuous one, as well as employing the
notion of the Fourier expansion which is inconsistent with the nature of
a random process (aperiodic).

In any case, the generation of GWN in the laboratory is not a
trivial task and it always constitutes a problem to reckon with, accord-

ing to the practical requirements of the specific application at hand.

3.2.2 Autocorrelation Properties of GWN and Application in Non-
linear System Identification

Before we study the autocorrelation properties of GWN, we
must state concisely what the autocorrelation properties of a signal

ought to be, in order to be considered quasi-white and, consequently,
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usable in connection with the crosscorrelation technique. Also, in
order to facilitate the discussion around the autocorrelation functions,
we have to make some basic definitions concerning the argument space
of these functions.

Thus, consider the n-th order autocorrelation function of a
stationary random signal x(t):

¢n('rl, Tor e -rn) = E[x(t--rl)x(t--rz). .. x(t--rn)] (3.2.2)
Consider the point (-rl, Ty o Tn) of the n-th dimensional space on which

¢n is defined. If at least two of the arguments are identical, the point

is called '""diagonal". If all the arguments TS form exhaustively pairs
of identical values, the point is called ''full-diagonal''. If all the argu-
ments are different, the point is called ''"nondiagonal'. Clearly, the

odd order autocorrelation functions do not have any full-diagonal points.

The white autocorrelation properties are those for which: (a)
all the odd order autocorrelation functions are uniformly zero, and,

(b) all the even order autocorrelation functions are zero everywhere
except at the full-diagonal points.

A quasi-white signal must approximately possess these white
autocorrelation properties. The approximation is due to the following
moderation of requirement (b): the values of the even order autocor-
relation functions of a quasi-white signal in the close neighborhood of
the full-diagonal points ought to be much bigger than their values at the
rest of the points of the space.

Evidently, the value of any even order autocorrelation function

of ideal white noise at the full-diagonal points must be infinite, so that
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its integral over the whole argument space is nonzero. This implies
that the even order statistical moments of the ideal white noise are
infinite, which is another manifestation of the infinite power and the
physical unrealizability of this signal. Apparently, in the case of a
quasi-white signal the values of the even order autocorrelation func-
tions at the full-diagonal points are finite, and their integrals are also
finite because of the moderation of requirement (b) that was described
above.

Having defined the autocorrelation properties that a quasi-white
signal must pOSSesS, the quasi-whiteness of GWN can be easily mani-
fested. We only need to recall two basic properties of gaussian ran-
dom variables: (1) the expected value of the product of an odd number
of gaussian random variables with zero mean is zero; (2) the expected
value of the product of an even number of gaussian random variables is
equal to the sum of the products of the expected values of the products
of all possible distinct pairs that can be formed. For example in the
case of four gaussian random variables:

E[x1x2x3x4] = E[x1X2] E[x3x4] + E[xlx3]E[x2x4]

+ Elx x, JElx,x, ] (3.2.3)
This is the well known decomposition property of the gaussian random
variables, and it plays a major role in the construction of the Wiener
series. Evidently, the number of terms of this sum in the case of 2m

gaussian random variables is 2m!

m'!2™

The usefulness of this decomposition property in the case of the cross-
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correlation technique is great. Clearly, the higher even order auto-
correlation functions can be expressed in terms of only the second order
autocorrelation function, as described by the decomposition property.

On the other hand, the second order autocorrelation function of
GWN is: (Fig. 3.2.1)

sin(2mB |T1-T2 )

¢2(Tl,‘r2) = 2BP. (3.2.4)

2B l-rl-'r2 |
where, B is the bandwidth of GWN and P its power level. Notice that
the variance of the GWN is related to the bandwidth and the power level
as:
o? - 2PB (3. 2+ 5)

Clearly, the values of the second order autocorrelation function are
concentrated in a principal lobe around the origin. The width of the
principal lobe is 1/B and it is double the width of any of the side lobes.
The side lobes have clearly much smaller height than the principal
lobe. In fact, the k-th side lobe extended from |-rl-'r2| = k/2B to
|T1-1-2| = (k+1)/2B, attains its maximum for I-rl-'rzl = (k+%)/2B and
this maximum value is (-1)k - 2BP/(k+ % )m. Therefore, the ratio of
the heights of the principal and the k-th side lobe is (absolutely):
(k+ 1),

In conclusion, the form of the second order autocorrelation
function of GWN in combination with the decomposition property of the
gaussian random variables guarantees the fulfillment of the quasi-white

autocorrelation requirements, that were previously stated, and mani-

fests the quasi-whiteness of GWN.
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The quasi-whiteness of GWN allows its use in nonlinear system
identification in connection with the crosscorrelation technique. The
obtained kernel estimates are approximately the Wiener kernels of the
system. This approximation is usually satisfactory,if the bandwidth of
the GWN covers the system bandwidth; however, several estimation
errors exist, which make the kernel estimates deviate from the exact
Wiener kernels of the system. This subject is discussed in the follow-

ing section.

3.2.3 Estimation Errors Using GWN in Nonlinear System Identifica-
tion

In order to understand the sources of the estimation errors, we
must study the mechanism with which the system kernels are estimated
through the crosscorrelation technique.

Consider, for example, the estimation of the first order kernel:
A s

h,(0) :%-LT £y(t)x(t-0)dt (3.2.5)
For x(t) being GWN, the Wiener functionals are only approximately
orthogonal (because of the finite bandwidth), and also, the time integra-
tions over the finite interval T does not assure the exact formation of
the averages. Thus, we have two kinds of approximate orthogonality
error, which, however, are usually negligible in practice for suffic-

iently large bandwith and record length.

Therefore, if we neglect the approximate orthogonality errors,

we have:
o 1 1 ppY
hy(0) =——] ['h (r)x(t-7)x(t-0)dtdr
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O A
Jn (18 (0-7)ar (3.2.6)
(0]
where, ,
8,(0-7) = = j“x(t ) x(t-0)dt (3.2.7)
A

Clearly, ¢2 is an unbiased and consistent estimate of ¢, (as long as the
stimulus does not vanish for these values of v+ and 0), and its statistical
deviation from ¢2 is due to the finite record length. Thus we have an
estimation error of statistical nature which is due to the finite record
length. Evidently, this error decreases monotonically as the record
length increases and it becomes negligible for sufficiently long record.
We can take an idea of the dependence of this error on the record
length, by considering an infinite stimulus bandwidth and studying the

A
variance of h

Var[h(o)] Eiﬁ(o)] h(o)
1 1 jpfd'rd‘r'h (t)h (T')ITE(X(t'T)X t-0)x(t'-7")x(t'-0) ]dtdt'
PZ TZO o ( )

(for g:t-t')

(I)
:_%CJ: (r)dr + Z(J; h,(0+g)h, (o-g)dg (3.;.8)

The first term is independent from G while the second term depends on
0. Clearly, the variance of the kernel estimate decreases monotoni-
cally as the record length increases, and it vanishes when T approaches
infinity. This manifests the consistence of the kernel estimate in this
case.

The previously derived expressions for the statistical estima-

tion error due to the finite record length are approximately valid in the
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case of GWN,if its bandwidth is broad enough with respect to the system
bandwidth, so that its second order autocorrelation function resembles
satisfactorily a delta function and it performs the deconvolution with
acceptable accuracy for the system at hand. In any case, some loss

of high frequencies in the kernel estimate will occur, which may or
may not be of practical importance. It is important, however, to be
aware of this kind of error and also have an idea of its extent. To this
purpose, we will approximately evaluate this error in the following;
assuming that the record length is infinite, in order to simplify the

derivations by eliminating the statistical error. Thus, we have:

A 1 -
Elh(0)]=— [h (1), (0-T)dr
P o

(0 8] .
- 3 [n (n)zpp S0 21Blo-1)) 4 (3.2.9)
(¢] ZTTB(O-T)

We expand hl(T) in a Taylor series about o:
hy(7) = hy(0) + b, () (r-0)+ b P0) (r-0)%+ b P(o)(r-0)>

2 6
+ o 5a (3.2.10)

Since, ¢2 is an even function, the integration over a symmetric inter-
val around 0 wili eliminate the odd order terms of the Taylor expan-
sion. Thus, considering a symmetric interval around 0 we have approx-

imately that:

o+R .
El h 1(9) E% Ih (1) == (:‘;Bio"» dr (3.2.11)
o- R il

where, R is an arbitrary constant considerably larger than 1/B, but

still within the range of validity of the Taylor expansion (analyticity
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region).
Finally, o (2n) p
[" 1 h,(0) [e2n-1. c
E hl(g)'_1=_n_ _Zr_g - sin (2wBE&)dE
n=o @ (Zn)
2 hj(o)
o g — R
=h () +— 2.C_ - (3.2.12)
n=1
where, R
c_= [&*"! sin (20BE)ag
o2n-1 RZn-k-l
_ [ 2n-1 ™ ’
. _Z k! “07" )———— cos (2rBR+k —) (3.2.13)
keo (ZTTB)k.Fl 2

Clearly, the deconvolution error that we commit because of the finite

stimulus bandwidth is:
(2n)

E[h 0)1- n (o) = iy E nh;(nc (3.2.14)

where the coefficients Cn decrease rapidly as the bandwidth B of GWN
increases. (eqn. 3.2.13) Consequently, the deconvolution error can
become negligible for a sufficiently broad stimulus bandwidth.

For example, consider only the first term of the deconvolution

error:
L@ g .
rl(O) B - hl(o) [Z—TT—-BCOS (2rBR) + (2“B)2COS(2T1’BR+'—Z—)]
=. L h ((ZCZ) R cos (2wtBR)
= -—h(0)5— : (3.2.15)

it depends on the second derivative of the kernel and vanishes when B
approaches infinity. Similar arguments hold in the higher order kernel
cases but the analytical expressions that describe them are much more

involved.
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In conclusion, the deconvolution error, which is due to the finite
stimulus bandwidth, can become practically negligible if a sufficiently
broad stimulus bandwidth, with respect to the system bandwidth, is used.
It must be emphasized, however, that we cannot extend in practice the
stimulus bandwidth without cost; because, even though the increase of
of the stimulus bandwidth reduces the deconvolution error, it also 4
enhances significantly the statistical fluctuation error.

To illustrate the effect of the GWN bandwidth on the statistical
fluctuation error, we will study the variance of a single sample Sl(t’ o)

of the crosscorrelation in the first order kernel case:

(6 0]
s)(t,0) = [ (n)x(t-T)x(t- 0 )dr (3. 2. 16)
o

Of course, the kernel estimate is obtained as a time average over these
samples:

h (o) =L jT(t 0)dt (3.2.17)
1 )_ﬁ-osl ’ . .

The derivations below are made for x(t) being band-limited gaussian

white noise of bandwidth B:
oo 0o

Ijhl(T)hl(T') E[X(t-'r)x(t—C)x(t-T')x(t-o) Jdrdr!

oo .y
{ thl(-r) El x(t-1)x(t-0) ] d'r}
o

QO 0O

[ In,(m)n (1) {8,(7-0)8,(11-0) +8,(0) 8, (x-7)

oo
L ¢2(T'0)¢2(T"‘0)} drdr'

Var [sl(t, O)]

oo O

- J [ (0)h (e 8y(1-0)8 ,(r'-0)drdr'  (3.2.18)
O O
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0 @ @ 2
= ¢ z(o)Bfc{hl(T)hlw)qsZ<T-T')deTn ¥ [ojh1(7)¢2(oT)dT] (3.2.18)

Consider now the Fourier transforms H1 and ‘3?2 of h, and ¢2 respec-

1

tively. Then, the expression for the variance becomes:

B B
: 2
varls (t,0)]= 2BP® [ | H (5) |% & + PAL [5, (5327 %¢ ]
"B -8 (3.2.19)
given that:
_ P for -Bsf <B
QZ(f)— {o for |f | >B (3. 2. 20)

Recalling that the estimation of hl(O) requires the normalization of the
first order crosscorrelation by 1/P, we get approximately: (disregard-
ing for the moment the dependence on T)
A B B . 2
var(h (0)] ~2B - [|H(0] 24t + a6 2941 (3.2.21)
-B -B

The first term of this expression is clearly increasing with B
and it is independent from 0; while, the second term depends on @ and no
general statement can be made on the way it depends on B. If the GWN
bandwidth B is broad enough with respect to the system bandwidth, itis
reasonable to expect that the first term of the expression for the vari-
ance (eqn. 3.2.21) will be much more sensitive to changes of B than the
second term. Consequently, the pattern of dependence of the kernel
estimate variance upon the GWN bandwidth will be predominantly deter-
mined by the first term, which indicates a monotonically increasing
pattern. Notice also that the first term is an upper bound of the second
term for every value of 0, which means that the first term is also dom-

inant in the formation of the variance of the kernel estimate.
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In conclusion, considering eqns. 3.2.13 and 3. 2. 21, which
describe the dependence of the deconvolution and the statistical fluctu-
ation estimation errors on the GWN bandwidth, we come to the import-
ant realization that the overall effect of B upon the kernel estimation
error is not monotonic. Unlike the effect of the record length, a change
of the bandwidth triggers two antagonistic error producing mechanisms;
the one relating to the statistical fluctuation error (cf. eqn. 3.2.21) and
the other relating to the deconvolution error (cf. eqn. 3. 2.13).

The existence of these two antagonistic mechanisms leads us to
the expectation of an optimum value of B, for which the overall estima-
tion error becomes minimum. Unfortunately, we cannot suggest, at
present, a systematic optimization procedure with which the optimum
values of the test parameters can be determined; because of the great
complexity of the relevant expressions, especially in the higher order
kernel cases. Notice, however, that an analysis of that sort is feasible
in the case of the quasi-white signals that are introduced in chapter 4,
and an optimization procedure for the test parameters can be practic-
ably designed, as discussed in chapter 6.

Another cause of estimation error in the case of GWN is the fact
that the tails of the gaussian distribution are inevitably truncated, and
this results in somewhat distorting the statistical properties of the
gaussian random signal. We will try here to give a quantitative idea of
the error commited because of this truncation of the gaussian distribu-
tion.

Consider the truncated signal x*(t) as the superposition of a non-
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truncated x(t) and an error signal €(t):

x*(t) = x(t) + €(t) (3.2.23)
where,
o if |x(t) | <A
E(t) = A-x if x(t) >A
-A-x if x(t) <-A (3.2.24)
and,* A are the truncation points of the distribution.
- x*
Clearly, 1 2
cabie; © if |xx(t)| < A
Vain
Prob {x*(t)} = o if lx*(t)‘ > A
erf(-A)- §(x*TA) if x*(t) = £ A (3.2.25)

for unit variance. In this formulation, the truncation can be handled as
input noise € (t).
Let us study the first order kernel case (assuming infinite fre-

quency bandwidth to simplify the derivations):

A L [h(e) ELx¥(t-r)xH(t-0)]
hy(0) = & ghl(T) E[ x*(t-1)x*(t-0) ] dr
(@ 0]
= = [h (00 8_(0-1)420 c(0-1)+8 clo-1) ] dr (3.2.26)
o
but,
¢_ (0-7) :P"6(O‘T) (3.2.27)
XX Poe)
¢x€(o -r) =P &6(0-7) - J:g:epxe(x, €)dxd€
B ([ Grh 17 A B -x%/2
2P 1) [(Ax-x")e dx (3.2.28)
V&,
@ 2
eelo-1) =P &(0-1) J?Zpe(eme: P . LTt %™

- 2m

A
{3.2.29)
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where, peis the probability density of €(t) and Px€ the joint probability

density of €(t) and x(t). Consequently,

A
h,(0) = hl(O)[HE(A)] (3.2.30)

where E(A) is the percentage error due to the truncation:

oo 2
E(A) = 2— [(a%-x%) ¥ /2ax (3.2.31)
vVamr A

Evidently, for A greater than three standard deviations, the percentage
error E(A) is negligible. It must be emphasized, however, that it is
crucial for the truncation to be symmetric, otherwise significant errors
may be induced by .the odd order autocorrelation functions.

The formulation of the truncation as an external noise signal in
the input, allows the extension of the previous analysis to higher order
kernel cases. Similar conclusions are derived there, but the analytical
expressions become far more involved.

In conclusion, the distribution truncation error is, in most cases,
practically negligible, if the truncation point is chosen to be at least
three standard deviations away from the mean and the truncation is sym-
metric.

A last source of estimation error, that we will discuss here, is
a disproportionality error of the kernel estimates which results from
erroneous estimation of the power level of the stimulus used. Because
of the erroneous estimation of the power level, there are deviations in
the normalizing factors of the crosscorrelation estimates, which result
in wrong scaling of the kernel estimates. This wrong scaling is increas-

ingly worse in the higher order kernel estimates, because in their nor-
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malizing factors the power level participates raised in some power (i.e.
Cn = 1/n! Pn) and consequently the disproportionality error is magnified.
To correct this error a final scaling adjustment procedure can be fol-

lowed for the several estimated Wiener functionals, as discussed in sec.

b 3.

3.3 The Pseudorandom Signals Based on M-Sequences (PRS)

The computational burden accompanying the use of GWN in con-
nection with the crossForrelation technique motivated several scientists
to search for specially structured signals that would reduce the natural
redundancy of the random quasi-white processes, while still preserving
the quasi-white autocorrelation properties.

This effort resulted in the introduction of the pseudorandom sig-
nals based on m-sequences, which are deterministic periodic signals
with autocorrelation properties close to the quasi-white ones and of very
high efficiency (very low redundancy). When we talk about redundancy
here, we mean the repetition of identical waveform portions throughout
the signal. In addition to the high efficiency, the pseudorandom signals
have the advantage of easier and more reliable generation in the labora-
tory over the GWN. A further important advantage of the pseudorandom
signals is the fact that their second order autocorrelation function is
exactly zero in the region outside the origin neighborhood and within,
of course, some limits determined by the period of the signal (since the
autocorrelation functions are also periodic). This is an advantage over
the random quasi-white signals, which exhibit small nonzero values in

this region of their second order autocorrelation function that cause the
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discussed statistical fluctuation error. Nevertheless, the pseudoran-
dom signals exhibit significant imperfections in their higher even order
autocorrelation functions, which spoil their superiority in the second
order autocorrelation properties whenever the system possesses higher
order nonlinearities.

Evidently, the pseudorandom signals are most advantageous in
identification of linear systems, while the presence of nonlinearities in
the system makes the choice between the random and the pseudorandom
quasi-white test signals a complex one, depending upon the specific

characteristics of the case at hand.

3.3.1 General Description and Generation of PRS

The pseudorandom signals based on m-sequences (hereafter de-
noted by PRS) have a special stair-like form. (Fig. 3.3.1) They remain
constant within small finite time intervals and they switch abruptly at
all the time instants which are integer multiples of a fundamental time
interval At.

The values which they attain are determined by a linear recur-

rence formula of the form:
. = - ! B 3 1
X, 31® Xi-—leaZ@Xi-Ze @2 _®x _ ( )
where, all values aj and Xj correspond to the elements of a specified
Galois field with finite population number, and the operations {$,® }
are defined in the proper way so as to be internal operations for this set of

mathematical objects. For example, in the case of a binary pseudoran-

dom signal (BPS) the Galois field has two elements, and consequently,
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the operations @and ®are defined modulo 2, so that the outcome of the
recurrence formula (3.3.1) is also an element of the same Galois field.

It is evident that a sequence {xi}, which is constructed on the
basis of the linear recurrence formula (3.3.1), is periodic. The size
of its period depends on the specific values of the coefficients a.j and the
memory extent m of the recurrence formula (for a given Galois field).
Among all the sequences {xi} which are constructed from the members
of a certain Galois field and with 1inea}r recurrence formulas of memory
extent (or order) m, there are some that have the maximum period.
Evidently, this maximum period is (Lm—.l), where 4 is the number of
elements of the Galois field; since £ is the number of all possible dis-
tinct arrangements with repetitions of ¥ elements in strings of m, and
the null string is excluded.

These maximum period sequences are called m-sequences, and

e [

they correspond to a special choice of the coefficients {al, ‘@ m

It was found that these special coefficients {al, o ,am} coincide with
the coefficients of a primitive (or irreducible) polynomial of degree
(m-1) in the respective Galois field. [22] Thus, we can always deter-
mine the number of elements 4 and the order of the recurrence formula
m in such a way that we get an m-sequence with a desirable period
(within the limitations posed by the integral nature of £ and m).

The initial string of m values of xj with which the construction of
the m-sequence originates is not of importance. Any initial string
(except the null one) will give the same m-sequence (for a given set of

coefficients aj) merely shifted. In the following section, we will dis-
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cuss why the m-sequences exhibit the desirable properties that allow
us to use them in nonlinear system identification in connection with the
crosscorrelation technique.

The generation of pseudorandom signals in the laboratory is a
relatively simple task. Suppose we have decided upon the number of
values that the signal will attain and the required maximum period (i. e.
the order of the linear recurrence formula 3.3.1). Now, we simply
need to know the coefficients of a primitive polynomial of the specified
degree in the respective Galois field. Suppose that such a primitive
polynomial is found (tables of such polynomials may be very helpful
[23]). Then, we choose an initial string of values and we construct
the corresponding m-sequence with a digital computer using the linear
recurrence formula 3.3.1. The resulting sequence of numbers can
subsequently be fed into a digital-to-analog transducer to generate the
desired pseudorandom signal.

More specialized pieces of hardware can also be used for more
efficient generation. For example, a binary m-sequence can be gener-
ated through a digital shift-register generator, which is briefly des-
cribed below. (Fig. 3.3.2) The digital shift-register of n stageé is a
cascade of n flip-flops. Every flip-flop stores one binary '"bit'"': 0 or
1. At every pulse of a clock the content of each flip-flop is forwarded
to its neighbor to the right. Simultaneously, an "exclusive OR'" gate
combines the bits of two proper stages and feeds the outcome back to
the first stage and the process continues. The output bits of the '"exclu-

sive OR'' gate has been proven to constitute a binary pseudorandom m-
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Fig. 3.3.2: Schematic representation of shift-register generator of

a pseudorandom binary sequence
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sequence. The period of this sequence is determined by the number of
stages in the shift-register, as shown in Table 3. 3.1, along with the
order of the stage that provides (besides the right most stage) the other

input to the '"exclusive OR'" gate.

3.3.2 Autocorrelation Properties of PRS and Application in Nonlinear
System Identification

The quasi-whiteness of a signal (and consequently its use in con-
nection with the crosscorrelation technique) is manifested through the
proper autocorrelation properties, as they were stated in sec. 3. 2. 2.
The pseudorandom signals based on m-sequences (PRS) are exhibiting
these proper autocorrelation properties within some reasonable approx-
imation.

This is due to the shift-and-add property of the m-sequences
[24]. According to this property the product (of the proper modulo) of

any number of sequence elements is another sequence element:
Xk—j ®xX _:®- .- @xk_j =X, q (3.3.2)
1 J2 m T

where, 1 depends on iy -+, j_ but not on k. As a result of this

o
shift-and-add property and the basic structural characteristics of the
m-sequences (i. e. maximum period and antisymmetry), the odd order
autocorrelation functions are uniformly zero everywhere and the even
order ones approximate satisfactorily the quasi-whiteness require-
ments,.

It must be noted that a slight modification must be made on the

m-sequences with even number of levels in order to rectify the antisym-
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TABLE 3.3.1

Number of stages
in shift-register

Order of gate-feeding
stage in addition to the
rightmost one

Sequence
length in bits

O N9 o0 »

10

15
18
20
21
22
23
25
28
31

e}
=
w

1

or 7

DN W g9 = NN W OB = = N

[—

5o0r9
3o0r7
3,9;0r 13
3,67, or 13

31

63

127

511

1,023

2,047
32,767

262, 143
1,048,575
2,097,151
4, 194,303
8,388,607
33,554,431
268,435,455
2,147,483, 647
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metric property. This slight modification has been illustrated, for
example, by H. R. Simpson [25] in the case of a binary m-sequence,
and simply comprises the inversion of every other bit of the m-sequence
to obtain what he calls the corresponding n-sequence. This modifica-
tion results in doubling the period of the sequence, thus alleviating the
cause of the problem; namely, the fact that the number of elements in
one period of a sequence with even number of levels is odd.

Because of the antisymmetric property, the odd order autocor-
relation functions are perfect (i. e. uniformly zero). Nevertheless, the
even order autocorrelation functions of order higher than the second
exhibit some serious imperfections (anomalies), which constitute an
important topic of study and source of controversy about the use of PRS
in nonlinear system identification.

The second order autocorrelation function is zero everywhere
(within a period) except in the neighborhood of the origin where it is
triangularly shaped, as shown in Fig. 3.3.3. This establishes the PRS
as a very effective tool in linear system identification. However, the
higher even order autocorrelation functions exhibit some anomalies dis-
tributed all around their argument space and, therefore, the effective-
ness of the PRS in nonlinear system identification is significantly re-
duced. E.P. Gyftopoulos and R.J. Hooper observed these anomalies
[26,27]and H. A. Barker and R. Pradisthayon studied their origin and
properties (28]. They showed that these anomalies are due to existing
linear relationships among the elements of the sequence, and their exact

position and magnitude can be determined through a laborious algorithm
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relating to polynomial division. In any case, these anomalies are
proved to be inherent and inevitable characteristics of the m-sequences,
directly and tightly related to their deterministic nature and their mathe-
matical structure.

These anomalies cause estimation errors whenever nonlineari-
ties are present. The magnitude of these estimation errors, as well as
their relative severity (as compared to GWN) is still a subject under
study. It is evident, however, that this depends on the specific system
under study, as well as on the specific PRS or GWN which we happened
to use. Barker _e_té studied several PRS (binary, ternary and quinary)
trying to compare their relative virtues, and they determined some
optimum PRS, according to a criterion of performance weighting the
amount of exhibited anomalies [29].

Despite the presence of anomalies, the PRS have been proven
useful and efficient quasi-white signals, providing satisfactory results
in some applications [ 30, 31, 32, 33]. Whether or not they should be
preferable to other quasi-white signals depends on considerations of
the specific case at hand.

A very important point, which ought to be emphasized, is that
the functional series, which are orthogonal with respect to a specific
PRS, are slightly modified, as compared to the original Wiener series,
in order to accommodite the moments of the PRS (which are different, in
general, from the moments of GWN). Consequently, the estimated ker-
nels by the use of a PRS are different from the Wiener or Volterra ker-

nels of the system and they are characteristic of the specific PRS and
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the corresponding functional series. Of course, the overall model is
equivalent to the Wiener or Volterra model; however, the individual
kernels or functionals are different. As a result of this, if a truncated
model is used to approximate the system (which is the usual case in
practice) this model is different, in general, whenever the moments
or the elementary step At of the PRS change.

This is easily seen from the relations of the estimated kernels
(in each case) with the Volterra kernels of the system. To illustrate
this, let us consider the estimation of the zero order kernel h0 of the

zero-memory system:

y=e (3.3.3)
using a PRS:
A
h =E [e*]
o
foe}
:ZE[xn]
n !
n=o
@ m
2
:E - - (3.3.4)
n!
n=o

where, m, is the 2n-th moment of the PRS.

Similar expressions hold for all orders of kernels and for the
finite memory systems. They clearly demonstrate the dependence of
the estimated kernels upon the moments of the PRS used. Further, if
we attempt to orthogonalize the functional series with respect to a cer-
tain PRS, in the same way that Wiener orthogonalized the functional

series with respect to GWN, we will realize that the resulting orthogonal
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functionals depend upon the even order moments of the respective PRS.
Thus, both the kernels and the functionals depend upon the moments of
the respective PRS.

There are two basic ways in which the moments of a quasi-white
signal can change. The one is by changing the probability distribution
of the signal amplitude; the other is by simply scaling the signal ampli-
tudes with the same factor without changing the probability distribution.
These two cases are physically distinct, because the first one results
in change of the information content of the signal (according to Shannon's
definition), while the second one leaves the information content invari-
ant.

We expect that these two distinct ways of changing the moments
will have qualitatively different effects upon the corresponding functional
series. This is a topic of great interest, since the structure and the
convergence of the functional series is always a principal concern in the
applications. We will study this subject more extensively in the follow-
ing chapters in regard to the family of the random quasi-white signals

that are introduced in chapter 4.

3.3.3 Estimation Errors Using PRS in Nonlinear System Identifica-
tion

The PRS are periodic deterministic signals. Consequently, they
do not exhibit any kind of statistical estimation error. However, they
exhibit several other kinds of estimation error.

(1) Deconvolution error, i.e. the error due to the finite stimu-

lus bandwidth, which results in some loss of high frequencies during the
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deconvolution process. Because of the stair-like form of PRS, the
principal lobes of the even order autocorrelation functions have a pyra-
midal form. Thus, if we expand the corresponding kernel into a multi-

dimensional Taylor series we can analytically evaluate this deconvolu-

tion error On(ol, i e On) for the n-th order kernel estimate:
- @ A2 ™h (0,,....0)
Op(O e n ) =37 2y
2m!(2m+1)(m+1) BO. 290,
: . J1 JZm
m=1 Jppeees r%l
3195+ Sl
(01> At ; k=l,2;.s.,n) (3.3.5)

where, At is the elementary step length of the PRS (Fig. 3.3.1)

More details on the analytical evaluation of this error are given in sec.
5.1, in the analogous situation of a CSRS. This deconvolution error
apparently becomes negligible for a sufficiently small At (as compared
to the system bandwidth).

(2) Autocorrelation anomalies error, i.e. the error induced by
the anomalies present in the higher even order autocorrelation functions,
as discussed in sec. 3.3.2. Itis presently very laborious to determine
the actual magnitude of this error, and consequently it remains an indi-
vidual concern in each specific case. It is definitely the most serious
kind of error in the use of PRS and the most significant drawback in
their use in nonlinear system identification. Several methods have been
suggested [ 29] and others can be devised, to reduce the effect of these

anomalies; nevertheless, the overall appreciation of the situation is still
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a matter of case-to-case personal judgment.

(3) Finite transition time error, i.e. the error due to the finite
response (rising) time of the input transducer. This subject has been
studied by K. R. Godfrey et al. for the case of a binary pseudorandom sig-
nal [34,35]. Their study suggests the negligibility of the resulting esti-
mation error in the case of reversible transitions (i. e. when the patterns
of upward and downward transitions are similar), and for reasonably
small response time of the transducer (as compared to the system band-
width). In conclusion, sufficient care must be taken of the transducer in
order to make this kind of error negligible.

Finally, there are approximate orthogonality errors, as in the
case of GWN, which are usually negligible for all practical purposes.
The erroneous power level and computational errors are just as des-
cribed later in the case of CSRS (cf. sec. 5.4 and 5.6). These errors
become practically negligible under some easily implemented provisions

described later in the case of CSRS.
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CHAPTER IV

THE FAMILY OF
CONSTANT-SWITCHING-PACE SYMMETRIC RANDOM SIGNALS(CSRS)

AND THEIR USE IN NONLINEAR SYSTEM IDENTIFICATION

In the previous chapter we discussed the properties of two
families of quasi-white signals that have been used so far in applications
of the Wiener-crosscorrelation method.

In this chapter, we will introduce a new family of quasi-white
random signals, that can be used in connection with the crosscorrela-
tion technique for the identification of nonlinear systems. These new
test signals combine the stair-like form of the PRS with the random
character of GWN, and consequently, they exhibit a new blend of advant-
ages and disadvantages.

We believe that the introduction of this new family of quasi-
white signals will contribute largely in the better understanding of the
underlying mechanisms of the crosscorrelation technique and will pro-
vide significant advantages in several applications of the Wiener method

over the quasi-white signals that have been used so far.

4.1 General Description and Generation of CSRS

There are two basic defining characteristics of each member
of the CSRS family:
(1) the value of the signal switches randomly and independently

at all time instants which are integral multiples of an
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elementary finite time interval At, attaining values
according to a symmetric probability density function,
and
(2) the value of the signal remains constant between two suc-
cessive switching times. (Fig. 4.1.1)
The fundamental time interval At is called the ''step'' of the
CSRS and it directly determines the bandwidth of the signal. Evidently,
when the step At is decreasing, the bandwidth of the signal is increasing
and it is asymptotically approximating the ideal white noise. The sym-
metric probability density function p(x) (with which a CSRS x(t) is gen-
erated) has zero mean, and consequently, all its odd order moments
are zero. Additionally, the even order moments of p(x) ought to exit.
This is a condition that is always satisfied in practice, since we must
have a finite domain for the probability density function when we gener-
ate the signal in the laboratory. Similarly, the probability density func-
tion becomes, in practice, always discrete, when a digital computer is
used to generate the signal. The limits of this discretization are
posed by the word length of the computer. In theory, however, the
mathematical definition of a CSRS allows the probability density p(x) to
be continuous and of infinite domain, as long as the even order moments
exist,
The stair-like form of a CSRS is a feature compatible with the
use of digital computers in data processing. The handling of continuous
signals with digital computers requires their discretization through a

constant rate sampling procedure; while the complete recovery of the
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original signal is not (in general) possible, unless the signal has a
special form (stair-like, piecewise linear etc.). Thus, the inevitable
discretization of a continuous signal within the digital computer leads
naturally to the conception of a stair-like constant-switching-pace signal;
eliminating the errors resulting from the discretization and assuring
the complete recovery of the original signal.

Clearly, the defining prescriptions of the CSRS family are
fairly general and simple, providing the user with great flexibility in
choosing the test signal that fits best the special considerations of a
specific problem. In the following section, it will be shown that merely
the statistic.al independence of any two steps of a CSRS, along with the
fact that all the odd order moments of p(x) are zero and the even order
ones exist, are sufficient to guarantee the quasi-whiteness of x(t) with-

in the frequency range posed by the specified step length At.

4.2 The Autocorrelation Properties of CSRS

In sec. 3.2.2, it was stated what the autocorrelation properties
of a signal ought to be in order to consider it a quasi-white signal. In
this section, we will show that the CSRS family possesses these aﬁto-
correlation properties, and consequently, it can be used in nonlinear
system identification through the crosscorrelation technique.

At first, we note that every member of the CSRS family is by
construction a stationary and ergodic process. For a given step length
At and a proper probability distribution p(x), an ensemble of random

processes x(t) is defined within the CSRS family. The ergodicity of x(t)
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allows us to define the autocorrelation functions in both the temporal

and the probabilistic sense. Thus, the n-th order autocorrelation of

x(t) is:
¢n('r17 T29 LI ,Tn) = E[X(t"rl) X(t‘TZ). . X(t“rn)]
= Lim 2_'11"_ {TTx(t—-rl)x(t—'rZ). o5 x(t-'rn)dt
T oo (4.2.1)

We will show that the autocorrelation functions, as defined by eqn.
4.2.1 , are the ones of a quasi-white signal. First, let us consider
only the values of the arguments T Toreees T which are integral multi-
ples of At. »In this case the several x(t-‘rl), x(t—‘rz), S x(t-‘rn) are ran-
dom variables which are either statistically independent or completely
identical (if their shifting times are equal). In order to facilitate the
several derivations, let us make the following definitions:
The n-th order moment of the random variable x, which follows

the probability distribution p(x):

m_ = Llﬁ(:n p(x) dx (4.2.2)

n
-0

The product of n time-shifted values of the random process x(t):

Py = x(t—‘rl)...x(t—"rn) (4. 2. 3)
The groups 81) 81000 8 of the factors x(t-'r.l) of the product Pn, which
are identical one to another, i.e., they have the same shift. The popu-
lation numbers NysNo, e, Dy of the groups 812 8pr v Bye Clearly:

n=nl+nz+...+nk (4. 2. 4)
The subproducts of the members of each group gj:

10, = x(t-‘rjl) x(t-TJ.Z). o « X(E-75 o)

J Jnj
Clearly: P o= e Tyt T (4.2.5)
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Notice that the several ™. oare statistically independent. A nodal point

2,...,Tn

are integral multiples of At. Order of a nodal point (Tl’ Toseees 'rn)

is a point (TI, Tosenns Tn) of the space, where the values of T T

(or of the corresponding product pn) is the set (nl, Ny ,nk) of the
population numbers of the correspondi:ng gTOUPS g, 85y« 8y in the
product P Diagonal point is a point (Tl, Toreees Tn) for which at least
two of the arguments are equal. Full-diagonal point is a point (Tl' T
o oy Tn) for which all the arguments form exhaustively pairs of equal
values. Simple diagonal is a diagonal point which is not full-diagonal.
The rest of the points in the space are called nondiagonal.

| The following is the basic lemma of our derivations: Consider
the population numbers NysNosee e, My of the groups 812 8pree1 8 of
identical factors in the product: pn = X(t—Tl) . x(t-’rz) ¢ www ® x(t-Tn)
where x(t) is a CSRS and (Tl, Toseees Tn) is a nodal point of the n-dimen-
sional space. The expected value ofpn is zero if and only if at least

one of the ni's is odd.

Proof: Consider the subproducts ™, as previously. Clearly:

p:nl.ﬂ'z‘... Tl‘k

Since the several ™, are statistically independent:

E[pn]= E[TTI]‘ E['nz] E[wk] (4.2.6)

But Elr,] =m (4.2.7)
i n,

Therefore: E[pn] = mnl . mnz © ..t Mgy (4. 2.8)

Thus, if at least one n, is odd, then the corresponding moment m_ . will
i

be zero (since all the odd moments are zero) and subsequently: E[pnjzo.



..

Note that all the even order moments are positive. Q. E.D.

This basic lemma manifests the quasi-whiteness of the members
of the CSRS family -- at least at the nodal points -- because it guaran-
tees that all the odd order autocorrelation functions are uniformly zero,
while the even order ones are nonzero only at the full-diagonal points,
i.e., where the arguments form exhaustively pairs of identical values.

In practice, however, we always have finite length sample
signals and none of the expressions in eqn. 4.2.1 can be actually eval-
uated. Hence, we are practically restricted in obtaining only an esti-

mate of the autocorrelation function, usually by time averaging, as:
T

A 1
———— - - - 4, 2,
BTy T ) S | x(t T )x(t-7o). o x(t-r )dt 9)
Tm

where T is the temporal length of the sample signal x(t) and

Tm = max [Tl’ Tos oo ’Tn]'

A

The estimate ¢n(T1, S 'rn) is a random variable itself and its statis-

tical properties must be studied in order to achieve an understanding of
the kernel estimates obtained by the crosscorrelation technique.

Consider again only the nodal points of the argument space of
A A
) n(Tl’ Toseees Tn). Clearly the expected value Of¢n(Tl’ Ao ‘rn) is

0] n('rl, P 'rn), which makes it an unbiased estimate. Also, the prob-

A
ability limit of @ (‘rl,...,"r )is ¢ ( Tyseees T ), which makes it a con-

sistent estimate. Now, let's look at the second moment of ¢ ('rl, e ws T ):

2
E[@(Tl,...,-r)] ——z_fjx(t —rl) e oo x(t -7 )-x(t-'rl)
" " (T=-Tm) To Teny n
: x(t'-'rn) dtdt’

1 T-
s e O JT j‘( th Ty e x(t-‘rn)' x(t-
(T-Tm)_ 1, A=-(T-t) (4.2.10)
Ty H N et x(teTn +0) dtdh
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whemwes &=t = &,
If the point (1., T,5,..., Tn) is not a full-diagonal point then the only full-
diagonal point among the points (Tl, ToreessT Ty - ) S ’rn-)\), for

all the values of N which are integral multiples of At, is the one for \=0.
In this case, if the point (-rl, Toseens "rn) is of order (nl, Doseees nk), the

point (Tl, Toreees T T Tosenns Tn) will be of order (an, an, 5w BTL

A
The expected value of ¢n(71, Toreees Tn) for all the points which are not

k)'

full-diagonal is zero. Therefore, the variance in this case becomes:

(for 4t<<Tm << T)

At
—

T an g mznz'... * mznk (4.2.11)

var [ (r., 7 R
n 1 n

2,>. .
Clearly, the variance at these points depends on their order. If the
point (—rl, Toseens 'rn) is full-diagonal, then all the values of N\, which
are integral multiples of At, give full-diagonal points ('rl, ToseeesT s

n
Ty = N, T - T 'rn-)\) of several orders. An explicit and general
A
expression for the variance of <Z5n(1'1, o 95 5 -rn) cannot be derived because
it depends on the relative position of the arguments.

A
In any case, the variance of ¢ rl(T - 'rn) at all the nodal

e
points tends to zero asymptotically with the record length, and the
values of 8 n(Tl’ o w3 Tn) tend to the ones determined by the basic lemma.
The study of the first two moments of @n(Tl’ Toreess -rn) suffices for the
description of its whole statistical behavior, because the probability dis-
tribution of the values of gn(Tl’ Toreees Tn) at any nodal point (—rl, Tosens
) Tn) is approximately gaussian.

This can be easily seen by considering the way of actual evalu-

ati f(/b\
ion o n(Tl’TZ""’Tn)'
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N
Qn(flzkl- 8t tyzky At ..., 7 sk - At) = —11\11(2::1 x(k At-k At)
. x(kAt-kZA t). ... x(kA t—kn At) (4.2.12)
where, T =N - At,
Consider one of the terms of the sum:
v(k) = x(kAt-klAt) . x(kAt-kZAt)- oot x(k At-knAt) (4.2.13)
The samples x(kAt—kJ.At) are following the probability distribution

p(x), and they are either statistically independent or completely identical
to one another (depending on whether their arguments (kAt-ijt) are
respectively different or identical). For given (kl, L XRERE, kn), the
several v(k) are uncorrelated but not necessarily statistically indepen-
dent. Actually, v(k) and v(k*) can be statistically dependent if

lkt-k | < max [k, k Lk 1= L.
n

AR

Suppose now wel\ﬁorlm the partial sums U(4)

U(t) = D v(t+i- L) (4.2.14)
i=0
where, €= 1,2,3,...,L and M = integer part of [N/L].
The several terms of these partial sums are clearly statistically inde-
pendent and consequently the Central Limit Theorem is applicable,

dictating that, if M is sufficiently large, then each U(4)is approximately

a gaussian random variable. It is also evident that all the U(fare uncor-

related. Therefore, since: L
N 1
- £
¢n(-rl,‘r2,...,'rn) N g U(4) (4.2.15)

A
and U(D are uncorrelated gaussian random variables, ¢ n(-rl, Toseees Tn)
is also a gaussian random variable.

So far, our discussion has been limited to the nodal points of

the space. To complete our study we have to prove that the other points
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of the space of the autocorrelation function have also the desirable
values. To this purpose, we only need to employ a basic property of
the aggregated values of products of shifted stair-like signals. A stair-
like signal is one which remains constant during finite time intervals
and jumps abruptly from one value level to another. It is a piecewise
continuous time function and its first derivative is a series of impulses.

Consider now this signal being shifted in time by T and form
the product of the original and the shifted signal. The integral of this
product over time (it is shown in Fig. 4. 2. 1 for a binary stair-like
signal ) is a piecewise linear function of the shifting time with discon-
tinuous first derivatives at all the shifting times for which at least two
of the jumping points coincide. The derivative remains constant between
two successive points of discontinuity. Consider now n shifted stair-
like signals x(t--rl), x(t-TZ), s o x(t--rn). Form the product of them and
integrate this product over time. Similar arguments hold in this gener-
alized case. The aggregate value is of first degree (sectionally linear)
with respect to the shifting times T2 Toreses T and subsequently it has
piecewise continuous first order partial derivatives with constant values
between two successive points of discontinuity (i.e., the partial deriva-
tives are stair-like functions).

Employing this basic property of the stair-like functions, we
conclude that the (n + 1)-dimensional surface @n(‘rl, o s ‘rn) is of first
degree with respect to the arguments Tyreees Ty and its first order
partial derivatives are stair-like functions. Employing also the fact

that a point of derivative discontinuity appears at those shifting times
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at which at least two jumping points of the signals coincide, we conclude
that the locus of the points of derivative discontinuity are hyperplanes of
the (ntl)-dimensional space determined by analytical relations of the
form:

'ri—'rj:k' At (4.2.16)
where i,j=1,2,...,n, and k is an integer (positive, negative or zero).
Clearly, each of these hyperplanes is parallel to (n-1) of the (nt+l) axes
of the space.

Notice that the nodal points of the space are in the cross sections
of these hyperplanes, and consequently they are the apexes of the sur-
face @ n('rl, T 'rn). To illustrate this, consider the aggregate value:

) 1

P AT s TasTo) =
2 T-max[—rl,'rz,'r3

- [7 t-r)) xlt-r,) x(t-r )dt

L [Tl’Tz’T:J,] (4.2.17)
which is a four-dimensional surface.

In Fig. 4.2.2., the locus of the points of derivative discontinuity for a

cross section of the space at T = 0 is shown with dotted line.

Therefore, the general morphology of a surface @ n(Tl’ o g Tn)
appears to have apexes corresponding to the nodal points of the n-dimen-
sional space, interconnected with (n+l)-dimensional hyperplane seg-
ments., The direct implication of this morphology is that the ''extrema"
of the surface gn(Tl, o %% 'rn) must be sought among its apexes (i.e.,
among the nodal points). Thus, the stair-like form of the CSRS assures
that the n-th order autocorrelation estimate is an (n+l)-dimensional

surface of the described morphology.

As a result of this morphology, the statistical behavior of the
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intermediate points is determined by the statistical behavior of the
neighboring nodal points through a multi-dimensional linear relation-
ship. Consequently, the odd order autocorrelation functions of a CSRS
are uniformly zero and the even order ones are zero everywhere except
around the full-diagonal points, where they exhibit pyramoidal nonzero
values.

To illustrate this, we consider the second order autocorrelation
function of a CSRS: (Fig. 4. 2. 3)

71772
¢2(T1,T2) :mz(l‘T) for |-rl--erSAt
=0 for ITI-TZI > At (4.2.18)

We also show in Fig. 4. 2. 4 the form of the fourth order autocorrelation
function (254(T1, Tos 0 s 02) of a CSRS, for given values 04 and 0, Notice
the anticipated pyramoidal shape of the autocorrelation function surface.
With this brief analysis, we have completed the study of the autocorrela-
tion properties of the CSRS family and its quasi-whiteness has been

manifested.

4.3 The Use of CSRS in Nonlinear System Identification

In the previous section, we established the quasi-whiteness of
the CSRS family, which justifies their use of nonlinear system identifi-
cation through the crosscorrelation technique. The kernel estimates,
that are obtained through the use of CSRS, correspond to a functional
Series which is different in structure from the Wiener series. This
structural difference is due to the statistical properties of the CSRS,

as expressed by the moments of the amplitude probability distribution,



-86 -

4 ¢4(T|,T2,0’|,O’2)

Fig. 4.2.4: Pyramidal . form of the principal lobe of an

autocorrelation function
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which are different from the ones of GWN.

More specifically, the gaussian amplitude distribution possesses
the important property of being describable by only its first two moments.
This, along with the decomposition property (cf. sec. 3.2.2), results in
great simplification of the expressions describing the orthogonal Wiener
functionals. In the general case of a CSRS, however, the complete des-
cription of the amplitude probability distribution requires all of its mo-
.ments. This results in a certain complexity of the form of the CSRS
orthogonal functionals. Nevertheless, the construction of the CSRS
functionals is made routinely on the basis of an orthogonalization pro-
cedure similar to the one that was used in the construction of the Wiener
series. It must be also noted that the orthogonality of the CSRS func-
tionals is only approximate and based on the assumption that the band-
width of the respective CSRS is broad enough with respect to the system
bandwidth so that the deconvolution takes place with acceptable accuracy.

Evidently, the structural form of the CSRS functional series
depends on the even order moments and the step length of the associated
CSRS. In the special case where a gaussian amplitude distribution is
chosen for the CSRS, the CSRS functional series takes exactly the form
of the Wiener series, where the power level of the GWN is equal to the
Product of the second moment and the step length of the CSRS. Thus,
it becomes clear that the CSRS functional series is a more general orth-
Ogonal functional expansion than the Wiener series, extending the basic
idea of orthogonal expansion using Volterra-type functionals throughout

the space of symmetric probability distributions, in the possible
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expense of more complexity in the functional expressions. The advant-
ages that such a generalization of the orthogonal functional series pro-
vides are the same as the ones of any optimization problem where the
parameter space is augmented. The augmentation of the parameter
space provides greater flexibility and allows the search (and usually the
achievement) of new global maxima of the ''gain function'. This is ana-
lytically demonstrated through an example later in this section,

It must be emphasized that, even though each one of these func-
tional series represents a formally different description of the system,
all of them are equivalent in the sense that they are functional expansions
of the same response signal. What is generally different in all these
functional series is the convergence pattern, As a result of this, the
estimated truncated models, that we usually obtain in practice, give
different accuracy in the model predicted response.

The subject of the functional series convergence is apparently
of great theoretical and practical interest, although it is also a subject
of great analytical complexity. Later in this section, we study analyti-
cally the convergence of a first order model for a third order nonlinear
system. This example will demonstrate the basic theoretical and‘prac—
tical aspects of interest, even though it is limited by the specific choice
of system.

In chapter 9, we will also give an illustration of the series con-
vergence, using several CSRS in computer simulated applications.

The orthogonal functions that correspond to a CSRS have the

form: %
Go [g;=(t,¢ st =g, (4.3.1)
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o (0 0]
G "[glhl); x(t'), t'st] [ gy(r) x(t-7 )dr, (4.3.2)
O 0O 0O
Gz lgg(‘fl, 2); x(t'), t'< t] II g2(T L7 T2) x(t-7 ) x(t-7 ;)dT (dT -

(m, At) IgZ(Tl,Tl)drl (4.3.3)
OO0 00 QO
[g3<71,72,r )i x(t'), t's< t] HJ‘ 83(T 15T 5 T 3) X(t-7 1) x(t-7 5)x(t-75)

(0 6]
drydr,dr3 -3(m2At) J Ig3(T1,T2,T2) x(t-71)d7ydT, - [("4/my-3m;)at ]

jg3(71,71,71) x(t-7 )dT) (4.3.4)

etc.

where, x(t) is a CSRS, At is its step length and m,, my, etc. are the
second, the fourth, etc. moments of its amplitude probability density
function p(x).

The expressions become quite involved as we go to higher order
functionals, but their derivation can be done routinely on the basis of a
Gram-Schmidt type of orthogonalization procedure.

Of course, the orthogonality of the G*-functionals is only
approximate, within the range of frequencies posed by the specified
step length At.

The power spectrum of a CSRS with step length At and second
moment m, is shown in Fig.4.3.1. Clearly, the bandwidth of the .signal
is inversely proportional to At, and it approaches the ideal white noise
as At approaches zero (provided that the power level P = m, At remains
finite). Apparently, the degree of orthogonality of the G*-functionals
monotonically increases as At is decreased. However, for all practical
purposes, it usually suffices that the bandwidth of the CSRS covers the

bandwidth of the system under study.
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Notice that the basic structural form of the G¥*-functionals is
the same as in the Wiener G-functionals, i.e. the odd order functionals
have all and only odd order integral terms of equal and lower order;
and analogously the even order functionals have all and only even order
integral terms of equal and lower order. Notice also that if a gaussian
probability density function is chosen for a CSRS, then iy = 3m22 and,
consequently, G;< becomes exactly like the G3 Wiener functional, with
power level P = m,- At.

The actual procedure of the crosscorrelation technique is basic-
ally the same as in the GWN case. That is, in order to estimate the
n-th order kernel, we crosscorrelate the n-th order response residual

with n time-shifted versions of the stimulus and we properly normalize

the outcome: (cf. sec. 2. 3)
A

h (0, +++»0p)= C_*E[ y™(t) x(t-0)). .. x(t-0_)] (4.3.5)

where, fi=1
y(n)(t):y(t) —ZG;[ gi('r 1reeesT i); x(t'), t'=< t] (4.3.6)

i=0

and Crl is the proper normalizing factor.

In the case of GWN, the normalizing factor C_ is 1/n!P",

where P is the power level of the GWN. In the case of CSRS, the nor-
malizing factor differ for the diagonal and nondiagonal points. For the

nondiagonal points, the normalizing factor is just like in the GWN case:
B 1
n nrpn

+ At,

C

(4.3.7)
where, P = m,

However, for the diagonal points the normalizing factor depends on the

order of the specific point. For this reason, it is impossible to give a
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concise and general expression for the normalizing factors, which could
cover all the diagonal points of all kernels.

This is not a problem in practice, because we always confine
ourselves in estimating the first few kernels (usually up to the second
order) and thus we only need the normalizing factors for these limited
cases. For example, in the second order case the normalizing factor
can be easily evaluated on the basis of our knowledge about the form
and structure of the autocorrelation functions of the CSRS. (cf. sec. 4.2)

Thus, the second order crosscorrelation gives:

llJZ(O'l, O'Z)= E[Y(t\?’ X(t-O’l) X(t—oz)] (4.3.8)
= EaE G, (t) x(t-0;) x(t-0,)]
= J;j g,(T1»T,) E[x(t-7)) x(t-T,) x(t-0) x(t-0,)]dr dT,
[0¢]
, -(my A tLIgZ(T,T)dT-E[ x(t-0))x(t-0,)]
Z(mZAt) . gZ(Gl’ o 2) for the nondiagonal points
- (m4—m22) At2° g2(o0, 0) for the diagonal points

Therefore the normalizing factors for the second order kernel are:
c, - { 1/2(m2At)2 for the nondiagonal points (4. 3.9)
1/(m4-m22)- Atz for the diagonal points (4.3.10)
The determination of the appropriate normalizing factors for
the diagonal points of other kernels will require basically the evaluation
of the volume under the corresponding autocorrelation function surface.
We will study now the relation between the Volterra and the
CSRS kernels of a system. We will attempt an analytical approach in

such a way that the role of the basic parameters affecting the estimated

model will be depicted in the derived expressions. Our objective is to
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demonstrate the dependence of the CSRS kernels upon the moments and
the step length of the specific CSRS that is used to estimate the kernels.

The expressions that describe analytically the relation between
the CSRS and the Volterra kernels of the system are very complicated in
their generality. Since, our objective is to give simply a qualitative
jdea of the existing relation, we will confine ourselves to the nondiagonal
points of the CSRS kernels and to general nonexplicit analytical expres-
sions.

Thus, consider the Volterra expansion of the system response:
2. 00 0
y(t):zo J"'Jkn‘”' cees T X(E-T )L x(teT )dT L adT ] (4.3011)
n:

Let x(t) be a CSRS with a probability density p(x) and step length At.
Let us cvaluate now the CSRS kernels through the crosscorrelation
technique. The resulting expressions for the CSRS kernels in terms of

the Volterra kernels are:

(4-n) 00 0o (25)
gzn(gl,---;OZn):Z Z At Ci(mz’...’mZL‘Zn)J...OkZL O- 5

n T (Br-2 2
LI TR e (4.3.12)

i 3 ailtmg © > (2n+)
Ban+1(0)s o v ppy1)l, 20t (s g o e [l a ;
2=n 1 (24 -2n) 4. (2-20) °© o -
T T:

1 i

(4.3.13)

Where, the index i is sunmming over all possible combinations of even pop-
ulation number groupings of (24 -2n) arguments. To each one of these
Combinations corresponds a proper coefficient Ci’ which depends on the
€ven order moments from the second up to the (24 -2n)-th one. The
arguments of the Volterra kernels in the expressions also attain proper

. . 2
Values for each one of these combinations. The vectors oi( n) and
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(22 -2n)
Ty symbolize these argument arrangements, which are similar

to the ones appearing in the relations between the Wiener and Volterra
kernels (cf. sec. 2.5).

Clearly, the even order CSRS kernels depend on all the even
orderAVolterra kernels of equal or higher order (and analogously the
odd order CSRS kernels), demonstrating a notable similarity to the
structure of the Wiener kernels.

Another interesting remark is that the expressions (4. 3. 12)

and (4. 3. 13) can be Written as power series in At:

&-n . (21’1)
g, (T, .., 0 ) Zm £, (0,0 5) (4.3.14)
R, -n  (2ntl])
g2n+1(01""’02n+1):LZAt ' (G5 v Gyy) (43.15)
=n
where,
(2n) i} © P (2n) _(24-2n)
fp o "’Gzn)‘Z Cilmy v imyy o) z["'ékz&(?i_ C 4 )
' dTi(”’zn) (4.3.16)
(2n+1) : {2n+1)
£ _ (o
) °1""’°2n+1)‘zci(m2’ ’mz( ))L %k{zal_l :
' | n)d BT (4.3.17)

These expressions of the CSRS kernels as power series in At can be
useful in studying the effect of changing At upon the estimated CSRS
kernels and the corresponding functional series. For example, we can
observe that for very small values of At the CSRS kernel of some order
is mainly affected by the Volterra kernel of the same order, while the
contribution of the higher order Volterra kernels is negligible. This
may be utilized in order to estimate approximately Volterra kernels of
the system. Also, information about the order of nonlinearity of the

system can be derived by proper utilization of eqns. 4.3.14 and 4.3.15.
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As an illustrative example on the parametric dependences of the
CSRS functional series, consider a third order Volterra system (i.e.
a system for which kn(Tl, v g -rn)E 0 for any n > 3)., The system re-
gponse to a CSRS x(t) is: (also consider ko = 0).

1) o)
Y(t)=£ kl (Tl)x(t_Tl)dTl+g kZ(Tl’ Tz)x(t—-rl)x(t—-rz)d-rld1-2+

@
J&E‘J k3(-rl, To TB)X(t-T]_)X(t-TZ)x(t-T3)dTldT2dT3 (4.3.18)
and the CSRS kernels of the system are:
ac
g =(m, 0 t)gkz(-rl, T )dr (4.3.19)
= A ICD d — At |k, (O o}
gl(ol)_kl(ﬁl)+3(m2 t) k3(01,-r1,'r1) Tl+ <_m__.3m2> t 3( 1,01, 1)
| ° 2 (4. 3. 20)
(4.3.21)
Bl Ty Oy T kel D)y Tps Bl (4.3.22)

Evidently, the second and third order CSRS kernels are ident-
ical to the Volterra ones because of the absence of nonlinearities of
order higher than third. The zero order CSRS kernel depends upon the
second order Volterra kernel, and the first order CSRS kernel depends
upon the first and third order Volterra kernels in accordance with eqns.
4.3.14 and 4.3.15.

The difference between the Volterra and the CSRS kernels of
zero and first order indicates the fact that a CSRS functional of some
order probes into the higher order Volterra functionals, thus providing
a different span of the function space of the system response. This dif-
ferent span is expectedly more efficient for expanding the system
response to a CSRS stimulus, because of the orthogonality of the CSRS

functionals.
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Recalling that the Volterra kernels constitute a nonparametric
description of the system (i. e. they depend only upon the functional
derivatives of the system operator and not upon any stimulus character-
istics, like the power level etc.) the expressions above state very elo-
quently the dependence of the CSRS kernels upon the even moments and
the step length of the associated CSRS.

If we generalize the concept of the power level so that we call
the expression:

P =m,, . At" (4.3.23)
the n-th order power level of a CSRS; then we can generally state that
the CSRS kernels depend upon the power levels of all orders up to the
order of nonlinearity of the system minus one.

What is of importance in the system modeling business, is the
accuracy (in the mean squarec sense) of the model predicted response
to a given stimulus. We will study now the improvement of this accu -
racy when we use a CSRS model, as opposed to a Volterra model of the
same order. To study this, we will simply consider the zero order
model of the system above. The m.s. error of the zero order Volterra
model response is:

ei - E{y{t )} (4. 3.24)
The m.s. error of the zego order CSRS model response is:

602= E{[Y(t)-go]}

2
= E{Yzﬁ)}+go-2go' E{y(ﬂ} (4. 3. 25)
Therefore, the improvement in accuracy of the zero order model pre-

dicted response, using a CSRS model instead of a Volterra model, is:
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2

3 (4.3.26)

=2¢g - Elyth)-g
o
If x(t) is the CSRS stimulus with which the model was estimated

then:

2

1O—gO

(P Jlolr, 7. )dr 12 2 0 (4.3.27)
) 2171 1

Therefore, we always have a positive (or zero) improvement in accu-

racy with the zero order CSRS model in predicting the system response

to the CSRS stimulus. This improvement clearly depends on the first

order power level of the CSRS stimulus.

Let us study now this measure of improvement (or deteriora-
tion) in the accuracy of the model predicted response to several other
stimuli, when we are using the previous CSRS zero order model instead
of the Volterra model of the same order.

If x(t) is another CSRS with first order power level P N then:

(oo} 1
sl 2
i_=p, 2P -P ] {gkz(Tl, )T } (4. 3.28)
Thus, we can have improvement or deterioration in the accuracy of the
model response depending on the relative size of the power levels., A
similar expression holds in the case of GWN, PRS or any other quasi-

white signal.

If x(t) is an arbitrary signal, then:
[6°)

(e ) QO
iO=P16Fk2<TITI)dTl : { ngl(-rl)Qﬁl(Tl)dTlJrZ jgjk3(Tl,Tz,73)%(71,72,73)

(0 6]
dr dr,dr, + isz(fl, T,) [2¢Z(Tl, T,)-P, "8 (TI-TZ)]dTldTZ} (4. 3.29)
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where, 1 T
i T 0 53 :Tr.af x(t-r). . x(t-r)dt ;i=1,2,3 (4. 3. 30)

Eqn. 4.3.29 clearly demonstrates the fact that the improvement (or
deterioration) in this case depends upon the autocorrelation functions ¢i
of the stimulus. This fact leads us to a basic conclusion with respect
to the system models that are obtained by using quasi-white signals: if
we estimate the kernels of all existing orders in the system, then the
obtained model is complete and capable to predict exactly (with some
small numerical inaccuracies) the system response to any stimuius;
however, if the obtained model is of lower order than the system (which
is often the case in practice), then the performance of the model (in the
m.s. error sense) depends crucially on the relation of the autocorrela-
tion functions of the stimulus with the ones of the associated quasi-white
‘signal,

This basic conclusion is illustrated by computer simulated
examples in sec. 8. 3.

Another important remark is that the improvement in accuracy
of the zero order model in the considered example becomes maximum

if and only if:

E [y(t)] =g (4. 3. 31)
as it is evident from the derivatives:
%o _ o[k AEly(n]
Pl = 2 kZ(Tl’ Tl)d'rl Ely(t)J- go (4.3.32)
o
BZ' J‘OO 2
1o:-Z{ k(1,, 7y)dT } (4. 3.33)
glﬂz : 217 "1 1

Thus, the improvement is maximized in the case of the CSRS stimulus
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with which the model was estimated (as it was expected), but this may
also happen with other stimuli for which eqn. 4. 3.31 holds.

Evidently, for a given arbitrary stimulus there is always, in
this case, a CSRS which gives the optimum zero order model. This
CSRS is specified by its first order power level:

o
P, = El:y(t):l /EE k(o 7 )T (4. 3. 34)

Of course, as the order of the system nonlinearity and of the
model increases, the analytical expressions describing the dependence
of the model accuracy upon the power levels of the CSRS become rapidly
very complicated. However, the basic remark can be generalized to
state that: for a given system and a given stimulus there are CSRS,
specified by some values of generalized power levels, which give the
model of a certain order with the highest accuracy in predicting the
system response to the given stimulus.

It must be emphasized that these optima CSRS are specified
strictly and solely by their generalized power levels; as long as the
stimulus frequency bandwidth remains broad enough so that the CSRS
functional series can be considered approximately orthogonal.

In order to illustrate a case where more power levels than the
first order one participate in determining the accuracy of the CSRS
model, consider the first order CSRS model of the previous system,
where for simplification of the derivations we take:

ki (d)) =h(a,) (4.3.35)
k,(3].35) = h(®))h(3,) (4.3.36)

k3(81, 82, 33) e h(al)h(az)h(53) (4.3.37)
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The m.s. error of the first order Volterra model is:
2 o 2
% = B{[yv - [n2xe-3 a2, %) (4.3. 38)
The m.s. error of the first order CSRS model is:
2 s 2
Q= B{[y - g, - [ e, pxe-2)aa |} (4. 3. 39)
Therefore, the improvement in accuracy of the first order CSRS model
is: (for the CSRS stimulus)
2 2
- El

o T |

: 2
== {F (Py)+ F (P}« FP,,P,) & F AP ) - F (P, P}

where. (4. 3. 40)
Fl(Pl) = 9a3Pl3+(5a2-18a3)P12—6a2P1 (4.3.41)
F,(P,) = [6aPi2+2(1-6a)P1-2]b (4. 3. 42)
F(P)) = (P ;32)c (4.3.43)

2
F(P.,P.) =—2 _3p 4.3.
(P Py) P, 1 (4. 3. 44)
2
a =] nr)dr (4. 3. 45)
OCD4
b=/ h(r)dr (4.3.46)
om
e = [ 1o%midr (4.3.47)
(0]

Clearly, the accuracy of the first order CSRS model depends
upon the first and second order power levels in this case; and the depen-
dence is not monotonic like the accuracy of the zero order model (cf.
eqn, 4.3.27).

Trying to determine the extrema of the surface il(Pl, PZ), we
can take (for derivation convenience) without loss of generality a = 1.
Notice also that the positions of the extrema are invariant to scaling
changes of the signal amplitude, which allows us to make the substitu-

tion: Py = ()‘+3)P12 (4. 3. 48)
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where changing X\ corresponds to changing probability distribution. With
these simplifications, we get:

Iy = -(cx2+ 6 b\+ 9 )P?l’ + (Zc)\2+10b)\+13)P12+(2b)\+ 6)}?1 (4.3.49)
where, o<c<b<l;\A>-2; b2< (o All these conditions are derived by

using the Schwartz inequality. Notice that:

(X > LGB 419> & (4. 3. 50)
(2cA% 4+ 10bX +13)> o (4.3.51)
(2bN+6) >0 (4. 3.52)

for all values of b, c and \.

Consequently, for a given system (b, c) and a given probability distribu-
tion (\), the improvement in accuracy of the first order CSRS model is
maximized for a single value of Pl’ which is easily determined as the
single positive root of the binomial:

3(c)\2+6b>\+9)P12-2(2c)\2+10b>\+13)P1—(2b)\+6) 5 @ (4.3.53)

The function il(Pl) is zero at Pl = o and has positive derivative (since

2bA\+6> o0 ). As we increase P1 the function il(Pl) rises monotonically
to its maximum and subsequently it steadily declines to minus infinity.
The fact that il becomes increasingly negative for very large values of
Pl must not disturb us, since the second order functional term is prob-
ably compensating for that. Therefore, the efficacy of the first order
(or any other order) model must be viewed within a certain limited range
of values of the associated power levels, and not throughout the whole

range from zero to infinity,

Clearly, the position and the magnitude of the maximum
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jmprovement in accuracy of the first order CSRS model depend on the
first and second order power levels independently. The actual determin-
ation of this maximum requires sizable calculations comprising the sol-

ution of the two variable algebraic system:

2 2 2
3(cA+6bN+9) P, “-2(2c)

+10bA+13) P} -(2bA+6) = o
b(3P1%-5P;-1)

cPj (P;-2)

(4. 3. 54)
Evidently, the function il()\, Pl) exhibits several extrema; but
we seek its global maximum. The exact position and magnitude of the
global maximum in this case is not of interest in our study and, there-
fore, it is omitted.. What is of great interest is the realization of the
continuous way in which the variable parameters \ and P1 determine
this maximum. This implies that the acquisition of the optimum model
in each case, strictly determines the power levels of the CSRS that
ought to be used for the estimation of this model. This is our funda -
mental conclusion from all this discussion. Let us generalize and re-
state this fundamental conclusion: if we are given a system and the
order of the CSRS model that is to be used in order to predict approxi-
mately the system response, then there is a finite number of determin-
able sets of genecralized power levels, which correspond to the CSRS
stimuli that ought to be used to estimate the model with the highest pos-
sible accuracy. The space of signals within which these specific CSRS
Possess this optimal property is the space of all the quasi-white signals.
The band-limited gaussian white noise (GWN) and the pseudo-
random signals (PRS) are included in this space because their corres-

Ponding models are found as special cases within the CSRS models.



-103-

For example, in the case of GWN the corresponding model is similar

to the CSRS model with A\ = 0, which simply manifests the statistical
property of the gaussian distribution that all of its even moments are
expressible in terms of the second order one. Thus, in the case of
GWN the parameter space for the search of the maximum accuracy
model reduces to one-dimensional. Consequently, the use of CSRS
provides greater flexibility and the definite potentiality (if it is to be
used) of achieving a model with higher accuracy in predicting the system
response., This is certainly one of the principal virtues of the CSRS

family in connection with their use in nonlinear system identification.

4.4 Discussion on Relative Advantages and Disadvantages of GWN,

PRS and CSRS

The quasi-white signals that have been used so far in nonlinear
identification through the crosscorrelation technique are: the GWN, the
PRS and the newly introduced CSRS. In the process of deciding which
one of these signals is preferable in a specific application, one is faced
with a complicated problem, because each one of these signals exhibits
its own characteristic set of advantages and disadvantages.

The appreciation of the relative advantages and disadvantages
is a complex task and often highly subjective. Of course, there are
some objective criteria that can be used in this relative appreciation;
nevertheless, the special characteristics of a specific application can
introduce a variety of influential factors in the decision making.

For example, if a system is predominantly linear and the com-
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putational burden is a principal concern, then the PRS are apparently
most advantageous. However, if there are significant higher order non-
linearities then the PRS may do a fairly poor job, giving significantly
erroneous kernel estimates (because of the anomalies in their higher
even order autocorrelation functions). To mention a more singular but
still possible situation, suppose that in order to generate the PRS we
need a linear recurrence formula of such a high order that it is not
given by the available tables, and we happen not to have the capacity to
determine it by ourselves, then the generation of the PRS test signal
becomes problematic. As another example, suppose the specific system
under test has significant higher order nonlinearities and the computa-
tional burden is not a principal concern, then the CSRS are apparently
most advantageous.

Of course, the determinants of the decision making are usually
not so simply and clearly outlined; and the whole decision making pro-
cess is a more complicated function, in which a variety of factors par-
ticipate, being appreciated by the human subject in a way that is not al-
ways free of errors or even psychological bias.

To mention one of the most important factors, which can be
possibly ignored (because of accidental ignorance or because of the
present difficulty in determining the effectual pattern of this factor), we
can refer to the different convergence patterns of the several functional
series corresponding to each one of these signals. Recalling also the
considerable number of test parameters (stimulus bandwidth, record

length etc.) that affect the actual result of the identification procedure,
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we get a good idea of the complexity of the problem.

In any case, since we are bound to make a choice, we might
as well try to do the best out of what the practical conditions permit.
To this end, we will discuss in the following the most basic considera-
tions that the investigator ought to have in mind in attempting to C‘hoose
the test signal, that fits best (according to a limited number of basic
criteria) his specific application.

In review, the principal advantages and disadvantages of each
one of these families of quasi-white signals are:

(I) For the GWN

The main advantages of the GWN derive from its gaussian
nature and the fact that it has traditionally established a solid reputa-
tion among the users of the Wiener approach and the crosscorrelation
technique, so that more relevant literature can be found if wanted. Its
gaussian nature secures the simplest and most elegant expressions for
the orthogonal functional series (in this case the original Wiener series)
and related matters (like relations between estimated kernels and
Volterra kernels, the normalizing factors of the crosscorrelation esti-
mates, etc.), simply because of the decomposition property of the
gaussian random variables (which allows all the higher even moments
to be expressed in terms of the second one). Additionally, the GWN is
a signal with rich information content and it expectedly provides a good
model for a great variety of inputs.

The main disadvantages of the GWN are: First, the actual

generation of GWN in the laboratory is a relatively complex task with
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respect to the straightforward way of generating PRS or CSRS. Second,
there are some imperfections in the autocorrelation functions due to

the side lobes (cf. sec. 3.2.2) and the truncation of the gaussian dis-
tribution. Third, the computational burden can become heavy in order
to reduce the statistical fluctuation error down to an acceptable degree.
Fourth, the error analysis is complicated by the inconvenient analytical
form that the autocorrelation functions attain and the involved actual
method of GWN generation.

(II) For the PRS:

The main advantages of the PRS are: First, they are gener-
ated in a relatively simple way in the laboratory. Second, they require
relatively short records in order to form the desirable autocorrelation
functions and consequently, they reduce significantly the computational
burden. This reduction becomes even more dramatic when a binary or
a ternary PRS is used,and we are exploiting the special form of these
signals using proper pieces of software and/or hardware.

The main disadvantages of the PRS are: First, they exhibit
anomalies in the higher (>2) even order autocorrelation functions,
which may induce considerable estimation errors if the system contains
significant nonlinearities. Second, the analytical expressions concern-
ing the corresponding functional series and related matters (i. e. rela-
tion of PRS kernels with Volterra kernels, normalizing factors of the
crosscorrelation estimates etc.) are fairly complicated. Third, the
error analysis is quite difficult, because of the involved and laborious

method with which the anomalies can be determined in position and
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magnitude.

(I1I) For the CSRS:

The main advantages of the CSRS are: First, they are gener-
ated in a simple way, easily implemented in the laboratory. Second,
their autocorrelation functions do not exhibit any deterministic kind of
imperfections, within the frequency limits posed by the signal bandwidth
(which must cover the system bandwidth). Third, the error analysis is
greatly facilitated by the convenient form that the autocorrelation func-
tions attain and the simple way of CSRS definition and generation.
Fourth, they provide the user with a wide variety and great flexibility
in choosing the signal with the number of levels and probability distri-
bution that fits best the specific case at hand and provides the model
with the highest accuracy (if pursued).

The main disadvantages of the CSRS are: First, they require
fairly long records in order to reduce the statistical fluctuation error
down to acceptable limits, which result in heavy computational burden
(as in the case of GWN). However, the computational burden can be
considerably reduced by using binary or ternary CSRS and exploiting
the special form of these signals employing proper pieces of hardware
and/or software. Second, the analytical expressions concerning the
corresponding functional series and related matters (i. e. relation of
CSRS kernels with Volterra kernels, normalizing factors of the cross-
correlation estimates etc.) are fairly complicated. Nevertheless, they
are a little simpler than in the case of PRS, since it is easier to evalu-

ate the even order moments of the CSRS rather than the ones of the
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PRS.

Besides the mentioned advantages and disadvantages of GWN,
PRS and CSRS, there may be other factors which become important in
a specific situation because of special experimental or computational
(or other) considerations. Therefore, the choice of the proper test
quasi-white signal in a specific case is still considerably a case-to-
case matter relying on subjective appreciation and relative weighing
of a variety of effectual factors.

In any case, we consider it essential for the prospective user
of the crosscorrelation method to know and consider seriously the
mentioned principal advantages and disadvantages of the presently
available quasi-white signals, as a basic necessary scientific approach

in a task which retains still some artistic flavor.
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CHAPTER V

ESTIMATION ERRORS USING CSRS IN

NONLINEAR SYSTEM IDENTIFICATION

As it was discussed in sec. 2.4, the actual application of the
Wiener method encounters a variety of problems. The method, being
theoretically general, elegant and powerful, is designed for a stimulus
signal which is not physically realizable: the gaussian white noise.
Therefore, we are promptly forced in practice to make use of quasi-
white signals, which approximate the ideal white noise within a range
of tolerable error.

The use of quasi-white signals, as well as the limited experi-
mental and computational capacity of the 'finite time - finite machine"
research, induces a variety of inevitable estimation errors in the non-
linear system identification through the Wiener method. It is a princi-
pal task in the study of the Wiener identification method to look into the
error producing mechanisms and try to determine both the optimal test
conditions of a specific application and the magnitude of the commited
errors.

In this section, we will study the several error producing
mechanisms in the case of the CSRS. The main kinds of estimation
errors, in the case of the CSRS, are: (1) The "deconvolution'" error:
this is due to the finite stimulus bandwidth and amounts to a loss of
high frequencies in the kernel estimates. (2) The '"'statistical fluctua-

tion'" error: this is due to the finite record length and the random
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nature of the CSRS. It amounts to some random deviations in the ker-
nel estimates. (3) The "approximate orthogonality'" error: this refers
to the approximate orthogonality of the CSRS functional series, because
of the finite stimulus bandwidth and the finite record length. The finite
stimulus bandwidth makes the CSRS functional series only approximately
orthogonal, while the finite record length makes the estimated function-
als only approximately orthogonal to one another. (4) The "erroneous
power level' error: this is due to erroneous estimation of the power
level (and consequently of the normalizing factors) and amounts to
scalar distortion (disproportionality) of the kernel estimates. (5) The
"finite transition time' error: this is due to the finite response time
of the stimulus transducer and it usually amounts to a small change of
the power level. (6) The "computational' errors: these are due to
the finite capacity of a digital computer and the digital processing of
continuous data. They usually amount to negligible deviations of the
kernel estimates, if proper operational procedures are followed.

In the following, the mechanisms that are producing each of
these kinds of estimation errors will be studied, so as to suggest the opti-
mum procedure which ought to be followed in every case in order to

maximize the accuracy of the obtained system model.

5.1 The Deconvolution Error: (8 - error)

In order to study the mechanism that is producing the decon-
volution estimation error, we first have to review the general deconvo-
lution mechanism with which the kernels are estimated from the cross-

correlation functions.
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As an example, consider the estimation of the first order
kernel from the first order crosscorrelation: (to simplify derivations,
assume here an infinite record length).

o) = Ely(t)x(t-0)]

1

1(

b (x) Elx(t-7)x(t-0) ] dr
]

a

Pfh,

o

(r)6 (0-7)dr = P - h,(0) (5.1.1)

where hl(-r) is the first order Wiener kernel and x(t) is ideal white
noise. Now, if x(t) is a CSRS, the second order autocorrelation func-
tion is not a 4 -function but an approximating triangle (Fig.5. 2. la):

o)
¥ (o) = J‘hl(T)¢2(G‘T)dT
o

1
o+ At
Zmzj hl(T)[l-M]dT (5. 1. 2}
g+ At e

Thus, the crosscorrelation expression takes the form of a convolution
integral, where one of the convolving functions has its significant
values highly concentrated in a narrow area; therefore, approaching the
form of an impulse function and subsequently possessing the ability to
deconvolve approximately this convolution integral:

Y (o)=(m, - At) " h(0) (5.1.3)

The deconvolution error that we intend to study here is
exactly the deviation of this approximation. To evaluate this error, we
evaluate the exact convolution integral from eqgn. 5.1.2. Assuming

h1('r) is analytic in the neighborhood of 0, we expand it in a Taylor

Series:
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o+ At (2)
¥yto) = m,f [ny(0) + n{Moyr-o) + 2L (o) 4 It
oAt .[1__._l;r_f9_|:|d.r
At
(00
Y (2n)
= (m,- At)z hy' (o) (5.1.4)
e 2n! (2n+1) (n+1)
Therefore,
A o0 3
_ 1 _ At“T (2n), _, .
hylo) —(mZ'At) Vyto) ‘Z 2n!(2n+1) (n+1) hy o)
n=o
o=A¢t (5. 1.5)

Notice that since (252 is an even function, all the odd order terms vanish,

so long as the kernel h, is analytic within the interval [0-At, o+At].

1
In a lot of cases the kernel hl(—r) is not analytic at v=o. In

these cases, ¢2 is not symmetric in the area of analyticity of hl(-r),

and consequently, the odd order terms of the Taylor series expansion

do not vanish with the integration. More specifically, this is the case

where o < 0< At, and the convolution integral gives then the estimate:

Q(o)—ooa()\)A—tn—h(n)(o) . o< 0< At (5. 1. 6)
1 _Z n n! 1 g T
n=o0
where,
1 - zntl n+l )\n+2. i
2. = iy T T Y gt oS et
(5.1.7)

Therefore, special correctional procedure must be employed for the
points of the initial region (o< Oi< At) of the kernel estimates.
The expressions become more involved in higher order ker-

nel cases; nevertheless, some basic remarks can be easily extended,
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like: (1) because of the symmetry of the autocorrelation functions,
only the even order partial derivatives are included in the expressions
(for the points outside the initial region), (2) for sufficiently small At,
the higher order terms decline very rapidly, and the second order

terms become the principal error part, as:

o8

A z 8"l Gy ns o T )
3 At . n l: ’ n

hn(ol,...,cn)—hn(o'l,...,on)"‘—T—Z— E ao_‘ao'

.. i j

i, Js=1

isj

+0(At4)

for o 2 At ; k=1,2,...,n. (5.1.8)

The complete expression for the n-th order kernel estimate

is:
@ n 2m
A Z AP Z e T
hn(Ol,...,On): 5 3 5
2m! (2m+1 +1 0. Q0j,...00,
m ( m )(m ) ' i1 J2 i2m
m:O Jl: sz:l
vy .
J1 JZ'”\<JZm
(g, 2At 3 k=1,2,...,n) (5:1.9)

Therefore the deconvolution error for the n-th order kernel estimate is:

2m
6 (o o) = N AtE™ " T
n 1’7" 'n EZm!(2m+l)(m+l) da0. ...00,
el
1.8 3. < <3
J17 927 - T lam
(0,2 At ; k=1,2,...,n) (5.1.10)
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and, in first approximation, for At fairly small:
n
. At 3%h (o o
8 (0,,...,0 )= ?Zt E o, %0
- )
Oi. aOJ
1y g2l
i<j
(OkZAt; le=1,2, , n) {9 1s 11}
For later use, let us establish the notation:
8 (o o )=at’ D (At 0 o) (5.1.12)
n 1’7" "n hp LI SO ! T
where, n
2m-2 azmh(cly-~')o )
§ : 2 : n n
Dh (At, © RERRA )
n 2m!(m+1)(2m+1) 90, ...90,
1 J2m
Iy 'jZm:l
.
(5.1.13)
Clearly, Dh depends very little on At, when At is much smaller than
n
one. So, whenever At is very small, we accept approximately that:
n_32h (0,,...,0)
D, (0,,0,,...,0 )= : z n’ 1 L
n S V) d0, do,
J1 J2
Iy 37
. 4 5.1,14
i < by ( )
i.e. Dh is independent of At,for At in the range of values of practical
n
interest.

Notice, however, that the initial region may disturb the

square relation between At and 08;,. This is because in the initial region

6, depends on At according to polynomial relation including all powers

of At (cf. eqn. 5.1.6). For example, in the first order kernel case the
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deconvolution error for the initial region (o S0 <At) is:
a,(\)
01(0) = LaoN-11h(0)ra, (M D(0)- at + 2 n(Bo)a®. ..
2 {5. 1. 15)
where \ = O/At.
Thus,

Dy, (9) = Bo(0)4B(0) AtHB () At2+[33(o )A+B, (o)At 4. .. (5. 1. 16)

where, Bo(o), [31(0), 53(0), BS(O), ... (and the rest of the odd order terms)
are nonzero only when oS0 <At.

Therefore, the dependence of 91(0) on At becomes analyti-
cally complicated if the initial region is to be counted in. For this
reason, it is suggested that, in practice, we compute the deconvolu-
tion error over the space of the kernel outside the initial region (i. e.
0<0, < At), in order to keep the analytical relation between en and At
in the simple form described by eqn. 5.1.12. This point is essential

in the design of the optimum test as discussed in sec. 6. 5.

5.2 The Statistical Fluctuation Error: (€-error)

In the previous section, the autocorrelation functions were
computed as statistical averages. However, in practice, we have to
compute the averages by integrating in time over finite time intervals.
Thus, in practice, we can only attain an estimate of the autocorrela-

tion functions, as:

A 1 T
¢n('rl, e, T ) = — I x(t-Tl). . .x(t--rn)dt

n
T-Tm Tm

Tm=max [T ,—rn] (5.2.1)

17
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Usually, the record length T is much longer than the memory of the
system (and, subsequently, much bigger than Tm) and therefore we can
write:

T
@ (1. ,'rn)'z-TiIx(t-Tl)...x(t—-rn)dt (5.2.2)

o
This autocorrelation estimate gn is a random variable itself
(cf. sec. 4.2) and, consequently, its convolution with a kernel will
give a kernel estimate with random characteristics. Therefore, the
kernel estimates, that we obtain in practice by averaging over finite
records, are deviating randomly from the exact kernels. This random

deviation of the kefnel estimates constitutes the statistical fluctuation

error.

5.2, 1 The Dependence of the Statistical Fluctuation Error on T and
At.

In the following, we will try to evaluate this error in the case

of a CSRS stimulus. At first, let us study the first order kernel case:

A 1 0o A\
hy(0) =————[h (1),(0-7)dr (5.2.3)
(m2 © At) o
where,
A ] T
¢2(0 -T) = J‘x(t-'r)x(t-o)dt
T-max [‘r, o max[O, T]
1 T
g —— [x(t-1)x(t-0)dt ;  since T>>0, 1. (5.2.4)

(0]

A
Every value of ¢2(0-T) is a random variable with:

A}
E[¢2(o--r)] = ¢,(0-7) (5.2.5)

A 1 TT '
Var [ ¢,(0-1) 1= — [ [ ECx(t-7)x(t- o) x(t-7)x(t'-0 ) ] dtdt’
o

T2 o
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= QSZZ(T-G)
él‘_t mzz (for v # O)
_%_ m4_m22) (for T = O) (5. 2. 6)

These expressions for the variance refer only to the nodal points (o7),
and they are accurate under the condition that the memory of the studied
system is much smaller than the record length T, and much bigger

than the step length At. (At<<u<<T) From the expression (5. 2. 6),

we clearly see that the variance of the second order autocorrelation
estimate is inversely proportional to the number of steps of the stimu-
lus signal. The same holds true for the higher order autocorrelation
estimates.

Consider now the '"deviation function'':
N
r(0-1) = §,(0- 1) - 6,(0-1) (5.2.7)

which is the source of the statistical fluctuation error. Clearly,

A 1 Qo 1 (e 0]
hy(0) =———— [ h(r)d,y(0-1)dr + —=—[h,(r)r,(0-T)dr
mZ' At o mz' At o
= [Ip1(0)+Isl(O):|/ (m,- At) (5.2.8)

We call these two integrals, the principal and the side part integral
respectively. The principal part integral is deterministic, while the
side part integral is random in nature. In order to evaluate the statis-
tical fluctuation error € 1r we simply have to evaluate the side part
integral Isl, which is the convolution of the deviation function r, with

the kernel h,: (see Fig. 5.2.1)



Fig. 5.2.1: Convolution of 1st order kernel with:
(a) 2nd order CSRS autocorrelation function,
(b) 2nd order CSRS autocorrelation estimate,
(c) 2nd order CSRS deviation function,
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(0 0]
€ ,(0) = Is (0)/ (m- A) - —1— In(nryo-ndr (5.2.9)
(mz'At) o

But first, we have to study the statistical structure of the devi-
ation function . To this purposé, notice that @2(0 -7) is computed in

practice as:

A DT N
8, (Gi-9pT) - 2 > x( -0y D7) x((1-5) D1
k=1

(t=k DT, T=N:DT) (5. 2. 10)
where, DT is the sampling interval, not necessarily equal to the step
length At (usually At is an integral multiple of DT). Of course,
x((k—i)DT) and x((k-j)DT) are uncorrelated for any k, as long as
l(i-j)DT | =At. Also, for a given pair (i, j), a great number of the pro-
ducts [x((k-i)DT) ‘ x((k-j)DT) ] are statistically independent. Con-
sequently, the Central Limit Theorem can be practically employed and
the distribution of each value of 82 is found to be approximately gaus-
sian. (cf. sec. 4.2) In the case where i=j (diagonal points), the same
reasoning holds; and thus, all the values gz(kDT), are found to be gaus-
sian random variables.

The several gz(kDT) seem to be statistically dependent, since

they are constructed with the same population of values x(iDT). How-

ever, they are uncorrelated, since:
El gz(kDT)g ,(4DT) ] :;Z El x(iDT)x((i+k)DT) x(jDT)
x((j+L)DT )]

=o fork#{ 4 (5.2.11)
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In conclusion, if we call dk the values of the deviation func-
tion r, at the nodal points, then the several dk (of one side of the sym-
metric deviation function) are found to be uncorrelated gaussian ran-
dom variables with zero mean and variance mZZ/N for k# o and
(m4—m22)/N for k=o. (for N=T/At and T>> )

In the following analysis, we will consider that the variance
of do is the same with the variance of all other dk' This approxima-
tion is not expected to cause significant errors while it facilitates
greatly the derivations.

Let us consider again the principal and the side part integrals
(Fig. 5.2.1) The principal part integral was evaluated in the previous
section 5. 1. We will now evaluate the side part integral, which is, as
exposed above (eqn. 5.2.9), the source of the statistical fluctuation
error.

The deviation function rZ(O—-r) is a piecewise linear function,

therefore, we first evaluate a portion 6k of Isl(O) integrating between

two successive nodal points:

(k+1)At 3 3
6, = {hy(8) [ d(ktl-5) - dy (k- —-)1d8 (5.2.12)
kAt
Let,
kAt
H, (k) = [h (0)do (5.2.13)
= 0
kAt ©
G,(1) = [dolf'n Onax (5.2.14)
- -
Then,
6, = ((k+1)ak-pk] d, + [Bk-kak]dk+l (5.2.15)
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where’
@ = Hl(k+1) = Hl(k) (5.2. 16)
. _ 1
By = (kt1) * H (ktl) - k - H(k) - Z—t—[Gl(kH)-Gl(k)]
(5.2.17)
and since rZ(kAt) is symmetric about o=4 - At:
M . | :
Ig)(0) =378, =37 (8, + 6,4 )
k=0 k=4 -M (5.2.18)

where M is the number of steps covering the memory of the kernel, i.e.
M=p/At, and 61( = o if k<o or k>M. Substituting the values of 6k from

eqn. 5.2.15 into eqn. 5.2.18, we have:

M
Tog(0) =20 M- dp (5.2.19)
k=0
where,
. CpxtCr ke for kel,...,M
o =
C, for k=o (5. 2.20)
and,
1
C, == [ G, (k1) - 2G (k) + G (k-1)]
(0o}
4 2 2m-1_(2m)
) Zl 2myr At B (ke At (5.2.21)

Clearly, for sufficiently small At, Zc_tk' is an estimate of the second

derivative of Gl(k), which is the kernel hl(k- At)\Therefore, the depen-
dence of C, on At is primarily dominated by a linear relation. The

direct implication of this fact is that, if we define:

s. A

1
LA -Tc, Gy ] (5. 2.22)

L+k
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then,

M
Isl(o):At- E Sk- d&-k (5.2.23)
k=0

where, Sk depends mainly on h1 and very slightly on At (for values of
At reasonably small).

Notice also that Is (0) is a gaussian random variable (as

weighted sum of uncorrelated gaussian random variables) with:

E[Is (0))= o (5. 2.24)
1 M
var [1_ (o) 18q.2(2, AY = at> o2, - Z g 2 (5.2.25)
k=0
where, Ozd is the variance of each nodal point of the deviation function
1
r
2 2 mz2 - At
@ g = iR (5.2.26)
1 T

Thus, we can write:

3 (m, - At) : 2
q, (4, At) = C, "(1,At) (5.2.27)
T 1
where, M
C. 2(4.at)=at-) s 2 (5.2.28)
h1 : k . 2.
k=0

Notice that Chl2 depends very slightly on At, for At fairly small, which
is usually the case in practice.

Going back to eqn. 5.2.9, we see that the statistical fluctua-
tion error in the first order kernel case is a gaussian random variable

with:

E[GI(G)]:O (5. 2.29)
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var [€,0)]1=1 C S A ¢ w=ls At (5.2.30)
T hy

where Chlz(‘f/ , At) depends very slightly on At, for At<<u, which is
the case of practical interest.

A much simpler but less rigorous way to arrive at the same
result is by_ studying the statistical behavior of the deviation function.
The side part integral is the convolution of the kernel (of some order)
with the corresponding deviation function. The statistical character
of the side part integral is attributed to the statistical character of the
deviation function, _since the kernel is a deterministic function. In that
sense, the side part integral is a gaussian random variable produced
by a weighted summation of uncorrelated gaussian random variables
(namely, the values of the deviation function at the nodal points). The
weights in this summation depend on the kernel and on At. We are
trying to determine the pattern of dependence of the side part integral
on At. To this purpose, it is necessary to study the pattern of depen-
dence of the deviation function on At. After this is done, it is reason-
able to assert that the pattern of dependence of the side part integral
on At is similar to the one of the deviation function on At.

The side part integral, in the first order case, is a gaussian

random variable with:

E[I (o) J=o (5.2.31)
51

and,

[e e} i
Varl Is (o) ]:E{J‘ Ihl(T)hl(T.)rZ( O-—-r)rz( o -T')d'rd-r'}
1 o

202
Za ) Atog, I %(r)ar (5.2.32)
O
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sincey
O—T')]Eal - At Gd Z, &(r-T1")
1

(for At <€ U << T) {5 2 33}

El rz(C‘—T)rZ(
where, @; is a constant of proportionality, which depends on the area
under the parabolic principal lobe of E[ t{ B =il o= .

Therefore, the variance of the statistical fluctuation error is

found again to be approximately independent from At.

(e 0]
2 o 2
a, (O,At)'_‘:—T—l Ih %) ar (5.2.34)
(@]

comparing expressions 5.2.30 and 5.2.34 , we see that:

(0,4 = a; [h (r)ar (5. 2.35)

C,
o

which implies that the dependence of Chl2 on both 0 and At is very wealk,
for At << pu<< T.

In these two ways, we have illustrated the dependence of the
statistical fluctuation error on the important test parameters (record
length and step length), for the first order kernel case. Unfortunately,
these two ways of reasoning are not easily extendible to the higher
order kernel cases. For this reason, a new approach has to be followed,
which is easily extendible to the higher order kernel cases.

This new approach is based upon the following basic remark:
The side part integral is the convolution of the kernel with the corres-
ponding deviation function. The convolution integral is a linear opera-

tion. Consequently, the gaussian random characteristics of the devia-

tion function are going to be preserved, by this operation. Thus, if
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characteristics depend in some way on a parameter, then the random
characteristics of the convolution integral are going to depend on that
parameter in the same way. This is more evident in the case where
the random function does not have any directionality, i. e. when the
statistical properties of the convolution of this random function with
any unitary (i.e. the integral of the square of the function is one) deter-
ministic function are the same.

According to eqns. 5.2.31 and 5.2.34 , the side part inte-
gral Is) clearly belongs to this category, since its gaussian statistical
properties are completely described by the first two moments, and
these moments are shown independent from At.

Notice that this convolution integral is analogous to the inner
product of a random and a deterministic unitary vector, in a linear
vector space of infinite dimensionality. In this sense, the '"random
vector" r, has spherical directionality, i.e. it does not exhibit any
preferable directionality but it attains all directions with the same
likelihood. The direct implication of this, is that the inner product of
the "random vector" r, with the diagonal vector (step function) can be
used as a reliable indicator of the statistical behavior of the inner pro-
duct of r, with any other deterministic unitary vector of the space.

In conclusion, the parametric study of the statistical behavior
of the side part integral can be interchanged, for the purposes of the
Present analysis, with the study of the statistical behavior of the inte-
gral of the deviation function (inner product with the step function).

Thus, for the first order case this quantity (hereafter called
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the 'integrated deviation'') is:
M1

R, = [ r,(\ax (5.2.36)

o
where [, is the first order memory of the system and rz()\) is taken
to be symmetric about zero. Since r, is piecewise linear, the evalu-

ation of the integral R2 requires the evaluation of each linear portion:

(k+1)At g
U, = Jrt0a i keoy 1y Bpaess My=1 § M =P 1AL
kAt (5.2.37)
B % x
where, 1,(\) = dk[(k+l) — T dy 4 (k- =), for kKAt<A< (k+1)At
(5.2.38)
Evaluating the integral in eqn. 5.2.37:
_ At
U, s (dy td, ;) (5.2.39)
and the integrated deviation becomes:
Mq-1 1\/[1
R2 = E Uk = E At + dk (5.2.40)
k=0 k=1
Therefore, R2 is a gaussian random variable with:
E[RZJ = o (5.2.41)
~ A2 2
var[R,] = At odl M,
M1
= (m, - AY . — (5. 2. 42)

Note that the integrated deviation must be normalized by the normali-
zing factor of the respective order of kernel. Thus, finally:

2 1
q; (0, At,T)~ - (5.2.43)

So, we conclude again that the variance of the statistical fluctuation
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error of first order is independent from At.

As we said before, this approach is easily extendible to the
higher order kernel cases. For example, consider the second order

case. The second order crosscorrelation estimate at a nondiagonal

pOint(Olyoz) is:
1 oF
wz(ol,oz) - y(t)x(t-0 x(t 0,)dt
(0]

jh NI )QS (0,-7,, 0 ,-7,)dr dr,  (5.2.44)

Of—j

where,
A

1
8400 -7, 0,-7,) ——T——(j; x(t-1 )x(t-1,)x(t-0 |)x(t-0,)dt (5. 2. 45)

A
The function ¢ was discussed in sec. 4.3, and it is a sectionally linear

(with respect to T and 1-2) three dimensional surface, for a given point

(01, 02). Introducing the deviation function Tt

A
Tl Oywys Ogmry) = Glo -7y, O5-15) - Bloy-1ys 05-75) (6.2.45)

we have:
A es
Volop,0,) = Iojhz(ﬁ’ T)H(O =Ty OpmTy)drdr,
b ”h 1, 72)74(0 -7, 0 p-Tp)dr dr,
= (nl oz)+ISZ(01,OZ) (5.2.47)

Again, the side part integral I ,(0 1 02) is the random part
of the crosscorrelation estimate /\;2(0 1’ 02). In order to study the stat-
istical behavior of ISZ’ we will simply study the statistical behavior of
the integrated deviation:

P2
R, = [T ratn g xp)anan, (5.2.48)
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where HZ is the second order memory of the system and T, is sym-

metric about the diagonal.

The deviation function T, consists of triangular plane segments,
as indicated in Fig. 5.2.2. Let us denote the deviation values at the

nodal points as:

di,j = r4(1At, jALt) (5. 2.49)

To evaluate the integral (5. 2. 48), we have to evaluate the integral over
each triangular plane segment. Let us denote by Di,‘]R the triangular
plane segment with its right angle at (A =iAt, A, = jAt) and on the

left of its hypotenAuse (analogously we define DI'{, j)'

8

In this way, the deviation function for Di ;R is: (Fig. 5.2.2)

A, =\ )N
o 7 1 . A2 1 . ]
£ ks dn) = Dinjbl o= 1 g fljml- 1d, . +[—-idd,, .
4'71° "2 At ij At i, j=1 At 1+,
(5.2.50)
and consequently:
(it1)At jAt
R _
U = Foag [0 n)an,
N TiAE NN -(i-jH1) At
At2
= (di,j+di,j-1+di+l,j) (5. 2.51)
Therefore, —
R :Mz S wRiu b
4 Z Z i,j i,j
izo j=o
M, M ;
= _zsAt2~ a4 i i M,=H2/at (5. 2.52)
i=1 j=1

In conclusion, R4 is a gaussian random variable with:

E[R4]: o (5.2.53)
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At (i+H)-At A,

Fig. 5.2.2: Triangular plane segment of fourth order

deviation function
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4 2 2
Var [R4]- At Odz M2
Li22
= (l'rl2 2 At)4
T At (5. 2. 54)
C 1
q, (0.,0,,At, T)~ —— (5.2.55)
2 12 T- At

Therefore, in the second order case, the variance of the statistical
fluctuation error is inversely proportional to At.

It must be noted that for these derivations, a basic simplifying
assumption is always made: that the variance of the deviation function
at all the nodal points is the same; while, we saw in sec. 4.3 that it
depends on the order of the nodal point. This assumption is not expec-
ted to cause any significant distortion to the derived expressions and

conclusions.

Following the same basic steps, this approach can be extended

to the n-th order case. There, the integrated deviation is:
L‘ln “n
R, = (J; .. grzn()\l’ S N L

Mn Mn n
Z At d g an%/m (5.2.56)
k.=1 k =1 |

n

172 n

1 n
where pn is the n-th order memory of the system and rzn()\l, )\2, ey
Kn) a symmetric function with respect to the arguments ()\l, )\2, T )\n).

From eqn. 5.2.56 follows that RZn is a gaussian random variable with:

E[Rzn]: o (5.2.57)

_ Aln 2 n
Var [RZnJ” At %_ . M



-131-

p n
~ (m, - A" — D (5. 2. 58)
T . At
: 2 _ 2n At
since, 04" =m,™ o= (5. 2.59)
n
Consequently,
G U e 0 W il Mpoa——— (5. 2. 60)
n T - At"

that is, the variance of the statistical fluctuation error, in the n-th
order case, is inversely proportional to the record length T and to the
(n-1) -th power of the step length At.

Of course, this is an approximate result, which illustrates
the principal pattefn of dependence of the statistical fluctuation error
on T and At, in the cases where At <<y <<T (which are the cases of
interest in practice). Evidently, the exact pattern of dependence of
qn2 on At is related to the specific kernel (system) involved; however,
this is of secondary importance for all practical purposes, as it was
previously illustrated in the first order kernel case.

In general, it can be stated that the variance of the statistical
fluctuation error in the n-th order kernel case and in all situations of

practical interest (At <<u<<T) is:

2
Chn (01, —— Gn, At)
1

204

By TR (5.2.61)

q -)On’At:T):

T s AT

where, the function Chzn (o 5 O At) depends very slightly on At.

R
A special note must be made with respect to the zero order
A
kernel estimate 8o’ since the eqn. 5. 2. 61 does not hold in that case.
A
The estimation error of g, includes both deconvolution and statistical

fluctuation errors. The dependence of these errors upon the test



-132-

parameters At and T can be studied with the help of the original Volterra
series.

Recalling that the estimation of the CSRS zero order kernel com-
prises simply the time averaging of the system resp/\onse to the CSRS

stimulus, we reason that the mean square error of g, is given by an

expression of the form:
2 2., 1 m
Ay =) @ q ATt N B A (5.2.62)
n=2

where, the coefficients - depend on the even order partial deriva-
tives of the even order Volterra kernels at the origin of the respective
argument space, and the coefficients ﬁo, m depend on the Volterra ker-
nels of all orders higher than zero.

The pattern of dependence of qi on At, as described by eqn.
5.2.62, is very complicated to allow any general conclusion which would
be of practical usefulness. However, it is evident that, if At is very
small, then the primary dependence of qj on At is linear. It must

be also noted here, that the accuracy of the zero order kernel estimate

is usually of secondary importance in the applications.

5:2:2 Conclusions and Discussion on the Statistical Fluctuation
Error (€-error)

The €-error is due to the random fluctuations of the estimates
of the autocorrelation functions, and consequently it is of statistical
nature. The practical limitation that causes this error is the finite
record length. The €-error is monotonically decreasing as the record

length increases. However, the record length is not the only param-
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eter affecting the €-error. It was shown in the previous subsection,
that the stimulus bandwidth is an even more crucial factor affecting
this error in the higher order kernel estimates. The degree of this
dependence increases rapidly with the order of the kernel estimate
under study.

The €-error at each point of the n-th order kernel estimate
has been found to be a gaussian random variable with zero mean and
variance given by eqn. 5.2.61. The function len(ol, cees O At),
that appears in eqn. 5.2. 61, depends heavily on hn and very slightly

on At (for all cases of practical interest, where At <<u<<T),

We can obtain an expression of the mean square €-error of

the n-th order kernel estimate by integrating q:(o ERREE On) over the
whole memory space of the kernel:
5 “n Lln
EZ:f f q2(o ...,0,At)do....do
n o”. o m 1’ "’ 1 n
B (At)
= — (5.2.63)
T Al
where,
© bp Mo |
B =
n(At) ({ J; Chn (01, cees O, At)dol. e don (5. 2. 64)

Clearly, Bn(At) depends very slightly on At, in a way to be considered
constant for all practical purposes, as long as At remains in the range
of values of interest. (At <<L.1n) Of course, Bn is characteristic of

the kernel hn’ and it also depends on the specified memory extent Mo

5.3 The Approximate Orthogonality Errors

There are two kinds of approximate orthogonality errors. The
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one refers to the approximate orthogonality of the G*-functionals as
they are constructed (sec. 4.3) and it is due to the finite stimulus band-
width. The other reférs to the approximate orthogonality of the esti-
mated G*-functionals, because of the finite records that are used in the

estimation procedure (crosscorrelation technique).

5.3.1 Approximate Orthogonality Error Due to the Finite Stimulus
Bandwidth: (& -error)

From the way that the G*-functionals are constructed, it is
evident that their orthogonality is complete only when the stimulus
bandwidth is infinitve (ideal white noise). In practice, of course, the
bandwidth of a quasi-white signal is finite and the orthogonality of the
G*-functionals (of order higher than one) holds only approximately.

The degree of this approximation becomes higher as the stimulus band-
width becomes broader with respect to the sytem bandwidth.

To illustrate the error of this sort, let us consider the case

of the second order G*-functional:
o)

b Qo
G, (1) = jofgz(Tl, To)x(t-T1)x(t-71,)dr dr, - (m,At) ggz('r,'r)d-r

{5.3. 1)
However, the exact orthogonal form for the CSRS is:
— o @
b3
Gplt) = fo»rgz(fl’Tz)x(t‘Tl)X(t'Tz)dTlde - fofgz(Tl,TZ)¢2(TZ-Tl)dTldTZ
(5.3.2)

where, ¢2 is the second order autocorrelation function of the CSRS.
A |

Thus, GZ and G; differ at the second integral term.

o
The second integral term of G2 can be written as:
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@ 0 At
RN
ngﬁ )8 5(1,m7 Ndr dry = [dr [g,(r, T )m,(1- —)an
o - At At
o At og (-r,O) aé (v, 0) 2 x|
2 2 . A a8
- At Q=T F=T
{5.3.3)

if we expand gZ(T’ T+\) in a Taylor series in the region of its analyticity.
Since the interval of integration of \ is symmetric, the odd power terms

of A\ will vanish with the integration, and therefore:
o)
[Jey(ry 7)9 5lrp-7)ar dr,
o

o @ 2n 3%0g (1, 0)
:(mZAt>°IdT~Z At [ Z ] (5.3.4)

2n! (2n+1)(n+1) do2n o=

n=o

Clearly, the approximate orthogonality error of first kind in

the second order case is: o

Sk Sk . 2 cr)l‘azngz('r’ O)
$,7G, -G, =(m, " At ZZn'(Zn+1\(n+l)~r [ 3o L
n:I o=T
(5. 3. 5)

which obviously becomes negligible when At becomes very small (very
broad stimulus bandwidth). Similar expressions can be derived for the

higher order G -functionals.

5.3.2 Approximate Orthogonality Error Due to the Finite Record
Length: ( ¢ -error)

The estimation of the G -functionals through the crosscorrela-

tion technique is based upon the orthogonality of these functionals,

eXpressed as:

E[Gn;Gnl]:o (m # n) (5.3.6)
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However, the statistical average is substituted, in practice, by a
time average over a finite time period. This has as a result the incom-
plete formation of this average, and subsequently some estimation error
occurs in terms of remnants from the incomplete implementation of the

orthogonality.

For example, the estimation of the n-th order kernel involves

the crosscorrelation:

A 4§
N R} _%ijmx(t-ol). Cx(t-0 )t
o0 1 T* ]

TgGm lg_: x(t), t' <tlx(t-0)).. . x(t-0)dt

m=o (5.3 T)

And the remnants of the incomplete orthogonality are of the form:

o, ... =
rn,rm(l ’On)

T
1 * . 1 1 /2 " -
—;(j;(}m [g_i x(t), ' £t]l-x(t-0,). ..

x(t—On)dt (mf- n) (5. 3. 8)

These remnants attain small nonzero values, which appear as estima-
tion errors in our n-th order kernel estimate. Notice that, because of
the use of the residual response in the crosscorrelation technique (cf.

eqn. 4. 3.5), the remnants T with m <n are very much smaller

i)

than the ones with m > n.

For illustrative purposes, let us study the {-error contribu-

Sk

tion of the leading integral term of Gm

1 T oo ™
1 i -
r (O o) = gdtoj"...c;fgm(n,...,Tm)x(t-Tl)..x(t )
x(t-0 ). ..x(t-0 ) dr....dr
- 5 1 n 1 m
“ﬁ-'ng(Tl,---,Tm)qn m(Tlr--"Tm; 01;-"on) dTl...dTm (5.3.9)

@] (e} ?
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where,
Q@ ATyeiist 0 e, 0 ) =L fxlt-r)e . xlt-1_)x(t-0 )
n,m 1’ m’ 1’ " n T 1 m A
x(t—on)dt (5.3.10)
Clearly, U@ m is an (m+n)-th order autocorrelation estimate, and as

such, it has zero expected value and variance which depends on the
order of the point (Tl’ cees T 50, 0 n). In any case, this variance
is inversely proportional to the record length and it becomes practically
negligible for sufficiently long records.

It is very difficult to derive general and explicit expressions
for the {-error commited in the estimation of the n-th order kernel,
which would hold for any CSRS; because of the complexity of descrip-
tion of the higher crder autocorrelation functions in the general case
of an arbitrary CSRS. However, a basic qualitative remark can be
made: the mean square {-error depends upon the even order moments

of the CSRS test signai and the integrals of the squares of the system

kernels.

5.4 The Erroneous Power Levels Error

As it was discussed in sec. 4.3, the normalizing factors of the
crosscorrelation estimates depend upon the even moments and the step
length of the respective CSRS or, in other words, upon the generalized
power levels of the CSRS (cf. eqn. 4.3.23). Consequently, the evalu-
ation of these normalizing factors requires the knowledge of the appro-
Priate even moments and of the step length.

This knowledge is either a priori possessed or it must be
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obtained through estimation. In the case where it is '"a priori' and
accurately possessed (for example, in computer simulations where all
the parameters are accurately known), there is no additional estima-
tion error caused by the normalization procedure. However, in a lot
of actual applications in the laboratory, some test parameters are not
accurately known and they must be measured or estimated.

In that case, measurement or estimation errors in these param-
eters may induce a disproportionality estimation error in the kernel
estimates due to the erroneous normalizing factors. An additional
error may result ffom the fact that the G*-functionals of order higher
than the first depend explicity upon the generalized power levels, which
are possibly erroneously estimated.

To 1llustrate these two kinds of error, consider the case

where we are trying to estimate the first order power level:

Pl =m, - At (5.4.1)

in the laboratory. The step length At can usually be measured with
high accuracy, because it is equal to the distance between two succes-
sive points of derivative discontinuity in the second order autocorrela-
tion function estimate. The measurement of the second moment m,
usually involves more inaccuracies, since an estimate of it, obtained
as the mean square of the signal samples, exhibits a variance of signif-

icant magnitude. More specifically:
- T
m., = — X. ;7 N = / At (5.4.2)
2 N i
i=1

A
E [m2] = my (5. 4. 3)
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A
_ At i
Var [mzj— = (m,-m (5.4.4)

4 2 )
A
and m, follows approximately a gaussian distribution. Clearly, the
accuracy of this estimate increases as the number of steps in the signal
increases.

Another popular way of estimation of the first order power
level is by computing the integral of the second order autocorrelation
function estimate from -rz—ul to T:+U~1 , where “1 is the first order
memory extent of the system. In this case the power level estimate is

approximately a gaussian random variable with: (cf. eqns. 5. 2.36,

5.2.41; 5.2.42)

A
E[Pl]:mz C At (5.4.5)
A 2 44
Var[Pl]E(mz-At) S (5.4.6)
T

Notice that the accuracy of the estimate improves as the record length
increases.

In the first method of estimation the expected percentage
error is:

m
e 4/t (2 _, (5.4.7)
1 T \ m,2

where, we assume that At is measured with complete accuracy.

In the second method of estimation the expected percentage
error is:

€ - “/i (5.4.8)
2 T

The disproportionality percentage error L in the n-th order

kernel estimate (for the nondiagonal points), caused by a percentage
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arrOoT € in the estimation of the first order power level is:

_ (€)% (5.4.9)
oo
and, if n€ << 1 (which is usually the case in practice), then:
w_ E=mnk (5.4.10)

The effect of the erroneous estimation of the power levels upon
the leading integral terms of the G*-functionals is apparently (percent-
age-wise) exactly the same with the disproportionality error. However,
the effect upon the following integral terms is smaller, because of the

presence of the poWer levels in the coefficients of these terms.

5.5 The Finite Transition Time Error

The generation of the stimulus signal in the laboratory com-
prises two basic steps. In the first step, a string of proper numbers
corresponding to the values of the CSRS at each step is generated by
the digital computer. In the second step, this sequence of numbers is
fed into a digital-to-analog transducer, which, in turn, generates an
analog continuous signal in the physical dimensions required for the
actual test of the system under study.

Expectedly, the response (or rising) time of the transducer
will be finite, because of some inevitable inertia of the driving system.
Of course, this finite I:esponSe time can be reduced down to a desirable
degree by using the proper piece of hardware. The practical require-
ments concerning the response time of the transducer are set by the

frequency bandwidth of the system under test.
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In any case, the finite response time results in finite transi-
tion time at the switching points of the signal. It can be stated right
from the beginning that the practical effect of this finite transition time
is negligible if the inverse of the transition time is greater than the fre-
quency bandwidth of the system under test. This is a practical require-
ment, which (in most of the cases) can be easily met, if we design and
use the proper piece of hardware.

Nevertheless, we will study a little more this effect for two
general cases of practical interest:

(1) the reversible transitions

(2) the irreversible transitions
The reversibility of a transition is defined according to the patterns
followed in an upwards or a downwards transition. If those patterns
are the same the transition is called reversible, otherwise it is called
irreversible.

Consider now the ideal (i.e. zero rising time) CSRS stimulus
x(t) and the actual output of a transducer x*(t), which has finite revers-
ible transition times. Consider their difference as being an error sig-

nal: (Fig. 5.5.1)
Ef = xit) -~ x 16 (5.5. 1)

Since the transition is assumed reversible, the operation of
the transducer is described by the same differential equation both in up-
wards and downwards movements. This differential equation is usually

linear with constant coefficients, and with all its roots on the negative
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Fig. 5.5.1: Illustration of the error signal resulting from finite

reversible transition time
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rea]_ aXiS.
For illustrative purposes, let us consider the very simple case

where the operation of the transducer is described by the first order

linear differential equation:

dx *( t)

o % (8 = %() for kAt £t <(k+1)At (5. 5. 2)

T

and Tr is the characteristic response time of the transducer, chosen to
be much smaller than the step length At. The solution of the differential
equation (5. 5. 2) is, for every step of the CSRS signal x(t):

x*(t) = [x,. - x Je ~(t-kAt)/T

k k+1 T+ xp4qfor kAtét <(k+l)At

(5.5.3)
where, X is the constant value of x(t) for (k-1)At <t £kAt. Notice that,
since Tr <<At, the error signal €(t) is practically zero for most of the
time.

Let us study the error signal:

-H—kAﬂ/T
r

€(t) = [Xk-i-l— xk]e

-H—kAﬂ/

:Ak-e

Tr ; for kAt£t <(k+1)At (5.5.4)
Clearly, €(t) is a sequence of random pulse-like exponentials (see Fig.
5.5.1). Their random character is attributed to their random height Ak'
From the generation mechanism of the CSRS family ( namely, the statis-
tical independence of each step and the symmetric amplitude probability
density function) it follows directly that the random amplitude Ak is dis-
tributed according to a symmetric probability density function q(A),which

is the convolution integral of the amplitude probability density function

P(x) of the CSRS with itself. The mean of q(A) is zero and the variance
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is double the variance of p(x).

This brief analysis of the error signal €(t) will enable us to
study its autocorrelation properties, as well as its crosscorrelation
with the ideal CSRS x(t). The study of these properties is necessary
for the appreciation of the effect of the finite transition time upon our
kernel estimates, since we have to show that the quasi-whiteness is

preserved in x>'<(t) to an acceptable degree. We have:

¢n* (Tl, TEY Tn) = E[x*(t-'rl)' e X*(t'Tn)]
n
:Z(E>gk,n('rla'--;7n) (5.5.5)
k=0
where,
Ek’ ArpeeaT )= E[x(t-Tl) oo ® Wbem Je Bl 0 e ns®
€(t-r )] (5.5.6)

At first, let us study the second order autocorrelation func-

tion of the error signal:

T
e () = lim —— [ € (1) €(t-7)dt (5.5.7)

T_’CDZT -T

With the help of eqn. 5.5.4 we derive the values of ¢ EE(-r): (see Fig.

5.5.2)

| - At -(At-1)
mZ Tr‘{eT/Tr_e /Tr'[e T/Tr+sinh(—LT-)]}

At for o< |1| <At

{m,* T -(T-At) [ -2(2At-1)
EE(T) . B i e l-e /Ty for At <|r|<2At
2At
= 0 for |T|>2At(5' 5.8)
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A P (T)

Fig. 5.5.2: Second order autocorrelation function of the error signal

Fig, 5.5 32
signal

Crosscorrelation function of the ideal and the error
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Notice that:

m-, T m, T
2 2
_____E_<¢€€(.r) &

2At At

; for any 7 (5.5.9)

Consequently, the values of this autocorrelation function become negli-
gible if the response time T of the transducer is chosen much smaller
than the step length At.

Similarly, we derive the expressions for the crosscorrelation

function: T
i 1
wxé(T) = lim ——fx(t)€(t-7)dt (5.5.10)
2T
T~ oo -T

using eqn. 5.5.4 (see Fig. 5.5.3), in terms of the second moment of

the CSRS m,, the step length At and transducer response time Tr:
m,T -(At-T)
_2r [l-e /Tr] for oSt <At
At
m, T T -At
Vo) = a. ¥ [z /Tr _y /Tr] for -At<t <o
At
m,.T At (T+At) ]
e x [ # T & for -2At <t <At
At ;
~ o for 1<-2At and t>At.
(5.5.11)
We note again that:
m, . Tr m, . Tr
- — < ll’xe('r) <————; foranyr (5.5.12)
At At

Which implies that the values of this crosscorrelation become negligi-
ble, if Tr is chosen to be much smaller than At.
From the study of the autocorrelation and crosscorrelation

Properties of €(t) and x(t), we derive that the functions §k n(-rl, g & 'rn)
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of eqn. 5.5.5 do not deviate significantly from the quasi-whiteness,
since their nonzero values remain concentrated within diagonal strips
with width of the order of magnitude of At (see Figs. 5.2.2 and 5. 2. 3).
In addition to that, it became evident from expressions (5.5.9) and

(5. 5. 12) that the values of the functions & (T

<
%, B .,-rn), for k <n,

T

are much smaller than the values of the function En n(-rl, - ,-rn), if
Tr is chosen to be much smaller than At.
Thus, if we choose Tr to be much smaller than At, then the
functions gk rl(-rl, Ce ,-rn), for k <n, become practically negligible as
n

compared to §n n(Tl, ..., 7T.). Consequently, eqn. 5.5.5 reduces

approximately to:

Notice that even if the functions %k’ n(for k< n) are not negligible the
quasi-whiteness of x*(t) is not seriously affected. The only thing that
is probably affected in this case is the value of the autocorrelation
function at the full-diagonal points. For this reason, special care must
be taken in order to use the correct normalizing factors; since they are
crucially depending on the values of the autocorrelation functions at the
full-diagonal points.

In the case of an irreversible transition the differential equa-
tion which describes the operation of the transducer is not the same for
upwards and downwards transitions. Apparently, this complicates the
analytical derivations to a considerable degree. For this reason, we

will not attempt to derive analytical expressions, but we will confine
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ourselves to some qualitative remarks: (1) The significant (note that
we do not use in this case the word '""nonzero', that we used for the
reversible transitions) values of the autocorrelation functions of the
error signal will be concentrated within diagonal strips with width of
the order of magnitude of At. The same is true for the crosscorrela-
tion functions of the CSRS and the error signal. (2) The values of
these autocorrelation and crosscorrelation functions can become prac-
tically negligible, if both the response times (of upwards and down-
wards transitions) are chosen to be much smaller than At.

The validity of these two remarks assures the preservation of
the quasi-whiteness of x*(t) to a certain degree, which is definitely
lower than in the reversible transitions case.

Notice that in the case of irreversible transitions, the expected
value of the error signal (as well as all its odd order moments) is not
zero; while in the case of reversible transitions, it is zero (along with
all its odd order moments). This is a clear indication of the fact that
the case of irreversible transitions is disadvantageous, because it
causes more significant deviations from the quasi-whiteness than the
case of reversible transitions.

Therefore, it is highly advisable that we pursue in our appli-

cations to have a transducer with reversible transitions.

5.6 Computational Errors

There are three main sources of computational errors in con-
Nection with the crosscorrelation technique. These sources are:

(1) Discrete representation of continuous data
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(2) Discrete integration in computing the crosscorrelations

(3) Numerical round-off errors
From these categories of computational errors, we will further dis-
cuss the first two as having some effect of practical interest; while the
effect of the last category is, for all practical purposes, negligible, for
the kind of digital computer that has been used in the present applica-

tions (PDP 11/45).

5.6.1 Discrete Representation of Continuous Data

The input gnd output signals, that we deal with in the present
study, are continuous in time. However, the handling of any signal, as
a dataset within a digital computer, requires the '"digitalization' (or
"discretization') of the signal, with which the continuous signal becomes
a string of numbers. Thus, a continuous signal has to be sampled, at
some proper sampling rate, a.nd'be represented thereafter within the
digital computer as a discrete time series. This operation of '"discret-
ization' involves several pitfalls, which have received considerable
attention in the literature.

The most important of these pitfalls is the ''aliasing problem!''.
This problem is the natural consequence of the simple mathematical
fact, that there is an infinite number of sinusoidal curves (of different
frequencies) which pass through a set of equidistant points of a line,
when the fundamental distance between any two points is finite.(Fig. 5. 6. 1)

It is evident, that the several frequencies of these sinusoidal
curves are integral multiples of a fundamental frequency:

fo = 112d (5. 6. 1)
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Fig. 5.6,1: Illustration of the aliasing problem
AO(f)

-

f
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This frequency is called the Nyquist frequency. Thus, if a finite samp-
ling interval d is chosen to sample a continuous signal the power of the
gignal at the frequencies higher than the Nyquist frequency will be

folded back upon the power of the symmetric (with respect to the Nyquist
frequency) frequencies of the power spectrum. (Fig. 5.6.2)

This very well known and studied fact constitutes the main
pitfall of discretizing a continuous signal. Obviously, if the sampling
rate fg (i. e. the inverse of the sampling interval) is chosen to be greater
than double the bandwidth B of the signal, then the aliasing effect is

eliminated. Thus, we must always use in practice:

£, >2B (5.6.2)

Of course, the bandwidth of a finite-length signal is not strictly
finite, but there can be always determined a frequency for which the
aggregate power of the signal at frequencies higher than that is consid-
ered practically negligible. This frequency is called, in practice, the
bandwidth of the signal.

Concluding this discussion, we state that a sufficiently high
sampling rate will protect our discretization operation from the aliasing
effect.

Of course, after the discretization the original continuous sig-
nal cannot be completely recovered (in general) but only approximated
through some interpolation scheme. It is evident that in the case of a
CSRS the full and complete recovery of the original continuous signal
from the discrete dataset is possible. This is due to the special stair-

like form of the CSRS. Nevertheless, the aliasing problem can be
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gevere, even in the case of a CSRS, if the sampling rate is not suffic-
jently high.

5.6.2 Discrete Integration Error

The computation of a crosscorrelation for the estimation of a
kernel involves time integration of the product of the output signal with

the proper number of time-shifted versions of the input signal:
A ,

T
V(0 0) =0 [y(tx(t-0) - ... cx(t-o )dt  (5.6.3)
o
where T is the record length (taken constant in this case).

For the réasons that we explained previously, the input and
output signals are available within the computer only as discrete data-
sets. Therefore, the ‘integration can never be completely accurate.
However, we can conceivably achieve almost any specified degree of
accuracy by using the proper interpolation-integration numerical pro-
cedure. A prerequisite, of course, for this is that the discrete repre-
sentation of the continuous signals is practically free of the aliasing
effect, and the accuracy capacity (word length, floating-point processor
etc.) of the digital computer that is used conforms with the pursued
degree of overall accuracy.

In practical applications of the crosscorrelation technique the
Computational burden is, by the method itself, very heavy, and conse-
quently we try to keep the numerical procedures that are used as simple
and efficient as possible. Thus, in the trade off between computational
accuracy and overall efficiency of the method, the balancing point is

Usually found on the side of simple numerical procedures with reason-
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able (but not the best possible) computational accuracy.

The simplest integration procedure for the computation of the
crosscorrelation with the discrete input and output datasets {Yi} and
{xi] is to compute the summation: (consider the first order case as

an example)

A : N

¥, (k" Dt) :N'.Z A (5.6.4)

i=1

where, Dt is the sampling interval.

We will now evaluate the difference of the integral portions
between (i-1) - Dt and i + Dt, obtained by the analytical and the numeri-
cal methods. (Fig. 5.6.3) The integral portion obtained by the simple

numerical summation is:

L=z g ¥z — (5. 6. 5)

The integral portion obtained analytically is:
iDt

3= | a(tat
(i-1)Dt
(i-3) Dt iDt
= z (t)dt + 2 ffdt =L, +L,
(i-1)Dt (i-3 ) Dt (5. 6.6)

where zI(t) and ZII(t) are two Taylor expansions of z(t) about Z. and

z, re spectively:

(2) (3)

_ (1) R 2, %-1 3
zI(t) = z, 1tz (Z_Zi-1)+ 5 (z zi-—l) + . (z zi-l)
Trrev 15 6.7

(2) (3)

z z
(z—zi)2 +

zH(t) = zi+z§1)(z—zi)+ i i (z—zi)3+. .. (5.6.8)
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thus, . (n) .
Z, n+
Ly, =Y —=l . Dty (5.6.9
1 r; (n+1)! )
(n)
o z. n+1l
L, =y @" Ptz (5. 6. 10)
s (n+1)!

Consequently, the difference between the numerical and the analytical
outcome of the i-th integral portion is:

D,

.-I.
i i

= |
o [z (n)+( 1) z, (n)] n+l
E w ( 2) (5.6.11)
(n !
ne .

Now, consider the total difference between the two integrals: (N is the

number of samples in the dataset)

N
D :Z D, ; N=T/Dt
i=1
leo) N 2 (2m) 2m+1
S “i (Dt > (5.6.12)
mol io1 (2m+1) 2
and,
5 5 : P
zi( m) :Z( Trj) Yi(J (_Lﬂ J) (5.6.13)

Clearly, the exact value of zi(zm) (and consequently the value
of D) depends on the relative values of the derivatives of y(t) and x(t-7)
at the sampling points, and the only general statement that can be made
is that the difference D decreases very fast as Dt decreases.

If x(t) is band:limited gaussian white noise then the values of
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its derivatives at the sampling points are usually significant and, of
course, they depend mainly on the bandwidth of the signal. On the
other hand, the values of the derivatives of y(t) depend on the band-
widths of both the input x(t) and the system under test.

Notice that if x(t) is a CSRS all its derivatives at the sampling
points are zero! Consequently, the expression (5. 6. 13) for zi(Zm) is

dramatically simplified:

(2m) _  (2m)
i =Y B ™

(5.6.14)
and, in most of the cases, it is expected to be much smaller than in
the case of gaussian white noise. One more reason for this, is that
the values of the derivatives of y(t) are generally much smaller than
the ones of x(t), because the bandwidth of x(t) is usually much bigger
than the one of y(t).

For all these reasons, the computational error resulting from
the numerical integration is expected to be smaller in the case of x(t)
being a CSRS rather than GWN.,

In most of the cases, the difference D (and consequently the
computational error) is approximately proportional to the square of the

sampling interval; since, the sampling interval Dt is always fairly

small (for aliasing reasons) and therefore: .
2
N z,

N z.(z) 3 2
D= ! - Dt°= Dt -(th
=1 14 =

i )s Dt « const {5, 6, 15)
12

because, the number of samples N is inversely proportional to Dt (for

a constant record length) and the values of zi(z) at closely neighboring
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points are only slightly different.

In conclusion, the basic factor affecting the numerical integra-
tion error is the sampling interval. For sufficiently small sampling
interval, this error becomes usually negligible for all practical pur-

poses.
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CHAPTER VI

ERROR MANAGEMENT AND DESIGN OF THE OPTIMUM TEST

6.1 General Error Management

In chapter 5, we studied the several kinds of estimation error
in the use of CSRS for nonlinear system identification in connection with
the crosscorrelation technique. In this chapter, we will discuss the
optimum strategy which ought to be followed in practical applications,
in order to achieve th;a highest possible accuracy in our kernel estimates.

In the prelvious chapter, we diagnosed eight main sources of
estimation error. These are:

(1) The deconvolution error (6-error)

(2) The statistical fluctuation error (€-error)

(3) The approximate orthogonality error due to the finite stim-
ulus bandwidth (€ -error)

(4) The approximate orthogonality error due to the finite
record length ( { -error)

(5) The erroneous power levels error (wm-error)

(6) The finite transition time error

(7) The continuous signals discretization error

(8) The discrete integration numerical error

From all these categories of error, some can be neglected as
insignificant in practical applications, some can be corrected, and the
rest, which cannot be either corrected or neglected, can be optimized
with respect to the controllable test parameters,

Evidently, some errors can be neglected only if the controll-



-158-

able test parameters attain values within a proper range. More specif-

ically:

(a) The discrete integration error can be neglected, if the

(b)

(c)

(d)

(e)

specified sampling interval Dt is sufficiently small.
(cf. sec. 5.6.2)

The discretization error can be neglected, if Dt is
smaller than 1/2B, where B is the bandwidth of the
system under study. (cf. sec. 5.6.1)

The finite transition time error is similar to the erron-
eous power levels error (cf. sec. 5.5). This error can
be corrected to a great extent, provided that the trans-
itions are reversible, by computing the actual power
levels corresponding to the imperfect experimental stim-
ulus signal.

The erroneous power levels error, in the cases that it
occurs (cf. sec. 5.4), can be largely corrected by employ-
ing a final scaling procedure, which is presented in sec.
6. 3.

The approximate orthogonality error due to the finite
record length ( { -error) can be usually neglected if the
record length is reasonably long. However, if the record
length happens to be fairly short (a case which is unlikely
in practice), a final correctional procedure can be followed
on the basis of the analysis made in sec. 5.3. 2 to compen-
sate for part (at least) of the error commited. This pro-
cedure is expected to be quite cumbersome and inefficient
with respect to the positive return that it brings, there-
fore, it is hardly suggested in practice.

(f) The approximate orthogonality error due to the finite stim-

(g)

ulus bandwidth (€ -error) can be either corrected, on the
basis of the analysis made in sec. 5.3.1, or neglected, if
the step length At is sufficiently small. It must be noted
that, like in the previous case of the {-error, this correc-
tional procedure is expected to be cumbersome and ineffi-
cient with respect to the achieved positive return.

Finally, the statistical fluctuation error (€-error) as well
as the deconvolution error (8 -error) can neither be neg-
lected (in most cases) nor satisfactorily corrected. Of
course, the f-error can be somewhat corrected, on the
basis of the analysis made in sec. 5.1, by estimating the
even order derivatives of the kernels from the original
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kernel estimates, however, a short preliminary study of
the numerical problems involved pointed to the limited
efficiency of this correctional procedure. Also, the €-
error can be somewhat corrected by averaging several
sample kernel estimates, however the efficiency of this
procedure is again low.

Because of these reasons, the € and 6 errors mount to the
principal types of estimation error, which have to be optimized with
respect to the controllable test parameters (namely, the record length
and the step length of the CSRS stimulus). This optimization procedure
is illustrated in the following section, and it is based upon the analysis
made in secs. 5.1 and 5. 2.

In conclusion, the basic test parameters (i. e. the record
length T, the step length At and the sampling interval DT) are usually
such that the most of the estimation errors diagnosed in chapter 5 can
be neglected, for all practical purposes, in actual applications. The
only types of estimation error that usually retain significant size are
the € and © errors. Therefore, the optimization of the controllable
test parameters At and T, which influence the € and 6 errors (cf. secs.
5.1 and 5. 2), in order to minimize the combined effect of these two

estimation errors becomes the principal target of the error manage-

ment in the case of the CSRS.

6.2 Optimization of € and 6 Errors - The Fundamental Error

Eq uation

As it was discussed in sec. 5.1, the B-error is deterministic
in nature and it is due to the finite stimulus bandwidth. It amounts to

some loss of high frequencies in our kernel estimates.
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The explicit expression of this error for the n-th order kernel

estimate is: (the initial region is omitted)

_ 2
en(ol, .,on) = At Dhn(At,ol,...on) (6.2.1)
where, oy -
2m-2 2m o o
Dhn(At, 0.1, . . O.n) :Z At a hn( 1’ o o oy n)
2m!(2m+1)(m+1) 30, ...90,

m=1 J1 J2m
jl,...,jzmzl
. : 6.2.2
) ST g‘]&n ( )

Clearly, Dhn depends very little on At, since At attains in practice

fairly small values, and consequently:
n 2
] Bhn(ol,...,on)
Dhn(O'l, @ 5 O'n)"="—
12 o0, 30,
J1 J2

iz (6.2.3)
W<
Thus, the en error depends, in first approximation, on Atz and the
second partial derivatives of the kernel hn.
On the other hand, as it was discussed in sec. 5.2, the €-
error is random in nature and it is due to the finite record length. It
amounts to random deviations of the kernel estimates, according to a

gaussian probability law. The first two moments of the gaussian dis-

tribution of these deviations at the nodal points of the n-th order kernel

are: E[€n<01""’0n)]:0 (6.2.4)
Var[€ (o o )le 2(o G ) = - c Z(At o o)
n jreves n _.qn  EERLE —E.—A—tn—_I hn § My sy P

(6.2.5)
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Again, it must be emphasized that ChIZ1 depends very slightly on At, for
At being in the range of values of practical interest.

Summing up these two errors, we end up with the following
total estimation error of appreciable size in practical applications of

the CSRS:
6n(01, cee, 0 ) = en(ol, 5 & 5 on) + Gn(csl, . % on) (6.2.6)
Clearly, the total error 6n is a gaussian random variable with:
ELS (0,...,0)1=0 (0,,...,0) (6.2.7)
2
Var[&n(ol.,...,on)]:qn(01,...,0n) (6.2.8)
Consequently, the mean square error of the n-th order kernel

estimate is:

Mn HMn
Qn:f IE[& ...,on)]dol...don
Un IJn
= If Bn(cl, ‘s y on)dol.‘..don
Mn Unz
+ ... JaS(o, ..., 0 )do,. . do
(0] (@]
L‘ln U-n g
= j ,th (AL 8y, 0w s B )l s o i,
Mn Mn
+ ———————Tf ICh (At, o, ,crn)dcyl...doI1
B (At)
= i VB, f—— (6.2.9)
n T AL

In the applications, At is always much smaller than the kernel

memory, and for this range of values An and Bn become approximately
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independent from At, thus:

4 L

1. AP 1

(6. 2.10)

Notice, however, that An and Bn depend on the specified kernel memory
“n' The equation above will be called '"fundamental error equation'
(FEE) and it will constitute the principal instrument of the optimization
procedure for At and T.

The function Qn described by the FEE has always a single min-
imum for A and B positive (which is actually the case) and for a given
T. (Fig. 6.2.1) This single minimum is the optimum test position,
corresponding to the optimum At (for a given T).

The value of the optimum At can be easily determined analyti-

cally from FEE:

(A (6.2.11)

[ (n-1) Bn] ! (nt3)

t
opt)n 4T A
n

and the resulting optimum m. s. error is:

@ ) = a2 fas3) ,[‘_“'_"_‘ig]“wu[4An]<n-l>/<n+3>. [_B_n]‘ﬂm
opt'n n AT -

n-1
(6.2.12)
Of course, the expressions above are accurate only if the optimum At
is in the neighborhood of very small At where An and B, can be consid-
ered approximately independent of At. Otherwise, the optimum At
results as the solution in At of the equation:
dA dB

dAt T  dAt T (6. 2. 13)

At
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However, we always anticipate, in practice, having such a
range of At values that An and Bn are approximately constant with
respect to At. In this case, it is evident from eqns. 6.2.11 and 6.2. 12
that the optimum At and the corresponding Qn are monotonically de-
creasing as T is increasing (Fig. 6.2.2). The continuous curve in
Fig. 6.2.2 is the locus of the points [(Atopt)n’ (Qopt)n] of the plane for
changing T.

In the first order kernel case, the optimum At, as determined
by eqn. 6.2.11, is zero. Of course, zero is not a realistic value,
therefore At is determined in the first order case either by eqn. 6.2.13
or by signal-to-noise ratio considerations.

In the former case, eqn. 6.2.13 reduces for n=1 to:

dA dB
o l+4At3-Al+-i———1-=c» (6. 2. 14)
dAt T dAt

At

and since the optimum At will be found in the range of very small values,
the solution of eqn. 6.2.14 in At will be very close to the one of the
equation:

4at3 A, + 1 9Bl -4 (6. 2. 15)

L1 aat
In the latter case, we note that the power level of any CSRS
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