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ABSTRACT

Studying nonequilibrium charge and heat transport is central to the design and
control of modern electronic, optoelectronic, and energy materials. On ultra-
fast timescales, these processes, such as carrier relaxation, lattice heating, and
lattice-driven changes of material properties are governed by coupled electron-
phonon dynamics. While first-principles methods based on density functional the-
ory enable quantitative predictions of electron-phonon and phonon-phonon (ph-ph)
interactions, their extension to real-time, fully coupled nonequilibrium simulations
remains computationally challenging, particularly for complex materials and long
simulation times.

This thesis develops and advances a comprehensive first-principles framework for
simulating nonequilibrium coupled electron-phonon dynamics within the real-time
Boltzmann transport equation (rt-BTE). Several algorithmic and computational
strategies are introduced to overcome the prohibitive cost of such simulations. First,
adaptive and multirate time-integration schemes are developed to efficiently re-
solve disparate electronic and phononic timescales, enabling accurate simulations
of coupled dynamics in complex materials with anharmonic ph-ph interactions.
Second, dynamic mode decomposition is applied to extrapolate long-time behavior
from short-time simulations, providing efficient access to steady-state and transient
transport regimes. Third, GPU parallelization and algorithm optimization are im-
plemented to accelerate the evaluation of collision integrals, yielding substantial
performance improvements on modern high-performance computing architectures.
Fourth, tensor-learning and compression techniques are introduced to reduce the
computational and memory costs associated with ph-ph interactions, further en-
abling simulations previously inaccessible due to system size or interaction com-
plexity.

Beyond algorithmic acceleration, this work extends the theoretical description of
nonequilibrium lattice dynamics from the rt-BTE by introducing a framework ac-
counting for coherently driven phonon dynamics, bridging the gap between inco-
herent transport and coherent ultrafast phenomena observed in modern pump-probe
experiments. Together, these developments expand the efficiency and scope of first-
principles simulations of nonequilibrium electron-phonon dynamics, providing new
tools for studying transport, relaxation, and coherent control in quantum materials.
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C h a p t e r 1

INTRODUCTION

1.1 Overview
The study of charge and heat transport lies at the core of materials physics and elec-
tronic technologies. In crystalline solids, the motion of charge carriers determines
electrical conductivity, carrier mobility, and optical response, and thus underpins
the design of electronic and optoelectronic devices. Heat transport, in contrast,
is dominated in non-metallic solids by lattice vibrations, which control thermal
conductivity and energy dissipation, impacting device performance and reliability.

As charge carriers propagate through crystals, lattice vibrations perturb the periodic
potential experienced by the carriers, leading to scattering processes that redis-
tribute carrier energy and momentum, while simultaneously mediating the transfer
of energy from the electronic system to the lattice. These collective modes of
lattice vibration can be described in terms of phonons, which provide a quantum-
mechanical framework for understanding classical anomalies in heat capacity and
thermal conductivity. Such scattering processes, described by electron-phonon (𝑒-
ph) interactions, are responsible for a wide range of many-body phenomena [1]. They
set the intrinsic limits on carrier mobility [2, 3], determine temperature-dependent
transport and optical linewidths [4, 5], and govern high-field transport [6, 7]. Be-
yond phonon-mediated superconductivity [8], they give rise to charge density waves
in low-dimensional materials [9], where lattice distortions couple strongly to Fermi
surface nesting. In polar materials, 𝑒-ph interactions can also lead to the formation
of polarons and renormalize electronic band structures [10].

On the timescales of femtoseconds to hundreds of picoseconds, nonequilibrium dy-
namics with 𝑒-ph interactions provide additional avenues for engineering material
properties [11, 12]. This broad range of applications includes ultrafast switching in
memory materials, heat management and thermoelectrics, enhancement of carrier
extraction in photovoltaic and optoelectronic devices, and strain-engineered func-
tionality in next-generation electronic materials. Recent experimental advances
have demonstrated controlled carrier thermalization [13], light-induced supercon-
ductivity [14, 15] and phase transitions [16–18], spin dynamics driven by optically
excited phonons [19, 20], as well as driven nonlinear lattice dynamics [21–23].
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The nonequilibrium carrier dynamics described above can be probed using a variety
of experimental techniques. Among the most widely-used are transient absorption
spectroscopies, which measure optical or X-ray absorption signals arising from
electronic state filling, band renormalization, and changes in the dielectric func-
tion [24–26]. From these measurements, one can extract information on carrier
occupations, recombination dynamics, and lattice heating. Over the past decade,
time- and angle-resolved photoemission spectroscopy (tr-ARPES) has emerged as
an established tool for studying nonequilibrium electronic structure [27–32]. In
a typical tr-ARPES experiment, the material is first excited by an ultrafast pump
pulse and subsequently probed by a time-delayed photoemission pulse that enables
reconstruction of the transient electronic structure. While optical spectroscopies
provide momentum-integrated access to carrier and lattice dynamics, tr-ARPES
offers direct, momentum-resolved insight into nonequilibrium electronic structure,
scattering rates, and carrier relaxation pathways.

While 𝑒-ph interactions govern the initial stages of carrier relaxation, subsequent
lattice dynamics and thermalization over the timescale of picoseconds to nanosec-
onds are dominated by the phonon subsystem. In the harmonic approximation,
lattice vibrations are treated as independent phonon modes with infinite lifetimes,
providing a useful starting point for systems near equilibrium. However, anhar-
monicity in real solids gives rise to phonon-phonon (ph-ph) interactions, which
enable energy exchange between different phonon modes and lead to finite phonon
lifetimes [33, 34]. The ph-ph interactions are responsible for thermal expansion,
temperature-dependent shifts in phonon frequencies, and setting the intrinsic limits
on lattice thermal conductivity [35, 36]. In nonequilibrium scenarios, ph-ph inter-
actions govern the redistribution of energy among phonon modes following initial
excitation by hot carriers or external perturbations, ultimately leading to thermal-
ization of the lattice subsystem. Phonon dynamics under nonequilibrium conditions
in turn influence carrier relaxation, creating effects such as hot phonon bottlenecks
that can prolong carrier cooling times [37].

Several classes of materials display strong phonon anharmonicity over a wide tem-
perature range that must be explicitly modeled to accurately describe thermal trans-
port and carrier cooling rates. Prominent examples include IV–VI compounds
such as PbTe and SnSe, whose exceptionally low thermal conductivity and soft
transverse optical phonons make them attractive candidates for thermoelectric ap-
plications [38, 39]. Lead halide perovskites (APbX3) likewise exhibit pronounced
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anharmonicity, which gives rise to slow carrier cooling through acoustic phonon
upconversion and hot-phonon bottlenecks [40]. Reduced dimensionality also en-
hances anharmonic effects in monolayer transition-metal dichalcogenides and re-
lated two-dimensional materials, where low energy flexural modes coexist with
tunable electronic structure, strong spin–orbit coupling (SOC), and other interesting
many-body phenomena such as excitonic resonances [41]. In addition, systems like
GeTe and SrTiO3 undergo structural phase transitions associated with the softening
of phonon modes [42, 43]. Beyond these widely studied cases, strong ph-ph inter-
actions also play a central role in a broader range of materials, including complex
oxides, skutterudites, layered chalcogenides, and more.

Experimental methods for probing nonequilibrium phonon dynamics include Raman
spectroscopy for zone-center phonons [44], ultrafast electron diffraction (UED) [45],
transient thermal grating [46], time-resolved X-ray diffraction [47, 48], and inelastic
X-ray scattering (IXS) [49, 50]. In particular, IXS provides momentum-resolved in-
formation on phonon dispersions and lifetimes, enabling extraction of phonon mode
softening, linewidth broadening, and other anharmonic effects from ph-ph interac-
tions at elevated temperatures or under nonequilibrium conditions. By probing both
electronic and lattice degrees of freedom, these experimental approaches together
provide a comprehensive picture of the coupled electron-phonon nonequilibrium
dynamics.

In parallel to the ongoing experiments, theoretical study of coupled electron-phonon
dynamics has progressed from simplified model Hamiltonians to large-scale com-
putational approaches based on first-principles methods. Early work relied on phe-
nomenological models such as deformation potential theory, Fröhlich or Holstein-
type Hamiltonians [10, 51–53]. While these models provide qualitative intuitions,
they rely on parameter fitting and restrictive assumptions such as dispersionless
phonons and simple screening, which limit their predictive power for real materials.

Modern first-principles methods based on density functional theory (DFT) and den-
sity functional perturbation theory (DFPT) [54–56] enable quantitative predictions
of transport as well as nonequilibrium dynamics by directly computing phonon dis-
persions and 𝑒-ph scattering matrix elements in place of fitted parameters [57, 58].
For nonequilibrium dynamics, different first-principles theoretical approaches are
suited to distinct regimes of timescales and interactions. Time-dependent den-
sity functional theory (TDDFT) [59, 60] captures coherent femtosecond dynamics
and memory effects, where electronic degrees of freedom are treated quantum
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mechanically while nuclear motions are described classically. A related mixed
quantum-classical framework is nonadiabatic molecular dynamics (NAMD), which
incorporates electronic state transitions with explicit propagation of nuclear trajecto-
ries. NAMD and its momentum-space formulation (NAMDk) have recently shown
promising results in simulating electron relaxation on picosecond timescales [61–
63]. In contrast, nonequilibrium Green’s function (NEGF) [64, 65] provides a fully
quantum description for out-of-equilibrium many-body systems, naturally unifying
coherent dynamics, dissipation and memory effects. However, its high computa-
tional cost limits its practical application to small systems and short simulation
times. Most NEGF implementations rely on approximations, such as lower-order
self-energy truncations, generalized Kadanoff-Baym ansatz, Markovian limits, and
quasiparticle approximations [66, 67].

As nonequilibrium dynamics evolve from coherent to incoherent regimes, the ex-
plicit treatment of quantum coherence becomes less critical, while computational
efficiency and scalability become increasingly important. In this limit, semiclassi-
cal approaches offer a favorable balance between accuracy and computational cost.
The two-temperature model (TTM) [68] describes macroscopic energy exchange
between electrons and phonons, while Langevin and Fokker-Planck equations use
stochastic forces to model thermal fluctuations and dissipation averaged over indi-
vidual scattering events.

A more microscopic description is achieved by the Boltzmann transport equation
(BTE) [1, 69, 70], which treats carriers as well-defined quasiparticles whose distribu-
tion functions evolve under the influence of external fields and scattering processes.
The scattering matrix elements in the BTE can be obtained directly from DFT and
DFPT calculations. It has demonstrated quantitative predictive power for various
transport properties such as carrier mobility, electrical and thermal conductivity,
phonon linewidths, and Seebeck coefficients [3, 71, 72].

The time-dependent formulation of the BTE, referred to here as the real-time BTE
(rt-BTE), extends this framework to track time-dependent carrier distributions, en-
abling simulations such as carrier relaxation, high-field transport, ultrafast spectro-
scopic responses [7, 73]. More recently, the rt-BTE has been generalized to include
anharmonic ph-ph interactions, enabling simulations of fully coupled 𝑒-ph dynam-
ics [74–76]. In a broader context, the Bernardi group has performed extensive
work expanding the predictive scope of the rt-BTE, including defect and impu-
rity scattering, spin decoherence, exciton-phonon coupling, and magnon-phonon
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interactions [77–80].

However, adding the anharmonic phonon interactions to the rt-BTE significantly
increases computational cost. While electronic distributions can often be evolved
efficiently, solving for phonon distributions over the entire Brillouin zone (BZ)
with anharmonic ph-ph interactions is significantly more expensive. As a result,
most rt-BTE works treat phonons as a thermal bath at fixed temperature without
considering anharmonicity. Only a few studies include ph-ph interactions and are
limited to two-dimensional (2D) materials with simple unit cells.

These limitations highlight two central challenges in advancing real-time, first-
principles simulations of coupled electron-phonon dynamics: (1) the need for effi-
cient algorithms to solve the rt-BTE with anharmonic phonon interactions to enable
simulations of increasingly complex materials, and (2) an absence of efficient theo-
retical and computational framework to describe coherently driven dynamics, which
are central to many modern ultrafast experiments but are not captured within the
standard BTE formulations. Current methods incorporating quantum corrections,
such as Wigner functions or density-matrix formulations, involve a significantly
higher cost, and efficient, fully first-principles theoretical frameworks and their
implementations are still an active subject of research [81–83].

1.2 Electron-phonon, phonon-phonon interactions from first principles
We first compute the electronic ground state and band structure using DFT. In
the Kohn-Sham (KS) formulation [54], the interacting many-electron system is
mapped onto an effective single-particle system in which the charge density is con-
structed from KS orbitals. The KS equations are solved self-consistently using
plane-wave basis sets and pseudopotentials to account for the electron-ion interac-
tions. Exchange-correlation effects are treated using standard approximations to the
KS potential [84]. All DFT calculations in this work are performed using either
Quantum ESPRESSO [56] or VASP [85, 86]. The resulting KS energies 𝜀𝑛k and
eigenstates 𝜓𝑛k are obtained on uniform grids of electron crystal momenta k in the
BZ.

The perturbation potential, 𝜕q𝑐 ,𝜅𝛼𝑉
KS, and the dynamical matrix, 𝐷 (q𝑐), are com-

puted on a coarse phonon momentum grid q𝑐 in the BZ. Here, 𝜅𝛼 denotes the
displacement of atom 𝜅 in direction 𝛼. These quantities are obtained within DFPT,
which describes the linear response of the electronic system to small atomic dis-
placements and is implemented in Quantum ESPRESSO. The phonon frequencies
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𝜔𝜈q and eigenvectors 𝑒𝜅𝛼𝜈q at momentum q and mode 𝜈 are obtained by diagonalizing
the dynamical matrix.

These phonon modes and perturbation potentials form the basis of calculating 𝑒-ph
scattering matrix elements, which are defined as

𝑔𝑚𝑛𝜈 (k, q) =
√︄

ℏ

2𝜔𝜈q

∑︁
𝜅𝛼

𝑒𝜅𝛼𝜈q√
𝜇𝜅

⟨𝜓𝑚k+q |𝜕q,𝜅𝛼𝑉
KS |𝜓𝑛k⟩, (1.1)

where 𝜓𝑛k is the KS Bloch state with band index 𝑛 and crystal momentum k, and
𝜇𝜅 is the mass of atom 𝜅. It describes the probability amplitude for an electron to
scatter from an initial state |𝜓𝑛k⟩ to a final state |𝜓𝑚k+q⟩ by emitting or absorbing a
phonon of mode 𝜈 and momentum q.

To save computational cost, the 𝑒-ph matrix elements are first transformed into
the basis of maximally localized Wannier functions [87] and interpolated to finer
electron and phonon momentum grids using our in-house code Perturbo [88]. For
phonons, we can similarly transform the dynamical matrix to real space to obtain
the interatomic force constants (IFCs) between atoms in the unit cell and atoms in
neighboring cells. The dynamical matrix at any desired q can then be obtained by
Fourier transforming the IFCs back to reciprocal space.

The IFCs can be computed using several complementary approaches. In principle,
the n-th order IFCs are defined as the n-th derivatives of the Born-Oppenheimer po-
tential energy surface (PES) with respect to atomic displacements. For example, the
second- and third-order IFCs, Φ𝛼𝛽 (𝑙𝜅; 𝑙′𝜅′) and Ψ𝛼𝛽𝛾 (𝑙𝜅; 𝑙′𝜅′; 𝑙′′𝜅′′), are computed
using finite-difference or DFPT by expanding the potential energy𝑈 with respect to
small atomic displacements u [34, 89]:

𝑈 = 𝑈0 +
1
2!

∑︁
𝑙𝑙′

∑︁
𝜅𝜅′

∑︁
𝛼𝛽

Φ𝛼𝛽 (𝑙𝜅; 𝑙′𝜅′)𝑢𝛼𝑙𝜅𝑢
𝛽

𝑙′𝜅′

+ 1
3!

∑︁
𝑙𝑙′𝑙′′

∑︁
𝜅𝜅′𝜅′′

∑︁
𝛼𝛽𝛾

Ψ𝛼𝛽𝛾 (𝑙𝜅; 𝑙′𝜅′; 𝑙′′𝜅′′)𝑢𝛼𝑙𝜅𝑢
𝛽

𝑙′𝜅′𝑢
𝛾

𝑙′′𝜅′′ + ... .
(1.2)

Here,𝑈0 is the total potential energy for atoms in equilibrium, and the vector u𝑙𝜅 is
the displacement from equilibrium of atom 𝜅 in the 𝑙-th unit cell, while 𝛼, 𝛽, and 𝛾
label Cartesian coordinates.

In practice, these derivatives are computed by fitting forces of displaced supercells.
As implemented in ALAMODE [90], finite-displacement approaches explicitly ex-
tract anharmonic IFCs by expanding the PES around a reference structure. An
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approach for obtaining finite-temperature IFCs is to use temperature-dependent ef-
fective potentials (TDEP) [91], which compute effective, temperature renormalized
IFCs by fitting an effective Hamiltonian to forces sampled from finite-temperature
molecular dynamics (MD) trajectories. Stochastic self-consistent harmonic approx-
imation [92] is another method that provides temperature-dependent, renormalized
harmonic force constants and captures anharmonic effects nonperturbatively; how-
ever, it does not yield explicit higher-order IFC tensors required for perturbative
phonon scattering calculations. In all works in the thesis, IFCs are computed using
either ALAMODE or TDEP.

The 3rd-order ph-ph scattering matrix elements Ψ𝜈𝜈′𝜈′′ (q, q′, q′′) in the momentum
space - in this thesis, ph-ph matrix elements refer only to third-order interactions
unless specified - are then defined as a Fourier transform of the 3rd-order IFCs:

Ψ𝜈𝜈′𝜈′′ (q, q′, q′′) = 1
6

√︄
ℏ3

8𝜔𝜈q𝜔𝜈′q′𝜔𝜈′′q′′
Δ(q + q′ + q′′)

×
∑︁
𝑙′𝑙′′

∑︁
𝜅𝜅′𝜅′′

∑︁
𝛼𝛽𝛾

exp
[
𝑖(q′ · R𝑙′ + q′′ · R𝑙′′)

]
𝑒𝜅𝛼𝜈q𝑒

𝜅′𝛽
𝜈′q′𝑒

𝜅′′𝛾
𝜈′′q′′

√
𝜇𝜅𝜇𝜅′𝜇𝜅′′

Ψ𝛼𝛽𝛾 (0𝜅; 𝑙′𝜅′; 𝑙′′𝜅′′)

(1.3)

where R𝑙 is the lattice vector of the unit cell 𝑙, and the delta function Δ(q+ q′ + q′′)
conserves crystal momentum, ensuring q + q′ + q′′ is equal to zero or a reciprocal
lattice vector. As the formula suggests, the ph-ph matrix elements associate with
three phonon modes, 𝜈q, 𝜈′q′, and 𝜈′′q′′, in contrast to the 𝑒-ph matrix elements
𝑔𝑚𝑛𝜈 (k, q), which involve one phonon and two electronic states.

In these works, the 𝑒-ph scattering matrix elements are computed using DFPT based
on the perturbation potential and phonon dispersions of harmonic phonons at 0 K,
whereas the phonon dispersions in nonequilibrium dynamics and the corresponding
anharmonic ph-ph interactions are computed using finite-temperature IFCs obtained
from TDEP. This mixed approach assumes that anharmonic effects primarily renor-
malize the lattice dynamics, while the electronic response to lattice vibrations can
still be accurately captured by linear response theory at ground state. Such a sepa-
ration is commonly employed in finite-temperature 𝑒-ph calculations [71]. A fully
consistent treatment based on MD sampling or higher-order perturbation theory
remains an important direction for future work.
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1.3 rt-BTE for coupled electron-phonon dynamics
The rt-BTE describes the time evolution of electronic distributions under the influ-
ence of external fields and scattering processes. In its most general form, the rt-BTE
for electrons in real space under external electric field E(r, 𝑡) reads:
𝜕 𝑓𝑛k(r, 𝑡)

𝜕𝑡
+ v𝑛k · ∇r 𝑓𝑛k(r, 𝑡) +

𝑒E(r, 𝑡)
ℏ

· ∇k 𝑓𝑛k(r, 𝑡) = I𝑒-ph [ 𝑓𝑛k(r, 𝑡), 𝑁𝜈q(r, 𝑡)],
(1.4)

where the electron occupations, hereon referred to as populations, 𝑓𝑛k(r, 𝑡) depend
on position r, time 𝑡, band index 𝑛, and crystal momentum k. The electron group
velocity is given by v𝑛k = 1

ℏ
∇k𝜀𝑛k, where 𝜀𝑛k is the electronic band energy. 𝑒

is the electron charge. The 𝑒-ph collision integral, I𝑒-ph, describes how electron
populations change due to scattering with phonons.

In the absence of external fields and spatial inhomogeneities, the temporal evolution
of electronic populations depend only on collision integrals. For coupled electron-
phonon dynamics, the rt-BTE in momentum space can be written as a set of coupled
integro-differential equations for both electron and phonons:

𝜕 𝑓𝑛k(𝑡)
𝜕𝑡

= I𝑒-ph [ 𝑓𝑛k(𝑡), 𝑁𝜈q(𝑡)],
𝜕𝑁𝜈q(𝑡)
𝜕𝑡

= Iph-𝑒 [ 𝑓𝑛k(𝑡), 𝑁𝜈q(𝑡)] + Iph-ph [𝑁𝜈q(𝑡)] .
(1.5)

The electron populations, 𝑓𝑛k(𝑡), are labeled by the electronic band index 𝑛 and
crystal momentum k (hole carriers can be simulated with populations 1 − 𝑓𝑛k(𝑡)),
and the phonon populations, 𝑁𝜈q(𝑡), by mode index 𝜈 and wave-vector q. The 𝑒-ph,
ph-𝑒 and the ph-ph collision integrals,I𝑒-ph,Iph-𝑒, andIph-ph, are all computed with
ab initio 𝑒-ph and ph-ph scattering matrix elements. The workflow for propagating
the above equations is implemented as an extension to in the current version of the
Perturbo [74, 88] code.

In Eq. 1.5, the collision integral I𝑒-ph [ 𝑓𝑛k, 𝑁𝜈q] can be computed by [53, 74]:

I𝑒-ph [ 𝑓𝑛k, 𝑁𝜈q] = − 2𝜋
ℏ

1
Nq

∑︁
𝑚𝜈q

|𝑔𝑚𝑛𝜈 (k, q) |2

×
[
𝐹em × 𝛿(𝜀𝑛k − ℏ𝜔𝜈q − 𝜀𝑚k+q)

+ 𝐹abs × 𝛿(𝜀𝑛k + ℏ𝜔𝜈q − 𝜀𝑚k+q)
]
,

(1.6)

where Nq is the total number of phonon momentum grid points. The emission and
absorption factors are defined as

𝐹em = 𝑓𝑛k(1 − 𝑓𝑚k+q) (1 + 𝑁𝜈q) − (1 − 𝑓𝑛k) 𝑓𝑚k+q𝑁𝜈q, (1.7)
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and
𝐹abs = 𝑓𝑛k(1 − 𝑓𝑚k+q)𝑁𝜈q − (1 − 𝑓𝑛k) 𝑓𝑚k+q(1 + 𝑁𝜈q). (1.8)

The time dependence of these terms is implicitly assumed in the notations.

Similarly,

Iph-𝑒 [ 𝑓𝑛k, 𝑁𝜈q] = −4𝜋
ℏ

1
Nk

∑︁
𝑚𝑛k

|𝑔𝑚𝑛𝜈 (k, q) |2 ×𝐹abs × 𝛿(𝜀𝑛k + ℏ𝜔𝜈q − 𝜀𝑚k+q). (1.9)

The ph-ph collision integral can be written as

Iph-ph [𝑁𝜈q] = −36𝜋
ℏ

1
Nq

∑︁
𝜈′𝜈′′

∑︁
q′q′′

|Ψ𝜈𝜈′𝜈′′ (q, q′, q′′) |2

×
[
𝐺em × 𝛿(ℏ𝜔𝜈′q′ − ℏ𝜔𝜈q + ℏ𝜔𝜈′′q′′)

+ 2𝐺abs × 𝛿(ℏ𝜔𝜈q − ℏ𝜔𝜈′q′ + ℏ𝜔𝜈′′q′′)
]
,

(1.10)

where
𝐺em = 𝑁𝜈q(𝑁𝜈′q′ + 1) (𝑁𝜈′′q′′ + 1) − (𝑁𝜈q + 1)𝑁𝜈′q′𝑁𝜈′′q′′ , (1.11)

and
𝐺abs = 𝑁𝜈q(𝑁𝜈′q′ + 1)𝑁𝜈′′q′′ − (𝑁𝜈q + 1)𝑁𝜈′q′ (𝑁𝜈′′q′′ + 1). (1.12)

At equilibrium, quasiparticle lifetimes are obtained by linearizing the BTE around
equilibrium and solving for steady-state solutions. (See Appendix B for details).

Computational challenges
Three major computational challenges are present in solving the coupled rt-BTE with
anharmonic phonon interactions. First, computing IFCs using finite-displacement
or MD-based approaches requires large supercells and a substantial number of first
principles force calculations. Second, transforming real-space IFCs to the reciprocal
space ph-ph matrix elements involves summations over atoms in the unit cell and
neighboring cells, demanding a large amount of computing resources, especially for
low-symmetry systems. Third, the collision integrals in Eqs. 1.6, 1.9 and 1.10 are
evaluated at every time step. Accurately resolving long-range interactions, such as
those present in polar materials, requires that these integrals be summed over dense
momentum grids, which further increases computational cost. When higher-order
phonon interactions are desired, the computational cost increases dramatically due to
the increased number of scattering channels and the complexity of computing higher-
order IFCs. Together, these challenges make it difficult to study complex materials
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with large unit cells or to include higher-order phonon interactions, motivating the
development of efficient algorithms to reduce the costs of computing IFCs, ph-ph
matrix elements, and collision integrals in the rt-BTE framework.

1.4 Thesis outline
This thesis addresses the above challenges of simulating coupled electron-phonon
dynamics with anharmonic phonon interactions. We not only develop and implement
new algorithmic improvements across different aspects of the simulation, but also
discuss the physical insights gained from these numerical techniques.

In Chapter 2, we develop an adaptive and multirate time integration scheme to more
efficiently time-step the rt-BTE. Using graphene as a benchmark, we show that
our new scheme significantly reduces the computational cost of evolving coupled
dynamics while maintaining accuracy compared to single-rate, fixed-step methods.
We then study dynamics in 3D materials, which were previously inaccessible due
to high computational cost. We show that the rt-BTE predicts momentum-resolved
thermal diffuse scattering signals, which are often experimentally measured to study
lattice dynamics. Our framework also captures the importance of accounting an-
harmonicity to accurately describe hot-phonon effects in carrier relaxation. In the
second half of the chapter, we introduce a fully-adaptive extension to the multirate
integration scheme and discuss the microscopic insights provided by this class of
numerical integration schemes.

In Chapter 3, we apply dynamic mode decomposition (DMD), a data-driven tech-
nique to accelerate the time evolution of the rt-BTE. For nonequilibrium dynamics
under external fields, while resolving the transient dynamics remains necessary,
the steady state is often of primary interest. In this case, avoiding explicit time
evolution to steady state by interpolating long-time distributions based on existing
simulation becomes especially efficient. We introduce the theory of DMD, dis-
cuss its implementation in the rt-BTE, and apply it to high-field charge transport,
electron relaxation, and coupled electron-phonon dynamics. In all cases, we show
that explicit time-stepping of a short window of the occupations provides sufficient
data for DMD to extrapolate the dynamics to steady state. We further analyze the
momentum-space modes extracted from DMD, which give insights to microscopic
processes in the dynamics.

In Chapter 4, we demonstrate acceleration of the evaluation of collision integrals
in the BTE using graphics processing units (GPUs), one step further from the
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current MPI+OpenMP parallelization implemented in Perturbo. We develop a
GPU-optimized data structures and algorithm that reduce the overhead for data
referencing, movement, and synchronization, which is applicable for both transport
and nonequilibrium dynamics. Our approach is optimized for GPU implementation,
and achieves significant speed-ups compared to CPU implementations. We also
demonstrate the excellent strong scaling performance of this approach.

In Chapter 5, we focus on accelerating computation of anharmonic ph-ph matrix
elements. We introduce a tensor decomposition approach to compress and efficiently
evaluate collision integrals in the rt-BTE framework. Using tensor learning, we find
low-rank approximations of the high-dimensional matrix elements, which reduces
scaling of the summation in the ph-ph collision integral. We show that this approach
can significantly reduce memory storage and computational cost for a diverse range
of materials.

In Chapter 6, we attempt to expand the theoretical framework of the rt-BTE to
bridge the gap between simulating coherent and incoherent regimes in ultrafast ex-
periments. We present a theoretical framework for simulating coherently driven
phonon dynamics using Lindblad master equations. And we also introduce an effi-
cient approximation to model driven lattice dynamics within the rt-BTE framework.

Finally, in Chapter 7, we summarize the key findings and discuss future directions
for advancing first-principles simulations of coupled electron-phonon dynamics.
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C h a p t e r 2

COUPLED ELECTRON-PHONON DYNAMICS USING
ADAPTIVE AND MULTIRATE TIME INTEGRATION

Part of this chapter is adapted from the published work:

J. Yao, I. Maliyov, D. J. Gardner, C. S. Woodward, and M. Bernardi, npj Comput.
Mater. 11, 256 (2025),
J.Y. participated in conception of the project, conducted computational research,
and wrote the manuscript.

The remaining sections contain original, unpublished work by the author, currently
in preparation for submission.

2.1 Introduction
Coherent ultrafast control of electronic and lattice degrees of freedom is a novel
frontier in materials physics. From light-induced phase transitions [1] and carrier
relaxation [2], to longer-lived phenomena, such as driven lattice response [3], spin-
phonon dynamics [4], and lattice thermalization [5], experiments have revealed new
pathways to manipulate material properties on ultrafast timescales.

Different first principles methods [6–8] have enabled quantitative simulations of
nonequilibrium phenomena, addressing distinct regimes and timescales of nonequi-
librium dynamics. This work focuses on the rt-BTE method, a set of coupled
integro-differential equations for the time-dependent electron and phonon distribu-
tions that evolve under the influence of external fields and scattering processes, with
𝑒-ph and ph-ph interactions computed from first-principles. The rt-BTE framework
has been successfully used to study a wide range of phenomena in the incoherent
regime, such as carrier relaxation [9], high-field transport [10], ultrafast spectro-
scopies [11]. In particular, the ability to capture anharmonic ph-ph interactions in
the rt-BTE [12–15] is particularly important for modeling nonequilibrium lattice
dynamics at the ps timescale and in materials with strong anharmonicity.

However, two key challenges are present in numerically propagating the rt-BTE in
time: the difference in timescales of electron and phonon dynamics and the com-
putational cost of evaluating collision integrals, particularly for ph-ph interactions.

https://www.nature.com/articles/s41524-025-01738-8
https://www.nature.com/articles/s41524-025-01738-8
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Typically, the rt-BTE is evolved with a fixed time step of a few fs to resolve the faster
electron dynamics, while the simulation extends to hundreds of ps for the phonons
to reach steady state or thermal equilibrium. At each time step, 𝑒-ph and ph-ph
collision integrals are computed on dense momentum grids to ensure precise resolu-
tion of scattering processes and energy conservation, which are critical for reliable
predictions. While in practice, only a subset of the electron momenta within a given
energy range of the band edge or Fermi energy is included to reduce computational
cost, the ph-ph collision integral is integrated over the entire Brillouin zone (BZ)
for all phonon modes, because phonons across the BZ can participate in scattering
processes. A 10-ps simulation for a 2D material with a few atoms in the unit cell can
easily exceed thousands of CPU core hours on modern high-performance comput-
ers. In bulk systems, this requires summing over billions of scattering channels. As
a result, only a handful of recent works have shown first-principles simulations of
coupled electron and phonon dynamics [16–19]. Without a significant reduction in
computational cost, simulations of coupled electron and phonon dynamics remain
out of reach for bulk materials and all but the simplest 2D materials.

To address these challenges, we explore time integration methods from the sun-
dials suite [20, 21], which offers an array of robust and efficient algorithms for
integrating differential equations. The arkode package [22] within sundials con-
tains adaptive step size Runge-Kutta (RK) [23] as well as multirate infinitesimal
(MRI) methods [24]. Adaptive RK methods dynamically adjust the time step to ob-
tain solutions within user-specified solution tolerances while maximizing efficiency,
selecting step sizes that reflect the inherent dynamics of the system. MRI methods
further improve efficiency by time-evolving different processes or solution compo-
nents with different step sizes. They are particularly effective when the dynamics
is governed by processes with well-separated timescales and the slower processes
dominate the computational cost, making them an ideal fit for the rt-BTE. Methods
in the MRI family have demonstrated improved efficiency in air pollution mod-
els [25] and reactive flow simulations [26] compared to single-rate integrators and
multirate spectral deferred correction methods, respectively. Despite their success
in these areas, their application to electron and lattice dynamics simulated from first
principles remains unexplored.

In this chapter, we use adaptive RK and MRI time integration methods to simulate
coupled electron and phonon dynamics in the rt-BTE framework. This is done
by implementing an interface between the Perturbo code [9] and the sundials
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library [20, 21]. We achieve a significant reduction in computational cost while
retaining the same accuracy by using different and adaptive time steps for 𝑒-ph
and ph-ph interactions. We benchmark our approach on graphene, achieving a
reduction in computational cost by orders of magnitude for any choice of solution
tolerance. Finally, our adaptive and multirate time-stepping scheme allows us to
solve the coupled rt-BTE for bulk materials with reasonable computational effort,
a goal that has so far been considered out of reach. This is demonstrated by
studying nonequilibrium lattice dynamics in silicon (Si) and gallium arsenide, and
simulating the associated thermal diffuse scattering maps in silicon. Taken together,
we develop efficient and accurate simulations of nonequilibrium physics in real
materials, opening doors for future studies of ultrafast electronic and lattice dynamics
in materials driven by optical or terahertz pulses.

2.2 Methods
Adaptive time integration (ERK)
Adaptive-step explicit Runge-Kutta (ERK) methods target ordinary differential equa-
tions (ODEs),

𝑦′ = 𝑓 (𝑡, 𝑦), 𝑦(𝑡0) = 𝑦0. (2.1)

The solution vector 𝑦 of Eq. 1.5 contains all carrier and phonon populations in the
respective momentum grids:

𝑦(𝑡) =
[
𝑓𝑛k(𝑡)
𝑁𝜈q(𝑡)

]
, (2.2)

and the right-hand side (RHS) function in Eq. 2.1 is

𝑓 (𝑡, 𝑦) =
[

I𝑒-ph(𝑦)
Iph-𝑒 (𝑦) + Iph-ph(𝑦)

]
. (2.3)

To advance Eq. 2.1 from 𝑡𝑘−1 to 𝑡𝑘 = 𝑡𝑘−1 + ℎ𝑘 with a method of order 𝑝, we use

𝑧𝑖 = 𝑦𝑘−1 + ℎ𝑘
𝑖−1∑︁
𝑗=1

𝐴𝑖, 𝑗 𝑓 (𝑡𝑘, 𝑗 , 𝑧 𝑗 ), 𝑖 = 1, . . . , 𝑆, (2.4a)

𝑦𝑘 = 𝑦𝑘−1 + ℎ𝑘
𝑆∑︁
𝑖=1

𝑏𝑖 𝑓 (𝑡𝑘,𝑖, 𝑧𝑖), (2.4b)

𝑦̃𝑘 = 𝑦𝑘−1 + ℎ𝑘
𝑆∑︁
𝑖=1

𝑏̃𝑖 𝑓 (𝑡𝑘,𝑖, 𝑧𝑖), (2.4c)
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where there are 𝑆 stages, 𝑧𝑖, at times 𝑡𝑘, 𝑗 = 𝑡𝑘−1 + 𝑐 𝑗ℎ𝑘 , and the coefficients that
define the method for obtaining the new solution, 𝑦𝑘 , are given in the corresponding
Butcher tableau with 𝐴 ∈ R𝑆×𝑆, 𝑏 ∈ R𝑆, and 𝑐 ∈ R𝑆. The coefficients 𝑏̃ ∈ R𝑆

are used to obtain an embedded solution, 𝑦̃𝑘 , (typically of order 𝑝 − 1) and the
difference between the solution and embedding, 𝑦𝑘 − 𝑦̃𝑘 , provides an estimate of
the local truncation error (LTE) for adapting the step size [23]. The ERK results
above utilize the default adaptive ERK method in arkode, which is a five-stage,
fourth-order method from Zonneveld [27].

An attempted time step is accepted if it satisfies ∥LTE∥wrms ≤ 1 in the weighted
root-mean-square (WRMS) norm,

∥𝑣∥wrms =
©­« 1
N𝑦

N𝑦∑︁
𝑖=1

(𝑣𝑖𝑤𝑖)2ª®¬
1/2

, (2.5)

where N𝑦 = Nc+Nph is the length of the vector 𝑣, and the weights 𝑤𝑖 are defined by
the most recent solution 𝑦𝑛−1, the relative tolerance (rtol) and, the vector of absolute
tolerances (atol) as

𝑤𝑖 =
(
rtol |𝑦𝑛−1,𝑖 | + atoli

)−1
. (2.6)

The relative tolerance controls the number of digits of accuracy in the solution,
while the absolute tolerance sets the level below which differences in small solution
components are ignored. If a step attempt is rejected, a new step size is computed
based on the LTE, and the step is repeated. After successfully completing a step,
the LTE is similarly used to determine the step size for the next step attempt.

With an adaptive integration method, the time step is adjusted to satisfy user-defined
error tolerances, the choice of which is critical to adaptive integrator performance.
To solve the rt-BTE with adaptive time-stepping, we specify the relative and absolute
tolerances for carriers and phonons in sundials.

We employ the default error controller in arkode, the PID controller [28–30], for
step size selection,

ℎ′ = ℎ𝑘𝜀
−𝑎1/𝑝∗
𝑘

𝜀
−𝑎2/𝑝∗
𝑘−1 𝜀

−𝑎3/𝑝∗
𝑘−2 , (2.7)

where ℎ′ is the new step size and 𝜀𝑛, 𝜀𝑛−1, and 𝜀𝑛−2 are the WRMS norms of the error
estimates from the current and prior two time steps, respectively. The values of 𝜀𝑛−1

and 𝜀𝑛−2 are initialized to 1 and updated as steps are accepted. We use the default
PID parameter values (𝑎1 = 0.58, 𝑎2 = 0.21, and 𝑎3 = 0.1) except for 𝑝∗, where we
use the method order, 𝑝, rather than the embedding order. Additionally, we disable
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the step size adjustment thresholds, allowing any step size change between each step
rather than retaining the current step size if the step growth factor is small. These
adjustments to the default values are shown to be more efficient and lead to fewer
failed steps, larger step sizes, more frequent changes in step size, and smoother step
size profiles compared to the current default settings.

Multirate time integration (MRI)
MRI methods target ODEs with the RHS function split into fast and slow parts,

𝑦′ = 𝑓 𝑓 (𝑡, 𝑦) + 𝑓 𝑠 (𝑡, 𝑦), 𝑦(𝑡0) = 𝑦0, (2.8)

where 𝑒-ph interactions are considered the fast part and ph-ph interactions the slow
component:

𝑓 𝑓 (𝑡, 𝑦) =
[
I𝑒-ph(𝑦)
Iph-𝑒 (𝑦)

]
, 𝑓 𝑠 (𝑡, 𝑦) =

[
0

Iph-ph(𝑦)

]
. (2.9)

MRI methods advance the slow dynamics at a fixed time step, ℎ𝑠, while the fast
dynamics are evolved by solving an auxiliary ODE with an adaptive time step using
a sufficiently accurate method, such as an adaptive ERK method.

Explicit MRI methods for Eq. 2.8 with 𝑆 stages advance the solution from 𝑡𝑘−1 to
𝑡𝑘 = 𝑡𝑘−1 + ℎ𝑠 with the following algorithm:

1. Set 𝑧1 = 𝑦𝑘−1 and 𝑡𝑘,1 = 𝑡𝑘−1

2. For 𝑖 = 2, . . . , 𝑆

a) Let 𝑡𝑘,𝑖 = 𝑡𝑘−1 + 𝑐𝑖ℎ𝑠 and 𝑣(𝑡𝑘,𝑖−1) = 𝑧𝑖−1

b) Solve 𝑣′(𝑡) = 𝑓 𝑓 (𝑡, 𝑣) + 𝑟𝑖 (𝑡) on 𝑡 ∈ [𝑡𝑘,𝑖−1, 𝑡𝑘,𝑖] where:

𝑟𝑖 (𝑡) =
1
Δ𝑐𝑖

𝑖−1∑︁
𝑗=1

𝛾𝑖, 𝑗 (𝜏) 𝑓 𝑠 (𝑡𝑘, 𝑗 , 𝑧 𝑗 ),

𝜏 = (𝑡 − 𝑡𝑘,𝑖−1)/(Δ𝑐𝑖ℎ𝑠),
Δ𝑐𝑖 = 𝑐𝑖 − 𝑐𝑖−1

c) Set 𝑧𝑖 = 𝑣(𝑡𝑘,𝑖)

3. Set 𝑦𝑘 = 𝑧𝑆
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The abscissae are sorted, 0 = 𝑐1 ≤ · · · ≤ 𝑐𝑆 = 1, and they define the intervals over
which the fast auxiliary ODE in step 2(b) is solved to compute the stage values 𝑧𝑖.
If Δ𝑐𝑖 = 0, solving the fast auxiliary ODE in step 2(b) reduces to a standard ERK
stage update as in Eq. 2.4. The coefficient function,

𝛾𝑖, 𝑗 (𝜏) =
𝐾∑︁
𝑘=1

Ω𝑖, 𝑗 ,𝑘 𝜏
𝑘−1, (2.10)

is a polynomial in time with coefficients Ω𝑖, 𝑗 ,𝑘 ∈ R𝑆×𝑆×𝐾 that define the coupling
between slow and fast timescales.

The results above utilize the default MRI algorithm in arkode, a third-order mul-
tirate infinitesimal step (MIS) method [25, 31, 32] based on the explicit method
in Ref. [33]. MIS methods are a subset of MRI methods where the coupling co-
efficients are uniquely defined from an ERK method with 𝑆 = 𝑆 − 1 stages and
sorted abscissae. For third-order accuracy, the ERK method must also satisfy an
additional order condition [33]. In the MIS case, the forcing function 𝑟𝑖 (𝑡) reduces
to a constant value (𝐾 = 1) that depends on the stage index, 𝑖. The resulting MIS
method has abscissae 𝑐 = [𝑐1 · · · 𝑐𝑆 1]𝑇 and coupling coefficients:

Ω𝑖, 𝑗 ,1 =


0, if 𝑖 = 1,

𝐴𝑖, 𝑗 − 𝐴𝑖−1, 𝑗 , if 2 ≤ 𝑖 ≤ 𝑆,

𝑏 𝑗 − 𝐴𝑆−1, 𝑗 , if 𝑖 = 𝑆 + 1 = 𝑆

. (2.11)

In theory, the auxiliary ODE in step 2(b) is solved exactly with an infinitesimally
small step size; however, in practice, it is solved using any sufficiently accurate
method. Typically, the time steps ℎ 𝑓 that are used in evolving the ”fast” dynamics in
step 2(b) are significantly smaller than the steps ℎ𝑠 that evolve the ”slow” dynamics,
resulting in a multirate time step that evaluates 𝑓 𝑠 considerably less frequently than
𝑓 𝑓 . As a result, MRI methods may achieve significant speedup over traditional
single-rate methods for problems in which 𝑓 𝑠 is much more costly to evaluate than
𝑓 𝑓 . We use the same ERK method applied in the single-rate adaptive integration
tests as the fast timescale integrator.

Computational details
Choices of tolerances and reference solutions

Population error in this work is defined as ∥ 𝑓𝑛k(𝑡) − 𝑓𝑛k(𝑡)∥/∥ 𝑓𝑛k(𝑡)∥ for carriers
and ∥𝑁𝜈q(𝑡) − 𝑁̃𝜈q(𝑡)∥/∥𝑁̃𝜈q(𝑡)∥ for phonons. Since there is no analytical solution



23

for the coupled rt-BTE, we define reference solutions for error analysis, 𝑓𝑛k(𝑡) and
𝑁̃𝜈q(𝑡), which are obtained using the MRI method with a very small slow time step,
ℎ𝑠 = 0.01 fs, and tight tolerances in the fast timescale integration, rtol = 10−10 and
atolc = atolph = 10−15 for both carriers and phonons. Analyzing solution errors
with different reference solutions (Supplementary Fig. 2.12) confirms that the MRI
method converges significantly faster than RK4 across time step sizes.

For benchmark results in graphene, relative tolerance values for the simulations
(excluding the reference solution) are tested in the range 10−4 to 10−11, while the
absolute tolerances for MRI are fixed as atolc = 10−9 for carriers and atolph = 10−12

for phonons, and for ERK they are set as atolc = atolph = 10−15 to observe a wider
range of errors. rtol = 10−5 was used for graphene simulations unless specified.
For the simulation of Si, the fast timescale is integrated with the adaptive ERK
method using a relative tolerance rtol = 10−5 and absolute tolerances atol𝑐 = 10−9

for carriers and atolph = 10−11 for phonons. Convergence at these tolerance values
is confirmed by comparing with tests using tighter tolerances and smaller ℎ𝑠 values.
For GaAs, the fast timescale tolerances are set as rtol = 10−7 and atolc = 10−10 for
carriers and atolph = 10−12 for phonons.

First-principles calculations

We carry out first-principles calculations of 𝑒-ph and ph-ph scattering in graphene,
Si, and GaAs. We obtain the electronic ground state and band structure from density
functional theory (DFT) [6] with the Quantum ESPRESSO [8] package, using the
local density approximation and norm-conserving pseudopotentials [34]. The 𝑒-ph
matrix elements, defined in Eq. 1.1, are first computed on a coarse momentum
grid using DFPT. The 𝑒-ph matrix elements are then transformed to a maximally-
localized Wannier basis (generated using wannier90 [35]) and interpolated to finer
electron and phonon momentum grids. The second- and third-order inter-atomic
force constants (IFCs) in Eq. 1.2 using the TDEP [15], which computes the atomic
forces on structures with random thermal displacements distributed according to
a canonical ensemble. These calculations are carried out at 300 K employing
supercells with dimensions 12 × 12 × 1 for graphene, 6 × 6 × 6 for Si, and 8 × 8 × 8
for GaAs. The second-order IFCs are used to compute the phonon frequencies and
eigenvectors [36], and the third-order IFCs to compute the ph-ph matrix elements.

The nonequilibrium rt-BTE framework for coupled dynamics is described in detail
in Chapter 1 in Eq. 1.5 − 1.12.
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For graphene, the phonon scattering rates are converged for ph-ph matrix elements
computed on a q-grid with size 200 × 200 × 1, while full convergence of 𝑒-ph
scattering requires a 400×400×1 q-grid. The nonequilibrium dynamics calculation
employs this dense 400 × 400 × 1 grid, with ph-ph matrix elements interpolated on
the fly. The efficiency analyses in and Supplementary Figs. 1−3 are obtained
using 200 × 200 × 1 k- and q-grids. Delta functions enforcing energy conservation
in Eqs. 1.6, 1.9, and 1.10 are approximated by the Gaussian function 𝛿(𝐸) ≈
𝜋
𝜎

exp[−(𝐸/𝜎)2], where 𝜎 is a broadening parameter typically set to a few meV. A
small phonon frequency cutoff of 1 meV is employed. We use a Gaussian broadening
of 20 meV for the collision integrals I𝑒-ph and Iph-𝑒, and 2 meV for Iph-ph.

For silicon, the ph-ph matrix elements are computed on a 40× 40× 40 q-grid with a
phonon frequency cutoff of 0.2 meV. The 𝑒-ph matrix elements and the dynamics are
computed on a finer 80×80×80 q-grid. During the dynamics calculations, the ph-ph
matrix elements are interpolated onto this finer grid. The Gaussian broadening is
5 meV for I𝑒-ph and Iph-𝑒 and 1.1 meV for Iph-ph. Both the scattering rates and
the dynamics have been tested for convergence with respect to broadening and grid
size parameters. To find optimal grids for the nonequilibrium lattice dynamics, we
compute mode-resolved three-phonon scattering rates at 300 K with the same ph-
ph matrix elements employed in the time-domain simulations (see Supplementary
Fig. 4). The MRI method in arkode is used with a fixed slow time step ℎ𝑠 = 50 fs.

For GaAs, ph-ph matrix elements are computed on a 40 × 40 × 40 q-grid with a
phonon frequency cutoff of 0.2 meV. The 𝑒-ph matrix elements and the dynamics
are computed on a finer 120 × 120 × 120 q-grid. Gaussian broadening values of 8
meV and 0.56 meV are used for computing the I𝑒-ph and Iph-ph collision integrals,
respectively. The MRI method is used with ℎ𝑠 = 50 fs.

The Wannier interpolation, 𝑒-ph and ph-ph matrix computation, and ultrafast dy-
namics simulation described above are implemented in the Perturbo package [9].
Both MPI and OpenMP parallelizations are employed to sum over scattering chan-
nels when computing 𝑒-ph and ph-ph matrices, and to sum over k- and q-points
when computing the collision integrals.

The computational cost of evaluating 𝑒-ph and ph-ph collision integrals is deter-
mined by the number of possible scattering channels, as constrained by momentum
and energy conservation. Once these channels are identified, at each time step, the
cost depends only on summations over momenta and bands (for electrons) or modes
(for phonons) of two particles participating in the collision, while the state of the
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Figure 2.1: Coupled electron and phonon dynamics in graphene. Top row:
electron populations, 𝑓𝑛k(𝑡) (blue), and hole populations, 1− 𝑓𝑛k(𝑡) (green), mapped
onto the band structure at different time snapshots labeled in the panels, with point
sizes proportional to the populations. To the left of each panel, we show the carrier
populations as a function of energy by averaging over the BZ. Bottom row: change
in phonon populations, Δ𝑁𝜈q(𝑡), relative to the initial distribution, shown on the
phonon dispersion. The BZ-averaged change in populations is shown to the left of
each phonon dispersion plot. At time 𝑡 = 0, the initial carriers are set to a hot Fermi-
Dirac distribution at 4000 K, while the phonons follow a Bose-Einstein distribution
at 300 K.

third particle is determined by conservation laws and does not affect the scaling
complexity. Therefore, for 𝑒-ph interactions, the cost scales as Nc Nph, where Nc is
the number of carrier momenta and band indices, and Nph is the number of phonon
momenta and mode indices. In contrast, the computational cost for evaluating all
ph-ph collision integrals scales as N2

ph. In the low-excitation regime, the carriers
can be sampled within a few-eV energy window near the band edge or Fermi energy,
thus in practice Nph ≫ Nc. Given this, computing the ph-ph collision integral
Iph-ph and the phonon dynamics is significantly more expensive – in practical cal-
culations by 1–2 orders of magnitude – than computing the dynamics governed by
𝑒-ph interactions.

Auger and phonon-induced recombination processes, which typically occur on
longer timescales than those considered [37], are not expected to significantly im-
pact the carrier dynamics and therefore omitted from the simulations. However,
incorporating these processes into the rt-BTE remains a promising direction for
future work.
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2.3 Results
Electron and phonon dynamics in graphene
Leveraging adaptive and multirate time integration methods, we study the coupled
dynamics of carriers and phonons in graphene, where evolving the system for long
times, up to tens of ps to access lattice dynamics, is computationally expensive. The
initial state of excited carriers is set to a hot Fermi-Dirac distribution at 4000 K [16]
while the phonons are set to a Bose-Einstein distribution at 300 K.

Using a third-order MRI method, we are able to extend the simulations to 80 ps
with a reasonable computational cost. Figure 2.1 shows the carrier and phonon
populations along a high-symmetry path at various time snapshots, capturing the
main trends of the coupled dynamics. In the first ps, electrons and holes undergo
rapid cooling and emit A′

1 and E2g optical phonons with momenta near Γ and K, due
to the strong 𝑒-ph couplings with these phonons [38]. From 1 to 10 ps, the excess
optical phonons decay into acoustic phonons near Γ. The thermalization process
for flexural phonons is slow and extends to more than 80 ps.

Efficiency of adaptive and multirate time integration methods
Figure 2.2 provides a detailed benchmark of the efficiency improvements obtained
with the adaptive and multirate schemes for these graphene simulations. We compare
results obtained using RK4 with a fixed time step, an adaptive 4th-order ERK
method, and a third-order MRI method. The accuracy and computational cost
depend strongly on the choice of the following key parameters: the fixed time step
size ℎ in RK4, the fixed slow time step size ℎ𝑠 in the MRI method, and the tolerances
in the standalone ERK method (and also in the ERK method used for the MRI fast
timescale). In Fig. 2.2, we vary these parameters for each method and plot the carrier
and phonon population errors at 𝑡 = 0.5 ps against the corresponding computational
cost (runtime). The error is taken relative to a reference MRI solution with a small
step size ℎ𝑠.

With RK4, the solution error can be reduced systematically by using smaller time
steps at the expense of taking longer computation time. When the time step is too
long (here ℎ > 5 fs), the populations diverge at long enough simulation times. Error-
versus-cost results with the ERK method are obtained by tightening the relative
tolerance (rtol) from 10−4 to 10−11 while keeping the absolute tolerance fixed.
Results using the MRI method are obtained by varying ℎ𝑠 with fixed tolerance
values for the adaptive ERK method used for the fast timescale.
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Figure 2.2: Comparison of error and cost for solving the rt-BTE with different
methods. The carrier and phonon population errors at a fixed time (𝑡 = 0.5 ps) as
a function of CPU core-hour cost, shown for RK4 (orange), ERK (gray), and MRI
(green) time integration methods. Errors are computed as ∥ 𝑓𝑛k(𝑡)− 𝑓𝑛k(𝑡)∥/∥ 𝑓𝑛k(𝑡)∥
for carriers and ∥𝑁𝜈q(𝑡) − 𝑁̃𝜈q(𝑡)∥/∥𝑁̃𝜈q(𝑡)∥ for phonons, with the reference so-
lutions 𝑓𝑛k(𝑡) and 𝑁̃𝜈q(𝑡) obtained using the MRI with ℎ𝑠 = 0.01 fs and tight
tolerances. Each pair of cross and circle with the same color and CPU cost rep-
resents carrier and phonon population errors for the same simulation method and
parameter settings. These parameter changes are indicated schematically with ar-
rows for each method. For RK4, points from left to right represent results using a
progressively smaller time step, ℎ, from 5 fs to 0.01 fs. For MRI, results from left
to right correspond to the slow time step, ℎ𝑠, ranging from 20 fs to 0.05 fs. For
ERK, the relative tolerance ranges from 10−4 to 10−11 from left to right with a fixed
absolute tolerance.

Results for the ERK and MRI methods are in the lower-left corner of the error-
versus-cost map in Fig. 2.2, which indicates their superior performance compared
to RK4 with a fixed time step. These methods are more efficient over a wide range
of tolerances (ERK) and slow time step values (MRI), and are particularly robust in
reducing phonon population errors.

Detailed comparisons are helpful to quantify the performance improvement. The
carrier population error using the MRI method with ℎ𝑠 = 20 fs is comparable to
RK4 with a much shorter time step (ℎ = 1 fs, a typical step size chosen for 𝑒-ph
dynamics [16]), but the MRI method requires only∼10% of the computational effort
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of RK4 for a 0.5-ps simulation. In addition, the phonon population error with the
MRI method for the same settings is comparable to RK4 with an extremely short
time step, ℎ = 0.01 fs, but the computational cost for phonon dynamics is 1000x
smaller relative to RK4. For the same computational cost as RK4 with ℎ = 1 fs,
the MRI method improves the carrier accuracy by 3 orders of magnitude and the
phonon accuracy by 6 orders of magnitude. This dramatic improvement of efficiency
and accuracy within the MRI method is game-changing—for example, it enables
modeling nonequilibrium lattice dynamics up to long times (> 100 ps) and in bulk
materials. Compared to RK4, the different error convergence behavior of MRI and
ERK arises from the usage of adaptive time-stepping, which takes sufficiently small
time steps in the early part of the dynamics, when the system is far from equilibrium,
to limit error accumulation (see Supplementary Fig. 2.10d). In contrast, RK4 uses a
fixed time step, leading to a larger integration error during this critical time window.
Additional benchmarks for the ERK and MRI methods are shown in Supplementary
Fig. 2.10-2.11. Overall, these results show that population errors are related to the
adaptive step size and that both the absolute and relative tolerances contribute to
controlling the errors by limiting ℎ at early times. While adjusting the tolerance
with adaptive methods influences the shape of the work-precision curves, it does not
alter the overall conclusions for Fig. 2.2 in the main text.

The carrier and phonon population errors of the coupled dynamics simulated us-
ing different time integration methods and time-stepping parameters are shown in
Fig. 2.3. In all simulations, we find that the errors approach constant values after
0.5 ps, showing that the error-cost results in Fig. 2.2 are representative of the entire
dynamics of longer simulation times. Tolerances for both the ERK results and the
fast timescale integration in the MRI method are set to rtol = 10−5, atolc = 10−9,
and atolph = 10−12. With both the RK4 and MRI methods, the respective step sizes
ℎ and ℎ𝑠 determine how frequently the ph-ph collision integral Iph-ph is evaluated,
which is the main computational cost driver. To make a fair comparison, we set
ℎ = ℎ𝑠 in both methods. As shown in Fig. 2.3, with this setup the MRI results
are significantly more accurate than RK4, with accuracy greater by over 3 orders of
magnitude for ℎ = 0.5 fs and 8 orders of magnitude for ℎ = 5 fs.

To highlight the superior performance of the MRI method, we also consider a first-
order operator-splitting method where RK4 is employed with different fixed time
steps for the fast (𝑒-ph) and slow (ph-ph) components defined in Eq. 2.8. In this
case, each simulation step performs RK4 advances of the fast and slow parts with
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Figure 2.3: Solution error for the coupled dynamics in graphene. Population
errors for a carrier and b phonon dynamics as functions of time using different
time integration methods and parameters. The reference solution is the same as
in Fig. 2.2. Orange curves show solution errors for RK4 with fixed time steps
ℎ = 5 fs (square) and 0.5 fs (circle), or an operator splitting approach with RK4
using separate time steps for ph-ph (5 fs) and 𝑒-ph/ph-𝑒 collisions (0.5 fs) (triangle).
The green curves represent results for MRI with ℎ𝑠 = 5 fs (square) and 0.5 fs (circle).
The gray curve shows results for ERK with relative tolerance 10−5.
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separate fixed time steps. The results of this method with a 0.5 fs time step for 𝑒-ph
scattering and 5 fs for ph-ph scattering are plotted with orange triangles in Fig. 2.3.
In terms of both speed and accuracy, this operator-splitting method falls between the
RK4 results with ℎ = 0.5 fs and ℎ = 5 fs, without offering a clear improvement over
RK4 with a single time step. This time-splitting approach is, therefore, significantly
less efficient and accurate than the MRI and ERK methods. The same trends hold
for other combinations of fixed fast and slow time steps when using the operator
splitting method with RK4.

Our results for graphene demonstrate that the ERK and MRI methods can efficiently
solve the coupled rt-BTE by taking advantage of the inherently different timescales of
electron and phonon dynamics. More broadly, these findings suggest that adaptive
time-stepping can improve the efficiency and accuracy of simulations involving
coupled degrees of freedom in materials.

Silicon
We address the challenge of simulating lattice dynamics in bulk materials using first-
principles 𝑒-ph and ph-ph scattering processes on dense momentum grids, choosing
Si as a case study. This calculation is not feasible with fixed-step time integration
methods such as RK4, even with the high-performance rt-BTE parallel implemen-
tation in Perturbo [9]. As such, we employ a third-order MRI method paired with
an adaptive ERK method as the fast timescale integrator for this simulation. At
time zero, we initialize excited electrons in the conduction band of Si using a hot
Fermi-Dirac distribution at 2000 K (with concentration 4.6 × 1020 cm−3), while the
phonons are initially in thermal equilibrium at 300 K.

The coupled electron and phonon dynamics in Si are analyzed in Fig. 2.4. Figure 2.4a
illustrates the relaxation of excited electron populations in the X valleys of the lowest
conduction band. The top two panels show the increase in electron populations
𝑓𝑛k(𝑡) in the X valleys during the first picosecond. The bottom panel shows the
change in populations from 1 ps to 20 ps, indicating a modest redistribution near the
boundaries of the valleys and an even smaller change at their centers. The change
in phonon populations for different phonon modes is visualized in Fig. 2.4b. In the
first ps, most phonons are excited in the optical and longitudinal acoustic modes via
𝑒-ph interactions, mainly near the edge of the BZ or along the Γ-𝑋 high-symmetry
line. Between 1 ps and 20 ps, these optically excited phonons decay into acoustic
phonons, which progressively thermalize to long-wavelength lattice vibrations with
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Figure 2.4: Coupled dynamics of electrons and phonons in silicon. a Electron
populations, 𝑓𝑛k(𝑡) in the lowest conduction band at 0 ps and 1 ps, and the change in
the electron populations from 1 ps to 20 ps, Δ 𝑓𝑛k, shown in a 2D plane of the first BZ
at 𝑘𝑧 = 0. b Change in phonon populations, Δ𝑁𝜈q(𝑡), in the first BZ at times 1 ps and
20 ps, plotted separately for transverse acoustic (TA1 + TA2), longitudinal acoustic
(LA), transverse optical (TO1 + TO2), and longitudinal optical (LO) modes. c
Fractional change in diffuse scattering intensity, Δ𝐼 (q, 𝑡), for the (100) plane at 1 ps
and 20 ps simulation times.

𝑞 → 0 (Γ point in Fig. 2.4b).

Experiments have employed optical pump pulses to excite electrons in silicon and
track their ultrafast dynamics [39–42]. In the absence of first-principles simulations,
the two-temperature model [43] is commonly used to describe the energy transfer
from excited carriers to the lattice during the relaxation. A three-temperature model
(3TM) has also been used [41], which separately tracks the effective temperatures of
electrons, acoustic phonons, and optical phonons. However, the 3TM fails to cap-
ture key aspects of the dynamics, such as the distinct relaxation times of different
phonon modes and the long-time dynamics of acoustic phonons. This underscores
the advantage of the rt-BTE as a first-principles, mode-resolved framework for simu-
lating coupled carrier–lattice dynamics beyond the limitations of empirical models.
Supplementary Fig. 5 shows the time evolution of effective phonon temperatures,
highlighting the nonthermal behavior in the early stage of the dynamics and the
different effective temperatures and dynamics of individual phonon modes.
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Using the time-dependent phonon populations, we can connect our results with
widely used experimental probes of time-domain lattice dynamics, particularly ul-
trafast diffraction techniques. Momentum-resolved thermal diffuse X-ray scattering
(TDS) has been used extensively to determine phonon dispersions and study ultrafast
phonon dynamics [44–46]. The transient TDS at scattering vector q at time 𝑡, 𝐼 (q, 𝑡),
is obtained from the time-dependent phonon populations, phonon frequencies, and
structure factors 𝐹𝜈 (q, 𝑡) [47] as

𝐼 (q, 𝑡) ∝
∑︁
𝑗

1
𝜔𝜈q′

[
𝑁𝜈q′ (𝑡) + 1

2

]
|𝐹𝜈 (q, 𝑡) |2, (2.12)

where q′ = q − Kq is the momentum q folded to the first BZ, and Kq is the nearest
reciprocal lattice vector to q. The one-phonon structure factor 𝐹𝜈 (q, 𝑡) is defined as

𝐹𝜈 (q, 𝑡) =
∑︁
𝜅

𝑓𝜅 (q)√
𝜇𝜅

exp [−𝑔𝜅 (q)] (q · e𝜅𝜈q′) exp (−𝑖Kq · r𝜅) (2.13)

where 𝑓𝜅 (q) is the atomic scattering factor [48], r𝜅 is the equilibrium position of
atom 𝜅 in the unit cell, and 𝑔𝜅 (q) is the Debye-Waller factor.

Figure 2.4c shows the relative intensity change Δ𝐼 (q, 𝑡) = 𝐼 (q,𝑡)−𝐼 (q,𝑡=0)
𝐼 (q,𝑡=0) at 1 ps and

20 ps on the (100) plane, where Γ000 is at the center of the plot, and Γ220 and Γ121

are labeled in the plot. At 1 ps, the TDS primarily shows an increase in optical
phonons due to electron cooling. At 20 ps, the main contribution to the TDS is from
acoustic phonons, with the LA modes yielding a signal close to Γ and the TA modes
the “double-bar” patterns.

GaAs
To demonstrate the general applicability of our time-integration techniques be-
yond nonpolar materials, we simulate gallium arsenide (GaAs), a prototypical polar
semiconductor where long-range 𝑒-ph interactions dominate the carrier cooling pro-
cess [49–51]. In our simulation, the electrons are excited by a pump pulse centered
at 1.88 eV, corresponding to an excitation of 0.45 eV above the band gap. The pulse
amplitude is chosen to generate a carrier density of 1.1× 1019cm−3 at the end of the
50 fs pulse duration. We simulate the electron populations in the lowest conduc-
tion band and the excess phonon populations following the pulse and show them in
Fig. 2.5. (Holes are omitted from the simulation due to their minor contribution to
phonon dynamics.) The electrons exhibit slow relaxation in the time window from
0 to 20 ps, driven primarily by the accumulation of longitudinal optical phonons
(LO) generated through the Fröhlich interaction [52]. The slow decay of these LO
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Figure 2.5: Coupled electron and phonon dynamics in GaAs. Top row: electron
populations, 𝑓𝑛k(𝑡), mapped onto the band structure at different time snapshots
labeled in the panels, with point sizes proportional to the populations. Bottom
row: excess phonon populations, Δ𝑁𝜈q(𝑡), shown on the phonon dispersion. To the
left of each panel: populations (electrons) or change of populations (phonons) as a
function of energy averaged over the BZ. At time 𝑡 = 0, the electrons are excited
via a pump pulse 0.45 eV above the band gap, leading to a carrier concentration
of 1.1 × 1019cm−3 at the end of the 50 fs pulse. The phonons are initially set at a
Bose-Esinstein distribution at 300 K.

phonons creates a bottleneck that slows the electron cooling process [53]. This result
is shown in Supplementary Fig. 6, where we analyze the contribution of nonequi-
librium phonons to carrier cooling by simulating the same dynamics but including
only a subset of interactions in the rt-BTE, and then comparing the corresponding
time-dependent electronic temperatures.

Time step adaptivity is a key factor in improving the accuracy and efficiency of rt-
BTE simulations. Therefore, it is instructive to analyze the time step sizes selected
by the algorithm over the course of the simulation as the dynamics evolve. At early
stages of the carrier dynamics in the graphene simulation, the adaptive step size in
the ERK method is close to zero, and then it increases to about 5 fs after 400-fs sim-
ulation time (see Supplementary Fig. 1d). For both carrier and phonon populations,
ERK and MRI methods exhibit distinctly different error convergence characteristics
compared to RK4, when parameters are set to match the computational cost. This
difference underscores the need to resolve early-time dynamics, when the system is
far from equilibrium, to minimize error propagation to longer times. With reason-
able tolerances and slow time-step size choices, the average adaptive step with the
ERK method and the fast time step in the MRI method both reach a steady-state
value of 5 fs, suggesting that adaptive methods can find the characteristic timescales
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of physical interactions in the system.

These results show that adaptive and multirate time-stepping of the rt-BTEs enables
first-principles simulations of phonon dynamics up to long timescales in bulk crys-
tals, as well as modeling TDS experiments that are widely used to probe ultrafast
lattice dynamics.

2.4 Extension
With the success achieved by the MRI method above, which uses a fixed slow time
step for the ph-ph interactions, we further explore a fully adaptive ERK method to
solve the coupled rt-BTEs. Unlike simpler subcycling methods that either alternate
between evolving 𝑓 𝑠 and 𝑓 𝑓 or that freeze 𝑓 𝑠 throughout all fast steps, the fully
adaptive MRI method allows high-order coupling between the processes, including
methods with accuracy up to O(ℎ5

𝑠 ) and O(ℎ6
𝑠 ) [54, 55]. A considerably attractive

feature of MRI methods is that the fast time scale is defined at the continuum
level, allowing it to be solved using any desired algorithm that supports initial value
problems (IVPs) of the form

𝑣′𝑖 (𝑡) = 𝑓 𝑓 (𝑣) + 𝑟𝑖 (𝑡), 𝑡 ∈ [𝑡0,𝑖, 𝑡 𝑓 ,𝑖], 𝑣(𝑡𝑛,𝑖) = 𝑣0,𝑖, (2.14)

where the stage forcing function is a time-dependent linear combination of slow
function evaluations,

𝑟𝑖 (𝑡) =
𝑖−1∑︁
𝑗=0

𝛼𝑖, 𝑗 (𝑡) 𝑓 𝑠 (𝑧 𝑗 ), (2.15)

and the updated stage is given by 𝑧𝑖 = 𝑣(𝑡 𝑓 ,𝑖). The stage time intervals [𝑡0,𝑖, 𝑡 𝑓 ,𝑖],
stage initial condition 𝑣0,𝑖, and stage coefficients 𝛼𝑖, 𝑗 are defined by the specific MRI
method being used. The overall MRI time step solution is then given by the final
stage, i.e., 𝑦𝑛+1 = 𝑧𝑠. Note that this is different from the fixed-step MRI formulation
in Eq. 2.8, where the fast time scale is only solved on non-overlapping intervals of
the slow time step.

Results with fully adaptive MRI

We compare the performance of fully adaptive MRI methods against the fixed slow
step MRI, which was used in previous sections. They hereon are referred to as
ERK-MRI, as the fast scale is always solved with an adaptive ERK method of given
order.

Figure 2.6 presents the error–cost curves of ERK-MRI methods with varying fast
solver order and tolerance for simulations up to 𝑡 = 5 ps. The default fast solver
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Figure 2.6: Error-cost curves of ERK-MRI methods with varying order and
tolerance. Carrier and phonon population errors in graphene at 𝑡 = 5 ps as a
function of CPU core hours for MRI methods with fixed slow step ℎ𝑠 (denoted
ERK-MRI), similar to Fig. 2.2. The left panel illustrates varying order 𝑝 the fast
solver. The right panel shows varying relative tolerance rtol. For each run, ℎ𝑠 takes
values, from left to right of each panel, of 100, 50, 20, 10 and 5 fs. Circles and
crosses denote phonon and electron population errors, respectively. The reference
solution is obtained using ERK-MRI with ℎ𝑠 = 0.1 fs and tight tolerances.

used simulations in previous sections is ZONNEVELD_5_3_4 [27] a fourth-order
method. In the left panel, the relative tolerance is fixed at rtol = 10−5, while
atolc = 10−9 and atolph = 10−12, consistent with earlier simulations. An alter-
native fast solver of the 4th order, SOFRONIOU_SPALETTA_5_3_4 [56] (la-
beled as SOFRONIOU in the plot), achieves slightly improved accuracy as well
as lower computational cost, yielding approximately 16% for a required error level
of 10−6, at ℎ𝑠 = 100 fs. Further reducing the fast solver order to 𝑝 = 3 using
BOGACKI_SHAMPINE_4_2_3 [57] leads to additional cost savings without los-
ing accuracy. In the right panel of Fig. 2.6, the best-performing solver identified
on the left, labeled as BOGACKI, is used to examine the effect of varying relative
tolerance. Loosening rtol from 10−8 to 10−5 slightly improves computational cost
without sacrificing accuracy. In contrast, further loosening rtol to 10−2 increases the
error of carrier population by approximately an order of magnitude with negligible
reduction in the computational time at ℎ𝑠 = 5 fs. A close to 10% reduction in
computational cost is observed at looser rtol. Snapshots at 𝑡 = 0.5 ps and 𝑡 = 40 ps
exhibit the same trend, which is not shown here for brevity. Overall, these results
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Figure 2.7: Error–cost curves of GARK methods with varying order. Population
errors in graphene at 𝑡 = 0.5 ps and 𝑡 = 40 ps as a function of CPU core hours
for MRI methods with adaptive slow steps (denoted GARK) with solver orders of
either 3 or 4. For each panel, rtol takes values from left to right ranging from of
10−2 to 10−8 in increments of 10. 10−2 with fast and slow solver order 𝑝 𝑓 = 𝑝𝑠 = 4
is omitted because the simulation failed to complete. The reference solution is
obtained using ERK-MRI with ℎ𝑠 = 0.01 fs and tight tolerances for the left panel,
and ℎ𝑠 = 1 fs for the right panel.

highlight that both the fast solver order and tolerance can be systematically tuned to
optimize speedup while maintaining accurate carrier-population dynamics.

In the fully adaptive setting, performance is primarily governed by the adaptivity
strategy, the type and order of solvers, and the chosen tolerances. Figure 2.7 presents
the error–cost curves of fully adaptive MRI methods (denoted as GARK [54]) with
varying rtol for two different fast solvers for simulations up to 𝑡 = 0.5 ps and
𝑡 = 40 ps. The case 𝑝 𝑓 = 𝑝𝑠 = 3 corresponds to the same fast solver, BOGACKI,
used in Fig. 2.6. The slow solver order [24] is chosen to match the fast solver. It
can be shown that choosing 𝑝𝑠 = 4 and 𝑝 𝑓 = 2 can further enhance performance,
up to 30%, provided that the error controller can be optimized to more effectively
identify and reject failed steps (see Fig. 2.16). For simplicity, tolerances are chosen
to be the same for both slow and fast processes. The results are compared to using
a higher order fast solver with 𝑝 𝑓 = 𝑝𝑠 = 4 (ZONNEVELD in Fig. 2.6 for the
fast solver). The simulation error decreases systematically as rtol is tightened from
10−2 to 10−8, except for the case of rtol = 10−2 using the fourth-order method,
which is omitted due to solver failure to complete the simulation. Further analysis
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Figure 2.8: Error–cost comparison of GARK and ERK-MRI methods. Popu-
lation errors in graphene at 𝑡 = 0.5 ps and 𝑡 = 40 ps as a function of CPU core
hours for GARK and ERK-MRI. For each panel, rtol takes values from left to right
ranging from 10−3 to 10−8 for the GARK method; ℎ𝑠 takes values of 200, 100, 50,
20, 10 and 5 fs for the ERK-MRI method.

of the time step evolution reveals that the solver is unable to identify a fast time
step value that satisfies the error criteria at a specific point during the simulation.
Tightening rtol for the slow process to 10−5, while keeping it at 10−2 for the fast
process, successfully resolves the issue.

Although for rtol ranging from 10−4 to 10−8, the computational cost decreases
monotonically with looser tolerances, for the fourth-order method with rtol = 10−2

at 𝑡 = 0.5 ps, represented by the circle at phonon error of approximately 4 × 10−6,
the computational cost instead increases. Similarly, for rtol of 10−2 and 10−3 at
𝑡 = 40 ps with 𝑝 𝑓 = 𝑝𝑠 = 3 and 10−3 with 𝑝 𝑓 = 𝑝𝑠 = 4, the cost is also higher
than that obtained with the next tighter tolerance. This non-monotonic behavior can
be attributed to the fact that loosening rtol leads to an increased number of failed
steps, which require additional computational effort to reattempt and complete the
simulation.

Overall, the higher-order GARK method shows consistently better performance
across simulation times, especially for longer simulations. Comparing Fig. 2.7 to
Fig. 2.6, we find that the choice of solver order plays a critical role. We also explored
other fully adaptive methods, including SR and MERK schemes [54, 58]; however,
both underperform GARK methods by an order of magnitude in computational
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speed at comparable accuracy, regardless of solver order.

Figure 2.8 compares the performance of fully adaptive GARK methods against
fixed slow step ERK-MRI methods for simulations up to 𝑡 = 0.5 ps and 𝑡 = 40 ps.
The fixed step methods use the BOGACKI fast solver identified as optimal in
Fig. 2.6, while the fully adaptive GARK methods uses ZONNEVELD as the fast
and slow solvers, which was found to be optimal in Fig. 2.7. Two different choices
of rtol for the fast scale are shown for ERK-MRI method, while GARK method
varies rtol from 10−3 to 10−8. Comparing the left and right panels, we observe
a crossover for the efficiency of the two methods across simulation times. For a
short simulation (𝑡 = 0.5 ps), the fixed step ERK-MRI method outperforms the fully
adaptive GARK method across all tolerances considered. However, for a longer
simulation (𝑡 = 40 ps), the fully adaptive GARK method becomes more efficient,
especially at tighter tolerances. This crossover can be attributed to the ability of
the fully adaptive GARK method to dynamically adjust the slow time step based on
the evolving dynamics without an imposed upper limit. These results highlight the
advantages of fully adaptive multirate methods for simulating coupled electron and
phonon dynamics over extended timescales.

Finally, we analyze the time-step evolution of GARK methods over long simulation
times in Fig. 2.9. As shown in Fig. 2.9a and d, for two choices of rtol, 10−3 and 10−5,
the slow step size ℎ𝑠 starts from a small value at the beginning of the simulation
and gradually increases to the same steady-state value in both cases. A similar trend
is observed for the fast step in GARK, as shown in Fig. 2.9b and e. This behavior
of the fast step is consistent with that observed for the ERK method, as shown in
Supplementary Fig. 2.10. Figure 2.9c and f show the simulation time advancement
as a function of the number of fast steps taken, which more clearly illustrates the
fast step evolution with the restarts induced by failed slow steps.

The choice in rtol primarily affects the number of failed steps taken during the
simulation, as well as the elapsed simulation time before the steady-state step sizes
are reached. For relatively tight tolerances, time step sizes for both slow and fast
processes do not "overshoot" from steady-state value. For example, in the case of
rtol = 10−6 (not shown here for brevity), the slow time step size reaches steady
state at around 75 ps simulation time without exceeding 2200 fs. Similarly, for the
fast step, the simulation time elapsed before reaching steady state increases with
tighter tolerance, while the steady-state value remains unchanged. This behavior
aligns with the observation of ERK method shown in Supplementary Fig. 2.10.
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Figure 2.9: Adaptive time step evolution for GARK methods in the graphene
simulation. a Slow step size ℎ𝑠 as a function of simulation time for GARK methods
with rtol = 10−3; red crosses represent failed steps. b Fast step size ℎ 𝑓 as a function
of simulation time. The inset resolves the first 0.5 ps of the simulation. Apparent
reversals in time of lines connecting the fast steps correspond to restarts of the slow
step after a failure. c Simulation time advancement in fs as a function of fast steps
taken, which more clearly illustrates the fast step behaviors with slow step restarts.
d, e, f Same as a, b, c, respectively, but for rtol = 10−5.
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With rtol = 10−5, the GARK method can reach a steady-state ℎ𝑠 of approximately
without large oscillations around 2000 fs, avoiding excessive failed steps and addi-
tional computational cost observed for 10−3. Even without error analysis at longer
simulation time (∼ 100 ps), based on the results in Fig. 2.9 and Fig. 2.8, one can
expect that the fully adaptive fourth-order GARK method with rtol = 10−5 will
outperform the case with rtol = 10−4, because the latter exhibits more failed steps
beyond 40 ps.

From these results, we conclude that the optimal choice of tolerances exists and
depends on the timescale of interest in the simulation. More importantly, the fully
adaptive scheme provides further evidence that adaptive time-stepping can identify
the intrinsic timescales of physical interactions in the system. Both the fast and slow
time steps converge to steady-state values that reflect the characteristic relaxation
times of 𝑒-ph and ph-ph interactions in graphene, respectively.

2.5 Discussion
In addition to improving efficiency, using adaptive methods eliminates the need to
converge the solution with respect to the chosen time step for both ERK and fully
adaptive MRI methods. Both schemes, as well as ERK-MRI methods, enhance
efficiency compared to fixed time step methods. (The only point to note is that if the
chosen slow time-step size is unnecessarily small, the solution will be more accurate
than required, as the adaptive fast time step is constrained to be smaller than the
slow time step, leading to a higher computation cost.)

The range of nonequilibrium dynamics that can be addressed with multirate methods
is not limited to the coupled electron and phonon system studied here. Dynamics of
excitons and other elementary excitations can also be studied from first principles,
including their couplings with the lattice [59, 60]. Frameworks beyond the rt-
BTE, including TDDFT, master-equation methods such as the Liouville or Lindblad
equations, and NEGF could all greatly benefit from the multirate and adaptive time-
stepping shown in this work. This advance provides a new tool for addressing a
potentially wide range of problems in nonequilibrium materials physics, including
modeling and interpreting time-domain spectroscopy and diffraction experiments.

2.6 Conclusion
In summary, we applied adaptive and multirate time-stepping methods to accelerate
simulations of coupled electron and phonon dynamics using the rt-BTE. We achieve
a 10- to 100-fold speedup relative to fixed time step methods with the same accuracy,
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or orders of magnitude greater accuracy when setting simulation parameters to
enforce equal computational cost. Beyond computational efficiency, our approach
can automatically adapt the time integration to the intrinsic timescales of physical
interactions in the system. This advance sets the stage for studying nonequilibrium
dynamics at longer timescales and for a wider range of coupled degrees of freedom
in materials, including electron, spin, phonon, and other excitations, opening the
door to exploring new physical regimes. Future directions include adding explicit
treatments of light pulses, coherent electron and phonon dynamics, and higher-
order phonon interactions to explore novel quantum states and dynamical control of
materials, such as phonon-driven Floquet engineering and time-domain tuning of
physical properties, order parameters, spin texture, and crystal structure.

2.7 Supplementary information
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Figure 2.10: Effect of tolerances with an adaptive ERK method. a. Carrier and
phonon population errors in graphene as a function of the relative tolerance, rtol,
with the ERK method, obtained using atolc= atolph= 10−15, for simulation times 100
fs and 500 fs. b. Population errors as a function of rtol using the ERK method with
atolc= 10−9 and atolph= 10−12. c. Evolution of the ERK method adaptive time-step
size, ℎ, for different choices of rtol (see legend in panel d) using the same absolute
tolerances as in a. d. Evolution of the ERK method adaptive time-step size, ℎ, with
absolute tolerance as in b, and rtol from 10−4 to 10−8.
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Figure 2.11: Effect of tolerance and slow time-step size with an MRI method.
Evolution of the MRI method fast time-step size, ℎ 𝑓 , for different choices of fixed
slow time-step size, ℎ𝑠. From left to right ℎ𝑠 = 5 fs, 20 fs, and 50 fs. The results are
for ultrafast dynamics in graphene. Data in blue are obtained with loose tolerance
values (rtol = 10−5, atolc= 10−9, and atolph= 10−12) for the adaptive ERK method
used as the fast timescale integrator while data in orange is obtained with tight
tolerances (rtol = 10−10 and atolc = atolph = 10−15). Small ℎ𝑠 values limit the
maximum fast time-step size. For large enough ℎ𝑠 values, the average fast step size
is determined by the underlying dynamics and tolerance values.
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Figure 2.12: Choice of reference solution for rt-BTE benchmarks. To validate
our use of an MRI method with ℎ𝑠 = 0.01 fs as the reference solution, we show the
population errors for charge carriers (top) and phonons (bottom) for RK4 (orange),
ERK (gray) and MRI (green) methods relative to different reference solutions.
From left to right, errors are shown using as reference, respectively, RK4 with
ℎ = 0.01 fs, ERK with atol𝑐 = atolph = 10−15 and rtol = 10−10, and MRI with ℎ𝑠 =
0.01 fs and the same tolerances for the fast timescale ERK method. The errors of
candidate reference solutions are highlighted with black contours. Out of these three
different reference solutions, only errors computed against accurate MRI simulations
(right column) exhibit a progressive decrease with increasing accuracy − and thus
increasing CPU core-hour computational cost − for all three methods, making
accurate MRI calculations an ideal reference choice. (The increasing accuracy is
achieved by decreasing step sizes or tightening tolerance levels in all three methods.)
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Figure 2.13: Phonon scattering rates in silicon. Mode-resolved phonon scattering
rates in silicon from anharmonic ph-ph interactions, computed using an 80×80×80
q-point grid and labeled according to the type of phonon mode − longitudinal (L)
or transverse (T), and acoustic (A) or optical (O). Because of their lower scattering
rates, TA phonons are expected to relax more slowly than other phonon modes, with
a characteristic timescale of order 10−100 ps.

Figure 2.14: Phonon effective temperatures in silicon. Time-dependent effective
temperatures for different phonon modes, obtained by analyzing the coupled electron
and phonon dynamics in silicon. The effective temperature is computed as 𝑇𝜈 (𝑡) =
1
𝑁q

∑
q 𝑇𝜈q(𝑡), where 𝑇𝜈q(𝑡) is obtained by inverting 𝑁𝜈q(𝑡) = [𝑒ℏ𝜔𝜈q/𝑘𝐵𝑇𝜈q (𝑡) − 1]−1,

𝑘𝐵 being the Boltzmann constant. The rapid increase of LO-mode temperature
at short times is due to 𝑒-ph interactions, which generate a large excess of LO
phonons on a 10−600 fs timescale. At longer times, different modes trade energy
and thermalize through ph-ph interactions.
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Figure 2.15: Effective electron temperatures in GaAs. Electron temperatures
extracted from fitting the populations to a Fermi-Dirac distribution. The blue,
green, and orange curves represent simulations including only electron-phonon
(𝑒–ph) scattering, both 𝑒–ph and phonon-electron (ph–𝑒) scattering, and all three
scattering processes: 𝑒–ph, ph–𝑒, and ph–ph, respectively. The fastest electron
cooling occurs when only 𝑒–ph scattering is included. A comparison between the
orange and green curves shows that ph–ph scattering accelerates electron cooling
at later times. This behavior reveals the hot phonon bottleneck effect, arising from
an overpopulation of longitudinal optical (LO) phonons combined with weak ph-ph
scattering that slows down energy dissipation in the electronic system.
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Figure 2.16: Error-cost comparison of fine-tuning solver orders and step con-
troller. Population errors in graphene at 𝑡 = 40 ps as a function of CPU core hours.
The grey dots represent results using the ERK-MRI method with varying fixed slow
step size. The label s4f4 represent using GARK with a slow solver of order 𝑝𝑠 = 4
and a fast solver of order 𝑝 𝑓 = 4, which is carefully chosen as the optimal solver
combination from results represented by Fig. 2.7. Tight ftol represent using an
rtol for the fast process that is tighter than rtol for the slow process using the same
solvers with GARK. We see that relaxing 𝑝 𝑓 to 2 does not change the simulation
time but reduces accuracy of carrier population. However, capping the maximum
allowed adaptive fast time step ℎ 𝑓 to 3.5 fs significantly reduces computational time
at similar accuracy. This is because the fast time step ℎ 𝑓 can grow too large in some
steps, leading to failed steps and extra computation time. By capping ℎ 𝑓 , we avoid
these failed steps and improve efficiency.
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C h a p t e r 3

DYNAMIC MODE DECOMPOSITION OF NONEQUILIBRIUM
ELECTRON-PHONON DYNAMICS

This chapter is adapted from the published work:

I. Maliyov, J. Yin, J. Yao, C. Yang, and M. Bernardi, npj Comput. Mater. 10, 123
(2024),
J.Y. participated in the computational research and manuscript preparation.

3.1 Introduction
Data-driven techniques are increasingly employed in materials modeling, both for
accelerating computational workflows and to gain physical insight using learning
algorithms [1, 2]. In particular, dynamic mode decomposition (DMD), which
was developed in the last decade to study fluid dynamics, is a valuable tool to
linearize dynamical problems and reduce their dimensionality [3, 4]. In DMD,
explicit simulation of a short initial time window allows one to learn the dominant
modes governing the dynamics and extrapolate the simulation to future times at low
computational cost. Recent work has employed DMD to study electron dynamics
described by model Hamiltonians with purely electronic interactions [5, 6]. Yet, to
date DMD has not been applied to more computationally intensive first-principles
studies.

We combine DMD with first-principles calculations of nonequilibrium electron
dynamics, using the framework of the rt-BTE in the presence of 𝑒-ph collisions and
external fields. Following an initial excitation, the rt-BTE is propagated in time to
reach thermal equilibrium or steady state in an external field. However, evaluating
the scattering integral at each time step makes the rt-BTE approach computationally
demanding even for materials with a handful of atoms in the unit cell.

We show that DMD provides an order-of-magnitude computational speed-up while
retaining the full accuracy of the first-principles rt-BTE. In addition, DMD reveals
key momentum-space temporal patterns and achieves a significant dimensional-
ity reduction of the nonequilibrium physics. Our results include both high-field
transport and transient excited-state dynamics, and are accompanied by a careful

https://doi.org/10.1038/s41524-024-01308-4
https://doi.org/10.1038/s41524-024-01308-4
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DMD learning DMD prediction

SVD:
Diagonalize frequencies

modes

mode amplitudes      from 

Figure 3.1: Workflow of DMD plus rt-BTE calculations. The first 𝑀 steps of the
dynamics, which make up the sampling window for DMD learning, are simulated
by solving the rt-BTE. The resulting populations 𝑓k(𝑡) are stacked in the X1 and X2
matrices with a relative shift of one time step. The dynamics at later times 𝑡 > 𝑡𝑀 is
predicted with DMD using the 𝑟 leading modes obtained by SVD of the matrix X1
and diagonalization of the matrix Ã = Ũ†AŨ.

characterization of convergence with respect to the size of the sampling window
during which DMD learns the dominant modes.

3.2 Methods
First-principles rt-BTE
We describe the electron distribution using the time-dependent populations 𝑓𝑛k(𝑡),
which quantify the occupation of each electronic state |𝑛k⟩, where k is the electron
crystal momentum and 𝑛 is the band index (from now on we omit the band index to
simplify the notation). Starting from an initial distribution at time zero, 𝑓k(𝑡 = 0),
in the rt-BTE the populations evolve according to [7]

𝜕 𝑓k(𝑡)
𝜕𝑡

= −F
ℏ
· ∇k 𝑓k(𝑡) + I[ 𝑓k(𝑡)], (3.1)

where I[ 𝑓k(𝑡)] is the collision integral accounting for 𝑒-ph scattering processes in
momentum space and F includes any external fields applied to the system.

The rt-BTE simulations use dense momentum grids to accurately describe scattering
between electronic states via absorption and emission of phonons. The required grid
sizes are typically greater than 100×100×100 for both electron and phonon momenta.
We time-step equation 3.1 using explicit solvers (Euler or 4th-order Runge-Kutta)
or more advanced Strang splitting techniques [8].
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DMD learning and prediction of the dynamics
We employ DMD in combination with rt-BTE simulations. The DMD approach
linearizes the dynamics by relating the states of the system at times 𝑡 and 𝑡 + Δ𝑡 via
a time-independent matrix A [9, 10]. Focusing on the 𝑒-ph dynamics, this amounts
to advancing the electronic populations at time 𝑡 using

𝑓k(𝑡 + Δ𝑡) = A 𝑓k(𝑡), (3.2)

where the populations 𝑓k form a vector with size 𝑁 equal to the number of k-points
in the electronic momentum grid (typically, 𝑁 ≈ 105−106). To obtain the matrix A,
we time-step the rt-BTE in a sampling window consisting of 𝑀 time steps and then
we form two matrices X1 and X2 relating the populations at times 𝑡 and 𝑡 + Δ𝑡. The
populations 𝑓k(𝑡) from 𝑡1 to 𝑡𝑀−1 are stacked column-wise in the matrix X1, with
column 𝑖 corresponding to time 𝑡𝑖 and containing the populations 𝑓k(𝑡𝑖) for all k-
points and bands. The populations from 𝑡2 to 𝑡𝑀 are similarly stacked column-wise
in the second matrix X2.

According to equation 3.2, these matrices are related by X2 = AX1, but computing
A naively from the pseudoinverse of X1 has a prohobitive cost due to the large size
𝑁 of the k-point grid. To circumvent this problem, in DMD one first performs a
truncated singular value decomposition (SVD) [11, 12] of the X1 matrix:

X1 = U𝚺V†, (3.3)

where𝚺 ∈ R𝑁×(𝑀−1) is a matrix with diagonal entries equal to the singular values𝜎𝑗
arranged in decreasing order, while U ∈ C𝑁×𝑁 and V ∈ C(𝑀−1)×(𝑀−1) are matrices
collecting the mutually orthogonal singular vectors [13]. (Above, V† indicates the
Hermitian conjugate of V.)

Because X1 contains the time-dependent populations, this SVD procedure can single
out the main patterns in the momentum-space dynamics. Here, we keep only the
first 𝑟 singular values (typically, 𝑟 ≈ 10) to restrict the solution space to the leading
𝑟 momentum-space modes, and then project the matrix A onto this reduced 𝑟-
dimensional space. This procedure provides the matrix Ã, with reduced size 𝑟 × 𝑟,
which can be diagonalized straightforwardly to obtain the dominant DMD modes.
Using this procedure, the populations at future times 𝑡 > 𝑡𝑀 are predicted − that is,
obtained without explicit solution of the rt-BTE − using

𝑓k(𝑡 > 𝑡𝑀) ≈
𝑟∑︁
𝑙=1

𝑏𝑙 𝜙
𝑙
k 𝑒

𝑖𝜔DMD
𝑙

𝑡 , (3.4)
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where 𝜙𝑙k are the momentum-space DMD modes obtained from the matrix Ã, and
𝜔DMD
𝑙

and 𝑏𝑙 are their frequencies and amplitudes.

We summarize the main steps of this DMD procedure, which are illustrated in Fig.
3.1:

1. Simulate the rt-BTE dynamics for the first 𝑀 steps and construct the matrices
X1 and X2;

2. Perform SVD on X1 to find the matrix Ã in the reduced 𝑟-dimensional space;

3. Diagonalize Ã to find the DMD modes 𝜙𝑙k and their frequencies 𝜔DMD
𝑙

, with
𝑙 = 1 . . . 𝑟;

4. Obtain the mode amplitudes 𝑏𝑙 from the initial condition 𝑓k(𝑡1);

5. Predict the dynamics for 𝑡 > 𝑡𝑀 using equation 3.4.

A key parameter is the duration of the sampling window (𝑡𝑀) required for accurate
DMD extrapolation of the dynamics beyond 𝑡𝑀 . As the computational cost of DMD
is negligible, the size of the sampling window, during which the rt-BTE is solved
by explicit time-stepping, determines the computational cost of the entire workflow.

Computing DMD modes and frequencies
Let us describe in more detail the calculation of DMD modes and frequencies. We
start from the snapshots 𝑓k(𝑡) evaluated explicitly with the rt-BTE in the sampling
window 𝑡1 < 𝑡 < 𝑡𝑀 , and then apply the SVD procedure to the matrix X1 (see
Eq. 3.3). As shown in Fig. 3.2b, we find that the singular values 𝜎𝑗 decay rapidly.
Keeping only the largest 𝑟 ≈ 10 singular values, we write the SVD of X1 as

X1 ≈ Ũ𝚺̃Ṽ†, (3.5)

where we defined the economy-sized matrices in the 𝑟-dimensional subspace [13]
as 𝚺̃ = 𝚺(1 : 𝑟, 1 : 𝑟), Ũ = U(1 : 𝑁, 1 : 𝑟), Ṽ = V(1 : 𝑀 − 1, 1 : 𝑟). This way,
the approximate pseudo-inverse of the matrix X1, denoted as X1

+, can be obtained
with little effort as Ṽ𝚺̃−1Ũ†. Then the matrix A relating the snapshot matrices via
X2 = AX1 can be written as

A = X2X1
+ = X2Ṽ𝚺̃−1Ũ†. (3.6)
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Note that the matrix A depends on the sampling window. Due to its large 𝑁 × 𝑁
size (here, 𝑁 ≈ 105 is the number of k-points), diagonalizing A is computationally
expensive. In DMD, a key step is rewriting this matrix in the reduced 𝑟-dimensional
space:

Ã = Ũ†AŨ = Ũ†X2Ṽ𝚺̃−1, (3.7)

allowing for straightforward eigenvalue decomposition:

ÃW = W𝚲, (3.8)

where the matrix W contains the eigenvectors of Ã and the eigenvalues𝚲 = diag{𝜆𝑙}
are common to both matrices Ã and A [14]. The DMD modes, stacked column-wise
in the matrix 𝚽 =

(
𝝓1 𝝓2 · · · 𝝓𝑟

)
∈ C𝑁×𝑟 , can be obtained using [14]

𝚽 = X2Ṽ𝚺̃−1W. (3.9)

The DMD frequency of mode 𝑙 is obtained from the corresponding eigenvalue 𝜆𝑙
using equation 3.8,

𝜔DMD
𝑙 = −𝑖 ln𝜆𝑙

Δ𝑡
, (3.10)

where Δ𝑡 is the simulation time step. To circumvent the potential addition of a
2𝜋𝑚 𝑖, 𝑚 ∈ Z term due to ln𝜆𝑙 computation, we evaluate the logarithm in the
following way: ln𝜆𝑙 = ln |𝜆𝑙 | + 𝑖 arg(𝜆𝑙), where we take the principal value of a
complex argument defined in (−𝜋, 𝜋].

The mode amplitudes b =
(
𝑏1 𝑏2 · · · 𝑏𝑟

)
∈ C𝑟 are obtained from the initial condition.

Setting 𝑡 = 0 in equation 3.4, we get

𝑓k(0) = 𝚽b, (3.11)

and thus the mode amplitude vector b is obtained from the pseudo-inverse of the
DMD mode matrix 𝚽:

b = 𝚽+ 𝑓k(0). (3.12)

The pseudo-inverse of the matrix 𝚽 is computed using truncated SVD and has a
negligible computational cost compared to SVD of the X1 matrix due to (𝑁, 𝑟)
dimensions of the matrix 𝚽.

This approach provides the DMD modes 𝜙𝑙k, frequencies 𝜔DMD
𝑙

, and mode ampli-
tudes 𝑏𝑙 , and thus all the quantities needed for DMD prediction of the dynamics
outside the sampling window (𝑡 > 𝑡𝑀) using equation 3.4.
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Electron-phonon scattering from first principles
Our first-principles calculations of 𝑒-ph scattering employ an established workflow,
which is summarized here and described in more detail in Ref. [7]. The electronic
wave functions and band energies are obtained the same way as in Chapter 2. The
electronic quasiparticle band structure is refined using GW calculations carried out
with the YAMBO code [15]. This step improves the agreement with experiment
of the electron effective masses and relative valley energies, which are essential for
precise calculations of high-field dynamics [8] and excited electron relaxation [16].
The phonon dispersion, 𝑒-ph interactions and the Wannier-Fourier interpolation are
computed the same way as in Chapter 2. Dirac delta functions expressing energy
conservation are implemented as Gaussians with a small (∼5 meV) broadening.

3.3 Results
High-field electron dynamics
We employ our DMD-based approach to simulate time-domain electron dynamics in
an applied electric field in the presence of 𝑒-ph collisions. We recently demonstrated
similar calculations using the rt-BTE without the aid of data-driven techniques [8].
Here we use this case study to explore the accuracy and efficiency of our rt-BTE plus
DMD approach as well as find optimal values for the sampling window and analyze
the momentum-space DMD modes. Our calculations focus on electrons in GaAs,
where the conduction band has three sets of low-energy valleys, at Γ and near 𝐿 and
𝑋 in order of increasing energy [17] (see the inset in Fig. 3.2a). Upon applying an
electric field, the electrons are accelerated to higher band energies while they also
transfer part of that excess energy to the lattice via 𝑒-ph collisions. These competing
mechanisms lead to a steady-state electronic distribution which is typically reached
on a picosecond to nanosecond time scale.

Our simulations begin with electrons in thermal equilibrium with the lattice at 300 K.
We apply a constant electric field E and time step the electron populations until they
reach the steady state distribution, 𝑓 E

k , from which we compute the mean drift
velocity, 𝑣(E), a quantity routinely measured in experiments [18–20]. Repeating
this procedure for multiple field values allows us to construct the full drift velocity
versus electric field curve in a material, starting from linear response at low field to
velocity saturation at high field [8].

Figure 3.2a shows the time-dependent populations in four regions of the Brillouin
zone following the application of a high field (5 kVcm−1). Electrons initially oc-
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Figure 3.2: DMD simulations of electrons in GaAs in an applied electric field.
a, Time-dependent electron populations 𝑓k(𝑡) for four electron momenta. The gray
region indicates the shortest sampling window (0.4 ps) and the red vertical line the
longest sampling window we tested (2 ps). Solid black lines show the rt-BTE results
and orange dashed lines the DMD predictions obtained using the longest sampling
window. The inset is a schematic of the low-energy band structure of GaAs showing
the Γ- and higher energy 𝐿- and 𝑋-valleys. b, Singular values of the X1 matrix,
with the ten largest singular values used in our DMD calculations separated by a
vertical line. c, DMD frequencies plotted in the complex plane and shown as circles
with radii proportional to the DMD mode amplitudes 𝑏𝑙 . In panels a, b, and c, the
colors indicate the duration of the DMD sampling window according to the legend
given in (c). d, DMD momentum-space modes 𝜙𝑙k, multiplied by the corresponding
amplitudes 𝑏𝑙 , given as a function of energy. The initial state 𝑓k(𝑡1) is shown with a
dashed line. e, Convergence of the steady-state drift velocity with respect to duration
of the DMD sampling window. The rt-BTE value is shown for reference as a dashed
line.

cupying the Γ-valley scatter to the higher-energy 𝐿- and 𝑋-valleys. As a result,
the electron populations in the Γ-valley decrease, with a corresponding increase in
𝐿- and 𝑋-valley populations. In regions of momentum space between the Γ- and
𝐿-valleys the populations peak at intermediate times and then relax to lower values.

This dynamics is nontrivial because the populations evolve differently in different
momentum-space regions, making accurate predictions challenging. Our DMD
approach can learn the dominant modes governing this intricate dynamics and
extrapolate the time-dependent populations well beyond the sampling window. Re-
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markably, we find that a short sampling window − 400 fs to 2 ps out of a total
simulation time of 12.5 ps − is sufficient to extrapolate the dynamics all the way to
steady state, with rt-BTE and DMD trajectories in nearly exact agreement outside
the sampling window (Fig. 3.2a). This accuracy extends to the entire set of ∼105 k-
points considered in our simulations, providing carrier number conservation within
1% error.

The ability to learn key temporal momentum-space patterns is a consequence of the
relatively rapid decay of the singular values of the X1 matrix used for learning the
dynamics in the sampling window (Fig. 3.2b). This decay becomes slower as the
sampling window increases, but it remains significant even for the longest sampling
window of 2 ps used here (note the log scale in the plot). In turn, the singular value
decay enables a striking dimensionality reduction, with DMD employing only 𝑟≈10
modes to solve the dynamics as opposed to 105 populations 𝑓k and billions of 𝑒-ph
scattering terms in the rt-BTE.

The choice of an ideal sampling window can rely on the appearance of specific
DMD modes at steady state. Figure 3.2c shows the DMD mode frequencies 𝜔DMD

in the complex plane, where the imaginary part of 𝜔DMD corresponds to the decay
rate of a given mode and the real part gives its oscillation frequency. The popula-
tions 𝑓k(𝑡) are real-valued and are written as a summation of complex exponentials
in equation 3.4. Therefore, physically meaningful results are possible only when
Re(𝜔DMD) = 0 (modes 1, 2) or when 𝜔DMD appear as complex conjugate pairs
(modes 3 − 10). Describing the steady state is particularly important in our sim-
ulations. In DMD, all modes with a non-zero imaginary frequency vanish in the
long time limit, with only one mode surviving at steady state (mode 1 in Fig. 3.2c).
As the sampling window increases, the imaginary frequency of this mode goes to
zero, providing the correct steady state behavior. This analysis allows us to find the
minimal sampling window required for accurate steady-state results by monitoring
the zero-frequency mode.

The DMD eigenvector of the zero-frequency mode (mode 1 in Fig. 3.2d) determines
the steady-state electron distribution 𝑏𝑙𝜙1

k = 𝑓k(𝑡 → ∞), while the other modes
control the transient dynamics. For example, mode 2 governs electron scattering
from the Γ- to the 𝐿- and 𝑋-valleys, and higher modes appearing as conjugate pairs
exhibit oscillating trends in energy (modes 3−10 in Fig. 3.2d). Converging the zero-
frequency mode allows us to compute the steady-state drift velocity more efficiently.
Figure 3.2e shows that a sampling window of 1.7 ps (170 snapshots) provides a drift
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velocity nearly identical to the full rt-BTE calculation, which requires much longer
simulation times of up to 12.5 ps (1250 snapshots). On this basis we conclude that
DMD needs only ∼10% of the dynamics data for accurate steady-state predictions.

Velocity-field curves
We also employ DMD to accelerate calculations of entire velocity-field curves.
This requires the drift velocity for a set of electric field values, and thus we adopt
a modified workflow. Following our recent work [8], we gradually increase the
electric field (black curve in Fig. 3.3a) and use the steady-state populations for a
given field, 𝑓 E

k , as the initial condition for the next field value, 𝐸 + Δ𝐸 , where the
field increment Δ𝐸 is typically 100− 200 Vcm−1. As the applied field increases, the
DMD frequencies and momentum-space modes change substantially. Therefore, for
each new field value we repeat DMD learning in the initial stage of the simulation
(see the DMD sampling regions shown as red rectangles in Fig. 3.3a). We then
predict the steady-state populations using mode 1 from DMD, 𝑓 E

k = 𝑏1𝜙
1
k, and the

drift velocity for that field value, and use 𝑓 E
k as the initial condition for the next field

value.
The velocity-field curves obtained with this approach are shown in Fig. 3.3b for
GaAs and graphene and compared with rt-BTE results obtained without DMD.
Using DMD lowers significantly the computational cost to obtain the full velocity-
field curves, by a factor of 10.5 for GaAs and ∼16.5 for graphene, while fully
preserving the accuracy. Because the drift velocity is computed as a weighted sum
of 𝑓 E

k [8], the nearly exact agreement between the DMD and full rt-BTE results
demonstrates the accuracy of the DMD populations in momentum space. The
DMD efficiency is a consequence of its ability to capture the dominant modes in
the population dynamics using only a small number of snapshots, with a similar
accuracy regardless of the electric field value. Our strategy of gradually increasing
the electric field leads to an easier-to-extrapolate dynamics compared to the abrupt
application of a strong field.

Excited electron relaxation
Next, we consider a different nonequilibrium dynamics where the material is initially
prepared in an excited electronic state. This setting can be used, for example, to
model the effect of an optical excitation with a laser pulse [21]. Different from
the high-field dynamics, in this case the long-time limit is known and we are
primarily interested in the transient dynamics. Following the initial excitation,
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Figure 3.3: Velocity-field curves from DMD. a, Transient drift velocity in GaAs
computed as a function of time (black curve). The external electric field is increased
step-wise in the simulation (see the field values given above the plot). The DMD
sampling window for each electric field is shown with a red rectangle, and the
drift velocities outside this window are predicted with DMD. The steady-state drift
velocities from DMD correspond to the plateaus for each field value, and agree with
the reference drift velocities, obtained by explicitly time-stepping the rt-BTE until
steady state, which are shown with white dots. b, Velocity-field curves in GaAs and
graphene obtained from the rt-BTE (black and blue solid lines) and by combining
the rt-BTE and DMD (red and orange dashed lines).
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in the presence of 𝑒-ph interactions and without any external fields, the electrons
relax to a thermal equilibrium Fermi-Dirac distribution [22], 𝑓 FD

k , typically on a sub-
picosecond time scale. This ultrafast dynamics can be modeled by time-stepping the
rt-BTE until reaching the equilibrium Fermi-Dirac distribution. Using this approach,
our previous work has shown that electrons relax to the band edge significantly slower
than holes in GaN semiconductor, with implications for optoelectronic devices [16].

Following that work, we model an excited state in GaN by placing the electrons
∼1 eV above the conduction band edge, and then obtain the time-dependent electron
populations by solving the rt-BTE (see Fig. 3.4a,b). We employ DMD to predict this
transient dynamics, and find large errors when using a short time window of up to
∼50 fs (solid red line in Fig. 3.4c). The correct steady state and transient dynamics
are obtained by increasing the sampling window to 200 fs (dashed orange line in
Fig. 3.4c). Our analysis of the DMD frequencies shows that the zero-frequency mode
describing thermal equilibrium in the long-time limit appears when the sampling
window reaches 100 fs (see the arrow in Fig. 3.4d) and fully converges for a ∼200 fs
sampling window. The need for such a long sampling window relative to the total
duration of the dynamics (400 fs) makes DMD ineffective.

To address this issue and more efficiently study transient dynamics with DMD,
we formulate a different learning procedure that incorporates knowledge of the
equilibrium state. We focus on the difference between the transient and equilibrium
populations, 𝛿 𝑓k(𝑡) = 𝑓k(𝑡) − 𝑓 FD

k , as opposed to just 𝑓k(𝑡) as we did in the high-
field example. After predicting 𝛿 𝑓k(t) with DMD, we obtain the time-dependent
populations 𝑓k(𝑡) by adding back the 𝑓 FD

k term. As 𝛿 𝑓k vanishes in the long-time
limit (Fig. 3.4b), the zero-frequency DMD mode is missing when computing 𝛿 𝑓k
(Fig. 3.4e); all other DMD frequencies associated with 𝛿 𝑓k are similar to those for
𝑓k(𝑡) (Fig. 3.4d-e). We find that the DMD method based on 𝛿 𝑓k is far more effective
and requires a significantly shorter sampling window for accurate DMD predictions
− using a 50 fs sampling window, we achieve results similar to DMD for 𝑓k(𝑡) with
a four times longer (200 fs) window (Fig. 3.4c).

With this improved DMD approach, using a sampling window of only ∼12% of the
total simulation time allows us to accurately predict the average electron relaxation
rate in GaN, with a DMD computed value of 5.23 eVfs−1 in close agreement (within
0.8%) with the rt-BTE result. This result demonstrates that our DMD approach can
predict excited electron relaxation with a high accuracy.
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Figure 3.4: Transient dynamics in GaN using DMD. a, Energy dependence of
the momentum-averaged electron populations, and b, difference between the time-
dependent and equilibrium populations in GaN. In both panels, the simulation time
is color-coded using sepia for the initial excited state and purple for the equilibrium
state. The energy zero is set to the conduction band minimum. c, DMD error on
the electron populations, computed as the root-mean-square difference between the
reference values from rt-BTE and those obtained from DMD. Results are shown for
different sampling windows, given in the legend, and for the two schemes where
DMD is applied to 𝑓k(𝑡) or alternatively to 𝛿 𝑓k(𝑡) = 𝑓k(𝑡) − 𝑓 FD

k . d, e, DMD
frequencies on the complex plane, respectively for 𝑓k(𝑡) and 𝑓k(𝑡) − 𝑓 FD

k , with the
duration of the sampling window color-coded.
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3.4 Discussion
The DMD approach introduced here is very efficient: the rt-BTE is solved explicitly
on a high-performance computer only for a small number of initial time steps, after
which the entire dynamics can be computed straightforwardly with DMD, using
only a laptop. The most demanding step is carrying out truncated SVD on the X1

matrix, but for comparison this step requires lower computational resources than
even just a single rt-BTE time step.

This remarkable speed-up is achieved by reducing the dimensionality of the rt-
BTE dynamics and is linked to the shape of the X1 matrix. The rt-BTE employs
a large number of k-points (about 105 − 106), which equals the number of rows
of the matrix X1, and a significantly smaller number of snapshots in the DMD
sampling window, typically ∼100 time steps, which sets the number of columns in
X1. Following truncated SVD, the size of the problem is reduced to (at most) the
number of snapshots and is typically of order 50−100, and thus smaller by orders
of magnitude compared to the original rt-BTE. (Note that one could use the entire
set of singular values, but here we prefer using only ∼10 singular values to prevent
numerical instabilities [13]).

This efficiency allows us to evaluate the accuracy of DMD on the fly, halting
explicit time-stepping of the rt-BTE when the steady state or transient dynamics
are fully converged. In addition, our approach addresses the key challenge of
storing the rt-BTE populations, which are needed only in the sampling window in
DMD, as opposed to the full dynamics. This is a critical improvement because
in conventional rt-BTE simulations one needs to store the populations 𝑓k(𝑡) on
dense momentum grids for thousands of time steps, resulting in terabytes of data.
In contrast, after carrying out SVD in the sampling window, DMD stores only
a handful of complex frequencies and momentum-space modes, using which the
dynamics can be reconstructed for the entire simulation.

3.5 Conclusion
In summary, we have introduced a data-driven approach based on DMD to accelerate
first-principles calculations of nonequilibrium electron dynamics in materials. Our
method speeds-up the solution of the time-dependent Boltzmann equation with
electron collisions computed from first principles. We have shown that DMD can
capture dominant modes governing the microscopic dynamics, enabling accurate
predictions of the steady-state properties such as the drift velocity as well as transient
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processes such as electron relaxation and equilibration. In both steady-state and
transient nonequilibrium calculations, DMD requires explicit time-stepping of the rt-
BTE in a time window of only∼10% of the full simulation, after which the dynamics
is extrapolated from the DMD modes with negligible computational cost. This DMD
workflow preserves the accuracy while requiring far more modest computational
resources than full rt-BTE simulations.

These advances are broadly relevant to studying nonequilibrium quantum dynamics
of elementary excitations. For example, in future work, our data-driven approach
will be extended to study the coupled dynamics of electrons and phonons, which
involves fast (electron) and slow (phonon) timescales. The current DMD approach
is not designed to address such multiscale nonequilibrium dynamics, and extensions
using multiresolution DMD will be explored.
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C h a p t e r 4

EFFICIENT GPU PARALLELIZATION OF ELECTRONIC
TRANSPORT AND NONEQUILIBRIUM DYNAMICS

This chapter is adapted from the following work:

S. Peng, D. Pinkston, J. Yao, S. Kliavinek, I. Maliyov, and M. Bernardi, Efficient
GPU parallelization of electronic transport and nonequilibrium dynamics from
electron-phonon interactions in the perturbo code (2025),
J.Y. contributed to algorithm design, simulation setup, and writing of the
manuscript.

4.1 Introduction
In recent years, the combination of semiclassical Boltzmann transport equation
(BTE) with first-principles 𝑒-ph interactions has enabled accurate predictions of
electronic transport in metals [1, 2], inorganic and organic semiconductors [3–10],
complex oxides [11, 12], and quantum materials [13–15].

For studies of ultrafast nonequilibrium dynamics, solving the rt-BTE provides a
favorable balance between accuracy and computational cost [16, 17]. Despite the
overall efficiency, the rt-BTE method still requires parallelization and extensive
software optimization, particularly for simulations of materials with large unit cells,
and/or using dense momentum grids and targeting long simulation times beyond
the picosecond timescale. In the Perturbo code, after identifying the relevant 𝑒-ph
scattering processes, the collision integral − the key quantity in BTE calculations −
is computed by looping over these scattering channels [18]. Even after selecting a
relevant energy window and retaining only energy-conserving scattering channels,
in a typical calculation, the total number of active scattering channels can still be
as large as 108 or higher, which poses a major computational challenge for CPU
hardware. Therefore, for both transport and time-domain dynamics, it is particularly
important to design a data structure that addresses the high-dimensionality and
sparsity of 𝑒-ph interactions and scattering processes [19].

Using graphic processing units (GPUs) [20], which are now prevalent and widely
available, could be game changing for accelerating BTE calculations of transport
and nonequilibrium dynamics, and potentially a broader range of 𝑒-ph physics.
Unlike CPUs, which typically feature a limited number of high-performance cores

https://doi.org/10.48550/ARXIV.2511.03683
https://doi.org/10.48550/ARXIV.2511.03683
https://doi.org/10.48550/ARXIV.2511.03683
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and are optimized to handle complex workloads, GPUs can process a large volume
of lightweight tasks. Originally designed for processing images, in the last decade
GPUs have greatly expanded their scope in scientific computing, becoming an
increasingly popular option for high-performance tasks [21]. For example, on the
Perlmutter cluster at the National Energy Research Scientific Computing Center
(NERSC) [22], at present about 40% of the compute nodes are GPU nodes, each
equipped with 28,000 CUDA cores. In contrast, each CPU node contains only 128
cores. Although each GPU core has lower computing power than a CPU core, GPUs
can perform a large number of simple tasks with a high degree of parallelism.

However, two key considerations need to be addressed when designing algorithms
for GPU execution. First, it is important to minimize data movement between the
host and GPUs because it causes substantial overhead. Second, atomic operations
must be optimized to avoid communication and synchronization between GPU
cores, which causes significant performance loss [23]. This is particularly evident
in a parallel CPU implementation of the BTE method, where different scattering
channels contributing to the collision integral are typically handled by different
processes or threads [18]. Therefore, we seek to design a data structure for 𝑒-ph
scattering in the BTE that is optimal for use on GPUs.

Several programming frameworks are available for GPU algorithms, such as the
widely used CUDA and OpenACC. Due to its low-level architecture, CUDA offers
greater control and optimization, but at the cost of increased complexity for code
implementation and maintenance. In contrast, OpenACC offers a directive-based
approach that enhances code readability and maintainability, with only a slight
performance loss. In addition, OpenACC is designed for portability across platforms
and thus is not limited to GPUs from any specific vendor. These strengths led us to
use OpenACC in this work.

Here, we design an efficient GPU data structure and algorithm for the BTE, and
implement them with OpenACC in Perturbo, to accelerate calculations of transport
and ultrafast dynamics using GPUs. Our new data structure optimizes data allocation
and movement, as well as communication and synchronization between GPU cores.
We show benchmarks for performance, memory consumption, and strong scaling
in several materials. Our analysis shows a substantial performance improvement
relative to the (already efficient) reference CPU implementation: we achieve a speed-
up by ∼40 times for BTE calculations of transport and nonequilibrium dynamics on
GPUs, realizing nearly linear scaling up to 100 GPUs. This new implementation
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was released in Perturbo v3.0 in early 2025.

4.2 Methods
BTE, collision integrals, and scattering channels
The semiclassical BTE models the change in electronic occupations in response
to external fields and collision processes. In a solid, these processes are naturally
described in momentum space as in Eq. 3.1 in Chapter 3. Note that we assume
slowly varying fields and homogeneous material and electronic occupations, which
removes spatial derivatives. Under an external field 𝑭 (𝑭 = −𝑒𝑬 for electrons in the
presence of an electric field 𝑬), the change in electron occupations is determined
by the drift term (first term on the right-hand side) and the collision integral I.
The BTE is solved in the time domain for ultrafast dynamics and at steady state for
transport (see Methods for details). Computing the collision integral is the main
bottleneck in the algorithm for both ultrafast dynamics, where it is computed at each
time step, and for transport calculations, where it is computed in each iteration step.

Using Fermi’s golden rule, the collision integral I for nonequilibrium electron
dynamics due to 𝑒-ph interactions is given by Eqs. 1.6, 1.7 and 1.8 in Chapter 1.
Each absorption or emission process can be labeled using the notation (𝒌, 𝒒, 𝑛, 𝑚, 𝜈),
here referred to as a scattering channel. The factors 𝐹em and 𝐹abs depend on the
carrier occupations 𝑓𝑛𝒌 (𝑡) and the phonon occupations 𝑁𝜈𝒒. In addition, 𝑔𝑚𝑛𝜈 (𝒌, 𝒒)
are elements of the 𝑒-ph coupling matrix 𝒈(𝒌, 𝒒) computed from first principles,
the 𝛿 functions enforce energy conservation, and crystal momentum conservation is
satisfied by using commensurate electron and phonon grids (withNq grid points) and
selecting appropriate (𝒌, 𝒒) pairs for each scattering process. For convenience, in the
following we denote the collision integral for state |𝑛, 𝒌⟩ asI(𝑛, 𝒌) = I𝑒−ph [ 𝑓𝑛𝒌 (𝑡)].
Although the expression for I(𝑛, 𝒌) is different in transport calculations, the same
data structure and algorithm apply to both transport and ultrafast dynamics, and are
illustrated here for the ultrafast dynamics case.

Starting with an initial value of 𝑓𝑛𝒌 (𝑡), the rt-BTE can be solved by explicit time-
stepping, in our case using the fourth-order Runge-Kutta method. The collision
integrals for each band and momentum are evaluated at each time step, with a
typical simulation comprising 1,000−10,000 time steps. More advanced methods
such as adaptive and multirate time integration have also recently been proposed
for more efficient time stepping [19]. The choice of the initial electron occupation
depends on the specific problem being studied, with common options including
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Lorentzian, Fermi-Dirac, and Gaussian distributions in energy. We use Gaussian
energy distributions to model the initial electronic occupations for ultrafast dynamics
simulations of all materials studied in this work.

Electronic transport calculations
The BTE reaches a steady state when the time derivative 𝜕 𝑓𝑛𝒌 (𝑡)/𝜕𝑡 in Eq. 3.1
vanishes. At steady state, the drift term from the external field 𝑬 is balanced by
the 𝑒-ph collisions. For weak electric fields, the electron occupations 𝑓𝑛𝒌 can be
expanded to first-order in the field as [18]

𝑓𝑛𝒌 = 𝑓 0
𝑛𝒌 + 𝑓 1

𝑛𝒌 + O(𝐸2)

= 𝑓 0
𝑛𝒌 + 𝑒𝑬 · 𝑭𝑛𝑘

𝜕 𝑓 0
𝑛𝒌

𝜕𝜖𝑛𝒌
+ O(𝐸2),

(4.1)

where 𝑓 0
𝑛𝒌

is the equilibrium Fermi-Dirac distribution and 𝑭𝑛𝑘 characterizes the
first-order deviation from the equilibrium distribution.
Substituting Eq. 4.1 into Eq. 3.1, we obtain an iterative approach to compute the
deviation from equilibrium [18]:

𝑭𝑖+1
𝑛𝒌 = 𝑭0

𝑛𝒌 +
𝜏𝑛𝒌

N𝒒

∑︁
𝑚,𝜈𝒒

𝑭𝑖
𝑚𝒌+𝒒𝑊

𝜈𝒒
𝑛𝒌,𝑚𝒌+𝒒, (4.2)

from which the conductivity and other transport coefficients can be obtained. Above,
the 𝑒-ph scattering rate is defined as

𝑊
𝜈𝒒
𝑛𝒌,𝑚𝒌+𝒒 =

2𝜋
ℏ

���𝑔𝑚𝑛𝜈 (𝒌, 𝒒)���2
×

[
𝛿

(
𝜖𝑛𝒌 − ℏ𝜔𝜈𝒒 − 𝜖𝑚𝒌+𝒒

)
(1 + 𝑁𝜈𝒒 − 𝑓𝑚𝒌+𝒒)

+ 𝛿
(
𝜖𝑛𝒌 + ℏ𝜔𝜈𝒒 − 𝜖𝑚𝒌+𝒒

)
(𝑁𝜈𝒒 + 𝑓𝑚𝒌+𝒒)

]
,

(4.3)

and
𝑭0
𝑛𝒌 = 𝜏𝑛𝒌𝑣𝑛𝒌 =

( 1
𝑁𝒒

∑︁
𝑚,𝜈𝒒

𝑊
𝜈𝒒
𝑛𝒌,𝑚𝒌+𝒒

)−1
𝑣𝑛𝒌 (4.4)

is the deviation from equilibrium in the relaxation time approximation, which is
used as the initial guess in the iterative method.

The collision integral for transport calculations can be obtained from Eq. 4.2 as

I(𝑛, 𝒌, 𝛼) = 2𝜋
ℏN𝒒

𝜏𝑛𝒌

∑︁
𝑚𝒒𝜈

|𝑔𝑚𝑛𝜈 (𝒌, 𝒒) |2 × 𝑭𝑖
𝑚𝒌+𝒒,𝛼 ×[

𝛿

(
𝜖𝑛𝒌 − ℏ𝜔𝜈𝒒 − 𝜖𝑚𝒌+𝒒

)
(1 + 𝑁𝜈𝒒 − 𝑓𝑚𝒌+𝒒)

+ 𝛿
(
𝜖𝑛𝒌 + ℏ𝜔𝜈𝒒 − 𝜖𝑚𝒌+𝒒

)
(𝑁𝜈𝒒 + 𝑓𝑚𝒌+𝒒)

]
,

(4.5)
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where𝛼 denotes the Cartesian directions of the applied electric field 𝑬. For transport
calculations using the iterative solution of the BTE, collision integrals are typically
evaluated for 10−100 iterations to reach convergence, depending on the specific
system and conditions.

Computing the collision integral I for all electronic states involves summing over
all active scattering channels. The electronic structure and lattice dynamics are
first obtained in the entire Brillouin zone. Then, we restrict the electronic states of
interest to a given energy window, significantly reducing the total number of (𝒌, 𝒒)
pairs [18]. For each (𝒌, 𝒒) pair, the nominal number of scattering channels prior to
imposing any conservation constraints is𝑁2

𝑏
×𝑁𝜈, where𝑁𝑏 is the number of included

bands and 𝑁𝜈 is the number of phonon modes. By imposing an approximate energy
conservation (with a Gaussian 𝛿-function) and discarding channels with |𝑔𝑚𝑛𝜈 (𝒌, 𝒒) |
below a prescribed cutoff, the set of active scattering channels is further reduced
to a small fraction of the total. This process makes 𝑔𝑛𝑚𝜈 (𝒌, 𝒒) highly sparse in
the parameter space (𝒌, 𝒒, 𝑛, 𝑚, 𝜈) (see Supplementary Fig. 4.6), saving extensive
memory and computational cost [24]. This scattering channel selection algorithm is
implemented in Perturbo v2.2.0 and earlier CPU-based versions [18], and achieves
efficient performance and memory usage on CPUs.

However, the calculation of the collision integral I remains the most computation-
ally demanding part of the BTE workflow and would greatly benefit from GPU
acceleration. The CPU implementation is highly optimized using hybrid MPI and
OpenMP parallelization but is not readily adapted to GPU parallelization for two
main reasons. First, when computing the collision integral, the CPU implementa-
tion uses a large number of atomic operations to avoid competition (so-called “race
conditions”) between threads parallelized over scattering channels. Second, the use
of numerous arrays of variable lengths to store information about the scattering
channels (𝒌, 𝒒, 𝑛, 𝑚, 𝜈) requires referencing millions of individual heap allocations,
introducing substantial overhead that limits GPU performance.

We propose a GPU-optimized data structure and algorithm that address these limi-
tations and efficiently calculate the collision integral on GPUs. In the following, we
describe this data structure and algorithm, and show benchmarks of performance,
memory usage, and scaling behavior, using the CPU implementation of Perturbo
as a reference.
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Benchmark setup and computational environment
We design benchmarks that use different momentum-grid sizes and computational
resources. Performance tests are conducted on a single compute node and the strong-
scaling analysis is performed on 4 to 64 nodes. The grid size for each material is
chosen to fit on one node for performance tests and on four nodes for strong scaling
tests. As the memory requirements for transport and ultrafast dynamics are different,
we use different grid sizes for these two types of calculations.

For a fair comparison, all benchmark tests − including both CPU and GPU calcula-
tions − are performed on the heterogeneous GPU nodes of the Perlmutter cluster at
NERSC. Each heterogeneous GPU node consists of one CPU (AMD EPYC 7763)
with 64 cores and four GPUs (Nvidia A100 with 40GB) [22]. For transport and
ultrafast dynamics simulations using the GPU-optimized code, only the collision
integral, which is the most computationally expensive part in the solution of the
BTE, is performed on GPUs, while the remaining part of the algorithm is executed
on CPUs. Each CPU (GPU) calculation is repeated 10 (50) times independently,
and we report the average wall-time to ensure statistical significance of the results.
Finally, the accuracy of the GPU implementation was validated through integration
tests, not discussed in this work, using the Python-based package Perturbopy [25].

First-principles calculations
The first-principles calculations and wannierization are performed following the
same workflow as in previous chapters. The lattice dynamics and 𝑒-ph perturbation
potentials are computed using DFPT on 8× 8× 8, 18× 18× 1, and 8× 8× 8 𝒒-point
grids for GaAs, graphene, and silicon, respectively. The momentum grids are chosen
separately for different simulations and are given in the main text. The delta functions
enforcing energy conservation during scattering processes are approximated using
Gaussian functions with a 5 meV broadening. Relatively large energy windows
− respectively, 0.7 eV for GaAs, 1.3 eV for graphene, and 0.55 eV for silicon
− are used to generate grids that fill the computational capacity of one node in
benchmark tests and 4 nodes in strong-scaling tests, as discussed above. For ultrafast
dynamics simulations, the initial distributions of excited carriers are modeled as
narrow Gaussian functions with broadening parameters of 20 meV for GaAs and
graphene, and 10 meV for silicon. The fourth-order Runge-Kutta method is used to
time-step the rt-BTE.
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Data structure and implementation
Reference CPU algorithm

ik ikq nchl eph_g2(:) bnds_idx(:)
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bnds_idx

Thread a, b, c, …
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Figure 4.1: Schematic of the scatter_base data structure. The information for
each (𝒌, 𝒒) pair is stored as a separate entry in scatter_base, as shown using
different colors. The variables ik, ikq, nchl are indices of the 𝒌 and 𝒌 + 𝒒 points
and the number of active scattering channels, respectively. The variables eph_g2
and bnds_idx are arrays holding, respectively, the squared norm of the 𝑒-ph matrix
elements and the joint indices of bands and phonon modes for each scattering
channel. The relation of these variables to the collision integral I(𝑛, 𝒌), whose
components can be updated by multiple processes and threads simultaneously, is
shown using red arrows.

As discussed above, the electronic bands, phonon modes, and momenta collec-
tively label an active scattering channel between states |𝑛𝒌⟩ and |𝑚𝒌 + 𝒒⟩. The
𝑒-ph coupling matrix 𝒈 is effectively sparse and irregular in this parameter space
(𝒌, 𝒒, 𝑚, 𝑛, 𝜈). Consequently, using a single 5-dimensional array to store 𝑔𝑛𝑚𝜈 (𝒌, 𝒒)
leads to highly inefficient code as many of its entries are zero or very small (see Sup-
plementary Fig. 4.6). In practice, we group together all active scattering channels
involving the same (𝒌, 𝒒) pairs, and create an abstract type containing all relevant
information for each pair. This design leverages benefits of object-oriented program-
ming, such as flexibility and maintainability, while at the same time decoupling the
(𝒌, 𝒒) pairs, which enables efficient distributed programming using MPI. Specifi-
cally, we define the object scatter_base to store all the relevant information for
all the active scattering channels of each (𝒌, 𝒒) pair, thus filtering out all redundant
𝑒-ph and scattering channel data. A schematic of this data structure is shown in
Fig. 4.1.

We use this implementation and data structure, available in Perturbo v2.2.0 and
earlier versions [18], as a reference or baseline for benchmarking code performance.
This “Baseline-CPU” algorithm features hybrid MPI plus OpenMP CPU paralleliza-
tion, where the 𝒌 points are evenly distributed over different MPI processes. For
ultrafast dynamics simulations, this code has two nested loops for each 𝒌 point:
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an outer loop over (𝒌, 𝒒) pairs accelerated with OpenMP, and an inner loop over
active scattering channels for the current (𝒌, 𝒒) pair, executed sequentially by each
OpenMP thread. For transport, there is an additional inner loop over Cartesian com-
ponents of the external field. When the same collision integralI(𝑛, 𝒌) is updated by
multiple threads simultaneously, as in the red arrows in Fig. 4.1, the race condition
between threads is avoided using OpenMP atomic operations.
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Figure 4.2: Data structure optimized for GPUs. a Setup of the scattering
channels and target layer. Relevant quantities for the (𝒌, 𝒒) pairs are stored into
multiple arrays: scatter, which stores the indexes of the 𝒌 and 𝒌 + 𝒒 points,
and scatter_channels, which stores information for all scattering channels, such
as the square of the 𝑒-ph matrix elements (eph_g2), the joint indices of bands and
phonon modes (bnds_idx), and the index of the (𝒌, 𝒒) pair (kq_index). Scattering
channels shown with the same color are associated with the same (𝒌, 𝒒) pair. In
addition, stargets_sources indexes the elements of the collision integral I(𝑛, 𝒌)
and the position of the scattering channels (sc_idx) in scatter_channels. The
positive (negative) sign of sc_idx reflects how that entry contributes to the collision
integral. The rows of stargets_sources are arranged in order, with rows sharing
the same (𝑛, 𝒌) grouped together, as shown with curly braces. Each such group is
called a target, and for each group, the position in stargets_sources (src), the
length (len), and the combined (𝑛, 𝒌) index (nk_index) are stored in targets. To-
gether, stargets_sources and targets constitute the target layer. b Calculation
of the contribution to the collision integral from each scattering channel, defined in
Eq. 1.6, which is computed and stored in sc_col. c Update of collision integrals
I(𝑛, 𝒌). Each element of I is updated by one target and one thread of execution.
Using the target layer described in (a), each target is able to find the contribution of
all the associated scattering channels in sc_col, as shown with red arrows.
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Optimized GPU algorithm

A direct implementation of the Baseline-CPU algorithm on GPUs would be in-
herently inefficient as GPUs are optimized for executing many lightweight threads
concurrently, and therefore perform poorly when frequent atomic updates are re-
quired. Moreover, OpenACC generates one data transfer per memory allocation, so
allocating a large number of variable-length arrays incurs significant overhead. The
combination of numerous heap allocations and frequent atomic operations across
threads would severely limit the efficiency of a GPU version of the above algorithm.

To achieve GPU acceleration, we redesign the data structure and code implemen-
tation for the key step of the BTE algorithm, the calculation of the collision in-
tegral. In the optimized data structure, shown in Fig. 4.2, we allocate scatter
and scatter_channels, which store the same information as scatter_base but
using fixed-size buffers instead of variable-length arrays. This avoids dynamic GPU
allocations and improves performance, while preserving the flexibility of object-
oriented programming. In addition, to eliminate atomic updates on the GPU, we
develop an algorithm that inverts the accumulation scheme: rather than assigning
multiple threads to update the contribution of each scattering channel to one col-
lision integral I(𝑛, 𝒌), it distributes threads over I(𝑛, 𝒌) itself. Each thread then
identifies the scattering channels that contribute to its assigned I(𝑛, 𝒌). The calcu-
lation of the collision integral with the optimized GPU algorithm and data structure
consists of three steps:

1. Create the target layer:
In the first step, the scattering channels are traversed to determine to which
elements of the collision integral I(𝑛, 𝒌) they contribute. Channels con-
tributing to the same element of I are grouped together and form a target.
This grouping is handled in the target layer (Fig. 4.2a), where each scattering
channel of scatter_channels contributes to two different collision inte-
grals, I(𝑛, 𝒌) and I(𝑚, 𝒌 + 𝒒). These contributions are equal in magnitude
but opposite in sign: In Fig. 4.2a, the positive sign of sc_idx denotes the
contribution to I(𝑛, 𝒌) and the negative sign to I(𝑚, 𝒌 + 𝒒). The rows of
stargets_sources are sorted based on their contribution to the collision
integral and grouped into a target. This step is not computationally intensive
and is performed only once on CPUs. See Supplementary Note 1 for demo
code related to this step.
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2. Compute the contribution from each scattering channel:
The second step evaluates the contribution of each scattering channel to the
collision integral. As shown in Fig. 4.2b, the contribution toI(𝑛, 𝒌) from each
channel is stored in the variable sc_col, which has the same number of rows
as scatter_channels. This computationally demanding step is accelerated
on GPUs using heterogeneous programming with OpenACC. Example code
is provided in Supplementary Note 2.

3. Collect the contributions from all targets:
This step updates the collision integrals using contributions from all targets
computed in Step 2. The routine loops over targets to update the elements
of I by summing over contributions from all scattering channels in each
target (Fig. 4.2c). This way, only one element of I will be updated for
each thread, as shown with black arrows in Fig. 4.2c. Using target-1 as
an example, the first row of targets records the position of this target in
stargets_sources. By using the value of sc_idx for all relevant elements
in stargets_sources, the code finds all the scattering channels in sc_col
(see red arrows in Fig. 4.2c). Then those values are summed together to
update the corresponding element of I in the current thread. This step is
performed on GPUs for acceleration. Demo code for this step is provided in
Supplementary Note 3.

The new data structure resolves the inefficiency of the Baseline-CPU method by
minimizing host–device data transfers, reducing the number of atomic operations
across threads, as well as eliminating memory padding through data alignment.

As our discussion has focused on ultrafast dynamics, we briefly mention the main
differences in the implementation for transport calculations. For ultrafast dynamics,
the contribution to the collision integrals I(𝑛, 𝒌) and I(𝑚, 𝒌 + 𝒒) from a single
scattering channel is equal in magnitude and opposite in sign. This allows us to
define only a 1D array for sc_col(:) and use the sign of sc_idx for bookkeeping.
For transport, this is not possible, and thus sc_col needs an additional dimension.
In practice, sc_col is defined as a 3D array to account for the external field, and the
code has an additional loop over the directions of the field. These small differences
do not affect the performance.
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Figure 4.3: Simulation setup for four systems. a Electrons in GaAs, b electrons in
graphene, c hole carriers in silicon, and d holes in silicon with SOC. Band structures
are shown together with the selected energy windows (shaded regions) and the initial
populations for the nonequilibrium dynamics simulations (red dots). Energies are
shifted so that the Fermi energy is at 0 eV.

Results
Simulation setup

We benchmark the GPU implementation on four selected systems: electron carriers
in gallium arsenide (GaAs), graphene, hole carriers in silicon (Si) modeled without
spin-orbit coupling (SOC), and hole carriers in silicon with SOC (Si-SOC). These
cases cover a range of scenarios, including metals and semiconductors, calculations
with and without SOC, electron and hole carriers, and 2D and bulk materials.
The band structures, energy windows for nonequilibrium dynamics, and the initial
population for nonequilibrium simulation for all four systems are shown in Fig. 4.3.

As shown in Table 4.1, in the ultrafast dynamics simulation of electrons in GaAs,
after imposing an energy window of 0.7 eV above the conduction band edge, the
number of 𝒌 and 𝒒 points in GaAs are reduced from 1353 to 56713 (2% of the original
value) and 637412 (26% of the original value), respectively. Imposing energy
conservation and a cutoff on |g(𝒌, 𝒒) | further reduces the number of scattering
channels, from a nominal value of 1011 to an actual value of 108. These values
justify our approach of keeping only the active scattering channels (108 in the case
of GaAs) and looping over these channels in the code.

Performance and memory usage

We first compare the wall-time of the optimized-GPU code with the Baseline-CPU
algorithm to directly show the performance improvement. Figure 4.4a-d compare
calculations carried out with the baseline CPU algorithm, used as a reference, and
the optimized GPU algorithm, for both transport and ultrafast dynamics, for the four
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Table 4.1: Summary of simulation parameters for the four systems studied, including
the number of bands and phonon modes (n,𝜈), the number of (𝒌, 𝒒) points, and the
number of nominal and active scattering channels.

Systems (n,𝜈) (#𝒌, #𝒒) # channels
Nominal Energy window Nominal Active

GaAs (1,6) (1353, 1353) (56713, 637412) 1011 108

graphene (1,6) (13002, 13002) (43206, 131605) 1011 108

Si (3,6) (1053, 1053) (44275, 232728) 1012 108

Si-SOC (6,6) (953, 953) (29317, 151560) 1012 107

systems studied. For transport calculations, the wall time used in the plots is the
average elapsed wall time of each iteration in the iterative BTE solution, and for
ultrafast dynamics, the wall time is for one time step of the rt-BTE simulation. The
speed up of the GPU implementation relative to the baseline CPU code is noteworthy.
Our optimized GPU code achieves a speedup by a factor of 44 for transport and
35 for ultrafast dynamics. We find similar speed-ups for all systems in our test set,
showing that the speed-up is an intrinsic feature of the GPU algorithm independent
of the system studied. This order-of-magnitude speed up is the result of careful
design and optimization of array structures, data transfer, and thread management
in our GPU algorithm.

To demonstrate the importance of our novel data structure optimized for GPUs, we
run the optimized GPU code with and without OpenACC directives in the same
HPC settings. This test compares the performance of the same GPU-optimized
code executed on GPU versus CPU hardware; this is a fair and established approach
to compare CPU and GPU code. As shown in the Supplementary Fig. 4.7, the
optimized-GPU code runs 25−50 times faster on GPUs than on CPU hardware, for
both transport and ultrafast dynamics. This result demonstrates the considerable
acceleration achieved on GPUs.

Next, we compare memory consumption in the baseline CPU and optimized GPU
algorithms. In Fig. 4.4e-h, we show data on memory usage. For all calculations
without SOC, we find that the memory allocation in the optimized GPU code is
approximately 70% for ultrafast dynamics, and 200% for transport, relative to the
memory used in the baseline CPU code. This difference arises from the need to
store several intermediate variables in the GPU implementation of transport, in
particular the direction of the applied electric field, which in the Baseline-CPU code
is replaced by an iterative loop without loss of performance. Finally, the calculation
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Figure 4.4: Performance of the optimized GPU implementation. a-d, perfor-
mance, and e-h, memory usage, for the four systems studied here, respectively. The
left panels, a–d, show the wall time (in seconds, on a logarithmic scale) for ultrafast
dynamics (blue) and transport (red) calculations. The speedup values, obtained as
the ratio of Baseline-CPU to optimized-GPU code wall times, are given above each
bar in the optimized-GPU results. The right panels, e-h, give the memory usage (in
GB) on CPU (solid colors) and GPU (striped bars) for the same systems. Memory
usage values annotated in the plot are referenced to the baseline CPU results.

with SOC in Fig. 4.4h uses more memory than the cases without SOC. The reason
is that the number of scattering channels in the arrays scales with the number of
bands, resulting in a higher memory usage when SOC is included. Despite the
higher memory usage, the wall-time speed-up is unchanged in the presence of SOC.

Strong scaling analysis

The strong scaling measures how the speedup scales with the number of computing
nodes for a fixed simulation size. Therefore, strong-scaling benchmarks address
a key question for computationally intensive simulations: What performance im-
provement can one obtain by increasing the computational resources? To avoid
confusion with the speed-up of GPU versus CPU code discussed above, we define
the strong-scaling speed-up as:

Strong-scaling speedup𝑁 =
𝑇4−𝑛𝑜𝑑𝑒𝑠
𝑇N−𝑛𝑜𝑑𝑒𝑠

(4.6)

where 𝑇4−𝑛𝑜𝑑𝑒𝑠 and 𝑇N−𝑛𝑜𝑑𝑒𝑠 are the wall times for simulations using 4 and 𝑁 nodes,
respectively.

We carry out strong-scaling benchmarks for the optimized GPU code, for both
transport and ultrafast dynamics, using between 4 and 64 GPU nodes. Setup details
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Table 4.2: Momentum grid size and computational resources for performance and
strong scaling analysis on four systems. Note that the momentum grid is two-
dimensional in graphene and three-dimensional for the other materials.

GaAs graphene Si Si-SOC
Performance Transport 1203 12002 953 753

(1 node, size fixed) Dynamics 1353 13002 1053 903

Strong scaling Transport 1553 17002 1253 953

(#nodes vary, size fixed) Dynamics 1953 23002 1503 1203

of these simulations, which employ very dense grids in momentum space, are
provided in Table 4.2. Strong scaling results for the four systems studied here are
shown in Fig. 4.5. Based on the definition of strong-scaling speedup given above,
the ideal speedup is 𝑁

4 , where 𝑁 is the number of nodes. This ideal value is shown
in Fig. 4.5 with a dashed line and used as a reference.

Our results in Fig. 4.5 show that in common scenarios for most users, consisting of
calculations with up to 20 GPU nodes, our GPU code exhibits nearly ideal scaling
performance, which extends up to 24 nodes or more nodes in most cases. The only
case that deviates from this trend is transport calculations in Si with or without SOC
(red lines in Fig. 4.5c-d). Due to the high memory demand for these calculations, the
scaling remains nearly ideal up to 8 GPU nodes, but deviates increasingly beyond
that. For all systems, the acceleration efficiency drops to around 40–60% of the ideal
scaling at 64 nodes. This reduction is common in GPU codes and is mainly due
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Figure 4.5: Strong-scaling performance. Speedup versus number of GPU nodes
for a GaAs, b graphene, c Si, and d Si with SOC. Results for the optimized-GPU
code are shown using solid lines with symbols for ultrafast dynamics (purple) and
transport (red). The dashed line shows the ideal linear scaling. Common scenarios
for most users (≤ 20 GPU nodes) are indicated with shaded regions.
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to insufficient workload per GPU when such a large number of nodes is employed.
This result implies that allocating excessive GPU resources to a calculation that can
be completed on a much smaller number of nodes is unnecessary and inefficient.

4.3 Conclusion
In this work, we have developed an efficient GPU algorithm and data structure to
accelerate BTE calculations of electronic transport and ultrafast dynamics governed
by 𝑒-ph interactions. The code is developed in OpenACC and is included in version
3.0 of the open-source code Perturbo. Due to the directive-based approach used in
OpenACC, the implementation is easy to maintain. With GPU acceleration, this new
version of Perturbo provides a highly efficient MPI+OpenMP+GPU parallelization
that can fully take advantage of modern Exascale HPC computing environments with
multi-core CPUs and GPU accelerators.

Through extensive benchmarks, we report speed-ups by a factor of ∼40 for transport
and ultrafast dynamics relative to the reference, state-of-the-art CPU implementation
in the previous version of Perturbo. This result is achieved by reformulating the
data structure and algorithm to store 𝑒-ph interactions and carry out calculations of
collision integrals. Our approach optimizes data allocation and movement between
host and GPUs and synchronization between numerous GPU cores. We analyze
the performance, memory consumption, and strong scaling for three materials. The
strong scaling analysis shows nearly ideal scaling up to 16 GPU nodes (64 GPUs),
with only a slight decrease in performance up to 24 GPU nodes (96 GPUs) for most
cases.

While the optimized GPU data structure is discussed in the context of 𝑒-ph interac-
tions, the same data structure can also be used for other scattering mechanisms. Note
that we did not consider GPU acceleration for the interpolation of 𝑒-ph matrices,
which has been studied in previous work [26, 27], mainly because recently developed
compression algorithms [24] make the 𝑒-ph interpolation routines already highly
efficient. Beyond 𝑒-ph interactions, the computation of ph-ph interactions is also
restructured in data structure as part of this thesis work, which will be included for
future releases of Perturbo, following the same design principles discussed here.
In a future release, we will extend the GPU acceleration feature to other modules of
Perturbo.
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4.4 Supplementary information
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Figure 4.6: Visualization of the sparsity of the 𝒈 matrix. The left panel shows
schematically 𝑒-ph scattering processes mapped on the band structure, where elec-
tronic transitions are shown with black arrows and pictorial phonon lines using red
arrows. The energy window where the real-time dynamics is simulated is shown
as a shaded region. The right panel shows schematically the structure of the 𝑒-ph
matrix, where scattering channels outside the energy window, or with coupling
strength smaller than a cut-off value, are shown as purple and green zero elements,
respectively.
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Figure 4.7: Performance of optimized-GPU code. Comparison of the perfor-
mance of the GPU code without OpenACC directives (blue) and with OpenACC
directives (red), for a ultrafast dynamics simulation and b transport calculations.
Results are shown for the four systems discussed in main text. The speedup values
given in the plot are relative to the Baseline-CPU code. These results show that the
GPU code with OpenACC directives is 25−50 times faster than the GPU code built
without OpenACC directives (and executed on CPUs).
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1 type :: scatter_type
2 integer :: ik
3 integer :: ikq
4 end type scatter_type
5

6 type :: scatter_channels_type
7 integer :: eph_g2
8 integer :: bnds_idx
9 integer :: kq_index

10 end type scatter_channels_type
11

12 type :: stargets_sources_type
13 integer :: n
14 integer :: ik
15 integer :: sc_idx
16 end type stargets_sources_type
17

18 type :: targets_type
19 integer :: len
20 integer :: src
21 integer :: nk_index
22 end type targets_type
23

24 type(scatter_type) :: scatter(num_kq_pair)
25 type(scatter_channels_type) :: scatter_channels(

num_scatter_channel)
26 type(stargets_sources_type) :: stargets_sources(2*

num_scatter_channel)
27 type(targets_type) :: targets(num_band*num_k)

Note 1: Demo Fortran code for the key abstract types of the target layer in the
GPU-optimized algorithm.
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1 real(8) :: sc_col(num_scatter_channel)
2

3 !$acc parallel loop private(bands) async
4 do ns = 1, num_scatter_channel
5 i = scatter_channels(ns)%kq_index
6 ik = scatter(i)%ik
7 ikq = scatter(i)%ikq
8 bands = scatter_channels(ns)%bnds_idx
9

10 fem = ...
11 fabs = ...
12 ...
13 sc_col(ns) = - scatter_channels(ns)%eph_g2 * (fabs

+ fem)
14 end do

Note 2: Demo code for computing the contribution from each scattering channel
using OpenACC in the GPU-optimized algorithm. The async command is used
to improve the performance by launching the GPU threads asynchronously. Note
that this code block is for one MPI process, and thus num_scatter_channel is the
total number of scattering channels for all (𝒌, 𝒒) pairs in the current MPI process.

1 !$acc parallel loop private(bands) async
2 do nt = 1, num_targets
3 total = 0
4 start = targets(nt)%src
5 stop = start + targets(nt)%len - 1
6 !$acc loop reduction(+:total)
7 do is = start, stop
8 total = total + ...
9 end do

10 I(ik,n) = total
11 end do
12 !$acc end data
13 !$acc wait
14 call mp_sum(epcol, inter_pool_comm)

Note 3: Demo code for collecting the contributions from all targets in the GPU-
optimized algorithm. The routine has two nested loops: the outer loop, executed
asynchronously, iterates over targets, while the inner loop runs over the components
of each target. A target and its components are computed by only one thread, so
that each element of I is updated by only one thread of execution. The code block
is for one MPI process. Before collecting information from all MPI processes, the
acc wait command is used for synchronization across GPU threads.
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C h a p t e r 5

TENSOR LEARNING AND COMPRESSION OF N-PHONON
INTERACTIONS

5.1 Introduction
Phonon-phonon (ph-ph) interactions are crucial to understanding thermal transport,
lattice dynamics, and structural phase transitions in condensed matter [1]. They
originate from the anharmonicity of the lattice potential and can be described by
𝑛-th order interatomic force constant (𝑛-IFC) tensors, where 𝑛≥3. Density function
theory (DFT) [2] calculations combined with fitting algorithms provide accurate
𝑛-IFC tensors [3–6], enabling quantitative predictions of thermal transport in ma-
terials [7–12]. However, the high-dimensionality of the IFC tensors obscures the
underlying physics and poses significant computational challenges. The complexity
of 𝑛-phonon (𝑛-ph) interactions grows exponentially with order 𝑛, a clear example
of the curse of dimensionality. For thermal conductivity calculations, 4-ph interac-
tions require orders of magnitude more computational effort than 3-ph interactions,
whereas 5-ph and higher-order ph-ph interactions remain inaccessible.

To overcome this complexity, discovering low-rank approximations of 𝑛-IFC could
be game changing. There is growing interest in such dimensionality reduction ap-
proaches, including tensor network states for many-body wave functions [13, 14],
tensor train for differential equations [15–17] and Feynman diagrams [16, 18], tensor
hyper-contraction [19–21] and density fitting [22] for electron interactions in quan-
tum chemistry, and feature optimization for atomic machine learning [23–26]. Re-
cent work has employed singular value decomposition to compress electron-phonon
(𝑒-ph) interactions and greatly speed up first-principles 𝑒-ph calculations [27]. For
ph-ph interactions, previous work has taken advantage of crystal symmetry to reduce
the number of free parameters and compute the 𝑛-IFCs with fewer DFT force cal-
culations [28, 29]. The compressed sensing technique has also been used to obtain
𝑛-IFCs using sparse solvers [4, 30]. However, in previous work the 𝑛-IFCs are still
handled explicitly in full tensor form, Φ𝑖 𝑗 𝑘 and Φ𝑖 𝑗 𝑘𝑙 for 3- and 4-IFCs respectively,
and a low-rank representation of 𝑛-IFCs is still missing.

In this chapter, we introduce a low-rank tensor ansatz for 𝑛-ph interactions in
momentum space based on the CANDECOMP/PARAFAC (CP) decomposition [31],
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a compression method used in tensor learning [32–34]. The proposed ansatz is
a permanent CP (PCP) decomposition, which generalizes the CP decomposition
to enforce bosonic statistics. To find an optimal low-rank PCP decomposition,
we formulate the tensor learning problem and solve it on GPU hardware. The
optimized low-rank PCP tensors achieve large compression factors of 103–104 with
minimal compression losses of only a few percent in all materials we study. This
result reveals the inherent low-dimensionality of 𝑛-ph interactions and enables a
speedup of nearly three orders of magnitude for calculations using 𝑛-IFCs, including
phonon relaxation times and thermal conductivity. We also introduce constraints
to treat ph-ph interactions for long-wavelength acoustic phonons, leading to nearly
lossless predictions of thermal conductivity compared to calculations using full 𝑛-
IFC tensors. Finally, we show that the PCP ansatz can uncover dominant modes in
𝑛-ph interactions, providing a valuable tool for understanding microscopic thermal
transport mechanisms and formulating accurate minimal models. Beyond ph-ph
interactions, the PCP ansatz and corresponding open-source routines developed
here provide a blueprint for modeling momentum-dependent tensors, with broad
applications in condensed matter physics.

5.2 Methods
We consider the 𝑛-ph interaction 𝑉 (𝑛) (Q1, ...,Q𝑛), which describes the scattering
amplitude of 𝑛 phonon modes. Each mode is specified by a wave vector q𝑖 and
branch index 𝜈𝑖, collectively denoted as Q𝑖 = (𝜈𝑖, q𝑖) for 𝑖 = 1, . . . , 𝑛. For instance,
the 3-ph interaction is given by

𝑉 (3) (Q1,Q2,Q3) = 𝛿
(

3∑︁
𝑖=1

𝒒𝑖

) ∑︁
𝑏1,𝑙2𝑏2,𝑙3𝑏3

∑︁
𝛼1𝛼2𝛼3

×Φ
𝛼1,𝛼2,𝛼3
0𝑏1,𝑙2𝑏2,𝑙3𝑏3

𝑒
Q1
𝛼1𝑏1

𝑒
Q2
𝛼2𝑏2

𝑒
Q3
𝛼3𝑏3√

𝑚𝑏1𝑚𝑏2𝑚𝑏3

𝑒𝑖𝒒2𝒓𝑙2+𝑖𝒒3𝒓𝑙3 , (5.1)

where each of the 𝑙, 𝑏, and 𝛼 label the primitive cell, atom, and Cartesian coordinate,
respectively; 𝑒Q

𝛼𝑏
is the displacement eigenvector of phonon mode Q, 𝑚𝑏 is the mass

of atom 𝑏, and 𝒓𝑙 is the position of primitive cell 𝑙. Above, Φ𝛼,𝛼1,𝛼2
0𝑏,𝑙1𝑏1,𝑙2𝑏2

is the 3-IFC
tensor associated with three atomic displacements, the first displacement fixed at
the cell origin. For general 𝑛-ph interactions, analogous 𝑛-IFC tensors 𝚽(𝑛) can be
defined.

To compress the 𝑛-ph interactions 𝑉 (𝑛) , we propose the PCP decomposition as the
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low-rank ansatz

𝑉̃ (𝑛) (Q1, ...,Q𝑛) = 𝛿
(
𝑛∑︁
𝑖=1

𝒒𝑖

)
×
𝑁

(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

𝐴
𝜉

1 (Q𝜎1)𝐴
𝜉

2 (Q𝜎2)...𝐴
𝜉
𝑛 (Q𝜎𝑛

), (5.2)

where 𝑁 (𝑛)
𝑐 is the PCP rank, 𝜆𝜉 the 𝜉-th PCP singular value, 𝐴𝜉

𝑖
are the corresponding

PCP modes, and 𝑆𝑛 is the symmetric group of order 𝑛 containing all the permutations
of (1, ..., 𝑛). Note that Eq. (5.2) correctly preserves the bosonic exchange symmetry
and momentum conservation of 𝑛-ph interactions.

The 𝑛-ph interactions in compressed form involve 𝑛momenta (Q1,Q2, ...,Q𝑛), each
associated with 𝑁 (𝑛)

𝑐 PCP modes 𝐴𝜉 (Q), which are functions defined on a grid of
size 𝑁Q. This gives a storage requirement of O(𝑛𝑁 (𝑛)

𝑐 𝑁Q) for the 𝑛-ph interactions
in compressed form. For example, storing 3-ph interactions 𝑉 (3) conventionally
requires O(𝑁2

Q) resources versus O(3𝑁 (3)
𝑐 𝑁Q) for its PCP compressed counterpart

𝑉̃ (3) . This yields a large storage reduction, by a factor of 𝑁Q/(3𝑁 (3)
𝑐 ) ≈ 103–104 in

a typical calculation.

Since 𝑉 (𝑛) is obtained by transforming the 𝑛-IFC 𝚽(𝑛) to momentum space, we
derive the corresponding low-rank ansatz for 3- and 4-IFCs in real space:

Φ̃
𝛼1,𝛼2,𝛼3
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3

=

𝑁
(3)
𝑐∑︁
𝜉=1

𝜆𝜉

3!

∑︁
𝜎∈𝑆3

∑︁
𝑙

3∏
𝑖=1

𝐴
𝜉
𝜎𝑖 (𝑙𝑖 − 𝑙, 𝑏𝑖𝛼𝑖), (5.3)

Φ̃
𝛼1,𝛼2,𝛼3,𝛼4
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3,𝑙4𝑏4

=

𝑁
(4)
𝑐∑︁
𝜉=1

𝜆𝜉

4!

∑︁
𝜎∈𝑆4

∑︁
𝑙

4∏
𝑖=1

𝐵
𝜉
𝜎𝑖 (𝑙𝑖 − 𝑙, 𝑏𝑖𝛼𝑖),

where 𝐴𝜉
𝑖
(𝑙, 𝑏𝛼) and 𝐵𝜉

𝑖
(𝑙, 𝑏𝛼) are real-space representations of 𝐴𝜉

𝑖
(Q) in Eq. 5.2 for

3-ph and 4-ph interactions respectively. To enforce the acoustic sum rule (ASR) [29]
on the compressed 𝑛-ph interactions 𝑉̃ (𝑛) , we impose

∑
𝑙,𝑏 𝐴

𝜉

𝑖
(𝑙, 𝑏𝛼) = 0, which

preserves the ASR in the PCP compression. Derivations of 𝑛-ph interactions and
their PCP decomposition are provided in the Supplementary information [35]. The
computational cost of PCP-compressed 𝚽̃

(𝑛) and 𝑉̃ (𝑛) scales linearly with system
size, making it promising for calculations in complex materials with large unit cells.

To find optimal PCP modes 𝐴𝜉
𝑖

(or 𝐵𝜉
𝑖
) that best approximate the original IFC tensors

𝚽(𝑛) computed with DFT, we minimize the loss function:

𝐿 = ∥𝚽̃(𝑛) [𝑨] −𝚽(𝑛) ∥2, (5.4)
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Figure 5.1: Relative compression loss vs. compression factor 𝛾 (𝑛) . (a) Results for
3-IFC tensors comparing PCP (solid lines) and tSVD (dashed lines). (b) Results for
4-IFC tensors. The compression factor 𝛾 (𝑛) is defined in Eq. 5.5.

where 𝚽̃
(𝑛) is the low-rank IFC tensor in Eq. (5.3), and the norm is defined as

∥𝒙∥ =

√︃∑
𝐼 𝑥

2
𝐼

1. This is a typical tensor learning problem that lacks closed-form
solutions for high-order tensors. In addition, existing optimization algorithms are
computationally demanding for large tensors. We address this challenge by develop-
ing a computational toolkit, called Phonon-PCP, implemented using PyTorch [37].
This optimization routine follows a standard “neural network"-like training loop,

1In the optimization, 𝐴𝜉

𝑖
(𝑙, 𝑏𝛼) is truncated in real space up to a cutoff 𝑟𝑐 large enough for the

low-rank IFC tensor 𝚽̃(𝑛) to span all nonzero elements in the full IFC tensor 𝚽(𝑛) .
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where 𝚽̃
(𝑛) is evaluated in a forward pass, and 𝐴𝜉

𝑖
is the learnable weight trained

using automatic differentiation. A typical optimization involves 103 − 104 trainable
parameters, depending on the material. The algorithm runs efficiently on GPUs –
the compression process converges in a few minutes (Si and other simple systems)
to one hour (ZrO2) on a single NVIDIA A100 chip.

We apply our approach to five materials: Si, HgTe, MgO, TiNiSn, and monoclinic
ZrO2. These materials span a wide range of properties, including nonpolar and
polar (or ionic) bonds, high and low crystal symmetry, and different levels of
anharmonicity. For each material, we generate force-displacement datasets from
DFT force calculations on supercells and then employ Alamode [3] to extract
the 3- and 4-IFCs 2. The symmetry of the 𝑛-IFCs is taken into account in the
force constant fitting process [3]. We calculate DFT forces using VASP [39, 40]
with PBEsol functional [41]. For polar materials, we calculate Born effective
charges using density functional perturbation theory in VASP, and use the Ewald
summation to compute the nonanalytic part of the dynamical matrix [42]. Additional
computational details, are provided in the Supplementary Information [35].

To assess the accuracy of PCP for compressing 𝑛-ph interactions, we calculate
the error relative to uncompressed 𝑛-IFCs, expressed as the compression loss
∥𝚽̃(𝑛) −𝚽(𝑛) ∥/∥𝚽(𝑛) ∥, as a function of the compression factor 𝛾 (𝑛) , which quantifies
parameter reduction in the 𝑛-IFCs:

𝛾 (𝑛) =
# of nonzero entries of 𝚽(𝑛)

𝑁
(𝑛)
𝑐

. (5.5)

This error analysis is shown for the 3-ph interactions in Fig. 5.1(a). We achieve com-
pression factors of 103–104 at the 3% compression error threshold. For comparison,
a truncated singular value decomposition (tSVD) of 3-ph interactions, inspired by
our previous work on 𝑒-ph coupling [27], can only reach compression factors of a few
hundred for the same 3% compression loss. Therefore, the PCP approach provides
a 10-times more favorable dimensionality reduction than SVD for all materials we
study. We attribute the superior performance of PCP to its flexible ansatz combined
with the correct permutation symmetry and the explicit parameter optimization
during tensor learning, which enable effective low-rank representation of 𝑛-ph in-
teractions. We achieve similarly large compression factors for 4-ph interactions,

2We include 3-IFCs up to the fifth-nearest neighbors and 4-IFCs up to the second-nearest
neighbors for Si, HgTe and MgO. For TiNiSn, the 3-IFCs are truncated to 6.4 Å and the 4-IFCs to
3.8 Å. For ZrO2, the 3-IFCs are truncated to 5.3 Å and the 4-IFCs to 2.7 Å.
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(a)

(b)

γ(3) > 2 × 103

κ̃/κ
(%

)

γ(4) > 103

κ̃/κ
(%

)

Figure 5.2: Ratio of the thermal conductivity 𝜅, computed using compressed 3-
and 4-ph interactions, to the thermal conductivity 𝜅 computed with uncompressed
tensors at 300 K. Results are shown as a function of: (a) 3-ph compression factor,
𝛾 (3) , for fixed 𝛾 (4)>103 (𝑁 (4)

𝑐 =48), and (b) 4-ph compression factor, 𝛾 (4) , for fixed
𝛾 (3) > 2 × 103 (𝑁 (3)

𝑐 = 24 for all materials except ZrO2, and 𝑁 (3)
𝑐 = 144 for ZrO2).

The light (dark) shaded regions show the 95% (98%) accuracy windows.



93

(a)

(b)

Si

HgTe

Figure 5.3: Phonon scattering rates combining 3- and 4-ph interactions, shown as a
function of phonon energy for (a) Si and (b) HgTe, comparing results for full IFC
tensors (blue dots) and compressed IFC tensors (orange circles). In both materials,
we show results for compression factors 𝛾 (3) = 2200 for 3-ph, and 𝛾 (4) = 2500 for
4-ph interactions.
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as shown in Fig. 5.1(b). These results highlight the inherent low-dimensionality
of 𝑛-ph interactions and show their accurate low-rank approximation using tensor
learning.

Note that crystal symmetry can also reduce the size of the 𝑛-IFCs, but it cannot be
used to speed up calculations of phonon relaxation times and thermal conductivity,
which require the full 𝑛-IFCs. In addition, the size reduction from symmetry is
significantly smaller than the PCP compression factor shown here [35].

Using compressed 𝑛-ph interactions, we compute the thermal conductivity at 300
K for the four materials. Our calculations use the single-mode relaxation time
approximation [7, 43, 44] and include both 3- and 4-ph interactions [45–48] with a
converged number of scattering processes for 3- and 4-ph scattering rates [49] (see
details in Supplementary Information [35]).

The thermal conductivity 𝜅, computed with compressed 𝑛-IFC tensors, is com-
pared with the reference value 𝜅 from full (uncompressed) tensors in Fig. 5.2(a) and
(b). We find that 𝜅 converges to the reference value for large compression factors,
𝛾 (3) ≈ 7 × 103 and 𝛾 (4) ≈ 104 for Si, MgO, TiNiSn, and ZrO2, and slightly smaller
𝛾 (4)=3×103 for HgTe, where the 4-ph contribution is more important [9]. Even for
these very large compression factors, the approximate thermal conductivity is still
within 2% of the reference value obtained with full IFCs [35]. This high accuracy
for thermal conductivity is a result of the low compression losses for 𝑛-IFCs.
We also examine the accuracy of compressed IFC tensors for calculating the micro-
scopic scattering rate for each phonon mode, 𝜏−1

𝜈𝒒 . In Figs. 5.3(a) and (b), the phonon
scattering rates from compressed IFC tensors are nearly identical to those from full
IFC tensors for each single phonon mode, even in cases where 𝜏−1

𝜈𝒒 varies by up to
four orders of magnitude over the phonon spectrum. We calculate the coefficient
of determination 𝑅2 [50] between approximate and reference 𝜏−1

𝜈𝒒 , and find values
of 𝑅2 = 0.9996 for Si and 𝑅2 = 0.9986 for HgTe, further confirming the accuracy
of the compressed 𝑛-ph interactions. The approximate scattering rates achieve a
similar accuracy in TiNiSn and MgO [35].
The dimensionality reduction provided by PCP leads to massive cost savings for
calculations involving 𝑛-ph interactions, with speed-up proportional to the com-
pression factor. In Fig. 5.4, we compare CPU wall times for calculations of 3-ph
and 4-ph scattering rates using full and compressed 𝑛-IFCs with large compression
factors (𝛾 (3) > 2200 and 𝛾 (4) > 1000). For all materials studied here, the use of
compressed IFC tensors enables a speed-up of 260–7200 in calculations of thermal
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(a)

(b)

400x1210x
1130x790x

850x
330x

410x260x

Full Φ(3)  Compressed Φ̃(3)

Compressed Φ̃(4)Full Φ(4)

3-ph

4-ph

7200x

480x

Figure 5.4: Comparison of computational cost (CPU wall time) for calculations of
phonon scattering rates using compressed and full IFC tensors. Results are shown
for (a) 3-ph scattering rates with compression factors 𝛾 (3) > 2200 and (b) 4-ph
scattering rates with compression factors 𝛾 (4) >1000 in all materials. The speedup
achieved with compressed tensors is given in figure for each material.

conductivity. Calculations of 𝜏−1
𝜈𝒒 using compressed IFC tensors are so efficient that

computing the thermal conductivity with 3- and 4-ph interactions takes less than a
minute for each material studied here, including monoclinic ZrO2 with a 12-atom
unit cell. Using compressed IFC tensors, we are able to accurately extrapolate the
thermal conductivity to the thermodynamic limit (TDL) by employing progressively
denser momentum grids. The importance of extrapolating to the TDL is clear from
the case of HgTe, where the TDL-extrapolated 𝜅 is 47% larger than the value ob-
tained with reasonable grid sizes of 163 [35]. The calculation for the largest grid,
2503, requires only 2.5 CPU node-hours. We attribute the slow convergence of the
thermal conductivity in HgTe to the important role of 4-ph processes (see analysis



96

in Supplementary Information [35]).

In Fig. 5.4(a), the speed-up increases for increasing unit cell sizes. For large
unit cells, such as in ZrO2, the speed-up becomes comparable to the compression
factor because the cost of computing the 𝑛-ph interactions dominates the total CPU
wall time [35]. The significant speed-up achieved by PCP can be understood by
comparing the 𝑛-ph interactions and their compressed counterparts. The size of the
𝑛-IFC tensor in real space, Φ(𝑛) , scales as 𝑁𝑛−1

𝑅
(3𝑁𝑎)𝑛, where 𝑁𝑅 is the number of

Wigner-Seitz cells, which is the same as the size of the coarse q-point grid, and 𝑁𝑎 is
the number of atoms in the unit cell, so that 3𝑁𝑎 is the number of phonon modes. The
summation over these variables in the conventional 𝑛-ph interactions, exemplified
by the 3-ph case in Eq. 5.1, is replaced by a summation over 𝑁 (𝑛)

𝑐 PCP modes for
the compressed 𝑛-ph interactions in Eq. 5.2. This reduces the computational cost of
𝑉 (𝑛) (Q1, . . . , Q𝑛) by a factor of O

(
3𝑁𝑛𝑎𝑁𝑛−1

𝑅
/𝑁 (𝑛)

𝑐

)
(see analysis in Supplementary

Information [35]).

The PCP decomposition also offers interesting ways to analyze 𝑛-ph interactions.
We express the 𝑛-ph anharmonic energy 𝐸 (𝑛) (𝒖) in terms of PCP modes [35],

𝐸 (𝑛) (𝒖) =
∑︁
𝑙

∑︁
𝜉

𝜆𝜉

𝑛!

𝑛∏
𝑖=1

𝜙
𝜉

𝑖
(𝑙, 𝒖), (5.6)

𝜙
𝜉

𝑖
(𝑙, 𝒖) = ⟨𝑨𝜉

𝑖
(𝑙), 𝒖⟩ (5.7)

=
∑︁
𝑙′𝑏𝛼

𝐴
𝜉
𝜎𝑖 (𝑙

′ − 𝑙, 𝑏𝛼)𝑢(𝑙′𝑏𝛼),

where 𝑢(𝑙𝑏𝛼) is the displacement of atom 𝑏 in primitive cell 𝑙 along the 𝛼 direction.
Here, the PCP modes [𝑨𝜉

𝑖
(𝑙)] 𝑙′𝑏𝛼 = 𝐴

𝜉
𝜎𝑖 (𝑙′ − 𝑙, 𝑏𝛼) are viewed as local vibrational

modes, centered in the 𝑙-th primitive cell, which give dominant contributions the
𝑛-th order anharmonic energy 𝐸 (𝑛) (𝒖). Therefore, the projection 𝜙𝜉

𝑖
(𝑙, 𝒖) defined

in Eq. 5.6 is a descriptor of the atomic environment that quantifies the similarity
between the local atomic displacement 𝒖 and the PCP modes 𝑨𝜉

𝑖
(𝑙). (Interestingly,

the anharmonic energy for PCP decomposition in Eq. (5.6) has a structure similar
to the slave mode [51, 52] and the atomic cluster expansion models [53].)

These PCP modes can be viewed as generalized eigenvectors of the 𝑛-ph interac-
tion tensor, and provide direct physical information about the dominant vibrational
patterns. In Fig. 5.5, we visualize the three modes associated with the largest PCP
singular value for 3-ph interactions in Si. The PCP-mode triplet {𝐴𝜉=1

1 , 𝐴
𝜉=1
2 , 𝐴

𝜉=1
3 }

provides the best rank-1 approximation of 3-IFC tensors in Si and is obtained by
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￼Aξ=1
1 ￼Aξ=1

2 ￼Aξ=1
3

Figure 5.5: The PCP mode triplet 𝐴𝜉=1
𝑖=1,2,3 with the largest 3-ph coupling strength

in Si. The three modes are related by the C3 rotation symmetry along the [111]
direction in Si.

setting the PCP rank to 𝑁 (3)
𝑐 = 1 in the training process. These three modes are

related by a 𝐶3 rotation along the [111] crystal direction:

𝐶̂3𝐴
𝜉=1
1 = 𝐴

𝜉=1
2 , 𝐶̂3𝐴

𝜉=1
2 = 𝐴

𝜉=1
3 , 𝐶̂3𝐴

𝜉=1
3 = 𝐴

𝜉=1
1 .

Even though we do not explicitly preserve the space-group symmetry when generat-
ing the PCP modes, the rank-1 PCP ansatz is capable of learning the𝐶3 symmetry of
Si encoded in the uncompressed 3-IFC tensors during the optimization process. In
general, the crystal symmetry is preserved in the compressed IFCs, with only a small
symmetry loss resulting from compression (see Supplementary Information [35]).

5.3 Conclusion
In summary, we propose a tensor decomposition of 𝑛-ph interactions and show
compression of 𝑛-IFC tensors using GPU-accelerated tensor learning. Our PCP
decomposition reveals the inherent low-dimensionality of 3- and 4-ph interactions
in crystals with generic symmetry and unit cell size, enabling compression factors
greater than 103 for minimal compression errors of less than 3%. We achieve
corresponding cost savings for calculations of phonon scattering rates and thermal
conductivity. The large speed-up makes our method suitable for high-throughput
screening of thermal transport in materials and offers a promising pathway to go
beyond 3- and 4-ph interactions. The PCP-compressed 𝑛-ph interactions can be
combined with CPU and GPU parallelization to accelerate modeling of ph-ph in-
teractions. The PCP decomposition can also uncover dominant atomic environment
descriptors, providing valuable information for formulating machine learning atomic
force fields. Future work will explore 5-ph and higher 𝑛-ph interactions in strongly
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anharmonic materials, use PCP to obtain simplified coupled-mode equations for
nonlinear phonon processes, and accelerate simulations of ultrafast phonon dynam-
ics.

5.4 Supplementary information
Derivation of 𝑛-ph interactions and their PCP decomposition
The 𝑛-IFC tensor in PCP format is

Φ̃
𝛼1,...,𝛼𝑛
𝑙1𝑏1,...,𝑙𝑛𝑏𝑛

=

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

∑︁
𝑙

𝑛∏
𝑖=1

𝐴
𝜉
𝜎𝑖 (𝑙𝑖 − 𝑙, 𝑏𝑖𝛼𝑖), (5.8)

where 𝑙, 𝑏, and 𝛼 index the primitive cell, basis atom, and Cartesian coordinate,
respectively. In the following, we show that this expression is consistent with the
PCP decomposition of 𝑛-ph interactions, 𝑉̃ (𝑛) , in Eq. (2) of main text.

The compressed 𝑛-ph interaction in momentum space, 𝑉̃ (𝑛) , is obtained from a basis
transformation of Φ̃:

𝑉̃ (𝑛) (Q1, ...,Q𝑛) =
1
𝑁

∑︁
𝑙1𝑏1,𝛼1

𝑒
Q1
𝛼1𝑏1√
𝑚𝑏1

𝑒𝑖𝒒1𝒓𝑙1 ...
∑︁

𝑙𝑛𝑏𝑛,𝛼𝑛

𝑒
Q𝑛

𝛼𝑛𝑏𝑛√
𝑚𝑏𝑛

𝑒𝑖𝒒𝑛 𝒓𝑙𝑛 Φ̃
𝛼1,...,𝛼𝑛
𝑙1𝑏1,...,𝑙𝑛𝑏𝑛

, (5.9)

where 𝑁 is the number of primitive cells in a Born–von Kármán (BvK) supercell.
Substituting Eq. 5.8 into Eq. 5.9, and exchanging the order of

∏
and

∑
, we get

𝑉̃ (𝑛) (Q1, ...,Q𝑛) =
𝑁

(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

1
𝑁

∑︁
𝑙

𝑛∏
𝑖=1

©­«
∑︁
𝑙𝑖𝑏𝑖 ,𝛼𝑖

𝑒
Q1
𝛼𝑖𝑏𝑖√
𝑚𝑏𝑖

𝑒𝑖𝒒𝑖 𝒓𝑙𝑖 𝐴𝜎𝑖 (𝑙𝑖 − 𝑙, 𝑏𝑖𝛼𝑖)
ª®¬ .

(5.10)

Let us define the PCP modes in momentum space,

𝐴
𝜉
𝜎𝑖 (Q) =

∑︁
𝑙′
𝑖
𝑏𝑖 ,𝛼𝑖

𝑒
Q1
𝛼𝑖𝑏𝑖√
𝑚𝑏1

𝑒
𝑖𝒒𝑖 𝒓𝑙′

𝑖 𝐴𝜎𝑖 (𝑙′𝑖 , 𝑏𝑖𝛼𝑖).

After the change of variable 𝑙′
𝑖
= 𝑙𝑖 − 𝑙, we obtain

𝑉̃ (𝑛) (Q1, ...,Q𝑛) =
𝑁

(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

1
𝑁

∑︁
𝑙

𝑛∏
𝑖=1

(
𝑒𝑖𝒒𝑖 𝒓𝑙𝐴

𝜉
𝜎𝑖 (Q𝑖)

)
(5.11)

=

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

1
𝑁

∑︁
𝑙

𝑒𝑖
∑𝑛

𝑖=1 𝒒𝑖 𝒓𝑙
𝑛∏
𝑖=1

𝐴
𝜉
𝜎𝑖 (Q𝑖) (5.12)

=

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

𝛿

(
𝑛∑︁
𝑖=1

𝒒𝑖

)
𝑛∏
𝑖=1

𝐴
𝜉
𝜎𝑖 (Q𝑖). (5.13)
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Using the property that a permanent is invariant under matrix transpose, we exchange
𝑖 and 𝜎𝑖 in 𝐴𝜉𝜎𝑖 (Q𝑖), and obtain the 𝑛-ph interactions in momentum space in PCP
format:

𝑉̃ (𝑛) (Q1, ...,Q𝑛) = 𝛿
(
𝑛∑︁
𝑖=1

𝒒𝑖

)
𝑁

(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

𝑛∏
𝑖=1

𝐴
𝜉

𝑖
(Q𝜎𝑖

), (5.14)

which is Eq. (2) in the main text.

Anharmonic energy 𝐸 (𝑛) in PCP decomposition
Using the definition of the 𝑛-IFCs, the 𝑛th-order anharmonic energy 𝐸 (𝑛) (𝒖) is:

𝐸 (𝑛) (𝒖) = 1
𝑛!

∑︁
𝑙1𝑏1𝛼1

...
∑︁
𝑙𝑛𝑏𝑛𝛼𝑛

Φ̃
𝛼1,...,𝛼𝑛
𝑙1𝑏1,...,𝑙𝑛𝑏𝑛

𝑢(𝑙1𝑏1𝛼1)𝑢(𝑙2𝑏2𝛼2)...𝑢(𝑙𝑛𝑏𝑛𝛼𝑛). (5.15)

Substituting Eq. 5.8 into the equation above, we obtain

𝐸 (𝑛) (𝒖) = 1
𝑛!

∑︁
𝑙1𝑏1𝛼1

𝑢(𝑙1𝑏1𝛼1)...
∑︁
𝑙𝑛𝑏𝑛𝛼𝑛

𝑢(𝑙𝑛𝑏𝑛𝛼𝑛)
𝑁

(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

∑︁
𝜎∈𝑆𝑛

∑︁
𝑙

𝑛∏
𝑖=1

𝐴
𝜉
𝜎𝑖 (𝑙𝑖−𝑙, 𝑏𝑖𝛼𝑖).

(5.16)
Exchanging the order of

∏
and

∑
in Eq. (5.10), we rewrite this equation as

𝐸 (𝑛) (𝒖) =
∑︁
𝑙

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!
1
𝑛!

∑︁
𝜎∈𝑆𝑛

𝑛∏
𝑖=1

( ∑︁
𝑙𝑖𝑏𝑖𝛼𝑖

𝐴
𝜉
𝜎𝑖 (𝑙𝑖 − 𝑙, 𝑏𝑖𝛼𝑖)𝑢(𝑙𝑖𝑏𝑖𝛼𝑖)

)
. (5.17)

To simplify this expression, we define the projections appearing in Eq. (7) of main
text:

𝜙
𝜉

𝑖
(𝑙, 𝒖) = ⟨𝑨𝜉

𝑖
(𝑙), 𝒖⟩ =

∑︁
𝑙′𝑏𝛼

𝐴
𝜉
𝜎𝑖 (𝑙

′ − 𝑙, 𝑏𝛼)𝑢(𝑙′𝑏𝛼). (5.18)

In terms of these quantities, the 𝑛th-order anharmonic energy 𝐸 (𝑛) (𝒖) becomes

𝐸 (𝑛) (𝒖) =
∑︁
𝑙

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!
1
𝑛!

∑︁
𝜎∈𝑆𝑛

𝑛∏
𝑖=1

𝜙
𝜉
𝜎𝑖 (𝑙, 𝒖). (5.19)

Since
∏𝑛
𝑖=1 𝜙

𝜉
𝜎𝑖 (𝑙, 𝒖) is independent of 𝜎, we can further simplify this expression to

𝐸 (𝑛) (𝒖) =
∑︁
𝑙

𝑁
(𝑛)
𝑐∑︁
𝜉=1

𝜆𝜉

𝑛!

𝑛∏
𝑖=1

𝜙
𝜉

𝑖
(𝑙, 𝒖), (5.20)

which is Eq. (6) in the main text.
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Computational cost analysis
From a computational viewpoint, Eq. (2) in main text can greatly accelerate cal-
culations of ph-ph interactions. The main bottleneck in such calculations is com-
puting the 𝑛-ph coupling 𝑉 (𝑛) (Q1,Q2, ...,Q𝑛) for many scattering channels start-
ing from the 𝑛-IFC, Φ(𝑛) . When using the uncompressed 𝑛-ph interactions in
Eq. (1), the computational cost scales as O(𝑁Φ𝑁channel), where 𝑁Φ is the number
of non-zero entries in Φ(𝑛) and 𝑁channel is the number of active scattering channels
in 𝑉 (𝑛) (Q1,Q2, ...,Q𝑛). In contrast, utilizing the compressed 𝑛-ph interaction in
Eq. (2), the same calculation has a cost that scales as O(𝑁 (𝑛)

𝑐 𝑁channel), where 𝑁 (𝑛)
𝑐 is

the PCP rank. Therefore, the computational cost savings from using Eq. (1) instead
of Eq. (2) is proportional to the compression factor, 𝛾 (𝑛) = 𝑁Φ/𝑁 (𝑛)

𝑐 . In Fig. 4 of
main text, we compare calculations using full (uncompressed) and compressed 𝑛-ph
interactions. The two sets of calculations are identical except for the method used
to calculate 𝑉 (𝑛) (Q1,Q2, ...,Q𝑛). Therefore, the computational speed-up in Fig. 4
is entirely due to the more efficient computation of𝑉 (𝑛) (Q1,Q2, ...,Q𝑛) when using
compressed 𝑛-ph interactions.

In thermal conductivity calculations, the speed-up analysis is more complex. The
total CPU time for computing phonon scattering rates (and thus the thermal con-
ductivity) can be split into two contributions, with respective computational cost:

𝑇1 = cost of evaluating the 𝑛-phonon interactions 𝑉 (𝑛) (Q1,Q2, ...,Q𝑛),
𝑇2 = cost of computing the scattering rates from those interaction tensors.

Our PCP method only accelerates𝑇1, reducing it to 𝑇1
𝑘𝛾𝑛

, where 𝛾𝑛 is the compression
factor and 𝑘 is a small pre-factor (in practice 𝑘 ≈ 2). The cost 𝑇2 is left unchanged.
Therefore, the speedup for the phonon scattering rate calculation, defined as the
ratio of CPU wall times, is

speedup =
𝑇1 + 𝑇2

𝑇1/(𝑘 𝛾𝑛) + 𝑇2
.

In conventional calculations of phonon scattering rates, evaluating 𝑛-phonon inter-
actions is the bottleneck and 𝑇2 is negligible. However, since our PCP approach
reduces 𝑇1 very efficiently, 𝑇2 eventually becomes non-negligible. Consequently,
there is an upper bound for the speedup:

speedup <
𝑇1 + 𝑇2

𝑇2
≈ 𝑇1

𝑇2
.
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For example, in the case of Si, 𝑇1/(𝑘 𝛾𝑛) is smaller than 𝑇2, so the observed speedup
is dominated by the fixed cost 𝑇2 and thus it is close to the upper bound:

speedup =
𝑇1 + 𝑇2

𝑇1/(𝑘 𝛾𝑛) + 𝑇2
≈ 𝑇1 + 𝑇2

𝑇2
≈ 260.

For all cubic materials with small unit cells discussed in the manuscript, the wall
time of the calculation is dominated by the fixed cost 𝑇2, and thus it is close to
the upper bound 𝑇1/𝑇2. For ZrO2, which has 12 atoms in the unit cell, we use a
much larger PCP rank (𝑁𝑐 = 144), so that 𝑇1/(𝑘 𝛾𝑛) > 𝑇2 and the observed speedup
approaches a different limit where the fixed overhead cost 𝑇2 becomes irrelevant:

speedup =
𝑇1 + 𝑇2

𝑇1/(𝑘 𝛾𝑛) + 𝑇2
≈ 𝑘 𝛾3 ≈ 7200.

This value reflects the true speedup of our PCP approach, which is close to twice
the compression ratio: 𝑘 ≈ 2, 𝛾3 ≈ 4000, and thus a speedup close to 8000.

DFT calculations and force constants generation
We generate displacement-force datasets using the Alamode package [3]. For
all materials studied here, we sample 150 random configurations at 300 K using
the harmonic phonon dispersion, and calculate forces for these randomly sampled
configurations with the PBEsol functional [41] using VASP [39, 40] with a 2×2×2
k-point grid for all supercells. To extract the IFCs, we employ the adaptive LASSO
solver implemented in Alamode [3], with hyperparameters optimized by the cross-
validation method. For Si, we use a 5×5×5 supercell containing 250 atoms, with a
unit cell lattice constant of 5.43 Å and a kinetic energy cutoff of 500 eV. For HgTe,
we use a 4×4×4 supercell containing 128 atoms, with a unit cell lattice constant of
6.52 Å and a kinetic energy cutoff of 300 eV. For MgO, we use a 3×3×3 supercell
containing 250 atoms, with a unit cell lattice constant of 4.25 Å and a kinetic energy
cutoff of 400 eV. For TiNiSn, we use a 2×2×2 supercell containing 96 atoms, with
a unit cell lattice constant of 5.87 Å and a kinetic energy cutoff of 500 eV. For
ZrO2, we use a 2×2×2 supercell containing 96 atoms, with a relaxed unit cell lattice
constant of 𝑎 = 4.94Å, 𝑏 = 5.16Å, 𝑐 = 5.08Å and a kinetic energy cutoff of 350 eV.
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Phonon scattering rate calculations
We compute the phonon scattering rate as the sum of 3-ph and 4-ph scattering
rates [58]. The 3-ph scattering rate 𝜏−1

3𝑝ℎ,Q, for a phonon mode Q = 𝜈𝒒, reads

𝜏−1
3𝑝ℎ,Q =

𝜋ℏ

4𝑁𝒒

∑︁
Q1

∑︁
Q2

���𝑉 (3) (Q1,Q2,Q3)
���2 1
𝜔Q𝜔Q1𝜔Q2

(5.21)

×
[
1
2
(1 + 𝑛Q1 + 𝑛Q2)𝛿(𝜔Q − 𝜔Q1 − 𝜔Q2) + (𝑛Q1 − 𝑛Q2)𝛿(𝜔Q + 𝜔Q1 − 𝜔Q2)

]
.

The 4-ph scattering rate 𝜏−1
4𝑝ℎ,Q, for a phonon mode Q = 𝜈𝒒, reads

𝜏−1
4𝑝ℎ,Q =

𝜋ℏ

4𝑁𝒒

ℏ

2𝑁𝒒

∑︁
Q1

∑︁
Q2

∑︁
Q3

���𝑉 (4) (Q1,Q2,Q3,Q4)
���2 1
𝜔Q𝜔Q1𝜔Q2𝜔Q3

(5.22)

×
[
1
6
𝑛Q1𝑛Q2𝑛Q3

𝑛Q
𝛿(𝜔Q − 𝜔Q1 − 𝜔Q2 − 𝜔Q3)

+ 1
2
(1 + 𝑛Q1)𝑛Q2𝑛Q3

𝑛Q
𝛿(𝜔Q + 𝜔Q1 − 𝜔Q2 − 𝜔Q3)

+ 1
2
(1 + 𝑛Q1) (1 + 𝑛Q2)𝑛Q3

𝑛Q
𝛿(𝜔Q + 𝜔Q1 + 𝜔Q2 − 𝜔Q3)

]
,

where 𝑁𝒒 is the number of q-points in the phonon momentum grid, 𝜔Q is the energy
of the phonon mode Q and 𝑛Q the corresponding Bose-Einstein thermal occupation.
The delta function 𝛿(𝑥) is approximated by a Gaussian function e−(𝑥/𝜖)2 , where 𝜖 is
the Gaussian smearing parameter. We set 𝜖 = 0.5 meV, 0.2 meV, 0.2 meV, 0.2 meV,
1.0 meV for Si, HgTe, MgO, TiNiSn and ZrO2, respectively. We employ the random
sampling technique in Ref. [49] to speed up the integration. For Si, HgTe, MgO and
TiNiSn, we sample 2×105 scattering processes for both 3- and 4-ph scattering rates
for each 𝜏−1

Q , which ensures convergence of the phonon scattering rates. For ZrO2,
we sample 4×104 scattering processes for 3-ph interactions and 4×105 scattering
processes for 4-ph interactions.

Constrained optimization
For acoustic phonons, the ph-ph interactions vanish in the long-wavelength limit
due to the acoustic sum rule (ASR). However, the thermal occupation of acoustic
phonons can be large at finite temperature and diverge in the long-wavelength
limit. This interplay results in acoustic phonon scattering being non-negligible,
even though their interaction matrix elements are vanishingly small. We address
this problem using a constrained optimization approach inspired by a method we
previously developed for compressing 𝑒-ph interactions using SVD [27]. The ASR
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for the 3-IFCs gives the constraint∑︁
𝑙1𝑏1

Φ
𝛼1,𝛼2,𝛼3
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3

= 0. (5.23)

To enforce the acoustic sum rule [29], we impose
∑
𝑙,𝑏 𝐴

𝜉

𝑖
(𝑙, 𝑏𝛼) = 0. This ASR

leads to the following expansion in the long-wavelength limit (𝒒 → 0),∑︁
𝑙1𝑏1

𝑒𝑖𝒒1𝒓𝑙1Φ
𝛼1,𝛼2,𝛼3
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3

≈ 𝑖𝒒1 ·
∑︁
𝑙1𝑏1

Φ
𝛼1,𝛼2,𝛼3
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3

𝒓𝑙1 ≈ 𝑖𝒒1 · 𝑭𝛼1,𝛼2,𝛼3
𝑙2𝑏2,𝑙3𝑏3

[Φ], (5.24)

where

𝑭𝛼1,𝛼2,𝛼3
𝑙2𝑏2,𝑙3𝑏3

[Φ] =
∑︁
𝑙1𝑏1

Φ
𝛼1,𝛼2,𝛼3
𝑙1𝑏1,𝑙2𝑏2,𝑙3𝑏3

𝒓𝑙1 (5.25)

is the ph-ph deformation potential, which is analogous to the 𝑒-ph deformation
potentials discussed in Refs. [54, 55].

To preserve the ph-ph deformation potential 𝑭, we introduce a Lagrange multiplier
in the loss function, which becomes:

𝐿 = ∥𝚽̃ [𝑨] −𝚽∥2 + 𝜆𝐹 ∥𝑭[𝚽̃ [𝑨]] − 𝑭[𝚽] ∥2. (5.26)

In our calculations, we set 𝜆𝐹 to a large value to numerically enforce the ph-ph
deformation potential.

Phonon scattering rates for MgO and TiNiSn
Thermal conductivity results

We calculate the thermal conductivity 𝜅 at 300 K using momentum grids of 403,
303, 203, 203 and 103 for Si, HgTe, MgO, TiNiSn, and ZrO2 respectively. In the
following, we show the convergence of 𝜅 with respect to the PCP decomposition
rank for the 3-ph and 4-ph interactions, respectively, in Tables 5.1 and 5.2. For
𝑁

(3)
𝑐 = 24 and 𝑁 (4)

𝑐 = 48, the thermal conductivity predicted using compressed IFC
tensors is within 98% of the value obtained using full 3- and 4-IFC tensors for all
materials studied here.

Extrapolation to the thermodynamic limit

Origin of the slow convergence of thermal conductivity for HgTe

In HgTe, the 4-ph interactions give an important contribution. Without 4-ph scatter-
ing, the thermal conductivity is overestimated by around 400%, as has been reported



104

￼R2 = 0.9994

MgO

￼R2 = 0.9965

TiNiSn

(a) (b)

(c) (d)

Figure 5.6: Phonon scattering rates as a function of phonon energy for (a) MgO
and (c) TiNiSn. The plots compare results computed with full IFC tensors and
compressed IFC tensors (we use 𝑁 (3)

𝑐 = 24 for MgO and 𝑁 (4)
𝑐 = 48 for TiNiSn).

Corresponding parity plots comparing results from compressed vs. full IFC tensors
for 3+4-phonon scattering rates are given the same materials in panels (b) and (d).

previously [9]. In figure. 5.8, we calculate the thermal conductivity as a function
of grid size for two values of the smearing parameter, 0.2 meV and 0.8 meV, with
and without 4-ph interaction. We find that the thermal conductivity without 4-ph
interactions is greatly overestimated, as is seen by comparing the y-axis values in the
two figure panels. Figure. 5.8(a) shows the calculation without 4-ph interactions,
where the thermal conductivity is nearly converged for a grid of 203 and is close
to the results extrapolated to the thermodynamic limit. This confirms that the 3-ph
interactions converge rapidly with the grid size. In Fig. 5.8(b), in the calculation
with 4-ph interactions, the convergence with grid size is slow and persists up to much
larger smearing values of 0.8 meV. Therefore, we attribute the slow convergence of
the thermal conductivity in HgTe to the importance of the 4-ph processes, which are
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Table 5.1: Calculated thermal conductivity, in units of W/(mK), for Si, HgTe,
MgO, TiNiSn. We compare reference results from full (uncompressed) 𝑛-IFCs
(rightmost column) with calculations using compressed 3-ph and 4-ph interactions
with different choices of PCP rank for 3-ph interactions. The PCP rank for 4-ph
interactions is fixed to 𝑁 (4)

𝑐 = 48. Thermal conductivities that are within 98% of
the uncompressed reference result are shown with bold font.

Crystals 𝑁
(3)
𝑐 = 4 𝑁

(3)
𝑐 = 8 𝑁

(3)
𝑐 = 16 𝑁

(3)
𝑐 = 24 Full 𝚽(3) , 𝚽(4)

Si 116.6 131.6 130.7 130.2 130.9
HgTe 2.13 2.13 2.20 2.22 2.24
MgO 59.0 44.7 42.8 42.7 42.3
TiNiSn 27.7 18.7 15.1 15.0 15.0

Table 5.2: Calculated thermal conductivity as in Table S1 above but with results
given for different choices of PCP rank for 4-ph interactions while fixing the PCP
rank for 3-ph interactions to 𝑁 (3)

𝑐 = 24. Bold font indicates thermal conductivities
within 98% of the respective reference result obtained from full 𝑛-IFC tensors
(rightmost column).

Crystals 𝑁
(4)
𝑐 = 4 𝑁

(4)
𝑐 = 8 𝑁

(4)
𝑐 = 16 𝑁

(4)
𝑐 = 24 𝑁

(4)
𝑐 = 32 𝑁

(4)
𝑐 = 48 Full 𝚽(3) , 𝚽(4)

Si 123.2 132.0 130.7 130.2 130.3 130.2 130.9
HgTe 1.79 2.14 2.04 2.03 2.19 2.22 2.24
MgO 43.8 42.9 42.8 42.7 42.7 42.7 42.3
TiNiSn 15.5 15.3 15.0 15.0 15.0 15.0 15.0

expected to be less smooth than the 3-ph scattering processes in the Brillouin zone
and thus require denser grids to reach convergence.

Number of force constants for 3rd order force constants
In this section, we compare the compression factor for our PCP technique, 𝛾 (3)

defined in the manuscript, with the size reduction (or “compression”) resulting from
symmetry, defined as

𝛾
(3)
sym =

∥Φ(3)
full∥0

∥Φ(3)
irr ∥0

. (5.27)

where ∥𝒙∥0 indicates the 𝐿0 norm, which measures the number of nonzero elements,
and Φ

(3)
irr is the irreducible IFC tensor, which accounts for the reduction of indepen-

dent entries in the IFC tensor due to symmetry. In Table (5.3), we compare the PCP
and symmetry-derived compression factors for all materials studied in this work,
including ZrO2. The size reduction deriving from symmetry is of order 30–300 for
all materials, and thus much smaller than the PCP compression factors, which are
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Figure 5.7: Extrapolation of the thermal conductivity for HgTe at 300 K to the
thermodynamic limit (TDL). The largest grid size we computed is 2503, which
corresponds to the leftmost data point. We extrapolate to the TDL by fitting the
thermal conductivity values for the four largest grid sizes using 𝜅(𝑁𝑞) = 𝜅(∞) −
𝑏𝑁

−1/3
𝑞 , where 𝑁𝑞 is the number of q-points in the grid, and 𝑏 is the slope. Using

this procedure, we obtain an extrapolated value of 𝜅(∞) = 2.5 W/(mK), which is
47% larger than the value using a grid size of 163.

(a) (b)only 3ph 3ph + 4ph

Figure 5.8: Convergence of the thermal conductivity for HgTe at 300 K with (a)
3-ph and (b) 3+4-ph interactions, using two smearing parameters. Blue and orange
markers correspond to smearing values of 0.2 meV and 0.8 meV, respectively.

in the range of 2000–6000. In the case of monoclinic ZrO2, the symmetry-derived
compression factor is relatively small (𝛾 (3)sym = 36) due to the low symmetry of ZrO2,
while the PCP compression is nearly 100 times greater (to be precise, 93 ≈ 3358/36
times greater). This means that our tensor learning approach becomes even more
favorable for low-symmetry crystals.
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Table 5.3: Summary of the compression factors of PCP methods and symmetrization
for all the studied materials.

Crystals bravis lattice ∥Φ(3)
irr ∥0 ∥Φ(3)

full∥0 PCP rank 𝑁 (3)
𝑐 𝛾 (3) 𝛾

(3)
sym

Si Cubic 174 54480 24 2270 313
HgTe Cubic 383 54480 24 2270 142
MgO Cubic 219 54480 24 2270 249
TiNiSn Cubic 515 139230 24 5801 270
ZrO2 Monoclinic 13354 483600 144 3358 36

Symmetry loss from compression

We quantify the symmetry loss resulting from compression for the 𝑖-th symmetry
operation, 𝑆𝑖, using

𝜖𝑖 =

√︃∑
Q1,Q2,Q3

��𝑉̃ (3) (Q1,Q2,Q3) − 𝑆𝑖 [𝑉̃ (3)] (Q1,Q2,Q3)
��2√︃∑

Q1,Q2,Q3

��𝑉̃ (3) (Q1,Q2,Q3)
��2 , (5.28)

where 𝑆𝑖 [𝑉̃ (3)] is the compressed 3-ph interaction after applying the symmetry
operation 𝑆𝑖. The symmetry transformation follows Ref. [56]. In Fig. 5.9, we show
𝜖𝑖 for each symmetry operation in the point group of Si. In all cases, the symmetry
loss resulting from compression is less than 1%.

1 10 20 30 40 48
i-th symmetry operation

0.1%

1%

10%

100%
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ss

Figure 5.9: Relative symmetry loss for the compressed 3-ph interactions in Si, using
a compression factor 𝛾 (3) = 2200 (𝑁 (3)

𝑐 = 24), given for each symmetry operations
in the point group. In all cases, the symmetry loss, 𝜀𝑖 defined above, is less than
1%. The first symmetry operation is the identity, which is always satisfied exactly.
We use spglib [57] to find all the point-group symmetry operations.
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C h a p t e r 6

COHERENT PHONON DYNAMICS

6.1 Introduction
Nonlinear phononics, where one vibrational mode of a crystal drives or mixes with
another, has become a central route to steering solids far from equilibrium in a
symmetry-selective way. Intense mid-infrared or THz pulses can resonantly excite
an infrared-active phonon and, through anharmonic couplings, transiently reshape
the lattice potential experienced by other modes. This mechanism underlies a
growing class of light-induced phenomena: structural chirality control [1], transient
paraelectric-ferroelectric switching [2], magnetic phase control [3], insulator-metal
transitions[4], and reports of superconducting-like signatures at temperatures far
above equilibrium critical values[5]. The common feature across these examples is
that the experimentally relevant control is not merely a change in phonon populations,
but a coherent, phase-defined lattice displacement that can selectively break or
restore symmetries on ultrafast timescales.

The rt-BTE describes electrons and phonons through occupations. However, a
purely population-based description cannot represent coherent lattice motion: a
coherent phonon corresponds to a nonzero expectation value of a displacement
operator, which is invisible to phonon population alone. In pump-probe, time-
resolved diffraction, and nonlinear optical probes, the measured signal is often
directly proportional to lattice displacements, making it essential to compute the
coherent coordinate itself.

This chapter develops a microscopic and phase-consistent framework for coupled
coherent and incoherent electron-phonon dynamics. The guiding goal is to connect
three ingredients within a single set of equations of motion (EOMs): electronic
populations, phonon populations, and phonon coherences. The central object that
accounts for coherence is the phonon displacement coordinate ⟨𝑄q𝜈 (𝑡)⟩, derived
from creation/annihilation operators. In the incoherent limit, this quantity vanishes,
and the formalism reduces to the standard rt-BTE. Under coherent driving, however,
⟨𝑄q𝜈 (𝑡)⟩ represents a macroscopic lattice displacement with a definite phase.

Microscopic NEGF frameworks provide a rigorous treatment of 𝑒-ph interactions
and phonon coherence in nonequilibrium [6]. However, the work does not rely on
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a NEGF formulation. Instead, this chapter derives the coupled dynamics directly
from the Heisenberg EOMs for electron and phonon operators, allowing phonon
coherence to be retained explicitly at the level of operator expectation values. This
approach provides a transparent microscopic route to equations of motion for elec-
tronic populations, phonon populations, and phonon coherences, while avoiding the
technical overhead associated with two-time Green’s functions.

Within this Heisenberg formulation, 𝑒-ph scattering is treated in a phase-consistent
Markov approximation. We show that, when phonon coherence is neglected, the
resulting equations reduce to the standard rt-BTE with Fermi’s golden rule scat-
tering rates. When phonon coherence is retained, additional phase factors appear
in the Markov reduction, and careful accounting of these phases is required to
obtain physically meaningful resonance conditions. With the phase-consistent pre-
scription developed here, the electron and phonon population equations recover the
correct physical limits and agree with results obtained from the mirrored gener-
alized Kadanoff-Baym ansatz (MGKBA) [6]. In this sense, the present approach
reproduces the established e-ph and ph-e kinetics while making the role of phonon
coherence explicit and transparent.

Ph-ph interactions are not included at the same microscopic level within the Heisen-
berg scattering formalism presented here. Their fully phase-resolved incorporation
remains an open problem and is deferred to future work. To capture the leading ef-
fects of anharmonicity on coherent lattice dynamics, we also explore a complement
treatment, a Liouville-von Neumann formulation of phonon dynamics. At lowest
order, this provides a consistent description of ph-ph scattering, phonon dephasing,
and energy relaxation.

Finally, to enable practical simulations of nonlinear-phononics experiments, we in-
troduce an efficient computational framework using a controlled separation between
coherent and thermal phonons. Coherent, optically driven modes are described by
a classical EOM for the phonon displacement, while all other phonons are treated
within the rt-BTE. Under this approximation, coherent lattice dynamics, 𝑒-ph scat-
tering, and ph-ph relaxation are coupled in a way that preserves the correct limiting
behavior and global energy conservation. Together, these elements provide a unified
and computationally tractable framework for studying coherent phonon dynamics
in driven solids, bridging microscopic scattering theory and experimentally relevant
observables.
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6.2 Electron and phonon dynamics from Heisenberg equations of motion
Electron, phonon and Hamiltonian and EOMs
The noninteracting electronic and phononic Hamiltonians are, respectively [7],

𝐻𝑒 =
∑︁
𝑘𝑛

𝜖𝑘𝑛𝑐
†
𝑘𝑛
𝑐𝑘𝑛, (6.1)

and
𝐻𝑝 =

∑︁
𝑞𝜈

ℏ𝜔𝑞𝜈𝑏
†
𝑞𝜈𝑏𝑞𝜈 . (6.2)

The electron-phonon interaction Hamiltonian is [7]

𝐻𝑒−𝑝 =
∑︁

𝑘,𝑚,𝑛,𝑞,𝜈

𝑔𝑚𝑛𝜈 (𝑘, 𝑞)𝑐†𝑘+𝑞𝑚𝑐𝑘𝑛 (𝑏𝑞𝜈 + 𝑏
†
−𝑞𝜈) (6.3)

Here, the k and q are electron and phonon wave vectors, respectively; 𝑛 and 𝜈 are
band indices for electrons and phonons, respectively; 𝑐†

𝑘𝑛
(𝑐𝑘𝑛) is the creation (anni-

hilation) operator for an electron in state |𝑘𝑛⟩; 𝑏†𝑞𝜈 (𝑏𝑞𝜈) is the creation (annihilation)
operator for a phonon in mode |𝑞𝜈⟩; 𝜖𝑘𝑛 is the energy of the electronic state |𝑘𝑛⟩;
and 𝜔𝑞𝜈 is the frequency of the phonon mode |𝑞𝜈⟩.

We define the electron density matrix as

𝜌𝑛𝑚 (𝑘;𝑄) ≡ ⟨𝑐†
𝑘+𝑄,𝑛 𝑐𝑘,𝑚⟩, (6.4)

and occupation as
𝑓𝑛𝑘 ≡ 𝜌𝑛𝑛 (𝑘; 0) = ⟨𝑐†

𝑛𝑘
𝑐𝑛𝑘⟩. (6.5)

And the phonon occupation is defined as

𝑛𝑞𝜈 ≡ ⟨𝑏†𝑞𝜈𝑏𝑞𝜈⟩, (6.6)

and phonon coherence as

Θ𝜈′𝜈
𝑞′𝑞 (𝑡) = ⟨𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ − ⟨𝑏𝑞′𝜈′⟩⟨𝑏𝑞𝜈⟩. (6.7)

In this work, we focus on the diagonal part of the electron density matrix, i.e.,
𝑘′ = 𝑘 + 𝑞′ and 𝛼 = 𝛽, and the phonon coherence at the same mode, i.e., 𝑞′ = −𝑞
and 𝜈′ = 𝜈. For brevity, the phonon coherence at the same mode is written as

Θ𝑞𝜈 = ⟨𝑏𝑞𝜈𝑏−𝑞𝜈⟩ − ⟨𝑏𝑞𝜈⟩⟨𝑏−𝑞𝜈⟩. (6.8)
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The EOM of the electronic density matrix under the Heisenberg picture is

𝑑⟨𝑐†
𝑘 ′+𝑞′𝛽𝑐𝑘 ′𝛼⟩
𝑑𝑡

= − 𝑖
ℏ

[ ∑︁
𝑛,𝑞,𝜈

𝑔𝛼𝑛𝜈 (𝑘′ − 𝑞, 𝑞) (⟨𝑐†𝑘 ′+𝑞′𝛽𝑐𝑘 ′−𝑞𝑛𝑏𝑞𝜈⟩ (6.9)

+ ⟨𝑐†
𝑘 ′+𝑞′𝛽𝑐𝑘 ′−𝑞𝑛𝑏

†
−𝑞𝜈⟩) − 𝑔𝑛𝛽𝜈 (𝑘′ + 𝑞′, 𝑞) (⟨𝑐†𝑘 ′+𝑞′+𝑞𝑛𝑐𝑘 ′𝛼𝑏𝑞𝜈⟩

+ ⟨𝑐†
𝑘 ′+𝑞′+𝑞𝑛𝑐𝑘 ′𝛼𝑏

†
−𝑞𝜈⟩)

]
.

Define 𝑠𝑞𝜈
𝑚𝑘 ′,𝑛𝑘 ≡ ⟨𝑏𝑞𝜈𝑐†𝑘 ′𝑚𝑐𝑘𝑛⟩, and 𝛿𝑠𝑞𝜈

𝑚𝑘 ′,𝑛𝑘 = 𝑠
𝑞𝜈

𝑚𝑘 ′,𝑛𝑘 − ⟨𝑏𝑞𝜈⟩⟨𝑐†𝑘 ′𝑚𝑐𝑘𝑛⟩. We obtain
the EOM for 𝛿𝑠𝑞

′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′ . (See Appendix A for detailed derivations.) Disgarding
higher-order terms in the form of 𝛿𝑠⟨𝑏⟩ that describe energy renormalization, we
have

𝑑 𝛿𝑠
𝑞′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′

𝑑𝑡
= − 𝑖

ℏ

{
𝛿𝑠
𝑞′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′ (𝜖𝑘 ′𝑛′ − 𝜖𝑘 ′′𝑚′ + ℏ𝜔𝑞′𝜈′)

−
∑︁
𝑘,𝑚,𝑛

𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′)⟨𝑐†𝑘−𝑞′𝑚𝑐𝑘 ′𝑛′⟩⟨𝑐
†
𝑘 ′′𝑚′𝑐𝑘𝑛⟩

+
∑︁
𝑛,𝑞,𝜈

𝑔𝑛′𝑛𝜈 (𝑘′ − 𝑞, 𝑞) (⟨𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ − ⟨𝑏𝑞′𝜈′⟩⟨𝑏𝑞𝜈⟩)⟨𝑐†𝑘 ′′𝑚′𝑐𝑘 ′−𝑞𝑛⟩

+
∑︁
𝑛

𝑔𝑛′𝑛𝜈′ (𝑘′ + 𝑞′,−𝑞′) (𝑛𝜈′𝑞′ + 1)⟨𝑐†
𝑘 ′′𝑚′𝑐𝑘 ′+𝑞′𝑛⟩

−
∑︁
𝑛,𝑞,𝜈

𝑔𝑛𝑚′𝜈 (𝑘′′, 𝑞) (⟨𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ − ⟨𝑏𝑞′𝜈′⟩⟨𝑏𝑞𝜈⟩)⟨𝑐†𝑘 ′′+𝑞𝑛𝑐𝑘 ′𝑛′⟩

−
∑︁
𝑛

𝑔𝑛𝑚′𝜈′ (𝑘′′,−𝑞′)𝑛𝜈′𝑞′ ⟨𝑐†𝑘 ′′−𝑞′𝑛𝑐𝑘 ′𝑛′⟩
}
.

(6.10)

Phase-consistent Markov approximation of phonon-coherence contribution
To obtain closed equations of motion from the Heisenberg formulation, we invoke
a Markovian approximation when formally integrating Eq. 6.10. The imaginary
(on-shell) part of the resulting memory integral yields dissipative scattering terms,
corresponding to the collision integral in a Boltzmann description, while the real
(off-shell) part produces energy renormalization effects, which are neglected here
for simplicity. The Markov kernel is defined as [7]

K(Δ) ≡ P 1
Δ
− 𝑖𝜋 𝛿(Δ), (6.11)

where P denotes the Cauchy principal value.

In practice, the application of the Markov kernel depends on how two-time quantities
are reduced to a single-time description. In the absence of phonon coherence, the
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oscillatory phases associated with the two-time structure cancel under the Markov
approximation, leading to the usual Fermi’s golden rule expressions for 𝑒-ph scatter-
ing. When phonon coherence is retained, however, additional phase factors appear
and must be accounted for explicitly in order to obtain physically meaningful re-
sults. This issue is closely related to the ambiguity encountered in single-time
closures of the Kadanoff-Baym equations using the generalized Kadanoff-Baym
ansatz (GKBA) [6, 8].

At the level of the Heisenberg equations, the Markov reduction is controlled by the
net oscillatory phase appearing in the formal solution of mixed 𝑒-ph correlators.
Denoting such a correlator schematically by 𝛿𝑠, its formal solution may be written
as

𝛿𝑠(𝑡) =
∫ ∞

0
𝑑𝜏 𝑒−𝑖Ω𝜏 S(𝑡 − 𝜏), (6.12)

where Ω collects the phase generated by the homogeneous part of the equation of
motion, and S is a source term.

For correlators containing a single phonon annihilation operator 𝑏𝑞′𝜈′ , the homoge-
neous evolution contributes a frequency +𝜔𝑞′𝜈′ , so that

Ω =
𝜖𝑘𝑛 − 𝜖𝑘+𝑞′𝑚

ℏ
+ 𝜔𝑞′𝜈′ . (6.13)

If the source S does not contain additional coherent phases, the Markov approxima-
tion yields the on-shell condition 𝛿(Ω).

When the source contains a two-annihilator phonon coherence, ⟨𝑏𝑞′𝜈′𝑏𝑞𝜈⟩, its free
evolution carries an intrinsic oscillatory phase. Retaining this phase prior to applying
the Markov kernel shifts the effective detuning in Eq. 6.12, yielding an on-shell
contribution of the form

𝛿
[
Ω − (𝜔𝑞′𝜈′ + 𝜔𝑞𝜈)

]
. (6.14)

As a result, the phonon frequency entering the resonance condition differs from that
obtained for population-driven processes.

In the physically relevant same-mode limit, 𝑞′ = 𝑞 and 𝜈′ = 𝜈, the coherence
contributes a phase 2𝜔𝑞𝜈. With Ω defined by Eq. 6.13, the on-shell condition
reduces to

𝛿

( 𝜖𝑘𝑛 − 𝜖𝑘+𝑞𝑚
ℏ

− 𝜔𝑞𝜈
)
, (6.15)

demonstrating that a term whose homogeneous evolution contains +𝜔𝑞𝜈 yields a
resonance condition involving −𝜔𝑞𝜈 once the phonon-coherence phase is properly
retained.
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Practical rule. In the Markov limit, anomalous phonon coherences ⟨𝑏𝑏⟩ and
⟨𝑏†𝑏†⟩ shift the effective detuning by ±(𝜔𝑞′𝜈′ + 𝜔𝑞𝜈), which in the same-mode
limit induces an explicit swap 𝛿(Δ + ℏ𝜔) ↔ 𝛿(Δ − ℏ𝜔) in the coherence-driven
channels, with the conjugate coherence producing the opposite swap so that the total
contribution remains Hermitian.

The EOMs with phonon coherence
The intermediate results of deriving these EOMs can be found in Appendix A. Here
we only present the final results.

Electron occupation EOM

Omitting electron coherences, and only considering phonon coherences at the same
mode, the EOM of the electronic occupation 𝑓𝑛𝑘 = 𝜌𝑛𝑛 (𝑘; 0) is given by

𝑑𝑓𝑛𝑘

𝑑𝑡
=

2𝜋
ℏ

∑︁
𝑞,𝜈,𝑛′

|𝑔𝑛𝑛′𝜈 (𝑘, 𝑞) |2
{[
(𝑛𝑞𝜈 + 1) 𝑓𝑛′,𝑘+𝑞 (1 − 𝑓𝑛𝑘 ) − 𝑛𝑞𝜈 𝑓𝑛𝑘 (1 − 𝑓𝑛′,𝑘+𝑞)

(6.16)

+ Re
[
Θ𝑞𝜈

]
( 𝑓𝑛′𝑘+𝑞 − 𝑓𝑛𝑘 )

]
𝛿(𝜖𝑛′,𝑘+𝑞 − 𝜖𝑛𝑘 − ℏ𝜔𝑞𝜈)[

𝑛𝑞𝜈 𝑓𝑛′,𝑘+𝑞 (1 − 𝑓𝑛𝑘 ) − (𝑛𝑞𝜈 + 1) 𝑓𝑛𝑘 (1 − 𝑓𝑛′,𝑘+𝑞)

+ Re
[
Θ𝑞𝜈

]
( 𝑓𝑛′,𝑘+𝑞 − 𝑓𝑛𝑘 )

]
𝛿(𝜖𝑛𝑘 − 𝜖𝑛′,𝑘+𝑞 − ℏ𝜔𝑞𝜈)

]}
,

where Θ𝑞𝜈 = ⟨𝑏𝑞𝜈𝑏−𝑞𝜈⟩ − ⟨𝑏𝑞𝜈⟩⟨𝑏−𝑞𝜈⟩. Notice that the phase change associated
with Re[Θ𝑞𝜈] discussed in the previous section does not affect the result for electron
occupation EOM.

Phonon occupation EOM

Similarly the phonon occupation EOM is

𝑑⟨𝑏†
𝑞′𝜈′𝑏𝑞′𝜈′⟩
𝑑𝑡

|=
𝑑⟨𝑏†

𝑞′𝜈′𝑏𝑞′𝜈′⟩
𝑑𝑡

|1𝑠𝑡+
𝑑⟨𝑏†

𝑞′𝜈′𝑏𝑞′𝜈′⟩
𝑑𝑡

|2𝑛𝑑 , (6.17)

where

𝑑⟨𝑏†
𝑞′𝜈′𝑏𝑞′𝜈′⟩
𝑑𝑡

|1𝑠𝑡 = − 𝑖
ℏ

∑︁
𝑘,𝑚,𝑛

[
𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′)⟨𝑐†𝑘−𝑞′𝑚𝑐𝑘𝑛⟩⟨𝑏

†
−𝑞′𝜈′⟩

− 𝑔𝑚𝑛𝜈′ (𝑘, 𝑞′)⟨𝑐†𝑘+𝑞′𝑚𝑐𝑘𝑛⟩⟨𝑏𝑞𝜈′⟩
] (6.18)
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is the Ehrenfest contribution, which vanishes if there is no phonon displacement.
And the second order contribution that comes from 𝑒-ph scattering is

𝑑⟨𝑏†
𝑞′𝜈′𝑏𝑞′𝜈′⟩
𝑑𝑡

|2𝑛𝑑 = −2𝜋
ℏ

∑︁
𝑘 ′,𝑚′,𝑛′

|𝑔𝑚′𝑛′𝜈′ (𝑘′, 𝑞′) |2
{
𝛿(𝜖𝑘 ′𝑛′ − 𝜖𝑘 ′+𝑞′𝑚′ + ℏ𝜔𝑞′𝜈′)

× [ 𝑓𝑘 ′+𝑞′𝑚′ 𝑓𝑘 ′𝑛′ − (𝑛𝜈′𝑞′ + 1) 𝑓𝑘 ′𝑛′ + 𝑛𝜈′𝑞′ 𝑓𝑘 ′+𝑞′𝑚′]

+ 𝛿(𝜖𝑘 ′+𝑞′𝑚′ − 𝜖𝑘 ′𝑛′ + ℏ𝜔𝑞′𝜈′)Re
[
Θ𝑞′𝜈′

]
( 𝑓𝑘 ′+𝑞′𝑚′ − 𝑓𝑘 ′𝑛′)

}
.

(6.19)

Here the Markov approximation with phase correction discussed in the previous
section has been applied, leading to the same result as using the MGKBA [6]. A
conventional treatment of the Markov approximation agrees with the result from
GKBA.

Phonon coherence EOM

The EOM of the phonon coherence at the same mode, Θ𝑞𝜈, is given by

𝑑Θ𝑞𝜈

𝑑𝑡
|1𝑠𝑡 = − 𝑖

ℏ
(ℏ𝜔𝑞𝜈 + ℏ𝜔−𝑞𝜈)Θ𝑞𝜈, (6.20)

and 𝜔𝑞𝜈 = 𝜔−𝑞𝜈 for time-reversal invariant (non-magnetic) crystals.

The second-order contribution from 𝑒-ph scattering is

𝑑Θ𝑞′𝜈′

𝑑𝑡
|2𝑛𝑑=

𝜋

ℏ

∑︁
𝑘 ′,𝑚′,𝑛′

|𝑔𝑚′𝑛′𝜈′ (𝑘′, 𝑞′) |2𝛿(𝜖𝑘 ′+𝑞′𝑚′ − 𝜖𝑘 ′𝑛′ + ℏ𝜔−𝑞′𝜈′)

×
{
𝑓𝑘 ′𝑛′ 𝑓𝑘 ′+𝑞′𝑚′ − (𝑛𝜈′−𝑞′ + 1) 𝑓𝑘 ′𝑛′ + 𝑛𝜈′−𝑞′ 𝑓𝑘 ′+𝑞′𝑚′ + Θ𝑞′𝜈′ ( 𝑓𝑘 ′𝑛′ − 𝑓𝑘 ′+𝑞′𝑚′)

}
+ 𝛿(𝜖𝑘 ′𝑛′ − 𝜖𝑘 ′+𝑞′𝑚′ + ℏ𝜔𝑞′𝜈′)

×
{
𝑓𝑘 ′𝑛′ 𝑓𝑘 ′+𝑞′𝑚′ − (𝑛𝜈′𝑞′ + 1) 𝑓𝑘 ′+𝑞′𝑚′ + 𝑛𝜈′𝑞′ 𝑓𝑘 ′𝑛′ + Θ𝑞′𝜈′ ( 𝑓𝑘 ′+𝑞′𝑚′ − 𝑓𝑘 ′𝑛′)

}
.

(6.21)

Notice that the difference in the sign in front of the coherence term for the emission
and absorption processes now produce the correct physical limits.

Outlook: Phonon occupation and coherence EOMs with ph-ph scattering

The immediate next step, which is under development, is to include three-phonon
scattering into the phonon occupation and coherence EOMs and applying the correct
phase corrections. This will allow us to study the coherent phonon dynamics
including both 𝑒-ph and ph-ph scattering with phonon coherence effects.
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6.3 Liouville-von Neumann formalism of coherent phonon dynamics
Liouville-von Neumann equation
With the adiabatic approximation, the Liouville-von Neumann equation dictates the
evolution of the density operator in the Schrödinger picture using the Lindbladian
super-operator:

𝑑𝜌

𝑑𝑡
= L(𝜌) + 𝐶. (6.22)

The super-operator L:

L(𝜌) = 1
𝑖ℏ
[𝐻0, 𝜌] −

1
ℏ
[𝐻′, [𝐾, 𝜌]], (6.23)

and 𝐾 is defined as:

𝐾 =
1
ℏ

∫ 𝑡

𝑡0

𝑑𝑡′𝑈0(𝑡 − 𝑡′)𝐻′𝑈†
0 (𝑡 − 𝑡

′). (6.24)

For a single-particle density matrix 𝜌sp
𝛼1𝛼2 = ⟨𝑏†𝛼1𝑏𝛼2⟩, its EOM reads:

𝑑

𝑑𝑡
⟨𝑏†𝛼1

𝑏𝛼2⟩ = −𝑖(𝜔𝛼2 − 𝜔𝛼1)⟨𝑏†𝛼1
𝑏𝛼2⟩ +

1
𝑖ℏ

Tr{[𝑏†𝛼1
𝑏𝛼2 , 𝐻]𝜌int}

− 1
ℏ
⟨[[𝑏†𝛼1

𝑏𝛼2 , 𝐻
′], 𝐾]⟩.

(6.25)

Electron-phonon scattering
The derivations are shown in Appendix A. Without ⟨𝑏𝒒1𝜈1𝑏𝒒2𝜈2⟩ terms, assume
𝒒1, 𝒒2 ≠ 0, and ignore electronic coherences (only taking populations) and taking
𝒒1𝜈1 = 𝒒2𝜈2 = 𝒒𝜈:

𝑑

𝑑𝑡
𝑛𝒒𝜈 =

2𝜋
ℏ

∑︁
𝒌𝑛𝑛′,𝜈′

𝛿(𝜖𝒌+𝒒𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒𝜈′)×

Re
{
𝑔𝑛′𝑛𝜈′ (𝒌 + 𝒒,−𝒒)𝑔𝑛𝑛′𝜈 (𝒌, 𝒒)

[
(𝛿𝜈𝜈′ + 𝜌𝒒𝜈𝜈′) 𝑓𝒌+𝒒𝑛′ − 𝜌𝒒𝜈𝜈′ 𝑓𝒌𝑛

]
−|𝑔𝑛𝑛′𝜈 (𝒌, 𝒒) |2 𝑓𝒌𝑛 𝑓𝒌+𝒒𝑛′

}
.

(6.26)
The part proportional to population, taking 𝜈′ = 𝜈:

𝑑

𝑑𝑡
𝑛𝒒𝜈

��
pop. =

2𝜋
ℏ

∑︁
𝒌𝑛𝑛′

𝛿(𝜖𝒌+𝒒𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒𝜈)×

|𝑔𝑛𝑛′𝜈 (𝒌, 𝒒) |2
{
(𝑛𝒒𝜈 + 1) 𝑓𝒌+𝒒𝑛′ 𝑓𝒌𝑛 − 𝑛𝒒𝜈 𝑓𝒌𝑛 (1 − 𝑓𝒌+𝒒𝑛′)

}
.

(6.27)

This is the same result from the Heisenberg formalism, resembling the classical
collision integral.
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The terms proportional to coherence:
𝑑

𝑑𝑡
𝑛𝒒𝜈

��
coh =

2𝜋
ℏ

∑︁
𝒌𝑛𝑛′

∑︁
𝜈′≠𝜈

𝛿(𝜖𝒌+𝒒𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒𝜈′)

× Re
{
𝑔𝑛′𝑛𝜈′ (𝒌 + 𝒒,−𝒒)𝑔𝑛𝑛′𝜈 (𝒌, 𝒒)

[
𝑓𝒌+𝒒𝑛′ (1 − 𝑓𝒌𝑛) − 𝑓𝒌𝑛 (1 − 𝑓𝒌+𝒒𝑛′)

]
𝜌𝒒𝜈𝜈′

}
.

(6.28)

This implies that the emission or absorption of phonon (𝒒′, 𝜈′) will stimulate the
emission or absorption of other phonons (𝒒, 𝜈), with the stimulated population pro-
portional to the real part of the corresponding phonon coherence 𝜌𝒒𝜈;𝒒′𝜈′ . However,
only using electron populations and ignoring electron coherences means that only
𝒒′ = 𝒒 shows up in the equations. For 𝒒′ ≠ 𝒒, it seems to be a "second-order"
process that involves both electron and phonon coherences.

Electron dephasing

The diagonal dephasing terms are
𝑑

𝑑𝑡
𝜌𝒒1𝜈1;𝒒2𝜈2

��
e-ph, diag =

1
2
(Γin − Γout)𝜌𝒒1𝜈1;𝒒2𝜈2 , (6.29)

where

Γin =
2𝜋
ℏ

∑︁
𝒌𝑛𝑛′

{
𝛿(𝜖𝒌+𝒒1𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒1𝜈1) |𝑔𝑛𝑛′𝜈1 (𝒌, 𝒒1) |2 𝑓𝒌+𝒒1𝑛′ (1 − 𝑓𝒌𝑛)

+𝛿(𝜖𝒌+𝒒2𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒2𝜈2) |𝑔𝑛𝑛′𝜈2 (𝒌, 𝒒2) |2 𝑓𝒌+𝒒2𝑛′ (1 − 𝑓𝒌𝑛)
}
,

(6.30)

and

Γout =
2𝜋
ℏ

∑︁
𝒌𝑛𝑛′

{
𝛿(𝜖𝒌+𝒒1𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒1𝜈1) |𝑔𝑛𝑛′𝜈1 (𝒌, 𝒒1) |2 𝑓𝒌𝑛 (1 − 𝑓𝒌+𝒒1𝑛′)

+𝛿(𝜖𝒌+𝒒2𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒2𝜈2) |𝑔𝑛𝑛′𝜈2 (𝒌, 𝒒2) |2 𝑓𝒌𝑛 (1 − 𝑓𝒌+𝒒2𝑛′)
}
.

(6.31)

Phonon-phonon scattering
The form taken for 𝐾 , using the fact that permutations of the matrix element indices
are a symmetry:

𝐾ph-ph =
𝜋

3!

∑︁
𝒒1𝜈1

∑︁
𝒒2𝜈2

∑︁
𝒒3𝜈3

Ψ(𝒒1𝜈1; 𝒒2𝜈2; 𝒒3𝜈3){
𝛿(𝜔1 + 𝜔2 + 𝜔3)𝑏𝒒1𝜈1𝑏𝒒2𝜈2𝑏𝒒3𝜈3

+3𝛿(𝜔1 − 𝜔2 − 𝜔3)𝑏†−𝒒1𝜈1𝑏𝒒2𝜈2𝑏𝒒3𝜈3

+3𝛿(𝜔1 + 𝜔2 − 𝜔3)𝑏†−𝒒1𝜈1𝑏
†
−𝒒2𝜈2𝑏𝒒3𝜈3

+𝛿(𝜔1 + 𝜔2 + 𝜔3)𝑏†−𝒒1𝜈1𝑏
†
−𝒒2𝜈2𝑏

†
−𝒒3𝜈3

}
.

(6.32)
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Taking a thermal average, using the cluster expansion, with zeroth and first order
terms with respect to off-diagonal terms 𝑓𝜇𝜈 with 𝜇 ≠ 𝜈, we arrive at EOMs for
phonon populations and coherences:

𝑑

𝑑𝑡
𝑛𝒒𝜈 = − 1

2ℏ

∑︁
𝛼𝛽

{
Ψ(𝛼; 𝛽;−𝒒𝜈)

(
⟨[𝑏†𝒒𝜈𝑏𝛼𝑏𝛽, 𝐾ph-ph]⟩ − 2⟨[𝑏†

𝛽
𝑏−𝛼𝑏𝒒𝜈, 𝐾

†
ph-ph]⟩

∗
)

+ Ψ(𝛼; 𝛽; 𝒒𝜈)
(
⟨[𝑏†𝒒𝜈𝑏−𝛼𝑏−𝛽, 𝐾†

ph-ph]⟩
∗ − 2⟨[𝑏†−𝛽𝑏𝛼𝑏𝒒𝜈, 𝐾ph-ph]⟩

)}
.

(6.33)

The semiclassical limit is recovered with the zeroth order:

𝑑

𝑑𝑡
𝑛𝒒𝜈

��
0 =

𝜋

ℏ

∑︁
𝛼𝛽

|Ψ(𝛼; 𝛽; 𝒒𝜈) |2{
𝛿(𝜔𝒒𝜈 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 (𝑛𝒒𝜈 + 1) − 𝑛𝒒𝜈 (𝑛𝛼 + 1) (𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝒒𝜈 − 𝜔𝛼) [𝑛𝒒𝜈𝑛𝛼 (𝑛𝛽 + 1) − 𝑛𝛽 (𝑛𝒒𝜈 + 1) (𝑛𝛼 + 1)]
}
.

(6.34)

The EOM of the first order for 𝒒 ≠ 0 is in Appendix A.

Phonon dephasing

With

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩ = −𝑖(𝜔2 − 𝜔1)⟨𝑏†1𝑏2⟩ −

1
2ℏ

∑︁
𝛼,𝛽

{
+ Ψ(𝛼; 𝛽;−2)

(〈
[𝑏†𝜇𝑏𝛼𝑏𝛽, 𝐾]

〉
− 2

〈
[𝑏†
𝛽
𝑏−𝛼𝑏𝜇, 𝐾

†]
〉∗)

+ Ψ(𝛼; 𝛽; 1)
(〈
[𝑏†𝜈𝑏−𝛼 𝑏−𝛽, 𝐾†]

〉∗ − 2
〈
[𝑏†−𝛽𝑏𝛼𝑏𝜈, 𝐾]

〉)}
.

(6.35)

we can compute the zeroth and first order terms,

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩

�� = 𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩

��
0 +

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩

��
1, (6.36)

and the zeroth-order term is shown in Appendix A, which vanishes for a thermal
distribution, as expected.

Diagonal dephasing operator is given by:

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩

��
scat, diag = −1

2
Γ⟨𝑏†1𝑏2⟩, (6.37)
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where

Γ =
𝜋

ℏ

{∑︁
𝛼

[
2𝛿(𝜔𝛼 − 𝜔1 − 𝜔2) |Ψ(𝛼; 𝜇; 𝜈) |2 [(𝑛1 − 𝑛𝛼) + (𝑛2 − 𝑛𝛼)]

]
+

∑︁
𝛼𝛽

[
𝛿(𝜔1 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 1) |2(𝑛𝛼 + 𝑛𝛽 + 1)

+ 𝛿(𝜔2 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 2) |2(𝑛𝛼 + 𝑛𝛽 + 1)
+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔1) |Ψ(𝛼; 𝛽; 1) |2(𝑛𝛼 − 𝑛𝛽)

+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔2) |Ψ(𝛼; 𝛽; 2) |2(𝑛𝛼 − 𝑛𝛽)
]}
.

(6.38)

When separated into "in-" and "out-" scattering, Eq. 6.3 becomes:

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩ =

1
2
(Γin − Γout)⟨𝑏†1𝑏2⟩, (6.39)

where

Γin =
𝜋

ℏ

{∑︁
𝛼

[
2𝛿(𝜔𝛼 − 𝜔1 − 𝜔2) |Ψ(𝛼; 𝜇; 𝜈) |2 [𝑛𝛼 (𝑛2 + 1) + 𝑛𝛼 (𝑛1 + 1)]

]
+

∑︁
𝛼𝛽

[
𝛿(𝜔1 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 1) |2𝑛𝛼𝑛𝛽

+ 𝛿(𝜔2 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 2) |2𝑛𝛼𝑛𝛽
+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔1) |Ψ(𝛼; 𝛽; 1) |2𝑛𝛽 (𝑛𝛼 + 1)

+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔2) |Ψ(𝛼; 𝛽; 2) |2𝑛𝛽 (𝑛𝛼 + 1)
]}
,

(6.40)

and

Γout =
𝜋

ℏ

{∑︁
𝛼

[
2𝛿(𝜔𝛼 − 𝜔1 − 𝜔2) |Ψ(𝛼; 𝜇; 𝜈) |2 [𝑛2(𝑛𝛼 + 1) + 𝑛1(𝑛𝛼 + 1)]

]
+

∑︁
𝛼𝛽

[
𝛿(𝜔1 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 1) |2(𝑛𝛼 + 1) (𝑛𝛽 + 1)

+ 𝛿(𝜔2 − 𝜔𝛼 − 𝜔𝛽) |Ψ(𝛼; 𝛽; 2) |2(𝑛𝛼 + 1) (𝑛𝛽 + 1)
+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔1) |Ψ(𝛼; 𝛽; 1) |2𝑛𝛼 (𝑛𝛽 + 1)

+ 2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔2) |Ψ(𝛼; 𝛽; 2) |2𝑛𝛼 (𝑛𝛽 + 1)
]}
.

(6.41)

Computational implementation

To obtain analytical insight, we formulate a simplified model for the lattice dynamics.
The ph-ph interaction is approximated by a constant effective coupling parameter
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𝑀 , with a low-frequency cutoff imposed to regularize long-wavelength modes.
The phonon coherence coupling matrix 𝑓q𝜈;q′𝜈′ is assumed to be diagonal in crystal
momentum, such that only terms with q = q′ are retained. Under this approximation,
the coupling reduces to 𝑓q𝜈𝜈′ = 𝑓 ∗q𝜈′𝜈, describing coherence transfer between phonon
branches at the same momentum. This assumption is expected to be valid for non-
degenerate, well-separated phonon branches. Finally, off-diagonal dephasing terms
in the phonon coherence EOM are neglected, allowing us to focus on the coherent
dynamics. The EOMs obtained from these approximations are summarized in
Appendix A.

6.4 Approximate description of coupled coherent electron-phonon dynamics
Within the BTE framework, the system is described by electron and phonon occu-
pation factors 𝑓k𝑛 and 𝑛q𝜈. In order to capture coherent lattice motion in addition to
population dynamics, we explicitly introduce the phonon displacement operator

𝑄̂q𝜈 = 𝑏̂q𝜈 + 𝑏̂†−q𝜈, (6.42)

defined in terms of phonon creation and annihilation operators. Its expectation
value,

𝑄q𝜈 (𝑡) = ⟨𝑄̂q𝜈 (𝑡)⟩, (6.43)

serves as a direct measure of phonon coherence: in the incoherent regime 𝑄q𝜈 =

0, whereas optically driven coherent phonons correspond to finite macroscopic
displacements.

Beyond its formal role in the EOM, the coherent displacement 𝑄q𝜈 (𝑡) is directly
relevant to experiments. In pump-probe, second-harmonic generation, and time-
resolved spectroscopy measurements, the observed signals are often proportional
to lattice displacements or their time derivatives rather than to phonon populations.
As a result, computing 𝑄q𝜈 (𝑡) provides direct access to the amplitude, phase, and
symmetry of coherent phonon motion, enabling quantitative comparison with ex-
periments and a clear separation of coherent lattice dynamics from purely thermal
effects [9–11].

EOM for the coherent displacement
Starting from the Heisenberg EOM for 𝑄̂q𝜈 and including harmonic phonon dy-
namics together with ph-ph, e-ph, and infrared-field interactions, one obtains a
second-order EOM for the coherent displacement,

𝜕2
𝑡 𝑄q𝜈 (𝑡) + 𝜔2

q𝜈𝑄q𝜈 (𝑡) = Dq𝜈 (𝑡), (6.44)
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which has the form of a driven harmonic oscillator. The total driving force Dq𝜈 (𝑡)
decomposes into contributions from ph-ph interactions, e-ph coupling, and direct
coupling to an external infrared field, each derived microscopically from the corre-
sponding interaction Hamiltonian.

Central approximation: separation of coherent and thermal phonons
To efficiently couple the coherent phonon EOM to the rt-BTE, we decompose the
phonon displacement operator into coherent and thermal components,

𝑄̂q𝜈 = 𝑄̂
coh
q𝜈 + 𝑄̂th

q𝜈 . (6.45)

The coherent component is treated at the classical mean-field level,

⟨𝑄̂coh
q𝜈 ⟩ = 𝑄coh

q𝜈 , (6.46)

while the thermal component satisfies ⟨𝑄̂th
q𝜈⟩ = 0 and is described statistically

through the phonon occupations obtained from the rt-BTE.

Under this separation, the displacement-displacement correlator entering the ph-ph
driving force is approximated as

⟨𝑄̂q′𝜈′𝑄̂q′′𝜈′′⟩ = 𝑄coh
q′𝜈′𝑄

coh
q′′𝜈′′

+
[
2𝑛th

q′𝜈′ (𝑡) + 1
]
𝛿−q′q′′𝛿𝜈′𝜈′′ .

(6.47)

As a result, the ph-ph contribution to Dq𝜈 (𝑡) separates into a coherent-coherent
term that drives nonlinear coherent oscillations and a thermal term determined by
the time-dependent phonon populations.

Assumptions and regime of validity
The present formulation relies on the following assumptions:

1. Coherent phonons are macroscopically occupied and can be treated at the
mean-field level.

2. Coherent-thermal phonon correlations are neglected, implying the absence of
phase locking between coherent and thermal modes.

3. Thermal phonons obey Gaussian statistics and are fully characterized by
𝑛q𝜈 (𝑡).

4. Coherent dynamics is restricted to optically active zone-center phonons, while
all finite-momentum phonons are treated within the rt-BTE.
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These assumptions define the regime in which the hybrid EOM-rt-BTE description
is both valid and computationally efficient.

Damping and energy conservation
Damping of the coherent phonon EOM is derived from first-principles mode-
resolved three-phonon ph-ph scattering processes. The same anharmonic inter-
action matrix elements enter both the decay rates of coherent phonons and the ph-ph
collision integrals in the phonon rt-BTE. Consequently, energy exchange between
coherent phonons and thermal phonon populations is treated consistently, ensur-
ing global energy conservation and avoiding unphysical energy drift during time
propagation.

6.5 Conclusion
This chapter established a Heisenberg-equation framework for coupled coherent and
incoherent electron-phonon dynamics, recovering the correct limiting behavior for
𝑒-ph and ph-𝑒 scattering while providing direct access to coherent lattice displace-
ments. A complementary Liouville-von Neumann formulation was introduced to
capture ph-ph scattering at lowest order, and an efficient hybrid description was
proposed to enable practical simulations of nonlinear-phononics experiments. An
important direction for future work is the extension of the Heisenberg formalism to
include ph-ph interactions in a fully phase-resolved manner, allowing higher-order
anharmonic processes to be treated on the same microscopic footing as 𝑒-ph scatter-
ing. Further developments will focus on systematically connecting the approximate
hybrid framework to the underlying Heisenberg EOMs, assessing its regime of valid-
ity, and implementing the resulting equations suitable for first-principles simulations
of driven solids.
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C h a p t e r 7

SUMMARY AND FUTURE DIRECTIONS

This thesis advances the first-principles framework for simulating nonequilibrium
coupled electron–phonon dynamics that explicitly incorporates 𝑒-ph and anharmonic
ph-ph interactions using the real-time Boltzmann transport equation (rt-BTE). The
demonstrated framework addresses the high computational cost associated with long
simulation times, dense Brillouin-zone sampling, and anharmonic lattice dynamics,
with improvements that enable simulations across a wide range of time scales and
physical systems.

In Chapter 2, adaptive and multirate time-integration methods were developed to
efficiently propagate the coupled rt-BTEs. By exploiting the intrinsic separation
of electronic and phononic timescales, these methods substantially reduce compu-
tational cost while maintaining desired accuracy. The results demonstrate that the
optimal choice of numerical parameters, such as tolerance and solver order, depends
sensitively on the simulation timescale of interest, and that fully adaptive multi-
rate schemes provide a robust framework for long-time nonequilibrium simulations
without the need to converge the results time step sizes. The methods also reveal
insights of the underlying timescales of dynamics. These developments significantly
accelerate the simulation by 1-2 orders of magnitude, extending the predictive reach
of rt-BTE calculations to regimes that were previously computationally inaccessible.

Chapter 3 introduced dynamic mode decomposition (DMD) as a data-driven ac-
celeration technique for nonequilibrium transport simulations. By reconstructing
long-time dynamics and steady states from short-time trajectories, DMD enables
efficient access to steady-state regimes without explicit long-time time stepping.
Beyond its computational advantages, the extracted DMD modes provide insight
into dominant relaxation pathways and collective behaviors in momentum space,
offering a complementary perspective on nonequilibrium 𝑒-ph dynamics.

In Chapter 4, the computational efficiency of rt-BTE simulations was further en-
hanced through GPU parallelization of collision-integral evaluations. A GPU-
optimized data layout and algorithm were developed to reduce memory overhead
and synchronization costs existed in computing collision integrals of 𝑒-ph and ph-
ph interactions, yielding substantial speedups and favorable strong-scaling behavior.
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This work demonstrates the potential to leverage modern high-performance com-
puting architectures and efficient data structure and algorithms that enables the
study of complex materials and extended Brillouin-zone sampling with reduced
computational resources.

Chapter 5 focused on the efficient treatment of anharmonic ph-ph interactions
through tensor learning and compression. By constructing low-rank representations
of high-dimensional phonon scattering tensors, the computational costs associated
with anharmonicity were significantly reduced both in computing time and mem-
ory. This approach enables the inclusion of higher-order phonon interactions and
the treatment of materials with large unit cells, paving the way toward systematically
improving the accuracy of lattice dynamics.

In Chapter 6, the scope of the thesis was extended beyond incoherent population
dynamics to address coherently driven lattice phenomena. Starting from operator-
level equations of motion, a theoretical framework was constructed to describe
electron and phonon coherences induced by external driving and 𝑒-ph coupling. A
computational framework that only allows Γ-point phonon coherences are explored,
where finite-momentum phonons are treated as incoherent populations subject to
anharmonic scattering. Anharmonic coupling between coherent and incoherent
modes would then provide a microscopic mechanism for decoherence and energy
redistribution. While the treatment remains exploratory and relies on controlled ap-
proximations, it establishes a foundation for bridging the gap between fully quantum-
coherent descriptions and semiclassical transport theories.

While the methods developed in this thesis significantly advance simulations of
incoherent nonequilibrium dynamics, the treatment of coherent phonon phenomena
remains an open and important frontier. Many modern ultrafast experiments probe
regimes in which phonon coherence, nonlinear lattice motion, and strong external
driving play a central role, and these effects are not fully captured by population-
based transport equations. The framework introduced in Chapter 6 represents a
first step toward addressing this gap, but substantial theoretical and computational
developments remain to be pursued.

Therefore, one central future direction is the analytical development of equations of
motion for coherent phonons that explicitly include anharmonic ph-ph interactions.
In the present work, phonon coherences were primarily derived within the harmonic
approximation, with dissipation treated phenomenologically or through simplified
coupling to incoherent populations. Extending this formulation to include cubic
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and quartic phonon interactions at the operator or density-matrix level is essential
for capturing dephasing, frequency renormalization, and nonlinear mode coupling
observed in driven lattice experiments.

From a numerical perspective, an important near-term objective is the implemen-
tation of coherent phonon dynamics using controlled approximations that reduce
computational complexity while retaining essential physics. Limiting coherence to
a small subset of phonon modes that are IR or Raman active dramatically reduces
dimensionality and allows coherent dynamics to be coupled efficiently to existing
rt-BTE simulations of incoherent populations.

In addition, future work should aim to combine adaptive multirate time integration,
DMD-based acceleration, GPU parallelization, and tensor-compressed phonon in-
teractions into a unified framework. Coherent lattice oscillations often coexist with
slow incoherent thermalization processes, making them well suited for multirate
strategies. DMD may further enable efficient analysis of long-time behavior or
extraction of dominant collective modes in driven systems. GPU acceleration and
tensor compression will be essential for extending coherent simulations to realistic
materials with strong anharmonicity and complex unit cells. The implementation
of these techniques will be integrated into future releases of Perturbo [1], making
them broadly accessible to the materials science community.

With a robust theoretical and computational framework in place, a wide range of
material systems become accessible. Of particular interest are materials in which
driven phonons play an active role in modifying electronic, structural, or collective
properties. SrTiO3 [2] is a prototypical example, exhibiting soft optical phonons,
strong anharmonicity, and rich coupling between lattice and electronic degrees of
freedom.

A specific example of application of the coherent phonon framework is the photo-
induced high-temperature ferromagnetic state recently observed in the Mott-insulating
titanate YTiO3 [3]. In this experiment, a resonant THz excitation of selected
infrared-active 𝐵2𝜇 phonons was used to control the magnetic order of the material,
where the strongest response was observed with a driving frequency of 9 THz. A
transient ferromagnetic state was induced at a temperature greater than 80 K, nearly
three times the equilibrium Curie temperature. The response was highly mode
selective, where a 4 THz pump frequency, for example, was observed to suppress
ferromagnetism. The magnetic state was induced by the pump on the time scale of
10 to 40 ps and persisted for at least several nanoseconds.
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The central puzzle that makes the coherent phonon framework preferable is the lack
of detailed nonlinear effects in a simple coherent frozen-phonon DFT calculation,
where the predicted exchange change had the opposite sign from the observed pump-
induced magnetic response, independent of the Hubbard U parameter used in the
calculation [3]. The authors therefore argued that physics beyond a naïve adiabatic
spin-phonon coupling is needed. They proposed that driven phonons modify the or-
bital wavefunction and orbital gap, thereby moving YTiO3 from the phase boundary
between ferromagnetic and competing antiferromagnetic spin-orbital states. This in-
terpretation is physically compelling, but it remains incomplete because it treats the
lattice primarily through the coherent zone-center coordinate and does not calculate
the time-dependent, mode-resolved phonon population generated by anharmonic
decay of the driven phonon.

This distinction is important because the experimental magnetic response coincides
with the coherent phonon lifetime. This suggests that the coherent phonons may
gradually transfer energy into selected finite-q lattice fluctuations, which in turn
modify orbital polarization, exchange competition, and spin relaxation pathways. In
this picture, the induced magnetization does not follow only 𝑄𝑐𝑜ℎq𝜈 (𝑡), but also the
nonequilibrium phonon population 𝑁q𝜈 (𝑡).

A calculation to clarify the origin of the opposite sign of the magnetic response at 9
THz pump frequency is therefore to simulate ultrafast dynamics using the framework
in Chapter 6. Both third-order and fourth-order phonon interactions can be included,
as the 𝐵2𝜇 modes can couple to a broad set of lattice fluctuations due to its symmetry.
This term is especially crucial if the leading cubic decay channels are restricted by
symmetry, weak, or energetically off resonance. The tensor-compression approach
developed in Chapter 5 is relevant, because four-phonon interactions are otherwise
extremely expensive to evaluate on dense momentum grids.

With the excited mode labeled as 𝜆, we can compute the time-dependent, mode-
resolved phonon population dynamics:

𝑑𝑁q𝜈

𝑑𝑡
= 𝑆

(3)
𝜆q𝜈 + 𝑆

(4)
𝜆q𝜈 + 𝐼

ph−ph(3) [𝑁q𝜈] + 𝐼ph−ph(4) [𝑁q𝜈], (7.1)

where
𝑆
(3)
𝜆q𝜈 ∝

∑︁
𝜈′

���Φ(3)
𝜆,q𝜈,−q𝜈′

���2 |𝑄𝜆 |2 𝛿 (𝜔𝜆 − 𝜔q𝜈 − 𝜔−q𝜈′
)
, (7.2)

and
𝑆
(4)
𝜆q𝜈 ∝

∑︁
𝜈′

���Φ(4)
𝜆,𝜆,q𝜈,−q𝜈′

���2 |𝑄𝜆 |4 𝛿 (2𝜔𝜆 − 𝜔q𝜈 − 𝜔−q𝜈′
)
. (7.3)
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This calculation will elucidate the energy relaxation pathway during the lifetime of
the coherent phonon with a mode-specific analysis for different pump frequencies.

With the phonon populations and coherent displacements, one can connect them to
magnetic and orbital degrees of freedom. In the existing interpretation, the relevant
low-energy electronic physics is governed by the 𝑡2𝑔 orbital of Ti. The proposed
calculation would generalize the frozen-phonon analysis by computing orbital and
magnetic quantities to leading order if spin-phonon interactions are incorporated in
the calculation. By sampling distorted structures from the nonequilibrium phonon
populations produced with the simulations, the orbital gap for those sampled struc-
tures can be computed using DFT+U and fit the result to a low-order response model.
Although this calculation would not by itself predict the full time-dependent magne-
tization, it would establish whether the nonequilibrium phonon distribution produces
the experimentally observed enhancement or suppression of ferromagnetism.

Other materials of interests include alkali-doped fullerides such as K3C60 [4] rep-
resent another promising class, where coupling between molecular vibrations and
electronic correlations has been implicated in light-induced superconducting-like
states. Similarly, complex oxide systems such as LaAlO3-based thin films or het-
erostructures [5] host lattice and electronic phenomena that are highly sensitive to
lattice distortions and phonon excitation. Applying the coherent phonon framework
developed here to these materials would enable direct comparison with ultrafast
experiments and provide microscopic insight into how driven lattice dynamics in-
fluence emergent phases. More broadly, such studies could guide the design of
materials and driving protocols for phonon-engineered functionalities.
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A p p e n d i x A

DERIVATION OF EQUATIONS OF MOTION FOR
ELECTRON-PHONON COHERENCE

Correction to Markov approximation for phonon coherences
This appendix provides the detailed derivation underlying Sec. 6.2. We focus on the
phase structure of phonon-coherence contributions and its impact on the Markovian
reduction of the Heisenberg equations of motion.

The dissipative part of the Markov approximation follows from∫ ∞

0
𝑑𝜏 𝑒−𝑖Δ𝜏 = 𝜋 𝛿(Δ) − 𝑖 P 1

Δ
, (A.1)

so that the argument of the delta function is fixed by the net oscillatory phase in the
memory integral.

Consider the formal solution of a mixed electron–phonon correlator,

𝛿𝑠(𝑡) =
∫ ∞

0
𝑑𝜏 𝑒−𝑖Ω𝜏 S(𝑡 − 𝜏), (A.2)

where Ω arises from the homogeneous evolution and S denotes the source term.
For a correlator containing a single phonon annihilation operator 𝑏𝑞′𝜈′ , one has

Ω =
𝜖𝑘𝑛 − 𝜖𝑘+𝑞′𝑚

ℏ
+ 𝜔𝑞′𝜈′ . (A.3)

When the source contains a two-annihilator phonon coherence,

Θ𝜈′𝜈
𝑞′𝑞 (𝑡) = ⟨𝑏𝑞′𝜈′ (𝑡) 𝑏𝑞𝜈 (𝑡)⟩ − ⟨𝑏𝑞′𝜈′ (𝑡)⟩⟨𝑏𝑞𝜈 (𝑡)⟩, (A.4)

its free evolution yields

Θ𝜈′𝜈
𝑞′𝑞 (𝑡 − 𝜏) ≃ Θ𝜈′𝜈

𝑞′𝑞 (𝑡) 𝑒+𝑖(𝜔𝑞′𝜈′+𝜔𝑞𝜈)𝜏 . (A.5)

Substitution into Eq. A.2 gives

𝛿𝑠(𝑏𝑏) (𝑡) ∝
∫ ∞

0
𝑑𝜏 𝑒−𝑖(Ω−(𝜔𝑞′𝜈′+𝜔𝑞𝜈))𝜏, (A.6)

and hence the on-shell contribution

𝜋 𝛿
[
Ω − (𝜔𝑞′𝜈′ + 𝜔𝑞𝜈)

]
. (A.7)
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With Ω defined in Eq. A.3, this yields

𝛿
(
𝜖𝑘𝑛 − 𝜖𝑘+𝑞′𝑚 − ℏ𝜔𝑞𝜈

)
. (A.8)

In the same-mode limit 𝑞′ = 𝑞, 𝜈′ = 𝜈, the coherence phase reduces to 2𝜔𝑞𝜈, and
the effective detuning becomes Ω − 2𝜔𝑞𝜈, leading to the same resonance condition
as obtained in the main text.

Heisenberg EOM for electron-phonon interactions
The EOM of 𝑠 by computing its with Hamiltonians 𝐻𝑒, 𝐻𝑝 and 𝐻𝑒−𝑝 is given by,

𝑑𝑠
𝑞′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′

𝑑𝑡
= − 𝑖

ℏ

{
𝑠
𝑞′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′ (𝜖𝑘 ′𝑛′ − 𝜖𝑘 ′′𝑚′ + ℏ𝜔𝑞′𝜈′)

+
∑︁
𝑛,𝑞,𝜈

[
𝑔𝑛′𝑛𝜈 (𝑘′ − 𝑞, 𝑞) (⟨𝑐†𝑘 ′′𝑚′𝑐𝑘 ′−𝑞𝑛𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ + ⟨𝑐†

𝑘 ′′𝑚′𝑐𝑘 ′−𝑞𝑛𝑏𝑞′𝜈′𝑏
†
−𝑞𝜈⟩)

− 𝑔𝑛𝑚′𝜈 (𝑘′′, 𝑞) (⟨𝑐†𝑘 ′′+𝑞𝑛𝑐𝑘 ′𝑛′𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ + ⟨𝑐†
𝑘 ′′+𝑞𝑛𝑐𝑘 ′𝑛′𝑏

†
−𝑞𝜈𝑏𝑞′𝜈′⟩)

]
+

∑︁
𝑘,𝑚,𝑛

𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′) (⟨𝑐†𝑘−𝑞′𝑚𝑐𝑘𝑛⟩⟨𝑐
†
𝑘 ′′𝑚′𝑐𝑘 ′𝑛′⟩ − ⟨𝑐†

𝑘−𝑞′𝑚𝑐𝑘 ′𝑛′⟩⟨𝑐
†
𝑘 ′′𝑚′𝑐𝑘𝑛⟩)

}
.

(A.9)

where

⟨𝑐†
𝑘 ′′𝑚′𝑐𝑘 ′−𝑞𝑛𝑏𝑞′𝜈′𝑏𝑞𝜈⟩ = (⟨𝑏†

𝑞′𝜈′𝑏𝑞𝜈⟩ − ⟨𝑏†
𝑞′𝜈′⟩⟨𝑏𝑞𝜈⟩)⟨𝑐

†
𝑘 ′′𝑚′𝑐𝑘 ′−𝑞𝑛⟩ (A.10)

+⟨𝑏𝑞′𝜈′⟩𝑠𝑞𝜈𝑘 ′′𝑚′,𝑘 ′−𝑞𝑛 + ⟨𝑏𝑞𝜈⟩𝛿𝑠𝑞
′𝜈′

𝑘 ′′𝑚′,𝑘 ′−𝑞𝑛,

Subtracting the EOM of 𝑠𝑞
′𝜈′

0𝑘 ′′𝑚′,𝑘 ′𝑛′ from that of 𝑠𝑞
′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′ , we get the EOM of
𝛿𝑠
𝑞′𝜈′

𝑘 ′′𝑚′,𝑘 ′𝑛′ as stated in Eq. 6.10.

We can simplify by only using the delta function part, which describes energy
conservation in scattering processes. We can collect the terms in Eq. 6.2 to obtain the
final EOM for the electron density matrix including coherences under the influence
of electron-phonon interactions:

𝑑

𝑑𝑡
𝜌𝑚′𝑛′ (𝑘′; 𝑞′) = − 2

ℏ

∑︁
𝑞,𝜈,𝑛′

(A.11)

Re

{
𝑔𝑛′𝑛′𝜈 (𝑘′ − 𝑞, 𝑞) K(𝜖𝑘 ′−𝑞,𝑛′ − 𝜖𝑘 ′+𝑞′,𝑚′ + ℏ𝜔𝑞𝜈) S1

− 𝑔𝑛′𝑚′𝜈 (𝑘′ + 𝑞′, 𝑞) K(𝜖𝑘 ′,𝑛′ − 𝜖𝑘 ′+𝑞′+𝑞,𝑛′ + ℏ𝜔𝑞𝜈) S2

}
,

where Re{} takes the real part of the expression inside the braces.
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The source terms are given by:

S1 =
∑︁
𝑛

𝑔𝑛′𝑛𝜈 (𝑘′,−𝑞)
[
(𝑛𝜈𝑞 + 1) − 𝑓𝑘 ′−𝑞,𝑛′

]
𝜌𝑚′𝑛 (𝑘′; 𝑞′)

−
∑︁
𝑛

𝑔𝑛𝑚′𝜈 (𝑘′ + 𝑞′,−𝑞) 𝑛𝜈𝑞 𝜌𝑛𝑛′ (𝑘′ − 𝑞; 𝑞′),
(A.12)

S2 =
∑︁
𝑛

𝑔𝑛′𝑛𝜈 (𝑘′ + 𝑞′,−𝑞)
[
(𝑛𝜈𝑞 + 1) − 𝑓𝑘 ′,𝑛′

]
𝜌𝑛′𝑛 (𝑘′ + 𝑞′; 𝑞)

−
∑︁
𝑛

𝑔𝑛′𝑛𝜈 (𝑘′ + 𝑞′ + 𝑞,−𝑞) 𝑛𝜈𝑞 𝜌𝑛𝑛′ (𝑘′; 𝑞′ + 𝑞),
(A.13)

S (ph-coh)
1 =

∑︁
𝑛

∑︁
𝑄,𝜇

𝑔𝑛′𝑛𝜇 (𝑘′ − 𝑞 −𝑄,𝑄) Θ𝑞𝜈, 𝑄𝜇 𝜌𝑚′𝑛 (𝑘′ − 𝑞 −𝑄; 𝑞′ + 𝑞 +𝑄)

−
∑︁
𝑛

∑︁
𝑄,𝜇

𝑔𝑛𝑚′𝜇 (𝑘′ + 𝑞′, 𝑄) Θ𝑞𝜈, 𝑄𝜇 𝜌𝑛𝑛′ (𝑘′ − 𝑞; 𝑞′ + 𝑞 +𝑄),

(A.14)

and

S (ph-coh)
2 =

∑︁
𝑛

∑︁
𝑄,𝜇

𝑔𝑛′𝑛𝜇 (𝑘′ −𝑄,𝑄) Θ𝑞𝜈, 𝑄𝜇 𝜌𝑛′𝑛 (𝑘′ −𝑄; 𝑞′ + 𝑞 +𝑄)

−
∑︁
𝑛

∑︁
𝑄,𝜇

𝑔𝑛𝑛′𝜇 (𝑘′ + 𝑞′ + 𝑞, 𝑄) Θ𝑞𝜈, 𝑄𝜇 𝜌𝑛𝑛′ (𝑘′; 𝑞′ + 𝑞 +𝑄),
(A.15)

where Θ𝑞𝜈, 𝑄𝜇 are phonon coherences.

To compute the part with phonon coherence, we need to compute the EOM of
⟨𝑏†
𝑞′′𝜈′′𝑏𝑞′𝜈′⟩. Splitting it into first and second order parts, we have, the first order as

𝑑⟨𝑏†
𝑞′′𝜈′′𝑏𝑞′𝜈′⟩
𝑑𝑡

|1𝑠𝑡 = − 𝑖
ℏ

∑︁
𝑘,𝑚,𝑛

[
𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′)⟨𝑐†𝑘−𝑞′𝑚𝑐𝑘𝑛⟩⟨𝑏

†
−𝑞′′𝜈′′⟩ − 𝑔𝑚𝑛𝜈′′ (𝑘, 𝑞

′′)

⟨𝑐†
𝑘+𝑞′′𝑚𝑐𝑘𝑛⟩⟨𝑏𝑞𝜈′⟩

]
− 𝑖

ℏ
(ℏ𝜔𝑞′𝜈′ − ℏ𝜔𝑞′′𝜈′′)⟨𝑏†𝑞′′𝜈′′𝑏𝑞′𝜈′⟩,

(A.16)

and the second order as

𝑑⟨𝑏†
𝑞′′𝜈′′𝑏𝑞′𝜈′⟩
𝑑𝑡

|2𝑛𝑑 = − 𝑖
ℏ

∑︁
𝑘 ′,𝑚′,𝑛′

[
𝑔𝑚′𝑛′𝜈′ (𝑘′,−𝑞′)𝛿𝑠∗𝑞

′′𝜈′′

𝑘 ′𝑛′,𝑘 ′−𝑞′𝑚′

− 𝑔𝑚′𝑛′𝜈′′ (𝑘′, 𝑞′′)𝛿𝑠𝑞
′𝜈′

𝑘 ′+𝑞′′𝑚′,𝑘𝑛′

] . (A.17)
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For the coherence ⟨𝑏𝑞′′𝜈′′𝑏𝑞′𝜈′⟩, the first order part is

𝑑⟨𝑏𝑞′′𝜈′′𝑏𝑞′𝜈′⟩
𝑑𝑡

|1𝑠𝑡 = − 𝑖
ℏ

∑︁
𝑘,𝑚,𝑛

[
𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′)⟨𝑐†𝑘−𝑞′𝑚𝑐𝑘𝑛⟩⟨𝑏𝑞′′𝜈′′⟩

+ 𝑔𝑚𝑛𝜈′′ (𝑘,−𝑞′′)⟨𝑐†𝑘−𝑞′′𝑚𝑐𝑘𝑛⟩⟨𝑏𝑞′𝜈′⟩
]

− 𝑖

ℏ
(ℏ𝜔𝑞′𝜈′ + ℏ𝜔𝑞′′𝜈′′)⟨𝑏𝑞′′𝜈′′𝑏𝑞′𝜈′⟩,

(A.18)

and the second order part is

𝑑⟨𝑏𝑞′′𝜈′′𝑏𝑞′𝜈′⟩
𝑑𝑡

|2𝑛𝑑 = − 𝑖
ℏ

∑︁
𝑘,𝑚,𝑛

[
𝑔𝑚𝑛𝜈′ (𝑘,−𝑞′)𝛿𝑠𝑞

′′𝜈′′

𝑘−𝑞′𝑚,𝑘𝑛

+ 𝑔𝑚𝑛𝜈′′ (𝑘,−𝑞′′)𝛿𝑠𝑞
′𝜈′

𝑘−𝑞′′𝑚,𝑘𝑛

] (A.19)

EOM from Liouville-von Neumann equations
Equation 6.3 can be written in terms of matrix elements, including a generalised
scattering term:

𝑑𝜌𝜆1𝜆2

𝑑𝑡
=
𝐸𝜆1 − 𝐸𝜆2

𝑖ℏ
𝜌𝜆1𝜆2 + 𝐶𝜆1𝜆2 +

∑︁
𝜆′1𝜆

′
2

Γ𝜆1𝜆2,𝜆
′
1𝜆

′
2
𝜌𝜆′1𝜆

′
2
, (A.20)

The latter sum can be separated into "in-" and "out-" scattering terms. The Markov
limit is intrinsically assumed here. 𝐶 is a time-dependent operator describing
quantum correlation effects propagating from time 𝑡0 to 𝑡:

𝐶 (𝑡) = 1
𝑖ℏ
[𝐻,𝑈0(𝑡 − 𝑡0)𝜌(𝑡0)𝑈†

0 (𝑡 − 𝑡0)] . (A.21)

In the semiclassical limit and ignoring energy re-normalizations for a one-body
perturbation:

𝐾𝜆𝜆′ = 𝜋𝐻
′
𝜆𝜆′𝛿(𝐸𝜆 − 𝐸𝜆′). (A.22)

This evolution is non-Lindblad-like, and producing a closed equation of motion
requires that the equations above only apply to a subsystem, with 𝜌 being a reduced
density matrix.

For 𝑒-ph interactions, we have

[𝑏†𝒒1𝜈1𝑏𝒒2𝜈2 , 𝐻
′
e-ph] =

∑︁
𝒌𝑛𝑛′

[
𝑔𝑛𝑛′𝜈2 (𝒌,−𝒒2)𝑏†𝒒1𝜈1𝑐

†
𝒌−𝒒2,𝑛′

𝑐𝒌𝑛

− 𝑔𝑛𝑛′𝜈1 (𝒌, 𝒒1)𝑏𝒒2𝜈2𝑐
†
𝒌+𝒒1,𝑛′

𝑐𝒌𝑛

]
,

(A.23)
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and

𝐾′
e-ph = 𝜋

∑︁
𝒌𝑛𝑛′,𝒒𝜈

𝑔𝜈𝑛𝑛′ (𝒌, 𝒒)
{
𝛿(𝜖𝒌+𝒒,𝑛′ − 𝜖𝒌𝑛 − ℏ𝜔𝒒𝜈)𝑐†𝒌+𝒒,𝑛′𝑐𝒌𝑛𝑏𝒒𝜈

+𝛿(𝜖𝒌+𝒒,𝑛′ − 𝜖𝒌𝑛 + ℏ𝜔𝒒𝜈)𝑐†𝒌+𝒒,𝑛′𝑐𝒌𝑛𝑏
†
−𝒒𝜈

}
.

(A.24)

Computational implementation of EOMs

The equations of motion for phonon populations and coherences including ph-ph
interactions can be approximated and simplified as follows:

𝑑

𝑑𝑡
𝑛𝒒𝜈

��
0 =

𝜋

ℏ
|𝑀 |2

∑︁
𝛼𝛽

{
𝛿(𝜔𝒒𝜈 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 − 𝑛𝒒𝜈 (𝑛𝛼 + 𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝒒𝜈 − 𝜔𝛼) [𝑛𝒒𝜈𝑛𝛼 − 𝑛𝛽 (𝑛𝒒𝜈 + 𝑛𝛼 + 1)]
} (A.25)

𝑑

𝑑𝑡
𝑛𝒒𝜈

��
1 =

𝜋

ℏ
|𝑀 |2

∑︁
𝛼𝛽

{ ∑︁
𝜈′≠𝜈

[
−𝛿(𝜔𝒒𝜈′ − 𝜔𝛼 − 𝜔𝛽) (𝑛𝛼 + 𝑛𝛽 + 1)

+2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔𝒒𝜈′) (𝑛𝛽 − 𝑛𝛼)
]
Re{ 𝑓𝒒𝜈𝜈′}

+
∑︁
𝜈′≠𝜈𝛼

[
2𝛿(𝜔𝒒𝜈 − 𝜔𝛽 − 𝜔𝒒𝛼𝜈

′) (𝑛𝒒𝜈 − 𝑛𝛽)

−2𝛿(𝜔𝒒𝛼𝜈
′ − 𝜔𝛽 − 𝜔𝒒𝜈) (𝑛𝒒𝜈 + 𝑛𝛽 + 1)

+2𝛿(𝜔𝛽 − 𝜔𝒒𝜈 − 𝜔𝒒𝛼𝜈
′) (𝑛𝛼 − 𝑛𝛽)

]
Re{ 𝑓𝒒𝛼𝜈𝛼𝜈

′}
}

(A.26)

𝑑

𝑑𝑡
𝑓𝒒𝜈1𝜈2

��
0 =

𝜋

2ℏ
|𝑀 |2

∑︁
𝛼𝛽

{
𝛿(𝜔𝒒𝜈1 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 − 𝑛𝒒𝜈1 (𝑛𝛼 + 𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝒒𝜈1 − 𝜔𝛼) [𝑛𝛼𝑛𝒒𝜈1 − 𝑛𝛽 (𝑛𝛼 + 𝑛𝒒𝜈1 + 1)]
+𝛿(𝜔𝒒𝜈2 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 − 𝑛𝒒𝜈2 (𝑛𝛼 + 𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝒒𝜈2 − 𝜔𝛼) [𝑛𝛼𝑛𝒒𝜈2 − 𝑛𝛽 (𝑛𝛼 + 𝑛𝒒𝜈2 + 1)]
}

(A.27)

𝑑

𝑑𝑡
𝑓𝒒𝜈1𝜈2 = [𝑖(𝜔𝒒𝜈1 − 𝜔𝒒𝜈2) − Γ] 𝑓𝒒𝜈1𝜈2 (A.28)
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Γ =
𝜋

2ℏ
|𝑀 |2

∑︁
𝛼𝛽

{
𝛿(𝜔𝒒𝜈1 − 𝜔𝛼 − 𝜔𝛽) (𝑛𝛼 + 𝑛𝛽 + 1)

+2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔𝒒𝜈1) (𝑛𝛼 − 𝑛𝛽)
+𝛿(𝜔𝒒𝜈2 − 𝜔𝛼 − 𝜔𝛽) (𝑛𝛼 + 𝑛𝛽 + 1)

+2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔𝒒𝜈2) (𝑛𝛼 − 𝑛𝛽)
} (A.29)

Higher order terms in phonon population and coherence EOMs

𝑑

𝑑𝑡
𝑛𝒒𝜈

��
1 = −𝜋

ℏ

∑︁
𝛼𝛽

{ ∑︁
𝒒′𝜈′≠𝒒𝜈

[
𝛿(𝜔′ − 𝜔𝛼 − 𝜔𝛽)Re{Ψ(𝛼; 𝛽; 𝒒′𝜈′)

Ψ(−𝛼;−𝛽;−𝒒𝜈) 𝑓𝒒𝜈;𝒒′𝜈′}(𝑛𝛼 + 𝑛𝛽 + 1)
−2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔′)Re{Ψ(𝛼; 𝛽; 𝒒′𝜈′)

Ψ(−𝛼;−𝛽;−𝒒𝜈) 𝑓𝒒𝜈;𝒒′𝜈′}(𝑛𝛽 − 𝑛𝛼)
]

+
∑︁

𝒒′𝜈′≠𝛼

[
2𝛿(𝜔𝒒𝜈 − 𝜔𝛽 − 𝜔′)Re{Ψ(−𝒒′𝜈′; 𝛽; 𝒒𝜈)

Ψ(𝛼;−𝛽;−𝒒𝜈) 𝑓𝒒′𝜈′;𝛼}(𝑛𝒒𝜈 − 𝑛𝛽)
−2𝛿(𝜔′ − 𝜔𝛽 − 𝜔𝒒𝜈)Re{Ψ(−𝒒′𝜈′; 𝛽; 𝒒𝜈)

Ψ(𝛼;−𝛽;−𝒒𝜈) 𝑓𝒒′𝜈′;𝛼}(𝑛𝒒𝜈 + 𝑛𝛽 + 1)
−2𝛿(𝜔𝛽 − 𝜔𝒒𝜈 − 𝜔′)Re{Ψ(𝒒′𝜈′; 𝛽; 𝒒𝜈)

Ψ(−𝛼;−𝛽;−𝒒𝜈) 𝑓𝛼;𝒒′𝜈′}(𝑛𝛽 − 𝑛𝛼)
]}
,

(A.30)

which represents all other collisions (𝒒′𝜈′, 𝛼, 𝛽) influencing the population of (𝒒𝜈)
through coherences.

For phonon dephasing,

𝑑

𝑑𝑡
⟨𝑏†1𝑏2⟩

��
0 =

𝜋

2ℏ

∑︁
𝛼𝛽

Ψ(𝛼; 𝛽; 1)Ψ(−𝛼;−𝛽;−2){
𝛿(𝜔1 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 (𝑛1 + 1) − 𝑛1(𝑛𝛼 + 1) (𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔1) [𝑛𝛼𝑛1(𝑛𝛽 + 1) − 𝑛𝛽 (𝑛𝛼 + 1) (𝑛1 + 1)]
+𝛿(𝜔2 − 𝜔𝛼 − 𝜔𝛽) [𝑛𝛼𝑛𝛽 (𝑛2 + 1) − 𝑛2(𝑛𝛼 + 1) (𝑛𝛽 + 1)]

−2𝛿(𝜔𝛽 − 𝜔𝛼 − 𝜔2) [𝑛𝛼𝑛2(𝑛𝛽 + 1) − 𝑛𝛽 (𝑛𝛼 + 1) (𝑛2 + 1)]
}
.

(A.31)
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A p p e n d i x B

ELECTRON AND PHONON SCATTERING RATES

This appendix is intended as a reference connecting the nonequilibrium BTE formal-
ism used throughout this thesis to the more familiar equilibrium lifetime expressions
arising from 𝑒-ph and ph-ph interactions. These quantities are closely related to the
collision integrals introduced in Chapter 1, and provide useful equilibrium intuition
for the characteristic timescales governing nonequilibrium dynamics.

The electron scattering rate due to 𝑒-ph interactions can be derived either from
Fermi’s golden rule or within a Green’s-function formalism. The corresponding
lowest-order electron self-energy is given by

Σ
𝑒−ph
𝑛k =

2𝜋
ℏ

1
Nq

∑︁
𝜈q

|𝑔𝑚𝑛𝜈 (k, q) |2
[
(𝑁𝜈q + 1 − 𝑓𝑚k+q)𝛿(𝜖𝑛k − 𝜖𝑚k+q − ℏ𝜔𝜈q)

+ (𝑁𝜈q + 𝑓𝑚k+q)𝛿(𝜖𝑛k − 𝜖𝑚k+q + ℏ𝜔𝜈q)
]
,

(B.1)

where 𝑓𝑛k and 𝑁𝜈q reduce to the Fermi-Dirac and Bose-Einstein distributions at
given temperature, respectively.

The phonon self-energy due to ph-ph scattering can be computed as [33]:

Σ
ph-ph
𝜈q =

18𝜋
ℏ

1
Nq

∑︁
𝜈′𝜈′′

∑︁
q′

|Ψ𝜈𝜈′𝜈′′ (q, q′, q′′) |2

×
[
(𝑁𝜈′q′ + 𝑁𝜈′′q′′ + 1)𝛿(𝜔𝜈q − 𝜔𝜈′q′ − 𝜔𝜈′′q′′)

+ 2(𝑁𝜈′q′ − 𝑁𝜈′′q′′)𝛿(𝜔𝜈q + 𝜔𝜈′q′ − 𝜔𝜈′′q′′)
]
,

(B.2)

where q′′ = q − q′ is implied by momentum conservation.

The scattering rate (or inverse lifetime) associated with either electrons or phonons
is obtained from the imaginary part of the corresponding self-energy as

Γ = 𝜏−1 =
2
ℏ
|ImΣ | . (B.3)

While equilibrium lifetimes do not capture the full time-dependent evolution of
carrier and phonon populations, they provide valuable intuition for the characteristic
timescales of scattering processes and serve as a practical guide for convergence
tests, such as momentum-grid resolution, prior to performing full nonequilibrium
rt-BTE simulations.
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