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ABSTRACT

Learning-based methods have achieved remarkable performance in robotic control,
yet providing formal guarantees for learned controllers remains an open challenge.
The central question motivating this work is how control-theoretic structure can
serve as an inductive bias for learning, producing controllers that are both flexible
and certifiable.

The key insight is that global properties such as stability and safety reduce to
pointwise conditions that neural networks can learn to satisfy. A Lyapunov function
certifies stability through a condition that must hold at every state in a region; a
barrier function certifies safety through a condition that must hold throughout the
safe set. Rather than optimizing over expensive trajectory rollouts, one can sample
states and penalize violations of these pointwise conditions. If the conditions are
satisfied throughout the relevant region of state space, the global guarantee follows.

Three complementary strategies are developed for integrating control structure with
learning: training on pointwise certificate conditions, learning inputs to structured
controllers that provide guarantees conditional on quantities like uncertainty es-
timates, and enforcing structure architecturally so that desired properties hold by
construction. These strategies are validated on neural ordinary differential equa-
tions for certified stability and safety, stereo vision systems that learn perception
uncertainty for safe quadruped navigation, and Koopman operator learning with
guaranteed linear latent dynamics for predictive control of floating platforms.

The primary application domain is underactuated legged locomotion. Zero dynam-
ics, the residual dynamics that remain when controlled outputs have been driven
to zero, provide a framework for coordinating actuated degrees of freedom with
passive dynamics. A zero dynamics policy is a learned mapping from unactuated to
actuated states that defines a stable invariant manifold. Theoretical results establish
existence of such policies for locally controllable systems and prove that manifold
stability implies full-state stability. Hardware experiments on a bipedal walker and
a hopping robot validate these results: the hopper achieves over three thousand
hops across stairs, ramps, and narrow bridges with robust disturbance rejection.
These experiments demonstrate that control-theoretic structure and neural network
learning can be combined to achieve both formal guarantees and robust physical
performance.
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C h a p t e r 1

INTRODUCTION

This thesis develops methods for learning controllers and models that combine the
flexibility of neural networks with the formal guarantees of classical control theory.
The central insight is that global properties such as stability and safety reduce to
pointwise conditions that neural networks can learn to satisfy. We call this approach
constructive because it produces controllers with certificates: provable guarantees
that the learned system will behave as specified. The methods are validated on agile
underactuated robots including bipedal walkers and hopping platforms.

Model-based control has demonstrated its value in safety-critical applications. The
propulsive landing of orbital-class rockets provided a striking example of what model
predictive control could achieve when accurate dynamics models were available [2].
Lyapunov analysis certifies stability and characterizes regions of attraction. Barrier
functions certify constraint satisfaction. When the control problem admits a convex
formulation, optimization-based controllers can guarantee feasibility and compute
globally optimal solutions in real time. These certificates provide assurance before
deployment that the system will behave as specified. Deploying an uncertified
controller on a rocket or spacecraft is usually considered an unacceptable risk.

Providing such guarantees for learned controllers remains an open challenge. While
substantial progress has been made on neural network verification, Lyapunov neural
networks, and learned barrier functions [6] (including the contributions in this
thesis), these methods have not yet become standard practice in deployed learning-
based systems. The gap between the formal guarantees routinely achieved in model-
based control and those available for learned policies motivates the central question
of this thesis: how can control-theoretic structure serve as an inductive bias for
learning, producing controllers that are both flexible and certifiable?

The formal guarantees of control theory differ in kind from the probabilistic state-
ments of statistical learning theory. A Lyapunov certificate proves that all trajectories
starting in a region converge to an equilibrium. A PAC bound states that with high
probability over the training distribution, the expected loss is bounded [17]. The
former is a deterministic statement about a dynamical system; the latter is a prob-
abilistic statement about an algorithm’s behavior over a distribution of problems.
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For safety-critical systems, the deterministic guarantee is often what is required: we
need to know that this controller on this robot will satisfy this constraint, not that a
typical controller trained by this procedure will likely perform well.

1.1 A Paradigm Shift in Robotic Control
This section describes how learning-based methods became competitive with model-
based control for agile robotics. Results such as ANYmal [13] showed that com-
bining domain randomization [16] and massively parallel simulation could achieve
neural network policies with robust locomotion on physical hardware across varied
terrains. Quadrupeds were traversing challenging terrain, recovering from distur-
bances and generalizing across environmental conditions without explicit model-
based planning. In manipulation, learned visuomotor policies, including recent
diffusion-based approaches [5], have enabled robots to perform dexterous tasks di-
rectly from camera observations. The paradigm of learning policies that map pixels
to torques, once a niche research direction, became the dominant approach for many
cutting edge problems in robotics.

The specific characteristics of these problems explain why learning-based methods
proved so effective. In dexterous manipulation, cameras serve as the primary sensor,
and mapping from images to actions is difficult to specify analytically. In the manip-
ulation of deformable objects, while simulation fidelity has improved substantially,
the sim-to-real gap for contact-rich deformable manipulation remains significant
[8]. The sensitivity of deformable dynamics to material properties, friction, and
contact geometry means that policies trained in simulation often fail to transfer
reliably to physical systems without extensive real-world fine-tuning. In agile loco-
motion, contact-implicit trajectory optimization [14] can in principle handle hybrid
dynamics, but the computational cost grows combinatorially with the number of
potential contact modes, making real-time replanning infeasible for rich contact se-
quences. Hybrid zero dynamics approaches [18] circumvent this by precomputing
periodic gaits, but sacrifice the ability to adapt to novel terrain or recover from
large disturbances. Learned policies, by contrast, amortize computation at training
time and can represent reactive feedback strategies that would require prohibitively
fast replanning in an MPC framework. For such problems, the flexibility of neural
network function approximators combined with large scale simulation data, offers
advantages that model-based methods cannot match.
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1.2 The Relevance of Structure in Learning-Based Control
This section argues that despite empirical advances, formal guarantees remain im-
portant and structure provides the path to achieving them. The observation that
general-purpose learning algorithms tend to outperform methods incorporating
domain-specific structure (i.e the bitter lesson) [15] has found substantial empirical
support in robotics. Yet this observation concerns empirical performance, not formal
guarantees. A learned policy may outperform a model-based controller on average
while offering no certificate of behavior in the worst case. A full understanding of
structure in learning-based control would enable deployment of learned controllers
in safety-critical applications where formal guarantees are required. Certifying a
controller’s behavior demonstrates that we understand its fundamental structure and
limitations. Without such understanding, deployments must proceed cautiously and
empirically.

The gradual rollout of autonomous vehicle systems illustrates this point [11]. Despite
extensive testing and strong empirical performance, these systems encounter edge
cases that were not represented in their training distributions. Augmenting the
dataset with unexpected scenarios is a practical response, but it does not provide the
formal guarantees that would allow confident deployment in novel environments.
For those who wish to not solely build effective systems but to understand and prove
properties about how robots make decisions, the purely empirical approach remains
insufficient.

1.3 Challenges in Agile Robotic Control
This section identifies the structural features of agile robots that make control
difficult: underactuation and hybrid dynamics. Agile robots such as bipedal walkers,
quadrupeds, hoppers, and dexterous manipulators are underactuated and hybrid.
Underactuation means that one cannot directly command all degrees of freedom.
The foot angle of a point-foot walker and the orientation of a grasped object are
examples of states that cannot be directly actuated. Hybrid dynamics arise from
contact: impacts with the ground, stick-slip transitions in manipulation, and the
combinatorial nature of which contact points are active at any given time. These
structural features make analysis difficult even before learning enters the picture.

The difficulty is not merely theoretical. Real deployments require safety under
conditions that are difficult to anticipate. For example, autonomous vehicles must
handle rare edge cases that do not appear in millions of miles of logged data.
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Any approach that relies purely on empirical coverage of the state space will fail
to provide guarantees in these tail regimes. The end result is slow and cautious
deployment, where the robot datasets can be augmented with unexpected scenarios
as they are encountered in the field.

Classical model-based control provides powerful tools but has structural limitations.
Model Predictive Control (MPC), trajectory optimization, and Control Lyapunov
Function/Control Barrier Function (CLF/CBF) methods [1] all require reasonably
accurate models. Performance degrades under model mismatch and unmodeled
contacts. Furthermore, real-time constraints limit the horizon and fidelity of MPC
for agile locomotion. Handling perception uncertainty is difficult; most methods
assume the state is accurately known. Practitioners often resort to reduced-order
models (the Linear Inverted Pendulum for walking [9], the Spring-Loaded Inverted
Pendulum for running [3]) that enable tractable computation but sacrifice fidelity.
These approaches provide structure and, under favorable conditions, guarantees.
Yet they struggle to simultaneously handle underactuation, perception uncertainty,
and aggressive performance requirements.

1.4 Learning for Robotic Control: Opportunities and Limitations
This section reviews the capabilities and limitations of current learning-based
approaches to robotic control. Reinforcement learning has achieved impressive
results on locomotion and manipulation when abundant simulation is available.
Quadrupeds like ANYmal learn to walk and recover from pushes via domain-
randomized policies trained entirely in simulation [13]. Bipedal robots have demon-
strated sim-to-real transfer for walking gaits [12]. These successes demonstrate what
is possible in principle. However, the reliance on simulators and domain randomiza-
tion means that sim-to-real transfer remains empirical rather than certified. Policies
are black boxes with no explicit stability or safety conditions; failure modes are
difficult to characterize. RL demonstrates the expressiveness of learned controllers
but does not tell us how to systematically enforce the properties control theory cares
about: stability, safety, and invariance.

Imitation learning and diffusion-based visuomotor policies have transformed manip-
ulation and short-horizon skills. Diffusion policies can capture multi-modal action
distributions from demonstration data [5]. Large vision-language-action models
perform diverse manipulation tasks from natural language instructions [19]. These
methods excel at mapping sensory context to desired trajectories. Yet they depend
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on curated demonstrations with limited coverage of rare failure cases. Crucially,
they delegate all stability and safety to whatever low-level controller happens to sit
underneath, typically a PID or simple impedance controller. There is no explicit
encoding of underactuated structure or safety constraints in the learned policy itself.

Foundation models add another layer to this picture. Vision-language models can
reason over tasks and scenes, translating high-level instructions into waypoints or
plans. But these models run at low control rates and are not designed for 1 kHz
stabilization loops. They ultimately depend on a control stack beneath them to
ensure physical feasibility, stability, and safety. Roboticists should then consider
carefully what control structures should sit beneath these high-level models to make
their actions safe and reliable.

The pattern across these approaches is consistent: current learning methods often
treat the robot as a generic environment and ignore known control-theoretic structure.
This leads to strong empirical performance in narrow settings but leaves open how to
guarantee stability or safety, how to handle underactuation systematically, and how
to reason about failure. The opportunity is to use control structure as an inductive
bias or scaffold for learning, rather than discarding it.

1.5 Structure as Representation, Not Constraint
This section argues that the debate is not whether to use structure, but which structure
provides the right representation for learning. The bitter lesson [15] suggests that
hand-designed features are eventually outperformed by learned representations given
sufficient compute and data. But in robotics, failure means hardware damage or in
the case of nominally unstable systems (e.g. bipedal walkers), a total inability to
collect data in the first place. We need some structure to enable data collection
in the first place. Notice that successful sim-to-real RL already uses structure,
just implicitly. Policies typically output target joint positions, not torques. A PID
controller tracks these targets. The PID provides robustness: the learned policy
provides behavior. This is already a form of structure harness for learning.

Thus we are not debating whether there should be structure or no structure. Instead
we want to determine what structure provides the right representation which gen-
eralizes across the sim-to-real gap. The PID beneath an RL policy is one choice
but there may be better representations which preserve control-theoretic guarantees
while maintaining the flexibility of the learned components.

Control theory offers a vocabulary of structures with mathematical meaning. Lya-
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punov functions certify stability: if ¤𝑉 < 0 along trajectories, the system converges
to a stable set. Barrier functions certify safety: if ¤ℎ ≥ −𝛼(ℎ) on the boundary, the
set remains invariant. Zero dynamics capture the residual dynamics when outputs
are zeroed, which is the key to analyzing underactuated systems. Koopman opera-
tors linearize nonlinear dynamics by lifting to the right coordinates [10, 4]. These
properties have been studied for decades and have precise mathematical characteri-
zations.

The critical observation for this thesis is that these global properties are often charac-
terized by pointwise conditions. For example, Lyapunov stability is a trajectory-level
property, but one verifies it by checking ¤𝑉 < 0 at each state. Forward invariance is a
set-level property, but one certifies it by checking barrier conditions pointwise on the
boundary. If a neural network can be trained to satisfy these pointwise conditions
across the relevant region of state space, the global guarantee follows. This insight
connects the sampling-based nature of learning with the condition-based nature of
control certificates. Figure 1.1 illustrates this approach: given user-specified goals,
neural networks are trained to minimize losses derived from Lyapunov and barrier
conditions, producing both controllers and certificates.

1.6 Strategies for Structure-Aware Learning
This section presents three strategies for integrating control structure with learning
that organize the contributions of this thesis. These strategies are not mutually
exclusive; they address different aspects of the learning-control interface.

Train on Pointwise Conditions to guarantee global properties. Trajectory-level
properties such as stability, safety, and forward invariance reduce to pointwise
algebraic conditions on Lyapunov or barrier functions. Rather than optimizing a
task-specific loss over trajectories, one can train by sampling states and penalizing
violations of these conditions. If the conditions are satisfied almost everywhere,
the global guarantee holds. This approach respects the expressiveness of neural
networks while using control structure in the evaluation criteria for what constitutes a
good model or policy. The key advantage is that pointwise training avoids expensive
trajectory rollouts during learning and provides a path to certification via verification
of the trained model.

Learn Inputs to Structured Controllers. In many robotics problems, the con-
troller architecture is well-understood. CBF-based safety filters, robust MPC, and
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Figure 1.1: Conceptual overview of the constructive approach to learning-based
control developed in this thesis. The approach combines the guarantees and structure
of classical control with the expressiveness and flexibility of learning. Given user-
specified goals (equilibrium points for stability, safe sets for safety), neural networks
are trained to minimize Lyapunov and barrier losses that encode pointwise certificate
conditions. The optimization produces both a controller (a policy 𝜋 or control input
𝑢) and a certificate (a Lyapunov function 𝑉 or barrier function ℎ) that formally
guarantees the desired behavior.

CLF-based stabilizers all have known guarantees if certain quantities are available:
disturbance bounds, model error estimates, perception uncertainties. These quan-
tities are often unavailable analytically but can be learned from data. Rather than
replacing the controller with a neural network, one learns the quantities the controller
needs to provide its guarantees. The structure lives in the control framework; learn-
ing fills the gaps. This approach is particularly valuable when the control guarantee
depends on environment-specific information that varies across deployments.

Enforce Structure Architecturally. Sometimes the desired mathematical struc-
ture is known but difficult to obtain from raw data. Linear latent dynamics, Hamil-
tonian structure [7], passivity, and energy conservation are examples. One can build
this structure into the model architecture so that any learned model automatically
satisfies it, regardless of the learned parameters. Training then optimizes perfor-
mance within the structural constraint. This approach trades some expressiveness for
guaranteed structural properties, which can make downstream analysis and control
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Figure 1.2: Overview of thesis contributions. Each part addresses a different aspect
of the learning-based control problem. Part II develops the core idea of training
neural networks to satisfy pointwise certificate conditions (Lyapunov and barrier
functions). Part III addresses how to connect learned controllers to perception
and how to learn dynamics models for structured control. Part IV develops Zero
Dynamics Policies for underactuated systems with hybrid dynamics.

more tractable.

These three strategies are complementary. Training on pointwise conditions uses
control structure in the loss function. Learning inputs to structured controllers
uses learning to estimate inputs to a fixed control structure. Enforcing structure
architecturally uses structure in the architecture itself. This thesis explores all three.

1.7 Thesis Contributions and Positioning
This thesis studies how control-theoretic structure can be exploited in learning to
produce controllers and models for agile underactuated robots. Figure 1.2 provides
an overview of the thesis contributions, organized into three parts that address
progressively more challenging aspects of the learning-based control problem. The
term constructive has a specific meaning: a control method is constructive if it
synthesizes a controller together with a certificate proving that the controller achieves
the desired property. Classical constructive methods include Control Lyapunov
Functions, which synthesize stabilizing controllers, and Control Barrier Functions,
which synthesize safe controllers. This thesis extends constructive methods to
learned controllers by training neural networks to satisfy the pointwise conditions
that underlie these certificates.

Contributions to Training on Pointwise Conditions to Guarantee Global Prop-
erties. The main arc of this thesis develops pointwise-condition training for in-
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creasingly challenging robotic settings. LyaNet introduces a framework for training
Neural ODEs to satisfy Lyapunov conditions, demonstrating that pointwise training
works and that adversarial robustness emerges as a consequence of stability. FI-ODE
extends this to barrier conditions for certifiable safety, producing the first provably
safe Neural ODE controllers. Together these contributions lay the groundwork for
using pointwise conditions to guarantee global properties in learning-based control.

Contributions to Learning Inputs to Structured Controllers. The stereo vision
for safety-critical control work addresses perception uncertainty for safety-critical
control. CBF-based obstacle avoidance requires knowing how uncertain the depth
estimates can be, which varies with environment and sensor configuration. We learn
disparity uncertainty via self-supervised multibaseline stereo consistency and use
this learned uncertainty as an input to a robust CBF controller. The CBF framework
provides safety; learning provides the missing model of perception error.

Contributions to Enforcing Structure Architecturally. KALIKO enforces glob-
ally linear latent dynamics (a finite-dimensional Koopman model) by construction.
A Kalman filter and smoother play the role of an implicit encoder while the latent
dynamics matrix and decoder are learned. This linear structure allows for inter-
pretability of the learned nonlinear dynamics while maintaining the performance of
other learned components under closed-loop control.

Zero Dynamics Policies (ZDPs) as the Exemplar of Structured Learning. The
ZDP framework addresses the hardest case: underactuated systems with hybrid
(impact) dynamics. We first provide a theoretical foundation for ZDPs as mappings
from underactuated to actuated states that result in globally stable behavior. ZDPs
show how to extend pointwise-condition training to systems where direct Lyapunov
methods fail. Hardware validation on walking and hopping robots demonstrates that
these results go beyond theory and simulation.

This work does not directly address integration with vision-language models or
diffusion policies. The contribution is foundational: what are the right structured
controllers to put beneath learned high-level policies? If PID is one answer, ZDPs
may offer a more principled alternative with formal guarantees.
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1.8 Thesis Structure
Chapter 2: Pointwise Conditions for Stability and Safety. This chapter in-
troduces LyaNet, a training framework using Lyapunov loss where Monte Carlo
sampling avoids trajectory rollouts. The approach is extended in FI-ODE to forward
invariance via barrier conditions, with interval propagation for certification. The
main results are the first certifiably safe Neural ODE controller (on a planar seg-
way) and certified robust classification on CIFAR. The takeaway is that pointwise
conditions can be trained and certified, and neural networks can provably satisfy
control-theoretic properties.

Chapter 3: Learning Models for Structured Control. This chapter presents
two works demonstrating how to learn inputs to structured controllers and how to
enforce structure architecturally. The stereo vision for safety-critical control work
develops self-supervised stereo uncertainty learning via multibaseline consistency,
with a robust CBF formulation. Hardware experiments on a quadruped demonstrate
maintained safety without conservatism in novel environments. KALIKO develops
Koopman learning via Kalman filtering with linear latent dynamics by construction
and an implicit encoder. The learned models produce interpretable eigenfunctions
(orbits, limit cycles) and enable MPC for stabilization under wave disturbances.
The takeaway is that when the control structure is known, learning provides missing
model components such as uncertainty and dynamics.

Chapter 4: Zero Dynamics Policies for Underactuated Locomotion. This chap-
ter develops the theoretical and practical foundations of ZDPs. First, it establishes
why zero dynamics are the right reduction for underactuation, proves existence of
stabilizing ZDPs, and shows that pointwise conditions on zero dynamics imply
full-state stability. Neural Gaits applies CBFs on zero dynamics for bipedal loco-
motion with episodic learning and hardware dynamics refinement, demonstrating
walking on the AMBER-3M platform with formal stability certificates. The hopper
work develops discrete-time ZDPs for hybrid systems with impacts, learning via
trajectory optimization and demonstrating over 3000 hops on the ARCHER hard-
ware platform across stairs, ramps, and narrow bridges. The takeaway is that zero
dynamics provide a principled dimensionality reduction, and learning policies that
satisfy stability conditions on this reduced space yields guaranteed stable behavior
for the full underactuated system.
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Chapter 5: Discussion and Conclusion. This chapter places the contributions
of the thesis in the context of the broader literature on learning-based control and
robotic safety. It discusses the limitations of the proposed methods and potential
future directions.
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C h a p t e r 2

A LYAPUNOV FRAMEWORK FOR TRAINING NEURAL ODES

2.1 Introduction
This chapter establishes the core methodology of this thesis: training neural net-
works to satisfy pointwise conditions that imply global dynamical properties.
Control-theoretic properties such as stability and safety can be characterized by
conditions that must hold at every state in a region. A Lyapunov function certifies
stability through one such condition: if ¤𝑉 < 0 everywhere in a region, then all
trajectories in that region converge. This local-to-global structure suggests a natural
training procedure. Rather than optimizing over trajectories, one can sample states
and penalize violations of the pointwise condition. If the condition is satisfied
throughout the relevant region, the global guarantee follows.

To develop the approach in a controlled setting, this chapter studies Neural Ordinary
Differential Equations (Neural ODEs) for classification. Neural ODEs interpret the
forward pass of a deep network as the solution to a differential equation, where
the hidden state evolves continuously through a learned vector field [7]. This
interpretation, first identified in connections between ResNets and ODEs [15, 14,
31, 20], enables the direct application of dynamical systems analysis to neural
network inference. In particular, one can ask whether the inference dynamics are
stable in the control-theoretic sense: do all trajectories converge to states that yield
correct predictions?

The classification setting provides a useful testbed for several reasons. The dynamics
are fully specified by the learned parameters, without the complications of physical
constraints, contact, or underactuation that arise in robotic systems. Large labeled
datasets allow systematic evaluation of whether Lyapunov-based training achieves
competitive accuracy. Adversarial robustness provides a measurable proxy for the
kind of robustness to perturbations that matters in physical control systems. If
pointwise Lyapunov training fails to work in this simplified setting, it is unlikely
to succeed in the harder settings that follow. Conversely, success here provides
evidence that the methodology extends to more challenging domains.
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Figure 2.1: Comparing learned dynamics on a toy prediction task. The quiver
lines show the dynamics (Equation (2.2)) of a 2-D state space, the dotted black lines
show state trajectories from 100 initial conditions (Equations (2.1) and (2.2)), and
the background coloring shows the class label from the output layer (Equation (2.3)),
with red being the correct label. Left: a Neural ODE does not learn stable dynamics,
where some dynamics point towards the incorrect prediction (blue region), and are
especially sensitive around the initial conditions. Right: an identical model trained
with LyaNet has much more stable dynamics that always smoothly point towards
the correct prediction (red region).

Neural ODE Model Class. Inference or the “forward pass” uses a continuous-time
ODE, parameterized by 𝜽:

𝒙(0) = 𝝓𝜽 (𝒐), (input layer) (2.1)
𝑑𝒙

𝑑𝑡
= 𝒇𝜽 (𝒙, 𝒐, 𝑡), (continuum of hidden layers) (2.2)

𝒚̂(𝑡) = 𝝍𝜽 (𝒙(𝑡)). (output layer) (2.3)

Given input 𝒐, one makes a prediction (i.e., inference) by solving the ODE specified
by Equations (2.1) & (2.2), and computing the output via Equation (2.3). Without
loss of generality, we assume (2.2) evolves in the time interval [0, 1], i.e., 𝒚̂(𝑡) is
typically computed at 𝑡 = 1, although one could in principle compute 𝒚̂(𝑡) at any
𝑡 ∈ [0, 1]. We also assume that 𝒐 ∈ R𝑛, 𝒙 ∈ 𝐻 ⊂ R𝑘 , 𝜽 ∈ Θ ⊆ R𝑙 , and 𝒚 ∈ R𝑚. The
state space 𝐻 is assumed to be bounded and path connected.

Motivation. The standard approach for training Neural ODEs is to differentiate
through the ODE solution using the adjoint method [7, 17]. This approach does
not impose any structure on the learned dynamics, and as a result the inference
dynamics can exhibit unstable behavior. Figure 2.1 illustrates the problem. In the
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left plot, a Neural ODE trained with standard methods has learned dynamics that
do not reliably converge toward the correct prediction (red region) throughout the
state space. Some trajectories wander through regions of incorrect prediction before
eventually arriving at the correct answer; others are highly sensitive to perturbations
of the initial condition. Such instability leads to slower convergence and fragile
predictions. Our goal is to learn dynamics like those in the right plot, which reliably
converge to the correct prediction from a robust set of initial conditions.

The connection to control theory is direct. In control, a Lyapunov function certifies
that a dynamical system converges to a desired equilibrium or set. Here, the “desired
set” consists of states that yield correct predictions under the output map (2.3). If we
can train the inference dynamics to satisfy a Lyapunov condition with respect to this
set, the resulting Neural ODE will have stable inference that converges to correct
predictions. The Lyapunov condition is a pointwise inequality: it must hold at each
state, but checking it does not require integrating trajectories. This enables a Monte
Carlo training approach that samples states and penalizes violations, avoiding the
computational cost of backpropagating through an ODE solver.

Contributions. This chapter develops LyaNet, a framework for training Neural
ODEs with provably stable inference dynamics. The contributions are as follows:

• We formulate a Lyapunov loss that captures the degree to which the learned
dynamics violate exponential stability conditions. Minimizing this loss en-
courages the dynamics to converge quickly toward correct predictions.

• We prove that dynamics satisfying the Lyapunov condition are exponentially
stable, meaning trajectories converge to correct predictions at a guaranteed
rate. We further show that Lyapunov stability implies a form of adversarial
robustness: bounded perturbations to the initial condition produce bounded
deviations in the trajectory.

• We develop practical algorithms for optimizing Lyapunov loss, including a
Monte Carlo approach that samples states rather than integrating trajectories.
This exploits the local-to-global structure of Lyapunov conditions: the global
convergence guarantee follows from a pointwise condition holding throughout
the state space.

• We evaluate LyaNet on image classification benchmarks. Compared to stan-
dard Neural ODE training, LyaNet achieves competitive or superior prediction
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accuracy with improved adversarial robustness. The inference dynamics con-
verge faster, allowing early termination without sacrificing accuracy.

Broader Context. The methodology developed here extends beyond classification
to the robotic control problems that motivate this thesis. The next chapter applies
the same pointwise-condition approach to barrier functions for safety, producing
the first certifiably safe Neural ODE controllers. Part IV applies these ideas to
underactuated locomotion, where the dynamics are physical rather than learned and
the stakes of instability are hardware damage rather than misclassification. The
classification experiments in this chapter establish that pointwise training works
in principle; the subsequent chapters demonstrate that it scales to the systems that
motivated this thesis.

2.2 Preliminaries
Additional Details on Neural ODEs
To have unique solutions for all time, it is sufficient for an ODE to have an initial
condition and a globally Lipschitz time derivative as shown in Equation (2.1) and
Equation (2.2), respectively. We thus assume that the dynamics functions we learn
are globally uniformly Lipschitz. This assumption is not overly onerous since most
neural networks are compositions of globally Lipschitz preserving functions such
as ReLUs, convolutions, max or affine functions.

Equation (2.2) generalizes the original Neural ODE formulation by making 𝒇 di-
rectly depend on 𝒐. This generalization is sometimes referred to as an Augmented
Neural ODE [13] or Data-controlled Neural ODE [22].

Connection to ResNet. One can think of the hidden layers in a ResNet architecture
as a discrete-time Euler approximation to Equation (2.2) [15, 14], where each
discretized hidden layer 𝒙𝑡 is modeled as:

𝒙𝑡 = 𝒙𝑡−𝛿 + 𝛿 𝒇𝜽 (𝒙𝑡−𝛿, 𝒐, 𝑡). (ResNet hidden layer) (2.4)

One obtains 𝒙𝑡−𝒙𝑡−𝛿
𝛿

= 𝒇𝜽 (𝒙𝑡−𝛿, 𝒐, 𝑡) by isolating 𝒇 in Equation (2.4) . As 𝛿→ 0 we
recover Equation (2.2) (assuming continuity of 𝒇 ). Although the original ResNet
architecture does not have an explicit time step 𝛿, each ResNet layer can be thought of
as learning discrete-time dynamics with a fixed step size (i.e., an Euler approximation
to the continuous-time dynamics in Equation (2.2)).
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Supervised Learning as Inverse Control
We consider the standard supervised learning setup, where we are given a training
set of input/output pairs, (𝒐, 𝒚) ∼ 𝐷, and the goal is to find a parameterization of
our model that minimizes a supervised loss over the training data:

argmin
𝜽∈Θ

∑︁
(𝒐,𝒚)∼𝐷

L( 𝒚̂𝒐 (1), 𝒚), (2.5)

where 𝒚̂𝒐 (1) is shorthand for Equations (2.1) to (2.3).

As is typical in deep learning, the standard approach for training Neural ODEs is via
backpropagation through Equation (2.5). The “end-to-end” training optimization
problem is equivalent to the following finite-time optimal control problem (using
just a single (𝒐, 𝒚) for brevity):

argmin
𝜽

L( 𝒚̂(1), 𝒚), (2.6)

s.t.
𝜕𝒙

𝜕𝑡
= 𝒇𝜽 (𝒙(𝑡), 𝒐, 𝑡),

𝒙(0) = 𝝓𝜽 (𝒐),
𝒚̂(1) = 𝝍𝜽 (𝒙(1)).

Differentiating 𝜽 through (2.6) requires computing 𝜕𝒙
𝜕𝜽 , which was shown to be

possible from rollouts of the dynamics using either backpropagation through the
solver or the adjoint method [7, 14].

Challenges. In Equation (2.6), there is no explicit penalty or regularization for
intermediate states of the dynamical system. As such, even if (2.6) is optimized,
the resulting dynamics 𝒙(𝑡) can exhibit problematic behavior. Indeed, one can
observe such issues in Figure 2.1 where the Neural ODE dynamics are unstable,
and in Figure 2.4 where the Neural ODE learns a fragile solution. Furthermore,
training in this fashion can have high computational costs from generating roll-outs
and the inherent numerical difficulty of integrating unstable dynamics. Our LyaNet
approach addresses these limitations via a control-theoretic learning objective.

Lyapunov Conditions for Stability
In control theory, a stable dynamical system implies that all solutions in some region
around an equilibrium point flow to that point. Lyapunov theory generalizes this
concept by reasoning about convergence to states that minimize a potential function
𝑉 . These potential functions are a special case of dynamic projections [34].
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Definition 1 (Dynamic Projection (adapted from [34])). Let 𝐻 ⊆ R𝑘 be compact.
A continuously differentiable function 𝑉 : 𝐻 → R≥0 is a dynamic projection if the
optimal set 𝑋∗ = {𝒙 ∈ 𝐻 : 𝑉 (𝒙) = 0} is non-empty, and there exist constants
𝜎, 𝜎 > 0 satisfying:

∀𝒙 ∈ 𝐻 : 𝜎 · dist(𝒙, 𝑋∗) ≤ 𝑉 (𝒙) ≤ 𝜎 · dist(𝒙, 𝑋∗), (2.7)

where dist(𝒙, 𝑋∗) = min𝒙∗∈𝑋∗ ∥𝒙 − 𝒙∗∥.

We can now define exponential stability with respect to 𝑉 . As is common in many
nonlinear convergence analyses, studying the behavior of a potential function is
typically much easier than directly reasoning about the full dynamics.

Definition 2 (Exponential Stability). We say that the ODE defined in Equa-
tions (2.1) and (2.2) is exponentially stable if there exists a dynamic projection
𝑉 (with optimal set 𝑋∗) and a constant 𝜅 > 0, such that all solution trajectories 𝒙(𝑡)
of the ODE for all 𝑡 ∈ [0, 1] satisfy:

𝑉 (𝒙(𝑡)) ≤ 𝑉 (𝒙(0))𝑒−𝜅𝑡 . (2.8)

By Equation (2.7), this implies dist(𝒙(𝑡), 𝑋∗) ≤ 𝑉 (𝒙(0))
𝜎

𝑒−𝜅𝑡 , i.e., exponential con-
vergence to the optimal set 𝑋∗.

Exponential stability implies that the dynamics converge exponentially fast to states
with minimal 𝑉 . Later, we will instantiate 𝑉 using supervised loss.1 Exponential
stability is desirable because: 1) it guarantees fast convergence to desired states (as
defined by 𝑉) after integrating for finite time (e.g., for 𝑡 ∈ [0, 1]); and 2) it has
implications for adversarial robustness, discussed later.

In order to guarantee exponential stability, we will impose additional structure, as
described in the following theorem.

Theorem 1 (Exponentially Stabilizing Control Lyapunov Function (ES-CLF)
Implies Exponential Stability (Ames et al. [1])). For the ODE in Equations (2.1)
and (2.2), a continuously differentiable dynamic projection 𝑉 is an ES-CLF if there
is a constant 𝜅 > 0 such that:

min
𝜽∈Θ

[
𝜕𝑉

𝜕𝒙

����⊤
𝒙

𝒇𝜽 (𝒙, 𝒐, 𝑡) + 𝜅𝑉 (𝒙)
]
≤ 0 (2.9)

1For instance, in Figure 2.1, we want 𝑉 ≈ 0 only within the red region. Our definition of 𝑉 will
also involve Equation (2.3).



21

holds for all 𝒙 ∈ 𝐻 and 𝑡 ∈ [0, 1]. The existence of an ES-CLF implies that there is
a 𝜽 ∈ Θ that can achieve:

𝜕𝑉

𝜕𝒙

����⊤
𝒙

𝒇𝜽 (𝒙, 𝒐, 𝑡) + 𝜅𝑉 (𝒙) ≤ 0, (2.10)

and furthermore the ODE using 𝜽 is exponentially stable with respect to 𝑉 (and
constant 𝜅).

In other words, we require the ODE to satisfy additional structure as specified by
Equations (2.9) and (2.10), in order for the ODE to be exponentially stable w.r.t.
𝑉 . In Section 2.3, we will develop a learning framework that encourages finding
parameters 𝜽 that satisfy Equation (2.10).

Local-to-Global Contraction Structure. Equation (2.10) is essentially a contrac-
tion condition on 𝑉 with respect to time (with 𝜅 controlling the rate of contraction),
whereby the rate of decrease in 𝑉 should be (at least) proportional to its current
value. One can further interpret Equation (2.10) as a local invariance property: the
condition only depends on the local state 𝒙 rather than, say, the entire trajectory. In
essence, Lyapunov theory exploits this local-to-global structure so that establishing
a local contraction-based invariance implies global stability.

Control Lyapunov Functions. The potential function used in Theorem 1 is called
a control Lyapunov function (CLF). The main difference between CLFs and classic
Lyapunov functions is the additional minimization over 𝜽 . From the perspective of
control theory, one can think of the parameters 𝜽 as a “controller” and Theorem 1
establishes conditions when there exists such a controller that can render the dy-
namics exponentially stable.2 An exponentially stabilizing CLF (ES-CLF) is a CLF
where 𝜅 in Equations (2.9) and (2.10) is strictly greater than zero.

Connection to Learnability. The minimization in Equation (2.9) can be interpreted
as a statement about learnability or realizability. Satisfying Equation (2.9) equates
to the family of parameters Θ realizing exponential stability with respect to 𝑉 (i.e.,
some 𝜽 ∈ Θ satisfies Equation (2.9)). If this potential function corresponds to a
supervised loss, this means that supervised learning problem is learnable by this
function class (i.e. some 𝜽 ∈ Θ achieves low supervised loss). A natural way
to prove that a 𝑉 is an ES-CLF is to find (i.e., learn) a parameter 𝜽 that satisfies
Equation (2.10). Note that stability is a much stronger condition than achieving low

2Conventional applications of Theorem 1 focus on designing controllers to stabilize a given
physical system [1].
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Figure 2.2: Left: a phase space plot a dynamical system (Equation (2.2)), along
with level sets of the potential function𝑉𝒚 (Equation (2.11)) which in this example is
minimized at 𝒙∗. The blue arrows represent flows that locally satisfy the Lyapunov
exponential stability condition Equation (2.10)), while red arrows violate it. The
background coloring indicates a local measure of this violation, as captured in the
point-wise Lyapunov loss (Equation (2.12)). The green line denotes an example
trajectory 𝒙(𝑡) (Equation (2.2)), which in this case does not stabilize to 𝒙∗ which
has minimal𝑉𝒚. Right: depicting the geometric correspondence between the point-
wise Lyapunov loss and the 1-D projected dynamics of 𝑉𝒚, where the inequality is a
re-arrangement of terms. At any state 𝒙, if the point-wise Lyapunov loss is positive
(i.e., the depicted inequality is satisfied) then the 1-D projected dynamics at 𝑉𝒚 (𝒙)
is not guaranteed to be exponentially stabilizing to 0. Conversely, choosing a 𝜽 to
break the depicted inequality (and thus achieve zero Lyapunov loss) will guarantee
exponential stability.

supervised loss, which implies that the set of stably fitting models is a subset of all
models that fit the data.

Learning Exponentially Stable Systems. In this paper, we aim to shape a (highly
overparameterized) system to satisfy a Lyapunov condition for stabilizing to predic-
tions with minimal supervised loss. Prior work has explored learning dynamical
systems that are stable but not explicitly to a correct prediction [31, 21, 4, 5], which
can lead to a tension between stability and accuracy. Compared to conventional
work in Lyapunov analysis, our goal can be viewed as the dual of the more common
goal of finding a Lyapunov function to associate with a pre-specified system.

2.3 LyaNet Framework
We now present LyaNet, our Lyapunov framework for training ODEs of the form
specified by Equations (2.1) to (2.3). As alluded to in Section 2.2, our goal is to find
parameters 𝜽 of the ODE to satisfy the Lyapunov exponential stability condition in
Theorem 1 with respect to a potential function 𝑉 . We develop the formulation in
two steps:
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1. Section 2.3: For a given supervised loss, we define an appropriate potential
function 𝑉 .

2. Section 2.3: For that𝑉 , we define the Lyapunov loss which captures the degree
of violation from satisfying the contraction condition in Equation (2.10) that
implies exponential stability.

Theoretically, we show that optimizing the Lyapunov loss implies the learned ODE
exponentially stabilizes to predictions with minimal supervised loss (Theorem 2),
which in turn implies a novel adversarial robustness guarantee (Theorem 3).3 In
other words, if we find a 𝜽 ∈ Θ that achieves zero Lyapunov loss, then Equation (2.10)
will be satisfied. We present practical learning algorithms in Section 2.4.

Potential Function for Supervised Loss
For a given input-output pair (𝒐, 𝒚) and supervised loss L, define the following
potential function:

𝑉𝒚 (·) := L(𝝍𝜽 (·), 𝒚), (2.11)

where the input to 𝑉𝒚 depends on 𝒐, and 𝝍𝜽 is the output layer from Equation (2.3).
Typically, one would input the hidden state at some time 𝑡, 𝒙𝜽 (𝑡), where the 𝜽 sub-
script denotes the parameters in Equations (2.1) and (2.2). An additional technical
requirement is the continuous-differentiability of 𝝍𝜽 , which is satisfied by typical
network architectures.

Implications. Recall that the model’s prediction is defined as 𝒚̂(𝑡) = 𝝍𝜽 (𝒙(𝑡)).
Therefore,𝑉 in Equation (2.11) is minimized when the dynamical system converges
to states 𝒙 with zero supervised loss i.e. (𝑉𝒚 (𝒙) = L( 𝒚̂, 𝒚)) = 0).4 In the following,
we further develop the formulation so that we can interpret𝑉 as an exponentially sta-
bilizing control Lyapunov function, and thus invoke Theorem 1 to prove exponential
stability of the inference dynamics to a loss-minimizing prediction.

Truncated Cross Entropy Loss. In this paper, we focus on the standard cross
entropy loss that is widely used for classification. As a theoretical technical detail,
our formulation and analysis use the truncated cross entropy loss defined as: L(·) :=
max{0,L𝑐𝑒 (·) − 𝛾}, where L𝑐𝑒 is cross entropy, and 𝛾 > 0 is a small constant. The

3Our results assume the function class is expressive enough to minimize the Lyapunov loss,
which we expect from overparameterized dynamical systems.

4We later show in Figure 2.3 the convergence rate of inference, which we can exactly interpret
as 𝑉 for cross entropy loss.
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main difference is that the truncated version attains L = 0 at a finite point (whereas
cross entropy only attains 0 at infinity), which simplifies the stability analysis. In
practice, we can choose 𝛾 to be machine precision, and ignore it in the learning
algorithms.

Dynamic Projections. Following the arguments in Section 2.2, the first step is
showing that 𝑉 in Equation (2.11) is a dynamic projection, which is analyzed in the
following for truncated cross entropy. See Section 2.A.1 for proof.

Lemma 1. For the dynamical system described in Equations (2.1) to (2.3) with
compact state space 𝐻, 𝑉𝒚 (𝒙) in Equation (2.11) with L as truncated cross entropy
loss is a dynamic projection with optimal set 𝑋∗ = {𝒙 ∈ 𝐻 : L𝑐𝑒 (𝝍𝜽 (𝒙), 𝒚) ≤ 𝛾}.

Lyapunov Loss
In order to use the potential function𝑉 from Section 2.3 to impose stability on ODE
training, the remaining step is to satisfy the condition in Equation (2.10). To do so,
we define the Lyapunov loss, starting with the point-wise version.

Definition 3 (Point-wise Lyapunov Loss). For the dynamical system defined in
Equations (2.1) to (2.3), a single input-output pair (𝒐, 𝒚), and dynamic projection
𝑉𝒚 : 𝐻 → 𝑅≥0 from Equation (2.11), the point-wise Lyapunov loss is:

𝒱(𝒐, 𝒚, 𝒙, 𝑡) := max
{
0,
𝜕𝑉𝒚

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐, 𝑡) + 𝜅𝑉𝒚 (𝒙)

}
. (2.12)

Note that the point-wise Lyapunov loss 𝒱 is exactly the violation of the local
invariance property in Equation (2.10). Intuitively, for an input-output (𝒐, 𝒚), if 𝒱
is zero for all 𝒙 ∈ 𝐻 and 𝑡 ∈ [0, 1], then Equation (2.9) holds everywhere, and
thus Theorem 1 implies that the inference dynamics converge exponentially to a
loss minimizing prediction. Figure 2.2 provides a depiction of this intuition, and
Theorem 2 formalizes it. The Lyapunov loss then applies the point-wise Lyapunov
loss to all training examples and possible states.
Definition 4 (Lyapunov Loss). For the dynamical system defined in Equations (2.1)
to (2.3), a dataset of input-output pairs (𝒐, 𝒚) ∼ 𝐷, dynamic projection 𝑉𝒚 : 𝐻 →
𝑅≥0, and 𝒱 from Equation (2.12), the Lyapunov loss is:

ℒ(𝜽) := E
(𝒐,𝒚)∼𝐷

[∫ 1

0
𝒱(𝒐, 𝒚, 𝒙𝜽 (𝜏), 𝜏)𝑑𝜇(𝜏)

]
. (2.13)
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Theorem 2. Consider the setting in Definition 4. If there exists a parameter 𝜽∗ ∈ Θ
of the dynamical system that attains ℒ(𝜽∗) = 0, then for each (𝒐, 𝒚) ∼ 𝐷:

1. The potential function 𝑉𝒚 (·) in Equation (2.11) is an exponentially stabilizing
control Lyapunov function with 𝜽∗ satisfying Equation (2.10).

2. For 𝑡 ∈ [0, 1], the inference dynamics satisfy the following convergence rate
w.r.t. the supervised loss L:

L( 𝒚̂𝜽 (𝑡), 𝒚) ≤ L( 𝒚̂𝜽 (0), 𝒚)𝑒−𝜅𝑡 , (2.14)

where 𝒚̂𝜽 is the output of Equation (2.3) with subscript 𝜽 denoting all param-
eters in Equations (2.1) to (2.3).

Theorem 2 is essentially a consistency result between minimizing Lyapunov loss and
guaranteeing exponential stability on converging to states 𝒙 that have low supervised
loss on the training examples. See Section 2.A.1 for proof. Future directions include
analyzing when the Lyapunov loss is only approximately minimized, as well as
generalization.

Choosing 𝜅. The hyperparameter 𝜅 corresponds to the convergence rate of the loss
dynamics. A larger 𝜅 enables faster convergence. However, as will come up in
Section 2.4, larger 𝜅 can also make the learning problem more challenging, since
the dynamics will have larger magnitude.

Adversarial Robustness
One attractive aspect of connecting learnable ODEs to control theory is the ability
to leverage concepts in robust control. Fundamentally, robust control provides
guarantees that a system will remain stable under perturbations, which is the same
kind of guarantee studied in adversarially robust machine learning [38, 26, 11,
29]. One interesting contrast with prior work on adversarially robust learning is
that LyaNet does not explicitly optimize for adversarial robustness, but rather the
robustness guarantee presented here directly follows from optimizing Lyapunov loss.

Definition 5 (𝛿-Stable Inference Dynamics for (𝒐, 𝒚)). A dynamical system defined
in Equations (2.1) to (2.3), with global Lipschitz constant 𝐿 on 𝒙(𝑡) and associ-
ated dynamic projections 𝑉𝒚 (Equation (2.11)) has 𝛿-stable inference dynamics for
example (𝒐, 𝒚) if it satisfies the following conditions:
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1. Correct Classification:

argmax
𝑖∈{1...𝑚}

𝝍𝜽 (𝒙(1))𝑖 = argmax
𝑖∈{1...𝑚}

𝒚𝑖 .

2. Exponential Stability: 𝑉𝒚 (𝒙(𝑡)) satisfies the condition in Equation (2.10).

3. 𝛿-Final Loss:

𝑉𝒚 (𝒙(1)) ≤ 𝑒−𝜅𝑉𝒚 (𝒙(0)) ≤ 𝛿.

Definition 5 captures the general properties needed to analyze adversarial robustness.
First, the learned model must correctly classify the unperturbed example (implied
by minimizing 𝑉𝒚). Second, the learned dynamics must be exponentially stable
w.r.t. 𝑉𝒚 (implied by minimizing Lyapunov loss). Third, at termination of inference
(𝑡 = 1), the classification loss encoded in 𝑉𝒚 is within an additive constant 𝛿 ≥ 0
from optimal (implied by exponential stability).

Theorem 3 (Adversarial Robustness of LyaNet). Consider an ODE defined in
Equations (2.1) to (2.3) that has 𝛿-stable inference dynamics for input-output pair
(𝒐, 𝒚). Then the system given a perturbed input 𝒐 + 𝝐 with ∥𝝐 ∥∞ ≤ 𝜖 will produce a
correct classification (Definition 5) so long as:

𝛿 ≤ log(2) − 𝐿𝜖
𝜅
(1 − 𝑒−𝜅) . (2.15)

See Section 2.A.1 for proof. Essentially, if a system is exponentially stable, then
under perturbation, the system will be exponentially stable to a relaxed set of states
(the radius of the relaxation is proportional to the perturbation magnitude). So long
as that relaxation is contained in the part of the state space that outputs the correct
classification, the final prediction is also adversarially robust. Another consequence
of Theorem 3 is that the guarantee is stronger the more accurate the learned model
is, since 𝛿 is exactly the nominal cross entropy loss of the prediction.

2.4 Learning Algorithms
We now present two algorithms for (approximately) optimizing Lyapunov loss
(Equation (2.13)). The first approach is based on Monte Carlo sampling, and is
suitable when the dimension of 𝒙 is small-to-moderate (e.g., tens to hundreds). The
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Algorithm 1 Monte Carlo LyaNet Training
1: hyperparameters:
2: 𝜇𝐻 , 𝜇[0,1] ⊲ Measures on 𝒙 and 𝑡
3: Γ ⊲ Number of MC samples
4: 𝛼, 𝑀 ⊲ Learning rate and max iterations
5: initialize 𝜽 ⊲ Any standard NN initialization
6: for 𝑖 = 1 : 𝑀 do
7: (𝒐, 𝒚) ∼ D ⊲ Sample training data
8: {(𝒙 𝑗 , 𝑡 𝑗)}Γ𝑗=1 ∼ 𝜇𝐻 × 𝜇[0,1] ⊲ Sample Γ (𝒙, 𝑡) pairs
9: 𝜽 ← 𝜽 − 𝛼∇𝜽

∑
𝑗 𝒱(𝒐, 𝒚, 𝒙 𝑗 , 𝑡 𝑗) ⊲ From Equation (2.12)

10: end for
11: return 𝜽

second approach is based on discretized path integrals, and is suitable when the
dimension of 𝒙 is very large (e.g., hundreds of thousands). The main benefit of
the MC approach is that it is easily parallelized (since it does not require solving
an ODE during training), but may require too many samples to be practical in high
dimensions.

The difficulty in optimizing Lyapunov loss is that the distributions for 𝒙 and 𝑡

are coupled, due to the inner integral in Equation (2.13). If one can effectively
sample from this joint (𝒙, 𝑡) distribution, then one can minimize the (expected)
Lyapunov loss by optimizing the parameters 𝜽 w.r.t. the point-wise Lyapunov loss
(Equation (2.12)) at those samples.

Restriction on Initial State. To simplify algorithm design, we restrict to learning
ODEs that always initialize at 𝒙0 = 0, i.e., Equation (2.1) is a constant function.
The trained ODEs still perform well in practice.

Monte Carlo Training (Algorithm 1). The key idea is to sample 𝒙 and 𝑡 inde-
pendently from measures 𝜇𝐻 and 𝜇[0,1] , which is efficient so long as sampling from
these measures is efficient. In practice, we choose uniform for 𝜇[0,1] and discuss 𝜇𝐻
next. The resulting (implicit) learning objective approximates the Lyapunov loss
(Section 2.A.2) so that zero learning objective implies the Lyapunov Loss is zero.

One subtlety in defining 𝜇𝐻 is choosing the support set 𝐻 of the state space. Earlier,
𝐻 had been used solely as a theoretical object, but now must be made explicit.
The key requirement is that 𝐻 covers the actual states visited by the ODE during
inference. Since the ODE function class is globally Lipschitz, we can bound how far
states can evolve from the origin. In practice, we choose 𝜇𝐻 to be a either a uniform
on a hypercube or on a hypersphere biased towards the origin, with radius of 𝐻
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Algorithm 2 Path Integral LyaNet Training
1: hyperparameters:
2: Γ ⊲ Time discretization resolution
3: 𝛼, 𝑀 ⊲ Learning rate and max iterations
4: initialize 𝜽 ⊲ Any standard NN initialization
5: define 𝑡0, 𝑡1, . . . , 𝑡Γ ⊲ Evenly spaced from 0 to 1
6: for 𝑖 = 1 : 𝑀 do
7: (𝒐, 𝒚) ∼ D ⊲ Sample training data
8: 𝒙(𝑡 𝑗) ←

∫ 𝑡 𝑗

𝑡 𝑗−1
𝒇 (𝒙(𝜏), 𝒐, 𝜏)𝑑𝜏 + 𝒙(𝑡 𝑗−1) ∀1≤ 𝑗≤Γ ⊲ Generate path integral

discretization
9: 𝜽 ← 𝜽 − 𝛼∇𝜽

∑
𝑗 V(𝒐, 𝒚, 𝒙(𝑡 𝑗), 𝑡 𝑗) ⊲ See Equation (2.16)

10: end for
11: return 𝜽

being the distance from the initial condition to states corresponding to the corners
of the hypercube that achieve losses of 𝑒±𝜅 (Section 2.A.2).

Due to the parallel nature of random sampling, this method often outperforms
conventional Neural ODE training w.r.t. compute time, since it avoids the sequential
integration steps needed for standard backpropagation.5 For instance, we found that
even for 100-dimensional state spaces, only Γ = 500 samples were required to
reliably approximate the integral, which can be very efficient with modern GPUs.

Path Integral Training (Algorithm 2). For systems with extremely high dimen-
sional state spaces (e.g., hundreds of thousands), or for systems that are better
approximated in discrete time, we consider an alternative approach based on col-
lecting roll-outs of the original dynamics.

The basic idea is to approximate the inner integral in the Lyapunov loss using Euler
integration, which uniformly discretizes the integration into Γ segments. We can
also define a discrete-time version of the point-wise Lyapunov loss:6

V(𝒐, 𝒚, 𝒙, 𝑡 𝑗 , 𝑡 𝑗−1) = max
{
0, 𝑉𝒚 (𝒙(𝑡𝑖)) + (𝜅 − 1)𝑉𝒚 (𝒙(𝑡 𝑗−1))

}
. (2.16)

The resulting discrete-time Lyapunov loss is then:

E
(𝒐,𝒚)∼D

[
Γ∑︁
𝑖=1
V(𝒐, 𝒚, 𝒙, 𝑡𝑖, 𝑡𝑖−1)

]
. (2.17)

5The computational gains remain even after significantly reducing the precision of the ODE
solver.

6There also exist analogous results to Theorem 1 for discrete-time systems [39], a thorough
treatment of which is beyond the scope of this work.
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Dataset Method Nominal ℓ∞(𝜖 = 8/255) ℓ2(𝜖 = 127/255)

FashionMNIST

ResNet18 8.17 84.55 33.69
Continuous 7.67 91.85 45.87

Continuous LyaNet 7.18 93.96 46.54
Neural ODE 8.66 77.9 29.85

LyaNet 7.9 46.33 25.14

CIFAR10

ResNet18 19.73 76.44 40.06
Continuous 13.12 88.79 41.53

Continuous LyaNet 12.99 91.03 39.82
Neural ODE 18.5 75.7 38.91

LyaNet 17.22 58.97 38.25

CIFAR100

ResNet18 41.07 91.08 83.72
Continuous 35.96 97.12 80.34

Continuous LyaNet 35.81 97.77 78.68
Neural ODE 41.57 92.77 81.7

LyaNet 41.07 91.08 81.91

Table 2.1: Test error percentage comparison for networks trained with our approach
and the equivalent network trained with other methods. Continuous LyaNet uses
the Continuous Net architecture, and LyaNet uses the Neural ODE architecture.
Adversarial robustness results are trained with PGD. LyaNet trained models have
similar performance to their counterparts trained by back-propagating through solu-
tions. We note that LyaNet trained with the Monte Carlo approach has a significant
robustness enhancement in low-dimensional datasets.

Optimizing Equation (2.17) has the advantage of being more computationally ef-
ficient than Monte Carlo training in high-dimensional systems such as ResNet-
inspired Continuous-in-Depth architectures [25]. This is due to the Monte Carlo
method placing very little density on the states actually traversed by the ODE, thus
requiring many samples to learn reliably. Notice, however, that the underlying
inference dynamics remain continuous, we simply apply a discrete-time condition
to it. Furthermore, the integral in Algorithm 2 can be replaced with discrete-time
dynamics for application in discrete systems.

2.5 Experiments
In our experiments we address the following questions:

• How well do LyaNets perform compared to their baseline counterparts, in-
cluding under adversarial attacks?

• How quickly can LyaNet inference converge (i.e., does exponential stability
hold), thus allowing early inference termination?
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• How does the decision boundary of LyaNet compare with that of other meth-
ods?

• How does the computational cost of training LyaNets compare with regular
backpropagation?

• How does varying the paremter 𝜅 affect model generalization?

Experiment Setup
We compare with three model classes:

• ResNet-18 [16], which can be viewed as an Euler integrated dynamical system.

• A Continuous-in-Depth Network, as presented by Queiruga et al. [25], trained
with both the adjoint method (labeled Continuous) and Path-Integral LyaNet
(labeled Continuous LyaNet).

• A Data-Controlled Neural ODE where ResNet-18 is used to learn a parameter-
ization of the dynamics trained with both the adjoint method (labeled Neural
ODE) and Monte Carlo LyaNet (labeled LyaNet). In both cases the number
of hidden dimensions correspond to the number of classes.

We evaluate primarily on three computer vision datasets: FashionMNIST, CIFAR-
10 and CIFAR-100. More details on the training can be found in Section 2.A.3

Benchmark Experiments
Table 2.1 shows the primary quantitative results for both standard test prediction error
as well as prediction error under PGD bounded adversarial attacks. For standard or
nominal test error, we see that our LyaNet variants achieve competitive or superior
performance compared to their counterparts trained via direct backpropagation.

For our robustness results, LyaNet trained using the Monte Carlo methods exhibits
improved robustness for CIFAR-10 and FashionMNIST, despite not being explicitly
trained to handle adversarial attacks. CIFAR-100 has a significantly larger hidden
state dimensionality, and this larger hidden state also hurt nominal performance.
These results are consistent with Theorem 3, which requires a low nominal error (𝛿)
relative to perturbation size (𝜖) to guarantee adversarial robustness.

We finally note that the Path Integral method used to train the continuous-in-depth
network was not able to improve adversarial robustness. This may be due to
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Figure 2.3: Plotting inference time vs prediction loss (if we stopped inference early
and made a classification) on 512 correctly classified test examples from CIFAR-
100. We see across two model classes that the LyaNet inference dynamics converge
much faster.

Figure 2.4: Comparing softmax outputs of learned dynamical systems. Center:
depicting the training data with two classes (red and blue) in a 2-D input space. Left
3 Plots: comparing the softmax outputs, where we see that MPL and Neural ODE
have sharp transitions between the two classes, while LyaNet has much smoother
transitions. Right 3 Plots: showing a zoomed out version of left 3 plots.

the coarseness of the path integration, which breaks the continuous exponential
stability condition needed to guarantee robustness in Theorem 3 (since we only
proved exponential stability for continuous-time integration and not discrete-time).

These results suggest that the LyaNet framework offers promising potential to im-
prove the reliability of Neural ODE training, and more gains may be possible with
improved training algorithms for optimizing Lyapunov loss.

Inference Convergence Speed
Early inference termination refers to stopping the dynamics before 𝑡 = 1, and output
𝒚̂(𝑡). Intuitively, one might expect LyaNets to perform well under early inference
termination.
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Figure 2.3 shows the results for the CIFAR-100 dataset. We see that both the
continuous-in-depth models and the data-controlled models show significantly bet-
ter performance during early termination when trained with LyaNet compared to
standard backpropagation. These results also demonstrate that the internal dynamics
of the learned models are fundamentally different when trained with LyaNet versus
standard backpropagation.

Inspecting Decision Boundaries
To provide some intuition on the the type of decision boundaries being learned, we
run an experiment on a low-dimensional dataset as shown in Figure 2.4. All models
were trained with the same number of data-points and tested on a uniform grid. The
Neural ODE, MLP and (Monte Carlo) LyaNet have the same number of parameters
and the models are trained to similar accuracy. We note that because of the low-
dimensional setting, this is a best-case scenario for the LyaNet approach. The MLP
exhibits the fragility we expect from conventional neural networks. Although the
Neural ODE captures the data well, its decision boundary is very sharp and biased
towards the outer circle. Meanwhile, the LyaNet is able to capture the uncertainty
between the inner and outer circles, and this uncertain boundary can be interpreted
as related to adversarial robustness.

Computation Time
For all models we compared training times for one epoch using the CIFAR-100
dataset. As you can see in Table 2.2, training with LyaNet can cause a marginal
increase in training time for both models. This is expected since we have to evaluate
the loss at all the evaluation times for the path integral method and over a large
number of samples for the Monte Carlo approach. Still, the difference in training
time is about 1 minute per epoch for the Monte Carlo approach and less than 10
seconds for Path Integral approach.

Model Batch Size 64 Batch Size 128
ResNet18 44.29 23.23

Neural ODE 183.82 104.95
LyaNet 151.08 170.64

Continuous 109.41 57.33
Continuous LyaNet 112.98 62.37

Table 2.2: Amount of time in seconds needed to complete an epoch of training for
each method on the CIFAR100 dataset.
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𝜅 Ablation Study
The parameter 𝜅 corresponds to the exponential rate of convergence in Equa-
tion (2.9). We trained models with values of 𝜅 different to those used in Table 2.1
to observe how changing 𝜅 affects the performance of the model. Recall that in the
continuous setting (LyaNet) 𝜅 > 0 is the only constraint on the rate of convergence
while in the discrete-time setting (Continuous LyaNet) 0 < 𝜅 < 1 must be satisfied.

𝜅 LyaNet 𝜅 Continuous LyaNet
0.1 43.18 0.9 37.12
1.0 39.83 0.09 39.85
10.0 40.46 0.009 47.73

Table 2.3: Test error percentage for models trained with different exponential con-
vergence parameter 𝜅 on the CIFAR-100 dataset.

As you can see in Table 2.3, the LyaNet experiments have a minimum at 𝜅 = 1.0.
Recall that the Continuous LyaNet architecture has continuous dynamics but we
apply the discrete-time Lyapunov condition. In this case, progressively larger 𝜅
appear to improve the models performance. For reference, in Table 2.1 LyaNet is
using 𝜅 = 5 and Continuous LyaNet is using 𝜅 = 0.999955.

In the continuous case, 𝜅 is a form of regularization for the dynamics of the model.
As you can see in the LyaNet experiment, increased stability can come at the cost
of expressiveness. This trade-off between expressiveness and stability is expected
given Theorem 3(which that implies a larger 𝜅 makes the model more robust) and
the fact that robustness decreases model expressiveness.

2.6 Related Work
Prior Work in Learning Dynamical Systems. Most prior work has focused
on using the adjoint method to infer dynamics [7, 3]. The proposal by E [14]
discusses properties like controllability but ultimately frames inference as a standard
supervised learning, or optimal control, problem. Although optimal control is
a powerful framework, for ODE training it may be challenging to avoid fragile
solutions and attain strong stability guarantees.

Prior work have also studied how to impose stability in various forms, including
guaranteeing stability around an equilibrium point [21, 5, 4, 32], and designing
architectures that stable by construction Haber and Ruthotto [15]. Drawbacks of
these approaches are that they do not guarantee exponential stability everywhere in
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the state space, or they can create a tension between accuracy and stability by using
less expressive models.

Prior Work in Learning and Control. There have been many other intersection
points between learning and control theory, although none have studied using control
theory to influence the inference procedure of a learned model as we do. Wilson,
Recht, and Jordan [37] use Lyapunov theory to analyze the dynamical system im-
plicit in the momentum updates of stochastic gradient descent, Amos et al. [2] and
Williams et al. [36] differentiate through controllers such as MPC, and Peng et al.
[24] learn control policies directly for a real system. Richards, Berkenkamp, and
Krause [28] safely learn physical dynamics by taking into account Lyapunov-like
conditons during training. Chang, Roohi, and Gao [6] use an adversarial approach
with a similar loss condition to learn controllers using Lyapunov functions. Cheng
et al. [9] uses a control prior to regularize reinforcement learning, in some cases
with robustness properties of the learned policy. Chow et al. [10] uses a Lyapunov
condition to improve safety conditions in reinforcement learning. Dean et al. [12]
study the sample complexity of learning controllers such as for LQR. Rosolia and
Borrelli [30] study how to learn cost-to-go value functions for MPC under safety
constraints. Learning Lyapunov functions for controlling hybrid dynamical sys-
tems Chen et al. [8]. Learning Lyapunov stability certificate for a black-box neural
network policy Richards, Berkenkamp, and Krause [27]. Neural networks have
also been used to learn contraction metrics (a similar concept to Lyapunov) for the
control and estimation of stochastic systems Tsukamoto, Chung, and Slotine [35].

2.7 Discussion
This chapter established that pointwise Lyapunov conditions can be used as a train-
ing objective for dynamical systems. The key insight is structural: global stability
is a trajectory-level property, but it can be certified by checking a pointwise in-
equality throughout the state space. This local-to-global relationship enables Monte
Carlo training that samples states rather than integrating trajectories. The empirical
results on image classification demonstrate that the approach works in principle:
LyaNet achieves competitive accuracy while conferring adversarial robustness as a
consequence of stability, without explicit adversarial training.

The classification setting served as a controlled testbed, but several aspects dis-
tinguish it from the robotic control problems that motivate this thesis. In Neural
ODEs for classification, the dynamics are fully parameterized and the state space
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has no physical meaning. We can design the entire system, which allows relatively
simple control tools to suffice. In robotic systems, by contrast, the dynamics are
given by physics and we can only influence the system through actuation. The state
has physical significance: joint angles, velocities, and contact forces. Underactu-
ation constrains which degrees of freedom can be directly commanded. Contact
introduces hybrid dynamics that switch between continuous evolution and discrete
impacts. These complications require extensions beyond what LyaNet provides.

The connection between Lyapunov stability and adversarial robustness has a natural
interpretation for control. Consider a stabilizing controller for a physical system.
If the closed-loop dynamics satisfy a Lyapunov condition, the system converges
to an equilibrium. Theorem 3 shows that under bounded perturbations to the
dynamics, the system remains in a neighborhood of the nominal trajectory. This
is the standard notion of robustness in control: a stable system should tolerate
noise, model uncertainty, and disturbances without diverging. The adversarial
perturbations studied in classification are analogous to these disturbances. The
theoretical guarantee is the same: Lyapunov stability implies bounded deviation
under bounded perturbation.

Several limitations of the current approach point toward the extension developed
in Chapter 3. First, LyaNet provides stability but not safety. Stability guarantees
convergence to an equilibrium or limit set; safety guarantees that trajectories remain
within a constraint set. For robotic systems operating near obstacles or joint limits,
safety is often the more relevant property. The natural extension is to replace Lya-
punov conditions with forward invariance conditions, which certify that trajectories
never leave a specified safe set rather than converging to an equilibrium.

Second, the certification in this chapter is empirical rather than formal. We verify
that the trained network satisfies the Lyapunov condition on sampled test points,
but we do not prove that it holds everywhere. The FI-ODE framework addresses
this gap by developing verification tools that certify conditions hold throughout the
boundary of the safe set, not just at sampled points. This yields the first Neural
ODE controller with certified forward invariance, demonstrated on a planar Segway
stabilization task.

Third, the Monte Carlo training approach requires sampling a bounded region of state
space. In this chapter, that region was chosen heuristically based on the classification
problem structure. For physical systems, the relevant region is determined by the
task: the robot’s workspace, the range of feasible velocities, or the configurations
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reachable from a given initial condition. FI-ODE addresses this through adaptive
sampling that focuses training on the boundary of the forward invariant set, which
is the region where the safety conditions must hold most stringently.

Appendix 2.A

2.A.1 Proofs
Proof of Lemma 1
Proof. We must show that the truncated cross entropy loss𝑉𝒚 (𝒙) = max{0,L𝑐𝑒 (𝝍𝜽 (𝒙), 𝒚)−
𝛾} satisfies the dynamic projection bounds in Equation (2.7) on the compact state
space 𝐻.

Step 1: The optimal set 𝑋∗ is non-empty and compact. Define 𝑋∗ = {𝒙 ∈ 𝐻 :
𝑉𝒚 (𝒙) = 0} = {𝒙 ∈ 𝐻 : L𝑐𝑒 (𝝍𝜽 (𝒙), 𝒚) ≤ 𝛾}. Since L𝑐𝑒 ◦ 𝝍𝜽 is continuous and
𝐻 is compact, the sublevel set 𝑋∗ is closed. As a closed subset of a compact set,
𝑋∗ is compact. For 𝛾 > 0, 𝑋∗ is non-empty provided there exists some 𝒙 ∈ 𝐻 with
sufficiently low cross-entropy loss.

Step 2: Upper bound (Lipschitz property). Since𝑉𝒚 is continuous on the compact
set 𝐻, it is Lipschitz with some constant 𝐿 > 0. For any 𝒙 ∈ 𝐻 and 𝒙∗ ∈ 𝑋∗:

𝑉𝒚 (𝒙) = 𝑉𝒚 (𝒙) −𝑉𝒚 (𝒙∗) ≤ 𝐿∥𝒙 − 𝒙∗∥. (2.18)

Taking the infimum over 𝒙∗ ∈ 𝑋∗ yields 𝑉𝒚 (𝒙) ≤ 𝐿 · dist(𝒙, 𝑋∗). Thus 𝜎 = 𝐿.

Step 3: Lower bound (growth away from 𝑋∗). For 𝒙 ∉ 𝑋∗, we have𝑉𝒚 (𝒙) > 0 and
dist(𝒙, 𝑋∗) > 0. On the compact set 𝐻 \ int(𝑋∗), consider the continuous function:

𝑔(𝒙) =
𝑉𝒚 (𝒙)

dist(𝒙, 𝑋∗) . (2.19)

On the boundary 𝜕𝑋∗ where L𝑐𝑒 (𝝍𝜽 (𝒙), 𝒚) = 𝛾, the gradient of the (untruncated)
cross-entropy loss is non-zero since the unconstrained minimum of cross-entropy
lies outside 𝐻 (at infinity). By the convexity of cross-entropy in the logits and the
chain rule, there exists 𝑐 > 0 such that for 𝒙 near 𝜕𝑋∗:

𝑉𝒚 (𝒙) = L𝑐𝑒 (𝝍𝜽 (𝒙), 𝒚) − 𝛾 ≥ 𝑐 · dist(𝒙, 𝑋∗). (2.20)

Since 𝑔(𝒙) > 0 for all 𝒙 ∈ 𝐻 \ 𝑋∗ and 𝐻 is compact, we can define:

𝜎 = inf
𝒙∈𝐻\𝑋∗

𝑔(𝒙) > 0. (2.21)
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This gives us 𝑉𝒚 (𝒙) ≥ 𝜎 · dist(𝒙, 𝑋∗) for all 𝒙 ∈ 𝐻.

Combining Steps 2 and 3, 𝑉𝒚 satisfies Equation (2.7) and is therefore a dynamic
projection. □

Proof of Theorem 2
Proof. We begin by rearranging the terms of the integral:

ℒ(𝜽) = 𝐸(𝒐,𝒚)∼𝐷
[∫ 1

0
𝒱(𝒐, 𝒚, 𝒙𝜽 (𝜏), 𝜏)𝑑𝜇(𝜏)

]
(2.22)

=

∫
𝐷

∫ 1

0
𝒱(𝒐, 𝒚, 𝒙𝜽 (𝜏), 𝜏)𝑑𝜇(𝜏)𝑑𝐷 ((𝒐, 𝒚)) (2.23)

=

∫
𝐷×[0,1]

𝒱(𝒐, 𝒚, 𝒙𝜽 (𝜏), 𝜏)𝑑𝜇 × 𝐷 (𝜏, (𝒐, 𝒚)) (2.24)

(2.25)

Recall that

𝒱(𝒐, 𝒚, 𝒙, 𝑡) = max
{
0,
𝜕𝑉𝒚

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐, 𝑡) + 𝜅𝑉𝒚 (𝒙)

}
(2.26)

We note that that 𝒱 is being integrated over a bounded domain and it satisfies the
following properties:

1. 𝒱(𝒐, 𝒚, 𝒙(𝑡), 𝑡) ≥ 0 for all values of 𝒐, 𝒚, 𝒙 and 𝑡.

2. 𝒱(𝒐, 𝒚, 𝒙(𝑡), 𝑡) is continuous since it is the maximum of two continuous
functions: the 0 function and 𝜕𝑉𝒚

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐, 𝑡) + 𝜅𝑉𝒚 (𝒙) which is continuous

since it is differentiable.

From these two facts we can conclude that ℒ(𝜽) = 0 implies that for all 𝑡, (𝒐, 𝒚) ∈
[0, 1] ×𝐷 the function 𝒱(𝒐, 𝒚, 𝒙(𝑡), 𝑡) = 0. This follows from the standard calculus
argument that if the function weren’t zero at a point there would be an 𝜖 region
surrounding that point that would integrate to a strictly positive value. Since 𝒱 ≥
0, integrating it over any region must also be non negative which would be a
contradiction given that we assumed the integral is non-negative. □
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Proof of Theorem 3
Theorem 3 is inspired by concepts underlying Input-to-State and Projection-to-State
stability [33]. The key technical detail is leveraging the Comparison Lemma in a
similar fashion as Taylor et al. [34].

Proof. We will use the following notation for the time derivative of 𝑉𝒚:

¤𝑉𝒚 (𝒙(𝑡), 𝒐, 𝑡) =
𝑑

𝑑𝑡
𝑉𝒚 (𝒙(𝑡)) =

𝜕𝑉𝒚

𝜕𝒙

����⊤
𝒙=𝒙(𝑡)

𝒇 (𝒙(𝑡), 𝒐, 𝑡) (2.27)

We now begin the derivation.7

¤𝑉𝒚 (𝒙, 𝒐 + 𝝐 , 𝑡) = ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) + ¤𝑉𝒚 (𝒙, 𝒐 + 𝝐 , 𝑡) − ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) (2.28)

≤ ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) + | ¤𝑉𝒚 (𝒙, 𝒐 + 𝝐 , 𝑡) − ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) | (2.29)

≤ ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) +
����𝜕𝑉𝒚𝜕𝒙

⊤
𝒇 (𝒙, 𝒐 + 𝝐 , 𝑡) −

𝜕𝑉𝒚

𝜕𝒙

⊤
𝒇 (𝒙, 𝒐, 𝑡)

���� (2.30)

From the Global Uniform Lipschitz property of 𝑉 and 𝒇 :

≤ ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) + 𝐿𝑉𝐿 𝒇︸︷︷︸
𝐿

∥𝝐 ∥ (2.31)

Using the adversarial disturbance bound ∥𝝐 ∥ ≤ 𝜖 :

≤ ¤𝑉𝒚 (𝒙, 𝒐, 𝑡) + 𝐿𝜖 (2.32)

From the Lyapunov Exponential Stability condition in Theorem 1:

≤ −𝜅𝑉𝒚 (𝝍(𝒙)) + 𝐿𝜖 (2.33)

We now consider the dynamical system that achieves the upper bound Equa-
tion (2.33) in preparation to apply the comparison lemma:

¤𝛾 = −𝜅𝛾(𝑡) + 𝐿𝜖 (2.34)

This dynamical system is linear and therefore has solutions of the following form:
7Note that the choice of norm is arbitrary given equivalence of norms in finite dimensional

spaces
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𝛾(𝑡) = 𝑒−𝜅𝑡𝑐 + 𝐿𝜖
𝜅

(2.35)

Now we solve for 𝑐 in terms of the initial condition of this system:

𝛾(0) = 𝑐 + 𝐿𝜖
𝜅

(2.36)

→ 𝑐 = 𝛾(0) − 𝐿𝜖
𝜅

(2.37)

→ 𝛾(𝑡) = 𝑒−𝜅𝑡𝛾(0) + 𝐿𝜖
𝜅
(1 − 𝑒−𝜅𝑡) (2.38)

Where the last line comes from plugging the resulting value of 𝑐 back into the
solution 𝛾(𝑡).

To apply the Comparison Lemma, we need a choice of 𝛾(0) that satisfies𝑉𝒚 (𝒙(0)) ≤
𝛾(0). Recall from the 𝛿-Final Loss condition of Definition 5 that 𝑒−𝜅𝑉𝒚 (𝒙(0)) ≤ 𝛿.
This implies that𝑉𝒚 (𝒙(0)) ≤ 𝛿𝑒𝜅 so that we can pick 𝛾(0) = 𝛿𝑒𝜅 to satisfy the initial
condition inequality of the comparison lemma. Plugging this value into our form of
the solution for 𝛾(𝑡) results in the following:

𝛾(𝑡) = 𝑒𝜅(1−𝑡)𝛿 + 𝐿𝜖
𝜅
(1 − 𝑒−𝜅𝑡) (2.39)

Therefore, since the following conditions hold:

1. ¤𝑉𝒚 (𝒙(𝑡)) and ¤𝛾(𝛾(𝑡)) are continuous functions of time and state.

2. ¤𝑉𝒚 (𝒙(𝑡)) ≤ ¤𝛾(𝛾(𝑡))

3. 𝑉𝒚 (𝒙(0)) ≤ 𝛾(0)

We can conclude from the comparison lemma that 𝑉𝒚 (𝒙(𝑡)) ≤ 𝛾(𝑡).

Recall from the definition of𝑉𝒚 as the cross entropy loss, that𝑉𝒚 (𝒙(𝑡)) ≤ − log( 12 ) =
log(2) is sufficient for to guarantee Correct Classification as defined in Definition 5.
Therefore, it suffices to show that 𝛾(𝑡) ≤ log(2). Plugging in the definition of 𝛾(𝑡)
evaluated at the end of the integration time 𝑡 = 1 we obtain:

𝛿 + 𝐿𝜖
𝜅
(1 − 𝑒−𝜅) ≤ log(2) (2.40)

𝛿 ≤ log(2) − 𝐿𝜖
𝜅
(1 − 𝑒−𝜅) (2.41)
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Which results in the desired bound.

□
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2.A.2 Details on Learning Algorithms
Monte Carlo Method. We can formulate the objective of the training optimization
problem as a Monte Carlo integral as follows:

min
𝜽∈Θ

ℒ(𝜽) ≈ min
𝜽∈Θ

E
(𝒐,𝒚)∼D
𝒙∼𝜇𝐻
𝑡∼𝜇 (0,1)

[𝒱(𝒐, 𝒚, 𝒙, 𝑡)] (2.42)

≈ min
𝜽∈Θ

E
(𝒐,𝒚)∼D

[∫
𝐻×(0,1)

𝒱(𝒐, 𝒚, 𝒙, 𝑡)𝑑𝜇𝐻×(0,1) (𝒙, 𝑡)
]
. (2.43)

The expectation in Equation (2.42) has the property that 0 loss implies the Lyapunov
Loss ,ℒ, is also 0 provided the PDF implied by 𝜇 is non-zero everywhere in 𝐻.
This is a straight forward implication from the continuity of 𝒱 with respect to 𝒙.

Some of the stated assumptions require justification. First, we know that perfect
classifications using the cross entropy loss function require infinite inputs in one
coordinate. Exponential stability to a correct classification under the cross entropy
lyapunov dynamics would thus imply exponential growth for the hidden state. To
avoid numerical stability issues we bound the state-space where the dynamics can
evolve through our choice 𝜅 and by noting that most neural network architectures
are globally Lipschitz. This implies uniqueness and existence of solutions for all
time. When taking into account that we only compute a finite time integral, we can
conclude that the image of a bounded set of initial conditions through the dynamics’s
evolution will remain be bounded. Therefore, we only need to enforce a bounded
set of initial condition to have a bounded reachable set. This means our predictions
can only have a maximum confidence but with a sufficiently a large bounded region
where the dynamics can evolve, this error can become arbitrarily low. In practice,
we initialized the dynamics with the constant zero function.

The choice of measure for both 𝒙 and 𝑡 has the potential to significantly impact the
convergence integral; however, in practice we found that a uniform distribution over
the n-cube performed well for most problems and in high-dimensional settings a
slightly different distribution can be used to mitigate the curse of dimensionality.

Picking 𝐻 to sample from:

We will sample from a 𝑘-dimensional hypercube with corners at (±𝑠,±𝑠, . . . ,±𝑠).
We now have to pick 𝑠 so that 𝒙 does not evolve outside of the set 𝐻. In principle
we could instead select a 𝑘-hypersphere but it is well known that most of the volume
of the hypersphere is concentrated towards the surface in higher dimensions. In
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reality, the dynamics will spend most of the time evolving in the interior since our
prediction dynamics are initialized at the origin. Although the hypercube also has
most of its volume near the corners, we expect systems to evolve near the corners
that correspond to a classification. We note that this choice of 𝐻 is unlikely to be
optimal.

To select and 𝑠, begin by considering the bound we are trying to enforce on the
dynamics:

¤𝑉𝒚 (𝒙, 𝒐, 𝑡) ≤ −𝑘𝑉 (𝒙) (2.44)

In a comparison lemma style analysis consider the system that achieves the upper
bound:

¤𝛾 = −𝑘𝛾 (2.45)

We hypothesise that in the case of an incorrect classification, the system evolves
as if lower bounded by 𝛾 = 𝑘𝛾. This assumption is based on the supposition that
the dynamical system will evolve to a corner of the hypercube corresponding to an
admissible but incorrect classification. Therefore we only have to solve for an 𝑠 that
satisfies 𝑉𝒚 (𝒙∗) = 𝑒−𝑘 where

𝒙∗𝑖 =


𝑠 if 1 ≤ 𝑖 ≤ 𝑘 is the correct class.

−𝑠 otherwise
(2.46)

Although this choice of 𝐻 worked in practice, this choice of 𝐻 is not optimal
and could be improved by better exploiting the structure of the dynamics and the
classification problem more generally.

Sampling on Hypersphere In high-dimensional spaces sampling in the hypercube
is highly inefficient for retrieving samples around the origin. Our models are also
all initialized at the origin and should end close to a vertex of the simplex that
corresponds to a classification. It’s thus imperative to bias sampling towards the
origin in higher dimensions. To do this we use the following procedure to generate
samples:
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Algorithm 3 Biased Sampling on Hypersphere
Require: A hyper sphere of radius 𝑟𝑚𝑎𝑥 inscribes the hypercube for 𝐻

1: 𝑟 ∼ 𝑈 (0, 𝑟𝑚𝑎𝑥) ⊲ sample a radius
2: 𝒙̂ ∼ N(0, 1)𝑘 ⊲ sample k dimensional normally distributed random vector
3: return 𝑟 𝒙̂

∥𝒙̂∥2 ⊲ Method for generating point on surface of unit sphere Muller
[23].

Although this method significantly biases the samples towards zero, we note that that
the region near zero is the area that implies the smallest prior for a classification.
If we are very far away from the origin we would expect to keep moving in the
direction opposite of the origin (since we have a strong prior). The dynamics should
learn to exploit this by having relatively simple dynamics in points far away from
the origin that get more complex as they approach the point with lowest prior (zero).

2.A.3 Experimental Details
To simplify tuning, we trained our models using Nero [19] with a learning rate of
0.01 with a batch size of 64 for models trained with LyaNet and 128 for models
trained with regular backpropagation. We found this by performing a grid search
on learning rates and batch sizes over (0.1, 0.001, 0.001) × (32, 64, 128), validated
on a held out set of 10% of training data. All models were trained for a total of 120
epochs. For our adversarial attack we used PGD as implemented by Kim [18] for
10 iterations with a step size 𝛼 = 2

255 . Our experiments ran on a cluster 6 GPUs: 4
GeForce 1080 GPUs, 1 Titan X and Titan RTX. All experiments were able to run
on less than 10GB of VRAM.
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C h a p t e r 3

CERTIFIABLY ROBUST FORWARD INVARIANCE IN NEURAL
ODES

3.1 Introduction
The previous chapter established that Lyapunov conditions can be used to train
Neural ODEs with stable inference dynamics. Training on pointwise conditions
produced networks whose trajectories converge toward correct predictions, with
adversarial robustness emerging as a consequence of stability. That work demon-
strated the viability of pointwise-condition training but left open the question of
certification: given a trained network, can one prove that the Lyapunov condition
holds everywhere in the relevant region, rather than merely at sampled points?

This chapter addresses certification by developing FI-ODE, a framework for training
Neural ODEs that are provably forward invariant. Forward invariance is a property
from control theory that guarantees trajectories of a dynamical system never leave
a specified set [5, 34]. In control applications, forward invariant sets correspond to
safe operating regions; in classification, they correspond to regions of state space
that produce correct predictions. The key insight is that forward invariance, like
Lyapunov stability, reduces to a pointwise condition. One need not analyze entire
trajectories to certify that a set is forward invariant. Instead, one verifies that the
dynamics point inward at every point on the boundary of the set. This pointwise
structure enables both efficient training and tractable certification.

The certification challenge motivates the technical contributions of this chapter.
Training a Neural ODE to approximately satisfy a pointwise condition is straight-
forward: sample states, evaluate the condition, and penalize violations. Certifying
that the condition holds everywhere is harder. Sampling can miss small regions
where the condition fails, and even a small violation can compromise the global
guarantee. We address this through a combination of techniques. First, we con-
strain the hidden states of the NODE to evolve on a compact set by projecting the
dynamics to satisfy barrier conditions. Second, we develop an interval propagation
technique compatible with optimization layers that provides sound overapproxima-
tions of the dynamics. Together, these allow us to verify forward invariance with
formal guarantees.
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Contributions. The main contribution of this chapter is the first Neural ODE
controller with certified robust forward invariance. We demonstrate this on a planar
segway, a canonical unstable nonlinear system where maintaining balance requires
active control. The certified guarantee states that the controller keeps the system
within a verified region of attraction despite bounded perturbations to the system
parameters. Prior work on Neural ODE control [29, 9, 36] demonstrated forward
invariant policies empirically but without formal certificates. To our knowledge,
FI-ODE produces the first such certificate for a Neural ODE controller.

To validate that the framework generalizes beyond control, we also evaluate on image
classification. This setting provides a well-benchmarked domain where certified ro-
bustness methods can be compared systematically [51, 42, 13]. Even impressive em-
pirical robustness often fails under unforeseen stronger attacks [7], which motivates
the pursuit of formal certificates. The image classification experiments demonstrate
superior ℓ2 certified robustness versus other certifiably robust ODE-based models.
The classification results serve primarily to validate the methodology; the control ex-
periments are the primary contribution toward the thesis goal of certified controllers
for robotic systems.

Several limitations of this chapter are addressed in subsequent chapters. The planar
segway is a relatively simple system: it is low-dimensional and fully actuated
in the sense that control authority exists over all degrees of freedom relevant to
stability. The certification techniques developed here apply to systems where the
dynamics are smooth and the state space is bounded. Extending these methods to
underactuated systems with hybrid dynamics, such as legged robots with intermittent
ground contact, requires additional theoretical machinery. Chapter 6 develops
Zero Dynamics Policies to address these challenges, using the pointwise-condition
framework established here as a foundation.

Our code is available at https://github.com/yjhuangcd/FI-ODE.git.

3.2 Preliminaries
Neural ODEs. We consider the following Neural ODE (NODE) model class,
where 𝒐 are the inputs to the dynamics, and 𝒙 ∈ H ⊂ R𝑛 are the states of the NODE
(H is compact and connected). Let 𝜽 ∈ Θ ⊆ R𝑙 denote the parameters of the learned
model. In general, we assume the overparameterized setting, where 𝜽 is expressive

https://github.com/yjhuangcd/FI-ODE.git
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enough to fit the dynamics.

𝒙(0) = 𝒙0, (initial condition) (3.1a)
𝑑𝒙

𝑑𝑡
= 𝒇𝜽 (𝒙(𝑡), 𝒐) (continuum of hidden layers). (3.1b)

An important setting for NODEs is continuous control, where we can explicitly
compose the known dynamics of the physical system with a neural network controller
parameterized by 𝜽. The closed-loop system is denoted by 𝒇𝜽 (𝒙(𝑡), 𝒐), where 𝜽 is
the neural controller and 𝒐 are the system parameters. Other settings include image
classification, where 𝒐 are the images, and we evolve the system over 𝑡 ∈ [0, 𝑇] to
get the final prediction 𝒙(𝑇).1

Forward Invariance & Robust Forward Invariance. Forward Invariance refers
to sets of states of a dynamical system (e.g., Equation (3.1b)) where the system can
enter but never leave. Formally:

Definition 6 (Forward Invariance). A set S ⊆ H is forward invariant with respect
to the system (Equation (3.1b)) if 𝒙(𝑡) ∈ S ⇒ 𝒙(𝑡′) ∈ S,∀𝑡′ ≥ 𝑡.

Forward invariance can be applied generally in NODEs: we can choose the dynamics
in Equation (3.1b) to render almost any set we choose forward invariant. For instance,
in control we often want to keep the states of the system within a safe set, while
in classification we will be concerned with the set of states that produce a correct
classification. Mathematically, these settings can be captured by shaping the ODE
dynamics 𝒇𝜽 to achieve forward invariance within a specified set (i.e., training the
ODE to satisfy Definition 6 for some specified set S).

Definition 7 (Robust Forward Invariance). A set S ⊆ H is robust forward in-
variant with respect to 𝒐 if S is forward invariant with respect to the system
𝒇𝜽 (𝒙(𝑡), 𝒐 + 𝝐), ∀𝝐 ∈ R𝑛 with ∥𝝐 ∥ ≤ 𝜖 .

Robust forward invariance is attractive when one seeks performance guarantees
under input perturbations. Here, we consider norm-bounded perturbations. In
control, when there are mis-specifications for system parameters, we still hope the
controller to be able to keep the system safe. In classification, we would want the
system to classify correctly despite noisy inputs.

1In this setting, one can think of a NODE as a ResNet [26] with a continuum of hidden layers.
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Low

High
FI Not FI FI Level Set Nominal Perturbed

Figure 3.1: Depicting trajectories (Left) and
dynamics (Right) of the state-space of a
NODE. The contours show a quadratic po-
tential, and the yellow-line is the target sub-
level set. Left: trajectories that violate (red)
or satisfy (blue) forward invariance. Right:
flow field (dynamics) of the NODE, under both
nominal and perturbed inputs. The perturbed
flow field still satisfies forward invariance, im-
plying robust forward invariance.

Trajectory-wise versus Point-wise Certification Analysis. Figure 3.1 depicts two
ways of certifying forward invariance. On the left, we consider entire trajectories that
result from running the ODE (i.e., running the forward pass) and determine forward
invariance by checking whether the trajectories leave the target set. Such trajectory-
level analyses are computationally expensive due to running ODE integration to
generate trajectories. This approach also poses a challenge for verification since
trajectories can only be integrated for finite time 𝑇 and the dynamics may be close
to leaving the set shortly thereafter (𝑇 + 𝜀), which translates into vulnerability to
perturbations.

An alternative approach, depicted on Figure 3.1(right), relies on point-wise condi-
tions: we look at the dynamics point-wise over the state-space and infer whether
the set within the yellow line is forward invariant. Here, robust certification can be
significantly easier because we only need to verify that the perturbed dynamics are
point-wise still pointing in the right direction, rather than analyzing the perturbed
dynamics over an entire trajectory (i.e., we do not need to do ODE integration).

Lyapunov Functions & Sublevel Sets.

As discussed further in Section 3.3, we use Lyapunov potential functions from
control theory to define sets to render forward invariant. A potential function
𝑉 : H → R≥0 is a Lyapunov function for the ODE if for all reachable states 𝒙 we
have:

¤𝑉 ≡ 𝑑

𝑑𝑡
𝑉 (𝒙(𝑡)) ≡ 𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) ≤ 0. (3.2)

Intuitively, Equation (3.2) means that the dynamics of the ODE within the statesH
are always flowing in the direction that reduces 𝑉 , i.e., Equation (3.2) establishes a
contraction condition on ODE. Note that for the system to be strictly contracting,
the RHS of Equation (3.2) needs to be strictly negative.



51

Forward Invariance 
via Lyapunov Sublevel Sets

Robust Lyapunov Training

Violation of Lyapunov condition

• Restricting Lipschitz
• Adaptive Sampling

Certification
• Sampling over the level set

• Verifying condition holds in 
a neighborhood

upper 
bound

0 [ ]
Correct classification 

set.
Safe region for control 

tasks.

High

Low

Robust FI condition

Figure 3.2: Overview of our FI-ODE framework. We first pick a Lyapunov function
based on the shape of the forward invariant set: the boundaries of the Lyapunov
sublevel sets are parallel to the boundary of the forward invariant set. Then we show
that robust forward invariance implies robust control and classification. We train the
dynamics to satisfy robust FI conditions via robust Lyapunov training. To certify
the forward invariance property, we sample points on the boundary of the forward
invariant set and verify conditions hold everywhere on the boundary.

Since 𝑉 is always decreasing in time, we can use it to define a forward invariant
set (Definition 6): 𝑉 (𝒙) ≤ 𝑐 for some constant 𝑐, which is known as a Lyapunov
sublevel set. Once a state enters a Lyapunov sublevel set it remains there for all
time. The potential function depicted in Figure 3.1 can be viewed as a Lyapunov
function, and the yellow line the boundary of the corresponding sublevel set. At
training time, one would specify a desired forward invariance condition using a
potential function 𝑉 and threshold 𝑐, and optimize the NODE to satisfy the forward
invariance condition.

3.3 FI-ODE: Robust Forward Invariance for Neural ODEs
We now present our FI-ODE framework to enforce forward invariance on NODEs
(Figure 3.2). We define forward invariance using Lyapunov sublevel sets (Sec-
tion 3.3), and show that robust forward invariance implies robust control and clas-
sification (Section 3.3) To enforce forward invariance, we first train to encourage
the Lyapunov conditions to hold on the boundary of the target Lyapunov sublevel
set (e.g., yellow line in Figure 3.1), and then verify. We develop a robust Lyapunov
training algorithm (Section 3.3) that extends the LyaNet framework [28] to enable
efficiently training NODEs that provably satisfy forward invariance. Finally, we de-
velop certification tools to verify the Lyapunov conditions everywhere in the region
of interest (Section 3.3).
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Forward Invariance via Lyapunov Sublevel Sets
We first define the set that we would like to render forward invariant, and then choose
a Lyapunov function whose level sets are parallel to the boundary of the set.2 For
our main application in control, we define the forward invariant set to be a region
around an equilibrium point (i.e., straying far from the equilibrium point can be
unsafe), and use the standard quadratic Lyapunov function:

𝑉 (𝒙) = 𝒙⊤𝑃𝒙, (3.3)

where 𝑃 is a (learnable) positive definite matrix, and assuming WLOG that the
equilibrium point is at the origin. The forward invariant set has the form S =

{𝒙 |𝑉 (𝒙) ≤ 𝑐}, for 𝑐 > 0. The level sets of this quadratic Lyapunov function are
shown in Figure 3.1. The boundary is then D = 𝜕S = {𝒙 |𝑉 (𝒙) = 𝑐}. This forward
invariance condition is commonly used in safety-critical control [6].

We also explore an application to multi-class classification. Here, we define the
forward invariant set to be the correct classification region. For an input 𝒐 with label
𝑦, the output of a NODE after integrating for 𝑇 time is 𝒙(𝑇). The NODE correctly
classifies 𝒐 if 𝑦 = argmax 𝒙(𝑇). Then the correct classification region for class 𝑦 is
S𝑦 = {𝒙 |𝒙 ∈ △, 𝑦 = argmax 𝒙} (Figure 3.2, left panel) where △ stands for the 𝑛-class
probability simplex: {𝒙 ∈ R𝑛 |∑𝑛

𝑖=1 𝒙𝑖 = 1, 𝒙𝑖 ≥ 0}. The boundary of this set is
known to be the decision boundary for class 𝑦: D𝑦 = {𝒙 ∈ △|𝒙𝑦 = max𝑖≠𝑦 𝒙𝑖}. We
define a Lyapunov function whose level sets are parallel to the decision boundary:

𝑉𝑦 (𝒙) = 1 − (𝒙𝑦 −max
𝑖≠𝑦

𝒙𝑖) (3.4)

We can check that 𝑉𝑦 is positive definite: since 0 ≤ 𝒙𝑖 ≤ 1 for all 𝑖, we have 𝑉𝑦 ≥ 0.
In addition, 𝑉𝑦 = 0 only when 𝒙𝑦 = 1 and 𝒙𝑖 = 0 for 𝑖 ≠ 𝑦. For the simplicity of
notations, we use 𝑉 to refer to the Lyapunov function, but note that the Lyapunov
function for classification depends on class 𝑦.

Robust Forward Invariance for Robust Control and Classification
A NODE satisfies robust forward invariance if the forward invariance condition
holds despite (norm-bounded) perturbations on the dynamics (e.g. due to perturbed
inputs). Our framework uses 𝒐 for system parameters in control, and for input

2Usually, Lyapunov stability uses a potential function to prove the stability of a given dynamical
system. In our setting, the potential function is pre-defined to be positive definite, and we find a
dynamical system (e.g. by training a Neural ODE) that is stable with respect to this potential function
(i.e. making this potential function a Lyapunov function). This is possible because the NODEs are
typically overparameterized.
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images in classification. To ensure robust forward invariance for perturbed 𝒐, the
dynamics for the perturbed input 𝒇𝜽 (𝒙, 𝒐 + 𝝐) needs to satisfy the standard forward
invariance condition in (3.2) (as informally depicted in Figure 3.1, right). In other
words, the condition in (3.2) needs to hold in a neighborhood of 𝒐 for robust control
or classification. Thanks to the Lipschitz continuity of the Lyapunov function𝑉 and
the dynamics 𝒇𝜽 , this can be achieved by a more strict condition than (3.2) on the
dynamics (Theorem 4).

Theorem 4 (Robust Forward Invariance). Consider the dynamical system in Equa-
tions (3.1a) and (3.1b), the set S will be robust forward invariant with respect to 𝒐

if the following conditions hold:

𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) ≤ −𝜖𝐿𝑉𝐿𝑜𝑓 , ∀𝒙 ∈ 𝜕S. (3.5)

where 𝜖 is the perturbation magnitude on 𝒐 (i.e. ∥𝝐 ∥ ≤ 𝜖), 𝜕S is the boundary of S,
𝐿𝑉 is the Lipschitz constant of 𝑉 and 𝐿𝑜

𝑓
is the Lipschitz constant of the dynamics

with respect to 𝒐.

Remark 1 (Implications). With S defined as in Section 3.3, if the dynamics satisfy
(3.5), then we have a robust controller that always keeps the system in the desired
region despite perturbed system parameters and inputs.

Remark 2 (Non-Robust Variant). The non-robust version of Theorem 4 is where
the RHS of Equation (3.5) is 0 instead of −𝜖𝐿𝑉𝐿𝑜𝑓 . I.e., Equation (3.5) need not be
a strictly contracting condition.

Robust Lyapunov Training
We now present our robust Lyapunov training approach to satisfy the conditions
in Theorem 4 (Algorithm 4). Our method extends the LyaNet framework [28] in
two ways: 1) restricting the Lipschitz constant of the NODE with respect to the
input; and 2) adaptive sampling to focus learning on the states necessary for forward
invariance certification.

Training loss.

Our training loss encourages the dynamics to satisfy the conditions in Theorem 4.
Specifically, we use a modified Monte Carlo Lyapunov loss from [28]:

ℒ(𝜽) ≈ E
𝒙∼𝜇(H)

[
max

{
0,
𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) + 𝜅(𝑉 (𝒙))

}]
, (3.6)
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Algorithm 4 Robust Lyapunov Training
Require: Lyapunov function𝑉 , Sampling scheduler, datasetD, hinge-like function

𝜅.
1: initialize Model parameters 𝜽, Lyapunov parameters 𝑃 and system parameters

𝒐 (for control).
2: for 𝑖 = 1 : 𝑀 do
3: Sample 𝒙 based on the training progress and the level sets of 𝑉 : 𝒙 ∼
Sampling_scheduler (𝑖, 𝑉)

4: For control, find adversarial samples of 𝒐 and 𝒙
5: For classification, sample (𝒙, 𝑦) ∼ D
6: Update model parameters to minimize Lyapunov loss ℒ(𝜽) (Equa-

tion (3.6)).
7: 𝑃← 𝑃 − 𝛽′∇𝑃ℒ(𝜽)
8: 𝜽 ← 𝜽 − 𝛽∇𝜽ℒ(𝜽)
9: end for

10: return 𝜽

which can be interpreted as a hinge-like loss on the Lyapunov contraction condition
for each state 𝒙 of the NODE (i.e., the loss encourages (𝜕𝑉/𝜕𝒙)⊤ 𝒇 ≤ −𝜅(𝑉 (𝒙)) <
0 for some non-negative non-decreasing function 𝜅). Intuitively, if the loss in
Equation (3.6) is 0 for some given 𝒐, then we know that the contraction condition
is satisfied with the RHS being 𝜅(𝑉 (𝒙)). As long as 𝜅(𝑉 (𝒙)) ≥ 𝜖𝐿𝑉𝐿

𝑜
𝑓
, then

Theorem 4 holds. If instead 𝜅(𝑉 (𝒙)) ≥ 0, then the non-robust variant holds.

Restricting the Lipschitz constant.

To obtain a non-vacuous guarantee from Theorem 4, we need to restrict the Lipschitz
of 𝒇𝜽 (𝒙, 𝒐) with respect to both 𝒙 and 𝒐. For image classification, we can estimate
𝐿𝑜
𝑓
easily by the product of matrix norms of the weight matrices in the neural network

[47]. Then we certify condition Equation (3.5) holds for the clean image 𝒐. For
control problems, since the dynamics of the physical system is usually known, the
closed loop dynamics is not purely parameterized by neural networks and it is not
straightforward to estimate 𝐿𝑜

𝑓
. Therefore, instead of directly certifying condition

Equation (3.5), we certify the LHS of it to be smaller than 0 for 𝒙 ∈ 𝜕S and
all 𝒐 within the perturbation range (not only on the nominal parameter). We use
adversarial training to make 𝒇𝜽 (𝒙, 𝒐) smooth with respect to both 𝒙 and 𝒐, and in
fact certifiable.
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Figure 3.3: Sampling to cover the level sets of the Lyapunov functions.

Adaptive sampling.

To minimize the Lyapunov loss (Equation (3.6)), we need to choose a sampling
distribution 𝜇. A simple choice is uniform (as was done in [28]), but that may
require an intractable number of samples to guarantee minimizing Equation (3.6)
everywhere in the state space. We address this challenge with an adaptive sampling
strategy that focuses training samples on the region of the state space necessary
for forward invariance: the boundary of the Lyapunov sub-level set. For control
problems, since we jointly learn matrix 𝑃 in the Lyapunov function, the shape of its
level set changes during training, and the sampled points change accordingly. For
classification, we switch from uniform sampling in the simplex to sampling only
within the forward invariant set, with the switching time being a hyper-parameter of
the sampling scheduler.

Certification
In the previous section, we minimize the empirical Lyapunov loss (Equation (3.6))
on some finite set of samples to encourage the dynamics to satisfy conditions in
Theorem 4. However, zero empirical Lyapunov loss on a finite sample is not
necessarily a certificate that the conditions hold everywhere on the boundary of
the forward invariant. This section develops tools to certify the forward invariance
conditions hold everywhere on the boundary of the safe set.

Certification procedures.

The certification procedures are as follows: 1) sample points on the boundary of the
forward invariant set (blue dots in Figure 3.3), and check Lyapunov condition holds
on all the sampled points; 2) verify the condition holds in a small neighborhood
around those points.



56

Procedure 1: Sampling techniques.

Rigorous certification is challenging because it requires the set of samples and their
neighborhoods to cover the whole boundary of the forward invariant set (not guaran-
teed by random sampling). We construct a set for the quadratic Lyapunov function
(Equation (3.3)) and the classification Lyapunov function (Equation (3.4)) respec-
tively, and show that the proposed set can cover the level set of the corresponding
Lyapunov function in Theorem 5 below, i.e. for any point on the level set (red dot
in Figure 3.3), there exists a sampled point nearby (blue dot).

To sample on the level set of the quadratic Lyapunov functionD = {𝒙 ∈ R𝑛 |𝒙⊤𝑃𝒙 =

𝑐}, we first create a uniform grid G (with spacing 𝑟) in the ambient space that covers
the Lyapunov level set. We pick 𝑟 to be at most

√︃
𝑐
𝜆1

, where 𝜆1 is the maximum
eigenvalue of 𝑃. Then we do rejection sampling to keep the points that are close to
the Lyapunov level set via G ∩ B for B defined below:

B = {𝒙 |𝑐 ≤ 𝒙⊤𝑃𝒙 ≤ 𝑐} (3.7)

where 𝑐 = (
√
𝑐 −

√
𝑛

2 𝑟
√
𝜆1)2 and 𝑐 = (

√
𝑐 +

√
𝑛

2 𝑟
√
𝜆1)2. We show that B ∩ G

(points inside dashed lines in Figure 3.3, Left) covers the 𝑐-level set of the quadratic
Lyapunov function (Theorem 5 (a)).

To sample on the 1-level set of the 𝑛-class classification Lyapunov function (the
decision boundary), we consider the following set 𝑆𝑦 (Figure 3.3, Right) (Theorem
5 (b)):

𝑆𝑦 = {𝒔 ∈ R𝑛 |𝒔 = 𝒔

𝑁
, 𝒔 ∈ 𝑆𝑦} (3.8)

where 𝑆𝑦 = {𝒔 ∈ Z𝑛 |∑𝑛
𝑖=1 𝒔𝑖 = 𝑁, 𝒔𝑦 = max𝑖≠𝑦 𝒔𝑖, 𝒔𝑖 ≥ 0,∀𝑖 = 1, ..., 𝑛}, and 𝑁

represents sample density, and needs to be a positive even integer and 𝑁 . 1 (mod
𝑛).

Theorem 5. (Sampling on the boundary of a FI set).

(a) For any 𝒙 ∈ D, there exist an 𝒔 ∈ {B ∩ G} such that |𝒙𝑖 − 𝒔𝑖 | ≤ 𝑟
2 for all

𝑖 = 1, ..., 𝑛.
(b) For any 𝒙 ∈ D𝑦, there exists an 𝒔 ∈ 𝑆𝑦 such that |𝒙𝑖 − 𝒔𝑖 | ≤ 1

𝑁
for all

𝑖 = 1, ..., 𝑛.

Procedure 2: Verification in a neighborhood around the sampled points.

Since we only sample a finite number of points on the level set, certifying robust for-
ward invariance requires verifying that the condition holds in a small neighborhood
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around each of the points. We do so by bounding the range of the output given the
range of the input. This bound can be obtained by estimating the Lipschitz constant
of the LHS of Equation (3.5), and the norm of output difference can be bounded
by the norm of the input difference. This is convenient for cases where it is simple
to bound the Lipschitz of the Lyapunov function and the dynamics. For instance,
for classification problems, the Lipschitz constant of the Lyapunov function (3.4) is√

2, and the Lipschitz constant of the dynamics with respect to both 𝒐 and 𝒙 is 1
because we use orthogonal layers in the neural network. For more general Lyapunov
functions and dynamics, the Lipschitz bound is often either intractable or vacuous.
Instead, we use a popular linear relaxation based verifier CROWN [57] to bound the
output of any general computation graph. In the control case, we verify both 𝒐 and
𝒙 since we want the robustness robustness for a set of perturbations over a set in the
state-space.

3.4 Experiments
Our main evaluation is in an application of certified robust forward invariance
in nonlinear continuous control (Section 3.4). We also explore the generality of
our approach by studying a second application in certified robustness for image
classification (Section 3.4).

Certifying Safety for Robust Continuous Control
Setup.

We evaluate our framework on a planar segway system, which is a highly unstable
nonlinear system whose dynamics is sensitive to its system parameters and therefore
hard to train certifiably robust nonlinear controllers (see Section 3.A.9 for the de-
tails). We train a neural network controller (a 3-layer multi-layer perceptron (MLP))
to keep the system forward invariant within the 0.15-sublevel set of a jointly learned
Lyapunov function under ±2% perturbations on each system parameter. This guar-
antees that the segway will not fall under adversarial system perturbations. We
evaluate the its performance under both nominal and adversarial system parameters
for 1000 adversarially selected initial states within the safe set. The adversarial
parameters and states are optimized jointly via projected gradient descent for 100
steps to maximize violations of the forward invariance condition. We also provide
provable certificates using certification approach in Section 3.3.
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Results.

We compare with two competitive robust control baselines, and perform ablation
studies on different training algorithms in Table 3.1. We make three main obser-
vations. First, it is difficult to certify even non-robust forward invariance using
previous methods, highlighting the need for more advanced methods. Second, our
robust Lyapunov training approach (Algorithm 4) is able to train NODE controllers
with robust forward invariance certificates. Third, certifying non-robust forward
invariance is easier than certifying robust forward invariance. Overall, these results
suggest that our approach is able to train nonlinear ODE controllers in non-trivial
settings where existing approaches cannot. To our knowledge, this is also the first
instance of training NODE policies with such non-vacuous certified guarantees.

Table 3.1: Robustness of controllers trained with different methods. The numbers
are the percentage of trajectories that stay within the forward invariant set under the
nominal and adversarial system parameters on 1000 adversarially selected initial
states. The certificate column indicates whether the (robust) FI property is certified.

Method Empirical Certificate
Nominal Adv FI Robust FI

Robust LQR 96.2 92.8 ✗ ✗

Robust MBP [18] 94.3 93.6 ✗ ✗

Standard Backprop Training 58.0 50.4 ✗ ✗

Basic Lyapunov Training [28] 90.2 52.6 ✗ ✗

+ Adaptive Sampling 100 68.9 ✓ ✗

+ Adversarial Training 100 97.8 ✓ ✗

+ Both (Robust FI-ODE, Ours) 100 100 ✓ ✓

Visualizations.

We show trajectories that start within the safe set (gray ellipse) and the correspond-
ing Lyapunov functions in Figure 3.4. The left shows the trajectories of a certifiably
non-robust FI controller. While the system is safe 100% under nominal system pa-
rameters, it fails for adversarial system parameters. The right shows the trajectories
of a certifiably robust FI controller. Even under adversarial system parameters, it
keeps the trajectories within the safe set 100% of the time.

Certified Robustness for Image Classification
We also apply our approach to train certifiably robust NODEs for image classification
to explore the generality of the framework. We treat the input image as system
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(a) (b)

Figure 3.4: Showing Lyapunov function value 𝑉 along the trajectories of a planar
segway. The forward invariant set is the 0.15-sublevel set. All trajectories start
within the forward invariant set (gray ellipse). Each system parameter are perturbed
adversarially within ±2% of their original value. (a) Shows the Lyapunov function
values and system trajectories of a certifiably non-robust FI controller. (b) Shows the
Lyapunov function values and system trajectories of a certifiably robust FI controller.

parameters, and set all the initial states to be 𝒙(0) = 1
1
𝑛
. Table 3.2 shows the

results. The main metric is certified accuracy, the percentage of test set inputs
that are certifiably robust. Our approach achieves the strongest overall certified
robustness results compared to prior ODE-based approaches. We also reported
clean and adversarial accuracy for references. In addition, the ablation studies shows
similar trends as in the robust control experiments: all the learning components:
Lyapunov training, Lipschitz restriction and adaptive sampling are needed for good
performance, and the model that is trained with all of them (Robust FI-ODE)
achieved the highest certified accuracy.

Table 3.2: Evaluating certified robustness for image classification. 𝜖 is the ℓ2 norm
of the input perturbations. We report the classification accuracy (%) on clean &
adversarial inputs, and the percentage of inputs that are certifiably robust (Certified).
Semi-MonDeq results are on 100 test images [95% CI in bracket] due to high cost,
and other results are on all test images (10,000).

Dataset Method 𝜖 Clean Adversarial Certified
Lipschitz-MonDeq [41] 0.1 95.60 94.42 83.09
Semi-MonDeq [12] † 0.1 99 [>94] 99 [>94] 99 [>94]

MNIST Robust FI-ODE(Ours) 0.1 99.35 99.09 95.75

Lipschitz-MonDeq [41] 0.2 95.60 93.09 50.56
Robust FI-ODE(Ours) 0.2 99.35 98.83 81.65

Lipschitz-MonDeq [41] 0.141 66.66 50.51 <7.37
NODE w/o Lyapunov training 0.141 69.05 56.94 16.81

CIFAR-10 LyaNet [28] + Lipschitz restriction 0.141 73.15 64.87 41.43
LyaNet [28] + Sampling scheduler 0.141 82.83 74.81 0
Robust FI-ODE(Ours) 0.141 78.34 67.45 42.27
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3.5 Related Works
Robust control and robust learning-based control methods. Robust control
involves creating feedback controllers for dynamic systems that sustain performance
under adverse conditions [59, 8], often relying on basic (linear) controllers. Our work
learns nonlinear controllers parameterized by neural networks, while maintaining
the robust forward invariance guarantees. There have been recent works for learning-
based control with robustness guarantees, such as focusing on H∞ robust control
[1, 38, 21, 25, 58], or linear differential inclusions systems [18]. In comparison,
our framework could be used for general nonlinear systems and norm-bounded
input/system parameter perturbations.

Learning Lyapunov functions and controllers for nonlinear control problems.
Various studies focus on learning neural network Lyapunov functions, barrier func-
tions, and contraction metrics for nonlinear control [16]. For stability or safety
certification, Chang, Roohi, and Gao [11] employ SMT solvers [22], Jin et al. [30]
use Lipschitz methods, and Dai et al. [15] apply mixed integer programming. Our
approach uses a linear relaxation-based verifier [57], balancing tightness and com-
putational efficiency, to certify nonlinear control policies (unlike the linear policies
in Chang, Roohi, and Gao [11] and Jin et al. [30]) on actual dynamics, contrasting
with Dai et al. [15]’s neural network dynamic approximations.

Verification and Certified robustness of NODEs. Many studies (e.g., Yan et
al. [56], Kang et al. [31], and Huang et al. [27]) demonstrate improved empirical
robustness of NODEs, yet certifying this robustness is challenging. Prior NODE
analyses primarily address reachability: Grunbacher et al. [23] proposes a stochastic
bound on the reachable set of NODEs, while Lopez et al. [37] computes deterministic
reachable set of NODEs via zonotope and polynomial-zonotope based methods
implemented in CORA [3]. However, these methods are limited to low-dimension
or linear NODEs. MonDEQ [50], akin to implicit ODEs, has seen ℓ2 robustness
certification efforts [41, 12], but these struggle beyond MNIST. Xiao et al. [53]
propose invariance propagation for stacked NODEs that provides guarantees for
output specifications by controller/input synthesis. While their approach focuses
more on interpretable causal reasoning of stacked NODEs, our work provides a
framework for training and provably certifying general NODEs.
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Formal verification of neural networks. Formal verification of neural networks
aim to prove or disprove certain specifications of neural networks, and a canonical
problem of neural network verification is to bound the output of neural networks
given specified input perturbations. Computing the exact bounds is a NP-complete
problem [32] and can be solved via MIP or SMT solvers [45, 20], but they are not
scalable and often too expensive for practical usage. In the meanwhile, incomplete
neural network verifiers are developed to give sound outer bounds of neural net-
works [43, 19, 48, 44], and bound-propagation-based methods such as CROWN [57]
are a popular approach for incomplete verification. Recently, branch-and-bound
based approaches [10, 49, 17] are proposed to further enhance the strength of neural
network verifiers. Our work utilizes neural network verifiers as a sub-procedure to
prove forward invariance of NODEs, and is agnostic to the verification algorithm
used. We used CROWN because it is efficient, GPU-accelerated and has high quality
implementation [54].

3.6 Discussion
This chapter extended the pointwise-condition framework from stability (LyaNet)
to safety, producing the first Neural ODE controller with a formal certificate of
robust forward invariance. The planar segway demonstrates that learned nonlinear
controllers can achieve guarantees traditionally associated with model-based control.
The classification experiments validate that the certification machinery generalizes
beyond control, though the control results are the primary contribution toward the
thesis goal of certified controllers for robotic systems.

The thesis introduction identified three strategies for integrating control structure
with learning. FI-ODE exemplifies two of them. Training on pointwise Lyapunov
and barrier conditions exemplifies the first strategy: global properties reduced to
local conditions that can be sampled during training and verified over regions during
certification. The CBF-QP layer that constrains dynamics to the probability simplex
exemplifies the third strategy: architectural enforcement of structure that holds
regardless of learned parameters. These strategies complement each other; the
architectural constraint simplifies certification by reducing the space over which
invariance must be verified.

Several limitations motivate subsequent chapters. The interval propagation ap-
proach degrades in tightness with state dimension and integration horizon; scaling
to high-dimensional systems would require tighter relaxations or alternative certi-
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fication strategies. More fundamentally, the planar segway is fully actuated and
has smooth dynamics. Legged robots are underactuated and experience impacts
with the ground that violate standard ODE assumptions. Chapter 6 addresses both
limitations by applying pointwise conditions on zero dynamics rather than full state,
and by developing discrete-time analysis that handles the Poincaré map structure of
periodic locomotion with impacts. The perception side of safety-critical control,
namely quantifying uncertainty in obstacle estimates, is addressed in Chapter 5.

Appendix 3.A

3.A.1 Definitions for Class K functions

Definition 8 (Class K Function). A continuous function 𝛼 : [0, 𝑎) → [0,∞) for
𝑎 ∈ R>0 ∪ {∞} belongs to class K (𝑎 ∈ K) if it satisfies:

1. Zero at Zero: 𝛼(0) = 0

2. Strictly Increasing: For all 𝑟1, 𝑟2 ∈ [0, 𝑎] we have that 𝑟1 < 𝑟2 ⇒ 𝛼(𝑟1) <
𝛼(𝑟2)

Definition 9 (Class K∞ Function). A function belongs to K∞ if it satisfies:

1. 𝛼 ∈ K

2. Radially Unbounded: lim𝑟→∞ 𝛼(𝑟) = ∞

Definition 10 (Extended Class K𝑒
∞ Function). A continuous function 𝛼 : R → R

belongs to extended K𝑒
∞ if it satisfies:

1. Zero at Zero: 𝛼(0) = 0

2. Strictly Increasing: For all 𝑟1, 𝑟2 ∈ [0, 𝑎] we have that 𝑟1 < 𝑟2 ⇒ 𝛼(𝑟1) <
𝛼(𝑟2)

Definition 11 (Class KL Function). A continuous function 𝛽 : [0, 𝑎) × [0,∞) →
[0,∞) belongs to KL if it satisfies:



63

1. Class K on first argument: ∀𝑠 ∈ [0,∞)𝛽(·, 𝑠) ∈ K

2. Asymptotically 0 on second argument: ∀𝑟 ∈ [0, 𝑎) lim𝑠→∞ 𝛽(𝑟, 𝑠) = 0

3.A.2 Forward Invariance on a Probability Simplex

Figure 3.5: The color contours show level-sets of a barrier function in a 3-class
probability simplex.

For the purposes of certification and training, it is often useful to make the state space
H be a bounded set, as certifying over unbounded sets is typically intractable. For
multi-class classification, a natural choice is the probability simplex. Since we ini-
tialize 𝒙 within the simplex, it suffices to render the simplex to be forward invariant.
We explicitly constrain the states to a probability simplex using a Control-Barrier
Function based Quadratic Program (CBF-QP)3 [5], implemented as a differentiable
optimization layer [2].

Barrier functions can be viewed as a variant of Lyapunov functions that only re-
quire the state to stay within a set rather than always make progress towards some
minimum. Specifically, we choose a potential function ℎ with a 0-super level set
(i.e. {𝒙 ∈ H |ℎ(𝒙) ≥ 0}) equal to the desired forward invariant set S (see Figure 3.5
for an example). Similarly to the Lyapunov case, there is a point-wise inequality
condition that must be true over the forward invariant set:

𝑑

𝑑𝑡
ℎ(𝒙(𝑡)) ≥ −𝛼(ℎ(𝒙)) (3.9)

where 𝛼 : R≥0 → R≥0 is a class K∞ function. Intuitively, all the flows on the
boundary of the forward invariant set must have a positive time-derivative (otherwise
there could be a point on the boundary that decreases the value of ℎ and thus exits
the forward invariant set). This is the essence of Nagumo’s theorem [40]. Barriers
extend this idea with a condition that can be applied everywhere in the target
forward invariant set without being overly conservative. As trajectories approach
the boundary of the set, Equation (3.9) ensures the time derivative increases until it

3This is analogous to projected gradient descent (PGD) where we project the dynamics instead
of the states.



64

is positive at the boundary. We use a variation of barrier functions called Control
Barrier Functions (CBF). We formalize this concept with Theorem 7.

In our case, the unconstrained dynamics is the output of a neural network and we
denote it as 𝒇 (𝒙, 𝒐). To make the dynamics satisfy the barrier conditions, we use a
Control Barrier Function Quadratic Program (CBF-QP) Safety Filter [24]:

𝒇 ( 𝒇 ) = argmin
f∈R𝑛

1
2
∥f − 𝒇 ∥22 (3.10a)

s.t 1
⊤f = 0 (3.10b)

f ≥ −𝛼(𝒙) (3.10c)

where the arguments to the function 𝒇 are omitted for brevity.

Recall that an 𝑛-class probability simplex is defined as △ = {𝒙 ∈ R𝑛 |∑𝑛
𝑖=1 𝒙𝑖 =

1, 𝒙𝑖 ≥ 0}. Now we show that Equation (3.10b) ensures that the sum of the state
stays to be 1 and Equation (3.10c) guarantees the state to be non-negative.

First, we need the sum of 𝒙 stays the same as the initial condition. Taking time
derivative of both sides of

∑𝑛
𝑖=1 𝒙𝑖 = 1, we have 𝑑

𝑑𝑡

(∑𝑛
𝑖=1 𝒙𝑖 (𝑡)

)
=

∑𝑛
𝑖=1 𝒇𝜽 (𝒙, 𝒐)𝑖 =

1
⊤ 𝒇𝜽 (𝒙, 𝒐) = 0, which is Equation (3.10b). This is natural because the dynamics

summing up to zero means the changes from all dimensions summing up to zero,
and thus the sum of all dimensions stays the same.

Next, we need each dimension of the state to be non-negative. Since the initial
condition has non-negative entries, we just need the set {𝒙 |𝒙 ≥ 0} to be forward
invariant. We define forward invariance via barrier functions. For each dimension 𝑖,
we define ℎ𝑖 (𝒙) = 𝒙𝑖. Then the 0-superlevel set of ℎ𝑖 equals the safe set {𝒙 |𝒙𝑖 ≥ 0}.
As long as the condition in Equation (3.9) holds, i.e. 𝑑ℎ𝑖

𝑑𝒙 𝒇𝜽 (𝒙, 𝒐) ≥ −𝛼(ℎ𝑖 (𝒙)) for
some class K∞ function 𝛼, the set {𝒙 |𝒙𝑖 ≥ 0} is forward invariant. Plugging in
ℎ𝑖 (𝒙), we have 𝒇𝜽 (𝒙, 𝒐) ≥ −𝛼(𝒙), which is Equation (3.10c).

To learn in this setting we differentiate through the QP layer using the KKT con-
ditions as shown in [2]. Given the simple nature of the QP, we implemented a
custom solver that uses binary search to efficiently compute solutions, detailed in
the supplymentary materials.

To demonstrate the effectiveness of the CBF-QP layer, we visualize the learned
trajectories on the CIFAR-3 dataset (a subset of CIFAR-10 with the first 3 classes)
in Figure 3.6. Each colored line represents a trajectory of an input image from a
specific class. As training progresses, the trajectories are trained to evolve to the
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correct classes. All the trajectories stay in the simplex, implying that the learned
dynamics satisfy the constraints in Equation (3.10b) and Equation (3.10c).

Epoch: 1 Epoch: 300

Figure 3.6: Depicting ODE trajectories that satisfy the simplex constraint for CIFAR-
3 on epochs 1 and 300. Each colored line represents the trajectory of an input
example of a specific class, and the stars at the corners are colored with the ground-
truth class.

3.A.3 Theorems with Proof

Theorem 6 (ES-CLF Implies Exponential Stability [4]). For the ODE in Equa-
tions (3.1a) and (3.1b), a continuously differentiable function 𝑉 : R𝑘 → R≥0 is an
Exponentially Stabilizing Control Lyapunov Function (ES-CLF) if there are class
K∞ functions 𝜎 and 𝜅 such that:

𝑉 (𝒙) ≤ 𝜎(∥𝒙∥), (3.11)

min
𝜽∈Θ

[
𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) + 𝜅(𝑉 (𝒙))

]
≤ 0 (3.12)

holds for all 𝒙 ∈ R ⊆ 𝐻 and 𝑡 ∈ [0, 1]. The existence of an ES-CLF implies that
there is a 𝜽 ∈ Θ that can achieve:

𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) + 𝜅(𝑉 (𝒙)) ≤ 0, (3.13)

and furthermore the ODE using 𝜽 is exponentially stable with respect to 𝑉 , i.e.,
𝑉 (𝒙(𝑡)) ≤ 𝑉 (𝒙(0))𝑒−𝜅𝑡 for some 𝜅 > 0.

Proof. SinceΘ is compact, minimums are attained withinΘ. Let 𝜽∗(𝒙) = argmin𝜽∈Θ 𝜕𝑉
𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐).

Therefore, from Equation (3.12) we can conclude that:

𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽∗ (𝒙) (𝒙, 𝒐) ≤ −𝜅(𝑉 (𝒙)) ∀𝒙 ∈ H (3.14)

For simplicity we will omit the arguments of 𝜽∗. Furthermore, in the case where 𝜽∗

is a set we will select only one. SinceH is compact then

𝜎∗ = max
𝒙∈H

𝜎(∥𝒙∥). (3.15)
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This in turn implies that 𝑉 in bounded inH which helps us conclude that

𝑉 = max
𝒙∈H

𝑉 (𝒙) (3.16)

is well defined which in turn implies

𝜅 = min
𝑟∈[0,𝑉]

𝑑𝜅(𝑟)
𝑑𝑟

(3.17)

is well defined. Since 𝜅 is strictly increasing, then 𝜅 > 0. Notice that 𝛼(𝑟) = 𝜅𝑟

satisfies 𝛼 ∈ K∞ and, by the comparison lemma, ∀𝑟, 𝜅𝑟 ≤ 𝜅(𝑟). Therefore:

𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽∗ (𝒙) (𝒙, 𝒙) ≤ −𝜅(𝑉 (𝒙)) ≤ −𝜅𝑉 (𝒙), ∀𝒙 ∈ H (3.18)

In preparation for applying the comparison lemma we will consider the following
Initial Value Problem (IVP):

𝑦(0) = 𝑉 (𝒙0) (3.19)

¤𝑦 = −𝜅𝑦 (3.20)

Since this is a linear system solutions for 𝑦 exist, are unique and take the form
𝑦(𝑡) = 𝑉 (𝒙0)𝑒−𝜅𝑡 . Furthermore, by the comparison lemma we can conclude that:

𝑉 (𝒙(𝑡)) ≤ 𝑦(𝑡) = 𝑉 (𝒙0)𝑒−𝜅𝑡 (3.21)

□

Lemma 2 (Solution of Class K function systems (See Lemma 4.4 in [33])). Let
𝛼 ∈ K𝑒

∞. Then consider the following IVP for 𝑡 ∈ [0, 1]:

𝑦(0) = 𝑦0 (3.22)

¤𝑦 = −𝛼(𝑦) (3.23)

This IVP has unique solutions 𝑦(𝑡) = 𝛽(𝑦0, 𝑡) where 𝛽 ∈ KL.

Theorem 7 (CBF Existence Implies Forward Invariance [55, 40]). Let the set
S ⊂ H be the 0 superlevel set of a continuously differentiable function ℎ : H → R,
i.e. S = {𝒙 ∈ H |ℎ(𝒙) ≥ 0}. The set S is forward invariant with respect to the
ODE Equations (3.1a) and (3.1b), if ℎ is a Control Barrier Function (CBF) i.e. it
satisfies either of the following conditions:
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1. [55] There exists a function 𝛼 for all 𝒙 ∈ S so that:

max
𝜽∈Θ

[
𝜕ℎ

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐) + 𝛼(ℎ(𝒙))

]
≥ 0, (3.24)

where 𝛼 is a class K𝑒
∞ function (this means 𝛼 : R → R is strictly increasing

and satisfies lim𝑟→∞ 𝛼(𝑟) = ∞).

2. [40] For all 𝒙 ∈ {𝒙 ∈ S|ℎ(𝒙) = 0}:

𝜕ℎ

𝜕𝒙
≠ 0 (3.25a)

max
𝜽∈Θ

[
𝜕ℎ

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐)

]
≥ 0. (3.25b)

Proof. Both conditions follow from fundamentally different arguments. Condition
1 follows from the comparison lemma. Condition 2 uses Nagumo’s theorem. In
either case we rely on the compactness of Θ to solve the following optimization
problem:

𝜽∗(𝒙) = argmax
𝜽∈Θ

[
𝜕ℎ

𝜕𝒙

⊤
𝒇𝜽 (𝒙, 𝒐)

]
(3.26)

We will omit the parameters of 𝜽∗ for brevity and choose a random solution in the
case where 𝜽∗ returns a set of solutions.

1. Consider the following IVP:

𝑦(0) = ℎ(𝒙(0)) (3.27)

¤𝑦 = −𝛼(𝑦) (3.28)

which satisfies the conditions of Lemma 2. This implies that 𝑦(𝑡) is unique
and 𝑦(𝑡) = 𝛽(ℎ(𝒙(0)), 𝑡) where by the assumption of forward invariance
ℎ(𝒙(0)) ≥ 0. The by a trivial variant of the comparison lemma we have
that ¤ℎ(𝒙(𝑡)) ≥ −𝛼(ℎ(𝒙)) implies ℎ(𝒙(𝑡)) ≥ 𝛽(ℎ(𝒙(0)), 𝑡) which implies
ℎ(𝒙(𝑡)) ≥ 0 for 𝑡 ∈ [0, 1]

2. This is a direct application of Nagumo’s theorem [40].

□
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3.A.4 Proof of Theorem 4
Proof. Define barrier function ℎ as ℎ = 𝑐 − 𝑉 , then S is a 0-superlevel set of ℎ.
According to Nagumo’s theorem [40], if ¤ℎ(𝒐 + 𝝐 ; 𝒙) ≥ 0 on 𝜕D := S, then S is
forward invariant. Since ¤𝑉 (𝒙; 𝒐) ≤ −𝐿𝑉𝐿𝑜𝑓 𝜖 on D, we have ¤ℎ(𝒙; 𝒐) ≥ 𝐿ℎ𝐿𝑜𝑓 𝜖 on
D (where 𝐿ℎ is the Lipschitz constant of ℎ and notice that 𝐿𝑉 = 𝐿ℎ). Then for the
perturbed input, we have

¤ℎ(𝒙; 𝒐 + 𝝐) = ¤ℎ(𝒙; 𝒐) + ¤ℎ(𝒙; 𝒐 + 𝝐) − ¤ℎ(𝒙; 𝒐) (3.29)

≥ ¤ℎ(𝒙; 𝒐) − ∥ ¤ℎ(𝒙; 𝒐 + 𝝐) − ¤ℎ(𝒙; 𝒐)∥ (3.30)

≥ ¤ℎ(𝒙; 𝒐) − 𝐿ℎ𝐿𝑜𝑓 𝜖 (3.31)

≥ 𝜅𝑉 − 𝐿ℎ𝐿𝑜𝑓 𝜖 ≥ 0 (3.32)

Therefore, S is still forward invariant for the perturbed inputs with perturbation
magnitude smaller than 𝜖 . □

3.A.5 Proof of Theorem 5
Proof. (a) Sampling on the level set of a quadratic Lyapunov function. Consider
the Lyapunov function of the form 𝑉 (𝒙) = 𝒙⊤𝑃𝒙, where 𝑃 is a positive definite
matrix. Let D = {𝒙 ∈ R𝑛 |𝒙⊤𝑃𝒙 = 𝑐} be the 𝑐-level set of the Lyapunov function,
and let G be a uniform grid (with spacing 𝑟) that covers the Lyapunov level set, i.e.
min𝒙∈D 𝒙𝑖 ≥ min𝒙∈G 𝒙𝑖 and max𝒙∈D 𝒙𝑖 ≤ max𝒙∈G 𝒙𝑖, ∀𝑖 = 1, ..., 𝑛. Then ∀𝒙 ∈ D,
there exists at least a point 𝒈 ∈ G such that |𝒙𝑖 − 𝒈𝑖 | ≤ 𝑟

2 for all 𝑖 = 1, ..., 𝑛. Let
G𝐷 denote those grid points that are close to the decision boundary, i.e. G𝐷 = {𝒈 ∈
G||𝒙𝑖 − 𝒈𝑖 | ≤ 𝑟

2 , for all 𝑖 = 1, ..., 𝑛,∀𝒙 ∈ D}.

Now we show that G𝐷 ⊆ {B∩G}, where B is defined in Equation (3.7). Notice that
the maximum ℓ2 distance between a point 𝒙 ∈ D and its closest point 𝒈 ∈ G𝐷 is

√
𝑛

2 𝑟.
Then we find the maximum and minimum Lyapunov function value by perturbing
𝒙 ∈ D within

√
𝑛

2 𝑟 distance.

Consider the following maximization problem:

max (𝒙 + 𝒗)⊤𝑃(𝒙 + 𝒗) (3.33a)

s.t. 𝒙⊤𝑃𝒙 = 𝑐 (3.33b)

𝒗⊤𝒗 = 𝑑2 (3.33c)

Let the eigenvalue decomposition of 𝑃 be 𝑃 = 𝑈Λ𝑈⊤, where 𝑈 is an orthonormal
matrix, and Λ = diag{𝜆1, 𝜆2, ..., 𝜆𝑛} with 𝜆1 ≥ 𝜆2 ≥ ... ≥ 𝜆𝑛. Then the solution
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of the above problem equals to the solution of the following problem (rotating the
coordinates by𝑈):

max (𝒙 + 𝒗)⊤Λ(𝒙 + 𝒗) (3.34a)

s.t. 𝒙⊤Λ𝒙 = 𝑐 (3.34b)

𝒗⊤𝒗 = 𝑑2 (3.34c)

Then we can find the upper bound of the objective by the following:

𝑛∑︁
𝑖=1
(𝒙𝑖 + 𝒗𝑖)𝜆𝑖 = 𝑐 +

𝑛∑︁
𝑖=1

𝜆𝑖𝒗
2
𝑖 + 2

𝑛∑︁
𝑖=1

𝜆𝑖𝒙𝑖𝒗𝑖 (3.35)

≤ 𝑐 + 𝜆1𝑑
2 + 2

𝑛∑︁
𝑖=1

𝜆𝑖𝒙𝑖𝒗𝑖 (3.36)

≤ 𝑐 + 𝜆1𝑑
2 + 2

√√
𝑛∑︁
𝑖=1
(
√︁
𝜆𝑖𝒙𝑖)2

𝑛∑︁
𝑖=1
(
√︁
𝜆𝑖𝒗𝑖)2 (3.37)

= 𝑐 + 𝜆1𝑑
2 + 2

√√
𝑐

𝑛∑︁
𝑖=1

𝜆𝑖𝒗2
𝑖

(3.38)

≤ 𝑐 + 𝜆1𝑑
2 + 2𝑑

√︁
𝑐𝜆1 (3.39)

= (
√
𝑐 + 𝑑

√︁
𝜆1)2 := 𝑐 (3.40)

Similarly, we can find the lower bound of the objective by:

𝑛∑︁
𝑖=1
(𝒙𝑖 + 𝒗𝑖)𝜆𝑖 = 𝑐 +

𝑛∑︁
𝑖=1

𝜆𝑖𝒗
2
𝑖 + 2

𝑛∑︁
𝑖=1

𝜆𝑖𝒙𝑖𝒗𝑖 (3.41)

≥ 𝑐 +
𝑛∑︁
𝑖=1

𝜆𝑖𝒗
2
𝑖 − 2

√√
𝑐

𝑛∑︁
𝑖=1

𝜆𝑖𝒗2
𝑖

(3.42)

=
©­«
√
𝑐 −

√√
𝑛∑︁
𝑖=1

𝜆𝑖𝒗2
𝑖

ª®¬
2

(3.43)

≥ (
√
𝑐 − 𝑑

√︁
𝜆1)2 := 𝑐 (3.44)

Therefore, the maximum and minimum Lyapunov function value the points in G𝐷
can attain are 𝑐 and 𝑐 with 𝑑 =

√
𝑛

2 𝑟, and thus we have G𝐷 ⊆ {B ∩ G}.

By definition of G𝐷 , we have that for any 𝒙 ∈ D, there exist an 𝒔 ∈ G𝐷 such that
|𝒙𝑖 − 𝒔𝑖 | ≤ 𝑟

2 for all 𝑖 = 1, ..., 𝑛. Since G𝐷 ∈ {B ∩ G}, we have that for any 𝒙 ∈ D,
there exist an 𝒔 ∈ {B ∩ G} such that |𝒙𝑖 − 𝒔𝑖 | ≤ 𝑟

2 for all 𝑖 = 1, ..., 𝑛.
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(b) Sampling on the decision boundary. For any 𝒙 ∈ 𝒟𝑦, let 𝒛 = [𝑁𝒙1, ..., 𝑁𝒙𝑛].
By definition of 𝒟𝑦, in addition to

∑
𝑖 𝒛𝑖 = 𝑁 , we have∑︁
𝑖

𝒛𝑖 = 𝑁 (3.45)

𝒛𝑦 = max
𝑗≠𝑦

𝒛 𝑗 (3.46)

Define 𝒛 = [𝒛1 − ⌊𝒛1⌋, ..., 𝒛𝑛 − ⌊𝒛𝑛⌋] to be the vector that contains the fractional
part of each element in 𝒛. Then we sort 𝒛 in a non-decreasing order. For the tied
elements that equals to 𝒛𝑦, we put 𝒛𝑦 as the last. We denote the sorted vector as
𝒛′ = [𝒛𝑖1 , ..., 𝒛𝑖𝑛], where 𝒛𝑖1 ≤ ... ≤ 𝒛𝑖𝑛 . Let 𝑣 : Z+ → Z+ to be a function that maps
the indices in 𝒛 to the indices in 𝒛′. For instance, if 𝒛1 becomes the third element in
𝒛′, then 𝑣(1) = 3. If 𝒛 𝑗 = 𝒛𝑦, we have 𝑣(𝑦) > 𝑣( 𝑗).

Notice that
∑
𝑖 𝒛
′
𝑖
=

∑
𝑖 𝒛𝑖 =

∑
𝑖 𝒛𝑖 −

∑
𝑖 ⌊𝒛𝑖⌋ = 𝑁 − ∑

𝑖 ⌊𝒛𝑖⌋, and
∑
𝑖 𝒛
′
𝑖
< 𝑛 since

0 ≤ 𝒛′
𝑖
< 1 for 𝑖 = 1, ..., 𝑛. Let 𝑘 = 𝑛 − (𝑁 −∑

𝑖 ⌊𝒛𝑖⌋), we have

𝒛′1 + ... + 𝒛′𝑘 = (1 − 𝒛′𝑘+1) + ... + (1 − 𝒛′𝑛) (3.47)

Define vector 𝒒 as follows:

𝒒𝑖 𝑗 =

{
⌊𝑁𝒙𝑖 𝑗 ⌋, 𝑗 = 1, ..., 𝑘
⌈𝑁𝒙𝑖 𝑗 ⌉, 𝑗 = 𝑘 + 1, ..., 𝑛

(3.48)

Then we have |𝒒𝑖 − 𝒛𝑖 | < 1 for all 𝑖 = 1, ..., 𝑛. Now we check 𝒒 satisfies Equa-
tion (3.45) and a relaxed version of Equation (3.46). First, we have

∑
𝑖 𝒒𝑖 = 𝑁 be-

cause of Equation (3.47). Next, we show 𝒒𝑦 ≥ max𝑖≠𝑦 𝒒𝑖 by contradiction. Suppose
there exists an index 𝑗 such that 𝒒 𝑗 > 𝒒𝑦, then it has to be the case where ⌊𝒛 𝑗⌋ = ⌊𝒛𝑦⌋
and we take ceiling on 𝒛 𝑗 and take floor on 𝒛𝑦, i.e. 𝑣( 𝑗) > 𝑘 and 𝑣(𝑦) ≤ 𝑘 . This
means 𝒛 𝑗 > 𝒛𝑦, because 𝑣 is the sorted indices of 𝒛 in a non-decreasing order and
this gives 𝒛 𝑗 ≥ 𝒛𝑦, and if 𝒛 𝑗 = 𝒛𝑦, we have 𝑣(𝑦) > 𝑣( 𝑗), which is contradictory to
𝑣( 𝑗) > 𝑘 and 𝑣(𝑦) ≤ 𝑘 . Then we have 𝒛𝑦 = ⌊𝒛𝑦⌋ + 𝒛𝑦 < 𝒛 𝑗 = ⌊𝒛 𝑗⌋ + 𝒛 𝑗 , which
is contradictory to Equation (3.46). Therefore, there does not exist a 𝑗 such that
𝒒 𝑗 > 𝒒𝑦, i.e. 𝒒𝑦 ≥ max𝑖≠𝑦 𝒒𝑖. For the cases where 𝒒𝑦 = max𝑖≠𝑦 𝒒𝑖, we have 𝒒 ∈ 𝑆𝑦,
i.e. 𝒒 is a sampled point.

For the cases where 𝒒𝑦 > max𝑖≠𝑦 𝒒𝑖, we show that we can modify 𝒒 to 𝒒̃ such that
𝒒̃ ∈ 𝑆𝑦 and | 𝒒̃𝑖 − 𝒛𝑖 | ≤ 1 for all 𝑖 = 1, ..., 𝑛. Let I = {𝑖 ∈ Z+ |𝒛 ≠ 𝑦, 𝒛𝑖 = 𝒛𝑦} be
the set that contains the indices of all runner-up elements in 𝒛. If 𝒒𝑦 > max𝑖≠𝑦 𝒒𝑖,
then we must have 𝒒𝑦 = ⌈𝑁𝒙𝑦⌉, and 𝒒𝑖 = ⌊𝑁𝒙𝑖⌋ for all 𝑖 ∈ I. We first let 𝒒̃ = 𝒒,
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and then pick an 𝑖∗ from I. Let J = { 𝑗 ∈ Z+ |𝒒 𝑗 ≥ 1, 𝑗 ≠ 𝑖∗, 𝑗 ≠ 𝑦}. Notice that
𝒒𝑖∗ + 𝒒𝑦 = 2⌊𝒛𝑦⌋ + 1, which is an odd number. Since

∑
𝑖 𝒒𝑖 = 𝑁 and 𝑁 is an even

number, J ≠ ∅. We discuss how to obtain 𝒒̃ case by case.

Case 1: If there exists a 𝑗 ∈ J such that 𝑣( 𝑗) > 𝑘 , we set 𝒒̃ 𝑗 = ⌊𝑁𝒙 𝑗⌋, and set
𝒒̃𝑖∗ = ⌈𝑁𝒙𝑖∗⌉. Then we have

∑
𝑖 𝒒̃ =

∑
𝑖≠𝑖∗,𝑖≠ 𝑗 𝒒𝑖+𝒒𝑖∗+1+𝒒 𝑗−1 = 𝑁 and |𝒒̃𝑖−𝒛𝑖 | ≤ 1

for all 𝑖 = 1, ..., 𝑛.

Case 2: If 𝑣( 𝑗) ≤ 𝑘 for all 𝑗 ∈ J , there must exist a 𝑗 such that 𝒒 𝑗 < 𝒒𝑖∗ . Otherwise,
𝒒𝑦 = 𝒒𝑖∗ + 1, and 𝒒𝑖 = 𝒒𝑖∗ for all 𝑖 ≠ 𝑦. Then

∑
𝑖 𝒒𝑖 = 𝑁 = 𝑛𝒒𝑖∗ + 1, which is

contradictory to the assumption that 𝑁 . 1(mod 𝑛). Then set 𝒒̃ 𝑗 = ⌈𝑁𝒙 𝑗⌉ and
𝒒̃𝑦 = ⌊𝑁𝒙𝑦⌋. Since 𝒒 𝑗 < 𝒒𝑖∗ , we have 𝒒̃ 𝑗 = 𝒒 𝑗 + 1 ≤ 𝒒̃𝑦 = 𝒒𝑖∗ . □

Remark 3. The assumption that 𝑁 . 1(mod 𝑛) is easy to satisfy. Since we also
require 𝑁 is an even number, as long as 𝑛 is also an even number, we have 𝑁 .
1(mod 𝑛). We can also relax this assumption by adding [ 𝑁

𝑛
, ..., 𝑁

𝑛
] to 𝑆𝑦.

3.A.6 Custom solver for the CBF-QP
Consider a CBF-QP in the following form:

𝒇 ( 𝒇 ) = argmin
f∈R𝑛

1
2
∥f − 𝒇 ∥22 (3.49)

s.t 1
⊤f = 𝑏

f(𝒙) ≤ f ≤ f(𝒙)

where f and f are non-increasing function of 𝒙. By the Karush–Kuhn–Tucker
(KKT) conditions, the solution of (3.49) is as follows:

𝒇 ( 𝒇 ) =
[
𝒇 + 𝜆∗1

]f
f

(3.50)

where [·]ff stands for lower and upper clipping by f and f, and 𝜆∗ is the Lagrangian
multiplier. We find 𝜆∗ such that 1⊤ 𝒇 ( 𝒇 ) = 𝑏 using binary search. Since 𝒇 ( 𝒇 )
is clipped by f and f, the search range of 𝜆∗ is [min𝑖 ( 𝒇𝑖 − f𝑖),max𝑖 (f𝑖 − 𝒇𝑖)],
where 𝒇𝑖 stands for the 𝑖th element in 𝒇 , and f𝑖, f𝑖 stand for the 𝑖th element in
f(𝒙) and f(𝒙) respectively. Here we consider a general constraint where there
are both lower and upper bounds on f. If there is only a lower bound constraint
on f as in Equation (3.10c), we search 𝜆∗ in [min𝑖 ( 𝒇𝑖 − f𝑖),−min𝑖 𝒇𝑖], because if
𝜆∗ > −min𝑖 𝒇𝑖, then 1⊤f > 0, violating Equation (3.10b).

To differentiate through the solver in training, we derive the derivatives based on
the binding conditions of the inequality constraints. First, we define the binding and
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not binding sets as follows:

S = {𝑖 | 𝒇𝑖 = f𝑖 or 𝒇𝑖 = f𝑖}, S𝑐 = Ω\𝑆 (3.51)

S𝑙 = {𝑖 | 𝒇𝑖 = f𝑖}, S
𝑐
𝑙 = Ω\S𝑙 (3.52)

S𝑢 = {𝑖 | 𝒇𝑖 = f𝑖}, S𝑐𝑢 = Ω\S𝑢 (3.53)

where Ω = {𝑖 ∈ Z+ |𝑖 ≤ 𝑛}. Then the derivatives of 𝒇 with respect to the inputs 𝒇 ,
f and f are as follows:

𝑑 𝒇𝑖

𝑑 𝒇 𝑗
=


0, 𝑖 ∈ S𝑐 or 𝑗 ∈ S𝑐

1 − 1
𝑛(S) , 𝑖 = 𝑗 ∈ S

− 1
𝑛(S) 𝑖 ≠ 𝑗 , 𝑖 ∈ S, 𝑗 ∈ S

(3.54)

𝑑 𝒇𝑖
𝑑f 𝑗

=


0, 𝑗 ∈ S𝑙 ,∀𝑖 ∈ Ω
0, 𝑗 ∈ S𝑐

𝑙
, 𝑖 ∈ S𝑐

𝑙
\{ 𝑗}

1, 𝑗 ∈ S𝑐
𝑙
, 𝑖 = 𝑗

− 1
𝑛(S𝑙) 𝑗 ∈ S𝑐

𝑙
, 𝑖 ∈ S𝑙

𝑑 𝒇𝑖

𝑑f 𝑗
=


0, 𝑗 ∈ S𝑢,∀𝑖 ∈ Ω
0, 𝑗 ∈ S𝑐𝑢 , 𝑖 ∈ S𝑐𝑢\{ 𝑗}
1, 𝑗 ∈ S𝑐𝑢 , 𝑖 = 𝑗

− 1
𝑛(S𝑢) 𝑗 ∈ S𝑐𝑢 , 𝑖 ∈ S𝑢

(3.55)

3.A.7 Interval Bound Propagation through CBF-QP
The dynamics of our NODE is parameterized by a neural network followed by a
CBF-QP layer. Let 𝒇 (𝒙) be the dynamics output by the neural network, and let
𝒇 ( 𝒇 ) be the dynamics after CBF-QP layer. Given perturbed input in an interval
bound 𝒙𝑖 ≤ 𝒙𝑖 ≤ 𝒙𝑖, we first use a a popular linear relaxation based verifier named

CROWN [57] to get an interval bound for 𝒇 : 𝒇𝑖 ≤ 𝒇𝑖 ≤ 𝒇𝑖. However, CROWN does
not support perturbation analysis on differentiable optimization layers such as our
CBF-QP layer and deriving linear relaxation for CBF-QP can be hard. However, it
is possible to derive interval bounds (a special case of linear bounds in CROWN)
through CBF-QP. Consider a QP in the form of Equations (3.10a) to (3.10c), we
bound each dimension of 𝒇 ( 𝒇 ) in O(𝑛) by solving the QP with the corresponding
element of the input set to the lower or upper bound (Proposition 1).

Proposition 1. Consider a CBF-QP in the form of 3.49. Define function ℎ𝑖 to be
ℎ𝑖 : 𝒙, 𝒇 ↦→ 𝒇 ( 𝒇 )𝑖. Given perturbed input in an interval bound 𝒙𝑖 ≤ 𝒙𝑖 ≤ 𝒙𝑖, and

𝒇𝑖 ≤ 𝒇𝑖 ≤ 𝒇𝑖, we have

ℎ𝑖 (𝒙𝑖𝑢𝑏, 𝒇
𝑖
𝑙𝑏) ≤ 𝒇 ( 𝒇 )𝑖 ≤ ℎ𝑖 (𝒙𝑖𝑙𝑏, 𝒇

𝑖
𝑢𝑏) (3.56)
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where 𝒙𝑖
𝑢𝑏
, 𝒙𝑖

𝑙𝑏
and 𝒇 𝑖

𝑢𝑏
, 𝒇 𝑖
𝑙𝑏

are defined as follows:

𝒙𝑖𝑢𝑏 =

{
𝒙 𝑗 , 𝑗 = 𝑖

𝒙 𝑗 , 𝑗 ≠ 𝑖
𝒙𝑖𝑙𝑏 =

{
𝒙 𝑗 , 𝑗 = 𝑖

𝒙 𝑗 , 𝑗 ≠ 𝑖
(3.57)

𝒇 𝑖𝑢𝑏 =

{
𝒇 𝑗 , 𝑗 = 𝑖

𝒇 𝑗 , 𝑗 ≠ 𝑖
𝒇 𝑖𝑙𝑏 =

{
𝒇 𝑗 , 𝑗 = 𝑖

𝒇 𝑗 , 𝑗 ≠ 𝑖
(3.58)

Proof. We prove by contradiction. For the upper bound 𝒇 ( 𝒇 )𝑖 ≤ ℎ𝑖 (𝒙𝑖𝑙𝑏, 𝒇
𝑖
𝑢𝑏
),

suppose 𝒇 ( 𝒇 )𝑖 > ℎ𝑖 (𝒙𝑖𝑙𝑏, 𝒇
𝑖
𝑢𝑏
). Plug in Equation (3.50), we have

[
𝒇𝑖 + 𝜆

]f(𝒙𝑖)
f(𝒙𝑖) >

[
𝒇𝑖 + 𝜆′

]f(𝒙𝑖)
f(𝒙𝑖)

(3.59)

Since f and f are non-increasing function of 𝒙, we have f(𝒙𝑖) ≥ f(𝒙𝑖) and f(𝒙𝑖) ≥
f(𝒙𝑖). Then 𝒇𝑖 + 𝜆 > 𝒇𝑖 + 𝜆′. Since 𝒇𝑖 ≤ 𝒇𝑖, we have 𝜆 > 𝜆′. Then for all 𝑗 ≠ 𝑖, we
have [

𝒇 𝑗 + 𝜆
]f(𝒙 𝑗 )
f(𝒙 𝑗 ) ≥

[
𝒇 𝑗 + 𝜆′

]f(𝒙𝑖)
f(𝒙𝑖)

(3.60)

Sum on both sides of 3.59 and 3.60, we have

1
⊤ 𝑓 (𝒙, 𝒇 ) > 1⊤ 𝑓 (𝒙𝑙𝑏, 𝒇𝑢𝑏) (3.61)

which is contradictory to the equality constraint in 3.49. Therefore, we have 𝒇 ( 𝒇 )𝑖 ≤
ℎ𝑖 (𝒙𝑖𝑙𝑏, 𝒇

𝑖
𝑢𝑏
). The lower bound in 3.56 can be proved in the same way. □

3.A.8 Sampling Algorithms for Certification
We describe the process of generating samples on the decision boundary in Algo-
rithm 5. The trick is to break down the 𝑛-class decision boundary sampling problem
to 2 to (𝑛−1)-class sampling problems. For instance, to generate samples with 𝑘 non-
zero elements on an 𝑛-class decision boundary with density𝑇 , one can sample points
on an 𝑘-class decision boundary with density 𝑇 − 𝑘 first, adding 1 to each dimension
to make each element non-zero, and assign each element to an 𝑛 dimensional vector.
This operation is denoted by function 𝐺 in Algorithm 5. 𝐺 takes two list inputs 𝑎
and 𝑐, increases each element in 𝑎 by 1, rearranges the elements in 𝑎 according to
the indices given by 𝑐, and output a new list 𝑤 of shape 𝑘 . Equation 3.62 gives the
form of the output of 𝐺. If the inputs are 𝑦 = 0, 𝑎 = (3, 2, 3, 0), 𝑐 = {2, 3, 7} and
𝑘 = 8 (𝑦 is the label, 𝑎 corresponds to a point on 4-class decision boundary, and 𝑐
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Algorithm 5 Sample the points on the decision boundary by dynamic programming.
Require: Number of classes 𝐾 , sample density 𝑇 , solution set sol with dimension

𝑇 × 𝐾 . ⊲ Initialize sol.
1: Initialize each element of sol to be ∅.
2: sol[0] [𝑘] = {0𝑘 }, where 0𝑘 = [0, .., 0] ∈ R𝑘 .
3: sol[ 𝑗] [2] = {[ 𝑗/2, 𝑗/2]}. ⊲ Append elements to sol[ 𝑗] [𝑘].
4: for 𝑗 from 2 to 𝑇 do
5: for 𝑘 from 3 to 𝐾 do
6: for 𝑙 from 0 to 𝑘 − 2 do
7: if 𝑗 − 𝑘 + 𝑙 ≥ 0 and 𝑘 − 𝑙 ≥ 0 then
8: LetC be the set that contains 𝑘−𝑙−1 combinations of {1, 2, ..., 𝑘−

1}.
9: sol[ 𝑗] [𝑘] = sol[ 𝑗] [𝑘] ∪ {𝐺 (𝑦, 𝑎, 𝑐, 𝑘) |𝑎 ∈ sol[ 𝑗 − 𝑘 + 𝑙] [𝑘 −
𝑙], 𝑐 ∈ C}.

10: end if
11: end for
12: end for
13: end for
14: return 𝑆𝑦 = sol[𝑇] [𝐾]/𝑇

specifies the non-zero dimension except for the label dimension in an 8 dimensional
vector), then the output is 𝑤 = (4, 0, 3, 4, 0, 0, 0, 1).

𝑤𝑖 =


𝑎0 + 1, 𝑖 = 𝑦

𝑎 |{1,2,··· ,𝑖}∩𝑐 | + 1, 𝑖 ∈ 𝑐
0. o/w

(3.62)

3.A.9 Experiment Details
Nonlinear control
Baselines. Although there are many baselines in robust control/RL, the settings
and goals are not the same as our work (certified robust forward invariance) and
thus not directly comparable (Table 3.3). We found the setting and goal in [3] is the
most similar to us, and thus we compare with their method in Table 3.1.
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Paper Setting Goal Certified or not

Robust MPO [39] Continuous MDP.
model mis-specification

Maximize worst case
RL performance. No

CROP [52] Discrete MDP.
Input state perturbations

Certification of per-state
actions and lower bound of
cumulative rewards

Yes for action and
cumulative reward

Robust MBP [18]

Norm-bounded linear
differential inclusions.
Disturbance is norm-bounded
and added to the dynamics

Train a nonlinear controller
that satisfies the exponential
stability condition under
perturbed dynamics

Yes for stability

Robust FI-ODE (ours)

Continuous nonlinear
dynamics. Norm-bounded
system parameter
perturbations.

Train a nonlinear controller
that satisfies the forward
invariance (safety) condition
under perturbed dynamics

Yes for forward invariance
(safety)

Table 3.3: Settings of baseline methods.

Experiment details. The dynamics for the segway system is [24]:

𝑑

𝑑𝑡


𝜙

𝑣

¤𝜙

 =


¤𝜙

cos 𝜙(−1.8𝑢+11.5𝑣+9.8 sin 𝜙)−10.9𝑢+68.4𝑣−1.2 ¤𝜙2 sin 𝜙
cos 𝜙−24.7

(9.3𝑢−58.8𝑣) cos 𝜙+38.6𝑢−234.5𝑣−sin 𝜙(208.3+ ¤𝜙2 cos 𝜙)
cos2 𝜙−24.7

 (3.63)

All the constants except the acceleration of gravity 𝑔 = 9.8 are system parame-
ters. We enforce robust forward invariance under ±2% perturbation on each of the
parameters. We use a 3 layer MLP as the controller and use the Adam optimizer
[35]. First, we train the controller to imitate a Linear Quadratic Regulator (LQR)
controller. Then we jointly learn the Lyapunov function and the controller. We
use adversarial training on 𝒐 and 𝒙 to encourage the smoothness of 𝒇𝜽 (𝒙, 𝒐) with
respect to 𝒐. Specifically, we find 𝝐𝑜 and 𝝐𝑥 that maximizes 𝜕𝑉

𝜕𝒙

⊤
𝒇𝜽 (𝒙 + 𝝐𝑥 , 𝒐 + 𝝐𝑜)

and train on 𝒙 + 𝝐𝑥 and 𝒐 + 𝝐𝑜. We set 𝜅(𝑉 (𝒙)) in Equation (3.6) to be a constant:
𝜅(𝑉 (𝒙)) = 𝜅′ ≤ 𝜖𝐿𝑉𝐿𝑜𝑓 (𝜅′ is smaller than the requisite lower bound since we train
with adversarial inputs and the requisite lower bound is for nominal inputs). We use
learning rate of 0.02 for the Lyapunov function and 0.01 for the controller. Next,
we jointly learn the controller and finetune the lyapunov function from the previous
stage via adversarial training on both the system states and system parameters. We
use learning rate of 0.01 for the controller and 0.002 for the lyapunov function.

To certify forward invariance, we use rejection sampling on the state space to cover
the boundary of the forward invariant set. The spacing of the ambient grid is set
to 0.01 for all 3 dimensions, and the rejection criteria is Equation (3.7). For robust
forward invariance, we certify in 2 phases. In phase 1, we set the spacing of the
ambient grid to be 0.005, and we also sample a grid on the system parameter space
to cover the ±2% perturbation range on the parameters with the spacing in Table 3.4.
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In phase 2, we sample denser states and system parameters around the states that
cannot be certified in phase 1. We set the spacing along each state dimension to be
0.0025, and the spacing of the parameters to be those in brackets in Table 3.4.

Table 3.4: Spacing of the sampled grid on the system parameter space in terms of
percentage of each parameter value. Spacing for phase 2 is in the bracket.

Parameter 1.8 11.5 10.9 68.4 1.2 9.3 58.8 38.6 234.5 208.3 24.7
Spacing (%) 4 (4) 4 (4) 4 (4) 1 (1) 4 (4) 4 (4) 2 (1) 1 (1) 1 (0.25) 4 (4) 4 (4)

We run all the control experiments on Intel Core i9 CPU. The certification time for
forward invariance is 3.1 seconds, while for robust forward invariance, it is 3285.3
seconds. We also report the training time and the standard deviation of forward
invariant rate of each method in Table 3.5.

Table 3.5: Robustness of controllers trained with different training methods. The
numbers are the percentage of trajectories that stay within the forward invariant set
under the nominal and adversarial system parameters on 1000 adversarially selected
initial states. We report the mean and standard deviation over 3 runs. The certificate
column indicates whether or not we can certify the (robust) FI property.

Training Method Training Time (s)
Empirical FI rate (%) Certificate

Nominal Params Adv Params FI Robust FI
Standard Backprop Training 191.3 58.0 ± 1.9 50.4 ± 1.1 ✗ ✗

Basic Lyapunov Training [28] 1.5 90.2 ± 0.3 52.6 ± 0.6 ✗ ✗

+ Adaptive Sampling 3.3 100 ± 0.0 68.9 ± 0.3 ✓ ✗

+ Adversarial Training 67.7 100 ± 0.0 97.8 ± 0.3 ✓ ✗

+ Both (Ours) 96.7 100 ± 0.0 100 ± 0.0 ✓ ✓

3.A.10 Image classification
Useful techniques for classification problems. Typically the decision boundary
{𝒙 ∈ R𝑛 |𝒙𝑦 = max𝑖≠𝑦 𝒙𝑖} is not compact on the logit space (𝒙 ∈ R𝑛). However,
we need the Lyapunov level set to be compact for certification because we can only
sample finite points and verify the conditions hold in their neighborhoods. Therefore,
we restrict the states to evolve on a probability simplex for classification problems.
To do so, we use a Control-Barrier Function based Quadratic Program (CBF-QP) [5],
implemented as a differentiable optimization layer [2] in the dynamics (Appendix
3.A.2). However, the linear relaxation based verifier that we use (CROWN) [57]
does not support perturbation analysis on differentiable optimization layers such as
our CBF-QP layer. Since deriving linear relaxation for CBF-QP is hard, we derive
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an interval bound (a special case of linear bounds in CROWN) through CBF-QP
(Section 3.A.7).

Experiment settings. For image classification tasks, we use orthogonal layers
[46] in the neural network so that the dynamics has 1 Lipschitz constant with respect
to both the state and the input. Specifically, we have 𝒇 (𝒙, 𝒐) = 𝑊3𝜎(𝑊2𝜎(𝑊1𝒙 +
𝑔(𝒐)) + 𝑏2) + 𝑏3, where 𝑔 is a neural network with 4 orthogonal convolution layers
and 3 orthogonal linear layers, and 𝑊1,𝑊2,𝑊3 are orthogonal matrices, 𝜎 is the
ReLU activation function. We set 𝜅(𝑉 (𝒙)) = 𝜖𝐿𝑉𝐿

𝑜
𝑓
𝑉 (𝒙) in the training loss

(Equation (3.6)). Note that on the decision boundary, 𝑉 (𝒙) = 1.

In the CBF-QP, we need to pick a class K𝑒
∞ function 𝛼 for the inequality constraint

f ≥ −𝛼(𝒙). Here we use 𝛼(𝒙) = 𝑐1(𝑒𝑐2𝒙 − 1), where 𝑐1 = 100, and 𝑐2 = 0.02.
Comparing with a linear function, this 𝛼(𝒙) leads to a higher margin over Lipschitz
ratio, resulting in better certified accuracy.

During training, we train with batch size of 64. For each image, we sample 512
states. From epoch 1 to 10, all the states are uniformly sampled in the simplex.
From epoch 11 to epoch 60, we linearly decay the proportion of uniform sampling
in the simplex and increase the portion of uniform sampling within the correct
classification set for each class. To sample uniformly in the simplex, we first sample
𝑛 points from exponential distribution Exp(1) independently, then we normalize the
𝑛 dimensional vector to have sum 1. To sample uniformly in the correct classification
region for each class, we first uniformly sample from the simplex, then we swap the
maximum element with the element corresponding to the correct label. We choose
𝜅 to be 2.0 in the loss function (Equation (3.6)). We use Adam optimizer with
learning rate 0.01, and train for 300 epochs in total.

For certification, we choose 𝑁 = 40 when sampling on the decision boundary. A
larger 𝑁 will lead to better certified accuracy but increases the computational cost
dramatically. We ran the experiments on an NVIDIA RTX A6000 GPU.

For baseline methods [41, 12], the adversarial accuracy is evaluated with PGD attack.
For our methods, we use AutoAttack [14] to evaluate the empirical adversarial
robustness.

Computational cost. The main computational costs of our method comes from the
number of samples that are needed to cover the boundary of the forward invariant
set. Table 3.6 compares the computational costs and performance for different
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Table 3.6: Computational costs for certification on CIFAR-10.

Certification
Method

Sampling
density (𝑁) # samples Time (s) Certified

Lipschitz 20 3.67 × 105 1.03 0
Lipschitz 30 5.50 × 106 1.37 27.40
Lipschitz 40 4.13 × 107 2.8 33.46
CROWN 40 4.13 × 107 240 42.27

certification methods on CIFAR-10. We first compare the results of certifying with
Lipschitz bounds and CROWN [57]. Certifying with Lipschitz bounds is faster.
Since we can pre-compute the Lipschitz bound of the dynamics, the certification
time equals to the inference time on all the states. Certifying with CROWN provides
a tighter bound and thus higher certified accuracy but is more computationally
expensive than using the Lipschitz bound. We also compare the performance of
different sampling density by choosing different 𝑁 in Equation (3.8). With larger 𝑁 ,
we can cover the region of interest with smaller neighborhood around each sampled
point. We vary 𝑁 using the Lipschitz certification method because it is faster to
evaluate, but the pattern should remain the same for CROWN. As expected, we get
better accuracy with larger sampling density, but the computational time is longer
since we have more samples.
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C h a p t e r 4

KALMAN-IMPLICIT KOOPMAN OPERATOR LEARNING

4.1 Introduction
The preceding chapters developed two approaches for integrating control struc-
ture with learning: training on pointwise conditions to guarantee global properties
(LyaNet and FI-ODE), and learning inputs to structured controllers (stereo un-
certainty for robust CBFs). This chapter pursues the third strategy identified in
Chapter 1: enforcing structure architecturally. Rather than training a network to
satisfy Lyapunov or barrier conditions, or estimating quantities that a safety-critical
controller requires, we build the desired structure directly into the model. Specifi-
cally, we enforce that learned latent dynamics are globally linear, corresponding to
a finite-dimensional approximation of the Koopman operator.

Linear latent dynamics provide several advantages for control. Model predictive
control becomes computationally tractable when the prediction model is linear. The
eigenstructure of the learned dynamics matrix reveals interpretable features of the
underlying system, such as limit cycles, equilibria, and invariant quantities. These
benefits persist regardless of the training outcome because the linearity is guaranteed
by construction, not learned from data. This represents a different kind of guarantee
than the stability certificates of earlier chapters: architectural enforcement provides
structure that cannot be violated, though it does not by itself certify closed-loop
behavior.

Koopman operator theory provides the mathematical foundation for this approach.
The Koopman operator K governs the evolution of embedding functions1 under the
flow of a dynamical system, and crucially, K is linear even when the underlying
dynamics are nonlinear [17, 5]. This observation suggests that nonlinear systems can
be modeled with linear tools if one works in an appropriately lifted coordinate space.
In practice, one seeks finite-dimensional approximations of K by parameterizing
embedding functions via fixed dictionaries of basis functions [6], neural network
encoders [23, 30], or hybrid approaches that learn dictionaries [15] (see Fig. 4.1A).
These methods have shown promise for prediction and control across robotics and

1We use the term “embedding” rather than “observable” to avoid confusion with “measurements”
and “observations” in Kalman filtering.
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Figure 4.1: (A) Most methods for learning the linear Koopman dynamics 𝑲𝜃 are
explicit, parameterizing an encoder 𝜙𝜙 that maps data 𝒙 to high-dimensional Koop-
man embeddings 𝜁 . Examples include neural networks, fixed dictionaries of basis
functions, or learnable dictionaries. (B) KALIKO (ours) instead implicitly learns
Koopman embeddings by letting 𝜙 be a Kalman filter and smoother, which is com-
posed of only two models: the latent dynamics 𝑲𝜃 and decoder 𝐷𝜓 . We show that
these implicitly-recovered representations are highly interpretable and yield strong
open-loop prediction and closed-loop control performance.

related domains [3, 34].

However, selecting embeddings that capture an approximately invariant subspace of
the Koopman operator is difficult. Poor choices produce spurious modes or overfitted
models [30, 5]. Practitioners counter this with heavy regularization, complex multi-
objective losses with carefully tuned weights, and sensitive hyperparameter selection
[23, 42, 30]. The challenge stems from the need to simultaneously learn an encoder, a
decoder, and a dynamics matrix such that the encoder maps to an invariant subspace.
When these components are trained independently or with competing objectives,
the resulting embeddings may fail to support accurate long-horizon prediction.

This chapter presents an alternative: Kalman-Implicit Koopman Operator (KA-
LIKO) learning. KALIKO reframes the encoding problem as Bayesian state estima-
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tion. Instead of parameterizing an explicit encoder network, we let the Kalman filter
and smoother serve as an implicit encoder that infers latent states from observed
trajectories (see Fig. 4.1B). The only learned components are the latent dynamics
matrix 𝑲𝜃 and the decoder 𝐷𝜓 . Because the Kalman filter interleaves prediction
updates (which depend on 𝑲𝜃) with measurement updates (which depend on 𝐷𝜓),
training with a single reconstruction objective jointly optimizes for both accurate
dynamics and faithful decoding. This coupling avoids the need for multi-objective
losses and produces embeddings suitable for both reconstruction and prediction.

We validate KALIKO on canonical nonlinear systems and a challenging applica-
tion domain: predicting the motion of a floating platform under ocean waves and
using these predictions for closed-loop control of a crane-mounted payload. This
application domain differs from the locomotion and manipulation settings of other
thesis chapters, but it provides a rigorous testbed for predictive modeling of high-
dimensional PDE-governed phenomena. The methodology itself is general and
applies wherever interpretable linear latent dynamics are desirable for downstream
control.

Related Work
Computing Koopman Embeddings. A standard data-driven method is Dynamic
Mode Decomposition (DMD) [31, 5], which fits a least-squares linear map be-
tween state snapshots, projecting K onto the span of embedding coordinates of
those snapshots. As DMD operates on raw measurements, it cannot in general
realize a nonlinear change of coordinates; Extended DMD (EDMD) addresses this
by regressing in a lifted space built from a dictionary of embedding functions, like
polynomials, which must be carefully constructed [39, 5]. Time-delay coordinates
provide another practical lifting technique: Delay-DMD constructs Hankel embed-
dings from past samples to capture approximately Koopman-invariant structure [4].
Yet another method is Kernel DMD (KDMD), which implements EDMD implic-
itly by only learning inner products between the embedded data, avoiding explicit
enumeration of the dictionary [30, 24]. Lastly, data-driven methods attempt to
learn these embeddings, either by learning dictionary elements or by training a deep
autoencoder alongside a latent dynamics model [23, 36, 42, 30, 15].

These diverse approaches share canonical failure modes. Even for linear systems, a
single spurious basis function can induce severe overfitting [30]. In the data-driven
setting, practitioners counter this with heavy regularization [30, 42], complex multi-
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term losses [23, 25], and/or highly-sensitive weight initializations and hyperparam-
eters [25]. Conversely, convergence of learned dictionaries is often unclear [42]
and poor choices of the above can just as easily trap solutions in bad local minima,
leading to underfitting [25, 27].

Kalman Filters and Dynamical Learning. Learnable Kalman filters (KFs) jointly
train a latent dynamics model and decoder that maximize the likelihood of data
trajectories. The decoder 𝑝(𝒙𝑡 | 𝜁𝑡) is trained together with the dynamics 𝑝(𝜁𝑡 | 𝜁𝑡−1)
so that new data points 𝒙𝑡 accurately update the posterior belief over the latent state 𝜁𝑡 .
Unlike autoencoder-based approaches that learn an encoder/decoder independently
of the dynamics, KFs couple representation and prediction by interleaving prediction
and measurement updates (Sec. 4.2), which encourages embeddings suitable for
both long-horizon prediction and reconstruction.

Prior work has leveraged this insight to learn latent dynamics for image sequences
[9, 20] by compressing high-dimensional observations into a low-dimensional latent
state. In line with Koopman theory, KALIKO instead lifts the dimension to find an
embedding space where the latent dynamics are approximately linear. Moreover,
almost all prior works learn filters for state estimation [11, 18, 16, 7] or simple open-
loop prediction tasks [9, 20]. In this work, we show that KALIKO’s predictions can
also be used in a closed-loop control task.

Kalman Filters and Koopman. Many works have combined KFs with Koopman
methods. Most commonly, KFs are used for latent state estimation after learning
some linear dynamics [35, 43, 14]. Others have used KFs for spectral analysis [22,
44]. Closest to our work are system identification or operator learning methods,
but unlike KALIKO, assume the existence of embeddings a priori [41] or train an
encoder rather than a decoder [10].

Time Series Prediction. The machine learning community has used methods like
recurrent neural networks [33] to model sequential data and learn dynamical systems
[26], especially those that are hard to model, like continuum robot dynamics [38],
human motion [45], and video [12]. More recently, transformer-based models have
been applied to many phenomena like weather, traffic patterns, electricity usage,
etc. [29]. It has been shown that LLM backbones like GPT2 are effective for time
series prediction [46], prompting research on time series tokenization [37].

The recent work “Koopman-Kalman Enhanced Variational Autoencoder” (K2VAE)
at first appears similar to KALIKO, but several details distinguish them. First,
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K2VAE learns an explicit encoder. Second, K2VAE uses its KF to drive learning
error to 0 with a dynamics A distinct from K, while KALIKO uses the KF directly
on the learned operator. Lastly, KALIKO uses several techniques not present in
K2VAE that are crucial for performance (see Sec. 4.3 and 4.5). We compare to
K2VAE in Sec. 4.5.

Contributions
Our chief contribution is KALIKO, a method that uses the Kalman filter to implic-
itly learn a Koopman embedding space governed by globally linear latent dynamics.
Second, we show that KALIKO’s embeddings produce faithful reconstructions, are
highly interpretable, and align with theoretical expectations. Lastly, on complex
wave data generated by a high-dimensional PDE, KALIKO outperforms several
baselines on both an open-loop prediction task and a challenging simulated closed-
loop stabilization task where it must stabilize an underactuated manipulator’s pay-
load by predicting and compensating for wave disturbances.

4.2 Mathematical Preliminaries
Let 𝒙 ∈ X ⊆ R𝑛 be the state of a discrete-time nonlinear system which generates
the data of interest,

𝒙𝑡+1 = 𝒇 (𝒙𝑡), (4.1)

and 𝜁 ∈ Z ⊆ R𝑚 be the state of some corresponding desired linear latent dynamics

𝜁𝑡+1 = 𝑲𝜃𝜁𝑡 , 𝒙𝑡 = 𝐷𝜓 (𝜁𝑡), (4.2)

where 𝜃, 𝜓 are learnable parameters and 𝐷 : Z → X decodes the latent state back
to the data domain. We use “encoder” or “embedding function” to refer to any
operation 𝜙 : X → Z mapping data 𝒙 to latents 𝜁 .

Koopman Theory
We provide a brief overview of Koopman theory, deferring a detailed treatment to
[5]. Let 𝒢(X) be a vector space of embedding functions on data 𝒙 ∈ X. The
Koopman operator K : 𝒢(X) → 𝒢(X) acts by composition,

(K𝜙) (𝒙) = 𝜙
(
𝒇 (𝒙)

)
, 𝜙 ∈ 𝒢(X), (4.3)

and is linear even if 𝒇 is nonlinear. Since K is generally infinite-dimensional, in
practice we seek finite approximations 𝑲 ∈ R𝑚×𝑚 of K as in (4.2), and we say 𝜙 is
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Figure 4.2: (A) KALIKO Training. (i) Filter for 𝑇 steps, outputting a se-
quence of filtered distributions {(𝝁𝑡 |𝑡−1,𝚺𝑡 |𝑡−1)}𝑇𝑡=1 used for the loss. (ii) Run a
backward smoother from the final belief (𝝁𝑇 |𝑇 ,𝚺𝑇 |𝑇 ), yielding the posterior ini-
tial belief (𝝁0|𝑇 ,𝚺0|𝑇 ). (iii) Roll this belief forward for 𝑇 steps to get predicted
beliefs {( 𝜇̄𝑡 , Σ̄𝑡)}𝑇𝑡=1. Filtered and predicted means are decoded to observations
and the model is trained end-to-end with a reconstruction loss. Learnable mod-
ules/parameters and their operations are highlighted in blue. (B) Belief Propaga-
tion. The filter’s latent belief becomes more certain with more steps. The smoother
reuses future evidence to calibrate the initial belief, seeding a strong prediction
rollout during training. (C) KALIKO Inference. KALIKO filters on𝑇in data points
then rolls out its latent dynamics for𝑇out steps. The𝑇out predicted latents are decoded
into the final predicted trajectory.

K-invariant if the following closure condition is satisfied:

𝜙( 𝒇 (𝒙)) = 𝑲𝜙(𝒙), ∀𝒙. (4.4)

That is, the latents 𝜁 evolve linearly on the range of 𝜙. When (4.4) fails, 𝑲

introduces spurious modes that accumulate multi-step prediction error due to the
closure residual [30, 6, 5]. Thus, computing and analyzing invariant embeddings is
central to Koopman analysis, which we revisit in Sec. 4.4.

Kalman Filtering
We now review the mechanics of Kalman filters (KFs), deferring details to [32].
KFs recursively update a posterior belief 𝑝(𝜁𝑡 | 𝜁𝑡−1, 𝒙𝑡) over the state given new
measurements and its previous state. We assume Gaussian noise with covariance 𝑸
corrupts the dynamics such that

𝑝(𝜁𝑡 | 𝜁𝑡−1) = N(𝑲𝜁𝑡−1,𝑸), (4.5)

and similarly, that Gaussian noise with covariance 𝑹 corrupts the decoder such that

𝑝(𝒙𝑡 | 𝜁𝑡) = N(𝐷 (𝜁𝑡), 𝑹). (4.6)
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Starting from a prior belief over 𝜁0 ∼ N(𝝁0|0,𝚺0|0), the KF iteratively updates its
belief by interleaving two updates. First, the prediction update propagates the belief
at time 𝑡 − 1 through the dynamics:

𝝁𝑡 |𝑡−1 = 𝑲𝝁𝑡−1|𝑡−1, (4.7)

𝚺𝑡 |𝑡−1 = 𝑲𝚺𝑡−1|𝑡−1𝑲
⊤ + 𝑸. (4.8)

Second, the measurement update adjusts the posterior by accounting for the likeli-
hood of observing 𝒙𝑡 :

𝑮 𝑡 = 𝚺𝑡 |𝑡−1𝑪
⊤
𝑡

(
𝑪𝑡𝚺𝑡 |𝑡−1𝑪

⊤
𝑡 + 𝑹

)−1
, (4.9)

𝝁𝑡 |𝑡 = 𝝁𝑡 |𝑡−1 + 𝑮 𝑡

(
𝒙𝑡 − 𝐷 (𝝁𝑡 |𝑡−1)

)
, (4.10)

𝚺𝑡 |𝑡 = (𝐼 − 𝑮 𝑡𝑪𝑡)𝚺𝑡 |𝑡−1, (4.11)

where 𝑪𝑡 is the decoder’s Jacobian, 𝑪𝑡 := 𝜕
𝜕𝜁
𝐷 (𝝁𝑡 |𝑡−1).

The Kalman filter causally updates its belief distribution by observing only past
data. However, after observing 𝑇 data points, it is often useful to update past
beliefs conditioned on future observations using Kalman smoothing. The Rauch-
Tung-Striebel smoother caches values from the filtering pass to recursively compute
smoothed beliefs from time 𝑇 to 0:

𝑮𝑠
𝑡 = 𝚺𝑡 |𝑡𝑲

⊤
(
𝚺⊤
𝑡+1|𝑡

)−1
, (4.12)

𝝁𝑡 |𝑇 = 𝝁𝑡 |𝑡 + 𝑮𝑠
𝑡 (𝝁𝑡+1|𝑇 − 𝝁𝑡+1|𝑡), (4.13)

𝚺𝑡 |𝑇 = 𝚺𝑡 |𝑡 + 𝑮𝑠
𝑡 (𝚺𝑡+1|𝑇 − 𝚺𝑡+1|𝑡)

(
𝑮𝑠
𝑡

)⊤
. (4.14)

In summary, filtering and smoothing require the dynamics 𝑲, decoder𝐷, prior belief
(𝝁0|0,𝚺0|0), dynamics and measurement covariances 𝑸 and 𝑹, and a sequence of
data points 𝒙1:𝑇 . In return, they yield filtered and smoothed belief distributions over
the corresponding latent states 𝜁1:𝑇 , so we can view the Kalman filter/smoother as
an implicit encoder over trajectories, 𝜙 : 𝒙1:𝑇 ↦→ 𝜁1:𝑇 .

4.3 The Kalman-Implicit Koopman Operator
Our method has two goals: (i) producing high-quality predictions under latent linear
dynamics 𝑲, and (ii) accurately decoding them with 𝒙 = 𝐷𝜓 (𝜁). Observe that
inaccurate dynamics 𝑲 degrade the prediction update (4.7)–(4.8), and an inaccurate
decoder 𝐷𝜓 degrades the measurement update (4.9)–(4.11). Thus, a performant
KF requires both accurate 𝑲 and 𝐷𝜓 . This motivates our method, Kalman-implicit
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Koopman operator (KALIKO) learning, which trains a KF end-to-end with a single
reconstruction objective to jointly achieve both goals. In contrast, autoencoding
Koopman methods typically separate prediction and reconstruction [23, 30, 24],
which may overemphasize one at the expense of the other.

Training
KALIKO is trained with the replay overshooting method [20], which consists of three
stages (see Fig. 4.2A). Given a data trajectory 𝒙1:𝑇 , the filtering stage interleaves the
prediction and measurement updates in (4.7)-(4.8) and (4.9)-(4.11) respectively to
recover the sequences of belief distributions {

(
𝝁𝑡 |𝑡−1,𝚺𝑡 |𝑡−1

)
}𝑇
𝑡=1 and {

(
𝝁𝑡 |𝑡 ,𝚺𝑡 |𝑡

)
}𝑇
𝑡=1.

The smoothing stage then applies (4.12)-(4.14) to these beliefs in reverse to recover
an initial belief at 𝑡 = 0 conditioned on all measurements, (𝝁0|𝑇 ,𝚺0|𝑇 ). Lastly, the
prediction stage rolls out 𝑇 prediction updates (4.7)-(4.8) from the smoothed initial
condition without measurement updates to recover a sequence of predicted beliefs
{
(
𝝁̄𝑡 , 𝚺̄𝑡

)
}𝑇
𝑡=1.

KALIKO learns 𝑲𝜃 and 𝐷𝜓 along with the prior (𝝁0|0, 𝚺0|0) and covariances (𝑸,
𝑹) end-to-end via the loss

L =
∑𝑇
𝑡=1 𝛼 𝑓



𝐷𝜓

(
𝝁𝑡 |𝑡−1

)
− 𝒙𝑡



2
2︸                  ︷︷                  ︸

filtering

+𝛼𝑝


𝐷𝜓 ( 𝝁̄𝑡) − 𝒙𝑡



2
2︸              ︷︷              ︸

prediction

,
(4.15)

where the first term corresponds to the filtered2 reconstructions of the data and the
second to the predicted reconstructions. The coefficients 𝛼 𝑓 , 𝛼𝑝 ∈ R>0 control the
relative weights for filtering and prediction respectively, which we set to 1 in all
experiments.

The filtering loss is analogous to an autoencoding loss, as it fuses measurement
consistency (“decoding”) via (4.9)-(4.11) with latent inference via (4.7)-(4.8) (“en-
coding”) [20]. The prediction loss ensures accurate open-loop long-horizon pre-
dictions, which mirrors inference-time execution. We remark that [20] maximizes
the log-likelihood of the data while we found that a simple MSE loss was more
computationally-efficient with no performance degradation.

Inference
At inference time, KALIKO uses 𝑇in data points to predict the next 𝑇out steps.
First, the filter consumes 𝒙1:𝑇in to obtain the posterior belief (𝝁𝑇in |𝑇in ,𝚺𝑇in |𝑇in). 𝑇out

2We use the pre-measurement update mean 𝝁𝑡 |𝑡−1, as in [20].
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Figure 4.3: KALIKO Reconstructions. KALIKO closely reconstructs the vector
field of nonlinear systems without an encoder using globally linear latent dynamics.
Shown are some ground truth trajectories in black (solid) and their reconstructions
in orange (dashed). A denser heatmap of the reconstruction error is shown in blue
(darker denotes more error).

prediction steps are then executed from this filtered belief, yielding a sequence of
predicted latent beliefs {

(
𝝁̄𝑡 , 𝚺̄𝑡

)
}𝑇in+𝑇out
𝑡=𝑇in+1. The predicted means are each decoded to

obtain a predicted trajectory: 𝒙̂𝑡 = 𝐷𝜓 ( 𝝁̄𝑡). See Fig. 4.2C for a visualization.

Additional Implementation Details
Delay Embedding. Inspired by the use of delay embeddings in Koopman methods
[4], KALIKO parameterizes 𝑲𝜃 as the dynamics on a delay-embedded latent state,
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yielding a sparse block-companion matrix form
𝜻𝑡+1
...

𝜻𝑡+𝑛𝑧−1

𝜻𝑡+𝑛𝑧

︸    ︷︷    ︸
𝜁𝑡+1

=


0 𝐼 0 . . . 0
...

...
. . .

. . .
...

0 0 . . . 0 𝐼

Γ1 Γ2 . . . . . . Γ𝑛𝑧

︸                          ︷︷                          ︸
𝑲


𝜻𝑡
...

𝜻𝑡+𝑛𝑧−2

𝜻𝑡+𝑛𝑧−1

︸    ︷︷    ︸
𝜁𝑡

,

where the only learnable parameters are the blocks Γ1, . . . , Γ𝑛𝑧 , and each 𝜻𝑡 is a sub-
latent state of dimension 𝑑𝑧, which is stacked into the full delay-embedded latent
state 𝜁𝑡 =

(
𝜻𝑡 , . . . , 𝜻𝑡+𝑛𝑧−1

)
∈ R𝑛𝑧 ·𝑑𝑧 .

Temporal Chunking. KALIKO temporally chunks the full-resolution data into
groups of 𝑛𝑥 states, each corresponding to a sub-latent vector as follows:

𝜻𝑡 ↔ (𝝃𝜏, . . . , 𝝃𝜏+𝑛𝑥−1), (4.16)

where 𝜏 is the original time index satisfying 𝑡 = ⌊𝜏/𝑛𝑥⌋ and 𝝃𝜏 is a raw data point.
Thus, 𝐷 decodes 𝑛𝑧 sub-latent vectors into a contiguous sequence of 𝑛𝑧 · 𝑛𝑥 raw data
points:

𝐷 (𝜻𝑡:(𝑡+𝑛𝑧−1)︸     ︷︷     ︸
𝜁𝑡

) = 𝝃𝜏:(𝜏+𝑛𝑥 ·𝑛𝑧−1)︸         ︷︷         ︸
𝒙𝑡

.
(4.17)

Temporal chunking greatly speeds up training, as it reduces the number of steps in
each training stage by a factor of 𝑛𝑥 , until the cost of memory and linear system
solves associated with a large data dimension 𝑛 outweighs the speedup.

Decoder Design. The decoder 𝐷𝜓 is a convolutional neural network that inter-
leaves depthwise convolutions across the delay dimension (mixing 𝜻 ’s) with GELU-
activated MLPs, which allows 𝐷 to mix sub-latent vectors across many time steps
to decode long sequences of raw observations. We found two such blocks sufficient
for all experiments.

4.4 Analyzing KALIKO Embeddings
Reconstruction Performance
As discussed in Sec. 4.2, the Kalman filter/smoother can be viewed as an encoder
on sequences of data 𝒙1:𝑇 . We study KALIKO’s autoencoding capabilities on four
systems for visualization purposes: the Van der Pol oscillator, pendulum, Duffing
oscillator, and a two-limit cycle Hopf-Bautin system.
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Figure 4.4: Limit Cycle Eigenfunction for the VDP System. (A/B) Without
parameterizing an encoder, KALIKO implicitly recovers an eigenfunction associated
with the Van der Pol system’s limit cycle (overlaid in green) with |𝜆 | ≈ 1. (C)
Evaluating 𝜑(𝑥) along the limit cycle traces out a nearly perfect circle in the complex
plane, showing that KALIKO entirely captures the limit cycle dynamics into this
eigenfunction. (D) The Koopman mode associated with this eigenvalue corresponds
to a vector field that drives trajectories onto the cycle.

Van der Pol
{
¤𝑥1 = 𝑥1 − 𝑥3

1/3 − 𝑥2

¤𝑥2 = 𝑥1
(4.18)

Pendulum
{
¤𝑥1 = 𝑥2

¤𝑥2 = sin(𝑥1)
(4.19)

Duffing
{
¤𝑥1 = 𝑥2

¤𝑥2 = 𝑥1 − 𝛿 𝑥2 − 𝑥3
1

(4.20)

Hopf-Bautin (Polar)
{
¤𝑟 = 𝑟𝑒 (1−2𝑟2 )/2 (𝑟2 − 𝑟4 − 3/16)
¤𝜃 = 1

(4.21)

Table 4.1: Systems used for embedding analysis. We learn discrete-time dynamics
despite presenting these systems in continuous time for clarity.

We plot reconstructed trajectories on a heatmap of reconstruction errors (Fig. 4.3).
KALIKO accurately reconstructs the original data (MAE < 10−2), verifying that the
Kalman filter and smooth function as an effective encoder 𝜙. Moreover, all models
used identical hyperparameters, demonstrating KALIKO’s robustness to features of
nonlinear systems like fixed points, limit cycles, and multiple attractors.

Analyzing KALIKO’s Eigenfunctions
Sec. 4.2 introduced a key property, K-invariance, in (4.4). Observe that the
eigenfunctions 𝜑 of K satisfy (4.4), since

𝜆𝜑(𝒙𝑡) = (K𝜑) (𝒙𝑡), 𝜆 ∈ C, (4.22)

thus giving coordinates on which K acts linearly, making them central objects of
study in the literature [5]. A left eigenpair (𝜆,w) of the approximation 𝑲 of K (and
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𝜙) implies an eigenfunction 𝜑(𝒙) := w⊤𝜙(𝒙), because

(K𝜑) (𝒙𝑡) = 𝜑( 𝒇 (𝒙𝑡)) = 𝜑(𝒙𝑡+1) = w⊤𝜙(𝒙𝑡+1)
= w⊤𝑲𝜙(𝒙𝑡) = 𝜆w⊤𝜙(𝒙𝑡) = 𝜆𝜑(𝒙𝑡).

Thus, we examine the eigenfunctions of 𝑲𝜃 via eigendecomposition, allowing us to
interpret the dynamics captured by KALIKO’s implicit encoder, the Kalman filter
and smoother. We consider two case studies.

Van der Pol. The Van der Pol (VDP) system (4.18) has a globally-stable limit cycle
(Fig. 4.3, top left). We identify a complex eigenpair (𝜆,w) of 𝑲𝜃 with |𝜆 | ≈ 1,
implying a steady-state oscillatory latent mode. We approximate the eigenfunction
𝜑(𝒙) by evaluating w⊤𝜙(𝒙) over latent beliefs in the plane, plotting VDP’s limit
cycle (green) against the modulus and argument of 𝜑(𝒙) in Fig. 4.4A/B.

We can now check whether the limit cycle is described by 𝜑(𝒙). First, we parame-
terize the (unit-modulus) eigenvalue as 𝜆 = 𝑒𝑖𝜔 and let 𝜁0 be an arbitrary fixed latent
element of the corresponding eigenspace. Observe that the corresponding latent
trajectory must have constant modulus:

|𝜁𝑡 | = |𝜆𝑡 | · |𝜁0 | = |𝑒𝑖𝑡𝜔 | · |𝜁0 | = |𝜁0 |.

Moreover, the argument along the latent trajectory must evolve linearly (mod 2𝜋):

arg(𝜁𝑡) = arg(𝜆𝑡𝜁0) = 𝑡𝜔 + arg(𝜁0) (mod 2𝜋).

Thus, if 𝜑(𝒙) evaluated on the limit cycle traces out a single revolution of a circle in
the complex plane, we can conclude that KALIKO encodes the limit cycle dynamics
entirely in this mode, which is confirmed in Fig. 4.3C.

We also examine the time-invariant directions in X given by the associated right
eigenvector of 𝑲𝜃 , or the Koopman mode [5]. To do so, we encode a set of trajecto-
ries, project them onto the limit cycle eigenspace, and decode them, resulting in Fig.
4.4D. The Koopman mode shows the attraction of the limit cycle in a neighborhood
around it, verifying that KALIKO has learned VDP’s dominant dynamical behavior.

Duffing Oscillators. The undamped Duffing oscillator (UDO, 𝛿 = 0 in (4.20)) has a
saddle at the origin and two neutrally stable wells at (±1, 0). Because the oscillation
frequency depends on energy (i.e., continuous spectrum [23]), no finite embedding
space can recover a global phase eigenfunction; instead, invariants (e.g., energy)
correspond to 𝜆 ≈ 1. Consistent with this, KALIKO recovers an eigenfunction
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Figure 4.5: Eigenfunctions for the Undamped and Damped Duffing Oscillator.
(A) KALIKO recovers an eigenfunction 𝜑(𝒙) with 𝜆 ≈ +1 capturing the invariance
of systems with continuous spectra like the undamped Duffing oscillator (UDO).
The value of 𝜑(𝑥) is nearly constant along each of three distinct cycles (green) with
little variation (shown are mean and stdev). Across cycles, the value clearly changes,
corresponding to energy invariance. (B) Conversely, KALIKO also reconstructs the
damped Duffing oscillator (DDO) with no adjustments. (C/D) KALIKO recovers an
eigenfunction capturing the attractive “spiral” behavior about the wells at (±1, 0),
reproducing the results from explicit methods in prior work [30, Fig. 5].

𝜑 that is nearly constant along each closed orbit and varies across energy levels
(Fig. 4.5A), capturing UDO’s energy invariance. Adding damping (DDO, 𝛿 = 1)
eliminates the continuous spectrum, leaving the saddle at the origin and making
(±1, 0) asymptotically stable. Here, KALIKO identifies a contractive mode with
|𝜆 | < 1 whose eigenfunction 𝜑 tends to 0 at the three equilibria and whose phase
clearly depicts the attractive spirals (Fig. 4.5B–D), in line with Koopman analyses
in prior work [30, Fig. 5].

Takeaway. Despite using an implicit encoder, KALIKO reproduces the expected
Koopman structure on these canonical systems (unit-modulus phase on the VDP
limit cycle, energy-like invariants for UDO, and contractive modes near DDO equi-
libria) using identical hyperparameters with no system-specific tuning. These re-
sults illustrate that KALIKO’s implicit encoding does not preclude typical Koopman
analysis; rather, it facilitates it by stably recovering expressive, interpretable repre-
sentations without sensitive handcrafted features or model tuning.

4.5 Experiments
Simulated Ocean Data
We now study the predictive capacity of KALIKO and its application to a closed-
loop stabilization control problem. To do so, we simulate the motion of a barge
in various ocean conditions, yielding thousands of trajectories in 𝑆𝐸 (3). The data
are generated using capytaine [1], which solves a linear-flow potential PDE in the
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frequency domain using the boundary element method. The irregular sea state is
generated from the JONSWAP spectrum [13] by randomly sampling the significant
wave height, peak period, and peak enhancement. For a set of discrete frequencies,
we solve radiation and diffraction problems to assemble the hydrodynamic load on
the moving body, which we then convert to a time series of motion by inverse Fourier
transform. All parameter ranges were chosen such that the computed solutions were
numerically stable, yielding realistic solutions. For more detail on hydrodynamics,
we refer the reader to [28].

Figure 4.6: Control Results. KALIKO outperforms all baselines on the control task
with the least variance and near-oracle performance. Insets show one dimension
of a hold-out trajectory. Gray denotes input context, black denotes ground truth
prediction data. (i) K2VAE’s poor performance can be explained by its overly-noisy
predictions (blue, dashed). (ii) KALIKO’s smooth prediction trajectories enable
much more stable closed-loop control (pink, dashed).

Baselines and Methodological Details
We compare KALIKO to both Koopman-specific and general time series prediction
baselines.

Koopman Baselines. We have 3 Koopman baselines. The Deep Koopman net
[23] is an autoencoding-based method that has the ability to parameterize continu-
ous eigenvalue spectra. It is trained for long-horizon predictions with a multistep
prediction consistency loss along with autoencoding losses, giving a canonical base-
line for Koopman autoencoders. The Koopman-Kalman Variational Autoencoder
(K2VAE) [40] claims state-of-the-art performance in probabilistic time series pre-
diction. K2VAE predicts a “residual” global Koopman operator 𝑲glo added to a
locally-fitted operator derived from DMD, 𝑲loc, yielding the model 𝑲 = 𝑲loc+𝑲glo.
It uses an auxiliary Kalman filter to estimate and drive errors to 0. Since K2VAE
assumes that 𝑲loc is a good prior about which to learn a residual, we implement a
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simple baseline where we fit a local DMD model at each time step on the context 𝑇in

using delay embeddings as the Koopman embeddings. Several works have explored
variations of this idea in an MPC-style context for modeling effects like fluid flows
[2, 21]. We used the open-source implementations and settings of the baselines for
fair comparison.

Time Series Baselines. We have 2 general time series baselines. Recurrent neural
networks (RNNs) [33] are classic autoregressive models well-suited for dynamical
prediction. RNNs can be viewed as “generalized” filters, making them a natural
baseline: they ingest data, update an internal state, and can generate prediction
sequences. PatchTST [29] is a transformer that consumes data as temporal “patches”,
inspired by vision transformers [8]. PatchTST is a popular method for general time
series modeling, as it requires little domain-specific knowledge to yield reasonable
predictions.

Data Preprocessing. For all methods, we map all poses in 𝑆𝐸 (3) to 𝔰𝔢(3), the
tangent space at the identity, using the Log map. This makes the data Euclidean
and enables geometrically consistent pose predictions. Second, we normalize the
data with a running estimate of the mean and standard deviation along each axis,
which is updated during training. At inference time, we fix these statistics to prevent
leakage.

Prediction Performance
In open-loop prediction, each model is supplied an input context of 𝑇in = 128 data
points and predicts 𝑇out = 64 steps. If applicable, methods are trained for 164k steps
with a batch size of 32, and we report prediction errors in 𝔰𝔢(3) averaged over all
times, dimensions, and batches.

Method MSE (↓) MAE (↓)
Deep Koopman 0.0019 0.025

K2VAE 0.0015 0.026
Local DMD 0.0005 0.010

RNN 0.0003 0.010
PatchTST 0.0004 0.011

KALIKO (ours) 0.0002 0.008

Table 4.2: Performance on open-loop wave prediction.

In Table 4.2, KALIKO outperforms all methods using a global linear latent prediction
model. In contrast, the RNN and PatchTST strongly leverage nonlinear models,
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and K2VAE and local DMD rely heavily on locally-fitted models rather than a
global linear operator. Surprisingly, local DMD outperforms both Deep Koopman
and K2VAE, which we attribute to the sensitivity of autoencoder-based Koopman
methods to their learned embeddings, as noted in Sec. 4.1, and K2VAE’s noisy
predictions (see Fig. 4.6).

Ablations
Delay Length. KALIKO uses a delay length 𝑛𝑧 = 4 for its latent dynamics. We
perform two ablations: letting 𝑛𝑧 = 1 (no delay) and increasing to 𝑛𝑧 = 6. We
find that the delay is crucial for performance, as the MAE nearly doubles without
it. Conversely, using a higher delay does not improve performance, justifying the
choice 𝑛𝑧 = 4.

Decoder Architecture. We replaced KALIKO’s convolutional decoder with a
simple MLP that performs no depthwise mixing, instead mapping each sub-latent
vector 𝜻𝑡 to a distinct temporal chunk. We find this only slightly harms performance,
showing KALIKO’s robustness to architectural design decisions.

Learnable Priors. We evaluate KALIKO’s performance when fixing the prior to
(0, 𝐼). This substantially degrades performance, which we hypothesize is because
the scale and anisotropy of the prior are key for allowing KALIKO to learn the most
expressive possible embedding space geometry.

Ablation MSE (↓) MAE (↓)
𝑛𝑧 = 4→ 𝑛𝑧 = 1 0.0007 0.015
𝑛𝑧 = 4→ 𝑛𝑧 = 6 0.0002 0.008

Conv→MLP Decoder 0.0003 0.009
Learnable→ Fixed Latent Prior 0.0005 0.012

KALIKO (Original) 0.0002 0.008

Table 4.3: Ablations: effect on KALIKO’s prediction performance.

Control Performance
We evaluate all methods on a simulated control task: stabilizing a cable-suspended
payload with a barge-mounted crane (see Fig. 4.7). The task is challenging because
the barge and crane are severely underactuated: the free-body motion is driven by
the ocean waves, and the crane’s payload height is controllable only via a damped
winch. We need not model any control dynamics, since the crane is controlled
with sampling-based MPC, which selects controls by choosing high-performance
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Figure 4.7: (A) We aim to stabilize the tip of the payload to a goal location (green) by
compensating for motion induced by realistic waves. A crane controls the payload
by rotating its base and boom and/or reeling its winch. (B) The nominal controller
poorly regulates the payload, as seen in this 3 second snapshot (red dashed lines).
(C) KALIKO stabilizes the payload at near-oracle levels in the presence of the same
waves.

candidates under forward simulations of the system. Thus, the predictive models in
Sec. 4.5 suffice.

We evaluate all methods on 100 random wave simulations, feeding their predictions
to an MPPI controller implemented using the open-source toolbox judo [19]. We
calibrate performance against two other methods: an oracle supplied with ground-
truth future barge motion, and a nominal stabilizing controller that ignores the wave
disturbances. Since the controller is stochastic, the oracle allows us to measure the
error induced by its sampling noise. We report mean absolute error in the payload
target position (see Fig. 4.6).

KALIKO outperforms all methods with near-oracle performance and the tight-
est variance, showing that its superior open-loop prediction translates to high-
performance closed-loop control. However, prediction performance is not a perfect
indicator of control performance, as evidenced by local DMD outperforming the
RNN. We attribute this gap to the role of state estimation, which is as crucial as pre-
diction in control. Trained explicitly for filtering, KALIKO maintains an accurate
latent belief in closed loop, whereas autoencoding-based Koopman methods and
the RNN are trained only for prediction, and their internal states drift. Conversely,
local DMD and PatchTST, which are not latent-variable methods, perform well
because they operate directly on (patches of) raw data; with reasonably accurate
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short-horizon predictions and fast enough feedback, the controller can effectively
stabilize the system.

4.6 Discussion
KALIKO uses Kalman filtering to implicitly learn Koopman embeddings without
parameterizing an explicit encoder. The linear latent dynamics 𝑲𝜃 are enforced by
construction, and training with a single reconstruction objective jointly optimizes
dynamics and decoding. On canonical nonlinear systems, KALIKO recovers eigen-
functions consistent with theoretical expectations. On wave prediction and crane
stabilization, KALIKO outperforms all baselines with near-oracle control perfor-
mance.

Within the thesis, KALIKO exemplifies the third strategy from Chapter 1: enforcing
structure architecturally. Unlike the pointwise-condition training of LyaNet and FI-
ODE, which must verify Lyapunov or barrier conditions after training, KALIKO’s
linearity holds by design. The tradeoff is that linearity in latent space does not
by itself certify closed-loop stability or safety. The eigenstructure of 𝑲𝜃 provides
interpretability (limit cycles, decay rates, invariants), but translating these into
guarantees requires decoding back to the original state space where the controller
operates.

Several limitations constrain KALIKO’s applicability to the agile robotic systems
emphasized elsewhere in this thesis. KALIKO assumes smooth dynamics and
cannot represent hybrid systems with impacts or mode switches. The zero dynamics
policies of Part IV handle precisely such systems; KALIKO does not. Systems
with continuous frequency spectra (Section 4.4) admit only approximate finite-
dimensional Koopman representations, and prediction accuracy degrades on long
horizons. KALIKO also assumes clean state observations, unlike the stereo chapter
which explicitly models perception uncertainty.

The wave domain was chosen because quasi-periodic PDE-governed dynamics are
well-suited to linear lifting, providing a rigorous testbed for the methodology. Ex-
tending these ideas to contact-rich locomotion and manipulation, where hybrid
dynamics and perception uncertainty are unavoidable, remains open. Combining
Koopman-based disturbance prediction with the safety-critical control structures
developed in earlier chapters is a natural direction for future work.
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C h a p t e r 5

SELF-SUPERVISED ONLINE LEARNING FOR
SAFETY-CRITICAL CONTROL USING STEREO VISION

5.1 Introduction
The preceding chapters developed methods for training neural networks to satisfy
pointwise conditions that imply global stability and safety guarantees. These ap-
proaches assume accurate knowledge of the system state. In practice, robotic systems
must operate with imperfect perception, and the gap between measured and true state
can violate the assumptions underlying control-theoretic guarantees. This chapter
addresses a complementary problem: how to learn the perception uncertainty that
safety-critical controllers require as input.

Control Barrier Functions (CBFs) [3, 12] provide a principled framework for guar-
anteeing safety through the satisfaction of a Lyapunov-like condition. CBFs have
enabled safety-critical behaviors including obstacle avoidance [23], multi-agent
navigation [16], and safe walking [9]. Robust extensions of CBF theory can accom-
modate bounded state uncertainty [11, 8], but these methods require knowledge of
the uncertainty bounds. The CBF framework thus exemplifies the second strategy
for structure-aware learning identified in this thesis: the control structure provides
guarantees, but learning must supply the quantities those guarantees depend upon.

Vision-based perception presents a particular challenge for this approach. Stereo
vision is widely used in robotics for depth estimation and is an integral component
of systems such as simultaneous localization and mapping (SLAM) [6]. The errors
generated by stereo algorithms depend on scene texture, lighting, and geometry
in ways that are difficult to characterize analytically. Supervised methods can
learn mappings from images to uncertainty estimates [10, 27, 9, 21, 7], but these
approaches require ground-truth training data that may be unavailable in deployment
environments. A model trained on indoor scenes with accessible ground truth often
fails to generalize to outdoor environments where the safety-critical application
actually operates.

This chapter develops a self-supervised method for learning stereo vision uncertainty
that can adapt online to novel environments without ground-truth depth measure-
ments. The key insight is that a multibaseline stereo system provides geometric
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Figure 5.1: These space-time images display our quadrupedal robot throughout the
course of an experiment. The robot is considered safe if it remains left of the yellow
line. The standard control barrier function (CBF) condition fails to keep the robot
safe due to errors in stereo vision; the robust CBF condition keeps the robot safe, but
is conservative; and our proposed method, Robust CBFs with Online Uncertainty
Estimation, keeps the robot safe without remaining overly conservative.

redundancy: disparities computed from different camera pairs must satisfy consis-
tency constraints, and deviations from these constraints reveal the stereo algorithm’s
errors. By learning a mapping from image appearance to error distributions, we ob-
tain uncertainty estimates that can serve as inputs to robust CBF controllers. Online
learning frameworks have shown success in a variety of robotic applications [17,
14, 24, 18], and we frame our uncertainty adaptation in this setting.

We demonstrate this approach on obstacle avoidance for a quadrupedal robot
(Fig. 5.1). The quadruped platform provides a challenging testbed: the robot
moves through varied environments where stereo accuracy changes substantially,
and the safety constraint (avoiding collision) admits no tolerance for systematic
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underestimation of uncertainty. Our experiments show that online adaptation of
the uncertainty model enables safety without excessive conservatism, whereas fixed
uncertainty estimates either fail to prevent collisions or stop the robot far from
obstacles. A visualization of the complete method can be found in Fig. 5.2.

The contributions of this chapter are three-fold. First, we present an online, self-
supervised method for characterizing the uncertainty of disparity errors in novel
environments (Section 5.2). Second, we develop a robustified CBF formulation
that incorporates learned uncertainty estimates for vision-based obstacle avoidance
(Section 5.3). Third, we validate the complete system on hardware, demonstrating
that learned uncertainty can serve as the missing input to formal safety frameworks
(Section 5.4).

5.2 Stereo Vision Uncertainty Quantification
We begin by revisiting stereo vision-based depth estimation. We then propose an
approach for learning the uncertainty of a black box stereo-matching algorithm.
The proposed self-supervised learning approach can be trained online and takes
advantage of geometric structure in stereo disparity maps so as not to require ground
truth data.

Background in Stereo Vision
Stereo vision is a popular tool for determining depth from images. These methods
compute a disparity: the shift observed in an object’s projection onto two camera
planes. Using a geometric understanding of the camera setup, pixel-based disparity
maps can be converted to depth maps. Errors in the final depth-map result from
a combination of pixel-mismatch in disparity estimation and error in the camera
parameters used to convert from disparity to depth. The errors in the intrinsic and
extrinsic parameters of the camera are usually small and their effect on the resulting
depth distribution is easy to compute. On the other hand, pixel matching errors are
much larger and are the result of a much more complicated stereo matching procedure
whose effect on the resulting disparity is difficult to quantify and environment-
dependent.

For standard stereo vision we adopt the model of [22] for two cameras (left and right)
and assume that they are perfectly rectified, vertically aligned and evenly spaced
with known distance 𝑏 ∈ R>0 between each camera. Pixel coordinates within an
image are given by the tuple 𝑝 ≜ (𝑢, 𝑣) ∈ 𝐾 , where 𝐾 ≜ {0, . . . ,𝑊} × {0, . . . , 𝐻}
for image width𝑊 ∈ N>0 and image height 𝐻 ∈ N>0.
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Figure 5.2: The overarching structure of our approach. It begins on the bottom right
by capturing three time-synchronized images that are then fed into an uncertainty
estimation pipeline and also used to generate a 3D point cloud. There are three
possible CBF filters that result in the three robot realizations shown. From top to
bottom, the standard filter only takes into account the noisy point-cloud in avoiding
obstacles. The robust CBF safety filters use the estimate of the uncertainty P to
compensate for noise in the point cloud. Finally, the “Robust with Retraining" filter
refines the model of uncertainty to the current environment in real-time.

Stereo algorithms such as Block Matching, Semi-Global Block Matching, and Effi-
cient Large-Scale Stereo [13] compute disparities by determining the discrete pixel
distance between matching regions of two images. Since the disparity represents a
shift between pixels of two images, the measured disparity 𝑑 must be a finite integer
value. Assuming that the true disparity 𝑑 is a finite integer implies that the error
𝑒 ≜ 𝑑 − 𝑑 must also be a finite integer. Prior work has been done to interpolate
disparities for non-integer subpixel accuracy [25]; however, we restrict our attention
to integer disparity values to highlight the error in pixel-matching.

Self-supervised Error Estimation
To learn the error in disparity, we introduce a three-camera multibaseline stereo
system which produces multiple disparity maps that are related through simple
functions; deviations from the ideal relationship indicate error in the estimated
disparities. By analyzing the correlation of image appearance with these errors,
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a function that estimates disparity error from appearance is learned and used to
specify state error-bounds in real-time for use in a robustified CBF.

We introduce a three-element camera system, whose central camera is assumed to
be perfectly rectified and vertically aligned with the other two cameras as shown in
Fig. 5.2. This third camera is placed between the left and right cameras such
that it has a baseline of 𝑏/2 with both. The three cameras produce a time-
synchronized grayscale image triple (𝐼1, 𝐼2, 𝐼3) where 𝐼𝑖 ∈ N𝑊×𝐻 for 𝑖 ∈ 1, 2, 3
and 1, 2, 3 correspond with left, center, and right, respectively. The disparity be-
tween any image pair (𝐼𝑖, 𝐼 𝑗 ) for 𝑖 < 𝑗 is obtained using the stereo-vision algorithm
D : N𝑊×𝐻 × N𝑊×𝐻 → Γ𝑊×𝐻 , so that 𝑑𝑖, 𝑗 = D(𝐼𝑖, 𝐼 𝑗 ). Here, Γ ⊂ N≥0 is the set of
possible disparity values.

Given the measurement 𝑑𝑖, 𝑗 , the error appears as 𝑑𝑖, 𝑗 = 𝑑𝑖, 𝑗 + 𝑒𝑖, 𝑗 with error distri-
bution 𝑒𝑖, 𝑗 ∼ P(𝐼𝑖, 𝐼 𝑗 ) and ground truth disparity 𝑑𝑖, 𝑗 ∈ Γ𝑊×𝐻 . We model this error
as a discrete random variable with probability P(𝐼𝑖, 𝐼 𝑗 ) on Γ𝑊×𝐻 . This model of
disparity errors contrasts sharply with other common error models, such as punctual
observation, uniform observation, and Gaussian observation [22], in that it accounts
for the discrete nature of stereo-pixel matching algorithms. If ground-truth knowl-
edge of 𝑑𝑖, 𝑗 is obtainable, then supervised learning methods can be implemented
to directly estimate this error term. However, it is often the case that ground-truth
knowledge is unavailable; particularly when a domain transfer must occur during
operation. Thus we seek a general method to estimate 𝑒𝑖, 𝑗 for any black-box disparity
algorithm without the need for ground-truth data.

We leverage the known geometric relationships between the three cameras to learn
a mapping between image appearance and disparity error distribution that can adapt
during operation in new environments. Given a multibaseline stereo system, if one
ignores occlusions, it is possible to completely reconstruct each disparity map from
the other two maps. The relationship to reconstruct 𝑑1,3 from 𝑑1,2 and 𝑑2,3 is shown
in Algorithm 6; we denote this reconstruction as 𝑑1,3 ≜ 𝑑1,2 ⊕ 𝑑2,3.

We use the reconstructed disparity 𝑑1,3 to learn the parameters 𝜃 of a functionP𝜃 that
approximates error distributionP (refer to Algorithm 7). Since this method does not
require ground truth information, Algorithm 7 can be run online during operation to
adapt P𝜃 to new visual environments. Recall that the disparity error, 𝑒1,3 is discrete
in nature. Therefore, the pixel-wise reconstruction error 𝑟𝑒(𝑝) ≜ ∥𝑑𝑝1,3 − 𝑑

𝑝

1,3∥1
will also be discrete. For this reason, optimizing the loss 𝐿 reduces to a pixel-wise
classification problem similar to image segmentation. Thus, as is done in image
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Algorithm 6 Disparity Reconstruction: 𝑑1,3 = 𝑑1,2 ⊕ 𝑑2,3

1: 𝑑1,3 ← 0𝐻×𝑊
2: for 𝑣 ∈ [1, ..., 𝐻] do
3: for 𝑢 ∈ [1, ...,𝑊] do
4: 𝑢̂ ← 𝑛 + 𝑑1,2(𝑢, 𝑣)
5: 𝑑1,3(𝑢, 𝑣) ← 𝑑1,2(𝑢, 𝑣) + 𝑑2,3(𝑢, 𝑣̂)
6: end for
7: end for

segmentation, we use pixel-wise cross entropy as the loss function 𝐿. This method
is shown in Algorithm 7. In Algorithm 7, for each pixel 𝑝 of the disparity 𝑑1,3 the

Algorithm 7 Self-Supervised Stereo Error Estimation Adaptation
1: 𝐿 ← 0
2: while robot is running do
3: (𝐼1, 𝐼2, 𝐼3) ← Capture Current Frame
4: 𝑑1,2 ← D(𝐼1, 𝐼2)
5: 𝑑2,3 ← D(𝐼2, 𝐼3)
6: 𝑑1,3 ← D(𝐼1, 𝐼3)
7: 𝑑1,3 ← 𝑑1,2 ⊕ 𝑑2,3

8: 𝑟𝑒(𝑝) ←
���𝑑𝑝1,3 − 𝑑𝑝1,3���

9: 𝐿 ← − 1
𝐻×𝑊

∑
𝑝 E1(𝑟𝑒(𝑝)) [logP𝜃 (𝐼𝑖, 𝐼𝑘 )]

10: 𝜃𝑡+1 ← 𝜃𝑡 − 𝜂 𝜕𝐿𝜕𝜃
11: end while

corresponding reconstruction error is computed. The loss function in Algorithm 7
is then equivalent to the expected negative log likelihood of each pixel under the
proposed model P𝜃 . An example visualization of lines 3−8 can be found in Fig. 5.3.
Although this algorithm focuses on the reconstructed disparity 𝑑1,3, it can be easily
extended to similar reconstructions of 𝑑1,2 and 𝑑2,3.

Supervised methods have been used in the past to estimate uncertainty in robotic
applications by computing the covariance of state estimates [19]. Our approach
differs in that we do not require ground truth and we take advantage of the discrete
structure of images to learn a discrete, rather than a Gaussian, distribution, which is
better suited to the disparity measurements of stereo vision.

5.3 Safe Vision-Based Control
In this section we review Control Barrier Functions (CBFs) [2] as a tool for guar-
anteeing the safety of dynamical systems. We then propose CBFs that rely on the
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Figure 5.3: Lines 3-8 of Algorithm 7 illustrated from left to right. Starting from
three time-synchronized images three pairwise disparities are computed as shown
in the middle column. Two of these disparities are used to build a reconstruction
of the third disparity shown in the top right which can then be used to estimate the
pixel-wise error of the stereo algorithm shown in the bottom right image. These
steps of the algorithm correctly identify that the back of the closest chair is a high-
error region without using ground truth information. This information is used to
learn a correspondence between visual features and error distributions.

position of pixels provided by stereoscopic sensing. Finally, we incorporate the
proposed self-supervised error estimates of Section 5.2 to enforce robust safety.

Control Barrier Functions
First we give a brief introduction to CBFs which follows our description in [8],
where additional technical details can be found. In this work we consider the safety
of robotic systems with control affine dynamics

¤x = f (x) + g(x)u, x ∈ R𝑛, u ∈ R𝑚, (5.1)

where x is the state of the system, u is the input, f : R𝑛 → R𝑛 is the drift dynamics,
and g : R𝑛 → R𝑛×𝑚 is the input matrix. We assume that f and g are locally Lip-
schitz continuous. Given a locally Lipschitz continuous state-feedback controller
k : R𝑛 → R𝑚, the closed-loop dynamics are governed by:

¤x = f (x) + g(x)k(x). (5.2)

For any initial condition x(0) = x0 ∈ R𝑛 there exists a unique solution x(𝑡) to (5.2),
which we assume to exist ∀𝑡 ∈ [0,∞).
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The notion of safety is formalized by defining a safe set C ⊂ R𝑛 in the state space that
the system must remain within. In particular, consider the set C as the 0-superlevel
set of a continuously differentiable function ℎ : R𝑛 → R:

C ≜ {x ∈ R𝑛 | ℎ(x) ≥ 0}, (5.3)

where ℎ(x) = 0 =⇒ 𝜕ℎ
𝜕x (x) ≠ 0 and C is non-empty and has no isolated points.

Safety is defined as the forward invariance of C, i.e., if x0 ∈ C, then x(𝑡) ∈ C for
all 𝑡 ≥ 0.

To synthesize controllers that ensure safety, we use Control Barrier Functions (CBFs)
[3] defined as follows:

Definition 12 (Control Barrier Function (CBF)). Let C ⊂ R𝑛 be a safe set given
by (5.3). The function ℎ is a Control Barrier Function (CBF) for (5.1) on C if there
exists 𝛾 ∈ K∞,𝑒1 such that for all x ∈ C:

sup
u∈R𝑚

¤ℎ(x, u) ≜ 𝜕ℎ

𝜕x
(x)f (x)︸       ︷︷       ︸
𝐿fℎ(x)

+ 𝜕ℎ
𝜕x
(x)g(x)︸       ︷︷       ︸
𝐿gℎ(x)

u ≥ −𝛾(ℎ(x)), (5.4)

where 𝐿fℎ : R𝑛 → R and 𝐿gℎ : R𝑛 → R𝑚 are the Lie derivatives of ℎ with respect
to f and g respectively.

A main result in [2, 28] relates CBFs to the safety of the closed-loop system (5.2)
with respect to C:

Theorem 8. Given a safe set C ⊂ R𝑛, if ℎ is a CBF for (5.1) on C, then any locally
Lipschitz continuous controller k : R𝑛 → R𝑚 satisfying

𝐿fℎ(x) + 𝐿gℎ(x)k(x) ≥ −𝛾(ℎ(x)) (5.5)

for all x ∈ C, renders the system (5.2) safe w.r.t. C.

Given a nominal (but not necessarily safe) locally Lipschitz continuous controller
k𝑑 : R𝑛 → R𝑚 and a CBF ℎ, the CBF-Quadratic Program (CBF-QP) [3] is a
controller that guarantees the system’s safety:

k(x) = argmin
u∈R𝑚

1
2
∥u − k𝑑 (x)∥22 (CBF-QP)

s.t. 𝐿fℎ(x) + 𝐿gℎ(x)u ≥ −𝛾(ℎ(x)).
1K∞,𝑒 denotes the set of extended class-K infinity functions, wherein 𝛾 ∈ K∞,𝑒 satisfies

𝛾 : R→ R is strictly increasing, 𝛾(0) = 0, and lim𝑟→∞ 𝛾(𝑟) = ∞, lim𝑟→−∞ 𝛾(𝑟) = −∞.
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Control Barrier Functions for Safe Vision-Based Control
Next we apply CBFs to achieve safe obstacle avoidance for robotic systems based on
stereo vision. First we construct CBFs for safe vision-based control. Let 𝜌𝑝 ∈ R3

represent the true three-dimensional position of the portion of the scene which
generated pixel 𝑝. Using this, we can define a CBF ℎ : R𝑛 × R3 → R that relies
on both the state x and three dimensional pixel position 𝜌𝑝. The pixel position is
a geometric function of the true disparity, 𝜌𝑝 = 𝑇 (x, 𝑟 (𝑝, 𝑑𝑝1,3)) where 𝑟 : N2 × N

is the stereo reprojection function and 𝑇 : R𝑛 × R3 → R3 is the transformation
mapping from the robot’s state and relative pixel position to pixel position.

In order to relate the output of the stereoscopic sensor with safety, we make the
following assumptions:

Assumption 1. The environment is static, so the time derivative of the pixelized
environment is zero: 𝑑𝜌𝑝

𝑑𝑡
= 0 for all 𝑝 ∈ 𝐾 .

Assumption 2. Ensuring safety with respect to the true three dimensional pixel
locations is sufficient to ensure safety with respect to the environment. That is, the
safe set for the system is given by:

C𝐾 = {x ∈ R𝑛 | ℎ(x, 𝜌𝑝) ≥ 0, ∀𝑝 ∈ 𝐾} (5.6)

where ℎ : R𝑛 × R3 → R is the CBF for pixel 𝑝.

Although it is not outlined in this work, Assumption 1 can be relaxed to include
moving environments by calculating ¤ℎ accordingly and estimating the motion of
obstacles in the environment. Assumption 2 simplifies the surrounding environment
from infinite- to finite-dimensional by assuming that the environment is smooth
between a sufficiently dense coverage of pixels. It also implies that the system only
has to stay safe with respect to objects that can be seen in the cameras’ field of view.2

Given Assumptions 1 and 2 and Theorem 8, synthesizing the control input u such
that

𝐿fℎ(x, 𝜌𝑝) + 𝐿gℎ(x, 𝜌𝑝)u ≥ −𝛾(ℎ(x, 𝜌𝑝)), (5.7)

∀𝑝 ∈ 𝐾 , is sufficient to guarantee safety. Considering each pixel 𝑝 ∈ 𝐾 , however,
may be computationally intractible, therefore we seek a condition with fewer required
constraints.

2The field of view aspect of Assumption 2 can be overcome by tracking features that leave the
frame as done in Simultaneous Localization and Mapping (SLAM) algorithms [6].
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To combine the constraints, we apply Boolean composition to each CBF ℎ to produce
a single nonsmooth CBF ℎns,

ℎns(x) ≜ min
𝑝∈𝐾

ℎ(x, 𝜌𝑝), (5.8)

and simply enforce the CBF constraint associated with the pixels whose CBFs have
the smallest value [15]. In particular, to achieve safety it is sufficient to enforce only
the constraints whose indices appear in the locally-encapsulating index set:

Λ = {𝑝 ∈ 𝐾 : ℎ(x, 𝜌𝑝) ≤ ℎns(x) + 𝛿}, (5.9)

for some 𝛿 > 0, as stated formally below.

Theorem 9 ([15], Prop III.6). Let ℎ : R𝑛 ×R3 → R3 be a locally Lipschitz function
and ℎns be as in (5.8). If there exists a locally Lipschitz extended class K function
𝛾 and a measurable and locally bounded controller k : R𝑛 → R𝑚 that satisfies:

min
𝑝∈Λ

{
𝐿fℎ(x, 𝜌𝑝) + 𝐿gℎ(x, 𝜌𝑝)k(x)

}
≥ −𝛾(ℎns(x)). (5.10)

Then ℎns is a valid nonsmooth CBF and the closed loop dynamics (5.2) with con-
troller k are safe with respect to C𝐾 .

This theorem indicates that enforcing the CBF condition only for the “least safe"
pixel is sufficient to guarantee the safety of the system.

Robustness to Uncertainty
Error in the disparity propagates to the controller in the form of the measured 3D
pixel position 𝜌̂𝑝. The measured value 𝜌̂𝑝 lies in a neighborhood E𝑝 of the true
value 𝜌𝑝, which is characterized by the error distribution P(𝐼𝑖, 𝐼 𝑗 ). We assume
that the distribution P(𝐼𝑖, 𝐼 𝑗 ) is symmetric about the measured value and define the
pixel-wise uncertainty set:

E𝑝 ≜
{
𝜌 ∈ R3

���� 𝜌 = 𝑇 (x, 𝑟 (𝑝, 𝜉)), 𝜉 ∈ Γ
P𝜃 (𝑒1,3(𝑝) < |𝜉 − 𝑑 (𝑝) |; 𝐼1, 𝐼3) ≥ 𝜎

}
(5.11)

where 𝜎 > 0 is a parameter defining the desired uncertainty robustness.

To achieve safety, one must determine which pixels are safety-critical given E𝑝 and
then enforce robust safety with respect to those pixels. The safety-critical pixels can
be determined by expanding the index set Λ using the uncertainty:

Λ ⊆
{
𝑝 ∈ 𝐾

����ℎ(x, 𝜌𝑝) ≤ max
𝜌𝑝∈E𝑝

min
𝑝∈𝐾

ℎ(x, 𝜌𝑝) + 𝛿
}
. (5.12)
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This can further be expanded to an easily calculable index set Λ̂ ⊇ Λ by minimizing
the left-hand-side of the inequality condition and using the max-min inequality [4]:

Λ̂ =

{
𝑝 ∈ 𝐾

���� min
𝜌𝑝∈E𝑝

ℎ(x, 𝜌𝑝) ≤ min
𝑝∈𝐾

max
𝜌𝑝∈E𝑝

ℎ(x, 𝜌𝑝) + 𝛿
}
. (5.13)

This expanded index set Λ̂ accounts for uncertainty and indicates which pixels are
safety-critical and which constraints must be enforced to achieve safety given the
pixel-wise uncertainty sets E𝑝.

Measurement-Robust Control Barrier Functions (MR-CBFs) as outlined in [11] are
a general method for accounting for state uncertainty in CBFs. We can use this
method for each pixel 𝑝 ∈ Λ̂ to ensure that the safety constraint is satisfied despite
the uncertainty. The resulting constraint is:

𝐿fℎ(x, 𝜌̂𝑝) + 𝐿gℎ(x, 𝜌̂𝑝)u

−
(
𝔏𝐿 𝑓 ℎ + 𝔏𝛾◦ℎns + 𝔏𝐿𝑔ℎ∥u∥2

)
𝜖𝑝

≥ −𝛾(ℎns(x)), ∀𝑝 ∈ Λ̂ (5.14)

where 𝔏 is the Lipschitz constant of the subscript and

𝜖𝑝 ≥ max
𝜌𝑝∈E𝑝

∥𝜌𝑝 − 𝜌̂𝑝 ∥2 (5.15)

is a bound on the uncertainty. Since Λ ⊆ Λ̂ and the MR-CBF condition implies the
CBF condition (5.5), satisfying (5.14) also satisfies (5.10) providing safety of the
system if 𝜎 = 1 and P𝜃 = P.

5.4 Application: Obstacle Avoidance on a Quadrupedal Robot
In this section, we evaluate our approach on a quadrupedal robotic platform. With
these experiments we aim to demonstrate: 1) Our method is capable of keeping the
system safe in a simple do-not-collide task, and 2) Our method can adapt online to
measurement uncertainty in different environments without ground-truth data.

Hardware System
For the hardware experiments we designed a custom camera array with three equally
spaced inexpensive CMOS, global shutter, time-synchronized Arducam cameras.
An Nvidia Jetson Nano is used to capture, downsize, and greyscale the stereo
images. The images are then sent to an external computer that receives the images
and outputs the filtered control input at a frequency of at least 10 Hz. The robot used
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Figure 5.4: Demonstration of our method in a variety of environments. From left
to right the goal is to maintain a safe distance from (A) a tree, (B) a backpack,
(C) a chair, (D) and a glass window. The distance to the barrier is measured and
marked on the floor with a yellow tape for visualization purposes – we emphasize
this tape is not used for depth estimation. Notice that the barrier is assumed to be
a sphere around an obstacle but in the case on the glass, this sphere degenerates
into a plane. The quadrupedal robot is given a desired control input of 0.2 m/s. In
all cases, a naive barrier implementation that simply takes the noisy measurements
from a stereo vision system fails to keep the system safe. The robustified controller
(5.19) with a pretrained model consistently shows overly conservative behavior.
Finally, with online learning, the robot converges to the barrier without exhibiting
conservative behavior, except for the glass environment where the robot is overly
conservative and walks away from the barrier due to the perceived uncertainty. The
(A-D) corresponding plots below show the control input filtered by the barrier in
each of the three robustification cases.

in this experiment is a Unitree A1 quadrupedal robot that receives inputs of velocity
and angle rate, u =

[
𝑣 𝜔

]⊺
. A 1 kHz Inverse Dynamics Quadratic Program

(ID-QP) walking controller designed using the concepts in [5], is used to track
these inputs. Stereo pixel-matching calculations were performed using Efficient
LArge-scale Stereo (ELAS) [13].

Learning Method and Model
The architecture of the model used to estimate P𝜃 is a modified version of the
Hierarchical Multi-Scale Attention for Semantic Segmentation introduced in [26];
this model is relatively lightweight, consisting of only 196 thousand parameters
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(e.g., network weights). The robustness threshold used was 𝜎 = 0.99 and the online
learning rate was 0.001. We pretrain the model until convergence on a dataset of
6000 stereo image triples collected by manually moving the camera array through a
variety of environments.

Dynamics Model and Control
In order to control the system we consider a reduced order model of the system
dynamics given by the standard unicycle model. The specific form of (5.2) for this
system is: 

¤𝑥
¤𝑦
¤𝜃

︸︷︷︸
¤x

=


0
0
0

︸︷︷︸
f (x)

+

cos 𝜃 0
sin 𝜃 0

0 1

︸      ︷︷      ︸
g(x)

[
𝑣

𝜔

]
︸︷︷︸

k(x)

(5.16)

A formal analysis of CBFs which utilize reduced-order velocity input models is
described in [20].

For this system we consider the pixel-wise CBFs,

ℎ(x, 𝜌𝑝) =
1
2

©­«






[
𝑥

𝑦

]
−

[
𝜌𝑝,𝑥

𝜌𝑝,𝑦

]




2

2

− 𝑐2ª®¬ (5.17)

where 𝜌𝑝,𝑥 and 𝜌𝑝,𝑦 indicate the global real-world 𝑥 and 𝑦 positions of pixel 𝑝. This
function characterizes safety as remaining a planar distance 𝑐 > 0 from 𝜌𝑝. This
can be thought of as buffering surfaces in the environment by a radius 𝑐.

Robustness to Uncertainty
To illustrate the efficacy of our method we use two controllers in our experiments.
A standard, unrobustified controller:

kcbf = argmin
u∈R2

1
2
∥kdes(x) − u∥22 (5.18)

s.t. −
[
1 0 0

]⊺
𝑟 (𝑝, 𝑑̂𝑝)𝑣︸                        ︷︷                        ︸

¤ℎ

≥ −𝛾(min
𝑝∈𝐾

ℎ(x, 𝜌̂𝑝)),

∀𝑝 ∈ Λ
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and a robustified controller:

k∗cbf = argmin
u∈R2

1
2
∥kdes(x) − u∥22 (5.19)

s.t. − 𝑣 ≥
−𝛾(min𝑝∈𝐾 ℎ(x, 𝜌∗𝑝))[

1 0 0
]⊺
𝑟 (𝑝, 𝑑∗𝑝)

, ∀𝑝 ∈ Λ̂.

where kdes : R𝑚 → R𝑛 is a desired controller, 𝑑∗ is the maximum disparity for any
𝜌𝑝 ∈ E𝑝, and 𝜌∗𝑝 is pixel location associated with 𝑑∗𝑝.

Controller (5.19) is obtained by first replacing the index set Λ with the Λ̂. Next we
note that

[
1 0 0

]⊺
𝑟 (𝑝, 𝑑𝑝) is strictly positive. After dividing by this quantity,

the constraint in (5.18) is robustified to account for the worst-case error as is done
with MR-CBFs. Experimentally, this controller was implemented with 𝛿 = 0 and a
maximum of 4000 constraints.

Experimental Results
The system was run in 4 different environments (see Fig. 5.4). The CBF (5.17) was
used with a safe radius of 𝑐 = 0.33 m. The intended obstacle in the 4 different
environments were (A) a tree, (B) a backpack, (C) a chair, (D) and a glass window.
A desired constant forward velocity 𝑣 = 0.2 m/s was used in each experiment and the
robot was started approximately 1.3 m away from the obstacle. Since ground-truth
measurements were unavailable, we use a yellow line on the ground to indicate the
true location of the barrier.

For each environment three different tests were performed. First, controller (5.18)
was used. Since this did not consider measurement uncertainty it failed to achieve
safety in every environment; in all experiments the stereo vision overestimated the
distance to objects at some point during the run and the quadruped ran directly
into the obstacles. Second, the controller (5.19) was used with an error estimate
computed through a pretrained function P𝜃; this succeeded in providing safety, but
was found to be overly conservative and did not allow the quadruped to approach
the obstacle as desired. Third, the controller (5.19) was used with a P𝜃 that adapted
to the environment according to Algorithm 7. In this case, safety of the system was
generally maintained and over time the system was able to approach the boundary
of the safe set. Even when small safety violations occurred, the system eventually
corrected and came to rest at a safe steady-state. These results can be seen in Figure
5.4. A video of the experiments can be found at [1].
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5.5 Discussion
This chapter demonstrated that self-supervised learning can provide the perception
uncertainty estimates required by robust safety controllers. The CBF framework
supplies the mathematical structure for safety; learning fills the gap by estimating
environment-dependent quantities that cannot be specified analytically. This divi-
sion exemplifies the second strategy for structure-aware learning identified in this
thesis: rather than replacing controllers with learned policies, we learn the inputs
that structured controllers need to provide their guarantees. The approach parallels
Chapter 4, where we learn dynamics models for MPC rather than replacing MPC
with a learned policy.

The safety guarantee provided by this method rests on the assumption that the
learned distribution P𝜃 matches the true error distribution P. In practice, online
learning provides only an approximation, and the experiments demonstrate empirical
success rather than formal certification. This gap between empirical performance
and provable guarantees is characteristic of learning-based perception and motivates
continued work on verifiable uncertainty quantification.

Future directions include extending the method to dynamic environments, which
would require estimating obstacle motion alongside position uncertainty. The self-
supervised uncertainty estimation outlined in Algorithm 7 is a general method that
can be coupled with other control or state estimation frameworks beyond CBFs.
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Figure 6.1: The two conditions required of the zeroing manifold: a) controlled
invariance, and b) stable zero dynamics.

C h a p t e r 6

CONSTRUCTIVE NONLINEAR CONTROL OF
UNDERACTUATED SYSTEMS VIA ZERO DYNAMICS

POLICIES

6.1 Introduction
This chapter establishes the theoretical foundations for controlling underactuated
systems through learned manifolds with guaranteed stability. Underactuated sys-
tems pose fundamental challenges to control theory because one cannot directly
command all degrees of freedom. Legged robots, dexterous manipulators, and sys-
tems with strict actuator limits all exhibit passive dynamics that cannot be arbitrarily
shaped through feedback. When these passive dynamics happen to be stable, con-
structive feedback controllers can be synthesized using input-output linearization
[16] or control Lyapunov functions [19]. Stabilizing underactuated systems without
stability assumptions on the passive dynamics remains a challenging open problem.

The framework developed here builds on a key observation: the existence of pas-
sive dynamics does not necessarily imply loss of stabilizability. Achieving stable
behaviors requires careful coordination of the actuated degrees of freedom with
the unactuated ones. The central tool for this coordination is the zero dynamics:
the residual dynamics that remain when all outputs have been driven to zero [10].
Traditional approaches to zero dynamics require the designer to craft output coordi-
nates and then algebraically verify that the resulting zero dynamics are stable. This
guess-and-check procedure arises from the difficulty of finding feedback linearizable
output coordinates that span the complete state space [3].
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This chapter takes a different approach: we treat the outputs as learnable design
variables, enabling stable zero dynamics by construction. We prove that stabilizing
to the zero dynamics surface defined by these learned outputs results in stability
of the overall system, as illustrated in Figure 6.1. The resulting Zero Dynamics
Policies (ZDPs) take the form of a mapping from underactuated states to actuated
states, defining a controlled invariant and stable manifold. ZDPs exemplify how
control-theoretic structure can serve as an inductive bias for learning: rather than
learning a controller directly, we learn the manifold on which a structured controller
achieves guaranteed stability. Pointwise Lyapunov and barrier conditions certify
stability and safety by requiring inequalities to hold at each state; ZDPs provide a
complementary approach where the learned object is a coordinate transformation
that renders stability tractable.

The perspective developed here has origins in the stabilization of non-minimum
phase systems [6, 21, 9] and extends work on Hybrid Zero Dynamics (HZD) for
bipedal walking [22]. These prior methods are often domain-specific and challeng-
ing to synthesize, leading practitioners to turn to optimal control instead. Both
approximate value function feedback [13, 17] and receding horizon Model Predic-
tive Control [5, 8] are common in practice. These methods are useful but provide
limited insight into why stabilizing underactuated systems is fundamentally difficult.
We take inspiration from legged locomotion [11, 7, 14], where mappings between
underactuated coordinates (center of mass position) and actuated coordinates (foot
placement) are central to controller synthesis. The authors exploited this connection
in [15], where planar biped walking was generated by enforcing barrier function cer-
tificates on the zero dynamics manifold through learned output parameters. The goal
of this chapter is to formalize and unify these approaches into a general framework.

Contributions. We make three contributions. First, we prove that for locally
controllable nonlinear systems, a stabilizing ZDP exists and can be constructed
analytically in a neighborhood of the origin. Second, we show that optimal control
provides a constructive method for extending the region of validity of ZDPs beyond
this local neighborhood. Third, we demonstrate on the cartpole system that ZDPs
yield a larger region of attraction than linear methods.

Broader Context. These results establish the theoretical foundations for the hard-
ware experiments that follow. Chapter 7 extends ZDPs to hybrid dynamics with
impacts and demonstrates bipedal walking on the AMBER-3M platform. Chapter 8
develops discrete-time ZDPs for hopping robots and validates the approach with
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over three thousand hops on the ARCHER platform across stairs, ramps, and narrow
bridges.

6.2 Preliminaries
Consider a control-affine nonlinear system:

¤x = fx(x) + gx(x)𝑣 (6.1)

with state x ∈ R𝑛, input 𝑣 ∈ R, and functions fx : R𝑛 → R𝑛 and gx : R𝑛 → R𝑛

assumed to be continuously differentiable on R𝑛. When analyzing underactuated
systems, it will be useful to examine how actuation enters the system dynamics; to
this end, consider an output 𝑦 : R𝑛 → R. In order for the evolution of this output
to be impacted by a controller, the input 𝑣 must appear in a derivative of 𝑦 in a
meaningful way. Now, compute a time derivative of the output:

¤𝑦(x) = 𝜕𝑦

𝜕x
fx(x)︸   ︷︷   ︸

𝐿fx 𝑦(x)

+ 𝜕𝑦
𝜕x

gx(x)︸    ︷︷    ︸
𝐿gx 𝑦(x)

𝑣

where 𝐿fx𝑦 : R𝑛 → R and 𝐿gx𝑦 : R𝑛 → R are the Lie derivatives of the output
𝑦 with respect to the vector fields fx and gx, respectively. If 𝐿gx𝑦(x) ≡ 0, we can
attempt to continue differentiating until a higher derivative is nonzero:

𝑦 (𝛾) (x) = 𝐿
𝛾

fx
𝑦(x) + 𝐿gx𝐿

𝛾−1
fx
(x)𝑣.

Differentiating the output until the input appears is captured in the following notion
of strict relative degree:

Definition 13. [16] An output 𝑦 : R𝑛 → R for the system (6.1) is said to have
relative degree 𝛾 ∈ N at x0 if:

𝐿gx𝐿
𝑘
fx
(x) ≡ 0, 0 ≤ 𝑘 ≤ 𝛾 − 2

and 𝐿gx𝐿
𝛾−1
fx
(x) ≠ 0.

Given an output of relative degree 𝛾 ∈ N, consider the mapping𝚽𝜼 : R𝑛 → N ≜ R𝛾,
defined as:

𝚽𝜼 (x) ≜
[
𝑦(x) ¤𝑦(x) · · · 𝑦 (𝛾−1) (x)

]⊤
. (6.2)

We will subsequently take 𝜼 = 𝚽𝜼 (x) ∈ N to represent coordinates of the output
space. Valid relative degree allows the constructive synthesis of controllers which
exponentially stabilizes the outputs [16], defined as:
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Definition 14. The signal 𝜼(𝑡) is exponentially stable on domain 𝐷 ⊂ N if there
exists 𝑀, 𝜆 > 0 such that:

𝜼0 ∈ 𝐷 =⇒ ∥𝜼(𝑡)∥ ≤ 𝑀𝑒−𝜆𝑡 ∥𝜼0∥.

Lyapunov theory [18] states that exponential stability is one-to-one with the existence
of a control Lyapunov function (CLF) 𝑉 : N → R satisfying:

𝑘1∥𝜼∥2 ≤ 𝑉 (𝜼) ≤ 𝑘2∥𝜼∥2

inf
𝑣

¤𝑉 (x, 𝑣) ≤ −𝑘3𝑉 (𝜼). (6.3)

for 𝑘𝑖 > 0. We define K = {𝑘 (x) | ¤𝑉 (x, 𝑘 (x)) ≤ −𝑘3𝑉 (𝜼)} to be the set of
all output exponentially stabilizing feedback controllers, which is nonempty under
valid relative degree [1]. A common technique to stabilize outputs with valid relative
degree is via feedback linearization:

𝑘fbl(x, 𝑢) =
(
𝐿gx𝐿

𝛾−1
fx
(x)

)−1
(−𝐿𝛾fx

(x) + 𝑢)

for 𝑘fbl : R𝑛 × R → R, with 𝑢 ∈ R the auxiliary input. Under this controller, the 𝜼

dynamics become:

¤𝜼 =

[
0 I
0 0

]
︸ ︷︷ ︸

≜F

𝜼 +
[
0
1

]
︸︷︷︸
≜G

𝑢,

for F ∈ R𝛾×𝛾,G ∈ R𝛾. Once a system’s available outputs are zeroed, the remaining
states evolve on a manifold [10].

In this context, consider a differentiable function h : R𝑛 → R𝑝 with 0 a regular
value, i.e. ℎ(x) = 0 implies 𝜕h

𝜕x is full rank. Then, we have thatM ≜ {x | h(x) = 0}
defines a 𝑛 − 𝑝-dimensional embedded submanifold of R𝑛 [20]. Associated with
such a manifold is the notion of a tangent space. A vector v ∈ R𝑛 is a tangent vector
to a manifoldM at the point x ∈ M, denoted as v ∈ TxM, if:

𝜕h
𝜕x

⊤
v = 0.

This aligns with the classical notions of tangent vectors, as the gradient field of the
function h forms a basis for the annihilator of the tangent space at a point, TxM.

A key property will be the notion of controlled invariance for such a manifold:
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Definition 15. A manifoldM is controlled invariant under the dynamics (6.1) if for
all x ∈ R𝑛 there exists an input 𝑣 ∈ R such that:

fx(x) + gx(x)𝑣 ∈ TxM .

That is, there must exist an input such that the vector field associated with the
dynamics lies in the tangent space of the manifold. Our proposed method aims to
find controlled invariant manifolds with exponentially stable dynamics.

Finally, we introduce the actuation decomposition, which highlights the structure
of actuated and unactuated states. When 𝑦 is valid relative degree, each 𝑦 (𝑖) , for
𝑖 = 0, . . . , 𝛾−1 are linearly independent, and 𝜼 forms a basis for 𝛾 dimensions of R𝑛

[10]. We can construct a set of normal coordinates z ∈ Z ⊂ R𝑛𝑧 , where 𝑛𝑧 = 𝑛 − 𝛾,
via 𝚽z : R𝑛 →Z. This transform is defined such that 𝚽 : R𝑛 → N ×Z given by:[

𝜼

z

]
=

[
𝚽𝜼 (x)
𝚽z(x)

]
≜ 𝚽(x)

is a diffeomorphism, and 𝜕𝚽z
𝜕x gx ≡ 0. For the system (6.1), such coordinates are

guaranteed to exist by Frobenius Theorem [10]. This implies that the z dynamics
are independent of the control input:[

¤𝜼
¤z

]
=

[
F𝜼

𝝎(𝜼, z)

]
︸     ︷︷     ︸

f (𝜻 )

+
[
G
0

]
︸︷︷︸

g(𝜻 )

𝑢 (6.4)

where 𝜻 ≜ (𝜼, z) ∈ X ≜ N ×Z. We deem this transformation an actuation decom-
position; it separates the system states into a set of directly actuated coordinates (𝜼),
and a set of unactuated coordinates (z). As this decomposition takes a central role in
our approach to underactuated control, (6.4) will be the starting point for dynamics
in this paper.

6.3 Zero Dynamics Policies
We propose a differentiable mapping 𝝍 : Z → N , which maps from the under-
actuated states z to desired locations for the actuated states 𝜼. This is motivated
by several results in robotics, such as the Raibert Heuristic, which maps a walking
robot’s center of mass (unactuated) to desired foot positions (actuated). The map-
ping 𝝍 induces an 𝑛𝑧 dimensional submanifold of X via the zero level set of the
function h(𝜼, z) ≜ 𝜼 − 𝝍(z):

M𝝍 ≜ {(𝜼, z) ∈ N ×Z | h(𝜼, z) = 0}, (6.5)
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as 𝜕h
𝜕𝜻 = [I 𝜕𝝍

𝜕z ] is full row rank. With this, we can now introduce the notion of zero
dynamics:

Definition 16. The zero dynamics associated with a controlled invariant manifold
M𝝍 are given by:

¤z = 𝝎(𝝍(z), z).

Required Properties of Zero Dynamics Policies
If the zero dynamics are exponentially stable, we will show that stabilizing toM𝝍

stabilizes the whole system. To this end, we propose the following output:

𝑦 = 𝜂1 − 𝜓1(z), (6.6)

where (·)𝑖 denotes the 𝑖th index. The following assumption is required to ensure 𝑦
can maintain relative degree 𝛾:

Assumption 3. We have that 𝜕𝝎
𝜕𝜂𝑖

= 0 for all 𝑖 = 3, . . . , 𝛾.

This assumption is trivially satisfied for 𝛾 ≤ 2, a case typical for robotic systems.
We now give a condition for the relative degree of (6.6):

Lemma 3. The output 𝑦(𝜻) = 𝜂1 − 𝜓1(z) has valid relative degree 𝛾 if and only if
𝜕𝜓1
𝜕𝑧

𝜕𝝎
𝜕𝜂2

≠ 1.

Proof. Taking derivatives until the input appears yields:

¤𝑦 = 𝜂2 −
𝜕𝜓1
𝜕z

𝝎(𝜼, z)

𝑦 (𝑖) =

(
1 − 𝜕𝜓1

𝜕z
𝜕𝝎

𝜕𝜂2

)
𝜂𝑖+1 +𝑊𝑖 (𝜼1:𝑖, z), (6.7)

𝑦 (𝛾) =

(
1 − 𝜕𝜓1

𝜕z
𝜕𝝎

𝜕𝜂2

)
𝑢 +𝑊𝛾 (𝜼, z)

for 𝑖 = 2, . . . , 𝛾 − 1 and where 𝑊𝑖 : N × Z → R is introduced to hold additional
terms for each derivative , and 𝜼𝑖: 𝑗 = [𝜂𝑖 . . . 𝜂 𝑗 ]⊤. As 𝑢 does not appear until 𝑦 (𝛾) ,
we have that 𝐿g𝐿

𝑖
f𝑦 ≡ 0 for 𝑖 = 0, . . . , 𝛾 − 2, and 𝐿g𝐿

𝑖
f𝑦 = 1 − 𝜕𝜓1

𝜕z
𝜕𝝎
𝜕𝜂2

. Therefore,
the output is relative degree 𝛾 if and only if this term is nonzero. □

In the case 𝛾 = 1, the output (6.6) has valid relative degree one. Importantly, if 𝑦
is valid relative degree, each 𝑦 (𝑖) , for 𝑖 = 0, . . . , 𝛾 − 1 are linearly independent, and
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form a basis for 𝛾 dimensions of X [10]. Defining the error coordinates:

e =

[
𝑦 ¤𝑦 · · · 𝑦 (𝛾−1)

]⊤
∈ E (6.8)

as 𝑦 and its first 𝛾 − 1 derivatives, we can construct the associated zeroing manifold
of the output 𝑦 = 𝜂1 − 𝜓1(z).

Lemma 4. Consider a controlled invariant manifoldM𝝍 and its associated output
𝑦 = 𝜂1−𝜓1(z). If 𝑦 has relative degree, thenM𝝍 is the zeroing manifold associated
with (6.6).

Proof. Valid relative degree implies the existence of a unique zeroing manifoldM,
an 𝑛𝑧 dimensional surface on which e ≡ 0 [10]. BecauseM𝝍 is controlled invariant
with 𝑦 ≡ 0 (implying derivatives of 𝑦 are zero), it is also an 𝑛𝑧 dimensional zeroing
surface; by uniqueness,M =M𝝍 . □

We have shown that a controlled invariant manifold M𝝍 is the zeroing manifold
associated with (6.6) when this output is valid relative degree. If a function 𝝍 can
be found such that the zero dynamics onM𝝍 are also stable, then the system can be
constructively stabilized as follows:

Theorem 10. Consider a relative degree 𝛾 output 𝑦 = 𝜂1 − 𝜓1(z) with zeroing
manifoldM𝝍 . If the zero dynamics ofM𝝍 are exponentially stable, then any output
stabilizing controller k ∈ K renders the full state 𝜻 exponentially stable.

Proof. By Lemma 4, the relative degree of 𝑦 implies that holding e = 0 rendersM𝝍

invariant. SinceM𝝍 has exponentially stable dynamics when rendered invariant,
converse Lyapunov guarantees the existence of 𝑉z(z) satisfying:

𝑘1,𝑧∥z∥2 ≤ 𝑉z(z) ≤ 𝑘2,𝑧∥z∥2

¤𝑉z(z) =
𝜕𝑉z
𝜕z

𝝎(𝝍(z), z) ≤ −𝑘3,𝑧∥z∥2



𝜕𝑉z
𝜕z





 ≤ 𝑘4,𝑧∥z∥

for 𝑘𝑖,𝑧 > 0. Applying any controller 𝑘 (𝜻) ∈ K (nonempty by virtue of valid relative
degree) implies by converse Lyapunov the existence of a Lyapunov function on the
error. Define 𝑉e(e) satisfying:

𝑘1,𝑒∥e∥2 ≤ 𝑉e(e) ≤ 𝑘2,𝑒∥e∥2

¤𝑉e(e) ≤ −𝑘3,𝑒∥e∥2
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for 𝑘𝑖,𝑒 > 0. We then use the implicit function theorem to establish that 𝜼 can be
written as a function of e, z:

𝝃 (e, 𝜼, z) ≜ e −
[
𝑦 ¤𝑦 . . . 𝑦 (𝛾−1)

]⊤
= 0

Observe from (6.7) that 𝜕𝝃
𝜕𝜼 is lower triangular. Furthermore, ( 𝜕𝝃

𝜕𝜼 )1,1 = 1 and
( 𝜕𝝃
𝜕𝜼 )𝑖,𝑖 = (1 − 𝜕𝜓1

𝜕z
𝜕𝝎
𝜕𝜂2
) for 𝑖 = 2, . . . , 𝛾. By assumption of relative degree, the

diagonal elements are nonzero and therefore 𝜕𝝃
𝜕𝜼 is invertible. Therefore, there exists

a function 𝚪 : E ×Z → N such that 𝝃 (e, 𝚪(e, z), z) = 0. We can then redefine the
z dynamics in terms of e via:

𝝎̃(e, z) ≜ 𝝎 (𝚪(e, z), z) = 𝝎(𝜼, z).

Finally, consider the positive definite function 𝑉 (e, z) = 𝜎𝑉e(e) +𝑉z(z), for 𝜎 > 0,
whose time derivative is:

¤𝑉 (e, z) = 𝜎 ¤𝑉e(e) +
𝜕𝑉z
𝜕z

𝝎̃(e, z)

= ¤𝑉e(e) +
𝜕𝑉z
𝜕z

𝝎̃(0, z) + 𝜕𝑉z
𝜕z
(𝝎̃(e, z) − 𝝎̃(0, z))

≤ −𝜎𝑘3,𝑒∥e∥2 − 𝑘3,𝑧∥z∥2 + 𝑘4,𝑧𝐿𝜔∥e∥∥z∥

= −
[
∥e∥
∥z∥

]⊤ [
𝜎𝑘3,𝑒 − 𝑘4,𝑧𝐿𝜔

2
− 𝑘4,𝑧𝐿𝜔

2 𝑘3,𝑧

] [
∥e∥
∥z∥

]
(6.9)

where 𝐿𝜔 is a Lipshitz constant of 𝝎̃. Choosing 𝜎 >
𝑘2

4,𝑧𝐿
2
𝜔

4𝑘3,𝑒𝑘3,𝑧
renders the matrix

positive definite, and the quadratic form (6.9) can be bounded, for 𝜆 > 0:

¤𝑉 (e, z) ≤ −𝜆𝑉 (e, z)

since 𝑉 can be bounded by quadratic functions, certifying that the 𝑉 is a Lyapunov
function by (6.3). Thus, the composite system is exponentially stable under any
controller which exponentially stabilizes the outputs. □

Local Existence of Stabilizing Zero Dynamics Policies
Around the origin, we demonstrate via construction that 𝝍 exists for any locally
controllable nonlinear system. To achieve this, we identify a stable zeroing manifold
for the linear system and leverage the relationship between a nonlinear system and its
linearization to generate an output with stable zero dynamics. To this end, consider
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the linearization of (6.4) about the origin:
¤𝜂1

¤𝜼2:𝛾−1

¤𝜂𝛾
¤z


=


0 1 0 0
0 0 I 0
0 0 0 0

a𝜂1 a𝜂2 0 Az

︸                  ︷︷                  ︸
≜A


𝜂1

𝜂2

𝜼3:𝛾

z


+


0
0
1
0

︸︷︷︸
≜B

𝑢 (6.10)

with a𝜂𝑖 = 𝜕𝝎
𝜕𝜂𝑖
∈ R𝑛𝑧 and Az =

𝜕𝝎
𝜕z ∈ R

𝑛𝑧×𝑛𝑧 . First, we identify a manifold invariant
under a stabilizing controller:

Lemma 5. There exists a nonempty set of controllers which stabilize (6.10) and
induce an 𝑛𝑧 dimensional invariant subspace S such that for each z there exists a
unique 𝜼 such that (𝜼, z) ∈ S.

Proof. By assumption the nonlinear system is locally controllable; therefore (6.10)
is controllable [10]. As such, the system can be stabilized by pole placement.
Let 𝑢 = −K𝜻 be any controller which places the poles at unique locations on the
negative real axis. Then the closed loop system, A−BK, will have 𝑛 unique, linearly
independent eigenspaces [2]. It is therefore possible to pick 𝑛𝑧 distinct eigenvectors
such that the projection onto Z spans the Z subspace. Let v1, . . . , v𝑛𝑧 ∈ R𝑛 be
these eigenvectors. Define

S =

[
v1 . . . v𝑛𝑧

]
Then S = span(S) is an invariant subspace of the closed loop dynamics, since it is
the span of eigenspaces. Given a point z, the corresponding point on S is given by[

𝜼

z

]
= S

( [
0 I

]
S
)−1

z =

[
S⊤𝜼
I

]
z

where S𝜼 =

[
s𝜂1 . . . s𝜂𝛾

]
, with s𝜂𝑖 ∈ R𝑛𝑧 . The matrix inverse is well defined since

S is selected such that its projection onto z coordinates spansZ. □

Remark 4. While Lemma 5 is proven for a specific form of controller (pole place-
ment), nearly all stabilizing controllers will have 𝑛𝑧 dimensional invariant subspaces
which are parameterizable by z. Any such subspace can be chosen, and the resulting
S can be used in the following analysis.

Lemma 5 defines an invariant manifold for the controlled linear system. In order
to appeal to composite stability, there must exist a controller rendering S attractive.
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This can be achieved by constructing an associated output with valid relative degree.
However, from [10], we know that there may exist zeroing manifolds that do not have
valid relative degree. We now show that under the assumption of controllability, S
is the zeroing manifold of a suitable output:

Lemma 6. Consider a 𝑛𝑧 dimensional subspace S satisfying Lemma 5. The output
𝑦 = 𝜂1 − s⊤𝜂1z has valid relative degree 𝛾 and S is the zeroing manifold for this
output.

Proof. Take C ≜
[
1 0 −s⊤𝜂1

]
such that 𝑦 = C𝜻 . Consider the closed loop matrix

A𝑐𝑙 = A − BK. For compactness, define:

𝑚𝑘 ≜ −s⊤𝜂1A
𝑘
z a𝜂1

O𝑘 ≜ −s⊤𝜂1A
𝑘
z

𝑞𝑘 ≜ O𝑘

(
a𝜂1 + Aza𝜂2

)
𝑝 ≜ 1 − s⊤𝜂1a𝜂2

Using these we construct the matrix E ∈ R𝛾×𝑛:

E =



C
CA𝑐𝑙

CA2
𝑐𝑙
...

CA𝛾−1
𝑐𝑙


=



1 0 0 · · · 0 O0

𝑚0 𝑝 0 · · · 0 O1

𝑚1 𝑞0 𝑝 · · · 0 O2
...

...
...

. . .
...

...

𝑚𝛾−2 𝑞𝛾−3 𝑞𝛾−4 · · · 𝑝 O𝛾−1


(6.11)

Observe that for 𝑖 < 𝛾 − 1, CA𝑖
𝑐𝑙

B = 0, as the 𝐸 𝑗 ,𝛾 = 0 for 𝑗 = 1, . . . , 𝛾 − 1. Thus,
the output 𝑦 cannot be of relative degree less than 𝛾. Assume for contradiction that
the output is not relative degree 𝛾. This implies:

𝐿B𝐿
𝛾−1
A𝑐𝑙𝜻

𝑦 = CA𝛾−1
𝑐𝑙

B = 𝑝 = 1 − s⊤𝜂1a𝜂2 = 0. (6.12)

By Lemma 5, S is A𝑐𝑙 invariant - this implies the existence of J ∈ R𝑛𝑧×𝑛𝑧 such
that A𝑐𝑙S = SJ, i.e. the image of S under A𝑐𝑙 is contained in S. As CS = 0,
and CA𝑘

𝑐𝑙
S = CSJ𝑘 = 0 we have that S ∈ ker(E). Furthermore, by (6.12) we

have CA𝛾−1
𝑐𝑙

B = 0, and B ∈ ker(E). Finally, note that B ∉ S, as S contains an
identity block in the lower 𝑛𝑧 rows, while B has a corresponding 0 block. This
implies dim(ker(E)) ≥ dim(span(S,B)) = 𝑛𝑧 + 1. By Rank Theorem, rank(E) +
dim(ker(E)) = 𝑛, and therefore,

rank(E) ≤ 𝑛 − (𝑛𝑧 + 1) = 𝛾 − 1.
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Therefore, E is rank deficient, since it has 𝛾 rows. There is a nontrivial left nullspace;
there exists v = [𝛼0 . . . 𝛼𝛾−1]⊤, such that v⊤E = 0. Without loss of generality1,
we take 𝛼𝛾−1 = 1. As the rightmost block of v⊤E = 0,

O𝛾−1 = −
𝛾−2∑︁
𝑖=0

𝛼𝑖O𝑖 (6.13)

Next, because 𝑝 = 0 by (6.12), v⊤E𝛾−2 = 𝛼𝛾−1𝑞0 = 0, where E𝑖 is the 𝑖’th column
of E. Therefore, 𝑞0 = 0. Applying this logic on rows of E backward to E2 gives:

𝑞𝑖 = 0 ∀𝑖 ∈ {0, . . . , 𝛾 − 3}.

Finally, we demonstrate via induction that 𝑞 𝑗 = 0, for any 𝑗 ∈ N. Assuming that
𝑞 𝑗 = 0, we aim to show that 𝑞 𝑗+1 = −s⊤𝜂1A

𝑗+1
z

(
a𝜂1 + Aza𝜂2

)
= 0. Introduce 𝑞 𝑗+1 by

right-multiplying (6.13) by A𝑘
z (a𝜂1 + Aza𝜂2), for 𝑘 = 𝑗 + 1 − (𝛾 − 1):

𝑞 𝑗+1 = O𝛾−1A𝑘
z (a𝜂1 + Aza𝜂2)

= −
𝛾−2∑︁
𝑖=0

𝛼𝑖s⊤𝜂1A
𝑖+𝑘
z a𝜂1 −

𝛾−2∑︁
𝑖=0

𝛼𝑖s⊤𝜂1A
𝑖+𝑘+1
z a𝜂2 .

By the induction hypothesis 𝑞𝑖 = 0, for 𝑖 = 0, . . . , 𝑗 which can be rearranged:

−s⊤𝜂1A
𝑖
za𝜂1 = s⊤𝜂1A

𝑖+1
z a𝜂2 .

Substituting this for terms 𝑞 𝑗−(𝛾−1) to 𝑞 𝑗 into the right sum:

𝑞 𝑗+1 = −
𝛾−2∑︁
𝑖=0

𝛼𝑖s⊤𝜂1A
𝑖+𝑘
z a𝜂1 +

𝛾−2∑︁
𝑖=0

𝛼𝑖s⊤𝜂1A
𝑖+𝑘
z a𝜂1 = 0.

And the inductive step has been shown. The base case holds trivially for 𝛾 ≥ 3
by the structure of E, and CB = 1 for relative degree one systems (trivially valid
relative degree). It remains to show the base case holds for 𝛾 = 2.

First, examine the fact that S is invariant under A𝑐𝑙 . Expanding AclS = SJ, given
that K = [𝑘𝜂1 𝑘𝜂2 kz]: 

s⊤𝜂2

−𝑘𝜂1s⊤𝜂1 − 𝑘𝜂2s⊤𝜂2 − kz

a𝜂1s⊤𝜂1 + a𝜂2s⊤𝜂2 + Az

 =


s⊤𝜂1J
s⊤𝜂2J

J


1v must have at least one nonzero term since the null space is nontrivial. If 𝛼𝛾−1 = 0, this proof

can be continued by redefining E to omit the last row (or as many as necessary such that the last
element of v is nonzero). Then v can be scaled such that its last entry has magnitude 1.
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Right multiply the second equation by a𝜂2 , and using (6.12):

a𝜂1 + Aza𝜂2 = (I − a𝜂2s𝜂1)Ja𝜂2

And note that left multiplying by s𝜂1 gives:

𝑞0 = s⊤𝜂1 (a𝜂1 + Aza𝜂2) = s⊤𝜂1 (I − a𝜂2s
⊤
𝜂1)Ja𝜂2 = 0

again leveraging s⊤𝜂1a𝜂2 = 1. We have established the based case for induction, for
relative degree 𝛾 = 2.

We now aim to demonstrate the contradiction, by showing that (6.12) leads to the
system losing controllability. Consider the controllability matrix of the system.
Controllability is preserved under feedback, so we examine 𝒞(A,B):

𝒞(A,B) =

0 1 0 . . . 0
I 0 0 . . . 0
0 a𝜂2 Q0 . . . Q𝑛−(𝛾+1)


Q𝑖 = A𝑖

z(a𝜂1 + Aza𝜂2)

We finish by showing the C is in the left null space of 𝒞:

C𝒞 =

[
0 𝑝 𝑞0 . . . 𝑞𝑛−(𝛾+1)

]
= 0

And therefore 𝒞 is not full rank. We have reached contradiction, and 𝑦 must be
relative degree 𝛾. Finally, note that S is the zeroing surface associated with 𝑦 by
Lemma 4. □

Lemma 6 constructs an output and its associated zeroing manifold such that 1) the
output has valid relative degree, and 2), the zeroing manifold is exponentially stable.
Now, we show that the output locally retains both of these properties under the
nonlinear dynamics:

Theorem 11. Given a nonlinear system (6.4), the output 𝑦 = 𝜂1 − s⊤𝜂1z obtained via
linearization in Lemma 6 has valid relative degree and exponentially stable zero
dynamics for the nonlinear system. As such, stabilizing e→ 0 results in stability of
the entire system in a neighborhood of the origin.
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Proof. First, we establish that the output is relative degree 𝛾 for the nonlinear
system. The output has the form 𝑦 = C𝜻 = 𝜂1 − s⊤𝜂1z. By Lemma 3, we have that
𝐿g𝐿

𝑗

f 𝑦(𝜻) ≡ 0 for 𝑗 = 0, . . . , 𝛾 − 2 and:

𝐿g𝐿
𝛾−1
f 𝑦 = 1 − s⊤𝜂1

𝜕𝝎

𝜕𝜂2
.

For relative degree, we need 𝐿g𝐿
𝛾−1
f 𝑦 ≠ 0.

𝐿g𝐿
𝛾−1
f 𝑦 = 1 − s⊤𝜂1

𝜕𝝎

𝜕𝜂2

= 1 − s⊤𝜂1a𝜂2︸     ︷︷     ︸
CA𝛾−1B

+ s⊤𝜂1

(
a𝜂2 −

𝜕𝝎

𝜕𝜂2

)
︸             ︷︷             ︸

≜Δ(𝜻)

where Δ : X → R. Lemma 6 assures that |CA𝛾−1B| ≜ 𝛿 > 0. To guarantee
𝐿g𝐿

𝛾−1
f 𝑦 ≠ 0, we bound |Δ(𝜻) | < 𝛿.

|Δ(𝜻 ) | ≤ ∥s𝜂1 ∥




a𝜂2 −

𝜕𝝎

𝜕𝜂2






Note that the function




a𝜂2 − 𝜕𝝎
𝜕𝜂2




 is continuous and zero at the origin. Therefore,
there exists an 𝜀 > 0 such that



a𝜂2 −

𝜕𝝎

𝜕𝜂2





 ≤ 𝛿

2∥s𝜂1 ∥
∀ (𝜼, z) ∈ 𝐵𝜀 (0, 0)

Inside this epsilon ball, we have |Δ(𝜻) | ≤ 1
2𝛿, and therefore |𝐿g𝐿

𝛾−1
f 𝑦 | > 1

2𝛿.
Locally, the output has valid relative degree for the nonlinear system.

It remains to show that the zeroing manifold, M𝝍 of this output is stable for the
nonlinear system. First, given the error coordinates (6.8), consider 𝜕e

𝜕𝜻 =

[
𝜕e
𝜕𝜼

𝜕e
𝜕z

]
evaluated at the origin. For a row of this matrix,

𝜕

𝜕𝜻
e𝑖
����
𝜻=0

=
𝜕

𝜕𝜻
𝐿𝑖f𝑦

����
𝜻=0

=
𝜕2𝐿

(𝑖−1)
f 𝑦

𝜕𝜻2 f
����
𝜻=0
+ 𝜕

𝜕𝜻
𝐿
(𝑖−1)
f 𝑦

𝜕f
𝜕𝜻

����
𝜻=0

=
𝜕

𝜕𝜻
𝐿
(𝑖−1)
f 𝑦

𝜕f
𝜕𝜻

����
𝜻=0

(6.14)

= CA𝑖
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where the third lines holds by f (0) = 0 and the last equality can be shown by
induction. The base case holds as 𝜕𝑦

𝜕𝜻 = C, and the induction step is given by (6.14).
We have:

𝜕e
𝜕𝜻

����
𝜻=0

=


C
...

CA𝛾−1

 (6.15)

which is precisely the same as (6.11). Therefore, 𝜕e
𝜕𝜼 is lower triangular with nonzero

elements on the diagonal, and is thus invertible. By the implicit function theorem,
there exists 𝝍 : Z → N such that e(𝝍(z), z) = 0. We aim to show that M𝝍 is
stable. Consider that by the implicit function theorem:

𝜕𝝍

𝜕z
= − 𝜕e

𝜕𝜼

−1 𝜕e
𝜕z
. (6.16)

Furthermore, note that since 𝜕e
𝜕𝜻 |𝜻=0 = E, (6.16) also holds for the linearization.

Therefore, at the origin, the tangent space ofM𝝍 for the nonlinear system is equal to
the invariant subspace used by the linearization to design the output, i.e. 𝜕e

𝜕𝜼 |𝜻=0 = S𝜼.
OnM𝝍 we have 𝜼 = 𝝍(z), or equivalently:

𝜼 =
𝜕𝝍

𝜕z

����
𝜻=0

z +
(
𝝍(z) − 𝜕𝝍

𝜕z

����
𝜻=0

z

)
= S𝜼z +

(
𝝍(z) − S𝜼z

)︸          ︷︷          ︸
𝚪(z)

By mean value theorem, there exists 𝜀 > 0 such that inside a ball 𝐵𝜀 (0, 0) we have

∥Γ(z)∥ ≤ 𝑁Γ (𝜀)∥z∥

With 𝑁Γ (𝜀) → 0 as 𝜀 → 0.

Finally, given that the surfaceS is stable under the linearized dynamics from Lemma
5, converse Lyapunov guarantees the existence of a function 𝑉z(z) satisfying

𝑘1∥z∥2 ≤ 𝑉z(z) ≤ 𝑘2∥z∥2

¤𝑉z(z) =
𝜕𝑉z
𝜕z

(
a𝜂1s𝜂1 + a𝜂2s𝜂2 + Az

)
z

≤ −𝑘3∥z∥2



𝜕𝑉z
𝜕z





 ≤ 𝑘4∥z∥
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for 𝑘𝑖 > 0. We aim to show that this function is also a Lyapunov function for the
dynamics on the nonlinear zeroing manifold, where (𝜼, z) = (𝝍(z), z). To this end,
define Ã ∈ R𝑛𝑧×𝑛𝑧 and 𝚫1,𝚫2 : Z → R𝑛𝑧 :

Ã = a𝜂1s𝜂1 + a𝜂2s𝜂2 + Az

𝚫1(z) = 𝝎
(
S𝜼z, z

)
− Ãz

𝚫2(z) = 𝝎 (𝝍(z), z) − 𝝎
(
S𝜼, z

)
Differentiate 𝑉z under the nonlinear dynamics:

¤𝑉z =
𝜕𝑉z
𝜕z

𝝎 (𝝍(z), z)

=
𝜕𝑉z
𝜕z

Ãz + 𝜕𝑉z
𝜕z
(𝚫1(z) + 𝚫2(z))

Noting that 𝚫1(z) is the error in the linearization of 𝝎 on the linear surface S, it can
be bounded using mean value theorem as ∥𝚫1(z)∥ ≤ 𝑁1(𝜀)∥z∥. Similarly, 𝚫2 can
be bounded using Lipschitz continuity of 𝝎, and the fact that 𝝍(z) − S𝜼z = 𝚪(z) to
obtain ∥𝚫2(z)∥ ≤ 𝐿𝝎𝑁Γ (𝜀)∥z∥ = 𝑁2(𝜀)∥z∥. Letting 𝑁 (𝜀) = 𝑁1(𝜀) + 𝑁2(𝜀), we
have 



𝜕𝑉z

𝜕z
(𝚫1(z) + 𝚫2(z))





 ≤ 



𝜕𝑉z
𝜕z





 (∥𝚫1(z)∥ + ∥𝚫2(z)∥)

≤ 𝑘4𝑁 (𝜀)∥z∥2

Choosing 𝜀 > 0 such that 𝑁 (𝜀) < 𝑘3
2𝑘4

, we have

¤𝑉z(z) ≤ −𝑘3∥z∥2 + 𝑘4𝑁 (𝜀)∥z∥2

≤ − 𝑘3
2
∥z∥2

Therefore, we see that 𝑉z is a Lyapunov function on the nonlinear zeroing manifold,
with a sufficiently small ball around the origin. We have successfully demonstrated
that 𝝍 has the required properties to apply Theorem 10 and conclude local exponen-
tial stability of the composite system. □

This proof uses linearization to design an output which has desirable properties.
Locally, the zeroing manifold for this output M𝝍 is close to the linear systems
zeroing manifold (captured by 𝚫2), and the zero dynamics are close to the dynamics
of the linear system (captured by 𝚫1). Sufficiently close to the origin, relative degree
and stability ofM𝝍 are retained for the nonlinear system.
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It is important to emphasize that Theorem 11 gives a completely constructive method
for stabilizing a broad class of underactuated systems using output stabilization. In
the results section, we demonstrate this constructive method on a canonical example
of underactuation, the cartpole.

6.4 Optimal Control for Learning Zero Dynamics Policies
While the linearization of a system about equilibrium can be used to construct
locally stabilizing controllers, it is desirable to obtain larger regions of attraction,
and leverage the nonlinear dynamics of the system. Therefore, we aim to construct
M𝝍 satisfying controlled invariance and stability.

Optimal Control for Stabilization
As asymptotic stability is a necessary condition for optimality [12], we leverage
optimal control to findM𝝍 . Consider the infinite-time optimal control problem:

𝑉 (𝜻0) ≜ min
𝜻 ,𝑢

∫ ∞

0
𝑐(𝜻 (𝑡), 𝑢(𝑡))𝑑𝑡 (6.17)

s.t. ¤𝜻 = f (𝜻 ) + g(𝜻)𝑢

where 𝑉 : X → R is the value function and 𝑐 : X × U → R is a positive definite
cost function. In order to apply Theorem 10, we will require exponential stability
on the manifold. Therefore, we begin by stating conditions under which the optimal
controller is exponentially stabilizing:

Theorem 12. Let𝑉 (𝜻 ) be the value function for the optimal control problem defined
(6.17), with quadratic cost 𝑐(𝜻 , u) = 𝜻⊤Q𝜻 + 𝑟𝑢2, with Q ∈ R𝑛×𝑛 positive definite,
𝑟 > 0 and compact state space X. The nonlinear system is exponentially stable
under the optimal controller.

Proof. In a sufficiently small ball around the origin, the LQR approximation of the
optimal controller, obtained by linearizing the dynamics about equilibrium, will be
exponentially stabilizing for the nonlinear system [16], as it locally satisfies input
bounds. This implies constants 𝑀𝐿𝑄𝑅, 𝜆𝐿𝑄𝑅, 𝛿 > 0 such that:

∥𝜻0∥ ≤ 𝛿 =⇒ ∥𝜻 (𝑡)∥ ≤ 𝑀𝐿𝑄𝑅𝑒
−𝜆𝐿𝑄𝑅𝑡 ∥𝜻0∥

We aim to show that the trajectory emanating from an arbitrary initial condition
𝜻0 ∈ 𝐵𝛿 (0) is exponentially stable. For any 𝑀, 𝜆 > 0, consider the set:

𝑇 = {𝑡 ≥ 0 | ∥𝜻 (𝑡)∥ > 𝑀𝑒−𝜆𝑡 ∥𝜻0∥}
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We condition on whether there is an upper bound to the elements of 𝑇 :

Case 1: There exists an upper bound 𝑇 such that 𝑡 < 𝑇 for all 𝑡 ∈ 𝑇 . Then consider
the maximum violation ratio

𝑟 = sup
𝑡∈𝑇

∥𝜻 (𝑡)∥
𝑀𝑒−𝜆𝑡 ∥𝜻0∥

≤ 𝐵

𝑀𝑒−𝜆𝑇 ∥𝜻0∥

Take 𝑟 = 1 if 𝑇 is empty. Then:

∥𝜻 (𝑡)∥ ≤ 𝑟𝑀𝑒−𝜆𝑡 ∥𝜻0∥

implying the trajectory is exponentially stable.

Case 2: There is no upper bound on the elements in 𝑇 . We will establish 𝑉 (𝜻 )
is a Lyapunov function certifying exponential stability of the trajectory. Bound the
decrease:

¤𝑉 (𝜻) = −
(
𝜻⊤Q𝜻 + 𝑟𝑢2

)
≤ −𝜆(Q)∥𝜻 ∥2 (6.18)

Next, bound 𝑉 above by a quadratic function. Because LQR is suboptimal for the
nonlinear system, applying it can only increase the cost relative to 𝑉 (𝜻):

𝑉 (𝜻0) ≤
∫ ∞

0
𝜻⊤Q𝜻 + 𝑟 (K𝜻)2𝑑𝑡

≤
∫ ∞

0
(𝜆(Q) + 𝑟𝜆(K⊤K))∥𝜻 ∥2𝑑𝑡

≤
∫ ∞

0
(𝜆(Q) + 𝑟𝜆(K⊤K))𝑀2

𝐿𝑄𝑅𝑒
−2𝜆𝑡 ∥𝜻0∥2𝑑𝑡

=
(𝜆(Q) + 𝑟𝜆(K⊤K))𝑀2

𝐿𝑄𝑅

2𝜆𝐿𝑄𝑅
∥𝜻0∥2

with 𝜆, 𝜆 the maximum and minimum eigenvalues respectively. Finally, lower bound
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𝑉 (𝜻) by a quadratic.

𝑉 (𝜻0) =
∫ ∞

0
𝜻⊤Q𝜻 + 𝑟𝑢2𝑑𝑡

≥
∫
𝑇

𝜆(Q)∥𝜻 ∥2𝑑𝑡

≥ 𝜆(Q)𝑀2∥𝜻0∥2
(∫
𝑇

𝑒−2𝜆𝑡𝑑𝑡

)
= 𝜆(Q)𝑀2∥𝜻0∥2

(∫ ∞

0
𝑒−2𝜆𝑡𝑑𝑡 −

∫
R≥0\𝑇

𝑒−2𝜆𝑡𝑑𝑡

)
= 𝜆(Q)𝑀2

(
1

2𝜆
− 𝑐

)
∥𝜻0∥2

whereR≥0\𝑇 is the set difference between the nonnegative reals and𝑇 , and 1
2𝜆−𝑐 > 0

as both integrals integrate over the same strictly positive function, but the right
integral does so over a smaller domain. The bounds hold at each point on the
trajectory, and 𝑉 is a Lyapunov function certifying exponential stability of the
trajectory.

We now extend this claim over the compact state space X. At 𝑉 ≻ 0 and ¤𝑉 ≺ 0, we
have that the optimal controller is asymptotically stabilizing [12]. By compactness
of X and (6.18), the time for a trajectory to enter 𝐵𝛿 (0) is bounded by:

𝑇max =
sup𝜻0∈X 𝑉 (𝜻0)

inf𝜻0∈X\𝐵𝛿 (0) ¤𝑉 (𝜻0)
≤

sup𝜻0∈X 𝑉 (𝜻0)
𝜆(Q)𝛿2

Because trajectories in 𝐵𝛿 (0) converge exponentially:

∥𝜻 (𝑡)∥ ≤ 𝑀𝑒−𝜆(𝑡−𝑇max) ∥𝜻 (𝑇max)∥ ∀𝑡 > 𝑇max

By compactness ofX, trajectories are bounded by ∥𝜻 ∥ ≤ 𝐵, and the whole trajectory
can be bounded exponentially:

∥𝜻 (𝑡)∥ ≤ max{𝑀, 𝐵}𝑒𝜆𝑇max

min{1, 𝛿} 𝑒−𝜆𝑡 ∥𝜻0∥

The optimal controller is exponentially stabilizing. □

Learning Zero Dynamics Policies
We propose learning 𝝍 soM𝝍 is controlled invariant and stable. Let 𝑢∗(𝜻) solve
the optimal control problem (6.17). Then M𝝍 is invariant under 𝑢∗(𝜻) if for
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Figure 6.2: Zero Dynamics Policies (ZDPs) compared to LQR for the nonlinearly
damped cartpole. Left: Simulated initial conditions for the cartpole, where LQR
has slow response times and instabilities. Right: Region of attraction (𝑥 = ¤𝑥 = 0)
for the two methods, as well as pendulum angle over time.

𝜻𝝍 = (𝝍(z), z): [
I − 𝜕𝝍

𝜕z

] [
f̂ (𝜻𝝍) + ĝ(𝜻𝝍)𝑢∗(𝜻𝝍)

𝝎(𝜻𝝍)

]
= 0

Given a neural network parameterization of 𝝍𝜽 , we define the loss function:

L(𝜽) = E
z∼𝐷





f̂ (𝜻𝜽) + ĝ(𝜻𝜽)𝑢∗(𝜻𝜽) −
𝜕𝝍𝜽

𝜕z
𝝎(𝜻𝜽)





 (6.19)

for 𝜻𝜽 = (𝝍𝜽 (z), z). Zero loss implies invariance ofM𝝍 under the optimal control
which gives stability, by Theorem 12. We minimize this loss using stochastic
gradient descent.

Application to the Cartpole
We deploy the ZDPs on a classic underactuated system: the cartpole. We add
nonlinear damping to the base coordinates of the form 𝑑 ( ¤𝑥) = 𝜎( ¤𝑥) ¤𝑥where𝜎( ¤𝑥) = 0
if | ¤𝑥 | < 1𝑒−3 and 1 otherwise. This helps explore the effect of nonlinearities on
the degradation of LQR performance, and how our nonlinear method compares.
We take Q = I and r = 0.01. The ZDP policy was trained in the JAX module
using iLQR to approximate 𝑢∗ and its gradient for training. A 2 layer, 256 neuron
feedforward neural network with ReLU activations was pretrained with LQR and
then minimized (6.19). We stabilizedM𝝍 with a PD controller and a feedforward
term. Our code can be found at [4].

Observe the performance of LQR versus ZDPs in Figure 6.2. Even for initial
conditions close to the origin and within the domain of attraction of LQR, the
modified cartpole’s unstable nonlinear damping significantly slowed the controller’s
by inducing oscillations. In comparison, ZDPs have smoother behavior and a larger
region of attraction.
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6.5 Discussion
This chapter established a theoretical foundation for Zero Dynamics Policies as a
constructive method for stabilizing underactuated systems. The central result is that
for any locally controllable nonlinear system, there exists a mapping from unactuated
to actuated states such that stabilizing to the induced manifold guarantees full-state
stability. The proof is constructive: linearization yields an explicit ZDP valid near
the origin, and optimal control extends this to larger domains.

ZDPs exemplify the second strategy for structure-aware learning identified in Chap-
ter 1: learning inputs to structured controllers. The optimal controller provides
stability guarantees through Theorem 12; learning provides the manifold parameter-
ization that makes this structure applicable globally. The invariance loss (6.19) has
the same pointwise character as the Lyapunov and barrier losses in Chapters 2 and 3:
we sample states and penalize local condition violations rather than rolling out tra-
jectories. Like the Koopman methods of Chapter 4, ZDPs seek coordinates that
simplify control, though ZDPs exploit underactuation structure to reduce dimension
rather than lifting to achieve linearity.

Several limitations constrain the present results. The analysis assumes continuous-
time dynamics without impacts or mode switches, whereas legged locomotion and
dexterous manipulation involve hybrid dynamics. The cartpole demonstration is
canonical but does not exhibit these phenomena. The existence proof provides
only local guarantees; while optimal control extends the region empirically, we lack
theoretical characterization of how large this region can be.

Subsequent chapters address these limitations. Chapter 7 applies barrier functions
on zero dynamics for bipedal locomotion with hardware validation on AMBER-3M.
Chapter 8 develops discrete-time ZDPs for hybrid systems with impacts, achieving
robust hopping on the ARCHER platform. These extensions demonstrate that the
continuous-time foundations established here translate to hybrid robotic systems.
Application to dexterous manipulation, where object pose forms the unactuated
coordinates, remains unexplored future work.
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C h a p t e r 7

LEARNING BIPEDAL LOCOMOTION VIA CBFS AND ZDPS

7.1 Introduction
This chapter extends the Zero Dynamics Policy framework developed in Chapter 6
to hybrid dynamical systems with impacts, demonstrating stable bipedal locomotion
on hardware. Chapter 6 established that for continuous-time underactuated systems,
there exist mappings from unactuated to actuated states such that stabilizing to the
induced manifold guarantees full-state stability. Walking robots present a more chal-
lenging setting: the dynamics alternate between continuous evolution and discrete
impact events as feet make and break contact with the ground. This chapter devel-
ops a learning-based approach for synthesizing Zero Dynamics Policies that satisfy
control barrier function certificates across both continuous and discrete phases of
locomotion.

Bipedal locomotion poses fundamental challenges due to the compounded complex-
ity of underactuation and hybrid dynamics. Underactuation makes the application
of classic nonlinear control approaches challenging, necessitating the use of offline
optimization to generate periodic walking gaits. Due to the combinatorics of contact
conditions resulting from the hybrid dynamics, feasibility of this optimization prob-
lem requires either fixing the contact times and positions (which can be vulnerable
to perturbations) or expensive planning through the set of possible contact points.
Pushing this offline optimization problem online allows for reactive controllers but
requires the use of reduced-order models that limit formal guarantees. Despite im-
pressive implementations that achieve bipedal walking in practice, general bipedal
locomotion with formal performance guarantees remains an open problem.

Prior Work in Control. In the control literature, bipedal locomotion follows two
general branches: walking with guarantees of stability and predictive control ap-
proaches. Walking with guarantees usually relies on solving optimization programs
offline to generate stable (periodic) gaits [13]. Above all, this approach relies on
constraining walking to be a periodic orbit with assumed exponential stability on
the underactuated coordinates of the robot. This underlying assumption can be
problematic in safety critical settings when the gait must satisfy hard constraints
such as staying on predetermined stepping stones [9, 21] and also precludes dif-
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ferent walking modes such as period-two walking and, more generally, aperiodic
locomotion [32, 4]. This is particularly important given that disturbance rejection
can require aperiodic behaviors [24].

Predictive control approaches avoid these limitations by planning trajectories and/or
policies online, and have shown great promise for quadrupedal robots [10, 11].
Their application to bipedal robots is comparatively sparse, and has predominantly
required static stability [29, 26] or simplified models to mitigate the computational
complexity [17, 5, 31]. This leads to challenges when seeking formal guarantees
for dynamic bipedal locomotion in the presence of model mismatch between the
planning and low-level control layers.

Prior Work in Learning. Prior work in machine learning has produced impressive
results towards realizing legged locomotion using reinforcement learning [19, 27, 6,
12]. These methods use relatively simple reward functions along with sophisticated
simulations to generate large amounts of data to train a policy capable of traversing
a variety of terrains. Still, these algorithms can be fragile when facing environments
outside of the training dataset and are data inefficient due to not exploiting the full
dynamics structure. These challenges make it difficult to reliably apply these meth-
ods on complex hardware systems. Other approaches use reinforcement learning
to train parameterizations of CBF-CLF Quadratic Program controllers [8, 9]. The
approach developed here differs in that we learn the projection of modeling error
onto the zero dynamics rather than onto CLF and CBF constraints, and we specify
barrier conditions that imply walking as emergent behavior rather than tracking a
desired trajectory.

Contributions. The Neural Gaits framework synthesizes walking policies by train-
ing on pointwise barrier conditions rather than optimizing a reward function. The
Barrier Loss defined in Definition 18 penalizes pointwise violations of the CBF
condition across sampled states; zero loss implies forward invariance of the safe set
(Theorem 14). This approach connects directly to Chapter 6: the learned policy
parameters 𝜽 define Zero Dynamics Policies through the output function 𝒚𝑑 (𝒛; 𝜽),
with full-state stability following from Theorem 15 when the barrier conditions are
satisfied.

Three benefits follow from this formulation. First, training policies over a buffered
guard region S𝜖 rather than a nominal impact surface certifiably handles impact
timing uncertainty. Second, operating on the two-dimensional zero dynamics rather
than the ten-dimensional full state improves data efficiency while retaining formal
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Figure 7.1: A depiction of the Neural Gaits framework. Left: Designing barrier
function candidates that formally describe walking. Middle: Training a policy
capable of satisfying all barrier conditions in the zero dynamics state space. Right:
Collecting hardware data to train a residual zero dynamics model, then refining the
policy episodically.

guarantees for the full-order system (Section 7.3). Third, characterizing walking as
set invariance rather than convergence to a periodic orbit accommodates aperiodic
locomotion and multi-period gaits.

The framework consists of two learning modules iterated episodically. The first
trains a policy to minimize barrier condition violations using the Monte Carlo
approach of LyaNet [25], extended from Lyapunov to barrier functions. The second
trains a residual dynamics model on hardware data using Neural ODEs [7] to correct
for model mismatch. Experiments on the AMBER-3M platform [1] demonstrate
walking under significant model uncertainty, with barrier satisfaction improving
across episodes. To the best of our knowledge, this is the first demonstration of
integrated learning and control for bipedal locomotion with stability guarantees.

7.2 Preliminaries
We provide a brief introduction of zero dynamics, hybrid dynamical systems, and
control barrier functions, which are necessary fundamentals to understand the pro-
posed formulation in Section 7.3.

Output and Zero Dynamics
Consider the general nonlinear ordinary differential equation:

¤𝒙 = 𝒇 (𝒙, 𝒖), 𝒙(0) = 𝒙0, (7.1)
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with states 𝒙 ∈ X ⊆ R𝑛, inputs 𝒖 ∈ U ⊆ R𝑚, and dynamics 𝒇 : X ×U → R𝑛 with
𝒇 locally Lipschitz in both arguments. For mechanical systems, we specialize to the
control-affine case:

¤𝒙 = 𝒇 (𝒙) + 𝒈(𝒙)𝒖, (7.2)

where 𝒇 : X → R𝑛 and 𝒈 : X → R𝑛×𝑚 are assumed to be locally Lipschitz.
Denoting a parameter in a parameter space 𝜽 ∈ 𝚯, we can define a collection of 𝑘
outputs 𝒚 : X ×𝚯→ R𝑘 parameterized by 𝜽 that we would like to converge to zero
as:

𝒚(𝒙; 𝜽) = 𝒚𝒂 (𝒙) − 𝒚𝒅 (𝒙; 𝜽), (7.3)

where 𝒚𝒂 : X → R𝑘 are the measured outputs, and 𝒚𝒅 : X×𝚯→ R𝑘 are the desired
outputs. For locomotion, the outputs are typically taken either as joint angles (as
done in this work), or as center of mass and foot positions. For the policy 𝒚𝑑 learned
in this work and shown in the center block of Figure 7.1, 𝜽 corresponds to neural
network parameters. Although all the concepts may be extended to systems with
valid decomposition into output and zero dynamics coordinates (which includes all
mechanical systems), for simplicity the remainder of the exposition will be restricted
to the setting used in this work, namely with 𝑘 = 4 and 𝒚𝑎 taken to be the actuated
joint angles of the robot. For a complete description of output coordinates and zero
dynamics, we refer to [16].

Given these outputs 𝒚, we can separate the actuated and the unactuated coordinates
for the robot, which are shown in Figure 7.2a. As these outputs are vector relative
degree 2, we can define error coordinates 𝜼𝑖 : X → N𝑖 ⊆ R2 for 𝑖 = 1, . . . 4
as 𝜼𝑖 =

[
𝑦⊤
𝑖
, ¤𝑦⊤

𝑖

]⊤
, as well as the collection of errors 𝜼 =

[
𝜼⊤1 , . . . , 𝜼⊤4

]⊤
.

Then, there exist 2 linearly independent functions 𝑧𝑖 : X → Z𝑖 ⊆ R for 𝑖 = 1, 2
such that ∇x𝑧𝑖 (𝒙)𝑔(𝒙) ≡ 0, and ∇𝒙𝑧𝑖 (𝒙) is linearly independent from ∇𝒙𝜂𝑖, 𝑗 (𝒙) for
𝑖 = 1, . . . , 4 and 𝑗 = 1, 2. We can then construct a diffeomorphism1 𝚽 : X ×𝚯→
N ×Z: [

𝜼

𝒛

]
=

[
𝚽𝜼 (𝒙; 𝜽)
𝚽𝒛 (𝒙)

]
≜ 𝚽(𝒙; 𝜽), 𝒙 = 𝚽−1

([
𝜼

𝒛

]
; 𝜽

)
,

1. This is differentiable in the first argument and differentiable almost everywhere in the second
argument.
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Figure 7.2: a) The continuous and discrete phases of the robot, with actuated (𝜼) and
unactuated (𝒛) coordinates depicted. b) The diffeomorphism𝚽, and the relationship
between state space coordinates and output/zero dynamics coordinates.

as shown in Figure 7.2b. Under this coordinate transformation, the system dynamics
become: [

¤𝜼
¤𝒛

]
=

[
𝒇 (𝜼; 𝜽) + 𝒈̂(𝜼; 𝜽)𝒖

𝝎(𝜼, 𝒛; 𝜽)

]
, (7.4)

where 𝒇 , 𝒈̂ and 𝝎 are the projection of the dynamics through the diffeomorphism
𝚽.

The zero dynamics manifoldZ ⊂ X is thus the space where errors have been driven
to zero:

Z = {𝒙 ∈ X : 𝜼(𝒙) = 0},

as seen in Figure 7.2a. Observe that for 𝒛 ∈ Z, we have that ¤𝒛 = 𝝎(0, 𝒛; 𝜽). The
power of the method of zero dynamics lies in that it allows for guarantees about
the full nonlinear dynamics by considering only a subspace of significantly smaller
dimensionality [16]. Notice that although the input does not appear in the zero
dynamics 𝝎 in (7.4), the parameters of the policy 𝜽 do. This realization motivates
the use of the policy as a way to influence the zero dynamics and enforce the
desired barrier functions, as introduced below. Finally, in this work we will learn
residual dynamics 𝜀(𝒛) on the zero dynamics manifold for a corrected zero dynamics
¤𝒛 = 𝝎(0, 𝒛) + 𝜀(𝒛) that compensate for modeling error. This process is captured in
the episodic iteration of Figure 7.1.

Hybrid Dynamics
Walking consists of continuous evolution with discrete impacts occurring as contact
is made and broken (e.g, the feet with the ground). This sequence of continuous
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Figure 7.3: a) The guard S, reset map Δ(S), and safe set CZ are visualized in the
state space decomposed into output N and zero dynamics Z coordinates. b) A
safe set defined as regions of the state space (gray square) where ℎ is positive (blue
region). Satisfying the CBF condition implies that the flows/discrete updates of the
system will not leave the safe set (although may approach the boundary). Violations
imply a flow that could potentially leave the safe set.

and discrete dynamics is shown in Figure 7.3a can be modeled in the language of
hybrid systems as:

ℋ𝒞 =


¤𝒙 = 𝒇 (𝒙) + 𝒈(𝒙)𝒖 𝒙 ∈ D\S

𝒙+ = Δ(𝒙−) 𝒙 ∈ S ⊂ D,

where D ⊂ X is the domain where 𝒙(𝑡) evolves. The guard, S ⊂ X, corresponds
to the set of states where the foot comes in contact with the floor. The reset map,
Δ : S → D models the instantaneous sign flip of velocities observed when two
rigid bodies collide (the foot with the ground). Furthermore, ℋ𝒞 can be projected
through the diffeomorphism 𝚽 to exploit the decomposition into output and zero
dynamics. For more details, we refer to [30].

Control Barrier Function Certificates
Barrier function certificates allow us to make the notion of safety rigorous in the
context of the dynamical system in Equation (7.1). We begin by specifying a set
that we wish to render safe:

C = {𝒙 ∈ X : ℎ(𝒙) ≥ 0} ⊂ X, (7.5)

where ℎ : X → R is a continuously differentiable function. In the case of bipedal
walking, safe sets can describe conditions such as admissible torso angles and
reasonable foot placement as shown in the first block of Figure 7.1. We assume
that the compact set C is nonempty, has a non-empty interior, and does not contain
isolated fixed-points. We say that C is safe or forward invariant if 𝑥(𝑡0) ∈ C implies
that 𝑥(𝑡) ∈ C for all 𝑡 ≥ 𝑡0. With this, we have the following condition for safety
(see [3] for a brief history of this approach):
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Definition 17 (Control Barrier Function (CBF), [2]). Consider C as defined in
Equation (7.5) where the continuously differentiable function ℎ has nonvanishing
gradients 𝐷ℎ(𝒙) ≠ 0 for all 𝒙 in the boundary of C defined as 𝜕C = {𝒙 ∈ X :
ℎ(𝒙) = 0}. The function ℎ is a Control Barrier Function (CBF) for Equation (7.1)
on C if there exists 𝛼 ∈ K∞,𝑒 such that for all 𝒙 ∈ C:

¤ℎ(𝒙) = 𝜕ℎ

𝜕𝒙
(𝒙) 𝒇 (𝒙, 𝒖) ≥ −𝛼(ℎ(𝒙)). (7.6)

A function 𝛼 is in the family of class-K∞,𝑒 functions if for all 𝑎 < 𝑏, 𝛼(𝑎) < 𝛼(𝑏),
𝛼(0) = 0, lim𝑎→∞ 𝛼(𝑎) = ∞ and lim𝑎→−∞ 𝛼(𝑎) = −∞. In defining the CBF, we
can parameterize the set of all feedback controllers guaranteeing safety as:

𝐾𝑐𝑏 𝑓 (𝒙) =
{
𝒖 ∈ U : ¤ℎ(𝒙, 𝒖) ≥ −𝛼(ℎ(𝒙))

}
. (7.7)

Similarly, this notion can be extended to discrete-time dynamical systems via:

Δℎ(𝒙𝑘 , 𝒖𝑘 ) ≜ ℎ(𝒙𝑘+1) − ℎ(𝒙𝑘 ) ≥ −𝛾ℎ(𝒙𝑘 ), 0 < 𝛾 ≤ 1, (7.8)

as seen in Figure 7.3b. This leads to the following necessary and sufficient condition
for safety:

Theorem 13 (Control Barrier Function Certificates, [2]). Given a feedback con-
troller 𝒖 = 𝑘 (𝒙), the set C is safe if and only if 𝒖(𝒙) ∈ 𝐾𝑐𝑏 𝑓 (𝒙).

7.3 Neural Gaits: Locomotion as a Barrier Satisfiability Problem
We now present our Neural Gaits approach, as depicted in Figure 7.1. Instead
of taking a controller-design perspective, we will take one of reference trajectory
design – specifically, we fix a controller structure 𝒖(𝒙; 𝜽), which is parameterized
by 𝜽 through the definition of 𝒚(𝒙; 𝜽). Our method relies on the assumption that
good walking can be characterized as a forward invariant set. Thus, the first step of
the method requires us to define a set of barrier functions that imply good walking.
In the following discussion, we will only consider barrier functions defined on the
zero dynamics surface, i.e. ℎ : Z → R as defined when the error coordinates are
zero (𝜼 = 0). Importantly, the guarantees made on Z ⊂ X have relevance to the
full state space, as is made precise in Section 7.3.

After constructing a collection of barrier functions, we train a policy 𝒚𝒅 that ensures
the system stays safe by minimizing the violation of the barrier function conditions
(7.6) and (7.8) over regions of the state space. The resulting policy renders the
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intersection of the safe set for all barriers forward invariant. Finally, to mitigate
model mismatch, we train a residual term 𝜀(𝒛) on the zero dynamics. These
corrected zero dynamics are then used to refine the existing policy episodically until
the desired walking performance is achieved.

Learning the Policy 𝒚𝒅

Our learning approach builds upon and unifies two lines of work. The first studies
how to characterize good walking behavior as set invariance via a collection of
barrier function candidates [4]. The second studies how to train neural ODEs to
satisfy control-theoretic properties such as Lyapunov stability [25], which we extend
to the barrier setting.

Learning in the Zero Dynamics.

Recall from Section 7.2 that the error and zero dynamics coordinates are computed
from the states using the diffeomorphism 𝚽, which only depends on the policy
through 𝚽𝜼. We thus parameterize the policy as a function of the projection of the
state onto the zero dynamics manifold and parameters 𝜽, i.e. 𝒚𝒅 (𝒙) = 𝒚𝒅 (𝚽𝒛 (𝒙); 𝜽).
In other words, 𝒚𝑑 only depends on the unactuated degrees of freedom of the system
(e.g., the unactuated joint in Figure 7.2) rather than the full state. Therefore, when
there is no error (i.e. 𝜼 = 0) we have that 𝒛 ∈ Z with dynamics ¤𝒛 = 𝝎(0, 𝒛; 𝜽).
Note, importantly, that even when the error coordinates are zero, the zero dynamics
are still a function of 𝒚𝒅 and therefore 𝜽. This implies that the zero dynamics are
influenced by the parameters of the policy even though the control inputs are not
present in 𝝎.

Learning to Satisfy Barrier Conditions.

Taking inspiration from [14] and [4], we assume that walking can be characterized
as set invariance via a collection of barrier function candidates H = {ℎ𝑖}𝑁𝑖=1 (see
Table 7.1 discussed later in Section 7.3). To each ℎ𝑖, we associate a region at risk
S𝑖 ⊆ Z where the barrier function is enforced. We define a set of neural network
parameters that render the region at risk safe under the barrier definition:

𝚯𝑖 = {𝜽 ∈ 𝚯 : ∀𝒛∈S𝑖

¤ℎ𝑖 (𝒛; 𝜽) ≥ −𝛼(ℎ𝑖 (𝒛; 𝜽))}. (7.9)

In other words, each 𝚯𝑖 corresponds to the set of policy parameters that render the
set S𝑖 safe.
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Thus, our learning problem is equivalent to finding a set of parameters 𝜽 ∈ ⋂𝑁
𝑖=1 𝚯𝑖

that render the system safe in all regions at risk. Similar to the Lyapunov Loss
studied in [25], we introduce the concept of Barrier Loss as a learning signal for
training:

Definition 18 (Barrier Loss). For a set of barrier function candidatesH = {ℎ𝑖}𝑁𝑖=1
and corresponding regions at risk S𝑖 ⊂ Z on the zero dynamics, a Barrier Loss,
L : 𝚯→ R≥0, is defined as:

L(𝜽) =
𝑁∑︁
𝑖=1

∫
S𝑖

max{0,−¤ℎ𝑖 (𝒛; 𝜽) − 𝛼(ℎ𝑖 (𝒛; 𝜽))}𝑑𝒛. (7.10)

When a choice of parameters 𝜽 achieves zero Barrier Loss, then the safety of the
zero dynamics is guaranteed by satisfying the forward invariance condition of the
barrier functions:

Theorem 14 (Zero Barrier Loss Implies Safety of Zero Dynamics). The zero
dynamics is guaranteed to be safe in all its regions at risk if and only if we find a 𝜽∗

that attains L(𝜽∗) = 0.

Proof. Notice that for all 𝑖 ∈ {1 . . . 𝑁} both ¤ℎ𝑖 and 𝛼 ◦ ℎ𝑖 are continuous functions.
This implies that for all 𝒛 ∈ Z and 𝜽 ∈ 𝚯, max{0,−¤ℎ𝑖 (𝒛; 𝜽) − 𝛼(ℎ𝑖 (𝒛; 𝜽))} is a
continuous non-negative real function. It is well known that a continuous non-
negative real function will have zero integral if and only if it is the zero function.
We specialize this statement for the terms in our loss as follows:

∀𝒛∈S𝑖 max{0,−¤ℎ𝑖 (𝒛; 𝜽) − 𝛼(ℎ𝑖 (𝒛; 𝜽))} = 0⇔
∫
S𝑖

max{0,−¤ℎ𝑖 (𝒛; 𝜽) − 𝛼(ℎ𝑖 (𝒛; 𝜽))}𝑑𝒛 = 0

(7.11)

It is clear that the sum in L(𝜽) will be zero if an only if each integral term is zero
since each integral is a non-negative function. Thus we can conclude thatL(𝜽∗) = 0
if and only if

∀
𝑖∈{1...𝑁},𝒛∈S𝑖

max{0,−¤ℎ𝑖 (𝒛; 𝜽∗) − 𝛼(ℎ𝑖 (𝒛; 𝜽∗))} = 0.

For any barrier ℎ𝑖 and 𝒛 ∈ Z you can see that max{0,−¤ℎ𝑖 (𝒛; 𝜽∗) −𝛼(ℎ𝑖 (𝒛; 𝜽∗))} = 0
implies that:

−¤ℎ𝑖 (𝒛; 𝜽∗) − 𝛼(ℎ𝑖 (𝒛; 𝜽∗)) ≤ 0 =⇒ ¤ℎ𝑖 (𝒛; 𝜽∗) ≥ −𝛼(ℎ𝑖 (𝒛; 𝜽∗)),

i.e. the safety condition for the barrier is satisfied. □
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Instantiation for Bipedal Walking
Table 7.1 describes the barrier functions used in our experiments, which take inspi-
ration from [4]. We depict some of these conditions on the robot in Figure 7.4a.
As all barrier functions ℎ𝑖 : X → R are enforced on the zero dynamics surface,
we will write them implicitly as ℎ𝑖 ◦ 𝚽−1(0, · ; 𝜽) : Z → R for 𝑖 ∈ {1 . . . 𝑁}
with 𝑁 = 5 in this instantiation. In Table 7.1, 𝑡𝐴 represents the torso angle, and 𝑝𝑥
and 𝑝𝑧 represent the 𝑥 and 𝑧 position of the swing foot, respectively. In addition to
continuous time conditions, various conditions needed to be enforced on the guard,
namely enforcing the location of the guard, symmetry of the model before and after
impact, and a guard mapping condition. Interestingly, although these barriers would
be relative degree two on the full state dynamics, they are directly enforceable as
relative degree one barriers on the zero dynamics. This can be seen by treating 𝒚𝒅

as the input to the zero dynamics, and observing that the zero dynamics themselves
are functions of 𝒚𝒅.

Note that these barrier functions ℎ are defined over the space Z, as, given a policy
𝒚𝒅 ( · ; 𝜽) : Z → R4, the mapping 𝚽−1 : N ×Z → X is uniquely defined. We take
inspiration from reduced order models, and specifically the notion of orbital energy
[23] to define a set ZO ⊂ Z with reasonably bounded orbital energies as our first
region at risk. We also define the set S𝜖 ⊂ ZO which contains the part of the guard
in ZO as well as a small region around it where discrete-time guard conditions are
enforced. We learn policies that satisfy the barrier conditions on these regions of
the zero dynamics by penalizing the violation of the constraints shown in Table 7.1.
Notice that penalizing guard constraints over a region results in policies that are
robust to impact modeling error since the policy must be prepared to change stance
foot at any point in S𝜖 rather than just the guard S.

Torso Angle {𝒛 ∈ ZO} − 𝜋
10 ≤ 𝜃𝑡 (𝒛) ≤ 0.05

Swing Foot Clearance {𝒛 ∈ ZO} 0 ≤ (𝑝𝑥 (𝒛) − 𝑐𝑥)2 + (𝑝𝑧 (𝒛) − 𝑐𝑧)2 − 𝑟2 ≤ 0.3
Impact Mapping {𝒛 ∈ S𝜖 } −0.15 ≤ Δ(𝒛) + 𝒛 ≤ 0.15

Symmetry {𝒛 ∈ S𝜖 } 𝒚(𝒛) = 𝒚(Δ(𝒛))
Foot on Guard {𝒛 ∈ S𝜖 } 𝑝𝑧 (𝒛) = 0

Table 7.1: Barrier functions used to characterize bipedal walking, and the associated
regions at risk in which they are enforced. The first two are enforced over the
continuous dynamics, and the bottom three in a buffered region of the guard. The
strict equality on symmetry and the foot on guard conditions were also enforced as
a training loss.
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Figure 7.4: a) A depiction of the barrier functions used to enforce walking as set
invariance. On the left are the two continuous time barrier conditions, and on the
right the three barrier conditions enforced at the guard. The red dot on the foot
indicates the stance foot, and b) The safe set on the zero dynamics CZ, as certified
by the proposed learning method, and the combined safe set C𝜎, and described in
Theorem 5.

Learning Optimization Details. Evaluating the Barrier Loss in Equation (7.10)
requires solving an integral that is in general intractable. Instead, we use Monte
Carlo sampling to approximate the integral. Since our approach follows Algorithm
1 of [25] we refer to it for more details while noting that we optimize for the Barrier
Loss rather than the Lyapunov Loss. A key ingredient in the Monte Carlo sampling
approach in [25] is defining a compact support set to sample from (i.e., where the
barrier condition should be satisfied). In our work this compact support set directly
corresponds to the region at risk for each barrier condition.

Learning the Residual Zero Dynamics 𝜺(𝒛)
As outlined in Figure 7.1, we can improve upon the nominal zero dynamics model
by collecting trajectories of the robot executing the resulting policy in hardware. We
can then use those trajectories to learn a residual error term on the zero dynamics
¤̂𝒛 = 𝜔(0, 𝒛; 𝜽) + 𝜀(𝒛) where 𝜀 is the learned residual term. We model this residual
term using Neural ODEs [7], which are naturally compatible with our policy learning
approach. We can iterate this process multiple times, alternating between learning
𝜽 and 𝜀 until the resulting policy achieves the desired behavior.

Providing Guarantees in the Full State Space
Assuming a controller which exponentially converges the outputs 𝒚(𝒙), for example
a feedback linearizing or control Lyapunov function based controller, the converse
Lyapunov theorem allows us to construct a Lyapunov function𝑉𝜼 : N → R verifying
the exponential convergence of the outputs. Along with a certificate of safety
ℎ𝑍 : Z → R on the zero dynamics space, we can construct a set in the combined
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Figure 7.5: Gait tiles of the neural network encoding the final trained policy running
in real time on the AMBER-3M robot. For a video discussing the methodology and
summarizing the hardware results, please refer to [28].

spaceN ×Z which is safe, and has a barrier function certificate. This is described
in the following theorem.

Theorem 15. Let 𝑉𝜼 = 𝜼⊤𝑷𝜼 : N → R be an exponential control Lyapunov
function for the output dynamics with ¤𝑉𝜼 ≤ −𝛾𝑉𝜼 and ℎ𝑍 : Z → R be a barrier
function on the zero dynamics with safe set CZ. Then, there exists a constant 𝜎 ≥ 0
and 𝑐 ≥ 0 such that if ¤ℎ𝑍 (𝑧) ≥ −𝛼ℎ𝑍 (𝑧) + 𝑐 with 𝛼 ≤ 𝛾

2 , the barrier function
ℎ(𝜼, 𝒛) = ℎ𝑍 (𝒛) − 𝜎𝑉𝜼 (𝜼) is safe with set C𝜎.

Proof. First note that the derivative of the function is given by:

¤ℎ =
𝜕ℎ𝑍

𝜕𝒛
(𝒛)𝒘(𝜼, 𝒛) − 𝜎 ¤𝑉𝜼 (𝜼)

≥ −𝛼ℎ𝑍 (𝒛) + 𝑐 −
����𝜕ℎ𝑍𝜕𝒛 (𝒛) (𝒘(𝜼, 𝒛) − 𝒘(0, 𝒛))���� + 𝜎𝛾𝑉𝜼 (𝜼)

≥ −𝛼ℎ(𝜼, 𝒛) + 𝑐 − 𝐿ℎ𝑍 𝐿𝝎𝜼 ∥𝜼∥2 +
𝜎𝛾

2
𝜆𝑚𝑖𝑛 (𝑷)∥𝜼∥22, (7.12)

where the third line follows from Cauchy Schwartz, the fact that ℎ𝑍 and 𝝎(𝜼, 𝒛)
are locally Lipschitz with Lipschitz constants 𝐿ℎ𝑍 and 𝐿𝝎𝜼 , respectively, converse
Lyapunov, and the assumption that 𝛼 ≤ 𝛾

2 . Taking 𝛽1 = 𝐿ℎ𝑍 𝐿𝝎𝜼 , and 𝛽2 =

𝛾

2𝜆𝑚𝑖𝑛 (𝑷), we observe that −𝛽1∥𝜼∥2 + 𝜎𝛽2∥𝜼∥22 ≥ −
𝛽2

2
4𝜎𝛽3

≜ 𝑐. By taking 𝑐 defined
as such, we achieve the desired result. □

The above theorem motivates the perspective of this work: satisfying barrier function
certificates in the zero dynamics enables reasoning about safe sets in the complete
state space. Note that the hybrid case is not addressed here, and is an interesting
direction for future theoretical work.

7.4 Simulation and Experimental Results
The hardware platform used in this work was the planar underactuated biped
AMBER-3M [1], which has actuators on the hips and knees, and point contact
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feet. Both in simulation, where the RaiSim [15] environment was used, and on
hardware, the pipeline went as follows: the zero dynamics coordinate 𝒛 was esti-
mated, the Neural Network policy 𝒚𝑑 (𝒛; 𝜽) was evaluated, and the desired output
values were passed to a PD controller running at 1kHz. The policy 𝒚𝑑 (𝒛; 𝜽) was
randomly initialized and was trained for 1000 epochs. The AdamW optimizer was
used in PyTorch [22] with an initial learning rate of 10−2, weight decay of 10−4, with
a learning rate decay schedule at epochs 100, 400, and 800. Initially, the ”gait" had
the robots leg flailing randomly in the air, and when integrated resulted in the robot
falling over. Once the loss converged, the policy had a loss in the order of 5 × 10−3,
and was able to walk stably in the simulation. The neural network ran in closed
loop on the hardware platform and was called at approximately 500 Hz to produce
desired outputs for the system to track. Unlike simulation, once tested on hardware,
the policy resulted in the robot stumbling forward, unable to walk without falling.
Data was collected over various trials, after which the methodology proposed in
Section 7.3 was used to learn the residual of the model uncertainty, as projected to
the zero dynamics space. During this process, Adam and other SGD methods were
numerically unstable even with gradient clipping, so Nero [20] was used instead.

Once a residual term was learned, a new policy 𝒚𝑑 (𝒛, 𝜽) was trained with the
updated dynamics (warm started with the policy from the previous iteration). After
convergence, the gait was again tried on hardware. The gait was significantly more
stable, and able to walk without assistance; however, the gait was not robust to
walking speeds. Therefore, the process was repeated, and again a new policy was
learned. When testing that policy, the robot was able to walk on its own, and was
robust to different walking speeds. A sample gait is shown on Figure 7.5. The
complete code can be found here [18].

7.5 Discussion
This chapter demonstrated that Zero Dynamics Policies can be synthesized for hy-
brid locomotion systems by training on pointwise barrier conditions. The Barrier
Loss extends the Lyapunov Loss of Chapter 2 to forward invariance, and Theo-
rem 15 provides the link between zero dynamics safety and full-state guarantees
that parallels Theorem 10 from Chapter 6. The key extension to hybrid systems is
enforcing barrier conditions over regions rather than along trajectories: training over
the buffered guard region S𝜖 handles impact timing uncertainty that would violate
guarantees under trajectory-based certification.
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The two-dimensional zero dynamics of AMBER-3M illustrate why this reduction is
appropriate for underactuated locomotion. The passively evolving coordinates (torso
angle and velocity) are precisely those that cannot be directly commanded, and the
PD controller drives the actuated joints to track the learned policy outputs. Stability
on the zero dynamics manifold propagates to the full system through the composite
Lyapunov construction of Theorem 15, reducing both the learning problem and the
certification problem to the unactuated subspace.

The formal guarantees of Theorem 15 assume a controller achieving exponential
output convergence; the PD controller used in practice provides this approximately
but without formal certificate. The theorem also does not address hybrid dynamics,
as noted in the chapter. Chapter 8 extends Zero Dynamics Policies to more aggressive
hybrid dynamics using a discrete-time formulation, validating that these foundations
transfer to platforms with flight phases and repeated impacts.

Appendix 7.A

7.A.1 Derivation of Zero Dynamics Coordinates
Let 𝒒 ∈ Q ⊂ R𝑛 the configuration coordinates of the robot, with full state given
by 𝒙 = (𝒒, ¤𝒒) ∈ 𝑇Q ⊂ R2𝑛. Assuming a no-slip condition, the constrained robot
dynamics can be derived via the Lagrange D’Alembert principle:

¤𝒙 =

[
¤𝒒

𝑫−1(𝒒) (−𝑯(𝒒, ¤𝒒) + 𝑩𝒖)

]
where 𝑫 : Q → R𝑛×𝑛 is the mass-inertia matrix, 𝑩 : 𝑇Q → R𝑛 contains the Coriolis
and Gravity terms, 𝑩 ∈ R𝑛 × R𝑚 is the actuation matrix, and 𝒖 ∈ R𝑚 is the control
input vector. Because of the mechanical system structure of the system, there exists
a well defined diffeomorphism Φ : R10 → R10 with coordinates [𝜼, 𝒛] = 𝚽(𝒙) such
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that: 
𝜼1

𝜼2

𝑧1

𝑧2


= 𝚽(𝒙) :=


𝑯𝒒 − 𝒚𝒅 (𝒛)
𝑯 ¤𝒒 − ¤𝒚𝒅 (𝒛)

𝒄𝒒

𝑫 (𝒒) ¤𝒒

[
𝒒

¤𝒒

]
= 𝚽−1

([
𝒛

𝜼

])
:=

[
𝝋(𝒛)
𝝍(𝒛)

]
:=



[
𝒄

𝑯

]−1 [
𝑧1

𝒚𝒅 (𝒛) + 𝜼1

]
[

𝑵𝑫 (𝝋(𝒛))
𝜕𝒚𝒅
𝜕𝑧1
(𝒛)𝒄⊤ − 𝑯

]−1 [
𝑧2

𝜕𝒚𝒅
𝜕𝑧2
(𝒛) + 𝜼2

]


where 𝒄 and 𝑯 are chosen such that

[
𝒄

𝑯

]
is full rank. The guard is defined as:

S = {(𝜼, 𝒛) ∈ R10 : 𝑝𝑠𝑤 (𝚽−1(𝒛, 𝜼)) = 0}

The zero dynamics can be written as:

¤𝒛 = 𝝎(𝜼, 𝒛) :=

[
𝒄𝝍(𝜼, 𝒛)𝑧2
𝜕𝑷
𝜕𝒒1
|𝜽=𝝋(𝜼,𝒛)

]
, 𝒛+ = Δ𝑍 (𝒛−) = 𝑁𝐷
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C h a p t e r 8

ROBUST AGILITY VIA LEARNED ZERO DYNAMICS
POLICIES

8.1 Introduction
The preceding chapters developed methods for training neural networks to satisfy
pointwise conditions that imply global stability and safety guarantees. Those ap-
proaches addressed continuous-time systems where Lyapunov and barrier function
conditions can be evaluated directly along flows. Hybrid systems with impacts
present a distinct challenge: discontinuities at contact events disrupt continuous-
time certificates, and underactuation prevents arbitrary shaping of the post-impact
dynamics. This chapter extends the thesis framework to this setting by exploiting
the zero dynamics decomposition as a structural scaffold for learning.

The underactuated dynamics inherent to legged locomotion impose fundamental
limits on controller performance and necessitate understanding of the system’s flow
to achieve complex behaviors. Underactuation prevents arbitrarily shaping a sys-
tem’s dynamics, undermining the assumptions of many control-theoretic methods
such as feedback linearization [25] and offline trajectory tracking. This work lever-
ages recent advances in controller design for underactuated systems [24, 7], optimal
control [18], and their integration with computational learning methods to design
feedback strategies that exploit the structure of underactuation, enabling the agile
and robust behavior shown in Figure 8.1.

A predominant method for controlling underactuated systems is Model Predictive
Control (MPC) [4, 19], which leverages concepts from optimal control over a predic-
tion horizon to achieve stabilization [30]. Performance of MPC controllers improves
with longer horizons and finer time discretizations, both of which conflict with its
strict real-time computational requirements. To address the high computational cost
of full-model optimization problems, some methods leverage a gradation of model
fidelities along a time horizon [15, 16]. Other methods rely on offline trajectory
optimization to generate desirable behaviors, and then track these behaviors online
[31]. For underactuated systems, the online tracking problem can be non-trivial,
often requiring additional feedback mechanisms to stabilize the underactuated states
such as regulators [22].
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Figure 8.1: Experiments run with Zero Dynamics Policies: a) treadmill hopping with
disturbances up to 1 mile per hour, b) 1.5" stair climbing and 20° ramp descending,
c) disturbance rejection, and d) hopping across a 2x4.

Reinforcement learning (RL) [26] takes the concept of offline computation even
further, using concepts from stochastic optimal control and parallelized simulation
environments to synthesize feedback controllers. RL methods have shown robust
performance [20, 17] when the policy is trained in sufficiently randomized domains.
Current methods in RL improve policies through simulator rollouts [27], typically
at the expense of high data complexity. Although these can work well, they exhibit
extreme sensitivity to cost function parameters and ignore the underlying system
structure.

Heuristics, on the other hand, are able to leverage intuition about system structure,
and can achieve stabilization with minimal online or offline computational overhead.
In the context of legged locomotion, the Raibert Heuristic for hopping [21], inverted
pendulum models for walking [14], and spring-loaded pendulums for running [12]
all reason about where a legged robot’s feet should be placed in order to stabilize

https://vimeo.com/923800815?share=copy
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the center of mass. While these methods may be less formal than the methods
above and require significant domain expertise to implement, they tend to reason
(perhaps implicitly) about the fundamental control structure needed to address the
underactuation.

The above methods generally intersect in two places: first, an application of feedback
to the actuated states based on the position of underactuated states (either explicitly
or through replanning), and second, a dependence on optimality to generate stable,
desirable behaviors. We propose a method which combines these two ideas, us-
ing optimality to ensure stability while reasoning explicitly about the structure of
underactuation. Specifically, we leverage the notion of zero dynamics to explicitly
decompose the system into actuated and unactuated coordinates [13, 32, 23, 10].
We pair this paradigm with optimal control to learn a mapping from the unactuated
state to a desired actuated state, termed a Zero Dynamics Policy (ZDP), which is
then stabilized using a tracking controller. This perspective aligns with prior work
on Hybrid Zero Dynamics (HZD) [32]; however, rather than assuming stability of
the zero dynamics manifold or relying on phasing variables and periodicity, we
use optimal control to provably and constructively synthesize stable output-zeroing
manifolds.

The key insight connecting this work to the thesis framework is that stability of hybrid
systems can be converted into a pointwise training objective. Rather than training
on Lyapunov conditions evaluated along continuous flows, we train on manifold
invariance: the learned surface M𝜓 must satisfy (𝜂𝑘+1, 𝑧𝑘+1) ∈ M𝜓 whenever
(𝜂𝑘 , 𝑧𝑘 ) ∈ M𝜓 under optimal control. This condition can be evaluated at sampled
states without trajectory rollouts, paralleling the Monte Carlo training approach
developed in earlier chapters. Theorem 16 then guarantees that convergence of the
pointwise loss implies global stability of the full-order system.

We propose a general framework for the control of hybrid underactuated systems
and apply it to hopping, which exemplifies the challenges of such systems due to
the large number of passive degrees of freedom, tight input constraints, and short
ground phases. Our empirical validation of ZDPs on the ARCHER 3D hopping robot
showcases an agile and stable controller as seen in Figure 8.1 and the supplemental
video [28]. Over the course of more than 3000 hops, our method achieves state of
the art disturbance rejection, hops over long distances on a treadmill, navigates an
obstacle course and rough terrain without vision, and is precise enough to reliably
hop across narrow bridges.
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8.2 Preliminaries
Hybrid Dynamics and Lyapunov Stability
Consider an 𝑛−degree of freedom robotic system with coordinates q ∈ Q and
state x = (q, ¤q) ∈ X ≜ TQ. Using the Euler Lagrange equations, we write the
continuous-time dynamics in control-affine form as:

¤x =

[
¤q

−D(q)−1H(q, ¤q)

]
︸                  ︷︷                  ︸

f (x)

+
[

0
D(q)−1B

]
︸       ︷︷       ︸

g(x)

u (8.1)

where D : Q → R𝑛×𝑛 is the positive-definite mass-inertia matrix, H : X → R𝑛

contains the Coriolis and gravity terms, B ∈ R𝑛×𝑚 is the selection matrix, and
u ∈ R𝑚 is the control input. For the following discussion we assume that B has
(column) rank 𝑚 < 𝑛, i.e. (8.1) is underactuated.

As the robot experiences impulsive effects, it is subject to the instantaneous mo-
mentum transfer equation:

x+ = 𝚫(x−), (8.2)

with 𝚫 : X → X representing the impact map. Combining (8.1) and (8.2), the
complete hybrid dynamics can be written as:

ℋ =


¤x = f (x) + g(x)u x ∉ S

x+ = 𝚫(x−) x− ∈ S

where S ⊂ X is an appropriately defined switching surface, for example the foot
making or breaking contact with the ground [31].

Towards developing a stabilizing feedback controller for (8.1), define a collection of
continuous time outputs y : X → R𝑚 that we would like to drive to zero. For outputs
of relative degree two [25], consider the error coordinates e = (y, ¤y) ∈ E ⊆ R2𝑚.
These errors can be constructively stabilized via a RES-CLF, defined as:

Definition 19. [2] For the system (8.1), 𝑉𝜀 : E → R is said to be a rapidly
exponentially stabilizing control Lyapunov function (RES-CLF) if there exists a
𝜆, 𝑘1, 𝑘2 > 0, such that for all 𝜀 ∈ (0, 1):

𝑘1∥e∥2 ≤ 𝑉𝜀 (e) ≤ 𝑘2∥e∥2

inf
u
¤𝑉𝜀 (x, u) ≤ −

𝜆

𝜀
𝑉𝜀 (e). (8.3)
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Valid relative degree ensures the existence of a nonempty set K, defined to be the
set of all controllers satisfying the inequality (8.3). Any controller k ∈ K renders
the continuous time output exponentially stable, i.e. there exists 𝑀, 𝜆̃ > 0 such that:

∥e(𝑡)∥ ≤ 𝑀𝑒− 𝜆̃
𝜀
𝑡 ∥e(0)∥,

whereby tuning 𝜀 down enables arbitrarily fast convergence.

From Hybrid Dynamics to Discrete-Time Dynamics
We will be interested in modeling ℋ as a discrete-time dynamical system via its
impact-to-impact dynamics. To this end, let x𝑘 ∈ X denote the robot state just before
impact, 𝑃 denote an admissible parameter set for v𝑘 ∈ 𝑃, a discrete parameterization
of the control input over a single continuous phase, and 𝑡𝑘 ∈ R≥0 be the duration
of the continuous phase. We reformulate our hybrid control system into discrete
dynamics via:

x𝑘+1 = F(x𝑘 , v𝑘 ), (8.4)

where F : X×𝑃→ X composes the impact map (8.2) with the flow of (8.1) under a
parameterized feedback controller u = k(x(𝑡), v𝑘 ) ∈ K. In the context of hopping,
we take v𝑘 to be the desired impact angle. This parameterization of control input
allows us to reason about the effect of impact conditions on the resulting system
dynamics, which are the primary means of stabilizing legged systems. Note that
here we assume the existence of a lower bound between impact times so that F is
well defined. For a complete discussion of how to achieve this representation from
the underlying hybrid dynamics, see [10]. Similar to the continuous-time case, the
stability of the discrete time error dynamics can be reasoned about via Lyapunov
theory:

Definition 20. For the system e𝑘+1 = F(e𝑘 ), 𝑉 : E → R is a discrete exponential
Lyapunov function if it is positive definite and there exists an 𝛼 ∈ (0, 1], 𝑘1, 𝑘2 > 0
such that:

𝑘1∥e𝑘 ∥2 ≤ 𝑉 (e𝑘 ) ≤ 𝑘2∥e𝑘 ∥2

Δ𝑉 (e) = 𝑉 (e𝑘+1) −𝑉 (e𝑘 ) ≤ −𝛼𝑉 (e𝑘 ).

The existence of such a Lyapunov function is necessary and sufficient for exponential
stability of a system, i.e. the existence of 𝑀 > 0, 𝛽 ∈ [0, 1) such that:

∥e𝑘 ∥ ≤ 𝑀𝛽𝑘 ∥e0∥.
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Discrete-Time Optimal Control
We leverage optimal control to synthesize inputs v𝑘 which stabilize the discrete time
system in (8.2) while satisfying input constraints. To this end, consider the following
infinite-time optimal control problem:

𝑉 (x0) ≜ min
x𝑘 ,v𝑘

∞∑︁
𝑘=0

𝑐(x𝑘 , v𝑘 ) (8.5)

s.t. x𝑘+1 = F(x𝑘 , v𝑘 )
h(x𝑘 , v𝑘 ) ≤ 0

where𝑉 : X → R is termed the value function, 𝑐 : X× 𝑃→ R is a positive-definite
cost function and h : X × 𝑃 → R𝑝 contains any state-input constraints. With this,
we can define the state-action value function 𝑄 : X × 𝑃→ R as:

𝑄(x𝑘 , v𝑘 ) = 𝑐(x𝑘 , v𝑘 ) +𝑉 (x𝑘+1),

which defines the optimal control input at any state x𝑘 through following optimization
program:

v∗𝑘 (x𝑘 ) = arg min
v𝑘

𝑄(x𝑘 , v𝑘 ) (8.6)

s.t. h(v𝑘 , x𝑘 ) ≤ 0

We rely on iteratively solving convex approximations of this nonconvex problem
via iLQR. In Section 8.3 we show that tracking the output of optimal controllers in
continuous time results in exponential stability of the discrete time dynamics.

Outputs and Zero Dynamics
Understanding the structure of underactuation provides key insight into constructing
stabilizing controllers for these systems. To analyze the states that actuation directly
impacts, consider the following coordinate change:

𝜼 = 𝚽𝜼 (x) ≜
[
B⊤q
B⊤ ¤q

]
, z = 𝚽z(x) ≜

[
Nq

ND(q) ¤q

]
(8.7)

for 𝜼 ∈ N ⊂ X and z ∈ Z ⊂ X, where N ∈ R(𝑛−𝑚)×𝑛 is chosen to be a ba-
sis for the left nullspace of B. It is easily verified that the coordinate change
𝚽(x) ≜ (𝚽𝜼 (x),𝚽z(x)) is a diffeomorphism betweenX andN ×Z; therefore, 𝚽−1

exists and any conclusions of stability of (𝜼, z) are directly transferable back to x.
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In these coordinates, the hybrid dynamics are given by:

¤𝜼 = f̂ (𝜼, z) + ĝ(𝜼, z)u, ¤z = 𝝎(𝜼, z), 𝚽−1(𝜼, z) ∉ S
𝜼+ = 𝚫𝜼 (𝜼−, z−), z+ = 𝚫z(𝜼−, z−), 𝚽−1(𝜼, z) ∈ S

termed the actuated dynamics and the unactuated dynamics, respectively. Note that
these coordinates were exactly chosen such that ĝ(𝜼, z) is full rank and 𝑑z

𝑑xg(x) ≡ 0;
as such, this mapping decomposes the state space into coordinates which can directly
be controlled, and those which cannot.

Assuming the continuous time input does not effect the impact map or impact time1,
applying 𝚽 to the discrete dynamics (8.4) results in:

𝜼𝑘+1 = F̂(𝜼𝑘 , z𝑘 , v𝑘 ), z𝑘+1 = 𝛀(𝜼𝑘 , z𝑘 ). (8.8)

Now, consider a mapping 𝝍𝜽 : Z → N and associated discrete-time error e𝑘 =

𝜼𝑘 − 𝝍𝜽 (z𝑘 ). The goal will be to design 𝝍𝜽 such that driving e𝑘 to zero results in
stability of the overall system. This choice of error parameterization is inspired by
other successful results in robotics; the Raibert Heuristic [21], reduced order models
[12], and regulators for HZD gaits [23] all reason about where to place a robot’s
feet (the actuated state) as a function of their center of mass state (the underactuated
state). We aim to generalize these methods and reason explicitly about constructive
methods to generate provably stable behaviors. The construction of the mapping 𝝍𝜽

induces an associated manifoldM𝝍 ⊂ X via:

M𝝍 ≜ {(𝜼𝑘 , z𝑘 ) | 𝜼𝑘 = 𝝍𝜽 (z𝑘 )}. (8.9)

We will be interested in enforcing conditions such thatM𝝍 is controlled invariant,
defined as:

Definition 21. The manifold M𝝍 is controlled invariant if for all (𝜼𝑘 , z𝑘 ) ∈ M𝝍

there exists a v𝑘 ∈ 𝑃 such that the next state remains on the manifold, i.e.:(
F(𝜼𝑘 , z𝑘 , v𝑘 ), 𝛀(𝜼𝑘 , z𝑘 )

)
∈ M𝝍 .

Assuming a controlled invariant manifoldM𝝍 , we now have the notion of discrete-
time zero dynamics:

1This assumption is needed so that 𝛀 is not a function of v𝑘 and is well justified on ARCHER
as impact angle weakly effects impact time.
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Definition 22. The discrete-time zero dynamics associated with a controlled invari-
ant manifoldM𝝍 are given by:

z𝑘+1 = 𝛀(𝝍𝜽 (z𝑘 ), z𝑘 ).

These dynamics are autonomous but determined by choice of 𝝍𝜽 ; therefore, the
goal of this work will be to design 𝝍𝜽 such that the zero dynamics are stable. We
show that stability onM𝝍 paired with a suitably defined output controller results in
stability of the overall system.

8.3 Discrete-Time Zero Dynamics Policies
We propose a discrete-time mapping from the underactuated state, z𝑘 , to a desired
actuated state, 𝜼𝑘 . This mapping, 𝝍𝜽 : Z → N , will encode the desired position of
the actuated coordinates given the location of the unactuated coordinates at impact.
The job of the continuous time controller is to drive 𝜼(𝑡) to the desired preimpact
location, 𝝍𝜽 (z𝑘+1).

In this section, we will first reason about the ability of continuous time controllers
to render M𝝍 attractive and invariant by driving the error e to zero. Second,
we demonstrate that if the manifold has stable zero dynamics (trajectories on the
manifold converge to the origin), then stabilizing the manifold stabilizes the entire
system. Finally, we propose a learning pipeline which leverages optimal control to
find a manifold with the desired properties.

Constructive Stabilization of the Zeroing Manifold
We show that the structure of the proposed manifold allows constructive stabilization
techniques:

Lemma 7. Consider a controlled invariant manifoldM𝝍 . There exists a continuous-
time control law k ∈ K which results in exponential stabilization of ∥𝜼𝑘 −𝝍𝜽 (z𝑘 )∥.

Proof. Consider a point (𝜼𝑘 , z𝑘 ) and the evaluation of the current and next states
on the manifold: 𝝍𝜽 (z𝑘 ) and 𝝍𝜽 (z𝑘+1), respectively. As the 𝜼(𝑡) dynamics are
feedback linearizable, there exists a dynamically feasible trajectory 𝜼𝑑 (𝑡) such that
𝜼𝑑 (0) = (𝝍𝜽 (z𝑘 ))+, and 𝜼𝑑 (𝑡𝑘 ) = 𝝍𝜽 (z𝑘+1), where 𝑡𝑘 is the impact time and (·)+

denotes a postimpact state. For example, 𝜼𝑑 (𝑡) can be constructed using Bezier
polynomials [9]. Using a controller k ∈ K, i.e. satisfying the RES-CLF condition
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(8.3), we can obtain exponential convergence to this trajectory in continuous time:

∥𝜼(𝑡) − 𝜼𝑑 (𝑡)∥ ≤ 𝑀𝑒−
𝜆
𝜀
𝑡 ∥𝜼+𝑘 − (𝝍𝜽 (z𝑘 ))+∥,

for 𝑀, 𝜆 > 0. Taking 𝑇∗ > 0 to be the lower bound between impact times, the impact
states are uniformly bounded by:

∥𝜼𝑘+1 − 𝝍𝜽 (z𝑘+1)∥ ≤ 𝑀𝑒−
𝜆
𝜀
𝑇∗ ∥𝜼+𝑘 − (𝝍𝜽 (z𝑘 ))+∥.

Then, using the properties of the impact map we have:

∥𝜼+𝑘 − (𝝍𝜽 (z𝑘 ))+∥ = ∥𝚫𝜼 (𝜼𝑘 , z𝑘 ) − 𝚫𝜼 (𝝍𝜽 (z𝑘 ), z𝑘 )∥
≤ 𝐿Δ∥𝜼𝑘 − 𝝍𝜽 (z𝑘 )∥,

substituting into the bound above, and choosing 𝜀 > 0 sufficiently small that 𝛼 =

𝑀𝐿Δ𝑒
− 𝜆

𝜀
𝑇∗ ∈ (0, 1], we have:

∥𝜼𝑘+1 − 𝝍𝜽 (z𝑘+1)∥ ≤ 𝛼∥𝜼𝑘 − 𝝍𝜽 (z𝑘 )∥,

proving exponential stability to the manifold, as desired. □ □

Remark 5. The desired trajectory 𝜼𝑑 (𝑡) is being implicitly replanned at impact via
𝝍𝜽 as a function of the underactuated state z𝑘 . Additionally, the manifoldM𝝍 is
invariant under the discrete dynamics F, but is notably not hybrid invariant.

Composite Stability
The previous section demonstrated a method for constructing a controller to expo-
nentially stabilize the system to a controlled invariant manifoldM𝝍 . We now show
that exponentially stabilizing the system to a manifold with stable zero dynamics
results in composite exponential stability of the entire system:

Theorem 16. Consider a controlled invariant manifoldM𝝍 whose zero dynamics
are exponentially stable. Any control law exponentially stabilizing ∥𝜼𝑘 − 𝝍𝜽 (z𝑘 )∥
stabilizes the discrete-time composite system (𝜼𝑘 , z𝑘 ) to the origin.

Proof. Define e𝑘 = 𝜼𝑘 − 𝝍𝜽 (z𝑘 ). By Lemma 1, there exists a continuous-time
controller k ∈ K rendering the discrete error dynamics exponentially stable. As
such, converse Lyapunov theory guarantees the existence of a Lyapunov function
𝑉e : E → R satisfying:

𝑘1∥e𝑘 ∥2 ≤ 𝑉e(e𝑘 ) ≤ 𝑘2∥e𝑘 ∥2

Δ𝑉e(e𝑘 ) ≤ −𝑘3∥e𝑘 ∥2
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Figure 8.2: A depiction of the two necessary properties ofM𝝍: a) invariance under
the discrete map F, and b) stability.

Similarly, the stability of M𝝍 implies the existence of a Lyapunov function 𝑉z :
Z → R satisfying:

𝑘4∥z𝑘 ∥2 ≤ 𝑉z(z𝑘 ) ≤ 𝑘5∥z𝑘 ∥2

Δ𝑉z(z𝑘 ) = 𝑉z(𝛀(𝝍𝜽 (z𝑘 ), z𝑘 )) −𝑉z(z𝑘 ) ≤ −𝑘6∥z𝑘 ∥2

The Lyapunov function 𝑉z will additionally satisfy [2]:

|𝑉z(z) −𝑉z(z′) | ≤ 𝑘7∥z − z′∥ (∥z∥ − ∥z′∥) ≜ Γ(z, z′).

Consider the composite Lyapunov function candidate𝑉 (e𝑘 , z𝑘 ) ≜ 𝜎𝑉e(e𝑘 )+𝑉z(z𝑘 )
with 𝜎 > 0, whereby:

min{𝜎𝑘1, 𝑘4}∥e, z∥2 ≤ 𝑉 (e, z) ≤ max{𝜎𝑘2, 𝑘5}∥e, z∥2.

Furthermore, since z𝑘 is exponentially stable on M𝝍 , discrete sequences on M𝝍

will be exponentially decreasing:

∥z𝑘+1∥ = ∥𝛀(𝝍𝜽 (z𝑘 ), z𝑘 )∥ ≤ 𝑀𝜆∥z𝑘 ∥,
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for 𝜆 ∈ [0, 1) and 𝑀 > 0. Compute the difference of Δ𝑉 :

Δ𝑉 = 𝜎Δ𝑉e(e𝑘 ) +𝑉z(𝛀(𝜼, z𝑘 )) −𝑉z(z𝑘 )
= 𝜎Δ𝑉e(e𝑘 ) + Δ𝑉z(z𝑘 )
+𝑉z(𝛀(𝜼𝑘 , z𝑘 )) −𝑉z(𝛀(𝝍𝜽 (z𝑘 ), z𝑘 ))

≤ −𝜎𝑘1∥e𝑘 ∥2 − 𝑘6∥z𝑘 ∥2

+ Γ(𝛀(𝜼𝑘 , z𝑘 ),𝛀(𝝍𝜽 (z𝑘 ), z𝑘 ))
= −𝜎𝑘1∥e𝑘 ∥2 − 𝑘6∥z𝑘 ∥2

+ 𝑘7𝐿
2
𝛀∥e𝑘 ∥

2 + 2𝑀𝜆𝑘7𝐿𝛀∥e𝑘 ∥∥z𝑘 ∥

= −
[
∥e𝑘 ∥
∥z𝑘 ∥

]⊤ [
𝜎𝑘1

2 − 𝑐(𝜎) −𝑀𝜆𝑘7𝐿𝛀

−𝑀𝜆𝑘7𝐿𝛀 𝑘6

] [
∥e𝑘 ∥
∥z𝑘 ∥

]
where 𝑐(𝜎) = 𝑘7𝐿

2
𝛀−

𝜎
2 𝑘1, and Γ(𝛀(𝜼, z),𝛀(𝝍𝜽 (z), z)) is bounded using Lipschitz

properties of the dynamics. Choosing 𝜎 > max
{

2𝑀2𝜆2𝑘2
7𝐿

2
𝛀

𝑘1𝑘6
,

2𝑘7𝐿
2
𝛀

𝑘1

}
ensures the

matrix is positive definite; therefore, 𝑉 is a Lyapunov function certifying composite
stability. □ □

Remark 6. Figure 8.2 depicts each of the assumptions used to prove stability in
Theorem 16, namely discrete invariance and exponential stability ofM𝝍 . Subse-
quent sections will develop constructive techniques leveraging optimal control and
learning for finding such manifolds.

Stability via Optimal Control
We will leverage optimality to enforce the stability onM𝝍 . This choice is motivated
by the fact that asymptotic stability is a necessary condition for an optimal controller
to be well defined [18]. As Theorem 16 rests on assumptions of exponential stability,
we define conditions under which optimality implies exponential stability:

Theorem 17. Let 𝑉 (x𝑘 ) be the value function for the optimal control problem
defined in Equation (8.5), where the cost function is quadratic, 𝑐(x𝑘 , v𝑘 ) = x⊤

𝑘
Qx𝑘 +

v⊤
𝑘
Rv𝑘 , and the domain X is compact. If there exists an 𝜀 > 0 such that the LQR

approximation of Equation (8.5) taken by linearizing the dynamics around the
equilibrium point satisfies:

v𝐿𝑄𝑅 (x𝑘 ) = −Kx𝑘 ∈ H (x𝑘 ) ∀x𝑘 ∈ 𝐵𝜀 (0), (8.10)

withH(x𝑘 ) ≜ {v𝑘 ∈ 𝑃 | h(x𝑘 , v𝑘 ) ≤ 0}, then the nonlinear system is exponentially
stable under the optimal controller.
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Proof. We begin by showing the optimal controller Equation (8.5) is exponentially
stabilizing in a neighborhood of the origin. Then, we extend this claim to the
entire state space. In a sufficiently small ball around the origin, LQR (8.10) will be
exponentially stabilizing for the nonlinear system [25], as it locally satisfies input
bounds. This implies constants 𝑀LQR, 𝛿 > 0 and 𝜆LQR ∈ [0, 1) such that:

∥x𝑘 ∥ ≤ 𝑀LQR𝜆
𝑘
LQR∥x0∥ ∀x0 ∈ 𝐵𝛿 (0), ∀𝑘 ∈ Z+.

We first show that the optimal trajectory emanating from an initial condition x0 ∈
𝐵𝛿 (0) is similarly exponentially stable. For any 𝑀 > 0, 𝜆 ∈ (0, 1), consider two
cases:

Case 1: There exists a finite index set {𝑘𝑖}𝑁𝑖=0 satisfying:

∥x𝑘𝑖 ∥ ≥ 𝑀𝜆𝑘𝑖 ∥x0∥.

Compute the maximum violation ratio 𝑅 ≥ 1 given by:

𝑅 ≜ max
𝑖∈{0,...,𝑁}

∥x𝑘𝑖 ∥
𝑀𝜆𝑘𝑖 ∥x0∥

.

If the index set is empty, take 𝑅 = 1. Then

∥x𝑘 ∥ ≤ 𝑅𝑀𝜆𝑘 ∥x0∥ ∀𝑘 ∈ Z+

And the trajectory is exponentially stable.

Case 2: There exists a infinite index set {𝑘 𝑗 }∞𝑗=0 satisfying:

∥x𝑘 𝑗 ∥ ≥ 𝑀𝜆𝑘 𝑗 ∥x0∥. (8.11)

We will establish that 𝑉 (x𝑘 ) is an exponential Lyapunov function (Definition 20)
along the trajectory, and thus the trajectory is exponentially stable. First, we bound
the value function difference:

Δ𝑉 (x𝑘 ) = 𝑉 (x𝑘 ) −𝑉 (x𝑘−1) = −x⊤𝑘 Qx𝑘 − v⊤𝑘 Rv𝑘
≤ −𝜆min(Q)∥x𝑘 ∥2 (8.12)

Next, we need to show that 𝑉 (x𝑘 ) is bounded by quadratics. Because the LQR
controller is suboptimal for the nonlinear system, applying it increases the cost
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relative to 𝑉 (x𝑘 ):

𝑉 (x0) ≤
∞∑︁
𝑘=0

x⊤𝑘 Qx𝑘 + (Kx𝑘 )⊤R(Kx𝑘 )

≤
∞∑︁
𝑘=0

(
𝜆̄(Q) + 𝜆̄(K⊤RK)

)
∥x𝑘 ∥2

≤
∞∑︁
𝑘=0

(
𝜆̄(Q) + 𝜆̄(K⊤RK)

)
𝑀2

LQR𝜆
2𝑘
LQR∥x0∥2

=
𝑀2

LQR

1 − 𝜆2
LQR

(
𝜆̄(Q) + 𝜆̄(K⊤RK)

)
∥x0∥2

where 𝜆 and 𝜆 are the minimum and maximum eigenvalue oeprators, respectively.

Finally, using (8.11), we can lower bound 𝑉 (x𝑘 ) by:

𝑉 (x0) =
∞∑︁
𝑗=0

x⊤𝑘 𝑗Qx𝑘 𝑗 + v⊤𝑘 𝑗Rv𝑘 𝑗

≥
∞∑︁
𝑗=0
𝜆(Q)∥x𝑘 𝑗 ∥2

≥
∞∑︁
𝑗=0
𝜆(Q)𝑀2𝜆2𝑘 𝑗 ∥x0∥2

=

[
𝑀2

1 − 𝜆2
(
𝜆̄(Q) + 𝜆̄(K⊤RK)

)
− 𝑐

]
∥x𝑘 ∥2

Where 𝑐 is the sum of the terms removed from the geometric series. Lastly, The
above bounds hold for each point on the trajectory; therefore, 𝑉 is a Lyapunov
function certifying exponential stability of the trajectory.

Finally, we extend the claim outside of the ball around the origin. As 𝑉 ≻ 0 and
Δ𝑉 ≺ 0, the optimal controller is asymptotically stable [18]. By compactness of X
and (8.12), the time to enter 𝐵𝛿 (0) is bounded by:

𝐾 ≜
supx0∈X 𝑉 (x0)

infx0∈X\𝐵𝛿 (0) Δ𝑉 (x0)
≤

supx0∈X 𝑉 (x0)
𝜆(Q)𝛿2 .

Because trajectories converge exponentially in 𝐵𝛿 (0),

∥x𝑘 ∥ ≤ 𝑀𝜆𝑘−𝐾 ∥x𝐾 ∥ ∀x0 ∈ 𝐵𝛿 (0), ∀𝑘 ≥ 𝐾

for 𝑀 > 0, 𝜆 ∈ [0, 1). By compactness of X, trajectories are uniformly bounded
∥x𝑘 ∥ ≤ 𝐵; therefore:

∥x𝑘 ∥ ≤
max{𝐵, 𝑀}𝜆−𝐾

min{1, 𝛿} 𝜆𝑘 ∥x0∥ ∀𝑘 ∈ Z+
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is an exponential upper bound for the entire trajectory. □ □

Constructing the Zeroing Manifold via Learning
By Theorem 17, a manifold which is invariant under the optimal controller will be
exponentially stable. Such a manifold then satisfies the assumptions of Theorem 16
and can be constructively stabilized resulting in composite stability of the entire
system.

We will now present a learning method which leverages optimal control to ensure the
assumptions of controlled invariance and stability ofM𝝍 as depicted in Figure 8.2
are met. Specifically, we will search for a manifold that is invariant under the optimal
action, i.e. the controller that keeps sequences of states in the manifold coincides
with the optimal controller for Equation (8.5).

To concisely define the loss function consider the variable

𝜻𝜽 (z) ≜
[
𝝍𝜽 (z)

z

]
(8.13)

which encodes a point on the manifold. The loss function is:

L(𝜽) = E
z∼UNIFORM



𝜼∗1 (𝜻𝜽 (z)) − 𝝍𝜽
(
z∗1 (𝜻𝜽 (z))

)

2
2 , (8.14)

where z∗1 = 𝛀(𝝍(z), z) and 𝜼∗1 = F̂(𝝍(z), z, v∗), with v∗ the optimal control input.
The expectation is taken over a uniform distribution over Z. The loss function
directly measures how far an initial condition on the manifold deviates from the
manifold under one discrete step of the optimal controller as depicted in Figure 8.3.

The learning pipeline outlined in Algorithm 8 starts an epoch by sampling a batch
of points from Z, therefore enabling a dimension reduction as compared to the
complete state space. The network is then evaluated to produce a set of points on
the current manifold, {𝜻𝜽 (z𝑖)}𝑁𝑖=1. We then approximately solve the optimal control
problem Equation (8.5). Finally, we simulate the system forwards one step to obtain(
𝜼∗1, z

∗
1
)

which the loss computation in Equation (8.14) requires. If 𝝍𝜽 attains zero
loss, because of continuity of the network and the loss function we can conclude
that the resulting manifoldM𝝍 is invariant under the optimal control and can render
the full order system stable by satisfaction of the preconditions for Theorem 16.

8.4 Application of ZDP to ARCHER
We deployed the ZDP method on the 3D hopping robot ARCHER. To discuss the
application of ZDPs to ARHCER, consider the pose of the robot q = (p, 𝑞) ∈ Q
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Figure 8.3: a) The loss function exactly measures the extent to which the manifold
is not invariant under optimal action b) a Monte Carlo approximation of the spatial
loss is used, wherein the optimal policy is backpropogated through to update the
surface.

where p ∈ R3 represents the global position in world frame and 𝑞 ∈ S3 the robot’s
orientation quaternion. Taking the velocities to be v = ( ¤p,𝝎) ∈ 𝑇qQ for ¤p ∈ R3 the
global linear velocity and 𝝎 ∈ 𝔰3 the body frame angular rates, we can represent the
full state as x = (q, v) ∈ X ≜ 𝑇Q.

ARCHER evolves under hybrid dynamics. As such, its flight and ground phase
dynamics are governed by (8.1) and it has two impact maps of the form (8.2) (one
for the ground to flight transition, and another for flight to ground). We treat the
vertical hopping as an autonomous system, and we will focus our attention on how
to stabilize the position of the robot via orientation. The flight dynamics can be
decomposed into actuated states, i.e. the orientation coordinates, and unactuated
states, i.e. position coordinates:

𝜼 =

[
𝑞

𝝎

]
, z =

[
p
¤p

]
.

Take (𝜼𝑘 , z𝑘 ) to be a preimpact state. The ground phase does not depend on
the control input, and the continuous-time evolution of the z coordinates has an
extremely weak dependence on the discrete-time control input v𝑘 . We can assume
𝛀 is independent from v𝑘 because the effect of different control inputs on impact
time is negligible.

Online Control Implementation
Given a function 𝝍𝜽 , the controller aims to stabilize its associated zeroing manifold
M𝝍 . Consider a state (𝜼(𝑡), z(𝑡)) during the flight phase. We set the desired
orientation to 𝜼𝑑 (𝑡) = 𝝍𝜽 (z(𝑡)), and update this continuously throughout the flight
phase. The desired set point is converted to a quaternion, 𝑞𝑑 , which we stabilize
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Algorithm 8 Monte Carlo Zero Dynamics Policy Training
1: hyperparameters: (Ξ, 𝜌,Υ)
2: Number of MC samples, Learning Rate and Number of Steps
3: Initialize 𝜽 ⊲ Pretrained with reasonable policy
4: for 𝑖 = 1 : Υ do
5: z ∼ UNIFORM(z, z)

6: 𝜻𝜽 ←
[
𝝍𝜽 (z)

z

]
7: x0 ← 𝚽−1(𝜻𝜽)
8: x∗1:𝑇 , v

∗
1:𝑇 ← iLQR(x0)

9:
[
𝜼∗1 (𝜻𝜽 (z))
z∗1 (𝜻𝜽 (z))

]
← 𝚽(x1)

10: 𝜽𝑖+1 ← 𝜽𝑖 − 𝜌∇𝜽
∑

z


𝜼∗1 (𝜻𝜽 (z)) − 𝝍𝜽

(
z∗1 (𝜻𝜽 (z))

)

2
2

11: end for
12: return 𝜽

using the following quaternion PD controller in the flight phase:

u = −K𝑝log(𝑞−1
𝑑 𝑞) −K𝑑𝜔,

for suitable gains K𝑝,K𝑑 . This controller is applied at 1kHz.

One key addition to the controller as compared to previous work [8] is the application
of flywheel spindown in the ground phase. When the robot is in contact with the
floor, the following control action is applied:

u = −𝛾 ¤𝝑,

where ¤𝝑 ∈ R3 represents the flywheel speed. This allows the system to maintain
lower flywheel speeds and mitigates the problem of speed-torque constraints. This
ground phase controller preserves the theoretical assumptions since the ground
phase control is independent of output of the policy.

There are a few implementation differences from our theoretical implementation.
The controller used in the proof of Lemma 7 differs from ours by (1) predicting the
preimpact state z𝑘+1, (2) tracking a trajectory 𝜼𝑑 (𝑡) defined by a bezier polynomial,
and (3), using a RES-CLF. Empirically, a well tuned PD controller was sufficient
to stabilize the continuous time system, and the feedforward input tracking that a
trajectory would provide was not necessary.

ZDP Optimization and Learning Details
Notice that for discrete-time systems, Equation (8.5) is a nonlinear program even if
the value function is available. To solve this optimal control problem, we employ
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Figure 8.4: A snapshot of the experiments conducted with ARCHER, including set
point tracking, disturbance rejection, and hopping over rough terrain.

Iterative LQR (iLQR), subject to box input constraints [29]. The iLQR problem is
solved in the x variable, so the initial condition is obtain via x = 𝚽−1(𝜼, z). We
implemented Algorithm 8 in the JAX [5] and used a Network of 2 Layers with
256 hidden units each using ReLu activations. In our implementation of iLQR,
we assume that the low-level controller has perfect tracking and exactly achieves
the desired angle with zero angular velocity. This considerably simplifies the flight
dynamics and therefore the trajectory optimization, allowing them to be solved
for in closed form. The input bounds H(x𝑘 ) were chosen such that the torque
applied during flight is bounded by the difference between the post-impact state and
the desired preimpact state. We require gradients of the optimal control, 𝑑v

𝑑x , as
presented in [3] – note that if no constraints are active, then this gradient is exactly
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the feedback matrix K = Q−1
vv Qvx from the iLQR algorithm.

iLQR requires a stabilizing initial guess in order to converge; therefore, we use a
Raibert heuristic for the first rollout. To eliminate this dependence, other optimal
control methods could be used, for instance SQP. The authors experienced difficulty
with the speed and accuracy of large-scale QP solvers in JAX and leveraged the
fact that iLQR solves many small QPs for speed and stability. Additionally, for
computational efficiency, we limit the number of iLQR iterations to five (empirically
enough to obtain convergence for this system). The full code base for this project
can be found at [6].

8.5 Results and Limitations
Hardware Results
A collection of the experiments conducted on ARCHER can be seen in Figure 8.4.
The ARCHER hardware platform [1] consists of three KV115 T-Motors with 250 g
flywheel masses attached for orientation control, and one U10-plus T-Motor attached
to a 3-1 gear reduction to the foot via a cable and pulley system. The robot is powered
by two 6 cell LiPo betteries connected in series, which can supply up to 50.8 V at
over 100 A of current to the four ELMO Gold Solo Twitter motor controllers. The
policy 𝝍𝜽 was exported from JAX to an ONNX file, which is evaluated at 1kHz on
an Ubuntu 20.04 machine with AMD Ryzen 5950x @ 3.4 GHz and 64 Gb RAM
and torques are passed directly to the robot over ethernet. This controller does not
require this amount of compute to run, and could be feasibly implemented on an
NVIDIA Jetson or comparable board. A Kalman filter with projectile dynamics is
used to filter the position estimates from optritrack in the flight phase. The manif
library [11] is used to compute the log map for the quaternion PD controller.

We logged over 3,000 stable hops when deploying the ZDP method on the ARCHER
hardware platform, a selection of which can be seen in Figure 8.4 and in the
supplemental video [28]. Figure 8.5 depicts the desired impact angle, i.e. the
learned policy evaluation, and the actual impact angle over the complete collection
of all hardware tests. In general, as predicted by the theory, this manifold is both
invariant under the feedback controller, and stable. Also interesting to note is that
around the origin, the learned policy alignes with LQR, as presented in Theorem 17.
Notably, away from the origin, the learned policy diverges from LQR in order to
maintain stability under the enforced input contstraints. A comparison between the
trained policy and the application of a naive LQR controller when trying to track
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Figure 8.5: Left: A comparison between LQR (top) and ZDPs (bottom) while
tracking a 2 m setpoint. Right: The output of the trained policy and the actual state
at impact over 3000 hops, as compared to an LQR controller.

a setpoint 2 m away is seen in the left part of Figure 8.5, wherein ZDPs maintain
stability by implicitly enforcing discrete invariance and optimality over a horizon.

The tight trajectory tracking and system behavior is seen in Figure 8.6, where
ARCHER was asked to follow two laps of a 1 m square trajectory. As seen on the
right of Figure 8.6, using a PD controller at the feedback level empirically resulted
in the error (and therefore the torques) converging exponentially fast to a small
neighborhood of zero during the flight phase. During this torque application, the
flywheel speed can be seen to grow, while the ground phase controller is able to
successfully regulate them close to zero.

Limitations
As training this policy involves querying the optimal control input and its gradients,
each iteration of the training process is computationally expensive (2 seconds per
iteration for a batch size of 30). The use of iLQR required a stabilizing controller to
initialize the rollout and therefore can only do local improvements on a stabilizing
policy. Furthermore, to avoid sampling initial conditions in the training pipeline
which the hopper cannot stabilize, the policy 𝝍𝜽 was pretrained with a conservative
Raibert heuristic.

8.6 Discussion
We have proposed a method of synthesizing stabilizing feedback controllers for
hybrid underactuated systems. By exploiting the zero dynamics decomposition,
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Figure 8.6: Square trajectory tracking. Left pane: overhead view with positional
hardware data overlayed (top) and velocity tracking (bottom). Right pane: wheel
velocities (top), torque (mid), and error (bottom) in the ground (green) and flight
(red) phase with mean and 2𝜎 deviation.

we demonstrated both theoretically and experimentally that stabilizing such sys-
tems can effectively be decomposed into designing a mapping which renders the
discrete zeroing manifold invariant under optimal controllers and pairing it with
a suitable tracking controller. The training procedure exemplifies the thesis strat-
egy of converting trajectory-level properties into pointwise objectives: rather than
optimizing over rollouts, we sample states and penalize deviation from manifold
invariance, with Theorem 16 guaranteeing that convergence of this pointwise loss
implies global stability. The hardware results on ARCHER, including over 3000
stable hops across varied terrain, demonstrate that this structure-aware approach
achieves robust performance on a system where the zero dynamics decomposition
provides the right inductive bias for learning.
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C h a p t e r 9

DISCUSSION AND CONCLUSION

9.1 Technical Synthesis
This thesis developed three complementary strategies for integrating control-theoretic
structure with learning. Each strategy addresses a different aspect of the learning-
control interface, and together they provide a toolkit for constructive control of
underactuated systems.

Training on Pointwise Conditions. The first strategy exploits the observation
that trajectory-level properties reduce to pointwise algebraic conditions. Lyapunov
stability requires ¤𝑉 (𝑥) < 0 at each state; barrier safety requires ¤ℎ(𝑥) ≥ −𝛼(ℎ(𝑥))
at each state; manifold invariance requires (𝜂𝑘+1, 𝑧𝑘+1) ∈ M𝜓 for each (𝜂𝑘 , 𝑧𝑘 ) ∈
M𝜓 . Monte Carlo sampling converts these conditions into loss functions that can
be minimized without trajectory rollouts. LyaNet demonstrated this approach for
stability, FI-ODE extended it to safety with interval-based certification, Neural Gaits
applied barrier conditions on zero dynamics for bipedal walking, and the hopper
work used manifold invariance losses for discrete-time hybrid systems.

Learning Inputs to Structured Controllers. The second strategy retains fixed
control architectures and learns the quantities they require. Robust CBF controllers
guarantee safety given bounds on state uncertainty; learning provides these bounds.
The stereo vision chapter demonstrated this approach: multibaseline consistency
yields self-supervised uncertainty estimates that serve as inputs to a measurement-
robust CBF. Zero Dynamics Policies follow a similar pattern: optimal control
provides stability guarantees; learning provides the manifold parameterization that
makes these guarantees applicable globally.

Enforcing Structure Architecturally. The third strategy builds desired properties
into the model architecture. KALIKO enforces globally linear latent dynamics by
using the Kalman filter as an implicit encoder. The linearity holds regardless of
training outcome because it is imposed by construction, not learned from data.
This approach trades some expressiveness for guaranteed structural properties that
simplify downstream control and analysis.
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9.2 Guarantees and Achievements
The contributions of this thesis provide formal guarantees under stated assumptions,
with hardware validation demonstrating practical applicability.

Stability Certificates. Theorem 10 establishes that for continuous-time systems,
stabilizing outputs to a manifold with exponentially stable zero dynamics renders
the full state exponentially stable. Theorem 16 extends this result to discrete-time
hybrid dynamics. The local existence proof (Theorem 11) shows that stabilizing
ZDPs exist for any locally controllable nonlinear system and can be constructed
explicitly via linearization. These theorems assume exact models and perfect state
knowledge; hardware results on AMBER-3M (walking) and ARCHER (3000+ hops)
demonstrate that the approach remains effective under practical conditions where
these assumptions are violated.

Safety Certificates. FI-ODE provides certified forward invariance for Neural ODE
controllers using interval bound propagation. The stereo vision work provides em-
pirical safety through learned uncertainty bounds, with the guarantee conditional on
the learned distribution matching the true error distribution. Neural Gaits charac-
terizes walking as barrier satisfaction on zero dynamics, with Theorem 15 relating
zero dynamics safety to full-state safe sets.

Prediction and Interpretability. KALIKO achieves state-of-the-art prediction
on wave dynamics while recovering interpretable Koopman eigenfunctions (limit
cycles, energy invariants) that match theoretical expectations. The linear latent
structure enables closed-loop MPC for crane stabilization with near-oracle perfor-
mance.

9.3 Future Work: Control Structure as Transferable Representation
The introduction framed this thesis around a central question: what role should
structure play in learning-based control? The bitter lesson suggests that general
methods outperform hand-designed features given sufficient compute and data [4].
Yet the most successful sim-to-real transfer methods in legged locomotion rely on a
specific structural choice: policies output joint position targets, and a PID controller
tracks these targets [3, 2]. This observation points toward a promising direction for
future research.
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PID tracking succeeds for sim-to-real transfer because it provides a model-free
interface between the learned policy and the physical actuators. The policy learns in
simulation against an idealized PID response. On hardware, the same policy operates
with different PID gains tuned to the physical system. The representation, i.e. joint
position targets, transfers because PID tracking is robust to the model mismatch
between simulation and reality. The policy need not learn actuator dynamics,
friction, or delay; these concerns are absorbed by the low-level controller.

This observation suggests a design principle worth exploring: the choice of control
structure determines what the policy must learn. A policy outputting torques must
implicitly learn inverse dynamics, contact modeling, and actuator physics. A policy
outputting joint targets delegates these concerns to PID and learns only the kinematic
mapping from observations to desired configurations. The latter representation is
more transferable because it is invariant to dynamics details that differ between
simulation and hardware.

Current diffusion-based visuomotor policies [1] typically output end-effector tra-
jectories or joint position sequences, relying on the same PID tracking paradigm.
The learned diffusion model captures the distribution of successful trajectories; the
low-level controller handles execution. This separation enables impressive manip-
ulation results, but the guarantees are purely empirical. PID provides no stability
certificate for the closed-loop system, and the diffusion model provides no guarantee
that generated trajectories are dynamically feasible.

The structures developed in this thesis could offer an alternative worth investigating.
Zero Dynamics Policies provide a representation where the policy outputs define a
manifold 𝜂 = 𝜓(𝑧), and stabilizing this manifold guarantees full-state stability. The
policy learns the manifold shape; the low-level controller (feedback linearization,
CLF-QP, or PD tracking) handles convergence to the manifold. This separation
mirrors the PID paradigm but would add formal guarantees: if the zero dynamics
are stable, the composite system is stable.

For visuomotor policies, this suggests a potential “diffusion on the manifold” ap-
proach. Rather than generating unconstrained trajectories, a diffusion model could
generate parameters of Zero Dynamics Policies conditioned on visual observations.
The generated manifold would be tracked by a stabilizing controller, ensuring that
every sample from the diffusion model produces stable closed-loop behavior. Simi-
larly, barrier functions could constrain the manifold to safe regions, providing safety
guarantees for the generated policies.
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The broader research direction is that control structure should be chosen not only
for its guarantees but for the learning problem it induces. PID succeeds because it
simplifies the learning problem to kinematic reasoning. ZDPs succeed because they
reduce the learning problem to the unactuated subspace. Koopman methods suc-
ceed because they transform nonlinear prediction into linear algebra. Investigating
how these structures can serve as transferable representations for modern learning
pipelines, e.g. reinforcement learning, imitation learning, and diffusion models,
constitutes a natural continuation of this work.

9.4 Conclusion
This thesis studied how control-theoretic structure can serve as an inductive bias
for learning, producing controllers and models that combine the flexibility of neural
networks with the guarantees of classical control. The three strategies developed,
pointwise training, learning inputs to structured controllers, and architectural en-
forcement, address complementary aspects of this integration. Hardware validation
on walking and hopping robots demonstrates that these methods achieve robust
performance on challenging underactuated systems.

The paradigm shift from model-based to learning-based control is well underway.
Reinforcement learning and diffusion policies achieve behaviors that would be dif-
ficult to specify analytically. Yet deployment in safety-critical settings requires
answering: what guarantees does the learned controller provide? The contribution
of this thesis is to show that such guarantees are achievable. Structure is not an
obstacle to learning but a scaffold that makes learning tractable, transferable, and
certifiable.
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