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ABSTRACT

The vibrations of structures in a transverse flow can be a
great problem. It is well known that a strong vibration will result
when the frequency of vortex shedding is close to the natural fre-
quency of the structufe. It is important to understand this 'locked
in'" phenomenon. The Iwan-Blevins fluid-structure model has been
proposed as a tool to study this phenomenon., The goal of this
thesis is to extend this model by introducing a more general
representation of the fluid-structure interaction force. The new
model is compared with data on the lift coefficient of a circular

cylinder vibrating in a steady flow and shows good agreement,
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CHAPTER 1

INTRODUCTION

Vortex shedding and aerodynamic galloping are interesting
features of an elastic structure exposed to a steady flow. The
well known VKarman vortex streets are the basis of the vortex
shedding phenomenon., If the structure sheds vortices at a fre-
quency near a harmonic of the natural frequency of the structure,
vortex shedding may couple with structur.al vibration and generate
a synchronous oscillating force on the structure. The destractive
vibrations due to vortex shedding are a significant problem in
many engineering systems and devices.

Flow induced oscillation is observed in tube bundles as well
as for single structural elements [3]. 1In this case, the oscillation
may be explained by the interaction of the Karman vortex street
with the tube bundle. The Strouhal number in tube bundles is
slightly different from 0.2 for a single cylinder and depends on the
pitch-diameter ratios and the arrangements of the tubes.

This thesis is concerned with the development of a model
which describes the dynamic behavior of a structural element in a
flow when vortex shedding is present. It may also provide a basis
for understanding the flow in tube bundles. The original model was
developed by Iwan and Blevins [2]. This thesis extends this model.

In Chapter II a new model is developed based on a control
volume approach to the vortex shedding process as in the original

model. In Chapter III the behavior of the new model is investigated
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for a stationary cylinder, a forced cylinder and an elastically
mounted cylinder. In Chapter IV the model parameters are deter-
mined using experimental data for a forced cylinder. Conclusions

’

are drawn in Chapter V.



& B

CHAPTER 1II

DEVELOPMENT OF THE MODEL

2.1 The Model for the Flow

Iwan and Blevins [7] have developed a model for the vortex
induced transverse vibration of an elastically mounted circular
cylinder by incorporating the essential features of the gross flow
behavior and relating these to the dynamic motion of an oscillating
cylinder. Herein, improvements will be made on the nonlinear
term of the momentum change and the force acting on the cylinder
to obtain a model which more closely describes the observed
behavior,

The resultant model can only approximate the complex struc-
ture-flow interaction but is nevertheless useful for identifying
relevant system parameters, correlating forced vibration data, and
predicting the response of untested systems.

The basic fluid mechanic assumptions of the model are

1. Inviscid flow provides a good approximation for the
flow field outside the near wake.

2, Vorticity is generated only in the near wake of the
cylinder. The vortices grow uniformlyb to a maximum
strength and move down stream.

3. Two dimensional flow,

4. The force exerted on the cylinder by the flow depends
only on the velocity and acceleration of the averaged

flow relative to the cylinder.
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The momentum equation in the y direction for the control

volume shown in Figure 1 is

P =—-Y4+5 +F 2. 1.1
vy Ty

where Fy is the fluid force on the cylinder, Py is the pressure

force in the y direction on the control surface, Jy is the momentum
in the control volume and SY is the momentum change through the
control volume. The pressure force Py is given by the integration

of the pressure component in the y direction along the control

surface, Hence,

Py = - /pdxcos (n,y) = - f pdx + f pdx . (2.1.2)
S AB De

The momentum change through the control volume is

s. = -/ pvudy + [ pviax (2.1.3)
Y DA AB
BC CD

where v and u are the vertical and horizontal components of fluid
velocity respectively. p is the fluid density. The momentum

within the control volume is

5 = Jf pvitedy . (2.1.4)
Y A
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A weighted average of the transverse component of the flow
within the control volume is defined by
J

7 = Lo, (2.1.5)
aopD

where D is the cylinder diameter and aq is a constant of propor-
tionality.

Since the cylinder is in a uniform flow, the velocity on the
boundaries AB and CD is constant, provided Ll goes to infinity,

The pressure force, therefore, is zero and
P =0 . (2:1.6)

The momentum on the control surface AD is zero because
v =0, This also is true for the momentum components on the

control surfaces AB and CD. Equation (2.1.3) therefore reduces to

8 =-Jf puvay . (2.1.7)
Y BC

Chen [1] has indicated that for a line integral bisecting an

infinite vortex street Symax = putl"V where I‘V is the circulation of

a vortex and uy is the translational velocity of the vortex street,

This result is, however, incorrect, The proper relationship is

= ;%—p(U-u.)I’V (2. 1.8)

SY max t

which is given in the Appendix. There are no vortices forward of

the cylinder and SY must have correction terms. Hence, SY may



be taken to be of the form

SY = 1p(U - ut)l" + correction terms (2.1.9)

where I' is the circulation of the part of a vortex which is moving
out of the control volume.

The circulation of the control volume is

r., = J vdy+ [ uax . (2.1.10)
DA AB

BC CD

The velocity on the boundaries AB and CD is U, so that

[ uax = - [ udx . (2.1.11)
AB D
The velocity component along the y axis is zero on the boundary

DA. Thus, the circulation of the control volume reduces to

L. = ch vdy . (2.1.12)
The circulation of the control volume is a function only of the
induced transverse component of velocity on the surface BC. Since
the circulation of a‘vortex going out of the control volume is the
same as that of the control volume in magnitude, it is reasonable
to expect the circulation of a vortex to be nearly proportional to
the amplitude of the average tfansverse component of velocity in

the control volume. That is, it is assumed that



e

I = K|z|D (2.1.13)

where K is the proportionality constant.

According to the Iwan-Blevins model, SY must lag z by
approximately one-quarter cycle. Since SY is analytic and periodic
at the shedding frequency, it is reasonable to assume the correction
terms can be expressed in a power series of odd powers of z and
z which also oscillate at the shedding frequency. For simplicity

is -

only linear and cubic terms in z and z are included in Sy. SY

assumed to have the form

S =3Kp(U - u

. Zes
o Jw,zD - a,pUDZ + a,pD"2

+ azpz:‘}Uz/D2 + a3p23D/U (2.1.14)

where a a a and K are dimensionless constants and W is

i* %gr g %
the circular vortex shedding frequency.
The force exerted between the cylinder and the fluid is

modeled consistent with the following assumptions:

1. The force depends only on a weighted relative velocity
and acceleration of fluid and the cylinder.

2. The spectrum of frequencies known to be produced
in the vortex shedding process can be approximated

by a single frequency component.

The force on the cylinder which is dependent on the accelera-
tion of the fluid and the cylinder is assumed to be linear and is

represented as
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F . o=

250w A
1 a4pD (z~y)+a6pD y (2.1.15)

where ay and a, are dimensionless proportionality constants. It is
noted that ag is not zero because, even if z is equal to y, the
cylinder is forced, provided y is not zero.

The force exerted on the cylinder by the drag is a function of
relative fluid velocity. The lift force is proportional to the rela-
tive angle between the free stream and the normal component of

the incoming flow to the cylinder. For small displacements this

angle is ('z—gr)/U and the lift force takes the form

FYZ = aspDU('z-ir) (2.1, 16)

where a5 is a dimensionless constant.

The net force exerted on the cylinder is the sum of Fyl and

2.. . . . 2..
FY = a4pD (z-y) + aSpDU(z-y) + a6pD ¥ {8.%,47)

The fluid oscillator is assembled by substituting the component
expressions, Egs. (2.1.5), (2.1.6), (2.1.14) and (2.1.17), into the

momentum Eq. (2.1.1). This gives
L .
(ag + a7)pD z + 3Kp(U - ut)wsz/D = a,pUDz
- azpz3U2/D2 - a3pé3D/U - a4pDZ(E-S})

- aSpDU(ﬁ—ir) - a6pD2'§} (Z2:1:18)

or
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u
£ ’ - t U _ l_ ’ y_
z+ 2K (1 Tj—>5msz—(al aS)DZ
3.2 °3
+ z~ U ! Z / 7 ¢+ U -
= oy .______D4 -a3—ﬂ—f5+(a4~a6)y+a5—ﬁy (2. 1:19)
where
K’:.K__._IE___ N
ao +a4
7 ai
ai = m s i=12, 3,4:5:6) ) (2.1.20)
0 4
aO:aO -l-a.7

Equation (2.1.19) is of the form of a modified Van der Pol equa-
tion which additionally contains a z cube term. It describes the

behavior of the fluid oscillator system around a cylinder.

2.2 The Model for the Cylinder
The vibration of an elastically mounted viscously damped

cylinder is shown in Figure 2 and described by
my + cy + ky = B, (2.2.1)

where m is the mass of the cylinder per unit length, ¢ is the
damping coefficient and k is the spring constant., The natural

frequency is defined by
w = Ak/m . (2.2.2)

The structural viscous damping is defined by
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Fig. 2. Cylinder Suprort.



T (2.2.5)

Substituting (2.1.17), (2.2.2) and (2.2.3) into Eq. (2.2.1)

yields

- . 2 S5 s s . 2..
my + mengsy t w my = a4pD (z-y) + aSpDU(Z—y) ta,pDy

or

e . 2 _ .II“ b/ E

y + 2§Twyy + myy =z tagz R (2.2.4)
where

\
pDZa1
n o _ =
a; = > i=4,5

w

y-:
“[1 + (a4- aé)pD2

2mf w_+ a_.pDU (& 2,59
s n 5

ST 2
Zwy{er (ay- ag)pD }

sswn/wy+ By

7
1+ (ay-2,)pD /m

aSpDU

2mw s /

y

S¢

w. is the natural frequency of the spring-cylinder system in the

fluid. is the total damping coefficient. The latter is composed

ST
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of a component due to structural viscous damping, B and a

component due to viscous fluid damping, §¢r which arises from the

fluid forces that dissipate the energy of the cylinder.

2.3 Characteristics of the Model

The form of the fluid oscillator Eq. (2.1.19) and the struc-

tural oscillator Eq. (2.2.4) gives the general characters of the

model to be as follows:

The fluid/structural system has the form of two coupled
autonomous oscillators.

The natural frequency of the fluid oscillator is given by
u
w :%K’<1-T}i>% . (2.3.1)

This is also given by the consideration of shedding vortices.
The frequency of shedding vortices is ws/Zn, thus, the velocity
of vortices is &ws/Zn in which £ is the pitch of the vortices.
Since the translational velocity induced by a vortex street is
Uy, the relative velocity of vortices with respect to the cylinder

is U—-ut. Hence, it is true that

L 5= = U-u (2.3.2)

or

. :iﬂ<1-—t) : (2.3.3)
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Comparison of Eq. (2.3.1) with Eq. (2.3.3) yields

K’:%Q. (2.3.4)

The experimental value of {/D for a circular cylinder for

Reynolds number of about 103 is, for example,

1SS

F = 4.26 . (2.3.5)

Substituting Eq. (2.3.5) into Eq. (2.3.4) yields

K =2.95 . (2.3.6)

The vortex shedding frequency may also be expressed in
terms of the Strouhal number as

W _ = 2uS

. (2.3.7)

olc

Equations (2.3.1) and (2.3.7) imply that K’ may be expressed

as

r A4S

K _T_——L'?ﬁ' (2.3.8)

The Strouhal number, S, and ut/U may be determined empir-
ically. For a circular cylinder with Réynolds Number in the

range 1 x lO3 -1 x 104 they are approximately



=15~

S == 0.189
and (2. 3..9)

ut/U = 0.14

Substituting Eqs. (2.3.9) into Eq. (2.3.8) also yields K’ =2.76.
Hence, the two expressions (2.3.1) and (2.3.7) for shedding
frequency are essentially equivalent. From this point on,
expression (2.3.7) will be used to express the shedding
frequency.

3. The viscous damping like term in the fluid oscillator arises
from vortex feedback in the near wéke. In order for the
fluid oscillator to have bounded amplitude, the feedback must
be self limiting. That is, the feedback must be nonlinear.

4. The spring constant like term in the fluid oscillator is also
nonlinear. The spring constant like term for the original
model was linear.

5. Large amplitude structural oscillations are expected only if
the shedding frequency is equal to or a multiple of the natural
frequency of the structure so that the two oscillators are

internally resonant.

To this point no restriction has been placed on the cross
section which produces the vortex street. The model parameters
are fixed by matching experimental data for a given cross section

with the model response as predicted by analysis.
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CHAPTER III

ANALYSIS OF THE MODEL

3.1 Stationary Cylinder

When the cylinder is stationary,

y(t) = 0

Hence, the equation of motion, Eq. (2.1.19), reduces to

.-+ 2 _ (al- )U ° /U ’
Z O)SZ-— las—ﬁz-azgzz-a3

(3.1.1)

{3 X 2)

For the solution of this equation the method of slowly varying

amplitude and phase will be used.

The form of the solution may be assumed to be

2 = A1) cos [wt + ()]

(3.1.3)

where the amplitude AZO(t) and the phase angle ¢(t) are slowly

varying functions of time. Substituting Eq. (3.1.3) into Eq. (3.1.2)

and integrating over one period yields

v
° 0 _ ’ « U 0 3 a3
-ZAZ (t) = -(al - 3.5) -]5 AZ (t) + a ﬁ]_j
and
2 2
o + U 0
Z(J.)stp(t) = ”2‘ aZ 5-4" AZ (t)

The steady vibration solution is obtained by letting

(3.1.4)

(3.1.5)
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Af(t) = B . (3.1.6)
This gives
0 3
& } [4a,- a5)/3a3]
5 = 5=z . (3.1.7)

Substituting Eq. (3.1.7) into (3.1.5) and integrating the result

yields

a,(a,~2a.) w
2¥1 5

o(t) = 3 —— =t + 9, (3.1.8)
a3(a0+a4) (21rS)

where ® is a constant., The amplitude AZ0 and the phase angle
¢(t) are respectively given by Egs. (3.1.7) and (3.1.8). Substi~

tuting into Eq. (3.1.3) gives the hidden variable z as

4(a. -~ a.) |®
_ 1 5 D 0
% = [ 3a3 ] 55 €08 (wst + cpo) (3.1.9)

where the angular velocity for a stationary cylinder wso is defined

by

1 + 3

. (3.1.10
® 50T 29 (2n5)8 )

0 { Bylay~ag) 4
ws

Equation (3.1.9) provides a stable solution only if (al- a3)/a3 > 0.
The Strouhal number for a stationary cylinder is found by

using Eqs. (2.3.1), (2.3.7) and (3.1.10). This gives
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€

®
i
B
clo
|

a,la a

(a, - a;)
= S{1 + % S L . (3.1.11)

3]
b |

~ 4
2
a3(ao+a4) (2mS)

It will be found for realistic values of a; that the second term on
the right hand side of Eq. (3.1.11) is very small compared to 1
and is essentially negligible. This supports the assumption that
o(t) is a slowly varying function of time. It also implies that
wo’:“ w_and SO-?:’ S.
s s

The approximate steady-state solution for z(t) may be used

to determine the circulation of the shed vortices and the lift force

on a stationary cylinder. Equation (3.1.3) gives the absolute value

of z as

2] = 0 A . (3.1.12)

" 4nS 0
F = (ao-!- a4) —_——u:wsAzD . {(3:1:13)
L-w
From Eq. (2.3.7)
B U
wg = 2mS D (3.1.14)

Hence,

u A
I (1 - Ji) = 2(a +a4)(2rrS)2 . (3. 1. 15
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Equation (3.1.15) relates the circulation of a vortex shed from a
stationary cylinder and the translational velocity of that vortex
street to the model parameters,

‘The lift force on a stationary cylinder is found by evaluating
the vortex force, Eq. (2.1.17), for y = 0. The amplitude of the
vortex force can be expressed in terms of an oscillating lift

coefficient, This gives

L1

N

2| F,(y=0)
- AEED s {aj(an)Z +al

A0
-5
- s UZD 5 D

0
Cp . (3.1.16)

3.2 Forced Cylinder

1f the cylinder is oscillated harmonically by an external force
independent of the flow surrounding it, the displacement y(t) may

be expressed as
y(t) = Ay sin (wyt - 9y (3.2.1)

where A, w,, and Py are constant and will be defined by the

¥ Y
external force acting on the cylinder. Substituting Eq. (3.2.1)

into the equation of motion, Eq. (2.1.19), yields

+a'Tw Aycos(wyt-cp) . (3.:2. 2)
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In order to simplify the form of Eq. (3.2.2), let

(a4~ aé)w D
= bA
tan cpy = a5U (3.2.3)
and
I , aSIZUZ. -%
— 1
d = (a4-a6) Ll AY . (3.2.4)
w D
Yy
Then, Eq. (3.2.2) reduces to
1
" +oozz = (a, - a.) u;.- a'p—iz3——~a3 .z3
s™ 7 1 5 D 2 D4 UD

+ dwz cos wt . (3.2.5)
y y

A solution of Eq. (3.2.5) may be assumed of the form

(3.2.6)

z = bl(t) cos wy_t + bz(t) sin wyt

where bl(t) and bz(t) are slowly varying functions of time. Sub-

stituting Eq. (3.2.6) into Eq. (3.2.5) and performing a harmonic

balance produces the following variational equations:

X x(1-1% + yotprd) (3.2.7)

and

g.%’_ = y(l-rz) = x(a+pr2),+ F (3.2.8)

where



3a3 2 wy
x = P v 5id bl(t) 5 (3.2.9)
1 5
3a.3 2 wY
y = 4(a1_ - T bz(t) 5 (3.2.10)
5
_ U
B = (a -35) _D' ’ (3.2.11)
(w -wZ)D
¢ = — . , (3.2.12)
(a1 - as)wyU
aZU3
p = 5 (3.2.13)
a3(Dwy)
1
3a3’ = 5 {a D .
F = ﬁ( {J > , . (3.2.14)
4(a; - a,)
1 5
and
r'Z = xZ + y2 2 (3.2.15)

The steady state solutions to Eqgs. (3.2.7) and (3.2.8) are

given by setting b (t) = b,(t) = 0 or

dx _ dy _
T CaG - 0 . (3.2. 16)

Substituting Egs. (3.2.16) into Eqs. (3.2.7) and (3.2.8) gives

(1= + glotpr) = 0 , (3.2.17)

and
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x((r+pr2) - y(l-rz) = F . (3.2.18)

Equations (3.2.17) and (3.2.18) are easily solved for x and y to

give
2 2
_r(ctpr)
x = = ’ (3.2.19)
and
2 2
y = «E2lzZd (3. 2.20)

These equations can be combined as

Pilerne St £ l-2*] = F* . (3.2.21)

The amplitude of the solution is found by solving the cubic equation
(3.2.21) numerically and substituting the result into Eqs. (3.2.19)
and (3.2.20) which determine bl and bZ"

In order to investigate the stability of the steady-state solu-

tion, consider a small perturbation of the form

o]
I

x0+§ "

and (3.2.22)

<
I

yotr 1 >

where X and Vo are the steady-state solutions and § and T are the

small perturbations., Let

& 2 2
ry = Xty (3.2.23)

then
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= 2 -
= B+ 2(ng+T]YO)

rf sl Exgtyg) + €407

(3.2,24)

Substituting Eqgs. (3.2.22) and (3.2.24) into Eqgs. (3.2.7) and (3.2.8)

gives
dg
o 2 B 3.2,485
dt = ( )
where
g
E = (3.2, 26)
M
and
2 2z 2 2
(all'as’)“s 1 - By = 2X0+2pxoy0 U-Zx0y0+ pr0+2pyo
A =
4SS
-0 - 2% -rz—sz 1-1‘2—22-2){
T “FYp T P T #Fg 0~ “Yo T “PF¥p
(3.2,27)
Hence, the condition for stability is
(2] - 25)U 2
Tr(A) B e —— (l-ZrO) < (3:2.28)
or
¢ 1
I‘O &< S e (3.2.29)

The character of the singular points is shown in Table 1.

Figures 3 show the square of the amplitude fz as a function of p,

¢ and F. If a, is zero, p is also zero. In this case, the simple

harmonic solution becomes unstable if r2< % for F2> 8/217.
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However, if a, is not zero, it is more complicated as shown in
Figs. 3(b)-(e). as, that is p, deforms the shape of the curves.
The bigger |p|, the greater the deformation of the curves,

It méy be shown that there are two criteria which determine

the stability boundaries. These are

(1) r2 =1 , and
g% 2 2 .24 2 2
2y |A] = T{cr +6bpor +3p r + (l-r)(1-3r7)} = 0 and
(T.(A)1%- 4|A] = p%[(1-39r%- 6por®- 6%} > 0

Using Eq. (3.2.21), condition (1) gives

etdaf* + & - 285 . (3.2.30)

The other condition (2) gives
45p402 - 18p4o- + 9p4+ 9p3cr - 57p2<r2 - 5lpo

-12p2 - 120°+ 3% (2 - 6p2- 18p30 - 18a¢)¥D > 0 (3.2.31)
provided
pe < & , (3.3.32)

and

B = e - L2pw - 3~ 36" 5 1> 0 , (3.2.33)

In the case that Eq. (3.2.32) or (3.2.33) is not satisfied, the

condition (2) can be neglected.
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i Tr(A)}2 - 4|A] | A roz Characters Stability
>0 > % Node Stable
>0 < % Node Unstable
<0 Saddle Unstable
> % Spiral Stable
<0 < 3% Spiral Unstable
= = Center
- > 5 Node Stable
< % Node Unstable
2 : 2 2, 4 2 2
{T(A)}" - 4|la] = B™{(1-3p7)ry - bpory - o7}
2
2 2 2 4 2 Z
|lA| = -%—{o* + 6p(rr0 + 3p ry + (1—1'0)(1-3r0)}

Table 1. The Characters of the Singular Points




~ 25~

.onm Yy3itm 1o3e

(T03eTTTIOSO

TG4 xX9p Cm>v
TTTOS0 pa@d10g jo asucdsay -+ (e)g *b1g
~0
0l 8 Va /i 0 e v i 2 8- Ol-
| ] I | I | I
sedids sjgeysun siedids  8)gejsun
a8 )
sapou 9)grisun
QNII.. -
m.
= m.H h_ \ = — \ =]
¢ l Nm g-
speaids ‘ sjeads
a)gEIS SSIPPES 3|qeIs
g ¥
D=,
Z s
Gp 0=
NL
sapou z1
310e}S
7 ~
- 0=d
| | | ] | | I




.H.n% Y3ITA I03RTITOSO Po2104 3O 9suodsay
-0
01

*(a)e *Btda
8 ) 7 4 0 A
M ~ ! _ o _ T 1
—.HNH_ syedds 9|geisy
sends sigesun iz 1qesun
’ 7 sapou
N.umn_ sigeisun
‘N;.IT
\ g
_‘.HNm A N Jelids
. 91qeis
7_ Se|ppeg
N
— 3 | | —
spedids g
9|g®riS
i ol .
Nl_
| N
sapou
4 - ageis - i
val
=4




~59-

.m.nL Y3Tm I03RTTTOSQ padiod JO 3suodsay (p)e *bta

‘V. N.

0

N;I QI w'.l m-ll O.—.l

| I

sieaids
2]ge}sun

bl

I 1 | !

s|eqids 9)|geysun

sapou
91geisun

sreaids

S|qels

=4 sa|ppes




30

.v.uL Y3ITM I03RTIIDS) pPadi10g JO 3asuodsay *(a)ye *b1g
ol “sg e v iy 0 5™ 7= 9= 8- Ot
1 T T _ , T T T T
J—.nm// sjends 9)geISUN
sjedids IT sapou
9|lgeisun ¢ a|geisun .
|
- m HN.u_ = =1
mlql S9|ppes
e
sjelids om zd
Al i
91qelS
va'l 4
sapou 3|gelsg e
=4
| J | | | 2l | l




3=

The lift coefficient of the cylinder will be examined next.

Let the relative velocity z -~y be of the form
z -y = A sin (wyt+6) (3.2.34)

where A and @ are constants, Substituting Eqs. (3.2.1) and (3.2.34)

into Eq. (2.1.17) gives the lift force as

Fy = - ayp DZKw; sin (myt + @)

+a_pDUAw cos (w t+o
p - (y ®)

5
a pDZA wz sin (w. t - ¢ ) (3. 2.35)
6 Y y Y y ° © .

Hence, the maximum amplitude of FY is

1
_|psmep® |7 Do,
IFY‘max = pUDA(.OY -——UZ— + a5 + |a6| -—.U,——- . (3.2.36)

The 1lift coefficient is therefore

e 2
2|F ZAmY 3.42(Dmy)2 > Dwy
T Uz + a5 + laél —.U,— ° (3. 2.37)

Ylmax _

C =
FY pUZD

A and ¢ will next be given. Substituting Eqgs. (3.2.1) and

(3.2.6) into Eq. (3.2.34) yields

A sin (wyt + @) = (b1 + A_ sin cpy) cos wyt

b

+ (b2 - AY cos cpy) sin wyt . (3.2.38)
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Thus, A and @ are respectively expressed by

and

N 2 2.4
A = [(b1+A smcpy) + (b, - A costpy) ]

(3.2.39)
b, + A_ sing
tang = bl 4

= A .
Y<:oscpY

(3. 2. 40)
Equation (3.2.3) gives Py and Egs. (3.2.9) and (3.2,10) give b1
and bZ‘

Using these equations and Eqgs. (3.2.19) and (3.2.20),
the amplitude A is at last expressed by

A r2(0+ prz) 2
D |1 F F

1.
2
A s A &
A G r(l-r)+ Yy
2D Y1 i 3D
where

(3.2.41)
5
_ %1735 2U '
Y1 © 3a, Do

(3.2.42)
Yy

(a.+2a )a, -2a)w

Yo = 0 <l 6 (3.2.43)
|a0+ a4[4/(a4- aé)zwyZ + (a5 U/D)2

(a0+ \:_14)(&5 U/D)

vy = (3.2.44)
|a0+ a4|\[(a4- a6)2wyz + (a5 U/D)'2

o, p, F and r are given by Egs. (3.2. 12)-(3.2. 15). Thus, A is

given by Eq. (3.2.41) for the diameter of the cylinder, D, the
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velocity, U, the amplitude and the angular velocity of the cylinder

vibration, AY and wy, provided the parameters, agr @1, 2y, a3, ay

a. and a are known,

5 6’

3.3 Elastically Mounted Cylinder

The coupled oscillator equations for an elastically mounted

cylinder are given by Egs. (2.1.19) and (2.2.5) which are

U - z>U z " U :
(ay-ag) 5z-2,—3 - a3gp + (B4~ 2V + 3y 5 Fads 1}
D
and
. . 2 = .
v+ ZgTwyy + ay @ aé'z + as”z -IDJ- . (3.3.2)

These equations are solved for steady state by assuming a har-

monic solution form:

z = A_ cos (wt+cpz) (3. 3.3)

Z

where A,, w and ¢, are constants, The nonlinear differential equa-
tion describing the cylinder motion (3.3.1) is then solved for the
cylinder displacement in terms of the harmonic fluid oscillations,
The cylinder displacement as a function of the fluid oscillations
can then be substituted back into the fluid os;:illator equation to
produce a single nonlinear autonomous differential equation which

may be solved by asymptotic methods.
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Equation (3.3.3) is substituted into Eq. (3.3.2) to give

v . 2 ' 2 » U :
y + ZéTwy - my_y = -aéAzw cos (wt+cpz) = as'—ﬁAZw sin (wt+cpz) .
(3.3.4)
Let
¥ = blcos (wt +¢,) + b,sin (wt+9,) , {(3:3.5)
then, Eq. (3.3.4) is solved to give:
{-a/_i'(w;- wz) + §Twywsaé’/n5}w2AFz
2 2 2 ‘
+ {2a4§Tw w + a5w (w - w)/2nS}AFz (3. 3.6)
where the amplification factor is denoted by AF.
AF = l/{(w - Y% & 4gT2 251 . (3.3.7)

The amplitude of the cylinder displacement is given by Eq. (3.3.6)

as

i 3
// 2 ',‘g‘

L
A, = AAF e /o) + ot /0 w/0 )/ (2n5)%]

2
“y
(3.3.8)

Equation (3.3.6) is substituted into the fluid oscillator equa-

tion (3.3.1) to produce the single nonlinear equation,
” 2 . " w3 3
zZ + w 'z = ezt oayz toagn - ezt - gz (3.3.9)

where
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N

- U 2 "
a = (all- a5l) 5t {~a/(w -~ w’)+ angwywS/nS}w AF
a, = a {Za” Tww +a w(w -w)/ZnS}AF
a g
/ 4 2 5 T 2
+ (ay - 3 -aé(wy-w)+______sys W AF ,
>(3.3.10)
- - ”
a3—( a6) 2a gTw w o+ 55 AF ,
a, = a, UZ
4 2 5?

Equation (3.3.9) is the approximate equation which expresses the
Next, the stability conditions of this

steady-state oscillation,

system will be examined
The solution of Eq. (3.3.9) is assumed to be ascillatory of

(3.3.11)

the form
A _(t) cos [wt + cpz(t)]

z =

where A_(t) and ¢(t) are slowly varying functions in time and the
The method of slowly

are assumed to be small parameters

e

varying parameters and the harmonic balance technique give

Lo + XA 2(t) 1A, (t) (3.3.12
1 377z Z g .3.12)

A(t)
(3.3.13)

() = [af - afAl(®)]
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where

2
afl(l- afz) + a3(1~ ozz)w - 2«

o
1 2 2
(@y = 1)+ (2a,0)

3%s

2%

Il

2 4 2, 2 2
-2a/3w o {Za1a3~ (ozz- 1 R TR (a, - l)mS

o
3

it

of (ay- 1+ (2a,0)°)
(3.3.14)

P
3{a5w (ay - 1) + Za/3oz4}

il

4@y - D7+ (Za3w)2}

: 4
3{2a3a5w + oz4(cz2- 1)}
2

Q
i
N

4w{(a2~ )" + (Zozzw)z}

The steady-state solution is obtained by setting Az(t) = 0. Then,

for nontrivial solutions, Eq. (3.3.12) yields

A = |- ) (3.3.15)

N
-

The phase angle in this case is

0

Z

Sk b

e 1) = (e - a4AZZ)t t e (3.3.16)

where cpzo is a constant, The amplitude AZO and the phase angle
are given by Eq. (3.3.15) and (3.3.16). These are substituted

into Eq. (3.3.11) to yield



3T

o8
Wl

ol 0
z = |- ——]| cos (wt-i-cpz) (3.3.17%7)

@y

where

ara,
m=w0+a;+ L

(3.3.18)

wo is the order one estimate of the frequency of oscillation,

Since the a; have been assumed to be small, the ozi* are also
small parameters by Eq. (3.3.14). The second and the third terms
on the right hand sidev of Eq. (3.3.18) are, therefore, also small,
This supports the assumption that cpz(t) is a slowly varying function.
Equation (3.3.18) determines the frequency of the cylinder and
fluid oscillation. This transcendental frequency equation is decoupled
from Eq. (3.3.15) which determines the amplitude of the fluid
oscillator. The frequency equation can be solved numerically.

The resultant frequency, w, is substituted into Eq. (3.3.15) to
determine the amplitude of the elastically mount¢d cylinder dis-

placement due to vortex shedding.

For stable oscillation Eq. (3.3.15) also requires the condition

vt 3 (3.3.19)
oz3' :
or
a/ik = 0
% and (3.3, 20)
a3 < 0
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by Eqs. (3.3.10) and (3.3.14). This condition is satisfied by the

assumption that @, are small values.
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CHAPTER 1V
DETERMINATION OF THE MODEL PARAMETERS -
CIRCULAR CYLINDER

Once the fluid-structure model for cylinder vibration has been
developed, the seven constants a; (=01, 2,3,-. ..,6) can be deter-~
mined by experimental data. Recently, Sarpkaya [4 ] has made
measurements of the vortex induced forces on a forced circular
cylinder in a transverse flow., The results of this experimental
investigation have been presented in the form of effective trans-
verse inertia and drag coefficients. These results will be used to

determine the parameters of the proposed model.

4,1 Effective Inertia and Drag Coefficients

The force acting on the cylinder in the y-direction, Fy, may

be expressed in terms of a dimensionless inertia coefficient,

CmL and drag coefficient CdL as
2
F o L
ey = C rrz (____m ) <—D—> sin-Z—T-T—tl
0.5pDU mL D uT s

2

2
u_'E
m D 2m 4 21 4
- CdL( D ) <UT> lCOS—,I,—t l COSTt (4.1.1)

are given by their Fourier averages as

where CmL and CdL

ZUmT 21
Cor, = —5— J (F
m D 0

y sin e)dG/(pUriD) (4.1.2)
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2m
3 2
Cqp, = - % 7 (Fy cos 0)de/(pU_ D) (4.1.3)
0
and
Y
8 = —T——t .

U, is the amplitude of the cylinder velocity and T is the period of
the cylinder vibration so that the instantaneous velocity of the

cylinder is
v = -Um cos @ . (4.1.4)

The relationship between the seven constants, a;, and the Fourier

coefficients CmL and CdL may be obtained as follows,

The displacement y has been defined as
= A_ sin t - . 4.1.5
y - (B k=9 ( )
Hence, the velocity of the cylinder caused by the vibration is
v = =L = Aywy cos (myt - goy) . (4.1.6)
Comparison of Eq. (4.1.6) with Eq. (4.1.4) yields
U_ = -A w, , (4.1.7)

6 = wt=~o

. y (4.1.8)

The period of the cylinder vibration is obviously given by

T = 20, (4.1,9)
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The force acting on the cylinder Fy has been expressed by

Eq. (3.2.35) as
F_= =-a pDZI_sz sin (w_t + @)

¥ 4 y y
+ a5pDU1_XwY cos (myt + @)

2 2 .
- a6pD Aywy sin (wyt - cpy) : (4.1.10)

Substituting Eqs. (4.1.7), (4.1.8), (4.1.9) and (4.1.10) into Egs.

(4.1.2) and (4.1.3) determines the expressions of the Fourier coef-

ficients CmL and CdL as follows:
_ 4A — U . - 4
CmL_TT_‘A—; a4cos(cp+cpy)+a5i)—5;51n(cp+cpy) +;r-a.6,
(4.1.11)
and
_ 3mAD .= U —
Car = o7 e Brey) - a - s Grey)
Yy
y
(4.1.12)

The relative amplitude A of z -y has been given by Eq.
(3.2.34). The ratio of the relative amplitude A to the amplitude

of the cylinder vibration AY is given by Eq. (3.2.41) and

: 1
2 FA s
¥

FA ;
2 2
+{Y1r (-2} 4 ¥~

A 2 2
A_Y: 2% (U+pr)+y2—-D—Y-
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The terms sin (p + cpy) and cos (p + cpy) may be determined from

Egs. (3.2.9), (3.2.6), (3.2.10) and (3.2.40) as follows:

2 2 2 2
_ Ay Y ¥ (o+pr )D y,r (1-r)D
sin{e +9,) = ~—|¥ Ty, =Y oy
Yy A 3 FAy 2 2 FAY 3
(4.1.14)
and
_ AY ylrz(l-rZ)D y1r2(0'+pr2)D
Gof [Pyl = =Yg FA HREY ) FA Ty -
A y y

(4.1, 15)

The third term on the right hand side of Eq. (4.1.11) is a

constant which shifts the value of Crn upward or downward.

L
Providing the coefficients 2 ajs az, a3, a4, a5 and a6,

Y10 Yo and vy are given by Eqgs. (3.2.42), (3.2.43) and (3.2.44) for

U/Dwy. o and p are given by Eqgs. (3.2.12) and (3.2.13). F is

given by Eq. (3.2.14) for d/D which is defined by Eq. (3.2.4).

Consequently, CdL and CmL may be calculated through Egs.

(4.1.13), (4.1.14), (4.1.15), (4.1.11)aand (4.1.12) for the amplitude

Ay/D and the reduced velocity U/Dwy.

4,2 Determination of Model Parameters

Figure 4(a) through 4(c) shows Sarpkaya's experimental
results [ 4 ] for the inertia and drag coefficients as a function of
dimensionless flow velocity ZnU/wyD for three different values of

Ay/D. The model parameters 2g» ..,,,,a.6 were selected so as to
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minimize the mean square difference between the analytical predic-
tion and the data. As a starting point, the values used in the
original Iwan-Blevins model [ 2 ] were assumed. The values are

(using the present notation)

3 = = .48
a 24 + aqg 0

0
a; = 0.44
a, = 0
ag = 0.2 (4.2.1)
ay = 0
ag = 0.38
ag = 0
The curves for ChnL and CdL which result from these parameters

are shown along with the data in Figs. 4(a)-4(e).
After extensive computer calculation, it was concluded that the

best set of extended model parameters for the given data set are

A o -— "Oo 346
a0 ao + a7

a; = 0.56
a, = 0.18
az = 0.30 (4.2.2)
a, = 0.68
ag = 0.53
ag = 0.78

Curves for C and C which result from these parameters are
mL dL

also shown in Figs. 4(a)-4(e). Determination of the optimum set of



-49-

parameters is a difficult task as there are many relative minima

of the mean square difference within the parameter space, How-
ever, the set of parameters given is believed to correspond closely
to the absolute minimum of the mean square difference.

Figures 4(d) and 4(e) show the behavior of the extended model
prediction for values of amplitude ratic Ay/D =1.0 and 1.,5. No
experimental results for these amplitude ratios were available at
the time of writing of this thesis. Also shown in Figs. 4(a)-4(e)
are the smoothed results of a potential flow model study presented
by Sarpkay [4].

The Strouhal number has been taken as

S = 0.189 (4.2.3)
This value applies to the Reynolds number range of 5,2 X 103 to

1.16 X 104 corresponding to the experiments.

4.3 Discussion of Results

The determination of the parameters a; has been made based
on data from a forced cylinder,
The inertia and drag coefficients, CmL and CdL’ have been

defined by Eq. (4.1.1) as:

2

U_T
Yy - ¢ ﬂ2<._m___)<__D> $in 6
T mL o T

UmT . D .
- Ca\ T | cos B|cos 6 . (4.3.1)
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For self sustained oscillation, the force F_ will be nearly in phase

y
with the velocity of the cylinder. That is, CdL should be negative

with the absolute value of C becoming greater as the detuning,

dL

Aw = wy - wg, approaches to zero. C .., on the other hand, arises

from inertia like forces and behaves differently from Cd These

Le
facts are explicitly shown in Figs. 4(a)-(d). Figure 4(e) shows that
CdL does not become negative for the amplitude AY/D = 1,5,

It should be emphasized that there is a special feature in

the resonance region, KEquation (3.2.21) gives three roots of r2

for o, p and F. The equation is

2.2 2

rz{(<r+ pr2)2+(l-r) } = F (4.3.2)

or
(L4 595° = 2=cp)z” & (CrDEC = B® = § . (4.3.3)
Equation (4.3.3) is an equation of order 3 with respect to rz. In

order to solve Eq. (4.3.3) let

rZ _2(1-0p)

g =
3(1+ p%)

, (4.3.4)

314 g He"% 1) ~ Al=ep)®

p , (4.3.5)
a5 9(1+p2)2
g AL =g ¢ WL+ g WL dile 3 0 ~ 2T+ "
* TS o)

(4.3.6)

Then, Eq. (4.3.3) reduces to
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3 _
3 +3pr§+qr—0

The discriminant of this
D

Let

0!}:

i) In the case of D= 0:

r2 has three real roots.

B is, then, expressed by

B

equation is given by

3
r

2
4p +qr .

/ 2 3
—qri 9, t 4pr

4

Let one define R and 6 by

I
o
0]

= &

The three real roots of € are

-

51

52
and

53

The three real roots of r2

through (4.3.4).

3
- 2VR cos8/3 ,

3
2VR  cos (8 +2m)/3 ,

3
2V R cos (8 +4m)/3 .

are then given by Eqgs. (4.3.12)

(4.3.7)

(4.3.8)

{4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)
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ii) In the case of D> 0:

r2 has one real root and two complex roots.

-1+ 43 i
0w = —_—™—_—™—_—
2
Then, the real root is
3 3
€, = Va + VB

and the complex roots are

3 23
§2 = w“/:'_-l- w VB,
and

23 3
w’\[af—*l-wN/—B_.

I

53

Let one define

(4.3.13)

(4.3.14)

(4. 3. 15)

(4.3.16)

The discriminant D given by Eq. (4.3.8) is written as

D = ——— [4(1+ it % BY » 4l ~og et e IV

+ 3014 p2%F* + 3201 - 6p)°F"

- 36(1+ pz)(l -op)(¢2+ l)FZ} .

(4.3.17)

The discriminant D has been examined for o = 0 with the

parameters a, given by Eq. (4.2.2) and it has been found that

D<O0 for Ay/D < 1.013

and

D>0 for Ay/D = 1,014 .

(4.3.18)
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In other words, rZ has three real roots for Ay/D < 1.013 and one

real root for Ay/D = 1,014, provided ¢ =0 or w_= Wy There is

y
therefore the possibility of three pairs of real roots of CaL and
CmL for a given ZnU/wYD near o = 0. This result may explain

the scattering of the datum points in Figs. 4(a)-(c).

C and C are given by Eqs. (4.1.11) and (4.1.12). a

mL dL 4
and ag are given by Eqgs. (4.2.2) as
ay = 0.68 ,
(4.3.19)
ag = 0.53 .
Let
4
Wy = ws(l + Aw) , (4.3.20)
where Aw' is small in resonance region., Then,
U s / ,
2 Boo - 21_Ts(l-A.m) = 0.446(1 - Aw’) . (4.3.21)

4
Eq. (4.1.12) it may be seen that C

Since Aw' is small, a, and aSU/DwY are of the same order. From

4L ™ay have the minimum value
when sin ($+cpy) < 0 and cos ($+cpy) >0, or when ~90° < $+cpy< 0°,
provided K/Ay is constant, From Egq. (4.1.11) it will be seen that
C,,;, may have the maximum value when cos (p+ cpy) >0 and

sin (c?—l-cpy) >0, or 0° <cE+cpy< 90°, provided E/AY is a positive
constant. Hence, one can understand the general behavior of

@+ cpy in Figs. 4(a)-(e) which show that _{p'+cpy is first greater than

90° and then beéomes less than -90°.
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The third term on the right hand side of Eq. (4.1.11) may
be recognized as an added mass term which just shifts the value
of CmL upward. That may be explained as follows. Define an

added mass Ma as in the potential flow model

el
M, = 7z ¢D (4.3.22)

then, the force arising from this added mass is given by

_ w m 2 2 .
F, = May = -ZPD AYwY sin 6 ., (4.3.23)

The Fourier averages of the force due to the added mass yields

ZUmT 2m 2
Coy. = —3 J  (F,sin©)ds/(pU_ D)
m D
0
=1 (4.3.24)
and
3 2m 2
Carq = ~ 2 J  (F,cos0)ds/(pU D)
0
=0 . (4.3.25)

The third term on the right hand side of Eq. (4.1.11) is

SIS

3.6.

This must be equal to C « <Thetrefore
mla

ag = 0.78 (4.3.26)
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which was also given by Eq. (4.2.2) using the empirical data,
Equation (4.3.25) shows that the added mass has no influence to
CdL.

For a free cylinder in the resonance range in which CdL is

negative and C is small, the force acting on the cylinder becomes

mL
positive and in phase with the cylinder velocity. This results in the
amplitude of the cylinder vibration becoming large. The velocity
of the fluid expressed by z also becomes large and the out of phase
%3 term becomes comparable to the z term in magnitude in the
fluid oscillator equation, Eq. (3.3.1). Hence, the vibration is self-
limiting. The flow oscillation in phase with the cylinder vibration
yields the ''locked in'' phenomena associated with vortex shedding.
Figure 4(a) shows CmL and CdL for the amplitude of AY/D =
0.25. The curves for the new model fit the data well except for
ZnU/wyD < 4., The boundaries of the resonance region are not
clear, so the curves for the new model may not fit with the data

when ZnU/wy_D is small, The datum point of C at ZnU/wyD =

dL
5.75 is far from the curve of the new model. This may be due to
the fact that there are three real roots of rZ in this region as has
been mentioned and the curves are calculated only with reference to
the maximum root. It seems reasonable to take the maximum root
since the vibration for this root tends to be larger than for the

other roots. The curves for the potential flow model are far from

the datum points, Also the curves for the original model show

very poor agreement with the data.
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Figure 4(b) shows another set of curves for C and C
mL dL

for Ay/D =0.5. The curve for Cm by the potential flow model

L
gives the best fit with the data. That of the new model agrees

fairly well with the data. The curves for C by the potential flow

dL
model and the new model are good except for the strong resonance
point at erU/wyD =b.4,

Figure 4(c) shows Cm and C for Ay/D = 0.75. The new

L dL
model shows good agreement with the data in both C and C ..
ml dL
Figures 4(d d i
igures 4(d) and (e) give the curves of CmL and CdL for

AY/D =1.0 and 1.5. No experimental data are available for these
cases.

It is concluded that the new model shows adequate agreement
with the data for all cases shown,

The values of a, are given by Egs. (4.2.2). Since a4 is
defined by Eq. (2.1.5) and represents the relationship between the
momentum flux JY and the transverse component of the flow within
the control volume, ag must be positive. It is, however, reason-
able that the momentum change through the control volume Sy
may be influenced by the rate of the change of the transverse
component of the flow, i.e., ar is not zero. In other words, the

empirical data give aq negative since

= -a, - 0.346 . (4.3.26)

S 0

The parameter a, expresses the added mass of a cylinder

as has been mentioned. It is interesting that this added mass
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in a flow with vortices is essentially equal to the wvalue in
potential flow without vortices. That is a, appears to be nearly
independent of the existence of vortices.

The parameters ay and ag represent the forces due to the
relative velocity 2z - y and the rate of its change Z - §, respec-
tively. They are positive and therefore result in forces which
oppose the cylinder motion.

The parameter a, - 2y is the coefficient of the y term and
is negative (-0.1). It plays an important role in detuning. As has
been mentioned in the original model [2], the frequency entrain-
ment of an elastically supported cylinder becomes explicit as the
coefficient of the y term (a4 - 2 in this case) becomes small.
In the original model this term was taken to be zero.

All of the parameters 2y, 2y, 2 and a, come from the
correction terms to the momentum flux term Sy' The parameter
an has been mentioned. The parameters a, and aj represent
nonlinear terms. When Z is small, the vibration amplitude of 2

grows. There must therefore be negative damping in Eq. (2.1.19)

or

o2
4 ¥ t Z . °
a) - ag > a3 ;Z ;  z small (4.3.27)

When z is large, the vibration will decay. Hence, there must be

positive damping in Eq. (2.1.19) or



N.

z large . (4.3.28)

NIN

.
>

c

Consequently, a; - ag and ag must be positive. This is also seen

to be necessary in Egs. (3.2.9), (3.2.10) and (3.2.14).

The parameter a, effects the naturalfrequency of the fluid

oscillator. Since a, > 0, the fluid oscillator is stiffening and its

effective natural frequency increases as its amplitude of oscilla-

tion increases.
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CHAPTER V

CONCLUSIONS

A bluff structure exposed to a fluid flow can be excited by
vortex shedding. If the frequency of vortex shedding is near the
natural frequency of the structure, the vortex shedding can lock
onto the structural oscillation with resulting large amplitude
oscillation. The Iwan~Blevins model has been proposed to describe
this fluid-structure oscillation phenomenon.

An extension of the Iwan-Blevins model has been made in
this thesis. The new model is similar to the original model in
that it is based on a control volume approach to the vortex
shedding process and the von Karman idealization of the vortex
street, The model is composed of a fluid like oscillator and a
structural oscillator which interact through the force exerted
between the fluid and the cylinder.

The new model has three new parameters in addition to the
original model parameters. These new parameters account for a
z cube type of nonlinearity in the feedback from the shed vortices
to the cylinder, an unsteady force due to the change in the relative
velocity between the flow and the cylinder and an additional mass.
The resultant fluid oscillator is of the form of a modified Van der
Pol equation., The nature of the solutions of this equation have
been examined and it has been shown that the extra terms affect

the amplitude and stability of the response.
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The equations for an elastically mounted cylinder have been
derived. The equations for the amplitude and the frequency are
given in rather complex form. However, they may readily be
solved numerically by iterative methods.

The model parameters are determined for a circular cylinder
using the experimental data generated by Sarpkaya. A least square
fit method for nonlinear functions has been used. The original
and new models have been compared with data for the forced
vibration of a circular cylinder. Also examined are the results of
a potential flow model calculation. It is concluded that the new
model shows the best agreement with the data.

Under certain conditions the amplitude of the flow oscillator
may have three real roots. This fact may explain some of the

scatter of the data points of CcL in Figs. 4(a)-(c).
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APPENDIX

TRANSVERSE MOMENTUM

Complex potential is

z-z.) + ——r——log sin%(z+z0) + U,z . (A-1)

r .o
w = -2—-log sin O) 2

7 (
my 1
Hence, the derivative with respect to z is

r

dw . Tr Lo
= 2it ©

™
—mCOtZ(Z-Z +

L
o) t7 (z+29) + U, . (A-2)

1f [zl > [zol (or y>>y0; z =X + 1y, zO:XO-l- iyo),

dw .
W - YW =y (A-3)
or
uw =U_ ,
(A-4)
v =0 .

Equation (A-1) satisfies the boundary condition. Let

(A-5)
\ ik

z = x + iy , }

N
o

T
W

Substituting Eqgs. (A-5) into Eq. (A-2) makes

) r £ : h
u - 1iv = —m‘COt%{(X"Z) + l(Y'z)}

(A-6)
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Now, it is generally true that

sin 2x - 1 sinh 2y

w2 5 Ug) cosh 2y - cos 2x

Using Eq. (A-7), Eq. (A-6) becomes

u - iv =

L8

. i B £ g h
r 1smL—n(x-Z)+smh{’n(y——2—)

2

4

2m h 2m L
cosh—)L—(y -—2—) - COS—L—(X -Z)

. . 2m 2 : 21 h
1sm—L—(x+Z) + smh—&-(y+?)

+ U
21T h 2m L o
COShT(Y'l"z') o COST(X'i'Z)

Thus, the velocity components are

u

e B h
r s1nh—£—(y--2—)
2%

cosh%(y——}zl) - cos%(x- )

INES

. 21 h
sinh 5 (v + 7)

2m h 2m
coshT(y+7) - COST(X+Z)

£ -

Similar to Chen's model [3], let

(A-T7)

(A-8)

(A-9)

(A-10)
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k=0,1,2,... .

Then, Eqs. (A-9) and (A-10) reduce to

I 2 h 2 h
u = oo {tanh—;-(y--z-) - tanh_gl(y+7)} + U_ , (A-11)
r ] 1
& ars + : (A-12)
= -}l cosh —-——Zn (v + %)

The momentum along to y-axis is

. (A-13)

SY = f puvdy

-

From Egs. (A-11) and (A-12), we get

2 h 2 h
- - <F>Z sthﬂ(y--Z-) smh—g( +-2—)
= 2L 2 2m h, ~ 21 h
COSh T( - "2') COSh T( + ‘z‘)
2 h 2 h
X tanh—zﬂ—( -—2—) tanh—g(y+-2—)
2 h, ~ 2 h
coshTﬂ(y+-2—) cosh——g—r(y = o5 )
+ Ve . 2 - (A-14)
24 2m h 2T h : -
COShT (Y - -2) COShT (Y+'Z')

Now, it is generally true that



B

.

i[1,-2] = f sinh x cosh“2 xdx

-0

2 - —- @
- [sinh“ x cosh 1 x + ——1_21+2 I[l,O]:ld

@

= [sin.h2 x cosh-l x - cosh x:]mgo

= [~ coshm1 x]ojm

=0 . (A-15)

2 h 2 h
tanh—%—( ) tanh—g(y—l——z—) o
2 1 2 T

cosh ——g (v + 7) cosh —-g (y - _2_)

o il 20 h ., 21 h
) mnhT( -—2-) - 51nhT(y+7) 2o
- 2 h 2 h
- cosh—%(y+-2~) cosh——g—(Y - =)
«© 4 cosh —Zg y sinh I%l-
- [ 2m 2m ey
-~ COShT 27 + COshTh
2m
% cosh — vy
: 4
= -2sinhTh [ dy
S cosh2 -Z—TT-y + cosh2 ma 1
E E
2m
Z5 cosh — vy
3 . i L
= -zsimhph [ z7h W
~® sinh = y + cosh™ —

~-continued-~
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2m
2n cosh =¥
1 ™ v cosh Ef,}i
= =& tah < h / > dy
: m L - Zﬂ'
sinh ¥
1 +
cosh TTT
. 2m -
) 1 . sinh o ok 3
= = —tanh T h |arctan "
b cosh T2 ~0
L
= -ttanh 7h . (A-16)

2 h
f sech—g(yi—z—

-0

i . 2 h
)ydy = Z—Tr[arc’can{smh——g(Yi-z-)}:|_<Jo

A e W _ 4
= 5= [3+3] = 3 (A-17)
Using Eqgs. (A-14) - (A-17), Eq. (A-13) becomes
2 Iy
S. = ~p[=-) 4 tanhTh + poproed
y = TP\ZX i P27
= L BT, =y bk T B
2 P~ 77 Z
=% (U, -v) , (A-18)

where uy is the translational velocity of vortices in stational fluid

and

h & (A-19)

N E

u, = Z—Etanh
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Note: The translational velocity is given as follows:

_ r 55 5 g = in T r -
w = [~ Z—TT;log sin Z(Z zo) + Zni log sin {,(z+z0) + 2—%—i—log(z ZO)]Z:ZO
dw _ . _ r 7 T T r 1
S B e vy = [—- Vi cot Z(z~zo) + VAT cot Z(Z+ZO) + T ]
i 0 2=z
= —E—[lcot T—T-(z+z ) - L/n T (z~z )cotIr—(z-z ) - 1}1]
284 =1 £ 0 i(z-zoi Lz 0 L 0 z=2z
2 4
rfl1 T L/ ) 2. 4 4
= ZE[T cot Z(z—!—zo) TEPER 2(z-—zO) +———‘I(Z-ZO) +}]
0 3 451 z=2
r 27 r 2 L
Z{,COt T %0 ° "ﬁZCOtT(Z+ 17)
. 21 4 2 h
r 1 1tanT :l—t nh T2
2 n—ng%+ it h?‘;%
_ r mh
= - —Z-EtanhT
Then
B T mh
u = [ug| = >y tanh =~ (A-20)
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Fig. A-1. Karman Vortex Street.





