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ABSTRACT 

The vibrations of structures in a transverse flow can be a 

great problem. It is well known that a strong vibration will result 

when the frequency of vortex shedding is close to the natural fre­

quency of the structure. It is important to understand this "locked 

in11 phenomenon. The !wan-Blevins fluid-structure model has been 

proposed as a tool to study this phenomenon. The goal of this 

thesis is to extend this model by introducing a more general 

representation of the fluid- structure interaction force. The new 

model is compared with data on the lift coefficient of a circular 

cylinder vibrating in a steady flow and shows good agreement. 
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CHAPTER I 

INTRODUCTION 

Vortex shedding and aerodynamic galloping are interesting 

features of an elastic structure exposed to a steady flow. The 

well known Karman vortex streets are the basis of the vortex 

shedding phenomenon. If the structure sheds vortices at a fre­

quency near a harmonic of the natural frequency of the structure, 

vortex shedding may couple with structural vibration and generate 

a synchronous oscillating force on the structure. The destractive 

vibrations due to vortex shedding are a significant problem in 

many engineering systems and devices. 

Flow induced oscillation is observed in tube bundles as well 

as for single structural elements [3]. In this case, the oscillation 

may be explained by the interaction of the Karman vortex street 

with the tube bundle. The Strouhal number in tube bundles is 

slightly different from O. 2 for a single cylinder and depends on the 

pitch-diameter ratios and the arrangements of the tubes. 

This thesis is concerned with the development of a model 

which describes the dynamic behavior of a structural element in a 

flow when vortex shedding is present. It may also provide a basis 

for understanding the flow m tube bundles. The original model was 

developed by !wan and Blevins [ 2]. This thesis extends this model. 

In Chapter II a new model is developed based on a control 

volume approach to the vortex shedding process as in the original 

model. In Chapter III the behavior of the new model is investigated 
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for a stationary cylinder, a forced cylinder and an elastically 

mounted cylinder. In Chapter IV the model parameters are deter­

mined using experimental data for a forced cylinder. Conclusions 

are drawn in Chapter V. 
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CHAPTER II 

DEVELOPMENT OF THE MODEL 

2. 1 The Model for the Flow 

Iwan and Blevins [7 J have developed a model for the vortex 

induced transverse vibration of an elastically mounted circular 

cylinder by incorporating the essential features of the gross flow 

behavior and relating these to the dynamic motion of an oscillating 

cylinder. Herein, improvements will be made on the nonlinear 

term of the momentum change and the force acting on the cylinder 

to obtain a model which more closely describes the observed 

behavior, 

The resultant model can only approximate the complex struc­

ture-flow interaction but is nevertheless useful for identifying 

relevant system parameters, correlating forced vibration data, and 

predicting the response of untested systems. 

The basic fluid mechanic assumptions of the model are 

1. Inviscid flow provides a good approximation for the 

flow field outside the near wake. 

2. Vorticity is generated only in the near wake of the 

cylinder. The vortices grow uniformly to a maximum 

strength and move down stream. 

13. Two dimensional flow. 

4. The force exerted on the cylinder by the flow depends 

only on the velocity and acceleration of the averaged 

flow relative to the cylinder. 
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The momentum equation in the y direction for the control 

volume shown in Figure 1 is 

dJ 
p y = dt y + Sy + F y (2. 1. 1) 

where F y is the fluid force on the cylinder, Py is the pressure 

force in the y direction on the control surface, Jy is the momentum 

in the control volume and Sy is the momentum change through the 

control volume. The pressure force Py is given by the integration 

of the pres sure component in the y direction along the control 

surface. Hence, 

J pdx cos (n, y) 
s 

= f pdx + J pdx . 
AB DC 

The momentum change through the control volume is 

s y = -J 
DA 
BC 

p vudy + J 2 
pv dx 

AB 
CD 

(2. 1. 2) 

(2.1.3) 

where v and u are the vertical and horizontal components of fluid 

velocity respectively. p is the fluid density. The momentum 

within the control volume is 

jj pvdxdy 
A 

( 2. 1. 4) 
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A weight e d average of the transvers e compone nt of the flow 

within the control volume is define d by 

z = (2.1.5) 

where D is the cylinder diameter and a 0 is a constant of propor­

tionality. 

Since the cylinder is in a uniform flow, the velocity on the 

boundaries AB and CD is constant, provided L
1 

goes to infinity . 

The pressure forc e , the refore , is zero and 

(2. 1. 6) 

The momentum on the control surface AD is zero because 

v = O. This also is true for the momentum compone nts on the 

control surfaces AB and CD. Equation (2. l, 3) therefore reduces to 

= -f puvdy . (2. 1. 7) 
BC 

Chen [ l] has indicated that for a line integral bisecting an 

infinite vortex street S a = p utr where r is the circulation of ym X V V 

a vortex and ut is the translational v elocity of the vortex street. 

This result is, however, incorrect. The proper relationship is 

(2. 1. 8) 

which is given in the Appendix. There are no vortices forward of 

the cylinder and Sy must have correction terms. H ence, Sy may 
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be taken to be of the form 

Sy = ½ p (U - ut)r + correction terms (2. 1. 9) 

where r is the circulation of the part of a vortex which is moving 

out of the control volume. 

The circulation of the control volume is 

r = 
CV 

f vdy + J udx . 
DA AB 
BC CD 

The velocity on the boundaries AB and CD is U, so that 

J udx = 
AB 

J udx . 
CD 

(2. 1. 10) 

(2. 1. 11) 

The velocity component along the y axis is zero on the boundary 

DA. Thus, the circulation of the control volume reduces to 

rev= j vdy . 
BC 

(2. 1. 12) 

The circulation of the control volume is a function only of the 

induced transverse component of velocity on the surface BC. Since 

the circulation of a vortex going out of the control volume is the 

same as that of the control volume in magnitude, it is reasonable 

to expect the circulation of a vortex to be nearly proportional to 

the amplitude of the average transverse component of velocity in 

the control volume. That is, it is assumed that 
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(2.1.13) 

where K is the proportionality constant. 

According to the Iwan-Blevins model, Sy must lag z by 

approximately one-quarter cycle. Since Sy is analytic and periodic 

at the shedding frequency, it is reasonable to assume the correction 

terms can be expressed in a power series of odd powers of z and 

z which also oscillate at the shedding frequency. For simplicity 

only linear and cubic terms in z and ; are included in Sy- Sy is 

assumed to have the form 

S = ½ Kp(U y 

(2. 1. 14) 

where a
1

, a
2

, a
3

, a
7 

and K are dimensionless constants and ws is 

the circular vortex shedding frequency. 

The force exerted between the cylinder and the fluid is 

modeled consistent with the following assumptions: 

1. The force depends only on a weighted relative velocity 

and acceleration of fluid and the cylinder. 

2. The spectrum of frequencies known to be produced 

in the vortex shedding process can be approximated 

by a single frequency component. 

The force on the cylinder which is dependent on the accelera­

tion of the fluid and the cylinder is assumed to be linear and is 

represented as 
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(2. 1. 15) 

where a
4 

and a 6 are dimensionle ss proportionality constants. It is 

noted that a
6 

is not zero because, even if z is equal to y, the 

cylinder is forced, provided y is not zero. 

The force exerted on the cylinder by the drag is a function of 

relative fluid velocity. The lift force is proportional to the rela­

tive angle between the free stream and the normal component of 

th e incoming flow to the cylinder. For small displacements this 

angle is (~ - y)/U and the lift force takes the form 

(2. 1. 16) 

where a
5 

1s a dimensionless constant. 

The net force exerted on the cylinder is the sum of Fyl and 

Fy2 or 

(2.1.17) 

The fluid oscillator is assembled by substituting the component 

expressions, Eqs. (2.1.5), (2.1.6), (2.1.14) and (2.1.17), into the 

momentum Eq. (2. 1. 1). This gives 

or 

3 2 2 
a 2 p z u /D • 3 I a

3 
p z D U 

(2. 1. 18) 
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.. + Je.K' (1 -J) u I I u z 
D 

w z = (a 1 - as ) D z 2 s 

z3U2 • 3 u I I z I I .• I . - a2 7- a3 UD + (a4 - a6)y + as D y ( 2. 1. 1 9) 

where 

K' K 

l = 
ao + a4 

a. 
I 1 (i 1.2.3,4,5,6) r (2.1.20) a. = " , = 
1 ao + a4 

" + ao = ao a7 
, 

Equation (2. 1. 19) is of the form of a modified Van der Pol equa­

tion which additionally contains a z cube term. It describes the 

behavior of the fluid oscillator system around a cylinder. 

2. 2 The Model for the Cylinder 

The vibration of an elastically mounted viscously damped 

cylinder is shown in Figure 2 and described by 

my + cy + ky = F y (2. 2. 1) 

where m is the mass of the cylinder per unit length, c is the 

damping coefficient and k is the spring constant. The natural 

frequency is defined by 

w = ✓ k/m n (2.2.2) 

The structural viscous damping is defined by 



u 
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(2.2.3) 

Substituting (2. 1. 17), (2. 2. 2) and (2. 2. 3) into Eq. (2. 2. 1) 

a." = 
l 

w = y 

ST = 

= 

sf = 

,,.. 11• U 
= a'4 z + as z D 

2 
pD a. 

l 

w n 

✓ 1 + (a4 - a 6) p D
2 

2mi:; w + a 5 p DU s n 
2 

2wy[m + (a4 - a 6 ) pD } 

s w /w + sf s n y 

1 + (a4 - a 6)pD /m 

a
5

pDU 

2mw 
y 

i = 4, 5 

(2. 2. 4) 

(2.2.5) 

w 1s the natural frequency of the spring-cylinder system in the 
y 

fluid. s T is the total damping coefficient. The latter is composed 
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of a component due to structural viscous damping, s , and a 
s 

component due to viscous fluid damping, sf' which arises from the 

fluid forces that dissipate the energy of the cylinder. 

2. 3 Characteristics of the Model 

The form of the fluid oscillator Eq. (2. 1. 19) and the struc­

tural oscillator Eq. (2. 2. 4) gives the general characters of the 

model to be as follows: 

1. The fluid/ structural system has the form of two coupled 

autonomous oscillators . 

2. The natural frequency of the fluid oscillator is given by 

w s 
= .l.K'(1- ut)U 

2 U D • (2.3.1) 

This is also given by the consideration of she dding vortices. 

The frequency of shedding vortices is w /Zn, thus, the velocity 
s 

of vortices is tw /Zn in which t is the pitch of the vortices. 
s 

Since the translational velocity induced by a vortex street is 

ut, the relative velocity of vortices with respect to the cylinder 

is U - ut. Hence, it is true that 

w 
t s U-u Zn = t (2. 3. 2) 

or 

ZnU (1 -J) w = s t 
(2.3.3) 
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Comparison of Eq. (2 . 3 . 1) with Eq. (2. 3. 3) yields 

K' == 4rrD -,_- (2.3.4) 

The experimental value of J/D for a circular cylinder for 

Reynolds number of about 10 3 is, for example, 

i. 
D~4.26. 

Substituting Eq. (2. 3. 5) into Eq. (2.. 3. 4) yields 

(2. 3. 5) 

K' == 2. 95 . . (2. 3.6) 

The vortex shedding frequency may also be expressed m 

terms of the Strouhal number as 

W == 2rrS U 
s D 

(2.3.7) 

Equations (2. 3. 1) and (2. 3. 7) imply that K' may be expressed 

as 

K' == 
4TTS 

1 - u /u t 
(2.3.8) 

The Strouhal number, S, and u/U may be determined empir-

ically. For a circular cylinder with Reynolds Number in the 

range 1 x 10 3 - 1 x 10
4 

they are approximately 
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S ~ 0. 189 

and 

u/U ~ 0. 14 

(2.3.9) 

Substituting Eqs. (2. 3. 9) into Eq. (2. 3. 8) also yields K' = 2. 76. 

Hence, the two expressions (2. 3. l} and (2. 3. 7) for shedding 

frequency are essentially equivalent. From this point on, 

expression (2. 3. 7) will be used to express the shedding 

frequency. 

3. The viscous damping like term in the fluid oscillator arises 

from vortex feedback in the near wake. In order for the 

fluid oscillator to have bounded amplitude, the feedback must 

be self limiting. That is, the feedback must be nonlinear. 

4. The spring constant like term in the fluid oscillator is also 

nonlinear. The spring constant like term for the original 

model was linear. 

5. Large amplitude structural oscillations are expected only if 

the shedding frequency is equal to or a multiple of the natural 

frequency of the structure so that the two oscillators are 

internally resonant. 

To this point no restriction has been placed on the cross 

section which produces the vortex street. The n1odel parameters 

are fixed by matching experimental data for a given cross section 

with the model response as predicted by analysis. 
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CHAPTER III 

ANALYSIS OF THE MODEL 

3. 1 Stationary Cylinder 

When the cylinder is stationary, 

y(t) = 0 . 

Hence, the equation of motion, Eq. (2. 1. 19), reduces to 

(3. 1.1) 

(3.1.2) 

For the solution of this equation the method of slowly varying 

amplitude and phase will be used. 

The form of the solution may be assumed to be 

where the amplitude AO (t) and the phase angle i:p (t) 
z 

are 

(3. 1. 3) 

slowly 

varying functions of time. Substituting Eq. (3. 1. 3) into Eq, (3. 1. 2) 

and integrating over one period yields 

-2A. 
0 

<t> = z (3. 1. 4) 

and 

(3.1.5) 

The steady vibration solution 1s obtained by l e tting 
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A O 
(t) = o . z (3.1.6) 

This gives 

AO 
z 

1 

[ 4(a 
1 

- a 5 )/3a)2 

D = 2nS 
(3.1.7) 

Substituting Eq. (3. 1. 7) into (3. 1. 5) and integrating the result 

yields 

cp(t) 

where cp
0 

is a constant. 

(3. 1. 8) 

0 
The amplitude A and the phase angle 

z 

cp(t) are respectively given by Eqs. (3.1. 7) and (3. 1.8). Substi­

tuting into Eq. (3. 1.3) gives the hidden variable z as 

z = (3. 1. 9) 

0 
where the angular velocity for a stationary cylinder w 1s defined 

s 

by 

0 
w 

s (3.1.10) 

Equation (3. 1. 9) provides a stable solution only if (a 1 - a
3
)/ a

3 
> 0. 

The Strauhal number for a stationary cylinder is found by 

using Eqs. (2.3. 1), (2.3. 7) and (3.1.10). This gives 
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a2(al - as) 1 l 
a

3
(a

0 
+ a

4
) (2nS)

4 (3. 1. 11) 

It will be found for realistic values of a. that the second term on 
1 

the right hand side of Eq. (3. 1. 11) is very small compared to 1 

and 1s essentially negligible. This supports the assumption that 

cp(t) is a slowly varying function of time. It also implies that 

0 
and S = S. w w s s 

The approximate steady- state solution for z(t) may be used 

to determine the circulation of the shed vortices and the lift force 

on a stationary cylinder. Equation (3.1, 3) gives the absolute value 

of i as 

Iii =wAO. s z (3. 1. 12) 

Substituting Eqs. (2,3.8) and (3.1.12) into Eq. (2.1.13) yields 

From Eq. (2.3.7) 

Hence, 

r 
UD 

4nS 

ut 
1 - -u 

w A OD 
s z (3.1.13) 

(3. 1. 14) 

(3. 1. 15) 
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Equation (3.1.15) relates the circulation of a vortex shed from a 

stationary cylinder and the translational velocity of that vortex 

street to the model parameters. 

· The lift force on a stationary cylinder is found by evaluating 

the vortex force, Eq. (2. 1. 17), for y = 0. The amplitude of the 

vortex force can be expressed in terms of an oscillating lift 

coefficient. This gives 

= 
2\Fy(y=O)\ 

pU
2

D 

3. 2 Forced Cylinder 

AO 
z 

D (3.1.16) 

If the cylinder is oscillated harmonically by an external force 

independent of the flow surrounding it, the displacement y(t) may 

be expressed as 

(3.2.1) 

where AY' wy and cpy are constant and will be defined by the 

external force acting on the cylinder. Substituting Eq. (3. 2. 1) 

into the equation of motion, Eq. (2. 1. 19}, yields 

z + 2 
w z s 

, u2 3 
a 2 ~ z 

D 

- (a4' - a 6')w 
2 

A sin {w t - cp } 
y y y · y 

{3. 2. 2) 
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In order to simplify the form of Eq. (3. 2. 2), let 

tan cp 
y 

and 

d -

Then, Eq. (3. 2. 2) reduces to 

.. 2 
z + w z = s 

2 
+ dw cos w t . 

y y 

A solution of Eq. (3.2.5) r.nay be assumed of the form 

(3.2.3) 

(3.2.4) 

(3.2.5) 

where b
1 

(t) and b
2

(t) are slowly varying functions of time. Sub­

stituting Eq. (3. 2. 6) into Eq. (3. 2. 5) and performing a harmonic 

balance produces the following variational equations: 

and 

wher e 

2 dx 
f dt 

2 dy 
f dt 

2 2 
= x(l-r)+y(cr+pr), (3. 2. 7) 

2 2 
= y(l-r) - x(cr+pr) + F (3.2,8) 



-21-

(3. 2. 9) 

(3. 2. 10) 

(3.2.11) 

2 2 
(w - w )D s y (3.2.12) 

p - (3. 2. 13) 

(3. 2. 14) 

and 

2 2 2 
r = X + y (3. 2. 15) 

The steady state solutions to Eqs. (3.2.7) and (3.2.8) are 
. . 

given by setting b
1 

(t) = b 2(t) = 0 or 

dx = dy = 
dt dt 

0 . (3.2.16) 

Substituting Eqs. (3. 2. 16) into Eqs. (3. 2. 7) and (3. 2. 8) gives 

2 2 
x( 1 - r ) + y( u- + p r ) = 0 , (3.2.17) 

and 
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2 2 
x(o-+pr) - y(l-r) = F. (3.2.18) 

Equations (3. 2. 17) and (3. 2.18) are easily solved for x and y to 

give 

2 2 
X = 

r (o-+pr) 
F 

( 3. 2. 1 9) 

and 
2 2 

y = 
r(l-r) 

F 
(3.2.20) 

These equations can be combined as 

2 2 2 2 2 
r[(o-+pr) +(1-r)} (3.2.21) 

The amplitude of the solution is found by solving the cubic equation 

(3.2.21) numerically and substituting the result into Eqs. (3.2.19) 

and (3. 2. 20) which determine b 1 and b 2 . 

In order to investigate the stability of the steady- state solu­

tion, consider a small perturbation of the form 

and (3.2.22) 

Y = y 0 + Tl, 

where x
0 

and y O are the steady- state solutions and s and Tl are the 

small perturbations. Let 

2 2 2 
r O = XO + Yo (3.2.23) 

then 
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2 2 2 2 
r = ro + (sx0 + TJy0 ) + (s + Tl ) 

. 2 
2 ( s XO + Tl y O ) (3.2.24) = ro + . 

Substituting Eqs. (3.2.22) and (3.2.24) into Eqs. (3 .2 .7) and (3.2 .8) 

gives 

ds 
= As ( 3. 2. 25) 

dt 

where 

s = (~) (3. 2. 26) 

and 

0- -

A = 

1 -

(3. 2. 27) 

Hence, the condition for stability is 

T (A) = 
r 

(3.2.28) 

or 

1 
2 • (3. 2. 2 9) 

The character of the singular points is shown in Table 1. 

·2 
Figures 3 show the square of the amplitude r as a function of p, 

o- and F. If a 2 is zero, p is also zero. In this case, the simple 

harmonic solution becomes unstable if r
2 < ½ for F

2 > 8/27. 
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However, if a 2 1s not zero, it is more complicated as shown in 

Figs. 3(b)-(e). a 2 , that is p, deforms the shape of the curves. 

The bigger j p j , the greater the deformation of the curves. 

It may be shown that there are two criteria which determine 

the stability boundaries. These are 

( 1) 
2 r = i 2 , and 

• (2) ~
2 

2 2 2 4 2 2 = 4 [a- + 6pa-r + 3p r + (1-r )(l-3r )} = 0 and 

Using Eq. (3. 2. 21), condition (1) gives 

(3. 2. 30) 

The other condition (2) gives 

42 4 4 3 22 
45p a- - 18p a-+ 9p + 9p a- - 57p er - 5lpa-

(3.2.31) 

provided 

p (f < 2 
3 , (3.3.32) 

and 

2 2 2 2 
D = 6p a- - l 2p er - 3p - 3cr + 1 > 0 (3.2.33) 

In the case that Eq. (3.2.32) or (3.2.33) is not satisfied, the 

condition (2) can be neglected. 
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[Tr(A)}
2

- 4IA\ IA\ 
2 Characters Stability ro 

> 0 >½ Node Stable 

> 0 <1,_ 
2 Node Unstable 

< 0 Saddle Unstable 

> 1,_ 
2 Spiral Stable 

< 0 < 1,_ 
2 Spiral Unstable 

- 1,_ Center - 2 

0 
>½ Node Stable 

= 
<½ Node Unstable 

2 2 4 2 2 
~ [( 1- 3p ) r 

O 
- 6p crr 

O 
- cr } 

\A\ 

Table 1. The Characters of the Singular Points 
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The lift coefficient of the cylinder will be examined next. 

Let the relative velocity z - y be of the form 

z - y = A sin {w t + cp) y {3.2.34) 

where A and cp are constants. Substituting Eqs. {3. 2. 1) and {3. 2. 34) 

into Eq. (2. 1. 17) gives the lift force as 

2- 2 -
a 4p D Aw sin {w t + <:p) 

y y 

+ a
5 

pDUAw cos {w t + cp) 
y y 

Hence, the maximum amplitude of F is y 

[l 
2 2 

a
4 

{Dw ) 

I F \ = p U DA w 2 y + 
y max y U 

The lift coefficient is therefore 

{3.2.35) 

{3. 2. 36) 

(3.2.37) 

A and ~ will next be given. Substituting Eqs. (3. 2. 1) and 

(3.2.6) into Eq. (3.2.34) yields 

+ (b 2 - A cos <:p ) sin w t . y y y (3. 2. 38) 
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Thus, A and cj," are respectively expressed by 

2 2 1 

A = -[(bl + A sin cp ) + (b 2 - A cos cp ) ]2 
y y y y (3. 2. 3 9) 

and 

tan cp° 
bl + A sin cp 

= y y 
h

2 
- A cos cp • 

y y 
(3 . 2. 40) 

Equation (3.2.3) gives q:iy and Eqs. (3.2.9) and (3.2.10) give b 1 

and bz- Using these equations and Eqs. (3. 2. 19) and (3. 2. 20), 

the amplitude A is at last expressed by 

A 
D = 

2 2 
r (er+ pr ) 

F 
A )

2 

+ Y2 ri t I 2 2 
r (1-r ) 

Y1 F + 

(3.2.41) 

where 
1 

[

a 1 - a 5 ]
2 

2U 
Y1 - 3a3 Dw y 

(3. z. 42) 

Y2 -
(a0 + a 4)(a4 - a 6)wy 

✓ 2 2 2 Ja 0 + a 4 J(a4 - a 6) wy + (a5 U/D} 

(3. 2. 43) 

(a0 + a 4)(a5 U/D) 

Y3 -

✓ 2 2 2 I a 0 + a 4 \(a4 - a 6) wy + (a5 U/D) 

(3. 2. 44) 

er, p, F and r are given by Eqs. (3. 2. 12} - (3. 2. 15}. Thus, A is 

given by Eq. (3. 2. 41} for the diameter of the cylinder, D, the 
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velocity, U, the amplitude and the angular velocity of the cylinder 

vibration, Ay and wy, provided the parameters, a 0 , a 1, a
2

, a
3

, a
4

, 

a
5 

and a
6

, are known. 

3. 3 Elastically Mounted Cylinder 

The coupled oscillator equations for an elastically mounted 

cylinder are given by Eqs. (2. 1. 19) and (2. 2. 5) which are 

(3.3.1) 

and 

(3.3.2) 

These equations are solved for steady state by assuming a har­

monic solution form: 

(3.3.3) 

where Az, w and (f)z are constants. The nonlinear differential equa­

tion describing the cylinder motion (3. 3. 1) is then solved for the 

cylinder displacement in terms of the harmonic fluid oscillations. 

The cylinder displacement as a function of the fluid oscillations 

can then be substituted back into the fluid oscillator equation to 

produce a single nonlinear autonomous differential equation which 

may be solved by asymptotic methods. 
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Equation (3. 3. 3) 1s substituted into Eq. (3. 3. 2) to give 

(3.3.4) 

Let 

(3.3.5) 

then, Eq. (3. 3. 4) is solved to give: 

(3.3.6) 

where the amplification factor is denoted by AF. 

( 3. 3. 7) 

The amplitude of the cylinder displacement is given by Eq. (3. 3. 6) 

as 

(3.3.8) 

Equation (3. 3. 6) is substituted into the fluid oscillator equa­

tion (3. 3. 1) to produce the single nonlinear equation. 

where 

2 
z + w z = s 

(3.3.9) 
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II ( 2 2 l as w w - w ) s y 
2rrS AF ' 

(3. 3. 10) 

Equation (3. 3. 9) is the approximate equation which expresses the 

steady-state oscillation. Next, the stability conditions of this 

system will be examined. 

The solution of Eq. (3.3.9) 1s assumed to be oscillatory of 

the form 

(3.3.11) 

where Az(t) and cp(t) are slowly varying functions in time and the 

ai are assumed to be small parameters. The method of slowly 

varying parameters and the harmonic balance technique give: 

(3.3.12) 

(3.3.13) 



-36-

where 

Cl'l ( l - Cl'z) + Cl'3( 1 - Cl'z)w 
2 2 - 2Cl'3WS ,~ 

QI 1 -
(Cl'z - 1) t (2Cl'

3
w) 

2 4 
[ 2Cl'l Cl'3 - (az - 1)2}w 

2 2 
~:~ 

-Za3 w + - (Cl'z - l)ws 
az -

w[ (Cl'z - 1) + (Za
3

w) } 

(3.3.14) 

2 2Cl'3Cl'4} 3[ a 5w (Cl'z - 1) + 
,:( 

Cl'3 - 2 2 
4[(Cl' 2 - 1) + (2a

3
w) } 

. 
The steady- state solution is obtained by setting A (t) = 0. Then, z 

for nontrivial solutions, Eq. (3. 3. 12) yields 

(3.3.15) 

The phase angle m this case is 

cp (t) z 

where r+>~ is a constant. 

(3.3.16) 

The amplitude AO and the phase angle 
z 

are given by Eq. (3.3.15) and (3.3.16). These are substituted 

into Eq. (3. 3. 11) to yield 
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(-
,:
-).1. 
' 2 

a 1 0 
( 3. 3. 1 7) z = >!< COS ( wt + Cf> Z ) 

a3 

where 

:❖: ,·-,, 
0 >',< + al a4 

(3.3.18) w = w + az ,:i: 
a3 

0 
w is the order one estimate of the frequency of oscillation. 

Since the a. have been assumed to be small, the a.':< are also 
1 1 

small parameters by Eq. (3. 3. 14). The second and the third terms 

on the right hand side of Eq. (3. 3. 18) are, therefore, also small. 

This supports the assumption that q> (t) is a slowly varying function. 
z 

Equation (3. 3. 18) determines the frequency of the cylinder and 

fluid oscillation. This transcendental frequency equation is decoupled 

from Eq. (3. 3. 15) which determines the amplitude of the fluid 

oscillator. The frequency equation can be solved numerically. 

The resultant frequency, w, is substituted into Eq. (3. 3. 15) to 

determine the amplitude of the elastically mounted cylinder dis­

placement due to vortex shedding. 

For stable oscillation Eq. (3. 3. 15) also requires the condition 

> 0 (3. 3. 19) 

or 

>!~ 
al > 0 

,!i: 
0 a3 < 

(3. 3. 20) 



-38-

by Eqs. (3. 3. 10) and (3. 3. 14). This condition is satisfied by the 

assumption that Q. are small values. 
l 
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CHAPTER IV 

DETERMINATION OF THE MODEL PARAMETERS -
CIRCULAR CYLINDER 

Once the fluid-structure model for cylinder vibration has been 

developed, the seven constants a. {i = 0, 1, 2, 3, ... , 6) can be deter-
1 

mined by experimental data. Recently, Sarpkaya [4 J has made 

measurements of the vortex induced forces on a forced circular 

cylinder in a transverse flow. The results of this experimental 

investigation have been presented in the form of effective trans­

verse inertia and drag coefficients. These results will be used to 

determine the parameters of the proposed model. 

4. 1 Effective Inertia and Drag Coefficients 

The force acting on the cylinder in the y-direction, F y, may 

be expressed in terms of a dimensionless inertia coefficient, 

CmL and drag coefficient C dL as 

F y 
2 

0. 5 p DU 

• 2TT t I s1n -
T 

(
U T)

2
( )

2 
• 

- CdL ~ tT jcos ;;rt'i 
2TT I 

cos T t 

where CmL and CdL are given by their Fourier averages as 

CmL = 

2U T m 
2n 

j {Fysin8)d8/{pU!D) 

0 

(4. 1. 1) 

{ 4. 1. 2) 



and 

3 
= - 4 
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2n 
f 2 

(F cos 0)d0/(pU D) y m 
0 

e = 2n t / 
T 

(4.1.3) 

U is the amplitude of the cylinder velocity and T is the period of m 

the cylinder vibration so that the instantaneous velocity of the 

cylinder is 

V = -U COS 0 
m (4. 1. 4) 

The relationship between the seven constants, a., and the Fourier 
1 

coefficients CmL and CdL may be obtained as follows. 

The displacement y has been defined as 

y = A sin ( w t - cp ) . 
y y y 

Hence, the velocity of the cylinder caused by the vibration is 

Comparison of Eq. (4. 1. 6) with Eq. (4. 1. 4) yields 

Um = -A w y y , 

e = wt-cp 
y y 

The period of the cylinder vibration 1s obviously given by 

2n 
T = 

(4.1.5) 

(4.1.6) 

( 4. 1. 7} 

(4. 1.8) 

( 4. 1. 9} 
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The force acting on the cylinder F y has been expressed by 

Eq. (3. 2, 35) as 

- a 6 p D
2 

A w 
2 

sin (w t - cpy) . y y y (4. L 10) 

Substituting Eqs. (4. 1. 7), (4.1. 8), (4. 1. 9) and (4.1.10) into Eqs. 

(4. 1. 2) and (4. 1. 3) determines the expressions of the Fourier coef­

ficients CmL and CdL as follows: 

and 

CdL = 
3rrAD 
4A 2 

y 

(4. 1. 11) 

( 4. 1. 12) 

The relative amplitude A of z - y has been given by Eq. 

(3. 2. 34). The ratio of the relative amplitude A to the amplitude 

of the cylinder vibration Ay is given by Eq. (3. 2. 41) and 

A 
A y 

(4. 1. 13) 
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The terms sin (cp + cpy} and cos (cp + cpy} may be de termined from 

Eqs. (3.2.9), (3.2.6), (3.2.10} and (3.2.40} as follows: 

sin(cp + q) ) y 

and 

(4. 1.14} 

(4. 1. 15) 

The third term on the right hand side of Eq. (4. 1. 11) is a 

constant which shifts the value of CmL upward or downward. 

Providing the coefficients a
0

, a
1

, a
2

, a
3

, a
4

, a
5 

and a
6

, 

y 1 , y 2 and y
3 

are given by Eqs. (3.2.42), (3.2.43) and (3.2.44) for 

U/Dwy. o- and p are given by Eqs. (3. 2. 12) and (3. 2. 13). F is 

given by Eq. (3. 2. 14) for d/D which is defined by Eq. (3. 2. 4). 

Consequently, CdL and CmL may be calculated through Eqs. 

(4.1.13), (4.1.14), (4.1.15), (4.1. ll}aand (4. 1.12) for the amplitude 

Ay/D and the reduced velocity U/Dwy-

4. 2 Dete rmination of Model Parameters 

Figure 4(a) through 4(c) shows Sarpkaya' s experimental 

results [ 4 J for the inertia - and drag c oefficients as a function of 

dimensionless flow velocity 2rrU/w D for thr e e different values of y 

Ay/D. The model parameters a 0 , ... , a
6 

were selected so as to 
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m1n1m1ze the mean square difference between the analytical predic­

tion and the data. As a starting point, the values used in the 

original Iwan-Blevins model [ 2 ] were assumed. The values are 

(using the present notation) 

" 0.48 ao = ao + a7 = 

al = 0.44 

a2 = 0 

a3 = 0.2 (4.2.1) 

a4 = 0 

as = 0.38 

a6 = 0 

The curves for CmL and CdL which result from these parameters 

are shown along with the data in Figs. 4(a)-4(e). 

After extensive computer calculation, it was concluded that the 

best set of extended model parameters for the given data set are 

" ao = ao + a7 = -0.346 

al = 0.56 

a2 = o. 18 

a3 = 0.30 (4.2.2) 

a4 = 0.68 

as = 0.53 

a6 = 0.78 

Curves for CmL and CdL which result from these parameters are 

also shown in Figs. 4(a)-4( e). Determination of the optimum set of 
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parameters is a difficult task as there are many r e lative minima 

of the mean square difference within the parameter space. How­

ever, the set of parameters given is believed to corr e spond closely 

to the absolute minimum of the mean square difference. 

Figures 4(d} and 4(e} show the behavior of the extended model 

prediction for values of amplitude ratio Ay/ D = I. 0 and 1. 5. No 

experimental results for these amplitude ratios were available at 

the time of writing of this thesis. Also shown in Figs. 4(a}-4(e} 

are the smoothed results of a pote ntial flow model study presented 

by Sarpkay [4]. 

The Strauhal number has been taken as 

S = 0. 189 (4.2.3) 

This value applies to the Reynolds number range of 5. 2 X 10 3 to 

1. 16 X 10 
4 

corresponding to the experiments. 

4. 3 Discussion of Results 

The determination of the parameters a. has been made based 
l 

on data from a forced cylinder. 

The inertia and drag coefficients , CmL and CdL ' have been 

defined by Eq. ( 4. 1. l} as: 

FY 2 = cmLrrz(U~T)(tT)z sine 
O. 5 p DU 

(4.3. 1) 
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For self sustained oscillation, the force F y will be nearly in phase 

with the velocity of the cylinder. That is, CdL should be negative 

with the absolute value of CdL becoming greater as the detuning, 

/:j.w = w - w approaches to zero. y s' CmL' on the other hand, arises 

from inertia like forces and behaves differently from CdL' These 

facts are explicitly shown in Figs. 4(a)-(d). Figure 4(e) shows that 

CdL does not become negative for the amplitude Ay/D ::: L 5. 

It should be emphasized that there is a special feature in 

the resonance region. 
2 

Equation (3. 2. 21) gives three roots of r 

for cr, p and F. The equation is 

( 4. 3. 2) 

or 

2 6 4 2 2 2 
(l+p)r -2(1-crp)r +(cr+l)r -F :::0. (4.3.3) 

2 
Equation ( 4. 3. 3) is an equation of order 3 with respect to 

order to solve Eq. (4.3.3) let 

r . In 

-16(1-crp)
3 

+ 18(1+ p
2

)(1-crp){cr
2

+ 1) - 27(1+ /)
2

F
2 

21(1 + l/ 

Then, Eq. (4.3.3) reduces to 

( 4. 3. 4) 

(4.3.5) 

(4.3.6) 
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s 3 + 3p s + q = 0 . 
r r 

The discriminant of this equation is given by 

4 3 + 2 
D - Pr qr 

Let 

-q ± ✓ q 2 + 4p 3 
r r r 

i) In the case of D :5: 0: 

2 
r has three real roots. Let one define R and 8 by 

R 
i8 

e . 

~ is, then, expressed by 

-i8 
= Re . 

The three real roots of s are 

3 
$

1 
= z✓R cos 0/3 , 

3 
s 2 = 2./R cos (8 + 2TT)/3 , 

and 
3 

S 
3 

= 2'VR_ COS (8 + 4TT)/3. , 

The three real roots of r
2 

are then given by Eqs. (4. 3. 12) 

through (4. 3. 4). 

( 4. 3. 7) 

(4.3.8) 

(4.3.9) 

(4.3.10) 

(4.3.11) 

(4.3.12) 
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ii) In the case of D > 0: 

2 
r has one real root and two complex roots. Let one define 

-1 + {3 i 
w = (4.3.13) 

2 

Then, the real root is 

(4.3.14) 

and the complex roots are 

(4.3.15) 

and 

(4. 3. 16) 

The discriminant D given by Eq. (4. 3. 8) is written as 

2 2 2 
- 36(l+p )(1-crp)(cr +l)F} . (4.3.17) 

The discriminant D has been examined for er = 0 with the 

parameters a. given by Eq. (4. 2. 2) and it has been found that 
l 

D < 0 

and 

D > 0 

for A /D ~ 1.013 y 

for A /D ::2: 1.014 . y 

(4. 3. 18) 
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2 
In other words, r has three real roots for A /D s; 1.013 and one y 

real root for A /D ::::: 1.014, provided er = 0 or w = w . There is y y s 

therefore the possibility of three pairs of real roots of CdL and 

CmL for a given ZnU/wyD near er = 0. This result may explain 

the scattering of the datum points in Figs. 4(a)-(c). 

CmL and CdL are given by Eqs. (4. 1. 11) and (4. 1. 12). a 4 

and a
5 

are given by Eqs. (4. 2. 2) as 

l 
Let 

I 
w = w ( 1 + .6.w ) y s 

where .6.w' is small in resonance region. Then, 

as 
= - ( 1 - .6.w ') = 

2ns 
0. 446 ( 1 - .6.w 

1
) • 

(4.3.19) 

(4.3.20) 

(4.3.21) 

Since .6.w' is small, a 
4 

and a
5 

U /Dwy are of the same order. From 

Eq. (4. 1. 12) it may be seen that CdL may have the minimum value 

when sin(cp+cpy)<0 and cos (cp+cp )>0, or when -90°<cp+cp <0°, y y 

provided A/ A is constant. From Eq. ( 4. 1. 11) it will be seen that y 

C L may have the maximum value when cos (tp + cp ) > 0 and m y 

sin(rntcp )>0, or 0°<cptcp <90°, provided A/A is a positive 
T y y . y 

constant. Hence, one can understand the general behavior of 

cp+q,y in Figs. 4(a)-(e) which show that cp+q:,y is first greater than 

90° and then becomes less than -90°. 
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The third term on the right hand side of Eq. (4. 1. 11) may 

be recognized as an added mass term which just shifts the value 

of CmL upward. That may be explained as follows. Define an 

added mass M as in the potential flow model 
a 

(4. 3. 22) 

then, the force arising from this added mass 1s given by 

(4.3.23) 

The Fourier averages of the force due to the added mass yields 

C mLa 

and 

CdLa 

= 
2U T 

m 

= 1 

3 = - 4 

= 0 . 

J 
0 

2n 
f (F sin8)d8/(pU

2
D) a m 

0 

(4.3.24) 

2rr 2 
(F cos 8)d8/(pU D} a m 

(4. 3. 25) 

The third term on the right hand side of Eq. (4. 1. 11) is 

This must be equal to C L . Therefore ma 

(4.3.26) 
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which was also given by Eq. (4. 2. 2) using the empirical data. 

Equation { 4. 3. 25) shows that the added mass has no influence to 

CdL 0 

For a free cylinder in the resonance range in which C is 
dL 

negative and CmL is small, the force acting on the cylinder becomes 

positive and in phase with the cylinder velocity. This results in the 

amplitude of the cylinder vibration becoming large. The velocity 

of the fluid expressed by ; also becomes large and the out of phase 

. 3 • 
z term becomes comparable to the z term in magnitude in the 

fluid oscillator e quation, Eq . (3. 3 . 1). Hence, the vibration is self­

limiting. The flow oscillation in phase with the cylinder vibration 

yields the 11 locked in" phenomena associated with vortex shedding. 

Figure 4{a) shows CmL and C dL for the amplitude of Ay/D = 

0. 25. The curves for the new model fit the data well except for 

2TTU/wyD < 4. The boundaries of the resonance region are not 

clear, so the curves for the new model may not fit with the data 

when 2rrU/wyD is small. The datum point of CdL at 2TTU/wyD = 

5. 75 is far from the curve of the new model. This may be due to 

the fact that there are three real roots of r
2 

in this region as has 

been mentioned and the curves are calculated only with reference to 

the maximum root. It seems reasonable to take the max imum root 

smce the vibration for this root tends to be larger than for the 

other roots. The curves for the potential flow model are far from 

the datum points. Also the curv es for the original model show 

very poor agreement with the data. 
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Figure 4(b) shows another set of curves for CmL and CdL 

for Ay/D = 0. 5. The curve for CmL by the potential flow model 

gives the best fit with the data. That of the new mode l agrees 

fairly well with the data. The curves for CdL by the potential flow 

model and the new model are good except for the strong resonance 

point at 2nU/w D = 5.4. y 

Figure 4( c) shows CmL and C dL for Ay/D = 0. 75. The new 

model shows good agreement with the data in both CmL and CdL" 

Figures 4(d) and (e) give the curves of CmL and CdL for 

No experimental data are available for these 

cases. 

It is concluded that the new model shows adequate agreement 

with the data for all cases shown. 

The values of ai are given by Eqs. (4. 2. 2). Since a 0 is 

defined by Eq. (2. 1. 5) and represents the relationship between the 

momentum flux J and the transverse component of the flow within 
y 

the control volume, a
0 

must be positive. It is, however, reason-

able that the momentum change through the control volume S y 

may be influenced by the rate of the change of the transverse 

component of the flow, i.e., a
7 

is not zero. In other words, the 

empirical data give a
7 

negative since 

(4. 3. 26) 

The parameter a
6 

expresses the added mass of a cylinder 

as has been mentioned. It is interesting that this added mass 
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in a flow with vortices is essentially equal to the value in 

potential flow without vortices. That is a 6 appears to be nearly 

independent of the existence of vortices. 

The parameters a 4 and a 5 represent the forces due to the 

relative velocity z - y and the rate of its change z - y, respec­

tively. They are positive and therefore result in forces which 

oppose the cylinder motion. 

The parameter a
4 

- a 6 1s the coefficient of the y term and 

is negative (-0. I). It plays an important role in detwiing. As has 

been mentioned in the original model [ 2 ], the frequency entrain­

ment of an elastically supported cylinder becomes explicit as the 

coefficient of the y term (a
4 

- a 6 in this case) becomes small. 

In the original model this term was taken to be zero. 

All of the parameters a
1

, a
2

, a
3 

and a
7 

come from the 

correction terms to the momentum flux term S . The parameter 
y 

a 7 has been mentioned. The parameters a
2 

and a
3 

represent 

nonlinear terms. When z is small, the vibration amplitude of z 
grows. There must therefore be negative damping in Eq. (2. 1. 19) 

or 

z small (4. 3. 27) 

When z is large, the vibration will decay. Hence, there must be 

positive damping in Eq. (2.1.19) or 
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Z large . (4.3.28) 

Consequently, a
1 

- a 5 and a
3 

must be positive. This is also seen 

to be necessary in Eqs. (3. 2. 9), (3. 2. 10) and (3. 2. 14). 

The parameter a
2 

effects the naturalfrequency of the fluid 

oscillator. Since a 2 > 0, the fluid oscillator is stiffening and its 

effective natural frequency increases as its amplitude of oscilla-

tion increases. 
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CHAPTER V 

CONCLUSIONS 

A bluff structure exposed to a fluid flow can be exc ited by 

vortex shedding. If the frequency of vortex shedding is near the 

natural frequency of the structure, the vortex shedding can lock 

onto the structural oscillation with resulting large amplitude 

oscillation. The Iwan-Blevins model has been proposed to describe 

this fluid- structure oscillation phenomenon. 

An extension of the Iwan-Blevins model has been made in 

this thesis. The new model is similar to the original model m 

that it is based on a control volume approach to the vortex 

shedding process and the von Karman idealization of the vortex 

street. The model is composed of a fluid like oscillator and a 

structural oscillator which interact through the force exerted 

between the fluid and the cylinder. 

The new model has three new parameters in addition to the 

original model parameters. These new parameters account for a 

z cube type of nonlinearity in the feedback from the shed vortices 

to the cylinder, an unsteady force due to the change in the relative 

velocity between the flow and the cylinder and an additional mass. 

The resultant fluid oscillator is of the form of a modified Van der 

Pol equation. The nature of the solutions of this equation have 

been examined and it has been shown that the extra terms affect 

the amplitude and stability of the response. 
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The equations for an elastically mounted cylinder have been 

derive d. The equations for the amplitude and the frequency are 

given in rather complex form. However, they may readily be 

solved numerically by iterative methods. 

The model parameters are determined for a circular cylinder 

using the experimental data generated by Sarpkaya. A least square 

fit method for nonlinear functions has been used. The original 

and new models have been compared with data for the forced 

vibration of a circular cylinder. Also examined are the results of 

a potential flow model calculation. It is concluded that the new 

model shows the best agreement with the data. 

Under certain conditions the amplitude of the flow oscillator 

may have three real roots. This fact may explain some of the 

scatter of the data points of CcL in Figs. 4(a)-(c). 
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APPENDIX 

TRANSVERSE MOMENTUM 

Complex potential is 

w = - ~ log sin!::. (z - z ) + 2r log sin~ (z + z
0

) + U
00

z . 
2TT i ,{, Q TT i ,t., 

Hence, the derivative with respect to z is 

dw 
dz = u- iv 

or 

dw 
dz = u - iv = 

V = Q l 
Equation (A-1) satisfies the boundary condition. Let 

Z = X + 1y l 
Substituting Eqs. (A-5) into Eq. (A- 2) makes 

r TT[ t h 
u - iv = - 2it cot t (x - 4 ) + i(y - 2 )} 

f TT [ t . h } + 2it cot t (x + 4) + 1(y + 2) + ua:, 

(A-1) 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

(A-6) 
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Now, it is generally true that 

cot (x + iy) = sin 2x - i s inh 2y 
cosh 2y - cos 2x 

Using Eq. (A-7), Eq. (A-6) becomes 

u - iv = Ii sin 
2
n (x - .i'..) + sinh 2n (y - ~) r t 4 t 2 

2t 2n h 2n t 
cosh T (y -

2

) - cos T (x -
4

) 

. . 2n ( t) 
1 sm T x + 4 + 

2n h 
cosh T (y + -z) 

sm T y + 2 • h 2n ( h) l 
Zn t + Uoo 

cos T (x + 4 ) 

Thus, the velocity components are 

r sm T Y - 2 I 
. h 2n ( h) 

u = 2,t 2rr h Zrr t 
cosh T (y - 2 ) - cos T (x - 4 ) 

.nh 2n ( h) l Sl T y + 2 
2n h Zn t + Uoo 

cosh T (y + 2 ) - cos T (x + 4 ) 

. 2n ( t) 
Sln - X --,{, 4 

2n h 2n t 
cosh T (y -

2

) cos T (x -
4

) 

+ 
• 2rr ( t) l Sln - X - - • t 4 

2n h 2n t 
cosh - (y + - ) - cos - (x + - ) t 2 t 4 

Similar to Chen I s model [ 3 J, l et 

(A-7) 

(A-8) 

(A-9) 

(A-10) 
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X = k t , k = 0,1,2, .... 

Then, Eqs. (A-9) and (A-10) reduce to 

r [ 2n h 2n h } 
u = 2t tanh T (y - -z) - tanh T (y + 2 ) + U00 

(A-11) 

r I 1 v = 2t 2n h 
cosh T (y - 2 ) 1 l + 2n · h 

cosh T (y + 2 } 
(A-12} 

The momentum along to y-axis is 

0:, 

Sy = J puvdy . (A-13) 

From Eqs. (A-11) and (A-12), we get 

• h 211 ( h) 
sm T y + 2 

2 211 h 
cosh T (y + 2 ) 

+ 

2n h 
tanh - (y - -) .{, 2 

211 h -
cosh T (y + -z} 

2rr h l tanh T ( y + 2 ) 
2rr h 

cosh T (y - 7 ) 

ruco I 1 
+ 2t 211 h 

cosh T (y - z) 
1 l + 211 h 

cosh T (y + 7 } 
(A-14) 

Now, it is generally true that 
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(X) 

[ J f -2 
I 1,-2 = sinhx cosh xdx 

[ 
7 -1 1-2+2 ](X) = sinh- x cosh x + _

1 
I[l,O] _

00 

r . 2 -1 00 = L s1nh x cosh x - cosh x] 

- 1 (X) 

= [- cosh x] _co 

= 0 . 

_a, 

2rr h 

f 
00 tanh T ( y - 2 ) 

211 h 

2rr h 
tanh T (y + 2 ) 

- 2 11 h dy 
cosh T (y - 2 ) cosh T (y + 2 ) 

= 
(X) 

f 
.nh2n( h) .nh2n( h) 

Sl t y - z - Sl t Y t 2 
Zn h Zn h dy 

cosh T (y + -z-) cosh T (y - 7) 

= 
co 

f 
Zn . nh 

4 cosh Ty s1nh T 

Zn Zn 
cosh T 27 + cosh Th 

dy 

Zn 
(X) cosh Ty 

-2 sinh i h f dy = 2 2n + 2 nh 
_a, cosh Ty cosh 

T - 1 

Zn 
(X) cosh Ty 

-2 sinh I h J dy = . h2 2n + 2 nh _oo Sln -y cosh 
T ,{, 

- continued-

(A- 15) 
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2TT 

2TT cosh Ty 

co T nh 
,t TT 

= - - tanh - h 
TT ,t 

f coshT 
-------~ dy 

1 + (sinh 3, y) 

_co 

coshT 

.t sm Ty 

[ ( 

• h 2n )] co 
= - 11 tanh I h arctan nh 

= -.t tanh ~ h 
.t 

co 

cosh - _co 
.t 

f 2TT h 
sech T (y ± 2 )dy .t [ . 2n h } co = 2TT [arctan s1nh T (y ± 2 ) ]_co 

,{, 
= 2 0 

Using Eqs. (A-14) - (A-17), Eq. (A-13) becomes 

= ½ pf(Uco - it tanh; h) 

(A-16) 

(A-17) 

(A-18) 

where ut 1s the translational velocity of vortices in stational fluid 

and 

f TT 
ut = U tanh :[ h (A-19) 
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Note: The translational velocity is given as follows: 

dw 
dz = 

r 211 
= Zit cot T zO 

r 211 t . h 
= Zit cot T ( 4 + 1 2) 

r 
= 2ti 

. 211 t 211 h 
1 - 1 tan - - tanh - -t 4 t 2 

211 t + . t h 211 h tanT 4 1 an T 2 

r 11h 
= - -tanh-2,t t 

Then 

r 11h 
= 2,{'_, tanh T 

r 1 7 

+--J 2rr. z-z
0 l z-z - 0 

(A-20) 
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Fig . A -1 . Karman Vortex Street. 




