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ABSTRACT

Functions are considered which satisfy the set of equa-

tions

n-1
1

EZ f(x+§) =anf (nx) +bn

k=0

for given sequences {a%}, {gp}. In the first part of the
dissertation £ is assumed to be a continuous function from
the real line to the complex plane; the cases where f is
periodic and aperiodic are considered separately. All pos-
sible aperiodic functions are determined; for f periodic
the Fourier series is determined. Some miscellaneous re-
sults are also given.

In the second part f is considered to be a function
from the complex plane to itself which is holomorphic except
at isolated points. Again the cases where f is pefiodic
and aperiodic are considered separately, and all possible

f are determined for both cases.
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1 Introduction

Knuth ([1], Vol. 1, p. 42) proposes the problem of

examining the class of functions which satisfy

(1) n-1 x
(x+ =a_f (nx)+b
n n

3
et f =
n%é% n

for all positive integers n and all real x, an and bn being
possibly complex and independent of x.

A great many well-known functions satisfy an equa-
tion (1).

The psi function, defined by

¥ (x)=2-1og " (x)

satisfies

n-1

=

x+§ =y(nx) - n,

¥

3

k=0
so (1) holds with an=l, bn=wu I«
The Bernoulli polynomials Bnl(x), defined by the

generating function

. teXt_ (X)ET
t__l m m!’
= m=0

satisfy



n—-1 :
%?g%Bm(x+§)=n_mBm(nx),

which is (1) with a =n_m, b _=0.
n n

The generalized zeta function, defined for Res>1l by

w —-—
$(s,x)=3. (n+x) %; x50,

n=0
satisfies
n-1
—l-Z §(s,x+h]=ns—l§(s,nx) , x>0,
Nt n

this being valid for every complex s by analytic continua-
tion: this iz (1) stk an=ns_l,bn=0.
The function F(x)=Mn |2sin®x]|
satisfies
n-1 _
@wI25inﬁ[x+h)]=lﬁn125inknxl,
= n n

ghich 35 (1) with s ~= » =0,
n n n

(This follows from the identity

n—-1 %
1‘25inﬂ&+~)=25in7hx).
k=0 "

Trigonometric examples of functions satisfying (1) in-

clude



n-1

L cotn'x+£ =cotmmnx
n n

k=0

n-1
_]; csczw(x+]—<~}n .CSC2’IT'nX
=0 .

n—=1

4
= csc 27
k=0

x+§)=csc 27tnx (n odd)
= 0 (n even).

In each of these cases bn=0; for the first we have an=l,

for the second an=n, and for the third an=l for n odd and

0 for n even. In addition we have
n-1
1 ’ kl _ . =
= sin 29| x+=|=sin 27x (n=1)
ny =5 n

=0 (n¥l),

and cos 2rx satisfies a similar identity. Here an=0 if
n¥l.

Two problems are considered here. The first is that
of finding all continuous functions f which satisfy (1) for
some {aé}, {bn}; f is regarded as a complex-valued function
on the real line, and {én}, {?n} are complex sequences.

The other is that of finding all functions on the complex
plane which are holomorphic except at isolated points and
which satisfy an equation (1) for all x€€. The latter

problem admits of a complete solution.’
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PART 1. FUNCTIONS ON THE REAL LINE

2. Preliminary Definitions and Results

DEFINITION.l) A function f: R»C is {an,bn)—replica—

tive if for all integers nZl and xX€R, the equation (l)
holds. If all bn=0, we may abbreviate this to say f is
an—replicative.

Remarks. (1) Either f=c is constant, whence f is

{a ,C—-ca )—replicative for arbitrary {é }, or {é.}, {b J
n n n n n

are uniquely determined by f£f.
(2) TE F is (a , b ]—replicative, f+c is (a , b+
n’ "n n" “n
c—car)—replicative.

-— 3 3 1 =4
(3) Let f be lan, bn} replicative and g be lan, bn)

1 n?

{4 If f is lan, bn) -replicative, df/dx is na -

; . % x " "\ : ,
replicative. Than c.£f 02g 1s ta clbn czbn) replicative.
replicative; and if f is an~replicative,‘f2f(u)du is
F%ﬁhbn)—repllcatlve for some {Pq}.

{(5) If £ is (an, bn)—replicative, then so is g(x)=
f(x-[x]) where [x] is the greatest integer less than or
equal to x. To prove this note that both ang(nx)+bn and
ﬂ/ﬁﬁzi;ig(x+k/n) are periodic with period 1/n; hence, it
suffices to prove (1) with f replaced by g for 0s¥x<l/n.

In such a case 0%nx<l and 0$x+k/n<l for all 0%k<n, so the

equation is equivalent to

n-1
lé £ F+E)=a f(nx)+b -
nk=0~ n n n

=
) The normal definition of 'replicative function' is
equivalent in my terminology to being 'l/a-replicative'.




which is true by assumption. Note that g(x) has perioa 1.
In view of the first remark, f£ may be assumed to be

nonconstant without loss of generality. In addition we

l=l, bl=0.

THEOREM 1. If f is (an, bn)-replicative (and noncon-

may assume a
stant), then B o is totally multiplicative; i.e., for all
m and n amn=aman. Furthermore, at least one of the follow-
ing two cases always holds:

1. a =1 for all n and the b_ satisfy b_=b +b .

n n mn m n

2. There exists c€€ such that bn=c{an—l); in this

case f+c is an—replicative.

{ -

Proof. We have

1 mn-1 K
a f(mnx)+b =—-z::f %+~—
mn mn mn.k=o mn

m-1_-n-1 .
= ek £ x+l+j%)
mk=onj*0 n m

lm—l a fin x+ji))+bn)
:IE n mn

k=0

a m-1

=b_+—2 i nx+§)

H mk=o

=} +a (a f (mnx) +b )
n n m m

=a_a f(mnx)+{a b +b ).
m n . nm n



Since f is .not a constant, a__=a a and b =a b +b . By
mn m n mn nm n

= + .
symmetry, bmn ambn bm' hence

tan'—l) b = [am—l) b_.

If some amil, then

b
b = L ‘a ~l)=c(a —1)
n am~l n n

for all n, as desired, and by remark (a) above f+c is an—

replicative. If all an=l, then

b =a b +b =b +b .
mn nm n m n

3. The Periodic Solutions

In view of the fifth remark, any solution to (1) can
be made into a periodic solution; if the original f was
continuous, the new g will also be continuous except per-
haps for a jump at every integer. Hence, g has a Fourier
expansion which converges (C, 1) at every point to
]/4gpfhg%;)); this is always equal to g(x) except possibly
when x is an integer.

wWith this in mind, some definifions are in order.

Let

2reimx

¥ (x)=e



1
<y q>=jf*gdx
O
so that
<:91n'(P;;f:§nn'

Let

e,
P(an; x)=n:}_jian<fn(x> (c, 1)

18 <)
Q(a s x)=)janc,o_n(x) (e, 13
n=1

n

provided only that the series-P, Q are Cesdro-summable.
Also, define‘m(an) as the vector space (over ¢€) of all
continuous an—replicative functions, and.ﬂWan) as the sub-
space ofﬁ%(an) containing all functions of period 1.

We are now almost ready to investigate the conse-
quences of restricting £ to be continuous; before pro-

ceeding, however, one minor point must be cleared up.

THEOREM 2. Let f be continuous and {l, bn)—replica—
tive. Then bn=0 for all n.

Proof. We have

n-—

|

(2)

S

}=f(0)+brl

o]

1
d
o

Now f is Riemann integrable on [0, 1]; hence, the left

Je=



side of (2) approaches Jif(u)du as n=«; therefore, bn
must approach a limit also. But if some bm#O, then from

Theorem 1

which diverges as k-« . Hence, all bn=0.
Theorems 1 and 2 imply that without loss of generality
we may assume all continuous f to be an-replicative if they

1

are (a , b )-replicative.
n n

THEOREM 3. Let {éq} be a totally multiplicative se-
quence. If f€ an}, then £ is a linear combination of
P(an;x} and Q(an; x) except possibly when all an=l; in
this case 9(1) is just the space of constant functions.
Thus, fp{an) has dimension § 2. Conversely, any linear. com-
bination of P(an; x) and Q(an; x) which is continuous is

an—replicative.

Proof. We have

i it
W [x+E]=a_£mx),
nJk::o 0 n

n-1
;ll—];)f [x+§)%n (x)=a_f (nx)ip* (x) .

So, by periodicity,



n-1
Lt oo e € g e

- n—1 1
2| S ot ol o oo

For each k we have

1
Xof(x+§}¢;n(x+%)dx=§§f<u>s°;;n<u>du'

SO

a
n

il
Xf(u)¢;n(u)du=7TIf(u)q%(u)du
o o)

(Prn D=2t D
.In particular
(#ar D=2 P E)
(st D RA g 5
(o D=2, {t6r 5

so if any anil, <@O,€>=O. If all an=l, we know(<?0,€> is

arbitrary since 1 is l-replicative. So if anil,

f (X)=G’l,f>P(an:X)+<<p_l,9Q(an;X) .

For the converse, note
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m-1 m-1 o
1% Pla 'X+I'}':{)=;L“Z Za o 27tin(xtk/m)
k=0 ko=l =
0 m-1 .
Y o o2mtinx 15~ 2mwik (n/m)
a. e m
n=1 k=0
w 0
=Za e2'.v1’1mnx
a1l mn
w .
:Za - e2'rr1n.(mx)'
n=1 ™ ¢
=a P(a ;mx)
m n
where all sums are (C,1l). Thus, P(an;x) ig an‘replica—

tive, and similarly Q(an;x) is also, whence the converse
follows immediately.

Unfortunately, given a particular totally multiplica-
tive sequence {an}, there seems to be no effective way of
determining whether gqan) is the null space, or of dimen-
sion one, or of dimension two (obviously the latter is
true if and only if P(an;x) is continuous, since Q(an;x}=
P{an;—x)). However, a few specialized results can be

proven.

COROLLARY 3.1. If feﬁ’(an) is not a constant, then

all of the following hold:
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o0
(3) ) P <o,
n=1
a »0 as n =<,
n
lanrtl for all n#l.

Note that the second follows from the first, and the
third from the second upon considering Theorem 1. To
- = + - + -
prove (3), take feﬂ%an) and assume f S clP{an,x) czQ{an,x)
where c.,c., are not both zero. (In general co=0, but if

1’72
all an=l it might be nonzero). Then

<f,f>‘=]colz+ (cllz+l;212)nélanl oo :

since f is bounded on [0,1]; as[cll2+lczl%>0, the inequal-
ity (3) follows. This clearly shows that (1) consists of

just constant functions.

COROLLARY 3.2. Tk
)
Zla l<‘<o, then dim 99(a )=2.
n=i v #
This is clear, since the sums §k=lak?EﬁX) will con-

verge uniformly to P(an;x) and Qlan;x).

COROLLARY 3.3. Assume dim T{ani =1 where a #1. Then
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91an} consists entirely of either even or odd functions;
i.e., all elements are multiples of P(an;x)iQ‘an;x).
Proof. If dim §1an)=l, all functions infp{an) are
i =c_ P e + - R -x)=
multiples of some f(x)'cl ‘an,x) cthan,x) But f (-x)
c,Qfa_ix}tc P‘a ;X 1s also a -replicative and is contin-—
1 n 2 n n
uous if f is, so we must have f (-x)=cf(x); then obviously

c2=l, so c=+x1 and f is either even or odd, as desired.

COROLLARY 3.4. Let s=¢6+it. Then

(a) if 0=-1, dim P(n°)=2

(b) if ¢2-1 and s#0, dim Pn°)=0

(c¢) if s=0, ﬁMnS) is the space of constant functions.

Ilan Amit has shown that functions in L2 which satisfy
(1) a.e. exist iﬂf}:lan]2<:qp and in this case form a sub-

space of dimension 2. See [7].

4. Aperiodic Solutions

Let Af (x)=f(x+1)-f(x). Then subtracting

4 S
l}::f(x+£)=a f (nx)
e n n
from
n~1
L)t {x+£+£)=a £ (nx+1)
e n n n

we find
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(4) AAf(x)=nanAf(nx)

Thus, if any an=0, then Af (x)=0 and f is periodic.
We assume here that f is aperiodic, so that Af is not
identically zero. Then am%O, so that by replacing x in
(4) by mx/n and then using (4) with n replaced by m we

obtain

n

a
AL =]

=) a£|Dx) =
m

We now derive

THEOREM 4. Assume ?qan)%W(ag). Then there is an
s=d+it such that an=nS for all n; and also either g<-1 or
s=-1. Conversely, if 0<-1, then dim ¥(n°)=4, and dim?((n_l)
=1 so that for these cases ﬁ%an)¢‘u!an); i.e., there exist
aperiodic solutions.

Proof. By (3), if fe?qan}—?Wan) then an¢0 for all n;
if we could also have Af(1)=A4f(-1)=0 then (5) and continu-
ity would imply Af (x)=0 for all x. We may, therefore,
take Af(1)#0 without loss of generality, so Af(x)#0 for
x>0; hence, there exists a continuous function h on (0,<)
such that exp (h(x))=Af (x).

Equation (4) then implies

exp(h(x)—h(nx))=nan
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h(x)-h(nx)=Wmna +27m i,m &%7.
n % X
But h is continuous, so m must be a constant (depending
perhaps on n), and we may therefore define

h(x)—~h(nx)=ln9/h,n.

Then in particular, h(x-h(mnx)=.(h(x)-h(mx))+ (h(mx)-h (mnx))

A Mmn=1 mm+X un
mn ™ n

and by induction

Let p»2; if p is a power of 2, then by the above argu-
ment lp=12. If not, then Q=mp/Iv2 is irrational; hence,
there are infinitely many continued fraction convergents

to Q; denote them by hi/ki- Then it is well known that

h.
B
i P kS

hence

h.0m2-k .%pl<w%0 , iveo
1 Al ki

so that
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exp(hiwwz—ki&wp)=2hip +8] . A
So
hi =K.
h(l)-h{2 *p *}=0
or
hizéﬂnz-kilp p-0.
Tf 22=O, this implies 2p=0; otherwise

Ap Imp

£k 2a0,

i
- >
ks &5 a2
: : a = A =k,
But hi/kiebwp/QMZ, whence p/%2 1 and T

So in either case.2p=22; since all li's are the same

we may let 12=l+s to derive

nan=exp(h(x)—-h(nx))=nl+S

h(x)~-h(nx)=(1+s)imnn

T s Cls 5 n

Now, by (5)
| Af(%)=[§)*s_€ﬁf(l)'

and by continuity

S

Af(x)=x— —lAf(l) for x>0¢
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similarly

Af(x)=X—S_lAf(—l) for x<0.

But Af is continuous, so we must have either 8<-1 or s=-1
and Af(1)=4£f(~1); in all other cases f would be periodic.
For the converse, note that for s=-1, f=x—%€%(ns)—

9an); for g<-1, the same is true of the functions e e

1’ 2
defined by

el(X)= 2:: n °

o<nsx

e2(X)= Z:: B o

- o<nfl-x

It is easy tQ see that all aperiodic solutions are linear
compinations of these with periodic solutions and the
statement about the dimensionality of‘%(ns) is verified.
In particular, the conjecture by Knuth that multiplesofx—%
are the only continuous solutions to (1) with an=%, bn=0

18 trte:.

5. Miscellaneous Results

If the condition that £ is continuous is replaced
with the milder éne that £ have only isolated discontinu-
ities, significant deductions can still be made about the
character of f£. Let Wﬁan) be the space of an—replicative

functions with this property; then we have
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THEOREM 5. If fe‘qan’, and all a #0, then f has dis-
continuities only at integers. (This holds even when f is
considered as defined over C). ,

Proof. By (1), if f has a discontinuity at x, it has
one at one of x/n,x/n+l/n,...,x/nt{n-1)/n. If x is not a
real rational, this immediately implies that there are an
infinity of discontinuities within a closed disc of radius
1+Hx| about the origin upon considering n=pl,p2...where the

P; are distinct primes. If x=p/q in lowest terms, qg#l,

then one of

P pPtg pt(g-1)g
27 2N 2
g g q

is a discontinuity with a larger denominator, so the same

applies.

. cO
. - . : : .
THEOREM 6 Let {a }Satley a =d__a i 5 ] +2xmx

is summable (A) to a finite limit except at isolated
points, then it defines an an—replicative function £, pro-
vided that we allow f(x)=wat these points.

Proof. The proof is trivial and is left as an exer-
cise to the reader. Note that if F is any meﬁhod of sum-

mation which satisfies

Z(an+bn) =>:an+2bn (F)
E:can=c§ZFn(F)
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if bmn:an(m a fixed positive integer), b =0 for O<k<m,

mntk
then

T, Yoo

then Theorem 6 is true with A replaced by F.

COROLLARY 6.1. The functions

o0 .
S;x)=z nseZW1nx (A)

n=1

o0 .
Q(nS;X)=Z nse—2mnx &)

n=1

which are defined (when x is not an integer) for all seg,
are ns—replicative.

See [4], Sections 5.12, 6.10, and 6.11 for verifica-
tion.

An interesting unresolved problem is to determine for
which sequences {bn} there exists an £, continuous except
at the integers, such that £ is (l,bn}—replicative. The
obvious possibility bn=%xn actually occurs; the psi func-

tion defined by

P(x)=-1 im( i ——l——Qz»\.n)

n3*\m=1 x+m

is (1, 8w n)-replicative (see [5], p. 330).
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PART 2. REPLICATIVE FUNCTIONS IN THE COMPLEX PLANE

The problem solved here is that of finding all func-
tions f:€+€ which are holomorphic, except at isolated
points in €, and satisfy the equations (1) for all zeC.

Frequent use will be made of the results from Part
One and the Introduction; it is easy to see that they are as
valid for the complex plane as for ﬁhe real line.

We consider separately the cases where f is periodic

(of period 1) and aperiodic.

6. The Periodic Case

THEOREM 7. If f is analytic and periodic, f#0, and
({%:},{b;})~replicative, then a =98 and there are con-
n n n nl

c. such that

t
stants co, cl, 2

2771z -2mriz
=c + :
£ (z) co cle +cze

Proof. Assume some am%o, m>l. Choose k>1 such that
,mkakl>l; we have that Dkf is{hkan}—replicative and is
also analytic and periodic. By considering the restric-
tion of £ to the real line and applying Corollary 3.1 of
[1] we see that B%f=0. Then f is both periodic and a poly-
nomial, so £ is constant, a contradiction.

Thus, an=3 considering the restriction of f to R

nl;

and using Theorem 3 we obtain, for x€R,
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=
Il
1~7Ja
on
3
I__l
< I
<]
-
3
»
a
=

<0
27inx
= + 6
£ (%) c, Clgil n1® tc,

271X —2s
=c +cC.e +c.e 2raX
o 1 2

which gives us the desired result by analytic continuation.

THEOREM 8. Let f be ({éi}, {bn}]—replicative with
only isolated singularities. Then éither
(a) £ is analytic,
or
(b) there is an integer b such that all singularities
of f are multiples of b“l and such that for any p
dividing b, ap=0.
Proof. There are many cases to consider.
Case 1. For infinitely many primes pi, ap =0. Then

i
by (1) if z is a singularity so is one of

As each of these sets is disjoint we would have somewhere
on the line from z to z*1l an accumulation of singularities;
hence, £ must bg analytic.

Case 2. f has a singularity z with Im z#0. By Case
1 we can find infinitely many primes p with ap#O. Using

(1) with x replaced by g we see that one of
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AR IR

z z*tl _th_-l_}
{p "p P
is also a singularity. This would give us an infinity of
singularities in a compact region (a circle of radius 1Hzl,
say), which is a contradiction, since these sets are dis-
joint.
Case 3. f has a real irrational singularity &<. Take

primes p with ap#O and again look at the sets

e o

o extl %:‘;E:i}.
p p ' 4 I 3 p

which would imply e¢ is rational; hence, the sets are dis-

joint and we get the same contradiction.

Case 4. f has a singularity at % in lowest terms,
and p is a prime dividing k. I assert ap=0; otherwise one

of

'h htk h+(p—l)k}
pk' pk """ pk

is a singularity with a higher power of p in the denomina-
tor since p¥h+jk for all j. Repeating the process gives
an infinite set of singularities all with successively
higher powers of p in the denominator, and we get a con-

tradiction.
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This gives us the theorem. If f is not periodic, then
from formula (5) all ap#O and all singularities of f must
be integers; so if f is not analytic, we may take b=1. If
f is periodic, then all singularities of f are congruent
modulo 1 to a singularity of £ in [0,1]; there can only be
a finite number of these, and we let b be the lcm of their
denominators. Then plb means p divides some denominator of
a singularity, hence ap=0.

In preparation for the next theorem I introduce a new
set of functions.

Definition. The function Pm(z), m2>1l, is the symmetric

[<e ]
Pm(2)= Z (z+n) ™

n=-— @

sum

=(_l)m—le—lﬁ“otn2
(m-1)! e -

It is easily verified that Pm(z) is {nm-{}—replicative.

THEOREM 9. Let f be ({éé}, {bn})—replicative and not
analytic. Let b be as in Theorem 2. Then there is an in-
teger m20 and coefficients cy (0Si<b) not all zero such

that

b-1

f(z)=g(z>+£ ckpm(z-g)
(@]

-
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where g(z) is analytic. Thus all singularities of f are

poles of the same order m.

Proof. Let Rk(f;a) mean the coefficient of (z—a)"k
in the Laurent expansion of £ at a (this must exist at
every point). It is easy to see that for general f,h# 0,a
we have

&n(f(z+h);a)=Rm(f;a+h)
and

R_(£f(hz);a)=h "R _(f;ha)

m Z ’a = m ’ .

Take some p with ap%O; from

p-1

1 [ k)

= flz+—|=a f(pz)+b

pZ(Zp pt (P2)*b,
k=0

we get (for m21)

p-1
%;{:Rm(f(z¥%);zo)=apRm(f(pz);zo)
k=0

p

1
P

-1
k -m
. +2 = - .
Rm(f'zo p) app Rm(f’pzo)
k=0

Choosing zo=% a singular point one notes that as (p,b)=1

all the points zo+§,k¢0 will be points where f is analytic,

hence
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R (£5 |mapp R, (557
=R == H
p m f,b app Rm g b
h_ 1-m .hp
(7) Rm(ffb) (app )Rm(f'b )'
and by an easy induction

: or
,g)z( l-—m)O( ( _hp )
Rm[ffb 4GP Rl 51

forer2l. Take o so that ﬁa%l (mod b); then

R £ )= 22| RalE5):

so that either R (f:E)=O orlaA=Pm l.
m b

l—m «

The latter can be true for at_most one m, but some Rm(f;%}#L
else f would be analytic. Therefore, at every point
where £ is not holomorphic it has a pole of order m, and

ik
(8) Cszm(f;%)

it is easy to see that

g(z)=£(z) - Z o Pplz K]

is analytic in @.

THEOREM 10. Let f be {{an}, {bn})—replicative, peri-
odic, and not analytic. Let m and b be as in Theorem 3.

Define 6n=a nl_m and let'Y=eZW12. Then {Gn} is totally
n
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nmultiplicative, and
(a) {?n} is periodic modulo b;

(b) for all n either 9n=0 orlégl=l;

(c) there are constants ko, kl' such that
n
= ) = + &
(9) f(z)=F () ko klnLlan? ,kl#O

Proof. {gn} is completely determined by the values 6% for
p prime. If pf{b we have ap=0, so Gb=0; if ptb we have from
the proof of Theorem 3 that‘apl=pm_l, hence‘€%]=l. This
proves (b). Let ci be as in Theorem 3; from (7) and (8) we

have for (p,b)=1 (even if p is not prime!)
=B .
ch pchp
Since for some h, ch%o, this implies that 9n =P whenever

1 By

n.=n_ (mod b) and (n }b)=l. If (n,b)#1 then Bn=0 from the

12 1
total multiplicativity of {Bn}' whence (a) is true.
Finally, since f is periodic, the F defined in (9)
exists and is holomorphic in 0<7kl since f is holomorphic
in the upper half-plane. Then F has a Laurent expansion

convergent in o<]ri<l (f is also holomorphic in the lower

half-plane; we arbitrarily choose to use the upper one).

@0

10 F = 7’] .
(10) () jzi;fj

Rewriting the equation (1) in terms of F gives
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n-1
lz F(w k'z’)=a F{?’n) +b
n=, n n n
where wn=e2ﬂ1/n. Substituting in (10) yields
n-1 oo
a F(?‘n) +b_=- Z s @ ]
n nfb= j5Tw j n
(11) =) s [L) e
j=—c0 J =y
= s o]
j==c0 TV

since the parenthesized term in (11) is 0 when n4j and 1

when nfj. Equating coefficients gives, if j#0,

a s.=s .
n j nj
whence
Snzansl
S-n “n®-1
and to have convergence for |*f{<1l we must have S—l:0 (for
infinitely many n,tanl=nl_m, so lim suplanjl/n=l).

= k.= .
Then let ko So' 1 sl to get (c)

We now have enough to completely specify all periodic

solutions. Summarizing previous results we get
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THEOREM 11. Let f be a periodic (period 1) noncon-

stant solution to (1l). Then either

(a) an=$nl and there are ko'kl'kz such that

29k - 2net
F(z)=k_+k e z+k2€: &

kl and k2 not both zero,

or (b) there are positive integers m, b and a character

¥ modulo b such that a =nm—l (n) and for some k_ and k.#0
n * o 1

b

_ oy WL Z
prlf k) x(3)e

(12) F(z)=ko+k

1 -
l_GZﬁibz

A character 4 modulo b is a totally multiplicative
function which is periodic mod b and such that z(m)=0

whenever (m,b)#1.

Proof. If case (a) does not hold, by the preceding

theorems, if we define z(n)=nl_man, Z is a character.
Also, if
g(z)=G(7)
we get
(13) _ g’ (z)=2mir@’ (v);

applying (13) m—-1 times to (a) and "abSorbing“ the factors

of 27i into kl (it is an arbitrary nonzero constant) we

have
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n-1] < j
£(2) =k +k D ( ZzﬂijY]).
j=1

But # is periodic modulo b, whence

b :
o s Yo
p-1 };lz(Jrr )
z %

1-~F

; “ +
f(z) ko kl

Replacing <~ with e2w¢z we have (12).
The converse of this theorem also holds by a simple

scrutiny of the proof of the theorem.

7. The Aperiodic Case

Assume Af(z)=f(z+1)-£(z)#0. By replacing z with z+%

in (1) and subtracting (1) one gets

(14) Af(z)=nanAf(nz);

it follows that all an#O. Furthermore

na
m

(15) Af(gz)=ﬁgﬂﬂf(z).
m

This implies thatAf has no singularities or zeros except
perhaps at z=0, since in the latter case continuity and
analytic continuation would imply Af=0, and in the former
Af would be singular at every point on the ray from 0
through the given singular point.

We now show
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THEOREM 12. Let f satisfy (1) with Af=0. Then there is

an integer m and a c#0 such that

(16) an=nnm-~l and

(17) Af(z)=cz".

Proof. Select an n>l; then in the annulus between
circles of radii % and 1 around 0, Af has neither zeros
nor singularities, so there are real numbers Ml'MZ such
that

O<Ml‘—‘ JAf (2)} & M2< 0.

Then by (14) plus a simple induction, if b is an integer=>

0, for z in the annulus between circles of radii n—b_l and

b
n we have

lnénl leElAf (z)] é}nanl sz :

This shows that Af cannot have an essential singular-

ity at 0, so af is meromorphic. Let the principal part of

pf at 0 be czm; then

lim Af(nz)  mm_m
z?0 Af(z) e

but by (15) Af(nz)=5§~£f(z), so (16) follows. Equation (15)
n
shows that whenever z is a positive rational,
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(18) Af(z)=z"Af (1)

and analytic continuation shows that (18) holds everywhere,
whence c=Af (1) and (17) is true.
There are in fact examples of functions satisfying (1)

with Af(z)=zm for all integral values of m. Define

ﬁ_ij (x+n)m if m<~1
n=o

E ( )—< Lim |y e - (et | LF meel
mZ— M= 0 nz_:oxn il m=

\ Bm*ﬁz) if m20

Here Bk(z) means the kth Bernoulli polynomial, and E_l(z)

is recognizable as the psi function. These are all
({n—m—l}, {0})—replicative except for E—l' which is({}}{%r})
-replicative. For mg-1 this is left as an exercise to the

reader; for m*-1 see (1], vol. 1, p. 42, problems 39,40.

THEOREM 13. If f is aperiodic and ({én},{pn})—repli—

cative, then for some m€7, an=n_m_l, and £ is of the form

f(z)=g(z)+cEm(Z)

where c#0 and g is ({éé},{bé}]~replicative for some bé.
Also g has period 1.

Proof. This follows trivially from Theorem 6 together

with the properties of the Em.



31

This completes the solution to the original prdblem.

8. Summary

Let {én} be an arbitrary given sequence, and let
W({én}) be the linear space of all functions which satisfy
(1) for some sequence {bn}. All constant functions will
be in this space; combining the previous results we see

there are five cases.

THEOREM 14.

(a) If an=5 then

nl”*
W({én}}=span(l,e2ﬂlz,e—2Wiz).
m—

(b) If a =n l,mez,m%l, then

W({an})=span(l,Pm(z),E_m(zw ;

(c) TIf an=nm l,mez,m$o, then

w({an})=span'{1,E_m(z)).

(d) If an=nm-1¢(n),Zeacharacter'mod b#1l, then

b

W({é })=span 1,00 ;gl?dj)e
I 27ibz
1=8

2rijz

(e) In all other cases
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W({én})=upan (1) .

It is easily seen that the given spanning elements
are also linearly independent in each case. As an example,
let us take m=1, b=2 and Z such that %(2n)=0, Z(2n+l1)=1.

Then an=0 if n is even, an=l if n is odd, and

' oy 2o . :

gi LE 2w

j=1’11(J)e 132)_~ Q2™iz
1-o2mibz [/ Ariz

Dm—l

_ 1 e
T =27iz 2mwiz  2i
e -e

csc 2irz

so W{{én})=span(l,csc 27rz) verifying the identity given for

csc 2z in the introduction.
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