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Abstract 

The representation theorems of Paley and Wiener concerning analyt­

ic functions on a vertical strip, analytic functions on the right half­

plane, and entire functions of exponential tYl)e are generalized within 

the context of abstract harmonic analysis. The holomorphic Fourier 

transform is generalized as in Liepins (7), but a different, vector­

valued abstraction of analyticity is employed. The proofs of these re­

sults use standard facts from harmonic analysis, integration theory, 

and the theory of vector-valued analytic functions, but are otherwise 

elementary; in particular, no use is ma.de of structure theorems for 

locally compact abelian groups. 

Finally, the appendix contains several analogous results on maxima 1 

ideal spaces of related convolution algebras. 
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INTRODUCTION 

Abstract harmonic analysis has developed historically as the natu­

ral extension of the classical theory of Fourier series and transforms, 

and the older subject has for the most part been readily absorbed with­

in more recent and general formulations. However, there remain a number 

of aspects of the original viewpoint which have proven less agreeable to 

incorporation within modern results; perhaps the most immediate and im­

portant of these concerns the analyticity of the classical Fourier ker-

ixt nal. e extends naturally to an analytic function of two variables, 

and this simple fact means that it is often possible to extend the 

Fourier transform of a function to an analytic function defined on some 

domain in the complex plane. The best known results along these lines 

are the Paley-Wiener theorems, which give necessary and sufficient con­

ditions for certain types of analytic functions to be representable as 

holomorphic Fourier transforms. These theorems (three of which are 

J.isted below for future reference) can be viewed as analytic analogues 

of Plancherel's theorem, and have a number of important applications in 

classical analysis. In spite of this, the question of their possible 

generalization has yet to receive more than occasional attention. 

Our aim in the following is to deduce suitable forms for three of 

the theorems when the real line is replaced by an arbitrary locally com­

pact abelian group r. The case r = m0 has received some attention, not­

ably from Plancherel & Polya (9), and Stein & Wiess (12). The general 

case was apparently first considered by Liepins (7), and there are cer­

tain simula.rities between his approach and ours. We believe, however, 

that the present treatment contains an essential improvement in 
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technique resulting from the use of the concept of vector-valued holo­

morphic functions as presented in Hille (5). This advance allows for 

the more natural statement of assumptions and results, and more impor­

tantly leads towards considerable si.mplifications in many of our proofs. 

In particular, we are able to dispense entirely with the use of struc­

ture theorems for locally compact abelian groups in the proofs of our 

three ma.in theorems, and are able to give shorter, "group independant" 

proofs for these results. 

Before proceeding, we stop to recall the three theorems of Paley 

and Wiener under discussion. 

Theorem A. Let A andµ, be real numbers. The following two classes of 

analytic functions on the strip [z: - A~ Re(z) ~µ,)are identical: 

(1) The class of analytic functions F(z) which can be written in 

the form 

- -- X a+J. 1 JA ( ·t) 
F(o+it) = 1. i. m. (2~) 2 f(x)e dx (-A~ cr ~ µ], 

A-+oo -A 

where f(x) is a measurable function on~ with both f(x)eµ,x and 

f(x)e-AX square integrable. 

(2) The class of functions F(z) for which 

is finite. 
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Theorem B. The following two cl.asses of functions analytic on the half 

plane [z Re(z) > 0) are identical: 

(1) The class of functions F(z) for which 

00 

sup {J IF(o+it)I 
2
dt} < 00. 

a>O -oo 

(2) The class of :functions F(z) which may be written in the form 

F(a+it) = 1. i., m. (21! )-½ JO f(x)e x(a+it )dx [a > O], 
A-too -A 

where f(x) is square integrable on (-oo,O). 

Theorem c. The following two classes of entire functions are identical: 

(1) The class of entire functions which can be written in the form 

IA iux 
F(z) = f(u)e du, 

-A 

where f(u) is square integrable on the interval [-A,A]. 

(2) The class of entire functions F(z) whose restriction to the 

real axis is square integrable and which satisfy 

F(z) = o(eAlzl ). 

Finally, the organization of our work is as follows: Chapter 1 

contains a short review of some basic notions :from the theory of vector­

valued holomorphic functions, and also introduces the additional con­

cepts necessary for the generalization of theorems A and B. Chapter 2 
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contains the proofs of these generalizations, and also illustrates their 

relationship with the classical results. Lastly, Chapter 3 presents our 

generalization of theorem c, and considers the special case of this gen­

eralization obtained when r = z, the integers. 

CHAPI'ER 1 Holomorphic Vector-Valued Functions on a Strip. 

Theorem A concerns the Fourier transform of an analytic function 

defined on a vertical strip in the complex plane; of these several 

ideas, only the first can be transferred directly to the more general 

setting of an arbitrary locally compact abelian group. Since a func­

tion's domain must obviously first be defined before the function itself 

can be considered, our immediate task is to find a suitable analogue for 

the complex plane. 

Notation. Fram now on, r and G will denote a locally compact abelian 

group and its dual group. The normalized Haar measures on rand G will 

be written dy and dg, respectively. X will be the vector space of all 

continuous homomorphisms from r into the additive group of complex num­

bers, and XiR will be the real subspace of X consisting of real-valued 

homomorphisms. Elements of ~ will be called real characters. We top­

ologize X and~ with the usual compact-open (henceforth CO) topologies. 

If C is a subset of X we will abbreviate ec = (e': t E c). p will be a 

real number in the interval [1,2], and p1 the conjugate exponent. Fin-, 
ally, let :J : 1P(G) ➔ 1P (f) be the Fourier transform. When no confu­

p 

sion can arise we will write :r for :JP. 

Our interest in X and~ is motivated by the role played by tin 

the classical case r = m. In this situation, each z €~is associated 
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Hith the continuous multiplicative function f (t) = eizt, and all con-
z 

t inuous, multiplicative, nowhere zero functions onJR are obtained this 

way. 1'his suggests that a possible replacement for C in the general 

case is the set of all continuous multiplicative nonzero functions on r, 
and it is easy to see that thfa is just (ge * : g € G, If € 15a}. With 

the above as motivation, the following definition should appear reason­

ably natural. 

Definition 1. A f-strip Sis a set of continuous complex-valued func­

t ions on r of the form (ge~ : g € G, * € c), where C is a convex subset 

of x. C We write S = G X e . 

It should be clear how this definition generalizes the vertical. 

strip S = (z : -A< Re(z) <µ}appearing in theorem. A. 
0 - -

In this simple 

case we have f =~,and each point x + iy E s
0 

implicitly corresponds to 

the function f(t) == e(x+iy)t == e.xteiyt• Here g(t) = eiyt is of course a 

character on ffi, and !f(t) = x.t is a real character on~ contained in the 

convex set of real. characters C = (h(t) : h(t) = st, -A :S s :S µ}. 

Armed with this definition of a f-strip, we are now ready to con­

sider the more difficult and ambiguous problem. of finding a suitable 

analogue for analytic functions. It is of course desirable that this 

definition be as closely related as possible to regular analytic func­

tions: One possible approach to this requirement is to actually provide 

:for the embedding of complex domains within f-strips. 

Definition 2. Let S be a f-strip. A f-domain in Sis a function 

d D ➔ s of the form d(z) v+z8 = ge , where D c IC is a domain, 

g € G, If € 2SR, and 8 € X. If d(z) ES for all z € D, we say that dis a 
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f-domain with boundary contained ins. 

This definition is not as contrived as it may seem at first glance; 

indeed, it is a straightforward generalization of the implicit identifi­

cation between the complex number x + iy and the function f ( t) = e (x+iy )t 

al.ready found in theorem A. 

At this point it is tempting to define a f-analytic function on the 

f-strip S to be a complex-valued function f on S such that F(z) == f(d(z)) 

is analytic in the usual sense for every f-domain d contained ins. How-

2 ever, theorems A, B, and C appear to be essentially L -type theorems, 

and a slightly more involved vector-valued definition will prove to be 

more tractible in what followsQ Towards this definition, we first re­

call some elementary notions from Hille (5): 

pefinition 3. Let D be a domain inc, let B be a Banach space, and let 

b be a function from D into B. b(z) is said to be holomorphic on D if 

* b [b(z)] is a holomorphic function on Din the usual sense for every 

* * b EB, the dual space of B. 

N. Dunford has shown that the above condition al.ready implies the 

seemingly stronger properties of norm continuity and norm differentia­

bility. Given this, it should not be surprising that B-valued holomor­

phic functions retain many of the elementary properties of the simpler 

scalar-valued variety. We summarize the facts we will need in a lemma. 

Lemm.a A. Let b be a B-valued holomorphic vector function on the com­

plex domain D~ 

(a) b is uniformly norm continuous and uniformly norm differenti • 

able on every compact set K contained in D. 
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(b) bis infinitely differentiable on D, and its derivatives 

b(n)(z) can be determined by the usual Cauchy integral for­

mula 0 

(c) If [z 

sup 
ZED 

0 

: I z -z I < IR} = D c D for some R > 0 and 
0 0 -

\\b(z)\\ ~M, we have \\b(n)(z
0

)\\ ~MR-nn! for each n > o. 

(d) With D
0 

and z
0 

as in (c), we also have 

Proof. 

b(z) 
oo ( ) (z-z )

0 

= Lb n (z ) 0 

o n! n=o 
, 

for all z ED, where the infinite sum is norm convergent. 
0 

See Hille (5), pages 52-58. 

We actually need only facts (c) and (d), but (a) and (b) have been 

included to give an idea of a possible approach to a proof. Next, one 

more bit of notation. 

Notationo Let f be a complex-valued function defined on the f-strip S 

C = G x e , and let p E [1,2]. Assume that for each ·t e C, the function 

f ·~ defined by f ~(g) = f(ge ') is an element of 1P(G ). Then the function 

LP (f) : S ➔ 1P(G) is defined by [LP (f)(ge ')] (g1 ) = f(gg1 e') for each 

1v EC and g,g1 E G. When no confusion is possible, we abbreviate LP(f) 

as L(f). 

We are finally ready to define our analogue of an analytic func­

tion defined on a strip: 

Definition 4. A function f defined on a r-strip S = G x ec is said to 

be 1P, f-analytic on S if 
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(a) f~(g) = f(ge*) is an element of Lp(G) for every w € c, and 

(b) F(z) = L(f)(d(z] is a Lp(G)-valued holomorphic function on 

the domain of d for every f-domain d contained ins. 

Hhen p = 2, f will be called simply f-analytic. 

Note that no reference has been made to the continuity of L(f). 

In fact, continuity at interior points of Swill follow automatically 

from the above definition for the type off in which we are most inter­

ested 0 

Lemma 1 • Let f be a LP, r -analytic function on the r -strip S = G x e C, 

and assume that \\L (f)(ge~)I\ < M < oo for all ge* € s. Topologize 
p p -

(for this lemma only) ec with the topology given by the subbasis of 

sets of the form 

were R ~ 1 and t € Co Topologize S with the product topology obtained 

C from the CO topology on G and the above topology one. Then L(f) is 

continuous on S with respect to this topology. 

Proof. Whenever g, h € G and t, v + e E C, we have 

The first term clearly approaches Oas h approaches g by the continuity 

of translation in Lp(G)o To bound the second term, we will use the 
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Cauchy estimates. 

We know that \\L(f)(ge*)\lp~M for all ge* Es. Suppose 

et+e € V(e~,R) for some R > 1. Then d(z) = et+ze defined for lzl < R 

is a r-domain ins, and L(f)(d(z)) is 1P(G)-valued anaJ.ytic on 

[z lzl < RJ by hypothesis. Hence parts (c) and (d) of lemma A may be 

used to estimate 

= M/(R-1). 

Therefore 

¥ i+e lim lira sup \\L(f){ge ) - L(f)(he )\\ = o, 
h-+g R-tro ev+eEV(e't' ,R) p 

and the lemma is proved. 

Corollary 1. Let f, S, and p be as in lemma 1. Consider Sas a subset 

of G X e11R equipped with the CO topology. Then L(f) is continuous with 

respect to this topology at all interior points of s. 

Proof. It is enough to shou that the CO topolog~r on S is stronger at 

interior point of S than the topology used on Sin lemma 1. Since the 

CO topology on S = G x ec is obviously the product of the CO topologies 

on its two factors (because all functions in G have modulus identically 

1, and all functions in ec are positive-valued), we see that it is 
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~ctually enough to show that t he CO topology on ec is stronger at in­

terior points than the topology used on ec in lemma 1. Let e* be such 

an interior point. Then thert-1 is an open set U cJR and a compact Kc I' 

so that V = (e~: e~(y) EU for ally EK} is an open set in ec con-

t aining '+' e • We may easily find E > 0 so that v
1 

= 

(et+e : 1 e(y)I < E for all y E K} c V c ec. Now note that if 

ev+ e € v, ~ ec, then so is e~+re whenever lrl ~,. ·'·+e Hence e.,. E v
1 

, + e ,. r ~+ e I ( ) I -, implies e~ E V(e~ ,1 ). Similarly VR = te : 8 y < R ~ for all 

} v+e ~i+Re •"+Re ( '" ) y E K satisfies the implications e E V R ~ e EV 
1 
⇒ e' EV e ', 1 ⇒ 

~I+ 8 ( t ) ( t ) e EV e ,R' so that VR ~v e ,R. It is straightforward to check 

that v1 and each VR is open in the CO topology, so the assertion is 

proved. 

In effect, the above result corresponds to Liepins' inclusion of a 

continuity condition in the definition of his "analytic II" functions 

(recall that he works only with open subsets of JSn)• 

We need one more set of preliminary results before we can proceed 

to our analogue of theorem A. This has to do with the derivatives of 

our r-analytic functions. 

Lennna 2. let F(z) be a LP(a)-valued analytic function on the complex 

domain D. Assume that there exists a 9 e ~ so that F(z+it)(g) = 

·te 
F(z)(e1 g) almost everywhere on G whenever z and z + it are points in 

D. Then for each n > 0 and all z ED, we have 
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Proof. We prove the result first for n = 1 and proceed by induction. 

We have 

= lim (it)-1(.Y(F(z+it)) - .1(F(z))) 
t-tO 

-1 ite = lim (it) ( e -1 ) .1(F( z)), 
t➔O 

where we have used the fact that the above limits a.re strong limits, 

the continuity of .1, and the elementary formula for the Fourier trans­

form of the translate of a function. Now 

lim (it)-1 (eite(y)_,) J"(F(z))(y) = e(y).J(F(z))(y) pointwise al.most every­
t➔O 

I 

where, and the pointwise and LP (r) limits must agree as elements of 
1 

,.,{dF ) LP (f). Hence we have d\dz(z) = 8.J(F(z)). 

Now assume that the result is true for n = k and prove it for 

n = k + 1o d1(z) is an Lp(G)-valued analytic function on D satisfying 
dz 

the same hypothesis as F does. Hence combining the result for n = 1 and 

n = k we see 

= 8k+l .l(F(z)), 

as desired. 

Corollary 2. Let f be a 1P, r -analytic function on the r -strip S and let 

a(z) = ge~+ze be a I'-doma.in ins withe e ~• Then 
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Proof. F(z) = L(f)(d(z)) is a LP(G)-valued ~ic function satisfy-

ing the hypothesis of lemma 2. 

CHAPrER 2 Generalization of Theorems A and B. 

Proof of the Generalizations 

We are nearly ready to generalize theorem A to the context of lo­

cally compact abelian groups. First, however, we pause to prove an 

elementary lezmna. 

Lemma 3. Let z be complex, and let r > o. Then for any complex num­

bers t and w with lz-wl ~ r, we have 

where z
1 

= z + 2r, z2 = z - 2r, z
3 

= z + 2ir, and z4 = z -2ir. 

Proof. f(w) = (ezt_ewt)/(z-w) is analytic on t (save for a removable 

singularity at w = z), so the ma.xi.mum modulus principle insures that it 

is sufficient to check the desired inequality on the set {w: lz-wl = r}. 

For such aw we have 

2 T < --e , -r 

where T = sup Re(tw). Therefore it is enough to show 
lw-zl~ 

T < sup Re(tz.). 
- 1<i<4 1 
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But this is clear, since sup Re(tzi) = sup Re(tz), and 
1<:l.<4 zEconv((z1, ••• ,z4)) 

{w lw-zl ~ r} is contained in this second set. 

Finally, we arrive at our theorem. 

Theorem 1. C Let S = G x e be a f-strip. Then following two classes of 

f-a.na.lytic functions on Sare identical: 

(1) The class of functions which can be written in the form 

(*) L(f)(ge*) = :r1(Fge*), 

where Fis a measurable function on r satisfying 

sup \\Fge4'\l 2 = M < oo. 

ge*Es 

(2) The class of r-ana.lytic functions f such that 

(a) sup \\L(f)(ge't' )\1
2 

= M < oo, and 

ge'¥ ES 

(b) L(f)(d(z)) is continuous on each f-damain d(z) with 

boundary contained in S of the form d(z) = get+ze, with 

Recall that corollary 1 makes condition (b) of case (2) an auto­

matic consequence of condition (a) when Sis open. We are in general 

neither able to weaken the conditions on class (2) by removing (b) al­

together, or to strengthen them by replacing 8 €~with the more gen­

era.1 e € x. 

The proof of theorem 1 is by a series of lemmas. We first show 

that the first class of functions is contained within the second. Let f 

be a function defined as in(*). 
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Lennna 4. Let d: D ➔ S be a f-domain ins, and suppose that d(z) = 

ge*+ze with 8 € ~• Let µ. = inf(Re(z) : z € D}, }.. = sup{Re(z) : z € D}. 

Then ifµ.> - oo, Fet+µe € lcr). Similarly for Ao 

Proof. It is enough to exhibit ~he method by showing Fet+Ae e 12 (r) 

when>..< 00 • By a translation of D i.f necessary, we may assume that 

A> o. For each positive integer i, pick z1 e D so that Re(z1) > 

O, Re(z1 ) increases monotonically, and lim Re(z . ) = ).. . Write r =f Uf , 
i➔oo 1 + -

where r+ = {y: 8(y) ~ O} a.nd r_ = (y: 8(y) < O}. On r+ we have 

lim IF(Y)ew(v)+z1e(y)j 2 = IF(y)et(y)+>..e(y)l 2 monotonically, so the mono­
i-too 

t one coINergence theorem insures 

On r_, we have IF(y)ev(y)+)..e(y)l 2 < IF(y)ev(y)+z,e(y)1 2 . Hence 

J tFet+A8j2dy < ~ as well, a.nd we are doneo 
r-

Lemma 4 shows that L(f)(d(z)) = .r1 (Fd(z)) can be extended to D 

e:ven when d(oD) is not contained ins. The following lemma shows that 

this extension is continuous. 

Lennna. 5. L(f)(d(z)) is continuous on D, even when d(aD) <f s. 

Proof. We show the continuity of L(f)(d(z)) at a.n arbitrary point 

z
0 

€ IT. Let A a.nd µ. be defined as in lemma 4; since z
0 

is fixed, we may 

assume that A a.nd µ. are finite . If we D, Planchere1's theorem gives 
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\\L(f)(d(z0)) - L(f)(d(w))\12 = \\Fe'¥(ezoa - ewe)\\
2

• 

Now if t ED, then lete(y)I ~ /•9 (y) + eµ.a(y) for all y Er. Hence 

by lemma 4. Therefore we may apply the dominated convergence theorem to 

( *) as w approaches z through D, and we are done. 
. 0 

Lemma 5 shows that f sat:lsfies cond.i tion (b) of case (2) . It 

actually shows a tiny bit more; this additional information will be used 

in the next section. 

Lemma 6. f is r-ana.:cytic on s, even if \\Fge1t'\\
2 

is not bounded for 

get E s. 

Proof o Let d ( z) = ge ~+z 8 be a r -domain in s ·with domain D. We must 

show that L(f)(d(z)) is a L2 (G)-valued ~ic function. To do this, 

it is enough to show that J GL(f)(d(z))hdg is an ordinary analytic func­

tion on D for each choice of h E L2 (G). Again by Plancherel's theorem, 

it is enough to show that H(z) = J Fget+z\dy is an ordinary analytic 
r 

function on D for each choice of h E L2 (r). To show H(z) differentiable 

at z ED, we write 

(* ) 
) ( ) we ze 

H(w-ll z = J Fget e -e hdy. 
w-z r w-z 

Let r = 1/4 inf(lz - ti t Eon}. If lw - zl ~ r, lemma 3 gives 
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I v we_ ze I 
Fge e w-: h < IFge•hl t lez1 8I ~ 

i=1 

= 

where each z1 is derived from z as in lemma. 3. Now z1 € D for each 1, 

so Fget+zie E L2(r). Hence the last sum of functions appearing above 

is integrable, so that we may apply the dominated convergence theorem 

to(*) as w approaches z and conclude 

where Fge tee z 8h € L 1 (r) . H ( z ) is therefore an analytic function on D 

as desired, and the lemma is proved. 

Finally, it is clear that f satisfi.es condition (a) of class (2) 

whenever sup \\Fge*\b :SM, so we have shown that class (1) of theorem 
geW ES 

1 is contained within class (2). 

We now prove the reverse inclusion. Let f be a r-ana.lytic function 

on S satisfying the conditions of elass (2)w As in the classical theo­

rem, we wish to show that we cancbfine Fon r by F = (ge*)-1 .1(L(f)(fe~)), 

where get€ Sis arbitrary; the dj_fficulty is of course to show that 

such an Fis well defined. We again will proceed by a series of simple 

lemmas. For reasons which will became apparent in Chapter 3, we formu­

late these lemmas for LP,r-analytic functions. 

Lemma 7. Let f be a LP,r-a.nal.ytic function on S satisfying 
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Sup \\L(f)(get)\I == M < CIJ, and p 
geV €S 

(b') L(f)(d(z)) is continuous on each f-damain d(z) with boundary 

contained in S of the form d(z) = ge~+ze, where 8 E ~• 

Then if 8 and tare real characters with'+'+ 8 and i - 8 elements of c, 

we have e-8 .7(L(f)(et+e)) = e8 .7(L(f)(e*-8)). 

Proof. Let d : [ z : I z I :::: 1 } ➔ S be defined by d ( z ) 

t+z8 
= e • Since 

t+e *-a ( ) e and e are in s, the convexity of C assures that d z is a f-do-

rnain w:i.th boundary contained in S. By corollary 2, we have 

for each n ~ o. Hence if O < r < 1, the fact that the Taylor series ex­

pansion for L(f )(d(r)) is norm convergent gives 

00 n n 
..7(L(f)(d(r))) = :J ( r !:..- ~L(f)(d(z))(o)) 

n=on• dzn 

00 n 
== r ~ efl .7(L(f)(d(O)) ), 

n=on. 

I 

where the last sum converges in LP (r). But obviously the last sum is 

pointwise convergent to the function ere .7(L(f)(d(O))) as well, and the 

two limits must be equal. Hence 

.7(L(f)(d(r))) = ere .7(L(f)(d(O))). 

By hyI)othesis, L(f)(d(z)) is norm continuous on (z lzl:::: 1}, so 
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.1(L(f)(d(1))) = lim ere .7(L(f)(d(O))), where the limit is again taken 
r-+1 

1n 1P
1

(r). But lim era .7(L(f)(d(O))) = e8 .7(L(f)(d(O))) pointwise, and 
r-+1 

again the limits must be equal. Hence 

.1(L(f)(d(1 ))) = e8 .7(L(f)(d(O))), and likewise 

.7(L(f)(d(-1))) = e-e .7(L(f)(d(O))). 

This yields the desired result. 

Lemma 8. With fas in lennna 7, the function F = (ge*)-1 .7(L(f)(ge*)) is 

independent of the choice of get Es. 

Proof o Let get and he<p be two arbitrary points in s. Obviously 

(e*g)-1 J'(L(f)(ge*)) = e-* .7(L(f)(e*)) and similar~ with he~ in place 

ge'+' by an eleraentary fact about Fourier transforms, so it is enough to 

show e-t .1(L(f)(e')) = e-~ .1(L(f)(e~)). For this, simply apply lemma 8 

to the real characters (t+~)/2 and (t-cp)/2. 

Finally, we note that F defined above satisfies sup \\Fge'li\\ , < M 
p -

ge* ES 

by the Hausdorff-Young inequality. Specializing top:= 2 and invoking 

the inversion formula once more proves the second :inclusion and the the-

orem. 

We now discuss several simple applications. It is well known that 
00 '.I. 

for fas in theorem A,(J lf(s+it)l 2at)~ is a logritbmical.zy convex 
-co 

function of s. This result is true in the context of theorem 1 as well. 
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Coroll.ary 3. Let S = G X eC be a r-strip, and let f be r-a.nalytic on S 

and satisfy the conditions of theorem 1. Then N(t )= \\L(f)(e* ~\
2 

is a 

logritbmica.l.ly convex function on c. 

Proof. By theorem 1, we can write L(f )(get) = .7"" 1 (Fge t), where 

Fge~ € L2(r), and so IFl2te2tt € Lt-
1(r). s,miJarzy ir2<1-t)e2 <1-t)~ E 

L(l-t)-l (r). Hence we have 

and taking square roots and then logrithms in this inequality shows 

F:Lnally, yet another use of Pla.ncberel's theorem leads to the desired 

result. 

The second application is our generaJ.ization of theorem B. Its 

precise connection with theorem B will be discussed in the next section. 

Theorem 2. Let C ~ ~ be an open cone. Then the following two classes 

of I'-ana.J.ytic functions on s = G x ec are identical: 

(1) The class of f\mctions f such that 

sup \\L(f )(ge * )\\2 < oo. 

get€S 
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(2) The class of functions f which can be written in the form 

2 where F € L (r) is O almost everywhere off the closed semi-

group r_ = (y € r: t(y) ~ 0 for all t € c}. 

Proof. Denote Haar measure on r by a for the proof of this theorem. C 

is open by hypothesis, so S is open. Therefore theorem 1 asserts that 

a r-a.naJ.ytic function f on Sis of class (1) above if and only if we can 

write 

where Fis a measurable function on r satisfying su;p I\Fge~\12 < co; 

ge'es 

hence we will be done if it is shown that such Fare precisely those in 

L
2 (r _). 

First suppose Fe L2 (r_). Then if get es, the fact that t(y) ~ O 

for y e r _ insures I\Fgetl\2 < \\Fjj 2 , so that one of the necessary inclu­

sions is established. 

Conversely, suppose F is measurable on r and sup \\Fge'\12 < co. If 

get eS 

Fis not zero almost everywhere off r_, the regularity of a implies that 

there is a compact set K ~ r - r _ of positive Haar measure and an £ > O 

such that IF(y)I > £ for all y e K. Now {[y : v(y) > 6} : V ec,o > o} 

is an open cover for r - r _ • Since K ~ r - r _ is compact, we may find 
n 

positive (6i}i~l and (t1}i~1 c C so that K ~ 
1
:

1
(y: ~1(y) > 61}. Since 

a(K) > o, we see that a(K n (y: v .(y) > 6.}) > O for some j. Define 
J J 
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K' =Kn (y ~j(y) > O). Then for each positive integer m, we have 

and this is unbounded as m ➔ ~. Since m♦ j € C for all positive m, this 

contradiction with sup \\Fge 'V\1
2 

< M shows that F = 0 almost everywhere 

ge* €8 

off r . 
It remains to show that F € L

2 (1:). To see this, let t € C be ar­

bitrary. We know that !1Fe
1 '\b ::: M for all positive £ and that 

limlFe''l 2 
= IFl2 monotonically. Therefore the monotone convergence 

E:➔0 

2 theorem insures FE L (r_), and we are done. 

Connection with Theorems A and B. 

Strictly speaking, we have yet to show that theorems 1 and 2 actu­

ally generalize theorems A and B. More precisely, we have yet to ex­

hibit any connection between regular analytic functions and r-analytic 

:functions when r == m. The next lemma shows the relationship between the 

two classes in the slightly more general case r = JRn. 

Notation. Let n be a fixed positive integer. n Points in JR will be de-

noted x or t; for z € ¢n, Re(z) and Im(z) are defined by coordinates. 

(z1, z
2

) will be the usual biline.ar pairing on (Cn X <t:n. C cJRn will be 

a closed, convex set, and C
0 

= int C. Define S = (z E tn: Re(z) € c), 

and define S
0 

analogously. Finally, each z €Swill be implicitly 
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identified with the multiplicative function f (x) = e(z,x) on En. z 

Lemma 9. Let f(z) be a regular analytic function on S, and suppose 
0 

Then f satisfies the conditions of class (2)(and therefore of class 

(1 )) in theorem 1. 

Proof. Since C is open, it is enough to show that f is En-analytic on 
0 

n S
0

• To do so, let d : D ➔ S
0 

by a :E -domain. We must show that 

L(f)(d(z)) is a L2 (1l)-va.lued holomorphic function; to do this, it in 

turn suffices to show that 

G(z) = J f(d(z)+iy)g(y)dy 

1P 

is an ordinary analytic function on D for each g E 1
2 cal). We do this 

by first proving that G(z) is continuous on D, a.nd then invoking 

1'1orerra' s theorem. 

Since f(z) is uniformly continuous on each compact subset of S
0

, 

G(z) will certainly be continuous on D when g is the characteristic 

function of a bounded set, or a linear combination of such functions. 

For g E 1
2 ORn) and £ > 0 arbitrary, choose gE: E L2 (lRn) to be a linear 

combination of such characteristic functions satisfying \\g - gE:\12 < e. 

Now if z, w e D we have 
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where 

G (z) = J f(d(z)+iy)g (y)dy. e e 
]Rn 

Since Ge(z) is a continuous function on D, we have 

lim sup \G(z) - G(w)\ < 2M£, 
z-+w 

and letting e approach O shows that G(z) is continuous on D. 

We may now apply Morrera's theorem: G(z) will be analytic on D if 

J G(z)dz = 0 for all triangles T ~ D. We have 
c,T 

where K < oo is just the length of dT. Hence we may also use Fubini's 

theorem, and compute 

J J f(d(z)+it)g(t)dtdz = J J f(d(z)+it)dzdt 

c,T JRn JRn c,T 

= o, 

since g(t)f(d(z)+it)is an analytic function of z for each t. Hence the 

lemma is proved. 

We now sketch briefly how theorem 1 can be used to show that the sec­

ond class of analytic functions in theorem A is contained within the 

first class. Let f(z) be such a function. Lemma 9 and theorem 1 show 

that there is a function F defined on R with sup \IF(x)esx\12 <Mand 
-A<s<µ 
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whenever - "A. < Re(z) < µ. Lemma 5 now shows that F1 (z) =..:T-1 (F(x)ezx) 

js actually a continuous L2 0R)-valued function on all of S. Finally 

(as in the original proof of theorem A), the fact that 

lim f(s+it) = f(-A+it) aJ.most everywhere, 
s-+->..+ 

and similarly forµ in place of->.., shows that F1(z) = L(f)(z) for all 

z € s. Therefore the desired integral representation is established. 

The connection between theorems 2 and Bis also straightforward. 

Here we have C = (, (t) = xt: x > O}. If f is an a.naJ.ytic function 
X 

in class (1) of theorem B, lemma 9 shows that factually belongs to 

class (1) of theorem 2. Now theorem 2 asserts that there exists a func­

tion F E L2 CIR_) such that L(f)(z) = ..:r-1 (F(x)ezx) for all z with Re(z) >O. 

Since JR_ = (t E JR: tx < O for all x > 0) = (t E JR: t < o), the signifi­

cant inclusion of theorem Bis established. 

CHAPI'ER 3 Generalization of Theorem c. 

At first glance, the fact that theorem C deals with entire func­

tions which are square integrable over only a single line may appear to 

make it unsuitable for generalization within the present context. How­

ever, the following lemma (which is of course obvious after theorem C 

but which may be proven independently from it) indicates the proper ap­

proach to take. 

CX) 

Lennna B. Let f(z) be an entire function with J I f(it) 12 dt < 00 and 
..0() 

f(z) = o(eAI zl) for some A > o. Then we have for any a e JR 
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Proof. See Stein (12), page 109, for a proof which is independent of 

theorem c. 

'l'he above lemma suggests that theorem C is indeed in some sense a 
I) 

L'-- QR; -t.ype theorem, and that it perhaps admits some sort of generaliza-

tion within the present context. At this point, the last remaining ob­

stacle to such a generalization is the lack of a suitable analogue for 

the interval [-A,A]. The following definition contains our solution. 

* Definition 5. Let rand~ be as before, and let 11R denote the dual 

* * space of~ equipped with the O'(~,~) topology. Let i : r ➔ ~be the 

* canonical map from r into ~ • We call a set I er a f-interval if 

I = i - 1 ( K), where K is a compact, convex set in x;. 
Inspection of the original proof of theorem C suggests that the 

compactness of [-A,A] in JR is important only becauce every real charac­

ter onJR is bounded on [-A,A]. This motivates our passage to the con-

* dition of compactness in~ in the general case. 

Example. Let r =~with the discrete topology, and let I= Q n [O,1]. 

Then since~= x_; = R, we see I= i-1([O,1]) is a noncompact ~-interval. 

I - [1) is not a ~- interval. 

If E ~JR satisfies m(E) > O and En [-A,A] =¢,then for some 0 > o 

we have either m(E n (A+o,oo)) > 0 or m(E n ( -oo, -A-o )) > O. This simple fact 

generalizes as follows: 
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Lemma 10. Let K ~x; be a convex, compact set, and let I= i-1(K) be a 

1-interval. Suppose E ~ r has nonzero Haar measure and that E n I = ¢. 

Then we can find E
1 ~ E of nonzero measure, 1~ € ~ and o > 0 so that 

inf' t( y) > '5up v (x)) + o. 
ye.E' - X€K 

Proof. Denote Haar measure on r by a for the rest of this lemma. 

Since cr is regular, we may assume that Eis compact. One form of the 

Hahn-B9..I18.ch theorem for locally convex- topological vector spaces inl-

plies that [v 0,, 

* 

* : o > o, t E ~} is an open cover for ~-K, where 

V 5,W = [x € ~ : 

-1 • 
Hx) > (sup t(x')) + &}. Hence [i (V~ ,,.): o>O,~ €~) 

x'€K u,, 

-1 * ) is an open cover for i (Y:m-K = r - I. 

n -1 ) that E c U i (V
O 

,,. for some finite 
i=l i''i 

Since Eis compact, we know 

set of s1 > O and ~i € Y:m• 

Since cr(E) > o, we must have a(E n i-1(v
0 

w )) > O for some i as well. 
i' · i 

Since 1-1(v
0
.,v.) = £y € r: "¥1(-y) > (supK ,i,1(x))+o1}, we can take 
1 J. X€ 

E, E n · _, (v ) 
== J. 6-,o/· , 

J. J. 

t = t., o = &.,and the lemma is proved. 
J. 1 

Finally, one last definition. 

Definition 6. * Let K s; ~ be convex and compact. A function f defined 

on G x eJSR is said to be LP,r-entire of exponential type of type K if f 

i s 1P,r-analytic on G x eJSR and satisfies the inequality 

\\L(f)(ge1+')\I = \\L(fXet)ll :SL exp(sup i;(x)) 
p p XEK 

for all ge '¥ E G x e~ and some constant L. When p = 2, the prefix L2 
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will be dropped. 

* Note that the compactness of Kin~ assures that the supremum 

appearing above is always finite. Lemma B illustrates that this is a 

legitimate generalization of entire functions of exponential type which 

are square integrable on a single line. After this definition, the 

eeneralization of theorem C is straightforward: 

* -1 ) Lemma 11 o Let K :: ~ be convex and compact, and let I = i ( K • Sup-

pose that f is a function on G x e~ which is LP, r-entire of exponen-

. ,~ -1 ,Jr p' 
tial type of type K. Then the function (ge ' ) Y(L(f)(ge )) EL (r) 

i s independent of the choice of ge '¥ E G Xe~, and is zero almost every­

where off I. 

Proof. If d : D ➔ G x e2SR is a r-domain, then L(f)(d(z)) is a LP(G)­

valued analytic function on D by definition. Since each d(z) may be 

trivially extended to all of~, it is obvious that L(f)(d(z)) is con­

tinuous for each I'-domain d with boundary contained in G X e:JSR. Hence 

we may apply lemmas 7 and 8 to the restriction off to the r - strip 

G x ecn, where C c XR is the convex subset {~ E x_ : sup * (x) :S n}. 
n - -JR xEK 

Doing so, we obtain functions F on r so that Y(L(f)(get)) = F ge* when-
n n 

ever w E C • Clearly F = F = F almost everywhere for any n and m, so 
n n m 

we have 

for all ge'¥ E G x e~. 
I 

FE 1P (r) by the Hausdorff-Young inequality; it remains to show 

that F is O almost everywhere off I. Suppose not; then there is an ~ > 0 
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and a set E disjoint from I of positive measure such that IF(y)I ~ e 

for ally EE. Applying lemma 10 to E, we find that there is a set 

E' ~ E of measure a > o, o > o, and it E ~ so that inf' Hy) > 
y€E' 

(sup ~(x)) + 5. For each positive n, we then have 
XEK 

1/p' > a E exp(n(sup t (x) + 5) ). 
XEK 

In particular, we have lim \\L(f)(en*)\\ /exp(sup nHx)) = oo, so that f 
n-tco p xEK 

is not LP, r-entire of exponential type of type K. This contradiction 

with our assumption shows that Fis O almost everywhere off I, and we 

are done. 

Specializing top= 2 and invoking Plancherel's theorem. one last 

time gives an innnediate proof of the following theorem. 

Theorem 3. Let K ~x; be convex and compact, and let I = 1-1 (K). Then 

the following two classes of r-analytic functions on G x e~ are equiva­

lent: 

( 1 ) Those which are r-entire of exponential type of type K. 

(2) Those which can be written in the form L(f)(ge*) = .7-1(Fge*), 

where FE 12 (r) is zero almost everywhere off I. 

One of the earliest corollaries to theorem C was the result that if 
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f(z) is an entire function of exponential type which satisfies 

00 J lf(x)lpdx < oo, 
-00 

for some p € [1,2], then actually 

Jco 2 I f (x) I dx < co 

-00 

(see, for example, (8)). This fact and its proof transfer almost di­

rectly to a significant special case of the present context. 

* Corollary 4. Let K ~~be convex and compact, and suppose that 

I= i-1(K) has finite measure. Then any LP, f-entire function f of ex­

ponential type of type K is actual.1.y f-entire of exponential type of 

type K. 

I 

Proof. By lemma 11, there is a function FE LP (r) so that 

F = (ge,i,)-l .7(L(f)(ge~')) is well defined and has support contained in I. 

Since I has finite measure, the Minkowski inequa.lity shows that 

Fget E L2 (r) for each ge~ E G x e~. Hence we have L(f)(ge~) = 

.r-1 (Fge,ir) for all get E G x e~, and theorem 3 now shows that f is r­
entire of exponential type of type Ko 

Corollary 5,If' r is compactly generated, then every LP, f-entire func­

tion of exponential type is f-entire of exponential type. 

Proof. Recall that if r is compactly generated, then r 1:1 C JJ f- @IR\ 

where C is a compact group and a and bare nonnegative integers. Hence 
• 
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* = y Er, then i(y) = (n1, •.. , na, r 1, ..• , rb). Therefore if K ~~ 

is compact and convex, we have i-1(K) = C © (Kn (Za ©Eb)). Clearly 

this set is of finite measure, so that any LP, r-entire function of ex­

ponential type of type K is r -entire of exponential type of type K by 

the previous corollary. 

It is interesting to consider the form that theorem 3 takes when 

r = 2. We begin with a lennna relating ~-ana.J..ytic functions and analy­

tic :functions on~ - (O}. 

Lemma 12. Let r = z, and let S = T x e15R (where Tis the circle group). 

Then Scan be identified with t - {o), and a-analytic :functions on S 

correspond to regular analytic functions on C - {O} under this identi-

fication. 

Proof. Let g(n) ine ( ) = e ET, and let w n = rn € 15R• Then we identify 

,ii ie+r ge · E S with e e C - (o), since g(n)et(n) = (eie+r)n for all n € i. 

Clearly this identification is 1 - 1 and onto, and implicit use will be 

made of it for the rest of the lennna. 

Let f be a Z-analytic function on s. Consider the 2-domain d: 

t ➔ S defined by d(z)(n) =(eiz)n. d maps each strip {z: I Im(z) I < n} = S 
- n 

onto the compact annul.us (z: lloglzl I~ n} = An• Since An is the image 

of a compact subset of S , lennna A shows that L(f) is bounded on A ; n n 

since int A is open, theorem 1 now shows that there is a function n 

F € L2 (z) so that n 

whenever lrl < n. Clearly F = F must be independent of n, and hence n 
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F i0+r 2 iS+r e € L (~) for all e € So But this actually shows that 

Feie+r € 11 (~) for all eie+r, since 

0 00 

and similarly for I. jF(n)eina+rnl. Therefore f(z) = I. F(n)zn is 
n=-oo 

absolutely convergent for each z et - {o}, and is easily seen to be 

analytic on this domain. 

Conversely, let f be analytic on~ - (o}. Then if g(8) e L
2

(T) is 

arbitrary and d(z) is an arbitrary :iK-domain, we may show that 

G(z) = f~g{8)L(f)(d(z))(e)d8 
0 

is a regular analytic function on the domain of d as in lemma 9. There­

fore f is actually r-analytic on s, so that the equivalence is estab­

lished. 

Theorem 3 can now be interpreted for r = ~. It turns out to be an 

obvious fact, but it is perhaps interesting to see its connection with 

theorem Co 

Corollary 6. Let f(z) be analytic on t - (o}. Suppose there is a 5 > o 

and n,m two integers with n :::: m so that 

( *) 
fo(e(n-1+o)r) 

lo(e(m-i-1-o)r) 

Then f(z) is a rational function of the form f(z) 

as r ➔ O 

as r ➔ oo. 
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Proof. * We have~ = E. Set K = [n-1 + 6, m+1 - 6], so that I= i-1(K) 

= (n,n+1, ... , m-1,m}. Then(*) just says that f is a-entire of expon­

ential type of type K. Applying theorem 3 shows. that we have 

where F = 0 almost everywhere and hence everywhere off I. This is the 

desired result. 
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Appendix: The Maximal. Ideal Spaces of Some Related 

Convolution Algebras 

Many important theorems of harmonic analysis can be organized in-

1 2 to pairs of corresponding "L II and "L II results. Plancherel's theorem, 

for example, can be viewed as the 11 1211 analog to the result that the 

maximal ideal space of the algebra L1(f) may be identified with G, the 

dual group of r. Since the classical Paley-Wiener theorems are a.na.lyt­

ic forms of Plancherel's theorem, it is natural to ask if these results 

1 posess a corresponding "L II formulation. In particular, do the strips 

and halfplanes appearing in theorems A and B (or, more generally, the 

f-strips appearing in theorems 1 and 2) arise as the maximal ideal 

spaces of related convolution algebras? 

We have not been able to obtain an entirely precise answer to this 

question, but we feel that the following partial results suggest a posi­

tive answer and are therefore worthy of attention. Notation and defini­

tions are as in the main text unless specified otherwise. 

Notation. Forge L1(r) and y € r, let g be the translation of g by y: 
'V 

g ( y') = g( y' - y) for all y' E r. Let A c r be a closed semigroup of 
y 

positive Haar measw.·e which contains the identity of r. Of course, A 

may be a subgroup of r or r itself. Finally, denote convolution in 

L
1 

(f) by *· 

1 
Definition 7. Let II \IA be a [O,co]-va.lued function on L (I\). Define 

A= {f E L
1

(A): lltllA <co}. A is cal.1.ed a quasi-L1 algebra provided that 

A and II \IA satisfy the following properties: 
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(1) If f,g E L
1

(A) and !fl~ lgl almost everywhere, then 

\\t\\A ~ l\gllA • 

(2) A is a Banach algebra with norm \I \IA and multiplication given 

by convolution. 

(3) \\g\1 1 ~ \lg\lA for all g € A • 

(4) If g E A, then A ➔ ~ is a continuous A-valued function on A, 

(5) If g EA and g ~ o, then g is the limit in A of an increasing 

sequence of positive simple functions with compact support. 

( 6) If E c A and A - E has nonzero measure, then there is a g € A 

which is not supported on E. 

We denote the max1maJ ideal space of A by I:(A). 

1 
Our primary goal now is to prove that if A is a qua.si-L algebra, 

then r(A) may be identified with the set of functions Am={~:~ is con­

tinuous and multiplicative on A, and g~ E L1(A) for all g € A). It is 

simplest to proceed by a series of straightforward lemmas. In what fol-

l lows, A is always assumed to be quasi-L. 

Lemma 13 Let g E A. 'lben there is a sequence {gn) n:, S: A of simple 

functions with compact support so that lim g cg in A and also pointwise 
i!i~ n 

almost everywhere. Additionally, we have: 

(a) 

(b) 

If g ~ o, then {g } increases to g monotonically . n 

If g EA is arbitrary, then lg
0

1 ~ lgl almost everywhere for 

each n. 
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Proof. If g ~ o, pick a sequence {gn}n:l ~A as guaranteed by condi-

tion 5) in the definition of A. Then {g} increases monotonically and n 

~ \lg-gullA :for all n and {gn} increases 

monotonically, we must have g ➔ g pointwise a.J.Jnost everywhere! as well. n 

If g EA is arbitrary, apply the above result to the positive and 

negative parts of the real and imaginary parts of g. This yields four 

sequences of simple functions w1.th compact support which approximate 

these four functions in A, monotonically, and pointwise almost every­

where. The obvious linear combination of these four sequences then ap­

proximates gin the desired fashion. 

Lemma. 14. Let g EA, and let E ~Abe measurable and have compact clo­

sure. Suppose that~, the characteristic function of E, is a function 

in A. Then 

XE* g = J g dy as elements of A, 
E V 

where the integral on the right is the integral of a continuous A-valued 

function. 

Proof. Since E has compact closure and y ➔ g is a continuous A-valued y 

function on E, the integral 

J g dy 
E V 

1 is defined as an element of A (and hence of L (A)). Let (, ) denote the 

bilinear pairing on L
00

(A) X L1 (A). If h•E L
00

(A) is arbitrary, we see 
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(h,J g dy) = J (h,g ) dy 
E 'Y E y 

= J J h(y1 )g(y'-y)dy1dy 
E A 

CJ h(y') J g(y'-y)dydy' 
A E 

Since h E L
00

(A) was arbitrary, we must have 

~ *g = J g dy 
E y 

1 as elements of L (A), and hence as elements of A. 

Lemma 15. Let cp E r(A), and let g EA satisfy cp(g) = 1. If h EA has 

compact support, then 

cp(h) = J h(y)cp(g )dy. 
A V 

Proof. Suppose first that h = XE' where E has compact closure. Then by 

lemma 14, we have 

cp(h) = cp(h)cp(g) = cp(h * g) 

= cp(J g dy) 
E V 

= s cp(g )dy 
E y . 

= J h( y)cp(g )dy. 
A y 
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'lhe desired l'esult now follows for any simple function h € A with 

compact support by linea.ri ty. If h € A has compact support E ~ A but 

is otherwise a.rbitra.ry, let (hn}n:, be a sequence of simple functions 

in A with lh I < lhl almost everywhere aod lim h = h in A and also 
n - n-tcio n 

pointwise almost everywhere. S:J.nce E has compact closure, the function 

y ➔ cp(g) is bounded on E, so that lh(y)~(g )I is an integrable function. 
y y 

Therefore the dominated convergence theorem yields 

~(h) = lim ~(h) = lim J h (y)~{g )dy 
n-too n n-tcio A n y 

This is the des:1.red result. 

Notation. Let 9 e E(A) and let, be a bounded, measurable, multiplica­

tive function on A. Define the functional cp* on A by cpt(g) = 9(tg). t 

:is bounded, so *g e A whenever g € A, and so cp'i' is defined on all of A. 

Since t is multiplicative, it is easy to check that (tg) * (th) = Hg *h) 

1 
for all g, h e L ( A) ; therefore q>V e I: (A). 

Lemma 16: Let qi € E(A) and suppose g € A satisfies cp{g) = 1. Then the 

function w defined on A by 

w( v) = 

0 when rn(g) = O. 
T, V 

is measurable, bounded, and multiplicative on A. 
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Proof: Y ➔ ~(g) is continuous, so vis measurable. It is also clear­y 

ly bounded. To see that 't{y1 +y2 ) = Hv1h(y2 ) for all y
1

, v
2 

e A, it 

is enough to note that 

(because g + *g = g *g , and cp(g) = 1), and then verify the de-
'V1 V2 V1 Y2 

sired equality for each possible pair of definitions for w(v1) and t(v
2

). 

Lemma 17. Let cp e !:(A), and suppose g e A satisfies cp(g) = 1. Then for 

any f e A, we have 

(a) the function F(y) = f(y)cp(gV) is integrable, and 

(b) ~(f) = s f(y)cp(g )dy. 
A V 

Proof: Let~ be defined as in lemma 16. We first prove the result for 

~, in place of~- Let f e A with f ~ o, and pick (fn]n:l to be simple 

functions with compact support so that lim f =fin A, monotonically, 
n+x> n 

and pointwise almost everywhere. By lemma 15, we have 

= s f ( y) I cp( g ) I d V. 
A n V 

Applying the monotone convergence theorem, we find that f(y)jcp{g )I is 
V 

integrable, and that 
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CP.~ ( f) = lim cp"' ( f ) = lim q,( tf ) 
'I' n-P., n n+oo n 

= lim J f ( y) I cp( g ) I d y 
n-too A n y 

This formula has been proved for positive f € A, but this automatically 

implies its validity for all f € A by linearity. 

We can now show that cp(f) = J f(y)cp(g )dy for all f € A. First 
A y 

note that if x is the characteristic function of the set { y: cp(gy) f 0}, 

then x = ~f is multiplicative and that 

= s f(y)cp(g )dy 
A y 

for all f € A. Hence we will be done if 

cp( xf ) = cp( r) 

for all f € A. 

To prove this, it is enough to show that if f € A is supported by 

A0 = {y € A: q,(gv) = o}, then cp(f) = o. If f is a simple function with 

compact support, this is obvious by lemma 15. If f € A is supported on 

A0 but otherwise arbitrary, the result now follows by lemma 13. Hence 



40 

the lemma is proved. 

Theorem 4. 1 If A is a quasi-L algebra, then there is a 1-1 correspon-

dence between I: (A) and Am: Es.ch 1!r € Am corresponds to the functional 

~( ;~ ) € I:(A) defined by 

Proof: 

t(.)(f) = J f(y)t(y)dy. 
A 

Clearly each t € A defines a functional t(i) E t(A) by the a­m 

bove formula. To show that~ is 1-1, suppose that w1, t2 E ~ with 

t(t 1) = t(t2 ). Then for f € A and g € G, we have 

or 

Hence the function f(t 1 -t2 ) has null. Fourier transform, so that 

f(* 1 - ,~
2

) = O whenever f e: A. Since A is the smallest set which sup­

ports A, we see ,.1 = ,i,
2 

almost everywhere on A. Since ♦ 1 and , 2 are 

continuous, we have t 1 = t2. 

Conversely, let q, E I:(A). Choose g EA so that q,(g) = 1. Then 

lemma 17 shows that F(y) = f(y)q,(g ) E L1 (A) for all f e A and that y 

q,(f) = J f(y)q,(g )dy. 
A y 

It has already been shown that y ➔ q,(gy) is multiplicative and contin­

uous, so trat the function ;(y) = q,(gy) is an element of~- Hence~ is 
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onto, and the theorem is proved. 

The following two corollaries illustrate the relationship between 

the above result and theorems 1 and 2 of the main text. 

Corollary 7. Let {e1, ... , en} be a finite subset of x.m containing the 

8 
real character O. Let A = r, and define \I I\A by \\f\\A = sup \le jf\I 1 

1$1~ 

for f E L 
1 
(r). Then A is a quasi-L 1 algebra, and r: (A) may be identified 

with the set {ge8 : g E G, 8 a convex combination of {e1, ... , en}). 

. 1 
Proof: It is not difficult to see that A :i.s a quasi-L algebra. Con-

ditions 1) a.nd 3) are obvious, and 2) :follows from the observation that 

e
8
1 (f *g) = (e8if) * (e8ig) for all f,g € A and 1 ~ 1 ~ n. Condition 4) 

follows from the calculations . 

and 

e1 e. a. e1 e1 e1 lie ~ - e J. gll, ~ n(e J. g)A - e gl\, + l\(e g\ - e g>Jl, 

e1 e. -e.(x) ei 
= I\ ( e g \ - e 

1 gll , + I e 
1 

- 1 I I\ e g1 ll 1 

e. ei -ei (x) e1 (x) ei 
= \\(e 1 g\ - e g\1 1 + le - 11 le I \le gl\1, 

whi.ch approaches O as l approaches the identity element of r. Condition 

5) follows quickly from the monotone convergence theorem, and 6) from 

the :fact that the characteristic function of an arbitrary compact subset 

of r is an element of A. 1 Hence A is a quasi-L algebra. 

It follows that r:(A) may be identified with Am= {t Vis multi-
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1 81 1 plicative and continuous on r, •vf E L (r) whenever e f € L (r) for 

1 ~ i ~ n}. We will show Am = (gee: g E G, 8 a convex combination of 
n n 

( e,, ... , 8J}. One inclusion is easy; if 8 = L ti ei with L ti = 1 and 
i=1 1=1 

t 1 ~ 0 for 1 ~ i ~ n, then for any f €Awe have 

Hence f E A ⇒ fe 8 
E L

1 
(r), and so g e

8 
E ~ whenever a is a convex com­

bination of {8
1

, •.. , en} anq g € G. 

The reverse inclusion is somewhat lengthier. Suppose 'It E A . Then 
m 

since vis multiplicative on r, w is nowhere O; hence we may write 

e 
•!r = ge , where g E G and 8 E ~- It remains to show e E corrv ( a1, ... , en}. 

To show this, we begin by noticing that inf ej(y) ~ e(y) < 
19~ 

sup 8j(y) for ally Er. To see this, suppose first that 
1:9~ 

8(y) > sup ej(y) for ally EE, where E ~r has positive measure. By 
19~ 

regularity, we may assume Eis compact. Let~ be the characteristic 

funci;ion of E. Then 

, ( t )(gxE) = f e e de > \\g"xE\IA, 
E 

which contradicts the fact that \If(~)\\ ~ 1. Hence 8( y) ~ sup 8/y) 
19~ 
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almost everywhere; since 8 and sup 8j are both continuous, the in-
1$j~ 

equality is true for ally Er. Applying this result to -Y yields 

inf 8 j ( y) ~ 8 ( y) for all y E r, which :ts the second half of the 
l~j~ 

desired inequality. 

The above result may be written 8(y) e conv (8j(y)}j:
1

for all 

y Er. If this can be strengthened to read a(e) E conv (a(8j))j:, for 

* all a e ~ , the Hahn-Banach theorem will a.11.ow us to conclude that 

8 E conv (8j)j~1. This will complete the proof of the corollary. 

* m 
First let a € :>r_m be of the form t r j yj, where yj e r and r j e t 

j=l 

-~ for 1 ~ j ~ m. Write r j - k, where k and s
1 

_ •.. , sm are integers with 

k > O. Then we have 

1 a 1 m 1 m 
k inf e

1

( L sjyj) ~ k 8( L sjyj) ~ k sup 8

1

( L sjyj) by the pre-
l<i<n j=l j=l 1<1<n j=l 

vious paragraphs, so that 
m m 

:inf ( r. rivj)(ei) ~ ( r. 
1~~ j=l j=l 

This 1a 

* the desired result when a€ 7:m is a rational linear combination of ele-

ments of r. * The result easily extends to all a e ~ which are linear 

combinations of elements of r by continuity. Finally, the result ex-

* * * tends to all a € ~ by noting that the linear span of r in ~ is weak 

* dense in~· This concludes the corollary. 

It is unknown what, if any, conditions on rare necessary to extend 

this result to infinite set of real characters. The above, however, 

shows that at least some of the r-strips appearing in theorem 1 of the 

main text arise as maximal ideal spaces of convolution algebras. 



44 

The next corollary exhibits a somewhat weaker connection between 

theorems 4 and 2. 

Corollary 8. Let A ~r be a closed semigroup which contains the identi­

ty, and let \\ \IA == \I \1 1 on L
1 

(A). Then L
1 

(A) = A is a quasi -1
1 

algebra 

and the maximal ideal space of L
1

(A) can be identified with the set of 

functions (v : ,it is continuous and multiplicative on A, and llv\L ~ 1}. 

Proof: 1 1 It is elementary that L (A)= A is a quasi-L algebra. Hence 

r.:(A) may be identified with A = {♦ : • is multiplicative and continuous 
m 

on A, and ti' E L1(A) whenever f E L1(A)}. Now if v E ~, we must have 

Conversely, if \11¥\1
00 
~ 1 and tj, is continuous and 

mu.1.tiplicative, then clearly ,i, E A . This proves the corollary. 
m . 

To see the connection between the above corollary and theorem 2, 

suppose A ~r is a closed semi.group with the additional property that if 

y Er - A, then there is a e E ~ so that 8(y) > O and 8(>..) ~ O for all 

>.. E A. Let c ~ ~ be the cone (8 E ~ : 8(>..) ~ O for all >. e A}. Then 

(in the notation of theorem 2) we have A_= A, and the r strip appear­

ing in theorem 2 corresponds exactly to the nowhere zero functions in 

A . m 
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